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Abstract
We review the description of tunnelling phenomena in the semi-classical
approximation in ordinary quantum mechanics and in quantum field theory. In
particular, we describe in detail the calculation, up to the first quantum correc-
tions, of the decay probability per unit time of a metastable ground state. We
apply the relevant formalism to the case of the standard model of electroweak
interactions, whose ground state is metastable for sufficiently large values of
the top quark mass. Finally, we discuss the impact of gravitational interactions
on the calculation of the tunnelling rate.
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1. Introduction

Tunnelling in quantum field theory is a fascinating subject. In many respects, it differs substan-
tially from the analogous phenomenon in ordinary quantum mechanics with a finite number
of degrees of freedom, and deserves a special treatment. In a couple of famous papers [1, 2],
Coleman and Callan have shown that the semi-classical approximation, in conjunction with
path integral techniques, provides a suited context to deal with quantum tunnelling with infi-
nite degrees of freedom. The first purpose of this work is to review both the semi-classical
approximation in quantum mechanics and its extension to quantum field theory, as illustrated
in references [1, 2]. We will adopt a pedagogical attitude: special attention will be devoted to
the derivation of the bounce formalism, the definition and calculation of functional determi-
nants, and the role of renormalization. All steps in the derivation of these known results, some
of which are omitted in the original literature, are carefully illustrated.

A remarkable feature of tunnelling in quantum field theory is that the transition from the
false to the true vacuum does not take place between two spatially homogeneous field con-
figurations, but rather through the formation of a bubble of true vacuum in a false-vacuum
background. Such field configuration (the bounce) is therefore not spatially homogenous, and
the gradient term in the potential energy gives a non-zero contribution to the full potential
energy. This is different from the case of ordinary quantum mechanics, in which the gradient
term is absent and the tunnelling rate does not depend on the physics beyond the potential
barrier.

An important application of the formalism above is the study of the stability of the elec-
troweak vacuum in the case of the standard model of electroweak interactions. The accurate
measurements of the top quark and Higgs boson masses indicate that the electroweak vac-
uum, which determines the observed spectrum of physical particles, is not the absolute ground
state of the electroweak theory. Extrapolating the Higgs effective potential at high energies,
the electroweak minimum becomes metastable for Higgs field values around 10'° GeV. Many
efforts have been devoted to establish whether the lifetime metastable vacuum of the standard
model is sufficiently larger that the age of the Universe, and therefore compatible with obser-
vations, or else if physics beyond the standard model is needed in order to justify the observed
electroweak spectrum.

The application of the formalism outlined in references [1, 2] to the standard model is not
straightforward. At the level of the classical Lagrangian, the electroweak vacuum corresponds
to a true minimum of the scalar potential, and it is only upon the inclusion of quantum cor-
rections that the instability occurs. Furthermore, the tunnelling rate calculation in the standard
model including the first quantum corrections (originally addressed in reference [3]) is compli-
cated by the presence of many degrees of freedom with different spin, and by the approximate
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scale invariance of the theory at high-energy scales, relevant for the tunnelling process in the
standard model.

In the second part of this work, we will review several aspects of the calculation of the elec-
troweak vacuum lifetime. In particular, we will carefully discuss the role of approximate scale
invariance for the determination of the standard model bounce, which selects energy scales of
order 10'7 GeV. Since the latter is very close to the Planck scale, it is a legitimate question
to ask whether gravitational effects can become relevant in this regime. After addressing the
ultraviolet sensitivity of the standard model vacuum decay rate [4], we will take gravitational
effects into account within the formalism of Coleman and De Luccia [5], arguing that as long
as gravity can be treated as an effective field theory in a perturbative regime [6], the standard
model calculation does not get drastically affected.

The review is organized as follows: in section 2 we introduce the phenomenon of quantum
tunnelling in quantum mechanics with some explicit examples. We then generalize this for-
malism to the case of quantum mechanics with many degrees of freedom, thus providing the
tools required for dealing with tunnelling in quantum field theory, which is the main subject of
section 3. Section 4 is devoted to a review of effective potential methods, a necessary step in
order to introduce the problem of the instability of the Higgs potential in the standard model.
The calculation of the standard model vacuum decay rate is illustrated in section 5, together
with the construction on the so-called standard model phase diagram and the possible impact
of non-standard physics. Section 6 is devoted to the study of gravitational corrections to the
standard model vacuum decay rate.

Some technical issues are collected in the appendices, mainly with the purpose of casting
well-known results in the notations adopted in the text, for the ease of the reader. Appendix A.1
is a simple review of the semi-classical approximation in ordinary quantum mechanics, which
is applied in the following appendix A.2 to the calculation of the lowest-level energy splitting
for a symmetric double-well potential. This is a simple exercise in quantum mechanics, which
is included here for the purpose of comparison with the analogous calculation by path-integral
methods presented in the text. Small differences between the two results are discussed. The
Maupertuis principle is reviewed in appendix A.3, while appendix A.4 describes briefly Leg-
endre transformations. Appendix A.5 contains a derivation of the Fubini—Lipatov bounce. In
appendix A.6 we describe the techniques employed to obtain bounce solutions by numerical
methods. Finally, the derivation of the gravitational field equations for a scalar field minimally
coupled to gravity is described in appendix A.7.

2. Tunnelling in quantum mechanics

In this section we review the phenomenon of tunnelling through barriers due to quantum fluc-
tuations. We will start from ordinary quantum mechanics in one space dimension, extend the
results to the case of many degrees of freedom, and finally generalize to quantum field theory.
We will follow closely the work by Coleman and collaborators [1, 2]. See also reference [7]
for a comprehensive review.

2.1. Tunnelling in one dimension

Tunnelling is a typical phenomenon of quantum mechanics. The simplest example is the case
of a beam of particles (or a wave packet) moving in one space dimension towards a poten-
tial energy barrier U(x) whose maximum value is larger than the particle energy: in quantum
mechanics the particles of the beam have a non-zero probability of being transmitted beyond
the potential barrier, contrary to what happens in classical mechanics. The relevant quantity to
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be computed is the transmission coefficient, defined as the ratio between the transmitted flux
and the incident flux.

If the potential barrier is sufficiently high and broad, the transmission coefficient is con-
veniently computed within the semi-classical or Wentzel-Kramers—Brillouin (WKB) approx-
imation, which is reviewed in some detail in appendix A.l. It turns out that, in the leading
semi-classical approximation, the transmission coefficient 7 through a potential barrier is
given by [8]

b b
T =Are ?, B= %/ [p(x)|dx = %/ v/ 2m[U(x) — E]dx, 2.1

where E is the energy of the incident particles, and a,b are the classical turning points,
U(a) = U(b) = E. The overall factor Ay is not fixed in the leading semi-classical
approximation.

The result equation (2.1) can also be used to estimate the decay probability per unit time
v of a metastable state, which is the case of interest to us. Indeed, if the barrier separates
a local minimum of the potential energy from a deeper minimum, then the probability per
unit time v that the particle, initially localized around the local minimum with energy E,
the fundamental level of the local minimum, penetrates the barrier, is proportional to 7. The
exact proportionality coefficient cannot be computed within the lowest-order semi-classical
approximation. However, it must be proportional to the number N of times the particle hits
the barrier per unit time. Approximating the initial state as an oscillatory state with frequency

w = E—;, we have simply N = ﬁ = %, where t; is the classical period of the oscillation. Hence
(9]

vy~ —=Ae B (2.2)

It is customary to define a decay width
I = ny, (2.3)

with the dimension of an energy, whose physical meaning will be clear in a moment.

Finally, we note that, if the particle has a probability per unit time 7y to escape from the local
minimum, then the probability P() to find it in the vicinity of the local minimum decreases in
time according to

dP(r)
L — _~P 2.4
ar yP(1), (2.4)
which has the solution
P(1) = P(O)e ™" = P(0)e 7. (2.5)

This suggests that we may interpret the unstable state as an approximate stationary state with
complex energy eigenvalue:

r
E=E—iy, (2.6)

so that the corresponding wave function evolves in time according to

W(x, 1) = Ye " Fe b, 27

consistently with equation (2.5).
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Figure 1. Left panel: double-well potential with two symmetric minima in £a. Right
panel: the same potential after the change of sign.

2.2. The double-well potential

A typical application of the semi-classical approximation method is the calculation of the split-
ting between the two lowest energy eigenvalues of a one-dimensional Hamiltonian whose
potential energy has two degenerate minima, such as the one sketched in the left panel of
figure 1. The standard calculation can be found for example in reference [8], and it is reviewed
in appendix A.2.

For our present purposes, it will prove useful to obtain the result of appendix A.2 in the
context of the path integral formulation of quantum mechanics. In the case of one-dimensional
ordinary quantum mechanics the path integral calculation turns out to be much more lengthy
and complicated, but it has the advantage that it can be generalized to quantum field theory
beyond the leading semi-classical approximation.

We will assume that the potential energy U(x) has two degenerate minima at x = +a, and
that U”(+a) = mw?, where m is the mass of the particle and w a real constant. An explicit
example of such a potential is

mwz

Ux) = — (x> —a*). (2.8)
8a?
It will often be useful to refer to the specific example in equation (2.8), for which analytic
calculations are possible. Our final result, however, applies to a more general class of one-
dimensional potential energies with a symmetric double well. In particular, we will keep Uy =
U(=+a) different from zero.
The first step is switching to imaginary time, r = iT. The Lagrange function reads

L(x, %) = —%mjcz — Ux), (2.9)

where x is the position of the particle,

dx(7)
dr

(2.10)
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and the conjugate momentum to the coordinate x is

Lix.i
_ oy Q.11
o0x
so that the Hamiltonian reads
1
H(x,p) = px — L(x,%) = —Em)'c2 + U(x). (2.12)

This is called the Euclidean Hamiltonian, because the Minkowski space with imaginary time
has a Euclidean metric (this is a slight abuse of language: the Minkowski space—time is not
relevant here, since we are in a non-relativistic context).

We consider the probability amplitudes for the particle to start at x = —a at 7 = —% and
end up at either x = +aorx = —gat7 = L:
HT
Z(T) = (tale" 7| —a), (2.13)

where | = a) are position eigenstates with eigenvalues +a. Inserting a complete set |n) of
energy eigenstates

H|n) = E,|n) (2.14)

we get

Z.(T) = Ze " (+aln)(n| — a. (2.15)

If the potential barrier between the two minima is sufficiently high and broad, the two lowest
levels Ej, E, differ from the lowest level in the absence of tunnelling, Ey = h—z‘“ + Uy, by an
amount which is much smaller than the separation of Ej, from higher levels, of order iiw. Hence,
in the large-T limit, the sum in equation (2.15) is dominated by the two lowest eigenstates:

Z(T)=e F (—a|1)(1] —a) + e F (—a2)(2| — a) (2.16)

ZoT) = e F (+a){(1| —a) + e 3 (+a2)(2| — a), 2.17)

up to terms that vanish more rapidly as 7 — oo. Furthermore, the wave functions of states |1)
and |2) in the position representation are even and odd, respectively; thus

(+all) = (—a|l);  (+al2) = —(—al2). (2.18)
Finally,
(1] +a)|* = (2| + a)*. (2.19)

Asa consequence,

Z.(T) = |<1\a>|2(e*ElTT +e*%r) (2.20)
2.1y = [(1a)P (e — e F) (2.21)
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and therefore, for large 7,

Z(T)—Z(T)  _&spr

PRt Rl S (2.22)
or

E—E = —h lim L log 22D =2+(D (2.23)

~ Jog 2D = 4+
e T 28 Z.(T) + Z,(T)

Equation (2.23) allows us to compute the energy splitting between the two lowest energy levels,
provided the amplitudes Z. (T') can be computed in an independent way.

The path integral formalism provides such an independent calculation. Indeed, by standard
path integral arguments it can be shown that

S[x]

2.(T) = / dxle W, (2.24)

where [dx] is a functional measure, to be defined accurately below, over all paths x(7) with

T T
x(—§> = —a; x<§> = *a, (2.25)

and S[x] is the Euclidean action of the path:

T T
S[x] = — / S dr Lix, &) = / Cdr [lmxz + U(x)]. (2.26)

-I -7 2
Let us now assume that S[x] has a stationary point, i.e. a path X¥(7) such that S[x] is finite and
stationary upon deformations around X(7). In this case, the path integral in equation (2.24)
can be computed by means of a generalization of the saddle-point approximation technique.
This is motivated by the observation that the exponent in the integrand of equation (2.24) is
weighted by a factor of %, which is large in the semi-classical limit # — O; the contributions
to the integral from field configurations far from the minimum configurations are therefore
exponentially suppressed in this limit.

In the leading saddle-point approximation, the functional integral is simply given by the
value of the integrand computed in correspondence of the path which minimizes S[x], that
is, a solution of the classical equations of motions. The next-to-leading correction involves
a calculation of the first non-trivial fluctuations of the exponent around the stationary point;
for this reason we need the idea of a functional Taylor expansion, and therefore of functional
differentiation. Functional derivatives are defined by

ox(7)
ox(t")

=8 — 7)), (2.27)

together with the usual rules of differentiations of sums and products of ordinary functions.
We find

oSl [F [ dx d - :
5x(7) —/_ng [de, @(5(T—T)+U(x)(5(7'—7')

= —mx(7) + U'(x(7)), (2.28)
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where we have used

/ d f(O). (2.29)
I
2
The second functional derivative of the action is given by
528[x] d
e _5 _ ! UN 5 _ !
ox(7)ox(T) " dr2 (=) + U ®(T = 7)
d2
= { me— + U"(x)] 8 —7)=8"[x16(r — 7). (2.30)

We now take the functional Taylor expansion of S[x] in the vicinity of a solution X(7) of the
classical equation of motion:

0S[x]

e i —mx+U'® =0 2.31)

with the boundary conditions equation (2.25). We find

S[x] = S[x] + /

= S[x] + % / dr ox(1)S"[®16x(T) + O((5x)%), (2.32)

dr / TdT' Sx(1)S"[xX16(r — 7)ox(7") + O((6x)*)

NN w\\;

where dx(7) = x(1) — X(7).
As in the case of a finite-dimensional Gaussian integral, it is convenient to introduce a set
of eigenfunctions of S"[X]:

2

d
S"[X () = { mizt U”(x)] Un(T) = M¥hn(T), (2.33)

which can be taken to be orthogonal and normalized:
T
2 T
/ TdT %(7')%1(7') = Oum; wn (i 2) =0. (2.34)
-z
A generic path can be parametrized as

X(r) =X(1) + Y _cntha(7). (2.35)

The integration over all possible paths is therefore identified with an integration over all pos-
sible values of the coefficients c,. This suggests that the functional measure [dx] be defined by

de,
=N H N (2.36)

The factors of % and the overall factor N have been introduced for later convenience. The
expansion of S[x] around X to second order, equation (2.32), takes the form

S[x] = S[x] + Z)\ 2+ 0@, (2.37)
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and the path integral equation (2.24) can be computed as an infinite product of Gaussian
integrals:

(1) = Ne——H F / de e~ Hive

- H \/_ (2.38)

(the dependence of the rhs of equation (2.38) on the + sign in the lhs is hidden in the boundary
values of the stationary path X and in the eigenvalues )\,). We now formally define the deter-
minant of an operator on a space of functions, denoted by the symbol Det, as the product of its
eigenvalues:

Det S"[X] = HA,,, (2.39)

so that, at least formally,

Z.(T) = (2.40)

o~
v/Det S”[x]
A few comments are in order.

e The result equation (2.40) holds provided all eigenvalues A, are strictly positive. We will
see that this is not the case in some relevant situations, including the present one. We will
show later in this section how to deal with this difficulty.

e The determinant in equation (2.40) is divergent, since it is the infinite product of positive
and growing numbers. This infinity is usually absorbed by a suitable definition of the
constant NN in the functional integration measure. However, we shall not need an explicit
expression of N, because it cancels in the calculation of the splitting between the two
lowest energy eigenvalues.

e If there are more paths which minimize the Euclidean action, x,(7),n = 0, 1, . . ., the path
integral receives one contribution equation (2.40) from each of them:

1 _ Slxal
Z.(T) :sze " (2.41)

In order to complete the calculation of the energy splitting £, — E; from equation (2.23),
we must therefore (i) find all the minimum paths for the Euclidean action, and (ii) learn how
to compute determinants of operators on spaces of functions. Both steps are not trivial, and we
will carefully go through the details.

2.2.1. Stationary paths. We first address the problem of finding all paths X(7) which mini-
mize the Euclidean action. In order to help intuition, it is useful to view equation (2.31) as the
equation of motion of a particle under the effect of the potential —U(x) in real time (see the
right panel of figure 1).

As far as Z_(T) is concerned, for which x(7/2) = —a, one solution is obviously

X(1) = xo(T) = —a (2.42)

10
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for all times 7. We have
2

d
Slxol = UoT;  S"[xo]l = —m — + mw?, (2.43)
dr?
and the corresponding contribution to the path integral is
N SLxol
I[x)] = ————e 7 . 2.44
ol = et ol (2.44)

The action S[xo] vanishes if we set the zero of the potential at x = £a, as in the case of
equation (2.8). This is the choice adopted in figure 1 and in appendix A.2. For the time being
we keep however Uy # 0 for greater generality. Note that in this case S[x¢] = UyT'is only finite
for finite 7.

In the case x(T/2) = +a, the particle starts from x = —a attime 7 = —T/2 with zero veloc-
ity, and reaches x = g attime 7 = T/2. This solution, which we will denote by x;(7), is usually
called an instanton. The explicit form of x;(7) depends on the shape of the potential energy
U(x), but its main features follow from general considerations.

(a) Because U(x) is an even function, and the equation of motion is time-reversal invariant,
we have x;(—7) = —x;(7), and therefore x(0) = 0.
(b) From energy conservation,

1
_me% +U(x)) = Uy (2.45)

dxi (1)  [2[U(x1) — U]
o =/ o , (2.46)

where we have selected the positive sign because x;(7) is an increasing function of 7.
Equation (2.46) implies that the particle spends most of the time close to either the
initial position x = —a or the final position x = a; the transition between these two
values occurs within a short time interval of order 1/w (the instanton size) around
7 = 0 (the instanton centre).

(c) When T — +o0, the instanton centre can be located anywhere; hence, in this limit we must
consider all solutions x;(7 — 71) with —% <7< g The one-instanton contribution is
obtained by summing over all possible locations of the instanton center, i.e. by integrating
over 7 in this range:

we get

T/2 Skl N S[xq]

N
dn——2 o= N 1. 47
L /Det STl VDet 5x,] ¢ 247

(d) Using again equation (2.45), we find that the instanton action S[x; ] can be expressed either
in terms of the potential energy:

I[x1] =

T/2
S[X]] = / dTZU(X]) — U()T
-T/2
T/2

:/ dr2[U(xy) — Uol + UoT
)

= /adx 2m[U(x) — Uy] + S[xo], (2.48)
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or in terms of the kinetic energy:

T/2

S[xi] = / dr mit + S[xol. (2.49)
-T/2

Both expressions will prove useful. Note that S[x(] (and therefore S[x;]) is only finite for

finite values of T, while the difference S[x;] — S[x¢] is finite even in the limit 7 — +oc.

We can check the above features of the instanton solution in the case of the potential
equation (2.8). In this case, equation (2.46) can be integrated analytically:

T — 1

ewr+1'

xi(t)=a (2.50)
In this explicit example, x; (7) is close =a for || larger than a few times L; indeed x| (4 /w) ~
+0.96a. Hence, as anticipated, x;(7) differs sizeably from 4« only in an interval —§ < 7 < 4,
with § of order a few times w ™. Furthermore, the instanton action can be computed analytically
in this case. Using equation (2.48) and S[x¢] = 0 we find

B 2ma’w

S[m]z%/adx(az—ﬁ)— 3 (2.51)

As anticipated, in the limit 7 — oo the operator S”[x;] has a zero mode, that is, an
eigenfunction with zero eigenvalue:

voir) = ¢ 210, (2.52)
T
where
1
r 2772
2 dxi(7) m
C = dr | —= =/ 2.53
/g " Tar ] Stxi] = Slxol 29
by equation (2.49). Indeed,
d? dx; d .
[—m a2t U”(xl)] ar  dr [—mi; + U'(x)] =0 (2.54)

by the equation of motion. The presence of a zero mode implies that the integration over the
corresponding coefficient ¢ leads to an infinity. Luckily, we do not need to perform this integra-
tion, because an infinitesimal change in ¢ is equivalent to an infinitesimal shift in the instanton
centre 71:

dx(7) m dx;

_ _ . m 9 2.55
S R VI oy o e e
dx(7) dx dx,

_dx dy 2.
o e . (2.56)

or equivalently

deo _ _ [Sbal=Skxol ;- (2.57)

Nz 2hm

12
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Since we have already performed an integration over the instanton centre 7, we may simply
omit the integration over ¢y, which amounts to omitting the zero eigenvalue in the determinant,

and multiply the result with the jacobin factor 4/ %:

N ST — S[xol . st Stay1-Stg)
_ Te T = Ilxo)KTe — 7%, (2.58
V/Det’ S"x1] 2ehm ¢ LxolKTe (2.58)

I[x1]
where I[x] is given in equation (2.44), we have defined

‘o w[xl]—S[xo] Det S"[xo]
n 2mwhm Det’ §"[x]

(2.59)

and Det’ stands for a determinant with the zero eigenvalue removed.
More approximate solutions of the equation of motion can be built out of the following
observation. Given an instanton solution x;(7), then, by time reversal invariance,

x1(—=71) = —x1(7) (2.60)

is also a solution, with boundary conditions interchanged, and the same action as the instan-
ton. This is called an anti-instanton. It follows that any sequence of an even [odd] number n
of alternate instanton and anti-instanton solutions contributes to the saddle-point estimate of
Z_(T) [Z+(T)]. We denote these solutions by x,,(7).

In order to compute S[x,] we observe that, as in the single-instanton case, we may use
energy conservation to obtain

T/2

S[x,] = / dr mi2 + S[xo]. (2.61)
-7/2

The function x,(7) is approximately equal to a almost everywhere in time, except for n

small intervals, of order 1 /w in size, where it behaves as the single instanton or anti-instanton

solutions. We may therefore approximate it by

(1) = xo + Y (=i (7 — 7)) — xoll, (2.62)
k=1
which gives
n 2 n
i = [Z (— 1) (r — Tk)] ~ > i (T - ), (2.63)
k=1 k=1

where in the last step we have used the fact that x;(7 — 7;) is approximately constant for 7 far
from 7. Hence, in the large-T limit,

S[xa] = n(S[x1] — Slxol) + Slxol, (2.64)

and

I =e 7 (6775"‘”#"“")" / [dx]

1 T/2 ,
X exp _E/_ /szx(T)S [x.]x(T)]. (2.65)

T
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In order to compute the functional integral, we observe that §”[x,] is approximately given
by

S"x1(1 — )] Th—0<T<T+6
S"[x,] =~ (2.66)
S"[x0] elsewhere,
where k=1,...,n and § ~ w~!. This is a consequence of the fact that x,(7) is a multi-

instanton solution in which the different instantons and anti-instantons are well separated from
each other (this is usually called a dilute instanton gas; the validity of this assumption must be
verified, which we will do in a moment).

