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Chapter 1

Introduction

Since its introduction in 1994, Seiberg- Witten theory |35] has been an active research topic in both the physics and
mathematics communities. From the physics point of view, it is an exact low-energy effective field theory of an
N = 2 supersymmetric SU(N) gauge theory. From the mathematical point of view, all the physical information
can be encoded into an N-dimensional family B of genus N connected compact Riemann surfaces > known as
Seiberg-Witten curves. Each Seiberg-Witten curve is equipped with a residueless meromorphic differential
form dSgw called the Seiberg- Witten differential. The homology group H; (X%, C) is naturally equipped with a
symplectic structure, given by the oriented intersection product. By choosing symplectic basis cycles A and
B for the homology group, the corresponding A and B-periods of dSsy recover the electric (a',--- ,a’) and

magnetic (by,- -+ ,byn) charges of the theory respectively.

The supersymmetric origin of Seiberg-Witten theory enforces that the effective action of the theory is completely
determined by a holomorphic function §*W = F5W ({a’=% N1 A) known as the Seiberg- Witten prepotential.
The parameter A is the energy scale of the theory where gauge couplings become strong. Therefore, technically
we should have written B as B(A) to emphasize the dependency of the family on the energy scale A. In the
original work [35], the electric-magnetic duality was employed to constrain the form of the prepotential. A
more mathematical approach to the computation of the prepotential has been studied via Nekrasov’s partition
function a few years later by various authors [32, 33, 131} 30].

Nekrasov’s partition function Z({a*=1"" "N} e, €, A) is the path-integral over the non-perturbative instanton
contributions of a certain (€1, €2)-deformed N = 2 supersymmetric SU(N) gauge theory. It can be written as
an integral over the moduli space of instantons which can be evaluated via Atiyah-Bott equivariant localization
formula [2]. In the end, we find that Z({a'},e1,€2,A) is a sum of terms indexed by N-tuples of Young’s
diagrams over all possible N-tuples of Young’s diagrams with boxes of width —e; and height +e€5. In the limit
€1,€2 — 0, Young diagrams become graphs of continuous functions f and there exists the function fy in which
the corresponding term in the summation:

30({ai},A) = lim €1€2 logZ({ai},eheQ,A)
€1,€2 —0

will dominate the contribution. It was proven by Nekrasov-Okounkov [33}[32] that §y is the Seiberg-Witten pre-

potential Fsw. The same result was independently proven using techniques in algebraic geometry by Nakajima-

Yoshioka (30} 31].

Mathematically, the Seiberg-Witten prepotential §sy contains information about the deformation of Seiberg-
Witten curves ¥ in the family B. A Seiberg-Witten curve ¥ is represented by a point [X] € B. Let us define
the regular locus B™9 of B to be the dense subset of points [X] € B such that ¥ is non-singular. The set
{a' == a'(%),---,a" 1= a" (%)} where a’(2) := §, _ dSsw are A-periods of the Seiberg-Witten differential
on ¥ is a system of local holomorphic coordinates on some neighbourhoods By, C B"Y of an arbitrary point
[X] € B9 giving B"%Y the structure of an N-dimensional complex manifold. Let us fix a point [Xo] € B"9.
The prepotential Sggv : By, — C is a holomorphic function locally defined on some open neighbourhood
Bs,, C B™9 of [¥] which relates the B-periods on ¥ of the Seiberg-Witten differential, b;(¥) := fBicz dSsw,
to its A-periods as follows:

85%?({4’“}, A)

b = b;(%) = o :

i=1,---,N, [%]€Bs,.

Let us explore the prepotential from another important viewpoint. Similarly to how we equipped the homology
group H;(%,C) with a symplectic structure, the cohomology group H'(X,C) = H;(¥,C)* may be equipped



with a symplectic structure given by the oriented intersection of cohomological classes via Poincaré duality. We
can say that the existence of prepotential S%g‘/ is also equivalent to the fact that

Ly, = {(a' (D), ,a"(2),b1(X), - ,by(E)) | [Z] € Bs, } € C*¥ = H'(5,C)

is a Lagrangian submanifold. From this point of view, the prepotential is the generating function of Ls,,. Here
we have identified H' (%, C) for every [£] € By, with C?9. Consider the symplectic vector bundle H — By,
equipped with the Gauss-Manin connection Vgys and with the fiber over [X] € By, given by Hy := H* (%, C).
Then Ly, C Hs, = H*(Zo,C) is the image of the embedding of By, into the fiber Hs, given by sending the
cohomology class of dSsw over [X] € By, to [¥¢] via the parallel transport.

In fact, the existence of the Seiberg-Witten prepotential &;g‘/ is a consequence of an important property of the
Seiberg-Witten differential, namely, any infinitesimal variations of dSgw in the family B using a certain choice
of connection is a global holomorphic form on ¥. Based on this key property, we may consider a generalized
notion of ‘Seiberg-Witten theory’ as follows. Let B be an arbitrary g dimensional family of genus g curves
and each ¥ is equipped with a residueless meromorphic differential dS such that

odS
i holomorphic form on X, i=1,---,g (1.1)
u
with respect to some choices of connections, where {u!, - ,u9} are local coordinates of B. Let By, C B" be

some small open neighbourhood of [Xy] € B"9. The image of the embedding
2] = (@' (%), ,a%(%), b1 (%), -+ ,by(X)) € Hs, = H'(Xo,C), (1.2)

given by sending the cohomology class of dS over [X] € By, to [Xo] via parallel transport, is a Lagrangian
submanifold Ly,. Here, a® = a'(X),b; = b;(X) are A, B-periods of dS and the prepotential §x, = Fx,({a*})

k
exists on By, as the generating function of Lx,: b, = %aﬁa}). In the more general context of Whitham

hierarchy |21} 29], instead of just a single energy scale parameter A, we can consider an infinite number of time
variables {T%=01:2-"} such that % = d§2y, for some meromorphic differentials d€2; on 3. In this context, the
main problem to consider is the following: given a set of meromorphic differentials {dQx=¢,1,2...} on ¥ in the
family of curves B({T*=%1:2-}), find (if possible) the meromorphic differential dS on ¥ satisfying and

ads
948 — Q.

In this work, we aim to study some mathematical aspects of the Seiberg-Witten family of curves and the
prepotential from the point of view of topological recursion. In the bigger picture, we will consider the complex
analytic moduli space B of smooth compact complex genus g curves 3 embedded inside a foliated symplectic
surface S tangent to the leaves of the foliation F at finitely many points with tangency order 1. Let us call any
curve [X] € B a F-transveral curve and call points where 3 is tangent to F the ramification points of ¥.. We
will examine the deformation of curves in B, using the Kontsevich-Soibelman approach to topological recursion
[25] with Seiberg-Witten family of curves as the main example.

A spectral curve is a Riemann surface 3 with some distinet points {rocram } called ramification points together
with some additional data. Topological recursion is a recursive procedure which takes a spectral curve as input
and produces symmetric meromorphic multi-differentials w, ,, which are sections of (24)¥" on (2 \ {racram})"-
For instance, wg 1 is a meromorphic differential on 3. Topological recursion was introduced by Eynard-Orantin
[14] [15] around 2007-2008 with a wide variety of applications in areas ranging from mathematical physics to
enumerative geometry. For example, it has been shown |14} |15] by comparing the topological recursion relations
with a particular choice of the spectral curve to loop equations that the corresponding output wg , are given
by the correlation functions in Matrix models. Similarly, let the spectral curve be given by an Airy curve with
some additional data. It has been shown |15, 13| that coefficients of the Laurent expansion of wy, , centered at
the only ramification point is related to the intersection number of divisor classes of universal cotangent line
bundles {¢1,- - ,1,} (known as t-classes) on M, ,,. The generating function of the intersection numbers was
conjectured and later proven to be the tau function of KdV hierarchy by Witten and Kontsevich respectively
[39, |24].

In 2017, Kontsevich-Soibelman [25] introduced the notion of Airy structures which is given by a Lie algebra g
generated by a set of quadratic polynomials { Hxec1} of a certain form on a symplectic vector space W where the
Lie bracket is naturally given by the Poisson bracket on WW. They showed that any Airy structure corresponds to
a recursion called abstract topological recursion. This reduces to the usual Eynard-Orantin topological recursion
when considering an example of Airy structure {H;er} := {(Hairy)k=1,2,3,.. and W := Iﬁ‘jzl arises from the
so-called residue constraints. The zero set of the generators of g is a Lagrangian submanifold L C W by the
fact that g is closed under the Lie bracket. We call L a quadratic Lagrangian submanifold since it is defined by

a set of quadratic polynomials. In particular, we let LJ,Z?;Z = {(Hairy)k=1,2,3,.. = 0} C Wfi‘;,’;.



Chapter 1. Introduction

Let us return to the discussion of the particular Airy structure {(Hairy)r=1,2,3,...} corresponding to topological
recursion. Let Discs’™®™ be a space of | Ram|-disjoint union of discs Dy, v € Ram embedded inside the foliated
symplectic surface S. Each D, are deformed Airy curves which can be parameterized by

Za (:ca =224 a,ys = Zbkaz(’;) (1.3)

k=1

on the local coordinates chart, (U, o, Yo ) of S with the ramification point ro, = (24, Ya) = (@, boa) € Us. Given
an annulus on a disc D, centered at r,, the set of all Laurent series which converge on the annulus naturally
has a structure of an infinite dimensional symplectic vector space. The infinite-dimensional symplectic vector

space Wf”gnm is given by the direct sum these vector spaces over a € Ram. The space Discs®™ can be thought

of as the local version of the moduli space of curves B. Introduce a trivial vector bundle W™ — Djscsftam

with fiber over any point given by ng]; equipped with a certain connection V. Let us fix a reference point

to € Discs®¥™ and let Discs @M 3 ¢, be a certain subset of Discsf™™ analogous to By,. The important
observation is that there ex1sts a local section § of WEe™ on DzscsR‘”” such that the parallel transport of
0; € WEa™ from any point t € Dzscs75 @M 0 to gives an embedding of DzscsRam into the fiber thgam with the
image contained in the quadratic Lagrangian submanifold LR;LT";. The bectlon 0 can be thought of like a local
version of dS or a Seiberg-Witten differential.

At first glance, this on-going discussion seems to have little to do with the deformation of curves or Seiberg-
Witten theory. But we note that an infinitesimal deformation of a smooth curve ¥ will produce a global
holomorphic section of the normal bundle on 3. If ¥ is embedded inside a symplectic surface, then by applying
the symplectic form to the global section of the normal bundle, we produce a global holomorphic form on %
which naturally arises from the infinitesimal deformation of 3. In particular, let B be the moduli space of
F-transversal genus g curves, then we have the map ¢y, : Tjx)B — I'(2,9Q3,) < Hy for each [X] € B. Tt is
possible to check that dv,,¢ = 0 where dy,, denotes the exterior covariant derivative using the Gauss-Manin
connection. Let us fix a reference point [Xg] € B. By the Pointcaré Lemma, there exists an open neighbourhood
By, of [¥¢] with a local section 8 of H on By, such that dv,,,0 = ¢. Then the parallel transport of Oy € Hx
from any point [¥] € By, to [2¢] defines an embedding of By, into Hyx, as a Lagrangian submanifold Ly,. This
is exactly the same embedding given in with

k
ai — ai(z):f 027 b —b % 0 8320({‘ri })’ Z-:L”. "
A; oal

where the holomorphic function Fs, = Fx,({a*}) defined on Bs, is the generating function of Ly, called
the prepotential. For each [¥] € By,, we may consider a lift of the cohomology class 0x to a differential
form on ¥. Such a lift is not unique since an addition by df for any meromorphic function f on ¥ will not
change its cohomology class. However, the key idea of Kontsevich-Soibelman is there exists exactly one lift
Os, of 0%, such that the direct sum of Laurent series expansions of 0y at each ramification point coincides with
6, € W™ Here, t € Discs{"™ is given in term of [X] € By, by the disjoint union of some open neighbourhood
D, (X) C ¥ C S which we shall denote by ¢t = v(X). The image of 6; under the parallel transport from ¢ to g

is contained inside LA™ < Wi,

In the end, we get a family of differential forms 65, which relates the Lagrangian submanifold Ly, C Hsx,
with the quadratic Lagrangian submamfold LR‘”” C Wt}f“m and each Ay can be thought of as a generalized

Seiberg-Witten differential dS satlsfymg We can understand the relationship between Ly, and Lf%’; more

geometrically. The map [X] — ~(X) embeds By, as a subset of DzscsR“m and Ly, is a cohomological image

in Hyx, of the cross-section of Lﬁfﬁz C Wﬁi? over By, C Discsf®™. The quadratic Lagrangian submanifold

LE%ZZ may be regarded as universal in the following sense. Any two Langrangian submanifolds Ly, [,’26 arise
from two different moduli spaces B, B’ of F-transversal curves with the same number of genus and ramification
points will correspond to two different cross-sections of L#m.

Theorem 2.7.3] Let B be the moduli space of F-transversal genus g curves in a foliated symplectic surface
S. Then for some small open neighbourhood By, C B of the reference point o] € B, the prepotential Fs, =

Ts,(al, - ,a9%) can be expressed as

gzo(alﬂ T ag) = Sgo(a(l), T ’ag)
320 gy, L SR ENE PN g
a i (a )T 7a0)+§ E (a _aO)(aj_aO)aaiaaj(aOv"' 7a0)

DI
0 1 n—1 g ) . .
— w(),n(plv"' apn) (all _all)_._(aln _aln) (14)



for all (al,---,a%) = [X] € Bs,. Where af = aF(Xy) and the multi-differentials
{wg,n el ((EO \ UacRamTa)™s (leo)&”)} are produced from topological recursion on Y.

The interesting point about Theorem is that the prepotential §s, contains information about the defor-
mation of curves ¥ within the moduli space B whereas wy , is produced from topological recursion, which is
done on a single curve ¥y without any knowledge on the moduli space it belongs to.

We are going to revisit in detail all the discussions about Airy structures, deformations of curves, and topological
recursion later in Chapter [2| along with the proof of Theorem To apply this result to the Seiberg-Witten
family of curves we need to find a foliated symplectic surface S such that each Seiberg-Witten curve can be
embedded as a F-transversal curve. It turns out that such a foliated symplectic surface exists as we are going
to show in Chapter hence there is a nice relationship between the Seiberg-Witten prepotential Sggv =
Sggv({ak },A) and the genus zero part of topological recursion on Seiberg-Witten curve with wp1 = dSsw .

The formula can also be obtained via the Rauch variational formula [16} |14} 13]. For example, Baraglia-
Huang [3] studied the moduli space B of curves ¥ arising from the Hitchin systems, where each ¥ is embedded
inside the total space of the cotangent bundle T*C of some compact Riemann surface C. They showed that
the Rauch variational formula holds in this case and that the formula follows. Theorem m generalizes
the result by Baraglia-Huang to the case where S is an arbitrary foliated symplectic surface instead of T*C.
Moreover, even in the S = T*C case, our approach of proving the formula via the idea of Kontsevich-Soibelman
should shed light on some interesting underlying geometries between the Lagrangian submanifold in Hy, =
H' (X, C) given by the cohomology of the tautological 1-form and the quadratic Lagrangian submanifolds with
wo,n as the generating function.

Closely related to topological recursion and many other branches of mathematics is the notion of a Frobenius
manifold which was introduced by Dubrovin in the 1990’s |11}, |9]. A smooth manifold is a Frobenius manifold
if the tangent space at each point carries a structure of an unital commutative associative algebra known as
Frobenius algebra with some other additional data. Any Frobenius manifold is locally described by a holomorphic
function called Frobenius potential satisfying the Witten-Dijkgraaf- Verlinde- Verlinde (WDVV) equations due to
the associativity of the Frobenius algebra. Conversely, any holomorphic function satisfying the WDV'V equation
also defines a structure of a Frobenius manifold. Remarkably there exists an equivalence between Frobenius
manifoldsﬂ and genus zero Cohomological Field Theory (CohFT) [28], therefore, despite its simplicity, Frobenius

structures contain a lot of interesting information. Let us consider a CohFT {Q,,, : V®" — H*(M,,,C)} for

some C-vector space V with a basis {e1,- -+, eqimv }. The descendant CohFT potential is given by
d,k -1 £ gt . gdnin d d
Pt =Yty Y EEEER e o s e )il o
9>0 n>1it e yin=1dy, dnE€Zs0 ' Mag.n

where 9); are y-classes on M ,,. The correlators are given by the derivatives of F({t?*}) evaluated at {t** = 0}.
By the properties of CohFTs, under a pull-back to a boundary divisor, it follows that the genus zero descendant-
free part (g = 0,t7>%% = 0) of F({t%*}) satisfies the WDVV equations and therefore defines a Frobenius
potential. Conversely, it can be shown that given a Frobenius manifold, its Frobenius potential is the generating
function of a genus zero CohFT {Qq,, : V®™® — H*(Moy,,C)}. Moreover, if a Frobenius manifold happens to be
semisimple then the all-genus CohFT {Q,, : V& — H*(M, ,,C)} can be reconstructed from the genus zero
data [36]. Finally, there is a known correspondence between the genus zero data of a CohFT and topological
recursion. A spectral curve can be chosen such that w, , produced from topological recursion can be expanded
as a polynomial in some auxiliary differentials where coefficients are given by the correlators of the CohFT
reconstructed |12 [13].

Dubrovin proposed in 2004 [10] that the Seiberg-Witten family of curves can be studied in terms of 2g-
dimensional tensor products of Frobenius manifolds M A, ® QH* (IP>1)7 where M A, 18 the A4-Coxeter Frobenius
manifold and QH*(P!) is the quantum cohomology of P!. In general, the definition of the tensor product of
Frobenius manifolds M = M’ ® M" is given by the cup product of the corresponding CohFTs [22]. First,
let us recall from [10] the notion of dual (almost) Frobenius manifold M, which can be obtained on the given
Frobenius manifold M in a certain way as a new structure satisfying all the axioms of Frobenius manifolds
except the covariance constancy of the unit vector field. As usual, given the Levi-Civita connection V on M,,
we may consider the deformed flat connection V on M, with deformation parameter v. We call any function
f = f(t;v) on M, such that Vdf = 0 a v-period and an odd period if v = % There exists a symplectic structure

I More precisely we should say Formal Frobenius manifolds [28), Definition 1.1.1, Chapter III], which is slightly different from the
Frobenius manifolds we will introduce and work with in Chapter @] All Frobenius manifolds are locally formal but not the other
way around. A Formal Frobenius manifold consists of a C-vector space V, a non-degenerate symmetric pairing (.,.) : V. xV — C
and a formal series (Frobenius potential) F' € C[[V]] satisfying the WDVV equation. No additional structure such as a flat unity
vector field or an Euler vector field (see A3, Deﬁnition are required.



Chapter 1. Introduction

on My, ® QH *(P!) and a natural family of Lagrangian submanifolds L, parameterized by the energy scale A
called the coordinates cross. The system of 2g-linearly independent odd periods of M A, ®QH" (P') restricted
to each Ly is given by A and B-periods of the Seiberg-Witten differential dSgy, on the Seiberg-Witten family
of curves parameterized by L. It follows that the generating function of L, is given by the Seiberg-Witten
prepotential 5 ({a’}, A). In other words, by assigning the structure of Frobenius manifold M4, ® QH*(P*)
to Hyx, = H'(3o,C) with canonical coordinates given by odd periods, we find that the image of By, embedded
inside Hy,, is given by Lj.

It is unclear at this point why the Seiberg-Witten family of curves arises from the tensor product of Frobenius
manifold My, ® QH *(PY). However, we will show that it is natural for v-periods of any general tensor product
Frobenius manifold M = M’ ® M" to be written as a period integral on some family of Riemann surfaces. In
particular, we have the following:

Theorem [4.5.1] Let M’ and M’ be n' and n'-dimensional Frobenius manifolds respectively. Suppose that
& =&V N) = da' (505 N) ds a gradient of a (V' N)-period x'(t';v'; ) of M and £ = £"(t";v";N) =
dx"(t";V"; X) is a gradient of (V', \)-period " (t";v"; ) of M" then

W) = f EE N @€ D (15)

is a gradient of v-period on coordinates cross of M = M' @ M" where v =v'+v" 4+1/2 and C is an arbitrary
closed contour on a Riemann surface where the integrand is well-defined.

This result allows us to start from the Seiberg-Witten theory and deduce that the A and B-periods of dSgw
are odd periods on M = My, ® QH* (P'). This is done by observing that dSsy can be written as a product of
(v = 0)-periods of two other known Frobenius manifolds M’ = M,, and M” = QH*(P') and invoke Theorem
E5T

It remains an open question at this stage whether other families B of curves can be embedded as a Lagrangian
submanifold inside some tensor product Frobenius manifold. It is also interesting to know whether or not
recasting Seiberg-Witten theory in terms of a Frobenius manifold will enable us to use some reconstruction
techniques to extend Theorem to some higher genera statements involving wy ,,, g > 1. We will leave these
topics to be discussed in future works.

Let us summarize the structure of this thesis as follows:

Chapter 1 General introduction and review of the Seiberg-Witten theory.

Chapter 2 A joint work with Paul Norbury, Michael Swaddle, and Mehdi Tavakol, expanding upon the work
by Kontsevich-Soibelman [25] on the relationship between Airy structures, deformation of curves and
topological recursion. We will show how the relationship between the prepotential of the moduli space of
curves in a foliated symplectic surface and the genus zero part of topological recursion follows from the
idea of Kontsevich-Soibelman.

Chapter 3 A joint work with Paul Norbury examining the Seiberg-Witten family of curves using the framework
of Kontsevich-Soibelman [25]. The Seiberg-Witten family of curves will be used as an explicit example
to illustrate some computations involved in Chapter [2|leading to the relationship between Seiberg-Witten
prepotential and the genus zero part of topological recursion on the Seiberg-Witten curves.

Chapter 4 An original work based on the work by Dubrovin [10] concerning the relationship between Seiberg-
Witten curves and Frobenius manifold. We present a general formula for odd periods on the coordinates-
cross of tensor product Frobenius manifold which would reduce to the version considered by Dubrovin
that leads to Seiberg-Witten curves.

1.1 Seiberg-Witten Family of Curves

In this section, we give a quick summary of the needed mathematical details of the Seiberg-Witten family of
curves. More comprehensive reviews of this material can be found abundantly in the literature such as |35,
21}, 129, [31]. The information of SU(N) Seiberg-Witten theory can be encoded into a genus g = N family B of
Seiberg- Witten curves ¥ given by

1
A9TE (w + > = 29T 9297 4wt = P(z;u) (1.6)
w



1.1. Seiberg-Witten Family of Curves

where {u!,...,u9} are the coordinates of B. Occasionally, we will write the curve ¥ as ¥(u) to emphasize
its dependence on u = (u',---,u9). We may regard as a plane curve equation, in that case, we have
w,z € C and %(u) C C? as a non-compact curve. The compactification of ¥(u) is obtained by adding two
points oo = (w,z) = (00,00) and co— = (w,2) = (0,00). In this way, we regard X(u) defined in as
a compact smooth curve. The map 7 : ¥(u) — P!, (w,z) — 2 is a double cover that shows that ¥(u) is a
hyperelliptic curve with the hyperelliptic involution given by (w, z) <> (1/w, z). An alternative way to express

@9 s

1
y? = P?(z;u) — 40?912 where y = A9T! (w — )
w
which makes it even more obvious that X(u) is a hyperelliptic curve with the hyperelliptic involution (y, z) +»
(—y,2). The 2g + 2 ramification points of 7 are given by (y,z) = (0,2') where z°*,i = 1,--- ,g + 1 are the
roots of the polynomial P(z;u) F2A9+! = 0. We can check that the curve X(u) is smooth unless P’(2'";u) =0
or P'(2*=;u) = 0. In other words, we may define the family of smooth Seiberg-Witten curves to be

B = {u=(u', - ,u’) € B| P?(z;u) — 4A*" = 0 has 2¢ + 2 distinct roots} C B.

We note that B7¢Y is dense inside B and since we will mainly be interested in smooth Seiberg-Witten curves in
our works, we will relabel B"Y as B for simplicity.

We define the Seiberg- Witten differential to be the meromorphic differential form

P'(z;
S = Zdﬂ _ zP'(zu)dz
w Y

defined on each Seiberg-Witten curve X (u) with residueless poles of order 2 at ooy € ¥(u). Occasionally we will
write dSgw (X(u)) if we want to emphasize the specific dSgw defined on ¥(u). Let us check that the variations
of dSsw (3(u)) within the family B produce global homolomorphic forms on ¥(u), hence dSsw satisfies .
As we have mentioned, a choice of connection must be specified in order for the derivatives % to makes sense,
in this case let us keep w = const, we have

dw 270 dw 2z

== — = ; i =1,---,g. 1.7
w=const W P’(z;u) w y ! g ( )

odS
o’

0z

w=const 8Ui

which are holomorphic on 3(u). We define

:% dSsw, b; ::% dSsw, i=1,---,g.
Ay B;

We note that {a,---, a9} gives another set of holomorphic coordinates for 5. We can see this by noting that
(g&) is invertible because if > 7_, ¢; 5% au] fAk 9, iz ldz

m 4z — O for all j,k=1,---,g and for some constants

¢; € Cthen Y7 | ez’ ldz () because it is a holomorphic form with zero A-periods. It follows that adéga =

are normalized holomorphic differentials:

-5 _ b _.
A,Wi_ 7 iji_@_'Tija

J

:wi

where b; = b;(at,--- ,a9) is treated as a holomorphic function of {a*=%9}. The standard argument involving
Riemann bilinear identity shows that 7;; = 7;:

w; wj w; (T —Tij) -
27.(-2 k=1 (ik ’ \%Bk ! %Bk ’ ﬁk ) 7 “

In other words, 2 5 ; = gb; , therefore, by Poincaré lemma given any [X] € B there exists an open neighbourhood

Bs, > [Lo] with a holomorphic function 5 = F5¥ ({a*}, A) such that

sy ({a*}, A)
dat '

bi =

We call S;OW = S;OW({ak},A) the Seiberg- Witten prepotential. The expansion of S%KV can be computed via
Nekrasov’s partition function [33,34] or Nakajima’s blow-up formula [31} [30] or by computing the odd periods
of My, ® QH*(P') Frobenius manifold [10].
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Chapter 2

Airy Structures and Deformation of
Curves

In this chapter, we summarize the work of Kontsevich-Soibelman [25] on Airy structures, topological recursion,
and the moduli space of curves in a foliated symplectic surface. In particular, there are 3 important ideas from
[25] which we are going to explore:

1. The quantization of Airy structures leads to a generalized version of topological recursion. The usual
Eynard-Orantin topological recursion corresponds to an example of Airy structure given by the so-called
residue constraints.

2. A deformation of an Airy curve y? = z, i.e. a disc, inside a foliated symplectic surface produces a
differential form satisfying the residue constraints.

3. The cohomology class, arising from the deformation of a curve in a foliated symplectic surface, can be
lifted to the differential form on the curve, which locally agrees near each ramification point with the
differential form produced from the deformation of a disc.

Connecting these ideas leads to a nice relationship between the prepotential and the genus zero part of topological
recursion which is the content of Theorem the main result of this chapter. We are going to start in Section
by reviewing some basic deformation theory of curves ¥ in a foliated symplectic surface (S, Qg, F), following
[25, Section 4]. This eventually leads to an embedding of a Lagrangian submanifold in H!(X, C) and establishes
the notion of prepotential in this general context. Section reviews definitions and basic results concerning
Airy structures, including the corresponding quadratic Lagrangian submanifold, quantization of Airy structures,
and abstract topological recursion, all of which can be found in Section 1-3 of |25]. An important example of
an Airy structure arises from residue constraints as introduced in |25, Section 3.3] will be discussed in Section
2.0l

We have been following the material in [25] closely so far, and we will be for the rest of this chapter. However,
for the remaining sections, with an exception of Section we are going to approach the subject from an
analytical perspective rather than a more algebraic treatment of [25]. In particular, we will replace all formal
power series with power series converges on some annulus. We believe that this should be a more natural way
to arrive at our main result involving the prepotential which is a holomorphic function.

We study the analytic version of residue constraints Airy structure in Section In particular, we look at the
deformation of analytic discs and show that an embedding of a neighbourhood in the space of all discs gives an
analytic solution to the residue constraints, as explained in [25] Section 6]. The connection between the ‘global’
deformations, as studied in Section [2.I with the ‘local’ deformations, studied in terms of discs in Section [2:4]
will be discussed in Section analytically, with a summary given by Proposition |25, Proposition 7.1.2].
In Section we review the well-known result from [25, Section 3] how Eynard-Orantin topological recursion
arises from the residue constraints Airy structure. At last, we prove our main result, Theorem in Section
We argue that when specializing to an example of a family of curves arises from the Hitchin systems |20,
3], our result agrees with the result previously obtained by Baraglia-Huang [3, Theorem 7.4] using a different
technique. An application of Theorem[2.7.3]to the Seiberg-Witten family of curves will also be briefly mentioned
before a more extensive discussion in Chapter

11



2.1. Deformation of Curves in Foliated Symplectic Surfaces

2.1 Deformation of Curves in Foliated Symplectic Surfaces

2.1.1 Foliated symplectic surfaces
Let us start by fixing some frequently used definitions which should be standard in complex geometry:

Definition 2.1.1 A 2n-dimensional holomorphic sympletic manifold (X,Qx) is a 2n-dimensional complex
manifold X equipped with a holomorphic closed non-degenerates 2-form Qx, i.e. at any point z € X,
Qx5 Ty X x T, X — C is a non-degenerate anti-symmetric bilinear form on the holomorphic tangent space
T.X.

Definition 2.1.2 Let (X,Qx) be a holomorphic symplectic manifold. A complex submanifold L C X is a
holomorphic Lagrangian submanifold if for every x € L, T, L C T, X is a maximal isotropic subspace, i.e. T, L
is a maximal subspace of T, X such that Qx ;|71 = 0.

Since no other types of symplectic manifolds or Lagrangian submanifolds will be considered in this work, we
are going to refer to (X,Q) and L C X in the above definitions simply as symplectic manifold and Lagrangian
submanifold respectively, omitting the term ‘holomorphic’. Definition and Definition also make
sense when X is infinite-dimensional, in that case any Lagrangian submanifold L C X will also be infinite-
dimensional. On the other hand, when X is finite-dimensional, it is common to replace the maximal isotropic
subspace condition in Definition with dim L = % dim X. If (X,Qx) and L C X are complex vector spaces,
then we also call them a symplectic vector space and a Lagrangian subspace respectively.

Definition 2.1.3 An m-dimensional holomorphic foliation F on an n-dimensional complex manifold X is a
decomposition of X into a disjoint union of connected (n — m)-dimensional complex submanifolds {L,} called
the leaves of the foliation satisfying the following property: At every point, € X there exists an open
neighbourhood U 3 x and a system of local holomorphic coordinates (x!,---,2") such that for each leaf L.,
each component of L, NU is given by {z™*! = const,--- , 2" = const}.

In the case where X is a surface, n = 2 we choose m = 1 and we will refer to a 1-dimensional foliation F of X
simply as a foliation F of X. The leaves of a 1-dimensional foliation F of X are Lagrangian for dimensional
reasons.

Definition 2.1.4 Let (S,Qg,F) be a foliated symplectic surface S with a symplectic form Qg and a foliation
F. Let U C S be an open subset with a coordinates system (z,y) such that Qg|y = dz A dy and the foliation
F is given locally on U by the equations x = const. We call (z,y) a (F,Qg)-local coordinate system and call
(U,z,y) a (F,g)-chart.

Lemma 2.1.5 (|25, Section 4.1]) Given any point p € S there exists a (F,Qg)-chart (Up, xp,yp),Up C S
containing p.

Proof: By Definition we choose a local coordinate system, (Z,,%,) on some open set Up > p such that
leaves of the foliation F are given by Z, = const. Using this coordinate system, the symplectic form can be
written as Qg = Qg(Zp, §p)dT, A dfp. Consider a coordinates transformation of the form

Lp = Tp, Up = G(p, Yp),

so that the leaves of foliation are still given by z, = const. Without loss of generality, let us suppose that
(xp,yp) = (0,0) is the point p € S. The symplectic form becomes

oG, | oG

Qs = Qg (zp, G(zp, yp)) dzp A (dxp + 3
Yp

oG
P dyp) = Qg (l‘p, G(wpa yp)) 7dxp A dyp'
Tp

Oyp
Therefore, we need to find G = G(xp,y,) such that Qs(l'p,G(l'p,yp))% = 1. Integrating this equation, we
get that G is implicitly defined by Qs(xp,yp,G) = fOG Qg(zp, 7)dT — yp + C = 0 for some constant C. Let

us pick C' = 0, although this choice is arbitrary. We have Qg(0,0,0) = 0 and %GS (0,0,0) = Q5(0,0) £ 0
because the symplectic form is non-degenerates by definition. Therefore, we can apply the complex implicit
function theorem to conclude that there exists G = G(z,,yp) holomorphic on some open neighbourhood U of
p=(zp =0,y, =0). O

12



Chapter 2. Airy Structures and Deformation of Curves

We note that the (F,g)-local coordinates in the neighbourhood of a point p € S is not unique. In fact, given
a (F,{g)-local coordinates (x,y), any new coordinates (Z,y) under the transformation of type

_ _ Y

T =F(z), y= WJFG/(I) (2.1)
will also be (F, Qg)-local coordinates where F' and G are locally defined holomorphic functions and F'(z(p)) # 0.
In particular, F' is any function locally bi-holomorphic in a neighbourhood of p.

2.1.2 Deformation of F-transversal curves

Definition 2.1.6 (|25, Definition 4.1.2]) A smooth compact complex curve ¥ embedded inside a foliated
symplectic surface (S,Qg,F) is called F-transversal if ¥ is tangent to the leaves of F at only finitely many
points, with tangency order 1. We call points on a F-transversal curve ¥ where ¥ is tangent to a leaf of foliation
the ramification points {r,cram(s)} Where Ram(X) is an index set.

Remark 2.1.7 Given a Riemann surface ¥ and a holomorphic map f : ¥ — P!, the term ‘ramification point’
traditionally refers to a point r € ¥ such that f can be locally written as f(z) = 2", for some n € Zx>s,
using some holomorphic coordinates charts (U, z) and (V,w) around r and f(r) respectively. For us, instead
of amap f : ¥ — P!, we have the foliation F. By Lemma a (F,Qg)-chart (Up, zp,yp) can be chosen
around any point p € 3, hence the foliation locally induces a map ¢ € XN U, — z,(¢) € C. Our usage of the
term ‘ramification point’ follows from the fact that each r,,a € Ram are ramification points of these locally
foliation induced maps. Additionally, the ‘tangency order 1’ condition means the ramification index of each
ramification point is 2. Note that a different choice of (F,Qg)-chart (U,, Zp, §p) will give a different local map
g — Zp(g) but ramification points will be the same. This is because Z, = Fj,(xzp) for some function F}, such that
F/(zp(q)) #0,q € U, by 7 hence dz, |z = F(r,)dzp|s means dZ,|s = 0 exactly when dx,|s = 0.

Let B be the complex analytic moduli space of F-transversal genus g curves in (S, Qg, F). We are going to show
later that the dimension of B is g. We write [X] € B for the point in B corresponding to a F-transversal curve
Y. Since the number of ramification points is constant for every [X] € B, we will simply write the index set
as Ram = Ram(X). For any p € ¥ C S we find a (F,Qg)-chart (Uy, zp,y,) containing p according to Lemma
2.1.5| Let us think of x,,y, as functions ¥ N U, — C, the ramification points {rqcrem} are exactly where
dzp|s; vanishes with an order 1 zero. Consequently, if ro, ¢ ¥ N U, for all @ € Ram then dz,|s #0on XNUT,
and we may assume that U, is chosen small enough such that z, is a local coordinate on ¥ N U, according
to the inverse function theorem. On the other hand, if p = r, € ¥,a € Ram, we denote by (U, Ta,Ya) a
(F,Qg)-chart such that X NU, is bi-holomorphic to a simply-connected open subset of C with a local coordinate

Za =V Ta — Za(Ta).

Definition 2.1.8 Given a (F,Qg)-chart (U,, T4, ya), we call the local coordinate z, := /T — Zo(re) on an
open neighbourhood ¥ N U, of the ramification point r, a standard local coordinate.

The parameterization of ¥ N U, using the standard local coordinate takes the form
(Ta = aa(E) + 22, Ya = b0a(2) + b1a ()20 + b2a(8)22 +...),  aa(E), bka(X) € C, (2.2)

where b14(X) # 0 by the tangency order 1 condition. Therefore, we have dy,|s(ro) # 0 and y, is a local
coordinate on some neighbourhoods of r,. In particular, since ¥ is compact, we can always cover ¥ with a
finite collection of (F,Qg)-charts U = {(Upeo, Tpeo, Ypeo )}, Where o is a finite index set, such that either z, or
Yp is a local coordinate on each ¥ N Up,.

The following fact will be useful to us later:

Lemma 2.1.9 (|25}, Section 4.1 and 6.2]) Given [X] € B, there exists a (F,Qg)-chart (Uy, Tqa, Ya) containing
the ramification point ro, o« € Ram of ¥ such that the parameterization of ¥ N U, using the the standard local
coordinate z, takes the form (zo = 22,Ya = 2a). The (F,Qg)-chart (Us,Ta,va) is unique up to the Zs
automorphism action x — £2x,y > &y, where & is a third-root of unity.

Proof: Let (U,, %o, Ya) be a (F, Qg)-chart around r,, which exists due to Lemmam;md Zo = V/ZTa — Ta(Ta)
be the standard local coordinate on ¥ N U,. We suppose that the parameterization of ¥ N U, is given by
(To = 22 + 0, Yo = 2a0(22) + ¢(22)) for some 1) and ¢ holomorphic on ¥ N U,. We wish to find F' and G such
that the new (F,Qg)-local coordinates (%o, Jo) given by

_ _ Ya
Lo = F(:Coz)a Ya = F’(x ) +G/(xa)
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2.1. Deformation of Curves in Foliated Symplectic Surfaces

with the new standard local coordinate Z, := \/Zo — Zo () = /F(22 + a) — F(a) satisfies

-2 2 - Zaw(zi) + d)(zi) 2
z2 = F(z5 + a), Zo = —F’(z(%—i—a) +G'(22 + a).
This is equivalent to

1/2

FY0)=a, F' (24 FY(0) ((F (2 + F10) /" =& (22 + F—1(0))) = 2at(22) + 6(22).  (23)

The second equation above can be solved by separately equating the odd and even terms. The odd terms yields:

1.d
3dz,

1/2

F (224 FY0) F (22 + F10)"? = 209(22) = (F (22 + F1(0)))? = 224(22). (2.4)

Both sides can be expanded as power series in 22, starting with the 22 term, so F(2% + a) and hence F(x) can

be found by comparing coefficients. Similarly, we can define G(x) := W;fi(;;(o)). Note that if (F(z2 + a))1/2

satisfies 1) then & (F(2? + a))1/2 also does for any third root of unity &. O

The tangent space TjsB describes the infinitesimal deformations of the curve X inside S. It is isomorphic to the
space of global sections of the holomorphic normal bundle vy, 2 T'S|s, /T3, where T'S and T'Y are holomorphic
tangent bundles of S and X respectively. In general, given any holomorphic vector bundle V on a complex
manifold X, we denote the set of holomorphic sections of V by I'(X, V). The availability of the symplectic form
Qg gives the following result:

Lemma 2.1.10 ([25} Section 4.2]) Let Q, be the holomorphic canonical line bundle on %, then the symplectic
form Qg induces the isomorphism I'(2,vs) 2 T(X,Q5,). Consequently, dim Tjs; B = dim I'(%, QL) =g, hence B
s g-dimensional.

Proof: We establish the isomorphism I'(Z,vs) 2 T'(3, Q%) by v — Qs(v,.)|s. Any holomorphic section of the
normal bundle v € I'(X,T'S|s/TE) can be represented as a collection of sections {v,c, € I'(V,, T'S|5)} such
that v, — vy € I'(V, NV, TYE) for some open cover {V,eo} of X. We note that for each p € o, Qg(vp,.)|v,
is a holomorphic form on V,, C ¥ as it is a pull-back of the contraction between Qg and v, which are both
holomorphic. Since Qs(t,.)|x for all ¢t € T'(3,T%), we can patch together Qs(vy,.)|y, for each p € o to get a
global section Qg(v,.)|s € T'(Z, Q5,).

The map v — Qg(v,.)|x is injective because if Qg(v,.)|ss = 0 then by the fact that ¥ C S is a Lagrangian sub-
manifold, we have v(p) € T,,X for all p € ¥. Therefore, v =0 € I'(X, vy). For surjectivity, given a holomorphic
differential form w € T'(%,QL), we cover ¥ with a collection of (F,Qg)-charts U = {(Upeo, Tpeo, Ypeo)} such
that either x, or y, is a local coordinate on X N U,. Let us assume without loss of generality that x, is a local
coordinate on XN U,. Then in general w|sny, = wp(xp)dx, and by taking v, := pr(zp)% eI'(ENU,, TSy)
we have Qg (vp,.)|snv, = w|znu,. For p,p’ € o we have on U, N U, that

QS(Up — Up/y ~)|ZﬂUpﬁUp, = (w|2mUp) |EﬁUpﬂUp, - (UJ|ZF1UP/) |EﬁUpﬂUp/ = 0.
Therefore, (v, — Up')|ananp, eT(ENU,NUy,TE) and {vpe, } represents a global section of a normal bundle

v € I'(X, vy) such that Qg(v,.) = w. O

Alternatively, since the symplectic form Qg is a global section of the holomorphic canonical line bundle Q% of
S with no zeros or poles, we have from the adjunction formula: Q% = Q%[5 ® vy that Qf = vs. It follows that
[(X,vs) 2T'(3,0%) and the map v — Qg(v,.) explicitly express this isomorphism.

Definition 2.1.11 Consider the universal family of F-transversal curves:

Z={(X],p)eBxS|pexX}CBxS,

let 7 : Z — B be the canonical projection and let C be a constant sheaf on Z. Then we define the holomorphic
symplectic vector bundle (H — B, Q, Vaar) where H := R, C is a holomorphic vector bundle with fiber over
each point [X] € B given by Hs = H'(XZ,C). Vg is the Gauss-Manin connection and the symplectic form
Qy is given by

wlalle) = [[ ane (2.5)

where 1, &2 are smooth differential forms representing [£1], [£2] € Hs.
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Chapter 2. Airy Structures and Deformation of Curves

For any open subset, 5/ C B we denote by T'(’, 1) the set of holomorphic sections of H over U.

Remark 2.1.12 The natural symplectic form €3, on H;(X,C) can be defined using the oriented intersection
product of homology classes as follows. For any [C],[Ce] € H1(X,Z), the intersection product is given by
[C4]-[Cs] = [C1NCs] € Hy(X,Z) = Z which can be extended linearly to the intersection product on Hy(%,C) =
H,(3,Z) ® C. Then, for any [C1], [C2] € H1(X,C), we define QF,([C1], [C2]) := [C1] - [Ca]. Typically, we denote
a symplectic basis of Hy(3,C) by A and B cycles: {[A1],---,[Ag], [B1],---,[Bgl},

O ([Ad, [A5]) = @ ((Bil, [B]) = 0, 3([Adl, [Bj]) = 0

On HY(X,C), the symplectic form €2y, is defined by the intersection product of cohomology classes via Poincaré
duality P.D. : HY(X,C) = H;(%,C). In other words, given [¢],[¢] € HY(X,C) then is equivalent to
Dy ([&1], [&2]) == Q5 (P.D.[&1], P.D.[£]). Note also that the expression for Q4 ([¢1], [§2]) as given in only
depends on the cohomology classes of £; and &z, because [y, df A& = [y d(f€2) = 0 by Stokes Theorem.

Remark 2.1.13 Suppose that the A, B symplectic basis cycles {[A1],---,[Ag], [B1], -+ ,[Bg]} of Hi(X,C) are
chosen for [¥] € B. Since H(3,C) = H; (%, C)*, a cohomology class [¢] € H(X,C) is determined by its values
on A and B cycles. In particular, the cohomology class [€] represented by a closed differential form ¢ is given

by the A and B periods of ¢ and we identify Hy = H'(X,C) = ¢ by

1 29
H(E,C)a[gm<A1§, fig X ﬁs)ec .

g9

It can happen as we move from [X] along some closed path in B, letting A, B cycles deform continuously, that
once we return to the point [X] the A, B cycles will differ from the original by some Dehn twist actions. On the
other hand, given a sufficiently small open neighbourhood Bs; C B, we will be able to choose A, B symplectic
basis cycles consistently throughout By,. The Gauss-Manin connection Vgjs can be described locally on By
as the identification of any two cohomology classes on two different fibers [£1] € Hy,, [£2] € Hy,, if they have
the same A and B periods: fAkczl &= fAkC22 fg,kaczl & = kaCZQ &. This gives a local trivialization
H|p,. = C?9 x By, verifying that H is a vector bundle.

