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1 Introduction

The AdS/CFT correspondence or holographic duality [1-3] has provided us with a tractable
tool for exploring the properties of strongly coupled systems at finite temperature. In the large
N, limit, the quantum dynamics of a many-body system living on the conformal boundary
of an AdS spacetime is mapped to the classical dynamics of certain fields propagating in
the entire bulk of the AdS space. Perhaps a most insightful application of the holographic
duality is to study the transport properties of strongly coupled field theories [4-7], which
suggests a deep link between the quantum many-body physics and the black hole physics [7].
The holographic duality predicts a universal value for shear viscosity over entropy density
ratio for a large class of strongly coupled field theories [4, 8-11]. Intriguingly, the holographic
prediction for this ratio is quite close to those of two strongly correlated quantum liquids
created in the labs: the quark-gluon plasma and the unitary Fermi gas [12].

Indeed, there is a basic assumption behind the holographic studies mentioned above: the
long-time long-distance limit of an interacting quantum field theory at finite temperature
is effectively described by hydrodynamics [13, 14]. Then, the sophisticated dynamics at
microscopic scale is replaced by hydrodynamic equation of motion (conservation law) at
large scale

VHT}llLyl;iro = 0’ (11)
which is supplemented with a hydrodynamic constitutive relation
Tl = (€ + P)utu” + Pgl” —noot” + . (1.2)

Here, € and P are the energy density and pressure, u* is the fluid velocity (a collective
variable), g is a curved background metric, o*” is the shear tensor, and 7 is the shear
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Figure 1. The SK closed time path with an initial state pg. Here, U(ts,¢;) is the time-evolution
operator from initial time ¢; to final time ;.

viscosity characterizing off-equilibrium properties of the system. With the assumption (1.1)
and (1.2), the shear viscosity 7 is related to retarded two-point correlation function of stress
tensor Tﬁ‘ylziro (the Kubo formula), which can be calculated holographically via solving the
linearized Einstein equations in the AdS black brane [15].

Later on, the connection between the classical hydrodynamics and the AdS gravity was
made more transparent, accumulated in the fluid-gravity correspondence [16, 17|, which
establishes a one-to-one correspondence between the classical hydrodynamics (1.1)—(1.2) and
the solutions to the Einstein equations in the AdS space. In principle, the fluid-gravity
correspondence allows us to systematically derive the hydrodynamic constitutive relation (1.2)
order-by-order in terms of the hydrodynamic derivative expansion.

However, the holographic approach to hydrodynamics [4-7, 16, 17] ignores the thermal
fluctuations of dynamical variables as required by the fluctuation-dissipation theorem. This
drawback is related to the ingoing wave condition [15] imposed for a bulk field near the
event horizon, which was proven to be sufficient for addressing dissipations [15]. From
the perspective of the black hole physics, the outgoing wave condition is also possible for
a bulk field and would intuitively correspond to the thermal fluctuation [18, 19] for the
boundary system. Ideally, a bulk field consistently containing both ingoing and outgoing
modes presumably gives rise to the full set of the Schwinger-Keldysh (SK) correlators [18],
including retarded, advanced, and symmetric ones, etc. Actually, for a system in a mixed
state denoted by a density matrix pg, an ideal framework for addressing dissipations and
fluctuations is the SK closed time path shown in figure 1. Basically, within the SK formalism,
each dynamical variable ¢ of the system gets doubled, 1) — (11,12), where the subscripts 1
and 2 denote variables on the upper and lower branches of the SK contour in figure 1. When
the initial state is a thermal one, holographic prescriptions were proposed in [18, 20-22]
for the SK closed time path of figure 1.

The holographic approach to hydrodynamics has inspired deep investigation on the
theoretical foundation of fluid dynamics. Among others, an action principle has been recently
formulated for dissipative hydrodynamics in [23-26]' (see [36] for a nice review) by virtue of
the SK formalism. Basically, a local effective action can be written down for a dissipative fluid,
in which the dynamical variables correspond to the SK-doubled fluid velocity and temperature
fields. A main motivation behind such a study is to resolve the shortcomings of the classical
hydrodynamics [23, 36]. The classical hydrodynamics is essentially phenomenological: in
order to ensure such a framework to work well, several constraints have to be imposed by hand,
such as the second law of thermodynamics, the fluctuation-dissipation relations, etc. However,

'For early attempts on this subject, see e.g., [27-32]. Further exploration on the formal aspects of the
hydrodynamic effective field theory can be found in e.g., [33-35].
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Figure 2. A holographic prescription for the SK closed time path of figure 1. Left: complexified
double AdS [38]; right: the holographic SK contour [22]. Notice that the two horizontal legs in the
right panel indeed overlap with the real axis.

S

!

Y
Y

an action principle for hydrodynamics has at least two advantages. First, all the ingredients of
classical hydrodynamics, including (1.1)—(1.2) as well as various phenomenological constraints,
are integrated into a symmetry-based effective action. Second, the hydrodynamic effective
field theory (EFT) provides a systematic treatment over the thermal fluctuation of dynamical
variable, which is usually modelled by Gaussian stochastic force [14] replacing the right-
handed side of the hydrodynamic equation (1.1).

It is then of interest to understand the hydrodynamic EFT from the holographic perspec-
tive. Previous attempts of deriving the hydrodynamic effective action from the AdS gravity
can be found in [37-39]. However, both programs [38, 39] had run into problems for the
gravity metric near the horizon, which was avoided by a non-dissipative horizon condition. In
recent years, the holographic SK technique of [22] has been proven very efficient in deriving
the effective action for certain boundary system at finite temperature, see, e.g., [22, 40-51]
for recent developments. However, these studies? focus on the dynamics of matter fields in
a complexified AdS black brane background and does not touch on the dynamics of bulk
gravity itself. This amounts to neglecting the variations of fluid velocity and temperature
in the boundary theory.

In this work, we use the holographic prescription of [22] and derive the SK effective
action for a dissipative neutral fluid. We will take a complexified static AdS black brane
background (see figure 2), which is dual to the SK closed time path with an initial state
described by a thermal density matrix. Then, we will work out the bulk metric perturbation
on top of the static AdS black brane, which amounts to introducing variations as well as
fluctuations for the fluid velocity and temperature on the boundary. This treatment is
more akin to the holographic approach to hydrodynamics [4-7, 39], whilst the latter studies
rely on single copy AdS.

The rest of this paper will be structured as follows. In section 2 we will review the
formulation of hydrodynamic EFT from dual perspectives: field theory versus holography.
We have made refinements over the following points: 1) the expansion of EFT’s building
blocks in the linear regime; 2) the holographic program towards the boundary EFT action.
Section 3 contains the main results of this work. In this section we will present the holographic
derivation of the effective action for a dissipative neutral fluid. Meanwhile, we will confirm
our results by recovering, from the holographic effective action, the hydrodynamic modes,
the hydrodynamic constitutive relation (i.e., one-point function of stress tensor) and the

2While recent works [52-54] considered the linearized AdS gravity using the prescription [22], we understand
that they focused on the Wilsonian influence functional rather than on the off-shell effective action.



stochastic version of (1.1), and the full set of two-point correlators of the stress tensor. In
section 4 we present a brief summary and discuss some open questions. In appendix A we
record details for the generating functional obtained from the holographic effective action.

2 Hydrodynamic effective field theory

In this section we review the formulation of an action principle for dissipative fluid dynam-
ics. We will discuss such a program from dual perspectives: quantum field theory versus
holographic duality. The emphasis will be on the general idea of the Wilsonian renormal-
ization group (RG) applied to a quantum many-body system at finite temperature, and its
implementation for a holographic system. While the discussion of this section will be found
abstract, the main lesson can be summarized as two aspects (similar to the U(1) case):

On the field theory side, the building block for formulating the hydrodynamic EFT
is Gap(X*(0)) to be introduced in (2.7), which encodes both the external metric and the
dynamical variable associated with the conserved energy and momentum. Moreover, the
hydrodynamic EFT shall obey a set of proposed symmetries, see (2.13)—(2.17).

From the gravity perspective, the building block G,,(X*(0)) emerges via the boundary
condition of the bulk metric at the AdS boundary, see (2.38) and (2.39). In addition, in order
to ensure X# (o) to be dynamical, we shall use a partially on-shell prescription when solving
the bulk dynamics. Within this prescription, the dynamical equations are solved to obtain
the bulk metric, while the constraint equations shall be relaxed.

2.1 The perspective from field theory

Here, we present the basic aspects of hydrodynamic EFT from modern quantum field theory
consideration. We will mainly follow the relevant discussions of [23] (see also the review [36]).

Imagine a quantum many-body system at finite temperature, whose microscopic descrip-
tion may involve a Lagrangian density Ly, a local functional of certain microscopic degrees
of freedom denoted by . In order to study the real-time evolution of a macroscopic state,
it is more convenient to put the system in the SK closed time path (see figure 1), so that
the variable for each degree of freedom gets doubled ¢ — 1)1 2.

Momentarily, we will not bother to make the SK indices in v 2 explicit. Moreover, we
assume that the only conserved charges of the system are energy and momentum, cumulated
in the energy-momentum tensor T#”. The Noether theorem offers a way of constructing T+
in terms of the microscopic field . Nevertheless, a more powerful treatment is to couple the
system to an external (background) metric g, (x) (usually via a minimal coupling scheme)

Lo[y ()] = LIP(2), g (z)] (2.1)

where the external metric g, () is specified via the following line element

dl% = g (z)dadz” (2.2)
Now, we introduce the generating functional (or the partition function) of the system,
Z[g,w(x)] _ / [Dw]eifd4x£[¢’g””]» (23)
PO

where pg is the initial state of the system.



