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Chapter 1

Introduction

Since its introduction in 1994, Seiberg-Witten theory [35] has been an active research topic in both the physics and
mathematics communities. From the physics point of view, it is an exact low-energy effective field theory of an
N = 2 supersymmetric SU(N) gauge theory. From the mathematical point of view, all the physical information
can be encoded into an N -dimensional family B of genus N connected compact Riemann surfaces Σ known as
Seiberg-Witten curves. Each Seiberg-Witten curve is equipped with a residueless meromorphic differential
form dSSW called the Seiberg-Witten differential. The homology group H1(Σ,C) is naturally equipped with a
symplectic structure, given by the oriented intersection product. By choosing symplectic basis cycles A and
B for the homology group, the corresponding A and B-periods of dSSW recover the electric (a1, · · · , aN ) and
magnetic (b1, · · · , bN ) charges of the theory respectively.

The supersymmetric origin of Seiberg-Witten theory enforces that the effective action of the theory is completely
determined by a holomorphic function FSW = FSW ({ai=1,··· ,N},Λ) known as the Seiberg-Witten prepotential.
The parameter Λ is the energy scale of the theory where gauge couplings become strong. Therefore, technically
we should have written B as B(Λ) to emphasize the dependency of the family on the energy scale Λ. In the
original work [35], the electric-magnetic duality was employed to constrain the form of the prepotential. A
more mathematical approach to the computation of the prepotential has been studied via Nekrasov’s partition
function a few years later by various authors [32, 33, 31, 30].

Nekrasov’s partition function Z({ai=1,··· ,N}, ε1, ε2,Λ) is the path-integral over the non-perturbative instanton
contributions of a certain (ε1, ε2)-deformed N = 2 supersymmetric SU(N) gauge theory. It can be written as
an integral over the moduli space of instantons which can be evaluated via Atiyah-Bott equivariant localization
formula [2]. In the end, we find that Z({ai}, ε1, ε2,Λ) is a sum of terms indexed by N -tuples of Young’s
diagrams over all possible N -tuples of Young’s diagrams with boxes of width −ε1 and height +ε2. In the limit
ε1, ε2 → 0, Young diagrams become graphs of continuous functions f and there exists the function f0 in which
the corresponding term in the summation:

F0({ai},Λ) = lim
ε1,ε2→0

ε1ε2 logZ({ai}, ε1, ε2,Λ)

will dominate the contribution. It was proven by Nekrasov-Okounkov [33, 32] that F0 is the Seiberg-Witten pre-
potential FSW . The same result was independently proven using techniques in algebraic geometry by Nakajima-
Yoshioka [30, 31].

Mathematically, the Seiberg-Witten prepotential FSW contains information about the deformation of Seiberg-
Witten curves Σ in the family B. A Seiberg-Witten curve Σ is represented by a point [Σ] ∈ B. Let us define
the regular locus Breg of B to be the dense subset of points [Σ] ∈ B such that Σ is non-singular. The set
{a1 := a1(Σ), · · · , aN := aN (Σ)} where ai(Σ) :=

∮
Ai⊂Σ

dSSW are A-periods of the Seiberg-Witten differential
on Σ is a system of local holomorphic coordinates on some neighbourhoods BΣ ⊆ Breg of an arbitrary point
[Σ] ∈ Breg giving Breg the structure of an N -dimensional complex manifold. Let us fix a point [Σ0] ∈ Breg.
The prepotential FSWΣ0

: BΣ0 → C is a holomorphic function locally defined on some open neighbourhood
BΣ0
⊆ Breg of [Σ0] which relates the B-periods on Σ of the Seiberg-Witten differential, bi(Σ) :=

∮
Bi⊂Σ

dSSW ,
to its A-periods as follows:

bi = bi(Σ) =
∂FSWΣ0

({ak},Λ)

∂ai
, i = 1, · · · , N, [Σ] ∈ BΣ0 .

Let us explore the prepotential from another important viewpoint. Similarly to how we equipped the homology
group H1(Σ,C) with a symplectic structure, the cohomology group H1(Σ,C) ∼= H1(Σ,C)∗ may be equipped

5



with a symplectic structure given by the oriented intersection of cohomological classes via Poincaré duality. We
can say that the existence of prepotential FSWΣ0

is also equivalent to the fact that

LΣ0
:=
{(
a1(Σ), · · · , aN (Σ), b1(Σ), · · · , bN (Σ)

)
| [Σ] ∈ BΣ0

}
⊂ C2g ∼= H1(Σ0,C)

is a Lagrangian submanifold. From this point of view, the prepotential is the generating function of LΣ0
. Here

we have identified H1(Σ,C) for every [Σ] ∈ BΣ0 with C2g. Consider the symplectic vector bundle H → BΣ0

equipped with the Gauss-Manin connection ∇GM and with the fiber over [Σ] ∈ BΣ0 given by HΣ := H1(Σ,C).
Then LΣ0

⊂ HΣ0
= H1(Σ0,C) is the image of the embedding of BΣ0

into the fiber HΣ0
given by sending the

cohomology class of dSSW over [Σ] ∈ BΣ0
to [Σ0] via the parallel transport.

In fact, the existence of the Seiberg-Witten prepotential FSWΣ0
is a consequence of an important property of the

Seiberg-Witten differential, namely, any infinitesimal variations of dSSW in the family B using a certain choice
of connection is a global holomorphic form on Σ. Based on this key property, we may consider a generalized
notion of ‘Seiberg-Witten theory’ as follows. Let B be an arbitrary g dimensional family of genus g curves Σ
and each Σ is equipped with a residueless meromorphic differential dS such that

∂dS

∂ui
= holomorphic form on Σ, i = 1, · · · , g (1.1)

with respect to some choices of connections, where {u1, · · · , ug} are local coordinates of B. Let BΣ0
⊂ Breg be

some small open neighbourhood of [Σ0] ∈ Breg. The image of the embedding

[Σ] 7→ (a1(Σ), · · · ,ag(Σ),b1(Σ), · · · ,bg(Σ)) ∈ HΣ0 = H1(Σ0,C), (1.2)

given by sending the cohomology class of dS over [Σ] ∈ BΣ0 to [Σ0] via parallel transport, is a Lagrangian
submanifold LΣ0

. Here, ai = ai(Σ),bi = bi(Σ) are A,B-periods of dS and the prepotential FΣ0
= FΣ0

({ak})
exists on BΣ0 as the generating function of LΣ0 : bi =

∂FΣ0 ({ak})
∂ai . In the more general context of Whitham

hierarchy [21, 29], instead of just a single energy scale parameter Λ, we can consider an infinite number of time
variables {T k=0,1,2,···} such that ∂dS

∂Tk
= dΩk for some meromorphic differentials dΩk on Σ. In this context, the

main problem to consider is the following: given a set of meromorphic differentials {dΩk=0,1,2,···} on Σ in the
family of curves B({T k=0,1,2,···}), find (if possible) the meromorphic differential dS on Σ satisfying (1.1) and
∂dS
∂Tk

= dΩk.

In this work, we aim to study some mathematical aspects of the Seiberg-Witten family of curves and the
prepotential from the point of view of topological recursion. In the bigger picture, we will consider the complex
analytic moduli space B of smooth compact complex genus g curves Σ embedded inside a foliated symplectic
surface S tangent to the leaves of the foliation F at finitely many points with tangency order 1. Let us call any
curve [Σ] ∈ B a F-transveral curve and call points where Σ is tangent to F the ramification points of Σ. We
will examine the deformation of curves in B, using the Kontsevich-Soibelman approach to topological recursion
[25] with Seiberg-Witten family of curves as the main example.

A spectral curve is a Riemann surface Σ with some distinct points {rα∈Ram} called ramification points together
with some additional data. Topological recursion is a recursive procedure which takes a spectral curve as input
and produces symmetric meromorphic multi-differentials ωg,n which are sections of (Ω1

Σ)�n on (Σ\{rα∈Ram})n.
For instance, ωg,1 is a meromorphic differential on Σ. Topological recursion was introduced by Eynard-Orantin
[14, 15] around 2007-2008 with a wide variety of applications in areas ranging from mathematical physics to
enumerative geometry. For example, it has been shown [14, 15] by comparing the topological recursion relations
with a particular choice of the spectral curve to loop equations that the corresponding output ωg,n are given
by the correlation functions in Matrix models. Similarly, let the spectral curve be given by an Airy curve with
some additional data. It has been shown [15, 13] that coefficients of the Laurent expansion of ωg,n centered at
the only ramification point is related to the intersection number of divisor classes of universal cotangent line
bundles {ψ1, · · · , ψn} (known as ψ-classes) on M̄g,n. The generating function of the intersection numbers was
conjectured and later proven to be the tau function of KdV hierarchy by Witten and Kontsevich respectively
[39, 24].

In 2017, Kontsevich-Soibelman [25] introduced the notion of Airy structures which is given by a Lie algebra g
generated by a set of quadratic polynomials {Hk∈I} of a certain form on a symplectic vector space W where the
Lie bracket is naturally given by the Poisson bracket on W . They showed that any Airy structure corresponds to
a recursion called abstract topological recursion. This reduces to the usual Eynard-Orantin topological recursion
when considering an example of Airy structure {Hi∈I} := {(HAiry)k=1,2,3,···} and W := WRam

Airy arises from the
so-called residue constraints. The zero set of the generators of g is a Lagrangian submanifold L ⊂ W by the
fact that g is closed under the Lie bracket. We call L a quadratic Lagrangian submanifold since it is defined by
a set of quadratic polynomials. In particular, we let LRamAiry := {(HAiry)k=1,2,3,··· = 0} ⊂WRam

Airy .
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Chapter 1. Introduction

Let us return to the discussion of the particular Airy structure {(HAiry)k=1,2,3,···} corresponding to topological
recursion. Let DiscsRam be a space of |Ram|-disjoint union of discs Dα, α ∈ Ram embedded inside the foliated
symplectic surface S. Each Dα are deformed Airy curves which can be parameterized by

zα 7→

(
xα = z2

α + a, yα =

∞∑
k=1

bkαz
k
α

)
(1.3)

on the local coordinates chart, (Uα, xα, yα) of S with the ramification point rα = (xα, yα) = (a, b0α) ∈ Uα. Given
an annulus on a disc Dα centered at rα, the set of all Laurent series which converge on the annulus naturally
has a structure of an infinite dimensional symplectic vector space. The infinite-dimensional symplectic vector
space WRam

Airy is given by the direct sum these vector spaces over α ∈ Ram. The space DiscsRam can be thought

of as the local version of the moduli space of curves B. Introduce a trivial vector bundle WRam → DiscsRam

with fiber over any point given by WRam
Airy equipped with a certain connection ∇. Let us fix a reference point

t0 ∈ DiscsRam and let DiscsRamt0 3 t0 be a certain subset of DiscsRam analogous to BΣ0
. The important

observation is that there exists a local section θ of WRam on DiscsRamt0 such that the parallel transport of
θt ∈WRam

t from any point t ∈ DiscsRamt0 to t0 gives an embedding of DiscsRamt0 into the fiber WRam
t0 with the

image contained in the quadratic Lagrangian submanifold LRamAiry . The section θ can be thought of like a local
version of dS or a Seiberg-Witten differential.

At first glance, this on-going discussion seems to have little to do with the deformation of curves or Seiberg-
Witten theory. But we note that an infinitesimal deformation of a smooth curve Σ will produce a global
holomorphic section of the normal bundle on Σ. If Σ is embedded inside a symplectic surface, then by applying
the symplectic form to the global section of the normal bundle, we produce a global holomorphic form on Σ
which naturally arises from the infinitesimal deformation of Σ. In particular, let B be the moduli space of
F-transversal genus g curves, then we have the map φφφΣ : T[Σ]B → Γ(Σ,Ω1

Σ) ↪→ HΣ for each [Σ] ∈ B. It is
possible to check that d∇GMφφφ = 0 where d∇GM denotes the exterior covariant derivative using the Gauss-Manin
connection. Let us fix a reference point [Σ0] ∈ B. By the Pointcaré Lemma, there exists an open neighbourhood
BΣ0

of [Σ0] with a local section θθθ of H on BΣ0
such that d∇GMθθθ = φφφ. Then the parallel transport of θθθΣ ∈ HΣ

from any point [Σ] ∈ BΣ0
to [Σ0] defines an embedding of BΣ0

into HΣ0
as a Lagrangian submanifold LΣ0

. This
is exactly the same embedding given in (1.2) with

ai := ai(Σ) =

∮
Ai

θθθΣ, bi := bi(Σ) =

∮
Bi

θθθΣ =
∂FΣ0

({ak})
∂ai

, i = 1, · · · , g,

where the holomorphic function FΣ0
= FΣ0

({ak}) defined on BΣ0
is the generating function of LΣ0

called
the prepotential. For each [Σ] ∈ BΣ0 , we may consider a lift of the cohomology class θθθΣ to a differential
form on Σ. Such a lift is not unique since an addition by df for any meromorphic function f on Σ will not
change its cohomology class. However, the key idea of Kontsevich-Soibelman is there exists exactly one lift
θΣ of θθθΣ such that the direct sum of Laurent series expansions of θΣ at each ramification point coincides with
θt ∈WRam

t . Here, t ∈ DiscsRamt0 is given in term of [Σ] ∈ BΣ0
by the disjoint union of some open neighbourhood

Dα(Σ) ⊂ Σ ⊂ S which we shall denote by t = γ(Σ). The image of θt under the parallel transport from t to t0
is contained inside LRamAiry ⊂WRam

t0 .

In the end, we get a family of differential forms θΣ which relates the Lagrangian submanifold LΣ0
⊂ HΣ0

with the quadratic Lagrangian submanifold LRamAiry ⊂ WRam
t0 and each θΣ can be thought of as a generalized

Seiberg-Witten differential dS satisfying (1.1). We can understand the relationship between LΣ0 and LRamAiry more

geometrically. The map [Σ] 7→ γ(Σ) embeds BΣ0 as a subset of DiscsRamt0 and LΣ0 is a cohomological image
in HΣ0

of the cross-section of LRamAiry ⊂ WRam
Airy over BΣ0

⊂ DiscsRamt0 . The quadratic Lagrangian submanifold

LRamAiry may be regarded as universal in the following sense. Any two Langrangian submanifolds LΣ0
,L′Σ′0 arise

from two different moduli spaces B,B′ of F-transversal curves with the same number of genus and ramification
points will correspond to two different cross-sections of LRamAiry .

Theorem 2.7.3 Let B be the moduli space of F-transversal genus g curves in a foliated symplectic surface
S. Then for some small open neighbourhood BΣ0

⊂ B of the reference point [Σ0] ∈ B, the prepotential FΣ0
=

FΣ0
(a1, · · · ,ag) can be expressed as

FΣ0(a1, · · · ,ag) = FΣ0(a1
0, · · · ,a

g
0)

+

g∑
i=1

(ai − ai0)
∂FΣ0

∂ai
(a1

0, · · · ,a
g
0) +

1

2

g∑
i,j=1

(ai − ai0)(aj − aj0)
∂2FΣ0

∂ai∂aj
(a1

0, · · · ,a
g
0)

+

∞∑
n=3

1

n!

(
1

2πi

)n−1 g∑
i1,··· ,in=1

(∮
p1∈Bi1

· · ·
∮
pn∈Bin

ω0,n(p1, · · · , pn)

)
(ai1 − ai10 ) · · · (ain − ain0 ) (1.4)
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for all (a1, · · · ,ag) = [Σ] ∈ BΣ0 . Where ak0 := ak(Σ0) and the multi-differentials{
ωg,n ∈ Γ

(
(Σ0 \ ∪α∈Ramrα)n, (Ω1

Σ0
)�n
)}

are produced from topological recursion on Σ0.

The interesting point about Theorem 2.7.3 is that the prepotential FΣ0
contains information about the defor-

mation of curves Σ within the moduli space B whereas ω0,n is produced from topological recursion, which is
done on a single curve Σ0 without any knowledge on the moduli space it belongs to.

We are going to revisit in detail all the discussions about Airy structures, deformations of curves, and topological
recursion later in Chapter 2 along with the proof of Theorem 2.7.3. To apply this result to the Seiberg-Witten
family of curves we need to find a foliated symplectic surface S such that each Seiberg-Witten curve can be
embedded as a F-transversal curve. It turns out that such a foliated symplectic surface exists as we are going
to show in Chapter 3, hence there is a nice relationship between the Seiberg-Witten prepotential FSWΣ0

=

FSWΣ0
({ak},Λ) and the genus zero part of topological recursion on Seiberg-Witten curve with ω0,1 = dSSW .

The formula (1.4) can also be obtained via the Rauch variational formula [16, 14, 3]. For example, Baraglia-
Huang [3] studied the moduli space B of curves Σ arising from the Hitchin systems, where each Σ is embedded
inside the total space of the cotangent bundle T ∗C of some compact Riemann surface C. They showed that
the Rauch variational formula holds in this case and that the formula (1.4) follows. Theorem 2.7.3 generalizes
the result by Baraglia-Huang to the case where S is an arbitrary foliated symplectic surface instead of T ∗C.
Moreover, even in the S = T ∗C case, our approach of proving the formula via the idea of Kontsevich-Soibelman
should shed light on some interesting underlying geometries between the Lagrangian submanifold in HΣ0

=
H1(Σ0,C) given by the cohomology of the tautological 1-form and the quadratic Lagrangian submanifolds with
ω0,n as the generating function.

Closely related to topological recursion and many other branches of mathematics is the notion of a Frobenius
manifold which was introduced by Dubrovin in the 1990’s [11, 9]. A smooth manifold is a Frobenius manifold
if the tangent space at each point carries a structure of an unital commutative associative algebra known as
Frobenius algebra with some other additional data. Any Frobenius manifold is locally described by a holomorphic
function called Frobenius potential satisfying the Witten-Dijkgraaf-Verlinde-Verlinde (WDVV) equations due to
the associativity of the Frobenius algebra. Conversely, any holomorphic function satisfying the WDVV equation
also defines a structure of a Frobenius manifold. Remarkably there exists an equivalence between Frobenius
manifolds1 and genus zero Cohomological Field Theory (CohFT) [28], therefore, despite its simplicity, Frobenius
structures contain a lot of interesting information. Let us consider a CohFT {Ωg,n : V ⊗n → H∗(M̄g,n,C)} for
some C-vector space V with a basis {e1, · · · , edimV }. The descendant CohFT potential is given by

F ({td,k}) :=
∑
g≥0

~g−1
∑
n≥1

dimV∑
i1,··· ,in=1

∑
d1,··· ,dn∈Z≥0

td1,i1 · · · tdn,in
n!

∫
M̄g,n

Ωg,n(ei1 ⊗ · · · ⊗ ein)ψd1
1 · · ·ψdnn

where ψi are ψ-classes on M̄g,n. The correlators are given by the derivatives of F ({td,k}) evaluated at {td,k = 0}.
By the properties of CohFTs, under a pull-back to a boundary divisor, it follows that the genus zero descendant-
free part (g = 0, td>0,k = 0) of F ({td,k}) satisfies the WDVV equations and therefore defines a Frobenius
potential. Conversely, it can be shown that given a Frobenius manifold, its Frobenius potential is the generating
function of a genus zero CohFT {Ω0,n : V ⊗n → H∗(M̄0,n,C)}. Moreover, if a Frobenius manifold happens to be
semisimple then the all-genus CohFT {Ωg,n : V ⊗n → H∗(M̄g,n,C)} can be reconstructed from the genus zero
data [36]. Finally, there is a known correspondence between the genus zero data of a CohFT and topological
recursion. A spectral curve can be chosen such that ωg,n produced from topological recursion can be expanded
as a polynomial in some auxiliary differentials where coefficients are given by the correlators of the CohFT
reconstructed [12, 13].

Dubrovin proposed in 2004 [10] that the Seiberg-Witten family of curves can be studied in terms of 2g-
dimensional tensor products of Frobenius manifolds MAg ⊗QH∗(P1), where MAg is the Ag-Coxeter Frobenius
manifold and QH∗(P1) is the quantum cohomology of P1. In general, the definition of the tensor product of
Frobenius manifolds M = M ′ ⊗M ′′ is given by the cup product of the corresponding CohFTs [22]. First,
let us recall from [10] the notion of dual (almost) Frobenius manifold M∗ which can be obtained on the given
Frobenius manifold M in a certain way as a new structure satisfying all the axioms of Frobenius manifolds
except the covariance constancy of the unit vector field. As usual, given the Levi-Civita connection ∇ on M∗,
we may consider the deformed flat connection ∇̃ on M∗ with deformation parameter ν. We call any function
f = f(t; ν) on M∗ such that ∇̃df = 0 a ν-period and an odd period if ν = 1

2 . There exists a symplectic structure

1More precisely we should say Formal Frobenius manifolds [28, Definition 1.1.1, Chapter III], which is slightly different from the
Frobenius manifolds we will introduce and work with in Chapter 4. All Frobenius manifolds are locally formal but not the other
way around. A Formal Frobenius manifold consists of a C-vector space V , a non-degenerate symmetric pairing 〈., .〉 : V × V → C
and a formal series (Frobenius potential) F ∈ C[[V ]] satisfying the WDVV equation. No additional structure such as a flat unity
vector field or an Euler vector field (see A3, Definition 4.1.2) are required.
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Chapter 1. Introduction

on MAg ⊗QH∗(P1) and a natural family of Lagrangian submanifolds LΛ parameterized by the energy scale Λ
called the coordinates cross. The system of 2g-linearly independent odd periods of MAg ⊗QH∗(P1) restricted
to each LΛ is given by A and B-periods of the Seiberg-Witten differential dSSW on the Seiberg-Witten family
of curves parameterized by LΛ. It follows that the generating function of LΛ is given by the Seiberg-Witten
prepotential FSWΣ0

({ai},Λ). In other words, by assigning the structure of Frobenius manifold MAg ⊗ QH∗(P1)
to HΣ0 = H1(Σ0,C) with canonical coordinates given by odd periods, we find that the image of BΣ0 embedded
inside HΣ0

is given by LΛ.

It is unclear at this point why the Seiberg-Witten family of curves arises from the tensor product of Frobenius
manifold MAg ⊗QH∗(P1). However, we will show that it is natural for ν-periods of any general tensor product
Frobenius manifold M = M ′ ⊗M ′′ to be written as a period integral on some family of Riemann surfaces. In
particular, we have the following:

Theorem 4.5.1 Let M ′ and M ′ be n′ and n′′-dimensional Frobenius manifolds respectively. Suppose that
ξ′ = ξ′(t′; ν′;λ) := dx′(t′; ν′;λ) is a gradient of a (ν′, λ)-period x′(t′; ν′;λ) of M ′ and ξ′′ = ξ′′(t′′; ν′′;λ) :=
dx′′(t′′; ν′′;λ) is a gradient of (ν′, λ)-period x′′(t′′; ν′′;λ) of M ′′ then

ψ(t′, t′′; ν) =

∮
C

ξ′(t̃′; ν′;−λ)⊗ ξ′′(t′′; ν′′; +λ)dλ (1.5)

is a gradient of ν-period on coordinates cross of M = M ′ ⊗M ′′ where ν = ν′ + ν′′ + 1/2 and C is an arbitrary
closed contour on a Riemann surface where the integrand is well-defined.

This result allows us to start from the Seiberg-Witten theory and deduce that the A and B-periods of dSSW
are odd periods on M = MAg ⊗QH∗(P1). This is done by observing that dSSW can be written as a product of
(ν = 0)-periods of two other known Frobenius manifolds M ′ = MAg and M ′′ = QH∗(P1) and invoke Theorem
4.5.1.

It remains an open question at this stage whether other families B of curves can be embedded as a Lagrangian
submanifold inside some tensor product Frobenius manifold. It is also interesting to know whether or not
recasting Seiberg-Witten theory in terms of a Frobenius manifold will enable us to use some reconstruction
techniques to extend Theorem 2.7.3 to some higher genera statements involving ωg,n, g ≥ 1. We will leave these
topics to be discussed in future works.

Let us summarize the structure of this thesis as follows:

Chapter 1 General introduction and review of the Seiberg-Witten theory.

Chapter 2 A joint work with Paul Norbury, Michael Swaddle, and Mehdi Tavakol, expanding upon the work
by Kontsevich-Soibelman [25] on the relationship between Airy structures, deformation of curves and
topological recursion. We will show how the relationship between the prepotential of the moduli space of
curves in a foliated symplectic surface and the genus zero part of topological recursion follows from the
idea of Kontsevich-Soibelman.

Chapter 3 A joint work with Paul Norbury examining the Seiberg-Witten family of curves using the framework
of Kontsevich-Soibelman [25]. The Seiberg-Witten family of curves will be used as an explicit example
to illustrate some computations involved in Chapter 2 leading to the relationship between Seiberg-Witten
prepotential and the genus zero part of topological recursion on the Seiberg-Witten curves.

Chapter 4 An original work based on the work by Dubrovin [10] concerning the relationship between Seiberg-
Witten curves and Frobenius manifold. We present a general formula for odd periods on the coordinates-
cross of tensor product Frobenius manifold which would reduce to the version considered by Dubrovin
that leads to Seiberg-Witten curves.

1.1 Seiberg-Witten Family of Curves

In this section, we give a quick summary of the needed mathematical details of the Seiberg-Witten family of
curves. More comprehensive reviews of this material can be found abundantly in the literature such as [35,
21, 29, 31]. The information of SU(N) Seiberg-Witten theory can be encoded into a genus g = N family B of
Seiberg-Witten curves Σ given by

Λg+1

(
w +

1

w

)
= zg+1 + ugzg−1 + ...+ u1 =: P (z;u) (1.6)

9



1.1. Seiberg-Witten Family of Curves

where {u1, ..., ug} are the coordinates of B. Occasionally, we will write the curve Σ as Σ(u) to emphasize
its dependence on u = (u1, · · · , ug). We may regard (1.6) as a plane curve equation, in that case, we have
w, z ∈ C and Σ(u) ⊂ C2 as a non-compact curve. The compactification of Σ(u) is obtained by adding two
points ∞+ = (w, z) = (∞,∞) and ∞− = (w, z) = (0,∞). In this way, we regard Σ(u) defined in (1.6) as
a compact smooth curve. The map π : Σ(u) → P1, (w, z) 7→ z is a double cover that shows that Σ(u) is a
hyperelliptic curve with the hyperelliptic involution given by (w, z)↔ (1/w, z). An alternative way to express
(1.6) is

y2 = P 2(z;u)− 4Λ2g+2 where y := Λg+1

(
w − 1

w

)
which makes it even more obvious that Σ(u) is a hyperelliptic curve with the hyperelliptic involution (y, z) ↔
(−y, z). The 2g + 2 ramification points of π are given by (y, z) = (0, zi±) where zi±, i = 1, · · · , g + 1 are the
roots of the polynomial P (z;u)∓ 2Λg+1 = 0. We can check that the curve Σ(u) is smooth unless P ′(zi+;u) = 0
or P ′(zi−;u) = 0. In other words, we may define the family of smooth Seiberg-Witten curves to be

Breg :=
{
u = (u1, · · · , ug) ∈ B | P 2(z;u)− 4Λ2g+2 = 0 has 2g + 2 distinct roots

}
⊂ B.

We note that Breg is dense inside B and since we will mainly be interested in smooth Seiberg-Witten curves in
our works, we will relabel Breg as B for simplicity.

We define the Seiberg-Witten differential to be the meromorphic differential form

dSSW := z
dw

w
=
zP ′(z;u)dz

y

defined on each Seiberg-Witten curve Σ(u) with residueless poles of order 2 at∞± ∈ Σ(u). Occasionally we will
write dSSW (Σ(u)) if we want to emphasize the specific dSSW defined on Σ(u). Let us check that the variations
of dSSW (Σ(u)) within the family B produce global homolomorphic forms on Σ(u), hence dSSW satisfies (1.1).
As we have mentioned, a choice of connection must be specified in order for the derivatives ∂

∂ui to makes sense,
in this case let us keep w = const, we have

∂dS

∂ui

∣∣∣
w=const

=
∂z

∂ui

∣∣∣
w=const

dw

w
= − zi−1

P ′(z;u)

dw

w
=
zi−1dz

y
, i = 1, · · · , g. (1.7)

which are holomorphic on Σ(u). We define

ai :=

∮
Ai

dSSW , bi :=

∮
Bi

dSSW , i = 1, · · · , g.

We note that {a1, · · · , ag} gives another set of holomorphic coordinates for B. We can see this by noting that(
∂ai

∂uj

)
is invertible because if

∑g
i=1 ci

∂ai

∂uj =
∮
Ak

∑g
i=1

ciz
i−1dz
y = 0 for all j, k = 1, · · · , g and for some constants

ci ∈ C then
∑g
i=1

ciz
i−1dz
y = 0 because it is a holomorphic form with zero A-periods. It follows that ∂dSSW

∂ai = ωi
are normalized holomorphic differentials:∮

Aj

ωi = δij ,

∮
Bj

ωi =
∂bi
∂aj

=: τij ,

where bi = bi(a
1, · · · , ag) is treated as a holomorphic function of {ai=1,··· ,g}. The standard argument involving

Riemann bilinear identity shows that τij = τji:

0 =
1

2πi

g∑
k=1

(∮
Ak

ωi

∮
Bk

ωj −
∮
Bk

ωi

∮
Ak

ωj

)
=

1

2πi
(τji − τij) .

In other words, ∂bi
∂aj =

∂bj
∂ai , therefore, by Poincaré lemma given any [Σ0] ∈ B there exists an open neighbourhood

BΣ0 3 [Σ0] with a holomorphic function FSWΣ0
= FSWΣ0

({ak},Λ) such that

bi =
∂FSWΣ0

({ak},Λ)

∂ai
.

We call FSWΣ0
= FSWΣ0

({ak},Λ) the Seiberg-Witten prepotential. The expansion of FSWΣ0
can be computed via

Nekrasov’s partition function [33, 34] or Nakajima’s blow-up formula [31, 30] or by computing the odd periods
of MAg ⊗QH∗(P1) Frobenius manifold [10].

10



Chapter 2

Airy Structures and Deformation of
Curves

In this chapter, we summarize the work of Kontsevich-Soibelman [25] on Airy structures, topological recursion,
and the moduli space of curves in a foliated symplectic surface. In particular, there are 3 important ideas from
[25] which we are going to explore:

1. The quantization of Airy structures leads to a generalized version of topological recursion. The usual
Eynard-Orantin topological recursion corresponds to an example of Airy structure given by the so-called
residue constraints.

2. A deformation of an Airy curve y2 = x, i.e. a disc, inside a foliated symplectic surface produces a
differential form satisfying the residue constraints.

3. The cohomology class, arising from the deformation of a curve in a foliated symplectic surface, can be
lifted to the differential form on the curve, which locally agrees near each ramification point with the
differential form produced from the deformation of a disc.

Connecting these ideas leads to a nice relationship between the prepotential and the genus zero part of topological
recursion which is the content of Theorem 2.7.3, the main result of this chapter. We are going to start in Section
2.1 by reviewing some basic deformation theory of curves Σ in a foliated symplectic surface (S,ΩS ,F), following
[25, Section 4]. This eventually leads to an embedding of a Lagrangian submanifold in H1(Σ,C) and establishes
the notion of prepotential in this general context. Section 2.2 reviews definitions and basic results concerning
Airy structures, including the corresponding quadratic Lagrangian submanifold, quantization of Airy structures,
and abstract topological recursion, all of which can be found in Section 1-3 of [25]. An important example of
an Airy structure arises from residue constraints as introduced in [25, Section 3.3] will be discussed in Section
2.3.

We have been following the material in [25] closely so far, and we will be for the rest of this chapter. However,
for the remaining sections, with an exception of Section 2.6, we are going to approach the subject from an
analytical perspective rather than a more algebraic treatment of [25]. In particular, we will replace all formal
power series with power series converges on some annulus. We believe that this should be a more natural way
to arrive at our main result involving the prepotential which is a holomorphic function.

We study the analytic version of residue constraints Airy structure in Section 2.4. In particular, we look at the
deformation of analytic discs and show that an embedding of a neighbourhood in the space of all discs gives an
analytic solution to the residue constraints, as explained in [25, Section 6]. The connection between the ‘global’
deformations, as studied in Section 2.1, with the ‘local’ deformations, studied in terms of discs in Section 2.4,
will be discussed in Section 2.5 analytically, with a summary given by Proposition 2.5.38 [25, Proposition 7.1.2].
In Section 2.6 we review the well-known result from [25, Section 3] how Eynard-Orantin topological recursion
arises from the residue constraints Airy structure. At last, we prove our main result, Theorem 2.7.3, in Section
2.7. We argue that when specializing to an example of a family of curves arises from the Hitchin systems [20,
3], our result agrees with the result previously obtained by Baraglia-Huang [3, Theorem 7.4] using a different
technique. An application of Theorem 2.7.3 to the Seiberg-Witten family of curves will also be briefly mentioned
before a more extensive discussion in Chapter 3.

11



2.1. Deformation of Curves in Foliated Symplectic Surfaces

2.1 Deformation of Curves in Foliated Symplectic Surfaces

2.1.1 Foliated symplectic surfaces

Let us start by fixing some frequently used definitions which should be standard in complex geometry:

Definition 2.1.1 A 2n-dimensional holomorphic sympletic manifold (X,ΩX) is a 2n-dimensional complex
manifold X equipped with a holomorphic closed non-degenerates 2-form ΩX , i.e. at any point x ∈ X,
ΩX,x : TxX × TxX → C is a non-degenerate anti-symmetric bilinear form on the holomorphic tangent space
TxX.

Definition 2.1.2 Let (X,ΩX) be a holomorphic symplectic manifold. A complex submanifold L ⊂ X is a
holomorphic Lagrangian submanifold if for every x ∈ L, TxL ⊂ TxX is a maximal isotropic subspace, i.e. TxL
is a maximal subspace of TxX such that ΩX,x|TxL = 0.

Since no other types of symplectic manifolds or Lagrangian submanifolds will be considered in this work, we
are going to refer to (X,Ω) and L ⊂ X in the above definitions simply as symplectic manifold and Lagrangian
submanifold respectively, omitting the term ‘holomorphic’. Definition 2.1.1 and Definition 2.1.2 also make
sense when X is infinite-dimensional, in that case any Lagrangian submanifold L ⊂ X will also be infinite-
dimensional. On the other hand, when X is finite-dimensional, it is common to replace the maximal isotropic
subspace condition in Definition 2.1.2 with dimL = 1

2 dimX. If (X,ΩX) and L ⊂ X are complex vector spaces,
then we also call them a symplectic vector space and a Lagrangian subspace respectively.

Definition 2.1.3 An m-dimensional holomorphic foliation F on an n-dimensional complex manifold X is a
decomposition of X into a disjoint union of connected (n−m)-dimensional complex submanifolds {Lα} called
the leaves of the foliation satisfying the following property: At every point, x ∈ X there exists an open
neighbourhood U 3 x and a system of local holomorphic coordinates (x1, · · · , xn) such that for each leaf Lα,
each component of Lα ∩ U is given by {xm+1 = const, · · · , xn = const}.

In the case where X is a surface, n = 2 we choose m = 1 and we will refer to a 1-dimensional foliation F of X
simply as a foliation F of X. The leaves of a 1-dimensional foliation F of X are Lagrangian for dimensional
reasons.

Definition 2.1.4 Let (S,ΩS ,F) be a foliated symplectic surface S with a symplectic form ΩS and a foliation
F . Let U ⊆ S be an open subset with a coordinates system (x, y) such that ΩS |U = dx ∧ dy and the foliation
F is given locally on U by the equations x = const. We call (x, y) a (F ,ΩS)-local coordinate system and call
(U, x, y) a (F ,ΩS)-chart.

Lemma 2.1.5 ([25, Section 4.1]) Given any point p ∈ S there exists a (F ,ΩS)-chart (Up, xp, yp), Up ⊆ S
containing p.

Proof: By Definition 2.1.3, we choose a local coordinate system, (x̄p, ȳp) on some open set Ūp 3 p such that
leaves of the foliation F are given by x̄p = const. Using this coordinate system, the symplectic form can be
written as ΩS = ΩS(x̄p, ȳp)dx̄p ∧ dȳp. Consider a coordinates transformation of the form

x̄p = xp, ȳp = G(xp, yp),

so that the leaves of foliation are still given by xp = const. Without loss of generality, let us suppose that
(xp, yp) = (0, 0) is the point p ∈ S. The symplectic form becomes

ΩS = ΩS (xp, G(xp, yp)) dxp ∧
(
∂G

∂xp
dxp +

∂G

∂yp
dyp

)
= ΩS (xp, G(xp, yp))

∂G

∂yp
dxp ∧ dyp.

Therefore, we need to find G = G(xp, yp) such that ΩS(xp, G(xp, yp))
∂G
∂yp

= 1. Integrating this equation, we

get that G is implicitly defined by Ω̃S(xp, yp, G) :=
∫ G

0
ΩS(xp, τ)dτ − yp + C = 0 for some constant C. Let

us pick C = 0, although this choice is arbitrary. We have Ω̃S(0, 0, 0) = 0 and ∂Ω̃S
∂G (0, 0, 0) = ΩS(0, 0) 6= 0

because the symplectic form is non-degenerates by definition. Therefore, we can apply the complex implicit
function theorem to conclude that there exists G = G(xp, yp) holomorphic on some open neighbourhood U of
p = (xp = 0, yp = 0). �
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Chapter 2. Airy Structures and Deformation of Curves

We note that the (F ,ΩS)-local coordinates in the neighbourhood of a point p ∈ S is not unique. In fact, given
a (F ,ΩS)-local coordinates (x, y), any new coordinates (x̄, ȳ) under the transformation of type

x̄ = F (x), ȳ =
y

F ′(x)
+G′(x) (2.1)

will also be (F ,ΩS)-local coordinates where F and G are locally defined holomorphic functions and F ′(x(p)) 6= 0.
In particular, F is any function locally bi-holomorphic in a neighbourhood of p.

2.1.2 Deformation of F-transversal curves

Definition 2.1.6 ([25, Definition 4.1.2]) A smooth compact complex curve Σ embedded inside a foliated
symplectic surface (S,ΩS ,F) is called F-transversal if Σ is tangent to the leaves of F at only finitely many
points, with tangency order 1. We call points on a F-transversal curve Σ where Σ is tangent to a leaf of foliation
the ramification points {rα∈Ram(Σ)} where Ram(Σ) is an index set.

Remark 2.1.7 Given a Riemann surface Σ and a holomorphic map f : Σ→ P1, the term ‘ramification point’
traditionally refers to a point r ∈ Σ such that f can be locally written as f(z) = zn, for some n ∈ Z≥2,
using some holomorphic coordinates charts (U, z) and (V,w) around r and f(r) respectively. For us, instead
of a map f : Σ → P1, we have the foliation F . By Lemma 2.1.5, a (F ,ΩS)-chart (Up, xp, yp) can be chosen
around any point p ∈ Σ, hence the foliation locally induces a map q ∈ Σ ∩ Up 7→ xp(q) ∈ C. Our usage of the
term ‘ramification point’ follows from the fact that each rα, α ∈ Ram are ramification points of these locally
foliation induced maps. Additionally, the ‘tangency order 1’ condition means the ramification index of each
ramification point is 2. Note that a different choice of (F ,ΩS)-chart (Up, x̄p, ȳp) will give a different local map
q 7→ x̄p(q) but ramification points will be the same. This is because x̄p = Fp(xp) for some function Fp such that
F ′p(xp(q)) 6= 0, q ∈ Up by (2.1), hence dx̄p|Σ = F ′p(xp)dxp|Σ means dx̄p|Σ = 0 exactly when dxp|Σ = 0.

Let B be the complex analytic moduli space of F-transversal genus g curves in (S,ΩS ,F). We are going to show
later that the dimension of B is g. We write [Σ] ∈ B for the point in B corresponding to a F-transversal curve
Σ. Since the number of ramification points is constant for every [Σ] ∈ B, we will simply write the index set
as Ram = Ram(Σ). For any p ∈ Σ ⊆ S we find a (F ,ΩS)-chart (Up, xp, yp) containing p according to Lemma
2.1.5. Let us think of xp, yp as functions Σ ∩ Up → C, the ramification points {rα∈Ram} are exactly where
dxp|Σ vanishes with an order 1 zero. Consequently, if rα /∈ Σ ∩ Up for all α ∈ Ram then dxp|Σ 6= 0 on Σ ∩ Up
and we may assume that Up is chosen small enough such that xp is a local coordinate on Σ ∩ Up according
to the inverse function theorem. On the other hand, if p = rα ∈ Σ, α ∈ Ram, we denote by (Uα, xα, yα) a
(F ,ΩS)-chart such that Σ∩Uα is bi-holomorphic to a simply-connected open subset of C with a local coordinate
zα :=

√
xα − xα(rα).

Definition 2.1.8 Given a (F ,ΩS)-chart (Uα, xα, yα), we call the local coordinate zα :=
√
xα − xα(rα) on an

open neighbourhood Σ ∩ Uα of the ramification point rα a standard local coordinate.

The parameterization of Σ ∩ Uα using the standard local coordinate takes the form

(xα = aα(Σ) + z2
α, yα = b0α(Σ) + b1α(Σ)zα + b2α(Σ)z2

α + ...), aα(Σ), bkα(Σ) ∈ C, (2.2)

where b1α(Σ) 6= 0 by the tangency order 1 condition. Therefore, we have dyp|Σ(rα) 6= 0 and yp is a local
coordinate on some neighbourhoods of rα. In particular, since Σ is compact, we can always cover Σ with a
finite collection of (F ,ΩS)-charts U = {(Up∈σ, xp∈σ, yp∈σ)}, where σ is a finite index set, such that either xp or
yp is a local coordinate on each Σ ∩ Up.
The following fact will be useful to us later:

Lemma 2.1.9 ([25, Section 4.1 and 6.2]) Given [Σ] ∈ B, there exists a (F ,ΩS)-chart (Uα, xα, yα) containing
the ramification point rα, α ∈ Ram of Σ such that the parameterization of Σ ∩ Uα using the the standard local
coordinate zα takes the form (xα = z2

α, yα = zα). The (F ,ΩS)-chart (Uα, xα, yα) is unique up to the Z3

automorphism action x 7→ ξ2x, y 7→ ξy, where ξ is a third-root of unity.

Proof: Let (Uα, xα, yα) be a (F ,ΩS)-chart around rα which exists due to Lemma 2.1.5 and zα :=
√
xα − xα(rα)

be the standard local coordinate on Σ ∩ Uα. We suppose that the parameterization of Σ ∩ Uα is given by
(xα = z2

α + a, yα = zαψ(z2
α) + φ(z2

α)) for some ψ and φ holomorphic on Σ ∩ Uα. We wish to find F and G such
that the new (F ,ΩS)-local coordinates (x̄α, ȳα) given by

x̄α = F (xα), ȳα =
yα

F ′(xα)
+G′(xα)
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2.1. Deformation of Curves in Foliated Symplectic Surfaces

with the new standard local coordinate z̄α :=
√
x̄α − x̄α(rα) =

√
F (z2

α + a)− F (a) satisfies

z̄2
α = F (z2

α + a), z̄α =
zαψ(z2

α) + φ(z2
α)

F ′(z2
α + a)

+G′(z2
α + a).

This is equivalent to

F−1(0) = a, F ′
(
z2
α + F−1(0)

) ((
F
(
z2
α + F−1(0)

))1/2 −G′ (z2
α + F−1(0)

))
= zαψ(z2

α) + φ(z2
α). (2.3)

The second equation above can be solved by separately equating the odd and even terms. The odd terms yields:

F ′
(
z2
α + F−1(0)

)
F
(
z2
α + F−1(0)

)1/2
= zαψ(z2

α) =⇒ 1

3

d

dzα

(
F
(
z2
α + F−1(0)

))3/2
= z2

αψ(z2
α). (2.4)

Both sides can be expanded as power series in z2, starting with the z2 term, so F (z2 + a) and hence F (x) can

be found by comparing coefficients. Similarly, we can define G(x) := φ(x−F−1(0))
F ′(x) . Note that if

(
F (z2 + a)

)1/2
satisfies (2.4), then ξ

(
F (z2 + a)

)1/2
also does for any third root of unity ξ. �

The tangent space T[Σ]B describes the infinitesimal deformations of the curve Σ inside S. It is isomorphic to the
space of global sections of the holomorphic normal bundle νΣ

∼= TS|Σ/TΣ, where TS and TΣ are holomorphic
tangent bundles of S and Σ respectively. In general, given any holomorphic vector bundle V on a complex
manifold X, we denote the set of holomorphic sections of V by Γ(X,V). The availability of the symplectic form
ΩS gives the following result:

Lemma 2.1.10 ([25, Section 4.2]) Let Ω1
Σ be the holomorphic canonical line bundle on Σ, then the symplectic

form ΩS induces the isomorphism Γ(Σ, νΣ) ∼= Γ(Σ,Ω1
Σ). Consequently, dimT[Σ]B = dim Γ(Σ,Ω1

Σ) = g, hence B
is g-dimensional.

Proof: We establish the isomorphism Γ(Σ, νΣ) ∼= Γ(Σ,Ω1
Σ) by v 7→ ΩS(v, .)|Σ. Any holomorphic section of the

normal bundle v ∈ Γ(Σ, TS|Σ/TΣ) can be represented as a collection of sections {vp∈σ ∈ Γ(Vp, TS|Σ)} such
that vp − vp′ ∈ Γ(Vp ∩ Vp′ , TΣ) for some open cover {Vp∈σ} of Σ. We note that for each p ∈ σ, ΩS(vp, .)|Vp
is a holomorphic form on Vp ⊂ Σ as it is a pull-back of the contraction between ΩS and vp which are both
holomorphic. Since ΩS(t, .)|Σ for all t ∈ Γ(Σ, TΣ), we can patch together ΩS(vp, .)|Vp for each p ∈ σ to get a
global section ΩS(v, .)|Σ ∈ Γ(Σ,Ω1

Σ).

The map v 7→ ΩS(v, .)|Σ is injective because if ΩS(v, .)|Σ = 0 then by the fact that Σ ⊆ S is a Lagrangian sub-
manifold, we have v(p) ∈ TpΣ for all p ∈ Σ. Therefore, v = 0 ∈ Γ(Σ, νΣ). For surjectivity, given a holomorphic
differential form ω ∈ Γ(Σ,Ω1

Σ), we cover Σ with a collection of (F ,ΩS)-charts U = {(Up∈σ, xp∈σ, yp∈σ)} such
that either xp or yp is a local coordinate on Σ ∩ Up. Let us assume without loss of generality that xp is a local
coordinate on Σ∩Up. Then in general ω|Σ∩Up = ωp(xp)dxp and by taking vp := −ωp(xp) ∂

∂yp
∈ Γ(Σ∩Up, TS|Σ)

we have ΩS(vp, .)|Σ∩Up = ω|Σ∩Up . For p, p′ ∈ σ we have on Up ∩ Up′ that

ΩS(vp − vp′ , .)|Σ∩Up∩Up′ =
(
ω|Σ∩Up

)
|Σ∩Up∩Up′ −

(
ω|Σ∩Up′

)
|Σ∩Up∩Up′ = 0.

Therefore, (vp− vp′)|Σ∩Up∩Up′ ∈ Γ(Σ∩Up ∩Up′ , TΣ) and {vp∈σ} represents a global section of a normal bundle
v ∈ Γ(Σ, νΣ) such that ΩS(v, .) = ω. �

Alternatively, since the symplectic form ΩS is a global section of the holomorphic canonical line bundle Ω2
S of

S with no zeros or poles, we have from the adjunction formula: Ω1
Σ
∼= Ω2

S |Σ ⊗ νΣ that Ω1
Σ
∼= νΣ. It follows that

Γ(Σ, νΣ) ∼= Γ(Σ,Ω1
Σ) and the map v 7→ ΩS(v, .) explicitly express this isomorphism.

Definition 2.1.11 Consider the universal family of F-transversal curves:

Z := {([Σ], p) ∈ B × S | p ∈ Σ} ⊆ B × S,

let π : Z → B be the canonical projection and let C be a constant sheaf on Z. Then we define the holomorphic
symplectic vector bundle (H → B,ΩH,∇GM ) where H := R1π∗C is a holomorphic vector bundle with fiber over
each point [Σ] ∈ B given by HΣ = H1(Σ,C). ∇GM is the Gauss-Manin connection and the symplectic form
ΩH is given by

ΩH([ξ1], [ξ2]) :=

∫∫
Σ

ξ1 ∧ ξ2 (2.5)

where ξ1, ξ2 are smooth differential forms representing [ξ1], [ξ2] ∈ HΣ.
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Chapter 2. Airy Structures and Deformation of Curves

For any open subset, B′ ⊆ B we denote by Γ(B′,H) the set of holomorphic sections of H over U .

Remark 2.1.12 The natural symplectic form Ω∗H on H1(Σ,C) can be defined using the oriented intersection
product of homology classes as follows. For any [C1], [C2] ∈ H1(Σ,Z), the intersection product is given by
[C1] · [C2] = [C1∩C2] ∈ H0(Σ,Z) ∼= Z which can be extended linearly to the intersection product on H1(Σ,C) =
H1(Σ,Z)⊗C. Then, for any [C1], [C2] ∈ H1(Σ,C), we define Ω∗H([C1], [C2]) := [C1] · [C2]. Typically, we denote
a symplectic basis of H1(Σ,C) by A and B cycles: {[A1], · · · , [Ag], [B1], · · · , [Bg]},

Ω∗H([Ai], [Aj ]) = Ω∗H([Bi], [Bj ]) = 0, Ω∗H([Ai], [Bj ]) = δij .

On H1(Σ,C), the symplectic form ΩH is defined by the intersection product of cohomology classes via Poincaré
duality P.D. : H1(Σ,C) ∼= H1(Σ,C). In other words, given [ξ1], [ξ2] ∈ H1(Σ,C) then (2.5) is equivalent to
ΩH([ξ1], [ξ2]) := Ω∗H(P.D.[ξ1], P.D.[ξ2]). Note also that the expression for ΩH([ξ1], [ξ2]) as given in (2.5) only
depends on the cohomology classes of ξ1 and ξ2, because

∫∫
Σ
df ∧ ξ2 =

∫∫
Σ
d(fξ2) = 0 by Stokes Theorem.

Remark 2.1.13 Suppose that the A,B symplectic basis cycles {[A1], · · · , [Ag], [B1], · · · , [Bg]} of H1(Σ,C) are
chosen for [Σ] ∈ B. Since H1(Σ,C) ∼= H1(Σ,C)∗, a cohomology class [ξ] ∈ H1(Σ,C) is determined by its values
on A and B cycles. In particular, the cohomology class [ξ] represented by a closed differential form ξ is given

by the A and B periods of ξ and we identify HΣ = H1(Σ,C)
∼=−→ C2g by

H1(Σ,C) 3 [ξ] 7→

(∮
A1

ξ, · · · ,
∮
Ag

ξ,

∮
B1

ξ, · · · ,
∮
Bg

ξ

)
∈ C2g.

It can happen as we move from [Σ] along some closed path in B, letting A,B cycles deform continuously, that
once we return to the point [Σ] the A,B cycles will differ from the original by some Dehn twist actions. On the
other hand, given a sufficiently small open neighbourhood BΣ ⊆ B, we will be able to choose A,B symplectic
basis cycles consistently throughout BΣ. The Gauss-Manin connection ∇GM can be described locally on BΣ

as the identification of any two cohomology classes on two different fibers [ξ1] ∈ HΣ1
, [ξ2] ∈ HΣ2

, if they have
the same A and B periods:

∮
Ak⊂Σ1

ξ1 =
∮
Ak⊂Σ2

ξ2,
∮
Bk⊂Σ1

ξ1 =
∮
Bk⊂Σ2

ξ2. This gives a local trivialization

H|BΣ
∼= C2g × BΣ, verifying that H is a vector bundle.

The following gives an alternative expression for ΩH:

Lemma 2.1.14 (Riemann bilinear identity) Let [ξ1], [ξ2] ∈ H1(Σ,C) then∫∫
Σ

ξ1 ∧ ξ2 =
1

2πi

g∑
k=1

(∮
Ak

ξ2

∮
Bk

ξ1 −
∮
Bk

ξ2

∮
Ak

ξ1

)
where ξ1, ξ2 are smooth differential forms representing [ξ1], [ξ2].

Proof: First, we show that for any [ξ] ∈ H1(Σ,C) has a representative ξ = α + β̄ where α is holomorphic
(∂̄α = 0) and β̄ is anti-holomorphic (∂β̄ = 0). A smooth differential form ξ′ representing [ξ] can be decomposed
as ξ′ = α′+ β̄′ where α′ is a smooth (1, 0)-form and β̄′ is a smooth (0, 1)-form. Then dξ′ = (∂+ ∂̄)ξ′ = 0 implies
∂̄α′ = −∂β̄′. Since Riemann surfaces are examples of Kähler manifolds, ∂∂̄-Lemma [38, Proposition 6.17] tells
us that there exists a smooth function f such that ∂̄α′ = ∂∂̄f = −∂β̄′. We can see that ξ := ξ′ + df = α + β̄
where α := α′ + ∂f and β̄ = β′ + ∂̄f is the desired representative.

The rest of the proof follows from Stokes’ theorem and the standard argument leading to the Riemann bilinear
identity. For example, we have∫∫

Σ

α ∧ β̄ =

∫∫
∆

dφ ∧ β̄ =

∫∫
∆

d(φβ̄) =

∮
∂∆̄

φβ̄ =
1

2πi

g∑
k=1

(∮
Ak

β̄

∮
Bk

α−
∮
Bk

β̄

∮
Ak

α

)
where ∆ := Σ \ ∪gk=1 (Ak ∪Bk) is a simply-connected domain and α = df = ∂f for some holomorphic function
φ on ∆ by Poincaré Lemma. �

Let us fix a reference point [Σ0] ∈ B and an open neighbourhood BΣ0 ⊆ B of [Σ0]. Later we will explain more
precisely how BΣ0 is selected (see Condition 2.5.2). But for now, we simply require BΣ0 to be contractible and
sufficiently small such that it can be covered by a single coordinate chart (BΣ0

, u1, ..., ug). We will denote by
H → BΣ0

the vector bundle given by the restriction of H to BΣ0
, which is trivial because BΣ0

is contractible. Let
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2.1. Deformation of Curves in Foliated Symplectic Surfaces

TB and T ∗B denote the holomorphic tangent and cotangent bundles of B respectively. Following [25, Section
5.2], we introduce φφφ ∈ Γ(BΣ0

, T ∗B ⊗ H) as follows. At any point [Σ] ∈ BΣ0
we define the map φφφΣ via the

following diagram:

T[Σ]BΣ0
Γ(Σ, TS|Σ/TΣ) Γ(Σ,Ω1

Σ) H1(Σ,C) ∼= HΣ.
∼=

φφφΣ

∼= [.]

Let us discuss the first map T[Σ]BΣ0

∼=−→ Γ(Σ, TS|Σ/TΣ). We map v =
∑g
k=1 v

k ∂
∂uk

to a global normal vector
field nv ∈ Γ(Σ, TS|Σ/TΣ) which can be defined in terms of TS|Σ-sections on each (F ,ΩS)-chart (Up, xp, yp):

nv|Σ∩Up :=

g∑
k=1

vk
(
∂xp
∂uk

∂

∂xp
+
∂yp
∂uk

∂

∂yp

)
∈ Γ(Σ ∩ Up, TS|Σ). (2.6)

Taking the quotient of nv|Σ∩Up on each (Up, xp, yp) and patch each of them together, we get a global section

nv. Finally, we define φφφΣ(v) := [φΣ(v)] ∈ HΣ where φΣ(v) := ΩS(nv, .)|Σ ∈ Γ(Σ,Ω1
Σ). Let vk := ∂

∂uk
, then we

can equivalently write this as

φΣ :=

g∑
k=1

ΩS(nvk , .)|Σduk ∈ T ∗[Σ]B ⊗ Γ(Σ,Ω1
Σ), φφφΣ := [φΣ] =

g∑
k=1

[ΩS(nvk , .)|Σ]duk ∈ T ∗[Σ]B ⊗HΣ. (2.7)

Remark 2.1.15 The image imφφφΣ = Γ(Σ,Ω1
Σ) is a Lagrangian subspace of HΣ for every [Σ] ∈ BΣ0

.

At first glance, the expression (2.6) seems ambiguous because it depends on the choice of a connection, in other
words, on how the derivatives of xp and yp are taken with respect to uk. Suppose that Σ ∩ Up = {(xp, yp) ∈
Up | Pp(xp, yp;u) = 0} for some polynomial Pp. For any q ∈ Σ∩Up, we have t ∈ TqΣ ⊂ TqS if ιtdPp = 0 where

dPp =
∂Pp
∂xp

dxp +
∂Pp
∂yp

dyp. The variation of the curve Σ in the uk-direction in B gives

∂Pp
∂uk

+
∂Pp
∂xp

∂xp
∂uk

+
∂Pp
∂yp

∂yp
∂uk

= 0. (2.8)

Choosing a connection is equivalent to choosing
∂xp
∂uk

and
∂yp
∂uk

satisfying this equation. We need to check that if
connections are chosen differently on each (Up, xp, yp) then(

nv|Σ∩Up
)
|Σ∩Up∩Up′ −

(
nv|Σ∩Up′

)
|Σ∩Up∩Up′ ∈ Γ(Σ ∩ Up ∩ Up′ , TΣ)

and therefore we can patch the quotient of each nv|Σ∩Up to form a global section nv ∈ Γ(Σ, νΣ). The following
lemma resolves this concern:

Lemma 2.1.16 Suppose we obtain (nv|Σ∩Up)i, i = 1, 2 using any two different choices of connections, then
(nv|Σ∩Up)1 − (nv|Σ∩Up)2 ∈ Γ(Σ ∩ Up, TΣ).

