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Abstract: The ΛCDM model provides a good fit to most astronomical observations but harbors
large areas of phenomenology and ignorance. With the improvements in the precision and number
of observations, discrepancies between key cosmological parameters of this model have emerged.
Among them, the most notable tension is the 4σ to 6σ deviation between the Hubble constant (H0)
estimations measured by the local distance ladder and the cosmic microwave background (CMB)
measurement. In this review, we revisit the H0 tension based on the latest research and sort out
evidence from solutions to this tension that might imply new physics beyond the ΛCDM model. The
evidence leans more towards modifying the late-time universe.

Keywords: cosmological parameters; cosmology; Hubble constant

1. Introduction

The cosmological constant (Λ) cold dark matter model (ΛCDM) is the simplest cosmo-
logical model and consistent with the most astronomical observations [1–14]. In the past
30 years, it has been the best model, and no better one has yet been presented to replace
it. Despite its remarkable successes, the validity of the ΛCDM model is currently under
intense investigation [13,15–17] (for reviews, see [18–23]). The fine tuning and coincidence
problems are the most important theoretical difficulties [24–28]. The fundamental prob-
lem with the former is that there is a large discrepancy between the observations and
theoretical expectations of Λ [24,26,29,30]. The latter is related to the observed vacuum
energy density ΩΛ and the matter energy density Ωm, which are now nearly equal despite
their dramatically different evolutionary properties. The anthropic principle, as a possible
solution to these problems, states that these “coincidences” results from a selection bias
towards the existence of human life in the context of a multiverse [31,32]. In addition to
the above theoretical challenges, the two main components in the ΛCDM model, dark
matter (DM) and dark energy (DE), are poorly understood. Moreover, there are also some
tensions between the cosmological and astrophysical observations and the ΛCDM model,
which include the Hubble tension [3,33–40] (5σ), growth tension [41–43] (2–3σ), CMB
anisotropy anomalies [22,44–53] (2–3σ), cosmic dipoles [23,54–63] (2–5σ), Baryon Acous-
tic Oscillation (BAO) curiosities [64–66] (2.5–3σ), parity violating rotation of CMB linear
polarization [67–70], small-scale curiosities [71–74], age of the universe [75], the Lithium
problem [76] (2–4σ),the quasar Hubble diagram [77–81] (∼4σ), oscillating signals in short
range gravity experiments [82,83], anomalously low baryon temperature [84] (∼3.8σ), col-
liding clusters with high velocity [85,86] (∼6σ), etc. More detailed information of these
tensions can be found from Perivolaropoulos and Skara [21]. The H0 tension emerged
with the first release of Planck results [87], and has grown in significance in the past few
years [3,33–40].

There have been many studies dedicated to finding out what causes the Hubble tension,
but so far there is no convincing explanation. The reanalyses of the Planck observations and
Hubble Space Telescope (HST) measurements demonstrate that the serious discrepancy
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of H0 may not be caused by systematics (including photometric biases, environmental
effects, calibration error, lens mass modelling biases, CMB foreground effects and so
on) [35,40,46,88–94]. Hence, many researchers prefer to believe that the H0 tension might
be caused by new physics beyond the ΛCDM model [36]. So far, there has been a large
number of modified models which adopted to resolve or relieve the H0 tension, see [19,21]
for a review of H0 tension solutions. Although many extensions of ΛCDM can alleviate
the H0 tension, none are supported by the majority of observations [95,96]. There are
many international conferences held on the H0 tension, such as “Beyond ΛCDM”, “Hubble
Tension Headache”, “Tensions between the Early and the Late Universe”, etc. [97]. “Beyond
ΛCDM” in Oslo in 2015, a poll at the conference showed that 69% of participants believe
that new physics is the most likely explanation. On the contrary, more than 50% of the
participants of the “Hubble Tension Headache” conference held by the University of
Southampton supported the explanation that there were still systematics unknown to us in
the observational data. Theoretical Physics workshop (“Tensions between the Early and
the Late Universe”) in July 2019 directed attention to the Hubble constant discrepancy. The
workshop pointed out that “New results showed that it does not appear to depend on the
use of any one method, team or source” [98]. To streamline the interaction between these
different communities and promote the transparent transfer of information, participants
also gave some reasonable suggestions. More details about the workshop are available at
website: https://www.kitp.ucsb.edu/activities/enervac-c19. In a word, the research and
discussion on the H0 tension is still going on.

This review is organized as follows. In Section 2, we briefly introduce the H0 tension,
and then detail two methods for constraining H0, the CMB measurements and the local
distance ladder. In Section 3, we discuss recent methods for estimating H0 using otherwise
independent observations. We also discuss a taxonomy of solutions to the H0 tension in
Section 4. Afterwards, from all the solutions to the H0 tension, we sort out evidence that
might imply new physics beyond the ΛCDM model and briefly introduce some of the
proposed scenarios in Section 5. Finally, we give a brief conclusion and future prospects.

2. H0 Tension

The local expansion rate of the universe H0 is a fundamental value. It also determines
the age of the universe; thus, it is important to determine it accurately. The accuracy of H0
measurements has been improved as the number of probes has increased. A review of most
well-established probes can be found in literature [99]. In general, the H0 measurements
can be estimated from the cosmological model utilizing the early universe measurements,
or more directly measured from the local universe. Interestingly, the H0 values measured by
these two approaches are inconsistent. The discrepancy between the H0 values measured
from the local distance ladder and from the CMB is the most serious challenge to the
standard ΛCDM model. This H0 discrepancy is also known as “Hubble Tension” [87].

2.1. Constraints of H0 from the CMB Measurements

The estimation of H0 from the CMB data proceeds in three steps [100,101]: (1) de-
termine the baryon density and matter density to allow for the calculation of the sound
horizon size (rs); (2) infer θs from the spacing between the acoustic peaks to determine
the comoving angular diameter distance to last scattering DA = rs/θs; (3) adjust the only
remaining free density parameter in the model that DA gives this inferred distance. With
this last step complete, we now have H(z) determined for all z, including H0 (z = 0).

In 2013, Bennett et al. [100] provided H0 = 70.00 ± 2.20 km/s/Mpc through analysing
the nine-year Wilkinson Microwave Anisotropy Probe (WMAP) observations. Meanwhile,
the first data release of the Planck space observatory, which was operated by the Euro-
pean Space Agency (ESA), gave a precise result H0 = 67.40 ± 1.40 km/s/Mpc [87]. After
that, a more accurate H0 = 67.40 ± 0.50 km/s/Mpc yielded by the Planck final data re-
lease is also in line with the Planck2013 results [3]. Researchers also consider adding the
other observational data to constrain H0, Planck2018+lensing 67.36 ± 0.54 km/s/Mpc and
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Planck2018+lensing+BAO 67.66 ± 0.42 km/s/Mpc [3]. The main H0 measurements are
shown in Figure 1. In addition, there exists a lot of H0 predictions adopting other CMB
experiments from the ground, including the South Pole Telescope (SPTPol) [66,102] and
Atacama Cosmology Telescope (ACT) [103]. These H0 predictions are all consistent with
the Planck2018 result [3].

2.2. Constrain H0 from the Local Distance Ladder

At present, there has been a lot of methods in the local universe to estimate the Hubble
constant based on the distance-redshift relation. These methods are usually undertaken
by building a “local distance ladder”; the most common approach is to adopt geometry
to calibrate the luminosity of specific star types. Cepheid variables are often employed
to determine the distance of 10–40 Mpc [104,105]. Measuring longer distances requires
other standard candles, for example SNe Ia, whose maximum redshift can reach 2.36 [2,7].
Quasars [106–115] and gamma radio bursts (GRBs) [5,10,14,116–128] offer the prospect of
extending the Hubble diagram up to higher redshifts.

The first H0 estimation, using the Cepheid variables and SNe Ia provided by the
HST project, was 72 ± 8 km/s/Mpc [104]. A improved result, 74.3 ± 2.1 km/s/Mpc,
was yielded by using a modified distance calibration [105]. After that, the SH0ES project,
which started in 2005, also produces many H0 results [34,35,39,129]. Based on the SH0ES
data, H0 results from numerous reanalyses using different formalisms, statistical methods
of inference, or replacement of parts of the data-set are both in line with the previous
results [130–136]. The latest H0 result provided by the SH0ES collaboration shows that
H0 = 73.04 ± 1.04 km/s/Mpc [40].

During the last few decades there has been remarkable progress in measuring the
Hubble constant. The available technology and measurement methods determine the
accuracy of this quantity. The main H0 results up to 2022 obtained from the CMB mea-
surements and the local distance ladder, as a function of the publication year, is shown in
Figure 1. The uncertainties in these values have been decreasing for both methods and
the recent measurements disagree by 5σ [40]. There is an obvious H0 tension without
physical explanations.

