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Abstract

The pure states of two-qubit quantum systems are described by a four-dimensional vector
of complex numbers, and unitary operators transferring a two-qubit quantum system from
one state to another have the form of a 4 x 4 matrix with complex elements. This fact
brings to mind the idea of studying the spaces of four-dimensional numbers with complex
components. Moreover, the results obtained by the authors for four-dimensional numbers
with real components inspire some optimism. In this paper we construct four-dimensional
spaces of complex numbers by analogy with four-dimensional spaces of real numbers.
Each four-dimensional number is mapped to a matrix formed from its components and
it is proved that the constructed mapping is a bijection and a homomorphism. In the
space of four-dimensional numbers of the eight basis elements, half are real and half are
imaginary. The presence of such symmetry distinguishes these spaces from the space of
quaternions, in which one basis element is real and the rest are imaginary. The symmetry
of the basis numbers makes these spaces a natural generalization of one-dimensional
and two-dimensional (complex) algebra. The conditions under which the corresponding
matrices are gates for two-qubit quantum systems are defined. The notion of a unitary state
of a two-qubit quantum system is introduced, to which various gates from commutative
groups of gates correspond. It is shown that any gate of a unitary state transforms a unitary
state into a unitary state and a non-unitary state into a non-unitary state. Almost all gates
used in the construction of quantum circuits, in particular H, SWAP, CX, CY, and CZ,
have the same properties. The problem of searching for a gate that transfers a quantum
system from one unitary state to another unitary state has been solved. Thus, with the
help of four-dimensional spaces of complex numbers it was possible to construct whole
classes of two-qubit gates, which opens new possibilities for the construction of quantum
algorithms. The results obtained have important theoretical and practical implications for
quantum computing.

Keywords: four-dimensional mathematics; four-dimensional numbers; four-dimensional
complex numbers; two-qubit quantum systems; quantum states; two-qubit gates; quantum
computing; abstract algebra

1. Introduction

The pure states of two-qubit quantum systems are described by a four-dimensional
vector of complex numbers, and the unitary operators that transfer a two-qubit quantum
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system from one state to another have the form of a 4 x 4 matrix with complex elements.
This fact brings to mind the idea of studying the spaces of four-dimensional numbers with
complex components. Moreover, the results, obtained by the authors for four-dimensional
numbers with real components [1], inspire some optimism.

In this paper, the quantum states of two-qubit quantum systems and the corresponding
gates, which transfer a two-qubit quantum system from one state to another, are considered.
In this paper, the theory of anisotropic spaces of four-dimensional numbers with complex
components is developed to describe the states of two-qubit quantum systems, and the
theory of matrix spaces for four-dimensional numbers is developed to describe two-qubit
gates. A total of 64 commutative groups of gates for two-qubit quantum systems are
obtained and their explicit descriptions are given. The notion of a unitary state of a two-
qubit quantum system is introduced, to which different gates from commutative groups of
gates correspond. It is shown that any gate of a unitary state transforms a unitary state into
a unitary state and a non-unitary state into a non-unitary state. Almost all gates used in the
construction of quantum circuits, in particular, H, SWAP, CX, CY, and CZ, have the same
properties. We also provide an algorithm for transferring a two-qubit quantum system from
one unitary state to another unitary state in one step. It follows from this algorithm that
quantum algorithms must contain a sequence of gates that belong to different commutative
groups of gates described in this paper.

A two-qubit quantum system consists of two qubits and has four basis states in the
form of the following ket vectors:

100) = (1,0,0,0)T, |01) = (0,1,0,0)T, [10) = (0,0,1,0), |11) = (0,0,0,1),

where the index T stands for the transpose sign. Then an arbitrary state of the two-qubit
quantum system can be written in the form [2,3]

|¢) = x1|00) + x|01) 4+ x3]10) + x4|11),

where x; = Rex; + ilmx; = x;° + ix;;m € C k =1,2,3,4, are complex numbers satisfying
the condition Y}, |x¢|> = 1. In other notations the arbitrary state of a two-qubit quantum
system can be represented as

o) = x1 + x5 + x3 + x4

o O O
S O =k O
S = O O
_ o O O

that is, any state of the two-qubit quantum system is uniquely determined by complex
amplitudes x1, x, x3, and x4. Thus, an arbitrary state of a two-qubit quantum system is a
four-dimensional number with complex components. In this paper we consider only pure
states of two-qubit quantum systems.

A two-qubit quantum system is a minimal system in which quantum mechanical
effects, such as entanglement, separability, coherence, quantum teleportation, etc., begin to
appear. One important aspect is the visualization of two-qubit and three-qubit quantum
systems on Bloch spheres [4-6]. We note the book by Nikitin et al. [7], which sets out the
axiomatics of quantum mechanics. Works devoted to the development of new classes of
gates for two-qubit quantum systems are virtually absent. This is not surprising, since
this requires the development of a new mathematical apparatus, which is the apparatus of
multidimensional mathematics, the foundations of which were laid by the famous Kazakh
mathematician M. M. Abenov [8,9].
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In a recent paper by the authors [1], anisotropic spaces of four-dimensional numbers
with real components and the corresponding spaces of 4 x 4 matrices whose elements are
formed from the coordinates of four-dimensional numbers were considered. All spaces of
four-dimensional numbers with associative and commutative addition and multiplication
were obtained. There were eight such spaces, and in six of them, a spectral norm was
defined, that is, these spaces are normed spaces. A natural generalization of these results is
the study of anisotropic four-dimensional spaces with complex components with associative
and commutative multiplication and the corresponding spaces of matrices. Interest in this
generalization is also supported by the fact that the states of a two-qubit quantum system
are described by a vector of four complex numbers, and the gates for two-qubit quantum
systems are a 4 X 4 matrix with complex elements.

Based on the developed theory of anisotropic spaces of four-dimensional numbers
with complex components, all states of two-qubit quantum systems are divided into the
following two categories: unitary and non-unitary states, with the structure of unitary states
described explicitly. In this regard, the further study of the entanglement, separability,
and coherence of unitary states is of interest. Modern research on two-qubit quantum
systems is devoted specifically to the study of these quantum effects. In [10-16] and
many other works, various aspects of the entanglement and separability of quantum states
of two-qubit quantum systems are investigated. Of interest is the relationship between
entangled and unitary states of two-qubit quantum systems. Other aspects of quantum
systems, such as coherence and teleportation, presented in [17-21], can also be considered
from the point of view of unitary states.

The paper has the following structure. Section 2 constructs spaces of four-dimensional
numbers with complex components in general form. The operations of addition, subtrac-
tion, multiplication, and division are introduced, the operations of addition and multiplica-
tion being associative and commutative. In Section 3, the basis spaces of four-dimensional
numbers with associative and commutative multiplication are distinguished. In Section 4,
we construct matrix spaces corresponding to the spaces of four-dimensional numbers and
construct bijective mappings between these spaces, which are homomorphisms by addition
and multiplication. In Section 5 we define the conditions under which the constructed
matrices are gates of two-qubit quantum systems. Section 6 introduces the concept of a
unitary state of a two-qubit quantum system and studies its properties. Section 7 discusses
some further development prospects of the proposed theory. The last section provides a
proof of Lemma 1.

2. Spaces of Four-Dimensional Numbers with Complex Components

We will write any complex number x in the form x = Rex; + ilmx; = x' + xj,
where x"® and x" are the real and imaginary parts of the complex number x, > = —1.
Non-standard notation for the real and imaginary parts of a complex number is adopted to
avoid cumbersome expressions, to save space.

Let us denote by X = (x1,x2,x3,x1), Y = (y1,Y2,¥3,y4) four-dimensional numbers
with complex components. Then the sum X + Y of four-dimensional numbers X and Y is
called a four-dimensional number

X+Y = (x1+y1, %0+ Yy2, X3+ Y3, X4 + Ys)-

The introduced addition operation is, as is easy to see, an associative and commutative
operation. The difference of two four-dimensional numbers X and Y is called a four-
dimensional number

X =Y = (x1 —y1,% — Y2, %3 — Y3, %4 — Ya).
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Now we will define the general form of multiplication, which will be an associative and
commutative operation.

The associative and commutative multiplication of four-dimensional numbers with
real components was first introduced in the work of M. Abenov [8] for one of the four-
dimensional spaces. Furthermore, the general form of associative and commutative multi-
plication of four-dimensional numbers with real components is described in [1,9]. Particular
spaces of four-dimensional numbers with real components are studied in [22,23]. The as-
sociative and commutative multiplication of four-dimensional numbers with complex
components is considered for the first time.

Our further goal is to define a multiplication operation of four-dimensional numbers
with complex components which will be associative and commutative. To this end, for given
four-dimensional numbers with complex components X and Y, we write the general
definition of the multiplication Z = XY as

Z1 = a11X1Y1 + a12X2Y2 + 413X3Y3 + A14X4Y4
Zp = A21X2Y1 + A22X1Y2 + A23X4Y3 + A24X3Y4
Z3 = a31X3Y1 + A32X4Y2 + A33X1Y3 + A34X2Y/4
Z4 = A41X4Y1 + A42X3Y2 + A43X2Y3 + A44X1Y4

/ (1)

where z; = z}f + z;;mi € C, k=1,2,3,4 and the complex elements ay; = a;] + a};’?’i, k1=
1,2,3,4 of the matrix A = (akl)%,lzl must be defined so that the multiplication (1) becomes
associative and commutative. The associativity and commutativity conditions impose
certain restrictions on the elements of the matrix A.