Proof: Without loss of generality, let us assume that v = ∂
∂uk

. For i = 1, 2, let

(nv|Σ∩Up)i :=

(
∂xp
∂uk

)
i

∂

∂xp
+

(
∂yp
∂uk

)
i

∂

∂yp

where
∂Pp
∂uk

+
∂Pp
∂xp

(
∂xp
∂uk

)
i

+
∂Pp
∂yp

(
∂yp
∂uk

)
i

= 0. (2.9)

If we subtract (2.9) with i = 2 from (2.9) with i = 1 then((
∂xp
∂uk

)
1

−
(
∂xp
∂uk

)
2

)
∂Pp
∂xp

+

((
∂yp
∂uk

)
1

−
(
∂yp
∂uk

)
2

)
∂Pp
∂yp

= 0.

The lemma follows as we recognize the left-hand-side to be ι(nv|Σ∩Up )1−(nv|Σ∩Up )2
dPp. �

The next lemma tells us that ∇GM [ξ] =
∑g
k=1

[
∂ξ
∂uk

]
duk is independent of the choice of the connection and the

differential form ξ we choose to represent [ξ].
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Chapter 2. Airy Structures and Deformation of Curves

Lemma 2.1.17 Let ξΣ be a holomorphic family of meromorphic differential forms defined for each [Σ] ∈ BΣ0

on an open subsets DΣ ⊆ Σ and let
(
∂ξΣ
∂uk

)
i
, i = 1, 2 be the derivative ∂

∂uk
taken using two different choices of

connections. Then
(
∂ξΣ
∂uk

)
1
−
(
∂ξΣ
∂uk

)
2

is an exact meromorphic differential on DΣ. In particular, for any closed

contour C ⊆ DΣ which deforms homotopically over BΣ0
and avoiding all poles of ξΣ for each [Σ] ∈ BΣ0

, we
have

∂

∂uk

∮
C

ξΣ =

∮
C

(
∂

∂uk
ξΣ

)
∇

(2.10)

independent of the the choice of connection ∇ the derivative ∂
∂uk

ξΣ is taken with respect to.

Proof: First, let us consider the case in which DΣ ⊆ Σ ∩ Up where (Up, xp, yp) is a (F ,ΩS)-chart with
dxp|ΣUp 6= 0. We write in general ξΣ|Σ∩Up = ξΣ,p(xp, u)dxp. Then we have for i = 1, 2:(
∂ξΣ
∂uk

)
i

=
∂ξΣ,p
∂uk

dxp +

(
∂xp
∂uk

)
i

∂ξΣ,p
∂xp

dxp + ξΣ,pd

(
∂xp
∂uk

)
i

=
∂ξΣ,p
∂uk

dxp +

(
∂xp
∂uk

)
i

∂ξΣ,p
∂xp

dxp −
(
∂xp
∂uk

)
i

∂ξΣ,p
∂xp

dxp + d

(
ξp

(
∂xp
∂uk

)
i

)
=
∂ξΣ,p
∂uk

dxp + d

(
ξp

(
∂xp
∂uk

)
i

)
.

Evidently, we have (
∂ξΣ
∂uk

)
1

−
(
∂ξΣ
∂uk

)
2

= d

(
ξΣ,p

(
∂xp
∂uk

)
1

− ξΣ,p
(
∂xp
∂uk

)
2

)
which is exact as claimed. In general we cover DΣ with a collection of (F ,ΩS)-charts {(Up∈σ, xp∈σ, yp∈σ)} and

check that the function ξΣ,p

(
∂xp
∂uk

)
1
− ξΣ,p

(
∂xp
∂uk

)
2

on each Σ ∩ Up patches together to give us a function ΞΣ,12

defined on DΣ such that dΞΣ,12 =
(
∂ξΣ
∂uk

)
1
−
(
∂ξΣ
∂uk

)
2
.

To see that (2.10) is true, we dissect C into closed segments Ci, i = 1, · · · , N such that Ci ⊂ Σ ∩ Up, then
apply the Leibniz integral rule on each segment Ci. Since the endpoints of each Ci vary with uk we also get the
boundary term contribution, but the sum of these contributions from each Ci will be zero because C is closed.
Note that there is no ambiguity in what connection to use on the right-hand-side of (2.10) because the result
will only be differed by an exact differential, which vanishes on a closed contour C. �

Lemma 2.1.18 ([25, Section 5.1]) The symplectic vector bundle (H → B,ΩH,∇GM ) is flat and ΩH is ∇GM -
covariantly constant.

Proof: Let d∇GM : Γ(BΣ0 ,Ω
r
B ⊗ H) → Γ(BΣ0 ,Ω

r+1
B ⊗ H) be the exterior covariant derivative. The condition

that ∇GM is flat is the same as the vanishing of the curvature tensor R∇GM = d∇GM ◦ d∇GM = 0. For
ψ = s[ξ] ∈ Γ(BΣ0

,ΩrB ⊗H), s ∈ Γ(BΣ0
,ΩrB) and [ξ] ∈ Γ(BΣ0

,H), we have

d∇GMψ = (ds)[ξ] + (−1)rs ∧∇GM [ξ] = (ds)[ξ] + (−1)rs ∧
g∑
k=1

[
∂ξ

∂uk

]
duk

where we have used Lemma 2.1.17: ∇GM [ξ] =
∑g
k=1

[
∂ξ
∂uk

]
duk. Therefore,

d2
∇GMψ = (d2s)[ξ] + (−1)r(ds) ∧

g∑
k=1

[
∂ξ

∂uk

]
duk

+ (−1)r+1(ds) ∧
g∑
k=1

[
∂ξ

∂uk

]
duk + (−1)rs ∧

g∑
k,l=1

[
∂ξ

∂uk∂ul

]
duk ∧ dul = 0

which means ∇GM is a flat connection.

Because the vector bundle H → B is flat, parallel transport on H → BΣ0
using the Gauss-Manin connection is

path-independent. Let us denote by Γ
[Σ′]
[Σ] [ξ] ∈ HΣ′ the parallel transport of [ξ] ∈ HΣ from the point [Σ] ∈ BΣ0

to

[Σ′] ∈ BΣ0 . Since parallel transport preserves A and B-periods, we have ΩH(Γ
[Σ′]
[Σ] [ξ1],Γ

[Σ′]
[Σ] [ξ2]) = ΩH([ξ1], [ξ2])

proving that ΩH is ∇GM -covariantly constant. �

We will find in Section 2.5 that the connection given by taking derivatives keeping the direction of foliation
leaves constant is particularly important and we denote it by ∇F . Let us write down φΣ(v) and φφφΣ(v) using
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2.1. Deformation of Curves in Foliated Symplectic Surfaces

∇F . Let us cover Σ with a collection of (F ,ΩS)-charts U = {(Up∈σ, xp∈σ, yp∈σ)}. On each Σ ∩ Up, we write
∇F =

∑g
k=1 du

k ∂
∂uk
|xp=const. Straightforwardly, we have

φΣ|Σ∩Up =

g∑
k=1

ΩS(nvk , .)|Σ∩Upduk =

g∑
k=1

ΩS

(
∂xp
∂uk

∣∣∣
xp=const

∂

∂xp
+
∂yp
∂uk

∣∣∣
xp=const

∂

∂yp
, .

) ∣∣∣
Σ∩Up

duk

=

g∑
k=1

ΩS

(
∂yp
∂uk

∣∣∣
xp=const

∂

∂yp
, .

) ∣∣∣
Σ∩Up

duk = −
g∑
k=1

(
∂yp
∂uk

∣∣∣
xp=const

dxp|Σ∩Up
)
duk

= −∇F (ypdxp|Σ∩Up),

and so φΣ(v)|Σ∩Up = −ιvk∇F (ypdxp|Σ∩Up). Lastly, we simply put φφφΣ(v) = [φΣ(v)] ∈ HΣ.

Remark 2.1.19 Note that, from (2.8) we have
∂yp
∂uk
|xp=const = −∂Pp/∂u

k

∂Pp/∂yp . Using

dPp|Σ∩Up =
∂Pp
∂xp

dxp|Σ∩Up +
∂Pp
∂yp

dyp|Σ∩Up = 0,

we can see that
∂Pp
∂yp

vanishes with order 1 zero exactly at ramification points because dxp|Σ∩Up does. Sup-

pose that Σ ∩ Up contains a ramification point rα, then
∂yp
∂uk
|xp=const has a simple pole at rα. However,

∂yp
∂uk
|xp=constdxp|Σ∩Up remains finite at rα because the simple pole cancels out with the simple zero of dxp|Σ∩Up .

From this analysis, we conclude that φΣ(v) is holomorphic on Σ, i.e. φΣ(v) ∈ Γ(Σ,Ω1
Σ), as expected since the

definition of φΣ is independent of our choice of the connection (see Lemma 2.1.16). We refer to the proof of
Lemma 2.5.35 for a version of this argument repeated using the standard local coordinate zα.

Let us compute the exterior covariant derivative of φΣ using ∇F , we have

d∇FφΣ|Σ∩Up = d∇F

(
g∑
k=1

ΩS(nvk , .)|Σduk
)∣∣∣

Σ∩Up
= d∇F

(
−∇F (ypdxp|Σ∩Up)

)
=

g∑
k,l=1

(
∂2yp
∂uk∂ul

∣∣∣
xp=const

dxp|Σ∩Up
)
duk ∧ dul = 0

for any (F ,ΩS)-chart (Up, xp, yp) ∈ U . This means ∇FφΣ = 0 and therefore,

d∇GMφφφΣ = d∇GM [φΣ] = [d∇FφΣ] = 0,

where we have applied Lemma 2.1.17 at the second equality. Since BΣ0 is contractible, by the Poincaré Lemma
(see Lemma 2.1.23 below), d∇GMφφφ = 0 on BΣ0 implies that there exists

θθθ ∈ Γ(BΣ0 ,H) such that ∇GMθθθ = φφφ. (2.11)

2.1.3 The embedding of BΣ0 into HΣ0 as a Lagrangian submanifold

Let us consider the map ΦΦΦΣ0
embedding the neighbourhood BΣ0

⊆ B into a fiber HΣ0
at [Σ0] ∈ BΣ0

. Following
[25], we first define the affine connection ∇GM +φφφ on H:

(∇GM +φφφ) [ξ] := ∇GM [ξ] +φφφ

for any section [ξ] ∈ Γ(BΣ0
,H). The map ΦΦΦΣ0

: BΣ0
→ HΣ0

is defined by sending a point [Σ] ∈ BΣ0
to

the image of the zero vector 0Σ ∈ HΣ under the parallel transport from point [Σ0] to [Σ] using the affine
connection ∇GM + φφφ. In general, given [Σ], [Σ1] ∈ BΣ0 the parallel transport of 0Σ1 ∈ HΣ1 to HΣ is unique,
path-independent and it is given by

vΣ1(Σ) := −θθθΣ + Γ
[Σ]
[Σ1]θθθΣ1 .

It follows that

ΦΦΦΣ0
(Σ) := v[Σ](Σ0) = −θθθΣ0

+ Γ
[Σ0]
[Σ] θθθΣ.

We denote the image of ΦΦΦΣ0
by

LΣ0
:= imΦΦΦΣ0

⊂ HΣ0
.
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Chapter 2. Airy Structures and Deformation of Curves

Let v =
∑g
k=1 v

k ∂
∂uk
∈ T[Σ]BΣ0 be any tangent vector, then

ιvdΦΦΦΣ0(Σ) =

g∑
k=1

vk
∂ΦΦΦΣ0

(Σ)

∂uk
= Γ

[Σ0]
[Σ] ιv∇GMθθθΣ = Γ

[Σ0]
[Σ] ιvφφφΣ

is a tangent vector to LΣ0
⊂ HΣ0

. Since v 7→ ιvdΦΦΦΣ0
is injective because φφφΣ is injective, by assuming that BΣ0

is small enough we have that ΦΦΦΣ0 : BΣ0 → HΣ0 is a embeds BΣ0 as a submanifold in HΣ0 .

Lemma 2.1.20 ([25, Section 5.1]) LΣ0 is a Lagrangian submanifold of HΣ0

Proof: Since HΣ0
= H1(Σ0,C) ∼= C2g and dimLΣ0

= dimBΣ0
= 1

2 dimHΣ0
it remains for us to check that

ΩH|LΣ0
= 0. For vi ∈ T[Σ]BΣ0 , i = 1, 2 we have ιvidΦΦΦΣ0 ∈ TΦΦΦΣ0

(Σ)LΣ0 and

ΩH(ιv1dΦΦΦΣ0 , ιv2dΦΦΦΣ0) = ΩH(Γ
[Σ0]
[Σ] ιv1φφφΣ,Γ

[Σ0]
[Σ] ιv2φφφΣ) = ΩH(ιv1φφφΣ, ιv2φφφΣ) = 0

because the image imφφφΣ = Γ(Σ,Ω1
Σ) is a Lagrangian subspace of HΣ. �

Let us consider a trivialization of H → BΣ0
by choosing A,B-symplectic basis cycles of H1(Σ,C) for each

[Σ] ∈ BΣ0
and identify HΣ

∼= C2g as in Remark 2.1.13: [ξ] 7→
(∮

A1
ξ, · · · ,

∮
Ag
ξ,
∮
B1
ξ, · · · ,

∮
Bg
ξ
)
∈ C2g. Let us

define

ai(Σ) :=

∮
Ai

θθθΣ, bi(Σ) :=

∮
Bi

θθθΣ, i = 1, ..., g.

We will often write ai(Σ) and bi(Σ) simply as ai and bi when they do not cause any ambiguity.

Lemma 2.1.21 {a1, ...,ag} is a coordinate system for BΣ0 .

Proof: The matrix
(
∂ai

∂uj

)
is invertible because ∂ai

∂uj = ∂
∂uj

∮
Ai
θθθΣ =

∮
Ai
ι ∂

∂uj
∇GMθθθΣ =

∮
Ai
ι ∂

∂uj
φφφΣ. So if

there exists (vi) ∈ Cg such that
∑g
j=1 v

j ∂ai

∂uj = 0, i = 1, ..., g then φΣ(v) =
∑g
j=1 v

jι ∂

∂uj
φΣ ∈ Γ(Σ,Ω1

Σ), v :=∑g
i=1 v

i ∂
∂uj is a holomorphic form on Σ with zero A-periods, therefore φΣ(v) = 0. But we know that v 7→ ιvφΣ

is injective, therefore v = 0. Hence ai := ai(u1, ..., ug), i = 1, ..., g is a holomorphic coordinates transformation.
�

So bi can be written as a function of {ai}. We can write ΦΦΦΣ0
: BΣ0

→ HΣ0
using this trivialization as

[Σ] := (a1(Σ), ...,ag(Σ)) 7→ ΦΦΦ(Σ) = (a1(Σ)− a1(Σ0), ...,ag(Σ)− ag(Σ0),b1(Σ)− b1(Σ0), ...,bg(Σ)− bg(Σ0))

and
∂ΦΦΦΣ0(Σ)

∂ai
=

(
0, ..., 1, ..., 0,

∂b1

∂ai
, ...,

∂bg
∂ai

)
∈ TΦΦΦΣ0

(Σ)imΦΦΦΣ0 , i = 1, ..., g.

It follows from Lemma 2.1.20 that for any i, j = 1, ..., g we have

0 = ΩH

(
∂ΦΦΦΣ0

(Σ)

∂ai
,
∂ΦΦΦΣ0

(Σ)

∂aj

)
=
∂bi
∂aj
− ∂bj
∂ai

.

Therefore, by an application of Poincaré lemma, there exists a holomorphic function FΣ0 = FΣ0(a1, ...,ag) on
BΣ0

such that

bi =
∂FΣ0

(a1, ...,ag)

∂ai
, i = 1, ..., g. (2.12)

The section θθθ ∈ Γ(BΣ0
,H) is uniquely determined up to an addition of a parallel section c ∈ Γ(BΣ0

,H),∇GMc =
0. Therefore, given the moduli space B of F-transversal curves, the function FΣ0

is unique up to an addition of
a linear term.

Definition 2.1.22 Given the moduli space B of F-transversal curves inside a foliated symplectic surface
(S,ΩS ,F), the prepotential FΣ0 = FΣ0(a1, · · · ,ag) is a holomorphic function locally defined on the open neigh-
bourhood BΣ0 3 [Σ0] which relates A and B-periods of θθθΣ ∈ HΣ according to (2.12).

The prepotential is the generating function of the Lagrangian submanifold LΣ0 := imΦΦΦΣ0 ⊂ HΣ0 . In other
words, the prepotential FΣ0

naturally arises from the study of the deformation of curves Σ embedded in a
foliated symplectic surface (S,ΩS ,F) around some neighbourhood BΣ0

of [Σ0] in the moduli space B.
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2.1. Deformation of Curves in Foliated Symplectic Surfaces

2.1.4 Generalization

Previously, we considered a particular vector bundle H → B and an embedding of a neighbourhood BΣ0
of

[Σ0] ∈ B into a fiber HΣ0 using the affine connection ∇GM + φφφ. We showed that the image is a Lagrangian
submanifold. This type of embedding can be done with a more general class of symplectic vector bundles.
Let us end this section by giving a discussion of the general setting. First, let us state and proof a version of
Poincaré Lemma for holomorphic flat vector bundles:

Lemma 2.1.23 Let (E → X,∇) be a n-dimensional holomorphic vector bundle over a contractible m dimen-
sional complex manifold X with a flat connection ∇ and let d∇ : ΩrX ⊗ E → Ωr+1

X ⊗ E be the corresponding
exterior covariant derivative. Then given a section ξ ∈ Γ(X,ΩrX ⊗ E) such that d∇ξ = 0, there exists a section
η ∈ Γ(X,Ωr−1

X ⊗ E) such that ξ = d∇η.

Proof: Let us pick a basis {ei,x0} of Ex0 at some point x0 ∈ X and let the section ei ∈ Γ(X, E) be given at
any x ∈ X by ei,x := Γxx0

ei,x0
, where Γxx0

is the parallel transport on E from x0 to x using the flat connection
∇. Since E → X is flat, the parallel transport with respect to the connection ∇ is path-independent. On the
other hand, the existence and uniqueness of the parallel transport of ei,x0

from x0 to x along any path follows
from Picard–Lindelöf theorem. It follows that ei,x := Γxx0

ei,x0
∈ Ex is well-defined for x ∈ X. Therefore, we

have parallel sections ∇ei ∈ Γ(X, E), ∇ei = 0, and {ei,x} is a basis of the fiber Ex for all x ∈ X. A section
ξ ∈ Γ(X,ΩrX ⊗ E) can be expressed using the local coordinates {x1, · · · , xm} of X as ξ :=

∑n
k=1 ξkek where

ξk :=
∑m
i1,··· ,ir=1 ξi1···ir;k(x)dxi1 ∧ · · · ∧ dxir ∈ Γ(X,ΩrX). Using ∇ek = 0, we have that

d∇ξ =

n∑
k=1

((dξk)ek + (−1)rξk ∧∇ek) =

n∑
k=1

(dξk)ek.

Consequently, if d∇ξ = 0 then dξk = 0 for all k = 1, · · · , n. Since X is contractible, we can apply the usual
Poincaré Lemma for differential forms to ξk and conclude that there exists ηk ∈ Γ(X,Ωr−1

X ) such that dηk = ξk.
It is now a matter of simple calculation to verify that d∇η = ξ where η =

∑n
k=1 ηkek. �

Let us now present the general version of the embedding BΣ0 → HΣ0 :

Proposition 2.1.24 Let (E → X,ΩE ,∇, φ) be a 2n-dimensional holomorphic symplectic vector bundle over
a n-dimensional complex manifold X with a flat connection ∇, a ∇-covariantly constant symplectic form ΩE
and φ ∈ Γ(X,Ω1

X ⊗ E), d∇φ = 0 such that for each x ∈ X, φx : TxX → Ex embeds TxX as a Lagrangian
subspace of Ex. Fix a reference point x0 ∈ X. There exists an open neighbourhood Xx0 ⊆ X of x0 such that
the map Φx0

: Xx0
→ Ex0

, given by sending x ∈ Xx0
to the image of 0x ∈ Ex under the parallel transport from

x to x0 using the affine connection ∇ + φ, is a well-defined embedding of Xx0
into a Lagrangian submanifold

Lx0
:= imΦx0

⊆ Ex0
.

Proof: Let Xx0
⊆ be a contractible open neighbourhood of x0 ∈ X. Since d∇φ = 0, by Lemma 2.1.23, there

exists a section θ ∈ Γ(Xx0
, E) such that d∇θ = ∇θ = φ. For x1 ∈ Xx0

, the section vx1
∈ Γ(Xx0

, E), vx1
(x) :=

−θx + Γxx1
θx1

satisfies vx1
(x1) = 0 and ∇vx1

(x) = φx. For all x1, x ∈ Xx0
, the parallel transport of 0x1

∈ Ex1

to Ex using the affine connection ∇+ φ is path-independent and it is uniquely given by vx1
(x). Therefore, the

map Φx0 : Xx0 → Ex0 is given by
Φx0(x) := vx(x0) = −θx0 + Γx0

x θx.

Let us compute the derivatives of Φx0
. Suppose that we can cover Xx0

with a single coordinates chart
(Xx0 , x

1, ..., xn) then

dΦx0
(x) =

n∑
i=1

dxi
∂Φx0(x)

∂xi
=

n∑
i=1

dxi
∂

∂xi
Γx0
x

(
2n∑
k=1

θk(x)ek,x

)
=

n∑
i=1

dxi
∂

∂xi

(
2n∑
k=1

θk(x)ek,x0

)

=

n∑
i=1

dxi
2n∑
k=1

∂θk(x)

∂xi
ek,x0

=

n∑
i=1

dxiΓx0
x

(
2n∑
k=1

∂θk(x)

∂xi
ek,x

)
= Γx0

x ∇

(
2n∑
k=1

θk(x)ek,x

)
= Γx0

x φx.

For every v ∈ TxXx0
, we have ιvdΦx0

(x) ∈ TΦx0
(x)Lx0

. Furthermore, given v1, v2 ∈ TxXx0
we have

ΩE(ιv1dΦx0(x), ιv2dΦx0(x)) = ΩE(Γ
x0
x ιv1φx,Γ

x0
x ιv2φx) = ΩE(ιv1φx, ιv2φx) = 0

by the assumption that φx embeds TxX as a Lagrangian subspace of Ex. Since φx is injective, the rank of
dΦx0

(x) is n for all x ∈ Xx0
. It follows that dimLx0

= 1
2 dim Ex0

, hence Lx0
⊆ Ex0

is a Lagrangian submanifold.
�
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Chapter 2. Airy Structures and Deformation of Curves

The proof of Proposition 2.1.24 only works when E → X is finite-dimensional, hence the result need not hold
when the dimension is infinite. Nevertheless, Proposition 2.1.24 gives us a guideline of what to expect when
we consider the analogous embedding in the infinite-dimensional case. We will see this in Section 2.4 where we
consider the infinite-dimensional vector bundle W ε,M → DiscsM .

2.2 Airy Structures

In this section, we review some basic terminologies and facts about Airy Structures as introduced in [25] .

2.2.1 Topological vector spaces and symplectic structures

Definition 2.2.1 A k-topological vector space V is a vector space equipped with a Hausdorff topology over a
topological field k such that

vector addition : V × V → V, scalar multiplication : k × V → V (2.13)

are continuous.

We need a topology on V to define the dual space V ∗ := Hom(V, k) of V as the vector space of continuous
linear functionals on V . Typically, we equip V ∗ with the weakest topology such that the map f ∈ V ∗ 7→
φv(f) := f(v) ∈ k is continuous for all v ∈ V , making V ∗ also a topological vector space. Therefore, we have
φv ∈ V ∗∗ := Hom(V ∗, k) by definition, where V ∗∗ is the vector space of continuous linear functionals on V ∗.
We will not assume vector spaces in this section to be finite-dimensional. To help with the notation when listing
the basis or coordinates we introduce an index set I. For example, we write the basis of V as {ei∈I} and take
I = {1, ..., n} if V is finite n-dimensional or I = Z>0 if V is countably infinite-dimensional.

Remark 2.2.2 The topology of V will only be important to us when n is infinite because when n is finite,
linear functionals on V are automatically continuous.

Definition 2.2.3 A symplectic topological vector space (W,Ω) is a pair consisting of a topological vector space
W and a continuous antisymmetric bilinear form Ω : W ×W → k such that w 7→ Ω(w, .) is an isomorphism

W
∼=−→W ∗. We call Ω the symplectic form of W .

Let us introduce the example of symplectic topological vector space (W,Ω) which will be important in defining
Airy structures. We will exclusively work with k := C equipped with a discrete topology. Let V be a topological
vector space with a discrete topology and a basis {ei∈I} over C. Any vector v ∈ V can be written as v =

∑
i∈I yie

i

where only a finite number of yi ∈ C are non-zero. Let {fi∈I} ⊆ V ∗ be the set of linearly independent vectors
such that fi(e

j) = δji . Then elements of V ∗ are f =
∑
i∈I x

ifi for xi ∈ C. We call {yi∈I} and {xi∈I} coordinates
of V and V ∗ respectively. Equip V ∗ with the weakest topology such that the map f 7→ φv(f) := f(v) ∈ C is
continuous for all v ∈ V . The open sets in V ∗ take the form f + UJ ⊆ V ∗ where f ∈ V ∗, J ⊆ I is a finite set
and.

UJ :=

∑
i∈I\J

xifi | xi ∈ C

 ⊆ V ∗. (2.14)

Remark 2.2.4 If V is finite dimensional then {fi∈I} is a basis of V ∗. When the dimension is infinite, {fi∈I} is
a Schauder basis of V ∗ not an ordinary basis because their finite linear combination do not span V ∗. However,
let us also refer to {fi∈I} as a basis of V ∗ to simplify the language.

Finally, we define W := V ⊕ V ∗ with standard symplectic form Ω :=
∑
i∈I dyi ∧ dxi where dyi := fi, dx

i := φei ,

Ω(ei, ej) = Ω(fi, fj) = 0, Ω(ei, fj) = δij . (2.15)

{ei∈I, fi∈I} is a basis of W . We call {ei∈I, fi∈I}, or any basis of W satisfying (2.15), a canonical basis of W . To
show that (W,Ω) is a symplectic topological vector space we will need the following:

Lemma 2.2.5 Let V be a discrete topological vector space with basis {ek∈I} over a discrete topological field C,
then V ∗∗ ∼= V .
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2.2. Airy Structures

Proof: If V is finite-dimensional, this is trivial. Suppose that V is infinite-dimensional and let φ ∈ V ∗∗ =
Hom(V ∗,C) be a continuous linear functional. For any sequence s : Z>0 → V ∗, n 7→ sn converges to f ∈ V ∗,
we have φ(f) = φ (limn→∞ sn) = limn→∞ φ(sn) by the continuity. Let us embed Z>0 into the index set I.
Suppose that f :=

∑
k∈Z>0⊆I x

kfk, where fi(e
j) = δji and consider the sequence sn :=

∑n
k=1 x

kfk + Λn+1fn+1

converges to f in the topology of V ∗ for any arbitrary sequence {Λn}.
By the continuity of φ we have

φ(f) = φ( lim
n→∞

sn) = lim
n→∞

φ(sn) = lim
n→∞

φ

(
n∑
k=1

xkfk + Λn+1fn+1

)
= lim
n→∞

(
n∑
k=1

xkφ(fk) + Λn+1φ(fn+1)

)
.

But the sequence {Λn} is arbitrary, therefore, the only way for the above to be true is if φ(fn) is only non-zero
for finitely many n ∈ Z>0 ⊆ I. Since the embedding of Z>0 into I is also arbitrary, we conclude that φ(fk) is
non-zero for only finite number of k ∈ I.
The topology on V ∗∗ is given by the weakest topology such that the map φ 7→ φ(f) is continuous for all f ∈ V ∗,
which is not hard to check to be a discrete topology. The isomorphism V ∗∗ ∼= V is given by ei ↔ φei , i ∈ I
where φei(fj) := fj(e

i) = δij , proving the lemma. �

Let us finish showing that (W,Ω) is a symplectic topological vector space. We have that ei 7→ Ω(ei, .) = φei is

an isomorphism V
∼=−→ V ∗∗ and fi 7→ Ω(fi, .) = −fi is an isomorphism V ∗

∼=−→ V ∗. It follows that (W,Ω) is a

symplectic topological vector space because w 7→ Ω(w, .) gives an isomorphism W = V ⊕ V ∗
∼=−→ V ∗∗ ⊕ V ∗ =

(V ∗ ⊕ V )∗ = W ∗. The topological symplectic vector space W is an example of a Tate space.

Definition 2.2.6 (Tate space [7]) A Tate space is a topological vector space over a discrete field k which is
isomorphic to V1 ⊕ V ∗2 for some discrete topological k-vector spaces V1 and V2.

Remark 2.2.7 The coordinate xi of V ∗ can be thought of as a linear functional xi ∈ Hom(V ∗,C) = V ∗∗ ∼= V .
Equivalently, xi is identified with the vector ei ∈ V via the isomorphism ei 7→ Ω(ei, .). The reason why we are
keeping both notations is that they carry different conceptual meanings. Similarly, the coordinate yi can be
identified with the vector −fi ∈ V ∗. Together, {xi∈I, yi∈I} is a coordinate system of W .

Given two vector spaces over a field k, a tensor product is a frequently used operation to construct a new vector
space. Formally, the tensor product V1⊗V2 of vector spaces V1 and V2 is uniquely defined up to isomorphism as
the vector space satisfying a certain universal property. More concretely, suppose that V1 and V2 are potentially
infinite-dimensional vector spaces with basis {ei∈I11 } and {ei∈I22 } respectively, then V1⊗V2 is a vector space with

a basis {ei1 ⊗ e
j
2 | (i, j) ∈ I1 × I2}. In other words,

V1 ⊗ V2 =

 ∑
(i,j)∈I1×I2

vije
i
1 ⊗ e

j
2 | vij ∈ k is non-zero for finitely many pairs of (i, j) ∈ I1 × I2

 . (2.16)

Remark 2.2.8 The important message of (2.16) is that only finite linear combinations of tensor products of
vectors are allowed in V1 ⊗ V2 even though V1 or V2 are possibly infinite-dimensional.

V1⊗V2 is different from topological complete tensor product V1⊗̂V2 mentioned in [25]. Let us briefly explain the
meaning of V1⊗̂V2. Given a topological vector space V , the completion of V is the unique complete topological
vector space V̂ such that V can be embedded densely into V̂ [37, Theorem 5.2]. Let V1, V2 be topological vector
spaces. We assign the topology to V1⊗V2 such that it is the unique object satisfying the universal properties of
the tensor product in the category of k-topological vector spaces [18]. For instance, when V1 and V2 are locally
convex, then this topology on V1 ⊗ V2 is the projective topology [37, Definition 43.2].

Definition 2.2.9 The topological complete tensor product V1⊗̂V2 is the topological completion of the tensor
product V1 ⊗ V2.

Let us give an explicit presentation of W ⊗̂W as an example, where W = V ⊕ V ∗ is a Tate space. Assign a
topology to W ⊗W by declaring open sets around w ∈ W to be w + UJ1J2J3

⊆ W ⊗W where Jk=1,2 := (Ji∈Ik ),
Ji1, Ji2, J3 ⊆ I are finite sets and

UJ1J2J3
:=
∑
i∈I

(
UJi1 ⊗ Ce

i + Cei ⊗ UJi2

)
+

∑
J3⊆I1,I2⊆I

UI1 ⊗ UI2 ⊆W ⊗W

22



Chapter 2. Airy Structures and Deformation of Curves

where UJ ⊆ V ∗ are vector subspaces given by (2.14). Since open neighborhoods of zero UJ1J2J3 are subspaces of
W ⊗W in this case, the completion can be computed using the inverse limit:

W ⊗̂W := lim←−W ⊗W/UJ1J2J3

=


∑
i,j∈I

aije
i ⊗ ej +

∑
i,j∈I

(bj1ie
i ⊗ fj + bi2jfi ⊗ ej) +

∑
i,j∈I

cijfi ⊗ fj |

aij , b
j
1i, b

j
2i, c

ij ∈ C
aij 6= 0 for finitely

many pairs of (i, j) ∈ I× I,
and for each i ∈ I, bi1j , bi2j 6= 0

for finitely many j ∈ I

 .

For k = 1, 2, let us write J′k ⊆ Jk if J′ik ⊆ Jik for all i ∈ I. The inverse limit is taken over the directed poset of
tuples (J1, J2, J3) with with partial order (J′1, J′2, J′3) ≤ (J1, J2, J3) if J′i ⊆ Ji,∀i = 1, 2, 3.

The n-th order topological complete tensor product W ⊗̂n := W ⊗̂ · · · ⊗̂W can be defined in a similar way. We

denote by Ŝymn(W ) the subspace of symmetric tensors in W ⊗̂n and let Ŝym≤n(W ) :=
⊕n

i=0 Ŝymi(W ). Using

Remark 2.2.7, we can think of
∏∞
i=0 Ŝymi(W ) as the space of formal polynomials on W and denote it by

C[[W ]] = C[[xi∈I, yi∈I]]. In particular, elements of C[[W ]] are formal series of the form

∞∑
n=0

∑
n1+n2=n
n1,n2≥0

∑
i1,··· ,in1

∈I
j1,··· ,jn2

∈I

P
j1,··· ,jn2
i1,··· ,in1

xi1 · · ·xin1 yj1 · · · yjn2
,

Where P
j1,··· ,jn2
i1,··· ,in1

∈ C and

for each (j1, · · · , jn2
) ∈ In2 , P

j1,··· ,jn2
i1,··· ,in1

6= 0

for finitely many (i1, · · · , in1
) ∈ In1 .

The symplectic form Ω defines a Poisson bracket on C[[W ]] given by

{xi, xj} = {yi, yj} = 0, {yi, xj} = δji (2.17)

and extended to arbitrary formal polynomials by the Leibniz rule. We call coordinates {xi∈I, yi∈I} satisfying
(2.17), or equivalently coordinates such that Ω takes the canonical form: Ω =

∑
i∈I dyi ∧ dxi, a canonical

coordinates system of W .

2.2.2 Pre-Airy structures

Let V be a topological vector space with a discrete topology over the discrete topological field C.

Definition 2.2.10 ([25, Definition 2.6.1]) A classical pre-Airy structure on V is a tuple (V,A,B,C) where

A = (aijk)i,j,k∈I ∈ V ⊗ V ⊗ V, B = (bkij)i,j,k∈I : V → V ⊗ V, C = (cjki )i,j,k∈I : V ⊗ V → V.

A quantum pre-Airy structure on V is a tuple (V,A,B,C, ε) where (V,A,B,C) is a classical pre-Airy structure
and ε = (εi) ∈ V .

Remark 2.2.11 Equivalently, a (quantum) pre-Airy structure is given by any A = (aijk)i,j,k∈I, B =

(bkij)i,j,k∈I, C = (cjki )i,j,k∈I and ε = (εi) such that: aijk, εi ∈ C are non-zero for only finitely many

(i, j, k) ∈ I × I × I, bkij ∈ C is non-zero for only finitely many (i, j) ∈ I × I for each k ∈ I and cjki ∈ C is
non-zero for only finitely many i ∈ I for each (j, k) ∈ I× I.

Given a quantum pre-Airy structure (V,A,B,C, ε) there exists a recursive procedure called Abstract Topological
Recursion (ATR) [25, Section 2.5] produces a set of numbers {Sg,n;i1,...,in ∈ C | ik ∈ I}. Let the basis of V be
{ei∈I}. We package the set of numbers {Sg,n;i1,...,in} into the tensor

Sg,n :=
∑

i1,...,in∈I

1

n!
Sg,n;i1,...,ine

i1 ⊗ ...⊗ ein ∈ V ⊗n = V ⊗ ...⊗ V.

As the name suggests, ATR is related to topological recursion. We will see later this chapter the quantum
pre-Airy structure such that the ATR reduces to the usual topological recursion.

Let us now describe ATR in details. We set the initial conditions to be

S0,3 := 2A ∈ V ⊗ V ⊗ V, S1,1 := ε ∈ V, S0,n≤2 = Sg≥0,0 = 0.
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Then Sg,n for g ≥ 0, n ≥ 4 or g ≥ 2, n ≥ 1 or g ≥ 1, n ≥ 2 are computed recursively as follows

Sg,n;i1,...,in = 2

n∑
k=2

∑
j∈I

bji1ikSg,n−1;ji{2,...,n}\{k} +
∑

g1+g2=g
I1

∐
I2={2,...,n}

∑
j1,j2∈I

cj1j2i1
Sg1,1+|I1|;j1iI1Sg2,1+|I2|;j2iI2

+
∑
j1,j2∈I

cj1j2i1
Sg−1,n+1;j1j2i2...in . (2.18)

Note that the right-hand-side of (2.18) only involve Sg′,n′ with 2g′− 2 +n′ < 2g− 2 +n, therefore the recursion
is guaranteed to terminate.

Remark 2.2.12 The right-hand-side of (2.18) will indeed define an element of V ⊗n. Let v :=
∑
k∈I vke

k ∈
V, u :=

∑
k∈I uke

k ∈ V , then by definition we have
∑
i,j,k∈I b

k
ijvke

i⊗ej = B(v) ∈ V ⊗V and
∑
i,j,k∈I c

jk
i vjuke

i =
C(v ⊗ u) ∈ V . Note that all summations came from contractions of a vectors in V and V ∗, so they have at
most finitely non-zero terms even though the carnality of the index set I may be infinite.

Given g, n and suppose that Sg′,n′ ∈ V ⊗n
′

for all 2g′−2+n′ < 2g−2+n then it follows that the first and second
terms in (2.18) are well defined as elements of V ⊗n. Finally, the last term of (2.18) is a well-defined element
of V ⊗n because Sg−1,n+1 ∈ V ⊗n+1, a non-completed tensor products of V , so it contains only finite linear
combination of tensor products of vectors in V . More explicitly, we can write

∑
j1,j2∈I Sg−1,n+1;j1j2i2...ine

j1⊗ej2

as a finite sum
∑N
k=1 v1,k ⊗ v2,k for some v1,k, v2,k ∈ V and N ∈ Z≥0. Then

∑
i1∈I

∑
j1,j2∈I

cj1,j2i1
Sg−1,n+1;j1j2i2...ine

i1 = C

 ∑
j1,j2∈I

Sg−1,n+1;j1j2i2...ine
j1 ⊗ ej2


= C

(
N∑
k=1

v1,k ⊗ v2,k

)
=

N∑
k=1

C (v1,k ⊗ v2,k) ∈ V.

Overall, the output Sg,n is a well-defined element of V ⊗n.

Definition 2.2.13 ([25, Definition 2.6.1]) A classical pre-Airy sub-structure (U,A,B,C) of (V,A,B,C) is a
classical pre-Airy structure given by a vector subspace U ⊆ V compatible with tensors A,B,C in the sense that

A ∈ U ⊗ U ⊗ U, B|U : U → U ⊗ U, C|U⊗U : U ⊗ U → U.

A quantum pre-Airy sub-structure (U,A,B,C, ε) of (V,A,B,C, ε) is a quantum pre-Airy structure given by a
classical pre-Airy sub-structure (U,A,B,C) of (V,A,B,C) such that ε ∈ U .

A (quantum or classical) pre-Airy structure on V is called primitive if it does not contain a non-trivial (quantum
or classical) pre-Airy sub-structure (U,A,B,C, ε) with U ( V .

Remark 2.2.14 Given two quantum pre-Airy structures (Vi, Ai, Bi, Ci, εi) and their ATR outputs {S(i)
g,n ∈

V ⊗ni }, i = 1, 2 the important feature is the following. If both quantum pre-Airy structures (Vi, Ai, Bi, Ci, εi),
i = 1, 2 contain the same quantum pre-Airy substructure (V,A,B,C, ε), i.e. V ⊆ V1, V2 and

A1 = A = A2, B1|V = B = B2|V , C1|V⊗V = C = C2|V⊗V , ε1 = ε = ε2

then their ATR outputs will be the same [25, Section 2.6]:

S(1)
g,n = S(2)

g,n = Sg,n ∈ V ⊗n ⊆ V ⊗ni , i = 1, 2

where {Sg,n ∈ V ⊗n} is the output of ATR using the pre-Airy structure (V,A,B,C, ε).

2.2.3 Airy structures

In this section we let W = V ⊕ V ∗ be a Tate space and let {xi∈I, yi∈I} be canonical coordinates of W .

Definition 2.2.15 ([25, Definition 2.1.1]) A classical Airy structure on V is a classical pre-Airy structure

(V,A,B,C) such that the collection of at-most quadratic polynomials {Hi∈I ∈ Ŝym≤2(W )}, where

Hi := −yi +
∑
j,k∈I

aijkx
jxk + 2

∑
j,k∈I

bkijx
jyk +

∑
j,k∈I

cjki yjyk, (2.19)
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generates the vector space g :=
⊕

i∈I C·Hi ⊂ Ŝym≤2(W ) which is closed under the Poisson bracket : {Hi, Hj} =∑
k∈I g

k
ijHk ∈ g for some structure constants gkij ∈ C. In other words, the structure constants gkij are the matrix

entries of the operator g is a Lie algebra with Lie bracket given by the Poisson bracket.

Remark 2.2.16 We can always assume that the tensors A = (aijk) and (cjki ) are symmetric in the indices j, k
because their anti-symmetric part would vanish in the expression of Hi after summing against xjxk and yjyk.
On the other hand, the tensor B = (bijk) does not possess any symmetry in the indices j, k.

In fact, given a classical Airy structure {Hi∈I ∈ Ŝym≤2(W )}, it can be shown (see [1, Section 2.2], [25, Section

2.1]) from {Hi, Hj} =
∑
k∈I g

k
ijHk that aijk is symmetric in the indices i, j and that gkij = 2(bkij − bkji). In

other words, aijk is symmetric in all indices i, j, k and the structure constants gkij are components of the tensor

(gkij)i,j,k∈I : V → V ⊗ V which is entirely determined by the tensor B.

Remark 2.2.17 Note that each Hi may be treated as a function Hi : W → C. Denote by Hi(w) the evaluation
of Hi at a point w :=

∑
i∈I(x

ifi + yie
i) ∈W where xi, yi ∈ C, then H :=

∑
i∈IHi(w)ei ∈ V .

Let us define the Weyl algebra D~(W ) := C
[[
xi∈I, ~∂i∈I

]]
[[~]] where ~∂i := ~ ∂

∂xi . We introduce grading on
D~(W ) by setting deg ~ = 2,deg xi = 1 and deg ~∂i = 1. Let D~

n(W ) be the vector subspace of degree n
elements in D~(W ) and let D~

≤n(W ) :=
⊕n

i=0D~
i (W ). We also introduce the following notations when working

with D~(W ):

Definition 2.2.18 Let f̂ , ĝ ∈ D~(W ). We denote applying the operator f̂ on ĝ by f̂(ĝ). We denote multiplying

the operator f̂ with the operator ĝ by f̂ ĝ. For example, ~∂i(xj) = ~δji , and ~∂ixj = ~δji + xj~∂i.

Conceptually, D~(W ) is the quantization of C[[W ]] with yi replaced by ~∂i and the Poisson bracket {., .} replaced

by the commutator 1
~ [., .], where [f̂ , ĝ] := f̂ ĝ − ĝf̂ , f̂ , ĝ ∈ D~(W ). We define the classical limit to be the map

cl : D~(W )→ C[[W ]], given by ~ 7→ 0, xi 7→ xi and ~∂i 7→ yi.

Definition 2.2.19 ([25, Definition 2.2.1]) A quantum Airy structure on V is a collection {Ĥi∈I ∈ D~
≤2(W )}

such that ĝ :=
⊕

i∈I C · Ĥi ⊂ D~
≤2(W ) is a Lie algebra with Lie bracket given by the commutator 1

~ [., .]. In

other words, 1
~ [Ĥ1, Ĥ2] =

∑
k∈I g

k
ijĤk ∈ ĝ for some constants gkij ∈ C.

A classical Airy structure {Hi∈I} is called the classical limit of {Ĥi∈I} if Hi = cl(Ĥi) in which case we also have

{Hi, Hj} = cl
(

1
~ [Ĥi, Ĥj ]

)
=
∑
k∈I g

k
ijHk. We say that {Ĥi∈I} quantizes or it is a quantization of {Hi∈I}.

Remark 2.2.20 The condition 1
~ [Ĥi, Ĥj ] =

∑
k∈I g

k
ijĤk can be written as relations among tensors A,B,C and

ε, [1]. If we ignored all relations involving ε, then the remaining are relations among A,B and C arise from the
classical condition {Hi, Hj} =

∑
k∈I g

k
ijHk.

Remark 2.2.21 Quantization is more difficult than just replacing xi by xi and yi by ~∂i because C[[W ]] is
a commutative algebra whereas D~(W ) is non-commutative, hence there is an ambiguity in ordering xi and
~∂i. For instance, it is unclear whether the term xiyj should be quantized as xi~∂j or ~∂jxi = ~δij + xi~∂j .
In general, suppose that f̂ , ĝ, ĥ ∈ D~

≤2(W ) with classical limit f = cl(f̂), g = cl(ĝ), h = cl(ĥ) ∈ Ŝym≤2(W )

then {f̂ , ĝ} = ĥ implies {f, g} = cl
(

1
~ [f̂ , ĝ]

)
= h but on the other hand, if {f, g} = h then cl

(
1
~ [f̂ , ĝ]

)
=

{f, g}+ c = h+ c for some constant c ∈ C. Therefore, the quantization of {Hi∈I} where Hi are given by (2.19)
and {Hi, Hj} =

∑
k∈I g

k
ijHk amount to finding {εi∈I ∈ C} such that

Ĥi := −~∂i +
∑
j,k∈I

aijkx
jxk + 2~

∑
j,k∈I

bkijx
j∂k + ~2

∑
j,k∈I

cjki ∂j∂k + ~εi (2.20)

satisfying 1
~ [Ĥi, Ĥj ] =

∑
k∈I g

k
ijĤk.

If follows from (2.20) we can write a quantum Airy structure on V as a tuple (V,A,B,C, ε). In other words, a
quantum Airy structure is a quantum pre-Airy structure (V,A,B,C, ε) such that ĝ :=

⊕
i∈I C · Ĥi, where Ĥi

given by (2.20), is a Lie algebra.

Given a classical Airy structure {Hi∈I}, then neither the uniqueness nor existence of its quantization is guaran-
teed in general. It turns out that the sufficient condition for the existence of quantization of {Hi∈I} is given by
the vanishing of the second cohomology of Lie algebra H2(g,C). On the other hand, the necessary and sufficient
condition for the uniqueness of the quantization is given by the vanishing of H1(g,C) [25].
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2.2. Airy Structures

We will often refer to classical (pre-)Airy structures simply as (pre-)Airy structures unless it is important to
emphasize their distinction from quantum (pre-)Airy structures.

There is a correspondence between Airy structures and quadratic Lagrangian submanifolds L := {Hi∈I = 0} of
W , i.e. Lagrangian submanifolds defined by at-most quadratic polynomials in W . When V is finite-dimensional,
this correspondence is easy:

Lemma 2.2.22 ([25, Section 2.1]) Let V be an n-dimensional vector space and {H1, ...,Hn} is a collection
of at-most quadratic polynomials on W = V ⊕V ∗ in the form given in (2.19). Then L := {Hi=1,··· ,n = 0} ⊂W
is a Lagrangian submanifold if and only if the collection {H1, ...,Hn} gives an Airy structure.

Proof: Suppose that {H1, ...,Hn} is an Airy structure. Let vHi be a Hamiltonian vector field corresponding
to Hi, i.e. ιvHiΩ = dHi. Then vHi(x) ∈ TxL for all x ∈ L because ιvHi (x)dHj(x) = {Hi, Hj}(x) = 0. Because
dimL = n, we conclude that {vH1(x), ..., vHn(x)} is a basis of TxL. Finally, Ω(vHi , vHj ) = {Hi, Hj} = 0 on L
and dimL = 1

2 dimW , therefore L ⊂W is a Lagrangian submanifold.

Conversely, suppose that L ⊂ W is a Lagrangian submanifold. Then for all v ∈ TxL we have Ω(vHi(x), v) =
ιvdHi(x) = 0. Because TxL ⊂ W is a Lagrangian subspace, i.e. a maximal isotropic subspace, it follows
that vHi ∈ TxL. Then {Hi, Hj}(x) = Ω(vHi , vHj ) = 0 for all x ∈ L, which means {Hi, Hj} belongs to an ideal
generated by {H1, ...,Hn}. But each Hi is at most quadratic, so {Hi, Hj} also is at most quadratic, we conclude
that {Hi, Hj} =

∑n
k=1 g

k
ijHk for some constants gkij ∈ C. �

Remark 2.2.23 When V is finite dimensional, we define the tangent space to L at x ∈ L ⊂W to be

TxL := {v ∈W | ιvdHi(x) = 0, i = 1, · · · , n}.

It is more subtle how to interpret this definition when V is infinite-dimensional, except at x = 0 ∈W . It is easy
to see from the form of each Hi in (2.19) even when V is infinite-dimensional that Hi(0) = 0 and dHi(0) = dyi
for all i ∈ I, therefore we define T0L := {yi∈I = 0} = V ∗ ⊂ W which is a Lagrangian subspace of W . Since
V ⊂ W is also a Lagrangian subspace of W and W = V ⊕ V ∗ ∼= V ⊕ T0L we call V a Lagrangian complement
of T0L.

When V is infinite-dimensional the arguments used in the proof of Lemma 2.2.22 will no longer hold.
Instead, what we mean by quadratic Lagrangian submanifold is that there exists a generating function
S0 ∈

∏∞
n=1 Symn(V ) such that

Hi

(
{xi∈I},

{
yi∈I :=

∂S0

∂xi

})
= 0, i ∈ I. (2.21)

We are going to show this in a moment. Keep in mind that ∂iS0 = ∂S0

∂xi ∈
∏∞
n=1 Symn(V ) is a formal

derivative and (2.21) should be understood as: the image of Hi under the homomorphism Ŝym≤2(W ) →∏∞
n=1 Symn(V ), xi 7→ xi, yi 7→ ∂iS0 is zero.

Note that we can think of a quantum Airy structures {Ĥi∈I} as a quantization of a quadratic Lagrangian
submanifold L := {Hi∈I = 0}. Let us consider solving for ψL such that ψ−1

L Ĥi(ψL) = 0 where ψL is given by
the formal expression

ψL := exp

( ∞∑
g=0

~g−1Sg

)
, Sg =

∞∑
n=0

Sg,n ∈
∞∏
n=1

Symn(V ), (2.22)

such that ψ−1
L (~∂i)ψL := ~∂i + ∂i

(∑∞
g=0 ~gSg

)
and each Sg,n are homogeneous polynomial of degree n:

Sg,n :=
∑

i1,...,in∈I

1

n!
Sg,n;i1,··· ,inx

i1 · · ·xin ∈ Symn(V ). (2.23)

Observe that Sg,n ∈ Symn(V ) without completion of symmetric tensor product and Sg is a formal sum of Sg,n.
The following Proposition guarantee the existence and uniqueness of the solution ψL:

Theorem 2.2.24 ([25, Theorem 2.4.2]) Let {Ĥi∈I} be a quantum Airy structure. There exists a unique
solution of the form ψL of the form (2.22) such that ψ−1

L Ĥi(ψL) = 0,∀i ∈ I.
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Proof: First of all, we note that if ψ := exp
(∑∞

g=0 ~g−1
∑∞
n=0 Sg,n

)
for an arbitrary Sg,n ∈ Symn(V ) then

ψ−1Ĥiψ ∈ D~(W ). To verify this we need to check that for each g and n, the degree n term of the coefficient
of ~g in ψ−1Ĥiψ(1) belongs to Symn(V ). These type of terms came from

H
(g,n)
i := −~g∂iSg,n+1 + ~g

∑
j,k∈I

bkijx
j∂kSg,n + ~g

∑
g1+g2=g

n1+n2=n+2

∑
j,k∈I

cjki ∂jSg1,n1
∂kSg2,n2

+ ~g
∑
j,k∈I

cjki ∂j∂kSg−1,n+2.

(2.24)
The first term belongs to Symn(V )~g. Since

∑
k∈I b

k∂kSg,n is the same as contracting the tensor B with Sg,n,
by Remark 2.2.12 the second term also belongs to Symn(V )~g. Similarly, by Remark 2.2.12 we also conclude
that the third and the fourth terms also belong to Symn(V )~g. This verifies our claim that ψ−1Ĥiψ ∈ D~(W ).

Remark 2.2.12 tells us that H(g,n) :=
∑
i∈IH

(g,n)
i ei ∈ V ⊗(n+1).

The proof is by induction in g and for each fixed g we proceed with induction in n. Suppose that we have

found the solution Sg for all g = 0, ..., g0 − 1 and for Sg1
up to degree n0 term in the sense that if ψ

(g0,n0)
L :=

exp
(∑g0−1

g=0 ~g−1Sg + ~g0−1
∑n0

n=1 Sg0,n

)
then

Ĥ
(g0,n0)
i := (ψ

(g0,n0)
L )−1Ĥiψ

(g0,n0)
L

= −~∂i +H
(g0,n0)
i + ~g0x≥n0+1 + ~≥g0+1x≥0 + 2~

∑
j,k∈I

bkijx
j∂k + ~2

∑
j,k∈I

cjki ∂j∂k ∈ D
~(W ), (2.25)

where H
(g0,n0)
i := ~g0x=n0 ∈ Symn(V )~g0 . Since {Ĥi∈I} is a quantum Airy structure we can check that

{Ĥ(g0,n0−1)
i∈I } satisfies the similar commutation relations

1

~
[Ĥ

(g0,n0)
i , Ĥ

(g0,n0)
j ] =

1

~

(
Ĥ

(g0,n0)
i Ĥ

(g0,n0)
j − Ĥ(g0,n0)

j Ĥ
(g0,n0)
i

)
=

1

~
(ψ

(g0,n0)
L )−1

(
ĤiĤj − ĤjĤi

)
ψ

(g0,n0)
L

= (ψ
(g0,n0)
L )−1

(
1

~
[Ĥi, Ĥj ]

)
ψ

(g0,n0)
L =

∑
k∈I

gkijĤ
(g0,n0)
k . (2.26)

The left hand side of (2.26) contains the term ∂j

(
H

(g0,n0)
i

)
− ∂i

(
H

(g0,n0)
j

)
= ~g0x=n0−1 but the right hand

side only contain ~≥g0x≥n0 , so it must be the case that ∂j

(
H

(g0,n0)
i

)
= ∂i

(
H

(g0,n0)
j

)
. In other words, there

exists a symmetric tensor Sg0,n0+1 := 1
(n0+1)!

∑
i1,...,in0

∈I Sg0,n0;i1,...,in0+1
xi1 · · ·xin0+1 ∈ Symn0+1(V ) such that

H
(g0,n0)
i = ~g0∂iSg0,n0+1.

For the base case of the induction, (g0 = 0), we can look at the first non-trivial S0,n0
which is S0,3 = 2A ∈

Sym3(V ). By setting ψ
(0,3)
L = exp

(
1
~S0,3

)
we can see that (ψ

(0,3)
L )−1Ĥiψ

(0,3)
L takes the form of (2.25) with

(g0, n0) = (0, 3). �

Taking the limit ~ → 0 of the expression ψ−1
L ĤiψL(1) = 0 is the same as replacing every ~∂i in Ĥi with ∂iS0.

Therefore, we obtain (2.21), showing that S0 =
∑∞
n=0 S0,n ∈

∏∞
n=1 Symn(V ) is the generating function of

L = {Hi = 0}. It is in this sense that ψL is considered a quantization of L. The following Corollary of Theorem
2.2.24 makes the relationship between quantum Airy structures and ATR becomes clear:

Corollary 2.2.25 If a quantum pre-Airy structure (V,A,B,C, ε) is a quantum Airy structure then the output

Sg,n ∈ V ⊗n of the corresponding ATR are symmetric tensors. Moreover, if ψL := exp
(∑∞

g=0 ~g−1
∑∞
n=0 Sg,n

)
then ψ−1

L Ĥi(ψL) = 0.

