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Recent observations indicate that the Universe
is not transparent but partially opaque due to
absorption of light by ambient cosmic dust. This
implies that the Friedmann equations valid for
the transparent universe must be modified for the
opaque universe. This paper studies a scenario in
which the opacity rises with redshift. In this case, the
light–matter interactions become important, because
cosmic opacity produces radiation pressure that
counterbalances gravitational forces. The presented
theoretical model assumes the Universe is expanding
according to the standard FLRW metric but with
the scale factor a(t) depending on both types of
forces: gravity as well as radiation pressure. The
modified Friedmann equations predict a cyclic
expansion/contraction evolution of the Universe
within a limited range of scale factors with no
initial singularity. The model avoids dark energy
and removes some other tensions of the standard
cosmological model. The paper demonstrates that
considering light–matter interactions in cosmic
dynamics is crucial and can lead to new cosmological
models essentially different from the standard
ΛCDM model. This emphasizes the necessity of
new observations and studies of cosmic opacity
and cosmic dust at high redshifts for more realistic
modelling of the evolution of the Universe.

1. Introduction
Dust is an important component of the interstellar
medium (ISM) and intergalactic medium (IGM), which
interacts with the stellar radiation. Dust grains absorb
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Figure 1. The incidence rate of the LLS (a) and DLA systems (b) as a function of redshift. The black dashed line—interpolation
of observations. The observations are taken from Péroux et al. [34]—orange dot, Songaila & Cowie [30]—cyan dots, Zwaan
et al. [27]—red dot, Rao et al. [31]—black dots, and Prochaska and Herbert-Fort [32]—green dots. (Online version in colour.)

and scatter the starlight and reemit the absorbed energy at infrared, far-infrared and microwave
wavelengths [1–6]. Since galaxies contain interstellar dust, they lose their transparency and
become opaque. The most transparent galaxies are elliptical, while the spiral and irregular
galaxies are more opaque, when more than 40% of light of stars in galaxies is absorbed by the
galactic dust [7–11]. Similarly, the Universe is not transparent but partially opaque due to ambient
cosmic dust. Absorption of light by intergalactic dust grains produces cosmic opacity, which is
spatially dependent and varies with frequency and redshift [6,12–15]. It can be measured by dust
reddening being particularly appreciable at close distance from galaxies and in intracluster space
[16–18]. Ménard et al. [18] correlated the brightness of ≈85.000 quasars at z> 1 with the position
of 24 × 106 galaxies at z ≈ 0.3 derived from the Sloan Digital Sky Survey, and found an averaged
intergalactic attenuation AV to about 0.03 mag.

Alternatively, the cosmic opacity can be estimated from the hydrogen column densities of
Lyman α (Lyα) absorbers. Massive clouds with NHI ≈ 1021 cm−2, called the damped Lyα absorbers
(DLAs), are self-shielded and rich in cosmic dust. They are detected in galaxies as well as in the
circumgalactic and intergalactic space [19–23]. Since a relation between the total hydrogen column
density NH and the colour excess E(B − V) is known: NH/E(B − V) = 5.6–5.8 × 1021 cm−2 mag−1

[24,25], we get the ratio NH/AV ≈ 1.87 × 1021 cm−2 mag−1 for RV = 3.1, which is a typical value
for our galaxy [1,26]. From observations of the mean cross-section density of DLAs, 〈nσ 〉 =
(1.13 ± 0.15) × 10−5 h Mpc−1 [27], the characteristic column density of DLAs, NHI ≈ 1021 cm−2,
and the mean molecular hydrogen fraction in DLAs of about 0.4–0.6 [25, their table 8], we obtain
the cosmic opacity λV ≈ 1–2 × 10−5 h Mpc−1 at z = 0.

The cosmic opacity is very low in the local Universe [16,17], but it might steeply increase with
redshift [18,28,29]. Appreciable cosmic opacity at high redshift is documented by observations of
(1) the evolution of the Lyα forest of absorption lines in quasar optical spectra, (2) the metallicity
detected in the Lyα forest and (3) emission spectra of high-redshift galaxies. In the Lyα forest
studies, the evolution of massive Lyman-limit (LLS) and damped Lyman absorption (DLA)
systems are, in particular, important, because they serve as reservoirs of dust [19,20]. It has been
shown that the incidence rate and the Gunn–Peterson optical depth of the LLS and DLA systems
increase with redshift as (1 + z)4 or more for z< 7 [30–33], see figure 1. For higher z, the increase
of the optical depth is even stronger.

Another independent indication of dust at high redshifts is a weak or no evolution of
metallicity with redshift. For example, observations of the CIV absorbers do not show any visible
redshift evolution over cosmic time suggesting that a large fraction of intergalactic metals may
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Figure 2. Optical depth of intergalactic space as a function of redshift. The extinction coefficient RV = AV/(E(B − E) is
assumed to be 5. AV—extinction at the visual band, AB—extinction at the B band. For details, see Vavryčuk [6,29]. (Online
version in colour.)

already have been in place at z> 6 [35–37]. In addition, the presence of dust in the high-redshift
universe is documented by observations of dusty galaxies even at z> 7 [38,39] and dusty halos
around star-forming galaxies at z = 5–7 [40]. Zavala et al. [41] measured a dust mass of ≈107M�
for a galaxy at z ≈ 9. Since dust in high-redshift galaxies can efficiently be transported to halos
due to galactic wind [12,42] and radiation pressure [43], the cosmic dust must be present even at
redshifts z> 7–9.

Since dust is traced mostly by reddening of galaxies and quasars at high redshifts, it is difficult
to distinguish which portion of reddening is caused by dust present in a galaxy and by cosmic
dust along the line of sight. Xie et al. [28,44] studied dust extinction using spectra of ≈90.000
quasars from the SDSS DR7 quasar catalogue and tried to separate both the effects. They revealed
that quasars have systematically redder UV continuum slopes at higher redshifts and estimated
the extinction AV by cosmic dust of about ≈0.02 Gpc−1. This value, however, strongly increases
with redshift, because of increase of dust density due to the smaller volume of the Universe in the
past [6,29], see figure 2.

