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Abstract: We review quantum architectures for engineering the N00N state, a bipartite

maximally entangled state essential in quantum metrology. These schemes transform the

initial state |N⟩ ⊗ |0⟩ into the N00N state, 1√
2
(|N⟩ ⊗ |0⟩+ |0⟩ ⊗ |N⟩), where |N⟩ and |0⟩

are Fock states with N and 0 excitations, respectively. We demonstrate that this state can be

generated through superpositions of quantum light modes, hybrid light–matter interactions,

or spin ensembles. Our approach also enables the creation of mesoscopic and macroscopic

entangled states, including entangled coherent and squeezed states. Furthermore, we show

that a broad class of maximally entangled states can be realized within this framework.

Extensions to multi-mode state engineering are also explored.

Keywords: quantum metrology; quantum phase estimation; N00N state; entanglement;

Heisenberg-limit metrology

MSC: 81P45

1. Introduction

The estimation of unknown parameters is a fundamental challenge across var-

ious scientific fields, underpinning both technological progress and scientific break-

throughs [1–11]. Achieving the highest precision in parameter estimation is a central

goal in metrology [12–20]. A widely adopted approach to improving estimation accuracy

involves repeating experiments and gathering more information about the parameter of

interest. When employing N independent resources to estimate a parameter φ, the achiev-

able precision leads to an uncertainty scaling of ∆φ ∝ 1/
√

N. This regime is commonly

known as the shot-noise limit or standard quantum limit [21–23].

Quantum physics offers a remarkable advantage in parameter estimation, surpassing

the limits imposed by classical methodologies [24–26]. By harnessing quantum resources,

it is possible to achieve measurement precision beyond what is attainable within classi-

cal frameworks [27–31]. This quantum-enhanced precision paves the way for unprece-

dented accuracy, transforming scientific and technological domains where ultra-precise

measurements are essential [32–37]. The investigation of quantum-enhanced estimation

has emerged as a key research area, with the potential to redefine the fundamental limits of

measurement precision.

Therefore, quantum resources enable a significant enhancement in precision, exceed-

ing classical limits and approaching the fundamental bounds set by quantum mechanics.

In particular, quantum-enhanced estimation can surpass the classical shot-noise limit

and reach the Heisenberg limit (HL), where the estimation error scales as ∆φ ∝ 1/N

for a given resource count N [38]. A notable quantum state capable of achieving this

precision is the N00N state, expressed as 1√
2
(|N⟩ ⊗ |0⟩+ |0⟩ ⊗ |N⟩). Renowned for its po-
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tential to attain Heisenberg-limited precision, the N00N state is a key resource in quantum

metrology [38–42].

The quantum advantage provided by the N00N state stems from its intrinsic quantum

entanglement [43]. Entanglement underpins the unique properties of quantum systems

and serves as a fundamental resource for a wide range of quantum applications, including

quantum computing, quantum communication, and beyond [44–48]. In recent years,

significant efforts have been devoted to harnessing entangled states for quantum sensing

and metrology, aiming to push the boundaries of measurement precision.

Despite their potential, N00N states are notoriously difficult to realize due to the

complexities involved in their generation and their high sensitivity to decoherence [49–53].

These challenges are not exclusive to N00N states; rather, they reflect broader obstacles

that challenge quantum technologies more generally [54–59]. The generation of N00N

states remains a central challenge in the field. Achieving and preserving such entanglement

under realistic conditions is difficult, highlighting the fundamental limitations in controlling

quantum systems for practical use in metrology. Overcoming these limitations is essential

for advancing quantum-enhanced technologies, particularly in the context of high-precision

parameter estimation.

This review examines quantum architectures aimed at engineering entangled states,

with a particular emphasis on generating N00N states. We present strategies for producing

these states via superpositions involving quantum light modes, hybrid light–matter interac-

tions, and coupled spin ensembles. The approaches outlined here are capable of generating

both mesoscopic and macroscopic entangled states, such as entangled coherent states and

squeezed states. As a result, we demonstrate that a wide variety of maximally entangled

states can be realized using these architectural schemes. Furthermore, we extend this

discussion to encompass multi-mode scenarios, providing a comprehensive analysis of the

techniques used to engineer complex entangled states across multiple degrees of freedom.

This review is organized as follows. In Section 2, we introduce a quantum circuit for

N00N state generation, with detailed consideration of cavity-QED systems. In Section 3, we

discuss N00N state generation as a superposition of spin ensembles and as a superposition

of light and motion. Section 4 explores entangled state generation beyond the N00N

state, identifying the creation of a broader class of entangled states. In Section 5, we

extend the discussion to entangled state generation beyond two-mode systems, considering

multimode state generation. Section 6 focuses on Heisenberg-limit metrology beyond

N00N states, where a wide range of states achieving Heisenberg-limit precision in phase

estimation are identified. Finally, we briefly conclude this review in Section 7.

2. Quantum Circuit for N00N State Generation

To facilitate the generation of the N00N state, we consider an interaction Hamilto-

nian interaction describing two cavity modes coupled to a two-level qubit, expressed as

follows [60–62].

Heff = iκ(a1a†
2 − a†

1a2)σz, (1)

in which the bosonic annihilation and creation operators for the first and second modes are

denoted by a1, a†
1 and a2, a†

2, respectively. These operators can correspond to any harmonic

oscillator system, such as the quantized electromagnetic field modes in a cavity. The qubit

operators are given by σz = |1⟩⟨1| − |0⟩⟨0|, σ+ = |1⟩⟨0| and σ− = |0⟩⟨1|, representing the

standard Pauli operators that generate the su(2) Lie algebra. Moreover, κ is the effective

coupling strength between the two bosonic modes mediated by the qubit. It determines the

rate at which excitations are coherently transferred between the two modes.

Hence, the system effectively describes a two-level qubit interacting with two bosonic

modes, such as two distinct modes of the cavity field [62].
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A key element in our approach to high-N00N state generation is the derivation of

the effective Hamiltonian presented in Equation (1). A detailed derivation of the effective

Hamiltonian is presented in Appendix A. For conceptual clarity, let us consider a setup

where two cavity modes interact with a single qubit, as illustrated in Figure 1. It is insightful

to explore how the above Hamiltonian can lead to the generation of a N00N state, beginning

with an initial configuration of N photons in one of the cavities. Specifically, we demonstrate

that this interaction can result in a N00N state shared between the two cavity modes. To

proceed, we initialize the qubit in a logical superposition state, 1√
2
(|0⟩+ |1⟩), while the first

and second cavity modes are prepared in the Fock states |0⟩1 and |N⟩2, respectively. Thus,

the initial state of the combined system—comprising the qubit and the two cavities—can

be expressed as

|ψ(0)⟩ = 1√
2
(|0⟩+ |1⟩)|0⟩1|N⟩2. (2)

Figure 1. Schematic illustration of the N00N state generation setup. The system includes two cav-

ities coupled to a qubit, which interacts dispersively with both cavities to facilitate the creation of

entangled states.

Starting from this initial state, we analyze the time evolution of the entire system

governed by the effective Hamiltonian introduced earlier. The dynamics are dictated by

the unitary time evolution operator

U(t) = e−iHeff∆t/h̄. (3)

Applying this operator to the initial state, |ψ(t)⟩ = U(t)|ψ(0)⟩, allows us to study how

the interaction leads to the formation of a N00N state in the two cavity modes.

We allow the system to evolve over a time interval ∆t1 = π/(4κ). Under this evolution,

the state of the system transforms into

|ψ⟩1 =
1√
2N

N

∑
k=0

√

(

N

k

)

|k, N − k⟩
(

|0⟩+ (−1)k|1⟩
)

. (4)
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In this state, the two cavity modes become entangled with the qubit, resulting in a

tripartite entangled system. A measurement on the first resonator projecting it into the

Fock state |k⟩ effectively collapses the qubit into a superposition state that depends on

the parity of k. Specifically, if k is even, the qubit is projected onto the symmetric state
1√
2
(|0⟩+ |1⟩), while for odd k, it collapses into the antisymmetric state 1√

2
(|0⟩ − |1⟩). These

two states form an orthogonal basis in the qubit’s Hilbert space. Conversely, a measurement

performed on the qubit in the basis { 1√
2
(|0⟩ ± |1⟩)} provides information about the parity

of k in the first mode. A similar analysis applies to measurements on the second cavity

mode, owing to the symmetric structure of the state.

