THE WAVE EQUATION ON BLACK RINGS AND THE LINEAR
STABILITY OF SLOWLY ROTATING KERR SPACETIMES

A THESIS PRESENTED FOR THE DEGREE OF
DoOCTOR OF PHILOSOPHY OF IMPERIAL COLLEGE LONDON
AND THE
DipLOMA OF THE IMPERIAL COLLEGE

BY

GABRIELE BENOMIO

DEPARTMENT OF MATHEMATICS
IMPERIAL COLLEGE LONDON
180 QUEEN’S GATE, LONDON SW7 2AZ

UNITED KINGDOM

AucusT 2020






iii

A Cristina






I certify that this thesis, and the research to which it refers, are the product of my own work,
and that any ideas or quotations from the work of other people, published or otherwise, are
fully acknowledged in accordance with the standard referencing practices of the discipline. None

of the material presented in this thesis is the outcome of work done in collaboration.

Chapter 2 of this thesis is based on the paper

The Stable Trapping Phenomenon for Black Strings and Black Rings and its Ob-
structions on the Decay of Linear Waves (2018), arXiv:1809.07795v1.

The content of Chapter 3 is unpublished in any form at the time of submission.

This thesis has not been submitted for any other degree or qualification.

Signed:




COPYRIGHT

The copyright of this thesis rests with the author and is made available under a Creative
Commons Attribution Non-Commercial No Derivatives licence. Researchers are free to copy,
distribute or transmit the thesis on the condition that they attribute it, that they do not use it
for commercial purposes and that they do not alter, transform or build upon it. For any reuse

or redistribution, researchers must make clear to others the licence terms of this work.

vi



ACKNOWLEDGMENTS

I would like to thank my PhD advisors Gustav Holzegel and Claude Warnick for their contin-
uous guidance, for the generosity in sharing their ideas and expertise with me and for their

friendship. I very much enjoyed my time as a graduate student.

I am grateful to Mihalis Dafermos, Dejan Gajic, Mahir Hadzi¢, Thomas Johnson, Joe Keir,
Igor Rodnianski and Martin Taylor for insightful discussions and support during my PhD. 1
also thank Mihalis Dafermos and Ari Laptev for examining the present thesis and for their

many useful comments.

My research has been funded by Imperial College London through an EPSRC/Roth Scholarship
for Mathematics and by the Royal Society through the Royal Society Tata University Research
Fellowship URF\R1\191409. I would like to thank the Department of Pure Mathematics and
Mathematical Statistics at the University of Cambridge for the hospitality during a year-long

visit.

Last, but certainly not least, I am thankful to my family and friends for the unconditional love.

vil



ABSTRACT

The existence of black holes is perhaps the most spectacular prediction of Einstein’s classical
theory of general relativity. Recent advances in both theoretical and experimental physics, such
as the discovery of gravitational waves, have confirmed that black holes are stable, macroscopic
objects playing a fundamental role in our universe. On the other hand, modern physical theories
demand for a higher dimensional formulation of general relativity, and thus to understand the
stability properties of black holes within a wider scenario than the one directly probed by the
astrophysical observations. However, the mathematical question of whether black holes are stale

as solutions to the vacuum Einstein equations
Ric(g) =0,

known as the black hole stability problem, remains, to large extent, open. The present thesis

contributes to the black hole stability problem with two theorems.

Chapter 2 of the thesis considers a family of higher dimensional black holes, known as black
rings. The potential stability of this family, and the part that physical theories should reserve
to them if unstable, have been largely investigated in the physics literature. The main theorem
of the chapter is the first mathematically rigorous result suggesting that these black holes are
unstable to gravitational perturbations. In particular, we establish a logarithmic lower bound

for the uniform energy decay rate of scalar linear perturbations on black ring spacetimes.

Chapter 3 of the thesis deals with the Kerr family of black holes, which is believed to characterise
all the astrophysical stationary black holes. To agree with our physical expectation, the Kerr
stability conjecture claims that these black holes are stable to gravitational perturbations. The
content of the chapter represents the first part of work by the author providing the last missing
ingredient towards a final proof of the conjecture for the slowly rotating members of the Kerr
family. More precisely, we formulate the problem of linear stability of Kerr black holes to

gravitational perturbations in a new geometric gauge.

viii



CONTENTS

1 INTRODUCTION 1
1.1 Four dimensional black holes: Stability . . . . . . . ... ... ... ........ 3
1.2 Higher dimensional black holes: Instability . . . . . . . ... ... ... ... ... 4
1.3 Guide to reading the thesis . . . . . . . . .. ... Lo 5

2 THE STABLE TRAPPING PHENOMENON FOR BLACK RINGS AND ITS OBSTRUCTIONS ON

THE DECAY OF LINEAR WAVES 6
2.1 Introduction . . . . . . . . . L 7
2.1.1 The scalar linear wave equation . . . . . . . . . . ... ... ... 8
2.1.2 Stable trapping and slow energy decay . . . . . . . . .. .. .. ... .. 10
2.1.3 Quasimodes and lower bound on the uniform energy decay rate . . . . . . 11
2.1.4 Themainresults . . . . . . . . ... 14
2.1.5  Stable trapping in higher dimensional black holes . . . . . . . . ... ... 17
2.1.6 A new instability for black strings and black rings . . .. ... ... ... 18
2.1.7 Overview of the proof of Theorem 2.2 . . . . . .. .. ... ... ..... 19
2.1.8 Applications of our method and outlook . . . . .. ... ... ... .... 23
2.2 Notation and conventions . . . . . . . . . ... L0 Lo 23
2.3 Metrics . . . . L e 25
2.3.1 Static black string . . . . . ... L 25
2.3.2 Boosted black string . . . . ... .o 25
2.3.3 Singly-spinning black ring . . . . ... ..o Lo 26
2.3.4 Foliation . . . . . . . . . L 30
2.4 Vectorfield Method and energy currents . . . . .. .. ... ... ... ...... 31
2.5 The main theorem . . . . . . . . .. . L L 32
2.6 Separation of the wave equation and reduction . . . . ... .. ... .. ..... 33
2.7 Eigenvalue problem for the static black string . . . . . . ... ... ... 35
2.7.1 Continuity of the potential . . . . . . . .. . ... ... ... ... .. 37
272 Weyl'slaw for (2.38) . . . . . . .. 38
2.8 Eigenvalue problem for the boosted black string . . . . . . ... ... ....... 45
2.8.1 Preliminaries . . . . . . . . . .. e 47
2.8.2 Alower bound for w? . .. ... ... 54
2.8.3 An application of the Implicit Function Theorem . . . . . ... ... ... 56
2.8.4 The main theorem for the eigenvalue problem (2.47) . . . . ... ... .. 58
2.9 Eigenvalue problem for the black ring . . . .. .. .. ... ... ... ... .. 60
2.9.1 A local property of the ring potential V(ani Jy e 62
2.9.2 Black rings admit stable trapping . . . . . . .. ... 0oL 63
2.9.3 Formulation of the eigenvalue problem . . . . . . .. .. .. ... ... .. 65

X



2.9.4 A second application of the Implicit Function Theorem . . . ... .. .. 68

2.10 Proof of Theorem 2.3 . . . . . . . . . . . . 71
2.10.1 A lemma for the energy estimate . . . . . . .. .. ... ... ... .. .. 71
2.10.2 Agmon distance . . . . .. ..o 72
2.10.3 The key energy estimate . . . . . . . . .. .. L Lo oo 73
2.10.4 Construction of quasimodes . . . . . . . . . ... 7
2.10.5 Lower bound for the uniform energy decay rate . . . . . . . ... ... .. 78

3 THE LINEAR STABILITY OF THE SLOWLY ROTATING KERR SOLUTION TO GRAVITA-

TIONAL PERTURBATIONS: THE CONSTRUCTION OF A NEW GEOMETRIC GAUGE 81
3.1 Introduction . . . . . . . . .. L 82
3.2 OVErview . . ... oL 85
3.2.1 Geometric preliminaries . . . . . .. ... Lo oo 87
3.2.2 The Kerr exterior background . . . . . . .. ... L o000 90
3.2.3 The nonlinear gauge . . . . . . . . . . .. e 97
3.2.4 The linearised Einstein equations . . . . . . . . . ... ... ... 111

3.3 The vacuum Einstein equations in a general gauge . . . . .. .. ... ... ... 118
3.3.1 The geometry of non-integrable null frames . . . . . . . . ... ... ... 118
3.3.2 Decomposition of x and x . . . . . . ... 123
3.3.3 Products of Dar tensors . . . . . ... 124
3.3.4 Differential operators on ®ar tensors . . . . . . ... 125
3.3.5 The vacuum Einstein equations . . . . . . . . .. ... L Lo 128

3.4 The Kerr exterior manifold . . . . . .. .. ... o Lo 132
3.5 A new gauge for perturbations of the Kerr solution . . . . . . ... ... .. ... 139
3.5.1 The construction of the new gauge . . . . . ... ... ... ... ..... 141
3.5.2 Tensor perturbations . . . . . . . . ... ... 146
3.5.3 Properties of the new gauge . . . . . . ... ... L. 152

3.6 The vacuum Einstein equations around Kerr in the new gauge . .. .. ... .. 153
3.7 The linearised vacuum Einstein equations around Kerr . . . . . . . . .. ... .. 155
3.7.1 The linearisation procedure . . . . . . . . . .. ... oL 155
3.7.2 The equations of linearised gravity . . . . . . .. .. ... ... ... ... 170
Appendix A: The formal derivation of the equations . . . . . . ... ... ... .... 177
REFERENCES 191



INTRODUCTION

The results established in this thesis lie at the interface between the analysis of nonlinear partial
differential equations and Einstein’s classical theory of general relativity. The thesis is primarily

devoted to the study of the dynamical properties of the vacuum FEinstein equations
Ric(g) =0, (1.1)
with a particular focus on the long-time dynamics of the so-called black hole solutions.

The general framework underlying the thesis is that of the initial value problem for (1.1). Upon
fixing a differentiable structure, the vacuum Einstein equations form a system of nonlinear par-
tial differential equations with a Lorentzian manifold (M, g) as the unknown. The formulation
of such an initial value problem, and the proof of its local well-posedness, crucially rely on

understanding the system (1.1) as a system of nonlinear wave equations in the metric g.

The problems addressed in the thesis start from considering a well-known explicit solution
(M, g) to the vacuum Einstein equations, arising from initial data D, and investigate a nonlinear

(asymptotic) stability statement like the following:

Meta-Theorem 1 (Nonlinear stability). For all initial data sufficiently close to D, the mazimal
solution (M, g) to the vacuum FEinstein equations (1.1) exists globally in time and asymptotically
converges to (M,§) (or a nearby (M',7)).

A nonlinear stability theorem for (1.1) has been proven by the monumental work of Christodoulou—
Klainerman [14] when (M, §) corresponds to the trivial solution to (1.1), the Minkowski space-
time. A far more challenging problem is dealing with the case when (//\Z, g) has a more com-
plicated geometry, as for black hole solutions. The problem is known as the black hole stability

problem and lies at the core of this thesis.

The main difficulties in proving stability statements for the Einstein equations arise from both



the nonlinear and geometric characters of the equations. As it is often the case in the analysis
of partial differential equations, linear problems modelling (1.1) have proved to give insightful
information on the nonlinear dynamics. The two classes of linear problems typically addressed

are:

(i) Stability of solutions to the linearised Einstein equations: One considers the initial
value problem for the linear system of equations obtained from linearising (1.1) relative to a
reference solution (M, g). The manifold (M, g) is the solution to (1.1) whose stability properties

are examined and is said to be linearly stable if a statement like the following holds:

Meta-Theorem 2 (Linear stability). Given suitable initial data for the system of linearised
Einstein equations around (Mv, 9), the (unique and global in time) solution to the system decays
in time and asymptotically converges to a precise reference solution (determined from (M,gq))

solving the linearised Einstein equations.

Understanding the linear stability of a black hole solution is a crucial step towards proving its
nonlinear stability, as made clear by recent work of Dafermos—Holzegel-Rodnianski [19] for the
case of the Schwarzschild solution. Meta-Theorem 2 typically relies on techniques developed in
the easier study of the scalar linear wave equation on (Mv , ), for which the tensorial nature of

the Einstein equations is suppressed.

(ii) Uniform energy decay of solutions to the scalar linear wave equation: Since (1.1)
is a system of nonlinear wave equations, a natural toy problem to investigate is the initial value

problem for the scalar linear wave equation
Oy ¢=0 (1.2)

on a fixed Lorentzian manifold (./W , ) whose stability properties we are interested in. To hope
for nonlinear stability of (M, g), the theorem that one aims to prove is a uniform (local) energy

decay statement for solutions to (1.2):

Meta-Theorem 3 (Uniform energy decay). There exists a universal constant C > 0 (inde-
pendent of time) such that, for any solution ¢ to (1.2) with smooth, compactly supported initial
data prescribed at time t = 0, the inequality

eWlgl(t) < € 8(t) D[] (0)

loc

holds for any t > 0, with 6(t) scalar function such that lim;_, 4o 0(t) = 0. The local energy
5(1)[¢] is defined over an arbitrary compact set and the energy £?)[¢] is a higher order energy

loc

mvolving derivatives of the solution up to second order.

A fast (polynomial) uniform energy decay rate d(¢) for solutions to (1.2) is a valid indication

that one should expect nonlinear stability for (M ,g). In the context of the black hole stability



problem, this ultimately motivates the study of the wave equation on black holes, like the one

carried out by Dafermos—Rodnianski-Shlapentokh-Rothman [27] for the Kerr solution.

This thesis contributes to the mathematical study of the black hole stability problem with two
theorems. The two results are versions of Meta-Theorem 2 and Meta-Theorem 3 specialised to

particular choices of (Mv ,§), namely Kerr black holes and black rings.

Although the two theorems are independent results, they can be conceptually related within

the following dichotomy:
STABILITY VS INSTABILITY.

In fact, one of the two results concerns black hole stability and constitutes Chapter 3 of the
thesis. The other result deals with a particular kind of black hole instability and forms Chapter
2 of the thesis. The overarching theme of this thesis is that such a dichotomy can be connected

to a second dichotomy:

FOUR DIMENSIONAL BLACK HOLES VS HIGHER DIMENSIONAL BLACK HOLES.

Before further elaborating on this, we remark that, throughout the thesis, we restrict our
attention to the exterior region of black hole solutions to the vacuum Einstein equations with
zero cosmological constant. The interior region of black holes represents a separate (but, to
large extent, connected) story. For the vacuum Einstein equations with positive cosmological
constant, the nonlinear stability of the trivial solution, de Sitter spacetime, and the slowly
rotating Kerr—de Sitter black holes has been fully understood [43, 54]. In contrast, for negative
cosmological constant, the trivial solution, Anti-de Sitter spacetime, has been conjectured to be
dynamically unstable [16], the same being true for the Kerr—Anti-de Sitter family of black hole

spacetimes [59)].

1.1 Four dimensional black holes: Stability

The only known family of explicit stationary black hole solutions solving (1.1) is called the Kerr
family. In fact, the Kerr family is conjectured to be the only family of stationary asymptotically
flat black holes and thus to characterise all the possible stationary endstates of black hole dy-
namics. Such a conjecture, known as the Final State Conjecture [73], motivates the expectation

that Kerr black hole solutions are nonlinearly stable.

Conjecture (Kerr Stability Conjecture). Let (Mv, g) be a Kerr black hole solution to the Fin-
stein equations with corresponding initial data . For all initial data sufficiently close to D, the
mazximal solution (M, g) to the Einstein equations (1.1) exists globally in time and asymptoti-

cally converges to a nearby member of the Kerr family (M’',q").



A mathematical proof of the Kerr stability conjecture remains a fundamental open question in
the field of hyperbolic partial differential equations. Solving such a conjecture requires a deep

understanding of the nonlinear dynamics of Kerr black holes.

Recent work of Dafermos—Holzegel-Rodnianski [19] has made clear that the crucial step to
approach the nonlinear stability problem for black holes is to first understand key quantita-
tive aspects of the linear stability problem. Works [19, 20] also demonstrate that how such

quantitative statements are achieved is fundamental to then address the nonlinear problem.

Work [19] considers the Schwarzschild subfamily of static black holes and opens the way towards
a proof of nonlinear stability of Schwarzschild black holes. The aim of Chapter 3 of the thesis is
to provide the first part of a proof of linear stability for stationary, slowly rotating Kerr black
holes. This is the crucial ingredient to then be able to address the nonlinear stability problem

for slowly rotating Kerr black holes.

Theorem 1.1 (Linear stability of slowly rotating Kerr black holes, Chapter 3). Given suitable
wnitial data for the system of linearised Einstein equations around a slowly rotating member of
the Kerr family (Mv, g), the (unique and global in time) solution to the system decays (inverse

polynomially) in time and asymptotically converges to a reference linearised Kerr solution.

Our proof of Theorem 1.1 lies within the framework developed by Dafermos—Holzegel-Rodnianski
[19] and Dafermos—Holzegel-Rodnianski-Taylor [20]. In light of the latter work [20], Theorem
1.1 can be viewed as the remaining ingredient to establish nonlinear stability for slowly rotating
Kerr black holes in that framework. As a by-product, our approach circumvents some of the
technical difficulties of the proof of linear stability for Schwarzschild black holes of [19].

1.2 Higher dimensional black holes: Instability

The Einstein equations can be mathematically formulated in any dimension. Higher dimensional
general relativity, namely the theory of general relativity in a number of dimensions greater than
four, is a major area of research in gravitational physics. The flourishing of this subject has

been mainly motivated by the study of unifying theories, such as string theory.

Quite remarkably, and in contrast with the rigidity of the Kerr family, the higher dimensional
vacuum Einstein equations admit several families of stationary black hole solutions. A natural
question to ask is whether the new families of black holes are nonlinearly stable. As for other
partial differential equations, it turns out that the stability properties of solutions to the Einstein

equations heavily depend on the number of dimensions.

The black hole stability problem in higher dimensions is the subject of Chapter 2 of the thesis. In
stark contrast to the conjectured stability of the Kerr family of black holes of Chapter 3, some of
the higher dimensional black hole solutions are expected to be unstable. A well-known example

of unstable solutions are black rings, a family of five-dimensional stationary asymptotically flat

4



black holes discovered by Emparan—Reall [34]. Understanding their conjectured instability from
the mathematically rigorous perspective would shed light on precise aspects of the Einstein

equations that set the four-dimensional formulation apart from other higher dimensions.

The thesis contributes to the study of black ring instabilities with the following theorem.

Theorem 1.2 (Uniform energy decay rate on black rings, Chapter 2). Let (//\/lv ,g) be a slowly
rotating black ring solution to the Einstein equations (1.1). Consider solutions to the wave
equation Oz ¢ = 0 arising from smooth, compactly supported initial data prescribed at time
t = 0. Then, for any k € N, there exists a universal constant Cy > 0 (independent of time) such
that

fimsup sup flog(2 +1)] (g<k+1>[¢1<o> > Gk

where the local energy is defined over a suitable compact set and the energy E(k“)[qﬁ] s a higher

order energy involving derivatives of the solution up to order k + 1.

Logarithmic uniform energy decay of linear waves on slowly rotating black rings follows by a
recent generalisation [89] of a classical decay result of Burq [5]. Theorem 1.2 provides a complete,
sharp description of such a decay, namely it proves that no uniform energy decay with decay rate
faster than logarithmic can possibly hold. Logarithmic decay at the linear level is regarded as
slow decay, in that it cannot be directly applied to prove small data global existence for nonlinear
wave equations. In this sense, this is the first theorem suggesting the nonlinear instability of

black rings.

1.3 Guide to reading the thesis

This thesis consists of three chapters. Chapter 1 serves as an introduction. Chapter 2 investigates
the decay of scalar linear waves on black rings. Chapter 3 addresses the linear stability of slowly
rotating Kerr black holes to gravitational perturbations. Each of the chapters is self-contained

and starts with a brief abstract, an introduction and an overview.

The main results of the thesis are Theorem 2.3 of Chapter 2 and Theorem 3.2, combined with
the system of equations of Section 3.7.2, of Chapter 3.

A selective reading of the thesis should go through
x Chapter 1,

*x Chapter 2: Sections 2.1, 2.5 and 2.10,

x Chapter 3: Sections 3.1, 3.2, 3.5 and 3.7.2.



THE STABLE TRAPPING PHENOMENON FOR
BLACK RINGS AND ITS OBSTRUCTIONS ON THE
DECAY OF LINEAR WAVES

The geometry of solutions to the higher dimensional vacuum Einstein equations presents aspects
that are absent in four dimensions, one of the most remarkable being the existence of stably
trapped null geodesics in the exterior of asymptotically flat black holes. This chapter of the
thesis investigates the stable trapping phenomenon for two families of higher dimensional black
holes, namely black strings and black rings, and how this trapping structure is responsible for
the slow decay of linear waves on their exterior. More precisely, we study decay properties for

the energy of solutions to the scalar, linear wave equation
Dgring\]:j = O’

where gring is the metric of a fixed black ring solution to the five-dimensional vacuum Einstein
equations. For a class g of black ring metrics, we prove a logarithmic lower bound for the uniform
energy decay rate on the black ring exterior (D, gring), With gring € g. The proof generalizes
the perturbation argument and quasimode construction of Holzegel-Smulevici [59] to the case
of a non-separable wave equation and crucially relies on the presence of stably trapped null
geodesics on D. As a by-product, the same logarithmic lower bound can be established for any

five-dimensional black string.

Our result is the first mathematically rigorous statement supporting the expectation that black
rings are dynamically unstable to generic perturbations. In particular, we conjecture a new
nonlinear instability for five-dimensional black strings and thin black rings which is already
present at the level of scalar perturbations and clearly differs from the mechanism driven by

the well-known Gregory—Laflamme instability.



2.1 Introduction

The question of the classical stability of higher dimensional black holes has motivated a lot
of recent activity in the physics literature. From our perspective, what is most intriguing is
that higher dimensional general relativity is not just a formal extension of the four dimensional
theory, but it presents novel mathematical features, the most striking being the failure of the
rigidity and exterior stability properties of stationary black hole solutions that one expects in

four dimensions. See reviews [36, 60] and references therein.

The crucially new aspects of the higher dimensional theory are already manifest in five dimen-
sions, for which a number of explicit families of black holes have been discovered [107, 91, 33, 34,
88, 39, 92, 77, 31]. Indeed, the geometry and classification of solutions to the five-dimensional
vacuum Einstein equations is the better understood among all possible higher dimensions, and

this is one of the reasons why this chapter focuses on dimension five.

For what will be later discussed, we are particularly interested in three of these families of five-
dimensional black holes. The first originates from the somehow straightforward observation that
one can produce new solutions by adding a flat direction to a four dimensional black hole [47].
In this way, black strings of the form Schw, x R and Kerry X R can be constructed, where points
along the new extended direction are usually periodically identified. Black strings suffer from
a linear instability to gravitational perturbations, the so-called Gregory—Laflamme instability
[48, 15]. The nonlinear dynamics of such instability has been largely investigated numerically

and seems to suggest a possible violation of the weak cosmic censorship [80].

While black string spacetimes are not asymptotically flat, there exists a number of indepen-
dent families of stationary, asymptotically flat black hole solutions in five dimensions, including
Myers—Perry black holes [91] and black rings [34, 92]. The former are a five-dimensional general-
ization of the Kerr family to black holes with two planes of rotation and event horizon topology

53, while black rings form a completely new family, with no analogue in four dimensions.

The most remarkable property of black rings is the non-spherical horizon topology S' x S2. Black
rings can be singly-spinning, with rotation along the S*, or doubly-spinning, with rotation along
both the S! and the S2. The mere existence of these additional solutions seriously questions
the possibility to recover any rigidity result in five dimensions (see review [35]). From the
stability point of view, both heuristic and numerical works show that every member of this
family is affected by linear instabilities to gravitational perturbations [41, 100]. In particular,
rings whose radius is much greater than the S2-radius at the event horizon, often called thin
black rings, resemble black strings and suffer from Gregory-Laflamme instabilities [32, 62].
The nonlinear, numerical evolution of such instabilities strongly suggests that black rings are
nonlinearly unstable to generic perturbations and possibly lead to a violation of the weak cosmic

censorship conjecture [40].

The aim of this chapter of the thesis is to provide a first mathematically rigorous

result in the context of the stability problem for black rings.
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2.1.1 The scalar linear wave equation

Some of the main difficulties in the mathematical study of the Einstein equations originate from
the nonlinear, and together tensorial, character of the equations. Given the hyperbolicity of the

Einstein equations, the scalar, linear wave equation
Og¥ =0 (2.1)

on a fized Lorentzian background manifold (D, g) is a preliminary (and, in principle, simpler)
toy model to consider. Typically, one chooses the spacetime (D, g) whose nonlinear stability is
under investigation and studies properties of solutions to (2.1), such as uniform boundedness
and decay in time of the energy associated to W.! Uniform boundedness and sufficiently strong

decay of the energy at the linear level are typically essential to hope for nonlinear stability of
(D, g).

In this regard, we are ultimately interested in uniform energy statements of the form

There exists a universal constant C' > 0 (independent of time) such that, for any
given smooth, compactly supported initial data® at time t = 0, solutions to (2.1)

satisfy

E[V](t) < CE[Y](0) (uniform boundedness)
Eioc[¥](t) < Co(t)E[¥](0) (decay) (2:2)

for any t > 0, where 6(t) — 0 as t — oo.

The energy E[¥](t) is a positive definite quantity of the form

80&
Z/Z\\I/]t:r

|lal=1

for some suitable spacelike hypersurface ;.5 A k-th (higher) order energy involves higher

derivatives of the solution

~ > 0% 2 (t, )

1<]al<k />t

We sometimes refer to local energy statements, for which the local energy of the solution

ool ¥ Z/ 07 (1, ) da
b

e

!One is ultimately interested in proving pointwise decay for U. The methods of proving pointwise decay by
means of estimates involving positive definite, L?-based quantities (energies) are frequently called energy methods.
These provide a robust framework to deal with both linear and nonlinear problems.

2This is the class of initial data that we consider throughout the introduction, even if not specified.

3The reader should refer to Section 2.2 for multi-index notation and the meaning of ~. In Section 2.3 we
define hypersurfaces ¥;, while in Section 2.4 we give a rigorous definition of the energy.
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is considered, with ¥; N Q2 some bounded, non-empty set. We will also denote it as Eq[¥](t).
The function 4(t) appearing in (2.2) is the uniform energy decay rate.

It is crucial that our energy statements are uniform, in the sense that they hold for any solution
to the wave equation and for all times t > 0. If no uniform energy decay with decay rate faster

than 0(¢) can possibly hold, we say that the uniform decay rate is sharp.

Of particular interest for us is the case when (D, g) is the exterior region of a black ring space-
time. Before moving to that, we first briefly outline the state of the art for linear waves on some

other black hole exteriors of relevance for our discussion.

A series of works [68, 4, 23, 84, 25, 24, 85, 2, 108, 109], culminating in [27], has shown that the
energy of any solution to (2.1) (and of all its higher order derivatives) is uniformly bounded
and, in fact, decays (fast) polynomially in time on the exterior of sub-extremal Kerr black holes,
with a higher order energy on the right hand side of (2.2).# This remains true up to the event
horizon, in contrast with extremal Kerr black holes, for which some derivatives do not decay

along the horizon [3].

For Kerr-AdS black holes, the energy of solutions is uniformly bounded and decays logarith-
mically in time when the black hole parameters satisfy certain bounds [55, 58]. In fact, such
uniform energy decay rate is sharp [59]. In some other parameter regime, superradiance allows

linear waves to grow exponentially in time [29].

For higher dimensional spacetimes, works [78, 102] show polynomial decay on Schwarzschild
black holes in any dimension, while [79] proves integrated local energy decay on five-dimensional

Myers—Perry black holes with small angular momenta.

The wave equation on the exterior of black strings has been mainly investigated from the
numerical point of view. For Schwarzschild black strings, the numerical analysis in [6] suggests
the absence of growing mode solutions, even when the black string gets boosted. The expectation
is different for Kerr black strings, for which superradiant instabilities have been numerically
shown [7, 8, 99].

Scalar perturbations of black rings will be the main topic of the present chapter. To the best of
the author’s knowledge, there is no rigorous study of the wave equation on these spacetimes in
the literature (apart from an application of a general result by Moschidis [89], we will come back
to this later). In view of the fact that the near-horizon geometry of large radius, thin black rings
approximates that of a boosted black string, heuristic arguments suggest a correlation between
properties of linear waves on black strings and on this class of black rings [6, 28]. In this
respect, one could expect uniform boundedness and decay on singly-spinning thin black rings,
which approximate Schwarzschild boosted black strings, and possible instabilities on doubly-
spinning thin black rings, because the geometry is now close to the one of a Kerr boosted black

string. Our work exploits, to some extent, this heuristic.

4For reasons that we shall discuss later, uniform energy decay on black hole exteriors cannot have the same
right hand side of (2.2). When we refer to decay on such spacetimes, we always implicitly consider an inequality
like (2.2), but with a higher order energy on the right hand side.
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It is important to note that the problem of studying the linear wave equation on a spacetime
is different (but, of course, related) from investigating the linear stability of such spacetime to
gravitational perturbations. In fact, the presence of an instability at the level of gravitational
perturbations, such as the Gregory-Laflamme growing modes for thin black rings, might be an

effect that is not manifest for scalar perturbations. This in part motivates our analysis.

2.1.2 Stable trapping and slow energy decay

One of the various geometric aspects of (D, g) interacting with wave propagation is null geodesic
trapping. High frequency solutions (or high frequency components of solutions) to the wave
equation approximately propagate along null geodesics for very long time. In the presence of
trapped null geodesics, this causes an obstruction to decay. A manifestation of this obstruction

is that uniform energy decay estimates of the form (2.2) cannot hold [94, 101].

Furthermore, the structure of trapping is crucial when one proves energy decay. Trapping that
occurs at the Schwarzschild photon sphere » = 3M and in the Kerr exterior region is unstable.
Even though the high frequency components of a solution are trapped, the good structure of

trapping allows an integrated local energy decay estimate of the form
oo
| xBdwi()ds 5 E[w0).
0

which degenerates at the trapping set, on which y = 0.>:% This degeneracy can be removed by

losing a derivative at initial time

/0 " Bro[W](s) ds < Fa[w)(0). (2.3)

In contrast, the presence of stable trapping in Kerr-AdS spacetimes prevents from proving
integrated energy decay for high frequencies, as first shown in [58]. This difference is what
originates the different uniform energy decay rate: While integrated local energy decay (2.3)

permits to establish polynomial decay on Kerr black holes [27, 22]
1
Bioe ¥)(1) $ 35 B0l ¥)(0) 24)

for a suitable choice of spacelike hypersurfaces ¥, one can only prove logarithmic decay for
Kerr-AdS spacetimes [58]

1

Eioc[P](t) S fog(2 + 12

E5[9](0) .

5See Section 2.2 for the meaning of <.

SHere we are omitting another important property of Kerr black holes, namely the fact that superradiant com-
ponents of solutions are not trapped. Together with the instability of trapping, this is a fundamental ingredient
for the proof in [27].

"The energy on the right hand side contains some weights independent of t. If one restricts to compactly
supported initial data, then those weights can be neglected.
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Logarithmic decay is usually regarded as slow decay, the reason being the comparison with
polynomial rates as the one appearing in (2.4) and their application to nonlinear problems (see
Section 2.1.6).

From a more general point of view, these results suggest that a bad trapping structure on black
hole exteriors generically leads to slow uniform energy decay rates. Furthermore, one might
wonder whether arbitrarily bad trapping can produce arbitrarily slow decay or, alternatively,
whether there exists a universal minimal decay rate that linear waves always satisfy. This ques-
tion has been answered in the context of obstacle problems for the wave equation on Minkowski
space [5], for which the local energy decays logarithmically in time without any assumption on
the geometry of the trapping obstacle. Partly motivated by this result is the conjecture that,
provided uniform boundedness holds, the same universal minimal decay rate should hold for
waves on the exterior of any stationary black hole, again without requiring any good structure
for trapping. This has been proven for a general class of stationary, asymptotically flat (black
hole) spacetimes in [69] and [89]. In particular, the class of spacetimes considered in [89] in-
cludes all black rings. Works [38, 37, 70] show that for some non-black hole geometries this

expectation fails to be true.

A separate, but equally relevant question is whether the presence of stable trapping further
imposes that uniform decay rates are sharp. This is indeed the case for logarithmic decay
on Kerr-AdS black holes [59],2 on some static, spherically symmetric spacetimes considered
in [69] and for the example constructed in [89] (which is a modification of a counterexample
of Rodnianski and Tao in [98]). Sharpness of the decay rate has also been shown on certain
microstate geometries [70], on more general gravitational solitons [50] and for the Dirac equation
on Schwarzschild-AdS [64].

The technique employed in all these works consists in constructing approximate solutions to the
wave equation, called quasimodes, which are localized along stably trapped null geodesics. While
a proof of decay usually involves the global structure of a spacetime, quasimode constructions

only rely on the local geometry in proximity of the trapping set.

Before presenting the main ideas behind this technique, let us remark that uniform energy decay
rates are crucial for nonlinear applications. (Fast) polynomial decay gives hope to be able to
prove stability results for nonlinear problems, whereas logarithmic decay is not enough in this

regard and strongly suggests nonlinear instabilities. See Section 2.1.6.

2.1.3 Quasimodes and lower bound on the uniform energy decay rate

We give an overview of how quasimodes can be used to contradict uniform energy decay state-

ments for solutions to the wave equation.”

8Restricted to the case of Schwarzschild-AdS black holes, the sharpness of logarithmic decay was first observed
in [44].

9The presentation here is far from being rigorous, we leave technical details for Section 2.10. The exposition
is very much inspired by [104].
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Consider some stationary, (d 4+ 1)-dimensional Lorentzian manifold (D,g¢) and a coordinate

system (t,z), with z = (2!, ..., 2%). An informal definition of quasimodes can be the following:

We define quasimodes as complez-valued, time-periodic functions of the form
U (t, ) = e“mtu,, (),

with frequency parameters wy, € R and m € 7, such that

(i) U, is in some energy space,
(ii) U, is localized in space, i.e. upy, is compactly supported,
(iii) Wy, is localized in frequency, i.e. ||0*Wy|| ~ w2, | ¥y in some energy norm,

(iv) W, is an approximate solution to the wave equation.

In general, quasimodes do not satisfy the wave equation (2.1). In fact,
OV, = €ty (Vp,)

where €rr,,(¥,,) is the error. Functions V¥, are approzimate solutions to the wave equation
when €rr,, is small, in a sense that of course needs to be specified. In particular, we suppose
that

€t || =0 as m — oo

(again in some energy norm), i.e. ¥, is an approximate solution to the wave equation for high
frequency m. Typically, one is also interested in the rate in m at which the error tends to zero.
So let us further assume that

[ty = O (e7™) (2.5)

for m large, where C' > 0 is a constant independent of m.

To see what quasimodes can tell about energy decay of solutions to the wave equation, consider
the initial value problem
0,vH =0
Um0 = ¥ li=o ; (2.6)
Wi |i—0 = 8 ¥pmli=o
where WX denotes a solution to the homogeneous wave equation (in contrast with ¥, that

solves the wave equation with inhomogeneous term €tt,,). Initial data for WX are the quasi-

modes. Duhamel’s formula!® gives

W, (1) = W (1) + /0 E(s;t,7) ds,

10Here we use the Duhamel’s formula that holds for Minkowski space. For a general Lorentzian metric g, one
needs to correct the formula with some factors that we omit.
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with £(t, z) solution of
0g§ =0
{li=s =0 : (2.7)
i€ lt=s = Crtp (V) |t=s

From Duhamel’s formula, one has

W/ = Wn|| <t sup [[£(s)]] -
s€[0,t]

Suppose now that the energy of any solution to the homogeneous wave equation is uniformly

bounded by the initial data for all times, then

W = W || < Ct || Errn| (from (2.7))
< Cte” o™

with m sufficiently large and C' > 0 universal constant. For t < ¢“™/2C, the reverse triangle

inequality gives

1 1
1wl (1) > 5 1¥mll (£) = 5 12| (0)

L AICT

where the first equality holds by time-periodicity of quasimodes and the second from (2.6). We

conclude ;
H\Ing (t) > % H‘l’anH (0) fort< 6270 and m large . (2.8)

If
H : H = EIOC[']

with local energy over some bounded set containing the spatial support of any W, |,—o, then

(2.8) gives
Cm

1 e
Eioc [\Ilg] (t) > §E [\Ilf,ﬂ (0) fort < Yl and m large, (2.9)
where Eio. [V/] (0) = E [¥H] (0) by the localization in space of the quasimodes.

A sequence
{(¥tm) } ez (2.10)

with t,, = ¢“™/2C contradicts a uniform energy decay statement of the form

There exists a universal constant C > 0 (independent of time) such that all smooth,

compactly supported solutions ¥ to the wave equation OgW¥ = 0 satisfy
Eloe [W] () < Co(t) E[¥] (0)
for allt >0, with §(t) — 0 as t — oo.
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Proof. To see this, note that the proposition above implies that for any ¢ > 0, there exists
T > 0 such that Ejo. [¥](t) < eE[¥](0) for all ¢ > T, this being true for any solution . We
choose ¢ = 1/4. We then choose m, sufficiently large, say e¢“™/2C > 2T. In view of (2.9),
there exists a solution WX to the wave equation such that Ei,c [P ] (t) > 1E [VH ](0) for
T <t <2T. This leads to a contradiction. O

Using the frequency localization of W1(0), i.e. the frequency localization of quasimodes, and
system (2.6), inequality (2.9) gives the following

Cm

Eioc [\Ilg] (t) = % Es [\Ilg] (0) fort< 62—0 and m large .

Therefore, sequence (2.10) proves that a uniform energy decay statement of the form

There exists a universal constant C > 0 (independent of time) such that all smooth,

compactly supported solutions ¥ to the wave equation OgW = 0 satisfy
E5 [¥](0) (2.11)

for all t > 0.

has to be sharp, in the sense that sequence (2.10) disproves any uniform energy decay statement

of the form (2.11) (with the same loss of derivatives) with faster uniform energy decay rate.

After this brief discussion, the reader should be convinced that lower bounds for uniform energy
decay rates can be proven rather easily once quasimodes are constructed. The particular bound
that one is able to produce depends on the rate at which quasimodes approximate solutions
to the wave equation. In fact, the hard part of the argument is proving that quasimodes with

suitably small error do actually exist.

In [94], quasimodes are constructed to produce lower bounds in the context of the obstacle
problem on Minkowski space. The major insight of [59] is that such construction is still possible
on Kerr-AdS spacetimes and, moreover, that stable trapping lets quasimodes satisfy (2.5).
Subsequent works proving lower bounds essentially follow the same ideas of [59]. Even though

some additional difficulties come into play, this is also the spirit of the proof of our main result.

2.1.4 The main results

Our main theorem produces a logarithmic lower bound for the uniform energy decay rate of
solutions to the wave equation on black rings. In particular, the theorem concerns decay on the

black ring exterior (D, gring), With gring belonging to some class g of black ring metrics.

We give here a first informal version of the result. The complete statement can be found in
Section 2.5. The existence of quasimodes with suitably small error is a crucial step of the proof,

so we state it as an independent theorem.
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Theorem 2.1 (Quasimodes for Black Rings). Let g be a class of black ring metrics gring,
as defined in (2.30), and consider the black ring exterior region (D, gring), With gring € g. Let
(t, 74,04, 0,7) be the coordinate system on (D, gring) introduced in Section 2.9. Then, for §

sufficiently small, there exist non-zero functions ¥, : D — C such that

(i) U, € H*(Zp) for any k > 0,
(11) Uy (t, 14,0k, 0, 1) = e*i‘“mtei(md’*‘f@gpm(r*,«9*), with wm € R and m, J € Z,
(iii) inequality ¢ < w?2,/m? < C holds, with constants c,C > 0 independent of m,

(iv) for any k > 0, there exists a constant Cy > 0, independent of m, such that

—C
HDgring\PmHHk:(Et*) < Cke R ”\I’MHL%ZO)
for all t* >0,

(v) the support of pm(r«,0x) is contained in Q C D, where oMK is a bounded, non-empty set
and P (X N Q) = O (Xg) N Q remains bounded and non-empty for all t* > 0, with Py
the one-parameter group of diffeomorphisms generated by the Killing vector field 0/0t*,

(vi) the support of €vty(Vy,) = Oy, Ym s contained in Q5 C Q, where
Qs :={z € Q: 3y € 9Q such that dist((r«(z), 0«(x)), (r«(y),0«(y))) < 6}

with dist(-, ) the Euclidean distance,

with time coordinate t* and spacelike hypersurfaces ¥+ defined in Section 2.3.4.

Theorem 2.2 (Lower Bound for Uniform Energy Decay Rate, First Version). Let g
be a class of black ring metrics gring, as defined in (2.30). Consider smooth solutions ¥ : D — C
to the scalar, linear wave equation

Oging ¥ = 0 (2.12)

on the black ring exterior (D,gring), with gring € @, and assume that a uniform boundedness
statement (without loss of derivatives) for the energy of solutions to (2.12) holds. Then, there

exists a universal constant C > 0 (independent of time) such that

. Eq[¥](t")
lim sup sup log(2 + t*)]? < >C,
oo WESCE®(S0), U0 Hos( ) E»[V](0)

where the supremum is taken over all smooth, non-zero solutions to the wave equation with
compactly supported initial data on Xg. Furthermore, for any k € N, there exists a universal
constant Cy, > 0 such that

. Eq[¥](t")
lim sup sup log(2 + t*)]? < > Cg.
=400 WESCE(So), U0 og( ) Ei1[7](0)
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The set 0 appearing in the local energy Eq|[V]|(t*) is the one fized in Theorem 2.1, with time

coordinate t* and spacelike hypersurfaces g defined in Section 2.3.4.

We present a corollary of Theorem 2.2 and some important remarks.

Corollary 2.1 (Sharp-logarithmic uniform energy decay). Let g be a class of black ring
metrics gring, as defined in (2.30). Consider smooth solutions ¥ : D — C to the scalar, linear
wave equation

Ogine ¥ =0 (2.13)

on the black ring exterior (D, gring), With gring € § and compactly supported initial data on o,
and assume that a uniform boundedness statement (without loss of derivatives) for the energy
of solutions to (2.13) holds. Then, for any k € N and Q C D such that Xy N Q is a bounded,
non-empty set and P (Xp N Q) = $p=(3g) N Q remains bounded and non-empty for all t* > 0,
there exists a universal constant Cy(2) > 0 (independent of time) such that

) Bl W)(0) (214)

Pt = g o

for all t* > 0, with time coordinate t* and spacelike hypersurfaces Y+ defined in Section 2.3.4.

Furthermore, the uniform energy decay rate of (2.14) is sharp.

Remark 2.1 (Theorem 2.2 complements Moschidis [89] for g). The first part of Corollary
2.1 follows by a result of Moschidis (see Theorem 2.1 in [89]) specialized to the class g of black

rings. The sharpness of the statement is a direct consequence of our Theorem 2.2.

Remark 2.2 (Uniform boundedness assumption). Our assumption on uniform bounded-
ness is crucial to produce the logarithmic lower bound once quasimodes are constructed. How-
ever, superradiance occurs for all black rings and obstructions to uniform boundedness might be
present. As for Kerr black holes, one can successfully prove uniform boundedness for axisym-
metric solutions to the wave equation and for non-superradiant, fixed-frequency modes, but no
uniform boundedness statement holding for all solutions is known.'' From this point of view,
sharp-logarithmic energy decay appears to be the best scenario that one can hope for on the class

of black rings g, the alternative being the failure of uniform boundedness.

Remark 2.3 (Lower bound for black strings). The result of Theorem 2.2 also holds for five-
dimensional static and boosted black strings.'?> This can be easily inferred by treating theorems in

Section 2.7 and Section 2.8 as independent results and carrying out the quasimode construction

" Note that, in view of the aforementioned result by Moschidis [89], in order to contradict uniform boundedness
for black rings, it would be enough to disprove logarithmic uniform energy decay. For instance, it would suffice to
show the existence of real mode solutions or to construct quasimodes whose errors decay faster than exponentially
in frequency.