The fact that the Universe is not transparent but partially opaque might have fundamental
cosmological consequences, because the commonly accepted cosmological model was developed
for the transparent universe. Neglecting cosmic opacity produced by intergalactic dust may lead
to distorting the observed evolution of the luminosity density and the global stellar mass density
with redshift [29]. For example, a decrease of the luminosity density with redshift observed
for z> 2 − 3 is commonly explained by darkness of the early Universe. However, this effect
can just be an artefact of non-negligible opacity of IGM in the early Universe, when the light
coming from high redshifts is attenuated [29]. Figure 3 shows that after eliminating the effect
of the opacity from observations, the comoving luminosity density and global stellar mass is
redshift independent. Note that physical origin of darkness of the early Universe discussed here
is quite different from that of the ‘dark ages’ in the Big Bang theory. While we study the cosmic
opacity due to the presence of dust at redshifts z< 25 (dust temperature being less than 80 K), the
dark ages epoch is produced by opaque plasma at redshifts z> 1100 (plasma temperature being
approx. 109 K).

Non-zero cosmic opacity may partly or fully invalidate the interpretation of the Type
Ia supernova (SNe Ia) dimming as a result of dark energy and the accelerating expansion
of the Universe [12,42,61,62]. According to Vavryčuk [13] and Vavryčuk & Kroupa [63],
cosmic opacity λB ≈ 0.08–0.10 Gpc−1, which is only 2-3 times higher than its current
estimates, fits the Type Ia supernova observations with no need to introduce the accelerated
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Figure 3. (a) The corrected comoving UV luminosity density jUV as a function of redshift after eliminating the effect of the
cosmic opacity defined by AUV of 0.08 mag h Gpc−1. Observations are taken from Schiminovich et al. [45, black circles], Reddy
& Steidel [46, green circles], Bouwens et al. [47, blue circles], McLure et al. [48, red circles], Ellis et al. [49, magenta circles],
Oesch et al. [50, cyan circles] and Bouwens et al. [51, yellow circles]. The dotted line shows the apparent comoving luminosity
density, when the bias produced by the cosmic opacity is not eliminated. (b) The comoving global stellar mass history (SMH)
after eliminating the effect of the cosmic opacity defined by AUV of 0.08 mag h Gpc−1. The colour squares show observations
reported by Pérez-González et al. [52, grey], Pozzetti et al. [53, green], Kajisawa et al. [54, blue], Marchesini et al. [55, red], Reddy
et al. [56, cyan], González et al. [57, black], Lee et al. [58, magenta] and Yabe et al. [59, yellow]. The values are summarized in
table 2 of Madau & Dickinson [60]. The dotted line shows the apparent comoving SMH, when the bias produced by the cosmic
opacity is not eliminated. For details, see Vavryčuk [6]. (Online version in colour.)

expansion. In addition, cosmic dust can produce the cosmic microwave background (CMB)
[64–66]. For example, Vavryčuk [6] showed that thermal radiation of dust is capable
of explaining the spectrum, intensity and temperature of the CMB including the CMB
temperature/polarization anisotropies. In this theory, the CMB temperature fluctuations are
caused by fluctuations of the extragalactic background light (EBL) produced by galaxy clusters
and voids in the Universe, and the CMB polarization anomalies originate in the polarized thermal
emission of needle-shaped conducting dust grains, which are aligned by magnetic fields around
large-scale structures such as clusters and voids.

If cosmic opacity and light–matter interactions are considered, the Friedmann equations in the
current form are inadequate and must be modified. The radiation pressure, which is caused by
absorption of photons by dust grains and acts against gravitational forces, must be incorporated.
In this paper, I demonstrate that the radiation pressure due to light absorption is negligible at
the present epoch, but it could be significantly stronger in the past epochs. Surprisingly, its rise
with redshift could be so steep that it could even balance the gravitational forces at high redshifts
and cause the expansion of the Universe. Based on numerical modelling and observations of
basic cosmological parameters, I show that the modified Friedmann equations avoid the initial
singularity and lead to a cyclic model of the Universe with expansion/contraction epochs within
a limited range of scale factors. I estimate the maximum redshift of the Universe achieved in the
past and the maximum scale factor of the Universe in the future.

2. Theory

(a) Friedmann equations for the transparent universe
The standard Friedmann equations for the pressureless fluid read [67,68](

ȧ
a

)2
= 8πG

3
ρ − kc2

a2 + 1
3
Λc2 (2.1)
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and
ä
a

= −4πG
3
ρ + 1

3
Λc2, (2.2)

where a = (1 + z)−1 is the relative scale factor, G is the gravitational constant, ρ is the mean mass
density, k/a2 is the spatial curvature of the universe, Λ is the cosmological constant and c is the
speed of light. Considering mass density ρ as a sum of matter and radiation contributions, we get

8πG
3
ρ = H2

0[Ωma−3 +Ωra−4]. (2.3)

Equation (2.1) is then rewritten as

H2(a) = H2
0[Ωma−3 +Ωra−4 +ΩΛ +Ωka−2], (2.4)

with the condition

Ωm +Ωr +ΩΛ +Ωk = 1, (2.5)

where H(a) = ȧ/a is the Hubble parameter, H0 is the Hubble constant, and Ωm, Ωr, ΩΛ and Ωk are
the normalized matter, radiation, vacuum and curvature terms. Assuming Ωr = 0 and Ωk = 0 in
equation (2.4), we get the standard ΛCDM model

H2(a) = H2
0 [Ωma−3 +ΩΛ], (2.6)

which describes a flat, matter-dominated Universe. The Universe is transparent, because any
interaction of radiation with matter is neglected. The vacuum term ΩΛ is called dark energy and
it is responsible for the accelerating expansion of the Universe. The dark energy is introduced into
equations (2.4)–(2.6) to fit theΛCDM model with observations of the Type Ia supernova dimming.

(b) Light–matter interaction
The basic drawback of theΛCDM model is its assumption of transparency of the Universe and the
neglect of the Universe opacity caused by interaction of light with intergalactic dust. Absorption
of light by cosmic dust produces radiation pressure acting against the gravity, but this pressure is
ignored in the ΛCDM model.