2000 2005 2010 2015 2020
Publication year

62
64
66
68
70
72
74
76
78
80
82

H 0
 (k

m
/s/

M
pc

)

CMB measurements
Local distance ladder

Figure 1. H0 measurements from the early-time and the late-time observations. Blue points denote
H0 estimations from analyses of CMB data, including first year WMAP [137], three year WMAP [138],
five year WMAP [139], seven-year WMAP [140], nine-year WMAP [100], Planck 2013 [87], Planck
2015 [33], Planck 2018 [3] and BAO [65]. Red points denote H0 values measured by utilizing the
local distance ladder including the Cepheid distance scale [104], Carnegie Hubble Program [105] and
SH0ES [34,35,39,40,129,141,142]. (Source: Figure 12 in Perivolaropoulos and Skara [21])



Universe 2023, 9, 94 4 of 35

3. H0 Arbitration

The Planck CMB measurements and the local ladder measurements both provide
very precise constraints on cosmological parameters. However, as with any experimental
measurement, they are not free from systematic errors. Hence, possible systematics in
the Planck observations and the HST measurements are suspected to be responsible for
the Hubble discrepancy in the early and late measurements. However, this possibility
has been largely ruled out [35,40,46,88–92,94]. Since reanalyses of the Planck and local
ladder measurements could not find a satisfactory answer to the H0 tension, hope was
pinned on other observations, such as quasar lensing [37,143], Megamaser [144–148], grav-
itational waves (GW) [149–151], fast radio bursts (FRBs) [152–156], tip of the red giant
branch (TRGs) [157–159], BAOs [4,65], Type II supernovae [94], Ages of Old Astrophysical
Objects [160,161], etc. [162]. These observations do not assume a cosmological model and
are independent of the CMB and distance ladder measurements.

3.1. Quasar Lensing

Quasar lensing as an independent method can be used to estimate H0. With observed
time delay ∆τobs and lens mass model, H0 can be inferred. The observed time delay is
owing to the geometrical path length difference caused by the gravitational potential of the
lens, which is associated with the path of the light rays from the vicinity of the lens to the
observer [163]. The time delay distance D∆t inferred from ∆τobs is actually a combination
of angular diameter distances [37]:

D∆t ≡ (1 + zlens)
DdDs

Dds
, (1)

where zlens is the lens redshift, Dd is the angular diameter distance to the lens, Ds is the
angular diameter distance to the source, and Dds is the angular diameter distance between
the source and the lens. In the flat ΛCDM model, Dds can be given as [164]

Dds =
c

H0(1 + zs)

∫ zs

zlens

(Ωm(1 + z′)3 + ΩΛ)
−1/2dz′, (2)

here, zs is the redshift of source. Substitute zlens and zs into the following formula:

Di =
c

H0(1 + zi)

∫ zi

0

√

Ωm(1 + z′)3 + ΩΛdz′, (3)

the expressions of Dd and Ds can be obtained. The time delay distance is primarily sensi-
tive to H0, with weak dependence on other cosmological parameters. There were seven
systems which provided the estimations of H0, as shown in the following Table 1. In
addition, Wong et al. [37] and Millon et al. [143] utilize the multiple lens systems to con-
strain H0; the former provides a result of 73.3+1.7

−1.8 km/s/Mpc and the latter provides
a result of 74.0+1.7

−1.8 km/s/Mpc. Recently, Shajib et al. [165] updated the H0 measure-
ment (78.3+3.4

−3.3 km/s/Mpc) derived from the lens RXJ1131-1231, and provided a new H0

measurement (74.2+1.6
−1.6 km/s/Mpc) for seven lenses. Their new measurement is in ex-

cellent agreement with those obtained in the past using standard simply parametrized
mass profiles.
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Table 1. Summary of the H0 estimations derived from the quasar lensing systems.

Lens Name zd zS H0 (km/s/Mpc) Reference

B1608+656 0.6304 1.394 71.0+2.9
−3.3 [166,167]

RXJ1131-1231 0.295 0.654 78.3+3.4
−3.3 [165,168,169]

HE0435-1223 0.4546 1.693 71.7+4.8
−4.5 [169,170]

SDSS 1206+4332 0.745 1.789 68.9+5.4
−5.1 [171]

WFI2033-4723 0.6575 1.662 71.6+3.8
−4.9 [172]

PG1115+080 0.311 1.722 81.1+8.0
−7.1 [169]

DES J0408-5354 0.597 2.375 74.2+2.7
−3.0 [173,174]

3.2. Megamaser

Water megamasers residing in the accretion disks around supermassive black holes
(SMBHs) in active galactic nuclei (AGNs) provide a unique way to bypass the distance ladder
and make one-step, geometric distance measurements to their host galaxies [148]. The archety-
pal AGN accretion disk megamaser system is located in the nearby (7.6 Mpc) [147,175] Seyfert
2 galaxy NGC 4258 [176–178]. The Megamaser Cosmology Project (MCP) is a multi-year
campaign to find, monitor, and map AGN accretion disk megamaser systems [179,180]. The
primary goal of the MCP is to constrain H0 to a precision of several percent through making
geometric distance measurements to megamaser galaxies in the Hubble flow [144–146,181].
Distance measurements using the megamaser technique do not rely on the CMB or distance
ladders measurements. Therefore, megamaser measurements provide an independent
handle on H0 estimates.

The MCP has so far published distances to six galaxies including UGC 3789 [145], NGC
6264 [144], NGC 6323 [146], NGC 5765b [182], NGC 4258 [147] and CGCG 074-064 [183].
The latest details of these six galaxies are shown in Table 2. In 2018, Braatz et al. [184]
updated the published value to the UGC 3789 and obtained the H0 estimation by using
the first four galaxies, H0 = 69.3 ± 4.2 km/s/Mpc. Recently, Pesce et al. [148] applied an
improved approach for fitting maser data and obtained better distance estimates for the
first four galaxies. Combining all the distance measurements of galaxies and assuming a
fixed velocity uncertainty of 250 km/s in connection with peculiar motions, they provided
the H0 estimation, H0 = 73.9 ± 3.0 km/s/Mpc, independent of the CMB and distance
ladders measurements.

Table 2. The details of six galaxies. The H0 estimations are obtained by assuming a fixed velocity
uncertainty of 250 km/s. (Source: Tables 1 and 2 in Pesce et al. [148].)

Galaxy Name Distance (Mpc) Velocity (km/s) H0 (km/s/Mpc) Reference

UGC 3789 51.5+4.5
−4.0 3319.9 ± 0.8 75.8+3.4

−3.3 [145]
NGC 6264 132.1+21.0

−17.0 10192.6 ± 0.8 73.8+3.2
−3.2 [144]

NGC 6323 109.4+34.0
−23.0 7801.5 ± 1.5 73.8+3.1

−3.0 [146]
NGC 5765b 112.2+5.4

−5.1 8525.7 ± 0.7 74.1+4.5
−4.4 [182]

NGC 4258 7.58 ± 0.11 679.3 ± 0.4 73.6+3.1
−3.0 [147]

CGCG 074-064 87.6+7.9
−7.2 7172.2 ± 1.9 72.5+3.4

−3.2 [183]

3.3. Gravitational Wave

On 17 August 2017, the Advanced Laser Interferometer Gravitational-wave Obser-
vatory (LIGO) [185] and Virgo [186] detectors observed GW170817, a strong signal from
the merger of a binary neutron-star system. Less than 2 s after the merger, a gamma-
ray burst (GRB 170817A) was detected within a region of the sky consistent with the
LIGO-Virgo-derived location of the GW source [187–189]. The detection of GW170817
in both gravitational waves and the electromagnetic (EM) waves heralds the age of the
gravitational-wave multi-messenger astronomy.
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With the luminosity distance fitted from the GW waveform and the redshift infor-
mation from the host galaxy, GW can be treated as standard sirens to conduct research in
cosmology. The GW amplitude depends on the chirp mass and luminosity distance of the
GW source. The mass can be precisely determined by the phase measurement of the GW
signal. Therefore, as long as the amplitude and phase information of the GW source are
obtained at the same time, the corresponding luminosity distance can be given. The helio-
centric redshift measurement, zhelio = 0.009783, was obtained from the optical identification
of the host galaxy NGC 4993 [190]. The joint analysis of the GW signal from GW170817
and its EM localization led to the first H0 estimation, H0 = 74+16

−8 km/s/Mpc (median and
symmetric 68% credible interval) [149]. In this analysis, the degeneracy in the GW signal
between the source distance and the observing angle dominated the uncertainty of the H0
measurement. Tight constraints on the observing angle using high angular resolution imag-
ing of the radio counterpart of GW170817 have been obtained [150]. Hotokezaka et al. [151]
reported an improved measurement of H0 = 70.30+5.3

−5.0 km/s/Mpc by using these new radio
observations, combined with the previous GW and EM data. Recently, using 47 GW sources
from the Third LIGO-Virgo-KAGRA Gravitational-Wave Transient Catalog (GWTC-3), The
LIGO Scientific Collaboration et al. [191] presented H0 = 68+12

−7 km/s/Mpc (68% credible
interval) when combined with the H0 measurement from GW170817 and its EM coun-
terpart. Moreover, combining the GWTC-3 with the H0 measurement from GW170817,
Mukherjee et al. [192] provided a more compact H0 result of 67+6.3

−3.8 km/s/Mpc.