Next, we apply the Hadamard gate to the qubit. The Hadamard operation is rep-

resented by a 2 × 2 unitary matrix acting on the Hilbert space of a single qubit, defined

as [63]

H =
1√
2

(

1 1

1 −1

)

. (5)

This gate performs a rotation in the qubit’s computational basis, mapping the states as

follows: |0⟩ → 1√
2
(|0⟩+ |1⟩), and |1⟩ → 1√

2
(|0⟩ − |1⟩). Applying the Hadamard transfor-

mation to the qubit in the previously evolved state induces a local change of basis. After

this operation, we allow the system to evolve again under the same effective Hamiltonian

for another time interval ∆t2 = π/(4κ).

Following this second round of evolution, the quantum state of the system becomes

|ψ⟩2 =
1√
2N

N

∑
k=0

√

(

N

k

)

[1 + (−1)k] |k, N − k⟩|0⟩+ 1√
2N

N

∑
k=0

√

(

N

k

)

[1 − (−1)k] |k, N − k⟩|1⟩. (6)

This state explicitly separates the contributions of even and odd photon number states

due to the parity-dependent coefficients [1 ± (−1)k]. The terms corresponding to even k

contribute to the component with the qubit in state |0⟩, while odd k terms contribute to the

component with the qubit in state |1⟩.
Subsequently, we perform a projective measurement on the qubit in the computational

basis. This measurement collapses the total wavefunction, projecting the two cavity modes

into a superposition of number states depending on the measurement outcome. If the qubit

is found in the state |0⟩, the total state of the system collapses into

|ψ⟩3 =
1√
2N

N

∑
k=0

√

(

N

k

)

[1 + (−1)k] |k, N − k⟩|0⟩. (7)

It is evident from this expression that the qubit is now disentangled from the cavity

modes due to the measurement-induced collapse of the wavefunction. The remaining state

of the field modes is a parity-filtered superposition, containing only contributions from

even values of k.

Alternatively, if the qubit measurement yields the outcome |1⟩, the total wavefunction

collapses into

|ψ⟩3 =
1√
2N

N

∑
k=0

√

(

N

k

)

[1 − (−1)k] |k, N − k⟩|1⟩. (8)

As in the previous case, the qubit becomes disentangled from the field modes due to

the projective measurement. The resulting state is a superposition of number states that

includes only contributions from odd values of k.

Following the qubit measurement, regardless of the specific outcome, we proceed by

applying the unitary time evolution operator once more to the post-measurement state.

Suppose, first, that the outcome of the measurement is |0⟩. In this case, evolving the system
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for an additional time interval ∆t = π/(4κ) leads to the formation of a N00N state of

the form

|N00N⟩ = 1√
2

(

(−1)N |N⟩1 ⊗ |0⟩2 + |0⟩1 ⊗ |N⟩2

)

. (9)

Alternatively, if the qubit is found in the state |1⟩, the system must evolve for a longer

duration, specifically 3π/(4κ), in order to reach the N00N state given by

|N00N⟩ = 1√
2
(|N⟩1 ⊗ |0⟩2 − |0⟩1 ⊗ |N⟩2). (10)

It is worth noting that, regardless of what the outcome of the measurement of the

qubit state is, the N00N state can be obtained at the final step of this protocol. Therefore,

the N00N state generated with this protocol is deterministic.

It is noteworthy that, once the initial Fock state |N⟩ is prepared, the number of steps

required to generate the corresponding N00N state remains independent of the photon

number N. In contrast, many conventional N00N state generation protocols begin with a

single-photon (N = 1) N00N state and increase the photon number systematically [64,65].

In such approaches, the number of operations typically scales with N, making them

more vulnerable to decoherence and operational errors. However, in the architecture

presented here, the N00N state can be achieved through a fixed number of well-defined

steps, regardless of the value of N. This feature is particularly advantageous in minimizing

the exposure to decoherence, as it reduces the number of required operations and the time

the system spends in vulnerable intermediate states. Notably, once a high-fidelity Fock state

|N⟩ is prepared in one of the cavity modes—without entangling it initially with other parts

of the system—it can be efficiently converted into a N00N state using a small number of

coherent operations. This simplicity enhances the scheme’s practicality, as it requires only a

single qubit coupled to two cavity modes. Unlike many alternative proposals, the present

scheme avoids complex multi-qubit operations or ancillary systems. The full architecture

of this setup is illustrated schematically in Figure 2.

Figure 2. Schematics of the N00N state generation circuit. The operator U denotes the unitary time

evolution governed by the effective Hamiltonian Heff. The Hadamard gate H acts locally on the qubit,

transforming its basis. Starting from the initial state, the system evolves under U for a time interval

∆t1 = π/(4κ), reaching the intermediate state |ψ⟩1. Application of the Hadamard gate results in the

state |ψ⟩2. A subsequent projective measurement on the qubit collapses the total wavefunction to

|ψ⟩3. Finally, a second time evolution under U transforms the system into the target N00N state.

3. N00N State Generation in Different Systems

The effective Hamiltonian discussed above can be implemented across various quan-

tum platforms. One particularly promising approach involves coupling two superconduct-
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ing resonators to a common qubit [60,61]. In such systems, the coupling strength between

the resonators and the qubit can reach the order of tens of MHz [66–68], allowing the

system to operate well within the strong-coupling regime. This facilitates the realization of

the effective Hamiltonian and enables the generation of N00N states shared between the

two resonators, following the quantum circuit protocol described in detail in Figure 2.

Along the same direction, we show that the same effective Hamiltonian can be realized

in spin-based systems. In particular, we focus on nitrogen-vacancy (NV) centers in diamond

as a candidate for implementing this scheme. NV ensembles (NVEs) offer several key

advantages, including long coherence times, which help mitigate one of the main challenges

associated with N00N states—decoherence. Moreover, NVEs are excellent candidates for

quantum memory applications. Thus, generating and storing N00N states in such systems

could be of great importance, enabling long-term preservation of entangled states for

quantum technologies.

Furthermore, we demonstrate that the desired effective Hamiltonian can be realized in

a trapped ion system, where an atomic transition between two electronic states is coupled

to a cavity mode and driven by an external classical laser field. This configuration enables

the generation of a N00N state as a superposition of light and motion, effectively entangling

the cavity field with the motional degree of freedom of the ion.

3.1. N00N State in Nitrogen-Vacancy Centers in Diamond

Following the developments in Ref. [60], we now demonstrate that N00N states can

also be generated in ensembles of nitrogen-vacancy centers (NVEs) in diamond. The overall

N00N state generation strategy follows the same circuit protocol described previously. Here,

we outline a scenario in which a similar effective Hamiltonian can be engineered for NVEs

interacting with a common qubit. In this architecture, we consider a hybrid quantum

system composed of two spatially separated, non-interacting NVEs embedded in diamond,

both coupled to the same superconducting flux qubit. Specifically, we assume a large,

gap-tunable flux qubit (Figure 3a) as the central coupling element [69,70].

Figure 3. (a) Schematic of two ensembles of nitrogen-vacancy (NV) centers in diamond coupled to a

superconducting flux qubit. The flux qubit consists of four Josephson junctions arranged in a main

loop and an additional α-loop for tunability. (b) Crystal lattice structure of an NV center in diamond.

(c) Energy level diagram of the NV center showing the ground and excited spin states.
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This hybrid scheme has several advantages: the long coherence times associated with

NV spins, the ability to manipulate NV centers via both microwave and optical fields [71,72],

the frequency tunability and circuit scalability offered by superconducting devices, and

their compatibility with advanced nanofabrication techniques [64,69,70,73,74].

