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Abstract

The existence of black holes is perhaps the most spectacular prediction of Einstein’s classical

theory of general relativity. Recent advances in both theoretical and experimental physics, such

as the discovery of gravitational waves, have confirmed that black holes are stable, macroscopic

objects playing a fundamental role in our universe. On the other hand, modern physical theories

demand for a higher dimensional formulation of general relativity, and thus to understand the

stability properties of black holes within a wider scenario than the one directly probed by the

astrophysical observations. However, the mathematical question of whether black holes are stale

as solutions to the vacuum Einstein equations

Ric(g) = 0 ,

known as the black hole stability problem, remains, to large extent, open. The present thesis

contributes to the black hole stability problem with two theorems.

Chapter 2 of the thesis considers a family of higher dimensional black holes, known as black

rings. The potential stability of this family, and the part that physical theories should reserve

to them if unstable, have been largely investigated in the physics literature. The main theorem

of the chapter is the first mathematically rigorous result suggesting that these black holes are

unstable to gravitational perturbations. In particular, we establish a logarithmic lower bound

for the uniform energy decay rate of scalar linear perturbations on black ring spacetimes.

Chapter 3 of the thesis deals with the Kerr family of black holes, which is believed to characterise

all the astrophysical stationary black holes. To agree with our physical expectation, the Kerr

stability conjecture claims that these black holes are stable to gravitational perturbations. The

content of the chapter represents the first part of work by the author providing the last missing

ingredient towards a final proof of the conjecture for the slowly rotating members of the Kerr

family. More precisely, we formulate the problem of linear stability of Kerr black holes to

gravitational perturbations in a new geometric gauge.
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1
Introduction

The results established in this thesis lie at the interface between the analysis of nonlinear partial

differential equations and Einstein’s classical theory of general relativity. The thesis is primarily

devoted to the study of the dynamical properties of the vacuum Einstein equations

Ric(g) = 0 , (1.1)

with a particular focus on the long-time dynamics of the so-called black hole solutions.

The general framework underlying the thesis is that of the initial value problem for (1.1). Upon

fixing a differentiable structure, the vacuum Einstein equations form a system of nonlinear par-

tial differential equations with a Lorentzian manifold (M, g) as the unknown. The formulation

of such an initial value problem, and the proof of its local well-posedness, crucially rely on

understanding the system (1.1) as a system of nonlinear wave equations in the metric g.

The problems addressed in the thesis start from considering a well-known explicit solution

(M̃, g̃) to the vacuum Einstein equations, arising from initial data D, and investigate a nonlinear

(asymptotic) stability statement like the following:

Meta-Theorem 1 (Nonlinear stability). For all initial data sufficiently close to D, the maximal

solution (M, g) to the vacuum Einstein equations (1.1) exists globally in time and asymptotically

converges to (M̃, g̃) (or a nearby (M̃′, g̃′)).

A nonlinear stability theorem for (1.1) has been proven by the monumental work of Christodoulou–

Klainerman [14] when (M̃, g̃) corresponds to the trivial solution to (1.1), the Minkowski space-

time. A far more challenging problem is dealing with the case when (M̃, g̃) has a more com-

plicated geometry, as for black hole solutions. The problem is known as the black hole stability

problem and lies at the core of this thesis.

The main difficulties in proving stability statements for the Einstein equations arise from both
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the nonlinear and geometric characters of the equations. As it is often the case in the analysis

of partial differential equations, linear problems modelling (1.1) have proved to give insightful

information on the nonlinear dynamics. The two classes of linear problems typically addressed

are:

(i) Stability of solutions to the linearised Einstein equations: One considers the initial

value problem for the linear system of equations obtained from linearising (1.1) relative to a

reference solution (M̃, g̃). The manifold (M̃, g̃) is the solution to (1.1) whose stability properties

are examined and is said to be linearly stable if a statement like the following holds:

Meta-Theorem 2 (Linear stability). Given suitable initial data for the system of linearised

Einstein equations around (M̃, g̃), the (unique and global in time) solution to the system decays

in time and asymptotically converges to a precise reference solution (determined from (M̃, g̃))

solving the linearised Einstein equations.

Understanding the linear stability of a black hole solution is a crucial step towards proving its

nonlinear stability, as made clear by recent work of Dafermos–Holzegel–Rodnianski [19] for the

case of the Schwarzschild solution. Meta-Theorem 2 typically relies on techniques developed in

the easier study of the scalar linear wave equation on (M̃, g̃), for which the tensorial nature of

the Einstein equations is suppressed.

(ii) Uniform energy decay of solutions to the scalar linear wave equation : Since (1.1)

is a system of nonlinear wave equations, a natural toy problem to investigate is the initial value

problem for the scalar linear wave equation

2g̃ φ = 0 (1.2)

on a fixed Lorentzian manifold (M̃, g̃) whose stability properties we are interested in. To hope

for nonlinear stability of (M̃, g̃), the theorem that one aims to prove is a uniform (local) energy

decay statement for solutions to (1.2):

Meta-Theorem 3 (Uniform energy decay). There exists a universal constant C > 0 (inde-

pendent of time) such that, for any solution φ to (1.2) with smooth, compactly supported initial

data prescribed at time t = 0, the inequality

E(1)
loc [φ](t) ≤ C δ(t) E(2)[φ](0)

holds for any t > 0, with δ(t) scalar function such that limt→+∞ δ(t) = 0. The local energy

E(1)
loc [φ] is defined over an arbitrary compact set and the energy E(2)[φ] is a higher order energy

involving derivatives of the solution up to second order.

A fast (polynomial) uniform energy decay rate δ(t) for solutions to (1.2) is a valid indication

that one should expect nonlinear stability for (M̃, g̃). In the context of the black hole stability

2



problem, this ultimately motivates the study of the wave equation on black holes, like the one

carried out by Dafermos–Rodnianski–Shlapentokh-Rothman [27] for the Kerr solution.

This thesis contributes to the mathematical study of the black hole stability problem with two

theorems. The two results are versions of Meta-Theorem 2 and Meta-Theorem 3 specialised to

particular choices of (M̃, g̃), namely Kerr black holes and black rings.

Although the two theorems are independent results, they can be conceptually related within

the following dichotomy:

stability vs instability.

In fact, one of the two results concerns black hole stability and constitutes Chapter 3 of the

thesis. The other result deals with a particular kind of black hole instability and forms Chapter

2 of the thesis. The overarching theme of this thesis is that such a dichotomy can be connected

to a second dichotomy:

four dimensional black holes vs higher dimensional black holes.

Before further elaborating on this, we remark that, throughout the thesis, we restrict our

attention to the exterior region of black hole solutions to the vacuum Einstein equations with

zero cosmological constant. The interior region of black holes represents a separate (but, to

large extent, connected) story. For the vacuum Einstein equations with positive cosmological

constant, the nonlinear stability of the trivial solution, de Sitter spacetime, and the slowly

rotating Kerr–de Sitter black holes has been fully understood [43, 54]. In contrast, for negative

cosmological constant, the trivial solution, Anti-de Sitter spacetime, has been conjectured to be

dynamically unstable [16], the same being true for the Kerr–Anti-de Sitter family of black hole

spacetimes [59].

1.1 Four dimensional black holes: Stability

The only known family of explicit stationary black hole solutions solving (1.1) is called the Kerr

family. In fact, the Kerr family is conjectured to be the only family of stationary asymptotically

flat black holes and thus to characterise all the possible stationary endstates of black hole dy-

namics. Such a conjecture, known as the Final State Conjecture [73], motivates the expectation

that Kerr black hole solutions are nonlinearly stable.

Conjecture (Kerr Stability Conjecture). Let (M̃, g̃) be a Kerr black hole solution to the Ein-

stein equations with corresponding initial data D. For all initial data sufficiently close to D, the

maximal solution (M, g) to the Einstein equations (1.1) exists globally in time and asymptoti-

cally converges to a nearby member of the Kerr family (M̃′, g̃′).
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A mathematical proof of the Kerr stability conjecture remains a fundamental open question in

the field of hyperbolic partial differential equations. Solving such a conjecture requires a deep

understanding of the nonlinear dynamics of Kerr black holes.

Recent work of Dafermos–Holzegel–Rodnianski [19] has made clear that the crucial step to

approach the nonlinear stability problem for black holes is to first understand key quantita-

tive aspects of the linear stability problem. Works [19, 20] also demonstrate that how such

quantitative statements are achieved is fundamental to then address the nonlinear problem.

Work [19] considers the Schwarzschild subfamily of static black holes and opens the way towards

a proof of nonlinear stability of Schwarzschild black holes. The aim of Chapter 3 of the thesis is

to provide the first part of a proof of linear stability for stationary, slowly rotating Kerr black

holes. This is the crucial ingredient to then be able to address the nonlinear stability problem

for slowly rotating Kerr black holes.

Theorem 1.1 (Linear stability of slowly rotating Kerr black holes, Chapter 3). Given suitable

initial data for the system of linearised Einstein equations around a slowly rotating member of

the Kerr family (M̃, g̃), the (unique and global in time) solution to the system decays (inverse

polynomially) in time and asymptotically converges to a reference linearised Kerr solution.

Our proof of Theorem 1.1 lies within the framework developed by Dafermos–Holzegel–Rodnianski

[19] and Dafermos–Holzegel–Rodnianski–Taylor [20]. In light of the latter work [20], Theorem

1.1 can be viewed as the remaining ingredient to establish nonlinear stability for slowly rotating

Kerr black holes in that framework. As a by-product, our approach circumvents some of the

technical difficulties of the proof of linear stability for Schwarzschild black holes of [19].

1.2 Higher dimensional black holes: Instability

The Einstein equations can be mathematically formulated in any dimension. Higher dimensional

general relativity, namely the theory of general relativity in a number of dimensions greater than

four, is a major area of research in gravitational physics. The flourishing of this subject has

been mainly motivated by the study of unifying theories, such as string theory.

Quite remarkably, and in contrast with the rigidity of the Kerr family, the higher dimensional

vacuum Einstein equations admit several families of stationary black hole solutions. A natural

question to ask is whether the new families of black holes are nonlinearly stable. As for other

partial differential equations, it turns out that the stability properties of solutions to the Einstein

equations heavily depend on the number of dimensions.

The black hole stability problem in higher dimensions is the subject of Chapter 2 of the thesis. In

stark contrast to the conjectured stability of the Kerr family of black holes of Chapter 3, some of

the higher dimensional black hole solutions are expected to be unstable. A well-known example

of unstable solutions are black rings, a family of five-dimensional stationary asymptotically flat
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black holes discovered by Emparan–Reall [34]. Understanding their conjectured instability from

the mathematically rigorous perspective would shed light on precise aspects of the Einstein

equations that set the four-dimensional formulation apart from other higher dimensions.

The thesis contributes to the study of black ring instabilities with the following theorem.

Theorem 1.2 (Uniform energy decay rate on black rings, Chapter 2). Let (M̃, g̃) be a slowly

rotating black ring solution to the Einstein equations (1.1). Consider solutions to the wave

equation 2g̃ φ = 0 arising from smooth, compactly supported initial data prescribed at time

t = 0. Then, for any k ∈ N, there exists a universal constant Ck > 0 (independent of time) such

that

lim sup
t→+∞

sup
φ 6=0

[log(2 + t)]2k

(
E(1)

loc [φ](t)

E(k+1)[φ](0)

)
> Ck ,

where the local energy is defined over a suitable compact set and the energy E(k+1)[φ] is a higher

order energy involving derivatives of the solution up to order k + 1.

Logarithmic uniform energy decay of linear waves on slowly rotating black rings follows by a

recent generalisation [89] of a classical decay result of Burq [5]. Theorem 1.2 provides a complete,

sharp description of such a decay, namely it proves that no uniform energy decay with decay rate

faster than logarithmic can possibly hold. Logarithmic decay at the linear level is regarded as

slow decay, in that it cannot be directly applied to prove small data global existence for nonlinear

wave equations. In this sense, this is the first theorem suggesting the nonlinear instability of

black rings.

1.3 Guide to reading the thesis

This thesis consists of three chapters. Chapter 1 serves as an introduction. Chapter 2 investigates

the decay of scalar linear waves on black rings. Chapter 3 addresses the linear stability of slowly

rotating Kerr black holes to gravitational perturbations. Each of the chapters is self-contained

and starts with a brief abstract, an introduction and an overview.

The main results of the thesis are Theorem 2.3 of Chapter 2 and Theorem 3.2, combined with

the system of equations of Section 3.7.2, of Chapter 3.

A selective reading of the thesis should go through

∗ Chapter 1,

∗ Chapter 2: Sections 2.1, 2.5 and 2.10,

∗ Chapter 3: Sections 3.1, 3.2, 3.5 and 3.7.2.
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2
The stable trapping phenomenon for

black rings and its obstructions on the

decay of linear waves

The geometry of solutions to the higher dimensional vacuum Einstein equations presents aspects

that are absent in four dimensions, one of the most remarkable being the existence of stably

trapped null geodesics in the exterior of asymptotically flat black holes. This chapter of the

thesis investigates the stable trapping phenomenon for two families of higher dimensional black

holes, namely black strings and black rings, and how this trapping structure is responsible for

the slow decay of linear waves on their exterior. More precisely, we study decay properties for

the energy of solutions to the scalar, linear wave equation

2gringΨ = 0 ,

where gring is the metric of a fixed black ring solution to the five-dimensional vacuum Einstein

equations. For a class g of black ring metrics, we prove a logarithmic lower bound for the uniform

energy decay rate on the black ring exterior (D, gring), with gring ∈ g. The proof generalizes

the perturbation argument and quasimode construction of Holzegel–Smulevici [59] to the case

of a non-separable wave equation and crucially relies on the presence of stably trapped null

geodesics on D. As a by-product, the same logarithmic lower bound can be established for any

five-dimensional black string.

Our result is the first mathematically rigorous statement supporting the expectation that black

rings are dynamically unstable to generic perturbations. In particular, we conjecture a new

nonlinear instability for five-dimensional black strings and thin black rings which is already

present at the level of scalar perturbations and clearly differs from the mechanism driven by

the well-known Gregory–Laflamme instability.
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2.1 Introduction

The question of the classical stability of higher dimensional black holes has motivated a lot

of recent activity in the physics literature. From our perspective, what is most intriguing is

that higher dimensional general relativity is not just a formal extension of the four dimensional

theory, but it presents novel mathematical features, the most striking being the failure of the

rigidity and exterior stability properties of stationary black hole solutions that one expects in

four dimensions. See reviews [36, 60] and references therein.

The crucially new aspects of the higher dimensional theory are already manifest in five dimen-

sions, for which a number of explicit families of black holes have been discovered [107, 91, 33, 34,

88, 39, 92, 77, 31]. Indeed, the geometry and classification of solutions to the five-dimensional

vacuum Einstein equations is the better understood among all possible higher dimensions, and

this is one of the reasons why this chapter focuses on dimension five.

For what will be later discussed, we are particularly interested in three of these families of five-

dimensional black holes. The first originates from the somehow straightforward observation that

one can produce new solutions by adding a flat direction to a four dimensional black hole [47].

In this way, black strings of the form Schw4×R and Kerr4×R can be constructed, where points

along the new extended direction are usually periodically identified. Black strings suffer from

a linear instability to gravitational perturbations, the so-called Gregory–Laflamme instability

[48, 15]. The nonlinear dynamics of such instability has been largely investigated numerically

and seems to suggest a possible violation of the weak cosmic censorship [80].

While black string spacetimes are not asymptotically flat, there exists a number of indepen-

dent families of stationary, asymptotically flat black hole solutions in five dimensions, including

Myers–Perry black holes [91] and black rings [34, 92]. The former are a five-dimensional general-

ization of the Kerr family to black holes with two planes of rotation and event horizon topology

S3, while black rings form a completely new family, with no analogue in four dimensions.

The most remarkable property of black rings is the non-spherical horizon topology S1×S2. Black

rings can be singly-spinning, with rotation along the S1, or doubly-spinning, with rotation along

both the S1 and the S2. The mere existence of these additional solutions seriously questions

the possibility to recover any rigidity result in five dimensions (see review [35]). From the

stability point of view, both heuristic and numerical works show that every member of this

family is affected by linear instabilities to gravitational perturbations [41, 100]. In particular,

rings whose radius is much greater than the S2-radius at the event horizon, often called thin

black rings, resemble black strings and suffer from Gregory–Laflamme instabilities [32, 62].

The nonlinear, numerical evolution of such instabilities strongly suggests that black rings are

nonlinearly unstable to generic perturbations and possibly lead to a violation of the weak cosmic

censorship conjecture [40].

The aim of this chapter of the thesis is to provide a first mathematically rigorous

result in the context of the stability problem for black rings.
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2.1.1 The scalar linear wave equation

Some of the main difficulties in the mathematical study of the Einstein equations originate from

the nonlinear, and together tensorial, character of the equations. Given the hyperbolicity of the

Einstein equations, the scalar, linear wave equation

2gΨ = 0 (2.1)

on a fixed Lorentzian background manifold (D, g) is a preliminary (and, in principle, simpler)

toy model to consider. Typically, one chooses the spacetime (D, g) whose nonlinear stability is

under investigation and studies properties of solutions to (2.1), such as uniform boundedness

and decay in time of the energy associated to Ψ.1 Uniform boundedness and sufficiently strong

decay of the energy at the linear level are typically essential to hope for nonlinear stability of

(D, g).

In this regard, we are ultimately interested in uniform energy statements of the form

There exists a universal constant C > 0 (independent of time) such that, for any

given smooth, compactly supported initial data2 at time t = 0, solutions to (2.1)

satisfy

E[Ψ](t) ≤ CE[Ψ](0) (uniform boundedness)

Eloc[Ψ](t) ≤ Cδ(t)E[Ψ](0) (decay) (2.2)

for any t > 0, where δ(t)→ 0 as t→∞.

The energy E[Ψ](t) is a positive definite quantity of the form

E[Ψ](t) ∼
∑
|α|=1

∫
Σt

|∂αΨ|2(t, x) dx

for some suitable spacelike hypersurface Σt.
3 A k-th (higher) order energy involves higher

derivatives of the solution

Ek[Ψ](t) ∼
∑

1≤|α|≤k

∫
Σt

|∂αΨ|2(t, x) dx .

We sometimes refer to local energy statements, for which the local energy of the solution

Eloc[Ψ](t) ∼
∑
|α|=1

∫
Σt∩Ω

|∂αΨ|2(t, x) dx

1One is ultimately interested in proving pointwise decay for Ψ. The methods of proving pointwise decay by
means of estimates involving positive definite, L2-based quantities (energies) are frequently called energy methods.
These provide a robust framework to deal with both linear and nonlinear problems.

2This is the class of initial data that we consider throughout the introduction, even if not specified.
3The reader should refer to Section 2.2 for multi-index notation and the meaning of ∼. In Section 2.3 we

define hypersurfaces Σt, while in Section 2.4 we give a rigorous definition of the energy.
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is considered, with Σt ∩ Ω some bounded, non-empty set. We will also denote it as EΩ[Ψ](t).

The function δ(t) appearing in (2.2) is the uniform energy decay rate.

It is crucial that our energy statements are uniform, in the sense that they hold for any solution

to the wave equation and for all times t > 0. If no uniform energy decay with decay rate faster

than δ(t) can possibly hold, we say that the uniform decay rate is sharp.

Of particular interest for us is the case when (D, g) is the exterior region of a black ring space-

time. Before moving to that, we first briefly outline the state of the art for linear waves on some

other black hole exteriors of relevance for our discussion.

A series of works [68, 4, 23, 84, 25, 24, 85, 2, 108, 109], culminating in [27], has shown that the

energy of any solution to (2.1) (and of all its higher order derivatives) is uniformly bounded

and, in fact, decays (fast) polynomially in time on the exterior of sub-extremal Kerr black holes,

with a higher order energy on the right hand side of (2.2).4 This remains true up to the event

horizon, in contrast with extremal Kerr black holes, for which some derivatives do not decay

along the horizon [3].

For Kerr-AdS black holes, the energy of solutions is uniformly bounded and decays logarith-

mically in time when the black hole parameters satisfy certain bounds [55, 58]. In fact, such

uniform energy decay rate is sharp [59]. In some other parameter regime, superradiance allows

linear waves to grow exponentially in time [29].

For higher dimensional spacetimes, works [78, 102] show polynomial decay on Schwarzschild

black holes in any dimension, while [79] proves integrated local energy decay on five-dimensional

Myers–Perry black holes with small angular momenta.

The wave equation on the exterior of black strings has been mainly investigated from the

numerical point of view. For Schwarzschild black strings, the numerical analysis in [6] suggests

the absence of growing mode solutions, even when the black string gets boosted. The expectation

is different for Kerr black strings, for which superradiant instabilities have been numerically

shown [7, 8, 99].

Scalar perturbations of black rings will be the main topic of the present chapter. To the best of

the author’s knowledge, there is no rigorous study of the wave equation on these spacetimes in

the literature (apart from an application of a general result by Moschidis [89], we will come back

to this later). In view of the fact that the near-horizon geometry of large radius, thin black rings

approximates that of a boosted black string, heuristic arguments suggest a correlation between

properties of linear waves on black strings and on this class of black rings [6, 28]. In this

respect, one could expect uniform boundedness and decay on singly-spinning thin black rings,

which approximate Schwarzschild boosted black strings, and possible instabilities on doubly-

spinning thin black rings, because the geometry is now close to the one of a Kerr boosted black

string. Our work exploits, to some extent, this heuristic.

4For reasons that we shall discuss later, uniform energy decay on black hole exteriors cannot have the same
right hand side of (2.2). When we refer to decay on such spacetimes, we always implicitly consider an inequality
like (2.2), but with a higher order energy on the right hand side.
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It is important to note that the problem of studying the linear wave equation on a spacetime

is different (but, of course, related) from investigating the linear stability of such spacetime to

gravitational perturbations. In fact, the presence of an instability at the level of gravitational

perturbations, such as the Gregory–Laflamme growing modes for thin black rings, might be an

effect that is not manifest for scalar perturbations. This in part motivates our analysis.

2.1.2 Stable trapping and slow energy decay

One of the various geometric aspects of (D, g) interacting with wave propagation is null geodesic

trapping. High frequency solutions (or high frequency components of solutions) to the wave

equation approximately propagate along null geodesics for very long time. In the presence of

trapped null geodesics, this causes an obstruction to decay. A manifestation of this obstruction

is that uniform energy decay estimates of the form (2.2) cannot hold [94, 101].

Furthermore, the structure of trapping is crucial when one proves energy decay. Trapping that

occurs at the Schwarzschild photon sphere r = 3M and in the Kerr exterior region is unstable.

Even though the high frequency components of a solution are trapped, the good structure of

trapping allows an integrated local energy decay estimate of the form∫ ∞
0

χEloc[Ψ](s) ds . E[Ψ](0) ,

which degenerates at the trapping set, on which χ = 0.5,6 This degeneracy can be removed by

losing a derivative at initial time∫ ∞
0

Eloc[Ψ](s) ds . E2[Ψ](0) . (2.3)

In contrast, the presence of stable trapping in Kerr-AdS spacetimes prevents from proving

integrated energy decay for high frequencies, as first shown in [58]. This difference is what

originates the different uniform energy decay rate: While integrated local energy decay (2.3)

permits to establish polynomial decay on Kerr black holes [27, 22]

Eloc[Ψ](t) .
1

t2
E3,w[Ψ](0) (2.4)

for a suitable choice of spacelike hypersurfaces Σt,
7 one can only prove logarithmic decay for

Kerr-AdS spacetimes [58]

Eloc[Ψ](t) .
1

[log(2 + t)]2
E2[Ψ](0) .

5See Section 2.2 for the meaning of ..
6Here we are omitting another important property of Kerr black holes, namely the fact that superradiant com-

ponents of solutions are not trapped. Together with the instability of trapping, this is a fundamental ingredient
for the proof in [27].

7The energy on the right hand side contains some weights independent of t. If one restricts to compactly
supported initial data, then those weights can be neglected.
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Logarithmic decay is usually regarded as slow decay, the reason being the comparison with

polynomial rates as the one appearing in (2.4) and their application to nonlinear problems (see

Section 2.1.6).

From a more general point of view, these results suggest that a bad trapping structure on black

hole exteriors generically leads to slow uniform energy decay rates. Furthermore, one might

wonder whether arbitrarily bad trapping can produce arbitrarily slow decay or, alternatively,

whether there exists a universal minimal decay rate that linear waves always satisfy. This ques-

tion has been answered in the context of obstacle problems for the wave equation on Minkowski

space [5], for which the local energy decays logarithmically in time without any assumption on

the geometry of the trapping obstacle. Partly motivated by this result is the conjecture that,

provided uniform boundedness holds, the same universal minimal decay rate should hold for

waves on the exterior of any stationary black hole, again without requiring any good structure

for trapping. This has been proven for a general class of stationary, asymptotically flat (black

hole) spacetimes in [69] and [89]. In particular, the class of spacetimes considered in [89] in-

cludes all black rings. Works [38, 37, 70] show that for some non-black hole geometries this

expectation fails to be true.

A separate, but equally relevant question is whether the presence of stable trapping further

imposes that uniform decay rates are sharp. This is indeed the case for logarithmic decay

on Kerr-AdS black holes [59],8 on some static, spherically symmetric spacetimes considered

in [69] and for the example constructed in [89] (which is a modification of a counterexample

of Rodnianski and Tao in [98]). Sharpness of the decay rate has also been shown on certain

microstate geometries [70], on more general gravitational solitons [50] and for the Dirac equation

on Schwarzschild-AdS [64].

The technique employed in all these works consists in constructing approximate solutions to the

wave equation, called quasimodes, which are localized along stably trapped null geodesics. While

a proof of decay usually involves the global structure of a spacetime, quasimode constructions

only rely on the local geometry in proximity of the trapping set.

Before presenting the main ideas behind this technique, let us remark that uniform energy decay

rates are crucial for nonlinear applications. (Fast) polynomial decay gives hope to be able to

prove stability results for nonlinear problems, whereas logarithmic decay is not enough in this

regard and strongly suggests nonlinear instabilities. See Section 2.1.6.

2.1.3 Quasimodes and lower bound on the uniform energy decay rate

We give an overview of how quasimodes can be used to contradict uniform energy decay state-

ments for solutions to the wave equation.9

8Restricted to the case of Schwarzschild-AdS black holes, the sharpness of logarithmic decay was first observed
in [44].

9The presentation here is far from being rigorous, we leave technical details for Section 2.10. The exposition
is very much inspired by [104].
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Consider some stationary, (d + 1)-dimensional Lorentzian manifold (D, g) and a coordinate

system (t, x), with x = (x1, . . . , xd). An informal definition of quasimodes can be the following:

We define quasimodes as complex-valued, time-periodic functions of the form

Ψm(t, x) = eiωmtum(x),

with frequency parameters ωm ∈ R and m ∈ Z, such that

(i) Ψm is in some energy space,

(ii) Ψm is localized in space, i.e. um is compactly supported,

(iii) Ψm is localized in frequency, i.e.
∥∥∂2Ψm

∥∥ ∼ ω2
m ‖Ψm‖ in some energy norm,

(iv) Ψm is an approximate solution to the wave equation.

In general, quasimodes do not satisfy the wave equation (2.1). In fact,

2gΨm = Errm(Ψm) ,

where Errm(Ψm) is the error. Functions Ψm are approximate solutions to the wave equation

when Errm is small, in a sense that of course needs to be specified. In particular, we suppose

that

‖Errm‖ → 0 as m→∞

(again in some energy norm), i.e. Ψm is an approximate solution to the wave equation for high

frequency m. Typically, one is also interested in the rate in m at which the error tends to zero.

So let us further assume that

‖Errm‖ = O
(
e−Cm

)
(2.5)

for m large, where C > 0 is a constant independent of m.

To see what quasimodes can tell about energy decay of solutions to the wave equation, consider

the initial value problem 
2gΨ

H
m = 0

ΨH
m|t=0 = Ψm|t=0

∂tΨ
H
m|t=0 = ∂tΨm|t=0

, (2.6)

where ΨH
m denotes a solution to the homogeneous wave equation (in contrast with Ψm, that

solves the wave equation with inhomogeneous term Errm). Initial data for ΨH
m are the quasi-

modes. Duhamel’s formula10 gives

Ψm(t) = ΨH
m(t) +

∫ t

0
ξ(s; t, x) ds ,

10Here we use the Duhamel’s formula that holds for Minkowski space. For a general Lorentzian metric g, one
needs to correct the formula with some factors that we omit.
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with ξ(t, x) solution of 
2gξ = 0

ξ|t=s = 0

∂tξ|t=s = Errm(Ψm)|t=s

. (2.7)

From Duhamel’s formula, one has∥∥ΨH
m −Ψm

∥∥ ≤ t sup
s∈[0,t]

‖ξ(s)‖ .

Suppose now that the energy of any solution to the homogeneous wave equation is uniformly

bounded by the initial data for all times, then∥∥ΨH
m −Ψm

∥∥ ≤ Ct ‖Errm‖ (from (2.7))

≤ Cte−Cm

with m sufficiently large and C > 0 universal constant. For t ≤ eCm/2C, the reverse triangle

inequality gives

∥∥ΨH
m

∥∥ (t) ≥ 1

2
‖Ψm‖ (t) =

1

2
‖Ψm‖ (0)

=
1

2

∥∥ΨH
m

∥∥ (0) ,

where the first equality holds by time-periodicity of quasimodes and the second from (2.6). We

conclude ∥∥ΨH
m

∥∥ (t) ≥ 1

2

∥∥ΨH
m

∥∥ (0) for t ≤ eCm

2C
and m large . (2.8)

If

‖ · ‖ = Eloc[ · ]

with local energy over some bounded set containing the spatial support of any Ψm|t=0, then

(2.8) gives

Eloc

[
ΨH
m

]
(t) ≥ 1

2
E
[
ΨH
m

]
(0) for t ≤ eCm

2C
and m large , (2.9)

where Eloc

[
ΨH
m

]
(0) = E

[
ΨH
m

]
(0) by the localization in space of the quasimodes.

A sequence {(
ΨH
m, tm

)}
m∈Z (2.10)

with tm = eCm/2C contradicts a uniform energy decay statement of the form

There exists a universal constant C > 0 (independent of time) such that all smooth,

compactly supported solutions Ψ to the wave equation 2gΨ = 0 satisfy

Eloc [Ψ] (t) ≤ Cδ(t)E [Ψ] (0)

for all t > 0, with δ(t)→ 0 as t→∞.

13



Proof. To see this, note that the proposition above implies that for any ε > 0, there exists

T > 0 such that Eloc [Ψ] (t) ≤ εE [Ψ] (0) for all t ≥ T , this being true for any solution Ψ. We

choose ε = 1/4. We then choose m∗ sufficiently large, say eCm∗/2C > 2T . In view of (2.9),

there exists a solution ΨH
m∗ to the wave equation such that Eloc

[
ΨH
m∗

]
(t) ≥ 1

2E
[
ΨH
m∗

]
(0) for

T ≤ t ≤ 2T . This leads to a contradiction.

Using the frequency localization of ΨH
m(0), i.e. the frequency localization of quasimodes, and

system (2.6), inequality (2.9) gives the following

Eloc

[
ΨH
m

]
(t) &

1

m2
E2

[
ΨH
m

]
(0) for t ≤ eCm

2C
and m large .

Therefore, sequence (2.10) proves that a uniform energy decay statement of the form

There exists a universal constant C > 0 (independent of time) such that all smooth,

compactly supported solutions Ψ to the wave equation 2gΨ = 0 satisfy

Eloc [Ψ] (t) ≤ C

[log(2 + t)]2
E2 [Ψ] (0) (2.11)

for all t > 0.

has to be sharp, in the sense that sequence (2.10) disproves any uniform energy decay statement

of the form (2.11) (with the same loss of derivatives) with faster uniform energy decay rate.

After this brief discussion, the reader should be convinced that lower bounds for uniform energy

decay rates can be proven rather easily once quasimodes are constructed. The particular bound

that one is able to produce depends on the rate at which quasimodes approximate solutions

to the wave equation. In fact, the hard part of the argument is proving that quasimodes with

suitably small error do actually exist.

In [94], quasimodes are constructed to produce lower bounds in the context of the obstacle

problem on Minkowski space. The major insight of [59] is that such construction is still possible

on Kerr-AdS spacetimes and, moreover, that stable trapping lets quasimodes satisfy (2.5).

Subsequent works proving lower bounds essentially follow the same ideas of [59]. Even though

some additional difficulties come into play, this is also the spirit of the proof of our main result.

2.1.4 The main results

Our main theorem produces a logarithmic lower bound for the uniform energy decay rate of

solutions to the wave equation on black rings. In particular, the theorem concerns decay on the

black ring exterior (D, gring), with gring belonging to some class g of black ring metrics.

We give here a first informal version of the result. The complete statement can be found in

Section 2.5. The existence of quasimodes with suitably small error is a crucial step of the proof,

so we state it as an independent theorem.
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Theorem 2.1 (Quasimodes for Black Rings). Let g be a class of black ring metrics gring,

as defined in (2.30), and consider the black ring exterior region (D, gring), with gring ∈ g. Let

(t, r∗, θ∗, φ, ψ) be the coordinate system on (D, gring) introduced in Section 2.9. Then, for δ

sufficiently small, there exist non-zero functions Ψm : D → C such that

(i) Ψm ∈ Hk(Σt∗) for any k ≥ 0,

(ii) Ψm(t, r∗, θ∗, φ, ψ) = e−i ωmtei(mφ+Ĵ ψ)ϕm(r∗, θ∗), with ωm ∈ R and m, Ĵ ∈ Z,

(iii) inequality c ≤ ω2
m/m

2 ≤ C holds, with constants c, C > 0 independent of m,

(iv) for any k ≥ 0, there exists a constant Ck > 0, independent of m, such that∥∥2gringΨm

∥∥
Hk(Σt∗ )

≤ Cke−Ckm ‖Ψm‖L2(Σ0)

for all t∗ > 0,

(v) the support of ϕm(r∗, θ∗) is contained in Ω ⊂ D, where Σ0∩Ω is a bounded, non-empty set

and Φt∗(Σ0 ∩ Ω) = Φt∗(Σ0) ∩ Ω remains bounded and non-empty for all t∗ > 0, with Φt∗

the one-parameter group of diffeomorphisms generated by the Killing vector field ∂/∂t∗,

(vi) the support of Errm(Ψm) := 2gringΨm is contained in Ωδ ⊂ Ω, where

Ωδ := {x ∈ Ω : ∃ y ∈ ∂Ω such that dist((r∗(x), θ∗(x)), (r∗(y), θ∗(y))) ≤ δ}

with dist(·, ·) the Euclidean distance,

with time coordinate t∗ and spacelike hypersurfaces Σt∗ defined in Section 2.3.4.

Theorem 2.2 (Lower Bound for Uniform Energy Decay Rate, First Version). Let g

be a class of black ring metrics gring, as defined in (2.30). Consider smooth solutions Ψ : D → C
to the scalar, linear wave equation

2gringΨ = 0 (2.12)

on the black ring exterior (D, gring), with gring ∈ g, and assume that a uniform boundedness

statement (without loss of derivatives) for the energy of solutions to (2.12) holds. Then, there

exists a universal constant C > 0 (independent of time) such that

lim sup
t∗→+∞

sup
Ψ∈SC∞0 (Σ0),Ψ 6=0

[log(2 + t∗)]2
(
EΩ[Ψ](t∗)

E2[Ψ](0)

)
> C ,

where the supremum is taken over all smooth, non-zero solutions to the wave equation with

compactly supported initial data on Σ0. Furthermore, for any k ∈ N, there exists a universal

constant Ck > 0 such that

lim sup
t∗→+∞

sup
Ψ∈SC∞0 (Σ0),Ψ 6=0

[log(2 + t∗)]2k
(
EΩ[Ψ](t∗)

Ek+1[Ψ](0)

)
> Ck .

15



The set Ω appearing in the local energy EΩ[Ψ](t∗) is the one fixed in Theorem 2.1, with time

coordinate t∗ and spacelike hypersurfaces Σt∗ defined in Section 2.3.4.

We present a corollary of Theorem 2.2 and some important remarks.

Corollary 2.1 (Sharp-logarithmic uniform energy decay). Let g be a class of black ring

metrics gring, as defined in (2.30). Consider smooth solutions Ψ : D → C to the scalar, linear

wave equation

2gringΨ = 0 (2.13)

on the black ring exterior (D, gring), with gring ∈ g and compactly supported initial data on Σ0,

and assume that a uniform boundedness statement (without loss of derivatives) for the energy

of solutions to (2.13) holds. Then, for any k ∈ N and Ω ⊂ D such that Σ0 ∩ Ω is a bounded,

non-empty set and Φt∗(Σ0 ∩ Ω) = Φt∗(Σ0) ∩ Ω remains bounded and non-empty for all t∗ > 0,

there exists a universal constant Ck(Ω) > 0 (independent of time) such that

EΩ[Ψ](t∗) ≤ Ck(Ω)

[log(2 + t∗)]2k
Ek+1[Ψ](0) (2.14)

for all t∗ > 0, with time coordinate t∗ and spacelike hypersurfaces Σt∗ defined in Section 2.3.4.

Furthermore, the uniform energy decay rate of (2.14) is sharp.

Remark 2.1 (Theorem 2.2 complements Moschidis [89] for g). The first part of Corollary

2.1 follows by a result of Moschidis (see Theorem 2.1 in [89]) specialized to the class g of black

rings. The sharpness of the statement is a direct consequence of our Theorem 2.2.

Remark 2.2 (Uniform boundedness assumption). Our assumption on uniform bounded-

ness is crucial to produce the logarithmic lower bound once quasimodes are constructed. How-

ever, superradiance occurs for all black rings and obstructions to uniform boundedness might be

present. As for Kerr black holes, one can successfully prove uniform boundedness for axisym-

metric solutions to the wave equation and for non-superradiant, fixed-frequency modes, but no

uniform boundedness statement holding for all solutions is known.11 From this point of view,

sharp-logarithmic energy decay appears to be the best scenario that one can hope for on the class

of black rings g, the alternative being the failure of uniform boundedness.

Remark 2.3 (Lower bound for black strings). The result of Theorem 2.2 also holds for five-

dimensional static and boosted black strings.12 This can be easily inferred by treating theorems in

Section 2.7 and Section 2.8 as independent results and carrying out the quasimode construction

11Note that, in view of the aforementioned result by Moschidis [89], in order to contradict uniform boundedness
for black rings, it would be enough to disprove logarithmic uniform energy decay. For instance, it would suffice to
show the existence of real mode solutions or to construct quasimodes whose errors decay faster than exponentially
in frequency.

12For the latter, one needs a further assumption on the boost parameter, as we shall see later. Note also that,
since string metrics are fully-separable, one does not need the whole machinery developed in this chapter to prove
an analogue of Theorem 2.2 for black strings.
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of Section 2.10. Note that, in the case of black strings, uniform boundedness does hold, so one

does not need to assume it in Theorem 2.2. For static black strings, uniform boundedness follows

from the same arguments presented in [26] to prove uniform boundedness on Schwarzschild

spacetime. On the other hand, boosted black strings possess an ergoregion, but they are still

not affected by superradiance. From the geometric point of view, the absence of superradiance

corresponds to the existence of a Killing vector field

X = (coshβ) ∂t − (sinhβ) ∂z , (2.15)

which is causal on the whole domain of outer communication (see Section 2.3.2 for the definition

of the quantities in (2.15)). The vector field X is the linear combination of two Killing vector

fields, and correctly reduces to X = ∂t in the unboosted case β = 0. As for the static black

string, one can prove uniform boundedness for solutions to the wave equation in the spirit of

[26]. This would give a rigorous proof to the numerical analysis in [6] and to a comment in

Section 3 of [28].

The proof of Theorem 2.2 relies on the construction of quasimodes. The main technical

difficulty arising from such construction, which does not appear in previous works,

lies in that the wave equation fails to fully-separate on black rings. This motivates

our new PDE approach to the problem. See Section 2.1.7 for an overview.

2.1.5 Stable trapping in higher dimensional black holes

Black strings possess the most basic geodesic structure that one can find in higher dimensional

black holes. In this regard, it is interesting to note that null geodesic motion on black string

exteriors can be understood in terms of timelike geodesics in the exterior of the correspondent

unextended black holes. In fact, at the level of the geodesic equation, one can treat the conserved

momentum of a light ray along the extended direction as the mass of a particle orbiting the

unextended object. Thus, from the existence of stable timelike orbits around four-dimensional

Schwarzschild and Kerr black holes, one can immediately deduce the presence of stably trapped

null geodesics in the correspondent five-dimensional (boosted) black string exteriors (see also

[49]). Similarly, the absence of stable orbits for massive particles around higher dimensional

Schwarzschild black holes [51] suggests that one should not expect stably trapped null geodesics

for static black strings in dimensions higher than five.13

The class g of black rings that we consider in Theorem 2.2 is morally a class of thin, singly-

spinning black rings, whose near-horizon geometry resembles that of five-dimensional (boosted)

black strings. It turns out that, in a sense that this chapter of the thesis shall clarify, the

trapping structure of black strings locally persists for this class of black rings. In fact, we

will be able to prove the existence of null geodesics whose toroidal orbits remain in a bounded

region outside the event horizon (see Theorem 2.7 and Remark 2.32). The appearance of

stable trapping on asymptotically flat solutions to the vacuum Einstein equations

13In this sense, one should note that Remark 2.3 concerns five-dimensional black strings only.
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is a remarkable geometric property of higher dimensional black holes, which is

absent in four dimensions. Stable trapping has to be regarded as the fundamental

mechanism underlying the slow decay of linear waves that Theorem 2.2 determines.

Our proof of stable trapping for black rings is a by-product of the proof of Theorem 2.2 and

puts in mathematically rigorous relation the trapping structure of black rings with that of black

strings. This stable trapping phenomenon has already been investigated in [66], where a more

computational approach was adopted. Other aspects of geodesic motion in black ring exteriors

are presented in [61, 30].

2.1.6 A new instability for black strings and black rings

Theorem 2.2 suggests that one should expect nonlinear instabilities for the class g of black rings

and, in view of Remark 2.3, for five-dimensional black strings, the reason being that sufficiently

strong decay at the linear level is necessary to prove small data global (in time) existence for

nonlinear problems. It turns out that fast polynomial decay, namely faster than 1/t, is enough

to close a classical bootstrap argument, whereas logarithmic decay is not.14

However, the nature of the nonlinear instability that one can conjecture from The-

orem 2.2 differs from the one caused by the nonlinear dynamics of the Gregory–

Laflamme modes. To make this statement more precise, we first briefly discuss some key

features of the Gregory–Laflamme instability.

Given a metric perturbation

gµν → gµν + hµν ,

the original work of Gregory and Laflamme [48] shows that, if gµν is the metric of a static black

string of radius r0, then there exist exponentially growing (in time) modes of the form

hµν ∼ e−i(ωt−Jz)Hµν(r) ω ∈ C, J ∈ R ,

with Im(ω) > 0 and z coordinate along the extended direction, such that gµν + hµν solves the

linearised Einstein equations. For such modes to exist, the condition

J < JGL (2.16)

needs to be satisfied, where JGL ∼ 1/r0 is a positive constant characteristic of the string, and

ω has to be chosen as a function of J .

If one compactifies the string by identifying z ∼ z + L, with L positive constant, then the

frequency parameter J becomes discrete and has minimum (non-zero) value Jmin = 1/L. If

L � r0, then there exists J satisfying (2.16) and the compactified black string is unstable.

Otherwise, for L sufficiently small, the instability disappears. Therefore, the Gregory–Laflamme

14Here we are thinking about nonlinearities involving both the solution and first derivatives of the solution
and with some nice structure, i.e. satisfying the null condition of Christodoulou [12] and Klainerman [72].
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instability characterises black strings whose compactified extra-dimension is, in some sense,

sufficiently large compared to the horizon radius. This aspect has a meaningful connection with

Kaluza–Klein theories, see [60].

Work [62] argues that the same picture essentially holds for boosted black strings and very thin,

singly-spinning black rings. For the latter, one should understand r0 as the radius of the S2 at

the horizon and L as the radius of the ring.

As one can see, the Gregory–Laflamme instability is a purely gravitational effect, which is

already manifest at the linear level and persists in the nonlinear evolution of suitably perturbed

initial data [80, 40]. On the other hand, the nonlinear instability conjectured from Theorem

2.2 would emerge in the form of time integrals of error terms (nonlinearities) becoming large in

the time evolution. In this sense, it would be a genuinely nonlinear effect originating from slow

decay at the scalar, linear level. Note also that our instability is ultimately connected to a high-

frequency phenomenon, while the Gregory–Laflamme modes are low-frequency perturbations.

For black strings, our instability does not require any restrictive condition on the geometry of

the spacetime, thus, in contrast with the Gregory–Laflamme instability, it would affect any

five-dimensional black string, including those with small compactified extra-dimension L� r0.

In any dimension higher than five, black strings with L � r0 still suffer from the Gregory–

Laflamme instability, but none of them would suffer from our instability (see Section 2.1.5 for

motivation).

In the case of black rings, it is interesting to note that both the instabilities affect (very) thin

black rings. In particular, we expect that at least some of the members of the class g would

suffer from both the instabilities.

2.1.7 Overview of the proof of Theorem 2.2

We present an overview of the proof of Theorem 2.2. Note that each step of the proof is, to some

extent, self-contained and one could jump from Step 1 or 2 to the construction of quasimodes in

Step 4 (see Remark 2.3). At the beginning of each step, we report the section where the reader

can find the detailed argument, so that the overview also serves as an outline of the chapter. A

formal version of Theorem 2.2 is Theorem 2.3 of Section 2.5.

Step 1. (Sections 2.6 and 2.7) Our proof starts by considering five-dimensional static black

strings Schw4 × R in the usual Schwarzschild coordinate system. The metric reads

ds2 = −f(r) dt2 + f(r)−1 dr2 + r2 dΩ2
2 + dz2 ,

where f(r) = 1 − r0/r, r0 > 0. The event horizon lies at r = r0 and the z coordinate is

periodically identified by z = z + 2πR, with R some positive constant.
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With an ansatz of the form

Ψ(t, r, θ, φ, z) = ei(−ωt+mφ+J z)u(r, θ) ,

with ω ∈ R and m,J ∈ Z, and after a suitable factorization of u(r, θ), the wave equation on

static black strings can be fully-separated. However, for later convenience, we do not fully-

separate the wave equation, but we instead rewrite it as a two-variable Schrödinger-type partial

differential equation of the form

− g(r)

m2
∆(r∗,θ)u+ V (r, θ)u =

ω2

m2
u , (2.17)

where g(r) and V (r, θ) are smooth, positive functions independent of the frequency parameters

ω and m. At this stage, we have set J = bm, choosing the constant b such that potential V

has a local minimum on the exterior region {r ≥ r0}. We will keep this scaling of J throughout

the proof.

We formulate a Dirichlet eigenvalue problem for equation (2.17) on a bounded set Ω containing

the local minimum of V (see Figure 2.1). The set of eigenvalues for this problem is discrete,

so eigenvalues ω2/m2 cannot be freely specified. However, we will be able to prove that, for

any energy level E2 satisfying Vmin < E2 < V (∂Ω) and constant δ > 0 arbitrarily small, the

eigenvalue problem (2.17) admits an arbitrarily large number of eigenvalues in [E2 − δ, E2 + δ]

for m2 sufficiently large. This is a version of Weyl’s law for the Laplacian, where 1/m2 has to

be interpreted as a semi-classical parameter.

For this first step we essentially adapt Section 4.1 of [69] to our new two-variable PDE setting.

The moral of the following two steps of the proof will be to replicate this construction for the

abstract eigenvalue problems emerging from the separation of the wave equation on boosted

black strings and black rings. By applying the perturbation scheme of Holzegel–Smulevici [59]

twice, we will be able to prove an analogous asymptotic property for the eigenvalues of both

problems (see Figure 2.2).

Step 2. (Section 2.8) We consider a five-dimensional boosted black string

ds2 =− [1− (1− f(r)) cosh2 β] dt2 + 2(1− f(r)) sinhβ coshβ dt dz

+ [1 + (1− f(r)) sinh2 β] dz2 + f(r)−1 dr2 + r2 dΩ2
2

with boost parameter β ≥ 0. The corresponding Dirichlet eigenvalue problem

− g(r)

m2
∆(r∗,θ)u+ V β

(ω,m)(r, θ)u =
ω2

m2
u (2.18)

is now nonlinear, since the potential depends on both ω and m. Note that problem (2.18)

reduces to problem (2.17) when β = 0, i.e. when the boost parameter is zero.

The analysis of potential V β
(ω,m) represents the main technical difficulty of this part of the
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Figure 2.1: Potential V and open set Ω for the static black string eigenvalue problem (2.17).

static string boosted string

β = 0 β = β?→

boosted string black ring

1
R → 0 1

R = 1
R?

→
←perturb w.r.t. 1/R

perturb w.r.t. β

Figure 2.2: The perturbation scheme adopted in our proof can be schematically divided in two steps
(two segments in figure), where for each step we apply the full perturbation argument of Holzegel–
Smulevici [59]. The first time we perturb the eigenvalue problem for the static black string (boost
parameter β equal to zero) towards the problem for the boosted black string with boost parameter β?,
following the direction of the black arrow in figure. The second time we connect the problem for the
boosted black string to the one for the black ring of radius R?. This second perturbation will generate
extra errors that require an additional smallness parameter to be controlled, namely the inverse of the
radius of the black ring 1/R?. Thus, the endpoint of the second perturbation (represented by a red dot
in figure) will have to be chosen sufficiently close to the starting point.

proof. The potential depends on ω both linearly and quadratically, meaning that one cannot

understand the structure of V β
(ω,m) and energy levels E independently. The idea will be to

choose E such that V β
(Em,m)(r, θ)−E

2 is negative on a bounded subset of Ω and admits a local

minimum in such subset. This will implicitly reproduce the setting of Step 1.

Note that no additional symmetry assumptions on solutions Ψ to the wave equation can be made

to simplify the analysis of V β
(ω,m), i.e. none of the frequency parameters can be set to zero (cf.

[59], where this is possible). See Lemma 2.4 for motivation.

A perturbation argument with respect to β, based on an iterative application of the Implicit

Function Theorem, will allow to use our knowledge of problem (2.17) to conclude that, for m2

sufficiently large, eigenvalues for the eigenvalue problem (2.18) exist and accumulate in the strip

[C,E2 + δ], with constants C > 0 independent of m and δ > 0 arbitrarily small.
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Step 3. (Section 2.9) Finally, we consider a five-dimensional, singly-spinning black ring g(r0,R)

belonging to the class g.15 Written in coordinates (t, r, θ, φ, ψ), 16 the eigenvalue problem for

the black ring reads

− gring(r, θ)

m2
∆(r∗,θ∗)u+ V ring

(ω,m)(r, θ)u = 0 , (2.19)

which is still nonlinear and now non-separable into two decoupled ODEs. On any fixed bounded

set Ω, problem (2.19) reduces to problem (2.18) in the limit R → ∞. This is a manifestation

of the fact that the near-horizon geometry of a large radius, thin black ring resembles that of a

boosted black string.

The fact that g(r0,R) ∈ g implies that it is possible to choose Ω and E such that the potential

V ring
(Em,m) has the same sign properties required for V β

(Em,m)(r, θ)−E
2 in Step 2. We will then it-

eratively apply the Implicit Function Theorem for the second time, but now perturbing problem

(2.18) with respect to 1/R and using what we already know about the eigenvalue problem for

boosted black strings. For m2 sufficiently large, the eigenvalue problem (2.19) will be proven to

admit a zero eigenvalue for values of ω2/m2 lying in a suitable strip around E2. Our choice of

the energy level E and set Ω will allow to conclude that such values of ω2/m2 give the potential

the correct structure to construct quasimodes with exponentially small errors.

Note that this is the part of the proof where one can extract the existence of stably trapped

null geodesics in the exterior of black rings g(r0,R) ∈ g. See Theorem 2.7 and related Remark

2.32.

Step 4. (Section 2.10) Once the black ring eigenvalue problem has been fully understood,

we will construct quasimodes on the domain of outer communication of the form

Ψm(t, r∗, θ∗, φ, ψ) = e−i ωmtei(mφ+Ĵ ψ)χ(r∗, θ∗)um(r∗, θ∗) ,

where um are eigenfunctions of problem (2.19) with associated frequencies ωm. The function χ

cuts-off close to the boundary of Ω and sets the quasimodes equal to zero outside. In this way,

the quasimodes Ψm are smooth functions and solve the wave equation on the whole domain of

outer communication with the exception of the cut-off region, where the error will be proved to

decay exponentially in the frequency m. The exponential decay is intimately connected to the

structure of the potential in the cut-off region and it is essential to prove the logarithmic lower

bound of Theorem 2.2. The quantitative estimate of the error is achieved by applying Agmon

distances and proving energy estimates for eigenfunctions um in the cut-off region. This step

provides the proof of Theorem 2.1.

Step 5. (Section 2.10) The last part of the proof employs the quasimodes constructed in

Step 4 to derive the lower bound of Theorem 2.2, following an argument already sketched in

Section 2.1.3.

