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1 Introduction

The direct detection of gravitational waves (GWs) offers a unique opportunity to probe scales
and circumstances of the Universe far beyond the reach of electromagnetic probes. The
detection of dozens of transient GW signals by the LIGO/Virgo network since 2015 [1–9] has
begun to reveal the great potential of GW astronomy, yielding outstanding results on the
abundance and dynamics of astrophysical compact binaries, while enabling stringent tests of
gravity at the same time. Due to well-motivated theoretical reasons, the Universe is expected
to be filled up with stochastic GW backgrounds (GWBs) of astrophysical and cosmological
origin [10–12]. While the LIGO/VIRGO/KAGRA (LVK) collaboration has set stringent upper
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bounds on the presence of GWBs1 around the ∼ dHz-kHz frequencies, as ΩGW ≲ 5×10−9 [13]
and ΩGW ≲ 8.6 × 10−9 [13–16], for scale-invariant and astrophysical signals, respectively,
pulsar timing array (PTA) collaborations [17–20] have just announced the first strong evidence
of detection of a GWB, at their natural ∼nHz frequency window. The origin of the PTA signal
is so far unclear, and while a GWB from a population of supermassive black hole binaries
(SMBHBs) is naturally expected at the PTA frequencies [21–23], cosmological backgrounds
also represent a viable explanation [23–25].

Leading astrophysical signals emerge from the incoherent superposition of weak GW
signals from compact binaries that cannot be resolved individually by a given experiment.2

This is the case, for example, of the stochastic GWB expected from stellar origin black hole
binaries (SOBHBs), neutron star binaries (NSBs) at the LVK frequency window [15, 26–28],
or extreme mass-ratio inspirals (EMRIs) [29, 30]. It is also the case of the background
expected from SMBHBs at PTA frequencies [31, 32]. While astrophysical backgrounds might
probe interesting aspects of the environment and formation history of binaries, cosmological
backgrounds, on the other hand, carry information on the high energy phenomena that
originated them in the early Universe. Theoretically, the Universe might be permeated by a
plethora of cosmological backgrounds with a variety of origins, ranging from vacuum fluctua-
tions [33–36] or particle production during inflation [37–54], to post-inflationary phenomena
like preheating [55–66], kination-domination [67–77], thermal plasma motions [78–81], oscillon
dynamics [82–86], first order phase transitions [87–102], cosmic defect dynamics [103–118],
large scalar fluctuations [119–126], or others, see [10] for a comprehensive review. The
possibility of detecting a cosmological background opens therefore a new window into the
physics of the early Universe, probing energy scales that cannot be accessed otherwise by other
terrestrial means. Astrophysical backgrounds may act, however, as contaminating foregrounds,
diminishing our ability to detect and differentiate potentially measurable cosmological signals.

The evidence at ∼ 3 − 4σ of a GWB at the PTA ∼nHz window, has marked a new
milestone in GW astronomy. While the evidence for the signal needs to become yet stronger
by further data analysis and observations, present data can be already used to strongly
constrain cosmological signals [23–25], see also [99, 118, 127–138]. This marks the dawn of
early universe gravitational wave astronomy, which provides unprecedented opportunities for
high-energy physics beyond the standard model (BSM) and early universe cosmology. The
holy grail of GW astronomy would be to detect a GWB and demonstrate that it cannot be
ascribed to astrophysics, therefore naturally pointing to a potential cosmological origin. This
is of course an extremely hard task, no matter the experiment considered. The recent PTA
data analysis has reinforced the importance and difficulty of such task [17, 18, 22–24, 139],
stimulating at the same time the search for signals at other frequency ranges. Fortunately, a
detection program including a large variety of experiments is emerging, out of the effort to
detect GWBs over a wide range of frequencies. These experiments range from increasingly
precise cosmic microwave background (CMB) and PTA observations (see e.g. [140, 141]),
to present and proposed GW direct detection experiments (see e.g. [142–150]), and atom

1We define the energy density spectrum ΩGW(f) of a GWB in section 2.
2The amplitude of an astrophysical GWB within a given detector depends therefore on the ability of such

detector to resolve individually some of the binaries that give rise to the GWB.
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interferometers (see e.g. [151, 152]), altogether spanning ∼ 20 decades in frequency, from
∼ 10−17 Hz to ∼ 103 Hz. Furthermore, a high-frequency detection program at ∼ MHz
frequencies and above, has been recently also put forward [153]. An evaluation of the ability
of many of these experiments to probe new high energy physics is however still in progress.

This new era of GW cosmology comes, of course, with several important challenges from
the data analysis point of view. First of all, there is the need of inferring the instrumental
noise of a given experiment. This is certainly not a trivial task for any experiment, as
characterising all possible noise contributions can be extremely challenging, and might require
calibration during operation time. Our ability to identify a potential GWB in the data of
any given experiment may depend on our ability to characterize the noise of such experiment.
Secondly, and partially due to the previous point, complex simulations and calculations will
be required in order to understand/test the modelling of all possible contributions to the
data, including cosmological GWBs, astrophysical “foregrounds”, and noise contributions.
Clearly, sophisticated data analysis techniques are going to be needed in order to optimise
the extraction of information from the measured data to come.

The above challenges motivate the consideration of modern statistical methods that
are being successfully applied in other domains, such as e.g. particle colliders, neutrino
experiments, or large-scale structure observations. Like in the case at hand, studies in those
domains that rely on complex Monte Carlo simulations containing O(106) or more variables,
have benefited already from state-of-the-art simulation-based (SB) statistical inference
techniques [154–168]. Even though typically only few of those variables may be of physical
interest (in our case the parameters characterising a GWB), traditional MCMC methods,
as any likelihood-based approach, require the specification of the likelihood p(D|θ), i.e. the
probability of data D given the parameters of interest θ. For simulators with internal (latent)
stochastic variables, this is, in reality, a “marginal likelihood”, resulting from marginalising
the full likelihood over all latent variables. Clearly the marginalisation over such a large
number of variables is in general intractable. On the other hand, running MCMC methods
over the full (unintegrated) likelihood, while formally possible, is known to suffer from the
curse of dimensionality, requiring typically unfeasible computational costs.3 Modern SB
methods rely instead on “likelihood-free” inference, i.e. statistical procedures allowing to
make inference on the parameters of interest, without the need to have an explicit form of
the likelihood. Instead, the likelihood is defined implicitly by the simulator and samples of it
can be obtained by running the simulator forward, i.e, D ∼ p(D|θ). While this idea is not
new (it dates back to the 1980’s), nowadays it enjoys an accelerated expansion and major
qualitative improvements thanks to the exponential development of Machine Learning (ML)
methods, which are at the heart of modern SB statistical inference. Another worth-mentioning
advantage of these methods is that they typically rely on “pre-trained” (a.k.a. “amortised”)
strategies: their computational bottleneck lies mostly at the first stage where a sufficiently
exhaustive set of simulated datasets have to be generated. After training the model, an
observed (or test) dataset is presented to the fitted model in the final inference stage, with

3While this is true for generic MCMC methods, there are flavors of it, like the Hybrid Monte Carlo (HMC)
algorithm, which can handle parameter spaces of the aforementioned dimensionalities or even more, as
demonstrated in domains as Lattice Field Theory.
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the output corresponding to the posterior distribution of the parameters of interest. This
takes essentially no time to evaluate, as opposed to what happens with MCMC methods,
which build a costly Markov chain for any given observed dataset. Finally, unlike MCMC,
the methods in consideration implement approximate posterior inference. However, note that
all the good properties of MCMC are valid as long as the assumed likelihood is the correct
one, which as argued above, could be intractable in nowadays’s simulation-based studies.

In this work we propose a new method for reconstructing the spectral shape of a GWB,
considering a particular flavour of state-of-the-art SB methods, belonging to the family
of Neural Posterior Estimation (NPE) [169]. We adopt the same spirit as ref. [170] and
refs. [171, 172], where a model-independent approach is used to reconstruct the frequency
shape of an unknown SGWB (see also the recent proposals [173, 174]). Our procedure is
based on dividing the frequency range of a detector into sub-intervals (bins) within which
the signal is approximated by a power law. This corresponds to a Taylor expansion of the
signal within each interval, truncated at linear order in a log-log scale. While refs. [171, 172]
start with an arbitrary number of initial bins and subsequently combine them according to
information criteria for the sake of model selection (a la Bayesian evidence), our procedure is
based on a fixed and sufficiently large number of bins, such as to have a compromise between
enough model complexity and robustness to noise (more on this in section 2.2). With respect
to other related methods, our procedure has the important advantage of straightforwardly
delivering samples from the joint posterior p(θ|D), opening the door to both fast and accurate
Bayesian parameter estimation of GWBs, with essentially no computational overhead during
the inference step. We provide a detailed description of our technique in sections 2 & 3. Using
our method we analyse in detail the ability of the Laser Interferometer Space Antenna (LISA)
experiment [143] to detect GWBs and to reconstruct their spectra in the milli-Hertz domain.
In section 4 we focus on the ability of LISA to reconstruct a GWB signal with arbitrary
spectral shape (blind reconstruction). We analyse the reconstruction of a diversity of frequency
profiles (section 4.1), propose methods to quantify the accuracy of reconstruction of power law
signals and backgrounds with general spectral shapes (section 4.2), and compare our technique
against MCMC methods (section 4.3). In section 5, for completeness, we consider blind
reconstruction of signals on top of astrophysical foregrounds. Finally, in section 6, we consider
the reconstruction by LISA of signals characterised by a template depending on a set of
parameters (template reconstruction), albeit focusing on power-law profiles only. In section 7
we summarise our results and discuss future applications of our technique, highlighting
that our method can be easily extended to either more complex multi-parameter template-
dependent signals, or to other detectors, as long as a characterisation of the instrumental
noise is available.

2 Signal and noise characterisation

2.1 General characterisation of a GWB

For clarity, we review, very briefly first, the notion of GWs. These are tensor spatial
perturbations hij (i, j = 1, 2, 3) that propagate according to the wave equation at the speed
of light. They verify the transverse (∂ihij = 0) and traceless (hii = 0) conditions, so hij is a
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real symmetric 2-rank tensor (with respect to spatial rotations), with only two independent
degrees of freedom, identified as the two polarisations of GWs. The transverse-traceless field
hij(x, t) in real space can be then decomposed into the two polarisation states r = +, ×
in Fourier space as

hij(x, t) =
∑

r=+,×

∫
d3k

(2π)3 hr(k, t) e−ik·x er
ij(k̂) , (2.1)

where the two polarisation tensors er
ij(k̂) can be taken to be real and to satisfy er

ij(−k̂) = er
ij(k̂).

The condition for hij to be real is then h∗
r(k, t) = hr(−k, t). The two polarisation tensors

depend only on the unit vector k̂ and are symmetric (er
ij = er

ji), transverse (k̂i er
ij = 0),

traceless (er
ii = 0), and orthonormal er

ij(k̂) er′
ij(k̂) = δrr′ , see e.g. [10] for further details.

