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ABSTRACT: We study the inclusive decay widths of singly heavy baryons with the im-
proved bag model in which the unwanted center-of-mass motion is removed. Additional
insight is gained by comparing the charmed and bottom baryons. We discuss the running
of the baryon matrix elements and compare the results with the non-relativistic quark
model (NRQM). While the calculated two-quark operator elements are compatible with
the literature, those of the four-quark ones deviate largely. In particular, the heavy quark
limit holds reasonably well in the bag model for four-quark operator matrix elements but
is badly broken in the NRQM. We predict 1 —7(£)/7(AY) = (8.34£2.22)% in accordance
with the current experimental value of (11.571%2)% and compatible with (13.2 + 4.7)%
obtained in the NRQM. We find an excellent agreement between theory and experiment
for the lifetimes of bottom baryons. We confirm that Q0 could live longer than A after the
dimension-7 four-quark operators are taken into account. We recommend to measure some
semileptonic inclusive branching fractions in the forthcoming experiments to discern differ-
ent approaches. For example, we obtain BF(Z; — Xetv,) = (8.57+£0.49)% and BF (2 —
Xetve) = (1.88 + 1.69)% in sharp contrast to BF(ZEf — Xetw,) = (12.747293)% and
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BF(Q — Xetve) = (7.597259)% found in the NRQM.
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1 Introduction

The study of lifetimes for ground-state singly charmed and bottom baryons, both exper-
imentally and theoretically, are of great interest. On the experimental side, the current
world averages of bottom baryon lifetimes given by (in units of ps) [1]

7(AJ) = 1.471 £0.009, 7(E]) = 1.480 + 0.030,
7(Zy) = 1572+ 0.040, () = 1.641018

[1]

indicate the lifetime hierarchy
T(5y) > 7(5}) ~ 7(A}), (1.1)

where the uncertainty of the €2, lifetime is too large to draw a conclusion yet.

On the contrary, the measured lifetimes of Q0 and Z0 have been drastically changed in
2018 and 2019, respectively, especially for the former (see table 1). According to the 2004
version of the Particle Data Group (PDG), the lifetime pattern of charmed baryons was
given by [2]

r(E) > T(A) > 7(E) > 7(90), (1.2)

where Q0 is shortest-lived in the charmed baryon system. This lifetime hierarchy re-
mained stable from 2004 till 2018 [3]. However, the situation was dramatically changed in
2018 when LHCb reported a new measurement of the charmed baryon Q0 lifetime using
semileptonic b-hadron decays [4]. The new Q0 lifetime 7(90) = (268 4+ 24 4+ 10 + 2)fs



T(ES) T(AY) 7(22) ()

PDG (2004-2018) [3] 442 + 26 200 + 6 12t 69 + 12
LHCb (2018) [4] 268 + 26
LHCD (2019) [6] 457 + 6 203.5 + 2.2 154.5+2.6

PDG (2020) [8] 456 £ 5 202.4 + 3.1 15346 268 + 26
LHCD (2021) [7] 148.0+3.2  276.5+14.1
PDG (2022) [1] 453 +£5 201.5 + 2.7 151.9 +2.4 268 + 26
Belle IT (2022) [9, 10] 203.20 4 1.18 243 + 49
WA values (2023) 453+ 5 202.9+ 1.1 150.5 + 1.9 273 4+ 12

Table 1. Evolution of the charmed baryon lifetimes measured in units of fs.

obtained by LHCD is nearly four times larger than the 2018 world-average (WA) value of
7(99) = (69 + 12) fs extracted from fixed target experiments (for a short review of the Q¥
lifetime, see [5]). As a result, a new lifetime pattern emerged
7(E5) > 7(Q°%) > 7(AS) > 7(2). (1.3)

In 2019, LHCDb has performed precision measurements of the A}, =& and Z0 life-
times [6] as displayed in table 1. The ZY baryon lifetime is approximately 3.3 standard
deviations larger than the 2018 WA value. In 2021 LHCb [7] reported a further new
measurement using promptly produced QY and = baryons with the results shown in the
same table. Finally, Belle II has disclosed in 2022 the new measurements of 7(A}) [9] and
7(2%) [10] and achieved the most precise result of the A} lifetime to date. The current
WA values of charmed baryon lifetimes in table 1 result from the averages of the data from
LHCb (2021), PDG (2022) and Belle I (2022).

On the theoretical side, lifetimes of the heavy baryons are commonly analyzed within
the framework of heavy quark expansion (HQE), in which the inclusive rate of the heavy
baryon By is schematically represented by

GEm} Ay A3 Ay
T(Bg) = 1@ 44 22 4 A3 L A4 14
(Bq) 19273 < O+m2Q+m3Q+mé+ ’ (1.4)

where G is the Fermi constant and mg is the heavy quark mass. An analysis of the
lifetimes of charmed baryons in HQE up to 1/m? described by dimension-7 four-quark
operators was performed in ref. [11]. While the predictions on 7(A}) and 7(ZF) were
improved after including corrections from dimension-7 operators, one of us (HYC) has
introduced some additional parameters such as y and « to the baryonic matrix elements to
ensure the validity of HQE in the Q¥ sector. Although the value of 7(00) ~ 2.3 x 107135
was predicted even before the first LHCb measurement of the QU lifetime [12], the use of
the above-mentioned ad hoc parameters was not justified. In this work, we shall show that
these difficulties can be circumvented.



Through the optical theorem and HQE, the heavy hadron lifetimes are governed by
the transition operators which have the following general expression

G2 5 1 - ~
e e, l<03+ 12 O5+3(96"'> +<1306+14(’)7...> ] . (1.5)
@ mQ mQ 2 \"Q "Q 4

where the subscript of the parenthesis denotes the number of quark operators. A dimension-

four operator is absent due the Luke’s theorem [13]. The inclusive decay widths evaluated
by sandwiching the transition operator read as

G2m3 2 2 2 3

T(Bg) = -2 |cg[1-Hr—Hc) L oc e 4 ¢ PD

P
bl T+ T 1.
19273 2m3 m? m tletly (1.6)

The Wilson coefficients C3, C5 and C, depend only on the heavy flavor, while I's 7 are
proportional to (@6,7% depending also on the light quarks in the heavy baryon. The
quantities p2, MZG and p3, are of nonperturbative in nature, which will be introduced below.

Owing to the absence of lattice QCD calculations as input, one has to rely on the
models to evaluate the baryon matrix elements. Concerning the heavy baryon lifetimes,
the non-relativistic quark model (NRQM) turns out to be the favored one in the literature.
Most of the baryon matrix elements can be extracted from the mass spectra, providing at
least a certain way for the estimation. Nevertheless, the light quark masses are taken to
be the constituent ones in (O,,) but current ones in C,, yielding uncontrollable errors.

In this work, we adopt the bag model (BM), where the up and down quarks are
treated to be massless. The model did not receive much attention as its estimate of the
baryon matrix elements of four-quark operators is much smaller than that of the NRQM.
Recently, we found that once the unwanted center-of-mass motion (CMM) of the bag
model is removed in the heavy-flavor-conserving decays of heavy baryons, the four-quark
operator matrix elements become twice larger [14]. In the meantime, there exist several
issues for the NRQM estimates of the baryon matrix elements of two- and four-quark
operators. In the spirit of HQET, two-quark operator matrix elements such as 2, M2G
and p?’D, and four-quark operator matrix elements such as L%Q to be defined below are
also independent of the heavy quark mass mqg. In the NRQM, LqBQ is related to the
heavy baryon wave function modulus squared at the origin; that is, L = _Wlib (0)%.
Moreover, |biqb (0)]? o W,%(O) 2 = L fimp based on the mass formula for hyperfine mass
splittings of the bottom baryon and the B meson. An immediate consequence is that the
charmed baryon matrix element is much smaller than the bottom baryon one owing to the
smallness of fZmp compared to fzmp. This feature is also manifested in the realistic
NRQM calculation, see table 5 below. However, a large deviation between the values of
]1/}%(0)]2 and |1/)51b (0)|? is not consistent with the expectation of the heavy quark limit.
This undesired feature can be overcome in the improved bag model which we are going
to elaborate on in this work. Therefore, it is worthwhile to revisit the bag model for the
study of heavy baryon lifetimes.

This paper is organized as follows. In section 2, we use the bag model to compute
the baryon matrix elements such as those of u2, u2, and p?,. Special attention is paid to



the running of the four-quark operator matrix elements. In section 3, we decompose the
transition operator into several parts and briefly discuss the Wilson coefficients therein.
Explicit expressions of the contributions to the decay widths of heavy baryons from four-
quark operators at dimension-6 and -7 are given. The numerical results are presented and
discussed in section 4 and we conclude this work in section 5. Appendix A is devoted to
the evaluation of four-quark operator matrix elements in the bag model.

2 Matrix elements in the bag model

Under the heavy quark effective field theory (HQET), the decomposition of the baryon

mass [15] , 2 )
A Hz HG(H

Mg, = A -C
By =mqQ+ A+ 2mg a(mq, m)— >

+O0(1/mg), (2.1)

is related to the quantities

pr = (Qu(iD)*Qu)5g = —M + O(1/mq)
1 = Q0w G Qu)sg = dirke + O(1/mq) (2:2)

where dy = 0,4 for the antitriplet heavy baryon Ty and the sextet one {1, respectively,
igsGuy = [iD",iD"] is the gluon field strength, g7 = 4may, o = 5[v*,7"] and Q = c,b.
We have taken the shorthand notation of (O)g, = (Bg|O|Bq)/2Mp,, and it shall be noticed
that the HQET parameters A, A\; and Ay are independent of the heavy quark mass. The
@, is the heavy quark field defined as

Qul) + ;f;@v +O(1/md) = emaTEQ(z) (2.3)
If not stated otherwise, the matrix elements are evaluated at x = 0 and the first-order
correction in eq. (2.3) is treated as uncertainties, leading to @, = @ when derivatives are
not involved. Due to the reparametrization invariance [16], u2 does not get renormalized in
the dimensional regularization. On the other hand, Cg(mg, 1) is obtained by matching the
full QCD theory with HQET at the energy scale u, and the renormalization dependence
of puZ is canceled by that of Cg(mg,u) [17]. The dependence of mg in Cg(mg,p) is
generated by the renormalization effects known as the Appelquist-Carazzone decoupling
theorem [18].

The mass corrections A, A\; and Ay correspond to the diquark energy, kinetic energy
of the heavy quark and chromomagnetic field energy, respectively. For T, as a working
principle A is often taken to be equal among the baryons and Ay is extracted from the
mass difference of My, — My,. Nevertheless, the diquarks in X and Aq are of spin-1 and
spin-0 systems, respectively, and there is no reason to assume that their energies are the
same. In general, the assumption of a universal A would cause errors of order mQKA /3 to
Ao, where A = 0.2 GeV is the mass difference of spin-1 and spin-0 diquarks. On the other

hand, the assumption is acceptable in the €2g sector, as the diquark system is of spin-1 for
both Q¢ and .