Proof: Theorem 2.2.24 tells us that the solution to ψ−1
L Ĥi(ψL) = 0 of the form ψL :=

exp
(∑∞

g=0 ~g−1
∑∞
n=0 Sg,n

)
where Sg,n ∈ Symn(V ) exists. The equation ψ−1

L ĤiψL(1) = 0 implies that the

right-hand side of (2.24) must vanish. In particular, the coefficient of each xi1 · · ·xin , ik ∈ I must vanish and
this gives us the recursion relations (2.18). �

Finally, the notion of sub-structures we introduced for (quantum) pre-Airy structures translates straightfor-
wardly to the notion of sub-structures for (quantum) Airy structures:

Definition 2.2.26 ([25, Section 2.6]) A classical Airy sub-structure (U,A,B,C) of a classical Airy structure
(V,A,B,C) is a classical pre-Airy sub-structure of a pre-Airy structure (V,A,B,C). A quantum Airy sub-
structure (U,A,B,C, ε) of a quantum Airy structure (V,A,B,C, ε) is a quantum pre-Airy sub-structure of a
quantum pre-Airy structure (V,A,B,C, ε).

27



2.2. Airy Structures

Lemma 2.2.27 ([25, Section 2.6]) An Airy sub-structure of an Airy structure is an Airy structure. A quan-
tum Airy sub-structure of a quantum Airy structure is a quantum Airy structure

Proof: According to Remark 2.2.20, certain relations among A,B,C and ε are satisfied if and only if A,B,C
and ε define a (quantum) Airy structure. The fact that we can restrict these tensors to a subspace U ⊂ V will
not affect these relations. �

2.2.4 Gauge transformation of (quantum) Airy structures

Given an Airy structure (V,A,B,C), it defines a quadratic Lagrangian submanifold L = {Hi∈I = 0} ⊂ W =
V ⊕ V ∗. Suppose that {ei∈I, fi∈I} and {xi∈I, yi∈I} are the given canonical basis and canonical coordinates of
W respectively. As we have mentioned in Remark 2.2.23, the vector subspace V ⊂ W , with a basis {ei∈I},
is a Lagrangian complement of T0L =

{∑
i∈I x

kfi
}
⊂ W . But V is not a unique Lagrangian complement

of T0L. Any other Lagrangian complement V̄ ⊂ W of T0L corresponds to the change of a canonical basis
{ei∈I, fi∈I} 7→ {ēi∈I, f̄i∈I}, ēi := ei +

∑
j∈I s

ijfj , f̄i := fi of W , where (sij) : V ⊗ V → C is an arbitrary

symmetric tensor. Note that {ēi∈I} is a new basis spanning the new Lagrangian complement V̄ of T0L which
remains fixed. The corresponding change of canonical coordinates on W is given by x̄i = xi−

∑
j∈I s

ijyj , ȳi = yi.

The symplectic form retains its canonical form Ω =
∑
i∈I dx̄

i∧dȳi in this new coordinates and T0L ∼= W/V̄ ∼= V̄ ∗,
therefore W ∼= V̄ ⊕ V̄ ∗. Expressing the Airy structure {Hi∈I} using the new coordinates {x̄i∈I, yi∈I} in the usual

form (2.19) we obtain the new tensors Ā = (āijk), B̄ = (b̄kij), C̄ = (c̄jki ).

Both Airy structures (V,A,B,C) and (V̄ , Ā, B̄, C̄) are the same in the sense that they define the same Lagrangian
submanifold L ⊂W , but we have chosen to described them differently using the different choices of Lagrangian
complement V̄ . Hence we call (V,A,B,C) 7→ (V̄ , Ā, B̄, C̄) a gauge transformation of Airy structures.

We can also explore gauge transformation associate with freedom in choosing a basis ēi :=
∑
j∈I d

i
je
j of V and

f̄i :=
∑
j∈I c

j
ifj of V ∗. The corresponding change of coordinates given by x̄i =

∑
j∈I d

i
jx
j and ȳi =

∑
j∈I c

j
iyj

respectively. We require (cij) : V → V and (dij) : V → V to be the inverse of each other, i.e.
∑
k∈I d

k
i c
j
k = δji

and
∑
k∈I c

k
i d
j
k = δji , so that the coordinates {x̄i∈I, ȳi∈I} remain canonical for W = V ⊕V ∗. Let us also redefine

the basis for g =
⊕

i∈I C ·Hi by Hi 7→ H̄i :=
∑
j∈I c

j
iHj . The commutation relations become

{H̄i, H̄j} =
∑
k∈I

ḡkijH̄k, where ḡkij := grpqc
p
i c
q
jd
k
r .

Here and the remaining of this section, Einstein summation notations will be used where appropriate. Note
that ḡkij := grpqc

p
i c
q
jd
k
r only involve finite summations since gijk are components of the tensor (gijk) : V → V ⊗ V

as explained in Remark 2.2.16 (see also Remark 2.2.12). Hence ḡijk is well-defined and we have a tensor

(ḡijk) : V → V ⊗ V .

Remark 2.2.28 For a fixed i ∈ I, cij will be non-zero for only finitely many j ∈ I. It follows that the elements

of the inverse matrix must satisfy the same properties. Namely, given an i ∈ I, dij will be non-zero for only

finitely many j ∈ I. On the other hand, sij can be non-zero for infinitely many pairs of (i, j) ∈ I2.

As a summary, let us give an explicit formula for the gauge transformation (V,A,B,C) 7→ (V̄ , Ā, B̄, C̄) associ-
ating with the change of a canonical basis {ei∈I, fi∈I} 7→ {ēi∈I, f̄i∈I} of W :

ēi :=
∑
j∈I

dij

(
ej +

∑
k∈I

sjkfk

)
, f̄i :=

∑
j∈I

cjifj , (2.27)

where (cij) : V → V and (dij) : V → V are the inverse of each other and (sij) : V × V → C. It is easy to check
that

Ω(ēi, ēj) = Ω(f̄i, f̄j) = 0, Ω(ēi, f̄j) = δij .

The corresponding change of a canonical coordinates is given by:

x̄i :=

∞∑
j=1

dij

(
xj −

∞∑
k=1

sjkyk

)
, ȳi :=

∞∑
j=1

cjiyj , (2.28)
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Chapter 2. Airy Structures and Deformation of Curves

and it is easy to check that
{x̄i, x̄j} = {ȳi, ȳj} = 0, {ȳi, x̄j} = δji .

Denote the transformation (2.27) by T : W →W . Let V̄ ⊂W be the vector subspace spanned by {ēi∈I}:

V̄ := T (V ). (2.29)

Substituting the inverse coordinates transformation xi =
∑
j∈I

(
cij x̄

j +
∑
k∈I ȳjd

j
ks
ki
)
, yi =

∑
j∈I d

j
i ȳj , into

(2.19) and collecting terms so that H̄i :=
∑
j∈I c

j
iHj takes the form

H̄i := −ȳi +
∑
j,k∈I

āijkx̄
j x̄k + 2

∑
j,k∈I

b̄kij x̄
j ȳk +

∑
j,k∈I

c̄jki ȳj ȳk,

we find that (V,A,B,C) 7→ (V̄ , Ā, B̄, C̄) is given by [25, Section 2.1]

āi1i2i3 := aj1j2j3c
j1
i1
cj2i2 c

j3
i3

(2.30)

b̄i3i1i2 := bj3j1j2c
j1
i1
cj2i2d

i3
j3

+ aj1j2ps
pj3cj1i1 c

j2
i2
di3j3 (2.31)

c̄i2i3i1
:= cj2j3j1

cj1i1d
i2
j2
di3j3 + bj2j1ps

pj3cj1i1d
i2
j2
di3j3 + bj3j1qs

qj2cj1i1d
i2
j2
di3j3 + aj1pqs

pj2sqj3cj1i1d
i2
j2
di3j3 . (2.32)

Similarly, we study gauge transformations of quantum Airy structures (V,A,B,C, ε) 7→ (V̄ , Ā, B̄, C̄, ε̄) by making
the following substitutions:

xi 7→ x̂i :=
∑
j∈I

(
cij x̄

j +
∑
k∈I

sikdjk~∂̄j

)
, ~∂i = ~

∂

∂xi
7→ ŷi :=

∑
j∈I

dji~∂̄j =
∑
j∈I

dji~
∂

∂x̄j

in (2.20) and collecting terms so that
¯̂
H :=

∑
j∈I c

j
i Ĥj takes the form:

¯̂
Hi := −~∂̄i +

∑
j,k∈I

āijkx̄
j x̄k + 2~

∑
j,k∈I

b̄kij x̄
j ∂̄k + ~2

∑
j,k∈I

c̄jki ∂̄j ∂̄k + ~ε̄i.

We find that the transformation A 7→ Ā, B 7→ B̄, C 7→ C̄ are given by (2.30)-(2.32) and ε 7→ ε̄ is given by [25,
Section 2.2]

ε̄i := εlc
l
i + aljkc

l
is
jk. (2.33)

Because the commutation relations of x̂i and ŷj in D~(W ) are the same as those of xi and ~∂j we conclude that
(V̄ , Ā, B̄, C̄, ε̄) is a quantization of (V̄ , Ā, B̄, C̄).

Remark 2.2.29 Suppose that (V,A,B,C, ε) is a quantum pre-Airy structure. Given (cij) : V → V , (dij) =

(cij)
−1 : V → V and (sij) : V × V → C, then (V,A,B,C, ε) 7→ (V̄ , Ā, B̄, C̄, ε̄) given by (2.29)-(2.33) is also a

quantum pre-Airy structure transformation. We call this a gauge transformation of quantum pre-Airy structure.

Remark 2.2.30 The gauge transformation respects sub-structures in the following sense [25, Section 2.6]. We
write V̄ := T (V ). Suppose that (U,A,B,C, ε) is a quantum (pre-)Airy sub-structure of (V,A,B,C, ε) then
(Ū , Ā, B̄, C̄, ε̄) is a quantum (pre-)Airy sub-structure of (V̄ , Ā, B̄, C̄, ε̄) where Ū := T (U) and T : W → W
denotes the transformation (2.27).

2.3 The Residue Constraints Airy Structure

In this section, we are going to review the residue constraints Airy structure [25, Section 3.3]. It is the Airy
structure that will be most interesting to us due to its connection with topological recursion as we will explain
in Section 2.6. Consider a countably infinite dimensional (let I := Z>0) vector space

VAiry := z−1C[z−1]
dz

z

of meromorphic differential forms in the neighborhood of z = 0 and equipped with the discrete topology. The
set
{
ek∈I := z−k dzz

}
is a basis of VAiry. The continuous dual space is given by

V ∗Airy := zC[[z]]
dz

z
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2.3. The Residue Constraints Airy Structure

where a vector f ∈ V ∗Airy can be thought of as a linear functional v 7→ Resz=0

(
f
∫
v
)
∈ C on VAiry. The set{

fk∈I := kzk dzz
}

is a basis of V ∗Airy, we can check that fi(e
j) = δji . The corresponding Tate space is

WAiry := VAiry ⊕ V ∗Airy = {η ∈ C((z))dz | Resz=0η = 0}

with the symplectic form

ΩAiry(f, g) := Resz=0

(
f

∫
g

)
.

Any typical element w of WAiry can be expressed as w :=
∑
k∈I
(
xkfk + yke

k
)

=
∑∞
k=1

(
ykz
−k dz

z + kxkzk dzz
)
,

where yk ∈ C is non-zero for an only finite number of k. The symbol
∫
g in the definition of ΩAiry(f, g)

denotes a formal indefinite integral of g. For instance, let us write g :=
∑∞
k=1

(
ykz
−k dz

z + kxkzk dzz
)

then∫
g :=

∑∞
k=1

(
− 1
kykz

−k + xkzk
)

+ const. Note that the integration constant does not introduce any ambiguity
in the expression of ΩAiry(f, g) since the residue of f is zero. It is easy to check that f 7→ ΩAiry(f, .) gives an
isomorphism W ∼= W ∗ and in particular, ek 7→ ΩAiry(ek, .) gives an isomorphism VAiry ∼= V ∗∗Airy.

Define the residue constraints Airy structure {Hi∈I} on VAiry by

(HAiry)2n(w) = Resz=0

((
z − w(z)

2zdz

)
z2nd(z2)

)
,

(HAiry)2n−1(w) =
1

2
Resz=0

((
z − w(z)

2zdz

)2

z2n−2d(z2)

)
, n = 1, 2, 3, ... (2.34)

where w(z) :=
∑
k∈I
(
xkfk + yke

k
)

=
∑∞
k=1

(
ykz
−k dz

z + kxkzk dzz
)
∈ WAiry. By expanding (2.34) into formal

polynomials in Ŝym≤2(WAiry) of coordinates {xi∈I, yi∈I} of WAiry, we find that {(HAiry)i∈I} can be expressed
in the standard form (2.19) as [25, Section 3.3]:

(HAiry)2n = −J2n, (HAiry)2n−1 = −J2n−1 +
1

4

∞∑
k=−∞

J2k−1J2n−2k−3, n = 1, 2, 3, ... (2.35)

where J+k := yk, J−k := kxk. The quantization of Airy structure {(HAiry)i∈I} exists and it is given by [25,
Section 3.3]

(ĤAiry)2n = −Ĵ2n, (ĤAiry)2n−1 = −Ĵ2n−1 +
1

4

∞∑
k=−∞

Ĵ2k−1Ĵ2n−2k−3 +
~
16
δn,2, n = 1, 2, 3, ... (2.36)

where Ĵ+k := ~ ∂
∂xk

, Ĵ−k := kxk. By reading the coefficients of (2.36), we found that the tensors
AAiry, BAiry, CAiry and εAiry are given by [25, Section 3.3]

AAiry =
1

4
e1 ⊗ e1 ⊗ e1, or (aAiry)ijk =

1

4
δ1iδ1jδ1k (2.37)

BAiry : en 7→ 1

4

∑
n1,n2≥1

n1+n2=n+3
n1 odd

n2e
n1 ⊗ en2 , or (bAiry)kij =

1

4

∑
k1,k2≥1

k1+k2=k+3
k1 odd

k2δk1iδk2j (2.38)

CAiry : en1 ⊗ en2 7→

{
0, n1 + n2 odd
1
4e
n1+n2+3, n1 + n2 even

or (cAiry)jki =

{
0, j + k odd
1
4δi,j+k+3, j + k even

(2.39)

εAiry =
1

16
e3, or (εAiry)i =

1

16
δi,3. (2.40)

Remark 2.3.1 We can also express AAiry, BAiry, CAiry tensors in term of a residue of meromorphic forms by
substituting w(z) :=

∑
k∈I(x

kfk(z) + yke
k(z)) into (2.34):

(aAiry)ijk = Resz=0

(
− 1

4i

1

z(dz)2
fi(z)fj(z)fk(z)

)
δi,odd

(bAiry)kij = Resz=0

(
− 1

4i

1

z(dz)2
fi(z)fj(z)e

k(z)

)
δi,odd

(cAiry)jki = Resz=0

(
− 1

4i

1

z(dz)2
fi(z)e

j(z)ek(z)

)
δi,odd,

where δi,odd =
∑∞
n=1 δi,2n−1 is 1 if i is an odd integer and 0 if i is an even integer. Sometime it is easier to work

with AAiry, BAiry, CAiry in this form. It is less straightforward to express εAiry as a residue.
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Chapter 2. Airy Structures and Deformation of Curves

One last important point to note is that (VAiry, AAiry, BAiry, CAiry, εAiry) contains a primitive quantum Airy
sub-structure ((VAiry)odd, AAiry, BAiry, CAiry, εAiry) where

(VAiry)odd := z−1C[z−2]
dz

z
.

2.3.1 The Lagrangian ‘submanifold’ LAiry ⊂ WAiry

As we have mentioned in the last section, the interpretation of an Airy structure as a quadratic Lagrangian
submanifold is less obvious when dimension is infinite. Let us show how LAiry := {(HAiry)i∈I = 0} ⊂ WAiry

highlights this difficulty.

Lemma 2.3.2

{w ∈WAiry | (HAiry)i∈I(w) = 0} = {x1 = y1 = y2 = y3 = · · · = 0} ⊂WAiry.

In other words, the solution to (HAiry)i∈I = 0 in WAiry are the trivial ones. Therefore, by interpreting LAiry
as a subset of WAiry we will have LAiry as a linear subspace of WAiry instead of a non-linear submanifold as
the name quadratic suggests.

Proof: Since (HAiry)2n = 0 implies y2n = 0, it remains for us to show that x1 = y2n−1 = 0 for all n = 1, 2, 3, ....
Since w =

∑∞
k=1

(
ykz
−k dz

z + kxkzk dzz
)
∈WAiry means there are finitely many non-zero yi∈I, let us assume that

y2n+1 = 0 for all n ≥ N for some N ∈ Z>0. Then it is easy to check that (HAiry)4n+1 = 1
4y

2
2n−1 = 0, which

implies y2n−1 = 0. Therefore y2n−1 = 0 for all n = 1, 2, 3, .... Finally, y1 = 0 implies (HAiry)1 = 1
4 (x1)2 = 0.

Therefore x1 = 0 and the lemma is proven. �

This Lemma tells us that any solution w =
∑∞
k=1

(
ykz
−k dz

z + kxkzk dzz
)

to (HAiry)i(w) = 0 with x1 6= 0 must
consist of infinitely many non-zero yi and so w does not belong to WAiry. According to Theorem 2.2.24 or

Corollary 2.2.25, there exists ψLAiry := exp
(∑∞

g=0 ~g−1(SAiry)g

)
such that (ψLAiry )−1(ĤAiry)i(ψLAiry ) = 0.

In particular, we can still find the generating function (SAiry)0 such that

(HAiry)i

(
{xi∈I},

{
yi∈I :=

∂(SAiry)0

∂xi

})
= 0, i ∈ I,

although we will have ∂S0

∂xi 6= 0 for infinitely many i ∈ I. In this sense, LAiry can be thought of formally as a
Lagrangian submanifold of WAiry.

Nevertheless, we define T0LAiry := zC[[z]]dzz ⊂ WAiry. It is clear that T0LAiry is a Lagrangian subspace of
WAiry and VAiry is a Lagrangian complement of T0LAiry.

2.4 The Embedding of Discs and The Analytic Residue Constraints

Essentially, our work in this section is an analytic approach to [25, Section 6]. As we have seen, the quadratic
Lagrangian submanifold LAiry ⊂WAiry defined by the residue constraints can only be interpreted formally and
not as an actual submanifold. In this section, we will study the residue constraints from an analytic perspective.
We show that there exists non-trivial solution LMAiry := {(HAiry)i=1,2,3,··· = 0} of residue constraints in a

modified version of WAiry, which will be introduced as W
ε,M
Airy. We also will see how the residue constraints

are related to the deformation of discs embedded in the foliated symplectic surface (C2, dx ∧ dy, {x = const}).
Another motivation for us to take the analytic approach instead of the formal one is because it should make
the connection between Airy structures and the prepotential FΣ0

more transparent as FΣ0
is a holomorphic

function.

We organize the content of this section as follows. In Section 2.4.1, we introduce the space of analytic discs
DiscsM (similar to the space of formal discs Discs in [25, Section 6]) and the vector bundle W ε,M → DiscsM .
Some interesting properties of W ε,M will be noted. In Section 2.4.2, we show how the residue constraints Airy
structure can be considered analytically. For example, when writing (HAiry)i in the standard form (2.19), all
summations converge absolutely and there is no ambiguity in summation order. On the other hand, not all
gauge transformations considered in Section 2.2.4 are allowed in the analytic context, and we propose a more
restricted class of gauge transformations. We also explore how some of the analytic solutions in LMAiry can be
expressed in terms of the genus zero part of the ATR with quantum Airy structure (VAiry, AAiry, BAiry, CAiry),
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2.4. The Embedding of Discs and The Analytic Residue Constraints

which we have discussed previously as a formal power series. Finally, we define in Section 2.4.3 an embedding
map Φt0 : Discsε,Mt0 →W ε,M

t0 analogous to ΦΦΦΣ0
: BΣ0

→ HΣ0
defined in Section 2.1 and show that the image of

Φt0 is given by convergence Laurent series satisfying the residue constraints.

2.4.1 The space of discs

We begin by introducing the notion of analytic discs and the trivial weak symplectic vector bundle (W ε,M →
DiscsM ,Ω,∇). Unlike the formal discs and symplectic vector bundle W → Discs introduced in [25, Section
6], the convergence condition of series on some annulus will be enforced in our version. The upshot is that
(W ε,M → DiscsM ,Ω,∇) is flat (Lemma 2.4.12), covariantly constant (Lemma 2.4.14) and the parallel transport

of ξ1 ∈W ε,M
t1 to W ε,M

t2 , for any two points t1, t2 ∈ DiscsM sufficiently close, is given by (Lemma 2.4.13)

ξ2 := exp
(

(a(t2)− a(t1))L 1
2z ∂z

)
(ξ1) ∈W ε,M

t2 ,

where exp(aL 1
2z ∂z

) is an operator exponential of the Lie derivative 1
2z∂z. If |a(t2) − a(t1)| is too large then ξ2

may not have the desired convergence properties to be in W ε,M
t2 . This is why it is important for t1 and t2 to be

sufficiently close. In fact, most of the contents from Lemma 2.4.9 until Lemma 2.4.12 are dedicated to discussing
the properties of exp(aL 1

2z ∂z
) and in particular, the precise notion for t1 and t2 to be considered ‘sufficiently

close’. However, these details are technical and can be skipped in the first reading. On the other hand, Lemma
2.4.13 is the key result that will be used in the construction of Φt0 : Discsε,Mt0 →W ε,M

t0 later in Section 2.4.3.

In the simplest terms, a disc is an embedding t : D ∼= Dt ↪→ C2 such that Dt has a tangency of order 1 to a
leaf of the foliation at r := t(0), where D ⊂ C is an open neighbourhood of 0 ∈ C. Using the standard local
coordinate z :=

√
x− x(r), in general, the embedding t is a parameterization of Dt ⊂ C2 which can be written

in the form
t = (x = a+ z2, y = b0 + b1z + b2z

2 + b3z
3 + ...), a, bk ∈ C,

where b1 6= 0. The study of the embedding of discs helps us understand at the local level the deformation of
F-transversal curves Σ embedded inside a foliated symplectic surface (S,ΩS ,F). As explained in Section 2.1,
given a curve [Σ] ∈ B then we can find a (F ,ΩS)-chart Uα around any ramification point rα, α ∈ Ram of Σ.
Because Uα is symplectomorphic to an open subset of the foliated symplectic surface (C2, dx∧dy, {x = const}),
therefore Σ ∩ Uα can be treated as a disc embedded in (C2, dx ∧ dy, {x = const}). We will compare the global
deformation of Σ ⊂ S to the deformation of discs embedded around each ramification point of Σ later in Section
2.5.

Because discs are only defined locally, it follows that their deformation space is much larger than that of a
F-transversal curve Σ. Let us now define the space of discs:

Definition 2.4.1 Let DM := {z ∈ C | |z| < M}, then

DiscsM :=

t : DM
∼=−→ Dt,M ↪→ C2 | t =

(
x = a(t) + z2, y =

∞∑
k=0

bk(t)zk

)
,

b1(t) 6= 0 and∑∞
k=0 bk(t)zk converges

for |z| < M̄ for some M < M̄ .

 .

We can think of DiscsM as a subset of the infinite dimensional vector space of infinite tuple of numbers
(a(t), b0(t), b1(t), · · · ). It is almost a vector subspace except for the condition b1(t) 6= 0. Nevertheless, for
t1, t2 ∈ DiscsM and λ1, λ2 ∈ C such that λ1b1(t1) + λ2b1(t2) 6= 0 we define

λ1t1 + λ2t2 :=

(
x = λ1a(t1) + λ2a(t2) + z2, y =

∞∑
k=0

(λ1bk(t1) + λ2bk(t2))zk

)
∈ DiscsM .

We define the kinematic tangent space TtDiscs
M as guided by [26]:

TtDiscs
M :=

{
v = A

∂

∂a
+

∞∑
k=0

Bk
∂

∂bk
| A,Bk ∈ C,

∑∞
k=0Bkz

k converges
for |z| < M̄ for some M < M̄ .

}
.

More precisely, TtDiscs
M is the set of v ∈ DiscsM such that γ(τ) := t+τv defines a path γ : (−δ, δ)→ DiscsM

for some δ > 0. The tangent space TtDiscs
M tells us information about the infinitesimal deformations of Dt,M .

We are going to introduce the vector bundle W ε,M → DiscsM which can be thought of as a local counter-part
of the vector bundle H → B defined in Section 2.1. A fiber of W ε,M over each point t ∈ DiscsM is given by
W ε,M
Airy, the analytic version of WAiry. Unlike WAiry which is a symplectic topological vector space, W ε,M

Airy will
be a weak symplectic vector space.
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Definition 2.4.2 A weak symplectic (topological) vector space (W,Ω) is a pair of a (topological) vector space
W and a (continuous) antisymmetric bilinear form Ω : W×W → C such that w 7→ Ω(w, .) is injective W ↪→W ∗.
We call Ω the weak symplectic form of W .

Definition 2.4.3 For any ε,M ∈ R such that 0 < ε < M , the weak symplectic vector space (W ε,M
Airy,ΩAiry) is

given by

W ε,M
Airy :=

{
ξ ∈ z−1C[[z−1]]

dz

z
⊕ zC[[z]]

dz

z
| ξ(z) converges when ε̄ < |z| < M̄

for some ε̄ < ε < M < M̄

}
.

and the symplectic form ΩAiry is given by:

ΩAiry(ξ1, ξ2) := Resz=0

(
ξ1

∫
ξ2

)
.

The definition of the symplectic form ΩAiry is exactly the same as the one on WAiry, hence we are denoting
them using the same notation. Let (W ε,M → DiscsM ,Ω,∇) be the trivial weak symplectic vector bundle,

W ε,M := DiscsM ×W ε,M
Airy. The fiber over each point t ∈ DiscsM of W ε,M is given by the weak symplectic

vector space (W ε,M
t ,Ωt) := (W ε,M

Airy,ΩAiry). The connection ∇ is given by:

∇ := d− (da)L 1
2z ∂z

= da
∂

∂a
+

∞∑
k=0

dbk
∂

∂bk
− (da)L 1

2z ∂z

: Γ(DiscsM ,W ε,M )→ Γ(DiscsM , Hom(TDiscsM ,W ε,M )) (2.41)

where L 1
2z ∂z
∈ End(W ε,M

t ) denotes the Lie derivative operator.

Remark 2.4.4 The trivial vector bundle W ε,M → DiscsM should be compared to the trivial vector bundle
W → Discs introduced in [25, Section 6] where Discs is the space of formal discs and each fiber of W is given
by Wt := WAiry = {η ∈ C((z))dz | Resz=0η = 0}.

Remark 2.4.5 The following are useful elementary facts when working with any ξ ∈W ε,M
Airy. If a Laurent series∑+∞

k=−∞ akz
k converges for ε̄ < |z| < M̄ then it converges absolutely and uniformly for ε < |z| < M for any

ε > ε̄ and M < M̄ . From the uniform convergence, it follows that the integration of a Laurent series can be
done term-by-term. Similarly, using the Cauchy integral formula, we find that the differentiation of a Laurent
series can also be done term-by-term.

Remark 2.4.6 Let us explain why the symplectic form ΩAiry : W ε,M
Airy ×W

ε,M
Airy → C is well-defined. If ξ2 =∑∞

k=1

(
(y2)kz

−k dz
z + (x2)kkzk dzz

)
converges to a holomorphic differential on an annulus ε̄ < |z| < M̄ with

ε̄ < ε < M < M̄ then the indefinite integral
∫
ξ2 converges to a holomorphic function on the same annulus. It

follows that ξ1
∫
ξ2 is holomorphic on some annulus containing ε < |z| < M and hence its residue is well-defined

as a coefficient of dz
z in the Laurent expansion of ξ1

∫
ξ2. The integration constant arising from

∫
ξ2 will not

introduce any ambiguity in Resz=0(ξ1
∫
ξ2) because the residue of ξ1 is zero.

Remark 2.4.7 It is possible to assign a topology to W ε,M . For example, we can equip DiscsM and W ε,M

with the topology induced from the following norms:

‖t‖DiscsM :=

√√√√|a(t)|2 +

(
sup

ε<|z|<M

∣∣∣∣∣
∞∑
k=0

bk(t)zk

∣∣∣∣∣
)2

, ‖ξ‖W ε,M := sup
ε<|z|<M

∣∣∣ξ(z) z
dz

∣∣∣
and equip W ε,M := DiscsM ×W ε,M

Airy with the product topology. The topology of W ε,M will play no role later.

Note that for W ε,M
Airy to be a weak symplectic vector space, a topology is not needed. The stronger condition of

symplectic requires a topology because an infinite-dimensional vector space is always strictly smaller than its
algebraic dual, hence a topology is needed for the condition W ∼= W ∗ to be satisfied. The fact that W ε,M

Airy is
weak symplectic instead of symplectic will not lead to any major consequences.

Remark 2.4.8 We follow [26, 27] in defining a connection ∇ (as given in (2.41)) on an infinite-dimensional vec-
tor bundle over an infinite-dimensional manifold. Let us explain more precisely the meaning of Γ(DiscsM ,W ε,M )
and Γ(DiscsM , Hom(TDiscsM ,W ε,M )) as follows.
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We call a section ξ of W ε,M differentiable if ιvdξ = A ∂ξ
∂a+

∑∞
k=0Bk

∂ξ
∂bk
∈W ε,M for all v := A ∂

∂a+
∑∞
k=0Bk

∂
∂bk
∈

TtDiscs
M and call ξ smooth if it is infinitely differentiable. We define Γ(DiscsM ,W ε,M ) to be the set of smooth

global sections of W ε,M . Let Γ(DiscsM , TDiscsM ) be the set of sections t 7→ A(t) ∂∂a +
∑∞
k=0Bk(t) ∂

∂bk
∈

TtDiscs
M such that

∑∞
k=0Bk(t)zkdz ∈ Γ(DiscsM ,W ε,M ). Finally, we let Γ(DiscsM , Hom(TDiscsM ,W ε,M ))

be a set of linear maps Γ(DiscsM , TDiscsM )→ Γ(DiscsM ,W ε,M ).

The term L 1
2z ∂z

in the definition of ∇ naturally arises from the deformation of discs via the variation of a

keeping the coordinate x of C2 constant. This is because x = z2 + a. Therefore, the connection ∇ of W ε,M is
indeed the local version of ∇GM on H.

Let us examine the operator L 1
2z ∂z

more closely. In general, we have that Lh(z)∂z ∈ End(W ε,M
t ) = End(W ε,M

Airy)

for any h(z) ∈ z−1C[[z−1]] ⊕ C[[z]] which converges absolutely for ε̄ < |z| < M̄ for some ε̄ < ε < M < M̄ .

To see this, let ξ = f(z)dzz ∈ W
ε,M
Airy be given such that f(z) converges absolutely for ¯̄ε < |z| < ¯̄M for some

¯̄ε < ε < M < ¯̄M . Then the Lie derivative

Lh(z)∂zξ(z) = (dιh(z)∂z + ιh(z)∂zd)(f(z)dz) = d(h(z)f(z)) (2.42)

is holomorphic for max(ε̄, ¯̄ε) < |z| < min(M̄, ¯̄M). The Laurent series expansion of Lh(z)∂zξ(z) also will not have

the dz
z term because Lh(z)∂zξ(z) = d(h(z)f(z)) is a total differential and we have

∮
|z|=ε Lh(z)∂zξ(z) = 0. This

shows us that Lh(z)∂zξ(z) ∈W
ε,M
Airy.

For any a ∈ C, we also define an exponential operator exp(aLh(z)∂z ) by

exp(aLh(z)∂z )(ξ) :=

∞∑
k=0

ak

k!
(Lh(z)∂z )

k(ξ), ξ ∈W ε,M
Airy. (2.43)

The operator exp(aLh(z)∂z ) can be interpreted as a flow after ‘time’ a ∈ C generated by Lh(z)∂z . Note that

although Lh(z)∂z ∈ End(W ε,M
Airy), its exponential exp(aLh(z)∂z ) will not be in End(W ε,M

Airy) in general. For

instance, the flow exp(aLh(z)∂z )ξ of ξ ∈W ε,M
Airy can fail to have the desired convergence properties and ‘fall out

of’ W ε,M
Airy. Let us consider the case where h(z) := zk, k ∈ Z in the following

Lemma 2.4.9 Given ξ = f(z)dg(z) ∈ W ε,M
Airy converges absolutely for ε̄ < |z| < M̄ where ε̄ < ε < M < M̄ .

Then for a ∈ C with a sufficiently small |a|:

|a| <


min

(
ε1−k − ε̄1−k

1− k
,
M̄1−k −M1−k

1− k

)
, k 6= 1,

min

(
log

ε

ε̄
, log

M̄

M

)
, k = 1

we have

exp(aLzk∂z )ξ(z) =

f
(

(z1−k + (1− k)a)
1

1−k

)
dg
(

(z1−k + (1− k)a)
1

1−k

)
, k 6= 1

f(eaz)dg(eaz) , k = 1

 ∈W ε,M
Airy.

In fact, exp(aLzk∂z )ξ(z) converges absolutely for{
(ε̄1−k + (1− k)|a|)

1
1−k < |z| < (M̄1−k − (1− k)|a|)

1
1−k , k 6= 1

ε̄|ea|−1 < |z| < M̄ |ea|−1 , k = 1

}
.

Proof: For k 6= 1 we consider a z-plane as a |k − 1|-fold cover of a w-plane where w := z1−k. We have
zk∂z = (1 − k)∂w and Lzk∂z = L(k−1)∂w = (k − 1)L∂w . For any holomorphic functions f1 = f1(w), f2 = f2(w)
we have L∂w(f1(w)df2(w)) = (L∂wf1(w))df2(w)+f1(w)d(L∂wf2(w)) = (∂wf1(w))df2(w)+f1(w)d(∂wf2(w)). We
recognize exp((k−1)aL∂w) as the shift operator exp(L(1−k)a∂w)(f1(w)df2(w)) = f1(w+(1−k)a)df2(w+(1−k)a).

Choose a branch for z and write ξ = f(z)dg(z) as a differential form on w-plane ξ = f(w
1

1−k )dg(w
1

1−k ), then

exp(aLzk∂z )(f(z)dg(z)) = f
(

(w + (1− k)a)
1

1−k

)
dg
(

(w + (1− k)a)
1

1−k

)
= f

(
(z1−k + (1− k)a)

1
1−k

)
dg
(

(z1−k + (1− k)a)
1

1−k

)
=: fa(z)dga(z).
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We have that fa(z)dga(z) would be holomorphic on the chosen branch-cut whenever ε̄ < |(z1−k + (1 −
k)a)

1
1−k | < M̄ or equivalently (ε̄1−k + (1 − k)|a|)

1
1−k < |z| < (M̄1−k − (1 − k)|a|)

1
1−k . The condition

|a| < min
(
ε1−k−ε̄1−k

1−k , M̄
1−k−M1−k

1−k

)
ensures that (ε̄1−k + (1 − k)|a|)

1
1−k < ε and (M̄1−k − (1 − k)|a|)

1
1−k > M .

On the other hand, (z1−k + (1 − k)a)
1

1−k = z(1 + (1 − k)azk−1)
1

1−k is a well-defined function and can be ex-

panded as a Laurent series converges in z for (|1 − k||a|)
1

1−k < |z| if 1 − k > 0 and for |z| < (|1 − k||a|)
1

1−k if

1− k < 0. These conditions automatically follow if (ε̄1−k + (1− k)|a|)
1

1−k < |z| < (M̄1−k − (1− k)|a|)
1

1−k since

(|1 − k||a|)
1

1−k < (ε̄1−k + (1 − k)|a|)
1

1−k when 1 − k > 0 and (|1 − k||a|)
1

1−k > (M̄1−k − (1 − k)|a|)
1

1−k when
1− k < 0.

Since the series ξ ∈W ε,M
Airy doesn’t contain the term dz

z , by substituting z = w
1

1−k we also do not have the term
1

1−k
dw
w in f(w

1
1−k )dg(w

1
1−k ). The operator exp(aLzk∂z ) = exp((k − 1)aL∂w) shifts w to w + (k − 1)a and will

not create the term dw
w therefore, we do not have the term dz

z in the Laurent series of exp(aLzk∂z )ξ(z).
For k = 1, we note that (Lz∂z )k(z) = z and exp(aLz∂z )(ξ(z)) = f(eaz)dg(eaz) follows directly for (2.43). Then

we can see that if |a| < min
(

log ε
ε̄ . log M̄

M

)
we have ε̄ < |eaz| < M̄ whenever ε̄|ea|−1 < ε < |z| < M < M̄ |ea|−1

�

As an immediate consequence of Lemma 2.4.9 we have the following useful statement:

Corollary 2.4.10 Let k 6= 1, a ∈ C and define

ε(a) := (ε1−k − (1− k)|a|)
1

1−k , M(a) := (M1−k + (1− k)|a|)
1

1−k .

Then we have exp (aLzk∂z ) ∈ HomC

(
W

ε(a),M(a)
Airy ,W ε,M

Airy

)
.

Lemma 2.4.11 Let k ∈ Z then Lzk∂z ∈ sp(W
ε,M
Airy). Moreover, if ξ1, ξ2 ∈W ε,M

Airy and a ∈ C are given such that

exp(aLzk∂z )ξ1, exp(aLzk∂z )ξ2 ∈W
ε,M
Airy then

ΩAiry (exp(aLzk∂z )ξ1, exp(aLzk∂z )ξ2) = ΩAiry(ξ1, ξ2).

Proof: Using (2.42) it is straightforward to check that

ΩAiry

(
Lzk∂zz

m dz

z
, zn

dz

z

)
+ ΩAiry

(
zm

dz

z
,Lzk∂zz

n dz

z

)
= ΩAiry

(
(m+ k − 1)zm+k−1 dz

z
, zn

dz

z

)
+ ΩAiry

(
zm

dz

z
, (n+ k − 1)zn+k−1 dz

z

)
=
m+ k − 1

n
δ−m−k+1,n + δ−m,n+k−1 = 0.

Since differentiation of a power series can be done term-by-term (Remark 2.4.5), it follows that

ΩAiry (Lzk∂zξ1, ξ2) + ΩAiry (ξ1,Lzk∂zξ2) = 0

for any ξ1, ξ2 ∈W ε,M
Airy. Therefore Lzk∂z ∈ sp(W

ε,M
Airy), proving the first part of the Lemma. Using Lemma 2.4.9

we check that d
da exp(aLzk∂z )ξi = Lzk∂z exp(aLzk∂z )ξi, i = 1, 2. It follows that

d

da
ΩAiry (exp(aLzk∂z )ξ1, exp(aLzk∂z )ξ2)

= ΩAiry (Lzk∂z exp(aLzk∂z )ξ1, exp(aLzk∂z )ξ2) + ΩAiry (exp(aLzk∂z )ξ1,Lzk∂z exp(aLzk∂z )ξ2)

= 0.

Which means ΩAiry (exp(aLzk∂z )ξ1, exp(aLzk∂z )ξ2) is constant and must equal to its value at a = 0 which is
ΩAiry(ξ1, ξ2). �

For this section, we will only need Lzk∂z , and its exponentiation when k = −1. According to Lemma 2.4.9,

given ξ ∈ W ε,M
Airy converges absolutely for ε̄ < |z| < M̄, ε̄ < ε < M < M̄ and given a ∈ C, |a| < min(ε2 −

ε̄2, M̄2 −M2, ε̄2, M̄2) we have exp(aL 1
2z ∂z

)ξ(z) = f(
√
z2 + a)dg(

√
z2 + a) ∈ W ε,M

Airy since it is holomorphic for√
ε̄2 + |a| < |z| <

√
M̄2 − |a|. In particular, it is straightforward to check that

exp(aL 1
2z ∂z

)(z) = z +
a

2z
+

∞∑
k=2

ak

k!

(−1)k−1(2k − 3)!!

2kz2k−1
, (2.44)
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which can be recognized as a Laurent series expansion of
√
z2 + a = z

√
1 + a

z2 for |z| > ε >
√
|a|.

We will now show that the vector bundle (W ε,M → DiscsM ,Ω,∇) is flat and the symplectic form Ω is ∇-
covariantly constant.

Lemma 2.4.12 The vector bundle W ε,M → DiscsM with the connection ∇ is flat.

Proof: We define the exterior covariant derivative

d∇ : Γ

(
DiscsM , Hom

(
r∧
TDiscsM ,W ε,M

))
→ Γ

(
DiscsM , Hom

(
r+1∧

TDiscsM ,W ε,M

))
by

d∇ψ := (ds)ξ + (−1)rs ∧∇(ξ) = (ds)ξ − (−1)rs ∧ daL 1
2z ∂z

(ξ)

where ψ = sξ, s ∈ Γ(DiscsM ,ΩrDiscsM ) and ξ ∈ W ε,M
Airy, then extend by linearity. We note that d∇ = ∇ for

r = 0. The condition that ∇ is flat is the same as the vanishing of curvature tensor R∇ = d∇ ◦ d∇ = 0 and it
is easy to check that

d2
∇ψ = (d2s)ξ − (−1)r+1(ds) ∧ daL 1

2z ∂z
(ξ)− (−1)rds ∧ daL 1

2z ∂z
(ξ) + s ∧ da ∧ da(L 1

2z ∂z
)2(ξ) = 0.

This concludes that ∇ is flat. �

Lemma 2.4.13 Pick t1, t2 ∈ DiscsM such that |a(t1) − a(t2)| is sufficiently small, then the parallel transport

of ξ ∈W ε,M
t1 to the fiber W ε,M

t2 exists, path-independent and given by ξt2 = exp((a(t2)− a(t1))L 1
2z ∂z

)ξ. In fact,

ξt = exp((a(t)− a(t1))L 1
2z ∂z

)(ξ) is a parallel vector field.

Proof: The path-independence of the parallel transport follows from the fact that ∇ is flat. The condition that
|a(t1) − a(t2)| being sufficiently small is needed to ensure that exp((a(t2) − a(t1))L 1

2z ∂z
)(ξ) ∈ W ε,M

t2 according
to Lemma 2.4.9. Finally, we can check that

∇ξt = da
∂

∂a
exp((a(t)− a(t1))L 1

2z ∂z
)ξ − daL 1

2z ∂z
exp((a(t)− a(t1))L 1

2z ∂z
)(ξ) = 0.

�

Lemma 2.4.14 The symplectic form Ω is ∇-covariantly constant.

Proof: For any ξ1, η1 ∈ W ε,M
t1 we have from Lemma 2.4.13 that their parallel transport to W ε,M

t2 are ξ2 =

exp((a(t2) − a(t1))L 1
2z ∂z

)(ξ1), η2 = exp((a(t2) − a(t1))L 1
2z ∂z

)(η1) ∈ W ε,M
t2 . Therefore, Ωt2(ξ2, η2) = Ωt1(ξ1, η1)

by Lemma 2.4.11. �

2.4.2 The analytic residue constraints

Observe that the residue constraints Hamiltonians:

(HAiry)2n(w) = Resz=0

((
z − w(z)

2zdz

)
z2nd(z2)

)
,

(HAiry)2n−1(w) =
1

2
Resz=0

((
z − w(z)

2zdz

)2

z2n−2d(z2)

)
, n = 1, 2, 3, ...

as given in Section 2.3 is not only well-defined when w(z) ∈ WAiry, but also when w(z) ∈ W ε,M
Airy is a Laurent

series converging on some annulus containing ε < |z| < M . Define LMAiry := {(HAiry)i=1,2,3,··· = 0} ⊂ W ε,M
Airy.

As we will see later, unlike its counter-part LAiry ⊂WAiry (see Lemma 2.3.2), the submanifold LMAiry contains
many non-trivial solutions of (HAiry)i=1,2,3,··· = 0 because an infinite number of terms with negative power in
z is allowed. Define the tangent space to LMAiry at any point p ∈ LMAiry by

TpL
M
Airy :=

{
w ∈W ε,M

Airy | ιwd(HAiry)i = 0, i = 1, 2, 3, · · ·
}
⊂W ε,M

Airy.
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In particular,

T0L
M
Airy :=

{
ξ ∈ zC[[z]]

dz

z
| ξ(z) converges for |z| < M̄

for some M̄ > M

}
⊂W ε,M

Airy, T0L
M
Airy ⊂ T0LAiry ∼= V ∗Airy.

is a Lagrangian subspace of W ε,M
Airy. Let us also define

V εAiry :=

{
ξ ∈ z−1C[[z−1]]

dz

z
| ξ(z) converges for |z| > ε̄

for some ε̄ < ε

}
⊂W ε,M

Airy VAiry ⊂ V εAiry.

V εAiry is also a Lagrangian subspace of W ε,M
Airy, in fact, it is a Lagrangian complement of T0L

M
Airy : W ε,M

Airy =

V εAiry ⊕ T0L
M
Airy. This is similar to WAiry = VAiry ⊕ V ∗Airy, but in this case, T0L

M
Airy ( (V εAiry)∗. We let

{ek=1,2,3,···, fk=1,2,3,···} to be a canonical basis of W ε,M
Airy:

ΩAiry(ei, ej) = ΩAiry(fi, fj) = 0, ΩAiry(ei, fj) = δij ,

where {ek=1,2,3,··· := z−k dzz } is a basis of V εAiry and {fk=1,2,3,··· := kzk dzz } is a basis of T0L
M
Airy.

Among many topics we have discussed regarding Airy structures in Section 2.2, we will mostly be interested
in the genus zero ATR output and the gauge transformation in the context of the quantum residue constraints
Airy structure introduced in Section 2.3. Since we only have considered these topics from the formal perspective
in Section 2.2 and 2.3, the goal of this section is to revisit these topics from an analytical perspective within
the context of {(HAiry)i=1,2,3,···}. We will show that most things we have learned previously continue to hold,
possibly with some minor adjustments. Most difficulties came from the following: In WAiry, the Tate topology
dictates that the contraction between vectors in VAiry and V ∗Airy always result in finite sums since vectors in

VAiry are finite linear combinations of {ei∈I}. On the other hand, W ε,M
Airy is not a Tate space and w(z) ∈W ε,M

Airy

in general can be written as w(z) =
∑∞
k=1

(
ykz
−k dz

z + kxkzk dzz
)

with infinitely many non-zero xk and yk. It
turns out that the lack of finiteness can be replaced with absolute uniform convergence. Here are summaries of
the key points:

1. By expressing (HAiry)i in the form (2.19), we get multiple terms with double infinite summation which
could lead to some issues such as divergences and ambiguity of summation order. It turns out that there
is no problem because each (HAiry)i is given by the residue of some convergence Laurent series, hence
each double infinite summation actually converges absolutely (see Lemma 2.4.15).

2. In Section 2.2.4, gauge transformations are given by (cij), its inverse (dij), and (sij) where cij is non-zero for
only finitely many j = 1, 2, 3, · · · for each fixed i. In the analytic setting, we need to check that canonical
coordinates transformation (2.28) follows from the canonical basis transformation (2.27). In Section 2.2.4
this is easy because there are only finitely many terms in each summation, but now we have infinite sums
and getting (2.28) from (2.27) requires interchanging the orders of these infinite sums. Moreover, we
also need to make sure that the summation of the type

∑∞
i=1 c

i
jyi which appears in (2.28) will converge,

as yi may be non-zero for an infinitely many i = 1, 2, 3, · · · . We will see that if (cij), (d
i
j) and (sij) are

further restricted to those satisfying Condition 2.4.17, then all of these concerns will be taken care of.
In particular, expressing (HAiry)i in the transformed canonical coordinates will give us exactly the same
gauge transformation of AAiry, BAiry, CAiry as given in Section 2.2.4 (see Proposition 2.4.20).

3. We discussed in Section 2.2 that (HAiry)k({xi∈I}, {yi∈I := ∂S0/∂x
i}) = 0 where S0 ∈

∏∞
n=1 Symn(VAiry)

is the genus zero output of the ATR using (VAiry, AAiry, BAiry, CAiry, εAiry). Even though S0 was intro-
duced as a formal series, we will see in Proposition 2.4.21 that it can be interpreted analytically and that
its derivatives are relevant to the solution of analytic residue constraints.

For the remainder of this section, we present the technical detail leading to each point above. It is possible to
skip these detail without losing any continuity to Section 2.4.3 where we will resume to discuss the embedding
map Φt0 : Discsε,Mt0 →W ε,M

t0 .

Lemma 2.4.15 Let w(z) :=
∑∞
k=1(yke

k(z) + xkfk(z)) =
∑∞
k=1

(
ykz
−k dz

z + kxkzk dzz
)
∈W ε,M

Airy. Then

(HAiry)i = −yi +

∞∑
j,k=1

(aAiry)ijkx
jxk + 2

∞∑
j,k=1

(bAiry)kijx
jyk +

∞∑
j,k=1

(cAiry)jki yjyk,

where AAiry = ((aAiry)ijk), BAiry = ((bAiry)kij), CAiry = ((cAiry)jki ) are given by (2.37)-(2.39) and all the
summations converge absolutely.
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Proof: Note that there are possibly infinitely many non-zero yk=1,2,3,··· and xk=1,2,3,··· therefore each
∑∞
j,k=1

are double infinite summations. To check that each double infinite summations in (HAiry)i converges absolutely
we note that (HAiry)2n = −y2n and

(HAiry)2n−1(w) =
1

4πi

∮
|z|=ε

(z − ∑∞k=1

(
yke

k(z) + xkfk(z)
)

2zdz

)2

z2n−2d(z2)

 (2.45)

where
∑∞
k=1(yke

k(z) +xkfk(z)) =
∑∞
k=1

(
ykz
−k dz

z + kxkzk dzz
)

converges absolutely uniformly for ε < |z| < M .
Adding or multiplying convergence Laurent series a finite number of times will produce another convergence
Laurent series. We can expand (2.45) and examine each term more closely. For example

1

2πi

∮
|z|=ε

− 1

4i

1

z(dz)2
fi(z)

 ∞∑
j=1

xjfj(z)

( ∞∑
k=1

yke
k(z)

) δi,odd

=

∞∑
j,k=1

Resz=0

(
− 1

4i

1

z(dz)2
fi(z)fj(z)e

k(z)

)
δi,oddx

jyk =

∞∑
j,k=1

(bAiry)kijx
jyk,

where we have used Remark 2.3.1 to identify the residue with (bAiry)kij . Note that
∑∞
j=1

∑∞
k=1 x

jykfj(z)e
k(z)

converges absolutely uniformly for ε < |z| < M as it is the product of
∑∞
j=1 x

jfj(z) and
∑∞
k=1 yke

k(z). There-

fore term-by-term integration is allowed and
∑∞
j,k=1(bAiry)kijx

jyk converges absolutely. Similarly, the sum∑∞
j,k=1(aAiry)ijkx

jxk and
∑∞
j,k=1(cAiry)jki yjyk also converges absolutely. �

Remark 2.4.16 Note that −
∑∞
i=1

δi,odd
4i

1
z(dz)2 fi(z)e

i(z1) = 1
4z(z2−z2

1)
dz1
dz =: K(z1, z). It follows that

∞∑
i,j,k=1

(bAiry)kijx
jyke

i(z1) =

 1

2πi

∮
|z|=ε̄

(∑∞
j=1 x

jfj(z)
) (∑∞

k=1 yke
k(z)

)
4z(z2 − z2

1)dz

 dz1 ∈ V εAiry.

Similarly, we have
∑∞
i,j,k=1(aAiry)ijkx

jxkei(z1),
∑∞
i,j,k=1(cAiry)jki yjyke

i(z1) ∈ V εAiry. Therefore, we obtain the
analytic analogues to the definition of tensors AAiry, BAiry, CAiry:

AAiry : T0L
M
Airy ⊗ T0L

M
Airy → V εAiry, BAiry : T0L

M
Airy ⊗ V εAiry → V εAiry, CAiry : V εAiry ⊗ V εAiry → V εAiry.

We can recognise K(z1, z) to be the recursive kernel in the topological recursion of an Airy curve y2 = x with
ω0,2(z1, z2) = dz1dz2

(z1−z2)2 and ω0,1(z) = ydx.

Let us examine the analytic version of the gauge transformation introduced in Section 2.2.4. Consider the
change of a canonical basis {ek=1,2,3,···, fk=1,2,3,···} 7→ {ēk=1,2,3,···, f̄k=1,2,3,···} of W ε,M

Airy where

ēi :=

∞∑
j=1

dij

(
ej +

∞∑
k=1

sjkfk

)
, f̄i :=

∞∑
j=1

cjifj , (2.46)

where (cji ), (d
j
i ) and (sij) are tensors satisfying the following conditions:

Condition 2.4.17

C2.4.17.1 (cji ) and (dji ) are inverse of each other:
∑∞
k=1 c

k
i d
j
k = δji and

∑∞
k=1 d

k
i c
j
k = δji .

C2.4.17.2
∑∞
j=1 c

j
ifj =

∑∞
j=1 jc

j
iz
j dz
z ∈ T0L

M
Airy and

∑∞
j=1 d

j
ifj =

∑∞
j=1 jd

j
iz
j dz
z ∈ T0L

M
Airy.

C2.4.17.3 There exists I ∈ Z>0 such that for all j = 1, 2, 3, · · · we have cji = dji = δji for all i > I.

C2.4.17.4 sij is symmetric and
∑∞
i,j=1 s

ijfi(z1)fj(z2) =
∑∞
i,j=1 ijs

ij dz1dz2
z1z2

is a power series in two variables

z1, z2 converges for |z1|, |z2| < M̄ for some M̄ > M (hence a holomorphic symmetric bi-differential).

Remark 2.4.18 Compare the conditions on (cij), (d
i
j) and (sij) defined here with those in Section 2.2.4, espe-

cially in Remark 2.2.28. We find that the analytic version of gauge transformation is more restrictive. This is
because V εAiry is a larger space than VAiry, so loosely speaking there are more ways for things to go wrong. In
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other words, any analytic gauge transformation will be a gauge transformation as considered in Section 2.2.4
but not the other way around.

Note that, we do not need to specify
∑∞
j=1 d

i
je
j ∈ V εAiry and

∑∞
j=1 c

i
je
j ∈ V εAiry as another condition, because

C2.4.17.3 ensures this. If one of (cij) or (dij) satisfies C2.4.17.2 or C2.4.17.3 then so will the other one because
they are the inverse of each other. This can be seen using the formula for the inverse of block matrices.

Lemma 2.4.19 Suppose that (cji ), (d
j
i ) and (sij) satisfy the Condition 2.4.17, then we have the following

1. Let
∑∞
k=1 x

kfk ∈ T0L
M
Airy and

∑∞
k=1 yke

k ∈ V εAiry then
∑∞
j=1

(∑∞
i=1 yid

i
j

)
ej ,
∑∞
j=1

(∑∞
i=1 yic

i
j

)
ej ∈ V εAiry

and
∑∞
j=1

(∑∞
i=1 x

idji

)
fj ,
∑∞
j=1

(∑∞
i=1 x

icji

)
fj ∈ T0L

M
Airy converges absolutely uniformly.

2. Let
∑∞
k=1 yke

k ∈ V εAiry and Let (vi) be an arbitrary vector such that
∑∞
k=1 ykv

k converges then∑∞
i=1 yi

(∑∞
j=1 d

i
jv
j
)

=
∑∞
j=1

(∑∞
i=1 yid

i
j

)
vj and

∑∞
i=1 yi

(∑∞
j=1 c

i
jv
j
)

=
∑∞
j=1

(∑∞
i=1 yic

i
j

)
vj.

3. Let
∑∞
k=1 uke

k ∈ V εAiry and
∑∞
k=1 vke

k ∈ V εAiry then
∑∞
i,j=1 s

ijuivj converges absolutely.

4. Let
∑∞
k=1 yke

k ∈ V εAiry then
∑∞
i=1 yi

(∑∞
j=1 s

ijfj

)
=
∑∞
i,j=1 yis

ijfj ∈ T0L
M
Airy converges absolutely uni-

formly.

Proof:

1. Using C2.4.17.2, we have that
∑∞
i=1 yid

i
j = 1

2πi

∮
|z|=ε

((∑∞
i=1

yi
zi

) ∫ (∑∞
k=1 d

k
j fk(z)

))
because of the uni-

form convergences of each series in the integral. Therefore
∑∞
i=1 yid

i
j converges for all j = 1, 2, 3, · · · .

By C2.4.17.3, there exists J such that dij = δij for all j > J , therefore
∑∞
j=1

∑∞
i=1 yid

i
je
j =∑J

j=1

(∑∞
i=1 yid

i
j

)
ej +

∑∞
j=J+1 yje

j ∈ V εAiry. The remaining claims follow similarly.

2. This is a straightforward consequence of C2.4.17.3:

∞∑
i=1

yi

 ∞∑
j=1

dijv
j

 =

∞∑
i=1

yi

 J∑
j=1

dijv
j

+

∞∑
i=1

yi

 ∞∑
j=J+1

δijv
j

 =

J∑
j=1

( ∞∑
i=1

yid
i
j

)
vj +

∞∑
i=J+1

yiv
i

=

J∑
j=1

( ∞∑
i=1

yid
i
j

)
vj +

∞∑
j=J+1

( ∞∑
i=1

yid
i
j

)
vj =

∞∑
j=1

( ∞∑
i=1

yid
i
j

)
vj .