Lemma 1. The multiplication operation defined in (1) is associative and commutative if and only if

ay) = Ay = Ay = (3] = 33 = A4] = (g4 = @, )

a3 = a4 = PB,a23 = A34 = 7,040 = 43 = 9, 3)
7o 0 Y

g = - - 03 = %/ﬂm = '87, 4)

where & = a1 +aoi, B = B1 + P2i, ¥ = Y1+ 721, 6 = &1 + b0 are arbitrary non-zero com-
plex numbers.

The proof of the lemma is given in Appendix A.

According to this lemma, the general form of associative and commutative multiplica-
tion of four-dimensional numbers with complex components has the form (A5).

Let us call the number X" = (x]° + xi’”i,O -+ 0i,0 4+ 07,0 + 0i) a quasi-real number.
If xi" = 0, then the quasi-real number is called a real number. Multiply an arbitrary
four-dimensional number Y = (y§¢ + yi"i, yi¢ + yi"i, y¥ + yi"i, ¢ +y"i) by a quasi-real
number X'¢ as follows:

XY = (a1 + ani) (X5 + xi"0)Y.

Let us take a real number (—1,0,0,0,0) as X"™. Then (—1,0,0,0)Y = —(a; + ani)Y.
For consistency of addition and multiplication operations, we must require X —Y =
X 4+ (—1,0,0,0)Y, whence it follows that aq + api = 14 0i, or &y = 1,ap = 0. Thus,
according to Formula (A5), the final form of the associative and commutative multi-
plication of four-dimensional numbers with complex components is written as Z =
(2h¢ + zmi, 2 + 2, 288 + 280, 2 + ziM) = (21,22, 23,24) = XY, where
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z1 = X171 + Yox2Y2 + BOx3Y3 + ByXayy
Zp = XoY1 + X1Y2 + Bxays + Px3ys
Z3 = X3Y1 + YXaY2 + X1Y3 + YX2Y4
Z4 = X4Y1 + 0x3y2 + Ox2y3 + X1Y4

)

As can be seen from the course of our reasoning, other associative and commutative
products of four-dimensional numbers with complex components do not exist. Thus,
each point (B1, B2, 71,72,01,02) € R of the six-dimensional space defines a particular
multiplication that has the property of associativity and commutativity, as well as being
consistent with the operation of addition. The obtained definition of multiplication (5) is
exactly the same as the definition of the multiplication of four-dimensional numbers with
real components obtained in [1,5].

The following eight numbers are called basis numbers: ]11 = (1,0,0,0), ]f = (4,0,0,0),
]% = (0, 1,0, O)r ]% = (0, i,0, O)r ]% = (0/ 0,1, O)r ]% - (Or 0,1, 0)/ L} = (0’ 0,0, 1)1 ]Z =
(0,0,0,1). Then any four-dimensional number with complex components can be represented
as an expansion over the basis numbers

X =T+ "]+ x5+ xR+ s+ 28+ T+ g (6)
Let us construct the table of multiplication of basis numbers (Table 1).

Table 1. Multiplications of basis numbers.

R I3 J3 I3 J; Ji 3
non i B I I3 5 Ji I
B oK - I3 —J2 5 -J} Ti ~Ii
ok B v R 4} A )3 1)
B2 -3 o]} —y8]1  6J3 =N V)3 —7J3
BB 5] oJ3 BT BoJ3 Bl BJZ
| PR £ ik —5]k oS —BSIL B3 —BJ3
i L % I3 713 Bl BJ3 BYi Bk
i L I3 75 Bl B B ik

Let x = (x1,x2,x3,x4) be a four-dimensional number with complex components.
Consider along with it the following numbers:

4 . ‘
X = (xy,30,—33,—x4) = Y (D] (e} + 7).
k=1

4 .
2 = (21, —x2, 23, —x4) = Y (~1)F! ("ﬂ% +xf<m]1%)’
P

4 . '
x(4) — (xl, —Xp, —X3, x4) = Z (—1) [7] (xzefll + x;{m]%),
k=1
where square brackets mean the integer part of the number. Let us calculate the product of
x-x2) . xB3) . x(4)
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1 1 72
]1* = ]1/ ]1*

x-x@® = (x% + 96x3 — Box3 — Byx3, 2x1x2 —2Bx3xy, O, O),
x-x@ . x0) = (x3 — YOx1x5 — BOx1x3 — Byx1x] + 2Bydxax3Xy,
xX2xy — Y0x3 + BOxx3 + Byxaxt — 2Bx1x3%4,
x2x3 + y0x3x3 — BOXS + Byxaxt — 29x1x2x4,
20x1x2X3 — /3(5x3x4 — x%x4 — yOx5xy + ﬁ7x4>,
x-x@ . x0B)y4) = (x4 +Y26%x5 + B20%x3 + BEyPxg — 290x3x% — 2Box3x3
— 2Byx3x3 — 2By6%x3x3 — 2B Pox5 a2 — 2B yoxaxE + 8Bydx1 XXXy,
0, 0, 0).
Thus, x - x?) - ) . x(4) is a quasi-real number.

2) . +(3) . +(4)

Definition 1. A number x* = x?) - x©) . x(4) is called the conjugate number to the number x.

Then x - x* = A™(X)]} + A™(X)]?, where

A(X) = x] +928%x5 + B20%x4 + B2y x — 2v0x3x5 — 2B6x35 "
— 2Byx3x] — 2By0*adx5 — 2BYPox5xT — 2B ydx3xg + 8Bydx1 X2 X3y,

The real part of number A consists of 352 summands, and the imaginary part consists of
348 summands, so we do not include them here. Let us call the modulus of the number
A = A’ + A™j the symplectic modulus of the number X = (x1, xa, X3, X4)-

By direct calculation we find the conjugate number x* = (x}, x3, x5, x}) to the four-
dimensional number x = (x1, X, X3, X4)

x] =x1 (x1 YOx3 — Box3 — ﬁ'yxﬁ) + 2Bv0x2x3X4,
X3 = X (—x% + Y0x3 — Box3 — ﬁyxi) + 2Bx1X3X4,
X3 = X3 (—x% — Y6x3 + Boxb — ,B'yxﬁ) + 2yx1xpX4,

X3 = x4<—x% — Y0x3 — BOx3 + ﬁvxﬁ) + 20x1x2X3.

Accordingly, the conjugate numbers to the basis numbers are of the following form:

= —J3, 3 =003, J3 = —dJ3, I3* = BoJ3, I3 = —PoJ3, Ji* = Bli, I = —BJi.

Let the symplectic modulus of the four-dimensional number X = (x1, x2, x3, x4) be different

from zero. Then there is a single number x~1 called the inverse of x, such that x - x~1 =

x~1.x = Jl. Multiplying both parts of this equality by x* yields x™ - x - x* = x* or
(A,0,0,0)x~! = x*. Multiplying both parts of this equality by the number ( AR 0,0, O)

then, given that (:2,0, 0, 0) -(A,0,0,0) = ]11 , we get x 1= x*. <:2,O, 0, O), where A

is a conjugate number to A. That is,

A A A A
Xx1= =Xy, ——= X3, ——s X} 8
<|A|2 A AP ar ) ®

Then we define the operation of division of four-dimensional numbers as £ = y-x ! =

\A\z x*y, if the symplectic modulus of a four-dimensional number x is dlfferent from zero.
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Thus, we have defined the operations of addition, subtraction, multiplication, and
division of four-dimensional numbers with complex components. Moreover, the number
of multiplications is infinitely many for each value of the triple (8,7,5) € C3. Next,
let us construct basis spaces of four-dimensional numbers in which the multiplication
operation is defined concretely and all possible multiplications can be obtained from these
basis multiplications. In this way, we will construct some number of basis spaces of four-
dimensional numbers with specific addition and multiplication operations that have the
associativity and commutativity properties.

3. Basis Spaces of Four-Dimensional Numbers

We want to obtain some finite basis on which all possible products of the form (5)
are decomposed. For this purpose, similarly to the case of four-dimensional numbers
with real components, we simplify this definition by getting rid of arbitrary numbers
B1, B2, 71, 72,61, 62. Let us make the following substitution of variables:

e 4 7imj = xle 4 ximj

B 4 2" = /(71 + 720) (81 + 62i) (x5 + x50)
B+ 75" = /(1 + Pai) (61 + &) (x5 + x§i)
e+ & = /(B1 + Bai) (711 + 72d) (XIE + xi")

The inverse transformation has the form

XIE Xl = T4 5

re im; __ 1 ~re =i ;

xy + xfl = = (X’ + &"i

272 (r11+720) (31 +0217) (%5 + ")
1

re im; __ ~re ST
S = ey s )
X' L ximj — 1 e L gim;i

4 4 \/(51+ﬁ2i)(’h+’Y2i)( 4 4 )

Let us take the product of z = x - y and go to the transformed space with a wave. Then

Y = (75 + i, ; ~ (75 +7),
V(711 + 720) (01 + b2i)

1 e | ~im: 1 re . ~im:
V (B1 + B2i) (1 + 620) (y3 i 1)’ V (B1 + B2i) (71 + 72i) (y4 I 1)),
: (
V (71 + 720) (61 + 62i)

e 4 z;’”i),

Z= (2{5 + 27",

1

1
V (B1 + B2i) (61 + 620) (

), V (B1 + B2i) (71 + 72i) (ZZE i ZT!’)) .

