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1 Introduction

The AdS/CFT correspondence or holographic duality [1–3] has provided us with a tractable
tool for exploring the properties of strongly coupled systems at finite temperature. In the large
Nc limit, the quantum dynamics of a many-body system living on the conformal boundary
of an AdS spacetime is mapped to the classical dynamics of certain fields propagating in
the entire bulk of the AdS space. Perhaps a most insightful application of the holographic
duality is to study the transport properties of strongly coupled field theories [4–7], which
suggests a deep link between the quantum many-body physics and the black hole physics [7].
The holographic duality predicts a universal value for shear viscosity over entropy density
ratio for a large class of strongly coupled field theories [4, 8–11]. Intriguingly, the holographic
prediction for this ratio is quite close to those of two strongly correlated quantum liquids
created in the labs: the quark-gluon plasma and the unitary Fermi gas [12].

Indeed, there is a basic assumption behind the holographic studies mentioned above: the
long-time long-distance limit of an interacting quantum field theory at finite temperature
is effectively described by hydrodynamics [13, 14]. Then, the sophisticated dynamics at
microscopic scale is replaced by hydrodynamic equation of motion (conservation law) at
large scale

∇µT
µν
hydro = 0, (1.1)

which is supplemented with a hydrodynamic constitutive relation

Tµνhydro = (ϵ+ P )uµuν + Pgµνr − η0σ
µν + · · · . (1.2)

Here, ϵ and P are the energy density and pressure, uµ is the fluid velocity (a collective
variable), gµνr is a curved background metric, σµν is the shear tensor, and η0 is the shear
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Figure 1. The SK closed time path with an initial state ρ0. Here, U(tf , ti) is the time-evolution
operator from initial time ti to final time tf .

viscosity characterizing off-equilibrium properties of the system. With the assumption (1.1)
and (1.2), the shear viscosity η0 is related to retarded two-point correlation function of stress
tensor Tµνhydro (the Kubo formula), which can be calculated holographically via solving the
linearized Einstein equations in the AdS black brane [15].

Later on, the connection between the classical hydrodynamics and the AdS gravity was
made more transparent, accumulated in the fluid-gravity correspondence [16, 17], which
establishes a one-to-one correspondence between the classical hydrodynamics (1.1)–(1.2) and
the solutions to the Einstein equations in the AdS space. In principle, the fluid-gravity
correspondence allows us to systematically derive the hydrodynamic constitutive relation (1.2)
order-by-order in terms of the hydrodynamic derivative expansion.

However, the holographic approach to hydrodynamics [4–7, 16, 17] ignores the thermal
fluctuations of dynamical variables as required by the fluctuation-dissipation theorem. This
drawback is related to the ingoing wave condition [15] imposed for a bulk field near the
event horizon, which was proven to be sufficient for addressing dissipations [15]. From
the perspective of the black hole physics, the outgoing wave condition is also possible for
a bulk field and would intuitively correspond to the thermal fluctuation [18, 19] for the
boundary system. Ideally, a bulk field consistently containing both ingoing and outgoing
modes presumably gives rise to the full set of the Schwinger-Keldysh (SK) correlators [18],
including retarded, advanced, and symmetric ones, etc. Actually, for a system in a mixed
state denoted by a density matrix ρ0, an ideal framework for addressing dissipations and
fluctuations is the SK closed time path shown in figure 1. Basically, within the SK formalism,
each dynamical variable ψ of the system gets doubled, ψ → (ψ1, ψ2), where the subscripts 1
and 2 denote variables on the upper and lower branches of the SK contour in figure 1. When
the initial state is a thermal one, holographic prescriptions were proposed in [18, 20–22]
for the SK closed time path of figure 1.

The holographic approach to hydrodynamics has inspired deep investigation on the
theoretical foundation of fluid dynamics. Among others, an action principle has been recently
formulated for dissipative hydrodynamics in [23–26]1 (see [36] for a nice review) by virtue of
the SK formalism. Basically, a local effective action can be written down for a dissipative fluid,
in which the dynamical variables correspond to the SK-doubled fluid velocity and temperature
fields. A main motivation behind such a study is to resolve the shortcomings of the classical
hydrodynamics [23, 36]. The classical hydrodynamics is essentially phenomenological: in
order to ensure such a framework to work well, several constraints have to be imposed by hand,
such as the second law of thermodynamics, the fluctuation-dissipation relations, etc. However,

1For early attempts on this subject, see e.g., [27–32]. Further exploration on the formal aspects of the
hydrodynamic effective field theory can be found in e.g., [33–35].
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Figure 2. A holographic prescription for the SK closed time path of figure 1. Left: complexified
double AdS [38]; right: the holographic SK contour [22]. Notice that the two horizontal legs in the
right panel indeed overlap with the real axis.

an action principle for hydrodynamics has at least two advantages. First, all the ingredients of
classical hydrodynamics, including (1.1)–(1.2) as well as various phenomenological constraints,
are integrated into a symmetry-based effective action. Second, the hydrodynamic effective
field theory (EFT) provides a systematic treatment over the thermal fluctuation of dynamical
variable, which is usually modelled by Gaussian stochastic force [14] replacing the right-
handed side of the hydrodynamic equation (1.1).

It is then of interest to understand the hydrodynamic EFT from the holographic perspec-
tive. Previous attempts of deriving the hydrodynamic effective action from the AdS gravity
can be found in [37–39]. However, both programs [38, 39] had run into problems for the
gravity metric near the horizon, which was avoided by a non-dissipative horizon condition. In
recent years, the holographic SK technique of [22] has been proven very efficient in deriving
the effective action for certain boundary system at finite temperature, see, e.g., [22, 40–51]
for recent developments. However, these studies2 focus on the dynamics of matter fields in
a complexified AdS black brane background and does not touch on the dynamics of bulk
gravity itself. This amounts to neglecting the variations of fluid velocity and temperature
in the boundary theory.

In this work, we use the holographic prescription of [22] and derive the SK effective
action for a dissipative neutral fluid. We will take a complexified static AdS black brane
background (see figure 2), which is dual to the SK closed time path with an initial state
described by a thermal density matrix. Then, we will work out the bulk metric perturbation
on top of the static AdS black brane, which amounts to introducing variations as well as
fluctuations for the fluid velocity and temperature on the boundary. This treatment is
more akin to the holographic approach to hydrodynamics [4–7, 39], whilst the latter studies
rely on single copy AdS.

The rest of this paper will be structured as follows. In section 2 we will review the
formulation of hydrodynamic EFT from dual perspectives: field theory versus holography.
We have made refinements over the following points: 1) the expansion of EFT’s building
blocks in the linear regime; 2) the holographic program towards the boundary EFT action.
Section 3 contains the main results of this work. In this section we will present the holographic
derivation of the effective action for a dissipative neutral fluid. Meanwhile, we will confirm
our results by recovering, from the holographic effective action, the hydrodynamic modes,
the hydrodynamic constitutive relation (i.e., one-point function of stress tensor) and the

2While recent works [52–54] considered the linearized AdS gravity using the prescription [22], we understand
that they focused on the Wilsonian influence functional rather than on the off-shell effective action.
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stochastic version of (1.1), and the full set of two-point correlators of the stress tensor. In
section 4 we present a brief summary and discuss some open questions. In appendix A we
record details for the generating functional obtained from the holographic effective action.

2 Hydrodynamic effective field theory

In this section we review the formulation of an action principle for dissipative fluid dynam-
ics. We will discuss such a program from dual perspectives: quantum field theory versus
holographic duality. The emphasis will be on the general idea of the Wilsonian renormal-
ization group (RG) applied to a quantum many-body system at finite temperature, and its
implementation for a holographic system. While the discussion of this section will be found
abstract, the main lesson can be summarized as two aspects (similar to the U(1) case):

On the field theory side, the building block for formulating the hydrodynamic EFT
is Gab(Xµ(σ)) to be introduced in (2.7), which encodes both the external metric and the
dynamical variable associated with the conserved energy and momentum. Moreover, the
hydrodynamic EFT shall obey a set of proposed symmetries, see (2.13)–(2.17).

From the gravity perspective, the building block Gab(Xµ(σ)) emerges via the boundary
condition of the bulk metric at the AdS boundary, see (2.38) and (2.39). In addition, in order
to ensure Xµ(σ) to be dynamical, we shall use a partially on-shell prescription when solving
the bulk dynamics. Within this prescription, the dynamical equations are solved to obtain
the bulk metric, while the constraint equations shall be relaxed.

2.1 The perspective from field theory

Here, we present the basic aspects of hydrodynamic EFT from modern quantum field theory
consideration. We will mainly follow the relevant discussions of [23] (see also the review [36]).

Imagine a quantum many-body system at finite temperature, whose microscopic descrip-
tion may involve a Lagrangian density L0, a local functional of certain microscopic degrees
of freedom denoted by ψ. In order to study the real-time evolution of a macroscopic state,
it is more convenient to put the system in the SK closed time path (see figure 1), so that
the variable for each degree of freedom gets doubled ψ → ψ1,2.

Momentarily, we will not bother to make the SK indices in ψ1,2 explicit. Moreover, we
assume that the only conserved charges of the system are energy and momentum, cumulated
in the energy-momentum tensor Tµν . The Noether theorem offers a way of constructing Tµν
in terms of the microscopic field ψ. Nevertheless, a more powerful treatment is to couple the
system to an external (background) metric gµν(x) (usually via a minimal coupling scheme)

L0[ψ(x)] → L[ψ(x), gµν(x)] (2.1)

where the external metric gµν(x) is specified via the following line element

dl20 = gµν(x)dxµdxν (2.2)

Now, we introduce the generating functional (or the partition function) of the system,

Z[gµν(x)] =
∫
ρ0

[Dψ]ei
∫
d4xL[ψ, gµν ], (2.3)

where ρ0 is the initial state of the system.
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The conservation law of energy and momentum, ∇µT
µν = 0, can be guaranteed by

imposing that Z in (2.3) is invariant under the diffeomorphism transformation of the back-
ground metric

Z[ḡαβ(x̄)] = Z[gµν(x)] (2.4)

where

dl20 = ḡαβ(x̄)dx̄αdx̄β = gµν(x)dxµdxν

⇒ ḡαβ(x̄) = gµν(x(x̄))∂x
µ

∂x̄α
∂xν

∂x̄β
(2.5)

Physically, there is no essential difference between the two coordinate systems {x̄α, ḡαβ(x̄)} and
{xµ, gµν(x)}. The Green’s functions of the stress tensor are essentially functional derivatives
of Z with respect to the external metric gµν(x). In the hydrodynamic regime, it can be shown
that [6] the only singularities of the Green’s functions for Tµν are simple poles, representing
the shear wave and sound wave. This fact immediately implies that Z cannot be a local
functional of the external metric gµν [23]. Indeed, this reflects the fact that [23] in (2.3) those
gapless modes have been integrated out towards obtaining Z.