The conservation law of energy and momentum, V, T = 0, can be guaranteed by
imposing that Z in (2.3) is invariant under the diffecomorphism transformation of the back-

ground metric

Z[908()] = Z[gu (z)] (2.4)
where

A} = Gop(T)dz°dZ° = g, (2)dztdz”

_ _\, Ozt Oz
= Jap(T) = guv(x(@)@@ (2.5)

Physically, there is no essential difference between the two coordinate systems {Z%, go3(z)} and
{z*, g (x)}. The Green’s functions of the stress tensor are essentially functional derivatives
of Z with respect to the external metric g, (). In the hydrodynamic regime, it can be shown
that [6] the only singularities of the Green’s functions for T#” are simple poles, representing
the shear wave and sound wave. This fact immediately implies that Z cannot be a local
functional of the external metric g, [23]. Indeed, this reflects the fact that [23] in (2.3) those
gapless modes have been integrated out towards obtaining Z.

However, if one can identity the gapless modes and could perform an “integrate-in”
procedure, one will be able to re-express the partition function Z as a path integral over
those gapless modes weighted with a “local” effective action. Here comes the idea of [23]:
the diffeomorphism transformation parameter in (2.5) is promoted to a dynamical field
and is identified as the suitable parametrization of the gapless modes. Notice that the
transformation z# — z* in (2.5) can be thought of as generated by the diffeomorphism
transformation parameter x*, which becomes more obvious for an infinitesimal coordinate
transformation. Eventually, by analogy with the situation of the charge diffusion [23], we
promote the spacetime coordinate z* (in which the external metric is defined) into the
dynamical field associated with the conserved energy and momentum

o — XM (oY), (2.6)

where 0% is an emergent coordinate so that X* is a dynamical field. In [23], the spacetime
spanned by ¢¢ is referred to as the fluid spacetime: the spatial part ¢ labels a fluid element,
and the time component o serves as an internal clock carried by a fluid element. Indeed,
XH(0%) corresponds to the trajectory of the fluid element labeled by o moving in the physical
spacetime. It is important to stress that X#(o®) is a dynamical variable and cannot be
taken as the physical spacetime coordinate. The relation between X*#(c®) and the physical
spacetime coordinate will be made clear in later section.

Meanwhile, the line element (2.2) defining the background metric g, () shall be promoted
into the following one

di* = g, (X)dX"dX"

oXH oXY
— 1
_gUV(X (U)) 80'0’ 80_17
= Gup(XH(0))do%do® (2.7)

do®do®



where, by construction, the quantity Gu,(X*(0)) is invariant under the following infinitesimal
transformation

Xt = XF—MX),  gu(X) = guw(X) + Vb + V&, (2.8)

There is a major difference between (2.8) and (2.5): the quantity X* is a dynamical variable
while the z# is simply a label. With the symmetry (2.8), the dynamical equation of motion for
X* is nothing but the conservation law of the stress tensor 7,,. The quantity G, (X) is the
building block for formulating the local EFT for dissipative fluid. Indeed, the relation (2.7)
will emerge naturally from the bulk analysis [38] to be presented in next section.

Now, in the spirit of the Wilsonian RG, one can imagine integrating out all the modes
but the hydrodynamic fields denoted by X*, giving rise to a low energy EFT description of
the original system. In other words, the original partition function (2.3) can be alternatively
expressed as a path integral over the low energy hydrodynamic fields

Z[g1, 92] _ /[DXﬁ [DXQV]eiSeff[gmb[XL g2ab[X]]’ (2.9)

where Seg is the hydrodynamic effective action. Here, we have recovered the SK indices for
the external sources and the dynamical variables

Guv = Jluvs Q2uvs XH — Xfa Xéla Gab — G1ab, G2ab- (210)

Presumably, the local effective action Seg is of the form

Sef‘f - /d40\/ —Qr(a) Eeﬁ[grab(o—)a gaab(a)] (211>

where we have introduced the Keldysh basis,

1
grab = i(glab + g2ab)7 gaab = glab - g2ab (212>

In (2.11), Gi(0) denotes the determinant of the metric G,q5. The volume element in (2.11)
is motivated by the fact that d*o\/—G,(0) = d*z\/—g.(x) with g.(z) the determinant of
the external metric gy, (). Notice that in (2.11) the local action is formulated in the fluid
spacetime spanned by o®. Indeed, it is also possible to reformulate the EFT action in the
physical spacetime, see [23] for more details. We will elaborate on this point in later section.

Practically, it is very challenging (if not impossible) to derive Leg[Grap, Gaas] by imple-
menting the “integrating out” procedure for a generic quantum many-body system. However,
with the hydrodynamic fields X* clearly identified, the hydrodynamic EFT can be formulated
via proposing a set of symmetries [23], which we list below.

(1) Normalization condition

Seff[graln gaab = 0] =0. (213)

(2) Zy reflection symmetry

Seff [grab; _gaab] = - (Seff [graby gaab])* . (214>



(3) The imaginary part of Seg is non-negative

Im(Sefr) > 0 (2.15)

(4) Re-parametrization symmetry in the fluid spacetime

The EFT action (2.11) is invariant under the following two independent transformations

0 0

— 0o or o’ = 00, 0%, o

o' = o'(d"), o — o' (2.16)

(5) Dynamical Kubo-Martin-Schwinger (KMS) symmetry
Seff [grab7 gaab] = Seff [gr(zba gaab]a (217)

where

Grab(_a) = grab(0)> gaab(_a) = gaab(a) + iBangrab(U)> (218)
where [y is the inverse temperature at spatial infinity.

The set of symmetries stringently constrains the form of EFT action. We briefly discuss
them. The conditions (2.13) and (2.14) are the basic properties of the SK formalism. The
condition (2.15) ensures that the path integral (2.9) is well-defined. The rest two symme-
tries (2.16) and (2.17) will guide one to construct the effective action. The requirement (2.16)
essentially defines what one means by a fluid [23] (see also [27]) and motivates to construct
the building blocks from Gy (s = 1,2), which transform as tensors with respect to the
fluid re-parametrization symmetry (2.16). This construction is rather technical and can be
found in [23]. The dynamical KMS symmetry (2.17) incorporates statistical fluctuations, as
required by the fluctuation-dissipation theorem. It reflects two facts on the physical system
under consideration: it is in a thermal state and the microscopic theory is invariant under
the time-reversal transformation. Ref. [23] realized that (2.17) is indeed a classical statistical
limit of a more general KMS symmetry at the quantum level.

In the holographic calculation to be presented in later sections, we will find it more
convenient to split the building block Gy, as follows

Gsab = Nap + Bsab, s=1or 2. (2.19)

Then, the action (2.11) can be rewritten as

Seff = /d40£eff[Braba Baab] (220)

where Leg will be derived through the holographic calculation. Here, Leg will be presented
in terms of Byg(0) and Bagp(o) defined as

Brab(a) = % [Blab(a—) + B2ab(0)] y Baab(a) = Blab(U) - BQab(U)- (221>



Furthermore, we split the dynamical field and the external source as?

XH(o) = 6to® 4+ wh(0o), G (T) = N + A (). (2.22)
Viewing 7, and Ag,, as perturbations of the same order, we can expand Bgy, of (2.19) as

Byap(0) = Asap(0) + Asau(g)abﬂg (o) + Asub(U)aaWél(U) + 77? (0)0aAsap(0)
+ 0umsh(0) + OpTsa(0) + Ok (o) Opmsp(o) + - (2.23)

In (2.23), we have truncated the expansion at quadratic order, which will be found sufficient
for capturing the Gaussian terms in boundary action. Then, (2.21) are expanded as

1
Buan(0) = Arab(0) + 0o (0) + Obtza () + Ava(0)0bt (0) + 5 Aaca ()0 (0)
1 1
+ Ar,ub(O')aaﬂ'#(O') + iAap,b(O')aaﬂ'g(O') + W?(U)aaAmb(U) + §W§(U)8aAaab(U)
1
+ aaﬂ#(g)abﬂ'ru(g) + 58117{-:(0-)8!)71-3,#(0') 4+

Baab(0) = Aaap(0) + 0aTap(0) + OpTaa(0) + Arar (0)0pm (0) + Aaaw (0)Opmy (0)
+ Apup(0)0amE (0) + Aapp(0)0amh (o) + 71 (0) O Aaa(0) + T4 (0) O Aran(0)
+ 0t (0)Opmrap (o) + Ouh (o) Opmrp(0) + -+, (2.24)

~—

which will be useful in rewriting the holographic action in the physical spacetime.

2.2 The holographic perspective

The holographic duality makes it possible to derive the effective action for a dissipative fluid

whose underlying microscopic dynamics involves a strongly coupled field theory. Basically,

this amounts to a holographic Wilsonian RG involving the classical dynamics of the AdS

gravity. In this section, we outline such a program. The discussion will closely follow [38].
The starting point is the holographic dictionary:

ZcrT = ZAdS (2.25)

Here, once identified as Z of (2.9), the CFT partition function Zcpr is expressed as a path
integral over the low energy variable X (both the Lorentzian and SK indices are suppressed)

Zewr = / [DX]¢iSe(X] (2.26)

where Seg[X] is the hydrodynamic effective action that we are looking for. The AdS partition
function Zaqs involves a path integral over the bulk metric field

Zads = /[DG]eiS[G]v (2.27)

where S[G] is the total bulk action. Then, applying the idea of the Wilsonian RG to (2.27), one
could integrate out the heavy modes (dual to the gapped modes of the boundary CFT) while

3With (2.22), it is straightforward to obtain the perturbative expansion of the quantity gs.. (X ()).



leave aside the light modes (corresponding to the hydrodynamic variable X ). This holographic
analogue of the Wilsonian RG is supposed to bring the AdS partition function (2.27) into the
desired form (2.26). Thus, the derivation of the hydrodynamic EFT from the AdS gravity
boils down to identifying the gravity dual of the gapless modes and integrating out the
heavy modes through the bulk calculation.