25 + 2

Substituting this into Formula (5), we have

+ (% + %5"0) (75 + 95"i) +
X 2 (7 + 7))

+ (77 + 7" (75 + 75") +
X5+ ) (75 + 94")

+ (% + %) (75 + 75"i) +
x5+ ) (75 + 95")

+ (7 + 25 (75 + 75"i) +
X+ ) (75 + 94")

2+ 2" = (] + 7)) (97 + 77
+ (x5 x5 (75 + 75) +
2+ 2y = (B + 2) (9 + 7y
+ (X ) (75 + 75m) +
2y + 2y = (B + 2 (77 + 7y
(x5 M) (75 + 75) +
2 4 2y = (R + ) (75 + gy
+ (x5 4 x5mi) (75 + 75 +

e S e N AN B
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or passing to the original notations without the wave

Z1 = X1Y1 + XoY2 + X3Y3 + XaY4
2y = XoY1 + X1Y2 + X4Y3 + X3Y4
Z3 = X3Y1 + XgY2 + X1Y3 + X2Y4
Zg4 = XglY1 + X3Y2 + Xoy3 + X1V4

(10)

Equation (10) defines the canonical multiplication of four-dimensional numbers with
complex components.

The given substitution of variables (9) is not the only possible substitution. Since the
square root of a complex number has two roots, we can define the following substitution
of variables: ,

T 4 FiM = X7 4 xiM
TP 4w = —\/ 71+ 721) (81 + 621 (x5 + x"i)
f’e + %7 = \/(B1 + Bai) (01 + 621) (x% + xi"i)
¥+ 2= \/(Br+ Bad) (71 + 720) (¥ + 1)

Carrying out similar transformations as in (10), we obtain another canonical form of

(11)

multiplication of four-dimensional numbers with complex components

Z1 = X1Y1 + X2Y2 + X3Y3 + X4Y4
Zp = XaY1 + X1Y2 — X4Y3 — X3Y4 ' (12)
Z3 = X3Y1 — X4Y2 + X1Y3 — X2Y4
Z4 = X4Y1 — X3Y2 — X2Y3 + X1Y4

Now we make the following substitution of variables:

xre -|—X1 i = xre _|_xzmZ
7+ i = \/(71 + 721)(51 + 0 )(x” +x i)
+x31—\/(ﬁ1i—52)(5l+5z)( 3i)
1+ w4 = \/(B1i — B2) (711 + 72d) (2] +me i)

(13)

Then the inverse transformation has the form

— Sim
e 4 i 1x1 + %"

—l—x = fre-l-fimi
2 (71+721)(51+521)( 2 2 )

_ 1 ~re ~im
—|—x3 i= XL+ x4)

(/31i7ﬁ%)(t51+52i) ( ‘
re — sre SIm
A bt = e ey (R 2)

Let us rewrite the product (5) in variables with waves %1, %2, %3, 4. Substituting

Y

i 1 i 1 i 1 i
<y1, V(1 +720) (01 + 521')% Vv (B1i — B2) (61 + 521')% V(Bii = B2) (11 + Vzi)m)’

Z

. 1 - 1 . 1 .
(Zl/ V (11 + 720) (61 + 62i) > V (Bii — B2) (61 + 521')23’ V(B1i—B2)(m + Vzi)Z4>

into (5), we obtain

R

1= %191 + X2 — iX3l3 — iX474
2 = %ol + %12 — i%al3 — iX3Ts . (14)
3 = X371 + Xaffo + X1Y3 + Xofs
Zy = X4if1 + X3¥2 + %oz + %174

N u
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The above transformations suggest that the basis multiplications are the multiplications
in which the coefficients of B, , ¢ take the values [1, —1,i, —i]. There are only 64 such
multiplications, which are summarized in Table 2. Each cell in Table 2 contains a triple
(a,b,c), where a is the value of B, b is the value of 7, and c is the value of é.

Table 2. All possible basis multiplications of four-dimensional numbers.

B 0% =1 b=-1 d=i d=—1i
1 (1,1,1) (1,1,-1) (1,1,i) (1,1, —i)
; —1 (1-,1,1) 1,-1,-1)  (1,-1,i) (1—,1,—i)
i (1,i,1) (1,i,-1) (1,4,1) (1,i,—1)
—i (1,-i,1) (1,-i,-1) (1,—1i,1) (1, —i,—i)
1 (-1,1,1) (-1,1,-1)  (-1,1,1) (—1,1,—i)
4 -1 (-1,-1,1) (-1,-1,-1) (-1,-1,9) (=1,-1,—i)
i (-1,i,1) (-1,i,—-1) (—1,i,1) (—1,i,—i)
—i (=1,—-i,1) (-1,—i,-1)  (=1,—i,1) (=1, —i,—i)
1 (i,1,1) (1,1,-1) (1,1,1) (i,1,—i)
i ~1 (i,—1,1) (i,—1,—1) (i,—1,1) (i,—1,—i)
i (i,i,1) (i,i,—1) (i,1,1) (i,i,—i)
—i (i,—i,1) (i,—i,—1) (i, —i,1i) (i, —i,—i)
1 (—1,1,1) (—1,1,-1) (—1,1,1) (—i,1,—i)
. -1 (—=i,—1,1) (—=1,—1,-1) (—i,—1,1) (—i,—1,—i)
- i (—i,i,1) (—i)i,—1) (—i,i,i) (—i,i, —i)
—i (—i,—i,1) (—i,—i,—1) (—i,—i,1) (—i,—i,—i)

For each cell of Table 2, substituting the corresponding values of 8, ¢, and J into For-
mula (5), we obtain some basis multiplication of four-dimensional numbers with complex
components. Let us consider as an example the cells of the first row of the table for which
B = =1.Forecell (1,1,1), the multiplication is defined by Formula (10); for cell (1,1, 1),
the multiplication is defined by formula

Z1 = X1Y1 — XolY2 — X3Y3 + X4Y4
Zp = X2Y1 + X1Y2 + X4Y3 + X3Y4

; (15)
Z3 = X3Y1 + XgY2 + X1Y3 + X2Y4
Z4 = X4Y1 — X3Y2 — X2Y3 + X1Y4
for cell (1,1, 1), the multiplication is defined by formula
Z1 = X1Y1 + ix2Y2 + iX3Y3 + X4V
Zp = X2Y1 + X1Y2 + X4Y3 + X3Y4 (16)

z3 = X3Y1 + XgY2 + X1Y3 + X2Y4
Z4 = X4Y1 + iX3Y2 + iX2Yy3 + X1Y4

and for the cell (1,1, —i), the multiplication is defined by formula

z1 = X1Y1 — iXY2 — iX3Y3 + X4Y4
Zp = XoY1 + X1Y2 + X4Y3 + X3Y4
z3 = X3Y1 + X4Y2 + X1Y3 + X2Y4
Z4 = XgY1 — IX3Y2 — iX2Y3 + X1Y4

(17)
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The definition of multiplication (12) corresponds to the cell (—1, —1, —1), and the defini-
tion (14) corresponds to the cell (—i,1,1). The other definitions of base multiplications
can be written out similarly. Obviously, any other definition of multiplication can be
reduced through a substitution of variables analogous to (9), (11), or (13) to one of the
basis multiplications. Thus, for four-dimensional numbers with complex components,
64 different multiplications can be defined which are associative and commutative, and
this is consistent with the addition operation. As it is known [1] in the case of four-
dimensional numbers with real components, there are eight different multiplication op-
erations, for six of which a pre-norm can be defined. These definitions correspond to the
cells (1,1,1), (1,1,-1), (1,-1,1), (1,-1,-1), (=1,1,1), (-1,1,—1), (=1,—1,1), and
(—=1,—1,—1) of Table 2.

Each basis multiplication defines some linear vector space of four-dimensional num-
bers with complex components over the field of complex numbers. For further convenience,
we introduce the notation for these spaces. The most natural notation for them, by analogy
with the case with real components, is M, where j varies from 1 to 64. Thus we will number
the spaces in Table 2 by rows and within rows by columns. The corresponding notations
are given in Table 3. It may be more convenient to use designations of the form M(B,v,d),
where B, v, 0 takes the values [1, —1, i, —i], especially for multidimensional numbers with
a number of components greater than four, for example, for eight-dimensional, sixteen-
dimensional, etc. With these notations, the space M, for the case of four-dimensional
numbers with real components [1] corresponds to the space M(—1,1,1); the space M3
corresponds to the space M(1,—1,1), etc.; and the space M; corresponds to the space
M(1, -1, —1). These notations of spaces of four-dimensional numbers with complex com-
ponents are also given in Table 3. Each cell of Table 3 contains two designations of the
corresponding basis space of four-dimensional numbers with complex components.