However, if one can identity the gapless modes and could perform an “integrate-in”
procedure, one will be able to re-express the partition function Z as a path integral over
those gapless modes weighted with a “local” effective action. Here comes the idea of [23]:
the diffeomorphism transformation parameter in (2.5) is promoted to a dynamical field
and is identified as the suitable parametrization of the gapless modes. Notice that the
transformation x̄µ → xµ in (2.5) can be thought of as generated by the diffeomorphism
transformation parameter xµ, which becomes more obvious for an infinitesimal coordinate
transformation. Eventually, by analogy with the situation of the charge diffusion [23], we
promote the spacetime coordinate xµ (in which the external metric is defined) into the
dynamical field associated with the conserved energy and momentum

xµ → Xµ(σa), (2.6)

where σa is an emergent coordinate so that Xµ is a dynamical field. In [23], the spacetime
spanned by σa is referred to as the fluid spacetime: the spatial part σi labels a fluid element,
and the time component σ0 serves as an internal clock carried by a fluid element. Indeed,
Xµ(σa) corresponds to the trajectory of the fluid element labeled by σi moving in the physical
spacetime. It is important to stress that Xµ(σa) is a dynamical variable and cannot be
taken as the physical spacetime coordinate. The relation between Xµ(σa) and the physical
spacetime coordinate will be made clear in later section.

Meanwhile, the line element (2.2) defining the background metric gµν(x) shall be promoted
into the following one

dl2 = gµν(X)dXµdXν

= gµν(Xµ(σ))∂X
µ

∂σa
∂Xν

∂σb
dσadσb

≡ Gab(Xµ(σ))dσadσb (2.7)
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where, by construction, the quantity Gab(Xµ(σ)) is invariant under the following infinitesimal
transformation

Xµ → Xµ − ξµ(X), gµν(X) → gµν(X) + ∇µξν + ∇νξµ. (2.8)

There is a major difference between (2.8) and (2.5): the quantity Xµ is a dynamical variable
while the xµ is simply a label. With the symmetry (2.8), the dynamical equation of motion for
Xµ is nothing but the conservation law of the stress tensor Tµν . The quantity Gµν(X) is the
building block for formulating the local EFT for dissipative fluid. Indeed, the relation (2.7)
will emerge naturally from the bulk analysis [38] to be presented in next section.

Now, in the spirit of the Wilsonian RG, one can imagine integrating out all the modes
but the hydrodynamic fields denoted by Xµ, giving rise to a low energy EFT description of
the original system. In other words, the original partition function (2.3) can be alternatively
expressed as a path integral over the low energy hydrodynamic fields

Z[g1, g2] =
∫

[DXµ
1 ][DXν

2 ]eiSeff [G1ab[X], G2ab[X]], (2.9)

where Seff is the hydrodynamic effective action. Here, we have recovered the SK indices for
the external sources and the dynamical variables

gµν → g1µν , g2µν ; Xµ → Xµ
1 , X

µ
2 ; Gab → G1ab, G2ab. (2.10)

Presumably, the local effective action Seff is of the form

Seff =
∫
d4σ

√
−Gr(σ) L̃eff [Grab(σ), Gaab(σ)] (2.11)

where we have introduced the Keldysh basis,

Grab ≡
1
2(G1ab + G2ab), Gaab ≡ G1ab − G2ab (2.12)

In (2.11), Gr(σ) denotes the determinant of the metric Grab. The volume element in (2.11)
is motivated by the fact that d4σ

√
−Gr(σ) = d4x

√
−gr(x) with gr(x) the determinant of

the external metric grµν(x). Notice that in (2.11) the local action is formulated in the fluid
spacetime spanned by σa. Indeed, it is also possible to reformulate the EFT action in the
physical spacetime, see [23] for more details. We will elaborate on this point in later section.

Practically, it is very challenging (if not impossible) to derive L̃eff [Grab, Gaab] by imple-
menting the “integrating out” procedure for a generic quantum many-body system. However,
with the hydrodynamic fields Xµ clearly identified, the hydrodynamic EFT can be formulated
via proposing a set of symmetries [23], which we list below.

(1) Normalization condition

Seff [Grab,Gaab = 0] = 0. (2.13)

(2) Z2 reflection symmetry

Seff [Grab,−Gaab] = − (Seff [Grab,Gaab])∗ . (2.14)

– 6 –
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(3) The imaginary part of Seff is non-negative

Im(Seff) ≥ 0. (2.15)

(4) Re-parametrization symmetry in the fluid spacetime

The EFT action (2.11) is invariant under the following two independent transformations

σi → σ′i(σi), σ0 → σ0; or σ0 → σ′0(σ0, σi), σi → σi. (2.16)

(5) Dynamical Kubo-Martin-Schwinger (KMS) symmetry

Seff [Grab,Gaab] = Seff [G̃rab, G̃aab], (2.17)

where

G̃rab(−σ) = Grab(σ), G̃aab(−σ) = Gaab(σ) + iβ0∂0Grab(σ), (2.18)

where β0 is the inverse temperature at spatial infinity.

The set of symmetries stringently constrains the form of EFT action. We briefly discuss
them. The conditions (2.13) and (2.14) are the basic properties of the SK formalism. The
condition (2.15) ensures that the path integral (2.9) is well-defined. The rest two symme-
tries (2.16) and (2.17) will guide one to construct the effective action. The requirement (2.16)
essentially defines what one means by a fluid [23] (see also [27]) and motivates to construct
the building blocks from Gsab (s = 1, 2), which transform as tensors with respect to the
fluid re-parametrization symmetry (2.16). This construction is rather technical and can be
found in [23]. The dynamical KMS symmetry (2.17) incorporates statistical fluctuations, as
required by the fluctuation-dissipation theorem. It reflects two facts on the physical system
under consideration: it is in a thermal state and the microscopic theory is invariant under
the time-reversal transformation. Ref. [23] realized that (2.17) is indeed a classical statistical
limit of a more general KMS symmetry at the quantum level.

In the holographic calculation to be presented in later sections, we will find it more
convenient to split the building block Gsab as follows

Gsab = ηab +Bsab, s = 1 or 2. (2.19)

Then, the action (2.11) can be rewritten as

Seff =
∫
d4σLeff [Brab, Baab] (2.20)

where Leff will be derived through the holographic calculation. Here, Leff will be presented
in terms of Brab(σ) and Baab(σ) defined as

Brab(σ) ≡ 1
2 [B1ab(σ) +B2ab(σ)] , Baab(σ) ≡ B1ab(σ) −B2ab(σ). (2.21)

– 7 –
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Furthermore, we split the dynamical field and the external source as3

Xµ
s (σ) = δµaσ

a + πµs (σ), gsµν(x) = ηµν +Asµν(x). (2.22)

Viewing πsµ and Asµν as perturbations of the same order, we can expand Bsab of (2.19) as

Bsab(σ) = Asab(σ) +Asaν(σ)∂bπνs (σ) +Asµb(σ)∂aπµs (σ) + παs (σ)∂αAsab(σ)
+ ∂aπsb(σ) + ∂bπsa(σ) + ∂aπ

µ
s (σ)∂bπsµ(σ) + · · · (2.23)

In (2.23), we have truncated the expansion at quadratic order, which will be found sufficient
for capturing the Gaussian terms in boundary action. Then, (2.21) are expanded as

Brab(σ) = Arab(σ) + ∂aπrb(σ) + ∂bπra(σ) +Araν(σ)∂bπνr (σ) + 1
2Aaaν(σ)∂bπνa (σ)

+Arµb(σ)∂aπµr (σ) + 1
2Aaµb(σ)∂aπµa (σ) + παr (σ)∂αArab(σ) + 1

2π
α
a (σ)∂αAaab(σ)

+ ∂aπ
µ
r (σ)∂bπrµ(σ) + 1

2∂aπ
µ
a (σ)∂bπaµ(σ) + · · · ,

Baab(σ) = Aaab(σ) + ∂aπab(σ) + ∂bπaa(σ) +Araν(σ)∂bπνa (σ) +Aaaν(σ)∂bπνr (σ)
+Arµb(σ)∂aπµa (σ) +Aaµb(σ)∂aπµr (σ) + παr (σ)∂αAaab(σ) + παa (σ)∂αArab(σ)
+ ∂aπ

µ
r (σ)∂bπaµ(σ) + ∂aπ

µ
a (σ)∂bπrµ(σ) + · · · , (2.24)

which will be useful in rewriting the holographic action in the physical spacetime.

2.2 The holographic perspective

The holographic duality makes it possible to derive the effective action for a dissipative fluid
whose underlying microscopic dynamics involves a strongly coupled field theory. Basically,
this amounts to a holographic Wilsonian RG involving the classical dynamics of the AdS
gravity. In this section, we outline such a program. The discussion will closely follow [38].

The starting point is the holographic dictionary:

ZCFT = ZAdS (2.25)

Here, once identified as Z of (2.9), the CFT partition function ZCFT is expressed as a path
integral over the low energy variable X (both the Lorentzian and SK indices are suppressed)

ZCFT =
∫

[DX]eiSeff [X] (2.26)

where Seff [X] is the hydrodynamic effective action that we are looking for. The AdS partition
function ZAdS involves a path integral over the bulk metric field

ZAdS =
∫

[DG]eiS[G], (2.27)

where S[G] is the total bulk action. Then, applying the idea of the Wilsonian RG to (2.27), one
could integrate out the heavy modes (dual to the gapped modes of the boundary CFT) while

3With (2.22), it is straightforward to obtain the perturbative expansion of the quantity gsµν(X(σ)).
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leave aside the light modes (corresponding to the hydrodynamic variable X). This holographic
analogue of the Wilsonian RG is supposed to bring the AdS partition function (2.27) into the
desired form (2.26). Thus, the derivation of the hydrodynamic EFT from the AdS gravity
boils down to identifying the gravity dual of the gapless modes and integrating out the
heavy modes through the bulk calculation.

In the holographic context, the identification of the hydrodynamic variables was nicely
clarified by Nickel and Son [37], and then further refined in [38] (see also [39]). Analogous
to the field theory discussion as summarized in section 2.1, the basic idea is to play with
the diffeomorphism symmetry of the bulk gravity [38].

First, we write down a general bulk metric

ds2 = G̃AB(x)dxAdxB ≡ N2dz2 + χµν(dxµ +Nµdz)(dxν +Nνdz) (2.28)

where xA = (z, xµ). The UV (AdS boundary) and IR (horizon) hypersurfaces are some
constant-z slices:

ΣUV : z = zUV; ΣIR : z = zIR. (2.29)

Then, up to a conformal factor, χµν at the AdS boundary is nothing but the external metric
for the boundary system

χµν(z = zUV, x
µ) ∝ gµν(xµ). (2.30)

We know that the metric (2.28) contains “unphysical” gauge degrees of freedom. For
instance, thanks to the bulk diffeomorphism invariance, it is always possible to remove N
and Nµ, while treat χµν as the dynamical degrees of freedom in the bulk. To advance, we
consider a bulk coordinate transformation bringing (2.28) to the following form,

ds2 = ĜMN (y)dyMdyN = Ĝrr[Ĝµν ]dr2 + 2Ĝrµ[Ĝµν ]drdyµ + Ĝµνdy
µdyν , (2.31)

where yM = (r, yµ). Here, the gauge condition has been specified implicitly such that ĜrM
are completely fixed in terms of Ĝµν . Therefore, only Ĝµν are dynamical fields in the bulk.
In [38], a specific gauge condition is taken as Ĝrr = 1, Ĝrµ = 0.

Going from xA to yM , we have the change rule for the bulk metric:

ĜMN (y) = G̃AB(x) ∂x
A

∂yM
∂xB

∂yN
. (2.32)

Then, the implicit gauge condition (i.e., fixing ĜrM ) reads

G̃AB(x)∂x
A

∂r

∂xB

∂r
= Ĝrr(x),

G̃AB(x)∂x
A

∂r

∂xB

∂yµ
= Ĝrµ(y) (2.33)

Apparently, (2.33) could be understood as the differential equations for the functions r(xA)
and yµ(xA). Indeed, if we follow [38] and choose the gauge condition Ĝrr = 1, Ĝrµ = 0,
this statement will become more obvious.