In terms of the creation operators, the baryon wave functions in the BM read
o) = [ Zo ko @)@ QL @)V ) (1,823 d'3]0).
1 a = = = abe - =2 o —
Q. 1) = / Ve D8 o (T1) b (22) QL () W& o) (F1, B, T3) [dPF][0),  (24)

where (¢,¢') = (u,d), (u, s), (d, s) are the light-quark flavors of Ty € {Ag,Zq}, the Latin
(Greek) alphabets stand for the spinor (color) indices, and ¥ describes the spinor-spatial
distributions of the quarks. In the static bag limit, ¥ is given by
be(SB) (= = = N S S S S S
‘I’ZTC((qq/q)g)(xla@w?)) = ﬁ( g¢($1)¢g/¢(iﬂ2) - ¢Z¢($1)¢2'T($2))¢CQT($3),
gabe(SB)

51(ssQ) (T1, T2, T3) = \%(%?ﬁ(@)&ﬁ(@)%ﬂ(@)
% (1) 6l (2) 9y (T5) — O (71) 8% (F2) 61 (T3) )

ny -

L UgXt ( .iuq. JO(pi’xPxf ) , forjd <R

Pap () = g - Gy wq 1(PqlT])Z - Ixy (2:5)
0, otherwise,

where N is a normalization constant, (,uqi =/ E¥ £ m, with Eg = /P2 +mZ, jo. are the

spherical Bessel functions, y+ = (1,0)T, x; = (0,1)T and R is the bag radlus.
In eq. (2.5), pg is the magnitude of the 3-momentum of the bag quark ¢. From the
boundary condition, we have [19]

qu
1—m¢R — E(’;R '

tan (pgR) = (2.6)

The heavy quark limit can be obtained by taking the right-hand side of eq. (2.6) to be

zero, leading to tan(pgR) = 0 and pg = . To obtain the next-order correction, we plug
6

Po =71+ mQR) —i—C’)(m '=5) into eq. (2.6) and obtain

& s 1
t — — | . 2.
an (” T ok ) = TamoR 9 m R 27)
Taking the Taylor expansion of the tangent function at w, we find
us 1 1
=—|1- O ——= . 2.8
Pe =g ( 2mgoR * (méR2>> (28)

The first-order corrections in charm and beauty baryons are 7% and 2%, respectively,
indicating that HQE works well for pg.
2.1 Two-quark operator matrix elements

To the leading-order in «g, the gluonic self-coupling does not contribute and hence gluon
fields act as eight independent Abelian ones. The gluonic magnetic fields induced by ¢,



Ry, R=, Rq, Ry, R=. Rq, Myd — Ms M my
4.60 4.71 4.77 4.86 4.88 4.93 0 0.279 1.641 5.093

Table 2. Inputs of the BM with R and m, in units of GeV~! and GeV, respectively [20]. Here My
should not be confused with the pole quark mass.

Ab Eb Qb Ac Ec Qc
A1 —0.466 —0.445 —-0.434 —-0.418 —-0.414 —-0.407
A9 0.0653 0.0585 0.0522 0.0553 0.0504 0.0450

Table 3. The parameters A\; and Ay calculated in the bag model in units of GeV?2.

are then given by [19]

a

o (a LA te(r)  pg(r)\ | 3A" . pg(T)
q)\q(x) = X;q <0'4ﬂ_ <2Mq(7“) + ;'%3 — i3 ) + = PP - F) (;’3 ) XA > (2.9)

where the definition of My(r) and p4(r) can be found in ref. [19], A* are the Gell-mann
matrices sandwiched by the quark color and A, € {1,]}. The interaction energy between
q1 and g9 is equivalent to the energy stored in the magnetic field, given by [19]

AEy = —4mag Z Fs(A1; A2) Z/dSmgng (@) - ggzh (%), (2.10)
A1,A2 @

where Fg(A1, A2) depends on the spin configurations. Explicitly, we have

= Fs(A A2)(d,000) 0, 000, ) = 451 28 (2.11)
A1,A2
where 57 5 are the spins of ¢; and g2, and 45752 = —3, 1 for spin-0 and spin-1 configurations,

respectively. In the BM, R™! plays the role of a typical energy scale of the hadron, and
the running of as with respect to R is [20]

0.296
ag = .
* " log(1+ (0.281R)~1)

(2.12)

In particular, we have o = (0.52,0.55) for R = (4.6,5.0) GeV 1. Tt is interesting to see
that! as(1GeV) = 0.495 is close to eq. (2.12) with R = 5GeV~!, which is a typical bag
size of the baryon, indicating that the wave functions in the BM are applicable around
the hadronic scale pug = 1GeV. In this work, we shall allow pug to range from 0.8 GeV
to 1.2GeV to take into account the hadronic uncertainties. By substituting egs. (2.9)
and (2.11) into eq. (2.10), we find Ax = 0.207 GeV with R = 5GeV~! and m,, = m,, = 0.

The mass correction A; corresponds to the kinetic energy of the heavy quark in the
Newtonian limit with a minus sign. Therefore, we have

7T2

R’
!The running of a,(p) in this work is evaluated by using RunDec [21] with (up, pie) = (4.5 GeV, 1.6 GeV)
and as(M.) = 0.1181.

A =-pp=-— (2.13)




On the other hand, A2 in eq. (2.1) describes the mass correction due to the spin-spin
interactions between the heavy quark and the magnetic field. Comparing to eq. (2.10), we
arrive at 2

A2
2mg

Ra (= Pa [ = 1
a,q

The bag parameters are taken from ref. [20] and collected in table 2. The numerical results
of A2 are listed in table 3. It shall be noted that the final results depend weakly on
the input of mq in the BM. Numerically, A; 2 vary less than 2% if the pole quark masses
given in eq. (4.1) below are used. In the limit of large mq, A1 2 shall be independent of
the heavy quark mass mg, and therefore their values for B, and B, systems should be the
same. A small deviation of order O(1/ mé) comes from the fact that heavy baryons have
different bag radii. As HQET is more reliable in By, in the numerical evaluation we shall
allow the values of B, to vary from their original values to the ones of By. For instance, we
take A\; = —(0.418 ~ 0.466) GeV? for A, causing 10% uncertainties. Additional 6% and
14% uncertainties from 1/ m% are also included for By, and B., respectively, as described in
eq. (2.8). We note that the calculated \; is consistent with the literature. On the contrary,
A2 is about 40% larger for Ty, but the deviation will not reflect in the numerical results as
A2 is always accompanied by dy in eq. (2.2) and dg = 0 for Ty.

Besides p2 and ,u2G, there is an additional two-quark operator whose importance has
been stressed recently, known as the Darwin operator

1 — . . .
ob = Ty, (BalQ,(iDy)(iv - D)(iD")Qu|Bq )
105 = ..
= 11y, (Bel@uiDG"QulBa) (2.15)

where we have used v, = (1,0,0,0) for the baryon at rest and the equation of motion
(iv- D)Q, = 0 in HQET. In terms of the matrix elements LqQ, StqgQ and PEQ of the four-
quark operators to be defined in the next subsection of eq. (2.22), the Darwin operator
takes the form [22]3

plh = —dra, g 2714 (4z, — L%, — 655, + 258, +6Pg, — 2P ), (2.16)
where ¢ sums over the light quarks of Bg. In deriving the above equation, use of 4 D*, G| =
—gsA” >4 qA"1vq has been employed.

By using table 5 below in advance, the results of the two-quark operator matrix el-
ements in the BM are summarized in table 4, where the ones in the NRQM [23-25] are
also included for comparison. We see that 2, ,u,é and p3, all depend weakly on the heavy

2Since the right-hand side of eq. (2.14) is a leading-order result in o, we have taken Cg(mo, ps) = 1
on the left-hand side for reasons of consistency. Using integration by part and keeping the leading term
in 1/mgq, it is possible to show that eq. (2.2) can be recasted to the form (f A), where J = ¢.Q7Q and
V x A = B are the current density and vector potential, respectively. It is identical to —g?(é - é) to the
leading order in as.

3Considering the consistency with p%, we take the running of a, as in eq. (2.12).



Model AY = Q Af =0+ 00
p2 | 4.66(28) 4.45(27) 4.34(80) 4.42(81) 4.30(80) 4.20(80)

BM 12 0 0 2.09(12) 0 0 1.95(38)
P3| 2.29(23) 2.38(24) 2.66(27) 2.06(21) 2.22(22) 2.68(27)
2 5.0(6) 5.4(6)  5.6(6)  5.0(15) 5.5(17)  5.5(17)

NRQM 2, 0 0 1.93(68) 0 0 2.6(8)
03 3.1(9) 3.709)  5.0(21) 4(1) 5.5(20) 6(2)

Table 4. The two-quark operator matrix elements, where pg, . and p$, are in units of 107! GeV?
and 1072 GeV?3, respectively. The parameters of 2 and p3, are evaluated at the hadronic scale py
in the BM. Here, the numbers in the parentheses are the uncertainties counting backward in digits,
for example, 4.42(24) = 4.42 + 0.24. The values of the NRQM are quoted from refs. [23-25].

quark flavor in the BM, which is a good sign for HQET. The values of u2 are compatible
within the range of uncertainties, whereas the central value of u2, for Q. deviates around
30%.

It is an appropriate place to discuss the renormalization-scale dependence of ,uQG. We
note that the mg dependence of C(mg, 1) can be factorized into two parts [17]

as(mq) s
Calimg, ) = Calmg,ma)exp [ 7(0) (2.17)

o B
where the p dependence is governed by 7y(as) and f(as). In the BM, both parameters
and matrix elements are determined at the hadronic scale. To employ the results for the
lifetimes, we use

Ca(mq, pm) g (nir) = Ca(mg,me)ug(mq) (2.18)
derived from the renormalization-scheme independence of Cgug.  The coefficient
Ca(mg, mg) has been determined up to three-loop in ref. [26] in the MS scheme, given by

Ca(me,me) = 1.6506, Cea(my,my) = 1.2664 . (2.19)

Although we can renormalize one of them as unity, it cannot be done simultaneously for
both in HQET. We note that Cg(mg, mg) is missing in the previous study of the singly
heavy baryon lifetimes and the formalism of ,uQG shall be modified as

2
2 _ 2 a2
Ca(mg.mQ)ug(mq) = 5 (M% M3,) - (2.20)
The ratio of the mass splitting in Qg is given by

RG

2 2
Me — Mo, O (mp, mp) s (my)
5

= — 0.6914, 591
Mgzé o MS%r CG (mm mc)MG (mc) ( )

where the anomalous dimension of the u2, evolution can be found in eq. (13) of ref. [26].