We characterize the amplitude of a statistically homogeneous and isotropic, unpolarised
GWB, via its variance

⟨hij(x, t) hij(x, t)⟩ =
∫

d log k ∆h(k, t) , ∆h(k, t) ≡ 2h2
c(k, t) , (2.2)

where the factor 2 in front of h2
c(k, t) is a convention motivated by the fact that the variance

involves contributions from two independent polarisations.4 It appears from the above
equation that hc(k, t) represents a (dimensionless) characteristic strain GW amplitude per
logarithmic wave-number interval and per polarization state, at a time t. The power spectrum
of the GWB is defined as

⟨hr(k, t) h∗
p(k′, t)⟩ = (2π)3δrp

Ph(k, t)
2 δ(3)(k − k′) , Ph(k, t) ≡ 4π2

k3 h2
c(k, t) , (2.3)

so that Ph(k, t)/2 represents the variance of each polarization state, at time t. In order to
make connection with observations, it is necessary to evaluate the GW background today in
terms of the present-day physical frequency f = k/2π, with k corresponding to the redshifted
wave-number today. The characteristic GW strain today is then given by

hc(f) ≡ hc(2πf, t0) , (2.4)

where t0 denotes the time today. A stochastic background is also characterized by its
spectral density

Sh(f) = h2
c(f)
2f

, (2.5)

which has dimension Hz−1. This quantity is directly comparable to the noise in a detector,
which will be defined later.

In cosmology it is customary to define the energy density spectrum ΩGW(f) of a GWB
as the power spectrum of the total energy density ρtot

GW(t0) encoded in a GWB, normalized
to the critical energy density today ρ

(0)
c = 3H2

0 /8πG, as [10]

ρtot
GW(t0)
ρ

(0)
c

≡
∫

d log f ΩGW(f) , (2.6)

4If the signal is Gaussian, the spectrum ∆h(k, t) fully characterizes the GWB.
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where G is the Newton’s constant, H0 today’s Hubble rate. Equivalently, the energy density
spectrum is defined as:

ΩGW(f) ≡ 1
ρc

dρGW
dlogf

= 2π2

3H2
0

f2 h2
c(f) = 4π2

3H2
0

f3 Sh(f) . (2.7)

Each GWB can be therefore characterized (spectrally) by the frequency profile of its energy
density spectrum ΩGW(f). In practice, we will simply refer to ΩGW(f) as the spectrum of a
GWB, understanding implicitly that we refer to its energy density spectrum.

2.2 Agnostic parametrisation of a GWB

Since one of our aims is to reconstruct the spectral shape ΩGW(f) for an arbitrary GWB, our
strategy for this is to model a signal with an unknown frequency profile by approximating
it in a piece-wise manner as power-law’s in intervals (bins). This is equivalent to a Taylor
expansion of the signal, truncated at linear order in frequency in a log-log scale within each bin.
The complexity of the model (and hence its ability to capture accurately arbitrary frequency
profiles; in other words, its “expressivity”) is determined by the number of bins Nc, as well
as the position of the edges. After imposing continuity at each boundary, i.e. at the Nc − 1
“break points” fk, the model has Nc +1 independent parameters s ≡ {Ω(∗)

p , γ1, . . . , γNc}, given
by the amplitude Ω(∗)

p at a pivot frequency fp, plus Nc slopes γk of the power laws within
each bin. From an algorithmic point of view, we start the GW signal construction from the
region in the middle of our set of intervals, writing the signal as

ΩGW(f ; s) = Ω(∗)
p ·



...
F−2(f) if f−2 ≤ f < f1

F−1(f) if f−1 ≤ f < f0

F0(f) if f0 ≤ f < f1

F+1(f) if f1 ≤ f < f2

F+2(f) if f2 ≤ f < f3
...

(2.8)

with

F0(f) ≡
(

f

f0

)γ0

, (2.9)

F−1(f) ≡ F0(f0)
(

f

f0

)γ−1

, F−2(f) ≡ F−1(f−1)
(

f

f−1

)γ−2

, . . . (2.10)

F+1(f) ≡ F0(f1)
(

f

f1

)γ1

, F+2(f) ≡ F+1(f2)
(

f

f2

)γ2

, . . . (2.11)

where fk are the breakpoints, with f0 = fp the pivot scale so that ΩGW(fp; s) = Ω(∗)
p . In

this work, we consider Nc = 27 bins of equal length in log-space for the reconstruction
of signals with the LISA experiment (equivalently this amounts to 26 breaking points,
uniformly separated in log-space with fixed locations). The frequencies span within an interval
[fmin, fmax], so that fk ≡ fp · 10k·∆ log f , with ∆ log f ≡ (log10(fmax) − log10(fmin)) /Nc, and
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k = −13, −12, . . . , −1, 0, +1, +2, . . . , +13, so that f−13 = fmin, f0 = fp and f+13 = fmax.
These correspond to Nc = 27 intervals, ∆(−13)

f = [fmin, f−12), ∆(−12)
f = [f−12, f−11), . . . ,

∆(0)
f = [f0, f+1), . . . , ∆(12)

f = [f12, f13), ∆(13)
f = [f13, fmax]. At the end of section 4.2 we

comment on the reasons for our choice of Nc = 27 bins, for the LISA frequency window. We
note, in any case, that the number and frequency span of bins could be, in principle, adapted
to each experiment, and even to specific signal searches, see discussion in section 7.

The above is related to the discussion about model complexity. Our choice is based
on the heuristic criterion of having as many bins (thus, parameters) as possible, while still
being robust against data variability within a single bin. Indeed, the larger the number of
bins Nc, the smaller the number of data points lying inside one given bin, thus the stronger
the degeneracy between signal and noise will be, hindering the inference procedure. While
we certainly have not implemented in this analysis a signal-dependent binning optimisation
(which we may consider in follow-up studies), our procedure works efficiently for arbitrary
signal shapes, as we show in the results. Given that we fix the model complexity, the
possibility to have over-fitting may be a concern. However, as we describe in section 3.2
below, we implement over-fitting control explicitly during the training procedure.

2.3 General characterisation of noise

In this paper we present a technique for the detection and spectral reconstruction of a GWB
by a given experiment, relying on the availability of noise modeling for such experiment. We
assume that one or various interferometric data streams (channels), possibly correlated, are
available. We consider a data stream per channel-α, dα(t), that ideally contains only noise,
nα(t), and a ‘residual’ stochastic signal, s(t), due to the presence of a GWB that we want
to infer. We also assume that the data might be split into data streams of finite duration
T , which we refer to as chunks. In practice, the data stream of each chunk and channel (we
omit for simplicity, for the time being, an index to indicate the chunk), dα(t) = sα(t) + nα(t),
is modelled as a real-valued function within the interval [−T/2, T/2]. Assuming that signal
and noise are uncorrelated, we can then treat them similarly, but separately. We assume that
both the noise and the GWB signal are stationary. By defining first the Fourier transform
of a single data stream channel as

s̃α (f) =
∫ T/2

−T/2
dt e2πiftsα (t) , (2.12)

we can then introduce the ensemble average of Fourier modes as

⟨s̃α(f)s̃∗
β(f ′)⟩ ≡ 1

2δ(1)(f − f ′)Sαβ (f) , (2.13)

where the Greek indices run over the interferometric channels, and the spectral densities
Sαβ (f) are Hermitian matrix-valued functions, related to the signal PSD Sh(f) through
the detector response functions Rαβ as

Sαβ (f) = Rαβ(f)Sh(f) . (2.14)

We note that we have included a factor 1/2 in eq. (2.13) because it is conventional to work
with the “one-side” spectral densities Sαβ(f), defined only for positive (physical) frequencies.
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We highlight that eq. (2.14) quotes the relationship in the limit of negligible relative motion
between detectors (which is only a simplifying assumption for space-based interferometers).
In practice, we consider Rαβ(f) as real and symmetric matrices, though in some peculiar
scenarios this property might not hold, see e.g. ref. [175].

Assuming a stationary and real noise nα(t) in each channel, we also write

⟨ñα(f)ñ∗
β(f ′)⟩ = 1

2δ(1)(f − f ′)Nαβ (f) , (2.15)

where Nαβ(f) is a Hermitian matrix function of single-sided noise power spectra. We note
that in the literature it is common to refer to the functions Nαβ(f) as P αβ

n . Their dimension
is Hz−1 since both ñα(f) and δ(1)(f − f ′) have dimension Hz−1.

As for cosmological signals, it is common practice to describe the GWB in terms of
ΩGW(f), we can also define an equivalent noise spectrum in “Ω-units” as

Ωαβ
noise(f) = 4π2f3

3H2
0

Nαβ(f)
Rαβ(f) . (2.16)

2.3.1 LISA noise parametrisation

We now specialise our discussion on the LISA detector [143, 176], for which specific noise
contributions are expected [177]. LISA is a mission planned to be launched in the mid-2030s,
and which will probe GWs in the milli-Hertz frequency window. LISA will consist of a
constellation of three satellites forming a nearly equilateral triangle with ∼ 2.5 million km
length arms, and by monitoring the relative displacements among the satellites, it will perform
three correlated interferometric measurements, known as the X, Y and Z data streams, and
technically referred to as the time-delay-interferometry (TDI) channels. The latter can
be conveniently transformed into three uncorrelated data streams, typically dubbed A, E,
and T, which diagonalise the signal and noise covariance matrices [178, 179]. Note that
the diagonalisation is a strong simplifying assumption and in this work we will describe
the signal and noise in the A, E, and T channel basis, which allows to break degeneracies
between the signal and noise. We also assume, for simplicity, that we are working with
‘perfect’ residuals so that all transient signals (and possible glitches) have been subtracted
from the data time stream. Because of periodic operational antenna tasks, LISA data are
expected to be split into data streams of finite duration, which for the sake of comparison
with [171, 172], we take as T = 11.5 days.

While eqs. (2.12)–(2.16) are rather generic for any (multi-channel) GW interferometer, in
order to simulate LISA mock data, we need a characterisation of the LISA noise. Our current
understanding of the latter is based on the LISA Pathfinder experiment [180] and laboratory
tests. The TDI channels of the LISA detector are designed to eliminate the dominant source
of noise caused by fluctuations in the central frequency of the laser, as well as the noise
caused by displacements of the optical benches. Assuming that is 100% effective, the residual
noise components in each TDI channel are then grouped into two effective contributions
coined as “Interferometry Metrology System” (IMS) and “acceleration” noise. The IMS and
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acceleration noise power spectrum densities (PSD) are given by [177]

PIMS(f, P ) = A2
P

pm2

Hz

[
1 +

(2 mHz
f

)4
](2πf

c

)2
,

Pacc(f, A) = A2
acc

fm2

s4 Hz

[
1 +

(0.4 mHz
f

)2
] [

1 +
(

f

8 mHz

)4]( 1
2πf

)4 (2πf

c

)2
.