Let us now denote by [dx]; the functional integration measure over paths x(7) that are siz-
ably different from zero only in the range 74, — § < 7 < 74 + 6, where 74,k = 1,...,n are the
centres of the n instantons and anti-instantons. Using the approximation equation (2.66) we

obtain
1 /72
/[dx] exp [—/ dr X(T)S/l[xn]x(T)]
2) 1p

~ / [dx] exp [_E / / dr x(T)S”[xo]x(T)]
—-T/2

§ ﬁ [ [dx]k exp[ o T/sz x(7)S"[x1 (T — Tk)]x(T)]

e [l exp| =L [ dr xS o Dla(r)|

(2.67)

The ratio under the product sign is in fact independent of k. Hence

n [ [dx] exp[ 2f T/sz x(T)S"[x1(T — Tk)]x(T)}

[1 7

=1 J [dx]x exp[ N 7247 X(T)SN[X()]X(T)}

—f [dx]x exp[ 2fTﬁsz x(7)S"[x1 (T — Tk)]x(T)}

J [dx]k exp[ n Tﬁzdr x(1)8" [XO]X(T)}

[ [1dx] exp| =4 [777,dr xS (7 = 7))
Jldx exp[ 2f T/ZdT x(T)SN[XO]X(T)}

(2.68)

In the last step the functional integrals have been extended to all paths, not restricted by the
condition of being different from zero only around 7. This is allowed in the ratio, because
S"[x1(t — 7)) and S”[xo] essentially coincide for 7 not too close to 7. Hence, leaving aside
for the moment the problem of the zero mode of §”[x;], we find

T/2 . N
/ [dx] exp [— / dr x(r)S [Xn]x“)] = V/Det 5Txo]

Det S"[x0] |
Det S"[x1]

(2.69)

14
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To complete the calculation of the n-instanton contribution, we must remove the zero
eigenvalue from each factor of det S”[x;], include n jacobian factors

S[x1] = S[xo]

2.
2mhm 2.70)

and integrate over all possible locations 71, . . ., 7, of the instanton centres. This yields a factor

of
— T/2 T/2 T/2
S[Xl] S[xo] / dTl/ dnm ... / dr,
- 2mhm T/2 7| 7

n—1

T o (2.71)

:l S[xl]—S[xo]]"T"

So finally

N K'"T"  n@Six1-Sixgh  Sixgl
e gz e
vDet §"[xg] n!

Slxp1=Slxgl j| n
T

I[x,] =

ol [KTe (2.72)
with K defined in equation (2.59). Note that our previous results equations (2.44) and (2.58)
are recovered for n = 0, | respectively.

We are now in a position to check the validity of the dilute instanton gas assumption. When
all contributions /[x, ] are summed up, the dominant contribution to the sum comes from values
of n for which

1 _ Slxp1-Slxgl " 1 ~ SLxq 1Skl 77!
- [KTe el [KTe S (2.73)
n! (n—1)!
or
Slxq11-S[xg]
% ~Ke o h v (2.74)

We see that the instanton density 7 for the relevant contributions is exponentially suppressed,
as long as S[x;] — S[xo] > h, which is the condition of validity of the semi-classical approxi-
mation (we will be able to check this statement in the explicit example of equation (2.8) after
computing K). This is an a posteriori confirmation of the reliability of our assumption that
instantons and anti-instantons are well separated from each other in the relevant multi-instanton
configurations.

2.2.2. Functional determinants. 'We now turn to the calculation of the ratio

Det S"[x0]

2.
Det’ §"[x1] @75)

which appears in the definition of K, equation (2.59). The procedure is illustrated in reference
[10]; we will reproduce here the argument presented there, including some details which are
omitted in reference [10]. We first show how to compute the ratio

Det 0,
Det O, ’

(2.76)
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where

2

0= —m——
" ar

+ Wi(r);, i=12 (2.77)

and W;(7) are arbitrary functions of 7 in the range —7/2 < 7 < T/2. Then, we remove the
contribution of the minimum eigenvalue, which is different from zero as long as T is kept
finite, from the denominator of equation (2.76). Finally, we take the limit 7 — +-oc0.

Let us consider solutions ngf)(T) of the Cauchy problem
0 (1) = A (7) (2.78)
0 (_g) _0 (2.79)
0 (_g) _ L (2.80)

The important point here is that the function qﬁ&i)(T), which certainly exists, because it is the
unique solution to the Cauchy problem equations (2.78), (2.79) and (2.80), is not necessarily
an eigenvector of O;, because d)&i)(T /2) is in general different from zero. Also note that ¢E\i)(T)
is not, in general, normalized to one.

We now define

Det (0 — \)_ A
Det (0; — \)’ 6 =

)

o

3

The function F()\) has a simple zero whenever ) is an eigenvalue A" of Oy, and a simple pole

whenever \ is an eigenvalue A’ of O,. The function G()\) has exactly the same poles and
zeros. By Liouville’s theorem, the ratio % is therefore a constant. Since both F(\) and G(\)

tend to 1 as A — oo in any direction except the real axis, where both functions have simple
poles, the constant is equal to one. Hence

FO\) = (2.81)

DN

F(\) = G(\) (2.82)

in the whole complex plane A. In particular, for A — 0,

Det 0, _ (%)
= &y (2.83)
Det 0> ¢57(3)
which is the desired result.
‘We are interested in the case
d? d?
0, = 5"[x0] = —m— + mw? 0, =5"[x1] = —m—— + U(x)). (2.84)
dr dr

16
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We need the solutions of the Cauchy problems

2 .
(—mddT2 +mw2>¢0(7') - %(—Z) 0, %(—Z) y

(2.85)
& T (T
<—m@ + U"(M))%(T) =0; Yo <—§> =0; 1/1()(—5) =1.
(2.86)
The solution of equation (2.85) is easily found:
w(t+T/2) _ ,—w(t+T/2) 1 T
do(r) = © ¢ — S sinhw(r+o ). (2.87)
2w w 2
Equation (2.86) requires some work. We have
Yo(1) = 1 f(7) + c28(7), (2.88)

where f(7) and g(7) are two independent solutions with constant Wronskian determinant w(7).
We may normalize them so that

w(r) = f(Ni(r) - fn)gr) = 1. (2.89)

The initial conditions

o <_§> = le<—§> +028<—§> =0 (2.90)
o <_§> = C1f<—§> +623<—§> =1 29D

give

P (—g) - f(—g) (2.92)

with the choice equation (2.89). Since we are interested in 1),(7/2) for large T, we only need the
asymptotic behaviours of f(7) and g(7). We already know that f(7) = x;(7). The asymptotic
behaviour of f(7) can be obtained from equation (2.46) and from the observation that x; — a
for 7 — +oc. In this limit

di(m) _ E[U(xl) — Uyl ~ —w(x; —a) for 7 — +oo (2.93)
dr m

which gives, in the same limit,

a—x1(1T) ~ae T, f(1) = x1(7) =~ wae ™7, (2.94)

17
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where a is a positive constant, which is determined as follows. We have
/m (M dx
T=4/= —_— (2.95)
2 /0 VUX) — Uy
from equation (2.46), and
1 € 2
T=——log - + 0(e) (2.96)
w a

from equation (2.94), where ¢ = a — x;. Equating equations (2.95) and (2.96) we get

a—e€ dx
a = li R 2.
a 51_%16 exp {mw/o AU —Tal (2.97)

The integral in the exponent in equation (2.97) is logarithmically divergent as e — 0, due to
the behaviour of the integrand at the upper integration bound:

U(x) — Uy = %mwz(x —a)’ + O((x — a))). (2.98)

We have

a-e dx
’””/o V2O — Uyl
:/“_‘dx{ mw 1 ]+/“_‘ dx
0 2mlU(x) — Up] a—x 0 a—x

ae mw 1 a
:/0 dx [ TR - —x] + log = (2.99)

and the integral is now convergent as € — 0. Therefore

. “ mw 1
a = a exp /0 dx [ U0 — Ul o x} (2.100)

In the case of the potential in equation (2.8) we find

V2mUG) — Us] = %(a2 — ) a=2a (2.101)

The asymptotic behaviour of g(7) can now be obtained from equation (2.89), which can be
rewritten

d g(1) 1
R . 2.102
ar f(r) 1) (2102
The solution for 7 — +o0 is
1 wT
g(r) = me for 7 — 4-o00. (2.103)

18



J. Phys. G: Nucl. Part. Phys. 49 (2022) 103001 Topical Review

Hence, in the large-T limit,

of2) A A0

1 [ _wr wr W Wl 1
——[e Lo 4 e%e z}:—. (2.104)
2w w
Using equation (2.87) we finally obtain
Det S" I
et "ol _ ¢0(5) _ oo (2.105)

Det 8"[x1]  ¢o(5)

The next step is the removal of the smallest eigenvalue from the denominator of
equation (2.105). To this purpose, we consider the differential equation

. T . T
—mPA(7) + U'@)YAT) = Mha(T); - ¥y (—2> =0; ¥y (—2> =1

(2.106)
and we take A to be small, because we know that the smallest eigenvalue is zero for large T:
YA(T) = Po(T) + An(T) + O(O?). (2.107)
Replacing in equation (2.106) and expanding to first order in A we get

T
_mii(r) + U Gen(e) = dho(r: n(—) - 7'7(—) —0. 1)

This differential equation can be turned into an integral equation
) =—— / dr” / dr' [¢o(r') = U"(xnn(r)]

T

2

Ly (1 =) [tho(r') = U"(xen)n(7h)] (2.109)

T

2

and solved by iteration. The result has the form

n(r) = / ar k(, 7" )po(7") (2.110)

N

where the kernel k(7, 7’) is a solution of

d2 1 / d / 1
—m—— +U'(x) |k(7,7) = 0;  k(T,7) =0; | —k(7,7) =——,
dr? dr e m
@2.111)

as one can check directly by replacing equation (2.110) in equation (2.108). Hence, k(7, 7’) is
a linear combination of f(7) and g(7) with 7'-dependent coefficients. We find

1
k.7 = [f(g(r) — g(Mf ()], (2.112)
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which obeys the relevant initial conditions thanks to the choice equation (2.89). So finally

A T
Ua(m) = tho(n) + / TdT’ [f(Dg(r) = g(Mf (] () + 0. (2.113)

The smallest eigenvalue is determined by the condition ¢, (T/2) = 0, which gives

1 z
1,2 / ar’ [f(z)gw’) - g<z)f(7’)] ol = 0, 2.114)
w mj_1 2 2

where we have used equation (2.104). For large T the integrand reads

1(3 e =3 )| |-e (-3 s+ 5 (-3 e

~ {w&e_TTg(T’) - — 2e_TTf(T’)] [ _ 2e_TTf(T/) + w&e_TTg(T’)}
2aw 2aw
1 )
~ - F2re T, (2.115)
and therefore in this limit equation (2.114) becomes
T
A1 2 A1 pSExal = Slxol
- — T dn ) =1 - — W= 2 =, 2.116
e 4a2° /% T M) ma? 42 S m ( )

where we have used equation (2.52). Thus

52,2 3
_ damw T

= 2.117
STl — Stxol¢ @117)

Observe that the smallest eigenvalue tends to 0 as 7 — oo, as expected. We conclude that

Det §” Det S 4a’m?w?’
ct 5wl _ \Det vl _4amw”  or gonr, (2.118)
Det’ S"[x1] Det S”[x1]  S[xi] — S[xo]
which is finite and T independent as 7 — +oc:
D tsl/ 2A2 2,3
e [xo] a-m-w 2.119)

im = .
To+oo Det’ S"[x1]  S[xi] — S[xo]

2.2.3. Energy splitting of the lowest energy levels. Collecting all our results, we find

2.0 =Yt = Ml Y o (KTe )

SLxq 1=Slxg]
— ITxo] cosh (KTe— g ) (2.120)
1 Sl 1-Slxgl \ *
Zu() =Y Ml = Mxl Y (KTe )
nodd noddn'
)  S[xy1-Skx]
— I[xo] smh(KTe S ) (2.121)
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where

S[x1] — S[xo] [/ Det S"[x0] R mw
K = =awq [ —. 2.122
\/ 2mwhm Det’ §"[x] aw mh ( )

The energy splitting £, — E| is given by equation (2.23), which reads

S[xq11-S[xp]
E, — E, :hw{Z&,/% Y (2.123)
Vs

S[x1] — S[xo] = /adx v/ 2m[U(x) — Up]. (2.124)

where

Note that the result is independent of the constant NV, which appears in the functional integration
measure, and of Det S”[xo], because the factors of I[xy], cancel in the ratio.

Recalling the expression equation (2.74) for the instanton density in the dominant multi-
instanton solutions, and the expression equation (2.51) for the instanton action, we obtain, in
the case of the potential equation (2.8),

n ma*w 2ma’w
n_, - 2.12
7~V exP( 3% ) (2.125)

which is exponentially small for ma®w >> h, thus justifying the use of the dilute instanton gas
approximation.

2.3. Decay of a metastable state

Although admittedly cumbersome, the procedure described in the previous subsection lends
itself to an extension to the case of the decay probability per unit time of an unstable state.
Let us consider a one-dimensional potential energy U(x) with a narrow local minimum in
x = a, with U(a) = Uy and U"(a) = mw?, separated from a lower, much broader minimum by
a potential barrier. An example of such a potential is sketched in the left panel of figure 2. As in
the case of the double potential well, if the barrier were infinitely broad and high, there would
be two distinct sets of energy eigenstates. When tunnelling is taken into account, we expect
the eigenstates of the potential well with a local minimum in x = a to become unstable, or
equivalently, the energy eigenvalues to acquire an imaginary part. We shall see that the path
integral formulation of the problem confirms this expectation, and also allows us to compute
the imaginary part of the lowest eigenvalue, which is related to the decay probability per unit
time of the metastable ground state.
The calculation is essentially the same as in the case of the double well, with a few
modifications. We consider the amplitude
Z(T) = (ale™ T |a) = > e H [(alm) . (2.126)

n

where |n) is a complete set of eigenstates of the Hamiltonian with tunnelling neglected. We
expect Ey, the energy of the lowest-lying metastable state, to acquire a negative imaginary part
when tunnelling is turned on:

r
ImEy =~ (2.127)
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= B
S i

Figure 2. Left panel: potential of a metastable state. Right panel: the same potential after
the change of sign.

related to the decay probability v of the metastable ground state per unit time by I' = 7y.
The contribution to the amplitude equation (2.126) of the state with minimum real part of
E, is isolated by taking the limit 7 — +o0. We find

.1 ) - .1
Ey = —7‘1Tl>1JrrnoO T log Z(T); v =2Im rﬁ‘inoc T log Z(T). (2.128)
As in the previous case, the amplitude Z(7) is given by

Z(T) = /[dx] e, (2.129)

and the functional integral can be computed by the saddle-point technique.

We therefore look for stationary points of the action, i.e. solutions X(7) of the classi-
cal equation of motion, with X(—7/2) = X(T/2) = a. One of them is the constant solution
Xxo(7) = a. Other solutions with the same boundary conditions are sequences of the so-called
bounce solution, namely, a solution x,(7) which starts at x = a in the remote Euclidean
past 7 = —T/2 with zero velocity, reaches the point x = b beyond the potential barrier with
U(b) = U(a) at time 7 = 0, and bounces off to reach again x = a at 7 = T/2. The path integral
is given by the sum of saddle-point contributions around all multibounce solutions, sequences
of n bounces located at different instants, this time with no constraints on the parity of n, inte-
grated over all possible locations of the n bounces, in analogy to the case of the double potential
well.

The details of the bounce solution obviously depend on the specific form of the potential
energy U(x); however, as in the case of the instanton, its general features are independent of
the details. As in the case of the double-well, the behaviour of the bounce solution is better
understood if the Euclidean equation of motion

d*x

i U'(x) (2.130)
is viewed as the real-time equation of motion n a potential —U(x) (see right panel of figure 2),
which has therefore a maximum at x = a and a well fora < x < b.
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(a) The bounce x;(7) actually equals a only in the limit 7 — —oo. Indeed, since the bounce
energy is U(a), in the vicinity of x = a we have

% = /w ~ w(x, — a) (2.131)
dr m

with the solution
xp(7) = a+ Ce"", (2.132)

which approaches a at 7 — —o0.
(b) For the same reason, the bounce has zero velocity at time 7 = 0, when it reaches the point
x = b, where the potential energy has another zero:
dxp(7)

_ UG - U@]
ar |,V . =0. (2.133)

(c) In the limit 7 — +oo0, the bounce can reach x = b at any time 7;. An integration over
all possible values of 7, is therefore necessary, in analogy with the integration over all
possible instanton centres in the previous case.

Using the results of the previous section, we get

N Slxql < KT n(Slxp1—Slxg )
Z(T) = ————¢ 7 A
D= bet 5l ; nt
N NEM Slxp]—Sixgl
= ——=————¢ 7 exp|KTe = 7 2.134
/et S"xol xp|KTe 2.134)

We now turn to a careful evaluation of K. A naive expectation would be an expression
like equation (2.122), with the instanton solution x;(7) replaced by the bounce x,(7). There is
however an important difference: because the bounce has zero velocity at 7 = 0, the zero mode
i,(7) has a node, and therefore cannot be the eigenvector of S”[x;] with smallest eigenvalue
(the eigenvalue equation for $”[x;] is formally the same as a time-independent Schrédinger
equation in one dimension, and we can rely on well known results in that context). This in turn
implies that S”[x;] has an eigenvector with negative eigenvalue, and therefore its determinant
(with the zero eigenvalue removed) is negative. This is expected, because as a consequence
K is purely imaginary, as appropriate for a metastable state. The contribution of the negative
mode to the Gaussian integral, however, requires some care.

Let us investigate in some more detail the origin of the negative eigenvalue of S”[x;]. The
presence of a negative eigenvalue means that x, is not a minimum of the Euclidean action in
the space of paths, but rather a saddle point: there is a direction in the space of configurations
along which the action S[x] has a maximum at x(7) = x;(7). It is not difficult to identify this
direction. Let us consider the value of the Euclidean action in correspondence of the sequence
of paths x(7) with x(+00) = a and a maximum at 7 = 0, and let us parametrise them by their
value at the maximum, ¢ = x(0). Members of this family are the constant solution, x¢(7) = a,
for which ¢ = a, and the bounce, for which ¢ = b (we assume b > a for definiteness). Other
values of ¢ correspond to paths that either go back to x = a without reaching the classically
allowed region beyond the barrier (those with ¢ < b) or go beyond the turning point, ¢ > b.
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The Euclidean action, restricted to this family of paths, is an ordinary function S(c) of c. We
have

S(a) = S[xo] = U(@)T, (2.135)

which is a local minimum, because increasing ¢ with respect to a increases both terms in the
action. The action increases monotonically until ¢ = b (the bounce) is reached; in ¢ = b the
action has a stationary point,

dS(c)
de |,

=0, (2.136)

because the bounce is another solution of the equation of motion. If we now increase ¢ fur-
ther, the action starts decreasing down to —oo, because the path spends more and more time in
the region where U(x) < U(a). Hence, the path with ¢ = b (the bounce) must be a maximum,
because there is no other stationary point. We conclude that the bounce is a minimum config-
uration among those paths which turn back at x = b, but a maximum in the direction of paths
which turn back at different values (either larger or smaller than b). This clarifies the origin of
the negative mode.

Since, however, the action goes to —oo as ¢ increases beyond ¢ = b, the contribution of this
direction to the Gaussian integral is divergent. It must be defined by an analytic continuation
from the case when x = a is a global minimum, to the case of interest. Such an analytic contin-
uation can be performed restricting ourselves to the direction in the configuration space which
corresponds to a local maximum. Following reference [11], we may cast this contribution in
the form of an integral over the parameter c:

1 T s
J= dee R (2.137)

o0

As long as the potential energy has an absolute minimum in x = a, J is convergent and real.
If we now continuously deform the potential energy so that a new, lower minimum appears
for x > b, the integral is finite and real between —oo and b, but diverges between b and +oc0
because S(c) — —oo. We may regularize the integral by deforming the integration path (the
real ¢ axis) away from the real axis for Re ¢ > b. This gives J an imaginary part, which can be
evaluated by the steepest descent method:

1 bioo C. 1 Fo0 ic
ImJ =Im / dce_¥ = —/ dce_S(b%L :
2wh Jp V27h.Jo

_ 5 +oo /1
~ ¢ / dee’e — e 1 (2.138)
0

2 2 IO

where §"(b) < 0. Note the factor of 1, arising from the Gaussian integration over one half of
the Gaussian peak. Taking this into account, the value of K in the case of an unstable minimum

is given by
. _ 1
k- L [Slxe] = Slxo] vDet S"[xo] (2.139)
2 2nhm |Det’ S"[x5]|

Q

3
=t
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We are now in a position to use equation (2.128) to compute the decay probability per unit time
of the metastable ground state:

.1
v =2Im Tllinoo T log Z(T)

. N _Slxgl _ SlxplSkx]
S[xp] — S[xo] /Det §"[xo] _ Slyl_Slx]

e
2rhm \/Det’ $"[x,]]

= Ae 5. (2.140)

Note that the prefactor A has the correct dimension of an inverse time:

1
2 1
maSS)2 _ . 2.141)

[A] = mass’% X ( -
time

time?
The exponent

_ 8Dl — Slxol

B
h

(2.142)

in equation (2.140) can be computed in terms of the potential energy as in the case of the
previous section, using

1 (dxb>2
——m| — | + U(xp) = U(a). (2.143)
2 dr
We find
/2 2
Slxo] z/ dr [lm<%> + U(xp) | = Ula)T (2.144)
~T/2 2 dr
T/2 2
S[xp] — S[xo] = / dr [;mcilxb) + U(xp) — Ula)
-T/2 T
T/2
= / dr2[U(xp) — U(a)]. (2.145)
~1/2

The integral in the last line of equation (2.145) can be turned to a space integral, using
equation (2.143) again, to obtain

b
B = %/ dx /2m[U(x) — U(a)]. (2.146)

Equations (2.140) and (2.146) are the main result of this section.
As a useful consistency check, we may compute the real part of Ey by the same technique;
we expect it to be U(a) + 7'7“, as appropriate for a potential well with a minimum in x = a and

25



J. Phys. G: Nucl. Part. Phys. 49 (2022) 103001 Topical Review

U"(a) = mw?. We find
1
ReEy = —hRe lim — log Z(T)
T—o00 T

S[xo]
-

. 1 1 ”
= _thg»noo —|log N — 3 log Det S"[x¢] —

T (2.147)

The constant N is 7-independent, and disappears from this expression in the large-7 limit, while
S[xo] = U(a)T. Finally, Det S"[xo] is proportional to ¢,(T), given in equation (2.87). Hence

h 1 inh wT
Re E() = U(Cl) + E Tlg»nao T log St w
h
— Ula) + 2“’ (2.148)

as expected.

2.4. Tunnelling with many degrees of freedom

The extension of the above results to quantum systems with more than one degree of freedom
was developed in references [12, 13]. We consider a generic quantum system with N degrees
of freedom. The relevant generalized coordinates are collected in an N-dimensional vector x.
The Lagrangian of the system is

1
L(x.%) = 5

dx(r)

2
~ Liop -
a | Ux) = 2|x(t)\ U(x) (2.149)

(the generalized coordinates x are not necessarily Cartesian coordinates, hence the absence of
a factor of m in the kinetic term).