It is compatible with the experimental value? Rg(p = 0.77, indicating that the coefficient

Ca(mq, ) cannot be neglected.

We take Maq; — Mg, = 24.3GeV from ref. [27].



The Darwin term p% in both the BM and NRQM obeys the same hierarchy Qg >Eg >
Ag, where the differences are induced by the strange-quark mass. More interestingly, 03
shares similar values for Ty and g, which is anticipated from eq. (2.15) as only the heavy
quark fields get involved®. However, it is a non-trivial result in view of eq. (2.16) as LqTQ
and L?)Q differ significantly. It is interesting to point out that refs. [23, 24] and [25] use
as(B.) = 1 and as(By) = 0.22 for p%,. However, the huge ratio as(B.)/as(By) = 4.5 is
compensated by the large difference in the four-quark operator matrix elements, resulting
in a weak dependence of p?b on mg. On the contrary, both o and the four-quark operator
matrix elements in the BM depend slightly on mg. The running of p3, will be discussed in
the next section.

Before ending this section, it has to be pointed out that the wave functions given in
eq. (2.5) encounter some inconsistencies as they are localized in the three-dimensional space.
According to the Heisenberg uncertainty principle, it cannot be a 3-momentum eigensate,
which is referred to as the CMM problem. However, this problem can be neglected in Aj o.
As )\ is related to <p2Q), it remains unchanged after removing CMM [14]. The readers who
are interested in the interplay between mass corrections and matrix elements are referred
to ref. [28]. On the other hand, by an explicit calculation, we find that the CMM will in
general decrease Ay around 10% for a fixed a;. Nonetheless, the effects can be compensated
by increasing a; by 10%. As ay is fitted from the mass spectra without removing CMM, it
should not be removed in the calculations of Ay either. For p?]:,, as we shall see shortly, the
matrix elements are evaluated by removing the unwanted CMM. However, as «ay is likely
to be underestimated by 10%, we thus include 10% uncertainties for p% in table 4.

2.2 Four-quark operator matrix elements

Recall the shorthand notation for the matrix elements of an arbitrary operator (O)g, =
(BqlO|Bg)/2Mp,. We parameterize the matrix elements of the dimension-6 four-quark
operators as

Litg = ((QhLra0) (hLuQs) ), » Ly = ((@h2105) (6514Q0) ),
o= (@a)@o))y, . Ho-(@a)@a)) . em
Pg, = ((Qursaa) (6575Q,3)>BQ P = ((Quwsas) (vasQa)>BQ :

and
IgQ = —BI%Q , (2.23)

where L* = y94#(1 —~5) and T Z;Q € {LqBQ, S%Q, Pg,Q}. As strong interactions conserve par-
ity, we do not need to consider the parity-violating operators, i.e. (Qv5qgQ) = 0. Although
not written explicitly, it is understood that I g@ depend on the energy scale. Our strategy

SStrictly speaking, in eq. (2.15) only the gluonic electric field of G°* participates in but not the magnetic
one. As the gluonic electric (magnetic) field does not (does) depend on the light quark spins, To and Qg
shall share a similar value of p, but not pZ.



is to first evaluate them at the hadronic scale pp, where the valence quark approximation
of B = 1 is automatically satisfied by the color structure in eq. (2.4). After that, we evolve
them to the heavy quark scale jig to compute the lifetimes.

On the other hand, for the dimension-7 four-quark operators [29]

Pl =mgQ(1 —5)qq(1 —5)Q, P§=mqQ(1+75)qq(1+75)Q,

1 1 - (2.24)
Py = —Q'D,L,Dqq'1'Q, Pi=—QD,1—~5)Dqa(l+7%)Q,
mQ mQ
and P! (i = 1,--- ,4) obtained from P{ by interchanging the colors of g and @, their matrix
elements can be expressed in terms of that of dimension-6 ones: ¢
(P!)p, = my (S%Q + PgQ) fori=1,2,
<P3q>BQ = EquBQ ) <Pzi1>8Q = Eq(S%Q - PgQ) ’ (225)
and
(PlYp, = —Bi(P!)p, fori=1,--- 4. (2.26)

where 3; = 1 under the valence quark approximation. In deriving eq. (2.25), we have
applied the approximation

L ((@D,rrg)arQ) = — ((QF,00%) Q) + Ofar)

mq meq
- L {(@9:0a) 10Q) + Oe.) + 01/ mq)=E, (Qrr),
(2.27)

where E; is the energy of the bag quark, taken to be E,q = M,/3 ~ 0.32GeV and
Es, = Eyq+ (MEQ - MAQ) = 0.50GeV. The spatial derivatives have been omitted as
they are proportional to O(1/mg) and the last equation follows as the bag quarks are
approximately in the energy eigenstates with Eg = mg+O(1/ mQ).7 We note that similar
approximations have also been employed in refs. [23, 24] by substituting Aqcp = 0.33 GeV
for Eq.8 The choice of E,, 4 = 0.32 GeV was proved to be suitable in describing the exclusive
semileptonic decays of heavy baryons [28, 31].

As mentioned in the previous section, the wave functions in eq. (2.5) are problematic as
they are localized, inducing a nonzero CMM. To compute the four-quark operator matrix
elements, we have to remove the CMM for a consistent procedure. To this end, we have to

®The operators Pj and Py have the same baryonic matrix elements as the latter is related to the former
by hermitian conjugation; that is, P¢ = (P{)" [30].

"Strictly speaking, E, can only be defined when quark energies are not entangled, i.e. interactions
between quarks are negligible. In the BM, it is true by constructions in eq. (2.5) where quark wave
functions are independent to each other. In addition, the normalization condition in eq. (A.1) requires that
E, 4+ Eq 4+ me = My, which is satisfied with the use of m. in table 2.

5The relation (P{) ~ (pg - pe/mq) <@Fq§FQ> has been used in refs. [11, 23, 24] with pg - pq taken to be
~ mqgAqep in refs. [23, 24] and imQ[(m%Q —m3iq)/mg — 1] in ref. [11] with maiq being the diquark mass.
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Model  (Bq,q)|(Ao,qr) (Sp,q1) (Bp,s)  (,8)| (Aesar) Eeyar)  (Eeys)  (Qe;s)
Li, | —544 —515 —588 3412 | -—483 487 534 —3163
BM® 5% 244 232 274  —541 1.96 1.98 232 —4.65
Pl | 027 -025 -020 —0.62| -044 —044 034 112
L, | —13(5) —14(5) —18(6) —126(60) |—5.1(15) —5.4(16) —7.4(22) —46(14)
NRQM  S§_ 7(2)  7(2)  9(3) —21(10) | 25(8)  2.7(8) 3.7(11) —7.7(23)
P 0 0 0 0 0 0 0 0

“Corresponding to the results in which the CMM is removed from the bag model.

Table 5. The matrix elements of the four-quark operators in units of 1073 GeV? with ¢; = u,d
evaluated at the hadronic scale pg. The results of the NRQM are quoted from refs. [23, 24] and [25]
for charm and beauty baryons, respectively.

distribute the wave functions homogeneously over all the space. Consequently, eq. (2.5) is
modified as

UHB) () &, ) = / BEAVEB)(Z) — T, By — Tn, B3 — Ta). (2.28)

Here, (HB) and (SB) stand for the homogeneous bag and static bag approaches, respec-
tively. It is straightforward to show that the wave function is invariant under the space
translation

\I’(HB)(fl + d_: Ty + CZ: T3+ CZ) = y(HB) (Z1,%2,73), (2.29)

which is not respected by WB) A great advantage of W5 is that it does not require
additional parameter input. However, the calculation becomes much more tedious. The
methodology of the computation is given in appendix A.

The results of I?SQ in the BM and NRQM [23-25] are summarized in table 5. As
stressed in passing, Il%Q depends on the energy scale and the results exhibited in the
table are evaluated at pyr, where the valence quark approximation is valid. Besides the
uncertainties from the parameter input, additional 30% uncertainties are put by hand in
the NRQM to be conservative as described in refs. [23-25]. Several remarks are in order:

o The SU(3) flavor symmetry breaking can be examined by comparing Ig; and Iz ,.
In the BM and NRQM, the breaking effects are around 10% and 30%, respectively.

e Since the light quark ¢ has to be left-handed due to chiral symmetry, it is the linear
combination of S%Q - Pg,Q rather than S} o Pg,Q that appears in the lifetimes to the
leading-order of four-quark operators. Therefore, it suffices to consider SZ;Q — Pg@
in discussing the finite heavy quark mass corrections. From the table, we see that
LqBQ and S%Q — PgQ in the BM vary less than 10% with respect to the heavy flavor.
Accordingly, we shall assign 10% uncertainties to Ilng when computing the lifetimes.

e In the NRQM, LqBQ is related to the heavy baryon wave function modulus squared at
the origin, for example, L?\b = —|w{)}]” (0)|? [32]. From table 5 we see that \wlfqb(O)F is
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of order 1.3x 1072 GeV? for the bottom baryon AY, while \wéxqc (0)]? = 0.51x1072 GeV?
for AF. This is very annoying as |1(0)|? for hyperons is of the same order of magnitude
as the bottom baryons (see ref. [33] for detail). Thus it is not comfortable to have
the charmed baryon wave function at the origin substantially smaller than those in
bottom and hyperon systems.? Fortunately, this is no longer an issue in the BM
where LqBQ varies less than 10% from the bottom to the charm sector.

+ Both the BM and NRQM agree with each other in I}, but differ largely in If .
Meanwhile, the HQET and QCD sum rules give smaller values of L‘f\b = -2+
1.6) [34] and —(2.38 4 0.11 £ 0.34 4 0.22) [35], respectively, in units of 1073 GeV?3,
which are much closer to the values of BM than that of NRQM.

To compute the lifetimes, we have to evolve I ?SQ to the energy scale pig of the heavy
quark where the formalism is derived. Unfortunately, the matrix elements of the four-quark
operators diverge to the leading-order of as. To make sense out of the calculation, one has
to regularize them. In turn, subtracting the infinity induces a renormalization-scheme
dependence. In HQET, the heavy quark () is treated as a static one. The renormalization-
group evolution of the four-quark operator matrix elements are then given by [36]

I8, (1) = A1k (urr) — 5 (5 — DI, (),
1§, (nq) = I, (ur), (2.30)

where kK = \/as(uH)/as(uQ) and the relation 2t3;t%; = 6,1 — 9ij0k1/3 has been used in
the derivation. We then arrive at

I8 () = (156 £ 0.19)[% (ugr), 1§ () = (1.26 £ 0.15)I8, (), (2:31)

whereas fg@ remains unchanged, leading to B (ng) = 0.64 £0.09 and 0.79 + 0.11 for By
and B, respectively.