(2.17)

with PIMS dominating the noise at high-frequencies, Pacc at low-frequencies, f is the frequency,
c the speed of light in units of m/s, and AP , Aacc are dimensionless noise parameters. Following
ref. [171] we set amplitudes to be AP = 15 and Aacc = 3 with ± 20% margins.

The determination of the noise properties is, of course, one of the major challenges of
the LISA mission. While ground-based characterisation of the noise is technically difficult,
in-flight characterization might be simply not even feasible in realistic conditions, see e.g. [181].
The precise details of this, however, go beyond the scope of our work, and for practical
purposes we follow ref. [172]. Therefore we adopt their simplifying assumptions,5 which lead
to power spectrum densities in the (now diagonal) AET basis as

NAA(f, AP , Aacc) = NEE(f, AP , Aacc)

= 8 sin2
(2πfL

c

){
4
[
1 + cos

(2πfL

c

)
+ cos2

(2πfL

c

)]
Pacc(f, Aacc)

+
[
2 + cos

(2πfL

c

)
PIMS(f, AP )

]}
, (2.18)

NTT(f, AP , Aacc) = 16 sin2
(2πfL

c

){
2
[
1 − cos

(2πfL

c

)]2
Pacc(f, Aacc)

+
[
1 − cos

(2πfL

c

)
PIMS(f, AP )

]}
(2.19)

where L = 2.5 × 109 m is the length between every two satellites in the LISA detector, with
the three satellites assumed to form an exact equilateral configuration.

As discussed in detail in ref. [172], the quadratic response functions, Rαβ(f) ≡
Sαβ(f)/Sh(f), cf. eq. (2.14), can be written as

Rαβ(f) = 16 sin2
(2πfL

c

)(2πfL

c

)2
R̃αβ(f) , (2.20)

with R̃αβ functions that depends on the geometry of the detector. We take the response
functions R̃αβ for the different channel cross-spectra from ref. [172], where a detailed derivation
can be found in their appendix A.3. While the exact form of R̃αβ that we use depend on (not
very illuminating) expressions given in terms of multidimensional integrals, simple analytic
approximations can be obtained nonetheless as [172, 182]

R̃AA(f) = R̃EE(f) ≈
9
20

1 + 0.7
(

2πfL
c

)2 , R̃TT(f) =
9
20

(
2πfL

c

)6

1.8 × 103 + 0.7
(

2πfL
c

)8 . (2.21)

5These include considering that the noise spectra for all links are identical, stationary, and uncorrelated,
that the fluctuations of the masses are isotropic and stationary, the power spectra for all test masses are equal,
the fluctuations of the different masses are uncorrelated, and that the three satellites form an equilateral
triangle of length side L1 = L2 = L3 = L = 2.5 × 109 m.
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From the power spectrum density and the response functions we can define the strain
sensitivities

Sαβ
noise(f, AP , Aacc) = Nαβ(f, AP , Aacc)

Rαβ(f) = Nαβ(f, AP , Aacc)

16 sin2
(

2πfL
c

) (
2πfL

c

)2
R̃αβ(f)

, (2.22)

and putting everything together, we arrive at the LISA noise model we use for the generation
of data realizations and extraction of noise parameters used in our analyses, in units of
the energy density parameter

Ωαβ
noise(f, AP , Aacc) ≡ 4π2f3

3H2
0

Sαβ
noise(f, AP , Aacc) . (2.23)

3 Data simulation and statistical analysis

3.1 Data generation

To generate mock data we try to imitate as close as possible the real data-taking procedure
of LISA, which is expected to take place during a period of 4 years with 75% efficiency, hence
in practice providing an observation time of 3 years. As discussed before, we assume the data
will be divided into data segments (chunks) of roughly 11.5 days each, clean of noise glitches
and transient signals. These implies Ns = 94 chunks, which we label as i = 1, 2, . . . , Nc.
Since the frequency range for LISA approximately extends from 3 × 10−5 Hz to 5 × 10−1

Hz, with a frequency spacing of ∆f ∼ 10−6 Hz set by the length of each data stream chunk,
this amounts to approximately ∼ 5 × 105 frequency points {fj} per chunk, and thus in
total around ∼ 5 × 107 data points.

As seen in section 2.3, for a stationary signal (due to a statistically homogeneous and
isotropic, unpolarised GWB) and stationary noise (uncorrelated with the signal), the auto-
and cross-spectra of different data streams dα(t) = sα(t) + nα(t) read

⟨d̃α(f)d̃∗
β(f)⟩′ = RαβSh(f) + Nαβ(f) , (3.1)

where we have used eqs. (2.13)–(2.15), and the prime indicates that we have stripped the
δ(1)-function and the factor 1/2. For each pair of channels α, β and chunk i, we generate
the data realizations of {d̃ i

α(fj)} directly in the frequency domain, following the procedure
described in ref. [171], by defining

D
(αβ)
i (fj) ≡ 4π2f3

3H2
0

di
α(fj)di ∗

β (fj)
Rαβ

= ΩGW,i(fj) + Ωαβ
noise,i(fj) . (3.2)

In practice, for given channels α, β, we generate for each frequency fj of a time chunk
(i = 1, 2, . . . , Nc), a data point resulting from the sum of the signal and noise contributions

Dαβ
i,j = Si,j + N αβ

i,j , (3.3)

where the Si,j and N αβ
i,j are obtained from the power spectra according to

Sαβ
i,j =

∣∣∣∣∣∣∣∣
G1

(
0,
√

Ωαβ
GW(fj)

)
+ iG2

(
0,
√

Ωαβ
GW(fj)

)
√

2

∣∣∣∣∣∣∣∣
2

(3.4)
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and

N αβ
i,j =

∣∣∣∣∣∣∣∣
G3

(
0,
√

Ωαβ
noise(fj)

)
+ iG4

(
0,
√

Ωαβ
noise(fj)

)
√

2

∣∣∣∣∣∣∣∣
2

, (3.5)

with Gk(0, σ) real numbers randomly drawn from a Gaussian distribution with zero mean
and standard deviation set by the square root of the GW and noise power spectra (evaluated
at fj). For each frequency fj , we obtain the mean across time chunks

D̄αβ
j = 1

Nc

Nc∑
i=1

Dαβ
i,j . (3.6)

As within the LISA frequency range of each chunk there are ∼ 5 × 105 frequency points {fj},
to reduce the computational load we rebin (“coarse grain”) the frequencies from f = 10−3 Hz
to the maximum frequency fmax = 0.5 Hz, in 1000 intervals of equal log-spacing, while we
keep all the original values from the minimum frequency fmin = 3 · 10−5 Hz to f = 10−3 Hz.
The resulting data has a total of 1971 bins per chunk. The frequency f assigned to each
bin in the coarse-grained region is then obtained by the mean of the frequencies within the
bin. In order to obtain the coarse-grained data, we follow [183] and define the weights of
each channel as (for clarity we omit the α, β indices):

wj ≡ w(fj , n) = (Ωnoise(fj , n))−1∑
l∈bin k(Ωnoise(fl, n))−1 , (3.7)

corresponding to the bin j-th inside the “macro-bin” k, and where the parameters of the
noise are n ≡ {AP , Aacc}. With this, we redefine the dataset in the coarse-grained frequency
region as

fk ≡
∑

j∈bin k

wjfj ; D̄k ≡
∑

j∈bin k

wjD̄j . (3.8)

We highlight that the dataset in the coarse-grained frequency region will depend on the
values of AP and Aacc. In practice, as we work in the AET basis, which is diagonal, we
simulate data only in the TT, AA, and EE channels:

TT channel. This channel is to a very good approximation only sensitive to the instrumental
noise for frequencies below 0.02 Hz. We therefore generate TT-channel data using exclusively
our noise model as defined in eq. (2.23) in this frequency region. The values of the parameters
AP , Aacc are drawn from Gaussian priors G(AP |µP , σP ), and G(Aacc|µacc, σacc) respectively,
where µP = 15, µacc = 3, and σP /µP = σacc/µacc = 0.2.

AA, EE channels. In these channels both noise and signal contributions are present.
Consequently, we generate data using, on the one hand, the same noise model eq. (2.23) as in
the TT channel, and on the other hand, on top, a signal according to eq. (2.8). The priors of
the signal parameters are taken to be uniform, such that the overall amplitude is drawn from
log As ∼ unif[−14, −6], while the segment slopes follow αn ∼ unif[−12, 12].
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3.2 Simulation-based proposed methodology

In our present work, we use and adapt the implementation of the methodology given by the
sbi [158] python library. In this section, we describe the generic features of our method,
while the more technical details can be found in the specialized cited references. We point
the reader to appendix A for a qualitative comparison with other popular methods based
on similar techniques. Our set of tools are collected all together in our code, GWBackFinder,
which is publicly available in a GitHub repository.6

As described in section 3.1, we have created a simulator that, upon specifying the value
of the input parameters θ ≡ {s, n}, produces the data pairs {fj , D̄αβ

j } for each frequency
fj , where D̄αβ

j is a random realisation (for each channel αβ) of noise h2Ωαβ
noise plus signal

h2ΩGW, cf. eq. (3.3), averaged over chunks. To explain our method next, we ease the
notation in the following, dropping the bar and the channel indices from the data variables,
D̄αβ

j → Dj , understanding implicitly, from now on, that Dj implies the chunk-averaged data
amplitude for the frequency fj , for some channel pair α, β. Our goal is to estimate a posterior
probability for the parameters θ, p(θ|D), where D = {Dj} is an empirical (observed, or
simulated test) dataset with as many entries as frequencies, without specifying explicitely
the likelihood p(D|θ).