– 9 –
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Moreover, just as in solving the gauge transformation parameter in the U(1) example,
suitable boundary conditions at ΣUV and/or ΣIR are needed to fully determine the “gauge
transformation parameters” r(xA) and yµ(xA). Practically, we will follow [38] and take
a hybrid fixing:4

r|ΣUV = r0 = constant, yµ|ΣIR = σa(xα)δµa , (2.34)

where the constant r0 will be actually taken as +∞. The values of r(xA) and yµ(xA) at
the other ends are determined dynamically, via solving (2.32). In general, the results can
be parameterized as (the r0-dependence is made implicit)

r|ΣIR = τ̃(σa), yµ|ΣUV = Xµ(σa). (2.35)

Clearly, in the coordinate system (2.31), the UV and IR hypersurfaces are specified as (in
terms of the values for r)

ΣUV : r = r0; ΣIR : r = τ̃(X−1(yµ)) ≡ τ(yµ) (2.36)

Interestingly, from (2.34) and (2.35), we read off the relative embedding between ΣUV and
ΣIR, described as Xµ(σa), and the proper distance between ΣUV and ΣIR (i.e., the τ̃(σa)).
In (2.34), we see the emergence of the fluid spacetime spanned by σa.

In analog with the U(1) case [37, 38, 42], we can imagine that the solutions for r and
yµ can be written as the gauge links of N and Nµ. Implicitly, the dynamical field Xµ(σ) is
like the Wilson line of Nµ along a certain path. This conclusion was actually demonstrated
more transparently in the linearized bulk theory, see [39] for more details.

From (2.32), we can read off the relation between intrinsic metrics on the UV hyper-
surface,5

gµν(Xµ) = gαβ(x) ∂x
α

∂Xµ

∂xβ

∂Xν

= gαβ(x)∂x
α

∂σa
∂σa

∂Xµ

∂xβ

∂σb
∂σb

∂Xν

= Gab(σ) ∂σ
a

∂Xµ

∂σb

∂Xν
(2.37)

where in the second line we have made use of the chain rule given that Xµ = Xµ(σa)
and σa = σa(xα); in the last line we considered the coordinate transformation xµ → σa,
gαβ(x) → Gab(σ). Then, with the chain rule, we have

ds2|ΣUV ≃ dl2 = gµν(X)dXµdXν = gµν(Xµ(σ))∂X
µ

∂σa
∂Xν

∂σb
dσadσb

= Gab(σ)dσadσb (2.38)

which is obviously identical to (2.7). When solving the bulk dynamics, we will take (2.38)
as the boundary condition for the bulk metric. It it important to stress that, with certain

4More generally, we could have taken r0 = r0(xα) as for yµ|ΣIR . However, the diffeomorphism symmetry
on the AdS boundary allows us to render r0 to be a constant.

5In the first line of (2.37), the g on the left-handed side is easily understood by taking the limit Xµ → xµ.
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gauge-fixing assumed in (2.31), the AdS boundary condition for the bulk metric encodes not
only the external metric but also the hydrodynamic field on the boundary.

Thus, solving (2.33) under the boundary conditions (2.34), we are supposed to get
yµ = yµ(σa). Plugging this solution into (2.31), we are motivated to rewrite the line
element (2.31) in the emergent spacetime spanned by σM = (r, σa)

ds2 = GMN (σ)dσMdσN = Grr[Gab]dr2 + 2Gra[Gab]drdσa +Gabdσ
adσb, (2.39)

where, at the AdS boundary, Gab will be Gab(σ) of (2.38) up to a conformal factor.
Before proceeding, we briefly summarize the three sets of coordinate systems that we

have introduced. The first one is (xA, G̃AB) in which we did not make any gauge-fixing. This
coordinate system corresponds to the physical spacetime for the boundary theory, in which we
clearly defined the external metric gµν(x). The second one is denoted by (yM , ĜMN ), which
assumes certain gauge-fixing. Intriguingly, the coordinates yM = (r, yµ) are the dynamical
variables. This corresponds to the Xµ-coordinate system of the boundary analysis. While
this coordinate system is intuitive in understanding the identification of the hydrodynamical
field and emergence of the fluid spacetime, it is not convenient for practical calculations.
Therefore, we further introduced a third coordinate system denoted by σM = (r, σa), where
σa exactly spans the fluid spacetime. This third one is friendly for the bulk calculations.
Instead of treating the coordinate as a dynamical field as in the second set of coordinate
system, the dynamical variable is naturally encoded in the AdS boundary condition.

The discussion above implies two equivalent ways of counting the bulk degrees of freedom
(both the gauge and dynamical ones)

G̃AB = (N,Nµ, χµν) ⇔ (r, yµ, Ĝµν) (2.40)

Therefore, we have two equivalent ways of expressing the AdS partition function (2.27): a
path integral over the bulk metrics (N,Nµ, χµν) versus a path integral over (r, yµ, Ĝµν):

ZAdS =
∫

[DN ][DNµ][Dχµν ]eiS[N,Nµ,χµν ]

=
∫

[Dr][Dyµ][DĜµν ]eiS[Ĝµν ]

≃
∫

[Dτ ][DXµ][DGab]eiS[Gab[σM ;τ,Xµ]]

=
∫

[Dτ ][DXµ]eiS[Gab[Xµ]]|p.o.s

=
∫

[DXµ]eiS[Gab[Xµ]]|p.o.s . (2.41)

We elaborate on (2.41) step by step. In the first line, the bulk action is an integral in
xM -coordinate. The second line seems odd: on the one hand, the bulk action is defined
as an integral over the coordinates (r, yµ); on the other hand, the coordinates (r, yµ) are
the dynamical variables which are integrated over in the path integral. Indeed, via the
transformation from (2.31) to (2.39), the second line shall be understood in terms of the third
line, where the integration over (r, yµ) was converted to an integration over the hydrodynamic
variables Xµ as well as τ . In addition, the bulk action is an integral in the σ-coordinate.
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Then, from the third line to the fourth line, Gab (the gravity dual of the heavy modes) was
integrated out in the saddle point approximation. This is simply achieved via substituting
the classical solution for Gab into the bulk action S[Gab]. Here, the subscript “p.o.s” stands
for partially on-shell, which emphasizes that only the dynamical equations will be solved
to obtain the solution for Gab. This partially on-shell prescription can be consolidated
by revising the gravitational variational problem based on gauge-fixed configuration (2.31)
or (2.39), see section 2.3 for more details. Note that the bulk action S[Gab[Xµ]] depends
on Xµ through the boundary data Gab(σ), which implies that X is the gapless mode (it
enters via the derivative ∂aXµ). Moreover, the partially on-shell action would not depend
on the variable τ , which indicates the integration over τ will give an infinite constant and
could be dropped without affecting physical observable. Thus, the AdS partition function
is eventually cast into the desired form of (2.26) with

Seff = S[Gab[Xµ]]|p.o.s (2.42)

Finally, the analysis above shall be extended to the situation of double copy AdS so
that boundary theory lives on the SK closed time path, which is in parallel with the field
theory consideration in section 2.1 and shall go smoothly.

2.3 Variational problem of gravity revisited

In this section we revisit the variational problem of gravity. Usually, the variational problem
is done without making a gauge-fixing. However, it was realized that [38] variational problem
can be made well-posed using a gauge-fixed configuration as long as the gauge degrees of
freedom are carefully treated. Interestingly, the latter approach will demonstrate validity of
the partially on-shell prescription for solving the bulk dynamics, as alluded to below (2.41).

Recall that our notation convention is as follows: (xA, G̃AB) is for a coordinate system
without any gauge-fixing, see (2.28); (σM , GMN ) is reserved for a coordinate system assuming
certain gauge condition, see (2.39).

First, we consider the bulk variational problem in terms of G̃AB, which can be varied
freely. Then, we have

δS = 1
2

∫
d5x

√
−G̃ẼABδG̃AB (2.43)

Here, a potential boundary term arising from δS0 is exactly cancelled by δSGH. Thus, we
obtain the bulk equations of motion (EOMs) for G̃AB

δG̃AB ̸= 0 ⇒ ẼAB = 0 (2.44)

When δG̃AB is a coordinate transformation, i.e., δG̃AB = ∇̃AδxB + ∇̃BδxA, we immediately
obtain the Bianchi identities

δxB ̸= 0 ⇒ ∇̃AẼ
AB = 0 (2.45)

Now, we turn to the bulk variational problem in terms of the field configuration GMN .
Note that in order to not miss the gauge degrees of freedom, we shall also take into account the
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variation of the bulk coordinate σM . Then, from (2.32) (with the replacement y → σ) we have

δG̃AB = δGMN
∂σM

∂xA
∂σN

∂xB
+ ∂GMN

∂σP
∂σM

∂xA
∂σN

∂xB
δσP + 2GMN

∂δσM

∂xA
∂σN

∂xB

= δGMN
∂σM

∂xA
∂σN

∂xB
+ ∂GMN

∂σP
∂σM

∂xA
∂σN

∂xB
δσP + 2GMN

∂σP

∂xA
∂σN

∂xB
∂δσM

∂σP
(2.46)

However, as seen from (2.39), while the metric components Gab can be freely varied, the
variation of GrM is completely fixed in terms of δGab. In practice, we will choose

δGrr = δG00
r4f2(r) , δGr0 = − δG00

r2f(r) , δGri = − δG0i
r2f(r) , (2.47)

where f(r) will be specified later, see the context below (3.6). Indeed, the condition (2.47)
follows from our gauge condition (3.7). With (2.46) and (2.47), the action variation (2.43)
is split into two parts

δS = δS1 + δS2 (2.48)

The first part δS1 arises from the metric variation δGab

δS1 = 1
2

∫
d5σ

√
−GẼAB ∂σ

M

∂xA
∂σN

∂xB
δGMN

= 1
2

∫
d5σ

√
−GEMNδGMN

= 1
2

∫
d5σ

√
−G

{[
E00 + Err

r4f2(r) − 2 Er0

r2f(r)

]
δG00

+2
[
E0i − Eri

r2f(r)

]
δG0i + EijδGij

}
, (2.49)

where the gauge choice of (2.47) was substituted. Thus, we obtain

δG00 ̸= 0 ⇒ E00 + Err

r4f2(r) − 2 Er0

r2f(r) = 0,

δG0i ̸= 0 ⇒ E0i − Eri

r2f(r) = 0,

δGij ̸= 0 ⇒ Eij = 0, (2.50)

which are the dynamical EOMs for the bulk gravity.
The second part δS2 is generated by the variation of the coordinate δσM and contains

both the bulk and boundary terms

δS = 1
2

∫
d5σ

√
−GEMN

[
∂GMN

∂σP
δσP + 2GMP

∂δσP

∂σN

]

= 1
2

∫
d5σ

√
−G

[
∇N

(
EMN2GMP δσ

P
)
−∇N

(
EMN2GMP

)
δσP

]
= −

∫
d5σ

√
−G∇NE

N
M δσM +

∫
d4σ

√−γ nNENM δσM
∣∣
boundary. (2.51)
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The bulk part of (2.51) gives the Bianchi identities

δσM ̸= 0 ⇒ ∇NE
N
M = 0. (2.52)

The boundary part of (2.51) gives the constraint equations

δσM
∣∣
boundary ̸= 0 ⇒ √−γ nNENM

∣∣
boundary = 0 (2.53)

which contain both the Hamiltonian constraint (M = r) and the momentum constraints
(M = µ). Physically, the momentum constraints (M = µ) of (2.53) correspond to the
conservation law of the energy-momentum tensor on the boundary (which can be cast into
the dynamical EOMs for Xµ in the hydrodynamic EFT), while the Hamiltonian constraint
(M = r) of (2.53) will be satisfied automatically once the dynamical EOMs (2.50) and the
momentum constraints are imposed. The latter fact is due to the Bianchi identities (2.52).