To explore the renormalization-scheme dependence of IgQ, we consider the full QCD
operator matrix elements in the MS scheme. The evolution of Ig@ can be obtained by

the fact that the anomalous dimension matrix is diagonalized in the operator basis Q+ =
(@2 £ @Q1)/2 with [37]

Q= (Qh1a0) (hLuQs) . Qo= (Qh1"a5) (¢} LuQu) - (2:32)
Therefore, we shall have

Cr(p)(Q+) (1) = Cx(p2)(Q+) (12) (2.33)

°In order to circumvent such inconsistency in the NRQM, one of us (HYC) was forced to introduce an

additional parameter y = 7/4 by hand in ref. [11] to enhance |4 (0)|> for charmed baryons as the large
m¢q limit is expected to work better for the beauty quark. Unfortunately, this will lead to a negative
semileptonic decay width for ., and an additional free parameter « was introduced in ref. [11] to rescue
the inconsistency. In this work, we find that there is no need to introduce both ad hoc parameters o and y.
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q1
Figure 1. The leading-order Feynman diagram for Cs, where the ® represents the insertion of the
effective Hamiltonian for @ — §,4¢2¢s.

where Cy (u) are the Wilson coefficients and we have neglected the mixing with the penguin
operators. The equality is derived by the fact that the amplitudes shall not depend on pu.

Taking (1, p2) = (1@, pr), we obtain
Cs(nq) (L, (nQ) + L (1)) = Cxlum) (L (uar) + L, (i) - (234)

In this renormalization scheme, a straightforward conclusion is that Equ (1m 2+Lq5b (b)) =0

leads to E%b (1) + L, (ng) = 0 so long as Cy # 0. In other words, B(p) = 1 holds
independently of u for L%Q in this scheme. Let us return back to eq. (2.34) and obtain

L (1i0) = G (A ) = U ) i i) (289

In the leading-logarithmic approximation, the results are

12

O e ) = [asw)f {aswc)} 1514016,

as(#c) O‘S(:U’b)
U_(puar, pre) = [O‘Ojs((’;’:” 1924013 (2.36)

We see that the evolution of LqBQ are similar in both schemes, where L§ and L are
enhanced by 50% and 20%, respectively. Accordingly, we assume the evolution in eq. (2.35)
is also applicable for both S%Q and PgQ.

3 Decay widths

The nonperturbative baryonic matrix elements are collected in tables 4 and 5 and their
values at the energy scale g are obtained through egs. (2.18), (2.30) for HQET and (2.35)
for full QCD. With these building blocks, we are in a position to compute the lifetimes
of heavy baryons. In the beauty baryon decays, (ms/mp)? can be safely neglected, while
xp = (me/mp)? is kept. Likewise, z. = (ms/m.)? shall be taken into account in charmed
baryon decays. We briefly discuss the expressions of C,, Og and O7 with n = 3,5, p from
the literature.
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Figure 2. The topological diagrams for the spectator effects: (a) W-exchange, (b) destructive (con-
structive) Pauli interference and (c) constructive (destructive) Pauli interference at the dimension-6

(dimension-T7) level. There is no 4-point vertices between the W bosons and quarks in the diagrams
(b) and (c).

3.1 Two-quark operators

As the experiments are able to probe the semileptonic inclusive decay widths, it is natural
to decompose C,, into the form

6
Co =K+ > ciciKp (3.1)

n,ij o
ij=1

where ¢; and ¢y are the leading Wilson coefficients for the effective Hamiltonian

Her = %gg le1(ab a0 (@} LuQ) + ea(gf 1) (a} Lo Q)] + O(asy), (3.2)
with o being the CKM matrix elements, and c3.¢ are the Wilson coefficients for QCD
penguin operators. Note that the byproducts of c;c; with 4,5 > 3 are discarded in the
next-to-the-leading order (NLO). To evaluate C3, we take Q — §,q2q3 as an illustration,
depicted in figure 1, where the ® represents the insertion of Heg. To the leading-order (LO),
C3 can be obtained by matching figure 1 to C3QQ. Clearly, the coefficient C3 depends on
the masses of g1 23 appearing in the loop integral. To the NLO with 7,5 € {1,2}, the
results of K3 with a single massive g3 can be found in ref. [38], and the doubly massive
cases with ¢; = g3 are available in refs. [39, 40]. The expressions with semitauonic decays
at the LO are found in refs. [41, 42]. The coefficients for the penguin operators are given in
ref. [43]. On the other hand, C5 is available at NLO for the semileptonic and nonleptonic
decays with massive and massless final state quarks, respectively [44, 45]. We use the LO
coefficients with massive ¢; and g3 [46-48]. We note that Cs slightly affects the inclusive
decay widths. In particular, pZG = 0 for Ty so their results are not affected by C5. On the
other hand, the explicit values of IC%I,;-J- and K3 are given in refs. [30, 49-51], where we
shall only use the LO results.

3.2 Four-quark operators

The dimension-six operator of Qg consists of four types of topologies

@6 = @we + éint— + @inH— + CN)SLv (33)

— 14 —



where the subscripts we, int+, int— and SL stand for W-exchange, Pauli constructive
interference, Pauli destructive interference and semileptonic, respectively. Their topological
diagrams without QCD corrections are depicted in figure 2, where Oj,.y and Ogy, share
the same topology, i.e. figure 2c. Four-quark operators for W-exchange are decomposed
according to their spinor structure

Oue = CXJA(QLL“Qla)(quuQﬁ) + éxe_A(QI;L“CIm)(QIaLuQB) (3.4)
+Coe P (Qu(1+75)q10) (@15(1 — 45)Qp) + Coe " (Qp(1 + 75)q10) (@10 (1 — 75)Qp)-

Further, the coefficients are disintegrated as

croA = ZCZC],CV 4 (3.5)

we,tg *

Thus far we have taken O, and CY-“ as an example and the rest of them can be defined
in the same manner. The explicit expressions of e and ICjp:— to the NLO are given in
refs. [52] and [29] for the nonleptonic and semileptonic decays, respectively, while Cjpst is
obtained by the Fierz transformation with massless g2 3.

It should be noticed that the full QCD theory and HQET have different coefficients of
KC’s which are related by eq. (16) in ref. [52]. In HQET, one takes the limit of m¢g — oo
and the series of the HQE is truncated to a specific order of 1/mg. In the BM, we do not
take the heavy quark limit to evaluate Ig,Q. Therefore, the central values of the computed
lifetimes are evaluated with the Wilson coeflicients given in the full QCD theory, whereas
the deviations from the HQET ones are treated as the uncertainties.

In the numerical evaluation we have taken the NLO and the Cabibbo suppressed con-
tributions into account. As an illustration, we write down the expressions of the Cabibbo-

favored decays to LO. We decompose (Og) into several parts

G%mé
19273

~ B =B Bo, Bo, Bg,
<06>BQ = Z (F6ftgug + FG ngng + FG,?TLZ— + FG,?n(tI-I— + F6,C§I?) ) (36)
q

where T' contains two massive quarks in the loop integral, while the others without tilde
have only one massive quark. In the cases of (Q, q1,q2,q3) € {(¢,d,u, s), (b,u,d,c)}, ¢ and
g2 can be taken as massless, and their expressions are unified as [11, 53, 54]

GZm?2
Bo, fa
FGfmfl = 5 Q ¢o (1 —zq) {( cz)Lq1 + 2c1coLE }
G2.m? ~ -
B, FQ xQ
Toot. = — - Eo(1—z0) {cl 1 + ngQ (1+220)(SE, — P, )}
+(2e163 + Nocd) [( + QQ) LE — (1+200)(SE, ng)] } (3.7)
Bg.as  _ GFmQ 2 (7as &q3 Ha3 a3 q3
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with & = [VpV5|? and & = |V V2. We note that I?SQ = 0 if By does not contain the

quark flavor ¢ as we do not consider the eye contractions [29], resulting in FGB’;;;_ = 0. For
singly heavy baryon systems, constructive Pauli interference exists only in charmed baryon

decays with ¢ — uds. Since the strange quark does not participate in the quark loop, . is
Be,s

absent in F6 it

The relevant Wilson coefficient of I'y ?n? has the expression (2cicy + Nec3 — ¢3) which

is negative in both charm and bottom sectors. Since (1 + ~2 )qu —(1+ 2$Q)(S;132Q - ng)
is negative, it is evident that the Pauli interference described by I'y ?HZZ is destructive. By

Q193

‘nt1 18 constructive since the Wilson

the same token, the Pauli interference described by F6 ;
coefficient (2c1ca + Nec? — c3) is positive.

For the process of (Q,q1,q2,q3) = (b, ¢, s,c), the W-exchange and constructive Pauli
interference contributions vanish due to the absence of a charm quark in By. It is necessary
to consider the quark masses of both ¢; and g3 in the loop integrals, and the remaining

term comes from figure 2b, given as [11]

Gy PV = day {cl (1= @)L, — (1+ 22,)(S5, — P3,)]

6,int— = 67
+(2¢1¢2 + Noc2) [(1 — @)Ly, — (14 21)(Sh, — Pgb)} } . (3.8)

Notice that if we take z, = 0, f‘gl;;ft will be reduced to Fglymf as it should be since they

share the same topological diagram. A unified expression of FG it and f‘g%g 4 can be
found in appendix B of refs. [23, 24].

The dimension-7 operators share the same topological diagrams with the dimension-
6 ones, but the NLO correstions are currently still absent. In analogy to eq. (3.6), we
decompose their contributions as [55]

G%mQ ~ Bg.q Bg.q Bg.q Bq.q
1927‘(‘3 <O7>BQ = Z (F’?,?ve + F?,?ntJr + F?,?nt + F??nt ) . (39)
q

Contrary to the previous dimension-6 case, the subscripts int+ and int— here are referred
to figures 2b and 2c, respectively. We find [11, 29]

Bo, G%im
F?,?ygl_ gﬂQf (1—95%2)

derca PP+ 2(c + 03)153?1] ,

Bo, G%m
Lot = —% QgQ{(2c1c2+Ncc2)[— (1 - 20)*(1 + 220) (P + P§?)

67
+2(1 — ad)) PP — 1223%(1 — :pQ)Pﬂ +c2 [ — (1 —20)*(1 + 2z¢) (P + P§?)
+2(1 — a) PP — 12(1 — xQ)xQQPf} } (3.10)
Bo, G%m . - .
s = 22 ¢, l (2016 + Nec}) (= P = P+ 2PF) + (- PP — PP + 2P§3)] .
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fOI' (Q7Q17QQ7‘]3) € {(67 da u, 3)7 (ba u, d7 C)} and

G%2m
P = —6 VaV, §|2\/71—4:cb{(2clcg+]\fcc§){—(1+2xb)(Pf—i—P23)

2 2472 - -
g (1= 2w = 2P - P4} | = (14 2z)(P + P5)
2 - 2472
1— 2z, —22)P§ — ——b_p3 3.11
+1_4$b( xp — 22;) Py 1— day 4}}7 (3.11)

for (Q,q1,42,93) = (b, ¢,5,¢). Inegs. (3.10) and (3.11), P/, 5 , are understood as (P4 3 1) 5,
instead of dimension-7 operators for simplicity. The discussions are parallel to the dimen-

sion-6 ones. By putting z; = 0, we find that F?l;’nt =T f‘;’m and that xg is absent in
F?ﬁgi as g3 does not get involved in the loop integral.