The following gives an alternative expression for y:

Lemma 2.1.14 (Riemann bilinear identity) Let [£1],[¢2] € HY (X, C) then

oo 2 efefof.

where &1,& are smooth differential forms representing [£1], [€2).

Proof: First, we show that for any [¢] € H'(X,C) has a representative ¢ = a + 3 where « is holomorphic
(O = 0) and f3 is anti-holomorphic (93 = 0). A smooth differential form ¢’ representing [¢] can be decomposed
as & = o/ + 3’ where o is a smooth (1, 0)-form and 3’ is a smooth (0, 1)-form. Then d¢’ = (9 + 0)¢’ = 0 implies
da' = —9f'. Since Riemann surfaces are examples of Kihler manifolds, 09-Lemma [38, Proposition 6.17] tells
us that there exists a smooth function f such that 0o/ = 90f = —9B’. We can see that & := ¢ +df = a + 3
where o := o + 9f and = ' + Of is the desired representative.

The rest of the proof follows from Stokes’ theorem and the standard argument leading to the Riemann bilinear
identity. For example, we have

_ _ _ _ 1 & _ _
[[ani=[[ asns= [[ aws - ¢>ﬁ:2.z(;§ if a-¢ 5 a)
b A A dA T \JA, B, Be JAg
where A := X\ U]_, (Ax U By) is a simply-connected domain and o = df = df for some holomorphic function

¢ on A by Poincaré Lemma. O

Let us fix a reference point [Xo] € B and an open neighbourhood By, C B of [Z]. Later we will explain more
precisely how By, is selected (see Condition [2.5.2). But for now, we simply require By, to be contractible and
sufficiently small such that it can be covered by a single coordinate chart (Bs,,ul,...,u?). We will denote by
‘H — Bs, the vector bundle given by the restriction of H to Bs,,, which is trivial because By, is contractible. Let
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2.1. Deformation of Curves in Foliated Symplectic Surfaces

TB and T*B denote the holomorphic tangent and cotangent bundles of B respectively. Following [25, Section
5.2], we introduce ¢ € I'(By,,T*B ® H) as follows. At any point [X] € By, we define the map ¢x via the
following diagram:

35

T

TigyBs, —=— D(8,TS|s/TS) —= I(3,0L) —s HY(S,C) = Hs.

Let us discuss the first map Tjx)Bs, =N [(X,7S|s/TY). Wemap v =>1_, vk% to a global normal vector
field n, € I'(X, TS| /TE) which can be defined in terms of T'S|s-sections on each (F,Qg)-chart (Up, zp, yp):

| -—zg: 92y 0 L % 9\ cpisnu,, TSls) (2.6)
Mol == 20\ Gk dx, = Ouk dy, pr = 21B] ’
k=1

Taking the quotient of n,|sny, on each (Uy,zp,y,) and patch each of them together, we get a global section
n,. Finally, we define ¢5(v) := [¢px(v)] € Hx where ¢x(v) := Qs(n,,.)|s € (X, QL) Let vy, == a 2%, then we
can equivalently write this as

g g
ox = Z QS(nvka )|Eduk € T[*Z]B ® F<Z’ Q%J)v ¢Z - ¢E Z QS n"k’ ’ |Z du € 11[2 B®Hs. (27)
k=1 k=1

Remark 2.1.15 The image im@y = I'(3, Q%) is a Lagrangian subspace of Hyx. for every [3] € By, .

At first glance, the expression ([2.6) seems ambiguous because it depends on the choice of a connection, in other
words, on how the derivatives of r, and y, are taken with respect to u*. Suppose that ¥ N U, = {(xp,yp)
Up | Pplap, ypiu) = O} for some polynomial P,. For any ¢ € ¥ N Up, we have teT,X CT,S if ;,dP, = 0 where

dP, = gf:d xp + ay” dyp. The variation of the curve X in the uF-direction in B gives

0Py 0P, 0xp 0Py Oyp

Quk " dx, OuF T By, duF (28)

. S . .8
Choosing a connection is equivalent to choosing 82”

connections are chosen differently on each (Up, z,, yp) then

(nolsrw,) lonv,no, — (nv|EﬂUp/) Isnu,nu,, € T(ENU, N Uy, TY)

and therefore we can patch the quotient of each n,|sny, to form a global section n, € I'(X, vs). The following
lemma resolves this concern:

Lemma 2.1.16 Suppose we obtain (n,|snu,)i @ = 1,2 using any two different choices of connections, then
(nulzno, )1 — (Mwlznu, )2 € T(ENU,, TY).

Proof: Without loss of generality, let us assume that v = 8%. For i =1,2, let
Oz, 0 Oyp 0
(rolmews, )i (8uk)i Oz i (au’“ i Op
where oP, P, (0 oP, (0
P P Tp Yp
P —_— _ _— = U. 2.
our T oz, <8uk><+ Yy <8uk)i 0 (29)

If we subtract (2.9) with ¢ = 2 from (2.9)) with ¢ = 1 then

Orp\ _ (92 N OPu | (O _ (0w \9Pu _,
our /| our ),) Oz, ouk /| ouk),) oy,

The lemma follows as we recognize the left-hand-side to be ¢, )2 dPp. O

leﬁUp) (nv|EﬂU

The next lemma tells us that Ve [€] = D7, [u } du* is independent of the choice of the connection and the

differential form & we choose to represent [].
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Chapter 2. Airy Structures and Deformation of Curves

Lemma 2.1.17 Let & be a holomorphic family of meromorphic differential forms defined for each [¥] € By,

on an open subsets Dy, C ¥ and let (g%) ,1=1,2 be the derivative % taken using two different choices of
2

ouk ou
contour C C Dy, which deforms homotopically over Bs, and avoiding all poles of s for each [X] € Bs,, we

have KA j{ﬁz f{ ( o gz)v (2.10)

independent of the the choice of connection V the derivative W{g is taken with respect to.

connections. Then (85—2) - (%) is an exact meromorphic differential on Dyx. In particular, for any closed
1 2

Proof: First, let us consider the case in which Dy, C ¥ N U, where (Up,xp,yp) is a (F,{g)-chart with
dzy|sy, # 0. We write in general {s|snu, = &x,p(2p, u)dx,. Then we have for i = 1,2:

8@ 8524, 51‘,, afz)p %
<auk> = au T\ ouk ) o, P T\ Gk ).
852,1) % 8§E,p axp agE,p % 8§E,p %
dut P <8uk oz, "7 \our ), om, e TN \Gur ) ) = gk et & Gur ), )

Evidently, we have
8@ — 8@ =d|(¢ % —&sp 8%
ouk J | ouk ), =P\ 9uF L OuF

which is exact as claimed. In general we cover Dy with a collection of (F, QS)—charts {(Upeos Tpeo, Ypeos) } and

check that the function &y ), (auk) —&sp (%)2 on each ¥ N U, patches together to give us a function Zy; 12
defined on Dy such that d=x 12 = (g%) - (g%) .
1 2

To see that (2.10]) is true, we dissect C' into closed segments C;,i = 1,--- , N such that C; C ¥ N Up,, then
apply the Leibniz integral rule on each segment C;. Since the endpoints of each C; vary with u* we also get the
boundary term contribution, but the sum of these contributions from each C; will be zero because C' is closed.
Note that there is no ambiguity in what connection to use on the right-hand-side of because the result
will only be differed by an exact differential, which vanishes on a closed contour C. ]

Lemma 2.1.18 ([25, Section 5.1]) The symplectic vector bundle (H — B, Qy, Vo) is flat and Qg is V-
covariantly constant.

Proof: Let dy,,, : T'(Bs,, Qs @ H) — ['(Bs,, 25 " @ H) be the exterior covariant derivative. The condition
that Vg is flat is the same as the vanishing of the curvature tensor Ry, = dvgy © dvey = 0. For
P =slf] € T'(By,, Qg @ H),s € ['(Bs,,Q5) and ] € I'(By,, 1), we have

85]

dv ¥ = (ds)[E] + (=1)"s A Vau[g] = (ds)[E] + (—=1)"s A Z [auk
k=

where we have used Lemma [2.1.17} Ver([€] = Y7, [ﬁ} du. Therefore,

@ = (9)E] + (~1)"(ds) A S Lffk ] .

1
+ (=1)"(ds) A Z {65 duf + (=1)"s A Z [au(zﬁ)ul} du® A du' = 0
1

which means Vs is a flat connection.

Because the vector bundle ‘H — B is flat, parallel transport on H — By, using the Gauss-Manin connection is
path-independent. Let us denote by F%}] [€] € Hs the parallel transport of [¢{] € Hyx from the point [¥] € By, to

[X] € By,. Since parallel transport preserves A and B-periods, we have QH(FE][&], FE}/][@]) = Qu([&1], [&2)
proving that Q4 is Vgps-covariantly constant. (I

We will find in Section that the connection given by taking derivatives keeping the direction of foliation
leaves constant is particularly important and we denote it by Vz. Let us write down ¢x(v) and ¢x(v) using

17



2.1. Deformation of Curves in Foliated Symplectic Surfaces

V. Let us Cover Y with a collection of (F,Qg)-charts U = {(Upeo; Tpeo, Ypeo)}- On each ¥ N U, we write

Vr=>7_,du* au 7 le,—const- Straightforwardly, we have
g
or 0 oy 0
= 0 ULy - d Q b —JP . d k
ng‘EmU}) Z S(n k )|ZF1UP u Z s <6uk mp:constafﬂp 8u xp:constayp ) XNU, “

g
4 . du = — E % dzp|snu du®
Tp=const 6yp XNU, P 6uk p P

g
0
>20s (G

= _Vf(ypdxp‘ZﬂUp)

Tp=const

and 50 ¢5(v)|snv, = —tw, VF(Ypdrylsnu,). Lastly, we simply put ¢s(v) = [¢=(v)] € Hs.

k
Remark 2.1.19 Note that, from 1) we have %Mp:const = —g;‘;ég;p. Using

op P
dPylsnu, = Ta;:dzpan,, + Ty:dypklﬂUp =0,

we can see that ‘37;1’ vanishes with order 1 zero exactly at ramiﬁcation points because dx,|sny, does. Sup-
Yp

pose that ¥ N U, contains a ramification point r,, then 6uk |xp_umst has a simple pole at r,. However,
gZﬁ |wp:constdxp|ZﬂUp remains finite at r, because the simple pole cancels out with the simple zero of dxp|gmUp.
From this analysis, we conclude that ¢x(v) is holomorphic on ¥, i.e. ¢x(v) € I'(E,Q4,), as expected since the
definition of ¢y is independent of our choice of the connection (see Lemma [2.1.16). We refer to the proof of

Lemma [2.5.35] for a version of this argument repeated using the standard local coordinate z,.

Let us compute the exterior covariant derivative of ¢y using Vx, we have

g
dv »¢s|snu, = dv, (; g (N, s - |gduk> ’EmUp =dy, (fV]:(ypd:I:panp))

g 62
Z (aukaul

k,l=1

)

dxpgmyp) du® A dul =0

zp=const

for any (F,Qg)-chart (Up, xp,yp) € U. This means Vr¢ps = 0 and therefore,

dle\/1¢E = chM [¢E] = [dVIQSE] =0,

where we have applied Lemma [2.1.17] at the second equality. Since By, is contractible, by the Poincaré Lemma
(see Lemma [2.1.23| below), dv,,¢ = 0 on By, implies that there exists

6 c F(BEO,H) such that Vg0 = ¢. (2.11)

2.1.3 The embedding of By, into Hy, as a Lagrangian submanifold

Let us consider the map ®x, embedding the neighbourhood By, C B into a fiber Hyx, at [Xo] € By, . Following
[25], we first define the affine connection Vs + ¢ on H:

(Vem +¢)[€] == Vaulé] + ¢

for any section [£] € I'(Bx,,H). The map ®x, : By, — Hx, is defined by sending a point [X] € By, to
the image of the zero vector Oy € Hy under the parallel transport from point [Xg] to [X] using the affine
connection Vg + ¢. In general, given 3], [X1] € Bys, the parallel transport of Oy, € Hx, to Hx is unique,
path-independent and it is given by

vs, (%) = 05 + T 65,.

It follows that
35, (%) = vz (Do) = O, + [0

We denote the image of ®x, by
'CE() = im@zo C HEO'

18



Chapter 2. Airy Structures and Deformation of Curves

Let v=>9_, vk ik € Tix)Bs, be any tangent vector, then
g
0P
Lvdq)zo = Z ’Uk (;Zk = Fg] ]LUVGMOZ = Fg?]buqﬁz
k=1

is a tangent vector to Ly, C Hs,. Since v — ¢,d®y, is injective because @, is injective, by assuming that By,
is small enough we have that ®x, : By, — Hs, is a embeds By, as a submanifold in Hy,,.

Lemma 2.1.20 ([25, Section 5.1]) Lx, is a Lagrangian submanifold of Hx,

Proof: Since My, = H'(X,C) = C* and dim Ly, = dim By, = 3 dimHy, it remains for us to check that
Olzy, = 0. For v; € Tisy) By, i = 1,2 we have 1,,d®s, € Tp,, (5)Ls, and

#H (Lo, dPxy, L0, dPx, ) = Q?—L( [g] Lv1¢27 va¢2) D (Lo, b5, Lo, @) =0

because the image im@y, = I'(, Q%) is a Lagrangian subspace of Hy. O

Let us consider a trivialization of H — Byx, by choosing A, B-symplectic basis cycles of H;(X,C) for each
[¥] € By, and identify Hy, = C?9 as in Remark [2.1.13} [¢] — (fAl £ - ,55:49 & bp, & ’5539 E) € C?9. Let us

define
E) :% 02, bZ(E) ;:]{ 02, 1= 1,...,g.
Ai Bi

We will often write a(%) and b;(3) simply as a® and b; when they do not cause any ambiguity.

Lemma 2.1.21 {al,...,a%} is a coordinate system for By, .

Proof: The matrix (gi;) is invertible because gTa; = 8u] 55:4 05 = fA Lo Veoubs = fA Lo ¢s. So if
there exists (v') € CY such that Zg_l v/ 92 — (i = 1,...,g then ¢x(v) = Z?Zl ’U]Lﬁqﬁz € F(Z,QZ),U =
Zle vi% is a holomorphic form on ¥ with zero A—perlods7 therefore ¢s5;(v) = 0. But we know that v — 1,¢x

is injective, therefore v = 0. Hence a’ := a’(u!,...,u9),i = 1,..., g is a holomorphic coordinates transformation.
O

auJ

So b; can be written as a function of {a’}. We can write ®yx, : By, — Hsx, using this trivialization as

3] := (' (%), ...,a%(%)) — &(X) = (a'(T) — a'(Dp), ...,a?(X) — a?(Zg), b (2) — b!(Zp), ..., bI(X) — b (%))

%5, (%) ob;  Ob,
T _— <07...,1 07@7...767

It follows from Lemma [2.1.20] that for any i,j = 1, ..., g we have

o (0%5,(2) 085,(%)) _ 0bi b,
e fat ' Qal - fal Qal’

) € T‘I’z (x)im®Pys,, i=1,...,9.

Therefore, by an application of Poincaré lemma, there exists a holomorphic function §x, = x,(al,...,a%) on

By, such that

6320 (al, ...,ag)
oa’ ’

The section 8 € T'(Byx,, H) is uniquely determined up to an addition of a parallel section ¢ € I'(Byg,, H), Vamc =

0. Therefore, given the moduli space B of F-transversal curves, the function §y, is unique up to an addition of

a linear term.

b; = i=1,..,9. (2.12)

Definition 2.1.22 Given the moduli space B of F-transversal curves inside a foliated symplectic surface
(8,05, F), the prepotential Fs, = Fs,(al,- -+ ,a%) is a holomorphic function locally defined on the open neigh-
bourhood By, 3 [£¢] which relates A and B-periods of fx, € Hx according to (2.12)).

The prepotential is the generating function of the Lagrangian submanifold Lys, := im®s, C Hsx,. In other

words, the prepotential §y, naturally arises from the study of the deformation of curves ¥ embedded in a
foliated symplectic surface (S,Qg,F) around some neighbourhood By, of [£] in the moduli space B.
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2.1. Deformation of Curves in Foliated Symplectic Surfaces

2.1.4 Generalization

Previously, we considered a particular vector bundle 4 — B and an embedding of a neighbourhood Bs,, of
[Xo] € B into a fiber Hy, using the affine connection Vg + ¢. We showed that the image is a Lagrangian
submanifold. This type of embedding can be done with a more general class of symplectic vector bundles.
Let us end this section by giving a discussion of the general setting. First, let us state and proof a version of
Poincaré Lemma for holomorphic flat vector bundles:

Lemma 2.1.23 Let (£ — X, V) be a n-dimensional holomorphic vector bundle over a contractible m dimen-
sional complex manifold X with a flat connection V and let dy : Uy ® € — Q_TXH ® & be the corresponding
exterior covariant derivative. Then given a section § € T'(X, Q% ® &) such that dv& = 0, there exists a section
neT(X,Q% ' ® &) such that & = dyn.

Proof: Let us pick a basis {e;,} of &, at some point o € X and let the section e; € T'(X,E) be given at
any x € X by e; , :=I'] €; 4, where I'; is the parallel transport on £ from zy to = using the flat connection
V. Since £ — X is flat, the parallel transport with respect to the connection V is path-independent. On the
other hand, the existence and uniqueness of the parallel transport of e; 5, from xy to = along any path follows
from Picard-Lindelof theorem. It follows that e; , := I'y €; 4, € & is well-defined for x € X. Therefore, we
have parallel sections Ve; € T'(X,€), Ve; = 0, and {e; ,} is a basis of the fiber &, for all z € X. A section
€ € I(X, Q% ® &) can be expressed using the local coordinates {z',---,z™} of X as £ := >_}'_, &kep where
& = Zh, iyt Stk (@) A Adat € T(X, Q). Using Vey, = 0, we have that

n

do€ = 3" ((d0)er + (16 A Ter) = 3 (dei)er

k=1 k=1

Consequently, if dy€ = 0 then d§;, = 0 for all £ = 1,--- ,n. Since X is contractible, we can apply the usual
Poincaré Lemma for differential forms to & and conclude that there exists n; € T'(X, QTX_l) such that dn, = &.
It is now a matter of simple calculation to verify that dyn = & where n = >"}_, nie. (]

Let us now present the general version of the embedding By, — Hs,:

Proposition 2.1.24 Let (£ — X,Q¢,V,¢) be a 2n-dimensional holomorphic symplectic vector bundle over
a n-dimensional complexr manifold X with a flat connection V, a V-covariantly constant symplectic form Qg
and ¢ € T(X, Q% ® &), dvp = 0 such that for each x € X, ¢, : T, X — &, embeds T, X as a Lagrangian
subspace of ;. Fix a reference point xo € X. There exists an open neighbourhood X, C X of xo such that
the map Oy, : Xz, = Exy, given by sending x € X, to the image of 0, € &, under the parallel transport from
x to xog using the affine connection V + ¢, is a well-defined embedding of X, into a Lagrangian submanifold
Loy = imPy, C Eyp.

Proof: Let X,, C be a contractible open neighbourhood of zg € X. Since dy¢ = 0, by Lemma [2.1.23] there
exists a section 0 € I'(X,,, ) such that dyf = VO = ¢. For z; € X, the section vy, € I'(X,,,E), vy, () :=
—0, +I'g 0., satisfies vy, (z1) = 0 and Vg, () = ¢,. For all z1,2 € X,,, the parallel transport of 0., € &,
to &, using the affine connection V + ¢ is path-independent and it is uniquely given by v, (x). Therefore, the
map @, : Xy, — &, is given by

O, (2) = vy (x0) = =0y, +T'5°0,.

Let us compute the derivatives of ®,,. Suppose that we can cover X,, with a single coordinates chart

(Xxo,:vl, ,x") then
Edz IO Edm |$°<E 9k €k> (E 9k ek )
,T »ZL0

n 2n
, 89 00
= 4 dx* ek o Zd o ( ;{E(lx) ek,gc) =TV (; 0k($)€k,w> =T7¢,.

k=1

For every v € T, X,,, we have ¢,d®,, () € Ts,, ()L, Furthermore, given vy, vy € T, X, we have

Q¢ (Lvl d(I)zg (x)a Lyy dcb:zzo (x)) = Q¢ (Fio Ly Gz, ]_"io Lyy ¢x) = QS(%I s Lyy ¢m) =0

by the assumption that ¢, embeds T, X as a Lagrangian subspace of &,. Since ¢, is injective, the rank of
d®,,(x) is n for all x € X,,. It follows that dim £,, = %dim Exy, hence L, C &, is a Lagrangian submanifold.
O

20



Chapter 2. Airy Structures and Deformation of Curves

The proof of Proposition [2.1.24] only works when & — X is finite-dimensional, hence the result need not hold
when the dimension is infinite. Nevertheless, Proposition gives us a guideline of what to expect when
we consider the analogous embedding in the infinite-dimensional case. We will see this in Section where we

consider the infinite-dimensional vector bundle WeM — Dises™.

2.2 Airy Structures

In this section, we review some basic terminologies and facts about Airy Structures as introduced in [25] .

2.2.1 Topological vector spaces and symplectic structures

Definition 2.2.1 A k-topological vector space V is a vector space equipped with a Hausdorff topology over a
topological field & such that

vector addition : V xV =V, scalar multiplication : k x V — V (2.13)

are continuous.

We need a topology on V to define the dual space V* := Hom(V, k) of V as the vector space of continuous
linear functionals on V. Typically, we equip V* with the weakest topology such that the map f € V* —
du(f) := f(v) € k is continuous for all v € V, making V* also a topological vector space. Therefore, we have
Oy € V** := Hom(V*, k) by definition, where V** is the vector space of continuous linear functionals on V*.
We will not assume vector spaces in this section to be finite-dimensional. To help with the notation when listing
the basis or coordinates we introduce an index set I. For example, we write the basis of V as {e;c1} and take
I={1,..,n}if V is finite n-dimensional or I = Z+( if V is countably infinite-dimensional.

Remark 2.2.2 The topology of V' will only be important to us when n is infinite because when n is finite,
linear functionals on V' are automatically continuous.

Definition 2.2.3 A symplectic topological vector space (W, Q) is a pair consisting of a topological vector space
W and a continuous antisymmetric bilinear form Q : W x W — k such that w — Q(w,.) is an isomorphism

W = W*. We call Q the symplectic form of W.

Let us introduce the example of symplectic topological vector space (W, Q) which will be important in defining
Airy structures. We will exclusively work with k := C equipped with a discrete topology. Let V' be a topological
vector space with a discrete topology and a basis {e*'} over C. Any vector v € V can be written as v = Y, y;€’
where only a finite number of y; € C are non-zero. Let {ficr} € V* be the set of linearly independent vectors
such that f;(e’) = &/. Then elements of V* are f =Y, ;2'f; for 2 € C. We call {y;e1} and {z''} coordinates
of V and V* respectively. Equip V* with the weakest topology such that the map f — ¢,(f) := f(v) € C is
continuous for all v € V. The open sets in V* take the form f + Uy C V* where f € V*,J C I is a finite set
and.

Upi={ > a'filateCprcVe. (2.14)
1€\J

Remark 2.2.4 If V is finite dimensional then {f;c1} is a basis of V*. When the dimension is infinite, { fie1} is

a Schauder basis of V* not an ordinary basis because their finite linear combination do not span V*. However,
let us also refer to {f;c1} as a basis of V* to simplify the language.

Finally, we define W := V @& V* with standard symplectic form € := Zieﬂ dy; A dx® where dy; = f;,dz’ := @i,
Qe',e!) = Q(fi, f) =0, Q& f;) = . (2.15)

{e€l ficr} is a basis of W. We call {e€!] fic1}, or any basis of W satisfying (2.15)), a canonical basis of W. To
show that (W, Q) is a symplectic topological vector space we will need the following:

Lemma 2.2.5 Let V be a discrete topological vector space with basis {e*<'} over a discrete topological field C,
then V** 2 V.
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Proof: If V is finite-dimensional, this is trivial. Suppose that V is infinite-dimensional and let ¢ € V** =
Hom(V*,C) be a continuous linear functional. For any sequence s : Z~o — V*,n + s, converges to f € V*,
we have ¢(f) = ¢ (lim,—00 5n) = lim, o0 @(s,,) by the continuity. Let us embed Z( into the index set I.
Suppose that f := Zkezwcﬂ z* f., where f;(e’) = & and consider the sequence s, := >}, ¥ fi + A1 fria
converges to f in the topology of V* for any arbitrary sequence {An}.

By the continuity of ¢ we have

6(f) = ¢ lim_s,) = lim_ o(s,) = lim & (Z xkfk+An+1fn+1> ~ lim_ (Z m’“<z><fk)+An+1cz>(fn+1>> :

n—oo
k=1 k=1

But the sequence {A,} is arbitrary, therefore, the only way for the above to be true is if ¢(f,) is only non-zero
for finitely many n € Zso C . Since the embedding of Z+( into I is also arbitrary, we conclude that ¢(fx) is
non-zero for only finite number of k € L.

The topology on V** is given by the weakest topology such that the map ¢ — ¢(f) is continuous for all f € V*,
which is not hard to check to be a discrete topology. The isomorphism V** 22 V is given by €’ <> ¢.i,i € I
where ¢ (f;) = fj(e?) = 5}, proving the lemma. O

Let us finish showing that (W, ) is a symplectic topological vector space. We have that e’ s Q(e?,.) = ¢, is
an isomorphism V = V** and fi = Q(fi,.) = —f; is an isomorphism V* =, V. Tt follows that (W,0) is a
symplectic topological vector space because w — (w,.) gives an isomorphism W =V @ V* Sverevr =
(V* @ V)* = W*. The topological symplectic vector space W is an example of a Tate space.

Definition 2.2.6 (Tate space [7]) A Tate space is a topological vector space over a discrete field k& which is
isomorphic to V4 @ V5" for some discrete topological k-vector spaces V; and Va.

Remark 2.2.7 The coordinate z¢ of V* can be thought of as a linear functional z' € Hom(V*,C) = V** 2 V.
Equivalently, 2° is identified with the vector e’ € V via the isomorphism e’ — Q(ef,.). The reason why we are
keeping both notations is that they carry different conceptual meanings. Similarly, the coordinate y; can be
identified with the vector —f; € V*. Together, {z'€!, y;c1} is a coordinate system of W.

Given two vector spaces over a field k, a tensor product is a frequently used operation to construct a new vector
space. Formally, the tensor product V; ® V4, of vector spaces V4 and V3 is uniquely defined up to isomorphism as
the vector space satisfying a certain universal property. More concretely, suppose that V; and V5 are potentially
infinite-dimensional vector spaces with basis {¢:€""} and {e52} respectively, then Vi @ V4 is a vector space with

a basis {e} ® ¢}, | (i,7) € I; x I }. In other words,

ieV,= Z vijel ® eg | vi; € k is non-zero for finitely many pairs of (7,j) € Iy x Iz » . (2.16)
(i,7) €l xI2

Remark 2.2.8 The important message of (2.16) is that only finite linear combinations of tensor products of
vectors are allowed in Vi ® V5 even though V; or V5 are possibly infinite-dimensional.

V1 ® Va is different from topological complete tensor product Vi@V, mentioned in [25]. Let us briefly explain the
meaning of V1®V,. Given a topological vector space V, the completion of V is the unique complete topological
vector space V such that V can be embedded densely into 1% [37, Theorem 5.2]. Let V4, V5 be topological vector
spaces. We assign the topology to Vi ® V5 such that it is the unique object satisfying the universal properties of
the tensor product in the category of k-topological vector spaces [18]. For instance, when V; and V5 are locally
convex, then this topology on Vi ® V3 is the projective topology [37, Definition 43.2].

Definition 2.2.9 The topological complete tensor product Vi&Vs is the topological completion of the tensor
product Vi ® V5.

Let us give an explicit presentation of W&W as an example, where W = V @ V* is a Tate space. Assign a
topology to W ® W by declaring open sets around w € W to be w + Uy, 1,5, € W ® W where Jp=1 2 := (.,]I}CEH),

i J4, J3 C T are finite sets and

Upats =9 (UM ® Ce' + Ce' @ UJE) + Y, UL, eU,cWeW
i€l J3CI, I, CI
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Chapter 2. Airy Structures and Deformation of Curves

where Uy C V* are vector subspaces given by ([2.14). Since open neighborhoods of zero Uy, 1,7, are subspaces of
W @ W in this case, the completion can be computed using the inverse limit:

WEW = lim W @ W/Uy, 1,5,
Ajj, bjh, béi’ Cij eC
‘ a;; # 0 for finitely
= Z aije’ @ el + Z(b]h-ei ® f; +béjfi ®el) + Z cif;® f; | many pairs of (i,5) € I x T,
i,j€l i,j€l i,j€l and for each ¢ € I, by, 05, # 0
for finitely many j € I

For k = 1,2, let us write Jj, C Jx if Ji C J¢ for all i € I. The inverse limit is taken over the directed poset of
tuples (J1,J2,J3) with with partial order (J},J5,J5) < (J1,J2,J3) if J5 C J;, Vi = 1,2, 3.

The n-th order topological complete tensor product Wén .= W& - - ®W can be defined in a similar way. We
denote by Sym,, (W) the subspace of symmetric tensors in W®" and let Sym,, (W) := @, Sym,;(W). Using

Remark we can think of [[2, S/'y?lz(W) as the space of formal polynomials on W and denote it by
C[[W]] = C[[z*<}, y;e1]]. In particular, elements of C[[W]] are formal series of the form

J1:° dn
Where P;'” 7" € C and
o ing

oo
J1ssdng i i . . 1500 3 Jn
Z Z Z Pillf",iﬂfx“ et "Yi © Yings for each (]17"' v]nz) € ]Inz’ Pi]:,"“,’ijnf #0
n=0 721+ﬁ;§6’;i ;Z;S]II for finitely many (i1,--- ,i,,) € I".
The symplectic form  defines a Poisson bracket on C[[W]] given by
{xivxj} ={vi,y;} =0, {yiaxj} :514 (2.17)

and extended to arbitrary formal polynomials by the Leibniz rule. We call coordinates {2%€ g1} satisfying
(2.17), or equivalently coordinates such that 2 takes the canonical form: Q =}, dy; A dx*, a canonical

coordinates system of W.

2.2.2 Pre-Airy structures

Let V be a topological vector space with a discrete topology over the discrete topological field C.

Definition 2.2.10 (|25}, Definition 2.6.1]) A classical pre-Airy structure on V is a tuple (V, A, B, C') where
A= (aijr)ijret EVRV RV, B=(})ijrer:V—=VaV, C=("ijrea:VaVv -V

A quantum pre-Airy structure on V is a tuple (V, A, B, C,¢) where (V, A, B,C) is a classical pre-Airy structure
and € = (¢;) € V.

Remark 2.2.11 Equivalently, a (quantum) pre-Airy structure is given by any A = (aijk)i,j.ke1, B

(4,5,k) e IxITxI, bfj € C is non-zero for only finitely many (i,7) € I x I for each k € T and Cgk € Cis
non-zero for only finitely many ¢ € I for each (j,k) € I x L.

(b?j)i,j’kebc = (C?k)i’j’keﬁ and € = (¢) such that: a;ji, ¢, € C are non-zero for only finitely many

Given a quantum pre-Airy structure (V, A, B, C, €) there exists a recursive procedure called Abstract Topological
Recursion (ATR) |25, Section 2.5] produces a set of numbers {Sy 5.4,.....i,, € C | i € I}. Let the basis of V be
{e’*1}. We package the set of numbers {Sy ;... 4, } into the tensor

tn

1 X .
Sgm =Y —Sgmsin,in€” @ @€ € Ve =V ®..0V.

As the name suggests, ATR is related to topological recursion. We will see later this chapter the quantum
pre-Airy structure such that the ATR reduces to the usual topological recursion.

Let us now describe ATR in details. We set the initial conditions to be

5073 =24V RV® V, Sl,l =eccV, SO,nSQ = SgZO,O = 0.
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2.2. Airy Structures

Then Sy, for g >0,n>40r g >2,n>1o0r g>1,n> 2 are computed recursively as follows

, ) E E g E E 172 . -
ng;u,-- , =2 bzlzk gn—1Lijiga . ni\{k} + c{l Sg171+|11\;3111159271-‘:-\12\;]2112
k=2 jel gi+g2=g  j1,j2€l
I [T 12={2,...,;n}
j172
Z Cjil Sg—1,n413j1 262 in - (2.18)
J1,J2€l

Note that the right-hand-side of (2.18) only involve Sy ,,» with 2¢’ —2+n' < 29 — 2+ n, therefore the recursion
is guaranteed to terminate.

Remark 2.2.12 The right-hand-side of (2.18)) will indeed define an element of V. Let v := Zkeﬂ vpel €

V,u =3, uxe” € V, then by definition we have > igkel biope’®el = B(v) e VOV and Y, . keﬂc? vjuget =
C(v®u) € V. Note that all summations came from contractions of a vectors in V and V*, so they have at
most finitely non-zero terms even though the carnality of the index set I may be infinite.

Given g,n and suppose that Sy .,/ € Ve for all 29’ —2+n’ < 2g—2+n then it follows that the first and second
terms in (2.18) are well defined as elements of V®". Finally, the last term of (2.18]) is a well-defined element
of V®" because S;_1,+1 € V" a non-completed tensor products of V, so it contains only finite linear
combination of tensor products of vectors in V. More explicitly, we can write Zjl,jzeﬂ Sg—1n+1541jais...in €7 @72
as a finite sum Zivzl V1, ® vg ) for some vy g, v2x € V and N € Z>¢. Then

§ E 1,92 I E J1 Jj2
CZI’ Sg-1,n+13j1jais...in€ " =C Sg-1,n+15j1jaiz..in€" @€

11€lj1,j2€l J1,92€l
N N
=C (Z v @ vg,k) = ZC (v1p ® Vo) € V.
k=1 k=1

Overall, the output S, ,, is a well-defined element of V®".

Definition 2.2.13 (|25, Definition 2.6.1]) A classical pre-Airy sub-structure (U, A, B,C) of (V, A, B,C) is a
classical pre-Airy structure given by a vector subspace U C V compatible with tensors A, B, C in the sense that

AcU®U®U, Bly:U>U&U, Clygu:U®U —U.

A quantum pre-Airy sub-structure (U, A, B,C,¢) of (V, A, B,C,¢€) is a quantum pre-Airy structure given by a
classical pre-Airy sub-structure (U, A, B,C) of (V, A, B, C) such that € € U.

A (quantum or classical) pre-Airy structure on V' is called primitive if it does not contain a non-trivial (quantum
or classical) pre-Airy sub-structure (U, A, B, C,¢) with U C V.

Remark 2.2.14 Given two quantum pre-Airy structures (V;, A;, B;, Ci,¢;) and their ATR outputs {Sé(,% €
V:#"} i = 1,2 the important feature is the following. If both quantum pre-Airy structures (V;, A;, By, Ci, €;),
¢ = 1,2 contain the same quantum pre-Airy substructure (V, A, B,C,¢), i.e. V C V1, V5 and

Ay =A= A, Bily = B = Bslv, Cilvev = C = Calvev, €1 =€=€
then their ATR outputs will be the same [25, Section 2.6]:
Ssgv)z:‘gg(}?n Sgn€V®nCV®n i1=1,2

where {S;,, € V®"} is the output of ATR using the pre-Airy structure (V, 4, B, C¢).
2.2.3 Airy structures

In this section we let W =V @ V* be a Tate space and let {2°<, y;c1} be canonical coordinates of W.

Definition 2.2.15 (|25, Definition 2.1.1]) A classical Airy structure on V is a classical pre-Airy structure
(V, A, B,C) such that the collection of at-most quadratic polynomials {H;c1 € Sym<,(W)}, where

= —y + Z a”kxjx +2 Z b ;vjyk + Z A yiyk, (2.19)

j,kel j,kel J,kel
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Chapter 2. Airy Structures and Deformation of Curves

generates the vector space g := @, C-H; C %SQ(W) which is closed under the Poisson bracket : {H;, H;} =

Y kel gfj Hj, € g for some structure constants gfj € C. In other words, the structure constants gfj are the matrix
entries of the operator g is a Lie algebra with Lie bracket given by the Poisson bracket.

Remark 2.2.16 We can always assume that the tensors A = (a;;%) and (c] ¥} are symmetric in the indices j, k
because their anti-symmetric part would vanish in the expression of H; after summing against /2% and YiYk-

On the other hand, the tensor B = (b;k) does not possess any symmetry in the indices j, k.

In fact, given a classical Airy structure {H;ej € %Q(W)}, it can be shown (see |1, Section 2.2], |25, Section
2.1]) from {H;, H;} = Y, 198 Hy that agp. is symmetric in the indices i,j and that gf; = 2(b; — b%;). In
other words, a;;) is symmetric in all indices ¢, j, k and the structure constants gfj are components of the tensor
(gZ)LLkd : V. = V ®V which is entirely determined by the tensor B.

Remark 2.2.17 Note that each H; may be treated as a function H; : W — C. Denote by H;(w) the evaluation
of H; at a point w := Y, (¢ f; + yse') € W where 2',y; € C, then H := Y, Hij(w)e' € V.

Let us define the Weyl algebra D"(W) := C [[2*}, hd;c1]] [[1]] where ho; := h%. We introduce grading on
D"(W) by setting degh = 2,degz’ = 1 and deghd; = 1. Let DI(W) be the vector subspace of degree n
elements in D" (W) and let D2 (W) := @]_, DI(W). We also introduce the following notations when working
with D (W):

Definition 2.2.18 Let f,§ € D"(W). We denote applying the opemtorf on g by f(g) We denote multiplying
the operator f with the operator g by fg. For example, hd;(z?) = hé, and hd;z? = hd! + 27 ho;.

Conceptually, D" (W) is the quantization of C[[W]] with y; replaced by hd; and the Poisson bracket {.,.} replaced
by the commutator %[, ], where [f,§] :== fg — af, f,§ € D"(W). We define the classical limit to be the map
cl : D"(W) — C[[W]], given by h+ 0,2 — 2 and hd; > y;.

Definition 2.2.19 (|25, Definition 2.2.1]) A quantum Airy structure on V is a collection { Hier € DL, (W)}
such that g := @, C - H; c D’%Q(W) is a Lie algebra with Lie bracket given by the commutator £[.,.]. In
other words, %[ﬁh f]g] = kel gfjﬁk € g for some constants gfj eC.

A classical Airy structure {H;¢} is called the classical limit of {H;c1} if H; = cl(H;) in which case we also have
{H;,H;} =cl (%[H}, fI]]) = kel gfij. We say that {PAIZ-E]I} quantizes or it is a quantization of {H;cy}.

Remark 2.2.20 The condition %[ﬁ“ I:IJ] = kel gfj H, can be written as relations among tensors A, B, C and
€, [1]. If we ignored all relations involving €, then the remaining are relations among A, B and C arise from the
classical condition {H;, H;} = Y, c; 955 Hy.

Remark 2.2.21 Quantization is more difficult than just replacing x by z* and y; by hd; because C[[W]] is
a commutative algebra whereas D"(W) is non-commutative, hence there is an ambiguity in ordering z* and
ho;. For instance, it is unclear whether the term z'y; should be quantized as z'hd; or hd;x' = hé; + x;ho;.

In general, suppose that f,§,h € DQQ(W) with classical limit f = ¢l(f),g = cl(§),h = cl(h) € S/'y?nSQ(W)

then {f,§} = h implies {f, g} = ¢l (%[f,g]) = h but on the other hand, if {f,g} = h then ¢l (%[f,g] =
{f,9} + ¢ = h+ c for some constant ¢ € C. Therefore, the quantization of {H;e1} where H; are given by (2.19)
and {H;, H;} = 3, o1 95 Hy, amount to finding {e;er € C} such that

I:Ii = —ho; + Z aijkatjxk + 2h Z bfjl'jak iy Z c{’“aj@k + he; (2.20)

kel j.kel j.kel

satisfying %[f[“ ﬁj] = kel gfjﬁk.
If follows from ([2.20) we can write a quantum Airy structure on V' as a tuple (V, A, B, C,¢). In other words, a
quantum Airy structure is a quantum pre-Airy structure (V, A, B, C,¢€) such that g := @,_,C - H;, where H;
given by ([2.20)), is a Lie algebra.

Given a classical Airy structure { H;c1}, then neither the uniqueness nor existence of its quantization is guaran-
teed in general. It turns out that the sufficient condition for the existence of quantization of {H;¢y} is given by
the vanishing of the second cohomology of Lie algebra H?(g,C). On the other hand, the necessary and sufficient
condition for the uniqueness of the quantization is given by the vanishing of H!(g,C) [25].

i€l
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2.2. Airy Structures

We will often refer to classical (pre-)Airy structures simply as (pre-)Airy structures unless it is important to
emphasize their distinction from quantum (pre-)Airy structures.

There is a correspondence between Airy structures and quadratic Lagrangian submanifolds L := {H;c; = 0} of
W, i.e. Lagrangian submanifolds defined by at-most quadratic polynomials in W. When V is finite-dimensional,
this correspondence is easy:

Lemma 2.2.22 ([25), Section 2.1]) Let V be an n-dimensional vector space and {Hy, ..., Hp} is a collection
of at-most quadratic polynomials on W =V @ V™ in the form given in . Then L :={H;=,.., =0} CW
is a Lagrangian submanifold if and only if the collection {Hy, ..., H,} gives an Airy structure.

Proof: Suppose that {Hq,..., H,} is an Airy structure. Let vy, be a Hamiltonian vector field corresponding
to H, ie. tyy,, Q= dH;. Then vy, (z) € T, L for all z € L because v, ()dH;(x) = {H;, H;}(z) = 0. Because
dim L = n, we conclude that {vg, (2),...,vm, (x)} is a basis of T, L. Finally, Q(vg,,vh,) = {H;, H;} =0 on L
and dim L = %dim W, therefore L C W is a Lagrangian submanifold.

Conversely, suppose that L C W is a Lagrangian submanifold. Then for all v € T,,.L we have Q(vg, (z),v) =
tydH;(x) = 0. Because T, L. C W is a Lagrangian subspace, i.e. a maximal isotropic subspace, it follows
that vy, € T, L. Then {H;, H;}(x) = Q(vn,,vp,) = 0 for all 2 € L, which means {H;, H;} belongs to an ideal
generated by {Hi, ..., H, }. But each H; is at most quadratic, so {H;, H;} also is at most quadratic, we conclude
that {H;, H;} = Y2,_, g Hy, for some constants gf; € C. O

Remark 2.2.23 When V is finite dimensional, we define the tangent space to L at z € L C W to be
T,L:={veW|dH(zx)=0,i=1,--- ,n}.

It is more subtle how to interpret this definition when V' is infinite-dimensional, except at x = 0 € W. It is easy
to see from the form of each H; in even when V is infinite-dimensional that H;(0) = 0 and dH;(0) = dy;
for all ¢ € 1, therefore we define ToL := {y;e; = 0} = V* C W which is a Lagrangian subspace of W. Since
V C W is also a Lagrangian subspace of W and W =V @ V* 2V @ TyL we call V a Lagrangian complement
Of T()L

When V is infinite-dimensional the arguments used in the proof of Lemma [2.2.22| will no longer hold.

Instead, what we mean by quadratic Lagrangian submanifold is that there exists a generating function
So € [1,21 Symy, (V) such that

H; ({xiEH}, {yieﬂ = g*jj}) =0, i€l (2.21)

We are going to show this in a moment. Keep in mind that 0;Sy = gi? € [I,2, Sym,(V) is a formal

derivative and 1) should be understood as: the image of H; under the homomorphism S/’y?zSQ(W) —
[, Symn(V),z" = 2t y; — 0;S is zero.

Note that we can think of a quantum Airy structures {ﬁieﬂ} as a quantization of a quadratic Lagrangian
submanifold L := {H;cy = 0}. Let us consider solving for ¢, such that 1/1£1Hi(1/)L) = 0 where 9, is given by
the formal expression

Y, = exp (Z hglsg> o Sg=>_Sgme [ Symn(v), (2.22)
n=0 n=1

9=0

such that wil(hai)z/u; = ho; + 0; (Z;io hQSg) and each S, are homogeneous polynomial of degree n:

1 . .
Sgn = Z ang;ihm’inx“ szt e Symp (V). (2.23)

Observe that Sy, € Sym,, (V) without completion of symmetric tensor product and Sy is a formal sum of S .
The following Proposition guarantee the existence and uniqueness of the solution )y :

Theorem 2.2.24 ([25, Theorem 2.4.2]) Let {H;c} be a quantum Airy structure. There exists a unique
solution of the form 1 of the form such that ¢21H¢(¢L) =0,Vie L.
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Chapter 2. Airy Structures and Deformation of Curves

Proof: First of all, we note that if ¢ := exp (Z;O:O RN ng) for an arbitrary S, € Sym, (V) then

v H € DE(W) To verify this we need to check that for each g and n, the degree n term of the coefficient
of B9 in )~ H;1p(1) belongs to Sym, (V). These type of terms came from

HE™ = —h90,Sg 1 + 19> 02l 0kSyn + 10 >3 %08, 0, 06Sgums + 1Y ¥ 0;01Sg-1m42.