Therefore, we see emergence of the partially on-shell prescription for evaluating the AdS
partition function as outlined below (2.41). Solving the dynamical EOMs (2.50), we will
fully determine the bulk metric Gab. In the saddle point approximation, we can integrate
out the gapped modes Gab by plugging its classical solution into the total bulk action S[Gab],
giving rise to the AdS partition function in the last line of (2.41).

3 Holographic derivation of hydrodynamic effective action

In this section we set up the bulk perturbation theory and derive the boundary effective
action by solving the classical dynamics of the bulk gravity.

3.1 Perturbation theory in the bulk

We consider a pure gravity with the total bulk action

S = S0 + SGH + Sct. (3.1)

The bulk term S0 is the standard Einstein-Hilbert action plus a negative cosmological constant:

S0 = 1
16πG5

∫
d5σ

√
−G (R[G] − 2Λ) , (3.2)

where Λ = −6/L2 with L the AdS curvature radius. Hereafter, L will be set to unity for
simplicity. The variation of the bulk term S0 gives the Einstein equations

EMN ≡ RMN [G] − 1
2G

MNR[G] − 6GMN = 0. (3.3)

In order to ensure the variational problem of the gravity to be well-defined, see (2.43),
we need the boundary term SGH

SGH = 1
8πG5

∫
ΣUV

d4σ
√−γK[γ] (3.4)

where γ is the determinant of the induced metric γab on the boundary hypersurface ΣUV.
K[γ] is the extrinsic scalar curvature of the induced metric γab.
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The counter-term Sct is [55, 56]

Sct = − 1
16πG5

∫
ΣUV

d4σ
√−γ

{
6 + 1

2R[γ] −
(1

8R
ab[γ]Rab[γ] − 1

24R
2[γ]

)
log 1

r2

}
(3.5)

where we assumed a minimal subtraction scheme. The logarithmic term arises from the
conformal anomaly and is necessary when the boundary system is put in a curved spacetime.
Hereafter, we will set 8πG5 = 1 for convenience.

Note that both SGH and Sct are defined near the boundary hypersurface ΣUV with
r → ∞ assumed implicitly. Since r is bounded by two asymptotic boundaries, we have one
copy of SGH and Sct at each boundary hypersurface with r = ∞s (s = 1 or 2).

We split the bulk metric (2.39) into two parts

ds2 = ḠMNdσ
MdσN +HMNdσ

MdσN

= 2drdσ0 − r2f(r)(dσ0)2 + r2δijdσ
idσj +HMNdσ

MdσN (3.6)

where f(r) = 1 − r4
h/r

4. For HMN we assume the following gauge condition

Hrr = H00
r4f2(r) , Hr0 = − H00

r2f(r) , Hri = − H0i
r2f(r) , (3.7)

which immediately implies the condition (2.47). Here, ḠMN in (3.6) represents the
Schwarzschild-AdS5 black brane, which corresponds to a finite temperature state for the
boundary system. In order to put the boundary system on the SK closed time path of figure 1,
the radial coordinate r varies along the contour of figure 2. The bulk metric perturbation
HMN is dual to the fluctuations and dissipations of the boundary system. In order to solve
the bulk perturbation, we will impose Dirichlet-type boundary condition

Hab(r → ∞s, σ
a) = r2

[
Bsab(σ) + O(r−1)

]
, (3.8)

where Bsab is introduced in (2.19). In the linearization approximation, the perturbative
expansion of Bsab has been presented in (2.23). Actually, with (3.8), we have the desired
AdS condition for the total bulk metric

Gab(r → ∞s, σ
a) = r2

[
Gsab(σ) + O(r−1)

]
(3.9)

with the boundary data Gsab(σ) split as in (2.19).
Given the highly nonlinear feature of the Einstein gravity, we consider expanding the

bulk action S0 of (3.2) in the number of the bulk perturbation HMN

S0 = S
(0)
0 + S

(1)
0 + S

(2)
0 + S

(3)
0 + · · ·

=
∫
d5σ

√
−Ḡ

[
L(0)

0 + L(1)
0 + L(2)

0 + L(3)
0 + · · ·

]
, (3.10)

– 15 –



J
H
E
P
0
8
(
2
0
2
5
)
1
1
7

where a superscript denotes the number of HMN . The various parts are

L(0)
0 = −4, (3.11)

L(1)
0 = 1

2∇̄M∇̄NH
MN − 1

2∇̄
2H, (3.12)

L(2)
0 = −2HMNH

MN +H2 +HMN∇̄M∇̄NH −HMN∇̄N∇̄AH
A
M

− 1
4∇̄MH∇̄MH − ∇̄MH

MN∇̄AH
A
N + ∇̄MH∇̄NH

N
M

−HMN∇̄A∇̄NH
A
M + 1

2H∇̄M∇̄NH
MN +HMN∇̄2HMN

− 1
2H∇̄2H − 1

2∇̄MHNA∇̄AHMN + 3
4∇̄AHMN∇̄AHMN , (3.13)

L(3)
0 = 8

3H
B
MH

MNHNB + 1
3H

3 − 2HHMNH
MN − 3

4H
MN∇̄MH

AB∇̄NHAB

+ 1
4H

MN∇̄MH∇̄NH −HMN∇̄AH
A
M∇̄NH −HMN∇̄NH

A
M∇̄AH

+ 1
2H

MN∇̄AHMN∇̄AH − 1
8H∇̄CH∇̄CH +HMN∇̄AH

A
M∇̄BH

B
N

+ 2HMN∇̄NH
A
M∇̄BH

B
A − 1

2H∇̄NH
NA∇̄BH

B
A −HMN∇̄AHMN∇̄BH

AB

+ 1
2H∇̄AH∇̄BH

AB +HMN∇̄NHAB∇̄BHA
M + 1

2H
MN∇̄AHBN∇̄BHA

M

− 3
2H

MN∇̄AHBN∇̄AHB
M − 1

4H∇̄AHBN∇̄BHAN + 3
8H∇̄AHBN∇̄AHBN

−HA
MH

MN∇̄A∇̄NH + 1
2HH

AN∇̄A∇̄NH +HA
MH

MN∇̄A∇̄BH
B
N

− 1
2HH

AN∇̄A∇̄BH
B
N +HMNHAB∇̄B∇̄NHAM −HMNHAB∇̄B∇̄AHMN

+HA
MH

MN∇̄B∇̄AH
B
N − 1

2HH
AN∇̄B∇̄AH

B
N − 1

4H
MNHMN∇̄B∇̄AH

AB

+ 1
8H

2∇̄B∇̄AH
AB −HA

MH
MN∇̄2HAN + 1

2HH
AN∇̄2HAN − 1

8H
2∇̄2H

+ 1
4H

MNHMN∇̄2H (3.14)

Here, the spacetime indices are raised and lowered by the background metric ḠMN , the
covariant derivative ∇̄M is compatible with ḠMN , and H = ḠMNH

MN .
Now, we expand the bulk metric perturbation in the number of the boundary data Bsab

Hab = α1H
(1)
ab + α2H

(2)
ab + O(α3) (3.15)

where the bookkeeping parameter α is used to count the powers of Bsab. Accordingly, the
Dirichlet-type boundary condition (3.8) will be implemented as follows:

H
(1)
ab (r → ∞s, σ

a) = r2
[
Bsab(σ) + O(r−1)

]
,

H
(n≥2)
ab (r → ∞s, σ

a) = r2
[
0 + O(r−1)

]
(3.16)
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Here, we would like to demonstrate that the nonlinear solutions H(n≥2)
MN are unnecessary

for the derivation of the EFT action up to cubic order in Bsab. This is mainly due to the
implementation of the boundary condition in (3.16).

Obviously, the background part S(0)
0 does not involve any bulk perturbation

S
(0)
0 + S

(0)
GH + S

(0)
ct = −

∫
d4σ r4

h

∣∣∞1
∞2

(3.17)

The linear part S(1)
0 , combined with S

(1)
GH and S

(1)
ct , is evaluated as

S(1) = S
(1)
0 + S

(1)
GH + S

(1)
ct =

∫
d4σ

r4
h

2r2 (3H00 +Hii)
∣∣∣∞1

∞2
(3.18)

With the boundary condition (3.16), it is obvious that H(n≥2)
MN does not contribute to the

boundary EFT action.
Now, we turn to the quadratic and cubic parts. Practically, the evaluation of them can

be simplified by virtue of integration by part

S
(2)
0 + S

(3)
0

= S
(2)
0 + S

(3)
0 − 1

2

∫
d5σHMN

[
δS

(2)
0

δHMN
+ δS

(3)
0

δHMN

]

=
[
S

(2)
0 + S

(3)
0 −

∫
d5σ

(
1
2HMN

δS
(2)
0

δHMN
+ 1

3HMN
δS

(3)
0

δHMN

)]
− 1

6

∫
d5σHMN

δS
(3)
0

δHMN

=
∫
d5σ

√
−Ḡ ∇̄M t

M − 1
6

∫
d5σHMN

δS
(3)
0

δHMN
(3.19)

In the second line of (3.19), the last term vanishes by the dynamical EOMs (2.50) and the
gauge condition (3.7). The vector tM is

tM = − 1
4H∇̄MH −HMN∇̄AHNA − 1

2HNA∇̄AHMN + 3
4HNA∇̄MHNA

+ 1
4H∇̄NH

MN + 3
4H

MN∇̄NH + O(H3), (3.20)

which contains both the quadratic and cubic terms in the perturbation HMN . Via the Gauss
theorem, the total derivative part of (3.19) is reduced into a surface term

∫
d5σ

√
−Ḡ ∇̄M t

M =
∫
d4σ

√
−γ̄ n̄M tM

∣∣∣∞1

∞2
(3.21)

Recall that we only keep the terms up to cubic order in Bsab. Thus, the contribution from
the terms of order O(H3) in (3.19) will be computed by simply substituting HMN by the
linearized solution H

(1)
MN . The contribution from the terms of order O(H2) in (3.19) seems

to require H(2)
MN . However, with the boundary condition (3.16), it is direct to show that

such terms actually vanish.
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3.2 Solving linearized dynamical EOMs

In this section, we study the linearized metric perturbation H
(1)
MN . Admittedly, since the

discovery of the AdS/CFT correspondence, the classical dynamics of the linearized gravity
in the Schwarzschild-AdS has been extensively studied, for examples see [5, 6]. However, as
emphasized at several points, in the present work we will take a partially on-shell approach
and only solve the dynamical EOMs (2.50) (or equivalently (3.22)).

With the gauge condition (3.7), the only propagating degrees of freedom are in Hab.
Moreover, the correct set of dynamical EOMs has been identified as (2.50). Indeed, for the
linearized bulk theory, (2.50) can be put into a compact form

Eab ≡ Rab[G] − 1
2GabR[G] − 6Gab = 0 (3.22)

This conclusion simply follows from that the gauge condition (2.47) implies δGrM = 0 but
δGab ̸= 0 for the linearized theory.