Egs. (3.10) and (3.11) are derived from the full QCD theory. If one alternatively adopts
HQET instead, there will be several extra terms coming from the 1/mg corrections to the
dimension-6 operators [11, 52]. After including them, the deviations between two theories
start at the dimension-8 level.

We next turn to the semileponic inclusive decay widths. Notice that it is possible
to have (q1,q2) = (¢,v.) in figure 2c. Therefore, the inclusive semileptonic decay widths
also receive corrections from dimension-6 and -7 operators [56]. Ignoring the small ratio
z= (m“/mc) ~ 1%, the matrix elements are obtained by setting (c1, c2, N.) = (1,0,2) in
I‘gz;ft 4 and F7 o, given by

GFm

Tog = Veo? (L, — S5, + PE.) (3.12)
G m
I =~ Vsl [ (SBQ +Pg,) —2E,L% | -

This completes the investigatlon in the contributions of four-quark operators. We stress
again that the NLO contributions of the dimension-6 operators and Cabibbo-suppressed
decays have been taken into account in the numerical evaluation.

4 Numerical results and discussions

Since the total inclusive decay widths are proportional to m% to the leading-order of the
1/mg expansion, the numerical results are very sensitive to how well the heavy quark mass
is under control. Unfortunately, the choice of the heavy quark mass definition is quite
arbitrary to the first-order in QCD, and the pole mass definition, with which the formalism
is derived, suffers from the divergences due to the infrared renormalon, imposing a minimal
ambiguity proportional to Aqcp [57].

For the heavy quark mass mg in eq. (1.5), we shall take the pole mass!’

(M, Me)pole = (4.70 £ 0.10, 1.59 + 0.09) GeV (4.1)

1076 the leading-order of a, mi")]e 4.70 GeV corresponds to mi™ = 4.57 GeV with u* = 1 GeV, which
proves to be suitable for the B-meson inclusive decays [58], see eq. (3.1) and the subsequent discussion in
ref. [58].
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where the upper and lower bounds correspond to the two-loop and one-loop results. Here
we do not consider the other mass schemes such as MS, kinetic, MSR and 1S schemes
as they have to be matched with the pole mass one eventually. The deviations among
them are mainly generated by truncating the series of the as expansion (see eq. (2.54) in
refs. [23, 24], for instance). As we have allowed a wide range for the pole mass, it will
cover the corrections to the order of O(a?).'' On the other hand, for the quark masses
appearing in the loop integral, we fix them with the MS scheme [59]

(e(7e), 75 (2 GeV) g = (1.3, 0.09) GeV | (4.2)

For the ratio my/mg in the loop integral we take mg as the ones in eq. (4.1).
To be consistent with the NLO corrections in I'g, we use the LO values of the Wilson
coefficients from tables VII and XIII of ref. [60]

(c1,¢2) = (1.298,—0.565) , (4.3)
at pu. = 1.5 GeV for charm quark decays, and
(c1,¢2,c3,¢4,c5,¢6) = (1.139,—0.301,0.013, —0.030, 0.009, —0.038) , (4.4)

at up = 4.4 GeV for bottom quark decays. The calculated results of heavy baryon decay
widths are summarized in table 6, where I's stands for the two-quark operator contributions
with p3, = 0 and T, is the decay width contributed from the Darwin operator. The
semileptonic inclusive branching fractions are defined by

B]:?L = 7(Bo)I'(Bg — Xfil/g) , (4.5)

with ¢ = e, u, 7. Since the NLO corrections to I'y are still absent currently, we shall use
the LO value of I'7 for 7 at the NLO. In the table, the uncertainties arising from mg, pg
and [ I%Q are denoted by the subscripts m, p and 4, respectively. The central values are
evaluated with full QCD operators, and the deviations from HQET ones are treated as
uncertainties denoted by the subscript s. Error analyses are not provided for I'g 7 in the
table for simplicity as their dependence on mg is rather weak. The errors from ppy and
IgQ will cause around 11% and 10% uncertainties to I'q 7 and p3, respectively. As p3, is
proportional to ag, the Darwin operator does not contribute at the LO and its effect is
negligible compared to other hadronic uncertainties at the NLO.

We see that the differences among the Bg’s are mostly ascribed to the four-quark
operators. In particular, I's is the same for all antitriplet baryons Tg. For B, the NLO
corrections are roughly 50% in both I'}* and T§". Assuming the a, expansion behaves
like a geometric series, there will be roughly 33% deviations in the lifetimes once the ag
corrections are included to all orders. On the other hand, the NLO corrections are found
to be around 20% in B,. From table 6 we see that all the predicted lifetimes are improved

HEor example, (m>S, mkin, mMSR) = (1.28,1.40,1.36) GeV correspond to mE'® = (1.52,1.67,1.49) GeV
to the first-order correction in a,, where we have used as(m.) = 0.38 and ,ucut = 1 GeV for the kinetic and
MSR mass schemes. For detailed discussions, see section 2.4 of refs. [23, 24].
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BM ¢ NRQM Experiment

Bo | BFS(%) T BFM (%) T BFM(%) T

AF | 457(54)  1.92(37) | 3.80702%  3.047035 |3.95+£0.35 2.029(11)
=0 | 4.40(61) 1.66(32) | 4317587 2317585 - 1.505(19)
=F | 8.57(49) 3.27(76) | 12.747251  4.25t122 - 4.53(5)
Q0 | 1.88(1.69) 2.30(58) | 7.597249 959103 - 2.73(12)
A9 9.90(3)  1.48(22) | 11.070%  1.49075:176 - 1.471(9)
=9 9.94(6)  1.49(22) | 11.170¢ 149370177 - 1.480(30)
=, | 10.38(9)  1.55(23) | 117137 1.60870-194 - 1.572(40)
Q, | 10.76(14) 1.60(25) | 12.0777  1.6927023 - 1.641515

“Corresponding to the results in which the CMM is removed from the bag model.

Table 7. Comparison of our results with refs. [23, 24] obtained in the pole mass scheme for charmed
baryons and ref. [25] in the kinetic mass scheme for bottom baryons, of which the uncertainties are
added quadratically. The baryon matrix elements in refs. [23-25] are evaluated using the NRQM.
Experimental results are quoted from ref. [1] and table 1. The lifetimes are in units of 107135 for
B. and 10~ '25 for By.

to the NLO except for 7(£}). A good sign of the o expansion is that the uncertainties
caused by up are systematically reduced once the NLO corrections are included.

It is evident from table 6 that I‘?L contributes destructively to the total semileptonic
rate TSF) while TY" contributes constructively to TN" for A} and Z2 and destructively
for Q0 and =F. Owing to the presence of two strange quarks in the Q0 T'8%(Q0) and
Fl;IL(Qg) are the largest in magnitude among the charmed baryons. Consequently, the
lifetime hierarchy pattern 7(ZF) > 7(AF) > 7(20) > 7(QY) expected in HQE to order
1/m? is modified to the new one 7(ZF) > 7(Q%) > 7(A}) > 7(22) in HQE to order 1/m2.
The Q0 could live longer than the A} due to the suppression from 1/m, corrections arising
from dimension-7 four-quark operators.

The 1/m. expansion in the matrix elements of four-quark operators seems to work
reasonably well for the antitriplet charmed baryon T, where I'; is around 40% compared
to I's. However, the 1/m, expansion could be problematic for the Q. if T$*(NLO) is larger
than I'§¥(NLO) in magnitude, leading to a smaller or even negative semileptonic rate
SE(QQ). Also recall that the deviation of the full QCD from HQET is huge for the Q.. A
future study of NLO corrections to I'y and dimension-8 operators will be useful to clarify
the issue. Although the computed results for 7(B.) are compatible with the current data,
we need to keep in mind the possible shortcomings in the higher-order 1/m, expansion.

As for the bottom baryon B;,, HQE works nicely, obeying the hierarchy'? I's > I'g > I'7.
Nonetheless, my, > Aqcp is a double blade. Although it ensures the validity of HQE, the
numerical results are extremely sensitive to mg. If we alternatively take Texp(B) as input

12 An exception to the hierarchy is that T', < I'z.
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to fix my (see the footnote of eq. (4.1)), then the uncertainties denoted by the subscript m
can be discarded in table 6 for B3,. To acquire the predictive power, we compute the lifetime
ratios where the m¢g dependence is largely canceled. We define 7o (By) =1 — 7(By) /7(Ap)
and find that

(024£2.1,7.842.1,132+4.7) %, NRQM
(ra(Z0),7a(5;),7a(95)) = { (0.38£0.10,4.90 £ 1.28,8.35+:2.22) %,  BM  (4.6)
(06+2.1,6.9+2811.55132) %, Exp

where the predictions of NRQCD are quoted from ref. [25]. We see that while the lifetime
pattern 7(,) > 7(Z;) > 7(2)) > 7(AY) is respected by theory and partially by experi-
ment, we predict smaller values for 74 (=, ) and 74 (£, ) compared to the NRQM due to
the difference in the ratio I3 / Ig;d and the treatment of Cg(mg, 1).

To compare the BM and NRQM, we collect the calculated BF EL and 7 in table 7. The
numerical values of Al in both models are consistent with experiment. Nevertheless, the
results of BFSL(ZF) and BFSL(QY) deviate largely. Notice that if we focus only on the
Cabibbo-favored semileptonic decays of ¢ — se'v,, then we will have

BFMES) _ BFMED
rEH  T(E)

(4.7)

under the isospin symmetry, which is well respected by the BM. As for BFSL(Q0), the
difference stems from the treatment for dimension-7 operators. If we take E; = 0.33 GeV
instead of 0.5 GeV (see the discussions below eq. (2.27)), our value will turn out to be
compatible with refs. [23, 24]. Conversely, if we take Aqcp = 0.5 GeV for the NRQM, the
LO value of TS¥ will be larger than T'§" in magnitude in table 24 of refs. [23, 24], resulting
in a much smaller value of BF>L(Q0).

As a final remark, we point out that Z¢g — E’Q mixing is of the order of my/mq. It will
induce a nonzero pZ, in E¢ [61] but its effect is beyond the scope of this work.