Let us consider light emitted by a point source with mass M (in kg) and luminosity L (in W)
and absorbed by a dust grain with mass MD, see figure 4. The light source produces the energy
flux I (in W m−2) and the radiation pressure pD, which acts on the dust grain. The acceleration of
the dust grain produced by the light source reads

R̈Λ = SD

MD
pD, (2.7)

where SD is the absorption cross-section of the grain. Since the radiation pressure pD is related to
the energy flux I and to the luminosity L as

pD = I
c

= L
4πR2c

, (2.8)

we get

R̈Λ = SD

MD

L
4πc

1
R2 , (2.9)

where R is the distance of the dust grain from the light source, and c is the speed of light. The
ratio SD/MD in equation (2.9) can be expressed as

SD

MD
= 3

4
Qabs

RDρD
= κ , (2.10)

where SD = QabsπR2
D is the absorption cross-section of the dust grain, MD = 4

3πR3
DρD is the mass

of the grain, RD is the grain radius, Qabs is the grain absorption efficiency, ρD is the specific mass
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Figure 4. The scheme of gravitational forces (a) and radiation pressure (b) acting on dust grains. The blue and red arrows
indicate a direction of the acting attractive and repulsive forces, respectively. The point source is characterized by mass M and
luminosity L. The dust grains have mass MD and the cross-section SD. The radiation pressure caused by absorption of energy
flux I emitted by the light source with luminosity L decreases with distance as 1/R2 similarly as the gravitational force. (Online
version in colour.)

density of grains and κ is the mass opacity (in m2kg−1). Inserting equation (2.10) into equation
(2.9), we write

R̈Λ = κL
4πc

1
R2 . (2.11)

Comparing the radiation–absorption acceleration R̈Λ with the gravitational acceleration R̈g

R̈g = −GM
R2 , (2.12)

we see that both accelerations depend on distance from a source in the same way (as 1/R2).
Consequently, the total acceleration of a dust grain is

R̈ = R̈g + R̈Λ = 1
R2

(
−GM + κL

4πc

)
. (2.13)

Dividing equation (2.13) by distance R and substituting mass M (in kg) and luminosity L (in W)
by mass density ρ (in kg m−3) and luminosity density j (in W m−3), we get

R̈
R

= −4πG
3
ρ + κj

3c
, (2.14)

and consequently, we obtain a generalized Poisson equation for the scalar potential Φ, which
involves potentials for both gravitational and radiation–absorption fields

�Φ = 4πGρ − κj
c

. (2.15)

Equivalently
�Φ = 4πGρ − ρΛ, (2.16)

where ρΛ = κj/c will be called the density of the radiation–absorption field.

(c) Friedmann equations for the opaque universe
The generalized Poisson equation (2.16) implies that the radiation–absorption term is in many
aspects similar to gravity; its effect is, however, opposite. Therefore, deriving the Friedmann
equations for the opaque universe using general relativity will be analogous to that for the
transparent universe. The only difference is that we have to introduce another term into the
Einstein field equations, which will describe a non-gravitational field associated with the light–
matter interaction. This term will play the same role as the cosmological constant Λ in equations
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(2.1) and (2.2), but in contrast toΛ, which is of unclear physical nature, the light–matter interaction
term is physically well justified.

The light–matter interaction will be characterized by density ρΛ and pressure pΛ. The energy-
momentum tensor Λμν of the light–matter interaction will be defined in a similar way as the
energy-momentum tensor Tμν for the gravitational field, see appendix A for details. Assuming
that the Universe is filled by a perfect homogeneous and isotropic fluid and its expansion is
described by the standard FLRW metric, we obtain the following modified Friedmann equations
(see equations (A 11) and (A 15) in appendix A):

(
ȧ
a

)2
= 8πG

3
ρ − 2

3
ρΛ − kc2

a2 (2.17)

and
ä
a

= −4πG
3

(α − 2)ρ + 1
3

(β − 2)ρΛ, (2.18)

where coefficients α and β define the dependence of densities ρ and ρΛ on the scale factor a(t):
ρ ∼ a−α and ρΛ ∼ a−β . Specifying equation (2.18) for the pressureless fluid (α= 3) and taking
into account that ρΛ = κj/c, we obtain the final form of the Friedmann equations for the opaque
universe (

ȧ
a

)2
= 8πG

3
ρ − 2

3
κj
c

− kc2

a2 (2.19)

and
ä
a

= −4πG
3
ρ + β − 2

3
κj
c

. (2.20)

Comparing equations (2.1) and (2.2) with equations (2.19) and (2.20), we see that the modified
Friedmann equations can be rewritten into a form almost identical with the original Friedmann
equations (

ȧ
a

)2
= 8πG

3
ρ − kc2

a2 + 1
3
Λc2 (2.21)

and
ä
a

= −4πG
3
ρ + 2 − β

2
1
3
Λc2, (2.22)

if the cosmological term Λ is defined as

Λ= −2
κj
c3 . (2.23)

The only difference is in factor (2 − β)/2 in equation (2.22), originating from the fact thatΛ is not a
constant any more but depends on the scale factor a(t). If β = 0, equation (2.22) becomes identical
with the Friedmann equation (2.2).

(d) Distance-redshift relation
Assuming that Λ depends on a as ∼ a−β in equation (2.21), the Hubble parameter reads

H2(a) = H2
0
[
Ωma−3 +Ωra−4 +Ωaa−β +Ωka−2], (2.24)

where Ωm, Ωr, Ωa and Ωk are the normalized matter, radiation, radiation–absorption and
curvature terms, respectively. In contrast to Ωm and Ωr, which describe attractive gravitational
forces produced by matter and radiation in the Universe,Ωa describes repulsive non-gravitational
forces produced by the light–matter interaction. Since gravity associated with radiation is
non-negligible only for z> 1100, we can assume Ωr = 0 and specify equation (2.24) for the
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matter-dominated opaque universe as

H2(a) = H2
0
[
Ωma−3 +Ωaa−β +Ωka−2], (2.25)

with the condition
Ωm +Ωa +Ωk = 1, (2.26)

where

Ωm = 1

H2
0

(
8πG

3
ρ0

)
, (2.27)