Table 3. Denotations of basis spaces of four-dimensional numbers.

B vy é6=1 6=-1 =i =—i
1 M =M(1,1,1) My = M(1,1,—1) Ms = M(1,1,i) My = M(1,1, —i)
) 1 Ms=M(1,-1,1) M = M(1,-1,-1) My = M(1,—1,1) Mg = M(1, -1, —i)
1 Mg = M(1,i,1) My = M(1,i,-1) M1 = M(1,4,1) My = M(1,i,—i)
—i Mz = i,1) My, = M(1,—i,-1) Mis = M(1,—i,i) Mg = M(1, —i, —i)
1 My =M(-1,1,1) Mg = M(=1,1,-1) Mo = M(—1,1,i) My = M(—1,1,—i)
» 1 My =M(=1,-1,1) My =M(-1,—-1,-1) My = M(—1,—1,i) Moy = M(—1,-1,—i)
i  My= 1,i,1) Mg = M(—1,i,—1) My; = M(—1,1,1) Mg = M(—1,i, —i)
—i My =M(-1,—i,1)  Ms=M(=1,—i,—1) My = M(—1,—i,i) My = M(—1, —i, —i)
1 Ms=M(3G1,1) My = M(i,1,-1) Mzs = M(i,1,i) Mz = M(i,1,—i)
. -1 Mz =M(,-1,1) Masg = M(i,—1,-1) M3zg = M(i, —1,i) My = M(i, -1, —i)
' i My = M(i,i,1) My = M(i,i,—1) Myz = M(i,i,1) My = M(i, i, —i)
—i My =M(1,—i,1) My = M(i, —i,—1) My; = M(i, —i,i) Myg = M(i, —i, —i)
1 My =M(—i1,1) Mso = M(—i,1,-1) Mz, = M(—i,1,i) Ms; = M(—i,1,—i)
. -1 Ms3=M(—i,—1,1) Msy = M(—i,—1,-1) Mss = M(—i, —1,i) Mse = M(—i,—1,—i)
- i Msy = M(—i,i,1) Mss = M(—i,i, 1)  Msg = M(—i,i,i) Meo = M(—i,i, —i)
—i Mg = M(—i,—i,1) Mg = M(—i,—i,—1) Mgz = M(—i,—i,i) Mgy = M(—i, —i, —i)
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Thus, we obtained the basis spaces of four-dimensional numbers with complex compo-
nents, in which the associative and commutative operations of addition and multiplication
are defined. In each space, the multiplication table of basis numbers is easily written out by
substituting into Table 1 the corresponding values of (B, 7, d). For example, for the space
M(1, —i, —1) or M4, the multiplication table of basis numbers is given in Table 4.

Table 4. Multiplications of basis numbers in the space M.

Ji Ji I J3 15 J; Ji 1
Ji I ; B J; I3 5 Ji Ik
5 i - -3 5 -J} Ji ~Ii
J3 I3 3 I i - -k -J3 I3
J; I - -n -3 - I I3 73
J3 I3 5 U U e I 3
1} G L A - N 3 -J3
I Ji Ji -5 N I3 J; b I
I Ji - i 5 J; -]} I I

The constructed basis spaces have a remarkable symmetry. Indeed, as can be seen
from the diagonal elements of Table 4, in the space M4, of the eight basis numbers, four are
real and four numbers are imaginary. It is easy to realize that a similar property is possessed
by the basis numbers of any space M;, where j € [1,64]. The presence of such symmetry
distinguishes these spaces from the space of quaternions, in which one basis element is
real and the rest are imaginary. The symmetry of the basis numbers makes these spaces a
natural generalization of one-dimensional and two-dimensional (complex) algebra.

4. Matrix Spaces for Four-Dimensional Numbers

Let us introduce the operator F : X — F(X), which maps a matrix X =
(x1,X2,x3,%4) € C* to each four-dimensional number.

X1 Yoxo Boxs  Byxas

F(X) = X2 X Bxys  Px3 (18)
X3 YX4 X1 YxX2 ’
X4 (59(3 (5JC2 X1

where B = B1 + B2i, ¥ = 71 + 721, 0 = 1 + bai are the coefficients in the definition of
multiplication (5). All elements of the matrix F(X) are formed from the coordinates of
number X.

The mapping F : X — F(X) is one-to-one and on. Indeed, two different numbers, x
and y, correspond to different matrices, and for any matrix of the above kind, we can find
the corresponding four-dimensional number with complex components.

Theorem 1. The set of all matrices of the form (18) is closed with respect to the operations of
addition, subtraction, and multiplication of matrices, as well as multiplication of a matrix by a
scalar. The inverse matrix to a nondegenerate matrix has the same form (18).

Proof. It is proved by direct inspection. [

The multiplication of two four-dimensional numbers X = (x1,x,x3,%4) and Y =
(y1,Y2, Y3, y4) with complex components can be represented as X - Y = F(X) - Y, where the
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F4(X)F14(Y)

sign of the multiplication in the left-hand side is understood in the sense of (5), and the
sign of the multiplication in the right-hand side is understood as the multiplication of a
matrix by a vector. Thus, we have defined an alternative definition of multiplication of
four-dimensional numbers using matrix (18).

Considering as (f, 7, ) their possible values for the basis spaces of four-dimensional
numbers, we obtain 64 different mappings F : X — F(X). Let us denote these mappings by
F,j=12,...,64 0r F[B, 7, 6], where B, v, and J take the values [1, —1,1, —i]. For example,
for the space M(1, —i, —1) or M4, the mapping F is as follows:

X1 iXZ —X3 —iJC4
Byx)=| o W (19)
X3 —iX4 X1 —iJCZ
X4 —X3 —X2 X1

Similarly for four-dimensional number spaces with real components, the mapping F has
unique properties, as given in the following theorem.

Theorem 2. Every mapping F; (j = 1,2,...,64) for arbitrary four-dimensional numbers X,Y €
C has the following properties:

1. F(X£Y)=F(X)+F(Y)

2. F(CX)—CF( )foranyce(C
3. F(XY) = K(X)E(Y);

4, Fj(X*l) =F1(X);

5. det(F(X)) = A(X);

6. det(F(X)£F(Y)) = A(X%Y)
7. det(F(X)F(Y)) = A(XY);

8.

det( F; 1(X) ) A(X™1Y), if the symplectic module of X is nonzero,
1Y), and A(XY) are defined in (7).

Proof. Let us prove the theorem for the space of numbers Mjy; for the other spaces, it is
proved analogously. Properties (1) and (2) are obvious. Let us prove property (3). In the
basis space M4, the multiplication operation has the form

Z1 = X1Y1 + iX2Y2 — X3Y3 — iX4Y4
Zp = XaY1 + X1Y2 + X4Y3 + X34
z3 = X3Y1 — iXgY2 + X1Y3 — iX2Y4
Z4 = X4Y1 — X3Y2 — X2Y3 + X1Y4

(20)

in which (z1, 2y, 23, 24) = XY.

X1 iXZ —X3 —iX4 yl iyz —y3 —iy4
_ X2 9{1 X4 x.3 Y2 y; Ya y; — B,
X3  —1Xy X1 —1X7 y3 *1]/4 yl *Zyz
Xy —X3 —X2 X Yo —Ys3 2N

where B is the resulting matrix. Let us calculate the elements of matrix B.
b1y = x1y1 + ixoy2 — X3Y3 — iXaYs = 21,

by = ix1yp + ixpyy + ix3ys + ixays3 = iz,

b1z = —x1y3 + ixoys — X3y1 + ixgy2 = —23,
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by = —ix1yy +ixays +ixsys — ixgy; = —izg,
bo1 = Xoy1 + x1Y2 + X4y3 + X34 = 22,
by = ixoy> + X1Y1 — iX4Ys — X3Y3 = 21,
bys = —xoy3 + X1Y4 + X4Y1 — X3Y2 = Z4,
byy = —ixoYs + X1Y3 — iX4Y2 + X3Y1 = 23,

b31 = x3y1 — iX4Y2 + X1Y3 — iX2Y4 = 23,

b32 = iX3y2 — iX4y1 — iJC1y4 + inyg = —iZ4,
b3z = —x3y3 — iXaYs + X1Y1 + iXoYy2 = 21,
b3y = —ix3ys — ixay3 — ix1yp — iXoy1 = —izy,

by1 = x4y1 — X3Y2 — Xoy3 + X1Y4 = Z4,

by = ixqys — X3y1 + ixoyy — X1y3 = —23,
byz = —X4Yy3 — X3Y4 — XoYy1 — X1Y2 = —22,
byg = —ixgys — X3Yy3 + ixoys + X1y1 = 21.