In the holographic context, the identification of the hydrodynamic variables was nicely
clarified by Nickel and Son [37], and then further refined in [38] (see also [39]). Analogous
to the field theory discussion as summarized in section 2.1, the basic idea is to play with
the diffeomorphism symmetry of the bulk gravity [38].

First, we write down a general bulk metric

ds? = Gap(z)dztdz® = N?d2? + X, (dzt + N*dz)(dz” + N"dz) (2.28)

where 24 = (z,2#). The UV (AdS boundary) and IR (horizon) hypersurfaces are some
constant-z slices:

YSuv: Z=zyuv; YIR: Z=ZIR- (2.29)

Then, up to a conformal factor, x,, at the AdS boundary is nothing but the external metric
for the boundary system

X,LLV(Z = ZU\/,ZE”) X g,uzl(l'u)- (230)

We know that the metric (2.28) contains “unphysical” gauge degrees of freedom. For
instance, thanks to the bulk diffeomorphism invariance, it is always possible to remove N
and N#, while treat x,, as the dynamical degrees of freedom in the bulk. To advance, we
consider a bulk coordinate transformation bringing (2.28) to the following form,

ds®> = Gun)dyMdy™ = G,, [éw]drz + 2CA¥T“[CA¥W]drdy“ + éuydy“dy”, (2.31)

where y™M = (r,y*). Here, the gauge condition has been specified implicitly such that Gemt
are completely fixed in terms of CAJW,. Therefore, only é;w are dynamical fields in the bulk.
In [38], a specific gauge condition is taken as Gy, = 1, Gw =0.

Going from z4 to y™, we have the change rule for the bulk metric:

A ~ Az 9zP

GMN(y) :GAB(x)Ww. (2.32)

Then, the implicit gauge condition (i.e., fixing Gyas) reads

~ oz 918 A
GAB(UC)WW = Gpr(),

Gap(x) = Guly) (2.33)

Apparently, (2.33) could be understood as the differential equations for the functions r(z*)
and y*(z%). Indeed, if we follow [38] and choose the gauge condition G, = 1,G,, = 0,

this statement will become more obvious.



Moreover, just as in solving the gauge transformation parameter in the U(1) example,
suitable boundary conditions at Yyyv and/or g are needed to fully determine the “gauge
transformation parameters” r(z4) and y*(24). Practically, we will follow [38] and take
a hybrid fixing:*

sy = ro = constant, yHlog = o%(z®)ok, (2.34)

where the constant ro will be actually taken as 4+o0c. The values of r(z4) and y*(z4) at
the other ends are determined dynamically, via solving (2.32). In general, the results can
be parameterized as (the ro-dependence is made implicit)

T‘ZIR - %(Ua)7 yM’EUV = Xﬂ(aa) (235)

Clearly, in the coordinate system (2.31), the UV and IR hypersurfaces are specified as (in
terms of the values for r)

Yuv: 1 =r0; Si:o or=7(X"(y") =7") (2.36)

Interestingly, from (2.34) and (2.35), we read off the relative embedding between Xy and
YR, described as X*#(¢?), and the proper distance between Yyy and Xr (i.e., the 7(c%)).
In (2.34), we see the emergence of the fluid spacetime spanned by o¢.
In analog with the U(1) case [37, 38, 42], we can imagine that the solutions for r and
y* can be written as the gauge links of N and N*. Implicitly, the dynamical field X*(o) is
like the Wilson line of N* along a certain path. This conclusion was actually demonstrated
more transparently in the linearized bulk theory, see [39] for more details.
From (2.32), we can read off the relation between intrinsic metrics on the UV hyper-
surface,’
o B
X = 0o (&) S o
dz® 9o dzP o
= 906(2) 559X 0 Xv
a b
=60l 5

(2.37)

where in the second line we have made use of the chain rule given that X* = X*(o%)
and ¢% = o%(x®); in the last line we considered the coordinate transformation xz# — o,
9ap(x) — Gap(o). Then, with the chain rule, we have

oX* oX"

ds®|syy =~ dI? = g, (X)dXHdXY = g, (XH(0)) o ——rdo®do”

= Gup(0)dodo”® (2.38)

which is obviously identical to (2.7). When solving the bulk dynamics, we will take (2.38)
as the boundary condition for the bulk metric. It it important to stress that, with certain

“More generally, we could have taken ro = 79(z®) as for y*|s,,,. However, the diffeomorphism symmetry
on the AdS boundary allows us to render 7o to be a constant.
5In the first line of (2.37), the g on the left-handed side is easily understood by taking the limit X* — x*.

,10,



gauge-fixing assumed in (2.31), the AdS boundary condition for the bulk metric encodes not
only the external metric but also the hydrodynamic field on the boundary.

Thus, solving (2.33) under the boundary conditions (2.34), we are supposed to get
y* = y*(o®). Plugging this solution into (2.31), we are motivated to rewrite the line
element (2.31) in the emergent spacetime spanned by o™ = (r,0%)

ds® = Gy (0)do™doN = G [Gap)dr? + 2Gra|Gap)drde® + Gaydo®do®, (2.39)

where, at the AdS boundary, Gy, will be Gp(0) of (2.38) up to a conformal factor.

Before proceeding, we briefly summarize the three sets of coordinate systems that we
have introduced. The first one is (z**, G 4p) in which we did not make any gauge-fixing. This
coordinate system corresponds to the physical spacetime for the boundary theory, in which we
clearly defined the external metric g, (x). The second one is denoted by (y™, Gu ~), which
assumes certain gauge-fixing. Intriguingly, the coordinates y* = (r,y*) are the dynamical
variables. This corresponds to the X#-coordinate system of the boundary analysis. While
this coordinate system is intuitive in understanding the identification of the hydrodynamical
field and emergence of the fluid spacetime, it is not convenient for practical calculations.
Therefore, we further introduced a third coordinate system denoted by o™ = (r,c?), where
0% exactly spans the fluid spacetime. This third one is friendly for the bulk calculations.
Instead of treating the coordinate as a dynamical field as in the second set of coordinate
system, the dynamical variable is naturally encoded in the AdS boundary condition.

The discussion above implies two equivalent ways of counting the bulk degrees of freedom
(both the gauge and dynamical ones)

GAB = (N, NH, X;w) & (r,y", @/W) (2.40)

Therefore, we have two equivalent ways of expressing the AdS partition function (2.27): a
path integral over the bulk metrics (IV, N*, x,.) versus a path integral over (r,y*, CA}W):

Zads = / [DN][DNH|[Dy ]SV i)
— [IDrlDy"| (DG, o516
= [1Dr DX DG ]Sl ]
_ / (D7)[DX ]S ICa X Tlp.os
_ / (D XM s (2.41)

We elaborate on (2.41) step by step. In the first line, the bulk action is an integral in
#M-coordinate. The second line seems odd: on the one hand, the bulk action is defined
as an integral over the coordinates (r,y*); on the other hand, the coordinates (r,y*) are
the dynamical variables which are integrated over in the path integral. Indeed, via the
transformation from (2.31) to (2.39), the second line shall be understood in terms of the third
line, where the integration over (r, y*) was converted to an integration over the hydrodynamic

variables X* as well as 7. In addition, the bulk action is an integral in the o-coordinate.
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Then, from the third line to the fourth line, G, (the gravity dual of the heavy modes) was
integrated out in the saddle point approximation. This is simply achieved via substituting
the classical solution for G, into the bulk action S[G]. Here, the subscript “,,s” stands
for partially on-shell, which emphasizes that only the dynamical equations will be solved
to obtain the solution for Gg,,. This partially on-shell prescription can be consolidated
by revising the gravitational variational problem based on gauge-fixed configuration (2.31)
or (2.39), see section 2.3 for more details. Note that the bulk action S[Gq,[X*]|] depends
on X* through the boundary data Gu (o), which implies that X is the gapless mode (it
enters via the derivative 9,X*). Moreover, the partially on-shell action would not depend
on the variable 7, which indicates the integration over 7 will give an infinite constant and
could be dropped without affecting physical observable. Thus, the AdS partition function
is eventually cast into the desired form of (2.26) with

Seff - S[Gab[X'LL]”p.o.s (242)

Finally, the analysis above shall be extended to the situation of double copy AdS so
that boundary theory lives on the SK closed time path, which is in parallel with the field
theory consideration in section 2.1 and shall go smoothly.

2.3 Variational problem of gravity revisited

In this section we revisit the variational problem of gravity. Usually, the variational problem
is done without making a gauge-fixing. However, it was realized that [38] variational problem
can be made well-posed using a gauge-fixed configuration as long as the gauge degrees of
freedom are carefully treated. Interestingly, the latter approach will demonstrate validity of
the partially on-shell prescription for solving the bulk dynamics, as alluded to below (2.41).

Recall that our notation convention is as follows: (24, G 4p) is for a coordinate system
without any gauge-fixing, see (2.28); (6, G ) is reserved for a coordinate system assuming
certain gauge condition, see (2.39).