Ωa = − 1

H2
0

(
2
3
κ0j0

c

)
, (2.28)

and Ωk = − kc2

H2
0

. (2.29)

The minus sign in equation (2.28) means that the radiation pressure due to the light–matter
interaction acts against the gravity. Considering a = 1/(1 + z), the comoving distance is expressed
from equation (2.25) as a function of redshift as follows:

dr = c
H0

dz√
Ωm(1 + z)3 +Ωa(1 + z)β +Ωk(1 + z)2

. (2.30)

(e) Redshift dependence of the light–matter interaction
The radiation–absorption term Λ defined in equation (2.23) is redshift dependent. Under the
assumption that the number of sources and their luminosity conserves in time, the rest-frame
luminosity density jν for a given frequency ν depends on redshift as (1 + z)3 and the bolometric
luminosity density j depends on redshift as

j = j0a−4 = j0 (1 + z)4, (2.31)

where subscript ‘0’ corresponds to the quantity observed at present. The assumption of the
independence of the global stellar mass in the Universe looks apparently unrealistic but it is fully
consistent with observations if corrections to opacity of the high-redshift Universe are applied
[6,29], see figure 3.

The luminosity density comprises energy radiated by galaxies into the intergalactic space
and thermal radiation of intergalactic dust. All these sources produce cosmic background
radiation in the Universe being the sum of the cosmic X-ray background (CXB), the EBL and
the cosmic microwave background (CMB). The cosmic background radiation as any radiation in
the expanded universe depends on redshift as

I = I0a−4 = I0 (1 + z)4. (2.32)

Also, the mass opacity κ in equation (2.23) depends on redshift. Based on the extinction law,
the mass opacity κ depends on the wavelength λ of absorbed radiation as λ−γ , where γ is
the spectral index ranging between 1.0 and 2.0 for grains with size of 0.2 µm or smaller [5,69],
see figure 5. Hence, if radiation changes its wavelength due to the redshift, the opacity κ

is also redshift dependent. Consequently, the coefficient β describing the redshift-dependent
radiation–absorption term in equations (2.25) and (2.30) ranges from 5 to 6. By contrast, the mass
opacity is wavelength independent for large grains with size larger than wavelength λ and the
radiation–absorption term depends on z as (1 + z)4 only.

Since the coefficient β essentially affects the behaviour of the Hubble parameter H(a) and
subsequently the evolution of the Universe, we will discuss the origins of its enormously high
value in detail. The normalized matter and radiation terms Ωm and Ωr in equation (2.24) depend
on the scale factor a as a−3 and a−4, respectively. Hence, one would intuitively expect that the
interaction of matter with radiation will produce term a−β with β ranging between 3 and 4.
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Figure 5. The mass opacity κ as a function of wavelength for the so-called MRN dust model [69] defined by the power-law
grains-size distributionwith lower and upper size limits between approximately 5 and 250 nm, see tables 4–6 of Draine [4]. The
black and red dashed lines show the power law with the spectral index of 2 and 1.4, respectively. (Online version in colour.)

However, this speculation is false, because it ignores the essential property of the radiation-matter
interaction—its frequency dependence. The interaction of radiation with matter is caused by
absorption of light by grains of cosmic dust, which depends on the wavelength of light and on the
size of dust grains. While large wavelengths of light are absorbed weakly, the short wavelengths
are absorbed more intensely. Hence, three effects are involved in the light–matter interaction:
(1) an increase of the intensity of light as (1 + z)3 associated with decreasing the volume of the
Universe with redshift, (2) an additional increase of the intensity of light as (1 + z) due to the
shortening of wavelengths of photons caused by the cosmological redshift and (3) an increase of
light absorption as (1 + z)γ , with γ ranging between 1 and 2, because the photons at high redshifts
have shorter wavelengths and interact much more strongly with cosmic dust grains than photons
at the present epoch.

(f) Limits of the scale factor a
In order to get simple closed-form formulae, we assume in the next that the mean spectral index
γ characterizing the absorption of light by mixture of grains of varying size is 1. Consequently,
the radiation–absorption term depends on a as ∼ a−5. The scale factor a of the Universe with the
zero expansion rate is defined by the zero Hubble parameter in equation (2.25), which yields a
cubic equation in a

Ωka3 +Ωma2 +Ωa = 0. (2.33)

Taking into account thatΩm > 0 andΩa < 0, equation (2.33) has two distinct real positive roots for

(
Ωm

3

)2
>

(
Ωk

2

)2
|Ωa| and Ωk < 0. (2.34)

Negative Ωa and Ωk imply that

Ωm > 1 and ρ0 >ρc = 8πG

3H2
0

. (2.35)

Under these conditions, equation (2.25) describes a Universe with a cyclic expansion/contraction
history and the two real positive roots amin and amax define the minimum and maximum scale
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factors of the Universe. For Ωa � 1, the scale factors amin and amax read approximately

amin ∼=
√∣∣∣∣ Ωa

Ωm

∣∣∣∣ and amax ∼=
∣∣∣∣Ωm

Ωk

∣∣∣∣ , (2.36)

and the maximum redshift is

zmax = 1
amin

− 1. (2.37)

The scale factors a of the Universe with the maximum expansion/contraction rates are defined by

d
da

H2(a) = 0, (2.38)

which yields a cubic equation in a

2Ωka3 + 3Ωma2 + 5Ωa = 0. (2.39)

Taking into account equations (2.21) and (2.22) and equations (2.27)–(2.29), the deceleration of the
expansion reads

ä = −1
2

H2
0 [Ωma−2 + 3Ωaa−4]. (2.40)

Hence, the zero deceleration is for the scale factor

a =
√∣∣∣∣3Ωa

Ωm

∣∣∣∣. (2.41)

The above equations are quite simple, because they are derived for the spectral index γ = 1. For
other values of γ , the limits of the scale factor a are obtained by solving the equation for the zero
Hubble parameter numerically. In general, the higher the spectral index γ , the smaller the value
of the maximum redshift zmax, see the next sections.

3. Parameters for modelling
To calculate the expansion history and cosmic dynamics of the Universe, we need observations
of the mass opacity of intergalactic dust grains, the galaxy luminosity density, the mean mass
density, and the expansion rate and curvature of the Universe at the present time.