12For the latter, one needs a further assumption on the boost parameter, as we shall see later. Note also that,
since string metrics are fully-separable, one does not need the whole machinery developed in this chapter to prove
an analogue of Theorem 2.2 for black strings.
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of Section 2.10. Note that, in the case of black strings, uniform boundedness does hold, so one
does not need to assume it in Theorem 2.2. For static black strings, uniform boundedness follows
from the same arguments presented in [20] to prove uniform boundedness on Schwarzschild
spacetime. On the other hand, boosted black strings possess an ergoregion, but they are still
not affected by superradiance. From the geometric point of view, the absence of superradiance

corresponds to the existence of a Killing vector field
X = (cosh 8) 0y — (sinh ) 90, , (2.15)

which is causal on the whole domain of outer communication (see Section 2.3.2 for the definition
of the quantities in (2.15)). The vector field X is the linear combination of two Killing vector
fields, and correctly reduces to X = 0y in the unboosted case 8 = 0. As for the static black
string, one can prove uniform boundedness for solutions to the wave equation in the spirit of
[26]. This would give a rigorous proof to the numerical analysis in [6] and to a comment in
Section 3 of [28].

The proof of Theorem 2.2 relies on the construction of quasimodes. The main technical
difficulty arising from such construction, which does not appear in previous works,
lies in that the wave equation fails to fully-separate on black rings. This motivates

our new PDE approach to the problem. See Section 2.1.7 for an overview.

2.1.5 Stable trapping in higher dimensional black holes

Black strings possess the most basic geodesic structure that one can find in higher dimensional
black holes. In this regard, it is interesting to note that null geodesic motion on black string
exteriors can be understood in terms of timelike geodesics in the exterior of the correspondent
unextended black holes. In fact, at the level of the geodesic equation, one can treat the conserved
momentum of a light ray along the extended direction as the mass of a particle orbiting the
unextended object. Thus, from the existence of stable timelike orbits around four-dimensional
Schwarzschild and Kerr black holes, one can immediately deduce the presence of stably trapped
null geodesics in the correspondent five-dimensional (boosted) black string exteriors (see also
[49]). Similarly, the absence of stable orbits for massive particles around higher dimensional
Schwarzschild black holes [51] suggests that one should not expect stably trapped null geodesics

for static black strings in dimensions higher than five.!

The class g of black rings that we consider in Theorem 2.2 is morally a class of thin, singly-
spinning black rings, whose near-horizon geometry resembles that of five-dimensional (boosted)
black strings. It turns out that, in a sense that this chapter of the thesis shall clarify, the
trapping structure of black strings locally persists for this class of black rings. In fact, we
will be able to prove the existence of null geodesics whose toroidal orbits remain in a bounded
region outside the event horizon (see Theorem 2.7 and Remark 2.32). The appearance of

stable trapping on asymptotically flat solutions to the vacuum Einstein equations

3In this sense, one should note that Remark 2.3 concerns five-dimensional black strings only.
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is a remarkable geometric property of higher dimensional black holes, which is
absent in four dimensions. Stable trapping has to be regarded as the fundamental

mechanism underlying the slow decay of linear waves that Theorem 2.2 determines.

Our proof of stable trapping for black rings is a by-product of the proof of Theorem 2.2 and
puts in mathematically rigorous relation the trapping structure of black rings with that of black
strings. This stable trapping phenomenon has already been investigated in [66], where a more
computational approach was adopted. Other aspects of geodesic motion in black ring exteriors

are presented in [61, 30].

2.1.6 A new instability for black strings and black rings

Theorem 2.2 suggests that one should expect nonlinear instabilities for the class g of black rings
and, in view of Remark 2.3, for five-dimensional black strings, the reason being that sufficiently
strong decay at the linear level is necessary to prove small data global (in time) existence for
nonlinear problems. It turns out that fast polynomial decay, namely faster than 1/t, is enough
to close a classical bootstrap argument, whereas logarithmic decay is not.

However, the nature of the nonlinear instability that one can conjecture from The-
orem 2.2 differs from the one caused by the nonlinear dynamics of the Gregory—
Laflamme modes. To make this statement more precise, we first briefly discuss some key

features of the Gregory—Laflamme instability.
Given a metric perturbation
Guv = Guv + h,uu )

the original work of Gregory and Laflamme [48] shows that, if g,, is the metric of a static black

string of radius ro, then there exist exponentially growing (in time) modes of the form
By ~ e IR (r) weC,JeR,

with Im(w) > 0 and z coordinate along the extended direction, such that g, + h,, solves the

linearised Einstein equations. For such modes to exist, the condition
J < JoL (2.16)

needs to be satisfied, where Jgr, ~ 1/79 is a positive constant characteristic of the string, and

w has to be chosen as a function of J.

If one compactifies the string by identifying z ~ z + L, with L positive constant, then the
frequency parameter J becomes discrete and has minimum (non-zero) value Jyin = 1/L. If
L > 71y, then there exists J satisfying (2.16) and the compactified black string is unstable.
Otherwise, for L sufficiently small, the instability disappears. Therefore, the Gregory—Laflamme

“Here we are thinking about nonlinearities involving both the solution and first derivatives of the solution
and with some nice structure, i.e. satisfying the null condition of Christodoulou [12] and Klainerman [72].
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instability characterises black strings whose compactified extra-dimension is, in some sense,
sufficiently large compared to the horizon radius. This aspect has a meaningful connection with

Kaluza—Klein theories, see [60].

Work [62] argues that the same picture essentially holds for boosted black strings and very thin,
singly-spinning black rings. For the latter, one should understand r( as the radius of the S? at

the horizon and L as the radius of the ring.

As one can see, the Gregory—Laflamme instability is a purely gravitational effect, which is
already manifest at the linear level and persists in the nonlinear evolution of suitably perturbed
initial data [80, 40]. On the other hand, the nonlinear instability conjectured from Theorem
2.2 would emerge in the form of time integrals of error terms (nonlinearities) becoming large in
the time evolution. In this sense, it would be a genuinely nonlinear effect originating from slow
decay at the scalar, linear level. Note also that our instability is ultimately connected to a high-

frequency phenomenon, while the Gregory—Laflamme modes are low-frequency perturbations.

For black strings, our instability does not require any restrictive condition on the geometry of
the spacetime, thus, in contrast with the Gregory—Laflamme instability, it would affect any
five-dimensional black string, including those with small compactified extra-dimension L < rg.
In any dimension higher than five, black strings with L > rq still suffer from the Gregory—
Laflamme instability, but none of them would suffer from our instability (see Section 2.1.5 for

motivation).

In the case of black rings, it is interesting to note that both the instabilities affect (very) thin
black rings. In particular, we expect that at least some of the members of the class g would

suffer from both the instabilities.

2.1.7 Overview of the proof of Theorem 2.2

We present an overview of the proof of Theorem 2.2. Note that each step of the proof is, to some
extent, self-contained and one could jump from Step 1 or 2 to the construction of quasimodes in
Step 4 (see Remark 2.3). At the beginning of each step, we report the section where the reader
can find the detailed argument, so that the overview also serves as an outline of the chapter. A

formal version of Theorem 2.2 is Theorem 2.3 of Section 2.5.

Step 1. (Sections 2.6 and 2.7) Our proof starts by considering five-dimensional static black

strings Schwy x R in the usual Schwarzschild coordinate system. The metric reads
ds® = —f(r)dt® + f(r)~" dr® + 17 dQ3 + d2*

where f(r) = 1 —ro/r, 1o > 0. The event horizon lies at r = ry and the z coordinate is

periodically identified by z = z + 27 R, with R some positive constant.
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With an ansatz of the form

with w € R and m,J € Z, and after a suitable factorization of u(r,f), the wave equation on
static black strings can be fully-separated. However, for later convenience, we do not fully-
separate the wave equation, but we instead rewrite it as a two-variable Schrodinger-type partial

differential equation of the form

2
~ I A ou+ V(0 u =

2.17
1 u, (217)

m2
where g(r) and V(r,0) are smooth, positive functions independent of the frequency parameters
w and m. At this stage, we have set J = bm, choosing the constant b such that potential V'
has a local minimum on the exterior region {r > ro}. We will keep this scaling of J throughout

the proof.

We formulate a Dirichlet eigenvalue problem for equation (2.17) on a bounded set €2 containing
the local minimum of V' (see Figure 2.1). The set of eigenvalues for this problem is discrete,
so eigenvalues w?/m? cannot be freely specified. However, we will be able to prove that, for
any energy level E? satisfying Vi < E? < V(09) and constant § > 0 arbitrarily small, the
eigenvalue problem (2.17) admits an arbitrarily large number of eigenvalues in [E? — §, E? 4 ]
for m? sufficiently large. This is a version of Weyl’s law for the Laplacian, where 1/m? has to

be interpreted as a semi-classical parameter.

For this first step we essentially adapt Section 4.1 of [69] to our new two-variable PDE setting.
The moral of the following two steps of the proof will be to replicate this construction for the
abstract eigenvalue problems emerging from the separation of the wave equation on boosted
black strings and black rings. By applying the perturbation scheme of Holzegel-Smulevici [59]
twice, we will be able to prove an analogous asymptotic property for the eigenvalues of both

problems (see Figure 2.2).

Step 2. (Section 2.8) We consider a five-dimensional boosted black string

ds* = —[1 — (1 — f(r)) cosh? 8] dt* + 2(1 — f(r)) sinh 3 cosh 3 dt dz
+ 1+ (1 — f(r))sinh® 8] d2? + f(r) "t dr?* 4 r? d03

with boost parameter 8 > 0. The corresponding Dirichlet eigenvalue problem

2
g\r w
- QA(T’MG)U + V(i,m) (r,0)u = Wu

o (2.18)

is now nonlinear, since the potential depends on both w and m. Note that problem (2.18)

reduces to problem (2.17) when 8 = 0, i.e. when the boost parameter is zero.

The analysis of potential V(i m) represents the main technical difficulty of this part of the
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Figure 2.1: Potential V' and open set 2 for the static black string eigenvalue problem (2.17).

static string boosted string

perturb w.r.t. 3

f=0 - B =B

boosted string

“ black ring

perturb w.r.t. 1/R
1

1 1 _ 1
z—0 - E— R

Figure 2.2: The perturbation scheme adopted in our proof can be schematically divided in two steps
(two segments in figure), where for each step we apply the full perturbation argument of Holzegel-
Smulevici [59]. The first time we perturb the eigenvalue problem for the static black string (boost
parameter 3 equal to zero) towards the problem for the boosted black string with boost parameter Sy,
following the direction of the black arrow in figure. The second time we connect the problem for the
boosted black string to the one for the black ring of radius R,. This second perturbation will generate
extra errors that require an additional smallness parameter to be controlled, namely the inverse of the
radius of the black ring 1/R,. Thus, the endpoint of the second perturbation (represented by a red dot
in figure) will have to be chosen sufficiently close to the starting point.

proof. The potential depends on w both linearly and quadratically, meaning that one cannot
understand the structure of V(i m) and energy levels E independently. The idea will be to
choose E such that V(%m m) (r,0) — E? is negative on a bounded subset of {2 and admits a local

minimum in such subset. This will implicitly reproduce the setting of Step 1.

Note that no additional symmetry assumptions on solutions W to the wave equation can be made
to simplify the analysis of V(i ) i.e. none of the frequency parameters can be set to zero (cf.

[59], where this is possible). See Lemma 2.4 for motivation.

A perturbation argument with respect to §, based on an iterative application of the Implicit
Function Theorem, will allow to use our knowledge of problem (2.17) to conclude that, for m?
sufficiently large, eigenvalues for the eigenvalue problem (2.18) exist and accumulate in the strip

[C, E? 4 §], with constants C' > 0 independent of m and ¢ > 0 arbitrarily small.
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Step 3. (Section 2.9) Finally, we consider a five-dimensional, singly-spinning black ring g(,, r)
belonging to the class g.!> Written in coordinates (¢,7,6,®,%), ¢ the eigenvalue problem for
the black ring reads
_ Yring(r0) A uw+ V™8 (1 0)u =0 (2.19)
m2 (7,0) ) )

(w,m)

which is still nonlinear and now non-separable into two decoupled ODEs. On any fixed bounded
set €, problem (2.19) reduces to problem (2.18) in the limit R — oo. This is a manifestation
of the fact that the near-horizon geometry of a large radius, thin black ring resembles that of a

boosted black string.

The fact that g, ry € 9§ implies that it is possible to choose ) and E such that the potential
‘/(Tg;im) has the same sign properties required for V(ﬁEmm) (r,0) — E? in Step 2. We will then it-
eratively apply the Implicit Function Theorem for the second time, but now perturbing problem
(2.18) with respect to 1/R and using what we already know about the eigenvalue problem for
boosted black strings. For m? sufficiently large, the eigenvalue problem (2.19) will be proven to
admit a zero eigenvalue for values of w?/m? lying in a suitable strip around E2?. Our choice of
the energy level E and set 2 will allow to conclude that such values of w?/m? give the potential

the correct structure to construct quasimodes with exponentially small errors.

Note that this is the part of the proof where one can extract the existence of stably trapped
null geodesics in the exterior of black rings g(,, ry € g. See Theorem 2.7 and related Remark
2.32.

Step 4. (Section 2.10) Once the black ring eigenvalue problem has been fully understood,

we will construct quasimodes on the domain of outer communication of the form
U (t, 74, Oxy @, ) = eiiwmtei(m¢+jw)x(r*, 04) U (74, 04)

where u,, are eigenfunctions of problem (2.19) with associated frequencies w,,. The function x
cuts-off close to the boundary of €2 and sets the quasimodes equal to zero outside. In this way,
the quasimodes W, are smooth functions and solve the wave equation on the whole domain of
outer communication with the exception of the cut-off region, where the error will be proved to
decay exponentially in the frequency m. The exponential decay is intimately connected to the
structure of the potential in the cut-off region and it is essential to prove the logarithmic lower
bound of Theorem 2.2. The quantitative estimate of the error is achieved by applying Agmon
distances and proving energy estimates for eigenfunctions w,, in the cut-off region. This step

provides the proof of Theorem 2.1.

Step 5. (Section 2.10) The last part of the proof employs the quasimodes constructed in
Step 4 to derive the lower bound of Theorem 2.2, following an argument already sketched in
Section 2.1.3.

15The choice of this class is where we allow the radius R of the black ring to be arbitrarily large.
16These coordinates will be defined in Section 2.3, but the reader should already note that they differ from
the coordinates adopted for the black string metrics.
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2.1.8 Applications of our method and outlook

Our work provides a framework to prove a version of Theorem 2.2 for spacetimes on which the
wave equation is not fully-separable. In particular, our approach could generalize the lower
bound of Keir [69] to a more general class of static, azisymmetric spacetimes exhibiting stable
trapping.!” Our method (as the one in [69]) only relies on the local geometry of the spacetime
in a neighbourhood the trapping set, so the more general class of spacetimes would not require

any specific asymptotic structure.

Furthermore, the stable trapping phenomenon observed for black rings is likely to characterise

some other higher dimensional black hole spacetimes, including

(i) Kerr (possibly boosted) black strings (Kerry x R), Schwarzschild p-branes (Schwy x RP)
and Kerr p-branes (Kerry x RP),

(ii) Thin, doubly-spinning black rings in five dimensions,

(iii) Some ultraspinning objects, such as ultraspinning Myers—Perry black holes in six dimen-

sions [65].

In the case of stationary black holes, to apply our method and produce an analogue of Theorem
2.2, one would have to go through some sort of perturbation argument. Even though, for some
of these spacetimes, a more complicated perturbation argument might be needed, some of them
are easier to treat in that the wave equation fully-separates.!® In any case, the presence of
stable trapping would already suggest that a result like Theorem 2.2 might hold and, there-
fore, nonlinear instabilities of similar nature to the ones discussed in Section 2.1.6 might be

conjectured.

As another potential direction, it would be certainly interesting to further investigate uniform
boundedness of the energy of linear waves on black rings, inside or outside our class g. One
of the main conceptual difficulties in doing this originates from the fact that the black ring
family does not possess a static black hole. Therefore, even the (in principle) easier analysis
on slowly rotating black rings cannot be, at first glance, understood in a perturbative fashion.
Singly-spinning black rings (especially the thin ones) seem to be good candidates for uniform
boundedness to hold, while doubly-spinning (thin) black rings might exhibit a superradiant

instability and exponentially growing modes could be rigorously constructed.

2.2 Notation and conventions

We collect here some basic notation and conventions adopted in this chapter.

1"Note that without the spherical symmetry assumption of [69], one cannot a priori conclude that the wave
equation fully-separates.
¥ This is, for instance, the case of Myers—Perry black holes.
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e (Signature). The signature of a Lorentzian metric g is (—,+,...,+). We denote by
Oy the usual Laplace-Beltrami operator with respect to g. With our signature conven-
tion, Ogyum = —830 +>, 852- for the Minkowski metric gyini in rectangular coordinates
(2%, 2, ..., 2"), where 0,: := 0/0x'. We use the notation A, an) = D 92, to denote

the Cartesian Laplacian in coordinates (x!,...,z").

(Indices). Given a coordinate system (x°,z',... 2"), we will follow the convention for

which Greek indices take on all values, e.g. u = 0,1,...,n, and Latin indices only the
spatial ones, e.g. a = 1,...,n. We adopt the usual upper/lower indices conventions and
the summation convention. For instance, g, are components of the metric tensor g, while
g = (g7 1)* are components of the inverse metric. We will avoid the abstract index

notation.

(Volume form). For a given system of coordinates (z°,z,...,2"), we denote by dvol,

the volume form associated to g, i.e. dvol, = V—detgdaz®---dx™. On any spacelike
hypersurface ¥, dvol, denotes the volume form associated to the Riemannian metric

induced by ¢ on ¥. The volume form will be often omitted in the integrals.

(Inequalities). When we write f < h, we implicitly mean that there exists a constant
C > 0 such that f < Ch. The notation f = h is analogous. We have f ~ h when f < h
and f 2 h. The notation f < h means that there exists a sufficiently small constant ¢ > 0
such that |f/h| < c.

(Constants). We will not keep track of the constants appearing on the right hand side
of the estimates. We adopt the notation Cj to denote a constant C which depends on

some parameter k.

(Multi-index). Given coordinates (z°,z!,...,2"), we will adopt the multi-index nota-

tion 9% := 9% - - Opw , with a = (a1, ..., ) multi-index of order |a| = a1 + -+ + ap.

(Function spaces). Function spaces H*(X) are the usual Sobolev spaces W*2(X), with
the standard Sobolev norm. With C§°(X) we denote the space of smooth, compactly
supported functions on ¥. We will write SC§°(X) when we refer to the space of solutions

of the wave equation which are C§° on X.

(Black ring metric). We will use the notation gring, g(ro,r) O g,r) for the black

70,
ring metric. The first denotes a black ring metric in general, while the second and third
one refer to the black ring metric as a two-parameter family of metrics (these are not
components of the metric). The definition of the parameters will depend on the particular

coordinate system considered.
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2.3 Metrics

Before introducing the relevant metrics, we define the domain of outer communication of a
black hole spacetime (M, g) as a subset D C M such that

D :=clos(J~(ZH)nJ (7)),

where T+ and ZT are future and past null infinity respectively. The event horizon is defined as

H := 0D. We understand (D, g) as a Lorentzian manifold with boundary.

Note that we will often refer to (D, g) as the black hole exterior.

2.3.1 Static black string
The metric of a five-dimensional static (Schwarzschild) black string is
ds®* = —f(r)dt® + f(r) "V dr? + r? dQ3 + d2?, (2.20)

where (¢,7,0, ¢) are the Schwarzschild coordinates and dQ% the round metric on the unit two-

Sphere. We have
To
fr)=1-—

r
with r = rg > 0 corresponding to the event horizon H. For each fixed time ¢, the z-coordinate
is periodically identified so that

z=2z4+21R

with R > 0 constant independent of t.

The spacetime is static and possesses a Killing vectorfield 9/0z in addition to the symmetries
of four-dimensional Schwarzschild. In view of the compactification along the z-direction, static
black strings are asymptotically Kaluza—Klein. The domain of outer communication corresponds
to D =Mn{r>rnr}.

2.3.2 Boosted black string

The five-dimensional boosted (Schwarzschild) black string is obtained by the change of coordi-

nates (Lorentz-boost in the z-direction)

t — (cosh B)t + (sinh )z z — (sinh 8)t 4 (cosh )z
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applied to the static black string (2.20), with 5 > 0 boost parameter. The metric is

ds® == [1 — (1= f) cosh? B] dt* + 2(1 — f) sinh B cosh Bdt dz + [1 + (1 — f) sinb? ] d?
(2.21)

+ f7hdr? 07 d,
where f = f(r).

The spacetime is stationary (but not static) with respect to the boosted coordinates. The
Killing vectorfield /0t becomes null at r = r cosh? 8 and spacelike for r < o cosh? 3. Boosted

black strings do not present superradiance. In fact, there exists a Killing vectorfield of the form

X = (cosh ) 0

. 0
a—(smhﬁ)a 9(X, X) = —f(r),

which is causal on the whole domain of outer communication D = M N {r > ro}. As for the

static black string, this spacetime is asymptotically Kaluza—Klein.

2.3.3 Singly-spinning black ring
Ring coordinates

We construct ring coordinates following the exposition in [35]. Consider five-dimensional

Minkowski space with coordinates

(t,?”l, ro, ¢7¢) )

where (r1,¢) and (rg,%) are polar coordinates on two independent rotation planes. The

Minkowski metric in these coordinates reads
ds* = —dt* + dr} +r} d¢* + dr3 + r3 dy°.
We define ring coordinates of radius R as coordinates

(t7 y’ ‘/'U’ ¢? /17[})

such that

Y R2+ 72 413 e R* —r? — 13
\/(r% + 73 + R2)? — 4R?r2 \/(7“% + 73 + R?)2 — 4R?r2

with R > 0 constant. The coordinate ranges are
—o0o<y< -1 —-1<z<1

and the Minkowski metric in ring coordinates of radius R reads

2 d2 d2
ds? = —a? + — (2 — 1)dy? + 4+ =

2 2
) - g+ (1= a?)de?| (2.22)
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Figure 2.3: Lines of constant y and x on the (r1,73)-plane. The set of points with y = —1 and x # —1
are points on the -axis of rotation (vertical axis in figure). The equatorial plane is divided into an inner
region, for z = 1, and an outer region, for £ = —1. The rotational coordinate ¢ has to be considered
with respect to this plane. The figure is taken from [35], courtesy of R. Emparan and H. Reall.

In these coordinates, surfaces of constant y (for fixed ¢) have topology S! x S2. To see this, we

change coordinates to

(.7, 0,6,9) (2.23)

such that
r=—— cos =z
with ranges
0<r<R 0<o<.
The Minkowski metric becomes

2 d2
d82:—dt2+ r )Rde2+17qr2+r2 (d92+sin29d¢2) )

1
= 1= =
(1_1_7"0%59)2 [( R? - =

It is now manifest that surfaces of constant r (for fixed t), which correspond to surfaces of

constant y (for fixed t), have topology S x S2.

Black ring metrics

Consider the smooth manifold with boundary

D = clos(R x X)
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with
¥ =R*\ (' x B%)
and differential structure given by ring coordinates (t,y, z, ¢, %), where B? is the closed 3-ball.

The black ring exterior is the Lorentzian manifold with boundary (D, grmg), where gring is the

five-dimensional, singly-spinning black ring metric' with line element [34, 35]

2

F(x) F(y) (z —y)? F(y) (y)  Gz) F(z)
(2.24)
on D. Functions F(-) and G(-) are defined as
F(§) =1+ X G(&) = (1 - &)1 +ve)
and the positive constant C' is
14+ A
C= )\()\—y)l_)\.
The coordinate ranges are
t € (=00, +00) y € (—o0, —1] z € [-1,1]
¢ € 0,2 N v e 0,2 N
’TF\/l—i—y2 TN Tz )
The parameters v and A satisfy
v,A€ER O<v<akl
and the equilibrium condition
2v
=—. 2.2
A 14 V2 ( 5)

Condition (2.25) is necessary to avoid conical singularities in addition to those introduced by
degenerations of our coordinate system. As a result, parameters A and v are not independent,
leaving us with only two independent parameters v and R. The black ring metric can therefore

be understood as a two-parameter family (v, R) of metrics.

Black rings are stationary, bi-axially symmetric, asymptotically flat spacetimes. The event
horizon corresponds to the surface y = —1/v and it is a Killing horizon with associated positive
surface gravity. For each fixed time ¢, sections of the horizon have topology S! x S%. The
rotation of the singly-spinning black ring can be interpreted as a rotation along the S'. See [34]

for further details.

The metric admits three independent Killing vector fields, corresponding to stationarity and
two rotational symmetries. The stationary Killing vector field 9/0¢t is timelike for y > —1/\,
null at y = —1/X and spacelike for —1/v <y < —1/\. The surface y = —1/X is an ergosurface

19From now on, we will be frequently referring to singly-spinning black rings as black rings. Note that there
exist doubly-spinning black rings [92].

28



and has sectional topology S! x S2.

Spacelike infinity lies at * = y = —1, while the limit y — —oo corresponds to a curvature
(spacelike) singularity. The ring metric (2.24) presents coordinate singularities along the axes
(including at spacelike infinity) and at the event horizon. The metric is regular at the ergosur-
face, where F(y) — 0.

For future convenience, we are interested in re-writing metric (2.24) in coordinates (2.23). After

changing from (v, A) to new parameters (rg, 3) such that

70 o cosh? 8
v=— A=——7F7—),
R R
the ring metric in coordinates (2.23) becomes [35]
A~ 2 2
h*p 5 —1
ds? = — L | dt — rgsinh B cosh gy | L7008 25 E” " Ry (2.26)
i R —rgcosh* 8 rf
N 2 d 2 2
+—L : (1_ 742) R2dy? + —— + = do® + 2 r?sin 0 dg?
(1+rc§59) f R (1_%)]‘; 9 g
with
, r
h2
gzl—l—%ocose Lc}:l—i—imco; BCOSH.

The event horizon now corresponds to r = ry < R, the ergosurface to r = rqcosh? 8 and

spacelike infinity to (r,0) = (R, 7). The equilibrium condition (2.25) becomes

2R?
COShB = m . (227)

As before, we understand black rings as a two-parameter family (rg, R).

The metric in form (2.26) shows how the parameter v can be interpreted. This is the ratio
between the radius ro of the S? at the event horizon and the radius R of the ring. We refer to
thin black rings when v is small. We sometimes use the expression large radius, thin black rings
to emphasise that we are considering black rings whose parameter v is small because R is very

large (in contrast to thin black rings for which R ~ 1 and r¢ very small).

The event horizon has angular velocity

A—v

1
Qg ~ = [
R\ AT+

In view of the equilibrium condition (2.25), Q4 can be re-written as a quantity depending on v

and R only. This shows that the rotational velocity of the ring cannot be freely specified, but
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it is univocally determined by its ”thickness”. Fat black rings (v ~ 1) need more rotation than

thin black rings to prevent the ring from collapsing.

The boosted black string limit
Consider the black ring metric (2.26). In the limit
r, 1o, rocosh? B < R, (2.28)
the black ring metric reduces to the one of a boosted black string with boost parameter
B = cosh™'v2.

This can be seen by fixing r and r¢ in (2.26) and sending R to infinity (see also [32]). The boost
parameter is fixed in the limit by relation (2.27). The z-coordinate of the string is defined as
z = R1), with periodic identification z = z+ R Av. In limit (2.28), Ay — 27 and one correctly
obtains the boosted string metric (2.21).

From a more heuristic point of view, limit (2.28) corresponds to large radius, thin black rings.
Condition » <« R implies that thin black rings approximate the geometry of boosted black

strings in a region sufficiently close to the black ring horizon. Note that such a limit is not

uniform in 7.20

2.3.4 Foliation

We define ¥; as the hypersurface of constant ¢ and denote by g the hypersurface ;.

Given any of the black hole spacetimes (M, g) introduced in the previous sections, we fix a
Cauchy hypersurface Xcauchy of M2 We define a time function t* : J T(Ecauchy) N'D — R such
that

* J—
t ’ECauchymD - O

and T'(t*) = 1, where T is the stationary Killing vector field. We define the hypersurface
Yo = ECauchy nD

and, for any 7 > 0,
Y= 04 (X)),

where ®;+ is the one-parameter group of diffeomorphisms generated by the Killing vector field
T from 0 to 7. We have that {ET}TZO is a regular spacelike foliation of J T (Zcauchy) N D. For
black rings, hypersurfaces X, are asymptotically flat.

20In fact, the two spacetimes have different asymptotic structure.
21This is possible because (M, g) is globally hyperbolic.
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2.4 Vectorfield Method and energy currents

In the context of the energy methods, the idea of obtaining positive definite quantities (energies)
by contracting the energy momentum tensor (defined below) with suitable vector fields is an
application of the vectorfield method. The construction of vector field multipliers captures the
geometry of the problem and its interplay with the analysis. In this section, we illustrate how

energies can be rigorously defined via such vector field multipliers.

Given a scalar field ¥ : D — C on the black ring exterior (D, gring), we define the associated

energy-momentum tensor by
N 1 9
Tw[¥] :=Re (V,¥ -V, U) — 5 9 |VE[7,
where g,,, are components of the ring metric gring. If Og,;,, ¥ = 0, then

VAT, (0] = 0.

Consider a regular, future directed, everywhere timelike vector field N on D such that [T, N] =0

on D. We define the associated N-energy current as
IV0] = T [TINY.
The (non-degenerate) N-energy associated to ¥ at time t* is defined as??

ENW(t) = [ IN[WInE, , dvoly,
I

where n‘z'“t* is the future directed, unit normal to the spacelike hypersurface ¥;« (as defined
in Section 2.3.4) and the integration is with respect to the volume form associated to the

Riemannian metric induced by gring on 34 (the volume form will be often dropped). In the

way it is defined, the scalar quantity .,]Tfy [\I/]n’ét* is positive definite.?3

The local N-energy associated to W at time t* reads

N[ (1) 1= / IN Wit dvol,
2 N0

where ¥« N Q is some bounded set. The k-th (higher) order N-energy is

) = Y IV [0k, dvol,,
0<|a]<k—1"%¢

with % in multi-index notation. Note that, for us, & [¥](t*) = EN[W](t*).

22More appropriately, this is the N-energy fluz through ¥+ associated to the scalar field V.
23This is true by the so-called positivity property: If XY are future directed timelike vectors, then
T, [W]X*YY > 0. In particular, Ty, [W]X*Y" 2 37 _y [070[%.
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Remark 2.4 (E)N[¥] controls derivatives of ¥ up to order k). If N = 9y in a neigh-
bourhood of spacelike infinity and hypersurfaces X4+ are asymptotically flat, then one can easily
show that

i) ~ Y [ 0P v,

la =17 %~

which means that EN[V](t*) is morally the H' (semi-)norm of U on Y. Note also that
EN[-] ~ E[-], where E[-] are the informal energies adopted in the Introduction. For higher-
order energies, we have

) =Y eV,

0<a|<k—1

so EN[W](t*) corresponds to the sum of the H® (semi-)norms of ¥ on Sy« for 1 < s < k.

2.5 The main theorem

We give a more precise statement of Theorem 2.2 and two additional remarks.

Theorem 2.3 (Lower Bound for Uniform Energy Decay Rate, Second Version).
Consider the black ring exterior (D, g(y,,r)); With g(ry Ry the metric of a singly-spinning black
ring (2.26). Then, for any ro > 0, there exists a constant R > ro such that the following
statement holds for all metrics g(,, g) with R > R. Fiz i > 0 and let N be a regular, future
directed, everywhere timelike vector field on J*(X4) such that [T,N] = 0 on J* (%) and
N = 04+ in a neighbourhood of spacelike infinity. Consider smooth solutions W : J+(Et3) — C
to the linear wave equation

Do ¥ =0 (2.29)

and assume that there exists a universal constant B > 0 (independent of time) such that, for

any smooth solution ¥ to (2.29), the inequality
ENT)(t*) < BEN[Y](t)

holds for all t* > ti. Then, there exists a set Q@ C J¥(E4) and a universal constant C' > 0
(independent of time) such that Y MY is non-empty and bounded, ®p+(Lge N§Y) = Py (X)) N O

remains non-empty and bounded for all t* > t; and

£ [w](t*)
lim sup sup log(2 + t* 2< Q . ) > C,
to00 WESCR(Sy) W0 log ) ENW(t5)

where the supremum is taken over the space of smooth, non-zero solutions to the wave equa-
tion (2.29) with compactly supported initial data on Yyx and Py« is the one-parameter group of
diffeomorphisms generated by the stationary Killing vector field 0. Moreover, for any k € N,

there exists a universal constant Cy, > 0 (independent of time) such that

. EN 1] (t)
lim sup sup [log(2 + t*)]% St Ve A z > Cy .
B0 WESCE (Ser) W0 EX191(15)

32



Remark 2.5 (Class g is not optimal). The class of black rings considered in the theorem

can be defined as

g:= {Q(TO,R) singly-spinning black ring metric (2.26) such that v = r¢o/R < vy, for ~ (2.30)

some suitably small constant 0 < vy < 1} .

As we shall see later in the chapter, the constant vy will be treated as a smallness parameter. For
vy sufficiently small but not explicitly identified, we will be able to close the proof of Theorem 2.3.
In this sense, the class g that our proof selects is neither explicitly constructed nor necessarily

includes all black rings for which Theorem 2.8 holds.

Remark 2.6 (Function space and X:«-foliation). Theorem 2.3 remains true if one takes
the supremum over a suitably larger function space. We stated the result for W € SCE)’O(Z,%)
because this is the space that naturally emerges from the quasimode construction. Note also that
the statement of the theorem does not depend on the particular choice of time coordinate t*. In
fact, the coordinate t* can be constructed so that it agrees with t in the region r > rocosh? .
Since our analysis will be mainly carried out on a bounded set contained in such region, we are

ree to equivalently refer to coordinate t instead o in the proof o eorem 2.3.
t walentl t dinate t instead of t* in th Th 2.3

2.6 Separation of the wave equation and reduction

This section serves as a preliminary discussion to illustrate the logic behind the abstract eigen-
value problems that we are about to consider. In fact, these problems emerge as reduced
equations when one separates the wave equation

mpa —det gg“”@,,@) =0. (2.31)

1
-9, (
v—detg
The wave equation fully-separates for all the four-dimensional explicit black hole solutions,
including all members of the Kerr family g, as (see [9]). However, in our work we will encounter a
non-fully-separable wave equation on higher dimensional black holes, namely the wave equation
on black rings. The only partial separation will necessarily leave us with a two-variable PDE;,

which can be reduced to a Schréodinger-type equation.

To see this, consider a coordinate system (¢,7,0,,z), where the particular meaning of the
coordinates is not important at this stage, and assume that the metric g depends on r and
6 (but not on t, ¢ and z) and has zero g,y components. A formal computation to check the

full-separability of the wave equation can be carried out by introducing an ansatz of the form
Wansata(t,7,0, 6, 2) = /< Hm T4 (7). (2.32)

where w € R and m, J € Z and the choice of the complex exponential factor is determined by

the symmetries of the metric g. Any solution ¥ to the wave equation (2.31) can be formally
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written as an infinite sum of solutions of the form (2.32) as follows
L " jwt Ji(m¢+J 2) , (W)

W(t,r,0,0,2) = g e Whetim D (r,0) dw, 2.33

( o ) o /_ - m,J( ) ( )

where the Fourier transform in time and Fourier series decompositions in ¢ and z have been

24,25

taken. Therefore, if equation (2.31) separates for the ansatz (2.32), then it separates for

any solution W.
In order for the ansatz (2.32) to be a solution to the wave equation, functions uf: )J must satisfy26

1 rr
1

+ v—detg

for some real function V{,, ., 7)(r,0). If by factorizing

00 (/= det g g™ 0gu(r,0) ) + Vim0 (1, O)u(r,0) = 0

u(r,0) = R(r) ©(0)

equation (2.34) gives a system of two decoupled ODEs, one for R(r) and one for ©(f), then the
wave equation is fully-separable. If such factorization does not separate (2.34), then the wave

equation is not fully-separable.

Assuming the latter scenario, we aim to reduce the PDE (2.34) to a Schrédinger-type equation

of the form
_A(r*ﬁ*)a(r*v 0*) + ‘N/(w,m,J) (Ta 0)'&(7’*7 9*) =0 )

with A, g,) = 9% + 83* and some real function f/(w’m 7 (r,8). To do this, we need to implicitly

define new coordinates (r,, 6,) as follows

dr
dr

= a(r)

i ~ )

and define a new function @(ry,6,) such that

u(r,0) = h(r,0) u(ry, 0y),

24To take the Fourier transform in time

too
U(t,-) = \/%771'/ e (W, ) dw,

one should first know that the solution W is in L?. However, this cannot be established a priori, so a cut-off in
time is usually needed. This technical issue will not occur in our problem.
5:1,(7", ) have to be thought as Fourier coefficients.

26Equation (2.34) is obtained by simply plugging the ansatz in (2.31). For simplicity, we write u instead

25The functions u

of ui:i]. If one plugs-in the full solution ¥ in the form (2.33), then equation (2.34) has to be understood in
an integral sense, i.e. as an equality in L2[7, ; for each fixed (r,6). Furthermore, some further integrability

conditions on ¥ would be needed.
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for some real functions a(r),b(0) and h(r,d). If the system of equations

O (vV—detgg™a(r)) h(r,0) + 2 (v/—det g g™ a(r)) 0rh(r,0) = 0
dy (V—det g g” b(0)) h(r,0) + 2 (v/—det g g b(0)) dph(r,0) = 0 (2.35)
2(r)g = PO

holds, then the wave equation (2.34) correctly reduces to the Schrédinger-type equation wanted.
Note that the last equation is key, since it gives a necessary condition for the reduction to be

possible. Indeed, we have
06

2,7 _ 9 42
a (r)—gwb (9),

which holds if and only if there exists b(f) such that (g% /g"") b*(6) is independent of 6, i.e. the
function ¢%¢ /g"" needs to be separable. Note that g% /g"" is consistently positive because the
(r,0)-block of g is Riemannian and g9 = 0.

If such condition is satisfied,?” then the first two equations of the system give an explicit

expression for h(r, ), which reads

M\b—\

h(r,0) = (V detg\/g”gae) :

while the third equation determines a(r) and b(6) up to multiplication by a real factor.

Remark 2.7 (Isothermal coordinates). For any two dimensional Riemannian manifold,
there always exists a system of locally isothermal coordinates, for which the metric is conformal
to the Euclidean metric (see, for instance, [10]). In view of this abstract result, the reduction

that we have just discussed is, in fact, always possible locally.

In what follows, we will consider abstract eigenvalue problems without further referring to the

separation of the wave equation.

2.7 Eigenvalue problem for the static black string

In this section we discuss the first part of the proof of Theorem 2.3. The structure of the

exposition and the formulation of the results closely follow Section 4 in [69].

With coordinates as in Section 2.3.1 and ansatz (2.32), equation (2.34) for static black strings
gives the eigenvalue problem
0, 02101000 — L ay(sinovg) + |10 4 )72 0 =

r2sin r2sin® 0

2TThis will be the case for black string and black ring metrics.
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with u = u(r,0), f(r)=1—r9/r, w € R and m,J € Z. For any m, J such that
m? > 3J%2, (2.36)

the everywhere positive potential

f(r)

2 2
+ J
72 sin29m f(r)

has a local maximum and a local minimum at (rmax,7/2) and (rmin, 7/2) respectively, with

70 < Tmax < Tmin-
Let us now fiz the scaling between m and J by setting

J=bm, V< —,
mn 37“[2)

with b € Q positive constant.?® In this way, condition (2.36) is satisfied and, therefore, the

potential has a local minimum.

The eigenvalue problem becomes

L0 0,62 1)00) — L y(sin80pu) + m? [ L 4125w = wa.

2 72 sin 0 72 sin? 6
We now change coordinates to (r«,6) and define a function h(r,6) as follows

dr B 1
dr— r\/f(r)’

Let u(r,0) = h(r,0)a(r«,0). With the abuse of notation u(rs,0) = u(ry,0), the eigenvalue

problem reduces to

PN

h(r,0) == (rsinf) "2 f(r)"

g(r) (=02 u — 8Zu) + [V;(r,0) + m>V (r,0)]u = wu,

where
f(r)
g(r):==5",

oy r=m) g

Vi(r,0) := 4r3sin?h 1674’
f(r) 2

Vir,0) := b .

<T7 ) 'I°2 Sin2 0 + f(r)

Note that these are smooth, real-valued functions which are bounded away from the axis r = 0.

28The sign of b does not matter at this stage, since m and J always appear squared.
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We define

h=2 = m?
Viie(r, 0) == h*Vj(r,0) + V (r,0),
K= w’h?,
and write
— B2g(r)Aq. gyu+ Vi(r,0)u = ku, (2.37)

where the Laplacian is the Cartesian Laplacian and, again, u = u(ry, ).

For the first part of our discussion, we will be considering the eigenvalue problem (2.37) on
a bounded domain €2, for which Dirichlet boundary conditions on 92 will be imposed. Our
interest is to determine the existence of eigenvalues arbitrarily close to some suitably fixed

energy level.

2.7.1 Continuity of the potential

By continuity of the potential V', we have the following lemma, which defines the domain €2
on which our eigenvalue problem will be formulated and suitable energy levels E. We use the

notation x = (r,0) for a point in [rg, 00) x [0, 7).

Lemma 2.1 (adapted from [69] Lemma 4.1). Define Vi, to be the minimum of V' and xpi, €
(ro,00) x (0,m) such that V(xmin) = Vinin. From a previous observation, r(xmin) > 9. Let ¢ >0

be a sufficiently small constant such that there exists Q C [rg,00) X [0,7) for which
Tmin € Q
and satisfying

(i) V(x) = Vinin + ¢ for x € 092,

(ii) there are no local mazima of V' in .

Fiz some energy level E > Vi such that E — Viin < ¢. Then, for any sufficiently small

constants 0,0 > 0, there exists some constant ¢’ > 0 such that
dist(z,00) < § = V(z)—r >

forall k € [E—6, E+4], with dist(+,-) the Euclidean distance. Note that one can reformulate the
lemma for Vefléf instead of V', where all the constants appearing in the statement are independent
of h for h sufficiently small.

Remark 2.8 (2 has smooth boundary). The boundary of Q2 is defined as a level set of the

smooth function V. Since, by definition of Q, the gradient of V' is non zero at each point of
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‘Yn 1in 9

Figure 2.4: The potential in figure is illustrative, it is not the graph of Ve’}f The shaded region
corresponds to €.

the level set, one can conclude that the level set (and therefore O) is a smooth curve (this is

an application of the Implicit Function Theorem). The set §) is therefore a compact set with

smooth boundary.

The abstract eigenvalue problem that we consider is

—h2g(r) A, 0)u + VA(r,0)u= ku on Q

(2.38)
u= 0 on Of).

2.7.2 Weyl’s law for (2.38)

In this section we prove the following theorem, which is a version of Weyl’s law for the eigenvalue
problem (2.38). When the operator is a pure Laplacian on a bounded domain, this result is
a standard asymptotic property of the eigenvalues. In our case, the presence of a potential
requires more work, but without major additional difficulties. Our argument follows the lines
of [106, 69] and review [105].

Theorem 2.4 (Weyl’s law, adapted from [69] Lemma 4.2). Consider the abstract eigenvalue
problem (2.38). Let E > Viyin be an energy level such that E — Vi, is sufficiently small and fix
some positive constant § < E — Vinin such that E+ § < ¢, with ¢ > 0 the constant introduced in
Lemma 2.1. Then, the number of eigenvalues of (2.38) in the interval [E — 0, E + §], denoted
by N[E — 6, E + ¢], tends to infinity as h — 0. In particular,

1
as h — 0, with x¢.y indicator function.
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Figure 2.5: Finite family of recatngles R; covering 2.

Remark 2.9. The scaling in N ~ h™2 of Theorem 2.4 is different from the one obtained in
[69], where N ~ h=t. In fact, from Weyl’s law, one should expect the number of eigenvalues
N to scale like h=?, where d is the dimension of the compact domain Q. For the eigenvalue
problem considered in [69], Q is one-dimensional (a closed interval on the real line), while for

our eigenvalue problem  is a two-dimensional compact set.

Let 0(€2) be the set of all possible finite families o of open sets covering Q up to a set of measure

zero. For any family o € (), we require that

(i) each open set of o is an open rectangle R; of area A; = L;1 X L; 2,
(i) R; N R; =0 for any i # j, with 4,5 € Z,
(i) RiNQ #0D for any i € Z.
Note that, in case condition (ii) is not satisfied for some family of open rectangles satisfying

(i) and (iii), one can always consider a refinement of such family for which condition (ii) holds

(this being true because the intersection R; N R; of two rectangles is still a rectangle).