J,kel g1t+g92=g9 j,k€l J,kel
ni+ng=n+2

(2.24)
The first term belongs to Sym,,(V)h?. Since >, bk OrSg.n is the same as contracting the tensor B with Sy .,
by Remark m the second term also belongs to Sym, (V)h9. Similarly, by Remark m 2.2.12| we also conclude
that the third and the fourth terms also belong to Sym,,(V)h9. This verifies our claim that ¢~ VH ) € DMW).
Remarktells us that H@™ =Y. HIMei ¢ yen+D),

The proof is by induction in g and for each fixed g we proceed with induction in n. Suppose that we have

found the solution S, for all g = 0,...,g0 — 1 and for S;, up to degree ng term in the sense that if w(Lgo’"‘)) =

exp (Z?:ol RI7LS, + o170 Sgo,n) then
]f]i(goﬂlo) — (d)égomo))flf{ﬂ}(gomo)
= —h; + H{") 4 pgog=notl 4 p2oot1,20 4 op N™ phaion + 12 Y k0,00 € D(W),  (2.25)

J,kel j,kel
where Hi(go’no) = h9og="0 € Sym,(V)h%. Since {H;cr} is a quantum Airy structure we can check that
(H l(gﬁ’nofl)} satisfies the similar commutation relations

2r(g0m0) fr(gosmo)y _ L
ﬁ[Hz’O oijo 0]_ﬁ

[k — 1 n n
_ ( 2907 o)) 1 <h[Hi;H > ¢(90, 0) _ Zng(go, 0) (2.26)
kel

3 n Yy n ,n 7 1 m — T 1 mn
(Hi(gm O)HJ(Qm 0) _Hj(go O)H(go, 0)) ﬁ(w(Lgo, 0)) 1 (HiHj . HjHi> w(Lgo, 0)

The left hand side of ([2.26|) contains the term 9; (Hi(go’"o)) — 0 (H;go’"o)) = h9oz="0~! but the right hand

side only contain h=9%x="0, so it must be the case that 9; (Hi(g”’"O)) 0; (H(go’n”)) In other words, there
exists a symmetric tensor Sy, po+1 1= m D ing € Sgomotisreming 41 T - w0t € Symy,, 11 (V) such that

H(go,no) hgoa Sgo no+1-

For the base case of the induction, (go = 0), we can look at the first non- trivial S0,n, Which is SO 3 =2A¢
Symz(V). By setting wLO’3) = exp ($50,3) we can see that (w(o 3)) 1A, w ) takes the form of with
(90, m0) = (0,3). u

Taking the limit 7 — 0 of the expression w;lﬁiwL(l) = 0 is the same as replacing every hd; in ﬁi with 9;S5g.
Therefore, we obtain (2.21)), showing that Sy = Y o2 So.n € [[,—, Sym,(V) is the generating function of
L ={H; = 0}. It is in this sense that v, is considered a quantization of L. The following Corollary of Theorem
2.2.24| makes the relationship between quantum Airy structures and ATR becomes clear:

Corollary 2.2.25 If a quantum pre-Airy structure (V, A, B,C,€) is a quantum Airy structure then the output
Sgn € VO™ of the corresponding ATR are symmetric tensors. Moreover, if 1, := exp (Z;io ho—1 ZZC:O ng)

then ¢ H(¢r) = 0.

Proof:  Theorem [2.2.24] tells us that the solution to 1/)21H'1-(1/)L) = 0 of the form ¢y :=
exp (Z;io h9=13°% Sy ) where S, ., € Sym, (V) exists. The equation ¢, H;¢7(1) = 0 implies that the

right-hand side of (2.24) must vanish. In particular, the coefficient of each % ---z% i, € I must vanish and
this gives us the recursion relations ([2.18]). O

Finally, the notion of sub-structures we introduced for (quantum) pre-Airy structures translates straightfor-
wardly to the notion of sub-structures for (quantum) Airy structures:

Definition 2.2.26 ([25, Section 2.6]) A classical Airy sub-structure (U, A, B, C) of a classical Airy structure
(V,A,B,C) is a classical pre-Airy sub-structure of a pre-Airy structure (V, A, B,C). A quantum Airy sub-
structure (U, A, B,C,€) of a quantum Airy structure (V, A, B, C,¢€) is a quantum pre-Airy sub-structure of a
quantum pre-Airy structure (V, A, B, C,¢).
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Lemma 2.2.27 (|25, Section 2.6]) An Airy sub-structure of an Airy structure is an Airy structure. A quan-
tum Airy sub-structure of a quantum Airy structure is a quantum Airy structure

Proof: According to Remark [2.2.20] certain relations among A, B, C' and ¢ are satisfied if and only if A, B,C
and e define a (quantum) Airy structure. The fact that we can restrict these tensors to a subspace U C V will
not affect these relations. ([

2.2.4 Gauge transformation of (quantum) Airy structures

Given an Airy structure (V, A, B, C), it defines a quadratic Lagrangian submanifold L = {H;e; =0} C W =
V @ V*. Suppose that {e’€!, ficr} and {2°€! y;c1} are the given canonical basis and canonical coordinates of
W respectively. As we have mentioned in Remark the vector subspace V C W, with a basis {e’€'},
is a Lagrangian complement of ToL = {Eid ak fi} C W. But V is not a unique Lagrangian complement
of ToL. Any other Lagrangian complement V' C W of TyL corresponds to the change of a canonical basis
{e€L fier} — {&CL, ficr}, € = € + > el s f;, fi == f; of W, where (s¥) : V®V — C is an arbitrary
symmetric tensor. Note that {€’€!} is a new basis spanning the new Lagrangian complement V' of TypL which
remains fixed. The corresponding change of canonical coordinates on W is given by #* = '~ ; sy, i = vi-
The symplectic form retains its canonical form Q =", ci:?/\dgjZ in this new coordinates and TOL =WV =2V,
therefore W V@ V*. Expressing the Airy structure {HZGH} using the new coordinates {Z*<', y;c1} in the usual
form we obtain the new tensors A = (aj;x), B = (bf;), C = @".

7

Both Airy structures (V, A4, B, C) and (V, A, B, C) are the same in the sense that they define the same Lagrangian
submanifold L C W, but we have chosen to described them differently using the different choices of Lagrangian
complement V. Hence we call (V, A, B,C) — (V, A, B,C) a gauge transformation of Airy structures.

We can also explore gauge transformation associate with freedom in choosing a basis &' := Z il d]e of V and

i =D el sz of V*. The corresponding change of coordinates given by z* = 3. d;xj and 7; = deu 1y
respectively. We require (¢}) : V. — V and (d}) : V. — V to be the inverse of each other, i.e. Y, d¥ cJ = 53
and ), o cfdi = 614', so that the coordinates {Z°€, 7j;c1} remain canonical for W = V @ V*. Let us also redefine
the basis for g = @, C - H; by H; — H; := > je1 € Hj. The commutation relations become

{H;,H;} = ngjﬁk, where gy gpqcpch’C
kel

Here and the remaining of this section, Einstein summation notations will be used where appropriate. Note

that gfj = g;qcf c?dff only involve finite summations since g;-k are components of the tensor (931@) V=VeV

as explained in Remark [2.2.16| (see also Remark [2.2.12]). Hence g;'.k is well-defined and we have a tensor
(g;ik):V—>V®V.

Remark 2.2.28 For a fixed i € I, cé will be non-zero for only finitely many j € I. It follows that the elements
of the inverse matrix must satisfy the same properties. Namely, given an ¢ € I, d; will be non-zero for only
finitely many j € I. On the other hand, s/ can be non-zero for infinitely many pairs of (i,5) € I2.

As a summary, let us give an explicit formula for the gauge transformation (V, A, B, C) (V,A, B,C) associ-
ating with the change of a canonical basis {€*€!, fcr} — {€°€L, ficr} of W:

é=>"d <ef + Zsjkfk> . fi=) o d (2.27)
jJel kel gel

where () : V' — V and (d}) : V — V are the inverse of each other and (s7) : V x V — C. It is easy to check
that

O, &) =Qfi, f;) =0, Q. f;) =3

The corresponding change of a canonical coordinates is given by:

= Zd; (xj — Zs]kyk> , Ui = c{yj7 (2.28)

j=1 k=1
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and it is easy to check that o 4 ‘
{‘(Z.17*(Z.J}:{gi7gj}:07 {ghj]}:&z
Denote the transformation (2.27) by 7 : W — W. Let V C W be the vector subspace spanned by {&?€'}:

Vi=T(V). (2.29)

Substituting the inverse coordinates transformation z¢ = D el (cz-fj + D per gjdiski> Ui = D jer dl gj, into
1D and collecting terms so that H; := djer ¢! H; takes the form

==Y+ Z azjkx]x +2 Z bzﬂijk + Z YiYk,

J,kel J,kel j,kel

we find that (V, 4, B,C) — (V, A, B,C) is given by [25, Section 2.1]

e -« = s J1 .J2 .J3
iyigis *= QjyjrjsChy ClaCle (2.30)
i3 J3 2 Ji3 . DJ3 2 gi3
blllz = bjlhcz1 CZQ dJS + Qj1j2p$ 0171 6172 d]3 (2'31)
—zzzg . 273 J1 i2 7i3 J2 . PJj3 iz Ji3 Js qj2 iz Ji3 . DPJ2 473 i 713
Cj Ci djz d]3 bjlps cZ]l dj2dj3 b S c'zl dJQdJ3 + GjipgS" 8 071 sz dj:«; (2'32)

Similarly, we study gauge transformations of quantum Airy structures (V, A, B, C,¢) — (V, A, B, C, €) by making
the following substitutions:

ale =) <c;i:fj + Zsikdih5j> . hdi= haa > gi= Y dhd; = Zdﬁh(%

jel kel jel jel

in ) and collecting terms so that = Zjeﬂ cfﬁ] takes the form:

Bi=—hd;+ Y aypda +20 Y 0@l 0, + 12 Y &b 9,0, + he;.

j,kel j,kel j,kel

We find that the transformation A — A, B — B,C + C are given by (2.30)-(2.32)) and € ~ € is given by [25,
Section 2.2]

l

€ = elcl- + aljkcisjk. (2.33)

Because the commutation relations of Z* and §j; in D'(W) are the same as those of 2% and hd; we conclude that
(V, A, B,C,¢€) is a quantization of (V, 4, B,C).

Remark 2.2.29 Suppose that (V, 4, B,C,¢) is a quantum pre-Airy structure. Given (ct) : V. — V, (d;) =
()71 :V = Vand (s7): V xV —= C, then (V,A,B,C,¢) — (V, A, B,C,&) given by (2.29)-(2-33) is also a

quantum pre-Airy structure transformation. We call this a gauge transformation of quantum pre-Airy structure.

Remark 2.2.30 The gauge transformation respects sub-structures in the following sense [25, Section 2.6]. We
write V := T(V). Suppose that (U, A, B,C,e) is a quantum (pre-)Airy sub-structure of (V, A, B,C,€) then
(U, A, B,C,¢) is a quantum (pre )Airy sub-structure of (V, A, B,C,€) where U := T(U) and T : W — W
denotes the transformation .

2.3 The Residue Constraints Airy Structure

In this section, we are going to review the residue constraints Airy structure |25, Section 3.3]. Tt is the Airy
structure that will be most interesting to us due to its connection with topological recursion as we will explain
in Section Consider a countably infinite dimensional (let I := Z~() vector space

dz

Vairg =2 'Clz71]—

z
of meromorphic differential forms in the neighborhood of z = 0 and equipped with the discrete topology. The
set {ekeH = z‘kdz—z} is a basis of V44ry. The continuous dual space is given by

dz

VAzry - ZCH ]] P
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2.83. The Residue Constraints Airy Structure

where a vector f € VA*iT,y can be thought of as a linear functional v — Res,—_q (ffv) € C on Vyiry. The set
{ frer :== k2% } is a basis of Viiry, we can check that fi(e?) = 6]. The corresponding Tate space is

W airy = Vairy © Vi, = {n € C((2))dz | Res.—on = 0}

QAiry(fa g) = Resz:O <f/g> .

Any typical element w of W, can be expressed as w =, (xkfk + ykek) =3 (ykz_k% + kxkzk%),
where y, € C is non-zero for an only finite number of k. The symbol [g¢ in the definition of Qairy(f,g)
denotes a formal indefinite integral of g. For instance, let us write g := Zzozl (ykz’kd—zz + kxkzk%) then
[g:= 2211 (,%yszk + xkzk) + const. Note that the integration constant does not introduce any ambiguity
in the expression of Qa;ry(f, g) since the residue of f is zero. It is easy to check that f +— Qs (f,.) gives an

~ *

isomorphism W = W* and in particular, e — QAiry(ek, .) gives an isomorphism V., = Vjiry.

with the symplectic form

Define the residue constraints Airy structure {H;er} on Vaspy by

(Hairy)an (1) = Res.—o (( “’(Z)) z2”d(z2>) |

 2zdz

 22dz

(HAiry)gn_l(w);Resz_(J((z w(z)) zQ”Qd(22)>, n=123,.. (2.34)

where w(z) == Y, o1 (2" fr + yne®) = Y07, (ykz_k% + kmkzk%) € Wairy. By expanding 1) into formal
polynomials in %SQ(WAiry) of coordinates {2€!, y;c1} of W Airy, we find that {(Hairy)ier} can be expressed
in the standard form (2.19)) as [25], Section 3.3]:

1 oo
(HAiry)2n = _JZna (HAiry)anl = _J2n71 + Z Z J2k71J2n72k737 n= 172137 (235)

k=—o0

where Jij := yg, J_i := ka®. The quantization of Airy structure {(Hai,)ic1} exists and it is given by [25]
Section 3.3]

N o . . 1 . . h
(Hiry)2n = —Jon, (Hairy)2n—1 = —Jon—1+ — Z Jok—1Jon—2k—3 + —6n 2, n=1,23.. (2.36)
4 W 16
where j+k = h%, J_r = kat. By reading the coefficients of 1' we found that the tensors
Airy, Bairy, Cairy and €4y are given by [25, Section 3.3]
1 1
Apiry = 161 ®e'® 61, or (aAiry)ijk = Zéliéljélk (2.37)
1 1
Bairy 1 €™ — 1 Z noe™ ® e?, or (bAiTy)i‘Cj =1 Z oGk, i0k,; (2.38)
ni,ne>1 ky,k2>1
ni+ns=n+3 k1+ko=k+3
ny1 odd k1 odd
0 dd ; 0 i + k odd
Cairg 1€ ®@e™ =7 . e 0 or (CAiry)'Zk =3/ j_+ © (2.39)
€T ng 4+ ng even 30 j+k+3, J+keven
1 1
€Airy = *63» or (EAiry)i = —0;3. (2.40)

16 16

Remark 2.3.1 We can also express A4iry, Bairy, Cairy tensors in term of a residue of meromorphic forms by
substituting w(z) := >, (2" fi(2) + yre®(2)) into (2.34):

1 1

iry )ij =R z= YRS
(@iry)ijk es 0( 41 z(dz)?

fi(z)fj<z)fk(2>> i,0dd

(bAiry);Cj = RGSZ:() <_z;z(dlz)2fz(z)fj(2)ek(z)> 5i,odd

(caimy)* = Resa_g (Lz(jzpﬁ(@ej(z)ek(z)) Sioud:

where §; oqq = Zzo:l 0i,2n—1 is 1 if 7 is an odd integer and 0 if 4 is an even integer. Sometime it is easier to work
with Aairy, Bairy, Cairy in this form. It is less straightforward to express €4y as a residue.
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Chapter 2. Airy Structures and Deformation of Curves

One last important point to note is that (Vairy, Adiry, Bairy, Cairy, €Airy) contains a primitive quantum Airy
sub-structure ((Vairy)odd;s A Airy; Bairy, Cairy, €Airy) Where

dz
(VAiry)odd = Z—l(c[Z—Z]?.

2.3.1 The Lagrangian ‘submanifold’ L 4;,, C Waipy

As we have mentioned in the last section, the interpretation of an Airy structure as a quadratic Lagrangian
submanifold is less obvious when dimension is infinite. Let us show how L iry = {(Hairy)ier = 0} C Wairy
highlights this difficulty.

Lemma 2.3.2
{w € Wairy | (Hairy)ict(w) =0 ={z' =y1 =y2 =ys =+ = 0} C Wairy.

In other words, the solution to (Hasry)icr = 0 in Wa;y, are the trivial ones. Therefore, by interpreting L airy
as a subset of W,y we will have L4;ry as a linear subspace of Wa;,, instead of a non-linear submanifold as

the name quadratic suggests.

Proof: Since (H iry)2n = 0 implies yo,, = 0, it remains for us to show that z' = ya,—1 =0 foralln =1,2,3, ....
Since w = 220:1 (ykz*k% + kxkzkdf) € Wa4ry means there are finitely many non-zero y;er, let us assume that
Yon+1 = 0 for all n > N for some N € Zso. Then it is easy to check that (Hairy)ant1 = %y%n_l = 0, which
implies y2,—1 = 0. Therefore yo,—1 = 0 for all n = 1,2,3,.... Finally, y1 = 0 implies (Hairy)1 = %(x1)2 =0.
Therefore 2! = 0 and the lemma is proven. O

This Lemma tells us that any solution w = 377, (yxz ¥4 + kak2742) to (Hairy)i(w) = 0 with 2! # 0 must
consist of infinitely many non-zero y; and so w does not belong to Wa;,. According to Theorem or

Corollary [2.2.25, there exists ¢r,,,, = exp (Z;O:O hg’l(SAiry)g> such that (Y7, )" (Hairy)i (VL as,) = 0.

In particular, we can still find the generating function (Sairy)o such that
; O(Sair )
(HAi'r‘y)i ({xzéﬂ}, {yiEI[ = <Ay>0}> = 07 (S ]Ia
ox?
0S¢

although we will have 5% # 0 for infinitely many ¢ € I. In this sense, L, can be thought of formally as a
Lagrangian submanifold of W 4;r..

Nevertheless, we define ToL giry = z(C[[z]]% C Wairy. It is clear that TyL iy is a Lagrangian subspace of
W airy and Vagpy is a Lagrangian complement of Ty L 44y,

2.4 The Embedding of Discs and The Analytic Residue Constraints

Essentially, our work in this section is an analytic approach to |25, Section 6]. As we have seen, the quadratic
Lagrangian submanifold L g4y C W a4y defined by the residue constraints can only be interpreted formally and
not as an actual submanifold. In this section, we will study the residue constraints from an analytic perspective.
We show that there exists non-trivial solution L%-ry = {(HAiry)i:LQ,g’... = 0} of residue constraints in a

modified version of W4y, which will be introduced as W,Zz%, We also will see how the residue constraints
are related to the deformation of discs embedded in the foliated symplectic surface (C?,dx A dy, {x = const}).
Another motivation for us to take the analytic approach instead of the formal one is because it should make
the connection between Airy structures and the prepotential §x, more transparent as §s, is a holomorphic
function.

We organize the content of this section as follows. In Section 2:4.1] we introduce the space of analytic discs
Discs™ (similar to the space of formal discs Dises in |25, Section 6]) and the vector bundle WM — Dises™.
Some interesting properties of W™ will be noted. In Section we show how the residue constraints Airy
structure can be considered analytically. For example, when writing (Hairy); in the standard form 7 all
summations converge absolutely and there is no ambiguity in summation order. On the other hand, not all
gauge transformations considered in Section [2.2.4] are allowed in the analytic context, and we propose a more
restricted class of gauge transformations. We also explore how some of the analytic solutions in L%-ry can be
expressed in terms of the genus zero part of the ATR with quantum Airy structure (Vairy, Adiry, Bairy, Cairy),
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2.4. The Embedding of Discs and The Analytic Residue Constraints

which we have discussed previously as a formal power series. Finally, we define in Section [2.4.3] an embedding
map P, : DiscsigM — WfU’M analogous to ®x, : By, = Hx, defined in Section and show that the image of
®,, is given by convergence Laurent series satisfying the residue constraints.

2.4.1 The space of discs

We begin by introducing the notion of analytic discs and the trivial weak symplectic vector bundle (WM —
DiscsM Q. V). Unlike the formal discs and symplectic vector bundle W — Discs introduced in [25, Section
6], the convergence condition of series on some annulus will be enforced in our version. The upshot is that
(WM — Discs™ ), V) is flat (Lemma[2.4.12)), covariantly constant (Lemma|[2.4.14)) and the parallel transport
of & € Wfl’M to W;’M, for any two points t1,t, € Discs™ sufficiently close, is given by (Lemma [2.4.13)

&= oxp ((alta) — alt)L 1. ) (62) € W™,

where exp(al L) is an operator exponential of the Lie derivative 5-0.. If |a(tz) — a(ty)] is too large then &

may not have the desired convergence properties to be in WtZM. This is why it is important for ¢; and ¢5 to be
sufficiently close. In fact, most of the contents from Lemma until Lemma[2.4.12] are dedicated to discussing
the properties of exp(aL Lo, ) and in particular, the precise notion for ¢; and ¢s to be considered ‘sufficiently
close However, these details are technical and can be skipped in the first readmg On the other hand, Lemma
is the key result that will be used in the construction of ®;, : Discs;) Mo WGOM later in Sectlon

In the simplest terms, a disc is an embedding ¢t : D = D; — C? such that D; has a tangency of order 1 to a
leaf of the foliation at r := ¢(0), where D C C is an open neighbourhood of 0 € C. Using the standard local
coordinate z := /x — x(r), in general, the embedding t is a parameterization of D; C C? which can be written
in the form

t=(r=a+2%y=>by+brz+byz® +b32>+..), a,b, € C,

where by # 0. The study of the embedding of discs helps us understand at the local level the deformation of
F-transversal curves X embedded inside a foliated symplectic surface (S, g, F). As explained in Section
given a curve [X] € B then we can find a (F,Qg)-chart U, around any ramification point r,,« € Ram of X.
Because U,, is symplectomorphic to an open subset of the foliated symplectic surface (C?, dz A dy, {x = const}),
therefore ¥ N U, can be treated as a disc embedded in (C%,dx A dy, {z = const}). We will compare the global
deformation of ¥ C S to the deformation of discs embedded around each ramification point of 3 later in Section
2.0l

Because discs are only defined locally, it follows that their deformation space is much larger than that of a

F-transversal curve Y. Let us now define the space of discs:

Definition 2.4.1 Let Dy := {z € C | |2] < M}, then

N oo b1(t) # 0 and
Discs™ .=t : Dy — Dy = C? | t=|z=a(t)+2%y= Zbk(t)zk , D opeo br(t )2* converges B
for |z| < M for some M < M.

~

We can think of Discs™ as a subset of the infinite dimensional vector space of infinite tuple of numbers
(a(t),bo(t),b1(t),---). Tt is almost a vector subspace except for the condition b;(t) # 0. Nevertheless, for
t1,ty € DiscsM and A\, Ay € C such that Aiby(t1) + Aaby (t2) # 0 we define

o0

Aty + Aoty = (aj = /\1a(t1) + )\Qa(tg) + 22,y = Z()\lbk(tl) + )\Qbk(tg))zk> S D’iSCSM.
k=0

We define the kinematic tangent space T;Discs™ as guided by [26]:

0 372, Brz® converges

Co oMo k=0 Lk g

TiDiscs '_{U_ +ZBk8b |4, By €C, for |z| < M for some M < M. }

More precisely, Ty Discs™ is the set of v € Discs™ such that v(7) := t+7v defines a path v : (—§,) — Discs™
for some § > 0. The tangent space T;Discs™ tells us information about the infinitesimal deformations of Dy ar.

We are going to introduce the vector bundle WM™ — Discs™ which can be thought of as a local counter—part
of the vector bundle H — B defined in Section [2.1] E A fiber of WM over each point ¢ € Discs™ is glven by
W;%J, the analytic version of Wa;yy. Unlike W, which is a symplectic topological vector space, WA”,y will
be a weak symplectic vector space.
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Chapter 2. Airy Structures and Deformation of Curves

Definition 2.4.2 A weak symplectic (topological) vector space (W, ) is a pair of a (topological) vector space
W and a (continuous) antisymmetric bilinear form Q : W x W — C such that w — Q(w, .) is injective W — W*.
We call Q2 the weak symplectic form of W.

Definition 2.4.3 For any ¢, M € R such that 0 < € < M, the weak symplectic vector space (WZ%’/, Qairy) is
given by

. _ iy dz dz z) converges when € < |z| < M
WA’ijyy = {f €z 1(:[[2 1”7 @ ZCHZ]]? | “l )for Somi e<e< M <| J|\_4 } ’

and the symplectic form € 4;,, is given by:

Qairy(&1,&2) := Res,—g (fl /52) .

The definition of the symplectic form 24, is exactly the same as the one on W4y, hence we are denoting
them using the same notation. Let (WM — Discs™ ), V) be the trivial weak symplectic vector bundle,
WeM .= Discs™ x W;% The fiber over each point t € Discs™ of WM is given by the weak symplectic
vector space (WM, ) == (WZ’%J’ Q4iry). The connection V is given by:

Vi=d—(do)L Ly, =dag +Zdbk da)L 1.
: T(Discs™, weMy & F(Dzscs 7Hom(TDzscsM, weMy) (2.41)

where L1, € End(W{™M) denotes the Lie derivative operator.

Remark 2.4.4 The trivial vector bundle W& — Discs™ should be compared to the trivial vector bundle
W — Discs introduced in [25| Section 6] where Discs is the space of formal discs and each fiber of W is given
by Wy := Wairy = {n € C((2))dz | Res.—on = 0}.

Remark 2.4.5 The following are useful elementary facts when working with any £ € W§ M If a Laurent series

Airy®

Zzoofoo ayz® converges for € < |z| < M then it converges absolutely and uniformly for € < |z| < M for any

€ >¢eand M < M. From the uniform convergence, it follows that the integration of a Laurent series can be
done term-by-term. Similarly, using the Cauchy integral formula, we find that the differentiation of a Laurent

series can also be done term-by-term.

Remark 2.4.6 Let us explain why the symplectic form €44y : W;x%/ X W;Z]Tv,fy — C is well-defined. If & =
Sory ((y2)k2 ™" 42 + (25)%k2"42) converges to a holomorphic differential on an annulus € < |z| < M with

€ < € < M < M then the indefinite integral f &, converges to a holomorphic function on the same annulus. It
follows that & [ & is holomorphic on some annulus containing € < |z| < M and hence its residue is well-defined
as a coefficient of df in the Laurent expansion of & [ &. The integration constant arising from [ & will not

introduce any ambiguity in Res.—o(& [ &2) because the residue of & is zero.

Remark 2.4.7 It is possible to assign a topology to WM. For example, we can equip Discs™ and WM
with the topology induced from the following norms:

> o2

k=0

2
>, I€llwess == sup Jé(z)—|

e<|z|<M

||tHDiscsM = \a(t)|2 + ( sup

e<|z|<M

and equip WM := DiscsM x thjyy with the product topology. The topology of WM will play no role later.

Note that for W; M 6 be a weak symplectic vector space, a topology is not needed. The stronger condition of
symplectic requlreb a topology because an infinite-dimensional vector space is always strictly smaller than its
algebraic dual, hence a topology is needed for the condition W = W* to be satisfied. The fact that WAzry is
weak symplectic instead of symplectic will not lead to any major consequences.

Remark 2.4.8 We follow [26, 27| in defining a connection V (as given in (2.41))) on an infinite-dimensional vec-
tor bundle over an infinite-dimensional manifold. Let us explain more precisely the meaning of I'( Discs™, W M)
and I'(Discs™, Hom(T Discs™, WM)) as follows.
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2.4. The Embedding of Discs and The Analytic Residue Constraints

We call a section & of WM differentiable if ¢, d¢ = Ag—i +> o BkgTi e WeM for all v := A%—FZZ":O Bka%k €
Ty DiscsM and call € smooth if it is infinitely differentiable. We define I'( Discs™, W) to be the set of smooth
global sections of WM. Let I'(Discs™, T Discs™) be the set of sections ¢t — A(t)Z + Y p, B’f(t)a%k €
Ty Discs™ such that Y_p  Bi(t)2*dz € T'(Discs™, WeM). Finally, we let I'(Discs™, Hom(T Discs™, WeM))
be a set of linear maps I'(Discs™, TDiscs™) — T'(Discs™, WeM).

The term L1 5 in the definition of V naturally arises from the deformation of discs via the variation of a

keeping the coordinate x of C? constant. This is because x = 22 4 a. Therefore, the connection V of WM is
indeed the local version of Vg on H.

Let us examine the operator £ 1, more closely. In general, we have that Ly(.)s. € End(WiM) = End(Wf”Aé)
for any h(z) € 271C[[z~ ]] @ C[[z]] which converges absolutely for € < |z| < M for some € < ¢ < M < M.
To see this, let £ = f(z ) € Wzljyy be given such that f(z) converges absolutely for € < |z| < M for some

< e < M < M. Then the Lie derivative
Li(15.£(2) = (din()a, + th(z)0.d)(f(2)dz) = d(h(z) f(2)) (2.42)

is holomorphic for max(, é) < |z| < min(M, M). The Laurent series expansion of L (2)5.&(2) also will not have
the % term because Ly,(,)s.£(2) = d(h(2)f(2)) is a total differential and we have §|z|:6 Ln()0.(z) = 0. This

shows us that L.y, £(2) € WAiry-

For any a € C, we also define an exponential operator exp(aLy.)s.) by

ok
exp(aLlp(2a,) Z a—' k), e W;’i]\r/g. (2.43)
k=0
The operator exp(aLy(.)s.) can be interpreted as a flow after ‘time’ a € C generated by Lj(.)s.. Note that
although Ly(2)s, € End(Wj’%y), its exponential exp(alyp(z)o,) Will not be in End(Wj’%/) in general. For
instance, the flow exp(aLly.ys,)§ of £ € WX%; can fail to have the desired convergence properties and ‘fall out
of’ Wg’%j. Let us consider the case where h(z) := z¥, k € Z in the following

Lemma 2.4.9 Given £ = f(2)dg(z) € Wj&% converges absolutely for € < |z| < M where € < e < M < M.
Then for a € C with a sufficiently small |al:

=k _ =k pri-k _ ppi-k
i 1
min ( T % ) , k#1,
la < ¢ M
in ( log -, log — k=1
min <0g Zolog M) ,
we have
1—k < 1—k 1
27"+ (1—=k)a)TF )dg ((z77 "+ (1 —k)a)T-F k#£1
exp(aLng e — 4T (ET HA=ROTF)dg (14 (1= R)™r) k7 .
fle*z)dg(ez) k=
In fact, exp(al.rg_)E(2) converges absolutely for
(@ + (1 =R)a)™F <]z < (M'F — (L= K)la)TF k#1
dle?|! < |z| < Mle®|? k=1
Proof: For k # 1 we consider a z-plane as a |k — 1|-fold cover of a w-plane where w := 2'*. We have

280, = (1= k)0, and L,rp. = L—1)0, = (k — 1)Ls,,. For any holomorphic functions f; = fi(w), fo = fa(w)

we have Lo, (fi(w)df2(w)) = (Lo, f1(w))df2(w)+ fi(w)d(La, f2(w)) = (0w fi(w))df2(w)+ f1(w)d(Dw f2(w)). We
recognize exp((k—1)aLs, ) as the shift operator exp(L1—_ryaa,, ) (f1(w)df2(w)) = fi(w+(1—k)a)dfs(w+(1—k)a).

Choose a branch for z and write £ = f(z)dg(z) as a differential form on w-plane £ = f(wﬁ)dg(wﬁ), then

exp(al.kp,)(f(2)dg(2)) = f ((w +(1- k)a)ﬁ) dg ((w +(1- k;)a)ﬁ)
= (4 (=R ™) dg (17 4+ (1= B)a) ™7 ) = fa(2)dga(2).
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We have that f,(z)dga(z) would be holomorphic on the chosen branch-cut whenever € < [(z'7F + (1 —
k)a)ﬁ| < M or equivalently (e'=% + (1 — lc)|a|)ﬁ < 2| < (MR — (1 — /c)\a|)ﬁ The condition

la| < min (El_i:il_k, Ml_l;:,iwl_k) ensures that (€'=% + (1 — k)|a|)™F < e and (M*~F — (1 — k)|a|)TF > M.

On the other hand, (2% + (1 — k)a)ﬂ = 2(1+ (1 — k)azk~ )ﬁ is a well-defined function and can be ex-
panded as a Laurent series converges in z for (|1 — k||a|)T T < |z] if 1 —k > 0 and for |2| < (]I — k|\a|)1 Fif
1-k<0. These conditions automatlcally follow if (e'=% 4 (1 — )|a\)1 F< |2| < (MYF —(1— )|a|)1 % since
(1 - k||a|)1 P (e (1 - k)|a\)1 F when 1 —k > 0 and (|1 — k‘Ha\)l P> (MR- (1 - k)|a|)11’» when
1-k<0.

Since the series 5 € W,Zl]rwy doesn’t contain the term < €%, by substituting z = wT-F “% we also do not have the term

Lode iy f(wTF k)dg(wl k) The operator exp(al,ry. ) = exp((k — 1)aLls, ) shifts w to w+ (k — 1)a and will
dz

not create the term %2 therefore, we do not have the term % in the Laurent series of exp(al.«p.)&(2).

For k = 1, we note that (£.s.)*(z) = z and eXp(aﬁzaz)(f(z)) = f(e%2)dg(e®z) follows directly for (2.43)). Then
we can see that if |a| < min (log £.log &) we have € < |e%z| < M whenever éle?| ™! < e < [z| < M < M|e?|~?
O

As an immediate consequence of Lemma [2.4.9] we have the following useful statement:

Corollary 2.4.10 Let k # 1, a € C and define
c(a):= ("~ (1 =R)a)=F,  M(a):= (M'"F+ (1~ k)a)) =

Then we have exp (aLl rp,) € Homg (WAW) ,M(a) ng[y)

Lemma 2.4.11 Let k € Z then L xy, € sp(W;’Z-Afy). Moreover, if £&1,& € legjy and a € C are given such that

exp(al )1, exp(al i, ) € Wf"”y then

QAiry (eXP(aﬁzkaz )gla eXP(aﬁzkaz )52) = QAiry (§17 62)

Proof: Using (2.42)) it is straightforward to check that
d nd d d
z z z z

= Qairy ((m +k—- 1)27"%_1?27 2”;) + Qairy (zm;, (n+k— 1)z"+k‘1;>

m+k—1

= Té—m—kﬂ-l,n + 6—m,n+k)—1 =0.

Since differentiation of a power series can be done term-by-term (Remark , it follows that

Qairy (Loro,&1,62) + Qairy (§1,Loxp.62) =0
for any &;,& € WZZ% Therefore L,15. € sp(Wj"mj) proving the first part of the Lemma. Using Lemmam

we check that d cexp(alyrg, )& = Lokg, exp(al ey, )&, 1 = 1,2. Tt follows that

d
%QAiT‘y (exp(a‘czkﬁz )gla eXP(a/:zkaz )§2)
= QAiry (ﬁzkaz eXp(aﬁzkaz)fla eXP(aﬁzkaz)&) + Qairy (exp(aﬁzkaz)ﬁl, ﬁzkaz eXP(aﬁzkaz)@)

=0.

Which means Q44 (exp(al ry_ )1, exp(al iy, )E2) is constant and must equal to its value at a = 0 which is
QAiry(€17£2)- O

For this section, we will only need L&, , and its exponentiation when & = —1. According to Lemma [2.4.9]
given & € WIZ’Z% converges absolutely for € < |2| < M, < € < M < M and given a € C,|a| < min(e? —

€, M? — M? e, M?) we have exp(al 1y )E(z) = f(V22+a)dg(V22 +a) € meMy since it is holomorphic for
V& + la| < |z| < \/M?2 — |a|. In particular, it is straightforward to check that

)F1(2k -3
exp(al 1y )(2) = =zt —l—Z A ka(mﬁl A , (2.44)
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which can be recognized as a Laurent series expansion of V22 +a = z\/l + 5 for [z] > € > /]al.

We will now show that the vector bundle (WM — Discs™ Q, V) is flat and the symplectic form § is V-
covariantly constant.

Lemma 2.4.12 The vector bundle W™ — Discs™ with the connection V is flat.

Proof: We define the exterior covariant derivative

r r+1
dy :T <DiscsM, Hom (/\ TDiscs™, W“M>> —T (DiscsM, Hom </\ T Discs™, WE’M>>

by
dvip = (ds)€ + (=1)"s AV(€) = (ds)¢ — (=1)"s NdaL 1y (€)

where 1 = s¢, s € I'(DiscsM QDHC;M) and £ € W;%, then extend by linearity. We note that dy = V for

r = 0. The condition that V is flat is the same as the vanishing of curvature tensor Ry = dy o dy = 0 and it
is easy to check that

a2t = (@5)E — (—1)" 7 (ds) A daL 1 o (€) — (~1)ds AdaL 5 (€) + 5 Ada Ada(L 15 )2(€) = 0.

This concludes that V is flat. O

Lemma 2.4.13 Pick t1,ty € Discs™ such that |a(ty) — a(to)| is sufficiently small, then the parallel transport
of € € Wfl’M to the fiber WtZM exists, path-independent and given by &, = exp((a(tz) — a(t1))L Ly, )€ In fact,
& = exp((a(t) — a(t1))L 1Ly, )(§) is a parallel vector field.

Proof: The path-independence of the parallel transport follows from the fact that V is flat. The condition that
la(ty) — a(t2)| being sufficiently small is needed to ensure that exp((a(t2) — a(t1))L L. )(§) € WtZ’M according
to Lemma [2 Finally, we can check that

Ve = da o expl(alt) — alin)) L o) ~ daL g o exp((alt) — alt2)) £ £5,)(€) = 0.

Lemma 2.4.14 The symplectic form Q is V-covariantly constant.

Proof: For any &;,m; € Wfl’M we have from Lemma [2.4.13[ that their parallel transport to WgM are & =

exp((altz) — a(t1)) £ 15.)(61), 12 = exp((alts) — a(t1))L Lo, )(m) € W™, Therefore, Q,(€2,12) = s, (1,m)
by Lemma [2.4.11 O

2.4.2 The analytic residue constraints

Observe that the residue constraints Hamiltonians:

(H airy)2n (w) = Res—y ((Z B ;Uz(;i) ZQnd(ZQ)) ’

1 w(z)\’
2 _wiz) 2n—2 50 2 _
2Resz:0 ((z 2zdz) z d(z )) , n=12,3,..

as given in Section is not only well-defined when w(z) € Wiy, but also when w(z) € WZ:% is a Laurent
series converging on some annulus containing € < |z| < M. Define LY, = (HAiry)i=1,2,3,.. =0} C W Awy

'
As we will see later, unlike its counter-part L asry C Wairy (see Lemma , the submanlfold M Airy contains
many non-trivial solutions of (H Awy)lflyg’g, = 0 because an infinite number of terms with negative power in
z is allowed. Define the tangent space to L%Ty at any point p € L%Ty by

(HAiry)Qn—l (’LU)

Ty, = {w e Wil | wd(Hain)i = 0,1 =1,2,3,-- } c Wik,

36



Chapter 2. Airy Structures and Deformation of Curves

In particular,

e, M M ~ /%
WAiry’ TOLAiTy C TOLAiTy = VAiry‘

d _
ToLY,, = {,5 € z@[[z]]f | £(z) converges for |z| < M } c

for some M > M

is a Lagrangian subspace of WZ’M Let us also define

iry"

dz | &(z) converges for |z| > € }

€ . —1 —11712~ e,M . €.
Viey = {eemice L | SO prome o F2E ey vy <V,

Viiry 18 also a Lagrangian subspace of Wj’%, in fact, it is a Lagrangian complement of ToL),,. - W;% =
Viiry @ ToL%w- This is similar to Wairy = Vairy @ Vi, but in this case, TOL%.W - (Vjiry)*. We let

-
123 : : M
{eF=123 fr—123...} to be a canonical basis of W :

QAiry(ei7ej) = QAiry(fi7fj) = 07 QAiry(eiafj) = 5;7

k=123, ._ ,—kdz) : g kdz : M
where {e"=1%% 1= 27" =} is a basis of Vi, and {fx=123,... := k2" } is a basis of ToLg,., .

Among many topics we have discussed regarding Airy structures in Section [2.2] we will mostly be interested
in the genus zero ATR output and the gauge transformation in the context of the quantum residue constraints
Airy structure introduced in Section Since we only have considered these topics from the formal perspective
in Section and the goal of this section is to revisit these topics from an analytical perspective within
the context of {(Hairy)i=1,2,3,..r- We will show that most things we have learned previously continue to hold,
possibly with some minor adjustments. Most difficulties came from the following: In W4;,,, the Tate topology
dictates that the contraction between vectors in V4., and Vj{iry always result in finite sums since vectors in
Vairy are finite linear combinations of {¢’“'}. On the other hand, Wzljyy is not a Tate space and w(z) € WZ%J
in general can be written as w(z) = > 7o, (ykz_kdf + kxkzk%z) with infinitely many non-zero z* and y. It
turns out that the lack of finiteness can be replaced with absolute uniform convergence. Here are summaries of
the key points:

1. By expressing (H iry); in the form , we get multiple terms with double infinite summation which
could lead to some issues such as divergences and ambiguity of summation order. It turns out that there
is no problem because each (H Airy)i 18 given by the residue of some convergence Laurent series, hence
each double infinite summation actually converges absolutely (see Lemma [2.4.15)).

2. In Section @l, gauge transformations are given by (cé-), its inverse (d}), and (s%) where ¢} is non-zero for
only finitely many j = 1,2,3,--- for each fixed i. In the analytic setting, we need to check that canonical
coordinates transformation follows from the canonical basis transformation . In Section m
this is easy because there are only finitely many terms in each summation, but now we have infinite sums
and getting from requires interchanging the orders of these infinite sums. Moreover, we
also need to make sure that the summation of the type Zf; cz»yi which appears in will converge,
as y; may be non-zero for an infinitely many ¢ = 1,2,3,---. We will see that if (cj»), (dj) and (s¥) are
further restricted to those satisfying Condition then all of these concerns will be taken care of.
In particular, expressing (H airy); in the transformed canonical coordinates will give us exactly the same
gauge transformation of A4;ry, Bairy, Cairy as given in Section (see Proposition .

3. We discussed in Section that (H airy) e ({2}, {yier := 0S0/0x'}) = 0 where Sy € [[o—, Symn(Vairy)
is the genus zero output of the ATR using (Vairy, Aairy, Bairy, Cairy, €airy). Even though Sy was intro-
duced as a formal series, we will see in Proposition that it can be interpreted analytically and that
its derivatives are relevant to the solution of analytic residue constraints.

For the remainder of this section, we present the technical detail leading to each point above. It is possible to
skip these detail without losing any continuity to Section where we will resume to discuss the embedding
map Py, : Discs,f[’)M — WfO’M.

Lemma 2.4.15 Let w(z) :== > o, (yre®(2) + 2* fiu(2)) = Sp, (ypzFE + kakzb L) € Wff%/' Then

oo o0 oo
(Hairy)i = —Yi + Z (aairy)ijer’z™ +2 Z (bAiry)?jxjyk + Z (CAiry)gkyjyka
Jik=1 Jik=1 Jik=1

where Aairy = ((@airy)ijk), Bairy = ((bAiry)fj),C’Airy = ((cAiry)zk) are given by — and all the

summations converge absolutely.
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Proof: Note that there are possibly infinitely many non-zero yx—123,... and xF=1.23 therefore each Z;Okzl
are double infinite summations. To check that each double infinite summations in (H a4y ); converges absolutely
we note that (Hairy)on = —Y2n and

(H giry)2m—1 (w) = L 7{ . (z _ D et (ykek(z) + zkfk(z))> 221724 (22) (2.45)

47 2zdz

where Y727 (ykek (2) +2F fi.(2)) = Yopey (ye2 % + ka* 28 92) converges absolutely uniformly for € < [z| < M.
Adding or multiplying convergence Laurent serles a finite number of times will produce another convergence
Laurent series. We can expand ([2.45)) and examine each term more closely. For example

1 1 i
% 4Z Z(dz)gfl( ) ijf] <Zyk€ Z) zodd

|z|=€ =1
1 ; -
kZ fese= ( 11 2(d2)? f(Z)fj(Z)e‘“<Z>> 5i,addxfyk=j;1<bmry> 57U,

where we have used Remark m to identify the residue with (b A”y) Note that Z > Py fi(2)ek (2)
converges absolutely uniformly for € < |z| < M as it is the product of Z] L2 f(2) and 3°77, yke®(z). There-
fore term-by-term mtegratlon is allowed and S py. 1(bAWy) )y, converges absolutely. Similarly, the sum

A Airy )ik 2P and CAir y Yk also converges absolutely. O
7, k 1 Yy 7y k 1 Y J
Remark 2.4.16 Note that — >~ &Zidd ﬁfi(z)ei(zl) ﬁ‘fj; =: K(z1,2). It follows that
= 1 (352009 £5(2)) (SR e (2) -
Z ( A"y) alyke! (21) = 2mi 71_5 42(22 — 22)dz 71 € Vainy:
i,7,k=1

Similarly, we have Z?},kzl(aAiry)ijkxjo:kei(zl), Zu . 1(cA,ry) yjyke'(z1) € Viiry- Therefore, we obtain the
analytic analogues to the definition of tensors Aairy, Bairy, Cairy:
AA“"Z/ : TOLfX[z'ry ® T0L1]4V[iry - V/-eliryv BA“”?J : TOL%Ty ® V;&wy — V;\iryv CAiry : ijry ® ijry - th’ry'

We can recognise K (z1,z) to be the recursive kernel in the topological recursion of an Airy curve y? = x with

wo,2(z1,22) = <§lf“i?>2 and wg 1(z) = ydx.

