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Abstract

The subject of this thesis are ambitwistor string models that describe massive particles
by gauging currents to implement a symmetry reduction. Because the amplitude formu-
lae one obtains as correlators in these models are really reductions of the ones presented
in [1, 2], the body of the thesis will open with a discussion of properties and features of
the six-dimensional superamplitudes that the massive formulae will inherit. Two different
instances of symmetry reduction in the ambitwistor string will be considered. The first is
a massive version of the RNS ambitwistor string. This provides a derivation of massive
amplitude formulae that have support on massive scattering equations such as the ones
predicted by Dolan and Goddard [3] and Naculich [4], together with a solid understanding
of mass assignment both to external and propagating particles. The second consists of four
dimensional twistorial models that will be shown to have an alternative interpretation as
theories of maps into the phase space of complexified massive particles. This representa-
tion is more suitable to describe supersymmetric theories, such as the Coulomb branch of
N = 4 sYM. An interesting class of theories is presented, which is obtained by symmetry
reduction along the R-symmetry generators. For supergravity, this produces CSS gauged
supergravities in four dimensions. In these theories a novel instance of ‘massive’ double

copy structure arises.
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CHAPTER 1

Introduction

When I first learned about scattering in particle physics, I was given the image of a small child
who learns what objects and toys do by knocking them into one another. When toys are elemen-
tary particles and his arms have grown up to be high-energy colliders, he can try to understand
the fundamental laws of nature by observing the results of scattering. Scattering amplitudes are
crucial physical observables in many branches of physics. A meeting point between theory and
experiment, they have been at the core of the development of the Standard Model of particle
physics. Today, the pursuit of higher precision in standard model prediction and the computa-
tion of classical gravitational observables from quantum scattering amplitudes put them on the
front line in the search for New Physics and in the booming field of gravitational-wave astron-
omy. Reassured by the idea that someone might be inspired by their work to make concrete
predictions, the mathematical physicist can then safely venture in a world of abstraction.
Recent years have seen incredible progress in the computation of scattering amplitudes, to
the point that there is today a whole field of study that goes by this name. Famously, one moti-
vation for these developments were the remarkably simple formulae for MHV gluon scattering

amplitudes [6]:

AMBV (1% o iT,.nt) = wr (D
Y AU ORI (12)(23) ... ((n — 1)n)(nl)”’ '

where + labels the helicity of the particles and the formula is written in spinor-helicity vari-
ables. Deriving amplitudes for the same processes in the traditional formalism of lagrangian

and Feynman diagrams would involve pages-long computations, only to simplify under great
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efforts, indicating that some organising principle is obscured. The amplitude community is a
very heterogeneous one, composed of particle phenomenologists, string theorists and a wide
range of mathematicians who were attracted by the beautiful structures underlying these phys-
ical observables. The guiding principle in all works that fall under this umbrella is a search for
simplicity, a desire to explore how symmetries and physical principles constrain amplitudes as
mathematical objects, bypassing their description in terms of quantum fields. The variety of
backgrounds of the people involved mean that the field has ancestry in many different lines
of research across mathematics and physics. As a result, a number of previously undiscovered
dualities, symmetries and connections between seemingly unrelated phenomena have come
to light. Before I dive into the subject of the thesis, I will take a tour around the amplitude
landscape, pointing out the heritage from various fields of research and referencing their ap-
plications in the thesis.

Behind the formulae for gluon scattering amplitudes (1.1), is one of the major tools of all
modern amplitude methods, the spinor-helicity formalism. In order to manifest the need for it,
we’ll argue that the description of particles via quantum fields is redundant. This story has
by now appeared countless times in the amplitudes literature. Wigner’s classification defines
particles as unitary irreducible representations of the Poincaré group, momentum eigenstates
labelled by p and a set of quantum numbers ¢ such as helicity . Under a Lorentz transfor-
mation, these are shown to transform in representations of the little group and this behaviour
is reflected in the transformation of scattering amplitudes. On the other hand, quantum fields
and hence Feynman amplitudes computed from Lagrangians are Lorentz tensors. This forces
one to introduce polarisation vectors that give amplitudes with the correct behaviour under

Lorentz transformations:
Alpisei) = €1y e Ay s 5 (Ap) = Do (W) A€y (p)

with D, (W) a representation of the little group. For massless particles such vectors € as

functions of p, h can only be defined up to equivalence " ~ € + ap”, so that the full amplitude
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described with field theory has to obey the on-shell Ward identity':
.A(pi, 6i)|ej—>pj =0 V] . (12)

One then expects that a more natural description exists that avoids this redundancy by working
directly with variables that transform in representations of the little group, instead of (p*, h).
This is achieved by the spinor-helicity formalism that splits momentum into its ‘square roots’
that transform in little group transformations. We will describe this in detail in §2.3 and make
use of it throughout the thesis.

Quantum field theory is a century old science and has lead to the greatest advances in
our understanding of particle interactions. Obviously the idea is not to start from scratch but
rather to find a new language to express what we know. Quantum fields were defined axiomat-
ically [8] based on the physical principles of locality, unitarity and causality. Looking directly
at the amplitude, locality gives us information on the singularity structure of amplitudes. In
particular it tells us that any pole of a tree level scattering amplitude corresponds to a propa-
gating particle going on-shell. Unitarity, through the statement of the optical theorem, selects
processes that factorize over their poles as the product of two subamplitudes corresponding to

the diagrams on either side of the on-shell propagator:
. 1
Fgrilo A, = ﬁALAR (1.3)

We will refer to this property as factorization and the subamplitudes are on-shell vertices, the
basic building blocks of modern on-shell recursions such as BCFW [9-11]. These methods ex-
ploit (1.3) to build amplitudes iteratively from processes involving fewer particles [12]. We will
use a BCFW argument in §3.4 to prove superamplitude formulae. Off-shell recursion relations
by Berends and Giele [13] are ancestors of modern on-shell recursion and remain to this day an
algorithm employed for efficient evaluation of scattering amplitudes.

If locality and unitarity already give very powerful constraints on scattering amplitudes

'In an ‘amplitude’ approach [7], gauge invariance in the form (1.2) has been investigated as a more fundamental
principle and it was shown to uniquely select Yang Mills amplitudes.
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and methods to compute them, the role of causality is at the heart of a beautifully rich subject
that is fundamental to the contents of this thesis. In the late 1960s, Roger Penrose first formu-
lated twistor theory [14-17] as a new framework for a quantum understanding of spacetime.
The conventional point of view at the time was that quantization should be applied to the met-
ric as a field on spacetime, thus introducing quantum aspects to the notion of null, timelike
and spacelike directions - and hence to causality. In Penrose’s perspective, causality should be
a fundamental principle that is untouched by quantum corrections, indicating that null-rays
are more fundamental objects than spacetime events. Broadly speaking, twistor space is the
space of such null-rays in spacetime and a point in spacetime is only determined as the focus
point of a set of null-rays. This space has a natural action of conformal transformations and
a non-local correspondence with spacetime, pointing to a quantised picture where spacetime
points rather than null cones are smeared out. Consolidating the role of twistor space, Penrose
found that massless free fields are encoded in geometric data on twistor space [18]. Lacking a
connection with quantum field theory, for decades the framework of twistor theory was mainly
oriented towards the study of integrable systems and geometry, see [19] for a review. Twistor
diagrams, introduced by Penrose as a twistorial analogue of Feynman diagrams, were devel-
oped by Hodges in the '80s and '90s, coming very close to a breakthrough in the connection
with field theory amplitudes [20].

In the meantime, string theory had lived through two revolutions and made it more and
more natural to think about amplitudes having to do with moduli spaces of Riemann surfaces.
Inspired by Nair’s interpretation [21] of the Parke-Taylor formula (1.1) for MHV amplitudes in
Yang-Mills as a current algebra correlator on a Riemann sphere, Witten was the first to combine
the power of twistors with that of string theory. In the original twistor-string [22-24] the target
space is (supersymmetric) twistor space CP?%. At tree level and N*~2MHYV degree scattering
amplitudes in /' = 4 super Yang Mills were shown to localise on degree k — 1 curves in twistor
space. Soon after, the RSV formula [25,26] re-expressed these amplitude formulae as sums over
residues. These results showed that, although a string theory, the twistor string was remark-
ably simpler than all of its known cousins: correlators appeared to be localised on solutions

of a set of equations [27], greatly simplifying the problem of performing the moduli integrals.
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Hodges’ gravitational analogue of (1.1) in terms of reduced determinants [28] inspired Skin-
ner and Cachazo’s worldsheet formula [29,30] and twistor string [31] for /' = 8 supergravity,
leading to the interpretation of Hodges” reduced determinants as fermion correlators on the
worldsheet.

Any formula one might hope to obtain from worldsheet theories such as the twistor string
must obey the requirements we discussed earlier regarding unitarity, locality and the singular-
ity structure of amplitudes. In quantum field theory, it is natural to describe singularities on

the space of kinematic configurations:
K={{;}Yi=1,.n]) k=0 k =0} (1.4)

In general an n-point tree level scattering amplitude becomes singular as the sum of a sub-
set of momenta becomes null, corresponding to a physical particle propagating in an internal
channel:

Sara; = (kay + ..+ kay)? =0 a; €1,..n. (1.5)

Different subsets of momenta can go simultaneously on shell but not all channels are compat-
ible (e.g. the channels s;2 = 0 and s13 = 0 are inconsistent), so that a precise characterisation
of the singularities is quite complicated. Worldsheet formulae derived from the twistor string
point us toward a picture where we have an auxiliary space that offers a better understanding
of singular configurations and a map from this space to the space on kinematic invariants such
that a correspondence is established between the singularities of the two spaces.

At tree level this space is the moduli space My ,, of the n-punctured Riemann sphere, a
space of dimension n — 3 because of the SL(2, C) symmetry acting on it. The moduli space has
boundaries corresponding to the configurations in which the Riemann sphere collapses to two
subspheres glued at an extra puncture. These singular configurations can be identified by the
subset of punctures lying in one of the subspheres and one can find all compatible singularities
by examining iteratively the singularities of the remaining subspheres until all the subspheres
contain exactly three punctures.

Suppose we want to derive the map that relates degenerations of the moduli space and
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singularities of the scattering amplitude in such a way that degenerations of the sphere where
punctures {o;}ics belong to one subsphere correspond to poles of the form (3,.q ki)? — 0.
Wanting to recover the kinematic data from the Riemann sphere, we define a meromorphic one
form on the Riemann sphere that has at most simple poles, one at each puncture, where the
residues are given by

Resg—o, P(0) = ki, (1.6)

which is equivalent to

OP = 2mido Y " kid(o — oy). (1.7)

Fixing n punctures on the Riemann sphere, i.e. a point on 9 ,,, this is solved by

Plo)=>Y" L (1.8)

—~ 0 — 0y
7

Momentum conservation ensures that the pole at infinity vanishes. In order to establish a map
that gives the desired correspondence between singular configurations, we are led to demand

that the quadratic differential P? vanishes:

2%k; - k;
PP= Y J do? =0. (1.9)

1<i<j<n (o~ ai)(o —0y)

Because the external momenta k; are null, P? is again a meromorphic function with only simple

poles, so that it is enough to impose

Resy—o, P?(0) = ki - P(o;) = Z ——1 do=0. (1.10)

7 1T
This is precisely the statement of the scattering equations. By virtue of momentum conservation,
the set of equations is invariant under SL(2, C) transformations of the Riemann sphere, so that
three punctures can be fixed to arbitrary distinct values. One can also show that there are only
n — 3 independent equations. Given the kinematic data (1.4), the scattering equations have
(n — 3)! solutions for the set of punctures {o;}7; [32]. This led Cachazo, He and Yuan [33-35]

to conjecture that amplitude formulae for massless particles at tree level can be written as an
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integral over the moduli space pf the n-punctured Riemann sphere:

Ry _ | [T doid (ki - P (03))
A =570 k) . VOI(SL(Z.C)) I({k,e,0}), (1.11)

where the measure is quotiented by the action of SL(2, C) that fixes three punctures. The prime
on the product indicates that the measure only imposes n — 3 scattering equations in a permu-
tation invariant way. Since there are n — 3 delta functions for n — 3 integration variables, this
integral is actually completely localised on the solutions to the scattering equations. Because
we have not made any assumptions about the type of massless particles involved nor on the
number of dimensions that the momenta live in, we expect this to hold universally for all of
massless scattering, indicating that there is a common component to all theories that can be
separated from the matter specific contributions, here contained in the worldsheet integrand
I({k,e,a}).

In order to complete the formula, we need an understanding of the integrands one would
need to insert in (1.11) to obtain amplitudes for scalars, gluons and gravitons. Parallel to the de-
velopment of worldsheet formulae, Bern, Carrasco and Johannsson had discovered that color
ordered scattering amplitudes for Yang-Mills theories enjoy a set of relations (known as BCJ]
relations) by virtue of a duality between color and kinematic factors [36]. The way in which
color and kinematic could be disentangled so neatly was suggestive of a picture where one
could pair them up as color-color, color-kinematic, kinematic-kinematic: the remarkable result
of the BCJ double copy [37] is that gravity can be obtained by replacing the color factor in YM
with another kinematic one. This type of duality had an ancestor in the Kawai-Lewellen-Tye
relations expressing amplitudes for closed strings as products of pairs of open string partial
amplitudes via a specific bilinear form called the (KLT) momentum kernel [38]. In [39], Cac-
hazo showed that individual residues contributing to the RSV formula of [26] satisfied the BC]
relations, not only their sum, which allowed a double copy construction of gravity formulae
in four dimensions [40]. This line of research led to the discovery that Parke-Taylor integrands
evaluated at different solutions of the scattering equations (1.10) are orthogonal with respect

to the KLT kernel [34] and to the completion of the formula of Cachazo, He and Yuan for scat-
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tering of massless particles in all dimensions [35]. The integrands I in (1.11) were conjectured
to be a product of two factors I = I Ir with each of I, and Ir transforming under Mdbius
transformations as a 1-form in each ¢;.2 For scalars, gluons and gravitons, each of these were

taken from two possibilities. The first was a Parke-Taylor factor that depends on a permutation

p
PT(p) =[] _ (1.12)

1 Op(i)p(i+1)
The second was the CHY reduced Pfaffian Pf' (M) where M is the skew matrix that depends

on polarization vectors e;,, associated to each null momenta k;,,:

ki-e; . .
A C ki ks o —;__37 z;é]
M= L Ay =l g =SS o= (1.13)
l

o, 0 vT I

On the support of the scattering equations, the matrices M have a two-dimensional kernel, and
so to obtain a nontrivial Pfaffian, one must delete two rows and columns, say ¢ and j produce
M;; and then define the reduced Pfaffian

PF (M) = Jliij(Mij). (1.14)

For biadjoint scalar amplitudes, the integrand is a product of two Parke-Taylors, for Yang-
Mills a Parke-Taylor and a Pfaffian, and for gravity two Pfaffians. Further integrands were
conjectured for a variety of theories including Einstein-Yang-Mills and DBI [41,42].

The form of the amplitude (1.11) was strongly suggestive of a stringy origin and it wasn’t
long before Mason and Skinner introduced ambitwistor strings [43] and showed they repro-
duced CHY formulae as correlators. These novel string theories are theories of holomorphic
maps into the space of complex null geodesics, ambitwistor space. Similarly to twistors, am-
bitwistors have a non-local correspondence with spacetime and they admit representations
in terms of twistors in various low-dimensional spacetimes, which connect them to Witten’s

twistor string. Ambitwistor strings will be at the center of this thesis and their original form

’Tt is customary to suppress the form degree when writing expresions for the integrands.
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will be reviewed in detail in the next chapter. While the validation of the CHY formulae was an
important result, the importance of these worldsheet models goes far beyond it. They provide
a framework that can be modified to approach loop integrands, to introduce different matter
systems, to include supersymmetry and to find new parametrisations of amplitudes.

Up until this point we have focused on results about massless scattering. Despite the fact
that most of the particles we observe have mass, due to technical aspects of their description,
massive on-shell methods came later. As we argued earlier, modern amplitude methods often
rely on novel parametrisations that shed light onto the symmetries and otherwise hidden fea-
tures of known quantum field theories. The first formulations of spinor helicity for massive
particles appeared decades ago [44,45] and were exploited in the first on-shell approaches to
amplitudes in the Coulomb branch of N' = 4 SYM [46-52]. These works explored how state-of-
the-art amplitude methods such as on-shell recursion, supersymmetric Ward identities, could
be adapted to account for massive particles. The main shortcoming of these primordial forms
of massive spinor-helicity was the need to pick a decomposition of massive momenta into a
pair of massless ones, thus inserting auxiliary parameters into the amplitude formulae and of-
ten breaking Lorentz invariance: this gave the image that massive amplitudes didn’t have as
much to gain from on-shell methods as massless ones. All of these issues were resolved in [12],
where spinorial variables for massive momenta were introduced that are little group covariant
and give rise to beautifully compact formulae.

Over the past decade, massive amplitudes have been the object of increasing interest, even
more so after the detection of gravitational waves from a black hole merger [53]. A long stand-
ing program aimed at deriving classical gravity observables from scattering amplitudes has
produced results relevant to black hole scattering [54—69], see [70] for a review. While this com-
munity has mainly been interested in applications of the double copy, progress has also been
made on the front of massive BCFW relations, both in terms of massive shifts [71] and of the
formulae that have been produced [72,73].

The work contained in this thesis has the purpose of introducing worldsheet models of
massive particles that produce amplitude formulae relying on a massive version of the scatter-

ing equations. The first attempts at generalizing the scattering equations to massive particles
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came from Dolan and Goddard [3, 32], who proposed a form of the scattering equations for
scalars of all equal masses in a ¢? theory. This form of the scattering equations however breaks
permutation invariance. Naculich generalised these equations to allow for the appearance of a
mixture of massive and massless particles in the amplitude, possibly with several mass param-

eters [4,74,75]. Naculich’s proposal for the massive scattering equations is:

ki ke 4 Ass
Bo=Y BN TR0 _g geCP,  i=1,.m, (1.15)
P
where A is such that

JF#i

The conditions (1.16) are necessary to preserve the invariance of the set of equations (1.15)
under SL(2,C) transformations. The As are functions involving the masses m; of the external
particles. For a general assignment of masses, such functions might be hard to determine and
are not guaranteed to exist.

Another idea that has long been exploited is to consider massive particles in four dimen-
sions as massless in six and five [76-81]. The six-dimensional worldsheet formulae of [1, 82]
where dimensionally reduced to four dimensions to write massive particles on the Coulomb
branch. Exploiting the independence of the original CHY representation (1.11) on the number
of spacetime dimensions, Naculich [4] reformulated the equations (1.15) by taking the external
momenta to lie in (d + M) dimensions so that it can be split into a d—dimensional physical

momentum and an M —dimensional internal momentum k>:

K; = (ki) kP =«Z=:m?. (1.17)

With this notation, the scattering equations for a set of n external momenta K; become:
E = Yo ). 1.18
R (118)

J#

*Notice the use of a special character k here to distinguish internal momentum from spinorial kinematic variables
K.

10
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In his work internal momentum had to be assigned by hand, making it hard to formulate a
consistent and complete description of the corresponding amplitude formulae and the theories
they could belong to. The models we will present in chapters 4 and 5 describe a variety of
massive deformations of known gauge and gravity theories. They assign values of internal
momentum systematically and produce amplitude formulae that have support on equations
like (1.18) and a spinorial version of these. We will present the models both as standalone
theories of maps into a massive version of ambitwistor space and as symmetry reductions of

massless models in higher dimensions.

Outline of the thesis The thesis is organised as follows. After a review of background ma-
terial in chapter 2, we begin by presenting important properties of the six-dimensional super-
amplitude of [2] that will be relevant for the formulae derived in the massive models. Chapter
4 presents massive models in four dimensions as theories of holomorphic maps into the phase
space of complexified massive particle. In chapter 5 a more general formalism is presented to
build models of massive particles obtained by symmetry reduction. The first half of the chapter
covers the treatment of massive models in the RNS ambitwistor string and their implications
at the level of the amplitude formulae. In the second part twistorial models such as the ones
of chapter 4 are presented as symmetry reductions and we explore different ways of introduc-
ing masses in maximally supersymmetric gauge and gravity theories. Finally chapter 6 gives
a massless model in four dimension that is equivalent to the ones in [83] and allows us write

twistorial version of the gluing operator of [84], opening the way to loop integrand formulae.

11



CHAPTER 2

Review

This chapter contains a review of background material that is relevant to the rest of the thesis.
It is intended both as a technical treatment of the motivational arguments discussed in the
introduction and as an aide-mémoire to support chapters §3-6. It does not aspire to be complete
nor always rigorous: we hope to convey the gist of the subject and will point the reader to the
relevant literature and modern reviews whenever possible. While in the previous chapter we
have made an argument for CHY formulae from a rather historical perspective, here the main
focus will be on the ambitwistor string, the formulae being presented as correlators in this type
of theories. We begin with a brief review of the geometry of ambitwistor space. Section 2.2
contains a review of the RNS models of [42,43]. After a section on spinor-helicity variables
for massless particles, the attention will turn to twistorial realisations of ambitwistor space and
the models for which they lay the basis [1,83,85]. Section 2.5 presents the 6d superamplitudes
of [1,2]. This is meant as a preview of chapter 3, where properties of this formula are discussed
in more detail: here we point the reader to the main results so that the following chapter can
be consulted rather than read from beginning to end.

Because there is considerable overlap between the models in [83,85] and the ones presented

in this thesis, some technical aspects are left to the main body in order to avoid repetitions.

2.1 Ambitwistor space

Ambitwisor space is the space of complex null geodesics in complexified spacetime M with

holomorphic metric g. The name comes from the fact that in four dimensions it can be repre-

12
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sented as a quadric in the product of chiral twistor and dual twistor space, as we will describe
in §2.4.1. Detailed descriptions of this space can be found in the original papers [86-90] and for
modern reviews see [43,91].

Complex null directions are defined by cotangent vectors P € T M that span the zero

energy surface of the Hamiltonian
L
H=3g ' (PP). 2.1)
We can write the space of such null directions:
Txn = {(X*,P,) e T*M|g~"(P,P) =0} . (2.2)

The space of complex null geodesics can be obtained by quotienting out the action of shifts

along null directions, parametrised by P - Ox:
A={(X* P,)eT*M|g ' (P,P)=0}/{P-0x} . (2.3)

Projective ambitwistor space PA is the space of unscaled null geodesics, obtained by quotient-
ing by the rescaling generated by T = P - Jp so that the projective scale can be taken to be the
scale of P.

By construction, a point in PA corresponds to a complex null geodesic in M and conversely
a point in spacetime corresponds to a quadric ), € PA which can be interpreted as the space
of complex null rays through 2. The non locality in the correspondence is what is responsible
for the simplifications in the ambitwistor string representation.

The cotangent bundle is a symplectic manifold, and a more rigorous description of am-
bitwistor space uses the language of symplectic geometry, defining a symplectic potential § =
P,dX® on T* M and associating a Hamiltonian vector field to (2.1) to generate the flow along
null geodesics. Ambitwistor space inherits from this a holomorphic 1—form 6, homogeneous
of weight +1in P. On PA, 0 defines what is called a contact structure and it encodes information

on the complex structure of the space. Non-trivial deformations of the contact structure are co-
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homology classes 60 € H*'(PA, Op(1)) and the (ambitwistor) Penrose transform relates these
to non-trivial deformations of the metric on spacetime, i.e. of the conformal structure. More
generally, the Penrose transform relates cohomology classes on ambitwistor space to off-shell
fields in spacetime. The field equations only arise as quantum consistency conditions in the

ambitwistor string.

2.2 The RNS ambitwistor strings

Ambitwistor strings are theories of holomorphic maps from a Riemann surface X to projec-
tive ambitwistor space PA, as described above. Their action was first formulated by Ma-
son and Skinner [43] as the complexification of the worldline action for a massless particle in
d—dimensional spacetime. Under their prescription the worldline becomes a Riemann surface
¥ with holomorphic coordinate o € C and (X*, P,) on the target space become holomorphic

coordinates for the cotangent bundle 7" M of complexified spacetime.

Bosonic action The simplest ambitwistor string describes a bosonic system:!

SB:SB[X,P}:;/EP-(?X—;PQ, (2.4)

™

where 0X = d305;X. Here X and P are fields on ¥ and therefore carry a conformal weight:
while X € Q°(X) has weight (0,0), P takes value in the canonical line bundle Kx, ~ Q1.9 (%)
of holomorphic (1,0) forms. Then ¢ is a (0, 1)-form taking values in the holomorphic tangent
bundle 7% ~ K '. This field is a Lagrange multiplier for the constraint P? = 0 and it is the

gauge field for the transformation:
0¢ =0a, 06X =aP, 6P=0, (2.5)

where o € Q°(X, Tk) is a bosonic gauge parameter. This gauge symmetry generates transla-

tions along null geodesics on the complexified cotangent bundle of Minkowski space, therefore

~ 'The usual worldsheet diffeomorphism freedom can be parametrised by the gauge field e via the operator J. =
0 + €0, where in the action (2.4) the field has been gauge fixed to e = 0.

14



CHAPTER 2 - Review

confirming that the fields (X*, P,) parametrise ambitwistor space, with the gauge field € con-
straining P to be null and quotienting by the action of (2.5). As recalled in the previous section,
projective ambitwistor space is obtained by quotienting by the scale of the null vector P: this
assigns projective weight +1 to P on PA and we identify the canonical line bundle Ky, with the
pullback to the worldsheet of the line bundle Op(1) so that we can recognise the target space
of 2.4 with PA.

Models in the ambitwistor string are built out of just a few matter systems on the world-
sheet, taken in pairs as:

S =88 48F4 51, (2.6)

In [42] a variety of choices were introduced for S L/E but here we will focus on the ones that are
needed for the models we will study in the course of the thesis, namely those that give rise to

gauge and gravity theories.

Current algebra This system is a worldsheet realization of a current algebra j € Q°(3, Ky ®g)

of level k, with g some Lie algebra, satisfying the standard current algebra OPE:

N ]{;(Sab N Z'faijc(U)

§%(0)7°(0) > s S (2.7)

where f¢ are the structure constants of the algebra g and 6% is the Killing form. This model
can be realized via free fermions, WZW models or other constructions that we will indicate

generically by Sc, as it represents a color contribution to the model.

Worldsheet fermions Under a choice of spin structure on the worldsheet, the second type of
system we consider is built out of a fermionic field ¥* € IIQ%(%, K é/ ’® C%) together with a

gauge field y € TIQ%!(%, Té/ 2) imposing the constraint P - ¥ = 0:

Sy = / G VOV — xP - V. (2.8)
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The gauge transformations associated to x are:
SXH =elt §UF =Pt 6P, =0 &y =0e, (2.9)

and they generate a form of worldsheet supersymmetry, with ¢ € TIQ°(%, Té/ ?). We refer the
reader to the original discussion in [43] for a better understanding of these gauge transforma-

tions and a description of super ambitwistor space.

Models With this choice of matter systems, the simplest model that one can build is the one

made up of two current algebrae:
Spas = P + Sc + Sés (2.10)

describing bi-adjoint scalars. Much like the ¢? theory in QFT, this is a very popular toy model in
the amplitude community. Having no polarisation states, its amplitudes are purely kinematic
and they are the backbone of gauge and gravitational scattering. In the double copy literature
it is known as the zeroth copy of gauge theory and gravity. We will describe it in more detail in
§5.2.

The heterotic model has one current algebra and one worldsheet fermion system:
Shet = SP + Sc + Sy . (2.11)
It produces amplitudes for Yang Mills. The type II model contains two fermion systems Sy,
Sip =88+ Sy, + Sy, , (2.12)
and it produces amplitudes for type II supergravity.

BRST gauge fixing Gauge fixing worldsheet diffeomorphisms and translations along null

geodesics via the BRST procedure introduces fermionic (b, ¢) and (b, &) ghosts associated to the
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gauge fields e, € as well as bosonic (3, ) ghost fields associated to x, with:

b,b € IQ° (T, K2), ¢,éelIN° (S, T%),

B, € QO (z,Kg/Q) e QO (E,TQ/Z) .