We assume that the potential energy U(x) has a local minimum in X = a, and that the system
is initially in the ground state of the potential well in x = a, whose energy E differs from U(a)
by an amount of order /. By tunnell effect, the system has a finite probability per unit time
to penetrate the potential barrier, escape from the local minimum, and emerge at some point
x = b on a surface ¥ in the configuration space, defined implicitly by U(x) = U(a) for all x on
3. It is shown in reference [12] that

v = AeiB, (2.150)

where the prefactor A is not fixed in the leading semi-classical approximation, while the
exponent B can be written in analogy with the one-dimensional case:

B= %/sfds \2[U(x(s)) — ET, (2.151)
0

where X(s) is a path in configuration space which starts at the local minimum x = a and ends
at a point b on the surface >

x(0) = a; X(sy) =b, (2.152)
normalized so that

dx(s)
ds

2 _ dei(s) dx;(s) 1

2.153
ds ds ( )
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The path x(s), including its endpoint b, must be such that the exponent B is minimum, that is,
tunnelling takes place along the path (or paths) with maximum decay probability. The problem
is therefore reduced to the variational problem of finding those particular paths.

An analogous problem arises in classical mechanics, when one is interested in finding the
trajectory of motion, with no reference to the time dependence of the generalized coordinates.
The argument is reviewed in appendix A.3; it is based on a modified version of Hamilton’s
principle, sometimes called the Maupertuis principle. Here, we recall the relevant result. The
action of the system is considered as a function of the configuration x(#) at time ¢, and ¢ itself:

S(x(f), 1) = / Lx(?), x())d?, (2.154)

where x(¢’) is a solution of the equations of motion with x(fy) = a. If the energy E of the system
is conserved, one finds

S(1). 1) = So(x(1)) — E(t — to), (2.155)
where

Sox) = / _Xip,-(x’)dx; (2.156)
and

P = oo @.157)

is the conjugate momentum of x;. It can be shown that Sy(x(7)), sometimes called the reduced
action, is stationary upon variations of x(¢') around a solution of the equations of motion with
a and x(7) kept fixed, but 7 allowed to vary. Furthermore, it can be shown that

So(x(1)) = /Sf\/Z[E — U(x(s))] ds, (2.158)
0

where x(s) is a parametrization of the physical trajectory normalized as in equation (2.153),
with b = x(s7) = x(?).

This variational problem differs from the one we would like to solve, namely the minimiza-
tion of the exponent B, equation (2.151), in two respects. First, the quantities under square
root in equations (2.151) and (2.158) have opposite signs. This is expected, since the physical
solution of the equations of motion refers to the classically allowed region E > U(x), while the
exponent B depends on a path which is defined in the classically forbidden region E < U(x).
Second, the minimization of the exponent B in equation (2.151) should be performed not only
with respect to the path x(s), but also with respect to its endpoint b, while the endpoint x(¢) is
kept fixed in the minimization of Sy(x(?)), equation (2.158).

Leaving aside for a while the problem of the endpoint, the two variational problems become
exactly the same switching to imaginary (or Euclidean) time

r =it (2.159)
The Lagrangian is transformed into

, 1 dx; dx; 1,
Lx&)=—5 ) o U = —E\x(T)F — U(x). (2.160)
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Correspondingly,
OL
= —— = —X; 2.161
)2 %, X ( )
and therefore
1 dx; dx;
H = X — L(X,X) = — -y — — =E. 2.162
(p.x) ZPX x%) =— Dy 4 TU® (2.162)

The Euclidean action is defined by

Sx(7),7) = —/TL(X(T'), x(7'))dr'. (2.163)

70

By the same procedure described in appendix A.3 one finds
S(x(1), 7) = So(x(7)) + E(T — 7o), (2.164)

where So(x(7)) is the reduced action:
X,‘(T) Sf h
So(x(r) = = / pidx; = / V2[U(x(s)) — E]ds = =B. (2.165)
i ai 0 2

Hence, the paths which minimize the exponent B are the solutions of the equation of motion
in Euclidean time [1]
d*x; oU(x)
= 2.166
de + Bx,- ( )
with x(79) = a and x(7) = b, where b is some point such that U(b) = U(a).

We now turn to the problem of minimizing the path with respect to its endpoint. We note
that the reduced action, and hence the exponent B, is automatically minimized with respect to
variations of the endpoint b = x(7) of the path x(s). Indeed,

0 dx;(s)

8b,-SO(b):_ 2(U(b) — E]—

(2.167)

§ iir

which is zero for all points b on the surface 3.

‘We now observe that equation (2.166) can be interpreted as an ordinary equation of motion
(that is, in ordinary time) in a potential U(x) = —U(x) which has a local maximum in x = a.
Of course, the explicit form of the solution of the equation of motion depends on the potential
U(x). Some of its features can however be obtained on general grounds:

(a)The solution x(7) can only start at a at 7p = —% — —o0. Indeed, the assumption that
U(x) has a minimum in x = a implies that

Ux) =E + %ZUij(a)(x,- —a)(x;—a) + O(|x — a]’), (2.168)

]

where the matrix U;;(a) has positive eigenvalues w,-z. Hence, after a suitable rotation in the
configuration space, the equations of motion for x close to a read

2

i —a) = Wi (x; — ay), (2.169)
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which has the general solution
xi(T) — a; = A;ie”"" + Bie ", (2.170)

Hence, x;(7) — O for either A; = 0,7 — +o00 or B; = 0, 7 — —o0. Since 7 is the initial
time, the only possibility is 79 — —o0.

(b) Since 79 = —o0, we may perform a time translation such thatx = b at 7 = 0.

(c) The solution reaches x = b with zero velocity. Indeed, from equation (2.162),

dx(7)
dr

2

=2[U(x) — E], (2.171)

and U(x) — E forx — b.

The exponent B can be related to the action of a solution of the equation of motion computed
over the whole Euclidean time range —oo < 7 < +4o00. Indeed, by time reversal invariance, the
time-reversed configuration x(—7) is also a solution of the equation of motion, with the same
action. Hence,

Xp(1) = X(7) + X(—7) (2.172)
is a solution with

Xp(E£00) = a; x5(0) = b; x,(0) =0 (2.173)
and Euclidean action

S[xp] = 28[x] = 2So[x] + ET. (2.174)

In analogy with the one-dimensional case, such a solution is usually called a bounce, because
it starts in the remote past 7 = —% at x, — a, reaches x, = b at 7 = 0, and bounces back to
Xp=aatT =+1.

The constant solution

Xo(7) = a (2.175)

is also a solution of the equations of motion, with the same boundary conditions. The
corresponding Euclidean action is

S[xo] = ET. (2.176)
Hence
lim (S[xg] — S[xo]) = lim 2Sy[x] = AB. 2.177)
T——o00 T—+o00

Alternatively, one may choose the zero of the potential energy such that U(a) = E = 0; in
this case, S = Sy for all solutions with zero energy, and S[xz] = KB, which is consistent with
equation (2.177) since S[xo] = O in this case.

3. Tunnelling in quantum field theory

After reviewing barrier penetration in ordinary quantum mechanics, we now consider its gen-
eralization to quantum field theory. We will follow closely the approach of reference [1]. We
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Figure 3. Left panel: asymmetric double-well potential with a local minimum in gy
and a global one in ¢ry. Right panel: the same potential after the change of sign. ¢,
labels the turning point.

will start by simply translating the results obtained in the previous section in the language
of quantum field theory, and we will then focus on the physical interpretation of tunnelling
processes. Specifically, we will pay special attention to the generalization of the concept of a
potential barrier in quantum field theory. Unless explicitly stated, we will adopt the natural unit
convention /7 = ¢ = 1 from now on.

3.1. From quantum mechanics to quantum field theory

We consider the quantum theory of a real scalar field ¢, characterized by a scalar potential
V(¢) with a local minimum in ¢ = ¢y (the false vacuum) and a deeper, absolute minimum in
¢ = ¢y (the true vacuum) as shown in the left panel of figure 3. In the example of figure 3
the scalar potential is defined so that V(¢gpy) = 0; this is a convenient choice in many respects,
but we will keep V(¢pgy) # 0 in our discussion for greater generality.

Our goal is the computation of the probability per unit time  that the system, initially
in the false vacuum configuration ¢y, decays to the true vacuum configuration ¢y. To this
purpose, we consider our field theory as an ordinary quantum theory with an infinite number
of degrees of freedom, labelled by points in three-dimensional space: x;,(7) — ¢ (7) = ¢(7, X).
The formalism of section 2.4 is readily generalized, to conclude that

’}/ZAGZ?B, (31)

where the overall factor A is undetermined in the leading semi-classical approximation, while
the exponent B can be computed by a generalization of the argument presented in the previous
section. In particular, we need bounce solutions ¢, (7, x) to the Euclidean field equation

32
(W + V2> dp(1,%) = V'(¢p), (3.2)
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with the boundary conditions

lim éy(r,%) = drv (3.3)
O¢p(1,X) _
o L =0. (3.4)

The exponent B is then given by

B = S[¢p] — Slorvl, (3.5

where S[¢] is the Euclidean action of the theory,

1
Slel = / d*x {2(3,@)2 + V(d))} (3.6)

By construction, the bounce solution ¢, approaches ¢y, and hence V(¢,) — V(ppy), at
infinite Euclidean time, see equation (3.3). By inspection of equation (3.5) we conclude that
¢, must approach ¢y also at space infinity, in order to keep the exponent B finite:

‘fl‘l_rgo Pp(T,X) = ¢pv. (3.7

The exponent B can be written in a more compact form by using the virial theorem. Since
the action, and hence B, is stationary in correspondence of solutions of the field equations, it
will be stationary, in particular, upon variations of the following type:

dp(x) — Pp(ax). (3.8)

After such transformations,

BB, — / dtx F 00utax) 00n(@x) | v any) — v<¢w>}

2 0Ox, Ox,
1 a® Odp(y) Odp(y)
= [ dy |5 PO ODO) 4 4, (0)) — Videw)|. 3.9)
a 2 Oy, Oy,
with the change of integration variable y = ax. The stationarity condition
dB,
=0 3.10
| (3.10)

provides a relationship between the potential and the derivative terms in B, when computed at
stationary points:

1
/ a3 (Out) = 2 / & [Vy) — V(dry)] G.11)
and therefore
B—— / dx [V(ds) — Vidr)]. (3.12)

Before looking for an explicit bounce solution of the Euclidean field equation, it will be
useful to illustrate its physical meaning. In ordinary quantum mechanics, the system initially
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occupies the false ground state; after an average time 7 = 1/~, the system simply makes a
quantum jump and appears at the escape point beyond the barrier with zero kinetic energy
(that is, the bounce configuration at time 7 = 0). Afterwards, it evolves classically.

A similar picture holds in quantum field theory: at 7 = 0 the field makes a quantum jump
from the state in which it is uniformly equal to its false vacuum configuration, to the one
described by the bounce solution, then it evolves classically. Therefore, the tunnelling process
does not take place between two spatially uniform configurations, but rather from a spatially
uniform one (the false vacuum) to a space-dependent one (the bounce), which, as we will see,
has the shape of a bubble of true vacuum ¢, = ¢ of finite radius, in a false vacuum ¢, = ¢py
background. Indeed, as we will show in more detail in section 3.4, the tunnelling between
two spatially homogeneous configurations would require penetration through an infinitely high
potential energy barrier; the amplitude for such a process is zero. Instead we have a non-zero
amplitude for the tunnelling between a spatially homogeneous configuration and one with a
region of approximate true vacuum surrounded by a false vacuum background. This config-
uration then evolves classically, and eventually converts the false vacuum in the true vacuum
everywhere in space. Since the bubble of true vacuum can appear anywhere, we expect the
decay rate to be proportional to the volume of three-dimensional space V.

The result, as described in reference [ 1], is closely similar to the boiling processes in a super-
heated fluid: the false vacuum corresponds to the superheated fluid state, while the true vacuum
to the vapour state. Due to thermodynamical fluctuations, bubbles of vapour state appear at dif-
ferent points: when a bubble is large enough that the vapour pressure inside the bubble exceeds
the external pressure plus the contribution of the surface tension, the bubble grows until it
converts all the fluid into vapour, otherwise it shrinks back. By substituting thermodynamical
fluctuations with quantum ones, this picture describes the decay of the false vacuum: once a
bubble of true vacuum appears, large enough that its growth is energetically favourable, then
it expands throughout the Universe, thereby achieving the transition to the true vacuum.

Let us go back to the problem of searching for a bounce solution of equation (3.2). It was
shown in reference [14] that, if the field equation has bounce solutions, there always exists one
bounce which is O(4) invariant, i.e. a function of

r=1/72+ |x|2 (3.13)

alone, whose Euclidean action is smaller than that of any O(4) non-invariant bounce. We
may therefore restrict our search to bounce solutions with O(4) invariance, ¢,(r). This sim-
plifies considerably our task. Indeed, the field equation (3.2) becomes an ordinary differential
equation:

¢, 3dop
S =V, (3.14)

while the two boundary conditions equations (3.3) and (3.7) combine into a single one:
Tim ¢,(r) = rv. (3.15)
Requiring that the solution is regular at x = 0 we get the further boundary condition

dgy(r)

dr 0 (3.16)

r=0
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3.2. Existence of a bounce solution

We now prove that a bounce solution with the correct boundary conditions actually exists in
the case of an asymmetric double-well scalar potential V(¢) with a local minimum in ¢ = ¢py
and a global minimum in ¢ = ¢v. The proof was originally presented in reference [1]; here
we reproduce the same argument almost word by word.

It is useful to view the field ¢(r) as the position of a classical particle of unit mass in one
dimension, as a function of the time r. Then the field equation, equation (3.14), can be regarded
as the classical equation of motion of such a particle in a potential —V, which is further subject
to a damping force with a time-dependent coefficient which decreases as 1/r. The potential
—Vis shown in the right panel of figure 3. We are looking for a solution ¢, (r) that starts at rest
at r = 0 from some initial value ¢,(0) and reaches ¢, = ¢y With zero velocity at » — co. We
will demonstrate that such a solution exists by showing that if the initial position is too close
to the left of ¢y then the particle passes through ¢y, with non-zero velocity (the particle
overshoots); if instead the initial position is too far to the left of from ¢y, the particle does not
reach ¢py (the particle undershoots). As a consequence, there must be an intermediate initial
position such that the particle comes at rest exactly at ¢py .

Itis easy to demonstrate the undershoot: if the initial condition ¢(0) is smaller than ¢, then
the particle’s energy is smaller than the potential energy at ¢ = ¢py, which therefore cannot
be reached. The presence of the viscous term just makes things worse by further lowering the
energy; indeed, the energy E is not conserved because of the viscous force, and

dE  d [1/d¢\’ 3 /de\’
mfnhL<m>‘V@4—‘rCh><° B-17)
by the field equation.

The overshoot would also be obvious if we could neglect the damping force: the energy of
a particle starting at rest with ¢; < ¢(0) < ¢y would be larger than the potential energy at
oy, and would therefore reach ¢y with non-zero kinetic energy. The effect of the viscous
term can be taken into account as follows. Let us take ¢(0) to be close to ¢v. For ¢ close to
¢y we may expand the potential in powers of ¢ — ¢y up to second order:

1

V(9) = V(erv) + 3#7(6 = $1v)” + 06 — o)), (3.18)
where 112 = V"'(¢1y) > 0. In this limit, equation (3.14) takes the form

¢? 3d

<dr2+rdr —u ) [6() — bry] = 0. (3.19)
It is easy to check that the solution of this equation is

Ii(ur)

6(r) = d1v = 206(0) — o]~ = (3.20)
and I;(x) = —iJ;(ix), where J;(x) is the Bessel function of order 1, solution of the differential
equation

Ji 1
Ji(x) + hw (1 - 2>Jl(x) =0. (3.21)
X X
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Figure 4. An example of the overshoot—undershoot mechanism.

We see that, provided ¢(0) is sufficiently close to ¢rv, the particle will spend an arbitrarily
large amount of time in the vicinity of ¢py.> But after an arbitrarily large time r the viscous
term, which decreases as r~!, becomes negligible, and in the absence of a damping force the
particle overshoots. The announced result is therefore proved.

As an example, we have employed the overshoot—undershoot technique to find the bounce
solution in the case of the scalar potential

1 1 1
V() =g qu“ — §¢3<M + ¢rv) + 5¢2M¢Tv (3.22)
g>0; M = 0.3 dry, (3.23)

which has a local minimum for ¢ = 0 and an absolute minimum for ¢ = ¢rvy. In figure 4 we
plot h(x) = % as a function of x = , /gr¢ry for three different choices of ¢(0). The first case
is an undershoot: ¢(0) is too much smaller than ¢y, the particle gets close the false vacuum
but then turns back and oscillates around ¢ = M. Overshoot is shown in the second panel: the
particle has too much energy to come at rest at ¢ = 0; it reaches the false vacuum with positive
velocity, and goes on to negative values of the coordinate. In the third panel, ¢(0) has the right
value to reach the false-vacuum value ¢ = 0 at large r with zero velocity.

The case when the two minima are nearly degenerate (in the above example, the case when
M is close to ¢y /2) is especially interesting. This case corresponds to the so-called thin-wall
approximation: the bounce is essentially a constant, equal to the true vacuum field value, for
r smaller than some value R, which is a function of the parameters in the theory. Then, within
a small region around r = R the bounce drops rapidly to the false vacuum field value. To an

3 Note that the same conclusion holds even in the absence of the damping force; in such case we would have found
@(r) = v = [¢(0) — dry] cosh pur.
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excellent approximation, the bounce is therefore a four-dimensional sphere of radius R where
the field takes the true-vacuum value, while ¢ = ¢gy in the rest of Euclidean space—time. In
the thin-wall approximation, the calculation of the tunnelling rate can be carried on analyti-
cally; the leading semi-classical tunnelling rate (that is, the exponent B) was computed in the
original Coleman’s paper [1], while a closed-form calculation at one loop in this limit has been
presented recently [15].

To summarize, the decay probability per unit time of a metastable state in the leading semi-
classical approximation is given by

v = AeiB, (3.24)
where

B = S[¢p] — S[Prv]

1
— / d'x [Eauqsbam + V(6p) — V()

__ / d*x [V(ds) — V(). (3.25)

where ¢,(r) is the O(4)-invariant bounce. The overall factor A is undetermined in the leading
semi-classical limit; we expect it to be proportional to the three-dimensional volume V5 as a
consequence of integration over the position of the true-vacuum bubble. This expectation will
be confirmed by the inclusion of the first quantum corrections.

3.3. Time evolution of the true-vacuum bubble

The decay of the false vacuum takes place as illustrated in section 3.1: at some Euclidean time,
say 7 = 0, and at some point x of three-dimensional space, an O(4)-symmetric bubble of true
vacuum is formed in the false-vacuum background by quantum fluctuations:

¢b(|X\) = ¢rvs
son(VREFE)| =0,
or ’ 7=0 7
Tim gy (/X +72) = drv. (3.26)

Then, the bubble evolves in real (i.e. Minkowski space) time according to the classical
equations of motion. The qualitative behaviour of the bubble is easy to obtain by analytical
continuation of the bounce to Minkowski space:

(VX2 + T = dp(V X2 — ). (3.27)

To visualize the time evolution of the bubble, we may study the time dependence of the three-
dimensional surface in space—time separating the true vacuum region from the false vacuum
background, which in the thin-wall limit is the hyperbole

X2 =R (3.28)
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We find that the bubble expands in three-dimensional space with velocity
1
Vi+ &

which approches the velocity of light as r — oo quite rapidly: for example, we shall see that
R~ 1071 GeV~! ~ 107* s in the case of the standard model.

(3.29)

v =

3.4. Potential barriers in quantum field theory

This section is devoted to a discussion of a feature of tunnelling phenomena in quantum field
theory which may appear as counter-intuitive, and deserves some comments. In some cases,
tunnelling from a metastable ground state to a lower minimum configuration takes place even
if the scalar potential of the theory, considered as an ordinary function of the scalar fields, has
no barrier in the usual sense.

This apparent paradox can be explained by observing that the tunnelling process in quantum
field theory does not take place between two spatially homogeneous field configurations, but
rather through the formation of a bubble of true vacuum in a false-vacuum background. Such
field configuration (the bounce) is therefore not spatially homogenous, and the gradient term
in the potential energy gives a non-zero contribution to the full potential energy.

In order to identify a quantity with the same properties as a potential barrier in ordinary
quantum mechanics, it will be useful to cast the exponent in the semi-classical decay rate

1
B = S[gp] = /d4x {2(@%)2 + V(gw) (3.30)

(we are now taking V(¢py) = 0) in a form similar to the WKB formula for the exponential
factor in quantum mechanics, equation (2.165),

Bom =2 / Y ds V2U(X(s)), (3.31)
0

where U(x) is the potential energy and the integral is taken over a suitable path x = x(s) in
configuration space, which connects the local minimum to a point beyond the potential barrier.
This section is devoted to the identification of such a quantity, following an argument originally
presented by Lee and Weinberg in reference [16].

Our starting point is the Lagrangian density of a scalar theory in Euclidean time

L [98\ 1_ ,

£=-3 (m) — (V) V(@) (3.32)
and the corresponding Hamiltonian density
100\ 1

H= ) (87’) + E(V(b) + V(¢). (3.33)

We assume that the total energy

El¢] = / d*xH (3.34)
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has a local minimum (the false vacuum) for a constant and uniform configuration of the field
¢ = ¢py. We define the potential energy U[¢] as the term in the total energy that does not
contain time derivatives of the field:

Ulg] = / &x B(Wﬁ)z 4 V(qs)}, (3.35)

which is a functional of the field ¢ and an ordinary function of the Euclidean time 7. Then the
Euclidean action can be written as

s 3 < 18\ [™
S[¢]:—/d xdrﬁz/dx / dr - | =— —|—/ dr Ul¢] p. (3.36)
oo 2\ 0T e

For ¢ = ¢,, this formula can be simplified by energy conservation: the total energy of the
system in the false vacuum configuration must be the same as the energy in the bounce
configuration:

El[¢rv] = E[¢s], (3.37)

which is zero by our choice of the additive constant in the scalar potential. Hence

1 O \*
Bl =~ / & (%) ULyl = 0 (3.38)
which gives
1 (0
Thus,
Slep] = / | dr 2U[¢s]. (3.40)

To complete the analogy with equation (3.31), we perform a change of integration variable in
equation (3.40) from 7 to s, defined by

ds® = / d*x [deép(x))%, (3.41)

in analogy with the infinitesimal path length defined in the case of quantum mechanics with
many degrees of freedom,

dx,‘ dx,- . 2 >
Dy =1; ds _de,.. (3.42)

‘We have therefore
2 2
ds :/d3x 9% =2U[¢s], (3.43)
dr or
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where in the second step we have used equation (3.39). This allows us to write equation (3.40)
as

o0 o0 d
S[és] = / dr2U[y] = 2 / dr2UTey] = 2 /dsd—zw[m
0 Y

—00

=2 / ds\/2U[oy], (3.44)

b

where 7 is the path in configuration space. We have therefore achieved our goal: we have writ-
ten the Euclidean action as a line integral over a path in configuration space. Correspondingly,
Ul¢,] can be considered as the quantum field theory generalization of the potential barrier
of ordinary quantum mechanics, as one can check by comparison with equation (3.31). It is
important to emphasize that the integral is independent of the parametrization chosen for the
path, which is the one which minimizes the Euclidean action.