Let us examine the analytic version of the gauge transformatlon introduced in Sectlon 224 Consider the
change of a canonical basis {eF=123> “ fr=1,2,3, 1 {eh=123 fk_172737...} of WAWy where

=Y d (ej +)° sj’ffk> . =)o d (2.46)
j=1 k=1 j=1
where (c!), (d}) and (s%) are tensors satisfying the following conditions:
Condition 2.4.17
(22171 (c]) and (di) are inverse of each other: 33 | cFd), = 6/ and >2>, d¥c] = o).
2 Z] 1 Z Zjoil ]CZZ]% € ToLf‘\l/[zry and Z]oil dzfﬂ = Z;)il szzj% € TOL%ry'
(2.4.173 There exists I € Zq such that for all j = 1,2,3,--- we have ¢/ = &/ = 6/ for all i > I.

ij . . o0 ” ) ) _ o0 .. ide1d22 . . . .
(2.4.1714 s¥ is symmetric and D2, % fi(21) fj(22) = D277 4js™ “21522 is a power series in two variables

21, 2o converges for |21|,|z2| < M for some M > M (hence a holomorphic symmetric bi-differential).
Remark 2.4.18 Compare the conditions on (c}), (d}) and (s*) defined here with those in Section espe-

cially in Remark [2.2.28 We find that the analytic version of gauge transformation is more restrictive. This is
because Vi, is a larger space than Vairy, so loosely speaking there are more ways for things to go wrong. In
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other words, any analytic gauge transformation will be a gauge transformation as considered in Section [2.2.4
but not the other way around.

Note that, we do not need to bpemfy Sy died € Vi, and 3077 ctel € V., as another condition, because
(J2.4.17}3 ensures this. If one of (¢}) or (d’) satisfies q2 4.17)2 or q2 4.1713 then so will the other one because
they are the inverse of each other. ThlS can be seen using the formula for the inverse of block matrices.

Lemma 2.4.19 Suppose that (c}), (d}) and (s¥) satisfy the Condition then we have the following
1' Let Z:ozl xkfk € TOLfAl/[iry a’nd Z;ozl ykek € Vf&zry then Z;il (Zzl yzd;) €j7 Z;}il (Zz 1 Yic ) 6 € VAzry
and 377 (Zfil scidf) fis 22520 (221 :v’cz) fi€ TOL%-W converges absolutely uniformly.
2. Let > 12 yxet € Viiry and Let (v') be an arbitrary vector such that Y p-, yxv* converges then
S (S died) = 50 (02 wed)) v and 3% i (3055 eiod) = 3058, (052, wie)) v

3. Let 332  uper € Vi, and 3777 vpet € Vi, then 377 s%uv; converges absolutely.

4. Let S0 yret € Viiry then 3572, yi (Z;’il sijfj) =Y yis" fj € ToLY,,, converges absolutely uni-
formly.

Proof:

1. Using 2 we have that Y 77 ydi = 55 2l=c (2, %) [ (hZ, dhfr(2))) because of the uni-

form convergences of each series in the integral. Therefore > i, yzd; converges for all j = 1,2,3,---
By (2.4.17/3, there exists J such that df = §% for all j > J, therefore > 72, >°0° yidie! =
ijl (Zz 1 Yid; ) el + Z] Ji1 yel € VAmj The remaining claims follow similarly.

2. This is a straightforward consequence of (2.4.17}3:

S (S ) S (S )+ 3o [ 3 0] =32 (S 52w
i=1 j=1

i=1 j=J+1 j=1 =1 i=J+1
J oo ) ) 0o oo )
-3 (z TALES YOI RS of ot I
i=1 i=I+1 i=1 \i=
Similarly, Y72 v; (Zjo 1 cévj) = Z;’;l (Z;ﬁl yzcg) v
3. Note that
o y u 0o N o Vg
S, = < ) % f < : ) §9 f(21)f; (22) ( : ) . (247)
i,jzzl 2mi |z1]|=¢€ J|z2]|=¢€ k1=1 klzfl 1'7_]‘2:1 kgz=1 k2252

To obtain the first equality, we have used the fact that each series in the integral converges uniformly for
€ < |21, |22 < M (see (J2.4.17|4) for some € < € and M > M. By symmetry, the second equality follows.

4. The proof is mostly identical to the part 3.

O

k=1,2,3,

Usmg Lemma|2.4.19|to help compute the symplectic pairings, we can verify that {e fk:1’273’...} as given

2.46)) is a canonical basis of thjyy

QAiry(éZ’éj) = QAZTy(fT“JPJ) = 07 QAiTy(éi’fj) = 6;

Proposition 2.4.20 Let us consider the change of a canonical basis {ek:1’2’3"",fk:123..4} —

{eb=123 frmi03..} of W Wy as given in with (), (d?) and (s satisfying Condition . Given
w =307 (yee® + 2" fi) € Wf‘%y, then by setting

= Zd; (xj - Z sjkyk> ’ Ui = chyj7 (2.48)
j=1 k=1 j=1
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we have > p | (gre® + 2% fi,) converges absolutely uniformly to w. Let (Hairy); : Zj e (HAWy)J, then

(HAlry) —yi + Z aAlry ka 93 +2 Z bAzry Z! yk+ Z CAM’y yjyka
7,k=1 7,k=1 7,k=1

where Aniry = ((@airy)ijk)s Bairy = ((BAiTy)fj),C_'Airy = ((EAiry)gk) are given by the gauge transformation of

Airy, Bairy, Cairy according to — .

Proof: Substitute ¢’ = 77, (ci-éj — 0 fidi ki) and f; = 3272, & f; into 372 (yre® + 2¥ fi). Then
5i=1,2,3,"

using Lemma 9| to help interchange infinite summatlons when needed and look at coefficients of € ,
fz_1,2,3, ., we have 1-) The fact that Y- (¥ x€" + ¥ fi.) converges absolutely uniformly follows from part
1 and part 4 of Lemma |2

Substitute the inverse of (2.48)): z* = Ejoil (céij + > pe gjdiski> and y; = 250:1 dggj into (H airy)i- Using
Lemma [2.4.19, we find that (Hairy)on = Z;’;l dgngjj and

(H airy)2n—1 = L " ((z — Zl?;l(gkék(z) +xkfk(z))) 22n2d(2’2)> .

47 2zdz

From . 2,252, 10} 0aa7dz = 300 2" 22" Ldz converges absolutely uniformly for |z| < M for some
(HA”,y) ; with the integral ¢

|lz|=¢"
Expand (H Airy)i into the standard form, the proposition is proven. ([

M > M. Therefore, we can commute the summation in (H Airy)i = Z] e

Let VA”y be the vector space containing all > ;2 yxé" € WAWy such that > ;o yrek € Viiry, where y; =
> =1 €1yj- Equivalently by Lemma m we have that > 7~ | yre® € VAlry if and only if Y7, yxe* € Viiry-
It follows from Proposition [2.4.20| that WIZ%’/ = VAWy ® ToLAL Airy- In particular, VAwy is the new Lagrangian

complement of TOLA” corresponding to the new canonical basis {e¥=123 fi_j 53 .} of W§ M

Airy-*
Finally, let us compare the formal solution L asry C Wairy 0f (Hairy)i=1,2,3,.. = 0 with the analytic solution
L%ry C WZ’%J. In particular, we would like to understand how to interpret the generating function Sy of L g4y

analytically. The following proposition is written for the residue constraints Airy structure {(H Airy)izl’gﬁs’...}
to simplify the notations but its statement and the proof presented are equally valid for any of its gauge
transformations {(H airy)i=1,2,3,..-} due to Proposition [2.4.20

Proposition 2.4.21 Suppose that we have a set of functions {y;=1,2.3.... : TOL%W — C} such that

Y ou({a7T e €V, and (Haiy)k({2'=52% ) {giz1 03, ({27725 7)) = 0.

Suppose further that > po; yi(z!,...,z®)e"(2), where y;(z?, ..., z") := y;({a?, K 2F>E = 0}), is holomor-

phic in K + 1 variables {x',--- 2% 271} on some small open neighbourhoods of (zt,--- ,x%) = (0,---,0) and
|z| > €, for any K € Z~o. Let So =Y.~ 1 Son € 1oy Symun(Vairy) be the formal power series we obtained
from the g = 0 part of the ATR of the quantum Airy structure (Vairy, Aairy, Bairy, Cairy, €airy). Then the
functions (8;S0)|gr>r—0,1 = 1,2,3,--+ and So = So(zt, -+ ,2%) := So({xt, -+ , 2% 2*>K = 0}) are holomor-
phic on some small open neighbourhoods of (zt,--- %) = (0,---,0), for any K € Z~q. In particular, we have
(ai50)|fck>K:O =y;,t=123,---

Proof: We express y; as a power series:

K
1 . .
yila', Zy(n) ), yE e = Z in;il,w,z'ﬂ“ et
i1y sin=1
By assumption, > o, yi(zt, -, 2)ek(2) € Viiry 18 @ power series in {z',--- 2% 27"} which converges

absolutely uniformly for |z K| < rx for some rx > 0 and |z| > €, hence we are allowed to arbitrarily
rearrange its terms. According to (2.45)), the left-hand-side of

(HAi'r‘y)i ({{El, e ,iEK, .’Ek>K = 0}, {yj:1,2,3,-~($17 e 7£CK)}) = 0 (249)
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is a residue of a simple expression involving Zzozl yr(zt, - 2%)eP hence we can also freely rearrange its
terms. Therefore, we can solve for y; from @ by substituting in its power series expression and collecting
like terms exactly as we have done in Theorem [2.2.24] for gy = 0, even though formal power series has been
replaced by an absolutely convergent power series. The Equation must hold for all [z=1 K| < rx. so the
(no) _

coefficient of each monomial 2’ - - - z% i, = 1,--- , K must vanish independently. In particular, we have y;

(Hairy) O™ | s se—g = (3:S0.m0+1)ars—o (see (2:25). Therefore, (9;S0)|pesr—o = 3220380 ms1)arsx o =
S ygn) =y, is a holomorphic function in 2!, --- , 2% for all i = 1,2,3, - --. Furthermore, fori = 1,--- , K we
have 0;S0 = (0;S0)|z+>Kx—g. Since 9;Sy = y; are holomorphic for ¢ = 1,--- | K, we conclude that the function
So is holomorphic for all (zt,--- %) such that |z=1 K| < rg. O

2.4.3 The embedding of Dz’scs;M into WfO’M

In this section, the procedure we performed in Section [2.1.3] with be repeated with the covariantly constant
weak symplectic flat vector bundle (WM — Discs™ Q, V) instead of (H — Bs,, 2, Vaar). Following [25,
Section 6.1], we will define

@€ F(Dzscs , Hom(T Discsy) M opeMy),

and use it to construct the map @, : Discsy) M

— WfO’M embedding the ‘neighbourhood’ Discs;’)M of ty €
Discs™ into the fiber Wfo’M. Finally, we show that the image of the embedding satisfies the analytic residue

constraints. In other words, im®;, is contained inside L%uy C WfOM = WAWy (see Proposition [2.4.24]).

Let us fix the reference point ty := (v = 2%,y = 2) € Discs™ and define the subspace Discs;’)M C DiscsM
containing ¢y given by

o0 > peo bre(t )2k converges for
Discsy) ML= <x =a(t)+ 2%y = Z bk(t)zk> € Discs™ | 2| < M for some M > M
and min(M? — M?,€2) > |a(t) — a(to)]

Conceptually, we think of Discsi(’)M as a small neighbourhood of ¢ inside Discs™ (although, it is not a neigh-
o M, the
kinematic tangent space TtDiscs§ M is defined to be the set of v € Discs™ such that (1) := 1t + Tv defines a
path 7 : (=6,0) — Discsy) M for some § > 0. In other words,

bourhood according to the topology given in Remark . Similar to before, for any ¢t € Discs;

P oo P > peo Biz" converges for
TtDiscsi(’)M =qv= Aa— + ZB;{% € T;Discs™ | |z| < M for some M > M
- k and min(M? — M2, €2) > |a(t) — a(to)].

Remark 2.4.22 We will let the definition of I‘(Discst ,WeM) T(Discsy, ,TDiscs,fc’)M) and
I‘(Discs;’)M,Hom(TDiscs;’]M,WE’M)) to be exactly as given in Remark [2 with Discs™ replaced by
Disesy™

At any point ¢t € Discsy) M , the map ¢; arises from the consideration of the infinitesimal deformations within
the moduli space Discs;) M of the disc D; 5y < C? embedded inside the foliated symplectic surface (C%, Q¢ =

dx A dy,{x = const}). It is given by the following diagram:

TiDiscsy) —=—  lim  T(Dy 47, TC?p, ,/TDy ) ——  lim DD, 57, 2, ) —— WM cwp,
M>M(t) M>M(t)

Where M (t) and €(t) are given as follows

— /&~ at) — ao(D] < € < M < M(t) := /M2 + [a(t) — ao ().

Note that for all ¢ € Discst . Sop o be(t)z" converges for |z| < M for some M where M > M(t) > M.

The isomorphism T} Discsy) M —g—> l_n>1M>M(t) L(D; 5, TC? Ip, i /TDy 5y) follows because a tangent vector v €
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TtDiscsf(’)M gives an infinitesimal deformation of D, y;, M > M(t) which can be thought of as a global section
ny of the normal bundle v, jc2 2= TC2|p, . /TD, 4. The map (D, 5, TC2|p, . /TD, y) = D(D, 5, Qb ) is

given by n, — Qcz2(ny,.)|p, - It is an isomorphism because Q¢ is non-degenerates by definition and I, ;; € C?
is obviously a Lagrangian submanifold. This induces the isomorphism of the direct limit

lim T(D, 5. TClp, /Ty i) =+ lim T(Dy 5.0, ).
M>M(t) M>M(t)

Using the standard local coordinates z on D, y;, we find that

. dz &(z) converges e(t), M (t) M
_ Ol ~ heied < . , €,
MEQM(”F(DWQDLM) = {5 €2ClT | for 2] < B7 for some 17 > M) | W S

Remark 2.4.23 Observe that, MIVI>M(t) LDy 5z, Qﬂl)tﬂ) is embedded as a Lagrangian subspace of W;(t)’M(t)7

i.e. it is a maximal subspace of Wf(t)’M(t) such that if £1,& € h—n>1M>M(t) L(D; 5z, Q]%»t M) then Qary (&1, &) = 0.

Wte(t) 7M(t)

In other words, ¢ embeds TtDiscsZ’)M as a Lagrangian subspace of . On the other hand, it is not always

true that ¢; embeds TtDiscs;’)M as a Lagrangian subspace of W™ | in fact @]\7[>M(t) (D 5z, Q]%’t, ) C TOL%W

M

with an equality if and only if a(t) = a(to).
Let us write down ¢; explicitly. Consider a tangent vector
to

0 = 0 . e,M
v = A% + kZ:OBka—bk € Ty Discs (2.50)

where Y77 | Bjz" converges absolutely for |z| < M for some M > M(t) > M. The vector v maps to

Ox > dy > )
ny = A-0; + > Bka—bkay = A0, + Y _ Bpi*o, € lim T(D, 5, TS, , /TD¢ xi)-
k=0 k=0 M>M(t)
Therefore, the value of ¢; on v is given by
¢t (v) = Qs(ny, )lp, , = (Ady -3 Bkzkdaz> ]
k=0 HM
[ee] (oo}
- (AZ feb 2" — 2 ZBkzkH) dze lim T(D,y, 0, )= WM cwet, (2.51)
k=1 k=0 N>M(t) ’

In other words,

b = (Z kbkzkldz> da—2) (z"*'dz)dby,

k=1 k=0

and it is easy to check that dy¢ = 0.

Let us now construct the map ®,, : Discs;’)M — WtEO’M embedding the neighbourhood Discs;’)M of tg = (z =

22,y = z) € Discs™ into the fiber WfO’M in the same way we did in Section m We send the zero vector
0, € Wfl’M at any point t; € Discs;’]M into WfO’M at ty via parallel transport using the connection V+¢. Where

(V + ¢)€ = VE+ ¢ for € € T(DisesM, WeM). Since dy¢ = 0, there exists a section 0 € I‘(Discs;’)M, weM)

such that dy6 = ¢. We can write down 6, explicitly for any t = (z = 22 + a(t),y = Yoy bu(t)2*) € Disesy™:

Oy = —yde = =Y bp(t)2Fd(2?) = =2 bi(t)2F M d. (2.52)
k=0 k=0

In general, given t € Discs™ | the parallel transport using V + ¢ of 0, € Wfl’M from ¢; € Discsg’M to Wf"M at
t is path-independent and it is given by

viy (t) = =0; + exp((a(t) — a(tr))L Lo, )0, -
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We note that vy, (¢) is well-defined for all t; € Discsi™ because |a(t) —a(t;)| < min(M?2 — M2, €2) by definition,
hence exp((a(t) — a(t1))L Ly )0t € WM It follows that

Oy, (1) = vi(to) = =04, + exp((alto) — a(t) L Ly, )0r € W™,

for all t € Discs;’)M

Proposition 2.4.24 (|25, Section 6.3]) Let to = (z = 22,y = 2) € Discs™. The image of the map @, :
o]

; : M &M ~ e, M
, t.e. im®Py, C LAiTy CW,m = WAz’ry'

Discsi™ < W™ satisfies the residue constraints
Proof: At the point t = (z = 22 +a(t),y = Yo bi(t)2") € Discsy)™, we have
By, (t) = zd(2%) — exp((alto) — a(t))L 1 .) (yd(2?)).

We will show that @, (t) € Wfo"M satisfies the residue constraints. In fact, for any m,n € Z>q we have

m exp(—a(t)L 1 diz)\"
R_((q;y)) ZQ"d(22)>Resz_o<< ( <>d(2;;;z><y>< >> Z%d(zg)>

— Res.co (exp(—alt)C o )™ d(?))

2z

= Res.q (exp(~a(H)L 1 5.) (4" (2 + a(0)"d(z)) ) =0.

We justify the vanishing of the residue as follows. Since t € Discs;’)M and a(tg) = 0, we have that |a(t)| < €2
and y™ (2% + a(t))"d(z?) is holomorphic for |z| < /M2 +[a(t)]. In particular it contains no % and it belongs
0,M(¢ M
to WAiry( ) ¢ Wiy, Therefore
M
exp(—a(t)L 2 o.) (¥ (+* +a(t))"d(*)) € Wi,
by Lemma which also contains no % term. In the case where m = 1,2, we can see that @y (t) satisfies
the residue constraints for all ¢ € Discs;’)M as claimed. O

Example 2.4.25 Let tqg = (x = 22,y = 2) and t = (v = 22 + a,y = 2), then

Oy, (t) = 2d(2%) — exp(—al 1 5 )(2d(2?))

d(z?) = d* (2k — 3)!! dz = a* (2k —3)!! dz
_ 2 2 2y _
= 2d(2%) = 2d(z°) + a % +ZH ok ,2h—1 (%) =az— Tl o123
k=2 k=2
In J coordinates we would have
ak(2k — 3)!!

J_1=a, Jog—3 = ) k>1

kl12k-1

and the rest of J, are zero. We can check that {J,} we have found satisfies the set of equations
{(Hairy)i=123,... = 0} defining LY, Wi

Remark 2.4.26 Since (WM — Discsi[’JM, Q,V, ) is a weak symplectic flat vector bundle with V-covariantly
constant 2 and dy¢ = 0, it would be nice to be able to conclude that im®,, is a Lagrangian submanifold
using Proposition Unfortunately, Proposition does not apply because WM has an infinite rank.
However, we can show that im®;, is isotropic in the sense that

To, (1 im®r, = {Lvd®t0 t)=0]ve TtDz'scs;;,M} cweM

is an isotropic subspace where d®,(t) = exp((a(to) — a(t))L Ly, )¢r. For any vy, va € TtDiscs,f[’)M we have by

Lemma [2.4.14| and the fact that ¢; embeds TtDiscs;’)M as a Lagrangian subspace of Wf(t)’M(t) C Wf’M that
Qto (Lvldq)to (t)v boy d(I)to (t)) = (¢t (Ul), ¢t (UQ)) = 0.
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2.5 From Local To Global

In Section we studied the complex analytic moduli space B of F-transversal genus g curves in a foliated
symplectic surface (S, Qg,F) and the embedding of an open neighbourhood By, into a fiber Hy, = H*(Xq, C)
of H — B. All considerations were done at the level of cohomology which gives a global picture of the
deformations. In Section we studied what deformations of ¥ look like near a ramification point and the
embedding of Dz’scs;’)M into the fiber Wfo’M of WM — Discs™ | which is a local picture of the deformations.
The idea of this section is to connect the two pictures by lifting each cohomology class in Section 2. to a
differential form with Laurent series expansions near each ramification point given by a series introduced in

Section 2.4

First of all, since there are more than one ramification points on ¥ in general, instead of WM we will consider
W =TT, c Ram WMo, a vector bundle of differential forms locally defined on the disjoint union of some
annulus on X, each centered at a ramification point. We are going to introduce the vector bundle G — Bs, C B
where the fibers G's; are given by the space of elements of W™ which can be extended to a holomorphic form
on the entire ¥ with some discs removed = ¥ \ Upe RamDae, (X). There is a map from G to W™ given by
Laurent expansion around ramification points and a map from G to H given by taking cohomology classes.
Therefore, G is an ‘intermediate’ vector bundle between W% and H in this sense.

We equip G with the connection given by differentiation along a foliation leaf V. In fact, this is the unique
choice of connection for G, since applying V z on any element of Gy, can create poles only at ramification points.
It follows that the parallel transport on G from [¥] € By, to [X'] € By, is given by pulling-back a holomorphic
form on ¥ to X along the foliation leaves. Clearly, the pull-back will only be well-defined away from ramification
points. Conceptually, a parallel transport will only be possible if [¥'] € B is sufficiently close to [X] € B such
that each ramification point r,(¥’) (or rather, the point on 3 connected to r,(X’) via a foliation leaf) does not
move too far from 7,(X) and it remains contained inside the discs Dy, (X) to be removed from ¥. This adds
another reason why we need By, to be sufficiently small, a condition first mentioned in Section and we have
delayed making it precise until this section.

Since Section is an analytic approach to [25, Section 6], we may think of this section as an analytic approach
to |25 Section 7]. We outline the content as follows. After fixing terminologies in Section we discuss
precisely how the open neighbourhood Bx, C B should be selected. Not surprisingly, the condition By, needs
to satisfy also depends on the sizes of annulus {€necram s {Mainkam}, and the choice of (F,§g)-charts U,
around each ramification point. Then we will introduce the vector bundle G and discuss some of its properties
in Section Among other things, we will show that G is a coisotropic sub-bundle of W™ In Section
the residue constraints Airy structure on W™ will be introduced as the product of residue constraints
Airy structure. Then, we will discuss the connection Vz and parallel transport on G in detail in Section [2.5.5
The comparison between connection and parallel transport on H — B, WE™ — Discsfo™ and G — Bs,
will be studied in Section Finally, in Section we will define the embedding map @y, : By, = Gx,
analogous to ®x, : By, = Hx, defined in Section Md Dy, Discs;’)M — W;’M defined in Section [2.4.3|and

L

argue that the image of @y, satisfies the residue constraints. The main result of this section, Proposition
[25, Proposition 7.1.2] summarizes the relationship between @y, ®x, and ®,,. In fact, since we are working
entirely in an analytic framework, we are going to see the relationship between the Lagrangian submanifold

Lys, = im®yx, C Hyx, and L}jmj, treated as an actual subset of Wﬁ%j.

2.5.1 Basic setup and definitions

Let us fix a reference point [¥g] € B and a collection of (F,Qg)-charts Uram = {(UacRams TacRam, YacRam ) }
such that each U,,a € Ram contains the ramification point r,(3g) of ¥y and ¥ N U, is bi-holomorphic to a
simply-connected open subset of C with the standard local coordinate z, := y/To — T4(rq). We choose By, to
be sufficiently small such that for all [¥] € By,, ¥ N U, contains the ramification point r,(X) of ¥ and it is bi-
holomorphic to a simply-connected open subset of C with the standard local coordinate z, := /%o — T (1o (X)).
For each [X] € By, the parameterization of ¥ N U, takes the form

ta(D) = (2o = aa(X) + 22, Ya = boa () + b1a(X) 20 + baa (2)22 + ...).

Let us emphasize that coefficients {ay (), boa (2), b16(X), 20 (%), ...} depends on our choice of the (F,Qg)-local
coordinates (4, Yo ). In particular, we often choose (4, 9o ) such that a reference point [Xg] € B is parameterized
by toz(EO) = (-Ta = Zguyoe = Za)

Pick {eéncram € R} and {Mocram € R} such that 0 < €, < M, and define the following discs and annulus on
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¥ for [3] € By, :

Do, (X) :={peXNUs | |2a(p)] < €a} CENUq
Do, (B) :={p € ENU, | |2a(p)| < Mo} CENTU,
Aa,ea,Ma (Z) = ]Da,Ma (E) - Da,ea (E)

We suppose that By, is chosen to be sufficiently small such that D, ar, (X) C XN U, C X for all [¥] € By,. In

other words, Dq, a7, (X) is properly contained inside the coordinate chart ¥ NU,, for all [¥] € By,. Consequently,

Zk bra (X )z,’fZ converges in an open set containing D, ar, (X) for all [X] € By, and so we have the map
Bgo < DiscsMe given by [X] + t,(X) € DiscsMe

Over DiscsMe for each a@ € Ram, we have the vector bundle We Mo — DiscsMe as defined in Section

Locally, we can study a curve X C S as an embedding of |Ram| discs Dy a1, () C N U, 22 C? indexed by the

ramification index set Ram. Therefore, it makes sense to introduce

: L eaM
Discs™ H Discs™ Discsfom .— H Discs;™ ™, W hem . — H WeaM

a€Ram acERam acERam

In other words, W™ — Discs®%™ is a trivial vector bundle where each fiber over ¢t = (tacRram) € Discsftem

is WE™ =11 e ram Wf:’M‘* = Iocram Wff”,y ® = Wjiem. A typical element £ € W™ can be written as
£ =2 wcRraml® ® & Where &, € Wf:’M‘*. We naturally define the multiplication Wﬁi’; X Wﬁ‘i’; — Witam

Alry
follows: let & = 3 c pam @] ® &ia, i = 1,2 then

&&= Y [0l ® &raboa-

acERam

Likewise, for our convenience, if £ = 3 pomlo] ® &, where &, € 27 'C[[z]]dz & C[[z]]dz then Res._o& :=
Y ackam es:=0a. We define the symplectic form € and the connection V for WHam in an obvious way:

Qy := Qa4ry Where
QAiry(§1,£2) Resz O< / ) Z RGSZ 0 (gla/£2a>

aERam

and V¢ := 3 cpamla] ® Voo where V,, is a connection for We Mo as defined in Section It is clear
that (WFem — Discsfiam V) is a weak symplectic vector bundle and §2 Airy is V-covariantly constant. The
collection of maps 7, : By, — Discs™ induces

H Yo : By, < Discs®m, (2.53)

aERam

Typically, we denote the point (taeram (o)) = ¥([So]) € Discs™ simply by tg = (toacram) € Discs?m
where tg, = to(X0) € DiscsMa. Moreover, if By, is sufficiently small then the image of v will even be in
Discsfé“m. This fact will be stated more precisely in Lemma [2.5.33

Using the map v we obtain the pull-back bundle v*W#em — By = with the connection v*V. We define the
pull-back connection v*V as follows. For any ¢ € T'(Discs®™ WHam) we have v*¢ € T'(Bs,, v*W ™) with

(V)x = &ym) = &) = 2acraml® @ (o)t (z) and 7*V is defined via the properties (7v*V)(v*¢) := v*(VY).
Writing this down explicitly, we have

(V*V)(7*6)s Z Z du® (8aa(2)a + (%) 0 _ aaa(z)ﬁlaza> (ga)ta(Z)

k k &
u a u b u 2z
k=1 ac€Ram,l 9 9 « 9 9 Lo 9 “

g Bae (S «
- (a e > I @&;aza) 0r ez
aERam

k=1

2.5.2 Choosing {€ncram}, {Macram }sUram and By,

We will now write down a precise summary of how {€ncram }» {Macram },Uram = {(UacRam, TacRams YacRam ) }
and By, can be selected. Once they are selected, they should remain fixed for the entire calculation. Let [Xo] € B
be the fixed reference point. For each o € Ram, we pick €4, My € R, 0 < €, < My, a collection of (F, Qg)-charts
Uram = {(UacRam, TacRams YacRam)} With 74(Zg) € U, and an open neighbourhood By, of [¥] satisfying
Condition 2.5.2 below:
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Remark 2.5.1 These conditions are technical and can be skipped in the first reading. They are sufficient but
not necessary conditions for the results of this section to hold. It is usually more practical to pick an appropriate
URam then select {encram }s {Macram} such that Dy ar, (30) C Xo N U, before picking By, and directly check
that it is small enough for all the needed objects, such as ® : By, = G5, to be defined.

Condition 2.5.2

(J2.5.211 By, is a contractible open neighbourhood of [$] which can be covered by a single coordinate chart
(Bgo,ul, s u).

(2.5.212 For all [¥] € Bs,, the open subset ¥ N U, C ¥ is bi-holomorphic to a simply-connected open subset
of C with the standard local coordinate z, := /& — Za(ra(X)) and Dy ar, (X) C XN U,.

(2.5.213 There exists a collection of (F, Qg)-charts Uy = {(Uo peoy, Tpeoy, Ypeo,) } such that for all [X] € By,
the parallel transport on the vector bundle (G — By, V) from the fiber Gy, to the fiber Gy is possible
for any holomorphic form ¢ € T'(Z, leo) C Gy, according to Lemma Additionally, the image of
Ay e, M, () via the map sy 5, (see Definition is contained in Xg N U,,.

(2.5.24 Let Uy = {(Uo,peoys Tpeoy: Ypeo,) } be the collection of (F, Qg)-charts from (2.5.2}3. For all [] € By,
the parallel transport on the vector bundle (G — By,, V) from the fiber Gy to the fiber Gy, is possible
according to Lemma for any £ € Gy holomorphic on UpeoyX N Upp O E\ UacramDa,e, (2).
Additionally, the image of Ay ., (X0) via the map s5, 5 is contained in ¥ N U,.

Remark 2.5.3 We can summarize the basic idea behind each part in Condition as follows:

(d2.5.2l1 Simplifies our discussions by avoiding any complications arises from coordinates transformations,

transition functions, and possible monodromies of parallel transport when By, wrap around a singularity
in B.

(2.5.212 Helps us deal with neighbourhoods of ramification points of each ¥ € By,,. In particular, this helps
fix the definition of the map v : By, = Discs®™ the map i : G — W™ (see Equation (2.54)), the
discs Dy e, (£), Do ar, (X) and annulus Ag e, ar, ().

(2.5.213 Helps us define the section 6 € I'(By,,G) which will be important in the construction of ® : By, —
Gy, embedding the neighbourhood By, into the fiber G, analogous to what we did in Section and
Section 2.4

(2.5.214 Makes sure that we are allowed to perform a parallel transport of f5; necessary to define the embedding
map @ : By, — Gx,.

2.5.3 The vector bundle G — By,, and its properties

We are going to define the vector bundle (G — Bs,, V) in this section (see Definition [2.5.22)). The fiber of G
over any point [X] € By, is the infinite-dimensional vector space Gy, given by Definition below. By taking
a Laurent expansion in the vicinity of each ramification point r,, @ € Ram we obtain a vector bundle morphism
i: G — WHm embedding G as a vector sub-bundle of W™ It will follow from Proposition that

G is, in fact, a coisotropic vector sub-bundle of W™  Consider G C Gy as a group acting on Wt}?ggn by
vector addition, then we will see in Proposition [2.5.19| that the symplectic reduction of (Wt}(%g;”, Q4iry) 1s given
by (Hs,). In particular, we have the surjective vector bundle morphism [.] : G — H given by taking the
cohomology class. Together, the map ¢ and [.] establish G — By, as an intermediate vector bundle connecting

WERam _y DiscsBam and H — B as we will discuss further in Section [2.5.6] and Section [2.5.71

Definition 2.5.4 For any [X] € B, the infinite-dimensional vector space Gy is given by

GE = {6 S hg’l F(E \ UaERamDa,Eaaﬂi‘) ‘ %7 é.: O, a € Ram} .
oD

€a<€qn aseq

What we meant is that if { € Gy then ¢ is a holomorphic differential on some open neighbourhood of ¥ \
UacRamDa,c, (X). In particular, € is holomorphic on some open set containing Ay s, (X).
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Remark 2.5.5 Definition of Gy should be compared to the original definition of Gx in Equation (38) of
[25]. We denote the version of Gy, in [25] as GE¢" and recall that it is given by

Gy = {f el <Z,le ( Z nra>> | for some n € Z>g and Res, { =0, a € Ram} .

a€Ram

In other words, G$3¢" is a vector space of residueless meromorphic differential forms on ¥ with poles at ramifi-
cation points.

For each a € Ram, the Laurent series representation of £ € Gy in the standard local coordinate center at z, = 0
converges absolutely for €, < |z4| < M, for some &, < ¢, < M, < M, and contains no ‘i@ term because

fa@a,ea ¢ = 0. Therefore, this define the map i, : Gy — W::(’%Q. Performing the Laurent expansion at every
ramification point of ¥, we obtain the map

i= Y |a]®iq: Gy Wign (2.54)
acRam

for any [X] € By,. Hence, instead of writing i(Gx) C Wtj(%ggn we will sometime write Gy, C th(%gg”.

Remark 2.5.6 Let us emphasize that the definition of the map ¢ depends on our choice of the collection of
coordinate charts Ugqm,. Choosing a different (F, Qg)-local coordinate system (24, yq) on U, for any o € Ram
will result in a different map 7 and hence, a different embedding Gy, — Wt}(?g;".

We can apply the symplectic form €244, on vectors in Gyx. In fact, using Riemann-bilinear identity we can
obtain a nice alternative expression. For &1,& € Gy we have
/)

Qairy(i(&1),1(&2)) = Z Res.,=o (ia(gl)/ia(&)) — % Z 7{{9@
ﬁ 1:1 (fik &2 f;k G- ]ik & ]ik 51) : (2.55)

aERam aERam e
For each [¥] € By,, we are going to show that Gy C th({g;n is a coisotropic subspace and that GE/GJZ‘ = Hsy.
Then, we will define the vector bundle G — B. But first, we need some preliminary definitions and results.

Definition 2.5.7 For any [X] € B, the infinite-dimensional vector space V is given by
Vs = {€€GZ | ?( E=0,i= 1,...,9} C Gy.
A

Let us quickly recall the following definition of Bergman kernels:

Definition 2.5.8 A Bergman kernel is a meromorphic bi-differential B = B(p, q) on ¥ x X with zero residue
poles of order 2 along the diagonal p = ¢ and holomorphic elsewhere. We say that the Bergman kernel
B = B(p, q) is normalized with respect to the chosen A-periods if

dz(p)dz(q) : _
B(p,q) =p~q =~ 5 + holomorphic, B(p,q)=0,i=1,---,g.
(P, q) =p~q (2(p) — 2(q))? e, (p,q) g

Remark 2.5.9 Given a curve ¥ and a choice of A, B symplectic basis cycles, the normalized Bergman kernel
is unique. This is because if B and B’ are normalized Bergman kernels then (B — B’)(p, ¢) is holomorphic in
p with zero A-periods for all ¢. By the explicit construction via Riemann Theta function [15] [14] we find that
the normalized Bergman kernels also satisfy the following properties:

B(p,q) = B(q,p), N B(p, q) = 2miw;(q)

where w; are the normalized holomorphic forms on 3.

Definition 2.5.10 Let B(p,q) be the normalized Bergman kernel on ¥. For any k € Z>; and a € Ram we
define the meromorphic differential form on X:
g L f Bl
2o =0

= omik 2k

47



2.5. From Local To Global

Using the standard local coordinates z, and zg of ¥ N U, and ¥ N Ug respectively, a, f € Ram, the local series
expansion of B(p,q) for p e ¥NU, and q € ¥ N Ug is given by

B<za(p>,zmq>>:‘m—‘”‘3 £ 3 POOGA I ()23 gz ()25 (a) (2.56)

(calp) — 20(@)? 2,

for some symmetric tensor P(»®)0:8) = pU:A)(1.2)  We obtain the following easy fact about &*®

Lemma 2.5.11 Let %% be a meromorphic differential form on X as given by Definition|2.5.10L Then e € Vx
and

dz, / dzo
(ko) —k Y*a P(k a)(k (y) k:—l o’
@ =fet s Y e e

24 k
k'>1,a’€ Ram

€ Wi (2.57)

Proof: The expansion (2.57) is obtained from integrating the series expansion (2.56). This shows that e~
is holomorphic everywhere except for a pole of order k£ + 1 at r, with zero residue. Deform A-cycles to avoid

intersection with r,, then prA e (p) = 525 b, _ooF 4, B(p,a(2a)) = 0 because the Bergman kernel is

normalized. O

Remark 2.5.12 Note that the definition of ¥ implicitly depends on our choice of the Bergman kernel (since
we are using the normalized Bergman kernel this is equivalent to our choice of A, B symplectic basis cycles) and
the standard local coordinate z, (which is equivalent to our choice of the collection of (F, Qg)-charts Uram)-

Lemma 2.5.13 Let (] € B. If €& =Y 1oy faykz;kdj—: € Vi, then Co =Y poy Ca k€™ € Vs. The principal
part of i/ (€a) 15 daaréa and for any path C C £\ UnecramDae, (X), we have

o0 oo
[ = [ S unet e =Y b [
¢ C k=1 k=1 ¢

Proof: We have that &, = > o, «fa,kz;kdj—a converges absolutely uniformly for |z,| > &, for some &, < €4.

Therefore,
= é‘ak} = / _kdza / > _kdza
} : _ _E : . - _ § o ie) 2.58
kag k=1 Sk Za k:1€ oo Za ( :

k=1
converges absolutely uniformly for |z,| > €., because integration of a power series does not change its radius of
convergence. Then by using the Bergman kernel B(p,q) on ¥ we define

c . 1 goz k ga k % pa Za
falp) = 27i ), cob. ... (Z kzk> (7)) 27mk 0 2k Zfa ke

where the term-by-term integration is allowed due to the absolute uniform convergence. Therefore, £, is
holomorphic for all p € ¥\ Dae, D ¥\ UveramDar e, but diverges as p approaches the integration path

ODg.e, . The principal part of e*< is 27 * dzz" so the principal part of i,/ (£,) is &4 if @/ = a and zero otherwise.

Given any path C' C £\ UseramDa.c, (X) we have

oL (o (S5 )] (£52) e
- Z E”‘(’“ f;aeé)ﬂ)a o /pec B(p’:éza)) B éfa’k /pec 27T1“€ jézaeaﬂ)a,m B(p’:ﬁ(za))

/ —ka
pE

We have used the fact that C' do not intersect with 0D ¢, so the order of integrations can be permuted. The
integration can be done term-by-term because > p-; &ak2a ’“i@ converges absolutely uniformly for |zo| > &,.

Let C = 0D, then fam . Ca =D pei ok fam . €® = 0. On the other hand, let C = A; then ‘fAi £y =
Z;il ok fAi gha = (. Therefore, we conclude that Ea e Vs. O

Trbllﬂéz i
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Recall the definition of L%;ry C WZ’M from Section and define LE2™ =TT, c pam L%‘;y C Wham  We

iry Airy Airy *
note that To LA™ =TT, c ram TOL%;y, or more explicitly:
dza  £4(24) converges for |zo| < M,
Ram __ _ « a\ca @ « Ram
ToLiry = {5 - %: [a] ®&a | §a(za) € ZQC[[ZQ]]Zv for some M, > M, C Wairy »
acRam

is a Lagrangian subspace of Wﬁ‘i’;@.

Lemma 2.5.14 For any [X] € B we have
Wi = Wi = Vi & Ty,
Additionally, if & € Vs, and the principal part of ia(§) is Y oo, fa,kz;k% € Vie. then it can be written as

Airy,
g o0 sk, y
6 acRam Zk-_l ga,ke .

Proof: If ¢ € V5 is such that i,(€) has no principal part for all @« € Ram then it must be holomorphic on .
Therefore, §, 7 = 0,i = 1,---, g which implies that n = 0. This shows Vx N TyLE%™ = {0}. To show that

Airy
Ve + ToLEEm = W™ we consider any given £ = (Eacram) € WAL izvhere o € z;IC[[zcle% @zaC[[za]]de—:
converges absolutely for €, < |zq| < M, for some €, < €4 < My < My. Let o p =Y 1oy z;kfa)kdz@ € Vfﬁry

be the principal part of £,. By Lemma we have {p := Y acRam ap = > acRam Za)k £k a™ € Vs and
the principal part of i (€) is €4, p. On the other hand, because ¥ € By, we have that i, (£) converges absolutely
for €, < |2| < M, where M, is such that Do, (3) €D, 57 (¥) CENUq. It follows that {o — io(£p) has zero
principal part and converges absolutely for |z,| < min(M,, ]\=4a) Therefore £ —i(ép) € TOL%’T”J which proves
that Wfi%” =Vs® TOLﬁ%’;. Besides, if € € Vs, then € — £p is holomorphic on ¥ with quz (€ —£&p) =0 for all

i=1,...,g which means { =&p = Y crum S, Eanee. 0

Corollary 2.5.15 For any [X] € B we have

Ram __ Ram
GE + TOLAiry - Airy *

Proof: This follows from Lemma and the fact that Vs, C Gx. O

Corollary 2.5.16 For any [X] € B, we have,
Gy = Ve ®T(,QL).

In particular, any & € Gy, with the principal part of in(£) given by > 7o, §a?kz;k% and a* = fAi & can be
written as £ =) c pam Sy o €M + > aFwy,, where w; are the normalized holomorphic forms on 3.

Proof: In fact, Gy, = Vx ® I'(%, ng) follows directly from the Definition and Definition of Gy and
Vs.. This is because for any £ € Gy, we have £ := £ — Dy a*wy € Vs, hence Vs +T'(Z, QL) = Gx. We also
know that Vs NT(X, Q%) = {0} because any global holomorphic form with zero A-periods is zero. The rest of
the Corollary follows from applying Lemma to £ € V. O

Corollary 2.5.17 Vx, is a Lagrangian complement of TOL%LXZ in Wﬁi’;.

Proof: We already know from Lemma [2.5.14] that V4 is a complement of ToLE%™. Using l) it is clear

Airy
that for any &1,& € Vs we would have Qu;ry(1,&2) = 0 because §Ai & =0,i=1,...,9,5 = 1,2. Suppose

there exists & € Wﬁi’; such that Qury(&1,&2) = 0 for all §&& € Vx. Then by Lemma [2.5.14 we can write

62 = v +l Where NS Vg,l S ToLIIX'?:Z, but then QAiry(glyl) = QAi,«y(gl,v + l) = QAiry(élny) = 0,\761 S VE
because Qa;ry (€1, v) = 0. Since we also have Q44 (I',1) =0 for all I’ € TOL%[Z, this can only be true if [ = 0,

ie. £ € Vx, because 24y, is non-degenerates. So we have that Vx is a Lagrangian subspace of Wfﬁy” ie.

Vi = Vs, 0
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Proposition 2.5.18 (|25, Proposition 7.1.3]) For any [X] € B, the vector space Gy, is a coisotropic subspace
of Wt}?gm with the perpendicular subspace G given by

Gy = lim d0(2\ UseramDae,, Os) C G

€Eq<€q

Proof: From Vs C Gy and Corollary |2.5.17 we have that GJE‘ C VZJ‘ = Vs C Gx. Let us find GJZ-. If € € GJE‘
then ¢ € Gy which means fam & = 0. Using (2 we can see that the only way Qairy(&,n) = 0,Vn € Gy

can be possible is if fAif =0, fBif =0,i=1,...,9. We can now define f(p fp & which is a holomorphic
function in an open neighbourhood of ¥\ Uye RamDaﬁa. O

Proposition 2.5.19 (|25, Proposition 7.1.3]) For any [X] € B, the sympectic reduction of th(%g;” is given
by VVR‘””//GL = Gy /G = Hyy = HY(S,C). Furthermore, the induced symplectic form Qain, on the quotient
GE/GE given by 3

Qairy([61]; [€2]) = QAzry(fhfz) (2.59)

coincides with the symplectic form Qq on Hy as given in .