Although superconducting resonators provide a powerful platform for N00N state

generation—thanks to their strong interactions and fast gate times—the coherence times of

microwave photons in these resonators typically remain on the order of milliseconds [75]. In

contrast, NV centers in diamond can exhibit coherence times approaching one second, even

at relatively high temperatures [76]. Therefore, integrating NVEs with superconducting

qubits in a single architecture offers a compelling pathway toward high-fidelity quantum

state preparation, combining fast gate operations with long-term coherence and quantum

memory capabilities.

We now describe the quantum characteristics of the flux qubit. To this end, we note

that the flux bias applied to the main loop of the qubit must be chosen close to half of the

magnetic flux quantum, Φ0 = h/(2e). Under this condition, the flux qubit can be effectively

modeled as a two-level system described by a Hamiltonian in a two-dimensional Hilbert

space. The effective Hamiltonian for the flux qubit takes the form [69]

H = −1

2

[

ϵ(Φext)σz + ∆(Φ′
ext)σx

]

, (11)

where σx and σz are the standard Pauli operators in the flux qubit basis. The term ϵ(Φext)

represents the energy bias between the two persistent current states and depends on the

external magnetic flux threading the main loop. The term ∆(Φ′
ext) denotes the tunneling

amplitude between these states, which can be controlled via the external flux through

the α-loop.

When a static magnetic field corresponding to half of the flux quantum is applied

perpendicularly to the main loop, the clockwise and counterclockwise persistent current

states become nearly degenerate [77,78]. These two states can be used to define the logical

basis states |0⟩ f and |1⟩ f , representing the clockwise and counterclockwise circulating

currents, respectively.

Importantly, ϵ(Φext) and ∆(Φ′
ext) are independently tunable via external magnetic

fluxes applied to the main and auxiliary loops. Setting ϵ(Φext) = 0 places the qubit at its

optimal working point, where the system exhibits maximum coherence and symmetric

energy levels. With the qubit initialized in either of the computational basis states |0⟩ f or

|1⟩ f , arbitrary single-qubit operations can be implemented using the Hamiltonian above.

In the following, we demonstrate how such a flux qubit can be integrated with nitrogen-

vacancy ensembles (NVEs) in diamond to form a hybrid quantum architecture suitable for

both quantum information processing and entangled state generation.

For the nitrogen-vacancy (NV) centers in diamond, we focus exclusively on their

ground-state manifold. Notably, the ground state of an NV center forms a spin-triplet

configuration, with a zero-field splitting of approximately Dgs ≈ 2.87 GHz between the

ms = 0 sublevel and the degenerate ms = ±1 sublevels (Figure 3b,c). To lift the degeneracy

of the ms = ±1 states, we apply an external static magnetic field Bext along the [100] crys-

tallographic axis of the diamond. This induces a Zeeman splitting between the |ms = +1⟩
and |ms = −1⟩ levels, allowing us to isolate the two-level subspace spanned by |ms = 0⟩
and |ms = −1⟩ (Figure 3c).

This two-level subspace enables a natural definition of a computational basis for

quantum information processing, effectively reducing the Hilbert space of each NV center
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to a qubit. Within this reduced space, we can express the spin operators for the jth NV

center using Pauli-like operators

szj = | − 1j⟩⟨−1j| − |0j⟩⟨0j|, (12)

s+j = | − 1j⟩⟨0j|, (13)

s−j = |0j⟩⟨−1j|. (14)

To generalize this for an ensemble containing N0 NV centers, we define collective spin

operators by summing over individual spins

Sτ =
N0

∑
k=1

sτk, τ = z,+,−. (15)

Qubits based on NV centers, operated under external magnetic fields that induce Zee-

man splitting between the ms = ±1 states, have been studied extensively (see, e.g., [77–80]).

However, the approach we consider here introduces an additional element, where we apply

time-dependent magnetic fields Bj(t) to the NV ensembles, along with the static field Bext,

in order to periodically modulate the energy splitting between the ms = 0 and ms = −1

levels. This time-periodic modulation plays a central role in enabling the generation of

N00N states, which is the primary goal of this work.

To derive the desired effective Hamiltonian, we employ the Holstein–Primakoff (HP)

transformation [81], which allows us to map the collective spin degrees of freedom of the

NV ensemble onto bosonic modes. Applying the HP transformation to the periodically

modulated two-level system formed by the ms = 0 and ms = −1 states leads to a closed-

form Hamiltonian suitable for N00N state generation.

To apply the HP transformation, we restrict our analysis to the weak excitation regime,

where the number of excitations is much smaller than the total number of NV centers, N0.

Under this condition, the collective spin operators of each ensemble can be approximated

as follows

N0

∑
k=1

s
(j)
+k = c†

j

√

N0 − c†
j cj ≈

√

N0 c†
j , (16)

N0

∑
k=1

s
(j)
−k = cj

√

N0 − c†
j cj ≈

√

N0 cj, (17)

N0

∑
k=1

s
(j)
zk = 2c†

j cj − N0, (18)

where j = 1, 2 labels the two NV ensembles, and the bosonic operators satisfy [cj, c†
j ] = 1.

An important feature of this collective spin representation is the enhancement of the

coupling strength by a factor of
√

N0 compared to a single spin [82], allowing the system to

reach the strong coupling regime more easily. The weak-excitation condition c†
j cj ≪ N0

ensures the validity of the HP approximation. In practice, values of N0 ∼ 107 have been

realized [83], allowing for N00N states with photon numbers N ≪ N0.

The total Hamiltonian of the hybrid NVE–flux-qubit system is given by

H = −h̄
∆(Φ′

ext)

2
σx + h̄

2

∑
j=1

ωjc
†
j cj + h̄

2

∑
j=1

g(c†
j + cj)σz, (19)

where

ωj = Dgs − geµBBz − geµBBj. (20)
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Here, ge is the Landé g-factor, µB is the Bohr magneton, Bz is the effective field from

the applied Bext and the flux qubit, and g is the coupling strength between the NVE and

the flux qubit.

We assume that the NVEs are sufficiently small that spatial inhomogeneities of the

qubit-generated magnetic field can be neglected. The external magnetic fields are chosen

such that

ωj =
∆(Φ′

ext)

2
+ δ sin(νt + φj), (21)

with the sinusoidal modulation controlled by the AC magnetic fields Bj(t). For ∆(Φ′
ext) ≫

ζ = δ/ν and large ν, we apply the rotating-wave approximation and move to the flux qubit

eigenbasis to obtain the interaction Hamiltonian

HI = h̄gσ+
(

c1eiζ cos(νt+φ1) + c2eiζ cos(νt+φ2)
)

+ h.c. (22)

This Hamiltonian can be mapped to a Floquet form. Setting ζ = 2.40 (so that

J0(2.40) = 0) and φ2 ̸= φ1), we obtain the effective interaction Hamiltonian

Heff = ih̄Ω
(

c†
1c2 − c1c†

2

)

σz, (23)

where Ω is a tunable coupling coefficient determined by the modulation phase difference,

acting as an effective interaction rate between two collective modes, mediated by a common

qubit. For example, with φ1 − φ2 = π/3 and ν = 5χg ≃ 3.14g, we obtain Ω/2π ≈ 14 MHz.

Such coupling strengths have been demonstrated experimentally for flux qubits interacting

with NVEs containing N0 ≈ 3 × 107 centers [83].

Assuming decay rates of γNV ∼ 1 Hz for NVEs [76] and γFQ ∼ 1 MHz for the flux

qubit [84], the strong coupling condition Ω ≫ γFQ, γNV is clearly satisfied.