15The choice of this class is where we allow the radius R of the black ring to be arbitrarily large.
16These coordinates will be defined in Section 2.3, but the reader should already note that they differ from

the coordinates adopted for the black string metrics.
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2.1.8 Applications of our method and outlook

Our work provides a framework to prove a version of Theorem 2.2 for spacetimes on which the

wave equation is not fully-separable. In particular, our approach could generalize the lower

bound of Keir [69] to a more general class of static, axisymmetric spacetimes exhibiting stable

trapping.17 Our method (as the one in [69]) only relies on the local geometry of the spacetime

in a neighbourhood the trapping set, so the more general class of spacetimes would not require

any specific asymptotic structure.

Furthermore, the stable trapping phenomenon observed for black rings is likely to characterise

some other higher dimensional black hole spacetimes, including

(i) Kerr (possibly boosted) black strings (Kerr4 × R), Schwarzschild p-branes (Schw4 × Rp)
and Kerr p-branes (Kerr4 × Rp),

(ii) Thin, doubly-spinning black rings in five dimensions,

(iii) Some ultraspinning objects, such as ultraspinning Myers–Perry black holes in six dimen-

sions [65].

In the case of stationary black holes, to apply our method and produce an analogue of Theorem

2.2, one would have to go through some sort of perturbation argument. Even though, for some

of these spacetimes, a more complicated perturbation argument might be needed, some of them

are easier to treat in that the wave equation fully-separates.18 In any case, the presence of

stable trapping would already suggest that a result like Theorem 2.2 might hold and, there-

fore, nonlinear instabilities of similar nature to the ones discussed in Section 2.1.6 might be

conjectured.

As another potential direction, it would be certainly interesting to further investigate uniform

boundedness of the energy of linear waves on black rings, inside or outside our class g. One

of the main conceptual difficulties in doing this originates from the fact that the black ring

family does not possess a static black hole. Therefore, even the (in principle) easier analysis

on slowly rotating black rings cannot be, at first glance, understood in a perturbative fashion.

Singly-spinning black rings (especially the thin ones) seem to be good candidates for uniform

boundedness to hold, while doubly-spinning (thin) black rings might exhibit a superradiant

instability and exponentially growing modes could be rigorously constructed.

2.2 Notation and conventions

We collect here some basic notation and conventions adopted in this chapter.

17Note that without the spherical symmetry assumption of [69], one cannot a priori conclude that the wave
equation fully-separates.

18This is, for instance, the case of Myers–Perry black holes.
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• (Signature). The signature of a Lorentzian metric g is (−,+, . . . ,+). We denote by

2g the usual Laplace-Beltrami operator with respect to g. With our signature conven-

tion, 2gMink
= −∂2

x0 +
∑

i ∂
2
xi

for the Minkowski metric gMink in rectangular coordinates

(x0, x1, . . . , xn), where ∂xi := ∂/∂xi. We use the notation ∆(x1,...,xn) :=
∑

i ∂
2
xi

to denote

the Cartesian Laplacian in coordinates (x1, . . . , xn).

• (Indices). Given a coordinate system (x0, x1, . . . , xn), we will follow the convention for

which Greek indices take on all values, e.g. µ = 0, 1, . . . , n, and Latin indices only the

spatial ones, e.g. a = 1, . . . , n. We adopt the usual upper/lower indices conventions and

the summation convention. For instance, gµν are components of the metric tensor g, while

gµν ≡ (g−1)µν are components of the inverse metric. We will avoid the abstract index

notation.

• (Volume form). For a given system of coordinates (x0, x1, . . . , xn), we denote by dvolg

the volume form associated to g, i.e. dvolg =
√
−det g dx0 · · · dxn. On any spacelike

hypersurface Σ, dvolg denotes the volume form associated to the Riemannian metric

induced by g on Σ. The volume form will be often omitted in the integrals.

• (Inequalities). When we write f . h, we implicitly mean that there exists a constant

C > 0 such that f ≤ Ch. The notation f & h is analogous. We have f ∼ h when f . h

and f & h. The notation f � h means that there exists a sufficiently small constant c > 0

such that |f/h| ≤ c.

• (Constants). We will not keep track of the constants appearing on the right hand side

of the estimates. We adopt the notation Ck to denote a constant C which depends on

some parameter k.

• (Multi-index). Given coordinates (x0, x1, . . . , xn), we will adopt the multi-index nota-

tion ∂α := ∂α0

x0 · · · ∂αnxn , with α = (α1, . . . , αn) multi-index of order |α| = α1 + · · ·+ αn.

• (Function spaces). Function spaces Hk(Σ) are the usual Sobolev spaces W k,2(Σ), with

the standard Sobolev norm. With C∞0 (Σ) we denote the space of smooth, compactly

supported functions on Σ. We will write SC∞0 (Σ) when we refer to the space of solutions

of the wave equation which are C∞0 on Σ.

• (Black ring metric). We will use the notation gring, g(r0,R) or g(ν,R) for the black

ring metric. The first denotes a black ring metric in general, while the second and third

one refer to the black ring metric as a two-parameter family of metrics (these are not

components of the metric). The definition of the parameters will depend on the particular

coordinate system considered.
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2.3 Metrics

Before introducing the relevant metrics, we define the domain of outer communication of a

black hole spacetime (M, g) as a subset D ⊂M such that

D := clos(J−(I+) ∩ J+(I−)) ,

where I+ and I+ are future and past null infinity respectively. The event horizon is defined as

H := ∂D. We understand (D, g) as a Lorentzian manifold with boundary.

Note that we will often refer to (D, g) as the black hole exterior.

2.3.1 Static black string

The metric of a five-dimensional static (Schwarzschild) black string is

ds2 = −f(r) dt2 + f(r)−1 dr2 + r2 dΩ2
2 + dz2 , (2.20)

where (t, r, θ, φ) are the Schwarzschild coordinates and dΩ2
2 the round metric on the unit two-

sphere. We have

f(r) = 1− r0

r

with r = r0 > 0 corresponding to the event horizon H. For each fixed time t, the z-coordinate

is periodically identified so that

z = z + 2πR

with R > 0 constant independent of t.

The spacetime is static and possesses a Killing vectorfield ∂/∂z in addition to the symmetries

of four-dimensional Schwarzschild. In view of the compactification along the z-direction, static

black strings are asymptotically Kaluza–Klein. The domain of outer communication corresponds

to D =M∩ {r ≥ r0}.

2.3.2 Boosted black string

The five-dimensional boosted (Schwarzschild) black string is obtained by the change of coordi-

nates (Lorentz-boost in the z-direction)

t→ (coshβ)t+ (sinhβ)z z → (sinhβ)t+ (coshβ)z
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applied to the static black string (2.20), with β > 0 boost parameter. The metric is

ds2 =− [1− (1− f) cosh2 β] dt2 + 2(1− f) sinhβ coshβ dt dz + [1 + (1− f) sinh2 β] dz2

(2.21)

+ f−1 dr2 + r2 dΩ2
2 ,

where f = f(r).

The spacetime is stationary (but not static) with respect to the boosted coordinates. The

Killing vectorfield ∂/∂t becomes null at r = r0 cosh2 β and spacelike for r < r0 cosh2 β. Boosted

black strings do not present superradiance. In fact, there exists a Killing vectorfield of the form

X = (coshβ)
∂

∂t
− (sinhβ)

∂

∂z
g(X,X) = −f(r) ,

which is causal on the whole domain of outer communication D = M∩ {r ≥ r0}. As for the

static black string, this spacetime is asymptotically Kaluza–Klein.

2.3.3 Singly-spinning black ring

Ring coordinates

We construct ring coordinates following the exposition in [35]. Consider five-dimensional

Minkowski space with coordinates

(t, r1, r2, φ, ψ) ,

where (r1, φ) and (r2, ψ) are polar coordinates on two independent rotation planes. The

Minkowski metric in these coordinates reads

ds2 = −dt2 + dr2
1 + r2

1 dφ
2 + dr2

2 + r2
2 dψ

2 .

We define ring coordinates of radius R as coordinates

(t, y, x, φ, ψ)

such that

y = − R2 + r2
1 + r2

2√
(r2

1 + r2
2 +R2)2 − 4R2r2

2

x =
R2 − r2

1 − r2
2√

(r2
1 + r2

2 +R2)2 − 4R2r2
2

with R > 0 constant. The coordinate ranges are

−∞ ≤ y ≤ −1 −1 ≤ x ≤ 1

and the Minkowski metric in ring coordinates of radius R reads

ds2 = −dt2 +
R2

(x− y)2

[
(y2 − 1)dψ2 +

dy2

y2 − 1
+

dx2

1− x2
+ (1− x2)dφ2

]
. (2.22)
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Figure 2.3: Lines of constant y and x on the (r1, r2)-plane. The set of points with y = −1 and x 6= −1
are points on the ψ-axis of rotation (vertical axis in figure). The equatorial plane is divided into an inner
region, for x = 1, and an outer region, for x = −1. The rotational coordinate φ has to be considered
with respect to this plane. The figure is taken from [35], courtesy of R. Emparan and H. Reall.

In these coordinates, surfaces of constant y (for fixed t) have topology S1 × S2. To see this, we

change coordinates to

(t, r, θ, φ, ψ) (2.23)

such that

r = −R
y

cos θ = x

with ranges

0 ≤ r ≤ R 0 ≤ θ ≤ π .

The Minkowski metric becomes

ds2 = −dt2 +
1(

1 + r cos θ
R

)2
[(

1− r2

R2

)
R2dψ2 +

dr2

1− r2

R2

+ r2
(
dθ2 + sin2 θdφ2

)]
.

It is now manifest that surfaces of constant r (for fixed t), which correspond to surfaces of

constant y (for fixed t), have topology S1 × S2.

Black ring metrics

Consider the smooth manifold with boundary

D = clos(R× Σ)
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with

Σ = R4 \ (S1 ×B3)

and differential structure given by ring coordinates (t, y, x, φ, ψ), where B3 is the closed 3-ball.

The black ring exterior is the Lorentzian manifold with boundary (D, gring), where gring is the

five-dimensional, singly-spinning black ring metric19 with line element [34, 35]

ds2 = −F (y)

F (x)

(
dt− CR (1 + y)

F (y)
dψ

)2

+
R2

(x− y)2
F (x)

[
−G(y)

F (y)
dψ2 − dy2

G(y)
+

dx2

G(x)
+
G(x)

F (x)
dφ2

]
(2.24)

on D. Functions F (·) and G(·) are defined as

F (ξ) = 1 + λξ G(ξ) = (1− ξ2)(1 + νξ)

and the positive constant C is

C =

√
λ(λ− ν)

1 + λ

1− λ
.

The coordinate ranges are

t ∈ (−∞,+∞) y ∈ (−∞,−1] x ∈ [−1, 1]

φ ∈

[
0, 2π

√
1

1 + ν2

)
ψ ∈

[
0, 2π

√
1

1 + ν2

)
.

The parameters ν and λ satisfy

ν, λ ∈ R 0 < ν ≤ λ < 1

and the equilibrium condition

λ =
2ν

1 + ν2
. (2.25)

Condition (2.25) is necessary to avoid conical singularities in addition to those introduced by

degenerations of our coordinate system. As a result, parameters λ and ν are not independent,

leaving us with only two independent parameters ν and R. The black ring metric can therefore

be understood as a two-parameter family (ν,R) of metrics.

Black rings are stationary, bi-axially symmetric, asymptotically flat spacetimes. The event

horizon corresponds to the surface y = −1/ν and it is a Killing horizon with associated positive

surface gravity. For each fixed time t, sections of the horizon have topology S1 × S2. The

rotation of the singly-spinning black ring can be interpreted as a rotation along the S1. See [34]

for further details.

The metric admits three independent Killing vector fields, corresponding to stationarity and

two rotational symmetries. The stationary Killing vector field ∂/∂t is timelike for y > −1/λ,

null at y = −1/λ and spacelike for −1/ν ≤ y < −1/λ. The surface y = −1/λ is an ergosurface

19From now on, we will be frequently referring to singly-spinning black rings as black rings. Note that there
exist doubly-spinning black rings [92].
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and has sectional topology S1 × S2.

Spacelike infinity lies at x = y = −1, while the limit y → −∞ corresponds to a curvature

(spacelike) singularity. The ring metric (2.24) presents coordinate singularities along the axes

(including at spacelike infinity) and at the event horizon. The metric is regular at the ergosur-

face, where F (y)→ 0.

For future convenience, we are interested in re-writing metric (2.24) in coordinates (2.23). After

changing from (ν, λ) to new parameters (r0, β) such that

ν =
r0

R
λ =

r0 cosh2 β

R
,

the ring metric in coordinates (2.23) becomes [35]

ds2 =− f̂

ĝ

dt− r0 sinhβ coshβ

√
R+ r0 cosh2 β

R− r0 cosh2 β

r
R − 1

rf̂
R dψ

2

(2.26)

+
ĝ(

1 + r cos θ
R

)2
[
f

f̂

(
1− r2

R2

)
R2 dψ2 +

dr2

(1− r2

R2 )f
+
r2

g
dθ2 +

g

ĝ
r2 sin2 θ dφ2

]

with

f = 1− r0

r
f̂ = 1− r0 cosh2 β

r

g = 1 +
r0

R
cos θ ĝ = 1 +

r0 cosh2 β

R
cos θ .

The event horizon now corresponds to r = r0 < R, the ergosurface to r = r0 cosh2 β and

spacelike infinity to (r, θ) = (R, π). The equilibrium condition (2.25) becomes

coshβ =

√
2R2

r2
0 +R2

. (2.27)

As before, we understand black rings as a two-parameter family (r0, R).

The metric in form (2.26) shows how the parameter ν can be interpreted. This is the ratio

between the radius r0 of the S2 at the event horizon and the radius R of the ring. We refer to

thin black rings when ν is small. We sometimes use the expression large radius, thin black rings

to emphasise that we are considering black rings whose parameter ν is small because R is very

large (in contrast to thin black rings for which R ∼ 1 and r0 very small).

The event horizon has angular velocity

ΩH ∼
1

R

√
λ− ν

λ(1 + λ)
.

In view of the equilibrium condition (2.25), ΩH can be re-written as a quantity depending on ν

and R only. This shows that the rotational velocity of the ring cannot be freely specified, but
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it is univocally determined by its ”thickness”. Fat black rings (ν ∼ 1) need more rotation than

thin black rings to prevent the ring from collapsing.

The boosted black string limit

Consider the black ring metric (2.26). In the limit

r, r0, r0 cosh2 β � R , (2.28)

the black ring metric reduces to the one of a boosted black string with boost parameter

β = cosh−1
√

2 .

This can be seen by fixing r and r0 in (2.26) and sending R to infinity (see also [32]). The boost

parameter is fixed in the limit by relation (2.27). The z-coordinate of the string is defined as

z = Rψ, with periodic identification z = z+R∆ψ. In limit (2.28), ∆ψ → 2π and one correctly

obtains the boosted string metric (2.21).

From a more heuristic point of view, limit (2.28) corresponds to large radius, thin black rings.

Condition r � R implies that thin black rings approximate the geometry of boosted black

strings in a region sufficiently close to the black ring horizon. Note that such a limit is not

uniform in r.20

2.3.4 Foliation

We define Σt as the hypersurface of constant t and denote by Σ0 the hypersurface Σt=0.

Given any of the black hole spacetimes (M, g) introduced in the previous sections, we fix a

Cauchy hypersurface ΣCauchy ofM.21 We define a time function t∗ : J+(ΣCauchy)∩D → R such

that

t∗|ΣCauchy∩D = 0

and T (t∗) = 1, where T is the stationary Killing vector field. We define the hypersurface

Σ0 := ΣCauchy ∩ D

and, for any τ > 0,

Στ := Φt∗(Σ0) ,

where Φt∗ is the one-parameter group of diffeomorphisms generated by the Killing vector field

T from 0 to τ . We have that {Στ}τ≥0 is a regular spacelike foliation of J+(ΣCauchy) ∩ D. For

black rings, hypersurfaces Στ are asymptotically flat.

20In fact, the two spacetimes have different asymptotic structure.
21This is possible because (M, g) is globally hyperbolic.
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2.4 Vectorfield Method and energy currents

In the context of the energy methods, the idea of obtaining positive definite quantities (energies)

by contracting the energy momentum tensor (defined below) with suitable vector fields is an

application of the vectorfield method. The construction of vector field multipliers captures the

geometry of the problem and its interplay with the analysis. In this section, we illustrate how

energies can be rigorously defined via such vector field multipliers.

Given a scalar field Ψ : D → C on the black ring exterior (D, gring), we define the associated

energy-momentum tensor by

Tµν [Ψ] := Re
(
∇µΨ · ∇νΨ

)
− 1

2
gµν |∇Ψ|2 ,

where gµν are components of the ring metric gring. If 2gringΨ = 0, then

∇µTµν [Ψ] = 0 .

Consider a regular, future directed, everywhere timelike vector field N on D such that [T,N ] = 0

on D. We define the associated N -energy current as

JNµ [Ψ] := Tµν [Ψ]Nν .

The (non-degenerate) N -energy associated to Ψ at time t∗ is defined as22

EN [Ψ](t∗) :=

∫
Σt∗

JNµ [Ψ]nµΣt∗ dvolg ,

where nµΣt∗ is the future directed, unit normal to the spacelike hypersurface Σt∗ (as defined

in Section 2.3.4) and the integration is with respect to the volume form associated to the

Riemannian metric induced by gring on Σt∗ (the volume form will be often dropped). In the

way it is defined, the scalar quantity JNµ [Ψ]nµΣt∗ is positive definite.23

The local N -energy associated to Ψ at time t∗ reads

ENΩ [Ψ](t∗) :=

∫
Σt∗∩Ω

JNµ [Ψ]nµΣt∗ dvolg ,

where Σt∗ ∩ Ω is some bounded set. The k-th (higher) order N -energy is

ENk [Ψ](t∗) :=
∑

0≤|α|≤k−1

∫
Σt∗

JNµ [∂αΨ]nµΣt∗ dvolg ,

with ∂α in multi-index notation. Note that, for us, EN1 [Ψ](t∗) = EN [Ψ](t∗).

22More appropriately, this is the N -energy flux through Σt∗ associated to the scalar field Ψ.
23This is true by the so-called positivity property : If X,Y are future directed timelike vectors, then

Tµν [Ψ]XµY ν > 0. In particular, Tµν [Ψ]XµY ν &
∑
|α|=1 |∂

αΨ|2.
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Remark 2.4 (ENk [Ψ] controls derivatives of Ψ up to order k). If N = ∂t∗ in a neigh-

bourhood of spacelike infinity and hypersurfaces Σt∗ are asymptotically flat, then one can easily

show that

EN [Ψ](t∗) ∼
∑
|α|=1

∫
Σt∗
|∂αΨ|2 dvolg ,

which means that EN [Ψ](t∗) is morally the Ḣ1 (semi-)norm of Ψ on Σt∗. Note also that

EN [ · ] ∼ E[ · ], where E[ · ] are the informal energies adopted in the Introduction. For higher-

order energies, we have

ENk [Ψ](t∗) =
∑

0≤|α|≤k−1

EN [∂αΨ](t∗) ,

so ENk [Ψ](t∗) corresponds to the sum of the Ḣs (semi-)norms of Ψ on Σt∗ for 1 ≤ s ≤ k.

2.5 The main theorem

We give a more precise statement of Theorem 2.2 and two additional remarks.

Theorem 2.3 (Lower Bound for Uniform Energy Decay Rate, Second Version).

Consider the black ring exterior (D, g(r0,R)), with g(r0,R) the metric of a singly-spinning black

ring (2.26). Then, for any r0 > 0, there exists a constant R > r0 such that the following

statement holds for all metrics g(r0,R) with R ≥ R. Fix t∗0 ≥ 0 and let N be a regular, future

directed, everywhere timelike vector field on J+(Σt∗0
) such that [T,N ] = 0 on J+(Σt∗0

) and

N = ∂t∗ in a neighbourhood of spacelike infinity. Consider smooth solutions Ψ : J+(Σt∗0
) → C

to the linear wave equation

2g(r0,R)
Ψ = 0 (2.29)

and assume that there exists a universal constant B > 0 (independent of time) such that, for

any smooth solution Ψ to (2.29), the inequality

EN [Ψ](t∗) ≤ B EN [Ψ](t∗0)

holds for all t∗ ≥ t∗0. Then, there exists a set Ω ⊂ J+(Σt∗0
) and a universal constant C > 0

(independent of time) such that Σt∗0
∩Ω is non-empty and bounded, Φt∗(Σt∗0

∩Ω) = Φt∗(Σt∗0
)∩Ω

remains non-empty and bounded for all t∗ ≥ t∗0 and

lim sup
t∗→+∞

sup
Ψ∈SC∞0 (Σt∗0

),Ψ 6=0
[log(2 + t∗)]2

(
ENΩ [Ψ](t∗)

EN2 [Ψ](t∗0)

)
> C ,

where the supremum is taken over the space of smooth, non-zero solutions to the wave equa-

tion (2.29) with compactly supported initial data on Σt∗0
and Φt∗ is the one-parameter group of

diffeomorphisms generated by the stationary Killing vector field ∂t∗. Moreover, for any k ∈ N,

there exists a universal constant Ck > 0 (independent of time) such that

lim sup
t∗→+∞

sup
Ψ∈SC∞0 (Σt∗0

),Ψ6=0
[log(2 + t∗)]2k

(
ENΩ [Ψ](t∗)

ENk+1[Ψ](t∗0)

)
> Ck .
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Remark 2.5 (Class g is not optimal). The class of black rings considered in the theorem

can be defined as

g :=
{
g(r0,R) singly-spinning black ring metric (2.26) such that ν = r0/R < ν0, for (2.30)

some suitably small constant 0 < ν0 < 1} .

As we shall see later in the chapter, the constant ν0 will be treated as a smallness parameter. For

ν0 sufficiently small but not explicitly identified, we will be able to close the proof of Theorem 2.3.

In this sense, the class g that our proof selects is neither explicitly constructed nor necessarily

includes all black rings for which Theorem 2.3 holds.

Remark 2.6 (Function space and Σt∗-foliation). Theorem 2.3 remains true if one takes

the supremum over a suitably larger function space. We stated the result for Ψ ∈ SC∞0 (Σt∗0
)

because this is the space that naturally emerges from the quasimode construction. Note also that

the statement of the theorem does not depend on the particular choice of time coordinate t∗. In

fact, the coordinate t∗ can be constructed so that it agrees with t in the region r ≥ r0 cosh2 β.

Since our analysis will be mainly carried out on a bounded set contained in such region, we are

free to equivalently refer to coordinate t instead of t∗ in the proof of Theorem 2.3.

2.6 Separation of the wave equation and reduction

This section serves as a preliminary discussion to illustrate the logic behind the abstract eigen-

value problems that we are about to consider. In fact, these problems emerge as reduced

equations when one separates the wave equation

2gΨ =
1√
−det g

∂µ

(√
−det g gµν∂νΨ

)
= 0 . (2.31)

The wave equation fully-separates for all the four-dimensional explicit black hole solutions,

including all members of the Kerr family ga,M (see [9]). However, in our work we will encounter a

non-fully-separable wave equation on higher dimensional black holes, namely the wave equation

on black rings. The only partial separation will necessarily leave us with a two-variable PDE,

which can be reduced to a Schrödinger-type equation.

To see this, consider a coordinate system (t, r, θ, φ, z), where the particular meaning of the

coordinates is not important at this stage, and assume that the metric g depends on r and

θ (but not on t, φ and z) and has zero grθ components. A formal computation to check the

full-separability of the wave equation can be carried out by introducing an ansatz of the form

Ψansatz(t, r, θ, φ, z) = ei(−ω t+mφ+J z)u
(ω)
m,J(r, θ) , (2.32)

where ω ∈ R and m,J ∈ Z and the choice of the complex exponential factor is determined by

the symmetries of the metric g. Any solution Ψ to the wave equation (2.31) can be formally
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written as an infinite sum of solutions of the form (2.32) as follows

Ψ(t, r, θ, φ, z) =
1√
2π

∫ +∞

−∞

∑
m,J

e−iωtei(mφ+J z) u
(ω)
m,J(r, θ) dω , (2.33)

where the Fourier transform in time and Fourier series decompositions in φ and z have been

taken.24,25 Therefore, if equation (2.31) separates for the ansatz (2.32), then it separates for

any solution Ψ.

In order for the ansatz (2.32) to be a solution to the wave equation, functions u
(ω)
m,J must satisfy26

1√
−det g

∂r

(√
−det g grr∂ru(r, θ)

)
(2.34)

+
1√
−det g

∂θ

(√
−det g gθθ∂θu(r, θ)

)
+ V(ω,m,J)(r, θ)u(r, θ) = 0

for some real function V(ω,m,J)(r, θ). If by factorizing

u(r, θ) = R(r) Θ(θ)

equation (2.34) gives a system of two decoupled ODEs, one for R(r) and one for Θ(θ), then the

wave equation is fully-separable. If such factorization does not separate (2.34), then the wave

equation is not fully-separable.

Assuming the latter scenario, we aim to reduce the PDE (2.34) to a Schrödinger-type equation

of the form

−∆(r∗,θ∗)ũ(r∗, θ∗) + Ṽ(ω,m,J)(r, θ)ũ(r∗, θ∗) = 0 ,

with ∆(r∗,θ∗) = ∂2
r∗ + ∂2

θ∗
and some real function Ṽ(ω,m,J)(r, θ). To do this, we need to implicitly

define new coordinates (r∗, θ∗) as follows

dr∗
dr

= a(r)
dθ∗
dθ

= b(θ)

and define a new function ũ(r∗, θ∗) such that

u(r, θ) = h(r, θ) ũ(r∗, θ∗) ,

24To take the Fourier transform in time

Ψ(t, ·) =
1√
2π

∫ +∞

−∞
e−iωt Ψ̂(ω, ·) dω ,

one should first know that the solution Ψ is in L2
t . However, this cannot be established a priori, so a cut-off in

time is usually needed. This technical issue will not occur in our problem.
25The functions u

(ω)
m,J(r, θ) have to be thought as Fourier coefficients.

26Equation (2.34) is obtained by simply plugging the ansatz in (2.31). For simplicity, we write u instead

of u
(ω)
m,J . If one plugs-in the full solution Ψ in the form (2.33), then equation (2.34) has to be understood in

an integral sense, i.e. as an equality in L2
ωl

2
m,J for each fixed (r, θ). Furthermore, some further integrability

conditions on Ψ would be needed.
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for some real functions a(r), b(θ) and h(r, θ). If the system of equations
∂r
(√
−det g grr a(r)

)
h(r, θ) + 2

(√
−det g grr a(r)

)
∂rh(r, θ) = 0

∂θ
(√
−det g gθθ b(θ)

)
h(r, θ) + 2

(√
−det g gθθ b(θ)

)
∂θh(r, θ) = 0

a2(r)grr = b2(θ)gθθ

(2.35)

holds, then the wave equation (2.34) correctly reduces to the Schrödinger-type equation wanted.

Note that the last equation is key, since it gives a necessary condition for the reduction to be

possible. Indeed, we have

a2(r) =
gθθ

grr
b2(θ) ,

which holds if and only if there exists b(θ) such that
(
gθθ/grr

)
b2(θ) is independent of θ, i.e. the

function gθθ/grr needs to be separable. Note that gθθ/grr is consistently positive because the

(r, θ)-block of g is Riemannian and grθ = 0.

If such condition is satisfied,27 then the first two equations of the system give an explicit

expression for h(r, θ), which reads

h(r, θ) =
(√
−det g

√
grrgθθ

)− 1
2
,

while the third equation determines a(r) and b(θ) up to multiplication by a real factor.

Remark 2.7 (Isothermal coordinates). For any two dimensional Riemannian manifold,

there always exists a system of locally isothermal coordinates, for which the metric is conformal

to the Euclidean metric (see, for instance, [10]). In view of this abstract result, the reduction

that we have just discussed is, in fact, always possible locally.

In what follows, we will consider abstract eigenvalue problems without further referring to the

separation of the wave equation.

2.7 Eigenvalue problem for the static black string

In this section we discuss the first part of the proof of Theorem 2.3. The structure of the

exposition and the formulation of the results closely follow Section 4 in [69].

With coordinates as in Section 2.3.1 and ansatz (2.32), equation (2.34) for static black strings

gives the eigenvalue problem

−f(r)

r2
∂r(r

2f(r)∂ru)− f(r)

r2 sin θ
∂θ(sin θ∂θu) +

[
f(r)

r2 sin2 θ
m2 + f(r)J2

]
u = ω2u ,

27This will be the case for black string and black ring metrics.

35



with u = u(r, θ), f(r) = 1− r0/r, ω ∈ R and m,J ∈ Z. For any m,J such that

m2 > 3J2r2
0 , (2.36)

the everywhere positive potential

f(r)

r2 sin2 θ
m2 + f(r)J2

has a local maximum and a local minimum at (rmax, π/2) and (rmin, π/2) respectively, with

r0 < rmax < rmin.

Let us now fix the scaling between m and J by setting

J = bm , b2 <
1

3r2
0

,

with b ∈ Q positive constant.28 In this way, condition (2.36) is satisfied and, therefore, the

potential has a local minimum.

The eigenvalue problem becomes

−f(r)

r2
∂r(r

2f(r)∂ru)− f(r)

r2 sin θ
∂θ(sin θ∂θu) +m2

[
f(r)

r2 sin2 θ
+ b2f(r)

]
u = ω2u .

We now change coordinates to (r∗, θ) and define a function h(r, θ) as follows

h(r, θ) := (r sin θ)−
1
2 f(r)−

1
4 ,

dr∗
dr

=
1

r
√
f(r)

.

Let u(r, θ) = h(r, θ) ũ(r∗, θ). With the abuse of notation ũ(r∗, θ) = u(r∗, θ), the eigenvalue

problem reduces to

g(r)(−∂2
r∗u− ∂

2
θu) + [Vj(r, θ) +m2V (r, θ)]u = ω2u ,

where

g(r) :=
f(r)

r2
,

Vj(r, θ) := − (r − r0)

4r3 sin2 θ
− r2

0

16r4
,

V (r, θ) :=
f(r)

r2 sin2 θ
+ b2f(r) .

Note that these are smooth, real-valued functions which are bounded away from the axis r = 0.

28The sign of b does not matter at this stage, since m and J always appear squared.
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We define

h−2 := m2 ,

V h
eff(r, θ) := h2Vj(r, θ) + V (r, θ) ,

κ := ω2h2 ,

and write

− h2g(r)∆(r∗,θ)u+ V h
eff(r, θ)u = κu , (2.37)

where the Laplacian is the Cartesian Laplacian and, again, u = u(r∗, θ).

For the first part of our discussion, we will be considering the eigenvalue problem (2.37) on

a bounded domain Ω, for which Dirichlet boundary conditions on ∂Ω will be imposed. Our

interest is to determine the existence of eigenvalues arbitrarily close to some suitably fixed

energy level.

2.7.1 Continuity of the potential

By continuity of the potential V , we have the following lemma, which defines the domain Ω

on which our eigenvalue problem will be formulated and suitable energy levels E. We use the

notation x = (r, θ) for a point in [r0,∞)× [0, π).

Lemma 2.1 (adapted from [69] Lemma 4.1). Define Vmin to be the minimum of V and xmin ∈
(r0,∞)×(0, π) such that V (xmin) = Vmin. From a previous observation, r(xmin) > r0. Let c > 0

be a sufficiently small constant such that there exists Ω ⊂ [r0,∞)× [0, π) for which

xmin ∈ Ω

and satisfying

(i) V (x) = Vmin + c for x ∈ ∂Ω,

(ii) there are no local maxima of V in Ω.

Fix some energy level E > Vmin such that E − Vmin < c. Then, for any sufficiently small

constants δ, δ′ > 0, there exists some constant c′ > 0 such that

dist(x, ∂Ω) < δ′ =⇒ V (x)− κ > c′

for all κ ∈ [E−δ, E+δ], with dist(·, ·) the Euclidean distance. Note that one can reformulate the

lemma for V h
eff instead of V , where all the constants appearing in the statement are independent

of h for h sufficiently small.

Remark 2.8 (Ω has smooth boundary). The boundary of Ω is defined as a level set of the

smooth function V . Since, by definition of Ω, the gradient of V is non zero at each point of
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Ω

V h
eff

xmin

c

Vmin

r0

0

π

r

z

θ

Figure 2.4: The potential in figure is illustrative, it is not the graph of V heff. The shaded region
corresponds to Ω.

the level set, one can conclude that the level set (and therefore ∂Ω) is a smooth curve (this is

an application of the Implicit Function Theorem). The set Ω is therefore a compact set with

smooth boundary.

The abstract eigenvalue problem that we consider is

−h2g(r)∆(r∗,θ)u+ V h
eff(r, θ)u = κu on Ω

u = 0 on ∂Ω .
(2.38)

2.7.2 Weyl’s law for (2.38)

In this section we prove the following theorem, which is a version of Weyl’s law for the eigenvalue

problem (2.38). When the operator is a pure Laplacian on a bounded domain, this result is

a standard asymptotic property of the eigenvalues. In our case, the presence of a potential

requires more work, but without major additional difficulties. Our argument follows the lines

of [106, 69] and review [105].

Theorem 2.4 (Weyl’s law, adapted from [69] Lemma 4.2). Consider the abstract eigenvalue

problem (2.38). Let E > Vmin be an energy level such that E − Vmin is sufficiently small and fix

some positive constant δ < E − Vmin such that E + δ < c, with c > 0 the constant introduced in

Lemma 2.1. Then, the number of eigenvalues of (2.38) in the interval [E − δ, E + δ], denoted

by N [E − δ, E + δ], tends to infinity as h→ 0. In particular,

N [E − δ, E + δ] ∼ 1

πh2

∫
Ω

(E − V )χ{V≤E}dr∗dθ ,

as h→ 0, with χ{·} indicator function.
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V < E

Ω

Ri

Li,1

Li,2

Figure 2.5: Finite family of recatngles Ri covering Ω.

Remark 2.9. The scaling in N ∼ h−2 of Theorem 2.4 is different from the one obtained in

[69], where N ∼ h−1. In fact, from Weyl’s law, one should expect the number of eigenvalues

N to scale like h−d, where d is the dimension of the compact domain Ω. For the eigenvalue

problem considered in [69], Ω is one-dimensional (a closed interval on the real line), while for

our eigenvalue problem Ω is a two-dimensional compact set.

Let σ(Ω) be the set of all possible finite families σ of open sets covering Ω up to a set of measure

zero. For any family σ ∈ σ(Ω), we require that

(i) each open set of σ is an open rectangle Ri of area Ai = Li,1 × Li,2,

(ii) Ri ∩Rj = ∅ for any i 6= j, with i, j ∈ I,

(iii) Ri ∩ Ω 6= ∅ for any i ∈ I.

Note that, in case condition (ii) is not satisfied for some family of open rectangles satisfying

(i) and (iii), one can always consider a refinement of such family for which condition (ii) holds

(this being true because the intersection Ri ∩Rj of two rectangles is still a rectangle).

Let P be an eigenvalue problem. We denote by N≤E(P ) the number of eigenvalues of the

problem P which are less or equal to some fixed energy value E.

Let us define the problem P̃ iD as

−C+
Ωh

2∆(r∗,θ)u+ V i
+u = κu on Ri ∩ Ω

u = 0 on ∂(Ri ∩ Ω) ,

where

C+
Ω := sup

Ω

[
2r2
∗ +

1

2
|∂r∗g(r)|2 + g(r)

]
, V i

+ := sup
Ri∩Ω

[
V h

eff(r, θ)
]
.

Note that the constant C+
Ω > 0 is finite.

The two following lemmas, Lemma 2.2 and Lemma 2.3, are the key technical ingredients to

prove Theorem 2.4. We will only sketch their proofs, further details can be found in the proof

of Lemma 4.2 in [69].
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Lemma 2.2 (Weyl’s lower bound). For any family σ ∈ σ(Ω), we have∑
i∈I

N≤E(P̃ iD) ≤ N≤E(PD(Ω)) , (2.39)

where PD(Ω) is the eigenvalue problem (2.38).

Remark 2.10 (Rectangles with no eigenvalues). By fixing the value E as in the statement

of Theorem 2.4, the bounded domain Ω gets separated into two disjoint regions, namely a region

where V ≤ E and a region where V > E (see Figure 2.5). The latter region extends up to the

boundary ∂Ω. The problem P̃ iD formulated on a rectangle Ri intersecting the latter region will

involve a constant potential V i
+ > E, so N≤E(P̃ iD) = 0 by classical arguments. In particular,

this remains true for each Ri ∈ σ such that Ri 6⊂ Ω, i.e. for each Ri ∈ σ exceeding Ω. For this

reason, when we consider a particular family σ ∈ σ(Ω), the Ri exceeding Ω (as well as any Ri

intersecting the region where V > E) do not contribute to the sum appearing on the left hand

side of (2.39).

Proof. From min-max theory, the n-th eigenvalue of PD(Ω) is given by

κn = inf
(f1,...,fn), fk∈H1

0 (Ω)
‖fk‖L2 6=0, 〈fk,fj〉=0∀k 6=j

max
k≤n

QΩ[fk]

QΩ[fk] :=

∫
Ω

[
h2fk(∂r∗fk)(∂r∗g(r)) + h2g(r)

(
|∂r∗fk|

2 + |∂θfk|2
)

+ V h
eff(r, θ)|fk|2

]
dr∗dθ

‖fk‖2L2(Ω)

.

Similarly, the n-th eigenvalues for the Dirichlet problem P iD, defined as

−h2g(r)∆(r∗,θ)u+ V h
eff(r, θ)u = κu on Ri ∩ Ω

u = 0 on ∂(Ri ∩ Ω) ,

is determined by the formula

λin = inf
(f1,...,fn), fk∈H1

0 (Ri∩Ω)
‖fk‖L2 6=0, 〈fk,fj〉=0∀k 6=j

max
k≤n

QiΩ[fk]

QiΩ[fk] :=

∫
Ri∩Ω

[
h2fk(∂r∗fk)(∂r∗g(r)) + h2g(r)

(
|∂r∗fk|

2 + |∂θfk|2
)

+ V h
eff(r, θ)|fk|2

]
dr∗dθ

‖fk‖2L2(Ri∩Ω)

.

We order the eigenvalues λin in a non-decreasing sequence λ1 < λ2 < . . . for all i. For each n,

one has

κn ≤ λn .

The proof of this fact essentially relies on the variational definition of the eigenvalues. The

reader interested in the details should refer to Sublemma 4.2.1 in [69] and realise that the

argument therein can be easily adapted to our PDE setting.
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We observe that, for any fk ∈ H1
0 (Ri ∩ Ω), we have∫

Ri∩Ω
h2
[
fk(∂r∗fk)(∂r∗g(r)) + g(r)

(
|∂r∗fk|

2 + |∂θfk|2
)]
dr∗dθ (2.40)

≤
∫
Ri∩Ω

h2

[
1

2
|fk|2 +

1

2
|∂r∗g(r)|2|∂r∗fk|2 + g(r)

(
|∂r∗fk|

2 + |∂θfk|2
)]
dr∗dθ

≤
∫
Ri∩Ω

h2

[(
2r2
∗ +

1

2
|∂r∗g(r)|2 + g(r)

)
|∂r∗fk|

2 + g(r) |∂θfk|2
]
dr∗dθ

≤
∫
Ri∩Ω

C+
Ωh

2
(
|∂r∗fk|

2 + |∂θfk|2
)
dr∗dθ ,

where we used Young’s and Hardy’s (Poincaré’s) inequalities and introduced the positive con-

stant

C+
Ω = sup

Ω

[
2r2
∗ +

1

2
|∂r∗g(r)|2 + g(r)

]
.

In particular, note that C+
Ω does not depend on i. Let us now define

λ̃in := inf
(f1,...,fn), fk∈H1

0 (Ri∩Ω)
‖fk‖L2 6=0, 〈fk,fj〉=0∀k 6=j

max
k≤n

∫
Ri∩Ω

[
C+

Ωh
2
(
|∂r∗fk|

2 + |∂θfk|2
)

+ V i
+|fk|2

]
dr∗dθ

‖fk‖2L2(Ri∩Ω)

, (2.41)

where

V i
+ = sup

Ri∩Ω

[
V h

eff(r, θ)
]
.

From estimate (2.40), combined with the variational definition of the eigenvalues, we have

λin ≤ λ̃in for each i because the Rayleigh quotient gets increased. Therefore, after ordering λ̃in
in a non-decreasing sequence for all i, we have

κn ≤ λn ≤ λ̃n . (2.42)

Recall now the definition of the problem P̃ iD. Formula (2.41) gives the n-th eigenvalue of P̃ iD.

So, from (2.42), we can conclude∑
i∈I

N≤E(P̃ iD) ≤ N≤E(PD(Ω)) ,

where the result is independent of the family σ ∈ σ(Ω) chosen.

Lemma 2.3 (Weyl’s upper bound). For any family σ ∈ σ(Ω), we have

N≤E(PD(Ω)) ≤
∑
i∈I

N≤E(P̃ iN ) ,

where P̃ iN is the problem

−C−Ωh
2∆(r∗,θ)u+ V i

−u = κu on Ri ∩ Ω ,
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with Neumann boundary conditions imposed on ∂(Ri ∩ Ω) and

C−Ω :=
1

2
inf
Ω
g(r) , V i

− := inf
Ri∩Ω

[
V h

eff(r, θ)
]
− h2 C

+
Ω

4C−Ω
.

Proof. Consider the variational definition of the eigenvalues

µin = inf
(f1,...,fn), fk∈H1(Ri∩Ω)
‖fk‖L2 6=0, 〈fk,fj〉=0∀k 6=j

max
k≤n

QiΩ[fk]

and order them in a non-decreasing sequence µ1 < µ2 < . . . for all i. These are eigenvalues

of the problem P iN , defined as the problem P iD but now with Neumann boundary conditions

imposed on ∂(Ri∩Ω). Note that the space of test functions is now H1 instead of H1
0 . Following

the argument in [69], we define the space

Y :=
{
f ∈ H1(Ω) such that ‖f‖2L2(Ω) 6= 0 and f is in the closure in H1 of piecewise C2

functions, which are C2 on each Ri ∩ Ω
}

and eigenvalues

µ̂n = inf
(f1,...,fn), fk∈Y

‖fk‖L2 6=0, 〈fk,fj〉=0 ∀k 6=j

max
k≤n

QΩ[fk] .

These are eigenvalues of the problem P̂N (Ω), defined as PD(Ω) but with Neumann boundary

conditions on ∂Ω and test function space Y . Since H1
0 (Ω) ⊂ Y , we can easily conclude that

µ̂n ≤ κn .

The delicate part of the argument is now proving that µ̂n = µn for each n (when counted with

multiplicity). See the proof of Sublemma 4.2.1 in [69] and textbook [106] for more details on

this. Once the equality µ̂n = µn has been established, one has

µn ≤ κn .

Similar considerations to the ones presented in the proof of Lemma 2.2 allow to conclude that

µ̃n ≤ µn ≤ κn ,

where µ̃n are eigenvalues of P̃ iN . The estimate for the Rayleigh quotient now reads∫
Ω

[
h2fk(∂r∗fk)(∂r∗g(r)) + h2g(r)

(
|∂r∗fk|

2 + |∂θfk|2
)

+ V h
eff(r, θ)|fk|2

]
dr∗dθ

≥
∫
Ri∩Ω

[
−h2ε|∂r∗fk|2 −

h2

4ε
|∂r∗g(r)|2|fk|2|+ h2g(r)

(
|∂r∗fk|

2 + |∂θfk|2
)

+ V h
eff(r, θ)|fk|2

]
dr∗dθ

≥
∫
Ri∩Ω

[
h2(g(r)− ε)

(
|∂r∗fk|

2 + |∂θfk|2
)

+

(
V h

eff(r, θ)− h2

4ε
|∂r∗g(r)|2

)
|fk|2

]
dr∗dθ ,
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where one chooses ε = C−Ω and obtains that the last line is greater or equal to∫
Ri∩Ω

[
C−Ωh

2
(
|∂r∗fk|

2 + |∂θfk|2
)

+

(
V h

eff(r, θ)− h2 C
+
Ω

4C−Ω

)
|fk|2

]
dr∗dθ .

This proves the lemma.

Remark 2.11. In what follows we will show how we can derive an explicit lower bound for

N≤E(PD(Ω)) from Lemma 2.2. In the same way, Lemma 2.3 provides an upper bound that

can be explicitly computed. Since the calculations are almost identical, we only present the

computation for the former.

The key point of inequality (2.39) is that we can derive an explicit expression for the sum

appearing on the left hand side, which will provide an explicit lower bound for N≤E(PD(Ω)).

Recall that the problem P̃ iD reads

−C+
Ωh

2∆(r∗,θ)u+ V i
+u = κu ,

with Dirichlet boundary conditions imposed on ∂(Ri ∩ Ω). The open set Ri ∩ Ω is an open

rectangle if Ri ∩ Ω ≡ Ri, otherwise it has a more general shape. Remember that, in the latter

case where Ri ∩ Ω 6≡ Ri, we have V i
+ > E, so

N≤E(P̃ iD) = 0 .

Therefore, these Ri do not enter the computation of the sum in (2.39), for which it is enough

to only consider the Ri such that Ri ∩ Ω are rectangles.

For such Ri, the eigenvalue problem P̃ iD admits eigenfunctions

uni,1,ni,2(r∗, θ) = sin

(
ni,1π

Li,1
r∗

)
sin

(
ni,2π

Li,2
θ

)
with eigenvalues

λ̃ini,1,ni,2 =

(
ni,1π

Li,1

)2

+

(
ni,2π

Li,2

)2

,

where ni,1, ni,2 ∈ N. Therefore, we have that N≤E(P̃ iD) is the number of eigenvalues λ̃ini,1,ni,2
satisfying (

ni,1
Li,1

)2

+

(
ni,2
Li,2

)2

≤
(
E − V i

+

C+
Ωπ

2h2

)
χ{V i+≤E} ,

which corresponds to the number of integer lattice points (ni,1, ni,2) ∈ N × N contained in the
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portion of the first quadrant defined by

EE =

(x, y) ∈ R2 :

 x√
E−V i+
C+

Ωπ
2h2

χ{V i+≤E} Li,1


2

+

 y√
E−V i+
C+

Ωπ
2h2

χ{V i+≤E} Li,2


2

≤ 1, x ≥ 0, y ≥ 0


This is a region delimited by an ellipse. By constructing unit-area squares [ni,1−1, ni,1]× [ni,2−
1, ni,2], one can easily see that the number of such squares contained in EE equals the number

of integer lattices points in EE (see [105] for more details). Since the squares have unit area, we

have

N≤E(P̃ iD) =
∑

Area(squares) ≤ Area(EE) ,

where

Area(EE) =
π

4

(
E − V i

+

C+
Ωπ

2h2

)
χ{V i+≤E} Li,1Li,2

=
1

4π

(
E − V i

+

C+
Ωh

2

)
χ{V i+≤E}Area(Ri) .

By an analogous construction (again, see [105] for details), it is possible to obtain the lower

bound

N≤E(P̃ iD) ≥ 1

2π

(
E − V i

+

C+
Ωh

2

)
χ{V i+≤E}Area(Ri)−

Perimeter(Ri)

2π

√
E − V i

+

C+
Ωh

2
χ{V i+≤E} .

Therefore, for h sufficiently small, we have

N≤E(P̃ iD) ∼ Area(Ri)

πh2

(
E − V i

+

)
χ{V i+≤E} .

Note that the scaling in h is different from the one obtained in [69]. This comes from the fact

that we are considering an eigenvalue problem on a rectangle, instead of a problem on a segment

of the real line.

From (2.39), we can conclude that

∑
i∈I

Area(Ri)

πh2

(
E − V i

+

)
χ{V i+≤E} . N≤E(PD(Ω)) . (2.43)

We now refine the family σ by taking the supremum over all the possible families σ ∈ σ(Ω). In

other words, we take a limit which sends the Riemann sum to an integral. From (2.43), we have

sup
σ∈σ(Ω)

∑
i∈I

Area(Ri)

πh2

(
E − V i

+

)
χ{V i+≤E} . N≤E(PD(Ω)) ,

which gives

N≤E(PD(Ω)) &
Area(Ω)

πh2

∫
Ω

(E − V )χ{V≤E}dr∗dθ . (2.44)
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Remark 2.12. As already observed, we are sure that Ri ∩Ω is a rectangle only when Ri ∩Ω ≡
Ri. For problems P̃ iD, rectangles for which Ri ∩ Ω 6≡ Ri did not contribute to the sum of the

eigenvalues, so we only had to compute the number of eigenvalues for problems formulated on

actual rectangles, which is what we are able to do explicitly. However, this is not true for

problems P̃ iN , where one could have a rectangle intersecting both the allowed region and the

boundary of Ω on which V i
− < E. This issue can be avoided by refining the family σ after the

energy value E has been fixed, in a way that the Ri never intersect both the region where V < E

and the boundary ∂Ω.

In view of Lemma 2.3, an analogous calculation gives

N≤E(PD(Ω)) .
Area(Ω)

πh2

∫
Ω

(E − V )χ{V≤E}dr∗dθ

for h sufficiently small. Combined with (2.44), this provides the relation

N≤E(PD(Ω)) ∼ Area(Ω)

πh2

∫
Ω

(E − V )χ{V≤E}dr∗dθ . (2.45)

Let us now denote by N [E − δ, E + δ] the number of eigenvalues in [E − δ, E + δ] for PD(Ω).

By applying (2.45) to

N [E − δ, E + δ] = N≤E+δ(PD(Ω))−N≤E−δ(PD(Ω))

we obtain the version of Weyl’s law of Theorem 2.4.

Remark 2.13. Since the result is obtained by considering h sufficiently small, Weyl’s law can

be equivalently expressed in terms of V instead of V h
eff. This motivates the presence of V in

Theorem 2.4 and in the limit of the Riemann sum considered in our proof.

2.8 Eigenvalue problem for the boosted black string

The aim of this section is to prove Theorem 2.6. To do that, we will mainly follow a perturbation

argument of [59].

The eigenvalue problem for the boosted black string is nonlinear. From (2.34), we have

− f(r)

r2
∂r(r

2f(r)∂ru)− f(r)

r2 sin θ
∂θ(sin θ∂θu)

+

{(
f(r)

r2 sin2 θ

)
m2 −

[
(1− f(r)) sinh2 β

]
ω2 − [2(1− f(r)) sinhβ coshβ]ω J

+[1− (1− f(r)) cosh2 β] J2
}
u = ω2u ,

which reduces to

−g(r)∆(r∗,θ)u+ [Vj(r, θ) + V β
(ω,m,J)(r, θ)]u = ω2u ,
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with

V β
(ω,m,J)(r, θ) :=

(
f(r)

r2 sin2 θ

)
m2 −

[
(1− f(r)) sinh2 β

]
ω2 − [2(1− f(r)) sinhβ coshβ]ω J

(2.46)

+ [1− (1− f(r)) cosh2 β] J2

and Vj(r, θ) independent of the frequency parameters (ω,m, J). The eigenvalue problem is

−g(r)∆(r∗,θ)u+ [Vj(r, θ) + V β
(ω,m,J)(r, θ)]u = ω2u on Ω

u = 0 on ∂Ω
(2.47)

for some fixed open set Ω to be later specified. Remember that u = u(r∗, θ), with the radial

coordinate r∗ previously defined. The eigenvalue problem (2.47) is nonlinear in the sense that

the potential V β
(ω,m,J) depends on the eigenvalue ω2.

Remark 2.14 (Comparison with Holzegel–Smulevici [59]). Potential (2.46) has one

quadratic term and one linear term in ω. In the nonlinear eigenvalue problem considered in

[59] for Kerr-AdS black holes, ω only appears quadratically in the potential, as an effect of the

assumption that solutions to the wave equation are axisymmetric (in fact, this kills the cross-

term linear in ω). This symmetry assumption cannot be reproduced in our setting, because the

vanishing of J (which is the frequency parameter that generates the cross term ω J) would imply

that, at the geodesic level, no stable trapping possibly occurs (see Lemma 2.4). We are therefore

left with a more complicated analysis of the potential and, in turn, a more involved perturbation

argument than the ones presented in [59]. Note that the terms involving ω0 in the application of

the Implicit Function Theorem (see, for instance, inequality (2.64)), which are absent in [59],

are a manifestation of this fact.

As in [59], we consider the two-parameter family of eigenvalue problems

Q(b, ω)u = Λ(b, ω)u on Ω

u = 0 on ∂Ω ,
(2.48)

where the operator Q(b, ω) has the form

Q(b, ω)u := −g(r)∆(r∗,θ)u+ [Vj(r, θ) + V bβ
(ω,m,J)(r, θ)− ω

2]u ,

with b ∈ R ∩ [0, 1] dimensionless parameter.

Remark 2.15 (Notation). In what follows, we will provide statements about ω in the context

of problem (2.48). In most of the cases, ω will necessarily depends on the parameters appearing

in (2.48), namely b, β, m and J . Since β will be considered fixed and the other parameters

allowed to vary, we shall introduce the notation ωb,m,J . However, to this notation we prefer

ωb,m, because the frequency parameter J will be treated as a rescaled version of m. To sum up,
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we denote ω in (2.48) by ωb,m and adopt

ωlin ≡ ωlin,m := ω0,m , ω ≡ ωm := ω1,m .

We aim to prove that, for b = 1 and m sufficiently large, there exists ω1,m such that the

abstract eigenvalue problem (2.48) admits a zero eigenvalue. This, in turn, would prove that

the nonlinear eigenvalue problem (2.47) admits eigenvalues ω2.