Proof: First, we will show that Gx./G% is isomorphic to the deRham cohomology group Hs = H*(X,C). For
any set {€xcRram} such that €, < €4, @ € Ram we have the presentation

{§€F(E\UaeRam QL,€q ) ) | fa]D)

avca } , 2.60
dF(E \ UaeRam Q,€q OZ) ( )

Hy = H'(X,C) =

To obtain this, we use Mayer—Vietoris sequence to get H'(3,C) = {¢ € H'(X\UacramDae., C) | $55. € =0}

Then we use the fact that non-compact Riemann surfaces such as ¥ \ Uge RamDa z, is a Stein mamfold (17,
Behnke and Stein, Section 2.2], hence coherent sheaves are I'-acyclic on X\ Uy e Ram]D)a &, by Cartan’s theorem B
[17, Theorem 2.4.1]. Therefore, H'(X\Uqne ramDa.z, , C) = HT'(X\UneramDa e, , %), i-e. deRham cohomology
can be computed as a sheaf cohomology of C using the I'-acyclic resolution 0 — C — Q% (see, for example,
[5, Corrollary 2.5.3]), which implies (2.60). Recall that the direct limit functor preserves short exact sequences.
Therefore, taking the direct limit of (2.60)) and compare the result to the explicit expression of Gy and G in
Definition and Proposition we have H!(%,C) = Gy /G5 as claimed.

Next, we show that Q4. is a symplectic form on Hyx. If & = & + dfi, &y = & + dfz then Qainy ([€]],[€5]) =
Qairy (&1 +df1, Ea+df2) = Qairy (&1, &) = QAiry([gl}, [£2]), so QAiTy is well-defined. It is non-degenerates because
if [€] € Hy is such that Qg ([€],[7]) = 0 for all [n] € Hy then Qaiy(&,n) = 0 for all n € Gy implying that
¢ € G and hence [¢] = 0. This proves that Hsx is a symplectic vector space with the induced symplectic form
Q Airy- Using and Lemma we can see that Airy coincides with Qy; as claimed. ([l

Given ¢ € Gy, the cohomology class [¢] € H!(3, C) is completely determined by the A and B periods of £. In
other words, we have a map [.| : Gy — Mg given by £ — (H1(X,C) 3 [C] — §,£). Proposition tells
us that this map is surjective, in other words, there are enough differential forms on Gy to represent every
cohomology classes in H(3,C).

Remark 2.5.20 Similarly, it has been shown in |25, Proposition 7.1.3] that G¥°" is a coisotropic subspace of

WE’%" | (see Section [2.5.4] for the definition of Wlffff ‘) with

(Gger)t = {df | fer (2,02 ( > nm)) , for some n € Z>o} C Gy

aERam

and we have GIe" /(GRer)L = Hy,.

At last, let us define the vector bundle G — B with fiber over each point [X] € B given by Gy.

For any given point [X] € B, there exists an open neighbourhood By, C B of [X] such that A, B symplectic
basis cycles can be chosen consistently for all [X'] € By, (see Remark R.1.13)). Let us also assume that By is
sufficiently small that (f2.5.2]2 is satisfied for some {eacpam}, {Macram} and a collection of (F,{s)-charts
UE - 1t follows that the normalized holomorphic forms {w;—1.... ,} and the normalized Bergman kernel B(p, q)
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Chapter 2. Airy Structures and Deformation of Curves

are defined on every curve [X'] € By, consistently throughout By. For each [¥'] € By, let us denote by {wzE ’Zl},
{eE S} the set of normalized holomorphic forms and the set of meromorphic differentials on ¥’ defined by the
normalized Bergman kernel (Definition corresponding to the given consistent choice of A, B symplectic
basis cycles on By. Let the topology on Gy be induced from the norm

za(P) :
) T®) D |

and recall from Corollary [2 any ¢ € Gy can be written as £ = > cpam Doner &k, aez s >0 akwg 2
Then, given [¥4], [Xq] € Bg we define a homeomorphism Gy, = G5, by

> kaaezzl—i—z:ak P e > Z&mezz +Za’“ o (2.61)

a€Ram k=1 aERam k=1

€lles = Z( sup

acRam \P€ha.e.Mq (%)

Remark 2.5.21 It is important that By, satisfies (02.5.2|2 for some {€neram }, {MacRam }>URqm, Otherwise,
the Definition |2.5.10| of eE 5 and the definition of ||€]|¢,, will not make sense.

Equip By, x Gx, with the product topology and assign a topology to the set Glgs, := {([2],€) | [2'] € Bs, € € G}
such that G|gy = By, X Gy, induced from (2.61)), is a homeomorphism over the base By;. Then, it follows that
G :=U[zjep GlBs with the canonical projection 7 : G — B is a vector bundle with fiber over each point [¥] € B

given by 771([X]) = Gy and G|, = By, x Gy giving a local trivialization over each Bsy.

Definition 2.5.22 Let (G — B, Vz) be the vector bundle G := Ji5;cp G|, with fiber G over each point
[X] € B and equipped with the connection Vz : I'(B,G) — I'(B, T*B ® G) given by the differentiation along a
leaf of the foliation F.

Note that for any open subset B’ C B we denote by I'(5’, G) the set of holomorphic sections of G on B’.

We will mostly be interested in the small deformations of the curve ¥y, therefore, it is sufficient to consider
the restriction of G to the open neighbourhood By, C B of [£o], where By, along with {eéxcram}, {Macram}
and Uprqm are chosen to satisfy Condition Since By, is contractible by (2.5.2]1, the restriction of G to
Bs,, is a trivial vector bundle which we denote by (G — Byx,, Vx). Similarly, the trivial vector sub-bundles of
G — Bg,: G+ — By, with fiber G and V — By, with fiber Vi over [X] € By, may be constructed.

Let us recast some definitions and results in this section as follows. We have an injective vector bundle morphism
i: G — W™ covering the map ~ : Bgo < Discs™®™ given by , such that i restricted to the fiber over
any point [X] € By, is i : Gy — Wt(g;” given by (see Figure . Therefore, G is a vector sub-
bundle of W™ in fact by Proposition it is a coisotropic vector sub-bundle. Note that it is a lot less
straightforward to define a vector bundle morphism i : G < W™ had we considered G — B instead of its
restriction G — By, for instance, v : B < Discs™™ is not defined unless B satisfies 2. Proposition
can be restated as an isomorphism of vector bundles G/G+ = H. We define [.| : G — H to be the
morphism of vector bundle given fiber-wise by the natural projection Gy, — Gx/Gs = Hs = HY (X, C) which
sends any differential form ¢ € G to its cohomology class [¢] € H (X, C) (see Figure [2.5.6)).

2.5.4 The Ram product residue constraints

So far, the residue constraints were only introduced on a disc with only a single ramification point. Since there
are more than one ramification points on X, we will need to consider a |Ram| copies of the residue constraints.
The purpose of this section is to fix the needed notations regarding the Ram product residue constraints Airy
structure.

Consider the Airy structure obtained as a product of the residue constraints Airy structures introduced in

Section Set I:=Z~o X Ram and let V)ffyml = [Tocram Vairy = >ncraml] ® 2 1C[z71]% be a discrete

vector space with a basis {e#=123a€Ram .— [4)@;~F 42} The continuous dual space is given by (VILIZZ;T‘)
HaERam Vju‘y = ZaERam[ ] ®Z(C[[ ]] with a basis {fk 1,2,3,-- ,a€Ram = [OZ} ®kzk%} Define the Tate space

WX?;Z;?L‘ = {17 = Z [@] ® e | Na € C((2))dz, Res,—one = 0, € Ram} VAZTGM\ & (Vlffyml)

a€Ram
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2.5. From Local To Global

with the symplectic form Qamy([a1] ® &1, (2] ® &) = Gay,anRes—0(&1 [&2). We define the |[Ram| product

. . . |Ram|
residue constraints Airy structure {(Hairy)k=1,2,3-- ,ac Ram } OL Viairy DY

(H airy)2n,o(w) = Res.—o ((Z - 1252) [a] ® 22nd(22)> ;

~w(z)
2zdz

(Hairy)2n—-1,0(w) = %Reszzo ((z ) [a] ® an_Qd(z2)> , n=123,.. (2.62)

where w =) pom S (@R fro 4 ypa®?) € Wlﬁffl. We may write 1) in the standard form 1)

o0
(Hair)io = —Via+ D D (04ir)a.e)G.o)hmr” a7
B,yERam j,k=1

k, . .8) (k,
Y D W)™ e+ D D (eam)id” s

B,y€Ram j,k=1 B,v€Ram j,k=1
and express the residue constraints Airy structure as (V,Lizm‘w‘l Airy> Bairy, Cairy) where
Aniry = ((@iry) (i,0)(,8) (k7)) Bairy = ((bAiTy)?izy)(j7ﬂ))7 Cairy = ((cAiTy)Z(-f;*B)(k”)).
The corresponding quantum Airy structure is (VA?fyml s Adirys Bairy, Cairy, €Airy) Where (€airy)ia = 1—1651»,3 and
€airy = ((€4iry)i,a). Define the quadratic Lagrangian submanifold L[ﬁi?‘ = {(Hairy)i=1,2,3, ,acRam = 0} C

WX??;”‘ with TOL%L;ZLI = Y acRaml0] ® ZC[[Z}]% = (V;I‘icz/m\)*. It is clear that TOLLEZT is a Lagrangian
|Ram|

subspace of wlfaml and that VIEO™ is a Lagrangian complement of Ty L Airy -

Airy Airy
Remark 2.5.23 Our definitions of WE??;” " and L[ﬁi;n‘ are exactly the same as how Wiem and LA™ were
defined in [25, Section 7.1]. Our choice of symbols came from the fact that Wff;n " and Llfii;n‘ are the products
of |[Ram| copies of W4y, and La;r, (as given in Section or [25, Section 3.3]) respectively, where |Ram)|
denotes the number of ramification points. Finally, note that by taking Laurent expansion of any £ € GF'*" we
obtain the inclusion i : GE¢" — Wff;" | can also be defined exactly as we did in .

|Ram]|
LAiry .

Vzm”:{fEGge” 7{ 52071':1,"',9}
A;

where G{*" was given in Remark Essentially, Vii**" C Vs is the subspace of meromorphic differential
forms in Vi with basis {e=1:2:3a€iam} where £4¢ is defined in Definition [2.5.10| and note that (2.57) can be

Let us consider a new Lagrangian complement of T}

written as ~
— 1 ’ ’
ek,a — ek,a + Z Z @P(k,a)(k ,a )fk’,a’-
a’€Ram k'=1
. R = = = _ .
The gauge transformation (ijayml,AAiry,BAiry,C’Airy,eAiry) = (VI A pirys Bairys CAiry, €Airy) associ-
ating with the choice of basis {n'=h>%" = Y, o Zjil d;'-ﬁéjﬁ} for V& and {wi=123,. :=
i |Ram| i,y . 17|Ram| [Ram| et i . 1/|Ram|
Y acRam Sy c;afiﬁa} for TOLA;;" for some (cz»a) : VAiTaym — VAiraym and its inverse (d;)ﬁ) : VAifym —
V)ﬁ?yml, is given by
(dAiTy)iliﬂs = (aAiTy)(h,(Jél)(jzyaz)(jsaaﬂc'zll’alcgj,azczj':’ag) (263)
7 3 3, k, 3, 1, j2, i
(bairy)ivi, = ((bA"y)Z;fi)(a'Q,m) + (@airy) Gy 01 ) (o) (k) 87 a3)> ey dg .,
= 213 __ (J2,22)(j3,3) (Js,a3) ki, 2,
(CAiry)Zm — ((cAiTy)(jf,a?) 3:93) 4 (bAiTy)(j?,aj)(kl,wl)S( 1,7)(J2,02)
+ (bAiTy)E;?:Zj;(kg,wz)S(k%’yz)(j&as) + (aTR)(jl,Oq)(kl,71)(}(}27’)/2)S(k17’Y1)(j27’72)S(k27’yz)(j37’ya))

J1,Q1 jio i3
Gy djz,QdeS,az

(k1771)(k2;72)) Ao

(€airy)i = ((GAiry)jl,al + (@Airy) (jrsa0) (k1 y1) (k2172) S i

where s(:)(0:8) = L pla)(Q.6) (50)(0:6)) . leflifyml X vflﬁfym\ = C.
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Chapter 2. Airy Structures and Deformation of Curves

Remark 2.5.24 It is easy to see that ((VAiry)‘(ﬁgml, Adiry, Bairy, Cairy, €Airy) is a quantum Airy sub-structure
R R R o
of (V,Liraym‘ s Adiry, Bairy, Cairy, EAiry) where (VAiry)lodgm‘ = HaeRam(VAiry)odd - Vzllifynll' Likewise, let

(VEer) ,qa C V& be the vector space spanned by finite linear combinations of vectors {ek=cdd:a€Ram} thepn
(V&) odds Adiry, Bairy, Cairy, €Eairy) is @ quantum Airy sub-structure of (Vi**", A airy, Bairy, CAiry, €EAiry) aC-

cording to Remark [2.2.30)

The consideration of the analytic residue constraints Airy structure in Section [2.4.2] straightforwardly gen-
eralizes to the case of the Ram product residue constraints Airy structure because Ram is a finite set.

In particular, we treat |j analytically as functions (Hairy)ia : W/}fﬁ; — C and we also have that

. Ram| . . .
Lffg[g = {(HAiry)i=1,2,3, ,acRam = 0} C Wﬁ%ﬂ. The analytic counter-part of Vlm_y s obviously given
Ram ._ €a ‘9 Ram 3 : Ram 3 Ram _
by Vi = [lacram Vairy- It is clear that Vil is a Lagrangian complement of ToLyih in Wiin =
Ram Ram
VAiry GszoLAiry'

According to Corollary [2.5.17, Vs is another Lagrangian complement of TOLﬁfg. Let us use {n=1:23" =
ZﬁeRam Z;’;l d;'-ﬁéj’ﬁ} as a basis of Vg and {wi=1,2.3.. "= D ncRam 2oiet ¢ fia} as a basis of TOL%LT’Z for
some (c;"), (d} 5) satisfying Condition 2.4.1?} Note that (s 0:#)) where s(#*)0:8) = %P(’Vo‘)(j’ﬁ) also satisfies
Condition since it came from the series expansion of a Bergman kernel. Therefore, the change of the
canonical basis {€%%, fr o} — {n*, wi} of Wfl%” is of the same type as considered in Section Suppose that

W= e ram 2ohet (T fra +Yr.a®) € W, then by Proposition [2.4.20( we have w = Y7 | (o wy, + Brn®)

where
ol = Z Zd;'ﬂ 2P — Z zg(j’ﬁ)’(k”)ykﬁ , B; = z Zc{’ﬁyjﬁ (2.64)

BERam j=1 YERam k=1 BERam j=1
are the new canonical coordinates of Wf‘i‘j];. Also, by Proposition [2.4.20 we have (I:I Airy)i =
j,8 :
ZﬁGRam Z;il C’Z (HAiry)j,B given by

(Hairy)i = =Bi+ Y @airy)ijeed o +2) " (bairy) 5508k + D (Cairy)" BiBr (2.65)

Jk=1 Jrk=1 jk=1
where AAiry = ((dAiry)ijk)a BAiry = ((BAw’y)Z)a CAiry = ((EAiry)'Zk) are given by "

Remark 2.5.25 Moreover, it is straightforward to generalize Proposition to the case of the Ram prod-

uct residue constraints Airy structure. We conclude that if i, (32,2, Bi(e’, -+, a™)n’) (24) € V43, where
Bi(at, - o) = Bi({at, - ,aX, aF¥>EK = 0}), is holomorphic in {a!,---,a®, 271} on some open neighbour-
hood of (al, -+ ,af) =(0,---,0), |24] > €, and

(I:IAiry)i ({alv e 705K7 ak>K = 0}7 {ﬁk:l,Z,B,m(ala T 7aK)}) =0

then B; = (9:S0)|ar>rx—o- Where So = >°7° | Son € [[nzy Symn (V") is the genus zero part of the ATR
output using the quantum Airy structure (V3" A giry, Bairy, CAiry, €Airy)-

2.5.5 Connection Vr and parallel transport on G — By,

In this section, we are going to more carefully examine the connection V z and discuss the parallel transport on
G — By,. For now, let {encram s {Macram}> Uram = {(UacRam; LocRams YacRam)} and an open neighbour-
hood By, C B of [Sg] € B be chosen such that (2.5.2]1 and ({2.5.2]2 are satisfied. Recall from Definition [2.5.22]
that V£ is given by the differentiation along a leaf of the foliation F. Let us verify that this indeed defines a
connection on G — By, which is flat.

Lemma 2.5.26 For any section £ € T'(Bs,,G), we have V& € T'(Bg,, T*B ® G).

Proof: Consider [£] € By,. Let U = {(Upco,Zpeco,Ypes)} be a collection of (F,g)-charts covering ¥\
UaeRamDa,c, (X) where ¥ N U, are bi-holomorphic to a simply-connected open subset of C with x, as a local
coordinate and o is some finite index set. It follows that dxp\gmUp # 0 and 50 r4(X) ¢ Upe, X N U, for all
a € Ram.

Let {u}, ...,u9} be coordinates of By, (this exists due to the condition (J2.5.21). Given a section ¢ € I'(Bs,, G),

& € Gy and a tangent vector v = Zzzl vk% € Tis)Bs, then for each p € o we have 1,Vré|snu, =
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i:l v Buk |2y =const (§]2nu,)- Using xp as a local coordinate on ¥ N U, and write &{|sny, = &p(xp, w)dz. It

follows that 1,V z{|snu, = Dy auk (§p(xp, u))dz,. We patch 1,V FE|sny, for each p € o together to obtain
ty V7€ which is holomorphic on ¥\ UseramDa e, (X) C Upeo X N U, for some €, < €q, Voo € Ram.

Let us show that 3%113) o) VzE = 0. Write £ on Ay, (X) in the standard local coordinate as

E(zq) = Zk;ﬁo Ea 2k % Since 7, = aq(X) + 22, we have Vz(2,) = D 9_ 1duk8‘g;(z) 62a|ma:wnst2a =
—i _,du kaa“(z) It follows that Vr(zkdza) = 4 >0, duF 8%2(,?) (1 — k)zE=2dz,, therefore 1,V £¢ is free
of % term. Hence 1wV rés € Gy, in other words, V£ € T'(By,, T*B ® G), as required. O

Lemma 2.5.27 The vector bundle G — By, with the connection V r is flat.

Proof: This is mostly identical to the proof of Lemma [2.1.18] but let us write it more concretely this time. Let
dy» : T(Bs,, Q®G) — T'(Bs,, Q5 ®G) be the exterior covariant derivative. Suppose that ¢ € I'(Bs,, Q5®G).
On each ¥ N U, we have &|snv, = 27 . ; _1(&iyipip(@p; w)day)du™ A - - - du'r, therefore

0
dv -&lsnu, = VF|snu, = Z Z <8uk

k=111, ,0,=1

(g )y ) A s e

Tp=const

and

82
a3 Elznu, = Z Z ((W(?uk

k=141, ,i,=1

(&r-viip (Tps u))da:p) dul A duF A du™ A - A duit = 0.

xp=const
Therefore, dQVF =0, so Vr is flat. O

Next, we turn our attention to the parallel transport on G using the connection Vz. Since the connection is
flat, parallel transport is path-independent. The parallel transport of £ € Gy to the fiber Gy only exists if

[X] € B is close enough to [¥'] € B. This is much like the situation in Section given ¢ € Wj‘%} then

exp(al 1y )€ € lej\fy only if |a| is sufficiently small. The idea is to first construct a map s s sending points
on Y’ to X along the foliation leaves, then the parallel transport of £ € Gy to Gy is given by the pull-back
3%/,25 .

Let us discuss this in more detail. Suppose that [X],[¥'] € By,, then they are path-connected since By, is
contractible as required by Let ¥ : [0,1] — By, be one such path, £(0) = [¥'], and X(1) = [X]. For
some €, < €, let us send a point ¢/ € X'\ UaeRamDa’gg (X) traveling along a leaf of the foliation F. If [3]
is sufficiently close to X(t) € By, for any t € [0, 1], then the point ¢’ will intersect X(t), potentially multiple
times. As we move continuously along the path ¥, these intersection points will also move continuously in S.
Therefore, for all ¢ € [0, 1] sufficiently small, we can define ¢(¢) € %(¢) to be the intersection point which moves
continuously from ¢(0) = ¢’. Now, suppose that [X], [¥'] and every points along the path X are sufficiently close
to [X'], then we define the following map

Definition 2.5.28 The map sy » @ X'\ UaeRamDmgg (X) — X is given by sending any point ¢’ € ¥’ \
UaeRamDa,er, (¥) along a leaf of the foliation to ¢(1) € X.

Remark 2.5.29 Technically, the map sy 5 should be denoted by ssv s (e} since the set of parameters
{€,cRram ) 15 a part of the definition. We are going to stick with the notation sy s for simplicity, keeping
in mind that sy x is defined on some open subset in ¥’ containing %'\ Upe gamDac, (X).

Suppose further that [X],[¥'] € By, are sufficiently close such that the image of sy s is contained in 3\
UaeRamDa,Ea (X) for some €, < €,. Then given any holomorphic differential form & on X\ UoéeRam]DaZ e (2),
the pull-back s3, y»¢ is a holomorphic differential form on Y\ Uae RamDa,e; (3'). The following lemma gives a
more concrete sufficient condition for [3], [¥'] € B to be considered ‘sufficiently close’ and shows that if £ € Gy
then s%, & € Gy

Lemma 2.5.30 Let [Y],[X] € B. Given £ € Gy, where & is holomorphic on ¥\ UperamDa e, () for
some €, < €q,Ya € Ram. If we could cover ¥\ UnpcramDa.e,(X) with a collection of (F,Qg)-charts

= {(Upeo, Tpeos Ypeo)} such that L\ Une RamDa e, () C Upeo 2NU, C X\ UncramDae, (X) and the following
pmpertzes are satisfied:
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1. For each p € 0,X N U, is bi-holomorphic to a simply-connected open subset of C with x, as a local
coordinate.

2. Any ¢’ € U, is path-connected in U, via a leaf of the foliation F to a unique point ¢ on X NU,.

3. For each p € o, ¥' N U, is bi-holomorphic to a simply-connected open subset of C with x, as a local
coordinate and X'\ Uge ramDa,e, (X)) C Upes X' NU,.

then s3, 5§ € Gy

Proof: Let { € Gx be a holomorphic form defined on % \ UaeramDaz, (X) for some &, < €, such that
UpeoZ NUp C ¥\ UacramDa e, (X). By the properties of the covering U, Definition [2.5.28| gives a well-defined
map

Sy st ¥ \ UaeRam]D)a,E’a (Z/) - UpEUZ/ N Up — UpE(rZ N Up cX \ UaERam]D)a,Eu (Z)

for some €, < €,. Let us verify that the pull-back s3, ¢ is in G'sv. We note that z,, is a local coordinate for
both ¥ N U, and £’ NU,. In z, local coordinate, we can express ssy s as

IpoO SZ’7E‘Z’QUP o l‘;l = idC|a:p(Z’ﬁUp) : .pr(z/ N Up) — .Tp(zl n Up) C JTP(E N Up) c C.

In particular, sy y is locally bi-holomorphic from each ¥/ N U, to its image. It follows that sg,’zf\grm(]p is
holomorphic on ¥/ N U, for all p € o, hence 53y & is holomorphic on ¥\ UaeRamPDae, (') C UpeoX' N Up.

Lastly, we need to check that fam (=) S»r.s§ = 0, but this follows from the lemma below:

Lemma 2.5.31 For any £ € Gx holomorphic on ¥ \ UneramDae, (£) C Upeo XN U, and a path C C %'\
UaERamDa,ea (Z/), we have
/35,25: &,
c (52’,2)*0

where (sx.%)+C C L\ UaeramDa e, (X) is the image of C under the map ssr 5.

Proof: We dissect C' into closed segments C;,i = 1,..., N such that C; C ¥’ NU,, for some p; € 0. As we
have seen, Sz',z|z'nUpi is a restriction of the identity, hence it is biholomorphic. So the Lemma holds for each
segment C;. Summing the integral over all segments C; proving the lemma. O

It follows from the construction of the map ssv »: that (ss/ 5)4(0Dq c, (X)) is homotopic to dD, ¢, (X) because we
can deform one to another by moving along a path X linking [¥] and [¥']. We conclude that §,5 () S5 € =

556]13)(, ) § = 0 because { € Gy, which shows s5;, § € Gy as claimed. O

Next, we show that the pull-back via ss/ 5 is the parallel transport on G. If Lemma [2.5.30| can be compared to
Lemma then the following is analogous to Lemma [2.4.13]

Lemma 2.5.32 Let [¥] € By, and { € Gy be given, then [¥'] — & = s3, 5§ is a parallel vector field,
defined over the subset of all [¥'] € Bs, such that the conditions of Lemma are satisfied. In other words,
&y € Gy is the parallel transport of € € Gy from [E] to [¥'] on G — By, using the connection V .

Proof: Since ), is a local coordinate of ¥ on ¥ N U, we can write {|sny, = f(zp)dz, for some holomorphic
function f which is constant with respect to the coordinates of Bs,,. Because %, wz, = x, by definition, we
have s3 w€lsinu, = f(xp)dzy,. Therefore, Vs, sé|sny, =0 for all p € o and so Vzsy, w6 = 0. O

Now that all the relevant results have been established, let us assume that {eneram s {MacRam }, Uram and

By, also satisfy (J2.5.2|3 and (J2.5.2]4 in addition to (J2.5.2]1 and (J2.5.2|2. Let us show in the following that
the image of By, under 7 defined in 1D is contained in Discsﬁ“m. This fact will be useful in comparing

parallel transport on Wem Discsﬁ“m with parallel transport on G — By, .

Lemma 2.5.33 Suppose that {cacram }> {MacRram },Uram and Bs, satisfies the Condition then the image
of v : Bs, < Discsf™™ is contained in Discsﬁ“m, In other words, we have

v : By, < Discs{i®™ < Discs"™ ™. (2.66)

55



2.5. From Local To Global

Proof: (12.5.2l1 and (J2.5.2]2 ensure that the map v : By, — Discs®e™ is well-defined. We are going to
show that (2.5.2|3 implies that if ;2 bra(X)zE has a radius of convergence M, then min(M2 — M2 €2) >
|aa (2) — an(Xo)| for all [X] € By, .

It is well-known that there is no point on a compact Riemann surface where all holomorphic differential forms
vanish simultaneously [19]. In particular, for any ramification point, r,,a € Ram there exists a holomorphic
differential form w € I'(X, Q) C Gy, such that w(rq) # 0. For clarity, let us denote the standard local
coordinate on 3¢ N Uy by 24,5, and the standard local coordinate on ¥ N U, by z,. Let us write i4(w) =

00 E_ dzaxmg M, €a Mo 00 _ _ ]
Dbt Wi k20,50 Zom € TOLAi‘j,y - WtQ(Eo) where )~ | converges for |z, 5,| < M, for some M, > M,. Using

the fact that 7, = ao(X) + 22 on XN U, and 24 = ao(Xo) + 22 5 on Xg N U,, it follows that

a,Xo

0 k—1
(0, 50) e i (50) = I Wk (VEa = 0a(Z0)) dy/Ta — a(T0)
k=1

implies

ad 1
55509 (20) [ o i () = D Wark (\/zg +aa(Z) — aa(EO)) dv/22 + 4 () — aa (o). (2.67)
k=1

By (J2.5.23 we have that s§; y, w is holomorphic on Aq e, ,a, (¥). For the expression in (2.67) to be holomorphic
on A, . m, (X) we must have M2 > M2 + |ao(E) — aa(Xo)| and either €2 > |aq(X) — aa(Xo)| or that w x =0
for all k£ odd and all « € Ram. But the latter option is not possible since w(r,) # 0. g

2.5.6 Comparison of vector bundles G — By,, H — B, and W™ — Djscsfam

So far we have introduced covariantly constant flat (weak) symplectic vector bundles (H — B, Qu, Vo),
(WHaem s Discsfam ) V), and a flat coisotropic vector bundle (G — By, V7). We are now in a position to
summarize how they are related.

Proposition 2.5.34 The morphisms of vector bundles [.] : G — H given by taking the cohomology class and
i: G — WEY™ given by Laurent series expansions are compatible with the connections in the sense that

1. i(VFE) =y Vi(§)
2. [V#§l = Vauld

for any sections & € T'(Bs,,G). Moreover, they are compatible with parallel transport in the sense that

5. i(3565) = Laeramla] ® exp (a(F) = a(®)L 1 s, ) ialés)

4. [35,252] = FE]}EZ]
for any vectors in the fiber {5 € Gy given that [Z], [¥] € By, and &s satisfies the conditions of Lemma|2.5.30
Proof:

1. Let £ € I'(Bsg,, G) and let us examine V£ on XN U, C ¥. Working in the standard local coordinates we
can write &g = £4(2a,u)d2,. Using the fact that o = an(X) + 22, we have %ba:const =1 a%(;(kz)

T 224
and so

J d 1 dan(¥) 0 1 9an (%)
. . k o _ = Yl i il
la(V}'ﬁz)(za) ~la <; du <(8u’“ za—const£a QZQ 8’uk 8za 5&) dza + gad (2204 8uk ))
g 0 day (X . N
= Z du® (8uk - au(k)ﬁziaaw> i0(§)tam) = 7V Via(§)i.(x)(2a)

k=1

for every @ € Ram. It follows that i(V££) = v*Vi(§) as claimed.
2. This immediately follows from Lemma with Dy := ¥\ UpeoDa.c, (X) for some &, < €4, € Ram.
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3. Let &y € Gy and let us write & on X N U, C ¥ in the standard local coordinates as s = £4(2a)d2q-
Recall that the local coordinates of S on U, are (24, y,) and the foliation F is given by z, = const, so we
have s3, yxq = xo. For clarity, let us denote the standard local coordinate on Y N Uy by 24,5 whereas
%o denotes the standard local coordinate on ¥ N U,. Using the fact that z, = a4 (3) + 22 on XN U, and
To = an(X) + zi’z, on X' NU,, we have

£5(20) = €a(za)dza = o (Voo — 0a(D)) dV/zq — 6a(D)
and
5% 5€5(%a) = €a (\/xa - aa(E)) d\/Ta — aa (%)
=60 (/22w + 0a(2) — a(2)) dy/22 50 + 0a(2) — aa(D) = exp (@) ~ aa(DL 1o, ) E)

o

By construction, s3, ¢ is holomorphic and it can be represented by a Laurent series converging on

Ay e g1, (X) for some €, < €q < My < M,. Repeating the above for each ramification point a € Ram
and perform a Laurent series expansion, the claimed formula follows.

4. Since (syr xn)« : H1(¥',C) — H1(%,C) is an isomorphism, mapping A, B-periods on ¥’ to A, B-periods on

3, then [s3, nés]| = FE]/] [¢s] follows straightforwardly from Lemma [2.5.31

H G WRam

Hs, Gx, thf“m
Ls, Lf}?ﬁ;
q’zo (I)Zo (I)to
B, Discsfam
B o - Bs o * Discs™om d ol
Zo]  [3] ’ o] (%] o] (%]
Y
Figure 2.1:

Comparison of vector bundles G — By, H — B, and W™ — Discsf®@™ . The vector bundle morphism [] :
G — H covering the inclusion map Bs,, < B is given fiber-wise by the natural projection Gx — Gx/G% = Hs,
which is the same as taking a cohomology class. The vector bundle morphism i : G — W™ covering the
map 7 : By, < Discs®™ is given by taking Laurent expansions around ramification points. In this sense,
the vector bundle G bridges the local point of view given by W™ with the global point of view given by #.
This Figure also illustrates the parallel construction of the map ®5, : By, — Hsx,, ®5, : By, = Gx,, and
by, - Discsﬁ)“m — ng“m. Each map embeds some neighbourhood By, > [£¢] or Discsﬁ)“m 3 tp into the fiber
Hsx,, Gs, or thg“m over the reference point by sending the zero vector at an arbitrary point to the reference
point via parallel transport using the affine connection Vg + @, V& + ¢ or V + ¢.

2.5.7 The embedding of By, into Gy, and the residue constraints

In this section, we will construct the embedding map ®s, : By, = Gy, analogous to ®x, : By, = Hx, defined

in Section and @ : Discsz’)M — Wf(;M defined in Section [2.4.3] The main outcome of this section is
Proposition [2.5.38| comparing @5, to ®;, and ®x,,, which is the key result to be used in proving Theoremm
later. To construct @y, we are going to need ¢ € I'(By,, T*B® G) and find 6 € I'(Bg,, G) such that V0 = ¢.
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Therefore, most of this section leading up to Proposition [2.5.38] will be allocated to discuss the construction
and properties of ¢ and . We are also going to assume {€ncram }s {MacRram}, Uram and By, are chosen such
that Condition 2.5.2]is satisfied.

Let us begin by discussing ¢ € I'(Bs,, T*B ® G) as follows. At any point [¥] € Bs,, the map ¢x : Tis)Bs, =N
[(2,9QL) < Gy has already been defined previously in Section but let us recall it here. Any given
vector v € TjxBx, can be mapped into a global holomorphic section of normal bundle n, € I'(¥,vx). Then
x(v) = Qg(ny, )]s € T(X,QL). Let us cover X with a collection of (F,s)-charts U = {(Upeo Tpeos Ypeo)
then ¢x(v) is written locally on each ¥ N U, as

¢ (v)|env, = —tVE(Ypdry)|snu, - (2.68)
Now, let us compare this to ¢ € I'(Bg,, T*B ® H) from Section and

= Z [a] ® ¢o € T(Discsi™™, Hom(T Discs; ™, WHe™)),

a€Ram

where ¢, € I'(Discs; ”,Hom(TDiscs,fga’M“,WemM“)) are as given in Section For example, let t =
(tacRam) € DzscstRoam,ta € Discs,fg;M"‘ and v = (VaeRam) € TtDzscsR‘”” vy € Tt Dzscse‘*’M"‘, we define
(V) =D e ram @] ® b1, (Vo). We have the following lemma compare ¢g to ¢y(x) and @x:

Lemma 2.5.35 Let ¢ € I'(Bg,,T*B ® G) be given as above, then

1. [¢s] = ¢x
2. i(¢x) = dyzy o dy.

We summarize these relationships by the following commutative diagram

Go/Cs W fim
d
Hs, ] G, i th(%;n
| ]
¢=| T(3,04) ox| I(%,0L) doce) ToLﬁfﬂj
| w
TisyBs,, —————— TisyBs, ————— Ty(x) Discsiom

Proof:

1. This is obvious since ¢s; = -7 _,[Qs(ny,,.)|s]dur by definition.

2. Given t, € Discsfgo’éM",ta = (Ta = 224 @0, Yo = D peo brazk) and vector v, = Aa%+22020 Bkaﬁ €
T;, Discsi”’M" we can also compute ¢, ¢, defined in Section by keeping x, = const when taking
derivatives and use 8Za | —const = —%. We have

Yo . Yo 8
Vo) = A, — + B
¢a,ta( a) o (( aé)aa Z: ko 8bka To=const 8

) (i Brata - i Zkb’mzk 1) e, ( Zkbkzk L 2§:Bka2§+l> dza
k=0 t, Ma —

which should be compared to (2.51)). Setting to = to(X) = 74 (2) and
g 00
dan(X) 0 b (X) 0
k o¢ «@
Ve = dYalv ;;U < o Da, L= OuF b

shows that in¢x = Ve = da © dVa.

To=const D¢, ng
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O

Since By, is chosen to be contractible ((J2.5.2l1), G — By, is a flat vector bundle and dy ¢ = 0, therefore
Poincaré Lemma suggests the existence of § € I'(By,, ) such that Vz0 = ¢. s is a holomorphic differential
form on ¥\ UyeramDa,z, (X) for some &, < €4, fa@ Ay, = 0 and any infinitesimal variation of fy; in the moduli

space directions produce a global holomorphic form on ¥, i.e. a holomorphic form on ¥\ Une ramDa z, (¥) which
can be analytically extended to the entire curve .

Lemma 2.5.36 Let 0 € I'(By,,G) be a section satisfying Vr0 = ¢, then

1. [s] =0x + FEL][&J] € Hx for some [&o] € Hx, -

i(0s) = Y acraml@] ® (9ta(z) + exp ((aa(E) —aa(Eo))E )(EOQ)) € th&l;" for some &oo €

€, M, M,
Wieome C W™ where

[Z] EBEO [E] EB:O

Eo = \/e;g sup  |aa(X) — aa(So)|, M, = \/M2 sup  |aa(X) — aa(So).

where Oy, € Hyx is given by (2 and 0y (s € W “(’E)‘* s given by .
Proof:

1. By taking cohomology class, apply Proposition [2.5.34] and Lemma [2.5.35, we find that Vgun[fs] =
[V£0s] = [¢s] = ¢x. Therefore we have [0] = 0 + ¢ for some parallel section ¢ € I'(Bx,, "), Vaue = 0.

But then we we can write ¢y = FEL] [€o0] where [£o] :=ex, € Hyx,-

2. By applying themap i : Gy — th(%ggn follows by Proposition[2.5.34/and Lemma|2.5.35|we have v*Vi(fs) =

i(Vrls) =i(¢s) = ¢y ody. Therefore, we have i(0s) = > c pom [@] @0, () +c for some parallel section
c € T'(Bs,,y*WHam) 4*Vec = 0. It is not hard to check that

= Y [a]@exp ((aa(S) - aa(S0))£

aERam

o...) (60a)

where [a] ® §oa = ¢4 € Wéf“m-

a€Ram

O

Let us show explicitly how 6 € I'(Bg,,G) such that Vz0 = ¢ can be constructed. We choose a collection
of (F,Qg)-charts Uy = {(Uo peoo, Tpecoy, Ypeo,)} Which allows the parallel transport of any holomorphic form
¢ e F(EO,Q ) C Gy, to Gy, for any [X] € By, according to Lemma Such a collection U exists due
to (£.5.23. From @) we know that Ox|sny, , must take the form —(y, + f,(2,))d2p|2nv, , for us to have
Vxbs|snv,, = ¢Z‘ZQUM, where fy(x,)dz, is an integration constant. Write y,(zp; X)dxy, = ypdry|vnu,,
for each p € 0. In other words, X N Uy, = {(zp, yp(zp; X)) € U, C S | 2, € 2,(ENUpy)} is the graph of
Yp = Yp(zp; X). Then, on each open subset XN Uy ,, let us define

92|ZﬂUo,p = —Yp ({,Cp; E)d{)ﬁp + yp(xp; Eo)dﬂﬁp.
If each 92|ZQUM can be patched together to get 0y € Gy, then it will automatically follows that V 0y, = ¢xn
as this relation holds on every ¥ N Uy, and we are done. The following guarantees that this is the case:

Lemma 2.5.37 Each 0s|snu, ,,p € 0o can be patched together as 0s € Gx.

Proof: First, let us show that each Os|snu,,, P € 0o can be patched together to form a global holomorphic
form 0x, on £\ Uae ramDa.z, () for some €, < €,. Using the coordinates transformation on U, o N Uy, between

(xp,yp) and (zp,yp) as given in (2.1), we find that x, = F,/(x,) and

yp(Fy ' (2): D)
Fy (F=H )

Wy @ )i20) 0 ey,

(i) = i) O

- G;/(Fil(xp’)% yp/(xp’§ Yo) =
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This means

(92|sz0,p/) |EﬂU0,pﬂU0,p/ = —Yp (Tp; B)dzy + Ypr (275 Lo)dwy

_ M_G/ (F~Yap)) | day + r ) — G (F N (zyp)) | dap
L A U %)) B A

- (WPE) -G, (x,,)) dF (z,) + (WZO) - G',(xp)> dF ()

Fy o) R
= —yp(xp; V)dzp + yp(ap; Xo)dzyp

= (0slsnve,) I2nU6 U,/ -

Therefore, we can patch together each 92|EQU0W for p € o9 to get a well-defined holomorphic form s on
Upeoo 2 NUpp D X\ UseramDae, (X).

To finish showing that fx, € Gy we need to check that fa@ fs. = 0. Since 0y, we have so far is well-defined
on the annulus A, ¢, a, (2), it can be written in the standard local coordinate z, of X N U, as

iab5(20) = —Ya(2a; X)dra(2a) + Ya(2a,50: 20)dTa(2a,5,)
= 1. (5) (a) = 3D ((0a(Z) = aa(Z0)) L 1o, ) b1 s (Za)-

For clarity, we have denoted by z,,5, the standard local coordinate on ¥y N U, which is related to z, by

a0 (D) + 22 = 24 = aa(Do) + Zi,z(y Let us give more explanation to the second equality. By (2.52) we have

0. (2) = —Ya(Za, X)dra(2a) € W::(’%‘* and 0, (s,) = —Ya(Za,20; X0)dT0(2a,5,) € W;:(’EMOC)‘. In particular,

G 53 Bo) G 5) = 030 ((00(9) = a0 (Z0)E s,

2%a,5,

) (ya (za,Eg; EO)dxa (za,Eg))

a,%g 2,50 2a

Clearly, 7,0y contains no Cf—: term according to Lemma and so fam@ Os, = 0. [l

Let us embed the neighbourhood Bs, of [3] € B into the fiber Gy,, using the same procedure we did to
embed By, into Hy, in Section and Dz’scs,féM into W:O’M in Section [2.4| but this time with the vector bundle
(G — Bs,,Vr). The embedding map ®@s, : By, — G5, is given by sending the zero vector Oy € Gy at
[X] € Bs, into Gyx, at [Xo] € Bs, via parallel transport using the connection Vx + ¢. Since V8 = ¢, the
parallel transport of Oy from [3] € By to [X'] € B using V. + ¢ is path-independent and it is uniquely given
by

’UE(E/) = —0Ox + 5*2,,292.

Therefore,

@go (Z) = UE(EO) = 7920 -+ 5307292 € GEO,

where the existence of parallel transport s3, y0s € Gy, is due to (J2.5.214 as 0y is holomorphic on Upeqo> N
UO,;D X \ UozG1’:x"a'rnID)oz,eC¥ (E)

Given tg = (tgn) € Discs®¥™ let us define the Ram product version of ®; : DiscsFem — WEem by @, (t) :=
0 t() to 0
a] ® oy, (ta) for any t = (to) € Discs®™ where @, : DiscstoMe s weeMa g ag given in Section
a€Ram stoa to toa too

Doty (ta) = =04, + eXp((aa(th) - aa(ta))£21 ) )Hta € Wteoi’Ma'

Za Fo

Finally, we have the following proposition:

Proposition 2.5.38 (|25, Proposition 7.1.2]) The embedding Py, : By, — Gx, satisfies [Px,(X)] = ®g,(X)
and i(Px, (X)) = §y, 0 y(X) = D4, (E(X)), so (a) and (b) squares in the diagram are commutative. Moreover, if
each (F,Qg)-charts (Un, Ta,Ya) i Uram are chosen such that v4(X0) = (o = 22,Ya = 2a), then ®x, factors
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through L™ and the triangle (c) is also commutative.

Gs,/Gs, W ikam
Hs, L] Gy, i W am

L, =0 (@) o (b) ey (c) Lt

Airy

—

IR

Bs,

-
Bs, Discsfiom

We note that the left-most triangle is merely a restatement of the definition Ly, := im®s, C Hyx, as given in
Section [2.1.3] and we include it here for completeness.

Proof: The proof is mostly an application of Proposition [2.5.34] and Lemma [2.5.36] From Lemma [2.5.36] we
know that [0x] = 0s + F[ ] [50] for some [§] € Hs, and

ia(0%) = 01,.2) + oxp ((6a(2) = a0 (Z0))L 1., ) (60a)

aMa
for some &y, € W;Oa . Therefore, we have

(@5, (2)] = ~[05,] + [s5, w05] = ~[0x,] + T [bx]
= —(Bs, + [0]) + T} 0s + T3 [0]) = —0s, — [&0] + T 05 + [€o] = —Os;, + [0 = &5, (%)
and so (a) is commutative. Similarly,
i(®s5,(2)) = —i(s,) +i(s%, 05)
= =i(0s,) + Y [a] @ exp ((aa(S0) — aa(D)L o, ) ialfs)

2zq

ol
=- EXR: (0] ® (B (20) + £00)

+ EER: a] @ exp ((aa(S0) = aa(ENL o ) (raim +exp ((@a(®) = aa(S0))L s, ) (Goa))
= 3 ke (<010 50) = 00 + e3P ((@a(0) = @a(D)L 1 s, ) bru) +Eoa)
L (“Beuso) + ex0 ((aa(Z0) = aa(EDL s, ) rui))
= ; [0] @ @at, (5) (B (2)) = Bty (X)) = Py 0 (%)

and so (b) is commutative. Lastly, if 74 (3¢) = (T4 = 22, Yo = 24) then it follows from Proposition 4| that
im®, ¢, € L%‘;y and therefore im®;, C Lﬁfﬁ; which shows that (c) is commutative. g

2.6 From Airy Structures to Topological Recursion

As we have mentioned earlier in Section 23] the main reason for our interest in the residue constraints Airy
structure is due to its connection to topological recursion. This connection is well-known and has been studied
in various places such as [4} [1, 25|, however we include this review here for completeness.