The potential energy U[¢, ] is the sum of a potential term Uy[¢,] and a gradientterm Uy [¢,,]:

Ulgp]l = Uvlgp] + Uvlos] (3.45)
1

Uglds] = / xSV (3.46)

Uvldp] = / & V(). (3.47)

The identification of U[¢,] as the barrier in quantum field theory allows us to draw some
interesting consequences.

e It is now clear why tunnelling in quantum field theory requires bounce solutions and can-
not directly take place as a transition between spatially homogeneous configurations: the
barrier associated with such a tunnelling process would be infinitely high. Specifically, in
such cases we would find Uy[¢,] = 0 and Uy[¢,] proportional to the space volume V.

e The gradient and the potential terms may have opposite signs: even if the scalar potential
has no barrier separating different minima, a potential energy barrier may appear because
of the gradient term. An important examples of this class is the standard model, as we
shall see in section 5.6.

e The barrier penetration integral B = S[¢,] is calculated as an integral over the three-
dimensional space. In particular, the potential term is obtained by integrating the scalar
potential, computed at the bounce configuration. Hence, the value of S[¢,] is affected by
all energy scales between 0 and ¢, (0). We will come back to this issue in section 5.6, when
discussing the impact of non-standard physics on the metastability of the electroweak
ground state.

3.5. Quantum corrections

The first quantum corrections to the leading semi-classical approximation of the decay rate of
an unstable ground state are computed [2] by a generalization to quantum field theory of the
analogous calculation, presented in section 2.3, of the tunnelling rate in the case of an ordinary
quantum theory with many degrees of freedom. This generalization is rather straightforward,
except for a few differences, which must be taken into proper account.
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3.5.1. Zero modes. In the case of ordinary quantum mechanics, a factor of 4/ %
appears as a consequence of the presence of a zero mode in the spectrum of the second deriva-
tive of the action due time translation invariance. Here we have four such factors (with m = 1),
corresponding to one zero mode for translations in each space—time direction. Correspond-
ingly, the integration over all possible bounce centers, which yields a factor of 7 in the case
of ordinary quantum mechanics in one space dimension, is now replaced by an integration
over all possible bounce centers in space—time, yielding a factor of 7V, where Vs is the
three-dimensional volume.

This is a good place for a more general discussion of zero modes of the second derivative of
the action, which will turn out to play an important role in the application of the formalism to the
standard model. In general, zero modes of S”[¢, ] appear whenever the theory has an invariance
property under a class of transformations of the field which we define in infinitesimal form as

P(x) = ¢'(x) = P(x) + Ap(x). (3.48)
In such case,

Iy, (x)
Oe

Adp(x) = (3.49)
is a zero mode of S"[¢,]. Here is the proof. As a consequence of the invariance of the theory
upon the transformations equation (3.48), ¢} (x) is also a bounce solution, and S[¢}] = S[¢5].
Therefore

N CANCE A a;f = (=0 + V”(¢;>)a;?’ = %(—82 + V(@) =0
(3.50)
by the field equation. For example, under an infinitesimal translation
X, — X, + €y (3.51)
the bounce transforms as
Dp(xX) = G (x) = Bp(x + €) = Pp(x) + €40, Pp(x). (3.52)

If the theory is invariant under translations, then

Gu(x) = NO,hp(x) (3.53)

are four zero modes of $”[¢,]. The normalization factor N is finite: equations (3.5), (3.11) and
(3.12) give

/ d*x (0,6)* = 4(S[¢w] — S[erv]), (3.54)

SO
1

N=—— . 3.55
VSlopl — SlPrv] (3-53)

From our experience in quantum mechanics, we know how to deal with these zero modes in the
computation of the path integral: the calculation of the path integral is performed by integrating
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over all possible values of the coefficients ¢; of the expansion of the scalar field in the basis of
orthonormal eigenfunctions of §”[#], which includes normalized zero-modes:

Gx) = dp(x) + > _cihi(x) = Gp(x) + CuNDupp(xX) + - - - . (3.56)

As a consequence, integrating over ¢, is equivalent to integrating over all possible locations of
the bounce centre:

doy _ 1 dey _ [SE]—Slom]
Norduly, -5 ke - de,.. (3.57)

These integrations contribute to the path integral a factor of

o (3.58)

4

[ 164 S[¢Fv]] .

where V3T is the space—time volume; note however that the integration in the directions of zero-

modes can be converted into an integration over a collective coordinate (the bounce center in
this case) only provided that the zero-modes are normalizable.

One might wonder whether analogous zero modes arise from Lorentz transformations,

which in Euclidean space—time correspond to four-dimensional rotations. The six functions

G (x) = (x40, — x,0,,) Pp(x) (3.59)

are in fact eigenfunction of S”[¢,] with zero eigenvalues, as one can check directly. However,
they vanish because of the above-mentioned O(4) invariance of the bounce.

To conclude this section we mention two more possible origins of zero modes; both will be
discussed in more detail in section 5. The first one is the presence of an internal symmetry. The
simplest example is a complex scalar theory, invariant under U(1) transformations

P(x) = ¢'(x) = G(x) + iep(x). (3.60)

In this case and A¢,(x) = i, (x) is a zero mode. The corresponding contribution to the path
integral is obtained integrating over all possible U(1) transformations:

de 1 de  de 4 2|

The integration contributes to the path integral a factor of

Y [ fane ]
m [/d X ‘¢b(x)‘ ] s (3.62)

where V = 27 is the volume of the symmetry group. In this case, the bounce itself must be
normalizable. A full discussion of the impact on the calculation of the path integral of internal
symmetry zero modes is presented in reference [17]; quite obviously, they play a role in the
case of the standard model.

As a final example, let us assume that the theory is invariant upon scale transformations,
defined by

o=

o=

B(x) = ¢'(x) = e“p(ex), (3.63)
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where d is the mass dimension of the field (d = 1 for boson fields in four space—time
dimensions). In infinitesimal form

D(x) = ¢'(x) = G(x) + e(1 + x,0,)P(x). (3.64)
Then, by the argument given above,
¢s(x) = (1 + x,0,)Pp(x) (3.65)

is a zero mode of §”[¢, ]. This example is especially interesting, because the only scale-invariant
theories of one scalar fields in four dimensions are specified by the scalar potential

1
V(¢) = ZAQS“, (3.66)

with \ a constant, which is an excellent approximation of the standard model scalar potential
at large field values. Furthermore, the field equation for an O(4)-invariant bounce,

Eop(r) | 3 dg(r)
dr? rodr

= A3 (1) (3.67)

has an analytical solution for A < 0:

$5(0)

¢b(r) = i %qﬁ%(())rz’

(3.68)

usually referred to as the Fubini—Lipatov bounce, originally presented in references [18, 19]
(alternative derivations of equation (3.68) can be found in reference [16] and in reference [20];
the latter is reviewed in appendix A.5).

Unfortunately, the zero mode of scale transformations

1—%%®ﬂ2
(1+ 4le30r)

¢5(r) = (1 + x,0,)¢p(x) = $5(0) (3.69)

is not normalizable: ¢*(r) ~ r~* for r — oc. It follows that the corresponding contribution to
the path integral cannot be replaced by an integration over a collective coordinate, as in the
case of translation zero modes.

3.5.2. Renormalization. A second important difference between quantum field theory and
ordinary quantum mechanics is the appearance of ultraviolet divergences in the computa-
tion of the action beyond the semi-classical approximation. Ultraviolet divergences require the
usual renormalization procedure; specifically, the classical action must be expressed in terms
of renormalized fields and parameters, and supplemented by appropriate counterterms:

S[p] — Slo] + hSulel, (3.70)

where S.[¢] is the action induced by one-loop counterterms, and we have (temporarily)
restored the dependence on 7 for later convenience. In general, the presence of the counterterms
will modify the bounce solution:

&b — Qb + hpers (3.71)
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where ¢,, is a bounce solution for S[¢]:

516]
d¢

However, to one-loop order, the explicit expression of the correction ¢, is not needed. Indeed,

=0. (3.72)

P=0p

S[¢h + h¢ct] + hSct[¢h + h¢ct]

0S[¢]
oo

= S[ép] + hSulgw] + OHY). (3.73)

+ BSulgp] + O(R*)

P=9p

= S[¢p] + / d*x ¢

Taking these differences into proper account, and setting back 7 = 1, we obtain the following
result for the decay probability per unit time and per unit volume /V; of a metastable state:

R C) ) Slérv])” | Det "[¢rv] o~ (S18p1=S10rv1) o= (Sctl By = Sealdrv])
Vs (2m)? [Det’ S”[s]]

(3.74)

Equation (3.74) is dimensionally correct: since there are four zero modes, the pre-
exponential factor has the dimension of the square root of S”[¢] (an inverse length) to the
fourth power.

4. The effective potential

The appropriate tool to determine the ground state of a quantum field theory beyond tree level
is the effective potential [21, 22], since it automatically encodes radiative corrections while
retaining the advantage of the semi-classical approximation, namely the possibility of simul-
taneously surveying all the vacua of the theory by minimizing a function in analogy to the
tree-level potential. Furthermore, we have seen in the previous sections that functional meth-
ods are extremely useful in the study of the lifetime of metastable states in quantum field
theory.

In this section we briefly review the effective action formalism and apply it to the case of
the standard model of electroweak interactions, in order to study the possible instability of the
ground state at large field values.

4.1. Effective action and effective potential

Let us consider the theory of a single real scalar field ® described by the Lagrangian density
L(®, 0,P) with a linear coupling of ®(x) to an external source J(x):

L — L+ J(x)P(x). “4.1)

The vacuum-to-vacuum transition amplitude Z[J] is usually written in terms of a functional
WIJ] as

Z[J1 = (0/0), = "V = / D et ¢x L@ @+se] (4.2)
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where in the last step we have employed the standard path integral representation. Functional
derivatives of W[J] with respect to iJ at J = 0 give the connected Green’s functions of the the-
ory; for this reason, W[J] is called the connected generating functional. W[J] admits a functional
Taylor expansion

W[J] = Z% / d*xp .. dr G, x)T () L T (), (4.3)

where G™ denotes the n-point connected Green’s functions. These, in turn, are computed in
perturbation theory as the sum of all connected Feynman diagrams with n external lines.
Next, one then defines the classical field ¢.(x) as

SWIJT _ (0[®(x)[0),

O =S o), ¢4

where the last expression follows from the path integral representation in equation (4.2). Note
that ¢.(x) is by definition a functional of J; we are implicitly assuming that this functional is
single-valued. This is related to the convexity issue of the effective potential, to be discussed
in section 4.6. We now introduce the effective action I'[¢.], defined by the functional Legendre
transformation

Tlée] = W] — / d'x J(0P(0). 4.5)

The effective action can be expanded in powers of the classical fields, in a way similar to
equation (4.3), yielding

= 1
Tlod =3 o [ dn o dn T 6o 6, 4.6)
n=0

The coefficients T™ can be shown to correspond to the one-particle-irreducible (1PI) Green’s
functions of the theory (see for example reference [11]).

The functional I'[¢.] is the appropriate tool to study spontaneous symmetry breaking.
Indeed, the condition for spontaneous symmetry breaking is that ¢,. is different from zero even
when the source J is equal to zero, as can be read off equation (4.4). On the other hand, one
has

STI6,] / . SWI] ) / . IO
— [ty 224 - |4
56:(2) 57 36 TP Y S

or in other words

ol[¢c]
0pe(x)

We conclude that spontaneous symmetry breaking takes place when the classical field that
minimizes the effective action is different from zero.

The effective action can be computed in perturbation theory by the usual technique of Feyn-
man diagram. In particular, it can be shown that in the tree-level approximation the effective
action coincides with the classical action:

Pe(y) = =J(x), (4.7)

(4.8)

J=0

Lo = / d*x [L(¢c, 0u¢c) + T | + loop corrections. (4.9)
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In some cases, however, an expansion in powers of external momenta is more useful. To define

such an expansion, we consider the Fourier transforms of the functions ™ (X1,...,x):
d*pi d'p, |
TP (xy, ..., x,) = .. —LelPrixit o)
(o) = [ o Gy
x 2m)*(pr+ -+ + p)T(pr. . pu), (4.10)

and expand T in powers of momenta around p, = 0:
Tpi,...op) =TP0O) 4 - - - 4.11)

The effective action becomes

=1
Iloc] = Z ; /dxl ..dx, ¢c(xl) <. ¢c(xn)
n=0

4 4
dp dp l(P1x1 -+ pux) /d4x o X(p1+-pn)
Qm* @2n)*
x [F20) + - |
00 1~
— g Ly o
- / A T + (4.12)
The first term in this expansion is usually written as
- [ @t vato, “.13)
where
00 1-
— a0} 7
Veir(¢e) = ; 09, (4.14)

is an ordinary function of ¢, usually called the effective potential of the theory, since it does not
contain derivatives of the classical field. The following terms, originating from higher powers
of momenta in the expansion of I'™, contain instead two or more derivatives of ¢,.

If we require translational invariance of the vacuum state, then d,,¢, = 0 for J = 0, and the
minimum condition equation (4.8) reduces to

dVeff(¢c)
do.

The advantage of equation (4.15) is that the ground state of the theory can be determined,
including quantum corrections, via the minimization of a single ordinary function, the effective
potential, in analogy with the tree-level case.

=0. (4.15)

4.2. The background field method

The discussion of the previous section shows that efficient techniques for the computation
of the effective potential are needed. A compact way to compute the loop-expanded effective
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potential® is given by the background field method [23], which we review here for the one-loop
case. Let us consider the Lagrangian density for a real scalar field ®:

L(D,0,P) = %aﬂcba#@ —V(®), (4.16)

with V(®) denoting the tree-level scalar potential. We perform the following change of variable
in the functional integral equation (4.2):

P(x) = ¢e(x) + o(x), (4.17)
where ¢.(x) is a background field which we identify with the classical field of the previous

section, while ¢(x) is a dynamical (quantum) field. Organized in powers of ¢ (up to quadratic
terms), the exponent of the rhs of equation (4.2) takes the form

/ X [L(e + &) + T(be + )]

= / d*x [L(¢e) + Tl + / d*x ¢(x) g—ﬁ +J
¢ b=¢,
+ % / dhxd'y p()ID ™ (P, x = PO + O, (4.18)
where
178 =20 [ o@) + 00
1 ¢c,x—y —mm/ Z[ +J(z Z](I:‘:d)C
= [-0* = V(¢ (x)] 6V (x — y) (4.19)

is the inverse propagator in configuration space evaluated at & = ¢.. We can now explicitly
perform the path integral in the Gaussian approximation:

W] ~ gi [ d'x (L) +H o] /D¢ exp(; /d4x d*y ¢()iD (e, x — }’)¢0’)>

— N’el fd4x [L(dc)+T¢c] [det i@_l(¢€, X — y)] 7, (4.20)

up to an irrelevant normalization constant \'. The result equation (4.20) follows from the invari-
ance of the path integral measure, D® = D¢, and the classical field equation % 4 +J=0.
The latter approximation is sufficient as long as we are interested in the one-loop effective

6 The loop expansion corresponds to an expansion in 7 which does not affect the shift of the fields, since % multiplies
the total Lagrangian density. In order to show this let us restore 7 in the definition of the Lagrangian, £(¢, 0,,¢) —
%E((;b, 0,), and denote with P the power of 7 associated with a given Feynman diagram. Each vertex carries a factor
7i~!, while each propagator (being the inverse of the quadratic part of £) carries a factor . Denoting by I the number
of propagators and by V the number of vertices of a graph, we have P = I — V. On the other hand, the number of loops
L in a diagram corresponds to the number of independent momenta: every internal line contribute to one integration
momentum, while every vertex to a § function which reduces by one unit the number of integration momenta (except for
an overall ¢ which is left for energy—momentum conservation), which yields L = I — V + 1. We can hence establish
an equivalence between the 7 and loop expansions: P = L — 1.
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action. After replacing equation (4.20) in the definition of the effective action, equation (4.5),
we obtain

L'¢c] = Sloc] + % log Det i2™(¢e, x = y), (4.21)

where

S[o] = / d*x (e 0,6) 4.22)

is the classical action. The calculation of one-loop corrections to the effective action involves
the usual renormalization procedure: although not explicitly shown in equation (4.21), it is
understood that the final result involves the choice of a regularization procedure and of a renor-
malization scheme, and the introduction of suitable counterterms. Typically, this results in the
dependence of the renormalized parameters on an arbitrary energy scale, to compensate the
explicit dependence of the correction term on the same scale.

The effective potential is now immediately obtained by evaluating equation (4.21) for a
space—time-independent classical field configuration ¢, (see equation (4.12)). We get

—Va Veir(de) = —Va Vo(oe) + é log Det i2™' (e, x — y), (4.23)

where V; = [ d*x denotes the space—time volume, originating from the fact that ¢, is
space—time independent. The homogeneity of ¢, also allows for a simple evaluation of the
functional determinant, through the identity

log Det i2 (¢, x —y) = tr log iZ (¢, x — y). (4.24)
The functional trace, denoted by tr, is taken by setting x =y and integrating over the
space—time. This gives
4

log Det iZ'(de,x — ) = Vi log iZ (60, 0) = V) / Ik
@ny

log iZ™ (e, k), (4.25)

where @’1((;50, k) denotes the four-dimensional Fourier transform of @*l(qﬁc, X —y).
An explicit example is provided by a renormalizable scalar theory, with

Vo(®) = %mzqﬂ + %)@4. (4.26)
In this case

iD (pe,x —y) = (—0,0" —m* —3A¢7) 3D (x — y) (4.27)
and

iD N (Ger k) = K — m* — 302, (4.28)

The background field method can be consistently extended to include higher orders in the loop
expansion (see e.g. reference [24] for a state-of-the-art calculation of the three-loop effective
potential). In this review we will limit ourselves to the explicit calculation of the effective
potential at one loop.
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4.3. The one-loop effective potential of the standard model

The results of the previous section can be readily generalized to the case of a generic quantum
field interacting with @, thereby obtaining the following closed form for the one-loop effective
potential:

d*k ~
Veir(¢) = Vo(¢) + izﬂ:nn / Q) Tr log i2, (¢, k), (4.29)

where the sum is extended to all fields in the theory, labelled by the index n, and i @; (e, k)
denotes the corresponding inverse propagators of the dynamical fields after the background
field ¢, shift in ®. The trace acts on all internal indices (e.g. Lorentz or gauge); it is therefore
the conventional trace in finite-dimension linear spaces, and we denote it by the usual symbol
Tr to distinguish it from the functional trace, denoted by tr. The factor 7, is the power of the
functional determinant due to the Gaussian path integral; it takes the values —% for bosonic
fields, and +1 for fermionic fields (matter fermions or ghosts). Finally, we have denoted the
classical field ¢, by ¢ to simplify notations.

We are now ready to apply the background field method to the calculation of the one-loop
effective potential of the standard model of electroweak interactions. In order to set the nota-
tion, we split the classical Lagrangian density of the electroweak sector into a gauge term, a
Higgs term and Yukawa term, the latter including only the leading contribution from the top
quark:

Lc = Lym + Ly + Liops (4.30)
with
1 1
Lyw = = (0.2 = O, W + g™ WiW)’ = (9,8, — 0,8, 43D
Lu = (D,H) (D"H) — V(H), (4.32)
Liop = @Li DOy + ki Prr + (—y,§L€H*IR + h.C.), (4.33)

where W (a = 1,2, 3) and B), are the SU(2), and U(1)y gauge fields, H is the standard model
Higgs doublet, € = ic? is the 2 x 2 antisymmetric matrix, and

_ (L
oL = (h) (4.34)

is the left-handed quark doublet of the third generation. QCD indices are suppressed in the
quark sector. The covariant derivative is defined by

D, =9, — igT*W* — ig'YB,, (4.35)

where T" are the SU(2),, generators in the relevant representation (7% = ¢“/2 with o“ the three
Pauli matrices for doublets, 7% = 0 for singlets), and Y is the hypercharge of the standard model
fields. We have ¥ = Q — T°, where Q is the electric charge in units of the proton charge, and
hence Y(H) = 1/2, Y(Q,) = 1/6, Y(trr) = 2/3. The Higgs potential is

V(H) = m*H'H + N\H'H)?, (4.36)
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with m?> < 0. Gauge invariance allows us to perform the shift of the Higgs doublet, required
by the background-field-method calculation of the effective potential, in a specific direction in
the SU(2), x U(1)y space:

1 X+ )
1= <¢+ ho) + i ()" #37

where ¢ denotes the classical background field, 4 the physical Higgs field and x* (a = 1,2, 3)
the Goldstone fields. At tree-level the effective potential simply reads

Vo(¢) = %mzqﬁz + %Agﬁ“, (4.38)

while in order to compute the one-loop quantum correction, V;(¢), according to equation (4.29)
one needs to work out the inverse propagators of the dynamical fields in the shifted standard
model Lagrangian, including the gauge fixing term. Although the calculation is most easily
carried out in the Landau gauge, it is instructive to discuss a more general gauge. A convenient
choice is the so-called Fermi gauge in which the gauge fixing term is
- 1 2 1
Eljerml = _—— (9rWwe o
g.f. 26w ( #) 26p
The Landau gauge is obtained for &y = {z = 0. We start from the determination of the
quadratic (¢-dependent) term of the Lagrangian, £® + LE$™, after the shift in equation (4.37).
A straightforward calculation yields

(0"B,)". (4.39)

LY, = %W,‘j (0% g™ — 0"9") 5 W) + %Bu (0% " — 0"0")B,, (4.40)
Ly = %h(—az — ) h + %x“(—az — ) 6\
+%WWW/‘,’W““ + %mﬁB,,B” — mympW,B"

— w0, X W — w0, W' + w0, W — mgd,*B", (4.41)

Lo =i § — M, (4.42)

where we have defined ¢-dependent masses

m, = m* + 3\¢?, (4.43)
72 = w4 AB (4.44)
1
my = Egﬁf?, (4.45)
L,
mp = 28 o, (4.46)
7, = %(ﬁ. (4.47)
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Note that Lg‘}fmi is already quadratic in the gauge boson fields, while bilinear ghost terms are
¢-independent’. Hence, in the Fermi gauge the ghost contribution decouples from the one-loop
effective potential.