The BRST operator is constructed via the standard procedure. One can compute the central
charge to find that the purely bosonic model is critical in 26 dimensions, the type II model
is critical in 10 and for the ones involving S¢ the critical dimension depends on the choice of

current algebra.

Vertex operators As in string theory, amplitudes are obtained as correlators of vertex oper-
ators, one for each external particle, inserted at puctures o; on the worldsheet. Fixed vertex

operators for all possible left and right matter systems are of the form
Ciéi‘/; = Ciéiwz‘eiki'x(ai) . (213)

at a puncture o;, for some operator w; € Q°(%, K2), determined by the choice of worldsheet
matter and constrained by quantum consistency, BRST invariance and possibly other symme-
tries. The matter contribution w; mirrors the left/right structure of the action and factorises

into two independent currents:
w=ov", v e Ky, (2.14)

For all matter systems we are going to consider, the contractions of these operators v; factorise

from the rest of the correlation function.

Gauge fixing revisited In the presence of vertex operators, the gauge fixing procedure presents
some subtleties. For the ambitwistor string, these were first treated carefully in [92]. We only
cite the result here and keep a more detailed description for the models in chapter 4 and 5, the

procedure is analogous. The gauge fixing of e is standard in the literature [93] and introduces

17



CHAPTER 2 - Review

integrations over the position of n — 3 punctures, thus making the distinction between fixed
and integrated vertex operators. Similarly gauge fixing € and x gives rise to different types
of vertex operators, according to how much residual gauge freedom they have. As explained
in [92], these two gauge fields have moduli (n — 3 for € and n — 2 for y at tree level) that cannot
be fixed to zero. Integrating these moduli produces bosonic and fermionic delta functions re-
spectively. The gauge fixing of € produces n — 3 delta functions that are paired with integrated

vertex operators to give:

/v- ::/S(Resai(P(Ui)Q)V;(Ji), (2.15)
b p
where

5(2) = 2771z'z — 5(R2)6(32)dz . (2.16)

The integrand in (2.15) has the correct weight as V' is a quadratic differential and the delta
function takes value in Q(*1) (%, T%,). Gauge fixing x also produces two sorts of vertex operators
v; in (2.14): we'll refer to these as picture —1 and picture 0 vertex operators. In the twistor string
literature the nomenclature of fixed and integrated is commonly extended to this type of gauge

fixing.

Penrose transform Spacetime fields are represented on ambitwistor space via the Penrose

transform. Spin s plane-waves of the form e, .. .¢,,e** were found to correspond to coho-
mology classes

(e- P)*6(k - P)e*™® ¢ HY(PA,O(s — 1)), (2.17)

with s = 1 for a Maxwell field and s = 2 for linear gravitons. Matter models such as (2.11) and
(2.12) generate fully integrated vertex operators of this form, with quantum consistency in the

form of BRST invariance imposing the linearised equations of motion.

Correlators and CHY formulae Amplitude formulae are obtained as correlation functions of

vertex operators:

M, = <C151V1(3252V26353V3H/ Vi> (2.18)
i=47%
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With respect to each gauge field, one should include as many fixed vertex operators as the num-
ber of ghost zero modes, here we only make the disctinction for worldsheet diffeomorphisms,
leaving the rest implicit. The X path integral can be carried out explicitly, and it produces both
a momentum conserving delta function and a set of equations for P that are solved, at genus

zero, by
n

ki
Pu(o) =) ﬁ do; . (2.19)
i=1 ’

Integrating out P, the correlator localises on the solutions to the scattering equations:
2 ki - k;j
E; :=Resy,(P?) = k;i - P(0;) = Y ——2do;. (2.20)

We will discuss in more detail the derivation of these equations when treating the massive
model in chapter 5. As expected from the ambitwistor string, (2.20) shows that the geometric
interpretation of the scattering equations is that they encode the reduction of the target space
to ambitwistor space by enforcing the constraint P? = 0.

Putting everything together, the correlators reproduce the CHY formulae (1.11) of [35,94]:

"dod (ki - P (01))

L=t [ STk 11 W 221

po= () [, sty o I
where the correlator (w; - - - wy,) is determined by the worldsheet matter and the one-form P* (o)
is given by (2.19). The Faddeev-Popov volume factor 1/Vol(SL(2,C)) comes from the contri-
bution of the c-ghost zero modes, whereas the one from the ¢-ghosts combines with the n — 3
delta functions &(k - P) to give a permutation invariant measure on the moduli space of the

n-punctured Riemann sphere.

Integrands Because the two matter systems don’t interact with each other, integrands mirror

their ‘double copy” structure:

Ty = (wy---wy) = @byl -l = TETR (2.22)
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For the models we have described, each of the left/right contributions can either come from a
current algebra or from worldsheet fermions.

The current algebra gives contributions:
v(o) =T -j(o) (2.23)

where T' € g selects the color charge of the external state and j is a current in Sc. Correlators

(Ty - j(o1) -+ Ty, - j(0s)) of n such states give Parke Taylor factors:?

tr (Topy ... T
Co(a) = (Lo - Taw) — tr (To(y) - - Tagm)) PT(a). (2.24)

Oa()a(2) """ Ta(n)a(l)

Fully integrated vertex operators from the Sy matter system have:

v(oc) =€-Plo)+k-VY(o)e-V(o), (2.25)

with € and k the polarisation vector and momentum of the external state. Correlators involve

two fixed vertex operators, that we don’t specify here and produce:

(Vi vhvs. . v,) = PF(M) = (jlmPfM[[llj]] , (2.26)
where M is the CHY matrix defined in (1.13). This completes the correlators with:
PT(a) PT(B),  Biadjoint scalar
I, =I"I" = { PT(a)Pf'(M), Yang-Mills theory (2.27)

Pf'(M) Pf'(M), RNS gravity.

The original models can be found in [42,43] and we refer the reader to [95,96] for reviews of

the subject.

These also produce terms containing non cyclic permutations and multi-trace terms that are not expected to
appear in the amplitude for the bi-adjoint scalar.
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2.3 Interlude: spinor-helicity formalism

When working in a specific dimension, ambitwistor space has very convenient representations
in terms of variables that solve the P? = 0 constraint explicitly. Ignoring for the time being the
fact that we are dealing with fields on the worldsheet, we begin by introducing a decomposi-
tion of a massless fixed momentum k that solves the k? = 0 constraint explicitly. This is the
well known spinor helicity formalism discussed in the introduction. Because this representation
exploits the accidental isomorphisms of the spin group, it is specific to each dimension. Spinor
helicity for massless particles is an essential tool of modern amplitude methods and there are

now a number of excellent reviews in the literature, e.g. [12,97].

Massless particles in four dimensions In four dimensions we have the isomorphism Spin(4, C) ~
SL(2,C) x SL(2,C). Positive and negative chirality spinors transform under this group in the
(%, 0) and (0, %) representation respectively. Undotted and dotted indices label the left and
right handed representations and can be raised and lowered with the Levi-Civita symbols £*#

and ¢ ; defining inner products:
(Md2) = Nadag = =) [Md] = g4 5A00 = —[Aai] . (2.28)

Four-momentum k* transforms in the (3, ;) representation and can thus be mapped to an ob-

ject carrying two spinor indices, one of each chirality:
koo = b Ky, . (2.29)

Then the on shell condition imposes k? = det(kas) = m?. We'll focus here on the m = 0 case
and leave the discussion of massive particles to chapter 4 as we present our novel massive
models. For a massless particle the momentum k.4 is a hermitian matrix of rank 1 and it can

be decomposed as the outer product of two complex chiral spinors:

kad = /fa/%d s (230)
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From the decomposition one can see that the little group SL(1, C) acts as:

k— w 'k Rk — wk. (2.31)
Polarization data corresponds to irreducible representations of the little group. For massless
particles of helicity h, these are objects that scale as w?" under a little group transformation
(2.31). Weyl spinors have polarization data e« and ¢x. The Maxwell field strength F_, ;5 splits
into an antiself-dual F,; = érak; and a self-dual F3 = erakg component corresponding to

helicity +1 states and scaling accordingly.

Massless particles in six dimensions Spinor helicity variables in six dimensions were first
introduced by Cheung and O’Connell in [98]. The spin group of the complexified Lorentz
group in six dimensions is Spin(6, C) ~ SL(4, C). This group has independent fundamental (4)
and antifundamental (4) representations, giving two independent Weyl spinor representations.

The simplest SL(4, C) invariant is given by the singlet in (4 ® 4):
4: vy 4:74 1: war?. (2.32)

The only non-trivial invariant tensor is the four index object € 4 o p, which can be used to raise

pairs of skew indices and to construct invariants:

(K1koksky) = KiaKapksckape BEP [K1Kkok3K4] = ﬁfﬁQBﬁng(—:ABCD ) (2.33)

The six-vector k,, is in the fundamental 6 of SO(6, C), which can be expressed as the anti-
symmetric product of two fundamentals or equivalently of two antifundamentals, the isomor-
phism being established through the chiral (skew) Pauli matrices o/, ;. Because the matrix kap
is skew, it has even rank, and since it doesn’t have full rank on account of the on-shell condi-
tion, it has rank 2. Then there’s a two dimensional space of solutions to the Dirac equation both

for chiral and anti-chiral spinors:

AB ab, A
k a

="k /@5 = [+"K"] | kap = k%K%ea = (Kukip) . (2.34)
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It is clear that both these definitions hold up to two distinct SL(2,C) actions on the undot-
ted and dotted indices of the Weyl spinors, so that the little group is SO(4,C) = SL(2,C) x
SL(2,C)/Zs and € in (2.34) implements inner products in each of the two copies of SL(2, C).3
Polarization data is given by representations of the little group. A Dirac particle has po-
larization data €, = ¢,x%. A Maxwell field strength is represented by F}, with F{ = 0. For a

momentum eigenstate the Maxwell equations require k,ze* = 0 = k*%¢p, so that all polariza-

tion data is encoded in little group spinors (e,, ;) with?
Ffl = ege?, et = ey, €4 = €qRY - (2.35)

Massless particles in five dimensions As it was shown in [2,82,85], in order to dimension-
ally reduce to five dimensions, one picks a fixed non-null six-vector, OAB in spinor form, and
considers the five-dimensional plane C® that is orthogonal to it. The choice of (2 breaks the spin

group SL(4,C) — Sp(4, C), isomorphic to Spin(5, C), and allows one to raise and lower spinor

QAB QAB .

indices using and Qp = %e ABCD
Five-vectors then have the same spinor helicity decomposition as in six dimensions, with
the additional constraint:

Q-k =0 (karp) =0. (2.36)

Because the fundamental and antifundamental representations are equivalent, the little group

is SL(2, C) and we denote its contractions as (-, -).

2.4 Twistorial ambitwistor string

While the RNS ambitwistor string produces beautifully compact formulae for bosonic ampli-
tudes in any dimension, it poses some difficulties when it comes to the study of its fermionic
sector and target space supersymmetry [99]. On the other hand the RSVW formulae [10, 26]

in four dimensions extended to supersymmetric theories, exploiting the spinorial nature of

*We denote contractions of pairs of little group indices [-, -] and (-, -). This notation is used in four dimensions
for contractions of chiral spinors, the distinction should be clear from the context.
*Note that ¢, and ¢ cannot be taken to be real in Lorentz signature.
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twistors. We mentioned in the introduction that these two frameworks are related by twistorial
representations of ambitwistor space. Geyer, Lipstein and Mason [83] wrote a twistorial reali-
sation of the ambitwistor string in four dimensions and proposed new models and amplitude
formulae for gauge and gravity theories with any amount of supersymmetry §2.4.2. In this
context it becomes apparent how spinor-helicity variables are naturally ‘twistorial’. Following
the same approach, one can seek analogous representations in six and five dimensions §2.4.3.
Although we will see that the six dimensional models present some issues [85], the formulae
they produce have undergone numerous checks and they have been proven by BCFW recur-
sion [1,2] for gauge theory and gravity. In §2.5 we introduce the formulae and summarise the

results of [2], referring to chapter 3 for details.

2.4.1 Twistors and ambitwistors in four dimensions

In four dimensions, twistor space PT is an open subset of CPP3. We take homogeneous co-
ordinates on CP? Z4 carrying a natural action of SL(4,C). The connection with spacetime is
established by a geometric correspondence between the space of lines in CP? and the complex-
ified compactified Minkowski spacetime represented as a quadric @ in CP®. In order to lie on
the line defined by a point = in spacetime, a twistor has to obey linear relations, known as inci-
dence relations, that are more easily expressed by splitting the twistor coordinates into two Weyl

spinors of opposite chirality, carrying the same weight:

ZA = (A, 1) (2.37)

Then the incidence relations become:

p& = i\, (2.38)

Thus establishing the non-local correspondence anticipated in the introduction. The SL(4, C)
action on twistor is isomorphic to the complexified conformal group. We can find a repre-

sentation of SL(4,C) for which the generators are linear and holomorphic and we can form
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conformal invariants, such as the inner product defining dual twistors Z € PT*:
77 = Xafi® + p g . (2.39)

Going back to the task of writing an alternative parametrization of ambitwistor space, given a
null momentum P, we can seek spinor helicity variables for it in the form P = A\. Then by the
twistor correspondence, given a null geodesic with momentum P = A\ going through a point

x, we can introduce:
Z = (Na, —i2%N\,) € PT  Z = (iz“Ns, Ag) € PT*. (2.40)
One can easily verify that these define a null geodesic iff they satisfy:
Z-7Z=0. (2.41)

The twistor and dual twistor have two independent scalings, one corresponds to the scale of
the null geodesic. The second is generated by Y = Z - 07 — Z - §;; and is redundant. We can
then write ambitwistor space as a symplectic reduction from the product of twistor and dual
twistor space:

A:{(Z,Z)GPTXPT*]Z-Z:O}/T (2.42)

Quotienting by the scale of the null geodesic further reduces to PA. The Penrose transform
relates massless on-shell fields on spacetime to cohomology classes on twistor and dual twistor
space. On ambitwistor space, representatives are built out of the pullback of cohomology

classes on PT and PT*.

2.4.2 Four dimensional ambitwistor string

We give here a brief review of the four dimensional model by Geyer, Lipstein and Mason [83].
This is both a warm up for the later discussions of six dimensional formulae and massive mod-
els as well as a special case that presents some unique features. We will only discuss the model

for super Yang-Mills and we will not be very rigorous about the implementation of super-
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symmetry. What we’d like to emphasise is how the reparametrisation of ambitwistor space A
carries with it an enhancement of the scattering equations to incorporate the polarisation data
and the redundancy of the little group action.

The bosonic action for the four-dimensional ambitwistor string of [83] is based on the
parametrisation of ambitwistor space as a quadric in the product of twistor and dual twistor
space (2.42). When constructing the model, twistors and dual twistors become fields on the
worldsheet and they must be taken to have value in some line bundles £ and Ky ® £~ on
Y. Contrary to the twistor string [22,100], where the line bundle degree wasn’t fixed in the
model but rather summed over all possible values, the four-dimensional ambitwistor string
takes £ = K;/ ? 50 that both the twistor and dual twistors are valued in K. ;/ ? see [95,96] for a

more detailed comparison. Beside this choice, both models are built on the action:

S 1/2-52—2.5Z+az-2, (2.43)
b

:27T

where the Lagrange multiplier a € Q(%1)(X) imposes the constraint Z - Z = 0 and gauges the
transformations generated by Y. Identifying K ;/ * with both the pullback to the worldsheet
of the line bundle Oz(1) on PT and O;(1) on PT* reduces the target space to projective am-
bitwistor space.

One can write models with \ supersymmetries by extending the twistor and dual twistor to
their supersymmetric analogues. Here we employ a notation that will be natural in the context
of higher dimensional models and dimensional reduction. We can repackage the degrees of
freedom of both the twistor and dual twistor into one Dirac supertwistor Y = (\a, u?,n),
where ) and p are Dirac spinors made up of the homonymous chiral and antichiral components
of Z and Z. The fermionic components 7’ carry an NV-dimensional R-symmetry index. In this

notation, the supersymmetric analogue of (2.43) is given by:
1 _
S:/y-ay+ay-y, (2.44)
2 )

with the inner product - Y = Z - Z 4 nn!. While the liberty to choose the degree of the line

bundle £ in (2.43) is controversial in the ambitwistor string community, in (2.44) we are clearly
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compelled to take Y € Q0(X, K,/%).

BRST gauge fixing introduces fermionic ghosts for the field a and for ¢,” gauging worldsheet
reparametrisations. Constructing the BRST charge, one can verify that the obstructions to Q? =
0 vanish for maximal supersymmetry and a choice of worldsheet matter with central charge
¢ = 14 for super Yang-Mills, which we take to be a current algebra.

We mentioned that gauge fixing in the presence of vertex operators is a subtle procedure
that generates different types of vertex operators on account of how much residual gauge free-
dom they have. Here we will not be rigorous about this and simply discuss integrated vertex
operators, we refer the reader to [101] for details. We will insert manually the effects of this
gauge fixing in the formula for correlators in the form of a Faddeev-Popov determinant.

The Penrose transform on twistor and dual twistor space relates massless on-shell fields of
helicity h to cohomology classes H!(PT, O(2h — 2)) and H!(PT*, O(—2h — 2)). For a Maxwell

field of momentum k = ik we have representatives (taking A" = 0):

v = / ds 52 (Ko — $Aa(0)) €HF ¢ HY(PT)
5 (2.45)

S

b= / ds 52 (gd - s;\d(a)) eis(ir) ¢ Fl (PT*)

These cohomology classes pull back to ambitwistor space and combine to give the spin 1
plane wave representative (2.17). In order to understand the equations enforced by the delta
functions in the vertex operators, it is insightful to inspect the ordinary scattering equations

written in spinor helicity variables:

k’i . P(JZ) =0= </€z)\(01)>[/271)\(02)] . (2.46)

As per the vertex operators, on the support of the ordinary scattering equations the polarised
data must satisfy either (k;A(0;)) = 0 or [#;A(5;)] = 0.
Amplitude formulae at N*-2MHV degree® were obtained by taking correlators of k vertex

operators on dual twistor space and n — k on twistor space, built out of the ones in (2.45) with

°This should be included as always by writing . = 0 + ed and then gauge fixing e to zero.
SHere k is the number of negative helicity gluons.
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a standard contribution from the current algebra. The path integral localises on:

n

k ~
Z0) =0 =Y 0 ) =y = Y 20 47)

g — 0
i=1 p=k+1 p

The polarisation data s can be absorbed as a component of homogeneous coordinates on the

Riemann sphere o, = 1(1, ), whose contraction we write (0;0;). With this notation we write:

k
A = i&éi2(2115 ( ) II 0 (kp = A(0p)) PT(a),  (248)

p=k+1

dpdd

where the GL(2,C) extends the SL(2,C) Mobius invariance to include the little group C* =

GL(1) generated by

Z Siasi - Z Siasi . (2.49)

i<k i>k
A quick counting tells us that we have four more delta functions than integrations, the remain-
ing ones encoding momentum conservation. The Parke-Taylor factor comes from the integra-
tion of the current algebra.
The amplitude formulae have support on the solutions of the polarised scattering equa-
tions:

Fi=Ao)  kp=A(op), (2.50)

fori < kand p > k. From (2.46) we know that the ordinary scattering equations vanish
on their support. An inspection of the (n — 3)! solutions {c;} of (2.20) shows that they split
into n — 3 sectors, each corresponding to a different MHV degree: for a given k the polarised
measure only has support on A(n — 3,k — 2)7 solutions, defining the corresponding sector.
The evaluation of the formula was studied in [102]. It is important to notice that, despite the
fact the new moduli s; “polarise” the scattering equations on factorisation channels, the pole
structure of the amplitude formula is still described by the degenerations of 9 ,,, since the s;

don’t introduce any singularities in the scattering equations.

"The Eulerian number A(n,m) is the number of permutations of n elements in which m elements are greater
than their predecessors after the permutation.
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2.4.3 Twistors and ambitwistors in six dimensions

In six dimensions, twistors are pure spinors of the conformal group SO(8, C). This group has
three eight dimensional representations, two spinorial ones with opposite chirality and the
vector. Triality permutes these three representations into each other.

Both chirality spinors can be employed to define twistor spaces. They can be represented

as pairs of six-dimensional spinors:
ZA= (ph\a) €d®4a, Za= (gA,XA) c4m4 (2.51)

where A labels the fundamental and antifundamental representations of SL(4,C) as in (2.32).
Both chiralities have natural inner products with themselves, so that twistor space @ is a
quadric in the projectivisation of the chiral spinor representation of SO(8, C) defined as [103-
106]:

Q={[Z1€CP" | Z-Z=2u" s =0} . (2.52)

Similarly one can define primed twistor space )/, built on antichiral spinors. Here twistor space
and primed twistor space are each dual to themselves through the canonical inner product in
(2.52), contrary to the four dimensional case where primed twistor space is isomorphic to the
dual of twistor space.

Another feature of six dimensions that follows from this concerns the non-local correspon-
dence between ambitwistor space and complexified compactified Minkowski spacetime, viewed
as a quadric M C CP’. Points of @ are related to totally null self-dual 3—planes in M via the
incidence relations:

pd = a24Bg. (2.53)

More insightfully, if two twistors are such that Z; - Z» = 0, meaning that the line they define
lies entirely in twistor space and not just in CP?, then the two corresponding 3—planes, a1 and
ap, intersect in M and they do so along a null line £ = a; N as. Then the correspondence is

between complex null geodesics and null lines in () and ambitwistor space can be defined by a
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pair of twistors (one twistor and one dual twistor in four dimensions), via:
Ag = {[Z“] cCP' | 2% 2 =0 ab= 1,2}/SL(2,<C), (2.54)

This description can be extended to superambitwistor space by replacing twistors Z with su-

pertwistors Z. Supertwistor space is defined as the quadric Q y in CP71?V:
Qn ={[2] e CP" | Z- Z = 2u" s + wim'n’ =0}, (2.55)

parametrized by (2] = [u?, A\a,n!]. Here wy, is a skew 2N x 2N matrix, N = V¢4 = ;) g

the number of supercharges in six and five dimensions. The incidence relations
=g w0y’ 0t =04, (2.56)

establish the correspondence with chiral Minkowski superspace CS#V, parametrized by (z4Z, 941),
I=1,...2N.

By our initial remark, an alternative description of ambitwistor space exists based on an-
tichiral spinors in @)’ and by triality a third one is also on an equal footing. Intuitively, the way
we have a correspondence between Q and M and @' and M, there is also one between ) and

Q' as well as a parametrisation of ambitwistor space based on M [85].

2.4.4 Models in six dimensions

In light of the geometry presented in the previous section, we can proceed as in four dimensions
and write a twistorial model that solves the P? = 0 constraint explicitly. Contrary to what we
argued in four dimensions, here we have no choice but to take the twistors to be spinors on the
worldsheet, as is clear from the action (2.57).

In [1] a bosonic action was formulated that was further studied in [2,85]:

Seq = /E S (2-Dz) (2.57)
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where DZ% = 02+ A¢Z%, and A¢ € Q%! (2, sl5) a worldsheet (0, 1)—form gauging the sl little
group. In (2.57) deformations of the complex structure have been gauged fixed via the Beltrami
differential e in 0, = (0+ed). The twistors Z¢ are sections of K. ;/ ? and here also we identify this
line bundle with the pullback to the worldsheet of O(1) — CP” so that they define the projective
scale on twistor space. One can include (0, N) supersymmetry by replacing the twistors Z¢
with supertwistors Z¢. As it should be clear from the discussion above, two other distinct
models exist based on the alternative representations of ambitwistor space in six dimensions.
For a discussion of BRST gauge fixing and a model for the biadjoint scalar, including a dis-
cussion of the vertex operators that will be at the origin of our massive ones in later chapters,
we refer the reader to [85]. A model was proposed in [1] with worldsheet matter that would
produce the expected integrands for gauge theory and gravity. This can be realised by intro-

ducing worldsheet fermions (p4, 5) € Q0(3, K ;/ 2) with action:
Sp= [ #0pa+buNVpa + BN, (2.58)
b

where (pa, p?) € QO(E,K; 2) are worldsheet fermions and (ba,5“> are (0,1)—forms on the
worldsheet and fermionic gauge fields imposing the constraints A4%p4 = 0 = A9 5*. The issue
with this model that has not been solved yet is that this type of matter requires both chiral and
antichiral spinors and the two models are not easily combined. Once the model is reduced to
five dimensions, the fundamental and antifundamental representations are equivalent so that
this issue vanishes.

Although the six dimensional model is problematic, it has inspired amplitude formulae
that were presented in [1] and underwent a number of checks in [2]. We will review their main

features in section §2.5 and present some of the checks in chapter §3.

2.4.5 Models in five dimensions

Ambitwistor string models in five dimensions take the form

1 _
Ssq = /Z 5 (2-D2) + aQ{P(Aarp) + 5™, (2.59)
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Here S™ denotes the action for the matter systems, we will specify their content in later chap-
ters as we further reduce these models. The field a is a Lagrange multiplier for the constraint

(AM)4) and it acts as a gauge field for the transformations:

da=0a  optt=aQBAL oY =0. (2.60)

From the incidence relations, we see that these correspond to translations in the 2; direction®.
These are generated by the Hamiltonian vector field Q1'% \%0/0u5% associated to the constraint
(AMX4) = 0. The gauging of this constraint then reduces the target space to the space of null

geodesics in five dimensions as the symplectic quotient:
Ay = {Za ETXT|Z% 70 =0,(\A4) = o} /{SL(2,C) x C}, (2.61)

with the extra quotient by C accounting for the transformations (2.60). As described in (2.36),
this description picks a fixed non-null six-vector, {'# in spinor form, and considers null geodesics
along null tangent vectors in the five-dimensional plane C® that is orthogonal to it. The choice
of Q; breaks the spin group SL(4,C) — Sp(4, C), isomorphic to Spin(5,C), and allows one to
raise and lower spinor indices using QfB and Qa5 = %e ABC DQ{‘B. For supersymmetric the-
ories, the model is naturally extended by replacing Z¢ with Z¢, thus obtaining the target space
AgaN-

A rigorous discussion of BRST gauge fixing and vertex operators for this model can be
found in [85] and we will discuss it in the context of the four dimensional massive models of

chapters 4-5.

$We label this direction ©; anticipating the further reduction we will perform in chapter 5.
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2.5 Six dimensional formula

We present here the integral formula for massless six-dimensional tree level amplitudes, with

(N, N) supersymmetry:

/ [T, 6% (€ia) 0 ((vies) — 1) doy d*u; d?v; T(N.N) (2.62)
Vol SL( ;C)o x SL(2,C),y o |

These formulae have support on the polarised scattering equations:
Ein = uig G (0;) — vigkiy =0 (vi) =1, (2.63)

Integration is carried out over the positions of the n punctures o; as well as on extra moduli
(ug,v?) for each particle, with the Faddeev-Popov volume in the denominator taking care of
gauge fixing three os for Mobius invariance and three « components for the action on the little
group index a that we’ll explain briefly. By a quick counting, we can see that after integration of
the 5n — 6 unconstrained moduli there are 6 residual delta functions. We will show in chapter
3 that these enforce momentum conservation. The integrand LQLN’N) contains all the matter-
specific factors.

The aim of this section is to simply introduce all the ingredients of this formula and give a

preview of statements that we will develop further in the next chapter. For this we will:

— Present the intuitive origin of the polarised scattering equations from the original scatter-

ing equations, see §2.5.1.

— Introduce the parametrisation we employ for (N, N) on shell superspace, see §2.5.2.

