QUANTUM SYSTEMS AND THEIR CLASSICAL LIMIT

A C*-ALGEBRAIC APPROACH

THESIS SUBMITTED TO
The University of Trento
For THE DEGREE OF

Doctor of Philosophy

Christiaan Jozef Farielda van de Ven

BORN ON MARcH 17, 1991
IN VENLO (THE NETHERLANDS)

Supervisor
Prof. dr. Valter Moretti

Scientific Committee
Prof. dr. Michele Correggi, referee
Prof. dr. Claudio Dappiaggi, referee Trento, 3 December 2021



INOAM

This research was financially supported by the Istituto Nazionale di Alta Matematica (INdAAM)
“Francesco Severi” as part of the European project INdAM-DP-Cofund-2015 “INdAM Doctoral
Programme in Mathematics and /or Application Cofunded by Marie Sklodowska-Curie Actions”
under grant number: 800 713485.



Publications and preprints

1. C. J. F. van de Ven, G. C. Groenenboom, R. Reuvers, N. P. Landsman,

Quantum spin systems versus Schrodinger operators: A case study in spontaneous symmetry
breaking.

In SciPost Vol. 8, Iss. 2 (2020).

https://scipost.org/SciPostPhys.8.2.022

2. K. Landsman, V.Moretti, C.J.F. van de Ven,

Strict deformation quantization of the state space of My(C) with applications to the Curie-
Weiss model.

In Rev. Math. Phys. Vol. 32, Iss. 10 (2020).
https://doi.org/10.1142/50129055X20500312

3. V. Moretti, C.J.F. van de Ven,

Bulk-boundary asymptotic equivalence of two strict deformation quantizations.
In Letters. Math. Phys. Vol. 110, Iss. 11 (2020).
https://link.springer.com/article/10.1007/s11005-020-01333-6

4. C.J.F. van de Ven,

The classical limit of mean-field quantum spin systems.
In J. Math. Phys. Vol. 61, Iss. 12 (2020).
https://doi.org/10.1063/5.0021120

5. S. Murro, C.J.F. van de Ven,

Injective tensor products in strict deformation quantization.

arXiv: 2010.03469 (2021).

Accepted for publication in Mathematical Physics, Analysis and Geometry.

6. Valter Moretti, C.J.F. van de Ven,

The classical limit of Schrodinger operators in the framework of Berezin quantization and
spontaneous symmetry breaking as emergent phenomenon.

arXiv: 2103.11914 (2021).

Accepted for publication in International Journal of Geometric Methods in Modern Physics.

7. C.J.F. van de Ven,
The classical limit and spontaneous symmetry breaking in algebraic quantum theory.
arXiv: 2109.05653v2 (2021), under submission.

The following above mentioned publications have evolved from my doctoral
dissertation: 2,3,4,5,6,7. Publication 1 is an outcome of my M.Sc. thesis.



Preface

This thesis is the result of the author’s PhD research, supervised by professor Valter Moretti.
This research was financially supported by means of a fellowship awarded by the Istituto
Nazionale di Alta Matematica “Francesco Severi” as part of the European project INdAAM-DP-
Cofund-2015 “INdAM Doctoral Programme in Mathematics and/or Application Cofunded by
Marie Sklodowska-Curie Actions” under grant number: 800 713485.

First and foremost, I want to express my gratitude to Valter Moretti for his support during
this PhD, for giving me the freedom to choose own topics in the field of mathematical physics
and for encouraging me to collaborate with prominent researchers in Italy and abroad. The
results in this thesis would not have been possible without his helpful suggestions, insightful
conversations and useful comments. Moreover, I am undoubtedly very grateful to INAAM for
giving me the opportunity to do a PhD in Italy. I would like to thank Mrs. Esposito for her help
in solving bureaucratic issues. In addition, I thank my other co-authors Klaas Landsman and
Simone Murro I have collaborated with during this PhD. Furthermore, I am grateful to Nicolo
Drago for sharing his expertise in the field of symplectic geometry, all my other colleagues at
the mathematics department, and I thank my friends for their companionship over the last
years.

As a mathematical physicist, it is an honor and privilege to do this work, and I can say
that I feel very lucky and satisfied to have been in the position to do this PhD in Trento. In
particular, the freedom of choice of research topics that came with this fellowship allowed me
to combine several of my research interests: mathematics and physics. I had a great time the
last three years in Trento, during which I learned a great deal about mathematical physics,
but I also developed myself as a person. Emigrating abroad as a foreigner was certainly not
easy for me at first. Soon I found my way thanks in part to the support of my family and a
close Italian group of friends of which I particularly would like to thank Luciano, Francesco
and Giuseppe.

Let me conclude with some words of gratitude to my family and my family in-law for their
care in my development and supporting my decisions. I thank my twin brother Mathijs for
his many phone calls and his companionship at distance. Finally, I want to express eternal
gratitude to my wife Bilge and my mother Francine for stimulating me to follow my dream to
find a PhD position in Trento, and for always being there to help and give positive advice.



Contents

1 Introduction 7
1.1 Different limits . . . . . . . . ... 8
1.2 Classical Iimit . . . . . . . .. o 8
1.3 Quantization theory . . . . . . . ... L 9
1.4 Contributions . . . . . . . . . . e e 12
1.5 Discussion . . . . . . .. e 16
1.6 Reading this thesis . . . . . . . . .. . L 17

1.6.1 Notations and conventions . . . . . . . .. .. ... ... 0., 17
I Algebraic methods 20
2 Quantization procedures 21
2.1 Strict deformation quantization . . . . . .. ... oo 21
2.1.1  Weyl and Berezin quantizations maps on R?" . . . . . ... .. .. ... 24
2.2 Coherent pure state quantization . . . . . .. ... ... 0oL 29
2.2.1 Coherent pure state quantization of R®® . . . . . ... ... .. ..... 31
2.2.2  Strict deformation quantization and coherent pure state quantization of 52 32

3 Deformation quantization of the algebraic state space of M (C) 35

3.1 Structureson A= M(C) . ... ... 35
3.1.1 The state space of My(C) asaset . . ... ... ... .. ... ..... 35
3.1.2  Smooth structure of the state space of My(C) . . . ... ... ... ... 36
3.1.3 Poisson structure of state space of My(C) . . . ... ... ... . .... 38

3.2 Intermezzo: quasi-symmetric sequences . . . . . ... ... Lo 40

3.3 Deformation quantization of S(Mi(C)) . . . . . .. .. ... L. 42
3.3.1 Choice of the Poisson subalgebra 2o . . . . . . . ... ... ... ... 42
3.3.2 Quantization maps . . . . . .. ... 44

4 Bulk-boundary asymptotic equivalence 50
4.1 Interplay of bulk quantization map @,y and boundary quantization map Q] /N 51

4.1.1 Harmonic polynomials . . . . . . ... ... ... 0oL, o1

4.2 Bulk-boundary asymptotic equivalence . . . . . .. ... oL 52

4.3 Application to the quantum Curie-Weiss model . . . . . . ... ... ... ... 56

5 Injective tensor products in strict deformation quantization 58
5.1 The injective tensor product of continuous bundles of C*-algebras . . . . . .. 58
5.2 Products of Poisson algebras . . . . . .. .. ... 0o 59
5.3 Products of KMS states . . . . . . . . . . ... 62
5.4 Examples . . . . . .. 63

5.4.1 Spinsystems . . . ... 63
5.4.2 The resolvent algebra and Schrodinger operators . . . . . . ... .. .. 65

6 Semi-classical properties of Berezin quantization maps 68
6.1 Spectral asymptotics for Berezin quantization maps . . . . . . .. ... .. .. 68
6.2 Classical limit for Berezin quantization maps . . . . . . .. .. .. .. ... .. 69

6.2.1 Isometric embedding Hy C L?(S, duy) and QP -equivariant group repre-
sentations . . . . . .. L L e 71

6.2.2 Localization of eigenvectors . . . . . . . ... ... L L. 72

6.2.3 Classical limit for eigenvectors of Berezin quantization maps. . . . . . . 73



CONTENTS

7 Dynamical symmetry groups and spontaneous symmetry breaking 79
7.1 Spontaneous symmetry breaking: general concepts . . . .. ... .. ... ... 79
7.2 Dynamical symmetry groups, ground states and SSB in algebraic quantum theory 80
7.3 SSB of ground states as an emergent phenomenon in Berezin quantization on

symplectic manifolds . . . . . . . ... L 82
74 SSBin Nature . . . .. .. .. ... e 84
7.4.1 “Flea mechanism” . . . . . .. .. ... ... o 84

11 Applications 89

8 Mean-field theories 90
8.1 Mean-field quantum spin systems, symbols and strict deformation quantization 90

8.1.1 Symbol and relation with quantization maps . . . . .. ... ... ... 91
8.1.2 Examples . . . . . . . L 92
8.2 Semi-classical properties of mean-field theories . . . .. ... .. ... ..... 93
8.2.1 Classical limit of the dynamics . . . . . ... ... ... ... . ... 93
8.2.2 Semi-classical properties of the spectrum . . . ... ... ... ..... 97
8.2.3 C(lassical limit of eigenvectors . . . . . . .. ... ... ... ... ... 98
8.3 Applications to Curie-Weiss model and SSB . . . . . ... ... ... ... ... 101
8.3.1 Alternative proof of Theorem 8.3.2 . . . . . . . ... ... ... ..... 103
8.3.2 Spontaneous symmetry breaking in the CW model . . . . . .. ... .. 110

9 Berezin quantization maps on R?” and Schrédinger operators 113
9.1 Semi-classical properties of Berezin quantization maps on R?" . . . . . . .. .. 113
9.2 Schrodinger operators versus Berezin quantization maps . . . . . . . .. .. .. 116

9.2.1 General setting . . . . . . ... 116

9.2.2  Comparison of e="n and QP(e=®) . . .. ... L 117
9.3 Semi-classical properties of Schrodinger operators . . . . . . .. .. .. ... .. 122

9.3.1 Localization of eigenvectors . . . . . . . . . . . . .. ... ... ... . 122

9.3.2 Classical limit of ground states of Schrodinger operators . . . . . . . .. 124
9.4 Classical limit of Gibbs states . . . . . . . . . . .. ... L. 127
9.5 SSB of ground states as an emergent phenomenon in Berezin quantization on

R?" with Schrodinger Hamiltonians . . . . . . . . .. ... ... ... ...... 130

10 Perspectives and open problems 133
10.1 Resolvent algebra . . . . . . . . . .. Lo 133
10.2 Infinite systems, phase transitions and SSB . . . . . . ... .. ... ... .. 133
10.3 Explicit symmetry breaking in real materials . . . . . . ... ... ... ... 134

Appendices 137
Appendix A Elementary facts on coherent spin states . . . . . . ... .. ... .. 138
Appendix B Proofs of auxiliary results . . . . . ... ... 0oL 140
Appendix C  Dicke components and numerical evidence . . . . . . .. ... .. .. 150



1. Introduction

Inspired by the approach of semi-classical analysis to study the link between quantum and
classical mechanics, I decided to immerse myself into the theory of deformation quantization,
i.e. a mathematically precise way to describe the transition from quantum to classical theories
based on C*-algebras. The classical theories typically arise as “higher-level” theories H which
are limiting cases of “lower-level” theories L (viz. quantum theories). The higher-level theories
are well defined and understood by itself (typically predating L) and have properties that
cannot be described by L. Examples of such properties are spontaneous symmetry breaking,
Bose-Einstein condensation and phase transitions [57].

Motivated by physics let us give a few examples of such pairs (H, L). In the first example
we consider a theory H describing classical mechanics of a particle on the real line with phase
space R? = {(p,q)} and ensuing C*-algebra of observables given by 21y = Cy(R?), i.e. the
continuous (complex-valued) functions on R? that vanish at infinity, under pointwise operations
and supremum norm. Then, L is quantum mechanics with pertinent C*-algebra 2(; (i > 0)
taken to be the compact operators B, (L?(R)) on the Hilbert space L?*(R) for each non-zero
h. Another example, originating in the field of spin systems, concerns the case in which H
describes classical thermodynamics on the C*-algebra C(B3), with B> C R? the closed unit
3-ball, and L is given by the N-fold tensor product of the matrix algebra Ms(C) with itself,
used to describe statistical mechanics of finite quantum spin systems.

In these two examples the algebra on which theory H is described is commutative. This
however does not always have to be the case. Indeed, if we consider the relation between
statistical mechanics of finite quantum and infinite quantum spin systems, often characterized
by a procedure called the thermodynamic limit, then H is statistical mechanics of an infinite
quantum spin system, typically given by the (highly non-commutative) quasi-local algebra being
the infinite (projective) tensor product of M (C) with itself, and L is the N-fold (projective)
tensor product of My (C) with itself. In view of the classical limit that is central to this thesis,
however, we focus on pairs (H, L) such that H is always given by a classical theory whose
structure is encoded by a commutative C*-algebra.

As already mentioned the pairs (H, L) have in common that the limiting theory H has
features that at first sight cannot be explained by the lower-level theory L, because apparently
L lacks a property inducing those features in the limit to H. This principle is called asymptotic
emergence, whose precise concept was first introduced in [9], and reformulated in terms of C*-
algebras in [57]. In this algebraic framework the limiting relationship between theories H and
L is specified by a continuous bundle of C*-algebras, i.e. a mathematical framework providing
a bridge between the two (a priori) different theories. A major advantage of this structure is
that classical and quantum theory are both described by a single C*-bundle allowing one to
study such emergent features in a complete algebraic way. Additionally, since this C*-algebraic
framework is encapsulated by relatively well manageable algebraic relations, it often simplifies
the analysis in the pertinent semi-classical limit.

In this thesis we particularly focus on the natural phenomenon of spontaneous symmetry
breaking (SSB). The theory of spontaneous symmetry breaking is a topic of great interest in
mathematical physics. It is responsible for many physical phenomena, like phase transitions in
condensed-matter systems, superconductivity of metals and it is the origin of particle masses
in the standard model, described by the Higgs mechanism [19, 20, 86].

In view of the above discussion, spontaneous symmetry breaking is considered as an emer-
gent phenomenon feature of H: it does not occur in the underlying quantum theory L [57].
In this thesis we make this precise for several pairs (H, L), i.e. we provide a C*-algebraic for-
malism showing that SSB occurs when passing from the quantum realm to the classical world
by switching off a so-called semi-classical parameter. In the context of Schrodinger operators
describing a quantum theory this process is achieved by the limit in Planck’s constant A — 0
yielding classical mechanics on the phase space R?" (cf. Chapter 9). In the context of quantum
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spin systems on a finite lattice this mechanism means that the number of particles N is sent
to infinity using a suitable set of physical observables (see Chapter 3 and Chapter 8), which in
turn produces a classical theory on the Poisson manifold S(My(C)), i.e. the algebraic phase
space of the k x k-matrices. Moreover, we will see that for & = 2 this limit also relates to a
classical theory on S2, the unit 2-sphere embedded in R3.

1.1 Different limits

A common way to investigate physical properties in infinite quantum systems exists under
the name thermodynamic limit, where typically the limit of the number of particles N at fixed
density N/V is sent to infinity and where V the volume of the system is sent to infinity, as well.
In such works the system constructed in the limit NV = oo is quantum statistical mechanics
in infinite volume, whose existence (followed by the establishment of e.g. phase transitions
and spontaneous symmetry breaking in infinite quantum systems) was a major achievement
of mathematical physics [57]. This highly non-commutative limit is obtained by considering
so-called quasi-local observables and goes beyond the scope of this thesis. Instead, particularly
when dealing with quantum spin systems described by an N-particle Hamiltonian, our goal
in taking the limit N — oo is quite different, in that the limiting system will be classical
and therefore defined on a commutative C*-algebra. To this end, we look at macroscopic
(also called global or quasi-symmetric) observables rather than quasi-local observables. These
generate a commutative C*-algebra of observables of an infinite quantum system, describing
classical thermodynamics as a limit of quantum statistical mechanics [55, 58, 99]. We will see in
Chapter 3 and Chapter 8 that macroscopic observables are indeed the correct ones to study the
classical limit of quantum spin systems since these precisely relate to deformation quantization
(and thus to a classical theory).

1.2 Classical limit

The theory of quantum mechanics provides an accurate description of systems containing tiny
particles, but in principle it can be applied to any physical system. As known from centuries
of experience, classical physics, in turn, is a theory that deals with large and familiar objects.
One may therefore expect that if quantum mechanics is applied to such objects, it reproduces
classical results. Roughly speaking, this is what we call the classical limit, and refers to a way
connecting quantum with classical theories!, rather than with infinite quantum systems. Let
us illustrate this with two examples [56, 79]. Consider first the following Schrédinger operator
for a particle with mass m and a potential V' in one dimension:
h? d?

H= 9 A2 +V. (1.2.1)
If we apply this equation to a particle with large mass m, then according to the above discussion,
the Schrédinger equation should yield classical mechanics. To make clear what this means, we
have to introduce a typical energy scale e (like sup,, |V (x)|) and a typical length scale A, such
as A = ¢/|sup, VV (z)], provided these quantities are finite.? Consequently, we perform a scale
separation by considering the Hamiltonian as H = H /€ which we write it in terms of the
dimensionless variable & = x/A:

- - d?
H=-n?
dz?

IFrom a C*-algebraic point of view central to this thesis, the classical limit refers to a rigorous and correct
way connecting non-commutative C*-algebras 2, (describing quantum theories) with commutative C*-algebras
2o (encoding classical theories) by means of convergence of algebraic states with respect to so-called quantization
maps (see in particular Section 1.3).

2Strictly speaking, /i is a dimensionful constant. In order to study the semi-classical limit of a given quantum
theory one has to form a dimensionless combination of i and other parameters, which in turn re-enters the theory
as if it were a dimensionless version of A that can indeed be varied.

+V (@), (1.2.2)
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where we have introduced the dimensionless quantity h = h/A/2me and V(i) = V(A\Z). Now,
R is dimensionless, and one might study the regime where it is small [44]. As a result, large
mass effectively means small 7.

Another example is Planck’s radiation formula:

E, hv
N, ~ ehv/ksT _ 1’ (1.2.3)

with temperature T' as variable. As observed by Einstein and Planck, in the limit of the
dimensionless quantity hv/kgT — 0 this formula converges to the classical equipartition law
E,/N, = kpT.

In both examples, the classical limit corresponds to the limit where a certain dimensionless
quantity becomes small. In the first example, this can be physically interpreted by means of a
large mass, whilst in the second example this is due to a high temperature.

We would like to point out to the reader that these kind of scale separations can be realized
in several contexts, e.g. micro to macro, strong or weak coupling, small to large systems, etc.
It is realized by a limit h — 0 of a parameter A giving the ratio between the corresponding
characteristic length scales. The classical limit then corresponds to the limit where such a
parameter becomes small.

In view of the above discussion this thesis places special emphasis on quantum spin systems
in the limit N — oo, where N could be the principal quantum number labeling orbits in atomic
physics, the number of particles or lattice sites corresponding to a quantum spin system, or the
spin quantum number of a single quantum spin system. The idea is exactly the same: the limit
N — oo should reproduce a classical theory in the sense that the limiting theory is described
by (usually) classical thermodynamics [57]. As already indicated in Section 1.1 this strongly
depends on the choice of observables (viz. Chapters 3,8). Since a classical theory is encoded by
a commutative set of observables, the correct observables to consider are macroscopic averages
(i.e. macroscopic observables) as they asymptotically commute in the pertinent limit N — oo.

With slightly abuse of notation we will often refer to the classical limit as i — 0, keeping
in mind that the meaning of this limit can always be realized by a genuine physical limit that
is well understood. More details about the relationship between classical and quantum theory
and the importance to the philosophy of physics can be found in [56].

1.3 Quantization theory

Quantization refers to the passage from a classical to a corresponding quantum theory. This
notion goes back to the time that the correct formalism of quantum mechanics was beginning
to be discovered. There is in principle no general recipe working in all cases, and different so-
called quantization schemes may lead to inequivalent results with respect to other quantization
methods. This is certainly unsatisfactory and depending on the precise purpose, each method
has its pros and cons.

For example, in geometric quantization (GQ) one aims to obtain a quantum mechanical
system given a classical mechanical system whose procedure basically consists of the following
three steps: prequantization of the classical system, a polarization method, and finally a meta-
plectic correction in order to obtain a nonzero quantum Hilbert space [8]. This quantization
scheme focuses on the space of states and therefore on the Schrodinger picture. A major ad-
vantage of GQ is that this technique is very efficient for controlling the physics of the quantum
system.

Formal deformation quantization (FDQ) instead is based on the construction of the quantum
theory via a so-called x- product defined in terms of a formal parameter (typically Planck’s
constant i). FDQ is useful for example for the construction of quantum states in terms of
classical ones.

The aforementioned quantization procedures are used to obtain quantum mechanics from
classical methods. Even though such approaches often give accurate results, they also have their
drawbacks: the quantum theory is pre-existing compared with its classical limit and not vice
versa. Therefore, one should be able to address the classical limit without the need of imposing
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a given structure of the quantum model, i.e. that it is obtained as a suitable quantization of
a classical one. It is precisely the latter point of view on which this thesis is based. Indeed,
we see quantization as the study of the possible correspondence between a given classical
theory, defined by a Poisson algebra or a Poisson manifold possibly equipped with a (classical)
Hamiltonian, and a given quantum theory, mathematically expressed as a certain algebra of
observables or a pure state space, and perhaps a time evolution and (quantum) Hamiltonian.
For this purpose it is not at all necessary that the quantum theory be formulated in terms of
classical structures. On the basis of this understanding quantization and the classical limit can
be seen as two sides of the same coin.

A mathematically correct approach that encompasses this perspective exists under the name
deformation quantization. Although, several notions of a deformation quantization exist in lit-
erature [57, 55], in this work we shall mainly focus on the concept of (strict) deformation
quantization® developed in the 1970s (Berezin [12]; Bayen et al. [10]), where non-commutative
algebras characteristic of quantum mechanics arise as deformations of commutative Poisson
algebras characterizing classical theories. In Rieffel’s [30, 83] approach to deformation quanti-
zation, further developed by Landsman [55], the deformed algebras are C*-algebras, and hence
the apparatus of operator algebras and non-commutative geometry (Connes, [29]) becomes
available. In short, a deformation quantization focuses on the algebras of observables of a
physical system (classical and quantum), and hence on the Heisenberg picture.

Remark 1.3.1. We would like to point out that even though this concept seems to be a correct
formalism to study the classical limit, only a few pairs of a classical and a quantum C*-algebra
are known to connect in this rigorous manner [31, 82]. The search for and examination of such
pairs is an important question in modern mathematical physics. |

To be more precise, the idea of a deformation quantization is to consider a classical theory,
whose observables are described by sufficiently regular functions over a space of phases X
(assumed to be locally compact and Hausdorff), as the zero-limit of a sequence of usually non-
commutative or quantum theories* labeled by a semi-classical parameter &, whose observables
are represented by self-adjoint operators on a corresponding sequence of Hilbert spaces, or more
generally, seen as elements of a sequence of *-algebras. Obviously, only a selection of sequences
of observables, parametrized by A > 0, makes physical sense in order to establish this limit.
These are sequences with a suitable continuity property reformulated in terms of *x-algebras
(more precisely, C*-algebras as explained below).> ¢ Technical problems often arising in the
setting of Hilbert spaces are typically avoided in this way. In this algebraic approach, as already
mentioned, the quantum observables are given by self-adjoint elements in a family of abstract
x-algebras {2y, } of formal operators a € 2y, and the algebraic states are linear complex-valued
functionals on such algebra wy, : 2, — C with the physical meaning of wy(a) as the expectation
values of the observable a = a* in the state wy.

Another benefit arising from the use of the algebraic approach is that, differently from the
Hilbert space formulation, the algebraic approach is suitable even for classical theories. This
is because the set of (sufficiently regular) functions f on the space of phases X representing
observables (also extending the functions to complex valuated maps) has a natural structure
of commutative x-algebra 2y. The algebraic states are there nothing but probability measures
over the space of phases: wo(f) = [ < fdu,.” To avoid technical problems with topologies,

3This also exists under the name C*-algebraic deformation quantization.

4For the purpose of this thesis we focus on the physical systems proper of quantum and quantum statistical
mechanics although quantization theory can be profitably exploited to study quantum field theory and quantum
gravity as well [57].

5Concretely, such sequences are nothing else than a subclass of the continuous cross-sections of a continuous
bundle of *- (or C*-) algebras (cf. Definition 2.1.1).

6We stress that such an assumption excludes various physical models when one can prove continuity (in
extremely weak sense) at the best for the expectations on some states of certain specific observables, rather
than on a general class of sequences. Nonetheless, one can always try to weaken the assumptions on the classical
limit and the set of observables to capture also these models.

"In general, the algebra o can be any commutative *-algebra. This thesis is however based on quantization
of a Poisson manifold X, which naturally corresponds to the C*-algebra Ao = Co(X), as indicated in [57,
Chapter 7]. In this setting, strictly speaking, the classical observables should be elements of a dense *-Poisson
subalgebra of Co(X) (which itself is not a Poisson algebra) in order to define a Poisson bracket and therefore a
classical theory.

10
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the family of algebras {}r>0 is chosen to be made of more tamed C*-algebras rather than
x-algebras. It is important to stress that this more abstract viewpoint actually encompasses
the Hilbert space formulation. It is because the celebrated GNS reconstruction theorem (see
e.g. [57, 64]) permits to recast the abstract algebraic perspective to a standard Hilbert space
framework. As already mentioned, the sequence of C*-algebras {;}r>0, where 2y is the
algebra of classical observables, is formally encoded by the structure of a C*-bundle whose
precise details will be discussed in Chapter 2.

A machinery of utmost relevance in this framework is the notion of quantization map.
Its design can be traced back to Dirac’s foundational ideas on quantum theory and, from a
modern point of view, it consists of a map Qp, : Ao 3 f — Qn(f) € A, which associates classical
observables to quantum ones. Obviously the quantization map is requested to satisfy a number
of conditions of various nature. For instance, one of them regards the interplay of the quantum
commutator and the Poisson bracket referred to the Poisson structure of the space of phases
X. After Dirac, one expected that +[Qx(f),Qnr(g)] tends to Qn({f,g}) as & — 0F. This
condition stated within a suitable topological formulation is nowadays known as the Dirac-
Groenewold-Rieffel condition. As is known, the set of all naturally expected requirements on
Q@ is contradictory as proved in the various versions of the Groenewold-van Hove theorem [57].
These no-go theorems gave rise to the birth of a number of different types of quantization
maps whose distinct nature depends on the specific choice of a subset of mutually compatible
requirements.

The most popular quantization map is the one attributed to Weyl, denoted by ng’ whereas
one of the most effective quantization maps, is the so-called Berezin quantization map [12],
indicated by QF, which is reviewed in Section 2.1.1 and plays a crucial role in the study of
Schrodinger operators reviewed in Chapter 9. It is worth mentioning that in the special case
when dealing with a compact Kéhler manifold, the theory of Toeplitz quantization has also
proved its great importance [17, 88].

Using the aforementioned concepts, in this thesis we attempt to bring forward two important
topics in this area of mathematical physics:

(1) existence of the classical limit of a sequence of hi-indexed eigenvectors {¢p}r~o corre-
sponding to a quantum Hamiltonian Hy;

(2) occurrence of spontaneous symmetry breaking (SSB) as emergent phenomenon arising in
the classical limit &7 — 0.

In this setting we remind the reader that & has several interpretations depending on physical
system one considers (e.g. Schrodinger operators for which A occurs as Planck’s constant, or
quantum spin systems where % plays the role of 1/N, with N denotes the number particles,
etc.), and letting i — 0 (provided this limit is taken correctly) should be understood as a way
to generate a classical theory.

It turns out that the concept of the classical limit provides a rigorous meaning of the
convergence of quantum algebraic states wy, to classical algebraic wg (i.e. probability measures)
on the commutative algebra on 20y, when i — 07. Given a sequence of quantization maps
Qr : Ay > f = Qr(f) € Ap, we then say that a sequence of states wy : Az — C is said
to be have a classical limit if the following limit exists and defines a state wy on 2y (or a
substructure of it),

lim wn(@n(f)) = wo(f), (f € o)- (1.3.4)

Regarding (1) above, the issue is to study whether or not the sequence of algebraic quantum
(vector) states wr(Qr(f)) := (Vn, Qr(f)¥r) tends to some classical algebraic state wo(f) for
any classical observable f € 2o, when A — 0. This issue has been presented from a technical
perspective in Section 6.2. We show that this C*-algebraic approach is perfectly suitable
and offers a complete interpretation of the classical limit of quantum systems, even though
eigenvectors of such operators in general do not admit a limit in the pertinent Hilbert space.
The found results about the classical limit distinguish between the case where a symmetry
group G acts on the physical system at classical and quantum level, or there is not such a group.
This distinction plays a central role in developing issue (2), introduced above. In case that a

11
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symmetry group G exists and the considered states are ground states of a given Hamiltonian
(quantum or classical), spontaneous symmetry breaking occurs if there are no exztreme (roughly
speaking pure) ground states that are invariant under the action of G. It is interesting to study
if the phenomenon of spontaneous symmetry breaking arises as an emergent phenomenon, i.e.,
it only occurs in the limit & — 07 (or in the case of spin systems, N — o). To this end, in
Chapters 8, 9 we prove that this is the case for a large class of Hamiltonians, that includes,
in particular, Schrédinger operators with a potential trap defined in terms of the double well
system or the Mexican hat system (where typically a topological compact group is used) and
mean-field quantum spin systems (whose symmetry is implemented by a finite cyclic group).

1.4 Contributions

In this section we shortly explain our main contributions starting with the results obtained in
Chapter 2, Chapter 3, etc.

Contributions Chapter 2

In this chapter we introduce the definitions of a C*-bundle (cf. Definition 2.1.1) and a defor-
mation quantization (cf. Definition 2.1.3), followed by recalling some general results on Weyl
and Berezin quantization maps on R?”. We finally prove

- Proposition 2.1.8;
- Proposition 2.1.13 .

In Proposition 2.1.8 several cases are investigated for which the Weyl quantization map uniquely
determines a true operator QY (f) which in general is an unbounded and densely defined
operator on L?(R",dx). This happens when the arguments of the Weyl quantization map are
actually functions of various spaces rather than distributions. We furthermore investigate the
cases for which the quantized functions f : R?® — C are constant in one of the variables and
polynomially bounded in the other, and show that the ensuing quantization map ng( f) defines
a bounded operator on L?(R, dx), defined by spectral calculus.

Proposition 2.1.13 yields a result on the asymptotically norm-equivalence between the
Berezin quantization map, denoted by QhB (f), and the multiplication operator correspond-
ing to multiplication with the function f € Cy(R") interpreted as a function on R?" constant
in the variable p. If the function is constant in the variable ¢ then a similar statement holds, in
that the operator QP (f) is asymptotically norm-equivalent to the operator fh #, i.e. the convo-
lution with the inverse Fourier transform. Special emphasis is given to the function p — e*tpz,
whose Berezin quantization is norm-equivalent to the operator eth2A, where A denotes the
Laplacian on L?(R™). This proposition is essential for the proof of Lemma 9.3.2 used to prove
Proposition 9.3.1 (see Chapter 9).

These results are part of the paper accepted for publication in [66].

Contributions Chapter 3

The existence of a deformation quantization of the algebraic state space S(Mj(C)) of the matrix
algebra My (C) is proved. To this end, in Section 3.1 we investigate the smooth structures and
algebraic properties of S(My(C)) allowing us to show that S(My(C)) is a Poisson manifold
with stratified boundary (see i.e. Definition 3.1.3 for the definition of the Poisson bracket).
Subsequently, Section 3.3.1 (particularly Lemma 3.3.2) concerns the construction of a suitable
dense Poisson subalgebra of C(S(Mj(C))) on which quantization maps will be defined. Finally,
a deformation quantization is constructed in Section 3.3 (cf. Theorem 3.3.4). As explained in
Chapter 4 a particular case of physical interest holds for k = 2, where S(M(C)) = B3 C R?
the closed unit three-ball in R3.
These results have been published in [58].
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Contributions Chapter 4

The deformation quantization of the state space S(Mz(C)) = B3 (cf. Chapter 3) is related
to the deformation quantization of the two-sphere S? C R?® (cf. Section 2.2.2). This yields a
natural physical interpretation for quantum spin systems typically arising as quantized func-
tions on the 2-sphere in R3, also called the Bloch sphere from physics. The relevant results are
proved by means of

- Proposition 4.1.1;
- Theorem 4.2.1;
- Proposition 4.3.1.

Proposition 4.1.1 proves that, on the domain Py(S?) C C(S?), the quantization maps
defined by (2.2.40) are in bijection with B(Sym’ (C?)), the algebra of bounded operators on
the symmetric subspace Sym™ (C2) ¢ @” C2. The set Py(52) is defines as follows. We first
consider the complex vector space of polynomials in the variables z,y,z € R? of degree < N
where N > 1, and then let Py (S?) be the vector space made of the restrictions to S? of those
polynomials.

This proposition serves as a useful tool in the proof of our main theorem, Theorem 4.2.1.
This theorem states a result on the relation between quantization maps (3.3.56)—(3.3.57) and
the maps (2.2.40). More precisely, it shows that in a certain manner both quantization maps
are asymptotically norm-equivalent.

Subsequently, Proposition 4.3.1 deals with an application to the quantum Curie-Weiss spin
Hamiltonian, initially defined on the Hilbert space ®N C2. The proposition states a result on
the relation between the qNantum spin Curie-Weiss Hamiltonian restricted to the symmetric
subspace Sym® (C?) c ®" C? and a quantized function on the unit 2-sphere S? C R3, also
called classical symbol.

The found results have been published in [65].

Contributions Chapter 5

The theory of a continuous bundle of C*-algebras (cf. Definition 2.1.1) and a (strict) deforma-
tion quantization (cf. Definition 2.1.3) is applied to a certain tensor product of C*-algebras.
This is the injective tensor product. Exploiting the properties of this tensor product a natural
framework is provided to study products of KMS states and the correspondence between quan-
tum and classical Hamiltonians in spin systems and Schrédinger operators for non-interacting
many particle systems. The main contributions are

- Theorem 5.2.3;
- Theorem 5.3.3.

Theorem 5.2.3 provides criteria for the existence of a deformation quantization of the alge-
braic tensor product ﬁlo ® %07 where QNIO and %0 are assumed to admit a deformation quanti-
zation in the sense of Definition 2.1.3.

Theorem 5.3.3 in turn states criteria proving that the product of two K M Sy states is again
a KMSp state.

The found results in this chapter have been submitted for publication in [69].

Contributions Chapter 6

In this chapter the semi-classical properties of Berezin quantization maps are investigated, and
moreover our main result (cf. Theorem 6.2.5) concerning the classical limit for eigenvectors of
Berezin quantization maps is proved. To this end, our assumption is the existence of a coherent
pure state quantization (Hp, U7, r)rer,occs of a symplectic manifold (S,ws) (cf. Definition
2.2.2 and Definition 2.2.5). We furthermore assume that the associated Berezin quantization
maps satisfy the von Neumann and Rieffel condition (viz. (2.1.2)—(2.1.1)) for elements in the
C*-algebra Cy(S), as typically happens in the additional case of a deformation quantization of
S. Our main contributions are listed below.
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- Theorem 6.1.2;
- Proposition 6.2.2;
- Proposition 6.2.3;
- Theorem 6.2.4;
- Theorem 6.2.5;

- Proposition 6.2.7.

Theorem 6.1.2 is a result on the semi-classical behavior of the spectrum of Berezin quanti-
zation maps. It shows that in the semi-classical limit the spectrum is related to the range of
the function that is quantized.

Proposition 6.2.2 yields a result on equivariance of Berezin quantization maps. More pre-
cisely, it states that an action of a (topological) group G acting by symplectomorphisms on
the manifold (S,wg) ensures that the quantization maps Q? are equivariant under a suitable
unitary representation of G in Hjy. This serves as a preparatory result for Theorem 6.2.5.

Proposition 6.2.3 provides criteria concerning the localization of eigenvectors of Berezin
quantization maps. This is again a preparatory result for Theorem 6.2.5.

Theorem 6.2.4 yields conditions for the existence of the classical limit of a sequence of
eigenvectors of Berezin quantization maps in the specific case when the quantized functions on
S are not related by a symmetry.

Finally, this result has been extended to the case where a symmetry implemented by a
group G is present (cf. Theorem 6.2.5). The classical limit in turn is defined in terms of Haar
integrals.

In Proposition 6.2.7 these integrals are recast in terms of integrals with respect to G-
invariant probability measures p and v on S with suitable supports.

The found results in this chapter have been accepted for publication in [66].

Contributions Chapter 7

In this chapter the notions of a dynamical symmetry group, ground states and spontaneous
symmetry breaking (SSB) are introduced. Our main contributions are

- Proposition 7.2.2;
- Proposition 7.3.1;
- Proposition 7.3.2.

In Proposition 7.2.2 we prove that, when dealing with the algebra of compact operators,
the one-parameter subgroup of C*-algebra automorphisms induced by a self-adjoint generator
is strongly continuous (also if the generator of U is unbounded).

Subsequently, we introduce the concepts of an algebraic ground state and spontaneous
symmetry breaking. These notions particularly apply to the commutative case, when 2 :=
Co(S) endowed with the C*-norm |- ||, referred to a symplectic manifold S and the associated
Poisson structure (C*(S),{:,}).

Consequently, a characterization of ground states of a commutative C*-dynamical system
has been given (cf. Proposition 7.3.1).

Finally, Proposition 7.3.2 yields an important result stating that under some mild conditions
no SSB (or weak symmetry breaking) occurs for any finite & > 0. This result explains the fact
that in quantum mechanics there is only one G-invariant “ground state”.

The found results in this chapter have been accepted for publication in [66].
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Contributions Chapter 8

In this chapter we apply our previous findings to mean-field quantum spin systems. We first
introduce the concept of the classical symbol and show the correspondence between mean-
field quantum spin Hamiltonians and quantization of these symbols, where the unit three-ball
B? C R? and its boundary, i.e. the 2-sphere S2, play a crucial role. In what follows we analyze
mean-field quantum spin Hamiltonians in the limit when N, the number of spin particles, is
sent to infinity.

In Section 8.2.1 we relate the Heisenberg dynamics induced by these Hamiltonians to the
classical dynamics generated by their corresponding symbols on the manifold S(M(C)) (cf.
Theorem 8.2.8, Proposition 8.2.10).

Consequently, completely analogous to Theorem 6.1.2, we show in Proposition 8.2.11 that
the spectrum of a mean-field quantum spin Hamiltonian converges to the range of the corre-
sponding principal symbol and apply Proposition 6.2.8 to the specific case when considering
the manifold S? (cf. Lemma 8.2.12).

Proposition 8.2.15 provides an alternative proof of Theorem 6.2.5 in the case for mean-field
quantum spin systems obeying a discrete symmetry (e.g. G = Zs).

Finally, in Section 8.3 we apply our findings to the Curie-Weiss model. We hereto prove
the existence of the classical limit of a sequence of ground state eigenvectors corresponding the
quantum Curie-Weiss model (cf. Theorem 8.3.2). Additionally, an alternative “proof” based
on strong numerical evidence is provided. This stands on the following preparatory results
stated in the form of a proposition, an assumption and two lemmata,

- Proposition 8.3.4;
- Assumption 8.3.7;
- Lemma 8.3.9;

- Lemma 8.3.11,

To conclude, in Section 8.3.2 the concept of symmetry breaking has been discussed in the
context of the Curie-Weiss model showing that weak symmetry breaking occurs in the classical
limit as N — oo.

The results have been published in [58, 98].

Contributions Chapter 9

This chapter starts by repeating the main findings of Chapter 6 specialized to the symplectic
manifold (R**,>"7_, dpi, A dq®). In Section 9.2 the interplay between Schrodinger operators
and Berezin quantization maps is discussed. The main contributions of this section are

- Proposition 9.2.2;
- Proposition 9.2.5;
- Proposition 9.2.7;
- Corollary 9.2.8.

In Section 9.3 the existence of the classical limit of a sequence of eigenvectors of minimal
eigenvalues corresponding to Schrédinger operators Hy, is proved. Similar as in Section 6.2, we
first prove a localization result (cf. Proposition 9.3.1) of such sequences, followed by two main
theorems (cf. Theorem. 9.3.3 and Theorem 9.3.4) where again distinction is made between the
presence of a symmetry or not.

Subsequently, we prove a result (cf. Proposition 9.3.6) stating that under certain conditions
on the potential the ensuing Schrédinger operator Hy, commutes with a unitary representation
implementing a given symmetry. Finally, it is shown in Corollary 9.3.7 that the classical
limit of a sequence of eigenvectors corresponding to Hy coincides with the classical limit of a
sequence of eigenvectors of Berezin quantization maps quantizing a suitable function.
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In Section 9.4 we prove a result on the classical limit of Gibbs states associated to
Schrodinger operators (cf. Proposition 9.4.1).

The last section of this chapter relates the previous findings to symmetry breaking in
the context of Schrodinger operators.
The found results in this chapter have been submitted for publication in [66, 99].

1.5 Discussion

The aim of this thesis was to provide a mathematically correct framework describing the tran-
sition from quantum to classical theories (viz. classical limit) where in particular special em-
phasis has been given to the emergent phenomenon of spontaneous symmetry breaking. The
C*-algebraic approach based on the theory of deformation quantization allowed us to give a
precise meaning to this transition and to reach rigorous results in a great variety of cases of
physical interest, like quantum spin systems and Schrodinger operators.

We preferred to use this C*-algebraic framework rather than (the perhaps more common
approaches as) microlocal analysis and pseudo-differential calculus, for the following reasons.

- The rather technical tools and techniques used in microlocal analysis and pseudo-
differential calculus (e.g. [5, 13, , 93]) are often based on estimates which can be very
well controlled in terms of a semi-classical parameter and therefore from a mathematical
point of view such approaches are definitely important. Moreover, these approaches al-
low to study certain physically relevant questions in great detail. However, the purpose
of this thesis is not to give estimates or bounds on for examples norms of eigenvectors,
quasimodes or eigenenergies, but rather to provide a natural convenient framework that
encodes the physics of both quantum and classical theories allowing a precise meaning
of the classical limit whose concept is also perfectly suitable for studying emergent phe-
nomena arising in the classical limit of underlying quantum theories. In this thesis it has
been shown that the concept of a continuous bundle of C*-algebras equipped with a de-
formation quantization is the natural and correct way to formalize emergent phenomena,
since it encodes both quantum and classical theory by means of relatively simple alge-
braic relations inherent to the theory of C*-algebras. All that is needed are the continuity
properties of the C*-bundle specified by their continuous cross-sections, in turn defined in
terms of quantization maps. We point out to the reader that, even though these algebraic
methods are relatively “smooth” compared with the usual techniques used in microlocal
analysis and pseudo-differential calculus, the algebraic relations inherent to the theory
of C*-algebras often lack enough structure to address complex physical questions: think
e.g. of interacting particle systems trapped in a potential.

- In addition to the technical approaches used in microlocal analysis and pseudo-differential
calculus where one indeed may obtain very detailed results concerning semi-classical tun-
neling and SSB (e.g. [6, 92, 46, 47]), this relatively simple algebraic framework in turn en-
abled us to formalize spontaneous symmetry breaking as a natural emergent phenomenon
occurring in the classical limit. It is therefore a promising way to address and study gen-
erally emergent phenomena occurring in Nature, like phase transitions, Bose-Einstein
condensation, etc.

We provided a theory concerning deformation quantization of several Poisson and symplectic
manifolds. Subsequently, by exploiting C*-algebraic techniques we discussed the classical limit
of Berezin quantization maps, mean-field quantum spin systems and Schrédinger operators on
a fixed finite dimensional symplectic manifold. Moreover, we presented a complete theory for
understanding SSB in all these systems.

For mean-field quantum spin systems, the classical limit corresponds to the growing number
of (spin) particles or lattice sites. It is however not yet known if our results and approaches can
be extended to general quantum spin systems, where probably infinite dimensional symplectic
manifolds (which allow for phase transitions as well) would come into play. Therefore, the
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interactions between the classical limit and general quantum spin systems need more mathe-
matical investigation and the framework of deformation quantization, which has already shown
its importance, might be an outcome.

For Schrodinger operators the classical limit corresponds to the limit in semi-classical pa-
rameter i — 0 appearing in front of the Laplacian. Rigorous results have been obtained for
a wide class of Schrédinger operators and new light has been shed on the relation with their
classical counterparts, i.e. certain smooth functions on R?”. In this context, however, inter-
acting particle systems in the limit/regime of large number of particles n — oo have not been
investigated and this is still an open problem. Since these systems are of great important in
mathematical physics, it is therefore of utmost importance to investigate whether our tools
can be generalized in order to detect and prove rigorous results on for example Bose-Einstein-
condensation and the existence of phase transitions in the limit n — oo.

1.6 Reading this thesis

The body of this thesis is organized as follows. In part I an abstract C*-algebraic framework
is introduced. To this end Chapter 2 contains an introduction in the theory of (strict) de-
formation quantization, assuming basic knowledge of C*-algebras. Chapter 3 contains results
on quantization theory of the Poisson manifold S(MC)), which provides an excellent way
of studying mean-field quantum spin systems in their classical limit. We show in Chapter 4
that for the specific case when k = 2 this manifold is related to quantization of the 2-sphere
52 c R3. In Chapter 5 we provide a natural framework for quantization theory in many-body
quantum systems exploiting properties of the injective tensor product, and Chapter 6 contains
a detailed study of semi-classical properties of Berezin quantization maps. Finally, in Chapter
7 we emphasize how this theory can be applied to understand spontaneous symmetry breaking
from a algebraic point of view.

Part II focuses on various applications of the theory, starting with mean-field theories in
Chapter 8. Here, the correspondence between mean-field quantum spin systems and polyno-
mials (so-called classical symbols) on the unit 3-ball B3 and its smooth boundary S? in the
limit N — oo is studied, exploiting the tools and techniques of the first part. In Chapter 9 a
similar analysis is carried out for Schrédinger operators and Schwartz functions on R?” where
in this case Planck’s constant & is sent to zero. In these two chapters special emphasis is given
to symmetry breaking seen as emergent phenomenon in the pertinent limit.

In Chapter 10 a short overview with perspectives and further research is presented. Finally,
in the appendix basic and useful facts, auxiliary lemmas and numerical analysis concerning
quantum spin systems have been presented.

1.6.1 Notations and conventions

The natural numbers N are assumed to start from 1, i.e. N=1,2,3......

If X is a Hausdorff locally compact space, Cy(X) indicates the space of functions f : X — C
such that, for every e > 0 there is a compact K. such that |f(z)] < e if z ¢ K.. C.(X)
and C2°(X) respectively denote the subspace of continuous compactly supported functions
f + X — C and the analog for smooth functions when X is a smooth manifold. The space
L>®(X) = L (X, X%, 1) denotes the Banach space (under pointwise operations) of equivalence
classes of functions f : X — C in the norm ||f||2* := inf{t € [0,00] | p({z € X | |f(x)] >
t })=0}.

The Lebesgue measure on R™ will be always denoted by dx (or dp, da, etc). In the phase
space R?" we often use the normalized Liouville measure p := %, whilst in case of S? we

also use the measure i/ = % sin @#dfd¢. The definition of Borel measure and regular Borel
measure, the statements of corresponding Riesz’ theorems are adopted from [84].

If Z is a complex Banach space, then 9B(Z) denotes the unital Banach algebra of the
bounded operators A : Z — Z with respect to the standard operator norm. If H is a complex
Hilbert space B1(H), B2(H), Boo (H) respectively denote the two-sided *-ideals of trace class,

Hilbert-Schmidt, and compact operators in B(?). * is used to denote the adjoint A* of an
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operator A : D(A) — H with D(A) dense in H, and also the abstract adjoint a* of an element
a in a x-algebra 2.

If 2( is a C*-algebra without unit, an algebraic state is a positive (w(a*a) > 0), continuous,
and norm-1 linear functional w : A — C. (As is known, these requirements are equivalent to
positivity and normalization w(1l) = 1 if 2 admits unit 1 for a linear functional w : A — C).

The Fourier transform [75] and its inverse are respectively defined as follows, for f, g in the
Schwartz space S(R™),

RN = [ gt F e = [t gt

n n

and we also use the notation fr(p) := Fu(f)(p), gn(z) := F; 1 (g)(x). We shall also take advan-
tage of the natural continuous linear extensions of F, and its inverse (1) to the space S'(R™)
of Schwartz distributions and (2) to L?(R™,dx). The latter is known as the Fourier-Plancherel
transformation which will be denoted by Fj, and is a unitary operator on L?(R"™,dx). With our
conventions, the convolution theorem in the Schwartz space reads Fp(f * g) = (27h)"2F(f)n,
where the convolution of f and g is defined as (f * g)(z) := [g. f(z — y)g(y)dy as usual. The
analogous statement is valid for the said pair of extensions of F5. When i = 1, we simply omit
the index writing for instance F, g, and F'.
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I Algebraic methods

This part is developed to study the algebraic properties of quantization maps on Poisson and
symplectic manifolds. In Chapter 2 a detailed overview regarding quantization procedures and
their properties are presented. In Chapter 3 the existence of a deformation quantization of the
algebraic state space of the kx k matrices (which is canonically a Poisson manifold with stratified
boundary) is proved. Additionally, the interplay of different quantization maps is compared
(Chapter 4) and quantization theory on tensor products is studied (Chapter 5). Moreover,
in Chapter 6 a detailed study on Berezin quantization maps on a symplectic manifold S is
carried out and several results in the semi-classical regime exploiting C*-algebraic techniques
are proved. Finally, a complete theory concerning the classical limit is developed. We hereto
show under which conditions to Husimi density function converges to a probability measure
on S. This in turn yields a notion of SSB as emergent phenomenon. To this end an extensive
analysis is provided in Chapter 7 where also the relation with quantization theory is outlined.
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2. Quantization procedures

Quantization theory aims to describe the process of transition from a classical theory to a newer
understanding of a quantum theory. This can be done in several ways of rigour. In particular,
several (inequivalent) quantization procedures are known and each has its pros and couns.

The aim of quantization theory presented in this thesis is to relate Poisson algebras or
Poisson manifolds (encoding a classical theory) to non-commutative C* -algebras which are
used to describe quantum theories. This C*-algebraic approach is a natural way to formalize
emergent phenomena, the details of which are explained in Chapter 7. In this chapter we will
introduce the necessary definitions and recall and summarize the main results useful for what
is coming in the next chapters.

2.1 Strict deformation quantization

In this section we concentrate on the construction of a strict deformation quantization. In order
to do so the following technical definition of C*-bundle has to be introduced [57, Definition C
121]. This structure is a quite general arena where a quantization procedure based on C*-
algebras is performed (cf. Definition 2.1.3).

Definition 2.1.1. Let I be a locally compact Hausdorff space. A C*-bundle! over I consists
of a complex C*-algebra 2, a collection of C*-algebras {Ar}rer, and surjective homomorphisms
7 A — Ay for each h € I, such that

(1) llal| = suppe; |7r(a)|ln, where || - || (resp. || - ||rn) denotes the C*-norm of A (resp. Up);

(i) there exist an action p : Co(I) x A — A satisfying mr(p(f,a)) = f(A)mr(a) for any h e I
and f € Co(I).

A section of the bundle is an element {ap}rer of UperUAp for which there exists an a € A such
that ap, = w(a) for each h € I. A C*-bundle A is said to be continuous, and its sections
are called continuous sections, if it satisfies

(iii) for a € A, the norm function I 3 ki ||7r(a)||n s in Co(I).

A (continuous) bundle of C*-algebras over I is also indicated by (A, {Ur, dr}rer) or by the triple
A= (1A 7y : A — Ap). The C*-algebra A is also called the C*-algebra of the (continuous)
bundle. |

Remark 2.1.2. Since the 7 are homomorphisms of C*-algebras, the *-algebra operations in
2 are induced by the corresponding pointwise operations of the sections I 3 i — 7p(a). It is
therefore clear that %[ can be identified with the space of sections of the bundle, seen as a C*-
algebra under pointwise scalar multiplication, addition, adjointing, and operator multiplication,
by means of {7(a)}rer ¢ a. Furthermore, condition (ii) reinforces the linearity preservation
condition permitting coefficients continuously depend on #.

We finally stress that in the case the C*-algebras 21 and/or Aj; are non-unital, one can
always unitize the algebra(s) and extend 7 to the (unique) unital homomorphism of these
unitized C*-algebras [68]. |

Having defined a continuous bundle of C*-algebras let us introduce the notion of defor-
mation quantization of classical structures, a Poisson manifold in particular, according to [57,
Definition 71]. The above C*-bundle is therefore specialized to the case where 2 is a com-
mutative C*-algebra representing the classical structure achieved in the classical limit h — 0T
from corresponding quantum structures defined in the quantum fibers 2; with & > 0. The
quantization maps act along the opposite direction, associating to a classical observable f € 2y
(or a substructure of it) a quantum observable Qp(f) € Ap.

LCalled continuous field of C*-algebras in [55].
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Definition 2.1.3. A deformation quantization? of a Poisson manifold (X,{-,-}) consists
of:
(1) A continuous C*-bundle A = (1,2, 7y : A — Ap), where I is a subset of R containing 0

as accumulation point and Ao = Co(X) equipped with norms || - ||n;

(2) a_dense x-subalgebra Ao of Co(X) closed under the action Poisson brackets (so that
(o, {*,-}) is a complex Poisson algebra);

(3) a collection of quantization maps {Qh}hg, namely linear maps Qy, : Ao — Ap (possibly
defined on 2y itself and next restricted to 2y) such that:

(i) Qq is the inclusion map Ay — Ao (and Qr(Llg,) = Ly, if Ao, and Ay are unital for
alhel)
(ii) Qu(f) = Qn(f)*, where f(x) = f(x);
(iii) for each f € Ao, the assignments 0 — f, F > Qr(f) when h € T\ {0}, define a

continuous section of (I,2,7y), meaning that there exists an element af € A such
that mp(af) = Qn(f) for each h € I.