Thus, matrix B coincides with matrix (19), in which x is replaced by z. Let us prove property

(4). By Formula (8), X! = (;xi‘, %xi‘, %xg‘, :zxj;) , and by Formula (7),

A(X) = x7 — x5 + x5 — xf — 2ix3x3 4+ 2x3x5 + 2ixdxg + 2ix3x3 — 2x5xF — 2ix3x] + 8ix1 X3y (21)
hence,
_ 1 . ) 1 .
(X 1>1 = A7X) X1 (x%—zx%—l—x%%—zxﬁ) + mszzxgm,
(X‘1> _ ! x( X2 +ix3 + x +1x>+i2xxx
2 A(X)TEU LTI A x) T
(Xﬁl) 1! X (—x2 ix3 —x3 +zx 1 2ix1x2X
3 AX) P\ T2 TAX) T
1

gigl 1(;511))2 _(E(X1;)3 —i}({Xl)l)4
f (X%) B (Xfl)sz _i(Xfll)z; (Xﬁl)j _i(Xflgjz
(X71)4 _(Xil)s _(Xil)z (X71)1

Multiplying the matrices Fi4 (X ') and Fi4(X) by each other, we obtain Fi4 (X 1) Fi4(X) =
E, where E is a unit matrix, which proves the required.
Let us prove property (5). Let us calculate the determinant of the matrix Fj4(X).
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_ .2
=x]

X1 X4 X3 X2 X4 X3 X2 X1 X3
—ixg X1 —ixp |—ixp| x3 x1 —ixp | —Xx3| x3 —ixg —ixp
—X3 —X2 X1 X4 —X2 X1 X4 —X3 X1
X2 X X4

X3 —iXxg X1
X4 —X3 —X2

(x% —ix3 + x5 + ixﬁ) + 2ix1X9X3%4 — iX3 (x% —ixy — x5 — ixi) + 2ix1XpX3%4

-3 (—x% —ix3 -3+ ixi) + 2ix X0 X3X4 + ix3 (x% +ix3 — % + ixﬁ) + 2ix1x2X3X4

according to (21).
Property (6) follows automatically from properties (1) and (5). Property (7) follows
from properties (3) and (5), and property (8) follows from (4) and (5). O

Thus, between the space of four-dimensional numbers with complex components
and the space of (4 x 4)-matrices of the form (18), there exist bijections F; (j=12,...,64),
which preserve arithmetic operations; that is, the existing bijections are homomorphisms
by both addition and multiplication. That is, we have constructed 64 matrix spaces, each
of which is isomorphic and homomorphic to the space of four-dimensional numbers
with complex components. The elements of each matrix space form an abelian group by
multiplication and by addition. In [1] it is shown that to each four-dimensional number
with real components correspond eight matrix spaces. To illustrate the results of Theorems
1 and 2, we give the following example.

Example 1. Take two four-dimensional numbers X = (1,i,0 —1) and Y = (—1,0,0, 1) in the
space M4 = M(1, —i, —1). The product of these numbers, according to Formula (5), is equal to
Z = XY = (—2,—1,i,1+1). The corresponding matrices Fi4(X), Fi4(Y), and F14(Z), according
to Formula (19), respectively, have the forms,

1 -1 0 i -1 0 01 -2 1 —i 1—i
i 1 -1 0 0 -1 i 0 —i =2 1+ i
0 i 1 1 ’ 01 -1 0 ’ i 1—1 -2 -1
-1 0 —i 1 i 0 0 -1 1+i —i i =2

Hence, it is easy to verify that Fi4(X)F14(Y) = F14(Z). The matrix inverse of F14(Y') has the form

10 01

_ 1+il 01 i 0

Fl(Y)=—

14 (Y) 2 01 10
i 0 01

Comparing this matrix with the matrix (19), we notice that in the space Mg, it is the matrix of the
four-dimensional number Y = (—%, 0,0, %) Multiplying the numbers Y and Y by each other,
we can see that Y = Y~1. Hence, F;,' (Y) = Fia(Y™1).

5. Commutative Gate Groups for Two-Qubit Quantum Systems

Quantum computation consists of successively applying unitary operators U to the
quantum state of a quantum system, which are called gates. The unitary operators or
gates applied to a n-qubit quantum system are represented as a matrix of size 2" x 2". For
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example, unitary operators for a two-qubit system take the form of a matrix of size 4 x 4
as follows:

X XX i
X )b Sl
Xl )bl i
X b X b g

, (22)

where x77 and x;/’” are real and imaginary parts of the elements of the matrix U. It is known
that if the matrix (22) is a gate, then the Hermite conjugate matrix U* is also a gate, i.e.,
the matrix

X - xi”fi X — xg{’i x5 — xé’?i Xy — xfffi

U — x5 — x’{gi xh — x’z’gi X35 — xé”gi xXjH — xfgi 23)
- Al )i - i
Mg — Xl xpy—xpfi xgy— gyl g — Xyl

is a gate for a two-qubit quantum system. By definition U - U* = E, where E is a unit
matrix of size 4 x 4.

The main two-qubit gates used in the construction of quantum circuits are the
Hadamard gate H, with unitary matrix

1 1 1 1
Ho 1 1 -1 1 -1 ’
2 1 1 -1 -1
1 -1 -1 1
SWAP gate with matrix
1 0 00
SWAP = 00 10 ,
01 00
00 0 1
CNOT or CX gate with matrix
10 0 0
0 1 0 0
CX = ,
0 0 0 1
0 0 10
as well as gates CY, CZ, with matrices
10 00 1 0 00
cy — 01 0 0‘ cz= 01 00
0 0 0 —i 00 1 0
0 0 i 0 0 0 -1

In practice, quantum circuits for quantum computations are built from existing gates.
A quantum circuit is a sequence of gates applied to one or more qubits in a quantum
register. A quantum register is a collection of qubits that we use for computation [18].
At the hardware level, experimental physicists and engineers are working on optimizing
the main gates. In addition, other physicists and computer scientists are trying to create the
most efficient high-level gates [24]. Our goal is to create new groups of two-qubit gates. In
the previous section, we constructed 64 abelian groups of matrices, with elements formed
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from the components of a four-dimensional number. Under some additional conditions,
the constructed matrices turn into unitary operators.

Let the four-dimensional number X = (x1, X, 3, x4) € C* be the quantum state |¢)
of a two-qubit quantum circuit, i.e.,

|9) = x1]00) 4 x2[01) + x3[10) + x4 [11). (24)

Then to each such state we can map 64 matrices F] (X),j=1,2,...,64, of size 4 x 4 to each
such state, as follows:

XA 0+ ) B (g By (x4 )

o= | St I Bixy +xy"i) (e + x4 25)
/ X3+ xgi v (xy + x;’"i) X7+ Xy v (x5 + x’zmz) ’
X i O (x4 a8 8;(xe + xdmi)  xle 4 ximi

where B;,7;,6; takes one of the values of {+1, -1, +i, —i} depending on the value of j
according to Table 3. Note that since X = (x1,x2,x3,X4) € C* is a state of a two-qubit
quantum system, it is true that

4 4 4
]§|x]-|2 = g((x]r.e)z + (x;.’”)2> —1. (26)

Theorem 3. Let X = (x1,x2,x3,x4) € C* be the state of the two-qubit quantum system and
F;(X) be the matrix (25) corresponding to X, for some j. Let the elements of the matrix F;(X) satisfy
the following conditions:

p1(X) = x1%; + Y0X1x0 + dx3X4 + YX3x4 = 0
02(X) = x1%3 + oxpX4 + BOX1x3 + PXoxy =0 (27)
where X} means complex conjugate to x;. Then the matrix F;(X) is a two-qubit gate.

Proof. Consider the Hermite conjugate matrix F; (X) to matrix Fj(X)

re im; re im; re im; re im;

Xy — Xy Xy — xp"i Xy — x3"i Xy — xy"i
v A 1 H] re _ im; (e i (e it
Yo (x5 — xg"i)  xff — xq"i ¥i(xf — xy"i) 6 (xk — x5"i)

Ff(X) =

Bioj(xy —x8i) B — ) A -t gl - )

x?‘
T L P ) R e e ) S

Multiply the matrices F"(X) and Fj(X) by each other as follows:

po P P2 P3
Bop2 Pos  po o2
Byps Bp2 Y2 po

where pg = Z;-lzl }xj|2. Here, we took advantage of the fact that 2 = 42 = 62 = 1. Using
relations (26) and (27), we have F;(X )F]* (X) = E, where E is a unit matrix, which proves
the theorem. [
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Remark 1. Conditions (27) in the notation of matrix (25) can be written in the form of the following
six equations:

xgexge + ximxém + (,Yre(sre o ,)/im(sim) (xgexée + ximxém>

+ (,Yimye + ,yrey'm) (ximxge _ x;exém) 4o (xgex‘rle + xémxim) _ 5im (xémxze _ xgexim)

+ ,)/1’(3 <xg€xz’1€ + xémlem> + ,)/zm (xémxze _ ngxZﬂ> — 0

lemxée _ x'i'exlzm + (,)/1111578 + ,)/7651711) (xgexge + lemxzzm>
— (,)/76(57‘6 _ ,Yzm(szm> (xllmxge _ xgexlzm) + 576 (xémxff _ xgex2m> + 51111 (xgexff + xémx2m>

x;Exge + lemxém + 67’8 (xgex[rf + xlzmxim> _ 51111 (xlzmxze _ xEEXZWL)
+ ('87657’6 _ IBZWI&ZWI) (x‘iexge + xllmx13m> + ('Blmé'r‘e + 'Bre(szm) (xllmxge _ x;exém)