An important feature of the proposed N00N-state generation protocol is that it only

requires local operations on the flux qubit during the second and third steps, where the state

|ψ⟩1 evolves into |ψ⟩3. As a result, the operation times ∆t2 and ∆t3 reduce to typical single-

qubit operation times, approximately ∼1 ns [78]. This allows the total time for N00N state

preparation, ∆τ = ∑
4
i=1 ∆ti, to remain very short—minimizing decoherence effects. Given

Ω/2π ≃ 14 MHz, the interaction time ∆t1 ≈ 9 ns. Therefore, the N00N-state preparation

time can be determined by considering ∆τ ≈ 20 ns if the measurement outcome is |0⟩ f

and ∆τ ≈ 38 ns if the outcome is |1⟩ f . In both cases, the generation time is significantly

shorter than the coherence times of the flux qubit (∼1 µs [84]) and the NVEs (∼350 µs [85]),

ensuring that high-fidelity N00N states can be prepared within this hybrid platform.

3.2. N00N State as a Superposition of Light and Motion

The desired effective Hamiltonian can be realized in a trapped ion system, where an

ion is coupled to a cavity mode and driven by an external classical field. This configuration

enables the generation of a N00N state as a superposition of light and motion.

To show this, we consider a trapped ion system characterized by an atomic transition

between two electronic states, denoted by |g⟩ and |e⟩, with transition frequency ω0. The

ion is coupled to a cavity mode of frequency ωc and is driven externally by a classical

laser field with frequency ωL. In the rotating frame defined by the laser frequency ωL, the

system’s Hamiltonian can be written as [86,87]

H = νb†b + ∆ca†a + δσz + εLσ+ + ε∗Lσ−

+ g0 sin η(b† + b)(a†σ− + aσ+). (24)
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Here, a and a† are the annihilation and creation operators for the cavity field, while

b and b† correspond to the quantized vibrational (phonon) modes of the trapped ion.

The Pauli operators are defined as σz = |e⟩⟨e| − |g⟩⟨g|, σ+ = |e⟩⟨g|, and σ− = |g⟩⟨e|.
The parameter η denotes the Lamb–Dicke parameter, quantifying the extent of coupling

between the ion’s motion and the light field.

The detuning parameters are defined as ∆c = ωc − ωL and δ = ω0 − ωL, while

εL = ϵLe−iφL encodes the complex amplitude of the driving laser. The coupling strength g0

describes the interaction between the ion, the cavity photon, and the standing-wave pattern

of the cavity field.

In the Lamb–Dicke regime (η ≪ 1), the sine term can be linearized as sin
[

η(b† + b)
]

≈
η(b† + b), which simplifies the Hamiltonian. Assuming resonant atomic driving (δ = 0)

and setting ν = ∆c, we move to the interaction picture and apply the rotating wave

approximation (RWA), yielding the simplified interaction Hamiltonian

H′ = εLσ+ + ε∗Lσ− + g0η(ba†σ− + b†aσ+). (25)

We then apply a unitary transformation to move into a rotated basis

R = ei π
4 σy e−i

φL
2 σz eiϵLσzt, (26)

which transforms the Hamiltonian to HI = RH′R†. Under the condition g0η ≪ ϵL, and

after adiabatically eliminating the fast-oscillating terms via RWA, we redefine the phase as

φL → φ − π/2. The resulting effective interaction Hamiltonian takes the form [88]

Heff = iΩ′
(

e−iφa†b − eiφab†
)

σz, (27)

where the effective coupling strength is given by Ω′ = g0η/2.

This effective Hamiltonian describes a controllable excitation exchange between the

cavity field and the ion’s motional mode, with the interaction modulated by the relative

phase φ and governed by the internal state of the ion.

3.3. Impact of Decoherence on the N00N State

Now, we consider the effect of decoherence on the N00N state. Without loss of

generality, we use the parameters of NVE systems; however, a similar analysis can be

developed for the other systems as well.

To model our scheme, we solve the evolution equation governing the density operator

ρ̂, given by [89,90].

∂ρ̂

∂t
= ∑

j

[

−iωj[c
†
j cj, ρ̂] +

γj

2
(1 + n̄th)(2cj ρ̂c†

j − c†
j cj ρ̂ − ρ̂c†

j cj) +
γj

2
n̄th(2c†

j ρ̂cj − cjc
†
j ρ̂ − ρ̂cjc

†
j )

]

, (28)

where j = 1, 2, and γj denotes the decoherence rate of the j-th nitrogen-vacancy ensemble

(NVE). Here, n̄th = [exp(h̄ω/kBT)− 1]−1 is the thermal excitation number at temperature

T and frequency ω. After generating the desired state, the magnetic field is switched off,

setting ω = ωj = 2.87 GHz.

For our analysis, we set γ1 = γ2 = γ and fix the temperature at T = 20 mK.

At this temperature, the coherence time is approximately 1/γ ≈ 1 s, which is attain-

able for NV centers. Figure 4 shows the time evolution of the density matrix elements

ρij,kl = ⟨i|⟨k|ρ̂(t)|j⟩|l⟩, with the initial condition corresponding to an N = 2 N00N state

shared between the two ensembles at t = 0. Decoherence builds up over a timescale of

hundreds of milliseconds.
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Figure 4. The time evolution of the density matrix elements ρij,kl corresponding to an N = 2 N00N

state, illustrating the dynamics of coherence and decoherence in the system.

At T = 20 mK, the mean thermal excitation number is n̄th ≈ 0.001. With modern

cooling techniques, achieving temperatures below 10 mK is feasible, where n̄th ≲ 10−6.

Therefore, thermal excitation effects can be safely neglected. Assuming T = 0 K, the master

equation for the N00N state admits an exact solution. Ignoring thermal excitations, the

time evolution of the N00N state density matrix ρ̂(t) can be expressed as

ρ̂(t) =
1

2

[

N

∑
n=0

e−γnt

(

N

n

)

(1 − e−γt)N−n(|n0⟩⟨n0|+ |0n⟩⟨0n|) + e−γNt(|N0⟩⟨0N|+ |0N⟩⟨N0|)
]

. (29)

From this solution, the ultimate precision limit of a phase measurement, ∆ϕ, is found

to satisfy

∆ϕ ≳
eγNt/2

N
, (30)

indicating that decoherence introduces an exponential degradation in the sensitivity of

phase estimation as time evolves.

This allows for evaluating the fidelity of the N00N state, defined as the overlap

between the evolved state and the initial N00N state

F = ⟨N00N|ρ̂(t)|N00N⟩. (31)

The fidelity F of the N00N state under decoherence can be calculated as

F = e−γNt. (32)

Thus, the fidelity decays exponentially over time, highlighting the fragility of highly

entangled states against environmental noise. In fact, this analysis reveals the fundamental

challenge associated with generating entangled states and highlights how decoherence poses

a significant obstacle to the realization of quantum computing and quantum technologies.

Since the decoherence rate γ is inversely proportional to the system’s coherence

time, γ = 1/τ, platforms with longer coherence times offer significant advantages. In

particular, nitrogen-vacancy ensembles (NVEs) benefit from exceptionally long coherence
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times, providing an exponential improvement in robustness compared to many other

proposed physical systems.

For a fixed photon number N, the fidelity drops to approximately e−1 when γNt = 1,

signaling that the state has largely decohered. Therefore, maintaining coherence over

timescales satisfying γNt ≪ 1 is crucial for preserving the quantum advantage offered by

N00N states.

4. Entangled State Generations Beyond the N00N State

Now, we explore the generation of entangled states beyond the N00N state. These more

general entangled states are valuable resources for a wide range of quantum information

processing applications [91]. Following the approach in [61], we demonstrate that a broad

class of entangled states, including various maximally entangled configurations, can be

engineered using the same underlying framework.

We begin with the effective Hamiltonian introduced earlier in Equation (1), where

two cavity modes interact with a common qubit. From this Hamiltonian, we derive the

Heisenberg equations of motion for the field operators

ȧ1(t) = κa2(t)σz,

ȧ2(t) = −κa1(t)σz.

Solving these equations yields the time evolution of the cavity operators

a1(t) = a1(0) cos(κt)− a2(0) sin(κt)σz,

a2(t) = a2(0) cos(κt) + a1(0) sin(κt)σz.

At the specific interaction time κt = π/4, these evolve into

a1 =
1√
2
(a1(0)− a2(0)σz),

a2 =
1√
2
(a2(0) + a1(0)σz).