3.4. Fast Radio Burst

FRBs are millisecond-duration pulses occurring at cosmological distances [193–195].
The total dispersion measure (DMobs) of FRBs can provide a distance estimation to the
source. The expanded form of DMobs is as follows:

DMobs(z) = DMMW + DMIGM(z) +
DMhost(z)

1 + z
, (4)

where DMIGM represents the contribution of the intergalactic medium (IGM), DMMW

are contributed by the interstellar medium (ISM) and the halo of the Milky Way, and the
DMhost is contributed by the host galaxy. Considering a flat universe, the averaged value
of DMIGM is [196]

〈DMIGM(z)〉 =
AΩbH2

0
H0

∫ zFRB

0

fIGM(z) fe(z)(1 + z)
√

Ωm(1 + z)3 + 1 − Ωm

dz, (5)

where A = 3c
8πGmp

and mp is the proton mass. The electron fraction is fe(z) = YHXe,H(z) +
1
2 YHeXe,He(z), with hydrogen fraction YH = 0.75 and helium fraction YHe = 0.25. Hydrogen
and helium are completely ionized at z < 3, which implies the ionization fractions of
intergalactic hydrogen and helium Xe,H = Xe,He = 1. The cosmological parameters Ωm

and Ωb are the the density of matter and the density of baryons, respectively. At present,
there is no observation that can provide the evolution of the fraction of baryon in the
IGM fIGM with redshift. Shull et al. [197] provided an estimation of fIGM ≈ 0.83 [153].
Then, the dispersion measure-redshift relation allows FRBs to be used as cosmological
probes. However, the degeneracy between DMIGM and DMhost is the main obstacle for
the cosmological application of FRBs. A reasonable method is to consider the probability
distributions of DMIGM [198,199] and DMhost [200].

Hagstotz et al. [152] presented the first H0 estimation, H0 = 62.3± 9.1 km/s/Mpc, using
the nine then available FRBs. Employing the probability distributions of DMIGM [199] and
DMhost [200] from the IllustrisTNG simulation, a more compact result, H0 = 68.81+4.99

−4.33
km/s/Mpc, was given by Wu et al. [153] using eighteen localized FRBs. These two
H0 estimations seem to favor the smaller H0 value. After that, James et al. [154] show
H0 = 73+12

−8 km/s/Mpc employing an updated sample of 16 Australian Square Kilome-
tre Array Pathfinder (ASKAP) FRBs detected by the Commensal Real-time ASKAP Fast
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Transients (CRAFT) Survey and localised to their host galaxies, and 60 unlocalised FRBs
from Parkes and ASKAP. Compared to previous FRB-based estimates, uncertainties in
FRB energetics and DMhost produce larger uncertainties in the inferred value of H0. Fur-
thermore, Hagstotz et al. [152] performed a forecast using a realistic mock sample to
demonstrate that a high-precision measurement of the expansion rate is possible with-
out relying on other cosmological probes. Another H0 measurement, H0 = 70.60 ± 2.11
km/s/Mpc, was given by Liu et al. [155], employing a cosmological-model independent
method. Recently, Zhao et al. [156] provided the first statistical H0 measurements using
unlocalized FRBs. They provided two H0 measurements, H0 = 71.7+8.8

−7.4 km/s/Mpc and
H0 = 71.5+10.0

−8.1 km/s/Mpc, which were obtained from the simulation-based case and the
observation-based case, respectively. They also proposed that in the next few years, a 3%
precision on the random error of the Hubble constant could be achieved using thousands
of FRBs.

3.5. Tip of the Red Giant Branch

Compared to other standard candles, the tip of the red giant branch (TRGB) offers
many advantages; for example, in the K-band they are ∼1.6 magnitudes brighter than
Cepheids. They have nearly exhausted the hydrogen in their cores and have just be-
gun helium burning. Employing parallax methods, their brightness can be standardized.
They thus can be regarded as the standard candles visible in the local universe. Instead
of the Cepheid, the TRGB can be used as calibrators of SNe Ia. Freedman et al. [157]
gave the Hubble constant result H0 = 69.8 ± 0.8 km/s/Mpc by measuring TRGB in nine
SNe Ia hosts and calibrating TRGB in the large magellanic cloud. A consistent result,
H0 = 69.6 ± 0.8 km/s/Mpc, was also given by Freedman et al. [158] using their revised
measurement of the Large Magellanic Cloud TRGB extinction. After that, Freedman [159]
combined several recent calibrations of the TRGB method, and are internally self-consistent
at the 1% level. The updated TRGB calibration applied to a sample of SNe Ia from the
Carnegie Supernova Project results in a value of H0 = 69.8 ± 0.8 km/s/Mpc.

We display H0 measurements obtained from the recent observations in Table 3, and
describe the correlation between the H0 values and the published year in Figure 2. Combin-
ing Table 3 and Figure 2, it is easy to find that the measurements of the quasar lensing are
tending to the SH0ES results as a whole. The H0 measurements obtained from Megamaser,
GW and FRB are more diffuse and have a large error which both covered the SH0ES results
and CMB results. It is interesting that the H0 values measured by TRGB have small errors
and are between the SH0ES results and the CMB results. Collectively, these independent
observations are currently unable to arbitrate the H0 tension.

Table 3. H0 measurements with the 68% confidence level derived from the recent observations.

Observation
H0

(km/s/Mpc)
Reference Observation

H0

(km/s/Mpc)
Reference

Quasar lens 73.3+1.7
−1.8 [37] FRB 62.3 ± 9.1 [152]

Quasar lens 74.0+1.7
−1.8 [143] FRB 68.81+4.99

−4.33 [153]
Quasar lens 74.2+1.6

−1.6 [165] FRB 73.0+12.0
−8.0 [154]

Megamaser 69.3 ± 4.2 [184] FRB 70.6 ± 2.11 [155]
Megamaser 73.9 ± 3.0 [148] FRB 71.5 +10.0

−8.1 [156]
GW 74.0+16.0

−8.0 [149] TRGB 69.8 ± 0.8 [157]
GW + EM 70.3+5.3

−5.0 [151] TRGB 69.6 ± 0.8 [158]
GW 68.0+12.0

−7.0 [191] TRGB 69.8 ± 0.8 [159]
GW 67.0+6.3

−3.8 [192]
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2009 2011 2013 2015 2017 2019 2021 2023
Publication year

54
58
62
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74
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Planck 2018 result
SH0ES
Lensing
FRB

 
GW
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Megamaser

Figure 2. H0 measurements in the late-time universe derived from other independent obser-
vations which include quasar lensing [37,143,165–172], FRB [152,153,156], GW [149,151,191,192],
TRGB [157–159] and Megamaser [184]. The purple and blue regions correspond to the results of
SH0ES [40] and Planck collaborations [3], respectively.

4. Solutions for the H0 Tension

The case for an observational discrepancy between the early and late universe appears
strong, is hard to dismiss, and merits an explanation. The analyses of possible systematics
did not lead us to the cause of the Hubble tension [35,40,46,88–92,94]. The arbitration of H0
given by otherwise independent observations also did not produce consistent results in
favor of one side [37,143,149,151–153,159,184]. Hence, many researchers prefer to believe
that the Hubble tension may be caused by new physics beyond the ΛCDM model [201].
Until now, a large number of theoretical solutions have been proposed to solve or relieve
the H0 tension. The detailed information can be found from these references [21,97,202].

4.1. Classification of Solutions to H0 Tension

In the review article for H0 tension, Di Valentino et al. [202] gave a detailed classifi-
cation for the solutions of the H0 tension. They divided all schemes proposed for solving
the H0 tension into 11 major categories with 123 subcategories, and some subcategories
include several different schemes. The detailed classification results are as follows:

(a) Early dark energy [203–205]:
(1) Anharmonic oscillations [206];
(2) Ultra-light axions [95,96,207–211];
(2.1) Dissipative axion [212];
(2.2) Axion interacting with a dilaton [213];
(3) Power-law potential [214];
(4) Rock ‘n’ roll [215];
(5) New early dark energy [216,217];
(6) Chain early dark energy [218];
(7) Anti-de Sitter phase [219,220];
(8) Gradusted dark energy [221];
(9) Acoustic dark energy [222,223];
(9.1) Exponential acoustic dark energy [223];
(10) Early dark energy in α attractors [224].