Let P be an eigenvalue problem. We denote by N<g(P) the number of eigenvalues of the

problem P which are less or equal to some fixed energy value E.
Let us define the problem ]5]5 as

—C’ghQA(T*ﬂ)u + Vju = Ku on R;NQ
u= 0 on I(R;NN),

where

1 i
C’g ;= sup 27‘3 + 5‘87‘*9(7’)’2 +g(r)|, Vi = sup [VZ&(T, 9)} .
Q R;NQ2

Note that the constant C’g > 0 is finite.

The two following lemmas, Lemma 2.2 and Lemma 2.3, are the key technical ingredients to
prove Theorem 2.4. We will only sketch their proofs, further details can be found in the proof
of Lemma 4.2 in [69].
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Lemma 2.2 (Weyl’s lower bound). For any family o € o(Q2), we have

> Negp(Ph) < N<p(Pp(9)), (2.39)
€L

where Pp(Q) is the eigenvalue problem (2.38).

Remark 2.10 (Rectangles with no eigenvalues). By fizing the value E as in the statement
of Theorem 2.4, the bounded domain ) gets separated into two disjoint regions, namely a region
where V. < E and a region where V. > E (see Figure 2.5). The latter region extends up to the
boundary 0X2. The problem ]5]7‘3 formulated on a rectangle R; intersecting the latter region will
involve a constant potential Vfr > F, so NSE(pfj) = 0 by classical arguments. In particular,
this remains true for each R; € o such that R; ¢ ), i.e. for each R; € o exceeding ). For this
reason, when we consider a particular family o € o(QY), the R; exceeding Q (as well as any R;
intersecting the region where V. > E) do not contribute to the sum appearing on the left hand

side of (2.39).

Proof. From min-max theory, the n-th eigenvalue of Pp(£2) is given by

Kn = inf max Qqfx]
(f1,enfn), FREH(Q)  k<n
| fill L2 70, (fr,f5)=0Vk#j
Jo [0 ) @r.g(r)) + 129(r) (100l + 100112 + Vit 0)1 ] oo

1 el172 0

Qalfi] ==

Similarly, the n-th eigenvalues for the Dirichlet problem P}, defined as

—hQQ(T)A(r*,Q)u + VZ&(T, Nu = kKu on R,NQ
u= 0 on O(R;NQ),

is determined by the formula

M= inf max Qf
(fl,~--7fn)7fk€Hé(RimQ) kSTL QQ[fk]
Il ficll 270, (fi, f5)=0 Vk#j
Jrioe [P 560 £1)(@r.9(r)) + 129(r) (100 fel? + 100 fil?) + Vi(r,0)| 2] dr.6

AP

Qalfr] =

We order the eigenvalues A\, in a non-decreasing sequence \; < Ay < ... for all i. For each n,
one has
Kn < An .

The proof of this fact essentially relies on the variational definition of the eigenvalues. The
reader interested in the details should refer to Sublemma 4.2.1 in [69] and realise that the

argument therein can be easily adapted to our PDE setting.
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We observe that, for any fi, € H}(R; N Q), we have

| 0[50 50@r(0) + o) (10,5 + 0fil) ] it (2.40)
R;NQ
1 1 9 9
< [0 SR 510 s 0PIor A+ ) (100 + 00| v
< [ (2 g+ o)) on o + a0 OusiP | .t
R;NQ

< [ can (10 + oui ) drudo.
R;NQ

where we used Young’s and Hardy’s (Poincaré’s) inequalities and introduced the positive con-

stant )
it =sup | 212+ 310900 )P+ 900
Q

In particular, note that C;g does not depend on i. Let us now define

N . S G2 (100 ful” +100117) + Vi |fuf?) dr.db
"= in max
(fiyeeofn) FlEHY(RiNQ) k<n [FA
I fxll 2 70, (fr,fj)=0Vk#j

. (2.41)

where
i _ h
Vi = sup [Veff(r,ﬁ)} .
R;NQ

From estimate (2.40), combined with the variational definition of the eigenvalues, we have
< 5\; for each ¢ because the Rayleigh quotient gets increased. Therefore, after ordering S\Z

in a non-decreasing sequence for all 7, we have

Recall now the definition of the problem P},. Formula (2.41) gives the n-th eigenvalue of Pj.

So, from (2.42), we can conclude

Y N<p(Ph) < N<p(Pp(Q)),
€L

where the result is independent of the family o € o(£2) chosen.

Lemma 2.3 (Weyl’s upper bound). For any family o € o(2), we have

N<p(Pp() <> N<p(PR),
i€L

where ]5}\, is the problem
*CéhQA(T*’Q)U +Viu=ku on RNQ,
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with Neumann boundary conditions imposed on O(R; NY) and

Cr = Lintg(r) Vi 'f[vh( 9)] peCa
:= —infg(r = in r —
R A 7 pno L el 4Cq
Proof. Consider the variational definition of the eigenvalues

(g inf max Qqlfr

fin (f1,0fn), fr€HY (RiNQ) k<n Q[ ]

||fk||L27£07<fk’fj>:0Vk7£]

and order them in a non-decreasing sequence gy < ps < ... for all 7. These are eigenvalues

of the problem Pﬁ,, defined as the problem Pfj but now with Neumann boundary conditions
imposed on 9(R; N). Note that the space of test functions is now H' instead of H}. Following
the argument in [69], we define the space

= {f € H'(Q) such that HfH%Q(Q) # 0 and f is in the closure in H' of piecewise C*?

functions, which are C? on each R; N Q}

and eigenvalues

n = inf max
a ooy TRax Qalfil.

I fll 270, (fr,f;)=0Vk#j

These are eigenvalues of the problem Py (f2), defined as Pp(€) but with Neumann boundary

conditions on 9 and test function space Y. Since H}(Q2) C Y, we can easily conclude that

fin < K -

The delicate part of the argument is now proving that i, = p, for each n (when counted with
multiplicity). See the proof of Sublemma 4.2.1 in [69] and textbook [106] for more details on
this. Once the equality fi, = p, has been established, one has

I
Similar considerations to the ones presented in the proof of Lemma 2.2 allow to conclude that
fin < pin < Kp

where [i,, are eigenvalues of 15}\, The estimate for the Rayleigh quotient now reads

S~

(12 1100 £) O 9(r)) + 12 () (100 Fil? + 100 ) + Vii(r, )| ] .
- [ { B2l S = 01, 9 U + () (105 £ + 100 il?) + Vbt 0>|fk|2] dr.do
R;NQ

2
= /]%ng I: 6) (’ar*fk‘Q + |89fk’2> + (VZ&(T, 0) - ;2|8T*g(7'>‘2) ’fk’2:| dr*dé?,
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where one chooses € = C; and obtains that the last line is greater or equal to

C+
/ [Cgiﬂ (|amf,€|2 + yaefkﬁ) + (v;’;f(r,a) - h29_> |fk|2] dr.df .
RiNQ 40,

This proves the lemma.

Remark 2.11. In what follows we will show how we can derive an explicit lower bound for
N<g(Pp(2)) from Lemma 2.2. In the same way, Lemma 2.3 provides an upper bound that
can be explicitly computed. Since the calculations are almost identical, we only present the

computation for the former.

The key point of inequality (2.39) is that we can derive an explicit expression for the sum

appearing on the left hand side, which will provide an explicit lower bound for N<g(Pp(£2)).
Recall that the problem PE reads
—C§h2A(T*’9)u + Viu = Ku,

with Dirichlet boundary conditions imposed on d(R; N 2). The open set R; N Q is an open
rectangle if R; N = R;, otherwise it has a more general shape. Remember that, in the latter
case where R; N ) # R;, we have Vj > FE, so

Therefore, these R; do not enter the computation of the sum in (2.39), for which it is enough

to only consider the R; such that R; N2 are rectangles.

For such R;, the eigenvalue problem ]5]'5 admits eigenfunctions

( 9) . ni7177 . ni7277 0
Un,; o\ Tk = SIn Ty | SIN
i, 1,14,2 ’ Li7l Li72
n; 1m 2 NG o 2
)\;117, 1,142 = < IZ; > + ( _[7;7 > ’
’ ’ 2,1 0,2

where n; 1,n;2 € N. Therefore, we have that N< E(P’D) is the number of eigenvalues A

2 2 i
n;1 ;2 E— Vfr
) I < - Z ,
(Lz‘,l) * <L¢,2> - <C§w2h2 Mvi<e}

which corresponds to the number of integer lattice points (n;1,n;2) € N x N contained in the

with eigenvalues

i
M4,1,74,2

satisfying
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portion of the first quadrant defined by
2 2

Ep =< (z,y) e R?: v + Y <1l,z>0,y >0

E— Vz E— VZ
C* 2h2 X{VZ<E} Lzl C+ th X{V’<E} Lz?

This is a region delimited by an ellipse. By constructing unit-area squares [n; 1 —1,m;.1] X [n; 2 —

1,n;2], one can easily see that the number of such squares contained in g equals the number

of integer lattices points in & (see [105] for more details). Since the squares have unit area, we

have
N<p(Ph) = ZArea squares) < Area(&g),
where
n (FE— Vi
Area(gE) = Z <C’a_7r2h2> X{VJ::SE} Li,lLi,Q
1 (E-V]
=5 () ¥y A

By an analogous construction (again, see [105] for details), it is possible to obtain the lower
bound

1 (E-V} Perimeter(R;) |E — Vi
New(Ph) 2 57 (W) Xvi<py Arealll) = == C+h2 X{vi<p}-

Therefore, for h sufficiently small, we have

Area(R;)

N<p(Pp) ~ Th2 (B-Vi) X{vi<p} -

Note that the scaling in h is different from the one obtained in [69]. This comes from the fact
that we are considering an eigenvalue problem on a rectangle, instead of a problem on a segment

of the real line.

From (2.39), we can conclude that

ZW(E Vi) X{vi<ry S Nep(Po(Q)). (2.43)
i€

We now refine the family o by taking the supremum over all the possible families o € o(2). In

other words, we take a limit which sends the Riemann sum to an integral. From (2.43), we have

Area(R;)

su
P mh2

(E - V+)X{V1<E} N<g(Pp(2)),
o€o(Q) o7

which gives

Area(Q)

N<p(Pp() 2 — 5

/Q (E—=V)xv<pydrdo. (2.44)
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Remark 2.12. As already observed, we are sure that R; N2 is a rectangle only when R; N§) =
R;. For problems Pl rectangles for which R; N Q) # R; did not contribute to the sum of the
eigenvalues, so we only had to compute the number of eigenvalues for problems formulated on
actual rectangles, which is what we are able to do explicitly. However, this is not true for
problems ]5}\,, where one could have a rectangle intersecting both the allowed region and the
boundary of Q on which V' < E. This issue can be avoided by refining the family o after the
energy value E has been fixed, in a way that the R; never intersect both the region where V < E
and the boundary Of).

In view of Lemma 2.3, an analogous calculation gives

Area(2
New(Po(@) £ 2o [ (B ) xpy<ydraas

for h sufficiently small. Combined with (2.44), this provides the relation

NgE(PD(Q)) ~ AI:Z(ZQ) /Q (E - V) X{VSE}dr*dQ . (2.45)

Let us now denote by N[E — ¢, E + 0] the number of eigenvalues in [E — ¢, E + 0] for Pp(2).
By applying (2.45) to

N[E =6, E+ 0] = N<p+s(Pp(€)) = N<p-5(Pp(2))
we obtain the version of Weyl’s law of Theorem 2.4.

Remark 2.13. Since the result is obtained by considering h sufficiently small, Weyl’s law can
be equivalently expressed in terms of V instead of Ve}flf This motivates the presence of V in

Theorem 2.4 and in the limit of the Riemann sum considered in our proof.

2.8 Eigenvalue problem for the boosted black string

The aim of this section is to prove Theorem 2.6. To do that, we will mainly follow a perturbation

argument of [59].

The eigenvalue problem for the boosted black string is nonlinear. From (2.34), we have

00602y - T{ ) 3yt 0001
{ <T2 Sm)2 0 m’ f(r)) sinh? ﬁ] w? — [2(1 — f(r))sinh § cosh B]w J

+[1 - f(r)) cosh? g J2}u—w u,

which reduces to
—g(M) A gy + [Vi(r,0) + V] oy (r,0)]u = wu,
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with

r2sin26

V&mJ) (r,0) := <f(T)) m? — (1= f(r) sinh? B w? — [2(1 — f(r))sinh B cosh B]w J
(2.46)
+[1 = (1= f(r)) cosh? 8] J?

and Vj(r,0) independent of the frequency parameters (w, m,.J). The eigenvalue problem is

—g(r) A, oyu + [Vj(r,0) + V(i,m,J) (r,MHu = w?u on

(2.47)
u= 0 on Of)

for some fired open set 2 to be later specified. Remember that v = wu(r.,0), with the radial
coordinate r, previously defined. The eigenvalue problem (2.47) is nonlinear in the sense that

the potential V(i ) depends on the eigenvalue w?.

Remark 2.14 (Comparison with Holzegel-Smulevici [59]). Potential (2.46) has one
quadratic term and one linear term in w. In the nonlinear eigenvalue problem considered in
[59] for Kerr-AdS black holes, w only appears quadratically in the potential, as an effect of the
assumption that solutions to the wave equation are axisymmetric (in fact, this kills the cross-
term linear in w). This symmetry assumption cannot be reproduced in our setting, because the
vanishing of J (which is the frequency parameter that generates the cross term w J) would imply
that, at the geodesic level, no stable trapping possibly occurs (see Lemma 2.4). We are therefore
left with a more complicated analysis of the potential and, in turn, a more involved perturbation
arqument than the ones presented in [59]. Note that the terms involving wo in the application of
the Implicit Function Theorem (see, for instance, inequality (2.64)), which are absent in [59],

are a manifestation of this fact.

As in [59], we consider the two-parameter family of eigenvalue problems

Qb,w)u= A(b,w)u on

2.48
0 on 0f), ( )

where the operator Q(b,w) has the form

Qb,w)u = —g(r)Ag, gyu + [Vi(r, 0) + V7

(w,m,J

)(Tv 9) - L‘)Q]u ’
with b € RN [0, 1] dimensionless parameter.

Remark 2.15 (Notation). In what follows, we will provide statements about w in the context
of problem (2.48). In most of the cases, w will necessarily depends on the parameters appearing
in (2.48), namely b, 5, m and J. Since 8 will be considered fixed and the other parameters
allowed to vary, we shall introduce the notation wy, j. However, to this notation we prefer

Wpm, because the frequency parameter J will be treated as a rescaled version of m. To sum up,
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we denote w in (2.48) by wp ., and adopt

Wlin = Wlin,m = Wo,m » W=Wmnm = Wim-

We aim to prove that, for b = 1 and m sufficiently large, there exists wy,, such that the
abstract eigenvalue problem (2.48) admits a zero eigenvalue. This, in turn, would prove that
the nonlinear eigenvalue problem (2.47) admits eigenvalues w?.

The main idea is to make use of what we have already proven for the linear eigenvalue problem
(2.38) in Theorem 2.4 of Section 2.7, namely that, for b = 0 and m sufficiently large, there exists
wo,m such that Q(0,wp ) admits a zero eigenvalue, say the n-th eigenvalue A, (0,wp ) is zero
(where n = n(m)). In view of the Implicit Function Theorem, we will be able to prove that this
statement remains true for any b € [0, 1], i.e. for any b € [0,1] and m sufficiently large, there
exists wp ,, such that the eigenvalue Ay, (b, wp ) of Q(b, wp ) is equal to zero. In particular, this

statement will hold for b = 1, giving us the existence result for (2.47).

2.8.1 Preliminaries

Analysis of the potential V({i’m“]) —w?

We collect here some properties of the potential VZ
(2.46). Let us define

) w?, where V(i,m,J) was defined in

‘%i,m,]) (T’ 9) = ‘/(f),m,J) (T’ 0) - w?

_ < f(r) ) m? — [(1 — f(r))sinh? 8] w?® — [2(1 — f(r)) sinh 3 cosh B w J

r2sin? 6
(2.49)

+[1 = (1 = f(r)) cosh? ] J? — w?

r2sin? 6

:( f(r) )m2—(1—f(r))(wsinhB+Jcoshﬁ)2+J2—w2.

When we do not need to specify any particular dependence on the frequency parameters, we
denote V(i,m,J) by V.

Remark 2.16 (Fix 0 = w/2). For most of this section we will be firzing @ = w/2 and the
potential will be considered as a function of r only. Note that 9pV (r,m/2) =0 for any r > 19
and 0 = 7/2 is a local minimum (and the only stationary point) in the 0-direction. Further-
more, for any fired r = 7 and (w, m, J), there exists Oy sufficiently close to O (or 7) such that
‘A/({i’mJ)(f, 0) >0 for 0 <6 <6y (orm—0p<0<m). Indeed, for § small (or close to ), i.e.
sin? @ small, the potential gains more and more positivity from the first term in (2.49). The

constant 0y depends on both 7 and (w,m, J).

Theorem 2.5 (Analysis of V(i m J)). Consider the potential V, with w € R and m,J € Z.

Assume cosh? f < 3, where € R>q is fized. Then, the following statements hold.
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1. The potential V admits at most two stationary points. It has both one local maximum and

one local minimum if and only if
m? > 3r2(wsinh 8 + J cosh 3)? . (2.50)
For any (w,m, J) satisfying (2.50), we have
70 < Tmax < 370 < Tmin ,

where rmax and Tmin are the radial coordinates of the local maximum and local minimum
respectively. For m? = 3r}(wsinh 8 + J cosh 8)2, the potential V has an inflection point
at v = 3rg, while for m? < 37“8(0) sinh 8 + J cosh 3)? there are no stationary points.

2. The potential V wanishes as a cubic in r. In particular, the potential has (i) one real
root, or (ii) three distinct real roots, or (iii) three real roots where one is a multiple Toot.
Without any condition on the frequency parameters (w,m,J), the roots lie in general on

(—00,00).

3. If f/(io mo.Jo) has three distinct real Toots in (rg,00) for some triple (wo, mo, Jo), then

Jg > w% must hold.
4. If w =0, then V(ng) does not admit three distinct real roots in (rg,00) for any m,J.

5. There exists a triple (wo, mg, Jo) such that the potential 1V admits three distinct

(wo,m0,J0)
real roots in (ro,00). In view of (1),(3) and (4), for any such triple (wo, mo, Jo), we have
(1) 0 < |wo| < |Jo| and (ii) condition (2.50) holds. In particular, there exists such a triple

(wo, mo, Jo) which also satisfies the condition wyJy > 0.

6. Consider a triple (wo, mo, Jo) such that the potential VP

(wo,m0,Jo
roots 110, 15°, 15" € (rg,00), with ry® < r5° < r5° and woJo > 0. Then, there exist E~,ET,

) admits three distinct real

with 0 < £~ < &1 < |Jo|, satisfying the following properties:

(i) |wol € (€7,E7).
(ii) for any |w| € (E7,ET), sign(w) = sign(wy), the potential V

(w.m0,J0) admits three

distinct real roots in (rg, 00).
(i11) For any wi,ws such that |wi|,|wa] € (E7,ET), lwi| < |wal, sign(wr) = sign(ws) =

sign(wo), we have 15" > 5% and r§' < 4%, where v}’ denotes the i-th root of

(wj,mo,Jo)
7. For any fized By, there exists a triple (wo, mo, Jy), with woJy > 0, such that V(io,mo,Jo)

admits three distinct real roots in (rg,00) for any 8 € [0,80]. In particular, V&OMO’ Jo)

admits three distinct real roots in (rg,o0) and we have 9 > r5° and rJ < Tgo, with the
notation rf for the i-th root of ‘7(6

wo,mo,Jo) "

Remark 2.17 (8 is fixed). The boost parameter B has to be considered fized. The statement
of the theorem holds for any fized B satisfying cosh? 5 < 3. In particular, it holds true for B = 0,

1.e. for the static black string.
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Proof. We start by observing two properties of V:

V (ro,0) = —(wcosh B + J sinh 8)% < 0 (2.51)
lim V (r,0) = J? —w? (2.52)
r—+00
for any (w,m,J). We present the proof divided in parts, accordingly to the statements of the

theorem.

1. We compute the derivative

ov

o (r, E) — 1 [m2(3r0 —2r) + ro(J cosh B + wsinh /3)27,2] .

2 ri

Note that this is positive at r = ry. By imposing %(r, m/2) = 0, we find that the potential

V has at most two stationary points with radial coordinate

m? — \/m2 [m? — 3r3(wsinh 3 + J cosh 3)?]

fmax = ro(wsinh 8 4 J cosh 8)?
m? + \/m2 [m? — 3r¢(wsinh 8 + J cosh 8)?]
min — . y 2.53
" ro(wsinh B + J cosh )2 (2:53)
with the condition
m? > 3r2(wsinh B + J cosh 3)? (2.54)

for the stationary points to exist and be distinct. Using (2.54), we have
Tmin > 370 + positive term > 37 .

Furthermore, we clearly have ry.x < rmin and

S 3m?
P (wsinh B + J cosh B)27min
S 3m? ro(wsinh B + J cosh 3)? _ §T
~ (wsinh B + J cosh §)? 2m? 2"

Z’I“o.

Since %—‘: (ro,m/2) > 0 and the two stationary points are in (rg, 00), we can conclude that

rmax 18 really the radial coordinate of a local mazimum and ry, of a local minimum. For
m? = 37‘8((» sinh B + J cosh 3)2, we have Tmax = Tmin = 370 and %27‘; (3rg,m/2) = 0, so

r = 3rg is the radial coordinate of an inflection point.

2. We set sinf = 1 and rewrite V as
1
3 [(J? = w?)r® — ro(wsinh B + J cosh B)*r? + m?*r — m>rg] | (2.55)

which vanishes as a cubic in 7.
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3. From (2.51), if V has three distinct real roots in (rg, c0), then we must have lim, ;o V >
0, which implies J? > w? from (2.52).

4. Suppose that V admits three distinct real roots in (ro,00), with r; < ro < r3. Then the
largest root must satisfy r3 > 3rg. This is true because, if V admits three roots in (rg,00),
then it must have both one local maximum and one local minimum, with 7, > 3rg. In
view of (2.51) and point (3), we need to have r3 > iy > 3rg. However, if we set w = 0,

the potential becomes

‘A/(ng)(?"a 0) = <f(7“)> m? 4 [1 — (1 — f(r)) cosh? g].J2.

r2sin26

Using assumption cosh? 8 < 3, potential V(gm J)(r, 0) is positive for any r > 3rg, contra-

dicting r3 > 3rg. This implies that we need to have w # 0. In particular, for any fixed

m, J, the frequency parameter w has to be bounded away from zero, where the lower

bound depends on m and J.

5. From point (2), we know that the potential is a cubic in r, whose discriminant

D:—4(JQ—WQ)m4
+ [—277“8 (J? - w2)2 + 1875 (J* — w?) (wsinh B + J cosh B)?

+r¢ (wsinh B + J cosh ﬁ)4] m? — 4rg (wsinh B + J cosh 3)°

is positive if and only if the potential admits three distinct real roots in (—oo, +00). We
claim that, for the triple (w,m, J) with J? = w? 4+ & and m? = 5r3(wsinh B + J cosh 3)?,
the discriminant is indeed positive for sufficiently small € > 0.2 With such a triple, D

becomes

D =¢ [—4m4 + 1872 (wsinh B + J cosh )2 m?| — 27r22m?

+ 72 (wsinh 8 + J cosh 8)*m? — 4rd (wsinh 8 + J cosh 8)° .

The expression for m?, which correctly satisfies (2.50), makes the second line positive. By
choosing ¢ sufficiently small, we conclude D > 0. This proves the existence of a triple
(w,m, J) for which V admits three distinct real roots. In particular, we do not have to
impose a sign for w J, so the existence of the triple is compatible with w J being positive.
We now need to check that the roots all lie in (rg, o0). To do that, note that the potential
Vs everywhere negative for 0 < r < rg, lim,_,q=+ V = Foo and V is everywhere positive
for r < 0 because sum of positive terms (using J? — w? = ¢ > 0). Thus, the potential can

only vanish for r € (rg, 00).

6. Part (i) uses point (5), while part (ii) comes from the continuity of 1%

(w,m0,Jo
that mg and Jy are fixed). For part (iii), we note the following monotonicity property

) inw (note

29To ensure that m,.J € Z, one can choose w = w(e) such that w? + & € Z and take the integer part of
5r¢(wsinh B + J cosh )%
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of V(?u,mo,Jo)‘ If wJy > 0, then, for any fixed r = 7, (2.49) shows that v}f),mo,{]o) (F,m/2)

increases when w decreases, because all the terms involving w are negative.

7. We look at the discriminant D and suppose wp, Jo > 0 (the case wp, Jo < 0 is equivalent).
We again define J§ = w3 + ¢ and m3 = 5rd(wo sinh By + Jy cosh Bp)?. As proved in point
(5), this gives the existence of three distinct real roots for V('i S

enough. Note that, for any 3 € [0, By), we have m3 > 573 (wq sinh 3 + Jo cosh 8)2, which
implies D > 0 for any § € [0, 5y) and e sufficiently small (¢ depends on [y, but uniform

) when € is small

in 8). The monotonicity property of the roots derives form the fact that, for (wo, mo, Jo)
with wgJy > 0, all the terms of 1%

(wo,m0,J0) depending on [ are negative and decrease in

absolute value when § decreases.

The frequency parameters m and J

Lemma 2.4. Letm,J € Z. If m =0, then V does not admit three distinct real roots in (ro,00).

Analogously, if J =0, then V does not admit three distinct real roots in (ro,00).

Proof. If m = 0, then condition (2.50) of Theorem 2.5 implies that V has a local maximum and

minimum in (rg,00) if and only if w and J satisfy
3rg(wsinh B + Jcosh )% < 0.

Therefore, V does not admit stationary points in (79, 00), so it cannot have three distinct real
roots in such interval. If J = 0 and V has three distinct real roots in (ro,00), then we know

from point (3) of Theorem 2.5 that J? > w? must hold, which gives a contradiction. O

Motivated by Lemma 2.4, we will assume
m #0, m >0 J#0 (2.56)

throughout the discussion. In fact, the sign of m does not play any role because m only appears
squared in both eigenvalue problems (2.38) and (2.47). As done for the eigenvalue problem
(2.38), we further assume

J=cm < = (2.57)

37“(2]

for some fized, positive constant ¢ > 0. We will not make a substitution J — ¢m in our
equations, but the reader should keep in mind that, from now on, J is really a rescaled version
of the frequency parameter m. In view of (2.56), we have J > 0. We summarize all the

assumptions on m and J in the following:

o1



Claim 2.1 (Assumptions on m and J). Let m,J € Z. We assume
m#0 J=cm, J>0,ceQ

for some fized constant ¢ such that 0 < c? < 1/37"(2].

Remark 2.18. Note that:

(i) In the linear problem (2.38) the sign of the frequency parameters (w,m, J) is not relevant,
because they all appear squared in the potential. For the nonlinear problem (2.47), the sign
ambiguity becomes relevant when one has to deal with the cross-term w J in potential V.

See, for instance, the proof of Lemma 2.6.

(ii) What we really want to assume is J > 0, while parameters m and J do not need to have
the same sign (one could equivalently assume m < 0 and ¢ < 0). Most of the statements
in the following sections will require m?, J? sufficiently large. Claim 2.1 assumes that, in
the limit J?> — oo, we have J — +oo (and not J — —00).

(iii) The results of Theorem 2.5 did not require any assumption on the sign of J. Therefore,

all the statements therein remain true after assuming J > 0.

Remark 2.19 (The choice of sign for J does not matter). One could equivalently assume
J <0 in Claim 2.1 and go through the same arguments that we are about to present. In other
words, one only has to eliminate the sign ambiguity of J from the problem, but the particular

choice of sign is not important.

How we choose () for (2.47)

The choice of 2 and suitable energy levels E for the nonlinear eigenvalue problem (2.47) is
specified by the following proposition, which has to be seen as the nonlinear analogue of Lemma
2.1.

Proposition 2.1. Define Vnﬁﬁn to be the minimum of V(i m.J)
that f/(i’m“]) (Tmin) = Vrfin. For suitable m,J € Z (as in Claim 2.1) and f € Ry (as assumed

in Theorem 2.5), consider some constant € > 0 such that Vémm ) has a local minimum and

and Tpyin € (ro,00) X (0,7) such

such that there exists Q C [ro,00) x [0,7) satisfying
(1) Tmin € £,

(i1) Vigmn (@) =0 for x € 00,

(iii) there are no local mazima of V(gm,m,J) in Q,

(iv) ©€Q = r(z) > 3ro.
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N

Figure 2.6: Conditions (i)-(iv) on € imply that the potential VémmJ)
B

true for ‘A/(Em’m",) on €. Note also that condition (iv) implies condition (iii) because rmax < 379, so the

latter is in this sense redundant. Similarly, condition (iv) also ensures that f/(%mm) 7 (and f/&m’m’ J))

has no local maxima on Q\ ' (and © \ 2”). They have therefore positive sign on such sets.

is negative on €2, the same being

Fiz now some energy level E > 0 such that

(a) V(BEmm ) has a local minimum and there exists ' C §Q satisfying the same properties
(i)-(iv) of Q, but now with respect to vh

(Emvmv‘])7

(b) V(%mmj) has a local minimum and there exists Q" C Q satisfying the same properties

(i)-(iv) of Q, but now with respect to V(%mym,t])-

Then, the final part of Lemma 2.1 holds for #Z%m,mwf) with respect to the open set Q. Fur-
thermore, for any sufficiently small constants 6,0 > 0, there exists some constant ¢ > 0 such
that

(x) >c

(H m7m7J)

1 -
dist(z,00) <& = —V
m

for all k € R satisfying |x% — E%| < &, with dist(-,-) the Euclidean distance.

Remark 2.20. Note that, a priori, it is not obvious that constants £ and E with the properties
required by Proposition 2.1 do exist. The existence of such constants is the content of parts
(5)-(6)-(7) of Theorem 2.5. In particular, we have E < & in view of (6)-(iii) in Theorem 2.5.
Note also that condition (iv) of Proposition 2.1 is always realizable, since by (6)-(iii) in Theorem
2.5 one can continuously vary w and obtain roots of the potential arbitrarily close to the local

minimum, for which rmm > 3ro holds.

Remark 2.21. As one can see from Proposition 2.1, the choice of & and the energy level E

for the nonlinear problem is slightly more delicate than the one introduced in Lemma 2.1 for
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the linear problem. One reason for this is the non-linearity of the problem, namely the fact that
the potential varies when we vary the energy level E. On the other hand, our formulation of
Proposition 2.1 (in particular point (b)) aims to fix an energy level E which also agrees with the
assumptions of Theorem 2.4 for the linear eigenvalue problem with potential V&m’m’J). This is
because we will need to apply Weyl’s law of Theorem 2.4 in our perturbation argument. By part

(7) of Theorem 2.5, a choice of E with these properties is possible.

Remark 2.22 (A condition on B3). Boosted black strings present an ergosurface at r =

ro cosh? B. From now on, we assume that the real parameter > 0 satisfies
cosh?3 < 3. (2.58)

In view of condition (iv) of Proposition 2.1, our assumption ensures that the open set ) is
disjoint from the ergoregion in physical space. This is key for Lemma 2.5 and, even more

importantly, for the proof of Lemma 2.6.

The open set € is uniquely determined by the choice of the constant £. This concludes the
formulation of the eigenvalue problem (2.47). In what follows, the set 2 will be considered fized

throughout.

2.8.2 A lower bound for w?

In this section we prove that the claim that the n-th eigenvalue A, (b,w) of Q(b,w) is zero

determines some compatibility conditions on wy p,.

Let ¢, (b,w) be an eigenfunction associated to the eigenvalue A, (b,w) = 0. Assuming that
Yn(b,w) is normalized on €, i.e. [, |1n(b,w)* dr.df =1, we have

Ap(b,w) = /an(b,w)Q(b,w)wn(b,w) drydf =0. (2.59)

It turns out that wy,, needs to satisfy some a priori conditions for (2.59) to be possible. The

following lemma states that we certainly need to have wy,,, # 0.

Lemma 2.5. Let ¢, (b,w) be a non identically zero eigenfunction of (2.48), normalized on .
If B satisfies (2.58) and m?,.J? > M, for some positive constant M, then the implication

W = 0 —> / (b, @) Qb )by (b, ) o £ 0
Q
holds for any b € [0, 1].

Remark 2.23. In Lemma 2.5 and Corollary 2.2 we require m? large. This assumption finds
motivation later in our discussion, when we will be looking at certain energy estimates in a high
frequency limit. Note also that, in view of (2.57), assuming m? large implies J* large as well,

50 the hypothesis on J? is in some sense redundant.
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Proof. Setting wy , = 0, we have

/Q Yn(b,0)Q (D, 0) (b, 0) dr.db

:L~wwwmmwwwm+WWﬂ+%@Mwﬂﬁwmmw

_ Oy (b,0)[* |9 (b,0)
/Q g(r) (‘ Br +‘

26
+ [Vitr0) + Vi, (. 0)] w26, 0) dr.df
O (,0)

or,

2
> + (0, 0)0r, ¥ (b,0)9;, g(r)

2

2
+g(r) ‘81#%(5, 0)

1
+ |:‘/J (7”, 9) + Vv(}zfmJ) (’I", 9) - :| wi(b’ 0) drdf )

ZA@M—WMWW

4e

where we have integrated by parts, used the boundary condition on ), (b,w) and Young’s in-

equality. We first set b = 1 and we look at

Vi) (1:6) = <r2~’; EZ)Q 9) m?+[1 = (1 — f(r)) cosh? 8] J?, (2.60)
where the first term is always positive, while the second term becomes negative inside the
ergoregion 1 < 7o cosh? 8. We now recall that we are integrating over €, which is an open set
satisfying the conditions of Proposition 2.1. Furthermore, § satisfies condition (2.58). This
implies that the second term of (2.60) is positive on Q. Note that cosh? b3 < cosh? f < 3, so
this gives us a positive sign for the second term of (2.60) on € for any b € [0, 1].

By choosing ¢ sufficiently small (independently of m, .J) and m?, J? sufficiently large, the integral

involves only positive terms (V(r,0) and 1/4e can be both absorbed by V(%'B .

J are large). The integral is therefore positive for m? and .J? sufficiently large, unless 1, = 0

) when m and

identically on €. In particular, the integral is nonzero.

We now derive a second condition for wy ,,, namely a lower bound. The proof follows the same

idea of that of Lemma 2.5. We state the result as a corollary.

Corollary 2.2. Let 1,(b,w) be a non identically zero eigenfunction of (2.48), normalized on
Q. If B satisfies (2.58), then the implication

wam = o(m?) as m?, J? are sufficiently large (2.61)

— /wn(b,w)Q(b,wwn(b,w) dr.df # 0
Q

holds for any b € [0,1].
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Proof. The case ng = 0 is the content of Lemma 2.5. We therefore discuss the case wgm > 0.
Note that, in view of (2.57), condition (2.61) still holds with m replaced by J.

Condition (2.61) implies that we can always choose a constant C' > 0 sufficiently small and
m?, J? sufficiently large such that V(ﬁfm,J) (r,0) — wg’m is positive on Q for any b € [0,1]. This

is true because

f(r)

b3
v
r2sin? 6

(w,ym,J) (7”, 9) - wg,m 2 < ) m? + [1 - (1 - f(?")) cosh? b,@] J?

— C[14 (1 — f(r))sinh?bB + 2(1 — f(r)) sinh b8 cosh bB]m?

remains positive when C' is sufficiently small. The rest of the argument is analogous to the one

presented in the proof of Lemma 2.5.

In view of Corollary 2.2, we conclude that, if the eigenvalue problem (2.47) admits eigenvalues
w2,, then, for m? sufficiently large, there exists a positive constant C,.3, independent of m,
such that

w2, > Cyysm?. (2.62)

In the following section, by an application of the Implicit Function Theorem, we will be able to
prove the existence of such eigenvalues and produce an upper bound of the type w2, < Cro.8 m?

2

when m*© is sufficiently large.

2.8.3 An application of the Implicit Function Theorem

We now state the key lemma for the nonlinear eigenvalue problem (2.47). In doing this, we
will make an assumption on the sign of wy, m, for some by € [0,1]. In the application of the
lemma to our problem, this sign assumption on wy, ., will become an assumption on the sign
of Wiin,m, Where wﬁmm are the eigenvalues of the linear eigenvalue problem (2.38). Since wiin m
only appears squared in the linear problem, this choice of sign is free and does not determine

any loss of generality.

Lemma 2.6 (adapted from [59] Lemma 4.3). Let by € [0,1] and wpym > 0 be such that the
n-th eigenvalue of Q(bo,wyym) is zero. We further assume m, J € Z as in Claim 2.1. Then, for
m?2, J? sufficiently large, there exists a constant € > 0 (independent of by) such that the following
property holds. There exists a differentiable function wy m,(b) such that the n-th eigenvalue of
Q(b,wp,m) is zero for any b € (max(0,by —€),by + ¢).

Proof. Recall that the n-th eigenvalue of Q(b, wp ;) follows the formula

An(b,w):/Q@Dn(b,w)Q(b,w)@bn(b,w) dr.df ,
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where the associated eigenfunction v, (b,w) has been renormalized on 2. Our assumption on

the n-th eigenvalue of Q(bo,ws,m) claims that Ay, (bg, wpym) = 0.

The idea of the proof is to apply the Implicit Function Theorem to the equation A, (b,w) =0
in a neighbourhood of the point (by,we, m), where A, is a function of b and wy . To apply the
Implicit Function Theorem, we first need to compute the derivatives of A, with respect to wy ,
and b at the point (bg, wp, m) and check that they are non-zero. Note that, at this stage, we are
interested in proving the existence of a solving function wp ,(b), so only the derivative of A,

with respect to wp, ., needs to be checked. We have

bo3

oA, a‘/(w m,J)
aw b07 wb(), / ¢n bOa Wy, m T(boa wbo,’m) - 2wbo,m ¢n(b07 Wbo,m) d’l“*dg (263)
bo8
oA, Vw7 J
8b bo, wbm / wn b(), wbm %(bo, wbmm) wn(bo, wbmm) d’l“*dg .

If integral (2.63) is non-zero, then an application of the Implicit Function Theorem allows us
to solve for wy,, as a function of b in a neighbourhood of the point (by,wp,m) and close the

argument. To check this, we compute

bo

%(bo, Who,m) — 2Why.m = — 2 [(1 = f(r)) sinh? boB + 1] wpyy m (2.64)

— [2(1 — f(r)) sinh b5 cosh bof] J

<- 2wbo,m )

where the estimate holds because wy,,, > 0 (by assumption of the theorem) and J > 0 (by
Claim 2.1).

From Corollary 2.2, we have wy, n,, > Chy ro,3 ™ for some constant Cy, », 5 > 0 (independent of
m) and m sufficiently large. In particular, there exists a constant B, g := infy, cio,1) Cbo,ro,6 > 0
independent of by such that wy, . > By, gm. We deduce
bo 3
b} 7J

%(bo,wbo,m) — Qpym < —Brygm. (2.65)
Therefore, (2.64) is bounded away from zero uniformly in by. This implies that integral (2.63)
is bounded away from zero uniformly in by as well. We can therefore conclude the proof by
Implicit Function Theorem. Note that the fact that estimate (2.65) is uniform in by implies

that the constant ¢ is independent of by.

Remark 2.24. The Implicit Function Theorem also provides a formula for the derivative of
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the function wy m, (b) at b = by, namely

(2.66)

By computing

bs
a‘/(o.),m,J)

o (b0 who m) = —B(wiy g + J?) (L = f(r)) sinh(2boB) — 2B wpym J (1 — f(r)) cosh(2bf3) ,

we conclude that, under the assumptions of Lemma 2.6, we have
dw
= CropWhom < - (bo) <0 (2.67)

for some constant Cyy 3 > 0 and any by € [0,1].

2.8.4 The main theorem for the eigenvalue problem (2.47)

This is the main theorem for the nonlinear eigenvalue problem (2.47). Previous sections provided

all the preliminary results that we need to prove the following:

Theorem 2.6 (Eigenvalues boosted black string). Consider the fized energy levels E, E > 0
and the bounded set § introduced in Proposition 2.1. Let 5 € Ry satisfy (2.58) and m,J € Z as
in Claim 2.1. Given eigenvalues wﬁmm for the linear eigenvalue problem (2.38) on §2, we further
assume Win m > 0. Then, there exists a constant M > 0 such that the following statement holds
for any m? > M. There exists an eigenvalue w2, and an associated smooth eigenfunction u, to
the nonlinear eigenvalue problem (2.47). Furthermore, we have wy,, > 0 and

w2 &2 g2

Crop < 2 < E*+ (2.68)

for some constant Cy, g > 0 independent of m.

Remark 2.25. In view of Proposition 2.1, the energy level E agrees with the assumptions of
Theorem 2.4 for the linear eigenvalue problem (2.38) on Q (see also Remark 2.21). Therefore,
Theorem 2.4 ensures that eigenvalues wﬁmm do exist and, in particular, wﬁn’m /m? accumulate in
an arbitrarily small strip around E? for m? sufficiently large. This last accumulation property

of wﬁmm will be crucial to prove inequality (2.68).

Proof. The spirit of this proof is to repeatedly apply Lemma 2.6 to prove the existence of

eigenvalues for the nonlinear eigenvalue problem (2.47).

Let us start by choosing by = 0. Then, we know by our study of the linear problem (2.38) that,
for m? sufficiently large, there exists an wy ,, such that Q(0, wo,m) admits a zero eigenvalue. By

Lemma 2.5, we necessarily have wq ,, # 0.
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By assumption in the statement of the theorem, we have wg,, > 0. Lemma 2.6 now ensures
that there exists € > 0 such that there exists a continuous function ws,,(b) such that, for any
b € [0,¢), the eigenvalue problem (2.48) admits a zero eigenvalue A, (b, wp,) = 0. In particular,
in view of Lemma 2.5, the function wy,,(b) cannot vanish for b € [0,¢), s0 wy,, has to remain

positive on [0,¢). From (2.67), we also have wp, ,, < wom for all b € [0,¢).

For any by € [0, ¢), the assumptions of Lemma 2.6 are still satisfied, so we can apply the lemma
again and deduce the existence of a function wp, ,,(b) such that Ay (b, wp,») = 0 in an enlarged
interval of b. The fact that ¢ is independent of by is crucial here and ensures that a finite number

of applications of Lemma 2.6 covers the whole interval b € [0, 1].

Therefore, problem (2.48) admits a zero eigenvalue for any b € [0,1]. In particular, for b = 1,

this proves the existence of eigenvalues w2, for the nonlinear eigenvalue problem (2.47).

From (2.67), for m? sufficiently large, we have

Wi = Whm(1) < wh (0) < Cm?,

where the second inequality comes from Weyl’s law for the linear problem. Combining with
(2.62), we have that, for m? sufficiently large, the eigenvalues w2, for the nonlinear problem

satisfy

w2
m
cTo,B S W S CTO

for some constants c,, g, Cr, > 0 independent of m.

We now prove inequality (2.68). Consider the problem
@bu = E?L(b)u7

where the operator @, and the n-th eigenvalue E2(b) are defined as

N g T ].
Qpu = _TE?,Q)A(T*’H)U + W[Vj(r, 0) + V(I:fmﬁ])(r,ﬁ)]u
2
wb m(b)
E%(b) := -

with b € [0,1]. From part (b) of Proposition 2.1, which allows the application of Weyl’s law (see
Remark 2.25), we have
E%(0) € [E* - 6, E? + 6]

for some & > 0 arbitrarily small and m? sufficiently large. Furthermore, we have the estimate

OJ2

bm
m2

0< /Q [w(Q — Qp)u] dr.df :/Q {02 Fr)+ [ = f(r) sinh? %]

+2¢(1— f(r))sinh b8 cosh b wb?’m

—c*[L — (1 — f(r)) cosh? b3} |u|*dr.df
for any b € [0, 1], where the constant ¢ was defined in Claim 2.1 and the factor cwy ,/m is
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positive. Note that f(r) > 1 — (1 — f(r)) cosh? bj, so all the terms in the integral are positive.

Therefore,
/ [u(Qyu)] dr.db S/ [u(Qqu)] dr.db
Q Q

which implies, recalling the min-max definition of the eigenvalue E, (b), that
E2(5) < F2(0)
for any b € [0, 1]. In particular,
F2(1) < F*0) < E*+9¢

with ¢ arbitrarily small. The lower bound in inequality (2.68) has already been proven in (2.62).