Next, the photon fields are passed through a 50/50 beam splitter, described by the

unitary operation

U = exp
[

−π

4

(

a†
1(0)a2(0)− a†

2(0)a1(0)
)]

. (33)

This transformation yields the field operator relations

a1(0) →
1√
2
(a1(0) + a2(0)),

a2(0) →
1√
2
(a2(0)− a1(0)).

Combining both the qubit-dependent dynamics and the beam splitter transformation,

the effective photon operators become

a1 → a1(0) |e⟩⟨e|+ a2(0) |g⟩⟨g|, (34)

a2 → a2(0) |e⟩⟨e| − a1(0) |g⟩⟨g|. (35)

These transformations are conditional on the state of the qubit and form the foundation

of a powerful entanglement generation protocol. They can map initial states into entangled
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superpositions of field and qubit states, which can be utilized for quantum state engineering

tasks. To illustrate this mechanism, consider the following input state

|ψ⟩ = |N⟩ ⊗ |0⟩ ⊗ 1√
2
(|g⟩+ |e⟩), (36)

where the first and second terms denote the photon number states in the two cavity modes,

and the third term is the superposition state of the qubit.

Applying the above transformations to this input yields the entangled output state

|ψ⟩ −→ 1√
2
(|N⟩|0⟩|e⟩+ |0⟩|N⟩|g⟩). (37)

By applying an external π/2 pulse (Hadamard gate) to the atom, the system evolves

into the state

1

2
[(|N⟩|0⟩+ |0⟩|N⟩)|e⟩+ (|N⟩|0⟩ − |0⟩|N⟩)|g⟩]. (38)

Thus, a projective measurement on the atom yields different N00N states depending

on the measurement outcome. Detecting the atom in the excited state |e⟩ produces the

N00N state

1√
2
(|N⟩|0⟩+ |0⟩|N⟩), (39)

while detection in the ground state |g⟩ yields

1√
2
(|N⟩|0⟩ − |0⟩|N⟩). (40)

Despite the relative sign difference, both states are equivalent in applications such as

phase estimation and represent genuine N00N states.

The overall protocol is summarized schematically in Figure 5. The input state first

interacts with the resonators–qubit system for a duration of κt = π/4, then passes through

a beam splitter, and finally, a Hadamard operation and measurement on the qubit complete

the N00N state preparation.

Figure 5. Architecture for entangled state generation. The input state first evolves under the

interaction between two resonators and a common qubit for a duration corresponding to κt = π/4.

The photons from the resonators are then directed through a 50/50 beam splitter. Finally, by applying

a Hadamard gate and performing a projective measurement on the qubit, a N00N state is obtained.
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As previously mentioned, the capabilities of our setup extend beyond N00N state

generation. For instance, consider an initial coherent state [92]

|α⟩ = e−|α|2/2
∞

∑
n=0

αn

√
n!
|n⟩, (41)

where α is a complex amplitude. Preparing the system in the initial state

|ψ⟩ = |α⟩ ⊗ |0⟩ ⊗ 1√
2
(|g⟩+ |e⟩), (42)

the protocol results in the entangled state

|ψ⟩ −→ 1√
2
(|α⟩|0⟩|e⟩+ |0⟩|α⟩|g⟩). (43)

This constitutes a micro–macro entangled state, where a shared coherent state is

entangled with the atomic qubit. After measuring the atomic state, we obtain states of

the form

|φ±⟩ = 1
√

2 ± 2e−|α|2
(|α⟩|0⟩ ± |0⟩|α⟩), (44)

where the + (−) corresponds to a symmetric (antisymmetric) superposition. The symmetric

state |φ+⟩ is shown to be particularly useful for quantum metrology tasks [93].

Moreover, the scheme allows for the generation of a wide range of entangled states.

Starting with general input states

|ψ1⟩ =
d1

∑
n=0

bn|n⟩, (45)

|ψ2⟩ =
d2

∑
n=0

cn|n⟩, (46)

the initial system is prepared in

|ψ⟩ = |ψ1⟩ ⊗ |ψ2⟩ ⊗
1√
2
(|g⟩+ |e⟩). (47)

Following the interaction and measurement, detection of the atom in the excited

(ground) state produces the symmetric (antisymmetric) entangled states

|ψ+⟩ = 1
√

2 + 2|⟨ψ1|ψ2⟩|2
(|ψ1⟩|ψ2⟩+ |ψ2⟩|ψ1⟩), (48)

|ψ−⟩ = 1
√

2 − 2|⟨ψ1|ψ2⟩|2
(|ψ1⟩|ψ2⟩ − |ψ2⟩|ψ1⟩). (49)

As an example, if the initial states are coherent states, one can generate entangled

states, such as
1

√

2 ± 2|⟨α|β⟩|2
(|α⟩|β⟩ ± |β⟩|α⟩). (50)

Also, superposition of two squeezed states

1
√

2 ± 2|⟨ξ1|ξ2⟩|2
(|ξ1⟩|ξ2⟩ ± |ξ2⟩|ξ1⟩), (51)
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or hybrid entangled states

1
√

2 ± 2|⟨ξ1|α⟩|2
(|α⟩|ξ1⟩ ± |ξ1⟩|α⟩), (52)

1
√

2 ± 2|⟨N|α⟩|2
(|α⟩|N⟩ ± |N⟩|α⟩), (53)

1
√

2 ± 2|⟨N|ξ1⟩|2
(|ξ1⟩|N⟩ ± |N⟩|ξ1⟩), (54)

can be generated using this setup. Such entangled states are crucial for surpassing

the shot-noise limit in quantum metrology and have broad applications in quantum

information science.

To quantify the entanglement of the generated states |ψ±⟩, we employ the concurrence

as an entanglement measure [94], defined by

C =
∣

∣⟨ψ|σy ⊗ σy|ψ∗⟩
∣

∣, (55)

where σy is the Pauli-y matrix and |ψ∗⟩ denotes the complex conjugate of |ψ⟩.
A straightforward calculation yields

C =
1 − |⟨ψ1|ψ2⟩|2
1 ± |⟨ψ1|ψ2⟩|2

, (56)

where the plus (minus) sign corresponds to the concurrence of |ψ+⟩ (|ψ−⟩). Interestingly,

the antisymmetric state |ψ−⟩ is maximally entangled for any input states. In contrast,

the symmetric state |ψ+⟩ becomes maximally entangled only when the input states are

orthogonal, i.e., ⟨ψ1|ψ2⟩ = 0.

Starting with the input states |N⟩ ⊗ |M⟩, the protocol generates maximally entan-

gled states

|ψ⟩ −→ 1√
2
(|N⟩|M⟩+ |M⟩|N⟩), (57)

which reduces to a N00N state when M = 0.

Given the ability to generate a large class of maximally entangled states, this platform

holds significant promise for various quantum protocols. The versatility and robustness

of the scheme make it a powerful tool for quantum information processing and quantum

metrology applications.

5. Eantangled State Generation Beyond the Two-Mode States

As demonstrated earlier, the architecture we proposed allows for the generation

of a wide variety of entangled states, including N00N states and entangled coherent

states. It is therefore natural to consider extending the scheme to a multimode scenario.

Generating entangled states involving more than two modes is highly valuable for many

applications in quantum information science and quantum metrology. However, the

creation of multimode entangled states remains a significant experimental challenge. Thus,

the extension presented here could find broad utility across quantum disciplines.

We now describe how the previously introduced scheme can be generalized to generate

multimode entangled states. We consider an array of resonators, where each pair of cavities

interacts with a common qubit, as shown in Figure 6. The initial state of the full system is

prepared as

|ψ⟩ = |N, 0⟩ ⊗ |N, 0⟩ ⊗ · · · ⊗ |N, 0⟩ ⊗ 1√
2
(|g⟩+ |e⟩), (58)
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where each pair of resonators starts with N photons in the first mode and vacuum in the

second mode.