— Describe the integrands I,(LN’N )

for theories in [2] with different amounts of supersymme-
try and show that the supersymmetric part factors out and can be seen as an expansion

in supermomenta around the leading term for the top states of the multiplet, see §2.5.3.
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2.5.1 Polarized scattering equations framework in 6 dimensions

We proceed as we did in four dimensions, seeking a factorisation into spinor helicity variables

for the map P(c0) over the Riemann sphere:

Pap(0) = Nj(0)ABa(o) = %5ABCD)\(1€(U))\D&(O')- (2.64)

The ordinary scattering equations are the statement:

ki - P(oy) = det(kd4, \y) = 0. (2.65)
This determinant vanishes iff there exist non zero (uf,v{') defined up to a scale such that:

Ein = Ui A% (05) — Vigkiy = 0. (2.66)

We can fix the scale by imposing;:

(€ivy) = 1. (2.67)

Motivated by the ambitwistor string model (2.57) we write an ansatz for A 4,(0):

Naa(0) =y =8 (2.68)

oc—o;
i=1 v

Then (2.66)-(2.68) constitute the polarised scattering equations. One can easily verify that on

their support:

Aaa(0)Ap(0) = Pap(o) = Z Jk_Ai (2.69)

They are a set of 5n equations on 5n — 6 variables (o, uf, v{)/SL(2, C), x SL(2,C),. The vs can

177

be eliminated from the equations by exploiting their normalization:

, 0ij
(2
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In this form it is straightforward that they imply momentum conservation:

3
KAB:Z]%AB:ZQ[A&‘B} =0. (2.71)
7 =1

where in the first equality we have used (2.70) and the last one is due to the symmetry proper-
ties of the object we are summing.

Although these are 6 equations, skewing with ;- vanishes identically by construction and
there are only three independent equations per point that serve to determine the u;, and o;.

Despite their non-linear appearance, later we will see that
— They are underpinned by linear equations, see §3.1.2,

— And there exists a unique solution to these equations for each solution o; to the unpolar-
ized scattering equation, see §3.1.1.” It can also be shown that (2.66)-(2.67) have a unique

solution {u;, v;, 0;}
We will also see that

— The polarised measure is equivalent to the CHY measure in §3.1.3.

2.5.2 Supersymmetry in 6d

Here we review supersymmetry representations in 6d, in particular that in [1]. That represen-
tation depends on individual solutions to the scattering equations, so we introduce a variant
that maintains the same simple structure, but that is global. This representation was introduced
in [2].

Supersymmetry in six dimensions has been studied in the context of scattering amplitudes
by a number of authors [79,98,107], [82], [108]. The generators of (N, N ) supersymmetry in
six dimensions are Q o7, Q/, where I, I are indices for the R-symmetry group Sp(N) x Sp(N)

and range from 1 to 2N/2N respectively. Their action on momentum eigenstates is defined by:

{Qar,Qps} = kap Quy, {Q?, Q?} =k Q;; (2.72)

“Unique up to an SL(2, C)-transformation on the global a index.
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where 77 and (2; ; are the R-symmetry symplectic metrics.

For massless particles, the generators reduce to the little group as:

Qar = K4Qar,  QF =r{Q%, (2.73)

with the anti-commutation relations:

{Qar, Qus}y = €atQry,  {Qu; Qjj} = €4ij - (2.74)

We now construct the on-shell superspace, i.e. we introduce Grassmann variables that allow
us to group all the states of a supermultiplet into a superfield. Different choices for these
coordinates are available, depending on the specific theory and on the symmetries we wish to
keep manifest. We will focus on (1, 1) super Yang-Mills but the description is easily generalised
to (N, N) supersymmetry.

(1,1) super Yang-Mills has 16 supercharges. It arises as a dimensional reduction of ' = 1
SYM in ten dimensions and its reduction to four dimensions is N’ = 4 SYM. The linearized

‘super-Maxwell” multiplet is

F = (FY, 0, hais d11) s (2.75)

consisting of a 2-form curvature F} as described in section 2.3, spinors of each chirality ¢;' and
v ,; and four scalars ¢,;. On momentum eigenstates with null momentum k45, Q¢ acts on this

multiplet by

QCJy = (kAC’L/},?7 QJfFél, kAC¢.U’7 QJﬂ[’jc)- (2~76)

To construct on-shell superspace, we need to choose half of the @),; as anticommuting super-
momenta. The possibilities discussed in the literature [79,98,107] focus on halving either the
I or the a-indices manifesting only full little-group or only R-symmetry respectively. The for-
mer was used successfully in recent work on 6d scattering amplitudes for a variety of the-
ories [82,108]. However, the latter is more natural from the perspective of the ambitwistor

string [109], and will be the formulation we work with here. The two approaches are of course
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related by appropriate Grassmann Fourier transforms.

The polarised scattering equations provide a natural basis (e, v,) for the little group space.
This basis gives a choice of supermomenta that manifests the full R-symmetry because the su-
percharges €*(),; anti-commute. The normalization condition ensures that the basis is always
non degenerate. However, v introduces a dependence on the solutions to the scattering equa-
tions, making the basis dynamic. While we could in principle work with this basis by taking
special care when extracting component amplitudes in the final supermomentum expansion,

we choose to work with a global basis for each particle
(€ia; Eia) with (§e;) =1. (2.77)

Using this basis, €*Q),; again anti-commute, and can be represented by Grassmann viariables

qr = €*Qq;. However, the supersymmetry generators are now globally defined,

9 o (e an O
Qar = (anf+6a9u ) , Qf = (f“qz‘+€ Qjjaz ) . (2.78)
dq, dq;

Note that due to the normalization condition (ve) = 1, we know that v, and ¢, are related by
Va = €a + (€V)eq (2.79)
Returning to the example of super Yang-Mills, the multiplet now takes the form
Z(an, @) = ((ea+ @ (€ra))(€” + ER")), ar(e! + (&™), dilen + ¢ (Era), aidi) ,  (2.80)
and the (1, 1)-super-Yang-Mills superfield becomes
O = g + g9+ 407 + g+ P + a0+ + PP g (2.81)

where g% = ¢,&; g** denotes the gluon field strength with polarization €,é;. By construction,
this representation is now global and independent of the solution to the polarized scattering

equations. Of course, this global definition comes at the expense of having to introduce an
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additional reference spinor &,.

2.5.3 Integrands

Supersymmetry determines the full super-amplitude from the amplitudes involving only the
top of the multiplet. For an (N, N) theory, supersymmetry imposes that the integrand in (2.62)
breaks down as LSN’N) = T, efN+Fy 5o that the total dependence on the supermomenta is

encoded in the exponential factor that we define below.

Supersymmetry The dependence on supermomenta is carried by the exponential e/, with

F=Fy+ FN wherel?

1 W
Fy = Fy" = 5> (&) d P =% < & 7> qirdl (2.82a)
i=1 i<y O
1o (415
. gpol _ © ] A2 ~pol i) -
NEEY T 1[£zvz} q; F? _; o @id] . (2.82b)
1= i<j

For example for ' = (1, 1) super Yang-Mills we take the exponential factor exp F¥M = exp(F;+
F}). In the dynamic R-symmetry preserving representation we mentioned in the previous sec-
tion, as used in [1], only the terms FJI\}OI remain in the exponential. In the next chapter we will

show that the exponential factors above are indeed invariant under supersymmetry transfor-

mations §3.2.2.

Matter For the ambidextrous spin one contribution, define an n x n matrix H by

(2.83)
€; - P(O’Z) , 7 :j

where e; is the null polarization vector and P(o) is as defined in (2.19). We can define H;
equivalently by

)\aA(Uz')Q‘A = —umHii, )\aA(Ui)EiA = —u?HZ-Z- . (2.84)

'Here we decompose our factors for the new fixed SUSY representation in terms of the F}°' factors used in [1].
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See §3.2.1 for details. On the polarized scattering equations, the determinant det H vanishes

because H has co-rank 2 due to

Z uiaHij = )\CLA(O'J')G? + UjaHjj =0. (2.85)

7

The first term follows from the definition (2.68) of A\, and the second equality from (2.84).
Similarly, ) j H;;uj, = 0. These identities nevertheless imply that H has a well defined reduced
determinant

det(H[’:”ﬂ)

det'H 1= —— P2

. 2.86
(s sy gz (2.86)

Here H, [[521;;}] denotes the matrix H with the rows i1, i2 and columns ji, jo deleted.

— We will show that det’H is well-defined in the sense that the (2.86) is invariant under

permutations of particle labels, and thus independent of the choice of i; 2, ji,2, see §3.2.1

for the proof.

The reduced determinant det’H is manifestly gauge invariant in all particles, carries SL(2, C),
weight —2, as expected for a half-integrand Z°""~! and is equally valid for even and odd num-

bers of external particles, in contrast to earlier formulae.

— On the support of the polarized scattering equations, it is verified using factorization in

§3.4.2 that det’H is equal to the CHY half-integrand Pf’M.

In [2] integrands were given for theories of D5 and M5 branes. In this thesis we will mainly
be concerned with gauge theory and gravity. Therefore we refer the interested reader to the
original paper for details of the construction and only briefly define the integrands here. For
these theories two additional integrands need to be defined: the skew matrix A : A;; = ki-kj/o;;,

(a,b)

familiar from the CHY formulae [35, 110] and a family of matrices U constructed from

(04, Uiq, Ujg), only needed for M5-branes

gty _ (i) [s]” (287)
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With these ingredients, we have the following integrands of various supersymmetric theories:

(1,1)-Super Yang-Mills: PT(a) det’H eF 1+ (2.88a)
(2,2)-Supergravity: det’H det’H ef2tFe (2.88b)
(1,1)-D5-branes: det’A det’H 1t (2.88¢)
(2,0)-M5-branes: det’A Pflj(fjl(fm el? (2.88d)

The resulting superamplitudes are SL(2, C), x SL(2,C)4 invariant, the super Yang-Mills and
supergravity amplitudes are gauge invariant, and the supergravity amplitudes are permuta-
tion invariant. We also see colour-kinematics duality expressed in the form of the super Yang-
Mills and supergravity amplitudes. The M5 amplitudes are manifestly chiral. The most impor-

tant statement about these formulae is:

— The amplitude formulae (2.62) with integrands (2.88) all factorize correctly. There exists
valid BCFW shifts for the gauge and gravity formulae so that their equivalence with the
corresponding tree-level S-matrices is guaranteed by recursion and the three-point exam-

ples of §3.3. We will prove this statement in §3.4.
In computing low-multiplicity amplitudes, we will:
— Verity that we reproduce known formulae §3.3.2.

— Show the features of the novel supersymmetry representation and illustrate how to ex-

tract component amplitudes §3.3.4.

The solutions to the polarised scattering equations (2.63) as well as the integrands depend
on the polarisation data of the external particles. This differs from the usual spinor-helicity
representation of the amplitude as an object with free little group indices. From the explicit
low particle results we obtain it is obvious that one can go from representation to the other via
Aaétntn =TT, €q,€ia, - - - A%191+-nn  When considering the full superamplitude formula, two

checks are in order:

— We verify that the integrands are indeed linear in the polarisation data §3.2.4.
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— The fact that we can pick the polarisation data also means that we can select equivalent
gluon states both from the top and from the bottom state of the multiplet. We verify that
the two different representations of the same state are compatible in that they give rise to

the same amplitude formula §3.2.3.
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Properties of the six dimensional superamplitude

A framework was developed in six dimensions [82,108] that allows the supersymmetric ex-
tension of the original CHY formulae and those for brane theories. These models have some
features of the original RSVW formulae [25,26] in that moduli of maps from the worldsheet to
chiral spin space in six-dimensions are integrated out against delta functions. These authors
were able to obtain amplitude formulae for a variety of supersymmetric theories in this way.
However the formulae distinguish between even and odd numbers of particles, and become
quite awkward for odd numbers of particles in gauge and gravity theories where such dis-
tinctions are not natural. Their possible origins from worldsheet models remain obscure. The
amplitude formulae we presented in the review, based on [1,2], give a different take on six
dimensional scattering amplitudes, where some of these issues are resolved.

In this chapter we give a more rigorous analysis of these formulae. In §3.1 the polarized
scattering equations and measure are studied in more detail. It is shown that given a solution
to the original scattering equations, there exists generically a unique solution to the polarized
scattering equations which can be obtained essentially by solving linear equations and then
normalizing. The associated measures are also shown to reduce to the CHY measure. Section
3.2 goes on to prove basic properties of the integrands we use, permutation invariance, invari-
ance under supersymmetry and compatibility of the supersymmetry factors with the reduced
determinants. In §3.3 the three and four point amplitudes are computed from the new formulae
and shown to agree with the standard answers for the corresponding theories.

The full proof of the gauge and gravity formulae by BCFW recursion is given in section
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3.4. Along the way we prove factorization for all non-controversial formulae. Somewhat sur-
prisingly, despite their poor power counting at large momenta, our brane formulae have no
boundary contribution for large BCFW shifts, as outlined in §7.3.3 of [2].

Finally in §3.5 we discuss further issues and directions. These include a brief discussion of
the Grassmannian approach of [82] and its use in [111] to obtain a correspondence between the
formulae studied in this chapter and those of [82]. This leads to some brief remarks concerning

analogues of the momentum amplituhedron of [112] in 6d.

3.1 Polarized scattering equations and measure

In this section we prove various statements made in the review section 2.5 regarding the mea-
sure duP°! in the six-dimensional superamplitude. In §3.1.1 we prove the existence and unique-
ness for solutions to the polarized scattering equations given an initial solution to the scattering
equations. Underlying this is a linear formulation of the polarized scattering equations that we
make explicit in §3.1.2. The final subsection §3.1.3 proves that the polarized scattering equa-
tions measure is equivalent to the standard CHY measure.

With the definitions we presented in §2.5, one can berify that, on the support of the polarised

scattering equations:

Ma(0)X8(0) = Pag(o) 1= 3 22 (3.1)

— 0 — 04

(2

The LHS has no double poles and taking its residues one finds
ReSo—i)\Aa(U)/\%(U) = Ei[AUiaA(Ui)%] = <Ui€i>/fi[A|a/i%]i = kiAB s (32)

where the PSE were used in the second equality. When the scattering equations are not im-
posed, although the residue of Res,, P(c) is no longer k;, there is nevertheless an alpha-plane

that contains both P(o;) and k;.
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3.1.1 Existence and uniqueness of solutions

In this subsection we prove existence and uniqueness using algebreo-geometric arguments. We
define the bundle over CP! in which M\,4, @ = 0, 1, takes its values to show that it is a rank-
two bundle with canonically defined skew form, and so generically has a pair of sections that
can be normalized. We work with bundles on CP' which will be direct sums of line bundles
O(n) whose sections can be represented in terms of homogeneous functions of degree n in
terms of homogeneous coordinates o,, @« = 0,1 on CP!' with skew inner product (o0;) =

00041 — 041040- We prove:

Proposition 3.1.1 For each solution {o;} to the scattering equations and compatible polarization data
in general position, there exists a unique solution to the polarized scattering equations (2.63) and (2.68)

up to a global action of SL(2, C) on the little-group index.

Proof: Let P45 (¢) arise from the given solution to the scattering equations as the spinor form
of (2.19). To remove the poles, define I1(0)4? := PAB[[(00;) which is now a holomorphic
object of weight n — 2 on CP! and is a null 6-vector so as a skew matrix has rank 2 on CP" (for
momentum and o; in general position it will be vanishing on CP').

We require )\, APAB =0 fora=0,1s0to study solutions to this equation, define the rank-2
bundle E = ker P C S4 on CP! where S, is the rank four trivial bundle of spinors over CP'.
To calculate the number of sections we wish to compute the degree of this bundle. To do so

consider the short exact sequence

0—F—S4— E°n—-2)—0, (3.3)

where the second map is multiplication by T1(0)4? and E°(n —2) C §4(n —2) is the annihilator
of E twisted by O(n — 2), that being the weight of II*5. In such a short exact sequence the
degree of S4 is the sum of that of E and EY(n — 2) since the degree is the winding number of
the determinant of the patching function, and the maps of the exact sequence determine these

up to upper triangular terms that don’t contribute to the determinant. Since S 4 is trivial, it has
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degree 0, so we find

deg E+deg E' +2(n—2) =0. (3.4)

Because E° = (S/E)* and S is trivial, we have deg E° = deg E so this gives deg F = 2 — n.
Now Aga := A4 [[(00;) is a section of E(n — 1) which by the above has degree n. Our Ay
is subject to the n conditions, one at each marked point, as we impose A, A|J:(,j x €j4. This
has the effect of defining a subbundle with a reduction of degree by 1 at each marked point,
so the total degree is now zero. Thus this subbundle therefore has degree zero. For data in
general position, it will therefore be trivial with a two-dimensional family of sections spanned
by Aga, a = 0, 1. These can be normalized because AO[ AN B = fllap where f is a holomorphic
function of the sphere of weight n. The conditions on Ay 4 at o; imply that f vanishes at each o;
so f = ¢]],(0 0;) and we can normalize our sections so that ¢ = 1 reducing the freedom in the

choiced of frame A, 4 to SL(2). On dividing through by [].(0 0;)? we obtain Pap = \ga)%. O

For the non-chiral theories that we are considering, we will need both chiralities of spinors

satisfying polarized scattering equations i.e, we can also define

)‘3(0) = Z % , uid)\aA(Ji) = Ui(l/ﬁgA . (3.5)

2

3.1.2 An explicit linear version of the polarized scattering equations

The above argument is rather abstract and it is helpful to see explicitly at least the underlying
linearity of the problem of solving the polarized scattering equations. However we have not
been able to give explicit versions of all the algebreo geometric proofs above.

According to the above, we are trying to find a pair of solutions A,4, a = 1, 2 to the equations

P(0)*®X\5(0) =0, (3.6)

where \,(0) has projective weight —1 in ¢ and P weight —2. The argument above gives

Ai]](c0;) as a section of E(n — 1) which has degree n and rank 2 so generically has n + 2
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global sections. To make this more explicit, make the ansatz!

umi/{a"
Ay = Z 4 (3.7)

(o0})

which removes double poles from (3.6). Given that the total weight of (3.6) is negative, it will

be satisfied if the residues at its poles vanish. The vanishing of the residue at o; yields
K
k2 Z %éuajj + P(03)*"Pkfiug; = 0. (3.8)
Now define p?® after solving the CHY scattering equations (2.20) by

P (o)) = Klpt®. (3.9)

This makes sense at 0; as x¢, annihilates the pole, and a second contraction with %, leads to

zero as it gives k; - P, so it must be a multiple of ;. We can understand this also by considering

the 2-form P(o;) A k; which in spinors gives, using the above,
P(O—i)ACkiBC = P(Ui)BokiAC = Dix s Py = Hmmgp?d- (3.10)
We can now see for example that

€; - P(O’l) = [ei’pi|€i> y (311)

using e;ap = €[4€p); where €,k = €P. Following Cheung and O’Connell [98], we further

define

nf‘;‘ = ﬁfaﬁ?A, (3.12)

that relate the ij-particles little group indices.

"We attach the additional i-index to a; here to distinguish this u,,; from the u;, in the original ansatz for \ia;
the a; is a little group index associated to momentum k; rather than the global one associated to A 4. We will drop
these sub-indices when the equations are unambiguous.
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With this notation we see that (3.8) can be written as «;;, multiplied by

aa; ‘ ,Zi:;l Z%j
> HPug; =0, Hit = 7 (3.13)

P =g

The discussion of the previous subsection implies that generically these equations have n + 2
solutions. These equations reduce to the original polarized scattering equations if we supple-
ment them with n further equations (e;u;) = 0, since we will then have u,;; = €;4,u; as in the
original ansatz (2.68). We then expect to find a pair of linearly independent solutions w;,, with
a = 1,2 now global little group indices, so that we now have

Ugi = €ia, Uj - (3.14)

In order to normalize these solutions, observe that for a pair of solutions A}, A2 to (3.6), we
must have that

AN = Py (3.15)

for some meromorphic function f on CP! with poles at the o;. However, when we impose
(3.14), the double poles in (3.15) vanish and f must be constant, so we can normalize the pair
of solutions u{ so that the coefficient is 1. The full n 4+ 2-dimensional space of solutions also has
a volume form determined by (3.15).

In general (3.13) are 2n-equations on 2n-unknowns, so we must have n + 2 relations to
agree with the discussion of the previous subsection and to allow us to impose these extra n
conditions. The relations follow from the original equation (3.6) and the nilpotency P*” Py = 0

that follows from the original scattering equations. This leads to the nilpotency
ZH@@HM =0. (3.16)

This can be checked explicitly using a Schouten identity. We can use this nilpotency to generate
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solutions

M) = P@)usWi(o), W)=Y "gacﬁ”) (3.17)

where the W” has weight 1 in o so w;; has weight 1 in ¢; and 2 in 0. The ansatz guarantees no

double poles in A\, and by taking residues we obtain?

uf = > Hifw; . (3.19)
a,j

3.1.3 The equivalence of measures

We first show that

5(k - P) = / Pud?o PENS((ev) — 1), with £ = (uh)) — (k). (3.20)

After integrating out the four components of (u,,vs), we are left with a single delta-function
on both sides of the equation. It is easy to see that they have the same support as the latter
delta function on the left implies that v, # 0, but this can only be true when (A%, %) have rank
less than four, which happens iff e42PX\O\Lk0kL := k - P = 0. Furthermore the weights in \%
and k% are —2 on both sides. A systematic proof uses a basis with ¢, = (0,1), K} = kj = 1
and all other components zero. This allows us to integrate out the v directly against the delta

functions reducing the right side to
/d2u 0(uqAG) 0(ugAT) 6(ugA3 — 1) = 6((Ao A1), (3.21)

where the latter equality follows by direct calculation integrating out the u,; this gives (3.20) in

this basis.

2We also have the special solutions when W (o)* has no poles that leads to the 8 solutions

Uas = Kiaa(W3 + oW1 . (3.18)
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The CHY measure is defined to be

CHY [T, (ki - P(0y))do; "o
= 0 ) L ), ) =0 ) nowon)* [ Plogydes, 322

where K = ). k;, the volume of SL(2,C), quotients by the M&bius invariance of ¢, and the
C? is a symmetry of the ambitwistor string whose quotient removes the linearly dependent

scattering equations delta functions.

Proposition 3.1.2 We have

pol . / ]._[Z 1 d2ul d2vl do-l 54(87'A)5(<€Zv7/> B 1) — d,LLCHY (323)
VoI(SL(2,C)y % SL(2, C)a)

where SL(2, C), denotes Mobius invariance of o as above in the CHY measure, the SL(2, C),, is acting

on the little group index of u,, and the integrals are over the (u;, v;) variables.

Proof: We first reduce the SL(2, C),, factor fixing (o1, 02, 03) to be constant with the standard

Hi dO‘i

N i 24
Vol SL(2,C), 012013023 H do (3.24)

i>4

Similarly Faddeev-Popov gauge fixing® SL(2, C),, by

U
—(L0),  w=(Oun), = (—%,ulg) | (325)
U1
so that u;; = (u;u;) for i < j < 3yields
I d*u; _ & 2
Vol SL(Q)u = dulgdulgdqu Hd Ujg (326)

1=3

On the support of the delta functions [[,- 5 3*(£i4) we can write, using (2.71),

>3

3
K5 = <Z ei[AeiB]> : (3.27)

i=1

3This entails contracting a normalized basis of the Lie algebra of SL(2, C), into the form [, d°u; and restricting
to the given slice.
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We can trivially perform one of each of the v; integrals against the §((v;¢;) — 1) delta functions
by choosing a basis of the little group spin space for each i so that ¢;, = (1, 0) fixing v{ = (v;, 1).
Choosing a basis of spin space consisting of {€;., €04} with i = 1,2, 3 and ¢y, chosen so that

(0123) = 1, and dual basis €, i =,0,...,3 we find via (3.27)
Koi =&o0,  Kij =&, (3.28)

so that these polarized scattering equations can be replaced by 6°(K). The remaining scattering

equations in H?:l 64(&;4) are, fori,j=1,...,3,

where the ... denotes terms involving 7, j > 3. Thus we can integrate out du;; and dv; against
these remaining polarized scattering equation delta functions 6(&(;;)) for 4,7 < 3 yielding an
extra numerator factor of o120930713.

Finally we can use (3.20) to replace the remaining polarized scattering equations delta func-

tions by standard ones thus yielding the desired formula. O

3.2 Integrands

In this section, we discuss the integrands 7,, and the supersymmetry representation in more de-
tail. We first show that the spin-one contribution det’H is permutation invariant, and that it is
equivalent to the CHY pfaffian Pf' M in providing the correct dependence on the spin-one po-
larization data. We move on to giving further details of the supersymmetry factors. Finally, we
prove crucial properties such as linearity of the spin-one contribution in the polarization data,

and the compatibility of the reduced determinant with the supersymmetry representation.
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3.2.1 The kinematic reduced determinant det’H.

For our ambidextrous spin one contribution, recall that we defined an n x n matrix H by
A
€LAC; . .
e i#]

H;j = , (3.30)
6Z‘~P(O'i), i:j

where e; is the null polarization vector above and P(o) is as defined in (2.19). We first prove

the equivalence between this definition of H;; and that in (2.84). In order to use the vector

representation of the polarization vector, we introduce a spinor €4 so that ¢4 = k4P¢5. Then
the polarization vector is e4p = €[4€p). The equivalent definition of H;; (2.84) is
)\aA(Ui)G? = *uiaHii s )\dA(O'l')GiA = *U?Hii . (331)

The left side is a multiple of u;, (or u) due to the scattering equation and the identity k45 k% =

0. Starting from the second last formula we obtain the first from
ei - P(o;) = BN a(00) NG (00) = —HiiePua (o) = —HyePoarly = —Hy; . (3.32)

This then, being neither chiral nor antichiral justifies the equivalence.

The matrix H;; is not full rank because
Z uiaHij = )\aA(O'j)EjA + ujaHjj =0 , (333)

and so, as above, we define the generalized determinant

[i] det(H™])
det/(H) : = SUH™) Uin2] (3.34)
(uiwg)[ugug] (i wiy)[ug, uj,]
where Hl7! denotes the matrix H with the ij rows and columns deleted and H, li1i2) the matrix

[7172]

with the with rows i1, i9 and columns ji, jo removed. These are well-defined as
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Lemma 3.2.1 The generalized determinant defined above is permutation invariant.

Proof: We can extend the argument of appendix A of [30] on such generalized determinants as
follows.

Consider an n X n matrix H f with a p-dimensional kernel and cokernel, i.e., that satisfies
> w;HZJ = 0 and Zj Hfu?;’ = 0 where a,b = 1,...,p. We must also assume that there are
volume p-forms on these kernels, (w; ...w,) and [@y, ... w,]. Our reduced determinant can be

understood as the determinant of the exact sequence
oscrBcnBenBer oo, (3.35)
To make this explicit, note that we have

&g I HI T wy L wp) (@ 0P) = det! (H)w" L whi, L a? ) (3.36)

for some det’(H). This formula follows because skew symmetrizing a free index on the left with
a w, or W, vanishes as it dualizes via the ¢ to contraction with H7. Thus it must be a multiple of
the right hand side as defined. The definitions (3.34), (2.86) then follow by taking components
of this definition in the case p = 2 on the iy, is, j1, j2 indices. In our context the natural volume
form on the kernel is defined on the 2-dimensional space of u;,, = u;€,; by the f on the right
hand side of (3.15) but for our polarized scattering equation framework, the normalizations are

such that this is 1 so the bracketed terms on the left of (3.36) reduce to unity in (3.34). O

Note that the first term on the left side of (3.36) is simply the p'h derivative of det H where
we have to relax the scattering equations and momentum conservation to make the determi-
nant not identically zero. The CHY matrix is also non-degenerate away from the support of the

scattering equations and momentum conservation. We have
Proposition 3.2.1 The determinant is related to the full CHY Paffian by det(H) = Pf M.

Proof: We use the form of the CHY Pfaffian due to Lam & Yao [113]. They show that the full
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Pfaffian of M can be expanded into a sum over the permutations p € S, of the particle labels,

Pf(M) = ) sgn(p)M;...M,
pESK

where each term has been decomposed into the disjoint cycles I = (i; ...i7), J =

the permutation p. The terms in this cycle expansion are given by

tr(Fil ...F,L'I)
o1

if |I| > 1,
My

o if I = {i},

and o7 = (Um‘z Oy ) ~! denotes the Parke-Taylor factor associated to the cycle.