We find it more convenient to work with the following bulk variable

hab(r, σa) ≡ r−2H
(1)
ab (r, σa), (3.23)

whose boundary condition inherits from (3.16)

hab(r → ∞s, σ
a) = Bsab(σ) + O(r−1). (3.24)

Then, in terms of hab, the dynamical EOMs (3.22) are

0 = r5f(r)∂2
rh00 + (5r4 − 7r4

h)∂rh00 + 2r3∂r∂0h00 + 8r8
h

r5f(r)h00

+ 3r2

f(r)

(
1 − 3r4

h

r4

)
∂0h00 + r

f(r)∂
2
0h00 + 2

3r∂
2
kh00 −

4
3r∂0∂kh0k

− 4
3r

4
hf(r)∂rhkk −

4r4
h

3r2 ∂0hkk + 2
3r∂

2
0hkk + 1

3rf(r)
(
∂2
i hkk − ∂i∂jhij

)
,

0 = r5∂2
rh0i + 5r4∂rh0i + 2r3

f(r)∂r∂0h0i + 3r2

f2(r)

(
1 − 7r4

h

3r4

)
∂0h0i

+ r

f2(r)∂
2
0h0i + r

f(r) (∂0∂ihkk − ∂0∂khki) + r

f(r)
(
∂⃗ 2h0i − ∂i∂kh0k

)
,

0 = r5f(r)∂2
rhij + (5r4 − r4

h)∂rhij + 2r3∂r∂0hij + 3r2∂0hij −
2
3r

4
hδij∂rhkk

− r

f(r)

(
∂i∂j −

1
3δij ∂⃗

2
)
h00 + r

f(r)

(
∂0∂ih0j + ∂0∂jh0i −

2
3δij∂0∂kh0k

)
− 2r4

h

3r2f(r)δij∂0hkk + r

3f(r)δij∂
2
0hkk + r

(
∂⃗ 2hij − ∂i∂khjk − ∂j∂khik

+1
3δij∂k∂lhkl −

1
3δij ∂⃗

2hkk + ∂i∂jhkk

)
. (3.25)

Near the AdS boundary r = ∞s, the linearized metric hab is expanded as

hab(r → ∞s, σ
a) = Bsab(σ) + · · · + tsab(σ)

r4 + · · · , (3.26)
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where the omitted terms denoted by · · · are known in terms of the boundary data Bsab.
The normalizable mode tsab shall be determined by solving (3.25) over the entire contour
of figure 2 and will be a linear functional of Bsab.

The EOM for h0i looks similar to that of the time-component of a U(1) gauge field in
the bulk [22]. This immediately results in trouble when it comes to imposing two distinct
AdS conditions (3.24) for h0i. This implies that we need an extra condition for h0i at an
intermediate location of the contour in figure 2 to ensure that h0i would behave differently
at the two AdS boundaries. We follow the treatment of [22] and impose the following
horizon condition

h0i(r = rh − ϵ, σa) = 0. (3.27)

Here, we briefly discuss the physical consequence of the horizon condition (3.27). Indeed,
it could be viewed as an extra gauge-fixing. With the gauge condition (3.7), we still have
residual gauge symmetry [6] for the bulk theory, which implies the full diffeomorphism
symmetry on the boundary

σa → σ′a(σ). (3.28)

Thanks to the condition (3.27), the full diffeomorphism invariance (3.28) in the fluid spacetime
is partially broken to the proposed re-parametrization symmetry (2.16). Interestingly, the
recent work [57] has explored the relationship between the horizon symmetries and the
so-called shift symmetry (or re-parametrization symmetry) for the boundary EFT. A detailed
analysis along this line will be presented elsewhere.

Intriguingly, the time-time component of the bulk metric h00 does not satisfy a vanishing
horizon condition like (3.27), which is essentially linked to the second re-parametrization
symmetry in (2.16). Intuitively, this may be understood in the context of linearized hydrody-
namics [14]. Take a plane-wave ansatz for the perturbations of energy-momentum densities
δT 0µ. With respect to the spatial wave-vector of the plane-wave, the momentum densities
δT 0i can be decomposed into the transverse component δT 0⊥ and the longitudinal one δT 0∥.
We know that δT 0⊥ obeys a “diffusive” equation, which is the same as a conserved U(1)
charge density. At the ideal level, the coupled equations satisfied by δT 00 and δT 0∥ could
be cast into a “wave” equation for δT 00. This observation implies that in the SK-EFT we
shall impose the so-called “chemical shift symmetry” for the momentum density δT 0i, but we
shall not do this for the energy density δT 00. Via the holographic dictionary, h00 and h0i
correspond to δT 00 and δT 0i, respectively. This analysis immediately motivates the vanishing
horizon condition (3.27) for h0i, while no such a condition for h00.

With the analogy between the conserved U(1) density and the momentum density δT 0i,
the horizon condition (3.27) may be intuitively interpreted as the presence of a nonzero
surface “momentum” at the interface r = rh − ϵ. This is analogous to the situation of an
interface in classical electrodynamics. Apparently, this surface momentum arises from the
stochastic noise captured by the a-variable. Indeed, it is direct to check that the presence of
noise renders the radial derivative of h00 discontinuous across the surface r = rh − ϵ.

From the EOMs (3.25) and the boundary condition (3.24), it is clear that hab will be
a linear functional of the boundary data Bsab. In the hydrodynamic limit, Bsab is assumed
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to evolve slowly in the boundary spacetime, which motivates one to solve the EOMs (3.25)
perturbatively. Thus, we expand hab in terms of the boundary derivative

hab = h
[0]
ab + h

[1]
ab + · · · , (3.29)

where the superscript is used to count the number of the boundary derivatives of Bsab.
Accordingly, the AdS boundary condition (3.24) will be implemented perturbatively,

h
[0]
ab (r → ∞s, σ

a) = Bsab(σ) + O(r−1),

h
[n≥1]
ab (r → ∞s, σ

a) = 0 + O(r−1) (3.30)

Notice that, at the leading order in the boundary derivative expansion, the EOMs for h[0]
ab are

homogeneous ordinary differential equations, whose generic solutions over the entire contour
of figure 2 are easy to work out. Imposing the AdS condition (3.30), we obtain analytical
solution for the leading order bulk perturbation h

[0]
ab

h
[0]
00(r) = f(r)Br00 −

1
2

√
f(r)Ba00 + 1

6 [1 − f(r)] f(r)Baii,

h
[0]
0i (r) = f(r)Br0i −

1
2f(r)Ba0i, r ∈ [rh − ϵ,∞2),

h
[0]
0i (r) = f(r)Br0i + 1

2f(r)Ba0i, r ∈ [rh − ϵ,∞1),

h
[0]
ij (r) = Brij −

1
2Baij −

i
2πBaij log f(r) + 1

6

[ i
π

log f(r) −
√
f(r) + 1

]
δijBakk. (3.31)

Here, because of the horizon condition (3.27), the solution for h0i becomes piecewise.
We turn to the first order correction in the boundary derivative expansion. The EOMs

for h[1]
ab are the same as those for h[0]

ab except for the source terms, which are built from the
leading order solution h

[0]
ab . Here, we report the final solution for h[1]

ab

h
[1]
00(r) = − 2ζ(r)∂0h

[0]
00(r) + iπ

4

[
f(r) −

√
f(r)

]
(2∂0Br00 + ∂0Ba00)

+ iπ
12rh

[1 − f(r)]
√
f(r) (2∂0Brkk + ∂0Bakk) ,

h
[1]
0i (r) = − 2ζ(r)∂0h

[0]
0i (r), r ∈ [rh − ϵ,∞2),

h
[1]
0i (r) = − 2ζ(r)∂0h

[0]
0i (r) + iπ

2rh
f(r) (2∂0Br0i + ∂0Ba0i) , r ∈ [rh − ϵ,∞1),

h
[1]
ij (r) = − 2ζ(r)∂0h

[0]
ij (r) + 1

4rh
log f(r) (2∂0Brij + ∂0Baij)

+ 1
12rh

[
iπ
(

1 −
√
f(r)

)
− log f(r)

]
δij(2∂0Brkk + ∂0Bakk), (3.32)

where the function ζ(r) is

ζ(r) ≡
∫ r

∞2

dy

y2f(y) = − 1
4rh

[
π − 2 arctan

(
r

rh

)
− log(r − rh) + log(r + rh)

]
, (3.33)

with r varying along the entire contour of figure 2.
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We pause to briefly explain how the solutions (3.31) and (3.32) satisfy the relevant UV
and horizon boundary conditions. Since f(rh) = 0, the horizon condition (3.27) is obviously
obeyed by h

[0]
0i (r) and h

[1]
0i [r] presented in (3.31) and (3.32) once ϵ → 0 is taken in the end.

While f(r) is regular along the entire radial contour, the functions
√
f(r), log f(r) and ζ(r)

are multi-valued at the UV boundary√
f(r) r→∞2−−−−→ 1 − r4

h

2r4 + · · · ,
√
f(r) r→∞1−−−−→ −

(
1 − r4

h

2r4

)
+ · · · ,

log f(r) r→∞2−−−−→ 1 − r4
h

r4 + · · · , log f(r) r→∞1−−−−→ 2iπ + 1 − r4
h

r4 + · · · ,

ζ(r) r→∞2−−−−→ −1
r
− r4

h

5r5 + · · · , ζ(r) r→∞1−−−−→ iπ
2rh

− 1
r
− r4

h

5r5 + · · · . (3.34)

With this fact in mind, it is straightforward to check that (3.31) and (3.32) satisfy the desired
UV boundary conditions (3.30).

We would like to point out that the solutions (3.31) and (3.32) show singular behavior
near the event horizon. This reflects the fact that for the bulk metric, both the regular
part corresponding to the ingoing mode (dual to the dissipation on the boundary) and the
singular part representing the outgoing (Hawking) mode (dual to the fluctuation on the
boundary) are consistently kept in a systematic way. This is one of the main advantage
of the holographic SK contour prescription of [22]. Switching off the a-type variables, we
find that the solutions in (3.31) and (3.32) will reduce to those of [58] once the constraint
components of the bulk EOMs are imposed.