(a) Mass opacity of cosmic dust
When estimating the mass opacity of dust, κ0, we have to know the basic parameters of dust
grains. The size d of dust grains is in the range of 0.01–0.2 µm with a power-law distribution d−q

with q = 3.5 [69,70], but silicate and carbonaceous grains dominating the scattering are typically
with d ≈ 0.1 µm [5,71]. The grains of size 0.07 µm ≤ d ≤ 0.2 µm are also ejected to the IGM most
effectively [72,73]. The grains form complicated fluffy aggregates, which are often elongated
or needle-shaped [64,74]. Considering the density of carbonaceous material ρ ≈ 2.2 g cm−3 and
the silicate density ρ ≈ 3.8 g cm−3 [5], the average density of porous dust grains is ≈2 g cm−3

or less [75–77]. Consequently, the standard dust models [78] predict the wavelength-dependent
mass opacity. For example, Draine [4] reports the mass opacity of 855 m2 kg−1 at the V-band and
the mass opacity of 402 m2 kg−1 for a wavelength of 1 µm, which corresponds to the maximum
intensity of the EBL.

(b) EBL and the galaxy luminosity density
The EBL covers a wide range of wavelengths from 0.1 to 1000 µm. It was measured, for example,
by the IRAS, FIRAS, DIRBE on COBE, and SCUBA instruments; for reviews, see Hauser &
Dwek [79], Lagache et al. [80], and Cooray [81]. The direct measurements are supplemented
by integrating light from extragalactic source counts [79,82] and by attenuation of gamma rays
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from distant blazars due to scattering on the EBL [83–86]. The EBL spectrum has two maxima:
associated with the radiation of stars (at 0.7–2 µm) and with the thermal radiation of dust in
galaxies (at 100–200 µm), see Schlegel et al. [2], Calzetti et al. [3]. Despite extensive measurements,
uncertainties of the EBL are still large. The total EBL should fall between 40 and 200 nW m−2 sr−1

[6, fig. 1] with the most likely value IEBL = 80–100 nW m−2 sr−1 [79,87–90].
The galaxy luminosity density is determined from the Schechter function [91]. It has been

measured by large surveys 2dFGRS [92], SDSS [93,94] or CS [95]. The luminosity function
in the R-band was estimated at z = 0 to be (1.84 ± 0.04) × 108 h L� Mpc−3 for the SDSS data
[94] and (1.9 ± 0.6) × 108 h L� Mpc−3 for the CS data [95]. The bolometric luminosity density
is estimated by considering the spectral energy distribution (SED) of galaxies averaged over
different galaxy types, being thus about 1.7 times larger than that in the R-band [29, table 2]:
j0 ≈3.1 × 108 h L� Mpc−3.

(c) Matter density of the Universe
The simplest and most straightforward method to estimate the matter density is based on galaxy
surveys and computation of the mass from the observed galaxy luminosity and from the mass-
to-light ratio (M/L) that reflects the total amount of the mass relative to the light within a given
scale. The M/L ratio is, however, scale dependent and increases from bright, luminous parts of
galaxies to their halos (with radius of ≈200 kpc) formed by (baryonic and/or speculative non-
baryonic) dark matter. The M/L ratio depends also on a galaxy type being about three to four
times larger for elliptical/SO galaxies than for typical spirals, hence the observed M/LB is ≈100 h
for spirals, but ≈400 h for ellipticals at radius of ≈200 kpc, see Bahcall et al. [96]. Considering
the mean asymptotic ratio M/LB of 200–300 h and the observed mean luminosity density of the
Universe at z = 0 of ≈2.5 × 108 h L� Mpc−3 reported by Cross et al. [92], the matter density Ωm

associated with galaxies is about 0.2–0.3 (Ωm = 1 means the critical density).
Another source of matter in the universe is connected to Lyα absorbers containing

photoionized hydrogen at ≈104 K and being detected by the Lyα forest in quasar spectra [19].
These systems are partly located in the galaxy halos, but a significant portion of them cannot
be associated with any galaxy, being observed, for example, in voids [97–99]. The Lyα absorbers
also form the intragroup and intracluster medium [100] and the IGM nearby the other large-
scale galaxy structures like the galaxy filaments [99,101]. In addition, it is speculated that a large
amount of matter is located in the warm-hot intergalactic medium (WHIM) that is a gaseous phase
of moderate to low density (≈10–30 times the mean density of the Universe) and at temperatures
of 105–107 K. Although it is difficult to observe the WHIM because of low column densities of HI
in the hot gas, they might be potentially detected by surveys of broad HI Lyα absorbers (BLAs)
as reported by Nicastro et al. [102] or Pessa et al. [103].

Hence, we conclude that the estimate of matter density Ωm = 0.2–0.3 inferred from a
distribution of galaxies is just a lower limit, while the upper limit of Ωm is unconstrained, being
possibly close to or even higher than 1. This statement contradicts the commonly accepted value
of Ωm = 0.3 reported by Planck Collaboration et al. [104,105] which is based on the interpretation
of the CMB as a relic radiation of the Big Bang.

(d) Hubble constant and cosmic curvature
The Hubble constant H0 is measured by methods based on the Sunyaev-Zel’dovich effect [106–
108] or gravitational lensing [109,110], gravitational waves [111–113] or acoustic peaks in the CMB
spectrum provided by Planck Collaboration et al. [104], and they yield values mostly ranging
between 67 and 74 km s−1 Mpc−1. Among these approaches, direct methods are considered to be
most reliable and accurate (for a review, see Jackson [114]). These methods are based on measuring
local distances up to 20–30 Mpc using Cepheid variables observed by the Hubble Space Telescope
(HST). The HST galaxies with distance measured with the Cepheid variables are then used to
calibrate the SNe Ia data. With this calibration, the distance measure can be extended to other
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Table 1. Maximum redshift and scale factor in the cyclicmodel of the opaque universe. Parameterε is the ratio of the spheroidal
to spherical dust grain cross-sections,Ωm,Ωa andΩk are the matter, radiation–absorption and curvature terms, β is the
power-law exponent describing a decay of the radiation–absorption term with the scale factor a in equation (2.25), and amax
and zmax are the estimates of the maximum scale factor and redshift, respectively. Models A, B and C predict low, high and
optimum values of zmax. Models E, D and C predict low, high and optimum values of amax.