A slight complication in the Fermi gauge arises in the Goldstone—gauge boson mixing in
equation (4.41). To deal with it we define an extended field vector

Xt = (Vix'), (4.48)
where
Vi= (WL Wi WiB), X' = (). (4.49)

The quadratic part of the Goldstone—gauge sector can be cast into

| 1 i(2,")) oM\ (V"
“X"(i2x")X = (Vi x" vy T mix , 4.50
X 120X =5V S 6, i7" )\ x (430
with
0 —my 0 0
Mmix = | —Mw 0 0 0 . 4.51)
0 0 my g

After Fourier transformation (0, — ik,,) the inverse propagator matrix becomes

_ oy —1 1 . /1—T_
i) — (z(@v ik mm> (4.52)

o— 51
— ik, Mimix ’@x

where (@‘71)5 can be conveniently split into a transversal and a longitudinal part

(DY =97 )t + i7" ()", (4.53)
where
k'k, k'k,
dIp)y, =gl — 2 (L)) = w2 (4.54)
and
—k* + 7y, 0 0 0
i1 0 —k* + myy 0 0
ro= 0 0 —k* + 7wy, —myiig
0 0 Ty —k* 4 Ty
(4.55)

7Recall that the ghost Lagrangian is given by Laox = 3 0 ni%nﬂ, where Fyj, = "W}, and Fy = 0"B,, are
gauge-fixing functionals, JW; = ge“b"ObW/‘,’ — 9,0 and 6B, = —0,0" are gauge transformations, 0* and 0” the
corresponding gauge parameters.
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—& K + Ty, 0 0 0
ol 0 —& K2 + Ty, 0 0
9, = 12 =2 =
0 0 —mymp  —&' kK 4y
(4.56)
The Goldstone boson, Higgs and top quark inverse propagators are
i —m 0 0
7 = 0 I — 0 , (4.57)
0 0 K-m
i7" =12 —m, (4.58)
iD=k —m,. (4.59)

The next step is the evaluation of log det i @;1, for n = X, h, t. Let us express the determinant
of the block matrix in equation (4.52) as

mix

~ ~ ~ ~ -1
det iy =det i, " det (i(@;l)fj — K'k,m, (i@;‘) mmix> (4.60)
— det i9; ' det (i@;‘(HT)g

~ - —1
n (i@Ll . (i@;l) mmix> (HL)§j>,

where in the last step we used the decomposition in equation (4.53). It is convenient to perform
a Lorentz transformation in d space—time dimensions, k, — (ko, 0,0, 0, .. .), such that (II; )" —
diag(1,0,0,0,...) and (II7), — diag(0, 1, 1, 1, ...). Then, using the Lorentz invariance of the
determinant, we obtain

log det iZ5' = (d — 1)logdet 27"
~ ~ ~ -1
+ log det iZ 'det (i@;l — K (i@;l) mmix). (4.61)
The two terms in the rhs of equation (4.61) yield respectively
log det i97" = 2 log(—k* +7i3y) + log(—k* +7%) + - - - (4.62)
and
~ ~ ~ —1
log det iZ, " det (i@Ll — KPm. (i@;l) mmix> (4.63)
=2 log(k* — k*m, + m Ewmy,)
+ log (k* — k*m;, + m (Ewimy, + Epmg)) + - - -
=2 log(k* —my ) +2 log(k* —m;-)
+log(k* — iy, ) +log(K* — g ) + -+,
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where the ellipses stand for ¢-independent terms, and we have defined the additional ¢-
dependent masses

iy = Tz, + Tiis, (4.64)
1

My = 57 (mx + /2 — 4§Wm%v), (4.65)
1

M. = 57, (7, \J72 — 4w, + &y ). (4.66)

For the evaluation of the fermionic determinant of equation (4.59) it is sufficient to employ
a naive treatment of +ys in dimensional regularization, i.e. {s,7,} = 0 in d dimensions, and
make the standard choice Tr 1pje = 4 in d dimensions®. Explicitly, one has

log det (K —m;) = Tr log(¥ —m;) = Tr log ¥’ (¥ —m)y* = Tr log(— ¥ —m,)

= % [Tr log(¥ — m,) + Tr log(— ¥ — m,)]

1 1
= 5 Tr log(—k* + ;) = 54 x 3 log(—k* + 7)), (4.67)

where the extra factors in the last step are due to the trace over Dirac and colour indices.

Including all the relevant degrees of freedom and working in dimensional regularization
with d = 4 — 2¢, the one-loop contribution to the effective potential equation (4.29) can be
cast in the form

g dk
Vi(p,€) = H 2y

+(d — 1)(2 log(—k* + 7y
+log(—k* + 7)) + log(k* —m;) + 2 log(k* — 5y

[—12 log(—k* + ;)

+2 log(k* — ;)
+ log (k> — iy ) + log(k* — )], (4.68)

where we have introduced a mass parameter 4 in order to keep the correct dimension of the
scalar potential.

The loop integral is easily evaluated after Wick rotation, yielding (see for instance reference
[26])

i o [ d% N m?> 3
= log(—k = (log = — = — A, 4.69
o / 2y 0g(—k™ +m”) 4 (47)? og 22 (4.69)

where we have introduced the modified minimal subtraction (MS) term [27]

1
A, = — — g + log 4. (4.70)
€

8 Subtleties related to the proper definition of 75 in d dimensions only arise at higher orders in perturbation theory,
while a different choice for the trace, e.g. Tr 1pi,. = 242, would just lead to a different renormalization scheme [25].
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After the e-expansion the one-loop contribution to the effective potential is given by
V(6.0 = V(e + [ 1ot (10g T 3
9 6 T T A
! Adny A\ %2 T2
my 5 my 5
+6mw<log — — 6) + 3#}(105; M—f — 6)
m; 3 me, 3
m 3\ ma, 3
+ 277 - (log A= 2) + T, <log M—Bz - 2)
4 my. 3
+me log 5 T 5 . (471)
1

where all divergent terms as € — 0 are collected in Vf(’le(qﬁ, €), which can be expressed as a
function of the standard model couplings as

N 1 3
Vfole(d), €)= (47T)2 l:_m4 _ (3)\ _ gng/z _ §£Wg2> m2¢2 4.72)
ESPRE WP TP W
* ( 6s8 388 s T

1 3
+ ngglz)\ + §5W82A> 454} .

While the m*-dependent pole in equation (4.72) can be always subtracted by a constant
shift in the effective potential, the remaining divergences are cancelled by the multiplicative
renormalization of the bare field and couplings appearing in Vé?f) (cf equation (4.38)):

do =226,  mi=Zpm:,  Xo=2Z\\ (4.73)

n

where the renormalization constants can be conveniently computed in the unbroken phase of
the standard model. Their expressions at one loop in the MS scheme read (see e.g. [28, 29]):

2 =1+ s (604 ¢ - 3 e - S’ (@.74)

Z,, =1+ (ﬁr‘)z (—%g’z - %gz +3y* + 6>\> (4.75)
Zy=1+ (ﬁ‘)z (—%g’z 58+ 607 + 120+ %%

+%giz+%§—3¥>. (4.76)

It is a simple exercise to check that the renormalization of the tree-level potential, via the
renormalization constants in equations (4.74) and (4.76), cancels the ¢-dependent poles in
equation (4.72). We point out that in the Fermi gauge the field ¢ gets only multiplicatively
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renormalized by the wavefunction of the Higgs field, but this feature does not necessarily hold
in other gauges.
After renormalization, the one-loop contribution to the effective potential in the MS scheme
reads
=2

1 m 3 my 5
Vi(¢p) = ——— | — 127 ( log —- — = | + 6myy | log —~ — = 4.77
1(¢) 4(4’/T)2 |: my, ( 0og /~L2 2) + mW( 0og /~L2 6 ( )
. ms 5 . m 3
+ 3mz<10g ,u—f - 8) +mh<log 'u—é’ - 5)

—4 m, 3 —4 m, 3
o (e T - 3) w2 (1o B )

2 -2
—4 my 3 _4 my_ 3
o (o 5 =3) oo (e 53

where the ¢-dependent mass terms are defined in equations (4.43)—(4.47) and
equations (4.64)—(4.66). Note that at the tree-level minimum, m? = —)\452, we have
m, = 0 and my+ = mg+ = 0, and the gauge dependence drops from V,(¢). The meaning
of the gauge dependence of the standard model effective potential will be discussed in
section 4.5. In particular, for y, = {5 = 0 one has m,+ = mg+ = m, and my- = mp- =0,
so that equation (4.77) reproduces the well-known one-loop result in the Landau gauge [22].

4.4. Large-field behaviour of the standard model effective potential

We shall see that the analysis of the stability of the electroweak ground state requires the
knowledge of the effective potential V() at large values of the classical field ¢. In this
limit, the terms proportional to log % appearing in the one-loop correction to the effective
potential grow large, and eventually spoil the reliability of perturbation theory. Such large log-
arithms need resummation in this case. The standard technique to resum such logarithms is the
renormalization group, which we review here.

For fixed values of the bare parameters, the effective potential Vi (¢), does not depend on
the renormalization scale v (see equation (4.14)). This is expressed by the renormalization
group equation (RGE)

9
¢
where we have made explicit the dependence of Vg on the scale i and on the parameters of
the theory (couplings and masses), collectively denoted by ;.

The formal solution of the RGE in equation (4.78) can be obtained by the method of the char-

acteristics [30]: the effective potential, as a function of y, is constant along the characteristic
curves \; = \;i(w), @ = ¢;(w), solutions of the differential equations

dAi(p)

0 0
(Naﬂ + 5107)\,- —7¢ >Veff(,u’ ¢) =0, (4.78)

o Bis Ailpo) = Ni (4.79)
d
M % = —yo(1);  P(po) = ¢. (4.80)

53



J. Phys. G: Nucl. Part. Phys. 49 (2022) 103001 Topical Review

Table 1. The p-coefficients entering the expression of Mg in equation (4.83) for the
Fermi gauge.

p t w z h A* B*

N, -12 6 3 1 2 1

c, 3/2 5/6 5/6 32 3/2 3/2
2

oo % g8 S L0V 0Ge?)  H(AE VAT et + &)

The usefulness of the renormalization group is that x4 can be chosen in such a way that
the convergence of perturbation theory is improved. For instance, a standard choice in vacuum
stability analyses is 1 = ¢. Without sticking, for the time being, to any specific choice of scale,
the RG improved effective potential can be formally written as

Aett (1L, @)

I &t (4.81)

Vee (1, #) = Qesr(ft, @) + ¢+

mez:ff(:u” ®)
2

In the case of the standard model the full expressions of g, mgﬁ and A in the Fermi gauge
can be read off equation (4.77). We do not report those expressions explicitly here; we just
observe that Qe and m2; are proportional to m*(p) and m? (1), respectively, where m(y) is the
MS renormalized parameter of the Higgs potential, essentially an electroweak mass scale up
to logarithmic running. Hence, in the ¢ > m limit equation (4.81) takes the simplified form

1
Ver(@) ~ 7 Aeti(p, )", (4.82)

where

Nef(ft, ) = €T

1 kp(p)et W ¢?
A(p) + W%:Npmf,(,u) (log ”T — Cp> (4.83)
and
1 d /
T(u) = _/ L (4.84)
o M

The coefficients N, C, and r,(u) appearing in equation (4.83) are listed in table 1 in the
Fermi gauge (the corresponding Landau—gauge values are obtained by taking &y, = £ = 0).
Note that the gauge dependence of the RG improved effective potential is twofold: the gauge
fixing parameters appear both in the couplings &, (cf table 1), and in the anomalous dimension
of ¢ (cf equation (4.74)).

Equation (4.82) can be further simplified by choosing @ ~ ¢, so that the logarithms in the
last term of equation (4.83) are small, and neglecting the RGE evolution of the field ¢, which
amounts to taking I'(u) ~ O (this is formally correct only at the LO). We hence obtain

1
Verr(¢) =~ ZA(¢)¢4. (4.85)

The RG evolution of X in the MS scheme is displayed in the left panel of figure 5 for central
values of the standard model parameters, employing one-, two- and three-loop beta func-
tions and two-loop matching at the M, scale [31]. Similarly, in the right panel of figure 5 we
show the extrapolation of the SM effective potential at high energies in the approximation of
equation (4.85).
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Figure 5. Leftpanel: RG evolution of A in the standard model at one, two and three loops
(respectively in blue, red and green). Right panel: standard model effective potential in
the approximation Vg ~ A(¢)¢* /4.

Note that within such an approximation the gauge dependence drops out, even though it is
not perturbatively consistent to neglect the anomalous dimension and the fixed-order contribu-
tion of the effective potential in equation (4.83) when the running of X is considered beyond
one loop. This notwithstanding, already at the one-loop level the above approximation captures
the most important physical feature: around ;o = 103 GeV the coupling A becomes negative,
thus triggering the instability of the Higgs potential. The electroweak minimum (whose fine
structure is not visible in figure 5) is not anymore the absolute minimum of the Higgs potential
after considering radiative corrections. Since A keeps running negative at large field values, the
effective potential must be ultraviolet completed in such a way that it is bounded from below
and a second, deeper minimum arises. The latter might be due to Planck-scale physics or sim-
ply to the radiative self-completion of the SM, given the fact that A\ crosses again the zero at
trans-Planckian energies and grows positive due to the Landau pole of the hypercharge.

4.5. Gauge dependence

Although the effective potential turns out to be a very useful tool for the study of spontaneous
symmetry breaking, there are some subtleties related to its physical interpretation which are
worth to be discussed. In particular, we are going to review here the role of the gauge depen-
dence of the effective potential in the vacuum stability analysis and, in the next section, the
so-called convexity and reality issues.

The gauge dependence of the effective potential raises the question of which are the physical
observables entering the vacuum stability analysis. To fix the ideas, let us assume that all the
parameters of the standard model are exactly determined, but the Higgs boson mass. After
choosing the renormalization scale 1, the RG improved effective potential, Ve (o, Mj; €),is a
function of ¢, the Higgs pole mass M}, and the gauge fixing parameters, collectively denoted
by £. One can think of M), as an order parameter, whose variation modifies the shape of the
effective potential, as sketched in figure 6.

The absolute stability bound on the Higgs boson mass is obtained by defining a ‘critical’
mass, M, for which the value of the effective potential at the electroweak minimum, ¢,, and at
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¢

Figure 6. Schematic representation of the standard model effective potential for dif-
ferent values of the Higgs boson mass. For M) < Mj, the electroweak vacuum is
unstable.

asecond minimum, ¢, > ¢, are the same. Analytically, this translates into the three conditions

Vetr(p1, M5 €) — Vei(da, M3 €) = 0, (4.86)
OVisr OVere
- —0. (4.87)
a¢ qbl,MZ a¢ qbz,MZ

We have seen in the previous section that, in the ¢ > ¢, limit, the standard model effective
potential is well approximated by equation (4.85),

1
Verr(4) ~ ZAeff<¢>¢4. (4.88)

Hence, the absolute stability conditions in equations (4.86) and (4.87) can be equivalently
rewritten in the following way:

Aeit(a, M3 §) = 0, (4.89)
8)\eff
—0, (4.90)
9¢ b2.M,

up to (¢1/¢2)* < 1 corrections.

On the other hand, due to the explicit presence of £ in the vacuum stability condition, it
is not obvious a priori which are the physical (gauge-independent) observables entering the
vacuum stability analysis. The basic tool, in order to capture the gauge-invariant content of the
effective potential is given by the Nielsen identity [32]

0 0

— 4 C(p, E)—
( ge T €005,
where C(¢, £) is a correlator involving the ghost fields and the gauge-fixing functional, whose
explicit expression will not be needed for our argument. Equation (4.91) is valid for the class
of linear gauges and can be derived from the BRST non-invariance of a composite operator
involving the ghost field and the gauge fixing functional (see e.g. [33]).

)Veff(qﬁ, £ =0, (4.91)
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The identity in equation (4.91) has the following physical interpretation: the effective poten-
tial is gauge independent where it is stationary and hence spontaneous symmetry breaking is
a gauge-invariant statement. We can actually use the Nielsen identity, in combination with the
vacuum stability condition in equations (4.86) and (4.87), to formally prove that the critical
Higgs boson mass, Mj, is a gauge-independent quantity [34]. To this purpose, let us assume that
simultaneously inverting equations (4.86) and (4.87) would yield gauge dependent field values
and critical Higgs boson mass: ¢; = ¢,(£), ¢, = ¢,(&) and M, = M;(§). The total differential
of equation (4.86) with respect to £ then reads

Wer| 901 Der|  OM; OV
06 Loy 0€  OMy |, e OF O |, e
_ OVerr 0¢ | OVegr OM;, | OVegr 4.92)
06 |y 0€ T OMy | O€ T O |

The first terms in both the lhs and the rhs of equation (4.92) vanish because of the stationary
conditions in equation (4.87). The third terms in both the lhs and the rhs of equation (4.92)
vanish for the same reason, after using the Nielsen identity. Hence, we are left with

OWerr OME
=0. 4.93
( aMh (,Uz,M“) ( )

o€
Since the expression in the bracket of equation (4.93) is in general different from zero, one
concludes that

oM,

o

namely, the critical Higgs boson mass does not depend on the gauge-fixing parameters, and

hence telling whether the electroweak minimum is absolutely stable or not is a physical state-

ment. Note, however, that a non-consistent use of perturbation theory might still be responsible
for a residual (spurious) gauge dependence in the determination of M} [35, 36].

On the other hand, field values (as for instance the instability scale) are essentially gauge-
dependent quantities. The standard model vacuum instability scale is operatively defined as
the field value ¢ = A, for which the effective potential has the same depth as the electroweak
minimum (see figure 6). This is analytically expressed by

Veit(A13 &) = Verr(d15§). (4.95)

The rhs of equation (4.95) is a gauge-independent quantity, since ¢, is by definition a minimum
and we can apply the Nielsen identity. Hence, by solving equation (4.95), one has in general
A; = Ai(§). In particular, by taking the total differential of equation (4.95) with respect to &,
we get

_ OVegr
oty OMi

0, (4.94)

OVt %+6Veff
99 |y, 0€ 3

By using the Nielsen identity, we can substitute back the second term in equation (4.96), thus

obtaining
BAI aVeff
(5 - cr0) 55

—0. (4.96)
Ar

=0. (4.97)

Ay
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Since, in general, A; is not an extremum of the effective potential, equation (4.97) yields

oA
B = o). (4.98)

It turns out that by varying £ within its perturbative domain, the scale A; in the standard model
suffers from a gauge-fixing uncertainty of up to one order of magnitude in the Fermi gauge [34].
Although A; is clearly unphysical, one can still identify some gauge-invariant scales related
with the Higgs potential instability (see e.g. reference [37]).

4.6. Convexity and reality

The effective potential Veg(¢,), being defined as the Legendre transform of the generating
functional of the connected Green’s functions, must be a convex function of its argumentg.
Moreover, as we are going to show, it carries the following physical interpretation: it is the
expectation value of the energy density (¥|H| W), for the lowest-energy state | V), subject to
the constraints (U|W) = 1 and (V|4(x)| V) = ¢,.. This also implies that V. must be real.

These two properties of the effective potential are in apparent contrast with what done so
far, since any scalar potential relevant for spontaneous symmetry breaking has non-convex
regions. Moreover, the convexity and reality problems are closely related. In fact, the one-loop
correction to Vg is proportional to [V”(¢.)]* log V" (¢.), so that non-convex regions (V"(¢,) <
0) lead to an imaginary part.

Itis commonly understood that this paradox has nothing to do with the breakdown of pertur-
bation theory, but it is rather an issue of terminology (see e.g. [38—40]). In the derivation of Ve
in section 4.1 we have implicitly assumed that ¢ [J] (defined via the relation ¢, = §W/dJ) is a
single-valued function. It can be shown that whenever the tree-level potential has non-convex
regions, the relation between ¢, and J becomes multi-valued and the standard one-loop deriva-
tion of what we improperly called the effective potential gets modified [38]. Specifically, the
saddle point approximation employed in the background field method of section 4.2 features
multiple stationary points with respect to which the effective action should be expanded, and
the true effective potential is obtained by summing over all of them.

It is therefore more appropriate to distinguish between two objects: V¢, defined in terms of
the Legendre transform of the generating functional of connected Green’s functions, and V/py,
defined as the negative of the spatially independent part of the generating functional of the 1PI
Green’s functions (cf equation (4.14)). The two generating functionals are related by (see e.g.

[41])
exp{%(W[J]JrO(h))} ZN/D¢C exp{% (Fm[fbc] +/d4xJ(X)¢c(X)>}, (4.99)

for some irrelevant normalization constant . In the semi-classical limit, 7 — 0, we can use
the saddle point approximation to obtain

W] = |:F1Pl[¢c] + / d4xJ(X)¢c(X)H : (4.100)

Lypy _
Soe =7

° Some mathematical properties of Legendre transforms are reviewed in appendix A.4.
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Hence, W[J] is the Legendre transform of I';pr[¢.]. On the other hand, the effective action was
defined as the Legendre transform of W[J]

(4.101)

oW
T =%e

Talde] = [W[J] - / d“xJ(x)qsc(x)}

Therefore I'¢it[ @, ] is the double Legendre transform of I'jp[¢,]. From the properties of Legen-
dre transforms it follows that I'c[¢,.] is the convex envelope of I'pi[¢,]. In turn, this implies
that Vg is the convex envelope of Vipy.

Note that the formalism behind V¢ is defined in the thermodynamical limit, where the sys-
tem has relaxed on the ground state after an infinite amount of time. On the other hand, in most
applications, we are rather interested in metastable regimes described by field configurations
localized around a local minimum. The goal of this section is to show that Vp; is actually the
appropriate object in order to describe this physical situation.

Following Coleman [10], we start by considering the quantum mechanical problem of con-
structing a state |a) that is a stationary state of the quadratic form (a|H|a), subject to the
constraints (ala) = 1 and (a|A|a) = A, for some Hermitian operator A. This can be cast in
the variational problem §{(a|H — E — JA|a) = 0, where E and J are Lagrangian multipliers.
The variational equation leads to

[H — E — JA]|a) = 0, (4.102)

from which we see that |a) is an eigenstate of the perturbed Hamiltonian H — JA, with energy
E. Equation (4.102) allows us to express |a) = |a(E,J)) and, further using the normalization
condition, we can express E in terms of J. Since we are eventually interested in the dependence
on A, the relation between J and A, can be obtained via standard perturbation theory10

dE
A(J) = (a(D]Ala())) = 4 (4.103)
Hence, we conclude that |a) is the stationary state of the quantity
dE
(a()|Hl|a())) = EJ)+JA, =E(J) —J 4 (4.104)

The generalization to quantum field theory is obtained by replacing: |a) — |¥), H — H,
A— ¢, A = ¢., E— W, which corresponds to the definition of the effective action in
equation (4.101). Hence, we conclude that

Veir(¢e) = (U[H|¥), (4.105)

for a state | W) such that § (¥ |H|¥) = 0, under the constraints (¥ |¥) = 1 and (U|p(x)|T) = ¢,.

To investigate this further, let us consider for definiteness the case of the double-well poten-
tial V(¢) = —112¢* + 12\¢* with minima in ¢ = 0 = /p?/X (cf figure 7). The classical
potential is clearly non-convex in the region ¢ < |o|. Following Weinberg and Wu [42], the
main features of the effective potential can be understood via a classical argument. Let us con-
sider the classical analog of (¥|¢(x)|¥) to be the spatial average of ¢, denoted by ¢. Using the
physical interpretation of the effective potential, the classical analog of the effective potential,

10 This relation holds true in general (see e.g. [40]). However, it is sufficient for the sake of the argument to treat J as
a perturbation.
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Figure 7. Example of a non-convex tree-level potential. The true effective potential (Vegr)
is the convex envelope of Vipr.

V., is the minimum value of the energy density among all the states with a given value of ¢.
For ¢ > |o| the energy density

H = %& + %(Vaﬁ)z + V(o) (4.106)

is minimized by a static homogeneous configuration with ¢(x) = ¢ everywhere, and V, is equal
to V(¢). If ¢ < |o|, there is a non-trivial way in which the energy density can be minimized,
namely via an inhomogeneous state

4o for afraction f of space
o(x) = (4.107)

—o otherwise,

where 0 < f < 1 is fixed by requiring that the spatial average of ¢(x), of — o(1 — f), is
equal to ¢, which yields f = (¢ + 0)/(20). Hence, in the ¢ < || region the energy density is
V(£0) < V(¢). Note that the gradient term relevant at the boundaries of the two domains can
be neglected in the infinite volume limit. V. is thus flat in the region between the two minima,
and corresponds to the convex envelop of the V(¢). In the quantum theory, the main difference
is that the state which minimizes the energy density is not a spatially inhomogeneous mixture
of two phases but rather a quantum superposition of two vacuum states.