(iv) each pair f,g € 2, satisfies the Dirac-Groenewold-Rieffel condition:

=0.
h

i || 2101(7), @nl)] — Qu(1£,9))

If Qﬁ(é{o) is dense in Ay for every h € I, then the deformation quantization is called strict.
(If Qr is defined on the whole Co(X), all conditions except (iv) are assumed to be valid on
Co(X).) |

Elements of I are interpreted as possible values of Planck’s constant i and 2(;; is the quantum
algebra of observables of the theory at the given value of i # 0. For real-valued f, the operator
Qr(f) is the quantum observable associated to the classical observable f. This is possible
because of condition (#7) in Definition 2.1.3.

It immediately follows from the definition of a continuous bundle of C*-algebras that for
any f € Uy the continuity property, called the Rieffel condition

Lim [|Qn(F)lln = [ flloc - (2.1.1)
—0
holds. Also the so-called von Neumann condition

lim [|Qr(f)Qn(g) — @n(f9)lln =0 (2.1.2)

is valid. Indeed, the section I 3 i+ Qr(f)Qr(g9) — Qr(fg) is a continuous section because, it
is constructed with the pointwise operations of the C*-algebra 2 and (I,%l, ) is a continuous
C*-bundle, finally Qo(f)Qo(g) — Qo(fg) = fg — fg =0, hence (iii) in Definition 2.1.1 implies
(2.1.2).

Remark 2.1.4. Suppose we have a strict deformation quantization according to the previ-
ous definition. If we also require the quantization maps @5 to be injective for each i and
that Qp(2o) is a *-subalgebra of Ay, (for each % € I), then a (non-commutative, associative)
quantization deformation product *j; turns out to be implicitly defined [55] in 2y from?
Qr(f *r g) = Qr(f)Qr(g) whose anti-symmetric part is related to the Poisson structure. W

Remark 2.1.5. In view of Definition 2.1.3 the Poisson x-algebra 2 is assumed to be dense
in Cy(X), for some Poisson manifold X. This definition can be easily generalized to arbitrary
Poisson *-algebras densely contained in the self-adjoint part of a commutative C*-algebra 2l
[55, Definition IT 1.1.1]. [ ]

2Named continuous quantization of a Poisson manifold in [55, Definition IT 1.2.5].

3The reader should pay attention to the fact that, in [55], these hypotheses are included in the definition
of strict deformation quantization as stated in [55, II Definition 1.1.2]. Furthermore our notion of deformation
quantization adopted from [57] is named continuous quantization in [55].
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To define a deformation quantization it is not necessary starting from a continuous C*-
bundle, but it is sufficient to assign quantization maps satisfying some conditions. That is due
to the following result adapted from [55, Theorem IT 1.2.4].

Theorem 2.1.6 ([55, II. Thm. 1.2.4]). Let X be a smooth manifold (possibly Poisson), {2 }rer
a collection of C*-algebras where Ay := Cy(X) and I C R, with 0 € I as accumulation point.
Consider a collection of maps Qp : Ao — Wp, h € I, Ay C Wy being a dense *-subalgebra
(possibly g itself or a Poisson algebra), satisfying

(a) (i) and (i) in (3) Definition 2.1.3 ((iv) possibly);
(b) 15 B [|Qu()lln is i Co(l) for every f € io;
(c) the Rieffel condition (viz. (2.1.1));

(d) the von Neumann condition (viz. (2.1.2));

(¢) Qn(Ao) = Ap for every h € I;

(f) 1 is discrete, or the C*-algebras Ay are identical for h € 1\ {0} and I > h v+ Qx(f) is
continuous for every f € 2.

Then the following facts are true.

(1) There exists a unique continuous C*-bundle (I, 7) such that every {Qn(f)Yner, f € Ao
is a continuous section. In this case Definition 2.1.3 is valid (up to (iv) in (3) possibly).

(2) If a family of maps Q4 : Ao — Ap, h € I satisfies the hypotheses (a)-(f) and

NQL(f) — Qu(H)lln — 0 for h— 0 and every f € Qlo,

then the maps Q}, determine the same C*-bundle (1,2, 7) as the maps Qp.*
|

A natural question one can ask is to investigate whether or not it is possible to extend the
quantization maps to all of 2y. The precise statement is given in the next lemma.

Lemma 2.1.7. Assume we are given a strict deformation quantization such that the associated
quantization maps Qp satisfy

NQa(F)In < C|Iflloo, (f € Ao, b€ I); (2.1.3)

for some C' that does not depend on h. Then the maps Qp extend to all of Ay and in particular
Rieffel’s and von Neumann’s condition hold.

Proof. The extension from 2y to 2 is the continuous extension: every f € 2o is a limit of a
Cauchy sequence of elements (f;) in the subalgebra 2. As a result of (2.1.3) it follows that
also Qr(fx) is a Cauchy sequence in 25, and hence it has a limit herein. Define Qn(f) :=
limg 00 Qr(fx). It is not difficult to show that Q : Ao — 2}, is linear and that (2.1.3) holds
for any f € AUp.

In order to conclude we only prove Rieffel’s condition since von Neumann’s condition goes
in a similar fashion. Take a sequence (fx) in 2y with fr — f in 20y. Then, by the reverse
triangle inequality

RGIE |f||oo] < ‘IQn(f)l - ||Qh<fk>||\ n \||Qh<fk>| - ||fk||oo\ ; '||fk| - ||f||oo\
<11On(f = fo)ll + 'HQh(fk)n - |fk||oo] 1l = fllo

< OIIf = fulloo + ]|Qh<fk>| - ||fk|oo] e = e (2.1.4)

4We recall from [55, II. Lemma 1.2.2, II. Prop. 1.2.3] that a continuous C* bundle (I, ) is uniquely
determined by its quantization maps Qp (assuming they exist) in the sense that 2 consists of all {ap}rer in
Iy Uy for which the function i — |[|lap, — Qr(f)||k is in Co(I) for each f € Co(X).
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Given € > 0, take k € N such that [|f — fillco < § and take Ry such that for all b < hy,

1
C+1
NQr(f)ll — |fk||oo‘ < €/2 (which is possible due to the fact that Rieffel’s condition (2.1.1)

applies to each fi € ilo). Then, by construction,

‘IQh(f)l iflle] <6 (215

concluding the proof. O

2.1.1 Weyl and Berezin quantizations maps on R*"

In this section we focus on Weyl and Berezin quantization of the manifold R?”. These maps
play a crucial role in the theory of Schrédinger operators as will become clear in Chapter 9. We
start with some general results, most of them also stated in e.g. [3, Sect. B.1],[12, 28, 48, ].

Let us first consider the commutative C*-algebra Cp(R?"), where R?" plays the role of
the classical phase space equipped with the standard symplectic structure. The natural sym-
plectic coordinates of R?" will be denoted by (¢,p) = (¢*,...,¢",p1,...,pn). The Liouville
measure will therefore coincide with the standard 2n-dimensional Lebesgue measure dgdp and
the Poisson bracket will take the form

_N~0f 99 N~ 99 OF
thoh= ,; Opi Oq* = dpi, Ag*’

The strict deformation Weyl quantization is a subcase of a more general quantization procedure
acting on the space of Schwartz distributions f € &'(R?") to which it associates a possibly
unbounded operator, or more generally, just a quadratic form corresponding to the quantum-
Fourier antitransform of f:

TP dadb ; - ih dadb
w — ia- X +b-P _ ia-X ib-P_—%la-b
QY (f):= /Rzen f(a,b) G /RQen e’ e (a,b) @ (2.1.6)

where f € &' (R?") is the Fourier transform of f and a-X + b - P denotes the closure of the
(essentially self-adjoint) operator a - X + b - P. The h appearing in Q}:V takes place both in
the exponents e="¢?/2 and in the definition of Py, that is the unique self-adjoint extension of
—ih% acting on S(R™). As said, QY (f) is only defined in the sense of quadratic forms in
general: the Weyl quantization map, in this sense, is defined as

1
(2m)"

(¥, Q) ()9) = /R ey, e Pe)e 5 f(a,b) dadb, h > 0; (2.1.7)

for all ¢,¢ € S(R™). By construction R2" 3 (a,b) — (e~ %Xy, e P@)e=2eb is an element
of S(R?") as it is, up to a phase, the Fourier transform of a function in that space, so that
the definition is well posed. There are cases where the quadratic form uniquely determines a
true operator QE’( f) which is in general unbounded and densely defined. This happens when
the distributions f are actually functions of various spaces. Further restricting the space of
functions finally yields an everywhere defined and bounded operator as is proper for the C*-
algebraic approach. Let us examine some of those cases.

Proposition 2.1.8. With the given definition of the quadratic form (1, Q)Y (f)¢) (2.1.7), where
h>0, f€SR?™) and 1, € S(R™), the following facts are valid.

(1) If f € S(R?"), then there is a unique QY (f) € B(L*(R",dz)) whose quadratic form on
SR™) is (2.1.7) and

1QH (1< g [, IFlabdaa. (2.18)

where the right-hand side does not depend on h. With the considered hypotheses (2.1.7)
is valid for generic ¥, ¢ € L*(R",dz) and the everywhere defined operator QY (f).
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(2) If f : R?™ — C is a Borel function which is constant in the variable p and polynomi-
ally bounded in the variable x, then there is a unique operator Q)Y (f) on S(R™) whose
quadratic form is (2.1.7), that is Q)Y (f) = f(X)|s(n), where f(X) is defined by spectral
calculus. In particular,

QR (NIl = IF (X)s@n)

and the bound does not depend on h.

| <[ flloe < +00,

(3) If f : R?™ — C is a Borel function which is constant in the variable x and polynomi-
ally bounded in the variable p, then there is a unique operator QY (f) on S(R™) whose
quadratic form is (2.1.7), that is QY (f) = f(P)|smn), where f(P) is defined by spectral
calculus. In particular,

1QF (NI =11 (P)ls@ |l < I £loe < o0,
where the bound does not depend on h.

(4) If f(g,p) = f1(q) f2(p) with f1, f» € S(R™), then the operator QY (f1f2) € B(L*(R™,dx))
that exists due to the case (1), is completely determined by its quadratic form:

QY )0 = G [ B0 (e (x4 pir)o)a (219)

for ¢, ¢ € L2(R"™, dz).
Proof. (1) If f € S(R?™) then f € S(R2") as well and

w 1 iy
6. QY (N < 1119 s |, 1F(a.)ldac

so that Q}Y (f) exists due to the Riesz lemma and is bounded and thus it can be extended to
the whole Hilbert space. The estimate (2.1.8) holds trivially. Finally observe that in (2.1.7)
7 € S(R?") so that the right-hand side is defined for generic vectors v, ¢ € L2(R2,dz) since
the map a,b — <e_m'Xw,eib'P¢>e_%a'b is bounded. A direct application of the Lebesgue
dominated convergence theorem also using the fact that S(R") is dense in L?*(R™,dz) proves
that it is valid for generic vectors ¢, ¢ and where Q(f) is the unique bounded linear extension
of the operator initially defined on S(R™).

(2) f € 8'(R?™) so that (1, QY (f)¢) equals

(271)” /R (e Xy, e g)e™ T (2m)"/25(b) f(a) dadb = (275" 7 /R M(e_ia'Xw,qﬁ)f(a)da.

We can now exploit the spectral decomposition [(4] of e 71X (e~ Xq) @) = fR e ANy (N,
noticing that this function of a belongs to S(R™)(it is the Fourier transform of a function of
that space). From the definition of Fourier transform of distributions and the definition of
Fourier transform of (finite) complex measures, we conclude that

1 Y 1a- _
.G (09) = oy [ T@) [ oo = [ F0)di (3

Hence (1, QY (f)¢) = (¥, f(X)$) and the final bound in the thesis is valid.

(3) The proof is strictly analogous to that of (2).

(4) With a procedure analogous to the one of the previous cases using in particular the last
expression in (2.1.6), we easily prove that the operator Q¥ (f1 f2), which is bounded and every-
where defined in view of the case (1), is completely determined by its quadratic form (2.1.9). O

When restricting to S(R?"), Q" defines a deformation quantization map according to
Definition 2.1.3 and re-adapting [55, Theorem 2.6.1] to our definitions.® Remarkably, it turns

5This follows from Theorem 2.1.6 using [55, Theorem II 2.6.1] combined with the fact that the map &
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in particular out that Q)Y (S(R*")) C B (L*(R",dz)).

Theorem 2.1.9 ([55, II. Cor. 2.5.4, II. Thm. 2.6.1]). The family of maps QY : S(R?") —
B(L3(R",dx)), h >0, constructed as in (1) of Proposition 2.1.8 together with QY := ids(r2n)
defines a deformation quantization of the Poisson manifold (R®*",{-,-}) according to definition
2.1.3, where I :=[0,+00) and

Q1 (S(R*™)) C Ap = Boo (L*(R", dx))
for all h > 0. This deformation quantization enjoys the following properties
(1) it is strict, i.e., W = B (L2(R™,dz)) for all h € I\ {0},
(2) the maps Q)Y are injective for all h € I,

(3) QY (S(R?™)) is a *-subalgebra of Boo(L*(R™,dx)) for all h € I\ {0} so that x; can be
defined.

The Berezin quantization map on R?", as a sesquilinear form, is defined as in [55] (we refer
to Section 2.2 for a detailed presentation on completely general symplectic manifolds in place
of R?" within the coherent and pure state quantization approach)

W QBN = [ Flap) (e, WP wor) gy 149D

h > 0; 2.1.10
o @y 7Y (2.1.10)

where 1, ¢ € L?>(R",dx), f € L™ (RQ”, %). Above, for any given (g, p) € R?",

efépq/heip-x/hef(quf/(2h)

\I/;iq’p) ($) = (ﬂ.h)n/4 ’

x e€R™ h>0; (2.1.11)

is a unit vector in L?(R™, dx) also called a Schrédinger coherent state (again, we refer to
Section 2.2 for a general construction). It turns out that [55] the integral (2.1.10) satisfies,
(0, QB(1)) = 1 for ¢ € LA(R™, dz) with [[i]| = 1, hence (15, QF (/)] < IIflllllP. By a
polarization argument, (1, Q2 (£)d)| < |||l |||, %, ¢ € L?*(R™, dz). Therefore, by the
Riesz lemma, QP (f) € B(L3(R, dr)) and

dqdp
4 <||flloo L™ (R*" 2.1.12
QP < NSl S e 2 (R, 20 (2.1.12)
Let us summarize the general properties of Q,’f (Theorems IT 1.3.3 and II 1.3.5 in [55] spe-

cialized to R?") relevant for our work. Positivity condition (2) is one of the most important
improvements which differentiates Berezin quantization from Weyl quantization.

Theorem 2.1.10. The linear map

dqd
QB . L™ <R2”, (25571) — B(LA(R",dz)), h>0;
defined as
B (@.p) g (a:p)_dadp
= ) v 2.1.13
QB = [ Haper) e gl (21.13)
in the sense of (2.1.10) and satisfying (2.1.12) enjoys the following properties.
(1) QE(1) = Ir2(n dz), where 1 € L™ (RQ”, (gg%’n) is the constant 1 map;
QW (f) is continuous for all f € S(R?™) (as follows from the proof in [55, Lemma IT 2.6.2]) and the continuity

property of the norm, in that the map i — ||QF (f)|| is in Co(I) for all f € S(R2™), as in turn follows from the
proof in [55, Thm II 2.6.5].

26



CHAPTER 2. QUANTIZATION PROCEDURES

(2) f>0 ae. implies QB(f) >0 for f € L>® (RQ", (gggz))n);

(5) QP(F) = QB(N)* for f € L (2", dade )
(4) QE(Co(R2) = B (LA(R", dr), QF(L' N L™) = By (L*(R", dx));

(5) Tr(QE(f)) = Jaon o= f(ap), if f € LN(R®™, Zhko) N L (LA (R, S40b-)).

Finally, the Berezin map defines a deformation quantization according to the following pair
of theorems (readaptation of Theorem II 2.41 and Proposition II 2.6.3 in [55], item (5) — (2.117)
in [55] — is obtained by simply comparing (2.1.11) and (2.1.7) by writing down the action of
elB2n/4 in terms of Gaussian convolution).b

Theorem 2.1.11 ([55, II. Thm. 2.4.1])). The family of maps QP : CX(R?*") —
B(L3(R",dx)), h > 0, defined in theorem 2.1.10 together with QF := idooo (r2n) defines
a deformation quantization of the Poisson manifold (R?™,{-,-}) according to definition 2.1.3,
where Ay == C(R?™), I := [0, 400), and

QB(C(R*™)) C Ap := Boo (LA(R™, dx))  for all h > 0.
This deformation quantization enjoys the following properties,
(1) it is strict, i.e., W = B (L3(R",dx)) for all h > 0.
(2) the maps QF are injective for all h € I.
|

A weaker version of the result above is obtained when working directly on 2y := Cp(R?")
since Q§ is defined thereon.

Theorem 2.1.12 ([55, II. Thm. 2.4.1, II. Prop 2.6.3]). The family of maps QF : Co(R*") —
B(L2(R",dx)), k>0, defined in theorem 2.1.10 together with QF := idc,r2n) gives rise to a
deformation quantization of the Poisson manifold (R*™,{-,-}), except for the Dirac-Groenewold-
Rieffel condition, according to definition 2.1.3, where I :=[0,400) and

QR (Co(R*™)) C Ap = Boo (LA(R™,dz)), >0,
for all h > 0. This deformation quantization enjoys the following properties
(1) it is strict and more strongly QB (Co(R*™)) = B (L*(R",dx)) for all h > 0;
(2) it is asymptotically equivalent to Q}’ on S(R*"), i.c., the map
I3 h = IQF(f) = Qr (Nl

is continuous if f € S(R?™) and ||QE(f) — QW (f)|ln = 0 for h — 0F.
(3) If f € S(R?"),

QP = QY (" /4f) , h>0; (2.1.14)
where the exponential denotes the one-parameter semigroup generated by the self-adjoint
extension on L? (Rzn, gg%’n) of Doy = Y14 %ﬁz + Y 8‘9—;% , initially defined on
C°(R?).

6Similar as in the case of Weyl quantization, this follows from Theorem 2.1.6 using [55, Theorem IT 2.4.1],
the fact that the map h+— QB (f) is continuous for all f € C.(R2"), and that the map h+— ||QE (f)|] is in Co(I)
for all f € Cc(R?") (as follows from the proof of [55, Thm II 2.6.5].)
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As a final technical result we prove the following which plays a central role in Chapter 9.

Proposition 2.1.13. Referring to the definition (2.1.13) of QF, the following facts are true.

a) Consider f € Cy . If interpreting f as a function in , ~) constant in the
Consid Co(R™). If int j tion in L (R?", 545k tant in th
variable p, then

NQE(f) — fIl =0 for h— 07T, (2.1.15)

where both operators are defined in L*(R™, dz) and (f¢)(z) := f(x)¢(x) if € L*(R™, dz)
and v € R™.

(b) Consider f € S(R™). If interpreting f as a function in L>°(R?*", (nggj)”n) constant in the
variable q, then it holds

NQE(f) — fax|| =0 forh— 0T, (2.1.16)

where both operators are defined in L?(R™, dx), where fr := F; *(f) and (fux)() := faxtp
if ¥ € LA (R"™,dz). In particular, for every chosen t >0,

||Q§(e_tp2) — etﬁ2A|| —0 forh—0t.

Proof. (a) Let f € Cyp(R™) be a function of the variable ¢. If ¢ € S(R™), so that all integration
can be interchanged and using

T o fon ™

1 £ )67(m;g)2/ el-p(m;m’)e (TJrQ)z(;s( "' dgd
2 (xh)3n/2 Jgan '\ . “p

(2")da'dp = g(2'), (9 € S(R"));

we have

(Qr (flo)(x) =

_e—9? (=9 ~e—a)?
= e [, S T T gy - WWQ/ F@)e 7 o(e)da.

In summary, (QF(f)¢)(z) = (W S F(@)e™"
S(R™) in L?(R", dz) extends the above result to the general case of ¢ € L?(R"™, dz). To conclude
the proof it is sufficient to prove that, if f € Co(R™), then

) ¢(x) . An easy density argument of

1 7( . . n :
7(7%)”/2 /Rn flge (x) uniformly in z € R" if i — 07, (2.1.17)
since, considering the functions a multiplicative operators,
1 ( 1 (-a)?
TRy B =||l—— % dg —
‘ (wh)/ /R” S / B(L2(R",dx)) ‘ (wh)n/2 / fla)e ! f‘ ‘oo

_(z—q)* Q)

To prove (2.1.17), observe that since [p, e dq = (mh)™?, (2.1.17) can be re-written

e) = e [ (@) = Fa)e”

(= —11)

dg — 0 uniformly in z € R* if h — 07, (2.1.18)

Let us prove that it is valid. We start from the decomposition

0 = e [0 —@)e T e s [ - e

z—q|<d z—q|>d

The crucial observation is that f € Cy(R™) is necessarily uniformly continuous and thus, for
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every € > 0, there is 6 > 0 such that |f(q¢) — f(x)| < €¢/2 if |x — q| < . Hence,

1 =)’ hn/? 2
@) <24 [ (Fl@-fa)e T e < 242 oy [ ¢y < f2rom,
(Th)"/2 Jyz—gl>s ()2 Sy 25/m

where y = (¢ — x)/vh. We can finally choose H, > 0 such that Ch*/? < ¢/2if 0 < h < H.,
concluding the proof for f € Co(R™).

(b) Let f € S(R™) be a function of the variable p. If ¢ € S(R™) so that all integrals can be
interchanged, we have

(Q}?(f)ﬁb)(l’) = TL(T]-)'STL/Q /]R2n f(p)ef% /n eimzftz,)ef (Ilzﬁq) ¢($/)d$/dqdp

1
= 20 2(7h) Jaen

_ @92 @ -9?

flz—aYe™ 2n e @(a')da'dg =

fla—a")G(z—a")p(a")da,
(2.1.19)
(z—2)2

where G(z) 1= [p, e 2= e~ dz . Observe that, the convolution thorem in S(R™) implies

1
22 ()" Jan

~ . 2
that G(p) = (27h)™/?§(p)? where § is the Fourier transform of g(z) := e~ 5 g(p) = e 5 .
Using again the convolution theorem in (2.1.19), we conclude that

_ h)/2 A . )
— e 000 = (s [ 0 d0p)

As ¢ € S(R™) (since that space is invariant under Fourier transform), this identity can be
extended to every ¢ € L2(R™, dp) by means of an elementary density argument. Hence QE(f)
acts as a multiplicative operator on the Fourier-Plancherel transforms dA) of the wave functions
¢ € L?(R",dx). In other words, if Fj, denotes the Fourier-Plancherel unitary operator,

(FQENE ) ) = (s [ OO ) (Fro)o).

Looking at the right-hand side, since f € S(R™) C Cy(R"™), exploiting the same argument
as in (a) ||FnQE(f)F; "' — f|| = 0 for h — 0. That is equivalent to ||QZ(f) — Fy, ' fFy|| —
0 for & — 0. This is the thesis into an equivalent form. We finally observe that, if f(p) = e—tr®
for a given ¢t > 0, then Fh_lth = eth’A , as is well known. concluding the proof. O

2.2 Coherent pure state quantization

Having introduced quantization theory from the point of view of observables, we now look at
quantization from the dual perspective of (pure) states, particularly focusing on P(B..(H)),
i.e. the pure state space of the algebra of compact operators on a Hilbert space. This concept
may be studied in his own right, even in the absence of a deformation quantization. We will
do so in the special case for a symplectic manifold S of dimension 2n < oco. To this end we
successively present the concept of a pure state quantization of a symplectic manifold, the
notion the Berezin quantization map associated to a pure state quantization, and the concept
of coherent states. We start with a definition [55, I. Def. 2.5.1].

Definition 2.2.1 (I. Def. 2.5.1). The projective space PH of a Hilbert space H is the space
of one-dimensional complex linear subspaces of H. Equivalently, PH is the quotient SH/U(1)
of the unit sphere

SH:={UeH| (VT =1} (2.2.20)
by the action of U(1) 2T, given z : ¥ — 2U where |z| = 1. |

The identification of vector states in H, i.e. one-dimensional projections on H, and points
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of PH directly follows from this realization. As a result, PH = P(B(H)) (via w(-) = Tr(p-)
with p a density matrix”), and PH C P(B(H)) when H is infinite-dimensional.

The space PH can be topologized by restricting the usual (norm) Hilbert space topology
on H to SH, and taking the quotient to PH = SH/U(1). We will denote the image of ¥ € SH
in PH under the canonical projection 7 : SH — PH by . Conversely, given ¢ € PH such a
U € SH will stand for an arbitrary preimage of ¥ under the map 7.

A Hilbert space H is in particular a symplectic manifold, with symplectic form w(®,Q) =
2Im(®,Q) (here the inner product ( , ) on A is linear in the second entry). This form is
invariant under the standard action exp (i) : ¥ — exp (i) ¥ of U(1) on H, so that the quotient
H*/U(1) is a Poisson manifold (here H* = H \ {0}). The symplectic leaves of H*/U(1) are the
spaces S, = H,/U(1), where H, = {¥ € H | (U, ¥) = r2}. Tt follows from the above that the
projective space PH may be identified with S, and is therefore a symplectic manifold, with
symplectic form wpyy.

In addition, PH is equipped with a transition probability p : PH x PH — [0, 1], given by
p(1p, ) = |(¥, ®)|?; here ¥ and ® are arbitrary lifts of 1) and ¢ to unit vectors in H. Equipped
with these transition probabilities and with the Poisson bracket defined by wpy, the manifold
PH can be seen as the pure state space of a quantum system. Furthermore, it can be shown
that PH can be equipped with the structure of a real manifold.

The pure state space of a classical system is a symplectic manifold (S, wg), supporting the
Liouville measure py, on S. This measure uy, is defined by

u(f) = ~ /S fu, (2.2.21)

ol
where 2n is the dimension of the symplectic manifold S. Such a classical pure state space may

be seen as carrying the “classical” transition probability po, defined by po(p,o) = 0, . This
yields the following definition [55, II. Def. 1.3.3].

Definition 2.2.2 (II. Def. 1.3.3). Let I C R as in Definition 2.1.3 and put Iy = I\{0}. A pure
state quantization of a symplectic manifold (S,ws) consists of a collection of Hilbert spaces
{Hn}ner, and a collection of smooth injections {qn : S — PHp}rer, for which the following
requirements are satisfied.

(1) There exists a positive function ¢ : Iy — R\ {0} such that for all h € Iy and all ¢ € PHy,

one has
() [ dise(0)plan(0).¥) = 1. (2222)
(2) For all fizred f € C.(S) and p € S the function
h— / dpr (0)p(an(p), an(0)) f(0); (2.2.23)
s

s continuous on Iy and satisfies
lim c() [ diuz(@)p(an o). n(@)) (@) = 10 (2224)

- s

(8) For each h € Iy the map qi is a symplectomorphism, that is,
qrWPH, = WS, (2.2.25)

where wpyy, denotes the canonical symplectic form on PHy.

“In the case of the algebra of compact operators the density matrix associated to a pure state is a one-
dimensional projection on H. This relies on the fact that pure states on Boo(H) coincide with normal pure
states on B(H) which in turn can be identified with one-dimensional projections on H.
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By Urysohn’s lemma, it is not difficult to show that
Lim p(gn(p), an(0)) = 0p,0 (2.2.26)
—0

In quantizing pure states the quantum-mechanical transition probabilities should therefore
converge to the classical ones for i — 0.
Furthermore, it can be shown that the volume vol,(.S) of S with respect to the measure

wr = c(h)pur, (2.2.27)

is found to be vols(S) = dim(Hy). It follows that S is compact if and only if Hj is finite
dimensional, and that only certain discrete values of & are allowed in that case. Given a pure
state quantization of a symplectic manifold (S,ws), depending on the situation, we shall use
both the Liouville measure uy, as well as the family of measures p; defined by (2.2.27).

A pure state quantization naturally leads to the quantization of observables [55, II. Def.
1.3.3].

Definition 2.2.3 (II. Def. 1.3.4). Let {Hn, qn}ner, be a pure state quantization of a symplectic
manifold S. The Berezin quantization of a function f € L>(S) is the family of operators
{QFP () tner,, where QE(f) € B(Hn) is defined by polarizing

BQE(f) = / dyin(o)p(an(), ) (o). (2.2.28)

Here ¢ € PH, and the integral converges because of Definition 2.2.2 (1). In case that [ €
LY(S) N L>(S), the operator Qr(f) may be written as:

QB(f) = / dyin(0) F(@)an(0)) (2.2.20)

where [qr(0)] is the projection onto the one-dimensional subspace in Hy whose image in PHp,
is qn(0). |

Remark 2.2.4. As a result of [55, II. Thm. 1.3.5] and [55, II. Cor. 1.4.5], Theorem 2.1.10
(except perhaps for (4)) also applies to the Berezin quantization maps QF associated to a
pure state quantization of a general symplectic manifold S. In particular, (always assuming
f € L>(S)) the operators Q2 (f), (f € Co(S)) are compact on Hy, and any compact operator
on Hy, can be approximated (w.r.t. the operator norm) by a sequence of quantization maps

{Qg(fn)}na where fn S CO(S) ]

To move on our discussion we now make a further assumption on a given pure state quan-
tization. Fortunately, this is satisfied in many cases of physical interests.

Definition 2.2.5. A pure state quantization {Hp, qn, trtrer, of S is said to be coherent if
each qn(o) € PHy, can be lifted to a unit vector ¥E € Hy, and the enswing map o — ¢ from S
to Hp, is continuous. The unit vectors U§ coming from a coherent pure state quantization are
called coherent states. |

2.2.1 Coherent pure state quantization of R?*"

We return to quantization of R?". We have seen that R?" admits a strict deformation quanti-
zation. It turns out that this manifold admits a coherent pure state quantization as well. We
hereto recal a result in [55, IT. Prop 2.3.1].

Theorem 2.2.6 (II. Prop. 2.3.1). Let I = [0,00) and Hy, = L?(R", dx) for each h > 0. Denote
by pur, the Liowville measure on R*™ which coincides with the standard 2n-dimensional Lebesque

measure d"pd™q. For any (p,q) € R*™ define a unit vector \I/;lq’p) € Hp by (2.1.11). Denote the
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projection of \I,%q,p) € SH to PH by w,%q’p). Then the choices,

an(p,q) = "7 (2.2.30)
c(h) = (27r1h)”’ (2.2.31)

so that dur(p,q) = % yield a coherent pure state quantization of R®™. The Berezin quan-

tization map QP is precisely given by (2.1.13). |

Remark 2.2.7. The fact that the manifold R?" admits a strict deformation quantization
as well as a coherent pure state quantization in general does not hold: there exists strict
deformation quantizations for which the corresponding quantizations maps are not defined in
terms of coherent states. We will see an explicit example in Chapter 3. |

2.2.2 Strict deformation quantization and coherent pure state quan-
tization of S>

In this section we prove the existence of a strict deformation quantization of the two-sphere
S? C R3 with ensuing Poisson bracket given by

of oy

3
(Lo} = > canerery — o XES (2.2.32)

a,b,c=1

where f,g € C*°(S?). To this end we first consider the symmetric subspace Sym” (C?) c
@2, C? defined by

Sym™(C?) := Ty (C?*® --- ® C?), (2.2.33)

where Ty : ®nN:1 Cc? — ®nN:1 C? denotes the symmetrizer and is given by unique linear
extension of the following map acting on elementary tensors

1
TN(’U1®-~-®”UN):M Z VUo(1) @+ & Vo (N)s (2234)
’ o€P(N)

with P(N) the permutation group consisting of N! elements. It is not difficult to see that T
is a projection and dim(Sym” (C?)) = N + 1. Indicating the algebra of bounded operators on
Sym™ (C?) by B(Sym” (C?)), it is known [57, Theorem 8.1] that

0= C(5%); (2.2.35)
v = B(Sym" (C?)) = My 141(C), (2.2.36)

are the fibers of a continuous bundle of C*-algebras over base space
I={1/N|N eN}u{0} =(1/N)u{0}, (2.2.37)

with the topology inherited from [0, 1]. That is, we put i = 1/N, where N € N is interpreted a
the number of sites of the model; the interest is the limit N — oco. The continuous cross-sections
are given by all sequences (a1,n)nen € HneNQl’l/N for which ay € C(5?) and ai/N € Ql'l/N and
such that the sequence (a;,n)nen is asymptotically equivalent to (Q} N (ap))Nen, in the sense
that

i lasy — Qi (a0)ly = 0. (2:2.38)

Here, the symbol Q' /N denotes the quantization maps
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where 2~l6 C C>=(S?) C A is the dense Poisson subalgebra made of polynomials in three real
variables restricted to the sphere S2. The maps Q' /N are defined by® the integral computed
in weak sense

N+1
47

Qun(p) =~ [ o8 (9510 (2240

where p denotes an arbitrary polynomial restricted to S?, d§) indicates the unique SO(3)-
invariant Haar measure on 5% with [, dQ = 4, and |[UQ) (V] € B (Sym™ (C?)) are so-called
N-coherent spin states defined below. In particular, if 1 is the constant function 1(Q2) =1, (2 €
S?), and 1y is the identity on 91’1/N = B (Sym” (C?)), the previous definition implies

Qyn(1) =1y . (2.2.41)

Indeed, it can be shown that the quantization maps (2.2.40) - (2.2.41) satisfy the axioms of
Definition 2.1.3, which implies the existence of a deformation quantization of S2.° Moreover,
as a result of Proposition 4.1.1 they map surjectively onto the algebra 2} /N and therefore the
deformation quantization is strict as well.

In order to define the N-coherent spin states we shall use the bra-ket notation. Let |1),]])
be the eigenvectors of o3 in C?, so that o3| 1) = |1) and o3|]) = —|]), and where Q € 52, with
polar angles 0 € (0,7), ¢ € (—m, ), we then define the unit vector

90 = cos 221 4 90 5in %211 (2:2.42)

If N € N, the associated N-coherent spin state ¥%}, € SymN((Cz)7 equipped with the usual
scalar product (-,-)y inherited from (C2?)V is defined as follows [71]:
T = @ @) . (2.2.43)
—_—
N times
Depending on the situation this vector is also written in ordinary notation, i.e. U$. We also

use the notation [Qg 4) to emphasize the dependence on the angles 6, ¢. We refer to Appendix
A.1 for a more detailed description of coherent spin states.

Remark 2.2.8. For any polynomial p in three real variables restricted to S? the quantization
maps satisfy

Q1P| < lIplloo; (N €N). (2.2.44)

As a result of Lemma 2.1.7 the quantization maps can be extended to all of C(S?) such that
(except for the Dirac-Groenewold-Rieffel condition) the von Neumann and Rieffel condition
hold. |

These observations furthermore yield a general result proving the existence of a coherent
pure state quantization of the spheres sz, where j € Np/2 denotes the radius. To see this
we first consider the highest weight representation U; of SU(2) onto the algebra of bounded
operators on the vector space V; of dimension 2j + 1,

Uj : SU(2> — %(V]) (2.2.45)

Since jN is still a highest weight for any N € N, for h = 1/N, (N € N) we can therefore
consider

Ujsn : SU(2) = B(Vj/n), (2.2.46)

8Equivalent definitions of these quantization maps are used in literature, see e.g. [57, 71].

9We remark that S2 is a special case of a regular integral coadjoint orbit in the dual of the Lie algebra
associated to SU(2), which can be identified with R3. In fact, this theory can be generalized to arbitrary
compact connected Lie groups [55].
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which is the carrier space of the highest weight representation U, of dimension dim(V;,5) =
2Nj+1. It can be shown that the spheres S7 C R? (where j € N/2 denotes the radius) admit a
coherent pure state quantization with Hilbert spaces {V;/5}1/5 (see [54, Thm. 1] for a general
discussion in the context of integral coadjoint orbits). For our purpose we fix j = 1/2 yielding
the carrier space Vy/o of dimension N + 1.19 The precise result is stated in the following
proposition providing a coherent pure state quantization of Sf /2 C R3, the two-sphere of radius

1/2 in R3.

Proposition 2.2.9. Let I = (1/N)U{0} (with topology inherited from [0,1]), h=1/N, (N € 1)
and fix j = 1/2. Define Hp = V1 /25, i-e. the carrier space of the irreducible representation Uy jop,
with highest weight 1/2h = N/2. Denote by uy, the Liouville measure on 5'12/2 which coincides
with the spherical measure sinfdfde (0 € (0,7) ¢ € (0,2m)). For any Q := (0,¢) € Sf/2 define

a unit vector U € Hp, by (2.2.43). Denote the projection of Ut € SHy, to PHp by ¥$t. Then
the choices,

() = U3 (2.2.47)
c(h) = (N +1)/4m; (2.2.48)
s0 that puy /N (0, ¢) = %sin@d&w yield a coherent pure state quantization of Sf/Q onlI. N

T

Remark 2.2.10. As spheres of arbitrary radius are diffeomorphic it follows that the specific
choice of the radius of the sphere is irrelevant for the ensuing Berezin quantization maps: any
sphere of fixed radius j € N/2 provides the same image under Berezin quantization Q{S/N :

C(S2?) = B(V/2) defined by (2.2.40). u

As a result of Remark 2.2.10, Remark 2.2.8 and [54] the Berezin quantization map QJIB/N
associated to this coherent pure state quantization is precisely given by extension of the map
(2.2.40) to all of C(S}), where we have identified Vy o = Sym®™ (C?), i.e. the vector space
corresponding to the fibers (2.2.35)-(2.2.36). In the context of the symplectic manifold S? = S?
we use both notations @ IN and Qf/ y to indicate the Berezin quantization map defined by

(2.2.40), extended to all of C'(S?).

10We stress that, as opposed to the pure state quantization of R2™ (cf. Subsection 2.2.1) the dimension of
the Hilbert space now does depend on the semi-classical parameter.
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3. Deformation quantization of the alge-
braic state space of M (C)

In this chapter we prove the existence of a deformation quantization of the algebraic state
space S(My(C)) of the matrix algebra My (C) according to Definition 2.1.3. To this end, in
Section 3.1 we investigate the structure and algebraic properties of S(Mj(C)) and see how
Poisson geometry comes into play. We particularly show that S(M(C)) can be equipped with
a suitable Poisson bracket, transforming it into a Poisson manifold (with stratified boundary).
Consequently, in Section 3.2 we introduce the notion of quasi-symmetric sequences. These
sequences play a key role in Section 3.3 where we finally prove the existence of a deformation
quantization of S(M(C)) .

3.1 Structures on 2 = M;(C)

Unless stated otherwise, 20 = M}, (C) is the unital C*-algebra of k x k complex matrices equipped
with the natural C*-norm, whose unit element is denoted by I and whose *-operation is the
standard hermitian conjugation. Furthermore, M} (C) is the real linear subspace of My(C)
containing all hermitian k x k matrices.

3.1.1 The state space of M;(C) as a set

The state space S(2A) of a general unital C*-algebra 2 with unit Iy is defined as the set of
linear functionals w : A — C that satisfy w(ly) = 1 and w(a*a) > 0 for any a € 2. It follows
that S(2) C A* (the Banach dual of 2), but S(2) will always be equipped with the topology of
pointwise convergence, i.e., the weak*-topology (rather than the norm-topology inherited from
2A*; for finite-dimensional B this difference does not matter, though). In this topology S(2l) is
a compact convex set. For 2 = M (C), regarded as 2 = B(CF), the algebra of (automatically)
bounded linear operators on the Hilbert space C*, all states are normal and hence bijectively
correspond with density matrices (i.e. positive matrices p with unit trace) via

wp(a) = tr(pa) for every a € A. (3.1.1)

The set of density matrices on C* is denoted by Dj,. These form a convex set in their own right,
and hence Dy, = S(M;(C)) via (3.1.1) as an affine bijection (i.e. isomorphism) of convex sets.
We also give Dy, the unique topology making this bijection a homeomorphism and in practice
we often identify Dy and S(Mj(C)).

We proceed by introducing some useful coordinate systems on Dy, [11, 21].

Definition 3.1.1. A parametrization (Qg, Fi) of Dy consists of:
(a) a parameter set Q; C R™, where m depends on k, i.e., m = m(k);
(b) a bijective map Fj, : Qp — Dy.

The parametrization is said to be affine if it is (the restriction to Qj of) an affine map with
respect to the natural real linear space structures of R™ and M}*(C). u

Remark 3.1.2. The inverse map F,;l : Dy = Qi € R™K) defines a (global) coordinate system
on Dy, though in a somewhat extended sense compared to the standard definition for smooth
manifolds (with boundary) when k > 2. This is because, as we shall see shortly, Qj has a
more ?o)mplicated structure than an open set possibly bounded by an embedded submanifold
of R™(*), |

Clearly, the case k = 1 is trivial, because D; = {1}. Therefore, in what follows we assume
k > 2. We start with the simplest and simultaneously physically most relevant case k = 2.
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3.1.2 Smooth structure of the state space of M (C)

We investigate the properties of the state space of My (C), starting with k¥ = 2. The Pauli
matrices o1,09,03 together with the identity I form a complex basis of the complex vector
space My(C), and a real basis of M2(C), i.e.

a = 3(xol + 101 + 202 + 2303), (3.1.2)

for any a € MJ(C), where z; € R (j = 0,1,2,3). Then a is a density matrix, i.e. a € Dy C
M} C), iff zg = 1 and x = (21, 22, 73) lies in the parameter set

Qy = {xeR?||x| <1} = B, (3.1.3)

the closed unit ball in R?, ensuring that a is indeed positive as follows by a simple computation.
The corresponding map F5 : Qo — Ds is given by

3
Fy(x) =1L+ 1Y wjo; (3.1.4)
j=1

By construction, this map is onto Do, and it is affine. An elementary argument based on the
identity tr(oro;) = 20 shows that F; is also injective. Hence (Qa, F») is an affine parametriza-
tion of Dy with m =3 =k% — 1, for k = 2.

The key to generalize this construction to & > 2 lies in the fact that the anti-hermitian
traceless matrices (ioq,io9,io3) form a basis of the Lie algebra su(2) of the Lie group SU(2);
adding il gives a basis (ils,i01,i09,i03) of the Lie algebra u(2) of the Lie group U(2).

Similarly, for k > 2 every p € Dy, is hermitian and hence it can be written as

k2—1
1
p=1li+ > by, (3.1.5)
j=1

where z; € R and b; = T}, for some basis (7)1, ,2_1 of the Lie algebra su(k) of SU(k),
consisting of all traceless anti-hermitian k£ x k& complex matrices, so that

bi=b;, tr(b)=0, (j=1,...,k*—1). (3.1.6)
Since the Tj are a basis of su(k) as a vector space, as usual we also have

k-1 E2—1

[T, T = > CLT; (b, bs] =iy Crb, (3.1.7)
=1 =1

for some real constants C', antisymmetric in the lower indices and satisfying the Jacobi identity.
The second part of (3.1.6) guarantees tr(p) = 1 in (3.1.5), but to turn p into a density matrix
the real numbers x1,...,x,2_1 must also be constrained in order that p > 0. As for k = 2,
this defines a set Qj C R¥*~1 which we use to construct an affine parametrization of Dy based
on (3.1.5). For the moment we assume that Qj has been defined that way, so that the map
F}, (3.1.9) below is surjective. Compactness of the Lie group SU (k) implies that the matrices
(b;), which so far merely satisfy (3.1.6), can be chosen so as to also satisfy’

tr(bibj) = (SZ] (318)
From (3.1.8) and the same argument as for k = 2, it follows that the surjective map

k?—1
1
Fj,: Q> (xl, .. .$k2,1> — =1 + .’Ejbj € Dy, (319)
2 J,ZZI

1With this choice of the normalization, for k = 2, we find b; = 2_1/2Uj and also the coordinates z; in (3.1.9)
below correspond to 271/2z; in (3.1.4).
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is also injective. Indeed, multiplying both sides of (3.1.5) with b;, taking the trace, and using
(3.1.8) and the second identity in (3.1.6), the inverse of F}, reads

Fl(p) = (tx(pby), .. (b)), p € D (3.1.10)
In terms of the state w € S(My(C)) related to the density matrix p, this gives an explicit
coordinate system w +— (21(w),...,z12_1(w)) of the former, given by

zj(w) = w(bj) =tr(pb;) (j=1,...,k* = 1). (3.1.11)

To find Qf more explicitly, we note that the eigenvalues of p € Dy, are the roots A € R of the
characteristic polynomial det(Al — p), which has a unique representation

k
det(A — p) = > (=1)a;A¥7, ag = 1. (3.1.12)

j=1

Here the coefficients a; are uniquely determined by the choice of the generators b; and are
polynomials in the parameters x = (x1,...,zy2_1), and hence they define continuous functions
a; = a;j(x) for x € RF* -1, If A1, ..., A denote the roots of det(Al — p), we obviously have

k

k
Yo a AT =TT = M) (3.1.13)

J=1 Jj=1
From this, the characterization of the non-negativity of the eigenvalues follows:
Aj>0 (j=1,..,k) ifand only if a; >0 (j=1,...,k). (3.1.14)
By definition, Qy, is then the following subset in RF ~1;
Qr={xeR" 1| q;(x)>0, j=1,..k} (3.1.15)

Being the intersection of closed sets (note that the maps a; are continuous), Qy, is closed. Also
note that Qj has non-empty interior, because the set

{(x eRF 1| a;(x)>0, j=1,...k} C Oy (3.1.16)

is open as a finite intersection of open sets, and is not empty since it contains the density
matrix p = I, whose coordinates are x(I) = (0,0,...,0), so that ;(0,0,...,0) = k%(];) >0
for all j. We now also show that Q. is bounded in RF* -1, Since p € Dy is hermitian, p > 0,
and tr(p) = 1, we have

tr(p?) < tr(p) = 1, (3.1.17)

as can be seen e.g. by diagonalizing p. Representing p as in (3.1.5) and taking advantage of
(3.1.8) and the second identity in (3.1.6), the condition tr(p?) < 1 can be rephrased in a way
that makes boundedness of Q. obvious, viz.2

k2-1
+ > zP <1 ifx e Q. (3.1.18)

Jj=1

1
k

Therefore, with Qj, defined as in (3.1.15) and F}, defined in (3.1.9), the pair (Qy, Fy) is an affine
parametrization for density matrices p € Dy with m = k% — 1, and (3.1.11) defines a global
coordinate system over Dy, = S(M}(C)) in the sense of Remark 3.1.2. Coming from an affine
map, this coordinate system preserves the convex structure of S(2), so that Qy is a compact

2The pure states are exactly those points in Q that saturate this inequality, since their density matrices
satisfy trp? = trp = 1. The pure states form 9. Q, = CP*~! with canonical (Fubini-Study) Poisson structure,
cf. §3.1.3 below. Strict deformation quantization of complex projective spaces is well known, for example as a
special case of the constructions in [17, 99] or [57, §8.1].
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convex subset of RF =1 with non-empty interior. To conclude this section, few remarks about
the differentiable structure of Qp, are in order. We have seen that Qs 22 B is a 3-dimensional
manifold with boundary dB® =2 S? (the two-sphere), where the topological boundary also
coincides with the extreme boundary 9,95 as defined in convexity theory (which defines the
pure states). However, this simple picture is misleading, since for k > 2 the set Q is no longer
a (smooth) manifold with boundary [12], as the boundary is not a manifold but a stratified
space [72]. Indeed, for k > 2, we have the following situation:

(1) Under the isomorphism Qp 2 Dj, the interior int(Qy) of Q) corresponds to the rank-k
density matrices and is a connected k2 — 1 dimensional smooth manifold. Points in the
interior precisely correspond to faithful states on M;,(C).?

(2) The topological boundary 0Q) now differs from the extreme boundary 0, Qj:

— 0Qy, is the disjoint union of £ — 1 smooth embedded submanifolds Qg) of ]RkQ*l,

wherel =1,...,k—1, and Q,(f) contains all points corresponding to density matrices
with rank [ (rank [ = k corresponding to the interior).

— 0.9 = QS) C 0Qy, C Qy corresponds to the pure state space on My (C).
(3) Every point of 9Qy is a limit point of int(Qy) and clearly Qk = int(Q) U 0Q.

Finally, all properties of Qj we established are independent of the choice of the basis
{ibj}j=1,. k2—1 used to define (Qy, F}), as one easily proves: each different choice of basis just
defines a different global coordinate system compatible with the linear structure, the topology,
and the differentiable structures involved. In that sense, these properties are intrinsic, and
eventually come from Dy = S(M(C)).

3.1.3 Poisson structure of state space of M (C)
We now show that the state space X, so far realized in three different ways as

carries a canonical Poisson structure [16, 37, 57].* If the X} were a manifold, this structure
would be defined as a Poisson bracket on C*°(X}), but we have just seen that X} is not even
a manifold with boundary. We circumvent this problem by recalling

Q, CRF 1, (3.1.20)

with dim(int(Qy)) = k? — 1, as shown in the previous section, and hence we simply define
f € C™(Qy) iff f is the restriction of some f € C°°(R¥ 1),

We also recall that if g is any (finite-dimensional) Lie algebra, then the dual space g* has
a canonical Poisson structure coming from the Lie bracket on g [63]. The Poisson bracket is

completely defined by its value on linear functions on g*; each X € g defines such a function
X through X (6) = 0(X), where 6 € g*, and

(X,7) = [X,Y]. (3.1.21)
If (Th,...,T,) is a basis of g (n = dim(g)) with structure constants C¢, given by

[T., Ty =Y CoTe, (3.1.22)

3A state w on a C*algebra B is called faithful if w(a*a) = 0 implies a = 0, for a € B.

4A Poisson bracket {-,-} on a commutative algebra A is a Lie bracket satisfying the Leibniz rule {a,bc} =
{a,b}c + {a, c}b, or: for each a € A the (linear) map dq : A — A defined by §,(b) = {a, b} is a derivation, i.e.
8a(bc) = 8a(b)c+ da(c)b. We take A = C°°(X}) with pointwise mutliplication.
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then one has an identification g* = R™ in that x = (21,...,2,) € R™ corresponds to § =
Y o Taw®, where (w®) is the dual basis to (T5,) (i.e., w*(T}) = d;), so that

9f(x) 9g(x)

{fig}0)= Y Copre

. 3.1.23
a.bo=1 8% al‘b ( )
In particular, the coordinate functions f(x) = x, reproduce the Lie bracket, i.e.,
k2—1
{za,m} =) Copre. (3.1.24)
c=1

Applying this to g = su(k), so n = k? — 1, see (3.1.7), then gives a Poisson structure on RK-1
and hence, by restriction, on Q:

Definition 3.1.3. The Poisson bracket of f,g € C*°(Qy) is given by
{f,9} ={F, 3}, (3.1.25)

where f,§ € C™® (Rkkl) are arbitrary extensions of f and g respectively, cf. (3.1.20), and the
Poisson bracket {f,} on C>(R¥ 1) is defined by (3.1.23) for g = su(k). |

This definition is meaningful because of the following facts:

1. The bracket {f, g} does not depend on the choice of the extensions f,gec® (Rkkl),
because every point of 09y is a limit point of the interior of Q.

2. The function {f,g} trivially lies in C*°(Qy), which by definition means that it has a
smooth extension to sz_l, since {f, g} is such an extension.

3. The bracket does not depend on the choice of the basis {T}};=1,  x2—1 of su(k) (with
b; = iT}), since a linear change of basis induces a change in the structure constants

C¢, in (3.1.22) and a linear change of the coordinates in RF*-1 coming from identifying
su(k) = R =1 cancel out in (3.1.23) and hence in (3.1.25).

The last point can also be seen from the more intrinsic form the bracket takes in terms of the
other two entries in (3.1.19). First, for the density matrices D, we have

Dy, € M} (C), = MPMC)o = isu(k) = isu(k)*, (3.1.26)

where M]*(C), is the space of hermitian k x k matrices p with trace t. The first inclusion is given
by (3.1.5), the subsequent isomorphism is given by (I /k) + b+ b, where b € M}'(C)o, and the
last isomorphism su(k) = su(k)* comes from (minus) the (negative definitie) Cartan—Killing
inner product on su(k), which is given by

~B(X,Y) = —2k tr(XY) = 2k tr(X*Y) = 2k(X,Y) s, (3.1.27)

where the right-hand side is the Hilbert—Schmidt inner product on My (C). If we now equip
D), with a differentiable structure through the last isomorphism in (3.1.19), as detailed in the
previous section, and define f € C°°(Dy,) iff f is the restriction of some f € C*(M}(C),), or,
by (3.1.26), iff it is the restriction of some f € C*(isu(k)), and transfer the Poisson structure
on su(k)* to su(k) through (3.1.26), then we clearly obtain an intrinsic Poisson structure on
Dy, essentially also given by (3.1.21).

Finally, perhaps as the mother of all of the above, for any unital finite-dimensional C*-
algebra 2 (and with due modifications, even for infinite-dimensional ones), the state space
S(20) has a natural structure as a Poisson manifold (with stratified boundary, as above). The
Poisson bracket is most easily written down through the isomorphism B" = C,(S(2)) of real
Banach spaces, where 2" is the set of hermitian (= self-adjoint) elements of 2 and for any
compact convex set K, C,(K) is the space of continuous real-valued affine functions on K,
equipped with the supremum-norm. This isomorphism is given by b — 13, where b € A" and
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be C,(S(2)) is given by b(w) = w(b), and, as in (3.1.21), the Poisson bracket is fully defined
by
{a,b} = i[a, b]. (3.1.28)

The relationship with the previous constructions may be inferred from the inclusion

S(Mi(C)) € ML (C); = (M} (C)o)* = (isu(k))", (3.1.29)

where M]*(C)7 is the set of linear functionals ¢ : M (C) — C that are hermitian (p(a*) = ¢(a))
and normalized (p(I;) = 1); the remainder is obvious from (3.1.26).

3.2 Intermezzo: quasi-symmetric sequences

In this section we introduce the notion of symmetric and quasi-symmetric sequences. These
sequences play a key rol in the definition of the quantization maps, as explained in the next
section.