Figure 6. Network architecture for multi-N00N state generation. A single qubit sequentially interacts

with each resonator pair in the array. After the interaction, the photons within each resonator pair are

passed through a beam splitter.

The protocol proceeds by sequentially sending the qubit through the network, allowing

it to interact for a duration κt = π/4 with each resonator pair. After interaction, the photons

in each pair are directed through beam splitters. As a result, the system evolves into the

entangled state

|ψ⟩ −→ 1√
2
(|N, 0⟩ ⊗ · · · ⊗ |N, 0⟩ ⊗ |e⟩+ |0, N⟩ ⊗ · · · ⊗ |0, N⟩ ⊗ |g⟩). (59)

Applying a π/2 pulse (Hadamard gate) on the qubit followed by a projective mea-

surement yields the multi-N00N state

|ψ⟩ −→ 1√
2
(|N, 0⟩ ⊗ · · · ⊗ |N, 0⟩ ± |0, N⟩ ⊗ · · · ⊗ |0, N⟩), (60)

where the sign depends on the measurement outcome.

An important feature of this scheme is the scaling of the phase resolution. For an array

of M resonator pairs, the phase uncertainty scales as

∆φ ∝
1

MN
, (61)

which improves linearly with the number of resonator pairs M and the number of photons

N. Achieving a similar phase resolution using a traditional N00N state would require in-

creasing the photon number to MN in a single mode, which becomes extremely challenging

for large M and N.

A scheme for generating double-N00N states was proposed in Ref. [95]. To highlight

the advantages of our approach, consider the case M = 2, and directly compare it with

the scheme introduced in Ref. [95]. Their approach requires N + 2 operational steps to

produce a double N00N state, while our system achieves N00N state generation in only a

few steps, regardless of the photon number. This operational simplicity constitutes a major

strength of our method. Furthermore, our architecture naturally extends to the generation

of multi-N00N states, offering valuable advantages for quantum phase estimation.
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6. Heisenberg Limit Metrology Beyond N00N States

As discussed earlier, N00N states possess the special capability of achieving the

Heisenberg limit (HL) in phase estimation sensitivity. Here, we revisit the Heisenberg-

limited sensitivity in the su(2) algebra framework and explore its generalization. In

particular, we demonstrate that a broader class of Fock state superpositions can also achieve

HL sensitivity. To formulate this more generally, we analyze the connection between the

N00N state and spin coherent state superpositions, following Ref. [96].

A detailed consideration of spin algebra is given in Appendix B. Based on the formu-

lation of the su(2) algebra in Appendix B, for N photons in one of the two modes of the

system, we can write

|0⟩a ⊗ |N⟩b ≡ |j,−j⟩z, (62)

|N⟩a ⊗ |0⟩b ≡ |j, j⟩z. (63)

Thus, the N00N state can be expressed in the Dicke basis as [97]

|N00N⟩ = 1√
2
(|j, j⟩z + |j,−j⟩z). (64)

This corresponds to a coherent superposition of the north and south poles on the Bloch

sphere in the z-basis. It is important to note that general superpositions of other |j, m⟩z

states, such as
1√
2
(|j, m⟩z + |j,−m⟩z), (65)

lead to Fock basis states of the form

1√
2

(

| n
2 + m⟩a| n

2 − m⟩b + | n
2 − m⟩a| n

2 + m⟩b

)

, (66)

which do not, in general, achieve Heisenberg-limited sensitivity.

However, if we consider superpositions involving extreme points along other axes,

such as the x-axis, interesting possibilities arise. In the x-basis, the Dicke states are related

to the z-basis states through

|j,±j⟩x =
1

2j

j

∑
m=−j

√

(

2j

j + m

)

(±1)j+m|j, m⟩z, (67)

where ( 2j
j+m) is the binomial coefficient.

Thus, a normalized superposition of the two extremal states along x is given by

|ψ⟩ = 1√
2
(|j, j⟩x + |j,−j⟩x). (68)

Now, applying a unitary rotation about the x-axis, exp(iθx Jx), to this state yields

|ψ(θx)⟩ =
1√
2

(

eiθx j|j, j⟩x + e−iθx j|j,−j⟩x

)

. (69)

The phase uncertainty for this state is found to be ∆θx = 1
2j = 1

N , indicating

Heisenberg-limited sensitivity, identical to that of the N00N state. Similar results hold

for superpositions of the two extreme points along the y-axis, involving the states |j,±j⟩y.

These considerations were investigated in detail in Ref. [97].
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It is natural to ask whether other superposition states, beyond the N00N state, can

achieve Heisenberg-limited sensitivity, or whether the three classes discussed so far (along

x, y, and z axes) are the only possibilities. If other states exist, what are their properties?

Additionally, how can such superposition states be generated, especially in the x, y, and z

directions? We address these questions in the following.

Notably, in all these cat-like superposition states, the two constituent states are antipo-

dal points on the Bloch sphere. In general, any point on the Bloch sphere can be obtained

by applying a suitable rotation to a reference state, such as |j,−j⟩z. This rotation can be

expressed using the generators of the su(2) algebra. The most general form of the rotation

operator is [96]

R(θ, φ)eiϑJz = exp

{

− θ

2

(

J+e−iφ − J−eiφ
)

}

eiϑJz . (70)

In the z-basis, the term e−iϑJz introduces only a phase factor, which does not affect

phase sensitivity. Indeed, the state

1√
2

(

eiϑ1 |N⟩a ⊗ |0⟩b + e−iϑ1 |0⟩a ⊗ |N⟩b

)

, (71)

has the same precision sensitivity as the standard N00N state (the inclusion of this phase

factor was previously discussed in Ref. [97] to facilitate N00N state generation).

The first exponential term in the rotation operator displaces the ground Dicke state

into a spin coherent state, given by [98,99]

|θ, φ, j⟩ = exp

[

θ

2

(

J+e−iφ − J−eiφ
)

]

|j,−j⟩

=
1

(1 + |γ|2)j

j

∑
m=−j

√

(

2j

j + m

)

γj+m|j, m⟩, (72)

where γ = e−iφ tan
(

θ
2

)

.

The overlap between two spin coherent states |γ, j⟩ and |δ, j⟩ is

⟨δ, j|γ, j⟩ = (1 + δ̄γ)2j

(1 + |δ|2)j(1 + |γ|2)j
. (73)

Now, consider the superposition of two antipodal spin coherent states

1√
2
(|θ, φ, j⟩+ |π − θ, π + φ, j⟩). (74)

To investigate the phase sensitivity associated with this state, we define the Hermi-

tian operator

Jγ = Jz cos θ − 1

2
(J+e−iφ + J−eiφ) sin θ. (75)

This operator allows the construction of a unitary phase shift operator U = e−iξ Jγ .

Applying the phase shift yields

e−iξ Jγ
1√
2
(|θ, φ, j⟩+ |π − θ, π + φ, j⟩) = 1√

2

(

eiξ j|θ, φ, j⟩+ e−iξ j|π − θ, π + φ, j⟩
)

. (76)

Thus, the phase uncertainty is ∆ξ = 1
2j , reaching the Heisenberg limit.

This result shows that the Heisenberg-limited phase sensitivity is not exclusive to

N00N states. A broad class of quantum states, including superpositions of antipodal spin
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coherent states on the Bloch sphere, can achieve HL precision. Such generalized states

provide a wider landscape of useful resources for quantum metrology.

As a natural question, one may ask if it is possible to achieve Heisenberg-limited

sensitivity using the superposition of two non-orthogonal spin coherent states that are not

antipodal points? Or is this property restricted to antipodal, orthogonal superpositions? To

gain better insight, we explore the relation between N00N states and such superposition

states. First, observe that the two extreme points along the x-axis are related to the z-axis

spin coherent states via a π/2 rotation around the y-axis

Ry

(

−π

2

)

|j,±j⟩x = |j,±j⟩z, (77)

where Ry(θ) = exp(−iθ Jy) is the rotation operator. This relation is illustrated in Figure 7.