Similarly,
∑∞
i=1 yi

(∑∞
j=1 c

i
jv
j
)

=
∑∞
j=1

(∑∞
i=1 yic

i
j

)
vj .

3. Note that

∞∑
i,j=1

sijuivj =

(
1

2πi

)2 ∮
|z1|=ε

∮
|z2|=ε

( ∞∑
k1=1

uk1

k1z
k1
1

) ∞∑
i,j=1

sijfi(z1)fj(z2)

( ∞∑
k2=1

vk2

k2z
k2
2

)
. (2.47)

To obtain the first equality, we have used the fact that each series in the integral converges uniformly for
ε̄ < |z1|, |z2| < M̄ (see C2.4.17.4) for some ε̄ < ε and M̄ > M . By symmetry, the second equality follows.

4. The proof is mostly identical to the part 3.

�

Using Lemma 2.4.19 to help compute the symplectic pairings, we can verify that {ēk=1,2,3,···, f̄k=1,2,3,···} as given

in (2.46) is a canonical basis of W ε,M
Airy:

ΩAiry(ēi, ēj) = ΩAiry(f̄i, f̄j) = 0, ΩAiry(ēi, f̄j) = δij .

Proposition 2.4.20 Let us consider the change of a canonical basis {ek=1,2,3,···, fk=1,2,3,···} 7→
{ēk=1,2,3,···, f̄k=1,2,3,···} of W ε,M

Airy as given in (2.46) with (cji ), (d
j
i ) and (sij) satisfying Condition 2.4.17. Given

w :=
∑∞
k=1(yke

k + xkfk) ∈W ε,M
Airy, then by setting

x̄i :=

∞∑
j=1

dij

(
xj −

∞∑
k=1

sjkyk

)
, ȳi :=

∞∑
j=1

cjiyj , (2.48)
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we have
∑∞
k=1(ȳkē

k + x̄kf̄k) converges absolutely uniformly to w. Let (H̄Airy)i :=
∑∞
j=1 c

j
i (HAiry)j, then

(H̄Airy)i = −ȳi +

∞∑
j,k=1

(āAiry)ijkx̄
j x̄k + 2

∞∑
j,k=1

(b̄Airy)kij x̄
j ȳk +

∞∑
j,k=1

(c̄Airy)jki ȳj ȳk,

where ĀAiry = ((āAiry)ijk), B̄Airy = ((b̄Airy)kij), C̄Airy = ((c̄Airy)jki ) are given by the gauge transformation of
AAiry, BAiry, CAiry according to (2.30)-(2.32).

Proof: Substitute ei =
∑∞
j=1

(
cij ē

j −
∑∞
k=1 f̄jd

j
ks
ki
)

and fi =
∑∞
j=1 d

j
i f̄j into

∑∞
k=1(yke

k + xkfk). Then

using Lemma 2.4.19 to help interchange infinite summations when needed and look at coefficients of ēi=1,2,3,···,
f̄i=1,2,3,···, we have (2.48). The fact that

∑∞
k=1(ȳkē

k + x̄kf̄k) converges absolutely uniformly follows from part
1 and part 4 of Lemma 2.4.19.

Substitute the inverse of (2.48): xi =
∑∞
j=1

(
cij x̄

j +
∑∞
k=1 ȳjd

j
ks
ki
)

and yi =
∑∞
j=1 d

j
i ȳj into (HAiry)i. Using

Lemma 2.4.19, we find that (HAiry)2n =
∑∞
j=1 d

j
2nȳj and

(HAiry)2n−1 =
1

4πi

∮
|z|=ε

((
z −

∑∞
k=1(ȳkē

k(z) + x̄kf̄k(z))

2zdz

)2

z2n−2d(z2)

)
.

From C2.4.17.2,
∑∞
j=1 c

j
i δj,oddz

jdz =
∑∞
n=1 c

2n−1
i z2n−1dz converges absolutely uniformly for |z| < M̄ for some

M̄ > M . Therefore, we can commute the summation in (H̄Airy)i =
∑∞
j=1 c

j
i (HAiry)j with the integral

∮
|z|=ε.

Expand (H̄Airy)i into the standard form, the proposition is proven. �

Let V̄ εAiry be the vector space containing all
∑∞
k=1 ȳkē

k ∈ W ε,M
Airy such that

∑∞
k=1 yke

k ∈ V εAiry, where ȳi =∑∞
j=1 c

j
iyj . Equivalently by Lemma 2.4.19, we have that

∑∞
k=1 ykē

k ∈ V̄ εAiry if and only if
∑∞
k=1 yke

k ∈ V εAiry.

It follows from Proposition 2.4.20 that W ε,M
Airy = V̄ εAiry ⊕ T0L

M
Airy. In particular, V̄ εAiry is the new Lagrangian

complement of T0L
M
Airy corresponding to the new canonical basis {ēk=1,2,3,···, f̄k=1,2,3,···} of W ε,M

Airy.

Finally, let us compare the formal solution LAiry ⊂ WAiry of (HAiry)i=1,2,3,··· = 0 with the analytic solution

LMAiry ⊂W
ε,M
Airy. In particular, we would like to understand how to interpret the generating function S0 of LAiry

analytically. The following proposition is written for the residue constraints Airy structure {(HAiry)i=1,2,3,···}
to simplify the notations but its statement and the proof presented are equally valid for any of its gauge
transformations {(H̄Airy)i=1,2,3,···} due to Proposition 2.4.20.

Proposition 2.4.21 Suppose that we have a set of functions {yi=1,2,3,··· : T0L
M
Airy → C} such that

∞∑
k=1

yk({xj=1,2,3,···})ek ∈ V εAiry, and (HAiry)k({xi=1,2,3,···}, {yi=1,2,3,···({xj=1,2,3,···})}) = 0.

Suppose further that
∑∞
k=1 yi(x

1, ..., xK)ek(z), where yi(x
1, ..., xK) := yi({x1, ..., xK , xk>K = 0}), is holomor-

phic in K + 1 variables {x1, · · · , xK , z−1} on some small open neighbourhoods of (x1, · · · , xK) = (0, · · · , 0) and
|z| > ε, for any K ∈ Z>0. Let S0 =

∑∞
n=1 S0,n ∈

∏∞
n=1 Symn(VAiry) be the formal power series we obtained

from the g = 0 part of the ATR of the quantum Airy structure (VAiry, AAiry, BAiry, CAiry, εAiry). Then the
functions (∂iS0)|xk>K=0, i = 1, 2, 3, · · · and S0 = S0(x1, · · · , xK) := S0({x1, · · · , xK , xk>K = 0}) are holomor-
phic on some small open neighbourhoods of (x1, · · · , xK) = (0, · · · , 0), for any K ∈ Z>0. In particular, we have
(∂iS0)|xk>K=0 = yi, i = 1, 2, 3, · · · .

Proof: We express yi as a power series:

yi(x
1, · · · , xK) =

∞∑
n=0

y
(n)
i (x1, · · · , xK), y

(n)
i (x1, · · · , xK) =

K∑
i1,··· ,in=1

1

n!
yi;i1,··· ,inx

i1 · · ·xin .

By assumption,
∑∞
k=1 yk(x1, · · · , xK)ek(z) ∈ V εAiry is a power series in {x1, · · · , xK , z−1} which converges

absolutely uniformly for |xi=1,··· ,K | < rK for some rK > 0 and |z| > ε, hence we are allowed to arbitrarily
rearrange its terms. According to (2.45), the left-hand-side of

(HAiry)i
(
{x1, · · · , xK , xk>K = 0}, {yj=1,2,3,···(x

1, · · · , xK)}
)

= 0. (2.49)
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is a residue of a simple expression involving
∑∞
k=1 yk(x1, · · · , xK)ek, hence we can also freely rearrange its

terms. Therefore, we can solve for yi from (2.49) by substituting in its power series expression and collecting
like terms exactly as we have done in Theorem 2.2.24 for g0 = 0, even though formal power series has been
replaced by an absolutely convergent power series. The Equation (2.49) must hold for all |xi=1,··· ,K | < rK , so the

coefficient of each monomial xi1 · · ·xin , ik = 1, · · · ,K must vanish independently. In particular, we have y
(n0)
i =

(HAiry)
(0,n0)
i |xk>K=0 = (∂iS0,n0+1)|xk>K=0 (see (2.25)). Therefore, (∂iS0)|xk>K=0 =

∑∞
n=0(∂iS0,n+1)|xk>K=0 =∑∞

n=0 y
(n)
i = yi is a holomorphic function in x1, · · · , xK for all i = 1, 2, 3, · · · . Furthermore, for i = 1, · · · ,K we

have ∂iS0 = (∂iS0)|xk>K=0. Since ∂iS0 = yi are holomorphic for i = 1, · · · ,K, we conclude that the function
S0 is holomorphic for all (x1, · · · , xK) such that |xi=1,··· ,K | < rK . �

2.4.3 The embedding of Discsε,Mt0 into W ε,M
t0

In this section, the procedure we performed in Section 2.1.3 with be repeated with the covariantly constant
weak symplectic flat vector bundle (W ε,M → DiscsM ,Ω,∇) instead of (H → BΣ0

,ΩH,∇GM ). Following [25,
Section 6.1], we will define

φ ∈ Γ(Discsε,Mt0 , Hom(TDiscsε,Mt0 ,W ε,M )),

and use it to construct the map Φt0 : Discsε,Mt0 → W ε,M
t0 embedding the ‘neighbourhood’ Discsε,Mt0 of t0 ∈

DiscsM into the fiber W ε,M
t0 . Finally, we show that the image of the embedding satisfies the analytic residue

constraints. In other words, imΦt0 is contained inside LMAiry ⊂W
ε,M
t0
∼= W ε,M

Airy (see Proposition 2.4.24).

Let us fix the reference point t0 := (x = z2, y = z) ∈ DiscsM and define the subspace Discsε,Mt0 ⊂ DiscsM

containing t0 given by

Discsε,Mt0 :=

t =

(
x = a(t) + z2, y =

∞∑
k=0

bk(t)zk

)
∈ DiscsM |

∑∞
k=0 bk(t)zk converges for
|z| < M̄ for some M̄ > M

and min(M̄2 −M2, ε2) > |a(t)− a(t0)|

 .

Conceptually, we think of Discsε,Mt0 as a small neighbourhood of t0 inside DiscsM (although, it is not a neigh-

bourhood according to the topology given in Remark 2.4.7). Similar to before, for any t ∈ Discsε,Mt0 , the

kinematic tangent space TtDiscs
ε,M
t0 is defined to be the set of v ∈ DiscsM such that γ(τ) := t + τv defines a

path γ : (−δ, δ)→ Discsε,Mt0 for some δ > 0. In other words,

TtDiscs
ε,M
t0 :=

v = A
∂

∂a
+

∞∑
k=0

Bk
∂

∂bk
∈ TtDiscsM |

∑∞
k=0Bkz

k converges for
|z| < M̄ for some M̄ > M

and min(M̄2 −M2, ε2) > |a(t)− a(t0)|.

 .

Remark 2.4.22 We will let the definition of Γ(Discsε,Mt0 ,W ε,M ), Γ(Discsε,Mt0 , TDiscsε,Mt0 ) and

Γ(Discsε,Mt0 , Hom(TDiscsε,Mt0 ,W ε,M )) to be exactly as given in Remark 2.4.8 with DiscsM replaced by

Discsε,Mt0 .

At any point t ∈ Discsε,Mt0 , the map φt arises from the consideration of the infinitesimal deformations within

the moduli space Discsε,Mt0 of the disc Dt,M ↪→ C2 embedded inside the foliated symplectic surface (C2,ΩC2 :=
dx ∧ dy, {x = const}). It is given by the following diagram:

TtDiscs
ε,M
t0 lim−→

M̄>M(t)

Γ(Dt,M̄ , TC2|Dt,M̄ /TDt,M̄ ) lim−→
M̄>M(t)

Γ(Dt,M̄ ,Ω1
Dt,M̄ ) W

ε(t),M(t)
t ⊂W ε,M

t .
∼=

φt

∼=

Where M(t) and ε(t) are given as follows

ε(t) :=
√
ε2 − |a(t)− a0(t)| ≤ ε < M ≤M(t) :=

√
M2 + |a(t)− a0(t)|.

Note that for all t ∈ Discsε,Mt0 ,
∑∞
k=0 bk(t)zk converges for |z| < M̄ for some M̄ where M̄ > M(t) > M .

The isomorphism TtDiscs
ε,M
t0

∼=−→ lim−→M̄>M(t)
Γ(Dt,M̄ , TC2|Dt,M̄ /TDt,M̄ ) follows because a tangent vector v ∈
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TtDiscs
ε,M
t0 gives an infinitesimal deformation of Dt,M̄ , M̄ > M(t) which can be thought of as a global section

nv of the normal bundle νDt,M̄/C2 ∼= TC2|Dt,M̄ /TDt,M̄ . The map Γ(Dt,M̄ , TC2|Dt,M̄ /TDt,M̄ )
∼=−→ Γ(Dt,M̄ ,Ω1

Dt,M̄ ) is

given by nv 7→ ΩC2(nv, .)|Dt,M̄ . It is an isomorphism because ΩC2 is non-degenerates by definition and Dt,M̄ ⊂ C2

is obviously a Lagrangian submanifold. This induces the isomorphism of the direct limit

lim−→
M̄>M(t)

Γ(Dt,M̄ , TC2|Dt,M̄ /TDt,M̄ )
∼=−→ lim−→

M̄>M(t)

Γ(Dt,M̄ ,Ω1
Dt,M̄ ).

Using the standard local coordinates z on Dt,M̄ , we find that

lim−→
M̄>M(t)

Γ(Dt,M̄ ,Ω1
Dt,M̄ ) ∼=

{
ξ ∈ zC[[z]]

dz

z
| ξ(z) converges

for |z| < M̄ for some M̄ > M(t)

}
↪→W

ε(t),M(t)
t ⊂W ε,M

t .

Remark 2.4.23 Observe that, lim−→M̄>M(t)
Γ(Dt,M̄ ,Ω1

Dt,M̄ ) is embedded as a Lagrangian subspace of W
ε(t),M(t)
t ,

i.e. it is a maximal subspace of W
ε(t),M(t)
t such that if ξ1, ξ2 ∈ lim−→M̄>M(t)

Γ(Dt,M̄ ,Ω1
Dt,M̄ ) then ΩAiry(ξ1, ξ2) = 0.

In other words, φt embeds TtDiscs
ε,M
t0 as a Lagrangian subspace ofW

ε(t),M(t)
t . On the other hand, it is not always

true that φt embeds TtDiscs
ε,M
t0 as a Lagrangian subspace of W ε,M

t , in fact lim−→M̄>M(t)
Γ(Dt,M̄ ,Ω1

Dt,M̄ ) ⊆ T0L
M
Airy

with an equality if and only if a(t) = a(t0).

Let us write down φt explicitly. Consider a tangent vector

v = A
∂

∂a
+

∞∑
k=0

Bk
∂

∂bk
∈ TtDiscsε,Mt0 (2.50)

where
∑∞
k=0Bkz

k converges absolutely for |z| < M̄ for some M̄ > M(t) > M . The vector v maps to

nv = A
∂x

∂a
∂x +

∞∑
k=0

Bk
∂y

∂bk
∂y = A∂x +

∞∑
k=0

Bkz
k∂y ∈ lim−→

M̄>M(t)

Γ(Dt,M̄ , TS|Dt,M̄ /TDt,M̄ ).

Therefore, the value of φt on v is given by

φt(v) = ΩS(nv, .)|Dt,M̄ =

(
Ady −

∞∑
k=0

Bkz
kdx

)∣∣∣
Dt,M̄

=

(
A

∞∑
k=1

kbkz
k−1 − 2

∞∑
k=0

Bkz
k+1

)
dz ∈ lim−→

M̄>M(t)

Γ(Dt,M̄ ,Ω1
Dt,M̄ ) ↪→W

ε(t),M(t)
t ⊂W ε,M

t . (2.51)

In other words,

φt =

( ∞∑
k=1

kbkz
k−1dz

)
da− 2

∞∑
k=0

(zk+1dz)dbk,

and it is easy to check that d∇φ = 0.

Let us now construct the map Φt0 : Discsε,Mt0 ↪→ W ε,M
t0 embedding the neighbourhood Discsε,Mt0 of t0 = (x =

z2, y = z) ∈ DiscsM into the fiber W ε,M
t0 in the same way we did in Section 2.1.3. We send the zero vector

0t1 ∈W
ε,M
t1 at any point t1 ∈ Discsε,Mt0 into W ε,M

t0 at t0 via parallel transport using the connection ∇+φ. Where

(∇ + φ)ξ := ∇ξ + φ for ξ ∈ Γ(DiscsM ,W ε,M ). Since d∇φ = 0, there exists a section θ ∈ Γ(Discsε,Mt0 ,W ε,M )

such that d∇θ = φ. We can write down θt explicitly for any t =
(
x = z2 + a(t), y =

∑∞
k=0 bk(t)zk

)
∈ Discsε,Mt0 :

θt = −ydx = −
∞∑
k=0

bk(t)zkd(z2) = −2

∞∑
k=0

bk(t)zk+1dz. (2.52)

In general, given t ∈ DiscsM , the parallel transport using ∇+ φ of 0t1 ∈W
ε,M
t1 from t1 ∈ Discsε,Mt to W ε,M

t at
t is path-independent and it is given by

vt1(t) = −θt + exp((a(t)− a(t1))L 1
2z ∂z

)θt1 .
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We note that vt1(t) is well-defined for all t1 ∈ Discsε,Mt because |a(t)−a(t1)| < min(M̄2−M2, ε2) by definition,

hence exp((a(t)− a(t1))L 1
2z ∂z

)θt1 ∈W
ε,M
t . It follows that

Φt0(t) := vt(t0) = −θt0 + exp((a(t0)− a(t))L 1
2z ∂z

)θt ∈W ε,M
t0 ,

for all t ∈ Discsε,Mt0 .

Proposition 2.4.24 ([25, Section 6.3]) Let t0 = (x = z2, y = z) ∈ DiscsM . The image of the map Φt0 :

Discsε,Mt0 ↪→W ε,M
t0 satisfies the residue constraints (2.34), i.e. imΦt0 ⊆ LMAiry ⊂W

ε,M
t0
∼= W ε,M

Airy.

Proof: At the point t = (x = z2 + a(t), y =
∑∞
k=0 bk(t)zk) ∈ Discsε,Mt0 , we have

Φt0(t) = zd(z2)− exp((a(t0)− a(t))L 1
2z ∂z

)(yd(z2)).

We will show that Φt0(t) ∈W ε,M
t0 satisfies the residue constraints. In fact, for any m,n ∈ Z≥0 we have

Resz=0

((
z − Φt0(t)

2zdz

)m
z2nd(z2)

)
= Resz=0

((
exp(−a(t)L 1

2z ∂z
)(y)d(z2)

d(z2)

)m
z2nd(z2)

)
= Resz=0

(
exp(−a(t)L 1

2z ∂z
)(ym)z2nd(z2)

)
= Resz=0

(
exp(−a(t)L 1

2z ∂z
)
(
ym(z2 + a(t))nd(z2)

))
= 0.

We justify the vanishing of the residue as follows. Since t ∈ Discsε,Mt0 and a(t0) = 0, we have that |a(t)| < ε2

and ym(z2 + a(t))nd(z2) is holomorphic for |z| <
√
M2 + |a(t)|. In particular it contains no dz

z and it belongs

to W
0,M(t)
Airy ⊂W ε,M

Airy. Therefore

exp(−a(t)L 1
2z ∂z

)
(
ym(z2 + a(t))nd(z2)

)
∈W ε,M

Airy

by Lemma 2.4.9, which also contains no dz
z term. In the case where m = 1, 2, we can see that Φt0(t) satisfies

the residue constraints for all t ∈ Discsε,Mt0 as claimed. �

Example 2.4.25 Let t0 = (x = z2, y = z) and t = (x = z2 + a, y = z), then

Φt0(t) = zd(z2)− exp(−aL 1
2z ∂z

)(zd(z2))

= zd(z2)− zd(z2) + a
d(z2)

2z
+

∞∑
k=2

ak

k!

(2k − 3)!!

2kz2k−1
d(z2) = az

dz

z
+

∞∑
k=2

ak

k!

(2k − 3)!!

2k−1z2k−3

dz

z

In J coordinates we would have

J−1 = a, J2k−3 =
ak(2k − 3)!!

k!2k−1
, k > 1

and the rest of Jn are zero. We can check that {Jn} we have found satisfies the set of equations

{(HAiry)i=1,2,3,··· = 0} defining LMAiry ⊂W
ε,M
Airy.

Remark 2.4.26 Since (W ε,M → Discsε,Mt0 ,Ω,∇, φ) is a weak symplectic flat vector bundle with ∇-covariantly
constant Ω and d∇φ = 0, it would be nice to be able to conclude that imΦt0 is a Lagrangian submanifold
using Proposition 2.1.24. Unfortunately, Proposition 2.1.24 does not apply because W ε,M has an infinite rank.
However, we can show that imΦt0 is isotropic in the sense that

TΦt0 (t)imΦt0 :=
{
ιvdΦt0(t) = 0 | v ∈ TtDiscsε,Mt0

}
⊂W ε,M

t0

is an isotropic subspace where dΦt0(t) = exp((a(t0) − a(t))L 1
2z ∂z

)φt. For any v1, v2 ∈ TtDiscsε,Mt0 we have by

Lemma 2.4.14 and the fact that φt embeds TtDiscs
ε,M
t0 as a Lagrangian subspace of W

ε(t),M(t)
t ⊂ W ε,M

t that
Ωt0(ιv1

dΦt0(t), ιv2
dΦt0(t)) = Ωt(φt(v1), φt(v2)) = 0.
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2.5 From Local To Global

In Section 2.1 we studied the complex analytic moduli space B of F-transversal genus g curves in a foliated
symplectic surface (S,ΩS ,F) and the embedding of an open neighbourhood BΣ0

into a fiber HΣ0
= H1(Σ0,C)

of H → B. All considerations were done at the level of cohomology which gives a global picture of the
deformations. In Section 2.4 we studied what deformations of Σ look like near a ramification point and the
embedding of Discsε,Mt0 into the fiber W ε,M

t0 of W ε,M → DiscsM , which is a local picture of the deformations.
The idea of this section is to connect the two pictures by lifting each cohomology class in Section 2.1 to a
differential form with Laurent series expansions near each ramification point given by a series introduced in
Section 2.4.

First of all, since there are more than one ramification points on Σ in general, instead of W ε,M we will consider
WRam :=

∏
α∈RamW

εα,Mα , a vector bundle of differential forms locally defined on the disjoint union of some
annulus on Σ, each centered at a ramification point. We are going to introduce the vector bundle G→ BΣ0

⊆ B
where the fibers GΣ are given by the space of elements of WRam which can be extended to a holomorphic form
on the entire Σ with some discs removed = Σ \ ∪α∈RamDα,εα(Σ). There is a map from G to WRam given by
Laurent expansion around ramification points and a map from G to H given by taking cohomology classes.
Therefore, G is an ‘intermediate’ vector bundle between WRam and H in this sense.

We equip G with the connection given by differentiation along a foliation leaf ∇F . In fact, this is the unique
choice of connection for G, since applying ∇F on any element of GΣ can create poles only at ramification points.
It follows that the parallel transport on G from [Σ] ∈ BΣ0 to [Σ′] ∈ BΣ0 is given by pulling-back a holomorphic
form on Σ to Σ′ along the foliation leaves. Clearly, the pull-back will only be well-defined away from ramification
points. Conceptually, a parallel transport will only be possible if [Σ′] ∈ B is sufficiently close to [Σ] ∈ B such
that each ramification point rα(Σ′) (or rather, the point on Σ connected to rα(Σ′) via a foliation leaf) does not
move too far from rα(Σ) and it remains contained inside the discs Dα,εα(Σ) to be removed from Σ. This adds
another reason why we need BΣ0 to be sufficiently small, a condition first mentioned in Section 2.1 and we have
delayed making it precise until this section.

Since Section 2.4 is an analytic approach to [25, Section 6], we may think of this section as an analytic approach
to [25, Section 7]. We outline the content as follows. After fixing terminologies in Section 2.5.1, we discuss
precisely how the open neighbourhood BΣ0 ⊆ B should be selected. Not surprisingly, the condition BΣ0 needs
to satisfy also depends on the sizes of annulus {εα∈Ram}, {MαinRam}, and the choice of (F ,ΩS)-charts Uα
around each ramification point. Then we will introduce the vector bundle G and discuss some of its properties
in Section 2.5.3. Among other things, we will show that G is a coisotropic sub-bundle of WRam. In Section
2.5.4, the residue constraints Airy structure on WRam will be introduced as the product of residue constraints
Airy structure. Then, we will discuss the connection ∇F and parallel transport on G in detail in Section 2.5.5.
The comparison between connection and parallel transport on H → B, WRam → DiscsRam, and G → BΣ0

will be studied in Section 2.5.6. Finally, in Section 2.5.7, we will define the embedding map ΦΣ0
: BΣ0

→ GΣ0

analogous to ΦΦΦΣ0
: BΣ0

→ HΣ0
defined in Section 2.1.3 and Φt0 : Discsε,Mt0 →W ε,M

t0 defined in Section 2.4.3 and
argue that the image of ΦΣ0

satisfies the residue constraints. The main result of this section, Proposition 2.5.38
[25, Proposition 7.1.2] summarizes the relationship between ΦΣ0

,ΦΦΦΣ0
and Φt0 . In fact, since we are working

entirely in an analytic framework, we are going to see the relationship between the Lagrangian submanifold
LΣ0 := imΦΦΦΣ0 ⊂ HΣ0 and LRamAiry , treated as an actual subset of WRam

Airy .

2.5.1 Basic setup and definitions

Let us fix a reference point [Σ0] ∈ B and a collection of (F ,ΩS)-charts URam := {(Uα∈Ram, xα∈Ram, yα∈Ram)}
such that each Uα, α ∈ Ram contains the ramification point rα(Σ0) of Σ0 and Σ0 ∩ Uα is bi-holomorphic to a
simply-connected open subset of C with the standard local coordinate zα :=

√
xα − xα(rα). We choose BΣ0 to

be sufficiently small such that for all [Σ] ∈ BΣ0 , Σ ∩ Uα contains the ramification point rα(Σ) of Σ and it is bi-
holomorphic to a simply-connected open subset of C with the standard local coordinate zα :=

√
xα − xα(rα(Σ)).

For each [Σ] ∈ BΣ0
the parameterization of Σ ∩ Uα takes the form

tα(Σ) = (xα = aα(Σ) + z2
α, yα = b0α(Σ) + b1α(Σ)zα + b2α(Σ)z2

α + ...).

Let us emphasize that coefficients {aα(Σ), b0α(Σ), b1α(Σ), b2α(Σ), ...} depends on our choice of the (F ,ΩS)-local
coordinates (xα, yα). In particular, we often choose (xα, yα) such that a reference point [Σ0] ∈ B is parameterized
by tα(Σ0) = (xα = z2

α, yα = zα).

Pick {εα∈Ram ∈ R} and {Mα∈Ram ∈ R} such that 0 < εα < Mα and define the following discs and annulus on
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Σ for [Σ] ∈ BΣ0 :

Dα,εα(Σ) := {p ∈ Σ ∩ Uα | |zα(p)| < εα} ⊂ Σ ∩ Uα
Dα,Mα

(Σ) := {p ∈ Σ ∩ Uα | |zα(p)| < Mα} ⊂ Σ ∩ Uα
Aα,εα,Mα

(Σ) := Dα,Mα
(Σ)− D̄α,εα(Σ).

We suppose that BΣ0
is chosen to be sufficiently small such that D̄α,Mα

(Σ) ⊂ Σ ∩ Uα ⊂ Σ for all [Σ] ∈ BΣ0
. In

other words, Dα,Mα
(Σ) is properly contained inside the coordinate chart Σ∩Uα for all [Σ] ∈ BΣ0

. Consequently,∑∞
k=0 bkα(Σ)zkα converges in an open set containing Dα,Mα

(Σ) for all [Σ] ∈ BΣ0
and so we have the map

γα : BΣ0 ↪→ DiscsMα given by [Σ] 7→ tα(Σ) ∈ DiscsMα .

Over DiscsMα for each α ∈ Ram, we have the vector bundle W εα,Mα → DiscsMα as defined in Section 2.4.
Locally, we can study a curve Σ ⊂ S as an embedding of |Ram| discs Dα,Mα

(Σ) ⊂ Σ∩Uα ∼= C2 indexed by the
ramification index set Ram. Therefore, it makes sense to introduce

DiscsRam :=
∏

α∈Ram
DiscsMα , DiscsRamt :=

∏
α∈Ram

Discsεα,Mα

tα , WRam :=
∏

α∈Ram
W εα,Mα .

In other words, WRam → DiscsRam is a trivial vector bundle where each fiber over t = (tα∈Ram) ∈ DiscsRam
is WRam

t =
∏
α∈RamW

εα,Mα

tα =
∏
α∈RamW

εα,Mα

Airy =: WRam
Airy . A typical element ξ ∈ WRam

t can be written as

ξ =
∑
α∈Ram[α]⊗ ξα where ξα ∈W εα,Mα

tα . We naturally define the multiplication WRam
Airy ×WRam

Airy →WRam
Airy as

follows: let ξi =
∑
α∈Ram[α]⊗ ξiα, i = 1, 2 then

ξ1ξ2 :=
∑

α∈Ram
[α]⊗ ξ1αξ2α.

Likewise, for our convenience, if ξ =
∑
α∈Ram[α] ⊗ ξα where ξα ∈ z−1C[[z]]dz ⊕ C[[z]]dz then Resz=0ξ :=∑

α∈RamResz=0ξα. We define the symplectic form Ω and the connection ∇ for WRam in an obvious way:
Ωt := ΩAiry where

ΩAiry(ξ1, ξ2) := Resz=0

(
ξ1

∫
ξ2

)
=

∑
α∈Ram

Resz=0

(
ξ1α

∫
ξ2α

)
and ∇ξ :=

∑
α∈Ram[α] ⊗ ∇αξα where ∇α is a connection for W εα,Mα as defined in Section 2.4. It is clear

that (WRam → DiscsRam,Ω,∇) is a weak symplectic vector bundle and ΩAiry is ∇-covariantly constant. The
collection of maps γα : BΣ0 ↪→ DiscsMα induces

γ :=
∏

α∈Ram
γα : BΣ0

↪→ DiscsRam. (2.53)

Typically, we denote the point (tα∈Ram(Σ0)) = γ([Σ0]) ∈ DiscsRam simply by t0 = (t0α∈Ram) ∈ DiscsRam

where t0α := tα(Σ0) ∈ DiscsMα . Moreover, if BΣ0
is sufficiently small then the image of γ will even be in

DiscsRamt0 . This fact will be stated more precisely in Lemma 2.5.33.

Using the map γ we obtain the pull-back bundle γ∗WRam → BΣ0 with the connection γ∗∇. We define the
pull-back connection γ∗∇ as follows. For any ξ ∈ Γ(DiscsRam,WRam) we have γ∗ξ ∈ Γ(BΣ0

, γ∗WRam) with
(γ∗ξ)Σ := ξγ(Σ) = ξt(Σ) =

∑
α∈Ram[α]⊗ (ξα)tα(Σ) and γ∗∇ is defined via the properties (γ∗∇)(γ∗ξ) := γ∗(∇ξ).

Writing this down explicitly, we have

(γ∗∇)(γ∗ξ)Σ :=

g∑
k=1

∑
α∈Ram,l

duk[α]⊗
(
∂aα(Σ)

∂uk
∂

∂aα
+
∂blα(Σ)

∂uk
∂

∂blα
− ∂aα(Σ)

∂uk
L 1

2zα
∂zα

)
(ξα)tα(Σ)

=

g∑
k=1

duk

(
∂

∂uk
− ∂aα(Σ)

∂uk

∑
α∈Ram

[α]⊗ L 1
2zα

∂zα

)
(γ∗ξ)Σ.

2.5.2 Choosing {εα∈Ram}, {Mα∈Ram},URam and BΣ0

We will now write down a precise summary of how {εα∈Ram}, {Mα∈Ram},URam = {(Uα∈Ram, xα∈Ram, yα∈Ram)}
and BΣ0 can be selected. Once they are selected, they should remain fixed for the entire calculation. Let [Σ0] ∈ B
be the fixed reference point. For each α ∈ Ram, we pick εα,Mα ∈ R, 0 < εα < Mα, a collection of (F ,ΩS)-charts
URam = {(Uα∈Ram, xα∈Ram, yα∈Ram)} with rα(Σ0) ∈ Uα and an open neighbourhood BΣ0

of [Σ0] satisfying
Condition 2.5.2 below:
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Remark 2.5.1 These conditions are technical and can be skipped in the first reading. They are sufficient but
not necessary conditions for the results of this section to hold. It is usually more practical to pick an appropriate
URam then select {εα∈Ram}, {Mα∈Ram} such that D̄α,Mα

(Σ0) ⊂ Σ0 ∩ Uα before picking BΣ0
and directly check

that it is small enough for all the needed objects, such as Φ : BΣ0
→ GΣ0

, to be defined.

Condition 2.5.2

C2.5.2.1 BΣ0 is a contractible open neighbourhood of [Σ0] which can be covered by a single coordinate chart
(BΣ0 , u

1, · · · , ug).

C2.5.2.2 For all [Σ] ∈ BΣ0
, the open subset Σ ∩ Uα ⊂ Σ is bi-holomorphic to a simply-connected open subset

of C with the standard local coordinate zα :=
√
xα − xα(rα(Σ)) and D̄α,Mα

(Σ) ⊂ Σ ∩ Uα.

C2.5.2.3 There exists a collection of (F ,ΩS)-charts U0 = {(U0,p∈σ0
, xp∈σ0

, yp∈σ0
)} such that for all [Σ] ∈ BΣ0

,
the parallel transport on the vector bundle (G→ BΣ0 ,∇F ) from the fiber GΣ0 to the fiber GΣ is possible
for any holomorphic form ξ ∈ Γ(Σ0,Ω

1
Σ0

) ⊂ GΣ0 according to Lemma 2.5.32. Additionally, the image of
Aα,εα,Mα

(Σ) via the map sΣ,Σ0
(see Definition 2.5.28) is contained in Σ0 ∩ Uα.

C2.5.2.4 Let U0 = {(U0,p∈σ0
, xp∈σ0

, yp∈σ0
)} be the collection of (F ,ΩS)-charts from C2.5.2.3. For all [Σ] ∈ BΣ0

the parallel transport on the vector bundle (G→ BΣ0 ,∇F ) from the fiber GΣ to the fiber GΣ0 is possible
according to Lemma 2.5.32 for any ξ ∈ GΣ holomorphic on ∪p∈σ0Σ ∩ U0,p ⊃ Σ \ ∪α∈RamDα,εα(Σ).
Additionally, the image of Aα,εα,Mα

(Σ0) via the map sΣ0,Σ is contained in Σ ∩ Uα.

Remark 2.5.3 We can summarize the basic idea behind each part in Condition 2.5.2 as follows:

C2.5.2.1 Simplifies our discussions by avoiding any complications arises from coordinates transformations,
transition functions, and possible monodromies of parallel transport when BΣ0

wrap around a singularity
in B.

C2.5.2.2 Helps us deal with neighbourhoods of ramification points of each Σ ∈ BΣ0
. In particular, this helps

fix the definition of the map γ : BΣ0
↪→ DiscsRam, the map i : G ↪→ WRam (see Equation (2.54)), the

discs Dα,εα(Σ),Dα,Mα
(Σ) and annulus Aα,εα,Mα

(Σ).

C2.5.2.3 Helps us define the section θ ∈ Γ(BΣ0 , G) which will be important in the construction of Φ : BΣ0 →
GΣ0 embedding the neighbourhood BΣ0 into the fiber GΣ0 analogous to what we did in Section 2.1 and
Section 2.4.

C2.5.2.4 Makes sure that we are allowed to perform a parallel transport of θΣ necessary to define the embedding
map Φ : BΣ0

→ GΣ0
.

2.5.3 The vector bundle G→ BΣ0 and its properties

We are going to define the vector bundle (G→ BΣ0
,∇F ) in this section (see Definition 2.5.22). The fiber of G

over any point [Σ] ∈ BΣ0 is the infinite-dimensional vector space GΣ given by Definition 2.5.4 below. By taking
a Laurent expansion in the vicinity of each ramification point rα, α ∈ Ram we obtain a vector bundle morphism
i : G ↪→ WRam, embedding G as a vector sub-bundle of WRam. It will follow from Proposition 2.5.18 that
G is, in fact, a coisotropic vector sub-bundle of WRam. Consider G⊥Σ ⊂ GΣ as a group acting on WRam

t(Σ) by

vector addition, then we will see in Proposition 2.5.19 that the symplectic reduction of (WRam
t(Σ) ,ΩAiry) is given

by (HΣ,ΩH). In particular, we have the surjective vector bundle morphism [.] : G → H given by taking the
cohomology class. Together, the map i and [.] establish G→ BΣ0 as an intermediate vector bundle connecting
WRam → DiscsRam and H → B as we will discuss further in Section 2.5.6 and Section 2.5.7.

Definition 2.5.4 For any [Σ] ∈ B, the infinite-dimensional vector space GΣ is given by

GΣ :=

{
ξ ∈ lim−→

ε̄α<εα

Γ(Σ \ ∪α∈RamD̄α,ε̄α ,Ω1
Σ) |

∮
∂D̄α,εα

ξ = 0, α ∈ Ram

}
.

What we meant is that if ξ ∈ GΣ then ξ is a holomorphic differential on some open neighbourhood of Σ \
∪α∈RamDα,εα(Σ). In particular, ξ is holomorphic on some open set containing Āα,εα,Mα(Σ).
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Remark 2.5.5 Definition 2.5.4 of GΣ should be compared to the original definition of GΣ in Equation (38) of
[25]. We denote the version of GΣ in [25] as GmerΣ and recall that it is given by

GmerΣ :=

{
ξ ∈ Γ

(
Σ,Ω1

Σ

( ∑
α∈Ram

nrα

))
| for some n ∈ Z≥0 and Resrαξ = 0, α ∈ Ram

}
.

In other words, GmerΣ is a vector space of residueless meromorphic differential forms on Σ with poles at ramifi-
cation points.

For each α ∈ Ram, the Laurent series representation of ξ ∈ GΣ in the standard local coordinate center at zα = 0
converges absolutely for ε̄α < |zα| < M̄α for some ε̄α < εα < Mα < M̄α and contains no dzα

zα
term because∮

∂D̄α,εα
ξ = 0. Therefore, this define the map iα : GΣ ↪→ W εα,Mα

tα(Σ) . Performing the Laurent expansion at every

ramification point of Σ, we obtain the map

i :=
∑

α∈Ram
[α]⊗ iα : GΣ ↪→WRam

t(Σ) (2.54)

for any [Σ] ∈ BΣ0
. Hence, instead of writing i(GΣ) ⊂WRam

t(Σ) we will sometime write GΣ ⊂WRam
t(Σ) .

Remark 2.5.6 Let us emphasize that the definition of the map i depends on our choice of the collection of
coordinate charts URam. Choosing a different (F ,ΩS)-local coordinate system (xα, yα) on Uα for any α ∈ Ram
will result in a different map i and hence, a different embedding GΣ ↪→WRam

t(Σ) .

We can apply the symplectic form ΩAiry on vectors in GΣ. In fact, using Riemann-bilinear identity we can
obtain a nice alternative expression. For ξ1, ξ2 ∈ GΣ we have

ΩAiry(i(ξ1), i(ξ2)) =
∑

α∈Ram
Reszα=0

(
iα(ξ1)

∫
iα(ξ2)

)
=

1

2πi

∑
α∈Ram

∮
∂D̄α,εα

(
ξ1

∫
ξ2

)

=
1

2πi

g∑
k=1

(∮
Ak

ξ2

∮
Bk

ξ1 −
∮
Bk

ξ2

∮
Ak

ξ1

)
. (2.55)

For each [Σ] ∈ BΣ0
, we are going to show that GΣ ⊂ WRam

t(Σ) is a coisotropic subspace and that GΣ/G
⊥
Σ
∼= HΣ.

Then, we will define the vector bundle G→ B. But first, we need some preliminary definitions and results.

Definition 2.5.7 For any [Σ] ∈ B, the infinite-dimensional vector space VΣ is given by

VΣ :=

{
ξ ∈ GΣ |

∮
Ai

ξ = 0, i = 1, ..., g

}
⊂ GΣ.

Let us quickly recall the following definition of Bergman kernels:

Definition 2.5.8 A Bergman kernel is a meromorphic bi-differential B = B(p, q) on Σ × Σ with zero residue
poles of order 2 along the diagonal p = q and holomorphic elsewhere. We say that the Bergman kernel
B = B(p, q) is normalized with respect to the chosen A-periods if

B(p, q) =p∼q
dz(p)dz(q)

(z(p)− z(q))2
+ holomorphic,

∮
p∈Ai

B(p, q) = 0, i = 1, · · · , g.

Remark 2.5.9 Given a curve Σ and a choice of A,B symplectic basis cycles, the normalized Bergman kernel
is unique. This is because if B and B′ are normalized Bergman kernels then (B − B′)(p, q) is holomorphic in
p with zero A-periods for all q. By the explicit construction via Riemann Theta function [15, 14] we find that
the normalized Bergman kernels also satisfy the following properties:

B(p, q) = B(q, p),

∮
p∈Bi

B(p, q) = 2πiωi(q)

where ωi are the normalized holomorphic forms on Σ.

Definition 2.5.10 Let B(p, q) be the normalized Bergman kernel on Σ. For any k ∈ Z≥1 and α ∈ Ram we
define the meromorphic differential form on Σ:

ēk,α :=
1

2πik

∮
zα=0

B(., q(zα))

zkα
.
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Using the standard local coordinates zα and zβ of Σ∩Uα and Σ∩Uβ respectively, α, β ∈ Ram, the local series
expansion of B(p, q) for p ∈ Σ ∩ Uα and q ∈ Σ ∩ Uβ is given by

B(zα(p), zβ(q)) =
δαβdzα(p)dzβ(q)

(zα(p)− zβ(q))2
+

∞∑
i,j=1

P (i,α)(j,β)zi−1
α (p)zj−1

β (q)dzα(p)dzβ(q) (2.56)

for some symmetric tensor P (i,α)(j,β) = P (j,β)(i,α). We obtain the following easy fact about ēk,α:

Lemma 2.5.11 Let ēk,α be a meromorphic differential form on Σ as given by Definition 2.5.10. Then ēk,α ∈ VΣ

and

i(ēk,α) = [α]⊗ z−kα
dzα
zα

+
∑

k′≥1,α′∈Ram

[α′]⊗ 1

k
P (k,α)(k′,α′)zk

′−1
α′

dzα′

zα′
∈WRam

t(Σ) (2.57)

Proof: The expansion (2.57) is obtained from integrating the series expansion (2.56). This shows that ēk,α

is holomorphic everywhere except for a pole of order k + 1 at rα with zero residue. Deform A-cycles to avoid
intersection with rα, then

∮
p∈Ai ē

k,α(p) = 1
2πik

∮
zα=0

1
zkα

∮
p∈Ai B(p, q(zα)) = 0 because the Bergman kernel is

normalized. �

Remark 2.5.12 Note that the definition of ek,α implicitly depends on our choice of the Bergman kernel (since
we are using the normalized Bergman kernel this is equivalent to our choice of A,B symplectic basis cycles) and
the standard local coordinate zα (which is equivalent to our choice of the collection of (F ,ΩS)-charts URam).

Lemma 2.5.13 Let [Σ] ∈ B. If ξα =
∑∞
k=1 ξα,kz

−k
α

dzα
zα
∈ V εαAiry then ξ̄α =

∑∞
k=1 ξα,kē

k,α ∈ VΣ. The principal

part of iα′(ξ̄α) is δαα′ξα and for any path C ⊂ Σ \ ∪α∈RamDα,εα(Σ), we have∫
C

ξ̄α =

∫
C

∞∑
k=1

ξα,kē
k,α =

∞∑
k=1

ξα,k

∫
C

ēk,α.

Proof: We have that ξα =
∑∞
k=1 ξα,kz

−k
α

dzα
zα

converges absolutely uniformly for |zα| > ε̄α for some ε̄α < εα.
Therefore,

∞∑
k=1

ξα,k
kzkα

= −
∞∑
k=1

∫
ξα,kz

−k
α

dzα
zα

= −
∫ ∞∑

k=1

ξα,kz
−k
α

dzα
zα

(2.58)

converges absolutely uniformly for |zα| > ε̄α, because integration of a power series does not change its radius of
convergence. Then by using the Bergman kernel B(p, q) on Σ we define

ξ̄α(p) :=
1

2πi

∮
zα∈∂D̄α,ε̄α

( ∞∑
k=1

ξα,k
kzkα

)
B(p, q(zα)) =

∞∑
k=1

ξα,k
2πik

∮
zα=0

B(p, q(zα))

zkα
=

∞∑
k=1

ξα,kē
k,α(p),

where the term-by-term integration is allowed due to the absolute uniform convergence. Therefore, ξ̄α is
holomorphic for all p ∈ Σ \ D̄α,ε̄α ⊃ Σ \ ∪α′∈RamDα′,εα′ but diverges as p approaches the integration path

∂D̄α,ε̄α . The principal part of ēk,α is z−kα
dzα
zα

so the principal part of iα′(ξ̄α) is ξα if α′ = α and zero otherwise.
Given any path C ⊂ Σ \ ∪α∈RamDα,εα(Σ) we have∫

C

ξ̄α(p) =

∫
p∈C

(
1

2πi

∮
zα∈∂D̄α,ε̄α

( ∞∑
k=1

ξα,k
kzkα

)
B(p, q(zα))

)
=

1

2πi

∮
zα∈∂D̄α,ε̄α

( ∞∑
k=1

ξα,k
kzkα

)∫
p∈C

B(p, q(zα))

=

∞∑
k=1

ξα,k
2πik

∮
zα∈∂D̄α,ε̄α

∫
p∈C

B(p, q(zα))

zkα
=

∞∑
k=1

ξα,k

∫
p∈C

1

2πik

∮
zα∈∂D̄α,ε̄α

B(p, q(zα))

zkα

=

∞∑
k=1

ξα,k

∫
p∈C

ēk,α(p).

We have used the fact that C do not intersect with ∂D̄ε,ε̄α , so the order of integrations can be permuted. The
integration can be done term-by-term because

∑∞
k=1 ξα,kz

−k
α

dzα
zα

converges absolutely uniformly for |zα| > ε̄α.

Let C = ∂D̄α,εα then
∮
∂D̄α,εα

ξ̄α =
∑∞
k=1 ξα,k

∮
∂D̄α,εα

ēk = 0. On the other hand, let C = Ai then
∮
Ai
ξ̄α =∑∞

k=1 ξα,k
∮
Ai
ēk,α = 0. Therefore, we conclude that ξ̄α ∈ VΣ. �
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Recall the definition of LMAiry ⊂ W ε,M
Airy from Section 2.4.2 and define LRamAiry :=

∏
α∈Ram L

Mα

Airy ⊂ WRam
Airy . We

note that T0L
Ram
Airy =

∏
α∈Ram T0L

Mα

Airy, or more explicitly:

T0L
Ram
Airy =

{
ξ =

∑
α∈Ram

[α]⊗ ξα | ξα(zα) ∈ zαC[[zα]]
dzα
zα

,
ξα(zα) converges for |zα| < M̄α

for some M̄α > Mα

}
⊂WRam

Airy ,

is a Lagrangian subspace of WRam
Airy .

Lemma 2.5.14 For any [Σ] ∈ B we have

WRam
t(Σ) = WRam

Airy = VΣ ⊕ T0L
Ram
Airy .

Additionally, if ξ ∈ VΣ and the principal part of iα(ξ) is
∑∞
k=1 ξα,kz

−k
α

dzα
zα
∈ V εαAiry then it can be written as

ξ =
∑
α∈Ram

∑∞
k=1 ξα,kē

k,α.

Proof: If ξ ∈ VΣ is such that iα(ξ) has no principal part for all α ∈ Ram then it must be holomorphic on Σ.
Therefore,

∮
Ai
η = 0, i = 1, · · · , g which implies that η = 0. This shows VΣ ∩ T0L

Ram
Airy = {0}. To show that

VΣ +T0L
Ram
Airy = WRam

Airy we consider any given ξ = (ξα∈Ram) ∈WRam
Airy where ξα ∈ z−1

α C[[z−1
α ]]dzαzα ⊕zαC[[zα]]dzαzα

converges absolutely for ε̄α < |zα| < M̄α for some ε̄α < εα < Mα < M̄α. Let ξα,P =
∑∞
k=1 z

−k
α ξα,k

dzα
zα
∈ V εαAiry

be the principal part of ξα. By Lemma 2.5.13 we have ξ̄P :=
∑
α∈Ram ξ̄α,P =

∑
α∈Ram

∑
α,k ξk,αē

k,α ∈ VΣ and

the principal part of iα(ξ̄) is ξα,P . On the other hand, because Σ ∈ BΣ0
we have that iα(ξ̄) converges absolutely

for ε̄α < |z| < ¯̄Mα where ¯̄Mα is such that Dα,Mα(Σ) ⊂ Dα, ¯̄Mα
(Σ) ⊂ Σ∩Uα. It follows that ξα− iα(ξ̄P ) has zero

principal part and converges absolutely for |zα| < min(M̄α,
¯̄Mα). Therefore ξ − i(ξ̄P ) ∈ T0L

Ram
Airy which proves

that WRam
Airy = VΣ ⊕ T0L

Ram
Airy . Besides, if ξ ∈ VΣ, then ξ − ξ̄P is holomorphic on Σ with

∮
Ai

(ξ − ξ̄P ) = 0 for all

i = 1, ..., g which means ξ = ξ̄P =
∑
α∈Ram

∑∞
k=1 ξα,kē

k,α. �

Corollary 2.5.15 For any [Σ] ∈ B we have

GΣ + T0L
Ram
Airy = WRam

Airy .

Proof: This follows from Lemma 2.5.14 and the fact that VΣ ⊂ GΣ. �

Corollary 2.5.16 For any [Σ] ∈ B, we have,

GΣ = VΣ ⊕ Γ(Σ,Ω1
Σ).

In particular, any ξ ∈ GΣ with the principal part of iα(ξ) given by
∑∞
k=1 ξα,kz

−k
α

dzα
zα

and ai :=
∮
Ai
ξ can be

written as ξ =
∑
α∈Ram

∑∞
k=1 ξα,kē

k,α +
∑g
k=1 a

kωk, where ωi are the normalized holomorphic forms on Σ.

Proof: In fact, GΣ = VΣ ⊕ Γ(Σ,Ω1
Σ) follows directly from the Definition 2.5.4 and Definition 2.5.7 of GΣ and

VΣ. This is because for any ξ ∈ GΣ, we have ξ̄ := ξ −
∑g
k=1 a

kωk ∈ VΣ, hence VΣ + Γ(Σ,Ω1
Σ) = GΣ. We also

know that VΣ ∩ Γ(Σ,Ω1
Σ) = {0} because any global holomorphic form with zero A-periods is zero. The rest of

the Corollary follows from applying Lemma 2.5.14 to ξ̄ ∈ VΣ. �

Corollary 2.5.17 VΣ is a Lagrangian complement of T0L
Ram
Airy in WRam

Airy .

Proof: We already know from Lemma 2.5.14 that VΣ is a complement of T0L
Ram
Airy . Using (2.55), it is clear

that for any ξ1, ξ2 ∈ VΣ we would have ΩAiry(ξ1, ξ2) = 0 because
∮
Ai
ξj = 0, i = 1, ..., g, j = 1, 2. Suppose

there exists ξ2 ∈ WRam
Airy such that ΩAiry(ξ1, ξ2) = 0 for all ξ1 ∈ VΣ. Then by Lemma 2.5.14 we can write

ξ2 = v + l where v ∈ VΣ, l ∈ T0L
Ram
Airy , but then ΩAiry(ξ1, l) = ΩAiry(ξ1, v + l) = ΩAiry(ξ1, ξ2) = 0,∀ξ1 ∈ VΣ

because ΩAiry(ξ1, v) = 0. Since we also have ΩAiry(l′, l) = 0 for all l′ ∈ T0L
Ram
Airy , this can only be true if l = 0,

i.e. ξ2 ∈ VΣ, because ΩAiry is non-degenerates. So we have that VΣ is a Lagrangian subspace of WRam
Airy i.e.

V ⊥Σ = VΣ. �
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Proposition 2.5.18 ([25, Proposition 7.1.3]) For any [Σ] ∈ B, the vector space GΣ is a coisotropic subspace
of WRam

t(Σ) with the perpendicular subspace G⊥Σ given by

G⊥Σ = lim−→
ε̄α<εα

dΓ(Σ \ ∪α∈RamD̄α,ε̄α ,OΣ) ⊆ GΣ.

Proof: From VΣ ⊂ GΣ and Corollary 2.5.17 we have that G⊥Σ ⊂ V ⊥Σ = VΣ ⊂ GΣ. Let us find G⊥Σ . If ξ ∈ G⊥Σ
then ξ ∈ GΣ which means

∮
∂D̄α,εα

ξ = 0. Using (2.55) we can see that the only way ΩAiry(ξ, η) = 0,∀η ∈ GΣ

can be possible is if
∮
Ai
ξ = 0,

∮
Bi
ξ = 0, i = 1, ..., g. We can now define f(p) :=

∫ p
p0
ξ which is a holomorphic

function in an open neighbourhood of Σ \ ∪α∈RamDα,εα . �

Proposition 2.5.19 ([25, Proposition 7.1.3]) For any [Σ] ∈ B, the sympectic reduction of WRam
t(Σ) is given

by WRam
t(Σ) //G

⊥
Σ := GΣ/G

⊥
Σ
∼= HΣ = H1(Σ,C). Furthermore, the induced symplectic form Ω̃Airy on the quotient

GΣ/G
⊥
Σ given by

Ω̃Airy([ξ1], [ξ2]) := ΩAiry(ξ1, ξ2) (2.59)

coincides with the symplectic form ΩH on HΣ as given in (2.5).

Proof: First, we will show that GΣ/G
⊥
Σ is isomorphic to the deRham cohomology group HΣ = H1(Σ,C). For

any set {ε̄α∈Ram} such that ε̄α < εα, α ∈ Ram we have the presentation

HΣ = H1(Σ,C) ∼=

{
ξ ∈ Γ

(
Σ \ ∪α∈RamD̄α,ε̄α ,Ω1

Σ

)
|
∮
∂D̄α,εα

ξ = 0
}

dΓ(Σ \ ∪α∈RamD̄α,ε̄α ,OΣ)
. (2.60)

To obtain this, we use Mayer–Vietoris sequence to getH1(Σ,C) ∼= {ξ ∈ H1(Σ\∪α∈RamD̄α,ε̄α ,C) |
∮
∂D̄α,εα

ξ = 0}.
Then we use the fact that non-compact Riemann surfaces such as Σ \ ∪α∈RamD̄α,ε̄α is a Stein manifold [17,
Behnke and Stein, Section 2.2], hence coherent sheaves are Γ-acyclic on Σ\∪α∈RamD̄α,ε̄α by Cartan’s theorem B
[17, Theorem 2.4.1]. Therefore, H1(Σ\∪α∈RamD̄α,ε̄α ,C) ∼= H1Γ(Σ\∪α∈RamD̄α,ε̄α ,Ω•Σ), i.e. deRham cohomology
can be computed as a sheaf cohomology of C using the Γ-acyclic resolution 0 → C → Ω•Σ (see, for example,
[5, Corrollary 2.5.3]), which implies (2.60). Recall that the direct limit functor preserves short exact sequences.
Therefore, taking the direct limit of (2.60) and compare the result to the explicit expression of GΣ and G⊥Σ in
Definition 2.5.4 and Proposition 2.5.18, we have H1(Σ,C) ∼= GΣ/G

⊥
Σ as claimed.

Next, we show that Ω̃Airy is a symplectic form on HΣ. If ξ′1 = ξ1 + df1, ξ
′
2 = ξ2 + df2 then Ω̃Airy([ξ′1], [ξ′2]) =

ΩAiry(ξ1+df1, ξ2+df2) = ΩAiry(ξ1, ξ2) = Ω̃Airy([ξ1], [ξ2]), so Ω̃Airy is well-defined. It is non-degenerates because

if [ξ] ∈ HΣ is such that Ω̃Airy([ξ], [η]) = 0 for all [η] ∈ HΣ then ΩAiry(ξ, η) = 0 for all η ∈ GΣ implying that
ξ ∈ G⊥Σ and hence [ξ] = 0. This proves that HΣ is a symplectic vector space with the induced symplectic form
Ω̃Airy. Using (2.55) and Lemma 2.1.14 we can see that Ω̃Airy coincides with ΩH as claimed. �

Given ξ ∈ GΣ, the cohomology class [ξ] ∈ H1(Σ,C) is completely determined by the A and B periods of ξ. In
other words, we have a map [.] : GΣ → HΣ given by ξ 7→ (H1(Σ,C) 3 [C] 7→

∮
C
ξ). Proposition 2.5.19 tells

us that this map is surjective, in other words, there are enough differential forms on GΣ to represent every
cohomology classes in H1(Σ,C).