First, we consider the bulk variational problem in terms of G 4p, which can be varied
freely. Then, we have

68 = ;/df’x\/—éEABéGAB (2.43)

Here, a potential boundary term arising from 4S5y is exactly cancelled by §Squ. Thus, we
obtain the bulk equations of motion (EOMs) for G ap

6Gap #0= EAB =0 (2.44)

When 6G 45 is a coordinate transformation, i.e., 8Gap = Vadxp + @B&L"A, we immediately
obtain the Bianchi identities

dxp # 0= VAEAP =0 (2.45)

Now, we turn to the bulk variational problem in terms of the field configuration Gy .
Note that in order to not miss the gauge degrees of freedom, we shall also take into account the
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variation of the bulk coordinate o™ . Then, from (2.32) (with the replacement y — o) we have

~ oM 9N OGN OoM N P A6aM daN
0Gap = 00N G X 5.8 T "5gP gph g8 00 T 2NN 5B
M 4 N M 5 N P a N M
_ 5GMN80 Oo OGN O™ Oo 5o + 2GMN80 oc® 0do (2.46)

OxA OxB OcP  OxA OxB OxA 0xB 0ol

However, as seen from (2.39), while the metric components G, can be freely varied, the

variation of G,js is completely fixed in terms of dGp. In practice, we will choose

5G00 5G _ 5G00 5G0i
rif2(r)’ TRy r2f(r)’

where f(r) will be specified later, see the context below (3.6). Indeed, the condition (2.47)
follows from our gauge condition (3.7). With (2.46) and (2.47), the action variation (2.43)
is split into two parts

0Gy =

5Gri = -

(2.47)

S = 68) + S5 (2.48)

The first part §.57 arises from the metric variation 6Ggp

59, =+ / B —GEABdT" 0™ LTI

dxA OxB
/ Pov/—GEMN6Gan
E™" ET‘O
_ 5 _ 00 .
_ 2/dm/ G{ B 4 2T2f(T)]6G00
+2 |E% — 27 (T)] 6Goi + EijéGU} : (2.49)

where the gauge choice of (2.47) was substituted. Thus, we obtain

ErT ET‘O
EOO -9 _
PG 20 B iy ~ By~
) E'ri
. EO’L _ —
§Go; £ 0 = =y =
6Gij #0 = E =0, (2.50)

which are the dynamical EOMs for the bulk gravity.
The second part 655 is generated by the variation of the coordinate do™ and contains
both the bulk and boundary terms

55_2/dm/ GE [a Pio” +26up 5y

_ % / PoV/=G [V (EMN2Gupso") — Vi (EMN2Grp) 60"

= —/d50\/—GVNEAA£ 50M+/d40 —ynyEY scM (2.51)

|boundary :
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The bulk part of (2.51) gives the Bianchi identities
soM £0= VNEY =0. (2.52)
The boundary part of (2.51) gives the constraint equations

M N B
oo ‘boundary ?é 0= \/j’ynNEM‘boquary =0 (253)

which contain both the Hamiltonian constraint (M = r) and the momentum constraints
(M = p). Physically, the momentum constraints (M = pu) of (2.53) correspond to the
conservation law of the energy-momentum tensor on the boundary (which can be cast into
the dynamical EOMs for X* in the hydrodynamic EFT), while the Hamiltonian constraint
(M =r) of (2.53) will be satisfied automatically once the dynamical EOMs (2.50) and the
momentum constraints are imposed. The latter fact is due to the Bianchi identities (2.52).

Therefore, we see emergence of the partially on-shell prescription for evaluating the AdS
partition function as outlined below (2.41). Solving the dynamical EOMs (2.50), we will
fully determine the bulk metric Gg. In the saddle point approximation, we can integrate
out the gapped modes Gy, by plugging its classical solution into the total bulk action S[Ggp),
giving rise to the AdS partition function in the last line of (2.41).

3 Holographic derivation of hydrodynamic effective action

In this section we set up the bulk perturbation theory and derive the boundary effective
action by solving the classical dynamics of the bulk gravity.

3.1 Perturbation theory in the bulk

We consider a pure gravity with the total bulk action
S = S0+ Scu + Sct- (3.1)

The bulk term Sy is the standard Einstein-Hilbert action plus a negative cosmological constant:

1
167TG5

So = / Pov/—G (RG] — 24), (3.2)

where A = —6/L? with L the AdS curvature radius. Hereafter, L will be set to unity for
simplicity. The variation of the bulk term Sy gives the Einstein equations

1
EMN = RMN[q) — 5GWVR[G] —6GMYN = 0. (3.3)

In order to ensure the variational problem of the gravity to be well-defined, see (2.43),
we need the boundary term Sgu

1
871G

Scu =

. diov=Kp) (3.4)

where v is the determinant of the induced metric 7, on the boundary hypersurface >yv.
K[v] is the extrinsic scalar curvature of the induced metric 7.
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The counter-term S is [55, 56]

1

SCt - 167TG5

[ dtov=5 {6+ 5a0) - (RUIRab) - R0 ) loe 5| (35)
where we assumed a minimal subtraction scheme. The logarithmic term arises from the
conformal anomaly and is necessary when the boundary system is put in a curved spacetime.
Hereafter, we will set 87G5 = 1 for convenience.

Note that both Sqgy and S¢ are defined near the boundary hypersurface Xyy with
r — oo assumed implicitly. Since r is bounded by two asymptotic boundaries, we have one
copy of Sgi and S¢t at each boundary hypersurface with r = oog (s = 1 or 2).

We split the bulk metric (2.39) into two parts

ds® = GyndoMdo™ + HyndoMdo™

= 2drdo® — 2 f(r)(do®)? + r?6;;do'do? + Hyndo™ do™ (3.6)
where f(r) =1— r;’; /r*. For Hyrn we assume the following gauge condition

HOO HOO HOZ'
H,=—F—, Hyy=— , H,;,=— , 3.7
T f2(r) CT () r2f(r) (3.7)

which immediately implies the condition (2.47). Here, Gy in (3.6) represents the
Schwarzschild-AdSs black brane, which corresponds to a finite temperature state for the
boundary system. In order to put the boundary system on the SK closed time path of figure 1,
the radial coordinate r varies along the contour of figure 2. The bulk metric perturbation
Hpy;n is dual to the fluctuations and dissipations of the boundary system. In order to solve
the bulk perturbation, we will impose Dirichlet-type boundary condition

Hop(r = 005, 0°) = 1% | Baas(0) + O(r )] , (3.8)
where By, is introduced in (2.19). In the linearization approximation, the perturbative

expansion of Bg,, has been presented in (2.23). Actually, with (3.8), we have the desired
AdS condition for the total bulk metric

Gap(r = 005,0%) = 12 | Geap(0) + O(r )] (3.9)
with the boundary data Ggup(o) split as in (2.19).
Given the highly nonlinear feature of the Einstein gravity, we consider expanding the

bulk action Sy of (3.2) in the number of the bulk perturbation Hy/n

So =53 + S + 58 + 58 + -

- /d5a\/—é e+ 6 + £ + £+ -], (3.10)
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where a superscript denotes the number of Hysn. The various parts are
£O— 4 (3.11)
LgﬁzéﬁMﬁNHMN—%ﬁhi (3.12)
ﬁ(()Q) = 2HyyHMN + H? + HYNY Vv H — HMNY NV A HEY
- i@MH?MH W HMNY AH + VM HY N HY
—HMNﬁA?NHﬁ+%HﬁM@NHMN+HMN@%MW
—%H?%J—%?MHWA€4HMN+%?AHMN?AHMN, (3.13)
E@:gHﬁHWWmB+?ﬁ—ﬂHUWHMN—%ﬂmﬁMHw?MQB
+EHMN@MHﬁNﬂleHMN?AHQ?NHFaHMN?NHﬁ?AH
~+%HMN?AHMN?AH¥—éH?CH?CHFkHMN?AHﬁ?BHﬁ
+2HMNY  HAT HB — %H@NHNA@BHE —HMNS  Hy Y HAB
—+%H?AH?BHAB+zHMN?NHAB?BHﬁ~%%HMN?AHBN?BHﬁ
——gHMN?AHBN?AHﬁJ—%H@AHBN@BHANﬂ—gH@AHgN?AHBN
—aHﬁHMN@A@Nﬂlk%HHAN?A?NHFHHQHMN?A@BHE
— SHENY s HE + HYY HAPY 59 s Hans — BN HAPY 59 3 Husx
+HY N 50— LHHANY 50l — LHYY Hy O 0 A
+ éHzﬁBmHAB — H{yHMNNY2Hyn + %HHANWHAN - éHQ?QH
+iHMNHMN?%¥ (3.14)
Here, the spacetime indices are raised and lowered by the background metric Gasn, the

covariant derivative Vj, is compatible with G MN, and H = GunHMN .
Now, we expand the bulk metric perturbation in the number of the boundary data B

Hy = o'H) + o>H? 4 0(0?) (3.15)

a a

where the bookkeeping parameter « is used to count the powers of Bg,,. Accordingly, the
Dirichlet-type boundary condition (3.8) will be implemented as follows:

H.) (r = 000, 0%) = 1 [Buan(0) + O],
H57?) (r = 00g,0%) = r? [0 + O(fl)} (3.16)
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(n>2)

Here, we would like to demonstrate that the nonlinear solutions H ;5" are unnecessary
for the derivation of the EFT action up to cubic order in Bgy,. This is mainly due to the
implementation of the boundary condition in (3.16).

(0)

Obviously, the background part S, does not involve any bulk perturbation

2

S 4 59 4 s = / d*orh| ! (3.17)

The linear part S(() ), combined with Sél){ and Sc(t), is evaluated as

4 001

SO = 5 4 55y + st —/d4 S (3Hoo + Hy)

(3.18)

02

With the boundary condition (3.16), it is obvious that H](\ZLJ%Z) does not contribute to the
boundary EFT action.