The main idea is to make use of what we have already proven for the linear eigenvalue problem

(2.38) in Theorem 2.4 of Section 2.7, namely that, for b = 0 and m sufficiently large, there exists

ω0,m such that Q(0, ω0,m) admits a zero eigenvalue, say the n-th eigenvalue Λn(0, ω0,m) is zero

(where n = n(m)). In view of the Implicit Function Theorem, we will be able to prove that this

statement remains true for any b ∈ [0, 1], i.e. for any b ∈ [0, 1] and m sufficiently large, there

exists ωb,m such that the eigenvalue Λn(b, ωb,m) of Q(b, ωb,m) is equal to zero. In particular, this

statement will hold for b = 1, giving us the existence result for (2.47).

2.8.1 Preliminaries

Analysis of the potential V β
(ω,m,J) − ω

2

We collect here some properties of the potential V β
(ω,m,J) − ω

2, where V β
(ω,m,J) was defined in

(2.46). Let us define

V̂ β
(ω,m,J)(r, θ) :=V β

(ω,m,J)(r, θ)− ω
2

=

(
f(r)

r2 sin2 θ

)
m2 −

[
(1− f(r)) sinh2 β

]
ω2 − [2(1− f(r)) sinhβ coshβ]ω J

(2.49)

+ [1− (1− f(r)) cosh2 β] J2 − ω2

=

(
f(r)

r2 sin2 θ

)
m2 − (1− f(r))(ω sinhβ + J coshβ)2 + J2 − ω2 .

When we do not need to specify any particular dependence on the frequency parameters, we

denote V̂ β
(ω,m,J) by V̂ .

Remark 2.16 (Fix θ = π/2). For most of this section we will be fixing θ = π/2 and the

potential will be considered as a function of r only. Note that ∂θV̂ (r, π/2) = 0 for any r ≥ r0

and θ = π/2 is a local minimum (and the only stationary point) in the θ-direction. Further-

more, for any fixed r = r̃ and (ω,m, J), there exists θ0 sufficiently close to 0 (or π) such that

V̂ β
(ω,m,J)(r̃, θ) > 0 for 0 ≤ θ ≤ θ0 (or π − θ0 ≤ θ ≤ π). Indeed, for θ small (or close to π), i.e.

sin2 θ small, the potential gains more and more positivity from the first term in (2.49). The

constant θ0 depends on both r̃ and (ω,m, J).

Theorem 2.5 (Analysis of V̂ β
(ω,m,J)). Consider the potential V̂ , with ω ∈ R and m,J ∈ Z.

Assume cosh2 β < 3, where β ∈ R≥0 is fixed. Then, the following statements hold.
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1. The potential V̂ admits at most two stationary points. It has both one local maximum and

one local minimum if and only if

m2 > 3r2
0(ω sinhβ + J coshβ)2 . (2.50)

For any (ω,m, J) satisfying (2.50), we have

r0 < rmax < 3r0 < rmin ,

where rmax and rmin are the radial coordinates of the local maximum and local minimum

respectively. For m2 = 3r2
0(ω sinhβ + J coshβ)2, the potential V̂ has an inflection point

at r = 3r0, while for m2 < 3r2
0(ω sinhβ + J coshβ)2 there are no stationary points.

2. The potential V̂ vanishes as a cubic in r. In particular, the potential has (i) one real

root, or (ii) three distinct real roots, or (iii) three real roots where one is a multiple root.

Without any condition on the frequency parameters (ω,m, J), the roots lie in general on

(−∞,∞).

3. If V̂ β
(ω0,m0,J0) has three distinct real roots in (r0,∞) for some triple (ω0,m0, J0), then

J2
0 > ω2

0 must hold.

4. If ω = 0, then V̂ β
(0,m,J) does not admit three distinct real roots in (r0,∞) for any m,J .

5. There exists a triple (ω0,m0, J0) such that the potential V̂ β
(ω0,m0,J0) admits three distinct

real roots in (r0,∞). In view of (1),(3) and (4), for any such triple (ω0,m0, J0), we have

(i) 0 < |ω0| < |J0| and (ii) condition (2.50) holds. In particular, there exists such a triple

(ω0,m0, J0) which also satisfies the condition ω0J0 > 0.

6. Consider a triple (ω0,m0, J0) such that the potential V̂ β
(ω0,m0,J0) admits three distinct real

roots rω0
1 , rω0

2 , rω0
3 ∈ (r0,∞), with rω0

1 < rω0
2 < rω0

3 and ω0J0 > 0. Then, there exist E−, E+,

with 0 < E− < E+ < |J0|, satisfying the following properties:

(i) |ω0| ∈ (E−, E+).

(ii) for any |ω| ∈ (E−, E+), sign(ω) = sign(ω0), the potential V̂ β
(ω,m0,J0) admits three

distinct real roots in (r0,∞).

(iii) For any ω1, ω2 such that |ω1|, |ω2| ∈ (E−, E+), |ω1| < |ω2|, sign(ω1) = sign(ω2) =

sign(ω0), we have rω1
2 > rω2

2 and rω1
3 < rω2

3 , where r
ωj
i denotes the i-th root of

V̂ β
(ωj ,m0,J0).

7. For any fixed β0, there exists a triple (ω0,m0, J0), with ω0J0 > 0, such that V̂ β
(ω0,m0,J0)

admits three distinct real roots in (r0,∞) for any β ∈ [0, β0]. In particular, V̂ 0
(ω0,m0,J0)

admits three distinct real roots in (r0,∞) and we have r0
2 > rβ0

2 and r0
3 < rβ0

3 , with the

notation rβi for the i-th root of V̂ β
(ω0,m0,J0).

Remark 2.17 (β is fixed). The boost parameter β has to be considered fixed. The statement

of the theorem holds for any fixed β satisfying cosh2 β < 3. In particular, it holds true for β = 0,

i.e. for the static black string.
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Proof. We start by observing two properties of V̂ :

V̂ (r0, θ) = −(ω coshβ + J sinhβ)2 < 0 (2.51)

lim
r→+∞

V̂ (r, θ) = J2 − ω2 (2.52)

for any (ω,m, J). We present the proof divided in parts, accordingly to the statements of the

theorem.

1. We compute the derivative

∂V̂

∂r

(
r,
π

2

)
=

1

r4

[
m2(3r0 − 2r) + r0(J coshβ + ω sinhβ)2r2

]
.

Note that this is positive at r = r0. By imposing ∂V̂
∂r (r, π/2) = 0, we find that the potential

V̂ has at most two stationary points with radial coordinate

rmax =
m2 −

√
m2
[
m2 − 3r2

0(ω sinhβ + J coshβ)2
]

r0(ω sinhβ + J coshβ)2

rmin =
m2 +

√
m2
[
m2 − 3r2

0(ω sinhβ + J coshβ)2
]

r0(ω sinhβ + J coshβ)2
, (2.53)

with the condition

m2 > 3r2
0(ω sinhβ + J coshβ)2 (2.54)

for the stationary points to exist and be distinct. Using (2.54), we have

rmin > 3r0 + positive term > 3r0 .

Furthermore, we clearly have rmax < rmin and

rmax =
3m2

(ω sinhβ + J coshβ)2rmin

≥ 3m2

(ω sinhβ + J coshβ)2

[
r0(ω sinhβ + J coshβ)2

2m2

]
=

3

2
r0

≥ r0 .

Since ∂V̂
∂r (r0, π/2) > 0 and the two stationary points are in (r0,∞), we can conclude that

rmax is really the radial coordinate of a local maximum and rmin of a local minimum. For

m2 = 3r2
0(ω sinhβ + J coshβ)2, we have rmax = rmin = 3r0 and ∂2V̂

∂r2 (3r0, π/2) = 0, so

r = 3r0 is the radial coordinate of an inflection point.

2. We set sin θ = 1 and rewrite V̂ as

1

r3

[
(J2 − ω2)r3 − r0(ω sinhβ + J coshβ)2r2 +m2r −m2r0

]
, (2.55)

which vanishes as a cubic in r.
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3. From (2.51), if V̂ has three distinct real roots in (r0,∞), then we must have limr→+∞ V̂ >

0, which implies J2 > ω2 from (2.52).

4. Suppose that V̂ admits three distinct real roots in (r0,∞), with r1 < r2 < r3. Then the

largest root must satisfy r3 > 3r0. This is true because, if V̂ admits three roots in (r0,∞),

then it must have both one local maximum and one local minimum, with rmin > 3r0. In

view of (2.51) and point (3), we need to have r3 > rmin > 3r0. However, if we set ω = 0,

the potential becomes

V̂ β
(0,m,J)(r, θ) =

(
f(r)

r2 sin2 θ

)
m2 + [1− (1− f(r)) cosh2 β]J2 .

Using assumption cosh2 β < 3, potential V̂ β
(0,m,J)(r, θ) is positive for any r > 3r0, contra-

dicting r3 > 3r0. This implies that we need to have ω 6= 0. In particular, for any fixed

m,J , the frequency parameter ω has to be bounded away from zero, where the lower

bound depends on m and J .

5. From point (2), we know that the potential is a cubic in r, whose discriminant

D =− 4
(
J2 − ω2

)
m4

+
[
−27r2

0

(
J2 − ω2

)2
+ 18r2

0

(
J2 − ω2

)
(ω sinhβ + J coshβ)2

+r2
0 (ω sinhβ + J coshβ)4

]
m2 − 4r4

0 (ω sinhβ + J coshβ)6

is positive if and only if the potential admits three distinct real roots in (−∞,+∞). We

claim that, for the triple (ω,m, J) with J2 = ω2 + ε and m2 = 5r2
0(ω sinhβ + J coshβ)2,

the discriminant is indeed positive for sufficiently small ε > 0.29 With such a triple, D

becomes

D =ε
[
−4m4 + 18r2

0 (ω sinhβ + J coshβ)2m2
]
− 27r2

0ε
2m2

+ r2
0 (ω sinhβ + J coshβ)4m2 − 4r4

0 (ω sinhβ + J coshβ)6 .

The expression for m2, which correctly satisfies (2.50), makes the second line positive. By

choosing ε sufficiently small, we conclude D > 0. This proves the existence of a triple

(ω,m, J) for which V̂ admits three distinct real roots. In particular, we do not have to

impose a sign for ω J , so the existence of the triple is compatible with ω J being positive.

We now need to check that the roots all lie in (r0,∞). To do that, note that the potential

V̂ is everywhere negative for 0 < r ≤ r0, limr→0± V̂ = ∓∞ and V̂ is everywhere positive

for r < 0 because sum of positive terms (using J2 − ω2 = ε > 0). Thus, the potential can

only vanish for r ∈ (r0,∞).

6. Part (i) uses point (5), while part (ii) comes from the continuity of V̂ β
(ω,m0,J0) in ω (note

that m0 and J0 are fixed). For part (iii), we note the following monotonicity property

29To ensure that m,J ∈ Z, one can choose ω = ω(ε) such that ω2 + ε ∈ Z and take the integer part of
5r2

0(ω sinhβ + J coshβ)2.
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of V̂ β
(ω,m0,J0). If ω J0 > 0, then, for any fixed r = r̃, (2.49) shows that V̂ β

(ω,m0,J0) (r̃, π/2)

increases when ω decreases, because all the terms involving ω are negative.

7. We look at the discriminant D and suppose ω0, J0 > 0 (the case ω0, J0 < 0 is equivalent).

We again define J2
0 = ω2

0 + ε and m2
0 = 5r2

0(ω0 sinhβ0 + J0 coshβ0)2. As proved in point

(5), this gives the existence of three distinct real roots for V̂ β0

(ω0,m0,J0) when ε is small

enough. Note that, for any β ∈ [0, β0), we have m2
0 > 5r2

0(ω0 sinhβ + J0 coshβ)2, which

implies D > 0 for any β ∈ [0, β0) and ε sufficiently small (ε depends on β0, but uniform

in β). The monotonicity property of the roots derives form the fact that, for (ω0,m0, J0)

with ω0J0 > 0, all the terms of V̂ β
(ω0,m0,J0) depending on β are negative and decrease in

absolute value when β decreases.

The frequency parameters m and J

Lemma 2.4. Let m,J ∈ Z. If m = 0, then V̂ does not admit three distinct real roots in (r0,∞).

Analogously, if J = 0, then V̂ does not admit three distinct real roots in (r0,∞).

Proof. If m = 0, then condition (2.50) of Theorem 2.5 implies that V̂ has a local maximum and

minimum in (r0,∞) if and only if ω and J satisfy

3r2
0(ω sinhβ + J coshβ)2 < 0 .

Therefore, V̂ does not admit stationary points in (r0,∞), so it cannot have three distinct real

roots in such interval. If J = 0 and V̂ has three distinct real roots in (r0,∞), then we know

from point (3) of Theorem 2.5 that J2 > ω2 must hold, which gives a contradiction.

Motivated by Lemma 2.4, we will assume

m 6= 0, m > 0 J 6= 0 (2.56)

throughout the discussion. In fact, the sign of m does not play any role because m only appears

squared in both eigenvalue problems (2.38) and (2.47). As done for the eigenvalue problem

(2.38), we further assume

J = cm c2 <
1

3r2
0

(2.57)

for some fixed, positive constant c > 0. We will not make a substitution J → cm in our

equations, but the reader should keep in mind that, from now on, J is really a rescaled version

of the frequency parameter m. In view of (2.56), we have J > 0. We summarize all the

assumptions on m and J in the following:
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Claim 2.1 (Assumptions on m and J). Let m,J ∈ Z. We assume

m 6= 0 J = cm, J > 0, c ∈ Q

for some fixed constant c such that 0 < c2 < 1/3r2
0.

Remark 2.18. Note that:

(i) In the linear problem (2.38) the sign of the frequency parameters (ω,m, J) is not relevant,

because they all appear squared in the potential. For the nonlinear problem (2.47), the sign

ambiguity becomes relevant when one has to deal with the cross-term ω J in potential V̂ .

See, for instance, the proof of Lemma 2.6.

(ii) What we really want to assume is J > 0, while parameters m and J do not need to have

the same sign (one could equivalently assume m < 0 and c < 0). Most of the statements

in the following sections will require m2, J2 sufficiently large. Claim 2.1 assumes that, in

the limit J2 →∞, we have J → +∞ (and not J → −∞).

(iii) The results of Theorem 2.5 did not require any assumption on the sign of J . Therefore,

all the statements therein remain true after assuming J > 0.

Remark 2.19 (The choice of sign for J does not matter). One could equivalently assume

J < 0 in Claim 2.1 and go through the same arguments that we are about to present. In other

words, one only has to eliminate the sign ambiguity of J from the problem, but the particular

choice of sign is not important.

How we choose Ω for (2.47)

The choice of Ω and suitable energy levels E for the nonlinear eigenvalue problem (2.47) is

specified by the following proposition, which has to be seen as the nonlinear analogue of Lemma

2.1.

Proposition 2.1. Define V̂ β
min to be the minimum of V̂ β

(ω,m,J) and xmin ∈ (r0,∞)× (0, π) such

that V̂ β
(ω,m,J)(xmin) = V̂ β

min. For suitable m,J ∈ Z (as in Claim 2.1) and β ∈ R+ (as assumed

in Theorem 2.5), consider some constant E > 0 such that V̂ β
(Em,m,J) has a local minimum and

such that there exists Ω ⊂ [r0,∞)× [0, π) satisfying

(i) xmin ∈ Ω,

(ii) V̂ β
(Em,m,J)(x) = 0 for x ∈ ∂Ω,

(iii) there are no local maxima of V̂ β
(Em,m,J) in Ω,

(iv) x ∈ Ω =⇒ r(x) > 3 r0.
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ΩΩ′

V̂ β
(Em,m,J)

r, z = 0 3 r0

V̂ β
(Em,m,J)

(r0,∞)× (0, π)

r

z

θ

Figure 2.6: Conditions (i)-(iv) on Ω imply that the potential V̂ β(Em,m,J) is negative on Ω, the same being

true for V̂ β(Em,m,J) on Ω′. Note also that condition (iv) implies condition (iii) because rmax < 3 r0, so the

latter is in this sense redundant. Similarly, condition (iv) also ensures that V̂ β(Em,m,J) (and V̂ 0
(Em,m,J))

has no local maxima on Ω \ Ω′ (and Ω \ Ω′′). They have therefore positive sign on such sets.

Fix now some energy level E > 0 such that

(a) V̂ β
(Em,m,J) has a local minimum and there exists Ω′ ⊂ Ω satisfying the same properties

(i)-(iv) of Ω, but now with respect to V̂ β
(Em,m,J),

(b) V̂ 0
(Em,m,J) has a local minimum and there exists Ω′′ ⊂ Ω satisfying the same properties

(i)-(iv) of Ω, but now with respect to V̂ 0
(Em,m,J).

Then, the final part of Lemma 2.1 holds for 1
m2 V̂

0
(Em,m,J) with respect to the open set Ω. Fur-

thermore, for any sufficiently small constants δ, δ′ > 0, there exists some constant c > 0 such

that

dist(x, ∂Ω) < δ′ =⇒ 1

m2
V̂ β

(κm,m,J)(x) > c

for all κ ∈ R satisfying |κ2 − E2| ≤ δ, with dist(·, ·) the Euclidean distance.

Remark 2.20. Note that, a priori, it is not obvious that constants E and E with the properties

required by Proposition 2.1 do exist. The existence of such constants is the content of parts

(5)-(6)-(7) of Theorem 2.5. In particular, we have E < E in view of (6)-(iii) in Theorem 2.5.

Note also that condition (iv) of Proposition 2.1 is always realizable, since by (6)-(iii) in Theorem

2.5 one can continuously vary ω and obtain roots of the potential arbitrarily close to the local

minimum, for which rmin > 3 r0 holds.

Remark 2.21. As one can see from Proposition 2.1, the choice of Ω and the energy level E

for the nonlinear problem is slightly more delicate than the one introduced in Lemma 2.1 for
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the linear problem. One reason for this is the non-linearity of the problem, namely the fact that

the potential varies when we vary the energy level E. On the other hand, our formulation of

Proposition 2.1 (in particular point (b)) aims to fix an energy level E which also agrees with the

assumptions of Theorem 2.4 for the linear eigenvalue problem with potential V̂ 0
(Em,m,J). This is

because we will need to apply Weyl’s law of Theorem 2.4 in our perturbation argument. By part

(7) of Theorem 2.5, a choice of E with these properties is possible.

Remark 2.22 (A condition on β). Boosted black strings present an ergosurface at r =

r0 cosh2 β. From now on, we assume that the real parameter β ≥ 0 satisfies

cosh2 β < 3 . (2.58)

In view of condition (iv) of Proposition 2.1, our assumption ensures that the open set Ω is

disjoint from the ergoregion in physical space. This is key for Lemma 2.5 and, even more

importantly, for the proof of Lemma 2.6.

The open set Ω is uniquely determined by the choice of the constant E . This concludes the

formulation of the eigenvalue problem (2.47). In what follows, the set Ω will be considered fixed

throughout.

2.8.2 A lower bound for ω2

In this section we prove that the claim that the n-th eigenvalue Λn(b, ω) of Q(b, ω) is zero

determines some compatibility conditions on ωb,m.

Let ψn(b, ω) be an eigenfunction associated to the eigenvalue Λn(b, ω) = 0. Assuming that

ψn(b, ω) is normalized on Ω, i.e.
∫

Ω |ψn(b, ω)|2 dr∗dθ = 1, we have

Λn(b, ω) =

∫
Ω
ψn(b, ω)Q(b, ω)ψn(b, ω) dr∗dθ = 0 . (2.59)

It turns out that ωb,m needs to satisfy some a priori conditions for (2.59) to be possible. The

following lemma states that we certainly need to have ωb,m 6= 0.

Lemma 2.5. Let ψn(b, ω) be a non identically zero eigenfunction of (2.48), normalized on Ω.

If β satisfies (2.58) and m2, J2 > M , for some positive constant M , then the implication

ωb,m = 0 =⇒
∫

Ω
ψn(b, ω)Q(b, ω)ψn(b, ω) dr∗dθ 6= 0

holds for any b ∈ [0, 1].

Remark 2.23. In Lemma 2.5 and Corollary 2.2 we require m2 large. This assumption finds

motivation later in our discussion, when we will be looking at certain energy estimates in a high

frequency limit. Note also that, in view of (2.57), assuming m2 large implies J2 large as well,

so the hypothesis on J2 is in some sense redundant.
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Proof. Setting ωb,m = 0, we have∫
Ω
ψn(b, 0)Q(b, 0)ψn(b, 0) dr∗dθ

=

∫
Ω
−ψn(b, 0)g(r)∆(r∗,θ)ψn(b, 0) +

[
Vj(r, θ) + V bβ

(0,m,J)(r, θ)
]
ψ2
n(b, 0) dr∗dθ

=

∫
Ω
g(r)

(∣∣∣∣∂ψn(b, 0)

∂r∗

∣∣∣∣2 +

∣∣∣∣∂ψn(b, 0)

∂θ

∣∣∣∣2
)

+ ψn(b, 0)∂r∗ψn(b, 0)∂r∗g(r)

+
[
Vj(r, θ) + V bβ

(0,m,J)(r, θ)
]
ψ2
n(b, 0) dr∗dθ

≥
∫

Ω

(
g(r)− ε|∂r∗g(r)|2

) ∣∣∣∣∂ψn(b, 0)

∂r∗

∣∣∣∣2 + g(r)

∣∣∣∣∂ψn(b, 0)

∂θ

∣∣∣∣2
+

[
Vj(r, θ) + V bβ

(0,m,J)(r, θ)−
1

4ε

]
ψ2
n(b, 0) dr∗dθ ,

where we have integrated by parts, used the boundary condition on ψn(b, ω) and Young’s in-

equality. We first set b = 1 and we look at

V β
(0,m,J)(r, θ) =

(
f(r)

r2 sin2 θ

)
m2 + [1− (1− f(r)) cosh2 β] J2 , (2.60)

where the first term is always positive, while the second term becomes negative inside the

ergoregion r < r0 cosh2 β. We now recall that we are integrating over Ω, which is an open set

satisfying the conditions of Proposition 2.1. Furthermore, β satisfies condition (2.58). This

implies that the second term of (2.60) is positive on Ω. Note that cosh2 bβ ≤ cosh2 β < 3, so

this gives us a positive sign for the second term of (2.60) on Ω for any b ∈ [0, 1].

By choosing ε sufficiently small (independently of m,J) and m2, J2 sufficiently large, the integral

involves only positive terms (Vj(r, θ) and 1/4ε can be both absorbed by V bβ
(0,m,J) when m and

J are large). The integral is therefore positive for m2 and J2 sufficiently large, unless ψn = 0

identically on Ω. In particular, the integral is nonzero.

We now derive a second condition for ωb,m, namely a lower bound. The proof follows the same

idea of that of Lemma 2.5. We state the result as a corollary.

Corollary 2.2. Let ψn(b, ω) be a non identically zero eigenfunction of (2.48), normalized on

Ω. If β satisfies (2.58), then the implication

ω2
b,m = o(m2) as m2, J2 are sufficiently large (2.61)

=⇒
∫

Ω
ψn(b, ω)Q(b, ω)ψn(b, ω) dr∗dθ 6= 0

holds for any b ∈ [0, 1].
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Proof. The case ω2
b,m = 0 is the content of Lemma 2.5. We therefore discuss the case ω2

b,m > 0.

Note that, in view of (2.57), condition (2.61) still holds with m replaced by J .

Condition (2.61) implies that we can always choose a constant C > 0 sufficiently small and

m2, J2 sufficiently large such that V bβ
(ω,m,J)(r, θ) − ω

2
b,m is positive on Ω for any b ∈ [0, 1]. This

is true because

V bβ
(ω,m,J)(r, θ)− ω

2
b,m ≥

(
f(r)

r2 sin2 θ

)
m2 + [1− (1− f(r)) cosh2 bβ] J2

− C[1 + (1− f(r)) sinh2 bβ + 2(1− f(r)) sinh bβ cosh bβ]m2

remains positive when C is sufficiently small. The rest of the argument is analogous to the one

presented in the proof of Lemma 2.5.

In view of Corollary 2.2, we conclude that, if the eigenvalue problem (2.47) admits eigenvalues

ω2
m, then, for m2 sufficiently large, there exists a positive constant Cr0,β, independent of m,

such that

ω2
m ≥ Cr0,βm2 . (2.62)

In the following section, by an application of the Implicit Function Theorem, we will be able to

prove the existence of such eigenvalues and produce an upper bound of the type ω2
m ≤ Cr0,βm2

when m2 is sufficiently large.

2.8.3 An application of the Implicit Function Theorem

We now state the key lemma for the nonlinear eigenvalue problem (2.47). In doing this, we

will make an assumption on the sign of ωb0,m, for some b0 ∈ [0, 1]. In the application of the

lemma to our problem, this sign assumption on ωb0,m will become an assumption on the sign

of ωlin,m, where ω2
lin,m are the eigenvalues of the linear eigenvalue problem (2.38). Since ωlin,m

only appears squared in the linear problem, this choice of sign is free and does not determine

any loss of generality.

Lemma 2.6 (adapted from [59] Lemma 4.3). Let b0 ∈ [0, 1] and ωb0,m > 0 be such that the

n-th eigenvalue of Q(b0, ωb0,m) is zero. We further assume m,J ∈ Z as in Claim 2.1. Then, for

m2, J2 sufficiently large, there exists a constant ε > 0 (independent of b0) such that the following

property holds. There exists a differentiable function ωb,m(b) such that the n-th eigenvalue of

Q(b, ωb,m) is zero for any b ∈ (max(0, b0 − ε), b0 + ε).

Proof. Recall that the n-th eigenvalue of Q(b, ωb,m) follows the formula

Λn(b, ω) =

∫
Ω
ψn(b, ω)Q(b, ω)ψn(b, ω) dr∗dθ ,
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where the associated eigenfunction ψn(b, ω) has been renormalized on Ω. Our assumption on

the n-th eigenvalue of Q(b0, ωb0,m) claims that Λn(b0, ωb0,m) = 0.

The idea of the proof is to apply the Implicit Function Theorem to the equation Λn(b, ω) = 0

in a neighbourhood of the point (b0, ωb0,m), where Λn is a function of b and ωb,m. To apply the

Implicit Function Theorem, we first need to compute the derivatives of Λn with respect to ωb,m

and b at the point (b0, ωb0,m) and check that they are non-zero. Note that, at this stage, we are

interested in proving the existence of a solving function ωb,m(b), so only the derivative of Λn

with respect to ωb,m needs to be checked. We have

∂Λn
∂ω

(b0, ωb0,m) =

∫
Ω
ψn(b0, ωb0,m)

∂V b0β
(ω,m,J)

∂ω
(b0, ωb0,m)− 2ωb0,m

ψn(b0, ωb0,m) dr∗dθ (2.63)

∂Λn
∂b

(b0, ωb0,m) =

∫
Ω
ψn(b0, ωb0,m)

∂V b0β
(ω,m,J)

∂b
(b0, ωb0,m)

ψn(b0, ωb0,m) dr∗dθ .

If integral (2.63) is non-zero, then an application of the Implicit Function Theorem allows us

to solve for ωb,m as a function of b in a neighbourhood of the point (b0, ωb0,m) and close the

argument. To check this, we compute

∂V b0β
(ω,m,J)

∂ω
(b0, ωb0,m)− 2ωb0,m =− 2

[
(1− f(r)) sinh2 b0β + 1

]
ωb0,m (2.64)

− [2(1− f(r)) sinh b0β cosh b0β] J

≤− 2ωb0,m ,

where the estimate holds because ωb0,m > 0 (by assumption of the theorem) and J > 0 (by

Claim 2.1).

From Corollary 2.2, we have ωb0,m ≥ Cb0,r0,βm for some constant Cb0,r0,β > 0 (independent of

m) and m sufficiently large. In particular, there exists a constant Br0,β := infb0∈[0,1]Cb0,r0,β > 0

independent of b0 such that ωb0,m ≥ Br0,βm. We deduce

∂V b0β
(ω,m,J)

∂ω
(b0, ωb0,m)− 2ωb0,m ≤ −Br0,βm. (2.65)

Therefore, (2.64) is bounded away from zero uniformly in b0. This implies that integral (2.63)

is bounded away from zero uniformly in b0 as well. We can therefore conclude the proof by

Implicit Function Theorem. Note that the fact that estimate (2.65) is uniform in b0 implies

that the constant ε is independent of b0.

Remark 2.24. The Implicit Function Theorem also provides a formula for the derivative of
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the function ωb,m(b) at b = b0, namely

dωb,m
db

(b0) = −
∂Λn
∂b (b0, ωb0,m)
∂Λn
∂ω (b0, ωb0,m)

. (2.66)

By computing

∂V bβ
(ω,m,J)

∂b
(b0, ωb0,m) = −β(ω2

b0,m + J2)(1− f(r)) sinh(2b0β)− 2β ωb0,m J(1− f(r)) cosh(2b0β) ,

we conclude that, under the assumptions of Lemma 2.6, we have

− Cr0,β ωb0,m ≤
dω

db
(b0) < 0 (2.67)

for some constant Cr0,β > 0 and any b0 ∈ [0, 1].

2.8.4 The main theorem for the eigenvalue problem (2.47)

This is the main theorem for the nonlinear eigenvalue problem (2.47). Previous sections provided

all the preliminary results that we need to prove the following:

Theorem 2.6 (Eigenvalues boosted black string). Consider the fixed energy levels E , E > 0

and the bounded set Ω introduced in Proposition 2.1. Let β ∈ R+ satisfy (2.58) and m,J ∈ Z as

in Claim 2.1. Given eigenvalues ω2
lin,m for the linear eigenvalue problem (2.38) on Ω, we further

assume ωlin,m > 0. Then, there exists a constant M > 0 such that the following statement holds

for any m2 > M . There exists an eigenvalue ω2
m and an associated smooth eigenfunction um to

the nonlinear eigenvalue problem (2.47). Furthermore, we have ωm > 0 and

Cr0,β ≤
ω2
m

m2
≤ E2 +

E2 − E2

10
(2.68)

for some constant Cr0,β > 0 independent of m.

Remark 2.25. In view of Proposition 2.1, the energy level E agrees with the assumptions of

Theorem 2.4 for the linear eigenvalue problem (2.38) on Ω (see also Remark 2.21). Therefore,

Theorem 2.4 ensures that eigenvalues ω2
lin,m do exist and, in particular, ω2

lin,m/m
2 accumulate in

an arbitrarily small strip around E2 for m2 sufficiently large. This last accumulation property

of ω2
lin,m will be crucial to prove inequality (2.68).

Proof. The spirit of this proof is to repeatedly apply Lemma 2.6 to prove the existence of

eigenvalues for the nonlinear eigenvalue problem (2.47).

Let us start by choosing b0 = 0. Then, we know by our study of the linear problem (2.38) that,

for m2 sufficiently large, there exists an ω0,m such that Q(0, ω0,m) admits a zero eigenvalue. By

Lemma 2.5, we necessarily have ω0,m 6= 0.
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By assumption in the statement of the theorem, we have ω0,m > 0. Lemma 2.6 now ensures

that there exists ε > 0 such that there exists a continuous function ωb,m(b) such that, for any

b ∈ [0, ε), the eigenvalue problem (2.48) admits a zero eigenvalue Λn(b, ωb,m) = 0. In particular,

in view of Lemma 2.5, the function ωb,m(b) cannot vanish for b ∈ [0, ε), so ωb,m has to remain

positive on [0, ε). From (2.67), we also have ωb,m < ω0,m for all b ∈ [0, ε).

For any b0 ∈ [0, ε), the assumptions of Lemma 2.6 are still satisfied, so we can apply the lemma

again and deduce the existence of a function ωb,m(b) such that Λn(b, ωb,m) = 0 in an enlarged

interval of b. The fact that ε is independent of b0 is crucial here and ensures that a finite number

of applications of Lemma 2.6 covers the whole interval b ∈ [0, 1].

Therefore, problem (2.48) admits a zero eigenvalue for any b ∈ [0, 1]. In particular, for b = 1,

this proves the existence of eigenvalues ω2
m for the nonlinear eigenvalue problem (2.47).

From (2.67), for m2 sufficiently large, we have

ω2
m = ω2

b,m(1) ≤ ω2
b,m(0) ≤ Cm2 ,

where the second inequality comes from Weyl’s law for the linear problem. Combining with

(2.62), we have that, for m2 sufficiently large, the eigenvalues ω2
m for the nonlinear problem

satisfy

cr0,β ≤
ω2
m

m2
≤ Cr0

for some constants cr0,β, Cr0 > 0 independent of m.

We now prove inequality (2.68). Consider the problem

Qbu = E2
n(b)u ,

where the operator Qb and the n-th eigenvalue E2
n(b) are defined as

Qbu := −g(r)

m2
∆(r∗,θ)u+

1

m2
[Vj(r, θ) + V bβ

(ω,m,J)(r, θ)]u

E2
n(b) :=

ω2
b,m(b)

m2

with b ∈ [0, 1]. From part (b) of Proposition 2.1, which allows the application of Weyl’s law (see

Remark 2.25), we have

E2
n(0) ∈ [E2 − δ, E2 + δ]

for some δ > 0 arbitrarily small and m2 sufficiently large. Furthermore, we have the estimate

0 ≤
∫

Ω

[
u(Q0 −Qb)u

]
dr∗dθ =

∫
Ω

{
c2 f(r) +

[
(1− f(r)) sinh2 bβ

] ω2
b,m

m2

+ 2 c (1− f(r)) sinh bβ cosh bβ
ωb,m
m

−c2[1− (1− f(r)) cosh2 bβ]
}
|u|2dr∗dθ

for any b ∈ [0, 1], where the constant c was defined in Claim 2.1 and the factor c ωb,m/m is
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positive. Note that f(r) ≥ 1− (1− f(r)) cosh2 bβ, so all the terms in the integral are positive.

Therefore, ∫
Ω

[
u(Qbu)

]
dr∗dθ ≤

∫
Ω

[
u(Q0u)

]
dr∗dθ ,

which implies, recalling the min-max definition of the eigenvalue En(b), that

E2
n(b) ≤ E2

n(0)

for any b ∈ [0, 1]. In particular,

E2
n(1) ≤ E2

n(0) ≤ E2 + δ

with δ arbitrarily small. The lower bound in inequality (2.68) has already been proven in (2.62).

Remark 2.26 (V̂ β
(ωm,m,J)

has a good structure). Inequality (2.68) ensures that the eigen-

values ω2
m for the nonlinear eigenvalue problem determine a potential V̂ β

(ωm,m,J) with the same

sign properties of V̂ β
(Em,m,J) in Figure 2.6. When ω2

m/m
2 ∈ [E2 − δ, E2 + δ], this is rigorously

motivated by the final part of Proposition 2.1. For C ≤ ω2
m/m

2 ≤ E2 − δ, one can invoke part

(6) of Theorem 2.5 or, equivalently, remember that ∂V̂ β
(ω,m,J)/∂ω < 0. Indeed, the potential

gains positivity for lower values of ω2
m/m

2, thus the sign properties deriving from Proposition

2.1 still hold. This structure of the potential will be crucial in our quasimode construction.

Remark 2.27 (The choice of sign for J does not matter). The reader should now go back

to Remark 2.19 and realise that all our arguments can be repeated if J < 0 is assumed. One

only needs to be careful with the proof of Lemma 2.6, where the estimate on

∂V bβ
(ω,m,J)

∂ω
(b0, ωb0,m)− 2ωb0,m

was possible because ωb0,m and J were both positive. Note that the estimate still holds if ωb0,m

and J are both negative, now in the form

∂V bβ
(ω,m,J)

∂ω
(b0, ωb0,m)− 2ωb0,m ≥ 2ωb0,m .

In other words, what we really need is ωb0,mJ > 0. Therefore, if we assume J < 0 at the level

of Claim 2.1, we then need to assume ωb0,m < 0 in Lemma 2.6. In terms of our problem, this

means that we are assuming ωlin,m < 0 for ω2
lin,m eigenvalues of the linear eigenvalue problem.

2.9 Eigenvalue problem for the black ring

The aim of this section is to prove Theorem 2.8.
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Consider the coordinate system (t, r, θ, φ, ψ) and the ring metric g(r0,R) introduced in (2.26).

Recall that

r ∈ [r0, R] θ ∈ [0, π) ,

where r = r0 corresponds to the event horizon and (R, π) to spacelike infinity.

Equation (2.34) for the black ring becomes

−gring(r, θ)∆(r∗,θ∗)u+
[
V ring
j (r, θ) + V ring

(ω,m,Ĵ)
(r, θ)

]
u = 0 ,

where u = u(r∗, θ∗), the coordinates (r∗, θ∗) are implicitly defined by

dr∗
dr

=

√
R2

r(r − r0)(R2 − r2)

dθ∗
dθ

=

√
R

r0 cos θ +R

and the function gring(r, θ) is

gring(r, θ) :=
(r − r0)(R+ r cos θ)2

r3R
(
R+ r0 cosh2 β cos θ

) .
The potential V ring

(ω,m,Ĵ)
(r, θ) is given by

V ring

(ω,m,Ĵ)
(r, θ) = f1,R(r, θ)m2 + f2,R(r, θ)ω2 + f3,R(r, θ)ω Ĵ + f4,R(r, θ) Ĵ2 , (2.69)

where ω ∈ R, m, Ĵ ∈ Z and the functions fi,R(r, θ) are defined as follows:

f1,R(r, θ) :=
(r − r0)(R+ r cos θ)2

Rr3(r0 cos θ +R) sin2 θ
,

f2,R(r, θ) :=
r2

0(R− r)(R+ r cos θ)2(R sinh2 2β + 4r0 cosh4 β sinh2 β)

4rR(r +R)(R− r0 cosh2 β)(r − r0 cosh2 β)(R+ r0 cosh2 β cos θ)

− (r − r0)(R+ r0 cosh2 β cos θ)

R(r − r0 cosh2 β)
,

f3,R(r, θ) :=
2r0 sinhβ coshβ(R+ r cos θ)2

rR(R+ r)
(
r0 cosh2 β cos θ +R

)√R+ r0 cosh2 β

R− r0 cosh2 β
,

f4,R(r, θ) :=
(r − r0 cosh2 β)(R+ r cos θ)2

rR (R2 − r2)
(
r0 cosh2 β cos θ +R

) .
Potential V ring

j (r, θ) is a smooth, real-valued function and does not involve any frequency pa-

rameter. We also recall that for a black ring in equilibrium, the following condition must hold:

cosh2 β =
2R2

r2
0 +R2

.

Remark 2.28 (β is a function of r0 and R). The reader should keep in mind that β is

really a function of the parameters r0 and R. Furthermore, note that cosh2 β is an increasing
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function of R and

1 ≤ cosh2 β ≤ 2

for any r0 and R such that r0 ≤ R. Crucially, we have

cosh2 β < 3

for any r0 ≤ R, which agrees with condition (2.58) introduced for boosted strings if we interpret

β as a boost parameter (see later why this is important). We also define

β0 := lim
R→∞

β = cosh−1
√

2 ,

which satisfies cosh2 β0 < 3. In what follows, we sometimes denote β by βR to emphasise the

dependence of β on R.

Remark 2.29 (fi,R are smooth). Functions fi,R, i = 1, . . . , 4, are smooth for (r, θ) ∈ (r0, R)×
(0, π). This is not obvious for f2,R, for which the denominator goes to zero at the ergosurface

r = r0 cosh2 β. However, a more careful analysis shows that such limit is finite.

Without loss of generality, we fix r0 = 2 throughout.

2.9.1 A local property of the ring potential V ring

(ω,m,Ĵ)

As

r, 2, 2 cosh2 βR � R ,

one can rewrite potential (2.69) in the form

V ring

(ω,m,Ĵ)
(r, θ) = (1 +O1(R−1))

(
1− 2

r

)
m2

r2 sin2 θ
+ (1 +O2(R−1))

(
−1− 2

r
sinh2 βR

)
ω2

− (1 +O3(R−1))

(
2

2

r
sinhβR coshβR

)
ω
Ĵ

R
+ (1 +O4(R−1))

(
1− 2

r
cosh2 βR

)
Ĵ2

R2

=(1 +O1(R−1))

[(
1− 2

r

)
m2

r2 sin2 θ

]
+ (1 +O2(R−1))

[
−1− 2

r
sinh2 β0 +

16

r(4 +R2)

]
ω2

− (1 +O3(R−1))

[
2

2

r
sinhβ0 coshβ0 −

4
√

2

r

(
1−

√
R2(R2 − 4)

4 +R2

)]
ω
Ĵ

R

+ (1 +O4(R−1))

[
1− 2

r
cosh2 β0 +

16

r(4 +R2)

]
Ĵ2

R2

with β0 as in Remark 2.28 and Oi in the usual Bachmann-Landau notation (the label i simply

denotes different terms). The following lemma has to be regarded as a formal statement about

functions of the same real variables r and θ.30

30Coordinates (r, θ) in the black ring metric (2.26) actually differ from the ones that we used for black strings.
In the limit R→∞, the two different coordinate systems do locally coincide.
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Lemma 2.7. Let 2 < r1 < r2 and 0 < θ1 < θ2 < π. Consider the function V̂ β0

(ω,m,J)(r, θ) as

defined in (2.49), with cosh2 β0 = 2. Then, for any frequency triple (ω,m, J), with ω ∈ R and

m,J ∈ Z, and constant ε > 0, there exist a frequency parameter Ĵ and a constant R, with

R > r2, such that ∥∥∥V ring

(ω,m,Ĵ)
− V̂ β0

(ω,m,J)

∥∥∥
L∞([r1,r2]×[θ1,θ2])

≤ ε

for all R ≥ R. The frequency parameter Ĵ satisfies

Ĵ = RJ (2.70)

for each R.

Proof. Consider the difference

V ring

(ω,m,Ĵ)
(r, θ)− V̂ β0

(ω,m,J)(r, θ) = O1(R−1)

[(
1− 2

r

)
m2

r2 sin2 θ

]
+ (1 +O2(R−1))

(
16

r(4 +R2)

)
ω2

+O2(R−1)

(
−1− 2

r
sinh2 β0

)
ω2 + (1 +O3(R−1))

[
4
√

2

r

(
1−

√
R2(R2 − 4)

4 +R2

)]
ω J

−O3(R−1)

(
2

2

r
sinhβ0 coshβ0

)
ω J + (1 +O4(R−1))

(
16

r(4 +R2)

)
J2

+O4(R−1)

(
1− 2

r
cosh2 β0

)
J2 ,

where r ∈ [r1, r2], θ ∈ [θ1, θ2] and R is large. Note that V̂ β0

(ω,m,J)(r, θ) is independent of R. For

any fixed triple (ω,m, J) and ε > 0, one proves the lemma by choosing R sufficiently large.

Remark 2.30 (Lemma 2.7 is local). It is important to note that Lemma 2.7 only holds

locally, i.e. on a fixed compact region satisfying r � R. This is a manifestation of the fact that

the local geometry close to the horizon of large radius, thin black rings resembles that of suitably

boosted black strings.

Remark 2.31 (Ck-formulation of Lemma 2.7). The same statement of Lemma 2.7 can be

proven to hold for the Ck-norm of V ring

(ω,m,Ĵ)
− V̂ β0

(ω,m,J), for any k ∈ N. However, one does not

need such improvement to prove Theorem 2.7, which will be the main application of Lemma 2.7.

2.9.2 Black rings admit stable trapping

We now want to prove the analogue of part (7) of Theorem 2.5 for potential V ring

(ω,m,Ĵ)
. At the

geodesic level, the following statement can be seen as claiming the existence of stably trapped

null geodesics for a class of black ring spacetimes.
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r

θ

π − δ

δ

r3r1

(
r2,

π
2

)

[
r1 − 1

10 , r3 + 1
10

]
×
[
δ
2 , π −

δ
2

]

Ω′

Figure 2.7: Construction for the proof of Theorem 2.7. The existence of the open set Ω′ is deduced by
continuity of the potential.

Theorem 2.7. Consider the black ring metric g(r0,R) defined in (2.26) and fix r0 = 2. Then,

there exists a constant R > 2 such that, for any R ≥ R, the metric g(2,R) satisfies the following

property. There exists a frequency triple (ω,m, Ĵ), with ω ∈ R and m, Ĵ ∈ Z, and bounded sets

Ω′ b Ω ⊂ [2, R]× [0, π) such that the potential V ring

(ω,m,Ĵ)
is negative on Ω′, vanishes on ∂Ω′ and

is positive on Ω \ Ω′.

Proof. Consider the function V̂ β0

(ω,m,J) with r0 = 2. Fix for V̂ β0

(ω,m,J) a triple (ω,m, J) such that

there exist 2 < r1 < r2 < r3 satisfying

V̂ β0

(ω,m,J)

(
r1,

π

2

)
> 0 , V̂ β0

(ω,m,J)

(
r2,

π

2

)
< 0 , V̂ β0

(ω,m,J)

(
r3,

π

2

)
> 0 .

Such a triple exists by Theorem 2.5. For any r1 ≤ r ≤ r3, we have

V̂ β0

(ω,m,J) (r, 0 + δ) > 0 V̂ β0

(ω,m,J) (r, π − δ) > 0

for δ < π/4 sufficiently small. Moreover, in view of the fact that in the θ direction the only

stationary point of V̂ β0

(ω,m,J) is a local minimum at θ = π/2, we have

V̂ β0

(ω,m,J)

(
r1,

π

2

)
> 0 =⇒ V̂ β0

(ω,m,J) (r1, θ) > 0 for any δ < θ < π − δ

V̂ β0

(ω,m,J)

(
r3,

π

2

)
> 0 =⇒ V̂ β0

(ω,m,J) (r3, θ) > 0 for any δ < θ < π − δ .

By Lemma 2.7, we can deduce that, for R sufficiently large, V ring

(ω,m,Ĵ)
preserves the sign properties

of V̂ β0

(ω,m,J) for a frequency triple (ω,m, Ĵ) such that Ĵ = RJ (ω and m remain fixed). The
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lemma has to be applied in a compact region containing the points examined above, say on

[r1 − 1/10, r3 + 1/10]× [δ/2, π − δ/2].

To conclude, note that V ring

(ω,m,Ĵ)
has been proven to be positive along the sides of the rectangle

[r1, r3] × [δ, π − δ], while negative at the point (r2, π/2), which lies inside the rectangle. By

continuity, V ring

(ω,m,Ĵ)
has to be negative on a bounded region inside the rectangle.

Remark 2.32 (Stable trapping). Theorem 2.7 implies the presence of at least one local min-

imum in the bounded region Ω′ where potential V ring

(ω,m,Ĵ)
is negative. In this sense, Theorem 2.7

proves the existence of stably trapped null geodesics. The orbit of the null geodesic corresponding

to the local minimum of potential V ring

(ω,m,Ĵ)
lies on the torus T2 generated by ∂φ and ∂ψ.

Remark 2.33. After possibly choosing a larger R, the following inequalities

16

r(4 +R2)
<

∣∣∣∣−1− 2

r
sinh2 β0

∣∣∣∣
16

r(4 +R2)
<

∣∣∣∣1− 2

r
cosh2 β0

∣∣∣∣
4
√

2

r

(
1−

√
R2(R2 − 4)

4 +R2

)
< 2

2

r
sinhβ0 coshβ0∣∣Oi(R−1)

∣∣ < 1

hold for R ≥ R on the compact region Ω of Theorem 2.7, with i = 1, . . . , 4.

From now on, the constant R will be allowed to be arbitrarily large and such that both Theorem

2.7 and the inequalities of Remark 2.33 hold for R ≥ R. In turn, 1/R can be thought as a

smallness parameter.

The class of black rings that will prove Theorem 2.8 is

g :=
{
g(r0,R) such that r0 = 2 and R ≥ R

}
.

We will not be able to identify the minimum value of R such that Theorem 2.8 holds, so there

might exist black rings metrics g(r0,R) /∈ g but still satisfying the theorem. In this sense, the

class g is not optimal.

2.9.3 Formulation of the eigenvalue problem

In analogy with (2.48), we define the two-parameter family of eigenvalue problems for black

rings as

Qring(b, ω)u = Λ(b, ω)u on Ω

u = 0 on ∂Ω ,
(2.71)
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where the operator Qring(b, ω) has the form

Qring(b, ω) := −gbring(r, θ)∆(r∗,θ∗)u+

[
V b,ring
j (r, θ) + V b,ring

(ω,m,Ĵ)
(r, θ)

]
u ,

with b ∈ R ∩ [0, 1], and Ω is a bounded set.

Remark 2.34 (Notation). In the same spirit of Remark 2.15, we denote by ωb,m the frequency

appearing in Qring(b, ω) and

ωboost ≡ ωboost,m := ω0,m , ω ≡ ωm := ω1,m .

Note that ωm now refers to the black ring eigenvalue problem, while in Remark 2.15 it was

referring to the boosted black string problem. The ωm in Remark 2.15 is now ωboost,m.

We define the function gbring(r, θ) as

gbring(r, θ) :=
r − 2

r3
+ b(r − 2)

(R+ r cos θ)2 −R(R+ 2 cosh2 β cos θ)

r3R(R+ 2 cosh2 β cos θ)
,

while the potential V b,ring

(ω,m,Ĵ)
(r, θ) reads

V b,ring

(ω,m,Ĵ)
(r, θ) :=

(1 + bO1(R−1))

[(
1− 2

r

)
m2

r2 sin2 θ

]
+ (1 + bO2(R−1))

[
−1− 2

r
sinh2 β0 + b

16

r(4 +R2)

]
ω2
b,m

−(1 + bO3(R−1))

[
2

2

r
sinhβ0 coshβ0 − b

4
√

2

r

(
1−

√
R2(R2 − 4)

4 +R2

)]
ωb,m

Ĵ

R

+(1 + bO4(R−1))

[
1− 2

r
cosh2 β0 + b

16

r(4 +R2)

]
Ĵ2

R2

as r � R. When b = 0, we have

g0
ring(r, θ) = g(r, θ)

V 0,ring
j (r, θ) = Vj(r, θ)

V 0,ring

(ω,m,Ĵ)
(r, θ) = V̂ β0

(ω,m,J)(r, θ)

with J = Ĵ/R and the quantities on the right hand side previously defined. Therefore,

Qring(0, ω) = Q(1, ω), with β = β0 in Q(1, ω).

We present here the ring analogue of Lemma 2.1 and Proposition 2.1. This defines the set Ω

and suitable energy levels E, completing the formulation of the eigenvalue problem.

Proposition 2.2. Consider a black ring metric g(r0,R) and fix (r0, R) such that r0 = 2 and

R ≥ R. Let m, Ĵ ∈ Z such that

m 6= 0 Ĵ = R(cm), Ĵ > 0
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for some fixed constant c, with 0 < c2 < 1
12 . Define V ring

min to be the minimum of V ring

(ω,m,Ĵ)
and

xmin ∈ (2, R)× (0, π) such that V ring

(ω,m,Ĵ)
(xmin) = V ring

min . Consider some constant E > 0 such that

V ring

(Em,m,Ĵ)
has a local minimum and such that there exists Ω ⊂ [2, R]× [0, π) satisfying

(i) xmin ∈ Ω ,

(ii) V ring

(Em,m,Ĵ)
(x) = 0 for x ∈ ∂Ω ,

(iii) there are no local maxima of V ring

(Em,m,Ĵ)
in Ω ,

(iv) x ∈ Ω =⇒ r(x) > 6 ,

(v) Remark 2.33 holds on Ω .

Fix now some energy level E > 0 such that

(a) V ring

(Em,m,Ĵ)
has a local minimum and there exists Ω′ ⊂ Ω satisfying the same properties (i)-(v)

of Ω, but now with respect to V ring

(Em,m,Ĵ)
,

(b) V̂ β0

(Em,m,J) has a local minimum and there exists Ω′′ ⊂ Ω satisfying the same properties

(i)-(v) of Ω, but now with respect to V̂ β0

(Em,m,J) ,

(c) V̂ 0
(Em,m,J) has a local minimum and there exists Ω′′′ ⊂ Ω satisfying the same properties

(i)-(v) of Ω, but now with respect to V̂ 0
(Em,m,J) .

Then, the final parts of Lemma 2.1 and Proposition 2.1 hold for 1
m2 V̂

0
(Em,m,J) and 1

m2 V̂
β0

(Em,m,J)

with respect to the open set Ω. Furthermore, for any sufficiently small constants δ, δ′ > 0, there

exists some constant c′ > 0 such that

dist(x, ∂Ω) < δ′ =⇒ 1

m2
V ring

(κm,m,Ĵ)
(x) > c′

for all κ ∈ R satisfying |κ2 − E2| ≤ δ, with dist(·, ·) the Euclidean distance.

Proof. Combining Proposition 2.1, Lemma 2.7 and the proof of Theorem 2.7, one can show that

a choice of E and E with such properties is possible. In particular, to ensure that Ω satisfies

property (iii), one would need a stronger version of Lemma 2.7 (see Remark 2.31). The result

of the theorem follows by continuity arguments.

Analogous statements of those of Lemma 2.5 and Corollary 2.2 hold for our class of black rings.

Lemma 2.8. Let ψn(b, ω) be a non identically zero eigenfunction of (2.71), normalized on Ω.

If the assumptions of Proposition 2.2 are satisfied and m2, J2 > M , for some positive constant

M , then the implication

ωb,m = 0 =⇒
∫

Ω
ψn(b, ω)Qring(b, ω)ψn(b, ω) dr∗dθ∗ 6= 0
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holds for any b ∈ [0, 1].

Proof. One follows the same argument of the proof of Lemma 2.5. In particular, properties

(iv) (combined with cosh2 β0 < 3) and (v) of Ω in Proposition 2.2 are crucial to prove that the

potential is everywhere positive on Ω when ωb,m = 0.