Remark 2.5.20 Similarly, it has been shown in [25, Proposition 7.1.3] that GmerΣ is a coisotropic subspace of

W
|Ram|
Airy (see Section 2.5.4 for the definition of W

|Ram|
Airy ) with

(GmerΣ )⊥ =

{
df | f ∈ Γ

(
Σ,OΣ

( ∑
α∈Ram

nrα

))
, for some n ∈ Z≥0

}
⊆ GmerΣ

and we have GmerΣ /(GmerΣ )⊥ ∼= HΣ.

At last, let us define the vector bundle G→ B with fiber over each point [Σ] ∈ B given by GΣ.

For any given point [Σ] ∈ B, there exists an open neighbourhood BΣ ⊂ B of [Σ] such that A,B symplectic
basis cycles can be chosen consistently for all [Σ′] ∈ BΣ (see Remark 2.1.13). Let us also assume that BΣ is
sufficiently small that C2.5.2.2 is satisfied for some {εα∈Ram}, {Mα∈Ram} and a collection of (F ,ΩS)-charts
UΣ
Ram. It follows that the normalized holomorphic forms {ωi=1,··· ,g} and the normalized Bergman kernel B(p, q)
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Chapter 2. Airy Structures and Deformation of Curves

are defined on every curve [Σ′] ∈ BΣ consistently throughout BΣ. For each [Σ′] ∈ BΣ, let us denote by {ωΣ,Σ′

i },
{ēk,αΣ,Σ′} the set of normalized holomorphic forms and the set of meromorphic differentials on Σ′ defined by the
normalized Bergman kernel (Definition 2.5.10) corresponding to the given consistent choice of A,B symplectic
basis cycles on BΣ. Let the topology on GΣ be induced from the norm

‖ξ‖GΣ
:=

√√√√ ∑
α∈Ram

(
sup

p∈Aα,ε,Mα (Σ)

∣∣∣∣ξ(p) zα(p)

dzα(p)

∣∣∣∣
)2

.

and recall from Corollary 2.5.16, any ξ ∈ GΣ′ can be written as ξ =
∑
α∈Ram

∑∞
k=1 ξk,αē

k,α
Σ,Σ′ +

∑g
k=1 a

kωΣ,Σ′

k .
Then, given [Σ1], [Σ2] ∈ BΣ we define a homeomorphism GΣ1

∼= GΣ2
by

∑
α∈Ram

∞∑
k=1

ξk,αē
k,α
Σ,Σ1

+

g∑
k=1

akωΣ,Σ1

k ←−−−−→
∑

α∈Ram

∞∑
k=1

ξk,αē
k,α
Σ,Σ2

+

g∑
k=1

akωΣ,Σ2

k . (2.61)

Remark 2.5.21 It is important that BΣ satisfies C2.5.2.2 for some {εα∈Ram}, {Mα∈Ram},UΣ
Ram, otherwise,

the Definition 2.5.10 of ek,αΣ,Σ′ and the definition of ‖ξ‖GΣ
will not make sense.

Equip BΣ×GΣ with the product topology and assign a topology to the set G|BΣ
:= {([Σ′], ξ) | [Σ′] ∈ BΣ, ξ ∈ GΣ′}

such that G|BΣ
∼= BΣ ×GΣ, induced from (2.61), is a homeomorphism over the base BΣ. Then, it follows that

G :=
⋃

[Σ]∈BG|BΣ with the canonical projection π : G→ B is a vector bundle with fiber over each point [Σ] ∈ B
given by π−1([Σ]) = GΣ and G|BΣ

∼= BΣ ×GΣ giving a local trivialization over each BΣ.

Definition 2.5.22 Let (G → B,∇F ) be the vector bundle G :=
⋃

[Σ]∈BG|BΣ
with fiber GΣ over each point

[Σ] ∈ B and equipped with the connection ∇F : Γ(B, G)→ Γ(B, T ∗B ⊗G) given by the differentiation along a
leaf of the foliation F .

Note that for any open subset B′ ⊆ B we denote by Γ(B′, G) the set of holomorphic sections of G on B′.
We will mostly be interested in the small deformations of the curve Σ0, therefore, it is sufficient to consider
the restriction of G to the open neighbourhood BΣ0

⊆ B of [Σ0], where BΣ0
along with {εα∈Ram}, {Mα∈Ram}

and URam are chosen to satisfy Condition 2.5.2. Since BΣ0
is contractible by C2.5.2.1, the restriction of G to

BΣ0 is a trivial vector bundle which we denote by (G → BΣ0 ,∇F ). Similarly, the trivial vector sub-bundles of
G→ BΣ0 : G⊥ → BΣ0 with fiber G⊥Σ and V → BΣ0

with fiber VΣ over [Σ] ∈ BΣ0
may be constructed.

Let us recast some definitions and results in this section as follows. We have an injective vector bundle morphism
i : G ↪→ WRam covering the map γ : BΣ0 ↪→ DiscsRam given by (2.53), such that i restricted to the fiber over
any point [Σ] ∈ BΣ0 is i : GΣ ↪→ WRam

t(Σ) given by (2.54) (see Figure 2.5.6). Therefore, G is a vector sub-

bundle of WRam, in fact by Proposition 2.5.18 it is a coisotropic vector sub-bundle. Note that it is a lot less
straightforward to define a vector bundle morphism i : G ↪→ WRam had we considered G → B instead of its
restriction G → BΣ0 , for instance, γ : B ↪→ DiscsRam is not defined unless B satisfies C2.5.2.2. Proposition
2.5.19 can be restated as an isomorphism of vector bundles G/G⊥ ∼= H. We define [.] : G → H to be the
morphism of vector bundle given fiber-wise by the natural projection GΣ → GΣ/G

⊥
Σ
∼= HΣ

∼= H1(Σ,C) which
sends any differential form ξ ∈ GΣ to its cohomology class [ξ] ∈ H1(Σ,C) (see Figure 2.5.6).

2.5.4 The Ram product residue constraints

So far, the residue constraints were only introduced on a disc with only a single ramification point. Since there
are more than one ramification points on Σ, we will need to consider a |Ram| copies of the residue constraints.
The purpose of this section is to fix the needed notations regarding the Ram product residue constraints Airy
structure.

Consider the Airy structure obtained as a product of the residue constraints Airy structures introduced in

Section 2.3. Set I := Z>0 × Ram and let V
|Ram|
Airy :=

∏
α∈Ram VAiry =

∑
α∈Ram[α]⊗ z−1C[z−1]dzz be a discrete

vector space with a basis {ek=1,2,3,··· ,α∈Ram := [α]⊗z−k dzz }. The continuous dual space is given by (V
|Ram|
Airy )∗ :=∏

α∈Ram V
∗
Airy =

∑
α∈Ram[α]⊗zC[[z]]dzz with a basis {fk=1,2,3,··· ,α∈Ram := [α]⊗kzk dzz }. Define the Tate space

W
|Ram|
Airy :=

{
η =

∑
α∈Ram

[α]⊗ ηα | ηα ∈ C((z))dz,Resz=0ηα = 0, α ∈ Ram

}
= V

|Ram|
Airy ⊕ (V

|Ram|
Airy )∗
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with the symplectic form ΩAiry([α1] ⊗ ξ1, [α2] ⊗ ξ2) = δα1,α2Resz=0(ξ1
∫
ξ2). We define the |Ram| product

residue constraints Airy structure {(HAiry)k=1,2,3,··· ,α∈Ram} on V
|Ram|
Airy by

(HAiry)2n,α(w) = Resz=0

((
z − w(z)

2zdz

)
[α]⊗ z2nd(z2)

)
,

(HAiry)2n−1,α(w) =
1

2
Resz=0

((
z − w(z)

2zdz

)2

[α]⊗ z2n−2d(z2)

)
, n = 1, 2, 3, ... (2.62)

where w :=
∑
α∈Ram

∑∞
k=1(xk,αfk,α + yk,αe

k,α) ∈W |Ram|Airy . We may write (2.62) in the standard form (2.19):

(HAiry)i,α = −yi,α +
∑

β,γ∈Ram

∞∑
j,k=1

(aAiry)(i,α)(j,β)(k,γ)x
j,βxk,γ

+
∑

β,γ∈Ram

∞∑
j,k=1

2(bAiry)k,γ(i,α)(j,β)x
j,βyk,γ +

∑
β,γ∈Ram

∞∑
j,k=1

(cAiry)
(j,β)(k,γ)
i,α yj,βyk,γ .

and express the residue constraints Airy structure as (V
|Ram|
Airy , AAiry, BAiry, CAiry) where

AAiry := ((aAiry)(i,α)(j,β)(k,γ)), BAiry := ((bAiry)k,γ(i,α)(j,β)), CAiry := ((cAiry)
(j,β)(k,γ)
i,α ).

The corresponding quantum Airy structure is (V
|Ram|
Airy , AAiry, BAiry, CAiry, εAiry) where (εAiry)i,α := 1

16δi,3 and

εAiry = ((εAiry)i,α). Define the quadratic Lagrangian submanifold L
|Ram|
Airy := {(HAiry)i=1,2,3,··· ,α∈Ram = 0} ⊂

W
|Ram|
Airy with T0L

|Ram|
Airy :=

∑
α∈Ram[α] ⊗ zC[[z]]dzz = (V

|Ram|
Airy )∗. It is clear that T0L

|Ram|
Airy is a Lagrangian

subspace of W
|Ram|
Airy and that V

|Ram|
Airy is a Lagrangian complement of T0L

|Ram|
Airy .

Remark 2.5.23 Our definitions of W
|Ram|
Airy and L

|Ram|
Airy are exactly the same as how WRam

Airy and LRamAiry were

defined in [25, Section 7.1]. Our choice of symbols came from the fact that W
|Ram|
Airy and L

|Ram|
Airy are the products

of |Ram| copies of WAiry and LAiry (as given in Section 2.3 or [25, Section 3.3]) respectively, where |Ram|
denotes the number of ramification points. Finally, note that by taking Laurent expansion of any ξ ∈ GmerΣ we

obtain the inclusion i : GmerΣ ↪→W
|Ram|
Airy can also be defined exactly as we did in (2.54).

Let us consider a new Lagrangian complement of T0L
|Ram|
Airy :

V merΣ :=

{
ξ ∈ GmerΣ |

∮
Ai

ξ = 0, i = 1, · · · , g
}

where GmerΣ was given in Remark 2.5.5. Essentially, V merΣ ⊆ VΣ is the subspace of meromorphic differential
forms in VΣ with basis {ēi=1,2,3,··· ,α∈Ram} where ēi,α is defined in Definition 2.5.10 and note that (2.57) can be
written as

ēk,α = ek,α +
∑

α′∈Ram

∞∑
k′=1

1

kk′
P (k,α)(k′,α′)fk′,α′ .

The gauge transformation (V
|Ram|
Airy , AAiry, BAiry, CAiry, εAiry) 7→ (V merΣ , ĀAiry, B̄Airy, C̄Airy, ε̄Airy) associ-

ating with the choice of basis {ηi=1,2,3,··· :=
∑
β∈Ram

∑∞
j=1 d

i
j,β ē

j,β} for V merΣ and {ωi=1,2,3,··· :=∑
α∈Ram

∑∞
i=1 c

i,α
j fi,α} for T0L

|Ram|
Airy for some (ci,αj ) : V

|Ram|
Airy → V

|Ram|
Airy and its inverse (dij,β) : V

|Ram|
Airy →

V
|Ram|
Airy , is given by

(āAiry)i1i2i3 = (aAiry)(j1,α1)(j2,α2)(j3,α3)c
j1,α1

i1
cj2,α2

i2
cj3,α3

i3
(2.63)

(b̄Airy)i3i1i2 =
(

(bAiry)j3,α3

(j1,α1)(j2,α2) + (aAiry)(j1,α1)(j2,α2)(k,γ)s
(k,γ)(j3,α3)

)
cj1,α1

i1
cj2,α2

i2
di3j3,α3

(c̄Airy)i2i3i1
=
(

(cAiry)
(j2,α2)(j3,α3)
(j1,α1) + (bAiry)

(j3,α3)
(j1,α1)(k1,γ1)s

(k1,γ1)(j2,α2)

+ (bAiry)
(j2,α2)
(j1,α1)(k2,γ2)s

(k2,γ2)(j3,α3) + (aTR)(j1,α1)(k1,γ1)(k2,γ2)s
(k1,γ1)(j2,γ2)s(k2,γ2)(j3,γ3)

)
× cj1,α1

i1
di2j2,α2

di3j3,α3

(ε̄Airy)i =
(

(εAiry)j1,α1
+ (aAiry)(j1,α1)(k1,γ1)(k2,γ2)s

(k1,γ1)(k2,γ2)
)
cj1,α1

i1
.

where s(i,α)(j,β) = 1
ijP

(i,α)(j,β), (s(i,α)(j,β)) : V
|Ram|
Airy × V |Ram|Airy → C.
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Remark 2.5.24 It is easy to see that ((VAiry)
|Ram|
odd , AAiry, BAiry, CAiry, εAiry) is a quantum Airy sub-structure

of (V
|Ram|
Airy , AAiry, BAiry, CAiry, εAiry) where (VAiry)

|Ram|
odd :=

∏
α∈Ram(VAiry)odd ⊂ V

|Ram|
Airy . Likewise, let

(V merΣ )odd ⊂ V merΣ be the vector space spanned by finite linear combinations of vectors {ēk=odd,α∈Ram} then
((V merΣ )odd, ĀAiry, B̄Airy, C̄Airy, ε̄Airy) is a quantum Airy sub-structure of (V merΣ , ĀAiry, B̄Airy, C̄Airy, ε̄Airy) ac-
cording to Remark 2.2.30.

The consideration of the analytic residue constraints Airy structure in Section 2.4.2 straightforwardly gen-
eralizes to the case of the Ram product residue constraints Airy structure because Ram is a finite set.
In particular, we treat (2.62) analytically as functions (HAiry)i,α : WRam

Airy → C and we also have that

LRamAiry = {(HAiry)i=1,2,3,··· ,α∈Ram = 0} ⊂ WRam
Airy . The analytic counter-part of V

|Ram|
Airy is obviously given

by V RamAiry :=
∏
α∈Ram V

εα
Airy. It is clear that V RamAiry is a Lagrangian complement of T0L

Ram
Airy in WRam

Airy =

V RamAiry ⊕ T0L
Ram
Airy .

According to Corollary 2.5.17, VΣ is another Lagrangian complement of T0L
Ram
Airy . Let us use {ηi=1,2,3,··· :=∑

β∈Ram
∑∞
j=1 d

i
j,β ē

j,β} as a basis of VΣ and {ωi=1,2,3,··· :=
∑
α∈Ram

∑∞
i=1 c

i,α
j fi,α} as a basis of T0L

Ram
Airy for

some (ci,αj ), (dij,β) satisfying Condition 2.4.17. Note that (s(i,α)(j,β)) where s(i,α)(j,β) = 1
ijP

(i,α)(j,β) also satisfies
Condition 2.4.17 since it came from the series expansion of a Bergman kernel. Therefore, the change of the
canonical basis {ek,α, fk,α} 7→ {ηk, ωk} of WRam

Airy is of the same type as considered in Section 2.4.2. Suppose that

w =
∑
α∈Ram

∑∞
k=1(xk,αfk,α+yk,αe

k,α) ∈WRam
Airy , then by Proposition 2.4.20 we have w =

∑∞
k=1(αkωk+βkη

k)
where

αi :=
∑

β∈Ram

∞∑
j=1

dij,β

xj,β − ∑
γ∈Ram

∞∑
k=1

s(j,β),(k,γ)yk,γ

 , βi :=
∑

β∈Ram

∞∑
j=1

cj,βi yj,β (2.64)

are the new canonical coordinates of WRam
Airy . Also, by Proposition 2.4.20 we have (H̄Airy)i :=∑

β∈Ram
∑∞
j=1 c

j,β
i (HAiry)j,β given by

(H̄Airy)i := −βi +

∞∑
j,k=1

(āAiry)ijkα
jαk + 2

∞∑
j,k=1

(b̄Airy)kijα
iβk +

∞∑
j,k=1

(c̄Airy)jki βjβk (2.65)

where ĀAiry = ((āAiry)ijk), B̄Airy = ((b̄Airy)kij), C̄Airy = ((c̄Airy)jki ) are given by (2.63).

Remark 2.5.25 Moreover, it is straightforward to generalize Proposition 2.4.21 to the case of the Ram prod-
uct residue constraints Airy structure. We conclude that if iα

(∑∞
i=1 βββi(α

1, · · · , αK)ηi
)

(zα) ∈ V εαAiry, where

βββi(α
1, · · · , αK) := βi({α1, · · · , αK , αk>K = 0}), is holomorphic in {α1, · · · , αK , z−1

α } on some open neighbour-
hood of (α1, · · · , αK) = (0, · · · , 0), |zα| > εα and

(H̄Airy)i
(
{α1, · · · , αK , αk>K = 0}, {βββk=1,2,3,···(α

1, · · · , αK)}
)

= 0

then βββi = (∂iS0)|αk>K=0. Where S0 =
∑∞
n=1 S0,n ∈

∏∞
n=1 Symn(V merΣ ) is the genus zero part of the ATR

output using the quantum Airy structure (V merΣ , ĀAiry, B̄Airy, C̄Airy, ε̄Airy).

2.5.5 Connection ∇F and parallel transport on G→ BΣ0

In this section, we are going to more carefully examine the connection ∇F and discuss the parallel transport on
G→ BΣ0

. For now, let {εα∈Ram}, {Mα∈Ram}, URam = {(Uα∈Ram, xα∈Ram, yα∈Ram)} and an open neighbour-
hood BΣ0 ⊆ B of [Σ0] ∈ B be chosen such that C2.5.2.1 and C2.5.2.2 are satisfied. Recall from Definition 2.5.22
that ∇F is given by the differentiation along a leaf of the foliation F . Let us verify that this indeed defines a
connection on G→ BΣ0

which is flat.

Lemma 2.5.26 For any section ξ ∈ Γ(BΣ0
, G), we have ∇Fξ ∈ Γ(BΣ0

, T ∗B ⊗G).

Proof: Consider [Σ] ∈ BΣ0
. Let U := {(Up∈σ, xp∈σ, yp∈σ)} be a collection of (F ,ΩS)-charts covering Σ \

∪α∈RamDα,εα(Σ) where Σ ∩ Up are bi-holomorphic to a simply-connected open subset of C with xp as a local
coordinate and σ is some finite index set. It follows that dxp|Σ∩Up 6= 0 and so rα(Σ) /∈ ∪p∈σΣ ∩ Up for all
α ∈ Ram.

Let {u1, ..., ug} be coordinates of BΣ0
(this exists due to the condition C2.5.2.1). Given a section ξ ∈ Γ(BΣ0

, G),
ξΣ ∈ GΣ and a tangent vector v =

∑g
k=1 v

k ∂
∂uk

∈ T[Σ]BΣ0
then for each p ∈ σ we have ιv∇Fξ|Σ∩Up =
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∑g
k=1 v

k ∂
∂uk
|xp=const(ξ|Σ∩Up). Using xp as a local coordinate on Σ ∩ Up and write ξ|Σ∩Up = ξp(xp, u)dx. It

follows that ιv∇Fξ|Σ∩Up =
∑g
k=1 v

k ∂
∂uk

(ξp(xp, u))dxp. We patch ιv∇Fξ|Σ∩Up for each p ∈ σ together to obtain
ιv∇Fξ which is holomorphic on Σ \ ∪α∈RamD̄α,ε̄α(Σ) ⊂ ∪p∈σΣ ∩ Up for some ε̄α < εα,∀α ∈ Ram.

Let us show that
∮
∂D̄α,εα (Σ)

∇Fξ = 0. Write ξ on Aα,εα,Mα
(Σ) in the standard local coordinate as

ξ(zα) =
∑
k 6=0 ξα,kz

k
α
dzα
zα

. Since xα = aα(Σ) + z2
α, we have ∇F (zα) =

∑g
k=1 du

k ∂aα(Σ)
∂uk

∂
∂aα
|xα=constzα =

− 1
2zα

∑g
k=1 du

k ∂aα(Σ)
∂uk

. It follows that ∇F (zkαdzα) = 1
2

∑g
k=1 du

k ∂aα(Σ)
∂uk

(1− k)zk−2
α dzα, therefore ιv∇Fξ is free

of dzα
zα

term. Hence ιv∇FξΣ ∈ GΣ, in other words, ∇Fξ ∈ Γ(BΣ0
, T ∗B ⊗G), as required. �

Lemma 2.5.27 The vector bundle G→ BΣ0 with the connection ∇F is flat.

Proof: This is mostly identical to the proof of Lemma 2.1.18, but let us write it more concretely this time. Let
d∇F : Γ(BΣ0 ,Ω

r
B⊗G)→ Γ(BΣ0 ,Ω

r+1
B ⊗G) be the exterior covariant derivative. Suppose that ξ ∈ Γ(BΣ0 ,Ω

r
B⊗G).

On each Σ ∩ Up we have ξ|Σ∩Up =
∑g
i1,··· ,ir=1(ξi1···ir;p(xp;u)dxp)du

i1 ∧ · · · duir , therefore

d∇F ξ|Σ∩Up = ∇Fξ|Σ∩Up =

g∑
k=1

g∑
i1,··· ,ir=1

(
∂

∂uk

∣∣∣
xp=const

(ξi1···ir;p(xp, u))dxp

)
duk ∧ dui1 ∧ · · · ∧ duir

and

d2
∇F ξ|Σ∩Up =

g∑
k,l=1

g∑
i1,··· ,ir=1

(
∂2

∂ul∂uk

∣∣∣
xp=const

(ξi1···ir;p(xp, u))dxp

)
dul ∧ duk ∧ dui1 ∧ · · · ∧ duir = 0.

Therefore, d2
∇F = 0, so ∇F is flat. �

Next, we turn our attention to the parallel transport on G using the connection ∇F . Since the connection is
flat, parallel transport is path-independent. The parallel transport of ξ ∈ GΣ to the fiber GΣ′ only exists if
[Σ] ∈ B is close enough to [Σ′] ∈ B. This is much like the situation in Section 2.4: given ξ ∈ W ε,M

Airy then

exp(aL 1
2z ∂z

)ξ ∈W ε,M
Airy only if |a| is sufficiently small. The idea is to first construct a map sΣ′,Σ sending points

on Σ′ to Σ along the foliation leaves, then the parallel transport of ξ ∈ GΣ to GΣ′ is given by the pull-back
s∗Σ′,Σξ.

Let us discuss this in more detail. Suppose that [Σ], [Σ′] ∈ BΣ0 , then they are path-connected since BΣ0 is
contractible as required by C2.5.2. Let ΣΣΣ : [0, 1] → BΣ0

be one such path, ΣΣΣ(0) = [Σ′], and ΣΣΣ(1) = [Σ]. For
some ε̄′α < εα let us send a point q′ ∈ Σ′ \ ∪α∈RamD̄α,ε̄′α(Σ′) traveling along a leaf of the foliation F . If [Σ′]
is sufficiently close to ΣΣΣ(t) ∈ BΣ0

for any t ∈ [0, 1], then the point q′ will intersect ΣΣΣ(t), potentially multiple
times. As we move continuously along the path ΣΣΣ, these intersection points will also move continuously in S.
Therefore, for all t ∈ [0, 1] sufficiently small, we can define q(t) ∈ ΣΣΣ(t) to be the intersection point which moves
continuously from q(0) = q′. Now, suppose that [Σ], [Σ′] and every points along the path ΣΣΣ are sufficiently close
to [Σ′], then we define the following map

Definition 2.5.28 The map sΣ′,Σ : Σ′ \ ∪α∈RamD̄α,ε̄′α(Σ′) → Σ is given by sending any point q′ ∈ Σ′ \
∪α∈RamD̄α,ε̄′α(Σ′) along a leaf of the foliation to q(1) ∈ Σ.

Remark 2.5.29 Technically, the map sΣ′,Σ should be denoted by sΣ′,Σ,{ε̄′α} since the set of parameters
{ε̄′α∈Ram} is a part of the definition. We are going to stick with the notation sΣ′,Σ for simplicity, keeping
in mind that sΣ′,Σ is defined on some open subset in Σ′ containing Σ′ \ ∪α∈RamD̄α,εα(Σ′).

Suppose further that [Σ], [Σ′] ∈ BΣ0
are sufficiently close such that the image of sΣ′,Σ is contained in Σ \

∪α∈RamD̄α,ε̄α(Σ) for some ε̄α < εα. Then given any holomorphic differential form ξ on Σ \ ∪α∈RamD̄α,ε̄α(Σ),
the pull-back s∗Σ′,Σξ is a holomorphic differential form on Σ′ \ ∪α∈RamD̄α,ε̄′α(Σ′). The following lemma gives a
more concrete sufficient condition for [Σ], [Σ′] ∈ B to be considered ‘sufficiently close’ and shows that if ξ ∈ GΣ

then s∗Σ′,Σξ ∈ GΣ′ .

Lemma 2.5.30 Let [Σ], [Σ′] ∈ B. Given ξ ∈ GΣ, where ξ is holomorphic on Σ \ ∪α∈RamD̄α,ε̄α(Σ) for
some ε̄α < εα,∀α ∈ Ram. If we could cover Σ \ ∪α∈RamDα,εα(Σ) with a collection of (F ,ΩS)-charts
U = {(Up∈σ, xp∈σ, yp∈σ)} such that Σ\∪α∈RamDα,εα(Σ) ⊂ ∪p∈σΣ∩Up ⊂ Σ\∪α∈RamD̄α,ε̄α(Σ) and the following
properties are satisfied:
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1. For each p ∈ σ,Σ ∩ Up is bi-holomorphic to a simply-connected open subset of C with xp as a local
coordinate.

2. Any q′ ∈ Up is path-connected in Up via a leaf of the foliation F to a unique point q on Σ ∩ Up.

3. For each p ∈ σ, Σ′ ∩ Up is bi-holomorphic to a simply-connected open subset of C with xp as a local
coordinate and Σ′ \ ∪α∈RamDα,εα(Σ′) ⊂ ∪p∈σΣ′ ∩ Up.

then s∗Σ′,Σξ ∈ GΣ′ .

Proof: Let ξ ∈ GΣ be a holomorphic form defined on Σ \ ∪α∈RamD̄α,ε̄α(Σ) for some ε̄α < εα such that
∪p∈σΣ ∩ Up ⊂ Σ \ ∪α∈RamD̄α,ε̄α(Σ). By the properties of the covering U , Definition 2.5.28 gives a well-defined
map

sΣ′,Σ : Σ′ \ ∪α∈RamD̄α,ε̄′α(Σ′) ⊆ ∪p∈σΣ′ ∩ Up → ∪p∈σΣ ∩ Up ⊆ Σ \ ∪α∈RamD̄α,ε̄α(Σ)

for some ε̄′α < εα. Let us verify that the pull-back s∗Σ′,Σξ is in GΣ′ . We note that xp is a local coordinate for
both Σ ∩ Up and Σ′ ∩ Up. In xp local coordinate, we can express sΣ′,Σ as

xp ◦ sΣ′,Σ|Σ′∩Up ◦ x−1
p = idC|xp(Σ′∩Up) : xp(Σ

′ ∩ Up)→ xp(Σ
′ ∩ Up) ⊂ xp(Σ ∩ Up) ⊂ C.

In particular, sΣ′,Σ is locally bi-holomorphic from each Σ′ ∩ Up to its image. It follows that s∗Σ′,Σξ|Σ′∩Up is
holomorphic on Σ′ ∩ Up for all p ∈ σ, hence s∗Σ′,Σξ is holomorphic on Σ′ \ ∪α∈RamDα,ε̄′α(Σ′) ⊂ ∪p∈σΣ′ ∩ Up.
Lastly, we need to check that

∮
∂D̄α,εα (Σ′)

s∗Σ′,Σξ = 0, but this follows from the lemma below:

Lemma 2.5.31 For any ξ ∈ GΣ holomorphic on Σ \ ∪α∈RamD̄α,ε̄α(Σ) ⊂ ∪p∈σΣ ∩ Up and a path C ⊂ Σ′ \
∪α∈RamD̄α,εα(Σ′), we have ∫

C

s∗Σ′,Σξ =

∫
(sΣ′,Σ)∗C

ξ,

where (sΣ′,Σ)∗C ⊂ Σ \ ∪α∈RamD̄α,ε̄α(Σ) is the image of C under the map sΣ′,Σ.

Proof: We dissect C into closed segments Ci, i = 1, ..., N such that Ci ⊂ Σ′ ∩ Upi for some pi ∈ σ. As we
have seen, sΣ′,Σ|Σ′∩Upi is a restriction of the identity, hence it is biholomorphic. So the Lemma holds for each
segment Ci. Summing the integral over all segments Ci proving the lemma. �

It follows from the construction of the map sΣ′,Σ that (sΣ′,Σ)∗(∂D̄α,εα(Σ′)) is homotopic to ∂D̄α,εα(Σ) because we
can deform one to another by moving along a path ΣΣΣ linking [Σ] and [Σ′]. We conclude that

∮
∂D̄α,εα (Σ′)

s∗Σ′,Σξ =∮
∂D̄α,εα (Σ)

ξ = 0 because ξ ∈ GΣ which shows s∗Σ′,Σξ ∈ GΣ′ as claimed. �

Next, we show that the pull-back via sΣ′,Σ is the parallel transport on G. If Lemma 2.5.30 can be compared to
Lemma 2.4.9 then the following is analogous to Lemma 2.4.13:

Lemma 2.5.32 Let [Σ] ∈ BΣ0 and ξ ∈ GΣ be given, then [Σ′] 7→ ξΣ′ := s∗Σ′,Σξ is a parallel vector field,
defined over the subset of all [Σ′] ∈ BΣ0 such that the conditions of Lemma 2.5.30 are satisfied. In other words,
ξΣ′ ∈ GΣ′ is the parallel transport of ξ ∈ GΣ from [Σ] to [Σ′] on G→ BΣ0

using the connection ∇F .

Proof: Since xp is a local coordinate of Σ on Σ ∩ Up we can write ξ|Σ∩Up = f(xp)dxp for some holomorphic
function f which is constant with respect to the coordinates of BΣ0

. Because s∗Σ′,Σxp = xp by definition, we
have s∗Σ′,Σξ|Σ′∩Up = f(xp)dxp. Therefore, ∇Fs∗Σ′,Σξ|Σ′∩Up = 0 for all p ∈ σ and so ∇Fs∗Σ′,Σξ = 0. �

Now that all the relevant results have been established, let us assume that {εα∈Ram}, {Mα∈Ram},URam and
BΣ0 also satisfy C2.5.2.3 and C2.5.2.4 in addition to C2.5.2.1 and C2.5.2.2. Let us show in the following that
the image of BΣ0 under γ defined in (2.53) is contained in DiscsRamt0 . This fact will be useful in comparing
parallel transport on WRam → DiscsRamt0 with parallel transport on G→ BΣ0

.

Lemma 2.5.33 Suppose that {εα∈Ram}, {Mα∈Ram},URam and BΣ0
satisfies the Condition 2.5.2 then the image

of γ : BΣ0
↪→ DiscsRam is contained in DiscsRamt0 . In other words, we have

γ : BΣ0 ↪→ DiscsRamt0 ↪→ DiscsRam. (2.66)
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Proof: C2.5.2.1 and C2.5.2.2 ensure that the map γ : BΣ0 → DiscsRam is well-defined. We are going to
show that C2.5.2.3 implies that if

∑∞
k=0 bkα(Σ)zkα has a radius of convergence M̄α, then min(M̄2

α −M2
α, ε

2
α) >

|aα(Σ)− aα(Σ0)| for all [Σ] ∈ BΣ0
.

It is well-known that there is no point on a compact Riemann surface where all holomorphic differential forms
vanish simultaneously [19]. In particular, for any ramification point, rα, α ∈ Ram there exists a holomorphic
differential form ω ∈ Γ(Σ0,Ω

1
Σ0

) ⊂ GΣ0
such that ω(rα) 6= 0. For clarity, let us denote the standard local

coordinate on Σ0 ∩ Uα by zα,Σ0
and the standard local coordinate on Σ ∩ Uα by zα. Let us write iα(ω) =∑∞

k=1 ωα,kz
k
α,Σ0

dzα,Σ0

zα,Σ0
∈ T0L

Mα

Airy ⊂W
εα,Mα

tα(Σ0) where
∑∞
k=1 converges for |zα,Σ0

| < M̄α for some M̄α > Mα. Using

the fact that xα = aα(Σ) + z2
α on Σ ∩ Uα and xα = aα(Σ0) + z2

α,Σ0
on Σ0 ∩ Uα, it follows that

ω(zα,Σ0)|Aα,εα,Mα (Σ0) =

∞∑
k=1

ωα,k

(√
xα − aα(Σ0)

)k−1

d
√
xα − aα(Σ0)

implies

s∗Σ,Σ0
ω(zα)|Aα,εα,Mα (Σ) =

∞∑
k=1

ωα,k

(√
z2
α + aα(Σ)− aα(Σ0)

)k−1

d
√
z2
α + aα(Σ)− aα(Σ0). (2.67)

By C2.5.2.3 we have that s∗Σ,Σ0
ω is holomorphic on Aα,εα,Mα(Σ). For the expression in (2.67) to be holomorphic

on Aα,εα,Mα(Σ) we must have M̄2
α > M2

α + |aα(Σ)− aα(Σ0)| and either ε2α > |aα(Σ)− aα(Σ0)| or that ωα,k = 0
for all k odd and all α ∈ Ram. But the latter option is not possible since ω(rα) 6= 0. �

2.5.6 Comparison of vector bundles G→ BΣ0, H → B, and WRam → DiscsRam

So far we have introduced covariantly constant flat (weak) symplectic vector bundles (H → B,ΩH,∇GM ),
(WRam → DiscsRam,Ω,∇), and a flat coisotropic vector bundle (G→ BΣ0 ,∇F ). We are now in a position to
summarize how they are related.

Proposition 2.5.34 The morphisms of vector bundles [.] : G → H given by taking the cohomology class and
i : G→WRam given by Laurent series expansions are compatible with the connections in the sense that

1. i(∇Fξ) = γ∗∇i(ξ)

2. [∇Fξ] = ∇GM [ξ]

for any sections ξ ∈ Γ(BΣ0 , G). Moreover, they are compatible with parallel transport in the sense that

3. i(s∗Σ′,ΣξΣ) =
∑
α∈Ram[α]⊗ exp

(
(a(Σ′)− a(Σ))L 1

2zα
∂zα

)
iα(ξΣ)

4. [s∗Σ′,ΣξΣ] = Γ
[Σ′]
[Σ] [ξΣ]

for any vectors in the fiber ξΣ ∈ GΣ given that [Σ], [Σ′] ∈ BΣ0
and ξΣ satisfies the conditions of Lemma 2.5.30.

Proof:

1. Let ξ ∈ Γ(BΣ0 , G) and let us examine ∇Fξ on Σ∩Uα ⊂ Σ. Working in the standard local coordinates we

can write ξΣ = ξα(zα, u)dzα. Using the fact that xα = aα(Σ) + z2
α, we have ∂zα

∂uk
|xα=const = − 1

2zα

∂aα(Σ)
∂uk

and so

iα(∇FξΣ)(zα) = iα

(
g∑
k=1

duk
((

∂

∂uk

∣∣∣
zα−const

ξα −
1

2zα

∂aα(Σ)

∂uk
∂

∂zα
ξα

)
dzα + ξαd

(
1

2zα

∂aα(Σ)

∂uk

)))

=

g∑
k=1

duk
(

∂

∂uk
− ∂aα(Σ)

∂uk
L 1

2zα
∂zα

)
iα(ξ)tα(Σ) = γ∗∇iα(ξ)tα(Σ)(zα)

for every α ∈ Ram. It follows that i(∇Fξ) = γ∗∇i(ξ) as claimed.

2. This immediately follows from Lemma 2.1.17 with DΣ := Σ \ ∪p∈σD̄α,ε̄α(Σ) for some ε̄α < εα, α ∈ Ram.
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3. Let ξΣ ∈ GΣ and let us write ξΣ on Σ ∩ Uα ⊂ Σ in the standard local coordinates as ξΣ = ξα(zα)dzα.
Recall that the local coordinates of S on Uα are (xα, yα) and the foliation F is given by xα = const, so we
have s∗Σ′,Σxα = xα. For clarity, let us denote the standard local coordinate on Σ′ ∩ Uα by zα,Σ′ whereas

zα denotes the standard local coordinate on Σ ∩Uα. Using the fact that xα = aα(Σ) + z2
α on Σ ∩Uα and

xα = aα(Σ′) + z2
α,Σ′ on Σ′ ∩ Uα, we have

ξΣ(zα) = ξα(zα)dzα = ξα

(√
xα − aα(Σ)

)
d
√
xα − aα(Σ)

and

s∗Σ′,ΣξΣ(zα) = ξα

(√
xα − aα(Σ)

)
d
√
xα − aα(Σ)

= ξα

(√
z2
α,Σ′ + aα(Σ′)− aα(Σ)

)
d
√
z2
α,Σ′ + aα(Σ′)− aα(Σ) = exp

(
(aα(Σ′)− aα(Σ))L 1

2zα
∂zα

)
(ξΣ)

By construction, s∗Σ′,ΣξΣ is holomorphic and it can be represented by a Laurent series converging on

Aα,ε̄α,M̄α
(Σ′) for some ε̄α < εα < Mα < M̄α. Repeating the above for each ramification point α ∈ Ram

and perform a Laurent series expansion, the claimed formula follows.

4. Since (sΣ′,Σ)∗ : H1(Σ′,C)→ H1(Σ,C) is an isomorphism, mapping A,B-periods on Σ′ to A,B-periods on

Σ, then [s∗Σ′,ΣξΣ] = Γ
[Σ′]
[Σ] [ξΣ] follows straightforwardly from Lemma 2.5.31.

�

LΣ0

HΣ0

BΣ0

B

H

ΦΣ0

[Σ0] [Σ]

GΣ0

LRamAiry

WRam
t0

DiscsRam

WRam

Φt0

[Σ0] [Σ]

DiscsRamt0

[.] i

γ

BΣ0

ΦΣ0

[Σ0] [Σ]

G

Figure 2.1:
Comparison of vector bundles G → BΣ0 , H → B, and WRam → DiscsRam. The vector bundle morphism [.] :
G→ H covering the inclusion map BΣ0 ↪→ B is given fiber-wise by the natural projection GΣ → GΣ/G

⊥
Σ
∼= HΣ,

which is the same as taking a cohomology class. The vector bundle morphism i : G → WRam covering the
map γ : BΣ0

↪→ DiscsRam is given by taking Laurent expansions around ramification points. In this sense,
the vector bundle G bridges the local point of view given by WRam with the global point of view given by H.
This Figure also illustrates the parallel construction of the map ΦΦΦΣ0

: BΣ0
→ HΣ0

, ΦΣ0
: BΣ0

→ GΣ0
, and

Φt0 : DiscsRamt0 → WRam
t0 . Each map embeds some neighbourhood BΣ0 3 [Σ0] or DiscsRamt0 3 t0 into the fiber

HΣ0
, GΣ0

or WRam
t0 over the reference point by sending the zero vector at an arbitrary point to the reference

point via parallel transport using the affine connection ∇GM +φφφ, ∇F + φ or ∇+ φ.

2.5.7 The embedding of BΣ0 into GΣ0 and the residue constraints

In this section, we will construct the embedding map ΦΣ0
: BΣ0

→ GΣ0
analogous to ΦΦΦΣ0

: BΣ0
→ HΣ0

defined

in Section 2.1.3 and Φt0 : Discsε,Mt0 → W ε,M
t0 defined in Section 2.4.3. The main outcome of this section is

Proposition 2.5.38 comparing ΦΣ0
to Φt0 and ΦΦΦΣ0

, which is the key result to be used in proving Theorem 2.7.3
later. To construct ΦΣ0

, we are going to need φ ∈ Γ(BΣ0
, T ∗B⊗G) and find θ ∈ Γ(BΣ0

, G) such that ∇Fθ = φ.
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2.5. From Local To Global

Therefore, most of this section leading up to Proposition 2.5.38 will be allocated to discuss the construction
and properties of φ and θ. We are also going to assume {εα∈Ram}, {Mα∈Ram}, URam and BΣ0

are chosen such
that Condition 2.5.2 is satisfied.

Let us begin by discussing φ ∈ Γ(BΣ0 , T
∗B ⊗G) as follows. At any point [Σ] ∈ BΣ0 , the map φΣ : T[Σ]BΣ0

∼=−→
Γ(Σ,Ω1

Σ) ↪→ GΣ has already been defined previously in Section 2.1, but let us recall it here. Any given
vector v ∈ T[Σ]BΣ0

can be mapped into a global holomorphic section of normal bundle nv ∈ Γ(Σ, νΣ). Then
φΣ(v) := ΩS(nv, .)|Σ ∈ Γ(Σ,Ω1

Σ). Let us cover Σ with a collection of (F ,ΩS)-charts U = {(Up∈σ, xp∈σ, yp∈σ)}
then φΣ(v) is written locally on each Σ ∩ Up as

φΣ(v)|Σ∩Up = −ιv∇F (ypdxp)|Σ∩Up . (2.68)

Now, let us compare this to φφφ ∈ Γ(BΣ0
, T ∗B ⊗H) from Section 2.1.2 and

φ :=
∑

α∈Ram
[α]⊗ φα ∈ Γ(DiscsRamt0 , Hom(TDiscsRamt0 ,WRam)),

where φα ∈ Γ(Discsεα,Mα

t0α , Hom(TDiscsεα,Mα

t0α ,W εα,Mα)) are as given in Section 2.4. For example, let t =

(tα∈Ram) ∈ DiscsRamt0 , tα ∈ Discsεα,Mα

t0α and v = (vα∈Ram) ∈ TtDiscs
Ram
t0 , vα ∈ TtαDiscs

εα,Mα

t0α , we define
φt(v) :=

∑
α∈Ram[α]⊗ φtα(vα). We have the following lemma compare φΣ to φt(Σ) and φφφΣ:

Lemma 2.5.35 Let φ ∈ Γ(BΣ0 , T
∗B ⊗G) be given as above, then

1. [φΣ] = φφφΣ

2. i(φΣ) = φt(Σ) ◦ dγ.

We summarize these relationships by the following commutative diagram

GΣ/G
⊥
Σ WRam

Airy

HΣ GΣ WRam
t(Σ)

Γ(Σ,Ω1
Σ) Γ(Σ,Ω1

Σ) T0L
Ram
Airy

T[Σ]BΣ0
T[Σ]BΣ0

Tt(Σ)Discs
Ram
t0

∼=

[.] i

∼=

∼=
∼=

φφφΣ

∼=

dγ

φΣ φt(Σ)

Proof:

1. This is obvious since φφφΣ =
∑g
k=1[ΩS(nvk , .)|Σ]duk by definition.

2. Given tα ∈ Discsεα,Mα

t0α , tα = (xα = z2
α+aα, yα =

∑∞
k=0 bkαz

k
α) and vector vα = Aα

∂
∂aα

+
∑∞
k=0Bkα

∂
∂bkα

∈
TtαDiscs

εα,Mα

t0α we can also compute φα,tα defined in Section 2.4 by keeping xα = const when taking

derivatives and use ∂zα
∂aα
|xα=const = − 1

2zα
. We have

φα,tα(vα) = ΩS

((
Aα

∂yα
∂aα

∣∣∣
xα=const

+

∞∑
k=0

Bkα
∂yα
∂bkα

∣∣∣
xα=const

)
∂

∂yα
, .

)∣∣∣
Dt,Mα

= −

( ∞∑
k=0

Bkαz
k
α −

Aα
2zα

∞∑
k=1

kbkαz
k−1
α

)
dxα

∣∣∣
Dt,Mα

=

(
Aα

∞∑
k=1

kbkz
k−1
α − 2

∞∑
k=0

Bkαz
k+1
α

)
dzα

which should be compared to (2.51). Setting tα = tα(Σ) = γα(Σ) and

vα = dγα(v) =

g∑
k=1

vk

(
∂aα(Σ)

∂uk
∂

∂aα
+

∞∑
l=0

∂blα(Σ)

∂uk
∂

∂blα

)

shows that iαφΣ = γ∗αφα = φα ◦ dγα.
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Chapter 2. Airy Structures and Deformation of Curves

�

Since BΣ0
is chosen to be contractible (C2.5.2.1), G → BΣ0

is a flat vector bundle and d∇Fφ = 0, therefore
Poincaré Lemma suggests the existence of θ ∈ Γ(BΣ0

, G) such that ∇Fθ = φ. θΣ is a holomorphic differential
form on Σ\∪α∈RamD̄α,ε̄α(Σ) for some ε̄α < εα,

∮
∂D̄α,εα

θΣ = 0 and any infinitesimal variation of θΣ in the moduli

space directions produce a global holomorphic form on Σ, i.e. a holomorphic form on Σ\∪α∈RamD̄α,ε̄α(Σ) which
can be analytically extended to the entire curve Σ.

Lemma 2.5.36 Let θ ∈ Γ(BΣ0 , G) be a section satisfying ∇Fθ = φ, then

1. [θΣ] = θθθΣ + Γ
[Σ]
[Σ0][ξ0] ∈ HΣ for some [ξ0] ∈ HΣ0

.

2. i(θΣ) =
∑
α∈Ram[α] ⊗

(
θtα(Σ) + exp

(
(aα(Σ)− aα(Σ0))L 1

2zα
∂zα

)
(ξ0α)

)
∈ WRam

t(Σ) for some ξ0α ∈

W ε̄α,M̄α

t0α ⊂W εα,Mα

t0α where

ε̄α :=
√
ε2α − sup

[Σ]∈BΣ0

|aα(Σ)− aα(Σ0)|, M̄α :=
√
M2
α + sup

[Σ]∈BΣ0

|aα(Σ)− aα(Σ0)|.

where θθθΣ ∈ HΣ is given by (2.11) and θtα(Σ) ∈W εα,Mα

tα(Σ) is given by (2.52).

Proof:

1. By taking cohomology class, apply Proposition 2.5.34 and Lemma 2.5.35, we find that ∇GM [θΣ] =
[∇FθΣ] = [φΣ] = φφφΣ. Therefore we have [θ] = θθθ + ccc for some parallel section ccc ∈ Γ(BΣ0 ,H), ∇GMccc = 0.

But then we we can write cccΣ = Γ
[Σ]
[Σ0][ξ0] where [ξ0] := cccΣ0

∈ HΣ0
.

2. By applying the map i : GΣ →WRam
t(Σ) follows by Proposition 2.5.34 and Lemma 2.5.35 we have γ∗∇i(θΣ) =

i(∇FθΣ) = i(φΣ) = φt(Σ)◦dγ. Therefore, we have i(θΣ) =
∑
α∈Ram[α]⊗θtα(Σ) +c for some parallel section

c ∈ Γ(BΣ0
, γ∗WRam), γ∗∇c = 0. It is not hard to check that

ct(Σ) =
∑

α∈Ram
[α]⊗ exp

(
(aα(Σ)− aα(Σ0))L 1

2zα
∂zα

)
(ξ0α)

where
∑
α∈Ram[α]⊗ ξ0α = ct0 ∈WRam

t0 .

�

Let us show explicitly how θ ∈ Γ(BΣ0 , G) such that ∇Fθ = φ can be constructed. We choose a collection
of (F ,ΩS)-charts U0 = {(U0,p∈σ0 , xp∈σ0 , yp∈σ0)} which allows the parallel transport of any holomorphic form
ξ ∈ Γ(Σ0,Ω

1
Σ0

) ⊂ GΣ0
to GΣ for any [Σ] ∈ BΣ0

according to Lemma 2.5.32. Such a collection U0 exists due
to C2.5.2.3. From (2.68) we know that θΣ|Σ∩U0,p

must take the form −(yp + fp(xp))dxp|Σ∩U0,p
for us to have

∇FθΣ|Σ∩U0,p
= φΣ|Σ∩U0,p

, where fp(xp)dxp is an integration constant. Write yp(xp; Σ)dxp := ypdxp|Σ∩U0,p

for each p ∈ σ. In other words, Σ ∩ U0,p = {(xp, yp(xp; Σ)) ∈ Up ⊂ S | xp ∈ xp(Σ ∩ U0,p)} is the graph of
yp = yp(xp; Σ). Then, on each open subset Σ ∩ U0,p, let us define

θΣ|Σ∩U0,p
:= −yp(xp; Σ)dxp + yp(xp; Σ0)dxp.

If each θΣ|Σ∩U0,p
can be patched together to get θΣ ∈ GΣ, then it will automatically follows that ∇FθΣ = φΣ

as this relation holds on every Σ ∩ U0,p and we are done. The following guarantees that this is the case:

Lemma 2.5.37 Each θΣ|Σ∩U0,p , p ∈ σ0 can be patched together as θΣ ∈ GΣ.

Proof: First, let us show that each θΣ|Σ∩U0,p
, p ∈ σ0 can be patched together to form a global holomorphic

form θΣ on Σ\∪α∈RamD̄α,ε̄α(Σ) for some ε̄α < εα. Using the coordinates transformation on Up,0∩U0,p′ between
(xp, yp) and (xp′ , yp′) as given in (2.1), we find that xp′ = Fp′(xp) and

yp′(xp′ ; Σ) =
yp(F

−1
p′ (xp′); Σ)

F ′p′(F
−1(xp′))

−G′p′(F−1(xp′)), yp′(xp′ ; Σ0) =
yp(F

−1
p′ (xp′); Σ0)

F ′p′(F
−1(xp′))

−G′p′(F−1(xp′)).
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2.5. From Local To Global

This means(
θΣ|Σ∩U0,p′

)
|Σ∩U0,p∩U0,p′ = −yp′(xp′ ; Σ)dxp′ + yp′(xp′ ; Σ0)dxp′

= −

(
yp(F

−1
p′ (xp′); Σ)

F ′p′(F
−1(xp′))

−G′p′(F−1(xp′))

)
dxp′ +

(
yp(F

−1
p′ (xp′); Σ0)

F ′p′(F
−1(xp′))

−G′p′(F−1(xp′))

)
dxp′

= −

(
yp(xp; Σ)

F ′p′(xp)
−G′p′(xp)

)
dF (xp) +

(
yp(xp; Σ0)

F ′p′(xp)
−G′p′(xp)

)
dF (xp)

= −yp(xp; Σ)dxp + yp(xp; Σ0)dxp

=
(
θΣ|Σ∩U0,p

)
|Σ∩U0,p∩U0,p′ .

Therefore, we can patch together each θΣ|Σ∩U0,p
for p ∈ σ0 to get a well-defined holomorphic form θΣ on

∪p∈σ0
Σ ∩ U0,p ⊃ Σ \ ∪α∈RamDα,εα(Σ).

To finish showing that θΣ ∈ GΣ we need to check that
∮
∂D̄α,εα

θΣ = 0. Since θΣ we have so far is well-defined

on the annulus Aα,εα,Mα(Σ), it can be written in the standard local coordinate zα of Σ ∩ Uα as

iαθΣ(zα) = −yα(zα; Σ)dxα(zα) + yα(zα,Σ0
; Σ0)dxα(zα,Σ0

)

= θtα(Σ)(zα)− exp
(

(aα(Σ)− aα(Σ0))L 1
2zα

∂zα

)
θtα(Σ0)(zα).

For clarity, we have denoted by zα,Σ0
the standard local coordinate on Σ0 ∩ Uα which is related to zα by

aα(Σ) + z2
α = xα = aα(Σ0) + z2

α,Σ0
. Let us give more explanation to the second equality. By (2.52) we have

θtα(Σ) = −yα(zα,Σ)dxα(zα) ∈W εα,Mα

tα(Σ) and θtα(Σ0) = −yα(zα,Σ0 ; Σ0)dxα(zα,Σ0) ∈W εα,Mα

tα(Σ0) . In particular,

yα(zα,Σ0
; Σ0)dxα(zα,Σ0

) = exp

(
(aα(Σ)− aα(Σ0))L 1

2zα,Σ0
∂zα,Σ0

)
(yα(zα,Σ0

; Σ0)dxα(zα,Σ0
))
∣∣∣
zα,Σ0

7→zα
.

Clearly, iαθΣ contains no dzα
zα

term according to Lemma 2.4.9 and so
∮
∂D̄α,εα

θΣ = 0. �

Let us embed the neighbourhood BΣ0 of [Σ0] ∈ B into the fiber GΣ0 , using the same procedure we did to

embed BΣ0 into HΣ0 in Section 2.1 and Discsε,Mt0 into W ε,M
t0 in Section 2.4 but this time with the vector bundle

(G → BΣ0 ,∇F ). The embedding map ΦΣ0 : BΣ0 → GΣ0 is given by sending the zero vector 0Σ ∈ GΣ at
[Σ] ∈ BΣ0

into GΣ0
at [Σ0] ∈ BΣ0

via parallel transport using the connection ∇F + φ. Since ∇Fθ = φ, the
parallel transport of 0Σ from [Σ] ∈ BΣ′ to [Σ′] ∈ B using ∇F + φ is path-independent and it is uniquely given
by

vΣ(Σ′) = −θΣ′ + s∗Σ′,ΣθΣ.

Therefore,

ΦΣ0
(Σ) := vΣ(Σ0) = −θΣ0

+ s∗Σ0,ΣθΣ ∈ GΣ0
,

where the existence of parallel transport s∗Σ0,Σ
θΣ ∈ GΣ0

is due to C2.5.2.4 as θΣ is holomorphic on ∪p∈σ0
Σ ∩

U0,p ⊃ Σ \ ∪α∈RamDα,εα(Σ).

Given t0 = (t0α) ∈ DiscsRam, let us define the Ram product version of Φt0 : DiscsRamt0 → WRam
t0 by Φt0(t) :=∑

α∈Ram[α]⊗ Φα,t0α(tα) for any t = (tα) ∈ DiscsRamt0 where Φα : Discsεα,Mα

t0α →W εα,Mα

t0α is as given in Section
2.4:

Φα,t0α(tα) := −θt0α + exp((aα(t0α)− aα(tα))L 1
2zα

∂zα
)θtα ∈W

εα,Mα

t0α .

Finally, we have the following proposition:

Proposition 2.5.38 ([25, Proposition 7.1.2]) The embedding ΦΣ0 : BΣ0 → GΣ0 satisfies [ΦΣ0(Σ)] = ΦΦΦΣ0(Σ)
and i(ΦΣ0

(Σ)) = Φt0 ◦ γ(Σ) = Φt0(t(Σ)), so (a) and (b) squares in the diagram are commutative. Moreover, if
each (F ,ΩS)-charts (Uα, xα, yα) in URam are chosen such that γα(Σ0) = (xα = z2

α, yα = zα), then ΦΣ0
factors
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through LRamAiry and the triangle (c) is also commutative.

GΣ0/G
⊥
Σ0

WRam
Airy

HΣ0 GΣ0 WRam
t0

LΣ0
(a) (b) (c) LRamAiry

BΣ0
BΣ0

DiscsRamt0

∼=
[.] i

∼=

ΦΦΦΣ0

∼=
∼=

ΦΣ0

γ

Φt0

We note that the left-most triangle is merely a restatement of the definition LΣ0 := imΦΦΦΣ0 ⊂ HΣ0 as given in
Section 2.1.3 and we include it here for completeness.

Proof: The proof is mostly an application of Proposition 2.5.34 and Lemma 2.5.36. From Lemma 2.5.36 we

know that [θΣ] = θθθΣ + Γ
[Σ]
[Σ0][ξ0] for some [ξ0] ∈ HΣ0

and

iα(θΣ) = θtα(Σ) + exp
(

(aα(Σ)− aα(Σ0))L 1
2zα

∂zα

)
(ξ0α)

for some ξ0α ∈W εα,Mα

t0α . Therefore, we have

[ΦΣ0(Σ)] = −[θΣ0 ] + [s∗Σ0,ΣθΣ] = −[θΣ0 ] + Γ
[Σ0]
[Σ] [θΣ]

= −(θθθΣ0
+ [ξ0]) + Γ

[Σ0]
[Σ] (θθθΣ + Γ

[Σ]
[Σ0][ξ0]) = −θθθΣ0

− [ξ0] + Γ
[Σ0]
[Σ] θθθΣ + [ξ0] = −θθθΣ0

+ Γ
[Σ0]
[Σ] θθθΣ = ΦΦΦΣ0

(Σ)

and so (a) is commutative. Similarly,

i(ΦΣ0
(Σ)) = −i(θΣ0

) + i(s∗Σ0,ΣθΣ)

= −i(θΣ0
) +

∑
α∈Ram

[α]⊗ exp
(

(aα(Σ0)− aα(Σ))L 1
2zα

∂zα

)
iα(θΣ)

= −
∑

α∈Ram
[α]⊗

(
θtα(Σ0) + ξ0α

)
+

∑
α∈Ram

[α]⊗ exp
(

(aα(Σ0)− aα(Σ))L 1
2zα

∂zα

)(
θtα(Σ) + exp

(
(aα(Σ)− aα(Σ0))L 1

2zα
∂zα

)
(ξ0α)

)
=

∑
α∈Ram

[α]⊗
(
−θtα(Σ0) − ξ0α + exp

(
(aα(Σ0)− aα(Σ))L 1

2zα
∂zα

)
θtα(Σ) + ξ0α

)
=

∑
α∈Ram

[α]⊗
(
−θtα(Σ0) + exp

(
(aα(Σ0)− aα(Σ))L 1

2zα
∂zα

)
θtα(Σ)

)
=

∑
α∈Ram

[α]⊗ Φα,tα(Σ0)(tα(Σ)) = Φt0(t(Σ)) = Φt0 ◦ γ(Σ)

and so (b) is commutative. Lastly, if γα(Σ0) = (xα = z2
α, yα = zα) then it follows from Proposition 2.4.24 that

imΦα,t0α ⊆ L
Mα

Airy and therefore imΦt0 ⊆ LRamAiry which shows that (c) is commutative. �

2.6 From Airy Structures to Topological Recursion

As we have mentioned earlier in Section 2.3, the main reason for our interest in the residue constraints Airy
structure is due to its connection to topological recursion. This connection is well-known and has been studied
in various places such as [4, 1, 25], however we include this review here for completeness.