Euler’s formula for the determinant of H similarly gives

det(H) = Z sgn(p)Hy...Hy

pESH
where the terms H; are given by
i Fy) g ] >1
or )
H[ = Hilig"'Hi]il = .
Hi; if I = {i},

(3.37)

]J)Of

(3.38)

(3.39)

(3.40)

Here the trace over the F's is taken in the spin representation and we have C;; = H;; hence the

equivalence.

O

This result provides some circumstantial evidence that Pf'M = det’ H on the support of

the scattering equations, but we do not have a direct proof. We prove this only indirectly via

factorization in §3.4.2. Our det’ H can therefore be used as a half-integrand in place of Pf'(M)
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in the theories as described in [110] to give full integrands

Yang-Mills: PT(a) det’H (3.41a)
Gravity: det’H det’'H (3.41b)
D5-branes: det’A det'H . (3.41¢)

3.2.2 The supersymmetry factors

Here we show that the supersymmetry factors ef™~, with

1 s
Fy = F]{),Ol ~3 Z(fivz’> q F}\),OI = Z < l"]>qi1q§, (3.42a)
i=1 i<y O
5 = 1 y N @iti]
Fy=Fy =) lewil & =% [ - ?]qi,-q;, (3.42b)
i=1 ic; U

are invariant under supersymmetry. The full supersymmetry generator for n particles is de-

fined by the sum Q,; = Y. ; Q; 4 for each particle as defined by (2.78),

0 ~ - ~ 0
Qiar = (§ikia)Gir + €ia QIJf ) ?j = [&Hﬂ q;i + 6;4 Q

f— . 3.43
3%} " 8qi,7 ( )

Superamplitudes must be supersymetrically invariant and so are annihilated by the total @ 4,
and indeed this determines the amplitude for the whole multiplet from the amplitudes involv-
ing only the top of the multiplets.

It is easily verified that the supersymmetry factors give an amplitude that is supersymetri-

cally invariant, since

Qure™™ = (Z ((fi&'A) + <fivi>€m) G — Y W%’z) e

: i.j "

i i, K

= (Z@z‘fﬁm Qir — Z W%) N =0, (3.44)

and similarly Q;‘ ef’ = 0. Here, the second equality follows from v; = §; + (§;v;)€;, and the sum

vanishes on the support of the polarized scattering equations. Conversely, given an integrand
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T, for the top states of a multiplet, (2.62) is the unique supersymmetric completion using the

supersymmetry representation (2.78), as can be verified using supersymmetric Ward identities.

3.2.3 Consistency of the reduced determinant with the supersymmetry representa-

tion

Our gauge (and gravity) formulae in effect give two different representations of bosonic am-
plitudes with gluons coming from different parts of the multiplets. One comes from simply
substituting gluon polarizations from different parts of the multiplet in the kinematic inte-
grand det’H and the other from expanding out the supersymmetry factors. In this subsection
we show that these give the same formulae.

When a subset I of the particles are in states at the bottom of the (chiral part of the) super-

symmetry multipet, the integrals over the supercharges lead to the integrand
I8 = det U det’H eF'+F (3.45)

where Uin = Uz-(jl’o) and the superscripts indicate the restriction to the subsets I and I respec-
tively. On the other hand, for any choice of polarization data, the integrand for gluons (gravi-

tons) takes the form of a reduced determinant,

o H; igI
T, = det BT P with Bf=4"" (3.46)
(Eiria)e]
Vel

where H' is defined with polarization spinors (§;x;4) instead of €;, for i € I. For the supersym-
metry to be compatible with the representation of the integrand, the two prescriptions for the
amplitude must agree, I = Iffl i )

A lemma on reduced determinants. To prove the equivalence of (3.45) and (3.46), the general
strategy will be to first identify the relation between H and H’. To draw conclusions about
the behaviour of their reduced determinants though, we will need a few results discussed in

appendix A of [30], which we review here for convenience.
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In contrast to regular determinants, it does not make sense to ask how a reduced determi-
nant behaves under the addition of an arbitrary vector to a row or column of H, because this
will in general spoil the linearity relations among its rows and columns. On the other hand,
we can define a new reduced determinant by multiplication with an invertible n x n matrix U,

since this leaves the (full) determinant det H = det H = 0 unaffected,
ol .=ufmj. (3.47)

Since the kernel and co-kernel of H are spanned by w and @,* the kernel of H = UH is w =

U~ w. To be explicit, H and  satisfy relations analogous to (2.85),

S wlHl =0, > @lH] =0, for o, = (U‘l)iC wh (3.48)
i J
We can thus define a reduced determinant det’H as in (3.36) by
et by g HIPE I iy ) [0 P] = det/H iy Lyl Lt (349)

Let us multiply this equation by p facors of U. On the right-hand-side, this cancels the factors

of U~! from the kernel uﬁgil . u?f}’ } , whereas on the left, it combines with the (n— p) factors from

H = UH to det U. Putting this all together, we arrive at the following lemma [30]:

Lemma 3.2.2 Under multiplication by an invertible matrix U, the reduced determinant of a matrix
H := U H behaves as
det’H = det U det’H , (3.50)

with the reduced determinant defined using the kernel w = U~ w.

This implies in particular that the usual row- and column operations leave the reduced

determinant unaffected, det’ H = det’H, due to det U = 1.

*As discussed above, for super Yang-Mills and supergravity, we take w}, = u;,, where a denotes the chiral little

b

group index, and similarly for 12)5? = ;.
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Equivalence of the reduced determinants. Lemma 3.2.2 now allows us to prove the compat-
ibility of the supersymmetry representation with the reduced determinant. We first note that

on the support of the polarized scattering equations, H! and H are related via

1%

) €€l €464
ol :Z<u,uk> kA€ () iA€;

= ok i i
U 1
=> < , k>ij — — > (ujug)Hyj —(&vi) Hij =: Y UjHyj, (3.51)
wti Ok Tij i k

for i € I. In the second equality, the middle term vanishes because u spans the kernel of H,
and we use the last equality to define U’. Combining the above result with H ZIJ =H;jfori¢ I,

we thus have

)
ul?  i#jiel

H'=U'H, with U =< (g i=jel (3.52)

dij i ¢ 1.
Since det U! is generically non-zero, and lemma 3.2.2 gives directly that

det’H' = det U' det'H , (3.53)
confirming the equivalence of the two prescriptions.

3.2.4 Linearity in the polarization data

As another important check on the amplitudes (2.88), we verify that they are multilinear in
the polarization data. This is of course a mandatatory requirement for amplitudes, but is not
manifest in the integrands for gauge and gravity theories because the reduced determinants
depend on the u-variables and these can potentially depend in a complicated way on the po-
larization data via the polarized scattering equations. We first observe that linearity is manifest

for amplitudes with two external scalars and n —2 gluons. Given the supersymmetry of the for-
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mulae this provides strong circumstantial evidence. Then we show explicitly that the reduced
determinant is linear on the support of the polarized scattering equations and go on to the full

superamplitude.

3.24.1 Linearity from supersymmetry

Linearity of the gluon states is most easily seen from the mixed amplitudes with two external
scalars, e.g. j = 1,2, and n — 2 gluons. In this case, we can choose to reduce the determinant

det’H on the scalar states, giving
z 1
Ap1dzeata — / b o7 det Hijy PT(a). (3.54)

The integrand is then manifestly independent of {u;,v;} as well as € 2, and only depends on
the punctures o; and the polarization of the gluons. Due to the invariance of the measure
established by proposition 3.1.2, the “polarization” spinors of the scalars €; 3 are choices of ref-
erence spinors. For the gluons on the other hand, the integrand is now manifestly linear in ¢;.
Supersymmetry then guarantees that linearity extends to the all-gluon amplitude.

The consistency between the supersymmetry representation and the reduced determinant
discussed in the last section further guarantees that the argument above holds for gluons both
at the top and the bottom of the multiplet; we simply replace H by H’. For gravity and brane-
amplitudes, the argument is completely analogous, and follows again from the multilinearity

of the amplitude M?192¢3¢- with two scalars and n — 2 gravitons.

3.2.4.2 Linearity for non-supersymmetric amplitudes.

We now study the dependence of the reduced determinant on the polarization data directly by
expanding the spinors € in a basis. This gives the desired linearity for pure Yang-Mills and
gravity directly, where the above supersymmetry argument seems excessive, but can equally
be applied to supersymmetric theories. We first discuss (chiral) linearity for gluons, but the
proof extends straightforwardly to linearity in the anti-chiral polarization data, as well as (bi-

)linearity for gravity amplitudes.
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Consider the amplitude A°* or the superamplitude A°*, where one of the particles is a gluon
with polarization ¢;, and all other particles are in arbitrary states. We can expand ¢; in an

(arbitrarily chosen) polarization basis (f, (§ via
€f = ai1(] + aly, with ((2¢1) =1. (3.55)

It will be helpful to think of this new basis ((i, (2 =: fl) as playing a similar role to (€1, &), both
in the polarized scattering equations and in the integrands. To prove linearity of the (super-)
amplitudes in the polarization, we then have to show that amplitudes in the two different bases
are related via

A = oy A 4 g A2, (3.56)

where the amplitudes A“! and A% are respectively given by
A9 = / dpP det'H PT(a), A% = / dpP°er det’ HS PT(av) (3.57)

and the superscripts ¢, indicate that the respective quantities are defined using the polariza-

pol pol,¢;

tion ¢,. For the measure, proposition 3.1.2 guarantees that dy;, = dy;, ", but the integration
variables u? = u;(¢,) defined by d,uEOl’CT enter into the definition of the reduced determinant

det’HS. Since the measure and the Parke-Taylor factors are invariant under changes of polar-
ization, the linearity relation (3.56) for the amplitude is equivalent to linearity of the spin-one
contribution;

det’H = oy det ' HS' + ap det'H? , (3.58)

where the (implicit) map between {u;, v;} on the left-hand side and {ug", vf"} on the right hand

side is determined by the polarized scattering equations.

Proposition 3.2.2 For €} = a (' + a2y expand also v§ = [1(f + (20§ so that (eyv1) = 1 gives
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a1f2 — agfy = 1. Then we have that {u;,v;} and {u?, va} are related by

= Byo}t® ul = Byufl® (3.59)

St St)2
vl = C + 527< ) € uq:ugla a2
11 014

G Cl
(ui'wy) ust® (3.59b)

with identical expressions for {u;,v;} in terms of {ufz, U§2}-

Proof: First note that the punctures o; are unaffected so we omit the superscripts here. First

write €] = ((" + azv{)/B2. Using this, the polarized scattering equations &; can be written in

the form
ULU;
Ea = Z < 011 ‘j>EjA — (V1K14) (3.60)
S
<uiuj> a9 <u1ul) <’LL1Uj>) 1 <U1uz> ( a9 <U1ui>2 )
Eix = —+ €ja+ — Kia) — | (Vikia) — 5= €ia | -
. #Z“ ( Oij B2 o1 015 M B2 o1 (Giera) (vikia) B2 0’%,- 4
L) L(of mia)

It is now simple to map this to the polarized scattering equations Sfl via the change of variables

(3.59a). O

As an aside, although Proposition 3.1.2 implies that the measures are unchanged, it is easily
checked directly that dul = dul™': the rescaling (3.59a) gives an overall factor of 85 * coming
from the scattering equation 6(&;) = By 10 (£1<1), which exactly compensates the factor from
d*uyd®vy = 33 d2 Cl . The remaining part of the measure is invariant under the linear shift

in a9 B2, and thus the polarized measure is invariant under the choice of polarization data.

Theorem 1 With the above definitions
det’H = a1 det'HS + o det"H . (3.61)

Proof: For each solution to the scattering equations, the above correspondence (3.59) maps the

60



CHAPTER 3 - Properties of the six dimensional superamplitude

reduced determinant by

1
det'H=— " qet g™ = 1 qet/ & 3.62
¢ (ugu;) [t Ml By ( )

Here, we have reduced on particle 1 for convenience, and used the fact that the diagonal entries
H;; for i # 1 are independent of the polarization ¢; by (3.32). Similarly, the map from {u;, v;} to

{u 52, v;?} induced by the polarized scattering equations gives

det’H = fﬁf det’ H® . (3.63)
1

Note that 31 2 depend on the solutions to the polarized scattering equations, so the relations
(3.62) and (3.63) between the reduced determinants only hold on individual solutions to the
scattering equations, and do not lead to an analogous relation for the amplitudes. However, by

combining the two expression we get the following linearity relation
det’H = (a1 82 — apfB1) det'H = g det’HS + ap det'H® | (3.64)

as required. This is now independent of the solutions to the scattering equations, and thus lifts

to the full amplitudes, confirming (3.56). O

Superamplitudes. The above analysis extends straightforwardly to superamplitudes to give
checks on the supersymmetry factors. As before, we take particle 1 to be a gluon, though we
do not restrict its position in the multiplet in the supersymmetric case. In the top state, its

polarization is €; = a1(; + a2(2 as above, and in the bottom state we choose the polarization

&= 041C1 + 042C2 ; (3.65)

with constant 0‘52 such that oy ag — agoﬁ = 1 due to the normalization condition (¢;&;) = 1.

As indicated above, in the supersymmetric case it will be helpful to treat the basis spinors
(C1,(2) as the new basis for the multiplet of particle 1. In the explicit change of variables given

in proposition 3.2.2, (; plays the rdle of the original €;, and (» provides the additional polariza-
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tion spinor to parametrize the full mutiplet, i.e. &' = (3.> Using this choice, we can verify by
G

expanding out both sides and using the relation between {u;, v;} and {u;', vfl} from proposi-

tion 3.2.2 that
/ g1 qi e = / &S By (al (qf])2+oz2> PO (3.66)

The superscript ¢; again indicates that the supersymmetry factor is defined with the multiplet

1

parametrized by the polarization (;, as well as the variables u;'. Similarly, for gluon states at

the bottom of the multiplet, we find

/d2q1 el = /d2q§l B2 (oﬁ (qgl)2 +oz§> e (3.67)

Combining this with the result (3.62) for the reduced determinant det’H = (' det’HS, we

find the expected linearity relations for supersymmetric integrands with one gluon,
/ 2 2 F 117¢1 2 C1 C1\2 Fa
det'H /d q1qie =det'H /d q; (al (q1 ) + ag) e’ (3.68)

and similarly for the gluon at the bottom of the multiplet with polarization &;. The simplicity
of this relation is due to our choice of 5?1 = (»: using this, as well as the results from §3.2.3, the
second term on the right gives indeed the amplitude for a gluon with polarization ¢, with a pro-
portionality factor of as. As in the bosonic case, the final linearity relation (3.68) is independent

of the solution to the polarized scattering equations, and thus lifts to the full superamplitude,

AT = ay A + 0y A A8 = o5 A 4 af A% (3.69)

3.3 The three and four-point amplitudes

In this section, we discuss the three-particle and four-particle amplitudes in our polarized scat-

tering equations formalism (2.88), and compare them to previous results available in the lit-

>Of course, we are free to reverse the roles of (; and (» in this discussion, at the expense of a minus sign due to
our normalization conventions.
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erature, e.g. [98]. We first focus on the three-particle amplitudes that will serve as the seed
amplitudes for the BCFW recursion relation of section 3.4. Since the configuration of three
momenta is highly degenerate, we include a treatment of the four-particle case for further il-

lustration.

For the calculations below, two general observations will be helpful. First, for low num-
bers of external particles, the most useful form of the scattering equations arises from (2.70),

obtained by skew-symmetrizing the ith polarized scattering equation with ¢;, to give

S by, (3.70)
j ij

This can be skewed with further polarization spinors to obtain formulae for U;; := (u;u;)/04j.
We will use this below to construct explicit solutions to the polarized scattering equations, both
for three and four particles.

After solving the polarized scattering equations and simplifying the integrands on these so-
lutions, amplitudes are expressed in the form A€1€1--<ré» with all little group indices contracted
linearly into the polarization spinors € and €¢. To compare our results to the formulae obtained
in e.g. [98], we thus have to convert between our polarized formalism and the standard, little-
group covariant spinor-helicity formalism, where amplitudes A%41-4ndn carry the little group
indices of the scattered particles. Using that the amplitudes (2.88) are linear in the polarization

spinors € and & as shown in §3.2.4, the two formalisms are related via

€1€1...€n€n __ ~ a1a1...ana,
A 1 n€n H Eiai 6id¢ . Anl 1 nln (371)
7

3.3.1 Three-point amplitudes

We now compute the three particle case to compare to the Yang-Mills result given in [98]. This
case is somewhat degenerate as momentum conservation implies that the three null momenta
are also mutually orthogonal. In Lorentz signature they would of necessity be proportional,

which would be too degenerate to calculate with. We therefore allow complex momenta so
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that they span a null two-plane. This can be expressed by the non-vanishing 2—form that is

given in spinors by

HBKA = (k’l A k)z)g = —(lﬁ VAN k‘3)g = (/6‘2 A /ﬁg)g . (3.72)

The spinors x4 and x* are defined up to an overall scale and its inverse and are orthogonal to
each momentum.

We can represent each momentum k;, as a line in the projective spin space CP? through
the two spinors kg4 for a = 1, 2. That each line contains x4 means that they are concurrent and
that they are orthogonal to x* means that they are co-planar as in the diagram 3.3.1.

To compare to the results of [98], we introduce little group spinors m¢, /¢ for each i

Ka = M Kiaq kY = mikd, . (3.73)
These are defined in [98] equivalently by
’%Aaﬁji; = miaﬁzjb. (3.74)

As in [98], we further introduce spinors w;, w; normalized against m;, /m; such that

migwd =1,  mdd =1. (3.75)

This normalization does not fully fix w;, @w;, since we have the further freedom to add on terms

proportional to m;, m;. We can partially fix this redundancy w;, — w;q + ¢;m;q by the condition

W K14q + WhK2aq + WSK3aq = 0, (3.76)

which imposes co-linearity of the three points (w;k;4) on the lines k; and reduces the redun-

dancy to shifts satisfying c¢; + c2 + c3 = 0.

In what follows we will compute the three gluon amplitude from the general formula (2.62)
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in Yang Mills theory. For three particles the o; can be fixed to (0, 1, c0) and the formula reduces

to

’ 61A6§
As = det'H|, = 142 (3.77)
Us3Us3

evaluated on the solution to the polarized scattering equations, as indicated by the star. Note
that the Jacobian from solving the polarized scattering equations is trivial due to proposi-
tion 3.1.2. Having gauge fixed three of the u variables as in §3.1.3, we only need to solve
the polarized scattering equations for the three U;; := Ui(jl’o) = (uju;)/04j, with U;; = Uj; for
i F

Urzeas + Urzess = (vik1a4), and cyclic, (3.78)
together with the normalization conditions (v;e;) = 1. These three scattering equations define

lines in the plane spanned by the three momenta in the projective spin space as in the diagram

3.3.1.

k3

(v3kaza)

Figure 3.1: Each k; corresponds to a line in the projective spin space spanned by r;,4. The
lines lie in a common two-plane orthogonal to x“ and are concurrent meeting at x4 defined by
(3.73). Thus the line k; joins €14 and x4 and so on. The polarized scattering equations give 3
further lines, e.g. with & 4 giving the line joining €24 and €34 and intersecting k1 at (v1k14).

In order to solve the polarized scattering equations we use the ¢;, as a basis of the plane in
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the projective spin space orthogonal to x* to write

Ra = E Ai€iA
7

(3.79)

Using the normalization (v;e;) = 1, we can further expand v; in the polarization basis €;, m;;

1

mi€;)

Viag = < ((mivi)€iq + Mia) ,

and solve the system (3.78) to obtain

473 aj

Uij = = , (mv;) = a; .

(mjej) — (mie)

To compare to [98], we can similarly decompose

1 (eiwi)
w; = — €; 2
(€imy) (€imy)
and impose the condition (3.76) to obtain:
Hk:;éi<€/€mk>

a; =
" {exmq){eama) (e3w3) + cyec.

(3.80)

(3.81)

(3.82)

The scattering equations for spinors in the antifundamental representation are solved entirely

analogously and together we obtain from (3.77) the three point amplitude as

As = (<qm1><62m2><63w3> + cyc.) ((elml)(€2m2><€3w3) + cyc.) :

(3.83)

where we have used that €145 = (e1m1)[earnz] from (3.74). This is precisely the result in [98],

contracted into the polarization spinors as discussed around (3.71).

3.3.2 Four-point Yang-Mills amplitudes

To illustrate these techniques in a slightly more generic setting, consider next the four-gluon

amplitude in Yang-Mills theory. As before, we can fix three of the marked points on the sphere,
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e.g. 01,02 and o4, so that the solution to the scattering equation in homogeneous coordinates

is
s
o1 =[(1,0)] o2 = [(1, D] o5 = [(1, =] 71 = [(0, 1)]. (3.84
From the measure, we thus pick up the CHY Jacobian ]<I>|[?’]11’;’3 = |0&; /00| jjjjf;] as well as the

usual Fadeev-Popov factors (0,i,0isiz 0isi, ) and (04,4,04,4,0455:) due to the equality between
the polarized measure and the usual CHY measure established in proposition 3.1.2. Combining

this with the four-particle Yang-Mills integrand (2.88a) gives

Ailgl"'64€4 _ (Uilizaz'm?,azau)(UJ1J2Uj2j30j3j1) PT(1234) det' H

det @ fl‘l’jf; *
2
019(013034041) (0230340 Hi3Hoy — Hi4Ho:
_ 12(013034041)(023034042) PT(1234) ~130724 — 171423 (3.85)
s12 (ugug) [tntn] |,
1 012034 031042
= — elAegeggeff — 761/1626236? )
<u3u4> [’U,1U2] S12 041032 *

where * again denotes evaluation on the (single) solution to the polarized scattering equations.

Using (3.84), the amplitude then becomes

1

513
= —<€1A63623€4 + 5 61A6362364>
14

A21€1...64€4
512U34U12

: (3.86)

*

evaluated on the solution to the scattering equations. At four points there are 8 —3 independent

variables u{ and we can take them to be U;; = (u;u;)/0i; = Uji, @ # j, with the extra relation
(uiug) (ugw) + (cyc jkl) =0, (3.87)

given by the Schouten identity. The skewed form (3.70) of the scattering equations give

> Uijejiacin) = kias » (3.88)
J#i

ABCD

In order to solve for U4 we contract this for ¢ = 3 with & €1c€2p to obtain

(k312)
(1234)°

34 = — (3.89)
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where we define

<1234> = €ABCD€1A€2363C€4D y <k312> = €ABCD]{23AB€1CEQD . (390)

Similarly we obtain, using square brackets for 4-brackets of upper-indexed quantities,

~ [k134]
= — . 91
U1z [1234] (391)
Using these we can solve for the v;, to give
<I€1a234>
o= —a—1 92
Yla = T1234) (3.92)

and so on.
The resulting expression for A4 can be simplified by expanding the product of upper and

lower ¢ tensors as skew product of Kronecker deltas. Consider the quantity
(k312)[k134] = 4 e1pes kgap ki efeac + 2ky - ks(€1a€] eapes — €1.4€5 €ap€y ). (3.93)
The first term can be rewritten using using momentum conservation as

1
AC .B AC B A
k3ap k1 RagR2ca = _kQABkl RyaaR2ca = —5 R24akR4q k1 - ko, (3-94)

such that (k312)[k134] is proportional to the numerator of the amplitude,
(k312)[k134] = s14 <61A6§ egBeff + zwelAeﬁQBﬁg) ) (3.95)
14

The amplitude then agrees with the result of [98],

(1234)[1234]

€1€1...€4€4
Ay =
512514

(3.96)

upon the usual identification (3.71).
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As discussed in section 4.1.4, the supersymmetry representation we use breaks little group
symmetry so that little group multiplets are spread in different degrees in the superfield ex-
pansion (2.81) in terms of supermomenta. All above expressions are for gluons in the top state
g°¢, but the calculations extend directly to other amplitudes as well. As we have seen in sec-
tion 3.2.3, amplitudes for gluons appearing at order ¢? in the multiplet can be calculated either
from the supersymmetry representation, or by replacing ¢, — &; in the integrand. At four
points, this can be seen explicitly: consider first the amplitude A4(g1 g2 g% g&4é) obtained

from the supersymmetry representation,

A4(g€1€1962€2953€3g§4€4) A61€1 €484 QUQKLiiii eF'i‘F

dq5 0q3 Oqy Oqy

(3.97)

*

q;=0

The only non-vanishing term comes from the ' in the expansion of the exponential, and gives
an extra factor of det U3 = —U2, + (£&3v3) (€4v4) in the amplitude. When we evaluate this on

the solutions to the polarized scattering equations we obtain, using (3.89) and (3.92),

1 <12 £384)
{34} _ _
det U = TP ((53 312) (£, 412) — (£5124) (&4 123>) 1231) (3.98)
Here we have used k; 45 = fi[AQ\ B in the first equality, as well as the notation &4 := (§;Kia),

and the last equality follows from a Schouten identity in the two-dimensional space defined by

e8¢ e9p. Using the result (3.96) for the amplitude where all gluons are in the top state, we
thus find
. = = . 12 1234
A4(g€161962€2g€36395464) — < €3§4>[ ] ) (3.99)
812514

This clearly agrees with the result from the integrand det’H; for I = {3,4}, i.e. by replacing
€ia by &iq for i = 3,4 in (3.96). Similar conjugate formulae apply for amplitudes with a pair of

external particles in the gEg states.

3.3.3 Other theories

The Yang-Mills calculations extend directly to the other theories expressed as integrals over the

polarized scattering equations. For any theory that admits the representation (2.62), the four
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point amplitude for the top states of the supersymmetry multiplet has the form:

1
Ay=——1'T} 3.100
T det/® TE | ( )
where the * indicates that the formula is evaluated on the solutions to the polarized scattering
equations. Having solved the polarized scattering equations at four point, (3.84), it is now an
easy task to evaluate the amplitude for other theories than Yang-Mills (2.88). We have already

discussed the Jacobian,

4
1 _ (TirioTigis Tigin ) (012 Tnjis Tjsgn ) ___ %12 (3.101)
det/® det & 512513514

[ivigis

The main ingredients that appear in the half integrands evaluated on such solutions are as

follows:
512 , 5%,
PT(1234) = — 212 det' H = (1234)[1234] — 12 (3.102a)
514 512513514
pryy — _ S13514 pep(20) _ $13514 102
v (1234) [1234] v (1234)2 (3.102b)
Pf/A = S12. (3102C)

It is then straightforward to calculate all four-particle amplitudes for the theories we have dis-

cussed. In (2, 2) supergravity, for all particles in the top state, we obtain:

(1234)2[1234]2

grav __
2\44 =
512513514

(3.103)

which corresponds to the result in [79,82] and reproduces the KLT relation. For the brane

theories we have

AD® = (1234)[1234], (3.104)

AV = (1234)2 (3.105)
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agreeing with [108]. As expected these give the same result on reducing to four or five dimen-

sions where fundamental and anti-fundamental spinors are identified.

The more exotic and controversial formulae in [2], obtained by double-copying the above

integrands. When combining the M5 half integrand with a Parke Taylor factor, we get

_ 1234)2
AGO-PT 1234)7 (3.106)

512514

As expected, the formula is chiral, and has the same reduction to 5d as the Yang-Mills ampli-

tude. We can also look at the formulae for other ‘double copied” theories:

1234)3[1234
A = 1234)7[1234] (3.107)
512513514

(10 _ (1234)°

Ay (3.108)

512513514

We note that (3.107)-(3.108) give the same result as the gravity amplitudes (3.103) upon reduc-
tion to four and five dimensions. However, in six dimensions, as remarked in [82,107], the
formulae are more problematic as soft limits (or factorization) to three-point amplitudes are
not obviously well-defined. This is because the three-particle kinematics k4 = m{x;,4 and

k4 = mlri, of (3.73) each have a scaling ambiguity

mi — amy, md — ot (3.109)

that cancels in r4x”. In our discussion of the Yang-Mills three-particle amplitudes, this was
reflected in the the two factors ((e1m1)(€eams)(e3ws) + cyc.) X (its tilded version) not being in-
dividually invariant under the scaling (3.109), although of course this ambiguity cancels in the
full amplitude (3.83). In the chiral double-copied amplitudes (3.106) - (3.108) however, this
scaling ambiguity cannot cancel anymore, so there are no invariant three-point amplitudes for
gerbe theories. On reduction to 5d, there is an identification between the chiral and anti-chiral
spinors so the scaling in (3.109) is fixed up to sign. This is also reflected in the factorization

discussion of the related formulae in [82], where it was shown that the resulting three-particle

71



CHAPTER 3 - Properties of the six dimensional superamplitude

formulae are non-local. As discussed there, the non-locality can be made manifest in two dif-
ferent ways. To factorize the four-particle formula into the product of two three-particle ob-
jects summed over internal states, we have to either fix a scale « or fix the shift redundancy
Wig — Wiq + ¢;M;q Of the dual variables. In both cases, the required ‘frame choice” depends on
the kinematics of all four particles, and the three-particle objects are not invariant under the a
rescaling of « (in the first case) or a shift in ¢; (in the latter case).