Now, we turn to the quadratic and cubic parts. Practically, the evaluation of them can
be simplified by virtue of integration by part

S+ 5

5 (2) 5 (3)
=58 + 55 ~ /d%HMN[ S0 4 9%

OHyn  OHun
(2)

(3) (3)
@, «® [ 5 (1 950 1 55 1 / 5 45y

58
OH pN

/ o GthM / d°cHyy (3.19)
In the second line of (3.19), the last term vanishes by the dynamical EOMs (2.50) and the
gauge condition (3.7). The vector tM is

1 - - 1 - 3.
M == JHVMH — HYNVAHN g — SHyaVAHYY 4 SHy A VY HY

1 - 3 _
+ ZHVNHMN + ZHMNVNH + O(H?), (3.20)

which contains both the quadratic and cubic terms in the perturbation Hpsn. Via the Gauss
theorem, the total derivative part of (3.19) is reduced into a surface term

/d5 GVMtM /d4a —~nprt

001
M| (3.21)
02

Recall that we only keep the terms up to cubic order in Bgg,. Thus, the contribution from
the terms of order O(H?) in (3.19) will be computed by simply substituting Hjsn by the
linearized solution H ]\} v~ The contribution from the terms of order O(H?) in (3.19) seems
to require H](\%V However, with the boundary condition (3.16), it is direct to show that
such terms actually vanish.
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3.2 Solving linearized dynamical EOMs

In this section, we study the linearized metric perturbation H](\})N Admittedly, since the
discovery of the AdS/CFT correspondence, the classical dynamics of the linearized gravity
in the Schwarzschild-AdS has been extensively studied, for examples see [5, 6]. However, as
emphasized at several points, in the present work we will take a partially on-shell approach
and only solve the dynamical EOMs (2.50) (or equivalently (3.22)).

With the gauge condition (3.7), the only propagating degrees of freedom are in Hgy,.
Moreover, the correct set of dynamical EOMs has been identified as (2.50). Indeed, for the
linearized bulk theory, (2.50) can be put into a compact form

1
Eu = Rab[G] - §GabR[G] —6Gw =0 (3'22)

This conclusion simply follows from that the gauge condition (2.47) implies 6G"™™ = 0 but
§G® £ 0 for the linearized theory.
We find it more convenient to work with the following bulk variable

hap(r,0%) = r~2HY) (r, 0%, (3.23)
whose boundary condition inherits from (3.16)
hab(r = 00g, 0*) = Bsap(0) + O(r™1). (3.24)

Then, in terms of hgp, the dynamical EOMs (3.22) are

8
0= 1% £(r)32hoo + (5r* — Trh)dhoo + 200, 0phoo + Sf( sho
+ o) (1 T ) Johoo + f(r)aohoo + gr(?khoo - gr(‘)oakhok

4 4rt 2 1
- grif(r)arhkk - 37’213071% + g?”aghkk + ng(?”) (31-271% - 8iajhij> ,

f(r) fA(r
(000;hi, — OoOkhy;) +

273 3r2 Trd
0 = r992hg; + 5110, ho; + L37007%0@' + L) (1 - :h> dohoi

O3 ho; + (52}101 - 3i5kh0k) ;

L r r
f2(r) f(r) f(r)
0= 7’5f(7“)83hij + (57’4 — Tﬁ)@rhij + 27’38T60hij + 37“280hij - grﬁéijarhkk

r 1. = T 2
- 7f(7’) <8¢5j - 3%@2) hoo + o) (a(]aih()j + 9o9jhoi — 35ij303kh0k>

2 r R
1 5,,00h 5i;0ah 9%hij — 0iOkhjr — 0;0khi
f() JOkk+3f(r) gokk+7“( j Kk i O ik
1 —

+§5ijak8lhkl - g%‘azhkk + 8iajhkk) . (3.25)

Near the AdS boundary r = ocog, the linearized metric hy, is expanded as

ay _ tsan(0)

hap(r — 005,0%) = Bsap(o) + -+ + o +oe, (3.26)
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where the omitted terms denoted by --- are known in terms of the boundary data Bggp.
The normalizable mode tg,; shall be determined by solving (3.25) over the entire contour
of figure 2 and will be a linear functional of Bgg.

The EOM for hg; looks similar to that of the time-component of a U(1) gauge field in
the bulk [22]. This immediately results in trouble when it comes to imposing two distinct
AdS conditions (3.24) for hg;. This implies that we need an extra condition for hy; at an
intermediate location of the contour in figure 2 to ensure that hg; would behave differently
at the two AdS boundaries. We follow the treatment of [22] and impose the following

horizon condition
hoi(r = rp —€,0%) = 0. (3.27)

Here, we briefly discuss the physical consequence of the horizon condition (3.27). Indeed,
it could be viewed as an extra gauge-fixing. With the gauge condition (3.7), we still have
residual gauge symmetry [6] for the bulk theory, which implies the full diffeomorphism
symmetry on the boundary

o — o'%(o). (3.28)

Thanks to the condition (3.27), the full diffeomorphism invariance (3.28) in the fluid spacetime
is partially broken to the proposed re-parametrization symmetry (2.16). Interestingly, the
recent work [57] has explored the relationship between the horizon symmetries and the
so-called shift symmetry (or re-parametrization symmetry) for the boundary EFT. A detailed
analysis along this line will be presented elsewhere.

Intriguingly, the time-time component of the bulk metric hgg does not satisfy a vanishing
horizon condition like (3.27), which is essentially linked to the second re-parametrization
symmetry in (2.16). Intuitively, this may be understood in the context of linearized hydrody-
namics [14]. Take a plane-wave ansatz for the perturbations of energy-momentum densities
ST*. With respect to the spatial wave-vector of the plane-wave, the momentum densities
6TY can be decomposed into the transverse component §7°+ and the longitudinal one 670/
We know that §7°% obeys a “diffusive” equation, which is the same as a conserved U(1)
charge density. At the ideal level, the coupled equations satisfied by 67%° and 6701 could
be cast into a “wave” equation for §7°°. This observation implies that in the SK-EFT we
shall impose the so-called “chemical shift symmetry” for the momentum density 67%, but we
shall not do this for the energy density d7%. Via the holographic dictionary, koo and ho;
correspond to §7% and §T%, respectively. This analysis immediately motivates the vanishing
horizon condition (3.27) for hg;, while no such a condition for hgg.

With the analogy between the conserved U(1) density and the momentum density §7%,
the horizon condition (3.27) may be intuitively interpreted as the presence of a nonzero
surface “momentum” at the interface r = r;, — €. This is analogous to the situation of an
interface in classical electrodynamics. Apparently, this surface momentum arises from the
stochastic noise captured by the a-variable. Indeed, it is direct to check that the presence of
noise renders the radial derivative of hgy discontinuous across the surface r = rj, — €.

From the EOMs (3.25) and the boundary condition (3.24), it is clear that hy, will be
a linear functional of the boundary data Bgg,. In the hydrodynamic limit, By is assumed
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to evolve slowly in the boundary spacetime, which motivates one to solve the EOMs (3.25)
perturbatively. Thus, we expand hgp in terms of the boundary derivative

hay = B 4 B0 4o (3.29)
where the superscript is used to count the number of the boundary derivatives of Bggp.
Accordingly, the AdS boundary condition (3.24) will be implemented perturbatively,

hl[g)] (r = 00g,0%) = Bsap(0) + (9(7'*1),

W2 (r = 005, 0%) = 04+ O(r 1) (3.30)
Notice that, at the leading order in the boundary derivative expansion, the EOMs for h[b] are
homogeneous ordinary differential equations, whose generic solutions over the entire contour
of figure 2 are easy to work out. Imposing the AdS condition (3.30), we obtain analytical
solution for the leading order bulk perturbation h([g)]

hg%]( ) = f(r)Broo — %\/%Baoo + é [1— f(r)] f(r)Bais,
h([)g] (r) = f(r)Broi — %f(T)BaOi, r € [ry — €,002),
h([)g (r) = f(r)Bsoi + %f(T)Baoz‘, r € [rp —€,001),

1 i 171
W (r) = Buyj — 5 Baij — 5 Baijlog f(r)+ 6 LT log f(r) —/f(r) + 1} 0ijBakk-  (3.31)

v

Here, because of the horizon condition (3.27), the solution for hg; becomes piecewise.
We turn to the first order correction in the boundary derivative expansion. The EOMs

0]

for hglb] are the same as those for hLb except for the source terms, which are built from the

0)

leading order solution h([lb. Here, we report the final solution for hle]

() = = 26r)RR) ) + 7 | £0) = \/7()] 200 Bao + O0Buae)

o [ F)] () (200 But + 00 Bas)
Th
W) = = 2¢(r)aohll(r), 7€ [rn— € 009),
il (r) = = 2¢(ranld(r) + %f(r)(anBromLaoBam), r € [rh — € 001),

v

1
h[l] (r)= 2C(7’)80h£2] (r)+ m log f(r) (28()Bm'j + 8()Baij)

121?"h {iw <1 - f(r)) — log f(T)} 6ij(200 Brkk + 90 Bakk) (3.32)

where the function ((r) is

rod
¢(r) = /002 ny??y) = —471% |:7[' — 2arctan (:h) — log(r — rp) + log(r +11)| , (3.33)

with r varying along the entire contour of figure 2.
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We pause to briefly explain how the solutions (3.31) and (3.32) satisfy the relevant UV
and horizon boundary conditions. Since f(r5,) = 0, the horizon condition (3.27) is obviously
obeyed by h([)(? (r) and h([)li] [r] presented in (3.31) and (3.32) once € — 0 is taken in the end.
While f(r) is regular along the entire radial contour, the functions \/f(7), log f(r) and ((r)

are multi-valued at the UV boundary

4 4
f(r)ml_%j_..’ Fr) T _Lh4 T
2r 2r
1 1002 i r—001, 4. 7"%
ogf(r)—>1—r—4+-~-, logf(r)—>217r—|—1—r—4+~-,
1 im 1
r—002 h r—o001 h
— —— -2 4... — — —— — =% 4. 3.34
() R R (3:34)

With this fact in mind, it is straightforward to check that (3.31) and (3.32) satisfy the desired
UV boundary conditions (3.30).