2.6.1 Review of Topological Recursion

We recall the following basic facts and setup of the original Eynard-Orantin topological recursion [14, 15]. A
spectral curve (Σ0, x, y, B) is given by a smooth compact Riemann surface Σ0, global functions x, y : Σ0 → P1
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and a choice of Bergman kernel B = B(p, q) on Σ0 × Σ0. We assume that dx(p) has simple zeros at a finite
number of points p ∈ {rα∈Ram ∈ Σ0} called ramification points and that y ∼ y(rα) + C

√
x− x(rα) near each

rα (it follows that dy(rα) 6= 0). We equip to each ramification point the involution map σα defined locally in
some neighbourhood of each rα satisfying σα(rα) = rα, x ◦ σα = x and dσα|rα = −id : TrαΣ0 → TrαΣ0. We set
the initial condition of the recursion to be

ω0,1(p) := ydx, ω0,2(p, q) = B(p, q).

For g ≥ 0, n ≥ 3 or g ≥ 1, n ≥ 1 we compute the multi-differential ωg,n ∈ Γ
(
(Σ0 \ ∪α∈Ramrα)n, (Ω1

Σ0
)�n
)

using
the following recursion formula

ωg,n(p1, ..., pn) =
∑

α∈Ram
Resp=rαK(p1, p)ωg−1,n+1(p, σα(p), p2, ..., pn)

+
∑

α∈Ram

∗∑
g1+g2=g

I1
∐
I2={2,...,n}

Resp=rαK(p1, p)ωg1,1+|I1|(p, pI1)ωg2,1+|I2|(σα(p), pI2) (2.69)

where
∑∗

indicates that we exclude all terms involving ω0,1 from the summation. We also define the recursion
kernel K = K(p1, p) for p1 ∈ Σ and p in the vicinity of a ramification point by

K(p1, p) := −1

2

∫ p′=p
p′=σα(p)

ω0,2(p1, p
′)

ω0,1(p)− ω0,1(σα(p))
.

We note that K(p1, p) is a global meromorphic differential on Σ0 in p1 with simple poles at p1 = p, σα(p). On
the other hand, K(p1, p) is only defined as an inverse of differential locally for p close to rα with simple poles at
p = rα for any α ∈ Ram. The formula (2.69) expresses ωg,n only in terms of ωg′,n′ for 2g′− 2 + n′ < 2g− 2 + n
and therefore the recursion is guaranteed to terminate.

Remark 2.6.1 It is known that ωg,n(p1, · · · , pn) is a meromorphic differential on Σ0 symmetric in each of its
variable pi with poles only at ramification points of Σ0 [14, 15] and zero residues

∮
pi=rα

ωg,n(p1, · · · , pn) = 0

[14, Corollary 4.1]. Moreover, if we have chosen B = B(p, q) to be the normalized Bergman kernel, then∮
pi∈Ak ωg,n(p1, · · · , pn) = 0 [14, Theorem 4.3].

We observe that we have only used local information of ω0,1 in the vicinity of each rα. This suggests a slight
generalization of the original version of topological recursion. We consider a smooth compact Riemann surface
Σ0 equipped with a choice of Bergman kernel B = B(p, q) and a set of distinct points {rα∈Ram} indexed by the
set Ram. We let x and y be locally defined functions on some open neighbourhood Dα of each rα ∈ Ram such
that dx(rα) = 0 and τα :=

√
x− x(rα) is a local coordinate on Dα of rα. Then in general, we have

x|Dα = τ2
α + aα, y|Dα = b0α + b1ατα + b2ατ

2
α + · · ·

and the involution is given by σα(τα) = −τα. As before, we set the initial condition of the recursion to be
ω0,1(p) = ydx and ω0,2(p, q) = B(p, q), notice that ω0,1 is now only a locally defined differential form in the
vicinity of each rα. The rest of the recursion is the same as above. This variance of topological recursion
sometimes called local topological recursion [13] and it is the version we are going to be interested in.

2.6.2 Relations to Airy structures

Let us introduce the following pre-Airy structure {(HTR)i=1,2,3,··· ,α∈Ram} on V
|Ram|
Airy which is a slight modifi-

cation of {(HAiry)n,α} given in (2.62):

(HTR)2n,α(w) = Resz=0

((
z − w(z)

2zdz

)
[α]⊗ z2n−2d(z2)

)
,

(HTR)2n−1,α(w) =
1

2
Resz=0

((
z − w(z)

2zdz

)(
z +

w(−z)
2zdz

)
[α]⊗ z2n−2d(z2)

)
(2.70)

for n ≥ 1 where w :=
∑
α∈Ram

∑∞
k=1(xk,αfk,α+yk,αe

k,α) ∈W |Ram|Airy . We note the only change from {(Hn,α)Airy}
is that w(z) in one of the factor of (HTR)2n−1,α has been replaced by −w(−z). Expanding (2.70) we get

(HTR)i,α = −yi,α + (aTR)(i,α)(j,β)(k,γ)x
j,βxk,γ + 2(bTR)k,γ(i,α)(j,β)x

j,βyk,γ + (cTR)
(j,β)(k,γ)
i,α yj,βyk,γ (2.71)
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where

(aTR)(i,α)(j,β)(k,γ) = Resz=0

(
− 1

4i

1

z(dz)2
fi,α(z)fj,β(z)fk,γ(−z)

)
δi,odd, ATR := ((aTR)(i,α)(j,β)(k,γ))

(bTR)k,γ(i,α)(j,β) = Resz=0

(
− 1

4i

1

z(dz)2
fi,α(z)fj,β(z)ek,γ(−z)

)
δi,odd, BTR := ((bTR)k,γ(i,α)(j,β))

(cTR)
(j,β)(k,γ)
i,α = Resz=0

(
− 1

4i

1

z(dz)2
fi,α(z)ej,β(z)ek,γ(−z)

)
δi,odd, CTR := ((cTR)

(j,β)(k,γ)
i,α ).

The expression (2.71) should be compared to (2.34). Additionally, we define (εTR)i,α = 1
16δi,3, εTR =

((εTR)i,α) = εAiry. The key point is that: (V
|Ram|
Airy , ATR, BTR, CTR, εTR) is a quantum pre-Airy structure.

Additionally, since −w(−z) = w(z) if xi=even,α∈Ram = yi=even,α∈Ram = 0, it is clear from (2.70) and Re-

mark 2.5.24 that both (V
|Ram|
Airy , ATR, BTR, CTR, εTR) and (V

|Ram|
Airy , AAiry, BAiry, CAiry, εAiry) contain the same

quantum Airy sub-structure ((VAiry)
|Ram|
odd , AAiry, BAiry, CAiry, εAiry).

We will now present the main result of this section.

Proposition 2.6.2 ([4, Theorem G],[1, Lemma 9.1],[25, Section 3.1]) Consider a smooth compact Rie-
mann surface Σ0 with a set of distinct points {rα∈Ram} and a neighbourhood Dα 3 rα for each α ∈ Ram
with local coordinate zα. Let

{
ωg,n ∈ Γ

(
(Σ0 \ ∪α∈Ramrα)n, (Ω1

Σ0
)�n
)}

be the multi-differentials produced from
topological recursion on Σ0 using:

1. The involution σα(zα) := −zα.

2. ω0,1(p) locally defined on each Dα for α ∈ Ram such that ω0,1(zα)− ω0,1(σα(zα)) = 4z2
αdzα.

3. ω0,2(p, q) = B(p, q) the normalized Bergman kernel.

Suppose that V merΣ0
⊂ W

|Ram|
Airy is a Lagrangian complement of T0L

|Ram|
Airy with basis {ηi=1,2,3,··· :=∑

β∈Ram
∑∞
j=1 d

i
j,β ē

j,β}, for some (dij,β) : V
|Ram|
Airy → V

|Ram|
Airy and {ēk=1,2,3,··· ,α∈Ram = ek,α+

∑
j,β s

(k,α)(j,β)fj,β}
are given by Definition 2.5.10. Let (V merΣ0

, ĀAiry, B̄Airy, C̄Airy, ε̄Airy) be the quantum Airy structure obtained

from the gauge transformation of the quantum Airy structure (V
|Ram|
Airy , AAiry, BAiry, CAiry, εAiry) (see Sec-

tion 2.5.4) corresponding to the change of the canonical basis {ek,α, fk,α} 7→ {ηk, ωk} of W
|Ram|
Airy . Also, let

{Sg,n ∈ Symn(V merΣ0
)} be the output of the ATR using (V merΣ0

, ĀAiry, B̄Airy, C̄Airy, ε̄Airy). Then for g ≥ 0, n ≥ 3
or g ≥ 1, n ≥ 1, we have:

ωg,n(p1, ..., pn) =
∞∑

i1,··· ,in=1

Sg,n;i1,··· ,inη
i1(p1) · · · ηin(pn), (2.72)

where ηi1(p1) · · · ηin(pn) denotes symmetric tensor product
∑
σ∈Sn

1
n!η

iσ(1)(pσ(1))⊗ ...⊗ ηiσ(n)(pσ(n)).

Proof: We let the basis of T0L
|Ram|
Airy be given by {ωi=1,2,3,··· :=

∑
β∈Ram

∑∞
j=1 c

j,β
i fj,β}, where (cj,βi ) = (dij,β)−1.

From Remark 2.6.1, we may write for g ≥ 0, n ≥ 3 or g ≥ 1, n ≥ 1:

ωg,n(p1, ..., pn) =

∞∑
i1,··· ,in=1

(STR)g,n;i1,...,inη
i1(p1) · · · ηin(pn).

In the following let us assume that p is close to one of the ramification point but p1 is further away in the sense
that if p, p1 ∈ Uα ∩ Σ0 were in the neighbourhood of rα, α ∈ Ram then in standard local coordinates we have
|zα(p)| << |zα(p1)|. The Laurent expansion of ω0,2(p1, p) when p is close to a ramification point in the standard
local coordinates can be written as

ω0,2(p1, p) =
∑

α∈Ram,k>0

ēk,α(p1)fk,α(zα) =
∑
k>0

ηk(p1)ωk(zα),

where z is the standard local coordinate corresponding to p. Similarly, for K(p1, p) we have

K(p1, p) = −1

4

1

zα(dzα)2

∑
α∈Ram,k>0

k odd

1

k
ēk,α(p1)fk,α(zα).
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Now we have everything we need to evaluate the recursion formula. For g = 0, n = 3 we have

ω0,3(p1, p2, p3) = 2
∑

α∈Ram
Resp=rα (K(p1, p)ω0,2(p, p2)ω0,2(σα(p), p3))

or, ∑
i1,i2,i3>0

(STR)0,3;i1i2i3η
i1
0 (p1)ηi20 (p2)ηi30 (p3)

= 2
∑

α1∈Ram,i1,i2,i3>0
i1 odd

Reszα=0

(
− 1

4i1

1

zα(dzα)2
fi1,α1(zα)ωi2(zα)ωi3(−zα)

)
ēi1,α1(p1)ηi2(p2)ηi3(p3).

Comparing the coefficients, we have

(STR)0,3;i1i2i3 = 2
∑

α1,α2,α3∈Ram,j1,j2,j3>0
j1 odd

Reszα=0

(
− 1

4j1
fj1,α1

(zα)fj2,α2
(zα)fj3,α3

(−zα)

)
cj1,α1

i1
cj2,α2

i2
cj3,α3

i3

= 2
∑

α1,α2,α3∈Ram,j1,j2,j3>0
j1 odd

(aTR)(j1,α1)(j2,α2)(j3,α3)c
j1,α1

i1
cj2,α2

i2
cj3,α3

i3
.

For g = 1, n = 1 we have

ω1,1(p1) =
∑

α∈Ram
Resp=rα(K(p1, p)ω0,2(p, σα(p)))∑

i1>0

(STR)1,1;i1η
i1
0 (p1) = lim

z′α→zα

∑
α∈Ram

Reszα=rα(K(p1, p)ω0,2(zα,−z′α))

= lim
z′α→zα

∑
α1,α2∈Ram,i1,i2>0

i1 odd

Reszα=0

(
− 1

4i1

1

zα(dzα)2
fi1,α1

(zα)fi2,α2
(zα)ēi2,α2(−z′α)

)
ēi1,α1(p1)

= lim
z′α→zα

∑
α1,α2∈Ram,i1,i2>0

i1 odd

Reszα=0

(
− 1

4i1

1

zα(dzα)2
fi1,α1

(zα)fi2,α2
(zα)ei2,α2(−z′α)

)
ēi1,α1(p1)

+ lim
z′α→zα

∑
α1,α2∈Ram,i1,i2>0

i1 odd

s(i2,α2)(j2,β2)Reszα=0

(
− 1

4i1

1

zα(dzα)2
fi1,α1

(zα)fi2,α2
(zα)fj2,β2

(−z′α)

)
ēi1,α1(p1)

=
∑

α1∈Ram,i1>0
i1 odd

Reszα=0

(
1

4zα

(
zi1α

dzα
zα

)
1

4z2
α

)
ēi1,α1(p1)

+
∑

α1,α2∈Ram,i1,i2>0
i1 odd

s(i2,α2)(j2,β2)Resz=0

(
− 1

4i1

1

zα(dzα)2
fi1,α1

(zα)fi2,α2
(zα)fj2,β2

(−zα)

)
ēi1,α1(p1)

Where the limit limz′α→zα is taken from the direction |z′α| > |zα|. We can easily see that the first term of the
last line is simply

∑
α∈Ram

1
16 ē

3,α(p1) = εTR and the residue in the second term can be recognized as ATR.
Comparing the coefficients, we have

(STR)1,1;i1 =
∑

α1∈Ram,j1>0
j1 odd

(εTR)j1,α1 +
∑

α2,α3∈Ram,j2,j3>0

(aTR)(j1,α1)(j2,α2)(j3,α3)s
(j2,α2)(j3,α3)

 cj1,α1

i1
.

For g ≥ 0, n ≥ 4 or g ≥ 1, n ≥ 2 or g ≥ 2, n ≥ 1 we have from the recursion formula∑
i1,··· ,in>0

(STR)g,n;i1,...,inη
i1(p1) · · · ηin(pn)

=
∑

α1∈Ram,i1,··· ,in>0
i1 odd

[ ∑
j1,j2>0

Reszα=0

(
− 1

4i1

1

zα(dzα)2
fi1,α1

(zα)ηj1(zα)ηj2(−zα)

)
(STR)g−1,n+1;j1j2i2...in

+ 2

n∑
k=2

∑
j1>0

Reszα=0

(
− 1

4i1

1

zα(dzα)2
fi1,α1(zα)ωik(zα)ηj1(−zα)

)
(STR)g,n−1;j1i{2,..,n}\{k}
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+
∑

g1+g2=g
I1

∐
I2={2,...,n}

∑
j1,j2>0

Reszα=0

(
− 1

4i1

1

zα(dzα)2
fi1,α1

(zα)ηj1(zα)ηj2(zα)

)
(STR)g1,1+|I1|;j1iI1 (STR)g2,1+|I2|;j2iI2

]

× ēi1,α1(p1)ηi2(p2)...ηin(pn).

Comparing the coefficients, we find that the recursion relations (2.69) becomes

(STR)g,n;i1,...,in = 2

n∑
k=2

∑
j>0

(b̄TR)ji1ik(STR)g,n−1;ji{2,...,n}\{k}+ (2.73)

+
∑

g1+g2=g
I1

∐
I2={2,...,n}

∑
j1,j2>0

(c̄TR)j1j2i1
(STR)g1,1+|I1|;j1iI1 (STR)g2,1+|I2|;j2iI2

+
∑

j1,j2>0

(c̄TR)j1j2i1
(STR)g−1,n+1;j1j2i2...in ,

for g ≥ 0, n ≥ 4 or g ≥ 2, n ≥ 1 or g ≥ 1, n ≥ 2 with the initial condition

(STR)0,3;i1i2i3 = 2(āTR)i1i2i3 , (STR)1,1;i = (ε̄TR)i, (STR)0,n≤2 = (STR)g≥0,0 = 0 (2.74)

where

(āTR)i1i2i3 = (aTR)(j1,α1)(j2,α2)(j3,α3)c
j1,α1

i1
cj2,α2

i2
cj3,α3

i3
(2.75)

(b̄TR)i3i1i2 =
(

(bTR)j3,α3

(j1,α1)(j2,α2) + (aTR)(j1,α1)(j2,α2)(k,γ)s
(k,γ)(j3,α3)

)
cj1,α1

i1
cj2,α2

i2
di3j3,α3

(c̄TR)i2i3i1
=
(

(cTR)
(j2,α2)(j3,α3)
(j1,α1) + (bTR)

(j3,α3)
(j1,α1)(k1,γ1)s

(k1,γ1)(j2,α2)

+ (bTR)
(j2,α2)
(j1,α1)(k2,γ2)s

(k2,γ2)(j3,α3) + (aTR)(j1,α1)(k1,γ1)(k2,γ2)s
(k1,γ1)(j2,γ2)s(k2,γ2)(j3,γ3)

)
× cj1,α1

i1
di2j2,α2

di3j3,α3

(ε̄TR)i =
(

(εTR)j1,α1
+ (aTR)(j1,α1)(k1,γ1)(k2,γ2)s

(k1,γ1)(k2,γ2)
)
cj1,α1

i1
.

In (2.75) the summation is over positive odd integers j1 and over all positive integers for all other
indices. Equivalently, we may take all summations in (2.75) to be over all positive integers since
components of ATR, BTR, CTR, εTR with j1 = even are zero. Let ĀTR = ((āTR)i1i2i3), B̄TR =
((b̄TR)i3i1i2), C̄TR = ((c̄TR)i2i3i1

) and ε̄TR = ((ε̄TR)i). We recognize (2.18) together with (2.74) as the
ATR of quantum pre-Airy structure (V merΣ0

, ĀTR, B̄TR, C̄TR, ε̄TR) which is the gauge transform of the

quantum pre-Airy structure (V
|Ram|
Airy , ATR, BTR, CTR, εTR) corresponding to the change of the canoni-

cal basis {ek,α, fk,α} 7→ {ηk, ωk} of W
|Ram|
Airy . Using Remark 2.2.30 and Remark 2.5.24 we have that

(V merΣ0
, ĀTR, B̄TR, C̄TR, ε̄TR) and (V merΣ0

, ĀAiry, B̄Airy, C̄Airy, ε̄Airy) both contain the quantum Airy sub-
structure ((V merΣ0

)odd, ĀAiry, B̄Airy, C̄Airy, ε̄Airy). It follows that (STR)g,n = Sg,n ∈ Symn((V merΣ0
)odd) (see

Remark 2.2.14), which completes the proof. �

2.7 Topological Recursion and Prepotentials

In this section, we are going to prove the main theorem which relates the prepotential FΣ0
(see Definition

2.1.22), defined on some open neighbourhood BΣ0
3 [Σ0] of the moduli space B of F-transversal genus g

curves in (S,ΩS ,F), to the genus zero part of topological recursion on Σ0. The basic idea is as follows. The
map ΦΦΦΣ0 : BΣ0 → HΣ0 embeds BΣ0 into the fiber HΣ0 as the Lagrangian submanifold LΣ0 with FΣ0 as the
generating function. The image of Φt0 : DiscsRamt0 → WRam

t0 is contained inside the Lagrangian submanifold
LRamAiry with S0, the g = 0 part of the ATR output of the Ram product residue constraints Airy structure
{(HAiry)i=1,2,3,··· ,α∈Ram}, as the generating function. In Section 2.5 we constructed the map ΦΣ0

: BΣ0
→ GΣ0

relating ΦΦΦΣ0 to Φt0 , therefore also relating FΣ0 to S0. Finally, we use Proposition 2.6.2 to relate S0 to ω0,n.

The important step in simplifying the proof of this result is to use the right gauge when working with the Airy
structure {(HAiry)i=1,2,3,··· ,α∈Ram}. For example, the canonical basis{

ek=1,2,3,··· ,α∈Ram := [α]⊗ z−kα
dzα
zα

, fk=1,2,3,··· ,α∈Ram := [α]⊗ kzkα
dzα
zα

}
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for WRam
Airy will not make the comparison between S0 = S0({xk=1,2,3,··· ,α∈Ram}) and FΣ0 = FΣ0(a1, · · · ,ag)

easy. Each xk,α is a coefficient of the Laurent series expansion of ΦΣ0
(Σ) whereas each ai relates to A-periods

of ΦΣ0(Σ). Therefore, we start by choosing the new canonical basis for WRam
Airy which makes the cohomological

information of ΦΣ0(Σ) becomes more visible from the point of view of WRam
Airy .

Lemma 2.7.1 Let [Σ0] ∈ B and let {ēk=1,2,3,··· ,α∈Ram} be the basis of the Lagrangian complement VΣ0 as given
in Definition 2.5.10. There exists a canonical basisηi=1,2,3,··· :=

∑
β∈Ram

∞∑
j=1

dij,β ē
j,β , ωi=1,2,3,··· :=

∑
β∈Ram

∞∑
j=1

cj,βi fj,β


of WRam

t(Σ0)
∼= WRam

Airy ,

ΩAiry(ωi, ωj) = ΩAiry(ηi, ηj) = 0, ΩAiry(ηi, ωj) = δij ,

corresponding to the Lagrangian complement VΣ0 such that ω1, · · · , ωg ∈ Γ(Σ0,Ω
1
Σ0

), ηi=1,2,3,··· ∈ VΣ0 and ωi>g
are locally defined holomorphic forms on tα∈RamDα,M̄α

(Σ0) ⊂ Σ0 for some M̄α > Mα. Furthermore, we have
that for i, j = 1, · · · , g:∮

Ai

ωj = δij ,

∮
Bi

ωj = τij(Σ0),

∮
Ai

ηj = 0,

∮
Bi

ηj = 2πiδji , (2.76)

and all A,B-periods of ηi>g vanish. Lastly, (ci,αj ) : V
|Ram|
Airy → V

|Ram|
Airy , (dij,β) : V

|Ram|
Airy → V

|Ram|
Airy both satisfy

Condition 2.4.17 and {ēi=1,2,3,··· ,α∈Ram} is given by Definition 2.5.10.

Remark 2.7.2 Equivalently, we describe the canonical basis in 2.7.1 as follows. Choose {ω1, · · · , ωg} to be the
set of normalized holomorphic differentials which is a basis for Γ(Σ0,Ω

1
Σ0

). The set {ω1, · · · , ωg, ωi>g} is a basis

for T0L
Ram
Airy , where ωi>g are locally defined. The set {η1, · · · , ηg, ηi>g} is a basis for VΣ0

because
∮
Ai
ηj = 0 for

all j = 1, 2, 3, · · · and {ηi>g} is a basis for G⊥Σ0
because all A,B-periods of ηi>g vanish.

It follows that {ω1, · · · , ωg, η1, · · · , ηg, ηi>g} is a basis of GΣ0
and {ω1, · · · , ωg, η1, · · · , ηg} is a basis for HΣ0

=

H1(Σ0,C) = GΣ0
/G⊥Σ0

. Finally,
∮
Bi
ηj = 2πiδji for j = 1, · · · , g can be deduced from ΩAiry(ηj , ωi) = δij .

Proof: Let {ω1, · · · , ωg} be the normalized holomorphic differentials on Σ0,
∮
Ai
ωj = δij ,

∮
Bi
ωj = τij(Σ0). It is

clear that {ω1, · · · , ωg} is linearly independent in T0L
Ram
Airy ⊂WRam

Airy . Define

(T0L
Ram
Airy)>n :=

{
ξ =

∑
α∈Ram

[α]⊗ ξα | ξα(z) ∈ zn+1
α C[[zα]]

dzα
zα

,
ξα(z) converges for |zα| < M̄α

for some M̄α > Mα

}
⊂ T0L

Ram
Airy .

We take {f i>n,α∈Ram} to be the basis of (T0L
Ram
Airy)>n. It follows that T0L

Ram
Airy/(T0L

Ram
Airy)>n is an n|Ram|-

dimensional vector space. By choosing a large enough n, the image of {ω1, · · · , ωg} in T0L
Ram
Airy/(T0L

Ram
Airy)>n

is linearly independent and we can complement it with {ωg+1, · · · , ωn|Ram|} such that the image of
{ω1, · · · , ωn|Ram|} in T0L

Ram
Airy/(T0L

Ram
Airy)>n is a basis for T0L

Ram
Airy/(T0L

Ram
Airy)>n. Let {ωi>n|Ram|} be given

by {fi>n,α∈Ram} rearranged in some order, for example, let r : {0, · · · , |Ram| − 1} → Ram be an arbitrary
bijection then we define ωi := fbi/|Ram|c,r(i mod |Ram|). Then {ωi=1,2,3,···} is a basis of (T0L

Ram
Airy/(T0L

Ram
Airy)>n)⊕

((T0L
Ram
Airy)>n ∼= T0L

Ram
Airy and i(ωk) =

∑
β∈Ram

∑∞
j=1 c

j,β
k fj,β for some (cj,βi ) satisfying Condition 2.4.17. In

particular, (cj,βi ) satisfies C2.4.17.3.

It follows that its inverse (dij,β) also satisfies Condition 2.4.17 and that {ηi=1,2,3,···, ωi=1,2,3,···} gives a canonical

basis for WRam
Airy . Since ηi =

∑
β∈Ram

∑∞
j=1 d

i
j,β ē

j,β is a finite summation for each i, we have ηi ∈ VΣ0
and

in particular that
∮
Ai
ηj = 0. Suppose that i > g and j = 1, · · · , g then by using (2.55) we have

∮
Bj
ηi =

2πiΩAiry(ηi, ωj) = 0. Similarly, by using (2.55) for i, j = 1, · · · , g we have
∮
Bj
ηi = 2πiΩAiry(ηi, ωj) = 2πiδij .

�

The main theorem is a joint work with Paul Norbury, Michael Swaddle and Mehdi Tavakol [6] which we will
now state and prove:

66



Chapter 2. Airy Structures and Deformation of Curves

Theorem 2.7.3 Let B be the moduli space of F-transversal genus g curves in a foliated symplectic surface
(S,ΩS ,F). Then for some small open neighbourhood BΣ0

⊂ B of the reference point [Σ0] ∈ B, the prepotential
FΣ0

= FΣ0
(a1, · · · ,ag) such that

ai := ai(Σ) =

∮
Ai

θθθΣ, bi := bi(Σ) =

∮
Bi

θθθΣ =
∂FΣ0

({ak})
∂ai

, i = 1, · · · , g.

can be expressed as

FΣ0
(a1, · · · ,ag) = FΣ0

(a1
0, · · · ,a

g
0)

+

g∑
i=1

(ai − ai0)
∂FΣ0

∂ai
(a1

0, · · · ,a
g
0) +

1

2

g∑
i,j=1

(ai − ai0)(aj − aj0)
∂2FΣ0

∂ai∂aj
(a1

0, · · · ,a
g
0)

+

∞∑
n=3

1

n!

(
1

2πi

)n−1 g∑
i1,··· ,in=1

(∮
p1∈Bi1

· · ·
∮
pn∈Bin

ω0,n(p1, · · · , pn)

)
(ai1 − ai10 ) · · · (ain − ain0 ) (2.77)

for all (a1, · · · ,ag) = [Σ] ∈ BΣ0
. Where ak0 := ak(Σ0) and the multi-differentials{

ωg,n ∈ Γ
(
(Σ0 \ ∪α∈Ramrα)n, (Ω1

Σ0
)�n
)}

are produced from topological recursion on Σ0 using:

1. The involution σα(zα) := −zα.

2. ω0,1(p) locally defined on each Σ0 ∩ Uα for α ∈ Ram such that ω0,1(zα)− ω0,1(σα(zα)) = 4z2
αdzα.

3. ω0,2(p, q) = B(p, q) the normalized Bergman kernel.

with zα for α ∈ Ram denotes the standard local coordinates corresponding to the collection of (F ,ΩS)-charts
URam = {(Uα∈Ram, xα∈Ram, yα∈Ram)}, rα(Σ0) ∈ Σ0 ∩ Uα such that γα(Σ0) = (xα = z2

α, yα = zα).

Proof: Let {εα∈Ram}, {Mα∈Ram}, URam and BΣ0
be chosen such that Condition 2.5.2 is satisfied. In particular,

the collection of (F ,ΩS)-charts URam is chosen such that γα(Σ0) = (xα = z2
α, yα = zα). Consider the embedding

map ΦΣ0
: BΣ0

→ GΣ0
given by ΦΣ0

(Σ) := −θΣ0
+ s∗Σ0

θΣ (see Section 2.5.7). It follows from Proposition 2.5.38
that i(ΦΣ0(Σ)) satisfies the Ram product analytic residue constraints:

i(ΦΣ0(Σ)) = Φt(Σ0)(γ(Σ)) =
∑

α∈Ram

∞∑
k=1

(xk,αfk,α + yk,αe
k,α) ∈ LRamAiry ⊂WRam

Airy . (2.78)

Let us change the canonical basis of WRam
Airy to {ηi=1,2,3,···, ωi=1,2,3,···} as provided by Lemma 2.7.1. Then,

ΦΣ0
(Σ) =

∞∑
k=1

βkη
k +

g∑
k=1

αkωk, (2.79)

by Proposition 2.4.20 where {αk=1,2,3,···}, {βk=1,2,3,···} are given by (2.64) and αi>g = 0 since ωi>g /∈ GΣ0

(alternatively, we could apply Corollary 2.5.16). Computing the A-periods of ΦΣ0(Σ) using (2.76), we obtain
for i = 1, · · · , g:

αi =

∮
Ai

( ∞∑
k=1

βkη
k +

g∑
k=1

αkωk

)

=

∮
Ai

ΦΣ0
(Σ) =

∮
Ai

ΦΦΦΣ0
(Σ) = −

∮
Ai

θθθΣ0
+

∮
Ai

θθθΣ = ai(Σ)− ai(Σ0). (2.80)

Similarly, computing B-periods of ΦΣ0
(Σ) using (2.76), we obtain for i = 1, · · · , g:

2πiβi +

∞∑
k=1

τik(Σ0)αk =

∮
Bi

( ∞∑
k=1

βkη
k +

g∑
k=1

αkωk

)

=

∮
Bi

ΦΣ0
(Σ) =

∮
Bi

ΦΦΦΣ0
(Σ) = −

∮
Bi

θθθΣ0
+

∮
Bi

θθθΣ = bi(Σ)− bi(Σ0). (2.81)

Where we have used Lemma 2.5.13 in conjunction with the fact that (dij,β) satisfies C2.4.17.3 to justify the

term-by-term integration. In particular for each i = 1, 2, 3, · · · , ηi is a finite linear combination of ēi,α. We also
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have used the relation [ΦΣ0(Σ)] = ΦΦΦΣ0(Σ) from Proposition 2.5.38. From now on we will write ai := ai(Σ),bi :=
bi(Σ) and ai0 := ai(Σ0),b0

i := bi(Σ0).

Let us cover BΣ0
with a coordinates chart (BΣ0

, u1, · · · , ug). Then it is clear from construction that for each
α ∈ Ram, iα(ΦΣ0(Σ)) is holomorphic in {u1, · · · , ug, zα} for all (u1, · · · , ug, zα) ∈ BΣ0 ×Aα,εα,Mα . Recall from
Lemma 2.1.21 that {a1, · · · ,ag} is also a coordinates system of BΣ0 . From (2.79) and (2.80), it follows that
βi are holomorphic functions in {α1, · · · , αg}. It follows that iα

(∑∞
k=1 βk(α1, · · · , αg)ηk

)
(zα) is holomorphic

in {α1, · · · , αg, z−1
α } on the open neighbourhood BΣ0

of (α1, · · · , αg) = (0, · · · , 0) and |zα| > εα. Using (2.78)
together with Proposition 2.4.20 implies that

(H̄Airy)i
(
{α1, · · · , αg, αk>g = 0}, {βk=1,2,3,···(α

1, · · · , αg)}
)

= 0,

where (H̄Airy)i is the gauge transformed Ram product residue constraints Airy structure as given in (2.65). Us-
ing the obvious generalization of Proposition 2.4.21 (see also Remark 2.5.25), we conclude that βi(α

1, · · · , αg) =
(∂iS0)|αk>g=0 where S0 =

∑∞
n=1 S0,n ∈

∏∞
n=1 Symn(V merΣ0

) is the output of the ATR using the quantum Airy
structure (V merΣ0

, ĀAiry, B̄Airy, C̄Airy, ε̄Airy). Here, (V merΣ0
, ĀAiry, B̄Airy, C̄Airy, ε̄Airy) is the quantum Airy struc-

ture obtained from the gauge transformation of the quantum Airy structure (V
|Ram|
Airy , AAiry, BAiry, CAiry, εAiry),

corresponding to the change of a canonical basis of W
|Ram|
Airy from {ek=1,2,3,··· ,α∈Ram, fk=1,2,3,··· ,α∈Ram} to

{ηk=1,2,3···, ωk=1,2,3,···} (see Section 2.5.4). In particular, let S0(α1, · · · , αg) := S0({α1, · · · , αg, αk>g = 0})
then S0 is holomorphic on BΣ0

and βi(α
1, · · · , αk) = ∂S0

∂αi (α
1, · · · , αk) for i = 1, · · · , g. Equivalently,

βi = ∂S0

∂ai (a1 − a1
0, · · · ,ag − ag0) for i = 1, · · · , g. Using the fact that bi =

∂FΣ0

∂ai (a1, · · · ,ag) and τij(Σ) =
∂2FΣ0

∂ai∂aj (a1, · · · ,ag) then (2.80) and (2.81) implies

2πi
∂S0

∂ai
(a1 − a1

0, · · · ,ag − ag0) +

g∑
k=1

(ak − ak0)
∂2FΣ0

∂ak∂ai
(a1

0, · · · ,a
g
0) =

∂FΣ0

∂ai
(a1, · · · ,ag)− ∂FΣ0

∂ai
(a1

0, · · · ,a
g
0)

Integrating both sides, we find that for all (a1, · · · ,ag) = [Σ] ∈ BΣ0
we have

FΣ0
(a1, · · · ,ag) = FΣ0

(a1
0, · · · ,a

g
0) +

g∑
i=1

(ai − ai0)
∂FΣ0

∂ai
(a1

0, · · · ,a
g
0)

+

g∑
i,j=1

(ai − ai0)(aj − aj0)
∂2FΣ0

∂ai∂aj
(a1

0, · · · ,a
g
0) + 2πiS0(a1 − a1

0, · · · ,ag − ag0). (2.82)

From (2.23), S0 =
∑∞
n=1

1
n!

∑∞
i1,··· ,in=1 S0,n;i1···inα

i1 · · ·αin it follows that

S0(a1 − a1
0, · · · ,ag − ag0) =

∞∑
n=1

1

n!

g∑
i1,··· ,in

S0,n;i1,··· ,in(ai1 − ai10 ) · · · (ain − ain0 ). (2.83)

On the other hand, Proposition 2.6.2 and the fact that
∮
Bi
ηj = 0 if j > g and

∮
Bi
ηj = 2πiδji if j ≤ g implies

that for i1, · · · , in = 1, · · · , g we have

S0,n;i1,··· ,in =

(
1

2πi

)n ∮
p1∈Bi1

· · ·
∮
pn∈Bin

ω0,n(p1, · · · , pn). (2.84)

Combining (2.82), (2.83) and (2.84) the theorem is proven. �

Remark 2.7.4 In Theorem 2.7.3, we can take ω0,1(zα) = yαdxα but other choices for ω0,1(p) are equally
valid as long as ω0,1(zα) − ω0,1(−zα) = 4z2

αdzα is satisfied. Note that although ω0,1(zα) = yαdxα looks very
similar to −θΣ0

which locally takes the form θΣ0
|Σ0∩Up = −(yp + fp(xp))dxp, in general ω0,1 and −θΣ0

cannot
be the same. Firstly, ω1,0 is usually defined only locally near ramification points whereas θΣ0 is defined on
Σ0 \ ∪α∈RamDα,εα(Σ0). Moreover, it is generally not true that θΣ0(−zα) − θΣ0(zα) = 4z2

αdzα so we cannot
choose ω1,0 = −θΣ0

. For example, let [Σ1] ∈ BΣ0
be a nearby curve of Σ0 with the local parameterization:

γα(Σ1) =
(
xα = z2

α + aα(Σ1), yα = b0α(Σ1) + b1α(Σ1)zα + b2α(Σ1)z2
α + · · ·

)
.

Let us construct θ ∈ Γ(BΣ0 , G) by patching together θΣ|Σ∩Up := −yp(xp; Σ)dxp + yp(xp; Σ1)dxp as explained
in Section 2.5.7 (replacing BΣ0

by BΣ0
∩ BΣ1

if necessary). As in the proof of Lemma 2.5.37, on the annulus
Aα,εα,Mα

(Σ0) ⊂ Σ0 ∩ Uα, we have

θΣ0(zα) = θtα(Σ0)(zα)− exp
(
−aα(Σ1)L 1

2zα
∂zα

)
θtα(Σ1)(zα)
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= −zαd(z2
α) +

∞∑
k=0

bkα(Σ1)zkα

(√
1− aα(Σ1)

z2
α

)k
d(z2

α).

From which it follows that

θΣ0
(−zα)− θΣ0

(zα) = 4z2
αdzα − 2

∞∑
k=0

b2k+1,α(Σ1)
(√

z2
α − aα(Σ1)

)2k+1

d(z2
α) 6= 4z2

αdzα.

However, in some exceptional cases such as those we are going to examine in the examples below, we can
technically set ω1,0 := −θΣ0

. Suppose that there exists a meromorphic differential form dS(Σ) on each [Σ] ∈ BΣ0
,

varying holomorphically over BΣ0
, such that ∇FdS(Σ) = φΣ and dS(Σ)|Σ∩Uα = −(yα + fα(xα))dxα|Σ∩Uα for

some holomorphic function fα(xα) for all α ∈ Ram. Then we can define the map ΦΣ0 : BΣ0 → GΣ0 by
ΦΣ0(Σ) := −dS(Σ0)+s∗Σ0,Σ

dS(Σ). If dS(Σ) has no residues, then it effectively plays the role of θΣ, even though
dS(Σ) might not be in GΣ because it may have poles at non-ramification points on Σ. In particular, we can
set θθθΣ0

:= [dS(Σ0)] ∈ HΣ0
. Since (dS(Σ0))(−zα) − dS(Σ0))(zα) = 4z2

αdzα we can apply Theorem 2.7.3 with
ω1,0 := dS(Σ0). An example of this case is the Seiberg-Witten family of curves given in Example 2.7.6. If dS(Σ)
turns out to be holomorphic, then we can define θΣ = dS(Σ) ∈ GΣ and apply Theorem 2.7.3 with ω0,1 := −θΣ0 .
Example 2.7.5 below provides an example of this scenario.

Example 2.7.5 Let us consider the family of curves arising from the Hitchin systems [20, 3]. LetMn,d be the
moduli space of rank n degree d semi-stable Higgs Bundles on a compact genus ḡ Riemann surface C. Given a
holomorphic vector bundle E, we define the degree by degE :=

∫
C c1(E). A rank n degree d semi-stable Higgs

Bundle is a pair (E,Φ), where E is a rank n holomorphic vector bundle on C and Φ : E → E ⊗ Ω1
C is a bundle

map, such that
degF

rankF
≤ degE

rankE

for every sub-bundle F ⊂ E such that Φ|F : F → F ⊗Ω1
C . We say that (E,Φ) is stable if the inequality is strict.

Let B :=
⊕n

k=1 Γ(C,Ω⊗kC ) be the base of the Hitchin map h :Mn,d → B given by h(E,Φ) = (p1(Φ), · · · , pn(Φ))
where xn + p1(Φ)xn−1 + · · ·+ pn(Φ) = det(x · Id−Φ). A fiber of the Hitchin map over b = (b1, · · · , bn) ∈ B can
be described by a spectral curve Σb ⊂ T ∗C given by the zero divisor of the following global section:

λn + π∗b1λ
n−1 + · · ·+ π∗bn ∈ Γ(T ∗C, π∗(Ω1

C)
⊗n).

Where π : T ∗C → C is the projection morphism and λ ∈ Γ(T ∗C, π∗Ω1
C) denotes the tautological section:

λ(p) = p ∈ (π∗Ω1
C)p.

It follows that B is a family of genus g := 2n2(ḡ − 1) + 2 compact Riemann surfaces Σ embedded inside the
foliated symplectic surface (S,ΩS ,F) where S := T ∗C, F is given by the cotangent fibers and ΩS := −dΘ where
Θ ∈ Γ(T ∗C, π∗Ω1

C) is the tautological 1-form. Denote by Breg, the regular locus of B where Σ are smooth for
all [Σ] ∈ Breg. For each [Σ] ∈ Breg we define θΣ := −Θ|Σ ∈ Γ(Σ,Ω1

Σ). Let U ⊂ C be an open subset with local
coordinate q, then (T ∗U, q, p), T ∗U ⊂ T ∗C is a (F ,ΩS)-chart because Θ|T∗U = pdq means ΩS |T∗U = dq ∧ dp
and the foliation is given by p = const. Moreover, we have θΣ|Σ∩T∗U = −pdq|Σ∩T∗U which implies ∇FθΣ = φΣ.
Let

zi :=

∮
Ai

θΣ, wi :=

∮
Bi

θΣ =
∂FΣ0

∂zi
(z1, · · · , zg)

where FΣ0 is the prepotential. In fact, in this case the prepotential is simple enough to be written down
explicitly: FΣ0

(z1, · · · , zg) =
∑g
i=1 z

iwi = 1
2

∑g
i,j=1 τij(z

1, · · · , zg)zizj [3, Proposition 5.11].

Now, consider the topological recursion on [Σ0] ∈ Breg with ω0,1 := −θΣ0
and ω0,2 = B the normalized Bergman

kernel. If we picked a (F ,ΩS)-chart (T ∗Uα, pα, qα) such that rα(Σ0) ∈ T ∗Uα and γα(Σ0) = (qα = z2
α, pα = zα),

then θΣ0 |Σ0∩T∗Uα = −pαdqα|Σ∩T∗Uα = −zαd(z2
α) and therefore ω0,1(zα)− ω0,1(−zα) = 4z2

αdzα. It follows from
Theorem 2.7.3 that formula (2.77) relating FΣ0

= FΣ0
(z1, · · · , zg) and ω0,n holds in this setting over some open

neighbourhood BΣ0
⊂ Breg of [Σ0]. The exact same result was obtained earlier by Baraglia-Huang [3, Theorem

7.4] using a different technique. Note that in comparing our (2.77) with [3, Theorem 7.4], we need to replace zi

by z̄i := −zi and FΣ0 = FΣ0(z1, · · · , zg) by F̄Σ0 = F̄Σ0(z̄1, · · · , z̄g) := FΣ0(−z̄1, · · · ,−z̄g) because θΣ in [3] was
defined to be +Θ|Σ instead of −Θ|Σ.

Example 2.7.6 Let B be the family of smooth Seiberg-Witten curves (see Section 1.1):

Σ(u) : Λg+1

(
w +

1

w

)
= zg+1 + ugzg−1 + ...+ u1 =: P (z;u).
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It can be shown that each Seiberg-Witten curve Σ(u) can be embedded inside a foliated symplectic surface
(S,ΩS ,F) where S is a certain compactification of C2. Let us consider the dense subset U := (C\(−∞, 0])×C ⊂
S with coordinates (logw, z) and suppose without loss of generality that Σ0 = Σ(u0) is chosen such that all
ramification points rα(Σ0) are contained in U (we simply pick a different branch-cut for log otherwise). On
U , the symplectic form is ΩS |U = dw

w ∧ dz and the foliation is given by w = const, hence (U, logw, z) is a

(F ,ΩS)-chart. The Seiberg-Witten differential is given by dSSW := z dww , or dSSW (Σ(u)) = z dww |Σ(u) if we
would like to emphasize that we are considering dSSW as a differential form on Σ(u). We define A,B-periods
and the Seiberg-Witten prepotential FSWΣ0

= FSWΣ0
(a1, · · · , ag) by

ai :=

∮
Ai

dSSW (Σ(u)), bi :=

∮
Bi

dSSW (Σ(u)) =
∂FSWΣ0

∂ai
(a1, · · · , ag),

over some open neighbourhood BΣ0
of [Σ0] ∈ B. By definition of the symplectic form ΩS , we can see that

∇FdSSW (Σ(u)) = −φΣ(u) and hence θθθΣ(u) := −[dSSW (Σ(u))] ∈ HΣ(u). The negative sign means that we
will need to identify ai := −ai and FSWΣ0

(a1, · · · , ag) = FΣ0
(a1, · · · ,ag) after our application of Theorem

2.7.3 later on. Choose a new (F ,ΩS)-chart (Uα, xα, yα) around every ramification points rα of Σ0 such that
γα(Σ0) = (xα = z2

α, yα = zα). Then (logw, z) and (xα, yα) must be related by the coordinate transformation of
the form (2.1):

logw = Fα(xα), z =
yα

F ′(xα)
+G′(xα).

Therefore,

(dSSW (Σ0))(zα)− (dSSW (Σ0))(−zα) =

(
yα(zα)

F ′(xα(zα))
+G′(xα(zα))

)
F ′(xα(zα))dxα(zα)

−
(

yα(−zα)

F ′(xα(−zα))
+G′(xα(−zα))

)
F ′(xα(−zα))dxα(−zα)

= yα(zα)dxα(zα)− yα(−zα)dxα(−zα) = 4z2
αdzα.

Using Theorem 2.7.3, we find that on some BΣ0
⊆ B the relation (2.77) holds between the Seiberg-Witten

prepotential FSWΣ0
and ω0,n produced from topological recursion on Σ0 using ω0,1 := dSSW (Σ0) and ω0,2 = B,

where B = B(p, q) is the normalized Bergman kernel on Σ0. In Chapter 3 we are going to study this example
in more detail. In particular, we will construct the needed foliated symplectic surface (S,ΩS ,F) and explicitly
show the calculations leading to (2.77) without referring to Theorem 2.7.3.
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Chapter 3

Seiberg-Witten Prepotential and
Topological Recursion

In this chapter we demonstrate the Kontsevich-Soibelman approach to topological recursion we have studied
in Chapter 2 using an explicit example of the genus g ≥ 1 Seiberg-Witten family of curves, parameterized by
u = (u1, · · · , ug):

Λg+1

(
w +

1

w

)
= zg+1 + ugz

g−1 + · · ·+ u1 =: P (z;u).

In the end, we obtain the formula (3.27) relating the Seiberg-Witten prepotential FSWΣ0
= FSWΣ0

({ai}) to the genus
zero part of topological recursion on a Seiberg-Witten curve with ω0,1 = dSSW (Σ) on some open neighbourhood
BΣ0 ⊆ B of [Σ0] ∈ B. Note that the energy scale parameter Λ plays no role here and we will set Λ = 1.
Alternatively, we can simply absorb Λ into uk and z by re-defining uk

Λg+2−k 7→ uk and z
Λ 7→ z. First, we will

show in Section 3.1 that the family of smooth Seiberg-Witten curves

B :=
{
u = (u1, · · · , ug) ∈ Cg | P 2(z;u)− 4 = 0 has 2g + 2 distinct roots

}
is the moduli space of F-transversal genus g curves in some foliated symplectic surface (S,ΩS ,F). Once this is
done, using Theorem 2.7.3, the formula (3.27) immediately follows. However, the purpose of this chapter is to
demonstrate various calculations in Chapter 2 in the light of the Seiberg-Witten family of curves. Therefore, in
the remainder of this chapter, we will not refer to Theorem 2.7.3, in fact, we will re-prove the Seiberg-Witten case
of Theorem 2.7.3 in Section 3.3. Some other relevant details will be presented in Section 3.2, such as the choice
of {εα∈Ram}, {Mα∈Ram},URam,BΣ0

and the verification of Proposition 2.5.38 in the context of Seiberg-Witten
family of curves.

3.1 Embedding of Seiberg-Witten Family of Curves into a Foliated
Symplectic Surface

3.1.1 Outline of the construction of the foliated symplectic surface (S,ΩS,F)

To apply the technique we have discussed in Chapter 2 we need to find a foliated symplectic surface (S,ΩS ,F),
such that any smooth genus g ≥ 1 Seiberg-Witten curve Σ(u), in the family B, can be embedded into S as an
F-transversal curve. We require that S contains a dense open subset U = C∗ × C where C∗ := C \ {0}, which
can be covered using two (F ,ΩS)-charts (Ui, logw, z), i = 1, 2 given by any two different branch-cuts of log,
ΩS |U = dw

w ∧ dz and the foliation given by w = const. This is so that the section θ ∈ Γ(BΣ0 , G) introduced in

Section 2.5.7 will be related to the Seiberg-Witten differential dSSW = z dww . In other words: if dSSW is treated
as a differential form on U then d(dSSW )|U = ΩS |U .

Remark 3.1.1 We cannot simply set S = C∗ ×C or C2 because Seiberg-Witten curves Σ(u) are non-compact
as curves in C∗ × C or C2.

There are many ways to construct (S,ΩS ,F) but let us now describe one of the possible ways. We embed
Seiberg-Witten curves Σ(u) into P2 as follows

Σ(u) :=
{

[w : z : x] ∈ P2 | w2xg − w(zg+1 + ugx
2zg−1 + · · ·+ u1x

g+1) + xg+2 = 0
}
⊂ P2.
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3.1. Embedding of Seiberg-Witten Family of Curves into a Foliated Symplectic Surface

When g > 1 the curve Σ(u) embeds non-smoothly into P2 with a singular point of multiplicity g at [w : z :
x] = [1 : 0 : 0]. There also exists no globally defined holomorphic symplectic forms on P2 because the canonical
divisor of P2 is KP2 ∼ −3H, where H is the hyperplane divisor. In other words, any symplectic form on P2

is meromorphic with pole divisor a degree 3 curve. If Σ(u) intersects KP2 trivially we could still consider S
to be an open subset of P2 containing Σ(u) but not KP2 , hence it is symplectic. However, Bézout’s theorem
guarantees that Σ(u) intersects KP2 at 3(g+2) points counting multiplicity. For these reasons, we cannot simply
take S to be P2 or any open subset of P2.

In particular, let us consider ΩP2 := d(w/x)
w/x ∧ d

(
z
x

)
. We define divisors Hw := {w = 0}, Hx := {x = 0} and

Hz := {z = 0} on P2. Then it is clear that ΩP2 reduces to dz ∧ dw
w on C2 = P2 \Hx where we can set x = 1.

We can see that ΩP2 has order 1 pole along the hyperplane Hw ⊂ P2 and order 2 pole along Hx ⊂ P2. Hence
the canonical divisor is

KP2 = (ΩP2) = −Hw − 2Hx (3.1)

and Σ(u) intersects KP2 at [w : z : x] = [0 : 1 : 0] and [w : z : x] = [1 : 0 : 0].

We are going to show that the symplectic surface S can be obtained by blowing-up P2 repeatedly starting from
points [0 : 1 : 0] and [1 : 0 : 0] until Σ(u) no longer intersects the canonical divisor.

Hx

HzHw

2

1 0

Σ(u)

Figure 3.1:
P2 with divisors Hw := {w = 0}, Hx := {x = 0} and Hz := {z = 0}. The numbers are order of poles of ΩP2 on
each respective divisor. We notice that Σ(u) intersects the point [w : z : x] = [1 : 0 : 0] tangentially to Hx and
intersects [w : z : x] = [0 : 1 : 0] tangentially to Hw.

3.1.2 Some algebraic geometry background and intuition

The adjunction formula states that for a non-singular complex curve C embedded in a complex surface X then

Ω1
C
∼= Ω2

X |C ⊗ νC (3.2)

where νC is the holomorphic normal bundle of C, Ω1
C is the holomorphic canonical line bundle of C and Ω2

X is
the holomorphic canonical sheaf of X. Therefore, if a genus g Seiberg-Witten curve Σ(u) ⊂ P2 was smooth and
intersects KP2 trivially, then Ω2

P2 |Σ(u)
∼= OΣ(u) and (3.2) implies that νΣ(u)

∼= Ω1
Σ(u). Instead, Σ(u) is singular

and intersects non-trivially with KP2 and we have from Bézout’s theorem that

deg νΣ(u) = Σ(u) · Σ(u) = (deg Σ(u))2 = (g + 2)2 > 2g − 2 = degKΣ(u)

where NΣ(u) denotes the normal bundle divisor, and so νΣ(u) � Ω1
Σ(u). From Riemann-Roch, the deformation

space of Σ(u) inside P2 has dimension

dim Γ(Σ(u), νΣ(u)) = dim Γ(Σ(u),Ω1
Σ(u) ⊗ ν

∗
Σ(u)) + deg νΣ(u) − g + 1

= 0 + (g + 2)2 − g + 1 = g2 + 3g + 5 > g

whereas the Seiberg-Witten family has dimension g = number of parameters {u1, ..., ug}. So the problem is that
the deformation of Σ(u) within the Seiberg-Witten family is more restrictive. In particular, Σ(u) will always
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Chapter 3. Seiberg-Witten Prepotential and Topological Recursion

pass through the point [w : z : x] = [0 : 1 : 0] and [w : z : x] = [1 : 0 : 0] for every value of {u1, ..., ug}, whereas
if we are allowed to deform Σ(u) freely it will not be fixed at these two points.

It suggests that the problem can be solved if we construct S by performing a series of blow-ups starting from P2

until no such fix points exists for the Seiberg-Witten family and each curve Σ(u) is non-singular. Conceptually,
after each blow-up, the neighbourhood of Σ(u) will become more restrictive and the dimension of its deformation
space will be reduced. This can be seen as follows. Given a curve C inside a surface X and let p ∈ X. Then
blowing up p we have π : X̃ → X and

π∗C = C̃ +mE, π∗C · E = 0.

Where C̃ is the proper transform of C, E is the exceptional divisor and m is the multiplicity of the point p. In
particular, m = 0 if p /∈ C, m = 1 if p ∈ C is a non-singular point and m > 1 if p ∈ C is a singular point of
multiplicity m. The important thing for us is that

deg νC̃ = C̃ · C̃ = (π∗C −mE) · (π∗C −mE) = C · C −m2 = deg νC −m2. (3.3)

Therefore, we have dim Γ(C̃, νC̃) ≤ dim Γ(C, νC) if deg Ω1
C̃
≤ deg νC̃ by the application of Riemann-Roch.

It is also well-known what happens to the canonical class after the blow-up. We have

KX̃ = π∗KX + E. (3.4)

We will apply (3.4) successively to KP2 as given in (3.1) and show that eventually, the canonical class will
intersect the proper transform of the Seiberg-Witten curve Σ(u) trivially. Then we define S to be P2, after a
series of blow-ups, excluding the canonical divisor. We will also check for consistency using (3.3) that the degree
of νΣ(u) drops to 2g − 2. In the end, we conclude that the moduli space B of F-transversal genus g curves in
the resulting foliated symplectic surface (S,ΩS ,F) coincides with the family of smooth Seiberg-Witten curves.

3.1.3 Constructing S. Part 1: Blowing up [w : z : x] = [1 : 0 : 0]

Let us start by considering the blow-up starting from [w : z : x] = [1 : 0 : 0]. We consider the open set
Uw := {w 6= 0} = A2 ⊂ P2. Set w = 1, the local coordinates on Uw are (z, x) and we have

Σ(u) ∩ Uw =
{

(z, x) ∈ Uw | xg − zg+1 − ugx2zg−1 − ...− u1x
g+1 + xg+2 = 0

}
⊂ Uw. (3.5)

Let P̃2
1 → P2 be the blow-up of P2 at [w : z : x] = [1 : 0 : 0]. Locally on Uw we write this as Ũw → Uw where

Ũw =
{

(z, x, [z̃ : x̃]) ∈ Uw × P1 | zx̃− z̃x = 0
}
⊂ Uw × P1.