(b) Late dark energy [225–227]:
(1) wCDM model [201,228–230];
(2) w0waCDM or CPL parameterization [228,229,231];
(3) Dark energy in extended parameter spaces [232];
(4) Dynamical dark energy parameterizations with two free parameters [233,234];
(5) Dynamical dark energy parameterizations with one free parameter [235];
(6) Matastable dark energy [236–238];
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(7) Phantom crossing [239];
(8) Late dark energy transition [240,241];
(9) Running vacuum model [242,243];
(10) Transitional dark energy model [244];
(11) Negative dark energy [245];
(12) Bulk viscous models [246–248];
(13) Holographic dark energy [249–252];
(13.1) Tsallis holographic dark energy [253];
(14) Swampland conjectures [254–258];
(15) Late time transitions in the quintessence field [259,260];
(16) Phantom braneworld dark energy [261];
(17) Frame-dependent dark energy [262];
(18) Chameleon dark energy [263,263,264].

(c) Dark energy models with degrees of freedom and their extensions:
(1) Phenomenologically emergent dark energy [265–267];
(1.1) Generalized emergent dark energy [268,269];
(1.2) Modified emergent dark energy [270];
(2) Vacuum metamorphosis [271–273];
(2.1) Elaborated vacuum metamorphosis [271–273].

(d) Models with extra relativistic degrees of freedom:
(1) Sterile neutrinos [274,275];
(2) Neutrino asymmetries [276];
(3) Thermal axions [277,278];
(4) Decaying dark matter [279–284];
(4.1) Self-interacting dark matter [285,286];
(4.2) Two-body dark matter decays [287,288];
(4.3) Light gravitino scenarios [289–291];
(4.4) Decaying ’Z’ [292];
(4.5) Dynamical dark matter [293];
(4.6) Degenerate decaying fermion dark matter [294];
(5) Neutrino–dark matter interactions [295–297];
(5.1) Neutrino–Majoron interactions [298–300];
(5.2) Feebly interacting massive particles (FIMPs) decay into neutrinos [301];
(6) Interacting dark radiation [301];
(7) Coupled DM–dark radiation scenarios [302,303];
(8) Cannibal dark matter [304];
(9) Decaying ultralight scalar [304,305];
(10) Ultralight dark photon [306,307];
(11) Primordial black holes [308–310];
(12) Unparticles [311].

(e) Models with extra interactions:
(1) Interacting dark energy (IDE) [312];
(1.1) Interacting vacuum energy [313–317];
(1.2) Coupled scalar field [318];
(1.3) IDE with a constant DE equation of state [319–322];
(1.4) IDE with variable DE equation of state [273,323];
(1.5) Interacting vacuum scenario and IDE with variable coupling [321,324];
(1.6) IDE with sign-changing interaction [325];
(1.7) Anisotropic stress in IDE [326];
(1.8) Interaction in the anisotropic universe [327];
(1.9) Metastable interacting dark energy [236,238];
(1.10) Quantum field cosmology [316,328];
(1.11) Interacting quintom dark energy [329];
(2) Interacting dark matter [330,331];
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(2.1) DM–photon coupling [332,333];
(2.2) DM–baryon coupling [334,335];
(3) DE–baryon coupling [336,337];
(4) Interacting neutrinos [338–340];
(4.1) Self-interacting neutrinos: [338,339,341–343];
(4.2) Self-interacting sterile neutrino model [344];
(4.3) Dark neutrino interactions [345,346].

(f) Unified cosmologies:
(1) Generalized Chaplygin gas model [347];
(2) A new unified model [348];
(3) Λ(t)CDM model [349];
(4) Λ-gravity [350,351].

(g) Modified gravity [352]:
(1) f(R) gravity theory; [353–356];
(2) f(T ) gravity theory [357–360];
(3) f(T ,B) gravity theory [361,362];
(4) f(Q) gravity theory [363,364];
(5) Jordan–Brans–Dicke (JBD) gravity [365];
(5.1) Brans and Dicke-ΛCDM [366,367];
(6) Scalar-tensor theories of gravity [368,369];
(6.1) Early modified gravity [370,371];
(6.2) Screened fifth forces [372,373];
(7) Űber-gravity [374,375];
(8) Galileon gravity [376,377];
(9) Nonlocal gravity [378,379];
(10) Unimodular gravity [380];
(11) Scale-dependent scenario of gravity [381];
(12) VCDM [382,383].

(h) Inflationary models [384]:
(1) Exponential inflation [385,386];
(2) Reconstructed primordial power spectrum [387,388];
(3) Lorentzian quintessential inflation [389];
(4) Harrison–Zel’dovich spectrum [390].

(i) Modified recombination history [391]:
(1) Effective electron rest mass [392,393];
(2) Time varying electron mass [394];
(3) Axi–Higgs model [395];
(4) Primordial magnetic fields [396,397].

(j) Physics of the critical phenomena:
(1) Double-ΛCDM [398];
(2) Ginzburg–Landau theory of phase transition [321];
(3) Critically emergent dark energy [399].

(k) Alternative proposals:
(1) Local inhomogeneity [400,401];
(2) Bianchi type I spacetime [402];
(3) Scaling solutions [403–405];
(4) CMB monopole temperature T0 [406];
(4.1) Open and hotter universe [407,408];
(5) Super-ΛCDM [409];
(6) Heisenberg uncertainty [410]
(7) Diffusion [411];
(8) Casimir cosmology [412];
(9) Surface forces [413];
(10) Milne model [414,415];
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(11) Running Hubble tension [416,417];
(12) Rapid transition in the effective gravitational constant [418];
(13) Causal horizons [419,420];
(14) Milgromian dynamics [421];
(15) Charged dark matter [422,423].

It can be observed that Di Valentino et al. [202]’s classification of schemes to alleviate
the H0 tension is very detailed. With help of this classification, we can quickly find out the
solutions and corresponding articles we need. Recently, Perivolaropoulos and Skara [21]
updated and optimized the classification scheme based on the latest research work. The new
classification scheme is more concise than before. They divided all solutions into 5 major
categories, each of which contained several sub-categories, for a total of 19 sub-categories.
The detailed classification is as follows:

(i) Late time deformations of the Hubble expansion rate H(z):
(1) Phantom dark energy [424];
(2) Running vacuum model [425];
(3) Phenomenologically emergent dark energy [426–428];
(4) Vacuum phase transition [429];
(5) Phase transition in dark energy [430].

(ii) Deformations of the Hubble expansion rate H(z) with additional interactions/degrees
of freedom:
(1) Interacting dark energy [431–436];
(2) Decaying dark matter [437].

(iii) Deformations of the Hubble expansion rate H(z) with inhomogeneous or anisotropic
modifications:
(1) Chameleon dark energy [438,439];
(2) Cosmic voids [440,441];
(3) Inhomogeneous causal horizons [419].

(iv) Late time modifications: Transition or recalibration of the SNe Ia absolute luminosity:
(1) Gravity and evolution of the SNe Ia intrinsic luminosity [442];
(2) Transition of the SNe Ia absolute magnitude M at a redshift z ≃ 0.01 [443–445];
(3) Late (low-redshift) w − M phantom transition [446–448].

(v) Early time modifications of sound horizon:
(1) Early dark energy [449–457];
(2) Dark radiation [458–463];
(3) Neutrino self-interactions [340,464–466];
(4) Large primordial non-Gaussianities [409];
(5) Heisenberg’s uncertainty principle [410];
(6) Early modified gravity [368–370].

Of course, the above classifications may not completely cover all the solutions to
relive H0 tension. The proposal of new schemes never stops, such as the Weyl invariant
gravity [467], Horndeski gravity [468], ΛSCDM model [469,470], Early Integrated Sachs–
Wolfe (eISW) effect [471], realistic model of dark atoms [472], information dark energy [473],
U(1)Lµ−Lτ model with Majoron [474], etc.

Classification is a summary of previous research work on relieving the H0 tension, which
helps to find out the physical origin that causes the discrepancy in H0 measurements. For the
classification of solutions to the H0 tension schemes, not all schemes fall perfectly into one
of these categories [475]. At present, the proposed models and theories are usually divided
into three categories: early-time model, late-time model and modified gravity. The boundary
between the early-time models and late-time models is the recombination redshift (z∼1100).
Detailed introduction of each scheme has been made in previous H0 review literature [202]
and Perivolaropoulos and Skara [21]. We will not repeat it here. In addition to categorizing so
many solutions, there are several works that provide comparative analysis of solutions for H0
tension, and discussion on the H0 tension [388,475–485]. Schöneberg et al. [475] organized H0
Olympic-like games for the relative success of seventeen models which have been proposed
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to resolve the H0 tension, and gave a ranking. Finally, the early dark energy model, new early
dark energy model, early modified gravity model and varying me+ΩK model are the most
successful of the models studied in the H0 Olympic-like games.