Thus, by rotating the x-axis cat state about the y-axis and recalling that |0⟩a ⊗ |N⟩b ≡
|j,−j⟩z, and |N⟩a ⊗ |0⟩b ≡ |j, j⟩z, one generates the N00N state

|N00N⟩ = 1√
2
(|2j⟩a ⊗ |0⟩b + |0⟩a ⊗ |2j⟩b). (78)

Figure 7. (a) Rotation of the superposition state |j,±j⟩x around the y-axis on the Bloch sphere.

(b) Rotation of an arbitrary antipodal superposition state to achieve N00N state under appropriate

evolution.

This shows that a N00N state is a particular case of a spin cat state [97]. More generally,

a spin coherent state can be expressed as the action of a rotation operator on the ground

state |θ, φ, j⟩ = R(θ, φ)|j,−j⟩. The antipodal point of this coherent state is then

|π − θ, π + φ, j⟩ = R(θ, φ)R(π, φ)|j,−j⟩ = R(θ, φ)|j, j⟩. (79)

Applying the inverse rotation R−1(θ, φ) = R(−θ, φ) maps the antipodal spin coherent

states into a N00N state. However, such transformations generally change the structure of

the states significantly.

Now, consider the superposition of two arbitrary spin coherent states |θ1, φ1, j⟩ +
|θ2, φ2, j⟩. Applying R(−θ1, φ1) yields

|j,−j⟩+ R(−θ1, φ1)R(θ2, φ2)R(π, 0)|j, j⟩. (80)

This condition can be fulfilled if R(θ2, φ2) = eiβR(θ1, φ1)R(π, φ′), where we note that

|j,−j⟩ = R(π, 0)|j, j⟩.



Mathematics 2025, 13, 1667 20 of 29

The composition of two rotation operators satisfies

R(γ1)R(γ2) = R(γ3)e
iΦ(γ1,γ2)Jz , (81)

where

γ3 =
γ1 + γ2

1 − γ∗
1 γ2

, Φ(γ1, γ2) = −i ln

(

1 − γ∗
1 γ2

1 − γ1γ∗
2

)

, (82)

with γ1 = e−iφ1 tan
(

θ1
2

)

and γ2 = e−iφ2 tan
(

θ2
2

)

. To recover a N00N-like state, the condition

R(−θ1, φ1)R(θ2, φ2)R(π, 0) = IeiΘJz (83)

must be satisfied, where Θ is some phase determined by the initial parameters. Thus,

|θ1, φ1, j⟩ and |θ2, φ2, j⟩ must correspond to antipodal points.

If this condition is not met, the superposition will not transform into a N00N state

under a global unitary operation, and the corresponding state will have a different structure.

In the Fock basis, such a general two-mode superposition state reads

1

(1 + |γ|2)n/2

n

∑
m=0

√

(

n

m

)(

γm + eiψ

(

− 1

γ̄

)m)

|m⟩a|n − m⟩b, (84)

where n is the total number of photons. Although this state is structurally different from a

N00N state, it still achieves Heisenberg-limited phase sensitivity. Therefore, it offers a more

general path to HL precision.

To consider the generation of such states, we start with the interaction Hamiltonian

between the two-mode field, and a two-level atom reads

H1 = ih̄Ω(a†b − b†a)σz, (85)

where Ω is the coupling strength.

Suppose the atom is initially prepared in the superposition state 1√
2
(|g⟩+ |e⟩), while

the two-mode field is prepared such that mode-a is in the vacuum |0⟩a and mode-b is in the

Fock state |n⟩b. Then, the initial state reads

|ψ(0)⟩ = 1√
2
(|g⟩+ |e⟩)|0⟩a|n⟩b. (86)

Defining ξ(t) = eiφ tan(Ωt), the evolved state becomes

|ψ(t)⟩ = 1√
2
(|e⟩ ⊗ |ξ(t), j⟩+ |g⟩ ⊗ | − ξ(t), j⟩), (87)

where |ξ(t), j⟩ denotes a spin coherent state.

This describes a micro–macro entangled state between the atomic and photonic de-

grees of freedom. Applying a π/2 pulse on the atomic state, |e⟩ −→ 1√
2
(|g⟩+ |e⟩), and

subsequently performing a projective measurement on the atomic ground state collapses

the system to 1√
2
(|ξ(t), j⟩+ | − ξ(t), j⟩), which is a spin cat state.

Thus, a large class of spin cat states can achieve Heisenberg-limited metrology, provid-

ing new routes toward practical realization of quantum-enhanced precision measurements.
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7. Conclusions

In this review, we presented a comprehensive framework for the generation of N00N

states—a bipartite maximally entangled state crucial for quantum metrology applications.

This was achieved by employing Floquet-engineered interactions across a variety of phys-

ical platforms, including superconducting resonators, nitrogen-vacancy ensembles, and

hybrid light–motion systems. Our approach significantly reduces the operational complex-

ity typically associated with N00N state generation by requiring a fixed number of steps

independent of the photon number N, thus minimizing exposure to decoherence.

Despite the advantages demonstrated, several limitations remain. The most important

limitation is the vulnerability of N00N states to decoherence, which leads to a decrease

in fidelity over time and imposes significant requirements on the coherence times of the

physical systems involved. Although our proposed architectures—particularly those based

on NV ensembles—benefit from long intrinsic coherence times, practical implementations

may still face challenges due to fabrication imperfections, control errors, and thermal

noise. Possible improvements could involve the integration of quantum error correction

techniques or decoherence-free subspace encoding to enhance robustness.

This study not only advances practical strategies for N00N state generation, but also

broadens the landscape of states capable of achieving Heisenberg-limited sensitivity. By

extending the methods to more general spin coherent state superpositions, we lay a foundation

for future investigations into more resilient and scalable quantum-enhanced technologies.

Funding: This research received no external funding.
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Appendix A. Derivation of the Effective Hamiltonian

Appendix A.1. Modulating the Coupling Between the Qubit and the Resonators

We consider a system consisting of two resonators coupled to a common two-level

atom (qubit), described by a Hamiltonian composed of a free and an interaction part

H = H0 + H1, (A1)

as introduced in [61]. The coupling between the qubit and the cavity fields is assumed to

be periodically modulated. The free Hamiltonian is given by

H0 = h̄
ω0

2
σz + h̄ω1a†

1a1 + h̄ω2a†
2a2, (A2)

where ω0 is the energy splitting of the qubit, and ω1 and ω2 are the resonance frequen-

cies of the first and second cavities, respectively. The interaction Hamiltonian takes the

form [100–102]

H1 = 2h̄g0

2

∑
j=1

cos(υjt + φj)
(

ajσ
+ + a†

j σ−
)

, (A3)

where g0 denotes the qubit–cavity coupling strength, while υj and φj represent the modula-

tion frequency and phase for cavity mode j = 1, 2. For simplicity, we work in the resonant

regime, where ω1 = ω2 = ω, and set h̄ = 1.

To extract the effective Hamiltonian responsible for N00N state generation, we move

into the rotating frame defined by the unitary operator

U0(t) = exp(−iH0t). (A4)
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In this frame, the interaction Hamiltonian becomes

HI = U0(t)HU†
0 (t)− H0. (A5)

Evaluating this expression yields [101–105]

HI =
δ

2
σz + 2g0

2

∑
j=1

cos(υjt + φj)
(

ajσ
+ + a†

j σ−
)

, (A6)

where δ = ω0 − ω is the detuning between the qubit and the cavity modes. Using the

exponential representation of the cosine function, we rewrite the Hamiltonian as

HI =
δ

2
σz + g0

2

∑
j=1

[(

ajσ
+ + a†

j σ−
)

eiφj eiυjt

+
(

ajσ
+ + a†

j σ−
)

e−iφj e−iυjt
]

.