O]

-~

Remark 2.26 (Vﬁ

(wrmymd) has a good structure). Inequality (2.68) ensures that the eigen-

values w?n for the nonlinear eigenvalue problem determine a potential V(im m.J) with the same
sign properties of Vémm gy i Figure 2.6. When w2,/m? € [E? — 6, E? + 4], this is rigorously
motivated by the final part of Proposition 2.1. For C < w? /m? < E? —§, one can invoke part
(6) of Theorem 2.5 or, equivalently, remember that 8‘7&%{])/3&) < 0. Indeed, the potential
gains positivity for lower values of w2,/m?, thus the sign properties deriving from Proposition

2.1 still hold. This structure of the potential will be crucial in our quasimode construction.

Remark 2.27 (The choice of sign for J does not matter). The reader should now go back
to Remark 2.19 and realise that all our arqguments can be repeated if J < 0 is assumed. One
only needs to be careful with the proof of Lemma 2.6, where the estimate on

bs

M(b Woym) — 2w

Ow 05 Who,m bo,m
was possible because wy, , and J were both positive. Note that the estimate still holds if wyym
and J are both negative, now in the form

bB
aVv(u.),m,J)

ow

(b07 wbo,m) - 2wb0,m Z 2wb0,m .

In other words, what we really need is wyymJ > 0. Therefore, if we assume J < 0 at the level
of Claim 2.1, we then need to assume Wy, m < 0 in Lemma 2.6. In terms of our problem, this

. 2 . . .
means that we are assuming Wip,m < 0 for Wiinm eigenvalues of the linear eigenvalue problem.

2.9 Eigenvalue problem for the black ring

The aim of this section is to prove Theorem 2.8.
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Consider the coordinate system (t,7,0,¢,1) and the ring metric g(,, g) introduced in (2.26).
Recall that

T € [ro, R] 6 €[0,m),
where 7 = r( corresponds to the event horizon and (R, ) to spacelike infinity.
Equation (2.34) for the black ring becomes
~Gring(r,0)D s, g yu+ [V, 0) + VI (r,60)] =0,

where u = u(ry, 0,), the coordinates (74, 6,) are implicitly defined by

dr, R . [ R
dr— \ r(r —ro)(R% —r?) dd — \V rocosO+ R

and the function gring(r,6) is

(r —ro)(R + rcosf)?

Yring (Ta 0) =

R (R + 7o cosh? 3 cos 0) '
The potential V(ini 5 (r,0) is given by
VI (1 0) = f1.(r,0) m® + for(r,0)w? + f3r(r,0)wJ + fir(r,0)J%, (2.69)

(w,m,J)

where w € R, m, J € Z and the functions fi.r(r,0) are defined as follows:

r —19)(R 4+ rcosf)?
Jr(r,0) = R(r?’(ro C>c(>s 0+ R) Sim)2 6’
rZ(R — r)(R + rcos §)?(Rsinh? 23 + 47 cosh” Bsinh? 3)
PO = LR+ R)(R — v cosk® ) — o cosh® B) (R -+ o coshi  con)
(1 — 79) (R + ro cosh? 3 cos #)
R(r — 7o cosh? )

fon(r,0) = 2rq sinh 3 cosh B(R + r cos 6)? R + 1o cosh? 8
ST rR(R + 1) (ro cosh? Bcosf + R) \| R —rgcosh? 8’

(r — ro cosh? B)(R + r cos 6)?
f4’R(7“, 9) = 3 .
rR (R? — r?) (g cosh® B cos 6 + R)

)

Potential V}ring(r, 6) is a smooth, real-valued function and does not involve any frequency pa-

rameter. We also recall that for a black ring in equilibrium, the following condition must hold:

Remark 2.28 (3 is a function of r¢ and R). The reader should keep in mind that (3 is

really a function of the parameters ro and R. Furthermore, note that cosh? 8 is an increasing
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function of R and
1 < cosh? 68<2

for any ro and R such that 1o < R. Crucially, we have
cosh? 3 < 3

for any ro < R, which agrees with condition (2.58) introduced for boosted strings if we interpret

B as a boost parameter (see later why this is important). We also define
Bo:= lim 8 =cosh™'v?2,
R—oo

which satisfies cosh? By < 3. In what follows, we sometimes denote B by Br to emphasise the
dependence of 5 on R.

Remark 2.29 (f; g are smooth). Functions f; g, i = 1,...,4, are smooth for (r,8) € (ro, R) x
(0, 7). This is not obvious for fa g, for which the denominator goes to zero at the ergosurface

r = ro cosh? 8. However, a more careful analysis shows that such limit is finite.

Without loss of generality, we fix rg = 2 throughout.

2.9.1 A local property of the ring potential V(:Jh;fj)
As
r, 2, 2cosh? fr < R,
one can rewrite potential (2.69) in the form
Vi (r0) =1+ 0 (RY) (1- 2 _m +(14+O0o(R7Y) (-1 - 2 sinh? Br | w?
(wym, J)7 r ) r2sin? 6 r
1 2 J 1 2 J?
— (14 03(R™)) Z;SlnhﬂRcoshBR W +(14+O04R 7)) |1 - ;cosh Br i

—(1+O1(RY)) Kl - 2) ”‘2} +(1+Oy(RY) [—1 ~ 2 sin? 5y + Tw)} w2

r ) r2sin?6 (4+R?
o2 4v2 RA(R2 — 4 J
— (1+O3(R™") |2 sinh o cosh fo — — (1_ ®> “R
9 16 J?
1 _1 1 _ = h2 e -
+(1+04(R)) [  cosh™ o + 7“(4+R2)} R

with By as in Remark 2.28 and O; in the usual Bachmann-Landau notation (the label ¢ simply
denotes different terms). The following lemma has to be regarded as a formal statement about

functions of the same real variables r and 6.3°

30Coordinates (r,0) in the black ring metric (2.26) actually differ from the ones that we used for black strings.
In the limit R — oo, the two different coordinate systems do locally coincide.
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Lemma 2.7. Let 2 < ry <19 and 0 < 01 < 05 < w. Consider the function ‘A/(iom 7 (r,0) as
defined in (2.49), with cosh? By = 2. Then, for any frequency triple (w,m,J), with w € R and
m,J € Z, and constant € > 0, there exist a frequency parameter J and a constant R, with

R > ra, such that

Vring - ‘A/'BO H <
H (wvmv‘l) (w’m’J) Loo([’r‘l,’r‘g]X[el,@Q]) =€
for all R > R. The frequency parameter J satisfies
J=RJ (2.70)

for each R.

Proof. Consider the difference

V0 V0 = 0ur ) [ (12 2) S 0ur ) (i )

r) r2sin’ 6
42 (1_ \/RQ(R24)>

4+ R? wJ

+oxR*)(4-igmﬁ%>w?+u+0ﬁR*»

— O3(R™Y <2 % sinh 3y COSh,B()) wJ+ (1+O04(R7)) <TM}:SRQ)) J?

+ O4(R7Y) <1 - %cosh2 ﬁo> J?

where 1 € [r1,re], 0 € [61,02] and R is large. Note that f/(’iom 7 (r,0) is independent of R. For

any fixed triple (w,m,J) and € > 0, one proves the lemma by choosing R sufficiently large.

O]

Remark 2.30 (Lemma 2.7 is local). It is important to note that Lemma 2.7 only holds
locally, i.e. on a fived compact region satisfying r < R. This is a manifestation of the fact that
the local geometry close to the horizon of large radius, thin black rings resembles that of suitably

boosted black strings.

Remark 2.31 (Ck-formulation of Lemma 2.7). The same statement of Lemma 2.7 can be
ring  _ yrPo

Vv(w,m,j) ‘/(vaw]

need such improvement to prove Theorem 2.7, which will be the main application of Lemma 2.7.

proven to hold for the C*-norm of ) for any k € N. However, one does not

2.9.2 Black rings admit stable trapping

We now want to prove the analogue of part (7) of Theorem 2.5 for potential V(r;nrgn 7y At the
geodesic level, the following statement can be seen as claiming the existence of stably trapped

null geodesics for a class of black ring spacetimes.
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™ 3

Figure 2.7: Construction for the proof of Theorem 2.7. The existence of the open set Q' is deduced by
continuity of the potential.

Theorem 2.7. Consider the black ring metric g, gr) defined in (2.26) and fix ro = 2. Then,
there exists a constant R > 2 such that, for any R > R, the metric g3 gy satisfies the following
property. There exists a frequency triple (w, m, j), with w € R and m, Je Z., and bounded sets

e C(2,R] x[0,7) such that the potential V(r;nfn 7) is negative on ', vanishes on 9 and

is positive on Q\ (V.

Proof. Consider the function f/(i O’m’ ) with ro = 2. Fix for f/(i Om 7 triple (w,m, J) such that
there exist 2 < r; < ry < r3 satisfying

OB T OB T OB T
Viam, ) (’”1’ 5) >0, Viam, ) (’”2’ 5) <0, Viam, ) (’”3’ 5) > 0.
Such a triple exists by Theorem 2.5. For any r; < r < r3, we have

Ve (1046) >0 Vo (e —=8)>0

for § < /4 sufficiently small. Moreover, in view of the fact that in the 6 direction the only

stationary point of V(i v 5 is alocal minimum at § = 7/2, we have

7J)

Bo ™ B0
V(w’mJ) (rl, 2) >0 =V

(w,m,J

)(r1,9)>0 forany 6 < <m—6

yho (Tg,z> >0 = VX

(me) 9 (me)(T3,0)>0 forany5<0<7r_5.

By Lemma 2.7, we can deduce that, for R sufficiently large, V(r;nfn 7) preserves the sign properties

of V(i . gy for a frequency triple (w,m, J) such that J = R.J (w and m remain fixed). The
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lemma has to be applied in a compact region containing the points examined above, say on
[r1 —1/10,73 + 1/10] x [6/2, 7 — 6/2].

To conclude, note that V(;ni J) has been proven to be positive along the sides of the rectangle

[r1,73] x [§, ™ — d], while negative at the point (re,7/2), which lies inside the rectangle. By

continuity, V(r;nfn J) has to be negative on a bounded region inside the rectangle.

O]

Remark 2.32 (Stable trapping). Theorem 2.7 implies the presence of at least one local min-

imum in the bounded region €' where potential V(r;ng

>1,

J) 18 negative. In this sense, Theorem 2.7

proves the existence of stably trapped null geodesics. The orbit of the null geodesic corresponding

3710y

to the local minimum of potential V(r:)ng J) lies on the torus T? generated by Oy and Oy.

Remark 2.33. After possibly choosing a larger R, the following inequalities

16 2
— < |-1- Zsinh?
r(4 + R?) < ‘ . fo
16 2
—— < |1 - =cosh?
r(4+ R?) < ‘ r % fo
44/2 R2(R%2 -4 2
f(l— 4EFR2 )><2rsinhﬁocosh,80
‘OZ(R_l)‘ <1

hold for R > R on the compact region Q0 of Theorem 2.7, with i =1,...,4.

From now on, the constant R will be allowed to be arbitrarily large and such that both Theorem
2.7 and the inequalities of Remark 2.33 hold for R > R. In turn, 1/R can be thought as a

smallness parameter.
The class of black rings that will prove Theorem 2.8 is
g:= {g(m’R) such that ro =2 and R > R} .

We will not be able to identify the minimum value of R such that Theorem 2.8 holds, so there
might exist black rings metrics g(,, r) ¢ @ but still satisfying the theorem. In this sense, the

class g is not optimal.

2.9.3 Formulation of the eigenvalue problem

In analogy with (2.48), we define the two-parameter family of eigenvalue problems for black

rings as

Qring(b, W)U = A(b, w)u on )

(2.71)
U= 0 on 0N,
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where the operator Qying(b, w) has the form

Qring(0,) 1= ~Gring (1, O) A, gy + |V""5(r,0) + VT (,6) | w,

with b € RN [0, 1], and € is a bounded set.

Remark 2.34 (Notation). In the same spirit of Remark 2.15, we denote by wy ., the frequency
appearing in Qyring(b, w) and

Whoost = Whoost,m = W0,m , W= Wm = Wim-

Note that w,, now refers to the black ring eigenvalue problem, while in Remark 2.15 it was

referring to the boosted black string problem. The wy, in Remark 2.15 is now Whoost,m-

We define the function gfmg(r, 0) as

r—2 (R+7cos)? — R(R + 2cosh? 3 cos
hag(r0) = T by — ) BT CS D) U .,
r 3 R(R + 2 cosh” B cos 0)
while the potential V(llfi;gj) (r,0) reads
yhrne (p g .=
(w,m,J)( )

[ 2\ m? 2 16
1+b0O(R7! 1—— ) ——= 1+bO0y(R™Y)) | -1 — = sinh? b——— | WP
(14004 ) ( r> r2 sin29] + (1400 ) [ Tsm fo + r(4 + R?) “o,m

]2 42 R2(R? — 4) J
1 .
—(1+b03(R )) Q;Slnhﬂ()COShﬁO—bT <1— W Wb’mﬁ

[ 2 16 J?
1+004R™1)) |1 — = cosh? b————r | =

+(1+b04(R7)) 1 - cos Bo + r(4—|—R2)} o2

as r < R. When b = 0, we have

gl(r)ing (r,0) =g(r,0)
V(e ) = Vi(r, 0)

V((()jzll,gj) (7", 9) = ‘7(51(1771,1]) (Ta 0)

with J = J /R and the quantities on the right hand side previously defined. Therefore,
Qring (0,w) = Q(1,w), with 8 = fy in Q(1,w).

We present here the ring analogue of Lemma 2.1 and Proposition 2.1. This defines the set 2

and suitable energy levels F, completing the formulation of the eigenvalue problem.

Proposition 2.2. Consider a black ring metric g, ry and fix (ro, R) such that ro = 2 and
R>TR. Let m, J € 7 such that

m#0 J=R(cm), J>0
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for some fized constant ¢, with 0 < ¢ < % Define V;liirrllg to be the minimum of y/ring /) and

(w,m,J
Tmin € (2, R) x (0, 7) such that V(r;nil J) (Zmin) = Vit Consider some constant € > 0 such that
V(r;sm 7) has a local minimum and such that there exists @ C [2, R] x [0, 7) satisfying
(i) Tmin € Q,
(ii) V(réf7m7j)(x) =0 for x € 09,
(iii) there are no local mazima of V"8 in (),

(5m,m,J)

(v) ©€Q = r(z) >6,

(v) Remark 2.33 holds on ).

Fiz now some energy level E > 0 such that

(@) Vi m

. ring
of ), but now with respect to V(Em,m,j) ,

7) has a local minimum and there exists Q' C ) satisfying the same properties (i)-(v)

(b) ‘A/(BEOmmJ) has a local minimum and there exists Q" C Q satisfying the same properties

(i)-(v) of Q, but now with respect to ‘A/(’i—?m?m?bf) )

(c) f/(%m’m’J) has a local minimum and there exists Q" C Q satisfying the same properties
(i)-(v) of 2, but now with respect to V&,m?m”]) .

Then, the final parts of Lemma 2.1 and Proposition 2.1 hold for #W%m’mﬂ,) and #W%m,m,uf)

with respect to the open set Q. Furthermore, for any sufficiently small constants 6,6’ > 0, there

exists some constant ¢ > 0 such that

1 .
dist(x,00Q) < § = v )(a:) >

W (fem,m,j

for all k € R satisfying |x* — E%| < &, with dist(-,-) the Euclidean distance.

Proof. Combining Proposition 2.1, Lemma 2.7 and the proof of Theorem 2.7, one can show that
a choice of £ and F with such properties is possible. In particular, to ensure that ) satisfies
property (iii), one would need a stronger version of Lemma 2.7 (see Remark 2.31). The result

of the theorem follows by continuity arguments. O

Analogous statements of those of Lemma 2.5 and Corollary 2.2 hold for our class of black rings.

Lemma 2.8. Let 1, (b,w) be a non identically zero eigenfunction of (2.71), normalized on €.
If the assumptions of Proposition 2.2 are satisfied and m?,J? > M, for some positive constant

M, then the implication

Wpm =0 = / Y (b, W) Qring (b, w) Yy (b, w) dr.db, # 0
Q
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holds for any b € [0,1].

Proof. One follows the same argument of the proof of Lemma 2.5. In particular, properties
(iv) (combined with cosh? By < 3) and (v) of Q in Proposition 2.2 are crucial to prove that the

potential is everywhere positive on {2 when wy,,, = 0. O

Lemma 2.9. Let ¢, (b,w) be a non identically zero eigenfunction of (2.71), normalized on €.

If the assumptions of Proposition 2.2 are satisfied, then the implication

2
wb,m

— / Ui (b, 0) Qring (b, ) (b, 0) o, # 0
Q

= o(m?) as m?, J? are sufficiently large

holds for any b € [0, 1].

Proof. See proof of Corollary 2.2, combined with considerations in the proof of Lemma 2.8. [

2.9.4 A second application of the Implicit Function Theorem

The perturbation argument to prove Theorem 2.8 is almost identical to the one presented for
Lemma 2.6 and Theorem 2.6, so we only sketch it. As already discussed, to apply the Implicit
Function Theorem to A(b,w) =0 at (by, wp,,m), Wwe need

aA 8V(b ,ring )
w,m,J
8 bOa wbo, / @Z}n bOa wbo, T (b07 wbo,m) ¢n(b07 wbo,m) d’l“*dg*

bounded away from zero. It is therefore enough to show

aV(brlng ) ) 16

w,m,J

B liiihd =2(1 1)) | =1 — Z sinh? —

Ow (b(]awbo,m) ( +bo OQ(R )) [ r sinh” By + bo 7’(4 + RQ):| Who,m

B -1

2 4+/2 R2(R% —4
2 — sinh 5y cosh By — by V2 (1 - ( )>
r r

bounded away from zero. Note that, in view of point (v) of Proposition 2.2, we have

16 2 .9
bO m < '—1 - ;Slnh /60
4+/2 R2(R? —4) 2 .
bo T (1 — 4—|——R2 <2 ;Slnhﬁo COShﬁO
b O2(R™)| < 1
|bo O3(R™)| < 1



on , for any by € [0,1]. With an assumption on the sign of wy, ,, as the one we formulated for
Lemma 2.6, i.e. wy,,n > 0, the derivative becomes the sum of two negative terms and can be
bounded away from zero uniformly in by as
avb,ringA
w,m,J
((f)w)(bo,wbo,m) < —CRrwpy,m

< _CRm7

with constant Cr > 0 independent of m, where the first inequality follows from the same
argument used in the proof of Lemma 2.6, while the second one makes use of the lower bound

on wy y, provided by Lemma 2.9.

Furthermore, we have

oA
%(b()uwbo,m)
dgl, pvbin OV,
Z/Q?/Jn(bo,wbo,m) - ar;)ng(bo)A(r*,e*)Jr ]8b (bO)+T(b07wbo,m) VY (bo, Woo,m ) dr«dby

with

b,ring
V. d) 2

Wity e [ 2\ m2
% (bo, Who,m) = O1(R )[<1 r> rQSiHQH]

+ _02(3*1) (—1 — %sinhQ ﬂ0> + (1 +2bp02(R ™)) <rMiLGRZ’)>] Whom

2(R2 _ 7
_ Og(R_l) (2isinhﬁo COShBO) — 434/5 (1 + 2[)003(R_1)) (1 — W)] wbo’m%

+ |O4(R7Y) <1 — gcosh2 50> + (14 20004(R7Y)) (7@61[22)” }‘Z.

In view of Lemma 2.9, the bound

avb,ring R
(w,m,J)

6[) (b07wb0,m) S CR Wgo,m

holds. Therefore, we have
dwbm

‘db(bo) <Ckgr Whg,m -

This gives a bound wy,,, < Crwo,m for any b € (0, 1], with constant Cr > 0 independent of b

and m.
Remark 2.35. All the relations derived so far, as well as the proof of Theorem 2.8, are inde-

pendent of the choice of ro. In fact, all the arguments can be repeated for any rqg > 0. Theorem

2.8 is stated relazing the assumption ro = 2.
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The main theorem for the black ring eigenvalue problem is the following.

Theorem 2.8 (Eigenvalues black ring). Consider the fized energy levels £, E > 0 and the
open set 2, according to Proposition 2.2. Let m, Je€Z asin Proposition 2.2. Given eigenvalues
Whoost,m for the eigenvalue problem (2.47) on Q, we further assume Whoost,m > 0. Then, there

exists a constant M > 0 such that the following statement holds for any m?> > M. There

2

= and an associated smooth eigenfunction un,, to the black ring eigenvalue

exists an eigenvalue w

problem. Furthermore, we have w,, > 0 and

2 £2 _ 2

w 2
Cror< 5 < B+ — (2.72)

for some constant Cy, r > 0 independent of m.

Proof. The proof follows the same lines of the proof of Theorem 2.6. We only show how to
prove inequality (2.72), while the first part of the statement is left to the reader.

Recall that we have already concluded that

Wiy
CT‘Q,R S W S CT‘Q,R (273)

2

= is such that the n-th eigenvalue

for some constants ¢, g, Cry,r > 0 independent of m, where w
Ay (1,w) of problem (2.71) is zero. Define

with b € [0,1]. Then,

£0) - B0 = | & [ 220y

1 1
<o),
m Jo

!
S 57«0’}27

dwb,m(b)
db

’db

with (5;07 g > 0 arbitrarily small constant for R/rg sufficiently large. Crucially, (5,{0, p is indepen-

dent of m. The last inequality holds as a consequence of inequality (2.73) and the fact that, for

any fixed 7o, on the bounded set €2 one has

d b
1 |dm(®) —0 as R— o0
m db

uniformly in b and m.

From Theorem 2.6, combined with part (b) and (c) of Proposition 2.2, we have

E2(0) € [Cry, E® + 6]
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for m? sufficiently large, where § > 0 is an arbitrarily small constant. We obtain

C17'0 - 6,07R < EEL(O) - 5’:’0,R < E?%(l) < ETQL(O) + 5’:‘0,R < E2 + d + 6;‘07R .

r

This concludes the proof of inequality (2.72).

Remark 2.36 (Vring

(wmym,J)

. ring
mark 2.26, potential Vwm,m,j)(

exponentially small errors. Quasimodes will be localised around the minimum of the potential,

has a good structure). In view of the same considerations of Re-

r,0) has the structure that we need to construct quasimodes with

which is approximately located at

14 /[ 12(wm/m + VZ0)?]
2(wm/m + V2 c¢)2 ’

r (l’mm) ~

b 3

with ¢ < 1/12, as one can infer from (2.53) and Proposition 2.2.

2.10 Proof of Theorem 2.3

The aim of this section is to construct quasimodes and prove Theorem 2.3. We will crucially
apply Theorem 2.8. The structure of the presentation and the formulation of the main results

closely follow Section 4 of [69].

2.10.1 A lemma for the energy estimate

We need a preliminary lemma, which will be used to prove an energy estimate for solutions
to the black ring eigenvalue problem. We give a statement for a generic open set and smooth

functions.

Lemma 2.10 (adapted from [69] Lemma 4.3). Let Q C R? be a bounded set and h > 0 a real
constant. Given smooth functions u, W, ¢ : @ — R such that u|sq = 0, we have

2 2 2 9
/ (‘a(z (o)) + ’8 (c?/tu)| +072 <W— (Sf) - (gf) )e2¢/h\u!2> dr.do,
Q * ” B

00,

O*u  d%u 9 2
— v - B/h
/Q ( a2~ o0 + h W u) ue dr.df, .
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Proof. The proof is an integration by parts. We have

0?2 0?2
/ < u_gu + h_QWu> ue2d/h dr,.do,
Q

S or2 962
:/Q a;i Or, (u 62¢/h) + g;i Oy, (u €2¢/h> + h2W e/ dr,do,
:/Q <(;9Z)262¢/h n ﬁuiﬁew/h n (;9;130* (uequ/h) R 22 ),
:/Q <(§Ze¢/h>2 + 88:1 ui;{i e29/h 4 <h_1§ie¢/hu>2 — (h_lgzewhu>2
+ gz y. <u e2¢/h) + B2 W u?e**/M dr..do.,
e G (o) o (- (32))

2 2 2
=l ) it (- (32) - (3 ) ot aan
Q * * k

where we make use of the fact that u vanishes on 02 in the first equality and we omit the

o ()

*

identical calculation for dp, in the last equality. O

2.10.2 Agmon distance

Consider

hE . 12 ring ring
Vi = 02 VIR VEE

2 -2
h =m"~,

where the energy level F is fixed as in Proposition 2.2. The Agmon distance between two points

z,y € R? associated to the energy level E and potential Ve}foE is

1 Vh7E('y(t))
d(w,y) =  inf / Vei @)\ |10y "
( y) ~eClrw([0,1];z,y) Jo gring(')/(t)) |’Y ( )| X{Ve};f,EZO}

where
CPP([0,1); 2, y) = {y € CP([0,1];R?),7(0) = z,7(1) = y}

with C1PY([0, 1]; R?) set of piecewise C1 curves in R? (see [53]). Recall that gyng(z) > 0. The

Agmon distance satisfies

hE(,
|de(m,y)|2 < max { ‘gfiig((ﬂf)) , O} . (2.74)

For any fixed energy level F, we define the distance from the classically allowed region as

dp(x) == inf  d(x,y)
ye{ Vi <o}
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Figure 2.8: The smallest set in the figure is the region where V:&E < 0. The shaded region corresponds
to 7 (E), while the largest set is 2.

with z,y points in R%2. We will also make use of the two following sets

with constant € > 0. Note that QT (E) N Q2 (E) =0 and QFH (E)UQZ (E) = Q.

£

2.10.3 The key energy estimate

For any ¢ € (0,1), we define
¢pe(z) = (1 —¢e)dp(z)
and

ap(e) == sup dg.
Qc (E)

Consider u smooth eigenfunction to the black ring eigenvalue problem, with associated eigen-

value x := hwy, such that |x? — E?| < §, with constant § > 0. Then, the following key energy

estimate holds.

Claim 2.2 (adapted from [69] Lemma 4.4). For any sufficiently small constants e,h > 0, and
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Figure 2.9: The Agmon distance differs from the Euclidean distance between two points in that it has
to be weighted by the square root of %@E(W(t))/gring(’y(t)). To give some intuition, the figure shows the
various quantities introduced so far as if they were defined in the Euclidean sense, i.e. with the weights
set equal to one. Although this gives an idea of the construction, the reader should keep in mind that
dg(z) and ag(e) do not necessarily look like the ones in figure.

for sufficiently small constant d. 5 > 0, we have

i (ed)E,s/hu)

2
/Qh (87“*

1
<C(R* + §E)€QQE(E)/h ||u||%2(9)

2
+ ‘a(ed)E,s/hu)

*

2

1

dr.df, + =& / 2082/ dr, d,
2 Jatm

for some constant C' > 0 depending only on Q.

Proof. By the assumption that u is a smooth solution to the black ring eigenvalue problem, we

have

1
_ hQA(T*yg*)u -+ mvg{ﬁ(r, 9)71, =0. (275)

With the notation of Lemma 2.10, we define

1 h,k
0) = ——F—Vg (r,0 =
W(T7 ) gring(ra H)V;ff (’f’, ) ¢ ¢E,€
Together with equation (2.75), Lemma 2.10 gives
2 (19 ( omesn ?
- E,e
/Qh (’(%* (e w) )dr*dG*
VAR 0)  (005:\E (008N su. mi
"'/ el - ( . ) — <> e2?B./h|y, dr.do,
Qf (B) (gring(ra 0) ory 00, [ul
~Vig"(1,9) <8¢E5>2 (am)? 2
= 5 -+ : + : e2?p.e /M|y dr, db, ,
/QS(E) ( Gring (7, 0) Ors 00, [ul

where we used QF (E) U Q7 (E) = Q. For h sufficiently small, we can estimate the right hand

2 10

*
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side as

_V}fbfﬁ(r 0) <8¢E5>2 (aﬁbEs)Q 2¢

F s+ : + | 55— e2?8.e/h |y 2dr,do,
/QE(E) ( gring(7'7 9) Ory 00, ’ |

< C (I{2 + 6(1 o 6)) eQaE(a)/h ||u||%2(g)

with C positive constant independent of h. To see this, first recall that gying(r,8) is strictly
positive and bounded on € and note that, by definition of ag(e), one has ¢E7€|Q§(E) < ag(e).

Using property (2.74) of the Agmon distance combined with I/ZfoE(:L‘)/gring(:r) < e on Q7 (F),

a¢E,z—: 2 8¢E,E 2_
< or. ) +< a6, ) ~IVoBe

we also have

2

= (1 — €)2|VdE|2
<(1-¢)%
<(l—-¢)

on QZ (E), where the last inequality holds because € € (0,1). Note the obvious Hu”i%ﬁ;(E)) <
2
ullZe -

On QF (E), one has

8¢E,s 2 aQbE,E 2 o 2 2
hE
<(1- 5)27‘/;& (r,9) .
o gring(ra 0)
This implies

VZ&’K(T, 9) 8¢E,s 2 ad)E’E 2 ) V(ff’ﬁ(r, 9) .
gring(r7'9) _< Ors ) _< 00, ) Z(l_(l_e) ) m -0

282_57

where the constant 6 > 0 is such that

h,k E.k
V:eff (7“,9) > ‘/eff (T‘,(g) _8

gring(ry 9) o gring('rye) ’

on QF (E) and continuously depends on 8, with § — 0 when § — 0.

To conclude the proof, we choose ¢ < 1/2 and 5 < g2 /2, which can be achieved by choosing §

sufficiently small.

We now define the set
Qs = {z € Q : dist(z,00) <} .
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The inequality of Claim 2.2 gives control on each term appearing on the left hand side (since

they are both positive), i.e.

0
2 - ¢E,s/h
/Q h (‘ I (e u)

152/ 2282/ )2 dr,df, < C(k? + EE)eQGE(E)/h HuHig(Q) . (2.77)
2 Jotm) 2

2

0

*

2
) dr.d, < C(k*+ %5)62“E(5)/h lull72q)  (2.76)

Inequality (2.77) implies that, for any sufficiently small constants ¢,4’ > 0, we have
| tur.ds. < ceCl Julag
8

for all k? € [E? — §', E? + §'] and some positive constant C' > 0 independent of h. To see this,
remember that F is fixed as in Proposition 2.2 and note that there exists a constant ¢ > 0 such
that ¢p . > c for any = € Qs and k* € [E? — &', E? 4 §'], with ¢ uniform in e (this is simply by
definition of ¢ ). Furthermore, we claim that there exists € > 0 such that ag(e) < ¢/2 for any
h sufficiently small, which gives a negative exponent on the right hand side. In fact, ag(e) — 0
as € — 0 uniformly in A when h is sufficiently small. The inequality follows after choosing §

small enough such that Qs C QF (E).

By the same argument, combined with Young’s inequality, inequality (2.76) gives

/ ‘ ou
Qs 87“*

For h sufficiently small, one can absorb the h™2 factor, i.e. there exists a constant C > 0

2 n ou
00,

2
9 _ 2
) dr.df, < Ch=2e=C/h ||U||L2(Q) :

independent of h such that

/ ‘ ou
Qs 81"*

Putting everything together, we get the key estimate

I

In the following statement, we sum up what we have obtained so far, combining Theorem 2.8
with estimate (2.78).

2 ou
89*

2
> dr,df, < Ce /" Hu\lim) :

ou
Ory

2 ou
00,

2
+ |uy2> dr.df, < Ce” M ||ul|72 g, - (2.78)

Theorem 2.9 (adapted from [69] Lemma 4.5). Consider the assumptions of Theorem 2.8
and let &' > 0 be a sufficiently small constant such that &' < (€% — E?)/10. Then, for any
sufficiently small constant § > 0, there exists a constant M > 0 and a sequence of solutions

{um}orspy to the black ring eigenvalue problem such that the associated eigenvalues kyp, satisfy
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tim, € [C), gy B> + 8] and

A

for some constants C, C;“o,R > 0 independent of m.

Oup,
00,

oup,
Ory

2 ‘

2
—Cm 2
+ |Um|2) dr.df, < Ce™® HUmHL2(Q)

In the next sections we aim to apply this result to the quasimode construction, which ultimately

leads to the proof of Theorem 2.3.

2.10.4 Construction of quasimodes

Define a smooth, real valued cut-off function x : D — R as

1 if (r,0,) €2\ Qs
0 if (r,0.) ¢ Q

X(T*, 9*) =

The quasimodes are defined as functions ¥,, : D — C such that

\I’m (t7 Txs 9*7 ¢7 ¢) = eii o tei(m i w)X(T*, 9*) (_ det gring) Qfﬂag gfi?lg Um (T*’ 9*) (279)

N

with wy,, m, J and Um(rx, 0x) as in Theorem 2.9 and gring € g in form (2.26). Quasimodes
do not solve the wave equation on the whole domain of outer communication D, but the error
is exponentially small for high frequency m and supported on a bounded region for each fixed

time t. This is proven by the following lemma.
Lemma 2.11. Consider the quasimodes WV, defined in (2.79), which satisfy
Ogeing Ym = €ty (V)
where €y, (V,y,) is the error. Then, for m sufficiently large, we have the following estimate
0610 | 53,0y < Cre ™ Wil 253

with constant Cy > 0 independent of m. Furthermore, the error is supported on (5.

Remark 2.37. Note the abuse of notation in Lemma 2.11 and in what follows, where Q5 =
Q5 x[0,00) x [0, A¢) x [0, Ar)) and Q = Q2 x [0,00) x [0, A¢) x [0, A), with [0, 00) time domain
and A¢, Ay the periods of the angular coordinates ¢,.

Proof. The part of the statement concerning the support of the error immediately follows from

the definition of the quasimodes ¥,,. To prove the inequality, first note that given functions x
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and f, we have

Ogeing (X f) = X(Ogeingf) + 2950 (0uX) (O ) + f(Ogring X) -

Since .
G (7141 (= det i) sl ] nr8)) =0

on €} when u,, is solution to the black ring eigenvalue problem, using the formula above we can

deduce

HDgring‘I’mHLZ(ztmm) S Nl (5,005

S Ml (soney) »

where we used the fact that x is a smooth function and therefore can be controlled in L* on
), together with all its derivatives. The second inequality holds because the H! norm of u,y,
is constant in time. Note that the H' norm of w,, involves the L? norm of u,, and its first
derivatives only in the variables r, and 6., so, for m sufficiently large, Theorem 2.9 gives

HDgring\I’mHm(zth&) < Ce @ ||‘I’m||L2(zomQ) )

with constant C' > 0 independent of m. In view of the spatial localization of the quasimodes

and of the error, the inequality can be rewritten as
15000s U 25,0y < Ce™™ ¥l 25 -
YGring =M LQ(Ef*) — m L2(20)

To estimate the H* norm of Ogying Ym, One commutes the wave equation and controls second
derivatives of u,, in r, and @, using the equation satisfied by u,,. Higher order derivatives in ¢,

an are controlle the norm of Uy,.
6 and ¥ lled by the L2 f

O
2.10.5 Lower bound for the uniform energy decay rate
Define by WX the solution to the homogeneous wave equation
Dgringql% = 0
UH(0) = 0,,(0) , (2.80)

O VE(0) = 0,9,,(0)
where the ¥,,(0) are the quasimodes defined in (2.79) at time t = 0.
By construction, the quasimodes W,,, satisfy

Ogring Ym = €ty (Vpn)
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with the same initial data of (2.80), where €tt,, is the error that we estimated in Lemma 2.11.

By Duhamel’s formula for curved spacetimes (see Proposition 6.4 in [70]), we can write ¥,, at

time t as .
U, (t) = WH(t) + / £(t,s)ds (2.81)
0
with
Dgringf =0
£(s) =0 , (2.82)

D,E(s) = <gt1€ttm(\lfm)> (s)

ring

where £(s) is £(t = s).

We now consider the local energy EY[¥](t), as defined in Section 2.4. By (2.81), we have

=

(& (v = 1] ()" < s (D)

Using the assumption of uniform boundedness for solutions to the wave equation, we can bound

the energy of the solution to (2.82) as follows

D=

(E [W,, — W) (1)) < Ct (EN[E](0)) (2.83)

for some constant C' > 0 independent of time. Note that one can replace the global initial
energy EV[¢](0) with the local energy £Y[€](0) on the right hand side of (2.83) because & has

initial data compactly supported on 2. Since

1
T@ttm(\:[/m)

ring

(N1l 0)? ~ ‘
we have

1
T@ttm(\l’m)

ring

(65 [ — W] ()* < Ot (0)

L*(Q)
< Cte™ ™ ¥l L2 () (0)

N

< Cte™ ™ (& [¥n] (0))

for m sufficiently large, where we have used Lemma 2.11 and Poincaré inequality for the second

and third inequality respectively.

D=

1
Note that (£5 [Up] (1)) = (€8 [¥m] (0))? for the quasimodes. Therefore, for any time

eC’m
we have ) . )
(€0 [Wia] (1)* > 5 (€8 [0] (0))



by reverse triangle inequality. Since the ¥,, are localised in space, the local energy (‘:g [V,,] is

equal to the total energy EV[¥,,], which gives

(N 1] (1) > = (& [W,0] (0))?

=

>

g‘Ql\D\H

(&' [¥m] (0))

for m sufficiently large, where Eév [V,,] is the second order energy defined in Section 2.4. For the
last inequality we made use of the localisation in frequency of ¥,,, and exchanged derivatives in
7. and 0, for derivatives in the other variables via the wave equation. Using ¥!(0) = W,,(0)
from system (2.80), we conclude

1 C 1
(8 [wr] ()% = — (& [w] (0))* (2.84)

for any time 0 < t,,, < e“™/2C. By controlling higher order energies EN., [VH](0) on the right

hand side of (2.84), one gains powers of 1/m.

Inequality (2.84) shows that a sequence {t,, \Ifan}?i; 2 Where U g a solution to the homo-
geneous wave equation with initial data prescribed as in (2.80) and M > 0 a sufficiently large

constant, proves Theorem 2.3.
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THE LINEAR STABILITY OF THE SLOWLY
ROTATING KERR SOLUTION TO GRAVITATIONAL
PERTURBATIONS: THE CONSTRUCTION OF A
NEW GEOMETRIC GAUGE

The present chapter of the thesis is the first part of work by the author proving uniform bound-
edness and uniform, inverse polynomial decay for solutions to the full system of linearised
vacuum Einstein equations around a slowly rotating Kerr solution. The uniform boundedness
statement is an orbital stability result, thus providing uniform bounds for solutions in terms of

the size of the initial data, and does not lose derivatives.

A key element that makes our proof of linear stability directly adaptable to nonlinear applica-
tions is the construction of a new geometric gauge for nonlinear perturbations of a sub-extremal
Kerr solution. The gauge construction, together with the formal derivation of the nonlinear and
linearised vacuum Einstein equations in the new gauge, pose a number of novel technical diffi-
culties. Such difficulties, which include the inevitable divorce of the frame from the spacetime
foliation and the correct formulation of tensor perturbations, will be the primary focus of the

present chapter.

As in Dafermos-Holzegel-Rodnianski [19], our proof of linear stability is structured in two
parts. The former exploits the well-known decoupling of two gauge invariant quantities of the
linear system and builds on previous work by Dafermos—Holzegel-Rodnianski [18]. The latter
introduces a novel scheme to prove stability for the gauge dependent quantities in the system.
In particular, we prove both boundedness and decay relying (almost) exclusively on transport
equations in the outgoing null direction and adopting only one gauge normalisation, performed
at the level of the initial data. This two-part approach to the proof makes fundamental use

of our nonlinear gauge construction, which resolves the tension between the special algebraic
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properties required, at the linear level, for the decoupling of the gauge invariant quantities and
the geometric properties necessary to produce a hierarchical structure in the equations and

prove stability for the gauge dependent part of the system.

Our result may be viewed as the remaining ingredient to establish nonlinear stability for slowly
rotating Kerr black holes in the geometric framework of Dafermos—Holzegel-Rodnianski—Taylor
[20].

3.1 Introduction

The two-parameter Kerr family of Lorentzian manifolds [71] is widely believed to be the unique

family of stationary, asymptotically flat black hole solutions to the vacuum Einstein equations
Ric(g) =0 (3.1)
and thus to characterise all the possible stationary endstates of black hole dynamics [73].

A fundamental open problem in general relativity is to formulate a mathematical proof of
nonlinear stability for the Kerr esterior region (M, g, ar), with |a| < M, as a solution to the
Cauchy problem [11] for (3.1):

Open Problem ([17]). For all vacuum Cauchy data sufficiently close to the data corresponding
to a Kerr exterior solution with parameters (ag, My), |ag| < My, the maximal solution to (3.1)
asymptotically settles down to a nearby member of the Kerr exterior family with parameters
a~ag and M ~ M.

The nonlinear stability of the trivial solution to (3.1), the Minkowski space, has first been proven
in [14], while the first nonlinear stability result outside symmetry for a black hole solution to
(3.1), namely the Schwarzschild solution, is due to [20]. See also some recent progress for the
Kerr solution in [75, 76, 46] and related works [86, 83]. Nonlinear stability (and instability)
statements have also been obtained for the Einstein equations with positive and negative cos-
mological constant, both in vacuum and for various matter models. See, for instance, [43, 54]
and [90].

Proving nonlinear stability for a solution to (3.1) poses a number of conceptual and technical
difficulties. Most of the key conceptual difficulties, however, already appear, and can be under-
stood, in the context of linear stability, namely the study of stability of solutions to the linearised
Einstein equations. This fact has motivated a lot of recent activity around the mathematical
study of linear stability of black holes, although the subject has a long (and to some extent
independent from the interest in nonlinear problems) tradition in the physics literature. For a
careful account of previous works in the subject, the reader should refer to the introduction of

[19] and the references therein.
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An important milestone in the mathematically rigorous approach to linear stability was the
work [19] proving the full linear stability of the Schwarzschild solution, and ultimately leading
to the nonlinear stability result in [20]. Alternative proofs of this result [67, 63] and extensions
to other static solutions [45] to (3.1) have recently appeared. For results addressing the linear
stability of the Kerr family, see [52, 1].

The purpose of the present work is to address the linear stability of the Kerr solution as a

direct building block in a proof of nonlinear stability. Such an intent imposes the formulation

of a precise notion of linear stability and, maybe even more importantly, to develop a geometric
framework that can be suitably and directly transferred to the nonlinear problem. An approach

in this spirit can be summarised in the following four steps:

1. Nonlinear gauge: One has to construct a gauge with respect to which the nonlinear

vacuum Einstein equations (3.1) are well-posed.

2. Linearisation: One has to develop a linearisation procedure to linearise the vacuum
Einstein equations in the gauge chosen in step 1. The linear system obtained should come
with a natural notion of solutions and data and inherit well-posedness from the nonlinear

equations.

Ideally, from this point onwards, one wants to formulate everything in terms of the linear

system and never refer back to the nonlinear problem.

3. Orbital stability: An essential stability result to be proven should be a uniform bound-
edness statement for solutions, and derivatives of solutions, to the linear system in terms
of the size of the initial data. For nonlinear applications, it is important that such a

statement does not lose derivatives.!

4. Asymptotic stability: The core of the linear stability result should be a uniform decay
statement for all solutions to the linear system. The decay statement will necessarily
lose derivatives, but the loss should be quantifiable. One also has to ensure that the
decay statement obtained is quantitative and, at least in principle, sufficient for nonlinear
applications. In this sense, the decay rates of certain quantities need to be sufficiently
fast.

Two additional aspects distinguish our approach: Its geometric nature and the manifest relation
with the treatment of black hole stability problems in the physics literature. In fact, in line with
the physics tradition in the subject (and with [19]), we structure the proof of linear stability of

the Kerr solution into two parts:

LOrbital stability is a weaker notion of stability than asymptotic stability, in that it does not require that
solutions to the linearised system decay. However, the reader should note that, in general, one does not expect
to be able to achieve an orbital stability result without proving decay for at least some of the quantities in the
system.
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(i)

Gauge invariant part: If the nonlinear gauge of step 1 is constructed appropriately,
two of the curvature components in the system of linearised Einstein equations are gauge
inwvariant, decouple from the rest of the linear system and satisfy two decoupled equations,
known as the spin £2 Teukolsky equations. Quite remarkably, one can transform such
decoupled quantities into two new (higher order) gauge invariant quantities satisfying a
wave-like equation. In the context of [19], this latter equation is known as the Regge—

Wheeler equation.