According to the research and discussions on solving the H0 tension, we tend to divide
all of the solutions into two categories: one proposes a new cosmological model first,
and then combines the existing early-time (for example, CMB) or late-time (for example,
Cepheid) observational data-sets to constrain the cosmological parameters (including H0).
A higher H0 value which is consistent with the SH0ES results can be given by utilizing the
recent available observations. This category is the most common used to relieve the H0
tension. We define such schemes as the sequential scheme. There is one thing to note here.
Considering that the new model needs to introduce additional parameters, and the increase
in the volume of the parameter space will make the final H0 result incompact, this would
amplify the extent to which the new model mitigates the H0 tension. Moreover, it is diffcult
to estimate the contribution of additional parameters to the degree of mitigation of the H0
tension. The other is to use the ΛCDM model or model-independent methods, combined
with the existing late-time observations center to find the H0 singular behaviors which can
be used to resolve or alleviate the H0 tension. Compared to the sequential scheme, such a
scheme should be called a reverse-order scheme. These H0 singular behaviors might hint
to new physics beyond the ΛCDM model, and still require new cosmological models to
explain them. The proposal of the new cosmological model no longer directly alleviates
the H0 tension, but explains the H0 singular behaviors. It seems that there is no need to
worry about the problem of increasing the parameter space with the additional parameters.
The former scheme has been elaborated in many review articles [21,202] and will not be
repeated here. We will revisit the latter scenario, which might hint at new physics beyond
the ΛCDM model, in the next section.

5. Evidence of New Physics beyond the ΛCDM

According to previous analyses of the quasar lensing, Wong et al. [37] found that the
inferred value of H0, which was estimated using the strongly-lensed quasar time delay
(H0LiCOW), decreases with the lens redshift. The H0LiCOW H0 descending trend is of
low statistical significance at 1.9σ. Adding a new H0LiCOW H0 result [174] (DES J0408-
5354) reduces the statistical significance to 1.7σ [143], as shown in Figure 3. After that, the
TDCOSMO IV re-analysis lowers the H0 estimates and increases the error bar [486]. Hence,
the significance of the H0 descending trend may be lower, and it is not clear that the H0
descending trend is not a systematically driven-by-analysis choice in its rather complicated
pipeline [486]. Even so, this still provides a new diagnostic for the H0 tension.

Motivated by the H0LiCOW results [37], Krishnan et al. [487] focused their attention
mainly on late-time observations. They estimated the cosmological parameters in different
redshift ranges by binning the observational data-sets (z < 0.7) comprising megamasers,
CCs, SNe Ia and BAOs according their redshifts. The total data-set is divided into six parts.
Then, they constrained the H0 value for each of the bin, and using (z̄, H0) present the final
result. The form of z̄ is written as [487]

z̄ =
∑

Ni
n zn(σn)−2

∑
Ni
n (σn)−2

, (6)

where σk denotes the error in the observable at redshift zn. Finally, they found a similar H0
descending trend in the ΛCDM model with a low statistical significance (2.1σ), as shown
in the left panel of Figure 4. This result obtained by using the observation data completely
independent of H0LiCOW is consistent with the H0LiCOW results to a certain extent.

Based on the flat ΛCDM model and flat w0waCDM model, a similar H0 descending
trend is also found by Dainotti et al. [417] using the Pantheon sample only. In this analysis,
they set the absolute magnitude of SNe Ia so that H0 = 73.5 km/s/Mpc, and they fix fiducial
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values for ΩΛCDM
0m = 0.298 and ΩΛCDM

0m = 0.308. The g(z) function was used to describe the
behavior of the H0 descending. Its form is as follows:

g(z) = H0(z) =
H̃0

(1 + z)α
, (7)

where H̃0 and α are free parameters, and α indicates the evolutionary trend. The g(z)
function is the standard for characterizing the evolution of many astrophysical sources
and is widely used for GRBs and quasars [488–490]. In addition, they also considered four
kinds of binning methods: 3 bins, 4 bins, 20 bins and 40 bins. Finally, they reduced the
H0 tension in the range of (54%, 72%) for both cosmological models and pointed out that
the H0 descending trend is independent of the cosmological model and number of bins. A
more detailed result can be found from Table 1 in Dainotti et al. [417].

Figure 3. H0 measurements from H0LiCOW. The trend of smaller H0 value with increasing lens
redshift has significance levels of 1.7σ. (Source: Figure 5 in Millon et al. [143]).

Here, we demonstrate their fitting results obtained from the 4 bins method in the flat
ΛCDM model. The results of H̃0 and α are 73.493 ± 0.144 km/s/Mpc and 0.008 ± 0.006, respec-
tively. Adopting the g(z) function, they obtained H0(z = 1100) = 69.271 ± 2.815 km/s/Mpc,
which can be used to reduce the H0 tension effectively, as shown in the right panel of Figure 4.
The reduction of the H0 tension is 66%. A similar descending trend (i.e., H0 decreasing as zmin

increases) was also found by Horstmann et al. [61] and Ó Colgáin et al. [491] from the Pantheon
sample. The constraints of H0(zmin) are obtained by using the SNe Ia data larger than zmin.

Figure 4. A similar H0 descending trend obtained from the combined sample (including megamasers,
CCs, SNe Ia and BAOs) and Pantheon sample. Left panel shows the result obtained from the
combined sample. The statistical significance of descending trend is 2.1σ. Right panel shows the
result of Pantheon sample which can reduce the H0 tension by 66%. (Source: left panel, Figure 2 in
Krishnan et al. [487]; right panel, Figure 5 in Dainotti et al. [417]).
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After that, Dainotti et al. [492] made a further analysis for the H0 evolution, which was
described by Equation (7) combining the Pantheon sample and BAO data. The final results
demonstrate that a descending trend with α ∼ 10−2 is still visible in the combined sample.
The α coefficient reaches zero in 2.0 σ and 5.8 σ for the ΛCDM model and w0waCDM model,
respectively. In addition, Colgáin et al. [493] performed an independent investigation in
the ΛCDM model, adopting the composite sample consisting of H(z), SNe Ia and quasars.
In the end, they confirmed that the observations exhibit an increasing Ωm (decreasing H0)
trend with an increasing bin redshift and that such behaviour can arise randomly within
the flat ΛCDM model with a lower probability p = 0.0021 (3.1 σ).

At the same time, Perivolaropoulos and Skara [447] proposed a physically motivated
new degree of freedom in the Cepheid calibrator analysis, allowing for a transition in one
of the Cepheid modeling parameters Rw (Cepheid Wesenheit color-luminosity parameter)
or Mw (Cepheid Wesenheit H-band absolute magnitude). This is mildly favored by the
observational data and can yield a lower H0 value. Their results may imply the presence
of a fundamental physics transition taking place at a time more recent than 100 Myrs ago.
The transition magnitude is consistent with the magnitude required for the resolution
of the H0 tension in the context of a fundamental gravitational transition occurring by a
sudden increase in the strength of the gravitational interactions Ge f f by about 10% [418] at
a redshift zt . 0.01. Such a transition would abruptly increase the absolute magnitude of
SNe Ia by ∆MB ⋍ 0.2 [241,418].

Using the publicly available SH0ES data described in Riess et al. [39], the extended
analyses were given by Perivolaropoulos and Skara [444] in a detailed and compre-
hensive manner. They found that when an absolute magnitude MB transition of the
SNe Ia at Dc ≃ 50 Mpc (about 160 Myrs ago) can drop, the H0 constraint drops from
73.04 ± 1.04 km/s/Mpc to 67.32 ± 4.64 km/s/Mpc, which is in full consistency with the
Planck results. When the inverse distance ladder constraint on M>

B is included in the
analyses, the uncertainties for H0 reduce dramatically (H0 = 68.2 ± 0.8 km/s/Mpc) and
the M>

B transition model is strongly preferred over the baseline SH0ES model in terms
of the Akaike Information Criterion (AIC) [494] and the Bayesian Information Criterion
(BIC) [495] model selection criteria. Similar hints for a transition behavior is found for the
other three main parameters of the analysis (bW , MW and ZW) at the same critical distance
Dc ≃ 50 Mpc, even though in that case the H0 estimation is not significantly affected [444].
In addition, Wojtak and Hjorth [496] also reanalysed the SNe Ia and Cepheids’ observations
and found that the H0 local measurements become dependent on the choice of SN reference
colour. These recent investigations hint towards the need of more detailed Cepheid +
SNe Ia calibrating data at distances Dc & 50Mpc, i.e., at the high end of rung 2 on the
distance ladder.