We would like to point out that the solutions (3.31) and (3.32) show singular behavior
near the event horizon. This reflects the fact that for the bulk metric, both the regular
part corresponding to the ingoing mode (dual to the dissipation on the boundary) and the
singular part representing the outgoing (Hawking) mode (dual to the fluctuation on the
boundary) are consistently kept in a systematic way. This is one of the main advantage
of the holographic SK contour prescription of [22]. Switching off the a-type variables, we
find that the solutions in (3.31) and (3.32) will reduce to those of [58] once the constraint
components of the bulk EOMs are imposed.

From the solutions (3.31) and (3.32), we read off the hydrodynamic expansion of the
normalizable modes (cf. (3.26))

4

,
t100 = — Tg(mBroo + 2B,k + 3Baoo)
im
+ @7’%50(2321% — 3Bago — 4Bk, + 6B00) + O(9?),

4
T
tooo = — Tg(mBroo — 2B,k — 3Baoo)

im
+ 4574 00(2Bak — 3Baoo + 4Bxkr. — 6Boo) + O(0°),
4
r
t10i = — Eh(QBrOi + Bagi) + 0(0?),
4
t20: = — 2 (2Buoi — Baoi) + O(9?),
ird re rd )
t1 ij :T;Baij gha(](Baij — 2ij) — (51] {12};(7'( + 21)Bakkz
.3
—%(W + 2i1) 90 (Bakk — 2Brkk)} + 0(6%),
iT4 7’3 T4 )
taij =5 Baij = -3 00(Baij + 2Brij) + 03 {122@ — 2i) B,
.3
+%(Tr — 21)80(Bakk + 2Brkk)} + 0(82). (3.35)
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3.3 Holographic effective action

As shown in section 2.2, in the saddle point approximation, the boundary effective action
is simply given by the partially on-shell bulk action

Sef'f = S0|p.o.s. + SGH + Sct (336)

With the linearized solutions presented in section 3.2, we are ready to compute (3.36). In
accord with (3.10), we expand Seg similarly

Set = S + S0 + 58 + 5+ ... (3.37)

With the bulk Lagrangian (3.11)—(3.13), we advance by simplifying the bulk action a bit

using the bulk EOMs. Up to quadratic order, (3.36) can be reduced to a surface term®

O, oW, @ _ [a | 4. Th )
Seff +Seﬂ' +Seff = d g Th + 9 (3h00 +hll)

4
% <3h00h00 + 10h00h22 - 12h01h01 + hmh]j - th]hw)
7’5 / / / / o
tg [ (hoihoi)” — 2 (hoohi:) + f(r) (hizhyj) — f(r) (hijhij)}
02
(3.38)

where a prime denotes the radial derivative.

Now, we present our results for the boundary effective action. From (3.38), the background

part Sé?f) is

S = /d40(—ri)|§; =0 (3.39)

From (3.38), the linear part S(Ef%f) is computed as

r=001

S8 = [ ato "E (3ho + hi

r=0092

! !
—/d4 2h [3B1oo + Biii| — /d4 2h [3B200 + Baii
oot

SHere, we have adopted the treatment of the second line of (3.19) for S(()Q). Moreover, divergences beyond
quadratic order in boundary spacetime derivative are omitted near the AdS boundary.

BBaoo + Baii] . (340)
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From (3.38), the quadratic part Sé? is
Sé? Z/d40 (—2B10it10i + Biootiii + Biiitioo — Biijtiij + Biiitij;)

- / d*o (—2Baoit20i + B2ootaii + Baiit200 — Byijtaij + Bagita i)

i |3 1 h 37
= / d*o TBaOOBrOO + 1}, Baoi Broi — ZBaiiBrOO + TBaooBm'
r i
+ 4 BaiiBrjj Bal]Ber + (BBaz]Bam BaiiBajj)
TS 17TT
Eh (BazzaOBr]] 3BaijaOBrij) ?BaOOaOBan . (341)

Finally, we turn to the cubic part Sé?f). From (3.19), we consider

(3)
&0 _ o3 1 05y
83 = 5" — 5Hun o

(3.42)

Then, we have
Sl = S8+ S + 8 (3.43)
which is computed as
Sé}? = / d*ory {196Ba003300 - %BaiiBgoo + gBaOOBrOOBrii - %BaOOB?Oi

7 3 9
4BazzBr]]Br00 + GBaOOBr“ + ZBaiiBEOk;

5 3 5
+§BaOiBr0iBrjj - *BaijBrijBroo - gBaOOBrijBrij - §BaijBrOiBrOj

3 3
—5Ba0iBrOjBrij 8BamBr2” + 3
1

i 4
_§BaikBrjkBrij 42 - 3B§uBr00 + ZBaOOBaiiBrjj - gBaiiBanBrOj
3 31

ZBaOOBaijBrij +4B4;j BaoiBroj — -~ BaiiBajj Brik

36
35
+Baij Baij Brik + ﬁBaiiBajkBrjk - 4BaikBajkBri]:| +

5
+§BaOiBr0iBr00

1
= Baii Bk Brg + ZBaijBrij Bk,

—Baij Baij Broo —
3
64 BaOO
3 3 8 — 72 19
+64 B2, Baii — IGBaooBao, WBaOOBaiiBajj + 18
4 + 372 1 24 — 9172 3
_WBaOOBaijBaij - gBaOiBanBaij + WBM
o972 —
9672

B 0iBajj

+—— BalzBa]kBa]k

4BaijBaik:Bajk:} . (344)

The equations (3.39), (3.40), (3.41) and (3.44) stand for one of our main results. For
simplicity, we have suppressed the coordinate ¢® in all B’s and t’s above. We have checked
that the holographic action (3.40), (3.41) and (3.44) satisfy all the symmetry requirements
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listed in (2.14)—(2.17). Due to the linearization approximation (2.22) and (2.23), we find that
the fluid re-parametrization symmetry (2.16) is valid up to certain nonlinear terms.

However, the results (3.40), (3.41) and (3.44) look a bit obscure. This has to do with
the following two facts. First, the dependence of Bg,(0) on the external source and the
dynamical field is implicit. Second, we work in the fluid spacetime spanned by ¢®. To
circumvent this shortcoming, we will reformulate the results (3.40), (3.41) and (3.44) in the
physical spacetime by exploiting the linearization expansion in (2.22) and (2.23). Accordingly,
the results (3.40), (3.41) and (3.44) will be re-organized by the powers of the external source
Aguv(0) and the dynamical field 7, (o). Here, owing to the truncation made in (2.23), it is
then valid to track the terms up to quadratic order only for the holographic action.

We know that in the fluid spacetime, the dynamical variables are X}'(0%) and X% (c%).
Equivalently, in the ra-basis we have

a

1
XH(o®) = 5 [X1(0) + X5 ()], XH(o®) = X1 (0%) — X5 (%), (3.45)
which, in the linearization approximation (2.22), reads

XH(o®) = ko + 7h(0o), XK (o) = nh (o). (3.46)

T

However, when it comes to studying physical observables such as the correlation functions,
it is more convenient to rewrite the action integral in the physical spacetime in which the
external source gs,, () is defined. Following [23], the physical spacetime is spanned by the
coordinate z# defined as

o' = XF(o%) (3.47)

which would be viewed as a field in the fluid spacetime, i.e., # = z#(¢®). Inverting this
relation, we have

o = o) (3.48)

Meanwhile, we can also view X* as a field in z#-coordinate, i.e., X} = X! (z#). Therefore,
in the physical spacetime, the dynamical variables are o®(z#) and X#(x*).

In the linearization approximation (2.22), the first relation in (3.46) can be inverted
perturbatively

Mo = ot — ol (z) + nf (x)O,mh(x) + - - (3.49)

a
Thus, in the physical spacetime we have the dynamical variables 7#(z) and 7#(x). The
differential volume element changes as
do®
d*o = det [W} dtz = d*z [1 — Oumt(z) + O(WQ)} (3.50)

where the terms beyond quadratic order in 7 are not needed for capturing quadratic order
terms in the EFT action. In addition, we need

Aaap(0) = 040y [Aap (2) — 7 (€) Do Aapu ()] + - -+,
Oamya(0) = 0L Oy, () (3.51)
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With these issues clarified, we are ready to rewrite the results (3.40), (3.41) and (3.44)
in the physical spacetime. Accordingly, we re-organize the EFT action by the powers of the
external sources Ay, (z), Aauw(x) and the dynamical fields 7#(x), 7/ (z). Schematically,

we have
53:&%%+&:/&ﬂg+@ﬁ£d (3.52)

where L stands for the source part containing the external source only, L4 denotes the
crossing terms having both the external source and the dynamical field, and £; represents
the terms with the dynamical field only. Below we present the results.

The source part Ly is

3 4 14 3"741 4 T%
Ls = —ryAan(z) + irhAaii($) + TAaOOArOO + 73, Aa0i Aroi — ZAaiiArOO

2
+ ?)Z;llAaOOArii + ?AaiiArjj - ?Aaij Arij + i(;% (34baij Anij = AniiAag)
+ Té% (AaiiO0Arj; — 3Aai;00Arij) — mjiflaooaoflaii (3.53)
The crossing part Lgq is
@fréﬁ%wwﬁ—%MM@M—MMMWﬁ—MMMWﬂ
+ ér;;aoAriiaﬂg _ %r%@oAaiiajﬂg — 1300 Arij '] + 100 Auij ']
+ %T%Aaiﬁiwg - iTﬁAaiiaﬂg - iq% Ao Aao0 s, — mf: 0 AaiiOoy (3.54)

The dynamical part L4 is

Lg = 3rp0om0°nl — dry Qo 0°7 — rh om0y — rRoToOiTE — ridymio T
3 o o
r . . . ir . . ir .
h 3 h h
3 8081‘71';8]‘7'&'& — T‘haoaiﬂ'rjazﬂ'é + 3 aiﬂ'gajﬂ'é + - 31'71'&]‘(9177&

ir% 0a i
+ 780807%81'”; (3.55)

Here, we have suppressed z* in all A’s and 7’s of (3.53)—(3.55). To be consistent with the
truncations made in (2.24), (3.50) and (3.51), we have tracked the terms up to quadratic
order only in (3.53)—(3.55). However, our holographic results (3.40), (3.41) and (3.44) are
sufficient in capturing cubic terms omitted in (3.53)—(3.55), which would require to add
more nonlinear terms in the expansion for Bgy, in (2.23) and is obviously tedious. This
study will be left as a future project.