Let us start recalling some facts from [57, Sec. 8.2]. For any unital C*-algebra 2, the
following fibers may be turned into a continuous bundle of C*-algebras (with the C*-algebra of
the continuous bundle denoted by A()).> and base space I = {0} U1/N C [0, 1] (with relative
topology, so that (1/N) — 0 as N — o0):

ALY = C(S(A)):; (3.2.30)
Ay =A% (3.2.31)

As before, S(21) is the (algebraic) state space of 2 equipped with the weak*-topology (in which
it is a compact convex set) and A®Y is the N** projective (also called maximal) tensor power of
2 (often called AV in what follows).% As in the case of vector bundles, the continuity structure
of a bundle of C*-algebras may be defined (indirectly) by specifying what the continuous
cross-sections are. To do so for the fibers (‘21.(()6)7 ngc/)N), we need the symmetrization operator

Sy : ANV — AN defined as the unique linear continuous extension of the following map on
elementary tensors:

1
SN(CL1®"'®QN):M Z Og(1) ® - @ Ay(N)- (3232)
" o€P(N)

Furthermore, for N > M we need to generalize the definition of Sy to give a bounded operator
Sm,n ¢ AM — AN defined by linear and continuous extension of

Sunb) =Syb@I®---®I), beAM. (3.2.33)
———
N — Mtimes

Clearly, Sy,v = Sn. We write cross-sections a of (Qléc), 2[57)1\,) as sequences (ag, a1 /N )NeN,
where a(0) = ag etc. Following [74], the part of the cross-section (a1,n)nen away from zero
(i.e. with ag omitted) is called symmetric if there exist M € N and ay v € A®M guch that

ai/N = Su,n(ai ) for all N > M, (3.2.34)

and quasi-symmetric if a; /5 = Sy(a1/n) if N € N, and for every € > 0, there is a symmetric
sequence (by/n)nen as well as M € N (both depending on €) such that

||CL1/N — bl/N”l/N <€ forall N > M. (3235)

5The superscript ¢ occurring in 2(¢) indicates that this algebra corresponds to a commutative C*-algebra, of
observables of infinite quantum systems (describing classical thermodynamics as a limit of quantum statistical
mechanics). For details we refer to Chapter 8.

6 Although this choice is irrelevant for our main application 2 = My, (C), for general C*-algebras 2 one should
equip AV with this maximal C*-norm || |-
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The continuous cross-sections of the bundle (Q[éc), Ql(1°/)N) then, are the sequences (ao, a1/n)Nen
for which the part (a;,5)nen away from zero is quasi-symmetric and
ap(w) = lim w™(ay/n), (3.2.36)
N—oc0

where w € S(A), and WV = w®---®@w € S(A®YN), is the unique (norm) continuous linear
—_——

N times
extension of the following map that is defined on elementary tensors:

WV @ @by) =wby) - - wbn). (3.2.37)

The limit in (3.2.36) exists and defines a function in C(S(B)) provided that (a;/n)nNen is
quasi-symmetric, and by [57, Theorem 8.4], this choice of continuous cross-sections uniquely
defines (or identifies) a continuous bundle of C*-algebras over I with fibers (%o, A /n).

The set of (quasi-) symmetric sequences admits an additional structure. Let us recall
some of its properties. For a more detailed discussion we refer to [74].

We indicate by ) the set of symmetric sequences and by Qj the set of quasi-symmetric
sequences. It turns out that ij forms a subalgebra of A = @), A, where A~ is the C*
inductive limit of the sequences A®Y with natural injections, N-wise addition and N-wise
multiplication. In addition, if) carries a seminorm, defined by

||[| = lim sup [[z1/n|[ (3.2.38)
N—o00

where x := (z1/§)Nen € 9). Using the fact that the sequence (71/n)Nen is norm-decreasing,
and bounded, it follows that the the limit of the sequence ||z ,y||n exists and therefore, one
can write

||| == ]nglw||$1/N||N- (3.2.39)

Since pointwise operations do not preserve symmetric sequences, the set 9) (equiped with these
operations) is not a subalgebra of 2. There exists however a commutative product * on )
turning (), *) into a commutative subalgebra of 2°°. This product is defined in terms of the
symmetrized tensor product Sy, n in the following way. For z = 2; ® - - - ® oy € AN and
Yy=y1 @ - Quyy € AM let

TAN MY = Suin(T@Y) (3.2.40)

Clearly, this extends by linearity and norm continuity to a bilinear map %y a7 : AV x AM —
AN @ AM . Moreover, this product is associative and a sequence is symmetric precisely iff for
all K,

INyK =INANK Q- @ 1. (3.2.41)
Kti
imes

The product x: Y x Y — Y is now defined by

(T*Y)N+M = TN *N,M YM (3.2.42)

for all N, M such that both xn and yy; are defined. It can be shown that x does not depend on
the choice of the representation with » = N + M and that indeed x xy € ). It is easy to verify
that with these operations (), ) becomes a (semi)-normed unital *-algebra with semi-norm
given by (3.2.39).

We will now see that the algebras ) and ij are related to a classical theory, as predicted
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by (3.2.36). To this end we consider the map

gn s AN = O(S(R);
In(z1/n) (W) = wN(:El/N), (w e S(B)). (3.2.43)

It can be shown that for each x := (2y/5)N € 9) the norm limit j(z) := imy_ oo JN(z1/N)
exists in C(S(21)).” In fact, the map

j:9—O(S(A)
x— j(x) (3.2.44)

is an isometric *-homomorphism from 9) onto C(S(2A)) for the x-product [74].% In addition, j
restricted to the algebra of symmetric sequences (%), *) is an isometric * homomorphism of )
onto a dense subalgebra of C'(S(2()). This particularly shows the compatibility with (3.2.36).
Indeed, any quasi-symmetric sequence (z1,y)y € 2 with limit j(z) is nothing else than the
function xy € C'(S(2)) defined by (3.2.36).

3.3 Deformation quantization of S(M;(C))

In this section we state and prove the existence of a deformation quantization of the state space
Xj, = S(My(C)).2 To this end we apply the ideas of Section 3.2. Indeed, as a result of [57,
Thm. 8.4 ] the choice of A = M(C), i.e.,

A = C(S(M(C)) = C(Xy); (3.3.45)
9‘% = Mi(C)®" = My (C) (3.3.46)

are the fibers of a continuous bundle of C*-algebras over the base space I = {0} U 1/N whose
continuous cross-sections are given by all quasi-symmetric sequences. As before, A(©) denotes
the C*-algebra of the continuous bundle. In view of Remark 2.1.2 the maps 7,y correspond
to the evaluation map, i.e. /v (2) = 21y, (z € 2(¢)). From now on we omit the superscript
cin Qléc) and ngj)N and 2A(¢),

As already mentioned X = S(Mj(C)) is canonically a compact Poisson manifold, so that
one may start looking for suitable Poisson subalgebras 2y € C> (X)) on which, in accordance
with Definition 2.1.3, quantization maps

Qv+ Ao — My (C)®N (3.3.47)

may be constructed. This can indeed be done. First, we show that in suitable coordinates g
essentially consists of polynomial functions on X}, (see section 3.3.1). Second, the construction
of the maps Q1 : Ay — My (C)¥ is given in section 3.3.2, see especially (3.3.56). Although
the space we quantize is X, we will (often without comment) use both identifications Xy, 2 Dy,
and X & Qy explained in the previous chapter, the latter equipped with the Poisson structure
of Definition 3.1.3.

3.3.1 Choice of the Poisson subalgebra 2,

As before, we choose a basis {b1,...by2_1} of isu(k) satisfying (3.1.6) and (3.1.7), where su(k)
is a real vector space. Using complez coefficients, the hermitian matrices (Ix, b1, ..., bgz_1) then

"Note that Jn(z1/n)(w) is just the same as equation (3.2.37).

80Observe that ||z|| = ||7(z)||ec = 0 implies that j(x) = 0, but not necessarily that 2 = 0, as the norm on 9)
is a seminorm.

9Some ideas in the proof were inspired by techniques in [16, 37, 74], as rewritten in terms of continuous bundles
of C*-algebras in [57, Ch. 8]. The relationship between the deformation quantization of X} (constructed below)
and of its extreme boundary CP*~1 (cf. footnote 2 and [17, 57]) is in general unclear. Even though the fiber
algebras 21,/ are different, namely 21, /y = M (C)N for X2 = B3 and Ql’l/N = Mn11(C) for CP' = S2, the
case k = 2 is fully understood and is the topic of Chapter 4.
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form a basis of the complex vector space M (C). We introduce a subspace of P5,_,AM
making use of the symmetrized tensor product

a1 ®s - Qsany = Sn(a1 ® -+ ®an), (3.3.48)

where Sy is defined in (3.2.32) and we adopt the Einstein summation convention. We define
ZC @y AM as the subspace consisting of all elements of the form

2 =coly @} bj, ® 4Pbj, @by B o ® TN, @y @by, (M =0,1,...), (3.3.49)

where the coefficients CJE'“” € C are symmetric, j; € {1,....,k* —1},and i =1, ..., N.

Remark 3.3.1. (1) The matrices I} and all of the bj, ®,---®4bj,, where j; € {1,...,k* —1}
and ¢ =1, ..., N, are linearly independent and form a basis of Z.

(2) Z does not depend on the initial choice of the basis {b1,...,bi2_1} of isu(k). [ ]

We now introduce an important auxiliary linear map x : Z — C(S(2l)), through which we will
construct 2g. By linearity, x is completely defined if, for w € S(B),

X(Ip)(w) =1, ie x(I) = lsm); (3.3.50)
X(bjy @ -+ @5 bjn ) (W) = wN (bj, @s -+ @5 bjy) = w(by,) - w(bjy)- (3.3.51)
By definition of weak *-topology we have x(z) € C(X}), since z € Z is a finite sum.

Lemma 3.3.2. The map x : Z — C(S()), is injective, so that in particular all functionals
Lgeay and x(bj, ®s - -+ @ bjy ) are linearly independent.

Proof. Since x is linear, the claim is equivalent to the implication x(z) =0 = 2z =0, where
z € Z has the generic form

2= coly ® A bj, ® 4 bj, Rsbj, ® .. ® Y TVbj, Q- R4 bjys (3.3.52)

The requirement x(z) = 0 means x(z)(w) = 0, for all w € C(S(2A)). Thinking of the states w
as density matrices of Dy, represented by the affine parametrization (Qy, Fy) defined in (3.1.9),
the map S(B) 2 w — x(2)(w) is clearly the restriction of a polynomial in k* — 1 variables
(z1,...,252_1) € R, which determine w through Fj when restricted to Qy, that is,

X(2)(w) = co + Jrxj, + A Pxj x4 A M xy, - xy,, (3.3.53)

where we have taken (3.1.11) into account. Since the interior of Qy is not empty (and open
by definition) and the polynomial therefore vanishes on some open nonempty set, it vanishes
everywhere, hence all coefficients ¢y /" are zero. From (3.3.52), we have proved that, for
z € Z the condition x(z) = 0 implies that z = 0, as wanted. O

We can now define our Poisson subalgebra as
Ao = x(2). (3.3.54)

Then 2o is a || - ||s dense subspace of C(S(2A)) by injectivity of x and the Stone Weierstrass
theorem (if necessary using the identification S(B) =& Qy, or directly in its C*-algebraic ver-
sion). Indeed, it follows from (3.1.11) and (3.3.50) - (3.3.51) that (using the Einstein summation
convention) generic elements of 2y take the form

X(COIk D C{ijl D C%1j2bj1 s bj2 - @ Cg\ilijbjl Qs - Bs bjM)(w)

= co+cfay, + QP agwg, £ a wy, (3.3.55)

Since (under Xj & Qy) elements of Q~l~0 are polynomials, we also have Ay C C (Xk), and using
Definition 3.1.3, it is also clear that 2, is a Poisson subalgebra of C*°(X}).
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3.3.2 Quantization maps

Finally, we are in the position to define the desired quantization maps Q1 : Ay — My, (C)®N,
it suffices to define @,y by linear extension of its values on the basis vectors x(Ix) and

X(bj, @4 -+ @, bj, ) of Ay (L € N), (3.3.50) - (3.3.51). On those, we define

Sen(bj, @+ ®b5,), HN>L
by, @ @by, ) = 4 LN O 3.3.56
Qu/n(x(bj, ® ®s bj..)) {07 N <L, ( )
Quunix(r) =L@ & I. (3.3.57)

N times

Remark 3.3.3. Suppose that z € Z takes the form (3.3.49) with not all coefficients ¢/} 7™
vanishing. Then there exists z; € A, such that

Qi/n(x(2)) = Sun(z1) if N> M. (3.3.58)
To construct z; from z, it is sufficient to replace every summand
A @y @, by, € AL (3.3.59)
in (3.3.49) by a corresponding term
A @y @y by, @ Ty @ - @ I € AM (3.3.60)
where the factor I occurs M — L times, so that

21 = (co Iy ®s -+ @ I) & (c]'by, @5 Tt @y -+~ D Iy
—_— —_—
M times M—1 times
S---D (CJJ\}[]M bjl K+ Ds bjM)v (3'3'61)
With z as in (3.3.49), where not all C3} /™ vanish, and z; € AM as in (3.3.61), it immediately
follows from the definition of @,y that (3.3.58) holds. |
This yields the following overarching theorem.

Theorem 3.3.4. Let S(My(C)) be the state space of My (C). The following data give a defor-
mation quantization of S(My(C)) in the sense of Definition 2.1.53:

1. The continuous bundle of C*-algebras over the base space I = {0}U1/N with fibers (3.3.45)
- (3.3.46), and continuity structure as explained after these equations (see Section 3.2);

2. The (canonical) Poisson structure on S(My(C)) defined in section 3.1.3:
3. The dense Poisson subalgebra Ay C C™=(S(My(C))) C Ao defined by (3.3.54);
4. The maps Qy/n : Ay — M (C)®N defined by linear extension of (3.3.56) - (3.3.57).

Before proving the theorem we stress that the above constructed quantization maps neither
define a Berezin quantization (cf. Definition 2.2.3), nor coherent states are involved in their
definition.

Proof. For each ag € 2y, the following map is a continuous section of the bundle:

0 —ao (3.3.62)
1/N = Qi/n(ag) (N >0). (3.3.63)
This is true because continuous sections are given by (quasi) symmetric sequences and the

sequence of Q1 (aop) defined in (3.3.56) - (3.3.57) is even symmetric due to (3.3.58). The only
nontrivial part of the proof is the Dirac-Groenewold-Rieffel condition

Jim |[iN[Q1/x (f), Quyn(9)] = Qui({£: 9}y =0, (3.3.64)
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where h, g € 2. Since both terms in the norm in (3.3.64) are bilinear in f and g, and the case
where f or g equals 1g(ar, (c)) is trivially satisfied (since Q1/n(1s(ar,(c))) is the unit operator
in AN), it is is sufficient to prove this for basis elements of Ap:

f= X(bn Qs -+ Qs biM)a 9= X(bjl Rs - Qs bjL)~ (3'3'65)
For these functions, we have by definition
flor, .o xp2q) =@y o Tiyys g(x1, ..., Tp2_q) =Ty - Ty, (3.3.66)

As a consequence of (3.1.23) and (3.1.24), we obtain

l
{f7 g} = <Z Ciljlxlxiz o lex_]z t 'ij
l

l
+ Y Oy - Ty T, Ty T
l

l
+oeee § CiMjol‘Tilxji L1 X T "'IjL—1> 5
l

where all possible Poisson brackets {x;,,z;, } = >, Cfljmacl are considered for [ = 1,..., M,
m =1,..., L. From this expression we compute Q,n({f,g}) in (3.3.64):

Qun{f,9}) = Smir-1,Nn (Z Cfljlbz ®bi, ® @by ®bj, ®--- b,
]
+Y CLLbi®@bi, @ ®biy, @by, ®bj, @~ Db
]
+ ...+

+ chleijl ® bil QR biM—l ® bjl Y bjs - ® bjL—1> . (3367)
l

Let us pause to analyze the remaining term in the norm in (3.3.64), more precisely,

[Qu/n(f), Qun(9)] = [Sarn (f (), S (f~H(9)))- (3.3.68)
Lemma 3.3.5. Consider elements a1 ® ---® ay and by @ --- @ by of AN. Then
[Sn(a1® - ®@an),Sy(a) @ - @ aly)]
1

" T€P(N)

Proof. See Appendix B.1. O
Let us to evaluate the commutator
[Qu/n(f), Qun(9)] = S (fFH)), Sen (fH(9))] (3.3.70)

in the concrete case from where f and g are given by (3.3.65). Then the relevant sequences in
AN are

@@ - Qay=by, @ Db, L @ - @ I; (3.3.71)
W@ Qay=b;,®---Qbj, I, @+ @ I, (3.3.72)
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since, from (3.3.65) and the definition of Sp n, i.e.,

Sun(f7H) = Sn(ar @ --- ® an); (3.3.73)
SL(f7H9) = Sn(a) ® - @ dy). (3.3.74)

Keeping (3.3.71) and (3.3.72), for L < M fixed and large N there are three types of permuta-
tions m € P(INV) classified by the following distinct properties of the elements
a1aly ® - @anayyy ~ or A (1y@1 @ -+ @ @l (nyan)
in the right-hand side of (3.3.69):
I. For every factor ala;(l) (resp. a;(l)al), either a; = I, or a;(l) = I}, (or both);
II. There is exactly one factor ala;(l) (resp. a;(l)al) with both a; # I and a;(l) # Iy;
II1. There is more than one factor ala;(l) (resp. a;(l)al) with both a; # I, and a;(l) # Iy,

We accordingly decompose P(N) into three pairwise disjoint parts as
P(N)=PN)rUPN)r UP(N)1rr. (3.3.75)

This decomposition induces a corresponding decomposition of [Q1,x(f), Q1/n(g)] arising from
the right-hand side of (3.3.69), taking (3.3.74) into account, where a sum over m € P(N) shows
up. We symbolically write this decomposition as

[Qu/N(f), Qi (9)] = [Qi/n(f),Ri/n(9)]1
+1Q1~n(f), QN (911
+[QuN(f), QN (9)]111- (3.3.76)

It should be clear that

Z (SN <a1a;(1) ®®aNa;(N)) —SN (a;(l)a1®®a;(N)aN>> :0, (3377)
TEP(N)r

so that [Q1/n(f), Q1/n(g9)]r = 0. The term [Q1/n(f), Q1/n(g)]1r is proportional to

> (v (mahw @ @andy)) = S (dhm @@ da)
TFEP(N)II

= Y Sn ([ona)] @ sl @ © andly))
T€P(N)rr

+ Z SN (ala;(l)(g[GQ,G;(Q)]®-..®GNCL;(N)> + .
T€P(N)rr

+ Y Sv (i @ @ @l dy]) (3.3.78)
TI'E'P(N)II

where, for each fixed m € P(N);y, there is exactly one pair al,a;(l) with both a; # I} and
a;(l) # I, (so that at most the commutator [al,a;(l)] does not vanish and the overall sum
above contains at most one non-vanishing summand depending on 7).

Let us focus on the first summand in the right-hand side of (3.3.78) and consider the generic
summand therein for some m € P(N);;, namely

SN ([al, a;_(l)] ® a2a;<2) R R CLNa;_(N)) y (3379)
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where we assume, to avoid a trivial case, that a; # Iy and a/ 1) # I. Recall that
a1 ® - @any =by @ Qb @I @ @ Iy; (3.3.80)
@ - Qay=b;,® - Qbj, I @+ Q I, (3.3.81)
where we assume M > L. Since, in every pair aj,a’ ) with 7 > 2 at least one of the elements
must coincide with Iy, the following identity must hold:
SN ([al, )] ® azal o) ® -+ @ @Na;(zv)) =
SN ([biy, bj, )] @iy @ - @ biy, @bj_ ) @+ @bj @@ @ ). (3.3.82)

The number of all permutations 7 of type II and with fixed value (1) can be easily evaluated
as (see Appendix B.1 for a more general formula)

(N = L)(N — M)!
(N-L-M+1)"

Cn = (3.3.83)

Each of these permutations makes the same contribution (3.3.82) to the first summand in the
right-hand side of (3.3.78), because changing 7 in this way just amounts to keeping the factor

(i, b; (1)] and permuting the remaining factors in the argument of Sy in the right-hand side

of (3.3.82). This cannot change the final value in view of the very presence of the symmetrizer
Sn. An identical argument applies to the remaining terms in the right-hand side of (3.3.78).
Summing up, we can now write

C];l Z (SN (ala;.(l)@"'@a]\]a;(]v)) _SN (a;(l)a1®®a;(N)aN))
ﬂEP(N)[I

= SN ([bi),05,] @biy @+ ®b;,, @b, @--- @b, ;@ --- @ I)
+ SN ([biy byl ® biy @ -+ @ biy,, @ bj, @bj, @+ @bj, QL @+ @ I)
+ SN (biy @ @biy, @by, ®bjy ® -+ @by, @ [biy, b, ] @ © - @ Ik)

where all possible commutators [b;,, b;,,] are considered for  =1,...,M and m =1,...,L. We
finally have that the term iN[Qq,n(f), @1/~ (9)]11 equals

iN[Qi/N(f), Qun(9)]1r =

N
Zﬁ Z (SN (ala;(l) & .- ®G,NG,;_(N)) —_ SN (a’fn—(l)al X ®a;—(N)aN>)
" meP(N)ir
S Cl.b@b biy ® D b, ®I I
_m N Z 01101 ® 03y @+ @0 @05, @+ QUj DLk @+ D g
l

+Y O @by, @ @by, @by, @by, @ @by, @@ @ I
l

+ZC£A4ijl®bil®"'®biMf1®bj1 ®bj3®..'®bjL—1 ®Ik®"'®lk>’
l
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which can be rearranged to
N[Qun(f), Qun(9)]ir =
-C
™ N)SM+L 1N<Z Zl]lbl®bi2®~-~®bw®bj2®~-~®bjL
Z Z1]2bl®bi2®”'®biM®bj1(g)bjs®"'®bjL

Z zMJLbl Rbiy @ Qb ® bjl ® bja @ ® ble) ’ (3384)

where we have freely rearranged the order of some factors (which we may do since this order
is irrelevant in view of the presence of the symmetizator Sy).

We now observe that the last expression for iN[Q/n(f), Q1 /N (9)]11 is identical to the expres-
sion of Q1/n({f,g}) found in (3.3.67), up to the factor (N T However, a direct computation
using Stirling’s formula proves that, for fixed M, L,

Cn

To conclude the proof of (3.3.64), exploiting (3.3.85) and the triangle inequality for the norm
n (3.3.64), it is therefore sufficient to prove that

|25 -1] Ql/m{fvg})HN Lo (3.3.56)
[iN[Q1/n(f), Quyn(9)rrrln — 0 (3.3.87)

are both valid as N — oo. The former is true as a consequence of (3.3.67) and the following
property of the maps Sy 1, for M < L, which is easy to prove:

1Sap(a1 @ -+ @ anr)||ar < max{[ja; || |j=1,...,M}. (3.3.88)

This implies that ||Qq,~({f, g})|l is a bounded function of N (for f and g given as above), so
that (3.3.85) implies (3.3.86). Regarding the latter, we observe that the conjunction of (3.3.74),
the property

NQun(f),Qin(9)] = NSun(F71)). Sev(f(9)], (3.3.89)
and Lemma 3.3.5 imply
C
liN[Q1/n(f), QN (9)1r1lIN < ﬁ#P(N)HI (3.3.90)
for the constant
C = max {||b;,, || |b; [I* | m=1,...,M,1=1,...,L}. (3.3.91)

Referring to the discussion just before (3.3.75), one can prove (see Appendix B.1) that the
number #P(N)g of elements 7 € P(N) for which the string

105) ® - © ANy,

or, equivalently,
Ur(1)01 @+ @ ()N

in the right-hand side of (3.3.69) includes ezactly K factors aja] ;) (resp. al ; a;) with both
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a; # I, and a;(l) # I, is equal to

LIMI(N — L)I(N = M)!
#PINK = g = K)!(J\(4 - K)!)(](V 5 —)M TR (3.3.92)

where we assumed 0 < K < L < M and N large. Hence

#P(N) 111 1 L LIMV(N — L){(N — M)
= > . (3.3.93)
(N —1)! (N—l)!KZQK!(N—M—L+K)!(L—K)!(M—K)!
As a consequence, for some constant A > 0 depending on L, M, we have
#P(N)irr _ AN — DN — M)!
(N-1)! =~ (N-1){(N-M—-L+2)
ACN 1
fr— . . 4
(N-1)!(N-M—-L+2)’ (3.3.94)
where we used (3.3.83). Taking advantage of (3.3.85), we obtain
N
FPWNILL o g N s oo (3.3.95)
(N —1)!
This result implies that (3.3.87) holds because of (3.3.90), which concludes the proof. O
Remark 3.3.6. Observe that we can rearrange (3.3.92) as
M\ (N -—-M
N)g = (N — L)!L! . 3.
#P(N)k = ( ) (K>(LK) (3.3.96)
As a consequence, exploiting the well-known Chu-Vandermonde identity, we find
L L
M\ (N -M
N)g = (N —L)!L!
> #P(N)k = ( NS (K>(L_K>
K=0 K=0
N
= (N — L)L} (L) = N, (3.3.97)
that is,
L
> #P(N)k = #P(N), (3.3.98)
K=0
as it must be. [

We finally mention that, according to Definition 2.1.3 the deformation quantization con-
structed in Theorem 3.3.4 is not strict as the image Q1/n5 (o) is clearly not dense in M;,(C)®¥.
There exist however several definitions of a (strict) deformation quantization in literature
[55, 57, 58]. For example, according to the definition followed in [58, 57] the deformation
quantization constructed in Theorem 3.3.4 would be a strict deformation quantization.
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4. Bulk-boundary asymptotic equiva-
lence

In this chapter we relate the deformation quantization of the state space of Mj,(C) (cf. Theorem
3.3.4 in Chapter 3) to the deformation quantization of the two-sphere S? C R? (cf. Section
2.2.2), for the special case when & = 2. In this setting special emphasis is given to one-
dimensional quantum spin systems defined on M,(C)®", where each site of such a spin chain
is exactly described by the algebra of (2 x 2)-matrices. This matrix algebra is related to the
— also called — Bloch sphere S? which acts as a classical phase space and may correspond to a
single spin system of total spin J = N/2, but it can also be used to describe a collection of N
two-level atoms [11] corresponding to a spin chain of N sites, which is for example the case for
the quantum Curie-Weiss model [55]. Inspired by that model, which admits a classical limit! on
52 (i.e. the smooth boundary of X5 = S(Mz(C)) = B3), one can ask if the quantization maps
Q1/n (viz. (3.3.56)—(3.3.57)) quantizing X5 could in general be related to another well-known
strict deformation quantization of S? whose details are explained in what follows.?

From the mathematical side, we observe that k = 2 is the unique case for which X} admits
a smooth boundary, as said, X, = B3 and 0X, = S2. Furthermore S? is a Poisson submanifold
of B3, when the latter is equipped with the Poisson structure (4.0.2) specialized to k = 2, so
that C}.. = €4pe. This is because S? (and also B?) is invariant under the flow of the Hamilton
vector fields of R¥*~1 constructed out of the Poisson bracket (4.0.2). For k = 2, we precisely
have

{1,052 = {fls2, gls2 37 i f,9 € Ao, (4.0.1)

with obvious notation and the right-hand side is defined by (2.2.32). In particular,

3
3 af 9g
P (x) = N B 4.0.2
{fag} (x) abzcil eabeCaxa By’ X € (4.0.2)

In a sense, we promote at quantum level the illustrated interplay of the two symplectic
(or Poisson) structures of Xo = B? and dB% = S2. As a matter of fact, we consider the
quantization elements Q1,n(f) € B((C?)®N) under the maps (3.3.56)-(3.3.57) referred to the
Poisson structure of B3. Next we restrict the operators Q /n(f) to asuitable common invariant
subspace of (C?)®N. It turns out that, for large N, these restricted operators correspond to the
image of another quantization map acting on C(9B3) and referring to the symplectic structure
of 0B3.

The said invariant subspace® is Sym” (C?%) C (C%)®N | for which the corresponding algebras
B (Sym”™ (C?)) exactly correspond to the fibers (for N # 0) of a different continuous bundle of
C*-algebras given by (2.2.35) - (2.2.36). In Chapter 2 we have seen that these fibers together
with quantization maps Q/I/N defined by (2.2.40) - (2.2.41) give rise to a strict deformation
quantization of S? according to Definition 2.1.3. It is precisely the maps ’1/N that relate to
the operators Q1 ,n(f) when restricted to the symmetric subspace.

These ideas are made precise by means of Theorem 4.2.1, the main result of this chapter. It
provides an asymptotic relation connecting the bulk (i.e. B3) and the boundary (i.e. B3 = 52)
quantization maps. We stress that the validity of the Dirac-Groenewold-Rieffel condition (cf.

IThis means that (@g),Ql/N(f)\IIS\?)) admits a limit (if N — oo) as a probability measure on S? for
any function f € il/o, where \IJE\?) denotes the ground state eigenvector of the quantum CW Hamiltonian (see
Chapters 6 and 8 for details).

20f course, one can always try to restrict 2o to Q~l6 but in that case the same manifolds are quantized which
is not of particular new interest.

3This space is clearly invariant under the maps (3.3.56) - (3.3.57).

50



CHAPTER 4. BULK-BOUNDARY ASYMPTOTIC EQUIVALENCE

Definition 2.1.3) for both maps is possible just thank to (4.0.1). The chapter is organized as
follows. In Section 4.1 we state and prove our main theorem (Theorem 4.2.1) establishing a
connection between the strict deformation quantization of X, and the one of S? defined above.
In Section 4.3 we apply our theorem to the Curie-Weiss model which links the corresponding
quantum Hamiltonian to its classical counter part on the sphere.

4.1 Interplay of bulk quantization map ),y and bound-
ary quantization map @ N

In order to arrive at the main theorem of this Chapter we first introduce some vector spaces.
We let Py to be the complex vector space of polynomials in the variables z, %, z € R? of degree
< N where N > 1, and let Py (S?) be the vector space made of the restrictions to S? of those
polynomials.

4.1.1 Harmonic polynomials

As a result of Remark 2.2.8, Definition 2.2.40 can actually be stated replacing the polynomial p
by a generic f € C(S?), though its meaning as a quantization map (Dirac-Groenewold-Rieffel
condition) is valid for the domain of the polynomials restricted to S? as indicated in Section
2.2.2. The map associating f € C(S?) with

Q' n(f): Sym™ (C?) — Sym™ (C?); (4.1.3)
A =" [ reywsiae, (1.4)

is well-defined and it is surjective on B(Sym™(C?)) since, for every A : Sym™(C?) —
Sym® (C?), there exists a function p € Py(S?) such that A = ’1/N(p). Indeed, that the
function

p(Q) == tr(AA V() (4.1.5)

where Q € S? and Q — Ag\l,) € Sym” (C?) is defined by Definition (2.6) in [53], defines a
polynomial on the sphere, i.e.

tr(AAY)) € Py (S?). (4.1.6)

In particular, we realize that the linear map (4.1.4) cannot be injective on the domain C(S?)
since this space is infinite dimensional whereas the co-domain is finite dimensional. Neverthe-
less, if restricting the domain to Py (S5?), the said map turns out to be bijective.

Proposition 4.1.1. The map

N+1
47

Pn(S%) 2 p Q) yn(p) = /SQP(Q)I\I’?/M‘P%WQ € B(Sym™ (C?)) (4.1.7)

s a bijection for N > 1.

Proof. The said map is obviously surjective, as already observed, because, by defining p(2) :=
tT(AAg\}») (Q)) for A € B(Sym@™)(C?)), we have A = Q’l/N (p). Let us prove injectivity. It is well
known [78] that dim(Py(S?)) = (N41)? if N > 1. On the other hand, dim(B(SymN)(C?))) =
(N +1)? as one immediately proves. As dim(B(Sym¥)(C?))) = dim(Py(S?)) < +oo, surjec-
tivity implies injectivity from elementary results of linear algebra. O

Going back to Weyl, let us recall a few results on the theory of SO(3) representations of
polynomials restricted to the unit sphere. The group SO(3) admits a natural representation
on Py (S?) given by

SOB)>Rw— pr, (prp)(Q):=p(R7'Q) Vpe Pn(S?),vQ € 52 (4.1.8)
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In turn, the space Py(S?) admits a direct decomposition into invariant and irreducible sub-
spaces under the action of p, viz.

Py(st)= P PYSY.

§j=0,1,....N

Each subspace P](Vj )(5’2) consists of the restrictions to S? of the homogeneous polynomials of

order j that are also harmonic functions. P](Vj )(52) has dimension 2j + 1.

Example 4.1.2. If N =2
Py(5%) = PV (8%) & PV (5) @ PYP(5?) .

In the right-hand side, the first subspace is the span of the restriction to S? of the constant
polynomial p(z,y, z) := 1, the second one is the span of the restrictions of the three polynomials
pj(x,y,2) == xj, j = 1,2,3 where x; = z,29 = y,x3 = z, and the third one is the the span
of the restrictions to S? of five elements suitably chosen? of the six polynomials p;;(z,y, z) :=
vy — 50;; (2 + y* + 22) for i,j € {1,2,3}. |

If o9 is the restriction of pg to PY(52) and {p$ bme—j.—j+1...j—1.5 is a basis of P{(52),
we find

i
P = 3" DY (R7YpY) . (4.1.9)

m/=—j

Each class of matrices {DU)(R)}peso(s) defines an irreducible representation of SO(3) in
C2/+1, These representations are completely fixed by their dimension i.e., by j, up to equiva-
lence given by similarity transformations, and different j correspond to similarity inequivalent
representations. Every irreducible representation of SO(3) is unitarily equivalent to one of the
DU,

4.2 Bulk-boundary asymptotic equivalence

Before arriving at the main theorem, we recall that by construction the space 2, is the complex
vector space of polynomials in three variables on the closed unit ball B3 which in particular
contains all polynomials of Py; (M € N) restricted to B3 [53]. In the proof of the theorem we
occasionally use the space 2, as well as Py, where the former is the domain of the quantization
maps 01/, whereas the latter is used to underline the degree of the polynomial in question.

Theorem 4.2.1. Ifp € Ao, then

HQl/N(P)|SymN(cc2) — Q' /n(pls2) ‘N =0 for N — +o0,

the (operator) norm being the one on B(Sym™ (C?)).

Remark 4.2.2. We stress that the result does not automatically imply that the cross-sections
(3.3.56) - (3.3.57) whose images are restricted to Sym™ (C?) are also continuous cross-sections
of the fibers defined in (2.2.35) - (2.2.36), since f € 2y = C(B?) does not imply that f € A =
C(S?%). ]

Proof. We start the proof by discussing the interplay between the action of SO(3) and the
quantization maps Qi /y, defined in (3.3.56). We first focus on a homogeneous polynomial of
order M < N.5 If ky,..., ky are taken in {1,2,3} and

Pky-kar (m,y,z) =Tk Ty s (4210)

4The restrictions to S? of these six polynomials and the one of the above p form a linearly dependent set.
5As we are dealing with a limit in N, we can safely take N such that M < N.
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the representation (4.1.8) implies that

(pRpkl'“klw) (CL‘, Y, Z) = (R(;1>k1jl T (R(jfl)kM]Mpkr--kM (mv Y, Z) : (4'2'11)

) is a linear combination of the restrictions of
the polynomials py, ...k, S0 that, by extending (4.2.11) by linearity and working on ), (4.2.11)

must coincide with (4.1.9)

We stress that when restricting to S2, every py,

(b9 (.9,2) Z DY (R, y.2),  (w,,2) € S

m/=—j

Since both sides are restrictions of homogeneous polynomials of the same degree j, this identity
is valid also removing the constraint (z,y, z) € S2:

(p( )p%)) x,Y, %) Z D - (jz(sr:,y,z)7 (z,y,2) € R®. (4.2.12)

m/=—j

(49)

where now the p;,’ are homogeneous polynomials in Py, whose restrictions are the basis ele-

ments of P(J (8?) with the same name. We underline that for our quantization maps Q; /N

we need psn) to be a polynomial in 2[0, rather than in Py. However, since 2y contains all

polynomials of Py, restricted to B? which has non-empty interior, polynomials of Py; are in
one-to-one correspondence with those of 2. Therefore, in view of (4.2.12) the same statement
holds when we replace (x,y,2) € R3 by (x,y,2) € B3. Now, by definition of the quantization
maps 1,y we know that

Qu/N(Phy-kpg) = SNM | Ok @ - @ Ok, ®§v®1‘; —
— times

Let us indicate by Ry € SO(3) the image of U € SU(2) through the universal covering
homomorphism II : SU(2) — SO(3). This covering homomorphism as is well known satisfies
(using the summation convention on repeated indices)

Uo,U* = (R;"); o. (4.2.13)

Remembering that Sym®™ (C?) is invariant under the tensor representation U ® - - - ® U, we have
S ——

N times

U - ®U |symn(c2) Qu/NPky-kar)symd (c2) UT @ - @ U™ |gymn (c2)

N times N times

= U®®UQ1/N(pk1kM)U*®®U*, |SymN(C2)

N times N times
_ J - J
= (RUl)kl IEEE (RUl)kM MQl/N(pjlij)lSymN(Cz) .

Let us consider linear combinations p(] ) of polynomials pg, ...r,, whose restriction to S? define

the basis element, indicated with the same symbol, p%) € P]g)(SQ). Since the map @,y is
linear, from (4.2.12) we have

UR - @UQunpI) U@ @U" | |symv(c2)

N times N times

= ZD “DQuN U lsym (2 (4.2.14)
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Let us now pass to the other quantization map Q) N observing that (4.2.14) and Proposition
4.1.1 entail

N+1

()
)= 47

Qo P lsymics) = Ui vl [ @l @il (12.15)

for some ¢%)) € Pn(S?) (where N > M in general) is the unknown restriction to S? of a
polynomial in Py. Exploiting (4.2.14) and linearity we find

U®- U |symv(c2) Qv PY) lsymv @2y UT @+ @ U |symn (c2)

N times N times

N+1 NG
=S [ D@ . (12.16)

47

Again, from (4.1.4) we have the general relation
N+1
VAN = + / FOQOVITRN TRV Q.

Specializing to V =U ® - ® U gy~ (c2) We obtain (see Lemma B.2.1 in Appendix B.2)

N times
VIUR) = el ve| Ry Us) (4.2.17)
where the phase is irrelevant as it disappears in view of later computations, hence

N+1
VAS,N)V*— + /f )| Ry UL (Ry UL |dQ

N+1

/ F(R;'Q)| Ry Ry V) (Ry Ry, VY AR, Q,
namely

N+1

U®"'®U|SymN(C2)AU*@"'®U*|SymN(C2) =

N times N times

/ F(RG Q)W) (TSE|dQ (4.2.18)

where we took advantage of d2 = dR™'Q if R € SO(3). To conclude, if A = Q1/n(p G,
identity (4.2.16) yields

[ 3 D et = [ o ek v .

Since the map (4.1.4) is bijective on Py (S?) it must be

g (RT'UY) mem NgU(Q), vQeS® VR e SO(3) (4.2.19)

Linearity and bijectivity of the map (4.1.7) also implies that, varyingm = —j, —j+1,...,5—1,7

the functions q,(n form a basis of a 2j + 1 dimensional subspace of Py (5?). We can expand

each of these functions over the basis of functions p%) of Py (52).

6l = Z Z CAp) (4.2.20)

j=0m=—j

where both sides are now and henceforth evaluated on S?. Here (4.1.9) and (4.2.19) together
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imply
> DEARICEI ) = 37 Cll DR
Jm,k j,m,l

that is ‘
ZD 7]) (J Z C ,J)D(J) (R)p ﬁ])_
3K jm,L

Since the set of the (restrictions of to the sphere of the) pl¥) is a basis,
Z DY) (R)CY =5 Y DU(R) .
m

Since the representation DU) is irreducible, Schur’s lemma implies that there are complex
numbers CY"7) such that L -
C(je7]) _ C(] ,])5mé )

m

In summary, (4.2.21) reduces to
¢ =>"cUIpD]sa . (4.2.21)

However, since the elements in the left-hand side are 25’ + 1 whereas, for every j in the right-
hand side we have 25+ 1 elements and the spaces of these representations transform separately,
the only possibility is that CU'+)) = 0 if j # j. In other words,

g = cPpW|g.  for every given j =0,1,2,..., M. (4.2.22)
where,

(i) we have terminated j to M < N because the initial polynomial p%) has been chosen in
Py (5);
(ii) we have restored the presence of N, since C’J(\;) may depend on N.
Let us examine what happens to C’](\?) at large N. First observe that (4.2.22) immediately
implies

, N +1
Ql/N(Pv(%)NSymN(cz)ZC%)T/SQ DR (W |dQ.

Taking the expectation value (U9 - [T, we find
. : N+l o
@) = [ @ wg pas. (1229
In Lemma B.2.2 (Appendix B.2) it is proved that limy_, 4o C](\?) exists and is finite. Hence,

P = Jim o)) o)

N —+o00
where we exploited Proposition 8.3.4 (a) so that 6

lim C
N —+4oc0

This reasoning implies the claim for the considered special polynomials since, for N — 400,

. N+1 .
oo lsyuvicn - T [ olso 010 w8 lac)|

N

6This also follows from the fact that the the manifold S2? admits a coherent pure state quantization according
to Definition 2.2.2 (viz. (2.2.24)).
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N+1
=|Cy = 1| || ——
[Cn |H 47

[ s @uRegin]| <o - tblele 20 @220
N
The found result immediately extends to every polynomial of given degree M which can be
written as a linear combination of the pyfl) viewed as polynomials. To pass to a generic poly-
nomial in 2y (say of degree M) we observe that, as a consequence of known results [78], the
map R
Ao 3 p > plgz € Pur(S?)

has a kernel made of all possible polynomials of the form q(z,y,2)(z? + y? + 22 — 1) with
g € Pp—s. Furthermore, Proposition B.2.3 (Appendix B.2) proves that, for every g € Pys_o,

IQ1/n(q(,y, z)(x2 +y? 422 — 1))|SymN(C2)||N —0 as N — +oo. (4.2.25)

So, if p € Ap is a polynomial of degree M, then we can write for a finite number of coefficients
C¥™) and some polynomial g € Pys_o,

p=>Y_ CU™pD) +q(z,y,2)(a* +y* + 2> = 1), (4.2.26)
Jj,m
where the p%) and q are here interpreted as elements of Py; and Pj;_s respectively, restricted
to B3. Hence,

Q1N (P)lsym™ (c2y = Z CO™ Q1N (P symn (c2)
jm
+Q1/n (q(x,y, 2) (2 + ¥* + 2° = 1)) lsym> (c2) -

The former term on the right-hand side tends to @} N (pls2), the latter vanishes as N — +00
proving the thesis. O

4.3 Application to the quantum Curie-Weiss model

We apply the previous theorem to the (quantum) Curie-Weiss model”, which is an exemplary
quantum mean-field spin model.® We recall that the scaled quantum Curie Weiss® defined
on a lattice with IV sites is

WN:C--9C -Cg---1C% (4.3.27)
N times N times
1 J & a
W =5 | —5x 2o os(os() = BY_on(s) | - (4.3.28)
i,j=1 j=1

Here 0y(7) stands for [ ® - -- ® o) ® - - ® Iy, where oy, the k" spin Pauli matrix (k = 1,2, 3)
occupies the j-th slot, and J, B € R are given constants defining the strength of the spin-spin
coupling and the (transverse) external magnetic field, respectively. Note that

cw QN
hi/n € Sym(Ma(C)®™), (4.3.29)
7This model exists in both a classical and a quantum version and is a mean-field approximation to the
Ising model. See e.g. [39] for a mathematically rigorous treatment of the classical version, and [27, 19] for the
quantum version. For our approach the papers [16, 37, 74] played an important role. See also [2] for a very

detailed discussion of the quantum Curie—Weiss model.
8The geometric configuration including its dimension is irrelevant, as is typical for mean-
field models [100], so that we may as well consider the model in one dimension, i.e. defined on a chain.
91nspired by the ideas by Lieb [60],this means that we scale the Hamiltonian by a global factor 1/N in front.
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where Sym(M,(C)®V) is the range of the symmetrizer introduced in Section 3.2 (cf. (3.2.32)).
Our interest will lie in the limit N — oco. As such, we rewrite h1 /N as

J al B
hl/N TON(N-1) Z o3 NZ )+ O(1/N).
i#£7, 1,j=1 j=1
= Qun(h§") + O(1/N), (4.3.30)

where O(1/N) is meant in norm (i.e. the operator norm on each space My(C)®V), and the
classical Curie—Weiss Hamiltonian is

hSW B R; (4.3.31)

J
hSW (2,y,2) = — <222 + Bx) , x=(r,y,2) € B (4.3.32)

where B3 = {x € R3 | ||x|| < 1} is the closed unit ball in R?. Therefore, up to a small error as
N — 00, the quantum Curie-Weiss Hamiltonian (4.3.28) is given by deformation quantization
of its classical counterpart (4.3.32).

Using these observations we now show that the quantum Curie-Weiss Hamiltonian restricted
to the symmetric space is asymptotically norm-equivalent also to the other quantization map
Q/l/N applied to h§"W |g-.

Proposition 4.3.1. One has

thc/%\symlv(@) - Q&/N(thng) ‘N — 0  for N — oo. (4.3.33)
Proof. Using (4.3.30) and Theorem (4.2.1),
th/%symfv(@) - QQ/N(hoCW|s2) ‘N <
HQI/N " lsymn~ <c2)+0( Nsym™ 2y — Q1w (h & s2) ‘N <
HQI/N "Msymv c2) = Q1w (h§™ |s2) ’N =0 (as N — o0). (4.3.34)
O

This in particular establishes a link between the (compressed) quantum Curie-Weiss spin
Hamiltonian and its classical counterpart on the sphere.
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5. Injective tensor products in strict de-
formation quantization

In this chapter we provide necessary and sufficient criteria for the existence of a strict de-
formation quantization (according to Definition 2.1.3) of algebraic tensor products of Poisson
algebras (cf. Theorem 5.2.3), and secondly we discuss the existence of products of KMS states
(cf. Theorem 5.3.3). To this end we first apply the theory of continuous bundle of C*-algebras
(according to Definition 2.1.1) to a certain tensor product of C*-algebras, namely the injec-
tive tensor product which plays a crucial role in this chapter. As an application, we discuss
the correspondence between quantum and classical Hamiltonians in spin systems and finally
provide a relation between the resolvent of Schrédinger operators for non-interacting many
particle systems and quantization maps.

5.1 The injective tensor product of continuous bundles of
C*-algebras

In this section, we shall collect basic facts about injective tensor products of continuous bundles
of C*-algebras whose definition has been introduced in Definition 2.1.1.

If A:=I,A7m:A—A) and B := (I,B, 7 : B — Bj) are continuous bundles of C*-
algebras there exists a natural bundle A® B over I with bundle algebras given by the algebraic
tensor product A ® B. Clearly A ® B is not a bundle of C*-algebras since the algebraic tensor
product 2 ® B is only a pre-C*-algebra. Therefore, a suitable completion of U ® B has to be
performed to obtain a C*-algebra. A natural strategy is to embed 2 ® B as a *x-subalgebra
of algebra of bounded operators B(H) for some Hilbert space H: The norm of an element in
A ® B will then be the operator norm of the associated bounded operator. The resulting norm
on 2A® B is usually dubbed injective tensor norm (or spatial norm or minimal C*-norm) and
we will denote it as || - ||.. We summarize the above discussion in the following theorem and we
refer to [73] for more details.

Theorem 5.1.1 ([73], Theorem B.9). Let 2 and B be C*-algebras and consider two faithful
representations my : A — B(Hy) and 1y : B — B(Hw). Then it holds:

- There exists a unique x-homomorphism 79 @ T : A RX B — B(Hy ® Hey) such that
Ty @ mp(a®b) = my(a) ® Ty (b);

- The C*-norm || - ||c on A ® B defined by

k k
1Y ai @bille = > ma(as) @ mm (0:)l| 8 (rq02a)
=1 1=1

does not depend on the choice of representations and it is a cross-norm, i.e. for all a; € A
and b; € B it holds
lai @ bille = llaillallbill 5 (5.1.1)

where || - ||la and || - || are the C*-norm of A and B respectively.

This yields the following definition.

Definition 5.1.2. Given two C*-algebras 2 and B, we call injective tensor product of A and
B the completion ARB of A ® B with respect to the injective tensor norm | - ||c. |
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Example 5.1.3. There are some basic examples where the injective tensor product of two
C*-algebras takes a familiar form. When one algebra is commutative, for example, we can
identify the injective tensor product with an algebra of complex-valued functions. If X is a
locally compact Hausdorff space and 2( is a C*-algebra, then the ring Cy(X,2l) of continuous
functions f : X — 2 such that x — || f(¢)|| vanishes at infinity is a C*-algebra with pointwise
operations and the supremum norm:

f9(x) = f(x)g(x)  f*(x) = f(2)"  [flloc = sup [ f(z)]
zeX

As shown in [73, Corollary B.17,] if X and Y are locally compact Hausdorff spaces, then there
is an isomorphism v of Co(X)®.Co(Y) onto Cy(X x Y) such that o (f ® g)(x,y) = f(z)g(y)
for every f € Cy(X) and g € Co(Y). [ |

Replacing the algebraic tensor product A ® B with the injective tensor product A®.B, we
thus obtain a bundle of C'*-algebras but this bundle is only lower-semicontinuous as shown by
Kirchberg and Wasserman in [51, Proposition 4.9]. A sufficient criteria for continuity is obtained
combining Lemma 2.4 and Lemma 2.5 in [51]. We recall the result for sake of completeness.

Lemma 5.1.4 ([51, Remark 2.6.1]). Let A= (I, 2,7y : A — Ap) and B= (I,B,0p : B — By)
be continuous bundles of C*-algebras. If for every h € I the algebras A and By are nuclear
C*-algebras, then AR.B is a continuous bundle of Cx-algebras. |

Remark 5.1.5. Clearly, assuming that 2(; and 9B, are nuclear is a sufficient but not a necessary
condition. On account of [51, Theorem 4.6] one can even take the bundle to be nuclear. |

A sufficient and necessary condition however was provided by Archbold in [7].

Theorem 5.1.6 ([7, Theorem 3.3]). Let A= (I, 7 : A - Ay) and B= (I,B,0p, : B — By)
be continuous bundles of C*-algebras. Then for each h € I, the function h— ||(mh @ or)(c)||n
is continuous for all ¢ € ARB at h if and only if

ker (7, ® o) = ker(7,) @B + A, ker(oy,) .

5.2 Products of Poisson algebras

Let 2 and B two Poisson x-algebras (densely contained in C*-algebras 2 and B, respectively)
and assume that there exists a (strict) deformation quantization of 2 and 9B respectively.!

The aim of this section is to provide a necessary and sufficient criteria for the existence of a
(strict) deformation quantization of the algebraic tensor product 2 ® B. We start by showing
that 2 ® B is a dense Poisson *-subalgebra of A, B.

Lemma 5.2.1. Let 2l and B be dense Poisson x-subalgebras of C*-algebras Ql_and_‘B respec-
tively. Then there exists a Poisson structure on A ® B and A ® B is dense in A B.

Proof. Let 2l ® B the algebraic tensor product of 2l and B. For any f; ® fo € A® B and
91 ®ge € C®(X)® C>(Y), the map {-, -} defined by

{1®f2,01 ®g2}e :={f1,91}a ® foge + frg1 @ {f2, 92} B, (5.2.2)

where {-,-}a and {-,-}» denotes the Poisson bracket on 2 and B respectively, is a Poisson
bracket on A ® B.

To conclude our proof we need to show that A ® B is dense in A®B. But this follows
immediately because 2 ® B is dense (in the cross norm || - ||c) in A ® B which is dense in
ADB. O

1Strictly speaking we do not require here that the algebras 2 and B are of the form Co(X) and Co(Y") (with

X,Y Poisson manifolds. In view of Remark 2.1.5 this is not a problem as one can simply generalize the notion
of a (strict) deformation quantization to arbitrary Poisson algebras [55].
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Corollary 5.2.2. Let X and Y be locally compact Poisson manifolds. Then there exists a
Poisson structure on the manifold X x Y.

Proof. Since C§°(X) (resp. C§°(Y)) is a dense Poisson #-subalgebra of Co(X) (resp. Co(Y)),
by Lemma 5.2.1 it follows that C§°(X) ® C3°(Y) is a Poisson algebras densely contained in
Co(X)®:.Co(Y). By [73, Corollary B.17] we obtain that Cp(X)®.Co(Y) ~ Co(X x Y) and we
can define a Poisson bracket on C§°(X x Y') by declaring

{f»g}Cg"(XxY) = {f(',y)ag(',y)}ch(X) +{f(z,-),9(z, ')}cgc(Y) .
This concludes our proof. O

With the next theorem we shall provide a criteria for the existence of a deformation quan-
tization of the algebraic tensor product 2y ® By, where 2y and Bj are assumed to admit a
deformation quantization in the sense of Definition 2.1.3.

Theorem 5.2.3. Let Ay and By be Poisson x-algebras densely contained in commutative C™*-
algebras Ao and B respectively and assume that Ao and By admit a deformation quantization
in the sense of Definition 2.1.3. Denote with A = (I,2,7y) (resp. B = (I,B,0n)) the continu-
ous bundle of C*-algebras and with Q¥ (resp QF ) the quantization map for Ao (resp. for Bo).
Then there exists a deformation quantization of Ao ® By over the interval I with a quantization
map given by Q== Q¥ @ QF if and only if for every h € I

ker(m, @ o) = ker(m,) @B + AR, ker(oy,) . (5.2.3)

Proof. We begin by showing that condition (5.2.3) is a sufficient criterion. By Lemma 5.2.1,
2y ® By are a dense Poisson #-subalgebra of 2y®.Bo. Furthermore, if condition (5.2.3) is
satisfied then by Theorem 5.1.6 the bundle A& B is continuous.

Now we check that the quantization map Qn := Q¥ ® QP satisfies properties (i)-(iv) in
Definition 2.1.3. By linearity of @, it suffices to check this on elementary tensors.

(i) Qo = QF ® QF is the inclusion map and Qp(la,ems,) = la, ® lw, which is the unit of
A& B

(ii) For every f ® g € Ay @ By we have

Qn((f ®9)") = QReQP (f'@g") = QX ()eQF (5) = QX (1) ®QF (9)" = QF¥ ™ (fog)".
where we used the fact that Q%L and Q? are quantization maps.