Thus it seems unlikely that the formulae (3.106) - (3.108) can be interpreted as tree-level

S-matrices in the normal sense.

3.3.4 Fermionic amplitudes

We can also evaluate amplitudes involving the fermionic sector. We will show here how this
works for the scattering of two gluons with two gluini in (1, 1) super Yang-Mills, but the results
can be adapted easily to supergravity and the brane theories.

Consider the four particle amplitude A4(g5, g5, ¥4, 11°) for two gluons and two gluini,
obtained in our supersymmetry representation by extracting the fermionic components as fol-

lows,

(1234)[1234] & 9

Ag(g%, gF pIE opJ) = 121020 14+ F) + Fy + ..
1091 92", ¥s ) s12814  0gs 8q4’( b )q,:qi:o
1234)(1234
- MUMQU (3.110)
512514

Inserting the solution to the polarized scattering equations (3.89) we obtain,

(12k3)[1234]

Ie . Jé\ __
) 512514

Au(g5, 955 35, 0 Qg (3.111)

We can compare this to the amplitude representation of [79] in the little-group preserving su-

persymmetry representation;
4 45 5

512514

where the supercharges are ¢*/ = Eab/igﬁg and ¢/, = e4K%n"". The amplitude A4(g¢%, ggi’, Vs, w;{)
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is now the following coefficient of the Grassmann variables n and 7,

e d 00 8 8 09 9 8 0 L MTes(d
A gaa’gbb’wcﬂbd T 0. 09G4 Ab i A i e AT e
s 9295 V) = 5. 57 ouf s O o7 01 O S514 |yego
1a2oks) [142;364
_ (La2ok3) [1a2;3¢4,] (3.113)
512514

This agrees with our result (3.111) after contraction into the external polarization states.

3.4 Proof of the formula by BCFW recursion

In this section, we give a proof of the gravity and Yang-Mills formulae using BCFW recur-
sion [9,11]. This is a powerful on-shell tool that has been used to prove a variety of explicit
amplitude representations. This technique has two main ingredients. The first is to introduce a
deformation of the formula for the amplitude depending on a complex parameter z, and to use
complex analysis to reconstruct the amplitude in terms of its residues at poles in z. The second
key ingredient in the argument is the factorization property of amplitudes. We know from the
Feynman diagram representation of amplitudes that they are multilinear in the polarization
vectors and rational in the momenta. The only poles arise from propagators, so that they can
only arise along factorization channels, where partial sums of the momenta go on shell. At tree-
level, factorization is the statement that the residues at such poles are tree amplitudes on each
side of the propagator. This then allows us to identify the residues in z in terms of lower point
amplitudes, setting up the recursion.

BCFW shifts are generally based on the following one-parameter deformation of the exter-
nal momenta,

ki = ki + 21, by = knp — 21, (3.114)

with ¢ = ¢ k1 = q - k,, = 0. Cauchy’s theorem applied to .4/ > then gives an equality between
the original undeformed amplitude at z = 0 and the sum over all other residues at the possible

factorisation channels of the amplitude and at co. If

lim A(z) =0, (3.115)

Z—00
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we say that there are no boundary terms at z = oo and the shift is valid. Provided that the
amplitude has the factorisation properties we expect from unitarity, the residue theorem then
expresses it as a sum over products of lower point amplitudes A, 11 and A, 1, with n;, + 1

and ny + 1 = (n — n;) + 1 particles respectively, but at shifted values of z

1
An = ZAnL+1 (ZL) k;i% A"R+1 (ZL) . (3116)
L,R

The sum runs over partitions of the n particles into two sets L and R, with one of the deformed
momenta in each subset, 1 € L and n € R. In the propagator, k; = Zie 1, ki denotes the (unde-
formed, off-shell) momentum, whereas the amplitudes are evaluated on the on-shell deformed
momentum k;, = Yicr ki + zq with 2, = —k?%/2q - k;. See also fig. 3.2 for a diagrammatic
represenation of the recursion. For particles transforming in non-trivial representations of the
little group, the BCFW shift (3.114) has to be extended to the polarization vectors as well [114],
and the boundary terms vanish if the shift vector [, is chosen to align with the polarization
vector of one of the shifted particles, [,, = e; ;. In this case the sum over partitions in the BCFW
recursion relation (3.116) also includes a sum over a complete set of propagating states, labeled

for example by their polarization data for gluons or gravitons.

1 n

Figure 3.2: A diagrammatic representation of the BCFW relation (3.116).

The recursion (3.116) has been a useful tool to prove novel amplitude representations. In
particular, it guarantees that any expression satisfying factorization® and the boundary condi-

tion (3.115) is a representation of the amplitude. In §3.4.1 we adapt the shift to our formulae, in

®including the correct 3-particle amplitudes
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§3.4.2, we show that our amplitudes factorize correctly. The proof of the vanishing of bound-
ary terms for gauge theory and gravity follows a similar strategy to the one employed to show

factorization and we refer the interested reader to the original paper [2].

3.4.1 Shift

Fundamental spinors. In the 6d spinor-helicity formalism, we introduce a BCFW shift de-

pendent on the chiral polarization data of the shifted particles by

o.a a a ~.a a a
Riy = K{4 T 2 €] €na, Rpa = Kpa+ 26, €14 . (3.117)

This shift evidently leaves the polarization spinors ¢, invariant, but shifts the spinors (v1x1 4)
and (v, Ky, 4) featuring in the polarised scattering equations by a term proportional to the polar-
ization spinor of the other particle. The invariance of the polarization spinors ¢; , ensures that
the shift is well-defined, in the sense that the ‘shift-spinors” §x1 , are themselves unaffected.

In terms of momenta, the spinorial deformation (3.117) corresponds to a standard BCFW shift,

I%IAB = Fkiap + 2lap, knap = knap — 2 lap . (3.118)

In contrast to the usual construction however, the shift vector 1,5 is composed of the polariza-

tion spinors of both particles 1 and n,

lAB — G'I’L [A€1 B} . (3.119)

In addition to preserving momentum conservation and being orthogonal to the momenta of the
shifted particles, this choice of shift vector is also orthogonal to the polarization of the shifted
particles, which guarantees the vanishing of boundary terms for Yang Mills and gravity.

For generic polarization data of the particles 1 and n, the BCFW shift (3.119) differs from the
standard BCFW shift for Yang-Mills theory and gravity [114], as well as the 6d spinorial shift
of [98]. There the shift vector for gluons and gravitons is chosen to align with the polarization

of one of the shifted particles, [, = ey, to ensure that the boundary terms vanish. This setup
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can be recovered from the shift (3.117) only if the polarization spinors for particles 1 and n are

related in a specific way, so the two shifts are in general inequivalent.

Anti-fundamental spinors. The anti-fundamental shift

BP =k 4+ 217 kP =kt - 21", (3.120)

n

ABCD

is of course related to the chiral one via [*? = ¢ ¢cp, but this does not fully determine the

shift of the anti-chiral spinors ;. We can use this freedom to choose a BCFW shift where both

deformations §x, and 6k, are proportional to the same spinor é:

f1h = kg — 2& (enpkil) | (3.121a)

Fing = king — 2€" (e1pkny) - (3.121b)

a

A A

The spinor € is constructed such that it is a valid choice for € = " and é; = €,

! (3.122)

& = eraring (knd k1%) 7 + enartd (Kif wnl)

The first term is just the canonical choice for €/ and pure gauge for particle n, and vice versa
for the second term so that:

e ki, =€, R, =€t (3.123)

The anti-fundamental BCFW deformation then leads to the shift (3.120) for the momenta, where
the shift vector ¢ is again determined by the chiral polarization spinors of both shifted particles.

The polarization spinor é* as well as the shift-spinors 14 and 0k, are invariant under the

BCFW deformation, and the shift (3.121) is well-defined.

Shifting the supermomenta. In the R-symmetry preserving supersymmetry representation,

the supershift is not implemented via a linear shift in the fermionic variables, but rather by a
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multiplicative exponential factor
T, =L, =1, exp (—z qlfanQ”) . (3.124)

This is the fermionic Fourier transform of the standard linear super-BCFW shift in the little-
group preserving representation, see e.g. [115]. As expected, the Fourier transform interchanges

linear shifts of the variables in z with a multiplication by an exponential factor.

3.4.2 Factorisation

In this section we want to show how the singularities of the amplitude (2.62) appear in the limit

k% — 0, where I is a subset of {1, ...n}, and that in this limit the amplitude factorises as:

/ 1
An = AnLHEAnRH (3.125)

with ng, + ng = n and )’ indicates a sum over polarization states or a ‘supersum’ over states
in the supermultiplet when considering superamplitudes.

The integrands in (2.62) are polynomials in the kinematic variables. The singularities can then
only arise from the boundary of the moduli space 8%(82. This is the moduli space encod-
ing the locations of the punctures o; as well as the values for u;, v;, modulo the symmetry
group SL(2,C), x SL(2,C),. Moreover, the permutation invariance of the reduced determi-
nant det’ H guarantee that for Yang Mills and supergravity the singularities actually come from
the boundary of the moduli space of the Riemann sphere, 8ﬁo7n C 893?82. Here 853\%7” denotes
the Deligne-Mumford compactification of the moduli space of marked Riemann surfaces, ob-
tained by adding nodal surfaces to ensure compactness [116], [93].

This boundary of the moduli space corresponds to separating degenerations that split the

sphere ¥ into two components, ¥; and X5, and that partition the punctures as n = ny, + ng,

8ﬁ0,n = ﬁ0,nL+1 X ﬁo,n}ﬁ-l . (3.126)
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The boundary 8ﬁo7n can be parametrised by gluing two Riemann spheres ¥, and X as fol-
lows. Choose a marked point on each sphere, 0, € ¥, and z;, € ¥;, and remove the disks
|0 — og| < e¥/?and |z — z,| < £!/2, where ¢ is the parameter governing the degeneration. Then

we can form a single Riemann surface by identifying,
(r—x)(0c—0op)=c¢. (3.127)

The boundary of the moduli space aﬁo,n corresponds to the limiting case ¢ — 0.

First of all we can establish the correspondence between degenerations of the punctured Rie-
mann sphere and the factorisation channels of the amplitude.

Using the parametrization of the boundary (3.127), one can see that the spinor A(o) induces
spinors A (o) and A(®)(¢) on ¥, and X, respectively and that these stay of order one through-

out the degeneration and so do the polarised scattering equations. In particular we have:

}154 (&) = H 54 <5¢(L)> H I (5153)) . .

i€l pER

One then finds that in the degeneration limit the propagator

k=Y ki (3.129)
€L
goes on shell, i.e.
k2 = O(e) (3.130)

as ¢ — 0, which corresponds to a factorisation channel.

It is then possible to track the behaviour of the measure of integration in the degeneration and
to verify that it mirrors the behaviour of the boundary of the moduli space [3] [117]. This results
in:

pol

o 62(nL_1) de A8k o
pol _ €T de /( A PO R (3.131)

d B B
M T Mep 2l & Jiw volSL(2,C)
The delta-functions § (k7 — ¢ F) enforcing that & ~ k? ~ k% are part of the momentum conser-

vation contained in the polarised measure.
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It remains to spell out the behaviour of the integrands. We find for the Parke-Taylor factor:

PT(ar) = e~ "D [T 22, PT(0)PT(cxr) (3.132)
i€l

where the particles in the subset L are all consecutive in «, the ordering of the external particles
(for a given color-ordered amplitude). If the particles in L are not consecutive in «, the Parke-
Taylor contributes with more powers of ¢, thus cancelling the pole. It is indeed this integrand

that selects the singularities corresponding to planar diagrams of a given color ordering.

As for the reduced determinant, we find

det'H = e~ "eD (v, 0p) [0, 05) | [ 27, det’Hy det’ Hp . (3.133)
€L

For amplitudes involving only gluons in the top state of the super Yang Mills superfield (2.81),

we expect the amplitude to factorise as’:

_ a b _ la bl 4a b
E Anp+1Angz+1 = €ab AnLHAnRH =V € nL+1AnR+1
states

) (3.134)

= ——An+1(€0) Anpri(er) + (erer) Anp+1(v) Anpr1(vr)
(erer)

=0

where the second factor vanishes because the subamplitudes have a single particle in the bot-
tom state. The polarised scattering equations impose (v vp) = <€L€R>71/ so that (3.131),(3.132)

and (3.133) together determine the correct factorisation behaviour.

Sum over states. We discuss here what behaviour we expect under factorization from the
susy factors. In general, supersymmetric invariance determines the ‘gluing factor” G(q;, qr)

that is responsible for the sum over states in a factorization channel,

1
Av= / 2N, dVgn Any 1 Annir Glar, an) - (3.135)
L

"We look here at V' = (1, 0), the result for the other chirality is analogous.
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This can be seen as follows: acting on the LHS with the full susy generator (),; we need to have

Qudn=0 QYA 1 =0WA,, 1 =0. (3.136)

Using that

QAIAnL-‘rl = _QLAIAnL+1 ) QAIAnR+1 = _QRAIAnR-i-l ) QAIG(qL7QR) = 07 (3~137)

we find that

G(qr,qr) = (erer) exp (i(vLUR> quqR,IQ”) (3.138)

solves this, where the normalization is fixed by comparison with the purely bosonic case. To
conclude the proof of factorization, it can be shown that the supersymmetry representation
factorizes as:

ef'N — <6L6R>2N/d2NqLd2NqR oFrtFr pi{vion) arrars 2’ (3.139)

3.5 Discussion

In this chapter we have argued that the polarized scattering equations provide a natural gener-
alization of the twistor and ambitwistor supersymmetric formulae from four dimensions. They
lead to formulae for a full spectrum of supersymmetric gauge, gravity and brane theories in
six-dimensions. These formulae are furthermore shown to factorize properly as a consequence
of properties of the polarized scattering equations themselves, as described in §3.4. This led to
a proof of the main formulae by BCFW recursion.

There remain issues that are not optimally resolved in our framework. Because the solutions
to the polarized scattering equations themselves depend on the polarization data, it is no longer
obvious that the formulae we obtain are linear in each polarization vector as they need to be,
although the proof is relatively straightforward. As shown in §3.1, there is an n+2 dimensional
vector space of potential solutions to the polarized scattering equations whose dimensionality
is then reduced by choice of polarization spinors. It should be possible to develop this further

to produce formulae that are manifestly linear in the polarization data, or alternatively with
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free little-group indices as is more usually in higher-dimensional spinor-helicity frameworks.

Further avenues are as follows.

Grassmannians, polyhedra, and equivalence with other formulations. In four dimensions,
twistor-string formulae for amplitudes, and indeed general BCFW terms, can be embedded as
2n — 4-dimensional cycles in the Grassmannian G(k, n) for amplitudes with k negative helicity
particles, [118,119].

In [82] it was similarly shown that their 6d formulae could be embedded into a Lagrangian
Grassmannian, i.e., the Grassmannian LG(n,2n) of Lagrangian n-spaces in a symplectic 2n-
dimensional vector space. Ref. [111] further discussed how the polarized scattering equation
formulation of [1,2] can also be embedded in the same Grassmannian, allowing one to see
that the two formulations are essentially gauge equivalent representations. In the formulation
in this chapter, an element of the Grassmannian can be represented as an n x 2n matrix Cli“
with a being the little group index for k; and [ being also a particle index.® The symplectic
form is given by Q45 = £40;; and the condition that C’lm defines an element of the Lagrangian
Grassmannian is that

CieCI i = 0. (3.140)

This skew form is natural in the sense that it arises from momentum conservation in the form
K4kl pQiajp = 0. (3.141)
The Grassmannian integral formula then takes the form
/F dpT / [ (Ci*kian). (3.142)
J

Here 7 is a theory dependent integrand, I a cycle in the Grassmannian of dimension 4n — 6,

8For [82,111] this l-index is replaced by ak where a is the global little group index, and k = 0,...,(n — 2)/2
indexes a basis in the space of polynomials on C of degree (n — 2)/2.
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and dyp a measure on I'. Our data embeds into the Grassmannian by

ai <u1u> a i..a
C] — J €; _6'7)1' B (3.143)

7
Uij J

with I' parametrized by (o;, u;, v;) subject to the constraints (v;¢;) = 1 and modulo the Mobius
transformations on the o;, and SL(2) on the u;. A different parametrization® for I is given in
[82], and in [111] it was argued that the two representations are gauge equivalent in LG(n, 2n).

In this chapter in §3.2.4, the argument for linearity of the reduced determinants in the polar-
ization data relies on a map between solutions to the polarized scattering equations that have
different polarization data. This map should therefore similarly arise from an analogous gauge
transformation in the Grassmannian LG (n, 2n).

Polyhedra such as the amplituhedron [120] emerge when BCFW cycles in a Grassmannian
are united into one geometric object whose combinatorics are determined by a certain posi-
tive geometry. The original amplituhedron was adapted to momentum twistor or Wilson-loop
descriptions of N = 4 super Yang-Mills amplitudes [121-123], but there is, at least as yet, no
analogue of this in six dimensions. The version of the 4d amplituhedron ideas that are most
natural in the context of the Grassmannian descriptions here is that described in [112], a 2n — 4-
dimensional space. It follows from the above that the analogue in 6d should therefore be a
4n — 6 dimensional space. In our context this space will then be naturally embedded in R?"
(perhaps projected onto some quotient) as the image of the positive Lagrangian Grassmannian
LG (n,2n) under the map

Yia = Ci%iqa - (3.144)

There is of course an anti-chiral version also. It remains to explore these frameworks.

Worldsheet models in 6d. Another gap in our description is to identify ambitwistor string
models that underly the formulae. Ambitwistor-string models that admit vertex operators that
yield the polarized scattering equations and supersymmetry factors were introduced in [1],

together with worldsheet matter that provides the reduced determinants. However, these were

°In the notation of those references, the 4n — 6-cycles are parametrized by (o3, wl,) subject to a normalization of
the determinants of the W7, in terms of the o;.
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chiral, and combining both chiralities to produce the gauge and gravity formulae has so far
proved problematic: there are constraints needed to identify the two otherwise independent
chiral halves. However, as seen here such constraints don’t seem to matter too much at the
level of the formulae. The chiral models would seem to be a better bet for the various (JV, 0)
theories, but for these the worldsheet matter required to provide the integrands has yet to be
identified. The issues facing the 6d worldsheet models are resolved on reduction as we will

describe in later chapters.

Higher dimensions. Representations of ambitwistor space, in terms of twistor coordinates
with little-group indices exist in higher dimensions also. Furthermore, naive ambitwistor mod-
els in those coordinates lead to higher-dimensional analogues of the polarized scattering equa-
tions. A discussion of such models was given in [124]. Again one can obtain supersymmet-
ric ampltude formulae without worrying too much about the detailed implementation of the
models. In particular, there are many more constraints required to restrict the representation
to ambitwistor space as in the space of null geodesics, and again these were not implemented
in any systematic way. Indeed closely related models were proposed over the years by Bandos
and coworkers [109,125-129]. Bandos takes the attitude that the additional constraints should
not be imposed, and instead that it should be possible to find genuine M-theory physics in

these extra degrees of freedom [125,130,131].

Symmetry reduction Although the six dimensional models that inspired the formulae of the
present chapter still present issues, they were successfully reduced to five dimensions where
matter systems for gauge theory and gravity were found in [85]. Both the six dimensional
formulae presented here and the ones of [82] have been dimensionnally reduced to five and
four dimensions, including to derive expressions for amplitudes on the Coulomb branch of
N = 4 SYM. Because the reduction was only performed at the level of the formula, one still
needs to input by hand kinematic data that solves momentum conservation. We will show in
the next two chapters that it is possible to write ambitwistor string models of massive particles
that automatically assign values to the masses. These will be first formulated as intrinsically

four dimensional theories in chapter 4, by implementing a twistorial description of massive
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particles in a worldsheet model. In chapter 5 we will present them as symmetry reductions of

the five dimensional models of [85], adding RNS-type models we obtained in a similar fashion.
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Massive models in four dimensions

In their original form, all ambitwistor-string theories and associated worldsheet formulae ap-
pear to be tightly restricted to theories and amplitudes involving only massless particles. The
underlying approach suggests that, if one wishes to compute amplitudes for theories with mas-
sive particles, one should consider quantum field theories of holomorphic strings whose target
is the complexified phase space of massive particles. The massless case has also shown that,
in order to incorporate fermions simply, we should use a twistor representations of the phase
space.

Nearly 50 years ago, Roger Penrose, followed by Zoltan Perjes, gave a twistor descrip-
tion of massive particles in terms of a set of two or more twistors up to an internal symmetry
group [132,133]. He proposed the twistor-particle programme based on the twistor quantization
of this description. In particular, it was hoped that the representation theory of the internal
symmetry group should classify elementary particles; see for example [134-137] and references
therein. Although this programme has not been pursued further by the twistor community, the
framework was taken up by other authors in the particle physics community. For these authors,
quantization via a worldline Lagrangian approach was used leading to studies of the spec-
trum of such twistor particle models, often incorporating supersymmetry. Two-twistor particle
models include [138-140], see also [141, 142] for more recent studies that have a good number
of references to the evolution of the subject, including [143,144].! Such worldline actions are a

stepping stone to ambitwistor-string formulations. These are holomorphic strings whose target

'Note also a two-twistor model along the lines of an ambitwistor string [145, 146], but focussed on massless
particles.
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is a complexified phase space; the action being built directly from the holomorphic symplectic
potential on such a complexified phase space [43].

A particular advantage of the two-twistor representation of the phase space of massive par-
ticles is that it reduces to the nonlinear massive phase space via a symplectic quotient from the
vector space of a pair of twistors. Such a symplectic quotient can be done via BRST in the quan-
tum field theory, and all computations can be performed in a linear free-field quantum field
theory on the Riemann surface. However, a key lesson from the massless cases is that, even if
one is only interested in bosonic Yang-Mills or gravity, fermionic symmetries are needed on the
worldsheet and supersymmetries on space-time to obtain simple uniform formulae incorporat-
ing all relevant helicities. We will see that these supersymmetries can also be introduced in the
massive case, leading to simple compact formulae for amplitudes in otherwise complicated,
non-linear gauge and gravity theories.

In its simplest approach, massive particles were understood in terms of a pair of 4d twistors
(Z4,Z,) € Tx T, a=1,2. Each twistor Z € T has four complex components, that according
to more recent (and less Penrosian) conventions are written as Z = (), %) i.e., as a pair of
2-component spinors; Z is the SU(2, 2) complex conjugate of Z, defining a dual twistor by Z =
(A&, £%). This description of massive particles was defined up to an internal symmetry group
SU(2) x C, where the SU(2) acts conformally invariantly on the a index. It can be understood
in more conventional terms as the stabilizer of the massive momentum in the Lorentz group,
the little group, see for example the massive spinor-helicity framework of [12].2 The factor of
C in the symmetry group breaks conformal invariance and determines the particle masses.

Here we complexify twistors so that the complex conjugate twistor Z becomes a dual
twistor Z independent of Z giving the pair Y = (Z,Z) € T¢ := T x T*. We can also think
of such a complexified twistor as a Dirac twistor Y = (A4, u*), given as a pair of 4-component
Dirac spinors Aa = (Aa, Ag¢) and p = (4%, u®). We will also incorporate supersymmetry ex-
tending Y — Y = (\a, p?,n’) with A" additional fermionic components n’. This description

gives a natural inner product Y- := Z - Z + ' from the duality between T and T* and skew

*More generally, n-twistor descriptions were considered with symmetry groups containing SU(n); in the twistor
particle programme, particle multiplets were to be understood via the representation theory of such internal sym-
metry groups. The quantization of massive worldline models based on these descriptions has been studied by a
number of authors, see [141,147] and references therein.
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form Qy .

Our 4d massive twistorial models are given by holomorphic maps from the Riemann sur-
face X to the complexified two-twistor description of massive particles. They consist of a pair
of complexified twistor fields YV, (o) = (Z4(0), Z4(0)), a = 1,2 taking values in worldsheet
spinors K. ;/ ?. To reduce to the twistor representation of the massive particle phase space, we
also gauge the currents (), - My, A%, \?) that generate the (complexified) internal symmetry
group SL(2) x C x C. Here \? := det()\) and its conjugate A? determine the squared mass of the

massive momentum P, = A% )\geab. Thus we arrive at the model

Sad = / VWV + Ay - Y+ AN = jT) + AN = ) + Sy (4.1)
b

Here S,, is some theory dependent additional worldsheet matter that in particular can give rise
to a current j” associated to some symmetry generator H. The Ay, = A, are gauge fields for
the SL(2) little group, and (A, A) gauge the C x C part of the internal symmetry group; they are
also Lagrange multipliers relating the values of the particle masses to their charges under H.

Although this two-twistor massive model is a string whose target is the complexified two-
twistor description of massive particles of [133], it can be identified with the dimensional re-
duction of the 6d and 5d ambitwistor strings in [85]. The contractions of the massive spinor
helicity variables correspond to two components of the internal momentum when embedding
the massive variables in a six dimensional massless momentum. The two-twistor string pro-
duces correlators that localize on delta functions that fix the values of internal momenta in
terms of charges under H and H for all particles involved. In addition to this, the correlators
are further localized by delta functions imposing a polarised version of the scattering equations
asin[1,2].

The models above not only allow us to derive formulae involving any number of massive
particles, but also give an alternative formulation of the massless models in [83]. This is of
particular importance as it presents a framework in which a massless field can be deformed
to go off-shell, which is a necessary prerequisite for defining a gluing operator in the four

dimensional twistorial model and producing loop amplitudes.
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In the next section we introduce the two-twistor geometry of the massive particle phase
space. We then briefly present the Penrose transform and its complexification. This can be
used in a two-twistor string that computes amplitudes for theories with massive particles in
four dimensions. Such formulae incorporate fermions and supersymmetry, generalizing the
massless case of [83]. They are based on the polarised scattering equations that have already
been introduced and studied in six and five dimensions [2, 85, 124]; these can also be related
[111] to the formulae of [82]. We focus on a model adapted to the Coulomb branch of N = 4
SYM; this contains a gauge field, fermions and scalars that have a vacuum expectation value to
give masses to some of the particles, analogous to the standard model. Nevertheless, as in the
models of [85,117], we can write down a full range of models for particles of spin 0, spin 1 and
spin 2 following the double copy, although the scope for introducing masses into the gravity
models are limited. We will not provide a discussion of amplitude formulae in this chapter as

they have considerable overlap with the ones of §5.4.

4.1 Massive particles

We first review the twistor description of massive particles in terms of a pair of twistors with
redundancy described by the two-twistor internal symmetry group SU(2) x C. This framework
ties in directly with the (more recent) spinor-helicity formalism for expressing polarization data
for massive particles. Anticipating the string model we then complexify the two-twistor de-

scription, and introduce the Penrose transform for massive momentum eigenstates.

