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ESTIMATION OF HEATING IN THICK TARGETS 
COMPOSED OF SEVERAL ELEMENTS 

Accurate calculation of the heat deposited in each volume increment 
of thick targets is a complex problem. When the target is composed of 

laminations of several elements, application of theory becomes impracti- 
cable, For engineering applications, a method. of estimation has been de- 
vised which provides the heat deposited by an electron beam and the pulse 

temperature rise at any depth in a laminated target. 

Mathematical Model 
The method assumes a mathematical model that matches several known 

properties of shower production in thick targets: 
1. First interception of the beam by a thin target deposits 

energy at a rate about dW/dx = 1.52 Mev/(g/cm2).'~ 

2. Until other reactions become sufficiently probable to be 
controlling, both photon and pair production depend upon the mass 
of'material traversed. Initial energy deposition therefore rises 

quadratically with depth.2 

3. Maximum heat deposition occurs at the depth corresponding 
to peak showering, about 5.4 radiation lengths.3 

4. Energy deposition declines exponentially after the peak. 

Consider the function 

2 Y-e -p~~2~-u -u -U + cue + ce 

where and x is the depth into the target in radiation 

lengths. y is the fraction of peak showering energy deposition. 
c - 0.02 is a small fraction which will be assigned a value to yield 
1.52 Mev/(g,/cm) initial deposition. Thus, for u=O, y' =O and 

y = c. 
At small u, since c << e2, y increases quadratically: 
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For peak showering, x = 5.4, u = 2, and then y = 1 as required. 

The actual maximum, yt = 0, occurs at 

u=2- 4c 
e 2 - 3c 

rather than at the exact point u = 2. However, for c <<: e2 the 

difference is negligible and the complexity of the exact function may be 

avoided. 
As u increases, the curve decreases exponentially, for u ---fm 

Y +y' -to. A typical curve for y is shown in Fig. 1. 

Heat Deposition 
At peak showering, the energy deposition is given by 

where E 
0 

is the initial beam energy, e1 is the critical energy of the 
material in which the shower is generated, E 

2 
is the critical energy of 

the material in which energy deposition is desired, and x2 is the radia- 
tion length of the latter. When WA has been found, c may be evaluated: 

The target depth x in radiation lengths determines u, which can 

then be substituted with c to evaluate y. The heat deposited is 
then 

H=yW;p2t I 
2 
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where p 
2 

is the density and t2 the thickness of the material, and I 
is the beam current. By considering several thin sections at various 
depths, the variation in H with depth may be determined. 

Weighting of Several Materials - 
Where more than one material has contributed to the shower, the 

radiation lengths are added to find the depth x. But the critical 
energy, E1 , must reflect the contributions of the several elements. 
The function y could be used for this purpose but it is more convenient 
to use a simpler form: 

2 -u 
Z=U e 

where again so that the maximum, zt = 0, occurs at x = 5.4 
and u=2. The function 
will be used, normalizing 

Use of this weighting 

Z appears in Figure 2, Since only ratios 
coefficients are unnecessary. 
function is based on the following argument: 

In a target stack consisting of, say, tungsten, copper, and aluminum, 
the radiation lengths of each may be added as shown by the successive 
vertical lines in Figure 2. The height of the curve is a measure of 
the number of particles developed at any point of the shower process. 
Of course, a heavy metal will develop more particles in one radiation 
length than a light metal, so that the same height of z for, say, 
tungsten and aluminum does not mean an equal number of actual particles 
in each. The actual number of particles is introduced into WA by the 
factor l/c1 and it is this factor, therefore, that must be adjusted to 
reflect the contribution of each target element. Function Z must be 
regarded therefore as a fictitious particle count which will be used to 
define areas over x. These areas as shown in Figure 2 are taken to 
represent the contribution of each target element to an effective value 
of E1 . 

The area between x = m and x = n will be 

n b ? 
ZdX = 2.7 u2 ecu du 
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if m = 2.7 a and n = 2.7 b. Then 

b 

J 
u2 ecu du=(a2+2a+2)ema-(b2+2b+2)e -b 

a 

Assuming 9.24 mm of tungsten (2.7 radiation lengths, u = l), lg.8 mm of 
copper (1.35 r-1, u = 0.5), and 24.0 mm of aluminum (0.27 rl, u = O.l), 
the effective critical energy would be 

.1- 
(2 _ 5e-1).$ + (5e-1 _ 7.25 e-le5)& + (7.25 e-1*5 - 7.76 em?& 

W 

(2 - 7.76 e-lo61 E 
1 

Pulse Temperature Rise 
The pulse temperature rise is the heat deposited in the beam spot 

on a thin foil divided by the heat capacity of that volume of the foil 
under the beam spot. In practice, the density and thickness of the foil 

drop out: 