Lemma 2.9. Let ψn(b, ω) be a non identically zero eigenfunction of (2.71), normalized on Ω.

If the assumptions of Proposition 2.2 are satisfied, then the implication

ω2
b,m = o(m2) as m2, J2 are sufficiently large

=⇒
∫

Ω
ψn(b, ω)Qring(b, ω)ψn(b, ω) dr∗dθ∗ 6= 0

holds for any b ∈ [0, 1].

Proof. See proof of Corollary 2.2, combined with considerations in the proof of Lemma 2.8.

2.9.4 A second application of the Implicit Function Theorem

The perturbation argument to prove Theorem 2.8 is almost identical to the one presented for

Lemma 2.6 and Theorem 2.6, so we only sketch it. As already discussed, to apply the Implicit

Function Theorem to Λ(b, ω) = 0 at (b0, ωb0,m), we need

∂Λ

∂ω
(b0, ωb0,m) =

∫
Ω
ψn(b0, ωb0,m)

∂V b,ring

(ω,m,Ĵ)

∂ω
(b0, ωb0,m)

ψn(b0, ωb0,m) dr∗dθ∗

bounded away from zero. It is therefore enough to show

∂V b,ring

(ω,m,Ĵ)

∂ω
(b0, ωb0,m) = 2(1 + b0O2(R−1))

[
−1− 2

r
sinh2 β0 + b0

16

r(4 +R2)

]
ωb0,m

− (1 + b0O3(R−1))

[
2

2

r
sinhβ0 coshβ0 − b0

4
√

2

r

(
1−

√
R2(R2 − 4)

4 +R2

)]
Ĵ

R

bounded away from zero. Note that, in view of point (v) of Proposition 2.2, we have

b0
16

r(4 +R2)
<

∣∣∣∣−1− 2

r
sinh2 β0

∣∣∣∣
b0

4
√

2

r

(
1−

√
R2(R2 − 4)

4 +R2

)
< 2

2

r
sinhβ0 coshβ0∣∣b0O2(R−1)

∣∣ < 1∣∣b0O3(R−1)
∣∣ < 1
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on Ω, for any b0 ∈ [0, 1]. With an assumption on the sign of ωb0,m as the one we formulated for

Lemma 2.6, i.e. ωb0,m > 0, the derivative becomes the sum of two negative terms and can be

bounded away from zero uniformly in b0 as

∂V b,ring

(ω,m,Ĵ)

∂ω
(b0, ωb0,m) ≤ −CR ωb0,m

≤ −CRm,

with constant CR > 0 independent of m, where the first inequality follows from the same

argument used in the proof of Lemma 2.6, while the second one makes use of the lower bound

on ωb,m provided by Lemma 2.9.

Furthermore, we have

∂Λ

∂b
(b0, ωb0,m)

=

∫
Ω
ψn(b0, ωb0,m)

−∂gbring

∂b
(b0)∆(r∗,θ∗) +

∂V b,ring
j

∂b
(b0) +

∂V b,ring

(ω,m,Ĵ)

∂b
(b0, ωb0,m)

ψn(b0, ωb0,m) dr∗dθ∗ ,

with

∂V b,ring

(ω,m,Ĵ)

∂b
(b0, ωb0,m) = O1(R−1)

[(
1− 2

r

)
m2

r2 sin2 θ

]
+

[
O2(R−1)

(
−1− 2

r
sinh2 β0

)
+
(
1 + 2b0O2(R−1)

)( 16

r(4 +R2)

)]
ω2
b0,m

−

[
O3(R−1)

(
2

2

r
sinhβ0 coshβ0

)
− 4
√

2

r

(
1 + 2b0O3(R−1)

)(
1−

√
R2(R2 − 4)

4 +R2

)]
ωb0,m

Ĵ

R

+

[
O4(R−1)

(
1− 2

r
cosh2 β0

)
+
(
1 + 2b0O4(R−1)

)( 16

r(4 +R2)

)]
Ĵ2

R2
.

In view of Lemma 2.9, the bound∣∣∣∣∣∣
∂V b,ring

(ω,m,Ĵ)

∂b
(b0, ωb0,m)

∣∣∣∣∣∣ ≤ CR ω2
b0,m

holds. Therefore, we have ∣∣∣∣dωb,mdb
(b0)

∣∣∣∣ ≤ CR ωb0,m .
This gives a bound ωb,m ≤ CR ω0,m for any b ∈ (0, 1], with constant CR > 0 independent of b

and m.

Remark 2.35. All the relations derived so far, as well as the proof of Theorem 2.8, are inde-

pendent of the choice of r0. In fact, all the arguments can be repeated for any r0 > 0. Theorem

2.8 is stated relaxing the assumption r0 = 2.
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The main theorem for the black ring eigenvalue problem is the following.

Theorem 2.8 (Eigenvalues black ring). Consider the fixed energy levels E , E > 0 and the

open set Ω, according to Proposition 2.2. Let m, Ĵ ∈ Z as in Proposition 2.2. Given eigenvalues

ωboost,m for the eigenvalue problem (2.47) on Ω, we further assume ωboost,m > 0. Then, there

exists a constant M > 0 such that the following statement holds for any m2 > M . There

exists an eigenvalue ω2
m and an associated smooth eigenfunction um to the black ring eigenvalue

problem. Furthermore, we have ωm > 0 and

Cr0,R ≤
ω2
m

m2
≤ E2 +

E2 − E2

10
(2.72)

for some constant Cr0,R > 0 independent of m.

Proof. The proof follows the same lines of the proof of Theorem 2.6. We only show how to

prove inequality (2.72), while the first part of the statement is left to the reader.

Recall that we have already concluded that

cr0,R ≤
ω2
m

m2
≤ Cr0,R (2.73)

for some constants cr0,R, Cr0,R > 0 independent of m, where ω2
m is such that the n-th eigenvalue

Λn(1, ω) of problem (2.71) is zero. Define

En(b) :=
ωb,m(b)

m

with b ∈ [0, 1]. Then,

|En(1)− En(0)| =
∣∣∣∣ 1

m

∫ 1

0

dωb,m(b)

db
db

∣∣∣∣
≤ 1

m

∫ 1

0

∣∣∣∣dωb,m(b)

db

∣∣∣∣ db
≤ δ′r0,R ,

with δ′r0,R > 0 arbitrarily small constant for R/r0 sufficiently large. Crucially, δ′r0,R is indepen-

dent of m. The last inequality holds as a consequence of inequality (2.73) and the fact that, for

any fixed r0, on the bounded set Ω one has

1

m

∣∣∣∣dωb,m(b)

db

∣∣∣∣→ 0 as R→∞

uniformly in b and m.

From Theorem 2.6, combined with part (b) and (c) of Proposition 2.2, we have

E2
n(0) ∈

[
Cr0 , E

2 + δ
]
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for m2 sufficiently large, where δ > 0 is an arbitrarily small constant. We obtain

Cr0 − δ′r0,R ≤ E
2
n(0)− δ′r0,R ≤ E

2
n(1) ≤ E2

n(0) + δ′r0,R ≤ E
2 + δ + δ′r0,R .

This concludes the proof of inequality (2.72).

Remark 2.36 (V ring

(ωm,m,Ĵ)
has a good structure). In view of the same considerations of Re-

mark 2.26, potential V ring

(ωm,m,Ĵ)
(r, θ) has the structure that we need to construct quasimodes with

exponentially small errors. Quasimodes will be localised around the minimum of the potential,

which is approximately located at

r(xmin) ∼
1 +

√[
1− 12(ωm/m+

√
2 c)2

]
2(ωm/m+

√
2 c)2

,

θ(xmin) ∼ π

2

with c2 ≤ 1/12, as one can infer from (2.53) and Proposition 2.2.

2.10 Proof of Theorem 2.3

The aim of this section is to construct quasimodes and prove Theorem 2.3. We will crucially

apply Theorem 2.8. The structure of the presentation and the formulation of the main results

closely follow Section 4 of [69].

2.10.1 A lemma for the energy estimate

We need a preliminary lemma, which will be used to prove an energy estimate for solutions

to the black ring eigenvalue problem. We give a statement for a generic open set and smooth

functions.

Lemma 2.10 (adapted from [69] Lemma 4.3). Let Ω ⊂ R2 be a bounded set and h > 0 a real

constant. Given smooth functions u,W, φ : Ω→ R such that u|∂Ω = 0, we have

∫
Ω

(∣∣∣∣ ∂∂r∗
(
eφ/hu

)∣∣∣∣2 +

∣∣∣∣ ∂∂θ∗
(
eφ/hu

)∣∣∣∣2 + h−2

(
W −

(
∂φ

∂r∗

)2

−
(
∂φ

∂θ∗

)2
)
e2φ/h|u|2

)
dr∗dθ∗

=

∫
Ω

(
−∂

2u

∂r2
∗
− ∂2u

∂θ2
∗

+ h−2Wu

)
u e2φ/hdr∗dθ∗ .
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Proof. The proof is an integration by parts. We have∫
Ω

(
−∂

2u

∂r2
∗
− ∂2u

∂θ2
∗

+ h−2Wu

)
u e2φ/h dr∗dθ∗

=

∫
Ω

∂u

∂r∗
∂r∗

(
u e2φ/h

)
+
∂u

∂θ∗
∂θ∗

(
u e2φ/h

)
+ h−2W |u|2e2φ/h dr∗dθ∗

=

∫
Ω

(
∂u

∂r∗

)2

e2φ/h +
∂u

∂r∗
u

2

h

∂φ

∂r∗
e2φ/h +

∂u

∂θ∗
∂θ∗

(
u e2φ/h

)
+ h−2W |u|2e2φ/h dr∗dθ∗

=

∫
Ω

(
∂u

∂r∗
eφ/h

)2

+
∂u

∂r∗
u

2

h

∂φ

∂r∗
e2φ/h +

(
h−1 ∂φ

∂r∗
eφ/hu

)2

−
(
h−1 ∂φ

∂r∗
eφ/hu

)2

+
∂u

∂θ∗
∂θ∗

(
u e2φ/h

)
+ h−2W |u|2e2φ/h dr∗dθ∗

=

∫
Ω

∣∣∣∣ ∂∂r∗
(
eφ/hu

)∣∣∣∣2 +
∂u

∂θ∗
∂θ∗

(
u e2φ/h

)
+ h−2

(
W −

(
∂φ

∂r∗

)2
)
e2φ/h|u|2 dr∗dθ∗

=

∫
Ω

∣∣∣∣ ∂∂r∗
(
eφ/hu

)∣∣∣∣2 +

∣∣∣∣ ∂∂θ∗
(
eφ/hu

)∣∣∣∣2 + h−2

(
W −

(
∂φ

∂r∗

)2

−
(
∂φ

∂θ∗

)2
)
e2φ/h|u|2 dr∗dθ∗ ,

where we make use of the fact that u vanishes on ∂Ω in the first equality and we omit the

identical calculation for ∂θ∗ in the last equality.

2.10.2 Agmon distance

Consider

V h,E
eff := h2

[
V ring
j + V ring

(Em,m,Ĵ)

]
h2 = m−2 ,

where the energy level E is fixed as in Proposition 2.2. The Agmon distance between two points

x, y ∈ R2 associated to the energy level E and potential V h,E
eff is

d(x, y) := inf
γ∈C1,pw([0,1];x,y)

∫ 1

0

√V h,E
eff (γ(t))

gring(γ(t))

 |γ′(t)|χ{
V h,Eeff ≥0

}dt ,

where

C1,pw([0, 1];x, y) =
{
γ ∈ C1,pw([0, 1];R2), γ(0) = x, γ(1) = y

}
with C1,pw([0, 1];R2) set of piecewise C1 curves in R2 (see [53]). Recall that gring(x) > 0. The

Agmon distance satisfies

|∇xd(x, y)|2 ≤ max

{
V h,E

eff (x)

gring(x)
, 0

}
. (2.74)

For any fixed energy level E, we define the distance from the classically allowed region as

dE(x) := inf
y∈

{
V h,Eeff ≤0

} d(x, y)
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Ω
Ω+
ε

Ω−ε

V h,Eeff
gring

V h,E
eff < 0

ε

0

r

z

θ

Figure 2.8: The smallest set in the figure is the region where V h,Eeff < 0. The shaded region corresponds
to Ω−ε (E), while the largest set is Ω.

with x, y points in R2. We will also make use of the two following sets

Ω+
ε (E) :=

{
x :

V h,E
eff (x)

gring(x)
> ε

}
∩ Ω

Ω−ε (E) :=

{
x :

V h,E
eff (x)

gring(x)
≤ ε

}
∩ Ω

with constant ε > 0. Note that Ω+
ε (E) ∩ Ω−ε (E) = ∅ and Ω+

ε (E) ∪ Ω−ε (E) = Ω.

2.10.3 The key energy estimate

For any ε ∈ (0, 1), we define

φE,ε(x) := (1− ε)dE(x)

and

aE(ε) := sup
Ω−ε (E)

dE .

Consider u smooth eigenfunction to the black ring eigenvalue problem, with associated eigen-

value κ := hωm such that |κ2 − E2| ≤ δ, with constant δ > 0. Then, the following key energy

estimate holds.

Claim 2.2 (adapted from [69] Lemma 4.4). For any sufficiently small constants ε, h > 0, and
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V h,E
eff ≤ 0

dE(x)

x
Ω−ε (E)

Ω+
ε (E)

Ω

δ Ωδ

aE(ε)

Figure 2.9: The Agmon distance differs from the Euclidean distance between two points in that it has
to be weighted by the square root of V h,Eeff (γ(t))/gring(γ(t)). To give some intuition, the figure shows the
various quantities introduced so far as if they were defined in the Euclidean sense, i.e. with the weights
set equal to one. Although this gives an idea of the construction, the reader should keep in mind that
dE(x) and aE(ε) do not necessarily look like the ones in figure.

for sufficiently small constant δε,h > 0, we have

∫
Ω
h2

(∣∣∣∣ ∂∂r∗ (eφE,ε/hu)

∣∣∣∣2 +

∣∣∣∣ ∂∂θ∗ (eφE,ε/hu)

∣∣∣∣2
)
dr∗dθ∗ +

1

2
ε2

∫
Ω+
ε (E)

e2φE,ε/h|u|2dr∗dθ∗

≤ C(κ2 +
1

2
ε)e2aE(ε)/h ‖u‖2L2(Ω)

for some constant C > 0 depending only on Ω.

Proof. By the assumption that u is a smooth solution to the black ring eigenvalue problem, we

have

− h2∆(r∗,θ∗)u+
1

gring(r, θ)
V h,κ

eff (r, θ)u = 0 . (2.75)

With the notation of Lemma 2.10, we define

W (r, θ) :=
1

gring(r, θ)
V h,κ

eff (r, θ) φ := φE,ε

Together with equation (2.75), Lemma 2.10 gives

∫
Ω
h2

(∣∣∣∣ ∂∂r∗ (eφE,ε/hu)

∣∣∣∣2 +

∣∣∣∣ ∂∂θ∗ (eφE,ε/hu)

∣∣∣∣2
)
dr∗dθ∗

+

∫
Ω+
ε (E)

(
V h,κ

eff (r, θ)

gring(r, θ)
−
(
∂φE,ε
∂r∗

)2

−
(
∂φE,ε
∂θ∗

)2
)
e2φE,ε/h|u|2dr∗dθ∗

=

∫
Ω−ε (E)

(
−V h,κ

eff (r, θ)

gring(r, θ)
+

(
∂φE,ε
∂r∗

)2

+

(
∂φE,ε
∂θ∗

)2
)
e2φE,ε/h|u|2dr∗dθ∗ ,

where we used Ω+
ε (E) ∪ Ω−ε (E) = Ω. For h sufficiently small, we can estimate the right hand
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side as ∫
Ω−ε (E)

(
−V h,κ

eff (r, θ)

gring(r, θ)
+

(
∂φE,ε
∂r∗

)2

+

(
∂φE,ε
∂θ∗

)2
)
e2φE,ε/h|u|2dr∗dθ∗

≤ C
(
κ2 + ε(1− ε)

)
e2aE(ε)/h ‖u‖2L2(Ω)

with C positive constant independent of h. To see this, first recall that gring(r, θ) is strictly

positive and bounded on Ω and note that, by definition of aE(ε), one has φE,ε|Ω−ε (E) ≤ aE(ε).

Using property (2.74) of the Agmon distance combined with V h,E
eff (x)/gring(x) ≤ ε on Ω−ε (E),

we also have (
∂φE,ε
∂r∗

)2

+

(
∂φE,ε
∂θ∗

)2

= |∇φE,ε|2

= (1− ε)2|∇dE |2

≤ (1− ε)2ε

≤ (1− ε)ε

on Ω−ε (E), where the last inequality holds because ε ∈ (0, 1). Note the obvious ‖u‖2
L2(Ω−ε (E))

≤
‖u‖2L2(Ω).

On Ω+
ε (E), one has (

∂φE,ε
∂r∗

)2

+

(
∂φE,ε
∂θ∗

)2

= (1− ε)2|∇dE |2

≤ (1− ε)2V
h,E

eff (r, θ)

gring(r, θ)
.

This implies

V h,κ
eff (r, θ)

gring(r, θ)
−
(
∂φE,ε
∂r∗

)2

−
(
∂φE,ε
∂θ∗

)2

≥ (1− (1− ε)2)

(
V E,κ

eff (r, θ)

gring(r, θ)

)
− δ̂

≥ ε2 − δ̂ ,

where the constant δ̂ > 0 is such that

V h,κ
eff (r, θ)

gring(r, θ)
≥
V E,κ

eff (r, θ)

gring(r, θ)
− δ̂ ,

on Ω+
ε (E) and continuously depends on δ, with δ̂ → 0 when δ → 0.

To conclude the proof, we choose ε ≤ 1/2 and δ̂ ≤ ε2/2, which can be achieved by choosing δ

sufficiently small.

We now define the set

Ωδ := {x ∈ Ω : dist(x, ∂Ω) ≤ δ} .
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The inequality of Claim 2.2 gives control on each term appearing on the left hand side (since

they are both positive), i.e.

∫
Ω
h2

(∣∣∣∣ ∂∂r∗ (eφE,ε/hu)

∣∣∣∣2 +

∣∣∣∣ ∂∂θ∗ (eφE,ε/hu)

∣∣∣∣2
)
dr∗dθ∗ ≤ C(κ2 +

1

2
ε)e2aE(ε)/h ‖u‖2L2(Ω) (2.76)

1

2
ε2

∫
Ω+
ε (E)

e2φE,ε/h|u|2dr∗dθ∗ ≤ C(κ2 +
1

2
ε)e2aE(ε)/h ‖u‖2L2(Ω) . (2.77)

Inequality (2.77) implies that, for any sufficiently small constants δ, δ′ > 0, we have∫
Ωδ

|u|2dr∗dθ∗ ≤ Ce−C/h ‖u‖2L2(Ω)

for all κ2 ∈ [E2 − δ′, E2 + δ′] and some positive constant C > 0 independent of h. To see this,

remember that E is fixed as in Proposition 2.2 and note that there exists a constant c > 0 such

that φE,ε ≥ c for any x ∈ Ωδ and κ2 ∈ [E2 − δ′, E2 + δ′], with c uniform in ε (this is simply by

definition of φE,ε). Furthermore, we claim that there exists ε > 0 such that aE(ε) ≤ c/2 for any

h sufficiently small, which gives a negative exponent on the right hand side. In fact, aE(ε)→ 0

as ε → 0 uniformly in h when h is sufficiently small. The inequality follows after choosing δ

small enough such that Ωδ ⊂ Ω+
ε (E).

By the same argument, combined with Young’s inequality, inequality (2.76) gives

∫
Ωδ

(∣∣∣∣ ∂u∂r∗
∣∣∣∣2 +

∣∣∣∣ ∂u∂θ∗
∣∣∣∣2
)
dr∗dθ∗ ≤ Ch−2e−C/h ‖u‖2L2(Ω) .

For h sufficiently small, one can absorb the h−2 factor, i.e. there exists a constant C > 0

independent of h such that

∫
Ωδ

(∣∣∣∣ ∂u∂r∗
∣∣∣∣2 +

∣∣∣∣ ∂u∂θ∗
∣∣∣∣2
)
dr∗dθ∗ ≤ Ce−C/h ‖u‖2L2(Ω) .

Putting everything together, we get the key estimate

∫
Ωδ

(∣∣∣∣ ∂u∂r∗
∣∣∣∣2 +

∣∣∣∣ ∂u∂θ∗
∣∣∣∣2 + |u|2

)
dr∗dθ∗ ≤ Ce−C/h ‖u‖2L2(Ω) . (2.78)

In the following statement, we sum up what we have obtained so far, combining Theorem 2.8

with estimate (2.78).

Theorem 2.9 (adapted from [69] Lemma 4.5). Consider the assumptions of Theorem 2.8

and let δ′ > 0 be a sufficiently small constant such that δ′ < (E2 − E2)/10. Then, for any

sufficiently small constant δ > 0, there exists a constant M > 0 and a sequence of solutions

{um}∞m≥M to the black ring eigenvalue problem such that the associated eigenvalues κm satisfy
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κ2
m ∈ [C ′r0,R, E

2 + δ′] and

∫
Ωδ

(∣∣∣∣∂um∂r∗

∣∣∣∣2 +

∣∣∣∣∂um∂θ∗

∣∣∣∣2 + |um|2
)
dr∗dθ∗ ≤ Ce−Cm ‖um‖2L2(Ω)

for some constants C,C ′r0,R > 0 independent of m.

In the next sections we aim to apply this result to the quasimode construction, which ultimately

leads to the proof of Theorem 2.3.

2.10.4 Construction of quasimodes

Define a smooth, real valued cut-off function χ : D → R as

χ(r∗, θ∗) =

1 if (r∗, θ∗) ∈ Ω \ Ωδ

0 if (r∗, θ∗) /∈ Ω
.

The quasimodes are defined as functions Ψm : D → C such that

Ψm(t, r∗, θ∗, φ, ψ) := e−i ωm tei(mφ+Ĵ ψ)χ(r∗, θ∗)
[
(−det gring) grrring g

θθ
ring

]− 1
4
um(r∗, θ∗) (2.79)

with ωm, m, Ĵ and um(r∗, θ∗) as in Theorem 2.9 and gring ∈ g in form (2.26). Quasimodes

do not solve the wave equation on the whole domain of outer communication D, but the error

is exponentially small for high frequency m and supported on a bounded region for each fixed

time t. This is proven by the following lemma.

Lemma 2.11. Consider the quasimodes Ψm defined in (2.79), which satisfy

2gringΨm = Errm(Ψm) ,

where Errm(Ψm) is the error. Then, for m sufficiently large, we have the following estimate∥∥2gringΨm

∥∥
Hk(Σt∗ )

≤ Cke−Ckm ‖Ψm‖L2(Σ0) ,

with constant Ck > 0 independent of m. Furthermore, the error is supported on Ωδ.

Remark 2.37. Note the abuse of notation in Lemma 2.11 and in what follows, where Ωδ ≡
Ωδ× [0,∞)× [0,∆φ)× [0,∆ψ) and Ω ≡ Ω× [0,∞)× [0,∆φ)× [0,∆ψ), with [0,∞) time domain

and ∆φ,∆ψ the periods of the angular coordinates φ, ψ.

Proof. The part of the statement concerning the support of the error immediately follows from

the definition of the quasimodes Ψm. To prove the inequality, first note that given functions χ
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and f , we have

2gring(χf) = χ(2gringf) + 2gµνring(∂µχ)(∂νf) + f(2gringχ) .

Since

2gring

(
e−i ωm tei(mφ+Ĵ ψ)

[
(−det gring) grrring g

θθ
ring

]− 1
4
um(r∗, θ∗)

)
= 0

on Ω when um is solution to the black ring eigenvalue problem, using the formula above we can

deduce ∥∥2gringΨm

∥∥
L2(Σt∗∩Ωδ)

. ‖um‖H1(Σt∗∩Ωδ)

. ‖um‖H1(Σ0∩Ωδ)
,

where we used the fact that χ is a smooth function and therefore can be controlled in L∞ on

Ω, together with all its derivatives. The second inequality holds because the H1 norm of um

is constant in time. Note that the H1 norm of um involves the L2 norm of um and its first

derivatives only in the variables r∗ and θ∗, so, for m sufficiently large, Theorem 2.9 gives∥∥2gringΨm

∥∥
L2(Σt∗∩Ωδ)

≤ Ce−Cm ‖Ψm‖L2(Σ0∩Ω) ,

with constant C > 0 independent of m. In view of the spatial localization of the quasimodes

and of the error, the inequality can be rewritten as∥∥2gringΨm

∥∥
L2(Σt∗ )

≤ Ce−Cm ‖Ψm‖L2(Σ0) .

To estimate the Hk norm of 2gringΨm, one commutes the wave equation and controls second

derivatives of um in r∗ and θ∗ using the equation satisfied by um. Higher order derivatives in t,

φ and ψ are controlled by the L2 norm of um.

2.10.5 Lower bound for the uniform energy decay rate

Define by ΨH
m the solution to the homogeneous wave equation

2gringΨH
m = 0

ΨH
m(0) = Ψm(0)

∂tΨ
H
m(0) = ∂tΨm(0)

, (2.80)

where the Ψm(0) are the quasimodes defined in (2.79) at time t = 0.

By construction, the quasimodes Ψm satisfy

2gringΨm = Errm(Ψm)
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with the same initial data of (2.80), where Errm is the error that we estimated in Lemma 2.11.

By Duhamel’s formula for curved spacetimes (see Proposition 6.4 in [70]), we can write Ψm at

time t as

Ψm(t) = ΨH
m(t) +

∫ t

0
ξ(t, s) ds (2.81)

with 
2gringξ = 0

ξ(s) = 0

∂tξ(s) =

(
1

gttring
Errm(Ψm)

)
(s)

, (2.82)

where ξ(s) is ξ(t = s).

We now consider the local energy ENΩ [Ψ](t), as defined in Section 2.4. By (2.81), we have

(
ENΩ
[
Ψm −ΨH

m

]
(t)
) 1

2 ≤ t sup
s∈[0,t]

(
ENΩ [ξ](t)

) 1
2 .

Using the assumption of uniform boundedness for solutions to the wave equation, we can bound

the energy of the solution to (2.82) as follows

(
ENΩ
[
Ψm −ΨH

m

]
(t)
) 1

2 ≤ Ct
(
ENΩ [ξ](0)

) 1
2 (2.83)

for some constant C > 0 independent of time. Note that one can replace the global initial

energy EN [ξ](0) with the local energy ENΩ [ξ](0) on the right hand side of (2.83) because ξ has

initial data compactly supported on Ω. Since

(
ENΩ [ξ](0)

) 1
2 ∼

∥∥∥∥∥ 1

gttring

Errm(Ψm)

∥∥∥∥∥
L2(Ω)

(0) ,

we have

(
ENΩ
[
Ψm −ΨH

m

]
(t)
) 1

2 ≤ Ct

∥∥∥∥∥ 1

gttring

Errm(Ψm)

∥∥∥∥∥
L2(Ω)

(0)

≤ Cte−Cm ‖Ψm‖L2(Ω) (0)

≤ Cte−Cm
(
ENΩ [Ψm] (0)

) 1
2

for m sufficiently large, where we have used Lemma 2.11 and Poincaré inequality for the second

and third inequality respectively.

Note that
(
ENΩ [Ψm] (t)

) 1
2 =

(
ENΩ [Ψm] (0)

) 1
2 for the quasimodes. Therefore, for any time

0 < t ≤ eCm

2C
,

we have (
ENΩ
[
ΨH
m

]
(t)
) 1

2 ≥ 1

2

(
ENΩ [Ψm] (0)

) 1
2
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by reverse triangle inequality. Since the Ψm are localised in space, the local energy ENΩ [Ψm] is

equal to the total energy EN [Ψm], which gives

(
ENΩ
[
ΨH
m

]
(t)
) 1

2 ≥ 1

2

(
EN [Ψm] (0)

) 1
2

≥ C

m

(
EN2 [Ψm] (0)

) 1
2

for m sufficiently large, where EN2 [Ψm] is the second order energy defined in Section 2.4. For the

last inequality we made use of the localisation in frequency of Ψm and exchanged derivatives in

r∗ and θ∗ for derivatives in the other variables via the wave equation. Using ΨH
m(0) = Ψm(0)

from system (2.80), we conclude

(
ENΩ
[
ΨH
m

]
(t)
) 1

2 ≥ C

m

(
EN2
[
ΨH
m

]
(0)
) 1

2 (2.84)

for any time 0 < tm ≤ eCm/2C. By controlling higher order energies ENk>2

[
ΨH
m

]
(0) on the right

hand side of (2.84), one gains powers of 1/m.

Inequality (2.84) shows that a sequence
{
tm,Ψ

H
m

}∞
m≥M , where ΨH

m is a solution to the homo-

geneous wave equation with initial data prescribed as in (2.80) and M > 0 a sufficiently large

constant, proves Theorem 2.3.
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3
The linear stability of the slowly

rotating Kerr solution to gravitational

perturbations: The construction of a

new geometric gauge

The present chapter of the thesis is the first part of work by the author proving uniform bound-

edness and uniform, inverse polynomial decay for solutions to the full system of linearised

vacuum Einstein equations around a slowly rotating Kerr solution. The uniform boundedness

statement is an orbital stability result, thus providing uniform bounds for solutions in terms of

the size of the initial data, and does not lose derivatives.

A key element that makes our proof of linear stability directly adaptable to nonlinear applica-

tions is the construction of a new geometric gauge for nonlinear perturbations of a sub-extremal

Kerr solution. The gauge construction, together with the formal derivation of the nonlinear and

linearised vacuum Einstein equations in the new gauge, pose a number of novel technical diffi-

culties. Such difficulties, which include the inevitable divorce of the frame from the spacetime

foliation and the correct formulation of tensor perturbations, will be the primary focus of the

present chapter.

As in Dafermos–Holzegel–Rodnianski [19], our proof of linear stability is structured in two

parts. The former exploits the well-known decoupling of two gauge invariant quantities of the

linear system and builds on previous work by Dafermos–Holzegel–Rodnianski [18]. The latter

introduces a novel scheme to prove stability for the gauge dependent quantities in the system.

In particular, we prove both boundedness and decay relying (almost) exclusively on transport

equations in the outgoing null direction and adopting only one gauge normalisation, performed

at the level of the initial data. This two-part approach to the proof makes fundamental use

of our nonlinear gauge construction, which resolves the tension between the special algebraic
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properties required, at the linear level, for the decoupling of the gauge invariant quantities and

the geometric properties necessary to produce a hierarchical structure in the equations and

prove stability for the gauge dependent part of the system.

Our result may be viewed as the remaining ingredient to establish nonlinear stability for slowly

rotating Kerr black holes in the geometric framework of Dafermos–Holzegel–Rodnianski–Taylor

[20].

3.1 Introduction

The two-parameter Kerr family of Lorentzian manifolds [71] is widely believed to be the unique

family of stationary, asymptotically flat black hole solutions to the vacuum Einstein equations

Ric(g) = 0 (3.1)

and thus to characterise all the possible stationary endstates of black hole dynamics [73].

A fundamental open problem in general relativity is to formulate a mathematical proof of

nonlinear stability for the Kerr exterior region (M, ga,M ), with |a| < M , as a solution to the

Cauchy problem [11] for (3.1):

Open Problem ([17]). For all vacuum Cauchy data sufficiently close to the data corresponding

to a Kerr exterior solution with parameters (a0,M0), |a0| < M0, the maximal solution to (3.1)

asymptotically settles down to a nearby member of the Kerr exterior family with parameters

a ≈ a0 and M ≈M0.

The nonlinear stability of the trivial solution to (3.1), the Minkowski space, has first been proven

in [14], while the first nonlinear stability result outside symmetry for a black hole solution to

(3.1), namely the Schwarzschild solution, is due to [20]. See also some recent progress for the

Kerr solution in [75, 76, 46] and related works [86, 83]. Nonlinear stability (and instability)

statements have also been obtained for the Einstein equations with positive and negative cos-

mological constant, both in vacuum and for various matter models. See, for instance, [43, 54]

and [90].

Proving nonlinear stability for a solution to (3.1) poses a number of conceptual and technical

difficulties. Most of the key conceptual difficulties, however, already appear, and can be under-

stood, in the context of linear stability, namely the study of stability of solutions to the linearised

Einstein equations. This fact has motivated a lot of recent activity around the mathematical

study of linear stability of black holes, although the subject has a long (and to some extent

independent from the interest in nonlinear problems) tradition in the physics literature. For a

careful account of previous works in the subject, the reader should refer to the introduction of

[19] and the references therein.
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An important milestone in the mathematically rigorous approach to linear stability was the

work [19] proving the full linear stability of the Schwarzschild solution, and ultimately leading

to the nonlinear stability result in [20]. Alternative proofs of this result [67, 63] and extensions

to other static solutions [45] to (3.1) have recently appeared. For results addressing the linear

stability of the Kerr family, see [52, 1].

The purpose of the present work is to address the linear stability of the Kerr solution as a

direct building block in a proof of nonlinear stability. Such an intent imposes the formulation

of a precise notion of linear stability and, maybe even more importantly, to develop a geometric

framework that can be suitably and directly transferred to the nonlinear problem. An approach

in this spirit can be summarised in the following four steps:

1. Nonlinear gauge : One has to construct a gauge with respect to which the nonlinear

vacuum Einstein equations (3.1) are well-posed.

2. Linearisation : One has to develop a linearisation procedure to linearise the vacuum

Einstein equations in the gauge chosen in step 1. The linear system obtained should come

with a natural notion of solutions and data and inherit well-posedness from the nonlinear

equations.

Ideally, from this point onwards, one wants to formulate everything in terms of the linear

system and never refer back to the nonlinear problem.

3. Orbital stability : An essential stability result to be proven should be a uniform bound-

edness statement for solutions, and derivatives of solutions, to the linear system in terms

of the size of the initial data. For nonlinear applications, it is important that such a

statement does not lose derivatives.1

4. Asymptotic stability : The core of the linear stability result should be a uniform decay

statement for all solutions to the linear system. The decay statement will necessarily

lose derivatives, but the loss should be quantifiable. One also has to ensure that the

decay statement obtained is quantitative and, at least in principle, sufficient for nonlinear

applications. In this sense, the decay rates of certain quantities need to be sufficiently

fast.

Two additional aspects distinguish our approach: Its geometric nature and the manifest relation

with the treatment of black hole stability problems in the physics literature. In fact, in line with

the physics tradition in the subject (and with [19]), we structure the proof of linear stability of

the Kerr solution into two parts:

1Orbital stability is a weaker notion of stability than asymptotic stability, in that it does not require that
solutions to the linearised system decay. However, the reader should note that, in general, one does not expect
to be able to achieve an orbital stability result without proving decay for at least some of the quantities in the
system.
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(i) Gauge invariant part : If the nonlinear gauge of step 1 is constructed appropriately,

two of the curvature components in the system of linearised Einstein equations are gauge

invariant, decouple from the rest of the linear system and satisfy two decoupled equations,

known as the spin ±2 Teukolsky equations. Quite remarkably, one can transform such

decoupled quantities into two new (higher order) gauge invariant quantities satisfying a

wave-like equation. In the context of [19], this latter equation is known as the Regge–

Wheeler equation.

Relying on previous knowledge on the scalar linear wave equation

2g ϕ = 0 (3.2)

on black hole spacetimes, the asymptotic properties of the derived quantities (and, in

turn, of the two original decoupled quantities) can therefore be addressed independently

from the other quantities in the system. At the most fundamental level, this first part of

the proof should be seen as the inheritance of a series of works, culminating in [27, 22],

developing important robust methods in the study of (3.2) on Kerr.

The proof of stability for the gauge invariant quantities thus captures an essential feature of

the dynamics of the problem, namely the hyperbolic character of the system of (linearised)

Einstein equations, and, in fact, already controls all the dynamical degrees of freedom

independent of the choice of gauge. In view of this, it is a common (mis)belief in the

physics literature that a stability result for the gauge invariant quantities constitutes a

full linear stability result for the Kerr solution.

(ii) Gauge dependent part : To successfully apply the linear result to the nonlinear stability

problem, one needs to prove full linear stability, namely stability for the full system of

linearised Einstein equations. The remaining quantities in the system are gauge dependent.

For this reason, a proof of stability for the remaining part of the system is very much sen-

sitive to the geometric properties of the gauge constructed.

This second part of the proof was first resolved by [19] in the case of the Schwarzschild

solution in a double-null gauge. After gaining control over the gauge invariant quantities,

the proof of [19] exploits a hierarchical structure in the transport equations of the system

to prove decay for the gauge dependent quantities. In the Kerr case, it is not a priori

clear whether an analogous hierarchy in the equations can be found. In fact, the transport

equations of the system present a stronger coupling, ultimately related to the fact that the

Kerr solution is only stationary. Nonetheless, the linear system in our gauge exhibits a

hierarchical structure that allows to estimate the gauge depend quantities.

While this two-part approach to the problem has the advantage of exploiting the decoupling of

the gauge invariant quantities, it also poses a new technical difficulties in setting up the gauge.

Heuristically, one might wish to adopt a double-null gauge and follow the scheme of the proof of

[19]. However, the curvature components of part (i) do not decouple from the rest of the system

in a double-null gauge. The decoupling, in fact, requires some delicate algebraic properties for
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the gauge and forces the gauge to be non-integrable.2

Understanding the geometry of a non-integrable gauge is the main technical challenge of our

proof. In particular, as a manifestation of the non-integrability of the gauge, the frame adopted

cannot be tied to the spacetime foliation. The divorce of the frame from the spacetime foliation

makes the geometry of the problem significantly more complicated to handle.

To implement our two-part approach to the problem, one needs to resolve the tension between a

gauge with the desired algebraic properties for the decoupling of part (i) (which, as we said, force

certain undesired but necessary geometric properties) and a gauge with a convenient geometric

structure to perform the estimates. The reader should think of this tension as the subject of the

present chapter. We resolve the tension by constructing a gauge with the necessary algebraic

properties for the gauge invariant quantities to decouple and, at the same time, sufficiently nice

geometric properties to produce a hierarchical structure in the equations and prove stability for

the gauge dependent quantities.

Stability results for the Teukolsky equation on Kerr have been established in [18, 103]. We

are thus able, in our gauge, to exploit such results in part (i) of the proof and, by addressing

part (ii) in the case |a| �M , to close a complete proof of linear stability for the slowly

rotating Kerr solution . Crucially, our proof includes all the steps 1-4. With regard to step 1,

our nonlinear gauge construction does not rely on any smallness assumption, and can therefore

be complemented by [103] and employed to address the full linear (and nonlinear) stability

problem for the full sub-extremal range |a| < M .

3.2 Overview

The present chapter of the thesis primarily focuses on step 1 and step 2 of our proof of linear

stability, namely on the construction of a new nonlinear gauge for perturbations of a Kerr

solution and the formulation of the system of linearised Einstein equations in the new gauge.

Step 3 and step 4 will be the subject of forthcoming work by the author, but a preview is included

in the last part of this overview. With our linearised equations at hand, the experienced reader

will already be able to appreciate the new hierarchical structure of the quantities in the system

and anticipate the resolution of the main difficulties of the analysis.

The body of the chapter is structured in three self-contained blocks:

∗ Section 3.3 introduces the necessary geometric preliminaries. In particular, it addresses

2Loosely speaking, a non-integrable gauge can be viewed as a choice of a system of coordinates and a null
frame

N = (e1, e2, e3, e4)

for which the distribution generated by the spacelike frame vectors (e1, e2) is not tangent to the two-dimensional
leaves of any spacetime foliation (or, more synthetically, the distribution (e1, e2) is non-integrable). This notion
will be discussed at length in Section 3.3.1 of this chapter. The reader can already find some details in Section
3.2.3 of the overview.
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the geometry of non-integrable null frames and formulates the nonlinear vacuum Einstein

equations relative to a general, non-integrable null frame.

We give an overview to this part of the chapter in Section 3.2.1.

∗ Sections 3.4-3.5-3.6 discuss some important properties of the Kerr exterior manifold,

consider nonlinear perturbations around the Kerr solution in a new gauge and treat the

nonlinear vacuum Einstein equations in the new gauge respectively. Section 3.5 contains

the main result of the chapter, namely the construction of the new nonlinear gauge. In a

sense that will be rigorously specified, the new gauge is a non-integrable gauge. This fact

motivates, a posteriori, the formalism developed in Section 3.3.

An overview to these sections can be found in Sections 3.2.2-3.2.3.

∗ Section 3.7 presents our linearisation procedure and the system of linearised vacuum

Einstein equations around a Kerr solution in the new gauge.

Section 3.2.4 provides an overview to this part.

The three systems of equations can be found in Section 3.3.5, Section 3.6 and Section 3.7.2 of

the chapter respectively. A formal derivation of the nonlinear equations of Section 3.3.5 appears

in Appendix A.

Each of the three blocks can be consulted independently from the rest of the chapter. The first

two blocks combined yield step 1 of our proof of linear stability, the third block yields step 2.

The following table may be used by the reader as a guide:

Step of proof Section Overview

1: Nonlinear gauge Sections 3.3-3.4-3.5-3.6 Sections 3.2.1-3.2.2-3.2.3

2: Linearisation Section 3.7 Section 3.2.4

3: Orbital stability Forthcoming work End of Section 3.2.4

4: Asymptotic stability Forthcoming work End of Section 3.2.4

The overview that we are about to start is designed to give a full account of the logic and

content of the chapter. The reader should note that in the overview we give all the necessary

context and motivation to our results, while the style adopted in the body of the chapter is less

pedagogical and more devoted to clarifying the technical aspects of the problem. The relation

between the present chapter and forthcoming work by the author is discussed in the overview

only.

Note on notation: As in [19], all quantities that refer to perturbations of a Kerr solution will

be written in bold. We already adopt this notation in the present overview.
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3.2.1 Geometric preliminaries

This first section serves as an overview of Section 3.3 of the chapter and deals with some of

the geometric preliminaries needed for the problem. The main aspects that we address are the

definition and geometry of a non-integrable null frame and the formulation of the nonlinear

vacuum Einstein equations relative to it.

Non-integrable null frames

Let (M, g) be a (3 + 1)-dimensional, smooth, orientable Lorentzian manifold. We define a null

frame as a frame

N = (e1, e2, e3, e4) (3.3)

on (M, g) such that

g(eA, eB) = δAB , g(eA, e3) = g(eA, e4) = 0 ,

g(e3, e3) = g(e4, e4) = 0 , g(e3, e4) = −2 ,

with A,B = {1,2}.3

The null frame N is said to be integrable if and only if both the identities

g([eA, eB], e4) = 0 , g([eA, eB], e3) = 0

hold on (M, g). If at least one of the identities does not hold, then the frame is said to be

non-integrable. In what follows, we do not assume the integrability of the frame N .

To capture some of the geometric difficulties arising in the problem, it is important to note that

the frame N induces a distribution

DN :=
{

(p,Xp) ∈ TM |Xp ∈ spanp {e1, e2}
}

onM. The distribution DN is integrable if and only if the frame N is integrable.

We denote by ∇ the Levi-Civita connection and by R the Riemann curvature tensor with

respect to g. We define the connection coefficients

ω̂, ω̂,

η,η,Y ,Y , ζ,

χ,χ

3Note that our notion of null frame will always require that eA and eB are orthonormal.
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relative to the frame N as tensor fields on DN such that

χAB = g(∇Ae4, eB) , χAB = g(∇Ae3, eB) ,

ηA =
1

2
g(∇3e4, eA) , ηA =

1

2
g(∇4e3, eA) ,

Y A =
1

2
g(∇4e4, eA) , Y A =

1

2
g(∇3e3, eA) ,

ω̂ =
1

2
g(∇4e3, e4) , ω̂ =

1

2
g(∇3e4, e3) ,

ζA =
1

2
g(∇Ae4, e3) .

We define the curvature components

ρ,σ,

β,β,

α,α

relative to the frame N as tensor fields on DN such that

αAB = R(eA, e4, eB, e4) , αAB = R(eA, e3, eB, e3) ,

βA =
1

2
R(eA, e4, e3, e4) , βA =

1

2
R(eA, e3, e3, e4) ,

ρ =
1

4
R(e4, e3, e4, e3) , σ =

1

4
?R(e4, e3, e4, e3) ,

where ?R is the Hodge dual of R on (M, g). We refer to such tensors as DN tensors. The

notion of DN tensor is rigorously defined in Section 3.3.1 and should be seen as a generalisation

of the notion of S-tensors of [14, 13] that allows N to be non-integrable.

Note that, if N is non-integrable, then at least one of the identities

χAB 6= χBA , χAB 6= χBA

holds onM. One can thus define the symmetric traceless, trace and antitrace parts4

χ̂# , (trχ#) , (/ε · χ2) ,

χ̂# , (trχ#) , (/ε · χ2) ,

of χ and χ respectively and decompose

χ = χ̂# +
1

2
(trχ#)/g +

1

2
(/ε · χ2)/ε ,

χ = χ̂# +
1

2
(trχ#)/g +

1

2
(/ε · χ2)/ε ,

4We denote by χ#,χ# the symmetric parts of χ,χ and by χ2,χ2 the antisymmetric parts of χ,χ.
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where we denote by /g and /ε the metric and volume form induced by the spacetime metric g

and volume form ε on DN . See Section 3.3.2 for further details on the properties of χ and χ

and their decompositions.

For future convenience, we also define, for A,B = {1,2}, the smooth scalar functions

ΓB4A = g (∇4eA, eC) gBC , ΓB3A = g (∇3eA, eC) gBC

on (M, g).

One can define products of DN tensors and differential operators acting on DN tensors, which

generalise the products and differential operators for S-tensors of [14, 13]. In particular, the

Levi-Civita connection ∇ induces, in a suitable sense, a connection /∇ on DN compatible

with the metric /g. All the relevant definitions can be found in Section 3.3.3 and Section 3.3.4

respectively.

The vacuum Einstein equations

Let us now assume that (M, g) solves the vacuum Einstein equations

Ric(g) = 0 .

Then, the vacuum Einstein equations can be written as a nonlinear system of equations for

the frame vectors of N and the connection coefficients and curvature components relative to

N . These equations are the null frame equations, the null structure equations and the Bianchi

equations. The full system of equations is presented in Section 3.3.5, where its main properties

are also discussed, and derived in Appendix A. We remark that the system of Section 3.3.5

differs from the systems of Einstein equations presented in [14, 13], the reason being that we

do not assume the integrability of N . This fact will play a fundamental role in the present

chapter. See Section 3.2.3 of the overview.

We now outline some selected properties of the system of equations of Section 3.3.5, assuming

that the reader has some familiarity with the equations of [14, 13].

We have a set of equations for the frame

∇A eB −∇B eA =
(
ΓCAB − ΓCBA

)
eC + χ2ABe3 + χ2ABe4 ,

∇3 eA −∇A e3 =
(
ΓB3A − χ

]2B

A

)
eB + (ηA − ζA) e3 + Y A e4 ,

∇4 eA −∇A e4 =
(
ΓB4A − χ

]2B

A

)
eB + YAe3 + (ηA + ζA) e4 ,

∇3 e4 −∇4 e3 =
(
2ηA − 2ηA

)
eA + ω̂ e3 − ω̂ e4 ,

which coincide with the commutators for the frame vectors. The role of the second fundamental

forms of [14, 13] is now played by the symmetric two-tensors χ# and χ#. We have, for instance,
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the first variational formulae

/Le4/g = 2χ̂# + (trχ#)/g ,

/Le3/g = 2χ̂# + (trχ#)/g .

Another interesting aspect of the system of equations is that the usual elliptic equations for the

curl part of the connection coefficients Y , Y , η and η can now be seen as transport equations

for the antitraces of χ and χ. We have

/∇4(/ε · χ2) + (trχ#)(/ε · χ2)− ω̂(/ε · χ2) = 2(η + 2ζ)∧Y +2Y ∧ η + 2 /curlY ,

/∇3(/ε · χ2) + (trχ#)(/ε · χ2)− ω̂(/ε · χ2) = 2(η − 2ζ)∧Y +2Y ∧ η + 2 /curl Y ,

and

/∇4(/ε · χ2) +
1

2
(trχ#)(/ε · χ2) + ω̂(/ε · χ2) = − χ̂# ∧ χ̂# −

1

2
(trχ#)(/ε · χ2) + 2Y ∧ Y

+ 2σ + 2 /curl η ,

/∇3(/ε · χ2) +
1

2
(trχ#)(/ε · χ2) + ω̂(/ε · χ2) = − χ̂# ∧ χ̂# −

1

2
(trχ#)(/ε · χ2) + 2Y ∧Y

− 2σ + 2 /curl η .

The Codazzi equations read

/div χ̂# = − 1

2
/ε]2 · /∇(/ε · χ2)− χ̂]# ·ζ −

1

2
(/ε · χ2)?ζ +

1

2
(trχ#)ζ +

1

2
/∇(trχ#)− (/ε · χ2)?Y

− (/ε · χ2)?η − β ,

/div χ̂# = − 1

2
/ε]2 · /∇(/ε · χ2) + χ̂]# ·ζ +

1

2
(/ε · χ2)?ζ − 1

2
(trχ#)ζ +

1

2
/∇(trχ#)− (/ε · χ2)? Y

− (/ε · χ2)? η + β ,

where one should note the new terms depending on the antitraces of χ and χ. The Gauss

equation reads

/K =
1

2
(χ̂#, χ̂#)− 1

4
(trχ#)(trχ#)− 1

4
(/ε · χ2)(/ε · χ2) + (Γ3,χ2) + (Γ4,χ2)− ρ .

The smooth scalar function /K is defined in Section 3.3.4 and coincides with the Gauss curvature

of the integral manifold of DN when N is an integrable frame.

3.2.2 The Kerr exterior background

This section overviews the content of Section 3.4 of the chapter, where the Kerr exterior manifold

and its key properties are discussed.

In this section, we will introduce the Kerr exterior manifold (M, ga,M ) with its double-null
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differentiable structure. We then consider a particular null frame of (M, ga,M ), namely the

algebraically special frame, and outline some of its geometric properties. We conclude the

section by constructing a new differentiable structure on (M, ga,M ) that will play an important

role in the definition of the new nonlinear gauge.

The Kerr metric in double-null form

For any real parameters a,M , with M > 0 and 0 < |a| < M , we identify the Lorentzian

manifold (M, g) of Section 3.2.1 with the (sub-extremal) Kerr exterior manifold (M, ga,M ).

We introduce the differentiable structure

(u, v, θ1, θ2) (3.4)

on M,

u, v ∈ (−∞,∞) , (θ1, θ2) ∈ S2 ,

such that the (sub-extremal) Kerr metric ga,M takes the form

ga,M = −4 Ω2
Kerrdu dv + /γKerrθAθB

(dθA − bθAKerrdv)(dθB − bθBKerrdv) (3.5)

on M, with ΩKerr ∈ C∞(M), /γKerr
a symmetric two-tensor on the two-spheres

S2
u,v ≡ {u, v} × S2

and bKerr a vector field tangent to S2
u,v.

5 Such a global6 differentiable structure will be called

double-null differentiable structure on (M, ga,M ) and the Kerr metric (3.5) is said to be in

double-null form. In fact, the level sets

Cu0 := {u = u0} , Cv0
:= {v = v0}

are (outgoing and ingoing respectively) null hypersurfaces of (M, ga,M ).

The future event horizon H+ of (M, ga,M ) corresponds to the (asymptotic)7 null hypersurface

H+ = (∞, v, θ1, θ2) , (3.6)

with v ∈ R, while future null infinity I+ corresponds to the (asymptotic) null hypersurface

I+ = (u,∞, θ1, θ2) , (3.7)

with u ∈ R. The past event horizon H− and past null infinity I− correspond to the (asymptotic)

5The Kerr metric coefficients in (3.5) will be rigorously defined in Section 3.4 of this chapter.
6The existence of a global system of coordinates on (M, ga,M ) such that ga,M takes the form (3.5) is a

non-trivial observation due to [93].
7We note that the system of double-null coordinates (u, v, θ1, θ2) breaks down at the future event horizon

H+. However, one can still formally parametrise H+ as in (3.6).
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H+

H−

I+

I−

Cu0
Cv0

Figure 3.1: Penrose diagram of the Kerr exterior manifold (M, ga,M ).

null hypersurfaces

H− = (u,−∞, θ1, θ2) , I− = (−∞, v, θ1, θ2)

respectively, with u, v ∈ R. See Figure 3.1. We note that, in line with footnote 7, we have

ΩKerr(∞, v, θA) = ΩKerr(u,−∞, θA) = 0 .

The algebraically special frame

In this section we define the algebraically special frame of (M, ga,M ) by giving its coordinate

form. Although this can be done relative to the differentiable structure (u, v, θA), we introduce

a second differentiable structure (known as the Boyer–Lindquist coordinates) on (M, ga,M ) that

makes the coordinate expression of the frame simpler (and explicit). Let us note that the

algebraically special frame can also be introduced geometrically via what we will call property

(i) of the frame later in this section.8

It is important that the reader realises that the properties of the algebraically special frame

discussed in this section are all geometric. The Boyer–Lindquist differentiable structure plays,

at this point (and in fact throughout our discussion), no role apart from simplifying some of

the coordinate expressions.