Relying on previous knowledge on the scalar linear wave equation
Ogp =0 (3.2)

on black hole spacetimes, the asymptotic properties of the derived quantities (and, in
turn, of the two original decoupled quantities) can therefore be addressed independently
from the other quantities in the system. At the most fundamental level, this first part of
the proof should be seen as the inheritance of a series of works, culminating in [27, 22],

developing important robust methods in the study of (3.2) on Kerr.

The proof of stability for the gauge invariant quantities thus captures an essential feature of
the dynamics of the problem, namely the hyperbolic character of the system of (linearised)
Einstein equations, and, in fact, already controls all the dynamical degrees of freedom
independent of the choice of gauge. In view of this, it is a common (mis)belief in the
physics literature that a stability result for the gauge invariant quantities constitutes a

full linear stability result for the Kerr solution.

Gauge dependent part: To successfully apply the linear result to the nonlinear stability
problem, one needs to prove full linear stability, namely stability for the full system of
linearised Einstein equations. The remaining quantities in the system are gauge dependent.
For this reason, a proof of stability for the remaining part of the system is very much sen-

sitive to the geometric properties of the gauge constructed.

This second part of the proof was first resolved by [19] in the case of the Schwarzschild
solution in a double-null gauge. After gaining control over the gauge invariant quantities,
the proof of [19] exploits a hierarchical structure in the transport equations of the system
to prove decay for the gauge dependent quantities. In the Kerr case, it is not a priori
clear whether an analogous hierarchy in the equations can be found. In fact, the transport
equations of the system present a stronger coupling, ultimately related to the fact that the
Kerr solution is only stationary. Nonetheless, the linear system in our gauge exhibits a

hierarchical structure that allows to estimate the gauge depend quantities.

While this two-part approach to the problem has the advantage of exploiting the decoupling of

the gauge invariant quantities, it also poses a new technical difficulties in setting up the gauge.

Heuristically, one might wish to adopt a double-null gauge and follow the scheme of the proof of

[19]. However, the curvature components of part (i) do not decouple from the rest of the system

in a double-null gauge. The decoupling, in fact, requires some delicate algebraic properties for
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the gauge and forces the gauge to be non-integrable.”

Understanding the geometry of a non-integrable gauge is the main technical challenge of our
proof. In particular, as a manifestation of the non-integrability of the gauge, the frame adopted
cannot be tied to the spacetime foliation. The divorce of the frame from the spacetime foliation

makes the geometry of the problem significantly more complicated to handle.

To implement our two-part approach to the problem, one needs to resolve the tension between a
gauge with the desired algebraic properties for the decoupling of part (i) (which, as we said, force
certain undesired but necessary geometric properties) and a gauge with a convenient geometric
structure to perform the estimates. The reader should think of this tension as the subject of the
present chapter. We resolve the tension by constructing a gauge with the necessary algebraic
properties for the gauge invariant quantities to decouple and, at the same time, sufficiently nice
geometric properties to produce a hierarchical structure in the equations and prove stability for

the gauge dependent quantities.

Stability results for the Teukolsky equation on Kerr have been established in [18, 103]. We
are thus able, in our gauge, to exploit such results in part (i) of the proof and, by addressing
part (ii) in the case |a| < M, to close a complete proof of linear stability for the slowly
rotating Kerr solution. Crucially, our proof includes all the steps 1-4. With regard to step 1,
our nonlinear gauge construction does not rely on any smallness assumption, and can therefore
be complemented by [103] and employed to address the full linear (and nonlinear) stability
problem for the full sub-extremal range |a| < M.

3.2 Overview

The present chapter of the thesis primarily focuses on step 1 and step 2 of our proof of linear
stability, namely on the construction of a new nonlinear gauge for perturbations of a Kerr
solution and the formulation of the system of linearised Einstein equations in the new gauge.
Step 3 and step 4 will be the subject of forthcoming work by the author, but a preview is included
in the last part of this overview. With our linearised equations at hand, the experienced reader
will already be able to appreciate the new hierarchical structure of the quantities in the system

and anticipate the resolution of the main difficulties of the analysis.

The body of the chapter is structured in three self-contained blocks:

x Section 3.3 introduces the necessary geometric preliminaries. In particular, it addresses

2Loosely speaking, a non-integrable gauge can be viewed as a choice of a system of coordinates and a null
frame
N = (61, €2, €3, 64)
for which the distribution generated by the spacelike frame vectors (e1, e2) is not tangent to the two-dimensional
leaves of any spacetime foliation (or, more synthetically, the distribution (e1, e2) is non-integrable). This notion
will be discussed at length in Section 3.3.1 of this chapter. The reader can already find some details in Section
3.2.3 of the overview.
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the geometry of non-integrable null frames and formulates the nonlinear vacuum Einstein

equations relative to a general, non-integrable null frame.

We give an overview to this part of the chapter in Section 3.2.1.

*x Sections 3.4-3.5-3.6 discuss some important properties of the Kerr exterior manifold,
consider nonlinear perturbations around the Kerr solution in a new gauge and treat the
nonlinear vacuum Einstein equations in the new gauge respectively. Section 3.5 contains
the main result of the chapter, namely the construction of the new nonlinear gauge. In a
sense that will be rigorously specified, the new gauge is a non-integrable gauge. This fact

motivates, a posteriori, the formalism developed in Section 3.3.

An overview to these sections can be found in Sections 3.2.2-3.2.3.

x Section 3.7 presents our linearisation procedure and the system of linearised vacuum

Einstein equations around a Kerr solution in the new gauge.

Section 3.2.4 provides an overview to this part.

The three systems of equations can be found in Section 3.3.5, Section 3.6 and Section 3.7.2 of
the chapter respectively. A formal derivation of the nonlinear equations of Section 3.3.5 appears

in Appendix A.

Each of the three blocks can be consulted independently from the rest of the chapter. The first
two blocks combined yield step 1 of our proof of linear stability, the third block yields step 2.

The following table may be used by the reader as a guide:

Step of proof Section Overview
1: Nonlinear gauge Sections 3.3-3.4-3.5-3.6 | Sections 3.2.1-3.2.2-3.2.3
2: Linearisation Section 3.7 Section 3.2.4
3: Orbital stability Forthcoming work End of Section 3.2.4
4: Asymptotic stability Forthcoming work End of Section 3.2.4

The overview that we are about to start is designed to give a full account of the logic and
content of the chapter. The reader should note that in the overview we give all the necessary
context and motivation to our results, while the style adopted in the body of the chapter is less
pedagogical and more devoted to clarifying the technical aspects of the problem. The relation
between the present chapter and forthcoming work by the author is discussed in the overview

only.

Note on notation: As in [19], all quantities that refer to perturbations of a Kerr solution will

be written in bold. We already adopt this notation in the present overview.
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3.2.1 Geometric preliminaries

This first section serves as an overview of Section 3.3 of the chapter and deals with some of
the geometric preliminaries needed for the problem. The main aspects that we address are the
definition and geometry of a non-integrable null frame and the formulation of the nonlinear

vacuum Einstein equations relative to it.

Non-integrable null frames

Let (M, g) be a (3 + 1)-dimensional, smooth, orientable Lorentzian manifold. We define a null

frame as a frame
N = (61,62,63,84) (3.3)

on (M, g) such that

glea,ep) =0aB, glea,e3) =g(ea,eq) =0,

gles,e3) = gles,eq) =0, gles,eq) = -2,
with A, B = {1,2}.3
The null frame N is said to be integrable if and only if both the identities

g(lea,eBl,eq) =0, g(lea,eBl,e3) =0

hold on (M, g). If at least one of the identities does not hold, then the frame is said to be

non-integrable. In what follows, we do not assume the integrability of the frame N .

To capture some of the geometric difficulties arising in the problem, it is important to note that

the frame N induces a distribution
Dp = {(p, Xp) €eTM| X, € span,, {el,ez}}
on M. The distribution D s is integrable if and only if the frame N is integrable.

We denote by V the Levi-Civita connection and by R the Riemann curvature tensor with

respect to g. We define the connection coefficients

~ -

w,w,

Thﬂ? Y?X? C?
X X

3Note that our notion of null frame will always require that ea and ep are orthonormal.
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relative to the frame N as tensor fields on ®ar such that

xaB =9(Vaes, ep), XaB =9(Vaes,ep),
1 1
Na 59(V364, ea), N = §Q(V463, ea),
1 1
Ya= §Q(V4e4, ea), Y, = ig(V3€3, ea),
L1 o1
W= §Q(V463, €e4), W= 59(V364, e3),
1
Ca= §Q(VA€4,63)

We define the curvature components

p’ 0-7
B, B,

o,

relative to the frame N as tensor fields on D ar such that

xXAB = R<8A7 €4,€pR, 84) ; xaB = R(GA, €3,€pn, 63) )
1 1
BA - iR(eAae4ae3ae4)7 QA = §R(6A,63,63764),
1 1,
p = Z R(e47 637 647 63) ) o = Z R(e47 637 647 63) 9

where *R is the Hodge dual of R on (M, g). We refer to such tensors as Dar tensors. The
notion of D ar tensor is rigorously defined in Section 3.3.1 and should be seen as a generalisation
of the notion of S-tensors of [14, 13] that allows A to be non-integrable.

Note that, if A is non-integrable, then at least one of the identities

XAB 7 XBA ; XAB 7 XBA

holds on M. One can thus define the symmetric traceless, trace and antitrace parts*

Xov (trXO) ) (¢ : XD) y
Xo ’ (trXQ) ) (¢ : Xu) )

of x and x respectively and decompose
R 1 1
X =Xo+ §(t1“Xo)¢ + §(¢ “Xo)#

X =%+ (b )g + (X

4We denote by X0; X the symmetric parts of x, x and by xu, X, the antisymmetric parts of x, x.
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where we denote by ¢ and ¢ the metric and volume form induced by the spacetime metric g
and volume form € on Dar. See Section 3.3.2 for further details on the properties of x and x

and their decompositions.

For future convenience, we also define, for A, B = {1, 2}, the smooth scalar functions

BC

'Yy =9g(Vaea, ec)g®c, IS, =g (Vsea,ec)g®®

n (M,g).

One can define products of ® ar tensors and differential operators acting on ® s tensors, which
generalise the products and differential operators for S-tensors of [14, 13]. In particular, the
Levi-Civita connection V induces, in a suitable sense, a connection ¥ on Dar compatible
with the metric g. All the relevant definitions can be found in Section 3.3.3 and Section 3.3.4

respectively.

The vacuum Einstein equations

Let us now assume that (M, g) solves the vacuum Einstein equations
Ric(g) =0.

Then, the vacuum Einstein equations can be written as a nonlinear system of equations for
the frame vectors of A and the connection coefficients and curvature components relative to
N. These equations are the null frame equations, the null structure equations and the Bianchi
equations. The full system of equations is presented in Section 3.3.5, where its main properties
are also discussed, and derived in Appendix A. We remark that the system of Section 3.3.5
differs from the systems of Einstein equations presented in [14, 13], the reason being that we
do not assume the integrability of M. This fact will play a fundamental role in the present

chapter. See Section 3.2.3 of the overview.

We now outline some selected properties of the system of equations of Section 3.3.5, assuming

that the reader has some familiarity with the equations of [14, 13].

We have a set of equations for the frame

Vae—VpBegy

eB+(na—Ca)es+Y 4eq,

( FgA) ec + XoaB€3 + Xoap€s
Vsea—V4yes X A>

Vaies —Vpaey

(3A
(A

x* A) eB+Yaes+ (ny +Ca)es,

Vszes —Vyes (277 )6A+(2)63—Q64,

which coincide with the commutators for the frame vectors. The role of the second fundamental

forms of [14, 13] is now played by the symmetric two-tensors x and x .. We have, for instance,
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the first variational formulae

Led =2X + (trxo)d,

Lo = 2%, + (trx,)g -

Another interesting aspect of the system of equations is that the usual elliptic equations for the
curl part of the connection coefficients Y, Y, n and i1 can now be seen as transport equations

for the antitraces of x and x. We have

Ya(# - xo) + (brxo) (¢ - xo) — @(F - Xo) = 2(n +2) AY +2Y An+2cyrlY,

V(¢ xo)+ (trx )¢ x.) —@(F - x,) =2(n—20) AY +2Y An+2crl Y,
and

SEEX0)(F X0) +O(F X0) = — Ko Ao~ (b0x0) (¢ Xo) +2Y AY

+20 + 2curl n,

V(¢ x.)+

V3¢ xo) + %(trXo)(?‘ “Xo) T (¢ Xo) = —Xo A X — %(trxo)(ﬁf - Xg) +2Y AY

—20 4 2cyrln.
The Codazzi equations read
1 1 1 1
v X, = — 5 £ V(# - xa) = % ¢ — (£ - x) "¢+ S(brxo)C + 5V (trxo) — (7 - x0)'Y
— (¢ -x0)*n -8,

v = — 58V x0) + R G (X)) St )CF Y brx) - (- x) Y

—(¢-x.)"n+8,

where one should note the new terms depending on the antitraces of x and x. The Gauss

equation reads

K = 5 (%0 %) — 1 (bexo) (brx) — 1 (# - xe)(# - Xo) + (T, xe) + (T, xo) — .

The smooth scalar function K is defined in Section 3.3.4 and coincides with the Gauss curvature

of the integral manifold of ® s when AN is an integrable frame.

3.2.2 The Kerr exterior background

This section overviews the content of Section 3.4 of the chapter, where the Kerr exterior manifold

and its key properties are discussed.

In this section, we will introduce the Kerr exterior manifold (M, gq ar) with its double-null
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differentiable structure. We then consider a particular null frame of (M, g4 1), namely the
algebraically special frame, and outline some of its geometric properties. We conclude the
section by constructing a new differentiable structure on (M, g, as) that will play an important

role in the definition of the new nonlinear gauge.

The Kerr metric in double-null form

For any real parameters a, M, with M > 0 and 0 < |a| < M, we identify the Lorentzian
manifold (M, g) of Section 3.2.1 with the (sub-extremal) Kerr exterior manifold (M, ganr)-

We introduce the differentiable structure
(u,v,0%,6%) (3.4)

on M,
u,v € (—o0,00), (0,6%) € S?,

such that the (sub-extremal) Kerr metric gq pr takes the form
Jarr = —4Qepdudv + o (0N = 0 dv) (dOP — Beoppdv) (3.5)
on M, with Qger € C°(M), Tkers & symmetric two-tensor on the two-spheres
wa = {u,v} x §?

and bkerr & vector field tangent to ngv.‘”’ Such a global® differentiable structure will be called
double-null differentiable structure on (M, g, as) and the Kerr metric (3.5) is said to be in

double-null form. In fact, the level sets
Cup = {u=up}, Cyp = {v =10}
are (outgoing and ingoing respectively) null hypersurfaces of (M, gq ar)-
The future event horizon Ht of (M, ganr) corresponds to the (asymptotic)” null hypersurface
HT = (00,v,6%,6%), (3.6)
with v € R, while future null infinity T corresponds to the (asymptotic) null hypersurface
T = (u,0,6',6%), (3.7)

with u € R. The past event horizon H~ and past null infinity Z~ correspond to the (asymptotic)

5The Kerr metric coefficients in (3.5) will be rigorously defined in Section 3.4 of this chapter.

5The existence of a global system of coordinates on (M, gq,ar) such that gq,a takes the form (3.5) is a
non-trivial observation due to [93].

"We note that the system of double-null coordinates (u,wv,6*,8*) breaks down at the future event horizon
H". However, one can still formally parametrise H' as in (3.6).
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Figure 3.1: Penrose diagram of the Kerr exterior manifold (M, gq ).

null hypersurfaces
H™ = (u, —00,0%,6%), T~ = (—o0,v,0, 6%
respectively, with u,v € R. See Figure 3.1. We note that, in line with footnote 7, we have

QKerr(oo,v,HA) = Qkerr (1, —00, GA) =0.

The algebraically special frame

In this section we define the algebraically special frame of (M, gq ar) by giving its coordinate
form. Although this can be done relative to the differentiable structure (u,v,64), we introduce
a second differentiable structure (known as the Boyer—Lindquist coordinates) on (M, g, ar) that
makes the coordinate expression of the frame simpler (and explicit). Let us note that the
algebraically special frame can also be introduced geometrically via what we will call property
(i) of the frame later in this section.®

It is important that the reader realises that the properties of the algebraically special frame
discussed in this section are all geometric. The Boyer—Lindquist differentiable structure plays,
at this point (and in fact throughout our discussion), no role apart from simplifying some of

the coordinate expressions.

We introduce the Boyer—Lindquist differentiable structure

(tor, To15 Obl, Dot

on (M, gqn), which can be implicitly related to the differentiable structure (u,v, 04) as dis-

cussed in Section 3.4. In Boyer—Lindquist coordinates, the Kerr metric takes the form

Sin2 (91,[

A _ Y
Ga,M = —E(dtbl — asin? Oy doy )* + Kdrgl + XdoZ + (adty — (1 + a®)déw)?

8Strictly speaking, the definition of the algebraically special frame via property (i) leaves some residual
freedom in rescaling the null frame vectors and in performing orthogonal rotations of the spacelike frame vectors,
while our coordinate definition fixes the frame completely. The rescaling along the null directions that we choose
will be dictated by the fact that we desire a frame that extends regularly to H ™.
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where the standard functions A = A(ry) and X = X (74, 0p;) are defined in Section 3.4.

We define the algebraically special frame
Nas = (€1°,€5%, 57, €f’)

f (M, go,mr) as the null frame with coordinate form

A a
ei _atbl+ 2—|—a28m+ 2+ 28%5’

T

2 2\2 2 2 2 2
ry+a ry+a a(ry; +a
ey’ = i ) Ok, — = Ory + i ) Dy
YA by YA
2 .
a® sin Oy cos Oy, bl a cot Oy
eP = 5 Opy + 5l Doy, + 5 a¢bl )
arpy; sin Gy, a cos 9bl 731 CSC Oy
ey’ = > Ok, — Ty Doy, + 5 a¢bz

on (M, gaar). One can easily check that N, extends regularly to H*.9

The connection coefficients of the Kerr metric g, s relative to Nys are the D, tensors!?

s OTAY N al cos by Ny
Kerr11 Kerr22 (rgl + ag) '’ Kerr12 (rgl + ag) '’ Kerr21 Kerr12 »
2 2 2 2
as __ . as __Tw (rbl +a ) as a (Tbl +a ) cos Oy as _ as
X Kerr1l = XKerr22 = — 2 » XKerr12 = 2 » XKerr21 = X Kerr12 >

2 2 2 i 2
s 2M (rbl —a ) _ 2a®ry sin® Oy

AaS

WKerr 2 WKerr = 2 )
2 2 by
(riy + a?)
as —0 as 2a sin Oy,
NKerr1 = Y NKerr2 = S ’
. : 2 2 2
as a’ry; sin(20y) as _ asin O (a cos” Oy — Tbl)
NKerr1 = 2 ) NKerr2 = 2 ’
as _ as _
KerrA — 0? = KerrA — 07
N a2rbl sin(2951) . asin (91,[ (a2 COS2 91,[ — Tl?l)
CKerrl - 2 ) CKerrZ - 2 ’
with
~ as _ o as _
XoKerrABfov XoKerrAB*()?
(# - xo) 2a cos Oy () 2a (rgl + a2) cos Oy,
Xo)Kerr = 7 5 2 ) Xg)Kerr = 2 )
(Tbl +a ) by X
2rp A 2ry (rpy + a®)
tI'XO%(Serr = 7 2 ) trXo Kerr — — 312 :
(rjy +a?) 2

9Note, however, that the Boyer-Lindquist coordinates are not regular along H7.

For D u7,. covariant tensors, we give the coordinate expression (relative to the Boyer—Lindquist differentiable
structure) of their frame components. Note that these are functions of both coordinates 7 and 6y, as opposed
to the spherically symmetric connection coefficients and curvature components of the Schwarzschild metric.
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Note that
ﬂ%(serr + CKerr =0

and

B as _ C as _ as
I'faKerr = 0, I'SAKerr 90B = 2 X Kerr AB -

The curvature components are

as _ as _
OKerr AB — 07 X Kerr AB — 07

BKerrA ﬁ KerrA —

2.2 2 . 2 2.2
as 2M7‘bl (Sa cos” Oy — Tbl) as aM cos By (3rbl — a” cos 91)1)
PKerr = 3 ’ OKerr = 3 :

All the connection coefficients and curvature components are reqular quantities along H™.

The algebraically special frame possesses several important properties, which are carefully dis-

cussed in Section 3.4. The crucial ones for our problem can be summarised as follows:

(i) Special algebraic property: The curvature components

s o as as
Kerr » &£ Kerr » M Kerr » Kerr

all vanish identically on (M, g, ar). This is often considered as the defining (geometric)
property of the frame Ny on (M, gq ar).

(ii) Relation to double-null gauge: The frame N,s does not coincide with the geometric

frame arising from the double-null differentiable structure (u,v,84) of (M, ga ), i.e

Nas 3—'& -/vady

with
Noa = (90 + Ve Opr U2 O e gnha g ) -

(iii) Non-integrability: The frame Nys is non-integrable. This, in particular, implies

(¢ ’ XD)?{Serr 7é 0, (¢ ’ Xu)Kerr 75 0

on (M7 ga,M)'

(iv) Integral curves: Away from the future event horizon H*, the null frame vectors e* and

e3® generate timelike hypersurfaces.

(v) Geometric properties along H': The generators of the future event horizon 7—[+ of

, 9o, ) coincide with the frame vector field e3® on e frame vector fields e3® an
(M, ga,mr) coincide with the f; field HT. The f: field d
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€5 are tangent to H*. These two properties imply, for instance, that

eis(trxo)?gerr = 07 ezs(trxo)?(serr =0

along Ht, the same holding with (trx. )%, replaced by any constant scalar function along

HT. Furthermore, the frame vector fields
(€1, €5%, €f)
generate an integrable distribution along H™.
Note that the properties (ii), (iii) and (iv) do not hold for the Schwarzschild exterior manifold,
for which the algebraically special frame coincides with the frame of a (integrable) double-null
gauge and thus the null frame vectors generate null hypersurfaces. Properties (i) and (v) should

be regarded as convenient (non-trivial) geometric properties of the algebraically special frame

of (M, gq,nr) that we will exploit.

A new differentiable structure

We now define a new differentiable structure on (a subregion of) (M, gq ar). The definition relies
on the geometry of the algebraically special frame of (M, g4 ar). As we said, the Boyer-Lindquist
coordinates introduced in Section 3.2.2 have no conceptual role in our construction (and can, in
principle, be avoided), while the differentiable structure discussed in this section will be truly
important for the formulation of our new nonlinear gauge. In particular, later in our discussion,
we will make crucial use of the properties of the Kerr metric and the algebraically special frame
relative to the new differentiable structure (see the identities (3.15)-(3.16) and (3.17)).

We consider the union of two null hypersurfaces
Cupw>v0 Y Couzug00 (3.8)
on (M, ga ), with ug and v finite constants,!! and define the manifold'?
M = [ug, 00) X [vg, 00) x SZ. (3.9)
We define a new differentiable structure

(7—7 S? 197 @Z}) )

1At the end of the section, the reader should note that the construction of the new differentiable structure
breaks down if ug = vg = —o0.

12Here there is a technical subtlety due to the fact that the double-null coordinates (u,v,8%) break down
along the future event horizon H* of (M, ga,ar). The manifold M™ as define in (3.9) has M+t N HT = . The
definition of the desired M™ requires to first introduce the Kruskal coordinates on (M, ga,ar). See the defining
identity (3.120) in Section 3.4.
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on M, with!3

T €[0,00), s € (—00,00), (9,1) € S2,
such that
0,v9 — u, 0',6% 1 Cosunw
(1,8,9,9) = (9,20~ ) olong Loz (3.10)
(0,v — up, o, 92) along Clygv>u
and
eP(r)=1 (3.11)
ei’(s) = e’ (V) =i’ () =0 (3.12)

on (M™, gs ar). The new system of coordinates can be seen as the unique solution to the linear
system of ODEs (3.11)-(3.12) along the integral curves of €3® (with initial data (3.10) prescribed
on (3.8)) and is therefore well-defined globally on (M™, g ar). The future event horizon H* is
formally parametrised by

HE = (20, —00,9, %),

while future null infinity is formally parametrised by

I" = (00,5,9,¢).

Coordinates (7, s,9,v) induce a global foliation of the region (M, g, ar) of the Kerr exterior
manifold (M, g,a). Hypersurfaces of constant 7 and s are depicted in Figure 3.2. The two-
spheres

S2,={rst xS (3.13)

coincide with the double-null spheres S, , along (3.8) (but not globally), i.e. forall s € (—oo, c0),
So. = Se, (3.14)
for some (u,v). Let us also note that
Cugwzvo U Cuzugy = {7 = 0} MT={r>0}.

We refer to the Kerr metric g, a7 in coordinates (7, s, v, 1) and associated algebraically special

frame N, on M™ as the Kerr metric in an outgoing frame-calibrated gauge (or OFC-gauge).'*1?

The new coordinate form of the metric can (only implicitly) be related to its double-null form

13 As usual, at least two coordinate charts are needed to cover the sphere S2. We do not discuss this issue
here.

To the best of the author’s knowledge, this name appears for the first time in this thesis. We will elaborate
on the choice of the name for the new gauge later in the overview.

15We will occasionally refer to the outgoing frame-calibrated gauge as the new gauge, where the name new
gauge now has a precise definition.

96



Figure 3.2: The two Penrose diagrams of the Kerr exterior manifold (M, g, ar) show the foliation of
the region (M, g, ar) induced by the new differentiable structure (7, s,9,1). Each level set of 7 is a
spacelike hypersurface (in solid red), with the exception of the hypersurface (3.8) and future null infinity
I+, which coincide with the 7 = 0 and 7 = co null hypersurfaces respectively (in dashed red). Each
level set of s is a timelike hypersurface (in solid blue) which becomes asymptotically null towards future
null infinity Z+, with the exception of the future event horizon H ™', which coincides with the s = —oo
null hypersurface (in dashed blue).

(3.5). The Kerr metric in the OFC-gauge satisfies

Ga, My =0, (3.15)
I, =Ty, =T% =0 (3.16)
on (MJrv ga,M)'
The integral curves of
el’ =0 (3.17)

are curves of constant s, thus tangent to the hypersurfaces depicted as blue curves in Figure

3.2, and with parameter 7 along the curve.

Additional properties of the Kerr exterior manifold with its new differentiable structure can be

found in Section 3.4.

3.2.3 The nonlinear gauge

This section serves as an overview to the core of the chapter, corresponding to the introduction
of a one-parameter family of nonlinear metric perturbations around Kerr in an outgoing frame-
calibrated gauge (Section 3.5) and the formulation of the vacuum Einstein equations for such a

family of metrics (Section 3.6).

The fixed manifold and differentiable structure

We start by considering the manifold M* defined by (3.9) and its differentiable structure

(1,,1,1) introduce in Section 3.2.2. These will remain fixed throughout our discussion.

At this point, it is important to note that one has some residual freedom in constructing the

differentiable structure (7, s,9,1) on M™, ultimately related to a residual freedom in choosing
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the differentiable structure (u,v,64) on M*.16 In fact, the differentiable structure relative to
which the Kerr metric g, as takes the double-null form (3.5) on M™ is not unique. In particular,
there exist (infinitely many) one-parameter families of coordinates

(ug, ve, 0, 62) (3.18)

€

on M™, with € > 0 and
(UOaUan(l),eg) = (U,U,91,92),

for which the Kerr metric g, as takes the double-null form (3.5) for all € > 0. In turn, coor-
dinates (7,s,9,1) on M™ are not uniquely defined. One can define one-parameter families of

coordinates
(e, 58, Ve, 2) (3.19)
on M™, with € > 0 and
(7_07 50, 1907 ¢0) = (7—7 S, 797 w) 5

such that
(72, 55,9z, 12) = (0,v0 — e, 9%1“’ 022 ) along €' >
(0, vz — ug, 61, 62) along Clyg ve>v0
and
35 (rs) = 1 490
e (se) = o' (Ve) = e (ve) =0 (3.1

on M™ for all € > 0, which preserve the form of the Kerr metric g, s in the OFC-gauge for all
€ > 0. Note that
Te=T (3.22)

on MT for all € > 0.
As an aside, we also note that, in view of the transport equations (3.20)-(3.20), to fully resolve

the residual gauge freedom for the coordinates (7,s,9,v) on M™, it is sufficient to resolve it

along the hypersurface {r = 0}.

In what follows, the fixed differentiable structure (7, s,,1) on M™ should be understood as
the € = 0-member of one of the (infinitely many) one-parameter families of coordinates (3.19).
The choice of the particular one-parameter family will be discussed in forthcoming work by the

author and will play a crucial role in what is called gauge normalisation.

The one-parameter family of metric perturbations

In this section we consider a one-parameter family of nonlinear metric perturbations around a

Kerr solution. The family of metrics is introduced in an outgoing frame-calibrated gauge. What

6Recall that, in Section 3.2.2, the differentiable structure (u,v,6*) was involved in the definition of the
coordinates (7, s,,v) on M.
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we really mean by this is the core of the present section of the overview and of Section 3.5 of
the body of the chapter.

We consider a one-parameter family of smooth Lorentzian metrics g(e) on M™
g(€) = gpup (€) daxt dx¥ |
with z# = (7,s,9,1), and the associated one-parameter family of null frames

N (€) = (ex(e), e2(e), e3(e), ea(e))

on M™ such that

(i) The metric component
9r-(€)

and the Christoffel symbols
rs.(6). T2, (6) . T2 (¢

TT

are fixed on M™ such that

gTT(e) =0
and

I2,(e) =0,

]‘-‘17?7'(6) =0,

IV () =0
for all € > 0.

(ii) The connection coefficients

are fixed on M™T such that

Ole) =08, (3.23)
Y(e)=0, (3.24)
1(€) = NKerr » (3.25)
T2, (e)=0 (3.26)

for all € > 0, where the tensors wil,,, and 1., are known quantities relative to the fixed

differentiable structure on M1 .17:18

~ as

" The tensors @i, and NKere Dave been defined in Section 3.2.2 of the overview relative to the Boyer—Lindquist
coordinates on M™. One can (although implicitly) define them relative to the coordinates (7, s,,) on M™.

8The reader should note that the tensorial identity (3.25) is comparing covariant tensors living in different
tensor bundles on M™, namely a D ar(e) one-tensor and a D n;,, one-tensor, and is therefore to be understood as
an informal identity. This issue, and the formally correct version of the identity, will be briefly discussed later
in the overview (see, for instance, the expression (3.38)) and rigorously treated in Section 3.5.2 of this chapter,
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(iii) The frame vector field e4(e) is fixed on M™ such that
eq(€) = 0r (3.27)

for all € > 0, where the vector field 0, is a known quantity relative to the fixed differentiable

structure on M.
(iv) For any € > 0, the frame N (¢) extends to a regular frame for s — —oo,
and such that
9(0) = ga,m

in the new gauge of Section 3.2.2, with associated frame
N(0) = Nas
on M*.19

We refer to the family of metrics g(¢) as a one-parameter family of metric perturbations around

the Kerr solution in an outgoing frame-calibrated gauge.

The family of metrics g(e) in our OFC-gauge exhibits a number of important properties. For
reasons that we shall discuss in Section 3.2.4 of the overview, it is a fundamental fact that A/(0)
coincides with the algebraically special frame of Kerr N, and

X(O) = X%(Serr’ X(O) X.Kerr » M 0) - nKerr ) 12(0) = ﬂ?(serra

(
)=

GJ(O) = (‘:}?(Serr ) Q(O) L Ia(serr ) (0 Kerr? I‘3BA(0) = F?A??err?
Y(0)=Y(0)=0,
rs,(0)=o,
a(0) = a(0) = B8(0) = 8(0) =0,

Two additional crucial properties of g(e), which introduce new geometric difficulties, are also

discussed later in this section.

However, before considering the properties of the new gauge, we address a key, preliminary

question:

Question. Is an outgoing frame-calibrated gauge a well-posed gauge? Namely, given a (suit-

ably) general Lorentzian manifold (M, g), do there always ezist a system of local coordinates

where we will provide the geometric formalism to understand (3.25) as an identity between tensors living in the
same tensor bundle. For the present statement, the reader can pretend that m(e) and n$.,. live in the same
bundle.

Note that the Kerr metric g, in coordinates (r,s,%,1), and with the associated null frame N, does
satisfy the gauge conditions for the family of metrics g(e).
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(1,8,9,%) and a local null frame N on (M, g) such that all the gauge conditions above hold
locally?

The main result of the chapter answers this question in the affirmative. An overview of the

statement and its proof can be found in the next two sections.

The statement of the main result

A key ingredient in our proof of linear stability is the introduction of the one-parameter family
of Lorentzian metrics g(¢) on M™ in a new nonlinear gauge. We consider here the question
of whether the new gauge is a well-posed gauge for a general Lorentzian manifold (M, g).
The question is fundamental for both the consistency of our approach and for future nonlinear

applications.

We remark that, in this section, one can forget that we will be ultimately dealing with per-
turbations of the Kerr solution. In fact, the well-posedness question for the new gauge is a
geometric question that can be addressed independently from our problem. The answer to this
question for a double-null gauge corresponds to the claim that any (suitably) general Lorentzian
manifold (M, g) can be locally put in a double-null gauge. Our main result states that the
same holds for our outgoing frame-calibrated gauge, clarifying that a one-parameter family of

metrics g(€) satisfying the gauge conditions above can indeed be considered.

Examples of gauges that have proved successful in the nonlinear analysis of the vacuum Einstein
equations are double-null gauges [13, 110, 21, 95, 96, 20], harmonic gauges [81, 82], time-
transported gauges [97, 42] and Bondi gauges [74].

A fully detailed account of what we discuss in this section of the overview can be found in
Section 3.5 of the chapter.

Let (M, g) be a (3 + 1)-dimensional, smooth, orientable Lorentzian manifold?? with topology
M =R? x §2,

We start by recalling that any such Lorentzian manifold (M, g) can be locally put in a double-

null gauge, i.e. there exist local coordinates
(u,v,0',6%)
on (M, g) such that g takes the double-null form

g = —49%dudv + Ja,s(d0* — 0% dv)(d6® — b°” dv) (3.28)

2ONote that we do not assume any special algebraic property for (M, g). We also do not assume that (M, g)
is a solution to the vacuum Einstein equations. These two facts can be contrasted to the linear gauge adopted

by [1].
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Figure 3.3: We define the set By to be a sufficiently small neighbourhood of S? of the form Bs :=

Uuo,Vo
U (u—o)2+(v—v0)2<6? S2 . with 8 > 0 and Bs C B. We define the set B :=Bsn{v>wvo}N{u>ue}
corresponding to the shaded region in the figure.

on a sufficiently small neighbourhood BC M.

Relying on the double-null differentiable structure of l§, we consider the union of two null
hypersurfaces
BN (CUOKUZ'UO U QuZuo,vo) (329)

on BN, with S? C BN, and a sufficiently small neighbourhood

u0,v0
By,
with B;_ cB corresponding to the shaded region in Figure 3.3.

Without loss of generality, one can state the well-posedness of the new gauge as the local

existence of the new gauge on Bg‘. The following theorem is the main result of the chapter.

Theorem 3.1 (Outgoing frame-calibrated gauge). Consider the Lorentzian manifold (M, g),
its local differentiable structure (w,v,04) and the sufficiently small set B;_ C M as above.
Then, for any ;:J, f1,f2 smooth scalar functions of the coordinates (u, v, BA) on B;_, there exist
a system of coordinates

(1,8,9,%) (3.30)

on B, with (9,%) € §2%, and a null frame
N = (e1,e32,e3,e4) (3.31)
on B;‘ such that
(i) Anchoring of the gauge: The restriction of the coordinates (3.30) to
BF N (Cug w300 U Cusug vg) (3.32)
satisfies

(0,vp — u, 0, 62) along Bg‘ NncC

U>u0,v0

(1,8,9,9) =
(0,v — ug, 61, 02) along B(—;F N Clup,v>v0

102



In particular, each of the two-spheres
5(23,3 ={0,s} x §?
on (3.32) coincides with a double-null sphere Si’v for some (u,v).
(ii) Metric conditions: The metric identity
grr =0

and the identities for the Christoffel symbols

r;, =0,
r?. =o,
Ty, =0

hold on B;‘.

(iii) Connection conditions: The connection coefficients

Q? Y7 12» F4BA
relative to N are such that
O=d,
Y =0,
n=n,
Ty =0

on Bg‘, where 1 is the Dz one-tensor such that N(e1) = f1 and n(e2) = f2 on B;‘.

(iv) Frame condition: The coordinates (s,9,1) are transported along the integral curves of

e4, meaning that the identity
eq = 0r (3.33)

holds on Bg‘.

(v) Regularity: The frame N is a regular frame on B;’.

The proof of the main result and the name of the gauge

In the present section, we sketch the main ideas of the proof of Theorem 3.1. We include
two different arguments, one that will appear in forthcoming work by the author and one
corresponding to the proof of the theorem in Section 3.5.1 of this chapter. We will briefly
comment on the aspect that discriminates between the two. The choice of the name for the new

gauge is also addressed.
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In forthcoming work by the author, the proof of Theorem 3.1 goes as follows. The gauge
construction starts by considering (M, g) in the local double-null gauge (3.28), with associated
reqular null frame

Nad = (05 + 6" 8ga, 27204, 4,414 Opa)

We then claim the existence of a null frame transformation®' F such that
Not BN

with the connection coefficients relative to N satisfying

I
e

)
)
9

w
Y
n
B
4A

I
©S R

r

locally on (M, g), as in Theorem 3.1.

The most technical part of this proof is to formulate the notion of a null frame transformation
appropriately and to show the local existence of the transformation F.?2 Once the frame N
has been constructed, the coordinates (7, s,1,1) are obtained by solving the linear system of
ODEs

eq(t)=1
es(s) =0
es(¥) =0
es(yp) =0

along the integral curves of e4, with initial data for (7, s,9, ) prescribed on the hypersurface

(3.32) according to the anchoring gauge condition (i) of Theorem 3.1.

The construction of such a frame and coordinates guarantees that the remaining gauge condi-
tions of the theorem automatically hold. The regularity of the frame N is inherited from the

regularity of J/\\/'ad once the transformation F is regular in a suitable sense.

In this thesis, we achieve the gauge construction in a more direct fashion by solving a system
of transport equations for the final frame (instead of obtaining the frame A via a null frame
transformation). See Section 3.5.1. This approach to the proof has the disadvantage that it
makes the residual gauge freedom for the frame (see Section 3.2.3) more difficult to handle.
However, the issue of resolving the residual freedom of the new gauge will not be addressed in

the present thesis, and therefore this latter approach is more convenient.

LA null frame transformation on (M, g) will be a transformation that transforms a null frame of (M, g)
into a new null frame of (M, g).

22Note that F will be obtained as a local solution to a nonlinear system of evolution equations. Here is where
the local nature of the gauge arises.
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As it becomes evident from the proof of Theorem 3.1, the frame has the most prominent role
in the gauge construction and determines, via its outgoing null frame vector, the differentiable
structure of the manifold. In particular, by choosing the functions 5:, f1 and 2, one can
suitably calibrate the frame in the outgoing null direction,?® and thus the entire gauge. This
motivates the name outgoing frame-calibrated gauge. For (M, g) corresponding to the Kerr
exterior manifold (M™, g, ar) of Section 3.2.2, the frame-calibration of the gauge corresponds
to the choice of the algebraically special frame of Kerr. The calibration of the one-parameter
family of frames N (€) associated to g(e) is fixed, for all € > 0, to coincide with the Kerr one,
meaning that the functions @(e), f1(€) and f2(e) coincide, in a suitable sense, with their Kerr

values for all € > 0.

The divorce of the frame from the spacetime foliation

In this section we discuss the first of two important geometric properties of the one-parameter

family of metrics g(e) in the new gauge. We have that
DN (e) s a non-integrable distribution for all e > 0 ,

which we refer to by saying that our outgoing frame-calibrated gauge is non-integrable. In par-
ticular, © ar(q) corresponds to the non-integrable distribution Dy, induced by the algebraically

special frame of Kerr on M™T.

As mentioned in Section 3.2.1, a geometric manifestation of the non-integrability of the gauge

is that x(e) and x(€) are not symmetric tensors, and at least one of the identities

xaB(€) # xBa(e) XaB(€) # xpal(c)
holds on M™ for all € > 0. One can therefore define the antitraces
(£ - x=)(€), (¢ - x5)(€)
of x(¢) and x(e), which, together with the symmetric traceless parts

Xo(€), X (e),

and traces

trXO (6) ’ trXo (6) ’

23Tn the proof of Section 3.5.1, the reader will appreciate how the choice of the functions E), f1 and f2 determines
the system of transport equations in the outgoing null direction

V54e4 = (1:164,
Ve,€3 = *563 +2f1e14+2f2e2,

VE4 €1 :fl €4,

Ve4 €2 = fz €4

used to construct the frame.
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give the decomposition

() = .(0) + 5 (trx ()gle) + 5 (£ - x0) ()

where g(e) and ¢(€) are the metric and volume form induced by g(e) and e(¢€) on D pr(c)-

As another effect of the non-integrability of the gauge, D) cannot be identified with the

tangent bundle of the leaves of any spacetime foliation. In this sense, the frame and the space-

time foliation cannot be tied one to the other. The foliation induced by the fixed differentiable

structure on M is indeed only adapted to the integral curves of e4(€), meaning that e4(e) is
everywhere tangent to the s-constant leaves of the spacetime foliation for all € > 0. Further
details on the relation between the frame and the spacetime foliation in our gauge can be found
in Section 3.5.3.

The reader should note that, in a double-null gauge, D ar(¢) is an integrable distribution and
x(€) and x/(€) are symmetric tensors. The spacetime foliation and the null frame are naturally

tied, giving nice geometric properties to the gauge that one typically exploits.

The formulation of tensor perturbations

In this section we discuss the second of two important geometric properties of the one-parameter

family of metrics g(e) in the new gauge. We have that
DN (e) @8 not fized for all e >0,

which we refer to by saying that the horizontal structure of our outgoing frame-calibrated gauge

is variable.’* In general,
DN(e) Z DN(0) (3.34)

for all € > 0.
Relation (3.34) gives rise to the following difficulty, which will be rigorously addressed in Section

3.5.2. Let us consider, for instance, the one-parameter family of one-tensors n(e) on M™. For

any € > 0, the one-tensor 7(€) and the one-tensor n(0) are covariant tensors on M™ which, in

view of (3.34), live in two different tensor bundles, namely the bundle of D /() one-tensors on
M and the bundle of D N(0) one-tensors on M. This fact becomes problematic when we

want to compare such tensors by taking the difference

“n(e) —n(0)” (3.35)

on M*. In particular, note that expressions of the form (3.35) appeared when we introduced

the family of metrics g(€) in the new gauge (see, for instance, the identity (3.25)).

24Equivalently, we have that the spacelike frame vectors ea (e) are not fixed for all € > 0.
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(M*,g(e))

Pe

(M*,g(0))

Figure 3.4: The one-parameter family of metric perturbations g(¢) on M™ induces a one-parameter
family of Lorentzian manifolds (M™,g(¢)). The family of frames N () defines, for each ¢ > 0, a null
frame on (M™, g(€)). One can define a diffemorphism ¢. between (M™,g(0)) and (M™T,g(e)).

In this section, and later in Section 3.5.2 of the chapter, we take an active point of view relative
to the family of metrics g(€) on M™ and regard g(e) as inducing a one-parameter family
of distinct Lorentzian manifolds (M™,g(€)). Following this approach, even if the horizontal
structure of the new gauge was not variable, the tensors n(e) and n(0) result defined on two

different Lorentzian manifolds, namely (M™, g(e)) and (M, g(0)), making the formal meaning

of the expression (3.35) already unclear. See Figure 3.4.

To give a formal meaning to the expression (3.35), we implement the following four-step proce-

dure:

1. Extension: We extend both n(e) and n(0) to one-tensors in TP M™ on (M, g(e)) and
(M™,g(0)) respectively. The extension is defined by imposing

2. Pullback: We define a suitable diffemorphism ¢, between (M™,g(0)) and (M, g(e))

and consider the pullback one-tensor

¢ (n(e)) (3.36)

in TPM™* on (M*,g(0)). Since, in general, the pullback distribution does not coincide
with the distribution D ar(gy on (M, g(0)), i.e.

e (DAr(e)) Z DA(0) » (3.37)
we possibly have that (3.36) is not an horizontal one-tensor and at least one of the
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following relations

possibly holds.