input parameters output

model ε Ωm Ωa β Ωk amax zmax
A 6 1.2 −1.7 × 10−3 5.6 −0.198 6.1 11.4

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

B 4 1.2 −1.2 × 10−3 5.2 −0.199 6.0 22.0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

C 5 1.2 −1.5 × 10−3 5.4 −0.199 6.0 15.1
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

D 5 1.1 −1.5 × 10−3 5.4 −0.099 11.2 14.6
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

E 5 1.3 −1.5 × 10−3 5.4 −0.299 4.4 15.6
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

more distant galaxies (hundreds of Mpc) in which SNe Ia are detected [115,116]. The estimate
of H0 obtained by Riess et al. [117] using the Cepheid calibration is 73.25 ± 1.74 km s−1 Mpc−1.
The precision of the distance scale was further reduced by a factor of 2.5 by Riess et al. [118].
Another estimate of H0 obtained by Freedman et al. [119] using the SNe Ia with a red giant branch
calibration is 69.8 ± 2.5 km s−1 Mpc−1.

Assuming the ΛCDM model, the CMB and BAO observations indicate a nearly flat Universe
[104]. This method is not, however, model independent and ignores the impact of cosmic
dust on the CMB. A model-independent method proposed by Clarkson et al. [120] is based
on reconstructing the comoving distances by Hubble parameter data and comparing with the
luminosity distances [121,122] or the angular diameter distances [123]. The cosmic curvature can
also be constrained using strongly gravitational lensed SNe Ia [124] and using lensing time delays
and gravitational waves [125]. The authors report the curvature term Ωk ranging between −0.3
and −0.1 indicating a closed Universe, not significantly departing from flat geometry.

4. Results
Estimating the required cosmological parameters from observations, the upper and lower limits
of the volume of the Universe and the evolution of the Hubble parameter with time can be
calculated using equations (2.25)–(2.29). The mass density of the Universe higher than the
critical density is considered, and subsequently Ωm is higher than 1. The Hubble constant is
H0 = 69.8 km s−1 Mpc−1, taken from Freedman et al. [119]. The mass opacity κ0 of 402 m2 kg−1

is taken from table 4 of Draine [4] and it characterizes the opacity of dust at a wavelength of
1 µm. The opacity is further multiplied by factor ε reflecting that dust grains are not spherical
but rather prolate spheroids having a larger effective cross-section. The luminosity density is
j0 = 3.1 × 108 h L� Mpc−3. The radiation–absorption term in equation (2.28) is multiplied by a
factor of 2, because photons are not only absorbed but also radiated by dust grains to maintain the
thermal equilibrium. The exponent β of the power-law decay of the radiation–absorption term in
equation (2.25) ranges from 5.2 to 5.6. The results of modelling are summarized in table 1.

As seen in figure 6, the maximum redshift of the Universe depends on Ωm and Ωa, and ranges
from 13 to 18 for β = 5.4. In contrast to amin depending on both Ωm and Ωa, the maximum scale
factor amax of the Universe depends primarily on Ωm only. Figure 7 shows that amax rapidly
decreases with increasing Ωm. Obviously, the limiting value is Ωm = 1, when amax is infinite (flat
space). For Ωm = 1.1, 1.2, 1.3 and 1.5, the scale factor amax is 11.2, 6.0, 4.4 and 3.0, respectively.

The history of the Hubble parameter H(z) and its evolution in the future H(a) calculated by
equation (2.25) is shown in figure 8 for five scenarios summarized in table 1. The form of H(z) in
figure 8a is controlled by Ωa and the power-law exponent β, while the form of H(a) in figure 8b
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Figure 6. Maximum redshift as a function ofΩm andΩa. The power-law exponent β describing a decay of the radiation–
absorption term with the scale factor a is assumed to be 5.4, see table 1. (Online version in colour.)
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Figure 7. The maximum scale factor as a function ofΩm. (a) Linear scale and (b) logarithmic scale. The dependence onΩa is
negligible. (Online version in colour.)

is controlled by Ωm. The Hubble parameter H(z) increases with redshift up to its maximum.
After that the function rapidly decreases to zero. The drop of H(z) is due to a fast increase of
light attenuation producing strong repulsive forces at high redshift. For future epochs, function
H(a) is predicted to monotonously decrease to zero. The rate of decrease is controlled just by
gravitational forces; the repulsive forces originating in light attenuation are negligible. For a
comparison, figure 8 (red line) shows the Hubble parameter H(a) for the standard ΛCDM model
[104], which is described by equation (2.6) with Ωm = 0.3 and ΩΛ = 0.7.

The distance-redshift relation of the proposed cyclic model of the Universe is quite different
from the standardΛCDM model (figure 9). In both models, the comoving distance monotonously
increases with redshift, but the redshift can go possibly to 1000 or more in the standard model,
while the maximum redshift is likely 14–15 in the optimum cyclic model. The increase of distance
with redshift is remarkably steeper for the ΛCDM model than for the cyclic model. The ratio
between distances in the cyclic andΛCDM models rapidly decreases from 1 at z = 0 to about 0.63
at z> 4.
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Figure 8. The evolution of the Hubble parameter with redshift in the past and with the scale factor in the future (in
km s−1 Mpc−1). (a) The blue dashed, dotted and solid lines show Models A, B and C in table 1. (b) The blue solid, dashed, and
dotted lines showModels C, D and E in table 1. The black dotted lines mark the predictedmaximum redshifts (a) andmaximum
scale factors (b) for themodels considered. The red solid line shows the flatΛCDMmodelwithH0 = 69.8 km s−1 Mpc−1, taken
from Freedman et al. [119], and withΩm = 0.3 andΩΛ = 0.7. (Online version in colour.)
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5. Other supporting evidence
The cyclic cosmological model of the opaque universe successfully removes some tensions of the
standard ΛCDM model:

— The model does not limit the age of stars in the Universe. For example, observations of
a nearby star HD 140283 [126] with age of 14.46 ± 0.31 Gyr are in conflict with the age
of the Universe, 13.80 ± 0.02 Gyr, determined from the interpretation of the CMB as relic
radiation of the Big Bang [104].
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— The model predicts the existence of very old mature galaxies at high redshifts. The
existence of mature galaxies in the early Universe was confirmed, for example, by Watson
et al. [38] who analysed observations of the Atacama Large Millimetre Array (ALMA) and
revealed a galaxy at z> 7 highly evolved with a large stellar mass and heavily enriched
in dust. Similarly, Laporte et al. [39] analysed a galaxy at z ≈ 8 with a stellar mass of
≈2 × 109M� and a dust mass of ≈6 × 106M�. A large amount of dust is reported by
Venemans et al. [127] for a quasar at z = 7.5 in the ISM of its host galaxy. In addition,
a remarkably bright galaxy at z ≈ 11 was found by Oesch et al. [128] and a significant
increase in the number of galaxies for 8.5< z< 12 was reported by Ellis et al. [49]. Note
that the number of papers reporting discoveries of galaxies at z ≈ 10 or higher is growing
rapidly [129–132].

— Assuming 2–3 times higher cosmic opacity than its current estimates, the model is capable
of explaining the SNe Ia dimming discovered by Riess et al. [133] and Perlmutter et al.
[134] without introducing dark energy as the hypothetical energy of the vacuum [13],
which is difficult to explain under quantum field theory [135]. Moreover, the speed of
gravitational waves and the speed of light differ for most dark energy models [136,137],
but observations of the binary neutron star merger GW170817 and its electromagnetic
counterparts proved that both speeds coincide with a high accuracy.

— The model avoids a puzzle of how the CMB as relic radiation could survive the whole
history of the Universe without any distortion [138], and why several unexpected features
at large angular scales such as non-Gaussianity [139–141] and a violation of statistical
isotropy and scale invariance are observed in the CMB.

— The temperature of the CMB as thermal radiation of cosmic dust is predicted with
the accuracy of 2%, see Vavryčuk [6]. The CMB temperature is controlled by the EBL
intensity and by the ratio of galactic and intergalactic opacities. The temperature of
intergalactic dust increases linearly with redshift and exactly compensates the change
of wavelengths due to redshift. Consequently, dust radiation looks apparently like the
blackbody radiation with a single temperature.

— The model explains satisfactorily: (1) the observed bolometric intensity of the EBL with a
value of ≈100 nW m−1 sr−1, see Vavryčuk [29], (2) the redshift evolution of the comoving
UV luminosity density with extremely high values at redshifts 2< z< 4, see Vavryčuk [6]
(fig. 11), and (3) a strong decay of the global stellar mass density at high redshifts, see
Vavryčuk [6] (fig. 12). The increase of the luminosity density at z ≈ 2–3 does not originate
in the evolution of the star formation rate as commonly assumed but in the change of the
proper volume of the Universe. The decrease of the luminosity density at high z originates
in the opacity of the high-redshift universe.

Note that the prediction of a close connection between the CMB anisotropies and the large-
scale structures is common to both the standard model and the opaque universe model. The
arguments are, however, reversed. The Big Bang theory assumes that the large-scale structures
are a consequence of the CMB fluctuations originating at redshifts z ≈ 1100, while the opaque
universe model considers the CMB fluctuations as a consequence of the large-scale structures
at redshifts less than 3–5. The polarization anomalies of the CMB correlated with temperature
anisotropies are caused by the polarized thermal emission of needle-shaped conducting dust
grains aligned by large-scale magnetic fields around clusters and voids. The phenomenon is
analogous to the polarized interstellar dust emission in our Galaxy, which is observed at shorter
wavelengths because the temperature of the galactic dust is higher than that of the intergalactic
dust [142–146].

6. Discussion
The standard Friedmann equations were derived for the transparent universe and assume no
light–matter interaction. The equations contain densities Ωm and Ωr that describe the effects
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of gravity produced by matter, radiation and radiation pressure of photon gas. Since radiation
pressure represents energy, it produces also gravity according to general relativity. The effects of
radiation are, however, significant only for z> 1100. The modified Friedmann equations contain
another density Ωa, which is also connected with the radiation pressure but in a different way.
This pressure is produced by absorption of photons by ambient cosmic dust and it acts against
gravity.

The radiation pressure as a cosmological force acting against the gravity has not been proposed
yet, even though its role is well known in the stellar dynamics [147]. The radiation pressure is
important in the evolution of massive stars [148], in supernovae stellar winds and in galactic wind
dynamics [42,43,149,150]. Apparently, the radiation pressure in the evolution of the Universe
was overlooked, because the Universe was assumed to be transparent. By contrast, the role of
radiation pressure is essential in the opaque universe model, because it is produced by absorption
of photons by cosmic dust. Since the cosmic opacity and the intensity of the EBL steeply rise
with redshift (figure 2), the radiation pressure, negligible at present, becomes significant at high
redshifts and can fully eliminate gravity and stop the Universe contraction. In this process,
small dust grains will probably be more important, because the mass opacity responsible for the
radiation pressure rapidly increases with decreasing size of grains. Similarly, the emission of high-
energy photons will affect the Universe dynamics more distinctly than the photons re-emitted by
dust grains which form the CMB. The high-energy photons emitted by stars are absorbed by three
to four orders more efficiently compared to the CMB photons, which are absorbed by dust very
weakly.

Hence, the expansion/contraction evolution of the Universe might be a result of imbalance
of gravitational forces and radiation pressure. Since the comoving global stellar and dust masses
are basically independent of time with minor fluctuations only (figure 3), the evolution of the
Universe is stationary. The age of the Universe in the cyclic model is unconstrained and galaxies
can be observed at any redshift less than the maximum redshift zmax. The only limitation is high
cosmic opacity, which can prevent observations of the most distant galaxies. Hypothetically, it is
possible to observe galaxies from the previous cycle/cycles, if their distance is higher than that
corresponding to zmax ≈ 14–15. The identification of galaxies from the previous cycles will be,
however, difficult, because their redshift will be a periodic function with increasing distance.