(iii) Since Q3 (f) and Q¥ (g) are continuous section of 2 and By, respectively for any f € o

and g € By, then the map

0— f®g;
h= Qu(f©g)=Qr(f)®@QR(g), (he(I\{0}))

is a continuous section of A®.B by construction. Indeed, the following function is con-
tinuous:

B [mn (@™ (F @ 9)lne = Imn (@R I I7n (@R () ln -

(iv) Each pair f; ® g1, fo ® g2 € 2o ® By one has

[Qn(f1 ® g1), Qn(f2 ® g2)] =[QF (f1) ® QF (1), QF (f2) ® Qp (92)] =
=[Q7 (1), Q5 (f2)] © QR (91)QF (92)
+ Q7 (f2)Q% (f1) ® [QF (91), Q% (92)]

and

Q{1 ® 91, f2®@92}e) =Qn({f1, fo}a ® g192 + fifo @ {g1,92}m) =
=QF ({1, fo}a) ® QF (9192) + QR (f1f2) @ QF ({91, 92} )
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where we used Equation (5.2.2) and {-, -}« (resp. {-, -}») denotes the Poisson bracket on
Ao (resp. By). It then follows

(@0 © 0).Qu(f2 © 92)] ~ Qu(Lfi © 91, F2© 92l
< ||%[Q%l(f1)7 Q1 (f2)] @ QF (91)Qr (92) — QR ({f1. fo}a) ® Q (9192)
+ ||%Q%(f2)@%(f1) ® Q7 (1), Qr (92)] — Q7 (fr.f2) @ QF ({91, 92}8) I e -

|h,e

The first term in the above inequality can be estimated as follows:

lim II%[Q%(fl),Q?f(fz)] ® Qx (91)Q% (92) — Qi ({f1, fo}u) ® QF (91.92) e

= tim [|(1Q3 (7). Q3 ()]~ QXA Fad) © @F (91)QR (92)
— QA foha) @ (QF (192) — QF (91)QF (92)) |

h,e

IN

tim || 1QR (), QR ()] — QR (A1, f2)) I QB (90) Q% (92)]1
H QR {f1: f22o) 5 QF (9192) — QR (91)@% (92)lln — 0

where we used Equation (5.1.1) together with
Lim [|Qn(F)lln = [ fllo, and lim [|Qr(f)Qn(9) — Qn(f9)lln =0,
—0 h—0

which follows from the definition of a continuous bundle of C*-algebras. Using a similar argu-
ment we obtain

}1}3}) ||%Q%(f2)@%[(f1) ® [Q?(gl)» Q%B (92)] — Q%(flfQ) ® Q?({ghgz}%)nn,e - 0.

Since given two C*-algebras, 2 and B, AXB is the smallest C*-algebra containing A ® B,
it follows that A&, B is the smallest bundle of C*-algebras containing A ® B. Therefore if there
exists another tensor product ®c which makes A28 a C*-algebra, A& B is contained in
A&cB. Since condition 5.2.3 is a sufficient and necessary condition to make A®.B continuous
(cf. Theorem 5.1.6), we can conclude. O

Remark 5.2.4. It may be clear that whenever the deformation quantization of Ao and By is
strict also the deformation quantization of Ao ® By is strict. ]

As explained in Section 5.1, given two continuous bundles of C*-algebras A and B over I,
the injective tensor product A® B is not continuous in general. However for I = 1/N U {0},
A&.B is a continuous bundle.

Corollary 5.2.5. Assume the setup of Theorem 5.2.8. If I := 1/NU{0} then there always
exists a deformation quantization of Ao®Bo over I.

Proof. We just need to check that A®.B is a continuous bundle of C*-algebras. But this follows
from the fact that any function is continuous on 1/N and 21y®.By is a nuclear C*-algebra, (cf.
Lemma 5.1.4). O

Corollary 5.2.6. Let X and Y be Poisson manifold and assume there exists a deformation
quantization of Co(X) and Co(Y) over I = 1/NU{0}. Then there exists a deformation quan-
tization of X XY owver I.

Proof. On account of Corollary 5.2.5, there exists a strict deformation quantization of
Co(X)@.Co(Y) which is isomorphic to Co(X x Y) by [73, Corollary B.17]. To conclude our
proof is enough to endow Cy(X x Y') with the Poisson structure given by Corollary 5.2.2. O
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5.3 Products of KMS states

The aim of this section is to show that given two KMSg states wg and wss for two C*-algebras
2l and B respectively, there exists a KMSg-state wy g o for AR B. For sake of completeness
let us recall the definitions of a C*-dynamical system and a KMSg state.

Definition 5.3.1. A C*- dynamical system (A, «) is a C*-algebra 2 equipped with a dynam-
ical evolution, i.e., a one-parameter group of C*-algebra automorphisms o := {a;}ier that is
strongly continuous on 2(: the map R 3t — «ay(a) € A is continuous for every a € 2. ]

Definition 5.3.2. Consider the C*-dynamical system given by a C*-algebra 2 and a strongly
continuous representation p; of R in the automorphism group of A. A linear functional w :
A — C is called a KMSg-states if the following holds true:

(1) it is positive, i.e. w(a*a) >0 for all a € A;
(2) it is normalized, i.e. |w| = sup{|lw(a)| | |la]| =1, a € A} =1;

(3) it satisfies the KMSg-condition: for all a,b € 24 there is a holomorphic function Fyy, on
the strip Sg := R x (0, 8) C C with a continuous extension to Sg such that

Fop(t) = w(ap:(b)) and Fup(t+i8) = w(pi(b)a).

Theorem 5.3.3. Let w* and w® be KMSg-states for the C*-dynamical systems (A, piy, R)
and (B, i, R) respectively and denote with @, s an extension of ¢y @ ¢s to an automorphism
of ARB such that

D, (a®D) = pi(a) ® ds(b) (5.3.4)

for any a @ b € A B. Then there exists a KMSs state WAS:B for the C*-dynamical system
(AR B, Dy 4, R) such that
WP (4 @ b) = w(a) WB (D). (5.3.5)

Remark 5.3.4. Before proving our claim, let us remark that the existence of ®, ; is guar-
anteed by [73, Proposition B13]. Furthermore, on account of [73, Corollary B12], the state
w? ® w® extends to a state w?®.wT on A B which satisfies Equation (5.3.5). So to prove
Theorem 5.3.3 it is enough to check that w®®<® satisfies the KMSg condition.

Let us also stress that this theorem can be proved using modular theory. ]

Proof of Theorem 5.3.3. We hereto denote by Sg the strip associated to the KMSg-states w?
and w?®, and by F% := Fﬁm and F® = Fb?’bz the corresponding holomorphic functions for
every ai,as € 2, by, by € B.

Consider now c,d € AR B. Since A ® B is a dense *-sub algebra of AR B there exist
sequences of ¢; € A® B and d; € A ® B which converge in the injective tensor norm to ¢ and
d respectively. In particular, we may write ¢; 1= >, ck,1 ® cg;2 and d; := ), di;1 ® dy,2, with
Chi1 ® Cry2,dj1 @ djo € A® B. Using Equation (5.3.4) and (5.3.5) together with the linearity
of w® and w®, for any t, s € Sj it holds

WA Ay (ci)) = Sit, 0™ (i pe(era) ™ (dr2ds(cn2)-
Since w*® and w?® are 3-KMS states, it follows that

WO (di®y 4 (ci) = Skt Fit e, OF ey, (5),

di;2,Cr;2

where F3  and F}P are holomorphic functions for any k,l such that F3 and
dlila(/kil dli27ck1',2

di;1,¢k;1

B
di;2,Cr;2
l; are finite, and the product and sum of two analytic functions remains analytic, the above
expression extends to a holomorphic function Fy, ., analytic on Sz X Sg, and bounded and
continuous on the closure Sg x S3. This yields a sequence of holomorphic functions F; := Fy, .,

are analytic on S, continuous and bounded on S'g. Since for any i the sums in k; and

62



CHAPTER 5. INJECTIVE TENSOR PRODUCTS IN STRICT DEFORMATION
QUANTIZATION

analytic on Sz x S5, and bounded and continuous on the closure Sz x Sg. Moreover, we claim
that the sequence (F;); converges uniformly on the boundary of Sz x S3 to some function. To
verify our claim it suffices to check this for R x R. Hereto we take t x s € R x R and compute

lim @< (dDy s (c)) — WO B (d; Dy o (c;)[* < lim e — e[ +||d — di]|* = 0,

where we used that w?®<® is a state and that ¢; and d; converge to ¢ and d, respectively. Since
the limit does not depend on ¢ X s the convergence is uniform. As a result of [20, Prop. 5.3.5]

the functions F; satisfy

sup |EF;(2)|= sup |Fi(t,s)].
ZGS/;XS[; (t,S)ERXR
It follows that
sup |Fi(z) — Fj(2)| = sup |F(t,s) — Fj(t,s)]. (5.3.6)
z€Sp%xSp (t,s)ERxXR

Since (F;) converges uniformly on the boundary of Sg x Sg to some function, in particular
the sequence (F;) is uniformly Cauchy on the boundary. Hence, the right hand side of (5.3.6)
tends to zero as 4,5 — oo. This implies that (F}) is uniformly Cauchy on Sg x Sz and hence
the sequence (F;) converges uniformly to some continuous function F := F; . on Sz x Sg. In
particular, the sequence (F;) also converges uniformly to F' on every compact subset of Sg x S3,
so F' is analytic on Sg x Sg by [30, Proposition 3]. We conclude that the limiting function F
is analytic on Sz x Sz and continuous and bounded on Ss x Ss. Restricting to the diagonal,
i.e. t = s, this function satisfies

Fao(t) = w5 (0D (0)).
By a similar argument as above one can show that it holds also
Fuo(t +i8) = 0¥ (®,,(c)d) .
This conclude our proof. [

As a direct consequence of Theorem 5.2.3 and Theorem 5.3.3 we get the following result.

Corollary 5.3.5. Assume the setup of Theorem 5.2.3 and Theorem 5.3.5. Let w} and wP
be a sequence of (KMSs-)states for Ay = mp(A) and By := 7r(B). If wP and wP admit a
classical limit, i.e. for every f € AUy and g € By there exist the limits

W) = lm R QR()  and  wP(g) = lim WP (QF(9))

then the sequence of (KMSg-)state wz@ﬁ% has a classical limit given by

0P 9.9) = fim il P(@ulf 9.9))

5.4 Examples

The above machinery will be applied to quantum spin systems and many-body particle systems
in the context of Schrodinger operators.

5.4.1 Spin systems

In this section we show how quantum spin systems arise from classical spin systems starting
from the quantization formalism defined in Section 2.2.2. Indeed, a single sphere S? is quantized
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onto the matrix algebra B(Sym™ (C?)) = My (C) using quantization maps Q /n defined by
(2.2.40). As notice first by Lieb in [60], and independently in [98], certain spin operators
can be obtained by applying the quantization map Q] /N to polynomials. To this end, we
define J := N/2, the spin quantum number (or simply the spin), and consider the maps
le/)J =Q) /N It can be shown that (see also Chapter 8 and Table 8.1 for a general discussion)

(J+1)cos(0) — S,
(J 4+ 1)sin (0) cos (¢) — Sy (5.4.7)
(J+1)sin(9)sin (@) — S,

where (6, ¢) (resp (z,y,z) ) are spherical (resp. cartesian) coordinates on S? and S,, Sy, S, can
be understood as a (unitary finite dimensional) irreducible representation of the Lie algebra
su(2) on the Hilbert space C?>/*1. Furthermore these operators satisfy [S,, S,] = iS, cyclically.
We refer to Section 8.1.2 for a more detailed discussion.

A general classical spin system is typically defined as a polynomial on the cartesian product
of say d spheres S2, denoted by x 45?, where d indicates the number of classical spins. Therefore
the classical algebra on which classical spin systems are defined is C'(x4.5?) or equivalently
C(8%)®<d (see Corollary 5.1.3). As a byproduct of Theorem 5.2.3, the quantization maps are
given by linear extension of the following map

Qgi)‘] L AT = Moy (C) @ -+ - ® Moy (C);
d times

QY (1o fa) = QT (1) © - 2 Q) (fa),

d times

(5.4.8)

where le/)J is given by (2.2.40), and 2 the dense subalgebra of C'(S?) given by polynomials

in three real variables restricted to the sphere S2. Keeping this in mind, we now provide two
illustrating examples where quantization theory and spin systems come together.

The Ising model
We consider the classical Ising model in a transverse magnetic field B. The corresponding
function h!® € C(x45?) is defined by

d—1 d
hls(el, ...,ed) = —ZZij_H - BZJZJ‘, (ej = (xj,yj,zj) S SQ, j=1, ,d)
j=1 j=1

Employing the identification C'(x4S?) ~ C(S5?)®<?, we obtain

d—1 d
W= =Y "h, @h., ®lg®  @lg2—BY hy @lg2 @ - @ 1g,
Jj=1 j=1

where each h,,h, € C(S?) are given respectively by h.(e;) = z; and hy(e;) = z; for all
j=1,..d

In view of (5.4.7), we see that the coordinate function (J + 1)z is mapped to Sy, (J + 1)y
is mapped to Sy, and (J + 1)z is mapped to S.. Analogously to the work done in [60] let us
now replace these coordinates e; by (J + 1)e;. We then apply our quantization maps (5.4.8)
to this function. It not difficult to see that this image yields the following operator

d

d—1
Hy* == S:(1)S-(+1) = BY_ S:(j),

j=1

where the operators S, (j) and S, (j) act as the operators S, and S, on H; = C2/*! and as the
unit matrix 1o 741 elsewhere. This operator exactly corresponds to the quantum Ising model of
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d immobile spin particles each with total angular momentum J under a ferromagnetic coupling,
defined on the Hilbert space H% = ®j=1 H;, with H; = C2/*1. Hence,

d s s

where hﬂs is defined on the scaled vectors (J+1)e;. Note that the operator H, Ulls clearly depends
on J since it is defined on the Hilbert space H? = ®?:1 Cc2/+1,
This shows the interplay between, on the one hand classical spin systems (also called

symbols) on a product of spheres, and on the other hand the quantum Hamiltonian describing
the quantum Ising model.

The Heisenberg model
We consider the classical Heisenberg spin model h#¢ on x4S? defined by

d—1
hHEi(el, ey ed) = — ijxj_H + YiYj+1 + ZjZj41-
j=1
Applying the quantization maps (5.4.8) to hf1¢" we obtain by a similar argument as in the pre-

vious example Qg%(h? ) = HI'* where the operator H¢? denotes the quantum Heisenberg

model on the Hilbert space H¢ = ®?:1 C2/+1
‘ d—1
HCIILIez — _ZSj . Sj+17
j=1

with each of the operators in S; = (S7,5¥, S%) acting on the Hilbert space H; = C?7*1 and

as the identity elsewhere. As before, note that the function h%¢’ is defined on the vectors
(J + 1)€j.

Remark 5.4.1. As a result of the properties of the continuous bundle of C*-algebras in all
these examples it may be clear that in the classical limit J — oo the norm of the quantum
Hamiltonians correspond to the supremum norm of the corresponding classical functions, in
the sense that

tim L = g

J—o0
Of course, in view of the correspondence between functions and operators (viz. (5.4.7)), one
should normalize the operators S,, Sy, S, appearing in the quantum Hamiltonians by a factor

1/(J + 1) in order to make the above limit existing. |

In conclusion, we would like to emphasize that the strict deformation quantization of the
d-fold tensor product of S? with itself provides a new perspective in order to study the ther-
modynamic limit (i.e. d — o0) and classical limit (i.e. J — o0) of the spin system of interest.
The properties of the quantization maps can be extremely useful in order to study the above
mentioned limits of for example the free energy, the possible convergence of Gibbs states, or
for (algebraic) ground states induced by eigenvectors [60, 98]. Indeed, in a slightly different
context Lieb [60] implicitly used the properties of the quantization maps (2.2.40) and (5.4.8)
in order to prove the existence of such limits.

5.4.2 The resolvent algebra and Schrédinger operators

In this section we show that the resolvent of Schodinger operators for non-interacting particle
systems can be given in terms of an integral of the tensor product of quantization maps. To
achieve our goal, we shall benefit from [23, 70].

Let (X,0) be a symplectic vector space admitting a complex structure and denote be
Cr(X) the commutative C*-algebra of functions on (X, o). Similar to the case of the (non-
commutative) resolvent algebra R(X, o) of Buchholz and Grundling ([23]), the algebra Cr (X)
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is the C*-subalgebra of Cy(X) (the algebra of continuous functions on X that are bounded
with respect to the supremum norm) generated by the functions

ha(y) =1/(@x — 2 -y),

for x € R and A € R\ {0}. The inner product - gives rise to a norm || - || and a topology (the
standard ones for real pre-Hilbert spaces X ), making h) a continuous function. We now define
the space Sk (X) C Cr(X) consisting of so-called levees g o p,

Sr(X) =span{gop, levee | g € S(ran(P)},

where a levee f : X — C is a composition f = g o P of some finite dimensional projection P
and some function g € Cy(ran(P)), or in view of Weyl quantization, g € S(ran(P)). As shown
in [70, Proposition 2.4] Sg(X) is a dense *-Poisson subalgebra of Cr (X).

Now let us denote the resolvent algebra by (X, o). This is the C*-subalgebra of B (F (X))
generated by the resolvents R(\,z) := (i\ — ¢(z))~! for A € R\ {0} and 2 € R, where F(X)
denoted the bosonic Fock space (symmetric Hilbert space) of the completion of X with respect
to its complex inner product. It can be shown that the fibers 2y := Cr(X) (& = 0) and
the constant fiber 2; = R(X,0) above h # 0 entail a continuous bundle of C*-algebras over
I = [0,00). In addition, in [70, Theorem 3.7] van Nuland showed that there exists a strict
deformation quantization of the commutative resolvent algebra 2y = Cz(X) over base space
I with non-zero fibers given by the (non-commutative) resolvent algebra 2, = R(X, o). The
corresponding quantization maps (denoted by Q}.:V) are defined in terms of Weyl-quantization
on the dense Poisson #-subalgebra Sg(X) C Cr(X) = . Furthermore, it can be shown that
these maps are surjective.

Since Cr(X) and the resolvent algebra (X, o) are nuclear C*-algebras (see e.g. [24,
Proposition 3.4]), there exists a strict deformation quantization of Cgr(X) ® Cr(X) (cf.
Theorem 5.2.3). In particular, the quantization maps are defined on the dense Poisson algebra
Sr(X) ®@ Sr(X) C Ay x Ap.

Schrédinger operators affiliated with the resolvent algebra

From now on, we set X = R? with its standard symplectic form ¢ and work in the Schrédinger
representation 7y of |(R?,0). We denote by @, P the canonical position and momentum
operators in the Schrodinger representation. Let H = H(P,Q) be a self-adjoint operator.
When its resolvent is contained in mo(9R(R?, 7)) we may consider its preimage

Rp(\) =75 ((ix = H)™Y), (A€ R\ {0}), (5.4.9)

as long as A is not in the spectrum of H. We then say that H is affiliated with R(R?, o).
Since R? is finite dimensional, Equation (5.4.9) holds for Schrédinger operators with compact
resolvent or for Schrodinger operators with potential V' € Cy(R) [23, Proposition 6.2].

Many particle systems

We consider (A-dependent) Schrodinger operators H; (i = 1,...,N) each densely defined on
some Hilbert space H; and affiliated with :3(R?,0). We then consider the tensor product of
these operators

H=H®L® QIn+LOH® - @Ily+.+1L1®1® - - ®Hy, (5.4.10)

where 1; denotes the identity operator on H; for i = 1,..., N. One can extend the operator H
to a densely defined self-adjoint operator on H = ®i\;1 ‘H;. By construction, the operators H;
now viewed as operators on ‘H commute. The operator H therefore describes a system of IV
non-interacting particles. To simplify matters, let us restrict to the case when N = 2 and let
us assume that the spectra of Hy and Hs are bounded from below. It can then be shown that
the resolvent of H is given as a (operator valued) function of Hs in terms of a Dunford integral
[59], using the fact that Ry = 1; ® Ry obviously commutes with Ry = Ry ® 15. Concretely, this
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means that for any A in the set p(H) ﬂ?:l p(H;) (where p denotes the resolvent), we have

Rg()\) = lim i/ dz(z + A+ Hy) Yz — Hy)™Y, (5.4.11)
Ty

k—oo 271

where T'y; is a suitable contour crossing the real axis in some point x; € R where x increasing
towards infinity as k — co. We can rewrite (5.4.11) as

1
Ry(M\) = lim — dzRy(z + M) Ra(z2),

k—oco 270 Jp,

where R; and Rp denote the resolvent of —H; and Hj, respectively. Since each of them is
affiliated with R(R?,0) we can consider their preimages under 79 which we denote by R; and
R5. Since mq is a faithful representation we obtain

BN = tim —— [ dzRu(s + N)Ra(2).

k—oo 271 Tk

The previous results in this section now imply the existence of two functions 7, f € Cx(R?)
such that

Ri(z+2) = Q) (fi*h) @ 1z
Ry(2) = 11 @ Q)Y (f3).
Combining the above results yields

Ru(\) = lim = / QY (£ 0 QY (£5).

k—oo 271

This implies that the resolvent of Schédinger operators for non-interacting particle system (as
defined above) can be given in terms of an integral of the tensor product of quantization maps,
quantizing functions in the commutative resolvent algebra.
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6. Semi-classical properties of Berezin
quantization maps

In this chapter we investigate the semi-classical properties of Berezin quantization maps. Un-
less specified differently, we hereto assume we are given a coherent pure state quantization
(Hn, U9, un)ner,oes of a symplectic manifold (S, wg). We denote by QP the associated Berezin
quantization map and consider the rescaled measure ju; = c(h)uz, and Hilbert space L2 (S, dup)
(viz. Definition 2.2.2 and (2.2.27), or [55, Prop. II 1.5.2] for a general construction). We more-
over assume that these maps satisfy the von Neumann (2.1.2) and Rieffel condition (2.1.1) for
elements in the C*-algebra C(9), as typically happens in the additional case of a deformation
quantization of S.

6.1 Spectral asymptotics for Berezin quantization maps

We first study the semi-classical behavior of the spectrum of Berezin quantization maps. This
yields the main result of this section relating the spectrum of Berezin quantization to the range
of the function that is quantized. We start with a definition.

Definition 6.1.1. The distance between a bounded set X C C and a nonempty set Y C C is
defined by

dist(X,Y) = sup inf |z —y|. (6.1.1)
reX YEY

|
Using this definition we have the following theorem.

Theorem 6.1.2. Given a coherent pure state quantization (Hp, U7, un)ner,ces of a symplectic
manifold (S,wg). Assume that the associated Berezin quantization maps, denoted by Qf, satisfy
the von Neumann and Rieffel condition on Cy(S). Then, for any f € C.(S) one has

lim dist(mn(f), a(Qf(f))) =0, (6.1.2)

h—0

where o(QE(f)) denotes the spectrum of the operator QE(f), and dist is the distance function
defined in Definition 6.1.1.

Proof. Let us assume by contradiction that the statement in the theorem is not true. Then,
there exists § > 0, a function f € C.(S), and a sequence (Ap,)r in ran(f) such that
dist(An,, o(QF (f))) = 6 > 0 for all k. Since supp(f) is compact (as f is continuous) also
ran(f) is compact so that we can extract a subsequence A\s , converging to a point r € ran(f).
Hence, for all € > 0 there exists a K. such that [r — Ap,,| < € for all ¥/ > K.. This implies
that r ¢ o(Qp,, (f)) for k' > K., which means that the resolvent operator associated to r and
denoted by RT(Q%/ (f)) exists for all &' > K.

Now, we can find an element ¢ € S such that f(o) = r. By property (2) of Definition
2.2.2, we can always recover f(c) as

f(o) = Jim (W7, QF (5 W), (61.3)

where U7 denotes the coherent state vector induced by the point o € S on which f is defined.
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For this o and k' > K, let us now estimate

1= (97, R (Qp, (£)Qn, (f = 1)¥7 )7 <
1R-(QF, (I - 1QR,, (f = r)¥F 1%, (6.1.4)

using in the first equality the fact that ng, (f—-r)= QEM (f)— Q%, (Ix)r= Q%, (f)—r. We
now make the following estimation on

QR (f =Yg, |17 = (Y5, (@R, (f =) Qr, (f —1)¥7,,) =
(07,,,Qn, (f =1))Qn, (f = 1)¥F,,), (6.1.5)

where we used that the quantization maps preserve the adjoint. Then,
'< gk/’QEk/((f_r)*)ng/(f_r) %k/> - < %kMng/(‘f_r‘z) %k’> S

HQ%,((f—r)*)ka,(f—r) —QB (1 -P)| (6.1.6)

using the Cauchy-Schwarz inequality and the fact that |\Il;:3> are unit vectors. As a result
of the von Neumann condition (cf. (2.1.2)) we conclude that the above inequality uniformly
converges to zero as k' — co. This together with (6.1.4) and (6.1.5) implies that

1< IR QR NI ((07,,.QF, (F = 1)@, (F = IR,) — (95, QB (F - Py, ) )
FIRAQE, (IS, QF, (1f - r2)wg,,) <

e (QE, I+ || @B, (17 = QR (7 =) - @, (17 P

IRAQE, (PP, QF (1 — I2)w5,,),

By (6.1.3) it follows that limy 0o (¥7 ,QF (If —7[*)¥7 ) = |f(Q) — 7[> = 0. Since also
lim oo QE, ((F=r)*)QE, (F—r)—QE  (f~rP)l = 0, it must follow that || R(QF, (£))12 —

oo as k' — oo, which also implies that HR,»(Q%, ()| = o0 as k' — oo. In order to conclude
we recall that that

1
HRT(Q% (DIl < dist(r, U(ka/ ()

Combining the above inequalities yields for k' large enough the final inequality

1
< .
= TRAQE, (T

0 < 6 < dist(As,,,0(QF, (f))) (6.1.7)

By taking the limit &’ — oo of the above inequality we clearly arrive at a contradiction, since
the right-hand side converges to zero. This proves the theorem. O

6.2 Classical limit for Berezin quantization maps

In this section we introduce the notion of the classical limit. In order to do so, let us denote by
Hj, some (h-dependent) Hamiltonian encoding a quantum theory on some Hilbert space H,
and by {¥n}rs0 a sequence of corresponding normalized eigenvectors of {Hp,}rso, of course,
assuming they exist.! We want to investigate what happens to these eigenvectors in the regime
h — 0. It is a hard problem to capture the behavior of the sequence {¢y}r~0 in Hp, and in

L As already mentioned in the introduction, the parameter / might correspond to Planck’s constant occurring
in Schrodinger operators but it can for example also indicate the number of particles N described by a quantum
spin system. The common idea is that the limit should reproduce a classical theory.
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general it has not even a limit herein.?
However in a C*-algebraic setting things become more smooth. The most common way is
to consider the corresponding algebraic vector states {wr }r~o on B(Hy), defined by

wr(+) = (¥n, (-)¥n). (6.2.8)

A natural question is to find a suitable set of physical observables for which the sequence
of states {wr}r>o converge (in some topology) to a state on a certain commutative algebra,
establishing then a link between the quantum and classical theory. If it does, then the limit
is also called the classical limit of the sequence of eigenvectors {i;}r~0. This strongly
depends on this sequence which behavior is in general unknown, especially when A changes.
One does therefore not escape making assumptions, but instead of imposing conditions on the
eigenvectors ¥ and the Hilbert space H; we impose conditions on the algebra of observables,
as will become clear soon. For purpose of this chapter we are interested in the semi-classical
behavior of fi-dependent eigenvectors {¢r }r>o in Hj corresponding to operators of the form

e QB (ep), where e, € Cp(S) and QP is the Berezin quantizaton map on S (cf. Definition
2.2.3). The function ey, is in principle related to a classical Hamiltonian h on phase space

S;

We will prove that under some hypotheses the vector state (6.2.8) associated to such sequences
of eigenvectors admits a classical limit with respect to the observables QZ(f), f € Co(S) with
f=f3 As aresult of Remark 2.2.4, the operators QP (f) (f € Co(9)) are compact and any
compact operator on the pertinent Hilbert space can be can be approximated in this way, so
that a relatively large class of physical observables is considered. Using these observables the
statement that the sequence of eigenvectors {ur }r~o admits a classical limit now means that

wolf) = lim wn(QF () (6:2.9)

exists for all f € Cy(S) and and defines a state wy on Cy(S). The state wy may be regarded as
the classical limit of the sequence of vector states wy, defined in (6.2.8). From the mathematical
side, by the Riesz Representation Theorem the statement in (6.2.9) means that for all f € Cy(S5)
one has

()= tim_ [ (o), (o) (6.2.10)

hA—0t

where ji9 is the probability measure corresponding to the state wg and puy,, with A > 0, is a
probability measure on S with density By, () := [(¥§,¥r)|? (where ¥¢ is the corresponding
coherent state vector) also called the Husimi density function associated to the unit vector
¥p. In other words fy, is given by

dpig, (0) = (O, n)*dun(o), o €5 (6.2.11)

and pyp, is defined by (2.2.27). It still remains a challenging problem to work with (6.2.9) (or
equivalently with the Husimi function) as there is a priori no information on the eigenvectors
{¥n}r>0 corresponding to the quantum Hamiltonians. Nonetheless, we will see that the semi-
classical behavior of the sequence of eigenvectors {¢;}r~0 above is encoded by the algebraic
properties of the function ej, which are relatively well manageable and allow us to prove the
existence of the classical limit.

2Even the dimension of the Hilbert space itself may depend on /. In such cases the limit & — 0 of the
sequence {¢p}n (and clearly also of the Hilbert space in which it stays) is undefined. We will see an explicit
example in Chapter 8.

3By (i) in Definition 2.1.3 it follows that Q]F?(f) is self-adjoint, as should be the case in order to define a
physical observable.
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6.2.1 Isometric embedding H; C L*(S,du;) and QP-equivariant group
representations

We first introduce some preparatory results necessary to study the classical limit. We start
with a proposition on the coherent pure state quantization of the symplectic manifold (S,wsg).
This is actually based on [55, Proposition II 1.5.2]. We now prove the proposition.

Proposition 6.2.1. Referring to the coherent state vectors W§ € Hp used to construct the
quantization Berezin map QF, there exists an isometry W : Hy — L%(S,dus), completely
defined by

(Wo)(o) = (¥7,9), (6.2.12)

in particular W*W = Iy, and p := WW* : L*(S, duy) — L?(S, duy) is the orthogonal projector
onto ran(W) = ran(W);

Proof. From now on

19I2: 5.y = /S dyun (o)) (U5, &) (6.2.13)

where we have introduced the notation ® := W¢. By property (1) in Definition 2.2.2 ap-
plied to gx(o) lifted to the coherent state ¥Z, for every ¢ € H; the associated function
S350~ (Wo)o) = (7,¢) satisfies Wo € L* (S, dup) and  [[Woll2(s,aum) = ||9]ln -
Hence W*W = I, the remaining part is a standard property of isometric maps in Hilbert
spaces. O

If there moreover exists an action of a group G acting by symplectomorphisms on the
manifold (S,ws), it follows that the quantization maps QF are equivariant under a suitable
unitary representation of G in Hjy. The precise statement is given in the proposition below. To
this end for any g € G we denote the pullback of the action of G on functions f : § — C by
(g, i€,

(Ch)o)=flg7to), (0€S,9€G).
Proposition 6.2.2. Let G be a group acting by symplectomorphisms on the symplectic manifold

(S,ws). Then there exists a unitary representation U : G — B(Hy) such that the maps QB
are C-equivariant,

UgQR (U = QR (Cef) s g€ G, feL™(S,du). (6.2.14)
The representation U is completely defined by the requirement
WUy = ple(W1p)  for every p € Hy, and g € G. (6.2.15)

Proof. Let us write H" := L% (S, duy). By definition of W for any ¢ € Hp, as ® := W¢ is
a function on S, we can define the operator u, : L*(S,dus) — L*(S,dus) by (uy®)(o) =
®(g~'o) . This map is isometric, since the action of the group preserves the Liouville measure
wr, (and thus also duy) as the action is made of symplectomorphisms, and it is finally surjective
as the reader immediately proves since the action of each g is bijective. By construction we also
have u,(ran(W)) C ran(W). By construction uq = I and uguy = ug.y. Next Uy : Hp — Hp,
is defined by U, := W*u,W : Hp — Hp. This operator is unitary since u, is unitary and
UsUg = Wru, WW*u, W= Wrugpu,W = Wrugu,W = W*W = I together with U,U; =
W*u,dWW>*uz W = Wrugpus W = Wrugpug-1 WW*ugug—1 W = W*W = I. By construction,
Up=1and UyUy = Uy.4 so that G > g — Uy is a unitary representation. Let us finally prove
the equivariance property. For any ¢, € Hp, we now compute

(6, QE (G ) = /S dyin(0) W) (@) (W) (0) f (g0) = /S dyun(0) (@) (o) f(g0)
— [ i@ PG UG 0)f(0) = [ dunlo) e ®@) (g ) () ()

S S
— [5 Ay WU, (@) WU (o) () = Uy, QE (/U = (6, Uz QE (f)U),
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where we used the fact that the measure duy is G-invariant. Since this holds for any ¢,v €
Hp, we can conclude that U;Q?(f)Ug = Qf(ggflf) . replacing g for ¢—! and noticing that

Ug— = (Ug)*1 = U,, we have the thesis. The last statement is a rephrasing of Uy, = W*u,W,

using W*W =1 and WW* = p. O

Notice that both W and U generally depend on the value of A.

6.2.2 Localization of eigenvectors

We establish a first important result concerning the localization of eigenvectors, which allows
us to prove the existence of the classical limit in section 6.2.3. This topic is not new, several
similar results have been achieved over the years [20, 28, 32, 98, | where different classes
of neighborhoods of localization were exploited.* In such works one typically studies semi-
classical defect measures induced by the relevant eigenvectors and uses techniques from pseudo-
differential calculus. In this section, we will not go into such details, we however aim to provide
a rather neat algebraic approach that forms the basis for spontaneous symmetry breaking as
explained in the next sections.

Proposition 6.2.3. Given a coherent pure state quantization (Hp, Y, tn)rer,ces of a sym-
plectic manifold (S,wg). Assume that the associated Berezin quantization maps, denoted by
QP, satisfy the von Neumann and Rieffel condition on Cy(S). Let e € Co(S) be a real-valued
function and {¢n}n C Hp be a sequence of eigenvectors of QF (e) with eigenvalues {\p}n such
that, for some A € ran(e) is such that

Ap = A for h— 0T, (6.2.16)
The following facts are true where ®p := Wy as before.
(1) Referring to any open neighborhood of the set e=*(A\) of the form
Vei=e (A —e,A+€)), (6.2.17)
for every given € > 0 one has

||(I)ﬁ||L2(S\V5,duh) — O, fOT h— OjL . (6218)

(2) If e71(A) = {00} € S and the family of sets {V}eso is a fundamental system of neigh-
borhoods of oo then (¢r, Qn(f)en) = f(oo) as h— 01 for every f € Cy(S).

Proof. (1) The thesis arises from the following fact we shall prove later

(on, QB ((e — M)?)pp) = 0 for h— 0, (6.2.19)

where we are using QP defined on L> (S, duy). Indeed, (6.2.19) can be rephrased to
/(e(o) — AY|Bn(o) Pdpn — 0 for h— 0,
S

so that also
/ (e(0) — AY2[®p(0)2dpin — 0 for h— 0,
S\V.

as well because the integrand is non-negative. However, by definition of V,, |e(z) — A| > € if
z € S\ V. and thus

1
0< [ len@)Pdun < 5 [ (elo) APl dun .
S € Js\V.

Ve

4Qur neighborhoods V. are particularly adapted to the remaining proofs of our work.
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which implies (6.2.18). To conclude, it is sufficient to prove (6.2.19). To this end we have, by
using linearity of @2, the fact that ||¢p|| = 1 and QP (e)pn = Anepn in particular,

(o1, QR ((e = M))eon) = (on, QF (€)n) — 2M{n, QF ()pn) + A (n, n)
= (on, QF ()n) — 2XaA{(on, on) + A*(on, on) -

That is, (on, QE ((e — A)?)pn) = (on, QB (€2)pn) + A% —2ApA . On the other hand it also holds,

(o, QF (€*)pn) — A (6.2.20)

In fact, by the von Neumann condition we know that ||QF (e?) — QP (e)QF (€)|| — 0 where the
norms are the C* ones. This, in turn, entails ||QZ(e?)on — QB (e)QE (e)pn||| — 0 referring
to the Hilbert space norms. Using the hypothesis A\, — A and QP (e)pn = Anpn we deduce
1QB( — %) < 11QF()en — Nignl] + 1N — A7) lgnl] — 0. 50 that, from the Cauchy-
Schwartz inequality, |<<ph, Qh (€2)pn) — A2| |<<ph, Qf(e2 — Az)cphﬂ < ||Q,§(e2fA2)gah|| — 0.
Finally, by the triangle inequality we estimate

[{ons Qr; (€2)on) + A% = 23 A| < [{on, QF (€*)gn) — A +[2A% — 2XzA

which goes to zero by the previous observations, as A — 0. This establishes (6.2.19) ending
the proof.

(2) For every given m > 0,

om QB (Fen) — F(0)| = '/ Bn(0)2 (0 ~ f(o0)

)Gy
=\ [ 1210)2((0) = Fow))dun(o

/ (®n(0) 21 (@) — F(o0)ldun(o)

S/ |‘I’h(0)\2|f(0)—f(Uo)Iduh(U)Jr/ [@r(a) P f(0) = f(o0)|dun() .
S\V1/m

vl/?n

In summary,

om QB (Fon) — Fo0)] < 2/1fllse /g Bu(0)Pdun(0) + sup |f(0) — f(o0)].

\V1i/m o€V /m

Take € > 0. Since the sets V;,,,, are a fundamental system of neighborhoods of o¢ and f is
continuous, there is m € N such that sup,cy,, —|f(0) — f(00)| < €/2. Due to statement (1),
we can also find H, > 0 such that 0 < h < H, implies

[ @a@)PIf) - fonldun(o) < ¢/2.
S\V1/m.

Summing up, for every e > 0, there is H, such that |{on, QE(f)en) — f(00)| < €if 0 < h < H..
This is the thesis we wanted to prove. O

6.2.3 Classical limit for eigenvectors of Berezin quantization maps

We prove the existence of the classical limit for a sequence of eigenvectors corresponding to
the operators QB (e), where e € Cy(S). In that case QP (e) is compact [55, Thm. IL. 1.3.5]
with a point spectrum except for 0 at most, and we focus on a sequence of eigenvalues Ay and
corresponding eigenvectors ¢y of the maps QZ(e) such that A\, — A = e(og) (B — 0T),
for some oy € S. Again, we assume the existence of a coherent pure state quantization
(Hn, U7, ur)ner,ces of a symplectic manifold (S,ws) such that its associated Berezin maps
QP satisfy the von Neumann and Rieffel condition on Cy(S). Moreover, we require that the
manifold (S,wg) is connected. In this case (S,wg) admits a complete Riemannian metric. We
will work with this metric so that as a result of the Hopf~Rinow Theorem any closed and
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bounded subset of S is compact.

Theorem 6.2.4 (Classical limit without symmetry). Consider e € Co(S) and A # 0 such that
A =e(og) for a unique point oy € S. (6.2.21)

Let {pn}n=o0 be a family of eigenvectors with eigenvalues {\p}r>o0 of QE(e) converging to A,
as h — 0. With these assumptions,

(on, QB(f)on) — f(o0) as h— 0%, for every f € Co(S).

Proof. Taking proposition 6.2.3 (2) into account, the only fact to be proved is that the family
Veleso = e (A — €, A +¢)) forms a fundamental system of og. Notice that o is the unique
point in S such that e(0g) = max,es |e(0)|. Now suppose that there is an open ball B, centered
at oo of radius 7 > 0 such that Vy,,, ¢ B, for m > mq (i-e., {Ve}leso is not a fundamental
system of neighborhoods of 0p). As a consequence, for every m > mg there is o, € S\ B,
such that o, € Vi, i€, |e(om) — A < 1/m. Since A = e(0p) # 0 and e € Cy(S), it follows
that lim|,| 00 [A — €(0)| = |A| > 0 so that the sequence of o, must be bounded because
le(om) — Al = 0 # A. In summary, {0, € S\ B, | |[A —e(om)| <1/m} C S is contained in a
compact set K, whenever m > myg. Since K \ B, = K N (S '\ B,) is compact as well, we can
extract a subsequence o, — o) € K \ B,.. Since |e(oy,,) — Al < 1/my — 0 for k — 400,
continuity of e implies e(o) = A. We observe that o(, # o¢ since o € K \ B, and o € B,.
However, e(og) = A = e(o() so that two distinct points reach the same value. This is in
contradiction with the fact that the value is attained in a unique point. O

We now pass to a more elaborated case where a symmetry of e is present. We
consider a group G acting by symplectomorphism G 3 g : S 3 ¢ — go € S on (S,ws),
and focus on the two cases: either G is a compact topological group or (b) G is a discrete group.

Differently from the simpler result established with Theorem 6.2.4, we now also assume that
the eigenspaces associated to the sequence of eigenvalues Ap of Qf(e) have dimension 1. We
will see in the Chapter 9 that this condition is satisfied if e assumes a specific form.

Theorem 6.2.5 (Classical limit with symmetry). Consider a group G either finite or topolog-
ical compact, e € Cy(S) and assume the following hypotheses.

5

(a) G acts continuously in the topological-group case® on (S,wg) in terms of symplectomor-

phisms.
(b) e is invariant under G.
(¢c) The action of G is transitive on e~ 1({A}).

Then the following facts are valid for every chosen oo € e 1({A}) and a family of eigenvectors
{ontn=o of QB (e) with non-degenerate eigenvalues {\p}n=o converging to A as h — 0 for some
A € ran(e) \ {0}.

(1) If G is topological and compact and pg is the normalized Haar measure,

<¢5,Q§(f)<ph> = /Gf(gao)dug(g), for every f € Cy(S). (6.2.22)

lim
h—0+
(2) If G is finite and N¢ is the number of elements of G,

<<Ph,Q§(f)<Ph> = NLG Z f(goo), for every f € Cy(S). (6.2.23)

lim
h—0t
geG

The right-hand sides of (6.2.22) and (6.2.23) are independent of the choice of og.

5The action G x S 3 (g,0) = go € S is continuous.
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Proof. We assume that G is a compact topological group and prove (1). Compactness
guarantees in particular the existence of a unique normalized two-sided Haar measure pg.
The case (2) has the same (actually easier) proof just by everywhere replacing the integral
with %G > el which is the same as saying that the Haar measure is discrete.

To go on, choose g € G arbitrarily. As G leaves the function e invariant, it follows by Proposi-
tion 6.2.2 that U, commutes with Q (e) and the eigenspace spanned by ¢y, is one-dimensional.
As a result, Ugpp = epp, for some real a and thus ®5(g~'o) = pWUgpp = e'@®y (o). Since
the measure dyuj, is G-invariant, the measure dug, = |®p|?duy is also G-invariant. We can
therefore replace o with g~'o in both |®,(0)|?* and do:

(o QB (f)on) = /S B0 (o) dun (o) = /S Bn(g™ o) 2 f(0)dpunla o)

Replacing again o with go in the complete integrand,

(o QE(f)on) = /S 1Bu(0) F(g0)dun (o) -

Since the left-hand side is independent of g, we can integrate both sides with respect to the
normalized Haar measure on GG, obtaining

(o QB (f)on) = /G /S B(0) [ (90)dun (o) dpc g) = /S ()] /G £(90)dpic(a)dpn(o)

Above, in order to interchange the two integrals, we have also used the fact that S x G >
(0,9) — |®r(0)|?|f(go)| is integrable in the product measure since

| 1@ 1 taldime)inot) <15l [ [ 04(0)Pdun(o)dats)
GJS GJS

— 171l /S Bn(0) 2dpn(0) /G 1d6(9) = [1/]]o0 /g |®n(0) Pdpn(o) = 1.,

and then we have used the Fubini-Tonelli theorem, exploiting the fact that the Liouville measure
on S is o- finite. In summary,

<¢h7Q§(f)<Ph> :/S|‘I)h(0)|2F(U)duh(0), where

Flo)i= [ flamducta), (7€) (6.2.21)

Notice that this function is (i) bounded (since f is bounded and p¢g finite), (ii) continuous
(as it immediately arises form Lebesgue’s dominated convergence since, again, f is bounded
and pg finite), (iii) constant on e~1(A), since F(g'c) = F(o) because ug is G-invariant and
the action of G on e '({A}) is transitive. To go on, since [q|®(0)|*dur(c) = 1, we can
write, |(¢n, QF (f)en) — F(oo)| = | [ |®r(0)|*(F(0) — F(00))dun(c)| for any arbitrarily taken
o9 € e 1(A), Defining V5 := e (A — §, A + J) and for every given m € N\ {0}, we can now
estimate
[(on, QF (f)n) — F(00)]

< / B1(0) | F (o) — Floo)|djun(o) + / B0(0) 2| F (o) — F(o0)|dpino)
Vl/m S

\Vi/m
< sw |F(o)~ Floo)| [ 1@n(0)Pduno) +2Flls [ [@n(o)Pdun(o)
oE€V1/m Vi/m S\Vi/m
< sw |F(0) = Floo) +2|Fll [ 120(0)Pdunlo). (6.2.25)
UGVl/m S\Vl/m

(6]
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Let us now focus on the two terms in the last line of (6.2.25) separately. The following lemma
is true.

Lemma 6.2.6. Under the hypotheses of theorem 6.2.5 and with F defined in (6.2.24), for
every € > 0, there is me € N such that sup,cy, , —|F(0) — F(oo)| <€/2.

Proof. Let us define I' := e~ 1(A). This set is G-invariant, i.e., g(I') C T for every g € G because
e(go) = e(o) for every g € G and o € S. Since the action of G on T is transitive, we also have
that T' = {gog | g € G} for every chosen oy € I'. This identity has the important consequence
that T is compact under our main hypotheses. Indeed, if GG is finite, then I' is made of a finite
number of points and thus it is compact a fortiori. If G is a topological compact group and its
action is continuous, as requested in the main hypotheses, then I' is the image of a compact
set under the continuous function G 3 g — gog and thus I" is compact as well.

If 6 > 0 a d-covering of T is a set of the form Cs :=J_.p Bs(o) , where Bs(o) is an open ball
of radius ¢ centered at o.

Since I' is compact, there is a closed ball B centered at the origin of finite positive radius
such that I' is completely contained in the interior of B. All other balls we shall consider in
this proof will be assumed to be contained in the interior of B as well. Since |e(c)| — 0 for
|o| = 400 and A # 0, we can always fix the radius of B such that |A — e(o)| > 7, for some
n>0,if o ¢ B.

Our next step consists of proving that, given a §-covering Cs of ', with § > 0 arbitrarily taken,
there exists ms € N such that V;,,; C Cs. Indeed, suppose that it is not the case for some
0 > 0. As a consequence, for every m € N, it must be V;,,,, ¢ Cs, so that there is oy, € Vy/p,
not included in Cs. Choosing m > 1/n and keeping in mind that |e(c,,) — A| < 1/m, we can
also exclude that o, stays outside B. In other words, for every m € N sufficiently large, we
have a point o], € B\ Cs with |e(d],) — A] < 1/m. Since B\ C;s is compact, we can extract a
subsequence a,,,, — oy € B\ Cs for k — +00. As 1/my — 0 as k — o0, continuity imposes
that e(o() = A and thus o € I'. This is not possible because I' C Cj that is disjoint from
B\ Cs. We have proved that every Cs covering of I' contains V; /p,; if ms € N is sufficiently
large.

Now take op € I'. Noticing that B is compact and F' is continuous thereon, we can use its
uniform continuity. Given e > 0, there is 6. > 0 such that |F(o) — F(¢')| < €/2 if |0 — 0’| <
de. With this remark, consider a Cjs, covering of I'. If 7 € Cs, we have |F(1) — F(0g)| =
|F (1) — F(0])| where o] €I is the center of Bs,(0f) which contains 7. The identity above is
valid because F is constant in I'. Uniform continuity therefore implies that |F(7) — F(og)| <
€/2 if 7 € C5, . In summary, given € > 0, if m, € N is sufficiently large to assure that V; ;,,, C
Cs., we have the thesis sup,ey, , - |F(0) = F(00)| < supgec;, |F(0) —F(00)| < €/2, concluding
the proof. O

ocel

Keeping that m, and exploiting (1) in Proposition 6.2.3, we can find H, > 0 such that
2Pl [ (@) Pdunto) < /2,
1/me
for 0 < i < H.. Looking again at the last line of (6.2.25), we conclude that for every e > 0, there

is H. such that 0 < i < H, implies ’(cph, QE(fen) — F(00)| < €, concluding the proof. O

It is of great importance to notice that both right-hand sides can be recast to integrals with
respect to G-invariant probability measures p and v on S with supports given by the whole
orbit Gogy. The following more general result holds for locally compact Hausdorff spaces.

Proposition 6.2.7. Let G be a topological compact or finite group with an action (continuous
in the first case) on a locally compact Hausdorff space S. Then there are two reqular Borel
probability measures on S, respectively p and v, such that

/G F(go0)dpc(g) = /S Ju; nggg;f(g"o) /S fdv,  for all f € Co(S),
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where pg s the normalized Haar measure on G in the first case and Ng is the number of
elements of G in the second case. These measures are invariant under the action of G on S
and each of their supports is the whole orbit Goy.

Proof. 1t is sufficient to prove the thesis for the former case, the latter being easier. Noticing
that Gog is compact, one has that linear map Co(S) > f — [ f(g900)duc(g) € Cis || - ||
continuous on Cy(S). Riesz’ theorem for complex measures implies that it the integral with
respect to a (uniquely defined) regular Borel complex measure p on S. This measure is actually
positive, since the map is positive. Riesz’ theorem for positive measures implies that the support
of the measure is included in the closed set Gog, since the map vanishes when evaluated on
f € C.(S) whose support is included in an open set with empty intersection with Goy. The
integral produces the value 1 if f(o) = 1 on the compact orbit Gog, hence p is a probability one.
The invariance of the integral under the pullback action of G on its argument f proves that p is
also GG invariant, again using the uniqueness property in Riesz’ theorem for positive measures.
Since pu(Gog) = 1, its support cannot be empty. If o belongs to the support also go does for
every g € G. As the action of G is transitive on Goy we conclude that supp(u) = Goy. O

The next proposition proves a result concerning coherent states as approximate eigenvectors
of the quantization maps QZ (e).

Proposition 6.2.8. Given a coherent pure state quantization of S with coherent states U{
and associated Berezin quantization maps QZ(e) defined by (2.2.40), where e € Cy(S). Given
o # o two distinct points in S, we assume that the function h — c(h)|(¥g, U] tends to
0 as i = 0, where ¢ : Iy — R\ {0} is a positive continuous function coming from the pure
state quantization satisfying un = c(R)ur (c¢f. Definition 2.2.2). Given E € ran(e) and let
o € e 1(E), the preimage of E under the function e. Then,

lim ||QZ(e)¥§ — EVY|| = 0. (6.2.26)
h—0

Proof. By uniform continuity of e, given ¢ > 0 we can find § > 0 such that for all ¢’ € Bs(o) one
has |e(o’) — e(0)| < €/2, where Bs(o) C S is equipped with the Riemannian metric associated
to S.

HQ§ (e)UF — BV

= H /Sduh(a’)(e(d/) — e(0)(VF, UF) W,

< H / L dm(eele') —elo)) (v ¥R

i H /S\BE((,) dpn(0’)(e(o") — () (W7, WF) W7

< sup le(o) —e(o) dpn(o) (25, F)]

o0'€Bs (o) Bs(o)

4 / dyin(o”e(o”) — e(@)|| (g, W5,
S\Bs (o)

The first term is bounded by ¢/2 using uniform continuity of e, and the fact that 1 =
Js dpn(o)[¥7) (7|, For the second addend, we use the assumption stating that

c(R)|(Wg, W5 =0, (h—0). (6.2.27)
Hence, for A sufficiently small, one can estimate
c(R)SuPy e s\ By (o) (Vh, U7 )| < €/2C. (6.2.28)

where C' is the integration constant given by C' := fS\Bé(a dole(o’) — e(o)|. In summary, we
conclude that

1Q% (e)¥7 — EVF|| < e (6.2.29)
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7. Dynamical symmetry groups and
spontaneous symmetry breaking

In this Chapter we introduce the notion of spontaneous symmetry breaking (SSB) in an
algebraic framework. This approach particularly allows for commutative as well as non-
commutative C*-algebras, and therefore for classical and quantum theories. In the event that
they are related by a continuous bundle of C*-algebras (cf. Definition 2.1.1) this permits one
to study SSB as a possibly emergent phenomenon by switching of a semi-classical parameter
(e.g. Planck’s constant occurring in some index set ). All that is needed are the continu-
ity properties of the C*-bundle specified by the continuous cross-sections. This approach is
therefore perfectly suitable for studying emergent phenomena arising in the classical limit of
an underlying quantum theory.

7.1 Spontaneous symmetry breaking: general concepts

For decades the natural phenomenon of spontaneous symmetry breaking (SSB) has been a topic
of great interest in mathematical physics and theoretical physics. It lays the foundation of many
physical phenomena, like phase transitions in condensed-matter systems, the formation of Bose-
Einstein condensates, superconductivity of metals and it plays a role in the Higgs mechanism
[86, ] furnishing mass generation of W and Z bosons, i.e. the gauge bosons that mediate
the weak interaction. Numerous studies have led to important results and insights concerning
symmetry and its possible breakdown in a various number of physical models.

The general and common concept behind spontaneous symmetry breaking, originating in
the field of condensed matter physics where one typically considers the infinite particle, or
often called thermodynamic limit, is based on the idea that if a collection of quantum particles
becomes larger, the symmetry of the system as a whole becomes more unstable against small
perturbations [104, |. A similar statement can be made for quantum systems in their classical
limit, where sensitivity against small perturbations now should be understood to hold in the
relevant semi-classical regime, meaning that a semi-classical parameter (e.g. %) approaches
zero! at fixed system size [57, 66)].