4.1.1 Review of twistor internal symmetry groups for massive particles

Massless particles: As described in [103,132-134], a general twistor ZA = (Mo, %) € T de-
termines a massless particle whose momentum P, and angular momentum M* = M®# 4By
c.c. about the origin, can be assembled into the angular momentum twistor given by

0o P’ 0 AN

= T = 7 | =z%PZ. (4.2)
Pg M4 ApAd A@d)

LAB
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In this formula, the infinity twistor breaks conformal invariance and is defined by
I8 75 = (0,0%), IZB = (0,)\%),

extending the spinor contractions to degenerate inner products (71 Zs) := IxpZ{'Z8 = (A1 \2)
on twistor space. The angular momentum twistor is invariant under the internal symmetry
transformation Z — ¢?Z, which we can identify as the little group rotating the phase of the

constituent spinors of the massless momentum P, = Ao

Massive particles: In order to describe massive particles, we introduce a sum over two twistors

7, a = 1,2 with complex conjugates Z¢%. These yield the angular momentum twistor
LAB = Z(AB)C 74 (4.3)
In particular, the momentum is given by
Poi = Mo, (4.4)

and so we can identify the indices a, b as the SU(2) little-group indices that stabilizes the mas-
sive momentum F, inside the Lorentz group.

Penrose and Perjes [132, 133] define the two-twistor internal symmetry group to be the
Poincaré invariant transformations that preserve the angular momentum twistor. This group
is SU(2) x C where the SU(2) acts as the massive little group, and the factor of C is given by the
complex transformations

572 o 145 2y,

These symmetries all preserve the symplectic form and potential [148]
Q= dOy,, 20, :=iZ1d2% —iZ%dZ .

The internal symmetry group action with respect to the potential ©,, is generated by the Hamil-
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tonians

7 1 ayo 1 a 1 a
Zig+ Ty N = GXNs = 5(Za, 2°) = S1asZ; 2%,
for the factors of SU(2) and C respectively. We can therefore define the phase space P,, for

particles of mass m as the symplectic quotient
P ={Za € T xT|Z, - Zyy = 0,(Z2%) = m}/{SU(2) x C}. (4.5)

It is easy to see that this is a 6 real-dimensional symplectic manifold with symplectic potential

Om.

4.1.2 Dirac spinors and spinor-helicity for massive particles

As remarked above, the SU(2) of the internal symmetry group is the massive particle ‘little
group’, the subgroup of the spin double cover of the Lorentz group that preserves a time-
like momentum F,; the representations of this little group are naturally identified with the
polarization states of massive particles as follows. For a massive particle of momentum k. we
write as above

_ ~a
kas = Raakg »

where a = 1,2 is an SU(2) little group index raised and lowered by e4, = €[4),€12 = 1. In the
real case k% can be taken to be the complex conjugate of x4 reducing the little group to SU(2).

We denote little group contractions by:
(v1v9) = V14025 .
The mass m is given by k? = m? = det(kaes) = det k det &; so defining
detk =M,  detik =DM, (4.6)

we have M M = m? and although we can fix the phases of x and & so that M = M = +m, later

we will want to keep them independent before they are fixed by the model.
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Massive particles are not chiral, and two-component spinors necessarily double up with
their conjugates. For a more compact notation, we introduce Dirac 4-component spinors with

indices denoted by capital Roman letters from the beginning of the alphabet as
Ya= a0, Ot =Mai= (0% 06), Yravy = viatf + U,

and we will raise and lower indices with e48, e45, e4Be 40 = 5g . Also note the 5 matrix

defined by
Voa®p = i(a, —9%).

The mass-m Dirac operator D'} = Dy} gy in this notation is

B
D'}p := —iVap + meap = —i . +meap .
-V% 0

Ags \l](Al---AQS)

The spin s massive field equations for U1 becomes

D,y wh-A2s = (4.7)

At spin s = 1, we obtain Fup = Flap) whose 2 x 2 block-decomposition contains the 2-form
curvature spinors along the diagonal and mA , ; on the off-diagonal, where A, is the one-form
potential.

Introducing a little group spinor ¢,, the general plane wave on Minkowski space of spin-s

can be decomposed into Dirac spinor wave functions as

VA, Ay, = €4, ...EAQSeik"B, €A = €69 =: (€k4), Kaa = (Kaa, &g) . (4.8)

For spin 1/2, this is an ordinary massive Dirac field momentum eigenstate with polarization €,;
for spin s = 1 this describes a massive field with potential A4 = %Eab K& Feg ethr with polariza-
tion €(q) = €q€p- In general, spin-s massive particles transform as the symmetric part of rank 2s

tensors of the massive little group SU(2), with polarization data €,,...q,, = €(ay...azs)- INOte that
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the polarization in (4.8) is taken to be simple to tie in with later supersymmetric expressions,
corresponding to a null polarization vector. We refer to [12,52, 149] for more extended recent
discussions of spinor-helicity for massive particles.

To reduce to the massless case, we can take half the spinor components to vanish k1, =
0= RS‘, whereupon the little group spinor components ¢; and €; parametrize the positive and

negative helicity states respectively.

4.1.3 The complexified particle phase space and Penrose transform

In all (massless) ambitwistor strings [43], the target space is the complexification of the massless
particle phase space, often referred to as ambitwistor space and denoted by A. To define this

we first introduce complexified twistor space T¢ by
Y =(Z,Z)€Tc:=T x T*.

Then the complexified phase space of massless particles in four dimensions has become known

as ambitwistor space A, defined non-projectively as the holomorphic symplectic quotient
A={YeTelY Y :=2-Z=0}){Z-07 705}, (4.9)
with respect to the symplectic structure
Qu =dO, , Op:=iZ-dZ —iZ-dZ .

This is the target of the original twistor strings [22,23,31] and the closely related ambitwistor
strings [83].

In analogy with the massless case, here we take the target space to be PS,, the complexifica-
tion of the massive particle phase space P,,. We represent P as the holomorphic symplectic

quotient analogue of (4.5) as

P = {Y, € T" x T%Z, - Zyy = 0, (ZaZ") = [ZaZ°] = m}/SL(2,C) x C x C. (4.10)
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One of the oldest applications of twistor theory has been to provide solutions to the free field
equations. In the massless case this is achieved via the Penrose transform, which represents
zero-rest mass helicity-h fields as twistor cohomology classes H'(PT, O(2h — 2)). Using the
identifications A = T*PT = T*PT¥, representatives of these cohomology classes can also be
pulled back to ambitwistor space. While two-twistor descriptions in the literature [137] lead to
H? representatives by building on the real massive particle phase space, we use the complexi-
fication PS, to obtain representatives in (Dolbeault) cohomology classes H!(PS, O(2s—2)) that
couple naturally to the worldsheet. Here we will focus on the scalar case s = 0, the extension to
spinning particles can be achieved most straightforwardly via supersymmetry and is discussed
in §4.1.4.

To represent the plane wave (4.8) with momentum ko5 = KaakE On TC x TC it will be

convenient to reorganise the spinor constituents of Y, as a ‘Dirac twistor’
_ A L Y& A &~
Ya = ()\aAa Mg ) s )‘aA = (Aaav )\a)7 Mg = (Manufoca) .

Writing 44 = (Kaa, &4 ), we define the corresponding cohomology representative in H* (PC, 0(-2))

by introducing four auxiliary complex variables u,, v;
,.(Y,) = /d2u d?v 6 ((ura) — (vKA))0((v,€) — 1) exp ((uuA)eA) : (4.11)
Here the line bundle O(n) is the bundle of homogeneity degree n in the Y;, and for a complex

variable z we define §(z) to be the distributional (0, 1)-form

5(2) = B = §(R2)0(S2)dz.

2miz

After the u,,v, integrals have been performed, ®.(Y,) € H'(PS,0(-2)) is indeed a (0,1)-
form as desired, and the integration over u ensures invariance under the SL(2, C) little group.
For the Penrose transform, we take det(x) and det(%) to be unconstrained; in the two-twistor
string these quantities will be constrained to agree with the particle masses determined by the

underlying theory.
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To see that this indeed corresponds to a plane-wave on space-time, we impose the incidence
relations p& = iz%\4, and i = —i2%% )45 Then on the support of the delta functions we have

(uAa) = (vka) and (ve) = 1, giving 3
(up)eq = 2% (vka ) (€kg) — 127 (VRg) (eka) = iz - k. (4.12)

The parameters (uq,v,) can be integrated against the delta functions to yield the single delta
function §(k - P —mA? — mj\z) where P, = /\m:\g ; this gives the Dolbeault representation for a
simple pole. This delta function imposes a massive analogue of the scattering equations that play
a key role in the CHY formulae for massless amplitudes [29,30,33,83]. A version of these massive
scattering equations has been studied for massive amplitudes in the CHY representation [75], see
the discussion in §4.3 for more details. The delta-functions in ®, have become known as the
polarized scattering equations due to their dependence on a choice of polarization spinor.* These
serve to define additional and unique parameters u,, v, on the support of the massive scattering

equations that will play a key role later.

4.1.4 Supersymmetric extension

We will aim to generate supersymmetric formulae for two reasons. Amplitudes for theories
with a variety of spins become drastically simpler in the supersymmetric case because many or
all the particles can be expressed as one multiplet. This leads to uniform formulae from which
different sectors with particles of different spins can be read off. Moreover, amplitudes for
non-supersymmetric theories can be extracted from these superamplitudes at tree-level and
at one-loop [117,153]. A more structural reason is that all (ambi-) twistor string models that
describe gauge theory and gravity require space-time supersymmetry to be anomaly free—the

supersymmetric extension of twistor space includes additional fermionic variables that cancel

3This Penrose transform is closely related to the (indirect) 6d Penrose transform [104,150]. The twistor space for
6d is Tc|y.y—o and the plane wave (4.8) is represented by

U, (Y) = / (ev)"sfffl (vdv) 5* (s — (vka)) exp (suAeA /(ev)) € H*PA,O(n—2)).

Following [85,106,151,152], the massive ®(Y,) in (4.11) can then be constructed via ®.(Ya) = [ ¥x((u,Y))(udu) .
*The polarization spinor will play a more prominent role in amplitude formulae based on the polarized scatter-
ing equations, because the path integrals introduce e-dependence in A4 (o).
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anomalies from the bosonic variables. Thus we introduce a supersymmetric extension of P,
as well as the plane wave ®,..

On the Coulomb branch of N = 4 super Yang-Mills, some scalars acquire a vacuum expec-
tation value, effectively breaking the gauge group from SU(N + M) down to SU(N) x SU(M).
The states can then be organised into two types of multiplets; a massless vector multiplet trans-
forming in the adjoint of the residual gauge group, and a massive vector multiplet in the bi-
fundamental of SU(N) x SU(M). Massive multiplets are in the so-called 1/2-BPS, ultrashort
massive representations of N' = 4 with central extension Z;; = 2MQ;;, with Sp(N/2) R-
symmetry, with skew form Q;; and indices I, J = 1, ..., N = 4. For massless multiplets on the
other hand, R-symmetry is enhanced to a full SU(4) by the vanishing of the central extension
as m — 0. Employing the notation of the previous section, we can combine the supercharges
into a Dirac spinor Q4 = (Qar, Q}d), such that the supersymmetry algebra takes the compact

form

{Qa1,QBs} =201, D} .

In the massless case, the structure of the supersymmetry algebra greatly simplifies as the only
non vanishing component of the Dirac operator is DY, = V4.

The action of the supercharges arranges the states in multiplets as follows. The massive
multiplet is composed of a massive spin one field F4p, five massive scalars ¢;; and four mas-

sive Weyl-Majorana spinors ¥/,:
T = ($1s = by, Vi FAP = FUPY) 9,017 = 0. (4.13)
The massless multiplet is:
FO = (615 = b1, Vb Vra, Fap, Fig) s (4.14)

where the R-symmetry indices now label the fundamental of SU(4) and can therefore no longer
be raised and lowered. It contains the two familiar +1 helicity states of the massless spin-1, six

real massless scalars ¢;; and eight massless gluino states via the chiral parts of W1, ¥y,. We
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note that the massless scalars ¢ ; are no longer trace-free; the extra 6th component arises from
the loss of one of the polarization degrees of freedom going from the massive spin-1 field Fup
to the massless case.

For momentum eigenstates with space-time dependence ¢ = exp(ik-z), the supersymmetry

generators reduce to the massive little group as

Qar = K4Qar {Qar, Qvs} =2Qr €0

where 2 is defined by (4.8), because the Dirac operator reduces as DYpo = (kakp)o. In the
massless limit we have the natural embedding of the little group via kK1, = 0 = Roa, Koo =
Ko, Kla = Ka-

Both the massive and massless multiplets are annihilated by half of the supercharges so
that their 8 bosonic and 8 fermionic states can all be encoded into the exterior powers of N' = 4
fermionic supermomenta g7, I = 1,... 4. These are defined to be the eigenvalues of an anticom-
muting subset of the Q1,. To define this subset, we introduce a basis (¢€,, £,) of the fundamental
representation of SL(2) so that the supermomenta are defined by the action of the supercharges
on functions on on-shell superspace via:

Qar7 (K, q) = <§aQI + faQIJazJ) F (K, q) - (4.15)

The massive and massless multiplets are expanded on on-shell superspace as follows:

a €€ € € ].
Fm™ = F (k) + qrU (k) + PF<(r) + §q1qJ<I>U(/<;) + ¢?qrV (k) + ¢* F (k)
(4.16)

1 .
o) = 9"(8) + @V (5) + Sarase™ (8) + v (5) + 9" (),

with ¢* = (¢7¢s)(¢'¢”) and (¢*) = dq* /g

It is then standard procedure to encode such multiplets in superfields on a supersymmet-
ric extension of Minkowski space satisfying (4.15) and to derive a supersymmetric Penrose
transform by establishing a supergeometric correspondence with super-twistor space. We can

bypass some of this by studying the action of supersymmetry on super-twistors.
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Supertwistors and the Penrose transform. We extend the bosonic complexified twistor Y €
T® with N fermionic coordinates n/, I = 1,..., A to give Y = (A4, u?,n') € TC, using Dirac-
spinor notation. These Fermionic coordinates allow the supersymmetry to act geometrically

as
0

{Qar,Qps} = QQIJA[Aw ;

0
Qar = Aa + 07 Q1

0
ant At
where the anticommutator now generates the action of translations on 7. This extends in the
obvious way to the two-twistor description of supersymmetric massive particles in terms of
Y, with sums over the a-index in each term. Again, the supersymmetric extension for the Y,

becomes:

ya = (AaAa Mf? 7797

with again I = 1,...,N. The plane wave representative for particles with spinor helicity data

Kaa = (Kaa, KY), supermomentum ¢ and polarization data ¢, will take the form:
B (1)) = [ Pudtowd(uan) = (va) B((ew) - 1) el earmn™) 3@ g7

Here w is a function of weight 2 in Y,(or —2 in u); as far as the Penrose transform is concerned,
this can be taken to be w = (Ao Ag)e®® where e is a polarization vector for the spin-1 1-form.
In the string model however, w plays an important role in the vertex operators, and will be

constructed differently. This representative indeed satisfies

QAI(I)ﬁ,q(ya> - ((/‘GAf)QI + GAQ]J;?H)(I)R,q(ya):

and we can then read off the Penrose transform for the component fields from the action of the

supersymmetry generators.

4.2 Massive two-twistor string

The significance of the twistor representations of spaces of massless and massive particles is

that they are represented as symplectic quotients of vector spaces. This means that in order to
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construct a theory of maps from a Riemann surface > — PS, we can start with a quantum field
theory of maps ¥ — TC in the massless case and ¥ — TC x T® in the massive case; in both cases,
by virtue of the twistor representations, these are free field theories on the worldsheet ¥. We
then realize the symplectic quotient in the Lagrangian framework by gauging the Hamiltonian
symmetries as we shall describe below. These gauge symmetries are then dealt with via BRST in
the quantum field theory. In both cases, the free field theory action is based on the restriction of
the symplectic potential O to Tg’l. This has the consequence that the worldsheet commutators
and OPEs encode the symplectic structure ©,,, on PS.

We first briefly review the massless case; although the construction for the massive two-
twistor string will be analogous, but with target PS, and the different massive supersymmetry
representation. In the next section we explain how the models allow us to construct amplitudes

as correlation functions of vertex operators in these models.

The massless case. The twistor strings of Witten & Berkovits [22,23] and the 4d ambitwistor
string of [83] are theories of holomorphic maps Y = (2, Z) : ¥ — TC gauged by C* where we
now use supertwistors Z = (Ao, u®,n’) € T = C**¥, I = 1,..., N and their complexification
TC = T x T*; this is the complexification of the four-dimensional massless Ferber superparticle
[154].

The four-dimensional ambitwistor string of [83] is closest to the massive case, being with
worldsheet fields twisted to take values in le/ % and so we briefly review it here. It is a theory
of holomorphic maps from a Riemann surface Y : ¥ — Tc® 912/ *9 5o that the coordinates ) are
worldsheet spinors. The reduction to ambitwistor space is enforced by gauging the little-group
Hamiltonian ) - J := Z - Z with the worldsheet gauge field A € QOE’I. The basic bosonic 4d

ambitwistor action in conformal gauge® is based on the symplectic potental

Sgd:/§.52—2-5§+Ay-y. (4.18)
P

SThe full action would start with a term €T where e € Ty® ® Q%' is a Beltrami differential thought of as
a gauge field parametrizing complex structures on ¥ up to coordinate transformations and 7' € (Qy°)? is the
holomorphic stress energy tensor; this is then gauge fixed, giving rise to ghosts (b,c) € ((25°)?, T5) and BRST
operator Q = ¢ ¢T" + bcde/2.
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Classically, A is a Lagrange multiplier that enforces the constraint )- ) = 0 and the quotient by
its Hamiltonian vector field arises because (Z, Z) — (aZ,a~'Z) are gauge symmetries of the
action when accompanied by the gauge transformations A — A+ log a. Thus the holomorphic
symplectic quotient to A in (4.9) is realized in this Lagrangian framework by the gauge field
A. In the QFT this is implemented via BRST quantization. The models of [83] also include

additional worldsheet matter fields but these are much as described for the massive case below.

Massive models. In order to have target space PL., we start with maps Y, : & — T¢ x T,
with the reduction to P, obtained by gauging the complexified two-twistor massive internal

1/270
s

symmetry group. Thus, our theory is one of maps ), : ¥ — T¢ ® C2e0 with action (again

in conformal gauge)
S = / Y 0Vat AV - V0 + AN = j7) + AN = j7) + Sy (419)
s

Here a = 1,2 is the little group index, and (A = A (), 4, A) are worldsheet (0, 1)-forms that
act as Lagrange multipliers for the constraints, and as gauge fields for the internal two-twistor
symmetry group. With this symmetry, we no longer have the freedom to allow worldsheet
tields of different degrees as we did for the twistor-string. In order to describe specific space-
time theories, the basic action must be supplemented by further worldsheet fields such as a
current algebra for gauge theory and some analogue of worldsheet supergravity for gravity
with details given below. Here we assume that it contains a current-algebra that gives rise to a
(1,0)-form jz on the worldsheet that generates some symmetry.

To be more explicit, in quantizing the fields V,(c) = (Z4(0), Z4(0)), for o a coordinate on

¥, the only non-trivial OPEs are

Y 3
Za (J)ZbB(O) = ?Eab +....

reflecting the Poisson brackets. These OPEs can lead to anomalies for the little group SL(2, C)
generated by J ab — ya . Yo For a consistent model these anomalies have to vanish, which

requires judicious choices for the worldsheet matter .S,,,.
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The fields a, @ gauge the constraints A2 — j7 = 0 = A2 — j#. These equations constrain the

mass operators
2 1 a Qo a N2 1~a~o’c Y&
A2 = 5)\06)\& = det(\2), A= §AdAa = det(Ag),

to be given by a (1,0)-form j on the worldsheet 3. We write j¥ to indicate that this will
be taken to be the current associated to the element i € g, living in the Cartan subalgebra of
some symmetry of the system. This j# will be constructed from the matter fields and, through
the constraints above, will determine the masses of the particles. For a given matter content,
different choices of j correspond to different distributions of masses within the models. The
massless models (4.18) are recovered from these massive ones when j = 0 by reducing the

path integral.

Worldsheet matter. A variety of physically interesting models can be constructed from differ-
ent choices of S,,. These will be made up of current algebras, whose action will be denoted by
Sc, and worldsheet fermions providing a supersymmetric extension of the worldsheet gauge
algebra, denoted by S,. The latter will play a similar role to worldsheet supergravity in the
superstring, and is requried for models describing gauge theory and supergravity.

A worldsheet current algebra is a theory on the worldsheet from which one can construct

worldsheet currents j* € QIE’O ® g for some Lie algebra g, satisfying the OPE

l(sab cctbjc

o2 o

7%(0)5°(0) ~

where a, b are Lie-algebra indices, | € Z is the level and f the structure constants of g. Such
current algebras can be constructed in a number of ways, most easily for SO(n) and SU(n) by
‘real’ or ‘complex’ free fermions on the worldsheet. See also [117] for a construction referred to
as a comb-system, with level zero and novel properties that allow the construction of Einstein-
Yang-Mills amplitudes. We will not specify the action S¢ explicitly, but merely assume that we
have the currents j° in the theory.

For gauge and gravity theories, we need a supersymmetric extension of the worldsheet
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gauge algebra. This plays a similar role to the worldsheet supergravity of the conventional
RNS models, see also [43] for the ambitwistor-string version. The supersymmetric extension
of the bosonic gauge algebra sly x C? is constructed by introducing the worldsheet fermions

(pa, pt) € Q% K;/z) with action
So= [ 730a+ ba (" X3p1) + 5 35 (4.20)
by

Here the (b%,b%) are fermionic gauge fields and so are (0, 1)-forms on the worldsheet. They
are Lagrange multipliers that impose the constraints v2?X%pp = A\5p* = 0 and their gauge
transformations translate p' in the direction of (p”, 5). The only non-trivial OPE’s of the

constraints are given by

(7 A%p5) (2) (A557) (w) ~ —22- (32 = 32). (4.21)

Z—w

These symmetries thus give a supersymmetric extension of the two-twistor internal symmetry

group C x sly x H(0,4), where H denotes the Heisenberg Lie superalgebra6.

Models. With these ingredients, models without SL(2, C)-anomalies can be constructed by
combining a pair of worldsheet matter systems, much along the lines of the double copy for

the RNS ambitwistor strings as in [117] as follows:

massive bi-adjoint scalar GBAS — Sy + So+ S,
super Yang-Mills on the Coulomb branch SB =8+ S »+Sc,
super-gravity ST = Suq+ Sp, + Sp, -

In this construction two points are worth highlighting:

(i) The closure of the constraint algebra requires that both constraints A\? — j H_g=)2_;H

The Heisenberg superalgebra H(my,my) has a central element z, as well as 2m;, even and m; odd generators,
H = (z1,...,%2m,,2) @ (Y1, ...,%m,). The generators satisfy the “‘usual’ commutation relations

[xia in] =z, {1/]7'7 1,[)5} = 267'5 zZ.
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involve the same current j for super Yang-Mills, whereas a more general construction is

possible for the bi-adjoint scalar.

(ii) Unlike the twistor- and ambitwistor models for 4d massless theories, these models fit
neatly into the double copy format [37] expressed directly in the CHY formulae [33] and
in the corresponding RNS ambitwistor strings [43]. However, it is harder to find a j
to endow our particles with mass in the gravitational case because there is no additional
current algebra, and with j H — ( our models are massless. We also note that as in [43, 85,
155], both S<B and SB4S also contain a gravity sector, but it is of higher order and remains

massless.

BRST and anomalies: Gauge fixing the action via BRST generates ghost systems, the well-
known (b,c) € (L)% x T, for worldsheet diffeomorphisms, as well as additional fermionic
ghosts associated to internal two-twistor symmetry group, and bosonic ghosts for the fermionic

currents in S,. The BRST operator takes the usual form:
; 1
Q= por+ 510, (422)

where the sum runs over all sets of ghosts, and 7™ and 79 are the matter and ghost parts of the
currents respectively. By construction Q? = 0 classically, but in the QFT double contractions
(or worldsheet bubble diagrams with two external gauge fields) can lead to anomalies so that
Q? # 0 with a potential obstruction arising from any of the gauged symmetries. Here we briefly
summarize the results of such calculations.

The models above only have a vanishing SL(2,C) anomaly (corresponding to the two-
twistor internal symmetry group) for maximal space-time supersymmetry, as evident from the

anomaly coefficient

p

4trp(thth) — tragj(t*t*) =0  bi-adjoint scalar

agLiz) = (=1 itrg, (t*1*) = 54-N) Coulomb branch

)

3(8—N) supergravity .
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The anomaly coefficient vanishes trivially for the bi-adjoint scalar, and for maximal supersym-
metry in the case of gauge theory and gravity. The sum here runs over all fields that transform
non-trivially under the internal two-twistor symmetry group SL(2, C). Similarly, the Virasoro

central charge can be calculated for all models, giving
"= —40 +¢j, P =-324+N+¢, U8 = —20 + N,

where ¢; denotes the central charge of the internal current algebra. The conformal anomaly
thus vanishes for suitable choice of S;, with N' = 4 and ¢; = 28 for Yang-Mills theory on the
Coulomb branch, and ¢; = 40 for the bi-adjoint scalar. The Virsaoro anomaly for the supergrav-
ity model also vanishes if we include a central charge term ¢sy = 12 arising from six compact-
ified dimensions. After BRST gauge-fixing, all such models are free worldsheet theories with
vanishing anomalies.” In the next chapter we explain how to obtain n-point amplitudes from

these models.

4.3 Summary and discussion

We have seen that a chiral string whose target is the complexification of Penrose’s two-twistor
representation of the massive particle phase space yields theories of massive particles in four
dimensions. The spectrum of these models includes massive particles, and correlators give
amplitude formulae for super Yang-Mills on the Coulomb branch among other theories. These
string models represent the confluence of two separate developments: the twistor-particle pro-
gram of the 70’s describing massive particles, and the more recent ambitwistor string models
describing scattering amplitudes for massless particles. In the latter approach a chiral or holo-
morphic string whose target is the complexification of the space of massless particles yields
amplitudes for theories of massless fields. Here we have seen that the logic extends natu-
rally to massive particles. The significance of Penrose’s twistor description is that it provides

a canonical representation of the space as the symplectic quotient of a vector space modulo

"Strictly speaking, the Lie algebra element H should also be null or the current algebra should have level I = 0
as in the comb systems of [42].
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a Hamiltonian group action allowing the BRST quantization of a free quantum string. The
twistorial description furthermore facilitates the incorporation of fermions and supersymme-
try.

The models described in this chapter, and related ones, can also be derived via a symmetry
reduction of the higher-dimensional ambitwistor string models, as we will show in the next
chapter. This alternative interpretation of the two-twistor string highlights that these world-
sheet models describe a subset of massive models, where the particle masses are related to their
(higher-dimensional) charges under a symmetry. While this may appear restrictive, it includes
many theories of immediate interest; in particular, all massive particles that we encounter in the
standard model arise from the Higgs mechanism that can be obtained by symmetry reduction.

Chapter 5 will contain full details of the fixed vertex operators and picture changing op-
erators that we omitted for brevity. Mirroring the close relation of the models, the result-
ing amplitude formulae for massive particles are also closely related to those obtained pre-
viously by dimensional reduction from six and five dimensions [1, 2, 85]. These can further
be related to the formulae of [82] by a change of gauge choice of an embedding inside a La-
grangian grassmannian [111]. Atlow point orders, these expressions match the results obtained

in [12,50,71,72,156,157] by BCFW recursion.
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Massive models from symmetry reduction

Symmetry reduction has long been used in the study of differential equations, with numerous
applications across mathematical physics, including the twistorial take on integrability [158].
In string theory, Kaluza-Klein (KK) reductions are the result of compactification followed by
a truncation of massive modes and they constitute a simple example of symmetry reduction

where the theory is taken to be independent of one or several spacetime dimensions:
O(at, z) = O(xM). 5.1)

The work of Cremmer, Scherk and Schwarz [159, 160] instructs us on how to generalise the
procedure in order to introduce masses into the system. The idea is to ‘twist’ the KK cylinder

condition by the action of some symmetry of the original theory:
O(2", 2) = g-(B(2")), (52)

giving rise to a mass matrix via the group element g.. The aim of this chapter is to show how
this kind of reduction can be implemented at the level of the ambitwistor string.