We introduce the Boyer–Lindquist differentiable structure

(tbl, rbl, θbl, φbl)

on (M, ga,M ), which can be implicitly related to the differentiable structure (u, v, θA) as dis-

cussed in Section 3.4. In Boyer–Lindquist coordinates, the Kerr metric takes the form

ga,M = −∆

Σ
(dtbl − a sin2 θbldφbl)

2 +
Σ

∆
dr2
bl + Σdθ2

bl +
sin2 θbl

Σ
(adtbl − (r2

bl + a2)dφbl)
2 ,

8Strictly speaking, the definition of the algebraically special frame via property (i) leaves some residual
freedom in rescaling the null frame vectors and in performing orthogonal rotations of the spacelike frame vectors,
while our coordinate definition fixes the frame completely. The rescaling along the null directions that we choose
will be dictated by the fact that we desire a frame that extends regularly to H+.
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where the standard functions ∆ = ∆(rbl) and Σ = Σ(rbl, θbl) are defined in Section 3.4.

We define the algebraically special frame

Nas = (eas
1 , e

as
2 , e

as
3 , e

as
4 )

of (M, ga,M ) as the null frame with coordinate form

eas
4 = ∂tbl +

∆

r2
bl + a2

∂rbl +
a

r2
bl + a2

∂φbl ,

eas
3 =

(r2
bl + a2)2

Σ∆
∂tbl −

r2
bl + a2

Σ
∂rbl +

a(r2
bl + a2)

Σ∆
∂φbl ,

eas
1 =

a2 sin θbl cos θbl
Σ

∂tbl +
rbl
Σ
∂θbl +

a cot θbl
Σ

∂φbl ,

eas
2 =

arbl sin θbl
Σ

∂tbl −
a cos θbl

Σ
∂θbl +

rbl csc θbl
Σ

∂φbl

on (M, ga,M ). One can easily check that Nas extends regularly to H+.9

The connection coefficients of the Kerr metric ga,M relative to Nas are the DNas tensors10

χas
Kerr11 = χas

Kerr22 =
rbl∆(

r2
bl + a2

)
Σ
, χas

Kerr12 =
a∆ cos θbl(
r2
bl + a2

)
Σ
, χas

Kerr21 = −χas
Kerr12 ,

χ as
Kerr11 = χ as

Kerr22 = −
rbl
(
r2
bl + a2

)
Σ2

, χ as
Kerr12 =

a
(
r2
bl + a2

)
cos θbl

Σ2
, χ as

Kerr21 = −χ as
Kerr12 ,

ω̂as
Kerr =

2M
(
r2
bl − a2

)(
r2
bl + a2

)2 , ω̂as
Kerr =

2a2rbl sin
2 θbl

Σ2
,

ηas
Kerr1 = 0 , ηas

Kerr2 =
2a sin θbl

Σ
,

ηas
Kerr1 = −a

2rbl sin(2θbl)

Σ2
, ηas

Kerr2 =
a sin θbl

(
a2 cos2 θbl − r2

bl

)
Σ2

,

Y as
KerrA = 0 , Y as

KerrA = 0 ,

ζas
Kerr1 =

a2rbl sin(2θbl)

Σ2
, ζas

Kerr2 = −
a sin θbl

(
a2 cos2 θbl − r2

bl

)
Σ2

,

with

χ̂#
as
KerrAB = 0 , χ̂#

as
KerrAB

= 0 ,

(/ε · χ2)as
Kerr =

2a∆ cos θbl(
r2
bl + a2

)
Σ
, (/ε · χ2)as

Kerr =
2a
(
r2
bl + a2

)
cos θbl

Σ2
,

trχ#
as
Kerr =

2rbl∆(
r2
bl + a2

)
Σ
, trχ#

as
Kerr = −

2rbl
(
r2
bl + a2

)
Σ2

.

9Note, however, that the Boyer–Lindquist coordinates are not regular along H+.
10For DNas covariant tensors, we give the coordinate expression (relative to the Boyer–Lindquist differentiable

structure) of their frame components. Note that these are functions of both coordinates rbl and θbl, as opposed
to the spherically symmetric connection coefficients and curvature components of the Schwarzschild metric.
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Note that

η as
Kerr + ζas

Kerr = 0

and

ΓB4A
as
Kerr = 0 , ΓC3A

as
Kerr gCB = 2χ2

as
KerrAB .

The curvature components are

αas
KerrAB = 0 , α as

KerrAB = 0 ,

βas
KerrA = 0 , β as

KerrA = 0 ,

ρas
Kerr =

2Mrbl
(
3a2 cos2 θbl − r2

bl

)
Σ3

, σas
Kerr =

aM cos θbl
(
3r2
bl − a2 cos2 θbl

)
Σ3

.

All the connection coefficients and curvature components are regular quantities along H+.

The algebraically special frame possesses several important properties, which are carefully dis-

cussed in Section 3.4. The crucial ones for our problem can be summarised as follows:

(i) Special algebraic property : The curvature components

αas
Kerr , α

as
Kerr , β

as
Kerr , β

as
Kerr

all vanish identically on (M, ga,M ). This is often considered as the defining (geometric)

property of the frame Nas on (M, ga,M ).

(ii) Relation to double-null gauge : The frame Nas does not coincide with the geometric

frame arising from the double-null differentiable structure (u, v, θA) of (M, ga,M ), i.e.

Nas 6≡ N̂ad ,

with

N̂ad = (∂v + bθ
A

Kerr∂θA ,Ω
−2
Kerr∂u, /γKerr

−1/2

θAθA
∂θA) .

(iii) Non-integrability : The frame Nas is non-integrable. This, in particular, implies

(/ε · χ2)as
Kerr 6= 0 , (/ε · χ2)as

Kerr 6= 0

on (M, ga,M ).

(iv) Integral curves: Away from the future event horizon H+, the null frame vectors eas
4 and

eas
3 generate timelike hypersurfaces.

(v) Geometric properties along H+: The generators of the future event horizon H+ of

(M, ga,M ) coincide with the frame vector field eas
4 on H+. The frame vector fields eas

1 and
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eas
2 are tangent to H+. These two properties imply, for instance, that

eas
4 (trχ#)as

Kerr = 0 , eas
A (trχ#)as

Kerr = 0

along H+, the same holding with (trχ#)as
Kerr replaced by any constant scalar function along

H+. Furthermore, the frame vector fields

(eas
1 , e

as
2 , e

as
4 )

generate an integrable distribution along H+.

Note that the properties (ii), (iii) and (iv) do not hold for the Schwarzschild exterior manifold,

for which the algebraically special frame coincides with the frame of a (integrable) double-null

gauge and thus the null frame vectors generate null hypersurfaces. Properties (i) and (v) should

be regarded as convenient (non-trivial) geometric properties of the algebraically special frame

of (M, ga,M ) that we will exploit.

A new differentiable structure

We now define a new differentiable structure on (a subregion of) (M, ga,M ). The definition relies

on the geometry of the algebraically special frame of (M, ga,M ). As we said, the Boyer–Lindquist

coordinates introduced in Section 3.2.2 have no conceptual role in our construction (and can, in

principle, be avoided), while the differentiable structure discussed in this section will be truly

important for the formulation of our new nonlinear gauge. In particular, later in our discussion,

we will make crucial use of the properties of the Kerr metric and the algebraically special frame

relative to the new differentiable structure (see the identities (3.15)-(3.16) and (3.17)).

We consider the union of two null hypersurfaces

Cu0,v≥v0 ∪ Cu≥u0,v0
(3.8)

on (M, ga,M ), with u0 and v0 finite constants,11 and define the manifold12

M+ := [u0,∞)× [v0,∞)× S2 . (3.9)

We define a new differentiable structure

(τ, s, ϑ, ψ) ,

11At the end of the section, the reader should note that the construction of the new differentiable structure
breaks down if u0 = v0 = −∞.

12Here there is a technical subtlety due to the fact that the double-null coordinates (u, v, θA) break down
along the future event horizon H+ of (M, ga,M ). The manifold M+ as define in (3.9) has M+ ∩ H+ = ∅. The
definition of the desired M+ requires to first introduce the Kruskal coordinates on (M, ga,M ). See the defining
identity (3.120) in Section 3.4.
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on M+, with13

τ ∈ [0,∞) , s ∈ (−∞,∞) , (ϑ, ψ) ∈ S2 ,

such that

(τ, s, ϑ, ψ) =

(0, v0 − u, θ1, θ2) along Cu≥u0,v0

(0, v − u0, θ
1, θ2) along Cu0,v≥v0

(3.10)

and

eas
4 (τ) = 1 (3.11)

eas
4 (s) = eas

4 (ϑ) = eas
4 (ψ) = 0 (3.12)

on (M+, ga,M ). The new system of coordinates can be seen as the unique solution to the linear

system of ODEs (3.11)-(3.12) along the integral curves of eas
4 (with initial data (3.10) prescribed

on (3.8)) and is therefore well-defined globally on (M+, ga,M ). The future event horizon H+ is

formally parametrised by

H+ = (τ≥0,−∞, ϑ, ψ) ,

while future null infinity is formally parametrised by

I+ = (∞, s, ϑ, ψ) .

Coordinates (τ, s, ϑ, ψ) induce a global foliation of the region (M+, ga,M ) of the Kerr exterior

manifold (M, ga,M ). Hypersurfaces of constant τ and s are depicted in Figure 3.2. The two-

spheres

S2
τ,s = {τ, s} × S2 (3.13)

coincide with the double-null spheres S2
u,v along (3.8) (but not globally), i.e. for all s ∈ (−∞,∞),

S2
0,s ≡ S2

u,v (3.14)

for some (u, v). Let us also note that

Cu0,v≥v0 ∪ Cu≥u0,v0
≡ {τ = 0} , M+ ≡ {τ ≥ 0} .

We refer to the Kerr metric ga,M in coordinates (τ, s, ϑ, ψ) and associated algebraically special

frame Nas onM+ as the Kerr metric in an outgoing frame-calibrated gauge (or OFC-gauge).14,15

The new coordinate form of the metric can (only implicitly) be related to its double-null form

13As usual, at least two coordinate charts are needed to cover the sphere S2. We do not discuss this issue
here.

14To the best of the author’s knowledge, this name appears for the first time in this thesis. We will elaborate
on the choice of the name for the new gauge later in the overview.

15We will occasionally refer to the outgoing frame-calibrated gauge as the new gauge, where the name new
gauge now has a precise definition.
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H+ I+

Cu0
Cv0

H+ I+

Cu0
Cv0

Figure 3.2: The two Penrose diagrams of the Kerr exterior manifold (M, ga,M ) show the foliation of
the region (M+, ga,M ) induced by the new differentiable structure (τ, s, ϑ, ψ). Each level set of τ is a
spacelike hypersurface (in solid red), with the exception of the hypersurface (3.8) and future null infinity
I+, which coincide with the τ = 0 and τ = ∞ null hypersurfaces respectively (in dashed red). Each
level set of s is a timelike hypersurface (in solid blue) which becomes asymptotically null towards future
null infinity I+, with the exception of the future event horizon H+, which coincides with the s = −∞
null hypersurface (in dashed blue).

(3.5). The Kerr metric in the OFC-gauge satisfies

ga,Mττ = 0 , (3.15)

Γsττ = Γϑττ = Γψττ = 0 (3.16)

on (M+, ga,M ).

The integral curves of

eas
4 = ∂τ (3.17)

are curves of constant s, thus tangent to the hypersurfaces depicted as blue curves in Figure

3.2, and with parameter τ along the curve.

Additional properties of the Kerr exterior manifold with its new differentiable structure can be

found in Section 3.4.

3.2.3 The nonlinear gauge

This section serves as an overview to the core of the chapter, corresponding to the introduction

of a one-parameter family of nonlinear metric perturbations around Kerr in an outgoing frame-

calibrated gauge (Section 3.5) and the formulation of the vacuum Einstein equations for such a

family of metrics (Section 3.6).

The fixed manifold and differentiable structure

We start by considering the manifold M+ defined by (3.9) and its differentiable structure

(τ, s, ϑ, ψ) introduce in Section 3.2.2. These will remain fixed throughout our discussion.

At this point, it is important to note that one has some residual freedom in constructing the

differentiable structure (τ, s, ϑ, ψ) on M+, ultimately related to a residual freedom in choosing
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the differentiable structure (u, v, θA) on M+.16 In fact, the differentiable structure relative to

which the Kerr metric ga,M takes the double-null form (3.5) onM+ is not unique. In particular,

there exist (infinitely many) one-parameter families of coordinates

(uε̃, vε̃, θ
1
ε̃ , θ

2
ε̃ ) (3.18)

on M+, with ε̃ ≥ 0 and

(u0, v0, θ
1
0, θ

2
0) ≡ (u, v, θ1, θ2) ,

for which the Kerr metric ga,M takes the double-null form (3.5) for all ε̃ ≥ 0. In turn, coor-

dinates (τ, s, ϑ, ψ) on M+ are not uniquely defined. One can define one-parameter families of

coordinates

(τε̃, sε̃, ϑε̃, ψε̃) (3.19)

on M+, with ε̃ ≥ 0 and

(τ0, s0, ϑ0, ψ0) ≡ (τ, s, ϑ, ψ) ,

such that

(τε̃, sε̃, ϑε̃, ψε̃) =

(0, v0 − uε̃, θ1
ε̃ , θ

2
ε̃ ) along Cuε̃≥u0,v0

(0, vε̃ − u0, θ
1
ε̃ , θ

2
ε̃ ) along Cu0,vε̃≥v0

and

eas
4 (τε̃) = 1 (3.20)

eas
4 (sε̃) = eas

4 (ϑε̃) = eas
4 (ψε̃) = 0 (3.21)

onM+ for all ε̃ ≥ 0, which preserve the form of the Kerr metric ga,M in the OFC-gauge for all

ε̃ ≥ 0. Note that

τε̃ ≡ τ (3.22)

on M+ for all ε̃ ≥ 0.

As an aside, we also note that, in view of the transport equations (3.20)-(3.20), to fully resolve

the residual gauge freedom for the coordinates (τ, s, ϑ, ψ) on M+, it is sufficient to resolve it

along the hypersurface {τ = 0}.

In what follows, the fixed differentiable structure (τ, s, ϑ, ψ) on M+ should be understood as

the ε = 0-member of one of the (infinitely many) one-parameter families of coordinates (3.19).

The choice of the particular one-parameter family will be discussed in forthcoming work by the

author and will play a crucial role in what is called gauge normalisation.

The one-parameter family of metric perturbations

In this section we consider a one-parameter family of nonlinear metric perturbations around a

Kerr solution. The family of metrics is introduced in an outgoing frame-calibrated gauge. What

16Recall that, in Section 3.2.2, the differentiable structure (u, v, θA) was involved in the definition of the
coordinates (τ, s, ϑ, ψ) on M+.
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we really mean by this is the core of the present section of the overview and of Section 3.5 of

the body of the chapter.

We consider a one-parameter family of smooth Lorentzian metrics g(ε) on M+

g(ε) = gxµxν (ε) dxµ dxν ,

with xµ = (τ, s, ϑ, ψ), and the associated one-parameter family of null frames

N (ε) = (e1(ε), e2(ε), e3(ε), e4(ε))

on M+ such that

(i) The metric component

gττ (ε)

and the Christoffel symbols

Γsττ (ε) , Γϑττ (ε) , Γψττ (ε)

are fixed on M+ such that

gττ (ε) = 0

and

Γsττ (ε) = 0 ,

Γϑττ (ε) = 0 ,

Γψττ (ε) = 0

for all ε ≥ 0.

(ii) The connection coefficients

ω̂(ε) , Y (ε) , η(ε) , ΓB4A(ε)

are fixed on M+ such that

ω̂(ε) = ω̂ as
Kerr , (3.23)

Y (ε) = 0 , (3.24)

η(ε) = η as
Kerr , (3.25)

ΓB4A(ε) = 0 (3.26)

for all ε ≥ 0, where the tensors ω̂as
Kerr and ηas

Kerr are known quantities relative to the fixed

differentiable structure on M+.17,18

17The tensors ω̂as
Kerr and ηas

Kerr have been defined in Section 3.2.2 of the overview relative to the Boyer–Lindquist
coordinates on M+. One can (although implicitly) define them relative to the coordinates (τ, s, ϑ, ψ) on M+.

18The reader should note that the tensorial identity (3.25) is comparing covariant tensors living in different
tensor bundles on M+, namely a DN (ε) one-tensor and a DNas one-tensor, and is therefore to be understood as
an informal identity. This issue, and the formally correct version of the identity, will be briefly discussed later
in the overview (see, for instance, the expression (3.38)) and rigorously treated in Section 3.5.2 of this chapter,
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(iii) The frame vector field e4(ε) is fixed on M+ such that

e4(ε) = ∂τ (3.27)

for all ε ≥ 0, where the vector field ∂τ is a known quantity relative to the fixed differentiable

structure on M+.

(iv) For any ε ≥ 0, the frame N (ε) extends to a regular frame for s→ −∞,

and such that

g(0) ≡ ga,M

in the new gauge of Section 3.2.2, with associated frame

N (0) ≡ Nas

on M+.19

We refer to the family of metrics g(ε) as a one-parameter family of metric perturbations around

the Kerr solution in an outgoing frame-calibrated gauge.

The family of metrics g(ε) in our OFC-gauge exhibits a number of important properties. For

reasons that we shall discuss in Section 3.2.4 of the overview, it is a fundamental fact thatN (0)

coincides with the algebraically special frame of Kerr Nas and

χ(0) ≡ χas
Kerr , χ(0) ≡ χ as

Kerr , η(0) ≡ ηas
Kerr , η(0) ≡ η as

Kerr ,

ω̂(0) ≡ ω̂ as
Kerr , ω̂(0) ≡ ω̂ as

Kerr , ζ(0) ≡ ζas
Kerr , ΓB3A(0) ≡ ΓB3A

as
Kerr ,

Y (0) ≡ Y (0) ≡ 0 ,

ΓB4A(0) ≡ 0 ,

α(0) ≡ α(0) ≡ β(0) ≡ β(0) ≡ 0 ,

ρ(0) ≡ ρas
Kerr ,

σ(0) ≡ σas
Kerr .

Two additional crucial properties of g(ε), which introduce new geometric difficulties, are also

discussed later in this section.

However, before considering the properties of the new gauge, we address a key, preliminary

question:

Question. Is an outgoing frame-calibrated gauge a well-posed gauge? Namely, given a (suit-

ably) general Lorentzian manifold (M, g), do there always exist a system of local coordinates

where we will provide the geometric formalism to understand (3.25) as an identity between tensors living in the
same tensor bundle. For the present statement, the reader can pretend that η(ε) and η as

Kerr live in the same
bundle.

19Note that the Kerr metric ga,M in coordinates (τ, s, ϑ, ψ), and with the associated null frame Nas, does
satisfy the gauge conditions for the family of metrics g(ε).
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(τ , s,ϑ,ψ) and a local null frame N on (M, g) such that all the gauge conditions above hold

locally?

The main result of the chapter answers this question in the affirmative. An overview of the

statement and its proof can be found in the next two sections.

The statement of the main result

A key ingredient in our proof of linear stability is the introduction of the one-parameter family

of Lorentzian metrics g(ε) on M+ in a new nonlinear gauge. We consider here the question

of whether the new gauge is a well-posed gauge for a general Lorentzian manifold (M, g).

The question is fundamental for both the consistency of our approach and for future nonlinear

applications.

We remark that, in this section, one can forget that we will be ultimately dealing with per-

turbations of the Kerr solution. In fact, the well-posedness question for the new gauge is a

geometric question that can be addressed independently from our problem. The answer to this

question for a double-null gauge corresponds to the claim that any (suitably) general Lorentzian

manifold (M, g) can be locally put in a double-null gauge. Our main result states that the

same holds for our outgoing frame-calibrated gauge, clarifying that a one-parameter family of

metrics g(ε) satisfying the gauge conditions above can indeed be considered.

Examples of gauges that have proved successful in the nonlinear analysis of the vacuum Einstein

equations are double-null gauges [13, 110, 21, 95, 96, 20], harmonic gauges [81, 82], time-

transported gauges [97, 42] and Bondi gauges [74].

A fully detailed account of what we discuss in this section of the overview can be found in

Section 3.5 of the chapter.

Let (M, g) be a (3 + 1)-dimensional, smooth, orientable Lorentzian manifold20 with topology

M ∼= R2 × S2 .

We start by recalling that any such Lorentzian manifold (M, g) can be locally put in a double-

null gauge, i.e. there exist local coordinates

(u,v,θ1,θ2)

on (M, g) such that g takes the double-null form

g = −4 Ω2du dv + /γθAθB(dθA − bθAdv)(dθB − bθBdv) (3.28)

20Note that we do not assume any special algebraic property for (M, g). We also do not assume that (M, g)
is a solution to the vacuum Einstein equations. These two facts can be contrasted to the linear gauge adopted
by [1].
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M
B̃

Cu0

B+
δ

Cv0

S2
u0,v0

Figure 3.3: We define the set Bδ to be a sufficiently small neighbourhood of S2
u0,v0 of the form Bδ :=⋃

(u−u0)2+(v−v0)2<δ2 S
2
u,v , with δ > 0 and Bδ ⊂ B̃. We define the set B+

δ := Bδ ∩{v ≥ v0}∩{u ≥ u0}
corresponding to the shaded region in the figure.

on a sufficiently small neighbourhood B̃ ⊆M.

Relying on the double-null differentiable structure of B̃, we consider the union of two null

hypersurfaces

B̃ ∩ (Cu0,v≥v0 ∪Cu≥u0,v0) (3.29)

on B̃, with S2
u0,v0 ⊂ B̃, and a sufficiently small neighbourhood

B+
δ ,

with B+
δ ⊂ B̃ corresponding to the shaded region in Figure 3.3.

Without loss of generality, one can state the well-posedness of the new gauge as the local

existence of the new gauge on B+
δ . The following theorem is the main result of the chapter.

Theorem 3.1 (Outgoing frame-calibrated gauge). Consider the Lorentzian manifold (M, g),

its local differentiable structure (u,v,θA) and the sufficiently small set B+
δ ⊂ M as above.

Then, for any ˜̂ω, f1, f2 smooth scalar functions of the coordinates (u,v,θA) on B+
δ , there exist

a system of coordinates

(τ , s,ϑ,ψ) (3.30)

on B+
δ , with (ϑ,ψ) ∈ S2, and a null frame

N = (e1, e2, e3, e4) (3.31)

on B+
δ such that

(i) Anchoring of the gauge: The restriction of the coordinates (3.30) to

B+
δ ∩ (Cu0,v≥v0 ∪Cu≥u0,v0) (3.32)

satisfies

(τ , s,ϑ,ψ) =

(0,v0 − u,θ1,θ2) along B+
δ ∩Cu≥u0,v0

(0,v − u0,θ
1,θ2) along B+

δ ∩Cu0,v≥v0
.
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In particular, each of the two-spheres

S2
0,s ≡ {0, s} × S2

on (3.32) coincides with a double-null sphere S2
u,v for some (u,v).

(ii) Metric conditions: The metric identity

gττ = 0

and the identities for the Christoffel symbols

Γsττ = 0 ,

Γϑττ = 0 ,

Γψττ = 0

hold on B+
δ .

(iii) Connection conditions: The connection coefficients

ω̂ , Y , η , ΓB4A

relative to N are such that

ω̂ = ˜̂ω ,
Y = 0 ,

η = η̃ ,

ΓB4A = 0

on B+
δ , where η̃ is the DN one-tensor such that η̃(e1) = f1 and η̃(e2) = f2 on B+

δ .

(iv) Frame condition: The coordinates (s,ϑ,ψ) are transported along the integral curves of

e4, meaning that the identity

e4 = ∂τ (3.33)

holds on B+
δ .

(v) Regularity: The frame N is a regular frame on B+
δ .

The proof of the main result and the name of the gauge

In the present section, we sketch the main ideas of the proof of Theorem 3.1. We include

two different arguments, one that will appear in forthcoming work by the author and one

corresponding to the proof of the theorem in Section 3.5.1 of this chapter. We will briefly

comment on the aspect that discriminates between the two. The choice of the name for the new

gauge is also addressed.
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In forthcoming work by the author, the proof of Theorem 3.1 goes as follows. The gauge

construction starts by considering (M, g) in the local double-null gauge (3.28), with associated

regular null frame

N̂ad = (∂v + bθ
A
∂θA ,Ω

−2∂u, /γ
−1/2

θAθA
∂θA) .

We then claim the existence of a null frame transformation21 F such that

N̂ad
F−→N ,

with the connection coefficients relative to N satisfying

ω̂ = ˜̂ω ,
Y = 0 ,

η = η̃ ,

ΓB4A = 0

locally on (M, g), as in Theorem 3.1.

The most technical part of this proof is to formulate the notion of a null frame transformation

appropriately and to show the local existence of the transformation F .22 Once the frame N
has been constructed, the coordinates (τ , s,ϑ,ψ) are obtained by solving the linear system of

ODEs

e4(τ ) = 1

e4(s) = 0

e4(ϑ) = 0

e4(ψ) = 0

along the integral curves of e4, with initial data for (τ , s,ϑ,ψ) prescribed on the hypersurface

(3.32) according to the anchoring gauge condition (i) of Theorem 3.1.

The construction of such a frame and coordinates guarantees that the remaining gauge condi-

tions of the theorem automatically hold. The regularity of the frame N is inherited from the

regularity of N̂ad once the transformation F is regular in a suitable sense.

In this thesis, we achieve the gauge construction in a more direct fashion by solving a system

of transport equations for the final frame (instead of obtaining the frame N via a null frame

transformation). See Section 3.5.1. This approach to the proof has the disadvantage that it

makes the residual gauge freedom for the frame (see Section 3.2.3) more difficult to handle.

However, the issue of resolving the residual freedom of the new gauge will not be addressed in

the present thesis, and therefore this latter approach is more convenient.

21A null frame transformation on (M, g) will be a transformation that transforms a null frame of (M, g)
into a new null frame of (M, g).

22Note that F will be obtained as a local solution to a nonlinear system of evolution equations. Here is where
the local nature of the gauge arises.
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As it becomes evident from the proof of Theorem 3.1, the frame has the most prominent role

in the gauge construction and determines, via its outgoing null frame vector, the differentiable

structure of the manifold. In particular, by choosing the functions ˜̂ω, f1 and f2, one can

suitably calibrate the frame in the outgoing null direction,23 and thus the entire gauge. This

motivates the name outgoing frame-calibrated gauge. For (M, g) corresponding to the Kerr

exterior manifold (M+, ga,M ) of Section 3.2.2, the frame-calibration of the gauge corresponds

to the choice of the algebraically special frame of Kerr. The calibration of the one-parameter

family of frames N (ε) associated to g(ε) is fixed, for all ε ≥ 0, to coincide with the Kerr one,

meaning that the functions ˜̂ω(ε), f1(ε) and f2(ε) coincide, in a suitable sense, with their Kerr

values for all ε ≥ 0.

The divorce of the frame from the spacetime foliation

In this section we discuss the first of two important geometric properties of the one-parameter

family of metrics g(ε) in the new gauge. We have that

DN (ε) is a non-integrable distribution for all ε ≥ 0 ,

which we refer to by saying that our outgoing frame-calibrated gauge is non-integrable. In par-

ticular, DN (0) corresponds to the non-integrable distribution DNas induced by the algebraically

special frame of Kerr on M+.

As mentioned in Section 3.2.1, a geometric manifestation of the non-integrability of the gauge

is that χ(ε) and χ(ε) are not symmetric tensors, and at least one of the identities

χAB(ε) 6= χBA(ε) χAB(ε) 6= χBA(ε)

holds on M+ for all ε ≥ 0. One can therefore define the antitraces

(/ε · χ2)(ε) , (/ε · χ2)(ε)

of χ(ε) and χ(ε), which, together with the symmetric traceless parts

χ̂#(ε) , χ̂#(ε) ,

and traces

trχ#(ε) , trχ#(ε) ,

23In the proof of Section 3.5.1, the reader will appreciate how the choice of the functions ˜̂ω, f1 and f2 determines
the system of transport equations in the outgoing null direction

∇e4e4 = ˜̂ω e4 ,
∇e4e3 = − ˜̂ω e3 + 2 f1 e1 +2 f2 e2 ,

∇e4 e1 = f1 e4 ,

∇e4 e2 = f2 e4

used to construct the frame.
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give the decomposition

χ(ε) = χ̂#(ε) +
1

2
(trχ#(ε))/g(ε) +

1

2
((/ε · χ2)(ε))/ε(ε) ,

χ(ε) = χ̂#(ε) +
1

2
(trχ#(ε))/g(ε) +

1

2
((/ε · χ2)(ε))/ε(ε) ,

where /g(ε) and /ε(ε) are the metric and volume form induced by g(ε) and ε(ε) on DN (ε).

As another effect of the non-integrability of the gauge, DN (ε) cannot be identified with the

tangent bundle of the leaves of any spacetime foliation. In this sense, the frame and the space-

time foliation cannot be tied one to the other. The foliation induced by the fixed differentiable

structure on M+ is indeed only adapted to the integral curves of e4(ε), meaning that e4(ε) is

everywhere tangent to the s-constant leaves of the spacetime foliation for all ε ≥ 0. Further

details on the relation between the frame and the spacetime foliation in our gauge can be found

in Section 3.5.3.

The reader should note that, in a double-null gauge, DN (ε) is an integrable distribution and

χ(ε) and χ(ε) are symmetric tensors. The spacetime foliation and the null frame are naturally

tied, giving nice geometric properties to the gauge that one typically exploits.

The formulation of tensor perturbations

In this section we discuss the second of two important geometric properties of the one-parameter

family of metrics g(ε) in the new gauge. We have that

DN (ε) is not fixed for all ε ≥ 0 ,

which we refer to by saying that the horizontal structure of our outgoing frame-calibrated gauge

is variable.24 In general,

DN (ε) 6≡ DN (0) (3.34)

for all ε ≥ 0.

Relation (3.34) gives rise to the following difficulty, which will be rigorously addressed in Section

3.5.2. Let us consider, for instance, the one-parameter family of one-tensors η(ε) on M+. For

any ε > 0, the one-tensor η(ε) and the one-tensor η(0) are covariant tensors on M+ which, in

view of (3.34), live in two different tensor bundles, namely the bundle of DN (ε) one-tensors on

M+ and the bundle of DN (0) one-tensors on M+. This fact becomes problematic when we

want to compare such tensors by taking the difference

“η(ε)− η(0) ” (3.35)

on M+. In particular, note that expressions of the form (3.35) appeared when we introduced

the family of metrics g(ε) in the new gauge (see, for instance, the identity (3.25)).

24Equivalently, we have that the spacelike frame vectors eA(ε) are not fixed for all ε ≥ 0.
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(M+, g(0))

(M+, g(ε))
φε

N (0)

ε = 0

ε > 0

N (ε)

Figure 3.4: The one-parameter family of metric perturbations g(ε) on M+ induces a one-parameter
family of Lorentzian manifolds (M+, g(ε)). The family of frames N (ε) defines, for each ε ≥ 0, a null
frame on (M+, g(ε)). One can define a diffemorphism φε between (M+, g(0)) and (M+, g(ε)).

In this section, and later in Section 3.5.2 of the chapter, we take an active point of view relative

to the family of metrics g(ε) on M+ and regard g(ε) as inducing a one-parameter family

of distinct Lorentzian manifolds (M+, g(ε)). Following this approach, even if the horizontal

structure of the new gauge was not variable, the tensors η(ε) and η(0) result defined on two

different Lorentzian manifolds, namely (M+, g(ε)) and (M+, g(0)), making the formal meaning

of the expression (3.35) already unclear. See Figure 3.4.

To give a formal meaning to the expression (3.35), we implement the following four-step proce-

dure:

1. Extension : We extend both η(ε) and η(0) to one-tensors in T 0
1M+ on (M+, g(ε)) and

(M+, g(0)) respectively. The extension is defined by imposing

η(ε)(e3(ε)) := 0 , η(ε)(e4(ε)) := 0 ,

η(0)(e3(0)) := 0 , η(0)(e4(0)) := 0 .

2. Pullback : We define a suitable diffemorphism φε between (M+, g(0)) and (M+, g(ε))

and consider the pullback one-tensor

φ∗ε (η(ε)) (3.36)

in T 0
1M+ on (M+, g(0)). Since, in general, the pullback distribution does not coincide

with the distribution DN (0) on (M+, g(0)), i.e.

φ∗ε (DN (ε)) 6≡ DN (0) , (3.37)

we possibly have that (3.36) is not an horizontal one-tensor and at least one of the
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following relations

(φ∗ε (η(ε)))(e3(0)) 6= 0 , (φ∗ε (η(ε)))(e4(0)) 6= 0

possibly holds.

3. Projection : We therefore project the pullback tensor φ∗ε (η(ε)) and consider the projected

pullback one-tensor

Πφ∗ε (η(ε))

such that

(Πφ∗ε (η(ε)))(e3(0)) = 0 , (Πφ∗ε (η(ε)))(e4(0)) = 0 .

The tensor Πφ∗ε (η(ε)) is an horizontal tensor in T 0
1M+ on (M+, g(0)).

4. Restriction : We conclude by restricting Πφ∗ε (η(ε))) to a DN (0) one-tensor on (M+, g(0)).

The expression

Πφ∗ε (η(ε)))− η(0) (3.38)

is now a difference of DN (0) one-tensors on (M+, g(0)) and should be seen as the formally correct

version of the expression (3.35). We refer to (3.38) as the (nonlinear) tensor perturbation of

η(0).

In the more rigorous formulation of the family of metrics g(ε) of Section 3.5, we replace all the

informal gauge conditions (like, for instance, (3.25)) with tensor perturbations in the correct

form (3.38).

For what concerns the definition of the diffeomorphism φε, our choice of φε will be such that

it identifies points of (M+, g(0)) and (M+, g(ε)) having the same coordinate values relative to

the fixed differentiable structure onM+. To correctly interpret this choice, we will consider the

Lorentzian manifolds (M+, g(ε)) as leaves of a larger manifold in which they naturally embed,

as it is standard practice in geometric perturbation theories. See Section 3.5.2.

In a double-null gauge, the distribution DN (ε) is fixed on M+ for all ε ≥ 0, i.e.

φ∗ε (DN (ε)) ≡ DN (0)

for all ε ≥ 0,25 which should be contrasted with (3.37). The formulation of tensor perturbations

does not pose any of the technical difficulties involved in the projection part of our procedure,

although one still needs to consider pulled-back tensors.

As a concluding remark, we note that one can, in principle, avoid to introduce pulled-back ob-

jects and compare coordinate components of tensors relative to the fixed differentiable structure

25In the case of [19], the frame vector fields eA(ε) are coordinate vector fields. The statement that the
distribution DN (ε) is fixed for all ε ≥ 0 is, in that context, equivalent to the statement that the differentiable
structure of the ambient manifold remains fixed for all ε ≥ 0.
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on M+.26 However, our approach is more geometric in that it compares tensors (as opposed

to tensor components) on M+. Nonetheless, we still secretly rely on the fixed differentiable

structure of M+ to formulate our geometric tensor perturbations, namely to define the diffeo-

morphism φε.

Residual gauge freedom for the frame

Our outgoing frame-calibrated gauge comes with some residual gauge freedom. This is, in part,

connected to fixing the differentiable structure on M+, as we already discussed. We will refer

to such a residual freedom as the residual gauge freedom for the coordinates.

On the other hand, the new gauge also leaves some residual gauge freedom for the frame. In

fact, the one-parameter family of null frames N (ε) on M+ associated to g(ε) is not fully

determined. In other words, given the family of metrics g(ε), there exist infinitely many one-

parameter families of null frames N (ε) on M+ such that all the gauge conditions hold. This

latter residual freedom is treated in Section 3.5.1 of the chapter. Here we give an informal

overview of its main aspects.

The key observation is the following. The connection conditions of Theorem 3.1 should be

thought as conditions for the covariant derivative ∇e4(ε) of each of the families of frame vectors

e1(ε), e2(ε), e3(ε) and e4(ε). In analogy with the freedom of specifying a constant of integration,

the residual gauge freedom for the frame can be understood as the freedom to freely prescribe

a one-parameter family of frames

N (ε) = (∂τ , e3(ε), eA(ε))

along the hypersurface {τ = 0}.27,28 Upon making such a prescription along {τ = 0}, the gauge

conditions yield a fully-determined family of frames N (ε) (with no residual gauge freedom left)

on M+.

We remark that the residual gauge freedom for the frame is conceptually distinct from the one

for the coordinates (τ, s, ϑ, ψ). The double nature of the residual freedom of our gauge should

be contrasted to the residual gauge freedom arising in double-null gauges, where the residual

gauge freedom for the coordinates is equivalent to the residual gauge freedom for the frame.29

As for the residual gauge freedom for the coordinates, the residual gauge freedom for the frame

will be exploited in forthcoming work by the author. The precise way in which the residual

gauge freedom is resolved contributes to what is called gauge normalisation.30

26This is the approach adopted by [19].
27Strictly speaking, this free choice is limited to the ε > 0 members of the family, since the frame N (0) is

already fully determined by the requirement N (0) ≡ Nas.
28Recall that the new gauge fixes the frame vector e4(ε) for all ε ≥ 0 relative to the fixed differentiable structure

on M+. Nonetheless, there exist infinitely many one-parameter families of null frames N (ε) on {τ = 0} that
embed the fixed e4(ε) = ∂τ as the outgoing null frame vector.

29This is also the case for the Bondi gauge of [74].
30How one chooses to fix the residual gauge freedom is what we refer to as gauge normalisation. As we observed

109



The vacuum Einstein equations in the new gauge

We now assume that the family of metrics g(ε) satisfies the vacuum Einstein equations

Ric(g(ε)) = 0 .

Since our outgoing frame-calibrated gauge is non-integrable, the system of vacuum Einstein

equations in the new gauge has to be seen as a special case of the general system of equations

briefly discussed in Section 3.2.1 of the overview and presented in Section 3.3.5 of the chapter.

This fact ultimately motivates the formalism of Section 3.3.

A key aspect of the system of Einstein equations in our gauge is that the transport equations in

the e4(ε)-direction take a particularly convenient form. For the connection coefficients

χ̂#(ε) , (trχ#)(ε) , (/ε · χ2)(ε) ,

we have the set of transport equations

/∇τ χ̂#(ε) + (trχ#) χ̂#(ε)− ω̂ as
Kerr χ̂#(ε) = −α(ε) , (3.39)

∂τ (trχ#)(ε) +
1

2
(trχ#)2(ε)− ω̂ as

Kerr (trχ#)(ε) = −(χ̂#, χ̂#)(ε) +
1

2
(/ε · χ2)2(ε) , (3.40)

∂τ (/ε · χ2)(ε) + (trχ#)(/ε · χ2)(ε)− ω̂ as
Kerr (/ε · χ2)(ε) = 0 (3.41)

on M+, which only couples with the rest of the system via the curvature component α(ε).

Furthermore, for the connection coefficient

χ̂#(ε) ,

we have the transport equation

/∇τ χ̂#(ε) +
1

2
(trχ#) χ̂#(ε) +

1

2
(/ε · χ2) ?χ̂#(ε) + ω̂ as

Kerr χ̂#(ε) = (−2 /D?2 η + η ⊗̂ η)(ε)

− 1

2
(trχ#) χ̂#(ε) +

1

2
(/ε · χ2) ?χ̂#(ε) (3.42)

on M+. In view of the gauge condition (3.25), the right hand side of the equation (3.42) is

independent of the vanishing (informal) tensor perturbation

η(ε)− η as
Kerr

on M+ for all ε ≥ 0.

Note that, for simplicity, in the equations (3.39)-(3.42) we simply replaced some bold connection

before, to fully resolve the residual gauge freedom of the new gauge onM+, it is sufficient to resolve it along the
hypersurface {τ = 0}. In forthcoming work by the author, we will discuss how the hypersurface {τ = 0} can be
interpreted as the hypersurface on which the initial data for the linearised system of vacuum Einstein equations
(in the new gauge) are prescribed. Our gauge normalisation will be an initial data gauge normalisation, in that
it will only depend on such initial data.
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coefficients with the corresponding Kerr connection coefficients (relative to the algebraically spe-

cial frame) to stress how our gauge enters in the equations. As already noted, this substitution

is rather informal. The formally correct version of these equations can be found in Section 3.6

and ultimately motivates the rigorous formulation of nonlinear tensor perturbations in Section

3.5.2 of the chapter.

3.2.4 The linearised Einstein equations

This section serves as an overview to the derivation and properties of the linearised vacuum

Einstein equations around a Kerr solution in our outgoing frame-calibrated gauge. Section 3.7

of the chapter will only treat the formal derivation of the linear system. A detailed account of

the properties of the linearised equations will be part of forthcoming work by the author.

The system of linearised Einstein equations that we present in this thesis can be employed to

investigate a wide class of problems that go beyond our proof of linear stability. As particularly

interesting examples, one can derive energy conservation laws for the linearised system, revisit-

ing work [56] and the ideas developed therein, or construct a scattering theory in the same vain

as [87].

The structure of this section of the overview is divided into two parts. We first introduce

the main ideas involved in the linearisation procedure. We then select some of the linearised

Einstein equations and discuss their key features.

The linearisation procedure

The rigorous linearisation procedure of the nonlinear vacuum Einstein equations for g(ε) in

our gauge is discussed in Section 3.7.1. As a general observation, we note that all the new

technical difficulties arising in the linearisation procedure are ultimately due to the presence

of one-parameter families of connection coefficients, such as η(ε), which are DN (ε) covariant

tensors and do not vanish for ε = 0. 31

The linearisation procedure proceeds by linearising each of the terms appearing in the nonlinear

vacuum Einstein equations for g(ε) around its Kerr value. To do that, we first pull-back the

whole nonlinear system via Πφ∗ε and renormalise each of the pulled-back nonlinear equations by

subtracting its correspondent Kerr equation. This allows to exploit our rigorous formulation of

nonlinear tensor perturbations (3.38) and consider, for instance, terms of the form

Πφ∗ε (η(ε))− ηas
Kerr (3.43)

on (M+, ga,M ). We linearise the one-parameter family of DNas tensors32 (3.43) around ε = 0

31Note that, in [19], all the connection coefficients that do not vanish for ε = 0 are smooth scalar functions.
This fact is connected to the spherical symmetry of the Schwarzschild background and makes the linearisation
procedure much simpler.

32Note that we linearise tensors, as opposed to linearising tensor components.
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by neglecting the O(ε2) terms in the formal expansion

Πφ∗ε (η(ε))− ηas
Kerr = ε ·

(1)

/η +O(ε2) ,

where
(1)

/η is a DNas one-tensor on (M+, ga,M ) and O(ε2) denotes a DNas one-tensor whose

components are O(ε2) scalar functions.33

Crucially, in our outgoing frame-calibrated gauge, we have

(1)

ω̂ ≡ 0 (3.44)

(1)

Y ≡ 0 (3.45)

(1)

/η ≡ 0 (3.46)

(1)

ΓB4A ≡ 0 (3.47)

and
(1)

eτ4 ≡
(1)

es4 ≡
(1)

eϑ4 ≡
(1)

eψ4 ≡ 0 (3.48)

on (M+, ga,M ) by the gauge conditions (3.23)-(3.27), where the linearisation of the scalar func-

tions ω̂(ε), ΓB4A(ε) and eµ4(ε) is obtained, for instance, by considering the formal expansion

φ∗ε (ω̂(ε))− ω̂ as
Kerr = ε ·

(1)

ω̂ +O(ε2)

on (M+, ga,M ) and neglecting the O(ε2) terms.

We note that the identities (3.44)-(3.48) are responsible for the simplification of the linearised

transport equations in the outgoing null direction introduced by our gauge. See the next section

for further details on this.

The most challenging part of the linearisation procedure is linearising some of the projected

covariant derivatives of DN (ε) one-tensors, such as34

( /∇3 ζ)(ε) . (3.49)

To achieve that, we introduce the projection tensor Π(ε) on M+ associated to DN (ε) and

33We adopt the slashed notation
(1)

/η to stress the fact that
(1)

/η is a DNas tensor. In Section 3.7.1 we will also
consider the following linearisation

φ∗ε (η(ε))− ηas
Kerr = ε ·

(1)
η +O(ε2) ,

where the pulled-back tensor φ∗ε (η(ε)) is not projected and thus
(1)
η is not necessarily a DNas tensor.

34The reader should note that (3.49) is actually the most technically difficult covariant derivative to linearise
in the whole system of nonlinear equations. The linearisation of all the other covariant derivatives gets simplified
by either our gauge identities or by the fact that the tensor vanishes on the Kerr background.
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linearise the DNas one-tensor

Πφ∗ε ((Π · ∇e3ζ)(ε))− /∇eas
3
ζas

Kerr

on (M+, ga,M ). The linearisation formulae for (3.49), and all the covariant derivatives of tensors,

are the formulae (3.185)-(3.190) of Section 3.7.1. Note that these formulae involve the linearised

Christoffel symbols
(1)

Γ ,
(1)

/Γ , (3.50)

which are (1, 2)-tensors on (M+, ga,M ) such that35

(φ∗ε∇(ε)−∇)µ ∂ν = ε ·
(1)

Γσµν ∂σ +O(ε2) ,

Πα
µ Πβ

ν (φ∗ε∇(ε)−∇)α ∂β = ε ·
(1)

/Γ
σ
µν ∂σ +O(ε2) ,

and the linearised projection tensor
(1)

/Π

such that

Πφ∗ε Π(ε)−Πas
Kerr = ε ·

(1)

/Π +O(ε2) .

The linearisation formula for (3.49) reads

Πφ∗ε (( /∇e3 ζ)(ε))− /∇eas
3
ζas

Kerr = ε · ( /∇(1)
e3
ζas

Kerr + /∇eas
3

(1)

/ζ −
(1)

/Γ 3 · ζas
Kerr (3.51)

− (
(1)

ζ (eas
3 ))ηas

Kerr +
(1)

/Π · (∇eas
3
ζas

Kerr)) +O(ε2) .

Through the linearisation of the covariant derivatives of tensors, the reader will be able to

appreciate, in part, how the transport equations in the outgoing null direction gets simplified

in our gauge. Indeed, as a general principle, all the covariant derivatives in the e4(ε)-direction

will be easier to linearise than the ones in the e3(ε)-direction. In fact, the analogue of formula

(3.51) for the covariant derivative

( /∇4 η)(ε)

appearing in the transport equation

( /∇4 η)(ε) = ( /∇3 Y )(ε)− χ]1·(η − η)(ε) + 2ω̂ Y (ε)− β(ε)

more easily reads

Πφ∗ε (( /∇e4 η)(ε))− /∇eas
4
ηas

Kerr = ε · ( /∇eas
4

(1)

/η −
(1)

/Γ 4 · ηas
Kerr +

(1)

/Π · (∇eas
4
ηas

Kerr)) +O(ε2) ,

35The connection ∇ is the Levi-Civita connection with respect to the Kerr metric ga,M on M+, while ∇(ε)
is the Levi-Civita connection with respect to the metric g(ε) on M+. The pulled-back connection φ∗ε ∇(ε) is a
connection on (M+, ga,M ). The linearised Christoffel symbols are tensors because they arise as the difference of
two connections on (M+, ga,M ).
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where we exploit the identity (3.48) of our gauge.36

It is also worth noticing how the linearisation of the covariant derivatives of scalar functions is

performed. For example, we have the linearisation of the scalar function

Πφ∗ε ( /∇e4(trχ#)(ε))− /∇eas
4

(trχ#)as
Kerr = ε · /∇eas

4
(

(1)
trχ#) +O(ε2)

in the Raychaudhuri equation

/∇4(trχ#)(ε) +
1

2
(trχ#)2(ε)− ω̂ trχ#(ε) = − (χ̂#, χ̂#)(ε) +

1

2
(/ε · χ2)2(ε)

+ 2 ( /divY )(ε) + 2(η + η + 2ζ,Y )(ε) ,

where, again relying on the identity (3.48) of our gauge, one does not see the term

/∇(1)
e4

(trχ#)as
Kerr

in the linearisation. The linearisation of the angular derivatives of scalar functions has to be

understood as the linearisation of a DNas one-tensor and reads

Πφ∗ε ( /∇(trχ#)(ε))− /∇(trχ#)as
Kerr = ε · ( /∇(

(1)
trχ#) +

(1)

/Π · (∇(trχ#))) +O(ε2) .

This term appears in the Codazzi equation

/div χ̂#(ε) = − 1

2
/ε]2 · /∇(/ε · χ2)(ε)− χ̂]# ·ζ(ε)− 1

2
(/ε · χ2)?ζ(ε) +

1

2
(trχ#)ζ(ε) +

1

2
/∇(trχ#)(ε)

− (/ε · χ2)?Y (ε)− (/ε · χ2)?η(ε)− β(ε) .

To conclude the section, we remark that the presence of the linearised Christoffel symbols in

the linearisation formulae for the covariant derivatives is a manifestation of the fact that some

of the connection coefficients of the Kerr metric are non-vanishing covariant tensors. These

terms would appear in the linearised Einstein equations around Kerr in any gauge, including

in a double-null gauge. On the other hand, the terms depending on the linearised projection

tensor represent a difficulty which is specific to our gauge. They are connected to the geometric

property that the horizontal structure of our gauge is variable, and would not appear in the

equations if linearised in a double-null gauge.

The linear system of equations

The system of linearised Einstein equations of Section 3.7.2 exhibits several remarkable proper-

ties. In this section of the overview we survey the crucial ones. A more detailed discussion will

be included in forthcoming work by the author. However, this section will already be enough

36In Section 3.4 we will point out that ∇eas4 η
as
Kerr ≡ 0 along H+, introducing a further simplification for the

formula when one restricts to the future event horizon.
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for the experienced reader to appreciate how the new structure of the system can be exploited

in the analysis and anticipate that no further major difficulties will need to be addressed.

For this section, as well as throughout Section 3.7, we adopt the de-bolded notation

eI = eI(0) , η = η(0) , ρ = ρ(0) . . .

The de-bolded frame vectors, connection coefficients and curvature components thus coincide,

or are relative to, the algebraically special frame of Kerr.

We start by noting that the symmetric traceless DNas two-tensors

(1)
α ,

(1)
α

are gauge invariant and satisfy the two linearised Bianchi equations

/∇3

(1)
α +

1

2
(trχ#)

(1)
α +2 ω̂

(1)
α +

1

2
(/ε · χ2)

(1)
α = −2/D?2

(1)

β −3ρ
(1)

χ̂#−3σ?
(1)

χ̂# +(4η + ζ)⊗̂
(1)

β , (3.52)

/∇4

(1)
α +

1

2
(trχ#)

(1)
α +2 ω̂

(1)
α −1

2
(/ε · χ2)

(1)
α = 2/D?2

(1)

β −3ρ
(1)

χ̂# +3σ?
(1)

χ̂#−(4 η−ζ)⊗̂
(1)

β . (3.53)

After suitably commuting (3.52) and (3.53) with /∇4 and /∇3 respectively, one can show that
(1)
α

and
(1)
α satisfy two decoupled spin ±2 Teukolsky equations on (M+, ga,M ). See [18].

The decoupling of the gauge invariant quantities
(1)
α and

(1)
α arises as a direct consequence of the

gauge condition

N (0) ≡ Nas .

In the language of the introduction to this chapter, N (0) ≡ Nas is the necessary algebraic

property of the gauge to observe the decoupling and, at the same time, the property that forces

the gauge to be non-integrable. The reason why a double-null gauge does not allow for the

desired decoupling is precisely the property Nas 6≡ N̂ad pointed out in Section 3.2.2.

As already mentioned in the introduction, works [18, 103] ensure integrated decay for general

solutions to the Teukolsky equation on (M+, ga,M ), and can be applied to establish integrated

decay for the gauge invariant quantities of our system. Note that this resolves what we referred

to as part (i) of our proof of linear stability in the full sub-extremal range |a| < M .

Part (ii) of our proof of linear stability deals with the gauge dependent quantities in the system.

The symmetric traceless DNas two-tensor
(1)

χ̂# (3.54)

satisfies the transport equation

/∇4

(1)

χ̂# +(trχ#)
(1)

χ̂#− ω̂
(1)

χ̂# = −
(1)
α (3.55)
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on (M+, ga,M ). We recall that the DNas one-tensor

(1)

Y

vanishes indentically on (M+, ga,M ) and thus does not appear in the equation (3.55).37 Since

we can already control the right hand side of (3.55), the tensor (3.54) is the only quantity in

the equation that, in order to prove stability for the full system, one needs to estimate.

An important observation is that the equation (3.55) is blue-shifted, namely the coefficient of

the zero order term in the transport equation is negative in a region close to the future event

horizon H+. Such a blue-shift term should be seen as a potential obstruction to proving decay

for (3.54). Nonetheless, as we shall prove in forthcoming work, one can establish integrated

decay for (3.54).38

The scalar functions

(
(1)

trχ#) , (
(1)

/ε · χ2) (3.56)

satisfy the decoupled, homogeneous system of transport equations

/∇4(
(1)

trχ#) + (trχ#)(
(1)

trχ#)− ω̂(
(1)

trχ#) = (/ε · χ2)(
(1)

/ε · χ2) , (3.57)

/∇4(
(1)

/ε · χ2) + (trχ#)(
(1)

/ε · χ2)− ω̂(
(1)

/ε · χ2) = −(/ε · χ2)(
(1)

trχ#) (3.58)

on (M+, ga,M ). Recall that the scalar function

(1)

ω̂

vanishes indentically on (M+, ga,M ) and thus does not appear in the equations (3.57)-(3.58).