Showing the occurrence of SSB in a certain particle system can be done at various levels
of rigour. Each particular method has its merits and drawbacks. In theoretical statistical
physics and mathematical physics the main concept that the relevant system becomes sensitive
to small perturbations is often taken into account by adding a so-called infinitesimal symmetry
breaking field term in some cases induced by the so-called magnetization operator [52, 95, ,

]. Consequently, one aims to show that the limit in the growing number of particles or
lattice sites (viz. thermodynamic limit) becomes “singular”, at least at the level of states,
e.g. the ground state. If this happens, one says that the symmetry of the limiting system
is spontaneously broken. To get an idea what this means let us again consider the quantum
Curie-Weiss Hamiltonian HEW | i.e.

1/N>
N N
J N :
HijN = TN > os(i)os(i) = BY o1(h), (7.1.1)
ij=1 i=1

where B € (0,1) denotes the magnetic field and J a coupling constant that can be chosen to

1Mathematically, as already seen this parameter is an element of the base space corresponding to a C*-bundle
(see Definition 2.1.1). In the context of the classical limit, the zero-limit of this parameter corresponds to a
classical theory, encoded by a commutative C*-algebra. We stress again that the precise interpretation of this
parameter depends on the physical situation.
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be one. The symmetry-breaking term is typically taken to be

SN = eZos (7.1.2)

In this approach originating with the ideas of Bogoliubov, one argues that the correct order of
the limits should be lime — 0lim N — oo [100, 104], which gives SSB by one of the two pure
classical ground states on the limit algebra C(B?), with B? the closed unit ball in R3, where
the sign of € determines the direction of symmetry breaking.? In contrast, the opposite order
lim N — oolime — 0 gives the symmetric but mixed (i.e. nonphysical) ground state on the
limit algebra.® It is then said that the symmetry is broken spontaneously if there is a difference
in the order of the limits, as exactly happens in this example.* In this sense, if SSB occurs,
the limit N — oo can indeed be seen as singular [9, 13, ].

Instead, this thesis is based on an abstract definition of SSB characterized by a purely
algebraic framework. It stands on an algebraic formulation of symmetries and ground states
[19, 20, 57] and equally applies to finite and infinite systems and to classical and quantum
systems, namely that the ground state, suitably defined of a system with G-invariant dynamics
(where G is some group, typically a discrete group or a Lie group) is either pure (or more
generally, extremal) but not G-invariant, or G-invariant but mixed. Even though at first
sight both approaches to SSB might seem different, it turns out that the former approach is
equivalent to the algebraic one (see e.g. [96, Prop. 1.6, Lemma 1.7] and [85, Ch. 6]). As
already mentioned each approach to SSB has its pros and cons and which method is chosen
depends on the specific purpose.

Remark 7.1.1. It may perhaps seem more natural to only require that the ground state fails
to be G-invariant. However, since in the C*-algebraic formalism ground states that are not
necessarily pure are taken into account as well, this gives the possibility of forming G-invariant
mixtures of non-invariant states that lose the purity properties one expects physical ground
states to have. A similar statement holds for equilibrium states, where “pure” is replaced
by “primary”, which corresponds to a mathematical property of pure thermodynamic phases
[19, 20, 57]. We refer to Section 7.2 for the precise definitions. |

Accordingly, what is singular about the thermodynamic limit of systems with SSB is the fact
that the exact pure ground state of a finite quantum system converges to a mixed state on the
limit system, explained in detail in the previous chapter (see also Chapters 8-9 and [58, 66, 98]).
In this algebraic approach the general physical idea that spontaneous symmetry breaking should
be related to instability and sensitivity of the system against small perturbations in the relevant
regime (see previous discussion) is elucidated in Section 7.4.

7.2 Dynamical symmetry groups, ground states and SSB
in algebraic quantum theory

Let us remind the reader the general context where the notion of spontaneous symmetry break-
ing takes place.

Given a C*-dynamical system (2, «) (cf. Definition 5.3.1) and an a-invariant state
w, i.e., w(a) = w(ai(a)) for every a € A and ¢t € R, there is a unique one-parameter group
of unitaries U := {U;}+er which implements « in the GNS representation, i.e., m,(a(a)) =
U m,(a)Uy, and leaves fixed the cyclic vector Uy W,, = W,, [64]. U is at least strongly continuous
in B(H,,) as a consequence of the strong continuity of « in 2 and the properties of the GNS con-
struction. Indeed, we have that ||U; 7, (a) Wy, — 7, (a) U, || = ||U; 70 (a) Uy Uy — mu(a) W, || <
U7 (@)U, — mof@)l] = () — all.

Remark 7.2.1. The strong continuity of « in 2 is not always compatible with unbounded self-
adjoint generators of U (and bounded generator is equivalent to say that {U; };cr is continuous

2We refer to Chapter 3 and Chapter 8 for details on these states and the construction of this algebra.

3This mixture is precisely the one determined by Theorem 8.3.2.

41t can be shown that occurrence of SSB in the context of spin systems equivalently means the appearance
of a non-trivial magnetization [95, 96].
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also in the operator norm of B(H,)) as shown in Example 3.2.36 in [19]. Even if we shall
deal with unbounded self-adjoint generators, the case we are about to discuss is safe. That is
because the relevant C*-algebra is made of compact operators and the following general result
applies. |

Proposition 7.2.2. Let A € A := B (H) and {Us}ier be a one-parameter group of unitary
operators in the Hilbert space H that is strongly continuous in B(H). The one-parameter
group of C*-algebra automorphisms induced by U is strongly continuous in 2A: HUt_lAUt —
U, YAU,|| — 0 if t — u (also if the selfajoint generator of U is unbounded).

Proof. The group composition law permits us to prove the thesis just for u = 0 without loss
of generality. A compact operator A is the norm-operator limit of Ay = Z,]Ll(%c ;)¢ for
suitable ¢y, and ¢. Writing A = Ay + Ry, where ||Ry|| — 0 as N — +o0, the following chain
of inequalities hold ||[U;AU_, — A|| < |U_tAnUy — An|| + |[lU=tRNUy — Ry || < ||UZAnNU; —
AN[| + IlU-RNU[ + [|BN | = [[U-+ANUy — An|[| + 2||Rn||. As [|Ry|| — 0 as N — 400
independently of ¢, to conclude it is sufficient to prove that, for finite N, ||[U_1ANU; — An|| — 0
for ¢ — 0. In turn, exploiting the triangular inequality N times, the thesis is valid provided it
holds for N =1, i.e., for Ay 4 = (¥ ,-)¢. Per direct inspection |[{y,-)¢|| < [|¢¥]| ||4]| so that,
defining ¢y := Uptp and ¢ := U, we have |[U_ Ay U — Ay o[ = [[(V—t )bt — (¥, )9]| <
85t s bt — B+ 115t — 0, Y1l < 11l 6=t — @Il + 116 — ¥ell ]| — O for ¢ 0. O

We now introduce the definition of a ground state of a C*-dynamical system (2, «).

Definition 7.2.3. A ground state of a C*-dynamical system (2, a) is an algebraic state
w: A — C such that

(a) the state is a-invariant, i.e, w(a(a)) = w(a) for allt € R and all a € A,

(b) the self-adjoint generator H of the strongly-continuous one-parameter unitary group
Uy = e " which implements o in a given GNS representation (H,, 7w, V,,) under the
requirement Uy ¥, = W, has spectrum o(H) C [0, +00).

It is not difficult to prove that the set S97°u"?(2(, o) of ground states of (2, @) is convex and
x-weak closed (see e.g. [57]), so that it is also compact by the Banach-Alaoglu theorem. The
Krein-Milman theorem implies that all ground states can be constructed out of limit points
of convex combinations of extremal ground states in the x-weak topology. The relevance of
the extremal ground states relies upon this property of them: they are the building blocks
for constructing all other ground states exactly as pure states, i.e., extremal states in the
convex weak-* compact set of all algebraic states on 2(, which in turn are the building blocks
for constructing all algebraic states. However the elements of S97°“"%(2(, ) are not necessarily
pure states. Nonetheless, in many cases of physical interest, extremal ground states are exactly
the pure states which are also ground states [57].

When (2, @) is a C*-dynamical system also endowed with a group G acting on 2 with a
group representation v : G 3 g — 4 in terms of C*-automorphisms v, : A — A, we say that
G is a dynamical symmetry group if yjoa; =a;07, forallge G andteR.

According to [57], spontaneous symmetry breaking (SSB) occurs for a dynamical
system (2, o) endowed with a dynamical symmetry group G if there are no G-invariant ground
states which are extreme points in S97°%"4(2(, o). Within the usual situation where the extremal
points in S97°und (Y ) are the ground pure states of 2, occurrence of SSB means that G-
invariant ground states must be necessarily mized states, and pure ground states cannot be
G-invariant. A more frequent situation occurs when there is at least one extremal point in
S9round(9[ ) that fails to be G-invariant (although invariant extreme ground states may exist).
In this case one says that weak SSB takes place.

For the sake of shortness we can only stick to the succinctly illustrated relevant technical
definitions, an exhaustive discussion on the physical importance of SSB in various contexts and
on the different also inequivalent definitions of SSB is presented in [57, 100].
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7.3 SSB of ground states as an emergent phenomenon in
Berezin quantization on symplectic manifolds

The above definitions in particular apply to the commutative case where 2 := C(.S) endowed
with the C*-norm || - ||o, referred to a symplectic manifold S and the associated Poisson
structure (C°(S), {-,-}). In this case the states w are nothing but the reqular® Borel probability
measures (i, over S. More precisely, if w : 2 — C is an algebraic state, the Cy(.S) version of
Riesz’s representation theorem of generally complex measures on locally compact Hausdorff
spaces [84], taking continuity, positivity and ||w|| = 1 into account, proves that (H,, 7., ¥,)
has this form

Ho, = L3S, 1), (mo(F)0)(0) = f(o)(a), Wo(o)=1, forall fe Co(S), v € H, and o€ S.

With this representation, the pure states are Dirac measures concentrated at any point o € S.

A C*-dynamical system structure is constructed when the dynamical evolution is furnished
by the pullback action of the Hamiltonian flow ¢, provided it is complete, generated by a
(real) Hamiltonian function h € C*°(5), i.e., ozgh) (f) = foqzﬁgh) for every f € Cy(S) and ¢t € R.

It is easy to demonstrate that (Co(S), ™) is a C*-dynamical system (in particular a(®
leaves Cy(S) invariant and is strongly continuous®). By direct inspection one sees that
7, (C2°(S)) is included in the domain of the self-adjoint generator of the unitary implementation
of @™ in the GNS representation of a state w. This generator acts as —i{h, 7, (f)} = —i{h, f}
if f € C°(S), where {-,-} is the Poisson bracket associated to the symplectic form.

Proposition 7.3.1. The ground states of (Co(S), ™) are all of the regular Borel probability
measures on S whose support is contained in the closed set Ny, := {0 € S| dh(o) = 0}.

Proof. If the regular Borel probability measure p on S has support in IV, then it is invariant
under the flow of h and in its GNS representation the action of that flow is trivial. Therefore
its self-adjoint generator is the zero operator which fulfills the thesis. Suppose vice versa that
a regular Borel probability measure p on S defines a state invariant under the Hamiltonian
flow, then p itself must be ¢("-invariant. Passing to the GNS representation, the condition of
™ invariance implies (¥, {h, 7, (a)}¥,) = 0 for a € C°(S), and the condition of positive
self-adjoint generator implies —i(¥,,, 7, (a){h, 7, (a)}¥,) > 0 for ¢ € C°(S). In other words,
Js{h,a}dp = 0and —i [¢a{h,a}dp > 0 must be valid for a € C2°(S). Decomposing a = f +ig
with f and g real valued and using the former condition, the latter yields [ s fAh,g}dp —
Js 9ih, f}du > 0 for all real valued f,g € C°(S). Replacing f with —f, we conclude that
actually the identity holds [q f{h,g}du — fS g{h, f}du = 0. Noticing that g{h, f} = {h,gf} —
f{h,g} and using again fs{h, a}dp = 0, we conclude that fs f{h,g}du = 0 must be valid for
every real valued f,g € C°(S). Taking, e.g., g € C°(S) such that g(g,p) = ¢! in an open set
including the support of f, we have that fs fg—q}ﬁdu = 0. In general fs f(dh)rdp = 0 for every
E=1,...,dim(S) and f € C°(S) real valued. If, for a given k, (dh)r(co) > 0 (the case < 0
is analogous), then (dh)i(og) > ¢ > 0 in an open neighborhood O > oy. Taking f € C°(S5)
supported in O with f > 0, we have 0 = [ f(dh)xdp > ¢ [, fdu > 0, so that [, fdu = 0.
Since the functions of C2°(0) are uniformly dense in C.(O), the result extends to f € C.(O).
Arbitrariness of f and the uniqueness part of Riesz’ theorem for positive measures implies that
p#(0) = 0. In summary, the points o with (dh)i (o) # 0 stay outside the support of p. That is
the thesis. O

If w is a ground state of (Co(S),a™), in view of the above discussion, a®) is trivially
implemented: U; = [ for every t € R and the positivity condition on the spectrum of the
generator of U, is automatically fulfilled. In this case the extremal elements of S97°“"?(2, /)
are the Dirac measures concentrated at the points 0 € X such that dh(c) = 0. In particular,
extremal ground states are pure states.

5All positive Borel measures on S are automatically regular due to Theorem 2.18 in [34].

6To prove the continuity at ¢ = 0, use in particular the fact that, if f € Co(S) and § > 0, then | f( ih) (o)) <e
for |t| < 6 and 0 € K. 5, where the latter set is compact and K, 5 := Ig®([-4,d] x K.) with & : (t,0) —

(t, d)ih)(a'))7 IIs : R X X — X being the canonical projection, and the compact K. C X is such that |f(7)| < €
if 7 ¢ Ke.
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The accumulated results permit us to discuss the phenomenon of (weak) spontaneous sym-
metry breaking as an emergent phenomenon when passing from the quantum realm to the
classical world by switching off & [57, ]. We address the reader to the next two chapters
where we will provide several examples in which the symmetry is typically (weakly) broken
in the classical limit, whilst on the quantum side no form of symmetry breaking takes place.
We in particular refer to Section 8.3.2, Section 9.5 or [57] for a wide discussion on the physical
relevance of this viewpoint and the various implications in understanding the quantum-classical
transition.

To put this concept in a general context, we assume the existence of a coherent pure
state quantization (Hp, VY, in)rery.0es of (S,ws) with Berezin quantization maps QZ2, and a
continuous bundle of C*-algebras over I with fibers 2y := Co(S) and Ay := B (Hp) and
consider the maps Qp, : Cp(S) — Ap. We now focus on the (quantum) C*-algebra 2y,

The dynamical evolution described by a A-parametrized family of one-parameter group
of C*-authomorphisms R > ¢ ++ af is induced by a corresponding h-parametrized family of
one-parameter unitary groups R 3 t + UJ) = e~ #Hn:

al(A) := UM AU, (A eAyp). (7.3.3)

It follows that o’ is strongly continuous in 2 due to Proposition 7.2.2, and thus (Ap, a”) is
a C*-dynamical system. We assume that the generator Hj of U” has compact resolvent and
that its lowest eigenvalue is non-degenerate. In particular, Hj is affiliated with 2, (viewed as
a von Neumann algebra) and thus, in particular, Hj is an observable of the physical system
represented by 2p.

Let us also assume the existence of a dynamical symmetry group G acting by symplecto-
morphisms on (S,wg), so that as a consequence of Prop. 6.2.2 the unitary action of G is given
by the QP-equivariant representation (6.2.15). In particular, UgQg(f)U; = QP (v,f), where
7, is given by v, f = fog~!'. We furthermore require that Hy commutes with Uy for all g € G.

In this situation, as opposed to the classical (h = 0) case, no SSB occurs. This fact should
be physically evident since there is only one quantum “ground state” (in the sense of a vector
state with minimal energy) which is G-invariant. However the algebraic notion of ground state
given above seems to be more complex and it deserves a closer scrutiny. We have the following
general result.

Proposition 7.3.2. Consider the C*-dynamical system (Boo(Hp), "), the latter defined in
(7.5.3), and with dynamical symmetry group G whose unitary and QP -equivariant action is
defined in (6.2.14)-(6.2.15). Assume the generator Hy, has compact resolvent, a non-degenerate
lowest eigenvalue and that Hyp commutes with the unitary representation of G on a densely
defined domain of Hp. No SSB (or weak SSB) occurs for h > 0.

Proof. As is well known (see e.g., Theorem 7.75 in [64]), if H is any complex Hilbert space,
the algebraic states on B, (H) are all normal and coincide with the statistical operators: trace
class, unit trace, positive operators p : H — H. Here w,(A) = Tr(pA) for every A € B (H).
Let us assume the dynamical invariance property w,(al(A4)) = w,(A) for every t € R and

A € B (Hp). Taking A = (-, 7(1")> ,(,Lm) where thi(i") = E,gb)i/)}(in)7 it is easy to prove that p
must commute with the PVM of Hj so that, in the strong-topology p = Z::E) P, f(i")>¢f(i").

Where p, > 0 and ), p, = 1. The eigenvectors %(1”) may be a rearrangement of the initial
ones separately in each eigenspace of Hy. The GNS representation of p takes this form (up to
unitary equivalence) as the reader can prove by direct inspection

M, = @y 2oL (R, dz) ;. mo(A) 1= By, 2047 U, =By soy/prpt™ .

It is not difficult to see that the strongly continuous one-parameter group of unitaries V' which
leaves ¥, invariant and implements o is here V; (€, 20¢n) = éBpn;éOe’“(Hﬁ’E;"))qﬁn. Its
generator is K = @p,,L¢0(Hh—E,%n)I). It is obvious that o(K) C [0, +00) only if p,, # 0 forn =0
so that p = (-, ,%0)>w,(io). The unique algebraic ground state is therefore w,(io) (A) = (1&,@, Aw;(:bo)>

7According to (9.2.23), n = 0,1,... labels the Hilbert basis of eigenvectors of Hj with non-decreasing
eigenvalues.
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for A € 9B;. This state is also G-invariant since the eigenspace of Hy with minimal eigenvalue
has dimension one and the PVM of Hj commutes with the unitary representation of G, since
Hj, does so by hypothesis. O

7.4 SSB in Nature

In this section we discuss the role of spontaneous symmetry breaking in Nature. The previous
discussions in this chapter (see also Section 8.3.2 and Section 9.5) have shown that SSB is a
natural phenomenon emerging in the limit of large number of particles N — oo or similarly,
in the context of Schrédinger operators, in the classical limit in & — 0. Indeed, a pure state
typically converges to a mixed state as we have seen in detail in Chapter 6. However, as
explained in Section 7.2 this is not the whole story, since theoretically speaking SSB also occurs
whenever pure states are not invariant under the pertinent symmetry group. It is precisely the
latter notion of SSB that occurs in Nature: the limiting ground state is typically observed to
be asymmetric, in the sense that it is pure but not G- invariant. This state is therefore called
the “physical” ground state.

7.4.1 “Flea mechanism”

At first sight, spontaneous symmetry breaking (SSB) is a paradoxical phenomenon: in Nature,
finite quantum systems (such as ferromagnets) evidently display it, yet in Theory it seems
forbidden in such systems. Indeed, for finite quantum systems the ground state of a generic
Hamiltonian is unique and hence invariant under whatever symmetry group G it may have (and
similarly for equilibrium states at positive temperature, which are always unique). Hence SSB,
in the sense of having a family of asymmetric ground states (or equilibrium states) related
by the action of G, seems possible only in infinite quantum systems or in classical systems
(for both of which the arguments proving uniqueness, typically based on the Perron—Frobenius
Theorem, break down).

Applied to SSB in infinite quantum systems, this means that some approximate and robust
form of symmetry breaking should already occur in large but finite systems, despite the fact
that uniqueness of the ground state seems to forbid this. Similarly, SSB in a classical system
should be foreshadowed in the quantum system whose classical limit it is, at least for tiny but
positive values of Planck’s constant /. To accomplish this, it must be shown that for finite
N or h > 0 the system is not in its ground state (or equilibrium state), but in some other
state having the property that as N — oo or i — 0 it converges (in a suitable sense, see
Landsman [57], Chapters 7,8) to a symmetry-broken ground state (i.e. the physical ground
state, as observed in Nature) of the limit system which is either an infinite quantum system
or a classical system. Since the symmetry of a state is preserved under the limits in question
(provided these are taken correctly), this implies that the actual physical state at finite N or
h > 0 must already break the symmetry.® We refer to Jona-Lasinio, Martinelli, & Scoppola
[50] for 1d Schrédinger operators with a symmetric double well potential in the classical limit,
and (independently) Koma & Tasaki [52], van Wezel [103] and van Wezel & van den Brink
[104] for (general) quantum spin systems in the thermodynamic limit.

In summary, we are seeking for states satisfying the following two properties:®

e in the limit (h — 0 or N — oo) the states are pure but not G- invariant and there-
fore correspond to the correct physical (symmetry broken) ground states (even though

8 Bogoliubov’s method of quasi-averages [15] looks superficially similar to this idea, see e.g. Wreszinski &
Zagrebnov [106]. However, in Bogoliubov’s work the symmetry-breaking term seems to be a purely formal
device which is removed after taking the appropriate limit. In this thesis, as well as in the works just cited in
the main text, the symmetry-breaking perturbations are physical and the essential point is that their importance
grows in the limit, or, as e.g. phrased in van Wezel & van den Brink [104]: “The general idea behind spontaneous
symmetry breaking is easily formulated: as a collection of quantum particles becomes larger, the symmetry of
the system as a whole becomes more unstable against small perturbations.” The same is true as i becomes
smaller at fixed system size, and in fact the analogy between N — oo and h — 0 is strong, as shown in the
paper [100] and M.Sc. thesis [97].

9We stress that these properties are compatible with the general idea regarding SSB, namely that the
symmetry of the system as a whole should become more unstable against small perturbations whenever the
collection of quantum particles becomes large.
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mathematically, the limiting state predicted by theory is invariant, but mixed.

e they should break the symmetry already before the pertinent limit, meaning that 1 <<
N < +o00 or 1 >> h > 0. However, for relatively large values of & or small values of V
the state should be G-invariant.

A mathematical mechanism is therefore required for obtaining these physical ground
states used to represent symmetry breaking in Nature.'® Based on the aforementioned two
properties, we introduce an approach originating in the field of perturbation theory: small
perturbations of the quantum Hamiltonian should yield the right physical (symmetry-broken)
state as described above already for finite, but large N, or small values of &. This would explain
the fact that symmetry breaking occurs in real (and thus finite) materials. The physical
intuition behind this mechanism is that these tiny perturbations should arise naturally and
might correspond either to imperfections of the material or contributions to the Hamiltonian
from the (otherwise ignored) environment.

Let us now illustrate this idea with an example introduced by Jona-Lasinio et al (later

called the “flea on the elephant” [93]), originally defined for the theory of Schrodinger

operators but later also adapted to mean-field quantum spin systems [100]. We hereto consider

the Schrodinger operator with symmetric double well, defined on suitable dense domain in
H = L*(R) by

H—h2d2 L)@ - a2)? 7.4.4

h=— @4’1(%—@)7 (7.4.4)

where A > 0 and a # 0. For any A > 0 the ground state of this Hamiltonian is unique and hence
invariant under the Zo-symmetry v (z) — ¥(—x); with an appropriate phase choice it is real,
strictly positive, and doubly peaked above x = 4a. Yet the associated classical Hamiltonian

1
ho(a,p) = p* + 7A@ — a*)?, (7.4.5)

defined on the classical phase space R2, has a two-fold degenerate ground state, namely the
Dirac measures w4 defined by

wt(f) = f(%a,0)., (7.4.6)

where the point(s) (o, po) are the (absolute) minima of hg. These (pure) states are clearly not
Zo-invariant. From these, one may construct the mixed symmetric state wg = %(w+ +w_),
which in fact is the classical limit (cf. Theorem 9.3.4, item (b)) of the algebraic ground state
wp, of (7.4.4) as i — 0, viz.

wi(a) = WY, av)’), (a € Boo(LA(R))); (7.4.7)

defined in terms of the usual ground state eigenfunction w}(io) € L?(R) of Hy, (assumed to be a
unit vector).

In view of the above discussion we need to find a quantum “ground-ish” state that converges
to either one of the physical classical ground states wy or w_ rather than to the nonphysical
mixture wg. To this end, we perturb (7.4.4) by adding an asymmetric term 6V (i.e., the “flea”),
which, however small it is, under reasonable assumptions localizes the ground state %(15) of the
perturbed Hamiltonian in such a way that wg) — wy or w_, depending on the sign and location
of 8V (see Figures 7.1-7.2).1! Furthermore, these figures show that symmetry breaking occurs

10A traditional mechanism to accomplish this, originating with Anderson [4], is based on forming symmetry-
breaking linear combinations of low-lying states (sometimes called “Anderson’s tower of states”) whose energy
difference vanishes in the pertinent limit. This approach frequently used in quantum spin systems indeed yields
the right “physical” symmetry broken state in the pertinent limit (see also Section 7.1). However, it still does
not account for the fact that in Nature real and hence finite materials evidently display spontaneous symmetry
breaking, since in Theory it seems forbidden in such systems (since, as we have seen, it allows SSB only in
classical or infinite quantum systems).

1 The ground state wave function of the perturbed Hamiltonian (which has two peaks for §V = 0 ) localizes
in a direction which given that localization happens may be understood from energetic considerations. For
example, if 0V is positive and is localized to the right, then the relative energy in the left-hand part of the
double well is lowered, so that localization will be to the left.
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already for small, but positive values of . This is precisely the essence of the argument and
the flea mechanism: SSB is already foreshadowed in quantum mechanics for small yet positive
h, if only approximately. We moreover stress that in this approach a single limit suffices (in
this example this is & — 0, whilst for mean-field quantum spin systems this would be N — oo

[100]).
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Figure 7.1: The Zs-symmetric double well potential V' (blue) with assymetric perturbation indicated by W
(red).
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Fig. 10.4 Flea perturbation of ground state u/;a\:]_‘ with corresponding Husimi function. For such
relative large values of A, little (but some) localization takes place.
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Fig. 10.5 Same at # = 0.01. For such small values of #, localization is almost total.

Figure 7.2: The ground state eigenfunction of the perturbed Hamiltonian (left) and the associated Husimi
density (right) for two values of Planck’s constant A.
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IT Applications

In the second part we apply the previous results, especially those of Chapter 6 and Chapter 7,
to concrete physical systems. We first consider mean-field quantum spin systems indexed by the
number of spin particles N. In the limit N — oo these systems have a classical counterpart on
the closed unit three-ball B3> C R? and its smooth boundary, i.e. the two-sphere S2. A detailed
analysis is carried out and semi-classical results on such systems are proved. In particular the
classical limit of the quantum Curie-Weiss model and its relation with symmetry breaking is
discussed.

Finally, in Chapter 9 Schriodinger operators are studied. These operators are labeled by the
parameter % and have a classical counterpart on R2", if & is sent to zero in a suitable sense.
As Schrodinger operators are unbounded one has to be more careful. We provide a method to
prove, under certain conditions on the potential, the existence of the classical limit of a sequence
of ground state eigenvectors. This is discussed for a certain class of potentials depending on
their internal symmetry, and in this setting new light is shed on symmetry breaking in the
classical regime h — 0.
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8. Mean-field theories

In this chapter we focus on homogeneous mean-field theories, which are defined by a single-site
Hilbert space H, = H = C™ and local Hamiltonians of the type
Hy = AT, 7™ o T, (8.0.1)

n2—1

where & is a polynomial on M,,(C), and A denotes a finite lattice on which Hy is defined [57].
Here Ty = 1y, (c), and the matrices (Ti);il_l in M,,(C) form a basis of the real vector space of
traceless self-adjoint n X n matrices; the latter may be identified with ¢ times the Lie algebra
su(n) of SU(n), so that (To,T1, ..., Ty2_1) is a basis of ¢ times the Lie algebra u(n) of the unitary

group U(n) on C™. Finally, we define the macroscopic average spin operators
1
M = m 3" Tia). (8.0.2)

Example 8.0.1. Consider the quantum Curie-Weiss Hamiltonian on a chain (cf. Section 4.3)

HN C®---9C-Cg---)C%

N times N times
J N
HN = | —55 2o 03()os(@) = BY_o1(j) | - (8.0.3)
1,7=1 j=1

Regarding (8.0.1) is it not difficult to see that
REW(Ty, Ty, Ts) = —2N(JTZ + BTY), (8.0.4)

where T, = £ SN 6,()/2, (1 =1,2,3). [ |

8.1 Mean-field quantum spin systems, symbols and strict
deformation quantization

As noticed by Landsman in [55, 57], a continuous bundle of C*- algebras provides a natural
setting to describe models in quantum statistical mechanics. By interpreting the semi-classical
parameter as the number of particles of a system, namely &7 = 1/N € 1/NU {0}, the limit
N — o0 is often used to study the so-called thermodynamic limit, namely the density of the
system N/V is kept fixed, and the volume V of the system sent to infinity, as well. This
approach has been rigorously studied using operator algebras since the 1960s. The limiting
system constructed in the limit N = oo is typically quantum statistical mechanics in infinite
volume. In this setting the so-called quasi-local observables are studied: these give rise to a
non-commutative continuous bundles of C*-algebras (with C*-algebra of the continuous bundle
denoted by @) with fibers at 1/N given by a N-fold (projective) tensor product of a C*-
algebra with itself, the fiber at N = oo, i.e., 1/N = 0, is given by the infinite (projective) tensor
product of this C*-algebra, and similar as Section 2.2.2 the base space I is defined by

I={1/N|N eN}uU{0} = (1/N)u {0}, (8.1.5)

with the topology inherited from [0, 1]. That is, we put i = 1/N, where N € N is interpreted
a the number of sites of the model; the interest is the limit N — oo.

However, the limit N — oo can also provide the relation between classical (spin) theories
viewed as limits of quantum statistical mechanics. In this case the quasi-symmetric (or macro-

90



CHAPTER 8. MEAN-FIELD THEORIES

scopic) observables are studied and these induce a continuous bundle of C*-algebras (¢} which
is defined over the same base space I := 1/NU{0} C [0, 1] with exactly the same fibers at 1/N
as the bundle C*- algebra 2@, but differ at N = 0o, in the sense that Ql(()c) is commutative
(viz. Section 3.2). It is precisely the algebra 2(°) which relates these (spin) systems to strict
deformation quantization, since macroscopic observables are defined by (quasi-) symmetric se-
quences which in turn are induced by the quantization maps (3.3.56). By Theorem 4.2.1 (i.e.
for the case of (2 x 2)-matrices) these maps are related to Berezin quantization maps quantizing
polynomials in three real variables restricted to S2. Exactly these Berezin quantization maps
can be used to prove properties of mean-field quantum spin systems in the limit as N — oo as
we see in this chapter.

8.1.1 Symbol and relation with quantization maps
Let us now introduce the notion of a classical symbol, i.e. a function

M
hy =Y N~Fhi + O(N-MFD), (8.1.6)
k=0

for some M € N and where each hj is a smooth real-valued function on the manifold one
considers. The first term hg is called the principal symbol.

For mean-field theories on a lattice it is precisely the commutative C*-bundle with fibers
(3.3.45)-(3.3.46) and quantization maps @1,y defined by equations (3.3.56)(3.3.57) that re-
lates the corresponding quantum Hamiltonian to these symbols. The classical symbol Ay is
typically a polynomial on S(M},(C)) and its image under the maps Q;,n yields the mean-field
quantum Hamiltonian H;,y in question, i.e. hy is said to be the classical symbol of Hy/y.
However, as every spin interacts with every other spin the geometric configuration of the lat-
tice is irrelevant [58, ], without loss of generality we may restrict ourselves to mean-field
quantum spin chains. For purpose of this thesis however we focus on one-dimensional spin
chains, i.e. we consider tensor products of Ms(C). As a result, the classical symbol becomes
a polynomial in three real variables restricted to S(My(C)) = B3.! Furthermore, we will see
below that the associated principal symbol exactly plays the role of the polynomial i defined
in the very beginning of this chapter.

It is a known fact that mean-field Hamiltonians, initially defined on the Hilbert space
®51V:1 C?, induce quasi-symmetric sequences. Such sequences typically leave the symmetric
subspace Sym” (C?) c ®2]:1 C? of dimension N + 1 (the symmetric N-fold tensor product
of C? with itself) invariant. In what follows we consider mean-field quantum spin systems
whose Hamiltonians H,,y are restricted to this subspace, since quantum spin systems arising
in that way are typically of the form QﬁN(hN|Sz) with hy|sz the classical symbol (cf. (8.1.6))
in three real variables restricted to B3 = S? and Q{S/N is defined by (2.2.40) (we refer e.g.
to Section 4.3 for an example). This fact follows from Theorem 4.2.1. Indeed, a mean-field
quantum spin Hamiltonian H,y restricted to the symmetric subspace is given by the operator

{3/ ~(ho)+O(1/N) where hy is a polynomial (principal symbol) in three real variables restricted

to S$2%, and where O(1/N) is meant in norm. Such spin systems are widely studied in condensed
matter and theoretical physics, but also in mathematical physics they form an important field
of research, especially in view of spontaneous symmetry breaking (SSB). One tries to calculate
quantities like the free energy, or the entropy of the system in question and considers for
example their thermodynamic limit as the number of sites N increases to infinity [60].

Remark 8.1.1. We stress that the parameter N at the same time may denote the number of
spin %—particles described by the restricted mean-field Hamiltonian H N|Symzv(@2) as well as the
total angular momentum J = N/2 of a single spin particle, already noticed by Ettore Majorana,
proposing that pure (vector) states induced by a sequence of eigenvectors of an N-qubit system
which are permutation-invariant correspond to pure spin J = N/2 quantum states which in
turn are represented by N points on the Bloch sphere S? [62]. Comparing this with the result

It is clear that for higher dimensional quantum spin chains, the classical symbol will be a polynomial in
k2 — 1 real variables restricted to S(My(C)).
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by Lieb [60], the “thermodynamic” limit N — oo and the “classical” limit J — oo are therefore
taken in the same way. Note that this is based on the fact that the single-site algebra is fixed,
i.e. we consider M>(C). If one instead considers a spin system on the N-fold tensor product of
the the algebra Ms ;41 (C) with itself one can try to perform two limits J, N — oo, using the
fact that Msy,1(C) = Qﬁj(f) by surjectvity of (2.2.40). This goes beyond the scope of this
thesis. |

8.1.2 Examples

Example 8.1.2 (Example 1 revisited). Let us go back to the example of the quantum Curie-
Weiss model introduced in Section 4.3. We are interested in the classical symbol associated
with this model. We already know from Section 4.3 that the Hamiltonian is a quantization
of the classical Curie-Weiss Hamiltonian h§" defined in (4.3.32). Let us perform the precise
calculation. In order to do so we have to normalize the quantum Curie-Weis model of the
previous example with a global factor 1/(N — 1) [60, 98]. We now recall a result originally
obtained by Lieb [60], namely that under the maps Q?/N given by (2.2.40) one has a corre-
spondence between functions G (also called upper symbol) on the sphere S? and operators
Ag on CN*! such that they satisfy the relation Ag = Q’lg/N(G). For some spin operators,
the functions G are determined (see Table 8.1 below). As usual each Si, S, S5 can be under-

Spin Operator G(9,9)

S 2(N +2) cos (0)

S2 %(N+2)(N+3)cos(0) — LN +2)

Sy ?(N + 2) sin (0) cos (¢)

S? %(N + 2)(N + 3) cos (¢) sin () — (N +2)
So ?(N + 2) sin () sin (¢)

52 L(N +2)(N + 3) sin (¢) sin (0) — (N +2)

Table 8.1: Spin operators on SymN((CQ) ~ CN+1 and their corresponding upper symbols G.

stood as a (unitary finite dimensional) irreducible representation of the Lie algebra su(2) on
the Hilbert space CV*!. Furthermore these operators satisfy [S;,Ss] = iS3 cyclically.? Tt is
not difficult to see that S3 = 23", 03(k)|sym~ (c2y and similarly for S; and S;. Using these
results, a straightforward computation based on a combinatorial argument shows that

3J 1
HY N lsym c2) = QEn(hG™) = S Qn (2) + QN (1). (8.1.7)

We write hy = h§" + N71(=3J22 4 1), so that by linearity of QF/N one has QF/N(hN) =
HS‘?V/‘SymN(Cz). The function hy : S? — R is the classical symbol associated to the quantum
spin operator Hf/%|symw(cg) in three real-variables restricted to the unit sphere S?. The

principal symbol hOCW indeed assumes the same form as RV in (8.0.4). |

Example 8.1.3. Let us consider the Lipkin-Meshkov-Glick (LMG) model. This model was
first proposed to describe phase transitions in atomic nuclei [61, 38], and more recently it was
found that the LMG model is relevant to many other quantum systems, such as cavity QED
[64]. The (scaled) Hamiltonian of a general LMG model is given by

A B
HINCG = - — = (87 +~53) — ——8S 8.1.8
1/N N(N+2)( 1+’Y 2) N+2 3 ( )
where as before S; = 13, o1(k) is the total spin operator in direction 1 and so on. We

are interested in A > 0, standing for a ferromagnetic interaction, v € (0,1] describing the
anisotropic in-plane coupling, and B is the magnetic field along z direction with B > 0. By a

2We recall from Chapter 5 that the number J := N/2 is also called the spin of the given irreducible
representation.
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similar computation as before, we find

1 3
HENO symvic = QEn (HEYO) + Q8 (1) = S5 @E (12 +7922), (5.1.9)
where h§MG .= f%(x2+'yy2)fBz denotes the principal symbol of hy := hOLMGJrN’l(f%(xQJr
vy?) + 1) is the classcial symbol in three real variables restricted to S2. ]

8.2 Semi-classical properties of mean-field theories

We now apply the methods from Chapter 6 to mean-field quantum spin systems. We start with
a result concerning the semi-classical behavior of the dynamics, followed by a subsection relating
the asymptotic properties of the spectrum of a mean-field quantum spin Hamiltonian to the
range of the principal symbol. Finally, we prove some fundamental properties of the eigenvectors
of the corresponding Hamiltonian in the regime of large number of particles N — oo.

8.2.1 Classical limit of the dynamics

In this subsection we show that the Heisenberg dynamics on the algebra 2,/ = BEN (in
the specific case, when B = M},(C)) defined by mean-field quantum spin Hamiltonians H; /x
converges to the classical dynamics on the Poisson manifold S(98) generated by its correspond-
ing principal symbol, i.e. a classical Hamiltonian hg defined on S(My(C)). In contrast to
the previous sections the theory based on the dynamics holds in a general setting where not
only one-dimensional mean-field quantum spin systems (i.e. tensor products of B = M5(C))
restricted to the symmetric subspace are considered. We henceforth focus on mean-field Hamil-
tonians defined on 244 ,y. We shall mainly follow the approaches from [35, 36]. We start with
a definition adapted from [35].

Definition 8.2.1. Let if) be the set of quasi-symmetric sequences introduced in Section 3.2.
For each N € N let (T}, /n = exp (tG1/n))ter be a strongly continuous group of automorphisms
of contractions on 2y /N with generator Gi/n. We say that a sequence of such automorphisms
has good mean-field properties if it is approximately symmetry preserving, by which we
mean that for all x € Qj the sequence N — Ty 1 /nT1 /N 5 also in Qj) |

For x1/y € 2;/y we write T.z. for the sequence (T'x.);/y = Ti/yx1/n. It follows that if
the above conditions are satisfied, Ty : 29 — (T.z.)o is well-defined. This yields the following
theorem.

Theorem 8.2.2 ([35, Thm. 1.2]). For each N € N let (T} 15 = exp (tG1/n))ter be a strongly
continuous group of automorphisms of contractions on 2y,n. Then the following conditions
are equivalent:

(1) for eacht € R, Ty . is approzimately symmetry preserving and the set of sequences x such
that 1 /n € Dom(Gq/n) and ||Gy/nz1/N|| is uniformly bounded, is dense in Q) in the
seminorm defined by (3.2.38).

(2) The operator Gy defined on the domain Dom(Gg) = {zo | ©. € 9 and G.z. € YD} by
Goxo = (G.x.)o is well-defined, closed and generates a semigroup of contractions Ty o on
C(S(My(C))). This operator is defined by Ty oxo = (T}, x.)o where xq is given by (3.2.36)
or, equivalently by (3.2.44).

If these conditions are satisfied, Ty = e*@o is the mean-field limit of T:,.. More-
over, Ty is implemented by a weak"-continuous 2-sided flow (F})ier on S(B), i.e.,
R x S(B) > (t,w) — F;(w) is jointly continuous, F; o Fy = Fi s for all t,s € R, and
T;0(f) = f o Fi. Equivalent conditions and more details can be found in [36, Theorem 2.3].

To move on our discussion we consider a specific class of generators, namely
Gyn(.) = iN[Hyy, ], for some Hy;y € 2y, playing the role of a Hamiltonian.
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We will show that under some assumptions on Hj,y, the group of automorphisms
Tyan = exp(itNad(Hy/y)) has a mean field limit 7}, which is the group of automor-
phism of C(S(B)) generated by the vector field {ho, .}, where hy € C(S(%8)). For this we need
a notion of differentiability on the limiting space C'(S(8)). We will see that the (quantum)
commutators have limits as a certain Poisson-bracket for differentiable functions on C'(S(8)).
We follow the approach from [36, Definition 4.1].

Definition 8.2.3 ([35, Def. 2.1]). We say that a function f € C(S(B)) is differentiable if

(1) for all w € S(B) there exists an element df (w) of B such that for all o € S(B) the
derivative

(o — 0,7 (w)) = lim = (F((1 ~ ) + 1) — () (8.2.10)

exists as a weak™-continuous affine functional of o.
(2) The maps w— (0 — w,df (w)) are weak™-continuous, uniformly for o € S(°B).
|

For each w we can fix a df (w) as the unique element of B such that (w, df (w)) = 0, so that
we can always write the derivative in the form (o, df (w)). With this convention, item (2) above
can be reformulated as saying that the map w +— df (w) is weak™-to-norm continuous.

Example 8.2.4. Let us consider the case B = M(C). Then, for w,0 € S(B) = B3, and
feC(B3):

lim 2 (F((1 — tlw + t0) — F(w)) =

t—0 t
lim 2 (/@ + o — ) ~ (@) =
(0 —w,df (w)), (8.2.11)

provided f is the restriction to B3 of some f € C1(R?). Roughly speaking, this means that
(0 —w,df (w)) = df (w) - (o —w).

The next step is to find the (2 x 2)-matrix associated to the differential df (w). We first
identify w with a density matrix px parametrized by a unique point x € B3, under the map
B> xm— i(I+x- 7), with @ = (01,09,03) and oy the three spin Pauli matrices. We
denote by ag(x) the matrix associated to df(x) . Given now wi,ws € S(M2(C)), so that
Pxy = %(I—i—xl . 7), and px, = %(I—i—Xg . ?), where x;1 and xs uniquely correspond to w; and
wa, respectively. We can expand the matrix a4z (x,) as follows,

Gaper) = Jo T+ 00 T,
for some coefficients f,ixl), (k=0,1,2,3). By a computation it follows that
(xg —x1,df (x1)) = df (x1) - (x2 = x1) = O - (xg — x1)
If we set
I = dfi(xa); (k=1,2,3),
we find
Qaf(xy) = df (x1) - 7.

Let z,y be sequences in 2). We denote by [z,y] the sequence n + [x1,n,y1/n]. It is not
true that [z, y] is quasi-symmetric if  and y are quasi-symmetric. However, the next theorem
gives a positive result in this direction when considering symmetric sequences. Here it also has
been proven that dzo(w) exists for a symmetric sequence z [35].
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Theorem 8.2.5. Let x and y be symmetric sequences. Then [x,y] is quasi-symmetric and for
all w € S(B) we have

[z, y]o(w) = N{w, [dxo(w), dyo(w)])- (8.2.12)
|

Given now differentiable functions f, g € C'(S(B)), we define their bracket { f, g} in C(S(B))
by

{f,9}(w) = ilw, [df (w), dg(w)]s)- (8.2.13)

We now show that this bracket coincides with the one we has introduced in Definition 3.1.3.
We fix k € N arbitrary and consider B = M, (C).

Lemma 8.2.6. The bracket (8.2.13) coincides (up to a sign) with the bracket defined in Defi-
nition 5.1.35.

Proof. With abuse of notation, we denote f = f € C>° (szfl) to be an arbitrary extension of
the function f € S(Mj(C)) (see Section 3.1.3 for details). We then need to find the (k x k)-
matrix agp(x) associated to the differential df (x). Given states w,o € S(M(C)), then there
exist unique density matrices p,, and p, such that w(a) = Tr(p,a), and o(a) = Tr(psa). The
matrices p, and p,, are characterized by the following expression

K2-1
1
po =3I+ > by, (8.2.14)
j=1

where z; € R and b; = 1}, for some basis {Tj}fizl of the Lie algebra of SU(k), consisting of
traceless anti-hermitian (k x k) matrices. A similar expression exists for p,, using the notation
y; for its coefficients. Expanding the matrix agp(x) in this basis yields

E2—1

agoo = IS0+ > £, (8.2.15)
=1

where now the coefficients f;x) (j = 0,...,k* — 1) may be complex. We again compute (and
find a similar expression)

(0 —wdf (@) =df(x) - (y —=x) = [ - (y = x). (8.2.16)
Therefore, we set
2 =dfyx), (1=1,,.,k - 1), (8.2.17)
so that
k2—1
tgpi) = D dfi(x)br- (8.2.18)

=1

Finally, we have to show that the bracket is compatible with the one defined in Definition 3.1.3.
We compute

[adf(x)a adg(x)]Mk(C) = [df (x) - b, dg(x) - b]Mk((C)
= dfx(x)dgi(x)[bk, bi] ar,, ()
= 1Cdfi(x)dgi (x)b,.. (8.2.19)

The coefficients C}, are the structure constants coming from the Lie algebra of SU(k). It

95



CHAPTER 8. MEAN-FIELD THEORIES

follows that

i{w, [agrx)> @dg () i (©)) = —Chadfi(x)dgi (%) Tr(pe, - ;)
= —Crdfi(x)dgi(x)zr, (8.2.20)

which indeed (up to a minus sign) corresponds to the bracket defined in (3.1.23). O

A natural question is whether or not it is possible to extend the domain of (8.2.12) (and
hence the domain of {-, -} beyond the symmetric sequences. Otherwise we would be limited
to strictly polynomial systems. These considerations lead to a less restrictive condition on the
sequence (H,/y). The precise result is states in the assumption below (see [35] for details and
proof).

Assumption 8.2.7. Let Hy/y = EMSN SM7NH§J/V]\)4, with Hyn € Ay /0, so that in particular
(Hi/n)N is quasi-symmetric. Assume

(1) For all M the limit lff1/M = limy 00 H{j/\x[ exists in the strong operator topology.

N
(2) Se_ymsupys s [[H{ |l ar < o0,
where the norm || - ||1/ar is the operator norm on 2y /py.

These two conditions enable us to extend the bracket (8.2.12) beyond the symmetric se-
quences. We have the following theorem about the mean-field limit, taken from [35].

Theorem 8.2.8. Given a sequence of self-adjoint Hamiltonians (Hy,n)n, satisfying the con-
ditions of Assumption 8.2.7. Set, Ty 1/ = exp (itNad(H, n)) for alln € N and t € R. Then,

(1) (T3,.)ter has a mean-field limit (T} 0)ier which is the group of automorphisms of C(S(B))
generated by {ho,.}.

(2) Ty is implemented by a flow Fy, a differential equation for w, = Fiw being <%wt,a> =
i{wy, [dho(we), a]) for allw € S(B), and a € B.

Remark 8.2.9. A general sequence (y1/n)n of self-adjoint Hamiltonians in 9) may not have
a mean-field limit since the bracket (8.2.12) may not exists for such sequences. |

This machinery finally allows us to relate the quantum Heisenberg dynamics to the clas-
sical dynamics. To this end we focus on mean-field quantum spin Hamiltonians H,,y on
Ay /v = BEN, (where B = Mj,(C) is fixed) satisfying Assumption 8.2.7. By Theorem 8.2.8 it
follows that (7},1/n)ter = (exp (itNad(H;/y)))ter has a mean field limit (7o ¢);er on C(S(B))
generated by the vector field {hg,.}. In particular, as a result of Theorem 8.2.2

Tyof = f o = oy (f), (8.2.21)

where qb?o is the flow associated to the vector field {ho,.}. Observe moreover that T} ;,n is
nothing else than the time evolution a la Heisenberg:

Ty 1 nwiyn = NN gy e NN, (8.2.22)

In what follows we apply these ideas to the quantization maps @,y defined by (3.3.56) on the
domain Ay given by (3.3.54). Hence, we let z1/n = Q1/n(p), where p € Ay C C(S(B)), with
B = M (C). We wish to control the limit of Tt71/NQ1/N(oz?° (p)) (for p polynomial on S(:B))
as N — oco. However, for any polynomial p on S(B), T op € C(S(*B)) is not necessarily a
polynomial so that @y, N(a?“ (p)) may be not well-defined. In order to circumvent this problem
one can try to extend the quantization maps (3.3.56) to all of C(S(2B)). This is quite technical
and will not be done in this thesis. Nonetheless, we can simply restrict to Hamiltonian systems
for which the flow is polynomial. The precise statement is given in the following proposition.
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Proposition 8.2.10. Let Hy/n be a mean-field quantum spin Hamiltonian satisfying Assump-
tion 8.2.7, and denote by ho the limit given by (3.2.36). Consider the Hamiltonian vector field
X" () = {hg,-} with Hamiltonian flow denoted by d)?”. Assume there exist polynomials p in
k%—1 real variables restricted to S(B) such that the time evolution of(p) = p0¢?° corresponding
to the vector field X" is a polynomial. Then for these p the following holds

Jim [T/ x(Quyn (P)) = Quyn (@] (9))l [ = 0. (8.2.23)

In other words, the Heisenberg dynamics converges in norm to the classical dynamics.

Proof. Note that
T,.0Qo(p) = po ¢ = Qo (p)), (8.2.24)

since Qo(f) = f by definition of the quantization maps. As @ is an algebra, the sequences
(Ty1/n(Q1yn(p))) N and Ql/N(a,]fo (p)) are (quasi) symmetric, also the sequence

(o, o Ton Qv (D) — Quyn (g (p), ) (8.2.25)

N

is (quasi) symmetric, and hence defines a continuous section of the bundle C*-algebra 2A(¢)
defined by the fibers (3.3.45)—(3.3.46) in Chapter 3. It follows from the continuity properties of
the bundle condition (cf. 2.1.1) that the norm limit equals zero. This proves the proposition.

O

8.2.2 Semi-classical properties of the spectrum

In contrast to the quantization maps (3.3.56), the Berezin quantization maps Q{B/N defined
by (2.2.40) are expressed in terms of coherent states which allows us to prove semi-classical
properties of mean-field quantum spin chains restricted to the symmetric subspace of dimension
N + 1. We have seen that the classical counterpart of such systems is the two-sphere S2, and
therefore we shall consider the symplectic manifold (S?,sinfdf A d¢) where 0 € (0,7) and
¢ € (0,2m) with associated Berezin quantization maps Q7 defined for parameters varying in
the discrete base space (1/N) U {0}.

As a result, Theorem 6.1.2 applies to the manifold (S?, sin 0df A d¢). It yields an important
corollary, relating the spectrum of a mean-field quantum spin system with Hamiltonian H;/x
to the range of its principal S2. Indeed, as already mentioned in the beginning of this chap-
ter, the operator H, y leaves SymN (C?) invariant, and we therefore consider its restriction
Hi /N |gymn (c2y which typically assumes the form Q’lg/ ~(hn), where hy is a classical symbol of

the type h = hyg —|—Z£/[:1 N~Fhy, with each h; (i =0, ..., M) a polynomial in three real variables
restricted to S2. The precise result is stated in the following proposition.

Proposition 8.2.11. Given a mean-field quantum spin system with Hamiltonian
Hy/n|gymn (c2) = Qllg/N(hN), where Q{B/N is defined by (2.2.40), hy is a classical symbol of the

type h = hg + nyzl N~Fhy., and each h; (i =0, ..., M) is a real-valued polynomial in three real
variables restricted to S2. With a slight abuse of notation, let us write Hyy:= Hl/N|SymN (€2)-
Then, the spectrum of Hyn is related to the range of the principal symbol hg in the following
way,

lim dist(ran(ho),o(Hy/n)) = 0. (8.2.26)
N—oo
Proof. This follows for example from Weyl’s Theorem (see e.g. [102] for details) applied to

the hermitian matrices le'D‘/N(ho) and QlB/N(ZQ/[:l N=*(hy)) = Z,ivil N‘kQF/N(hk), stating
that if )\5\1,) is the i'" eigenvalue of Hy/ny = Qp/n(ho) + PO kaQf/N(hk), and €\) is the it
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eigenvalue of Q1/n(ho), then

M
(i) () —k 1
Ay —en| < ||Q1/N<k§—1N hi)| < ng%%vfllhkﬂoo —0 (N — o0),

where in the last step we used that ||Q{3/N(hk)\| < ||hk||oo- In particular, we conclude that
lim s o0 dist(o( ?/N(ho)),a(Hl/N)) = 0. By the triangle inequality applied to the distance
function in Theorem 6.1.2, the result follows. O

8.2.3 Classical limit of eigenvectors

We prove the existence of the classical limit associated to a sequence of eigenvectors corre-
sponding to a mean-field quantum spin Hamiltonian. We start with a result (Lemma 8.2.12)
that is a specific case of Proposition 6.2.8 applied to (S2,sin8df A d¢).

Lemma 8.2.12. Given a strict deformation quantization of S? with associated quantization
maps Qf/N(ho) defined by spin coherent states (cf. (2.2.40)), where hg is a continuous function

on S%. Given E € ran(hg) and suppose that 2 € hal(E), the preimage of E under hg. Then
it holds

: B Q _ ppQ —
A}E)DOOHQl/N(hO)‘I’N EVy|| =0, (8.2.27)

where Q{B/N is the extension of the maps (2.2.40) to C(S?) (c¢f. Lemma 2.1.7).