We use a particular flavor of state-of-the-art simulation-based (SB) methods, belonging
to the family of Neural Posterior Estimation (NPE) [169]. The idea of NPE is based on
an approximate-inference approach where the desired posterior probability distribution is
being estimated directly, by using a neural network model. The approximated posterior
qϕ(θ|D) is parameterised in our case by a “normalizing flow” [169, 184], with optimisable
parameters ϕ (see appendix D for a more technical specification). In order to optimise qϕ to
be as similar as possible to the true (unknown) posterior p(θ|D), typically NPE methods
minimise the expected value of the forward Kullback-Leibler (FKL) divergence. In particular,
the function to minimise is

L(ϕ) = Ep(D)[FKL] = −
∫

dDdθ p(D,θ) ln qϕ(θ|D) + const , (3.9)

≈ − 1
Nd

Nd∑
s=1

ln qϕ(θs|Ds) + const ,

where const in the above equation refers to terms that do not depend on the optimisable
parameters ϕ, and thus can be dropped from the optimisation. Note that the expectation
above is taken over Nd datasets. The key observation is that, even though we do not have
access to the evidence p(D), in a Monte Carlo approximation of the integral in eq. (3.9) — see
second line — we use as samples Ds the ones obtained from the simulator, corresponding to
the input θs, the latter being sampled from a given prior p(θ). This is where the “likelihood-
free” (or simulation-based inference) approach comes into play: In this approach, a stochastic
simulator is used as an implicit representation of the likelihood, whose numerical evaluation
is no longer necessary. In other words, instead of evaluating the likelihood, this method
uses simulated datasets Ds, which are formally samples from the simulator, i.e. from the
implicit likelihood p(D|θ). While the number Nd of datasets required by the algorithm

6https://github.com/AndronikiDimitriou/GWBackFinder.
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depends on the complexity of the data itself, the simulator, as well as on the number of
parameters θ, in general, these models require a large Nd in order to be trained. This
is because, when estimating the posterior for a new dataset DNd+1, the closer the latter
resembles previously “seen” datasets {Ds}s=1,...,Nd

, the better the results. This approach
is referred, in the specialised literature, as “amortisation”: since the algorithm has been
exposed previously to an exhaustive set of datasets {Ds}, making inference on a new dataset
DNd+1 is amortised, in the sense that no further costly computations are required. In our
case, we need Nd ∼ O(106). Having optimised the approximate posterior, qϕ∗(θ|D), where
ϕ∗ = argminL(ϕ) are the parameters that minimise eq. (3.9) in principle for any possible
dataset D (due to the expectation in eq. (3.9)), the method readily outputs the posterior
probability for any unseen dataset Do that is obtained in the future. On the other hand, it
allows by construction to obtain samples from qϕ∗ , as specified in eq. (3.9).

In minimizing our objective function (eq. (3.9)), we explicitly implement an over-fitting
control procedure by partitioning our set of datasets in “training” and “validation”, as
typically done in the machine learning literature.7

3.2.1 Conditional inference

The statistical methodology just described requires further tuning to our particular problem.
As it is already recognised by the GW community, a simultaneous inference of both signal
and noise parameters is challenging, given not only the loss of sensitivity for frequencies
sufficiently lower or higher than the peak sensitivity (e.g. ∼mHz in the case of LISA), but
also given the intrinsic noise of the data themselves.

Fortunately, the data acquired by LISA, when expressed in the convenient AET diagonal
channel basis, is such that the data from the TT channel, DTT, is mostly sensitive to the
noise, with the signal being almost irrelevant. Consequently, we propose to split the inference
procedure into two steps: i) inference of the noise parameters n from the TT channel, and
ii) inference of the signal parameters s from the AA or EE channel, conditioned on the
previous noise parameters. This strategy was actually already adopted in ref. [172], and is
nothing but an implementation of the old idea, common in many other physics domains, of
inferring the signal from the residuals obtained after subtracting the noise from the data. As
expected, the reconstruction capabilities improve appreciably as compared to an inference
of noise and signal parameters all together.

A note is in order at this point. Given the concrete LISA noise model we use in this
paper (which is the same used in [172]), it turns out that the TT-channel data is mostly
sensitive to the noise parameter AP , and not to Aacc. Consequently, our two-step sequential
procedure is actually given by: i) estimating the posterior distribution of AP from the
TT-channel data, i.e. p(AP |DTT), and ii) estimating both the noise parameter Aacc and
the signal parameters s from the AA-channel (or alternatively the EE-channel), conditioned
on AP , i.e. p(s, Aacc|DAA, AP ). Importantly, in step i) we assume that there is no signal
contribution to the TT data, given that it is expected that reasonable signals are very

7Note, however, that the presence of the prior in eq. (3.9) acts as a natural regularizer against over-fitting,
since it forces some similarity between the approximate distribution q and the prior distribution. This is well
known in the literature of Variational Inference.
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subdominant compared to the TT noise, especially at low frequencies where PIMS dominates
over any other contribution in the TT channel.

In the context of our technique, we have two approximate posteriors: qη(AP |DTT) with
optimisable parameters η from step i), and qζ(s, Aacc|DAA, AP ) with optimisable parameters
ζ from step ii). The two-step procedure just described delivers samples {sλ, nλ}, with
λ = 1, . . . , Ns, where Ns is the number of samples. We choose to present the expected
reconstructed signal as ΩGW(f ; ⟨s⟩), computed with the mean values of the signal parameters
⟨s⟩, according to expression (2.8). At the same time, we can predict the uncertainty in the
spectrum reconstruction from the density regions of the distribution p(ΩGW(f ; sλ)) inherited
from the samples sλ.

3.2.2 Sequential procedure

So far, we have described an amortisation procedure which, upon training on a large enough
number of datasets, is capable of predicting the posterior distribution corresponding to a
given new observation Do. Sometimes though, the resulting posterior may not be as accurate
as the one coming from other approaches that exclusively focus from the beginning on
Do, like for example MCMC methods. For this reason, some recent strategies have been
proposed in the context of simulation-based inference, in order to achieve more accurate
results for particular datasets of interest. This is the case of the multi-round inference,
which we also consider in our work.

In general, the idea of multi-round inference is to refine the estimate of the posterior
p(θ|Do) of the parameters of interest θ, focusing on a particular observation Do, via a
sequential procedure consisting on several rounds. For each round, a relatively small number
of datasets is considered in order to update the posterior p(θ|Do), in the same “amortisation”
spirit as described previously, with the only difference that now the number of datasets is
much smaller. The updated posterior is then used in the next round, as the prior to generating
the datasets, and so on. In this way, in each round, the attention is more focused on the region
that is more relevant to Do. In the context of the particular implementation of the NPE
approach we use in this work, we follow the multi-round inference algorithm presented in [185].

We highlight the benefits of keeping both amortisation and multi-round inference proce-
dures as part of the data analyst’s toolbox: while amortisation gives us a very fast prediction
for the posterior distribution for a given dataset, the multi-round inference becomes very
useful when, as we describe below, we need a more refined prediction on a particular dataset.
Furthermore, when compared to some flavors of MCMC (e.g. [186]), it has been shown that
multi-round inference is computationally cheaper for certain problems.

In sections 4, 5 and 6 we will show the results of three different exercises: first, a
blind reconstruction of generic (template-free) signals with a variety of spectral shapes
(section 4); secondly, examples of blind reconstruction of signals in the presence of astrophysical
foregrounds (section 5); and thirdly, an example of template-based signal reconstruction,
focusing in the simple case of a power law for illustrative purposes (section 6). While we
only use the amortisation procedure described above (but no multi-round inference) for our
results based on a blind reconstruction of GWB of arbitrary spectra in sections 4 and 5,
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we use as well the multi-round inference procedure in the template reconstruction results
presented in section 6.

3.3 Comparison to MCMC

Previous studies on GWB spectrum reconstruction rely on MCMC inference, for which a
likelihood has to be specified. While certainly the simulated data considered in such studies
are formally non-Gaussian, in ref. [172] an improved likelihood was used, where a Lognormal
contribution is added to the Gaussian one. Such likelihood is inspired by Cosmic Microwave
Background (CMB) physics, where the Lognormal contribution accounts for the skewness
of the true likelihood which is just slightly non-Gaussian. It is however not clear if GWB
data as measured by LISA or other experiments enjoy the same properties.

As commented in the introduction, there are several advantages of our methodology as
an alternative to a standard MCMC analysis, like for example: a) being a likelihood-free
approach, we do not need to know the correct likelihood, nor to assume any approximation
of it, and b) as a pre-trained method, we do not require computationally costly evaluations
in order to make inference for a given dataset.8

Still, whenever possible, a comparison with MCMC is desirable, since 1) this allows
us to compare directly our new methodology with the methodology followed so far in the
literature, and 2), provided that we know the correct likelihood (or at least, a reliably good
approximation of it), it allows for a useful cross-check of any approximate inference method,
as in our case. For our MCMC computation, we adopt the likelihood from [172, 183]

log LG+LN(s, n) = 1
3 log LG(s, n) + 2

3 log LLN(s, n) , (3.10)

with Gaussian contribution

log LG(s, n) = −Nc

2
∑

k

nk

(
D̄k − Ωnoise(fk; n) − ΩGW(fk; s)

Ωnoise(fk; n) + ΩGW(fk; s)

)2

, (3.11)

and Log-normal contribution

log LLN(s, n) = −Nc

2
∑

k

nk log2 Ωnoise(fk; n) + ΩGW(fk; s)
D̄k

, (3.12)

and where nk is the number of frequency values within the k-th frequency bin (nk > 1 for
the coarse-grained frequency region, cf. eq. (3.8), and nk = 1 otherwise). We note that
while we have checked that the likelihoods in eqs. (3.11), (3.12) for the binned data are not
formally equivalent to the corresponding unbinned likelihoods, in practice the bias introduced
by accounting for the binning in this way turns out to be visibly negligible, at the level
of the posterior distributions.

On the other hand, when implementing our MCMC we actually follow the same conditional
inference strategy described in section 3.2.1. Consequently, in practice we infer first the

8This is strictly true for the amortisation procedure, as in the multi-round inference procedure there is
an extra computational cost by training based on a particular dataset. However, typically the number of
samples required by multi-round inference is much smaller than those required by typical flavours of MCMC,
as Metropolis-Hastings and Nested Sampling.
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noise parameter AP by using LG+LN(0, AP ) in eq. (3.10), while using the TT-channel data,
{Dj} = DTT. Afterwards, we infer the signal parameters s, jointly with the noise parameter
Aacc, conditional on a given value of AP , say AP = A∗

P . For this second step we thus use
LG+LN(s, A∗

P , Aacc), using now AA-channel data, {Dj} = DAA, in order to obtain samples
from p(s, Aacc|DAA). In this work, we use the public library emcee [186], implementing
a popular flavor of MCMC among the cosmology & astrophysics community, while we
have cross-checked some of the results with an independent implementation of the HMC
algorithm,9 finding full compatibility.

4 Blind reconstruction

In this section, we test the ability of our method to do model-independent signal reconstruction
in LISA. Namely, we reconstruct GWB spectra with arbitrary shapes which are a priori
unknown to the simulator. We refer to this as blind reconstruction. We use a variety of signal
frequency profiles motivated by astrophysical and cosmological GWBs. Namely,

1) Power law profiles. These can represent, for example, the astrophysical GWB from
unresolved binary mergers, see e.g. [15, 26–28, 188]. They can also represent a GWB
associated to inflation, for instance a blue tilted signal created by particle production dur-
ing inflation (see e.g. [37–50]), or the high-frequency tail of the inflationary background
from vacuum-fluctuations, blue-tilted due to a post-inflationary kination-domination
era (see e.g. [67–77]). Furthermore, power laws can mimic as well the high-frequency
tail of the GWB expected from cosmic defects, see e.g. [103–117, 189, 190], and in
particular [111] for a review on cosmic string signals potentially detectable by LISA.