_'_ ﬁi’e (xéexz’f + xzzmxam) + ﬁlm (xl2mx2€ _ x;eﬂ}m) — 0

lemxge _ xqexém + 51111 (xgexge + xzzmlem) + 57’6 (xzzmxze _ xgex2m>
+ (lglm(sre + lBV@&lm) (xqexge + xllmxém) _ (187657’8 _ ﬁlﬂl&lﬂl (lemxge _ xgexém)

+ ‘Blm (xgex:’f + xlzmxim) _ ’BVE (xlzmxie _ xEBxZﬂ> — O

xqexie + lemxim + ,.Yre (xgexge + xlzmxém) _ ,)/zm (xzzmxge _ xgexém) + ﬁre (xgexge + xzzmxém)
im ( .im..re re . im re . re im im re ..re im im
+B (x2x3—x2x3)+(,8'y — By ><x1x4+xl x4>

+ (ﬁim,yre + ’Bre,)/im) (xgmxzrle _ x{eﬂ}m) —0.

im ,.re re ,.im re [ .im.,.re re ..im im ( .re..re im .im re ( ,im..re re ,.im
Xp Xy —xpxg +y (xz X3 — Xy X3 )+’Y (xzxa + X7 X3 )—/3 (xz X3 — Xy X3 >
+ ‘Bzm (xgexge + xlzmxém) + (,Blm')’re + ﬁre,yzm> (x{exze + lemxam)

re ,re im im im re re.im\ __
—<AB’Y — By )(xl x4—x1x4)—0.

Thus, we have found 64 commutative groups of gates, when conditions (26) and (27)
are satisfied. For example, for the space of matrices Fj4(X), conditions (27) have the form

01 = X1X2 +iX1xp — x3Xg — iX3x4 =0
P2 = X1X3 — XpXg — X1X3 +Xox4 =0, (28)
03 = X1X4 — iX2X3 + Xpx3 — iX1x4 = 0

and in the matrix notation (25), the above six equations turn into the following three equations:

xy ey — " — xfay’ — x4 x4 xg "+ xS — x5t xy" = 0.
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s — g i x x4 x4 a M xg" — g + xyfxy" = 0.

xﬁmxff — x{exim — xémxge + xgexém =0.
Similarly, it is possible to write conditions (27) for all other groups, substituting instead of
B, 7, the corresponding values.
If the quantum state consists of real components, conditions (27) take the form

p1 = (1+y0)x1x2+ (6 + 7)x3xg =0
p2 = (14+B0)x1x3+ (6 + B)xaxgy =0 , (29)
p3 = (1+ py)x1xg + (v + B)x2x3 =0

As can be seen from these equalities, if 8 = v =1, § = —1, then the first two equalities
are fulfilled automatically and the conditions (29) turn into one condition x7x4 + x2x3 = 0.
Indeed, this case corresponds to the matrix

X1 —X2 —X3 X4

X2 X1 X4 X3
K(X)=F(1,1,-1) =

X3 X4 X1 X2

X4 —X3 —X2 X1

Multiplying this matrix by its transpose, we verify that it is a two-qubit gate if conditions
(26) and x1x4 + x2x3 = 0 are satisfied. In other cases, for example, when f =y =0 = —1,
which corresponds to the matrix F (X), condition (29) consists of three equalities. Similarly,
we can investigate different variants of quantum gates for quantum states with purely
imaginary components.

So, we have constructed an infinite number of different two-qubit gates that lie in
64 commutative groups of gates. Furthermore, the multiplication of two gates from two
different commutative groups is also a gate. It is easy to see that a gate obtained by
multiplying two gates from two different groups is, in general, not an element of any
commutative group F; (X). As for the gates H, SWAP, CX, CY, and CZ, which are often used
in practice, they are also not elements of F;(X). But note that

H-SWAP = Fx(X1), or Fx (X%)SWAP —H, (30)

2
where X% = (%, %, %, %)T

The quantum algorithm assumes the sequential application of different gates to qubits
in the quantum circuit. It follows from the obtained results that if in a quantum algorithm
there are gates belonging to one of 64 groups, this sequence can be replaced by one gate
from the same group, since the sequential application of gates from one group does not
lead out of this group. Hence, an optimal quantum algorithm should consist of gates which
belong to different groups F;(X), where j € [1,64].

6. Unitary States of Two-Qubit Quantum Systems

The ultimate meaning of any quantum algorithm is to translate the state of a quantum
system into the desired state for solving the problem. Therefore, finding a fan that translates
a quantum system from one given state to another given state is an important practical
problem. Let us consider this problem for a two-qubit quantum system. The proposed
approach can be generalized to an n-qubit system.
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Definition 2. The state of a two-qubit quantum system X = (x1,%2,x3,x4) € C*is called a
unitary state if there exists a triple (B,v,5) € C3, such that B,v,5 € {+1,—1,+i, —i} and the
components X satisfy (27).

In other words, the state of a two-qubit quantum system is unitary if it is defined
by space M, where j € [1,64], in which the matrix F;(X) corresponding to this state is a
two-qubit gate.

Remark 2. The conditions B,7y,0 € {+1,—1,+i,—i} in the definition of a unitary state are
imposed only to consider states only from basis spaces. They are not mandatory.

Note that all basis states of a quantum system are unitary states in all 64 basis spaces.
Definition 3. Quantum states having one of the following X; = (x1,0,0,0)T, X = (0,x,,0,0)7,

X3 = (0,0,x3,0)T, X4 = (0,0,0,x4)", where xj € C, |xj| = 1,j = 1,2,3,4, are called quasi-
basic states.

Obviously, all quasi-basic states satisfy (27) for any j € [1,64], that is, they are uni-
tary states.

Lemma 2. A quasi-basic state Xy corresponds to a single gate in all spaces M;,j =1,2,...,64.
Each of the quasi-basic states Xp, X3, X4 corresponds to 16 different gates in all spaces M;,j =
1,2,...,64

Proof. The first statement concerning X; is obvious. Consider the quasi-basic state Xj.
The corresponding matrix has the form

0 véx 0 0
x 0 00
F:(Xp) =
]( 2) 0 0 0 yx
0 0 oxp 0

Since 7 and ¢ take values from the set {1, —1,i, —i}, there are only 16 different choices.
Similarly, consider the states X3 and X,.

Each unitary state X from M; defines a unitary operator (gate) from F;(X), which we
will call a gate of unitary state X. Let Y be an arbitrary state of a two-qubit quantum system.
We apply the gate F;(X) to the state Y: F;(X)Y = X - Y; that is, applying the gate F;(X) is
equivalent to a four-dimensional multiplication of the unitary state X by the state Y in the
space M;. If Y is also a unitary state from the same space, then we will get a unitary state
from the same space. To what state will the state Y go if it is not unitary? The following
theorem gives the answer to this question. [

Theorem 4. A unitary state gate from space M;(B, v, 8) translates any unitary (non-unitary) state
into a unitary (non-unitary) state.

Proof. For simplicity, we prove the theorem for the space M4, and for other spaces, it
is proved analogously. Let X = (x1,x2,x3,x1) € C*be a unitary state from space My
and F14(X), the corresponding gate of a unitary state X, which has the form (19), and the
components of the vector X satisfy (28). Let Y be an arbitrary state of a two-qubit quantum
system. Then the gate F14(X) moves the quantum system from state Y to the state of
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Fu(X)Y

X1 ixp —x3 —ixy 1 X1Y1 + X2y — X3Y3 — iX4Y4
X2 X1 Xq X3 Y2 _ XoY1 + X1Y2 + XaY3 + X3Y4
X3 —ixy X1 —ixp Y3 X3Y1 — iX4Yo + X1Y3 — iXoY4
Xy —X3 —X2 X1 Ya X4Y1 — X3Y2 — X2Y3 + X1Y4

Let us compute p; (Fi4(X)Y), where p; is defined in (28).

p1(F1a(X)Y) =(x1y1 + ixay2 — x3y3 — ixays) (X2y1 + ¥1Y2 + X4Y3 + X34
+ (X151 + X272 — iX3y3 — Xqys) (Xoy1 + X1Y2 + Xa4Y3 + X3Y4

(

(

—(x3y1 — ixays + X1y3 — ixX2Y4) (Xay1 — X3Y2 — X2¥3 + X1Va

)
)
)
X3y1 — X4¥2 + iX1Y3 — X2Ys) (X4y1 — X3y2 — X2Y3 + X1Y4
)
)
)

)
)
)
)

i+ [yl + lys* + [yal?)

(Il + 2 + [ + [xa?)