5 Conclusion

We have studied the inclusive decay widths of singly heavy baryons with the final results
summarized in table 6. The nonperturbative baryon matrix elements are estimated using
the improved bag model in which the unwanted CMM has been removed. The running of
pZ and I Z%Q was discussed under the full QCD theory and HQET. To the leading-order of
s, we found that B = 1 holds irrespective of the energy scale in the MS scheme of the full
QCD theory. The results of 2, ,uZG and p3, are in good agreement with the literature but
a large discrepancy is found in I} . The requirement of I} ~ Ij; from the heavy quark
limit holds nicely in the BM but is badly broken in the NRQM. In particular, Lg, obtained
in the latter is nearly four times larger than the one in the former. As a result, we have
TA(Q, ) = (8.34 +2.22)% in contrast to (13.2 & 4.7)% obtained in the NRQM, while the
current data lead to (11.57132)%.

We found an excellent agreement between theory and experiment for the lifetimes of
bottom baryons even at the dimension-6 level. Effects of dimension-7 operators are rather

- 21 —



small. As for charmed baryons, the calculated lifetimes are consistent with the current
experiments and we found that the established new hierarchy 7(ZF) > 7(Q%) > 7(A}) >
7(22) is traced back to the destructive contributions from the dimension-7 operators in
the QU. This confirms the speculation made in ref. [11], namely, the Q¥, which is naively
expected to be shortest-lived in the charmed baryon system owing to the large construc-
tive Pauli interference, could live longer than the A} due to the suppression from 1/m,.
corrections arising from dimension-7 four-quark operators.

To discriminate between the BM and NRQM approaches, we recommend to measure
BFSY(2F) and BFSH(Q0) in the forthcoming experiments as the BM and NRQM differ
significantly mainly due to the treatment of dimension-7 operators. A possible sign for the
failure of HQE in the Q2 will occur if T5%(NLO) is larger than I'§*(NLO) in magnitude but
opposite in sign, leading to a smaller or even negative semileptonic rate I'SC (29). Hence,
a study of I'y at the NLO and dimension-8 operators is needed to settle down the issue.
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A Four-quark operator matrix elements in the bag model

In this appendix, we sketch the method of evaluating Ig@ in the BM with the center-of-
mass motion removed. To be consistent with HQE, the normalization constant in the BM
is chosen to satisfy [62]

(Bg,p"|Bg,p™") = 2p°(27)36* (5 — §), (A.1)

where pU) is the 4-momentum of the baryons. To get the correct normalization constant,
boosting the states at rest is required. The readers interested in the technical details are
referred to ref. [62]. Here, we simply quote the results

— 3z D A2
e 2M / xAzll_IZ?) g ( ) (A.2)

where ¢; stands for the i-th quark and
Dy (Za) /deqﬁT _’+ gbq (#7) /d3 u Uy +vq vy (£+~§7*)} , (A.3)

with 7+ = 4 #o /2 and #F the norm of #=. Here, ¢,(7*) are the static bags centering at
FZA/2, Dy(Za) describes their overlapping, and the use of the abbreviation

ui
¢q (fi) - (ivqi (A‘f —') X) ’ (A'4)

has been adopted.
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As for the matrix elements, let us start with LqBQ defined in eq. (2.22). With the help
of the anticommutation relation

{0 (®), qus (@)} = Sapdapd® (T — ), (A.5)
we find that

N? 3t 1 L L
L, = o S F(N.Bo) [ did’ d*5ss, (@ — on(ds 7)) (A0)
o

¢5A4<—*> dars (=)0, (=D L dor, (—57)

— 32
_ 2MBQ / BFA Dy, (F2)L(Fa, Bg)

—

where we have changed the integration variables (7,7’ ¥
the spectator quark, [A] = (A1, A2, A3, A1), and

) — (—f+,—f_,fg—f), q3 is

£(#a,Bo) = X F(N. Bo) [ 5y, (%) Lutun, (77) oy, () Dioan, (7). (A

(Al

The spinor-flavor overlapping F reads

DF(AL TN @A ® A3 M) = 4 S T+ U+ L) (A.8)
(Al
Z F(N2Q) M @ A2 @ A3 @A) = é (5 UL +5 T + 4 + WL =41 =4 J41)

where the baryon spins are traced to simplify the formalism.
As we have traced over the baryon spins, the spinors cannot depend on specific direc-
tions, i.e.

ZF BQ X)\4X)\3)<X§2X/\1) = CuI?ﬂlp’

Z}— BQ X)\401X)\3 X)\QX/\1 Zf BQ X>\4X)\3)<XJ)r\201X)\1) =0,
[A]

B
Zf ] Ba) (0l 0ix0x) (6, 73300 ) = C i - (A.9)
From eq. (A.8), it is straightforward to show that
T, T Q Q
(Conniip> Caip) = (1/2,1/2), (Cyntip: Caip) = (=1,5/3) . (A.10)

Plugging eq. (A.9) into eq. (A.6), we arrive at

$A,BQ /d3 Z TBQ Z) (A.11)
k=1,2,3,4
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O B — N
1% (Za, %) = Cur?ﬂlp (uguq —I—vqu 2t ) (u;ruQ +vq+anc+ z )
= =2
Bg (xA X .%') -+
~Chip (rfr)2 VQYq Vg Vg -
Bo/» - _ —
Y59 (T, T) = Chip (uqu z vguq 93+) (u;va — v;uQx"’) ,
co9
o i Bo,» - B A N — A — A
T?Q (Za, @) = —%HQIPFQQ(.IA,QZ) — 2Cﬁi§ (uavq T+ vguq a:+) . (u;va + v;ruQer) ,
Cﬁip
Bo /- —_ _ _ _ ~ P
Y, %(Zp, T) = CﬂlQp {3u5uq u;uQ + vqu v;vQ (2 + @t -2 )2) (A.12)

2
—(ubuy viv, +vivufus)Et - & }—E—C 2 U5 v+v77(am X Z) ,
Q™q Yq VQ Q% Yq *Q unflip“Q “¢q Q(T+T)

with the abbreviations r* = |T+£ZA/2|. Likewise, for the scalar and pseudo-scalar operators
given in eq. (2.22) we have

q
Sk, = 2M8Q/d FaDyy(7a)S (7, Bg)

Ph, = 2MBQ N EENNENCCN-S) (A13)

where
S(Za,Bg) d3 ubu, —vhvrat 27 (uiu, —vivsdt a2
A Q unﬁlp Q™q Q%q q7Q q°Q
2

Bg (xA X .CC) + —
—Chip 7(7*7“ ) VGOUq U ’UQ} ,
P(Za,Bg) = —Cfig /d3f (uqufﬁf + vgu(;§:+) (u;vé.ff + v;ué:ﬁr) . (A14)

The correctness of the formalism can be checked by taking £a = 0, which will bring us to
the static bag results. Taking the scalar and pseudo-scalar operators as an example, we
obtain

——(T0lR( = 5)aa(1 +75)QITo)s5 = S(0,Tg) — P(0,Tg) (A.15)
Tq

1 o o
=3 / a3 [(uQuq — vgug)? + (ugug + quq)Q] = /d3fc (uéug +vgup +uguy + véui) ,

which is consistent with eq. (4.4) of ref. [11]. To examine the heavy-quark limit, we ignore
the small component of the ¢g, i.e. 1)5 = 0, resulting in

Bq 32 +
vgr_r)l L(Zn,Bg) = (Cunﬂip ﬂlp /d uQuQuq uq)
B N
— (Cufﬂlp ﬂlp /d T uQuqu Uy ) T,
3
vglll S(Za,Bg) = unﬂlp/d uQuQuq uq) ,

lim P(Za,Bg) = —CﬂlQp /d?’:f uéuévjv;) #t.a, (A.16)
vg—0
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leading to the relations

B B B B
CQ~*3C.Q CQ~ +C-Q 1
g __ “unflip flip oq unflip flip g
Ly, = ~ Fa Sbo T By 15 TO (mQ> : (A.17)
unflip flip
Substituting eq. (A.10) into the above equation yields
2
L}, =—287,+2Pf,, L%, =65 + : g - (A.18)

We note that the first equation for T also holds to O(1/mgq) as one can check by keeping
the linear terms of 1)5. It is not an accident in the BM but a general result closely related
to the Fierz identity shown in ref. [36]. Furthermore, the relations in the NRQM can be
obtained by taking v, = 0, resulting a vanishing Pg,Q and

Ly, L L

lim (=~ |=-2, lim 2 ) = lim =6 (A.19)
Mg—00 ST Mg—00 5’6 mg—oo \ [5
Q Q =Q

which are consistent with the literature.

To evaluate the d3Z integrals in eqs. (A.2), (A.11) and (A.14), it is convenient to choose
the cylindrical coordinate & = (p, @, z) with Za || 2. In this coordinate, the scalar products
of the vectors are given by

B drtr— ’ (A.20)

where ra = |Zal. It is then straightforward to see that the integrands are independent of
®, yielding

\/R2—12 /4 VR2—p2—rp /2
/ ° pd,o/ . dzZ(rp,p,2), (A.21)

0 —v/ R2—p2+71A/2

where Z(Za, Z) stands for the integrands in egs. (A.2), (A.11) and (A.14). The boundaries
of the integrals come from gbq(ri) = 0 for 7* > R, and we have integrated out ® in the

/ BEL(Fn, F) = 27

second equation. The dependence on the direction of Za has been dropped as the integrands
depend only on ra. Finally, since Dy(Za), L(Za,Bg), S(Za,Bg) and P(Za, Bg) depend
only on the magnitude of Fo, we can replace [d3Ta by 47 [dra in egs. (A.2), (A.6),
and (A.13). We see that the sextuple integrals (d3%a,d®%) therein are reduced to the
triple ones (dra,dp,dz), which largely brings down the computing time in the numerical
evaluation. A modern computer shall be able to carry out the integrals in no time.
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Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

— 95—


https://creativecommons.org/licenses/by/4.0/

References

1]

2]

PARTICLE DATA GROUP collaboration, Review of Particle Physics, PTEP 2022 (2022)
083C01 [NSPIRE].

PARTICLE DATA GROUP collaboration, Review of particle physics. Particle Data Group,
Phys. Lett. B 592 (2004) 1 [NSPIRE].

PARTICLE DATA GROUP collaboration, Review of Particle Physics, Phys. Rev. D 98 (2018)
030001 [inSPIRE].

LHCD collaboration, Measurement of the Q0 baryon lifetime, Phys. Rev. Lett. 121 (2018)
092003 [arXiv:1807.02024] [nSPIRE].

H.-Y. Cheng, The strangest lifetime: A bizarre story of 7(€2), arXiv:2111.09566
[DOI:10.1016/j.scib.2021.11.025] INSPIRE].

LHCD collaboration, Precision measurement of the A7, ZF and Z° baryon lifetimes, Phys.

Rev. D 100 (2019) 032001 [arXiv: 1906 .08350] [NSPIRE].