In a recent analysis, Krishnan et al. [416] construct the H0 diagnostic H0(z):

H0(z) =
H(z)

√

1 − Ωm0 + Ωm0(1 + z)3
, (8)

to specify the possible deviations from the flat ΛCDM model using the Gaussian process
(GP) method [497]. The Gaussian process has been extensively used for cosmological appli-
cations, such as the constraint on H0 [498–502] and the comparison of cosmological mod-
els [503]. A more detailed explanation can be discovered from the literature [504–506]. As
shown in Figure 5, we are given the reconstructed result of 36 H(z) data (31 CCs + 5 BAOs)
using the GP method. From this figure, it can be learned that combining the H(z) data
and GP method allows us to obtain a continuous function f(z) to represent the discrete
H(z) data. Utilizing the function f(z), the H(z) value at any redshift within a certain range
can be obtained, including H0 at z = 0. The effective range mainly depends on the highest
redshift of the H(z) data used. Finally, H(z) follows from the continuous function f(z)
and the Ωm0 is the adopted Planck values [3]. Based on the H(z) data and GP method,
they found a running H0 with redshift z. The main result can be found from Figure 2
in Krishnan et al. [416].
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Also employing the H(z) data [499] and the GP method, Hu and Wang [507] reported
a late-time transition of H0, i.e., H0 changes from a low value to a high one from an early to
late cosmic time that can be used to relieve the H0 tension. Unlike previous studies [417,487],
they processed the H(z) data using a cumulative binning method. An introduction to this
method can be found in Figure 1 and Section 2 in Hu and Wang [507]. They found that
the redshift of the H0 transition occurs at z ∼ 0.49. Without proposing a new cosmological
model, their finding can be used to relieve the H0 tension with a mitigation level of around
70 percent, and is consistent with the H0LiCOW results in the 1σ range. They also tested
the influence of BAOs on the result, and concluded that removing the BAOs data had no
substantial effect, i.e., did not make the H0 transition disappear. Their final results are
shown in Figure 6.
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Figure 5. Smoothed H(z) function (blue solid line) with 2σ errors (gray regions) obtained from the 36
H(z) data (31 CCs + 5 BAOs) employing GP method. GP regression is implemented by employing
the package scikit-learn (https://scikit-learn.org) [497] in the Python environment. (Source: Figure 4
in Hu et al. [5].)

Figure 6. Predictions of H0(zmax) adopting the Matérn kernel from the 36 H(z) data (31 CCs + 5
BAOs) binned by the cumulative method. H0(zmax) is the H0 value derived from a data-set with
maximal redshift zmax. Red points are the predictions of H0(zmax) based on our analyses. The gray
and purple regions correspond to the results of SH0ES and Planck collaborations. Blue dotted line
(z = 0.49) is the transition redshift. We also show the H0 results derived from quasar lens observations
with green points in (zlens, H0(zlens)) coordinates. (Source: Figures 3 and 4 in Hu and Wang [507].)

Recently, utilizing the latest SNe Ia sample (Pantheon+ sample) and H(z) data, Jia et al. [508]
presented a novel non-parametric method to estimate H0 as a function of the redshift. They
found a descending trend of H0,z with the statistical significance of 3.6σ and 5.1σ, corresponding
to the equal-number and equal-width binning methods, respectively. Here, H0,z defined as
the value of H0 are derived from the cosmic observations at redshift z. The main results are
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presented in Figures 1 and 2 of Jia et al. [508]. The evolution of H0,z can effectively relieve the
Hubble tension without the early-time modifications. Moreover, the results of the AIC and BIC
demonstrate that the observational data favor the H0,z model over the ΛCDM model. Recently,
utilizing a different approach than Jia et al. [508], Malekjani et al. [509] also found a similar H0
descending trend from the Pantheon+ sample.

The statistical signification of the H0 descending trend found from the quasar lensing is
not high, at only 1.7σ. Moreover, it is not clear that the H0 descending trend is not caused by
systematics. This still provides a new diagnostic for the H0 tension. The descending trend of
H0 has also been discovered by utilizing the different data-sets and methods, most of which
are based on an explicit model (ΛCDM or w0waCDM model) [37,61,416,417,487,491–493,508],
except for Hu and Wang [507]. The H0 descending trend can effectively alleviate the H0
tension. If this trend is substantiated going forward, a late-time modification consistent with
most observations is required. However, some studies are not in favor of modifying the
late-time universe [510,511]. Among many late-time solutions, local void [512–515], modified
gravity [410,516] and modified cosmological models [260] might be considered as competitive
candidates. The local void model has been disfavored by the SNe Ia data [517–519], but can
not completely be ruled out. Of course, there is also some evidence supporting the existence of
the local void model [520–522]. The reasons for the transition of the Cepheid parameters and
the MB transition of SNe Ia are still unclear. Such a transition may be attributed to either new
physics or to unknown systematics hidden in the data [447]. If the source of the demonstrated
transitions are physical, it could lead to new cosmological physics beyond the ΛCDM model.
In previous studies, there are precedents, e.g., the gravitational constant in the context of a
recent first-order phase transition [523–525] to a new vacuum of a scalar-tensor theory, or in
the context of a generalization of the symmetron screening mechanism [445]. A similar first-
order transition was implemented in early dark energy models [216], attempting to change
the last scattering sound horizon scale without affecting other well-constrained cosmological
observables. Thus, even though no relevant detailed analysis has been performed so far, there
are physical mechanisms that could potentially induce the SNe Ia luminosity transition degree
of freedom. In any case, in the face of these evidences that may be new physics beyond the
ΛCDM model, one should not just be skeptical and do nothing.

6. Conclusions and Future Prospects

The ΛCDM model as the current standard cosmological model is consistent with
almost all of the observational probes available until the present. However, it is not perfect,
and there are still many theoretical difficulties and tensions. The significant discrepancy
between the H0 values measured from the local distance ladder and from the cosmic
microwave background, i.e., Hubble tension, is the most serious challenge to the standard
ΛCDM model. In this review, we have revisited this as the hottest issue, incorporating the
latest research.

Until now, there has been a 4-6σ discrepancy in H0 measured by these two approaches,
and the discrepancy is still increasing (see Sections 1 and 2 and the reference therein).
Initially, possible systematics in the Planck observations and the HST measurements were
thought to be responsible for the H0 tension. However, this possibility has been largely
ruled out [35,40,46,88–92,94]. The current arbitration results given by other independent
observations (including quasar lensing, Megamaser, GW, FRB, TRGB, etc.) cannot effec-
tively arbitrate the H0 tension. See Section 3 for details. Many researchers therefore choose
to believe that the Hubble tension may be caused by new physics beyond the ΛCDM
model [201]. So far, there have been a lot of schemes proposed to solve the H0 tension
(see Perivolaropoulos and Skara [21], Shah et al. [97], Di Valentino et al. [202] for a review).
We have reviewed the classifications of solving schemes for the H0 tension based on pre-
vious work by Di Valentino et al. [202] and Shah et al. [97] as well as newer studies (see
Section 4.1). According to the research and discussions about solving the H0 tension, we
tend to divide all of the solutions into two categories: sequential and reverse-order schemes.
In Section 5, we mainly review the reverse-order schemes, which might hint at new physics
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beyond the ΛCDM. Some of these schemes have discovered the late-time H0 descending
trend [37,61,416,417,487,491–493,508] or the late-time H0 transition [507] that can be used to
alleviate the H0 tension through different independent observations and different methods.
The remaining schemes found that considering the new degrees of freedom (parameter
transition) can also effectively alleviate the H0 tension when analyzing the Cepheid and
SNe Ia data [444,447,496].

Looking to the future, two new CMB Stage 4 telescopes will be operational in Chile and
the South Pole around 2030, which will further extend the spectral resolution. The depth of
these surveys will be able to support or rule out many precombination modifications based
on the ΛCDM model. The Zwicky Transient Facility and Foundation surveys of nearby
SNe Ia will effectively reduce the potential calibration issues of the local distance ladder
by resolving the underlying population characteristics, having cleaner selection functions,
and providing more galaxies. The H0 arbitration of independent observations will also
be improved. The James Webb Space Telescope (JWST) will greatly expand the range of
TRGB observation, and provide continuity in the case of any further degradation of the
ageing HST. The VIRGO detector in Italy, and recently the KAGRA detector in Japan will
provide more frequent event detections and better sky localization. They will provide a
2% measurement of H0 within this decade by combining with an improved instrumental
calibration. Many thousands of lenses will be detected by the wide-field surveys, such
as the Vera Rubin Observatory, Euclid and the Nancy Grace Roman Observatory, and
hundreds of which will have accurate time delay measurements [526–528]. Thus, there
is a strong incentive to resolve the remaining systematics in the modelling and speed up
the analysis pipeline, then clear the relationship between the H0 descending trend and
systematics. The ASKAP and Very Large Array will provide a large number of positioned
FRBs in the future, which will provide higher-precision H0 measurements. In addition, the
e-ROSITA all-sky survey, French–Chinese satellite space-based multi-band astronomical
variable objects monitor (SVOM) [529], Einstein Probe (EP) [530], and Transient High-
Energy Sky and Early Universe Surveyor (THESEUS) [531] space missions together with
ground- and space-based multi-messenger facilities will allow us to investigate H0 tension
in the poorly explored high-redshift universe.
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53. Akarsu, O.; Di Valentino, E.; Kumar, S.; ’́Ozyiğit, M.; Sharma, S. Testing spatial curvature and anisotropic expansion on top of the