2.6.1 Review of Topological Recursion

We recall the following basic facts and setup of the original Eynard-Orantin topological recursion [14} 15]. A
spectral curve (3o, x,y, B) is given by a smooth compact Riemann surface ¥y, global functions z,y : X9 — P!
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2.6. From Airy Structures to Topological Recursion

and a choice of Bergman kernel B = B(p,q) on ¥y x ¥5. We assume that dz(p) has simple zeros at a finite
number of points p € {rocram € o} called ramification points and that y ~ y(r,) + Cy/x — 2(ry) near each
ro (it follows that dy(r,) # 0). We equip to each ramification point the involution map o, defined locally in
some neighbourhood of each r, satisfying o, (rq) = 7o, €004 = x and do,|,, = —id : T, Yo — T, Xo. We set
the initial condition of the recursion to be

wo,1(p) = ydx, wo,2(p, ¢) = B(p, q).

For g > 0,n >3 or g > 1,n > 1 we compute the multi-differential w,, € T’ ((Eo \ UacRamTa)™, (leo)ﬁn) using
the following recursion formula

wg,n(pl,'“,pn): Z Resp:ro,K(plap)wgfl,nJrl(paUa(p)vPZa~~~7pn)

aERam
*
+ Z Z RESP:TQK(plap)wgl,l-&-Uﬂ(paph )wg2,1+|12|(ga(p)apfz) (269)
aERam g1+g2=g

L[ I={2,..,n}

where Z* indicates that we exclude all terms involving wp ; from the summation. We also define the recursion
kernel K = K(p1,p) for py € ¥ and p in the vicinity of a ramification point by

1 Sy w02(P1,P)
2wo,1(p) — wo,1(0alp))

K(plvp) =

We note that K(p1,p) is a global meromorphic differential on ¥g in p; with simple poles at p; = p,04(p). On
the other hand, K (p1,p) is only defined as an inverse of differential locally for p close to r, with simple poles at
p =1, for any a € Ram. The formula expresses Wy, only in terms of wgy s for 29’ —24+n' <2g—2+n
and therefore the recursion is guaranteed to terminate.

Remark 2.6.1 It is known that wg ,(p1,--- ,ppn) is a meromorphic differential on ¥y symmetric in each of its
variable p; with poles only at ramification points of 3¢ [14, |15] and zero residues fpi:m Wgn(p1,--- ,pn) =0
[14, Corollary 4.1]. Moreover, if we have chosen B = B(p,q) to be the normalized Bergman kernel, then
fpieAk Wgn(P1, -+ ,pn) = 0 [14, Theorem 4.3].

We observe that we have only used local information of wp ; in the vicinity of each r,. This suggests a slight
generalization of the original version of topological recursion. We consider a smooth compact Riemann surface
Yo equipped with a choice of Bergman kernel B = B(p, q) and a set of distinct points {rocram} indexed by the
set Ram. We let x and y be locally defined functions on some open neighbourhood D, of each r, € Ram such
that dz(r,) =0 and 7, := /& — 2(r,) is a local coordinate on D, of r,. Then in general, we have

x|Da :Ti'i_aaa y|D& :b0a+b1a7—a+b2a7—2+"'

and the involution is given by 04(7n) = —7a. As before, we set the initial condition of the recursion to be
wo,1(p) = ydz and wp 2(p,q) = B(p, q), notice that w1 is now only a locally defined differential form in the
vicinity of each r,. The rest of the recursion is the same as above. This variance of topological recursion
sometimes called local topological recursion [13| and it is the version we are going to be interested in.

2.6.2 Relations to Airy structures

Let us irflt{rg)guce ;he iollowing pr2e—6A2ry structure {(Hrg)i=12,3, ,ac Ram } O ijllz?rayﬂ which is a slight modifi-
cation o Airy)n,o ) given in ([2.62):
w(2) 2n—2 3/ 2
(HrR)2n,0(w) = Res,—o z— 5o [o] ® 2z d(z*) |,
1 w(z w(—z
(HrRr)2n—1,0(w) = §R€Sz:0 ((Z - 2;(;) (z + 2(zd,2)> o] ® ZQ"_Qd(z2)) (2.70)

forn > 1 where w := 3", c pam D onet (5 fia+yr,ae®) € WX??;"‘. We note the only change from {(Hy,q) Airy }

is that w(z) in one of the factor of (Hrg)2n—1,o has been replaced by —w(—z). Expanding (2.70) we get

- : Bk,
(HrR)ia = =Yia + (@0R)(,0)6,8) k@ 27+ 200R)( ) 52 b + (crr) 20 gy (271)

62
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where

1
(aTR)u,a)(j,ﬁ)(k,w)—Resz—o( YPY] ( BE 5 fial(z )fj.ﬂ(Z)fm(—Z)> Siodds  Arr = ((aTR)(i,0)(j.8) (k7))

1 1
ky _ ) - k,y
(bTR)(l',a)(j,g) = Res.=o ( @sz alz )fj B( ) (= Z)) 5z,odd7 Brg = ((bTR)(l',a)(j,g))
; 1 1
(CTR)E?&/B)(ICW) = Res,—g ( yr z(dz)Qfl o(2)eP(2)e k’y(—z)) 0i,0dd; Crgr = ((CTR)(J D),

The expression lj should be compared to . Additionally, we define (err)ia = 1—166,-’3767«3 =
((erR)i,a) = €airy. The key point is that: (kaizm Arr,Brr,CrR,€rRr) is a quantum pre-Airy structure.
Additionally, since —w(—z2) = w(z) if gi=evemacRam — o, ackam = 0, it is clear from (2.70) and Re-

mark [2.5.24] that both (VAWamI Arg,Brr,Crr,err) and (VAWam‘ Apiry, Bairy, Cairy, €Airy) contain the same

am
quantum Airy sub-structure ((VAiry)de ! s Adirys Bairys Cairy, €Airy)-

We will now present the main result of this section.

Proposition 2.6.2 (|4, Theorem GJ,[1, Lemma 9.1],[25, Section 3.1]) Consider a smooth compact Rie-
mann surface o with a set of distinct points {rocram} and a neighbourhood D, > 1o for each o € Ram
with local coordinate z,. Let {wg}n el ((ZO \ UacRamTa)™, (leo)g”)} be the multi-differentials produced from
topological recursion on Xy using:

1. The involution 04(24) == —24.
2. wo1(p) locally defined on each D, for o € Ram such that wo1(2a) — wo,1(0a(2a)) = 422d2,.

3. wo,2(p,q) = B(p,q) the normalized Bergman kernel.
Suppose that V&< C WX;”;I;” is a Lagrangian complement of TOLEZT with basis {n=h23 =
. s . R R e .. .
ZﬁGRam Z;’il d;”@e]’ﬁ}, for some (d;',ﬂ) Vflhraym\ N VAWaym| and {ek 1,2,3,+ ,0€Ram _ ek,a_'_zjﬁ S(k’a)(]’ﬁ)fj,ﬁ}
are given by Definition |2.5.10, Let (Vgg” AAWy,BAWy,CA”y,EAWy) be the quantum Airy structure obtained
from the gauge transformation of the quantum Airy structure (VAWam‘ Adiry, Bairy; Cairy, €airy) (see Sec-

tion corresponding to the change of the canonical basis {€*%, fr.a} — {n*,wi} of WL?;};”'. Also, let

{Sq,n € Symn(Vm”)} be the output of the ATR using (V5" AAWy, BAwy, C’Awy, €airy). Then forg>0,n>3
org>1,n>1, we have:

Wy (D1 ey D) = Z Sgmsiv e in® (1) 0 (D0, (2.72)

i1, in=1

where 't (p1) -+ -0 (pp) denotes symmetric tensor product Y oes, L0l (Po(1)) @ .. @ NP7 (D))

Proof: We let the basis of TOLLEZT be given by {wi=123, = Y gc pam 2ge1 P £ 5}, where (1) = (di )"

From Remark [2.6.1] we may write for g > 0, n>30rg> 1 n > 1:

oo

Won(P1soPn) = Y (STR)gimsir.inn (01) 0" (Dn)-

i1, in=1

In the following let us assume that p is close to one of the ramification point but p; is further away in the sense
that if p,p; € Uy N Xg were in the neighbourhood of r,,« € Ram then in standard local coordinates we have
|za(p)] << |2a(p1)|- The Laurent expansion of wg 2(p1,p) when p is close to a ramification point in the standard
local coordinates can be written as

wo,2(p1,p) = Z (Pl ) fra(2a) Zﬁ P1)wk(za),

a€Ram,k>0 k>0

where z is the standard local coordinate corresponding to p. Similarly, for K(p;,p) we have

1 1 1
K = - — 7ik’a o o).
(p1,p) 4 2 (dza)? aeRZamk>oke (P1)fi.a(2a)
k odd
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Now we have everything we need to evaluate the recursion formula. For ¢ = 0,n = 3 we have

wo,3(P1,p2,p3) = 2 Z Resp—r, (K(p1,p)wo,2(p, p2)wo 2(0a(p), p3))

aERam

or,

> (S7R)030iisM6 (P1)0 (P20 (p3)

11,12,13>0

2 Y Res. (—41.1Za(dlza)zf“,al<za>wi2<za>wi3<—za>) £ () (p2)™ (ps).

a1 ERamyiy,i2,i3>0
i] odd

Comparing the coefficients, we have

1 ; ; o
(STR)0,35i1ini5 = 2 Z Res. —o <_4fjl,al(Za)sz,az(Za)fjg,ag(_za)) e
a1,a2,a3€ Ram,j1,j2,j3>0 J1
jl odd

_ 1,01 J2,002 J3,03
=2 § (aTR)(jhal)(jz,az)(js@a)czzl Ciy Czj'g :

a,a2,03€ Ram,j1,j2,j3>0
j1 od

For g = 1,n =1 we have

wi,1(p1) Z Resp—r, (K(p1,p)wo,2(p, 0a(p)))

a€Ram
> Sra)iamy (p) = Jim > Res.,—, (K(p1,p)wo2(2a: =)
- 2l —za
i1 >0 a€Ram
. 1 1 .
“Jim S Resna (g e e ol () (2 ) 4 )
a1 ,az€Ram,iq,iz >0
i1 odd
. 1 1 2,02 / Z17041
= Jm o 3 Ressco |~ g ey e (o) finan (2a)en 3 (=20) ) € 1)
aq,as€Ram,iy,ia >0
i1 odd
I (i2,02) (j2.82) 1 1 ) giron
+Z/1£>I}Z Z § ReszaZO _Tilmfih(h(Zoé)fimoéz(Zoé)szﬂz(_za) (pl)
feY o « «

a1,as€Ram,iy, iz >0
i1 odd

1 adza N 1\ L,
= Z Res, —o <4Za (Z"“lza> %> e (p1)

a1 €ERam,i; >0
i1 odd

) ) 1 1
§ i, B . ) . 51,
+ 3( 202) (2 Z)Resz:o (_ i, Za(dza)2 fz1,a1 (Za)fzz,az (za)fh,ﬁz(_za)) ! l(pl)

a1 ,az€Ram,iq,iz >0
i1 odd
Where the limit lim,, . is taken from the direction |z},| > |2,|. We can easily see that the first term of the
last line is simply > c pam %63’“(])1) = ergr and the residue in the second term can be recognized as Arg.
Comparing the coeflicients, we have

R E ) E ) ) ) (42,02)(j3,a3) 1,01
(STR)l,l;zl - (ETR)]l,al + (OJTR)(]1,041)(]27&2)(]3,043)5 Cgl .
a1 € Ram,j1>0 az,a3€Ram,j2,j3>0
j1 odd

Forg>0,n>4o0rg>1n>2org>2n>1we have from the recursion formula

> (Sr)gmiin, i (1) 0" (Pn)

11,00 ,in >0

11 . )
= > 1 >O[ > Resza0< 4“20(612)fil,al(za)n”(Za)n“(—za)) (STR)g—1,n41j12iz. i

a1 ERamyig,-- i J1,j2>0
i1 odd
1 1 i
+ 2 E E Res, —o 7]%,&1 (Za)wik () (—2a) (STR)g,nflﬂ'li{z ~n3\{k}
k=2 j1>0 i za(dz)? -
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1 1 ) _
+ Z Z Res,=o ( 4i; mfh,al (za)1" (za)1”? (Za)) (STR)9171+\11|;j1i11 (STR)9271+|12\;j2i12

gi1t+g92=g J1,J2>0

I, [T I.={2,...n
X € (p1)n' (p2)..n"™ (pn)-

Comparing the coefficients, we find that the recursion relations (2.69)) becomes

(STR)gnsir,emmin = 25 Y (brr). i, (STR)gn—1sdiga i+ (2.73)
k=2 3j>0
J1J2
+ ) Y (err) M (STR)gy 1411 irin, (STR) go 141 Ealigain,
g1+g2=g ]1J2>0
L] I2=1{2,..
3132

+ E (€rr)]? (STR) g—1.n+1j1jsin.vin s

J1,J2>0

forg>0,n>4o0rg>2n>1org>1n>2 with the initial condition

(STR)0,3i1i2is = 2(@TR)irizis (STr)1.15i = (€TR)is (STR)on<2 = (STR)g>00 =0 (2.74)

where

(dTR)’ilizia - (aTR)(Jth)(Jz,OQ (Js,aa)cjhalcjz aQC]S,Q:S (275)
(BTR)E?ZQ = ((bTR)@fjl)(jz,az) + (aTR)(jl,al)(jz,az)(k,W)S(k”Y)(j3’a3 ) (:71,(1101270‘26132 as

Erm)i™ = ((ern)fen ™™ + brr) o, os® 00

(bTR)(j%O‘?) )s(kzﬁz)(j?»:aa) +(

Garoa) | s(/nm)(jz,w)s(kz,vz)(jm))
J1,0a 2,72

aTR)(jl sa1) (k1,71) (k2,72)

J1,01 jio i3
X C d]z azdjsﬁs

(érr)i = ((GTR)jl,al + (AT R) (G1100) (b1 y1) (g ya) ST 2072 )C’”’al

In (2.75) the summation is over positive odd integers j; and over all positive integers for all other
indices. ~ Equivalently, we may take all summations in (2.75) to be over all positive integers since
components of Arg, Brr,Crr,err with j1 = even are zero. Let Arr = ((@rR)iizia), BTR =
((bTR)hZz) Crr = ((CTR)Z“) and érp = ((érr)i). We recognize 1) together with 1D as the

ATR of quantum pre-Airy structure (VEm” Arg,Brr,Crg,érr) which is the gauge transform of the

quantum pre-Airy structure (Vflmam‘ Argr, Brr,Crr,err) corresponding to the change of the canoni-

cal basis {ekio‘,kaa} = {n¥,wi} of WX??;”‘. Using Remark [2.2.30] and Remark [2.5.24] we have that
(VZ"DL”,ATR,BTR,CTRETR) ‘and (YZ AAWy,BAWy,C'AWy,eAWy) both contain the quantum Airy sub-
structure ((V5")odds Aairy, Bairy, Cairy, €iry). 1t follows that (Str)gn = Sgn € Syma((Vs")oad) (see
Remark [2.2.14)), which completes the proof. O

2.7 Topological Recursion and Prepotentials

In this section, we are going to prove the main theorem which relates the prepotential §x, (see Definition
, defined on some open neighbourhood By, 3 [X¢] of the moduli space B of F-transversal genus g
curves in (9,Qg,F), to the genus zero part of topological recursion on Xy. The basic idea is as follows. The
map ®sx, : By, — Hyx, embeds By, into the fiber Hy, as the Lagrangian submanifold Ly, with §x, as the
generating function. The image of @y, : Discs{i®™ — W™ is contained inside the Lagrangian submanifold
L,I}ZZZ with Sp, the ¢ = 0 part of the ATR output of the Ram product residue constraints Airy structure
{(HAiry)i=1,2,3, ,acRam }, as the generating function. In Section We constructed the map @5, : By, = Gx,

relating ®x,, to @4, therefore also relating §x, to Sp. Finally, we use Proposition to relate Sp to wo p-

The important step in simplifying the proof of this result is to use the right gauge when working with the Airy
structure {(H airy)i=1,2,3,--- ,acRam }- For example, the canonical basis

—199.. . dz dz
{ek_l,Z,S, ,a€Ram — [OL] ®Zo¢k Zavfk 12,5 € Ram i= [ ]®k k a}

[} ZO&
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2.7. Topological Recursion and Prepotentials

for Wﬁ%’ will not make the comparison between Sy = So({zF=123a€Ram1y anq 8’;0 = Fx,(al,---a9)
easy. Each 2% is a coefficient of the Laurent series expansion of @y, (X)) whereas each a’ relates to A-periods
of @5, (X). Therefore, we start by choosing the new canonical basis for Wﬁ‘i’;’} which makes the cohomological
information of @5, (%) becomes more visible from the point of view of W fam

Airy *
Lemma 2.7.1 Let [Yo] € B and let {e¥=123a€Ram} pe the basis of the Lagrangian complement Vs, as given
in Definition |2.5.10, There exists a canonical basis

o0 o0
p=123 Z Zd;:’géj’ﬂ7wi:1,2,3,~~- — Z ZCZ’ij,B

BeERam j=1 BERam j=1
of Wiim = Wi,
Qairy (Wi, w;) = Qairy(n',m7°) =0, Qairy(n',wy) = 65,

corresponding to the Lagrangian complement Vs, such that wy,--- ,wy € F(Eolleo), n=h23 e Ve and wisg
are locally defined holomorphic forms on UseramDq 11, (X0) C Xg for some M, > M. Furthermore, we have
that fori,j=1,--- ,g:

7(%:5;’., fwj:nj(zo), f 7 =0, f n = 2mio], (2.76)
A; B; A, B;

i i k3

and all A, B-periods of 1°>9 vanish. Lastly, (c;a) : V)\?Tayml — VILRTWH‘, (dé‘,,@) : VA};{Z’L‘

Condition and {e=1:2:3a€Ram} g given by Definition |2.5.10),

— Vflfjrzm‘ both satisfy

Remark 2.7.2 Equivalently, we describe the canonical basis in [2.7.1| as follows. Choose {w1,--- ,wy} to be the
set of normalized holomorphic differentials which is a basis for T'(Xo, 23, ). The set {wi, -+ ,wg, wisg} is a basis
for To L™, where w;s 4 are locally defined. The set {n',---,7n9,7">9} is a basis for Vs, because §Ai n? =0 for
all j =1,2,3,-- and {n*>9} is a basis for G%O because all A, B-periods of 7°>9 vanish.

It follows that {wq, -+ ,wg,n', -+, 77,779} is a basis of Gy, and {w1,- -+ ,wg,nt, -+ ,n9} is a basis for Hx, =
H'(3,C) = Gx,/Gs;,. Finally, §, n/ = 2mid] for j =1,---, g can be deduced from Qaipy (1, w;) = 4%

Proof: Let {wi,--- ,wy} be the normalized holomorphic differentials on %o, ¢, w; = 5;, $p wj =7i;(30). It is
clear that {wi,--- ,wy} is linearly independent in ToLﬁfj’; - Wlﬁ%ﬁ Define

dzo  £,(2) converges for |z,| < M,
Ram . _ n+1 o «@ «@ Ram
(ToLE5)>n = {5 = 2 et &) e Clll 7 for some i1, > M. C LA

aERam

We take {fi>ma€lamy 6 he the basis of (ToLE¥™).,,. It follows that ToLE¥™ /(ToLE™).,, is an n|Ram|-

Airy Airy Airy
dimensional vector space. By choosing a large enough n, the image of {wi, -+ ,wy} in TOL%’;Z (T0L§3$)>n
is linearly independent and we can complement it with {wgi1, -+ ,Wn|Ram|} such that the image of
{wi, -+ ,Wn|Ram|} In ToLfff[Z (T0L§?$)>n is a basis for TgLﬁf,ZZ (TOL§?7ZZ)>,L. Let {Wisn|ram|} be given
by {fi>n.acram} rearranged in some order, for example, let r : {0,--- ,|Ram| — 1} — Ram be an arbitrary
bijection then we define w; := f|;/|Ram|],r(i mod |Ram|)- Then {wi—123..} is a basis of (TOL%?[Z (ToLBem™) ., @

ir

((TOLE;?;ZB”‘% TOLII}Z?; and i(wk) = D 5cRam 23011 c,z’ﬁfjﬂ for some (CZB) satisfying Condition [2.4.17| In
particular, (CZ/B) satisfies (J2.4.17]3.
It follows that its inverse (déﬂ) also satisfies Condition [2.4.17|and that {n*=1:23" w,_1 5 3.} gives a canonical
basis for Wﬁi’;. Since .171' = > 8cRam Z;’il d;jﬁéj’ﬁ is a finite summation for each i, we have ' € Vi, and
in particular that §, 7’ = 0. Suppose that i > g and j = 1,---,g then by using 1b we have §, 7' =

. v . . J .
2miQairy (0, w;j) = 0. Similarly, by using |D fori,5 =1,---,g we have fB,- n" = 2miQairy (0', wj) = 2mid}.
O

The main theorem is a joint work with Paul Norbury, Michael Swaddle and Mehdi Tavakol [6] which we will
now state and prove:
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Theorem 2.7.3 Let B be the moduli space of F-transversal genus g curves in a foliated symplectic surface
(S,Qg,F). Then for some small open neighbourhood Bs,, C B of the reference point [Xo] € B, the prepotential

T = S, (al, -+ ,a%) such that

k
E):?{ 05, b; = 7{ O 33208{? })a =19
A; a

can be expressed as

Sgo(al, o vag):gzo(a(l)v"' ’ag)
9 g
# 3o ) e+ D e ) TS o af)
i= irj
11\ i it in _ pin
D () g ( 4 . fB won (DL ,pn>> (a —af)-- (@ —ay)  (277)
for all (al,---,a%) = [X] € Bs,. Where ak = af(%y) and the multi-differentials

{wg,n el ((ZO \ UneRamTa)™, (ngo)&L)} are produced from topological recursion on Yo using:

1. The involution 04 (24) == —2q-
2. wo1(p) locally defined on each $o N U, for a € Ram such that wo1(24) — wo.1(0a(24)) = 422d2,.

3. wo,2(p,q) = B(p,q) the normalized Bergman kernel.

with z,, for a € Ram denotes the standard local coordinates corresponding to the collection of (F,Ss)-charts
Z/[Ram = {( a€Rams La€Ram yaeRam)} TO((ZO) S ZO N U such that '704(20) (xa = zgu Ya = Za)-

Proof: Let {eéxcram}, {Macram }> Uram and Bs, be chosen such that Condition is satisfied. In particular,
the collection of (F, Qg)-charts Uram is chosen such that v, (3¢) = (2o = 22, Yo = 24). Consider the embedding

map @y, : By, = Gy, given by 5 (¥) := —bx, + 55, 0s (see Section [2.5.7). It follows from Proposition [2.5.38
that i(®x, (X)) satisfies the Ram product analytic residue constraints:

i(Px, (X)) = Pyzy) (v Z Z P fa + Uka€™®) € LE C Wik, (2.78)
a€Ram k=1

Let us change the canonical basis of W Z%” to {ni:1’2’3"“,wi:1,2,37...} as provided by Lemma Then,

e} g
O3y (D) =) Ben* + ) oFuwy, (2.79)
k=1 k=1

by Proposition m 2.4.20] where {a#=1:2:3} {853 ..} are given by (2 and a>9 = 0 since w;sy ¢ G,
(alternatlvely, we could apply Corollary m Computing the A- perlods of &5, (%) using (2.76), we obtain
fori=1,--- g

0o g
o' = ]{h <; Brn® + Z akwk>

:72@20(2):}{‘ s, (5 7{ 0y, + ]{ By, — a' (%) — a'(S). (2.80)

i

Similarly, computing B-periods of ®x,(X) using ([2.76|), we obtain for i =1,--- , g:

[es} o0 g9
2mifi + Y Tik(To)at = ]{ (Z Bin* + Z akwk>
k=1

B;

_ 7{ By (5 f By, (3 f by, + 74 By = bi(S) —bi(S0).  (281)

Where we have used Lemma [2.5.13| in conjunction with the fact that (d;ﬁ) satisfies (J2.4.17/3 to justify the
term-by-term integration. In particular for each i = 1,2,3,---, ' is a finite linear combination of €-“. We also
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have used the relation [tbgo( )] = ®5,(X) from Proposition [2.5.38] From now on we will write a’ := a*(X), b; 1=
b;(X) and a}) := a’(3), by := b;(Zo).

Let us cover By, with a coordinates chart (Bs,,u',---,u9). Then it is clear from construction that for each
a € Ram, i, (®x, (X)) is holomorphic in {ul, -+ ,u9,z,} for all (ul, -+ u? 2,) € By, X Ag.c. n,- Recall from
Lemma that {al, - ,a%} is also a coordinates system of By,. From and (2.80), it follows that
B; are holomorphic functions in {a',---,a9}. It follows that i (35 Br(al, -+, a9)n") (24) is holomorphic
in {a!,--+, a9 2} on the open neighbourhood Bs, of (al,---,a9) = (0,---,0) and |z4| > €,. Using
together with Proposition implies that

(HAiry)i ({ala T 7aga ak:>g = 0}7 {Bk:l,?,&-“(alv e ’ag)}) = 07

where (H Airy)i is the gauge transformed Ram product residue constraints Airy structure as given 1n . Us-
ing the obvious generalization of Proposition [2.4.21] (see also Remarkm, we conclude that 3;(al, -, a9) =
(9:S0)|ak>s—0 where Sg = > | So.n € [[,2, Symn(VZme’”) is the output of the ATR using the quantum Airy
structure (Vz"ger, Adiry, Bairy; Cairy, €airy). Here, (VZ’”” AAWy, BAWy, CAWy, €4iry) is the quantum Airy struc-
ture obtained from the gauge transformation of the quantum Airy structure (VAWam‘ Adirys Bairy, Cairy, €4iry),

corresponding to the change of a canonical basis of Wlhfml from {ek=1:23a€Ram § |45 . acRam} 1O

(k=123 wr_123...} (see Section [2.5.4). In particular, let Sp(al, -+, a9) = So({al, -+ ,a9,a*>9 = 0})
then Sy is holomorphic on By, and 51'(0617"' ,af) = g‘z? (at,---,ak) for i = 1,---,g. Equivalently,
ﬁé = %% (al —al,---,a% —af) for i = 1,---,g. Using the fact that b; 3320 (al,---,a%) and 7;;(%) =
ga%i‘} (al,---,a9) then 1) and 1) implies
9S, 5 ) 28> 0%s 0%
27rza—a(a —a(lh.. —aO +l; akﬁ;;)l(a‘l)"” 7ag): aaio(al"“ ,a%) — aaio(aé"” ,ag)

Integrating both sides, we find that for all (al,--- ,a%) = [X] € Bx, we have

g

332
Fuo(@l, -+, a%) = Fx,(ag, -+ ,af) +Z 8a10 (ag, )
=1

N =
+ Z (a' —ap)(a’ —a)) SE; (ag, -+ ,ad) +27miSy(al —aj,---,a% —aj). (2.82)

ij=1
From 1) So=> 1 & ZZ) =1 S0.nsiy iy @1 - it follows that
o0 g
1 . . .
So(a' —aj, -+ ,a’ — a) :Z; > Somsis, i (@ —al) o (a’ —af). (2.83)
: ‘1’...’

On the other hand, Proposition and the fact that fB_ 7’ =0if j > g and fB’_ = 2m’6{ if 7 < g implies
that for é¢,--- ,4, =1,---,g we have

1 n
Somis s = <> f f Wom(Prs ). (2.84)
2mi P1E€DB;; Pn€By,

Combining (2.82)), (2.83]) and ([2.84) the theorem is proven. O

Remark 2.7.4 In Theorem 2.7.3] we can take wo,1(2a) = yadzs but other choices for wo1(p) are equally
valid as long as wo 1(2a) — wo.1(—24) = 422dz, is satisfied. Note that although wo,1(2a) = Yadza looks very
similar to —fx, which locally takes the form 0s,|s,nv, = —(yp + fp(2p))dz,, in general wp 1 and —fx, cannot
be the same. Firstly, wy,o is usually defined only locally near ramification points whereas 65, is defined on
Y0 \ UaeRamDae, (X0). Moreover, it is generally not true that Os,(—z4) — 0%,(24) = 422dz, so we cannot
choose wy g = —0y,. For example, let [X1] € By, be a nearby curve of ¥ with the local parameterization:

7&(21) = (xa = Zi + aa(zl)»ya = bOa(El) + bla(zl)za + b2a(21)2(2x + - ) .

Let us construct 6 € I'(Bs,, G) by patching together Ox|sny, = —yp(zp; X)day + yp(xp; ¥1)dr, as explained
in Section [2.5.7] (replacing By, by Bs, N By, if necessary). As in the proof of Lemma [2.5.37 on the annulus
Ag e v, (Z0) C EgN Uy, we have

50 (20) = Or. (5 (20) = &3 (~aa(B)L 1o ) bromy) (2a)
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- aa(21)
= —2d(22) + me(zl)z(’; ( 1— az2 1 ) d(22).
k=0 @
From which it follows that
e 2k+1
O50(~2a) = 05, (20) = 422020 =23 barira(B1) (VZZ —0a(Z1)) d(z2) # 422dza.

k=0

However, in some exceptional cases such as those we are going to examine in the examples below, we can
technically set wq o := —0yx,. Suppose that there exists a meromorphic differential form dS(X) on each [X] € By,
varying holomorphically over By, , such that VzdS(X) = ¢x and dS(X)|snv, = —(Ya + fa(Za))d2a|snu, for
some holomorphic function f,(z,) for all @« € Ram. Then we can define the map @y, : By, — Gx, by
Py, (X) = —dS(X0) + 55, 2dS(X). If dS(X) has no residues, then it effectively plays the role of fx;, even though
dS(X2) might not be in Gy because it may have poles at non-ramification points on X. In particular, we can
set O, := [dS(Xo)] € Hs,. Since (dS(X0))(—24) — dS(X0))(2a) = 422dz, we can apply Theorem with
wi,0 := dS(Xp). An example of this case is the Seiberg-Witten family of curves given in Example IfdS(%)
turns out to be holomorphic, then we can define 0y, = dS(X) € Gy, and apply Theoremwith wo,1 = —bs,.
Example below provides an example of this scenario.

Example 2.7.5 Let us consider the family of curves arising from the Hitchin systems |20, 3]. Let M,, 4 be the
moduli space of rank n degree d semi-stable Higgs Bundles on a compact genus g Riemann surface C. Given a
holomorphic vector bundle F, we define the degree by deg F := fc c1(E). A rank n degree d semi-stable Higgs
Bundle is a pair (F, ®), where E is a rank n holomorphic vector bundle on C and ¢ : £ — EF ® Qé is a bundle
map, such that

deg F < deg F

rankF — rankF

for every sub-bundle F C E such that ®|r : F — F®Q}. We say that (E, ®) is stable if the inequality is strict.
Let B:= @;_, T'(C,05%) be the base of the Hitchin map h : M,, 4 — B given by h(E,®) = (p1(®), - , pn(®))
where 2™ +p1 (®)x" "t + -+ + p,(®) = det(x - Id — ®). A fiber of the Hitchin map over b = (b1, -+ ,b,) € B can
be described by a spectral curve ¥, C T*C given by the zero divisor of the following global section:

A" 4 b AT e D, € D(THC, o (Q0)®™).

Where 7 : T*C — C is the projection morphism and A € I'(T*C,7*Q}) denotes the tautological section:
A(p) = p € (T°Q%),.

It follows that B is a family of genus g := 2n?(g — 1) + 2 compact Riemann surfaces ¥ embedded inside the
foliated symplectic surface (S, Qg, F) where S := T*C, F is given by the cotangent fibers and g := —d© where
O € I'(T*C,7n*Q}) is the tautological 1-form. Denote by B, the regular locus of B where ¥ are smooth for
all [X] € B9, For each [¥] € B9 we define Oy, := —O|yx € I'(X, Q). Let U C C be an open subset with local
coordinate ¢, then (T*U, q,p), T*U C T*C is a (F,{g)-chart because ©|p«y = pdq means Qg|r-y = dg A dp
and the foliation is given by p = const. Moreover, we have 0y |y~ = —pdq|snr+y which implies Vz0s; = ¢x.

Let P
2= ¢ Ox, wi::f Oy, = 220 (21, .. 29
ﬁi . 5 07 ( )

where §y, is the prepotential. In fact, in this case the prepotential is simple enough to be written down

explicitly: Fs, (2", -+ ,29) = 320 2w = 5 37 . mij (2!, -+, 29)2"27 3, Proposition 5.11].

Now, consider the topological recursion on [Eo] € B"%Y with w1 := —0x, and wg 2 = B the normalized Bergman
kernel. If we picked a (F,Qg)-chart (T*Uy, pa, o) such that ro(Xg) € T*U, and v4(X0) = (o = 22, Pa = Za),
then Oy, |s,n1+v., = —Padqa|snr-v, = —2ad(22) and therefore wo 1(2a) — wo,1(—2a) = 422d2,. It follows from
Theorem m that formula relating §x, = §x, (21, .-+, 29) and wy ,, holds in this setting over some open
neighbourhood By, C B9 of [3j]. The exact same result was obtained earlier by Baraglia-Huang |3| Theorem
7.4] using a different technique. Note that in comparing our with [3] Theorem 7.4], we need to replace z*
by z' := —2% and s, = Fx, (21, ,29) by Fs, = 55, (2}, -+ ,29) = Ty, (=2, .-+, —29) because Oy, in 3] was
defined to be +0|s instead of —O|s.

Example 2.7.6 Let B be the family of smooth Seiberg-Witten curves (see Section :

1
Y(u) : A9 <w + ) =29 L w297 b = P(zu).
w
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It can be shown that each Seiberg-Witten curve ¥(u) can be embedded inside a foliated symplectic surface
(S,Qg, F) where S is a certain compactification of C?. Let us consider the dense subset U := (C\ (—o0,0]) xC C
S with coordinates (logw, z) and suppose without loss of generality that g = X(ug) is chosen such that all
ramification points 7,(3g) are contained in U (we simply pick a different branch-cut for log otherwise). On
U, the symplectic form is Qg|y = %” A dz and the foliation is given by w = const, hence (U,logw, z) is a
(F,Qg)-chart. The Seiberg-Witten differential is given by dSsw := z%", or dSsw(Z(u)) = z%"b(u) if we
would like to emphasize that we are considering dSsw as a differential form on X (u). We define A, B-periods
and the Seiberg-Witten prepotential gggv = Sggv (at, - ,a9) by

SW
at = 7{1‘ dSsw (Z(u)), b; == }1{9. dSsw(X(u)) = agz;’ (a*,---,a%),

1

i

over some open neighbourhood By, of [Xg] € B. By definition of the symplectic form g, we can see that
VrdSsw(X(u)) = —¢s() and hence 92&;) = —[dSsw(X(u))] € Hx(). The negative sign means that we
will need to identify a’ := —a' and F5V(a',---,a%) = Fy,(a',- - a% after our application of Theorem
later on. Choose a new (F,Qg)-chart (Uq,Zq, yo) around every ramification points r, of Xg such that
Ya(X0) = (0 = 22, Y0 = 24). Then (logw, z) and (24, y) must be related by the coordinate transformation of
the form :

Yo

F'(z,) TG (wa).

logw = Fy(zq), z=

Therefore,

(@S (Z0)) o) ~ (@S (50))(~20) = 2l 4 6/ 20)) ) (o))

S Be20) e o)) F i (—n) i (2
(o + (o) oo

= Y0 (20)d20(24) — Ya(—20)dT0(—24) = 4zidza.

Using Theorem we find that on some By, C B the relation holds between the Seiberg-Witten
prepotential {S’%ZV and wp », produced from topological recursion on Xy using wo 1 := dSsw(Zo) and wp 2 = B,
where B = B(p, q) is the normalized Bergman kernel on ¥y. In Chapter [3| we are going to study this example
in more detail. In particular, we will construct the needed foliated symplectic surface (S, Qg, F) and explicitly
show the calculations leading to without referring to Theorem m
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Chapter 3

Seiberg-Witten Prepotential and
Topological Recursion

In this chapter we demonstrate the Kontsevich-Soibelman approach to topological recursion we have studied
in Chapter [2| using an explicit example of the genus g > 1 Seiberg-Witten family of curves, parameterized by
u= (U1, - ,Ug):

1
A9t? (w + w> =29 fug29 - fuy = Pzu).

In the end, we obtain the formula relating the Seiberg-Witten prepotential Sgow = Sggv({a’}) to the genus
zero part of topological recursion on a Seiberg-Witten curve with wp 1 = dSgw () on some open neighbourhood
Bs, C B of [¥y] € B. Note that the energy scale parameter A plays no role here and we will set A = 1.
Alternatively, we can simply absorb A into uy and z by re-defining ;%= + ux and % — 2. First, we will
show in Section that the family of smooth Seiberg-Witten curves

B:={u=(u, - ,uy) € CY| P*(z;u) — 4 =0 has 2¢ + 2 distinct roots}

is the moduli space of F-transversal genus g curves in some foliated symplectic surface (S, Qg, F). Once this is
done, using Theorem the formula immediately follows. However, the purpose of this chapter is to
demonstrate various calculations in Chapter [2|in the light of the Seiberg-Witten family of curves. Therefore, in
the remainder of this chapter, we will not refer to Theorem[2.7.3] in fact, we will re-prove the Seiberg-Witten case
of Theorem in Section Some other relevant details will be presented in Section such as the choice
of {eacram}, {Macram }sURam, By, and the verification of Proposition in the context of Seiberg-Witten
family of curves.

3.1 Embedding of Seiberg-Witten Family of Curves into a Foliated
Symplectic Surface

3.1.1 Outline of the construction of the foliated symplectic surface (5, g, F)

To apply the technique we have discussed in Chapter [2| we need to find a foliated symplectic surface (S, Qg, F),
such that any smooth genus g > 1 Seiberg-Witten curve X(u), in the family B, can be embedded into S as an
F-transversal curve. We require that S contains a dense open subset U = C* x C where C* := C\ {0}, which
can be covered using two (F,g)-charts (U;,logw,z),i = 1,2 given by any two different branch-cuts of log,
Qsly = © A dz and the foliation given by w = const. This is so that the section § € I'(Bs,, G) introduced in
Section will be related to the Seiberg-Witten differential dSsy = z%". In other words: if dSgy is treated
as a differential form on U then d(dSsw)|v = Qs|u-

Remark 3.1.1 We cannot simply set S = C* x C or C? because Seiberg-Witten curves ¥(u) are non-compact
as curves in C* x C or C2.

There are many ways to construct (S,Qg,F) but let us now describe one of the possible ways. We embed
Seiberg-Witten curves ¥ (u) into P? as follows

S(u) = {[w:z:2] € P* | w29 —w(z9"" +ugz®2d + - + w9t + 2972 = 0} C P2
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3.1. Embedding of Seiberg-Witten Family of Curves into a Foliated Symplectic Surface

When g > 1 the curve X(u) embeds non-smoothly into P? with a singular point of multiplicity g at [w : z :
2] = [1:0:0]. There also exists no globally defined holomorphic symplectic forms on P? because the canonical
divisor of P? is Kp» ~ —3H, where H is the hyperplane divisor. In other words, any symplectic form on P?
is meromorphic with pole divisor a degree 3 curve. If X(u) intersects Kpe trivially we could still consider S
to be an open subset of P? containing ¥(u) but not Kp2, hence it is symplectic. However, Bézout’s theorem
guarantees that ¥ (u) intersects Kp2 at 3(g+2) points counting multiplicity. For these reasons, we cannot simply
take S to be P? or any open subset of P2.

In particular, let us consider Qp2 := d(#/;) Ad(%). We define divisors H,, := {w = 0}, H, := {z = 0} and
H, := {2z = 0} on P2, Then it is clear that Qp= reduces to dz A 22 on C? = P2\ H, where we can set z = 1.
We can see that Qp2 has order 1 pole along the hyperplane H,, C P? and order 2 pole along H, C P2. Hence
the canonical divisor is

Kp2 = (Qp2) = —H,, — 2H, (3.1)
and Y (u) intersects Kpz at [w:z:z]=[0:1:0land [w:z:2]=[1:0:0].

We are going to show that the symplectic surface S can be obtained by blowing-up P? repeatedly starting from
points [0:1:0] and [1:0: 0] until ¥(u) no longer intersects the canonical divisor.

Figure 3.1:
P2 with divisors H,, := {w = 0}, H, := {z = 0} and H, := {z = 0}. The numbers are order of poles of Qp2 on
each respective divisor. We notice that 3(u) intersects the point [w : z : 2] = [1 : 0 : 0] tangentially to H, and
intersects [w: z : z] = [0: 1 : 0] tangentially to H,,.

3.1.2 Some algebraic geometry background and intuition

The adjunction formula states that for a non-singular complex curve C' embedded in a complex surface X then
QL = 0%|c ®@ve (3.2)
where v¢ is the holomorphic normal bundle of C, Qf, is the holomorphic canonical line bundle of C' and Q% is

the holomorphic canonical sheaf of X. Therefore, if a genus g Seiberg-Witten curve ¥ (u) C P? was smooth and

>~

intersects Kpz trivially, then Q2,[5,) = Os(y) and 1) implies that vs,) = le(u). Instead, X(u) is singular
and intersects non-trivially with Kp2 and we have from Bézout’s theorem that

deg vy = E(u) - B(u) = (deg B(u))? = (9 +2)* > 29 — 2 = deg K5

where Ny, denotes the normal bundle divisor, and so vs,) Z le(u). From Riemann-Roch, the deformation
space of ¥(u) inside P? has dimension

dim (X (u), vsy(y)) = dim T'(X(u), le(u) ® V() T degrsn) — g+ 1
=04+ (9+2)°—g+1=¢g*+39+5>g

whereas the Seiberg-Witten family has dimension g = number of parameters {ui, ..., u4}. So the problem is that
the deformation of ¥(u) within the Seiberg-Witten family is more restrictive. In particular, ¥(u) will always
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pass through the point [w:z: 2] =[0:1:0] and [w: z: 2] =[1:0:0] for every value of {u,...,u,}, whereas
if we are allowed to deform Y (u) freely it will not be fixed at these two points.

It suggests that the problem can be solved if we construct S by performing a series of blow-ups starting from P?
until no such fix points exists for the Seiberg-Witten family and each curve ¥ (u) is non-singular. Conceptually,
after each blow-up, the neighbourhood of ¥ (u) will become more restrictive and the dimension of its deformation
space will be reduced. This can be seen as follows. Given a curve C inside a surface X and let p € X. Then
blowing up p we have 7 : X — X and

7C =C +mE, ™C-E=0.

Where C is the proper transform of C, E is the exceptional divisor and m is the multiplicity of the point p. In
particular, m = 0 if p ¢ C, m = 1 if p € C is a non-singular point and m > 1 if p € C is a singular point of
multiplicity m. The important thing for us is that

degry =C-C = (7*C —mE) - (1*C —mE) =C - C —m? = degvc — m*. (3.3)

Therefore, we have dimT'(C, va) < dimI(C,ve) if deg Qé < degvgs by the application of Riemann-Roch.

It is also well-known what happens to the canonical class after the blow-up. We have
KX:’]T*KX“FE. (3.4)

We will apply successively to Kp2 as given in and show that eventually, the canonical class will
intersect the proper transform of the Seiberg-Witten curve X(u) trivially. Then we define S to be P2, after a
series of blow-ups, excluding the canonical divisor. We will also check for consistency using that the degree
of v, drops to 2g — 2. In the end, we conclude that the moduli space B of F-transversal genus g curves in
the resulting foliated symplectic surface (S, g, F) coincides with the family of smooth Seiberg-Witten curves.

3.1.3 Constructing S. Part 1: Blowing up [w:z:z]=[1:0:0]

Let us start by considering the blow-up starting from [w : z : ] = [1 : 0 : 0]. We consider the open set
Uy :={w # 0} = A2 C P2, Set w = 1, the local coordinates on U, are (z,z) and we have

Su)NUy = {(2,2) €Uy | 29 — 291" —uga®297! — L — w29 + 2972 = 0} C U,. (3.5)

Let P? — P? be the blow-up of P2 at [w: z : 2] = [1: 0 : 0]. Locally on U,, we write this as U,, — U,, where

Uy ={(2,2,[2:3]) € Uy x P | 2 — 22 =0} C U, x P.