In the previous chapter we have introduced massive models in four dimensions as theories
of maps into the phase space of the complexified massive particles in its twistorial description.
We take here a different approach and present them as symmetry reductions of models in five
dimensions [85]. The formalism we employ is along the lines of the dimensional reduction to

five dimension, with the difference that the extra components of momentum along which we
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are reducing are combined with currents of some symmetry of the system.

As discussed in the introduction, Dolan & Goddard and Naculich [3,75] had conjectured a
massive form of the scattering equations (1.18). Their work was based solely on the original
CHY formulae for massless scattering, so that it wasn’t clear at that point whether the full CHY
formulae described consistent amplitudes and what theories these would correspond to. More
importantly, the formulae didn’t give any indication of what values the masses should take,
other than that internal momentum should be conserved. This raises the question of whether
the full CHY formulae would admit a consistent description of amplitudes for massive parti-
cles, such that masses of both external and internal propagating particles would correspond to
masses in some field theory.

In this chapter we will take a ‘top-down” approach. We define models of massive particles
in the ambitwistor string as symmetry reductions of higher dimensional massless theories.
Because the models and amplitudes that we employ in higher dimensions have been proven to
correspond to the known massless theories, the massive amplitudes are also verified, provided
that we have an understanding of the corresponding theory as a symmetry reduction. It is then
natural to expect that the amplitude formulae factorise on poles corresponding to masses in the
spectrum of the theory we are representing. The first few sections will be dedicated to showing
the consistency of factorisation in the amplitudes formulae we derive. The massive polarised
scattering equations on which correlators in the twistorial models localise are closely related to

(1.18). After the path-integral we will find that A 4, is given in (5.81) and we can compute [1,2]:

Pus(0) = (Aadp) = ) JK% do (5.3)

where K is defined as in (1.17). Because we noted below (4.12) that the polarise scattering

equations imply K 45 - PAZ = 0, on their support we have:

i ki —K; - K
0= Kiup PP(0) =Y I =55 (5.4)

e TV

which are precisely the massive scattering equations predicted by Naculich. As it was the

case for massless scattering, singularities both in the RNS and twistorial ambitwistor string
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stem from degenerations of the system of equations (5.4). Therefore we introduce an RNS-type
model for biadjoint scalars in section 5.2 in order to carefully study the mass assignment of
internal particles. We show how to introduce masses by gauging currents more generally in
the original ambitwistor string [43] and we give an argument for the consistency of the mass
assignment for internal propagating particles using factorisation and symmetry invariance in
§5.3.

To describe more interesting supersymmetric models, the second part of the chapter (see
§5.4) focuses on the four-dimensional models such as the ones presented in chapter 4, where
special attention is given to a model for the Coulomb branch of N' = 4 SYM in §5.5. For this
model we establish several explicit examples and interesting properties of the amplitudes.

In §5.6 we present symmetry reductions that exploit the R-symmetry of maximally su-
persymmetric theories in five dimensions. These are CSS reductions of the type described
in [159,160]. Theey produce a range of massive theories with various degrees of residual su-
persymmetry and massless gluons and gravitons in sYM and gravity respectively. We study
the spectrum of the reduced theory and present instances of double copy that produce gauged

supergravities in four dimensions, such as the ones that were studied in [161].

51 Symmetry reduction

The aim of this chapter is to show how the procedure of symmetry reduction can be integrated
in the ambitwistor strings of [43, 83] to produce models of massive particles and derive am-
plitude formulae that naturally rely on a massive version of the scattering equations. In this
section we review the basics of symmetry reduction and introduce the toy model that we will
use to implement it in the ambitwistor string.

The simplest example of a symmetry reduction that we will consider is a trivial dimensional
reduction

04® =0, (5.5)

where ® stands for any field in the theory. This arises as the limit of a compactified theory as the

size of the compact dimension goes to zero. More generally, translations in the extra dimension
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can be combined with the action of some symmetry G of the theory to impose, schematically:
(Oag+H)-®=0. (5.6)

Here H is an element in a choice of Cartan subalgebra h C g.

In the supergravity literature, reductions of this type arise in the limit of vanishing com-
pact dimensions for what are known as (Cremmer-)Scherk-Schwarz reductions. These were
first studied in [159, 160] as a way to derive effective supergravities in four dimensions with
spontaneous breaking of supersymmetry at various scales. They generalize dimensional re-
duction, here along the direction z, by twisting the periodicity condition under the action of

some symmetry of the theory:
O(zt, 2+ 21 R) = g,(P(2H, 2)) g. = g(z) = 2, Hehb, (5.7)

The field can then be expanded in a basis of eigenfunctions for the compact dimensions, mod-
ulo the action of g,:

(2t z) = = Z B, (") R . (5.8)

In the limit as the compactification radius goes to zero, the tower of massive modes decouples
and we can write:

Oz, 2) = g.(P(z")) . (5.9)

Several remarks are due. The periodicity condition is equivalent in the R — 0 limit to:
0,®(zt, z) =1tH®(zH, 2) . (5.10)

This is what we schematically wrote as (5.6) and we can see that it produces mass terms such
as:

(0.®(z*, 2))? = H?*®(zH)?, (5.11)

for all fields that are charged under H. The most important consequence of the decomposition

(5.9) is that the whole dependence on the compactified dimension is carried by g, and hence
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drops out on account of the symmetry of the theory.

Bi-adjoint scalar The simplest model we will construct describes bi-adjoint scalars, a theory
of scalar fields ® = ¢*¢T%T%, in the adjoint of two Lie algebrae g and g with structure constants
f, f. We recall the lagrangian:

L= %8“¢“dﬁuqbad + % fobe fabé gad b gee — oy (;aﬂcpa,@ + %[@, <1>]c1>> : (5.12)

One can reduce the theory above from d + 1 to d dimensions via a symmetry reduction:

0

5o ®" = Hyo" + Hio™, (5.13)

where H, H are in the Cartan subalgebra of g and § respectively. Upon this reduction, the
kinetic term (94¢%%)? of the bi-adjoint scalar action gives rise to a mass-matrix for the theory.
The reduction (5.13) fixes the dependency of the fields on the z% coordinate. For the field
® = ¢*TeT%, such a reduction (say H = 0) dictates that ®(z#,z%) = eH2 @ (zt)e Ho" g0
that the 7¢ dependency drops out of the acti.

In the case of a generic flavour group, the element H defining the reduction can be any
linear combination of elements of the Cartan subalgebra, where the mass parameters are the
rank(g) coefficients of the linear combination. For instance, if we take G x G = SU(N) x SU(N)

with N = N = 2, there is only one element in the Cartan subalgebra, so we can write:
H =mdiag(1,0,—1)  H = mdiag(1,0,—1), (5.14)

Expanding the mass matrix, one can read off the mass of the various states in the theory.

5.2 Massive model for bi-adjoint scalar

The theory we introduced above will be the playground for us to establish the mechanism of
symmetry reduction in the ambitwistor string: introducing masses in the simple context of the

biadjoint scalar theory, we will derive the massive scattering equations and study the factor-
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ization properties of the massive correlators. These are universal to all formulae derived from
the ambitwistor string and we will then be able to extend our description to more interesting

theories in the following sections.

5.2.1 Worldsheet model for the massive bi-adjoint scalar

Our aim is to construct a massive model by performing a symmetry reduction of the mass-
less bi-adjoint scalar worldsheet action described in §2.2. To ease into the implementation of
(5.9), let us first take a look at how a trivial dimensional reduction can be realised by gauging

translations in the d — 1 direction:
S =85m=0 4 /E aPy_; . (5.15)
This action is invariant under the gauge transformation:
da=0a, 6X¥T'=a, 6P=0, (5.16)

which indeed generates translations along the d — 1 axis. Because of the additional term in
the action, BRST gauge fixing imposes the constraint K;_; = 0 on the kinematics of the vertex
operators.

When performing a symmetry reduction, we can then gauge a current that is the sum of one
component of momentum with an element j that acts as a symmetry on the original higher
dimensional theory. The natural candidate in the case of the bi-adjoint scalar is the symmetry

associated to the current algebra':
S =5m=0 ¢ / a(Py_y — i) (5.18)
)

Here j is the current corresponding to the element H in the Cartan subalgebra h C g. Notice

'We can combine this with the action of both current algebrae:

S = gm=0 +/ a(Pyy — 7 =57y, (5.17)
P

but we will use the action above for the sake of readability.
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that it would be impossible to set P;_; equal to a constant mass M through this construction,
as the gauged current needs to be a one-form.

The action above is invariant under the gauge transformation:
Sa=0a, 0X¥'=aqa, SP=0, 6S;= / i (o)0a, (5.19)
2

corresponding to a translation in the d — 1 direction composed with the action of the symmetry
element H. We can recognise the variation of S; as the definition of the current 5. In addition
to the usual (b, c) and (b, ¢) ghosts, we have to introduce fermionic 7 € TIQ°(%, Kx) and € €

I1Q°(2) ghosts. The BRST operator contains an additional term:
L en H o Logn
§CTag +&(Py—1 —j7 + §Tag ) (5.20)

with T&" = 0¢n. For the massive bi-adjoint scalar we take vertex operators that as in (2.13),

with kinematical data K; = (k;, ;) as in (1.17):

citi(T - )(T - j)e X (o). (5.21)

Here k; are the physical components of momentum while k; are an artifact of the construction
via symmetry reduction: BRST invariance of the model constrains their value, thus assigning
masses to the external particles. Indeed BRST gauge fixing in the presence of vertex operators
produces n — 1 so-called picture changing operators, one for each modulus of the gauge field a.
This procedure was outlined in the review §2.2 and it is analogous to the twistorial case that

we will treat in detail in §5.4.3. The result of gauge fixing are n — 1 delta functions enforcing:
S(Resq, (Pa—1 — j™)). (5.22)

On color eigenstates,
h;

o —0;

i (o) - Vi(oi) ~ Vi(oi), (5.23)

where h; is the charge of the external state under H, h; : [H,T%] = h;T%. Anticipating the
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localisation of the path integral in (5.29), we can evaluate the residues to find: Then the delta

functions constrain internal momentum as:
5(Ki — hz) s (5.24)

BRST invariance still requires the states to be on-shell K? = 0. Then, although we will keep
writing the full momentum K, the conditions above tell us that the vertex operators describe

massive states in d — 1 dimensions:
K; = (kilxi))  k2=«}=h?=m?. (5.25)

Massive amplitudes as correlators We derive amplitude formulae as n-point correlators in

this model:
n 3 ~ ~ . n
An = <H §(Resq, (Pa—1 — j™)) Hclél(Tl o)) (T - j(oy))e X o) H/EVZ> (5.26)
k=2 =1 i—d

where V; are the integrated vertex operators in (2.15) with the replacement k; — K;. These

contain the n — 3 delta functions §(K; - P(0;)) that give rise to the scattering equations.

We can integrate out the X field in the path integral by incorporating the plane waves factors

into an effective action, which then contains all the dependence on X in the form:

1 _ QL
o E(P -0X)(0) + 2mi ; 5(c —0))K;i - X (o), (5.27)

When performing the path integral for the X field, the zero modes contribute delta functions
§91(3" ki) (> k;), conserving both momentum and internal momentum. The rest of the inte-

gration generates delta functions enforcing the equations:

0P, =2mi Y Kiyd (o —0i) . (5.28)
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As in the massless case, at genus zero these are solved by:

n

PM(U):ZL

oc—o;
i=1 v

so that P is completely localised on this solution.

(5.29)

What we obtain is a worldsheet formula for the scattering amplitude of n states in a theory

of massive and massless scalar fields. The amplitude is decomposed into a sum of color ordered

amplitudes over all color structures:

A, = Z Z tr (Ta(l) . TO‘(”)> tr (Tﬁ(l) .. Tﬁ(”)> my(alf),

a€Sn/Zn BESH) Zn

The double partial amplitudes is given by the correlator as:

mn(a]8) = 691 (Z k) b (Z n,) T o(ki — hw) m PT(a)PT(f),
i i k=2 ’

localised on the solutions to the massive scattering equations:

; ki kj —ki-Kj
i _ g KK
j#i J

with masses assigned via:

K; = hl [H, Tai] = hinlz' |K,L| = m;.

(5.30)

(5.31)

(5.32)

(5.33)

These equations here simply arise by inserting the solution for P,(c) in K; - P(0;) = 0. Recall

that, as explained in the massless case, the delta functions imposing these equations come from

fixing the moduli of the gauge field € in the presence of n vertex operators, that is they enforce

the constraint P? = 0 in the original d dimensional space.

The massive scattering equations E’ are in the form of the equations proposed by Naculich
geq q prop y

(1.15), with A;; = —k; - k; These equations are invariant under simultaneous SL(2, C) transfor-
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mations of the punctures {o;} by conservation of the internal momentum,
> k=0, (5.34)
i

which guarantees that the constraints (1.16) are satisfied:

— Z K- Kj =m2.
i#]
In this derivation we provided a worldsheet description of massive theories, together with
amplitude formulae and mass assignments that follow automatically from the model. We will
show in the next section that the invariance of the scattering amplitude under the original
global symmetry guarantees the consistency of mass assignments also for particles propagating

in the internal channels.

5.2.2 Consistency of the bi-adjoint scalar massive model

While Naculich’s work had shown that the scattering equations could be modified to include
massive particles, it wasn’t obvious that the full CHY formulae would describe amplitudes
fot an underlying massive field theory. The model that we have described above for biadjoint
scalars and that we generalise in the next section provides us with a well established worldsheet
description of known massive theories. To make the matter more concrete, in this section we
will show that (5.31) gives a consistent representation of scattering amplitudes in the massive
theory described in section 5.1. In order to do so we want to show that also the particles
propagating in the factorisation channels have masses corresponding to their charges under the
flavor group. For instance, in the case of an SU(2) flavor group we expect the masses of internal
particles to take value in the spectrum of the corresponding lagrangian theory, namely 0 and
m, and the interactions are consistent with that lagrangian. We make this manifest by showing
that also for the particles propagating in the factorization channels, internal momentum « is
assigned as their flavour charge. The mass assignment then follows straightforwardly. Before

we go through the argument in more detail, we briefly recall the factorisation properties of
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CHY-type amplitude formulae, as outlined in the introduction.

Factorization in the CHY formalism The tree level scattering equations relate the boundaries
of the moduli space of the n-punctured Riemann sphere to factorization channels of the ampli-
tude. The boundaries correspond to configurations where the Riemann sphere degenerates

into two subspheres joint at a node and can be parametrized as:
o =07 +ex;+0(E}  foriel, (5.35)

where [ is the subset of {1,...n} labelling the punctures on one of the two subspheres. The
degeneration corresponds to the limit ¢ — 0. In this limit the scattering equations tell us that
K; - Pr(xz;) = O(e), where P; is the original one form restricted to the I component of the

degenerate Riemann sphere. This entails:

Ki = (Z K;)? = % Z K -Kj;= | Z M = szKz - Pr(z;) = 0(e),  (5.36)
iel i,j€l ijelitj iel

i.e. in the limit ¢ — 0, the particle "I” goes on-shell. The boundary described above indeed

corresponds to a factorization channel on the support of the scattering equations.

Furthermore the scattering equations factorise on each of these channels: as ¢ — 0 they
reduce to two sets of constraints on the two subspheres with an additional puncture I on each,
corresponding to the node by which they are joint and such that the residue of the one form on
that puncture is =K. For theories of interest, this factorization property is carried over to the
whole amplitude, allowing to write [3]:

K7 AT — A g as K? =0, (5.37)

for all factorization channels I.
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Masses of the internal particles When considering a symmetry reduction, the factorization

channels correspond to:

0= k)= (D w)? =k} —«3. (5.38)

el el

If the values of k are assigned consistently, we must have K% = m%, where my is in accordance

with the spectrum of the theory, for any factorization channel that can appear in the amplitude.
In other words, we want the mass of the particle propagating in the internal channel as defined
via conservation of internal momentum on the subspheres to match with the mass we expect
for the propagator of that particle from the lagrangian description of the given theory. We will
see that this is automatic for internal momenta assigned via symmetry reduction and we find
k? = h? = m?. We want to show that all internal particles in (5.31) are consistent with the
lagrangian theory (5.12) reduced via (5.13). The masses in the amplitude formula are assigned
via:

K; = hl hl : [H, Tai] = hiT(li . (539)

For any collection of generators {7%*,...7T%" } we can write:

0= Tr[[H, T -~-T“”]} = (Z hi> Tr [T‘“ : -~T“”] . (5.40)

This means that either the sum of all the internal momenta vanishes or the corresponding trace
structure does, i.e. all the partial amplitudes that give a non vanishing contribution obey over-

all conservation of charge under H.

Now we can exploit what we know about the factorization properties of (5.31). Singularities
arise as a collection of punctures {o;},c; become degenerate. The leading pole in the degen-
eration parameter ¢ corresponds to subsets I of the external labels that are adjacent in both
orderings o and 3. By the considerations that lead to (5.36), we have that these singularities
correspond to momentum K = ). ; K;, going on shell. The particle propagating in the inter-

nal channel has internal momentum ), _; ;. In order to show that ) _,_; k; is the H eigenvalue
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for the state propagating in the internal line, we manifest the factorisation of the amplitude

formula. In the limit X % — 0 we have:

(kF = (D %)) An

i€l
aron—1 Br,8n-1
where the orderings ay, 51, count |I| + 1 indices each, including the one for the extra punc-
ture inserted at the node. We refer to appendix B.1 for details of the factorization of the trace
structure, which follows from the completeness relation for SU(XN). Then the amplitude (5.30)

factorizes as:

(K — (3" k%) As

el
— Z Z Tr(aa, ar]Tr[bg, brJm .1 (s |Br) Z Trlaraa, | Tr[brbs, Imz 1 (azlBr) ,
arbr ar,fr ar.Br
where the trace factors are Tr[an; ay] = Tr[T%G) ... T*Ci)Ta1], The argument (5.40) for this
trace implies hy = — . h;. From the form of the amplitude (5.31), we can see that the delta
functions enforce conservation of internal momentum and x; = h; for all but one particles in
the subamplitude, which we take to be particle I. Then putting all these conditions together,

we can write:

kKr=—3 Ki=—3 hi=hy, (5.41)

i€l i€l
where in the first equality we have used internal momentum conservation in the subamplitude,
in the second one we have used the |I| ‘mass assigning’ delta functions in m 1 (as|3r) and
the last equality follows from charge conservation in the subamplitude. This proves that the
particles propagating in the internal channels all have masses corresponding to their charges
under the SU(N) flavor group. By the same argument, we can take |/| = n — 1 to show that the
constraint k; — h; = 0 holds for all n external particles despite the fact that the delta functions

only enforce it on n — 1 of them.
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5.3 Massive amplitudes from gauged currents

In this section we summarise the results we obtained for the bi-adjoint scalar theory in the
previous section in a language that extends naturally to all theories possessing an ambitwistor
string representation that factorises on singularities. We consider symmetry reductions of the
type we described in section 5.1. They are obtained in the ambitwistor string by gauging cur-
rents that generate a combination of translations along the d—1 dimension and transformations

under an internal symmetry group G of the theory:

gred — /E a(Pat — ™) (5.42)

where P;_; is the d-th component of the spacetime vector P, and it is a (1,0)-form on the
worldsheet. The current j7 is a (1,0)-form on the worldsheet valued in the Cartan subalgebra

of some internal symmetry algebra g. Under the transformation:
ba=0a, 6XTl1=qa, O6P=0, (5.43)
the total action S = SP°s 4 §rd 4 §™ has an overall variation:

68 = / i (0)0a, (5.44)
Y

where o € Q°(X) is a bosonic gauge parameter. This can be compensated by a symmetry
transformation generated by j*. Then a € Q2%1(3) gauges translations in the d — 1 direction up
to a symmetry transformation H as in (5.9).

The quantisation of the action in the presence of the term $™¢ involves introducing fermionic
ghosts 7 € TINY(X, Kx) and ¢ € MIN°(X) associated to the gauge field a and additional terms in

the BRST operator:
ferii-Mca (545)

118



CHAPTER 5 - Massive models from symmetry reduction

The vertex operators are of the form (2.13):

Ciéi Wy eiKi.X . (546)

Here w; carries a representation of the algebra g, so that :

i (o) - wi(oi) ~ hi w;(0;) - (5.47)

BRST invariance puts the states on-shell and gauge fixing in the presence of n vertex opera-
tors, via the additional term (5.45) in the BRST operator, generates delta functions giving an

assignment of k = K91 to n — 1 of the K#-momentum eigenstates:
S(Resy, (Py_1 — j7) = 6(xi — hy) . (5.48)

The element # lives in the Cartan subalgebra of g:

rank(g)

M= > mpH,, (5.49)
k=1

where H; are the Cartan generators and /;, the coefficients of the linear combination, correspond
to mass parameters.

The computation of correlators is analogous to the case of the bi-adjoint scalar, in particular
the X path integral can be performed explicitly and the tree level amplitudes are found to be

completely localised on the solutions to the massive scattering equations:

, ki ki — ki Ks
I e —— (5.50)
— Tij
J#i
with masses assigned as m; = |k;| = |h;|. The contributions from the matter systems are

computed exactly as in the massless case, then evaluated on the reduced kinematics.
Additionally, we find that the amplitudes are only non vanishing on the support of a

k—conserving delta function. This has two important consequences: on the one hand internal
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momentum conservation guarantees SL(2,C) invariance of the massive scattering equations.
Moreover it plays an essential role in showing the consistency of the masses of particles prop-
agating in the internal channels, generalising the argument in the previous section. In section
5.2.2 we recalled the factorisation properties of amplitudes obtained as correlators in the mass-
less ambitwistor string. For the massive models obtained by symmetry reduction it follows

that:

(k7 = (o)) AT = ST AT AT s (= (D oK) 20, (655
i€l Cr,. i€l

for all factorization channels I. Here C; label the quantum number associated to the symmetry
group G. The sum above runs over all possible values of quantum numbers of the internal
particle, including C7. In appendix B.2 we review how the symmetry of the original system
implies charge conservation }_; h; = 0 on the scattering amplitudes. This argument applied
to sub-amplitudes tells us that the only non vanishing contributions to the channel come from
intermediate states / such that — 3, ,; h; = hy where hy is the H eigenvalue of the propagating
state. One can then use k-conservation in the subamplitude and the |I| delta functions fixing

K; = h; to find:

Kr=— Ki=—> hi=hp, (5.52)

i#1 i#1
thus showing that the assignment of masses given by the symmetry reduction is consistent:
also for the states propagating in the internal channels the masses are assigned consistently as
charges under the internal symmetry group.

One should notice that charge conservation ), h; = 0 does not come automatically out
of the computation of the correlator. Indeed we can run the argument above on the full am-
plitude: the delta functions in the amplitude fix k; = h; for n — 1 particles. Then we have
Kn = = izn Ki = — D, 2, hi and in order to show that £, is indeed an eigenvalue under the
original symmetry group, one needs to derive the equation ) . h; = 0 from an argument like
the one in appendix B.2.

In principle we could apply this type of reduction to the heterotic ambitwistor string. How-

ever, as we discussed in the introduction the twistorial realisations of the ambitwistor string
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offer a better representation of supersymmetry. In the following sections we will then consider
massive theories obtained by symmetry reduction from the five dimensional models of [85]. As
we argued earlier, although additional moduli are introduced, the amplitudes are supported
on the scattering equations obtained in the dimension-agnostic description and the singularity

structure is still determined by the boundaries of 9 ,, so that this argument remains valid.

5.4 Two-twistor string as a symmetry reduction

In the first part of this chapter we have described symmetry reductions and their implementa-
tion in the context of the RNS ambitwistor string. We have used the vectorial models to study
the singularity structure of the amplitude formulae and the mass assignment for internal prop-
agating particles. In this section we implement the symmetry reduction in the twistorial models
of [85] to obtain more interesting massive models in four dimensions with various degrees of
supersymmetry. We begin by studying how the symmetry reduction acts on five dimensional
momentum space, which will lead us to the embedding of massive and massless spinor helicity

variables and ambitwistors in four dimensions.

5.4.1 From five to four dimensions

Our starting point are models such as the ones outlined in §2.4.5. We pick another fixed non-
null vector 23 (21 - Q2 = 0). In a non-dynamical setting, the reduction we seek constrains five
dimensional momenta to obey:

0y K =M, (5.53)

where M is fixed by the worldsheet model in the way we will detail in the next section. The
choice of ), breaks the spin group Sp(4, C) — SL(2, C) x SL(2, C) ~ Spin(4, C), each factor act-
ing separately on positive and negative chirality spinors. The index A of Sp(4, C) decomposes
accordingly into («, &), one for each factor of the spin group. In the language of symmetry
reduction we used in part one, the component ) - K is the internal momentum k. By the dis-

cussion above, five dimensional momentum also satisfies 2 - K = 0 so that we can pick a frame
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such that:
K-Qyeas k&
Kap = . | (5.54)
k% K - Qqetf

where kaﬁ- = k:g €44 is the spinorial form of the four dimensional massive momentum with
mass m = [ - K| = |M|, as expected in the (2, 2) representation of the spin group. The spinor
helicity decomposition of the massive momentum, as in [12], follows from the decomposition
of Kp:

koo = KeFaa detk = %(I{a, KY) =M =K -Qy=detk, (5.55)

where a = 1,2 is an SL(2, C) massive little group index raised and lowered by ¢, = €[ab] €12 =
1. These spinor helicity variables consistently require k* = m? = det (kqs) = det kdet & = M?2.
As before we denote little group contractions by (-, -) and contractions of undotted and dotted
indices as (-, -) and [-, -] as is standard for four dimensional spinor-helicity.

Coming from higher dimension, it is natural to build representations out of the four dimen-
sional Dirac spinor representation labelled by A. We understand this as a reflection of the fact
that massive particles are not chiral, so that for physical states Weyl spinors double up with
their conjugates. The polarization states of massive particles are understood as representations
of the massive little group. Spin-s massive particles transform as the symmetric part of rank 2s
tensors of the massive little group, with polarization data €4, .a,, = €(q,...0,,)- In particular we
can write

Yy = (GHA)eik.gr = 6(1/‘3% eik-17 Raa = (Haa, Rda) (5.56)

for a massive Dirac field momentum eigenstate with polarization ¢,. Similarly, a massive spin-1

field has polarization given by a symmetric €(,p):

Fap = €(qp)KSKG e (5.57)
For generic spin-s massive fields we will take the decomposition in Dirac indices:

— ai azs ,ik-x
\IJAl...AQS - e(al.“azs)ﬁAl T K/Agi e . (558)
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Massless particles are naturally embedded in this description by taking M = m = 0, which
can be achieved with the above spinor helicity variables by restricting to k9, = 0 = ﬁ‘f‘, so that

the little group indices a = 1, 2 correspond to self-dual and anti-self-dual polarizations.

5.4.2 Massive models from symmetry reduction

In section 5.3 we have seen that we can implement a symmetry reduction in a worldsheet
model by gauging constraints that relate the extra components of momentum to currents for
an internal symmetry of the higher-dimensional theory. Here we apply the same procedure to
the five dimensional models (2.59) and show that we obtain massive models in four dimensions
such as the ones described in chapter 4.

In order to perform the symmetry reduction, we want to gauge a constraint that will im-
plement (5.53) at the level of the worldsheet. Because P has weight (1,0), the mass ‘M’ needs
to be implemented by a (1,0)—form on the worldsheet that we will take to be a current j for
some symmetry of the five-dimensional model we are reducing. In twistorial variables, the

constraints to be implemented for the reduction? are:
1 ~ 1 ~
Jo, =5V =2%) o, = S (42 =51, (5.59)

where \? = 2(A,A%) = det(\2) and similarly for \. Here j denotes a current generator
associated to the element H € g in the Cartan subalgebra of some symmetry of the theory in
five dimensions. It is generally constructed out of fields appearing in the model. Here we will
first discuss the case where H is in the Cartan of the color group of a (5)YM theory so that it is
an element of the current algebra in the matter model, as described below.