ΛCDM model. Phys. Dark Universe 2023, 39, 101162. [CrossRef]
54. Kashlinsky, A.; Atrio-Barandela, F.; Kocevski, D.; Ebeling, H. A Measurement of Large-Scale Peculiar Velocities of Clusters of

Galaxies: Results and Cosmological Implications. Astroph. J. Lett. 2008, 686, L49. [CrossRef]
55. Watkins, R.; Feldman, H.A.; Hudson, M.J. Consistently large cosmic flows on scales of 100h−1Mpc: A challenge for the standard

ΛCDM cosmology. Mon. Not. R. Astron. Soc. 2009, 392, 743–756. [CrossRef]
56. Webb, J.K.; King, J.A.; Murphy, M.T.; Flambaum, V.V.; Carswell, R.F.; Bainbridge, M.B. Indications of a Spatial Variation of the

Fine Structure Constant. Phys. Rev. Lett. 2011, 107, 191101. [CrossRef] [PubMed]
57. King, J.A.; Webb, J.K.; Murphy, M.T.; Flambaum, V.V.; Carswell, R.F.; Bainbridge, M.B.; Wilczynska, M.R.; Koch, F.E. Spatial

variation in the fine-structure constant—New results from VLT/UVES. Mon. Not. R. Astron. Soc. 2012, 422, 3370–3414. [CrossRef]
58. Wiltshire, D.L.; Smale, P.R.; Mattsson, T.; Watkins, R. Hubble flow variance and the cosmic rest frame. Phys. Rev. D 2013,

88, 083529. [CrossRef]
59. Bengaly, C.A.P.; Maartens, R.; Santos, M.G. Probing the Cosmological Principle in the counts of radio galaxies at different

frequencies. J. Cosmol. Astropart. Phys. 2018, 2018, 031. [CrossRef]
60. Zhao, D.; Xia, J.Q. A tomographic test of cosmic anisotropy with the recently-released quasar sample. Eur. Phys. J. C 2021, 81, 948.

[CrossRef]
61. Horstmann, N.; Pietschke, Y.; Schwarz, D.J. Inference of the cosmic rest-frame from supernovae Ia. Astron. Astrophys. 2022,

668, A34. [CrossRef]
62. Luongo, O.; Muccino, M.; Ó Colgáin, E.; Sheikh-Jabbari, M.M.; Yin, L. Larger H0 values in the CMB dipole direction. Phys. Rev. D

2022, 105, 103510. [CrossRef]
63. Guandalin, C.; Piat, J.; Clarkson, C.; Maartens, R. Theoretical systematics in testing the Cosmological Principle with the kinematic

quasar dipole. arXiv 2022, arXiv:2212.04925.
64. Evslin, J. Isolating the Lyman alpha forest BAO anomaly. J. Cosmol. Astropart. Phys. 2017, 2017, 024. [CrossRef]
65. Addison, G.E.; Watts, D.J.; Bennett, C.L.; Halpern, M.; Hinshaw, G.; Weiland, J.L. Elucidating ΛCDM: Impact of Baryon Acoustic

Oscillation Measurements on the Hubble Constant Discrepancy. Astroph. J. 2018, 853, 119. [CrossRef]
66. Cuceu, A.; Farr, J.; Lemos, P.; Font-Ribera, A. Baryon Acoustic Oscillations and the Hubble constant: Past, present and future. J.

Cosmol. Astropart. Phys. 2019, 2019, 044. [CrossRef]
67. Minami, Y.; Ochi, H.; Ichiki, K.; Katayama, N.; Komatsu, E.; Matsumura, T. Simultaneous determination of the cosmic

birefringence and miscalibrated polarisation angles from CMB experiments. arXiv 2019, arXiv:1904.12440.

http://dx.doi.org/10.3847/2041-8213/abdbaf
http://dx.doi.org/10.3847/2041-8213/ac5c5b
http://dx.doi.org/10.1103/PhysRevD.96.063517
http://dx.doi.org/10.1103/PhysRevD.98.043526
http://dx.doi.org/10.1093/mnras/stx2820
http://dx.doi.org/10.1103/PhysRevD.102.124059
http://dx.doi.org/10.1051/0004-6361/202038541
http://dx.doi.org/10.1051/0004-6361/201935201
http://dx.doi.org/10.1051/0004-6361/202140296
http://dx.doi.org/10.3847/2041-8213/abdd40
http://dx.doi.org/10.1140/epjc/s10052-021-09491-0
http://dx.doi.org/10.1088/1742-6596/2191/1/012001
http://dx.doi.org/10.1093/mnras/stac498
http://dx.doi.org/10.1016/j.dark.2022.101162
http://dx.doi.org/10.1086/592947
http://dx.doi.org/10.1111/j.1365-2966.2008.14089.x
http://dx.doi.org/10.1103/PhysRevLett.107.191101
http://www.ncbi.nlm.nih.gov/pubmed/22181590
http://dx.doi.org/10.1111/j.1365-2966.2012.20852.x
http://dx.doi.org/10.1103/PhysRevD.88.083529
http://dx.doi.org/10.1088/1475-7516/2018/04/031
http://dx.doi.org/10.1140/epjc/s10052-021-09701-9
http://dx.doi.org/10.1051/0004-6361/202142640
http://dx.doi.org/10.1103/PhysRevD.105.103510
http://dx.doi.org/10.1088/1475-7516/2017/04/024
http://dx.doi.org/10.3847/1538-4357/aaa1ed
http://dx.doi.org/10.1088/1475-7516/2019/10/044


Universe 2023, 9, 94 20 of 35

68. Minami, Y. Determination of miscalibrated polarization angles from observed cosmic microwave background and foreground EB
power spectra: Application to partial-sky observation. Prog. Theor. Exp. Phys. 2020, 2020, 063E01. [CrossRef]

69. Minami, Y.; Komatsu, E. New Extraction of the Cosmic Birefringence from the Planck 2018 Polarization Data. Phys. Rev. Lett.

2020, 125, 221301. [CrossRef]
70. Minami, Y.; Komatsu, E. Simultaneous determination of the cosmic birefringence and miscalibrated polarization angles II:

Including cross-frequency spectra. Prog. Theor. Exp. Phys. 2020, 2020, 103E02. [CrossRef]
71. Bullock, J.S.; Boylan-Kolchin, M. Small-Scale Challenges to the ΛCDM Paradigm. Annu. Rev. Astron. Astr. 2017, 55, 343–387.

[CrossRef]
72. Del Popolo, A.; Le Delliou, M. Small Scale Problems of the ΛCDM Model: A Short Review. Galaxies 2017, 5, 17. [CrossRef]
73. Salucci, P. The distribution of dark matter in galaxies. Astron. Astrophys. Rev. 2019, 27, 2. [CrossRef]
74. Di Paolo, C.; Salucci, P. Fundamental properties of the dark and the luminous matter from Low Surface Brightness discs. arXiv

2020, arXiv:2005.03520.
75. Verde, L.; Protopapas, P.; Jimenez, R. Planck and the local Universe: Quantifying the tension. Phys. Dark Universe 2013, 2, 166–175.

[CrossRef]
76. Fields, B.D. The Primordial Lithium Problem. Annu. Rev. Nucl. Part. Sci. 2011, 61, 47–68. [CrossRef]
77. Lusso, E.; Piedipalumbo, E.; Risaliti, G.; Paolillo, M.; Bisogni, S.; Nardini, E.; Amati, L. Tension with the flat ΛCDM model from a

high-redshift Hubble diagram of supernovae, quasars, and gamma-ray bursts. Astron. Astrophys. 2019, 628, L4. [CrossRef]
78. Risaliti, G.; Lusso, E. Cosmological Constraints from the Hubble Diagram of Quasars at High Redshifts. Nat. Astron. 2019,

3, 272–277. [CrossRef]
79. Yang, T.; Banerjee, A.; Ó Colgáin, E. Cosmography and flat Λ CDM tensions at high redshift. Phys. Rev. D 2020, 102, 123532.

[CrossRef]
80. Banerjee, A.; Ó Colgáin, E.; Sasaki, M.; Sheikh-Jabbari, M.M.; Yang, T. On problems with cosmography in cosmic dark ages. Phys.

Lett. B 2021, 818, 136366. [CrossRef]
81. Hu, J.P.; Wang, F.Y. High-redshift cosmography: Application and comparison with different methods. Astron. Astrophys. 2022,

661, A71. [CrossRef]
82. Antoniou, I.; Perivolaropoulos, L. Constraints on spatially oscillating sub-mm forces from the Stanford Optically Levitated

Microsphere Experiment data. Phys. Rev. D 2017, 96, 104002. [CrossRef]
83. Perivolaropoulos, L. Submillimeter spatial oscillations of Newton’s constant: Theoretical models and laboratory tests. Phys. Rev.