From the solutions (3.31) and (3.32), we read off the hydrodynamic expansion of the
normalizable modes (cf. (3.26))

t1 00 = − r4
h

12(12Br00 + 2Bakk + 3Ba00)

+ iπ
48r

3
h∂0(2Bakk − 3Ba00 − 4Brkk + 6Br00) + O(∂2),

t2 00 = − r4
h

12(12Br00 − 2Bakk − 3Ba00)

+ iπ
48r

3
h∂0(2Bakk − 3Ba00 + 4Brkk − 6Br00) + O(∂2),

t1 0i = − r4
h

2 (2Br0i +Ba0i) + O(∂2),

t2 0i = − r4
h

2 (2Br0i −Ba0i) + O(∂2),

t1 ij =ir4
h

2π Baij + r3
h

8 ∂0(Baij − 2Brij) − δij

{
r4
h

12π (π + 2i)Bakk

− ir3
h

48 (π + 2i)∂0(Bakk − 2Brkk)
}

+ O(∂2),

t2 ij =ir4
h

2π Baij −
r3
h

8 ∂0(Baij + 2Brij) + δij

{
r4
h

12π (π − 2i)Bakk

+ir3
h

48 (π − 2i)∂0(Bakk + 2Brkk)
}

+ O(∂2). (3.35)
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3.3 Holographic effective action

As shown in section 2.2, in the saddle point approximation, the boundary effective action
is simply given by the partially on-shell bulk action

Seff = S0|p.o.s. + SGH + Sct (3.36)

With the linearized solutions presented in section 3.2, we are ready to compute (3.36). In
accord with (3.10), we expand Seff similarly

Seff = S
(0)
eff + S

(1)
eff + S

(2)
eff + S

(3)
eff + · · · . (3.37)

With the bulk Lagrangian (3.11)–(3.13), we advance by simplifying the bulk action a bit
using the bulk EOMs. Up to quadratic order, (3.36) can be reduced to a surface term6

S
(0)
eff + S

(1)
eff + S

(2)
eff =

∫
d4σ

{
−r4

h + r4
h

2 (3h00 + hii)

+r4
h

8 (3h00h00 + 10h00hii − 12h0ih0i + hiihjj − 2hijhij)

+r5

8
[
2 (h0ih0i)′ − 2 (h00hii)′ + f(r) (hiihjj)′ − f(r) (hijhij)′

]} ∣∣∣∣∞1

∞2

(3.38)

where a prime denotes the radial derivative.
Now, we present our results for the boundary effective action. From (3.38), the background

part S
(0)
eff is

S
(0)
eff =

∫
d4σ(−r4

h)
∣∣∞1
∞2

= 0 (3.39)

From (3.38), the linear part S(1)
eff is computed as

S
(1)
eff =

∫
d4σ

r4
h

2 (3h00 + hii)
∣∣∣∣r=∞1

r=∞2

=
∫
d4σ

r4
h

2 [3B1 00 +B1 ii] −
∫
d4σ

r4
h

2 [3B2 00 +B2 ii]

=
∫
d4σ

r4
h

2 [3Ba00 +Baii] . (3.40)

6Here, we have adopted the treatment of the second line of (3.19) for S
(2)
0 . Moreover, divergences beyond

quadratic order in boundary spacetime derivative are omitted near the AdS boundary.
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From (3.38), the quadratic part S(2)
eff is

S
(2)
eff =

∫
d4σ (−2B1 0it1 0i +B1 00t1 ii +B1 iit1 00 −B1 ijt1 ij +B1 iit1 jj)

−
∫
d4σ (−2B2 0it2 0i +B2 00t2 ii +B2 iit2 00 −B2 ijt2 ij +B2 iit2 jj)

=
∫
d4σ

{
3r4
h

4 Ba00Br00 + r4
hBa0iBr0i −

r4
h

4 BaiiBr00 + 3r4
h

4 Ba00Brii

+ r4
h

4 BaiiBrjj −
r4
h

2 BaijBrij + ir4
h

6π (3BaijBaij −BaiiBajj)

+r3
h

6 (Baii∂0Brjj − 3Baij∂0Brij) −
iπr3

h

8 Ba00∂0Baii

}
. (3.41)

Finally, we turn to the cubic part S(3)
eff . From (3.19), we consider

Ŝ
(0)
3 = S

(3)
0 − 1

2HMN
δS

(3)
0

δHMN
(3.42)

Then, we have

S
(3)
eff = Ŝ

(0)
3 + S

(3)
GH + S

(3)
ct (3.43)

which is computed as

S
(3)
eff =

∫
d4σ r4

h

{ 9
16Ba00B

2
r00 −

1
16BaiiB

2
r00 + 3

8Ba00Br00Brii −
3
4Ba00B

2
r0i

+5
2Ba0iBr0iBr00 −

7
24BaiiBrjjBr00 + 3

16Ba00B
2
rii + 9

4BaiiB
2
r0k

+5
2Ba0iBr0iBrjj −

1
4BaijBrijBr00 −

3
8Ba00BrijBrij −

5
2BaijBr0iBr0j

−5Ba0iBr0jBrij −
13
48BaiiB

2
rjj + 3

8BaiiBrklBrkl + 1
4BaijBrijBrkk

−1
2BaikBrjkBrij + i

π

[1
3B

2
aiiBr00 + 1

4Ba00BaiiBrjj −
4
3BaiiBa0jBr0j

−BaijBaijBr00 −
3
4Ba00BaijBrij + 4BaijBa0iBr0j −

31
36BaiiBajjBrkk

+BaijBaijBrkk + 35
12BaiiBajkBrjk − 4BaikBajkBrij

]
+ 3

64B
3
a00

+ 3
64B

2
a00Baii −

3
16Ba00B

2
a0i + 8 − 7π2

96π2 Ba00BaiiBajj + 19
48B

2
a0iBajj

−4 + 3π2

32π2 Ba00BaijBaij −
1
8Ba0iBa0jBaij + 24 − 91π2

1728π2 B3
aii

+9π2 − 4
96π2 BaiiBajkBajk −

1
24BaijBaikBajk

}
. (3.44)

The equations (3.39), (3.40), (3.41) and (3.44) stand for one of our main results. For
simplicity, we have suppressed the coordinate σa in all B’s and t’s above. We have checked
that the holographic action (3.40), (3.41) and (3.44) satisfy all the symmetry requirements
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listed in (2.14)–(2.17). Due to the linearization approximation (2.22) and (2.23), we find that
the fluid re-parametrization symmetry (2.16) is valid up to certain nonlinear terms.

However, the results (3.40), (3.41) and (3.44) look a bit obscure. This has to do with
the following two facts. First, the dependence of Bsab(σ) on the external source and the
dynamical field is implicit. Second, we work in the fluid spacetime spanned by σa. To
circumvent this shortcoming, we will reformulate the results (3.40), (3.41) and (3.44) in the
physical spacetime by exploiting the linearization expansion in (2.22) and (2.23). Accordingly,
the results (3.40), (3.41) and (3.44) will be re-organized by the powers of the external source
Asµν(σ) and the dynamical field πsµ(σ). Here, owing to the truncation made in (2.23), it is
then valid to track the terms up to quadratic order only for the holographic action.

We know that in the fluid spacetime, the dynamical variables are Xµ
1 (σa) and Xµ

2 (σa).
Equivalently, in the ra-basis we have

Xµ
r (σa) ≡ 1

2 [Xµ
1 (σa) +Xµ

2 (σa)] , Xµ
a (σa) ≡ Xµ

1 (σa) −Xµ
2 (σa), (3.45)

which, in the linearization approximation (2.22), reads

Xµ
r (σa) = δµaσ

a + πµr (σ), Xµ
a (σa) = πµa (σ). (3.46)

However, when it comes to studying physical observables such as the correlation functions,
it is more convenient to rewrite the action integral in the physical spacetime in which the
external source gsµν(x) is defined. Following [23], the physical spacetime is spanned by the
coordinate xµ defined as

xµ ≡ Xµ
r (σa) (3.47)

which would be viewed as a field in the fluid spacetime, i.e., xµ = xµ(σa). Inverting this
relation, we have

σa = σa(xµ) (3.48)

Meanwhile, we can also view Xµ
a as a field in xµ-coordinate, i.e., Xµ

a = Xµ
a (xµ). Therefore,

in the physical spacetime, the dynamical variables are σa(xµ) and Xµ
a (xµ).

In the linearization approximation (2.22), the first relation in (3.46) can be inverted
perturbatively

δµaσ
a = xµ − πµr (x) + πνr (x)∂νπµr (x) + · · · (3.49)

Thus, in the physical spacetime we have the dynamical variables πµr (x) and πµa (x). The
differential volume element changes as

d4σ = det
[
∂σa

∂xµ

]
d4x = d4x

[
1 − ∂µπ

µ
r (x) + O(π2)

]
(3.50)

where the terms beyond quadratic order in π are not needed for capturing quadratic order
terms in the EFT action. In addition, we need

Aaab(σ) = δµa δ
ν
b [Aaµν(x) − παr (x)∂αAaµν(x)] + · · · ,

∂aπ
α
r,a(σ) = δµa∂µπ

α
r,a(x) (3.51)
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With these issues clarified, we are ready to rewrite the results (3.40), (3.41) and (3.44)
in the physical spacetime. Accordingly, we re-organize the EFT action by the powers of the
external sources Arµν(x), Aaµν(x) and the dynamical fields πµr (x), πµa (x). Schematically,
we have

Seff = Ss + Ssd + Sd =
∫
d4x [Ls + Lsd + Ld] (3.52)

where Ls stands for the source part containing the external source only, Lsd denotes the
crossing terms having both the external source and the dynamical field, and Ld represents
the terms with the dynamical field only. Below we present the results.

The source part Ls is

Ls = 3
2r

4
hAa00(x) + 1

2r
4
hAaii(x) + 3r4

h

4 Aa00Ar00 + r4
hAa0iAr0i −

r4
h

4 AaiiAr00

+ 3r4
h

4 Aa00Arii + r4
h

4 AaiiArjj −
r4
h

2 AaijArij + ir4
h

6π (3AaijAaij −AaiiAajj)

+ r3
h

6 (Aaii∂0Arjj − 3Aaij∂0Arij) −
iπr3

h

8 Aa00∂0Aaii (3.53)

The crossing part Lsd is

Lsd = −3
2r

4
hAa00∂µπ

µ
r − 1

2r
4
hAaii∂µπ

µ
r − 4r4

hAr0i∂
0πia − 4r4

hAa0i∂
0πir

+ 1
3r

3
h∂0Arii∂jπ

j
a −

1
3r

3
h∂0Aaii∂jπ

j
r − r3

h∂0Arij∂
iπja + r3

h∂0Aaij∂
iπjr

+ i
π
r4
hAaij∂

iπja −
2i
3πr

4
hAaii∂jπ

j
a −

iπr3
h

4 ∂0Aa00∂iπ
i
a −

iπr3
h

4 ∂0Aaii∂0π
0
a (3.54)

The dynamical part Ld is

Ld = 3r4
h∂0πr0∂

0π0
a − 4r4

h∂0πri∂
0πia − r4

h∂0π
0
r ∂iπ

i
a − r4

h∂0π
0
a∂iπ

i
r − r4

h∂iπ
i
r∂jπ

j
a

− r3
h

3 ∂0∂iπ
i
r∂jπ

j
a − r3

h∂0∂iπrj∂
iπja + ir4

h

3π ∂iπ
i
a∂jπ

j
a + ir4

h

π
∂iπaj∂

iπja

+ ir3
h

2 ∂0∂0π
0
a∂iπ

i
a (3.55)

Here, we have suppressed xµ in all A’s and π’s of (3.53)–(3.55). To be consistent with the
truncations made in (2.24), (3.50) and (3.51), we have tracked the terms up to quadratic
order only in (3.53)–(3.55). However, our holographic results (3.40), (3.41) and (3.44) are
sufficient in capturing cubic terms omitted in (3.53)–(3.55), which would require to add
more nonlinear terms in the expansion for Bsab in (2.23) and is obviously tedious. This
study will be left as a future project.

3.4 Hydrodynamic modes and correlation functions from EFT

In this section, we use the holographic results derived in section 3.3 to study the hydrodynamic
modes and correlation functions of the boundary stress tensor. The basic goal is to provide
further support on the correctness of our results. This will produce the relevant results
obtained previously, e.g., [6, 58, 59].
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3.4.1 Hydrodynamic modes

First, we consider the hydrodynamic modes predicted by the holographic EFT of section 3.3.
To this end, we consider the dynamical EOM for πrµ(x), which is obtained from the variation
of Seff with respect to the auxiliary variable πaµ(x)

δSeff
δπaµ(x) = 0 (3.56)

To get the dispersion relations for the dynamical modes, it is sufficient to switch off the external
metrics Aaµν(x), Arµν(x) and the auxiliary variable πaµ(x) in the dynamical EOM (3.56), i.e.,
we just need to focus on the dynamical part Ld of (3.55). Then, in the Fourier space, (3.56)
leads to the dispersion equations

shear channel : ω̃ + 1
2ik̃2 + · · · = 0,

sound channel : ω̃2 − 1
3 k̃

2 + i23 ω̃k̃
2 + · · · = 0, (3.57)

which give correct shear mode and sound mode [6, 59]

shear mode : ω̃ = −1
2ik̃2 + · · · ,

sound mode : ω̃ = ± 1√
3
k̃ − 2

3ik̃2 + · · · . (3.58)

Here, we used the dimensionless four-momentum ω̃ ≡ ω/(2rh), k̃ ≡ k/(2rh).