Proof. On account of Proposition 6.2.8 we just have to prove that that function N —
c(1/N)(WF, T, for ¢(1/N) = ML goes to zero as N — oco. To this end we note that
the overlap between two coherent spin states® is given by

1+t)N/2

9= (4 (5.2.25)
where ¢t € [—1,1) denotes the cosine of the angle between the both (different) coherent states.

As a result,

N41/1+8\N?
li -rt —0. 8.2.29
N A ( 2 ) (8.2.29)

O
Remark 8.2.13. We stress that the same result holds when we replace the principal sym-
bol hg by hy. Indeed, since such hpy is typically given by h = hg + Zfél N~F*hy, for
some M € N, by linearity Qi/n(hn) = Q1/n(ho) + 22421 N*le/N(hk). Since each

1Qu/n(hr)l| < [[hk]|se, clearly one has || Y4t ) N7%Qun(hi)l| < & maxi<e<ns [[hr]]oo, and
hence [|Qy/n (hy)v ) —Eo|| < |Qy/n (ho)v ™ — EvY||+O(1/N), so that by the lemma also

limy— oo ||Q1/N(hN)v(Q) — Ev®|| = 0. This in particular implies that coherent spin states are
“approximate” eigenvectors of restricted mean-field quantum spin Hamiltonians H/x|gym» (c2)-
|

In what follows we study the classical limit N — oo with respect to the set of physical
observables by {QF/N(f) | f € C(5%)} where the quantization maps Q?/N(-) € B(Sym™ (C?))
are defined by extension of the maps (2.2.40) to all of C(S?) which is possible by Lemma
2.1.7. To this end, we assume the following data of the corresponding Hamiltonians H,,y with
principal symbol hg restricted to S2.

Assumption 8.2.14. We assume:

3We particularly refer to equation (A.1.7) and the general construction on coherent spin states in Appendix
Al
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(a) G is a finite group and acts on (S?,sin0df A do) in terms of symplectomorphisms.

(b) Hy/n restricted to Sym™ (C?) commutes with the unitary representation U, constructed
by Proposition 6.2.2.

(¢) The action of G leaves invariant hy* ({A}) and is transitive on it.
|

This yields the following proposition proving the classical limit of a sequence of eigenvectors
corresponding to Hi,y. We do not require the restriction of Hy,y to the symmetric subspace,
instead we require permutation invariance of the eigenvectors. We stress that the proposition is
a special case of Theorem 6.2.5 specified to a finite group G' and the manifold (52, sin 0df A d¢).

Proposition 8.2.15. Let us consider a mean-field quantum spin system H,,n with principal
symbol hg on S? such that the previous assumptions hold. Then the following fact is valid
for every chosen Qq € hal({A}) and a family of permutation-invariant eigenvectors {¢on}nen
of Hy/n with non-degenerate eigenvalues {An}nen converging to A as N — oo for some
A € ran(hg).

(o QP = 5 > flath), for evey ] € O, (8.2.30)
g

lim
N —o00

where Ng denotes the number of elements of G. Moreover, the right-hand side of (8.2.30) is
independent of the choice of Q.

Note that by the assumptions the eigenvectors are permutation-invariant and hence restrict
to Sym™ (C?), so that the expression (@N,Qfg/N(f)gpN) makes sense. Let us now prove the
proposition.

Proof. This is a direct application of the techniques used in the proof of Theorem 6.2.5. We
shall provide an alternative more direct proof exploiting the fact that G is finite. Let us define
T := hy'({A}) which is a finite set consisting of at most N elements. Indeed, given Q € T
this set satisfies I' = {g€Q | ¢ € G} for every chosen Qg € T' due to G-invariance of hy and
transitivity of G on I' (Assumption 8.2.14 (c)).

Let us now label the elements Q € hy ' ({A}) by Q; where i = 0,..,n—1. Obviously n < Ng.
We define A; := {g € G | g = ©;}. By uniform continuity of f, given € > 0, we can find
§ > 0 such that for all Q € Bs(;) = {Q € S?| dg2(2, ;) < §} one has |f(2) — f()] < ¢/2n,
for all + = 0,...,m — 1. Let us fix one such neighborhood Uy := Bs(£p). As all points in
I’ are distinct we can choose g; € A; (i = 0,...,n — 1) so that the sets U; := g;on are
neighborhoods of €2;, using the fact that the map Q — ¢ is a homeomorphism. Since the
points €); are distinct the n neighborhoods can be picked to be pairwise disjoint. As U,
commutes with Hy, N|SymN(C2) and the eigenspace spanned by ¢y, is one-dimensional, it follows
that Uypn = €'y for some real a and thus ®x(¢g71Q) = €@y (£2). Since the spherical

measure djig> is G-invariant, the measure dp,, = ]\gl |®n|%duge is also G-invariant. Writing

dQ :=dugz and () = Pn(Q) = (pnN, \IJS\?)> we find

N+1 N+1 N+1
L aoe@P =20 [ age@)p = .. = 2 F ./' AP, (8.231)
47 Uo dr U, 4m Un-1

Under stereographic projection the neighborhoods U; correspond to open sets in C which
we will denote by the same name, and the points S? > §2; will be denoted by z; € C. Given now
the sequence of normalized eigenstates ¢ = (on)n of Hi/y = Q1/n(hn) (with Q1 y defined
by (3.3.56) and where hy is the classical symbol of the form (8.1.6) corresponding to H;y)
and defining U$ = \II% we compute

(. Qi (D)o = 7= [ d0r@)l(p. 97 =
2
Nilémufﬁﬁﬂ”@uw' (3.2.32)
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We then split this integral as follows:

N+1 dz?

In what follows we use the fact that

B _N+1 dz? 9
L={(p0) = — /C TENEHE |®(2))2. (8.2.34)
We then write
Jm e, Qun(He) - 5 3 flg)
— 00 a ppere
N+ dz? , 1 S N+1 dz? )
= /<c(1+|z|2)2f(z)|q)(z)| - Fagg; ” /<c(1+2|2)2f(920)¢(z)|
. N+1 dz2 1 ! 2
SPVLLTN e /c\uw (L4 [2[?)? (f(z) - Ne ; g;i f(gzo)) )
N+1 dz? 1 &=
5 L o 22 LOLSG

We now estimate the first integral:

'N:l /C . <1+d|i|2>2<f(z) _ le 3 f(gzO>)|¢><z>|2

i=0 g€ A,

N+1 dz?
< (Ng + 1)||f||ZO7T/C\UU~ W\@(ZHQ

= (Ne + DIl fI3]lellE\uu, - (8.2.35)

Let us now consider the set V, := ho_l((A —v,A +7)). By playing with v we can obtain
V, C U;U;, so that the norm ||90||%:\UU,; can be made bounded by the norm [|¢|[s\y, . As a
result of Proposition 6.2.3 applied to ¢y and Q’IB/N (hols2), the latter norm tends to zero as
N becomes sufficiently large, so that (8.2.35) can be made bounded by €/2 as N is sufficiently
large.* We are thus done if we can show that

N+1 dz? 1 T N+1 dz?
‘ - /UUi i |z‘2)2f(z)|<1>(z)\2 - Z Z . /UUi i |Z|2)2f(gzo)|<1>(z)|2 <e€/2,

i=0 g€ A;

whenever N sufficiently large. Since U; NU; = 0 if i # j, we can write

N+1 dz? 9
/U . _1(2)] ()]

m 1+ 2%
N1 422
) Zo ™ /U (1 +Tz|2)2 f@)@ ().

4Since Hy/Nlsymn c2) = Qu/n (AN )lsymn (c2) = Q{B/N(h0|s2) 4+ O(1/N), the vector ¢y is strictly speaking
not an eigenvector of Q{B/N (ho|g2), but only asymptotically. Nonetheless, with a slight adaptation of Proposition

6.2.3 one can still obtain the bound on the norm of ¢.
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Making use of (8.2.31) we can estimate

N+1 dz? N+1 dz?
5 L e = [, e
Lt =0 g€A;
n—l n—1n—1
N+1 dz? |A | N+1 dz2 ,
< Z o (1+]2P)2 f(z)|® Z /U 0T |Z|2)2f(gzo)\<1>(z)\
=0 ! i=0 7=0 j

—Z

M (1+\ B )2|‘I’( 2P = (2) —
f(gz0)| = sup,cy, |f(2) — f(2:)|. By uniform continuity of f, each supremum is bounded

by €/2n, so that (8.2.36) is bounded by €/2. This shows that

(8.2.36)

=G B (52 = Flgz0)|0(2)P
L+ [22)2 970

‘m@w Z Fg0)| <€, (8.2.37)
¢ gea
whenever N sufficiently large, which concludes the proof of the theorem. O

8.3 Applications to Curie-Weiss model and SSB

In this section we first consider the manifold (S2,sin6df A d¢) and apply our findings to the
Curie-Weiss model HIC/‘;\,V introduced in Section 4.3. We show that Proposition 8.2.15 applies
to the ground state eigenvector, yielding the classical limit of the Curie-Weiss model in terms
of a mixed state on the phase space S2. To this end let us show that Assumption 8.2.14 and
the additional assumptions in Proposition 8.2.15 are met.

The relevant symmetry group acting on S? is Z, which consists of two elements, and the
non-trivial element (_; acts as follows on functions f on the sphere S2,

(C_1)(0,0) = f(m—0,—¢), (0€(0,7),6¢€ (—m,7)). (8.3.38)

It is not difficult to see that this action leaves the Poisson bracket (2.2.32) invariant, and
therefore it acts as symplectomorphisms.

Moreover, it is an easy exercise to see that the unitary representation U_; on %(SymN (C?)
predicted by Proposition 6.2.2 is implemented by the operator U_; := ®nN:101 |SymN((C2) (which

makes sense since ®._ 171 definitely leaves invariant the subspace Sym™ (C?) ¢ @_, C2. As

Hf/‘fv/ commutes with ®Y_; 01 and the operators H1/N and ®Y_ 0, both leave the subspace

Sym™ (C?) invariant, it follows that

[U_1, HO)N |symn (c2)] = 0. (8.3.39)

We assume B € (0,1) and J = 1, in which regime the CW model exhibits spontaneous
symmetry breaking (SSB) as we shall see shortly. For this choice of parameters we consider
the absolute minima of the classical CW Hamiltonian h§"W (cf. (4.3.32)) restricted to S2
which plays the role of the principal symbol as explained in the previous section. That is,
we put Ag = mingeg2{h§" (Q)}.> By a simple calculation these minima are attained in
{zry = (B,0,£v1 — B?)}, or equivalently in spherical coordinates, in

{(0,¢)+ = (cos ! (£/1 — B2),0)}. (8.3.40)

The action ¢_; obviously leaves (h§™)~!(Ag) invariant and acts transitively on it. In

summary, we have shown that the conditions in Assumption 8.2.14 hold.

5We point out that both minima of hOCW, initially defined as points on B3, lie on its boundary S?.
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On the quantum side one can prove (see Appendix C.1) that for each N = 1,2,3,... the

ground-state vector \Ilgv) of HS, 1 / v is unique (up to phase factors and normalization) and belongs
to the symmetric space

Sym™M(C?) = C? @, --- @, C2 = CNFL (8.3.41)
—_————

N times

In particular, the associated sequence of ground state eigenvalues )\58) converge to Ag as
N — oco. This is proved in the following Lemma.

Lemma 8.3.1. The sequence of ground state eigenvalues /\5\?) corresponding to the operator

HIC;VA‘,/ converge to Ag = min(h§W) as N — oo.

Proof. By Theorem 6.1.2 we can immediately conclude that

dise (ran(h), (@0 (™)) =

sup inf |z —y| — 0, (N — 0). (8.3.42)
zEran(hCW) yea(Ql/N(hCW))

We now show that the spectrum of Q?/ ~(B§™) is contained in the (connected and closed set)

ran(h§™) C R. Indeed, let f := h§™ — Ag. Then f > 0 so that by positivity of the Berezin
map Qf’/N also QlB/N(f) > 0. By construction, the spectrum of QlB/N(f) satisfies

o(QTn(f) = o(Qiyn(h§™)) = Ao C [0,00)

Consequently,
Gg(;)N > Ao,
where eg%\, is the minimum eigenvalue of Qf/N (h§™). Since by Rieffels condition also
U1 = 11QE N (™I < 113§ ||oc
with 657131) the maximum eigenvalue of Q{‘D’/N(hg W), it follows that
o@D n(h§™)) C ran(h™), (8343
as desired.

Combining (8.3.42) and (8.3.43) we obtain

; (0) -0
A}EI})O|€1/N 7A0| - 07

(maw) ow —
Jim (e — || || = 0.

Since Hl/N = Q/n(h§™) + O(1/N) the same result applies to )\( ) as follows for example
from the proof of Proposition 8.2.11. We conclude that

lim |)\

N—o00

1/N Ao| =0,

as we needed to prove. O

We can finally apply Proposition 8.2.15 and find that for any f € C(S?)

Jim (0, Q0 (¥) = 3 F(loos™ (V= B9,0) + f(foos™ (-~ B2)0) ).
(8.3.44)

102



CHAPTER 8. MEAN-FIELD THEORIES

In other words,

Jim {0 (@ () = (), (8.3.45)
where
W QPN (1) = (T, QF (1Y) (8.3.46)
and

w(o)(f) = %(f((cos_l(\/ 1 — B2),0)) + f((cos™ (—=V/1 — B2),0))). (8.3.47)

We now extend the previous result to polynomials on B3, i.e. we consider Ao (the set of
polynomials in three real variables restricted to B?®). Indeed, we show that a similar result
has been verified for all f € 2, using the quantization maps Q1/n defined by (3.3.56). This is
proved in the following theorem.

Theorem 8.3.2. Let Qq/n : Ay — My(C)N be the quantization maps defined by linear exten-

sion of (3.3.56) - (3.3.57), c¢f. Theorem 3.3.4, and let \II(NO) be the (unit) ground state vector of
the Hamiltonian (4.3.28) of the quantum Curie—Weiss model. Then

lim WO (Qun () = w@(f), (8.3.48)

N—o00

for all f € Wy, where w%%, and w® are defined in (8.3.46) and (8.3.47), respectively.

Unfolding (8.3.48) on the basis of (8.3.46) and (8.3.47), the theorem therefore states that

lim (U, Qun(H)TY) = 3(F(x4) + f(x-)), (8.3.49)

N —oc0

for any polynomial function f on B?® (parametrizing the state space of My(C)), where the
points x4 € B? are given by (8.3.40).

Proof. The proof of Theorem 8.3.2 is easy. Indeed, on account of Theorem 4.2.1 it follows that
for any f € 2

i Qv () = w0 (QF n (F152))] < 1Qu/x (F)lsymn (c2) — QEn (fls2)]] = 0, (N = 00),
(8.3.50)

using the fact that \I/S\(,)) € Sym” (C?) which is an invariant subspace for the operators Q; /n(f)
O

Therefore, at least for polynomials f on B2, the existence of the classical limit w(®) (f|g2) =
lim o0 wg%\,( 1B/N (fls2)) predicted by Proposition 8.2.15 also implies that existence of the
classical limit stated in Theorem 8.3.2 (cf. (8.3.48)).

Remark 8.3.3. The existence of the limit in Theorem 8.3.2 has been independently verified
using numerical simulations, yielding convincing numerical evidence about the large N behavior
of \Ilg\(,)), summarized in Assumption 8.3.7 in Section 8.3.1 below. Even though a mathematical
proof has been given above, for completeness of this thesis we provide a comprehensive overview
of techniques used and numerical evidence obtained in order to arrive at the same result. W

8.3.1 Alternative proof of Theorem 8.3.2

)

Our proof relies on the large- N behavior of the components of \IJE\? . By permutation symmetry

of the Hamiltonian and uniqueness of the ground state we know that \IIE\?) lies in the symmetric
subspace Sym” (C?) of (C?)N®. To this end we use the Dicke basis of that subspace with

respect to which the asymptotics of \1158) will be studied. We refer to Appendix C.1 for details.

103



CHAPTER 8. MEAN-FIELD THEORIES

With the help of a good numerical evidence, we are in a position to verifiy (8.3.48) where,
for convenience we fixed B = 1/2 and J = 1. We will take advantage of some preparatory
results we are going to discuss. The first one is a pivotal proposition whose proof is a bit
technical.

Proposition 8.3.4. Let h: S? — C be a bounded measurable function that is C*(A) for some
open set A C S2. Then the following properties hold for every Q' € A:

(a) If¢ >0, then

MQ) = lim M/ Q)T , U2 2 de. (8.3.51)
N—o0 47 S2
(b) In particular,

A A
By||hl|o + CV|dR )%
VN ’

(N +1)

h(QI) B 47 S2

h<ﬂ>|<w§s’,w%>2fda\ < (8.352)

'where
dh||?) = su v/ ga(dh,dh), 8.3.53

in which gq is the inner product on TgS? induced from R?, and By, CéA) > 0 are constants
independent of h and Q' (but CéA) depends on A).

Proof. See Appendix B.3. O

Remark 8.3.5.

(1) Here ||dh|\£>f) could be infinite and, in that case, (8.3.52) is trivially valid for every choice
of CéA). It is, however, always possible to restrict A to a smaller open set with compact

closure included in the initial set A where h is C!. In that case, Hdh||£>?) is finite. This
observation applies to all similar statements we will establish in the rest of the work.

(2) The apparently cumbersome formulation of Proposition 8.3.4, where A does not coincide
with S2, is really necessary, since we will use this and similar results exactly where the
functions in question are not everywhere C*.

(3) In view of Definition 2.2.2 (2) applied to the manifold (S?,sinfdf A d¢) property (a)
automatically holds . [ ]

Another crucial building block of the proof of Theorem 8.3.2 is good numerical evidence about

the behavior of the coherent components of <\Il§\(,)), Q) for large N (see Appendix C.3). Namely,
for sufficiently large N, we have for { =1 and ¢ = 1/2,

N +1
47

N+1
472t

N+1
472t

(U R~ S (U WP + S (e, U, (8.3.54)
where 1 define a pair of corresponding unit vectors x4 as in (8.3.47), always assuming J = 1
and B = 1/2. In terms of polar angles 6, ¢, these read

(04,64) = (7/6,0), (9_,6_) = (57/6,0). (8.3.55)
Remark 8.3.6. The practical meaning of (8.3.54) is that, as N increases, the map Q —
% | <\Il§3), UL |? increasingly accurately approximates a linear combination of two functions,

each of which, in turn, tends to a Dirac delta distribution centered at 0, and _ respectively,
in accordance with part (a) in Proposition 8.3.4. In particular, the set of points Q where

%\(‘I’S\?), W) |? is appreciably different from zero tends to concentrate around 4 and _.

SHere, and henceforth in similar statements, when dealing with differentiable functions defined on S? we
always refer to the differentiable structure induced on S? by R3.
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We now focus on the behaviour of the ground state eigenvector \IIS\(,)). To this end, we occasion-
ally write Qg4 = U< to emphasize the explicit dependence on the angles Q = (6, ¢).

In Figure 8.1 and Figure 8.2 below the function (6, ¢) — YL [(WY U 0 4)[? is computed for

N = 150; the peaks at the values (0, ¢) = (7/6,0) and (0, ¢) = (57r/6 O) are clearly visible.

(N+ 1)@ pi) (L), )1

Figure 8.1: %\(WE{P,Q@@)P as a function of § and ¢, for N =150,J =1, B=1/2.
(N+1)(api) (e, ) 12

57i6

= x/2

Figure 8.2: Top view of the previous plot.

In Figure 10 (Appendix C.3), the angle ¢ = 0 is fixed and a plot of the two functions
N+1

0 — (TR, o) (8.3.56)
N+1 N+1
O —— o |<Q+7990H2*";;;*|“?7,QGQ>F (8.3.57)

is given. It is evident that the two graphs are almost indistinguishable and this fact becomes
more and more evident as IV increases. Similarly, in Figure 11, the angle § = 7/6 is fixed and
a plot of the two functions

N+1

¢'_> AT |<\II5\?)7QW/6,¢>>|2; (8358)
N+1 N+1

¢ = =5 [0, Quje.6)* + =g =12 Qs o) (8.3.59)
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is displayed. It is once again evident that the two graphs are almost indistinguishable and
this fact becomes the more evident the N increases. We repeated the same analysis for the
point 57/6, but omitted this plot as its graph looks similar due to symmetry. Moreover, in the
appendix we produce similar plots for ¢ = 1/2.

Concerning assumptions (a) and (b) below, we will employ an L? interpretation of (8.3.54)
for ¢ = 1 partially suggested by Remark 8.3.6, and an even weaker interpretation for £ = 1/2.
As a matter of fact, the proof of Theorem 8.3.2 directly uses the three requirements in Assump-
tion 8.3.7 below which are supported by numerical evidence (Appendix C.3), independently of
(8.3.54).

To state item (c) in these assumptions, we define, for Q4 € S% and r > 0,

D, (Q0) = {Q € S? | ®(Q,Q) < r}, (8.3.60)

where ® denotes the angle between 2 and Qq. It is clear that D,.(£)) is a geodesic disk on S?
centered at )y with radius 7.

Assumption 8.3.7. On numerical evidence (Appendiz C.3), we assume the following proper-
ties:

(a) limy_e0

N+1, N+1 ¢ N+1 o
L (Pt osp - X wgye - S ol wie) e o

47
(8.3.61)

(b) There is a constant G > 0 such that for every N € N and £ =1/2,1,

NAT 50 gayee N+L o covee N1 oo oo

v, - oot - v v dQ < G@G.

| P v - i WP - TR v ae < 6
(8.3.62)

(c) For everyn € N and £ =1/2,1, the sequence of maps
N+1
S*\ Dijn(Q4) U D1jn(Q-) 3 Q o == [(U0, W) (8.3.63)
is bounded by some constant K, > 0 and pointwise converges to 0.

|

Remark 8.3.8.
(a) Using Lebesgue’s dominated convergence theorem, item (c) implies in particular that, if
A C 5% is a given open set containing 2, and Q_, then

N+1

li 2O w2 = o, 3.64
i = (PN, U [* =0 (8.3.64)

(b) For given £ = 1/2 or 1, the class of functions

N+1, _¢o N+1 o
57200 S w - S w (33.65)
also satisfies (¢), as is clear from the proof of Proposition 8.3.4. |

Together with Proposition 8.3.4 and the elementary facts about the states |Q2) presented in

Appendix A.1, these properties of \Ilg\?) (assumed valid on the basis of their numerical evidence)
are the source of the following two lemmas:

Lemma 8.3.9. Let h: S? — C be a bounded measurable function that is C1(A) for some open
set A C S? containing both Q4 and Q_. On Assumption 8.5.7, where (b) and (c) are required
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only for £ =1, one has

lim YD /h(Q)|<\If§3),\1/%>|2dQ = 1h(Qy) + 1h(Q). (8.3.66)
S

N—00 47 2
Proof. See Appendix B.3. O

Notation 8.3.10. From now on, S denotes the south pole of S? determined by § = 7 in
standard spherical polar coordinates. |

Lemma 8.3.11. Let h : S? — C be a bounded measurable function that is C1(A) for some
open set A C S? that does not contain S. On Assumption 8.3.7, where (b) and (c) are required
only for £ =1, for any Q' € A, M € N, and N > M one has

(U TR (UF_y OF)d2 — (W) T HR(KY)

A
Dhlloo + /CIfI12 + DA [P
= (N — M)A ’

(8.3.67)

where the constants C, K4, D) > 0 may depend on M, and K and D™ may also depend
on A, but C, KW DWW are independent of ', h, and F, where

F(Q) = [h(9) — h(Q)[*. (8.3.68)
Proof. See Appendix B.3. O

After these preparations we are finally in a position to prove Theorem 8.3.2.

Alternative proof of Theorem 8.3.2. Let us start the analysis of the large-N be-
havior of the expectation value <\I/S\(,)), Ql/N(f)\Ilg\?)> for some fixed polynomial f = f(x) in the
components 1, T2, r3 of x € B® (always supposing J = 1, B = 1/2). From (A.1.6) we have

N +1

T [ ANR TR R QU (£ TY). (8.3.69)

(@0, QN ()T =

We argue that the above limit for N — co can be computed by restricting the integration set
to S?\ E, where E is the closure of an open neighborhood of S such that E does not include
Q4 and Q_. Indeed,

\N o w08, Qua (o) <

N + 1
@ T N1Q1/~ ()], (8.3.70)

where ||[U% (]2 = ||¥ 0)H2 =1, and [|Qi/n(f)lIN = [|fllcc @s N — co. Shrinking E if necessary,
assumption (c¢) and Remark 8 3.8 part (a) therefore imply that

L [ aag . w808, Qua ()9 - (8:3.71)

In summary, decomposing the integration set in (8.3.69) as S? = E U (S%\ E), we conclude
that

. 0 0
L= lim (U, Qun ()Y

. N+1
= lim
N—oo 41 S}%:

AT, W) (TR, Quyn (N IR), (8.3.72)
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where we have defined S% = S?\ E. Taking this result into account and exploiting (A.1.6)
again, our final task just consists of computing the limit

. N +1)? , ,
p= g SEL] a0 aowd wf)@toun (e e ). sam)
S

N—o0 (471')2 i: S2

In view of the definitions of Q,x and Ay, and taking advantage of linearity, it is sufficient to
prove the claim for polynomials of the form

fx) =z, x5, jre{l,2,3}, r=1,...,M. (8.3.74)

In this case, if N > M, we have

Ql/N(f) = SM,N(O—jl (SR ®0’jM ®I2 [ ®.[2) (8375)

The decisive observation for applying the technical results we have accumulated is that, as the
states W< are factorized as in (2.2.43), we must have

where

(R, Qun (T N = (U, U v (U5, Quyar (F) %) (8.3.76)

(O, Quat (N = (T, 05, @ - @ 0, U ) s (8.3.77)

Note that we have explicitly written the the dependence of the inner product on the number
of tensor factors. This entails

. (N+1)? , , ,
N—o0 (47T) S?g S2
(8.3.78)
The idea is now to apply Lemma 8.3.11 to the inner integral
N+1 / /

L o R U a8 QDB (5379)

where the function h = f in the hypotheses of the lemma is now specialized to
S5 Qe k(Q,9) = (U, Qu/u(£)¥5), (8.3.80)

which depends also parametrically on €. The map S? x S? 3 (Q,Q) — k(Q,Q') is trivially
bounded and measurable (also in each variable separately). Furthermore, for every fixed ' €
52, the restriction S? 3 Q — k(Q,Q') is C1(A) with A = S% = S?\ E and the Q-derivatives
of k(€Q, Q) are jointly continuous on A x A. If necessary we can redefine E as a smaller set, in
order that the continuity of those derivatives remains still valid on the compact set A. In this
way, we obtain

ldoK ()| = sup ga(daK(Q,Q),doK(Q,Q)) < oo, (8.3.81)
Q,Q€A

where K (9, Q) = (U9, Ql/M(f)\Il%/> — (o, Ql/M(f)\Il%H?. For every fixed ' € 5%, we can
apply Lemma 8.3.11 with the open set A = S% in common for all {’. Thus we obtain a first
'-dependent bound

N+1
47

S2

AU WY N (UL U N ar (U, Qu s ()OS ar — (U U N (U, Qs (F)UF) e

_ KOG oo + IR + DA daK (2| &
= (N — M)/ '

(8.3.82)
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where according to Lemma 8.3.11 the constants K4, C, DY) do not depend on the function
k(-,Q), i.e., they do not depend on € (the constants K4, D(Y) do depend on the set A which,
however, is the same for all choices of Q). Finally, since

k(2 oo < Nk loo and  doK (- Q)L < [ldo K ()7, (8.3.83)

for sufficiently large N we also have a ©’-uniform bound:

sha | AUV TR (R U an) v ar (VR Qg (D W8ar = (U, W) (W87, Quyaa (£
Kk, oo + y/CIRC, 2 + DA oK (-, &5 o)
< N )i = N )i (8.3.84)
Plugging this result in the right-hand side of (8.3.78), we immediately have
L= lim N; ! /S A9 (0 W) (O, Quar () (05, )
2
+ Jim N;; ! /S Ry (@) (¥, WD), (8.3.85)

E

where Ry () is given by the expression

N + 1 ’ ’ ’ ’ ’
7/9<‘I’S\(;)7\I/§J\ZT>N<\IJ§I\2/7Ma\IlslszM>N7M<\IlSIe/[aQl/M(f)\IJKI\Z/[>MdQ_<\I/§\(;)7\Ij%>N<\IjS]\247Q1/M(f)\II§I\2/I>M'

4 2
(8.3.86)
Let us focus on the second limit in (8.3.85). First of all, observe that (b) in Assumption 8.3.7,
together with (a) in Proposition 8.3.4 with £ = 1/2 and f = 1 constant, imply that the integral

Jo2 (N + (Y, \Ilg\?)>|dQ’ is bounded when N increases, so that the corresponding integral
over S% must be bounded as well. Since

IRy ()| < CW /(N — M)A, (8.3.87)

where C'4) from (8.3.84) does not depend on €', we conclude that the second limit in (8.3.85)
is 0. In summary,

N+1
L= lim *

N —o0 vie

S 2D W Qo (¥ (8:389)

We can rearrange the above integral into

N+1
L= lim +

N— o0 Iy S2

aQ Z() (0D, vy 2, (8.3.89)
where Z(V) = (%, Q1 n (f)¥ ) s if @' € S\ E and Z(©) = 0 otherwise. With this change,
we may apply Lemma 9.2.3 to the function Z, because it satisfies all requirements, finding

lim (U, Qun(NEY) = L= L(Z(2) + Z(2)). (8.3.90)

N—o0

However, since Q4 € S? \ E, the very definition of Z yields

. 1 1, o B
Jim (U0 Quun (NUN) = SV Quat (N3 s + (W Quune (N5 s (8:3.91)
From (3.3.50) - (3.3.51), (3.3.56), (3.3.57), (2.2.43), and (8.3.77) we have

(UYF, Quar (1)U ) ar = wi (F), (8.3.92)
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so that finally,

Jim (@R, Quun (TR = 1 (1) + 30 () = w @), (8.3.93)
and the proof is complete. O

8.3.2 Spontaneous symmetry breaking in the CW model

In the last part of this chapter we explain how symmetry breaking plays a role in the Curie-Weiss
model in the parameter regime that B € (0,1) and J = 1. We recall the quantum Curie-Weiss
model ch/% € My(C)®N defined in (4.3.28) and its classical counterpart h§"™ € C(B?) (cf.

(4.3.32)).

Let us start on the classical side, i.e. we consider the Poisson manifold B? with Poisson
bracket (4.0.2). As explained in Section 8.3 the relevant symmetry group is Zso, acting on
C(B3). The non-trivial element (—1) that implements the symmetry v : G — Aut(C(B?)) is
given by the map”’

(-1)(x,y,2) = f(2, —y, —2), (¢,y,2) € B®. (8.3.94)

The C*-dynamical system is constructed in terms of the time evolution, i.e. by the pullback
action of the Hamiltonian flow gi)hoc " Which is clearly complete on the compact manifold B>.
In other words,

cw
hO

ol ()= foald ", (fec(BY). (8.3.95)

It is not difficult to see that v commutes with the time evolution a.® Let us prove this in the
following lemma.

Lemma 8.3.12. There holds

aoyg =400, (g9€Z,teR), (8.3.96)

CcwW
hO

and hence G defines a dynamical symmetry group of the C*-dynamical system (C(B?), o,

).
Proof. Tt suffices to show that the Hamiltonian vector field X 6™ defined as

XM () = {f.h5V (8.3.97)
satisfies

XM (2 () = (XM (), (8.3.98)

with ~* the pullback of 7, since then using the identity d/dtf(¢?gw(x,y,z)) =

cw
(thw f)((b?o (x,y,2)) one can conclude by integration. In order to do so, we are done if
we can show that

{f1, f2} ovg ={fio7g, faovg}, (fi,f2€ 0(33); (8.3.99)

because then, indeed

V(XM (F) = XM (F) oy = { B Y oy = {f 0 vg, hSW Y = XM (2(£)), (8.3.100)

using the invariance of h§™ under 7.
By the very definition of the Poisson bracket defined in (3.1.23) (specialized to the case
M5(C)) the thesis follows by a direct computation using the chain rule. O

"This map compared to the one defined in (8.3.38) is nothing else than the restriction of the action to S2.
8 As opposed to the case of the two-sphere S2 where one typically uses the fact that the action of G is a
symplectomorphism in order to prove the result, this does not hold now as B3 is not a symplectic manifold.
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Despite the fact that the manifold B® is not symplectic, Proposition 7.3.1 still ap-
plies. The ground states are convex combinations of Dirac measures concentrated at certain
points in B3. Indeed, these points have support in the set {x € B?® | dh§W (x) = 0} =
{(B,0,+v1 - B2),(1,0,0)}. In particular, extremal ground states are pure states and it fol-
lows that the associated Dirac measures uf) localized at x4 := (B,0,+v1— B?), or the

corresponding functionals wf ) on C (S?), given by wf )( f) = f(x+) are not invariant under the

symmetry (8.3.94). Instead, x4+ is mapped to x+. However, the mixture
w® = 1 4, (8.3.101)

which also qualifies as a ground state in the algebraic sense, is invariant but not pure. At
least in the language of algebraic quantum theory this is the essence of spontaneous symmetry
breaking:

Ezxtremal ground states are not invariant, whilst invariant ground states are not extremal.

We stress that strictly speaking the Zs-symmetry in the classical CW model is not spontaneous
but weakly broken since the Dirac measure concentrated on (1,0, 0) is invariant. Furthermore,
we point out that the choice of the magnetic field parameter B in the set (0, 1) precisely yields
(weak) spontaneous symmetry breaking (as just seen), whilst for B > 1 the Zs-symmetry is
absent.

On the quantum side instead we know that for any N < oo the extremal (or in this
case also the pure) ground state wi(;)N() = <\I/§3), ()\IIE\?)> induced by the vector \1153) is unique

(Appendix C.1). The relevant Zy-symmetry is given by the N-fold tensor of the automorphism
on M(C) defined by?

a oiao. (8.3.102)

If ¢ is the nontrivial element (—1) of Zy, we denote the automorphism of Ma(C)®" induced by
(8.3.102) by ¢'/V ie.

CYN(A) = Vi3 AV, (8.3.103)

where Vi 1= @Y ;07 .
The time evolution on M, (C)®V is defined by

at(A) = U,tAUt, (83104)

with U; = e TN | Since locally, for each N € N
[V, H{N ] =0, (8.3.105)

it follows that that G = Zs defines a dynamical symmetry group. Uniqueness of \1153) now

implies that the state wi%, is strictly invariant under Zo, i.e.

wi(})zv o CUN — Wi%v- (8.3.106)

In addition, it is easy to see that the algebraic state wi(})N also qualifies a ground state in

algebraic sense [09]. In summary, no SSB occurs in the C*-dynamical system (My(C)®N o).
As a result of Proposition 6.2.7 the classical limit predicted by Theorem 8.3.2 can be recast to
integrals with respect to a Zs-invariant regular Borel probability measure p on B? with support
given by the two point set {o+ }, where o1 denotes the minima of the classical CW Hamiltonian
h§W defined on B3. By definition, the measure u is a Zo-invariant ground state of the C*-
dynamical system (C (B3),ahg W) and is therefore not concentrated on single points. This is
thus a case of a non-extremal G-invariant ground state (i.e. a mixed state) responsible for

9See also Appendix C.1 for more details.
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weak SSB. Hence, at least at the level of ground states we observe that spontaneous symmetry
breaking shows up as emergent phenomenon when passing from the quantum to the classical
world by sending N — oo.
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9. Berezin quantization maps on R?*" and
Schrodinger operators

9.1 Semi-classical properties of Berezin quantization
maps on R?"

In Chapter 6 the existence of the classical limit of a sequence of eigenvectors for operators
of the form QB (e) where e is some function in Cp(S) and (S,ws) is a symplectic manifold
has been proved. In this chapter we focus on the symplectic manifold (R?", > opey dp A dq®)
which particularly admits a coherent pure state quantization as shown in Section 2.2.1. Entirely
analogous to the propositions and theorems in Sections 6.1 and 6.2, for sake of completeness, we
first recall and state some preliminaries on the associated Berezin quantization maps followed
by localization results and existence of the classical limit (with and without symmetry). As
these results are special cases of the propositions and theorems in Section 6.2 we omit the
proofs.

We now state the analog of Theorem 6.1.2 relating the spectrum of the Berezin map to the
range of the quantized function on R?".

Proposition 9.1.1. Given the coherent pure state quantization (Hn = L?*(R", dx), Ve pp =

%)he[’geRQn with W¢ given by (2.1.11), defined in Section 2.2.1. Then, for any f € C.(R*")

one has

lim dz‘st<mn(f),a(Q§(f))> =0, (9.1.1)

h—0

where o(QE(f)) denotes the spectrum of the operator QE(f), and dist is the distance function
defined in Definition 6.1.1. |

Let us now move on to a proposition on the Berezin quantization specialized to the sym-

plectic manifold (R*",>°}'_, dpy A dg*). As before, we denote by

9l = [ (I 60 (9.1

the norm of the vector ® € L?(R?*", duy,).

Proposition 9.1.2. Referring to the coherent state vectors (2.1.11) V¢ € L*(R", dx) used to
construct the quantization Berezin map (2.1.13),

(a) there erists an isometry W : L?(R™, dx) — L?(R?",dup), completely defined by

ip-q ipe _ (z—q)? dx

(Wo)(q,p) = <‘I/;lq’p),¢> =/ e2h e R e Td)(m)W, (9.1.3)

n

in particular W*W = Ir2gn gz and p := WW* : L2(R?", dup) — L?*(R?",dup) is the
orthogonal projector onto ran(W) = ran(W);

(b) It holds W(S(R™)) C S(R2").

Proof. (a) This is a direct application of the proof of Proposition 6.2.1.
(b) With trivial manipulations, (W1)(q,p) = W Jrn e /he=(22=2)*/(2h) (5 4 q/2)dz, s0
that, where a,b, ¢, d, k are multi indices, passing the derivatives under the integration symbol
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(for dominated convergence theorem) and using integration by parts since, in particular, ¥ €
S(R™),

P 0L (W) (g, p) = / e rE/hem (2= @) N pabed (5 )0k (2 + q/2)dz,
" k

where the sum is finite and pzbc‘i(z, q) are polynomials in z and ¢q. Hence, for some constant

Kabea > 0, it holds | Y, p(2, ¢)x0%¢(z + q/2)| < Kapea, s0 that

|paqcazag(ww)(Q7p)| S Kabcd/ 67(2Z7I)2/(2h)d2 = Cabcd < 400 for all (Q7p) € RQTL'

Arbitrariness of a, b, ¢, d implies the thesis. O
The next proposition is the analog of Proposition 6.2.2.

Proposition 9.1.3. Let G be a group acting by symplectomorphisms on the symplectic manifold
(R, 30 dpp Adg®). Then there exists a unitary representation U : G — B(L*(R", dx)) such
that the maps Q,{f are C-equivariant,

UgQr (NU ' =QF(Gef) s g€ G, fe L™ (R, dup). (9.1.4)

The representation U is completely defined by the requirement
WU = pCy(W1p)  for every ¢ € L*(R™,dx) and g € G. (9.1.5)
|

Let us now recall Proposition 6.2.3 concerning the localization of eigenvectors.

Proposition 9.1.4. Consider the manifold (R%»ZZ:1 dpy, A dq®) with associated Berezin
quantization maps QB. Given a real-valued e € Co(R*™), let {¢n}n C L*(R™) be a sequence of
eigenvectors of QB (e) with eigenvalues {\p}n such that, for some A € ran(e) is such that

Ap = A for h— 0T, (9.1.6)

The following facts are true where @y := Wy as before.

(1) Referring to any open neighborhood of the set e=(A) of the form
Voi=e ' (A—e,A+e)), (9.1.7)
for every given € > 0 one has

||q)h||L2(]R2"\VE,d/Jh) — O7 fO?” h— O+ . (918)

(2) If e (A) = {00} € R®" and the family of sets {Vc}eso is a fundamental system of
neighborhoods of oo then (¢n, Qr(f)en) — f(oo) as h— 0% for every f € Co(R*™).

This finally leads to the existence of the classical limit for a sequence of eigenvectors corre-
sponding to the operators Q2 (e), where e € C(IR?"). The function e is a classical observable
and might be related to some Hamiltonian function, describing a classical mechanical system.
Since standard Hamiltonians of the form h(q,p) = p? + V(q) are unbounded, they stay out-
side the domain of the quantization map QF : Co(R*") — B(L?(R", dx)) and we cannot take
advantage of the C*-algebra formalism. A possibility is to interpret

e(q,p) = e~ +V(@D) (9.1.9)

for t > 0. Under mild and physically natural conditions on V', like V' € C*°(R"™) with V(q) —
+00 for |g| — +00, the map e belongs to Cp(R?") and in particular Q5 (e) € B (L3(R", dz))
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and also it is a positive operator. In this case the spectrum o(QP2(e)) is a pure point spectrum
made of non-negative eigenvalues with 0 as the unique, possibly accumulation point (possibly
in the continuous spectrum).

For the sake of generality, in this section we shall not assume that precise form of the
function e as in (9.1.9), we only assume that e € Co(R?"), so that QZ(e) is compact with
a point spectrum except for 0 at most, and we focus on a sequence of eigenvalues \; and
corresponding eigenvectors 1y, of the maps QF () such that A\ — A = e(0¢) for h — 0F. The
precise form (9.1.9) will be adopted when discussing the interplay with Schrédinger operators.

Though our results assume the existence of such sequences of eigenvectors as we shall prove
in the next section (cf. Corollary 9.2.8), if e is of the form (9.1.9) and under suitable hypotheses
on V', the said sequence does exist when referring to the sequence of the maximal eigenvalues
of QB (e). In that case A = max,cpen €(0).

Let us not state the analog of Theorem 6.2.4.

Theorem 9.1.5 (Classical limit without symmetry). Consider e € Co(R*") and A # 0 such
that

A = e(og) for a unique point oy € R*™. (9.1.10)

Let {pn}n=o0 be a family of eigenvectors with eigenvalues {\p}r>o0 of QE(e) converging to A,
as h — 0. With these assumptions,

(on, Qn(f)en) = floo) as h— 0T, for every f € Co(R?™).
|

Let us now consider the case when e admits an internal symmetry. To this end, we
assume the group G to act by symplectomorphism G > g : R*" 3 (¢,p) = g(q,p) € R*" on
(R?", 30 _, dpi A dgF). We focus on the case that (a) G is a compact topological group or (b)
G is a discrete group.

Example 9.1.6. When assuming e of the form (9.1.9), two typical examples are
(i) the double well system on R? with G = Zy = {£1}, so that g(q,p) = (£q,%p);

(ii) the Mewican hat system on R?", with n > 1, and SO(n) as symmetry group G so that
9(¢,p) = (99, gp), where gz is the standard rotation of z € R™ according to g € SO(n).

In both cases
hg,p) =p° +(¢* = 1)%, (9.1.11)
where (¢,p) € R x R or (¢,p) € R™ x R™ respectively. [ |

Figure 9.1: Mexican hat potential on R? for V(q) = (¢*> — 1)2 and G = SO(2).

Differently from the simpler result established with Theorem 9.1.5, we now also assume
that the eigenspaces associated to the sequence of eigenvalues \; of QZ(e) have dimension
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one.! This gives the following theorem proving the classical limit of a sequence of eigenvectors
corresponding to operators Qf (e) in presence of a symmetry.

Theorem 9.1.7 (Classical limit with symmetry). Consider a group G either finite or topolog-
ical compact, e € Co(R?™) and assume the following hypotheses.

a acts continuously in the topological-group case®, on s Y i dpx A dq®) in terms o
G acts conti ly in the topological 2 R2% S dpg AdgF) in t
symplectomorphism.

(b) e is invariant under G.

(c) The action of G is transitive on e 1({A}).
Then the following facts are valid for every chosen oo € e 1({A}) and a family of eigenvectors
{on}n>o0 of QB (e) with non-degenerate eigenvalues {\n}n>o converging to A as h — 0 for some
A € ran(e) \ {0}.

(1) If G is topological and compact and pg is the normalized Haar measure,

lim
h—0+

(o QB (F)on) = /G F(g00)duc(g), for cvery f € Co(BZY).  (9.1.12)

(2) If G is finite and Ng is the number of elements of G,

1
: B _ 2n
Jm (en QR (Fen) = 5 §f<gao>, for every f € Co(R"). (9.1.13)
g
The right-hand sides of (9.1.12) and (9.1.13) are independent of the choice of og. |

9.2 Schrodinger operators versus Berezin quantization
maps

In this section we discuss the interplay between Schrodinger operators and Berezin quantization

maps QE (e~*"). We will see that under some assumptions on the potential appearing both in

the Schrédinger operator and in h = p? + V, the operators e~*n and QZ(e~") are related.
We shall provide several theorems making this relation precise.

9.2.1 General setting

We consider fi-dependent (unbounded) Schrodinger operators Hy, defined on some dense domain
of H = L*(R",dz). Such operators are typically given by

Hyp:=—hm*A+V, h>0, (9.2.14)

where A denotes the Laplacian on R™, and V denotes multiplication by some real-valued
function on R", playing the role of the potential. One should impose conditions on the potential
V in order to make Hj, self-adjoint when —h2A +V is initially defined on C2°(R™). Our general
hypotheses will be the following ones.

(V1) V is a real-valued C*°(R™) function.

(V2) V(z) = 400 for |z| = 400 (i.e., for every M > 0, there is Ry > 0 such that V(z) > M
if |.’L‘| > RM)

(V3) etV € S(R™) for t > 0.

L Again this condition is satisfied if e is of the form (9.1.9) and V satisfies suitable hypotheses, when referring
to the maximal eigenvalues of QF(e) and with A = max,cp2n e(0), as we shall see in the next section (cf.
Corollary 9.2.8).

2The action G x R2" 3 (g,0) — go € R?™ is continuous.
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An elementary example consists of a real polynomial satisfying (V2). It also satisfies (V1)
and (V3) automatically.

It is known that when V € L? (R",dz) and V (z) > 0 pointwise then the operator —h2A+V
is essentially self-adjoint on C§°(R"™) in view of Theorem X.28 [76] and that Hy > 0. Referring to
our general hypotheses, we observe that evidently (V1) implies V € L? (R"™,dx). Furthermore,

loc
(V1) and (V2) immediately imply that

1 f = 1 = — . 2.1
mf V() min V(z)=c>—0 (9.2.15)
Since (Hp+al)* = H} +al, the domain being the one of H = Hj: for both sides, the essential

self-adjointness property still holds when relaxing V' > 0 to (V2), also obtaining H > cl.
Hence (V1)-(V2) imply that Hp, is self-adjoint and

Hp > (min V)1 . (9.2.16)

Remark 9.2.1. We would like to point out that these conditions on the potential V' (which
typically plays the role of a “trapping” potential) and the domain of Hj generally apply to
non-interacting particle systems. Of course, this is a limitation if one is interested in more
complex problems where frequently non-smooth potentials are considered (e.g. semi-classical
tunneling). |

9.2.2 Comparison of e~‘» and QP (e~'h)

The physical idea is now that, in some sense QhB (p? + V) is a good approximation of Hj
as h — 07. We wish to implement this idea in the framework of C*-algebras of operators.
Since the above operators are unbounded an appealing idea is to consider bounded functions of
p? +V and Hj in place of themselves. An apparent promising idea seems to be the use of the
resolvent algebra of operators [23]. However this approach reveals to be awkward, essentially
because the classical counterpart of the C*-algebra of resolvents is too involved to be profitably
handled. A different approach, already adopted in the previous section, relies on the use of
(real) exponential functions and the associated quantum counterpart consisting of contraction
semigroups. This idea indeed works and it is based upon the following list of comparison
results.?

Proposition 9.2.2. Let V satisfy (V1)-(V3) and consider the associated family of operators
in B(LA(R",dx)) indeved by h > 0 and defined by e~ " according to (9.2.14), where t > 0 is
given. It holds

Qf(e‘t(p%rv)) —e " 0 in strong sense for h — 07 . (9.2.17)
More precisely both
e Hn and Q,‘?(e*t(p%rv)) — e V' in strong sense for h — 0T . (9.2.18)

Proof. As already observed in the main text, Hy is self-adjoint. Since Hj is also bounded
below, it is also the generator of a strongly-continuous one-parameter semigroup in L?(R", dz)
as immediately arises from spectral calculus (see, e.g., [(4]).

The Weyl and Berezin quantization procedures are equivalent when applied to
e tP*+V) gince it is an element of the Schwartz space and QW (f) — QB —
0 for h— 0 and a given f € S(R™) (cf. Theorem 2.1.12 (2)). Since e~ *® +V(®) defines
a function of S(R?") for every given t > 0, the proof consists of establishing the thesis with Qf
replaced for Q};V With this replacement, the main thesis (9.2.17) immediately arises collecting
the theses of a pair of lemmata (Lemma 9.2.3 - Lemma 9.2.4) whose hypotheses are fulfilled
if V satisfies (V1)-(V3). By direct inspection one sees that these lemmata just prove (9.2.18).

3This strongly depends on the regularity of the potential V. In general, the result may be even wrong!
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Indeed, given ¢ € L?(R™) by the triangle inequality we have

1(QE (et P*+V)) — =tHmyy|| <
1(QE (e +V)) — QW (e ®*+V)))|| + [|(QW (e~ ¥*+V)) — e tHn || <
1QF (e HP*+V)) — QI (et W™+ V)) || 4 [|(QF (e " @*+V)) — e=tHn)y||. (9.2.19)

The first term on the right hand side of (9.2.19) goes to zero as a result of Theorem 2.1.12 (2).
For the second term we again apply the triangle inequality and obtain

1@ (et +V)) — e~ )| < ||(QF (e ™V — etV yp|| + |(e™*Y — e Hn)3p]]. (9.2.20)

The first term on the right hand side of (9.2.20) goes to zero by Lemma 9.2.3 whilst the second
term goes to zero by Lemma 9.2.4, both of them proved below. As already mentioned the
second thesis (9.2.18) follows directly from these two lemmata.

Lemma 9.2.3. Let V € L? (R",dz) satisfy infyepn V() = ¢ > —00 for x € R, Ife 'V €

loc

S(R™) for some t > 0, then Q‘,{V(e—t(pQ*‘V)) — e V' for h— 01 in strong sense.

Proof of Lemma 9.2.3. Notice that, with the said hypothezses, e~t(P’+V () deﬁnzes a function of
S(R?") for every t > 0. Using (2.1.9) with f(z,p) = et P V(@) = e=tV(@)e=t" — £ (2) fo(p) ,
we find, choosing ¢ € L?(R",dz) and ¢ € S(R"),

1

QN (e e) = /]R Falb) (e V) db

o~

- / (ingi)/z <w’67tv(17%bl)eib-P¢> db = /Rann (;;;i)m(x)etv(ng)as(x 1) dardb

- / . W/ . <§§§f’3/2 V=86 (@ + hb) dadb,

where we have used the Fubini-Tonelli theorem since the function in the argument of the
R™ x R™ integral is absolutely integrable. Indeed, |¢(z)| < Ci(1 + |z|)~* for every k € N
and some Cj > 0, and we can take 0 < A < ¢ for some § > 0. As a consequence we can
find ¢9 € L*(R",dz) such that |¢ (z + hb)| < |¢o(z)] when 0 < h < §. Now observe that
Yoo € LY(R™,dx) since 9, ¢9 € L*(R"™, dz), and etV (e-%b) < e~ Summing up, since
fg is L'(R™,db) by construction, the argument of the R™ x R" integral is bounded by the

LY(R" x R", dx ® db) map |e_t0f21/xbo| and thus it is absolutely integrable as well. We have so
far established that, for ¢ € S(R™) and v € L?(R",dx),

(v, Q) (7)) g) = /Wx)/ (gigi)/ze_tv(“_gb)qb(x—l—hb) dxdb . (9.2.21)

Since ¢ € L?(R", dx) is arbitrary, we conclude that

(QF (™" +V))0) (@) = /n (;;Si)/ze‘tv(i—gbw(ﬁ hb) db . (9.2.22)

.. ~ —b2/(4t?)
Explicitly, fo(b) = W
same argument used for applying Fubini-Tonelli theorem, Lebesgue’s dominated convergences
implies that, for A — 0,

. At this juncture, with our choice of ¢ and h, exploiting the

(@ (@ o) (0) = | (;c;giket”% () db

= / €0 (2{?;?/2 dbe V@ (z) = f2(0) e VP (x) = Vg (2) .
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To conclude, consider ¢ € L?(R", dx). We have
QW (e @™+ —e= V)| < |(QW (e P +)) —e= V) (= §) ||+ |[(QF (e P*+V)) — e~V )|

< (@Y (et VN + eV |D1e — 8] + [[(QF (e7HP*+V)) — e=V)g|
<(CH+ D) — ol + [|(QF (e 1P +V)) — =g .

where C' arises form (2.1.8). In summary,

QI (™" )y — e )yl| < (C+ DIl = ol + @K (e +)) —e Vg

The found inequality permits us to prove the thesis of the lemma for the said 1. Indeed, for
every € > 0 we can first take ¢ € S(R™) such that (C + 1)|[¢p — ¢|| < €/2. With that choice
of ¢, we can next take § > 0 such that 0 < h < § implies, for the first part of the proof,
QY (e~ 1@ +V)) — e=V)g3|| < €/2. Hence ||(QY (e~t®@*+V)) — e=V)y|| < € if 0 < i < & that
is the thesis. (|

Lemma 9.2.4. If V € L} (R",dz) satisfies infyepn V() = ¢ > —oc0 for z € R™, ¢ €

L*(R",dz), and T > 0, then sup,cp ) [|(e 7 AFY) — e=V)g|| — 0 for h— 0, where
—h?A +V is defined on C°(R™).