Obviously, a role of recycling processes is much more important in the cyclic cosmological
model than in the Big Bang theory. The processes of formation/destruction of galaxies and
their interaction with the circumgalactic medium through galactic winds and outflows [151–156]
should play a central role in this model. Similarly, the formation of metals in nuclear fusion should
be balanced in the long term by their destruction invoked, for example, by quasars. Indications
supporting that such a scenario is not ruled out are provided by studies of metallicity with
cosmic time, when observations do not show convincing evidence of the metallicity evolution.
By contrast, they indicate [19,157,158] a widespread metal pollution of the IGM in all epochs of
the Universe and a failure to detect a pristine material with no metals at high redshifts.

In summary, the opaque universe model and the Big Bang theory are completely different
concepts of the Universe. Both theories successfully predict basic astronomical observations such
as the Universe expansion, the luminosity density evolution with redshift, the global stellar mass
history, the SNe Ia measurements and the CMB observations. However, the Big Bang theory
needs the existence of dark matter and dark energy, which are supported by no firm evidence.
Moreover, they contradict small-scale observations in galaxies [159–162] and are disfavoured by
observations of gravitational waves [137]. By contrast, the model of the eternal cyclic universe
with high-redshift opacity is based on the standard physics, it is less speculative and predicts the
current observations comparably well with no free parameters such as dark energy or dark matter.
Nevertheless, this model opens other fundamental questions, such as about recycling processes
of stars, galaxies and other objects in the Universe or about similarity/dissimilarity of individual
cycles.
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Appendix A. Considering light–matter interactions in Einstein equations of
general relativity
The Einstein field equations read

Gμν +Λgμν = 8πG
c4 Tμν , (A 1)

where Gμν is the Einstein tensor, Λ is the cosmological constant, gμν is the metric tensor, G is
the gravitational constant, c is the speed of light and Tμν is the energy-momentum tensor. The
Einstein tensor Gμν describes the curvature of the space–time associated with gravity produced
by the presence of matter and/or energy described by the energy-momentum tensor Tμν .

Since Gμν ;ν = 0 and gμν ;ν = 0, we get

Tμν ;ν = 0, (A 2)

which expresses the energy-momentum conservation law.
The cosmological constant Λ in equation (A 1) represents a non-gravitational field acting

against the gravity. It was inserted into the equations by Einstein [163] in order to maintain
the Universe as static. Since the physical nature of Λ was unclear, Einstein assumed the
cosmological term in the simplest possible form. However, other forms of the cosmological term
are, in principle, admissible. Obviously, the validity of the field equations (A 1) is kept, if the
cosmological term Λgμν is substituted by the following more general term ψΛμν ,

Gμν + ψΛμν = 8πG
c4 Tμν , (A 3)

where ψ is a constant, which should be determined, and Λμν is the energy-momentum tensor of
a non-gravitational field obeying the energy-momentum conservation law

Λμν ;ν = 0. (A 4)

In the next, tensor Λμν in equation (A 3) will be interpreted as the result of the light–matter
interaction described in section 2(b) Light–matter interaction. The constant ψ standing at Λμν

in equation (A 3) will be determined by applying the weak-field non-relativistic approximation,
similarly as for determining the constant 8πG/c4 standing at the energy-momentum tensor Tμν .

Note that tensor Λμν can formally be a part of the energy-momentum tensor Tμν . However,
it is useful to treat it separately, in order to emphasize its non-gravitational nature similarly as
done by Einstein in the case of the original cosmological constant Λ. In this way, tensor Tμν is
allocated for gravitational effects of mass and other physical fields only, but it does not reflect
non-gravitational forces. Obviously, both approaches are mathematically equivalent, because if
Λμν is considered as a part of Tμν , matching the field equations for a weak non-relativistic field
leads finally to decoupling ofΛμν and cancelling the factor 8πG/c4 standing at the term withΛμν .

For a perfect isotropic fluid, the energy-momentum tensor Tμν reads

Tμν =
(
ρ + p

c2

)
UμUν + pgμν , (A 5)

where ρ is the density, p is the pressure and Uμ is the four velocity. In analogy to (A 5), the isotropic
cosmological tensor Λμν can be described as

Λμν =
(
ρΛ + pΛ

c2

)
UμUν + pΛgμν , (A 6)
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where ρΛ is the density, and pΛ is the pressure of the non-gravitational field produced by the
light–matter interaction.

The unknown constant ψ in equation (A 3) can now be found in a straightforward way
assuming the weak-field approximation and using equation (2.16). This equation can be split into
the Poisson equations for the gravitational potential ΦG and for the potential of the light–matter
interaction ΦΛ as follows:

�ΦG = 4πGρ (A 7)

and
�ΦΛ = −ρΛ. (A 8)

Taking into account that Λ00 = ρΛc2 and applying exactly the same procedure as when
determining the constant 8πG/c4 standing at tensor Tμν in equation (A 1), we getψ = 2/c4. Hence,
equation (A 3) finally reads

Gμν + 2
c4Λ

μν = 8πG
c4 Tμν . (A 9)

Introducing the standard FLRW metric of the space defined by its Gaussian curvature k and by
the scale factor a(t) [67,68]

− c2 dτ 2 = −c2 dt2 + a2(t)

(
dr2

1 − kr2 + r2 dΩ2

)
, (A 10)

in equations (A 9), (A 5) and (A 6), we get a modified form of the Friedmann equations, which
involve effects of the non-gravitational field Λμν(

ȧ
a

)2
= 8πG

3
ρ − 2

3
ρΛ − kc2

a2 (A 11)

and
ä
a

= −4πG
3

(
ρ + 3p

c2

)
+ 1

3

(
ρΛ + 3pΛ

c2

)
. (A 12)

Considering ρ and ρΛ depending on the scale factor a(t) as ρ = ρ0a−α and ρΛ = ρΛ0a−β , the
equations of state for Tμν and Λμν yield

p = α − 3
3

c2ρ (A 13)

and

pΛ = β − 3
3

c2ρΛ, (A 14)

and equation (A 12) reads
ä
a

= −4πG
3

(α − 2)ρ + 1
3

(β − 2)ρΛ. (A 15)
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