Similarly, in view of the gauge condition (3.27), no terms of the form

/∇(1)
e 4

(trχ#) , /∇(1)
e 4

(/ε · χ2)

appear in the equations. As for the equation (3.55), both the equations (3.57)-(3.58) are blue-

shifted.39

37We note that the equation (3.55) has the same form of the correspondent equation of [19].

38Estimating
(1)

χ̂# from (3.55) represents the main, and in some sense most challenging, decay estimate that
one has to close in our problem. In fact, such an estimate already introduces all the key technical difficulties of
proving decay for the full system via our scheme.

39In forthcoming work, we will normalise the gauge such that any solution to the linearised system obeys

(
(1)

trχ#) ≡ (
(1)

/ε · χ2) ≡ 0 (3.59)

along the whole initial data hypersurface. The homogeneity of the equations (3.57)-(3.58) will immediately imply
that condition (3.59) holds everywhere on (M+, ga,M ).
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H+ I+

Σ

A

B

Figure 3.5: Penrose diagram of (M+, ga,M ). The initial data for the linearised system are prescribed
along the hypersurface Σ. One can integrate the equation (3.61) in the τ variable from the point
A = (τA, sA, ϑA, ψA) to the point B = (τB , sA, ϑA, ψA) along an integral curve of e4. In general, via
the forward integration of a transport equation from the initial data hypersurface, one can only prove
boundedness for the solution in terms of the initial data. However, the redshift term of (3.61) crucially
acts as a damping term and allows to prove decay.

Finally, we note that the symmetric traceless DNas two-tensor

(1)

χ̂# (3.60)

satisfies the transport equation

/∇4

(1)

χ̂# +
1

2
(trχ#)

(1)

χ̂# + ω̂
(1)

χ̂# = − 1

2
(trχ#)

(1)

χ̂# +
1

2
(/ε · χ2)?

(1)

χ̂# −
1

2
(/ε · χ2)?

(1)

χ̂# (3.61)

− 2
(̂1)

/Γ · η+(
(1)

/Π ⊗̂Π + Π⊗̂
(1)

/Π) · (∇ η)− ( /div η+(η, η))
(̂1)

g�

on (M+, ga,M ). We recall that the DNas one-tensor

(1)

/η

vanishes indentically on (M+, ga,M ) and thus does not appear in the equation (3.61).40

Crucially, equation (3.61) is red-shifted , meaning that the zero order term in the transport

equation comes with a positive sign in a region close to the future event horizon H+. Relying

on previous control on (3.54), and on separate estimates for the linearised metric (and its angular

derivatives), the redshift property of the equation will enable us to integrate (3.61) directly in

the forward direction along the integral curves of e4 and prove decay for (3.60)41 (see Figure

3.5).

The reader should regard the concomitant decoupling of the gauge invariant quan-

tities and convenient form of equations (3.55)-(3.61) as the resolution, through our

40This should be contrasted with the correspondent equation of [19], where the linearisation of η(ε) does
appear on the right hand side.

41Although discussing the particular gauge normalisation that we adopt in the problem is beyond the scope
of this chapter, the reader familiar with the subject should notice that, in contrast with the approach of [19],
our proof of decay for (3.60) will not require a future gauge normalisation. In fact, we will be able to prove the
full linear stability result without ever renormalising the gauge to the future. In this sense, when reduced to the
Schwarzschild case, our proof provides an alternative approach to that of [19].
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nonlinear gauge construction, of the tension between the algebraic and geometric

properties of the gauge . In fact, provided the smallness assumption |a| � M , equations

(3.55)-(3.61) will allow to control all the quantities (3.54), (3.56), (3.60) and, in turn, to run a

scheme to hierarchically control all the remaining quantities in the system. This resolves what

we referred to as part (ii) of our proof of linear stability in the slowly rotating regime |a| �M .

As a concluding remark, let us note that the key feature of our hierarchy is that it allows to

prove decay for the full system by ultimately relying on transport equations in the e4-direction

only. In fact, thanks to the remarkably simple form of the linearised transport equations in the

outgoing null direction in the new gauge, the redshift properties of the linear system can be fully

exploited.

3.3 The vacuum Einstein equations in a general gauge

The present section marks the start of the body of the chapter and represents the first of the

three self-contained blocks outlined at the beginning of Section 3.2. In this section we address

all the geometric preliminaries needed for our problem.

3.3.1 The geometry of non-integrable null frames

Consider a (3 + 1)-dimensional, smooth, orientable Lorentzian manifold (M, g). Let

N = (e1, e2, e3, e4)

be a local null frame on (M, g) such that

g(eA, eB) = δAB , g(eA, e3) = g(eA, e4) = 0 , (3.62)

g(e3, e3) = g(e4, e4) = 0 , g(e3, e4) = −2 (3.63)

on M, with A,B = {1,2}. The null frame N is not assumed to be integrable, meaning that

at least one of the relations

g([eA, eB], e4) 6= 0 , g([eA, eB], e3) 6= 0

holds onM.

For k ∈ N, k ≥ 1, we define the horizontal tensor bundle42

(T 0
kM)(N ) :=

{
(p, θp) ∈ T 0

kM | θp(. . . , e3(p), . . .) = θp(. . . , e4(p), . . .) = 0
}
,

where T 0
kM is the tensor bundle of k-covariant tensors onM. The tensor bundle (T 0

kM)(N )

is a vector sub-bundle of the tensor bundle T 0
kM. We define (T 0

0M)(N ) := T 0
0M =M× R.

42An analogous notion of tensor bundle is formulated in Section 2.2 of [57].
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We will denote by Γ((T 0
kM)(N )) a smooth section of the tensor bundle (T 0

kM)(N ) for any

k ≥ 0, with Γ((T 0
0M)(N )) = C∞(M). Such a smooth section will be called horizontal tensor

field overM.

We define the vector bundle

(T 1
0M)(N ) :=

{
(p,Xp) ∈ T 1

0M |Xp ∈ spanp {e1, e2}
}

onM. This is a sub-bundle of the tangent bundle T 1
0M, or a distribution, and will be denoted

by

DN := (T 1
0M)(N ) .

Note that DN is an integrable distribution if and only if N is an integrable frame. The

integrability of N is therefore43 a necessary condition for (T 1
0M)(N ) to be the tangent bundle

to the leaves of a foliation.

We define DN k-tensor fields overM as the restriction of tensor fields ξ ∈ Γ((T 0
kM)(N )) to

DN . A DN vector field overM is a vector field X ∈ Γ((T 1
0M)(N )).

Consider the Levi-Civita connection∇ on (M, g). We define the connection coefficients relative

to the null frame N as the DN tensor fields

ω̂, ω̂,

η,η,Y ,Y , ζ,

χ,χ

overM such that, with notation ξ(eI , eJ , . . . , eK) = ξIJ···K , one has

χAB = g(∇Ae4, eB) , χAB = g(∇Ae3, eB) ,

ηA =
1

2
g(∇3e4, eA) , ηA =

1

2
g(∇4e3, eA) ,

Y A =
1

2
g(∇4e4, eA) , Y A =

1

2
g(∇3e3, eA) ,

ω̂ =
1

2
g(∇4e3, e4) , ω̂ =

1

2
g(∇3e4, e3) ,

ζA =
1

2
g(∇Ae4, e3) .

These tensors naturally extend to horizontal tensors44

ω̂, ω̂ ∈ C∞(M) ,

η,η,Y ,Y , ζ ∈ Γ((T 0
1M)(N )) ,

χ,χ ∈ Γ((T 0
2M)(N ))

43We implicitly rely on the Frobenius theorem.
44With a slight abuse of notation, we denote the DN tensor and its natural extension by the same symbol.
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acting on T 1
0M, which, by definition, satisfy

χ(e3, ·) = χ(e4, ·) = χ(·, e3) = χ(·, e4) = 0 , χ(e3, ·) = χ(e4, ·) = χ(·, e3) = χ(·, e4) = 0 ,

η3 = η4 = 0 , η3 = η4 = 0 ,

Y3 = Y4 = 0 , Y 3 = Y 4 = 0 ,

ζ3 = ζ4 = 0 .

Note that the non-integrability of N implies that at least one of the relations

χAB 6= χBA , χAB 6= χBA

holds onM. In particular,

g([eA, eB], e4) 6= 0 =⇒ χAB 6= χBA ,

g([eA, eB], e3) 6= 0 =⇒ χAB 6= χBA .

Consider the Riemann curvature tensor R on (M, g). We define the curvature components

relative to the null frame N as the DN tensor fields

ρ,σ,

β,β,

α,α,

overM such that

αAB = R(eA, e4, eB, e4) , αAB = R(eA, e3, eB, e3) ,

βA =
1

2
R(eA, e4, e3, e4) , βA =

1

2
R(eA, e3, e3, e4) ,

ρ =
1

4
R(e4, e3, e4, e3) , σ =

1

4
?R(e4, e3, e4, e3) ,

where ?R is the Hodge dual of R on (M, g). These tensors naturally extend to horizontal

tensors45

ρ,σ ∈ C∞(M) ,

β,β ∈ Γ((T 0
1M)(N )) ,

α,α ∈ Γ((T 0
2M)(N ))

acting on T 1
0M, which, by definition, satisfy

α(e3, ·) = α(e4, ·) = 0 , α(e3, ·) = α(e4, ·) = 0 ,

β3 = β4 = 0 , β3 = β4 = 0 .

45With a slight abuse of notation, we denote the DN tensor and its natural extension by the same symbol.
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Note that α and α are symmetric, following from the symmetries of R.

Remark 3.1. It is important that the reader appreciates the difference between DN tensor fields

and horizontal tensor fields over M. What follows in this section will be formulated in terms

of DN tensor fields, but later in the chapter we will appeal to extensions of DN tensor fields to

horizontal tensor fields.

We define /g as a symmetric DN two-tensor field overM such that

/g(eA, eB) = g(eA, eB) .

By definition, /g is a Riemannian metric over DN .46 We define /g−1 as the inverse of the metric

/g and use the notation (/g−1)AB = /gAB. One can write

/g = e1 ⊗ e1 + e2 ⊗ e2

and

/g
−1 = e1⊗ e1 + e2⊗ e2

overM, with notation (e1, e2, e3, e4) to denote the dual coframe to N with respect to g.

Given the spacetime volume form ε with respect to g, we define /ε as a DN two-form overM
such that

/ε(eA, eB) = ε(eA, eB, e3, e4) ,

where the spacetime orientation is fixed by ε(e1, e2, e3, e4) = 1. By definition, /ε is the Rie-

mannian volume form over DN associated to /g. One can write

/ε = e1 ⊗ e2 − e2 ⊗ e1

overM.

One can extend /g and /ε to horizontal two-tensors in the natural way. We will refer to the

extension of /g−1 as the projection tensor and denote it by ΠN , with

ΠN = g−1 +
1

2
e3⊗ e4 +

1

2
e4⊗ e3 .

Remark 3.2. The notion of S-tensors of Christodoulou [13] relies on identifying the integral

manifold of DN with the spheres of a local double-null foliation of the spacetime. If DN is non-

integrable, one cannot understand our DN tensors as tensors intrinsic to some two-dimensional

manifold (possibly foliating the spacetime). In particular, the reader should not regard our metric

/g as a metric induced by g on some smooth Riemannian sub-manifold of M.

46By a metric on a vector bundle we mean an assignment p 7→ gp(·, ·), p ∈ M, where gp(·, ·) is an inner
product between elements of the fibre at p and varies smoothly with p.
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Given a DN one-tensor ξ and a DN two-tensor θ, we introduce the notation ξ],θ]1 ,θ]2 such

that

ξ]
A

= /g
ABξB ,

θ]1
B
A = /g

BCθCA ,

θ]2
B
A = /g

BCθAC .

This notation allows to keep track of the position of the indices when we write expressions in

tensorial form. Note that, if θ is symmetric, then θ]1 = θ]2 and the notation can be simply

replaced by θ]. We define the contraction

/ε · θ = /εABθAB

and the duality relations

?ξA = /ε]2
B

AξB ,
?θAB = /ε]2

C

AθBC ,

with, again, the indices in this precise order. By definition, we have ??ξA = −ξA.

By definition of the connection coefficients, one can decompose the spacetime covariant deriva-

tives of the frame vectors as follows

∇Ae3 = χ]2
B

AeB + ζAe3 , ∇Ae4 = χ]2
B

AeB − ζAe4 ,

∇3e3 = 2Y A eA + ω̂ e3 , ∇3e4 = 2ηAeA − ω̂ e4 ,

∇4e3 = 2ηA eA − ω̂ e3 , ∇4e4 = 2Y AeA + ω̂ e4 ,

∇BeA = ΓCBAeC +
1

2
χBAe3 +

1

2
χBA e4 ,

∇3eA = ΓC3AeC + ηAe3 + Y A e4 ,

∇4eA = ΓC4AeC + YAe3 + ηA e4 ,

where we use notation ∇I =∇eI and

ΓCBA = g (∇BeA, eD) gDC ,

ΓC3A = g (∇3eA, eB) gBC ,

ΓC4A = g (∇4eA, eB) gBC .
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The commutators of the frame vectors read

[eA, eB] =
(
ΓCAB − ΓCBA

)
eC +

1

2
(χAB − χBA) e3 +

1

2
(χAB − χBA) e4 , (3.64)

[e3, eA] =
(
ΓB3A − χ

]2B

A

)
eB + (ηA − ζA) e3 + Y A e4 , (3.65)

[e4, eA] =
(
ΓB4A − χ

]2B

A

)
eB + YAe3 + (ηA + ζA) e4 , (3.66)

[e3, e4] =
(
2ηA − 2ηA

)
eA + ω̂ e3 − ω̂ e4 . (3.67)

The reader has to be careful with the order of the indices of χ and χ when using the formulae

above.47 The second and third terms of the commutator [eA, eB] encode the non-integrability

of the frame N .

3.3.2 Decomposition of χ and χ

We define the symmetric DN two-tensors

χ# , χ#

and the antisymmetric DN two-tensors

χ2 , χ2

such that

χ#AB =
1

2
(χAB + χBA) , χ#AB

=
1

2
(χAB + χBA) ,

χ2AB =
1

2
(χAB − χBA) , χ2AB =

1

2
(χAB − χBA) .

Tensors χ#,χ# are the symmetric parts of χ and χ respectively, while tensors χ2,χ2 are the

antisymmetric parts of χ and χ respectively. One can decompose χ and χ as

χ = χ# + χ2 , χ = χ# + χ2 .

We now define the symmetric traceless DN two-tensors

χ̂# , χ̂#

47This is, for instance, the case of the formula for ∇BeA. The formula

∇BeA = ΓC
BAeC +

1

2
χABe3 +

1

2
χAB e4 ,

which appears as formula (7.3.1d) in [14], would be incorrect here because it switches the indices of χ and χ.
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such that

χ̂# = χ# −
1

2
(trχ#)/g , χ̂# = χ# −

1

2
(trχ#)/g .

Tensors χ̂# and χ̂# are the symmetric traceless parts of χ and χ respectively. Note that the

traces are taken relative to the inverse metric /g−1, i.e.

trχ# = /g
ABχ#AB and trχ# = /g

ABχ#AB
.

Since trχ2 = trχ2 = 0, one has

χ̂ = χ̂# + χ2 , trχ = trχ# ,

χ̂ = χ̂# + χ2 , trχ = trχ# ,

where χ̂ and χ̂ are the traceless parts of χ and χ.48

We denote the antitrace of χ and χ as

(/ε · χ2) and (/ε · χ2)

respectively. In fact, since (/ε · χ#) = (/ε · χ#) = 0, one has

(/ε · χ2) = (/ε · χ) , (/ε · χ2) = (/ε · χ) .

The final decomposition of χ and χ that we adopt in the chapter is

χ = χ̂# +
1

2
(trχ#)/g +

1

2
(/ε · χ2)/ε ,

χ = χ̂# +
1

2
(trχ#)/g +

1

2
(/ε · χ2)/ε .

3.3.3 Products of DN tensors

All tensor products and contractions of DN tensors are defined relative to /g and formally

coincide with those defined by Christodoulou for S-tensors. However, in this chapter we consider

DN two-tensors which are not symmetric, in which case the order of the indices in the tensor

products becomes relevant.

48Note, again, that χ̂ and χ̂ are not symmetric tensors.
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Given DN one-tensors ξ, ξ̃ and (possibly non-symmetric) DN two-tensors θ, θ̃, we have

(ξ, ξ̃) := /g
ABξAξ̃B ,

(θ, θ̃) := /g
AD
/g
CBθAC θ̃BD ,

ξ ∧ ξ̃ := /εABξAξ̃B ,

θ ∧ θ̃ := /εAD/g
CBθAC θ̃BD ,

(θ× θ̃)AB := θ]2
C

Aθ̃CB ,

with the indices in this precise order. We also have

(ξ ⊗ ξ̃)AB := ξAξ̃B ,

(ξ⊗̂ξ̃)AB := (ξ ⊗ ξ̃)AB + (ξ̃ ⊗ ξ)AB − (ξ, ξ̃)/gAB .

The product (ξ⊗̂ξ̃) is symmetric and traceless relative to /g−1.

3.3.4 Differential operators on DN tensors

In this section we define first and second order differential operators from DN (q, k)-tensors to

DN (q, k)-tensors, with q, k ≥ 0.

Given a vector field X overM, we define the differential operator

/∇X

such that

• /∇X f := X(f) for any f ∈ C∞(M);

• /∇X Y := gBAg(∇XY , eB)eA for any DN vector field Y , where on the right hand side

we have, with a slight abuse of notation, the natural extension49 of Y to a smooth section

of TM;

• ( /∇X ξ)(Y1, . . . ,Yk) := X(ξ(Y1, . . . ,Yk)) − ξ( /∇X Y1, . . . ,Yk) − · · · − ξ(Y1, . . . , /∇X Yk)

for any DN k-tensor ξ and DN vector fields Y1, . . . ,Yk.

We define the linear map

/∇

from DN (q, k)-tensors to DN (q, k + 1)-tensors such that

• ( /∇ f)(X) := /∇X f for any f ∈ C∞(M) and DN vector field X;

• ( /∇Y )(X) := /∇X Y for any DN vector fields X,Y ;

49We extend by imposing g(Y , e3) = g(Y , e4) = 0 on M.
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• ( /∇ ξ)(X,Y1, . . . ,Yk) := ( /∇X ξ)(Y1, . . . ,Yk) for any DN k-tensor ξ and DN vector fields

X,Y1, . . . ,Yk.

It is easy to check that the linear map /∇ defines a (linear) connection of DN overM.

One can now decompose the spacetime covariant derivatives of the frame vectors as

∇BeA = /∇B eA +
1

2
χBAe3 +

1

2
χBAe4 ,

∇3eA = /∇3 eA + ηAe3 + Y A e4 ,

∇4eA = /∇4 eA + YAe3 + ηA e4 .

It is easy to check that the connection /∇ as defined above is compatible with the metric /g, i.e.

given any vector field X, one has

/∇X/g = 0 ,

/∇X/ε = 0 .

For DN one-tensors ξ and DN two-tensors θ, we define the divergence operator as50

/div ξ = /g
AB /∇AξB ,

( /divθ)A = /g
CB( /∇Cθ)AB ,

the curl operator as

/curl ξ = /εAB /∇AξB

and the operator

( /D?2ξ)AB = −1

2

(
( /∇ ξ)AB + ( /∇ ξ)BA − ( /div ξ)/gAB

)
,

with the indices in this precise order. The DN two-tensor /D?2ξ is symmetric and traceless

relative to /g−1.

Given DN vector fields X,Y , we define the differential operator

/∇2
X,Y

such that, for any DN k-tensor ξ and DN vector field Z, we have

/∇2
X,Y ξ := /∇X( /∇Y ξ)− /∇ /∇XY

ξ ,

/∇2
X,Y Z := /∇X( /∇Y Z)− /∇ /∇XY

Z .

50The reader familiar with [19] should note that our definition of /divθ contracts the indices in a different
order.
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We define the curvature tensor

/R

as the DN four-tensor such that

/R(W ,Z,X,Y ) := /g( /∇2
X,Y Z − /∇2

Y ,XZ,W )

for any DN vector fields X,Y ,W ,Z. We define the smooth scalar function

/K

such that

/K := /g
AC
/g
BD /RADCB .

Note that, if DN was integrable, then /K would correspond to the Gaussian curvature of the

integral manifold of DN .

Given a vector field X, we define the differential operator

/LX

such that, for any DN k-tensor ξ, DN vector field Y and scalar function f , we have

/LXf = /∇X f ,

(/LXξ)(Y ) = (LXξ)(Y ) , (3.68)

with LXξ the spacetime Lie derivatives of ξ with respect to X.51 For DN one-tensors ξ and

DN two-tensors θ, we have relations

/L4ξ = /∇4 ξ + χ]2 · ξ , (3.69)

/L3ξ = /∇3 ξ + χ]2 ·ξ , (3.70)

/L4θ = /∇4 θ + χ# × θ + θ × χ# + χ2 × θ − θ × χ2 , (3.71)

/L3θ = /∇3 θ + χ#× θ + θ × χ# + χ2× θ − θ × χ2 . (3.72)

51As noted for the definition of /∇X Y , the right hand side of (3.68) involves, with a slight abuse of notation,
the natural extension of Y to a smooth section of TM.
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The commutation formulae

Let ξ be a DN one-tensor and θ a DN two-tensor. We have the following commutation formulae

[ /∇4, /∇]ξ = − χ× ( /∇ ξ) + Y ⊗ ( /∇3 ξ) + (η + ζ)⊗ ( /∇4 ξ) (3.73)

+ (Y , ξ)χ− (χ]2 ·ξ)⊗ Y + (η, ξ)χ− (χ]2 · ξ)⊗ η + (?β)⊗ (?ξ) ,

[ /∇3, /∇]ξ = − χ× ( /∇ ξ) + Y ⊗ ( /∇4 ξ) + (η − ζ)⊗ ( /∇3 ξ) (3.74)

+ (Y , ξ)χ− (χ]2 · ξ)⊗ Y + (η, ξ)χ− (χ]2 ·ξ)⊗ η − (? β)⊗ (?ξ) ,

[ /∇3, /∇4]ξ = ω̂( /∇3ξ)− ω̂( /∇4ξ) + 2( /∇ ξ)]1 · (η − η) (3.75)

+ 2(η, ξ)η − 2(η, ξ)η + 2(Y , ξ)Y − 2(Y , ξ)Y + 2σ(?ξ)

and

([ /∇4, /∇]θ)ABC =− χ]2DA ( /∇D θ)BC + YA( /∇3 θ)BC + (ηA + ζA)( /∇4 θ)BC (3.76)

+ χAB Y
DθDC − YBχ]2DA θDC + χAB η

D θDC − ηBχ
]2D
A θDC + /ε

]2D
B (?β)AθDC

+ χAC Y
DθBD − YCχ]2DA θBD + χAC η

D θBD − ηCχ
]2D
A θBD + /ε

]2D
C (?β)AθBD ,

([ /∇3, /∇]θ)ABC =− χ]2DA ( /∇D θ)BC + Y A( /∇4 θ)BC + (ηA − ζA)( /∇3 θ)BC (3.77)

+ χAB Y
D θDC − Y Bχ

]2D
A θDC + χAB η

DθDC − ηBχ]2DA θDC − /ε]2DB (? β)AθDC

+ χAC Y
D θBD − Y Cχ

]2D
A θBD + χAC η

DθBD − ηCχ]2DA θBD − /ε]2DC (? β)AθBD ,

([ /∇3, /∇4]θ)AB = ω̂( /∇3θ)AB − ω̂( /∇4θ)AB + 2( /∇ θ)]1
C

AB(η − η)C (3.78)

+ 2ηCθCBηA − 2ηCθCBηA + 2Y CθCBY A − 2Y CθCBY A + 2σ/ε
]2C
A θCB

+ 2ηCθACηB − 2ηCθACηB + 2Y CθACY B − 2Y CθACY B + 2σ/ε
]2C
B θAC .

Proof. The commutation formulae are analogous to the ones derived by [110]. Note that, in our

case, one has to be careful with the order of the indices of χ and χ in (3.73), (3.74), (3.76) and

(3.77).

3.3.5 The vacuum Einstein equations

Consider a (3 + 1)-dimensional, smooth Lorentzian manifold (M, g) which is a solution to the

vacuum Einstein equations

Ric(g) = 0 .

Then, the connection coefficients and curvature components of (M, g) relative to a null frame

N satisfy a nonlinear system of equations that we present in this section and is derived in

Appendix A.52 Recall that N is not assumed to be integrable.

52The system of vacuum Einstein equations relative to a non-integrable null frame has recently appeared, in
a similar form, in [46].
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The full list of unknowns in the system of equations is

/g , e4 , e3 , eA ,

ω̂ , ω̂ , η , η , Y , Y , ζ , χ̂# , χ̂# , (trχ#) , (trχ#) , (/ε · χ2) , (/ε · χ2) ,ΓB4A , ΓB3A , ΓCAB ,

ρ , σ , β , β , α , α .

We define the scalars

(Γ3,χ2) := /g
BDχ2CBΓC3D , (Γ4,χ2) := /g

BDχ2CBΓC4D .

Null frame equations

The frame vector fields satisfy the commutators (3.64)-(3.67), which read

∇A eB −∇B eA =
(
ΓCAB − ΓCBA

)
eC + χ2ABe3 + χ2ABe4 , (3.79)

∇3 eA −∇A e3 =
(
ΓB3A − χ

]2B

A

)
eB + (ηA − ζA) e3 + Y A e4 , (3.80)

∇4 eA −∇A e4 =
(
ΓB4A − χ

]2B

A

)
eB + YAe3 + (ηA + ζA) e4 , (3.81)

∇3 e4 −∇4 e3 =
(
2ηA − 2ηA

)
eA + ω̂ e3 − ω̂ e4 . (3.82)

Null structure equations

We have the first variational formulae

/Le4/g = 2χ̂# + (trχ#)/g , (3.83)

/Le3/g = 2χ̂# + (trχ#)/g (3.84)

and the second variational formulae

/∇4 χ̂# + (trχ#)χ̂# − ω̂ χ̂# = −2 /D?2Y + (η + η + 2ζ)⊗̂Y −α , (3.85)

/∇3 χ̂# + (trχ#)χ̂# − ω̂ χ̂# = −2 /D?2 Y + (η + η − 2ζ)⊗̂Y −α . (3.86)

The Raychaudhuri equations read

/∇4(trχ#) +
1

2
(trχ#)2 − ω̂ trχ# = −(χ̂#, χ̂#) +

1

2
(/ε · χ2)2 + 2 /divY + 2(η + η + 2ζ,Y ) ,

(3.87)

/∇3(trχ#) +
1

2
(trχ#)2 − ω̂ trχ# = −(χ̂#, χ̂#) +

1

2
(/ε · χ2)2 + 2 /divY + 2(η + η − 2ζ,Y ) .

(3.88)
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We have the mixed transport equations

/∇4 χ̂# +
1

2
(trχ#)χ̂# + ω̂ χ̂# = − 2 /D?2 η −

1

2
(trχ#)χ̂# +

1

2
(/ε · χ2)(?χ̂#)− 1

2
(/ε · χ2)(?χ̂#)

(3.89)

+ η ⊗̂ η + Y ⊗̂Y ,

/∇3 χ̂# +
1

2
(trχ#)χ̂# + ω̂ χ̂# = − 2 /D?2η −

1

2
(trχ#)χ̂# +

1

2
(/ε · χ2)(?χ̂#)− 1

2
(/ε · χ2)(?χ̂#)

(3.90)

+ η ⊗̂ η + Y ⊗̂Y ,

/∇4(trχ#) +
1

2
(trχ#)(trχ#) + ω̂ trχ# = − (χ̂#, χ̂#) +

1

2
(/ε · χ2)(/ε · χ2) + 2(η,η) + 2ρ

(3.91)

+ 2 /div η + 2(Y ,Y ) ,

/∇3(trχ#) +
1

2
(trχ#)(trχ#) + ω̂ trχ# = − (χ̂#, χ̂#) +

1

2
(/ε · χ2)(/ε · χ2) + 2(η,η) + 2ρ

(3.92)

+ 2 /divη + 2(Y ,Y ) ,

and the transport equations

/∇4(/ε · χ2) + (trχ#)(/ε · χ2)− ω̂(/ε · χ2) = 2(η + 2ζ)∧Y +2Y ∧ η + 2 /curlY , (3.93)

/∇3(/ε · χ2) + (trχ#)(/ε · χ2)− ω̂(/ε · χ2) = 2(η − 2ζ)∧Y +2Y ∧ η + 2 /curl Y , (3.94)

/∇4(/ε · χ2) +
1

2
(trχ#)(/ε · χ2) + ω̂(/ε · χ2) = − χ̂# ∧ χ̂# −

1

2
(trχ#)(/ε · χ2) + 2Y ∧ Y

(3.95)

+ 2σ + 2 /curl η ,

/∇3(/ε · χ2) +
1

2
(trχ#)(/ε · χ2) + ω̂(/ε · χ2) = − χ̂# ∧ χ̂# −

1

2
(trχ#)(/ε · χ2) + 2Y ∧Y (3.96)

− 2σ + 2 /curl η .

We have equations

/∇4 η = /∇3 Y − χ]1·(η − η) + 2ω̂ Y − β , (3.97)

/∇3 η = /∇4 Y + χ]1 ·(η − η) + 2ω̂ Y + β , (3.98)

/∇4 ω̂ + /∇3 ω̂ = 2(η,η)− 2(Y ,Y )− 2ω̂ ω̂ − 2(η − η, ζ)− 2ρ (3.99)
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and the equations for the torsion

/∇4 ζ = − /∇ ω̂ + χ]2·(η − ζ)− χ]2 ·Y − ω̂(η + ζ) + ω̂ Y − β , (3.100)

/∇3 ζ = /∇ ω̂ − χ]2 ·(η + ζ) + χ]2 · Y + ω̂(η − ζ)− ω̂ Y − β , (3.101)

/curl ζ = −1

2
χ̂# ∧ χ̂# +

1

4
(trχ#)(/ε · χ2)− 1

4
(tr χ#)(/ε · χ2)− 1

2
(/ε · χ2) ω̂+

1

2
(/ε · χ2) ω̂+σ .

(3.102)

We have the two Codazzi-like equations

/div χ̂# = − 1

2
/ε]2 · /∇(/ε · χ2)− χ̂]# ·ζ −

1

2
(/ε · χ2)?ζ +

1

2
(trχ#)ζ +

1

2
/∇(trχ#)− (/ε · χ2)?Y

(3.103)

− (/ε · χ2)?η − β ,

/div χ̂# = − 1

2
/ε]2 · /∇(/ε · χ2) + χ̂]# ·ζ +

1

2
(/ε · χ2)?ζ − 1

2
(trχ#)ζ +

1

2
/∇(trχ#)− (/ε · χ2)? Y

(3.104)

− (/ε · χ2)? η + β ,

and the Gauss-like equation

/K =
1

2
(χ̂#, χ̂#)− 1

4
(trχ#)(trχ#)− 1

4
(/ε · χ2)(/ε · χ2) + (Γ3,χ2) + (Γ4,χ2)− ρ . (3.105)

Bianchi equations

The Bianchi equations read

/∇3 α+
1

2
(trχ#)α+ 2ω̂ α+

1

2
(/ε · χ2)?α = −2 /D?2β−3ρ χ̂#−3σ? χ̂# + (4η+ζ)⊗̂β , (3.106)

/∇4 β + 2(trχ#)β − ω̂ β − 2(/ε · χ2)?β = /divα+ (η] + 2ζ]) ·α+3ρY + 3σ?Y , (3.107)

/∇3 β + (trχ#)β + ω̂ β + (/ε · χ2)?β = /D∗1(−ρ,σ) + 3ρη + 3σ?η + 2χ̂]# ·β + Y ] ·α ,
(3.108)

/∇4 ρ+
3

2
(trχ#)ρ = /divβ + (2η + ζ,β)− 1

2
(χ̂#,α)− 2(Y ,β)− 3

2
(/ε · χ2)σ , (3.109)

/∇4 σ +
3

2
(trχ#)σ = − /curlβ − (2η + ζ)∧β +

1

2
χ̂# ∧α− 2Y ∧ β +

3

2
(/ε · χ2)ρ , (3.110)

/∇3 ρ+
3

2
(trχ#)ρ = − /divβ − (2η − ζ,β)− 1

2
(χ̂#,α) + 2(Y ,β) +

3

2
(/ε · χ2)σ , (3.111)

/∇3 σ +
3

2
(trχ#)σ = − /curlβ − (2η − ζ)∧β −1

2
χ̂# ∧α− 2Y ∧β − 3

2
(/ε · χ2)ρ , (3.112)
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/∇4 β + (trχ#)β + ω̂ β + (/ε · χ2)? β = /D?1(ρ,σ)− 3ρ η + 3σ? η + 2χ̂]# ·β − Y
] · α , (3.113)

/∇3 β + 2(trχ#)β − ω̂ β − 2(/ε · χ2)? β = − /divα− (η] − 2ζ]) ·α−3ρY + 3σ? Y , (3.114)

/∇4 α+
1

2
(trχ#)α+ 2ω̂ α− 1

2
(/ε · χ2)? α = 2 /D?2 β− 3ρ χ̂# + 3σ? χ̂# − (4η− ζ)⊗̂β . (3.115)

Some remarks on the system of equations

We collect here some remarks about the system of vacuum Einstein equations:

• The null frame equations (3.79)-(3.82) should be seen as equations for the frame compo-

nents eµI , which are scalar quantities at the level of the metric components.

• If one compares our system of equations to the systems of [14, 13], both the outgoing and

ingoing shears are here replaced by χ̂# and χ̂#. The elliptic equations for Y ,Y ,η and η

are now seen, in our system, as transport equations for (/ε · χ2) and (/ε · χ2).

• If one sets

(/ε · χ2) = (/ε · χ2) = 0 ,

then our system reduces to the system of [14], where indeed the frame adopted is inte-

grable. If one sets

(/ε · χ2) = (/ε · χ2) = 0 , Y = Y = 0 ,

then our system reduces to the system of [13], where the system is derived in a double-null

gauge.

Remark 3.3. Crucially, the algebraically special frame of the Kerr exterior manifold is non-

integrable. The connection coefficients and curvature components for the Kerr metric relative

to the algebraically special frame solve our system of equations, but they do not solve the systems

of [14, 13].

3.4 The Kerr exterior manifold

This section opens the second of the three self-contained blocks outlined at the beginning of

Section 3.2 and concerns the main object of the chapter, namely the Kerr exterior manifold.

We consider the Kerr exterior manifold (M, ga,M ), with real parameters a and M > 0, 0 <

|a| < M , and a system of double-null coordinates (u, v, θA) that globally covers (M, ga,M ).53,54

53For the existence of such a global coordinate system, the reader should refer to [93].
54We note that the double-null coordinates (u, v, θA) are not defined along the Kerr event horizon. Nonetheless,

one can make formal sense of the event horizon as an asymptotic null hypersurface corresponding to the limits
{u→∞} ∪ {v → −∞}. See later in this section.
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We introduce the Boyer–Lindquist coordinates

(tbl, rbl, θbl, φbl)

on (M, ga,M ), with coordinate functions

tbl = tbl(u, v) , rbl = rbl(u, v, θ
A) ,

θbl = θbl(u, v, θ
A) , φbl = φbl(u, v, θ

A)

as defined in [93]. We define the scalar functions

Σ(rbl, θbl) := r2
bl + a2 cos2 θbl ,

R2(rbl, θbl) := r2
bl + a2 +

2Ma2rbl sin
2 θbl

Σ
,

∆(rbl) := r2
bl − 2Mrbl + a2 .

on (M, ga,M ).

The Kerr metric ga,M in coordinates (u, v, θA) takes the double-null form

ga,M = −4 Ω2(u, v, θA)du dv + /γθAθB (u, v, θA)(dθA − bθA(u, v, θA)dv)(dθB − bθB (u, v, θA)dv) ,

on (M, ga,M ), with Ω2 ∈ C∞(M), /γ a symmetric S2
u,v two-tensor55 and b a vector field tangent

to the S2
u,v-spheres such that

Ω2 =
∆

R2
, bθ

1
= 0 , bθ

2
=

4Marbl
ΣR2

, /γθ2θ2 = R2 sin2 θbl (3.116)

and satisfying the implicit relations (218) of [17].56 The future and past event horizons of

(M, ga,M ) correspond to the (asymptotic) null hypersurfaces

H+ ≡ {u =∞} , H− ≡ {v = −∞} ,

with H = H+ ∪H+. We note that

Ω2|H = 0 .

55From now on, we will refer to DN̂ad
tensors as S2

u,v tensors, with S2
u,v ≡ {u, v}×S2. See later in this section

for the definition of the frame N̂ad on (M, ga,M ).
56Note on notation: Given a one-tensor ξ, the reader should note the difference between

ξθA := ξ(∂θA)

and

ξA = ξ(eA) .

We refer to the former indices as coordinate indices and the latter indices as horizontal indices. The two notations
become equivalent when the frame vector fields eA are coordinate vector fields, which will not be the case for the
main frame adopted in this chapter (cf. [19]).
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Future and past null infinity correspond to the (asymptotic) null hypersurfaces

I+ ≡ {v =∞} , I− ≡ {u = −∞} .

We define the null frame

N̂ad = (ê1, ê2, ê3, ê4)

adapted to the double-null foliation of (M, ga,M ), with frame vectors

ê4 = ∂v + bθ
A
∂θA , ê3 =

1

Ω2
∂u , êA = hθ

B

A ∂θB ,

where the scalar functions hθ
B

A are such that N̂ad satisfies the frame conditions (3.63). For our

problem, three important properties of the frame N̂ad are the following:

• The frame N̂ad is an integrable frame on (M, ga,M ),

• We have

̂̂ω = 0 ,

ζ̂ = −η̂ ,

(/̂ε · χ2) = (/̂ε · χ2) = 0 ,

Ŷ = Ŷ = 0 ,

Γ̂B4A = 0

on (M, ga,M ), where the connection coefficients denoted by a hat are defined relative to

the frame N̂ad,

• The frame N̂ad extends to a regular frame along the event horizon H+. See Section 5.1.1

of [19] for a precise definition of regularity of the frame along H+.

We now consider the algebraically special frame of (M, ga,M )

Nas = (eas
1 , e

as
2 , e

as
3 , e

as
4 ) ,

with frame vectors

eas
4 = ∂tbl +

∆

r2
bl + a2

∂rbl +
a

r2
bl + a2

∂φbl ,

eas
3 =

(r2
bl + a2)2

Σ∆
∂tbl −

r2
bl + a2

Σ
∂rbl +

a(r2
bl + a2)

Σ∆
∂φbl ,

eas
1 =

a2 sin θbl cos θbl
Σ

∂tbl +
rbl
Σ
∂θbl +

a cot θbl
Σ

∂φbl ,

eas
2 =

arbl sin θbl
Σ

∂tbl −
a cos θbl

Σ
∂θbl +

rbl csc θbl
Σ

∂φbl .
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The relevant properties of Nas for our problem are the following:

• We have

Nas 6≡ N̂ad

on (M, ga,M ),

• The frame Nas is a non-integrable frame on (M, ga,M ),

• The frame Nas extends to a regular frame along the event horizon H+,

• We have

eas
4 ≡ ê4 along H+. (3.117)

This geometric property57 will be crucially exploited in forthcoming work by the author.

To check (3.117), we note that, given regular coordinates

(t∗, r, θ, φ∗)

on (M, ga,M ) such that r = rbl, θ = θbl and

dt∗ = dtbl +
r2
bl + a2

∆
drbl , dφ∗ = dφbl +

a

∆
drbl ,

one has

eas
4 |r=rbl+ = 2 ∂t∗ + 2

a

r2
bl+

+ a2
∂φ∗ , eas

3 |rbl=rbl+ = −
r2
bl+

+ a2

Σ(rbl+ , θ)
∂r ,

with H ≡
{
r = rbl+

}
. One can conclude eas

4 [|r=rbl+ ∝ dr.

• The frame vector eas
A is tangent to H+. In particular, eas

A (u) = 0 along H+.

To check this, one can decompose eas
A = c1ê4+c2ê3+c3êA for some scalar functions c1, c2, c3.

The condition g(eas
4 , e

as
A ) = 0 combined to (3.117) implies that eas

A has no ê3-component

along H+, i.e. eas
A = c1ê4 + c2êA along H+.

• The frame has the asymptotic property

Nas → N̂ad

as rbl → ∞, meaning that the limit of scalar functions eas
I
µ → êµI holds for all I =

{1, 2, 3, 4} as rbl →∞,

• The integral curves of eas
4 generate timelike hypersurfaces which intersect future null in-

finity. As v →∞ along each one of these hypersrufaces, the hypersurface asymptotes an

outgoing null cone of the Kerr exterior manifold. In the limit u → ∞, the hypersurface

generated by eas
4 coincides with the future event horizon H+, and thus becomes null. The

57This property is a manifestation of a more general one. In fact, for general stationary black hole solutions,
the null generators of the event horizon are principal null directions of the Weyl tensor.
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integral curves of eas
3 generate timelike hypersurfaces which intersect H+. In the limit

v → ∞, the hypersurface generated by eas
3 coincides with future null infinity, and thus

becomes null.

Note that all the properties listed are geometric properties of the algebraically special frame of

(M, ga,M ).

The connection coefficients of the Kerr metric ga,M relative to Nas are

χ11 = χ22 =
rbl∆(

r2
bl + a2

)
Σ
, χ12 =

a∆ cos θbl(
r2
bl + a2

)
Σ
, χ21 = −χ12 ,

χ11 = χ22 = −
rbl
(
r2
bl + a2

)
Σ2

, χ12 =
a
(
r2
bl + a2

)
cos θbl

Σ2
, χ21 = −χ12 ,

ω̂ =
2M

(
r2
bl − a2

)(
r2
bl + a2

)2 , ω̂ =
2a2rbl sin

2 θbl
Σ2

,

η1 = 0 , η2 =
2a sin θbl

Σ
,

η1 = −a
2rbl sin(2θbl)

Σ2
, η2 =

a sin θbl
(
a2 cos2 θbl − r2

bl

)
Σ2

,

YA = 0 , Y A = 0 ,

ζ1 =
a2rbl sin(2θbl)

Σ2
, ζ2 = −

a sin θbl
(
a2 cos2 θbl − r2

bl

)
Σ2

,

with

χ̂#AB = 0 , χ̂#AB
= 0 ,

(/ε · χ2) =
2a∆ cos θbl(
r2
bl + a2

)
Σ
, (/ε · χ2) =

2a
(
r2
bl + a2

)
cos θbl

Σ2
,

trχ# =
2rbl∆(

r2
bl + a2

)
Σ
, trχ# = −

2rbl
(
r2
bl + a2

)
Σ2

.

Note that

η+ζ = 0 (3.118)

and

ΓB4A = 0 , ΓC3A gCB = 2χ2AB .

The curvature components read

αAB = 0 , αAB = 0 ,

βA = 0 , βA = 0 ,

ρ =
2Mrbl

(
3a2 cos2 θbl − r2

bl

)
Σ3

, σ =
aM cos θbl

(
3r2
bl − a2 cos2 θbl

)
Σ3

.

All the connection coefficients and curvature components are regular quantities along H+.
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Note the identities

/∇ ω̂ = 0 ,

−2/D∗2η + η⊗̂η = 0 ,

−2/D∗2 η+ η ⊗̂ η = 0

on (M, ga,M ) and the identities

/∇4 η|H+ = 0 ,

/∇4 η |H+ = 0 ,

/∇4 ζ|H+ = 0

along H+.

We have the frame commutators

[eas
A , e

as
B ] =

(
ΓCAB − ΓCBA

)
eas
C + χ2ABe

as
3 + χ2ABe

as
4 ,

[eas
3 , e

as
A ] =

(
ΓB3A − χ]2

B
A

)
eas
B + (ηA − ζA) eas

3 ,

[eas
4 , e

as
A ] = −χ]2BAeas

B ,

[eas
3 , e

as
4 ] =

(
2ηA − 2 ηA

)
eas
A + ω̂ eas

3 − ω̂ eas
4 .

Note that

[eas
4 , e

as
A ]|H+ = 0 .

The commutation formulae for a DNas one-tensor ξ on (M, ga,M ) read

[ /∇4, /∇]ξ = −χ× ( /∇ ξ) +
k∑
i=1

(
(η] ·ξî)χ− (χ]2 · ξî)⊗ η

)
,

[ /∇3, /∇]ξ = −χ×( /∇ ξ) + (η − ζ)⊗ ( /∇3 ξ) +

k∑
i=1

(
(η] · ξî)χ−(χ]2 ·ξî)⊗ η

)
,

[ /∇3, /∇4]ξ = ω̂( /∇3 ξ)− ω̂( /∇4 ξ) + 2( /∇ ξ)]1 · (η − η) +
k∑
i=1

(
2(η] · ξî) η−2(η] ·ξî)η

)
+ 2σ(?ξ) .

Note that

[ /∇4, /∇]ξ |H+ = 0 .

Crucially, the commutation of /∇3 and /∇4 produces a term 2( /∇ ξ)]1 · (η − η) that does not

vanish along H+.58 The commutation formulae for a DNas two-tensor on (M, ga,M ) can be

easily deduced from the formulae (3.76)-(3.78) and exhibit analogous properties.

Remark 3.4. Looking at the frame commutators, it is easy to check that the distribution gen-

58Note that this term does not appear when one considers the analogous Schwarzschild commutator and it
has to be seen as a potentially problematic term in the context of a redshift estimate.
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erated by the frame vector fields

(eas
4 , e

as
1 , e

as
2 )

is integrable along H+. Since, as previously observed, all the three frame vector fields are tangent

to H+, the distribution coincides with the tangent bundle of H+.

We now define a new differentiable structure on a Lorentzian sub-manifold of (M, ga,M ). We

first introduce the Kruskal coordinates

(U, V, θA)

on (M, ga,M ). We then consider the union of two null hypersurfaces

CU0,V≥V0 ∪ CU≥U0,V0
(3.119)

on (M, ga,M ), with U0 ∈ (−∞, 0) and V0 ∈ (0,∞), and define the manifold with boundary

M+ := [U0, 0]× [V0,∞)× S2 . (3.120)

We define the new differentiable structure

(τ, s, ϑ, ψ) ,

with

τ ∈ [0,∞) , s ∈ (−∞,∞) , (ϑ, ψ) ∈ S2 ,

on M+ such that

(τ, s, ϑ, ψ) =

(0, v0 − u, θ1, θ2) along CU≥U0,V0

(0, v − u0, θ
1, θ2) along CU0,V≥V0

and

eas
4 (τ) = 1

eas
4 (s) = eas

4 (ϑ) = eas
4 (ψ) = 0

on (M+, ga,M ), with v0 = v(V0) and u0 = u(U0). The new system of coordinates is well-defined

globally on (M+, ga,M ), with the caveat that it breaks down along the future event horizon H+.

However, the future event horizon can still be formally parametrised as

H+ = (τ≥0,−∞, ϑ, ψ) .

Coordinates (τ, s, ϑ, ψ) induce a global foliation of the Lorentzian manifold (M+, ga,M ) already

discussed in Section 3.2.2, where the hypersurfaces of constant τ and s were depicted in Figure
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3.2. We recall that the foliation of the null hypersurface {τ = 0} by the two-spheres

S2
τ,s = {τ, s} × S2 (3.121)

coincides with the foliation by double-null spheres S2
u,v.

The Kerr metric ga,M in coordinates (τ, s, ϑ, ψ) and associated algebraically special frame Nas

on M+ satisfies

ga,Mττ = 0 , (3.122)

Γsττ = Γϑττ = Γψττ = 0 (3.123)

on (M+, ga,M ) and will be referred to as the Kerr metric in an outgoing frame-calibrated gauge.

3.5 A new gauge for perturbations of the Kerr solution

The present section is the core of the chapter. We consider a one-parameter family of metric

perturbations g(ε) around Kerr in a new gauge and develop the formalism necessary to its

correct formulation and to discuss its properties. The question of whether the gauge considered

is a well-posed gauge is also carefully addressed.

Before starting, we clarify that, for us, a gauge for the family of metrics g(ε) on a (to be

specified) manifold M+ is the identification of the fixed (for all ε ≥ 0) differentiable structure

on M+ relative to which the family g(ε) is prescribed together with the one-parameter family

of null frames on M+ associated to g(ε).

We start our discussion by fixing the manifoldM+ as in (3.120) and its differentiable structure

(τ, s, ϑ, ψ). We consider a one-parameter family of smooth Lorentzian metrics g(ε) on M+

g(ε) = gxµxν (ε) dxµ dxν ,

with xµ = (τ, s, ϑ, ψ), and the associated one-parameter family of null frames

N (ε) = (e1(ε), e2(ε), e3(ε), e4(ε))

on M+ such that

(i) For any ε ≥ 0, the metric identity

Πφ∗ε (gττ (ε)) = 0 (3.124)

139



and the identities for the Christoffel symbols

Πφ∗ε (Γ
s
ττ (ε)) = 0 , (3.125)

Πφ∗ε (Γ
ϑ
ττ (ε)) = 0 , (3.126)

Πφ∗ε (Γ
ψ
ττ (ε)) = 0 (3.127)

hold on M+,

(ii) The connection coefficients

ω̂(ε) , Y (ε) , η(ε) , ΓB4A(ε)

are fixed on M+ such that

Πφ∗ε (ω̂(ε)) = ω̂ as
Kerr , (3.128)

Πφ∗ε (Y (ε)) = 0 , (3.129)

Πφ∗ε (η(ε)) = η as
Kerr , (3.130)

Πφ∗ε (Γ
B
4A(ε)) = 0 (3.131)

for all ε ≥ 0, where the tensors ω̂as
Kerr and ηas

Kerr are known quantities relative to the fixed

differentiable structure on M+.

(iii) The frame vector field e4(ε) is fixed on M+ such that

φ−ε∗(e4(ε)) = ∂τ (3.132)

for all ε ≥ 0, where the vector field ∂τ is a known quantity relative to the fixed differentiable

structure on M+.

(iv) For any ε ≥ 0, the frame N (ε) extends to a regular frame for s→ −∞,

and such that the metric g(0) ≡ ga,M in the new gauge, with associated frame N (0) ≡ Nas on

M+.59

We refer to the family of metrics g(ε) as a one-parameter family of metric perturbations around

the Kerr solution in an outgoing frame-calibrated gauge.

Remark 3.5. As we shall discuss later in the chapter, there is a residual gauge freedom under-

lying the definition of the fixed differentiable structure on M+ and the family of frames N (ε)

associated to g(ε).

59The formal meaning of the projected pullback Πφ∗ε and of the gauge conditions is explained in Section 3.5.2.
The reader should think that the tensorial identity (3.130) is now correctly comparing one-tensors living in the
same tensor bundle, as opposed to the informal identity (3.25) in Section 3.2.3 of the overview.
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The connection coefficients and curvature components relative to N (ε) are one-parameter fam-

ilies of DN (ε) tensor fields on M+. They will be denoted by

ω̂(ε) , ω̂(ε) , η(ε) , η(ε) , Y (ε) , Y (ε) , ζ(ε) ,

χ̂#(ε) , χ̂#(ε) , (trχ#)(ε) , (trχ#)(ε) , (/ε · χ2)(ε) , (/ε · χ2)(ε) ,

ρ(ε) , σ(ε) , β(ε) , β(ε) , α(ε) , α(ε) .

For ε = 0, we will adopt the notation

N (0) ≡ N ,

(e4(0), e3(0), eA(0)) ≡ (e4, e3, eA) .

The connection coefficients and curvature components relative toN are DN tensor fields denoted

by60

ω̂ , ω̂ , η , η , Y , Y , ζ , χ̂# , χ̂# , (trχ#) , (trχ#) , (/ε · χ2) , (/ε · χ2) ,

ρ , σ , β , β , α , α .

3.5.1 The construction of the new gauge

In this section we state, and prove, the well-posedness of the new gauge. Some motivation

and a preliminary discussion of the result can be found in Section 3.2.3 of the overview. For

completeness, we will recall the full geometric setting needed to formulate the theorem.

Let (M, g) be a (3 + 1)-dimensional, smooth, orientable Lorentzian manifold with topology

M ∼= R2 × S2 .

For any such Lorentzian manifold (M, g), there exist local coordinates

(u,v,θ1,θ2)

such that g takes the double-null form

g = −4 Ω2du dv + /γθAθB(dθA − bθAdv)(dθB − bθBdv) (3.133)

on a sufficiently small neighbourhood B̃ ⊆M, with Ω2 ∈ C∞(M), /γ a symmetric two-tensor

on the two-spheres

S2
u,v ≡ {u,v} × S2

and b a vector field tangent to the S2
u,v spheres.

60With a slight abuse of notation, we use the same notation that we adopted to define the connection coefficients
and curvature components relative to the algebraically special frame of Kerr (see Section 3.4). Note that the N
and Nas are identified by the new gauge.
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We consider the union of two null hypersurfaces

B̃ ∩ (Cu0,v≥v0 ∪Cu≥u0,v0) (3.134)

on B̃, with S2
u0,v0 ⊂ B̃. We define the set

Bδ :=
⋃

(u−u0)2+(v−v0)2<δ2

S2
u,v ,

with δ > 0 sufficiently small and such that Bδ ⊂ B̃, and the set

B+
δ := Bδ ∩ {v ≥ v0} ∩ {u ≥ u0} .

See Figure 3.3 in the overview for a pictorial representation of the set B+
δ .

We have the following theorem.

Theorem 3.2 (Outgoing frame-calibrated gauge). Consider the Lorentzian manifold (M, g),

its local differentiable structure (u,v,θA) and the sufficiently small set B+
δ ⊂ M as above.