3.4 Hydrodynamic modes and correlation functions from EFT

In this section, we use the holographic results derived in section 3.3 to study the hydrodynamic
modes and correlation functions of the boundary stress tensor. The basic goal is to provide
further support on the correctness of our results. This will produce the relevant results
obtained previously, e.g., [6, 58, 59].
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3.4.1 Hydrodynamic modes

First, we consider the hydrodynamic modes predicted by the holographic EFT of section 3.3.
To this end, we consider the dynamical EOM for ., (z), which is obtained from the variation

of Seg with respect to the auxiliary variable 7, (z)

5Seff

() 0 (3.56)

To get the dispersion relations for the dynamical modes, it is sufficient to switch off the external
metrics Aapuw (), Ar(x) and the auxiliary variable m,,(«) in the dynamical EOM (3.56), i.e.,
we just need to focus on the dynamical part L4 of (3.55). Then, in the Fourier space, (3.56)
leads to the dispersion equations

1 -~
shear channel: @ + 51]{:2 +---=0,

1- 2 -
sound channel : &% — §k2 + i§wk2 +---=0, (3.57)

which give correct shear mode and sound mode [6, 59]

1.~
shear mode: @ = _§ik2 +oe,
~ 1 ~ 2.'*2
sound mode: w==+x—7k— -ik"+---. (3.58)

Here, we used the dimensionless four-momentum @ = w/(2ry), k = k/(2r1).

3.4.2 Stochastic hydrodynamics recovered

Within the hydrodynamic EFT, the conserved stress tensor is defined as [23]

2 0Sefr T (2) = — 2 0Seft
vV —91(x) 591/“’(‘73)7 2 B V—92(x) 092, ()

which are actually the off-shell energy-momentum tensor associated with the upper and lower

T (z) = (3.59)

branches of the SK closed time path. The physical part of the energy-momentum tensor is

T (x) = 5 [T () + T5" ()]

2 0 Seft
V=9 0Gapw (z)
5Seff

=[2- n“"Amy(m)]m (3.60)

1
2

where in the second equality we have ignored the terms beyond the linear order in a-variables
and in the last equality we have utilized the linearization approximation (2.22). Then, the
physical stress tensor can be further split into the hydrodynamic and stochastic parts [23]

T = TP+ Th (3.61)

stoc
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Here, TﬁLdem does not contain any a-variables and thus is the hydrodynamic stress tensor;
and THY

rioc contains one a-variable and represents the stochastic force. Apparently, Tﬁ‘yl’dm will

be a functional of the dynamical variable 7¥(z) and the external source A,

4 4 4
Tioiro = 3r) — 3radumt + 3r) Awo,

I 490 i
Thydro Thydro = rpAvi — 4rp0-my,

1
ij _ 4 4 4 3 3
lhydro = rhdij — ThA”'j — rhéijﬁuﬂ“ + g?“h(sijaoArkk — T’haoAm'j

— oo (0] + Oml) + Srhawaoakw (3.62)
Meanwhile, the stochastic part reads
inr? C i
qun[())c = 4 b 8082'7-(; - R L GOAaiD
TS(%,LOC TSZgOC = 07
i o o 2i
TsztjOC = %r% (8’7r7 + Bjﬂl) — g—rﬁdijakwk —|— hawa
irﬁ
+ ?Aaij 62]Aakk —l— (5”8()Aa00 (3.63)

Indeed, the EFT Lagrangian could be schematically written as [23]
L = Ty OuTE" o + %ﬂa'uM'uVﬂ'ay + L, (3.64)
where

MP =0, MY = frhaoaz, MO = —frhaoal,
M = —Qﬁa 9; — 277;’1 5,02 (3.65)
The dynamical EOM (3.56) gives the conservation law
OuTI = 0= 8,1}, = (¥ (3.66)

where (¥ is the stochastic noise, whose distribution is governed by those terms quadratic in 7#
in the Lagrangian. Then, we have the thermal noise (* obeying the Gaussian distribution [23]

(CH(x)) =0, (C*(x)¢” (@) = MW (x — ) (3.67)

To first order in the derivative expansion, we can ignore M%- and M*-terms in the La-
grangian (3.64). Accordingly, (3.67) reduces to that of the stochastic model for the first order
relativistic hydrodynamics [14]. However, for generic case, the EFT prediction (3.67) will
naturally go beyond the stochastic model treatment.

In order to cast Tﬁyydm of (3.62) into standard hydrodynamic form (1.2), we need to
replace 7 by the fluid velocity fields [23]

oxt oxt oxy

1 .
ut b 900 with bsz\/ gSW(X“)(9 0 550 (3.68)
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The physical fluid velocity is defined as

ut(z) = = (uf +uh) (3.69)

N o=

which, in the linearization approximation (2.22), is linearized as

(@) =1+ %Aroo(x) b () = By () + -+ (3.70)

Eventually, we successfully rewrite the result (3.62) into the following standard hydro-
dynamic form” (cf. the equation (1.2))

Tyaro = €ul'u” + P(gl" + u'u”) — noo"” (3.71)
where o is the shear tensor

2
ot = VHu" + VVul — g(u“u” + g )V u® (3.72)

The holographic value for the shear viscosity is g = rj = (7T)3. Interestingly, the fluid’s
energy density € and pressure p can be split as

€ = €g + O, P=Py+ 6P (3.73)

where ¢g = 3F) = 37“% = 3(7T)* are the equilibrium counterparts while de and 6P denote
the non-equilibrium corrections

de = —30,7l, 0P = =0, (3.74)

3.4.3 Two-point correlators

We turn to computing the stress tensor’s two-point correlators based on the holographic
effective action. With (3.52), the generating functional (2.9) is

Z[Ar;w,Aa;w] _ eiSS /[DWWHDﬂ_aM]eiSSdHSd (3_75)

which yields the full set of two-point correlators

28%W 26%W
uv|po K) = uv|po K) =
G (K) 0 Ao (—K)0 A pe (K)’ Gar' " (K) 0 Ay (—K)0Aaps (K)’
28%W
G{fru|pa K) = - , 3.76
(K) 10 A (—K)0Auye(K) ( )
where W = —ilog Z is the generating functional for the connected correlators.

However, the separation made in (3.52) has a drawback: the source part Ss is not
invariant under the diffeomorphism transformation of the external metric

5As;4y = 8,11,§sy + auésu + fé\a)\Asuu + As)\,uaugsA + As)\yauéé\ +... ) (377)

"According to the linearization approximation (2.22), the inverse metric gt is linearized as gt = n** +
AL = — o Agag + -
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where &, is an arbitrary infinitesimal field generating the diffeomorphism transforma-
tion (3.77). To overcome this shortcoming, instead of (3.52), we are motivated to separate
the effective action as follows [23]

Seff = Sinv + Seffa (378)
where Siyy is invariant under (3.77). Apparently, Siny shall contain the external source only.
In addition, we find it more convenient to work with the Fourier modes defined by

d*K 4 dAK .
Agu(@) = | 222 A (K)etn" . :/781(%“ .
o (l‘) /(27‘()4 Y ( )e ’ TFM(.%') (2ﬂ)4’ﬂ'u( )6 ’ (3 79)

where, without loss of generality, we choose K, = (—w,k,0,0). In the Fourier space, the
invariant part Sj,y and the remaining part S, are collected in the appendix A, see (A.1)
and (A.2) for details.

Based on the separation (3.78), the partition function (2.9) is computed as

2] Aups Aapy] = &S A+ W 4] _ ciSinlA,] / (D)D) (3.80)
so that the generating functional for the connected correlators is
W =—ilogZ = Sipy + W (3.81)
Performing the path integral over the dynamical field in (3.80), we obtain
W = Wiensor + Weector + Wscalar (3.82)

where various parts can be found in (A.3)—(A.5).

As expected, the holographic results (A.1) and (A.3)—(A.5) show that the generating
functional (3.81) satisfies the KMS conditions, which give rise to the familiar relations among
the correlators in (3.76)

Gl (1) = |G (k)] Gl (K) = ;wIm Guler (k)| (3.83)
0

where hydrodynamic limit is assumed. Therefore, we will focus on the results for the retarded
correlators Gt IPU(K ), which are classified into three independent channels [6].
For the tensor channel, the retarded correlator is

1

which is simply analytic, in agreement with the fact that the tensor channel does not contain
any hydrodynamic mode.
For the shear channel, the retarded correlators are

6ics + k>
GWoy — 4| T
r " 20210 — &2)
20k
GWley — p4 | _ 22 L.
e " 2 — k2
1
Gfayuy _ 7’% (2 +.. > (3.85)
which show a shear pole at @ = —ik?/2. This reflects that the shear channel contains a

diffusive mode associated with conservation of transverse momentum.
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For the sound channel, the retarded correlators involve more components

0000 __ .4 [3(5k2 — 322) . 3wk*
G =7 —— —i—— o
| 8(3@? — k2) (302 — k2)2
[ 3k 602k
GOO\OJBZ 4 _ - 4.
ra Tn -3@2 2 1(3(1)2 — k2)2
[ 3(02 + k2 372
GOl =) iGN 4.
18(30% — k2)  (3w? — k?)?
[ 3(02 + k2 - 72072 _ ~2
G | BEXE) IR0
| 8(302 — k2) 2(302 — k2)2
2 ~31.2
Guutr it [T R) LR
2(3w2 k2) (302 — k2)2
ki 6k
G0x|mz _ 4 . ¢ .
ra Th _30.)2 _ ]{,’2 1(3(:)2 — k2)2
[k 27012 _ ~
o | oot
_3(;)2 — k2 (3@2 )
[ (7~2 _ 7.2 ~5
Grler = | T2 =R S
18302 —k?)  (Bw? — k?)?
[ (02 + k2 ~3(7.2 _ ~2
guzw = | @ HR)  BOR =8
18(302 — k2)  2(3@?% — k?)?
[ (702 — k2 ~ (304 2~2 74
R (L NIl
| 8(302 — k2) (302 — k2)2
[ (2 o 72 ~ (7.4 -4
+ k%) . w(k* —3%)
Gulzz — 4 & ) oY) L .
- h | 8(3w?% — k2) 12(3@;2 — k2)2 (3.86)

Based on the prescription [15] for the Minkowskian space correlators, the leading terms were
previously obtained in [6], which predicts a sound pole at @ = +k/v/3. The sub-leading
terms were obtained later in [58] using the same prescription. Indeed, it can be shown
that [23, 58] the sub-leading terms, combined with the leading ones, produce the attenuation
part for the sound mode in (3.58).