Let ¥ (u) be the proper transform of ¥(u). Consider the open subset Uy, 1 := {Z # 0} C Uy, i.e. weset =1,
so x = zZ and we can take (21, 1) := (2, %) to be the local coordinates on U,, 1. Then

2 +1 +2_2
Yi1(u) MUy = {(zl,xl) €Up | 2 — 21 —ugziz — .. —wga] 2 + 2" "2 = O} CUpa-

We can see that for any choices of u the curve % (u) always passes through the point (z1,z;) = (0,0). We can
check that there is no such basepoint on the other open set Vi, := {# # 0} C U,. This confirms that X(u)
intersects [w : z : ] = [1: 0 : 0] tangentially to H, as illustrated by Figure[3.1.1] To continue we need to repeat
the process by blowing up again at (z1,21) = (0,0). Let us remark that the blow-up has removed the singular
point and ¥;(u) is a non-singular curve. Let E, 1 := {z = 0,2 = 0} C U,, be the exceptional divisor. Using
(13.4) we have found that

K]}B% = 7T*[(IP’Q + E’w,l = 77*(_Hw - 2H:c) + Ew,l =-H, — 2(H;c + Ew,l) + Ew,l =-H,—2H, — Ew,h

therefore ¥ (u) still intersects K, non-trivially. Moreover, deg Ny (,,) = deg Ny(u) — g*. Since the remaining
blow-ups will occur on non-singular points, the degree of normal bundle will always go down by 1 for each
blow-up.

Let ]f’% — I@% be the blow-up of I@% at (z1,21) = (0,0) € Uy C Iﬁ’% Locally on U,, 1 we write this as (NJwJ = Uy
where ~

Uw,l = {(Zl,$1, [51,531]) S Uw71 X ]P)l ‘ 21T1 — 2101 = O} - Uw71 X ]Pl.

Let ig(u) be the proper transform of $; (u). Consider the open subset U, 2 := {Z1 # 0} C Uw,l with coordinates
(z2,2) := (%1,21). For any choice of u the curve ¥o(u) always pass the point (z2,z2) = (0,0). We can check

73



3.1. Embedding of Seiberg-Witten Family of Curves into a Foliated Symplectic Surface

Figure 3.2:
Summary of the construction of the foliated symplectic surface (S, g, F). We notice that Qg is holomorphic
on E, 414 and E,, 443 which ¥(u) intersects with transversely.

that there is no such fixed point on the other open set V,, 1 := {21 # 0}. We repeat this process g times. In
more detail, for 1 = 1,..., g, we let Iﬁ’fH — Iﬁ’f be the blow-up of I@f at (z;,x;) = (0,0) € Uy, C Iﬁ’f Locally on
Uy,; we write this as f]w’i — Ui Let Yi41(u) be the proper transform of ;(u). Set Uw,it1 :={%; #0} C Uw,i
with coordinates (zj4+1,;4+1) := (Z;, x;). We find that

. _ 2 g+1 2942 _2 _
Yg+1(u) NUw,g41 = {(Zg+1axg+1) € Uug+1 | 1= 2941 — UgTy 1 Zg41 — oo — UL 12941 T Ty 2911 = 0} .

On the other hand, repeated application of (3.4]) gives

g
=—-H, —2H, — Ew,l - QZEw,iJrl
i=1

Ky

2
g+1

where Ey, ;41 = {z = 0,z; =0} C le are exceptional divisors. This time we observe that igﬂ(u) passes
through the point (2441, 2441) = (1,0) for any choice of u. Let us define the new coordinates by (z;,1,7;,1) :=

(2g+1 — 1,2441). We continue by letting ]f”g+2 — I@’?)_H to be the blow-up at (z,,7,1) = (0,0). Locally, we
write this as Uy g41 — U g41 Where

7 _ / / ~/ ~/ 1 / ~/ =~/ / _ 1
Uw,g+1 = {(zg+1,xg+1, (Zg+1>Tgi1]) € Uwgrr X P | 25 1 Tp4q — Zg41Tgqq = 0} C Upgs1 x P

Let ¥,12(u) be the proper transform of X,y1(u) and let E, 440 = {z;il = 0,254, = 0} C Uw,g+1 be the
exceptional divisor. Consider the open set U, g42 = {%H # 0} C Uy,g41 and let the local coordinates
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be (zg12,2g+2) = (Z511,%}41). For any choices of u, the curve ¥, 12(u) always passes through the point
(zg12, Tgtr2) = (0,0).~ Blow up at the point (zg12,2Z4+2) = (0,0) to get I@ngg — I@EH. Let ¥,43(u) be the
proper transform of ¥, 2(u). We can check that we no longer have any fixed points. Consider the open set
Uw,g+3 = {Zg+2 # 0} C Uy g+2 and let (2443, 2943) = (2442, Z4+2) be the local coordinates. Then

Egr3(u) NUw,gt3 = {(Zg+37xg+3) € Ung+s |
—1y/.2 2 2 2
= 2g43 — (Ug + Ug—1Tg43 + oo + UIT5) (Tgya2g43 + 1) + 20 5(Ty 52948 +1)° = O}
intersects the exceptional divisor Fy 443 = {2912 = 0,212 = 0} C Us g12 at (2443, Tg13) = (—ug,0) which
varies with w. Using 1' we find that the canonical divisor of P2, 5 is

g+1
= —Hy,—2H, — By, — 22 Euwi— Fugio

=2

Ko
Let U, := {z # 0} C }f”fﬁ?’ be an open set with coordinates (w,z). We notice that ¥, 3(u) C}F’?H only
intersects K@QH on U, at (w,z) = 0. This is the point [w: z : z] = [0 : 1: 0] € P? if we blow-down P2, 5 to P2,

So the next step is to perform another series of blow-ups starting from (w,z) = (0, 0).

3.1.4 Constructing S. Part 2: Blowing up [w:z:2]=1[0:1:0]

On the open set U, = {z # 0} C ]f”f]Jrg we set z = 1 and it follows that
Yors(u)NU, = {(w,z) €U | w2y —w(l +uga® + ... + wa?™') + 2972 = 0} . (3.6)

Let }I%Jrg;l — ]f”g+3 be the blow-up of EDEH at (w,z) = (0,0) € U,. Locally on U, we write this as U, — U,
where
U. = {(w,2,[,7)) € U, x P' | wz — bz =0} .

Let X, 3.1(u) be the proper transform of ¥, 3(u) and E,; := {w = 0,2 = 0} C U, be the exceptional
divisor. Consider the open subset U,; := {& # 0} C U, with coordinates (w,z;) := (w,z). For any
choice of u, the curve X, 3.1 (u) passes through the point (wy, ;) = (0,0). This confirms that ¥(u) intersects
[w:z:z] =[0:1:0] tangentially to H, as illustrated by Figure We repeat this process g + 2 times. In
more detail, for i = 1,...,g9 + 1, we let P2 5,1 — I??;%;z‘ be the blow-up at (w;,x;) = (O,O)NE U.i CP2, 3,
Locally on U,; we write this as U,; — U, ;. Let ¥,43.41(u) be the proper transform of ¥,13,(u) and let
E.it1 :={w; =0,z; =0} C Uz, Set Uy i+1 := {% # 0} C Uz,i with coordinates (w;i1,®it1) = (W4, x;).
Then we find that

_ 2 2g+2 2 g+1 _
Ygi39+2(w) N Uz gt2 = {(wg+2,:z:g+2) €Uz gtz | wyotySn” — woia(l +ugry o + ... +wizy ) +1= 0} :

Therefore ¥, 3.912(u) passes through the point (wyy2,2,42) = (1,0) for all u. We define new coordinates
(W10, Ty o) = (wgy2—1, a:g+2)~and continue by letting P2, 5 5 — P2, 5 ., be the blow-up at (w5, 2}, 5) =
(0,0). Locally, we write this as U, g1 — U. 442 where

7 _ / / ~/ ~/ 1 / ~/ ~/ / _ 1
Usgt2 = {(wg+27xg+27 [wg+2’xg+2D € Us g2 x P | Woyolgyo =~ Wopolgyo = 0} CUsgta X P

Let X, 3.913(u) be the proper transform of ¥4, 3.512(u) and let E, 5,3 := {wy o = 0,259 =0} C U, g+2 be
the exceptional divisor. Consider the open set U, 443 := {:%;H # 0} C U. g+2 and let the local coordinates
be (wg+3,Tg13) = (Wyq, Ty o). For any choice of u, the curve Xy, 3.543(u) always passes through the point
(wgt3,2g+3) = (0,0). Blow up at the point (wgt3, zg+3) = (0,0) to get ]f”527+3;g+4 — Iﬁ’g+3;g+3. Let $yia.91a(u)
be the proper transform of ¥g43.4+3(u). We can check that we no longer have any basepoint. Consider the
open set U, g4 := {Zg43 # 0} C U, g13 and let (wyya, T414) = (Wyr3, Tgs3) be the local coordinates. Then

Egt3i9+4(u) N Uz g1a = {(wg+4,xg+4) €U.gt4 |
2 1 1
(x§+4wg+4 + 1)2xg3_4 — Wgiq — wg+4(ugx§+4 + ..+ U1$§i4) — (ug + ug—1Zgya... + ulxg+4) = O}

intersects the exceptional divisor F, 414 := {wgy3 = 0,243 = 0} C U, 443 at (wyi4,Tgra) = (—u,,0) which
varies with u.
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3.2. From the Seiberg- Witten Family of Curves to Airy Structures

Finally, using 1) we find that the canonical divisor of ]f”g +3:g44 18

g+1 g+2
K@3+3;g+4 =-H,—2H, — Ew,l -2 z; Ew,i — Ew,g+2 -2 Zl Ez,i — Ezngrg.
1= 1=
. < . } } ~ . 5 ~ 1
Evidently, the curve ¥,43.4+4(u) intersects KP§+3;9+4 trivally and therefore, we have VS imgid = Qiﬁg;g+4
(3.2). In particular, the moduli space now has the correct dimension
dim I'(3g4 35944 (u), Vig+3;g+4(u)) = dim I'(Xg 5,944 (u), ngg+3:g+4(u)) =9
We can check the consistency by calculating the degree of VS vaigsa(u) using 1)
degrs oy =degrsw) =9 = (9+2) — (9+4) = (9+2)> — (¢° + 29 +6) = 29 — 2.
3.1.5 Summary
The Figure assists the visualization of this construction. We define S := ]f"!2]+3;g+4 \ K]‘P)§+3;g+4. We take

Y g43:.g+4(u) to be the embedding of the Seiberg-Witten curve X(u) in S which we will simply denote by ¥(u) C S

from now on. It is clear that C* x C is an open dense subset of S. The symplectic form is Qg := d(;”i/;) Ad(Z)

where we have extended the domain of functions 2 and % from P? to S C Iﬁ’z 43,944 1D the obvious way. The
foliation F is given by ¥ = const. On the open set U, 443, the foliation F is given in local coordinates
T g+
(2943, Tg+3) by
(Zg+3$§+3 + l)xgizl,) = const.

We find that By, g3 N Uy g+3 = {443 = 0} is a leaf of the foliation with const = 0 and so X(u) is transverse
to the foliation at the intersection X(u) N Ey 943 = {(2g+3, Zg+3) = (—ug,0)}. Similarly, on the open set U, g44
for foliation F is given in local coordinates (wg14,Zg44) by

2 g+1 _
(Wgyamyyy + 1)x]7, = const.

We find that E, 14 NU, g4+4 = {z44+4 = 0} is a leaf of the foliation with const = 0 and so X(u) is transverse to
the foliation at the intersection X(u) N E, g+4 = {(Wgta, Tg4a = (—ugy,0)}.

It follows that all ramification points of ¥(u) C S are contained inside the dense subset C* x C C S.

3.2 From the Seiberg-Witten Family of Curves to Airy Structures

Let us consider the genus ¢ family B of smooth Seiberg-Witten curves ¥ (u) embedded in (S, g, F) as con-
structed in the last section. Since all ramification points of ¥(u) are contained inside C* x C C S — P2, for all
practical purposes we can work exclusively in this subset and set z = 1. We now have Qg = %” Adz and X(u)
is defined by the algebraic equation w + i = P(z;u). Throughout this section, we will denote by

Zz(u)7 Z:177g

the roots of P’(z;u) = 0 and we will fix the reference point to be [Xo] := [E(uo)] € B.

We begin in Section by locating the ramification points {rocram} of X(u) and write down the local
parameterization of ¥ (u) in some neighbourhood of each r,. Recall that the image v(Xg) of ¥g in Discs®e™
needs to take the form (o = 22, Yo = 24 ), @ € Ram for the image of the embedding @y, : By, — Gy, to satisfies
the Ram product residue constraints (see Proposition . Therefore, in Section we explicitly find the
(F,Qg)-local coordinates transformation which brings v(Xg) into the needed form. This gives us a collection of
(F,Qg)-charts Uram. Then in Section we will also explain how the parameters {eéscram}, {MacRram  and
an open neighbourhood By, of [3¢] € B can be chosen. Now that {€qcram }, { MacRram | Uram and Bs, has been
selected, we are going to write down the embedding v : By, — Discsﬁ%?) follows by Discsﬁ%’:) — th(%gg')l as
given in Section [2.4.3] and the embedding By, < Gy, in Section [3.2.4] and Section [3.2.5] respectively. These two
embeddings will be compared, giving a proof of Proposition in the specific example of the Seiberg-Witten
family of curves.
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Chapter 3. Seiberg- Witten Prepotential and Topological Recursion

3.2.1 Ramification points and local parameterization of Seiberg-Witten curves

Ramification points of ¥y are

—P (zi(ug);ug) £ 1/ P (2 (ug); u -
Ram =< rit = |w= (za(uo); uo) \2/ (z4(uo); o) , 2 = zi(up) i=1,...,9 ;. (3.7)

Let us choose the local coordinates (w;+, z;1+) of S around r4 to be

w

(Wi, zit) = <w + é, ” - i ) : (3.8)

We have Qg = dw;+ A dz;+ and the foliation is w;+ = const. Of course, this is not a unique choice, alternatively
we can also use (logw, z) but it will be harder to write down the standard local coordinates. Given a curve
[%(u)] € Bg,, we find a standard local coordinates nZ, := P(z;u) — P(z;(u);u) = 3P"(zi(u); u)(z — z;(u))? + ...
of ¥(u) around r;+ (3(u)). The parameterization of ¥(u) is given in the same (w;, ;1) coordinates of S by

2(Nix; U)

VO + Plai(w);u)? — 4

tie(B(u)) = [ wix = n?i + P(zi(u);u), zie =+

(3.9)

1

Where z(n;+;u) = 2z;(u) + (W) * iz 4 ... is the inverse of n2. = P(z;u) — P(zi(u); u) for z ~ z;(u) or
i+ ~ 0. When u = o the parameterization of ¥y near r;4(3g) using the standard local coordinates 7, is
given in the (w;,z;+) coordinates by

z (ni:I: ; Uo)

tii(zo) = Wi+ — 7712:|: + P(ZZ'(’U,O);U()), Zi+ — :l: (310)
V0 + PCi(uo)iuo))? —4
The problem is that in (w;4,z+) local coordinates t;1(X) does not equal to (w;x = 2, 2ix = nix).
3.2.2 Choosing the (F,()g)-local coordinates
Lemma [2.1.9] tells us that we can transform into a new local coordinates
(Bis, Zis) = | Fia(wis), =2 — Gy (wis) (3.11)
ity “it i+ (Wit ’Fi/i(wii) i+ Wit .

of S around ;4 (Xp) such that Qg = w;+ AZ;+ and the foliation is w;+ = const and t;4(Xo) = (W0 = ﬁfﬂ:, Zig =
7;+) where the new standard local coordinates #;+ is given by 72, 1= Fi+(n?_ + Fill(())). Comparing 1] with
(3.10) determines what function F;+ and G;4+ have to be:
F31(0) = P(zi(uo); uo) (3.12)
2(Mit; uo)
\/(niZﬂ: + P(zi(uo); uo))* — 4

1/2

e (2 + FEH0) (Pl + FE () + Gl (e + FE(0))) = % - (3.13)

We separate z(1;+; ug) into the sum of its odd and even components z(17;+; uo) = Zodd (Mi+; Uo) + Zeven (Mi+; Uo)
where

2(+1i+; uo) + 2(—ni+; uo)

Zeven (nii; UO) = 9 .

2(+ni+3u0) — 2(—ni+; uo)
2 b

Comparing the odd components on both sides of ([3.13)), we have

Zodd(Mi+; Uo) =

1 L
(Fix (771‘21[ + Fi:_tl(o)))l/z i Fit (771'21 +Fy (0)) =+ Coadliii )
o i+ V02 + P(iluo)iuo))? — 4
1 d _ 3/2 Nik Zodd (Mix; o)
——— (Fiz(?. + F30 =+ - .
3 dios ( + (M5 it ( ))) \/(n?i + P(2(uo); up))? — 4

7



3.2. From the Seiberg- Witten Family of Curves to Airy Structures

Integrating both sides gives us

" TZoad(T; Uo)
0 \/(7—2 + P(Zl(u0)7u0))2 _ 4dT (314)

We note that the right-hand-side of takes the form ~ 72, (1+O(n?2.)) because the integrand is a function
of 72 without a constant term. It follows after raising @ to the power of 2/3 that Fy4(n?. + F~1(0)) ~
n?, (14 O(n2.)). For each ramification point i+ € Ram, there are 3 choices of Fj+ corresponding to each third
root of (£1). For simplicity, let us choose a third root so that (+1)?/3 = +1. Combining , we have

_ 3/2
(Fis (P + F131(0)))*% = +3

2/3

(3.15)

wit—P(zi(uo);uo) .
Fia (wis) = 3/ TZodd(T; Uo) dr
))? —4

0 \/(TQ'FP(ZZ‘(’LL());UO

With our choice of the third-root we have F;, = F;_, similar to how we have w;; = w + % = w;_. Using the

expansion z(n;+;u) = z;(u) + (m) s ..., the expansion of F;4(w;+) around the ramification point 7;4
is given by

2
3

+ O ((wix — P(zi(uo); uo))2)> (3.16)

N|=

Fit(wix) = (wix — P(zi(uo);uo)) <(pu2>

(zi(uo); uo)
Next, we compare the even components on both sides of (3.13)). We have

Zeven (ni:l:; UO)
V07 + Pziluo); w0))? — 4

it (m-zi + Fi_il(o)) Gy (mzi + Fi_il(o)) ==

Substituting the expression for F;1 from (3.15)) we have

Zeven(\/wii - P(Zl(UO)a UO); UO)
Zodd(\/Wix — P(zi(uo); uo); ug)

Finally, using (3.8) and (3.11]) we can write down the coordinates transformation from (logw, z) to (W;+, Zi+)
in terms of the function F;+ we have found in (3.15)):

1
W+ = F; (w+ )
w

(Fie (wiz))'/?. (3.17)

G;:ﬁ: (wix) =

Z— Zeven <\/w + L — P(zi(uo); uo); UO) 1\ /2
S (F (w n )) | (3.18)
Zodd (\/w+ L —P(zi(uo);uO);uO) v
Using the standard local coordinate
it =\ Fia O + P(z1(u); 0) — Fiae(P(24(uo); o)) (3.19)

corresponding to the local coordinates (w;+, Z;+ ), we find that ¢;4(3(u)) as given in (3.9)) becomes

ti+ (B(u)) = (wizl: = iy + Fix (P(zi(u); u)),

2 (VPR (e + Fus (P((wiw) — Ple(u)iu)iu)
zoaa (\/Fiz (s + Fie (P(zi(w)i))) = Pz (u0); )i wo )
seven (\/F2* (s + Fi (P(ai(w)w) — P(ziuo)s o) uo )

_ - (\/Fi:_tl (771'21 R (P(z,(u),u))) _ P(Zi(uo);uo);u()) \/ﬁij: + Fit (P(zi(u);u))

fit Ve + Pt (P(zi(w);w)

: Zbii’k(E)nfi> € DiscsMi+
k=0
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Chapter 3. Seiberg- Witten Prepotential and Topological Recursion

When u = ug, we have F;y(P(z;(u);u)) = 0 and evidently
tli(E(u = ’LL())) = tii(zo) = (’LT)H: = 771-2:|:, Zit = 777,:‘:) € DiSCSM +

as expected. We note that Zz;1 is a well-defined holomorphic function of #7;+ for all |f4| < Mz
(for some constant M;y which we are going to discuss soon) and for all u close to ug (or [¥] €
Bs, close to [Yo]) despite all of appearance of square-roots.  This is because z,qq factors are ~

\/771'21[ + Fig (P(zi(u);u) (14 O (724 + Fix (P(2i(u);u)))) as F N (wix) = P(2i(uo); uo) + O(w;+) and the fac-
tor \/ﬁfi + Fi1 (P(zi(u);u)) cancels with the same factor in the numerator. On the other hand, zeyer, is free of

square-roots because it only contains the even power terms. Lastly, F;' (72, + Fix (P(2i(u);w))) — P(zi(u); u)
vanishes when 77, = 0 and so it is ~ 72, (14 O(72,)).

3.2.3 Choosing {¢;1}, {M;+}, Upam and By,

So far we have not chosen explicitly what {e;+}, {Mix}, Uram = {(Uix, Wix, Zix)} and By, are. As we have
mentioned, Condition merely gave a list of sufficient conditions on how to choose {€;+}, {M;+}, Uram, and
Bs,. It is often easier to deal with the situation on a case-by-case basis and therefore in the following we will

not refer ourselves to Condition [2.5.2l From ([3.16) we can see that F/ (P (z;i(uo);uo)) = (m) # 0.

Therefore, by the Inverse Function Theorem, there exists R;+ > 0 such that F;1 is bi-holomorphic for all w;+
whenever |w;x — P(z;(uo);uo)| < Rix.

Let us choose

1
Uit 1= {(w,z) €CxCcP?| w"‘E_P(zi(uo);uo)

< Ri:l:} 3 ri+(Xo).

In particular, the open set U;+ does not contain the ramification points of z : £y — P! given by w + o L_-49
as Fiy(w;4) is singular at w;4 = w + % = 492. Let R;+ > 0 be such that Fi (w;1) € Uy for all \wli\ < Ri:.
Choose €;+, M;+ to be any real numbers such that 0 < ¢;4+ < M;4+ and Mi + €+ < R;+. Finally, we let Bs,
to be any contractible space such that

By, C {[Z(u)] € B | |Fix(P(zi(u);u))| < €4,Vi=1,...,9}.

It is clear that [Xo] € By, since F;1(P(z;(ug);up)) = 0. Finally, we note that for any ¥ € By, we have
Wit = N7 + Fix (P(zi(u);u)) and so [wix| < i+ |* + |Fix (P (2i(u);u))| = M2, + €+ < R;+ which implies

Dit a1, (B(w) :={p € 2(u) NUsz | [7i+(p)| < Mix} CENUpz

for all [Y(u)] € Bg,. This allows us to define the map v : By, — Discs{*™ and i : G — WH™. As we are
about to see, this is also sufficient for us to define the section 6 € I'(By,, G) and to perform any relevant parallel
transports in G.

3.2.4 The embedding Bs,, — Discs, ZfE ) < Wtif(’gi)i

Let Htii(g) = —Zi4dW;x = — Zzozo bii,k(z)ﬁfid (77121[ + Fi4 (P( (w); ))) S T()LA;;‘; C Wt f(7Z)Li. The embed-

. . . M4 €it M4 ~ €it M+ e
ding ®;,, (5, 07 : By, — Dzscstii(zo) = W, tix (%0) =W vy is given by

@tii(go)(tii@)) = fﬂtii(zo) + exp (7Fi:t (P(zi(u);u)) Eﬁaﬁii) otii(z)

= 7+ diffy — exp (—Fz'i (P(zi(u);u)) £ e mi) <Z ik (27 d( mi)>

. dn M,

lﬁ: it €it,M _ €it, M4

= E Ji, zj: it € LAwy WAzry - Wtii(z()) ’
k40

We note that exp (—Fii (P(zi(u);u)) L 14

204 O Mid

|Fix (P(zi(u);u)) | < € for all [E(u)] € By,.

) 0, () € We’f(x ’)i according to Lemma [2.4.9| because
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3.2. From the Seiberg- Witten Family of Curves to Airy Structures

3.2.5 The embedding By, — Gy,
To obtain the embedding @y, : By, — Gy, we will first define 6 € I'(By,, G) by

Gg(u) = dSSw(E(u)) — Sg(u)zodskgw(zo) S Gg(u), V[E(u)] S BZO-

Let us elaborate on the definition of 55, ) 53 dSsw (Xo) in this context. Let p € X(u)\{racram}, then dw;+ (p) #
0. Hence, there exists an open neighbourhood V,, C £(u) of p such that w;4 is a local coordinate of V},. Then
we define S*E(u)ygodssw(zoﬂvpmz = 2p (w—|— %;uo) %" Where z, (w—l— %;uo) = zp(w;+;up) is the root of
P(z;up) — w;+ = 0 such that (w,zp (w + i;uo)) € XY, varies continuously to (w,zp (w + i,u)) eV, C E(u)
as we move continuously from ug to u, where z, (w;+;u) is a root of P(z;u) — w;x+ = 0. It follows that on V,

we have 0y,) given by
1 dw 1 dw
Oswlv, =2z (w+ —5u) — =z, (w+ —ju0 | —.
w w w w

Of course, 05, is not a single-valued differential form on ¥(u) because if V}, contains a ramification point
rix(X(u)) € (u) then

Nl=

5 (w 4 ;;u()) — (o) + (W} ’ \/w + % P (u0): o) + .

9 3
= zi(ug) + (P”(zi(uo);uo)> \/U?i + P(z;(w);u) — P(zi(ug);ug) + ...

Where 7,4 is the standard local coordinates on ¥ N U;+ corresponding to the local coordinates (w;y, z;+) and

wit = n4 + P(zi(u);u) (see (3.10)). The term \/771‘21[ + P(z(u);u) — P(zi(up); up) acquires a negative sign

whenever 7,1+ moves around the point £+/P(z;(u);u) — P(2;(uo); uo)-

What happening is, for each fixed w the value of z can be any one of g+ 1 distinct roots of P(z;ug) —w — % =0
except when w—+ % is a critical value of P(z;ug) two of the roots will coincide and we are left with only ¢ distinct
roots. As w+ i moves around the critical value z(wj;ug) will switch between the two roots of P(z;ug)—w— i =0
that ramify when w + i is the critical value. However, fx,) becomes single-valued once we remove the discs
Dj+ ., (X(w)) from the curve X(u) i.e. b5, is a single-valued differential form on $(u)\UL_; (Dit e, UD;— ¢, )
for some €;+ < €;+.

Note that although dSsw(¥o) ¢ Gx,, we indeed have 05(,) € Gx(,). Before the blow-ups, dSsw(¥o) and
dSsw(X(u)) both have poles of order 2 at coy = (w = 0,z = x0),00_ = (W = 00,2 = ), on Xy and
Y (u) respectively, without residues and they are holomorphic elsewhere. The poles at cot from dSgw (Zo)
and dSsw (X(u)) will cancel out in the expression of fx(,). The same remains true after blow-ups. So 05, is

holomorphic on X(u) \ UY_, (Iﬁ)H,gH U Di,’gii) for some €, < €4. Lastly, we also have

%_ 92(u) = %_ dSSW(Z(U)) - f_ Sg(u)’zods‘gw(zo) =0
it e,y ODit e, 0Dt e,y

using the same argument presented in the proof of Lemma [2.5.3T and the fact that dSsw has no poles around
the ramification points {racram ;- Therefore, we conclude that 0y, € Gx. Now we can define @y, by

Oy, (X(u)) :=bx, — S*ZO,E(u)HE(u) =dSsw(Zo) — S*ZO,Z(u)dSSW(Z(U)) € Gs,. (3.20)

Example 3.2.1 In the Elliptic case g =1, ¥ : w + % = 22 4+ u, the equation lj simplifies to

1 1
@gO(E(u))zww—&———uod—w— w—i———ud—w.
w w w w

It is clear by choosing A and B-cycles on ¥ avoiding the discs Di:ﬁ:,eii (X0) we have

) ) a SW a SW
foen ) =a—d, f e =0 b= 50 4oy~ B0 (), =1,
A, B, da’ da’

where

0 = il (S(u)) = ﬁ_dssw(z(u)), b = bs(B(u)) = ﬂdssw(zm)): 0 (g),
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af == a'(To),b) = b;i(Xo) and FT : By, — C is the Seiberg-Witten prepotential which is well-defined on a
contractible set By, .

Let us compute i o @5, (X(u)) € WA, On Aix ¢,y v, NV, C Xo NUix NV, we have zp(wix; u) = 2(1i+; u) =
z(y/wix — P(z;(u);u);u). The square-root does not introduce any ambiguity because we are restricted to the
subset Aj+ ¢,y ar,. NVp. We rewrite (3.20) on A4 ¢, a7, NV, in the local coordinates (w;+, Zi+) as

z (\/Fz‘ll(wii) - P(Zi(uo);uo);uo) z (\/Fill(@ii) - P(%(”)W);“) B

¢E(J (E(u))|Aii,sii,1Wii nvp = _1 1 dei - 1 1 dwli
Fiy (Fz‘:t (wii)) Fio(wix)? — 4 Fiy (Fi:t (wii)) Fi(wix)? -4
On At ¢,y v,y C Yo we have Wi+ = 77y + Fit (P(zi(uo); uo)) = 77 and using (3.15) it follows that
Ui+ © (I)Zo (Z(u))lAii,eii,Alii
2 (E )~ Pemimu) e | = (R - Par) ge
- -1 Thi dnlﬁ:
Fodd (\/Fli (7x) = P(zi(uo); uo); “0> Zodd (\/in (7) — P(zi(uo); uo); uo)
_ ) ( (\/ 771:‘: (Zl(u) 'U/), ’LL) — Zeven (\/Fl;: (ﬁ22:|:) — P(ZZ('LL()), ’U,O), UO)) ﬁl:l: o
= Nixdn;y — di?,

Zodd (\/in P(zi(uo);uo); Uo)

) <1 . FZ:E(P( (u),u))

0 3
= i dify — Z bit 1 (E 72 > i dijy
it

k=0
= iy — exp (~Fia (P((w)iw) £ 1 mi)(zbdk )ik mi>>

=®y, () (tix (X))

Evidently, we have an agreement: i o ®x (X(u)) = Pyxn,) o y(X). In particular, each i+ o ®x,(X(u)) =

> ko Tk E(u)ik, d_"ff satisfies the residue constrains and therefore, i o @5, (3(u)) = >27_; >4 JEW)[i+] @
ke di
e

3.3 Seiberg-Witten Prepotential and Topological Recursion

Let us now express & (X(u)) in terms of the normalized holomorphic differential {w;—1 . 4} and meromorphic

differentials {e"*} (see Definition [2.5.10) on ¥o. From Corollary [2.5.16] the fact that ®x,(3(u)) € Gx,
and the principal part of i;+ o ®x,(X(u)) is the principal part of i;+ o @5, (E(u)) = O, (5, (ti=(E)) which is

dn;
> k>0 Jk = (u)nk, nnf, we have

g oo

g
Dy, (2(u)) = Z (J,i+(u)ék’i+ + Ji (w)e™ ) + Z(a% —aMw;. (3.21)

i=1 k>0 i=1
Another way to look at this is that the principal part of Y-9_, 3°7%  (J; " (u)e® ™ + J;~ (u)é"*~) exactly matches
that of @5, (X(u)). Therefore, ®x,(S(u)) — 37 302, (JiF (w)e" ™ + J; " (u)e®*~) can be analytically ex-
tended to a meromorphic differential form defined on the entire curve ¥, and it is, in fact, a holomorphic

on Yy because neither term has singularity anywhere except at ramification points r,, @ € Ram. Subtracting

?_,(al — a")w;, we get a global holomorphic differential form on ¥y with vanishing A-periods, hence must be

identically zero and (3.21]) follows.

Let us extend the set {wy, ... wg} into a new canonical basis of W2 A ‘“” First, let us compute the €2 44, symplectic
pairings between {e***} and {w;}. Suppose that

ale i dij; i diji—
i(wi) =YY" (cé“*[iﬂ ® kﬁﬁ% +c il ® knf_”)

i 1 Bp,qmix)) 1 1 =
kit )

74 e (p) = 5= ]{ f - f f B(p, q(mi+))
pEB; 2mik pEB; J1N;+=0 nf:l: 27T’Lk Mi+=0 771:‘: PEB;

81

then




3.8.  Seiberg- Witten Prepotential and Topological Recursion

1 1 ) .
- k 7 ij((J(mi)) = 27rzc;c =3
i+=0 T+

Then it follows that the symplectic pairings are
kit 1< + kit RES
Qiry (E"F W) = — (}{w?{ ?{w%‘l> y{"l =c' .
iry J om lz; A J B, B J A, 27.” B, i

This shows that {w;, e®* | i =1,...,g,k > 2} cannot be extended to a canonical basis. Let us examine some
properties of the coeflicients cf’z

+ 7Ck’l¢.

Lemma 3.3.1 cl” j

Proof: We note that each normalized holomorphic differential form w; can be written as a linear combination
i—1
of {Zw_f | i =1,...,9}. Since we can map the neighbourhood Xy N U;; of each ramification point r;4 to the

corresponding neighbourhood ¥¢NU;_ of r;_ via the involution p = (z,w) — p = (z, %), it follows that wg(p) =
—wg(p). Let us examine the involuation in term of the standard local coordinates 7;+ as defined in .
Suppose that p € ¥o N U;;. First, we note that we have n;1 (p) = n;—(p) because n?, = P(z;u) — P(zi(u);u)
and z(p) = z(p). Because we have chosen F;+ and F;_ to be the same (see (3.15)), therefore the relationship
between 7;+ and 7,1 as given in 9) implies that 7;+(p) = 7;—(p). Writing wg(p) = —wk(p) in the standard
local coordinates we have

. dﬁz‘ (p) . ‘ R ek N dﬁi (p)
i+ k + ki k i—1. -k +

¢;kn =iipwj(p) = —ii—w;i(p) = — ) ¢}’ kmf(p) ;" ki) ;

,;) Tli+(p) M ! kZ:O / - ,;) + 77¢+(p)

from which we conclude that ck i+ —c;?’iqc. O

; . 1 1i—
Let (c}) be a g x g matrix where ¢ := ¢}’ i =—c;".

Lemma 3.3.2 The matriz (c}) is invertible.

Proof: Let (a’/) € C9 be a vector such that >27_, ¢fa’ = 0. Then w := }"9_, a’w; is a holomorphic differential
form on Y such that

1 1 g o g
w(rit) = %7{ — w(q(Mix)) = ZC}’&G] = iZc;.aJ =0
j=1 j=1

7i+=0 Tt
for all i+ € Ram. So w vanishes at every ramification points and therefore has at least 2g zeros and has no

poles. But deg K, = 2g — 2 < 2g which is a contradiction, unless (a’) = 0. In other words, (%) is invertible.
U

Let (b%) be the inverse of (), i.e. Y27 _4 bl-“ci = ¢7. Now, let us choose a new canonical basis for W™ to be

Airy
{70 T w0 whi | =1, g,k > 2) (3.22)
where
1< A . 1< -
§Zb gbit _ él’J*), =3 Z ; ghit 4 gli— ) it kit _ Z ck Zﬁ:bj PINES
7j=1 j=1 7,l=1
g oo _
dn; _ dn;_ d
-y (C I (i) @ ki, Tt ki) g g Y= > R P =3
i+ nj— 77ii

j=1k=1

Note that this is the type of gauge transformation we studied in Section [2.4:2] and Section [2.5.4]

Remark 3.3.3 Observe that 7°, 7, 7%'* and w; are all global meromorphic differential forms on ¥y belonging

to Gs, while w;,wy i+ € WE’T’; are only locally defined near each ramification points ;.
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To confirm that we have defined a canonical basis we can check that for i, =1,--- ,g,a,5 € Ram and I,k > 2
we have

QAiry(Tiywj) = 5;7 QAiry(?ia(Dj) = 5;, QAiry(Tk’aawl,ﬁ) = Jlk(sg
and all other pairings vanish. In particular,

% w; = 4t 7{ w; = 7ij(ao), f =0, f 1 = 2mif] (3.23)

i

and all A, B-periods of 7¢, e*®

Substitute e''* = 329 | ¢h(7F £ 77), b E = pRiE L 5 ;”i(T] + 77) into 1' and recollect terms, we
can rewrite (3.21)) as

are zero.

(I)EO (E(U)) = Z <aiwi + fiwi + Z (fk’i+wk7i+ + Q_Sk’iwkvi_)>
k=2

=1
+Z<5ﬂ' +yiT +Z Pe,ie T+ Gpo )) (3.24)
i=1

where

j=1k=1
g o0
- k,j+ J+ k.j— 77— = _ gix
=SS (SR @ T @) e = JE ).
j=1k=1
There is no technical difficulties involved in recollection of terms because é** are written as a finite sum of
7t 7% 7% and infinite sums commute with finite sums.

Let (Vmoe’", AAirw BAiTy, C_’Ai,y7 €airy) be the gauge transformed quantum Airy structure of

(VAW’y”,AAiry,BAWy,CAWy,eAWy) corresponding to the basis of W Xff;l‘ The ATR output is given by

- 9—
S=2 0l 1S, where Sy =37 Sy .,
_ i =0 —k,it+
Sgn = Sgm ({a'} {7'}, {z""F})
1 ) ) )
Z Z - k =k
- n1'!nalng! Sg,n;ailu.ainl ZI1...gim2 ghiien ghngiong a'tatmght gl ghter gl ang
ninzng>0 2 G iy =1,eg
nitnatnsg=n Jisendng=1,...9
k17---;k71322
ai,...,ang €ERam
where
0 0 0 0 0 0
i RS— =ing =k1; =knaq ;o = — ... g — e — T ;
e R R et ]

a'=z'=z""T=0
Vk>2,i=1,...,9

Since Py, (3B(u)) € Lﬁ?{’;, it follows that we can re-write (3.24) as

g i i g 850 i aSO —1
D, (5() = (ah — i + 30| 9| il T 0|
i—1 i—1 Fioghit_q Fieghit_q
Vk>2,i=1,..,g9 Vk>2,i=1,..,g9
g oo
+ZZ okt | a'=a;—a’ en + ki | a'=aj—a’ e’ (3.25)
i=1 k=2 pi=zh it =0 zi=z"'t=0
Vk>2,i=1,..,g9 Vk>2,i=1,..,9
Let So So(at,...,a9) = So({o/}, {#" = 0}, {z%** = 0}). Compute the B-periods of @5, (X (u)) using (3.25),

and the fact that 80‘1 = — a(?f we get
g

533‘0}[] GSSKV L . 0Sy(ap —al,...,ad —a?
ail (aé, ...,ag) — azl (al, ...,ag) = ‘74 (IJEO(E('U,)) = Z(G(J) - a])Tji(a()) —2m O( o 6ai 0 )

i j=1
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Integrating both sides we obtain

S;SW(al ) S (a ag)Jng:(ai 7@1-)5’3%?/ (al ag)
o 5 05+ A 0 aai 05+ Ag
i=1
1., . D2FIWV 1
t3 Z (a' —ay)(d® —a )('“)ala > (ap, ..., ad) + 2miSo(af — a’, ..., ad — a?). (3.26)

Let us consider a topological recursion with spectral curve (X¢, logw, z, B) where % is the Seiberg-Witten curve
given by w+ i = P(z;up) and B = B(p, q) is the normalized Bergman kernel on Xy X Xg. The initial condition
of the recursion shall be given by

w(p)

1(p) = 2() ) = dSswlv). wnalo.a) = Blp.a)

It is easy to check using (3.18]) that in the standard local coordinate 7;+ in the neighbourhood Yo N U;+ of each
ramification point r;1 (Xo) we have

wo,1 (Mix) — wo,1 (—7ix) = 4774 diix.

From Proposition [2.6.2] the output meromorphic multi-differential forms are given by

SW _ § : E 1 E X )
Wo.n (pla “"pn) - n1!n2!n3! (Sg,n;ailwa"nl ZI1 .. Fin2 gki,a1  ghng.ong

0c€S, ni,ne,n3>0 i1,eeeybng =1,.0000
ni+nz+nz=n Jiseedng=1,....9
R sesking >2

al,.‘.,angeRam

Til (pcr(l))"'Tinl (pa(nl))%jl (pcr(n1+1)) T]W (pc;'(17b1+112))ek17 ! (pa(n1+n2+1)) kna’ana (pa(n))>

where the superscript SW is added to signify that w_;i W are produced from topological recursion using Seiberg-
Witten curve as initial data. Then we have

% f g n (pl; . .,pn) = (ZWi)nSg,n;ailma'in-
pP1EB;, Pr€Bi,

By definition we have

— i1,.0,in=1
0 g
(-p* 1 , 4 _ ,
=Y T 2 WS (p1, s pn) | (0™ — alt)...(a' — air).
ne3 n: ( 772) i1seeyin=1 pleBil pneBin

Therefore, we arrive at the relation between the Seiberg-Witten prepotential Sggv and meromorphic multi-
differential forms wy ,, produced from topological recursion:

3%‘/(@17 ) g (aO"" ag)

8; 1 g ] i ] ) a2g§W
+ Z (GO’ "'50’8) + 5 Z (a’l - a(l))(aj - aé) Gaiﬁcotj (a(1)7 '-~7ag)

ij=1

1 i n—1 g
- nggﬁ <27T) ; Z‘n:l (f;)leBil mﬁnEB‘

1400052 tn

won (ph. .7pn)> (ai1 — aél)...(ai” — aé"), (3.27)

on the open ne1ghbourhood By, C B of [Eo] € B. This agrees with the result of Theorem after identifying
a':= —a’ and Fp(al,---,a9) = gSW( o, ad).
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Chapter 4

Seiberg-Witten Theory and Frobenius
Manifolds

In this chapter, we investigate how Seiberg-Witten theory arises from a certain construction of Frobenius
manifolds as proposed by Dubrovin [10]. We start in Section with a brief review of the definition of
Frobenius manifold and some basic facts which can found in [11}|9]. Some examples of Frobenius manifolds will
be provided in Section In Section 4.3 we review the tensor product construction of Frobenius manifolds
[11,]22]. Then we will discuss in detail in Section how a system of 2g-linearly independent odd periods on the
coordinate cross of Ma, @ QH* (P') is given by the A and B periods of the Seiberg-Witten differential dSsy, on
the Seiberg-Witten family of curves as proposed in [10]. Finally, in Section we will show that in general, a
v-period of an arbitrary tensor product Frobenius manifold M = M’ ® M" can be obtained as a period integral
on some Riemann surface. This allows us to work backward starting from Seiberg-Witten theory then find that
of odd periods of M = M’ @ M" are given by the periods of dSsw then M’ = My, and M” = QH*(P*').

4.1 Frobenius Manifolds

Definition 4.1.1 ([10} 11} 9]) A Frobenius algebra is a commutative associative algebra A over a field k (=
R or C) together with a k—bilinear symmetric nondegenerate form (.,.) satisfying the invariant condition:

<1"y,2>:<$,y'2’>, Vx,y,ZGA

Definition 4.1.2 ([10, 11, [9]) A Frobenius structure on a complex manifold M of (complex) dimension n
with holomorphic metric tensor (.,.) is a Frobenius algebra defined on the holomorphic tangent space TyM =
(A, (., .);) depending holomorphically on t € M. A Frobenius manifold is a complex manifold M with Frobenius
structure satisfying the following axioms:

A1 The metric (.,.) is a flat metric (in other words, the Riemann curvature tensor R 5, vanishes).

A2 Let c(x,y,2) == (x-y,2),,2,y,2 € TyM. Then the 4-tensor (V,c)(z,y, z) must be symmetric in z,y, z,w €
;M.

A3 There exists the unity vector field e € T'(M,TM), the unit for the algebra (T3 M, (., .)) for all t € M, which
is covariantly constant Ve = 0 and there exists an Fuler vector field E € T'(M,TM) satisfying VVE = 0
and

[E,z-yl = [Ea]-y—x-[Eyl=2-y
E<I,y> - <[E,£E],y> - <$, [Evy]> = (2_d) <1:,y>

The integer d is called the charge of the Frobenius manifold.
Where we have denoted by V, the Levi-Civita connection for the metric.

The fact that (.,.) is flat
o 0
at

means we can locally find flat coordinates {t*}, which are holomorphic coordinates
such that nas := (37, 5:7)

is constant. We let % be the inverse of 7,5 and as a slight abuse of notation we
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4.1. Frobenius Manifolds

will use (.,.) as a metric on the cotangent space such that (dt®, dt?) = n®#. Given any manifold M with metric
(.,.) in general, flat coordinates can be found by solving the PDE in the following lemma for n-independent
solutions

Lemma 4.1.3 (10, Section 2.1]) Suppose that a set of functions {t*} on M forms coordinates over some
open subset of M, then these coordinates are flat iff Vdt* = 0.

Proof: The ( = ) direction is trivial. For the converse, just write down Vdt* = 0 in ¢ coordinates to get
I'Y'y = 0. Therefore in these coordinates, the metric compatibility condition gives dxnu,, = 0, thus 7, is
constant. (]

For simplicity we will assume throughout that VE is diagonalizable. Therefore, in some appropriate flat
coordinates, the Euler vector field and the unity vector field can be written as

noo B )
E:Z(dat +7"a)%7 62@.

a=1

Let us denote by Cy := 0y : TM — TM and U := E- : TM — T M the endomorphism given by multiplication
by 0, and E respectively.