3.4.2 Stochastic hydrodynamics recovered

Within the hydrodynamic EFT, the conserved stress tensor is defined as [23]

Tµν1 (x) ≡ 2√
−g1(x)

δSeff
δg1µν(x) , Tµν2 (x) ≡ − 2√

−g2(x)
δSeff

δg2µν(x) (3.59)

which are actually the off-shell energy-momentum tensor associated with the upper and lower
branches of the SK closed time path. The physical part of the energy-momentum tensor is

Tµνr (x) = 1
2 [Tµν1 (x) + Tµν2 (x)]

= 2√−gr

δSeff
δgaµν(x)

= [2 − ηµνArµν(x)] δSeff
δAaµν(x) (3.60)

where in the second equality we have ignored the terms beyond the linear order in a-variables
and in the last equality we have utilized the linearization approximation (2.22). Then, the
physical stress tensor can be further split into the hydrodynamic and stochastic parts [23]

Tµνr = Tµνhydro + Tµνstoc (3.61)
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Here, Tµνhydro does not contain any a-variables and thus is the hydrodynamic stress tensor;
and Tµνstoc contains one a-variable and represents the stochastic force. Apparently, Tµνhydro will
be a functional of the dynamical variable πµr (x) and the external source Arµν

T 00
hydro = 3r4

h − 3r4
h∂µπ

µ
r + 3r4

hAr00,

T 0i
hydro = T i0hydro = r4

hAr0i − 4r4
h∂

0πir,

T ijhydro = r4
hδij − r4

hArij − r4
hδij∂µπ

µ
r + 1

3r
3
hδij∂0Arkk − r3

h∂0Arij

− r3
h∂0

(
∂iπjr + ∂jπir

)
+ 2

3r
3
hδij∂0∂kπ

k
r (3.62)

Meanwhile, the stochastic part reads

T 00
stoc = iπr3

h

4 ∂0∂iπ
i
a −

iπr3
h

8 ∂0Aaii,

T 0i
stoc = T i0stoc = 0,

T ijstoc = i
2πr

4
h

(
∂iπja + ∂jπia

)
− 2i

3πr
4
hδij∂kπ

k
a + iπr3

h

4 δij∂
2
0π

0
a

+ ir4
h

π
Aaij −

ir4
h

3π δijAakk + iπr3
h

8 δij∂0Aa00 (3.63)

Indeed, the EFT Lagrangian could be schematically written as [23]

L = πaν∂µT
µν
hydro + i

2πaµMµνπaν + Ls (3.64)

where

M00 = 0, M0i = 1
2r

3
h∂

2
0∂i, Mi0 = −1

2r
3
h∂

2
0∂i,

Mij = −2r4
h

3π ∂i∂j −
2r4
h

π
δij ∂⃗

2 (3.65)

The dynamical EOM (3.56) gives the conservation law

∂µT
µν
r = 0 =⇒ ∂µT

µν
hydro = ζν (3.66)

where ζν is the stochastic noise, whose distribution is governed by those terms quadratic in πµa
in the Lagrangian. Then, we have the thermal noise ζµ obeying the Gaussian distribution [23]

⟨ζµ(x)⟩ = 0, ⟨ζµ(x)ζν(x′)⟩ = Mµνδ(4)(x− x′) (3.67)

To first order in the derivative expansion, we can ignore M0i- and Mi0-terms in the La-
grangian (3.64). Accordingly, (3.67) reduces to that of the stochastic model for the first order
relativistic hydrodynamics [14]. However, for generic case, the EFT prediction (3.67) will
naturally go beyond the stochastic model treatment.

In order to cast Tµνhydro of (3.62) into standard hydrodynamic form (1.2), we need to
replace πµr by the fluid velocity fields [23]

uµs ≡ 1
bs

∂Xµ
s

∂σ0 , with bs ≡
√
−gsµν(Xµ

s )∂X
µ
s

∂σ0
∂Xν

s
∂σ0 (3.68)
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The physical fluid velocity is defined as

uµ(x) ≡ 1
2(uµ1 + uµ2 ) (3.69)

which, in the linearization approximation (2.22), is linearized as

u0(x) = 1 + 1
2Ar00(x) + · · · , ui(x) = ∂0π

i
r(x) + · · · (3.70)

Eventually, we successfully rewrite the result (3.62) into the following standard hydro-
dynamic form7 (cf. the equation (1.2))

Tµνhydro = ϵuµuν + P (gµνr + uµuν) − η0σ
µν (3.71)

where σµν is the shear tensor

σµν ≡ ∇µuν + ∇νuµ − 2
3(uµuν + gµνr )∇αu

α (3.72)

The holographic value for the shear viscosity is η0 = r3
h = (πT )3. Interestingly, the fluid’s

energy density ϵ and pressure p can be split as

ϵ = ϵ0 + δϵ, P = P0 + δP (3.73)

where ϵ0 = 3P0 = 3r4
h = 3(πT )4 are the equilibrium counterparts while δϵ and δP denote

the non-equilibrium corrections

δϵ = −3∂µπµr , δP = −∂µπµr (3.74)

3.4.3 Two-point correlators

We turn to computing the stress tensor’s two-point correlators based on the holographic
effective action. With (3.52), the generating functional (2.9) is

Z[Arµν , Aaµν ] = eiSs

∫
[Dπrµ][Dπaµ]eiSsd+iSd (3.75)

which yields the full set of two-point correlators

Gµν|ρσra (K) = 2 δ2W

δAaµν(−K)δArρσ(K) , Gµν|ρσar (K) = 2 δ2W

δArµν(−K)δAaρσ(K) ,

Gµν|ρσrr (K) = 2 δ2W

i δAaµν(−K)δAaρσ(K) , (3.76)

where W ≡ −i logZ is the generating functional for the connected correlators.
However, the separation made in (3.52) has a drawback: the source part Ss is not

invariant under the diffeomorphism transformation of the external metric

δAsµν = ∂µξsν + ∂νξsµ + ξλs ∂λAsµν +Asλµ∂νξ
λ
s +Asλν∂µξ

λ
s + . . . , (3.77)

7According to the linearization approximation (2.22), the inverse metric gµν
s is linearized as gµν

s = ηµν +
Aµν

s = ηµν − ηµαηνβAsαβ + · · · .
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where ξsµ is an arbitrary infinitesimal field generating the diffeomorphism transforma-
tion (3.77). To overcome this shortcoming, instead of (3.52), we are motivated to separate
the effective action as follows [23]

Seff = Sinv + S̃eff , (3.78)

where Sinv is invariant under (3.77). Apparently, Sinv shall contain the external source only.
In addition, we find it more convenient to work with the Fourier modes defined by

Asµν(x) =
∫

d4K

(2π)4Asµν(K)eiKµxµ
, πsµ(x) =

∫
d4K

(2π)4πsµ(K)eiKµxµ
, (3.79)

where, without loss of generality, we choose Kµ = (−ω, k, 0, 0). In the Fourier space, the
invariant part Sinv and the remaining part S̃eff are collected in the appendix A, see (A.1)
and (A.2) for details.

Based on the separation (3.78), the partition function (2.9) is computed as

Z[Arµν , Aaµν ] = eiSinv[Aµν ]+iW̃ [Aµν ] = eiSinv[Aµν ]
∫

[Dπrµ][Dπaµ]eiS̃eff (3.80)

so that the generating functional for the connected correlators is

W ≡ −i logZ = Sinv + W̃ (3.81)

Performing the path integral over the dynamical field in (3.80), we obtain

W̃ = W̃tensor + W̃vector + W̃scalar (3.82)

where various parts can be found in (A.3)–(A.5).
As expected, the holographic results (A.1) and (A.3)–(A.5) show that the generating

functional (3.81) satisfies the KMS conditions, which give rise to the familiar relations among
the correlators in (3.76)

Gµν|ρσra (K) =
[
Gµν|ρσar (K)

]∗
, Gµν|ρσrr (K) = 2

β0ω
Im
[
Gµν|ρσra (K)

]
(3.83)

where hydrodynamic limit is assumed. Therefore, we will focus on the results for the retarded
correlators Gµν|ρσra (K), which are classified into three independent channels [6].

For the tensor channel, the retarded correlator is

Gyz|yzra = r4
h

(1
2 − iω̃ + · · ·

)
(3.84)

which is simply analytic, in agreement with the fact that the tensor channel does not contain
any hydrodynamic mode.

For the shear channel, the retarded correlators are

G0y|0y
ra = r4

h

[
6iω̃ + k̃2

2(2iω̃ − k̃2)
+ · · ·

]

G0y|xy
ra = r4

h

[
2ω̃k̃

2iω̃ − k̃2 + · · ·
]

Gxy|xyra = r4
h

(1
2 + · · ·

)
(3.85)

which show a shear pole at ω̃ = −ik̃2/2. This reflects that the shear channel contains a
diffusive mode associated with conservation of transverse momentum.

– 29 –



J
H
E
P
0
8
(
2
0
2
5
)
1
1
7

For the sound channel, the retarded correlators involve more components

G00|00
ra = r4

h

[
3(5k̃2 − 3ω̃2)
8(3ω̃2 − k̃2)

− i 3ω̃k̃4

(3ω̃2 − k̃2)2 + · · ·
]

G00|0x
ra = r4

h

[
3k̃ω̃

3ω̃2 − k̃2 − i 6ω̃2k̃3

(3ω̃2 − k̃2)2 + · · ·
]

G00|xx
ra = r4

h

[
3(ω̃2 + k̃2)
8(3ω̃2 − k̃2)

− i 3ω̃3k̃2

(3ω̃2 − k̃2)2 + · · ·
]

G00|yy
ra = r4

h

[
3(ω̃2 + k̃2)
8(3ω̃2 − k̃2)

− i3ω̃k̃
2(k̃2 − ω̃2)

2(3ω̃2 − k̃2)2 + · · ·
]

G0x|0x
ra = r4

h

[
3(9ω̃2 + k̃2)
2(3ω̃2 − k̃2)

− i 12ω̃3k̃2

(3ω̃2 − k̃2)2 + · · ·
]

G0x|xx
ra = r4

h

[
k̃ω̃

3ω̃2 − k̃2 − i 6ω̃4k̃

(3ω̃2 − k̃2)2 + · · ·
]

G0x|yy
ra = r4

h

[
k̃ω̃

3ω̃2 − k̃2 − i3ω̃
2k̃(k̃2 − ω̃2)

(3ω̃2 − k̃2)2 + · · ·
]

Gxx|xxra = r4
h

[
(7ω̃2 − k̃2)
8(3ω̃2 − k̃2)

− i 3ω̃5

(3ω̃2 − k̃2)2 + · · ·
]

Gxx|yyra = r4
h

[
(ω̃2 + k̃2)

8(3ω̃2 − k̃2)
− i3ω̃

3(k̃2 − ω̃2)
2(3ω̃2 − k̃2)2 + · · ·

]

Gyy|yyra = r4
h

[
(7ω̃2 − k̃2)
8(3ω̃2 − k̃2)

− i ω̃(3ω̃4 − 3k2ω̃2 + k̃4)
(3ω̃2 − k̃2)2 + · · ·

]

Gyy|zzra = r4
h

[
(ω̃2 + k̃2)

8(3ω̃2 − k̃2)
− i ω̃(k̃4 − 3ω̃4)

2(3ω̃2 − k̃2)2 + · · ·
]

(3.86)

Based on the prescription [15] for the Minkowskian space correlators, the leading terms were
previously obtained in [6], which predicts a sound pole at ω̃ = ±k̃/

√
3. The sub-leading

terms were obtained later in [58] using the same prescription. Indeed, it can be shown
that [23, 58] the sub-leading terms, combined with the leading ones, produce the attenuation
part for the sound mode in (3.58).