(

(

(

(

=(x1X7 + iX1X2 — X3Xg4 — iX3X4

+(v1y2 + i1y2 — Ys3Ya — i3ya
(x1%4 — ixoX3 + Xox3 — iX1X4) (Y13 — Y2Ya — Y1Y3 + Y2Ya)

+(x1X3 — x2Xg — X1x3 + XoX4) (V1Y — iY2Y3 + Y2y3 — iY1Ya)-

Passing to the notation p; from (28), we obtain

p1(F4(X)Y) = p1(X)po(Y) + p1(Y)po(X) + p3(X)02(Y) + p3(Y)p2(X),

where po(Y) = [y1? + ly2* + lys> + Iya* = 1, po(X) = |1 + [xa* + |32 + xa? = 1.
Since X is a unitary state in space My, by virtue of (28), p1(X) = p2(X) = p3(X) = 0.
Hence, p1(F14(X)Y) = p1(Y). Performing similar calculations, we obtain p(F14(X)Y) =
p2(Y) and p3(F4(X)Y) = p3(Y). It follows from these equalities that if Y is a unitary state
in My, then Fi4(X)Y is also a unitary state in M4, and conversely, if Y is a non-unitary
state in M4, then Fi4(X)Y is also a non-unitary state in M.

Thus, the unitary state gate translates unitary states into unitary states and non-
unitary states into non-unitary states. All the above gates, H, SWAP, CX, CY, and CZ have
similar properties. [

Lemma 3. The gates H, SWAP, CX, CY, and CZ convert a unitary (non-unitary) state of a
two-qubit quantum system into a unitary (non-unitary) state.

Proof. Let us first prove the lemma for the SWAP fan. Let X = (x1,x2,x3,x4) € C*bea
unitary state of a two-qubit quantum system from the space M(f, v, ). Let us apply the
SWAP gate to state X as follows: Y = SWAP - X = (x1, x3, X2, X4). Since X is a unitary state,
its components satisfy (27). Consequently, the components of state Y satisfy equations

X1X3 + YOXTX3 + OxpXg + YXoxy =0
X1X3 + 6x3Xg 4+ BOX1xy + PX3xy =0 . (31)
X1Xg + Yx3X2 + BX3xp + pyXixg = 0

But these equations represent Equation (27) for the space M(7, B, ). Thus, the SWAP gate
translates a state from the space M (B, v, ) to a state from the space M(7y, B, ). Suppose now
that X is a non-unitary state of a two-qubit quantum system. Suppose that Y = SWAP - X
is a unitary state. But then, as just proven, state X = SWAP! - Y is a unitary state, which
contradicts the original assumption.
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For the gates CX, CY, and CZ the proof is completely analogous. Let us prove
Hadamard gate H. For this purpose, let us use the equality (30). Since the statements
of the lemma are true for the SWAP and Fp, (X 1 ) gates, they are true for H as well.

Unitary states play an important role in the construction of quantum algorithms, since
for them we can explicitly specify a gate, which transfers a quantum system from one given
state to another. [

Theorem 5. Let X € M; be a unitary state of a two-qubit quantum system, where 1 < j < 64.
Then for any quasi-basic state Xy, k = 1,2,3,4, there exists a gate F;(Y), such that F;(Y)X = X,
for some state Y.

Proof. Take Y = X X~ !. Since X € M;, then X! € M;. X also belongs to M;; hence,
Y € M;. Let us multiply both parts of the equation by X: YX = Xj. As we saw above,
YX = Fj(Y)X. Whence, F;(Y)X = X;. The gate we are looking for is F; (XX 1).

This theorem states that, from any unitary state, one can go from any unitary state to
any quasi-basic state, including any basis state, in one step. [

Corollary 1. Let X, Y be two unitary states lying in the same space M, where 1 < j < 64. Then
there exists a gate F;(Z), which transfers a two-qubit quantum system from state X to state Y.

Proof. According to Theorem 4, there exist gates Fj(X) and F;(Y), translating X and Y to

X for some k. Then the gate F ]-_1 (Y)Fj(X) translates state X into state Y. [

Theorem 6. Let X,Y be two unitary states of a two-qubit quantum system. Then there exists a
gate translating the two-qubit quantum system from state X to state Y.

Proof. Let state X lie in space M;; and state Y lie in space Mj;. The base state X; =
(1,0,0,0)7, according to Lemma 2, lies in both spaces. Hence, by Theorem 5, there exists
a gate Fj1(Z1), which translates X into X, and a gate Fj(Z,), which translates Y into Xj.
Then the gate F ]El (Z2)Fj1(Zy1) is the desired gate translating the quantum system from state
X to state Y.

Thus, we have divided all possible states of a two-qubit quantum system into the
following two classes: unitary and non-unitary. Unitary states include all quasi-basic
states (hence, all basis states) and play an important role in the construction of quantum
algorithms. Theorem 6 makes it possible to go from any unitary state to any other unitary
state in one step, and the gate of this transition can be explicitly described and there are
infinitely many such gates (since there are infinitely many quasi-basic states). [

7. Discussions

In this paper, we constructed four-dimensional spaces of complex numbers by analogy
with four-dimensional spaces of real numbers [1]. Each four-dimensional number is
mapped to a matrix formed from its components, and it is proved that the constructed
mapping is bijection and homomorphism. The conditions under which the corresponding
matrices are gates for two-qubit quantum systems are defined. The notion of a unitary state
of a two-qubit quantum system is introduced. It is shown that any gate of a unitary state
transforms a unitary state into a unitary state and a non-unitary state into a non-unitary
state. Almost all gates used in the construction of uvant circuits, in particular, H, SWAP,
CX, CY, and CZ, have the same properties. The question of the existence of a gate for a
two-qubit quantum system, which translates a unitary state into a non-unitary state or
vice versa, is of interest.
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Zl:(”ﬁ*‘“im')( +xlm)<y1 +y i)+ (’112

22 = (’121

Z4 = (”41

(x5
211)
(xf
(‘131 511) (
(x7°
i)
(x5

The problem of finding a gate that transfers a quantum system from one unitary state
to another unitary state is solved. Thus, with the help of the four-dimensional spaces of
complex numbers, it was possible to construct whole classes of two-qubit gates, which
opens new possibilities for the construction of quantum algorithms. The results obtained
have important theoretical and practical implications for quantum computing.

In this paper, we have only concerned ourselves with the four-dimensional algebra
of complex numbers. It is possible to develop a four-dimensional mathematical analysis
of complex numbers by analogy with the four-dimensional mathematical analysis of real
numbers [8,9,22,23]. In the works [8,9], the applications of the four-dimensional analysis of
real numbers to the solution of some problems of mathematical physics are given.

Another direction for the development of the proposed theory consists of the devel-
opment of eight-dimensional algebra of real and complex numbers. As we have seen, the
four-dimensional algebra of complex numbers is an ideal model for two-qubit quantum
systems. Correspondingly, the eight-dimensional algebra of complex numbers will describe
the mathematical model of three-qubit quantum systems, the sixteen-dimensional algebra
of complex numbers of four-qubit quantum systems, etc.

And of course, the potential of four-dimensional algebra of complex numbers for
studying two-qubit quantum systems is not fully revealed. It would be interesting to study
the properties of gates formed by the multiplication of several gates from different commu-
tative groups of matrices constructed in this paper. As follows from the results obtained,
optimal quantum algorithms consist of a sequence of gates from different commutative
groups. As shown above, gates from different commutative groups do not commute with
each other; in fact, a new gate formation mechanism for two-qubit quantum systems is pro-
posed. The new gate formation mechanism is of great importance for quantum computing.
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Appendix A. Proof of Lemma 1

For clarity, let us rewrite equalities (1) in a more expanded form

)( +x1m )(yre _|_y1m )
(V5 +y3"i) + (a7 )( 4,)(4 )
()( )) ((’122 )()( n;()(?/;efylzrgi)
re + y a24 + xlm yre _|_ ylm s . Al
PO+ (65 ) 4 O D
(v¥ ””) (a5 + )( )( i)
) )( )(y’“ry i)
(v% (¢ )(4 vi'i)

)
)

_|_xzm)
)

)
)

(

)
)

(

(yre‘*‘y i) + (”42

i) + (alf + lm)
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+(aZg +

Let us first satisfy the commutativity condition, i.e., write down the equation XY = YX;
give similar terms of the form xl”y]r.“’, xi° y;im, xfmy]“, and xfmy;-m ; and equate the coefficients
at them to zero. Removing the same equations, we obtain 12 equations with respect to the
elements a;7, a;'c’l" i, k,1 =1,2,3,4, solving which we have

re __ .re im __ . im re __ re im __ _im re __ _re im __ _im
ap1 = Ay, Apy =dpp, A3 =4y, Ap3 = dpq, MA3] = d3z, A31 = 433,
re __ _re im __ _im re __ _re im __ _im re __ _re im __ _im
a3y = A3q, A3y =34, 041 = Q4q, Qg1 = Ag4, Agp = g3, O3 = 043-

Substituting these values into (A1), we obtain a general form of a commutative multiplica-
tion of four-dimensional numbers with complex components as follows:

21 = (a5 + o) (31 + x7"i) (v + yi"i) + (afly + ayi) (5 + x3"0) (v5° + y5"i)
+(alf + afyi) (5 +23") (5 + y5"0) + (aly + afi) (¥ + 2") (i +yi")

2 = (ath+ ) (5 + 207%) (V1 + ") + (afh + o)+ + 3470 (5 + v
o ) (xf + 3§10) (4 yR) + (0% + o4 (5 -+ 41) (0 + 470 "
z3 = (ag5 + i) (x5 + x3"0) (i + y1") + (a5 + agyd) (xf +4"0) (v +v3"1)
o) (81 + X010 (5 + y2%1) + (% + ) (5 + 2) O+
zq = (ajfy + agyi) (< + x"0) (57 + y1"i) + (el + aifi) (x5 + x5"1) (v + v3")

+(alfy +agi) (45 + 25") (v + y5") + (aly + afd) (45 + ) (v + yi")

Thus, the number of independent coefficients a;5, a};’?, k,1=1,2,3,4,is reduced from 32 to
20. Let us now write the equations (XY)Z = X(YZ), where Z = (z1,22,23,24), 2, € C, k =
1,2,3,4, using (2), and equating the coefficients at the same products xf y]f-”z]r(’, IL,m,n=re, im,
we obtain 48 different equations with respect to a5, a;}'. Consider the equations obtained
by equating to zero the coefficients at products z/°xyy¥ and z/¢xi"yk¢

re _re im im re _re im im __
a1y — Ay1a1p — A1y +ajpay; =0,

re im re im re im re im __
—ay a1y — appayy +aypay; +apayn = 0.