Note that ¢ plays the role of multiplicative structure constant on T, M so we can write d,, - 95 = ¢, B(t)a"Y where
cop(t) = 1%cap(t). The symmetry of Ve from axiom A2 implies that there exists a locally defined function
F(t) such that |11, Lemma 2.1]
D3F(t)
apy(t) = —— .

camn(t) = Gragon
The function F(t) is called the Frobenius potential of the Frobenius manifold and it satisfies the Witten-Dijkgraaf-
Verlinde- Verlinde (WDVV) equations |11} |10]

PF ., OF  ®PF . PF
DteotPotr ! oo | oot oo ote

which is equivalent to the associativity of multiplication in the Frobenius algebra. Additionally, axiom A3
implies that EF = (3 — d)F + (at most quadratic terms). In general we call any function F(t) such that
Yor_1(dat™ + 74)0aF = (3 — d)F + (at most quadratic terms) for some dn,ro,d € C a quasi-homogeneous
function. Conversely, any function F'(t) on a metric vector space (4, (.,.)) satisfying the WDVV equation will
define a structure of Frobenius manifold satisfying the axiom Al and A2 but not A3. Additionally if F'(¢) is
quasi-homogeneous and 010,03 F = 143 is the constant metric then axiom A3 will also be satisfied |11, Lemma

2.1].

We define the operator
2—-d
=———-VE
H 5 )
satisfying (uz,y) = — (v, py). Equivalently we can write this in flat coordinates as p? := 2%‘155 — 0uEP. A
Poisson bracket on M can be given by

{f,9} = (df, udg)

for holomorphic functions f, g on M.

Definition 4.1.4 (|10, Section 2.3]) Let A € C\ {ul,--- ,u"} where u® are eigenvalues of U. A \-flat pencil
on a Frobenius manifold M is a symmetric bilinear form (.,.)x given by (§,m)x := tg—xe(§ - 1) for &, € T M.
The multiplication between two cotangent vectors is induced from the multiplication of tangent vectors via the
duality (.,.), : TeM — T; M. We denote the components of this bilinear form by g®#(\) = (dt®, dt”),.

Remark 4.1.5 When A = 0, the M-flat pencil (.,.) := (.,.)o is known as the intersection form. It is easy to see
that (o, )x:= () = A ().

Let ¥y C M be the region where g*# —\®? is not invertible. We define M, ()\) := M\, and set a multiplication
on Ty M,(A\) to be x*yy := (U— )" (z-y) for z,y € T;M,. We denote the Levi-Civita connection of the metric
(.,-)x by V*. The manifold (M,()), (.,.)») together with %) multiplication satisfies all the Frobenius manifold’s
axioms except A3, in particular, we may not have V*e = 0. Therefore we call M, (\) the dual (almost) Frobenius
manifold |10, Proposition 3.1]. Similarly, we can find a potential Fi()\) for M, (\) that gives *, multiplication.
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Now we can define a new affine flat, torsion-free connection called the deformed flat connection V* on M, (\) x C*
by

= 1
V’\y—V’\y—i—um*A% V’;iy:&,y—i—E*,\y—;uy, z,y € TM.(\),v e C* (4.1)
and V2 2 = v g 2 = 0 (see [L1, Proposition 2.1] and [10]). Using Lemma with the deformed flat
connection we call coordinates {z'} such that V*da? = 0 deformed flat coordinates for (.,.)x on M, () x C* and
flat coordinates for (.,.)» on M,()\) when v = 0. We call any function = = x(¢; v; \) satisfying Vdz(t;v;\) =0
a (v, A)-period.

Proposition 4.1.6 ([10, Lemma 4.1]) Let £ = £,dt® = do € T*M, then the equation Vdz = 0 can be
written explicitly as

aag.(u—x):g(u+u+;>ca (4.2)

with local n-linearly independent solutions €', --- €™ where each &' are closed. Hence we can find a set of n
independent functions {x'(t;v;\), -, 2™ (t;v;\)} such that & = dx' giving a local deformed flat coordinate
system for (.,.)x on M.(A\) x C* when v # 0 and a local flat coordinate system for (.,.)x on M,(\) when v = 0.

Proof: It is straightforward to derive lb from V*dz = 0 and the definition of V.

When v = 0 the system of PDEs is compatible due to the vanishing of the Riemann curvature tensor and the
torsion-freeness of the connection (see also (5.11)-(5.12) of [11]) and therefore the local existence of n-linearly
independent solutions &', ...,&™ is guaranteed by the Frobenius theorem. Obviously, & are closed 1-forms by
the symmetry c); = ¢}, = 0aés = Opa, therefore we can find n-independent functions i (t),...,x"(t) as

claimed.

The proof is similar when v # 0. (]

We note that z(t;v;A) = z(t! — N\, 2, ,#";1;0) since U — U — X if 1 +— 1 — X, Therefore, it is sufficient
to only consider the case A = 0 and we call z(t;v) := z(t;v;0) simply a v-period. When v = % a solution
x(t;v) is called an odd period. The important property is that given any two odd periods wy,ws, their Poisson
bracket {wq,w2} is constant. This will be useful later in defining a system of canonical coordinates on a certain

symplectic manifold.

Let us close this section by introducing the notion of semisimplicity and canonical coordinates of a Frobenius
manifold.

Definition 4.1.7 (|10} |11} [9]) A point ¢ € M is called semisimple if T,M is a semisimple algebra, T;M =
Ca®--- @ C. A Frobenius manifold M is semisimple if the set of semisimple points is dense in M.

Lemma 4.1.8 ([10, 11, [9]) Let M be a semisimple Frobenius manifold. Then a point where the eigenvalues

{ul,--  um} of U are all distinct is a semisimple point and the set My, C M of all such points is dense in M.
The set {ul,--- u™} is known as canonical coordinates on Mys C M and oil auj = 5” Dot -

4.2 Examples of Frobenius Manifolds

4.2.1 1-dimensional Frobenius Manifold

The simplest example of a Frobenius manifold is M ={teC}~C. The multiplication on Ty M is given by
the trivial Frobenius algebra % . % = 5. We also define the metric by <8t’ 8t> 1. It is easy to see that the

Frobenius potential is F'(t) = %t?’ and the Euler vector field is £ =t at.

4.2.2 The Quantum Cohomology QH*(P!)

Let X be a projective algebraic variety. Loosely speaking, given v; € H*(X,Q), a Gromov-Witten Invariant
[28, 23]

GWX (717' ar}/n) ::/ Hev Yi EQ

[(Mg.n (X80 55
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counts the number of genus ¢ irreducible nodal curves with homology class 8 € Hy(X, Z) intersecting cycles ;N
[X] € H.(X,Q) at general positions. Here, M, (X, 3) is the moduli space of stable maps f : (C,z1,- -+ ,z,) —
X, and ev; : My ,(X,8) — X is an evaluation map ev; (C,x1,- - ,ap, f) = f(z;). Suppose that {vy1, -, 7.}
is a basis of H*(X,Q) then we define the genus g Gromov-Witten potential to be the generating function

CIOTD SETIED DI DG AR RS

k=1 "1, ir€{l, ,n} BEH(X,Z)

It can be shown that the genus zero Gromov-Witten potential Fy(t) satisfies the WDVV equations. Therefore
we can define a Frobenius manifold M = {(t!,--- ,t") € C"} equip with metric 70 = (Va,78) = [x Ya U8
and the Frobenius potential given by the genus zero Gromov-Witten potential F(t) = Fy(t). We have that {¢t*}
is a system of flat coordinates on M. In particular, if v; := 1 € H°(X,Q) then e = a%l is the multiplicative

identity. It can be shown that the Euler vector field is given by E := 3" _, < l”"l) e (rga + Eﬁ s |=2 r 8?8
|28, Proposition 5.3.4] where |7, denotes the cohomological degree of 7, and ¢1(Tx) = > 4 Py4.

Let us consider the case where X := P!. The basis of H,(P*,Q) can be given by {v; = 1,72 = h} where h is the
hyperplane class. Also, we note that Ho(X,Z) = {dh | d € Z} = Z we can think of 5 = d as simply an integer in
this case. The corresponding Frobenius manifold QH*(P') = {(t! = ¢,t? = 5) € C?} is known as the Quantum
Cohomology of P'. The Frobenius potential is F(t,s) = 1¢%s + @ where Q = €*, hence the multiplication on
T(t7s)QH*(P1) is

a o0 0 g o0 0 o o 0

ot ot ot ot 0s  0s’ ds 0s ot
In other words, 2 5 — L aag — h is an isomorphism of algebras T(; ) QH*(P') = C[h]/(h? - Q). The Euler vector
field is given by F = t5; o : + 2

4.2.3 A,-Coxeter Frobenius Manifold

In the following, we consider an example of the Frobenius manifold arises from the Coxeter group A,, acting on
V= {2t + .-+ 2" = 0} C C""L. The space of orbits is V/A,, = Spec ((C[yl, e ,y"}) where y!,--- ,y" are
symmetric polynomials in z!,--- 2"t of degree n — a + 2 and let My, := {(y*, -+ ,y") € C"} \ ¥ C V/A,
be the non-singular locus (containing only orbits with maximal size). It turns out that there exists a unique
Frobenius structure on M4, such that the intersection form (.,.) is induced from the Euclidean metric on C"*!
19 8]. Define the superpotential \(.;y) : P! — P! to be the polynomial

)\(z,y) ::Zn+1+ynzn 1+~--+y1:(z—acl)---(z—x"“).

Then for 9',0",0" € T,My, the flat metric and multiplication are given as follows

' (O'A(2:9)) (9" Az y))dz
(0",0") := Res, ;
z X(zz;;;)—o A ( )
o o DA O"M=0) (0N )iz
(a 78 78 ) ' Z)\/(zzy) OR - A/(Z7y) .

It is easy to check that the Frobenius algebra T, M, is isomorphic to the algebra Clz]/(N(z;y)) under the
isomorphism % — zF~1. A flat coordinates {ta} such that n,g = <a?w mﬁ) = n+15a+'8 n+1, degt® = deg y®
can be given by [9]

n-+1 n—a+1
t*:= ————Res,— (/\ 1 (z;y)d )
] €S2—o0 (z;9)dz
Using the flat coordinates the Euler vector field is expressed as E := > | ”nﬁ'lto‘ 7 By construct_i.on7
the roots {z!, -, 2"*!} are flat coordinates of the intersection form (.,.). It is not hard to show that g¥/ =
(dxz,dxj) = i7 :(51]+1

As an example, let us study the case when n = 3. We have A\(z;y) = 2449322 +y%2+y! and t! = yl—%(y3)2, 12 =
y*,t3 = y3. On T;M 4, we find that % is the multiplication identity and

o 0 140 0] o 0 12(9 130 o 0 1,340 1,0

2.0 _lpd 0 9.0 _ 1290 1pd 0 9 _Llgppd lpd

ot ot? 4 9 ot? otz o3 1 o 1" e ot ot 16 ott 4 Ot?
Therefore, the Frobenius potential is given by F(t) := (tl)%g;tl(tz)z - (tg)zys)Q + %.
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4.3 Tensor Product Frobenius Manifolds

Suppose that we were given two Frobenius manifolds M’ and M” with dimension n’ and n” respectively. We
say that an n'n’-dimensional Frobenius manifold M is a tensor product of M’ and M" if it satisfied some
properties |11, page 83-84] and we write M = M’ ® M". We equip the tensor product manifold M with flat

coordinates {t**" | o/ =1,--- ,n/,a" =1, ,n”}. The Frobenius structure of M is
0 0 0
TM,(,))=TMoTM" (., .)a(.)" = = o ® Ty 4.3
( 7<’ >) ( ® ’<’ > ®<7 > )7 atl/lﬁ atl/ ®at1//7 ( )
and we define ﬁ = ma, ® Bg,,. Let {dt®®"} be the dual basis defined by dt“/“”(ﬁ) = 5;“/ (55/,, i

follows that dt®'®” = dt* @ dt®”. Let d’ and d”’ be the charges of M’ and M" respectively, then the charge
of the tensor product M is d = d’ +d”. The Euler vector field E is given in term of the Euler vector fields
E = (dt™ 4 1o ) = and B =% ., (dl.t* + rau)% by [22, Theorem 2.1.10]:

E = Z ( ;/ +d a” - l)ta o 8ta aralal’ + Zra' 01&“'1” + Z Tar o qrqm atl/a’/' (44)

It follows that the operator p for M is given by

1l 2 — d 1 Q1 " 2 — (d/ d//) / " 1l
BB _ BB BB BB
MO{’O(” — 2 60/&” - 6 ’ ”E /6 2 60/&” (dﬂl + dﬁ// - )604/01”
2-d oy g g 8"
( 60, —djy " )5(},, + 4, ( D= g,,Sa,,),
or in a more compact notation
p=p 1" +1 4" (4.5)

Let us denote the Poisson bracket on M’ and M"” by {.,.} and {.,.}” respectively, then the Poisson bracket on
M=M oM"is

{ta/(’//’ﬁﬂlﬁ,/} _ <dta/a//,udtﬁ/6//> _ {ta/7tﬁ/}<dta”,dtﬁ”> + <dt0‘/7dtﬂ/> {ta//7tﬂ//}.

Definition 4.3.1 ([10, Section 5.5]) We call the locus
(" =0/ £V ora” #1"yc M =M & M"

the coordinates cross of M. Let {t’a} and {t"*} be flat coordinates of M’ and M” respectively then t*'1" = ¢/,

’ 2 1417
'’ — e and 11" = ¢ = 1" = ! on coordinates cross.

The coordinates cross is a nice place to work on the manifold M because it is where we have an obvious splitting
of M back into M’ and M". More concretely, suppose that u = (t** ) € M is on a coordinates cross such that

1) = (t'*) ;== ' € M" and (') = (t"*) =:u/" € M", then T,M = T,y M’ @T,,» M" and the multiplication

11 ’ "

splits in the sense that (z @ w) - (y ® 2) ;=2 -y @ w - z, in other words, ¢\ g 5n = cgﬂ,cﬂﬁ/, or
Corar =Cl, 0CY,. (4.6)
Moreover, the Euler vector field EF of M simplifies to
E=E R0 +0y@FE" —t'01 @ 01 (4.7)

on coordinate cross.

Remark 4.3.2 Away from the coordinates cross we are still going to have T, M = T,, M’ ® T,,»M" but the
multiplication will be much more complicated and the points «' and u” will be non-trivial functions of u =
(t*'e"). The actual definition of the multiplication on T, M when t € M is a generic point is given in [28,22]. Let
{Qf.,, : (V)®" = H*(Mon,C)} and {Q,, : (V)®" — H*(Mo,,,C)} be the genus zero Cohomological Field
Theories (CohFTs) corresponding to the Frobenius manifolds M’ and M"”. Then M = M’'® M" is the Frobenius
manifold corresponding to the cup product CohFT {Qq, :=Qj,, UQ[,, : (V' @ V")®" — H*(Mg,,C)}. Tt is
possible to check that the multiplication on T3 M defined splits as expected when ¢ is on coordinates cross.

89



4.4. Odd Periods of M ® QH*(P') and Seiberg-Witten Theory

Let’s consider the case where M” = QH*(P') and M’ is an arbitrary n’-dimensional Frobenius manifold. The
2n/-dimensional Frobenius manifold M = M’ ® QH*(P!) has a Poisson structure {.,.}:

1911 leylt 1 1eolt 1917 1
T = (e g) ey = (- 5).

We will only get a symplectic structure on M if and only if u/, # —% for all « = 1,--- ,n/ and in that case the
symplectic form Q of M can be defined from the Poisson bracket {.,.} to be

a=1

dta/Q// A dt(r_a"'_l)/l”

(4.8)
Mot 3

Proposition m guarantees that we can find a 2n/-independent odd periods {X*(¢7'%"), Y;(t5'")} on M,.

Theorem 4.3.3 ([10, Theorem 5.16]) Let M := M' @ QH*(P') and let {x*(t),...,z™ (t)} be a system of flat
coordinates of the intersection form on M. Then there exists a locally defined system of 2n'-independent odd
periods { X (t797), Y;(t7#")} such that their restrictions on the coordinate cross of M, is given by

i i j OF]
X(LQ) =)+ 0(Q)  %(tQ) = g2 (1)oa(Q) — 225 1+ 0(Q)
where g¥ = (dx',dx’) is a constant metric, F! is the Frobenius potential for M.. Moreover the set of odd

periods {Xi(tﬁlﬁ"), Yi(tﬁlﬁﬂ)} forms a canonical coordinates system for the symplectic structure on M, :
{xLy;}=0, (X X}={V.y;}=0

In other words, we have ) = Z:il dXP A dY;.

Proof: We refer to the original material |10, Theorem 5.16] for proof. g

We have a family of Lagrangian submanifolds of M:

L, = {tll?n =s= ﬁxed,t“lg” =0,a=2,...,r, 1" = arbitrary, 5 =1,...,7} C M (4.9)

. . 1/2//
= {coordinates cross with t* * = s}

parameterized by the coordinate s (or equivalently, by @ = e®). Because L, is parameterized by the flat
coordinates {t*'"" = #*'} of M’ and if Q > 0 is sufficiently small {X?} will be a coordinates system for M,
hence we can write L := {(X1,--- X7 Y, YY) | Y = fi({X*},Q)} for some functions f;,i =1,--- ,n/.
By the definition of Lagrangian submanifold, we have

L s SN L Of , .
_ _ i . k _ % _ _ J i
0="0|, = ‘EldX AXYLQ) = ) 1dX Ao dX =D :1<8XJ' 8X1.>dX NdX7.
= = 1>7=

This implies the existence of the generating function Sy = Sy ({X*}, Q) of the Lagrangian submanifold such
that
v _ 08w ({X*},Q)
’ X' '
for all sufficiently small Q. As we are going to see, if M" := My, then X' = a' := qu‘ dSsw,Y; = b; := fBi dSsw
and Sy, 4y = 21iF°W . So the Seiberg-Witten theory can be encoded into a certain tensor product of Frobenius
manifolds.

4.4 0Odd Periods of M ® QH*(P') and Seiberg-Witten Theory

In this section, we study the tensor product Frobenius manifold M ® QH*(P!) and its relations to the Seiberg-
Witten theory when M := My, as noted in [10].
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Chapter 4. Seiberg-Witten Theory and Frobenius Manifolds

4.4.1 Odd Periods of M @ QH*(P') as period integrals

First, we will consider the general case when M is an arbitrary n-dimensional Frobenius manifold. Without
loss of generality, we will assume that the intersection form g®? is invertible on M (we only need to replace
M by M, := M \ ¥ otherwise). Let us consider Equation on the coordinates cross of M @ QH*(P).
Setting A = 0,v = £,& = £(t,Q) = pa(t,Q)dt* @ dt + ¢4 (t, Q)dt™ ® ds and p := p,dt™,q := q,dt*™ then the
o’ =al,a=1,--- ,n and o’a” = 12 parts of Equation yields

aap'Z/lJrQaaq:p(u—%)C’a, Gaq~u+2Q6ap:q(u+%>C’a

QOqp - U +2Q0qq = Q(M + %) 0qq - U +2Q0gp = p(u - %) (4.10)

for o = 1,--- ,n. We note that only the &/a’ = al,a =1,--- ,n and o’a” = 12 parts will be relevant on the
coordinate cross.

Proposition 4.4.1 (|10, Proposition 5.18]) Let z(t) be a solution to the intersection form flat coordinate
equation on M a,. Then for an arbitrary closed contour C, on a Riemann surface where the integrand is defined,

Oox(tt — N\ 12, 17 1 [ AOaz(tt — N\ 82, ,t"
Pa =]§ ( ) da = _77{ ( ) (4.11)
C A2 —4 C

/ Q ) [0} 2 )\274Q

satisfies the system of equations . It follows that

LAt
w(t, Q) :fcx(t >\27t—74Q’t )i (4.12)

is an odd period on the coordinates cross of M ® QH*(P!).

Proof: It is straightforward to substitute p and ¢ given by (4.11]) into (4.10) and show that every equation is
satisfied using the fact that & = £(t; \) := da(tt — A\, t2,--- | t") = dx(t;0; \) satisfies

aag-(uA>§<u;>ca.

Let @ = o({t**"}) be an odd period on M @ QH*(P'). We can write in general:

@ =w(t,Q)+0t*>"?)
where O(t*>12) contains all terms depending on the coordinates t32,--- "2 which we do not need to care
about because they will vanish on the coordinates cross. Let w(t, Q) be given by (4.12)) then

Lz (th — N\, 82, ..t o
Pa = 87(*] = % 6 :E( ’ ’ ’ )d>\ - 5 dA
ot c A2 —4Q o /A2 —4Q
ow 1 1 9 4Q
=Q— =~ = ANt ) s d
" =95 2?401’( e g
——lfx(tl—u? t")ﬂ A _lj{ /\o”'Ax(tl—)\,tQ,...,t”)__lf pY3!
2 Je TN\ (e ) 2 e A2 —4Q 2 Jo N 4Q
This completes the proof of the Proposition. O

The following proposition make it more precise how to obtain from period integrals, a complete linearly inde-
pendent set of odd periods, that forms canonical coordinates for the symplectic structure on M ® QH*(P'):

Proposition 4.4.2 Let M be a semisimple Frobenius manfiold and let {u',..,u™} be canonical coordinates. Let
{z,...,a"} be flat coordinates of the intersection form (.,.) on M, chosen such that the monodromy of ' at
A=l is 2t & —2t, g = (da',dx?), (gi5) = (¢7) 7" and z; = gija7 &6 M) = gi;87 (6 N). We define A to
be a cycle enclosing singularities £21/Q and B; to be a cycle enclosing —2./Q and u'. Then the following odd
period integrals

: 1 it — N\t 1) - I (= A2t
X(t,Q) = — 2 ) Yi(t,Q) := i ALAIEEE )Y 4.13
Q= o f T2 v ;_Egﬂf;j s (413)

gives a complete linearly independent set of odd periods {X'=% " Y;_y ... o} that forms canonical coordinates
for the symplectic structure on the coordinate cross of M @ QH*(P') in the sense of Theorem ,
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4.4. Odd Periods of M ® QH*(P') and Seiberg-Witten Theory

The cycles A and B; can be thought of as cycles on a non-compact Riemann surface A; constructed by gluing
two copies of C\ U, L; along the cut [—2v/Q, +2v/Q] and L;. Rays Ly, ..., L,, are defined in the usual way |10]

L; = {u’ + pe'®|p € R, }. (4.14)

Proof: To avoid confusion with the established result in Theorem [4.3.3 we shall define

il 2 n 5 il 2 n
Xi(t,Q) = . ]{ Gl Gt LT )dA, Y;(t,Q) ::7{ T At )d/\ (4.15)
2mi A A2 —4Q B, 22— 4Q

and Y; := gijf/j. From Proposition we know that the given integral expressions for X(t,Q) and Y;(t, Q)
will be odd periods on the coordinate cross of M @ QH*(P!). A complete linearly independent set of odd
periods {5( i }71} will always forms coordinates such that the Poisson bracket {.,.} is constant. Therefore we can
always form an appropriate linear combination of a given odd period system to obtain canonical coordinates
{X", X7} = {V;,Y;} = 0,{X",Y;} = 6’ Therefore we only have to show that the set {X(t,Q),Yi(t,Q)} as
defined above is linearly independent and already are canonical coordinates without the need of forming any
further linear combinations. Note that canonical coordinates are not unique, any transformation of {f( i }71} via
an action of Sp(2n,C) will remain canonical.

Since {X?, X7},{Y;,Y;} and {X?,Y;} are constants, we can evaluate them in the limit Q@ — 0. We will need
the following :

X1 g AN)dA Xt 1 AN )dA
PXba = g0 Zoni [y a2 —ag) K T 0 T Tami e —4q
oY’ 8 (t; N)dA oY L[ A (5 N)dA

A AV s D AN/ o

where ¢ = £ (£ \)dt® = dz'(t! — N\, t2,--- ,t"). Similarly, we define PY, 0 1= (’“)ﬁ/(“)talln = ijPyi o and
93, o = dY; Jot>'?" = 9ijyi o As @ — 0 we have

P =) +0@), gz =0(Q).

From this we conclude that X* are indeed X* i =1,..,nin Theoremm To study py and gy as Q@ — 0, first
we will deform B; so that ¢, = uff f 2vg = 2 f 2@ The last equality follows because these integrals

are on the different sheets of A;, hence z? switches sign crossing L; whereas /A2 — 4Q switches sign crossing
[-2v/Q, +2+/Q). Tt is important to deform B; to this specific path because B; must intersects the segment
[2v/Q, +2+/Q)] by definition and the deformed path will ensure this condition is met as @ — 0. We have

2V/Q 2 n -2/Q k z — k
B & ( — A\ te .t ) i d\ 0] 5 (f)\) dX
=2 SR B B sag [ ey A0 [T LI

=¢&'(t)log Q + 7 (t) + O(Q).
Where we let 7;(t) to be the Q¥ terms of the small ) expansion above. Similarly, we have

VRN (NN

o[ g - - [[gtnan+ 0@

-/ "o, (5%») = (it ;)) ar+0(Q)

where the last equality is due to
1) U= 2) = €03 (- 5 ) = OAEEN) @ -2 = -0 (n+3).

According to |10, Lemma 4.4] combining with [10, Equation (4.3)] we can write £*(¢;\),i = 1, ...,n in canonical
coordinates near A = u’ as

- 9 1 , ,
N = : (6L + O(u'(t) — \))du”.
2 < out 8u’€>\/w<t>—x '
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Using the fact that U = diag(u',...,u™) in canonical coordinates, we conclude : limy_,,i (& N) - (U — \) =
0,7 =1,...,n. Therefore,

oy =€0) o+ 1)_1 - Jim €)@= (4 1)_1 + 0@

2 A—ut 2

— () U (u " ;)1 +0(Q).

Applying g;; to lowing the indices, we can see that the gradients of f’i(t, Q) as @ — 0 is given by

(v, a,) = (&(t) log @ +7i(t),&(t) - U (u+ ;>_ ) +0(Q),  7ilt) = gi;7 (¢). (4.16)

As a solution of odd period equations, ﬁ»(t, Q) can be expressed as a linear combination of a complete set of
linearly independent odd periods {X? Y;} in Theorem m From the leading term of py we deduce that
Y, =Y + Sorey c;s X"* where ¢;;, are some constants. Recall from the proof of Theorem (|10l Theorem
5.16]), it was assumed that py, takes the form py, = & (t)log Q + r;(t) + O(Q) where 7;(t) = > ,_; A (t)E"(t)

and A;x(t) is a function to be determined. Then using odd period equations and gy, = & (t)U (,u + %) 1y 0l(®)]
we found that

5 0 OF(z)
ote  Oxt
where F,(t) is the potential of dual (almost) Frobenius manifold M,. By differentiating Y; = Y; + Y p_, cin X*
and comparing terms, we find that 7; (t) = Y _; (Air(t)+cir )€ (t). Since we have gy = & (E)U (1 + %)_14—0(@),
the same proof as in Theorem applies once again and we conclude that 7;(¢) takes the same form as r;(t)
with a new potential F(t) = Fi(t) + (quadratic terms). Due to the form of gradients (px.,¢x:) and (py,,qy,),
the evaluation of Poisson brackets in the limit ) — 0 is now no different from the remaining of the proof of
Theorem It follows that {X*, X7},{Y;,Y;} = 0 and {X*,Y;} = 6. We can now remove the tilde if we
wished and the proposition is proven. O

ri,a(t) =

Example 4.4.3 Recall that in the case where M is 1-dimensional we have z(t — A\) = 2v/t — A, therefore the
monodromy is just a reflection +x <> —x when A moves around ¢. In this case the integral

7Md)\
c VA2 —4Q

is done on a genus 1 Riemann surface: y? = (t — \)(A? — 4Q) which is a double cover of A-plane = C. The

X(t,Q) =

integral over cycles A and B = B, simply compute the A and B-periods of —£=2_d\.

Npeme)

For a general Frobenius manifold M since for a fixed (t!,...,#"), the flat coordinate z(t' — \,#2,...,t") has

monodromies at A = u!,--- u", where u® = u’(t!,...,t") are the canonical coordinates of M. Using [10,

Equation (4.55)]:

. 2 & 9 0 ,
il 2 ny _ _ (2) (4.
HE AP = Y ) - (oo o A6
where ¢§j) = ¢,§i = ¢ du® and the application of |10, Lemma 4.5] with v = 0: M;&* = &8 — 2¢7%¢

[

ouk ’ ouk o
(no summation over repeated indices), where ¢ = g” —, we conclude that the monodromy of x* at u’ is
gy

given by (no summation over repeated indices):
= iji =zt — 27,

It is clear that the monodromy of x% at A = u® is 2° — M;z® = —x' because c** = 1, satisfying the assumption
of Proposition Unlike what we have seen in the Example a double cover of A-plane is in general
not sufficient to define a single-valued z*(t! — X, ¢2,...,#"). We can see this from a monodromy of z* around v’
follows by a monodromy around u’

¥ Mzh = 2% — 2¢% 2t — Mj:c’C — 2cZij3:1 =aF — 2% ad — 2Ryt 4 AT

This is not 2* unless i = j suggesting that we potentially need an infinite cover of A-plane.
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4.4. Odd Periods of M ® QH*(P') and Seiberg-Witten Theory

4.4.2 The tensor product Frobenius manifold M,, ® QH*(P') and Seiberg-Witten
Theory

Let us specialize to the case where M = My, where we recall from Sectionthat the A4-Coxeter Frobenius
manifold M, is defined by the superpotential A(z;y) = 29t + 92971 + T+ ¢! = (z —2')..(z — 29T,
The flat coordinates for (.,.) on M, can be found and we denote them as {t, ..., t9}, degt® = degy® while
{a',...,29"'} are flat coordinates of the intersection form (.,.) of My,. In other words, for a fixed (¢',...,t9),
the polynomial \(z;t) has (g + 1)-roots {x?=1 9Tt = 2i(t} .. t")}, each of them will satisfy the intersection
form flat coordinates equations on M4, but only g of them will be linearly independent because of the relation
ot 4 29t = 0.

More generally, {z=19FL(¢;0; \) 1= 2t (t! — A\, #2,- -+ | t9)} are flat coordinates of the A-flat pencil (.,.),. Since
t! =yl it is clear that A(2?(t* — \,t2,...,t9);t) = \,Vi = 1,...,g + 1. In other words, z(¢;0; \) are locally an
inverse of A = A(z;t). The canonical coordinates of M4, are given by the critical values {u',--- ,u9} of A(z;t).
Suppose that z¢(t! — u®, t2,--- [ t9) = 2Tt — u? 2, .-+ | t9) then the monodromy M; around A\ = u® is given
by Mzt = 2+t Mya™! =xi fori=1,--- g and M;z? = 27 for all j #i,7+ 1.

Remark 4.4.4 We may take the flat coordinates of My, to be {#=19 := z' — 2'T'} for the assumption
M;z* = —%" of Proposition to be satisfied.

Now, let us turn our attention to finding the odd periods on the coordinate cross of M4, ® QH™ (P'). Since the
superpotential A = A(z;t) is really simple in our case, instead of considering the integral on A; constructed by
gluing A-planes C \ U, L, together, the computation can be simplified by considering the integral on a cover
of the z-plane = C. We have that

a(tt — N2, t9)dN  xdN(at) aN(xt)de
X —4Q VA (zst) —4Q  /A2(wit) — 4Q
2

is a well-defined family of differential forms on the family of compact genus g Riemann surfaces ¥, : y* =
M2 (z;t) — 4Q parameterized by the coordinates cross. Each ¥, doubly covering P! via (z,y) — = ramified over

2g + 2 roots of A}(x;t) — 2Q given by {x'¥,.-- | z9tLE} If we introduced a new function w : £, — P! by
V@Q (w— 1) =y and A9 ;= /Q then X, can be written in the form

1
ATt (“’ + w> = Ma;t) = a9 +y%29 7 4o 4y

then we recognize ¥, as a genus g Seiberg-Witten curve. Similarly, we recognize \/x)i/((;;t))ile — x,\f(a;;t)dx _ J:%”
as the Seiberg-Witten differential dSgy . Finally, the coordinates {t!,--- ,t9} of M A, parameterizes the family

of Seiberg-Witten curves.
It follows from Proposition that
w(t, Q) = 74 dSsw (4.17)
c

is an odd period on the coordinate cross of M ® QH*(P!) for any cycle C € Hi(Z,,C).

Proposition 4.4.5 (See also, |10, Example 2]) Let us choose A and B-periods on the Seiberg- Witten curve
¥y as in Figure[{.{.3 Then

. 1 . 1 .
Xl(t,Q):—. o ::%7{‘ dSsw, Yi(t,Q)Zbi :Zﬁ dSsw, 1=1,---,g

a
211

gives a complete linearly independent set of odd periods {X*=19.Y,_1 ... ,} that forms canonical coordinates for
the symplectic structure on the coordinates cross of Ma, ®RQH*(P') in the sense of Theorem . Additionally,
; 1 —

if X9THt,Q) = 5= ngH dSsw then X'+ ...+ X9 + X9t = 0.

Proof: We already know from Proposition [£.4.1] that the given integral expressions are odd periods on the
coordinate cross of Ma, ® QH *(P'). To avoid confusion with the established result in Theorem we
define X? := ﬁ fav dSsw, Y; = fbﬁ dSsw and we will reserve the notation {X? Y;} for odd periods canonical
coordinates according to Theorem for now. Changing the integration variable back from z to A, we have

.y 1 1 2ty — Aty ey tn)dA
X't,Q)==— ¢ dSgw = — . 4.18
(t.Q) =5~ fi ASsw =5 fi 10 (4.18)
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Figure 4.1:
A genus g Seiberg-Witten curve X, with a particular choice of A and B-cycles which generates H'(X,, C) such
that A1+"'+Ag+Ag+1 :O

This is because an z-integral enclosing ' using # = z° root of P(x) as an integration variable is the same
as A-integral ¢ , A\ enclosing +£21/Q with z = 2 in the integrand. Therefore it is straightforward to see that
Xi=Xifori=1,..,n.

Let’s denote canonical coordinates of My, by {u!,...,u"}. Let {¢',...,q"} € C be the set of critical points of
Axst), N(gist) = 0,\(g;;t) = u(t). For notational convenience we will define ¢,+1 := ¢, and u"*! := u™.
Consider an integral in A-plane starting from u’, crossing the cut [-2v/Q,+2+/Q] and going back to u’, which
can be deformed to fu?m— ff2\/@ = 2fu:2\/@. Changing to the z-variable, this path is the path joining

(z,y) = (¢, —/(u(t))? — 4Q) in the bottom sheet to (z,y) = (gi, ++/(u'(t))? —4Q) in the top sheet via
(x,y) = (2'~, —24/Q) which we will denote by C;,i = 1,...,n + 1. Therefore we have that

Yi(t, Q) :]{ dSsw :/ dSsw */ dSsw + R;i(t,Q)
B; C; Cht1

i

ST i -2vQ _n+l _
:2/ 2i(t )\,tg,...,tn)d)\i/ " (t )\,tz,...,tn)d)\+Ri(t,Q)

A2 —4Q n A2 —4Q

where R;(t,Q) = fBi—(Ci—Cn+1) dSsw is a function analytic at @ = 0. The first two integrals have been

discussed in the proof of Proposition m The gradient (p?i, qf/i) of Y; can be seen to take the form 1)
For example, the leading term of py, is

(1) =€) log Q = (£'(t) + ) €"(1)) log @ = g;¢7 () log Q = &i(t) log @, (4.19)
k=1

where we have used g;; = 8;; + 1, £(t) := dz’(t) and 2 + ... + "' = 0 which implies &' + ... + " = 0.
We arrive at the same situation we were at the end of the proof of Proposition [£.4.2] and the remaining of
the arguments will be identical. We conclude that {X? Y;} forms a system of canonical coordinates on the
coordinates cross of Ma, ® QH* (P1). Dropping tildes, the proposition is proven. O

Let Sa, = Sa,({X'},Q) be the generating function for the Lagrangian submanifold L, C My, ® QH*(P'). We

have that
by = 984,(4X* Q) ) 08a,({X*}Q)
ot o0X: o 94 .

Therefore, the Seiberg-Witten prepotential is given by %W ({a’}, A) = 2miSa, ({5}, A272) [10].

4.5 v-Periods of M = M'® M" as Period Integrals

In the previous section, it is unclear why odd periods on the coordinate cross of M ® QH*(P!) are given by
period integrals. In particular, why should A and B-periods of the Seiberg-Witten differential on Seiberg-Witten
curves be related to Ma, ® QH* (P1)? In this section we generalize Proposition to obtain a v-period on the
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coordinates cross of M = M’ ® M" for any two arbitrary Frobenius manifolds M’ and M" as a period integral
on some Riemann surface. This shows that there is nothing specific about the tensor product with QH*(P*)
and that period integrals naturally arise in tensor products of Frobenius manifolds.

Suppose that flat coordinates of M’ are given by t = (#'*,#'2,...,#'") then let us define ' := (0,2, ...,#'"). We
claim the following

Theorem 4.5.1 Let M’ and M’ be n' and n'-dimensional Frobenius manifolds respectively. Suppose that
g =gV N) = da'(t'; V5 ) is a gradient of a (V' \)-period x'(t';v';N) of M' and £ = &' (t";v";\) =
dx"(t"; V"5 X) is a gradient of (V', \)-period " (t";v"; \) of M" then

Bt f ¢ (i A) @ &1+ N)dA (4.20)

is a gradient of v-period on coordinates cross of M = M' @ M" where v =v'+v" +1/2 and C is an arbitrary
closed contour on a Riemann surface where the integrand is well-defined.

Of course, we can write (4.20]) equation in the coordinates form ¢ = wa/audto‘/ ® dt®" on the coordinates cross
as

Yoy (t' 1" 1) 7{5 (50 = NEL 0" +N)dA
Let £ := &' (#;1/;—\) and i” = ¢"(t";1";4+)) as before, then (4.20) can be written more compactly as 1) =

b & @&"d). The integral (4.20) can be performed on any closed contour C' on a surface where & @ £” is defined
as a function of A. There is no guarantee that a closed contour will exist for any v/,v” € C, but it is possible
in the simple case /,1” € Q as we shall see in the following. Let {u'!,...,u/"'} be the canonical coordinates of
M’ and define the rays L}, ..., L] by:

L= {—u"" 4 pe' | pe Ry}

then £ is a well-defined function for A € C\ U, L (see [10, Section 4]). Similarly, let {u”,--- 4"} be the
canonical coordinates of M" and define the rays LY, ..., L”, by:

LY = {+u" + pe'® | p e Ry}

then ¢” is well-defined for A € C \ U?;IILQ/ . Assuming we are working on a dense subset such
that {—u/=0n" ¢/1=Ln"1 are pairwise distinct, then it is possible to pick ¢ € [0,27) such that
{Liy .. s LiZy ... 0} intersect trivially pairwise. Let us fix a pair (i',4”) for some i" = 1,---,n' and
i = 1,---,n", then we can choose & and &’ such that their monodromies around A = «/* and A = v/
are multiplication by e2mi(V'+1/2) gnq e2milr"+1/2) respectively [10, Lemma 4/5] Let m € Z be such that
m(v' +1/2) +m(v"” +1/2) € Z. Then it is possible to glue m copies of C\ ((Ur_,L}) U (UL, L)) appropriately
along the cuts L}, and LI, to yield a non-compact Riemann surface Am” such that the path C enclosing u'*
and v, m times, will form a closed contour on A%, We have that £ ® ¢” is well-defined on some open subset
of A%, containing C' as needed.

Remark 4.5.2 We note that the definition of A}, varies with the point on the coordinate cross, in other words,
it is parameterized by the coordinates cross. Therefore, we naturally obtain a family of Riemann surfaces by

studying the v-periods of M = M' @ M".

Let us now prove Theorem
Proof: On M = M’ ® M" the v-period equation is

1
7) Ca/a//,

Ouvrartp - U = (v =3

Since we are dealing with the formula on the coordinates cross, we only need to verify the equation
Oty (U @1 +1' U" — 11717 g 1") = 1/}(// 91" +1 oy +v— )C(Il/ ®C",

for o/a” = o’1” and /o’ = 1'a”. Here we have used , and for the expressmn of U,Cyron and
1 on coordinates cross. We recall that on coordinate cross to‘ =t tl o — e and 0" = 0,Vo/, 0 > 1,
in particular t1 = 'Y = "1, Both &’ ® 1” and 1’ @ U" contains the term 11’ ® 1”7 = ¢"'1' @ 1”. We have
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two equivalent choices, either 111’ ® 1” will cancel a term in U’ ®1” or 1’ @ U”, here we will go with the first
choice. Now, we add and subtract A1’ ® 1” in U, this gives us

U=UN1"+1" 0 U" - )N

where U’()) is a multiplication by the Euler vector field £’ of M’ with X replacing ¢;. In proving (4.20) we
shall use the following fact that & = ¢'(£;v'; —\) and £” = & (t";v"; +)) satisfy

&l ! e, /_1 ayi et /_1 l r_ /
NG UN =& (W +V/=3),  0wf U =& (W +v/ = 3)Cl a/ =2,.m

D& - (U" = N) = f”(u” +v" - %)C;'u, o =1,...,n".

Also, recall from the proof of [10, Lemma 3.6] that 0" = O - C", and Qn&” = Oy - C", = —DNE" - C,,.
For o/a” = a’1”,a/ = 2,...,n' we have

Ourinth) - U = 7{(8@/5’ ®&") - Ud\ = j{(aafé’ @) - (UN) 1" +1"@WU" —N)dX

(0w€ - UN @ +0E - Clrog”- U = X))

(@(w+v - 3)Choe +&-Clyw (oue" - @'~ N +¢"))dr

~o—, o, e

(é’ (u’ +v - %)C{], R +&-C® (5” (u” +v" = %) + 5”))d)\
= 745’ ® & dX - (u' 1" +1 @up" + (u’ +v" + %) - %)(Cg, ®1")
=v(u+v- %)c;, ®Cl,.

Similarly, we have for o’a” = 1'a”, o =1,...,n"

Oy -U = 7{(5’ ® Oqr€") - UdN = ]{(é’ ® Oqr&") - (U'N) 1" + 1" @ (U — N\))dX
(@ w
((8A§~/ U'(N) + 5/) Q-+ (u” +v" - %) g,,)d)\

(€ 1) r) s et oo e
1

2

(N) @ (=" - C")) + & @ Do - (U — A))d)\

~—, o~

- 1
— ff/ ®£//dA . (’EL/ ® 1// + 1/ ® /,I,// _"_ (]/l + 1/// + 5) )(1/ ® Cg//)
:¢<M+V—%>C{/® Zu.

Therefore the theorem is proven. O

Corollary 4.5.3 Let M’ and M" be Frobenius manifolds. Suppose that &' = z'(t';V';\) and 2" = 2" (¢";0"; \)
are (V',\) and (V"', \)-periods of M' and M" respectively. Then

w(t' " v) =+ j{(())\x'(f’; V=) (0" X)) dA
__ 7{ & (AN (D2 (@5 —\))dA
is a v-period w = w(t',t";v) on the coordinates cross of M = M' @ M".

i

Proof: Since we are on the coordinates cross, we only need to check that ¥,/1+ = (%J/at"‘/l”7 P1rgn = Ow/[OtT Y.
This can easily seen to be true. O

We can recover the solution of odd period on M = M, ® QH*(P!) as given in Proposition as a special

97



4.5. v-Periods of M = M’ @ M" as Period Integrals

case of Corollary Let the flat coordinates of QH*(P!) be given by {t,s}. Then it is not hard to show
that the (0, \)-period is given by

) = pan ! (A ) — s
x(t, 8;A) = tan ( 4Q—(t—)\)2)7 y(t, s;\) = s, where Q := e°.

Therefore,

Ohx(0,s;—A) = /\27_4@, Ohy(0,s,—A) =0.
The Frobenius manifold M4, is defined by A(x;t) = 2"+ +y"2" =1 + .. +y! with flat coordinates given by {t}
(see Section. The flat coordinates of the intersection form of M, is given by {x!, ..., 2"} where 2 = x%(t)
is the i-th root of P(z) = 0. Similarly the (0, \)-period for M4, are given by z’(t;\) = z*(t! — X\, t2,...,t") or
the i-th root of A(z;t) = .
Applying Corollary with 2/ = z, 2" = 2" yields an odd period on M = My, @ QH*(P*) :

i — N2,
w(t,Q) =%$ t /\2’j L’IQ’t )d/\.

As we have seen, we can rewrite the integrand as the Seiberg-Witten differential dSsw and so w(t, Q) is given
by a period integral on a Seiberg-Witten curve, varying over the family of Seiberg-Witten curves.

Remark 4.5.4 If we have chosen instead 2’ = y,2” = 2% then we get w(t,Q) = 0 which is trivially a solution
to the odd period equation.
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