2) Broken power-law profiles. These can represent approximately the GWB spectrum from
a strong first order phase transition (1stOPhT), see e.g. [87–102], and in particular
ref. [97] for a review on the expectation of these signals within the LISA band. They
can also describe naturally the spectrum of GWBs expected from spinning-axions or, in
general, the high-frequency tail of inflationary or cosmic string GWBs, when considering
a kinetic-dominated (KD) period within radiation-domination (RD), see e.g. [74–76].

3) Single bump profiles. These can describe the spectrum of GWBs expected from post-
inflationary GW causally-generating mechanisms, like preheating (e.g. [55–66, 191–
196]) and oscillons (e.g. [82–86]). Furthermore, the signal from dark-matter axion-
fragmentation scenarios [197, 198] or the (yearly-modulated) signal from unresolved
galactic binary mergers, are also characterized by single-peaked GWB spectra (which
typically display a low-frequency power-law branch, and a high-frequency exponential
fall-off branch, and hence could be qualitatively described by either single-bump or
broken power-law profiles.).

4) Multi-bump profiles. These capture, at least in essence, the main features of GWBs
from phase transitions with multiple terms competing, see e.g [92, 97, 199, 200], or from
multi-field preheating scenarios, see e.g. [60, 195]. In particular, ref. [195] argues that

9See [187] for a well-known presentation of it.
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Type of signal Functional form of ΩGW(f) Physical cases

1. Single power law Ω(∗)
p

(
f

0.003 Hz

)γ

SOBHB background
inflation

kination − domination
cosmic defects

2. Broken power law Ω(∗)
p

[(
f
fp

)γ1Θ(fp − f) +
(

f
fp

)γ2Θ(f − fp)
] 1stOPhT

spinning − axions
KD within RD

3. Single bump signal Ω(∗)
p Exp

{
− [log10(f/fb)]2

∆2

} Preheating
Oscillons

axion fragmentation
Galactic background

4. Multi-bump signal
∑

j Ω(∗)
j Exp

{
− [log10(f/fj)]2

∆2
j

} 1stOPhT
Preheating

Table 1. Frequency profiles of signals considered for blind reconstruction.

realistic early universe scenarios that involve multiple particle species in the generation
of GWBs, naturally lead to a sequence of peaks at different frequencies in the GWB
spectrum, known as a stairway signature. While such multi-peak feature has been
shown to occur in preheating scenarios [195], it remains as a speculation for 1stOPhT’s.

The aim of blind reconstruction is, of course, not to ascribe a given scenario to a reconstructed
signal, but rather to test the reconstruction capabilities of our procedure, considering a
representative variety of spectral profiles. For ease of comparison with refs. [171, 172], we
adopt the same parametrisation as those references for the spectrum-profile families i) − v),
which are presented in table 1.

We note that in each of the following plots we show the power law sensitivity (PLS)
curve as an ‘indicator’ of the ability of LISA to measure a GWB with power law spectrum.
We build the PLS curve considering a signal as ΩGW(f ; β) = Cβfβ, so that the value of
Cβ is determined to achieve a given signal-to-noise ratio threshold SNRthr across the entire
LISA frequency band:

SNRthr =
√

T

∫ fmax

fmin
df

(Cβfβ)2

Ω2
s(f) . (4.1)

This computation is repeated for a range of β values. The PLS curve is then obtained by
associating the maximum value of Cβfβ to each frequency f . This ensures that any power
law signal above this curve will have an SNR exceeding SNRthr. In the following plots, the
LISA PLS is calculated for SNRthr=10 and an observation time T=3 years [171].
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Figure 1. Power-law reconstruction. Left) h2Ω(∗)
p = 10−11, γ = 2/3, SNR ≈ 528. Right) h2Ω(∗)

p =
10−10, γ = 2/3, SNR ≈ 5281. Bottom panel: zoom-in of top panel. We see that we are able to
reconstruct the theoretical PL shape in the central frequency region, where LISA is most sensitive.
The quality of the reconstruction starts degrading as soon as the true signal approaches and falls below
the PLS. The noise (green dashed) and the PLS curve (black dashed) are shown for the AA channel.

4.1 Arbitrary frequency-profile reconstruction

For each of the cases in table 1, we generate “test data” in both TT and AA channels,
DTT, DAA, from the corresponding signal and noise, and give them as input to the prediction
for the joint posterior qζ∗(s, Aacc|DAA, AP ), where the noise parameter AP have been extracted
from the corresponding estimated posterior, conditioned on the DTT data. We show in
figures 1–3 the results of reconstructing signals corresponding to the four cases in table 1,
for different values of the corresponding parameters. In each of these results, we report the
68% and the 95% intervals of the predictive distribution of h2ΩGW.

Our first benchmark signals are power law (PL) profiles with amplitudes h2Ω(∗)
1 = 10−11

(top-left panel of figure 1) and h2Ω(∗)
1 = 10−10 (top-right panel of figure 1) at the pivot

scale 0.003 Hz, both with slope γ = 2/3, mimicking the shape of the GWB spectrum from
unresolved stellar origin blank hole binaries and neutron star binaries [15, 26–28]. As expected,
the reconstruction of the theoretical PL shape is more accurate in the central frequency region,
where LISA is most sensitive. When injecting a signal with large amplitude, h2Ω(∗)

1 = 10−10,
the mode of the reconstructed background overlaps roughly within 2 frequency decades with
the injected PL signal, within the range 3 · 10−4 ≲ f ≲ 3 · 10−2, including frequencies where
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Figure 2. Top: Broken power-law reconstruction, with h2Ω(∗)
p = 4 × 10−12, γ1 = −4, γ2 = 2/3,

fp = 0.002 Hz, SNR ≈ 41728 (Left panel), and h2Ω(∗)
p = 4 × 10−12, γ1 = 3, γ2 = −4, fp = 0.002 Hz,

SNR ≈ 86 (Right panel). Bottom: Reconstruction of a single peaked signal, with h2Ω(∗)
p = 2 × 10−11,

fb = 0.002 Hz, ∆ = 0.2, SNR ≈ 626 (left panel), and h2Ω(∗)
p = 10−10, fb = 0.01 Hz, ∆ = 0.2, SNR ≈

585 (right panel).

the true signal has dropped below the noise. When injecting a signal with smaller amplitude,
h2Ω(∗)

1 = 10−11, the reconstructed signal mode overlaps with the theoretical PL over a shorter
range, 7 · 10−4 ≲ f ≲ 1 · 10−2, which in any case, it is still larger than a frequency decade.
As expected, the quality of the reconstruction starts degrading as soon as the true signal
approaches and falls below the PLS.

Our second benchmark signals are broken power law (BPL) profiles, shown in the top
panels of figure 2. In the top-left panel we show an inverted BPL signal, with amplitude
h2Ω(∗)

p = 4·10−12 at the pivot scale 0.002 Hz, with negative left frequency branch slope γ1 = −4,
and positive right frequency branch γ2 = 2/3, mimicking in this way the superposition of
the high-frequency fall-off tail of a signal from a phase transition around the TeV scale [97],
and the expected PL signal from unresolved compact binaries [15, 26–28]. In the top-right
panel we show a straight BPL signal, with amplitude h2Ω(∗)

1 = 10−11 at the pivot scale
0.003 Hz, but now with positive left frequency branch slope and γ1 = +3 and negative
right frequency branch slope γ1 = −4, mimicking therefore the single peak shape spectrum
of a GWB from a TeV scale phase transition [97]. In the case of the inverted PBL, the
reconstructed mode of the left-branch overlaps pretty well with the injected signal, though the
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Figure 3. Top: Reconstruction of a double-peak signal, with h2Ω(∗)
1 = h2Ω(∗)

2 = 10−10, f1 = 0.001 Hz,
f2 = 0.01 Hz, ∆1 = ∆2 = 0.1, SNR ≈ 895 (left panel), and h2Ω(∗)

1 = 10−9, h2Ω(∗)
2 = 10−10,

f1 = 10−4 Hz, f2 = 0.02 Hz, ∆1 = ∆2 = 0.25, SNR ≈ 148 (right panel). Bottom: Reconstruction
of a multipleak signal with h2Ω(∗)

1 = 10−9, h2Ω(∗)
2 = 10−10, h2Ω(∗)

3 = 10−11, f1 = 5 · 10−4 Hz,
f2 = 2 · 10−3 Hz, f3 = 8 · 10−3 Hz, ∆1 = ∆2 = ∆3 = 0.1, SNR ≈ 3154 (left panel) and h2Ω(∗)

1 =
h2Ω(∗)

2 = h2Ω(∗)
3 = 10−10, f1 = 5 · 10−4 Hz, f2 = 2 · 10−3 Hz, f3 = 8 · 10−3 Hz, ∆1 = ∆2 = ∆3 = 0.1,

SNR ≈ 2312 (right panel).

errors are quite large, given the smallness of the signal amplitude. The reconstructed mode
of the right-branch overlaps with the true signal only till the latter approaches sufficiently
close to the PLS. In the case of the straight BPL, the reconstruction of the signal is pretty
decent, with small error bars in the central region, and increasingly larger errors as the
branches approach the PLS.

Our third benchmark signals are single bump (SB) profiles, shown in the bottom panels
of figure 2. In the bottom-left panel we show a signal with amplitude h2Ω(∗)

1 = 2 · 10−11

at the pivot scale 0.002 Hz and width ∆ = 0.2, whereas the bottom-right panel shows a
signal with amplitude h2Ω(∗)

1 = 10−10 at the pivot scale 0.01 Hz and width ∆ = 0.2. As the
signal with lower amplitude (h2Ω(∗)

1 = 2 · 10−11) is located only slightly left to the peak of
sensitivity of LISA, the reconstruction is quite good, specially for the frequencies around
the peak, while the error in reconstruction starts growing as the true signal approaches and
crosses the PLS. On the other hand, the reconstruction of the second signal, even though is
not bad, it is worse than the first one, despite having a larger amplitude (h2Ω(∗)

1 = 10−10).
This is because it is peaked at frequencies further away to the right from the LISA sensitivity
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peak. The mode of the reconstructed signal follows nonetheless pretty well the theoretical
injected signal over the range of frequencies where the latter is well above the PLS.