AT = 
Y w; P2 t2 1 

a r2 t2 p 
2% 

AT = 
Y w; 1 

fl r2 c 
P 

where r is the radius of the beam spot and c P 
is the heat capacity of 

the material. The result is very sensitive to the estimate of r that is 
used. Further, the spot size will increase due to scattering. With 
high energy beams and targets too thin to reach peak showering, this 
broadening is small and was omitted from consideration, along with any 
energy variation across the beam spot. Estimating the original beam 

spot size may contribute the largest uncertainty to calculation of 
temperature rise. 
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Computer Program 

Although the cal.culakions are simple they are time-consuming. A 

computer program in B5500 Algol has therefore been assembled to provide 

YY w;3 and LIT for target combinations of the following elements: Be, 

C, Mg, Al, Ti, Cr, Fe, Ni, Cu, Zr, Nb, MO, Ag, In, Sn, W, Au, Pb, The 
program listing is given in Appendix A, Sample data cards for three 
problems, based on the example of Figure 2, are shown in Appendix B. 
Computer output for the three problems is reproduced in Appendix C. 

Any number of-problems may be stacked and run at the same time. 
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APF’IZNDIX A 

PROGRAM LIST IXG 

BEGIY CRNMENT 
HEATING IN THICK TARGETS OF MULTIPLE ELEMENTS; 

REAL AIAHtAIHrBEVrC,CPrUk~DT~U~UX~~C~H~MA,R~Y~ INTEGEfj JIKIN~ 
ARRAY EU~H~UITM~X,XUIO:JOI~ CA,fOrRHOrXO[Ol ldll 
ALPHA AHRAY 1D101121~ ELIO:4OJ, LCOtlRli 
LABEL STA%l* Irl(JIT, SKIP: 
FOHMAT Fl(1286)r FZ("PARAMETEHS ARE NUT AVAILABLE FOR ELEMENT "rA2)r 

F?z(/"BEAM ENERGY ="rF?,lr" YLV, PULSE CUHRENT ="tF5,lr 
" MA, HADIUS ="rF4.1," MM.",'/~XRI"EO",X~~ 
" x 0 DENSITY THICKNESS X"/"MATL MEV/RL b/CM2/RL G/CM3", 
X~~"MM",XTI"HL"/)~ F4CXl~A2r5F9.2)~ 
FS(//"TOTAL RADIAFION LENGTHS ="rF7.3$"r FUNCTION Y ="cF7,4,","// 
"EFFECTIVE CHlTIC,\L, ENEHGY o"rFb.i!r" MEV/RL* HEAT CAPACITY =(o 
Fb.3~" CAL/C/K"//"(D~/DX)~UX ="rF7,21" MEV/(G/CM2),"// 
"HEAT UEPUSITE:U ="~Fb.lr" dATTS/MM OF DEPTH*"// 
"PULSE TLMPEHATURE HISE s"rF7.2r" K,")i 

DEFINL TrlRU = 61 STEP 1 UNTIL Xr FORK = FUN K THRU N 00 Xr 
TIlLC; = Flr FUR K THHU 12 UO IUlKl Pi 

FILL LC*I NITH nF1E**r"C"~"MG"~~ALttreTI"r'"CR"r"FE","NI"r"C~J"r"ZH"r 
tt N tj )I , I( M 0 )I , )t A (; 1) , 1, 1, N (t , )* S N " , " H )t ) )t A U I, , " p B ,( j  

FILL LOI*l WlTH 11%~76r41.7,3etY~2~+.4,22.5~21,1Y.6ri9r14~3~14,13~7~ 
12.S,12rl.,ll.a,H.35,~,~6~~.63i COMMENT MEV/RLI 

FILL XOl*l WITH 63,~~44,8~~5,5~24r14~~5~14~1~~3~~~13~~~10~3~10,1r 
Y,Y~Y,1~8,8,8.7,6.brbr35,6r2i COMMENT G/CM2/RLi 

FILL HHOC*l \4ITH 1.06,2.25,1.74,2,~,4.5r7,tr7.1,7.~6,~~9,~,94,6,4,~.4, 
10.2~10.5r7.2~~~7.2H~19~3~1Y.351 COMMENT G/CM31 

FILL CAt*I VcITli . 484Y~.194~.2386,.21H4~~1266~,109~~~1~96~~1091~ 
. OY2Mr.O667rr0642r,0616~~~~68~~0577r .0544rr0326r.O308rr0308~ 

COMMENT CAL/G/KF 
START: 
REAL) (TITLEJLHUI? Ii HEAl) CN,@LV,MA#R)I FOHK READ (ELcK~~TNcKI); 
WHITE (IPAGtlli WtiIITE (TITLL)I 

CO"(MENT 
LISl PAttAMETEHS FL1H ELEMENTS; 
FUflK BEGIN 

FOR J THHU 11) DO 
IF LLJI = ELlKl THEN BEGIN 

ECll.KJ + I:O[Jij XO[Kl + XOCJI) HHUCKI + RHO[JII CP f CACJII 
GI) TO SKIPi ENUI 

dF<iTt (F‘%r ELCKJ)F 
SKIP: XCKI c .l x TMCKI / XO[KI x RHOIKl1 END) 