LHCD collaboration, Measurement of the lifetimes of promptly produced Q° and =2 baryons,
Sci. Bull. 67 (2022) 479 [arXiv:2109.01334] [INSPIRE].

PARrTICLE DATA GROUP collaboration, Review of Particle Physics, PTEP 2022 (2020)
083C01.

BELLE-II collaboration, Measurement of the A} Lifetime, Phys. Rev. Lett. 130 (2023)
071802 [arXiv:2206.15227] [INSPIRE].

BELLE-II collaboration, Measurement of the Q0 lifetime at Belle II, Phys. Rev. D 107 (2023)
L031103 [arXiv:2208.08573] [iNSPIRE].

H.-Y. Cheng, Phenomenological Study of Heavy Hadron Lifetimes, JHEP 11 (2018) 014
[arXiv:1807.00916] [iNSPIRE].

H.Y. Cheng, Hadronic decays of charmed baryons, talk presented at the 2nd international
workshop on High Intensity Electron-Positron Accelerator at @2-7GeV (HIEPA2018),
Huairou, Beijing, China, 19-21 March 2018. http://cicpi.ustc.edu.cn/hiepa2018.

M.E. Luke, Effects of subleading operators in the heavy quark effective theory, Phys. Lett. B
252 (1990) 447 [INSPIRE].

H.-Y. Cheng, C.-W. Liu and F. Xu, Heavy-flavor-conserving hadronic weak decays of
charmed and bottom baryons: An update, Phys. Rev. D 106 (2022) 093005
[arXiv:2209.00257] [iNSPIRE].

M. Neubert, Heavy quark symmetry, Phys. Rept. 245 (1994) 259 [hep-ph/9306320]
[INSPIRE].

L.F. Abbott, The Background Field Method Beyond One Loop, Nucl. Phys. B 185 (1981)
189 [INSPIRE].

A.G. Grozin and M. Neubert, Higher order estimates of the chromomagnetic moment of a
heavy quark, Nucl. Phys. B 508 (1997) 311 [hep-ph/9707318] [INSPIRE].

T. Appelquist and J. Carazzone, Infrared Singularities and Massive Fields, Phys. Rev. D 11
(1975) 2856 [INSPIRE].

T.A. DeGrand, R.L. Jaffe, K. Johnson and J.E. Kiskis, Masses and Other Parameters of the
Light Hadrons, Phys. Rev. D 12 (1975) 2060 [INSPIRE].

— 96 —


https://doi.org/10.1093/ptep/ptac097
https://doi.org/10.1093/ptep/ptac097
https://inspirehep.net/literature/2106994
https://doi.org/10.1016/j.physletb.2004.06.001
https://inspirehep.net/literature/654701
https://doi.org/10.1103/PhysRevD.98.030001
https://doi.org/10.1103/PhysRevD.98.030001
https://inspirehep.net/literature/1688995
https://doi.org/10.1103/PhysRevLett.121.092003
https://doi.org/10.1103/PhysRevLett.121.092003
https://arxiv.org/abs/1807.02024
https://inspirehep.net/literature/1681144
https://arxiv.org/abs/2111.09566
https://doi.org/10.1016/j.scib.2021.11.025
https://inspirehep.net/literature/1970883
https://doi.org/10.1103/PhysRevD.100.032001
https://doi.org/10.1103/PhysRevD.100.032001
https://arxiv.org/abs/1906.08350
https://inspirehep.net/literature/1740743
https://doi.org/10.1016/j.scib.2021.11.022
https://arxiv.org/abs/2109.01334
https://inspirehep.net/literature/1916140
https://doi.org/10.1093/ptep/ptac097
https://doi.org/10.1093/ptep/ptac097
https://doi.org/10.1103/PhysRevLett.130.071802
https://doi.org/10.1103/PhysRevLett.130.071802
https://arxiv.org/abs/2206.15227
https://inspirehep.net/literature/2103917
https://doi.org/10.1103/PhysRevD.107.L031103
https://doi.org/10.1103/PhysRevD.107.L031103
https://arxiv.org/abs/2208.08573
https://inspirehep.net/literature/2138822
https://doi.org/10.1007/JHEP11(2018)014
https://arxiv.org/abs/1807.00916
https://inspirehep.net/literature/1680719
http://cicpi.ustc.edu.cn/hiepa2018
https://doi.org/10.1016/0370-2693(90)90568-Q
https://doi.org/10.1016/0370-2693(90)90568-Q
https://inspirehep.net/literature/299049
https://doi.org/10.1103/PhysRevD.106.093005
https://arxiv.org/abs/2209.00257
https://inspirehep.net/literature/2145358
https://doi.org/10.1016/0370-1573(94)90091-4
https://arxiv.org/abs/hep-ph/9306320
https://inspirehep.net/literature/355600
https://doi.org/10.1016/0550-3213(81)90371-0
https://doi.org/10.1016/0550-3213(81)90371-0
https://inspirehep.net/literature/155719
https://doi.org/10.1016/S0550-3213(97)00615-9
https://arxiv.org/abs/hep-ph/9707318
https://inspirehep.net/literature/445561
https://doi.org/10.1103/PhysRevD.11.2856
https://doi.org/10.1103/PhysRevD.11.2856
https://inspirehep.net/literature/1631
https://doi.org/10.1103/PhysRevD.12.2060
https://inspirehep.net/literature/2506

[20]

[21]

22]

[25]

[26]

[27]

W.-X. Zhang, H. Xu and D. Jia, Masses and magnetic moments of hadrons with one and two
open heavy quarks: Heavy baryons and tetraquarks, Phys. Rev. D 104 (2021) 114011
[arXiv:2109.07040] [INSPIRE].

F. Herren and M. Steinhauser, Version & of RunDec and CRunDec, Comput. Phys.
Commun. 224 (2018) 333 [arXiv:1703.03751] [INSPIRE].

LIY. Bigi, M.A. Shifman, N.G. Uraltsev and A.I. Vainshtein, On the motion of heavy quarks
inside hadrons: Universal distributions and inclusive decays, Int. J. Mod. Phys. A 9 (1994)
2467 [hep-ph/9312359] [INSPIRE].

J. Gratrex, B. Meli¢ and 1. Nisandzié¢, Lifetimes of singly charmed hadrons, JHEP 07 (2022)
058 [arXiv:2204.11935] [INSPIRE].

J. Gratrex, B. Meli¢ and I. Nisandzi¢, Charmed hadron lifetimes, in the proceedings of the
CORFU2022: 22th Hellenic School and Workshops on Elementary Particle Physics and
Gravity, [arXiv:2304.08404] INSPIRE].

J. Gratrex et al., Quark-hadron duality at work: lifetimes of bottom baryons, JHEP 04
(2023) 034 [arXiv:2301.07698] [INSPIRE].

A.G. Grozin, P. Marquard, J.H. Piclum and M. Steinhauser, Three-Loop Chromomagnetic
Interaction in HQET, Nucl. Phys. B 789 (2008) 277 [arXiv:0707.1388] [INSPIRE].

M. Karliner and J.L. Rosner, Baryons with two heavy quarks: Masses, production, decays,
and detection, Phys. Rev. D 90 (2014) 094007 [arXiv:1408.5877] [INSPIRE].

J. Zhang, X.-N. Jin, C.-W. Liu and C.-Q. Geng, Heavy quark symmetry of A decays in
quark models, Phys. Rev. D 107 (2023) 033004 [arXiv:2210.16825] [INSPIRE].

A. Lenz and T. Rauh, D-meson lifetimes within the heavy quark erpansion, Phys. Rev. D 88
(2013) 034004 [arXiv:1305.3588] [INSPIRE].

D. King et al., Revisiting inclusive decay widths of charmed mesons, JHEP 08 (2022) 241
[arXiv:2109.13219] [INSPIRE].

C.-Q. Geng, X.-N. Jin and C.-W. Liu, Anatomy of A} semileptonic decays, Phys. Rev. D
107 (2023) 033008 [arXiv:2210.15588] [INSPIRE].

B. Blok and M.A. Shifman, Lifetimes of charmed hadrons revisited. Facts and fancy, in the
proceedings of the 8rd Workshop on the Tau-Charm Factory, Marbella, Spain, June 1993
[hep-ph/9311331] [INSPIRE].

A. Le Yaouanc, L. Oliver, O. Pene and J.C. Raynal, Hadron transitions in the quark model,
Gordon and Breach, New York (1987) [inSPIRE].

P. Colangelo and F. De Fazio, Role of four quark operators in the inclusive Ay, decays, Phys.
Lett. B 387 (1996) 371 [hep-ph/9604425] [INSPIRE].

7.-X. Zhao, Revisiting the four-quark operator matriz elements for the lifetime of Ay,
arXiv:2101.11874 [INSPIRE].

M. Neubert and C.T. Sachrajda, Spectator effects in inclusive decays of beauty hadrons, Nucl.
Phys. B 483 (1997) 339 [hep-ph/9603202] [INSPIRE].

A. Buras, Gauge Theory of Weak Decays, Cambridge University Press (2020)
[D0I:10.1017/9781139524100] [INSPIRE].

— 97 -


https://doi.org/10.1103/PhysRevD.104.114011
https://arxiv.org/abs/2109.07040
https://inspirehep.net/literature/1922120
https://doi.org/10.1016/j.cpc.2017.11.014
https://doi.org/10.1016/j.cpc.2017.11.014
https://arxiv.org/abs/1703.03751
https://inspirehep.net/literature/1516934
https://doi.org/10.1142/S0217751X94000996
https://doi.org/10.1142/S0217751X94000996
https://arxiv.org/abs/hep-ph/9312359
https://inspirehep.net/literature/361613
https://doi.org/10.1007/JHEP07(2022)058
https://doi.org/10.1007/JHEP07(2022)058
https://arxiv.org/abs/2204.11935
https://inspirehep.net/literature/2072352
https://arxiv.org/abs/2304.08404
https://inspirehep.net/literature/2651846
https://doi.org/10.1007/JHEP04(2023)034
https://doi.org/10.1007/JHEP04(2023)034
https://arxiv.org/abs/2301.07698
https://inspirehep.net/literature/2624328
https://doi.org/10.1016/j.nuclphysb.2007.08.012
https://arxiv.org/abs/0707.1388
https://inspirehep.net/literature/755416
https://doi.org/10.1103/PhysRevD.90.094007
https://arxiv.org/abs/1408.5877
https://inspirehep.net/literature/1312174
https://doi.org/10.1103/PhysRevD.107.033004
https://arxiv.org/abs/2210.16825
https://inspirehep.net/literature/2173364
https://doi.org/10.1103/PhysRevD.88.034004
https://doi.org/10.1103/PhysRevD.88.034004
https://arxiv.org/abs/1305.3588
https://inspirehep.net/literature/1233544
https://doi.org/10.1007/JHEP08(2022)241
https://arxiv.org/abs/2109.13219
https://inspirehep.net/literature/1929158
https://doi.org/10.1103/PhysRevD.107.033008
https://doi.org/10.1103/PhysRevD.107.033008
https://arxiv.org/abs/2210.15588
https://inspirehep.net/literature/2172186
https://arxiv.org/abs/hep-ph/9311331
https://inspirehep.net/literature/327388
https://inspirehep.net/literature/267476
https://doi.org/10.1016/0370-2693(96)01049-0
https://doi.org/10.1016/0370-2693(96)01049-0
https://arxiv.org/abs/hep-ph/9604425
https://inspirehep.net/literature/418133
https://arxiv.org/abs/2101.11874
https://inspirehep.net/literature/1843196
https://doi.org/10.1016/S0550-3213(96)00559-7
https://doi.org/10.1016/S0550-3213(96)00559-7
https://arxiv.org/abs/hep-ph/9603202
https://inspirehep.net/literature/416425
https://doi.org/10.1017/9781139524100
https://inspirehep.net/literature/1805434

[38]

[45]

[46]

[49]

[50]

[51]

E. Bagan, P. Ball, V.M. Braun and P. Gosdzinsky, Charm quark mass dependence of QCD
corrections to nonleptonic inclusive B decays, Nucl. Phys. B 432 (1994) 3 [hep-ph/9408306]
[INSPIRE].