D 2017, 95, 084050. [CrossRef]
84. Bowman, J.D.; Rogers, A.E.E.; Monsalve, R.A.; Mozdzen, T.J.; Mahesh, N. An absorption profile centred at 78 megahertz in the

sky-averaged spectrum. Nature 2018, 555, 67–70. [CrossRef] [PubMed]
85. Kraljic, D.; Sarkar, S. How rare is the Bullet Cluster (in a ΛCDM universe)? J. Cosmol. Astropart. Phys. 2015, 2015, 050. [CrossRef]
86. Asencio, E.; Banik, I.; Kroupa, P. A massive blow for ΛCDM—The high redshift, mass, and collision velocity of the interacting

galaxy cluster El Gordo contradicts concordance cosmology. Mon. Not. R. Astron. Soc. 2021, 500, 5249–5267. [CrossRef]
87. Planck Collaboration. Planck 2013 results. XVI. Cosmological parameters. Astron. Astrophys. 2014, 571, A16. [CrossRef]
88. Planck Collaboration. Planck intermediate results. LI. Features in the cosmic microwave background temperature power

spectrum and shifts in cosmological parameters. Astron. Astrophys. 2017, 607, A95. [CrossRef]
89. Jones, D.O.; Riess, A.G.; Scolnic, D.M.; Pan, Y.C.; Johnson, E.; Coulter, D.A.; Dettman, K.G.; Foley, M.M.; Foley, R.J.; Huber, M.E.;

et al. Should Type Ia Supernova Distances Be Corrected for Their Local Environments? Astroph. J. 2018, 867, 108. [CrossRef]
90. Shanks, T.; Hogarth, L.M.; Metcalfe, N. Gaia Cepheid parallaxes and ’Local Hole’ relieve H0 tension. Mon. Not. R. Astron. Soc.

2019, 484, L64–L68. [CrossRef]
91. Planck Collaboration. Planck 2018 results. I. Overview and the cosmological legacy of Planck. Astron. Astrophys. 2020, 641, A1.

[CrossRef]
92. Rigault, M.; Brinnel, V.; Aldering, G.; Antilogus, P.; Aragon, C.; Bailey, S.; Baltay, C.; Barbary, K.; Bongard, S.; Boone, K.; et al.

Strong dependence of Type Ia supernova standardization on the local specific star formation rate. Astron. Astrophys. 2020,
644, A176. [CrossRef]

93. Carneiro, S.; Pigozzo, C.; Alcaniz, J.S. Redshift systematics and the H0 tension problem. Eur. Phys. J. Plus 2022, 137, 537.
[CrossRef]

94. de Jaeger, T.; Galbany, L.; Riess, A.G.; Stahl, B.E.; Shappee, B.J.; Filippenko, A.V.; Zheng, W. A 5 per cent measurement of the
Hubble-Lemaître constant from Type II supernovae. Mon. Not. R. Astron. Soc. 2022, 514, 4620–4628. [CrossRef]

95. Hill, J.C.; McDonough, E.; Toomey, M.W.; Alexander, S. Early dark energy does not restore cosmological concordance. Phys. Rev.

D 2020, 102, 043507. [CrossRef]
96. D’Amico, G.; Senatore, L.; Zhang, P.; Zheng, H. The Hubble tension in light of the Full-Shape analysis of Large-Scale Structure

data. J. Cosmol. Astropart. Phys. 2021, 2021, 072. [CrossRef]
97. Shah, P.; Lemos, P.; Lahav, O. A buyer’s guide to the Hubble constant. Astron. Astrophys. Rev. 2021, 29, 9. [CrossRef]
98. Verde, L.; Treu, T.; Riess, A.G. Tensions between the early and late Universe. Nat. Astron. 2019, 3, 891–895. [CrossRef]
99. Weinberg, D.H.; Mortonson, M.J.; Eisenstein, D.J.; Hirata, C.; Riess, A.G.; Rozo, E. Observational probes of cosmic acceleration.

Phys. Rep. 2013, 530, 87–255. [CrossRef]

http://dx.doi.org/10.1093/ptep/ptaa057
http://dx.doi.org/10.1103/PhysRevLett.125.221301
http://dx.doi.org/10.1093/ptep/ptaa130
http://dx.doi.org/10.1146/annurev-astro-091916-055313
http://dx.doi.org/10.3390/galaxies5010017
http://dx.doi.org/10.1007/s00159-018-0113-1
http://dx.doi.org/10.1016/j.dark.2013.09.002
http://dx.doi.org/10.1146/annurev-nucl-102010-130445
http://dx.doi.org/10.1051/0004-6361/201936223
http://dx.doi.org/10.1038/s41550-018-0657-z
http://dx.doi.org/10.1103/PhysRevD.102.123532
http://dx.doi.org/10.1016/j.physletb.2021.136366
http://dx.doi.org/10.1051/0004-6361/202142162
http://dx.doi.org/10.1103/PhysRevD.96.104002
http://dx.doi.org/10.1103/PhysRevD.95.084050
http://dx.doi.org/10.1038/nature25792
http://www.ncbi.nlm.nih.gov/pubmed/29493587
http://dx.doi.org/10.1088/1475-7516/2015/04/050
http://dx.doi.org/10.1093/mnras/staa3441
http://dx.doi.org/10.1051/0004-6361/201321591
http://dx.doi.org/10.1051/0004-6361/201629504
http://dx.doi.org/10.3847/1538-4357/aae2b9
http://dx.doi.org/10.1093/mnrasl/sly239
http://dx.doi.org/10.1051/0004-6361/201833880
http://dx.doi.org/10.1051/0004-6361/201730404
http://dx.doi.org/10.1140/epjp/s13360-022-02744-1
http://dx.doi.org/10.1093/mnras/stac1661
http://dx.doi.org/10.1103/PhysRevD.102.043507
http://dx.doi.org/10.1088/1475-7516/2021/05/072
http://dx.doi.org/10.1007/s00159-021-00137-4
http://dx.doi.org/10.1038/s41550-019-0902-0
http://dx.doi.org/10.1016/j.physrep.2013.05.001


Universe 2023, 9, 94 21 of 35

100. Bennett, C.L.; Larson, D.; Weiland, J.L.; Jarosik, N.; Hinshaw, G.; Odegard, N.; Smith, K.M.; Hill, R.S.; Gold, B.; Halpern, M.; et al.
Nine-year Wilkinson Microwave Anisotropy Probe (WMAP) Observations: Final Maps and Results. Astrophys. J. Suppl. Ser. 2013,
208, 20. [CrossRef]

101. Knox, L.; Millea, M. Hubble constant hunter’s guide. Phys. Rev. D 2020, 101, 043533. [CrossRef]
102. SPT-3G Collaboration. Measurements of the E -mode polarization and temperature-E -mode correlation of the CMB from SPT-3G

2018 data. Phys. Rev. D 2021, 104, 022003. [CrossRef]
103. Aiola, S.; Calabrese, E.; Maurin, L.; Naess, S.; Schmitt, B.L.; Abitbol, M.H.; Addison, G.E.; Ade, P.A.R.; Alonso, D.; Amiri, M.;

et al. The Atacama Cosmology Telescope: DR4 maps and cosmological parameters. J. Cosmol. Astropart. Phys. 2020, 2020, 047.
[CrossRef]

104. Freedman, W.L.; Madore, B.F.; Gibson, B.K.; Ferrarese, L.; Kelson, D.D.; Sakai, S.; Mould, J.R.; Kennicutt, R,C., Jr.; Ford, H.C.;
Graham, J.A.; et al. Final Results from the Hubble Space Telescope Key Project to Measure the Hubble Constant. Astroph. J. 2001,
553, 47–72. [CrossRef]

105. Freedman, W.L.; Madore, B.F.; Scowcroft, V.; Burns, C.; Monson, A.; Persson, S.E.; Seibert, M.; Rigby, J. Carnegie Hubble Program:
A Mid-infrared Calibration of the Hubble Constant. Astroph. J. 2012, 758, 24. [CrossRef]

106. Lusso, E.; Risaliti, G. The Tight Relation between X-Ray and Ultraviolet Luminosity of Quasars. Astroph. J. 2016, 819, 154,
[CrossRef]

107. Bisogni, S.; Risaliti, G.; Lusso, E. A Hubble Diagram for Quasars. Front. Astron. Space Sci. 2017, 4, 68. [CrossRef]
108. Lusso, E.; Risaliti, G. Quasars as standard candles. I. The physical relation between disc and coronal emission. Astron. Astrophys.

2017, 602, A79. [CrossRef]
109. Melia, F. Cosmological test using the Hubble diagram of high-z quasars. Mon. Not. R. Astron. Soc. 2019, 489, 517–523. [CrossRef]
110. Khadka, N.; Ratra, B. Quasar X-ray and UV flux, baryon acoustic oscillation, and Hubble parameter measurement constraints on

cosmological model parameters. Mon. Not. R. Astron. Soc. 2020, 492, 4456–4468. [CrossRef]
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