3. Projection: We therefore project the pullback tensor ¢} (n(e)) and consider the projected

pullback one-tensor
Ig¢ (n(e))

such that

(H¢z (n(e)))(es(0)) =0, (g% (n(e))) (ea(0)) = 0.
The tensor I1¢*(n(e)) is an horizontal tensor in TP M™* on (M, g(0)).

4. Restriction: We conclude by restricting II¢f (n(€))) to a D ar(g) one-tensor on (M, g(0)).

The expression
I¢¢ (n(e))) — n(0) (3.38)

is now a difference of D xr(g) one-tensors on (M™,g(0)) and should be seen as the formally correct

version of the expression (3.35). We refer to (3.38) as the (nonlinear) tensor perturbation of
0(0).

In the more rigorous formulation of the family of metrics g(€) of Section 3.5, we replace all the
informal gauge conditions (like, for instance, (3.25)) with tensor perturbations in the correct
form (3.38).

For what concerns the definition of the diffeomorphism ¢., our choice of ¢. will be such that
it identifies points of (M™,g(0)) and (M™, g(€)) having the same coordinate values relative to
the fixed differentiable structure on M™. To correctly interpret this choice, we will consider the
Lorentzian manifolds (M™, g(€)) as leaves of a larger manifold in which they naturally embed,

as it is standard practice in geometric perturbation theories. See Section 3.5.2.
In a double-null gauge, the distribution D pr(.) is fized on MT for all € >0, i.e.

b (Do) = Do)

for all € > 0,2° which should be contrasted with (3.37). The formulation of tensor perturbations
does not pose any of the technical difficulties involved in the projection part of our procedure,

although one still needs to consider pulled-back tensors.

As a concluding remark, we note that one can, in principle, avoid to introduce pulled-back ob-

jects and compare coordinate components of tensors relative to the fixed differentiable structure

?In the case of [19], the frame vector fields ea(e) are coordinate vector fields. The statement that the
distribution D ar() is fixed for all € > 0 is, in that context, equivalent to the statement that the differentiable
structure of the ambient manifold remains fixed for all € > 0.
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on M*.26 However, our approach is more geometric in that it compares tensors (as opposed
to tensor components) on M™T. Nonetheless, we still secretly rely on the fixed differentiable
structure of M™ to formulate our geometric tensor perturbations, namely to define the diffeo-

morphism ¢..

Residual gauge freedom for the frame

Our outgoing frame-calibrated gauge comes with some residual gauge freedom. This is, in part,
connected to fixing the differentiable structure on M™, as we already discussed. We will refer

to such a residual freedom as the residual gauge freedom for the coordinates.

On the other hand, the new gauge also leaves some residual gauge freedom for the frame. In
fact, the one-parameter family of null frames AM(€) on M™T associated to g(e) is not fully
determined. In other words, given the family of metrics g(e), there exist infinitely many one-
parameter families of null frames A (e) on M™ such that all the gauge conditions hold. This
latter residual freedom is treated in Section 3.5.1 of the chapter. Here we give an informal

overview of its main aspects.

The key observation is the following. The connection conditions of Theorem 3.1 should be
thought as conditions for the covariant derivative V., of each of the families of frame vectors
e1(e), ea(e€), es(e€) and e4(€). In analogy with the freedom of specifying a constant of integration,
the residual gauge freedom for the frame can be understood as the freedom to freely prescribe

a one-parameter family of frames
N(e) = (0-,es(c),eale))

along the hypersurface {7 = 0}.27"?® Upon making such a prescription along {7 = 0}, the gauge
conditions yield a fully-determined family of frames N (€) (with no residual gauge freedom left)
on M.

We remark that the residual gauge freedom for the frame is conceptually distinct from the one
for the coordinates (7, s,1,1). The double nature of the residual freedom of our gauge should
be contrasted to the residual gauge freedom arising in double-null gauges, where the residual
gauge freedom for the coordinates is equivalent to the residual gauge freedom for the frame.?”
As for the residual gauge freedom for the coordinates, the residual gauge freedom for the frame
will be exploited in forthcoming work by the author. The precise way in which the residual

gauge freedom is resolved contributes to what is called gauge normalisation.*°

26This is the approach adopted by [19].

2TStrictly speaking, this free choice is limited to the e > 0 members of the family, since the frame N(0) is
already fully determined by the requirement A (0) = Nos.

28Recall that the new gauge fixes the frame vector e4(€) for all € > 0 relative to the fixed differentiable structure
on M™T. Nonetheless, there exist infinitely many one-parameter families of null frames N (¢) on {r = 0} that
embed the fixed e4(€) = 9 as the outgoing null frame vector.

2This is also the case for the Bondi gauge of [74].

30How one chooses to fix the residual gauge freedom is what we refer to as gauge normalisation. As we observed
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The vacuum Einstein equations in the new gauge

We now assume that the family of metrics g(e) satisfies the vacuum Einstein equations
Ric(g(e)) =0.

Since our outgoing frame-calibrated gauge is non-integrable, the system of vacuum FEinstein
equations in the new gauge has to be seen as a special case of the general system of equations
briefly discussed in Section 3.2.1 of the overview and presented in Section 3.3.5 of the chapter.

This fact ultimately motivates the formalism of Section 3.3.

A key aspect of the system of Einstein equations in our gauge is that the transport equations in

the e4(€)-direction take a particularly convenient form. For the connection coefficients

Xo(€) s (trxo)(e), (£ - xa)(e),

we have the set of transport equations

VR () + (6rx0) R 0) — & R (0) = —0x(e) (3.39)
02(81X) () + 5 (610 (6) = @R (610)(€) = ~(Ror X)) + 3 (F - X0)2(0), (3.40)
87'(¢ - XD)(G) + (trXO)(¢ : XD)<6) - d}%(serr (¢ - XD)(G) =0 (341)

on M™, which only couples with the rest of the system via the curvature component c(e).

Furthermore, for the connection coefficient

X (€),
we have the transport equation

~

. 1 . 1 R . .

Voo (6) + 5 (trx) Xo(6) + 5 (£ Xa) Ko () + @ Konr Ko (€) = (2P 0+ 0@ n)(e)
1 . 1 N

=5 (trx) Xo(€) + 5 (F - x0) "Xo () (342)

on M*. In view of the gauge condition (3.25), the right hand side of the equation (3.42) is

independent of the vanishing (informal) tensor perturbation
1’1(6) - n%(serr
on Mt for all € > 0.

Note that, for simplicity, in the equations (3.39)-(3.42) we simply replaced some bold connection

before, to fully resolve the residual gauge freedom of the new gauge on M, it is sufficient to resolve it along the
hypersurface {7 = 0}. In forthcoming work by the author, we will discuss how the hypersurface {7 = 0} can be
interpreted as the hypersurface on which the initial data for the linearised system of vacuum Einstein equations
(in the new gauge) are prescribed. Our gauge normalisation will be an initial data gauge normalisation, in that
it will only depend on such initial data.
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coefficients with the corresponding Kerr connection coefficients (relative to the algebraically spe-
cial frame) to stress how our gauge enters in the equations. As already noted, this substitution
is rather informal. The formally correct version of these equations can be found in Section 3.6
and ultimately motivates the rigorous formulation of nonlinear tensor perturbations in Section
3.5.2 of the chapter.

3.2.4 The linearised Einstein equations

This section serves as an overview to the derivation and properties of the linearised vacuum
Finstein equations around a Kerr solution in our outgoing frame-calibrated gauge. Section 3.7
of the chapter will only treat the formal derivation of the linear system. A detailed account of

the properties of the linearised equations will be part of forthcoming work by the author.

The system of linearised Einstein equations that we present in this thesis can be employed to
investigate a wide class of problems that go beyond our proof of linear stability. As particularly
interesting examples, one can derive energy conservation laws for the linearised system, revisit-
ing work [56] and the ideas developed therein, or construct a scattering theory in the same vain
as [87].

The structure of this section of the overview is divided into two parts. We first introduce
the main ideas involved in the linearisation procedure. We then select some of the linearised

Einstein equations and discuss their key features.

The linearisation procedure

The rigorous linearisation procedure of the nonlinear vacuum Einstein equations for g(e) in
our gauge is discussed in Section 3.7.1. As a general observation, we note that all the new
technical difficulties arising in the linearisation procedure are ultimately due to the presence
of one-parameter families of connection coefficients, such as n(e), which are D s covariant

tensors and do not vanish for e = 0. 3!

The linearisation procedure proceeds by linearising each of the terms appearing in the nonlinear
vacuum Einstein equations for g(e) around its Kerr value. To do that, we first pull-back the
whole nonlinear system via II¢} and renormalise each of the pulled-back nonlinear equations by
subtracting its correspondent Kerr equation. This allows to exploit our rigorous formulation of

nonlinear tensor perturbations (3.38) and consider, for instance, terms of the form

ez (n(e)) — Nkerr (3.43)

on (M, gaar). We linearise the one-parameter family of Dy, tensors®? (3.43) around € = 0

31Note that, in [19], all the connection coefficients that do not vanish for e = 0 are smooth scalar functions.
This fact is connected to the spherical symmetry of the Schwarzschild background and makes the linearisation
procedure much simpler.

32Note that we linearise tensors, as opposed to linearising tensor components.
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by neglecting the O(€?) terms in the formal expansion

1)
97 (1(€)) = Niere = €+ 9 + O(€7),

(1)
where 7f is a D, one-tensor on (M™T, g, ) and O(€?) denotes a Dy, one-tensor whose

components are O(e?) scalar functions.3

Crucially, in our outgoing frame-calibrated gauge, we have

—
—
~—

5 =0 (3.44)
)
Y =0 (3.45)
1)
71 =0 (3.46)
e9)
T8, =0 (3.47)
and
o @ @O @
el=ei=¢l = ezf =0 (3.48)

on (M™, g, ar) by the gauge conditions (3.23)-(3.27), where the linearisation of the scalar func-

tions @(e), I'P2,(e) and € (€) is obtained, for instance, by considering the formal expansion

¢:<G}<€)) - w?gerr =€ w+ 0(62)
on (M™, g, nr) and neglecting the O(e?) terms.

We note that the identities (3.44)-(3.48) are responsible for the simplification of the linearised
transport equations in the outgoing null direction introduced by our gauge. See the next section

for further details on this.

The most challenging part of the linearisation procedure is linearising some of the projected

covariant derivatives of D r(.) one-tensors, such as3t

(V3 C)(e). (3.49)

To achieve that, we introduce the projection tensor II(¢) on M™ associated to D N(e) and

1) 1)
33We adopt the slashed notation 7% to stress the fact that 7f is a D, tensor. In Section 3.7.1 we will also
consider the following linearisation

* as (1)
¢e (17(6)) —NKerr =€ 1 + 0(62)7

where the pulled-back tensor ¢} (n(e)) is not projected and thus (717) is not necessarily a D, tensor.

34The reader should note that (3.49) is actually the most technically difficult covariant derivative to linearise
in the whole system of nonlinear equations. The linearisation of all the other covariant derivatives gets simplified
by either our gauge identities or by the fact that the tensor vanishes on the Kerr background.
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linearise the ® s, one-tensor

H¢:((H : Vea C)(E)) - Wegs C?(Serr

on (M™, gqar). The linearisation formulae for (3.49), and all the covariant derivatives of tensors,
are the formulae (3.185)-(3.190) of Section 3.7.1. Note that these formulae involve the linearised

Christoffel symbols

1 @
r. 7, (3.50)
which are (1,2)-tensors on (M, g, ar) such that3®

(1)
(37 V(€)= V) 0y =€-T9,0, + O(?),

1)
1% 15 (¢F V(€) — V)05 = € V0, 00 + O(€%),

and the linearised projection tensor

—
—
~—

such that "
1
Hd): H(E) - %(Serr =€ ]7[ + 0(62) .

The linearisation formula for (3.49) reads

CVRNC
H¢:((W63 C)(é)) - Wegs C%{Serr =€ (W(elg) C%(Serr + Wegs g - F 37 C%{Serr (351)

(1) (1) )
= (C ()Mo + T - (VereCierr)) + O(€°) .

Through the linearisation of the covariant derivatives of tensors, the reader will be able to
appreciate, in part, how the transport equations in the outgoing null direction gets simplified
in our gauge. Indeed, as a general principle, all the covariant derivatives in the e4(€)-direction
will be easier to linearise than the ones in the eg(€)-direction. In fact, the analogue of formula

(3.51) for the covariant derivative

(Van)(e)
appearing in the transport equation
(Yam)(e) = (Vs Y)(e) = x*(n —n)(c) + 20 Y (¢) — B(e)

more easily reads

1 @ (1)
H¢:((Ve4 n)(€)) — Weis n%(serr =e€- (Wezs /i ¥V 4 n?(serr + - (veisn?(serr)) + 0(62) )

35The connection V is the Levi-Civita connection with respect to the Kerr metric gq,ar on ./\/ﬁ'7 while V(e)
is the Levi-Civita connection with respect to the metric g(e) on M™. The pulled-back connection ¢} V() is a
connection on (M, g, ar). The linearised Christoffel symbols are tensors because they arise as the difference of
two connections on (M, ga.ar).
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where we exploit the identity (3.48) of our gauge.3¢
It is also worth noticing how the linearisation of the covariant derivatives of scalar functions is
performed. For example, we have the linearisation of the scalar function

62 (9 0 (4rX0)(6)) — Ve (110 = € P (6000) + O()

in the Raychaudhuri equation

Valtrxo)(€) + 5 (bx0)(0) = @ brx (6) = — (R %0)(E) + 5 (¢ - x0)*(0

+2(divY)(e) +2(n+n+2¢,Y)(e),

where, again relying on the identity (3.48) of our gauge, one does not see the term

W(614) (trXO)?(Serr

in the linearisation. The linearisation of the angular derivatives of scalar functions has to be

understood as the linearisation of a ® ;. one-tensor and reads

1)
HQZ)Z(V(U'XO)(G)) - W(trxo)%(serr =€ (W(tg()o) + - (V(trxo))) + 0(62) .

This term appears in the Codazzi equation

Qv Xo(€) = — 3 #5  V(# - x0)(0) & () — 5 (F - xe)*¢(0) + 5 (b X0 )CE) + 5 W (br x0) (6)
— (¢ - x.)"Y (e) = (¢ - xo)™n(e) — B(e) -

To conclude the section, we remark that the presence of the linearised Christoffel symbols in
the linearisation formulae for the covariant derivatives is a manifestation of the fact that some
of the connection coefficients of the Kerr metric are non-vanishing covariant tensors. These
terms would appear in the linearised Einstein equations around Kerr in any gauge, including
in a double-null gauge. On the other hand, the terms depending on the linearised projection
tensor represent a difficulty which is specific to our gauge. They are connected to the geometric
property that the horizontal structure of our gauge is variable, and would not appear in the

equations if linearised in a double-null gauge.

The linear system of equations

The system of linearised Einstein equations of Section 3.7.2 exhibits several remarkable proper-
ties. In this section of the overview we survey the crucial ones. A more detailed discussion will

be included in forthcoming work by the author. However, this section will already be enough

*In Section 3.4 we will point out that Veasni.,, = 0 along H ", introducing a further simplification for the
formula when one restricts to the future event horizon.
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for the experienced reader to appreciate how the new structure of the system can be exploited

in the analysis and anticipate that no further major difficulties will need to be addressed.
For this section, as well as throughout Section 3.7, we adopt the de-bolded notation
er =er(0), n=mn(0), p=p(0) ...

The de-bolded frame vectors, connection coefficients and curvature components thus coincide,

or are relative to, the algebraically special frame of Kerr.

We start by noting that the symmetric traceless D7, two-tensors

(n

a, a

—~
~—

are gauge tnvariant and satisfy the two linearised Bianchi equations

(1) (1

(1) LM ( ¢ ()

(# - xo) @

[N

1 1 1 1
Wg (a)+§(trxo)(a) +2Q(a)+

n @ 1 1) ey (1) LD LM
Q4260 —5(f xo) @ = 2P B —3px, 430" X —(4n—-Q© 8 . (3.53)

—

L 1
Via +§(trXo)
1
After suitably commuting (3.52) and (3.53) with ¥, and Y5 respectively, one can show that (04)
1
and g satisfy two decoupled spin +2 Teukolsky equations on (M™, gq pr). See [18].

1
The decoupling of the gauge invariant quantities (a) and Q arises as a direct consequence of the

gauge condition

N(0) = Nas .

In the language of the introduction to this chapter, N'(0) = Ny is the necessary algebraic
property of the gauge to observe the decoupling and, at the same time, the property that forces
the gauge to be mon-integrable. The reason why a double-null gauge does not allow for the

desired decoupling is precisely the property Nas # /\A/'ad pointed out in Section 3.2.2.

As already mentioned in the introduction, works [18, 103] ensure integrated decay for general
solutions to the Teukolsky equation on (M, g, ar), and can be applied to establish integrated
decay for the gauge invariant quantities of our system. Note that this resolves what we referred

to as part (i) of our proof of linear stability in the full sub-extremal range |a| < M.

Part (ii) of our proof of linear stability deals with the gauge dependent quantities in the system.

The symmetric traceless D ;. two-tensor
Xo (3.54)

satisfies the transport equation
) ¢
VaXo +{trxo) Xo —@ X0 = — o (3.55)
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on (M™,ganr). We recall that the D ., one-tensor

(1)
Y

vanishes indentically on (M™, g, ar) and thus does not appear in the equation (3.55).3” Since
we can already control the right hand side of (3.55), the tensor (3.54) is the only quantity in

the equation that, in order to prove stability for the full system, one needs to estimate.

An important observation is that the equation (3.55) is blue-shifted, namely the coefficient of
the zero order term in the transport equation is megative in a region close to the future event
horizon H*. Such a blue-shift term should be seen as a potential obstruction to proving decay
for (3.54). Nonetheless, as we shall prove in forthcoming work, one can establish integrated

decay for (3.54).38

The scalar functions
(1) 1)
(trxo) s (¢ - Xa) (3.56)

satisfy the decoupled, homogeneous system of transport equations

(1)
T a(tix0) + (b ) (ts) — (6x0) = (- Xo) (- Xo) (3.57)

(1) (1) (1) (1)
V¢ - Xo) + (trxo) (¢ - Xxa) — O(¢ - xo) = —(¢ - xa)(trxo) (3.58)

on (M™, gqnr). Recall that the scalar function

(1)

w

vanishes indentically on (M™, gq p) and thus does not appear in the equations (3.57)-(3.58).

Similarly, in view of the gauge condition (3.27), no terms of the form

V% (trxo) s W<é>4(¢ “Xao)

appear in the equations. As for the equation (3.55), both the equations (3.57)-(3.58) are blue-
shifted.?®

3TWe note that the equation (3.55) has the same form of the correspondent equation of [19].

1
38Estimating ;}g from (3.55) represents the main, and in some sense most challenging, decay estimate that
one has to close in our problem. In fact, such an estimate already introduces all the key technical difficulties of
proving decay for the full system via our scheme.
39In forthcoming work, we will normalise the gauge such that any solution to the linearised system obeys

& (1)
(trxo) = (¢ x0) =0 (3.59)

along the whole initial data hypersurface. The homogeneity of the equations (3.57)-(3.58) will immediately imply
that condition (3.59) holds everywhere on (M, g m).
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Figure 3.5: Penrose diagram of (M™, g, a7). The initial data for the linearised system are prescribed
along the hypersurface ¥. One can integrate the equation (3.61) in the 7 variable from the point
A = (74,84,94,%4) to the point B = (75,54,94,%4) along an integral curve of e4. In general, via
the forward integration of a transport equation from the initial data hypersurface, one can only prove
boundedness for the solution in terms of the initial data. However, the redshift term of (3.61) crucially
acts as a damping term and allows to prove decay.

Finally, we note that the symmetric traceless ® ;. two-tensor

(1)

Xo (3.60)
satisfies the transport equation
M 1 m 1 m 1 NOR LW
VaXo +5(trxo) Xo +@ X6 = = 5(rx0) Xo +5 (- X0)"Xo = 5(# - Xe) X0 (3.61)

DO Ko (1)
=27 -p+(Mel +TeW) - (V) — (dvy+(,1)) §

on (M™, gqnr). We recall that the D, one-tensor

(1)
i

vanishes indentically on (M™, g, pr) and thus does not appear in the equation (3.61).4°

Crucially, equation (3.61) is red-shifted, meaning that the zero order term in the transport
equation comes with a positive sign in a region close to the future event horizon H'. Relying
on previous control on (3.54), and on separate estimates for the linearised metric (and its angular
derivatives), the redshift property of the equation will enable us to integrate (3.61) directly in
the forward direction along the integral curves of eq and prove decay for (3.60)*' (see Figure
3.5).

The reader should regard the concomitant decoupling of the gauge invariant quan-

tities and convenient form of equations (3.55)-(3.61) as the resolution, through our

40This should be contrasted with the correspondent equation of [19], where the linearisation of n(e) does
appear on the right hand side.

41 Although discussing the particular gauge normalisation that we adopt in the problem is beyond the scope
of this chapter, the reader familiar with the subject should notice that, in contrast with the approach of [19],
our proof of decay for (3.60) will not require a future gauge normalisation. In fact, we will be able to prove the
full linear stability result without ever renormalising the gauge to the future. In this sense, when reduced to the
Schwarzschild case, our proof provides an alternative approach to that of [19].
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nonlinear gauge construction, of the tension between the algebraic and geometric
properties of the gauge. In fact, provided the smallness assumption |a| < M, equations
(3.55)-(3.61) will allow to control all the quantities (3.54), (3.56), (3.60) and, in turn, to run a
scheme to hierarchically control all the remaining quantities in the system. This resolves what

we referred to as part (ii) of our proof of linear stability in the slowly rotating regime |a| < M.

As a concluding remark, let us note that the key feature of our hierarchy is that it allows to
prove decay for the full system by ultimately relying on transport equations in the e4-direction
only. In fact, thanks to the remarkably simple form of the linearised transport equations in the
outgoing null direction in the new gauge, the redshift properties of the linear system can be fully

exploited.

3.3 The vacuum Einstein equations in a general gauge

The present section marks the start of the body of the chapter and represents the first of the
three self-contained blocks outlined at the beginning of Section 3.2. In this section we address

all the geometric preliminaries needed for our problem.

3.3.1 The geometry of non-integrable null frames

Consider a (3 4 1)-dimensional, smooth, orientable Lorentzian manifold (M, g). Let
N = (e1,e3,e3,e4)

be a local null frame on (M, g) such that

glea,eB) =04B, glea,e3) =g(ea,eq) =0, (3.62)
g(€3,€3) = 9(64, 84) - 07 g(e3,e4) = -2 (363)

on M, with A, B = {1,2}. The null frame N is not assumed to be integrable, meaning that

at least one of the relations
g(lea.eB] eq) # 0, g([ea,eB] e3) #0
holds on M.
For k € N, k > 1, we define the horizontal tensor bundle*?
(TRMYN) :={(p,0,) € TEM|0,(...,e3(p),...) = Op(...,ea(p),...) =0},

where TP M is the tensor bundle of k-covariant tensors on M. The tensor bundle (Z9.M)(N)
is a vector sub-bundle of the tensor bundle T7)M. We define (T9M)(N) := TYM = M x R.

42 An analogous notion of tensor bundle is formulated in Section 2.2 of [57].
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We will denote by T'((T9M)(N)) a smooth section of the tensor bundle (T9M)(N) for any
k>0, with T((T3M)(N)) = C=°(M). Such a smooth section will be called horizontal tensor
field over M.

We define the vector bundle
(LeM)N) = {(p, Xp) € TyM| X, € span, {e1, e2}}

on M. This is a sub-bundle of the tangent bundle TolM, or a distribution, and will be denoted
by
D = (LM)N).

Note that D s is an integrable distribution if and only if N is an integrable frame. The
integrability of A is therefore®3 a necessary condition for (T4 M)(N) to be the tangent bundle

to the leaves of a foliation.

We define D s k-tensor fields over M as the restriction of tensor fields & € T((T9.M)(N)) to
Dnr- A Dy vector field over M is a vector field X € T'((Z{M)(N)).

Consider the Levi-Civita connection V on (M, g). We define the connection coefficients relative
to the null frame N as the D s tensor fields

~ -~

w,w,
n,1n,Y.,Y,(,
X, X
over M such that, with notation &(er,ey,...,ex) = €1J...k, one has
xXaB =9(Vaes ep), XaB =9(Vaes,ep),
Na = %Q(V364, ea), na = %Q(V463, ea),
YA—%g(V4e4,eA), YA—%Q(V363,6A),
w= %g(V4e3, es), W= %g(V3e4, es),
Ca= %Q(VA64,63)-

These tensors naturally extend to horizontal tensors?*

w,weC®M),
n.n,Y,Y, ¢ e T(TIM)N)),
X, X € T((T3M)(N))

43We implicitly rely on the Frobenius theorem.
4MWith a slight abuse of notation, we denote the D ar tensor and its natural extension by the same symbol.

119



acting on Ty M, which, by definition, satisfy

X(e?n ) = X(€4, ) = X('v 63) = X('7 64) =0, X(e?n ) = X(€4, ) = X('> 63) = X('7 64) =0,

n3 =mn4=0, Ny =n4=0,
Y=Y, =0, Y;=Y, =0,
(3=¢1=0.

Note that the non-integrability of A implies that at least one of the relations
XAB 7 XBA ; XAB # XBA
holds on M. In particular,
g(lea,eBl,e4) #0 = xaB # XBA

g(lea,eBl,e3) #0 = Xap # XBa -

Consider the Riemann curvature tensor R on (M, g). We define the curvature components

relative to the null frame N as the D tensor fields

p’ 0-7
B, 8,
o, X,
over M such that
aap = R(ea,eq,eB,e4), a,p=R(ea,e3,ep,e3),
1 1
Ba = 3 R(ea,e4,e3,€4), Ba= B R(ea, es,e3,€e4),
1
P = ZR(64783764763)7 o= Z*R<e4,€3,€4,e3),

where *R is the Hodge dual of R on (M, g). These tensors naturally extend to horizontal

tensors??

p,o € C*(M),
B,B T ((TIM)N)),
a,a € T(THM)(N))

acting on Ty M, which, by definition, satisfy

aes, ) = aleq,:) =0, ales,:) = ales,:) =0,

B3 =pBa=0, Bz =pB4=0.

45With a slight abuse of notation, we denote the D ar tensor and its natural extension by the same symbol.
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Note that o and a are symmetric, following from the symmetries of R.

Remark 3.1. It is important that the reader appreciates the difference between ® ar tensor fields
and horizontal tensor fields over M. What follows in this section will be formulated in terms
of D ar tensor fields, but later in the chapter we will appeal to extensions of D ar tensor fields to

horizontal tensor fields.

We define ¢ as a symmetric D s two-tensor field over M such that

d(ea,ep) =g(ea,ep).

By definition, ¢ is a Riemannian metric over © A6 We define g‘l as the inverse of the metric
¢ and use the notation (g_l)AB = gAB. One can write

d=e'®e +e? e’

and
d ' =e1®ert+er®e;

over M, with notation (e!, e?, e3, e*) to denote the dual coframe to N with respect to g.

Given the spacetime volume form e with respect to g, we define ¢ as a D s two-form over M
such that

¢(6Aa eB) = E(GA, €B, €3, 64) 5

where the spacetime orientation is fixed by €(eq, ez, es,eq) = 1. By definition, ¢ is the Rie-

mannian volume form over D s associated to g. One can write
f=elwe’-—e*we!
over M.

One can extend ¢ and ¢ to horizontal two-tensors in the natural way. We will refer to the

extension of gil as the projection tensor and denote it by IIar, with

1 1
HN=9*1+563®64+5e4®e3.

Remark 3.2. The notion of S-tensors of Christodoulou [13] relies on identifying the integral
manifold of D ar with the spheres of a local double-null foliation of the spacetime. If D ar is non-
integrable, one cannot understand our D s tensors as tensors intrinsic to some two-dimensional
manifold (possibly foliating the spacetime). In particular, the reader should not regard our metric

g as a metric induced by g on some smooth Riemannian sub-manifold of M.

4By a metric on a vector bundle we mean an assignment p — g,(--), p € M, where g,(-,-) is an inner
product between elements of the fibre at p and varies smoothly with p.
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Given a Dar one-tensor &€ and a Dar two-tensor 8, we introduce the notation &, 6%, 6% such

that

A

éﬁ = gABEB )
B
B

gﬂzA = gBCHAc.

This notation allows to keep track of the position of the indices when we write expressions in
tensorial form. Note that, if 6 is symmetric, then 8% = %2 and the notation can be simply

replaced by @%. We define the contraction

#:0=¢"P04p
and the duality relations
4= ¢ 0tn, *0a5 = £ 4050,
with, again, the indices in this precise order. By definition, we have **£ 4 = —€a.

By definition of the connection coefficients, one can decompose the spacetime covariant deriva-

tives of the frame vectors as follows

B B
Vaes =x" ,ep + Caes, Vaes=x",ep — Caeu,
Vies =2Y4es+des, Vses=2ntes — ey,
V4e3:2gAeA—GJ63, V4e4:2YAeA+GJe4,

1 1
Vpea = I‘gAec + 5XBAE3 + 5XBA €4

Viea =TS ec+naes+Y seq,

Viea =TS ec+ Yaes +n4eq,

where we use notation Vi = V., and

IS, =g(Vgea,ep) g,

r$, = g(Vsea, en)gP%,

r¢, = g(Vaiea ep)g=c.
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The commutators of the frame vectors read

lea,eB] ( =T A) ec + ; (XaB — XBA) €3+ % (XAB — XBA) €4,
[es, ea] (F )eB+(77A Ca)es+Y geq,

les,ea] = (I‘ i )€B+YA33+(ﬂA+CA)e4>

[es, e4] 277A )6A+®63—Qe4.

(3.64)
(3.65)
(3.66)

(3.67)

The reader has to be careful with the order of the indices of x and x when using the formulae

above.*” The second and third terms of the commutator e 4, ep| encode the non-integrability

of the frame N

3.3.2 Decomposition of x and x

We define the symmetric D ar two-tensors

Xo 9 XO
and the antisymmetric O ar two-tensors
Xo s Xg
such that
1 1
XoaAB = 5(XAB+XBA)a Xo AR =§(XAB +XBA)
1 1
XoAB = §(XAB —XBA)> XoAB = §(XAB —XBA)-

Tensors X, X, are the symmetric parts of x and x respectively, while tensors x5, x, are the

antisymmetric parts of x and x respectively. One can decompose x and x as

X = Xo 1 Xo s X =Xo 1+ Xg-

We now define the symmetric traceless ®ar two-tensors

Xo» Xo

47This is, for instance, the case of the formula for Vgea. The formula

1 1
VBea = FgAec + 5XABe3 + QXAB €4,

which appears as formula (7.3.1d) in [14], would be incorrect here because it switches the indices of x and x.
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such that

-~

1 A 1
Xo = Xo — §(tr><o)¢, Xo =X, — §(trxo)sl~

Tensors X, and X are the symmetric traceless parts of x and x respectively. Note that the

traces are taken relative to the inverse metric g_l, ie.

trxo = gABXOAB and  trx, = gABXOAB :

Since trx, = trx, = 0, one has

X:XO—FXD? tI‘X:tI‘XO,
X=Xo+Xg> trx = trx,,

where X and X are the traceless parts of x and x.*®

We denote the antitrace of x and x as

(- xc) and  (¢-x0)

respectively. In fact, since (¢ - xo) = (¢ - X,) = 0, one has

(# - xa) = (£ - x) (# - xo) = (¢-x)-

The final decomposition of )x and x that we adopt in the chapter is

X =%+ (b )g + 5 xe)f

X =%+ 5 (rxo)g + 5 (# X -

3.3.3 Products of D, tensors

All tensor products and contractions of D tensors are defined relative to g and formally
coincide with those defined by Christodoulou for S-tensors. However, in this chapter we consider
DA two-tensors which are not symmetric, in which case the order of the indices in the tensor

products becomes relevant.

48Note, again, that ¥ and % are not symmetric tensors.
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Given D s one-tensors &, € and (possibly non-symmetric) ® s two-tensors 8, 6, we have
(&.€) = g*Btatp,
(0,0) := ¢g*P¢g“BOachsD .
ENE:=¢Pealp,
0N :=¢*PgB0,c0pD,

(9 X é)AB = 0ﬁ2i§CB ,
with the indices in this precise order. We also have

(E®€)ap =¢€alB,
(5@5);13 =(€® é)AB + (é® §)aB — (575)51,43'

The product (5@5) is symmetric and traceless relative to g_l.

3.3.4 Differential operators on D s tensors

In this section we define first and second order differential operators from ©ar (g, k)-tensors to
Dnr (g, k)-tensors, with ¢,k > 0.

Given a vector field X over M, we define the differential operator

Y x

such that

o Vx f:=X(f) for any f € C®°(M);

e YxY :=gBA(VxY, ep)e for any D vector field Y, where on the right hand side
we have, with a slight abuse of notation, the natural extension® of Y to a smooth section

of TM,;
i (VXE)(YI)aYk:) = X(&(},lava))_g(VXYlavyk)__€(Y177VXYI€)
for any D ar k-tensor & and D ar vector fields Y7, ..., Y.

We define the linear map

y

from Dar (g, k)-tensors to Dar (q, k + 1)-tensors such that

o (Y F)(X):=Vx f forany f € C®°(M) and D s vector field X;

e (YY)(X):=VxY for any Dar vector fields X,Y;

19We extend by imposing g(Y,es) = g(Y,e4) = 0 on M.
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o (YE(X,Y1,...,Ys) = (Vx &) (Y1,...,Y) for any Dar k-tensor &€ and D s vector fields
X.Yi,.... Y

It is easy to check that the linear map ¥V defines a (linear) connection of D s over M.

One can now decompose the spacetime covariant derivatives of the frame vectors as

1 1
Vpea = VB €A+ -XBa€3 T ;XBAC4,

2 2
V3ea=Vgzea+naes+Y 4eq,

Viea=VYyea+Yaes+tnyes.

It is easy to check that the connection ¥ as defined above is compatible with the metric g, ie.

given any vector field X, one has

VXgZOa
YVx¢=0.

For ® ar one-tensors & and D s two-tensors 6, we define the divergence operator as®

din = gABVAgB )
(dive)a = g°B(Vc0)as.

the curl operator as

clrlé = ¢APY 4ép

and the operator

(B36)a5 = 5 ((VOan + (Y Opa— (diveld, )

with the indices in this precise order. The ®ar two-tensor 15;5 is symmetric and traceless

relative to g_l .

Given D ar vector fields X,Y, we define the differential operator
2
VX,Y
such that, for any © s k-tensor & and D s vector field Z, we have

W?X,Yé =Vx(Vyé) - Vy,vé
V?X,YZ =Vx(VyZ) - VVXYZ~

®0The reader familiar with [19] should note that our definition of div@ contracts the indices in a different
order.
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We define the curvature tensor

as the D s four-tensor such that
RW.Z,X\Y):=¢(YxyZ - Yy xZ, W)
for any D ar vector fields X, Y, W, Z. We define the smooth scalar function

K

such that

K :=g¢*°¢®PRapcs -

Note that, if D was integrable, then K would correspond to the Gaussian curvature of the

integral manifold of D as.

Given a vector field X, we define the differential operator

£x

such that, for any D ar k-tensor &, ® ar vector field Y and scalar function f, we have

Lxf=VYxFf.
(£x8)(Y) = (Lx€)(Y), (3.68)

with £x& the spacetime Lie derivatives of € with respect to X.°! For ® s one-tensors & and

D two-tensors 0, we have relations

£iE=Vi&+x" ¢, (3.69)
£ =V3&+x" ¢, (3.70)
L£0=V40+xXO0+0Xx>+XoX0—0X xq, (3.71)
£30=V360+x, X0+60Xx,+x,X0—-0Xx,. (3.72)

5! As noted for the definition of ¥ x Y, the right hand side of (3.68) involves, with a slight abuse of notation,
the natural extension of Y to a smooth section of T M.
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The commutation formulae

Let & be a ® ar one-tensor and 0 a D s two-tensor. We have the following commutation formulae

(Va4 VIE=—xX(VE+Y @ (V38 +(n+¢) @ (Val) (3.73)
+ (Y, O)x— (P -9)Y +m&x— (x*-&en+ (*B) e (*¢),
V3, VIE=—xX(VE+Y ® (Vi€ +(n—¢) (V38 (3.74)
+ XL Ox - ()Y +nO)x - (X" -&en—(*8)® (%),
V3, Vil =@(V38) — &(Vaé) +2(V EH - (n—n) (3.75)
+2(n,&)n —2(n,&)n +2(Y, €)Y —2(Y, Y +20(*¢)
and
(¥4, ¥10)anc = — X2 (YD 0)Be + Ya(Y30)Bc + (na + Ca) (V4 0)Bo (3.76)
+x48YP0pc - YBX112 0pc +xan® Opc — IlBX Popc + ?—‘ P(*8)a0pc
+xac YP0BD - YCXA Pogp +xacn® 0o - IchA Popp + si‘ P(*B8) 408D,
(V3. ¥10)asc = — x2° (YD 0)pe + Y 4(V40)C + (14 — €a) (Y3 0)BC (3.77)
+x4aBYP 0pc — YBXA Popc +xapnP0pc — "7BX Ponc — ¢ P(* B)abpc
+x4cYP 050 - YexP0sD + x40 1”080 — nex2 08D — ¢82P(* 8) 405D,
([V3,¥4]0)aB =&(V30)aB — ©(V40)aB + 2(¥ O)ﬁliB(ﬂ -n)c (3.78)

+2n%0cBna — 2n%0cBna +2YC0cBY 4 —2YCOcBY 4 + 20;‘%0903
+ 27709ACHB — QQCOACNI’]B =+ QXCGAcYB — QYCGAczB + 20-¢“B200AC .

Proof. The commutation formulae are analogous to the ones derived by [110]. Note that, in our
case, one has to be careful with the order of the indices of x and x in (3.73), (3.74), (3.76) and
(3.77). O

3.3.5 The vacuum Einstein equations

Consider a (3 4+ 1)-dimensional, smooth Lorentzian manifold (M, g) which is a solution to the
vacuum Einstein equations

Ric(g) =0.

Then, the connection coefficients and curvature components of (M, g) relative to a null frame
N satisfy a nonlinear system of equations that we present in this section and is derived in
Appendix A.5? Recall that A is not assumed to be integrable.

52The system of vacuum Einstein equations relative to a non-integrable null frame has recently appeared, in
a similar form, in [46].
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The full list of unknowns in the system of equations is

g,€4,€3,8A,

-~

p70-7/87Q7a7g‘

We define the scalars

(F37 XD) = gBDXDCBFgD ) (F47XD) = gBDXDCB]'-‘lch

Null frame equations

The frame vector fields satisfy the commutators (3.64)-(3.67), which read

Vaep—Vpeyg=

V36A—VA63:( 3A —x* A)€B+ na—Ga)es+Y ey,

Viea—Vapses = Fﬁ;—xﬂ A>eB+YAe3+(HA+CA)e47

V3zes —Vye3z = (277A—2ﬂA)€A+GJ63—Q64-

Null structure equations

We have the first variational formulae

Le,d =2X + (trxo)d,

Lo = 2%, + (trx.)d

and the second variational formulae

Yaix, + (trxo)X, — @ X, = 205 + (n+1n+20)QY —

V3XO + (trXO)XO _QXO = _2¢;X+ ('r]“‘ﬂ— 2C)®X_

The Raychaudhuri equations read

FgA) ec + XoaB€3 + X aB€4,

w7Q7n7n7Y7X7C7>ZoviQ7 (trXO)7 (trXQ)7 (¢'XD)7 (¢'Xg)7rfA7P?A7Fng

(3.83)

(3.84)

(3.85)

(3.86)

1 . L 1
V 4(trxo) + Q(tr)co)2 —@trxo = — (X0 Xo) + §(¢ “Xo)? +2dIVY +2(n+n+2(Y),

(3.87)

1 . . 1
V3(trxo) + §(trxo)2 —wtrx, = —(Xo, Xo) + §(¢ : Xu)2 +2divY + 2(n+n—-2¢Y).
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We have the mixed transport equations
1 - 1 . 1 .
ST )Xo + 5 (# - x0)("Xo) — §(¢ “xo) (" Xo)

. 1 . .
V4«’X0—i_7(1-‘:[.XO)XQ4_“‘)XQ: _2¢;ﬂ_2 5
(3.89)

2

+n®n+YRY,

1 o 1 1 A 1 .
VsXo+ §(trXo)Xo +@x, = —2P5m — 5(trxo)xo +5(#- Xo)(*Xo) — §(¢ “Xo) ("Xo)
(3.90)
+n®N+YRY,

Valbrx,) + 5 (b0 )(br ) + @ trxc = — (ko) + 5  X0)(# - x0) +20mm) + 20
(3.91)

+2divn+2(Y,Y),

Vs(trxo) + %(trxo)(trx@) +@trxo = — (X0, Xo) + %(ﬁ( “Xo) (¢ Xo) +2(n,m) +2p
(3.92)

+2divp +2(Y,Y),
and the transport equations

Ya(# - Xo) + (trxo)(# - Xo) — @(¢ - Xo) = 2(n+20) AY +2Y An+2cyrlY,  (3.93)

Vi(¢ - xo)+(trx ) (¢ x,) —@(F - x,) =20 —20) A\Y :2Y An+2curl Y,  (3.94)

Val# - x0) + 5 (00X)(# - x0) + O(F - x0) = — %o A — S (rX)(# - X0) +2Y AY
(3.95)

+20 +2curl n,

Val# - xe) + 5t )(# - xe) + 0 X6) = — Ko AR — 50X (¢ - x0) +2Y A (3.96)

— 20 + 2crln.
We have equations
Yin=Y3Y -x"-(n-n)+20Y -3, (3.97)
Vsn=YiY +x"-(n-—n)+20Y +8, (3.98)
Vi@ + V3@ =2nmn) —-2Y,Y)-200—-2(n—-n,¢) —2p (3.99)
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and the equations for the torsion

Vil=-Vao+xn-¢-xY-o@n++aY -8, (3.100)
Vi¢=Yo-x2 -+ +x" - Y+aon-¢-oY -3, (3.101)

1 . . 1 1 1 .1 .
CUrL¢ = =5 Xo AR+ 7 (BrX0)(# - x0) = 7 (b1 X0)(# - Xo) =5 (F - X0) @+ 5 (F - Xo) @40

2 4 4
(3.102)

We have the two Codazzi-like equations

div x, = - %?5“2 V(¢ xo) — X ¢ - %(?«‘ *Xo)*¢ + %(tr Xo)¢ + %V(tr Xo) — (¢ xu)*Y
(3.103)
— (¢ xa)"n— B,

Av o= — 58 V(Ex0) + R G (x0T (e )CF P brx) — (- xo) Y
(3.104)

—(¢-x,)"n+8,

and the Gauss-like equation

K = 5(%0,%) — (txo)(brx) — 1(# - xe)(# - Xo) + (U5, x0) + (Taxo) —p. (3105)

Bianchi equations

The Bianchi equations read

1 . 1 - . 5
Vs ot (trxo)at2@at o(f - x,) e = —2Py8-3p X, — 30" X+ (4n+¢)® B, (3.106)

VaiB+2(trx.)8 — &8 — 2(¢ - xo)*B = diva + (n* + 2¢%) .a +3pY +30*Y,  (3.107)

V3B + (trx, )B8+@ B+ (¢ xo)*B=P1(-p.0)+3pn+3c*n+2x" - B+Y" -,
(3.108)

W4 p+ ;(trxo)p = d,iIVB + (2ﬂ+ Caﬁ) - %(i@?a) - 2(Y7Q) - g(¢ : XD)U7 (3109)

Vao+o(trxo)o = —curlB — (2n+C) AB+ X Aa—2Y AB+ S(F-xo)p.  (3110)

Vapt olirx.)p = —divB— (20— C.0) — (%.0) +2¥.0) + (¢ x)o. (3111

Va0t o(brx.)o = —cirl B — (20— O AB— %o Aa—2X AB—S(¢-x)p,  (3112)
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ViB+ (trxo)B+ @8+ (¢-x.)*B=Pi(p.o)—3pn+3c*n+2%" -B-Y". a, (3.113)

ViB+20trx )B-@B8-2(¢ -x,)*B=-dlva—(n*—2¢")-a-3pY +30*Y, (3.114)

1 1 .
Yia+ §(trxo)g+2cbg— §(¢ “Xo) a=2P58-3px, +30% %, — (4n—-¢)®B. (3.115)

Some remarks on the system of equations

We collect here some remarks about the system of vacuum Einstein equations:

e The null frame equations (3.79)-(3.82) should be seen as equations for the frame compo-

nents 67 , which are scalar quantities at the level of the metric components.

e If one compares our system of equations to the systems of [14, 13], both the outgoing and
ingoing shears are here replaced by X, and X . The elliptic equations for Y,Y ,n and n

are now seen, in our system, as transport equations for (¢ - x,) and (¢ + x,)-

e If one sets
(¢ -x0) =(¢-x5) =0,

then our system reduces to the system of [14], where indeed the frame adopted is inte-

grable. If one sets

(¢-x0)=(¢"x5,)=0, Y=Y=0,

then our system reduces to the system of [13], where the system is derived in a double-null

gauge.