4 Summary and outlook

By virtue of the holographic SK contour of [22], we derived the SK effective action for a
dissipative neutral fluid dual to the Einstein gravity in an asymptotic AdS5 space. This
involves the double Dirichlet problem for the linearized gravitational field propagating in
a complexified static AdS black brane background. The double AdS boundary conditions
for the bulk metric encode the dynamical variables (corresponding to the fluid’s velocity
and temperature fields [37–39]) for writing the boundary fluid’s effective action. To first
order in the derivatives of the AdS boundary data, we obtained the analytical solutions for
the bulk gravitational field based on a partially on-shell scheme. Then, we computed the
partially on-shell bulk action to first order in the boundary derivative and to cubic order
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in the AdS boundary data. Indeed, the partially on-shell bulk action is identified as the
boundary fluid’s effective action in the fluid spacetime [23, 36].

We confirmed the holographic effective action by recovering various results known in
the context of the classical hydrodynamics. To this end, we have to rewrite the effective
action in the physical spacetime, which turned out to be subtle owing to the linearization
approximation undertaken throughout this project. Nevertheless, we successfully obtained the
hydrodynamic effective action in the physical spacetime, from which we correctly reproduced
the hydrodynamic modes, the hydrodynamic constitutive relation (1.2) as well as the full
set of two-point correlation functions of the stress tensor.

There are several interesting directions we would like to pursue in the near future.
First, it is of importance to go beyond the linearization approximation for both the bulk

gravity and the boundary fluid action. The former can be tackled via the Green’s function
approach for solving nonlinear corrections for the bulk metric. The latter seems to be more
subtle when it comes to rewriting the fluid action in the physical spacetime. Particularly, the
boundary data Bsab would be a highly nonlinear quantity as viewed in the physical spacetime.

Second, it is very interesting to deepen our understanding of the fluid re-parameterization
symmetry proposal (2.16) from the dual gravity perspective. The recent interesting work [57]
has initialized such a study, suggesting a link between re-parameterization symmetry for the
fluid and the horizon symmetry of the dual gravitational spacetime. A specific question is
to understand the frame issues for hydrodynamics, or, more generally, the redefinition of
the dynamical fields in the hydrodynamic EFT, from the holographic SK technique. We
expect this to be related to the undertaken horizon condition (3.27) to achieve the fluid
re-parameterization symmetry (2.16).

Last but not the least, it would be interesting to take a local equilibrium state along
the line of [16, 17, 38] and work out the bulk corrections perturbatively in the boundary
derivative expansion. This would up-lift the fluid-gravity correspondence into a hydrodynamic
EFT framework with the fluid-gravity correspondence representing the mean-field part of
the effective action. Study along this line requires to promote the constant horizon radius
rh of figure 2 into a coordinate-dependent function rh(xµ). Here, the main difficulty would
be to find out the “seed geometry”, i.e., a boundary spacetime dependent AdS geometry
corresponding to a local equilibrium state. This direction will overlap with the first direction
above on going beyond the linearization approximation.

A Various terms in (3.78) and (3.82)

In the Fourier space, the invariant part Sinv in (3.78) is

Sinv = r4
h

2 (3Aa00(K)+Aaxx(K))δ(4)(K)−r4
h(3Ar0α(−K)Aa0α(K)+Arxα(−K)Aaxα(K))

+ 3r4
h

4

[
Ar00(−K)Aa00(K)− 1

ω2 (kAr00(−K)+2ωAr0x(−K))(kAa00(K)+2ωAa0x(K))
]

− r
4
h

4 [Arxx(−K)Aaxx(K)+Ar+(−K)(Aa00(K)−Aaxx(K))+Aa+(−K)(Ar00(K)−Arxx(K))

− 1
k2 (ωArxx(−K)+2kAr0x(−K))(ωAaxx(K)+2kAa0x(K))

]
. (A.1)
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In the Fourier space, the second part in (3.78) is

S̃eff = 3k2r4
h

4ω2 Br00(K)Ba00(−K)−ω2r4
h

4k2 Brxx(K)Baxx(−K)

+ 3kr4
h

2ω [Br00(K)Ba0x(−K)+Br0x(K)Ba00(−K)]

−ωr4
h

2k [Brxx(K)Ba0x(−K)+Br0x(K)Baxx(−K)]

− r4
h

4 Br00(K)Baxx(−K)+ 3r4
h

4 Brxx(K)Ba00(−K)+3r4
hBr0x(K)Ba0x(−K)

+4r4
hBr0α(K)Ba0α(−K)+r4

hBrαα(K)Ba00(−K)

+ r4
h

4 [Brαα(K)Baββ(−K)−2Brαβ(K)Baαβ(−K)]

+ ir4
h

6π [3Baij(K)Baij(−K)−Baii(K)Bajj(−K)]

+ r3
h

6 [Baii(K)∂0Brjj(−K)−3Baij(K)∂0Brij(−K)]− iπr3
h

8 Ba00(K)∂0Baii(−K) (A.2)

In the above expressions, the indices α, β mean transverse coordinates y, z. Moreover, we
have Ar+ ≡ Aryy + Arzz and similarly for Aa+. Notice that in (A.1) and (A.2), we have
suppressed the integrals over the four-momentum Kµ, i.e.,

∫
d4K/(2π)4.

The various parts in (3.82) are

W̃tensor =r4
h(−1+2iω̃)

[
Arαβ(K)Aaαβ(−K)+1

4Ar−(K)Aa−(−K)
]

+ir4
h

π

[
Aaαβ(K)Aaαβ(−K)+1

4Aa−(K)Aa−(−K)
]
, (A.3)

W̃vector = 8r4
hiω̃

k̃2−2iω̃
Ar0α(K)Aa0α(−K)+ 4r4

hk̃ω̃

k̃2−2iω̃
[Ar0α(K)Aaxα(−K)+Arxα(K)Aa0α(−K)]

+ r4
h

π

4ik̃2

k̃4+4ω̃2Aa0α(K)Aa0α(−K)+ ir4
h

π

k̃4

k̃4+4ω̃2Aaxα(K)Aaxα(−K)

+ ir4
h

π

8k̃ω̃
k̃4+4ω̃2Aa0α(K)Aaxα(−K), (A.4)

W̃scalar =

 3r4
h

k̃2−3ω̃2 + 6ir4
hk̃

2ω̃(
k̃2−3ω̃2

)2

[k̃2Ar00(K)Aa00(−K)+4ω̃2Ar0x(K)Aa0x(−K)
]

+

 6k̃r4
hω̃

k̃2−3ω̃2 + 12ik̃3r4
hω̃

2(
k̃2−3ω̃2

)2

[Ar00(K)Aa0x(−K)+Ar0x(K)Aa00(−K)]

+

 2k̃r4
hω̃

k̃2−3ω̃2 + 12ik̃r4
hω̃

4(
k̃2−3ω̃2

)2

[Ar0x(K)Aaxx(−K)+Arxx(K)Aa0x(−K)]

+

 k̃2r4
h

k̃2−3ω̃2 + 6ik̃2r4
hω̃

3(
k̃2−3ω̃2

)2

Ar00(K)Aaxx(−K)
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+

 3r4
hω̃

2

k̃2−3ω̃2 + 6ik̃2r4
hω̃

3(
k̃2−3ω̃2

)2

Arxx(K)Aa00(−K)

+

 k̃2r4
h

k̃2−3ω̃2 +
3ik̃2r4

hω̃
(
k̃2−ω̃2

)
(
k̃2−3ω̃2

)2

Ar00(K)Aa+(−K)

+

 3r4
hω̃

2

k̃2−3ω̃2 +
3ik̃2r4

hω̃
(
k̃2−ω̃2

)
(
k̃2−3ω̃2

)2

Ar+(K)Aa00(−K)

+

 2k̃r4
hω̃

k̃2−3ω̃2 +
6ik̃r4

hω̃
2
(
k̃2−ω̃2

)
(
k̃2−3ω̃2

)2

[Ar0x(K)Aa+(−K)+Ar+(K)Aa0x(−K)]

+

 r4
hω̃

2

k̃2−3ω̃2 −
2ik̃2r4

hω̃
(
k̃2−6ω̃2

)
3
(
k̃2−3ω̃2

)2

Arxx(K)Aaxx(−K)

+

 r4
hω̃

2

k̃2−3ω̃2 +
ik̃2r4

hω̃
(
k̃2+3ω̃2

)
3
(
k̃2−3ω̃2

)2

[Arxx(K)Aa+(−K)+Ar+(K)Aaxx(−K)]

+

 r4
hω̃

2

k̃2−3ω̃2 +
2ir4

h

(
2k̃4ω̃−3k̃2ω̃3

)
3
(
k̃2−3ω̃2

)2

Ar+(K)Aa+(−K)

+ 3ik̃4r4
h

π
(
k̃2−3ω̃2

)2Aa00(K)Aa00(−K)+ 12ik̃3r4
hω̃

π
(
k̃2−3ω̃2

)2Aa00(K)Aa0x(−K)

+ 12ik̃2r4
hω̃

2

π
(
k̃2−3ω̃2

)2Aa0x(K)Aa0x(−K)+

1
4πr

4
hω̃+ 6ik̃2r4

hω̃
2

π
(
k̃2−3ω̃2

)2

Aa00(K)Aaxx(−K)

+

1
4πr

4
hω̃+

3ir4
h

(
k̃4−k̃2ω̃2

)
π
(
k̃2−3ω̃2

)2

Aa00(K)Aa+(−K)+ 12ik̃r4
hω̃

3

π
(
k̃2−3ω̃2

)2Aa0x(K)Aaxx(−K)

+
6ik̃r4

hω̃
(
k̃2−ω̃2

)
π
(
k̃2−3ω̃2

)2 Aa0x(K)Aa+(−K)−
ir4
h

(
k̃4−6k̃2ω̃2

)
3π
(
k̃2−3ω̃2

)2 Aaxx(K)Aaxx(−K)

+
ir4
h

(
3k̃2ω̃2+k̃4

)
3π
(
k̃2−3ω̃2

)2 Aaxx(K)Aa+(−K)+
ir4
h

(
2k̃4−3k̃2ω̃2

)
3π
(
k̃2−3ω̃2

)2 Aa+(K)Aa+(−K)

(A.5)

Here, it is important to stress that the obvious singularities at ω = 0, k = 0 in (A.1) are
exactly cancelled by those in (A.3) through (A.5). Therefore, in the hydrodynamic limit,
the only singularities in the generating functional W correspond to the shear mode and the
sound mode in (3.58). This is consistent with the field theory analysis [6].
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