The fourth and final benchmark signals we use to test blind reconstruction are multi-
bump (MB) peaked profiles, shown in figure 3. In the top-left panel we consider a double-peak
signal with h2Ω(∗)

1 = h2Ω(∗)
2 = 10−10, f1 = 0.001 Hz and f2 = 0.01 Hz, and ∆1 = ∆2 = 0.1,

whereas in the right top-panel we consider and h2Ω(∗)
1 = h2Ω(∗)

2 = 10−10, f1 = 10−4 Hz and
f2 = 0.02 Hz, and ∆1 = ∆2 = 0.25. These frequency profiles mimic, at least in spirit, the
spectral shape of GWBs from TeV scale strong first-order phase transitions contributed by
various sources (e.g. bubble collisions and sound waves) [97], as well as possibly multi-peak
signatures in preheating signals sourced by various fields [60]. In the bottom panel we
consider a multi-peak signal with h2Ω(∗)

1 = 10−9, h2Ω(∗)
1 = 10−10 and h2Ω(∗)

1 = 3 · 10−11,
f1 = 0.0005 Hz, f2 = 0.002 Hz and f3 = 0.008 Hz, with ∆1 = ∆2 = ∆3 = 0.01, whereas
in the right bottom-panel we consider h2Ω(∗)

1 = h2Ω(∗)
2 = h2Ω(∗)

3 = 10−10, f1 = 0.0005 Hz,
f2 = 0.002 Hz and f3 = 0.008 Hz, and ∆1 = ∆2 = ∆3 = 0.01. Even though the latter
two signals are more speculative than previously used profiles, they illustratively show the
capability of LISA to reconstruct complicated multi-peak templates, like e.g. the stairway
signal signatures proposed in [195]. The accuracy in the reconstruction of all multi-peak
signals shown in figure 3 depend essentially on the height of the signal peaks with respect to
the PLS at the specific location, with the reconstruction worsening typically as the signal
extends towards higher frequencies.

4.2 Reconstruction uncertainty

A few comments with respect to all blind reconstructions shown so far are in order at this point:

i) The uncertainty associated with the reconstruction becomes very large in the frequency
regions where the true signal drops below the PLS. This is natural, as in the outer
frequency regions, the inference of the signal becomes more and more challenging since
it becomes increasingly smaller compared to the noise. While a larger number of bins
for the signal parametrisation [cf. eq. (2.8)] would produce smaller uncertainties on the
sides, this would come with the unwanted sacrifice of the model’s expressivity. We note
that, in comparison, the expressivity of the SGWBinner model [171] is automatically
tuned to the signal at hand, which is an appealing feature we do not have. However,
the computational cost of the SGWBinner may be inconveniently high. We have found,
by trial an error, that a parametrisation with fixed 27 bins within the LISA band is
a reasonable trade-off between model complexity and computational cost. We also
note that, even if computationally feasible, a too-large number of bins would not work
perfectly, due to the statistical fluctuations of the data becoming more important within
the bins.

ii) The reconstructed signals show a recurrent feature across all cases in consideration: the
uncertainties for the higher frequencies are larger than those for the smaller frequencies.
Ultimately, this has to do with the asymmetric sensitivity of LISA, as reflected by
the PLS curve. For example, in the last (right-most) frequency bin of our signal
parametrisation, any real signal is expected to be relatively smaller than the noise, in
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Figure 4. Reconstruction of the parameters of a mock power-law signal, as characterised by the
central frequency bin of our SGWB parametrisation. The two rows represent reconstructed-slope vs
true-amplitude and reconstructed-amplitude vs true-amplitude (bottom panels). For both panel rows,
we fix the true value of the slope to γtrue = 2/3 (left panels) and γtrue = 0 (right panels).

comparison to the first (left-most) frequency bin. Consequently, even if we increased
significantly the slope of a putative signal in the high-frequency end of the LISA band,
this would not have an appreciable impact on the total contribution to the data, which
would be largely dominated by the noise. This lack of sensitivity is more evident for
the last bins in the right side than for the first ones in the left region, see figure 11 in
appendix B, and a more detailed explanation therein.

In light of the above problems, it seems convenient to define some procedures to quantify
the accuracy of the reconstruction of a signal. We propose two different procedures in
this section. First, a study in section 4.2.1 dedicated to power law profiles, where we
characterize the uncertainty of reconstruction of this type of signals by quantifying how
well we recover their amplitude h2Ω(∗)

GW and slope γ. Secondly, in order to provide a more
general quantification of the accuracy of the reconstruction of a generic signal, we compute
the “Averaged relative error” in section 4.2.2, quantifying the degree of agreement between
theoretical and reconstructed signals as a function of frequency.
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4.2.1 Power-law case of study

As an insight into the blind-reconstruction capabilities, we first study the accuracy of the
reconstruction of a power law (PL) signal as a function of its amplitude and tilt, which
we parametrize now as

h2ΩGW(f) = 10α
(

f

0.003 Hz

)γ

, (4.2)

so that for each k-bin (see definition in section 2.2) we can reconstruct the tilt γk and amplitude
αk ≡ log10(h2ΩGW(fk)). We show the results in figure 4, only for the central frequency bin
k = 0 of our parametrisation, for the sake of illustration. In the top panels, the idea is to
reconstruct the PL slope γ when varying the amplitude values of a true (injected) signal with
γtrue = 2/3 (top-left) and γtrue = 0 (top-right). Moreover, for each pair of slope-amplitude
we generate 50 different datasets to eliminate the random fluctuations that are expected
to occur around the injected values since the datasets used for inference are inherently
noisy. As expected, the precision of the reconstruction worsens visibly as smaller and smaller
amplitudes are injected, nonetheless including always the true value (dashed horizontal line).
For example, in the case of γtrue = 2/3, the 95% credible interval on the reconstructed γ0
(i.e. the slope of the central frequency bin) goes from [−1.71, 3.71] for α0 = −11.78, down to
[0.082, 1.16] for α0 = −11.15, and to [0.35, 0.87] for α0 = −10.48. Analogously, for γtrue = 0,
the 95% credible interval on the reconstructed γ0 goes from [−2.02, 2.56] for α0 = −11.8,
down to [−0.50, 0.48] for α0 = −11.18, and to [−0.32, 0.25] for α0 = −10.5.

Similarly, the bottom panels show the reconstruction capabilities of the reconstructed
amplitude as a function of the true amplitude, for the same two values of γtrue = 2/3 (bottom-
left) and γtrue = 0 (bottom-right). In the case of γtrue = 2/3, the 95% credible interval on the
reconstructed α0 goes from [−12.02, −11.6] for α0 = −11.78, down to [−11.21, −11.16] for
α0 = −11.15, and to [−10.51, −10.45] for α0 = −10.48. Analogously, for γtrue = 0, the 95%
credible interval on the reconstructed α0 goes from [−12.07, −11.62] for α0 = −11.8, down
to [−11.24, −11.13] for α0 = −11.18, and to [−10.53, −10.47] for α0 = −10.5.

4.2.2 Averaged relative error

While by visual inspection our method clearly manages to reconstruct generic signal shapes,
we apply below a method to quantify the agreement between injected and reconstructed
signals. If we had access to a measured value for a given frequency f , a possible figure of
merit would be to compare it with respect to our prediction, given e.g. by the expected value
of the posterior predictive distribution. However, prior to any observation, as we only rely on
simulations, a reasonable alternative is to compare, for a given frequency, the true (injected)
signal Ωtrue, with the model prediction Ωpred. We thus construct the Relative Error:

M(f) ≡
∣∣∣∣Ωtrue(f) − Ωpred(f)

Ωtrue(f)

∣∣∣∣ , (4.3)

where Ωpred(f) is computed by evaluating our GW parametrisation, eq. (2.8), in the mean
values of the model parameters according to the resulting posterior distribution. The results
are shown in figure 5 (bottom panels), for two representative examples: a power-law in the
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Figure 5. Top: Reconstruction of a power-law signal, with h2Ω(∗)
p = 10−11, γ = 2/3, SNR ≈ 528 (left

panel), and reconstruction of a single peaked signal, with h2Ω(∗)
p = 2 × 10−11, fb = 0.002 Hz, ∆ = 0.2,

SNR ≈ 626 (right panel). Bottom: Relative Errors of the two reconstructed signals. The relative
errors are presented as “candle plots” representing the resulting variability after making parameter
inference from m = 50 simulated datasets corresponding to the same true signal. The mean value
over those m simulations is shown as the inner white dot in each candle, while the 68% containment
in represented by the extremes of the solid bars.

left panel, and a single-bump signal in the right panel, whose correponding reconstructions
are shown in the upper panels. Our results (bottom panels) are presented as “candle plots”,
representing the resulting variability after making parameter inference from m = 50 simulated
datasets corresponding to the same true signal. The mean value over those m simulations is
shown as the inner white dot in each candle, while the 68% containment in represented by
the extremes of the solid bars. On the other hand, for a given bin of eq. (2.8), these m values
are computed as the average across all the frequencies f inside the bin j. This is consistent
with our aim to quantify the quality of the reconstruction in a per-bin basis.10

Coming back to figure 5, in the bottom panels we show only the values of M for which
the signal lies above the PLS curve, while we shade in gray the side bands where this is
not the case. As expected, the figure of merit improves in the central regions, where the
sensitivity of LISA is higher. This implies that mean relative errors can only be as low as 1%
in the central bins for the injected signals with an amplitude of h2ΩGW ∼ 10−11, while the
quality of the reconstruction degrades when the signal approaches the PLS from above.

10And not necessarily in a per-frequency basis, since our model is defined as a piecewise function per bin.
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Figure 6. Comparison of our results obtained with amortized NPE and MCMC for a power-law
injected signal. We focus on three different frequency bins defined in our parameterization, in terms
of slope-vs-amplitude corner plots. Top-left panel: central bin, with mean frequency f̄ ≈ 0.003 Hz.
Top-right panel: higher-frequency bin with f̄ ≈ 0.004 Hz. Bottom-left panel: lower-frequency bin with
f̄ ≈ 0.002 Hz. On the bottom-right panel, we show the correlation between the slopes of the central
and the lower-frequency bin.

4.3 GWBackFinder vs MCMC

We finish this section by showing a comparison against MCMC results, at the level of the
posterior distributions of the parameters of interest. It is worth recalling at this point the
features of our SGWB parameterization eq. (2.8), which has 28 independent parameters, given
by the signal amplitude Ω(∗)

p of the very central frequency bin, plus 27 exponents corresponding
to each of the frequency bins slopes of the piecewise implementation. Consequently, while
our modelling is formally a power-law within each bin, their amplitudes are not independent.

Since MCMC must sample the full joint posterior, it is slow to converge and it requires
many samples — O(105) — in order to produce converged contours. Moreover, a different
MCMC chain is required to obtain posteriors for different observed datasets. On the other
hand, as previously mentioned, NPE can be amortized, meaning that after training the
network with many examples (also around O(105)), we have access to the joint posterior
of every possible dataset.
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Figure 7. Reconstruction of the noise parameters for the same power-law signal and dataset of
figure 6. The blue lines correspond to the true values of the parameters. NPE agrees with MCMC to
very good precision and the 68% intervals of the posteriors capture the correct value of the parameters.

For the sake of physics intuition, we present our comparison between amortized NPE
and MCMC in terms of slope-vs-amplitude contour plots, obtained for the three most central
frequency bins of our parametrisation, which characterise the region of highest LISA sensitivity.
In addition, we also show the correlation between the slopes of two of such bins. The injected
mock signal we consider corresponds to a power-law with slope γ = 0.85, and amplitude
h2Ω(∗)

p ≈ 1.5 × 10−11 at a pivot frequency of 0.003 Hz. For the MCMC, we follow the emcee
documentation. We use nwalkers = 16 and we start by initializing the walkers in a tiny
Gaussian ball around the maximum likelihood result. Then we run 5000 steps of MCMC.
Finally, we take nburn = 500, thin by about half the autocorrelation time and flatten the
chain so that we have a flat list of samples.