If one is interested only in homogeneous states, i.e. states in which the field is concen-
trated about a specific value!', then the effective potential is not the appropriate quantity to
describe the region ¢ < |o|. In that case one would need a modified effective potential which
might be defined as the expectation value of the energy density in a state |¥) which minimizes
(U|H|T) subject to the condition (¥|p(x)| V) = ¢, and to the further restriction that the wave
functional for |¥) be concentrated on configurations with ¢(x) ~ ¢,. Hence, to leading order

11 This is clearly the case in the physical problem considered in the present review: we always start from a homogeneous
field configuration localized around the electroweak minimum ¢(x) ~ v and ask about its stability.
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the minimum energy density is V(¢.) which does not need to be convex. Zero point fluctua-
tions are further taken into account by Vpj(¢,.), whose real part provides the relevant potential
to address localized field configurations prior to a phase transition. Note that the restriction to
localized configurations does not commute with the Hamiltonian (e.g. in the case if the double-
well potential the energy eigenstates are even/odd linear combinations of the states localized in
+0), thus these configurations are unstable and can be interpreted as imaginary contributions
to the energy [42]. This instability, related to the imaginary part of the perturbatively computed
Vip1, should not to be confused with the non-perturbative decay of the false vacuum itself (for
instance, one could consider a non-convex Vp; with field configurations localized around the
true vacuum).

Following a standard terminology, we will keep to refer to Vg as the (localized) effective
potential.

5. Decay of the standard model vacuum

The stability of the electroweak ground state is a time-honoured subject [40, 43—52]. Prior
to the Higgs discovery in 2012 [53, 54] it served as a theoretical tool to set a lower bound
on the Higgs boson mass [3, 55-60]. Recently, the analysis of the standard model vacuum
stability has reached a higher level of complexity (see e.g. [31, 61-67]). In this section we
describe the basic aspects of the calculation of the standard model vacuum decay rate and we
introduce the so-called standard model phase diagram, namely the parameter space region in
the standard model for which the electroweak vacuum is absolutely stable, metastable (i.e. with
a sufficiently long lifetime compared to the age of the Universe) or worryingly unstable.

5.1. The origin of the standard model instability

The case of the standard model of electroweak interactions is different from the simple exam-
ples described in section 3. Indeed, the tree-level scalar potential of the standard model
Loy 1y
Vo(9) = m™¢” + —A¢ (5.1)
2 4
with m?> < 0and A > 0 has a local maximum at ¢ = 0, an absolute minimum at ¢ = {/— ’%2 =
v (the electroweak minimum), with v ~ 246 GeV, and no other stationary points. Hence, at the
classical level, there is no instability of the ground state.

The situation changes when loop corrections are included. As we have seen in the previous
section, the effective potential behaves as A\(¢)¢” for large values of the classical field ¢, and the
running coupling A\(;z) becomes negative at u = A; ~ 10'° GeV if the top quark is sufficiently
heavy. If this is the case, the electroweak minimum is not the absolute minimum of the effective
potential: a second, deeper minimum, located somewhere between 10'° GeV and the position
of the Landau singularity, must therefore exist, and quantum fluctuations may induce tunnelling
from the electroweak minimum to the absolute minimum.

The study of the instability of the electroweak ground state must therefore be carried on
consistently at the level of loop corrections.

Since such large energy scales and field values are involved, the calculation of the tunnelling
probability is in general influenced by the ultraviolet completion of the standard model (if any),
and by gravitational effects; it is however reasonable to take a conservative point of view, and
perform a calculation of the false vacuum lifetime under the assumption that the standard model
is a correct description of our Universe up to scales of the order of the Planck mass.
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5.2. The standard model bounce

We have seen in section 3 that the calculation of the decay rate of an unstable ground state in
quantum field theory is based on an O(4)-invariant bounce, ¢(x) = ¢,(r), solution of the field
equation

3
AGES ;¢§,(r) = V'(¢p), (5.2)

where V(¢) is the scalar potential expressed in terms of renormalized parameters, with
boundary conditions

Tim () = v, (5.3)
$4(0) = 0. (5.4)

In the case of the standard model the value of ¢ (which denotes the Higgs background field, see
equations (4.36) and (4.37)) at the true minimum of the scalar potential is typically many orders
of magnitudes larger that the electroweak order parameter, v ~ 246 GeV. It seems therefore
appropriate to simply neglect the finite value of v with respect to the typical energy scales
involved in the problem of the quantum stability of the electroweak ground state. We will
therefore adopt the boundary condition

lim ¢,(r) =0, (5.5

and we will approximate the scalar potential in the unstable region by

1
V(g) = ZA(¢)¢4, (5.6)

with the renormalized coupling (1) computed at a scale i1 ~ ¢ to reduce the impact of large
logarithms. Equation (5.2) takes the form

3 1
b+~ = 04| M) + 7 BAGK) |, 5.7)
where
d\
BA() = p #- (5.8)
y

(Although not explicitly indicated, the function 3(\) actually depends on all coupling constants
in the theory, and in particular on the top Yukawa coupling, which drives \ to negative values, as
we have seen in section 4.) A bounce solution of equation (5.7), that is, a solution with ¢} (0) =
op(00) = 0, certainly exists, because the scalar potential equation (5.6) has a local minimum in
¢ = 0 and an absolute minimum at some very large value of ¢, and the undershoot—overshoot
argument of section 3.2 can be applied. We recall that, by the same argument, the value of the
bounce at r = 0 is larger than the position of the first zero of A(1z),  ~ A; = 10'° GeV. At
such large values of the classical field, the use of the approximation (5.6) is largely justified;
the mass term would induce a correction

AGO) _ v

-8
4(0) <A1 107°. (5.9)
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An analytic solution of equation (5.7) cannot be found. However, it can be checked that the
dependence of the combination

1
o) + Zﬁ(k(aﬁ)) (5.10)

on ¢ in the region where A\(¢) < 0 is very weak: it is only logarithmic, and it is suppressed by
powers of the coupling constants. An approximate solution can therefore be found by replacing
the rhs of equation (5.7) by a negative constant A\. As we are going to show below, a good
approximation is obtained by fixing A = \(@z) where 1z is such that S(A(7z)) = 0. Equation (5.7)
then becomes

3
5(1) + — () = MG (1) (5.11)

(Incidentally, we note that we are now precisely in the situation described in section 3.4,
namely a scalar potential with no barrier.) As anticipated in section 3.5.1 and shown explicitly
in appendix A.5, equation (5.11) with the boundary conditions (5.4) and (5.5) can be solved
analytically. There is in fact an infinity of solutions:

¢»(0)

¢},(l") - 1+ %Qﬁ%(o)r‘z,

(5.12)
parametrized by ¢,(0), which can take any positive value. Equation (5.12) is often rewritten in
terms of a length scale R, rather than by its value at r = 0:

/8 R
op(r) = Wm (5.13)

The parameter R can be physically interpreted as the approximate radius of the bubble, in three
dimensional space, where the system has jumped from the false-vacuum configuration ¢, = 0
to a non-zero value beyond the barrier. Indeed, ¢, (r) has its maximum in r = 0:

[ 81
op(0) = WE, (5.14)

and drops to zero for r > R. Note that ¢,(R) = ¢ bz(o), which justifies our definition of R as the
radius of the bubble.

As already noted in section 3.5.1, this degeneracy is a consequence of scale invariance.
Indeed, the underlying action functional

1 1
Slol = /d4x {5(3;@)2 + ZW“} (5.15)
is invariant upon scale transformations:
o(r) — aglar), (5.16)
since it does not contain any dimensionful parameter. The proof is straightforward:
2 2 4
Slag(ar)] = / ate | o + 200t an) | = Si9) (5.17)
2 Ox,, 4
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after the integration variable change y = ax. As a consequence, if ¢(r) is a solution of
equation (5.11), than a¢(ar) is also a solution, for any choice of the scale factor a:

& 3d 3 3, 3
2 rar lap(ar)] = a’ |¢"(ar) + —¢'(ar)| = Aag(anr)]”. (5.18)
r*  rdr ar

The transformation ¢(r) — a¢(ar) on equation (5.12) amounts to rescaling

?p(0) = agy(0). (5.19)

However, the scale invariance of equation (5.11) is not a feature of our original problem, but
rather a consequence of our approximations. The original field equation, equation (5.7), is not
scale-invariant, even when mass terms are neglected, because of renormalization; therefore, its
bounce solution has a definite value at r = 0. Unfortunately, the correct value of ¢,(0) cannot
be determined analytically. A numerical study of the bounce solution to equation (5.7) was
presented for instance in reference [20] based on the shooting method reviewed in appendix
A.6. The results show that the commonly adopted approximation in equation (5.11) is rather
accurate. However, its application in the calculation of the first quantum corrections requires
some care, as discussed below in section 5.4.

We conclude this section by computing the action of the Fubini—Lipatov bounces
equation (5.12), which enters the calculation of the decay rate of the metastable ground state.
The action is easily computed using equation (3.12):

+oo
Stn) = [ dx Vi =27 [ darr Vo), (5.20)
0
where in the last step we have used the O(4) invariance of the bounce solution. We find
82
S = —, 5.21
[&n] 3 (5.21)

independently of the value of ¢,(0), as expected.

5.3. A digression on scale transformations

In this section we collect some considerations about the role of scale invariance (or non-
invariance) in the search for bounce solutions of the field equations. Let us consider a generic
scalar field theory, with scalar potential V(¢), and let us assume that the action S[¢] is sta-
tionary around ¢ = ¢,. Then, in particular, it will be stationary upon infinitesimal scale
transformations, that is we expect

AB = A(S[¢s] — S[orv]) =0 (5.22)
upon a variation
Ap = (14 x,0,)P (5.23)

around a solution of the field equation. A straightforward calculation gives

AB = / dx [BV () — 4V(dp) + 4V (drv))]. (5.24)
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The rhs of equation (5.24) is obviously zero for

1
V(@) = 78" + V(grv), (5.25)

because the integrand vanishes identically in this case. We already know that in this case bounce
solutions of the field equation exist if A < 0.

It is easy to find examples of scalar potentials that do not admit any bounce solution of the
field equation. Consider for instance

V@) = A+ g (526)
with A < 0 and constant m?, either positive or negative. In this case,

AB = AS[¢] = —m? / d*x ¢?(x), (5.27)
which vanishes only for ¢(x) = 0.

There are however intermediate cases, that is, non-scale-invariant scalar potentials that
admit a bounce solution of the field equation. For example

1 1 1
V(g) =g [Zaﬁ“ - §¢3<M + ¢rv) + 5¢2M¢Tv (5.28)
with g > 0 and
0<M< ¢—;V (5.29)

has a local minimum for ¢ = 0 and an absolute minimum for ¢ = ¢ry, separated by a barrier

with its maximum for ¢ = M. A plot of ;)(—3’) as a function of h = % for different values of
TV
M

m= 3= is shown in figure 8. In this case the field equation

3
¢" + ;45' = 89(¢ — M)(¢ — drv) (5.30)

cannot be solved analytically. We know, however, that it must have a bounce solution, as a
consequence of the overshoot—undershoot argument illustrated in section 3.2. It is possible to
solve the field equation numerically; the bounce (x) as a function of x = | /g¢rvr is plotted in
figure 9 for different values of m. Note that 4(0) gets close to 1, i.e. ¢(0) close to ¢y, asm — %,
where the two minima are degenerate. Also note that the solution is unique, as a consequence
of the explicit breaking of scale invariance, contrary to what happens for the scale-invariant
potential equation (5.25): the condition

1
AB=g / d*x Las?,(M + ¢rv) — GpMory | =0 (5.31)

fixes the value of the bounce at » = 0. It can be shown that in this case the bounce is well
approximated by a Gaussian

2

dy(r) = e 7, (5.32)

in the sense that values of the parameters ¢, and R can be found, such that the true bounce
action is accurately reproduced.
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Figure 8. The scalar potential equation (5.28), normalized to gq&%v, for different values
of m. From top to bottom, m = 0.45,0.4,0.35,0.3,0.25,0.2,0.15,0.1.
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0.6 — m=0.15
= — m=0.2
= — m=0.25
0.4 — m=0.3
— m=0.35
— m=0.4
0.2 m=0.45
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Figure 9. Bounce solutions relative to the scalar potential in equation (5.28) for different
values of m.

The standard model scalar potential with the mass term neglected and the running coupling
computed at p ~ @,

1 dA
V(g) = X' p =B (5.33)

4 du
also belongs to the same class: it has a local minimum at ¢ = 0, increases with ¢, then starts
decreasing when A\(¢) becomes negative. We have argued in the previous section that in this
case the bounce is well approximated by the Fubini—Lipatov bounce; the value of ¢(0) is
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determined by the condition of stationarity of the action upon scale transformations,

1
AB = 1 / d*x BO\(¢p)) o} = 0. (5.34)

An analytical estimate of ¢,(0) in this case is presented in reference [68]: for values of ¢ not
too far from the value of the scale 1z where A(fz) has a minimum we have

M) = NJD) + %df ?(Qz) log? ¢ + 0<1og3 ¢> (5.35)
¢=Ti
and therefore
B(P) = ML(QZ) log ¢ + 0<1og2 ¢> (5.36)
¢=q

Neglecting terms of order log? %, the stationarity condition in equation (5.34) yields

[ axdiog ) = tog [ atxsion. (5.37)

The two integrals are easily computed with ¢(r) replaced by the Fubini—Lipatov bounce
equation (5.12). We get

log op(0) / rdr .
(1+4lg30m)

34 A
:/ ‘; ; . 1og<1+|8¢§(0)r2> (5.38)
(1 + W20y )

or

61(0) = Tiet. (5.39)
The result in equation (5.39) can be turned into an estimate of the bounce size R, defined by
equation (5.14). We obtain

/8 1 10
_ ~ = 5.40
A 660) 7 (40

for [A(71)| ~ 0.013. Because i ~ 10'7 GeV, equation (5.39) is an a posteriori confirmation that
the mass term in the potential can be safely neglected.

For earlier work discussing the breaking of scale invariance due to the running of A in the
context of the standard model vacuum tunnelling calculation see also references [51, 52].

5.4. First quantum corrections

The calculation of the first quantum corrections to the decay rate of the standard model vac-
uum is presented in reference [3]. The calculation is performed by the procedure illustrated in
section 3.5, which produces the result

o (SLop] — Slérv])® | Det S"[dpv] —(Slep1=Slppv1) ,—(Sctlep]— scllaﬁm)
Vi (2n)? \/ IDet’ 51| ¢ (541)
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for the decay rate per unit volume of the metastable ground state.

In the case of the standard model, the calculation of the pre-exponential factor is compli-
cated by the presence of fermion and vector degrees of freedom in the theory, which contribute
fluctuations around the bounce configuration. We will not reproduce here the full calculation;
we limit ourselves to pointing out a few important features.

The first point is the choice of a suitable basis for the space of eigenfunctions of S”[¢] for
the evaluation of ratios of functional determinants

Det S"[¢]

bl 5.42
Det §"[érv] 642
This requires solving eigenvalue equations of the type
S"[¢lu = [~0* + W(@)lu = A, (5.43)

where u generically denotes scalar, fermion or gauge fields, and the function W(¢) takes
different forms for each contribution.

Because W(¢) in (5.43) depends only on the radial coordinate r, it is convenient to decom-
pose the various fields in eigenstates of the four-dimensional angular momentum operator
L*=1L,,L,, where

L, = % (%00 — x,0,.). (5.44)

The Laplace operator takes the form

& 3d I
2

= =—+-=—-—. 5.45
0" = 0u0y drz  rdr 12 (5:45)
In the case of scalar fields, the eigenfunctions of L? are the four-dimensional spherical har-
monics Y;(0) (where 6 collectively denotes the three polar angles) with eigenvalues 4 j(j + 1),
and degeneracy (2 + 1)?, where j takes integer and semi-integer values. In this basis, S"[¢,]

is block-diagonal, with blocks (S”[qﬁh])j labelled by j; therefore

log Det S"[¢p] = Zlog Det (S"[¢p]) ;- (5.46)
J

The situation is slightly more complicated for fermion and vector fields; details can be found
in reference [3].

As illustrated in section 2.2.2, in order to compute the ratio in equation (5.42) it is only
necessary to solve equation (5.43) for A = O:

Det [~0° + W(gp)] _ . detu ()

= = . , 5.47
pj Det [—82 + W(QSF\/)] r41>oo det ué (l’) ( )
PFV
where ué(r) are solutions of
[—0% + W($)] u(r) = 0. (5.48)

The symbol Det in equation (5.47) stands for the ordinary determinant over residual (spinorial,
gauge group, etc) indices of these solutions.

The second important point is the subtraction of ultraviolet divergences. The ultravio-
let behaviour of the functional determinant is encoded in the behaviour of the determinants
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for j — oco; as a consequence, the sum over j in equation (5.46) is not convergent, and the
usual renormalization procedure is needed. The counterterm action S, removes the ultraviolet
divergences that arise in the calculation of the functional determinants. Indeed,

Dot S"[]eSl0HSald] — (SIOH+SaldhFlogDet 8[61 _ ,Tio] (5.49)

where I'[¢] is the one-loop effective action, defined in section 4. For example, in the MS scheme
(dimensional regularization with MS subtraction) the renormalized one-loop action can be
written as

T[] = S™S[¢] + [AS[G] — (AS[GDpore) (5.50)

where SMS[ ] is the lowest-order action expressed in terms of the renormalized MS couplings,
and (AS)y,e is the divergent part of AS defined according to the MS renormalization pre-
scription. The calculation of the full determinant in d = 4 — 2¢ dimensions can be avoided by
observing that the ultraviolet divergences are all contained in AS™!, defined as the expansion
of AS up to second order in W:

ASPl[¢] = %[log SDet(—0” + W(¢))] (5.51)

O(WZ)’
where SDet O = Det O or S Det O = (Det O)~2 depending on whether the operator O acts on
boson or fermion fields. This is easily seen in the case of scalar degrees of freedom, when

Wecatar(9) = V(). (5.52)

In renormalizable theories, the second derivative of the scalar potential is a polynomial of
degree 2 in the field, while counterterms are a polynomial of degree 4. Hence the difference
AS — AS™?! is ultraviolet-finite. Equation (5.50) can be rewritten as

[l = S™S[¢] + [AS[g] — ASZ[]] + [ASD[G] — (AS[@Dpore)  (5.53)

where the two terms in square brackets are separately finite. The advantage of this last expres-
sion is that AS®![¢] can be computed either as a (divergent) sum of terms corresponding to
different values of the angular momentum, which gives a finite result when subtracted from
AS[¢], or by standard diagrammatic techniques in 4 — 2¢ dimensions.

The details of the calculation of one-loop contributions to I'[¢,] from field fluctuations
in the different sectors of the theory described in reference [3] is performed in terms of the
Fubini-Lipatov bounce, equation (5.12) or equation (5.13), with ¢, (0), or equivalently R, fixed
as described at the end of section 5.3. In this approximation, the zero mode of scale invariance
in the scalar sector is not normalizable, as shown section 3.5.1. This is however an artefact of
our approximations: the bounce is a solution of equation (5.11), rather than equation (5.7).
This difficulty is overcome by removing the zero eigenvalue of dilatations from the func-
tional determinant, and replacing it by a slightly negative eigenvalue, induced by radiative
corrections.

Additional zero modes of S”[¢,] arise because of the gauge symmetry; the corresponding
contributions to the path integral must be removed and replaced by an integration over suitable
collective coordinates. This procedure is described in reference [17], and involves a jacobian
factor proportional to

/ d*x ¢7(r) (5.54)
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(see equation (3.62)), which is infrared divergent in the case of the Fubini—Lipatov bounce.
Again, this is a consequence of our approximation of neglecting mass terms, and hence the
nonvanishing vacuum expectation value of the Higgs field, in the scalar potential; in the real
world, the Higgs mass acts as a regulator of the infrared divergence of equation (5.54). To see
how this works we consider the field equation

3
p(r) + () = V() (5.55)
in the large-r limit. In this region, ¢, (r) — ¢y, which is different from zero if the mass term is

not neglected. In this limit, the field equation can be linearized by expanding the scalar potential
in powers of ¢, — Qpy:

1
Vigp) = V(grv) + EV,,(¢FV)(¢h — drv)’ + O((d — ¢rv)’), (5.56)

where V'(¢ry) = m? is a positive constant, related to the physical Higgs squared mass.
Neglecting terms of order (¢}, — ¢ry)>, equation (5.55) becomes

(610) = dr0)! + 260 — Bev) = M (y(7) — o), (5.57)
and can be solved analytically. In terms of the dimensionless quantities

X = rm; J(x) = r(@p(r) — drv). (5.58)
Equation (5.57) reads

K f(x) + xf'(x) — (1 + xH)f(x) =0, (5.59)

which is solved by a linear combination of modified Bessel functions

f(x) = aki(x) + BL(x), (5.60)
where
X — 1 x2\"
Ii(x) = 5;m<2> (5.61)

1
Ki(x) = (log 5+ 7)1 +

X 00 1 n+11 n 1 )Cz n
+ZZ nln+ 1) (/; KT kz;: E) <7> ' 662

The large-x behaviours of 1;(x), K;(x) are as follows:

1
Il(x) ~ m@x (563)

Ki(x) ~ \/Ze_". (5.64)
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The condition ¢, (r) — ¢py — 0 for r — oo gives § = 0, and therefore in this limit

Ki(rm) 1
rm (rm)3/? ¢

op(r) — ¢py = am - (5.65)

This shows that ¢7(r) is integrable, if the finite value of the Higgs mass is taken into account.
The final result for the tunnelling rate of the metastable ground state can now be written as

ol 1 e Tlow]

the space—time volume factor V37T is cancelled by the exclusion of zero eigenvalues, as we
have seen.

The final result is expressed in terms of the renormalized parameters A, y, and g;, whose
definitions depend on the renormalization scheme. Of course, the scheme dependence disap-
pears once these couplings are re-expressed in terms of physical observables, such as Higgs
and top pole masses. In practice, however, in the case of the gauge couplings it turns out to
be more convenient to directly use the MS definitions, since these parameters are accurately
determined by fitting multiple observables.

An updated next-to-leading order analysis of the tunnelling rate of the standard model
vacuum yields [66]

—1/4
ToM = <_> _ 101613960 year (5.67)

at 68% confidence level, where the uncertainty is roughly due in equal parts to the uncertainty
on the value of the top quark mass and the strong-coupling constant and the theory uncertainty
from threshold corrections at the top mass scale. Even taking into account these uncertainties,
the lifetime of the standard model vacuum easily complies with the age of the Universe 7y ~
13.8 x 10° year.

5.5. The standard model phase diagram

We now come to a discussion of the stability of the standard model ground state in the light
of our present knowledge of the relevant parameters. The most relevant parameters in the cal-
culation of the decay rate of the standard model vacuum are the value of the top quark mass
M,, which is responsible for the negative value of the beta function for A(x), the Higgs boson
mass M, which determines the value of A\(1) at the electroweak scale, and the strong coupling
as(Mz), which affects indirectly the calculation of the beta function. Traditionally, the result
of the calculation if the vacuum decay rate are displayed in the (M},, M;) plane (cf Figure 10),
often referred to as the standard model phase diagram'2.

Let us describe how the standard model phase diagram (which by definition assumes the
standard model in isolation) is obtained and comment on possible interpretations of the fact that
the experimental values of the standard model parameters seem to lie at the boundary between
the stability and metastability region.

12 Similar analyses have been performed also in references [36, 61-67].
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Figure 10. The standard model phase diagram in the (M}, M,) plane. Reproduced from
[31]. CCBY 2.0.

5.5.1. Instability/metastability boundary. The probability of nucleating a bubble of true vac-
uum during the history of the Universe can be estimated as

P = VlS(V3T)ligh[—cone, (568)

with the space—time volume of our past light-cone given by [31]

0.15

Vs T)light—cone ~ 761 > (5.69)

and Hy = 1.44 x 10~*? GeV being the present Hubble constant. The boundary region between
instability (red) and metastability (yellow) in figure 10 is obtained by setting p = 1 as a function
of the top and Higgs pole masses.