Then, for any ˜̂ω, f1, f2 smooth scalar functions of the coordinates (u,v,θA) on B+
δ , there exist

a system of coordinates

(τ , s,ϑ,ψ) (3.135)

on B+
δ , with (ϑ,ψ) ∈ S2, and a null frame

N = (e1, e2, e3, e4) (3.136)

on B+
δ such that

(i) Anchoring of the gauge: The restriction of the coordinates (3.135) to

B+
δ ∩ (Cu0,v≥v0 ∪Cu≥u0,v0) (3.137)

satisfies

(τ , s,ϑ,ψ) =

(0,v0 − u,θ1,θ2) along B+
δ ∩Cu≥u0,v0

(0,v − u0,θ
1,θ2) along B+

δ ∩Cu0,v≥v0
.

In particular, each of the two-spheres

S2
0,s ≡ {0, s} × S2

on the null hypersurface (3.137) coincides with a double-null sphere S2
u,v for some (u,v).
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(ii) Metric conditions: The metric identity

gττ = 0

and the identities for the Christoffel symbols

Γsττ = 0 ,

Γϑττ = 0 ,

Γψττ = 0

hold on B+
δ .

(iii) Connection conditions: The connection coefficients

ω̂ , Y , η , ΓB4A

are such that

ω̂ = ˜̂ω ,
Y = 0 ,

η = η̃ ,

ΓB4A = 0

on B+
δ , where η̃ is a DN one-tensor such that η̃(e1) = f1 and η̃(e2) = f2 on B+

δ .

(iv) Frame condition: The coordinates (s,ϑ,ψ) are transported along the integral curves of

e4, meaning that the identity

e4 = ∂τ (3.138)

holds on B+
δ .

(v) Regularity: The frame N is a regular frame on B+
δ .

Proof. We consider the null hypersurface (3.134) and prescribe a regular null frame

N 0 = (e0
1, e

0
2, e

0
3, e

0
4) (3.139)

along it. We then define the frame

N = (e1, e2, e3, e4) (3.140)

as the unique, local solution to the system of nonlinear ODEs for the frame along the integral
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curves of e4

∇e4e4 = ˜̂ω e4 , (3.141)

∇e4e3 = − ˜̂ω e3 + 2 f1 e1 +2 f2 e2 , (3.142)

∇e4 e1 = f1 e4 , (3.143)

∇e4 e2 = f2 e4 (3.144)

on B̃, with initial frame prescribed on (3.134) and coinciding with the frame N 0 along (3.134).

We note that the system (3.141)-(3.144) can also be written as a system for the frame compo-

nents

(e1
µ, e2

µ, e3
µ, e4

µ)

as scalar functions of the double-null coordinates on B̃

eν4∂ν(eµ4 ) + e4
σ Γµσν e4

ν = ˜̂ω eµ4 ,
eν4∂ν(eµ3 ) + e4

σ Γµσν e3
ν = − ˜̂ω eµ3 + 2 f1 e1

µ+2 f2 e2
µ ,

eν4∂ν(eµ1 ) + e4
σ Γµσν e1

ν = f1 e
µ
4 ,

eν4∂ν(eµ2 ) + e4
σ Γµσν e2

ν = f2 e
µ
4 ,

with xµ = (u,v,θ1,θ2) and Γ the known Christoffel symbols of g with respect to the double-

null coordinates. The initial data now correspond to the frame components

(e0
1
µ
, e0

2
µ
, e0

3
µ
, e0

4
µ

)

along (3.134).

The system of transport equations (3.141)-(3.144) for the frame ensures that N is a null frame

once N 0 is prescribed to be a null frame along (3.134). One can indeed derive the homogeneous

system of linear ODEs

∇e4 (g(e1, e1)) = 2f1g(e4, e1)

∇e4 (g(e1, e2)) = f1g(e4, e2) + f2g(e1, e4)

∇e4 (g(e2, e2)) = 2f2g(e4, e2)

∇e4 (g(e4, e4)) = 2 ˜̂ω g(e4, e4)

∇e4 (g(e3, e3)) = 2
(

2f1 g(e1, e3) + 2f2 g(e2, e3)− ˜̂ω g(e3, e3)
)

∇e4 (g(e4, e3)) = 2f1 g(e1, e4) + 2f2 g(e2, e4)
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∇e4 (g(e4, e1)) = ˜̂ω g(e4, e1) + f1g(e4, e4)

∇e4 (g(e3, e1)) = 2f1 g(e1, e1) + 2f2 g(e2, e1)− ˜̂ω g(e3, e1) + f1g(e4, e3)

∇e4 (g(e4, e2)) = ˜̂ω g(e4, e2) + f2g(e4, e4)

∇e4 (g(e3, e2)) = 2f1 g(e1, e2) + 2f2 g(e2, e2)− ˜̂ω g(e3, e2) + f2g(e4, e3)

on B̃ for the unknowns

g(eA, eB) , g(eA, e4) , g(eA, e3) , g(e4, e4) , g(e3, e3) , g(e4, e3) ,

A,B = {1,2}, with initial conditions

g(eA, eB) = g(eA
0, eB

0) = δAB

g(eA, e4) = g(eA
0, e4

0) = 0

g(eA, e3) = g(eA
0, e3

0) = 0

g(e4, e4) = g(e4
0, e4

0) = 0

g(e3, e3) = g(e3
0, e3

0) = 0

g(e4, e3) = g(e4
0, e3

0) = −2

along (3.134). The system admits

g(eA, eB) = δAB , g(eA, e4) = g(eA, e3) = 0 ,

g(e4, e4) = g(e3, e3) = 0 , g(e4, e3) = −2

as the unique solution on B̃, verifying the null frame conditions for the frame N .

We now prescribe coordinates

(τ 0, s0,ϑ0,ψ0) (3.145)

along (3.134) such that

(τ 0, s0,ϑ0,ψ0) =

(0,v0 − u,θ1,θ2) along B̃ ∩Cu≥u0,v0

(0,v − u0,θ
1,θ2) along B̃ ∩Cu0,v≥v0

.

We define the coordinates

(τ , s,ϑ,ψ)

as the unique solution to the system of linear ODEs along the integral curves of e4

e4(τ ) = 1 (3.146)

e4(s) = 0 (3.147)

e4(ϑ) = 0 (3.148)

e4(ψ) = 0 (3.149)

on B̃, with initial coordinates prescribed on (3.134) and coinciding with the coordinates (τ 0, s0,ϑ0,ψ0)
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along (3.134).

It is easy to check that the resulting local gauge on M satisfies all the gauge conditions of

Theorem 3.2 on the sufficiently small neighbourhood B+
δ . The anchoring of the gauge (i) holds

by construction. In general, the covariant derivative ∇4 of the frame vectors read

∇4e4 = 2Y AeA + ω̂ e4 ,

∇4e3 = 2ηA eA − ω̂ e3 ,

∇4eA = ΓB4AeB + YAe3 + ηA e4 ,

which, compared with the system of equations (3.141)-(3.144), yield the gauge conditions for

the connection coefficients. The system of equations (3.146)-(3.149) implies that e4 = ∂τ . Since

e4 is null, we have gττ = 0. Moreover, we can write

∇τ∂τ = ˜̂ω ∂τ ,
which implies the gauge conditions for the Christoffel symbols.

We end the section with a remark.

Remark 3.6. Note that, in Theorem 3.2, we do not assume any special algebraic property for

(M, g). We also do not assume that (M, g) is a solution to the vacuum Einstein equations.

These two facts may be contrasted to the linear gauge adopted by [1].

The residual gauge freedom

Our outgoing frame-calibrated gauge of Theorem 3.2 comes with a residual freedom in con-

structing both the coordinates (τ , s,ϑ,ψ) and the frame N .

The residual gauge freedom for the frame N can be understood as the freedom to prescribe the

initial frame N 0 along the hypersurface (3.134) in the proof of the theorem.

The residual gauge freedom for the coordinates (τ , s,ϑ,ψ) coincides, by construction, with the

residual gauge freedom to redefine the double-null foliation of the hypersurface (3.134) (and,

in turn, with redefining the initial coordinates (τ 0, s0,ϑ0,ψ0) along (3.134) in the proof of the

theorem).

The residual freedom of the new gauge induces some residual freedom in the definition of the

one-parameter family of metrics g(ε) in the new gauge. Such a residual freedom will be crucially

exploited in forthcoming work by the author.

3.5.2 Tensor perturbations

In this section of the chapter, we present a rigorous definition of tensor perturbations. The

precise notion of tensor perturbations is important to understand the formal meaning of our
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gauge conditions for g(ε) 61, to correctly formulate the nonlinear vacuum Einstein equations for

g(ε) in our outgoing frame-calibrated gauge and for the linearisation procedure of Section 3.7.1.

A rigorous definition of covariant tensor perturbations

We consider the one-parameter family of metrics g(ε) on M+ in the new gauge. To formulate

tensor perturbations, we will need to compare DN (ε) k-tensors T (ε) to non-vanishing62 DN (0)

k-tensors T (0) = T on M+. Since the frame vectors eA(ε) are not fixed on M+ for all ε > 0,

we have

DN (ε) 6≡ DN (0) (3.150)

on M+ for all ε > 0. The tensors T (ε) and T (0) thus live in different tensor bundles on M+.

Remark 3.7. Relation (3.150) does not hold for a double-null gauge, for which DN (ε) ≡ DN (0)

for all ε ≥ 0.

To understand the comparison between such tensors, we first extend the DN (ε) k-tensors to

horizontal k-tensors on M+. We then introduce a five-dimensional manifold V, that we think

as foliated by submanifolds diffeomorphic to M+ such that

V ∼=M+ × Rε . (3.151)

We denote the slices of the foliation of V by M+
ε . Each M+

ε corresponds to the Lorentzian

manifold (M+, g(ε)) for a fixed value of ε ≥ 0.

We choose the differentiable structure of V to be the one induced by the fixed differentiable

structure of M+, namely we have coordinates

(τ, s, ϑ, ψ, ε) (3.152)

on V, where each of the leaves M+
ε corresponds to a level set of the coordinate ε.

The one-parameter families of metric perturbations g(ε) and horizontal k-tensors T (ε) can now

be understood as genuine tensors (not a one-parameter family any more) on V such that

g(p, ε) := gp(ε) , T (p, ε) := T p(ε) ,

for any p ∈M+
ε and

g(p, ε)(∂ε) := 0 , T (p, ε)(∂ε) := 0 .

The one-parameter family of null frames N (ε) naturally induces a frame (again, not a one-

61See, for instance, the identity (3.130).
62In [19], the only non-vanishing tensor for ε = 0 is the metric /g(0).
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parameter family any more) on V with frame vectors

e4(p, ε) := e4p(ε) ,

e3(p, ε) := e3p(ε) ,

eA(p, ε) := eAp(ε)

and

e5(p, ε) := ∂ε|p ,

where the coordinate form of the frame vector e5 is relative to the differentiable structure

(3.152) on V.

Comparing T (ε) and T can now be seen as comparing the same tensor at two different points

(lying on two different slices M+
ε ) of V. To identify points on different slices, we define the

diffeomorphism

φε : V → V

φε|M+
0

:M+
0 →M

+
ε

generated by the frame vector field e5. We consider the pull-back tensor

φ∗εT (3.153)

on M+
0 , where, in view of the definition of φε, we have

(φ∗εT )µ1···µk = φ∗ε (T µ1···µk) (3.154)

on M+
0 .

We observe that the tensor (3.153) is not, in general, horizontal on M+
0 (relative to N (0)). In

fact, pulling back the distribution DN (ε), one has

φ∗ε (DN (ε)) 6≡ DN (0)

on M+
0 .63

Given the projection tensor Π on M+
0 (relative to N (0)), we have the following definition:

Definition 3.1. Given a DN (0) k-tensor T on M+
0 , we define the k-tensor perturbation of T

as the restriction to a DN (0) k-tensor of the horizontal k-tensor

Πφ∗εT − T (3.155)

on M+
0 , where

(Πφ∗εT )µ1···µk := Πν1
µ1
· · ·Πνk

µk
(φ∗εT )ν1···νk

63Note that tensor (3.153) is horizontal on M+
0 relative to φ∗ε (DN (ε)).
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on M+
0 .

Note that tensor perturbations preserve the symmetries of tensors. We conclude with two

caveats. First, note that

(Πφ∗εT )µ1···µk 6= Πφ∗ε (T µ1···µk)

on M+
0 , which should be contrasted to the identity (3.154). Second, note that

Πφ∗ε (T ]) 6= (Πφ∗εT )]

on M+
0 , where the sharp symbol on the right hand side is unbolded.

Remark 3.8. The choice of diffeomorphism φε encodes the fact that, although we formulate

tensor perturbations geometrically, we still rely on the fixed differentiable structure of M+.

A rigorous definition of frame perturbations

We give the following definition, using notation eI(0) = eI for frame vectors of N (0).

Definition 3.2. Given a frame vector field eI of the frame N (0) on M+
0 , I = 1, . . . , 4, we

define the frame perturbation of eI as the vector field

φ−ε∗eI − eI

on M+
0 , where

(φ−ε∗eI)
µ := φ∗ε (eI

µ)

on M+
0 .

Remark 3.9. The reader should note that the frame perturbation of eA can fail to be in DN (0).

A rigorous definition of scalar perturbations

Consider a smooth scalar function f(ε) on V, with f(0) = f on M+
0 . We have the following

definition, which concludes the rigorous definitions of tensor perturbations.

Definition 3.3. Given a scalar function f ∈ C∞(M+
0 ), we define the scalar perturbation of f

as the smooth scalar function

Πφ∗ε f− f

on M+
0 .

Note that

Πφ∗ε f = φ∗ε f (3.156)

on M+
0 .
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Perturbing products and covariant derivatives of tensors

In this section we clarify how to treat perturbations of products and covariant derivatives

of DN (ε) covariant tensors on M+ in view of the definitions of the previous sections. The

products and covariant derivatives of DN (ε) covariant tensors are DN (ε) covariant tensors. Their

perturbations are therefore defined as in Definition 3.1. For future convenience,64 we derive

formulae for the projected pullback Πφ∗ε when applied to products and covariant derivatives.

Consider the DN (ε) k-tensors T (ε), T̃ (ε) on V, with V as in (3.151). We have

Πφ∗ε (T ⊗ T̃ ) = (Πφ∗ε T )⊗ (Πφ∗ε T̃ ) (3.157)

and

(Πφ∗ε (T ]1))νµ2···µk = Πα2
µ2
· · ·Παk

µk

(
φ∗ε /g

−1
)να1 (φ∗ε T )α1α2···αk (3.158)

on M+
0 . Given DN (ε) one-tensors ξ(ε), ξ̃(ε) and DN (ε) two-tensors θ(ε), θ̃(ε) on V, we have

Πφ∗ε ((ξ, ξ̃)) = φ∗ε ((ξ, ξ̃)) ,

Πφ∗ε ((θ, θ̃)) = φ∗ε ((θ, θ̃)) ,

Πφ∗ε (ξ ∧ ξ̃) = φ∗ε (ξ ∧ ξ̃) ,

Πφ∗ε (θ ∧ θ̃) = φ∗ε (θ ∧ θ̃) ,

(Πφ∗ε (θ× θ̃))µν = Πα
ν (Πφ∗ε (θ

]2))σµ(φ∗ε θ̃)σα

and

Πφ∗ε (ξ ⊗̂ ξ̃) = Πφ∗ε (ξ ⊗ ξ̃) + Πφ∗ε (ξ̃ ⊗ ξ)− (Πφ∗ε ((ξ, ξ̃)))(Πφ∗ε /g) (3.159)

onM+
0 , where we used (3.156), (3.157) and (3.158). Note that, in general, the product (3.159)

is not traceless relative to /g−1.

Given the DN (ε) (1, 1)-projection tensor Π(ε) on V, we have

(Πφ∗ε Π)νµ = Πσ
µ (φ∗εδ)νσ+

1

2
Πσ
µ (φ−ε∗e3)γ (φ−ε∗e4)ν (φ∗ε g)σγ+

1

2
Πσ
µ (φ−ε∗e4)γ (φ−ε∗e3)ν (φ∗ε g)σγ

(3.160)

and

(Πφ∗ε ( /∇ f))µ = (Πφ∗εΠ)σµ(φ∗ε∇)σ(φ∗ε f) , (3.161)

Πφ∗ε ( /∇e4 f) = (φ−ε∗ e4)µ∂µ(φ∗ε f) , (3.162)

Πφ∗ε ( /∇e3 f) = (φ−ε∗ e3)µ∂µ(φ∗ε f) , (3.163)

64See the linearisation procedure of Section 3.7.1.
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(Πφ∗ε ( /∇T ))νµ1···µk = (Πφ∗εΠ)σν (Πφ∗εΠ)α1
µ1
· · · (Πφ∗εΠ)αkµk ((φ∗ε∇)σ(φ∗ε T ))α1···αk , (3.164)

(Πφ∗ε ( /∇e4 T ))µ1···µk = (Πφ∗εΠ)α1
µ1
· · · (Πφ∗εΠ)αkµk (φ−ε∗e4)ν((φ∗ε∇)ν(φ∗ε T ))α1···αk , (3.165)

(Πφ∗ε ( /∇e3 T ))µ1···µk = (Πφ∗εΠ)α1
µ1
· · · (Πφ∗εΠ)αkµk (φ−ε∗e3)ν((φ∗ε∇)ν(φ∗ε T ))α1···αk (3.166)

on M+
0 .

Proof. We compute

(Πφ∗ε ( /∇ f))µ = Πν
µ(φ∗ε ( /∇ f))ν

= Πν
µ(φ∗ε (Π

σ
ν (∇f)σ))

= (Πφ∗εΠ)σµ(φ∗ε (∇f))σ

= (Πφ∗εΠ)σµ((φ∗ε∇)σ(φ∗ε f)) ,

Πφ∗ε ( /∇e4 f) = φ∗ε ( /∇e4 f)

= φ∗ε (e4(f))

= (φ−ε∗ e4)µ∂µ(φ∗ε f) ,

Πφ∗ε ( /∇e3 f) = (φ−ε∗ e3)µ∂µ(φ∗ε f)

and

(Πφ∗ε ( /∇ ξ))µν = Πα
µΠβ

ν (φ∗ε ( /∇ ξ))αβ

= Πα
µΠβ

ν (φ∗ε (Π
σ
αΠγ

β∇ξ))σγ

= (Πφ∗εΠ)σµ(Πφ∗εΠ)γν(φ∗ε (∇ξ))σγ

= (Πφ∗εΠ)σµ(Πφ∗εΠ)γν((φ∗ε∇)σ(φ∗εξ))γ ,

(Πφ∗ε ( /∇e4 ξ))µ = Πν
µ(φ∗ε ( /∇e4 ξ))ν

= Πν
µ(φ∗ε (Π

α
ν∇e4ξ))α

= (Πφ∗εΠ)αµ(φ∗ε (∇e4ξ))α

= (Πφ∗εΠ)αµ(φ−ε∗e4)ν((φ∗ε∇)ν(φ∗εξ))α ,

(Πφ∗ε ( /∇e3 ξ))µ = (Πφ∗εΠ)αµ(φ−ε∗e3)ν((φ∗ε∇)ν(φ∗εξ))α

for ξ(ε) a DN (ε) one-tensor on V. The higher rank formulae can be derived analogously.

Consider now the DN (ε) one-tensor ξ(ε) and the DN (ε) two-tensor θ(ε) on V. We have

Πφ∗ε ( /div ξ) = φ∗ε ( /div ξ) ,

(Πφ∗ε ( /div θ))µ = Πα
µ(φ∗ε /g

−1)σγ(φ∗ε ( /∇θ))σαγ

and

Πφ∗ε ( /curl ξ) = φ∗ε ( /curl ξ)
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on M+
0 . We also have

(Πφ∗ε ( /D
?
2 ξ))µν = −1

2

(
(Πφ∗ε ( /∇ ξ))µν + (Πφ∗ε ( /∇ ξ))νµ − (Πφ∗ε ( /div ξ))(Πφ∗ε /g)µν

)
on M+

0 .

In view of the pullback formulae (3.165), (3.166) and the pullback formulae for the products of

covariant tensors, one can use relations (3.69)-(3.72) to derive the pullback formulae for

Πφ∗ε (/L4ξ) , Πφ∗ε (/L3ξ) , Πφ∗ε (/L4θ) , Πφ∗ε (/L3θ) .

Alternatively, one can simply write

(Πφ∗ε (/L4ξ))µ = (Πφ∗εΠ)σµ(φ∗ε (L4ξ))σ ,

(Πφ∗ε (/L3ξ))µ = (Πφ∗εΠ)σµ(φ∗ε (L3ξ))σ ,

(Πφ∗ε (/L4θ))µν = (Πφ∗εΠ)σµ(Πφ∗εΠ)γν(φ∗ε (L4θ))σγ ,

(Πφ∗ε (/L3θ))µν = (Πφ∗εΠ)σµ(Πφ∗εΠ)γν(φ∗ε (L3θ))σγ

on M+
0 .

3.5.3 Properties of the new gauge

In this section we collect some properties of the family of metrics g(ε) on M+ in our outgoing

frame-calibrated gauge:

• The family N (ε) is a one-parameter family of non-integrable null frames on M+. This

motivates, a posteriori, the formalism developed in Section 3.3.1.

• We have the one-parameter family of systems of transport equations for the frame in the

e4(ε)-direction

∇e4(ε)e4(ε) = ω̂(ε) e4(ε) + 2Y A(ε) eA(ε) ,

∇e4(ε)e3(ε) = −ω̂(ε) e3(ε) + 2ηA(ε) eA(ε) ,

∇e4(ε)eA(ε) = ΓB4A(ε) eB(ε) + YA(ε) e3(ε) + ηA(ε) e4(ε) ,

on M+, with

Πφ∗ε (ω̂(ε))− ω̂as
Kerr = 0 , (3.167)

Πφ∗ε (Y (ε)) = 0 ,

Πφ∗ε (η(ε))− ηas
Kerr = 0 ,

Πφ∗ε (Γ
B
4A(ε)) = 0 . (3.168)

for all ε ≥ 0 on M+.
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• Coordinates transported along the integral curves of a frame vector field, such as the

coordinates (τ, s, ϑ, ψ) onM+, are sometimes called Lagrangian coordinates. Note however

that this terminology is more frequent in the context of orthonormal frames, where e4(ε)

is typically a timelike frame vector.

Remark 3.10. We note that one could consider a one-parameter family of metric perturbations

g(ε) on M+, with an associated one-parameter family of null frames N (ε), satisfying the gauge

conditions

Πφ∗ε (ω̂(ε))− ω̂ as
Kerr = 0 ,

Πφ∗ε (Y (ε)) = 0 ,

Πφ∗ε (η(ε))− ηas
Kerr = 0 ,

Πφ∗ε (Γ
B
3A(ε))− ΓB3A

as
Kerr = 0

and

e3(ε) = ∂τ

on M+ for all ε ≥ 0. Our choice of gauge is motivated by the form of the vacuum Einstein

equations for g(ε). In fact, our gauge conditions allow to handle some potentially problematic

terms appearing in the transport equations in the e4(ε)-direction. This will be crucial in our

analysis of the linearised system.

3.6 The vacuum Einstein equations around Kerr in the new

gauge

This section concludes the second of the three self-contained blocks composing the body of the

chapter. See the beginning of Section 3.2 for the general structure of the chapter.

In this section we address the nonlinear vacuum Einstein equations for the family of metrics

g(ε) in our outgoing frame-calibrated gauge. In principle, one could re-write the full system

of equations presented in Section 3.3.5 (and derived in Appendix A) specialised to our gauge.

However, since our ultimate goal is the analysis of the linearised system of vacuum Einstein

equations, we find more instructive to present only some selected nonlinear equations that will

play an important role (once linearised) in our problem.

To achieve the formally correct form of the nonlinear equations in the new gauge, we crucially

employ the formalism to treat nonlinear tensor perturbations discussed in Section 3.5.2. The

reader should contrast the equations of this section with their informal version of Section 3.2.3

of the overview.

Consider the one-parameter family of metrics g(ε) on M+ introduced in Section 3.5. If the
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Lorentzian manifold (M+, g(ε)) satisfies the vacuum Einstein equations

Ric(g(ε)) = 0 ,

for all ε ≥ 0, then we have65

• the set of transport equations

Πφ∗ε (( /∇τ χ̂#)(ε) + (trχ#) χ̂#(ε))− ω̂ (Πφ∗ε χ̂#(ε)) = −(Πφ∗ε α(ε)) ,

Πφ∗ε (∂τ (trχ#)(ε) +
1

2
(trχ#)2(ε))− ω̂ (Πφ∗ε (trχ#)(ε)) = Πφ∗ε (−(χ̂#, χ̂#)(ε) +

1

2
(/ε · χ2)2(ε)) ,

Πφ∗ε (∂τ (/ε · χ2)(ε) + (trχ#)(/ε · χ2)(ε))− ω̂ (Πφ∗ε (/ε · χ2)(ε)) = 0

on M+, where we exploit the gauge conditions (3.128), (3.129) and (3.132),

• the transport equation

Πφ∗ε (( /∇τ χ̂#)(ε) +
1

2
(trχ#) χ̂#(ε) +

1

2
(/ε · χ2) ?χ̂#(ε)) + ω̂ (Πφ∗ε χ̂#(ε))

= Πφ∗ε ((−2 /D?2 η + η ⊗̂ η)(ε))

+ Πφ∗ε (−
1

2
(trχ#) χ̂#(ε) +

1

2
(/ε · χ2) ?χ̂#(ε))

on M+, where, again, we exploit the gauge conditions (3.128), (3.129) and (3.132). Cru-

cially, the gauge condition (3.130) implies that we have the formal Taylor expansion

Πφ∗ε ((−2 /D∗2 η + η ⊗̂ η)(ε)) = ε · (−2
(̂1)

/Γ · η−( /div η+(η, η))
(̂1)

g�

+ (
(1)

/Π ⊗̂Π + Π⊗̂
(1)

/Π) · (∇ η)) +O(ε2) (3.169)

around ε = 0 on M+. At this point, the reader should not worry about the meaning

of the terms appearing on the right hand side of the expression (3.169), which will be

illustrated in Section 3.7.1. The fundamental fact about (3.169) that has to be noticed is

the absence of terms depending on the vanishing (for all ε ≥ 0) tensor perturbation

Πφ∗ε (η(ε))− η

on M+.

• the identities

[e4, e3]µ = ∂τ (eµ3) , [e4, eA]µ = ∂τ
(
eµA
)

65Note that, in all the following equations, the connection coefficient ω̂ appears de-bolded.
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and the set of equations

∂τ (Πφ∗ε (e
µ
3(ε))) = − 2 (Πφ∗ε (η

µ − ηµ)(ε))− ω̂ (Πφ∗ε (e
µ
3(ε))) + (Πφ∗ε ω̂(ε))(Πφ∗ε (e

µ
4(ε))) ,

∂τ
(
Πφ∗ε (e

µ
A(ε))

)
= −Πφ∗ε (χ

]2µ
A(ε)) + (Πφ∗ε (Y A(ε)))(Πφ∗ε (e

µ
3(ε)))

+ (Πφ∗ε (ηA(ε) + ζA(ε)))(Πφ∗ε (e
µ
4(ε))) ,

on M+, where we exploit the gauge conditions (3.128), (3.131) and (3.132).

As a final general observation, the equations of the system of Section 3.3.5 that get more heavily

simplified in our gauge are the transport equations in the e4(ε)-direction. This should be seen

as the underlying motivation for the construction of the outgoing frame-calibrated gauge of

Theorem 3.2. See Section 3.2.4 of the overview for a preliminary discussion of the crucial role

of these simplified equations in the problem.

3.7 The linearised vacuum Einstein equations around Kerr

In this section of the chapter we present the system of nonlinear vacuum Einstein equations

linearised around the Kerr solution (M+, ga,M ) in our outgoing frame-calibrated gauge. This

section constitutes the third of the three self-contained blocks into which the body of the chapter

is divided, as outlined at the beginning of Section 3.2.

Most of the section is devoted to a careful presentation of the linearisation procedure. The main

new technical difficulty lies in the presence of connection coefficients of the Kerr metric ga,M

which are non-vanishing DN covariant tensors on (M+, ga,M ).

We linearise the vacuum Einstein equations in their tensorial form. To do that, we first pull-back

the entire system of nonlinear equations via Πφ∗ε (or, for what concerns the null frame equations,

via φ∗ε ). See the definition of the projected pull-back Πφ∗ε in Section 3.5.2. We then subtract to

each of the pulled-back nonlinear equations on (M+, ga,M ) its correspondent Kerr equation and

understand the linearisation of each of the terms in the resulting equation as the linearisation

of a nonlinear tensor perturbation on (M+, ga,M ). Note that most of the conceptual difficulties

that arise when one considers tensor perturbations have already been addressed, at the nonlinear

level, in Section 3.5.2. To fully appreciate the linearisation procedure, the reader should first

review the definitions therein.

The reader only interested in the final linearised system of equations can refer to Section 3.7.2.

3.7.1 The linearisation procedure

In this section we linearise tensor perturbations building on the definitions and formalism of

Section 3.5.2.

Note that the linearisation of a DN covariant tensor perturbation will be defined to be a DN
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covariant tensor on (M+, ga,M ), while the linearisation of a frame perturbation will not be

required to be a vector field in DN (see related Remark 3.9). Let us also note that, with

the exception of the tensor perturbation of the projection tensor Π, we do not linearise tensor

perturbations of mixed type. We will linearise perturbations of smooth scalar functions, frame

vector fields, DN covariant tensors, of the projection tensor Π and of the contravariant two-

tensors /g−1 and /ε−1 on (M+, ga,M ).66

Consider the one-parameter family of DN (ε) k-tensors T (ε), the one-parameter family of frames

N (ε) and the one-parameter family of smooth scalar functions f(ε) on M+. We have the

following four definitions, where we denote byO(ε2) tensors whose components areO(ε2) smooth

scalar functions on M+. We recall the notation T (0) = T , eI(0) = eI and f(0) = f.

Definition 3.4. Given the DN k-tensor T on (M+, ga,M ), we define the k-tensor

(1)

T

on (M+, ga,M ) such that

φ∗ε (T (ε))− T = ε ·
(1)

T +O(ε2) (3.170)

on (M+, ga,M ).67

Definition 3.5. Given the DN k-tensor T on (M+, ga,M ), we define the linearised k-tensor

perturbation of T as the linearisation of the (nonlinear) k-tensor perturbation of T defined in

Definition 3.1, namely as the DN k-tensor68

(1)

/T

on (M+, ga,M ) such that

Πφ∗ε (T (ε))− T = ε ·
(1)

/T +O(ε2)

on (M+, ga,M ).

Definition 3.6. Given the frame vector field eI of the frame N on (M+, ga,M ), I = 1, . . . , 4,

we define the linearised frame perturbation of eI as the linearisation of the (nonlinear) frame

perturbation of eI defined in Definition 3.2, namely as the vector field

(1)
e I (3.171)

66It is already worth noticing that, for instance, the tensor η](ε) (with the sharp symbol in bold) will be
linearised by considering it as the contraction of the tensor η(ε) with the inverse metric /g

−1(ε). One therefore

gets two non-trivial terms in the linearisation, one coming from linearising η(ε) and one from linearising /g
−1(ε).

The reader should realise that linearising η(ε) and then raising the index with the inverse metric /g
−1 is different

from linearising η](ε).
67The tensors T (ε) and T in (3.170) are, with a slight abuse of notation, the natural extensions of T (ε) and

T to horizontal tensors on M+. Note that, in view of the fact that the pullback φ∗ε (T (ε)) is not projected, the

k-tensor
(1)

T is not, in general, horizontal.
68The reader should note that the linearised tensor is now slashed.
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on (M+, ga,M ) such that

φ−ε∗ (eI(ε))− eI = ε ·
(1)
e I +O(ε2)

on (M+, ga,M ).

Definition 3.7. Given the scalar function f ∈ C∞(M+), we define the linearised scalar pertur-

bation of f as the linearisation of the (nonlinear) scalar perturbation of f defined in Definition

3.3, namely as the smooth scalar function

(1)

f (3.172)

on (M+, ga,M ) such that

φ∗ε (f (ε))− f = ε ·
(1)

f +O(ε2)

on (M+, ga,M ).

Remark 3.11. The reader should keep in mind that
(1)

T is a k-tensor on (M+, ga,M ), while
(1)

/T is a DN k-tensor on (M+, ga,M ). By naturally extending
(1)

/T to an horizontal k-tensor on

(M+, ga,M ),69 one can compare
(1)

/T and
(1)

T and note that the identity

(1)

/T µ1···µk = Πν1
µ1
· · ·Πνk

µk

(1)

T ν1···νk

holds on (M+, ga,M ). In what follows, whether we are dealing with
(1)

/T or its natural extension

will be clear by the context.

We have the two following useful facts.

Claim 3.1. If T ≡ 0 on (M+, ga,M ), then
(1)

/T ≡
(1)

T on (M+, ga,M ).

Proof. We compute

0 = φ∗ε (T (eA1 , . . . , e3, . . . , eAk))

= (φ∗εT )µ1···µk(φε∗eA1)µ1 · · · (φε∗ e3)µi · · · (φε∗eAk)µk

= ε ·
(1)

T (eA1 , . . . , e3, . . . , eAk) +O(ε2)

for any ε ≥ 0, which implies
(1)

T (eA1 , . . . , e3, . . . , eAk) = 0 .

69Which, again, with an abuse of notation, will be denoted by the same letter.
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Similarly,
(1)

T (eA1 , . . . , e4, . . . , eAk) = 0 .

Claim 3.2. In our gauge, we have

(1)

T (eA1 , . . . , e4, . . . , eAk) = 0

on (M+, ga,M ).

Proof. We compute

0 = φ∗ε (T (eA1 , . . . , e4, . . . , eAk))

= (φ∗εT )µ1···µk(φε∗eA1)µ1 · · · (φε∗ e4)µi · · · (φε∗eAk)µk

= ε ·
(1)

T (eA1 , . . . , e4, . . . , eAk) +O(ε2)

for any ε ≥ 0, which implies
(1)

T (eA1 , . . . , e4, . . . , eAk) = 0 .

Note that we used the gauge condition (3.132) to set T (eA1 , . . . ,
(1)
e 4, . . . , eAk) = 0.

For all the linearised perturbations of frame vectors, connection coefficients and curvature com-

ponents, we will adopt the same notation of Definition 3.5, e.g. we write

(1)
e 3 ,

(1)

/η ,
(1)

/ζ ,
(1)
ρ . . .

In view of Claim 3.1, we will not slash the linearised connection coefficients and curvature

components when they vanish on (M+, ga,M ), e.g. we write

(1)

χ̂# ,
(1)

Y ,
(1)
α . . .

In our outgoing frame-calibrated gauge, we have

(1)

Γsττ =
(1)

Γϑττ =
(1)

Γψττ = 0 ,

(1)

ω̂ =
(1)

Y =
(1)

/η =
(1)

ΓB4A = 0 ,

(1)
e 4 = 0

on (M+, ga,M ). This follows immediately from the gauge conditions satisfied by the family of

metrics g(ε) on M+.
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Note that η(ε) and ζ(ε) are the only one-parameter families of DN (ε) covariant tensors which

do not vanish on the Kerr background and produce non-zero linearised tensor perturbations.70

Remark 3.12. Claim 3.1 shows that the linearisation of DN (ε) covariant tensors which vanish

on (M+, ga,M ) (i.e. for ε = 0) does not need any projection. Claim 3.2 shows that, in our gauge,

the projection procedure introduced for nonlinear perturbations in Section 3.5.2 is, to linear

order, only killing the e3-component of the pulled-back covariant tensors. Their e4-component

automatically vanishes on (M+, ga,M ).

Remark 3.13. The reader only interested in the linear stability problem can neglect the Defi-

nitions 3.1, 3.2 and 3.3 of Section 3.5.2. In fact, to achieve our linearisation, one can simply

pull-back the covariant tensor T (ε), linearise the pulled-back tensor φ∗ε (T (ε)) on (M+, ga,M )

and then project the linearised tensor relative to N . This is, to linear order, equivalent to first

projecting the pulled-back tensor φ∗ε (T (ε)) (i.e. considering Πφ∗ε (T (ε))) and then linearising,

as we do. On the other hand, our procedure provides the right formulation of covariant tensor

perturbations at the nonlinear level.

Linearisation of the metric and volume form

Using Definition 3.5, we define the linearised metric as the DN symmetric two-tensor71

(1)

g�

on (M+, ga,M ) such that

Πφ∗ε (/g(ε))− /g = ε ·
(1)

g� +O(ε2)

on (M+, ga,M ). We define the symmetric two-tensors

(1)
g ,

(1)

/g

on (M+, ga,M ) such that

φ∗ε (g(ε))− g = ε ·
(1)
g +O(ε2) ,

φ∗ε (/g(ε))− /g = ε ·
(1)

/g +O(ε2)

on (M+, ga,M ). Note that
(1)

g� µν = Πα
µ Πβ

ν

(1)

/g αβ ,

but
(1)

/g µν 6= Πα
µ Πβ

ν

(1)
g αβ .

70For this reason, combined with Claim 3.1,
(1)

/η and
(1)

/ζ are, in fact, the only slashed DN covariant tensors
(together with the linearised metric, see next section) appearing in the system of linearised Einstein equations of
Section 3.7.2.

71The reader should note that the linearised metric tensor is double-slashed.
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In particular,
(1)

/g is not, in general, an horizontal two-tensor.

We define the linearised inverse metric as the symmetric contravariant two-tensor

(1)

/g
−1

on (M+, ga,M ) such that

φ∗ε (/g
−1(ε))− /g−1 = ε ·

(1)

/g
−1 +O(ε2)

on (M+, ga,M ).

From the gauge conditions for the family of metrics g(ε) on M+, we have

(1)

g� ττ = 0 (3.173)

on (M+, ga,M ). One can adopt the decomposition

(1)

g� =
(̂1)

g� +
1

2
(tr

(1)

g� )/g ,

where the trace is taken with respect to /g−1.72 Note the following contraction identity

(1)

/g
µν
/gµν = −(tr

(1)

g� ) ,

obtained by linearising φ∗ε (/g
µν/gµν) = 2 and using (tr

(1)

/g ) = (tr
(1)

g� ).

Using Definition 3.5, we define the linearised volume form as the DN antisymmetric two-tensor73

(1)

ε�

on (M+, ga,M ) such that

Πφ∗ε (/ε(ε))− /ε = ε ·
(1)

ε� +O(ε2) .

on (M+, ga,M ). We define the antisymmetric two-tensor

(1)

/ε

on (M+, ga,M ) such that

φ∗ε (/ε(ε))− /ε = ε ·
(1)

/ε +O(ε2) .

72Note that, in our notation,
(̂1)

g� 6=
(1)

/̂g . In fact, the right hand side is identically zero.
73The reader should note that the linearised volume form is double-slashed.
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on (M+, ga,M ). Note that
(1)

ε� µν = Πα
µ Πβ

ν

(1)

/ε αβ .

We define the linearised inverse volume form as the antisymmetric contravariant two-tensor

(1)

/ε−1

on (M+, ga,M ) such that

φ∗ε (/ε−1(ε))− /ε−1 = ε ·
(1)

/ε−1 +O(ε2)

on (M+, ga,M ).

We have the formula
(1)

ε� =
1

2
(tr

(1)

g� )/ε .

Note also the following contraction identity

(1)

/εµν/εµν = −/εµν
(1)

/ε µν

= −/εµν
(1)

ε� µν .

To conclude the section, we note that the linearisation of a (anti-)symmetric DN (ε) two-tensor

is a (anti-)symmetric DN two-tensor on (M+, ga,M ). However, the linearisation of a trace-

less74 DN (ε) two-tensor is guaranteed to be traceless75 only when the two-tensor vanishes on

(M+, ga,M ) (i.e. for ε = 0).

The traceless DN (ε) two-tensors that we linearise in the Einstein equations include, for instance,

the volume form /ε(ε) and the following symmetric two-tensors

χ̂#(ε) , χ̂#(ε) , (−2 /D∗2η + η⊗̂η)(ε) , (−2 /D∗2 η + η ⊗̂ η)(ε) , ( /D∗2 Y )(ε) ,

α(ε) , α(ε) , ( /D∗2β)(ε) , ( /D∗2 β)(ε) . . .

Since /ε(ε) is antisymmetric, the linearised volume form ε� is antisymmetric (and therefore trace-

less) on (M+, ga,M ). All the symmetric traceless DN (ε) two-tensors listed above do vanish on

(M+, ga,M ) relative to the algebraically special frame N of our gauge. Their linearisation is

therefore a symmetric traceless DN two-tensor on (M+, ga,M ). Note that this fact would not

hold true relative to a general frame on (M+, ga,M ), in particular relative to the frame N̂ad.

74With respect to /g
−1(ε).

75With respect to /g
−1.
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Linearisation of the projection tensor

We define the linearised projection tensor as the (1, 1) tensor

(1)

/Π

on (M+, ga,M ) such that

Πφ∗ε (Π(ε))−Π = ε ·
(1)

/Π +O(ε2)

on (M+, ga,M ). In components, we have

(1)

/Π
ν
µ = Πα

µ

(1)

Πν
α ,

with
(1)

Π a (1, 1) tensor on (M+, ga,M ) such that

φ∗ε (Π(ε))−Π = ε ·
(1)

Π +O(ε2)

on (M+, ga,M ). We have

(1)

/Π
ν
A =

(1)

Πν
A ,

(1)

/Π
ν
3 =

(1)

/Π
ν
4 = 0 .

It is useful to note that

(1)

Πν
µ =

1

2

(1)

eσ3 e
ν
4 gµσ +

1

2
eσ4

(1)

eν3 gµσ +
1

2
(eσ4 e

ν
3 + eσ3 e

ν
4)

(1)
g µσ ,

where we used the gauge relation
(1)
e 4 ≡ 0 on (M+, ga,M ). In particular, we have

(1)

Πν
A =

1

2

(1)

eσ3 e
ν
4 gAσ +

1

2
(eσ4 e

ν
3 + eσ3 e

ν
4)

(1)
g Aσ

= −1

2
g(e3,

(1)
eA) eν4 −

1

2
g(e4,

(1)
eA) eν3 , (3.174)

which implies
(1)

ΠB
A = 0 . (3.175)

One can conclude
(1)

/Π
B
A = 0 . (3.176)

Remark 3.14. If

g(e3,
(1)
eA) ≡ g(e4,

(1)
eA) ≡ 0 (3.177)
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on (M+, ga,M ), then
(1)

/Π
ν
µ ≡ 0

on (M+, ga,M ). Indeed, the linearised projection tensor accounts for the fact that the horizontal

structure of our gauge is variable, which, to linear order, is quantified by the vector field
(1)
eA

gaining components in e3 and e4. If one adopts our formalism to linearise the system of Einstein

equations in a double-null gauge, then the identity (3.177) holds and the linearised projection

tensor vanishes identically on (M+, ga,M ).

As a last remark, note the following non-trivial identity

Πα
µ Πβ

ν

(1)
g αβ =

(1)

g� µν . (3.178)

To see that (3.178) holds, we compute

(1)

g� µν = Πα
µ Πβ

ν

(1)

/g αβ

= Πα
µ Πβ

ν (
(1)

Πγ
α Πσ

β gγσ + Πγ
α

(1)

Πσ
β gγσ + Πγ

α Πσ
β

(1)
g γσ)

=
(1)

/Π
α
µ Πβ

ν gαβ + Πα
µ

(1)

/Π
β
ν gαβ + Πα

µ Πβ
ν

(1)
g αβ

= Πα
µ Πβ

ν

(1)
g αβ ,

where, in the last equality, we used (3.176) and g(e3, eA) = g(e4, eA) = 0. Identity (3.178) will

be employed in some of our computations.

Since

(Πφ∗ε (g(ε)))µν − /gµν = ε ·Πα
µ Πβ

ν

(1)
g αβ +O(ε2) ,

identity (3.178) implies that, to linear order, we have

Πφ∗ε g = Πφ∗ε /g

on (M+, ga,M ).

Linearisation of products and covariant derivatives of tensors

In view of what discussed in the first part of the present Section 3.7.1 and the formulae for

nonlinear perturbation of tensor products derived in Section 3.5.2, the linearisation of the tensor

products appearing in the Einstein equations does not introduce any new technical difficulty.

On the other hand, the linearisation of the covariant derivatives of tensors is somewhat more

involved. Before presenting the relevant linearisation formulae, we shall give some definitions

and useful identities. The reader only interested in the final formulae should refer to the formulae

(3.182)-(3.190).
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We define the (1, 2)-tensor
(1)

Γ (3.179)

on (M+, ga,M ) such that

(φ∗ε∇(ε)−∇)µ ∂ν = ε ·
(1)

Γσµν ∂σ +O(ε2)

on (M+, ga,M ). Note that
(1)

Γ is symmetric in the lower indices and can be written as

(1)

Γσµν =
1

2
gσα((∇µ

(1)
g )να + (∇ν

(1)
g )αµ − (∇α

(1)
g )µν) .

We define the (1, 2)-tensor
(1)

/Γ (3.180)

on (M+, ga,M ) such that
(1)

/Γ
σ
µν := Πα

µ Πβ
ν

(1)

Γσαβ .

Claim 3.3. Let ξ be a DN one-tensor on (M+, ga,M ). We have

(1)

/Γ
σ
µν ξσ =

1

2
/g
σα (( /∇µ

(1)

g� )να + ( /∇ν
(1)

g� )αµ − ( /∇α
(1)

g� )µν) ξσ

− 1

2
/g
σα (χ#µν

(1)
g 3α + χ2µα

(1)
g 3ν + χ2να

(1)
g 3µ) ξσ

− 1

2
/g
σα (χ#µν

(1)
g 4α + χ2µα

(1)
g 4ν + χ2να

(1)
g 4µ) ξσ

and

/g
µν

(1)

/Γ
σ
µν ξσ = − 1

2
/g
σα ((trχ#)

(1)
g 3α + 2 /g

µνχ2µα

(1)
g 3ν) ξσ

− 1

2
/g
σα((trχ#)

(1)
g 4α + 2 /g

µνχ2µα

(1)
g 4ν) ξσ

+ /g
σα( /div

(̂1)

g� )α ξσ .

Proof. The first identity follows from an easy (but lengthy) computation. It essentially relies

on noting that

Πγ
µΠδ

νg
σα(∇γ

(1)
g )δαξσ = /g

σαξσ(∇Πγµ∂γ

(1)
g )(Πδ

ν∂δ, ∂α) ,

applying the Leibniz rule and using identity (3.178) to obtain the first line of the formula. To
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prove the second formula, we note that

1

2
/g
µν
/g
σα(( /∇µ

(1)

g� )να + ( /∇ν
(1)

g� )αµ − ( /∇α
(1)

g� )µν)ξσ = /g
µν
/g
σα( /∇µ

(1)

g� )ναξσ −
1

2
/g
σα /∇α(tr

(1)

g� )ξσ

= /g
µν
/g
σα( /∇µ

(̂1)

g� )ναξσ +
1

2
/g
µν
/g
σα /∇µ(tr

(1)

g� )/gναξσ

− 1

2
/g
σα /∇α(tr

(1)

g� )ξσ

= /g
σα( /div

(̂1)

g� )αξσ .

We define the (1, 1)-tensors
(1)

/Γ 4 ,
(1)

/Γ 3 (3.181)

on (M+, ga,M ) such that

(1)

/Γ
σ
4ν := eµ4 Πβ

ν

(1)

Γσµβ ,
(1)

/Γ
σ
3ν := eµ3 Πβ

ν

(1)

Γσµβ .

Claim 3.4. Let ξ be a DN one-tensor on (M+, ga,M ). We have

(1)

/Γ
σ
4Aξσ =

(1)

χ̂#
σ
Aξσ +

1

2
(

(1)
trχ#)ξA+

1

2
(

(1)

/ε · χ2)?ξA+χ]2
B
A ξ(

(1)
eB)+g(

(1)
eA, e4) η · ξ−g(

(1)
eA, eC)/g

CDχ]2
B
DξB .

Along H+, we have

(1)

/Γ
σ
4Aξσ =

(1)

χ̂#
σ
Aξσ +

1

2
(

(1)
trχ#)ξA +

1

2
(

(1)

/ε · χ2)?ξA + g(
(1)
eA, e4) η · ξ .

Proof. We first note that

(1)

(∇4eA)σ = e4(
(1)

eσA) + eµ4

(1)

eνAΓσµν + eµ4e
ν
A

(1)

Γσµν .

and, using the transport equations for the frame,

(1)

(∇4eA)σ = η(
(1)
e A)eσ4 .

We conclude
(1)

/Γ
σ
4A = −e4(

(1)

eσA)− eµ4
(1)

eνAΓσµν + η(
(1)
e A)eσ4 .
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Note that

eµ4

(1)

eνAΓσµν = eµ4

(1)

eνAΓσνµ

= g(∇(1)
eA
e4, ∂γ)gγσ ,

where we use the symmetry of Γ and the fact that eµ4 = δµτ . When we contract with ξ, we obtain

(1)

/Γ
σ
4Aξσ =

(1)

χ̂#
σ
Aξσ +

1

2
(

(1)
trχ#)ξA +

1

2
(

(1)

/ε · χ2)?ξA + χ]2
B
A ξ(

(1)
eB)− g(∇(1)

eA
e4, ∂µ)gµσξσ

=
(1)

χ̂#
σ
Aξσ +

1

2
(

(1)
trχ#)ξA +

1

2
(

(1)

/ε · χ2)?ξA + χ]2
B
A ξ(

(1)
eB) + g(

(1)
eA, e4)η · ξ − g(

(1)
eA, eC)/g

CDχ]2
B
DξB ,

where we used the linearisation of the commutator [e4, eA] (see Section 3.7.2).

Claim 3.5. We have

(1)

/Γ
C
4A /gCB +

(1)

/Γ
C
4B /gAC = 2

(1)

χ̂#AB +(
(1)

trχ#)/gAB − (/ε · χ2)?(
(̂1)

g� )AB + g(
(1)
eA, e4) ηB + g(

(1)
eB, e4) ηA .

Proof. Using Claim 3.4, we compute

(1)

/Γ
C
4A /gCB +

(1)

/Γ
C
4B /gAC = 2

(1)

χ̂#AB +(
(1)

trχ#)/gAB + χ]2
C
A /g(

(1)
eC , eB) + g(

(1)
eA, e4)ηC/gCB − g(

(1)
eA, eC)gCDχ]2

F
D/gFB

+ χ]2
C
B /g(

(1)
eC , eA) + g(

(1)
eB, e4)ηC/gAC − g(

(1)
eB, eC)gCDχ]2

F
D/gFA

= 2
(1)

χ̂#AB +(
(1)

trχ#)/gAB −
1

2
(/ε · χ2)(/ε]2

C

A

(1)

g� (eC , eB) + /ε]2
C

B

(1)

g� (eA, eC))

+ g(
(1)
eA, e4)ηB + g(

(1)
eB, e4)ηA

= 2
(1)

χ̂#AB +(
(1)

trχ#)/gAB − (/ε · χ2)?(
(̂1)

g� )AB + g(
(1)
eA, e4)ηB + g(

(1)
eB, e4)ηA .

We are now ready to introduce the linearisation of the covariant derivatives of tensors. The

reader should refer back to Section 3.5.2 to see how the projected pullback Πφ∗ε of the covariant

derivatives is performed.

Consider the one-parameter family of DN (ε) two-tensors θ(ε), the one-parameter family of DN (ε)

one-tensors ξ(ε) and the one-parameter family of smooth scalar functions f(ε) onM+. We have

Πφ∗ε (( /∇ f)(ε))− /∇ f = ε · ( /∇
(1)

f +
(1)

/Π · (∇f)) +O(ε2) , (3.182)

Πφ∗ε (( /∇3 f)(ε))− /∇3 f = ε · ( /∇(1)
e3

f + /∇3

(1)

f ) +O(ε2) , (3.183)

Πφ∗ε (( /∇4 f)(ε))− /∇4 f = ε · ( /∇4

(1)

f ) +O(ε2) , (3.184)
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Πφ∗ε (( /∇ ξ)(ε))− /∇ ξ = ε · ( /∇
(1)

/ξ −
(1)

/Γ · ξ − 1

2
(
(1)

ξ (e3))χ+ (
(1)

/Π ⊗Π + Π⊗
(1)

/Π) · (∇ξ)) +O(ε2) ,

(3.185)

Πφ∗ε (( /∇3 ξ)(ε))− /∇3 ξ = ε · ( /∇(1)
e3
ξ + /∇3

(1)

/ξ −
(1)

/Γ 3 · ξ − (
(1)

ξ (e3))η +
(1)

/Π · (∇3ξ)) +O(ε2) ,

(3.186)

Πφ∗ε (( /∇4 ξ)(ε))− /∇4 ξ = ε · ( /∇4

(1)

/ξ −
(1)

/Γ 4 · ξ +
(1)

/Π · (∇4ξ)) +O(ε2) (3.187)

on (M+, ga,M ). In coordinate components, we have

(Πφ∗ε (( /∇3 θ)(ε)))µν − ( /∇3 θ)µν = ε · (( /∇(1)
e3
θ)µν + ( /∇3

(1)

/θ )µν −
(1)

/Γ
σ

3µθσν −
(1)

/Γ
σ

3νθµσ − ηµ
(1)

θ 3ν − ην
(1)

θ µ3

(3.188)

+ ((
(1)

/Π ⊗Π + Π⊗
(1)

/Π) · (∇3θ))µν) +O(ε2) ,

(Πφ∗ε (( /∇4 θ)(ε)))µν − ( /∇4 θ)µν = ε · (( /∇4

(1)

/θ )µν −
(1)

/Γ
σ

4µθσν −
(1)

/Γ
σ

4νθµσ (3.189)

+ ((
(1)

/Π ⊗Π + Π⊗
(1)

/Π) · (∇4θ))µν) +O(ε2) (3.190)

on (M+, ga,M ).