Proof of Lemma 9.2.4. Let us first assume ¢ = 0. If A > 0, from Theorem X.28 [76], we have

that (—AA + V) is self-adjoint and positive and thus defines the generator of a semigroup. We
—t(—AA+V)

take advantage of Corollary 3.18 in [31]. Now the relevant semigroups are T} := e
and T; := e~V where A\ = h%. Evidently ||T?||, ||T;|| < 1 since the generators are positive.
Next consider D := C2°(R™). It easy to prove that this dense subspace is a core of V' viewed as
a self-adjoint multiplicative operator (it is sufficient to observe that V|p is symmetric and the
defect spaces of V|p are trivial*). With our definitions, if f € D, then f € D(—AA + V) and

lim —XA+Vf = lim (-\Af+V[) =
Jim, +Vf= lim (ZAAf+Vf) =V,

holds trivially. All that means that the hypotheses of of Corollary 3.18 in [31] are true and
thus the thesis is valid, that is nothing but the thesis of our lemma when ¢ = 0. If ¢ # 0, let us
define Vy := V — c. The thesis is true if replacing V' for Vj using the above proof. The thesis
is also valid for V just because e {(-*A+V) = g—tee=t(=h*A+V0) g4 that

sup (e ATV — =yl = sup [e | (e TMAFI) — e m o)) — 0,
te[0,T] te[0,T]
because |e” | < k < +o0o for t € [0,7] no matter the sign of c. O

We now pass to a comparizson of the ground state of the Hamiltonian operator Hy and
the corresponding of Qf(e*t(?’ +V)). More precisely, we compare the maximal eigenvalues of

e tHr and QhB(e’t(p2+V)) for t > 0 given. Assuming (V1)-(V3), V € L}, (R",dz) is bounded
from below and  V(x) — 400 for |z| — +oo and thus the resolvent of Hj is compact due

to Theorem XIII.67 in [77]. According to standard results on positive compact operators (see,
e.g., [64]), if B > 0,

(a) the spectrum of Hj is a pure point spectrum and there is a corresponding Hilbert basis
(4)
h

of eigenvectors {1}’ };—o,1,... with corresponding eigenvalues

o(Hp) ={EV},—010.. with0<EY <EU™) 5 focasj— +oo,  (9.2.23)
where every eigenspace has finite dimension;

. . ) . .
b) e tn is compact with spectrum o(e=tr) = {0} U{e~tE%" }._o12 , 0 being the unique
j=0,1,2, g
point of the continuous spectrum, and the eigenspaces of Hy and e *#* coincide;

4(V|p)*y = +iyp implies in particular that [, (V () +i)g(x)y(z)dz = 0 for every g € D = C(R™) and
thus (V(z) £ 4)¢(z) = 0 a.e.. Since (V(z) £14) # 0, it must be ¢p =0 a.e..
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(c¢) the minimal eigenvalue E;(,LO) of Hy, corresponds to the maximal eigenvalue of e+ ac-

cording to

e—tE;l[)) _ ||e—tHrL

(9.2.24)

Under the said hypotheses on V, we also know that Qf(e’t(p%rv)) is a positive compact
operator due to Theorems 2.1.10 and 2.1.11 when A > 0.2 These facts permit us to focus on
interplay of the maximal eigenvalues of e ~*#n and QP (e~tP"+V)) with the following proposition.

Proposition 9.2.5. Assuming the hypotheses (V1)-(V3), given t > 0, let )\%0) be the mazximal

etgenvalue of Qg(e_t(p2+v)). The following facts are true referring to Hp (h > 0) as in
proposition 9.2.2 with eigenvalues as in (9.2.23).

(1) Both )\%0) and e tEx) 5 e=tminV gs i 5 0F
(2) Both ||QB (e~ """ +V))|| and ||e~"Hr|| — e~tminV gs b — OF,

Proof. According to the discussion before proposition 9.2.5, it is sufficient to prove (1) since (2)
immediately arises form the fact that the norm of QB (e=*®*+V)) coincides to A\"). Furthermore,
since ||QB (et @ V)| — [|e=t®*+V)||, = 1 for A — O (that is nothing but the Rieffel
condition which is valid for theorem 2.1.12 since e~ *®*+V) € Cy(R™)), to prove the whole
proposition it is enough to demonstrate that E,%O) — 0% as h — 0. Let us prove this fact.
The spectral decomposition of the operator Hp > 0 with pure point spectrum implies that

Eéo) = infyep(my) ,|jw)j=1 (¥ Hp) . Since C2°(R?™) is a core for Hy, it is not difficult to prove
that E;LO) = infyecoo (ren) ,||¢||=1(¢¥, Hnt) - Let us prove that

inf CHyh) = 0 if h— 0+, 9.2.25
. L ( )

to conclude the whole proof. From the definition of Hpy it immediately arises that, for ¢ €
CSO(RR) and h > n > 07 <w7th> = _h2<¢7A¢> + WJ»VW > _h/2<¢aAw> + <¢7 V’(/}> =
(¢, Hprp) > 0. As a consequence

3 lim inf (Y, Hptp) = inf inf (¢, Hpp) > 0.

n
h—0+ $eCe= (R?") ,[|¢||=1 R>04peCee(R?) | [[|=1

Therefore (9.2.25) is true if, for every € > 0, there is 1. € C2°(R?*") with ||¢)¢|| = 1 and such
that

(e, Hpthe) = =2 (e, Ahe) + (e, Vibe) <, (9.2.26)

if A > 0 is sufficiently small. It is not difficult to find this .. Let xg € R™ be such that
V(zo) = 0 according to (V2), and, since V' is continuous, let B 3 xy be an open ball of finite
radius such that |V (z)| < ¢/2 if € B. Finally define ¢ € C°(R?") with ||| = 1 and
supp(¢.) C B. By construction, 0 < —h*(he, A)e) + (e, Vihe) < —h2{the, Apc) + €/2 . To
conclude it is sufficient to choose i > 0 such that, for the said 9., we have —h% (1), Atp.) < €/2.
Therefore, (9.2.26) holds and we have established (9.2.25). This proves the case ¢ = 0. The
case ¢ # 0 immediately arises from the case ¢ = 0 when defining V; := V — ¢, by noticing that
the thesis is therefore valid for V' replaced by Vj and observing that e~*Hn = e~tee=tH(=hA+V0)
and Qg(eft(p2+V)) —_ efctQE(eft(pﬂ»Vg))' 0

Corollary 9.2.6. Under the hypotheses (V1)-(V3), the minimal eigenvalues of Hp =
—hA 4V satisfy

(0) s : Vv : 2 4 A +
h CEE]%”{ ( )} (q,p)éRQ"{p (q)} fOT

Let us finally pass to prove that the dimension of the eigenspaces of the maximal eigenvalues
of respectively QP (e7*®"+V)) and e~*#7 is 1 in both cases.
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Proposition 9.2.7. Under the hypotheses (V1)-(V3) and for t > 0, the eigenspaces of
Qf(e*t(p2+v)) and Hy associated to the respective maximal and minimal eigenvalues )\;lo) and
Ei(io) have both dimension 1.

Proof. Concerning e~ the thesis is just the statement of Theorem XIIL.47 in [77] since (V1)-
(V3) imply the validity of the hypotheses of that theorem. Regarding Q7 (e*t(”2+v)), the thesis
arises from Theorem X1II1.43 of [77] if we prove that QP (e7tP*+V)) € L2(R™, dx) is (a) positive
preserving and (b) ergodic. To this end we take advantage of (2.1.14). In particular we have
that, if henceforth e(z, p) := e~ tP*+V(@) e then have that

E(z,p) = (e_hAz”‘/4e> (z,p) = &1(x)E(p), where

e—(ﬂf—y)z/he—tv(y) e—(p—r)z/he—trz
51(.’17) = /" (wh)”/2 dy, 52(]9) = /n Wdr .

Evidently & (x),&(p) > 0 for every z,p € R™ since the integrands of the integrals above are
continuous and strictly positive. Furthermore £& € S(R?") since it is the product of functions
in S(R™) in the variable z and p respectively. We can exploit (9.2.22) obtaining

(Qg(e—t(pzﬂ/))qs) (z) = /n (iigi)/z & (m - Zb) ¢ (x + hb)db.

Observe that @(b) > 0 for every b € R™ since, up to positive factors, it is the product of
two Gaussian functions, because & is the convolution of such pair of functions by definition.

We conclude that, if ¢(z) > 0 a.e. with ¢ € L?(R",dz), then (Q,’f(e*t(’ﬁ*v(“’)))qﬁ) () >0

a.e.. In summary, QB( ’t(”2+v)) is positive preserving provided that ||¢|| # 0 for ¢(z) > 0
a.e., implies QB (e —t(p*+V (e )gf) # 0. We prove this property simultaneously to the ergodicity
property just by estabhshlng that, for 1 (z), #(x) > 0 a.e. such that ¥, ¢ € L*(R",dx) \ {0},
then (¢, QB (e~tP*+V(@))g) £ 0. Taking advantage of (9.2.21), we find for ¢, ¢ € L*(R™, dx)
with 1(z), ¢(z) > 0 a.e., and [[¢]], [|¢]| # O,

Qe ey = [ 20 (o o) vl o+ m)daas.
R2n (27(')”/2 2

If, in addition to ¥ (x),¢(z) > 0 a.e., it holds |[¢|],]]®|| # O, then there must exist ki, ke > 0

such that, defining the measurable sets E; := (¢?)~!(k1, +00) and Ey := (¥?)71(kg, +00), it

holds m(FE1), m(E2) > 0, where m is the Lebesgue measure on R™. Let us change coordinates

on R"™ x R™ from z,b to x, z := x + hb. With this transformation,

(1, QP (e 1™+ V))g) = W /R & (z = x) & (3””2_ Z) ()¢ (2) ddz

Vkiks g zZ—T 3r —
>
) /EleQ — & —5— ) dwdz>0

where the last integral is well defined since, up to a non-singular linear change of coordinates,
the integrand is the product of two S(R") functions which is therefore a S(R?"). The integral
is eventually strictly positive because the integrand is everywhere strictly positive and E; x E5
has strictly positive measure®: mpgzn(E; x E) = m(E1)m(Es) > 0. O

In summary, if (V1)-(V3) are valid, then the eigenspaces of maximal eigenvalues of
QE(e —t*+V)) and e~*Hn are spanned by correspondmg unit eigenvectors <p( ) and ¢(O) e-

spectively, defined up to phases. The vector "/)h also defines the ground state of Hy. It would
nice to to study how these eigenvectors are related. We expect that they should coincide as

51f m( ) > 0and g : F — R is measurable and strictly positive, then F' = U,eng™ 1(1/n,4+00). Tt must
be m(g~!(1/no, +o0)) = mo > 0 for some ng otherwise m(F) = 0 for internal regularity. Hence fE gdx >
fg_l(l/ng +o0) gdx > mo/ng > 0.
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algebraic states when acting on the observables Qf( f) in the limit of small A. We postpone
this discussion to Corollary 9.3.7, where we shall prove that it is in fact the case for suitable
choices of V.

We finally have an important corollary regarding the validity of the hypotheses assumed in
stating Theorem 9.1.5 and Theorem 9.1.7.

Corollary 9.2.8. Ife € Co(R?") takes the form (9.1.9) and (V1)-(V3) are satisfied for V, the

following facts are valid.

(1) If mine is achieved in a unique point oo = (qo,0) € R?"™, then all the hypotheses of Thm.
9.1.5 are valid with A = e~ V(%) )\, = A%O), R = @%O).

(2) If A = etV and the hypothesas (a)-(c) of Thm. 9.1.7 hold, then the theorem is valid
with A = e~ t™inV N\, = )\%0)} op = cp%o .

In both cases o = go%o) is the unique (up to phases) unit eigenvector corresponding to eigenvalue

A0

9.3 Semi-classical properties of Schrodinger operators

In this section we prove the existence of the classical limit of a sequence of eigenvectors of
minimal eigenvalues corresponding to Schrodinger operators Hy. As before, we use the Berezin
quantization maps on Co(R?"), i.e. compact operators on L?(R™), as set of physical observables.
Similar as in Section 9.1, we first prove a localization result (Thm. 9.3.1) of such sequences,
followed by two main theorems (Thm. 9.3.3 and Thm. 9.3.4) where again distinction is
made between the presence of a symmetry or not. We would like to point out to the reader
that localization of eigenvectors and semi-classical tunneling have been extensively studied for
Schrodinger operators, see e.g. [6, 46, 47, 93], [15, Sect. 3.4] and [107, Sect. 7.2]. In such works
very precise semi-classical estimates and bounds have been obtained for e.g. eigenvectors,
quasi-modes, symbols, energies, etc.

9.3.1 Localization of eigenvectors

As Schrédinger operators are unbounded, proposition 9.1.4 cannot directly be applied to
eigenvectors of such operators. We hereto prove a similar result yielding localization of
ground state eigenvectors {wéo)}ﬁ, with minimal eigenvalue Eéo), of the Schrodinger opera-
tors Hp = —AA +V on L*(R", dx) where V satisfies conditions (V1)-(V3).

For h(q,p) := p*+V(q) and some given ¢ > 0, let us focus on the preimage e~ ! ({max e~*"}),
where e(g,p) := e~th@P)  We stress that this set generally contains more than one point and
also it coincides with the preimage h=1({minh}) = {p = 0} x V"1 ({min V}).

If e;(p) := e~ and ea(q) == e V(@ consider a class of open neighborhoods U, of
e~ t({maxe~th})

U =U x U2, (9.3.27)

U =eT (1 —e,1+€) and UZ=er'((e7"™nV —e ™™V L)) €>0.

If we assume € > 0 is sufficiently small, it easy to prove that there is C > 0, independent of ¢,
such that
oelU. implies |e %) —maxe | < Ce. (9.3.28)

This yields the following proposition.

Proposition 9.3.1. Let Hy be as in (9.2.1), where V satisfies (V1)-(V3). Let {wéo)}h be a

sequence of eigenvectors of a Schrodinger operators {Hp}r, with minimal eigenvalues {Eéo)}h
such that, according to corollary 9.2.6

E” = minV = minh, for h —0%. (9.3.29)
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(1) If \II%O) = sz,(io) and the open neighborhood U. of min h is defined as in (9.3.27) for every
(sufficiently small) € > 0, then

||\P§10)||L2(R2"\Mm%) -0, for h—0T". (9.3.30)

(2) If V-1({minV}) = {qo} € R* and the family of sets {Uc}c>o is a fundamental system
of neighborhoods of o¢ := (0, qp), then

(o, Qu(f)en) — f(o0) as h— 0T for every f € Co(R*™).

Proof. (1) Take ¢t > 0. As already done in previous proofs, without loss of generation we assume

that that mingegnV (x) = 0. Since E,EIO) — 0, clearly etB 1,as h — 0 (and t > 0). A
suitable use of Jensen’s inequality for probability measures leads to the following result stated
in the auxiliary lemma below.

Lemma 9.3.2. Under the hypotheses of proposition 9.3.1 with minV = 0,
: 0) —tv,,(0)y _ ; (0) th*A(0)y _
lim (7, Vo) =1 and Tim (0, e 2") = 1. (9.3.31)

Proof. Take ¢ > 0. Given ¢ € C°(R?"), and using that Hj and in particular V are positive,
for any i > 0 we observe

<¢’ (Hh + EI)¢> = _h2<¢7 A¢> + <¢7 (V + EI)¢> > <¢’ (V + EI)¢> > 0.

Since ¢ € D(A) implies ¢ € D(\/Z) for a self-adjoint operator A > 0, we conclude that, if

¢ € C(R®) then
[V Hp +elg)|> > ||VV + 6] . (9.3.32)

Since C°(R™) is a core for Hp, it is also a core for Hy + ¢I. In particular, if ¢» € D(H), there
is a sequence C°(R™) > ¢,, — ¢ such that (Hy +¢el)d, — (Hp+el)ip. Applying the bounded
operator (Hp + I)~'/2 on both sides we also have

VHp ¥ elén — /Hp + el . (9.3.33)

Since ||[vHp + €l(¢n — om)||? = V'V + (¢dn — dm)||?, we conclude that the sequence of the
V'V 4 e¢, is Cauchy and thus it must converge in the Hilbert space when ¢,, — 1. As/V +¢is
closed (it is self-adjoint), we have that vV + e¢,, = vV + e so that D(Hp+<I) C D(v/V +¢).

From (9.3.32),
||/ Hp +elp]|> > ||VV + ey (9.3.34)

Specializing the result to the normalized ground state eigenvector zb,(io) of Hy, we have

N e = IV + T = VT ) = [

SQdMZ,(o) (5) )
[0+00) n

where beﬁo) is the spectral probability measure ,ui(o) (F) = <w,%0),PF” (V+61)1/J;(io)> defined on

' n
[0, 4+00). The function e™** is convex on [0, +00). We can therefore apply Jensen’s inequality
for probability measures, obtaining

(0) —t fi0 4o s2dus oy ()
T /[ )e*“"’duf,,;o>(s)=< 3 et Vel 00y,
0,400

As a consequence et +e) < e’t5<wéo),e*tvw;(io)> < 1, for every € > 0, so that et <
<¢;(10)76—ti?(10)> < 1. Using the fact that limp_.q )\%0) = 0, we obtain the former identity in
(9.3.31) for every given ¢t > 0, limp_,q (wéo), e‘tvwéo)> = 1. With a strictly analogous procedure
we also find the latter identity in (9.3.31) for every given ¢ > 0. O

123



CHAPTER 9. BEREZIN QUANTIZATION MAPS ON R2¥ AND SCHRODINGER
OPERATORS

The next step is to show that
W QB (e = 1)?)pV) -0 ifh—0, (9.3.35)

using the former in (9.3.31). We proceed as in the proof of Proposition 9.1.4. Hereto, we first
observe

Wi QR (e = 120") = (i, Qe *)0r”) + 1= 207, QR eV )uR”). (93.36)

Proposition 2.1.13 particularly yields, ||QZ(e™?V) —e™tV|| — 0 as h — 07 in B(L*(R",dz))
for every chosen t > 0. This together with the former in (9.3.31) and ||¢s|| = 1, they imply
that (v, QF (e72V) ) and (Y5, QF (e7tV) }(io)> both converge to 1 as h — 0. Directly from
(9.3.36), we conclude that (9.3.35) holds. With a strictly analogous procedure, exploiting
the second identity in (9.3.31) and using again Proposition 2.1.13, for every given ¢ > 0,
||QhB(e*t1’2) — e"*A|| = 0 as h — 0T in B(L2(R", dz)) one also obtains,

. 2,2
lim (1”, QF ("7 = 1)?)¢”) = 0. (9.3.37)
To conclude, we have

0 0 1 _ 0

10 iy = [ D@ < 5 [ (0= VORI )P
R27\ (R" xU2) € R27\ (R™ xU2)

1 _ 1 _

<5 [, 0= O @) A = 5@ QR (e = 1)) =0,

for B — 0%. A similar procedure relying on (9.3.37) proves that H\IJ%O)H%%,\(MWRH) — 0 if
h — 0F. Just taking the union of the two considered sets

RQTL \ (uel « Rn) UR2n \ (Rn ~ u62) _ R2n \ue;

and using the established properties, we eventually arrive at (9.3.30).
(2) The proof is essentially identical to that of (2) in proposition 9.1.4, just exploiting part (1)

and everywhere replacing ¢y for 7,/},(;)), taking in particular ®; = Wz/;,(io). O

9.3.2 Classical limit of ground states of Schrodinger operators

We now prove that the classical limit of ground states of Schrodinger operators exists. We start
with the simple case when no symmetry is present in the potential.

Theorem 9.3.3 (Classical limit without symmetry). Let Hy be as in (9.2.1), where V satisfies
(V1)-(V3) and such that mingern V(¢) = V(qo) for a unique point go € R™ and define og :=

(QOa O) .
If {wéo)}h>0 is a family of eigenvectors with minimal eigenvalues {E;LO)};DO of Hy, then

W QuN") = fo0) as h— 0%, for every f € Co(R").

Proof. The proof is obtained by straightforwardly rephrasing the proof of Theorem 9.1.5, by
replacing ¢y for 1/)20), taking in particular ®j := Wz/),(io), and by exploiting the localization
properties established in proposition 9.3.1, and using (9.3.28) in particular. To fulfill the

hypotheses of theorem 9.1.5, observe that the eigenvalues A\ := e 1By converge to A :=
—tminV

e = max et # 0 and this value is reached at a unique point oq as in theorem 9.1.5. [

Note that this theorem in particular proves the classical limit of the simple quantum har-
monic oscillator.

Similar as before we now focus on more complex systems and consider the case when a
symmetry is present. Let us again take a group G (a compact topological group or a discrete
group) acting by symplectomorphism on (R*",>™)'_, dppAdq®), G 3 g : R*™ > (q,p) — g(q,p) €
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R?". We know from proposition 9.1.3, that G admits a unitary representation G > g — U, €
B(L*(R", dx)) which acts equivariantly (6.2.14) on the quantization map QF.

Exploiting these notions we are finally in the position to prove our main result concerning
the classical limit of a sequence of ground-state eigenvectors of Hy = h2A + V. In a complete
analogous way as in the previous section we consider the strict deformation quantization of
the Poisson manifold (R?",>")'_, dpy A dg”) (in the sense of Definition 2.1.3) associated with
Berezin quantization maps QF acting either on the space Cp(R?") or C2°(R?"), and prove the
existence of the classical limit with respect to the observables QZ(f). The following theorem
contains the precise statement.

Theorem 9.3.4 (Classical limit with symmetry). Consider a group G either finite or topo-
logical compact, a self-adjoint Schridinger operator on L?(R", dx) Hp := —h2A+V, as in
(9.2.14) where V : R™ — R satisfies (V1)-(V3), and assume the following hypotheses.
(a) G acts, continuously in the topological-group caseS, on (R®",Y"}'_ dpx Adq®) in terms of
symplectomorphism.

(b) Defining h(q,p) = p?> + V(q), the action of G is leaves invariant h=1({minh}) and is
transitive on 4.

(c) The unitary representation U of G on L*(R™,dx) constructed according to proposition
9.1.8 (whose action is equivariant on QF ) leaves Hy, invariant as in (9.5.41) for every
given h > 0.

Then the following facts are wvalid for every chosen oo € h~'({minh}) and for a fam-
ily {wéo)}r»o of (normalized) eigenvectors of Hy with (non-degenerate) minimal eigenvalues

{E;LO)};DO converging to mingeppn V(q) = min(, yyeren h(q,p) as h — 0. !

(1) If G is topological and compact,

dim (07 QR (Hwy”) = /G Flgo0)dpc(g), for every f € Co(R®™);  (9.3.38)

where ug is the normalized Haar measure of G.

(2) If G is finite,

Jim (0. QF (NUA”) = = 3 flgo), for cvery £ € Co®); (93.39)

geG

where N¢ is the number of elements of G.
The right-hand sides of (9.3.38) and (9.3.39) are independent of the choice of og.

Proof. We only consider the case of G topological, since the finite case is similar and easier
as already discussed in the proof of Theorem 9.1.7. Let us define ¥y(0) = Wz/),go). Since U,
commutes with Hy, for (b) and the eigenspace of wéo) has dimension 1, it must be ng/};(_to) =
eiagz/),(io) for some real a,. (6.2.15) implies that U (g~ 1o) = €™ Wy (o) so that, using also (a),
the probability measure |¥j(0)|? 52

(27%)" turns out to be G-invariant. This result permits out to
straightforwardly follow the proof of theorem 9.1.7, finding

do
(2mh)™’

WPLQR ) = [ (o))

where F' was defined in (6.2.24). Exactly as in the proof of theorem 9.1.7, F' turns out to be
(i) bounded, (ii) continuous and (iii) constant on h~!({minh}). Going on as in the proof of
Theorem 9.1.7, if o9 € h=}({min h}) is any point, we end up with the estimate

9 do
L (@R (@) = Flon) o

6The action G x R?" 3 (g,0) — go € R?™ is continuous.
"This family always exists as seen in Corollary 9.2.6.

’<L‘Oh7Q§(f><ph> - F(O’o)’ =
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Rephrasing the proof of theorem 9.1.7, with Us now defined as in (9.3.27) with e = e~ =
e~ "=tV for some ¢ > 0 (notice that e~!({maxe}) = A~ ({minh})), we find

d
QR = Fou| < g OO PO 2P [ O
(9.3.40)

for every given m € N\ {0}. Analogously to lemma 6.2.6, we now have the following result.

Lemma 9.3.5. Under the hypotheses of Thm 9.8.4, (b) in particular, and F defined in (6.2.24),
Jor every € > 0, there is me € N such that sup,yy, , —|F(0) = F(00)| < €/2, where Us is defined

in (9.5.27).

Proof. The proof is very similar to the one of Lemma 6.2.6. If e(q,p) := e~t®*+V) for some
t >0, let us define I' := e~ ({maxe}) = h=!({minh}). This set satisfies I' = {gog | g € G} for
every chosen o € I' due to G-invariance of h and transitivity of G on I (hypothesis (b)), and
is compact as said in the proof of Lemma 6.2.6. If § > 0 a d-covering of ' is defined as in the
proof of Lemma 6.2.6. Since I' is compact, there is a closed ball B centered at the origin of
finite positive radius such that I" is completely contained in the interior of B. All other balls
we shall consider in this proof will be assumed to be contained in the interior of B as well.
Since |e(o)] — 0 for |o| = +oo and maxe # 0, we can always fix the radius of B such that
|maxe — e(o)| > n, for some n > 0, if 0 ¢ B. The next step consists of proving that, given a
d-covering Cs of T', with § > 0 arbitrarily taken, there exists ms € N such that U, ,,, C Cs,
where Uj is defined as in (9.3.27), so that (9.3.28) is in particular valid. The proof is the same as
in the proof of Lemma 6.2.6 with A replaced for max e and using (9.3.28) where necessary. Now
take og € I'. Noticing that B is compact and F is continuous thereon, we can use its uniform
continuity. Given e > 0, there is §. > 0 such that |F(c) — F(0')| < €/2 if |0 — o'| < 6. With
this remark, consider a Cs_ covering of I'. If 7 € Cs_ we have |F(1) — F(oo)| = |F(7) — F(0§)|
where o] € I is the center of Bs_(of) which contains 7. The identity above is valid because F'
is constant in I'. Uniform continuity therefore implies that |F(7) — F(og)| < €/2 if 7€ Cs, .
In summary, given € > 0, if m. € N is sufficiently large to assure that U, ;,,,, C Cs,, we have the
thesis sup,yy, ,|F(0) = F(00)| < sup,ec;,, [F(0) — F(oo)| < €/2, concluding the proof. [

Keeping that m, and exploiting (1) in Proposition 9.3.1, we can find H, > 0 such that

do
20l [ o) e < /2,
RQn\ul/ (271'71)”

me

for 0 < h < H.. Looking at (9.3.40), we conclude that for every € > 0, there is H, such that
0 < h < H, implies <1,D;(io)7 E(f)%(io)> - F(O’o)‘ < ¢, concluding the proof. O

We stress that, in general, G does not necessarily define a simultaneous symmetry group
for h:=p?+V and Hy = —h2A + V if A > 0 and this requirement is however unnecessary for
the validity of the theorem above. Nevertheless this does for example happen in the special
physically relevant cases introduced in Example 9.1.6 and in these cases both Theorem 9.1.7
and Theorem 9.3.4 are valid.

Proposition 9.3.6. Let the Hamiltonian in L?>(R" dx), n > 1, be of the form

Hy,= WA+ V
with V' satisfying (V1)-(V3). Consider the natural action of a group of (some) isometries of
R", G>(R,a):R*"> 2z a+ Rx € R*, with Re€ O(n) (R€ Zsy ifn=1) and a € R™, in
terms of symplectomorphisms on R?",

(R,a):RQ" > (¢,p) — (a + Rgq, Rp) eR*™, (R,a)€G.

If V is G-invariant, then the unitary representation G > g — U, € B(L*(R",dx)) constructed
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according to proposition 9.1.3 leaves Hy invariant for every given h > 0:
UgHyU, " = Hy, . (9.3.41)

Proof. Per direct inspection from U, := W*u,W and (9.1.3) we have that (Ugq.¢)(z) =
Y((R,a)"'z). (Notice that, in this case, Ug ) is unitary just because (R,a) is an isometry
of R™ and thus leaves dz invariant.) The said action of U, leaves S(R™) invariant. Fur-
thermore UyA|swnU, ' = Alsmwn) (again because the action of g is an isometry of R™) and
UgV|5(Rn)Ug’1 = Vlsmn) by hypothesis, so that Uth|5(Rn)U;1 = Hp|smwn). Taking the
closure of both sides, we have (9.3.41). O

The result clearly applies to the cases V(z) := (2% — 1)? with G := Zy for n = 1 and
G := S0(n) if n > 1, in particular.

Taking Corollary 9.2.8 into account, this discussion eventually produces a direct comparison
of the classical limits referred to the eigenvectors go%o) and w’(io) respectively of QE (64(”2*‘/))

and e *="*A+V) and referred to the maximal eigenvalues (i.e. the minimal if focusing on
“IPA V).

Corollary 9.3.7. Assume that one of the two cases is valid.

(1) The hypotheses Theorem 9.3.3 are walid (so that Thm. 9.1.5 holds with A =

mMax(q,p)eR2n e—t(p2+V(q)));

(2) The hypotheses of Theorem 9.3.4 and Thm. 9.1.7, with A = max(y ,)cgr2» et +V(0)
are simultaneously valid for the same group G (this happens in particular for the case of
Proposition 9.3.6).

Then

Jim (@, QF ) — (e QE () =0, for every f € Co(R").

9.4 Classical limit of Gibbs states

We again consider the Schrodinger operator Hy, defined by (9.2.14) with potential V' satisfying
(V1)-(V3) of hypothesis 9.2.1. Tt follows that Hp is self adjoint and by [76, Thm X. 28] the
operator —h?A + V is essentially self-adjoint on Cy(R™). By an easy computation one can
show that S(R™) C D(Hpy), where D(Hp) denotes the domain of Hy. Moreover, we require
the property that e~ 7 is trace-class for any ¢ > 0, as typically happens when the potential
V is a real polynomial blowing up at 400 (and therefore satisfying (V2)). To see this, we first
observe that as a result of [90, Chapter 8] the bound

1
(27Th)" R2n

Trle PHr] < d"pd™qe=PMap) (9.4.42)
with h(g,p) = p? + V(q) automatically holds. The right-hand side is nothing else than
Tr[QP (e~ PMaP))] which is finite if e=#"(4P) € L1 N [ as a result Proposition 2.1.10. Clearly,
if V is a real polynomial satisfying hypothesis (V2) the function e BE*+V(@) ¢ L1 N[, Tt
follows that Tr[|e#H#|] = Tr[e=PHr] < .

This yields the following result proving the classical limit of Gibbs states at inverse tem-
perature 8 < oo.

Propzosition 9.4.1. Let Hp be a Schrodinger operator of the above type such that
e APV ¢ LY N L. Consider the 3- Gibbs state wg (B < o0) given by

g, Tr[- e FHn]

wy () = “TrleBHn] (9.4.43)
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Then the following limit exists for any a € Co(R?"),

—Bh(o)
) 8/ B B Jgzn doa(o)e B
ilz% W, (Qh (a)) fRQn doe—Bh(c) - Oa (9444)
where o = (q,p), do is the Liouville measure on R?" (which coincides with the standard 2n-
dimensional Lebesgue measure d"qd"p), h(c) = p? + V(q) and QF is the Berezin quantization
map defined by (2.1.13).

Remark 9.4.2. Before going to the proof we stress that, as a result of [18] any KMS state
at inverse temperature 8 on a finite-dimensional connected symplectic manifold assumes, up
to normalization the form [p., doa(c)e #"(@). It is therefore not surprising that (9.4.44) is
expected. |

In order to prove the proposition we start with a lemma relating the classical and quantum
partition functions. This result can be seen as a corollary of the so-called Berezin-Lieb inequality
(we refer to the books [41] and [28] for details). For sake of completeness we give a detailed
proof in the following lemma.

Lemma 9.4.3. It holds

lim (27rh)”Tr[e_6Hh]—/ d"pd"ge=PMap)| = 0,
h—0 R2n

where h(q,p) = p* + V(q).

Proof. As we have seen before, by [90, Chapter 8] the bound

Tr[efﬁHh] < d"pd"qeiﬁh(q’p),

(27Th)” R2n

automatically holds. Since e *H" is trace-class we can use the resolution of the identity of
coherent state vectors W\%”) [25, Prop. 6] and obtain

- dgdp o (@p) - (@.p)
T BHRr] — / pler BH (@)
rle ] R2n (27Th)"< B0 n)

By the spectral theorem,

<\I/§iq’p),€7ﬁHh\I/;?’p)> :/ e*“dy,ﬁﬁ”’)()\),
0

where V,(,Lq’p)(F) = <P£ﬁ'\11§iq’p), \Il;lq’p)% and Pgh denotes the spectral probability measure on
[0, 00) associated to the operator Hj. Since the function z +— e~#% is convex on [0, 00) we can
apply Jensen’s inequality for probability measures, obtaining

IO < [T e mafan ),
0

Since \I/](iq’p) € S(R™) C D(Hy) ((g,p) € R*™) it follows that

/ )\dyéq,p)()\) — (W%q,p)’Hh\I,%q,p)>_
0

using the definition of the vectors \Iléq’p ) is not difficult to see that®

(a:p) (@p) _ 2, nh
(U Hp W) = p +?+V(‘1)-
8We refer i.e. to [91] for an extensive calculation, but it can be done by hand easily.
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Combining the above results yields, and integrating over the phase space R?" with respect to

the measure dup(q,p) = ﬁd“qd"q yields the inequality
1 2 nh 1
d"ad"pe PP+ +V(D) < Tple—PHR < / d"pd™ge—PHap)
(2rh)" /R @ pe sTrie ™ = oo [, pdiee ’

which implies

/ dnqdnpe*B(P2+%+V(‘I)) S (27Th)nTT'[€7BHh] S dnpdnqe—ﬁh(q,p).
R2n R2n

Since p? + %ﬁ +V(q) converges pointwise to p? + V (q) an application of dominated convergence
theorem now proves the thesis. O

We finally prove the proposition below.

Proof of Proposition 9.4.1. The proof is based on the work by [60] and a C*-version of the
Peierls-Bogolyubov Inequality [37, Thm 7], namely

Tr(Be?) {Tr(eA‘*B)} |

T < Tren (9.4.45)

whenever B is bounded and self-adjoint, A is self-adjoint and bounded above such that
Tr(e?) < oo. For A > 0 we apply this inequality to B = —8\QP(a) (with a € Co(R?")
real-valued so that QF(a) is self-adjoint and in particular compact), and to A = —3H}, which
is self-adjoint, bounded above by e.g. zero and, as seen before its exponential e=#H» has finite
trace. Let us define

FON) i= =B Mn | (20h)"Tr (e~ PHERHAQR (@) | (9.4.46)

Hence, with A > 0 we see
[F2(0) = FR=NI/A 2w (QF (@) 2 [F7 (V) = FR(0)/A (9.4.47)
An application of the previous lemma yields the inequality

Zi1(0n) < 232 < Z§(0),

where Z,? denotes the quantum partition function, i.e. Zr? = Trle PHr), Ze(0) =
TriQE(e=PM)], and Z§ (6) = Tr[QE (e=Ah+m)] with 65 = nh/2. It follows that

£(0,0) < f2(0) < £(0,p),
where, similarly as before, we defined for any A € R the functions

)

fCl(Aa 0) = —ﬂlln[/ eﬁ(h(a)+)\a(a))do_:|
R2n

N, o) = —ﬁ_lln{/ e_ﬁ(h(”)+’\“(°)+5h)da].
R2n

We point out to the reader that, if A and B are operators, then (A + B)* = A* + B* if A is
densely defined and B € B(H) [61]. As a result the operator Hy + AQP(a) is self adjoint on
D(H}y). Moreover, as a corollary of [37, Thm 4] using that e™##" is trace-class, we observe,

Tr[leBHRIQR(@)|] = Trle=BHR QR ()] < Prle=BHne=BAQN ()] < oo,

so that in particular e~BHR+AQR (@) {5 trace-class. Repeating the same argument as in the
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lemma applied to e~ BHR+XQR (@) we obtain

/ e—ﬁ(h(0)+/\a(a)+5n)d0§(27Th)nTT[e—B(Hn+>\Qf(a))]S/ o~ B(h(@)+2a(0)) 4o
R2n R2n

This combined with (9.4.47) yields

[FHN, 0) = (0, 84)] /A < wp (QF (@) < [£°(0,05)] — f(=X,0)]/A.

Since the logarithmic function is continuous on the positive real axis, we observe f¢(0, ) —
£¢4(0,0) as A — 0. We can therefore drop the second 0 and we write f</(\) := (X, 0). Hence,

[FON) = FAO1/A < lim sup wr (QF (@) < [£(0) = F =N/

Since f is differentiable in A € R we must have limy_,o+ [f</(A\) — £¢/(0)] /A = limy_,o+ [£(0) —
FEA=N]/\ = %h:ofd()\). It is not difficult to see that the derivative equals

d | ey = e doalo)e MO
dA |, _ N Jgzn doe=Bh()
We conclude that f (o) shio)
doa(o)e PMe
. B B _ JR2n
%ﬂ% wn(@n(@) = Jgzn doe=BR(o)
This proves the proposition. O

9.5 SSB of ground states as an emergent phenomenon in
Berezin quantization on R?" with Schrodinger Hamil-
tonians

We start this section with a proposition concerning weak symmetry breaking of a classical
system. More precisely, we consider the function h = p? + V on R?" playing the role of the
classical Schrédinger Hamiltonian and show that the corresponding ground states exhibit weak
symmetry breaking.

Proposition 9.5.1. Consider the C*-dynamical system (Co(R?™), ™) where o) is generated
by the Hamiltonian h = p?> +V with

Vig) = (¢* = 1)%. (9.5.48)

Consider the natural action g : (q,p) — (94, gp) of g € G in terms of sympectomorphisms of
(R, 30 dpi A dq®) as in proposition 9.5.6 with G := Zs if n =1 or G := SO(n) if n > 1.
Then G is a dynamical symmetry group of (Co(R?™), ™) with action

Yof = fog ' forallg€ G and f € Co(R?"), (9.5.49)
and weak SSB occurs.

Proof. The Hamiltonian flow a(® is complete since the level sets of h are compact and every
solution of Hamilton equations is contained in one such set as h is dynamically conserved.
Since the action of G is given by symplectomorphisms and every <y, leaves h invariant and
thus it commutes with the Hamiltonian flow, G is a dynamical symmetry group of the C*-
dynamical system (Cp(R?"),a("). From Lemma 7.3.1, the extremal ground states are defined
by the Dirac measures concentrated at the set of zeros of dh. In all cases the only G-invariant
extremal ground state is located at (qo,pp) = (0,0). There is however a plethora of non-G
invariant extremal ground states located at the points (¢,0) with |¢| = 1 if n > 2 and exactly
two non-G invariant extremal ground states (£1,0) if n = 1. O
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We now recall the commutative C*-algebra g := Co(R?") which is the & = 0 fiber of
the continuous C*-bundle with Berezin deformation quantization maps QF : Co(R*™) —
A, = Boo(L*(R"dz)). The dynamical evolution described by a h-parametrized family of
one-parameter group of C*-automorphisms R > ¢ + a is provided by a corresponding h-

parametrized family of one-parameter unitary groups R 3 ¢+ U} := e~ itHn:
al(A):=U" AU, (AeAyp). (9.5.50)

Notice that o’ is strongly continuous in B(2(;) due to proposition 7.2.2 and thus (A, ") is a
C*-dynamical system. We assume that Hy, := —h?A + V where V satisfies (V1)-(V3). In this
case Hj, is affiliated to 2, because the resolvent of Hy is compact (Theorem XIII.67 in [77])
and thus, in particular, Hy is a physical observable of the system represented by 2.

That is not the whole story because, if choosing as before V' as in (9.5.48), it turns out
that G = Zy, for n = 1, or G := SO(n), if n > 1, becomes a dynamical symmetry group
as a consequence of Prop. 9.3.6 when the unitary action of G is given by the QP -equivariant
representation (9.1.5), so that U,QF (f)Us = QF (74f), where v, is the same as in (9.5.49).
The next proposition is the analog of Proposition 7.3.2.

Proposition 9.5.2. Consider the C*-dynamical system (Boo(L*(R",dx)), ), the latter de-
fined in (9.5.50), and with dynamical symmetry group G whose unitary and QP -equivariant
action is defined in (9.1.4)-(9.1.5). No SSB (or weak SSB) occurs for ki > 0.

Coming back to the potential V(q) = (¢ —1)? in particular, the existence of the classical limits
established in theorem 9.3.4 now specializes to

(1) ifn > 1,

dim (07, QF (") = /S oy T (07011500 (9). - for every f € Co(R>™); (9.5.51)

where (150 (n) is the normalized Haar measure of SO(n) and oo = (qo,0) with |go| = 1,

(2) ifn=1,

tim (0, QP(NUR) = (L) + F(-1,0)), for every f € Co(R).  (95.52)

h—0t

It is of utmost relevance to notice that both right-hand sides can be reproduced as integrals
with respect to SO(n)/Zg-invariant probability measures p and v on R?"™ with supports given
by the whole orbit Gog, where G := SO(n) or Zy respectively. For sake of completeness we
state Proposition 6.2.7 specified to the manifold R?".

Proposition 9.5.3. Let G be a topological compact or finite group with an action (continuous
in the first case) on R?". Then there are two reqular Borel probability measures on R*",
respectively p and v, such that

1
/Gf(goo)dug(g) = /RM fdu N—Ggezc;f(gao) = - fdv, for all f € Cy(R2"),

where pg is the normalized Haar measure on G in the first case and Ng is the number of
elements of G in the second case. These measures are invariant under the action of G on R*"
and each of their supports is the whole orbit Goy.

These measures, which by definition are SO(n)/Zs-invariant ground states of the dynamical
system (2o, a®) = (Co(R?"), aM) with h(q,p) = p* + (¢> — 1)?, are therefore not concentrated
on single points, but they are concentrated on the set of points where h attains its minimum
value: the orbit {(p = 0,¢)||q| = 1} in the SO(n) case and the set {(p = 0,q = £1)} in the Zy
case. Hence they are exactly a case of non-extremal G-invariant ground states responsible for
the weak SSB discussed above.

All that proves that (weak) SSB of SO(n)/Zsy occurs in the classical limit & — 0%, when
achieving the theory in 21y = Co(R?*") with classical hamiltonian h(g,p) = p* + V(q), where
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V(q) = (¢% — 1)2, from the quantum theory in 2, = By (L?(R",dz)) with Hamiltonian Hj =
—h?A + V. In this sense SSB shows up here as an emergent phenomenon [57] when passing
from the quantum to the classical realm.

Remark 9.5.4. We stress that, this emergent phenomenon is quite general in the framework of
Berezin quantization on 2y := Co(R?") when we use the Berizin map QZ (f) (with Q& (f) := f)
to describe the observables in 2, = Boo(L?(R",dz)). By collecting Theorem 9.3.4, Prop.
7.3.1, Prop. 9.5.2, and Prop. 9.5.3, we see that, when dealing with a classical Hamiltonian
h(q,p) = p?>+V(q) and its quantum companion Hp = —h2A + V, where V satisfies (V1)-(V3)?,
emergent weak SSB shows up for some group G provided that the following requirements hold.

(a) G is compact or finite (its action on R?" is continuous in the former case) and leaves
invariant both h and Hj. The action of G in the quantum Hilbert space is the QF-
equivariant action induced from the action of G on R?" by symplectomorhisms (Prop.
9.1.3);

(b) h=*({minh}) (equivalently, V~!({minV})) includes more than one point;
(c) the action of G is transitive on h~!({min h}).

According to Prop. 9.3.6, condition (a) is in particular valid when G is made of some isometries
of R", (R,a) : R" 32— a+ Rxr € R" (a € R", R € O(n)) which leave V invariant and their
action in terms of symplectomorphisms on R?" is the standard one (R,a) : R*" > (q,p)
(a + Rq, Rp) € R*", [ |

9Conditions (V1)-(V3), with V(q) — +oo if |¢| — +o0 in particular, imply that the flow of h = p% + V is
complete.

132



10. Perspectives and open problems

The work presented in this thesis raises several questions. First of all, we have focused on the
classical limit of several quantum Hamiltonians, e.g. the limit 7z — 0 of n-particle Schrodinger
operators or the limit N — oo of mean-field quantum spin Hamiltonians defined on NN lattice
sites. Even though we obtained numerous rigorous results, they are established for a fixed
finite-dimensional phase space, characterizing finite systems, and therefore they do not com-
pletely describe Nature since in Nature the number of particles is typically very large, i.e. the
phase space has a very large dimension allowing for (approximately) emergent phenomena.!
In Theory, this is accomplished by taking the limit of large number of particles n — oo in a
suitable sense.? A classical theory of an infinite system is now obtained by means of a double
limit: the limit of large number of particles followed by the classical limit [60]. In the context
of Schrodinger operators this means the limit n — oo followed by the limit A — 0. For a
general quantum spin system this translates to the thermodynamic limit N — oo (with N the
number of particles) and classical limit J — oo respectively, where J denotes the spin and
relates to the dimension 2J + 1 of the single site algebra. We remind the reader that in case
of mean-field quantum spin systems, J = N/2, so that the classical limit and thermodynamic
limit are basically the same thing.

In Chapter 5 a framework is sketched to study such double limits. Definitely, more research
should be carried out to obtain rigorous results. Another promising approach is outlined in the
next section.

10.1 Resolvent algebra

The non-commutative resolvent algebra R(X) over some symplectic (possible infinite dimen-
sional) manifold X, firstly introduced by Buchholz and Grundling [23], provides an excellent
setting to study unbounded operators. In contrast to the well-known Weyl algebra, the re-
solvent, algebra moreover provides a convenient framework for the study of finite as well as

infinite particle systems, and therefore includes a lots of physics [23, 22]. Recently, new devel-
opments have been achieved concerning quantization of the so-called commutative resolvent
algebra [70], representing a classical analog of R(X). The resolvent algebra (with its classi-

cal analog) is therefore a promising way to study the limit of large number of particles or
thermodynamic limit as well as the classical limit and can therefore be used in the search of
spontaneous symmetry breaking in large quantum systems and their classical counterparts.
In addition, since infinite degrees of freedom are allowed, also important phenomena as Bose
Einstein Condensation (BEC) and phase transitions (i.e. the non-uniqueness of KMS states at
a given temperature) might be understood exploiting the algebraic properties of the resolvent
algebra.

10.2 Infinite systems, phase transitions and SSB

Let us sketch some perspectives where both quantization theory and physics in infinite particle
systems come together. Physical properties of interest are spontaneous symmetry breaking and
phase transitions, both seen as emergent phenomena when passing to an infinite system (be
it a classical or quantum one). In the algebraic approach used in this thesis, such properties

n this thesis we have already encountered an important example of emergence, namely spontaneous sym-
metry breaking. In contrast to (classical) phase transitions, which are more common for infinite systems, we
have seen that SSB is typical for finite classical theories, i.e. theories described on a finite dimensional phase
space, as well.

2The mathematical approach for obtaining this limit exists under the name inductive limit, also denoted by
thermodynamic limit in the mathematical physics literature.

133



CHAPTER 10. PERSPECTIVES AND OPEN PROBLEMS

are encoded by states. Two important classes of such states are the so-called Kubo-Martin-
Schwinger (KMS) states and ground states. KMS states describe thermal equilibrium at fixed
temperature, and are generally believed to have a great importance in physics especially with
emphasis to phase transitions, that is, the occurrence of more than one KMS state (non-
uniqueness) for a given dynamics. Ground states in turn correspond to zero temperature and
play a crucial role in SSB [57]. It is widely accepted that most physical properties are encoded
in terms of these states [19, 20].

Symmetry and its possibly breakdown might also play a role in phase transitions in infinite
quantum systems. The question to be answered is to find out which KMS states are responsible
for quantum phase transitions, in particular those KMS states obeying diverse symmetries for
distinct values of 3, as in this way the presence of symmetry breaking phases in quantum
systems can be detected. Since this is in general a problem of great difficulty, the idea is to
proceed in the following way aiming to reduce the question in terms of classical KMS states
on a commutative C*-algebra. A possibility is to consider the commutative resolvent algebra
Ac = Cr(X,0). Analogously to the non-commutative resolvent algebra R(X, o) the algebra
Ac is the C*-inductive limit of the net of its subalgebras Cr (Y, o) where Y C X ranges over
all finite dimensional non-degenerate subspaces of X. This allows to study approximations of
infinite by finite classical systems. This is a definitely a great advantage: physical features
encoded by algebraic states corresponding to infinite systems can therefore be analyzed from
the relatively well-known finite systems.

Classical KMS states on a C*-algebra A are then defined as follows (we refer to [1, 40] for
a more complete definition of classical KMS states). Let V' be a smooth complete vector field
V € T(TX). The flow associated to V induces a one-parameter group of o¥ : R — Aut(A) of
x-automorphisms on A. A state w : A — Cis said to be a (3, 7")-KMS state if for any f,g € Ay
one has w(a(df,dg)) = —Buw(gV (f)), where Ay is a suitable dense * Poisson subalgebra of A.
For our purpose we should take A = Ao with A¢ the commutative resolvent algebra.

Several studies have shown the existence of phase transitions in infinite classical theories,
in particular those related by symmetry broken phases [19, 57]. The goal now is to investigate
the class of classical KMS states related to the existence of this kind of phase transitions. A
detailed analysis of the pertinent symplectic manifold should, of course, be carried out, using
the powerful method of reduction of symplectic manifolds with symmetry.

Eventually, one has to map back to the quantum case. To this end, quantization techniques
should be exploited and one should seek for a quantization of these classical KMS states in
terms of quantum KMS states. In this setting, the theory of formal deformation quantization
(FDQ) is crucial as this quantization scheme shares the convenient property that no explicit
quantization maps have to be constructed and classical states can be directly deformed into
quantum states [101].

10.3 Explicit symmetry breaking in real materials

Finally, as already indicated in Section 7.4 the study of explicit symmetry breaking in real
matter is not well understood, not even for SO(n)-invariant potentials, except in the case of
n = 1 as this gives Zs-symmetry and the “flea” mechanism as discussed in Section 7.4 or
in [93]. A first question to be answered is how to generalize this mechanism for Schrodinger
operators with SO(n)-invariant potentials. A small asymmetric perturbation should be added
to the SO(n)-symmetric potential in order the break the internal symmetry. The idea is the
same: due to this asymmetry in the model the exact ground state localizes in a single point
in phase space, in such a way that for finite, but small values of i > 0 the exact ground state
already localizes in a single point. Since point measures are not invariant and therefore break
the symmetry, this would suggest that explicit symmetry breaking takes place for non-zero but
small /i and therefore the fact that in Nature (describing finite systems) one of the extreme
symmetry-breaking states is found, rather than the nonphysical mixture as originally predicted
by the theory.

Having an idea on how to define such perturbation, it should be proved mathematically.
A possible strategy is based on the existence of the classical limit of the unperturbed models.
Indeed, proving the existence of the classical limit (viz. Section 6.2) of the ground state of the
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Hamiltonian in question and exploiting the notion of SSB in this limit, leads to the following
conjecture whose details are based on the ideas of Section 7.4.

Conjecture 10.3.1. Let Hy be a quantum Hamiltonian indexed by some parameter h (which
might be discrete in the case of spin systems) and consider the corresponding sequence of ground
states wy' . Assume there is a group G such that wi" is G-invariant for any h # 0 and that
the classical limit of the sequence of ground states converges to some G- invariant mized state
as h — 0. Then, there exists a perturbation § defined independently of h, such that the ground
state of the perturbed Hamiltonian Hy 4+ 6 converges to an extreme ground state which is not
invariant under the action of G. Moreover, the perturbation can be chosen in such a way
that for finite, but small I the perturbed ground state already breaks the symmetry, whilst for
relatively large values of h the state remains invariant. |
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1. Elementary facts on coherent spin
states

A.1 Coherent spin states and Dicke basis in Sym” (C?)

Let | 1),] ) denote the eigenvectors of o3 in C2, so that o3| 1) = |1) and o3| ) = —| ]). If
Q € S2, with polar angles 0 € (0,7), ¢ € (—m, ), we define!

0 . 0
|2); = cos 79|T>+ez¢“ sin%”). (A.1.1)
Writing o = (01, 09, 03), it is easy to prove that
Q- o) = |Q)1. (A.1.2)

If N € N, the associated N-coherent spin state |U%) € Sym”™ (C?), equipped with the usual
scalar product (-,-)y inherited from (C2)% is defined as follows [71] :

R = Q1@ @[Q); . (A.1.3)

N times

We occasionally also adopt the alternative notation |Qg 4) n, which emphasizes the dependence
of Q on the angles (6, ¢), and we also use ordinary notation and simply write U$.
An explicit expression of \Il% can be presented through the so-called Dicke basis of
Sym™ (C?), given by
{|k,N—k)|k=0,1...,N}, (A.1.4)

where |k, N — k) is the normalized vector obtained by symmetrization of a tensor product of
N vectors in C? whose k factors are of type |1) and the remaining N — k factors are of type
[1). A simple computation relying upon (A.1.1) and (2.2.43) yields

N
Qos)v =
k=0

(JID cos (0/2)F sin (8/2)N " Fe! NPk N — k). (A.1.5)

Coherent spin states form an overcomplete set of vectors for Sym™ (C?), in that

(2,®)y = NL; ! / (2, VT, ®)dQ,  for all Z,& € Sym™ (C?). (A.1.6)
SQ

Here df indicates the unique SO(3)-invariant Haar measure on S* with [y, dQ = 47, which, in
turn, coincides with the measure generated by the metric induced to the embedded submanifold

S? from R3. Another property relevant for our computations, which straightforwardly follows
from (A.1.1) - (2.2.43), is

: 1 () \"
e (AL7)
where
cos B (Qg, 4, Qgr.¢7) = cosfcos§’ + sinfsin b’ cos(¢p — ¢') (A.1.8)

n the literature there are some inequivalent definitions of the overall non-constant phase affecting |©2);
[71, 11], but all choices have the same important properties listed here.
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is the cosine of the angle ® between €y 4 and Qg ¢ .
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2. Proofs of auxiliary results

B.1 Proofs Chapter 3

Proof of Lemma 3.3.5. The definition (3.2.32) of Sy implies

Snlar ® -+ @ay)Sn(a) @ @dy) = —= D Y Ge)en) ® @ ao(n) ey
' UEP(N)WEP(N)
- le ZZ% Dor(1) © * @ Ao(N)Tgor(N)s (B.1.1)

since, for any given o € P(N), the map m + o o 7 is a bijection of the permutation group
P(N). Exploiting the definition of Sy once again yields

1 1
NE DD o) pon(t) @ ® Go(N)Gpon(n) = NI > Sn (‘”“?ru) ®-® aNa;(N)) ’

" mEP(N)
(B.1.2)
so that
Sn(ag @+ ®@an)Sy(a] @ ®@ady) = Z Sn (alaﬂ(l -®aNa;T(N)) . (B.1.3)
N TE€P(N)
A similar arguments gives
Snla; @ @ay)Sn(m @ @an) = — > Sy (dga @ @ yav), (B.14)
N TEP(N)
proving the claim. ([l

Proof of Equation (3.3.92). We have to compute the number of all possible bijective
maps fr (corresponding to permutations 7~ when 7 € P(N)g) whose domain consists of
the following N elements: L elements {b;,,...,b;, } together with N — L identities I. All
those elements are viewed as distinct objects. The codomain of f, consists of N elements:
M elements {b;,,...,b;,, } together with N — M identities I. Again, all those elements are
viewed as distinct objects. We assume L < M and the maps we want to count are those

that map ezactly K elements among those in {b;,,...,b;, } to distinct elements of the subset
{biys...,bi, } of the codomain.
We start by choosing K couples whose first element is chosen from the set {b;,,...,b;,}

and the corresponding second element (the image of the former according to f,) is from the
set {bi,,...,bi,, }. We can do this in

L(L—1)(L—K+1)MM—1)...(M—K+1)
K!