5.5.2. Metastability/stability boundary. The absolute stability condition was already discussed
in section 4.5 (cf equations (4.86), (4.87), (4.88) and (4.89)) and reads

Actt(phe) = Bag(pte) = 0, (5.70)

where B = dﬁfff and we have neglected small corrections of order (v/ u€)2 ~ 1073% which
corresponds to approximating Veg(¢) = %Aeff(¢)¢4. A more accurate stability criterium, which
takes into account the consistent use of the 7 expansion of the standard model effective
potential, was formulated in reference [36].

The critical line between metastability (yellow) and stability (green) in figure 10 is obtained
by selecting the region in the (M}, M,) plane where equation (5.70) holds. The technical tools
entering the high-energy extrapolation of the standard model effective potential have been
developed dramatically after the Higgs discovery and involve the calculation of beta functions
[28, 29, 69, 70], threshold corrections at the M, mass scale [31, 61, 62, 71] and the fixed-order
standard model effective potential [72—74]. With these ingredients at hand, one arrives to the
remarkable conclusion that the electroweak vacuum is near-critical. While the central values
of the standard model parameters point to the metastability region, with a lifetime way larger
than the age of the Universe, absolute stability is excluded only between 2 and 3¢ confidence
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level (cf right panel in figure 10). At the moment the leading uncertainty is of experimental
nature and is due to the uncertainty on M, and «,(My).

The main message of the standard model phase diagram is that the standard model can be
consistently extrapolated up to the Planck scale. Pushing its interpretation even further, the
apparent near-criticality of the standard model vacuum has triggered many speculations about
the possible dynamics behind that (see e.g. [31, 75]).

5.6. Ultraviolet sensitivity and new physics

Physical degrees of freedom beyond those present in the standard model are expected, both
on the basis of some experimental observations (massive neutrinos, dark matter, etc) and of
theoretical considerations (e.g. the naturalness problem). The presence of extra degrees of free-
dom can in general affect the standard model effective potential, possibly modifying, or even
invalidating, the conclusions of the previous sections about the stability of the electroweak
ground state. In such cases, the study of the electroweak vacuum lifetime is still a useful tool
in order to constrain extensions of the standard model: non-standard physics should not make
the electroweak vacuum too unstable.

The lifetime of the electroweak vacuum is obviously sensitive to new physics if its mass
scale is M < i =~ 10'7 GeV, since the standard model bounce gets directly affected. On the
other hand, also new physics with M > 7z can enhance the tunnelling rate, e.g. by opening
new decay channels for the electroweak vacuum [4, 20, 76-79].13

Such non-decoupling behaviour of ultraviolet physics might appear counter-intuitive. In
quantum mechanics the shape of the potential beyond the barrier does not affect the tun-
nelling rate through the barrier itself. The case of quantum field theory is different. As shown
in section 3.4, the generalization of the potential barrier in quantum field theory involves a
space—time integral of the scalar potential evaluated at the bounce configuration ¢,(r); as a
consequence, all energy scales between 0 and ¢, (0) are relevant.

The impact of non-standard physics on the ground state lifetime can be assessed parametriz-
ing new physics effects on the scalar potential by non-renormalizable operators. For example,
in reference [4] it was proposed to modify the standard model scalar potential as

Do
6M?

g

qug, (5.71)

V@) = A0+ S+
where ) is the standard Higgs self-coupling, A¢, Ag are assumed to be of order one, and M is the
energy scale at which new physics effects become relevant. The potential in equation (5.71) is
not meant to be a realistic ultraviolet completion of the standard model. From an effective field
theory perspective, for instance, a more realistic picture would be obtained by considering a full
tower of higher dimensional operators, including derivative operators as well. In the present
discussion, we do not address the question of how specific models can affect the standard
model vacuum lifetime, but just use the potential in equation (5.71) as a toy model in order to
parametrize new physics effects.

The inclusion of two non-renormalizable terms in equation (5.71) does not allow us anymore
to find an analytical solution of the bounce equation and one has to proceed numerically'*. The
sensitivity of the tunnelling rate to new physics at very large energy scales can be assessed by

13 For the moment, we are neglecting Planck-scale physics in order to highlight some general features of tunnelling in
flat space—time. The inclusion of gravitational effects will be discussed in section 6.

14 Numerical techniques based on the shooting algorithm for the determination of the bounce are reviewed in appendix
A.6.
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Figure 11. Potential barrier with and without the contribution of new physics. The values
chosen for the new physics parameters are \¢ = —2, \g = 2.1.

comparing the potential energy barrier obtained with the potential in equation (5.71) with the
one in the pure standard model. Following the definitions in equations (3.45)—(3.47), for the
standard model case with A < 0 one finds:

3 5
22 1 : 272 1)\’

which have opposite sign, while their sum
3

_ _w 1 ) e
Ulgp] = Uvlgp] + Uvlon] IS (5.73)
R? RZ

is positive, thus providing a true potential barrier.

The potential barrier in the presence of non-renormalizable terms in the scalar potential as
in equation (5.71) can be computed by solving numerically the bounce equation. In figure 11
we compare the barrier U[¢,,] in the presence of new physics (orange) and in the pure standard
model (blue). We have chosen A = A(7z) >~ —0.013 45 (corresponding to the minimum of A()
in the standard model), A\¢ = —2 and A\g = 2.1, and we have set M = Mp, for the scale of new
physics. While the two barriers have comparable heights, the area under the curve which cor-
responds to the inclusion of new physics in this case is considerably smaller, which results in a
much shorter lifetime of the metastable ground state for this particular choice of the parameters.

The above discussion can be generalized to the case of more non-renormalizable terms,
including derivative operators, or even renormalizable ultraviolet completions of the standard
model (see also [78, 80]). On the other hand, specific embeddings of the standard model into
ultraviolet theories at the Planck scale can help in taming new instabilities of the Higgs potential
[81].

Summarizing, while new physics at scales M < 1i = 10'7 GeV can affect the decay rate
of the standard model vacuum in any direction (possibly stabilizing the electroweak vacuum),
modifications of the standard model potential at scales M >> Ti ~ 10'” can only shorten the
lifetime of the electroweak vacuum, whenever they lead to a new bounce solution which is
related to a new, deeper minimum around the scale M.
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6. Gravitational effects on vacuum decay

We have seen that very high energy scales are involved in the study of the metastability of
the standard model ground state: the running coupling constant of the Higgs boson, A(u)
becomes negative at i ~ 10'° GeV, and reaches its maximum negative value (which deter-
mines the ground state lifetime) at ;r = 71 =~ 10'7 GeV. It is therefore natural to ask whether
gravitational effects become relevant in this regime. Indeed, the typical scale of gravitational
interactions, the Planck mass Mp; = 1.22 x 10" GeV, is only a couple of orders of magnitude
larger than 7.

This issue was first addressed by Coleman and De Luccia in reference [5], where they con-
sidered the effects of gravity on the decay of a metastable vacuum in quantum field theory. In
this section we will review their work, which allows us to introduce the relevant formalism.
Next, following reference [6], we will apply the formalism of Coleman and De Luccia to the
standard model. More recent developments on vacuum decay in the presence of gravity can be
found e.g. in references [82, 83].

6.1. The tunnelling rate in the presence of gravity

The inclusion of gravity in the calculation of the decay rate of the standard model vacuum is
in principle straightforward: one must find a configuration ¢, (x) of the Higgs field which is a
stationary point of the Euclidean Einstein—Hilbert action

1 R
%z/&u@L@m@@ywwww—%, ©6.1)
where R is the Riemann curvature, and
8
k=8mGN = —&, (6.2)
M3,

where Gy is the Newton constant and Mp, = 1.22 x 10" GeV is the Planck mass. We will
limit ourselves to the case of minimal coupling to gravity, which formally corresponds to the
leading order in the Mp; expansion. The impact on the tunnelling rate of unknown non-minimal
coupling terms in the Einstein—Hilbert—Higgs action was addressed e.g. in references [84, 85].

A difficulty immediately arises: contrary to the case of a flat spacetime, there is no guarantee
that the bounce solution is O(4) invariant. We will make this assumption, which simplifies
considerably the problem, but it should be kept in mind that a bounce solution with a smaller
value of the action and no O(4) symmetry might in principle exist, although no example has
been exhibited so far. We will therefore look for an O(4) invariant metric

ds? = dr? + p*(r)dQ3, (6.3)
where dQ is the element of distance on a unit three-sphere,

dQ3 = dy? + sin® x df* + sin? 0 d¢?, (6.4)
5

and an O(4) invariant bounce ¢,(r), which obeys the field equations’

3 /
Z+§%=Ww, 6.5)

15 Some details on the derivation of the field equations in the presence of gravity are provided in appendix A.7.
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1 1
pPrl=1+ 3f€p2<2 ) V(¢b))~ (6.6)

The boundary conditions for the field equations depend on the topology of the solution, which
cannot be specified in advance. Since we are mainly interested in the problem of the stability
of the standard model vacuum, we can neglect the small positive cosmological constant and
assume a Minkowski-like background metric in the false vacuum. In such a case the bounce
solution is non-compact, and r — oo. The boundary conditions leading to a finite bounce action
are then

¢,(0) =0, Pp(00) =0,  p(0)=0,  p(co) =r, (6.7)

where both the false vacuum and the value of the potential on the false vacuum are set to
zero and the metric is asymptotically Minkowski-like. The condition p(0) = 0 is less obvious
and comes from the fact that p(r) must have at least one zero which can be set to r = 0 by
translational invariance [7]. The Euclidean action equation (6.1) takes the form

00 ;2 3
Selp, g1 = 27° / dr [/P (2” + V(fbb)) + = (pzp" +pp* - p)] . (6.8)
0 K

The bounce action can be rewritten in a simpler form by a generalization of the virial
theorem, proven in section 3.1 in the flat-space case. Let us assume that the action is sta-
tionary upon variations of ¢,(x) and g"”(x); then in particular it should be stationary upon the
transformations

Pp(x) = Pp(bx), (6.9)
g (x) — g (bx), (6.10)
which imply
R(x) — b*R(bx). (6.11)
We find
Sg — Sg(b), (6.12)
where

1 0¢p(bx) Opy(b b*R(b
$50) = [ ' /aom) | XX 00D oy — PB4 v |

1 1
e { 900 0000 iy - R MW”(’“”}

20 Oxt Ox? 2b2k
(6.13)
The stationarity condition
dS,(b)
=0 6.14
b |,_, ( )
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gives a relationship between the derivative terms and the potential term in the action:

dtx \/@ F 0000 0019 g (x) — i

2 oxt Ox 2%
= -2 [ d*x /g(x)V(dp(x)). (6.15)
Hence
Sel v, g1 = — / d*x \/g(0)V(9p(x). (6.16)

In the flat-space limit this expression reproduces the standard virialized form of the action [2].
Assuming an O(4) invariant metric, equation (6.16) becomes (see also [85])

Syldp 9] = 27 / dr POV(D(P). 6.17)

0

Equation (6.17) turns out to be much more useful than the equivalent form equation (6.8) in
numerical estimates of the tunnelling rate, because the last two terms in equation (6.8) are both
divergent for r — oo, while their difference is finite.

6.2. Perturbative solution of the field equations

The field equations (6.5) and (6.6) cannot be solved analytically. Since the effects of gravity
are typically small, it is tempting to look for a solution as an expansion in powers of x, as
suggested in reference [6], and to neglect systematically all terms of order x> and higher. To
this purpose, one must expand ¢, to order x and p to order k2, because of the x~! coefficient
in the Einstein—Hilbert action:

bb = Ppo + Kbp1 + O(KD), (6.18)
p=po+kKp1+ K pr+ O), (6.19)

where ¢, is the bounce in the absence of gravity, and
po(r) =r, (6.20)

as appropriate for a flat metric. The two equations for the order-x corrections:
3 3 |
bt T O+ (ol - %)qﬁﬁ,o = V"(0) b1 6.21)

1
= Er2< . zv<¢,,o)) (6.22)

are no longer coupled to each other.
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It is interesting to note that, to order , the correction terms ¢,; and p, do not affect the
Euclidean action. Indeed, the first term in equation (6.8) becomes

72
P’ (; + V<¢h>>
/ 2
=r ( >+ V(qsbo))

;2
+r(3rp (% + V(¢h0)> + 17 (D1 Dho + D01 V' (60)) | + O(=).
(6.23)
‘We now observe that
d
P (Sh10ho + 001V (h0)) = a(ﬁqﬁblfbﬁ,o), (6.24)
where we have used the flat-space field equation for ¢,
// 3 / !
b0 T ;% = V'(¢n0) (6.25)

to eliminate V'(¢,). Hence, the last term in equation (6.23) gives no contribution to the action,
provided

: 3 AR T 3 ;o\
lim (" ép1d) = rlﬂo(r Dr1dh) = 0. (6.26)
Furthermore, expanding p to order x> we find

2
0"+ —p=

d d
k5 (PPh) + 52 () + 17 (2p1p’1 + 2rpip] + rp’lz)
(6.27)

The only p,-dependent term vanishes upon integration. Therefore, the bounce action depends
only on ¢, po» Py, U to corrections of order x:

00 ;2 ;2
Seldp, gl = 2m° / dr [P (”20 + V(¢ho)> + 3k p; (g’ + V(¢;,0)>
0

+ 3/{(2p1p'1 2l + rp'f)} + O, (6.28)

6.3. Decay of the standard model vacuum in the presence of gravity

The formalism outlined in the previous sections can be applied to the standard model [6]. As
in the case of a flat space—time, we approximate the standard model scalar potential by

1
V(g) = Zw‘, (6.29)
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with A = () < 0. The linearized field equations, equations (6.21) and (6.22), take the form
3 3

b1+ ;¢Z1 + p (P/1 - ﬂ)%o = 3\ Po1 (6.30)
/ 1 2

p1 = ﬁ" h() - ¢bo (6.31)

where ¢, is the bounce in the absence of gravity, the Fubini—Lipatov bounce equation (5.12)
or equation (5.13). We have shown in the previous section that the first order correction
to the bounce, ¢,,(r), does not affect the value of the bounce action. On the other hand,
equation (6.22) is immediately integrated, to give

1 (14 x>»?arctan x + x(x> — 1) r

o= 3o T F D ox= (632)

This is sufficient to make an estimate of the impact of gravitational interactions on the decay
rate of the standard model vacuum, to first order in . One finds that the value of the effective
bounce action is shifted by

25673

AF[(lsh] = m-

(6.33)

There is however a difficulty that arises in the computation of higher-order corrections,
as pointed out in reference [86], which is again related to the transformation properties of
the action upon scale transformations. Adopting the approximate form of the scalar potential
equation (6.29) a scale transformation

Pp(x) — agp(ax), (6.34)
g (x) — g"(ax), (6.35)
R(x) = a*R(ax) (6.36)

transforms the action as
Se — S,(a), (6.37)

where

2
S(@) = [ d*x \/g(an) { 00a) D0 g

2 Oxt Oxv
a*R
+—¢b< )—(“X)]
\ 1 00,() 06,(3) R
d*x /3( {28/1 o | 63

The stationarity condition

ang(a)
da

_ / d*x \/g(x)Rl(f) -0 (6.39)

a=1
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can only be satisfied in the flat limit R(y) = 0, or equivalently p(r) = r. But in this case
equation (6.6) gives

1 /2 1 /2 ‘)‘|
- —V — 7
2 b (¢h) ) b + 4
which is only possible if ¢,(r) = 0, similarly to what happens in the flat-space—time case with
the introduction of a mass term in the scalar potential equation (6.29): the breaking of scale
invariance leads to the disappearance of the bounce. This is confirmed by an explicit calculation
of the order-« correction to the bounce. Equation (6.30) can be solved analytically [84], with
the following result:

¢y =0, (6.40)

1 42
3R3NP/2 (1 + x2)2
1 —17x% — x*(1 — x*)(x> + 12 log x)

2x2
1 14 x%7—9x%)
15x2 1+ x2

a(x? =1

op1(r) =

+ ¢

1 + x?
x2

2
— x arctan x + §(1 — xz)log

(6.41)

where ¢; and ¢; are arbitrary constants. Since ¢, (r) obeys the required asymptotic conditions
for ¢, (r), namely ¢}, (0) = ¢(c0) = 0, the same conditions must also apply to ¢, (r). We find

, 2V2
rl_lgcl Pp1(r) = WQ (6.42)

and
1 4/2(c; 1 1
Gp1(r) ~ WT (5 + E) (F — 12 log x) + regularterms  (6.43)

for r close to zero. Hence, the two boundary conditions cannot be satisfied simultaneously.
On the other hand, when the scale dependence of the renormalized coupling is taken into
account, the stationarity condition upon scale transformations becomes

ang(a)
da

— [ d'x /s {@ + %ﬂ(A(qsb))qsz‘] o0, (6.44)

a=1
and a non-vanishing bounce solution of the field equation can be found. We have checked that
this is indeed the case by a numerical calculation (numerical methods to find the bounce in
the presence of gravity are also reviewed in appendix A.6). Comparing the action computed
taking gravity into account, S,, with the action computed in a flat space—time, S, we notice that
gravity stabilizes the ground state, thus making its lifetime slightly longer.

Since one of the most important parameters describing the running of the coupling constant
A is the mass of the top quark M,, it is interesting to study how the lifetime of the ground state
is modified by varying M, within its experimental uncertainty. In the left panel of figure 12 we
represent the value of the action in the presence of gravity as a function of the top quark mass.
As in the flat space—time case, a lower value for the top quark stabilizes the potential, making
the ground state lifetime longer.

Furthermore, from the fractional difference between the action including or neglecting grav-
ity in the right panel of figure 12 one can see that (especially for lower values of the top quark
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Figure 12. Left panel: value of the action as a function of the top quark mass, includ-
ing gravitational effects. Right panel: fractional difference between the action including
or neglecting gravity. Displayed are also the central value of the top mass and its 1o
uncertainty, M, = 173.34 £ 0.8.

mass) the bounce action becomes larger in the presence of gravity and hence the vacuum life-
time is longer. The reason of this phenomenon can be better understood by thinking at the
running of \. A lower mass for the top quark means a larger energy scale involved in the tun-
nelling process since the zero of (3, is shifted at higher values, and hence gravitational effects
are more important.

Finally, we remark that in the presence of new Planck-scale suppressed effective operators
(cf section 5.6) the tunnelling rate might still be strongly enhanced, even after taking into
account gravitational effects [87].

7. Conclusions

In this work, we have reviewed the phenomenon of quantum tunnelling both in ordinary quan-
tum mechanics and quantum field theory. In particular, we have applied the formalism to the
relevant case of the stability of the electroweak ground state in the standard model, which
presents several subtle aspects related to the radiative instability of the Higgs potential and the
approximate scale invariance of the electroweak theory at high-energy scales.

The present situation regarding the phase diagram of the standard model vacuum is repre-
sented in figure 10 (from reference [31]). Given the present value of the top quark mass, the
standard model vacuum is metastable (with a lifetime much larger than the age of the Uni-
verse), although remarkably close to the absolute stability boundary which can be reached at
the 2—30 level, depending on the uncertainty on the top quark mass. Future improvements on
the measurement of the top quark mass, which may be decisively achieved with a dedicated
top-threshold lepton collider [88], will be crucial in order to establish whether the electroweak
ground state is metastable or absolutely stable.

The fate of the standard model vacuum is also deeply intertwined with the cosmological
evolution of the Universe, a fascinating subject that we have completely omitted in this intro-
ductory review. For instance, the electroweak vacuum instability might have played an impor-
tant role for the evolution of the Higgs field during inflation (see e.g. [89]). Moreover, finite
temperature effects might enhance the decay rate due to thermal fluctuations which should be
taken into account for the vacuum stability analysis in the early Universe (see e.g. [90]).
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Although the vacuum decay rate in quantum field theory is inherently ultraviolet sensitive
(new physics in the deep ultraviolet can always enhance the decay rate), the apparent near-
criticality of the standard model vacuum (under the conservative hypothesis of no new physics
between the electroweak and the Planck scale) hints to a deeper structure, that is possibly
related to the hidden meaning of the standard model itself.
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Appendix A

A.1. The semi-classical approximation in quantum mechanics

We consider a particle of mass m moving in one space dimension: x is the space coordinate, p
its conjugate momentum, and U(x) the potential energy. The Hamiltonian is

?

H(p.x) = 7

+ U(x). (A.1)
In classical physics, the particle’s motion is only allowed in the region defined by E > U(x),
where E is the total particle energy. The values of x for which U(x) = E are usually called
turning points, for obvious reasons.

In ordinary quantum mechanics one looks for stationary states 1/(x), solutions of the time-
independent Schrodinger equation

h2
—%1/)"()6) + U(0)y(x) = E(x) (A.2)

(primes denote differentiation with respect to the argument). Apart from a few simple cases, the
stationary state wave functions can be only be determined in the context of some approxima-
tion framework. In the case of barrier penetration, the so-called semi-classical approximation
proves especially useful [8, 9, 91].

The classical limit of quantum mechanics, 7 — 0, is a singular limit of equation (A.2): for
h = 0 the derivative term disappears, and the equation has a different space of solutions. The
correct way to take the classical limit is the following: the wave function is written

.U(X)]

P(x) = exp [17 (A.3)
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where o (x) is a complex function. In this way, all terms in equation (A.2) are of the same order
as h — 0, because

1
W@ = =25 (0700 = ihe" ()] v, (A4)

hZ
Equation (A.2) takes the form
o' (x) — iho" (x) = 2m[E — U(x)]. (A.5)

The complex function o(x) is assumed to have a power expansion in 7:

2
o(x) = oo(x) + ?al(x) + G) 02(x) + O(1). (A6)

Replacing equation (A.6) in equation (A.5) we obtain a tower of differential equations for
the coefficients o,(x). To lowest order we get

o)>(x) = 2m[E — U(x)], (A7)
which is immediately integrated:

oo(x) = + / dx p(x), (A.8)
where

p(x) = ++/2m[E — U(x)] (A.9)

is the classical particle momentum. Note that the term proportional to 7 in the lhs of
equation (A.5) can be neglected provided

6" (x)| > hlo"(x), (A.10)
or
d 1 d n
= ~ | <1, A1l
dx o'(x) dx p(x) < ( )

which means that the approximation is only valid where the particle wavelength A\ = % does
not vary too much over distances of its same order. This is clearly not the case in the vicinity
of turning points, where p(x) = 0 and A — co.

Including one more term in the 7 expansion we get

20 (x)ah(x) + oll(x) = 0, (A.12)
which gives
Hly = LW PO g (A.13)

2000 2p)]

VIp()]

up to an arbitrary integration constant. Hence, the wave function in the semi-classical approx-
imation, including corrections up to order 7 in o(x), is given by

C] irx "dx! Cz _irx "dx!
D(x) = e fa P L 2 = [ (A.14)
Vp(x) Vp(x)
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in the classically allowed regions, where p(x) is real and positive, and

D1 _fo‘ / / D2 1 rx / /
X) = e T da PDI 22 owtalpGdx A15
= o Ve (1

in the classically forbidden ones, where p(x) is purely imaginary. In the latter case, when x —
400 only one of the two terms must be retained, to ensure normalizability of the wave function.
Otherwise, one of the two terms is exponentially suppressed with respect to the other, and must
be consistently neglected. In equations (A.14) and (A.15), a is an arbitrary reference point on
the x axis. A different choice of a can be absorbed in a redefinition of the constants C;, D;.
Higher-order terms in the expansion of o(x) in powers of 7 are very rarely needed.