Let us transform these equations as follows:
re ( re re im ( im im) _
aty(ary — ax) — a1 (”11 - ‘122) =0,

—af (s — %) — afy (alf — o) =o0.
Multiply the first equation by a’%, multiply the second equation by %%, and subtract these
from each other as follows:
2
|la12|” (a1} — a3) = 0.
Now multiply the first equation by a{%, multiply the second equation by a7%, and add the
resulting equations as follows:

|ﬂ12\2(ﬂiﬂl - ﬂé’z") =0.

re _ re  qim _ gim
Hence, ai = a3, af] = ayy. '
Let us equate to zero the coefficients at the products zi°x5’y%* and z°x5"y%’

re re im im re re im . im __
apayz — 1413 — a3as3 +agzazz =0,

re _im re im re im re im __
—aypay3 — Ay3dqy +azaagz +agzaz = 0.

: E : : re __ qre Lim __ 4im
Performing similar transformations, we obtain a}j = a%3, a{] = a55.
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Further equating to zero the coefficients of z}xy¢ and z[¢x"y¢, we obtain a}% = alf,
im __ im
a1 = Ag4- o
Substituting the found values into (A2) and getting rid of a3, a%3, ayy, a5y, a5y, and
ajy, we obtain a new definition of multiplication of four-dimensional numbers with com-
plex components.

=1 = (0 ) (5 4 x07) (9 +-7) (o, + 030 (o 1) (05 + 917)
(a5 - ag3i) (x5 +x3") (5 + ") + (an +ard) (f + x4"0) (v + yg"i)
= = (af = aff)[(55 + 59') (4 -+ 90%) + ({070 (o5 + 9179

(a5 4 abyi) [ (g + x) (5 + y5"i) + (x5 +x5"0) (v + v (A3)
z3 = (a4 + i) [ (oF + x370) (5 + yi"i) + (x5 + x47) (5 + y5i) ] '

+ (% + aggi) [ (x5 + x5m0) (v + yii) + (xf + %4") (v5 + y3"i) ]
zg = (a5 + affi) [ () + x§"0) (v + yi"e) + (X + x0™1) (v +yii)]

+(aff + afi) [ (x5 + 25") (¥ + y570) + (5 + x8") (5 + y3"i) ]
In definition (3), the number of independent coefficients is 14. Let us again write the
equations (XY)Z = X(YZ) on the basis of definition (3), and by using similar terms, we
obtain 12 different equations. Let us equate to zero the coefficients at the products z}*xJ"y%,
Y, R A R 2

re re im im re re im im __
ajydyz — ay1a13 — a3y +axda, =0,

re im im re im . re re im __
—ayyay3 — ayyayz +apay +a3apn =0,

re re im im re re im . im __
aydyy — A11a14 — Axaz +a 0,

23432 =
re _im im _re im _re re im __
—ayya7y — a11074 T ay3a3, +aypaz =0,

re _re im im re re im _im __

A3y — A3pA4 — ayqa1p +ajjay; =0,
re im im _re im _re re im __

—axiy — a3y + aj1a1; +apay; = 0.

Multiply the first equation by a’4; multiply the second equation by a%%; and from the first
equation, subtract the second equation, as follows:

re \2 im\2\ re _ _re ( .re .re im im im( re _im im _re
((“11) + (ai7) )”13 = aq (”23“42 — a3 ”42) + a1} (apagy + axsag),
from where we have

re (re ,re im im im( re Him im ,re
at (afaly — agiayy) + aff (af5aly + a5yals)

2 im? ‘
(a17)” + (a17)

re __
43 =

Next, multiply the first equation by 4/}, multiply the second equation by /¢ and add the
resulting equations as follows:

re \2 im\2\ _im _re re _im im _re im re re im _im
((“11) + (a17) )“13 =4y (”23“42 + ”23“42) + a1} (—anzampn + axsay;),
whence ' ‘ , o
re re ,im m qre m re jre m ,1m
gt = afy (a3 + agialy) — ayf (afaly — ayfal)
re \2 im\2 )
(a79)” + (a1})

Now notice that

(a3 + a33i) (afh + aii)

re im: __
a3 +apt = re o gim;
Ay T apgt
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Similarly, from the third and fourth equations, we easily obtain

o — atd (aaky — agial) + af} (abyaly + aifak))
= 2 2 7
(a19)” + (”11)

aim — atf (abyaly + afiaty) — alf (abyakh — abial)
— : 1222
(a79)” + (a1})

7

and, respectively,
re im; re im;
(ay3 + a53i)(a%; + agyi)
alf + allli ’
1

ol + i =
And from the fifth and sixth equations we have

ars — atd (afhaly — agal) + alf (afaly + aipaly)
— : 2 ,
(a19)” + (”11)

ain — atf (ahalfy + agpaly) — aify (a%hals — afall)
. 2 7
(“11) + (af7)
(aks + ali ')(aff2 + alti) ‘
“11 + anz

re im; __
ajp +apt =

Substituting the found expressions into the other equations obtained from the equality
(XY)Z = X(YZ), we make sure that all 12 equations are satisfied. Thus, the general form
of associative and commutative anisotropic multiplication of four-dimensional numbers

with complex components is as follows

21 = (aff + aif )( 1) (1 + yi)+

+ (a%+alyi )(?42*”42 (xre + xtm )( + yzm )

i)]
3"1)]
i)]

AR () (5 + )+
+(”23*’;%éli‘i%%*”3”<xw+x i) (0 + i)
Z2:(“11 )[( im')(]h ‘H/ i)+ (W‘HC i) (yy +yom
+(a% + )[( )( ) (x5 + x31) (v +y”"ﬂ

23:(“11 )[( )( 1) + (“"+x )(
+(a% + )[( )( ) (2 +x3"1) (5 +y””ﬂ
Z4:(ﬂn )[( +x’m)(y”+y i) + (""+x )(y”+y
+ (agy + )[( 5) (5 +yai) + (x5 + x5") (y5

"i)]

(A4)

The number of independent coefficients is eight. Let us introduce the following notations:

Al + alti = ay + agi,all + abii = By + Bai, ak +

im; . ore
azt =71+ 72045 +

af[g‘i = 01 + d7i.
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Then the general formula of associative and commutative multiplication is written in the
following form

z1 = (a1 + i) (¥ + xi’” i) (i + yim i)+
+ (71+721+)g:511+521) (xge + x ) (yz iy )
(ﬁ”@# (o - 250) (5 + yimi) +
PR ) )
zp = (1 + i) (xﬁe + ) (v + l/im i) + (“1 + i ( ) (v +yami)
+(B1 + Bai) (¥ + )(ys 1) 4 (B1 + Bai) (xF ) (v¥ )
23 = (a1 + 2 (XE ) (v +,y1 i)+ (11 + 72 ( )(3/” + y "'i)
(o + o) (2 + xgmzj) (V5 + ") + (1 + 72i) (35 ) (v +3"i)
zg = (v + i) (x}f + X (e + _1/”” ) + (61 + 521)( ) ( + y”" )
+(01 + 020) (x5 + x5"i) (y5° + y3"i) + (a1 + i) (x° ) VARS D)

with eight independent coefficients « jr B i Yjs 5]- € R,j =1,2. Itis easy to verify by direct
inspection that the multiplication operation thus defined is associative and commutative
for any values of the coefficients &, Bj, s (5]- €ER,j=12

The last equalities are expressed in a more compact form as follows:

7 = axyy + 2 L2 X212 + b = X3Y/3 . Bl x4
Zy = axayq + axq1ys + ﬁX4y3 + ﬁX3y4 . (A5)
Z3 = ax3y1 + YXgY2 + axX1Y3 + YX2Y4
Z4 = aXqY1 + 6X3Y2 + OXoY3 + AX1Ys

Lemma 1 is proven.
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