(B.1.5)

different ways, where the factor 1/K! is needed because the order we use to select the said K
couples does not matter. This number can be rewritten as

L! M! 1
—. B.1.6
(L-K)!' (M- K)K! ( )
We have now to assign the images via f of the remaining L—K elements of the set {b;,,...,b;, }

in the domain (having removed the K elements as above), which must be injectively mapped
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to the subset of the codomain consisting of N — M unit elements I. Keeping the initial order
of those L — K elements, the image of the first one can be taken in (N — M) ways, the image
of the second one in (N — M — 1) ways, and so on. This leads to a number of

(N — M)!
(N—L—M+K)!

(N—M)N-M~—1)--(N—M—(L-K)+1) = (B.1.7)

choices. The total number of choices is the product of (B.1.6) and (B.1.7). To conclude, we
have to injectively assign the values of the remaining N — L elements I of the domain of f
into the set of remaining N — L values of the codomain: this gives (N — L)! choices. The total
amount of choices is then identical to (3.3.92):

1 L M! (N - DN - M) (B.18)
KW (L-K)\M-K)!(N-L-M+K)!
O
B.2 Proofs Chapter 4
Lemma B.2.1. Eq. (4.2.17) is true.
Proof. As is well known (see [58] for a summary of those properties and technical references),

Q0|1 = |1,
where |Q); stands for U$? (viz. Section 2.2.2): Applying U to both sides gives
Q-UcU*UIQ)1 = U|Q);.
Namely, from (4.2.13) we obtain
Q- (Ry'o)U|Q)1 = U1,
that is
(RuQY) - o Ur|Q) =U|Q);: .

We also know that
(RUQ) e ‘RUQ>1 = |RUQ>1 .

Since the eigenspace of (R71Q) - o with eigenvalue 1 is one-dimensional, for some real Sq 7, we
must have .

U|Q>1 = ez’BQ’UlRUQh .
Taking advantage of [¥%) = |21 @ -+ @ [ and V =U @ - -- @ U |g, v (c2), we immedialtey

N times N times

achieve (4.2.17) with ag v = Nfq . O
Lemma B.2.2. limy_, CJ(\;) exists and is finite.

Proof. Since the left-hand side of (4.2.23) does not depend on N and the integral in the right-
hand side tends to p%)(Q’), the only possibility that the limit limy_, 400 CI(\?) prevents from
existing (or that makes it infinite) is (Y ) = 0. This result should be true for all €', since

limpy_ 4o Cv is independent of '. However the polynomial p%) (restricted to S?) is not the
zero function since it is an element of a basis. O

Proposition B.2.3. Eq. (4.2.25) is true.

Proof. We use the canonical (Dicke) basis introduced in Appendix A.1, given by the vectors
[n, N —n) for Sym™ (C?) (n =0, ..., N), and first show that the matrix elements with respect
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to this basis are zero:

<n‘Q1/N(Q(x7ya 2"))621/1\7(3;2 + y2 + Z2 - 1)|k> = 07 (kvn = Oa EEE) N) (B29)

In order to do so, consider a basis vector |k, N — k). We expand |k, N — k) in the standard
basis vectors 3; (i = 1,...,2"V) spanning the Hilbert space ®N C2. We denote by 0" the orbit
consisting of (JZ )—basis vectors 3; with the same number of occurrence of the vectors es and eq,
the two basis vectors of C2. By convention, we take e; such that ose; = e1, and o3eq = —es.
It is not difficult to show that [97, 100]

(%)

1
Br,1
1

V) =

where the subindex [ in 3;; labels the basis vector §;; € § within the same orbit 0" . Since we
have (],X) such vectors per orbit, the sum in the above equation indeed is from [ = 1, ..., (]Z)
By definition Q1,x (22) = So.n(0; @ 0;) for i = 1,2,3. Using a combinatorial argument and

the fact that all |k) are symmetric it follows that

)
(02®02®1---®1)Bk; =
1

Ik, N — k) =

—~
=2

1

() 1

1 N -2 N —2 N2
o) (_ (kQ)/@k—z,l+2(kl)ﬂk,z— ( & )B[@.A'_Q,l.
k

SQ,N(O'Q ® O'2)|k‘> =

Similarly,

So.n(o1 ®o1)|k) =
%((];T__;)BkZI + 2(27__12)/3%,1 + <Nk_ 2)5,“27[;
k

and

So.n(o3 ® 03)|k) =
1 N -2 N -2 N -2
(1\f)(<k—2>ﬂk’l_2<k—l)ﬂk’l+< i >Bk,l-
k

In view of Definition 2.1.3 (property 3 (éii)) the cross-section 0 — f and 1/N — Qi/n(f)
defines a continuous cross-section of the bundle (cf. Theorem 3.3.4) implying that the following
condition is automatically satisfied:!

i {[Quyn ()@ (f) = Qun(f9)llx = 0. (B.2.10)
We apply this with f = q(z,y, 2) and g(z,y, z) = 2% + y? + 2% — 1. We first show that

(nlQ1/n(q(z,y,2))Q1n (x> + > + 2> — 1)) |k) = 0,

1This is just the von Neumann condition (2.1.2).
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for all basis vectors |n) and |k) in Sym” (C?). Indeed, using the above identities one finds

—~

n|Q1/n(q(x,y,2)Q1n (2° +y° + 2° —1)|k) =
() (¥

EN 2 )ZZ (But: Q. = ))<52,N(al®01>+52,N<02®02>+ SZN(U‘”’@”?’))ﬂ ™
n L r=1

/\
\_/

~—

—
—
—
3z
~
—
>Z
N

(Bt Quyn(a(2,Y, 2))Brr) =
Guanten)((327) + (V0 7) 205 00) - ()
1

i e ataten (1) - (7)ot =0

Since this holds for all basis vectors and Sym®™ (C2) is invariant under Q,,x(¢(z,y,2)) and
Q1/n(2? +y? + 2% — 1), we conclude

—
32
~—
—
=2
~
Il
—
3
I
—

[
[
—~
Z
~

iM:

—~
3z
~—
—~
=z
~—

—
—~
2
N

HM

N
n

~—

(Ql/N(q(mv Y, Z))QI/N(xQ + y2 + Z2 - 1)) |SymN((C2) =0. (B211)

Therefore, for any symmetric unit vector ¢ € Sym?” (C?%) we compute
1Qu/n(a(@,y, 2)(@® +y* + 2% = 1))¢||ln =
|(@untatas e #5242 = 1) = Qulatany Qe 442+ 2 1) )of|
<1Qun(q(z,y, 2) (2" +y° +2° = 1)) = Qv (a(, 4, 2)Quyn (2 + v + 22 = 1)| | -
As a consequence of (B.2.10), for every € > 0 there is N, such that
1Qu/n(a(w,y,2)(@* +y* + 2% = 1))¢lly <€ if N> N.

the crucial observation is that due to (B.2.10) the number N, does not depend on the unit
vector ¢ € Sym® (C?). Therefore the above bound is uniform, and

[|Q1/n(q(z,y, 2) (@ +y* + 2 — D)lsym™ 2yl

= sup 1Qu/n(a(a,y, 2)(@® +y* + 2 = 1))é|ly <€ if N> N,
l19l1=1 ,6€8ym™ (C2)

which means

A 1Q1/n (q(z, y,2)(2* + ¥ + 22 = 1))|sym> (c2)l v = 0.

B.3 Proofs Chapter 8

Proof of Proposition 8.3.4.

From now on, S? is viewed as an embedded submanifold of R? endowed with the differen-
tiable structure, the metric and the associated measure (which coincides with d€2) induced by
R3.

Proof of (a). Since the measure dQ2 and cos ®(£2,€’) are both rotational invariant, we
assume without loss of generality that ) coincides with e, and we only demonstrate the claim
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for this choice. Writing N’ = N + 1, for £ > 0 we have

(N’ , ON'
v = AT, U5 2Zdﬂ:i/ h(0,9)(1+ cos 0)™N sin0dodp.  (B.3.12
v = L@ v = S [ 0,0+ coso) singasag. (3312

Notice that the integral is well defined because [(¥$, ¥$')|? is smooth and bounded by some
constant when €2 ranges in S2, h is L' with respect to df2 because it is measurable and bounded,
and S? has finite measure. The same argument applies to the integrals appearing in the rest
of the proof. To go on, we decompose

() = k() + () — h(Q) (B.3.13)
so that
(N’ (N’
_ / {N - ’ LN
Iy =h(Q )72“’477 /Sgl + cos §)° sin 0dOd¢ + 3N 4 /[h(Q) h(2)](1 4 cos 0)* dQ.
(B.3.14)
A direct computation leads to
IN'R(SY) o (N + 1) 20V ,
— [ (1 3 3 =h(Q)——=~ Q B.3.1
S5IN 4 /Sg + cos 0)" sin 0dfdgp = h(Q) SN IN 11 (2, (B.3.15)
as N — oo. To conclude the proof, we need to show that
N / [A(Q) — h(Q)](1 + cos0)NdQ — 0 for N — oo (B.3.16)
2N AT [ oo ' e
Actually, it is sufficient to establish that
LN
2“\’477 /\ Q)1+ cosO"NdQ2 — 0 for N — oo, (B.3.17)

where A C S? is an open neighborhood of €, in particular the one appearing in the hypothesis
where f is C'. In fact, on S?\ A we have |258| < K < 1 for some K € (0,1) so that
In K <0 and

N'|1 NN +1
! Ll < AN+ )eU\”“K —0 for N — oc. (B.3.18)
4 2 4
Therefore,
LN’
lim / |R(€2) — h(Q)]]1 + cos 8N dQ < 2||h| st NN 1K = 0. (B.3.19)
N—o0 2ZN47T S2\ A

Restricting the initial setA if necessary, let us equip A with a local chart (of the differentiable
structure induced from R?) obtained by the canonical projection onto the z,y plane (we use
this chart because the chart of the coordinates 6, ¢ is singular at €', here coinciding with the
north pole). It is not difficult to see that, in this coordinate patch where we can safely assume
cos > 0, we have

_p2
/|h |1 + cos 0N dQ = /[ (2,9) — h(0, 0y SV LT~ v?) " dedy (B.3.20)
A V91—a?—y?

where we exploited the fact that the induced measure from R? is dxdy/+/1 — 22 — y? in that
coordinate patch. Assuming f of class C'! in coordinates x,y on A, if necessary redefine again
A as a smaller open neighborhood of (0,0) whose closure (which is compact) is contained in
the initial A. Lagrange’s theorem applied to the segment joining (z,y) and (0,0) then leads to
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the estimate o o
A
%kx’,y’)x + 3y|(:r’,y’)y’ < Lgc r (B.3.21)

where (2/,y’) is a point in A depending on (z,y), and

(h(z,y) - h(0,0)] = \

2

on < o0, (B.3.22)

A
LEL ):sup I

2 ‘ %
A

dy

which exists because f is C' on the compact set A, and where we adopted plane po-
lar coordinates z = rcosd, y = rsind with r = /22 4+ y2. Collecting all results, using
z=cosl = \/17x27y2:\/17r2, we have

N LN’ 141 —r2)N
Sl /|h(Q) ()1 + cos 0N d9 < @T/ AEVIZr) o ray.
204m Ja 24 Jiroyjosr<y V1 =12
(B.3.23)
Integrating with respect to ¢, (B.3.17) holds. This ends the proof of (a), provided
(N 1+ V172N
JIn = / r2dr — 0 for N — oo. B.3.24
N = 9eN+1 0 Nier=i ( )
Changing variable to x = v/1 — r2 and next to t = 1"%’, we find
1 1
In = 2£N’/ N2 T “tdt < 2€N’/ N2 T et
1/2 0
I'(3/2)T'(¢N + 3/2)
=2/(N +1 B.3.2
W+ D= v +3) (B.3.25)

Stirling’s estimate then yields |Jn| < L/VEN for some constant L > 0. With the previous
discussion, this gives the key to (B.3.17) and hence to Assumption (a), viz.

% /[h(Q) — R(Q)](1 + cose)deQ‘ < LL{Y /VIN. (B.3.26)
T JA

Proof of (b). From (B.3.14), the identity in (B.3.15), (B.3.19), and (B.3.26) we have

(N’
47 S2

]h(ﬂ') - h) (W2, \If%’>|2%m\
(N +¢
/N +1
14

(N +1

< |h()] ‘1 - ‘+2||h|ooéN’efN1nK 4 2LL VN

< ||h]loo + ||hllso2¢ NN E =12 L 1N, (B.3.27)

where K € (0,1) does not depend on h. With a standard argument one proves that, for some

constant C4) > 0 independent of &, the constant LELA) in (B.3.22) satisfies

LY < e dn) L, (B.3.28)

where, if gq is the natural inner product on 7¢S? induced from R?,

dhl|se = sup \/ga(dh, dh). B.3.29
|dh]| sup gal ) ( )

Inequality (8.3.52) is therefore true defining CéA) = ("12LCW) | since

1—¢
1Al oo (lJN - |1 + 20(N + 1)e““nK> < By||h]|so/V'N. (B.3.30)
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Recalling that In K < 0, we finally obtain

1—¢
By = sup VN | +20(N +1 e‘N1“K> < o0 B.3.31
R ¢ (EN 71 PRV ( )
Notice that, by construction By and CEA) do not depend on §2'. O

Proof of Lemma 8.3.9. We prove the claim for a real-valued h, the extension the the
complex case being trivial. In the rest of the proof we always assume that A is sufficiently
small according to Remark 8.3.5.(1), keeping the requirement A > Q.. In particular, we
suppose that A = Ay UA_ where A, and A_ are sufficiently small open neighborhoods of €2
and {)_ respectively.

We start the proof by observing that, taking advantage of a finite partition of unit, we can
decompose h = hy + h_ where h4 are measurable, bounded and C! in A and satisfy hy = 0
in a neighborhood of 2_, and h_ = 0 in a neighborhood of Q. If the claim is valid for each of
these functions, by linearity it is also valid for h. Therefore, in the rest of the proof we assume
that h also vanishes in a neighborhood of 2_ in addition to satisfying the hypotheses in the
statement of the lemma (the other case can be treated similarly).

As a second observation, we notice that (c) in Assumption 8.3.7 and Remark 8.3.8.(a), and
the proof of Proposition 8.3.4 with (B.3.18), immediately imply that

N+1
4
N+1
4

L 1 wran o

/S . (W W) 2d0 — 0, (B.3.32)

respectively, for every open set A containing 4. In view of those remarks and using

lim sup(a,, + b,) = limsup a,, + limsup b,; (B.3.33)
n n n
liminf(a, + b,) = liminf a,, + liminf b,,, (B.3.34)

if either {a, }nen or {b,}nen has a limit in R, we can write

. N+1 _
timsup 2755 (100, 097 - WS, W) - (0, ¥R ) hi)de
N S2 /I8

. N +1 Q Q_
= timsup [ S (109 98P - 105, 9507 - 385,90 P) hae

47
N+1
—timsup [ = (J0W) W) — 21U, U P) h()de, (B.3.35)
N Ay 47

since the limit of the integration over S? \ A is zero, and in the last line we exploited the fact
that h vanishes around 2_. We can now decompose

N+1
[ (e w0 - (w8, 93 R) (@
Ay m
N+1 Q
=h(@) [ = (R wRP - 410, w5 ) a0
+
N+1
[T (9RO ROF) (@) - h(@))ae (B.3.36)
.

Taking advantage of (C.1.11) and of the identity
[(Qr-,—¢, Q) N| = [(Qo,6, A5) N | (B.3.37)
arising from (C.1.7), and choosing A_ as the image of A, under the symmetry

0—>m—0, ¢ = —¢
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that swaps Q4 and _, the first integral on the right-hand side can be rewritten as

N+1 Q O
Lh() / (100, 9 = 31(WF, WR) 2 = 318, 03P ) d. (B3.38)
AL UA_ 4m

Since Ay U A_ = A, the limit for N — oo of the integral above vanishes because it is the
difference of the limit of the analogous integral extended to the whole S2, which vanishes due
to the assumption (a), and the analogous limit when integrating over S? \ A, which vanishes
as well, as already observed. Hence

: N+1 Q Q.
timsup [ = (09 922 - (0RO — H(0R. 97 ) ) hedae

N 47
. N +1 Q
—timsup [ S (00 WP - 0%, U3 (B - b))
N A+ 47T
. N+1 Q
<timsup| [ =2 (UR), 082 = (08, 9F) () — h(Q24)dn
N Ay 4
N +1
<timsup [ = [, U - LR, UL [B(O) — h(©1)]d0 < Ge,  (B3.39)

N Ay 4

where we exploited assumption (b) and the continuity of h at Qy, choosing the open set
Ay 3 Qg such that |h(2) — h(24)] < € is guaranteed if Q € A;. In summary,

- . N+1 Q Q_
T = limsup /S T (10 W — S, P — 20, W) A(@)d2 < Ge.

N 4
(B.3.40)
This entire reasoning can be repeated changing the sign in the integrand from scratch, i.e.,
referring to

. N+1 Q Q_ 0
L (3HW% wR) 2+ 3108, w3 — (00, W) h(@)de,  (B341)
finding
. N+1 Q Q-
hm;up e i (|<\1153)7Q>|2 — LS, U — L0, >|2) h(Q)d2 < Ge. (B.3.42)
Since lim sup,,(—a,) = — liminf,, a,, we conclude that
N+1
~Ge < I =timinf [ == ([0, W) — 1108, R — 1w, 9T (s,
SQ
(B.3.43)
In summary, 3
—Ge<I<I<Ge foreverye>0 (B.3.44)

and where G > 0 is given. Therefore,

. N+1
lim _

N—o0 S2 47

Q Q_
(100, O = 31WF, wR) 2 = 18, 93)) A(Q)d2 = 0. (B.3.45)

Using Proposition 8.3.4, we conclude that

lim (N+1)
N—oo 4

= g B o wrao+ i B @l v pae
S S

N—o0 87 2 00 s 2

= $h(Q4) + Lh(Q), (B.3.46)

@@ 9300

ending the proof. O
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Proof of Lemma 8.3.11. First of all, notice that the absolute value in the left-hand side of
(8.3.67) can be rearranged into a more useful form:

N+1 / /
T (U TR A (TR R ) v ard (U W) h(SY)
N+1

/52 a9 (W, W0 (U0 Wy arh(9) — (BN, 08w (95, W% Dwh(2)) |
(B.3.47)

47

where we exploited (A.1.6) in the second summand of the first line. We intend to prove the
claim with this rearranged form. Let us start by establishing the claim in the simplest case
f =1, defining

N’ / /
Iy =5 [ a0 (U 00U ¥R s — (U0 W) (08,08 )y ), (B39

where N’ = N + 1. The Cauchy-Schwartz’ inequality implies

N’ N’ , ,
x| < ¢ =/ |<\v§3>,w%>N|2dn\/ [ R R — (UR B2
(B.3.49)

Here, eq. (A.1.5) gives rise to
’ . ’ L ’
(w2, 0y, = (003(9/2) cos(0/2) + ¢*=9") sin(0/2) sin(G’/2)) = (02, vV (B.3.50)
so that

(O, U e — (R T N2 = (09 O ) v L — (B, ) [

= (UK ars UK w—neP[1 = (U, ).

(B.3.51)
Inserting this result in (B.3.49), we find
g©
[In| < \/T\/ /\ O §2) v [2d0
N — M , /
X\/ e /I TN o O ) N-ar 21— (U, 09) M 2dQ. (B.3.52)

From a direct computation, we see that the map S% x S 3 (Q,Q') — (¥, L), is nothing

but the restriction to the unit sphere S? of the map

(I+z+ 2"+ 22" + 22’ +yy +izy +iz'y)
2/ (1+2)(1+2)

R3 x R3 3 (z,y, 2,2,y 2') — , (B.3.53)

where (z,y,2) and (2/,y’,2’) are the Cartesian coordinates of Q and Q' respectively. From
that, it is straightforward to establish that, for ' # S, the function

S$2 35 Qs ha () = [1— (U, U 2 =1+ (U2, )P — 2Re(0, UYM  (B.3.54)

vanishes for 2 = €', and is measurable and bounded. Referring to the atlas on S? consisting of
the 6 local charts given by the canonical projections onto the 3 coordinate 2-planes, it is finally
obvious that hg is everywhere smooth with respect to the differentiable structure induced from
R3, except for = S (where 2 = —1). We may therefore apply (8.3.52) to the special case
h(Q) = ho (2) — which satisfies h(€2') = 0 — in (B.3.52). Exploiting also (8.3.66) with g = 1
to handle the large-N behavior of the first integral on the right-hand side of (B.3.52), which is
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bounded by some constant H > 0 when N increases, we conclude that, if N > M,

I K B.3.55
< — 9.
|N|—(N7M)1/4= ( )

for the constant
K% = H \/c sup |hor (Q)] + D@ sup /ga(daha (), doha (). (B.3.56)
Q,Q' €A QQ0€A

Notice that with these definitions, C' and D) do not depend on the choice of the function
used here (viz. hq/), whereas D) only depends on A, which is the same for all possible choices
of Q' € A. Hence, no dependence on ' takes place.

Let us now turn attention to the general case where now h is a generic bounded measurable
function that is C*(A), defining

N/ ’ ’
In = g [ (0 (R W) - arh(@) = (B W) (B, b))
(B.3.57)
Inserting a vanishing term
N/ ’ ’
0= [ a2 (00 VRN (V5 ar W) v-arh () — (U0, W0 (95 9 k()
(B.3.58)

between the two summands on the right-hand side, the triangle inequality, the fact that h(Q2')
is constant with respect to §2, and the definition of Iy yield

N/ 0 ’
1< Willel vl + - [ a1 W% 0 Wb () = (). (B3.59)

Applying the Cauchy-Schwartz inequality, we end up with

N/ N’ ,
[l < |h||oo|fN|+\/ =1 |<WS8>,W%>N|2dQ\/ [ R v PIh(E) — b

(B.3.60)
As in the previous case, in particular taking advantage of (8.3.52) to estimate the last integral
and using (B.3.55) and noticing that 1/(N — M) > 1/N, we end up with

K| +/ClIBIZ + DA|jdF) L)
(N — M)/ ’

[Jn| < (B.3.61)

for some constants K (4, C, D) > 0, generally depending on M, but independent of ', h and
F, where F(Q) = |h(2) — h(€Y')|? that is C! where h is C1. O
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3. Dicke components and numerical evi-
dence

This part of the appendix provides numerical evidence for equations (8.3.61) - (8.3.63) and
other useful properties are discussed in detail. We start with some results on the ground state
eigenvector of the quantum Curie-Weiss model.

C.1 Dicke components of the ground state eigenvector

v of HOY

For any N € N, the ground state eigenvector \Ilg\(,)) lives in the symmetric subspace SymN((CQ) -
®7]:]:1 C2. This non-obvious fact arises from the uniqueness of the CW-ground state vector
(up to phases and normalization), which is ultimately a consequence of the Perron—Frobenius
Theorem, and the fact that ch/‘/]g is invariant under the natural action of permutation group
of N elements [19], [97, §5.3], [100].

In order to do computations with \IIS\?), it therefore suffices to represent this vector in an
(N + 1)-dimensional basis for Sym® (C?). This is a big numerical advantage: diagonalizing a
(N + 1)-dimensional matrix is much more efficient for a computer rather than diagonalizing
a 2NV-dimensional matrix. The Dicke basis (A.1.4) we already introduced for this subspace
therefore allows the expansion

v =3 en(k)|k, N — k), (C.1.1)

where the coefficients ¢y (k) depend on N and, again from the Perron-Frobenius Theorem, the
usual arbitrary phase affecting \I/S\?) can be chosen in order that

en(k) >0, k=0,1,...,N. (C.1.2)

Both analytic asymptotics [49] and numerical computations [97] of the coefficients cy (k)
are known, but no analytic expression has been found so far. To compute the expression
|<\I/SS),QQ7¢>|2Z popping up in equations (8.3.61) (for I = 1/2) and (8.3.63) (for [ = 1) we use
egs. (C.1.1) and (A.1.5) for \IJE\?) and |Qg 4) n in terms of the Dicke basis. This way, the relevant
inner product will be computed again in terms of the N + 1 numerically favorable Dicke states,
instead of 2V basis vectors for ®7]:]:1 c2.

Let us first focus on the Zy-action (/N on M,(C)V, already introduced in Section 8.3.2.
This automorphism is unitarily implemented by the following unitary operator:

VN =01® - @0, € My(C)V, (C.1.3)
N ti
N (a) = VyaVyt, (C.1.4)

where a € My(C)¥. Since Vi = oy, which swaps |1) and |]), we clearly have

Vnlk, N — k) = |N — k. k). (C.1.5)
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Passing to the coherent spin state basis, this gives

VN |Q0,0)n = €N Qg —p) N (C.1.6)
Varl2)n = [2) .

As we already saw, the (algebraic) CW-ground state wi%\, defined by (8.3.46)) is invariant

under the automorphism (C.1.4). The unit vector \IJE\?) of wf%v must therefore satisfy
Va o =+ (C.1.8)

since VZ = I. By (C.1.5), for the components (C.1.1), eq. (C.1.8) can be rephrased as
CN(N — k?) = iCN(]C)7 (019)

where the sign does not depend on k. However, because ¢y (k) > 0 only the + sign can actually
occur. Thus the Zs-invariance of the ground state is equivalent to

en(k)=cen(N—k), k=0,1,...,N, (C.1.10)
and from (C.1.6) we also have

(O, Q0.0) 1 = (T, Qg o). (C.1.11)

C.2 Coefficients cy(k) for N > 80

We computed the components ¢y (k) of \Ilg\(,)) using Matlab. However, from N = 80 onwards

our program was not able to numerically distinguish anymore between the lowest eigenvalue

egN) of H IC/I]/VV and its first excited level egN) > e(()N

. . . N) . . .
numerical approximation, the eé )-elgenspace of h?/‘% appears as a two-dimensional subspace

) in SymN((C2). As a consequence, within this

KM of Sym™(C?) and one needs to extract the actual ground state from the span of the

pair of apparent degenerate eigenvectors U{™*®* and w{mat=b of h{)x with the common

eigenvalue e(()N) computed by Matlab, which form an orthonormal basis of K(¥). This can
indeed be done, because KN) is invariant under the unitary representation Vi (C.1.5) of the
element -1 of Zy, which turns out to be non-trivial when restricted to that subspace. Hence

VN‘K(N) #1, (C.2.12)

and since V| g v is simultaneously unitary and self-adjoint, its spectrum consists only of two
points 1. In other words, K (™) contains exactly one (up to phases) unit vector @) such that
V@) = &) Since the true ground state of hlc/‘% satisfies the same condition and belongs
to the same (approximate) subspace, we must have

v = o), (C.2.13)

Therefore,! \IJS\(;) is the unique unit eigenvector of Vv with eigenvalue 1. Matlab proposes a
pair of orthonormal vectors \I'E\(,))ma“ab and \Ilg\l,)m“ab, forming an orthonormal basis of KN)
which can be assumed to be of the form represented in the following picture, up to a change
of the overall sign and the action of Viy (which simply reflects the function around the vertical
axis localized at N/2).

If rn denotes the ratio ry = HéN)/HI(;{N), where Hl(%N) > HéN) is the height of the peak in the

left part of the figure representing \Ilgs)mmab, and HJEN) is defined analogously for the peak in

the right part, it is not difficult to prove that the unique (up to phases) unit eigenvector \1153)

LOf course, with phases chosen such that the Perron—Frobenius condition (C.1.2) holds.
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Figure C.1: Plot of \I/S\(,))matlab (in blue) and W%)matlab (in red) for N =100,J =1,B =1/2.

of Un with eigenvalue 1 takes the form

1 (1
\I:<N°>:< N

(0)matlab 1- N (1)matlab
— + —9 . C.2.14
V2 \/1+7% N V1+7r3 N ) ( )

That is the desired ground state for N > 80. Notice that, with \Ilg\?)mﬂab and \Ils\l,)matlab
as computed by Matlab, the components cy (k) of \I/S\?) also satisfy cy(k) > 0 (instead of
en (k) > 0 valid in the non-degenerate case).

Remark C.2.1. When N < 80, within our available computational precision Matlab is able
e (N) (N)
to distinguish €; ’ from €;

and the computed vector ‘llgs)ma“ab i
as expected, (C.2.14) furnishes the actual ground state

s such that ry = 1. Therefore,
oY) = g, (C.2.15)
In the opposite direction, for N > 150 we obtain 7y = 0, so that (C.2.14) reduces to

1
v =

\]:I(O)matlab + \I/(l)matlab) . (0216)
72 (W "

]
C.3 Numerical evidence for (a),(b),(c) in Assumption
8.3.7

We computed the integrals in (8.3.61) and (8.3.62) for increasing values of N: see Table 1 and
Table 2 below, respectively.
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Table 1. Numerical values of the left-hand side on (8.3.61) for increasing N.

N Value of (8.3.61).
10 0.0060

20 4.0922 - 104

30 3.8941-107°

60 —1.4394-107°
90 —2.7404-1076
120 —4.2139-1077
150 —6.0988 - 108
180 —8.6073-107°

Table 2. Numerical values of the left-hand side on (8.3.62) for increasing N.

N Value of (8.3.62) for I =1 Value of (8.3.62) for [ =1/2
10 0.2559 0.4185
20 0.1065 0.2095
30 0.0868 0.1860
40 0.0765 0.1731
50 0.0707 0.1649
60 0.0666 0.1590
70 0.0636 0.1547
80 0.0614 0.1514
90 0.0596 0.1488
100 0.0582 0.1469
110 0.0570 0.1452
120 0.0561 0.1439
130 0.0552 0.1427
140 0.0546 0.1418
150 0.0540 0.1409

From this table, it is clear that for [ = 1 as well as | = 1/2, eq. (8.3.62) is decreasing in N, and
therefore uniformly bounded in N. In fact, from this table it appears that

N+1
Ay = [ ==l wR)Plae ~
S2 ™
N+1 o oo, N+1 o o 21)
By = S, U 2 (0, v dQ, C.3.17

as N becomes large. To be even more precise, we numerically computed the values of Ay and
By for increasing values of N (see Table 3).
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Table 3. Ay and By (as defined above) from (8.3.62) for increasing N.

N ANfOI‘l=1/2 BNfOI‘ZZI/Q ANfOI‘ZZI BNfOI‘l:1
10 2.3357 2.5471 0.9831 0.9772
20 2.6489 2.6846 0.9950 0.9946
30 2.7285 2.7330 0.9983 0.9982
40 2.7598 2.7574 0.9993 0.9993
50 2.7759 2.7719 0.9997 0.9997
60 2.7858 2.7816 0.9999 0.9999
70 2.7926 2.7884 0.9999 0.9999
80 2.7977 2.7935 1.0000 1.0000
90 2.8015 2.7974 1.0000 1.0000
100 2.8046 2.8005 1.0000 1.0000
110 2.8071 2.8031 1.0000 1.0000
120 2.8092 2.8052 1.0000 1.0000
130 2.8109 2.8070 1.0000 1.0000
140 2.8124 2.8085 1.0000 1.0000

This clearly suggests that for I = 1/2 both integrals converge to 2v/2 ~ 2.828. Therefore, since
the integral in (8.3.62) is bounded by A + B, there is strong numerical evidence that (8.3.62)
is valid for some constant G, for example given by the sum of Ay and By, ie., G = 4v2. A
similar result holds for the case [ = 1.

Furthermore, the validity of part (¢) in Assumption 8.3.7 has been checked by comparing the
graphs of the function

52350~ (o, w2y (C.3.18)

N+1
4
with the graphs of the function

N+1
472t

N+1
472¢

525 Qs (U, W) 2+ (WS, TR %, (C.3.19)
since the latter satisfies (¢) ((b) Remark 8.3.8) and the graph of the former becomes more and
more indistinguishable from the graph of the latter as IV increases. We display various plots
of the graphs of both functions for two typical different values of N. In order to make a clear
comparison we avoid single 3d plots, but instead plot two 2d plots, one as a function of 8 for
fixed ¢ = 0, and the other as a function of ¢ for fixed §# = 7/6. ? These pairs of 2d plots (for
l =1/2 and | = 1) are depicted in the next pages for N = 30 and N = 250, and as always
J=1,B=1/2.

2Note that due to symmetry we also could have chosen the point § = 5m/6. We indeed checked this
numerically, but omitted the plots.
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Finally, we give another numerical fact corroborating Assumption 8.3.7, namely that the full
width at half maximum (fwhm) of the function

N+1
N s = (U W) (C.3.20)
vanishes as N — oo, so that the function Q — %K\PS\?), UL [? indeed behaves like a sum of

two delta distributions in the regime N — oo.

To this end, we discretized § and ¢ uniformly in N points on (0,7/6) and (—m, ) respec-
tively, so that (C.3.20) becomes a 2d array of N? points. We then computed the number of
points a(N,7/6) at half height of the array Ai—fK\IJES), TL)|? at fixed 7/6, but varying the
discrete values of ¢. Then we repeated this step but now varying 6 at fixed ¢ = 0. Similarly
as before, we now define b(N,0) to be the number of points at half maximum for ¢ = 0. This
basically means that we count the number of points in a rectangle at half maximum of the total
array. It is clear that the area of the rectangle spanned by a(N,7/6) and b(N,0) includes all
points of the function at half maximum. Some of the values are given in the graph below:3

(N+1)/(api) (T, 2 12

4
—a(N,n/6)
35} ——b(N.0)
3l
£
E
251
ol
15 - : - : -
as 4 45 5 5.5 6 6.5
log(N)

Figure 12: Full width at half maximum for the function (C.3.20), for N = 50, 150, 200, 250, 500 on a log scale .
The red line corresponds to 6 € (0,7/2) and ¢ = 0, whilst the blue line corresponds to § = /6 and ¢ € (—m, 7).

It may be clear that the slope of both lines is about 0.5, which means that the fwhm goes
like vN. Tt is also clear that b(N,0) seems to be translated with respect to a(N,7/6) be a
factor 2. We conclude that the number of points in the rectangle is approximately given by
VN -V/N -2 =2N = O(N). Using the above discretization, we then have about v'N steps of
/2N each, and about 2v/N steps of 27 /N so that in particular the spanned rectangle has a
width of 272 /N = O(1/N). This means that the fwhm of the function (C.3.20) indeed vanishes
as N — oo.

3We display this for the case £ = 1, but numerically checked that the same holds for £ = 1/2.

159



Bibliography

[1] M. Aizenman, G, Gallavotti, S. Goldstein, J. L. Lebowitz. Communications in Mathematical
Physics 48, 1-14 (1976) .

[2] A.E. Allahverdyana, R. Balian, and Th. M. Nieuwenhuizen, Understanding quantum mea-
surement from the solution of dynamical models, Physics Reports, 525, 1-166 (2013).

[3] Ammari, Z., Nier, F.: Mean field propagation of infinite-dimensional Wigner measures with
a singular two-body interaction potential. Ann. Sc. Norm. Super. Pisa Cl. Sci. 14, 155-220
(2015).

[4] P. W. Anderson, An approximate quantum theory of the antiferromagnetic ground state,
811 Phys. Rev. 86, 694 (1952).

[6] André Matinez, An Introduction to Semiclassical and Microlocal Analysis, Springer (2002).

[6] André Voros, Wentzel-Kramers-Brillouin Method in the Bargmann representation, Physical
Review A 40, 6814 (1989).

[7] R. J. Archbold, Continuous bundles of C*-algebras and tensor products. Quart. J. Math.
50 131-146 (1999).

[8] S. Bates and A. Weinstein, Lectures on the Geometry of Quantization. Berkeley Mathemat-
ics Lecture Notes 8. University of California, Berkeley (1995).

[9] R. Batterman. The Dewvil in the Details: Asymptotic Reasoning in Explanation, Reduction,
and Emergence. Oxord University Press (2002).

[10] Bayen, F., Flato, M., Fronsdal, C., Lichnerowicz, A., Sternheimer, D. Deformation theory
and quantization I, II. Annals of Physic (N.Y.) 110, 61-110, 111-151 (1978).

[11] L. Bengtsson and K. Zyczkowski, Geometry of Quantum States: An Introduction to Quan-
tum Entanglement. Cambridge University Press (2006).

[12] F.A. Berezin, General concept of quantization, Communications in Mathematical Physics
40, 153-174 (1975).

[13] M.V. Berry, Singular limits, Physics Today, 55, 10-11 (2002).

[14] B. Blackadar Operator Algebras: Theory of C*-algebras and von Neumann Algebras.
Springer-Verlag Berlin Heidelberg (2006).

[15] N. N. Bogoliubov, Lectures on quantum statistics, Volume 2: Quasi- Vverages Gordon and
Breach Sci. Publ. (1970).

[16] P. Bona, The dynamics of a class of mean-field theories. Journal of Mathematical Physics
29, 2223-2235 (1988).

[17] M. Bordemann, E. Meinrenken, and M. Schlichenmaier, Toeplitz quantization of Kéhler
manifolds and gl(N), N — oo limits, Communications in Mathematical Physics 165, 281—
296 (1994).

[18] M. Bordermann, H. Romer, S. Waldmann, A Remark on Formal KMS States in Deforma-
tion Quantization, Letters in Mathematical Physics, 45, 49-61 (1998).

[19] O. Bratteli and D.W. Robinson, Operator Algebras and Quantum Statistical Mechanics.
Vol. I: Equilibrium States, Models in Statistical Mechanics. Springer (1981).

160



BIBLIOGRAPHY

[20] O. Bratteli and D.W. Robinson, Operator Algebras and Quantum Statistical Mechanics.
Vol. II: Equilibrium States, Models in Statistical Mechanics. Springer (1981).

[21] E. Briining, H. Mikeld , A. Messina, and F. Petruccione, Parametrizations of density
matrices, Journal of Modern Optics 59, 1-20 (2011).

[22] D. Bucholz, The resolvent algebra of non-relativistic Bose fields: observables, dynamics
and states, Commun. Math. Phys. Vol. 362, Issue 3 , pp 949-981 (2018).

[23] D. Buchholz and H. Grundling. The resolvent algebra: a new approach to canonical quan-
tum systems. Journal of Fucntional Analyis, 254 (11), 2725-2779 (2008).

[24] D. Bucholtz, H. Grundling, Quantum Systems and Resolvent Algebra. Par of Lecture Notes
in Physics (2015).

[25] J. Butterfield, Less is different: Emergence and reduction reconciled, Foundations of
Physics, 41, 1065-1135 (2011).

[26] L. Charles, Berezin Toeplitz Operators, a semi-classical approach. Communications in
Mathematical Physics Vol. 239, 1-28 (2003).

[27] L. Chayes, N. Crawford, D. Ioffe, and A. Levit, The phase diagram of the quantum Curie—
Weiss model, Journal of Statistical Physics 133, 131-149 (2008).

[28] M. Combescure, D. Robert Coherent States and Applications in Mathematical Physics
Springer (2012).

[29] A. Connes, Noncommutative Geometry. Academic Press, San Diego (1994).

[30] K. R. Davidson, Pointwise limits of analytic functions. Am. Math. Monthly 90: 391-394
(1983).

[31] E. B. Davies, One-Parameter Semigroups, Academic Press (1980).

[32] A. Deleporte, Toeplitz operators with analytic symbols, The Journal of Geometric Anal-
ysis. 31, 3915-3967 (2021).

[33] J. Dixmier, C*-algebras North-Holland (1977).

[34] N. Drago, S. Waldmann, Classical KMS Functionals and Phase Transitions in Poisson
Geometry. arXiv:2107.04399 (2021).

[35] Duffield, N.G., Werner, R.F. Classical Hamiltonian dynamics for quantum Hamiltonian
mean-field limits. Stochastics and Quantum Mechanics: Swansea, Summer 1990, pp. 115—
129. Truman, A., Davies, I.M., eds. Singapore: World Scientific (1992a).

[36] Duffield, N.G., Werner, R.F. On mean-field dynamical semigroups on C*-algebras, Reviews
in Mathematical Physics 4, 383—424 (1992b).

[37] N.G. Duffield and R.F. Werner, Local dynamics of mean-field quantum systems, Helvetica
Physica Acta 65, 1016-1054 (1992).

[38] S.Dusuel, J.Vidal. Continuous unitary transformations and finite-size scaling exponents in
the Lipkin-Meshkov-Glick model. Physical Review, Vol. 93, Iss. 23 (2004).

[39] S. Friedli and Y Velenik, Statistical Mechanics of Lattice Systems: A Concrete Mathemat-
ical Introduction Cambridge University Press (2017).

[40] G. Gallavotti, Verboven. E. Il Nuovo Cimento VoL. 28 B, N. 1 (1975).
[41] J-P Gazeau Coherent States in Quantum physics Wiley-VCH Verlag (2009).

[42] J. Grabowski, M. Kus, G. Marmo, Geometry of quantum systems: density states and
entanglement, Journal of Physics A: Mathematical and General, 38, 10217-10244 (2005).

161



BIBLIOGRAPHY

[43] A. Grigis, J. Sjostrand, Microlocal Analysis for Differential Operators, an Introduction,
London Mathematical Society Lecture Note Series, 2013.

[44] S.J. Gustafson, and I.M. Sigal, Mathematical concepts of quantum mechanics. Berlin:
Springer (2003).

[45] Helffer, B. Semi-classical Analysis for the Schrédinger Operator and Applications. Heidel-
berg: Springer (1988).

[46] B. Helffer, J. Sjostrand. Multiple Wells in the Semi-Classical Limit 1, Commaunications in
Partial Differential Equations, 9.4, 337—408 (1984).

[47] B. Helffer, J. Sjostrand, Résonances en limite semi-classique, Mémoires de la Société
Mathématique de France, Vol. 24-25, 1-228 (1986).

[48] L. Hormander, The Weyl calculus of pseudo-differential operators, Commaunications on
Pure and Applied Mathematics, 32, 359-443 (1979).

[49] D. Ioffe and A. Levit, Ground states for mean field models with a transverse component,
Journal of Statistical Physics 151, 1140-1161 (2013).

[50] G. Jona-Lasinio, F. Martinelli and E. Scoppola, New approach to the semiclassical limit
of quantum mechanics, Commaunications in Mathematical Physics 80, 223 (1981).

[61] E. Kirchberg, S. Wassermann, Operations on continuous bundles of C*algebras, Math.
Ann. 303: 677-697 (1995).

[62] T. Koma and H. Tasaki, Symmetry breaking and finite-size effects in quantum many-body
systems, Journal of Statistical Physics 76, 745-803 doi:10.1007/BF02188685 (1994).

[53] J. Kutzner, Eine Phasenraumdarstellung ftir Spinsysteme, Z. Physik 259, 177-188 (1973).

[54] N.P. Landsman, Strict quantization of coadjoint orbits, Journal of Mathematical Physics
(1998).

[65] N.P. Landsman, Mathematical Topics Between Classical and Quantum Theory, Springer
(1998).

[56] N. P. Landsman. Between Classical and Quantum. Handbook of the Philosophy of Science,
Vol. 2, 417-553, (2007).

[57] K. Landsman, Foundations of Quantum Theory: From Classical Concepts to Operator
Algebras, Springer (2017).
Open Access at http://www.springer.com/gp/book/9783319517766.

[58] K. Landsman, V.Moretti, C.J.F. van de Ven, Strict deformation quantization of the state
space of My (C) with applications to the Curie-Weiss model. Reviews Mathematical Physics
Vol. 32 (2020).

[59] M. Lesch, B. Mesland, Sums of regular selfadjoint operators in Hilbert C*-modules, J.
Math. Anal. Appl. 472 (1): 947-980 (2019).

[60] Lieb, E.H. The classical limit of quantum spin systems. Communications in Mathematical
Physics 62, 327-340 (1973).

[61] H. Lipkin, N. Meshkov, and A. Glick, Nuclear Physics. Vol. 62 (1965).

[62] E. Majorana, Atomi orientati in campo magnetico variabile, Nuovo Cimento 9, 43-50
(1932).

[63] J.E. Marsden and T.S. Ratiu, Introduction to Mechanics and Symmetry, Springer (1994).
[64] V. Moretti, Spectral Theory and Quantum Mechanics, 2nd Edition, Springer (2018).

162



BIBLIOGRAPHY

[65] V. Moretti, C.J.F. van de Ven, Bulk-boundary asymptotic equivalence of two strict defor-
mation quantizations, Letters in Mathematical Physics, 110, 2941-2963 (2020).

[66] V. Moretti, C.J.F. van de Ven, The classical limit of Schrédinger operators in the
framework of Berezin quantization and spontaneous symmetry breaking as emergent phe-
nomenon. Accepted for publication in Int. J. of Geometric Methods in Modern Physics,
https://arxiv.org/abs/2103.11914.

[67] S. Morrison and A. S. Parkins. Phyical Review Letters, No. 100, (2008).
[68] G.J. Murphy, C*-Algebras and Operator Theory, Academic Press (1990).

[69] S. Murro, C.J.F. van de Ven, Injective tensor products in strict deformation quantization.
https://arxiv.org/abs/2010.03469.

[70] T. van Nuland, Quantization and the Resolvent Algebra, J. Funct. Anal. 277 (8): 2815—
2838 (2019).

[71] A.M. Perelomov, Coherent states for arbitrary Lie groups, Communications in Mathemat-
ical Physics, 26, 222-236 (1972).

[72] M.J. Pflaum, Analytic and Geometric Study of Stratified Spaces Springer (2001).

[73] I. Raeburn, and D. P. Williams, Morita equivalence and continuous-trace C*-algebras.
American Mathematical Society (1998).

[74] G.A. Raggio and R.F. Werner, Quantum statistical mechanics of general mean field sys-
tems, Helvetica Physica Acta, 62, 980-1003 (1989).

[75] M. Reed and B. Simon, Methods of Modern Mathematical Physics Vol I, Academic Press
(1975).

[76] M. Reed and B. Simon, Methods of Modern Mathematical Physics Vol II, Academic Press
(1975).

[77] M. Reed and B. Simon, Methods of Modern Mathematical Physics Vol IV, Academic Press
(1975).

[78] M. Reimer, Multivariate Polynomial Approxzimation, Springer-Verlag (2003).

[79] R. Reuvers, A Flea on Schrodinger’s Cat. The Double Well Potential in the Classical Limit.
http://www.math.ru.nl/~landsman/Robin.pdf (2012).

[80] M.A. Rieffel, Deformation quantization of Heisenberg manifolds, Communications in
Mathematical Physics, 121, 531-562 (1989).

[81] M. A. Rieffel, Deformation quantization and operator algebras. In Operator Theory:
Operator Algebras and Applications, Part 1, 51 of Proceedings of symposia in Pure
Mathematics,411-423. American Mathematical Society, Providence, RI, 1990. Edited by W.
B. Arveson and R. G. Douglas.

[82] M. A. Rieffel, Deformation quantization for actions of R%. Memoirs of the American Math-
ematical Society (1993).

[83] M.A. Rieffel, Quantization and C*-algebras, Contemporary Mathematics, 167, 67-97
(1994).

[84] W. Rudin, Real and complex analysis, McGraw-Hill (1986).
[85] D. Ruelle, Statistical Mechanics: Rigorous Results. World Scientific, (1999).

[86] D. Ruelle, Natural nonequilibrium states in quantum statistical mechanics, J. Statistical
Phys. 98,57-75 (2000).

163



BIBLIOGRAPHY

[87] M.B. Ruskai, Inequalities for Traces on von Neumann Algebras, Communications in Math-
ematical Physics, 26, 280-289 (1972).

[88] M. Schlichenmaier, Berezin-Toeplitz quantization for compact Kahler manifolfds. A review
of results. Advances in Mathematical Physics (2010).

[89] B. Simon, The Statistical Mechanics of Lattice Gases. Vol. I Princeton University Press
(1993).

[90] B. Simon, Trace Ideals and their Applications London Math. Soc. Lecture Notes Series,
Cambridge Univ. Press, Cambridge, (1979).

[91] B. Simon, The Classical Limit of Quantum Partition Functions. Communications in Math-
ematical Physics, 71, 247-276 (1980).

[92] B. Simon, Semiclassical Analysis of Low Lying Eigenvalues, II. Tunneling. Annals of Math-
ematics, 120, 89-118 (1984).

[93] B. Simon, Semiclassical analysis of low lying eigenvalues. IV. The flea on the elephant.
Journal of Functional Analysis, 63, 123 (1985).

[94] M. Takesaki, Theory of Operator Algebras I, 2nd ed. Springer (2002).
[95] H. Tasaki, Physics and Mathematics of Quantum Many-Body Systems, Springer (2020).

[96] D. Ueltschi, Quantum spin systems and phase transitions, Marseille lectures, (2013). Avail-
able at http://www.ueltschi.org/publications.php

[97] C. J. F. van de Ven, Properties of Quantum Spin Systems and their Classical Limit (M.Sc.
Thesis, Radboud University, 2018), https://www.math.ru.nl/~landsman/Chris2018.pdf.

[98] C.J.F. van de Ven, The classical limit of mean-field quantum theories. Journal of Mathe-
matical Physics, 61, 121901 (2020).

[99] C.J.F. van de Ven, The classical limit and spontaneous symmetry breaking in algebraic
quantum theory. https://arxiv.org/pdf/2109.05653v2.pdf.

[100] C. J. F. van de Ven, G. C. Groenenboom, R. Reuvers, N. P. Landsman, Quantum spin
systems versus Schrédinger operators: A case study in spontaneous symmetry breaking,
SciPost (2019).

[101] S. Waldmann, Poisson geometry and deformation quantisation. An introduction. Springer
(2007).

[102] H. Weyl, Das asymptotische Verteilungsgesetz der Eigenwerte linearer partieller Differ-
entialgleichungen, Mathematische Annalen, 71 | pp. 441-479 (1912).

[103] J. van Wezel, Quantum dynamics in the thermodynamic limit, Phys. Rev. B 78, 054301,
doi:10.1103 /PhysRevB.78.054301 (2008).

[104] J. van Wezel and J. van den Brink, Spontaneous symmetry breaking in quantum me-
chanics, Am. J. Phys 75, 635, doi:10.1119/1.2730839 (2007).

[105] M.P.H. Wolff, Discrete Approximation of Unbounded Operators and Approximation of
their Spectra. Journal of Approzimation Theory 113, 229-244 (2001).

[106] W. F. Wreszinski and V. A. Zagrebnov, Bogoliubov quasiaverages: Spontaneous symme-
try breaking and the algebra of fluctuations, Theor. Math. Phys. 194, 157 (2018).

[107] M. Zworski, Semiclassical Analysis, Graduate Studies in Mathematics 138, American
Mathematical Society, (2012).

164



	Introduction
	Different limits
	Classical limit
	Quantization theory
	Contributions
	Discussion
	Reading this thesis

	 I Algebraic methods
	Quantization procedures
	Strict deformation quantization
	Coherent pure state quantization

	Deformation quantization of the algebraic state space of Mk(C)
	Structures on A= Mk(C)
	Intermezzo: quasi-symmetric sequences
	Deformation quantization of S(Mk(C))

	Bulk-boundary asymptotic equivalence
	Interplay of bulk quantization map Q1/N and boundary quantization map Q'1/N
	Bulk-boundary asymptotic equivalence
	Application to the quantum Curie-Weiss model

	Injective tensor products in strict deformation quantization
	The injective tensor product of continuous bundles of C*-algebras
	Products of Poisson algebras
	Products of KMS states
	Examples

	Semi-classical properties of Berezin quantization maps
	Spectral asymptotics for Berezin quantization maps
	Classical limit for Berezin quantization maps

	Dynamical symmetry groups and spontaneous symmetry breaking
	Spontaneous symmetry breaking: general concepts
	Dynamical symmetry groups, ground states and SSB in algebraic quantum theory
	SSB of ground states as an emergent phenomenon in Berezin quantization on symplectic manifolds
	SSB in Nature


	  II Applications
	Mean-field theories
	Mean-field quantum spin systems, symbols and strict deformation quantization
	Semi-classical properties of mean-field theories
	Applications to Curie-Weiss model and SSB

	Berezin quantization maps on R2n and Schrödinger operators
	Semi-classical properties of Berezin quantization maps on R2n
	Schrödinger operators versus Berezin quantization maps
	Semi-classical properties of Schrödinger operators
	Classical limit of Gibbs states
	SSB of ground states as an emergent phenomenon in Berezin quantization on R2n with Schrödinger Hamiltonians

	Perspectives and open problems
	Resolvent algebra
	Infinite systems, phase transitions and SSB
	Explicit symmetry breaking in real materials

	Appendices
	Appendix Elementary facts on coherent spin states
	Coherent spin states and Dicke basis in SymN(C2)

	Appendix Proofs of auxiliary results
	Proofs Chapter 3
	Proofs Chapter 4
	Proofs Chapter 8

	Appendix Dicke components and numerical evidence
	Dicke components of the ground state eigenvector (0)N of H1/NCW
	Coefficients cN(k) for N80
	Numerical evidence for (a),(b),(c) in Assumption 8.3.7