The constants C, C,, D, D, must be fixed on the basis of normalization and continuity of
the wave function and its first derivative at turning points. This is not a trivial task, because
the semi-classical approximation does not hold in the vicinity of a turning point. A way to
circumvent this difficulty is the following. To be definite, let us assume that x = a is a turning
point, with £ < U(x) for x > a. Then

C] L‘fx N C2 i X N
e-h‘aP(X)dX -~ e ‘hfap(x)dx x<<a
Yoo = VP VP) (A.16)

e T da Pl x> a

VP

Our task is relating D to C; and C, by requiring the continuity of the wave function and its
first derivative at x = a. These conditions cannot be imposed directly on (x) as given in
equation (A.16), because the semi-classical approximation fails in the vicinity of a turning
point. We will instead continue analytically ¢)(x) in the complex plane x from the real axis
to the right of the turning point, Re x > a, to the real axis to the left Re x < a, following a
path which is never too close to the turning point. For example, we may choose a half-circle
with centre a and radius r, in the upper or in the lower complex half-plane, provided r is large
enough for the semi-classical approximation to hold. We further assume that we can choose
r so that the potential energy U(x) can be reliably expanded in Taylor series to first order in
x — a for all complex x with |x —a| = r:

U(x) = U(a) + U'(a)(x — a) + O(*) = E — F(x — a) + O(r?), (A.17)

with F = —U'(a) < 0 by assumption. Neglecting terms of order > and higher in U(x) the
exponent of Y (x) for x > a reads

i 1 [ 2 3

£0'0()C) = —%/ |p(x")|dx’ = —ﬁ\/2m|F\(x —a)2. (A.18)
We now set

x=a+re’ (A.19)

and continue analytically the wave function following the half-circle in the upper complex
plane. We get

. 5 L
%Uo(x) - —ﬁ\/2m|F\r%e%’9; 0<h<. (A.20)
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Forf =7
i 2i 3 i,
—00(x) = —/2m|F|r2 = —— | p(x")dx', (A.21)
h 3h nJ,
which is the exponent of the term proportional to C; in equation (A.16). On the other hand,
1 1 1

—a)s (A.22)

— T (
NEORRC

which, by the same argument, is continued to
1 1. 1 1.

1
B L e Him. (A.23)
(2m|F|)t Vp(x)

We therefore conclude that

C, = De %', (A.24)

Following the half-circle in the lower half-plane we obtain, by an analogous argument,

C) = Det'™ (A.25)
Finally,
2D {1 / o w}
——=cos|— [ p(x)Hdx + — y<La
v/ p(x hJ, 4
W(x) = p(D) M . (A.26)
¢ Tla Pl xX>a

VIp()]

This formula was obtained in the case when the region x > a is classically forbidden; it is easy
to show that in the general case

2D Cos[l / o)y’ —3] Ux) < E
P(x) = ~”,(;C) il Ja 4 (A.27)

e T | Ja e U(x) > E

VP

A.2. Double-well potential in the semi-classical approximation

In section 2.2 we have discussed how the double-well potential can be studied in the path
integral formalism. In this appendix, we review the standard formulation of the same problem
in the semi-classical approximation. We will follow the discussion presented in reference [8].

We consider again the Hamiltonian of a particle moving in one dimension under the effect
of a potential with two degenerate minima:

H= L& 2+U() (A.28)
2"\ N ’

where U(x) is an even function, with two minima at x = +a and a local maximum at x = 0.
We further assume U(+a) = 0, and define U”(£a) = mw?. An example of a potential energy
with these features is

2
Ux) = %(xz o (A.29)
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but the discussion can be kept at a general level, and reference to a specific form of the potential
is not needed.

If the potential energy barrier separating the two minima were infinitely high and broad,
there would be two identical towers of energy eigenvalues and eigenstates, corresponding to
the two potential wells at x = +a. The wave functions ¥(+x) of the fundamental states, with
energy Ej, are strongly peaked around x = +a, and decrease exponentially away from the
potential minima. The function v (x) is a solution of

h2
—%w"m + U)P(x) = Egy(x). (A.30)

We now take quantum tunnelling into account, under the assumption that the semi-classical
approximation is reliable. Because the potential is parity-even, the wave functions of the two
lowest-energy states are

i) = \%[wu) T (A3D)

() = \%[wu) - (A32)
with energies E; and E, respectively:

I 0+ U ) = Ern) (A33)

I 0+ Uynto) = B (A34)

and E; < E, because ¥,(x) has a node in x = 0. Furthermore, the two wave functions are
approximately normalized, because )(x) has almost no overlap with 1(—x). Equations (A.30),
(A.33) and (A.34) can be combined and integrated, to obtain

h2 “+o00

“+00
dx [1 ()Y (x) = P{()Y(0)] = (Eg — E1) /0 dxp()i(x)  (A35)

_%0

hZ “+o00

+o0
dx [1h2 ()" (x) = Y3 (Y(x)] = (Eo — En) /0 dxp(0)ia(x).  (A36)

_2m 0

The integrals are readily performed by means of equations (A.31) and (A.32), which give
1(0) = 2(0) = 0. We obtain

hZ
E, =Ey— ;wmw'(m (A.37)
hz
Ey = Ey + ﬂ’(ow(m (A.38)
and therefore
20
E,—E = 71#(0)1&'(0)- (A.39)
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It is at this point that the semi-classical approximation comes into play. The value of the wave
function at the origin can be computed using the approximate expression equation (A.27) for
the wave function; we find

P(0) = L () 7o 4 pl (A 40)

D+/[p(0)] -
|p(0)] h

where x are the classical turning points corresponding to the energy E for the potential well
atx = a:

Uxs) = Eg; x>0, (A41)
Therefore
zh 1 pr—
Ey — Ey = —=pre FI o dlpl, (A42)
m

where we have used U(x) = U(—x).
The constant D can be obtained from the normalization condition of the wave function.
Neglecting the exponentially suppressed contributions from the classically forbidden regions,

we get
—+o0 X4 1 1 X
/ [(x)|>dx = 4D? / dx —— cos? [ / p(x)dx’

o0 S 2€9) h
We may replace the cosine squared in the integrand by its average over a period of the classical
motion, 1/2, to obtain

i
- 4} — 1. (A.43)

20 / ST (A44)
. Px)
Furthermore,
+ dx 2dx dt 1 T
=] = ()=, A45
/x, p(x) / G w2 g (A45)
which gives
=" (A.46)
27

and

Er»—E = %”e—%ff;,dx POl po)| = V2m(Ux) — Eo); U(x_) = Ey. (A47)

This is how the result is usually presented in textbooks (see e.g. [8]).
Since

U(x) = %mwz(x —a)’ 4+ 0((x — a)®) (A.48)

in the vicinity of x = a, we have

h | h
Ey ~ —w; Xy ~at\—, (A.49)
2 mw
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and the exponent of equation (A.47) reads

a7
F(h) = —% /0 dx \/2mU(x) — hmew. (A.50)

The exponent F(#) is singular as log 7 as i — 0, as can be seen by observing that, for small 7,
the integration variable x is close to a at the upper integration bound, and U(x) ~ %mwz(a —x)?
in this region. In order take this singularity into account, we split the integration range in
equation (A.50):

2 [a—c 2 a—-/ %
F(h) = —%/ dx \/2mU(x) — hmw — %/ dx \/2mU(x) — hmw, (A.51)
0 a—e

where € is an arbitrary constant in the range 4/ % < € < a. The integration range in the first

integral now does not contain the singular point, and we may expand the integrand in powers
of 7 to first order, while in the second integral we may approximate U(x) as in equation (A.48)
if € is not too large. We get

dx

\/2mU(x

—/E
_ 2w dxy/(a —x2 — L om). (A.52)
h ), mw

The last integral can be computed analytically. Neglecting O(%) corrections, and using
equation (A.48) again whenever allowed, we get

F(h) = — %/Oadx\/2mU(x 2’”“/ dx (@ — x)

—|—/a_€dx o +/ _dx !
0 «/2mU(x) a—x 0 a—x

VAN LT U PSR | LT P
& h mw h mw

2 [4¢
F(h) = — ﬁ/ dx /2mU(x) —|—mw/
0

- - i 1
:_%/de\/TU(X)‘F/O dx[\/m_a%]

e [mw h mwe? h
—1 1—4/1— 1—4/1— .
og[ h ( mw62>] + h ( mw62>
(A.53)

In the semi-classical limit 7 < e2mw we have

h h

— o’ A.54
mwet | 2mwe? + 00, ( )

1—
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so that

mw 1

2 a a—e€
F(h):—%/0 dx 2mU(x)—|—/0 dx{\/ZmiU(x)_a—x

mw 1
log|2ay/ — —. A.
+0g{a h]+2 (A.55)

The only residual dependence on the arbitrary parameter € is in the upper integration bound of
the second integral, where it has a negligible effect because the integrand is essentially zero in
the range a — € < x < a. We have therefore

h ] |
Er— E = 7“ exp F(h) = \/Ehw {2& ’;’—; exp {—h / dx \/ZmU(x)], (A.56)

where

a mw 1 ]
o = — . A.
a=aexp /0 dx [ 0 a—x] (A.57)

The result equations (A.56) and (A.57) must be compared with the result equations (2.123)
and (2.124) with U, = 0, obtained with the path integral method. We see that the two
expressions differ by a factor

\/E ~ 0.93. (A.58)
Y

This small discrepancy can be removed by a more accurate treatment of the matching of the
wave function at classical turning points in the semi-classical approximation, see for example

[9].

A.3. The Maupetrtuis principle

The Maupertuis principle is a modified version of Hamilton’s principle of classical mechanics,
which allows one to determine the trajectory of the actual motion (with no reference to the time
dependence of the coordinates), when energy is conserved.

We consider the action of a system with N degrees of freedom as a function of the
generalized coordinates at the final time ¢, x(7) and of ¢ itself:

S(x(1), 1) = / dr L(x(£), x(7)) = / ar Bx,-x,»— U(x)], (A.59)
) )

where a sum over the repeated index i is understood. Here x(7') is a solution of the equation of
motion, with x(#y) = a. We find

LT AL axy | AL d dxr)
S0 = /,Odt [ax () ax(n) T axaedr Bx,-(t)] (4.60)

B /f g [ 0L d 0L oxr)
i Loxity  dr i (1) ] Oxi(d)

1

0
O0x;(t)

OL an(lJ)
DX, Oxi(t)

fp
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Since x(7) is assumed to be a solution of the Euler—Lagrange equations, the integrand in the
first term vanishes identically, and we are left with the result

0
ms(x(l), 1) = pi(D), (A.61)
where
pi(t) = B X(1) (A.62)

is the conjugate momentum of x; at time 7. Also,

OS(x(1), 1) dx;(1)

d 0
3 &0, ) = 550, 1) +

COx(n)  dt
= gS(x(t), 0+ pixi(o). (A.63)

On the other hand, by definition,

%S(X(I), 1) = L(x(1), (1)) (A.64)
By comparison,

%S(X(t), 1) = L(x(0),X(1)) — pi(0)xi(1) = —H(p(1), X(1)). (A.65)
The action can therefore be written

S(x(1), 1) = So(x(1)) — /to a H(p(?),x(1)), (A.66)
where

So(x(0) = > / lxm pidx; (A.67)

is sometimes called the reduced action, and a is a reference point in configuration space. When
H is constant in time,

1 dx,' dx,' o
H(pi(1), xi(0)) = 5 : 4 a TU®=E (A.68)
we get
S(x(1), 1) = So(x(1)) — E(t — 1o). (A.69)

We know that the action S is stationary in correspondence of the solutions of the equations of
motion, provided the variation is performed with x(7y), x(f) and ¢ — t, fixed. If we now allow
the time interval to vary as well, we obtain, from the above argument,

0S = —Edt. (A.70)
On the other hand, from equation (A.69) we get
0S =4Sy — Edt, (A.71)
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and hence, comparing equations (A.70) and (A.71),
0Sp = 0. (A.72)

Thus we have shown that the reduced action is stationary in correspondence of the solutions
of the equations of motion if energy is conserved.

We may now choose a parametrization of the trajectory, x = x(s), with 0 < s < 57, x(0) =
Xo, X(ss) = X, such that

dx(s) |* dx;(s) dxi(s)
= =1 A3
ds ds ds ( )
or equivalently
dx; dx; dx; dx; /ds 2 ds\ >
= —_— = —_— . A.74
— dr dr —~ ds ds (dt) (dt) ( )
Using equation (A.68),

d
d—“; — V2(E - UX)]. (A.75)

Then
i) sf dx; dx; \ ds
S 1),t) = ,'d P = e —d
o(x(1), 1) Z/ pidx A(stds s

= / sf\/z[E — U(x(s))]ds, (A.76)
0

where we have used equations (A.75) and (A.73).

A.4. Legendre transforms

Given a function f of a single variable x, its Legendre transform, denoted by g(p), is defined
as

8(p) = max[px — S0l (A.77)

Graphically this corresponds to drawing a line through the origin with slope p and taking a
point x = x((p) such that the vertical distance between f(x) and the line px is maximized. The
maximization of the function px — f(x) implies:

df df
& — d —L >0, A.78
dx |, _ p an dx? | _ ( )

so that we can equivalently rewrite

g(p) = xo(p)p — f(xo(p)), (A.79)

whose form resembles that of the effective action, after the proper generalization to a functional
space (cf equation (4.5)). The first equation in (A.78) implies that the line tangent to f at the
point xo must have slope p, i.e. it must be parallel to the line px. Note that if f(x) is convex
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(f"(x) = 0 everywhere) there will be only one value of x,, otherwise there might be several
and one has to pick up that which maximizes px — f(x).
The Legendre transform has the following properties (which we report without proof):

e g is always a convex function (even if f is non convex).
e The double Legendre transform of a convex function f is f itself. If f is non convex, the
double Legendre transform of f is its convex envelope.

A.5. The Fubini-Lipatov bounce

Solutions of the second-order differential equation

3
¢'(r) + ~¢'(r) = A6'(r) (A.80)

with ¢(0) > 0, ¢'(0) = 0, ¢(c0) = 0 can be found in the form of a Taylor expansion around
r=20:

o(r) = ZAkrk (A.81)
k=0
with Ag > 0. Equation (A.80) takes the form of a recurrence relation for the coefficients Ay:
3A 00 o0 k k—i
1
—+ Dk + 2k + DAt =X DD A A (A.82)
k=0 k=0 =0 j=0
It follows that
A =0. (A.83)

The first derivative of the solution at » = 0 vanishes as a consequence of the assumption
equation (A.81). The remaining coefficients are given by

k

)\ k—i
Y/ P AN AA A A.84
k2 (k+2)(k+4);; Foki (A-84)

The coefficients A, with k odd are zero: indeed, when k is odd, at least one of the three sum-
mation indices i, j,k — i — j is also odd. Hence A; = 0 implies A3 = 0, and so on. Thus, we
may rewrite equation (A.81) as

G = ;s ap = Ay, (A.85)
k=0
and the recurrence relation for the coefficients becomes
A\ ) k k—i
= S v A iajAg—i— . A.86
it 8(k+1)(k+2);;““1“" j (A.86)

The coefficients a; are determined by the single number ay, the value of ¢(r) at r = 0. We now
show that

M 2
aj=(5) @™ (A.87)
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The proof is by induction. For k = 0 equation (A.86) gives

awzgﬁ. (A.88)

We now assume that equation (A.87) holds for 0 < j < k. Then

k—i

k
A 2

N 5 k ki Nk A\ K
= gi(k—k D+ Z)ZZ <g> a3k+3 _ <§> a3k+3 (A.89)

i=0 j=0

which is what we set out to prove. The Taylor expansion in equation (A.85) can now be
summed. We find

= AN\ a
d)(r) = aoz (8) a%kl"Zk = 71 )\0 20" (Ago)
k=0

- gaor

The series has convergence radius

[ 8 1

If A < 0 the sum can be analytically continued to the whole positive real axis, and vanishes
as r — oo. Finally, we note that for A < 0 the bounce in equation (A.90) coincides with the
solution given in equation (5.13), with R as in equation (A.91). The above construction shows
that, given the value of the bounce at the origin and the requirement of regularity in the range
0 < r < oo, the solution is unique. An alternative derivation of the result equation (A.90) is
given in reference [16].

A.6. Numerical methods for the bounce equation

Some of the results presented in this review have been obtained by numerical methods. This
appendix contains an illustration of the techniques adopted for the numerical determination of
the bounce solutions for a generic potential, both in the flat and curved space—time cases.

A.6.1. Flat space. Itis convenient to introduce dimensionless variables:

~ o~ V
X = Mr: 3o = 20, (GRS

o (A.92)

where M is an arbitrary mass scale. It will prove convenient to choose M of the same order of
magnitude as the value of the bounce in its centre, M ~ ¢(0), in order to keep the value of ¢

of order one.
In terms of dimensionless variables, the field equation reads

- 3. .
Wm+;wm=wwx (A.93)
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while the boundary conditions become

lim o(x) = % (A.94)
o) _ 0, (A.95)
dx 0

¢y being the value of the field in the false vacuum configuration.

Finding a numerical solution of equation (A.93) is not straightforward since the boundary
conditions equations (A.94) and (A.95) do not define a Cauchy problem, but rather a boundary
value problem. The solution can be found via a shooting method. We define a Cauchy problem
choosing as boundary conditions equation (A.95) and

#(0) = a. (A.96)

This problem has a unique solution, which can be found by means of available numerical
routines, as a function of the parameter a. Next, the value of a is adjusted so that the boundary
condition equation (A.94) is fulfiled.

Note that the origin x = 0 is a singular point for equation (A.93): thus, the numerical solu-
tion must be looked for in a range Xmin < X < Xmax With xpin > 0. As a consequence, we need
the initial conditions at x = xni, Which correspond to those at x = 0. To this purpose, we relate
@(Xmin) to ¢(0) by a Taylor expansion:

O(min) = @ + &' (O)xmin + %&”(@xim + Ogn)
= 4t SO+ Oy, (A.97)

where we have used equation (A.95). The field equation equation (A.93) gives

¢"(0) = V(¢(0)) — %éﬁ’(x) = V(a) — 3¢"(0), (A.98)
which gives |

30 = V@, (A.99)
So finally

Pxmin) = a + éf/’(a)xﬁm + O3 (A.100)

¢ (Xmin) = %V’(a)xmm + 03, (A.101)

The Cauchy problem which determines the bounce can now be solved numerically.

From the numerical point of view, the calculation of the Euclidean action is most conve-
niently performed by means of equation (3.12). Exploiting the O(4) symmetry of the bounce,
we find

Sp = —272 / " S VG)). (A.102)

Xmin
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As a final step, one iterates the procedure decreasing xmi, and increasing xpmax until the result
is numerically stable.

A.6.2. Curved space. In the presence of gravitational effects, the algorithm closely fol-
lows the one described in the case of flat space—time. We have now to solve the coupled
equations (6.5) and (6.6). A complication immediately arises, due to the square root ambi-
guity in equation (6.6). To get rid of it we differentiate equation (6.6) with respect to r [84].
We get

o = 2P0 + V(n)). (A.103)

Following the same strategy as in the flat case, we introduce the dimensionless variables

op(r)
Tk

Vidp) .
M

x=Mr;  $x)= V(g) = plx) = p(r),  (A.104)

where M is an arbitrary mass scale. In terms of the new variables, the system of differential
equations becomes

~ Z’, o df/
P =3¢+ =, (A.105)
po " dd
8 ~ -
7= —?ﬁezf)(gb’z + v), (A.106)

where k = 87 /M3, e = M/Mp,.
The boundary conditions for ¢ are the same as in flat space. Thus it is not a Cauchy problem
and we have to apply a shooting algorithm similarly to the case in absence of gravity.
On the other hand the boundary condition for the function p are
p(0)=0 (A.108)

from equations (6.6) and (6.7).
The boundary conditions in terms of dimensionless variables read

ol

lim P(x) = ST (A.109)
@l _,, (A.110)
dx
x=0
p(0) =0, (A.111)
70 =1. (A.112)
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Proceeding as in the previous case, we solve numerically the two differential equations
equations (A.105) and (A.106) in the range (Xmin, XYmax) With initial conditions

- 1dv

G(Xmin) = a + 845 &:axﬁm + O(Xpin)- (A.113)

- 1dv

h/ min) — 7 = min @) 3 5 A.114
Gnin) = 35| o+ O3 A1)

PXmin) = Xmins (A.115)

P (Xmin) = 1 (A.116)

and we adjust the value of a so that equation (A.109) is fulfiled. The algorithm is iterated
lowering xp, and increasing xp,y, until the desired level of accuracy is achieved.

A.7. Gravitational field equations

In this appendix we provide some details about the field equations in the case of a scalar field
minimally coupled to gravity. Following reference [5], we add the Euclidean version of the
Einstein—Hilbert action to the action of the scalar field!®:

S[o, gl = Sglgl + Ssl9, gl (A117)
with
Y T
Selgl = /d x\/g{ 2/{72], (A.118)
1
Solo, gl = /d4x \/§Lg‘“’3ﬂ¢3y¢ + V(¢)}, (A.119)

where k = 87mGy = 8m/Mp,;, R is the Riemann curvature, and the metric tensor g v 18 under-
stood to have a positive-definite Euclidean signature. Note that, for a scalar field, there is no
difference between ordinary and covariant derivative: V¢ = 0,,¢.

There is an important difference with respect to the flat space—time case: without gravity,
an additive constant to the scalar potential has no effect on the field equations. When gravity
is taken into account, instead, a constant term in the scalar potential contributes with a term
proportional , /g to the action integrand, which results in a contribution to the field equations via
a cosmological constant. Remarkably, vacuum decay affects gravitation itself: when tunnelling
takes place, the value of the potential at the minimum (and hence the cosmological constant)
gets modified.

We first derive the Euclidean field equations in the presence of gravity. By taking the
variation of S[¢, g] with respect to the metric we obtain the Einstein equations

Guw = —KTw, (A.120)

where G,,,, is the Einstein tensor

1
Guw=Ruw— ERg“”’ (A.121)

16 We neglect a non-minimal coupling of gravity to the Higgs of the form ¢R|H|?. The effect of this operator on the
tunnelling rate of the electroweak vacuum has been considered e.g. in [85, 92].
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and 7, the stress—energy tensor
2 48y
V8 08"

The minus sign in equation (A.120) is due to the fact that the metric is Euclidean.
The field equation for the scalar field is obtained by taking the variation with respect to ¢:

[t e[V 120,000
St6.61= [ &' V| Groo-+ 3 20 50,0)

1
771” = - - _a/l,d)al/d) + g/l,l/ |:§gp(76p¢8(7¢ + V(¢):| . (A.IZZ)

/ d*x /g [ + &"(9,9)0, ] 5o
4 dv v
= /d X {\/g @ — 0,(\/gg' (@Lqﬁ))] ¢ + surface term

/d4x \/—{d(b \/_8/,(\/_(8”@)} ¢ + surfaceterm, (A.123)

which yields

dv
8,( oto) = (A.124)
\/— / \/_ d ¢
To find the bounce we thus have to solve the two coupled equations equations (A.120) and
(A.124) for the field ¢ and the metric g. The solution, once replaced in equation (A.117), gives
the value of the bounce action, relevant for the calculation of the tunnelling rate.
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