E. Bagan, P. Ball, V.M. Braun and P. Gosdzinsky, Theoretical update of the semileptonic
branching ratio of B mesons, Phys. Lett. B 342 (1995) 362 [hep-ph/9409440] [INSPIRE].

E. Bagan, P. Ball, B. Fiol and P. Gosdzinsky, Nezt-to-leading order radiative corrections to
the decay b — ccs, Phys. Lett. B 351 (1995) 546 [hep-ph/9502338] [INSPIRE].

A.F. Falk, Z. Ligeti, M. Neubert and Y. Nir, Heavy quark expansion for the inclusive decay
B — 10X, Phys. Lett. B 326 (1994) 145 [hep-ph/9401226] [INSPIRE].

T. Mannel, A.V. Rusov and F. Shahriaran, Inclusive semitauonic B decays to order
O(Ayop/m3), Nucl. Phys. B 921 (2017) 211 [arXiv:1702.01089] [INSPIRE].

F. Krinner, A. Lenz and T. Rauh, The inclusive decay b — ccs revisited, Nucl. Phys. B 876
(2013) 31 [arXiv:1305.5390] INSPIRE].

T. Mannel, A.A. Pivovarov and D. Rosenthal, Inclusive weak decays of heavy hadrons with
power suppressed terms at NLO, Phys. Rev. D 92 (2015) 054025 [arXiv:1506.08167]
[INSPIRE].

T. Mannel, D. Moreno and A.A. Pivovarov, Heavy-quark expansion for lifetimes: Toward the
QCD corrections to power suppressed terms, Phys. Rev. D 107 (2023) 114026
[arXiv:2304.08964] [INSPIRE].

LIY. Bigi, N.G. Uraltsev and A.I. Vainshtein, Nonperturbative corrections to inclusive beauty
and charm decays: QCD wversus phenomenological models, Phys. Lett. B 293 (1992) 430
[hep-ph/9207214] [INSPIRE].

B. Blok and M.A. Shifman, The Rule of discarding 1/N. in inclusive weak decays. 1., Nucl.
Phys. B 399 (1993) 441 [hep-ph/9207236] [INSPIRE].

B. Blok and M.A. Shifman, The Rule of discarding 1/N. in inclusive weak decays. 2., Nucl.
Phys. B 399 (1993) 459 [hep-ph/9209289] [INSPIRE].

D. Moreno, NLO QCD corrections to inclusive semitauonic weak decays of heavy hadrons up
to 1/mjy, Phys. Rev. D 106 (2022) 114008 [arXiv:2207.14245] [INSPIRE].

T. Mannel, D. Moreno and A. Pivovarov, Heavy quark expansion for heavy hadron lifetimes:
completing the 1/mj corrections, JHEP 08 (2020) 089 [arXiv:2004.09485] [NSPIRE].

A. Lenz, M.L. Piscopo and A.V. Rusov, Contribution of the Darwin operator to non-leptonic
decays of heavy quarks, JHEP 12 (2020) 199 [arXiv:2004.09527] [INSPIRE].

E. Franco, V. Lubicz, F. Mescia and C. Tarantino, Lifetime ratios of beauty hadrons at the
next-to-leading order in QCD, Nucl. Phys. B 633 (2002) 212 [hep-ph/0203089] [INSPIRE].

N. Bilic, B. Guberina and J. Trampetic, Pauli Interference Effect in DT Lifetime, Nucl.
Phys. B 248 (1984) 261 [INSPIRE].

H.-Y. Cheng, Remarks on the Lifetime of Charmed Baryon AY, Z. Phys. C' 29 (1985) 127
[INSPIRE].

F. Gabbiani, A.I. Onishchenko and A.A. Petrov, A, lifetime puzzle in heavy quark expansion,
Phys. Rev. D 68 (2003) 114006 [hep-ph/0303235] [INSPIRE].

B. Blok, R.D. Dikeman and M.A. Shifman, Calculation of 1/m32 terms in the total
semileptonic width of D mesons, Phys. Rev. D 51 (1995) 6167 [hep-ph/9410293] [INSPIRE].

~ 98 —


https://doi.org/10.1016/0550-3213(94)90591-6
https://arxiv.org/abs/hep-ph/9408306
https://inspirehep.net/literature/375680
https://doi.org/10.1016/0370-2693(94)01410-E
https://arxiv.org/abs/hep-ph/9409440
https://inspirehep.net/literature/377477
https://doi.org/10.1016/0370-2693(95)00437-P
https://arxiv.org/abs/hep-ph/9502338
https://inspirehep.net/literature/392939
https://doi.org/10.1016/0370-2693(94)91206-8
https://arxiv.org/abs/hep-ph/9401226
https://inspirehep.net/literature/36983
https://doi.org/10.1016/j.nuclphysb.2017.05.016
https://arxiv.org/abs/1702.01089
https://inspirehep.net/literature/1512130
https://doi.org/10.1016/j.nuclphysb.2013.07.028
https://doi.org/10.1016/j.nuclphysb.2013.07.028
https://arxiv.org/abs/1305.5390
https://inspirehep.net/literature/1235288
https://doi.org/10.1103/PhysRevD.92.054025
https://arxiv.org/abs/1506.08167
https://inspirehep.net/literature/1379985
https://doi.org/10.1103/PhysRevD.107.114026
https://arxiv.org/abs/2304.08964
https://inspirehep.net/literature/2652244
https://doi.org/10.1016/0370-2693(92)90908-M
https://arxiv.org/abs/hep-ph/9207214
https://inspirehep.net/literature/335335
https://doi.org/10.1016/0550-3213(93)90504-I
https://doi.org/10.1016/0550-3213(93)90504-I
https://arxiv.org/abs/hep-ph/9207236
https://inspirehep.net/literature/339244
https://doi.org/10.1016/0550-3213(93)90505-J
https://doi.org/10.1016/0550-3213(93)90505-J
https://arxiv.org/abs/hep-ph/9209289
https://inspirehep.net/literature/338821
https://doi.org/10.1103/PhysRevD.106.114008
https://arxiv.org/abs/2207.14245
https://inspirehep.net/literature/2127644
https://doi.org/10.1007/JHEP08(2020)089
https://arxiv.org/abs/2004.09485
https://inspirehep.net/literature/1791838
https://doi.org/10.1007/JHEP12(2020)199
https://arxiv.org/abs/2004.09527
https://inspirehep.net/literature/1791983
https://doi.org/10.1016/S0550-3213(02)00262-6
https://arxiv.org/abs/hep-ph/0203089
https://inspirehep.net/literature/583878
https://doi.org/10.1016/0550-3213(84)90596-0
https://doi.org/10.1016/0550-3213(84)90596-0
https://inspirehep.net/literature/200878
https://doi.org/10.1007/BF01571393
https://inspirehep.net/literature/16063
https://doi.org/10.1103/PhysRevD.68.114006
https://arxiv.org/abs/hep-ph/0303235
https://inspirehep.net/literature/615986
https://doi.org/10.1103/PhysRevD.51.6167
https://arxiv.org/abs/hep-ph/9410293
https://inspirehep.net/literature/378359

[67] M. Beneke, Pole mass renormalon and its ramifications, Eur. Phys. J. ST 230 (2021) 2565
[arXiv:2108.04861] [INSPIRE].

[58] A. Lenz, M.L. Piscopo and A.V. Rusov, Disintegration of beauty: a precision study, JHEP
01 (2023) 004 [arXiv:2208.02643] INSPIRE].

[59] FERMILAB LATTICE et al. collaborations, Up-, down-, strange-, charm-, and bottom-quark
masses from four-flavor lattice QCD, Phys. Rev. D 98 (2018) 054517 [arXiv:1802.04248]
[INSPIRE].

[60] G. Buchalla, A.J. Buras and M.E. Lautenbacher, Weak decays beyond leading logarithms,
Rev. Mod. Phys. 68 (1996) 1125 [hep-ph/9512380] [INSPIRE].

[61] Y. Matsui, Mizing Angle of Zq — Z¢, in Heavy Quark Effective Therory, Nucl. Phys. A 1008
(2021) 122139 [arXiv:2011.09653] [INSPIRE].

[62] C.-W. Liu and C.-Q. Geng, Center of mass motion in bag model, Chin. Phys. C 47 (2023)
014104 [arXiv:2205.08158] [iNSPIRE].

~ 99 —


https://doi.org/10.1140/epjs/s11734-021-00268-w
https://arxiv.org/abs/2108.04861
https://inspirehep.net/literature/1903569
https://doi.org/10.1007/JHEP01(2023)004
https://doi.org/10.1007/JHEP01(2023)004
https://arxiv.org/abs/2208.02643
https://inspirehep.net/literature/2132351
https://doi.org/10.1103/PhysRevD.98.054517
https://arxiv.org/abs/1802.04248
https://inspirehep.net/literature/1654552
https://doi.org/10.1103/RevModPhys.68.1125
https://arxiv.org/abs/hep-ph/9512380
https://inspirehep.net/literature/403867
https://doi.org/10.1016/j.nuclphysa.2021.122139
https://doi.org/10.1016/j.nuclphysa.2021.122139
https://arxiv.org/abs/2011.09653
https://inspirehep.net/literature/1831365
https://arxiv.org/abs/2205.08158
https://inspirehep.net/literature/2083195

	Introduction
	Matrix elements in the bag model
	Two-quark operator matrix elements
	Four-quark operator matrix elements

	Decay widths
	Two-quark operators
	Four-quark operators

	Numerical results and discussions
	Conclusion
	Four-quark operator matrix elements in the bag model