Remark 3.3. Crucially, the algebraically special frame of the Kerr exterior manifold is non-
integrable. The connection coefficients and curvature components for the Kerr metric relative

to the algebraically special frame solve our system of equations, but they do not solve the systems

of [14, 13].

3.4 The Kerr exterior manifold

This section opens the second of the three self-contained blocks outlined at the beginning of

Section 3.2 and concerns the main object of the chapter, namely the Kerr exterior manifold.

We consider the Kerr exterior manifold (M, gq ar), with real parameters a and M > 0, 0 <
la] < M, and a system of double-null coordinates (u,v,04) that globally covers (M, gq.ar).>>>*

53For the existence of such a global coordinate system, the reader should refer to [93].

54We note that the double-null coordinates (u,v, HA) are not defined along the Kerr event horizon. Nonetheless,
one can make formal sense of the event horizon as an asymptotic null hypersurface corresponding to the limits
{u — 00} U {v — —oo}. See later in this section.
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We introduce the Boyer—Lindquist coordinates

(tots b5 Ovis Poi)

on (M, ga,m), with coordinate functions

ty = tbl(u, ’U) , ol = T'bl(u, v, HA) )
9{,[ = 9bl(u, v, HA) s ¢bl = ¢bl(ua v, HA)

as defined in [93]. We define the scalar functions

2 2 2
E(rbhabl) =Ty + a“ cos 91,[,

2Ma’ry sin® Oy,

R2(rbl79bl) = Tl?l +CL2+ N )

A(ry) =138 — 2Mry + a*.
on (M, ganm)-
The Kerr metric go,p in coordinates (u, v, 64) takes the double-null form
Ganr = —4Q% (w, 0,01 dudv + Jya g (u, 0,04 (A0 — 67 (u, 0, 04)dv) (d0F — b7 (u, v, 04)dv) |

on (M, ga,nr), with Q2 € C*(M), 7 a symmetric S2 , two-tensor® and b a vector field tangent
to the Sﬁvv—spheres such that

A

_ A b92 _ 4M ary
=7 =%

-
0, YR? ’

02 Bygoge = B2 sin® Oy (3.116)

and satisfying the implicit relations (218) of [17].5% The future and past event horizons of
(M, ga,nr) correspond to the (asymptotic) null hypersurfaces

H = {u=o0} " ={v=—od},

with H = HT UHT. We note that
0%y =0.

55From now on, we will refer to Dy , tensors as Sﬁ’v tensors, with Sﬁ’v = {u,v} x 52. See later in this section
a

for the definition of the frame Naq on (M, ga, ).
56 Note on notation: Given a one-tensor £, the reader should note the difference between

§oa 1= &(0pa)
and
€a=¢&(ea).

We refer to the former indices as coordinate indices and the latter indices as horizontal indices. The two notations
become equivalent when the frame vector fields e4 are coordinate vector fields, which will not be the case for the
main frame adopted in this chapter (cf. [19]).
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Future and past null infinity correspond to the (asymptotic) null hypersurfaces

It ={v=o00}, I ={u=—oo}.

We define the null frame

~

Naa = (€1,€2,€3,€4)
adapted to the double-null foliation of (M, gq ar), with frame vectors

1

~ 9B
:@a’u, GAZhAagB,

~ A ~
e1 =0, + 1’ Opa , e3

where the scalar functions hi‘B are such that N,q satisfies the frame conditions (3.63). For our

problem, three important properties of the frame ./\A/'ad are the following:

e The frame /\A/ad is an integrable frame on (M, gq 1),

e We have

on (M, gq,n), where the connection coefficients denoted by a hat are defined relative to
the frame J\Afad,

e The frame ./\A/'ad extends to a reqular frame along the event horizon H*. See Section 5.1.1

of [19] for a precise definition of regularity of the frame along H™.

We now consider the algebraically special frame of (M, ga. )
Nas = (e?sv egsv egsv eZS) )

with frame vectors

a

as __

ey = 8tbl + 77@ i aT‘bl + 77% i 8%1 ,

oas (riy + a®)? 8 — ry +a? o, -+ a(ri +a®) P

3 YA 179] » bl YA Dbl
2 .

a® sin Oy cos Oy, Thl a cot Oy

er’ = 5 Or, + 5l Doy, + D Dy »
arp; sin Gy, a cos By 7p CSC Oy

ey’ = 5 O, — > 9oy, + > Dy -
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The relevant properties of Ny for our problem are the following:

e We have
Nas 3—'& -/v'ad

on (M, ga’M),
e The frame Ny is a non-integrable frame on (M, gq ar),
e The frame N, extends to a regular frame along the event horizon H™,

e We have
e =¢ey along HT. (3.117)

This geometric property®” will be crucially exploited in forthcoming work by the author.

To check (3.117), we note that, given regular coordinates

(t*,7,0,97)

on (M, gq ) such that r = ry, 0 = 6y and

2 2

" 5 +a " a
dt™ = dty; + . A dryy do™ = dop + Z dryy
one has
2 2
a Thl +a
€& lr=ry, =20 + 2r2 + a2 Fo €5 lru=ru, = _E(;bl 6) o
bl +9

with H = {r = 7”bl+}- One can conclude eisb‘r:m+ o dr.

e The frame vector €% is tangent to Ht. In particular, €% (u) = 0 along H*.

To check this, one can decompose €3 = cjes+cae3+czey for some scalar functions ¢y, c2, 3.
The condition g(ef®,e%’) = 0 combined to (3.117) implies that €% has no e3-component

along H', le. €% = c1€4 + co€4 along H*.

e The frame has the asymptotic property
Nas — Nad

as 1y — 00, meaning that the limit of scalar functions e?*# — ’e\’; holds for all I =
{1,2,3,4} as rp — o0,

e The integral curves of e3® generate timelike hypersurfaces which intersect future null in-
finity. As v — oo along each one of these hypersrufaces, the hypersurface asymptotes an
outgoing null cone of the Kerr exterior manifold. In the limit v — oo, the hypersurface

generated by €3® coincides with the future event horizon H*, and thus becomes null. The

5TThis property is a manifestation of a more general one. In fact, for general stationary black hole solutions,
the null generators of the event horizon are principal null directions of the Weyl tensor.
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integral curves of e§® generate timelike hypersurfaces which intersect H*. In the limit
v — 00, the hypersurface generated by e§® coincides with future null infinity, and thus

becomes null.

Note that all the properties listed are geometric properties of the algebraically special frame of
(M7 ga,M) .

The connection coefficients of the Kerr metric gq as relative to Nys are

T’blA al\ cos (91,[
1H=X2= 75 v o> 12= 750 o 21 = —X12,
T )y T R e
2 2 2 2
To (T + @ a (ry +a“) cos Oy
X11 = Xo22 — (22)7 X12 = ( 22) ) X21 = X125
- 2M (7“131 a2) o 2021y sin? Oy
T2 42\ = ¥.2 ’
(riy +a?)
2a sin Oy,
m =20, m= Ty
_ aPrysin(20y) _ asinfy (a? cos Oy — 1)
m="""52 > Ny = 32 )
YA = 07 ZA = 07
a2ry sin(20y) asin Oy (a® cos? Oy — r3))
G = 2 G2=— 32 )
with
Xoap =0, Xoap =0,
(£ xo) = 2a A cos Oy, (£ x) = 2a (rgl + a2) cos Oy,
¢ XD - (rgl + az) E 9 ¢ XD - 22 9
. 2TMA o 27“1,[ (Tlgl + a’2)
X0 = (2 )T o =5
(riy + a?)
Note that
n+¢=0 (3.118)
and
rg, =0, TS 908 =2Xoap-
The curvature components read
aap =0, asp =0,
ﬁA = 07 IQA = 0)
Tyl a”cos”“ by — 1T a COS Uy | OT3; — a” COS™ Uy
2Mry (3a? cos® 6 2 M cos by, (3rf, — a® cos? §
p = 23 ) 0 = 23 *

All the connection coefficients and curvature components are reqular quantities along H ™.
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Note the identities

W@:()v
—2P5m + n&n =0,
2P, n+n®n=0

on (M, gq pr) and the identities

W477|H+ =0,
W4ﬂ|?—t+ =0,
774C|H+ =0

along H™.

We have the frame commutators

as _as] __ C C as as as
%, e8] = (T%p — Tha) €& + Xoapes® + Xoapeh’

B
e, 5] = (P =X 1) 8 + (na — Ca) e,

B
as _as] __ as
[64 76A] - _XmAeB ’

e, ] = (2" — 20" € + e — e

Note that

[ef, €|+ = 0.

The commutation formulae for a D ., one-tensor £ on (M, g, ar) read

k
Vi, VIE= —x x (VO + D (@ &)x— (¢ - &) @n) ,
=1
k
V3, V16 = —x x(VE) + (1= Q@ (V36 + > (- &) x—(€) @) ,
=1
k
V3, Vil = &(V5€) = @(Va8) + 2V - (n—m) + > (207 - §) n =200 -€)n) +20(*¢).
i=1

Note that

[V, VIE I+ = 0.

Crucially, the commutation of Y3 and Y, produces a term 2(Y &) - (n — 1) that does not
vanish along H .5 The commutation formulae for a D ;. two-tensor on (M, ga ) can be

easily deduced from the formulae (3.76)-(3.78) and exhibit analogous properties.

Remark 3.4. Looking at the frame commutators, it is easy to check that the distribution gen-

58Note that this term does not appear when one considers the analogous Schwarzschild commutator and it
has to be seen as a potentially problematic term in the context of a redshift estimate.
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erated by the frame vector fields

(€7, €1, €5”)

is integrable along H™. Since, as previously observed, all the three frame vector fields are tangent
to H', the distribution coincides with the tangent bundle of HT.

We now define a new differentiable structure on a Lorentzian sub-manifold of (M, g, ar). We

first introduce the Kruskal coordinates
(U,V,6%)
on (M, ga.n). We then consider the union of two null hypersurfaces
Cuyv>vo U Cu>u, v (3.119)
on (M, gq nr), with U € (—00,0) and Vj € (0,00), and define the manifold with boundary

M = [Up, 0] x [Vh,00) x S2. (3.120)

We define the new differentiable structure

(7,5,0,9),
with
T € [0,00), s € (—00,00), (0,v) € 82,
on M™ such that
(r.5,9.1) = (0,v9 — u, 01, 0%) along Crr>, v
(0,v — up, o, 92) along Cy,.v>v,
and
ef(r)=1

er(s) = e’ (V) = e’ (¥) = 0

on (M, gqar), with vg = v(Vp) and ug = u(Up). The new system of coordinates is well-defined
globally on (M™, g, ar), with the caveat that it breaks down along the future event horizon H*.

However, the future event horizon can still be formally parametrised as

H+ = (7_207 —0oQ, 797 w) .

Coordinates (1, s, 9, 1) induce a global foliation of the Lorentzian manifold (M™, g, 1) already

discussed in Section 3.2.2, where the hypersurfaces of constant 7 and s were depicted in Figure
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3.2. We recall that the foliation of the null hypersurface {7 = 0} by the two-spheres
S2,={r.s} xS (3.121)
coincides with the foliation by double-null spheres Sg’v.

The Kerr metric g, a7 in coordinates (7, s,1,1) and associated algebraically special frame N,
on M™ satisfies

Ja,M ., =0, (3.122)
s, =1 =T% =0 (3.123)

on (M, g, ) and will be referred to as the Kerr metric in an outgoing frame-calibrated gauge.

3.5 A new gauge for perturbations of the Kerr solution

The present section is the core of the chapter. We consider a one-parameter family of metric
perturbations g(e) around Kerr in a new gauge and develop the formalism necessary to its
correct formulation and to discuss its properties. The question of whether the gauge considered

is a well-posed gauge is also carefully addressed.

Before starting, we clarify that, for us, a gauge for the family of metrics g(e) on a (to be
specified) manifold M™ is the identification of the fixed (for all ¢ > 0) differentiable structure
on M relative to which the family g(e) is prescribed together with the one-parameter family

of null frames on M™ associated to g(e).

We start our discussion by fizing the manifold M™ as in (3.120) and its differentiable structure

(1,5,9,%). We consider a one-parameter family of smooth Lorentzian metrics g(e) on M™
g(€) = gpup (€) daxt dx¥ |
with z# = (7,s,9,1), and the associated one-parameter family of null frames

N () = (ex(e), e2(e), e3(e), ea(e))

on M™ such that

(i) For any € > 0, the metric identity

16! (g,,()) = 0 (3.124)
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(iii)

(iv) For any € > 0, the frame N (¢) extends to a regular frame for s — —oo,

and the identities for the Christoffel symbols

hold on M,

The connection coefficients

are fixed on M7 such that

¢! (T3, (€))
I¢F (T (€))
¢! (TY, (€))

i

0
0,
0

(3.125)
(3.126)
(3.127)

3.128
3.129
3.130

(
(
(
(3.131

)
)
)
)

for all € > 0, where the tensors Wi, and 1§, . are known quantities relative to the fixed

differentiable structure on M™.

The frame vector field e4(e) is fixed on M™ such that

P—c.(€a(€)) = 0r

(3.132)

for all e > 0, where the vector field 9; is a known quantity relative to the fixed differentiable

structure on M.

and such that the metric g(0) = g, s in the new gauge, with associated frame N (0) = N, on

MT 59

We refer to the family of metrics g(¢) as a one-parameter family of metric perturbations around

the Kerr solution in an outgoing frame-calibrated gauge.

Remark 3.5. As we shall discuss later in the chapter, there is a residual gauge freedom under-
lying the definition of the fized differentiable structure on M™ and the family of frames N (e)

associated to g(e).

59The formal meaning of the projected pullback II¢! and of the gauge conditions is explained in Section 3.5.2.
The reader should think that the tensorial identity (3.130) is now correctly comparing one-tensors living in the

same tensor bundle, as opposed to the informal identity (3.25) in Section 3.2.3 of the overview.
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The connection coefficients and curvature components relative to N (¢) are one-parameter fam-
ilies of D pr() tensor fields on M™T. They will be denoted by

@(e), w(e), n(e), n(e), Y(e), Y(e)
Xo(€), Xo(€), (brxo)(e), (trx,)(e), (¢
p(e), ale), Ble), B(e), afe), afe).

‘F‘k
o
—
— >
e
~—
—
LS
~
—
™
~—

For € = 0, we will adopt the notation

NO) =N,
(e4(0),e3(0),ea(0)) = (eq,€3,€e4) .

The connection coefficients and curvature components relative to A" are © s tensor fields denoted
byGO

w?@7n7ﬂay7z747>2075(o7 (trXO)7 (trXO)7 (¢'XI:I)7 (¢'XD)7
pagulg7éua7g-

3.5.1 The construction of the new gauge

In this section we state, and prove, the well-posedness of the new gauge. Some motivation
and a preliminary discussion of the result can be found in Section 3.2.3 of the overview. For

completeness, we will recall the full geometric setting needed to formulate the theorem.
Let (M, g) be a (3 + 1)-dimensional, smooth, orientable Lorentzian manifold with topology
M=R? x §%,
For any such Lorentzian manifold (M, g), there exist local coordinates
(u,v,0',6%)
such that g takes the double-null form
g = —4Q%dudv + Jpaps(d0? — 6% dv)(d6P — b7” dv) (3.133)

on a sufficiently small neighbourhood BC M, with Q% € C®(M), 9 a symmetric two-tensor
on the two-spheres
wa = {u,v} x S?

and b a vector field tangent to the S , spheres.

59With a slight abuse of notation, we use the same notation that we adopted to define the connection coefficients
and curvature components relative to the algebraically special frame of Kerr (see Section 3.4). Note that the A/
and N, are identified by the new gauge.
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We consider the union of two null hypersurfaces
ﬁm (Cuoﬂlzvo U QuZuo,vo) (3-134)
on B~, with S? C B. We define the set

wo,vo
e 2
Bs = | | S2 4

(u—uo)2+(v—v0)?<8>
with & > 0 sufficiently small and such that Bs C B~, and the set
Bg’ =BsN{v>wvo}N{u>wup} .
See Figure 3.3 in the overview for a pictorial representation of the set Bg_.

We have the following theorem.

Theorem 3.2 (Outgoing frame-calibrated gauge). Consider the Lorentzian manifold (M, g),
its local differentiable structure (u,'v,BA) and the sufficiently small set B;’ C M as above.
Then, for any 5;, §1,f2 smooth scalar functions of the coordinates (u,v,04) on B;’, there exist
a system of coordinates

(1,8,9,7) (3.135)

on Bg_, with (9,4) € 82, and a null frame
N = (e1,e2,e3,e4) (3.136)

on Bg’ such that

(i) Anchoring of the gauge: The restriction of the coordinates (3.135) to
B;_ N (CUOKUZ'UO U Quzug,vo) (3137)
satisfies

(0,vp — u, 0, 62) along B;‘ N Cou>up 0

(1,8,9,¢) =
(0, v — o, 017 92) along B;;F N Clup,v>v0

In particular, each of the two-spheres
S(%,s ={0,s} x §?

on the null hypersurface (3.137) coincides with a double-null sphere wa for some (u,v).
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(ii) Metric conditions: The metric identity

grr =0

and the identities for the Christoffel symbols

r;, =0,
I‘}r(}‘r:O?
Iy, =0

hold on B;".

(i1i) Connection conditions: The connection coefficients

‘;J)Yuﬂ7F4BA
are such that
o=,
Y =0,
n=n,
B
Lyy=0

on B(}'_, where M is a D ar one-tensor such that N(e1) = f1 and n(ez) = f2 on Bg‘.

(iv) Frame condition: The coordinates (s,9,1)) are transported along the integral curves of

ey, meaning that the identity
eq4 =0+ (3.138)

holds on By .

(v) Regularity: The frame N is a regular frame on Bg’.

Proof. We consider the null hypersurface (3.134) and prescribe a regular null frame

No = (€},€e3,e3,€e}) (3.139)
along it. We then define the frame

N = (e1,e3,e3,e4) (3.140)

as the unique, local solution to the system of nonlinear ODEs for the frame along the integral
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curves of ey

3.141
3.142
3.143
3.144

Ve484 = (.:’64,
Ve,€3=—wes+2f1e1+2f2e2,

(3.141)
(3.142)
Ve,€1 =%1€4, ( )
(3.144)

Ve, €2 =f2e4

on B, with initial frame prescribed on (3.134) and coinciding with the frame N along (3.134).

We note that the system (3.141)-(3.144) can also be written as a system for the frame compo-

nents
(elu7 e2u7 83y'7 e4u)

as scalar functions of the double-null coordinates on B

e oy (ef) + e TH eV = & ey,
€0, (eh) + es” TH e3V = —& el + 21 er” +2F2 et
e o, (el) +es” TH e =f1elf,
€40, (ey) + es” Th ex” =fael,

with £ = (u,v,0',02) and T the known Christoffel symbols of g with respect to the double-

null coordinates. The initial data now correspond to the frame components

o _OK _OH _OM
(61 €9 ,€3 ,€4 )

along (3.134).

The system of transport equations (3.141)-(3.144) for the frame ensures that N is a null frame
once N is prescribed to be a null frame along (3.134). One can indeed derive the homogeneous

system of linear ODEs

Ve, (g(e1,e1)) = 2f1g9(eq, e1)
Ves(g(e1,e2)) = f1g(eq, e2) + f2g(e1, e4)
Ve, (g(ez2, e2)) = 2fag(es, e2)

Ve, (g(es,eq)) = 20 glea, ea)

Ve, (g(es,e3)) <2f19 e1,e3) +2f2g(ez2,e3) — 59(63763))

Ve, (g(es,e3)) = 2f1g(e1,eq) +2f2g(e2, e4)
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=@ g(es,e1) +f1g(ea, eq)

Ve, (g(eq; e1))

Ve (g(es,e1)) = 2f1 g(e1,e1) + 2f2 g(ea, e1) — D g(es, e1) + frg(ea, e3)
Ve, (g(ea, e2)) = @ glea, e2) + fag(ea, ea)

Ve (g(es,e)) = 2f1 g(e1, e2) + 2f2 g(ea, e2) — W g(es, e2) + f2g(e, e3)

on B for the unknowns

g(eAa BB) ) g(eA7 64) ; g(eAa 63) ) g(e47 64) ) 9(631 63) ) 9(647 63) )

A, B = {1,2}, with initial conditions

along (3.134). The system admits

glea,ep) =dam, glea,eq) =g(ea,e3) =0,
gles,eq) = g(es,e3) =0, g(es,e3) = —2
as the unique solution on g, verifying the null frame conditions for the frame A

We now prescribe coordinates
(T()a S0, 1907 /l:bO) (3145)

along (3.134) such that

(0,v9 — u, 0, 62) along BnC

U>u0,v0

(70, S0, Y0, ¥g) = 1
(0,v — ug, 8, 62) along BN Cuygu>wo

We define the coordinates

(7,8,9,9)

as the unique solution to the system of linear ODEs along the integral curves of e4

es(T)=1 (3.146)
eq(s) =0 (3.147)
es(¥) =0 (3.148)
es(y) =0 (3.149)

on B, with initial coordinates prescribed on (3.134) and coinciding with the coordinates (7, S, 9o, %)
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along (3.134).

It is easy to check that the resulting local gauge on M satisfies all the gauge conditions of
Theorem 3.2 on the sufficiently small neighbourhood B(}". The anchoring of the gauge (i) holds

by construction. In general, the covariant derivative V4 of the frame vectors read

Vaies=2Y%es +Qey,
Vies = 2[1‘4 es —@esg,
Viea =T8,ep+Yaes +nyeq,
which, compared with the system of equations (3.141)-(3.144), yield the gauge conditions for

the connection coefficients. The system of equations (3.146)-(3.149) implies that e4 = J,. Since

e4 is null, we have g~ = 0. Moreover, we can write
VTaT =w 67' )

which implies the gauge conditions for the Christoffel symbols. O

We end the section with a remark.

Remark 3.6. Note that, in Theorem 3.2, we do not assume any special algebraic property for
(M, g). We also do not assume that (M, g) is a solution to the vacuum Einstein equations.

These two facts may be contrasted to the linear gauge adopted by [1].

The residual gauge freedom

Our outgoing frame-calibrated gauge of Theorem 3.2 comes with a residual freedom in con-
structing both the coordinates (7, s,9,) and the frame A

The residual gauge freedom for the frame N can be understood as the freedom to prescribe the

initial frame ANy along the hypersurface (3.134) in the proof of the theorem.

The residual gauge freedom for the coordinates (T, s,9,) coincides, by construction, with the
residual gauge freedom to redefine the double-null foliation of the hypersurface (3.134) (and,
in turn, with redefining the initial coordinates (79, so, Yo, 1) along (3.134) in the proof of the

theorem).

The residual freedom of the new gauge induces some residual freedom in the definition of the
one-parameter family of metrics g(¢) in the new gauge. Such a residual freedom will be crucially

exploited in forthcoming work by the author.

3.5.2 Tensor perturbations

In this section of the chapter, we present a rigorous definition of tensor perturbations. The

precise notion of tensor perturbations is important to understand the formal meaning of our
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gauge conditions for g(e€) 6!, to correctly formulate the nonlinear vacuum Einstein equations for

g(€) in our outgoing frame-calibrated gauge and for the linearisation procedure of Section 3.7.1.

A rigorous definition of covariant tensor perturbations

We consider the one-parameter family of metrics g(e) on M™ in the new gauge. To formulate
tensor perturbations, we will need to compare D pr(.) k-tensors T (e) to non-vanishing®? © N(0)
k-tensors T(0) = T on M. Since the frame vectors e4(€) are not fixed on M* for all € > 0,

we have

DN(e)  DN(0) (3.150)

on M™ for all € > 0. The tensors T (¢) and 7(0) thus live in different tensor bundles on M™.

Remark 3.7. Relation (3.150) does not hold for a double-null gauge, for which DN () =D N(0)
for all e > 0.

To understand the comparison between such tensors, we first exztend the Dr(.) k-tensors to
horizontal k-tensors on M™. We then introduce a five-dimensional manifold V, that we think
as foliated by submanifolds diffeomorphic to M™ such that

Y Mt xR, (3.151)

We denote the slices of the foliation of ¥V by MZT. Each M corresponds to the Lorentzian
manifold (M™, g(e)) for a fixed value of € > 0.

We choose the differentiable structure of ¥V to be the one induced by the fixed differentiable

structure of M™, namely we have coordinates
(1.5,9,1,€) (3.152)

on V, where each of the leaves M corresponds to a level set of the coordinate e.

The one-parameter families of metric perturbations g(e) and horizontal k-tensors T (€) can now

be understood as genuine tensors (not a one-parameter family any more) on V such that

g(p7 6) = gp(E) ) T(p? 6) = TP(E) )

for any p € M} and

9(p,€)(0e) =0, T (p,€)(0c) :=0.

The one-parameter family of null frames N (€) naturally induces a frame (again, not a one-

61See, for instance, the identity (3.130).
2Tn [19], the only non-vanishing tensor for € = 0 is the metric 4(0).
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parameter family any more) on )V with frame vectors

64(]9, 6) = e4p(6

),
e3(p,€) := ezp(e)

)

ea(p,e) = eap(e)

and

e5(p7 6) = a(E|p7

where the coordinate form of the frame vector es is relative to the differentiable structure
(3.152) on V.

Comparing 7T (¢) and 7 can now be seen as comparing the same tensor at two different points
(lying on two different slices M) of V. To identify points on different slices, we define the

diffeomorphism

GV =V
¢E|M8-M8_—>M:_

generated by the frame vector field e5. We consider the pull-back tensor
T (3.153)
on /\/lar , where, in view of the definition of ¢, we have
(ST o = 5 (Triroogn,) (3.154)
on M¢.

We observe that the tensor (3.153) is not, in general, horizontal on M{ (relative to A(0)). In
fact, pulling back the distribution © pr(.), one has

b (Dar(e)) Z DA (0)
on Mg .93
Given the projection tensor IT on M (relative to N(0)), we have the following definition:

Definition 3.1. Given a D pr(g) k-tensor T on M, we define the k-tensor perturbation of T

as the restriction to a D pr(o) k-tensor of the horizontal k-tensor
O T —T (3.155)

on /\/lg, where

MPET) oy = T - I (D5 T ),y

%3 Note that tensor (3.153) is horizontal on M relative to @7 (Dar(e))-
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on /\/la'.

Note that tensor perturbations preserve the symmetries of tensors. We conclude with two

caveats. First, note that

(]:[QS:T)/'Ll'“uk 7& HQZ): (Tulmuk)

on ./\/lg, which should be contrasted to the identity (3.154). Second, note that
g7 (TF) # (Hp: T )
on Mg , where the sharp symbol on the right hand side is unbolded.

Remark 3.8. The choice of diffeomorphism ¢. encodes the fact that, although we formulate

tensor perturbations geometrically, we still rely on the fized differentiable structure of M™.

A rigorous definition of frame perturbations

We give the following definition, using notation ey(0) = e; for frame vectors of N (0).

Definition 3.2. Given a frame vector field e of the frame N'(0) on M, I = 1,...,4, we
define the frame perturbation of er as the vector field

D_c €1 — e

on /\/la“, where

(P—ccen)" = ¢ (er")

on M{.
Remark 3.9. The reader should note that the frame perturbation of es can fail to be in D pr(g)-

A rigorous definition of scalar perturbations

Consider a smooth scalar function f(e) on V, with §(0) = § on M{. We have the following

definition, which concludes the rigorous definitions of tensor perturbations.

Definition 3.3. Given a scalar function | € C’OO(MSF), we define the scalar perturbation of §

as the smooth scalar function

Hecf — f
on ./\/lg.
Note that
Hoef = ocf (3.156)
on ./\/lg.
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Perturbing products and covariant derivatives of tensors

In this section we clarify how to treat perturbations of products and covariant derivatives
of D pr(e) covariant tensors on M in view of the definitions of the previous sections. The

products and covariant derivatives of D ar(¢) covariant tensors are D ar(¢) covariant tensors. Their

64

perturbations are therefore defined as in Definition 3.1. For future convenience,”* we derive

formulae for the projected pullback I1¢? when applied to products and covariant derivatives.
Consider the D pr(¢) k-tensors T (e), T (€) on V, with V as in (3.151). We have
(T ® T) = (g T) @ (g: T) (3.157)

and
(H¢:(7~ﬂ1))/z2.._uk =192 - TI%k (o7 g‘l)”’“ (D5 T ayars- s (3.158)

on M7 . Given D ar(e) one-tensors £(e), £(€) and D ar(e) two-tensors 0(e), 6(e) on V, we have

o7 ((€,€)) = 67 ((€,€)),
T:((6,0)) = 6:((6,6)),
gL (E N E) = 6L(ENE),
(0 A 0) =62 (0 A0),
(L7 (6 X 6)) 0 = 113 (116} (6%2)) (67 0) 5
and
;¢ ® &) =TI} (€ @ €) + Tgr (€ ® &) — (g((¢,€))) (116} ¢) (3.159)
on Ma“, where we used (3.156), (3.157) and (3.158). Note that, in general, the product (3.159)

is not traceless relative to g_l.

Given the D) (1,1)-projection tensor II(e) on V, we have

1 1
(g I, = LT (908) 5 + 5 117 (9—c.e3)” (9-ciea)” (02 9)o + 5 1] (D-c.€a)” (9—c,e3)” (0% 9),r,

(3.160)
and
(MY (V 1)) = (MSIID) (67 V)0 (7 F) (3.161)
6 (Vey ) = (9—c. €2)0u(7 ), (3.162)
6 (Vey ) = (d—c. €3)"0u(7 ), (3.163)

64Gee the linearisation procedure of Section 3.7.1.
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(H¢:(Y7 T))VIU"'Mk = (H¢:H)Z(H¢:H)g} o (Hfﬁin) ((¢:V) (¢: T))Otl"'()ék ) (3'164)
(G2 (Ves T)pswue = TSN - - - (TGN (¢ €4)” (V) (97 T))aywar s (3.165)
(MO (VY o5 T = (TN - - (TSI % (P e3)” (85 V)u (82 T))a (3.166)

on./\/lg.

Proof. We compute

(MY §))u = (62 (V )
= 11 (¢c (7 (VF)o))
= (Mo TD)[ (0 (VF))o
= (M ((9V)o (96F))

g2 (Vey f) = 02 (Ve, )

= ¢e(ealf))
= (¢—cx €a)"Iu(cF) ,
6 (Vey f) = (¢-c. €3)"0u(67F)
and
(G2 (Y &) = TR (0L (Y €))as
= I3 I1) (67 (TIZITVE)) oy
= (Mg (MG D)) (6 (VE))oy
= (HPe I (M ID)) (9 V)o (9:€)) »
(7 (Vey ) = (S (Vey €))u
= 10 (T V e,€))a
= (eI (0e(Vea€))a
= (MO (0—c.€a)” (P V) (968))a s
(Z(Veq §))p = (NPID)}1 (¢ cres)” (67 V)0 (626))a
for £(€) a D pr(¢) one-tensor on V. The higher rank formulae can be derived analogously. O

Consider now the D pr(c) one-tensor £(¢) and the D pr(¢) two-tensor 8(e) on V. We have

¢ (div &) = ¢ (div ),
(Lg¢ (div 8)), = 1L (07: ¢~ 1) (62 (Y 0)) oy

and

g7 (cyirl €) = ¢7 (cyirl €)
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on MS“ . We also have

(s (P €))w = —% (T2 (Y €))w + (TS (Y €))p — (117 (dv €)) (1165 ) )
on Mg.

In view of the pullback formulae (3.165), (3.166) and the pullback formulae for the products of

covariant tensors, one can use relations (3.69)-(3.72) to derive the pullback formulae for
g2 (£4€) , 167 (£38) , 17 (£40), 1197 (£30) .
Alternatively, one can simply write
(117 (£48))n = (MO (67 (La8))o
(117 (£3€))u = (PN (67 (L3E))o
(¢ (£40)) = (MG} (D)) (67 (L£40)) oy
(¢ (£30)) = (MGID)] (TSI (67 (L£30)) oy

on./\/lg.

3.5.3 Properties of the new gauge

In this section we collect some properties of the family of metrics g(e) on M™ in our outgoing

frame-calibrated gauge:
e The family A(€) is a one-parameter family of non-integrable null frames on M*. This
motivates, a posteriori, the formalism developed in Section 3.3.1.

e We have the one-parameter family of systems of transport equations for the frame in the

e4(€)-direction

Veueald) = &(e) eale) + 2YA(e) eale).
Vesoes(e) = ~0(0) esle) + 2 (c) eale)

Vesoeale) =TEq(e) en(e) + Ya(e) es(e) + male) eale),
on M*, with
e (@(€)) — Wkerr =0, (3.167)
Ip: (Y (e)) =0,
H¢: (12(6)) - ﬂ?(serr =0 )
17 (T5a(e) =0 (3.168)

for all e >0 on M™.

152



e Coordinates transported along the integral curves of a frame vector field, such as the
coordinates (7, 5,1, 1) on M™ are sometimes called Lagrangian coordinates. Note however
that this terminology is more frequent in the context of orthonormal frames, where e4(¢)

is typically a timelike frame vector.

Remark 3.10. We note that one could consider a one-parameter family of metric perturbations

g(€) on M™, with an associated one-parameter family of null frames N (€), satisfying the gauge

conditions
H¢: (Q(E)) - Q%(Serr = 07
e (Y (e)) =0,
H¢>:(TI(€)) - n%(serr = 07
H(b:(r?A(e)) - I‘SBA;IJL{Serr =0
and

on M™T for all € > 0. Our choice of gauge is motivated by the form of the vacuum FEinstein
equations for g(e). In fact, our gauge conditions allow to handle some potentially problematic
terms appearing in the transport equations in the eq(€)-direction. This will be crucial in our

analysis of the linearised system.

3.6 The vacuum Einstein equations around Kerr in the new

gauge

This section concludes the second of the three self-contained blocks composing the body of the

chapter. See the beginning of Section 3.2 for the general structure of the chapter.

In this section we address the nonlinear vacuum Einstein equations for the family of metrics
g(€e) in our outgoing frame-calibrated gauge. In principle, one could re-write the full system
of equations presented in Section 3.3.5 (and derived in Appendix A) specialised to our gauge.
However, since our ultimate goal is the analysis of the linearised system of vacuum Einstein
equations, we find more instructive to present only some selected nonlinear equations that will

play an important role (once linearised) in our problem.

To achieve the formally correct form of the nonlinear equations in the new gauge, we crucially
employ the formalism to treat nonlinear tensor perturbations discussed in Section 3.5.2. The
reader should contrast the equations of this section with their informal version of Section 3.2.3

of the overview.

Consider the one-parameter family of metrics g(e) on M™ introduced in Section 3.5. If the
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Lorentzian manifold (M, g(€)) satisfies the vacuum Einstein equations

Ric(g(e)) = 0,

for all € > 0, then we have%

e the set of transport equations
T6E ((V5)(6) + (brx0) %o (€)) — & (1165 . (6) = —(1165 a(e)),
165 (0 (6rx0)(6) + 5 (o)) — & (1165 (trxe)(€)) = T62(~ (R £0)(E) + 3 (7 - X0)7(6)).
16 (90 (# - X2)(€) + (60) (£ - X)) — & (165 (# - x0)(©)) = 0

on M*, where we exploit the gauge conditions (3.128), (3.129) and (3.132),

e the transport equation

62 ((V)(0) + 5 (6rX0) X ) + 5 (F X0) *Ro ) + & (116 % (6)
=T ((—2P3n+n&n)(e))

T (5 (b00) Ro(6) + 5 (F + X) "o ()

on M, where, again, we exploit the gauge conditions (3.128), (3.129) and (3.132). Cru-

cially, the gauge condition (3.130) implies that we have the formal Taylor expansion

~

0 )
g (—2Py n+n Q@ n)(e) = (=2¥ - n—(div n+(n,n)) §

(1) (1)
+ (MBI +TRW) - (V) + O(?) (3.169)

around € = 0 on M™. At this point, the reader should not worry about the meaning
of the terms appearing on the right hand side of the expression (3.169), which will be
illustrated in Section 3.7.1. The fundamental fact about (3.169) that has to be noticed is

the absence of terms depending on the vanishing (for all e > 0) tensor perturbation

H¢g (n(e)) —n
on M™T.

e the identities

leq, es]” = 0; (ef) , [es,en]! = 0; (ei)

55Note that, in all the following equations, the connection coefficient & appears de-bolded.
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and the set of equations

- (g (e5(€))) = — 2 (T (n" — n")(€)) — @ (g (ef(e))) + (7 @(e)) (T (efy(e))) ,

0r (g7 (el4(€))) = — ML (x*4(€)) + (LG (Y a(e))) (17 (€5 (€)))
+ (o7 (nale) + Cale)) (g (e(e))) ,

on M, where we exploit the gauge conditions (3.128), (3.131) and (3.132).

As a final general observation, the equations of the system of Section 3.3.5 that get more heavily
simplified in our gauge are the transport equations in the e4(€)-direction. This should be seen
as the underlying motivation for the construction of the outgoing frame-calibrated gauge of
Theorem 3.2. See Section 3.2.4 of the overview for a preliminary discussion of the crucial role

of these simplified equations in the problem.

3.7 The linearised vacuum Einstein equations around Kerr

In this section of the chapter we present the system of nonlinear vacuum Einstein equations
linearised around the Kerr solution (M™, g, ar) in our outgoing frame-calibrated gauge. This
section constitutes the third of the three self-contained blocks into which the body of the chapter

is divided, as outlined at the beginning of Section 3.2.

Most of the section is devoted to a careful presentation of the linearisation procedure. The main
new technical difficulty lies in the presence of connection coefficients of the Kerr metric g, as

which are non-vanishing D covariant tensors on (M™, gq ar).

We linearise the vacuum Einstein equations in their tensorial form. To do that, we first pull-back
the entire system of nonlinear equations via II¢} (or, for what concerns the null frame equations,
via ¢F). See the definition of the projected pull-back II¢! in Section 3.5.2. We then subtract to
each of the pulled-back nonlinear equations on (M™, g, ar) its correspondent Kerr equation and
understand the linearisation of each of the terms in the resulting equation as the linearisation
of a nonlinear tensor perturbation on (M™, g, pr). Note that most of the conceptual difficulties
that arise when one considers tensor perturbations have already been addressed, at the nonlinear
level, in Section 3.5.2. To fully appreciate the linearisation procedure, the reader should first

review the definitions therein.

The reader only interested in the final linearised system of equations can refer to Section 3.7.2.

3.7.1 The linearisation procedure

In this section we linearise tensor perturbations building on the definitions and formalism of
Section 3.5.2.

Note that the linearisation of a s covariant tensor perturbation will be defined to be a D s
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covariant tensor on (M™, g, ar), while the linearisation of a frame perturbation will not be
required to be a vector field in Dy (see related Remark 3.9). Let us also note that, with
the exception of the tensor perturbation of the projection tensor II, we do not linearise tensor
perturbations of mixzed type. We will linearise perturbations of smooth scalar functions, frame
vector fields, ® s covariant tensors, of the projection tensor II and of the contravariant two-
tensors ¢~ and #71 on (M, gaar).%

Consider the one-parameter family of D () k-tensors T (¢), the one-parameter family of frames
N (e) and the one-parameter family of smooth scalar functions f(e) on MT. We have the
following four definitions, where we denote by O(€?) tensors whose components are O(e?) smooth
scalar functions on M™*. We recall the notation 7(0) = T, er(0) = ey and §(0) = f.

Definition 3.4. Given the D k-tensor T on (M7, ga 1), we define the k-tensor

on (M7, gqn) such that

T() =T =e-T +0(2) (3.170)
on (M+7ga,M)'67
Definition 3.5. Given the D k-tensor T on (M™,gan), we define the linearised k-tensor

perturbation of T as the linearisation of the (nonlinear) k-tensor perturbation of T defined in
Definition 3.1, namely as the Dz k-tensor®®

on (M, gan) such that

on (MJr’ ga,M) .

Definition 3.6. Given the frame vector field ey of the frame N on (M™,go ), I = 1,...,4,

we define the linearised frame perturbation of e; as the linearisation of the (nonlinear) frame

perturbation of ey defined in Definition 3.2, namely as the vector field

=R (3.171)

561t is already worth noticing that, for instance, the tensor n%(e) (with the sharp symbol in bold) will be
linearised by considering it as the contraction of the tensor m(e) with the inverse metric g_l(e). One therefore
gets two non-trivial terms in the linearisation, one coming from linearising 7(€) and one from linearising g_l(e).
The reader should realise that linearising m(€) and then raising the index with the inverse metric g_l is different
from linearising n* (¢).

57The tensors T (¢) and 7 in (3.170) are, with a slight abuse of notation, the natural extensions of 7T (¢) and
T to horizontal tensors on M™. Note that, in view of the fact that the pullback ¢} (7 (¢)) is not projected, the

(1)
k-tensor 7T is not, in general, horizontal.
68 The reader should note that the linearised tensor is now slashed.
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on (M, gam) such that
6 (er(e) —er—c- &1 +0(2)

on (M+v ga,M)'

Definition 3.7. Given the scalar function f € C*°(M™), we define the linearised scalar pertur-

bation of § as the linearisation of the (nonlinear) scalar perturbation of § defined in Definition
3.3, namely as the smooth scalar function

(1)
f (3.172)

on (M, gom) such that
1)
¢ (Fe) —f=e¢ | +0O()

on (MJra ga,M) .

1)
Remark 3.11. The reader should keep in mind that T is a k-tensor on (M7, gq ), while
(1) 1)
T is a Dp k-tensor on (M™,ganr). By naturally extending T to an horizontal k-tensor on
1) (1)
(M, ganr),% one can compare T and T and note that the identity

(1) (1)
TNr"Mk = H;’ﬁ T HZIZ T vy

(1)
holds on (M™, ganr). In what follows, whether we are dealing with ‘T or its natural extension

will be clear by the context.

We have the two following useful facts.

1 @
Claim 3.1. If T =0 on (M¥,gam), then T =T on (M™,gan).

Proof. We compute

0=09¢:(T(ea,,....€3,...,€a,))

= (¢:T)#1#k (¢6*6A1)u1 T ((be* 63)M T (¢6*8Ak)uk

(1)
=e-T (e, -re3-..,ea,) +O(%)

for any € > 0, which implies
1)
T(eay,---,€3,...,ea,)=0.

59Which, again, with an abuse of notation, will be denoted by the same letter.
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Similarly,

T(eay,---,€4,...,e4,)=0.
O
Claim 3.2. In our gauge, we have
(1)
T(eay,---,€4,...,€4,) =0
on (M*, ga,m).
Proof. We compute
0=0¢(T(ea,,....€4,...,€4,))
= (¢:T)H1Hk (¢6*6A1)m T ((be* 64)/” e <¢6*6Ak)uk
1
=e€-T(eay, .-,€4,...,€4,) + O(€?)
for any € > 0, which implies
1)
T(eas---,€4,...,e4,)=0.
1
Note that we used the gauge condition (3.132) to set T (e4,,- - -, (6)4, ...,ea,) =0. O

For all the linearised perturbations of frame vectors, connection coefficients and curvature com-

ponents, we will adopt the same notation of Definition 3.5, e.g. we write

© O O
63,7],%,[)...

In view of Claim 3.1, we will not slash the linearised connection coefficients and curvature

components when they vanish on (M™, g4 ar), e.g. we write

® @ @

XoaXa a ...

In our outgoing frame-calibrated gauge, we have

on (M™, gq ). This follows immediately from the gauge conditions satisfied by the family of
metrics g(e) on M™.
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Note that n(e) and ((€) are the only one-parameter families of D xr(.) covariant tensors which

do not vanish on the Kerr background and produce non-zero linearised tensor perturbations.”