WHITC(F3,HEV,MA~H); FUHK WHITE(F4rEL[K1~EUCKl~X~CKlrTM[K3,X[K])~ 
COMMENT 

ESTItIATL: LFF‘LCTIVI: CRITICAL ENERGY* EC; 
A 6 AHEA c 0; EC * li 
FOHK BEGIN 
n c A + ~~~312.7; 
DA + IA*% + 2xA + 2) x EXP(*A) - (B*2 + 2x8 + 2) x EXP(-B)1 

EC + (AREA + DA) / (AREA/EC t UA/EO[Kl)j 
AHEA c AREA + DA; A 6 Hi END) 

UWOX + 310 / SWHT(L~~(~BY.~XBEV/LC)) x REV/EC x EOENl/XUINII CDMMENT 
CUNSTkNTSI .31 r 1000 MfV/IjEVr ,6i+97 x 1000 MEV/BEVj 

.I. , 

c e 1.52 / UWLfXi Y + ((EXPr2)-3xC)/4 x r3*2 t CXB + C) x EXP(-B)j 
Ii f a072 X Y X UWDX X RHULNJ X HAj COMMENT 
CONSlANT! ~1 CM/MM X 1000 WUA/MA X 360 PULSE/SEC x 2P-6 SEC/PULSEj 
DT c ,UlS%l X ‘f X IbdUX x MA / Y"2 / CPI CRNMENT ' 
CCNblkNTr lOU0 "IUA/MA x r231rHY CAL/,JUULE / PI x 100 MM2/CM2 x 2P-6i 

WRIIE (F5+ ~.Tx~,Y,EC,CPIOWOxrHIUT)i 
GU TU SFARTi QUITS END. 
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APPENDIX c 

PROGM 0wmJT 

FIGURE 2: HEATING AT DOWNSTREAM EDGE flF TUNGSTEN. 

BEAM ENERGY = 5.0 BEVI F'ULSF. CUkHEr\lT =140.0 'MAr h'ADIUS = 1.8 MM, 

EO x0 tlCN&ITY THiCKNtSS X 
MATL MEV/RL G/CM%/HL ti/CH3 WM RL 

OW 8.35 6.6U 19.3u 9.24 2.70 

TOTAL KADIATlClN LENGTtiS = 2.7029 FUNCTION Y = 0,6t17ur 

EFFEClIVE CRITICAL tNLHGY = 0.35 YEV/HL, HEAT CAPACITY = 0,033 CAL/G/K 

(UW/DXJMAX = 95.69 hlLU/(C/CM?)r 

HEAT DEPOSJTED = 12796rO tdATTS/EfM OF DEPTH9 

PULSE TEMPERATURE RISE =132h.O% K. 

FIGURE I: HEATING AT 0UrlNSTREAM EDGE 'IF ALUMINUM. 

BEAM ENERGY = 5.0 t)F:Vr PULSE Cdt2HtNT =lYc).O MAr RADIUS = 1.8 MM, 

EO x 0 OE~JSI ry THICKNESS X 
MATL MfV/RL G/CMi?/RL G / c Y 3 MM RL 

ow a.35 6.60 19.jo 9.24 2.70 
cu 19.00 13. II) 8.94 i’l,YO 1.35 
AL 38.90 24aOO 2.70 24,OQ 0.27 

TOTAL RADIATION LENGTHS = 4.323r FUNCTIQN Y = 019577r 

EFFECTIVE CRITICAL EiJtHbY = 13.45 MtJr'RL, HEAT CAPACITY I: 0.218 CAL/G/K 

(DW/DX)MAX = 79.32 MfV/(G/CMZ)r 

HEAT DEPI)SITECl = 2067.3 WdfTS/MH IIF' DEPTilr 

PULSE TEMPERATURE RISF. = 226.58 K. 

FIGURE 2: ilE.ATING A'[ DOtiNSTi(f/\M C:UGF: LIF COPPER. 

BtAM ENERGY I S.0 MEVr t'tjl.SE CUHHLNT =14D,O tiA, RADIUS = 1.8 MM* 

EO x0 DENSITY THICKNESS x 
MATL MEV/HL C/CM%/HL G/CM3 M M RL 

ow 8.35 6.60 19.30 9.24 2.70 
CU 19,OU 13.13 A.94 19.80 1.35 

TDTAL RADIATION LErrlCTIlS = 4eOS39 TUNCTILIN Y = D,9314r 

EFFECTIVE CRITICAL t.titHGY = 12.37 YEV/HLI HEAT CAPACITY = 0.093 CAL/G/K 

(RW/DXlMAX = 76,59 PI~-V/(G/CM~), 

HEAT DEPDSITED = 6427.8 WATFS/MM UF DEPTH9 

PULSE TEMPEHATUttE RISE = 505.16 K. 