Remark 3.15. By setting
(1)

/Π ≡ 0, ξ ≡ 0 and θ ≡ 0, one can recover the linearisation formulae

of [19] (see Remark 3.14, where the identity
(1)

/Π ≡ 0 is discussed). As noticed in Claim 3.1,

the linearisation of DN (ε) covariant tensors which vanish on the Kerr (or, in the context of

[19], Schwarzschild) background does not need any projection. The reproduce the linearisation

formulae of [19], one can therefore replace
(1)

/ξ by
(1)

ξ ,
(1)

/θ by
(1)

θ and set
(1)

ξ (e3) = 0 in the formulae.

Proof. To prove the linearisation formulae (3.182)-(3.190), the reader should first refer back to

the formulae (3.161)-(3.166) of Section 3.5.2 and realise that all we need to prove is

Πφ∗ε (∇f)− /∇ f = ε · ( /∇
(1)

f ) +O(ε2) , (3.191)

Πφ∗ε (∇ξ)− /∇ ξ = ε · ( /∇
(1)

/ξ −
(1)

/Γ · ξ − 1

2
(
(1)

ξ (e3))χ) +O(ε2) , (3.192)

Πφ∗ε (∇3ξ)− /∇3 ξ = ε · ( /∇(1)
e3
ξ + /∇3

(1)

/ξ −
(1)

/Γ 3 · ξ − (
(1)

ξ (e3))η) +O(ε2) , (3.193)

Πφ∗ε (∇4ξ)− /∇4 ξ = ε · ( /∇4

(1)

/ξ −
(1)

/Γ 4 · ξ) +O(ε2) (3.194)

on (M+, ga,M ). The contribution in the linearisation formulae coming from the projection tensor

can be easily checked. Similarly, one can easily derive the formulae for DN (ε) two-tensors from

the ones that we are about to prove for DN (ε) one-tensors. Note also that the derivation of the

linearisation formulae (3.183) and (3.184) is trivial.
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We compute

(Πφ∗ε (∇f))µ = Πν
µ(φ∗ε∇)ν(φ∗ε f)

= /∇µ(φ∗ε f) ,

where we used the fact that all connections on (M+, ga,M ) agree on scalar functions, i.e.

(φ∗ε∇)µ(φ∗ε f) = ∇µ(φ∗ε f). One linearises and obtains (3.191).

It is easy to check that

Πφ∗ε (∇ξ)− /∇ ξ = ε · ((Π⊗Π) · (∇
(1)

ξ )−
(1)

/Γ · ξ +O(ε2) ,

Πφ∗ε (∇3ξ)− /∇3 ξ = ε · ( /∇(1)
e3
ξ + Π · (∇3

(1)

ξ )−
(1)

/Γ 3 · ξ +O(ε2) ,

Πφ∗ε (∇4ξ)− /∇4 ξ = ε · (Π · (∇4

(1)

ξ )−
(1)

/Γ 4 · ξ) +O(ε2) .

We now note that

(Π⊗Π) · (∇
(1)

ξ ) = (Π⊗Π) · (∇
(1)

/ξ )− 1

2
(
(1)

ξ (e3))χ ,

Π · (∇3

(1)

ξ ) = Π · (∇3

(1)

/ξ )− (
(1)

ξ (e3))η ,

Π · (∇4

(1)

ξ ) = Π · (∇4

(1)

/ξ ) ,

where we crucially use Claim 3.2. One can then conclude the proof of the formulae (3.192)-

(3.194).

Remark 3.16. As already observed, η(ε) and ζ(ε) are, together with the metric /g(ε), the only

one-parameter families of DN (ε) covariant tensors which do not vanish on (M+, ga,M ) and have

non-zero linearisation. For this reason, the formulae (3.185)-(3.187) applied to η(ε) and ζ(ε)

have each single term that is non-vanishing. When applied to all the other tensors, some of the

terms vanish.

We now define the notation

(tr(
(1)

/Π ⊗Π))αβ := /g
µν /Π

α
µΠβ

ν , (tr(Π⊗
(1)

/Π))αβ := /g
µνΠα

µ /Π
β
ν ,

(/ε · (
(1)

/Π ⊗Π))αβ := /εµν /Π
α
µΠβ

ν , (/ε · (Π⊗
(1)

/Π))αβ := /εµνΠα
µ /Π

β
ν
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and, using formula (3.185), we derive

Πφ∗ε (( /div ξ)(ε))− /div ξ = ε · ( /div
(1)

/ξ − tr(
(1)

/Γ · ξ)− 1

2
(
(1)

ξ (e3))(trχ) + tr(
(1)

/Π ⊗Π + Π⊗
(1)

/Π) · (∇ξ)

+
(1)

/g
µν( /∇ ξ)µν) +O(ε2) , (3.195)

Πφ∗ε (( /curl ξ)(ε))− /curl ξ =ε · ( /curl
(1)

/ξ − 1

2
(
(1)

ξ (e3))(/ε · χ) + (/ε · (
(1)

/Π ⊗Π + Π⊗
(1)

/Π)) · (∇ξ)

− 1

2
( /curl ξ)(tr

(1)

g� )) +O(ε2) (3.196)

on (M+, ga,M ). The linearisation of the divergence of a DN (ε) two-tensor that we will need to

perform will be trivial, since the DN (ε) two-tensor will vanish on the Kerr background, e.g.

( /div χ̂#)(ε) , ( /divα)(ε) . . .

For this reason, we do not derive a complete linearisation formula for the divergence of DN (ε)

two-tensors.

We note that if

−2/D∗2 ξ + ξ ⊗̂ ξ = 0

on (M+, ga,M ), then we have

Πφ∗ε (( /div ξ + (ξ, ξ)(ε)))− ( /div ξ + (ξ, ξ)) = ε · ( /div
(1)

/ξ + 2(ξ,
(1)

/ξ )− 1

2
( /div ξ + (ξ, ξ))(tr

(1)

g� )

(3.197)

− tr(
(1)

/Γ · ξ)− 1

2
(
(1)

ξ (e3))(trχ) + tr(
(1)

/Π ⊗Π + Π⊗
(1)

/Π) · (∇ξ))

+O(ε2)

and

Πφ∗ε ((−2 /D∗2 ξ + ξ ⊗̂ ξ)(ε)) = ε · (−2/D∗2
(1)

/ξ + 2(ξ ⊗̂
(1)

/ξ )− 2
(̂1)

/Γ · ξ − ( /div ξ + (ξ, ξ))
(̂1)

g� (3.198)

+ (
(1)

/Π ⊗̂Π + Π⊗̂
(1)

/Π) · (∇ξ)) +O(ε2)

on (M+, ga,M ), where we used

(
(1)

ξ (e3)) χ̂# = 0

and the linearisation of the product

Πφ∗ε ((ξ, ξ)(ε))− (ξ, ξ) = ε · (2 (ξ,
(1)

/ξ ) +
(1)

/g
µν ξµ ξν) +O(ε2)

on (M+, ga,M ).
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3.7.2 The equations of linearised gravity

In this section we present the system of linearised vacuum Einstein equations around the Kerr

solution (M+, ga,M ) in our outgoing frame-calibrated gauge.

With the formulae derived in Section 3.7.1, the reader should be able to linearise all the equations

in the system of Section 3.3.5. To give some non-trivial examples, we linearise the null frame

equation

(∇4 eA)(ε)− (∇A e4)(ε) =
(
ΓB4A(ε)− χ]2BA(ε)

)
eB(ε) + YA(ε)e3(ε) + (ηA(ε) + ζA(ε)) e4(ε) ,

(3.199)

the first variational formula

(/Le4/g)(ε) = 2 χ̂#(ε) + (trχ#)(ε)/g(ε) (3.200)

and the Bianchi equation

( /∇3 β)(ε) + (trχ#)(ε)β(ε) + ω̂(ε)β(ε) + (/ε · χ2)(ε)?β(ε) = /D∗1(−ρ,σ)(ε) + 3ρ(ε)η(ε)

+ 3σ(ε)?η(ε) + 2χ̂#
](ε) · β(ε)

+ Y ](ε) ·α(ε) . (3.201)

Starting with the linearisation of equation (3.199) for the frame vector fields, we consider,

according to the Definition 3.6, the pushed-forward equation

φ−ε∗(∇4 eA)− φ−ε∗(∇A e4) =
(
φ∗ε (Γ

B
4A)− φ∗ε (χ]2

B

A)
)

(φ−ε∗eB) + (φ∗ε (YA))(φ−ε∗e3)

+ (φ∗ε (ηA) + φ∗ε (ζA)) (φ−ε∗e4)

on (M+, ga,M ) and linearise each of the terms following the Definitions 3.6 and 3.7. Note that,

for instance,

φ∗ε (YA) = (φ∗εY )(φ−ε∗eA) ,

where

(φ∗εY )(eA) = (Πφ∗εY )(eA) = 0 , Y (φ−ε∗eA) = 0 .

We obtain the linearised null frame equation

e4(
(1)

eµA) = −
(1)

χ̂#
µ
A −

1

2
(

(1)
trχ#) δµA −

1

2
(

(1)

/ε · χ2) /ε]2
µ

A − χ
]2B
A

(1)

eµB +
(1)

ζ A e
µ
4 .

To linearise equation (3.200), we first note that the equation is equivalent to

( /∇4 /g)(ε) = 0 .

We linearise equation (3.200) in this latter form using the linearisation formula (3.190), i.e. we
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linearise the tensorial equation

Πφ∗ε (( /∇4 /g)(ε)) = 0 (3.202)

on (M+, ga,M ). We define the DN one-tensor

(1)

h

on (M+, ga,M ) such that
(1)

h A := g(
(1)
eA, e4)

on (M+, ga,M ) and we note that

((
(1)

/Π ⊗Π + Π⊗
(1)

/Π) · (∇4/g))AB = g(
(1)
eA, e4) ηB +g(

(1)
eB, e4) ηA .

By applying Claim 3.5 and taking the symmetric traceless and trace parts of the linearisation

of (3.202), we obtain the pair of linearised equations

/∇4

(̂1)

g� + (/ε · χ2)?(
(̂1)

g� ) = 2
(1)

χ̂# +
(1)

h ⊗̂ (η − η) , (3.203)

/∇4(tr
(1)

g� ) = (
(1)

trχ#) + (
(1)

h , η − η) . (3.204)

Equation (3.203) is an equation for symmetric traceless DN two-tensors on (M+, ga,M ). Since

ΓB4A = 0 on (M+, ga,M ), one can equivalently see it as an equation for the linearised metric

components, namely

/∇4(
(̂1)

g� AB) + (/ε · χ2)?(
(̂1)

g� )AB = 2
(1)

χ̂#AB +(
(1)

h ⊗̂ (η − η))AB .

The linearisation of equation (3.201) is conceptually analogous to that of equation (3.200).

However, we want to briefly elaborate on the linearisation of the terms

Πφ∗ε (( /∇3 β)(ε)) (3.205)

and

Πφ∗ε ((
?η)(ε)) (3.206)

on (M+, ga,M ). To linearise (3.205), we apply formula (3.186). We have

Πφ∗ε (( /∇3 β)(ε))− /∇3 β = ε · ( /∇3

(1)

β ) +O(ε2)

on (M+, ga,M ), where we used β ≡ 0 and, in view of Claim 3.1, the identity

(
(1)

β (e3))η = 0 .
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To linearise (3.206), we note that

(Πφ∗ε ((
?η)(ε)))µ = Πν

µ (φ∗ε /g
−1(ε))σγ(φ∗ε /ε(ε))νσ(φ∗ε η(ε))γ

on (M+, ga,M ) and linearise

(Πφ∗ε (
?η(ε)))µ − (?η)µ = ε · (

(1)

/g
σγ/εµσηγ + (

(1)

ε� ]2 · η)µ + (?
(1)

/η )µ) +O(ε2) .

The final linearisation of (3.201) reads

/∇3

(1)

β +(trχ#)
(1)

β + ω̂
(1)

β +(/ε · χ2)?
(1)

β = /D∗1(−
(1)
ρ ,

(1)
σ ) + 3ρ

(1)

/η + 3
(1)
ρ η + 3

(1)
σ ?η

+ 3σ?
(1)

/η + 3σ
(1)

/g
σγ/εµσηγ + 3σ

(1)

ε� ]2 · η

+
(1)

/g
σγ/εµσ /∇γ σ +

(1)

ε� ]2 · ( /∇σ) +
(1)

/Π · (∇ρ+∇σ) .

We are now ready to present the full system of linearised vacuum Einstein equations.

Linearised null frame equations

The linearised null frame equations read

(1)
e A(eµB) + eA(

(1)

eµB)−
(1)
e B(eµA)− eB(

(1)

eµA) = (
(1)

ΓCAB −
(1)

ΓCBA)eµC + (ΓCAB − ΓCBA)
(1)

eµC (3.207)

+
1

2
(

(1)

/ε · χ2)/εABe
µ
3 +

1

2
(/ε · χ2)/εAB

(1)

eµ3

+
1

2
(

(1)

/ε · χ2)/εABe
µ
4 ,

(1)
e 3(eµA) + e3(

(1)

eµA)−
(1)
e A(eµ3 )− eA(

(1)

eµ3 ) =
(1)

ΓB3Ae
µ
B −

(1)

χ̂#
µ
A −

1

2
(

(1)
trχ#) δµA −

1

2
(

(1)

/ε · χ2) /ε]2
µ

A (3.208)

+ (ΓB3A − χ]2
B
A)

(1)

eµB + (
(1)
η −

(1)

ζ )Ae
µ
3 + (η − ζ)(

(1)
e A)eµ3

+ (η − ζ)A
(1)

eµ3 +
(1)

Y A e
µ
4

and

e4(
(1)

eµA) = −
(1)

χ̂#
µ
A −

1

2
(

(1)
trχ#) δµA −

1

2
(

(1)

/ε · χ2) /ε]2
µ

A − χ
]2B
A

(1)

eµB +
(1)

ζ A e
µ
4 , (3.209)

(1)
e 3(eµ4 )− e4(

(1)

eµ3 ) = 2
(1)

/g
µν(ην − ην) + 2/g

µν(
(1)
η ν −

(1)
η ν) + ω̂

(1)

eµ3 −
(1)

ω̂ eµ4 . (3.210)
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Linearised null structure equations

We have the linearised first variational formulae

/∇4

(̂1)

g� + (/ε · χ2)?(
(̂1)

g� ) = 2
(1)

χ̂# +
(1)

h ⊗̂ (η − η) , (3.211)

/∇4(tr
(1)

g� ) = (
(1)

trχ#) + (
(1)

h , η − η) (3.212)

and

/∇3(
(1)

g� µν)− /∇3(Πσ
µΠγ

ν)
(1)

/g σγ + (
(1)

/Π
σ
µΠγ

ν + Πσ
µ

(1)

/Π
γ
ν)(L3/g)σγ (3.213)

+ Πσ
µΠγ

ν(
(1)
e3(/gσγ) + (∂σ

(1)

eρ3)/gγρ + (∂γ
(1)

eρ3)/gσρ + (∂σe
ρ
3)

(1)

/g γρ + (∂γe
ρ
3)

(1)

/g σρ)

= 2
(1)

χ̂#µν
+(

(1)
trχ#)/gµν + (trχ#)

(1)

g� µν .

We have the linearised second variational formulae

/∇4

(1)

χ̂# +(trχ#)
(1)

χ̂#− ω̂
(1)

χ̂# = −
(1)
α , (3.214)

/∇3

(1)

χ̂# +(trχ#)
(1)

χ̂#− ω̂
(1)

χ̂# = − 2/D?2
(1)

Y +(η + η−2ζ)⊗̂
(1)

Y −
(1)
α (3.215)

and the linearised Raychaudhuri equations

/∇4(
(1)

trχ#) + (trχ#)(
(1)

trχ#)− ω̂(
(1)

trχ#) = (/ε · χ2)(
(1)

/ε · χ2) , (3.216)

/∇3(
(1)

trχ#) + (trχ#)(
(1)

trχ#)− ω̂(
(1)

trχ#) = (/ε · χ2)(
(1)

/ε · χ2) + (trχ#)
(1)

ω̂ −
(1)
e3(trχ#) (3.217)

+ 2 /div
(1)

Y +2(η + η−2ζ,
(1)

Y ) .

We have the linearised mixed transport equations

/∇4

(1)

χ̂# +
1

2
(trχ#)

(1)

χ̂# + ω̂
(1)

χ̂# = − 1

2
(trχ#)

(1)

χ̂# +
1

2
(/ε · χ2)?

(1)

χ̂# −
1

2
(/ε · χ2)?

(1)

χ̂# (3.218)

− 2
(̂1)

/Γ · η+(
(1)

/Π ⊗̂Π + Π⊗̂
(1)

/Π) · (∇ η)− ( /div η+(η, η))
(̂1)

g� ,

/∇3

(1)

χ̂# +
1

2
(trχ#)

(1)

χ̂# + ω̂
(1)

χ̂# = − 1

2
(trχ#)

(1)

χ̂# +
1

2
(/ε · χ2)?

(1)

χ̂# −
1

2
(/ε · χ2)?

(1)

χ̂# (3.219)

− 2/D∗2
(1)

/η + 2(η⊗̂
(1)

/η )− 2
(̂1)

/Γ · η + (
(1)

/Π ⊗̂Π + Π⊗̂
(1)

/Π) · (∇η)

− ( /divη + (η, η))
(̂1)

g�
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/∇4(
(1)

trχ#) +
1

2
(trχ#)(

(1)
trχ#) + ω̂(

(1)
trχ#) = − 1

2
(trχ#)(

(1)
trχ#) +

1

2
(/ε · χ2)(

(1)

/ε · χ2) +
1

2
(/ε · χ2)(

(1)

/ε · χ2)

(3.220)

− ( /div η+(η, η))(tr
(1)

g� ) + 2 tr(
(1)

/Π ⊗Π + Π⊗
(1)

/Π) · (∇ η)

− 2 tr(
(1)

/Γ · η) + 2
(1)
ρ ,

/∇3(
(1)

trχ#) +
1

2
(trχ#)(

(1)
trχ#) + ω̂(

(1)
trχ#) = − 1

2
(trχ#)(

(1)
trχ#) +

1

2
(/ε · χ2)(

(1)

/ε · χ2) +
1

2
(/ε · χ2)(

(1)

/ε · χ2)

(3.221)

− ( /divη + (η, η))(tr
(1)

g� ) + 2 tr(
(1)

/Π ⊗Π + Π⊗
(1)

/Π) · (∇η)

− 2 tr(
(1)

/Γ · η)−
(1)
e3(trχ#)− (trχ#)

(1)

ω̂ +2 /div
(1)

/η + 4(η,
(1)

/η )

− (
(1)
η (e3))(trχ) + 2

(1)
ρ

and the transport equations

/∇4(
(1)

/ε · χ2) + (trχ#)(
(1)

/ε · χ2)− ω̂(
(1)

/ε · χ2) = − (/ε · χ2)(
(1)

trχ#) , (3.222)

/∇3(
(1)

/ε · χ2) + (trχ#)(
(1)

/ε · χ2)− ω̂(
(1)

/ε · χ2) = − (/ε · χ2)(
(1)

trχ#) + (/ε · χ2)
(1)

ω̂ −
(1)
e3(/ε · χ2) (3.223)

+ 2(η − 2ζ) ∧
(1)

Y +2
(1)

Y ∧ η+2 /curl
(1)

Y ,

/∇4(
(1)

/ε · χ2) +
1

2
(trχ#)(

(1)

/ε · χ2) + ω̂(
(1)

/ε · χ2) = − 1

2
(/ε · χ2)(

(1)
trχ#)− 1

2
(trχ#)(

(1)

/ε · χ2)− 1

2
(/ε · χ2)(

(1)
trχ#)

(3.224)

− ( /curl η)(tr
(1)

g� ) + 2(/ε · (
(1)

/Π ⊗Π + Π⊗
(1)

/Π)) · (∇ η) + 2
(1)
σ ,

/∇3(
(1)

/ε · χ2) +
1

2
(trχ#)(

(1)

/ε · χ2) + ω̂(
(1)

/ε · χ2) = − 1

2
(/ε · χ2)(

(1)
trχ#)− 1

2
(trχ#)(

(1)

/ε · χ2)− 1

2
(/ε · χ2)(

(1)
trχ#)

(3.225)

−
(1)
e3(/ε · χ2)− ( /curl η)(tr

(1)

g� ) + 2(/ε · (
(1)

/Π ⊗Π + Π⊗
(1)

/Π)) · (∇η)

− (/ε · χ2)
(1)

ω̂ +2 /curl
(1)

/η − (
(1)
η (e3))(/ε · χ2)− 2

(1)
σ .
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We have equations

/∇4

(1)

/η + χ]1 ·
(1)

/η =
(1)

/Γ 4 · η −
(1)

/Π · (∇4η)−
(1)

χ̂#
] · (η − η)− 1

2
(

(1)
trχ#)(η − η) (3.226)

+
1

2
(

(1)

/ε · χ2)(?η − ? η) +
1

2
(/ε · χ2)

(1)

/g
µν/ε·µ(ην − ην)

+
1

4
(/ε · χ2)(tr

(1)

g� )(?η − ? η)−
(1)

β ,

/∇4

(1)

Y +2 ω̂
(1)

Y = /∇(1)
e3
η−

(1)

/Γ 3 · η−(
(1)
η (e3))η +

(1)

/Π · (∇3 η)− χ]1 ·
(1)

/η −
(1)

χ̂#
] · (η − η) (3.227)

− 1

2
(

(1)
trχ#)(η − η) +

1

2
(

(1)

/ε · χ2)(?η − ? η) +
1

2
(/ε · χ2)

(1)

/g
µν/ε·µ(ην − ην)

+
1

4
(/ε · χ2)(tr

(1)

g� )(?η − ? η)−
(1)

β ,

/∇4

(1)

ω̂ +2 ω̂
(1)

ω̂ = 2(η−ζ,
(1)

/η )− 2(η − η,
(1)

/ζ )− 2
(1)
ρ (3.228)

−
(1)
e 3(ω̂) + 2

(1)

/g
µνηµ ην −2

(1)

/g
µν(η − η)µζν

and the equations for the torsion

/∇4

(1)

/ζ + χ]2 ·
(1)

/ζ + ω̂
(1)

/ζ =
(1)

/Γ 4 · ζ −
(1)

/Π · (∇4ζ) +
1

4
(/ε · χ2)(tr

(1)

g� )(? η − ?ζ) (3.229)

−
(1)

/Π · (∇ ω̂) +
1

2
(

(1)
trχ#)(η−ζ) +

1

2
(/ε · χ2)

(1)

/g
µν/ε·µ(ην −ζν)

+
(1)

χ̂#
] · (η−ζ) +

1

2
(

(1)

/ε · χ2)(? η − ?ζ)−
(1)

β ,

/∇3

(1)

/ζ + χ]2 ·
(1)

/ζ + ω̂
(1)

/ζ = − /∇(1)
e3
ζ +

(1)

/Γ 3 · ζ + (
(1)

ζ (e3))η −
(1)

/Π · (∇3ζ) (3.230)

+ /∇
(1)

ω̂ +
(1)

/Π · (∇ω)− χ]2 ·
(1)

/η −
(1)

χ̂#
] · (η + ζ)− 1

2
(

(1)
trχ#)(η + ζ)

− 1

2
(

(1)

/ε · χ2)(?η + ?ζ)− 1

2
(/ε · χ2)

(1)

/g
µν/ε·µ(ην + ζν)− 1

4
(/ε · χ2)(tr

(1)

g� )(?η + ?ζ)

+ χ]2 ·
(1)

Y + ω̂
(1)

/η +
(1)

ω̂ (η − ζ)− ω̂
(1)

Y −
(1)

β ,

/curl
(1)

/ζ =
1

2
(
(1)

ζ (e3))(/ε · χ)− (/ε · (
(1)

/Π ⊗Π + Π⊗
(1)

/Π)) · (∇ζ) (3.231)

+
1

4
(

(1)
trχ#)(/ε · χ2) +

1

4
(trχ#)(

(1)

/ε · χ2)− 1

4
(

(1)
trχ#)(/ε · χ2)

− 1

4
(trχ#)(

(1)

/ε · χ2)− 1

2
ω̂(

(1)

/ε · χ2) +
1

2
ω̂(

(1)

/ε · χ2) +
1

2
(/ε · χ2)

(1)

ω̂

+
1

2
( /curl ζ)(tr

(1)

g� ) +
(1)
σ .
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We have the linearised Codazzi-like equations

/div
(1)

χ̂# +
(1)

χ̂#
] · ζ = − 1

2

(1)

/g
µν/ε·ν /∇µ(/ε · χ2)− 1

2

(1)

ε� ]2 · ( /∇(/ε · χ2))− 1

2
/ε]2 · ( /∇(

(1)

/ε · χ2)) (3.232)

− 1

2

(1)

/Π · (∇(/ε · χ2))− 1

2
(

(1)

/ε · χ2)(?ζ + 2?η)− 1

2
(/ε · χ2)

(1)

/g
µν/ε·ν(ζ + 2η)µ

− 1

2
(/ε · χ2)

(1)

ε� ]2 · (ζ + 2η)− 1

2
(/ε · χ2)(?

(1)

/ζ + 2?
(1)

/η ) +
1

2
(

(1)
trχ#)ζ

+
1

2
(trχ#)

(1)

/ζ +
1

2
/∇(

(1)
trχ#) +

1

2

(1)

/Π · (∇(trχ#))−
(1)

β ,

/div
(1)

χ̂#−
(1)

χ̂#
] · ζ = − 1

2

(1)

/g
µν/ε·ν /∇µ(/ε · χ2)− 1

2

(1)

ε� ]2 · ( /∇(/ε · χ2))− 1

2
/ε]2 · ( /∇(

(1)

/ε · χ2)) (3.233)

− 1

2

(1)

/Π · (∇(/ε · χ2)) +
1

2
(

(1)

/ε · χ2)(?ζ − 2? η) +
1

2
(/ε · χ2)

(1)

/g
µν/ε·ν(ζ − 2 η)µ

+
1

2
(/ε · χ2)

(1)

ε� ]2 · (ζ − 2 η) +
1

2
(/ε · χ2)?

(1)

/ζ − 1

2
(

(1)
trχ#)ζ

− 1

2
(trχ#)

(1)

/ζ +
1

2
/∇(

(1)
trχ#) +

1

2

(1)

/Π · (∇(trχ#))− (/ε · χ2)?
(1)

Y +
(1)

β

and the linearised Gauss-like equation

(1)

/K = − 1

4
(trχ#)(

(1)
trχ#)− 1

4
(trχ#)(

(1)
trχ#)− 1

4
(/ε · χ2)(

(1)

/ε · χ2)− 1

4
(/ε · χ2)(

(1)

/ε · χ2) (3.234)

+
1

2
(

(1)

/ε · χ2)/g
BD/εCBΓC3D +

1

2
(/ε · χ2)/g

BD/εCB

(1)

ΓC3D −
(1)
ρ .
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Linearised Bianchi equations

The linearised Bianchi equations read

/∇3

(1)
α +

1

2
(trχ#)

(1)
α +2 ω̂

(1)
α +

1

2
(/ε · χ2)

(1)
α = − 2/D?2

(1)

β −3ρ
(1)

χ̂#−3σ?
(1)

χ̂# +(4η + ζ)⊗̂
(1)

β , (3.235)

/∇4

(1)

β +2(trχ#)
(1)

β − ω̂
(1)

β −2(/ε · χ2)?
(1)

β = /div
(1)
α +(η] +2ζ]) ·

(1)
α , (3.236)

/∇3

(1)

β +(trχ#)
(1)

β + ω̂
(1)

β +(/ε · χ2)?
(1)

β = /D∗1(−
(1)
ρ ,

(1)
σ ) + 3ρ

(1)

/η + 3
(1)
ρ η (3.237)

+ 3σ?
(1)

/η + 3
(1)
σ ?η + 3σ

(1)

/g
µν/ε·νηµ + 3σ

(1)

ε� ]2 · η

+
(1)

/Π · (∇ρ) +
(1)

/g
µν/ε·ν /∇µ σ +

(1)

ε� ]2 · ( /∇σ) +
(1)

/Π · (∇σ) ,

/∇4

(1)
ρ +

3

2
(trχ#)

(1)
ρ = /div

(1)

β +(2 η+ζ,
(1)

β )− 3

2
ρ(

(1)
trχ#)− 3

2
σ(

(1)
ε · χ2)

(3.238)

− 3

2
(ε · χ2)

(1)
σ ,

/∇4

(1)
σ +

3

2
(trχ#)

(1)
σ +

3

2
σ(

(1)
trχ#) = − /curl

(1)

β −(2 η+ζ) ∧
(1)

β +
3

2
ρ(

(1)

/ε · χ2) +
3

2
(/ε · χ2)

(1)
ρ ,

(3.239)

/∇3

(1)
ρ +

(1)
e 3(ρ) +

3

2
(trχ#)

(1)
ρ = − /div

(1)

β −(2η − ζ,
(1)

β )− 3

2
ρ(

(1)
trχ#) +

3

2
σ(

(1)
ε · χ2)

(3.240)

+
3

2
(ε · χ2)

(1)
σ ,

/∇3

(1)
σ +

(1)
e 3(σ) +

3

2
(trχ#)

(1)
σ +

3

2
σ(

(1)
trχ#) = − /curl

(1)

β −(2η − ζ) ∧
(1)

β −3

2
ρ(

(1)

/ε · χ2)− 3

2
(/ε · χ2)

(1)
ρ ,

(3.241)

/∇4

(1)

β +(trχ#)
(1)

β + ω̂
(1)

β +(/ε · χ2)?
(1)

β = /D∗1(
(1)
ρ ,

(1)
σ )− 3

(1)
ρ η (3.242)

+ 3
(1)
σ ? η + 3σ

(1)

/g
µν/ε·ν ηµ +3σ

(1)

ε� ]2 · η

−
(1)

/Π · (∇ρ) +
(1)

/g
µν/ε·ν /∇µ σ +

(1)

ε� ]2 · ( /∇σ) +
(1)

/Π · (∇σ) ,

/∇3

(1)

β +2(trχ#)
(1)

β − ω̂
(1)

β −2(/ε · χ2)?
(1)

β = − /div
(1)
α −(η] − 2ζ]) ·

(1)
α −3ρ

(1)

Y +3σ?
(1)

Y , (3.243)

/∇4

(1)
α +

1

2
(trχ#)

(1)
α +2 ω̂

(1)
α −1

2
(/ε · χ2)

(1)
α = 2/D?2

(1)

β −3ρ
(1)

χ̂# +3σ?
(1)

χ̂#−(4 η−ζ)⊗̂
(1)

β . (3.244)

Appendix A: The formal derivation of the equations

We derive the system of nonlinear vacuum Einstein equations of Section 3.3.5. In this appendix

we abandon the bold notation adopted throughout the chapter. Instead, we write in bold those

177



terms that arise in our derivation of the equations but do not appear in the derivation of the

equations of [14, 13].

The null frame equations of Section 3.3.5 are simply the commutation formulae for the frame

N .

To derive the null structure equations, one applies the formula

g(∇eI∇eJ eK , eL)− g(∇eJ∇eIeK , eL)− g(∇[eI ,eJ ]eK , eL) = R(eL, eK , eI , eJ) , (3.245)

with I, J,K,L = {1, 2, 3, 4}. The reader should already note that, when I, J = {1, 2}, the

commutator in the last term on the left hand side of (3.245) captures the non-integrability of

the frame N .

We will derive a subset of the null structure equations in that we omit the derivation of the

conjugate equations. We will also omit the straightforward derivation of the first variational

formulae. Before starting, let us note that, crucially, in our computations one has to keep track

of the order of the indices of χ and χ.

We compute

g(∇3∇Be3, eA) = (∇3 χ)BA + ΓC3B χCA +2ζB Y A ,

g(∇B∇3e3, eA) = 2(∇Y )BA + ω̂ χBA ,

g(∇[e3,eB ]e3, eA) = (ΓC3B − χ]2
C
B)χCA +2(ηB − ζB)Y A +2Y B ηA

and obtain the equation

(∇3 χ)BA = 2(∇B Y )A + ω̂ χBA−χ]2
C
B χCA +2(ηB − 2ζB)Y A +2Y B ηA−αBA . (3.246)

We compute

g(∇4∇Be3, eA) = (∇4 χ)BA + ΓC4B χCA +2ζB ηA ,

g(∇B∇4e3, eA) = 2(∇ η)BA − ω̂ χBA ,

g(∇[e4,eB ]e3, eA) = (ΓC4B − χ]2
C
B)χCA +2YB Y A +2(ηB +ζB) ηA

and obtain the equation

(∇4 χ)BA = −2ζB ηA +2(∇ η)BA−ω̂ χBA−χ]2
C
B χCA +2YB Y A +2(ηB +ζB) ηA +R(eA, e3, e4, eB) .

(3.247)
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We compute

g(∇C∇Be3, eA) = (∇χ)CBA + ΓDCB χDA +ζB χCA ,

g(∇B∇Ce3, eA) = (∇χ)BCA + ΓDBC χDA +ζC χBA ,

g(∇[eC ,eB ]e3, eA) = (ΓDCB − ΓDBC)χDA +(χCB − χBC)Y A +(χCB −χBC) ηA

and obtain the equation

(∇C χ)BA + ζB χCA = (∇B χ)CA + ζC χBA +(χCB − χBC)Y A +(χCB −χBC) ηA (3.248)

+R(eA, e3, eC , eB) .

We compute

g((∇C(∇eD))(eB), eA) = /g(( /∇C( /∇ eD))(eB), eA) +
1

2
χBD χCA +

1

2
χCA χBD −

1

2
χCB/g( /∇3 eD, eA)

− 1

2
χCB /g( /∇4 eD, eA) ,

g((∇B(∇eD))(eC), eA) = /g(( /∇B( /∇ eD))(eC), eA) +
1

2
χCD χBA +

1

2
χBA χCD −

1

2
χBC/g( /∇3 eD, eA)

− 1

2
χBC /g( /∇4 eD, eA)

and obtain the equation

/R(eA, eD, eC , eB) +
1

2
(χBD χCA +χCA χBD)− 1

2
(χCD χBA +χBA χCD) (3.249)

−
1

2
(χCB − χBC)/g( /∇3 eD, eA)−

1

2
(χCB −χBC)/g( /∇4 eD, eA)

= R(eA, eD, eC , eB) .

We compute

g(∇3∇Ae3, e4) = −2(∇3ζ)A − 2ΓB3AζB − 2χ]2
B
AηB − 2 ω̂ ζA ,

g(∇A∇3e3, e4) = −2(∇ ω̂)A − 2χ]2
B
A Y B −2 ω̂ ζA ,

g(∇[e3,eA]e3, e4) = −2(ΓB3A − χ]2
B
A)ζB − 2(ηA − ζA) ω̂+2 ω̂ Y A

and obtain the equation

(∇3ζ)A = (∇ ω̂)A − χ]2
B
AηB + χ]2

B
A Y B −χ]2

B
AζB + ω̂(ηA − ζA)− ω̂ Y A−βA . (3.250)
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We compute

g(∇3∇4e3, eA) = 2(∇3 η)A − 2 ω̂ Y A ,

g(∇4∇3e3, eA) = 2(∇4 Y )A + 2 ω̂ ηA ,

g(∇[e3,e4]e3, eA) = 2χ]1
B
A(ηB − ηB) + 2 ω̂ Y A−2 ω̂ ηA

and obtain the equation

(∇3 η)A − (∇4 Y )A = χ]1
B
A(ηB − ηB) + 2 ω̂ Y A +βA . (3.251)

We compute

g(∇4∇3e3, e4) = −2∇4 ω̂−4Y A Y A +2 ω̂ ω̂ ,

g(∇3∇4e3, e4) = 2∇3 ω̂−4ηA ηA +2 ω̂ ω̂ ,

g(∇[e4,e3]e3, e4) = 4(ηA − ηA)ζA + 4 ω̂ ω̂

and obtain the equation

∇4 ω̂+∇3 ω̂ = 2ηA ηA−2Y A Y A−2 ω̂ ω̂−2(ηA − ηA)ζA − 2ρ . (3.252)

We compute

g(∇A∇Be4, e3) = 2(∇ζ)AB − χBDχ]2DA − 2ζAζB ,

g(∇B∇Ae4, e3) = 2(∇ζ)BA − χADχ]2DB − 2ζAζB ,

g(∇[eA,eB ]e4, e3) = 2(ΓCAB − ΓCBA)ζC− ω̂(χAB −χBA) + ω̂(χAB − χBA)

and obtain the equation

2(∇ζ)AB − 2(∇ζ)BA − χBDχ]2DA + χADχ
]2D
B − 2(ΓCAB − ΓCBA)ζC (3.253)

+ ω̂(χAB −χBA)− ω̂(χAB − χBA) = R(e3, e4, eA, eB) .

Let (M, g) be a solution to the vacuum Einstein equations

Ric(g) = 0 .

Then

trα = trα = 0 ,
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where the trace is taken with respect to /g−1, and

RA34B = ρ/gAB − σ/εAB , (3.254)

RA3CB = −/εCB(?β)A , (3.255)

/g
AC
/g
BDRADCB = −2ρ . (3.256)

The identities (3.254)-(3.256) rely on the symmetries of the Riemann curvature tensor R, the

Bianchi identities for R and the fact that any antisymmetric horizontal two-tensor is propor-

tional to the (extension to an horizontal tensor of the) induced volume form /ε on DN . The

proof of the identities (3.254)-(3.256) is analogous to that of [14, 13].

Note that all the spacetime covariant derivatives ∇ appearing in the equations (3.246)-(3.253)

are applied to horizontal tensors on (M, g) and evaluated on the horizontal frame vectors. All

the other terms in the equations are horizontal components of horizontal tensors on (M, g). One

can therefore replace ∇ by the projected covariant derivative /∇ and understand the equations

as equations for DN tensors.

Taking the trace (with respect to /g−1) part, the antitrace (with respect to /ε−1) part and the

symmetric traceless part of equation (3.246), one obtains

/∇3(trχ#) +
1

2
(trχ#)2 − ω̂ trχ# = −(χ̂#, χ̂#)− (χ2, χ2) + 2 /divY +2(η + η−2ζ, Y ) ,

/∇3(/ε · χ2)− ω̂(/ε · χ2) = −χ∧χ+2(η − 2ζ) ∧ Y +2Y ∧ η+2 /curl Y ,

/∇3 χ̂# +(trχ#) χ̂#− ω̂ χ̂# = −2/D?2 Y +(η + η−2ζ) ⊗̂Y −α

respectively. Taking the trace part, the antitrace part and the symmetric traceless part of

equation (3.247), one obtains

/∇4(trχ#) +
1

2
(trχ#)(trχ#) + ω̂ trχ# = −(χ̂#, χ̂#)− (χ2, χ2) + 2(η, η) + 2ρ+ 2 /div η+2(Y, Y ) ,

/∇4(/ε · χ2) + ω̂(/ε · χ2) = −χ ∧ χ+2Y ∧ Y +2σ + 2 /curl η ,

/∇4 χ̂# +
1

2
(trχ#) χ̂# + ω̂ χ̂# = −2/D?2 η−

1

2
(trχ#) χ̂# + η ⊗̂ η+Y ⊗̂Y

respectively. By taking the /gCA-trace of the equation (3.248),76 one obtains the Codazzi-like

equation

/div χ̂# = − /div χ2 + χ̂]# ·ζ + χ]22 ·ζ −
1

2
(tr χ#)ζ +

1

2
/∇(tr χ#)− 2χ]22 · Y −2χ]22 · η+β .

By taking the /gAC/gBD-trace of the equation (3.249), one obtains the Gauss-like equation

/K =
1

2
(χ̂#, χ̂#)− 1

4
(trχ#)(trχ#)− 1

4
(/ε · χ2)(/ε · χ2) + (Γ3, χ2) + (Γ4, χ2)− ρ .

76Note that one can equivalently trace by /g
BA. The /g

CB-trace vanishes because the equation is antisymmetric
in the horizontal indices B,C.

181



By taking the antitrace of equation (3.253), one obtains

/curl ζ = −1

2
χ̂# ∧ χ̂# +

1

4
(trχ#)(/ε · χ2)− 1

4
(tr χ#)(/ε · χ2)− 1

2
(/ε · χ2) ω̂+

1

2
(/ε · χ2) ω̂+σ .

This completes the derivation of the null structure equations.

The Bianchi equations are derived via the contracted Bianchi identities77

∇IRIJKL = 0 ,

with I, J,K,L = {1, 2, 3, 4}.

77These are equivalent to the Bianchi identities

∇[IRJK]LM = 0

when (M, g) solves the vacuum Einstein equations.
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We first compute

(∇3R)A4B4 = (∇3α)AB + 2 ω̂ αAB − 4(η⊗̂β)AB ,

(∇4R)A3B3 = (∇4 α)AB + 2 ω̂ αAB +4(η ⊗̂β)AB ,

(∇4R)A434 = 2(∇4β)A − 2 ω̂ βA − 2 ηB αAB − 6YAρ− 6?YAσ ,

(∇3R)A434 = 2(∇3β)A + 2 ω̂ βA − 2Y B αAB − 6ηAρ− 6?ηAσ ,

(∇AR)B4C4 = (∇Aα)BC + 2ζAαBC − 2(χABβC + χACβB − χADβDgBC) ,

(∇BR)A4B4 = (gCB∇CR)A4B4

= gCB((∇Cα)AB + 2ζCαAB − 2(χCAβB + χCBβA − χCDβDgAB))

= (∇Bα)AB + 2ζBαAB − 2(trχ)βA+2(χAB − χBA)βB ,

(∇BR)A3B3 = (∇B α)AB − 2ζB αAB +2(trχ)βA−2(χAB −χBA)βB ,

(∇AR)B434 = 2(∇Aβ)B + 2ζAβB − χ]2 CAαBC − 3ρχAB − 3σε]2CBχAC ,

1

2
((∇BR)A434 + (∇AR)B434) =

1

2

(
2(∇Bβ)A + 2ζBβA − χ]2 CBαAC − 3ρχBA − 3σε]2CAχBC

+2(∇Aβ)B + 2ζAβB − χ]2 CAαBC − 3ρχAB − 3σε]2CBχAC

)
,

1

2
((∇BR)A334 + (∇AR)B334) =

1

2

(
2(∇B β)A − 2ζB βA +χ]2CB αAC +3ρχBA−3σε]2CA χBC

+2(∇A β)B − 2ζA βB +χ]2CA αBC +3ρχAB −3σε]2CB χAC

)
,

(∇CR)A3B4 = εAB∇Cσ − gAB∇Cρ+ χCA βB + gAB χCD β
D − χCB βA

− χCB βA−gABχCD βD +χCA βB ,

(gCB∇CR)A3B4 = ε]2CA∇Cσ −∇Aρ− (trχ)βA +(χBA − χAB)βB

+ (χBA +χAB)βB − (trχ)βA ,

(gCB∇CR)B3A4 = − ε]2CA∇Cσ −∇Aρ+ (trχ)βA−(χBA−χAB)βB

− (χBA + χAB)βB +(trχ)βA ,

(gAB∇BR)A434 = 2 divβ + 2(ζ, β)− (χ, α)− 3ρ(trχ)−3σεACχAC ,

(gAB∇BR)A334 = 2 divβ−2(ζ, β) + (χ, α) + 3ρ(trχ)−3σεAC χAC .

We now apply the contracted Bianchi identities. We compute

0 = (∇IR)I434

= (∇AR)A434 + (∇3R)3434 + (∇4R)4434

= (gAB∇BR)A434 + (g34∇4R)3434 + (g34∇3R)4434

= 2 divβ + 2(ζ, β)− (χ, α)− 3ρ(trχ)− 3σεACχAC − 2∇4ρ+ 4(η, β)− 4(Y, β) ,
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which corresponds to the Bianchi equation for ∇4ρ. We compute

0 = (∇IR)I4A4

= (gBC∇CR)B4A4 −
1

2
(∇4R)34A4

= (∇Bα)AB + 2ζBαAB − 2(trχ)βA + 2(χAB − χBA)βB − (∇4β)A + ω̂ βA + ηB αAB

+ 3YAρ+ 3?YAσ ,

which corresponds to the Bianchi equation for (∇4β)A. We compute

0 = (∇IR)I3A4

= (gBC∇CR)B3A4 −
1

2
(∇3R)43A4

= − ε]2CA∇Cσ −∇Aρ+ (trχ)βA − (χBA−χAB)βB − (χBA + χAB)βB +(trχ)βA

+ (∇3β)A + ω̂ βA − Y B αAB − 3ηAρ− 3?ηAσ ,

which corresponds to the Bianchi equation for (∇3β)A. We compute

(∇3R)A4B4 =
1

2
((∇BR)A434 + (∇AR)B434) +

1

2
((∇4R)A3B4 + (∇4R)B3A4)

and, by substitution, obtain the equation

(∇3α)AB + 2 ω̂ αAB − 4(η⊗̂β)AB =
1

2

(
2(∇Bβ)A + 2ζBβA − χ]2 CBαAC − 3ρχBA − 3σε]2CAχBC

+2(∇Aβ)B + 2ζAβB − χ]2 CAαBC − 3ρχAB − 3σε]2CBχAC

)
+ (−∇4ρ− 2(Y, β) + 2(η, β))gAB .

Using the Bianchi equation for ∇4ρ, this corresponds to the Bianchi equation for (∇3α)AB.

As for the null structure equations, we omit the derivation of the conjugate equations. The

Bianchi equations for σ are derived by taking the Hodge dual of the Bianchi equations for ρ.

Note that, as observed before, one can replace ∇ by the projected covariant derivative /∇ and

understand the equations as equations for DN tensors.

This concludes the derivation of the Bianchi equations and, in fact, of the whole system of

vacuum Einstein equations of Section 3.3.5.
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hole, Ann. Henri Poincaré, 11 (2010), pp. 805–880.

[85] , A vector field method approach to improved decay for solutions to the wave equation

on a slowly rotating Kerr black hole, Anal. PDE, 5 (2012), pp. 553–625.

[86] , The null condition and global existence for nonlinear wave equations on slowly

rotating Kerr spacetimes, J. Eur. Math. Soc. (JEMS), 15 (2013), pp. 1629–1700.

[87] H. Masaood, A Scattering Theory for Linearised Gravity on the Exterior of the

Schwarzschild Black Hole I: The Teukolsky Equations, (2020), 2007.13658.

[88] T. Mishima and H. Iguchi, New axisymmetric stationary solutions of five-dimensional

vacuum Einstein equations with asymptotic flatness, Phys. Rev., D73 (2006), p. 044030,

hep-th/0504018.

[89] G. Moschidis, Logarithmic local energy decay for scalar waves on a general class of

asymptotically flat spacetimes, Ann. PDE, 2 (2016), pp. Art. 5, 124.

[90] , A proof of the instability of AdS for the Einstein–massless Vlasov system, ArXiv

e-prints, (2018), 1812.04268.

[91] R. Myers and M. Perry, Black holes in higher dimensional space-times, Annals of

Physics, 172 (1986), pp. 304 – 347.

[92] A. A. Pomeransky and R. A. Sen’kov, Black ring with two angular momenta, ArXiv

High Energy Physics - Theory e-prints, (2006), hep-th/0612005.

[93] F. Pretorius and W. Israel, Quasispherical light cones of the Kerr geometry, Class.

Quant. Grav., 15 (1998), pp. 2289–2301, gr-qc/9803080.

[94] J. V. Ralston, Solutions of the wave equation with localized energy,

Communications on Pure and Applied Mathematics, 22, pp. 807–823,

https://onlinelibrary.wiley.com/doi/pdf/10.1002/cpa.3160220605.

190



[95] I. Rodnianski and Y. Shlapentokh-Rothman, The Asymptotically Self-Similar

Regime for the Einstein Vacuum Equations, Geometric and Functional Analysis, 28

(2018), pp. 755–878.

[96] , Naked Singularities for the Einstein Vacuum Equations: The Exterior Solution,

(2019), 1912.08478.

[97] I. Rodnianski and J. Speck, A regime of linear stability for the einstein-scalar field

system with applications to nonlinear big bang formation, Annals of Mathematics, 187

(2018), pp. 65–156.

[98] I. Rodnianski and T. Tao, Effective limiting absorption principles, and applications,

Communications in Mathematical Physics, 333 (2015), pp. 1–95.

[99] J. G. Rosa, Boosted black string bombs, JHEP, 02 (2013), p. 014, 1209.4211.

[100] J. E. Santos and B. Way, Neutral black rings in five dimensions are unstable, Phys.

Rev. Lett., 114 (2015), p. 221101.

[101] J. Sbierski, Characterisation of the energy of Gaussian beams on Lorentzian manifolds:

with applications to black hole spacetimes, Anal. PDE, 8 (2015), pp. 1379–1420.

[102] V. Schlue, Decay of linear waves on higher-dimensional Schwarzschild black holes, Anal.

PDE, 6 (2013), pp. 515–600.

[103] Y. Shlapentokh-Rothman and R. Teixeira da Costa, Boundedness and decay for

the Teukolsky equation on Kerr in the full subextremal range |a| < M : frequency space

analysis, (2020), 2007.07211.

[104] J. Smulevici, Between modes and quasinormal modes: quasimodes of Kerr-AdS space-

times, https://www.newton.ac.uk/seminar/20131007103011301, (October 2013).

[105] M. Stevenson, Weyl’s Law, http://www-personal.umich.edu/stevmatt/weyl-law.pdf.

[106] W. Strauss, Partial Differential Equations: An Introduction, 2nd Edition, Wiley Global

Education, 2007.

[107] F. R. Tangherlini, Schwarzschild field in n dimensions and the dimensionality of space

problem, Nuovo Cim., 27 (1963), pp. 636–651.

[108] D. Tataru, Local decay of waves on asymptotically flat stationary space-times, Amer. J.

Math., 135 (2013), pp. 361–401.

[109] D. Tataru and M. Tohaneanu, A local energy estimate on Kerr black hole backgrounds,

Int. Math. Res. Not. IMRN, (2011), pp. 248–292.

[110] M. Taylor, The global nonlinear stability of Minkowski space for the massless Einstein-

Vlasov system, Ann. PDE, 3 (2017), pp. Paper No. 9, 177.

191


	Introduction
	Four dimensional black holes: Stability
	Higher dimensional black holes: Instability
	Guide to reading the thesis

	The stable trapping phenomenon for black rings and its obstructions on the decay of linear waves
	Introduction
	The scalar linear wave equation
	Stable trapping and slow energy decay
	Quasimodes and lower bound on the uniform energy decay rate
	The main results
	Stable trapping in higher dimensional black holes
	A new instability for black strings and black rings
	Overview of the proof of Theorem 2.2
	Applications of our method and outlook

	Notation and conventions
	Metrics
	Static black string
	Boosted black string
	Singly-spinning black ring
	Foliation

	Vectorfield Method and energy currents
	The main theorem
	Separation of the wave equation and reduction
	Eigenvalue problem for the static black string
	Continuity of the potential
	Weyl's law for (2.38)

	Eigenvalue problem for the boosted black string
	Preliminaries
	A lower bound for 2
	An application of the Implicit Function Theorem
	The main theorem for the eigenvalue problem (2.47)

	Eigenvalue problem for the black ring
	A local property of the ring potential Vring(,m,)
	Black rings admit stable trapping
	Formulation of the eigenvalue problem
	A second application of the Implicit Function Theorem

	Proof of Theorem 2.3
	A lemma for the energy estimate
	Agmon distance
	The key energy estimate
	Construction of quasimodes
	Lower bound for the uniform energy decay rate


	The linear stability of the slowly rotating Kerr solution to gravitational perturbations: The construction of a new geometric gauge
	Introduction
	Overview
	Geometric preliminaries
	The Kerr exterior background
	The nonlinear gauge
	The linearised Einstein equations

	The vacuum Einstein equations in a general gauge
	The geometry of non-integrable null frames
	Decomposition of bold0mu mumu subsection and bold0mu mumu `39`42`"613A``45`47`"603Apush0 g 0 Gpop`39`42`"613A``45`47`"603Apush0 g 0 Gpopsubsection`39`42`"613A``45`47`"603Apush0 g 0 Gpop`39`42`"613A``45`47`"603Apush0 g 0 Gpop`39`42`"613A``45`47`"603Apush0 g 0 Gpop`39`42`"613A``45`47`"603Apush0 g 0 Gpop
	Products of Dbold0mu mumu NNsubsectionNNNN tensors
	Differential operators on Dbold0mu mumu NNsubsectionNNNN tensors
	The vacuum Einstein equations

	The Kerr exterior manifold
	A new gauge for perturbations of the Kerr solution
	The construction of the new gauge
	Tensor perturbations
	Properties of the new gauge

	The vacuum Einstein equations around Kerr in the new gauge
	The linearised vacuum Einstein equations around Kerr
	The linearisation procedure
	The equations of linearised gravity

	Appendix A: The formal derivation of the equations

	References