Remark 3.12. Claim 3.1 shows that the linearisation of D ar(e) covariant tensors which vanish
on (M™,ganr) (i-e. fore =0) does not need any projection. Claim 3.2 shows that, in our gauge,
the projection procedure introduced for nonlinear perturbations in Section 3.5.2 is, to linear
order, only killing the es-component of the pulled-back covariant tensors. Their eq-component

automatically vanishes on (M7, gq ar).

Remark 3.13. The reader only interested in the linear stability problem can neglect the Defi-
nitions 3.1, 3.2 and 3.3 of Section 3.5.2. In fact, to achieve our linearisation, one can simply
pull-back the covariant tensor T (€), linearise the pulled-back tensor ¢*(T (€)) on (M, ga )
and then project the linearised tensor relative to N'. This is, to linear order, equivalent to first
projecting the pulled-back tensor ¢X(T (€)) (i.e. considering I1¢f(T (€))) and then linearising,
as we do. On the other hand, our procedure provides the right formulation of covariant tensor

perturbations at the nonlinear level.

Linearisation of the metric and volume form

Using Definition 3.5, we define the linearised metric as the ® o symmetric two-tensor”!

(1)
g

on (M™, gqn) such that
(1)
¢ (g(e) —g=¢- § +0O(e)

on (M, genr). We define the symmetric two-tensors

on (M™,ganr) such that

on (M, g, ). Note that
(1) (1)
ﬂW:HMHf J s

but

(1) g D
gﬂy#ﬂﬂﬂlg gaﬁ‘

( 1)
"OFor this reason, combined with Claim 3.1, 7 and ¢ are, in fact, the only slashed D covariant tensors

(together with the linearised metric, see next section) appearing in the system of linearised Einstein equations of
Section 3.7.2.
" The reader should note that the linearised metric tensor is double-slashed.
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(1)

In particular, ¢ is not, in general, an horizontal two-tensor.

We define the linearised inverse metric as the symmetric contravariant two-tensor

(1)1
§

on (M, gqar) such that
1)
Ge(g () =g =g +0()

on (M+7 ga,M)'

From the gauge conditions for the family of metrics g(e) on M™, we have

(1)

TT

—0 (3.173)

on (M, ganr). One can adopt the decomposition

Hm oo 7 o
J =4+,

where the trace is taken with respect to g‘l.m Note the following contraction identity

1) 1
g, = (g,

(1)

(1)
obtained by linearising ¢} (gwguv) =2 and using (trg ) = (trg ).

Using Definition 3.5, we define the linearised volume form as the ® yr antisymmetric two-tensor”

(1)
¢

on (M™, gqn) such that
(1)
6 (#(e) — ¢ = ¢ § +0(e).

on (M™,gq ). We define the antisymmetric two-tensor

on (M™, gqn) such that

o W
"2Note that, in our notation, 4 # ¢ - In fact, the right hand side is identically zero.
73The reader should note that the linearised volume form is double-slashed.
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on (M™,gqnr). Note that
(1) Y
#MV:HMHV ¢a,8'

We define the linearised inverse volume form as the antisymmetric contravariant two-tensor

(1)1
=

on (M™, gqar) such that
(1)
S () —¢ =g+ O

on (M+7 ga,M)'

We have the formula

Note also the following contraction identity

(/2/ /w(l)
=8
1
= _¢/ﬂ’}é/ uv e

To conclude the section, we note that the linearisation of a (anti-)symmetric D ar() two-tensor
is a (anti-)symmetric © two-tensor on (M, g, ar). However, the linearisation of a trace-

less™ ® N (e) two-tensor is guaranteed to be traceless™ only when the two-tensor vanishes on
(M, ganr) (ie. for e =0).

The traceless D pr(e) two-tensors that we linearise in the Einstein equations include, for instance,

the volume form #(e) and the following symmetric two-tensors

XO(G) ) 20(6) ) (—2¢;77 + ’I’]®7])(6) , (—2%; n -+ ﬂ®ﬂ)(6) s (@; X)(e) ,
ale), ale), (P38)(e), (P38)(e) ..

Since #(¢) is antisymmetric, the linearised volume form ¢ is antisymmetric (and therefore trace-
less) on (M™, gqnr). All the symmetric traceless D pr(e) two-tensors listed above do vanish on
(M, ga ) relative to the algebraically special frame N of our gauge. Their linearisation is
therefore a symmetric traceless ©pr two-tensor on (M™, g, ar). Note that this fact would not

hold true relative to a general frame on (M, g, ), in particular relative to the frame /\A/'ad.

"With respect to g4 " (e).
>With respect to gil.

161



Linearisation of the projection tensor

We define the linearised projection tensor as the (1,1) tensor

(1)

on (M™, gqn) such that
(1)
¢ (TH(0) — T = ¢ - 11 + O(e)

on (M™, gq ). In components, we have
o
_ (6% v
W, = TG TI
(1)
with IT a (1,1) tensor on (M™, g4 ar) such that

or(I(e)) — Il =e- (Hl) + 0(62)

on (M™, ggnr). We have
1) (1) 1 Q)

Wy =114, Vi =W, =0.

It is useful to note that

(1) 1 @ 1 (1)

1
= 3 € gur + 5 €T Guo + 5 (T €5 + 5 e) G

1
where we used the gauge relation (6)4 =0 on (M™", gy a). In particular, we have

n 1@

v g v o Vv o vV (1)
Iy = 5 €3 €1940 T 5(6463 +e3€el) 9 as
1 ®, , 1 ON
=—g59(es,ea) ey — 5 glea,ea) ey, (3.174)
which implies
(1)
nf =o. (3.175)
One can conclude 0
1
"y =0. (3.176)
Remark 3.14. If
(ON (1, _
gles,ea) = g(es, €4) =0 (3.177)
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on (M™%, ganm), then

on (M, gqar). Indeed, the linearised projection tensor accounts for the fact that the horizontal
structure of our gauge is variable, which, to linear order, is quantified by the vector field ((32
gaining components in eg and eq. If one adopts our formalism to linearise the system of Einstein
equations in a double-null gauge, then the identity (3.177) holds and the linearised projection

tensor vanishes identically on (M™, gq ar).

As a last remark, note the following non-trivial identity

5 (D) (1)

ST g 0 = 4 - (3.178)

n
To see that (3.178) holds, we compute
1) (1)

él pr = Hﬁ Hg gaﬁ

(1) 1)
= I 118 (117 11% gy6 + 17, 115 g1o + 17, 113

(1) 1)
1)
= V[iﬂggaﬂ +H5M59aﬁ —|—HZ‘H5 9 ap

(1)
= Hzf Hg 9ap>

(1)
9 o)

where, in the last equality, we used (3.176) and g(e3,e4) = g(es,ea) = 0. Identity (3.178) will

be employed in some of our computations.

Since
(1)

(17 (g(e))w — 4, = € T g g + O(€?),

identity (3.178) implies that, to linear order, we have

uv

g g =1lol ¢

on (M+7 ga,M)'

Linearisation of products and covariant derivatives of tensors

In view of what discussed in the first part of the present Section 3.7.1 and the formulae for
nonlinear perturbation of tensor products derived in Section 3.5.2, the linearisation of the tensor
products appearing in the Einstein equations does not introduce any new technical difficulty.
On the other hand, the linearisation of the covariant derivatives of tensors is somewhat more
involved. Before presenting the relevant linearisation formulae, we shall give some definitions
and useful identities. The reader only interested in the final formulae should refer to the formulae
(3.182)-(3.190).
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We define the (1, 2)-tensor

(1)
r (3.179)
on (M™, gqnr) such that
(D) ;
(e V(e) =V)u0y =e€-T7, 0, + O(€)
(1)
on (M™,gsnr). Note that ' is symmetric in the lower indices and can be written as
B 1 g O W) )
F/u/ = 59 ((vﬂg)ya+(vVg)aﬂ_ (vﬂg)/ﬂ/)‘
We define the (1, 2)-tensor
(1)
¥ (3.180)

on (M™, gq ) such that
(i_) 5 (1)
F;},IJ = H,LL Hl/ aB -

Claim 3.3. Let & be a D one-tensor on (M™, g n). We have

(1 1 (1) (1) (1)
F,ul/ ga - 5 gw ((Wu # )Voc + (VV 57 )au - (Va ﬂ ),HV) fo

1 (1) 1) (1)
95 gm (XO/,LI/ 9 30 T XDua 930 T Xova 9 3;1) éa

2
1, (1) (1) L)
= 597" (X 910+ Xopa 9 40+ Xova 9 44) S0

2

and
¥ 1 () 8y
gW F,ul/ EU - = 5 gm ((trXO> 9 30 T 2gijD;wc ) 3V) gU

(1)

1 o (1) v
_ig ((trXo)94a+2$“ qua94u)£0

)
+ g7 (v f oo

Proof. The first identity follows from an easy (but lengthy) computation. It essentially relies

on noting that

oo (1) oo (1)
1167 (Vs ¢ sl = §7€(Virya, 9 ) (11205, 0a) ,

applying the Leibniz rule and using identity (3.178) to obtain the first line of the formula. To
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prove the second formula, we note that

(1) (1) 1)

1 (1)
ST et (T e~ V) =447V f Yo — 567" Valir ) )

1)
:g’wﬂm(vu y )l/afa +

1 (1)
- §gm Wa(trﬂ )EU

1)
=47 (v )ado -

We define the (1, 1)-tensors
1 @)
F ) F 3

on (M™, gqn) such that

(1) (1) (1)

1)

LT g,

(3.181)

F41/ =€y HB uB Fglj = 6§ Hg Zﬁ

Claim 3.4. Let & be a D one-tensor on (M™, g nr). We have

((1) (1) (1) 1

Fino = Xo 48+ (tWo)gAJr (¢ Xu) A+Xﬁ2A§( )+g(éﬁ,e4)n§ g(eA,ec)goD e,

Along H™, we have

- O 1, M 1M 1)
F4A§O' = Xo Afa 9

Proof. We first note that

M ORIy 8
(Vaea)” = ea(ey) + efeal’y, +ef ey,

and, using the transport equations for the frame,

(1) (1)
(Vaea)? =n(€ a)ef.

We conclude
((17) (1) (1) i 1 .,
aa = —ea(el) —efen Iy, +n(eae] .
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Note that

ey ey
eypey Iy, = ejelTy,

= g(v(1)647 a’y)g’yg )
€A
where we use the symmetry of I' and the fact that e} = 6¥. When we contract with £, we obtain

(m (1) 1 m (1)
Viaéo = Xo 9 + 2 (trxo)éa + = (¢ o) Ea+xih €6 - 9(Vmes, 0,)9" 6

2
a 1, (M S 4o B (1) (1) CcD ﬁg
= Xo 4o + 5 (trxo)éa + 5 (¢ Xo) €4+ X AE( )+9(6A,e4)n §—glea,ec)g péB
where we used the linearisation of the commutator [e4, e4] (see Section 3.7.2). O

Claim 3.5. We have

(1) (1) (1) (1) . (/1\) (1) (1)
F4A gCB + F4B gAC = 2XOAB +(trXO)gAB (¢ “Xo)"(f )AB +g(ea,es)np +glep,ea)na.

Proof. Using Claim 3.4, we compute

v v (1) (1) 5,C (1) RN (1) TN
F4A gCB + F4B gAC’ = 2XOAB +(trXO)gAB +X 2A g(€Ca €B) + g(eA7 64)77 gCB - g(eAa eC)g 2

c (1) (1) (1)
* XﬁQBg(eC’ ca) +g(es, 64)770gAc —g(en,ec)g op ﬁQ gFA

W 0 ! Lo o
=2Xoap H{trxo)f 45 = 5(F - Xo) (#7244 (ec eB) + ¢ 5 4 (e, ec))
1) (1)
+g(ea,ea)nB + g(en, ea)na

~

Q) (1) D) (1) (1)
=2Xo 45 H(trx0)g 45 — (- X0) (§ ) ap + 9(€a,ea)np + g(en, ea)na.

O]

We are now ready to introduce the linearisation of the covariant derivatives of tensors. The
reader should refer back to Section 3.5.2 to see how the projected pullback II¢} of the covariant

derivatives is performed.

Consider the one-parameter family of D xr(.) two-tensors 0(e), the one-parameter family of D ar(c)

one-tensors £(€) and the one-parameter family of smooth scalar functions f(¢) on M™*. We have

n @
M6 (Y ()~ Y=c- (P ] + T - (V) + O, (3.182)
(1)
6 (¥ 1)) ~ Vaf= e (V145 1)+ O(), (3.159)
(1)
62 (Y4 f)(©) — Yaf=c- (V4 §) + O, (3.184)
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(W W
(Y €)(€e) ~VE=e€- (¥ z - V £—f(é(eg))x+(l71 @I+ ) (VE)) +O(e),

(3.185)
n @ (1) (1)
[p;((Vs€)(e) — Vs =e- (ngi +V3 4 —Ts-&—(&(es))n+ M- (Vs8) + O(),
(3.186)
® @ (1)
H;(V4€)(€) = Val=e€- (Vs f — Ty -E+ M- (Vi) +O(€) (3.187)

on (M™,gan). In coordinate components, we have

1) (12 (13 (1) (1)
(H(b:((WS 9)(6)))HV - (WS G)MV =€ ((W(elg) G)MV + (WB & )uu - F SMGUV - F 31/6ua — N 0 v — My 0 751

(3.188)
(1) (1)
+ (M @I+ ) - (Vsh))w) + O(),
(1) (1) (1)
(6 (F 20 — (Fa O — - (T ) — T 1m0 — F 1000 (3.189)
9] 1)
(A ST +TTo H)- (Vi) + O() (3.190)

on (M+7 ga,M)'

(1)
Remark 3.15. By setting i =0, € =0 and = 0, one can recover the linearisation formulae
(1)
of [19] (see Remark 3.14, where the identity VI = 0 is discussed). As noticed in Claim 3.1,

the linearisation of D) covariant tensors which vanish on the Kerr (or, in the context of

[19], Schwarzschild) background does not need any projection. The repmduce the linearisation

(O O VI O N )
formulae of [19], one can therefore replace § by &, # by 6 and set § (e3) = 0 in the formulae.

Proof. To prove the linearisation formulae (3.182)-(3.190), the reader should first refer back to
the formulae (3.161)-(3.166) of Section 3.5.2 and realise that all we need to prove is

6 (V) — Vi=c (F 1)+ 0. (3.191)
(Ve = Ve = e (V§ — T -6~ L(E e + 0@, (3192)
162 (V56) ~ Y€ = - (V€4 2 £ — Fa-¢— (£ es)) +Oe), (3193)
¢! (Va€) = Vi =€ (V4 z - 1? 16+ 0() (3.194)

on (M™, gaar). The contribution in the linearisation formulae coming from the projection tensor
can be easily checked. Similarly, one can easily derive the formulae for D zr(.) two-tensors from
the ones that we are about to prove for D »r(¢) one-tensors. Note also that the derivation of the
linearisation formulae (3.183) and (3.184) is trivial.
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We compute

(e (V) = (0 V) (0cF)
= Vu(‘?if) )

where we used the fact that all connections on (M™,g, ) agree on scalar functions, i.e.

(9EV)u(9%F) = V,u(#7F). One linearises and obtains (3.191).

It is easy to check that

a @
HpH(VE) —Vé=e- (IRM)-(VE) - T - £+ 0(F),
m W
[167(Vs€) — Fy€ = ¢ (Y €+ 11 (Vo €) — P-4 0,

(1)

(1)
g (Val) = Vié=c-(I1- (V4 &)= T4- &)+ O(?).

We now note that
(1) 1 1 @
) - (VE) =AUl (VE) - 5(€(es)x,
(1) (1) (1)
II-(V3&)=11-(V3¢g)—(&(e3))n,

(1) (1)
- (Vag) =1 (Vag),

where we crucially use Claim 3.2. One can then conclude the proof of the formulae (3.192)-
(3.194). O

Remark 3.16. As already observed, n(e) and ¢(¢) are, together with the metric g(e), the only
one-parameter families of D ar(e) covariant tensors which do not vanish on (M™, go,m) and have
non-zero linearisation. For this reason, the formulae (3.185)-(3.187) applied to n(e) and {(e)
have each single term that is non-vanishing. When applied to all the other tensors, some of the

terms vanish.

We now define the notation

1) (1)
(tr(V ® I0))*? .= g o (tr(IT @ V1)) := g TIaTL |
1) (1)
(¢ (M @)™ = gty (¢ (@ W) = g TIoH,
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and, using formula (3.185), we derive

1) (1) (1) (1) (1)

(
167 (Al €)()) — divE =c - (div§ —tr(F €)= 5(& (eq))(brx) + tr(H ST+ T TH) - (VE)

(1)
+g;”(Y7§)W) +0(e), (3.195)

M 1@ 1) (1)
T1¢; ((culrl €)(e)) — erl€ =e - (culrl ¢ — S (& ea))(f-x)+ (¢ (M oI+ N))-(VE)

1 1
- §(c¢rlg)(try )) + O(e?) (3.196)

on (M™,ganr). The linearisation of the divergence of a ® N (e) two-tensor that we will need to

perform will be trivial, since the D xr(¢) two-tensor will vanish on the Kerr background, e.g.

(divx,)(e), (diva)(e) ...

For this reason, we do not derive a complete linearisation formula for the divergence of D s ()

two-tensors.

We note that if
2P+ ERE=D0

on (M, gan), then we have

(1) M1 (1)

g7 ((div & + (§.€)(€) — (divE + (§,€)) =€~ (div g +2(&, §) — o (divE+ (€,€)(tr g )

2
(3.197)
(1) 1 @ (1) (1)
(P9 - L€ + (M o4 e 1) - (v)
+ O(€)

and

R (1) RO o
g ((—2D5 €+ ERE)(e)) =e- (—2D5 ¢ +2(E@¢) -2V & —(AvE+(£,€)) 4 (3.198)

(1) e
+ (US +TI&W) - (VE)) + O(e?)

on (M™,gan), where we used
(1)
( 5 (63)) )A(O =0

and the linearisation of the product

PRRNEY
M7 ((€,€)(€) = (6,6) =€~ (2(& £) + 4" & &) + O(e)

on (M+7 ga,M)'
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3.7.2 The equations of linearised gravity

In this section we present the system of linearised vacuum Einstein equations around the Kerr

solution (M, g, pr) in our outgoing frame-calibrated gauge.

With the formulae derived in Section 3.7.1, the reader should be able to linearise all the equations
in the system of Section 3.3.5. To give some non-trivial examples, we linearise the null frame

equation

(Vaea)(e) = (Vaea)©) = (TF4(e) = x*1(9) en(d) + Ya(©es(e) + (ma(e) +Cale) eale).
(3.199)

the first variational formula

(£ead)(€) = 2X,(€) + (trxo)(e)g(e) (3.200)

and the Bianchi equation

(V3 B)(e) + (trx,)(€)B(e) + @(€)B(e) + (¢ - xa)(€)*B(e) =P (=p, o) (€) + 3p( )n(e)
+ 30 (e )* (€) +2%,%(e) - B(e)
+Y%e) - al(e). (3.201)

Starting with the linearisation of equation (3.199) for the frame vector fields, we consider,

according to the Definition 3.6, the pushed-forward equation

b-c(Vaea) = d-c(Vaes) = (6:(TFy) = 6. 2)) (6-ciem) + (¢1(Ya))(6-c.e3)
+ (¢:(na) + 67(C)) (6-c.04)

on (M, g,) and linearise each of the terms following the Definitions 3.6 and 3.7. Note that,

for instance,

¢e(Ya) = (Y )(d-c.ea),
where
(9eY)(ea) = (HgeY)(ea) =0, Y(¢p-c,ea)=0.
We obtain the linearised null frame equation

(1) w, (1) 1 SR

o B
ealely) = —Xol — 3 (trxo)é“ — 5 (X)) £ — XPach+ Caell

To linearise equation (3.200), we first note that the equation is equivalent to

(Vag)(e) =

We linearise equation (3.200) in this latter form using the linearisation formula (3.190), i.e. we
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linearise the tensorial equation

g (Vag)(e) =0 (3.202)

on (M™, gan). We define the D s one-tensor

(1)
b

on (M™, ganr) such that
® (1)
ha:=g(ea,eq)

on (M™,g,r) and we note that

1) 1) (1) 1)
(MoO+TTe W) - (Vag))ap = glea, ea) np +9(e,ea) ny -

By applying Claim 3.5 and taking the symmetric traceless and trace parts of the linearisation

of (3.202), we obtain the pair of linearised equations

) (1) R,
Vad +# xo)(f)=2x-+ h 0 (n—n), (3.203)

1) (1) (1)
Valtrg ) = (trxo) + (b,n—mn). (3.204)

Equation (3.203) is an equation for symmetric traceless ® s two-tensors on (M, ga,M)- Since
T fA =0 on (M™",gs ), one can equivalently see it as an equation for the linearised metric

components, namely

(1) ) (1) N
Vild ap) + (- x0) (§)ap =2Xoap T(b&(n—1n)as.

The linearisation of equation (3.201) is conceptually analogous to that of equation (3.200).

However, we want to briefly elaborate on the linearisation of the terms

¢ (V3 B)(e)) (3.205)

and

¢ ((*n)(e)) (3.206)
on (M, ganr). To linearise (3.205), we apply formula (3.186). We have
¢9)
6:(Va B)(e) ~ VB = e (V3 §) + O(e)

on (M™, gan), where we used 8 = 0 and, in view of Claim 3.1, the identity

(1)
(B (e3))n=0.
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To linearise (3.206), we note that

(L2 ((*m) (€)= L), (62 g~ (€))7 (07 #(€))wor (0 m(€))
on (M™,g,nr) and linearise

* (% * (1) (1)ﬁ *(1) 2
(Mo () = Cmu = €- (§77¢ oty + (7 - )+ () + O(€).

The final linearisation of (3.201) reads

a @ QLW (1) W,
W35+(trxo)5+w6+(¢ Xo)* B =Di(~ p, a)+3p¢+3pn+3a 7

+ 30" 7] + 3agav¢w% + 30(};)% .
(1)
+g‘”¢wy7,ya+ fé/m (Vo)+ W - (Vp+ Vo).

We are now ready to present the full system of linearised vacuum Einstein equations.

Linearised null frame equations

The linearised null frame equations read

) (1) o, (h) (é) (1) o (h)
e a(el) +ealely) — e plely) —ep(ehy) = (P95 — TEa)el + (Tip — TEa)els (3.207)
1 @ (1)
+ §(¢ “Xo)fap€s + §(¢ “Xo)fapch
1 @ i
+ §(¢ 'Xu)¢ABe4 )

(1) (1) (1) (1) (1) gl) 1 (1) 1 (1)
() eseh) — € a(eh) — ealeh) =Tyl — X4 — 2 (r0) 3 — 2 (£-20) ¢y (3208)

W@y O

o Oaett+ (= (& a)et

a)ep+ (0 —
1
+(n—C)aek +Y 4

+ (I, —x

and

(1) o, 1,0 1 5y B (1) (1)
ea(ely) = = Xl — 5 (trxo) 0 — 5 (¢ XDM? —xBaeh 4+ et (3.209)

I w eV I C) NN A O
e's(ey) —eales) =2¢""(ny —m,) + 2" (0, — m,) +wes — wel . (3.210)

172



Linearised null structure equations

We have the linearised first variational formulae

~

(1) (1) OEROR

Vaf +# xo) (f)=2X+b&(n—n), (3.211)
(1) ) (1)

Va(trg ) = (trxo) + (b,n—n) (3.212)

and

1) (1) 1) (l)y

Vs(f ) — Va(IZID) ¢+ (WL + TIR)) (L3g) oy (3.213)
() () (1

TSI, ) + Doch)g, + (Dyeh)g, + (Onh) g
1)

(M W
= 2%, trxo)g,, + (trx) 4

)
F O, )

We have the linearised second variational formulae

0 m oW
Yixo Htrxe) Xo —@xo = — a, (3.214)
(1) m (1) 1) @
Vaxo+trx.)Xo—9x, = =205 Y +(n+n-20)®Y — a (3.215)
and the linearised Raychaudhuri equations
(1) (1) 1) (1)
W4(trXo) + (trxo) (trxo) — @(trxo) = (¢ - Xa) (¢ Xo) (3.216)
(1) 1) o Mm@
Y73(t142(o) + (trxo)(trxo) - Q(trxo) = <¢ 'Xu)(¢ ’ Xu) (trXo) —€3 (trXo) (3'217)
(1) (1)
+2divY +2(n+1n-2¢,Y).
We have the linearised mixed transport equations
M 1 m @ 1 M 1 (1) (1)
VaXo +5(0rx0) Xo +@ X6 = = 5(trxe) Xo +5(# - x0)" X0 — *(¢ Xo)" Xo (3.218)
n W Ko ()
—2F p+(Mel+IW) - (Vn) - (divo+(,0) 4
1 (ORI 1 (1) (ORI )
VS Xo (trXo) Xo +QXO - §(trXO) (¢ XD) Xo — §(¢ : XD) XO (3219)
0 o) )

(1)
—27D2¢ +2(77®ﬂ)—212“ 4+ (MQI+OH) - (V

)
— (divy + (n,m))

)
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(1) 1)
Valtr) + S(rx) (1) + G N0) = — Ly ) (V) + 2 x0) (- xe) + 37 x)(F - x0)
(3.220)
(1) (1) 1)
~ (@vnm)rd) + 260l © I+ 1o 1) - (V1)

(1) )
—2tr(V -n)+2p,

(1) 1)
Faltrne) + L (trx ) (EY0) + B(tv0) = — SN+ 2(F X)(F - Xe) + 5(# - 30) (¢ xe)
(3.221)
1) 1)
— v+ () + 26 @ T+ T 1) - (V)
(1) 1)
20(F - m) - (i) — (i) @ 424l + 0. )

— (Rleg))(trx) + 2%

and the transport equations
(1) 1) 1) (1)
Valf - xo) + (trx0) (£ - xo) = @(F - xo) = — (# - Xo) (t1X0) , (3.222)

(1) 1) M (1) SONNEH)
Vs(# - xo) + (rx0) (7 - x0) —@(F - x0) = — (£ x)(trxe) + (7 x0) @ —es(f - x0) (3223
+2(n— 2{)/\(}/1)—{—2 (11/)/\ﬂ+201/fr1(§1/)

(1) (1) (1) (1)
Vialt+Xo) + S (0)(F - Xa) + G0 Xe) = — 2 (- X)(EX0) — 2t X )(F - Xo) — 3¢ Xt X)
(3.224)
1) (1) (1) 0
~ (b)) +2(¢ - (W@ T+ 16 1) - (Va) +2 .
(1) 1) 1) 1) 1) 1)
Val# o) + () X0) +8F o) = = 2 X)) = S(re)F xo) = H(F - X)(11%5)

(3.225)

) (1) (1) (1)
—e3(¢ - xa) — (cdrln)(tr g ) +2(¢ - (M @I+ T W)) - (V)

1
- (¢ ’ XD) i +2 CI/{I'I(’;) — ((717)(63))(¢ . XD) _9 (é) .
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We have equations

(1) (1) ( )
1 @ (1)
+5(#xa)("n —"m) + (¢ Xo)g" ¢, (h — m,,)

1 1
- -5,

SOIC)
(Vs =X —xo % (n—n)  (3.227)

<«
o~
h<
+
[\
&
)~<
«

— 8=
=
~
w
=
=
==

(1)
§(trxo)(77—12) LX) + 2 0 )

1
+# xg)(trzi)( n—"n) - ﬁ ,
1) ey (1) 1)
Vi@ +26 @ =2n—C. ) —2n—n ¢)—2'7 (3.228)
1 1) (1)
— €3(®) +2¢"nun, —24" (n — )G
and the equations for the torsion
1 ny A 1) 1 (©)
Y SECI S N (Va€) + 5 (# - xo) (e ) ("0 = *¢) (3.229)

(1)
LX) (-0 + S (¢ X7, (0, —G)

M .M (1)
+xoﬁ-(n—()+§(¢'xu)(*n—*0— 8,

—171~(va;)+

(1) (1) (1) 1) (1) (1)
YVad +x2¢ +& ¢ = =V ¢+ Py ¢+ (Clea))n = T+ (Va0) (3.230)

(1)
LY G (V) Y =X (O — (X0 +O)
1) (1)
L+ T+ G — S e ) 70)
4 (1) L @ OGS
+x?-Y+top+on-¢0-oY -3,

@1 m (1)
C‘iﬂﬁ—*( ¢ (e3))(#-x) — (¢'(VI®H+H® ) - (V¢) (3.231)

M

M) x0) + o) (o) — () xe)
1 (1) 1., @ 1 (1)

- Z<trXo)(¢ "Xo) — §W(¢'Xu) e

q;

(1)
B(F %) + 5(F - x0) @

1)
+ %(cu(rl()(trﬂ) + 0
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We have the linearised Codazzi-like equations

My (1) 1) (1)
v X, + X F ¢ = - %g“% Vul# - xa) = %# 2V xa)) — %ﬁz (V£ x0))  (3.232)

(1) (1) 1)
SV (T x0)) = 5 X €+ 2') — £ (F- XD 8, (C+ 2m)

1)
Foxa ™ (20 - S 2 + B

(1) (1) (1) (1)

+ 5 (trx) €+ 5 Vrxo) + 5 - (V(irxe) — 6 -
(1) (1)

dv‘{VXo C_ -

(1
g Yt xe) — AR () - (V) (32
(1) (1)
)+ 1 X -2+ L e (- 20

(1)
slade o e - L
1) O
) €+ L) ¢ I (T - (o Yk 3
and the linearised Gauss-like equation
1) (1) 1
K= — L) (%) — L) (r30) — S x)(F-xa) — S xa)F ) (3:239)

W BD (1) (1)
(¢ Xﬂ)g ¢CBF3D+ (¢ Xu)g ‘?lCBFgD— p .
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Linearised Bianchi equations

The linearised Bianchi equations read

W ey (1)

(1) 1) ( LW (1)
= — 205 B —3p X, 30" Xo +(4n + )& B (3.235)

1) 1 1
Vs (04)+§(UX0) a+2wa+ §(¢ Xg) O

(1) M (1)
¥4 8 42(trx0) B~ B —2(¢ - xa)* § =div %2+<uﬁ ¢ty @ (3.256)
(1) @) ) (1)
Vs B +(trx,) B+@ B +(¢- x0)" ﬁ 7D1( )+3p?ﬂ +3 0 (3.237)

@ 1) )
+ 30* ﬁ +3 0 *n+30¢"¢ nu+30¢ 2.
1) (1) (1) 1)
+ - (Vp) +g"”¢_ﬂ7uo—+ 42 . (Yo)+ - (Vo),

ey D
V.9 (trxo) p =div 8 +(2n+¢, B) —

- 3 @ 3
2P(trxo) — 5ol Xo)
(3.238)
~exa) D,
1 3 wn 3 @ (1) 1y 3 @ 3 (1)
Va0 +5(trxo) o +50(trxe) = —alrl B =20+ A B +5p(# - Xx0) + 5(# - Xo) £
(3.239)
SONEY 3 1) ) 3. 3,
Vs p+eslp)+5(trx) p = —div 8 —(2n—¢, ﬁ) 5Pt o) + 5ol xo)
(3.240)
+ g(e “Xo) %),
(1 (1) 3 m 3 @ &) yn 3 @ 3 (1)
V3o +es(o)+ ltrxg) o +oo(tryy) = — crl 5 —(2n =) A B — 2PExs) = 5(Fx0) P
(3.241)
(1) o 1)
Vi B +(trxo) ﬁ+wﬁ+(¢-xu) ﬁ (.9 —3%y (3.242)
1)
+3(a) g+30—g””¢ n, +3a,¢/ﬁ2 n
(1)
- 171 (Vp) +g“”¢ﬂ7,m+ WQ (Yo)+ W - (Vo),
(1) m (1) 1) o W ©)
V3B +20rx,) B8 —w B -2(¢ x,)" B =—diva (=20 =3pY +30* Y , (3.243)
1 1 n @ 1 (1) 1 (1) LD ¢!
Vid +5(trxe) @ #2000 =5 (# - xo) =2P5 8 —3px, +30" X —(4n ()& B . (3.244)

Appendix A: The formal derivation of the equations

We derive the system of nonlinear vacuum Einstein equations of Section 3.3.5. In this appendix

we abandon the bold notation adopted throughout the chapter. Instead, we write in bold those
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terms that arise in our derivation of the equations but do not appear in the derivation of the

equations of [14, 13].

The null frame equations of Section 3.3.5 are simply the commutation formulae for the frame

N.

To derive the null structure equations, one applies the formula

g(VeIVeJeK,eL) — g(VeJVe,eK,eL) — g(v[ebe‘]]e}(,eL) = R(eL,eK,e[,eJ), (3.245)

with I, J,K,L = {1,2,3,4}. The reader should already note that, when I,J = {1,2}, the
commutator in the last term on the left hand side of (3.245) captures the non-integrability of
the frame N.

We will derive a subset of the null structure equations in that we omit the derivation of the
conjugate equations. We will also omit the straightforward derivation of the first variational
formulae. Before starting, let us note that, crucially, in our computations one has to keep track

of the order of the indices of x and x.

We compute

9(V3Vpes,ea) = (VsX)pa +T§p xoa +2(pY 4,
9(VBVses,ea) =2(VY)pa+@wXxpa,

C
9(Viesepes ea) = (TS — x25) xon +2(15 — (B) Y 4 +2Y gy

and obtain the equation

. c
(Vax)pa =2(VBY)a+@xpa X5 Xca+2008 — 2) Y 4 +2Y gy —apy . (3.246)

We compute

9(VaVpes,ea) = (Vax)pa + T xoa +2(B 104,

g
C
9(Viesepiesrea) = U5 — XP5) Xxoa +2YB Y 4 +2(np +(B) 14

(
(

VBVies,ea) =2(Vn)pa —@Xpa,

and obtain the equation

. c
(Vax)pa = =204 +2(V0)Ba—@Xpa X5 Xca +2YBY 4 +2(np +() na +R(ea, €3, €4, €5).
(3.247)
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We compute

9(VeVges,ea) = (VX)opa+T05 Xpa+CBXcA
9(VBVees,ea) = (VX)poa+T8Bcxpa+icXpa,
I(Vieeepiesrea) = T8p —TBe) xpa +(xcB — xBc) Y 4 +(XoB — XBC) DA

and obtain the equation

(Vex)Ba+(BXca =(VBX)ca+ Ccxpa+(XeB — xBc) Y 4 +(XcB — XBC) 1A (3.248)
+ R(6A7 €3, €eC, €B) .

We compute

o((Ve(Ven))(en), ea) =g(Vo(¥ en))(en), ea) + 5 X80 Xea +5xea Xap —yxesd(Vaen, ea)

1
~5XcB §(Vaep,ea),

G(V5(Vep))(eo),ea) = (T (Y en))(ec) ea) + -

1 1
5 XCD XA +5XBAXCD *§XBcg(773 ep,ea)

1
~ 5XBC §(Vaep,ea)
and obtain the equation

1

1
R(ea,ep.ec,ep) + 3 (XBD XcA+XCAXBD) — B (XcDp XBA+XBAXCD) (3.249)

_;(XCB — xBc)4(Vsep,ea) — ;(XCB —xBc)4(Vien,ea)

= R(ea,ep,ec,eB) -

We compute
B A
9(VaVaes,ea) = —=2(Va{)a — 2T54Cn — 2P 4np — 28 (a,
N B ~
9(VaVses, eq) = —2(V)a — 2x2, Y5 -2 (a,
B . .
9(Viegear€3,€4) = —2(T54 — xP4)CB — 2(na — (a) @ +20Y 4

and obtain the equation

R B B B R ~
(V3)a=(V@)a—x2amp + X2 4 Y5 —X2uCs +@(na—Ca) —0Y 4 — By - (3.250)
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We compute

9(V3Vies,ea) =2(Van)a —20Y 4,

g(VaVzes,ea) =2(VaY)a+2wny,

B N ~
9(Viegeai€3€4) = 2 4 (1 —1p) +20Y 4 —2dmy

and obtain the equation

B ~
(Van)a— (VaY)a=x"4(np —np) +20Y 4+ B4 . (3.251)

We compute

9(VaVies,eq) = —2Vaw —4YY , +200 0,
9(V3Vaes,eq) = 2V —Ann, +20@,
g(v[64,63]€37 64) = 4(77A - ﬂA)CA + 40&@

and obtain the equation

Vi +Vso =200, —2YAY , —200 —2(n — nM)Ca — 2p. (3.252)

We compute

9(VaVpes, e3) = 2(V)ap — xeox?24 — 2¢als
9(VBVaes, e3) = 2(V¢)pa — xapXx?5 — 2,
9(Vie,epesres) =209 = TGa)lc— @(Xap — XBa) + @(XaB — XBA)

and obtain the equation
2(VC)ap — 2(VQ)Ba — xBpx™E + xapx?B — 2(T9 — TG4)¢c (3.253)
+&(xaB —XBa) — @(XaB — XBA) = R(e3, e4,e4,¢p) .
Let (M, g) be a solution to the vacuum Einstein equations
Ric(g) =0.

Then

tra=tra=20,
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where the trace is taken with respect to g‘l, and

Rasap = pd 5 — 0% 4B > (3.254)
RuascB = —¢o5("B)a, (3.255)
¢ 4" P Rapcp = —2p. (3.256)

The identities (3.254)-(3.256) rely on the symmetries of the Riemann curvature tensor R, the
Bianchi identities for R and the fact that any antisymmetric horizontal two-tensor is propor-
tional to the (extension to an horizontal tensor of the) induced volume form ¢ on ©,r. The
proof of the identities (3.254)-(3.256) is analogous to that of [14, 13].

Note that all the spacetime covariant derivatives V appearing in the equations (3.246)-(3.253)
are applied to horizontal tensors on (M, g) and evaluated on the horizontal frame vectors. All
the other terms in the equations are horizontal components of horizontal tensors on (M, g). One
can therefore replace V by the projected covariant derivative ¥ and understand the equations

as equations for ® s tensors.

Taking the trace (with respect to g‘l) part, the antitrace (with respect to ¢_1) part and the

symmetric traceless part of equation (3.246), one obtains

W?)(trXo) + %('ﬂ"){cf *QtrXo = 7(.&.0720) - (XDaXD) + QdXVXWLQ(n +ﬂ*2C7X) y
W3(¢ ‘XD) _Q(‘?( ‘XI:I) = _XAX+2(77 - 2() AX+2X/\Q+2CI/{T1 X?

Vsko +(trx.) %o —@X, = 205 Y +(n+1n-20)RY —«

respectively. Taking the trace part, the antitrace part and the symmetric traceless part of

equation (3.247), one obtains

1 . o
Valtry,) + §(trxo)(trx,o) +wtrx, =—Xo  Xo) — (Xor Xo) + 2(0,0) +2p + 2divy +2(Y,Y),
W4(¢ : X\:‘) + (,:)(?( 'XD) =X /\X+2Y /\X"‘QO' -+ 2(31/{1'1 n,

. 1 R o 1 R R .
Viko +o(trxo) %o +@ %, = —2P5n—=(trx, ) X, +n@n+Y @Y

2 2

respectively. By taking the gCA—tmce of the equation (3.248),7% one obtains the Codazzi-like

equation
8 o f2 1 1 2 2
div %, = —div x, + X5 ¢+ x2 ¢ - 5(“ Xo)C + §Y7(tr Xo) —2x2 Y —2x2-n+p8.

By taking the gACgBD -trace of the equation (3.249), one obtains the Gauss-like equation

K= %(fcoaio) = %(trxo)(trxo) - %(;ﬁ Xo)(# - x0) + (T3, x0) + (T4, x5) = p-

"®Note that one can equivalently trace by gB 4. The gCB -trace vanishes because the equation is antisymmetric
in the horizontal indices B, C.
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By taking the antitrace of equation (3.253), one obtains

1= — 5 R Ao+ (0X0)(F 20) = 1 (0 X0)(F - xe) — 5 (F200) G4 (7 xe) D40

This completes the derivation of the null structure equations.
The Bianchi equations are derived via the contracted Bianchi identities’
VIRijkL =0,

with I, J,K,L = {1,2,3,4}.

""These are equivalent to the Bianchi identities
VirRikipm =0

when (M, g) solves the vacuum Einstein equations.
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We first compute

(V3R) aaBs = (V3) B + 2@ aap — 4(n®f) as ,

(VaR)asps = (Vaa)ap + 20 a5 +4(n® B)as,

(VaR) 430 =2(VaB)a — 20 B4 — 20" aup — 6Yap — 6"Yao

(V3R) 430 =2(V3B)a+ 2@ B4 —2Y P aap — 6nap — 6" naoc,
(VAR)acs = (Vaa)ge + 2Caae — 2(xaBBe + xacBs — xanB gsc) ,

(VBR) aaps = (¢“PVR) aspa
9°B(Vea)ap + 2caap — 2(xcaBs + xcBBa — xepBPgan))
(VPa)ap +2¢Paap — 2(trx)Ba+2(xaB — xBa)B",

(VPR)asps = (VP @) ap — 2¢7 aup +2(trx) B4 —2(xap — XBa) B,

f2C

(VaR)Baza =2(VaB)p + 2aBp — X Sanc — 3pxap — 3062 Gxac,

1
((VBR) a434 + (VAR)Bazs) = 3 (2(V35)A +2¢pBa — X Gaac — 3pxa — 3062 xB0

+2(VaB)B + 2¢aBs — X** Sapc — 3pxas — 306“’%)(%) :

1
2

1 1
5((VBR)A334 + (VaR)B334) = 3 (2(VB B)a—2(p BA+XPG asc +3pxpa —30¢2G xpo

+2(VaB)B — 204 B +x"S ape +3pxap —30¢25 XAC) ;
(VeR) asps =€anVeo — gapVep+ Xoa B + 945 Xep B2 — X Ba
— xcB Ba—9asxcp B +xcaBg,

(99BVeR) asps =24V oo — Vap — (trx) B4 +(xBa — XAB) B
+ (xpa+x48)B"% — (trx)Ba,

(9°BVeR)paas = — €25V oo — Vap+ (trx)Ba—(xBa — Xa5)B"
— (xBa +xaB) BZ +(trx) B4,

(g*PVER) aaza =2div B +2(¢, B) — (x, @) — 3p(tr x)—30€*Cxac,

(g*BVER) 4334 =2div B —2((, B) + (x, ) + 3p(trx) —30€C x 4 -

We now apply the contracted Bianchi identities. We compute

0= (V'R)1434
= (VAR) aasa + (VP R)3a31 + (V*R)aa34
= (¢"PVBR) as31 + (¢**VaR)3131 + (¢** V3 R) 4434
=2div 3 +2(¢, 8) — (x;a) = 3p(trx) — 30€"“x a0 — 2Vap + 4(n, B) — 4(Y, ),
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which corresponds to the Bianchi equation for V4p. We compute

0=(V'R)r4m4
1
= (¢P“VoR)Bas — §(V4R)34A4
=(VPa)ap +2¢Paap — 2(tr x)Ba + 2(xaB — xB4)B" — (VaB)a+ & Ba+ 1" aas
+3Yap + 3Yao,

which corresponds to the Bianchi equation for (V4/3)4. We compute

0=(V'R)314
1
= (gPYVoR) B3 — §(V3R)43A4
= — "24Veo — Vap+ (trx)Ba — (Xpa — Xap)B? — (XA + xaB) BZ +(trx) B4

+(V3B)a+@Ba— Y aup —3nap— 3nac,

which corresponds to the Bianchi equation for (V3/3)4. We compute

(VaR) aaps = = ((VBR)A434 + (VAR) Baza) + % ((V4R) a3B4 + (V4R) p344)

N | =

and, by substitution, obtain the equation

N A 1
(Vza)ap +20aap —4(n@p)as = 5 (2(V3ﬁ),4 +2C5Ba — X2 Gaac — 3pxpa — 302G xBc

+2(VaB)p + 26aBp — x*2 Sanc — 3pxan — 3U€ﬁ2gXAc>

+ (=Vap = 2(Y,8) +2(n, B))9aB -
Using the Bianchi equation for V4p, this corresponds to the Bianchi equation for (Vsa)ap.

As for the null structure equations, we omit the derivation of the conjugate equations. The
Bianchi equations for o are derived by taking the Hodge dual of the Bianchi equations for p.
Note that, as observed before, one can replace V by the projected covariant derivative ¥ and

understand the equations as equations for ® s tensors.

This concludes the derivation of the Bianchi equations and, in fact, of the whole system of

vacuum Einstein equations of Section 3.3.5.
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