We show the results in figure 6, in terms of corner plots for the parameters corresponding
to the central frequency bins, where the 2d posteriors are shown in terms of 68% (inner)
and 95% (outer) credible intervals. We see that NPE agrees with the MCMC to very good
precision. The 68% intervals of the posteriors capture the true value of the parameters. Note
that the accuracy of the reconstruction depends of course on the dataset, and it is thus subject
to statistical fluctuations. On the other hand, we show in figure 7 the posterior distributions
of the noise parameters for the same signal and dataset corresponding to figure 6, comparing
as well with MCMC. Again, we observe that our method is statistically compatible with the
latter, showing very precise estimations (namely, narrow posteriors) for both parameters.

5 Reconstruction over astrophysical foregrounds

Our primary focus in this work has been the development of a model-independent method to
reconstruct blindly the spectral shape of an arbitrary GWB, having in mind especially signals
of cosmological origin. In a realistic situation, however, even if a cosmological signal has a
very large amplitude to be detectable, astrophysical backgrounds may act as contaminating
foregrounds, degrading our ability to detect or differentiate the cosmological signal from the
noise. The separation of astrophysical and cosmological backgrounds is expected to become
one of the major problems to be addressed in the years to come. Even though we do not
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aspire to address such a complicate issue here, we expect in any case that our method should
be robust enough to reconstruct, under certain circumstances, the GWB spectrum of an
unknown signal in the presence of astrophysical foregrounds.

In the following, we reconstruct a signal in a setup where one astrophysical foreground
is also present. For simplicity, we assume the shape of the foreground as known, except for
their amplitude. The latter is treated as a parameter whose posterior is to be inferred. In
practice, we consider two cases in which the total GWB observed by LISA is the sum of two
components: an isotropic astrophysical component (foreground) and an unknown cosmological
signal, with no signal model. We consider two types of foregrounds, from unresolved merging
binaries of extra-galactic origin, and from galactic origin:

Extra-galactic foreground. The incoherent superposition of all extra-galactic compact
binaries that LISA will be unable to resolve individually, introduces a foreground in the LISA
data. The main contributors to this extra-galactic astrophysical signal are expected to be
stellar-origin black hole and neutron star binaries [15, 26–28]. In the LISA band (also in the
LVK band) this foreground takes the form of power-law profile as

ΩEF(f) = 10αEF

(
f

0.001 Hz

)2/3
, (5.1)

where the slope γ = 2/3 is fixed by General Relativity for circular binary orbits [201], and
following [172] we consider the (log) amplitude (at the pivot scale f∗ = 10−3Hz) αEF to follow
a Gaussian prior, N (α∗

EF, σEF), with α∗
EF = −12.29 and σEF = 0.43.

Galactic foreground. The unresolved galactic binary mergers are expected to emit a
foreground with a yearly modulation, and hence a proper treatment of such a signal should
take into account its variation in each chunk.11 For simplicity, we rather consider here the
yearly average of the signal, so that it can be described by an isotropic and stationary signal
approximately described by [182, 203, 204]

ΩGF(f) = 10αGFf2/3exp
(

− fa1 − a2f sin(a3f)
)
{1 + tanh[a4(fk − f)]} . (5.2)

For concreteness we take the values used by ref. [172], which correspond to the values quoted in
table 1 of ref. [182] for the parameters a1, . . . , a4, fk (choosing four years of observation time).
As we assume these parameters to be known, we only fit over the amplitude parametrised by
αF G, for which we take the Gaussian prior proposed by [172], G(α∗

F G, σ2), with mean value
α∗

F G = −7.95 and standard deviation σ ≃ 0.28. We note that in the parametrisation given
by eq. (5.2), 10ααGF does not represent the peak amplitude of the galactic foreground, so
the above mean value choice of α∗

F G = −7.95 corresponds to a foreground’s peak amplitude
of order h2ΩGF ∼ 10−10.

Our results are shown in figure 8. As for the cosmological component, we inject a single
bump signal (third entry in table 1) on top of an extragalactic foreground, and on top of a
galactic foreground. As stated before, the foreground model is assumed to be known, so we
only reconstruct its amplitude, together with the cosmological component. In the left panel,

11As shown in ref. [202], the periodic modulation can be actually used to partially subtract this foreground.
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Figure 8. Reconstruction of a single-peaked signal in the presence of a foreground. Left panel:
Theoretical signal characterised by a single bump profile with h2Ω(∗)

p = 5 · 10−10, fp = 0.001 Hz and
∆ = 0.2, SNR ∼ 6492, on top of an extragalactic foreground with (log) amplitude αEF = −12. Right
panel: Theoretical signal characterised by a single bump profile with h2Ω(∗)

p = 10−10, fp = 0.005 Hz
and ∆ = 0.3, SNR ∼ 3053 on top of a galactic foreground with (log) amplitude αGF = −7.95.

we reconstruct an injected single bump signal with Ω(∗)
p = 5 ·10−10, fp = 0.001Hz and ∆ = 0.2,

on top of an extragalactic foreground with (log) amplitude αEF = −12. The reconstruction
of the foreground’s amplitude, while capturing the true value, has an uncertainty compatible
with its amplitude’s prior, given the very low injected foreground.12 It would be interesting
to see how the reconstruction degrades as we decrease the cosmological signal amplitude with
respect to the foreground, but we postpone that exercise for the future, as we believe it will
be a more appropriate exercise for a template reconstruction, i.e. once templates (depending
on few parameters) are assumed for both foreground and a cosmological signal. In the right
panel, we reconstruct a single bump signal with Ω(∗)

p = 10−10, fp = 0.005 Hz and ∆ = 0.3,
on top of a galactic foreground with (log) amplitude αGF = −7.95. The reconstruction
of the cosmological signal is very precise in the frequency region where the foreground is
subdominant. This is expected given the relatively large amplitude of the injected signal.
On the other hand, when the galactic foreground starts to dominate, the capability of
reconstructing the signal rapidly decreases, and the signal reconstruction uncertainties in this
frequency range become meaningless. Note that the foreground is very well reconstructed
for this example. We postpone for future work further analyses of signal reconstruction
on top of astrophysical foregrounds.

6 Template reconstruction (a teaser)

We now assume that the spectral shape of the signal is known in advance, and the task
is just to infer its parameters. We consider here, for simplicity, the case of a power law
signal (cf. first row of table 1), characterised by only two parameters: the amplitude Ω(∗)

p

and the slope γ. The same signal template is assumed for both the data generation stage
and the inference model (i.e. in this example, the signal model is not given by eq. (2.8),

12Note that we have chosen those values for comparison purposes with the work in ref. [172]. They also
recover the foreground’s prior, for the same reason commented before.
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Figure 9. Reconstruction of a Power-law signal template with γ = 2/3. Top-left panel: h2Ω(∗)
p =

5 × 10−10, SNR ≈ 54928, Top-right panel: h2Ω(∗)
p = 5 × 10−11, SNR ≈ 5493, Bottom-left panel:

h2Ω(∗)
p = 5 × 10−12, SNR ≈ 549, Bottom-right panel: h2Ω(∗)

p = 5 × 10−13, SNR ≈ 54.9.

but by case 1 of table 1, with a single bin covering the whole frequency range). We take
fp = 0.003 Hz as the reference frequency.

The results are shown in figure 9, for four different cases of injected signal: h2Ω(∗)
p = 5 ×

10−10, 5×10−11, 5×10−12, and 5×10−13, for top-left, top-right, bottom-left and bottom-right
panels, respectively, all of them with γ = 2/3. As we can see our procedure is able to recover
the true parameter values very precisely for relatively large signals (note the different scales
of each panel!). As expected, though, the precision decreases as the amplitude of the injected
signal decreases, obtaining roughly an order of magnitude uncertainty for the amplitude
reconstruction in the case of the dimmest signal (bottom-right panel). Nonetheless, as a
generic feature, we see that the uncertainties are much narrower than for the case of the
blind reconstruction. This is expected, as the parametrisation, in this case, is much simpler
[2 parameters vs 28 parameters of eq. (2.8)], besides the fact that the simulation is now
performed with the “correct” signal model generating the data.
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Figure 10. Reconstruction of a Power-law signal template with h2Ω(∗)
p ≈ 10−9.10, γ ≈ 0.84 and

SNR ∼ 43292. Left panel: The reconstructed signal in the Ω-frequency plane. Right panel: The
corresponding posteriors of the signal parameters, comparing different methods. The blue lines
correspond to the true values of the parameters and the contours to the 68% and 95% intervals. All
three methods give statistically compatible results and can cover the true value of the parameters
both very accurately and precisely.

As a way to cross-check our results for this simple case, we also show the comparison
from a MCMC analysis, in figure 10. For the MCMC, we follow the emcee documentation.
We use nwalkers = 16 and we start by initializing the walkers in a tiny Gaussian ball
around the maximum likelihood result. Then we run 5000 steps of MCMC. Finally, we take
nburn = 500, thin by about half the autocorrelation time and flatten the chain so that we
have a flat list of samples. The left panel shows the reconstruction of the signal, and the
corresponding posteriors are shown in the right panel in the form of a corner plot. In this
case, we perform the MCMC comparison not only with the amortisation procedure followed
in all the previous results, but also with the multi-round inference procedure described
qualitatively in section 3.2.2. While in the case of amortisation we used O(105) examples for
training, for multi-round inference we needed O(103) and for MCMC O(104). The difference
between the number of samples required for multi-round inference and MCMC becomes
more prominent when looking at examples of blind reconstruction with many parameters,
as MCMC converges very slowly to the ground truth. As can be seen in figure 10, all three
methods give statistically compatible results, and are able to cover the true value of the
parameters very accurately and precisely.

7 Summary and discussion

In this work, we have developed a new method for fast reconstruction of the spectral shape
of a GWB, based on likelihood-free statistical inference techniques. The set of tools we have
created is integrated in the package GWBackFinder, which is a publicly available GitHub
repository. Our method can be readily applied to any detector for which a characterization
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of its instrumental noise is available. As a demonstration, we have focused in this paper on
the reconstruction of an arbitrary shape signal by the LISA detector.

Using our technique, we quantify the ability of LISA to reconstruct backgrounds of an
arbitrary spectral shape (blind reconstruction) in section 4. This includes an analysis in
section 4.1 of the reconstruction of a variety of frequency profiles, for which we obtain, generally,
an accurate reconstruction within the central frequency region of LISA. The reconstruction
degrades, as expected when the signals approach the power-law sensitivity (PLS) curve. The
accuracy of the reconstruction (within each frequency bin), depends of course on the relative
height of the signal with respect to the noise or the PLS. In order to quantify this, we propose
two procedures to characterize the accuracy of reconstruction in section 4.2, one specialized
to power law signals (section 4.2.1), and another, more general, suitable for signals with an
arbitrary spectral shape (section 4.2.2). To validate our technique, we present a comparison
of our results against MCMC methods in section 4.3. Finally, for completeness, we also
consider in section 5 blind reconstruction of representative signals on top of astrophysical
foregrounds. This is a proof-of-principle towards more realistic simulations in the spirit
of an ultimate global fit.