(A7)

To simplify the expression, we define the operator [101–105]

hj = g0

(

ajσ
+ + a†

j σ−
)

eiφj , (A8)

which allows us to compactly write the interaction Hamiltonian as

HI =
δ

2
σz +

2

∑
j=1

(

hje
iυjt + h†

j e−iυjt
)

. (A9)

This time-periodic Hamiltonian corresponds to a Floquet system [101–109], enabling

the application of Floquet theory to derive an effective time-independent Hamiltonian. This

effective Hamiltonian will be central to the generation of the N00N state discussed previously.

Without loss of generality, we assume identical modulation frequencies for both

resonators, i.e., υj = υ. Additionally, it is useful to note that each operator hj commutes

with its Hermitian conjugate, such that [hj, h†
j ] = 0. Under these conditions, the time-

averaged (effective) Hamiltonian simplifies to [61,106]

Heff =
δ

2
σz + i

2g2
0

υ
sin(φ1 − φ2)(a1a†

2 − a†
1a2)σz. (A10)

The interaction strength in this Hamiltonian can be controlled through the modulation

phase difference (φ1 − φ2) between the two cavities. To maximize the effective coupling,

we set φ1 − φ2 = π/2 and define the effective coupling constant as κ =
2g2

0
υ . This allows

the Hamiltonian to be expressed as

Heff =
δ

2
σz + iκ(a1a†

2 − a†
1a2)σz. (A11)

In the resonant case where δ = 0, the effective Hamiltonian takes the final simplified

form [61]

Heff = iκ(a1a†
2 − a†

1a2)σz. (A12)

It is notable that the modulation phase difference sin(φ1 − φ2) governs the strength of

the interaction. When φ1 = φ2, the sine term vanishes, eliminating the effective interaction

term entirely. This highlights the importance of precise phase control in experimental

implementations of the scheme.
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Although κ is large when υ is small, care must be taken to ensure that the system

remains in the strong-coupling regime. Since Floquet theory generally assumes a high-

frequency modulation, υ must still be significantly larger than g0. However, choosing υ

to be too large diminishes κ. For instance, selecting υ = 2g0 yields a moderate coupling

strength of κ = g0/2. This trade-off between frequency and coupling strength must be

carefully balanced in practice to ensure effective dynamics.

Appendix A.2. Modulating the Frequencies of the Resonators

We demonstrated that the effective Hamiltonian of our system can be engineered by

modulating the qubit–cavity coupling in a setup involving two resonators interacting with

a common qubit. Here, we present an alternative scheme to realize the same effective

Hamiltonian through a different type of modulation. In this approach, we again consider

two resonators coupled to the same qubit, but instead of modulating the coupling strength,

we modulate the resonance frequencies of the cavities themselves. The time-dependent

frequencies are given by [101,103]

νj(t) = ν + ∆ sin(νdt − φj), (A13)

where ν is the central frequency, ∆ is the modulation amplitude, νd is the modulation

frequency, and φj is the modulation phase of resonator j = 1, 2.

In this configuration, the qubit frequency remains constant, and no modulation is

applied to it. Consequently, the Hamiltonian of the system takes the form

H = h̄
ω0

2
σz + h̄ν1(t) a†

1a1 + h̄ν2(t) a†
2a2

+ h̄gν

(

σ+a1 + a†
1σ− + σ+a2 + a†

2σ−
)

,
(A14)

where gν is the (constant) coupling strength between the qubit and the cavity modes.

This alternative modulation scheme, involving dynamic control of the cavity frequen-

cies with phase-offset sinusoidal drives, will be shown to yield an effective Hamiltonian

similar in form to the one previously derived using coupling modulation.

Here, gν denotes the constant coupling strength between the qubit and the cavity

modes. The quantities ν1(t) and ν2(t) represent the time-dependent resonator frequencies

modulated, as described previously. Starting from the full Hamiltonian, one can derive

the interaction Hamiltonian by moving to an appropriate rotating frame. Under the

rotating wave approximation (RWA), and assuming the resonant condition ω0 = ν, the

total Hamiltonian simplifies to the following interaction form

HI = h̄gνσ+
(

â1eiζ cos(νdt−φ1) + â2eiζ cos(νdt−φ2)
)

+ h.c., (A15)

where ζ = ∆/νd is the modulation index.

This form explicitly captures the time-dependent phase modulation induced by the

sinusoidal frequency drives on the resonators. The interaction terms now feature exponen-

tial functions of cosine arguments, which naturally lend themselves to expansion in terms

of Bessel functions for further simplification. This Hamiltonian can be recast as a Floquet

Hamiltonian using the identity [101,107]

eiζ cos(νdt+φj) =
∞

∑
n=−∞

Jn(ζ) ein(νdt+φj), (A16)
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where Jn(ζ) denotes the nth-order Bessel function of the first kind. Substituting this expan-

sion into the interaction Hamiltonian allows us to express it in the standard Floquet form

HI = H0 +
∞

∑
n=1

Hneinνdt, (A17)

where H0 is the time-independent part of the Hamiltonian, corresponding to the

n = 0 component

H0 = h̄gν J0(ζ)
(

σ+(â1 + â2) + (â†
1 + â†

2)σ
−
)

. (A18)

The time-dependent terms in the Floquet expansion are captured by

Hn = h̄gν in Jn(ζ)
[(

σ+ â1 + (−1)n â†
1σ−

)

einφ1 +
(

σ+ â2 + (−1)n â†
2σ−

)

einφ2

]

. (A19)

According to Floquet theory [101–109], the effective Hamiltonian can be derived by

averaging over the fast modulation, yielding

Heff = H0 +
∞

∑
n=1

[Hn, H−n]/nh̄νd. (A20)

This leads to the effective Hamiltonian

Heff = h̄gν J0(ζ)
(

σ+(â1 + â2) + h.c.
)

+ ih̄Ω(â†
1 â2 − â1 â†

2)σz, (A21)

where the effective coupling coefficient Ω is defined as Ω = g2
νχ
νd

, and the modulation-

dependent parameter χ is given by

χ =
∞

∑
n=1

2Jn(ζ)2

n
sin[n(φ1 − φ2)]. (A22)

It is evident that the modulation phase difference (φ1 − φ2) plays a crucial role in the

emergence of the desired Hamiltonian. If the phases are equal, i.e., φ1 = φ2, the parameter

χ vanishes, thereby suppressing the effective interaction term. To enhance the coupling

strength of the system, one can optimize the value of χ, which provides a direct and tunable

strategy for controlling the interaction via modulation phase engineering.

We specifically choose ζ = 2.40 (J0(2.40) = 0) and φ2 ̸= φ1 to derive the effective

Hamiltonian [60,61]

Heff = ih̄Ω(â†
1 â2 − â1 â†

2)σz (A23)

To maximize the effective coupling coefficient of the Hamiltonian Ω, one can maximize

χ by controlling the phase difference φ1 − φ2. If we choose φ1 − φ2 = π/3, we will obtain

χ ≈ 0.628.

Appendix B. Spin Algebra

We introduce the Schwinger realization of the su(2) algebra in terms of two-mode

bosonic field operators [110–112]

J+ = a†b, J− = b†a, Jz =
1

2
(a†a − b†b). (A24)

Here, J+ and J− are the raising and lowering operators, and Jz is the z-component of

the angular momentum operator.
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These operators satisfy the standard su(2) commutation relations

[J+, J−] = 2Jz, [Jz, J±] = ±J±. (A25)

By defining

j =
n

2
, m =

na − nb

2
, (A26)

we can map the Fock basis onto the Dicke state basis

|na⟩a|nb⟩b ≡ |j, m⟩, (n = na + nb). (A27)

This provides a direct connection between the two-mode Fock space and the angular

momentum space. Two important cases are

|0⟩a ⊗ |2j⟩b ≡ |j,−j⟩, (A28)

|2j⟩a ⊗ |0⟩b ≡ |j, j⟩. (A29)

The action of the spin operators on the Dicke basis is given by

J±|j, m⟩ =
√

(j ∓ m)(j ± m + 1) |j, m ± 1⟩, (A30)

Jz|j, m⟩ = m |j, m⟩. (A31)

The set of states {|j, m⟩} form the eigenbasis of the Hilbert space of the spin system.
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