4 Summary and outlook

By virtue of the holographic SK contour of [22], we derived the SK effective action for a
dissipative neutral fluid dual to the Einstein gravity in an asymptotic AdSs space. This
involves the double Dirichlet problem for the linearized gravitational field propagating in
a complexified static AdS black brane background. The double AdS boundary conditions
for the bulk metric encode the dynamical variables (corresponding to the fluid’s velocity
and temperature fields [37-39]) for writing the boundary fluid’s effective action. To first
order in the derivatives of the AdS boundary data, we obtained the analytical solutions for
the bulk gravitational field based on a partially on-shell scheme. Then, we computed the
partially on-shell bulk action to first order in the boundary derivative and to cubic order
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in the AdS boundary data. Indeed, the partially on-shell bulk action is identified as the
boundary fluid’s effective action in the fluid spacetime [23, 36].

We confirmed the holographic effective action by recovering various results known in
the context of the classical hydrodynamics. To this end, we have to rewrite the effective
action in the physical spacetime, which turned out to be subtle owing to the linearization
approximation undertaken throughout this project. Nevertheless, we successfully obtained the
hydrodynamic effective action in the physical spacetime, from which we correctly reproduced
the hydrodynamic modes, the hydrodynamic constitutive relation (1.2) as well as the full
set of two-point correlation functions of the stress tensor.

There are several interesting directions we would like to pursue in the near future.

First, it is of importance to go beyond the linearization approximation for both the bulk
gravity and the boundary fluid action. The former can be tackled via the Green’s function
approach for solving nonlinear corrections for the bulk metric. The latter seems to be more
subtle when it comes to rewriting the fluid action in the physical spacetime. Particularly, the
boundary data Bgy, would be a highly nonlinear quantity as viewed in the physical spacetime.

Second, it is very interesting to deepen our understanding of the fluid re-parameterization
symmetry proposal (2.16) from the dual gravity perspective. The recent interesting work [57]
has initialized such a study, suggesting a link between re-parameterization symmetry for the
fluid and the horizon symmetry of the dual gravitational spacetime. A specific question is
to understand the frame issues for hydrodynamics, or, more generally, the redefinition of
the dynamical fields in the hydrodynamic EFT, from the holographic SK technique. We
expect this to be related to the undertaken horizon condition (3.27) to achieve the fluid
re-parameterization symmetry (2.16).

Last but not the least, it would be interesting to take a local equilibrium state along
the line of [16, 17, 38] and work out the bulk corrections perturbatively in the boundary
derivative expansion. This would up-lift the fluid-gravity correspondence into a hydrodynamic
EFT framework with the fluid-gravity correspondence representing the mean-field part of
the effective action. Study along this line requires to promote the constant horizon radius
rp, of figure 2 into a coordinate-dependent function rp(xz*). Here, the main difficulty would
be to find out the “seed geometry”, i.e., a boundary spacetime dependent AdS geometry
corresponding to a local equilibrium state. This direction will overlap with the first direction
above on going beyond the linearization approximation.

A Various terms in (3.78) and (3.82)
In the Fourier space, the invariant part Si,, in (3.78) is

Sinv = 7.2% (3AaOO(K) +AamI(K)) 5(4) (K) _r;lL (3Ar0a<_K)AaOa (K)+Arzoc (_K)Aaxoc(K))

+?Z% ArOO(_K)AaOO(K)—é(kAroo(—K)+2wAr0m(—K))(kAaOO(K)+2wAan(K))

_% [Arz:c(_K)Aaa:ac(K)+Ar+(_K)(AaOO(K)_Aaz:c (K))+Aa+(_K) (ArOO(K)_Arx:B(K))
1

2 (WA 20 (—K) 42k Aoz (—K) ) (wAazz (K)+2k Anor (K))| - (A1)
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In the Fourier space, the second part in (3.78) is

2.4 2.4
eff = 3jfwzh BrOO(K)BaOO(_K>_%Brmm(K)Bazx(_K>
3k7“;‘;
+ 2% [BrOO(K)Ban(_K)+Br0x(K)BaOO(_K)]
WT’%
_ﬁ[Bracz(K)BaOI(_K)+Br0x(K)Baxx(_K)]

rd 3rd
—ZhBroo(mBm(—K)+Tthm)Baoo(—K)+3r%Brox<K)Baox(—K>
4474 Broa(K) Baga(—K) 4+ 7} Braa (K) Bago(— K)

,),,4
+ b [Broaoz (K)Baﬂﬂ(_K) o QBm‘B (K)Baaﬁ(_K)]

4

4

1r
+67}; [3Baij (K ) Baij(—K) — Baii(K) Bajj (—K)]

7“,3L iwr%
+g[Baii(K)aoBrjj(—K)—3Baij(K)5oBrij(—K)]— 3 Baoo (K)o Baii(—K) (A.2)

In the above expressions, the indices «,  mean transverse coordinates y, z. Moreover, we
have Ary = Ay + Arz. and similarly for A,,. Notice that in (A.1) and (A.2), we have
suppressed the integrals over the four-momentum K, i.e., [d*K/(2m)%.

The various parts in (3.82) are

Whonsor = 74 (—14-2i) [Araﬁ(K)Aaaﬁ(K)JriAr(K)Aa(K)]

7 A (0) A (B4 v (1) 40 (), (A3)
Wt = o2 A (K (40 ER 4 (1) (K + A () A )

N Y I L LT ST s

T P A0 Auva (), (A4)
Watar= | ot~ OTRS (524 00 (50) Aol ) 402 A () Autr ()

~ ~ 2
k2 —302 <k2—3@2)
6kric  12ik3rio?
k2—302 (%2_3@2)2
~2l§:r;§w 12ikri o
k2 —30? (]%2_3@2)2

7.2..4 :7.2,.4~3
+ ~k "h_ O1k~ry & Ar00(K) Agze(—K)
k2—-302 (% 2
oW (k?—?@?)

+ [ArOQ(K)Aan(_K)+AI‘0$(K)AaUO(_K)]

[ArOx (K)Aarm (_K) +Armx (K)Aaﬁm(_K)]
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3riw?  6ik%rie®
I. ~ ~ 2
k2 — 30?2 (k2—3d)2)
Rt BikPrio (F2-a?)
];;2_3(:)2 7o om0 2
(k 3w> _
NEE 3ik?ria (K2-?)
k2—32 7o a~2)2
(k 3w)
| 2o 6ikrh? (k2-a?)
I. ~ ~ 2
K307 (2-30?)
rig? 2k (B -6a?)
T ~2 ~ 2
k=802 3 (k2 -a0?)
M2 ikPrio (k24302
+ ]%2h3~2jL ~ ( 2> [AI“MC(K)AaJr(*K)+Ar+(K)Aaxa:(*K)]
30 3 (k2302

g2 2 (2k0-3K%0?)

Ar:m:(K)AaOO(_K)

Aroo (K) Aay (- K)

Ar+ (K)AaOO(_K)

[ArOx(K)Aa-i-(_K)+Ar+(K)Aa0:c(_K)]

Armsc<K)Aa$a:(_K>

| T A (K) Au (K
k2—302 3(}@73@2)
3ik4rd 12ik3r4@
<~2h2>2A8«00(K)A3«00(K)+MAaOO(K)AaOI(K)
| k4—=30 m (k=30
12ik2rt a2 1 . 6ik%rie?
wAan(K)Aan(_K)+ 47T7“;1LW+<~2]12)2 AaOO(K>Aa;rx(_K)
m(k*—3& T k?—30
4 (74 72~2 -
1 31Th k*—k“&® 12ik 4 ~3
+ | 3Rt (g )2) Aaoo<K>Aa+<—K>+(N”“’*")QAM(K>AM<—K>
7 k2—3%2 7w k2—3%2
Gikrd (12:2 —aﬂ) ird (12;4—612%2)
+ (~2 2)2 AaO:r(K)AaJr(_K - (~2 2)2 Aazx(K)Aazx(_K)
7 k4—30 3 k4—30
ird (3122w2+/2:4) ird (212;4—31225;2)
+ - 2 Aaxw(K)Aa+(_K)+ ~ 2 Aa+(K)Aa+(_K)
37 (k2 —3@2) 3 (k2 —3@2)

(A.5)

Here, it is important to stress that the obvious singularities at w = 0,k =0 in (A.1) are
exactly cancelled by those in (A.3) through (A.5). Therefore, in the hydrodynamic limit,
the only singularities in the generating functional W correspond to the shear mode and the
sound mode in (3.58). This is consistent with the field theory analysis [6].
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