Let Σ̃1(u) be the proper transform of Σ(u). Consider the open subset Uw,1 := {z̃ 6= 0} ⊂ Ũw, i.e. we set z̃ = 1,
so x = zx̃ and we can take (z1, x1) := (z, x̃) to be the local coordinates on Uw,1. Then

Σ̃1(u) ∩ Uw,1 =
{

(z1, x1) ∈ Uw,1 | xg1 − z1 − ugx2
1z1 − ...− u1x

g+1
1 z1 + xg+2

1 z2
1 = 0

}
⊂ Uw,1.

We can see that for any choices of u the curve Σ̃1(u) always passes through the point (z1, x1) = (0, 0). We can
check that there is no such basepoint on the other open set Vw,1 := {x̃ 6= 0} ⊂ Ũw. This confirms that Σ(u)
intersects [w : z : x] = [1 : 0 : 0] tangentially to Hx as illustrated by Figure 3.1.1. To continue we need to repeat
the process by blowing up again at (z1, x1) = (0, 0). Let us remark that the blow-up has removed the singular
point and Σ̃1(u) is a non-singular curve. Let Ew,1 := {z = 0, x = 0} ⊂ Ũw be the exceptional divisor. Using
(3.4) we have found that

KP̃2
1

= π∗KP2 + Ew,1 = π∗(−Hw − 2Hx) + Ew,1 = −Hw − 2(Hx + Ew,1) + Ew,1 = −Hw − 2Hx − Ew,1,

therefore Σ̃1(u) still intersects KP̃2
1

non-trivially. Moreover, degNΣ̃1(u) = degNΣ(u) − g2. Since the remaining

blow-ups will occur on non-singular points, the degree of normal bundle will always go down by 1 for each
blow-up.

Let P̃2
2 → P̃2

1 be the blow-up of P̃2
1 at (z1, x1) = (0, 0) ∈ Uw,1 ⊂ P̃2

1. Locally on Uw,1 we write this as Ũw,1 → Uw,1
where

Ũw,1 =
{

(z1, x1, [z̃1, x̃1]) ∈ Uw,1 × P1 | z1x̃1 − z̃1x1 = 0
}
⊂ Uw,1 × P1.

Let Σ̃2(u) be the proper transform of Σ̃1(u). Consider the open subset Uw,2 := {x̃1 6= 0} ⊂ Ũw,1 with coordinates

(z2, x2) := (z̃1, x1). For any choice of u the curve Σ̃2(u) always pass the point (z2, x2) = (0, 0). We can check
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Hx
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Ew,3
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Ez,g+2

Ez,g+1
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Ez,g+4
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2

2

2

2

2

1

1

0

0
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2

2

2

1

0

...

...

Figure 3.2:
Summary of the construction of the foliated symplectic surface (S,ΩS ,F). We notice that ΩS is holomorphic
on Ez,g+4 and Ew,g+3 which Σ(u) intersects with transversely.

that there is no such fixed point on the other open set Vw,1 := {z̃1 6= 0}. We repeat this process g times. In

more detail, for i = 1, ..., g, we let P̃2
i+1 → P̃2

i be the blow-up of P̃2
i at (zi, xi) = (0, 0) ∈ Uw,i ⊂ P̃2

i . Locally on

Uw,i we write this as Ũw,i → Uw,i. Let Σ̃i+1(u) be the proper transform of Σ̃i(u). Set Uw,i+1 := {x̃i 6= 0} ⊂ Ũw,i
with coordinates (zi+1, xi+1) := (z̃i, xi). We find that

Σ̃g+1(u) ∩ Uw,g+1 =
{

(zg+1, xg+1) ∈ Uw,g+1 | 1− zg+1 − ugx2
g+1zg+1 − ...− u1x

g+1
g+1zg+1 + x2g+2

g+1 z
2
g+1 = 0

}
.

On the other hand, repeated application of (3.4) gives

KP̃2
g+1

= −Hw − 2Hx − Ew,1 − 2

g∑
i=1

Ew,i+1

where Ew,i+1 := {zi = 0, xi = 0} ⊂ Ũw,i are exceptional divisors. This time we observe that Σ̃g+1(u) passes
through the point (zg+1, xg+1) = (1, 0) for any choice of u. Let us define the new coordinates by (z′g+1, x

′
g+1) :=

(zg+1 − 1, xg+1). We continue by letting P̃2
g+2 → P̃2

g+1 to be the blow-up at (z′g+1, x
′
g+1) = (0, 0). Locally, we

write this as Ũw,g+1 → Uw,g+1 where

Ũw,g+1 =
{

(z′g+1, x
′
g+1, [z̃

′
g+1, x̃

′
g+1]) ∈ Uw,g+1 × P1 | z′g+1x̃

′
g+1 − z̃′g+1x

′
g+1 = 0

}
⊂ Uw,g+1 × P1.

Let Σ̃g+2(u) be the proper transform of Σ̃g+1(u) and let Ew,g+2 := {z′g+1 = 0, x′g+1 = 0} ⊂ Ũw,g+1 be the

exceptional divisor. Consider the open set Uw,g+2 := {x̃′g+1 6= 0} ⊂ Ũw,g+1 and let the local coordinates
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be (zg+2, xg+2) := (z̃′g+1, x
′
g+1). For any choices of u, the curve Σ̃g+2(u) always passes through the point

(zg+2, xg+2) = (0, 0). Blow up at the point (zg+2, xg+2) = (0, 0) to get P̃2
g+3 → P̃2

g+2. Let Σ̃g+3(u) be the

proper transform of Σ̃g+2(u). We can check that we no longer have any fixed points. Consider the open set

Uw,g+3 := {x̃g+2 6= 0} ⊂ Ũw,g+2 and let (zg+3, xg+3) := (z̃g+2, xg+2) be the local coordinates. Then

Σ̃g+3(u) ∩ Uw,g+3 =
{

(zg+3, xg+3) ∈ Uw,g+3 |

− zg+3 − (ug + ug−1xg+3 + ...+ u1x
g−1
g+3)(x2

g+3zg+3 + 1) + x2g
g+3(x2

g+3zg+3 + 1)2 = 0
}

intersects the exceptional divisor Ew,g+3 := {zg+2 = 0, xg+2 = 0} ⊂ Ũw,g+2 at (zg+3, xg+3) = (−ug, 0) which

varies with u. Using (3.4) we find that the canonical divisor of P̃2
g+3 is

KP̃2
g+3

= −Hw − 2Hx − Ew,1 − 2

g+1∑
i=2

Ew,i − Ew,g+2.

Let Uz := {z 6= 0} ⊂ P̃2
g+3 be an open set with coordinates (w, x). We notice that Σ̃g+3(u) ⊂ P̃2

g+3 only

intersects KP̃2
g+3

on Uz at (w, x) = 0. This is the point [w : z : x] = [0 : 1 : 0] ∈ P2 if we blow-down P̃2
g+3 to P2.

So the next step is to perform another series of blow-ups starting from (w, x) = (0, 0).

3.1.4 Constructing S. Part 2: Blowing up [w : z : x] = [0 : 1 : 0]

On the open set Uz = {z 6= 0} ⊂ P̃2
g+3 we set z = 1 and it follows that

Σ̃g+3(u) ∩ Uz =
{

(w, x) ∈ Uz | w2xg − w(1 + ugx
2 + ...+ u1x

g+1) + xg+2 = 0
}
. (3.6)

Let P̃2
g+3;1 → P̃2

g+3 be the blow-up of P̃2
g+3 at (w, x) = (0, 0) ∈ Uz. Locally on Uz we write this as Ũz → Uz

where
Ũz =

{
(w, x, [w̃, x̃]) ∈ Uz × P1 | wx̃− w̃x = 0

}
.

Let Σ̃g+3;1(u) be the proper transform of Σ̃g+3(u) and Ez,1 := {w = 0, x = 0} ⊂ Ũz be the exceptional

divisor. Consider the open subset Uz,1 := {x̃ 6= 0} ⊂ Ũz with coordinates (w1, x1) := (w̃, x). For any

choice of u, the curve Σ̃g+3;1(u) passes through the point (w1, x1) = (0, 0). This confirms that Σ(u) intersects
[w : z : x] = [0 : 1 : 0] tangentially to Hx as illustrated by Figure 3.1.1. We repeat this process g + 2 times. In
more detail, for i = 1, ..., g + 1, we let P̃2

g+3;i+1 → P̃2
g+3;i be the blow-up at (wi, xi) = (0, 0) ∈ Uz,i ⊂ P̃2

g+3;i.

Locally on Uz,i we write this as Ũz,i → Uz,i. Let Σ̃g+3;i+1(u) be the proper transform of Σ̃g+3;i(u) and let

Ez,i+1 := {wi = 0, xi = 0} ⊂ Ũz,i. Set Uz,i+1 := {x̃i 6= 0} ⊂ Ũz,i with coordinates (wi+1, xi+1) := (w̃i, xi).
Then we find that

Σ̃g+3;g+2(u) ∩ Uz,g+2 =
{

(wg+2, xg+2) ∈ Uz,g+2 | w2
g+2x

2g+2
g+2 − wg+2(1 + ugx

2
g+2 + ...+ u1x

g+1
g+2) + 1 = 0

}
.

Therefore Σ̃g+3;g+2(u) passes through the point (wg+2, xg+2) = (1, 0) for all u. We define new coordinates

(w′g+2, x
′
g+2) := (wg+2−1, xg+2) and continue by letting P̃2

g+3;g+3 → P̃2
g+3;g+2 be the blow-up at (w′g+2, x

′
g+2) =

(0, 0). Locally, we write this as Ũz,g+2 → Uz,g+2 where

Ũz,g+2 =
{

(w′g+2, x
′
g+2, [w̃

′
g+2, x̃

′
g+2]) ∈ Uz,g+2 × P1 | w′g+2x̃

′
g+2 − w̃′g+2x

′
g+2 = 0

}
⊂ Uz,g+2 × P1.

Let Σ̃g+3;g+3(u) be the proper transform of Σ̃g+3;g+2(u) and let Ez,g+3 := {w′g+2 = 0, x′g+2 = 0} ⊂ Ũz,g+2 be

the exceptional divisor. Consider the open set Uz,g+3 := {x̃′g+2 6= 0} ⊂ Ũz,g+2 and let the local coordinates

be (wg+3, xg+3) := (w̃′g+2, x
′
g+2). For any choice of u, the curve Σ̃g+3;g+3(u) always passes through the point

(wg+3, xg+3) = (0, 0). Blow up at the point (wg+3, xg+3) = (0, 0) to get P̃2
g+3;g+4 → P̃2

g+3;g+3. Let Σ̃g+3;g+4(u)

be the proper transform of Σ̃g+3;g+3(u). We can check that we no longer have any basepoint. Consider the

open set Uz,g+4 := {x̃g+3 6= 0} ⊂ Ũz,g+3 and let (wg+4, xg+4) := (w̃g+3, xg+3) be the local coordinates. Then

Σ̃g+3;g+4(u) ∩ Uz,g+4 =
{

(wg+4, xg+4) ∈ Uz,g+4 |

(x2
g+4wg+4 + 1)2x2g

g+4 − wg+4 − wg+4(ugx
2
g+4 + ...+ u1x

g+1
g+4)− (ug + ug−1xg+4...+ u1x

g−1
g+4) = 0

}
intersects the exceptional divisor Ez,g+4 := {wg+3 = 0, xg+3 = 0} ⊂ Ũz,g+3 at (wg+4, xg+4) = (−ug, 0) which
varies with u.
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Finally, using (3.4) we find that the canonical divisor of P̃2
g+3;g+4 is

KP̃2
g+3;g+4

= −Hw − 2Hx − Ew,1 − 2

g+1∑
i=2

Ew,i − Ew,g+2 − 2

g+2∑
i=1

Ez,i − Ez,g+3.

Evidently, the curve Σ̃g+3;g+4(u) intersects KP̃2
g+3;g+4

trivally and therefore, we have νΣ̃g+3;g+4

∼= Ω1
Σ̃g+3;g+4

by

(3.2). In particular, the moduli space now has the correct dimension

dim Γ(Σ̃g+3;g+4(u), νΣ̃g+3;g+4(u)) = dim Γ(Σ̃g+3;g+4(u),Ω1
Σ̃g+3;g+4(u)

) = g.

We can check the consistency by calculating the degree of νΣ̃g+3;g+4(u) using (3.3):

deg νΣ̃g+3;g+4(u) = deg νΣ(u) − g2 − (g + 2)− (g + 4) = (g + 2)2 − (g2 + 2g + 6) = 2g − 2.

3.1.5 Summary

The Figure 3.1.2 assists the visualization of this construction. We define S := P̃2
g+3;g+4 \ KP̃2

g+3;g+4
. We take

Σ̃g+3;g+4(u) to be the embedding of the Seiberg-Witten curve Σ(u) in S which we will simply denote by Σ(u) ⊂ S
from now on. It is clear that C∗×C is an open dense subset of S. The symplectic form is ΩS := d(w/x)

w/x ∧ d
(
z
x

)
where we have extended the domain of functions z

x and w
x from P2 to S ⊂ P̃2

g+3;g+4 in the obvious way. The
foliation F is given by w

x = const. On the open set Uw,g+3, the foliation F is given in local coordinates
(zg+3, xg+3) by

(zg+3x
2
g+3 + 1)xg+1

g+3 = const.

We find that Ew,g+3 ∩ Uw,g+3 = {xg+3 = 0} is a leaf of the foliation with const = 0 and so Σ(u) is transverse
to the foliation at the intersection Σ(u)∩Ew,g+3 = {(zg+3, xg+3) = (−ug, 0)}. Similarly, on the open set Uz,g+4

for foliation F is given in local coordinates (wg+4, xg+4) by

(wg+4x
2
g+4 + 1)xg+1

g+4 = const.

We find that Ez,g+4 ∩Uz,g+4 = {xg+4 = 0} is a leaf of the foliation with const = 0 and so Σ(u) is transverse to
the foliation at the intersection Σ(u) ∩ Ez,g+4 = {(wg+4, xg+4 = (−ug, 0)}.
It follows that all ramification points of Σ(u) ⊂ S are contained inside the dense subset C∗ × C ⊂ S.

3.2 From the Seiberg-Witten Family of Curves to Airy Structures

Let us consider the genus g family B of smooth Seiberg-Witten curves Σ(u) embedded in (S,ΩS ,F) as con-
structed in the last section. Since all ramification points of Σ(u) are contained inside C∗ ×C ⊂ S → P2, for all
practical purposes we can work exclusively in this subset and set x = 1. We now have ΩS = dw

w ∧ dz and Σ(u)
is defined by the algebraic equation w + 1

w = P (z;u). Throughout this section, we will denote by

zi(u), i = 1, ..., g

the roots of P ′(z;u) = 0 and we will fix the reference point to be [Σ0] := [Σ(u0)] ∈ B.

We begin in Section 3.2.1 by locating the ramification points {rα∈Ram} of Σ(u) and write down the local
parameterization of Σ(u) in some neighbourhood of each rα. Recall that the image γ(Σ0) of Σ0 in DiscsRam

needs to take the form (xα = z2
α, yα = zα), α ∈ Ram for the image of the embedding ΦΣ0 : BΣ0 → GΣ0 to satisfies

the Ram product residue constraints (see Proposition 2.5.38). Therefore, in Section 3.2.2, we explicitly find the
(F ,ΩS)-local coordinates transformation which brings γ(Σ0) into the needed form. This gives us a collection of
(F ,ΩS)-charts URam. Then in Section 3.2.3, we will also explain how the parameters {εα∈Ram}, {Mα∈Ram} and
an open neighbourhood BΣ0

of [Σ0] ∈ B can be chosen. Now that {εα∈Ram}, {Mα∈Ram},URam and BΣ0
has been

selected, we are going to write down the embedding γ : BΣ0 ↪→ DiscsRamt(Σ0) follows by DiscsRamt(Σ0) ↪→ WRam
t(Σ0) as

given in Section 2.4.3 and the embedding BΣ0
↪→ GΣ0

in Section 3.2.4 and Section 3.2.5 respectively. These two
embeddings will be compared, giving a proof of Proposition 2.5.38 in the specific example of the Seiberg-Witten
family of curves.
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3.2.1 Ramification points and local parameterization of Seiberg-Witten curves

Ramification points of Σ0 are

Ram =

ri± =

w =
−P (zi(u0);u0)±

√
P (zi(u0);u0)

2 − 4

2
, z = zi(u0)

 ∣∣∣ i = 1, ..., g

 . (3.7)

Let us choose the local coordinates (wi±, zi±) of S around r± to be

(wi±, zi±) =

(
w +

1

w
,

z

w − 1
w

)
. (3.8)

We have ΩS = dwi±∧dzi± and the foliation is wi± = const. Of course, this is not a unique choice, alternatively
we can also use (logw, z) but it will be harder to write down the standard local coordinates. Given a curve
[Σ(u)] ∈ BΣ0

, we find a standard local coordinates η2
i± := P (z;u)−P (zi(u);u) = 1

2P
′′(zi(u);u)(z− zi(u))2 + ...

of Σ(u) around ri±(Σ(u)). The parameterization of Σ(u) is given in the same (wi±, zi±) coordinates of S by

ti±(Σ(u)) =

wi± = η2
i± + P (zi(u);u), zi± = ± z(ηi±;u)√

(η2
i± + P (zi(u);u))2 − 4

 . (3.9)

Where z(ηi±;u) = zi(u) +
(

2
P ′′(zi(u);u)

) 1
2

ηi± + ... is the inverse of η2
i± = P (z;u)− P (zi(u);u) for z ≈ zi(u) or

ηi± ≈ 0. When u = u0 the parameterization of Σ0 near ri±(Σ0) using the standard local coordinates ηi± is
given in the (wi±, zi±) coordinates by

ti±(Σ0) =

wi± = η2
i± + P (zi(u0);u0), zi± = ± z(ηi±;u0)√

(η2
i± + P (zi(u0);u0))2 − 4

 . (3.10)

The problem is that in (wi±, zi±) local coordinates ti±(Σ0) does not equal to (wi± = η2
i±, zi± = ηi±).

3.2.2 Choosing the (F ,ΩS)-local coordinates

Lemma 2.1.9 tells us that we can transform into a new local coordinates

(w̄i±, z̄i±) =

(
Fi±(wi±),

zi±
F ′i±(wi±)

−G′i±(wi±)

)
(3.11)

of S around ri±(Σ0) such that ΩS = w̄i±∧ z̄i± and the foliation is w̄i± = const and ti±(Σ0) = (w̄i± = η̄2
i±, z̄i± =

η̄i±) where the new standard local coordinates η̄i± is given by η̄2
i± := Fi±(η2

i±+F−1
i± (0)). Comparing (2.3) with

(3.10) determines what function Fi± and Gi± have to be:

F−1
i± (0) = P (zi(u0);u0) (3.12)

F ′i±
(
η2
i± + F−1

i± (0)
) ((

Fi±(η2
i± + F−1

i± (0)
)1/2

+G′i±
(
η2
i± + F−1

i± (0)
))

= ± z(ηi±;u0)√
(η2
i± + P (zi(u0);u0))2 − 4

. (3.13)

We separate z(ηi±;u0) into the sum of its odd and even components z(ηi±;u0) = zodd(ηi±;u0) + zeven(ηi±;u0)
where

zodd(ηi±;u0) :=
z(+ηi±;u0)− z(−ηi±;u0)

2
, zeven(ηi±;u0) :=

z(+ηi±;u0) + z(−ηi±;u0)

2
.

Comparing the odd components on both sides of (3.13), we have

1

2ηi±

(
Fi±

(
η2
i± + F−1

i± (0)
))1/2 d

dηi±
Fi±

(
η2
i± + F−1

i± (0)
)

= ± zodd(ηi±;u0)√
(η2
i± + P (zi(u0);u0))2 − 4

=⇒ 1

3

d

dηi±

(
Fi±(η2

i± + F−1
i± (0))

)3/2
= ± ηi±zodd(ηi±;u0)√

(η2
i± + P (zi(u0);u0))2 − 4

.
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Integrating both sides gives us

(
Fi±(η2

i± + F−1
i± (0))

)3/2
= ±3

∫ ηi±

0

τzodd(τ ;u0)√
(τ2 + P (zi(u0);u0))2 − 4

dτ. (3.14)

We note that the right-hand-side of (3.14) takes the form ∼ η3
i±(1 +O(η2

i±)) because the integrand is a function
of τ2 without a constant term. It follows after raising (3.14) to the power of 2/3 that Fi±(η2

i± + F−1(0)) ∼
η2
i±(1 +O(η2

i±)). For each ramification point i± ∈ Ram, there are 3 choices of Fi± corresponding to each third

root of (±1). For simplicity, let us choose a third root so that (±1)2/3 = +1. Combining (3.14), (3.12) we have

Fi±(wi±) =

(
3

∫ √wi±−P (zi(u0);u0)

0

τzodd(τ ;u0)√
(τ2 + P (zi(u0);u0))2 − 4

dτ

)2/3

. (3.15)

With our choice of the third-root we have Fi+ = Fi−, similar to how we have wi+ = w + 1
w = wi−. Using the

expansion z(ηi±;u) = zi(u) +
(

2
P ′′(zi(u);u)

) 1
2

+ ..., the expansion of Fi±(wi±) around the ramification point ri±

is given by

Fi±(wi±) = (wi± − P (zi(u0);u0))

((
2

P ′′(zi(u0);u0)

) 1
2

+O
(
(wi± − P (zi(u0);u0))2

)) 2
3

(3.16)

Next, we compare the even components on both sides of (3.13). We have

F ′i±
(
η2
i± + F−1

i± (0)
)
G′i±

(
η2
i± + F−1

i± (0)
)

= ± zeven(ηi±;u0)√
(η2
i± + P (zi(u0);u0))2 − 4

Substituting the expression for Fi± from (3.15) we have

G′i± (wi±) =
zeven(

√
wi± − P (zi(u0);u0);u0)

zodd(
√
wi± − P (zi(u0);u0);u0)

(Fi±(wi±))
1/2

. (3.17)

Finally, using (3.8) and (3.11) we can write down the coordinates transformation from (logw, z) to (w̄i±, z̄i±)
in terms of the function Fi± we have found in (3.15):

w̄i± = Fi±

(
w +

1

w

)

z̄i± =

z − zeven
(√

w + 1
w − P (zi(u0);u0);u0

)
zodd

(√
w + 1

w − P (zi(u0);u0);u0

)
(Fi±(w +

1

w

))1/2

. (3.18)

Using the standard local coordinate

η̄i± :=
√
Fi±(η2

i± + P (zi(u);u))− Fi±(P (zi(u0);u0)) (3.19)

corresponding to the local coordinates (w̄i±, z̄i±), we find that ti±(Σ(u)) as given in (3.9) becomes

ti±(Σ(u)) =

(
w̄i± = η̄2

i± + Fi±(P (zi(u);u)),

z̄i± =
z
(√

F−1
i±
(
η̄2
i± + Fi± (P (zi(u);u))

)
− P (zi(u);u);u

)
zodd

(√
F−1
i±
(
η̄2
i± + Fi± (P (zi(u);u))

)
− P (zi(u0);u0);u0

)√η̄2
i± + Fi± (P (zi(u);u))

−
zeven

(√
F−1
i±
(
η̄2
i± + Fi± (P (zi(u);u))

)
− P (zi(u0);u0);u0

)
zodd

(√
F−1
i±
(
η̄2
i± + Fi± (P (zi(u);u))

)
− P (zi(u0);u0);u0

) √η̄2
i± + Fi± (P (zi(u);u))

=:

∞∑
k=0

bi±,k(Σ)η̄ki±

)
∈ DiscsMi±
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When u = u0, we have Fi±(P (zi(u);u)) = 0 and evidently

ti±(Σ(u = u0)) = ti±(Σ0) = (w̄i± = η̄2
i±, z̄i± = η̄i±) ∈ DiscsMi±

as expected. We note that z̄i± is a well-defined holomorphic function of η̄i± for all |η̄i±| < Mi±
(for some constant Mi± which we are going to discuss soon) and for all u close to u0 (or [Σ] ∈
BΣ0 close to [Σ0]) despite all of appearance of square-roots. This is because zodd factors are ∼√
η̄2
i± + Fi± (P (zi(u);u))

(
1 +O

(
η̄2
i± + Fi± (P (zi(u);u))

))
as F−1

i± (w̄i±) = P (zi(u0);u0) +O(w̄i±) and the fac-

tor
√
η̄2
i± + Fi± (P (zi(u);u)) cancels with the same factor in the numerator. On the other hand, zeven is free of

square-roots because it only contains the even power terms. Lastly, F−1
i±
(
η̄2
i± + Fi± (P (zi(u);u))

)
−P (zi(u);u)

vanishes when η̄2
i± = 0 and so it is ∼ η̄2

i±
(
1 +O(η̄2

i±)
)
.

3.2.3 Choosing {εi±}, {Mi±}, URam and BΣ0

So far we have not chosen explicitly what {εi±}, {Mi±}, URam := {(Ui±, w̄i±, z̄i±)} and BΣ0
are. As we have

mentioned, Condition 2.5.2 merely gave a list of sufficient conditions on how to choose {εi±}, {Mi±}, URam, and
BΣ0

. It is often easier to deal with the situation on a case-by-case basis and therefore in the following we will

not refer ourselves to Condition 2.5.2. From (3.16) we can see that F ′i±(P (zi(u0);u0)) =
(

2
P ′′(zi(u0);u0)

) 1
3 6= 0.

Therefore, by the Inverse Function Theorem, there exists Ri± > 0 such that Fi± is bi-holomorphic for all wi±
whenever |wi± − P (zi(u0);u0)| < Ri±.

Let us choose

Ui± :=

{
(w, z) ∈ C× C ⊂ P2 |

∣∣∣∣w +
1

w
− P (zi(u0);u0)

∣∣∣∣ < Ri±

}
3 ri±(Σ0).

In particular, the open set Ui± does not contain the ramification points of z : Σ0 → P1 given by w + 1
w = ±2

as Fi±(wi±) is singular at wi± = w + 1
w = ±2. Let R̄i± > 0 be such that F−1

i± (w̄i±) ∈ Ui± for all |w̄i±| < R̄i±.
Choose εi±,Mi± to be any real numbers such that 0 < εi± < Mi± and M2

i± + εi± < R̄i±. Finally, we let BΣ0

to be any contractible space such that

BΣ0
⊂ {[Σ(u)] ∈ B | |Fi±(P (zi(u);u))| < εi±,∀i = 1, ..., g} .

It is clear that [Σ0] ∈ BΣ0
since Fi±(P (zi(u0);u0)) = 0. Finally, we note that for any Σ ∈ BΣ0

we have
w̄i± = η̄2

i± + Fi±(P (zi(u);u)) and so |w̄i±| < |η̄i±|2 + |Fi±(P (zi(u);u))| = M2
i± + εi± < R̄i± which implies

D̄i±,Mi±(Σ(u)) := {p ∈ Σ(u) ∩ Ui± | |η̄i±(p)| < Mi±} ⊂ Σ ∩ Ui±

for all [Σ(u)] ∈ BΣ0 . This allows us to define the map γ : BΣ0 → DiscsRamt0 and i : G → WRam. As we are
about to see, this is also sufficient for us to define the section θ ∈ Γ(BΣ0

, G) and to perform any relevant parallel
transports in G.

3.2.4 The embedding BΣ0 ↪→ Discs
Mi±
ti±(Σ0) ↪→ W

εi±,Mi±
ti±(Σ0)

Let θti±(Σ) = −z̄i±dw̄i± = −
∑∞
k=0 bi±,k(Σ)η̄ki±d

(
η̄2
i± + Fi± (P (zi(u);u))

)
∈ T0L

Mi±
Airy ⊂ W

εi±,Mi±
ti±(Σ) . The embed-

ding Φti±(Σ0) ◦ γ : BΣ0 ↪→ Discs
Mi±
ti±(Σ0) ↪→W

εi±,Mi±
ti±(Σ0)

∼= W
εi±,Mi±
Airy is given by

Φti±(Σ0)(ti±(Σ)) = −θti±(Σ0) + exp
(
−Fi± (P (zi(u);u))L 1

2η̄i±
∂η̄i±

)
θti±(Σ)

= η̄i±dη̄
2
i± − exp

(
−Fi± (P (zi(u);u))L 1

2η̄i±
∂η̄i±

)( ∞∑
k=0

bi±,k(Σ)η̄ki±d(η̄2
i±)

)

:=
∑
k 6=0

J i±k (u)η̄ki±
dη̄i±
η̄i±

∈ LMi±
Airy ⊂W

εi±,Mi±
Airy = W

εi±,Mi±
ti±(Σ0) .

We note that exp
(
−Fi± (P (zi(u);u))L 1

2η̄i±
∂η̄i±

)
θti±(Σ) ∈W

εi±,Mi±
ti±(Σ0) according to Lemma 2.4.9 because

|Fi± (P (zi(u);u)) | < εi± for all [Σ(u)] ∈ BΣ0
.
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3.2.5 The embedding BΣ0 ↪→ GΣ0

To obtain the embedding ΦΣ0
: BΣ0

↪→ GΣ0
we will first define θ ∈ Γ(BΣ0

, G) by

θΣ(u) := dSSW (Σ(u))− s∗Σ(u),Σ0
dSSW (Σ0) ∈ GΣ(u), ∀[Σ(u)] ∈ BΣ0 .

Let us elaborate on the definition of s∗Σ(u),Σ0
dSSW (Σ0) in this context. Let p ∈ Σ(u)\{rα∈Ram}, then dwi±(p) 6=

0. Hence, there exists an open neighbourhood Vp ⊂ Σ(u) of p such that wi± is a local coordinate of Vp. Then
we define s∗Σ(u),Σ0

dSSW (Σ0)|Vp∩Σ := zp
(
w + 1

w ;u0

)
dw
w . Where zp

(
w + 1

w ;u0

)
= zp(wi±;u0) is the root of

P (z;u0) − wi± = 0 such that
(
w, zp

(
w + 1

w ;u0

))
∈ Σ0 varies continuously to

(
w, zp

(
w + 1

w ;u
))
∈ Vp ⊂ Σ(u)

as we move continuously from u0 to u, where zp (wi±;u) is a root of P (z;u) − wi± = 0. It follows that on Vp
we have θΣ(u) given by

θΣ(u)|Vp = zp

(
w +

1

w
;u

)
dw

w
− zp

(
w +

1

w
;u0

)
dw

w
.

Of course, θΣ(u) is not a single-valued differential form on Σ(u) because if Vp contains a ramification point
ri±(Σ(u)) ∈ Σ(u) then

zp

(
w +

1

w
;u0

)
= zi(u0) +

(
2

P ′′(zi(u0);u0)

) 1
2
√
w +

1

w
− P (zi(u0);u0) + ...

= zi(u0) +

(
2

P ′′(zi(u0);u0)

) 1
2 √

η2
i± + P (zi(u);u)− P (zi(u0);u0) + ....

Where ηi± is the standard local coordinates on Σ ∩ Ui± corresponding to the local coordinates (wi±, zi±) and

wi± = η2
i± + P (zi(u);u) (see (3.10)). The term

√
η2
i± + P (zi(u);u)− P (zi(u0);u0) acquires a negative sign

whenever ηi± moves around the point ±
√
P (zi(u);u)− P (zi(u0);u0).

What happening is, for each fixed w the value of z can be any one of g+1 distinct roots of P (z;u0)−w− 1
w = 0

except when w+ 1
w is a critical value of P (z;u0) two of the roots will coincide and we are left with only g distinct

roots. As w+ 1
w moves around the critical value z(w;u0) will switch between the two roots of P (z;u0)−w− 1

w = 0
that ramify when w + 1

w is the critical value. However, θΣ(u) becomes single-valued once we remove the discs

Di±,εi±(Σ(u)) from the curve Σ(u) i.e. θΣ(u) is a single-valued differential form on Σ(u)\∪gi=1

(
D̄i+,ε̄i+ ∪ D̄i−,ε̄i−

)
for some ε̄i± < εi±.

Note that although dSSW (Σ0) /∈ GΣ0 , we indeed have θΣ(u) ∈ GΣ(u). Before the blow-ups, dSSW (Σ0) and
dSSW (Σ(u)) both have poles of order 2 at ∞+ := (w = 0, z = ∞),∞− := (w = ∞, z = ∞), on Σ0 and
Σ(u) respectively, without residues and they are holomorphic elsewhere. The poles at ∞± from dSSW (Σ0)
and dSSW (Σ(u)) will cancel out in the expression of θΣ(u). The same remains true after blow-ups. So θΣ(u) is

holomorphic on Σ(u) \ ∪gi=1

(
D̄i+,ε̄i+ ∪ D̄i−,ε̄i−

)
for some ε̄α < εα. Lastly, we also have∮

∂D̄i±,εi±
θΣ(u) =

∮
∂D̄i±,εi±

dSSW (Σ(u))−
∮
∂D̄i±,εi±

s∗Σ(u),Σ0
dSSW (Σ0) = 0

using the same argument presented in the proof of Lemma 2.5.31 and the fact that dSSW has no poles around
the ramification points {rα∈Ram}. Therefore, we conclude that θΣ ∈ GΣ. Now we can define ΦΣ0 by

ΦΣ0
(Σ(u)) := θΣ0

− s∗Σ0,Σ(u)θΣ(u) = dSSW (Σ0)− s∗Σ0,Σ(u)dSSW (Σ(u)) ∈ GΣ0
. (3.20)

Example 3.2.1 In the Elliptic case g = 1, Σ : w + 1
w = z2 + u, the equation (3.20) simplifies to

ΦΣ0(Σ(u)) =

√
w +

1

w
− u0

dw

w
−
√
w +

1

w
− udw

w
.

It is clear by choosing A and B-cycles on Σ0 avoiding the discs D̄i±,εi±(Σ0) we have∮
Ai

ΦΣ0
(Σ(u)) = ai0 − ai,

∮
Bi

ΦΣ0
(Σ(u)) = b0i − bi =

∂FSWΣ0

∂ai
(a0)−

∂FSWΣ0

∂ai
(a), i = 1, ..., g

where

ai = ai(Σ(u)) :=

∮
Ai

dSSW (Σ(u)), bi = bi(Σ(u)) :=

∮
Bi

dSSW (Σ(u)) =
∂FSWΣ0

∂ai
(a),
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ai0 := ai(Σ0), b0i := bi(Σ0) and FSWΣ0
: BΣ0 → C is the Seiberg-Witten prepotential which is well-defined on a

contractible set BΣ0
.

Let us compute i ◦ΦΣ0
(Σ(u)) ∈WRam

Airy . On Ai±,εi±,Mi± ∩ Vp ⊂ Σ0 ∩Ui± ∩ Vp we have zp(wi±;u) = z(ηi±;u) =

z(
√
wi± − P (zi(u);u);u). The square-root does not introduce any ambiguity because we are restricted to the

subset Ai±,εi±,Mi± ∩ Vp. We rewrite (3.20) on Ai±,εi±,Mi± ∩ Vp in the local coordinates (w̄i±, z̄i±) as

ΦΣ0
(Σ(u))|Ai±,εi±,Mi±∩Vp =

z
(√

F−1
i± (w̄i±)− P (zi(u0);u0);u0

)
F ′i±

(
F−1
i± (w̄i±)

)√
F−1
i± (w̄i±)2 − 4

dw̄i± −
z
(√

F−1
i± (w̄i±)− P (zi(u);u);u

)
F ′i±

(
F−1
i± (w̄i±)

)√
F−1
i± (w̄i±)2 − 4

dw̄i±.

On Ai±,εi±,Mi± ⊂ Σ0 we have w̄i± = η̄2
i± + Fi± (P (zi(u0);u0)) = η̄2

i± and using (3.15) it follows that

ii± ◦ ΦΣ0
(Σ(u))|Ai±,εi±,Mi±

=
z
(√

F−1
i± (η̄2

i±)− P (zi(u0);u0);u0

)
η̄i±

zodd

(√
F−1
i± (η̄2

i±)− P (zi(u0);u0);u0

) dη̄2
i± −

z
(√

F−1
i± (η̄2

i±)− P (zi(u);u);u
)
η̄i±

zodd

(√
F−1
i± (η̄2

i±)− P (zi(u0);u0);u0

)dη̄2
i±

= η̄i±dη̄
2
i± −

(
z
(√

F−1
i± (η̄2

i±)− P (zi(u);u);u
)
− zeven

(√
F−1
i± (η̄2

i±)− P (zi(u0);u0);u0

))
η̄i±

zodd

(√
F−1
i± (η̄2

i±)− P (zi(u0);u0);u0

) dη̄2
i±

= η̄i±dη̄
2
i± −

∞∑
k=0

bi±,k(Σ)

(
1− Fi±(P (zi(u);u))

η̄2
i±

) k
2

η̄ki±dη̄
2
i±

= η̄i±dη̄
2
i± − exp

(
−Fi± (P (zi(u);u))L 1

2η̄i±
∂η̄i±

)( ∞∑
k=0

bi±,k(Σ)η̄ki±d(η̄2
i±)

)
= Φti±(Σ0)(ti±(Σ)).

Evidently, we have an agreement: i ◦ ΦΣ0(Σ(u)) = Φt(Σ0) ◦ γ(Σ). In particular, each ii± ◦ ΦΣ0(Σ(u)) =∑
k 6=0 J

i±
k (u)η̄ki±

dη̄i±
η̄i±

satisfies the residue constrains and therefore, i ◦ ΦΣ0
(Σ(u)) =

∑g
i=1

∑
k 6=0 J

i±
k (u)[i±] ⊗

η̄ki±
dη̄i±
η̄i±
∈ LRamAiry ∈WRam

Airy .

3.3 Seiberg-Witten Prepotential and Topological Recursion

Let us now express ΦΣ0(Σ(u)) in terms of the normalized holomorphic differential {ωi=1,...,g} and meromorphic
differentials {ēk,i±} (see Definition 2.5.10) on Σ0. From Corollary 2.5.16, the fact that ΦΣ0

(Σ(u)) ∈ GΣ0

and the principal part of ii± ◦ Φ̃Σ0
(Σ(u)) is the principal part of ii± ◦ ΦΣ0

(Σ(u)) = Φti±(Σ0)(ti±(Σ)) which is∑
k>0 J

i±
k (u)η̄ki±

dη̄i±
η̄i±

, we have

ΦΣ0(Σ(u)) =

g∑
i=1

∞∑
k>0

(
J i+k (u)ēk,i+ + J i−k (u)ēk,i−

)
+

g∑
i=1

(ai0 − ai)ωi. (3.21)

Another way to look at this is that the principal part of
∑g
i=1

∑∞
k>0

(
J i+k (u)ēk,i+ + J i−k (u)ēk,i−

)
exactly matches

that of ΦΣ0(Σ(u)). Therefore, ΦΣ0(Σ(u)) −
∑g
i=1

∑∞
k>0

(
J i+k (u)ēk,i+ + J i−k (u)ēk,i−

)
can be analytically ex-

tended to a meromorphic differential form defined on the entire curve Σ0, and it is, in fact, a holomorphic
on Σ0 because neither term has singularity anywhere except at ramification points rα, α ∈ Ram. Subtracting∑g
i=1(ai0 − ai)ωi, we get a global holomorphic differential form on Σ0 with vanishing A-periods, hence must be

identically zero and (3.21) follows.

Let us extend the set {ω1, ..., ωg} into a new canonical basis of WRam
Airy . First, let us compute the ΩAiry symplectic

pairings between {ek,i±} and {ωi}. Suppose that

i(ωj) =

g∑
i=1

∞∑
k=1

(
ck,i+j [i+]⊗ kη̄ki+

dη̄i+
η̄i+

+ ck,i−j [i−]⊗ kη̄ki−
dη̄i−
η̄i−

)
then ∮

p∈Bj
ēk,i±(p) =

1

2πik

∮
p∈Bj

∮
η̄i±=0

B(p, q(η̄i±))

η̄ki±
=

1

2πik

∮
η̄i±=0

1

η̄ki±

∮
p∈Bj

B(p, q(η̄i±))
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=
1

k

∮
η̄i±=0

1

η̄ki±
ωj(q(η̄i±)) = 2πick,i±j .

Then it follows that the symplectic pairings are

ΩAiry(ēk,i±, ωj) =
1

2πi

g∑
l=1

(∮
Al

ωj

∮
Bl

ēi±k −
∮
Bl

ωj

∮
Al

ēi±k

)
=

1

2πi

∮
Bj

ēk,i± = ck,i±j .

This shows that {ωi, ek,i± | i = 1, ..., g, k ≥ 2} cannot be extended to a canonical basis. Let us examine some

properties of the coefficients ck,i±j .

Lemma 3.3.1 ck,i±j = −ck,i∓j .

Proof: We note that each normalized holomorphic differential form ωi can be written as a linear combination

of { z
i−1dz
w− 1

w

| i = 1, ..., g}. Since we can map the neighbourhood Σ0 ∩ Ui+ of each ramification point ri+ to the

corresponding neighbourhood Σ0∩Ui− of ri− via the involution p = (z, w) 7→ p̂ = (z, 1
w ), it follows that ωk(p) =

−ωk(p̂). Let us examine the involuation in term of the standard local coordinates η̄i± as defined in (3.19).
Suppose that p ∈ Σ0 ∩ Ui+. First, we note that we have ηi+(p) = ηi−(p̂) because η2

i± = P (z;u) − P (zi(u);u)
and z(p) = z(p̂). Because we have chosen Fi+ and Fi− to be the same (see (3.15)), therefore the relationship
between η̄i± and ηi± as given in (3.19) implies that η̄i+(p) = η̄i−(p̂). Writing ωk(p) = −ωk(p̂) in the standard
local coordinates we have

∞∑
k=0

ck,i+j kη̄ki+(p)
dη̄i+(p)

η̄i+(p)
= ii+ωj(p) = −ii−ωj(p̂) = −

∞∑
k=0

ck,i−j kη̄ki−(p̂)
dη̄i−(p̂)

η̄i−(p̂)
= −

∞∑
k=0

ck,i−j kη̄ki+(p)
dη̄i+(p)

η̄i+(p)
,

from which we conclude that ck,i±j = −ck,i∓j . �

Let (cij) be a g × g matrix where cij := c1,i+j = −c1,i−j .

Lemma 3.3.2 The matrix (cij) is invertible.

Proof: Let (aj) ∈ Cg be a vector such that
∑g
j=1 c

i
ja
j = 0. Then ω :=

∑g
j=1 a

jωj is a holomorphic differential
form on Σ0 such that

ω(ri±) =
1

2πi

∮
η̄i±=0

1

η̄i±
ω(q(η̄i±)) =

g∑
j=1

c1,i±j aj = ±
g∑
j=1

cija
j = 0

for all i± ∈ Ram. So ω vanishes at every ramification points and therefore has at least 2g zeros and has no
poles. But degKΣ0

= 2g − 2 < 2g which is a contradiction, unless (aj) = 0. In other words, (cij) is invertible.
�

Let (bij) be the inverse of (cij), i.e.
∑g
k=1 b

k
i c
j
k = δji . Now, let us choose a new canonical basis for WRam

Airy to be

{τ i, τ̄ i, τk,i±, ωi, ω̄i, ωk,i± | i = 1, ..., g, k ≥ 2} (3.22)

where

τ i :=
1

2

g∑
j=1

bij
(
ē1,j+ − ē1,j−) , τ̄ i :=

1

2

g∑
j=1

bij
(
ē1,j+ + ē1,j−) , τk,i± := ēk,i± −

g∑
j,l=1

ck,i±j bjl ē
1,l±

ω̄i :=

g∑
j=1

∞∑
k=1

(
ck,j+i [j+]⊗ kη̄kj+

dη̄j+
η̄j+

− ck,j−i [j−]⊗ kη̄kj−
dη̄j−
η̄j−

)
, ωk,i± := [i±]⊗ kη̄ki±

dη̄i±
η̄i±

.

Note that this is the type of gauge transformation we studied in Section 2.4.2 and Section 2.5.4.

Remark 3.3.3 Observe that τ i, τ̄ i, τk,i± and ωi are all global meromorphic differential forms on Σ0 belonging
to GΣ0

while ω̄i, ωk,i± ∈WRam
Airy are only locally defined near each ramification points ri±.
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To confirm that we have defined a canonical basis we can check that for i, j = 1, · · · , g, α, β ∈ Ram and l, k ≥ 2
we have

ΩAiry(τ i, ωj) = δij , ΩAiry(τ̄ i, ω̄j) = δij , ΩAiry(τk,α, ωl,β) = δkl δ
α
β

and all other pairings vanish. In particular,∮
Ai

ωj = δij ,

∮
Bi

ωj = τij(a0),

∮
Ai

τ j = 0,

∮
Bi

τ j = 2πiδji (3.23)

and all A,B-periods of τ̄ i, ēk,i± are zero.

Substitute ē1,i± =
∑g
j=1 c

i
j(τ̄

j ± τ j), ēk,i± = τk,i± +
∑g
j,l=1 c

k,i±
j (τ̄ j ± τ j) into (3.21) and recollect terms, we

can rewrite (3.21) as

ΦΣ0
(Σ(u)) =

g∑
i=1

(
αiωi + x̄iω̄i +

∞∑
k=2

(
x̄k,i+ωk,i+ + x̄k,i−ωk,i−

))

+

g∑
i=1

(
βiτ

i + ȳiτ̄
i +

∞∑
k=2

(
ȳk,i+τ

k,i+ + ȳk,i−τ
k,i−)) (3.24)

where

αi = ai0 − ai, x̄i = 0, x̄k,i± = 0, βi =

g∑
j=1

∞∑
k=1

(
ck,j+i Jj+k (u)− ck,j−i Jj−k (u)

)
,

ȳi =

g∑
j=1

∞∑
k=1

(
ck,j+i Jj+k (u) + ck,j−i Jj−k (u)

)
, ȳk,i± = J i±k (u).

There is no technical difficulties involved in recollection of terms because ēk,i± are written as a finite sum of
τ i, τ̄ i, τk,i± and infinite sums commute with finite sums.

Let (V merΣ0
, ĀAiry, B̄Airy, C̄Airy, ε̄Airy) be the gauge transformed quantum Airy structure of

(V RamAiry , AAiry, BAiry, CAiry, εAiry) corresponding to the basis (3.22) of W
|Ram|
Airy . The ATR output is given by

S =
∑
g≥0 ~g−1Sg where Sg =

∑∞
n=1 Sg,n,

Sg,n = Sg,n
(
{αi}, {x̄i}, {x̄k,i±}

)
=

∑
n1,n2,n3≥0
n1+n2+n3=n

1

n1!n2!n3!

∑
i1,...,in1

=1,...,g
j1,...,jn2

=1,...,g
k1,...,kn3

≥2
α1,...,αn3

∈Ram

Sg,n;αi1 ...αin1 x̄j1 ...x̄jn2 x̄k1;α1 ...x̄kn3
;αn3

αi1 ...αin1 x̄j1 ...x̄jn2 x̄k1,α1 ...x̄kn3
,αn3

where

Sg,n;αi1 ...αin1 x̄j1 ...x̄jn2 x̄k1;α1 ...x̄kn3 ;αn3
:=

∂

∂αi1
...

∂

∂αin1

∂

∂x̄j1
...

∂

∂x̄jn2

∂

∂x̄k1,α1
...

∂

∂x̄kn3
;αn3

Sg

∣∣∣∣∣
αi=x̄i=x̄k,i±=0
∀k≥2,i=1,...,g

.

Since ΦΣ0(Σ(u)) ∈ LRamAiry , it follows that we can re-write (3.24) as

ΦΣ0
(Σ(u)) =

g∑
i=1

(ai0 − ai)ωi +

g∑
i=1

∂S0

∂αi

∣∣∣ αi=ai0−a
i

x̄i=x̄k,i±=0
∀k≥2,i=1,..,g

τ i +
∂S0

∂x̄i

∣∣∣ αi=ai0−a
i

x̄i=x̄k,i±=0
∀k≥2,i=1,..,g

τ̄ i


+

g∑
i=1

∞∑
k=2

 ∂S0

∂x̄k,i+

∣∣∣ αi=ai0−a
i

x̄i=x̄k,i±=0
∀k≥2,i=1,..,g

ēk,i+ +
∂S0

∂x̄k,i−

∣∣∣ αi=ai0−a
i

x̄i=x̄k,i±=0
∀k≥2,i=1,..,g

ēk,i−

 (3.25)

Let S0 = S0(α1, ..., αg) := S0({αi}, {x̄i = 0}, {x̄k,i± = 0}). Compute the B-periods of ΦΣ0
(Σ(u)) using (3.25),

(3.23) and the fact that ∂
∂αi = − ∂

∂ai we get

∂FSWΣ0

∂ai
(a1

0, ..., a
g
0)−

∂FSWΣ0

∂ai
(a1, ..., ag) =

∮
Bi

ΦΣ0(Σ(u)) =

g∑
j=1

(aj0 − aj)τji(a0)− 2πi
∂S0(a1

0 − a1, ..., ag0 − ag)
∂ai

.
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Integrating both sides we obtain

FSWΣ0
(a1, ..., ag) = FSWΣ0

(a1
0, ..., a

g
0) +

g∑
i=1

(ai − ai0)
∂FSWΣ0

∂ai
(a1

0, ..., a
g
0)

+
1

2

g∑
i,j=1

(ai − ai0)(aj − aj0)
∂2FSWΣ0

∂ai∂aj
(a1

0, ..., a
g
0) + 2πiS0(a1

0 − a1, ..., ag0 − ag). (3.26)

Let us consider a topological recursion with spectral curve (Σ0, logw, z,B) where Σ0 is the Seiberg-Witten curve
given by w+ 1

w = P (z;u0) and B = B(p, q) is the normalized Bergman kernel on Σ0×Σ0. The initial condition
of the recursion shall be given by

ω0,1(p) = z(p)
dw(p)

w(p)
= dSSW (p), ω0,2(p, q) = B(p, q).

It is easy to check using (3.18) that in the standard local coordinate η̄i± in the neighbourhood Σ0 ∩Ui± of each
ramification point ri±(Σ0) we have

ω0,1(η̄i±)− ω0,1(−η̄i±) = 4η̄2
i±dη̄i±.

From Proposition 2.6.2, the output meromorphic multi-differential forms are given by

ωSWg,n (p1, ..., pn) =
∑
σ∈Sn

∑
n1,n2,n3≥0
n1+n2+n3=n

1

n1!n2!n3!

∑
i1,...,in1

=1,...,g
j1,...,jn2

=1,...,g
k1,...,kn3

≥2
α1,...,αn3

∈Ram

(
Sg,n;αi1 ...αin1 x̄j1 ...x̄jn2 x̄k1,α1 ...x̄kn3

,αn3

× τ i1(pσ(1))...τ
in1 (pσ(n1))τ̄

j1(pσ(n1+1))...τ̄
jn2 (pσ(n1+n2))ē

k1,α1(pσ(n1+n2+1))...ē
kn3 ,αn3 (pσ(n))

)

where the superscript SW is added to signify that ωSWg,n are produced from topological recursion using Seiberg-
Witten curve as initial data. Then we have∮

p1∈Bi1
...

∮
pn∈Bin

ωSWg,n (p1, ..., pn) = (2πi)nSg,n;αi1 ...αin .

By definition we have

2πiS0(a1
0 − a1, ..., ag0 − ag) =

∞∑
n=3

1

n!

g∑
i1,...,in=1

S0,n;αi1 ...αin (ai10 − ai1)...(ain0 − ain)

=

∞∑
n=3

(−1)n

n!

1

(2πi)n−1

g∑
i1,...,in=1

(∮
p1∈Bi1

...

∮
pn∈Bin

ωSW0,n (p1, ..., pn)

)
(ai1 − ai10 )...(ain − ain0 ).

Therefore, we arrive at the relation between the Seiberg-Witten prepotential FSWΣ0
and meromorphic multi-

differential forms ω0,n produced from topological recursion:

FSWΣ0
(a1, ..., ag) = FSWΣ0

(a1
0, ..., a

g
0)

+

g∑
i=1

(ai − ai0)
∂FSWΣ0

∂ai
(a1

0, ..., a
g
0) +

1

2

g∑
i,j=1

(ai − ai0)(aj − aj0)
∂2FSWΣ0

∂ai∂aj
(a1

0, ..., a
g
0)

−
∞∑
n=3

1

n!

(
i

2π

)n−1 g∑
i1,...,in=1

(∮
p1∈Bi1

...

∮
pn∈Bin

ωSW0,n (p1, ..., pn)

)
(ai1 − ai10 )...(ain − ain0 ), (3.27)

on the open neighbourhood BΣ0 ⊆ B of [Σ0] ∈ B. This agrees with the result of Theorem 2.7.3 after identifying
ai := −ai and FB(a1, · · · ,ag) = FSWΣ0

(a1, · · · , ag).
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Chapter 4

Seiberg-Witten Theory and Frobenius
Manifolds

In this chapter, we investigate how Seiberg-Witten theory arises from a certain construction of Frobenius
manifolds as proposed by Dubrovin [10]. We start in Section 4.1 with a brief review of the definition of
Frobenius manifold and some basic facts which can found in [11, 9]. Some examples of Frobenius manifolds will
be provided in Section 4.2. In Section 4.3, we review the tensor product construction of Frobenius manifolds
[11, 22]. Then we will discuss in detail in Section 4.4 how a system of 2g-linearly independent odd periods on the
coordinate cross of MAg ⊗QH∗(P1) is given by the A and B periods of the Seiberg-Witten differential dSSW on
the Seiberg-Witten family of curves as proposed in [10]. Finally, in Section 4.5 we will show that in general, a
ν-period of an arbitrary tensor product Frobenius manifold M = M ′⊗M ′′ can be obtained as a period integral
on some Riemann surface. This allows us to work backward starting from Seiberg-Witten theory then find that
of odd periods of M = M ′ ⊗M ′′ are given by the periods of dSSW then M ′ = MAg and M ′′ = QH∗(P1).

4.1 Frobenius Manifolds

Definition 4.1.1 ([10, 11, 9]) A Frobenius algebra is a commutative associative algebra A over a field k (=
R or C) together with a k−bilinear symmetric nondegenerate form 〈., .〉 satisfying the invariant condition:

〈x · y, z〉 = 〈x, y · z〉 , ∀x, y, z ∈ A

Definition 4.1.2 ([10, 11, 9]) A Frobenius structure on a complex manifold M of (complex) dimension n
with holomorphic metric tensor 〈., .〉 is a Frobenius algebra defined on the holomorphic tangent space TtM =
(At, 〈., .〉t) depending holomorphically on t ∈M . A Frobenius manifold is a complex manifold M with Frobenius
structure satisfying the following axioms:

A1 The metric 〈., .〉 is a flat metric (in other words, the Riemann curvature tensor Rδαβγ vanishes).

A2 Let c(x, y, z) := 〈x · y, z〉t , x, y, z ∈ TtM . Then the 4-tensor (∇wc)(x, y, z) must be symmetric in x, y, z, w ∈
TtM .

A3 There exists the unity vector field e ∈ Γ(M,TM), the unit for the algebra (TtM, 〈., .〉) for all t ∈M , which
is covariantly constant ∇e = 0 and there exists an Euler vector field E ∈ Γ(M,TM) satisfying ∇∇E = 0
and

[E, x · y]− [E, x] · y − x · [E, y] = x · y
E 〈x, y〉 − 〈[E, x], y〉 − 〈x, [E, y]〉 = (2− d) 〈x, y〉 .

The integer d is called the charge of the Frobenius manifold.

Where we have denoted by ∇, the Levi-Civita connection for the metric.

The fact that 〈., .〉 is flat means we can locally find flat coordinates {tα}, which are holomorphic coordinates
such that ηαβ := 〈 ∂

∂tα ,
∂
∂tβ
〉 is constant. We let ηαβ be the inverse of ηαβ and as a slight abuse of notation we
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will use 〈., .〉 as a metric on the cotangent space such that 〈dtα, dtβ〉 = ηαβ . Given any manifold M with metric
〈., .〉 in general, flat coordinates can be found by solving the PDE in the following lemma for n-independent
solutions

Lemma 4.1.3 ([10, Section 2.1]) Suppose that a set of functions {tµ} on M forms coordinates over some
open subset of M , then these coordinates are flat iff ∇dtµ = 0.

Proof: The ( =⇒ ) direction is trivial. For the converse, just write down ∇dtµ = 0 in t coordinates to get
Γµνλ = 0. Therefore in these coordinates, the metric compatibility condition gives ∂ληµν = 0, thus ηµν is
constant. �

For simplicity we will assume throughout that ∇E is diagonalizable. Therefore, in some appropriate flat
coordinates, the Euler vector field and the unity vector field can be written as

E =

n∑
α=1

(dαt
α + rα)

∂

∂tα
, e =

∂

∂t1
.

Let us denote by Cα := ∂α· : TM → TM and U := E· : TM → TM the endomorphism given by multiplication
by ∂α and E respectively.

Note that c plays the role of multiplicative structure constant on TtM so we can write ∂α · ∂β = cγαβ(t)∂γ where

cγαβ(t) = ηγδcαβγ(t). The symmetry of ∇c from axiom A2 implies that there exists a locally defined function
F (t) such that [11, Lemma 2.1]

cαβγ(t) =
∂3F (t)

∂tα∂tβ∂tγ
.