We highlight that our method can be immediately extended to the reconstruction of
multi-parameter template-dependent signals (template reconstruction). As a teaser of this, we
show in section 6 a dedicated study to power-law signals. As expected, the procedure is able
to reconstruct the signals much more precisely than for the case of the blind reconstruction,
mainly due to the fact that the simulations use the correct signal model generating the data.

We note that in this paper, for blind reconstruction, we have fixed the number of frequency
sub-intervals within the LISA frequency range (fmin, fmax), to Nc = 27, choosing equal log-
spacing between their extremes. As argued in section 4.2, this choice is a compromise between
model complexity and computational cost. We note that even though a higher frequency
resolution in the reconstruction of a GWB spectrum would be desirable, a larger number
of bins would not work perfectly, even if computationally feasible, due to the statistical
fluctuations of the data within the bins becoming more important. However, we highlight that
our statistical technique does not need to stick to regular bin intervals, and we expect it to
work equally well for arbitrary binning configurations. Actually, a future improvement that we
are currently developing, consists of allowing break frequencies to be free parameters that are
adjusted in the process of signal reconstruction, according to an error minimization criterion.
We expect that implementing this idea might make a difference in the reconstruction of signals
with frequency profiles with many features, especially when these get close enough to the PLS.

While our technique has several advantages with respect to traditional MCMC methods,
we have validated it with the latter for concrete cases, verifying that our results are reliable.
Our work opens the door for both fast and accurate Bayesian parameter estimation of GWBs,
with essentially no computational overhead during the inference step. Actually, this paper
should be considered the first of a series of works where we intend to use GWBackFinder to
study the ability of LISA, and other detectors, to reconstruct the parameter space of predicted
cosmological and astrophysical GWBs, including many of the signals listed in section 1.

Last but not least, we comment on how the strategy we have presented in this work can
be incorporated into the picture of a “global fit” [205–207]. The latter refers to the idea that,
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when reconstructing GW signals at LISA or similar facilities, we should take into account
simultaneously every possible source: not only stochastic backgrounds from cosmological
processes on top of astrophysical ones (stochastic foregrounds as the ones considered in
this analysis), but also other types of foregrounds as ultra compact binaries, super-massive
black holes, extreme mass-ratio inspirals, etc. In our analysis we have incorporated GW
foregrounds (galactic or extragalactic) on top of the cosmological backgrounds simply by
incorporating the former to the simulation process. Concretely, we have modelled GWB
expected signals as a sum of the two contributions: ΩGW = Ωcosm. + Ωforeg., for every channel
and frequency (omitted here for the ease of notation), after which we sample the noisy
data as specified in section 3.1 as usual. The inference on both contributions is a priori
performed simultaneously in the SBI approach, unless a suitable statistical modelling for
the dependencies is available, in whose case the latter can be exploited to aid the inference
procedure. In the very same way, one can incorporate other parameterised GW contributions
directly into the simulator: ΩGW =

∑
k Ωk, for which the inference procedure, now containing

more parameters, remains unaltered.

Note added. In parallel to this work, a method based on neural ratio estimation (as
opposed to neural posterior estimation used in this study) was investigated in [208], where
a single-channel analysis in the presence of transient signals was included, while adopting
the same assumptions about the noise modeling as in this work.
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A Relation to other simulation-based methods

The NPE method adopted in this work is not the only existing one leading the state-of-the-art
in the field of simulation-based inference. A second very popular method belongs to the family
of Neural Ratio Estimation (NRE). Its similarities and differences with the NPE method
adopted in this work are briefly described below, as well as our motivation to adopt the latter.
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Similarities. 1) Both methods consider neural networks in order to infer the posterior of
the parameters of interest θ, given a dataset; 2) both are likelihood-free, relying on samples
from the simulator.

Main difference. Instead of optimizing a distribution qϕ to approximate the true, intractable
posterior, the NRE approach attempts to estimate the likelihood-to-evidence ratio. As it is
well known, a neural network classifier is formally an approximation of likelihood ratios; so
this idea is at the heart of current implementations [154–168]. Thus, thanks to the Bayes
theorem and for a given prior, the NRE becomes in practice an estimate of the posterior.

On the other hand, the NRE method is very convenient when we are interested in
few-dimensional marginal posteriors (typically 1d or 2d) as a final object of interest. While
estimating high-dimensional posteriors works equally well per se, so far, in practice only 2d
posteriors are computed and presented in standard “corner plots”. This is because NRE
struggles, in general, to obtain samples from the estimated high-dimensional posteriors (as
usual, sampling generic multivariate distributions is a hard problem). In our case, apart from
the posteriors, we are further interested in predictions for ΩGW(f ; s), which is evaluated with
the joint samples, as described above. This is the main reason behind our choice of the NPE
over the NRE method: for the former, and thanks to the Normalizing-Flow implementation
(cf. appendix D), samples are readily available by construction.

B Asymmetric reconstruction capabilities

In figure 11, we compute for a given frequency region (or bin) j of our signal parametrisation,
the ratio of Ωtot(γj) to Ωtot(γ∗

j ), as a function of the slope γj of that bin, with γ∗
j is a fixed value.

The rest of the parameters of the model (amplitude and all the other slopes) are fixed as well.
In this figure, the larger the deviation from 1, the larger the sensitivity of the corresponding

frequency region to a putative signal, thus the smaller the reconstructed uncertainties. We can
see that as the frequency regions in consideration approach the central part, the sensitivity
increases, thus decreasing the uncertainties. In all the panels of this figure, we compare pairs
of bins on the extreme sides of the frequency range (j =-12 vs. j =12, j =-11 vs. j =11,
j =-10 vs. j =10 and j =-9 vs. j =9, respectively, cf. eq. (2.8)), and in all the cases, the
asymmetry is evident: bins in the large frequency region (positive j) are less sensitive to
changes of the signal slope than the “mirror” bins at the low frequency region (negative j),
and consequently the uncertainties are larger in the former range.

C Consistency checks

In this appendix we discuss about ways to check the quality of the approximated posteriors
we obtain with our method, independent of MCMC methods.13

Studying how to check the quality of the posterior inference for simulation-based methods
is actually an active area of research [209]. In this study we consider what is arguably one of

13The methodology followed in this work is an alternative to MCMC methods to start with; cf. section 1
for its motivation. However, in simple cases as the one shown in section 4.3, an MCMC cross check is
always desirable.
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Figure 11. Each curve in these panels represent the ratio Ωtot(γj)/Ωtot(γ∗
j ), as a function of γj ,

where j is the bin label: j = 12 vs. j = −12 (top-left), j = 11 vs. j = −11 (top-right), j = −10 vs.
j = 10 (bottom-left), and j = −9 vs. j = 9 (bottom-right). The vertical line corresponds to γ∗

j in
each case.

the most popular procedures, known as the coverage tests, also known as “percentile-percentile”
plots.14 The idea behind the latter is simple: due to statistical fluctuations, the x credible
interval (CI, confidence level z) of the estimated posterior distribution of a given parameter,
should cover the true value roughly a fraction x of all the cases (EC, empirical coverage, ẑ),
when repeating the inference over different simulated data. See [209] for a more detailed
discussion of this idea. Thus, as a function of the CI, a reasonably well gauged posterior
would result in a EC curve following closely the diagonal EC = CI.

We show in figure 12 the coverage plots for all the parameters. The error bands correspond
to the probability-point-function (PPF) range of the EC variable, the latter following a beta
distribution.15 Each of these plots are interpreted as follows: curves should ideally be along
the diagonal. In cases where ẑ > z, the estimated credible contours of the posteriors are
conservative and contain the true value with a frequency higher than nominally expected.
On the contrary, when ẑ < z, the estimated credible contours contain the true value with
a frequency lower than expected and hence they are overconfident. According to [209], a
posterior estimator is considered to be acceptable whenever the empirical expected coverage

14See e.g. [210] for an early presentation, much before their use in the context of SBI.
15This is related to the Jeffreys interval, resulting from the fact that the number of times a given CI covers

the true value follows naturally a binomial distribution.
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Figure 12

probability is larger or equal to the confidence level. We see from this figure that the posteriors
of all the parameters are very well calibrated (with very few cases being slightly conservative),
since they follow closely the diagonal line.
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Figure 12. Following [159], we plot the empirical expected coverage probability as a function of the
confidence level, 1 − α = 0.6827, 0.9545, 0.9997, or alternatively of z = 1, 2, 3, for all the parameters of
our signal and noise parametrisation. We see that we have a converged network with good coverage
since the empirical expected coverage probability is slightly larger or equal to the confidence levels.
The confidence levels 1 − α are shown in vertical dashed red lines, while the empirical estimates 1 − α̂

are shown in the horizontal ones.
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D Specifying the shape of the approximate posterior

In this appendix, we aim at providing more details on how we model the approximate posterior
of the parameters of interest while making an effort to avoid unnecessary technicalities. The
interested reader can further refer to the literature cited below.

In this work, we parameterise the approximate posterior qϕ(θ) of the parameters of interest
θ, with a so-called Normalizing Flow (NF) framework (see [211] for a comprehensive and
modern review). The latter is a convenient way to construct flexible probability distributions
over continuous random variables. In general they allow us to obtain samples from θ by
proposing a transformation Tϕ:

θ = Tϕ(u), u ∼ pψ(u) , (D.1)

where the parameters ϕ of the transformation are precisely those of the approximate posterior
q we are parameterising, and u is a latent random variable, dim(u) = dim(θ), but following
instead a parameterically easier “base” distribution pψ(u) with parameters ψ; for example,
a Gaussian distribution.

Different flavors of NF differ in the proposal function Tϕ, as well as the base distribution.
For sufficiently flexible choices, NFs are able to capture arbitrarily complex distributions.
While in our application we are mainly interested in samples of qϕ(θ), rather than evaluating
the distribution itself, note that the latter can be formally obtained simply by inverting the
transformation, i.e. obtaining T −1

ϕ , and computing the corresponding Jacobian. Therefore,
NFs require in general invertible transformations.

We use a type of NF called “neural spline flow” [184]. The idea is that the transformation
is composed of splines, i.e. a piecewise function covering the desired range of the variables,
whose breakpoints (a.k.a. “knots” in this context) are predefined. At each segment, the
function consist of a rational-quadratic function, i.e. a ratio of order-2 polynomials, the
parameters of which are given by the output of a common neural network. For more details
see section 3.1 of [184].
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