The function F (t) is called the Frobenius potential of the Frobenius manifold and it satisfies the Witten-Dijkgraaf-
Verlinde-Verlinde (WDVV) equations [11, 10]

∂3F

∂tα∂tβ∂tµ
ηµν

∂3F

∂tν∂tγ∂tδ
=

∂3F

∂tβ∂tγ∂tµ
ηµν

∂3F

∂tν∂tδ∂tα

which is equivalent to the associativity of multiplication in the Frobenius algebra. Additionally, axiom A3
implies that EF = (3 − d)F + (at most quadratic terms). In general we call any function F (t) such that∑n
α=1(dαt

α + rα)∂αF = (3 − d)F + (at most quadratic terms) for some dα, rα, d ∈ C a quasi-homogeneous
function. Conversely, any function F (t) on a metric vector space (A, 〈., .〉) satisfying the WDVV equation will
define a structure of Frobenius manifold satisfying the axiom A1 and A2 but not A3. Additionally if F (t) is
quasi-homogeneous and ∂1∂α∂βF = ηαβ is the constant metric then axiom A3 will also be satisfied [11, Lemma
2.1].

We define the operator

µ :=
2− d

2
−∇E,

satisfying 〈µx, y〉 = −〈x, µy〉. Equivalently we can write this in flat coordinates as µβα := 2−d
2 δβα − ∂αEβ . A

Poisson bracket on M can be given by
{f, g} := 〈df, µdg〉

for holomorphic functions f, g on M .

Definition 4.1.4 ([10, Section 2.3]) Let λ ∈ C \ {u1, · · · , un} where ui are eigenvalues of U . A λ-flat pencil
on a Frobenius manifold M is a symmetric bilinear form (., .)λ given by (ξ, η)λ := ιE−λe(ξ · η) for ξ, η ∈ T ∗t M .
The multiplication between two cotangent vectors is induced from the multiplication of tangent vectors via the
duality 〈., .〉t : TtM → T ∗t M . We denote the components of this bilinear form by gαβ(λ) = (dtα, dtβ)λ.

Remark 4.1.5 When λ = 0, the λ-flat pencil (., .) := (., .)0 is known as the intersection form. It is easy to see
that (., .)λ := (., .)− λ 〈., .〉.

Let Σλ ⊂M be the region where gαβ−ληαβ is not invertible. We define M∗(λ) := M\Σλ and set a multiplication
on TtM∗(λ) to be x∗λ y := (U −λ)−1(x ·y) for x, y ∈ TtM∗. We denote the Levi-Civita connection of the metric
(., .)λ by ∇λ. The manifold (M∗(λ), (., .)λ) together with ∗λ multiplication satisfies all the Frobenius manifold’s
axioms except A3, in particular, we may not have ∇λe = 0. Therefore we call M∗(λ) the dual (almost) Frobenius
manifold [10, Proposition 3.1]. Similarly, we can find a potential F∗(λ) for M∗(λ) that gives ∗λ multiplication.
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Chapter 4. Seiberg-Witten Theory and Frobenius Manifolds

Now we can define a new affine flat, torsion-free connection called the deformed flat connection ∇̃λ on M∗(λ)×C∗
by

∇̃λxy = ∇λxy + νx ∗λ y, ∇̃λ∂
∂ν
y = ∂νy + E ∗λ y −

1

ν
µy, x, y ∈ TM∗(λ), ν ∈ C∗ (4.1)

and ∇̃λx ∂
∂ν = ∇̃λ∂

∂ν

∂
∂ν = 0 (see [11, Proposition 2.1] and [10]). Using Lemma 4.1.3 with the deformed flat

connection we call coordinates {xi} such that ∇̃λdxi = 0 deformed flat coordinates for (., .)λ on M∗(λ)×C∗ and
flat coordinates for (., .)λ on M∗(λ) when ν = 0. We call any function x = x(t; ν;λ) satisfying ∇̃λdx(t; ν;λ) = 0
a (ν, λ)-period.

Proposition 4.1.6 ([10, Lemma 4.1]) Let ξ = ξαdt
α := dx ∈ T ∗M∗ then the equation ∇̃λdx = 0 can be

written explicitly as

∂αξ · (U − λ) = ξ

(
µ+ ν +

1

2

)
Cα (4.2)

with local n-linearly independent solutions ξ1, · · · , ξn where each ξi are closed. Hence we can find a set of n
independent functions {x1(t; ν;λ), · · · , xn(t; ν;λ)} such that ξi = dxi giving a local deformed flat coordinate
system for (., .)λ on M∗(λ)×C∗ when ν 6= 0 and a local flat coordinate system for (., .)λ on M∗(λ) when ν = 0.

Proof: It is straightforward to derive (4.2) from ∇̃λdx = 0 and the definition of ∇̃λ.

When ν = 0 the system of PDEs is compatible due to the vanishing of the Riemann curvature tensor and the
torsion-freeness of the connection (see also (5.11)-(5.12) of [11]) and therefore the local existence of n-linearly
independent solutions ξ1, ..., ξn is guaranteed by the Frobenius theorem. Obviously, ξi are closed 1-forms by
the symmetry cγαβ = cγβα =⇒ ∂αξβ = ∂βξα, therefore we can find n-independent functions x1(t), ..., xn(t) as
claimed.

The proof is similar when ν 6= 0. �

We note that x(t; ν;λ) = x(t1 − λ, t2, · · · , tn; ν; 0) since U 7→ U − λ if t1 7→ t1 − λ. Therefore, it is sufficient
to only consider the case λ = 0 and we call x(t; ν) := x(t; ν; 0) simply a ν-period. When ν = 1

2 a solution
x(t; ν) is called an odd period. The important property is that given any two odd periods ω1, ω2, their Poisson
bracket {ω1, ω2} is constant. This will be useful later in defining a system of canonical coordinates on a certain
symplectic manifold.

Let us close this section by introducing the notion of semisimplicity and canonical coordinates of a Frobenius
manifold.

Definition 4.1.7 ([10, 11, 9]) A point t ∈ M is called semisimple if TtM is a semisimple algebra, TtM ∼=
C⊕ · · · ⊕ C. A Frobenius manifold M is semisimple if the set of semisimple points is dense in M .

Lemma 4.1.8 ([10, 11, 9]) Let M be a semisimple Frobenius manifold. Then a point where the eigenvalues
{u1, · · · , un} of U are all distinct is a semisimple point and the set Mss ⊆M of all such points is dense in M .
The set {u1, · · · , un} is known as canonical coordinates on Mss ⊆M and ∂

∂ui ·
∂
∂uj = δij

∂
∂ui .

4.2 Examples of Frobenius Manifolds

4.2.1 1-dimensional Frobenius Manifold

The simplest example of a Frobenius manifold is M = {t ∈ C} ∼= C. The multiplication on TtM is given by
the trivial Frobenius algebra ∂

∂t ·
∂
∂t = ∂

∂t . We also define the metric by 〈 ∂∂t ,
∂
∂t 〉 = 1. It is easy to see that the

Frobenius potential is F (t) = 1
6 t

3 and the Euler vector field is E = t ∂∂t .

4.2.2 The Quantum Cohomology QH∗(P1)

Let X be a projective algebraic variety. Loosely speaking, given γi ∈ H∗(X,Q), a Gromov-Witten Invariant
[28, 23]

GWX,β
g,n (γ1, · · · , γn) :=

∫
[M̄g,n(X,β)]vir

n∏
i=1

ev∗i γi ∈ Q
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counts the number of genus g irreducible nodal curves with homology class β ∈ H2(X,Z) intersecting cycles γi∩
[X] ∈ H∗(X,Q) at general positions. Here, M̄g,n(X,β) is the moduli space of stable maps f : (C, x1, · · · , xn)→
X, and evi : M̄g,n(X,β) → X is an evaluation map evi (C, x1, · · · , xn, f) = f(xi). Suppose that {γ1, · · · , γn}
is a basis of H∗(X,Q) then we define the genus g Gromov-Witten potential to be the generating function

Fg(t) :=

∞∑
k=1

1

k!

∑
i1,··· ,ik∈{1,··· ,n}

∑
β∈H2(X,Z)

GWX,β
g,k (γi1 · · · γik)ti1 · · · tik .

It can be shown that the genus zero Gromov-Witten potential F0(t) satisfies the WDVV equations. Therefore
we can define a Frobenius manifold M = {(t1, · · · , tn) ∈ Cn} equip with metric ηαβ = 〈γα, γβ〉 :=

∫
X
γα ∪ γβ

and the Frobenius potential given by the genus zero Gromov-Witten potential F (t) = F0(t). We have that {tα}
is a system of flat coordinates on M . In particular, if γ1 := 1 ∈ H0(X,Q) then e = ∂

∂t1 is the multiplicative

identity. It can be shown that the Euler vector field is given by E :=
∑n
α=1

(
1− |γα|2

)
tα ∂
∂tα +

∑
β,|γβ |=2 r

β ∂
∂tβ

[28, Proposition 5.3.4] where |γα| denotes the cohomological degree of γα and c1(TX) =
∑
β r

βγβ .

Let us consider the case where X := P1. The basis of H∗(P1,Q) can be given by {γ1 = 1, γ2 = h} where h is the
hyperplane class. Also, we note that H2(X,Z) = {dh | d ∈ Z} ∼= Z we can think of β = d as simply an integer in
this case. The corresponding Frobenius manifold QH∗(P1) = {(t1 = t, t2 = s) ∈ C2} is known as the Quantum
Cohomology of P1. The Frobenius potential is F (t, s) = 1

2 t
2s + Q where Q = es, hence the multiplication on

T(t,s)QH
∗(P1) is

∂

∂t
· ∂
∂t

=
∂

∂t
,

∂

∂t
· ∂
∂s

=
∂

∂s
,

∂

∂s
· ∂
∂s

= Q
∂

∂t
.

In other words, ∂
∂t 7→ 1, ∂∂s 7→ h is an isomorphism of algebras T(t,s)QH

∗(P1) ∼= C[h]/(h2−Q). The Euler vector

field is given by E = t ∂∂t + 2 ∂
∂s .

4.2.3 An-Coxeter Frobenius Manifold

In the following, we consider an example of the Frobenius manifold arises from the Coxeter group An acting on
V := {x1 + · · ·+ xn+1 = 0} ⊂ Cn+1. The space of orbits is V/An = Spec

(
C[y1, · · · , yn]

)
where y1, · · · , yn are

symmetric polynomials in x1, · · · , xn+1 of degree n − α + 2 and let MAn := {(y1, · · · , yn) ∈ Cn} \ Σ ⊂ V/An
be the non-singular locus (containing only orbits with maximal size). It turns out that there exists a unique
Frobenius structure on MAn such that the intersection form (., .) is induced from the Euclidean metric on Cn+1

[9, 8]. Define the superpotential λ(.; y) : P1 → P1 to be the polynomial

λ(z; y) := zn+1 + ynzn−1 + · · ·+ y1 = (z − x1) · · · (z − xn+1).

Then for ∂′, ∂′′, ∂′′′ ∈ TyMAn the flat metric and multiplication are given as follows

〈∂′, ∂′′〉 :=
∑

z,λ′(z;y)=0

Resz
(∂′λ(z; y))(∂′′λ(z; y))dz

λ′(z; y)

c(∂′, ∂′′, ∂′′′) :=
∑

z,λ′(z;y)=0

Resz
(∂′λ(z; y))(∂′′λ(z; y))(∂′′′λ(z; y))dz

λ′(z; y)
.

It is easy to check that the Frobenius algebra TyMAn is isomorphic to the algebra C[z]/(λ′(z; y)) under the
isomorphism ∂

∂yk
7→ zk−1. A flat coordinates {tα} such that ηαβ = 〈 ∂

∂tα ,
∂
∂tβ
〉 = 1

n+1δα+β,n+1, deg tα = deg yα

can be given by [9]

tα := − n+ 1

n− α+ 1
Resz=∞

(
λ
n−α+1
n+1 (z; y)dz

)
.

Using the flat coordinates the Euler vector field is expressed as E :=
∑n
α=1

n−α+1
n+1 tα ∂

∂tk
. By construction,

the roots {x1, · · · , xn+1} are flat coordinates of the intersection form (., .). It is not hard to show that gij =
(dxi, dxj) = δij − 1

n+1 and so gij = δij + 1.

As an example, let us study the case when n = 3. We have λ(z; y) = z4+y3z2+y2z+y1 and t1 := y1− 1
8 (y3)2, t2 =

y2, t3 = y3. On TtMAn we find that ∂
∂t1 is the multiplication identity and

∂

∂t2
· ∂
∂t2

= −1

4
t3

∂

∂t1
+

∂

∂t3
,

∂

∂t2
· ∂
∂t3

= −1

4
y2 ∂

∂t1
− 1

4
t3

∂

∂t2
,

∂

∂t3
· ∂
∂t3

=
1

16
(t3)2 ∂

∂t1
− 1

4
t2

∂

∂t2
.

Therefore, the Frobenius potential is given by F (t) := (t1)2t3+t1(t2)2

8 − (t2)2(t3)2

64 + (t3)6

240 .
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Chapter 4. Seiberg-Witten Theory and Frobenius Manifolds

4.3 Tensor Product Frobenius Manifolds

Suppose that we were given two Frobenius manifolds M ′ and M ′′ with dimension n′ and n′′ respectively. We
say that an n′n′′-dimensional Frobenius manifold M is a tensor product of M ′ and M ′′ if it satisfied some
properties [11, page 83-84] and we write M = M ′ ⊗M ′′. We equip the tensor product manifold M with flat
coordinates {tα′α′′ | α′ = 1, · · · , n′, α′′ = 1, · · · , n′′}. The Frobenius structure of M is

(TM, 〈., .〉) = (TM ′ ⊗ TM ′′, 〈., .〉′ ⊗ 〈., .〉′′), e =
∂

∂t1′1′′
=

∂

∂t1′
⊗ ∂

∂t1′′
, (4.3)

and we define ∂
∂tα′α′′

= ∂
∂tα′
⊗ ∂

∂tα′′
. Let {dtα′α′′} be the dual basis defined by dtα

′α′′( ∂
∂tβ′β′′

) = δα
′

β′ δ
α′′

β′′ , it

follows that dtα
′α′′ = dtα

′ ⊗ dtα′′ . Let d′ and d′′ be the charges of M ′ and M ′′ respectively, then the charge
of the tensor product M is d = d′ + d′′. The Euler vector field E is given in term of the Euler vector fields
E′ =

∑
α′(d

′
α′t

α′ + rα′)
∂

∂tα′
and E′′ =

∑
α′′(d

′′
α′′t

α′′ + rα′′)
∂

∂tα′′
by [22, Theorem 2.1.10]:

E =
∑
α′,α′′

(d′α′ + d′′α′′ − 1)tα
′α′′ ∂

∂tα′α′′
+
∑
α′

r′α′
∂

∂tα′1′′
+
∑
α′′

r′′α′′
∂

∂t1′α′′
. (4.4)

It follows that the operator µ for M is given by

µβ
′β′′

α′α′′ =
2− d

2
δβ
′β′′

α′α′′ − ∂α′α′′E
β′β′′ =

2− (d′ + d′′)

2
δβ
′β′′

α′α′′ − (d′β′ + d′′β′′ − 1)δβ
′β′′

α′α′′

=
(2− d′

2
δβ
′

α′ − d
′
β′δ

β′

α′

)
δβ
′′

α′′ + δβ
′

α′

(2− d′′

2
δβ
′′

α′′ − d
′′
β′′δ

β′′

α′′

)
,

or in a more compact notation

µ = µ′ ⊗ 1′′ + 1′ ⊗ µ′′. (4.5)

Let us denote the Poisson bracket on M ′ and M ′′ by {., .}′ and {., .}′′ respectively, then the Poisson bracket on
M = M ′ ⊗M ′′ is

{tα
′α′′ , tβ

′β′′} = 〈dtα
′α′′ , µdtβ

′β′′〉 = {tα
′
, tβ
′
} 〈dtα

′′
, dtβ

′′
〉+ 〈dtα

′
, dtβ

′
〉 {tα

′′
, tβ
′′
}.

Definition 4.3.1 ([10, Section 5.5]) We call the locus

{tα
′α′′ = 0 | α′ 6= 1′ or α′′ 6= 1′′} ⊂M = M ′ ⊗M ′′

the coordinates cross of M . Let {t′α} and {t′′α} be flat coordinates of M ′ and M ′′ respectively then tα
′1′′ = t′α,

t1
′α′′ = t′′α and t1

′1′′ = t′1
′

= t′′1
′′

=: t1 on coordinates cross.

The coordinates cross is a nice place to work on the manifold M because it is where we have an obvious splitting
of M back into M ′ and M ′′. More concretely, suppose that u = (tα

′α′′) ∈M is on a coordinates cross such that
(tα
′1′′) = (t′α) := u′ ∈M ′ and (t1

′α′′) = (t′′α) =: u′′ ∈M ′′, then TuM = Tu′M
′⊗Tu′′M ′′ and the multiplication

splits in the sense that (x⊗ w) · (y ⊗ z) := x · y ⊗ w · z, in other words, cγ
′γ′′

α′α′′,β′β′′ = c′γ
′

α′β′c
′′γ′′
α′′β′′ or

Cα′α′′ = C ′α′ ⊗ C ′′α′′ . (4.6)

Moreover, the Euler vector field E of M simplifies to

E = E′ ⊗ ∂1′′ + ∂1′ ⊗ E′′ − t1∂1′ ⊗ ∂1′′ (4.7)

on coordinate cross.

Remark 4.3.2 Away from the coordinates cross we are still going to have TuM = Tu′M
′ ⊗ Tu′′M ′′ but the

multiplication will be much more complicated and the points u′ and u′′ will be non-trivial functions of u =
(tα
′α′′). The actual definition of the multiplication on TtM when t ∈M is a generic point is given in [28, 22]. Let

{Ω′0,n : (V ′)⊗n → H∗(M̄0,n,C)} and {Ω′′0,n : (V ′′)⊗n → H∗(M̄0,n,C)} be the genus zero Cohomological Field
Theories (CohFTs) corresponding to the Frobenius manifolds M ′ and M ′′. Then M = M ′⊗M ′′ is the Frobenius
manifold corresponding to the cup product CohFT {Ω0,n := Ω′0,n ∪ Ω′′0,n : (V ′ ⊗ V ′′)⊗n → H∗(M̄0,n,C)}. It is
possible to check that the multiplication on TtM defined splits as expected when t is on coordinates cross.
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4.4. Odd Periods of M ⊗QH∗(P1) and Seiberg-Witten Theory

Let’s consider the case where M ′′ = QH∗(P1) and M ′ is an arbitrary n′-dimensional Frobenius manifold. The
2n′-dimensional Frobenius manifold M = M ′ ⊗QH∗(P1) has a Poisson structure {., .}:

{tα
′1′′ , tβ

′2′′} = ηαβ
(
µ′β +

1

2

)
, {tα

′2′′ , tβ
′1′′} = ηαβ

(
µ′β −

1

2

)
.

We will only get a symplectic structure on M if and only if µ′α 6= − 1
2 for all α = 1, · · · , n′ and in that case the

symplectic form Ω of M can be defined from the Poisson bracket {., .} to be

Ω =

n∑
α=1

dtα
′2′′ ∧ dt(r−α+1)′1′′

µ′α + 1
2

. (4.8)

Proposition 4.1.6 guarantees that we can find a 2n′-independent odd periods {Xi(tβ
′β′′), Yi(t

β′β′′)} on M∗.

Theorem 4.3.3 ([10, Theorem 5.16]) Let M := M ′⊗QH∗(P1) and let {x1(t), ..., xn
′
(t)} be a system of flat

coordinates of the intersection form on M ′∗. Then there exists a locally defined system of 2n′-independent odd
periods {Xi(tβ

′β′′), Yi(t
β′β′′)} such that their restrictions on the coordinate cross of M∗ is given by

Xi(t, Q) = xi(t) +O(Q), Yi(t, Q) = gijx
j(t) log(Q)− 2

∂F ′∗
∂xi

+O(Q)

where gij := (dxi, dxj) is a constant metric, F ′∗ is the Frobenius potential for M ′∗. Moreover the set of odd
periods {Xi(tβ

′β′′), Yi(t
β′β′′)} forms a canonical coordinates system for the symplectic structure on M∗:

{Xi, Yj} = δij , {Xi, Xj} = {Yi, Yj} = 0.

In other words, we have Ω =
∑n′

i=1 dX
i ∧ dYi.

Proof: We refer to the original material [10, Theorem 5.16] for proof. �

We have a family of Lagrangian submanifolds of M :

Ls = {t1
′2′′ = s = fixed, tα

′2′′ = 0, α = 2, ..., r, tβ
′1′′ = arbitrary, β = 1, ..., r} ⊂M (4.9)

= {coordinates cross with t1
′2′′ = s}

parameterized by the coordinate s (or equivalently, by Q = es). Because Ls is parameterized by the flat
coordinates {tα′1′′ = t′α

′} of M ′ and if Q > 0 is sufficiently small {Xi} will be a coordinates system for M ′,
hence we can write Ls := {(X1, · · · , Xn′ , Y1, · · · , Yn′) | Yi = fi({Xk}, Q)} for some functions fi, i = 1, · · · , n′.
By the definition of Lagrangian submanifold, we have

0 = Ω|Ls =

n′∑
i=1

dXi ∧ dfi({Xk}, Q) =

n′∑
i,j=1

dXi ∧ ∂fi
∂Xj

dXj =

n′∑
i>j=1

(
∂fi
∂Xj

− ∂fj
∂Xi

)
dXi ∧ dXj .

This implies the existence of the generating function SM ′ = SM ′({Xk}, Q) of the Lagrangian submanifold such
that

Yi =
∂SM ′({Xk}, Q)

∂Xi
.

for all sufficiently small Q. As we are going to see, if M ′ := MAg then Xi = ai :=
∮
Ai
dSSW , Yi = bi :=

∮
Bi
dSSW

and SMAg
= 2πiFSW . So the Seiberg-Witten theory can be encoded into a certain tensor product of Frobenius

manifolds.

4.4 Odd Periods of M ⊗QH∗(P1) and Seiberg-Witten Theory

In this section, we study the tensor product Frobenius manifold M ⊗QH∗(P1) and its relations to the Seiberg-
Witten theory when M := MAg as noted in [10].
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4.4.1 Odd Periods of M ⊗QH∗(P1) as period integrals

First, we will consider the general case when M is an arbitrary n-dimensional Frobenius manifold. Without
loss of generality, we will assume that the intersection form gαβ is invertible on M (we only need to replace
M by M∗ := M \ Σ otherwise). Let us consider Equation (4.2) on the coordinates cross of M ⊗ QH∗(P1).
Setting λ = 0, ν = 1

2 ,ξ = ξ(t, Q) := pα(t, Q)dtα ⊗ dt + qα(t, Q)dtα ⊗ ds and p := pαdt
α, q := qαdt

α then the
α′α′′ = α1, α = 1, · · · , n and α′α′′ = 12 parts of Equation (4.2) yields

∂αp · U + 2∂αq = p
(
µ− 1

2

)
Cα, ∂αq · U + 2Q∂αp = q

(
µ+

1

2

)
Cα

Q∂Qp · U + 2Q∂Qq = q
(
µ+

1

2

)
, ∂Qq · U + 2Q∂Qp = p

(
µ− 1

2

)
(4.10)

for α = 1, · · · , n. We note that only the α′α′′ = α1, α = 1, · · · , n and α′α′′ = 12 parts will be relevant on the
coordinate cross.

Proposition 4.4.1 ([10, Proposition 5.18]) Let x(t) be a solution to the intersection form flat coordinate
equation on MAg . Then for an arbitrary closed contour C, on a Riemann surface where the integrand is defined,

pα =

∮
C

∂αx(t1 − λ, t2, · · · , tn)√
λ2 − 4Q

, qα = −1

2

∮
C

λ∂αx(t1 − λ, t2, · · · , tn)√
λ2 − 4Q

(4.11)

satisfies the system of equations (4.10). It follows that

ω(t, Q) =

∮
C

x(t1 − λ, t2, ..., tn)√
λ2 − 4Q

dλ (4.12)

is an odd period on the coordinates cross of M ⊗QH∗(P1).

Proof: It is straightforward to substitute p and q given by (4.11) into (4.10) and show that every equation is
satisfied using the fact that ξ = ξ(t;λ) := dx(t1 − λ, t2, · · · , tn) = dx(t; 0;λ) satisfies

∂αξ · (U − λ) = ξ

(
µ− 1

2

)
Cα.

Let ω̄ = ω̄({tα′α′′}) be an odd period on M ⊗QH∗(P1). We can write in general:

ω̄ = ω(t, Q) +O(tα>1,2)

where O(tα>1,2) contains all terms depending on the coordinates t22, · · · , tn2 which we do not need to care
about because they will vanish on the coordinates cross. Let ω(t, Q) be given by (4.12) then

pα =
∂ω

∂tα
=

∮
C

∂αx(t1 − λ, t2, ..., tn)√
λ2 − 4Q

dλ =

∮
C

ξα√
λ2 − 4Q

dλ

q1 = Q
∂ω

∂Q
=

1

2

∮
C

x(t1 − λ, t2, ..., tn)
4Q

(λ2 − 4Q)3/2
dλ

= −1

2

∮
C

x(t1 − λ, t2, ..., tn)
∂

∂λ

(
λ√

λ2 − 4Q

)
=

1

2

∮
C

λ∂λx(t1 − λ, t2, ..., tn)√
λ2 − 4Q

= −1

2

∮
C

λξ1√
λ2 − 4Q

.

This completes the proof of the Proposition. �

The following proposition make it more precise how to obtain from period integrals, a complete linearly inde-
pendent set of odd periods, that forms canonical coordinates for the symplectic structure on M ⊗QH∗(P1):

Proposition 4.4.2 Let M be a semisimple Frobenius manfiold and let {u1, .., un} be canonical coordinates. Let
{x1, ..., xn} be flat coordinates of the intersection form (., .) on M , chosen such that the monodromy of xi at
λ = ui is +xi ↔ −xi, gij = (dxi, dxj), (gij) = (gij)−1 and xi := gijx

j , ξi(t;λ) := gijξ
j(t;λ). We define A to

be a cycle enclosing singularities ±2
√
Q and Bi to be a cycle enclosing −2

√
Q and ui. Then the following odd

period integrals

Xi(t, Q) :=
1

2πi

∮
A

xi(t1 − λ, t2, ..., tn)√
λ2 − 4Q

dλ, Yi(t, Q) :=

n∑
j=1

gij

∮
Bj

xj(t1 − λ, t2, ..., tn)√
λ2 − 4Q

dλ (4.13)

gives a complete linearly independent set of odd periods {Xi=1,··· ,n, Yi=1,··· ,n} that forms canonical coordinates
for the symplectic structure on the coordinate cross of M ⊗QH∗(P1) in the sense of Theorem 4.3.3.
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The cycles A and Bi can be thought of as cycles on a non-compact Riemann surface Λi constructed by gluing
two copies of C \∪ni=1Li along the cut [−2

√
Q,+2

√
Q] and Li. Rays L1, ..., Ln are defined in the usual way [10]

Li = {ui + ρeiφ|ρ ∈ R+}. (4.14)

Proof: To avoid confusion with the established result in Theorem 4.3.3 we shall define

X̃i(t, Q) :=
1

2πi

∮
A

xi(t1 − λ, t2, ..., tn)√
λ2 − 4Q

dλ, Ỹi(t, Q) :=

∮
Bi

xi(t1 − λ, t2, ..., tn)√
λ2 − 4Q

dλ (4.15)

and Ỹi := gij Ỹ
j . From Proposition 4.4.1 we know that the given integral expressions for X̃i(t, Q) and Ỹi(t, Q)

will be odd periods on the coordinate cross of M ⊗ QH∗(P1). A complete linearly independent set of odd
periods {X̃i, Ỹi} will always forms coordinates such that the Poisson bracket {., .} is constant. Therefore we can
always form an appropriate linear combination of a given odd period system to obtain canonical coordinates
{Xi, Xj} = {Yi, Yj} = 0, {Xi, Yj} = δij . Therefore we only have to show that the set {X̃i(t, Q), Ỹi(t, Q)} as
defined above is linearly independent and already are canonical coordinates without the need of forming any
further linear combinations. Note that canonical coordinates are not unique, any transformation of {X̃i, Ỹi} via
an action of Sp(2n,C) will remain canonical.
Since {X̃i, X̃j}, {Ỹi, Ỹj} and {X̃i, Ỹj} are constants, we can evaluate them in the limit Q → 0. We will need
the following :

pX̃i,α :=
∂X̃i

∂tα′1′′
=

1

2πi

∮
A

ξiα(t;λ)dλ√
λ2 − 4Q

, qX̃i,α :=
∂X̃i

∂tα′2′′
= − 1

4πi

∮
A

λξiα(t;λ)dλ√
λ2 − 4Q

pỸ i,α :=
∂Ỹ i

∂tα′1′′
=

∮
Bi

ξiα(t;λ)dλ√
λ2 − 4Q

, qỸ i,α :=
∂Ỹ i

∂tα′2′′
= −1

2

∮
Bi

λξiα(t;λ)dλ√
λ2 − 4Q

,

where ξi = ξiα(t;λ)dtα := dxi(t1 − λ, t2, · · · , tn). Similarly, we define pỸi,α := ∂Ỹi/∂t
α′1′′ = gijpỸ j ,α and

qỸi,α := ∂Ỹi/∂t
α′2′′ = gijqỸ j ,α. As Q→ 0 we have

pX̃i = ξi(t) +O(Q), qX̃i = O(Q).

From this we conclude that X̃i are indeed Xi, i = 1, ..., n in Theorem 4.3.3. To study pỸ i and qỸ i as Q→ 0, first

we will deform Bi so that
∮
Bi

=
∫ −2

√
Q

ui
−
∫ ui
−2
√
Q

= 2
∫ −2

√
Q

ui
. The last equality follows because these integrals

are on the different sheets of Λi, hence xi switches sign crossing Li whereas
√
λ2 − 4Q switches sign crossing

[−2
√
Q,+2

√
Q]. It is important to deform Bi to this specific path because Bi must intersects the segment

[−2
√
Q,+2

√
Q] by definition and the deformed path will ensure this condition is met as Q→ 0. We have

pỸ i = 2

∫ −2
√
Q

ui

ξi(t1 − λ, t2, ..., tn)√
λ2 − 4Q

dλ = 2ξi(t)

∫ −2
√
Q

ui

dλ√
λ2 − 4Q

+ 2

∞∑
k=1

∂k1 ξ
i(t)

k!

∫ −2
√
Q

ui

(−λ)kdλ√
λ2 − 4Q

= ξi(t) logQ+ r̃i(t) +O(Q).

Where we let r̃i(t) to be the Q0 terms of the small Q expansion above. Similarly, we have

qỸ i = −
∫ −2

√
Q

ui

λξi(t;λ)dλ√
λ2 − 4Q

= −
∫ 0

ui
ξi(t;λ)dλ+O(Q)

=

∫ 0

ui
∂λ

(
ξi(t;λ) · (U − λ)

(
µ+

1

2

)−1
)
dλ+O(Q)

where the last equality is due to

∂λξ
i(t;λ) · (U − λ) = −ξi(t;λ)

(
µ− 1

2

)
=⇒ ∂λ(ξi(t;λ) · (U − λ)) = −ξi(t;λ)

(
µ+

1

2

)
.

According to [10, Lemma 4.4] combining with [10, Equation (4.3)] we can write ξi(t;λ), i = 1, ..., n in canonical
coordinates near λ = ui as

ξi(t;λ) =

n∑
k=1

√〈
∂

∂uk
,
∂

∂uk

〉
1√

ui(t)− λ
(δik +O(ui(t)− λ))duk.
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Using the fact that U = diag(u1, ..., un) in canonical coordinates, we conclude : limλ→ui ξ
i(t;λ) · (U − λ) =

0, i = 1, ..., n. Therefore,

qỸ i = ξi(t) · U
(
µ+

1

2

)−1

− lim
λ→ui

ξi(t;λ) · (U − λ)

(
µ+

1

2

)−1

+O(Q)

= ξi(t) · U
(
µ+

1

2

)−1

+O(Q).

Applying gij to lowing the indices, we can see that the gradients of Ỹi(t, Q) as Q→ 0 is given by

(pỸi , qỸi) =

(
ξi(t) logQ+ r̃i(t), ξi(t) · U

(
µ+

1

2

)−1
)

+O(Q), r̃i(t) := gij r̃
j(t). (4.16)

As a solution of odd period equations, Ỹi(t, Q) can be expressed as a linear combination of a complete set of
linearly independent odd periods {Xi, Yi} in Theorem 4.3.3. From the leading term of pỸi we deduce that

Ỹi = Yi +
∑n
k=1 cikX

k where cik are some constants. Recall from the proof of Theorem 4.3.3 ([10, Theorem
5.16]), it was assumed that pYi takes the form pYi = ξi(t) logQ+ ri(t) +O(Q) where ri(t) =

∑n
k=1Aik(t)ξk(t)

and Aik(t) is a function to be determined. Then using odd period equations and qYi = ξi(t)U
(
µ+ 1

2

)−1
+O(Q)

we found that

ri,α(t) = −2
∂

∂tα
∂F∗(x)

∂xi

where F∗(t) is the potential of dual (almost) Frobenius manifold M∗. By differentiating Ỹi = Yi +
∑n
k=1 cikX

k

and comparing terms, we find that r̃i(t) =
∑n
k=1(Aik(t)+cik)ξk(t). Since we have qỸi = ξi(t)U

(
µ+ 1

2

)−1
+O(Q),

the same proof as in Theorem 4.3.3 applies once again and we conclude that r̃i(t) takes the same form as ri(t)
with a new potential F̃∗(t) = F∗(t) + (quadratic terms). Due to the form of gradients (pX̃i , qX̃i) and (pỸi , qỸi),
the evaluation of Poisson brackets in the limit Q → 0 is now no different from the remaining of the proof of
Theorem 4.3.3. It follows that {X̃i, X̃j}, {Ỹi, Ỹj} = 0 and {X̃i, Ỹj} = δij . We can now remove the tilde if we
wished and the proposition is proven. �

Example 4.4.3 Recall that in the case where M is 1-dimensional we have x(t − λ) = 2
√
t− λ, therefore the

monodromy is just a reflection +x↔ −x when λ moves around t. In this case the integral

X(t, Q) =

∮
C

√
t− λ√
λ2 − 4Q

dλ

is done on a genus 1 Riemann surface: y2 = (t − λ)(λ2 − 4Q) which is a double cover of λ-plane ∼= C. The

integral over cycles A and B = B1 simply compute the A and B-periods of
√
t−λ√
λ2−4Q

dλ.

For a general Frobenius manifold M since for a fixed (t1, ..., tn), the flat coordinate xi(t1 − λ, t2, ..., tn) has
monodromies at λ = u1, · · · , un, where ui = ui(t1, ..., tn) are the canonical coordinates of M . Using [10,
Equation (4.55)]:

xi(t1 − λ, t2, ..., tn) =
2

1− d

n∑
k=1

(uk(t)− λ)

√〈
∂

∂uk
,
∂

∂uk

〉
φ

(i)
k (t;λ)

where φ
(i)
k :=

ξik√
〈 ∂

∂uk
, ∂

∂uk
〉
, ξi = ξikdu

k and the application of [10, Lemma 4.5] with ν = 0: Mjξ
i = ξi − 2cjiξj

(no summation over repeated indices), where cij = gij√
giigjj

, we conclude that the monodromy of xi at uj is

given by (no summation over repeated indices):

xi 7→Mjx
i = xi − 2cjixj .

It is clear that the monodromy of xi at λ = ui is xi 7→ Mix
i = −xi because cii = 1, satisfying the assumption

of Proposition 4.4.2. Unlike what we have seen in the Example 4.4.3, a double cover of λ-plane is in general
not sufficient to define a single-valued xk(t1 − λ, t2, ..., tn). We can see this from a monodromy of xk around ui

follows by a monodromy around uj

xk 7→Mix
k = xk − 2cikxi 7→Mjx

k − 2cikMjx
i = xk − 2cjkxj − 2cikxi + 4cjicikxj .

This is not xk unless i = j suggesting that we potentially need an infinite cover of λ-plane.
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4.4.2 The tensor product Frobenius manifold MAg ⊗QH∗(P1) and Seiberg-Witten
Theory

Let us specialize to the case where M = MAg , where we recall from Section 4.2.3 that the Ag-Coxeter Frobenius
manifold MAg is defined by the superpotential λ(z; y) = zg+1 + ygzg−1 + ... + y1 = (z − x1)...(z − xg+1).
The flat coordinates for 〈., .〉 on MAg can be found and we denote them as {t1, ..., tg}, deg tα = deg yα while
{x1, ..., xg+1} are flat coordinates of the intersection form (., .) of MAg . In other words, for a fixed (t1, ..., tg),
the polynomial λ(z; t) has (g + 1)-roots {xi=1,··· ,g+1 = xi(t1, ..., tn)}, each of them will satisfy the intersection
form flat coordinates equations on MAg , but only g of them will be linearly independent because of the relation
x1 + ...+ xg+1 = 0.

More generally, {xi=1,··· ,g+1(t; 0;λ) := xi(t1−λ, t2, · · · , tg)} are flat coordinates of the λ-flat pencil (., .)λ. Since
t1 = y1, it is clear that λ(xi(t1 − λ, t2, ..., tg); t) = λ, ∀i = 1, ..., g + 1. In other words, xi(t; 0;λ) are locally an
inverse of λ = λ(z; t). The canonical coordinates of MAg are given by the critical values {u1, · · · , ug} of λ(z; t).
Suppose that xi(t1 − ui, t2, · · · , tg) = xi+1(t1 − ui, t2, · · · , tg) then the monodromy Mi around λ = ui is given
by Mix

i = xi+1,Mix
i+1 = xi for i = 1, · · · , g and Mix

j = xj for all j 6= i, i+ 1.

Remark 4.4.4 We may take the flat coordinates of MAg to be {x̄i=1,··· ,g := xi − xi+1} for the assumption
Mix̄

i = −x̄i of Proposition 4.4.2 to be satisfied.

Now, let us turn our attention to finding the odd periods on the coordinate cross of MAg ⊗QH∗(P1). Since the
superpotential λ = λ(x; t) is really simple in our case, instead of considering the integral on Λi constructed by
gluing λ-planes C \ ∪ni=1Li together, the computation can be simplified by considering the integral on a cover
of the x-plane ∼= C. We have that

x(t1 − λ, t2, · · · , tg)dλ√
λ2 − 4Q

=
xdλ(x; t)√
λ2(x; t)− 4Q

=
xλ′(x; t)dx√
λ2(x; t)− 4Q

is a well-defined family of differential forms on the family of compact genus g Riemann surfaces Σg : y2 =
λ2(x; t)− 4Q parameterized by the coordinates cross. Each Σg doubly covering P1 via (x, y) 7→ x ramified over
2g + 2 roots of λ2(x; t) − 2Q given by {x1±, · · · , xg+1,±}. If we introduced a new function w : Σg → P1 by√
Q
(
w − 1

w

)
= y and Λg+1 :=

√
Q then Σg can be written in the form

Λg+1

(
w +

1

w

)
= λ(x; t) = xg+1 + ygxg−1 + · · ·+ y1

then we recognize Σg as a genus g Seiberg-Witten curve. Similarly, we recognize xλ′(x;t)dx√
λ2(x;t)−4Q

= xλ′(x;t)dx
y = xdww

as the Seiberg-Witten differential dSSW . Finally, the coordinates {t1, · · · , tg} of MAg parameterizes the family
of Seiberg-Witten curves.

It follows from Proposition 4.4.1 that

ω(t, Q) =

∮
C

dSSW (4.17)

is an odd period on the coordinate cross of M ⊗QH∗(P1) for any cycle C ∈ H1(Σg,C).

Proposition 4.4.5 (See also, [10, Example 2]) Let us choose A and B-periods on the Seiberg-Witten curve
Σg as in Figure 4.4.2. Then

Xi(t, Q) =
1

2πi
ai :=

1

2πi

∮
Ai

dSSW , Yi(t, Q) = bi :=

∮
Bi

dSSW , i = 1, · · · , g

gives a complete linearly independent set of odd periods {Xi=1,··· ,g, Yi=1,··· ,g} that forms canonical coordinates for
the symplectic structure on the coordinates cross of MAg⊗QH∗(P1) in the sense of Theorem 4.3.3. Additionally,
if Xg+1(t, Q) := 1

2πi

∮
Ag+1

dSSW then X1 + ...+Xg +Xg+1 = 0.

Proof: We already know from Proposition 4.4.1 that the given integral expressions are odd periods on the
coordinate cross of MAg ⊗ QH∗(P1). To avoid confusion with the established result in Theorem 4.3.3, we

define X̃i := 1
2πi

∮
ai
dSSW , Ỹi :=

∮
bi
dSSW and we will reserve the notation {Xi, Yi} for odd periods canonical

coordinates according to Theorem 4.3.3 for now. Changing the integration variable back from x to λ, we have

X̃i(t, Q) =
1

2πi

∮
Ai

dSSW =
1

2πi

∮
A

xi(t1 − λ, t2, ..., tn)dλ√
λ2 − 4Q

. (4.18)
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· · ·

A1
A2 A3

Ag+1

B1

B2

B3

x1− x1+ x2− x2+ x3− x3+ x4− xg+
xg+1,− xg+1,+

Figure 4.1:
A genus g Seiberg-Witten curve Σg with a particular choice of A and B-cycles which generates H1(Σg,C) such
that A1 + · · ·+Ag +Ag+1 = 0.

This is because an x-integral enclosing xi± using x = xi root of P (x) as an integration variable is the same
as λ-integral

∮
A
dλ enclosing ±2

√
Q with x = xi in the integrand. Therefore it is straightforward to see that

X̃i = Xi for i = 1, ..., n.

Let’s denote canonical coordinates of MAn by {u1, ..., un}. Let {q1, ..., qn} ∈ C be the set of critical points of
λ(x; t), λ′(qi; t) = 0, λ(qi; t) = ui(t). For notational convenience we will define qn+1 := qn and un+1 := un.
Consider an integral in λ-plane starting from ui, crossing the cut [−2

√
Q,+2

√
Q] and going back to ui, which

can be deformed to
∫ −2

√
Q

ui
−
∫ ui
−2
√
Q

= 2
∫ −2

√
Q

ui
. Changing to the x-variable, this path is the path joining

(x, y) = (qi,−
√

(ui(t))2 − 4Q) in the bottom sheet to (x, y) = (qi,+
√

(ui(t))2 − 4Q) in the top sheet via
(x, y) = (xi−,−2

√
Q) which we will denote by Ci, i = 1, ..., n+ 1. Therefore we have that

Ỹi(t, Q) =

∮
Bi

dSSW =

∫
Ci

dSSW −
∫
Cn+1

dSSW +Ri(t, Q)

= 2

∫ −2
√
Q

ui

xi(t1 − λ, t2, ..., tn)dλ√
λ2 − 4Q

− 2

∫ −2
√
Q

un

xn+1(t1 − λ, t2, ..., tn)dλ√
λ2 − 4Q

+Ri(t, Q)

where Ri(t, Q) =
∫
Bi−(Ci−Cn+1)

dSSW is a function analytic at Q = 0. The first two integrals have been

discussed in the proof of Proposition 4.4.2. The gradient (pỸi , qỸi) of Ỹi can be seen to take the form (4.16).
For example, the leading term of pỸi is

(ξi(t)− ξn+1(t)) logQ = (ξi(t) +

n∑
k=1

ξk(t)) logQ = gijξ
j(t) logQ = ξi(t) logQ, (4.19)

where we have used gij = δij + 1, ξi(t) := dxi(t) and x1 + ... + xn+1 = 0 which implies ξ1 + ... + ξn+1 = 0.
We arrive at the same situation we were at the end of the proof of Proposition 4.4.2 and the remaining of
the arguments will be identical. We conclude that {X̃i, Ỹi} forms a system of canonical coordinates on the
coordinates cross of MAg ⊗QH∗(P1). Dropping tildes, the proposition is proven. �

Let SAg = SAg ({Xi}, Q) be the generating function for the Lagrangian submanifold Ls ⊂MAg ⊗QH∗(P1). We
have that

bi = Yi =
∂SAg ({Xk}, Q)

∂Xi
= 2πi

∂SAg ({Xk}, Q)

∂ai
.

Therefore, the Seiberg-Witten prepotential is given by FSW ({ai},Λ) = 2πiSAg ({ a
i

2πi},Λ
2g+2) [10].

4.5 ν-Periods of M = M ′ ⊗M ′′ as Period Integrals

In the previous section, it is unclear why odd periods on the coordinate cross of M ⊗ QH∗(P1) are given by
period integrals. In particular, why should A and B-periods of the Seiberg-Witten differential on Seiberg-Witten
curves be related to MAg⊗QH∗(P1)? In this section we generalize Proposition 4.4.1 to obtain a ν-period on the
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coordinates cross of M = M ′ ⊗M ′′ for any two arbitrary Frobenius manifolds M ′ and M ′′ as a period integral
on some Riemann surface. This shows that there is nothing specific about the tensor product with QH∗(P1)
and that period integrals naturally arise in tensor products of Frobenius manifolds.

Suppose that flat coordinates of M ′ are given by t = (t′1, t′2, ..., t′n) then let us define t̃′ := (0, t′2, ..., t′n). We
claim the following

Theorem 4.5.1 Let M ′ and M ′ be n′ and n′′-dimensional Frobenius manifolds respectively. Suppose that
ξ′ = ξ′(t′; ν′;λ) := dx′(t′; ν′;λ) is a gradient of a (ν′, λ)-period x′(t′; ν′;λ) of M ′ and ξ′′ = ξ′′(t′′; ν′′;λ) :=
dx′′(t′′; ν′′;λ) is a gradient of (ν′, λ)-period x′′(t′′; ν′′;λ) of M ′′ then

ψ(t′, t′′; ν) =

∮
C

ξ′(t̃′; ν′;−λ)⊗ ξ′′(t′′; ν′′; +λ)dλ (4.20)

is a gradient of ν-period on coordinates cross of M = M ′ ⊗M ′′ where ν = ν′ + ν′′ + 1/2 and C is an arbitrary
closed contour on a Riemann surface where the integrand is well-defined.

Of course, we can write (4.20) equation in the coordinates form ψ = ψα′α′′dt
α′ ⊗ dtα′′ on the coordinates cross

as

ψα′α′′(t
′, t′′; ν) =

∮
ξ′α′(t̃

′; ν′;−λ)ξ′′α′′(t
′′; ν′′; +λ)dλ

Let ξ̃′ := ξ′(t̃′; ν′;−λ) and ξ′′ = ξ′′(t′′; ν′′; +λ) as before, then (4.20) can be written more compactly as ψ =∮
C
ξ̃′⊗ξ′′dλ. The integral (4.20) can be performed on any closed contour C on a surface where ξ̃′⊗ξ′′ is defined

as a function of λ. There is no guarantee that a closed contour will exist for any ν′, ν′′ ∈ C, but it is possible
in the simple case ν′, ν′′ ∈ Q as we shall see in the following. Let {u′1, ..., u′n′} be the canonical coordinates of
M ′ and define the rays L′1, ..., L

′
n by:

L′i := {−u′i + ρeiφ | ρ ∈ R+}.

then ξ̃′ is a well-defined function for λ ∈ C \ ∪n′i=1L
′
i (see [10, Section 4]). Similarly, let {u′′1, · · · , u′′n′′} be the

canonical coordinates of M ′′ and define the rays L′′1 , ..., L
′′
n′ by:

L′′i := {+u′′i + ρeiφ | ρ ∈ R+}.

then ξ′′ is well-defined for λ ∈ C \ ∪n′′i=1L
′′
i . Assuming we are working on a dense subset such

that {−u′i=1,··· ,n′ , u′′i=1,··· ,n′′} are pairwise distinct, then it is possible to pick φ ∈ [0, 2π) such that
{L′i=1,··· ,n′ , L

′′
i=1,··· ,n′′} intersect trivially pairwise. Let us fix a pair (i′, i′′) for some i′ = 1, · · · , n′ and

i′′ = 1, · · · , n′′, then we can choose ξ̃′ and ξ′′ such that their monodromies around λ = u′i
′

and λ = u′′i
′′

are multiplication by e2πi(ν′+1/2) and e2πi(ν′′+1/2) respectively [10, Lemma 4.5]. Let m ∈ Z be such that
m(ν′+ 1/2) +m(ν′′+ 1/2) ∈ Z. Then it is possible to glue m copies of C \ ((∪n′i=1L

′
i)∪ (∪n′′i=1L

′′
i )) appropriately

along the cuts L′i′ and L′′i′′ to yield a non-compact Riemann surface Λmi′i′′ such that the path C enclosing u′i
′

and u′′i
′′
, m times, will form a closed contour on Λmi′i′′ . We have that ξ̃′⊗ξ′′ is well-defined on some open subset

of Λmi′i′′ containing C as needed.

Remark 4.5.2 We note that the definition of Λmi′i′′ varies with the point on the coordinate cross, in other words,
it is parameterized by the coordinates cross. Therefore, we naturally obtain a family of Riemann surfaces by
studying the ν-periods of M = M ′ ⊗M ′′.

Let us now prove Theorem 4.5.1:

Proof: On M = M ′ ⊗M ′′ the ν-period equation is

∂α′α′′ψ · U = ψ
(
µ+ ν − 1

2

)
Cα′α′′ .

Since we are dealing with the formula on the coordinates cross, we only need to verify the equation

∂α′α′′ψ · (U ′ ⊗ 1′′ + 1′ ⊗ U ′′ − t1
′1′′1′ ⊗ 1′′) = ψ

(
µ′ ⊗ 1′′ + 1′ ⊗ µ′′ + ν − 1

2

)
C ′α′ ⊗ C ′′α′′

for α′α′′ = α′1′′ and α′α′′ = 1′α′′. Here we have used (4.7), (4.6) and (4.5) for the expression of U , Cα′α′′ and
µ on coordinates cross. We recall that on coordinate cross tα

′1′′ = t′α, t1
′α′′ = t′′α and tα

′α′′ = 0,∀α′, α′′ > 1,
in particular t′1 = t1

′1′′ = t′′1. Both U ′ ⊗ 1′′ and 1′ ⊗ U ′′ contains the term t′11′ ⊗ 1′′ = t′′11′ ⊗ 1′′. We have
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two equivalent choices, either t1
′1′′1′ ⊗ 1′′ will cancel a term in U ′ ⊗ 1′′ or 1′ ⊗U ′′, here we will go with the first

choice. Now, we add and subtract λ1′ ⊗ 1′′ in U , this gives us

U = U ′(λ)⊗ 1′′ + 1′ ⊗ (U ′′ − λ)

where U ′(λ) is a multiplication by the Euler vector field E′ of M ′ with λ replacing t′1. In proving (4.20) we
shall use the following fact that ξ̃′ = ξ′(t̃; ν′;−λ) and ξ′′ = ξ′′(t′′; ν′′; +λ) satisfy

∂λξ̃
′ · U ′(λ) = ξ̃′

(
µ′ + ν′ − 1

2

)
, ∂α′ ξ̃

′ · U ′(λ) = ξ̃′
(
µ′ + ν′ − 1

2

)
C ′α′ , α

′ = 2, ..., n′

∂α′′ξ
′′ · (U ′′ − λ) = ξ′′

(
µ′′ + ν′′ − 1

2

)
C ′′α′′ , α

′′ = 1, ..., n′′.

Also, recall from the proof of [10, Lemma 3.6] that ∂α′ ξ̃
′ = ∂λξ̃

′ · C ′α′ and ∂α′′ξ
′′ = ∂1′′ξ

′′ · C ′′α′′ = −∂λξ′′ · C ′′α′′ .
For α′α′′ = α′1′′, α′ = 2, ..., n′ we have

∂α′1′′ψ · U =

∮
(∂α′ ξ̃

′ ⊗ ξ′′) · Udλ =

∮
(∂α′ ξ̃

′ ⊗ ξ′′) · (U ′(λ)⊗ 1′′ + 1′ ⊗ (U ′′ − λ))dλ

=

∮ (
∂α′ ξ̃

′ · U ′(λ)⊗ ξ′′ + ∂λξ̃
′ · C ′α′ ⊗ ξ′′ · (U ′′ − λ)

)
dλ

=

∮ (
ξ̃′
(
µ′ + ν′ − 1

2

)
C ′α′ ⊗ ξ′′ + ξ̃′ · C ′α′ ⊗

(
∂1′′ξ

′′ · (U ′′ − λ) + ξ′′
))
dλ

=

∮ (
ξ̃′
(
µ′ + ν′ − 1

2

)
C ′α′ ⊗ ξ′′ + ξ̃′ · C ′α′ ⊗

(
ξ′′
(
µ′′ + ν′′ − 1

2

)
+ ξ′′

))
dλ

=

∮
ξ̃′ ⊗ ξ′′dλ ·

(
µ′ ⊗ 1′′ + 1′ ⊗ µ′′ +

(
ν′ + ν′′ +

1

2

)
− 1

2

)
(C ′α′ ⊗ 1′′)

= ψ
(
µ+ ν − 1

2

)
C ′α′ ⊗ C ′′1′′ .

Similarly, we have for α′α′′ = 1′α′′, α′′ = 1, ..., n′′

∂1′α′′ψ · U =

∮
(ξ̃′ ⊗ ∂α′′ξ′′) · Udλ =

∮
(ξ̃′ ⊗ ∂α′′ξ′′) · (U ′(λ)⊗ 1′′ + 1′ ⊗ (U − λ))dλ

=

∮ (
ξ̃′ · U ′(λ)⊗ (−∂λξ′′ · C ′′α′′) + ξ̃′ ⊗ ∂α′′ξ′′ · (U − λ)

)
dλ

=

∮ ((
∂λξ̃
′ · U ′(λ) + ξ̃′

)
⊗ ξ′′ · C ′′α′′ + ξ̃′ ⊗ ξ′′

(
µ′′ + ν′′ − 1

2

)
C ′′α′′

)
dλ

=

∮ ((
ξ̃′
(
µ′ + ν′ − 1

2

)
+ ξ′

)
⊗ ξ′′ · C ′′α′′ + ξ̃′ ⊗ ξ′′

(
µ′′ + ν′′ − 1

2

)
C ′′α′′

)
dλ

=

∮
ξ̃′ ⊗ ξ′′dλ ·

(
µ̃′ ⊗ 1′′ + 1′ ⊗ µ′′ +

(
ν′ + ν′′ +

1

2

)
− 1

2

)
(1′ ⊗ C ′′α′′)

= ψ
(
µ+ ν − 1

2

)
C ′1′ ⊗ C ′′α′′ .

Therefore the theorem is proven. �

Corollary 4.5.3 Let M ′ and M ′′ be Frobenius manifolds. Suppose that x′ = x′(t′; ν′;λ) and x′′ = x′′(t′′; ν′′;λ)
are (ν′, λ) and (ν′′, λ)-periods of M ′ and M ′′ respectively. Then

ω(t′, t′′; ν) = +

∮
(∂λx

′(t̃′; ν′;−λ))x′′(t′′; ν′′; +λ)dλ

= −
∮
x′(t′; ν′; +λ)(∂λx

′′(t̃′′; ν′′;−λ))dλ

is a ν-period ω = ω(t′, t′′; ν) on the coordinates cross of M = M ′ ⊗M ′′.

Proof: Since we are on the coordinates cross, we only need to check that ψα′1′′ = ∂ω/∂tα
′1′′ , ψ1′α′′ = ∂ω/∂t1

′α′′ .
This can easily seen to be true. �

We can recover the solution of odd period on M = MAn ⊗QH∗(P1) as given in Proposition 4.4.1 as a special
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case of Corollary 4.5.3. Let the flat coordinates of QH∗(P1) be given by {t, s}. Then it is not hard to show
that the (0, λ)-period is given by

x(t, s;λ) = tan−1
( t− λ√

4Q− (t− λ)2

)
, y(t, s;λ) = s, where Q := es.

Therefore,

∂λx(0, s;−λ) =
1√

λ2 − 4Q
, ∂λy(0, s;−λ) = 0.

The Frobenius manifold MAn is defined by λ(x; t) = xn+1 +ynxn−1 + ...+y1 with flat coordinates given by {tα}
(see Section 4.2.3). The flat coordinates of the intersection form of MAn is given by {x1, ..., xn} where xi = xi(t)
is the i-th root of P (x) = 0. Similarly the (0, λ)-period for MAn are given by xi(t;λ) = xi(t1 − λ, t2, ..., tn) or
the i-th root of λ(x; t) = λ.
Applying Corollary 4.5.3 with x′ = x, x′′ = xi yields an odd period on M = MAn ⊗QH∗(P1) :

ω(t, Q) =

∮
xi(t1 − λ, t2, ..., tn)√

λ2 − 4Q
dλ.

As we have seen, we can rewrite the integrand as the Seiberg-Witten differential dSSW and so ω(t, Q) is given
by a period integral on a Seiberg-Witten curve, varying over the family of Seiberg-Witten curves.

Remark 4.5.4 If we have chosen instead x′ = y, x′′ = xi then we get ω(t, Q) = 0 which is trivially a solution
to the odd period equation.
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