We can rearrange the currents in a more symmetric form by taking combinations Jo, =
Ja, £ Jq,, leading to:

S = / 2% 0,2, 4+ ApZ? - 2P+ AN — jHY 4+ AN — ) + S, (5.60)
%

The supertwistor fields Z are worldsheet spinors as in the five-dimensional models. Little

2including the trivial reduction from six dimensions that was included in (2.59)
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group transformations are gauged by the fields A, = Ay € Q%(3, sl2) and deformations of
the worldsheet complex structure 9. = 0 + ed by the Beltrami differential e € Q%1(X, T%:). The
fields A, A € Q01(¥) are Lagrange multiplers imposing the constraints Jo, = 0 and effectively
enforcing the symplectic reduction to the target space of the model. We recognize this as the
phase space of the complexified massive particle by comparison with the construction we pre-
sented in chapter 4. The action S,, is composed of matter systems such as the ones described

in [85], which we briefly review below.

Symmetry reduction The fields a,a gauge transformations that combine translations along
the Q2; and 2 directions with the action of the symmetry group G via H. These transformations

are:

bA=0a ot =a(QP + QMBI N4 =0  8S, = /E da gt (5.61)
and

SA=0a ot =a(QfP -G N4 =0 S, = /E da j . (5.62)

Without the need to specify the action of the symmetry on the matter fields in S,,, we can
specify the variation of the action by the definition of the Noether current j. It is then the
symmetry of the theory specified by S,, that guarantees the consistency of the reduction. In
terms of the original constraints (5.59), these disentangle into translations in the €2; direction
and combinations of translations in the 25 direction and transformations under H, as we expect
in the optic of the reduction 6 — 5 — 4d.

Here the phase space of complexified massive particles arises as a symplectic quotient of the
five dimensional ambitwistor space parametrized as in (2.61) with the additional constraints
Jao, = 0 and the gauging of transformations that combine translations along the €21 direc-
tion and the action of the symmetry element H. The five dimensional little group combines
with the gauging along the two reduced dimension to form the internal symmetry group of

the complexified massive particle. We can then identify the six dimensional supertwistor Z
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with the Dirac supertwistor ) we used to construct the four dimensional models in (4.19). As
expected, these have N = N9 = 2N fermionic components n’. Through the reduction, we
obtain the correspondence with four dimensional Minkowski superspace My, parametrized
by (Zag, 047), with 841 = (9%, %7) in the usual notation and I = 1,... N via:
0 a0
pt = A +wrfn? nf =04y, (5.63)
—z&8

Worldsheet matter For the models we will consider, the relevant matter systems were pre-
sented in §4.2. One is a current algebra, whose action we denote Sc and recall the defining

relations for the currents j® € Q°(X, Ky ® g):

(5.64)

The second type of matter we need to consider in order to build gauge and gravity models is
the system of worldsheet fermions (pa, ) € IQ°(Z, K. ;/ 2) with action given by (4.20).
Out of these two types of systems, we can construct models without SL(2, C) anomalies for

bi-adjoint scalars, gauge theory and gravity as follows:

massive bi-adjoint scalar S%AS = Sc + Sa,
super Yang-Mills on the Coulomb branch SSE =8,+ S,
super-gravity St =S, + S, -

Algebra of constraints One might be tempted to generalize the models in (5.60) by taking
different currents j and ;¥ in the constraints. This would correspond to performing a less
trivial reduction directly from the six dimensional model, where translations are combined
with the action of a symmetry in both extra dimensions. However, as we showed in (4.21),

in order to guarantee the closure of the algebra of constraints in the presence of worldsheet

H

supersymmetry S, we need to take j = j#. This fact is consistent with the lack of well

functioning models for gauge and gravity theories in six dimensions.
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Gauge fixing The BRST gauge fixing of the model (5.60) has been discussed in (4.2), where
we introduced fermionic ghosts associated to the gauge fixing of worldsheet diffeomorphisms,
the little group and the internal symmetry group SL(2,C) x C x C, as well as bosonic ghosts
associated to the fermionic constraints in S,. The gauge field e can be fixed to zero and, in the
absence of operator insertions, so can the fields A, A, A, b%, be.

We defined the BRST charge and verified the possible obstructions to the vanishing of Q? at
the level of the QFT. These can in principle arise from an sl; ¢ anomaly or a conformal anomaly.
The sl; ¢ anomaly coefficient was shown to vanish for maximally supersymmetric gauge theory
and gravity. The central charge vanishes for a suitable choice of S; such that c¢; = 28 for Super
Yang-Mills, ¢; = 40 for biadjoint scalars and the residual central charge in the gravitational

theory can be understood as coming from six compactified dimensions.

Plane wave representatives We will consider scattering of plane wave representatives on am-
bitwistor space as in [85]. For scalar states, these are obtained from the indirect Penrose trans-
form in six dimensions as elements of H'(PA, O(—2)) that naturally give the H'(PS, O(-2))
representatives described in chapter 4 upon dimensional reduction. For scalar external states

of kinematics k% we have:
D, (YV,) = / d*ud®v8* (uda) — (vka)) d((ve) — 1) exp ((up?) ea) (5.65)

where u®, v® are four auxiliary complex variables. As noted in [5], the components det(x) and
det(R) of the external kinematics are unconstrained in the eyes of the Penrose transform, and

are only fixed by the model via BRST to give the signed mass of the state.

Supersymmetric extension In order to describe supersymmetric theories, we take the exten-
sion of (5.65) as in §4.2 following [5,85]. When considering momentum eigenstates of mo-
mentum Kyp = (karp), the supersymmetry algebra {Qar, @} = 2Q;7Pap of six and five

dimensions reduces to the little group as:

Qar = K3Qar, {Qar,Qus} = 29170 (5.66)
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This leads to the four dimensional supersymmetry algebra with a central extension Z;; =
2det(k)€2ry. We are primarily interested in describing the Coulomb branch as a symmetry
reduction, in which case the symplectic form € is preserved and the action of the super-
charges organizes the states in massive and massless supermultiplets as we will detail in §5.5.
For now, let it suffice to say that both kinds of multiplets are annihilated by half of the su-
percharges so that on shell superspace can be parametrized by N' = 4 fermionic supermo-
menta q7, I = 1,---4. These are taken to be eigenvalues of an anticommuting subset of the
supercharges @),7, thus necessarily breaking either the action of either the little group or the R-
symmetry. In line with previous work, we employ the R-symmetry preserving representation

and define supermomenta ¢y as:

Qur % (5, ) = (faqf + eaQIJaan> Flr,q), (5.67)

where (e4,&,) define a basis of the little group fundamental representation and .7 (k, q) is a
function on on-shell superspace.

We will detail later how the states of multiplets on the Coulomb branch of N' = 4 SYM
are encoded in the exterior powers of the supermomenta. The standard procedure would
then imply expanding the multiplets in superfields on superspacetime and establish a super
Penrose transform to ambitwistor space. Here we simply present the supersymmetric exten-
sion of the plane wave representative (5.65) on superambitwistor space parametrized by ), =
(Ma, 42, nl). On this space, the supercharges act geometrically as Q47 = A Aainf +17Qy 18’% ,

so that the function:
D(15,9)(Va) = / Pud?v8* (ura) — (via)) 6((ev) — 1)eiawteatam™) =5 () (5.68)

obeys the correct intertwining relations between superambitwistor space and on-shell momen-

tum superspace.
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5.4.3 Vertex operators and pictures

In building correlators we will need to define various types of vertex operators, whose form
is determined by how much residual gauge freedom they have left. Most well known are
the effects of gauge fixing diffeomorphisms on the vertex operators, namely the distinction
between fixed and integrated vertex operators. We will not detail how this distinction arises as
it is well known in the literature and refer the reader to [93], where integrated vertex operators
are derived from the treatment of the moduli space of metrics. Here we will content ourselves
in saying that at tree level the c-ghosts associated to the gauge field e have three zero modes
that need to be saturated in the correlator, calling for three fixed and n — 3 integrated vertex
operators as described below. We will structure the discussion around vertex operators for
symmetry reductions of maximal Super Yang-Mills in five dimensions. Because these involve
both a current algebra and worldsheet fermions it is easy to carry the discussion over to the
biadjoint scalar and supergravity case via the double copy.

On the worldsheet, we build (1, 1)-form vertex operators by combining the plane wave rep-
resentative (5.68) with a theory-specific factor w € Q°(2, K2) via a product o, which should be
understood as a convolution so that w may depend on u. Gauge fixing worldsheet diffeomor-

phisms distinguishes fixed and integrated vertex operators as:
V=cwo®q(0) V= /daw o ®(, (o), (5.69)

where &, (o) € H' (X, Tx) is the pullback to the worldsheet of the plane wave representative
(5.68).

Fixed vertex operators A similar distinction between fixed and integrated vertex operators
appears when gauge fixing the other gauge fields present in the models. We take here the
perspective whereby fixed vertex operators are fundamental objects and the integrated ones
are derived from the integration of moduli associated to the gauge field e. We will say more
generally that the fixed vertex operators are in picture —1 and the integrated ones in picture 0,

in analogy with the fermionic symmetries in ordinary string theory. There is one distinct picture
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number for each of the gauge fields we are fixing;: wg Z’i Z)). For these symmetries, we will show

in more detail how to gauge fix them in the presence of punctures and how integrated vertex

operators arise. We begin by writing fully fixed vertex operators:

W) =118 ((uy)) 6 (u7)) taf®. (5.70)

Here t { are the c-ghosts associated with the gauging of the A and A fields, while the  ghosts are
associated with the fermionic gauge fields b“, %3, Because the vertex operator is automatically
invariant under the u-projected fermionic currents (ul)p? and (u)4)p?, the vertex operator
above is BRST invariant, without the need to force the corresponding components of + to van-

ish.

Picture changing operators In this section we discuss in more detail the BRST gauge fixing of
the fields A, A as well as the fermionic 5%, b in the presence of vertex operators. The approach
is analogous to the one described in [85,99] and it produces so called picture changing operators.

For each of the gauge fields we introduce a gauge fixing term in the action of the form:

{@B,bF ()}, (5.71)

where F(¢) = ¢ — ¢“F is the gauge fixing condition and b is the associated antighost (here not
referring to diffeomorphisms).*

Having already fixed worldsheet diffeomorphisms, the gauge transformations associated to
a,a are as in (5.61) and (5.62), where the variations are required to vanish at the vertex operators
insertion points. This means that we are not able to gauge fix the fields to zero and these are

only allowed to vary within a cohomology class of H%! (3,0 (-01 — ... —0,)). The gauge

fixed fields can then be expanded in a basis h; of (0, 1)-forms on the worldsheet that span this

*These shouldn’t be confused with the antighost b for the gauging of worldsheet diffeomorphisms.

*The reader might notice that here we give a general prescription to gauge fix all residual gauge transformations
after having gauge fixed worldsheet diffeomorphisms, but we do not discuss the gauge fixing of the little group via
the fields A in the same manner. While the vertex operators (5.68) are well understood from the Penrose transform,
we expect that there should also be a way to make sense of the polarised scattering equations and additional moduli
integrations via a description such as the one outlined above for the other gauge fields.
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n — 1 dimensional cohomology group:
n—1 _ n—1 ~
AGF — Z hi4;  ASF = Z hiA; . (5.72)
i=1 i=1

The off-shell BRST transformations of the fields are:

5314:525 5BAi:aj ops=N
(5.73)
6Baj:O 5BN:0,

where N is the Nakanishi-Lautrup field that acts as a Lagrange multiplier for the gauge fixing

condition. Then the gauge fixing term for A (and similarly for A) can be expanded as follows:

n—1
/E{QB,S<A—AGF)}Z/;N(A—AGF)-FSat-F;O@/ZShi (574)

Integrating out the auxiliary field IV enforces the gauge fixing condition and produces a term

of the form
n—1
> A / hi Ja, (5.75)
i=1 2

Then integrating out the fermionic and bosonic moduli «;, A; we obtain n — 1 insertions of:

== (/Z hiJQ+> (/E hi s) , (5.76)

as well as analogous contributions éi from A. The basis elements h; can be chosen to extract
residues at given points.

The treatment of the fermionic gauge fields is analogous and was presented in [85]. By the
invariance of the vertex operators under half of the Heisenberg superalgebra, the components

of b®, b that are parallel to u can be gauge fixed to zero, while the orthogonal ones develop
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moduli and produce n — 2 picture changing operators °:

Y (z) = 6((aB)) (ada) p*, T (2) = 6((af)) (irg) ¥, (5.77)

where 4, u form a local basis for the little group.
As both the Z;, Z; and T, T; come in pairs, in addition to (5.70) we will only need vertex
operators in pictures (0,0; —1,—1) and (0,0;0,0) in order to compute correlators. These are

obtained as the limit as 0 — o; of the OPE  PCO(0) - w(o;), and we obtain:

wgolol)—é(Resgi()\z— 7)) 6(Reso, (A2 — 75))8 ((uy)) 6 ((u7)) taj®, (5.78)

uy)
wggg) = 5(Resol()\2 - jH)) (5(Resgz < ﬂ> + eAegpap > tag". (5.79)

From this derivation we observe that the term
Qum 1= ?ft(v — i (N2 — ).

in the BRST operator is responsible for fixing the masses of the external particles via the delta
functions in (5.78). The mass is assigned as the residue of the current j acting on the external
state as an OPE. This action depends on the choice of current j7 and we will detail it later on

as we consider specific theories.

5.4.4 Massive amplitudes as correlators

We compute scattering amplitudes as correlators in the models described above. Because the
ghost zero modes need to be saturated® and the residual gauge symmetry fixed, the only non

trivial correlators with n insertions must contain vertex operators in the various pictures as:

o (-1,-1) ¢~ (-1, 1 0,0
‘An <V1(1 1)V 2(0,0) 3(00 (00> :
=4

°The picture changing operators actually contain other terms involving mixed ghost products that are generated
by the term {Q, 8%} F, (b*), where (8%, ~") is the ghost system for the gauging of b*. These however don’t contribute
to the scattering amplitude as they either vanish on the support of the delta functions or they have the wrong ghost
number.

*The ¢ ghosts have 3 zero modes, the ¢, t have one each, and the v*, 4% have two each.
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After gauge fixing, all the fields are free. The evaluation of the scattering amplitude is analo-

gous to the one in [5,85], so we only discuss here the main features of the formulae we obtain:

A =TT 80 = i) 8(E = ) [ 2,7 (5.80)

The 2 x (n — 1) delta functions sitting in front of the formula fix the mass parameters x? and
%2 of the external particles to be equal to the eigenvalue h; under the group by which we are
reducing. These come from the picture changing operators =, =, where the basis elements h;
are chosen to extract residues at given points. As in [85], when computing the path integral one

finds that it localizes on the solution
- u; €;
GYo)=Y 4 (5.81)

This way we can extract the residue in the delta functions in (5.78) on the support of the po-

larised measure that we describe below:
Res,, (A2 — jH) = K? — h;. (5.82)

Here we write h; to indicate the eigenvalue of the external state under the action of the element
G, Ttis important to note that h; is not the mass but rather a ‘signed mass’: we will refer to
the mass as m; = |h;|. In general, the vertex operator will carry some representation of the

symmetry group so that:
hi

o — 0;

J(0) - Vi) ~

Vi(os) . (5.83)

More specifically, in the case of the Coulomb branch massive external states carry a factor m,j*
and j is an element of the current algebra. We will discuss this in more detail around (5.96).
This way the delta function enforce the mass-shell condition for n — 1 particles.

The integration measure is strongly reminiscent of the six and five dimensional one:

||~dO“d2U‘d2’U' no_ _
pol .__ Jj J J | | 4 . . e .
ity - vol SL(2,C), x SL(2,C), z’:lé ((UZAA(UZ)) (UZMA)>5((%€Z) 1)’ (5.84)
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localised on the solutions to the polarized scattering equations:

(uiwj)eja
ia = (uira(03)) — (vikia) = — (vikia) =0, .
Ein = (uira(04)) — (vikia) Z oo (vikia) =0 (5.85)
J#i
as described in detail in [1,2]. As shown in [5], these equations imply the massive scattering
equations for the o; that we have seen arise in the symmetry reduced RNS models of section

5.3 and that were originally conjectured by Naculich [4] and Dolan & Goddard [3]:

> % =0. (5.86)
J#i v
The 5n delta functions are used to localise the wu;, v;, 0; integrations but, because three of the
us and three of the os are already fixed by the gauge, overall six delta functions remain af-
ter integration. These impose conservation of the six dimensional momentum (5.54) and ulti-
mately lead to the consistency of the mass assignments. Indeed they give k3 = —> 1, k? =
— i o hi = hi, where the last equality is given by charge conservation. As discussed in §5.3

this guarantees that the amplitudes vanish unless ) h; = 0.

As described in [5], we obtain the following integrands:
I = PT(a) PT(8), 7P = PT(a) det'H T8 = det’H det'H | (5.87)

where PT(«) denotes the Parke-Taylor factor and the reduced determinant is obtained from the

evaluation of the pp system (c.f. [85]):

Iy . (12]
det'H := () det H[12} ,
where, the n x n matrix H is defined by
A
EiAE;
Hij=—=,  Hi=—¢"(MAs)(0i) ,
ij

and the sub- and superscripts indicate that both the rows and the columns 1 and 2 have been

removed.
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The exponential factors in the supersymmetric plane wave give rise to the term

eV = exp Z W — 1Z:(fjvj)q? : (5.88)

;i — 0O 2
j<k J k =1

All the dependence on the supermomenta is contained in this factor and when expanding it in
different powers of ¢ one can read off it the various component amplitudes as we will detail
below. We note that, while in the reduction that leads to the Coulomb branch supersymmetry
is preserved and all states in the original multiplets have the same mass, there are other ways of
performing a reduction, such as the R-symmetry reduction described below in §5.6, that break
the original supersymmetry and give rise to smaller supermultiplets. In these cases we can
still read component amplitudes off this formula, but we should keep in mind that states in the

same higher dimensional multiplet can have different masses.

5.5 Coulomb branch

We have claimed that the model we focused on in the previous sections describes the Coulomb
branch of N' = 4 SYM. In this section we will justify our claim, showing that the Lagrangian
theory can be defined via a symmetry reduction of 5d N = 2 SYM. This procedure imposes a
specific dependence of fields on the extra dimension, which can be eliminated by a gauge trans-
formation at the price of giving a vacuum expectation value to a scalar field, thus producing
the more familiar formulation of this theory. We will begin by a review of the usual description
of the Coulomb branch, show the equivalence to the model derived via symmetry reduction
and identify the spectrum of this theory of massive particles. We will then implement the sym-
metry reduction in the worldsheet model for maximal super Yang-Mills in five dimensions and

derive amplitude formulae.

Coulomb branch via VEV’d scalars The Coulomb branch of N' = 4 SYM with Lie algebra g
is usually described by assigning a vacuum expectation value to some of the scalar fields. The
theory at the origin of the moduli space is a theory of massless particles describing a vector

potential field A,,, six real scalars ® transforming in the 6 of the SO(6) R-symmetry group and
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four Majorana spinors ¥/ in the fundamental of SU(4) ~ SO(6). All the fields transform in
the adjoint representation of the gauge group.
In the simplest case, a gauge group U (N + M) is spontaneously broken to U(N) x U(M)

by the vacuum configurations of some of the scalars, e.g.:
(@YY = iH ~ iv - diag(1y, 0pr) (P =0 a#6. (5.89)

Writing the scalars as the antisymmetric product of two fundamentals of SU(4), this is equiva-
lent to:

<(I)]J> = Q[]H, (590)

where (2 has two dimensional Levi-Civitas on the off diagonal blocks and zeros in the diagonal
blocks. Then the theory on the Coulomb branch has a residual Sp(4) C SU(4) R-symmetry,
preserving the bilinear form €.

Because the fields transform in the adjoint representation, they are represented by (NN +
M) x (N + M) matrices. Under this symmetry breaking, the (N + M)? generators of the
original gauge group reduce to the generators for the residual U(N) and U (M), together with
2N M broken generators:

b b
fiz %

adyiar — (ady, 1) @ (1,ady) ® (N, M) & (N, M) = (5.91)

TWab Azi)
One can see the mass terms arise upon replacing ®/ — H + ¢’ in the Lagrangian of N = 4 SYM.
The decomposition (5.91) of the adjoint under symmetry breaking and the form of H (5.89) tell
us that the generators of the residual U(NN) x U(M) symmetry remain massless, whereas the
broken generators W and W aquire a mass proportional to v. The fermions and the scalars also
live in the adjoint representation of the gauge group, and decompose similarly to the vector.
In addition to this, however, they also transform non-trivially under the R-symmetry group,
which is broken to Sp(4). Under this residual symmetry, the six scalars w transform in a 5

plus a singlet, consisting of the trace Q7;w’/. This component is absorbed by the gluons and
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becomes a polarization state of the massive spin-one field via the Higgs mechanism. Then the
massive scalars are w2, w13, w34, w4 and the combination of w4 and wo3 that is orthogonal to

the longitudinal boson, i.e. (w14 + wa3)/v/2.

Spectrum The procedure outlined above leaves two types of states with respect to the color
group. The first corresponds to elements t € uy x uys, that commute with H and therefore
correspond to massless states. The second are the off-diagonal blocks consisting of elements
m € CY @ (CM)* @ CM ® (CN)* for which [H,m] = M m so that they define massive states

with mass |MH].

Supersymmetry The action of the supercharges casts the massless states in a vector multiplet

transforming in the adjoint of the residual gauge group:
FO = (o1 = 101 Vi Via s Fag, Fp) - (5.92)

For these multiplets the R-symmetry is enhanced to a full SU(4), so that the fundamental in-
dices can no longer be raised and lowered. The multiplet contains the two familiar +1 helicity
states of the massless spin-1, six real massless scalars ¢;; and eight massless gluino states via
the chiral parts of W1, ¥y,

The massive supermultiplets are the so-called 1/2-BPS, ultrashort massive representations
of N' = 4 with central extension Z;; = 2MQ;;, with Sp(N) R-symmetry, with skew form Q;;
and indices I,J = 1,...,N = 4. They are bifundamentals of U(N) x U(M), composed of a
massive W-boson (3 bosonic d.o.f.) Fiap, five massive scalars ¢y and the fermionic partners,

four massive Weyl-Majorana spinors ¥/, (8 fermionic d.o.f.):
T = b1y = o, V7 PP = FUD) 6,00 = 0. (5.93)

Coulomb branch as a symmetry reduction We show now that there is an alternative deriva-
tion of this theory as a symmetry reduction of five dimensional maximally supersymmetric

Yang-Mills. The gauge field A on the Coulomb branch of A" = 4 SYM can be embedded
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in a five dimensional gauge field, where the extra component is the vev’d scalar ®!, so that
AB) = AW 4 (iH + ¢)dx*. The field ¢ has vanishing vev and neither ¢ nor A® have any
dependence on the coordinate z, i.e. in this gauge 9,,4°) = 0.

Under a gauge transformation U = exp(iHz*), the connection transforms as
AC) =y AUt + Yot det = UAD YUY — iHdz* = UADUT + UgUTdxt. (5.94)

The gauge transformation has eliminated the non zero vev of the scalar. The price is the intro-

duction of an explicit dependence on the x4 coordinate:
3 AC) = U AU + UAP duUT = i[H UAPUT = i[H, AO)]. (5.95)

This equation defines a symmetry reduction from N = 2 SYM in five dimensions to the Coulomb
branch. In this description the mass terms are derived from the kinetic terms of the five-
dimensional theory via (5.95) and the dependency of the fields on z4 is fixed in such a way

that this drops out of the action. This is sketched in appendix B.4.

From Lagrangian theory to ambitwistor model The model presented in [85] has been shown
to reproduce tree level scattering amplitudes for 5d N = 2 SYM. The model we built in the
previous section (5.60) is built as a symmetry reduction in the ambitwistor string. The elements
teuy xuy andm € CV @ (CM)* @ CM @ (CV)* of the broken algebra described above define
states in the worldsheet theory via the current algebra generators: massless t- j(c) and massive
m - j(o). This is consistent with the mass assignments for these states as the OPEs (5.83) of the

respective currents take the following form:

(o)t j(3) ~ 0, (o) m-j(@) ~ (5.96)

as by (5.64). We can thus identify vertex operators built from currents t - j with the massless
vector multiplet transforming in the adjoint of the residual U (V) xU (M ) gauge group, whereas

vertex operators built from m - j describe the massive vector multiplet.
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Expanded on the on-shell superspace we described in (5.67), the supermultiplets are orga-

nized as follows:

7 (m €€ € € 1
= FE(k) + qr0 (k) + g2 F (k) + 5019727 (5) + qr (k) + ¢ F(x)
(5.97)

) 1 '
Fio = 9"+ ar¥ () + Sarase" (0) + PV () + ' (),

with ¢* = (q1¢5)(¢"'q’) and (¢®)] = 9q¢*/9q$. This tells us that the leading term in the am-
plitude involves n (massive or massless) bosons, which is what we expect from the way we
constructed vertex operators. Component amplitudes can be read off the exponential factor in

the superamplitude by matching the corresponding powers in the multiplets.

5.5.1 Amplitudes

The formula for the superamplitude of ' = 4 SYM on the Coulomb branch is given by:
A Uk} O D) = [ dn PT(@) det P o (599

We begin by considering amplitude involving only the leading vector component of either the
massive or massless supermultiplet (5.97), i.e. ASB(a, {k;},{M;},{q = 0}). This is either a
massive W boson (W€ = ¢,e,W(®)) or a gluon of helicity i dictated by the polarization ;. In

this case the amplitude is simply:

(n=3)! )2
/ dptn PT(a) det' H® =5 (Z kj) 5 (Z Mj) Y PT(a) det’HCBW, (5.99)
j j i=1 et ®;

ijk
with:
oy
@] := |0E; /90| = E (5.100)
(kitky)?—(Mi+My,)? s
ki 2 , =]

ik
Four vector bosons At four points, taking the ordering a = (1234), the expression above

reads:

1 012034 A B 031042 A B
Ag = €1A€3 €2B€5 — S €1A€) €2B€3 (5.101)

(urug)(usua) ((k1 + k2)? — (M1 + M2)?) 1032

*
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where * indicates that we are evaluating the expression on the unique solution:

((k1 + k3)® — (My 4+ M3)?)
(k1 4 k2)? — (M1 + M>)?)

o1 = [(1,0)] o> = [(1,1) 03=[<1,— )] o1 =1(0,1)] (5.102)

ABCD ABCD
€ k1apescean € ksapeicean

Uug) = — (uzuq) = — (5.103)
( eABODe) peapescesn eABPepeapesceap

We obtain the generic formula for amplitudes involving gluons and W bosons”:

ABCD 2
(e €1A€2B€3CEAD)

((k1 + k2)2 — (M + MQ)Q)((k]_ + k4)2 — (M + M4)2) ’

Ay = (5.104)

From this expression one can extract four point amplitudes for specific states by assigning the
correct kinematics, polarization and mass to the external particles. IW-bosons have massive mo-
menta, decomposed into massive spinor-heliciy variables, and generic polarization, together

with the following assignment of mass parameters®:

MY =m MY =-m (5.105)

Gluons, on the other hand, have massless momenta, whose spinor helicity variables are em-
bedded in the massive ones as explained in section (5.4.1). They have M9 = 0 polarization
vectors are:

t=(1,00  '=1(0,1). (5.106)

From the discussion in §5.3, it is clear that the amplitude vanishes unless ) . M; = 0, i.e. unless
W and W come in pairs, with any number of gluons. Let us consider for example the amplitude
for a WW pair and two negative helicity gluons. From (5.104) we get:

[122¢][1529](34)2

s12(s14 — m?)

Ay(W,W,97,97) = €1a€1p€2c€2d ; (5.107)

"The details of this evaluation can be found in the derivation of the four point amplitude in 6d SYM, in section
5.2 of [2].

$0ne should keep in mind that M* denotes the eigenvalue under the symmetry by which we are reducing and
it corresponds to a signed mass parameter. Here m is the (positive) mass of the 1¥-bosons.
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where we have used s;; = (k; + k;)?. In line with previous work by the authors, the amplitudes
obtained are contracted into arbitrary polarisation data and one can deduce the amplitude in
the standard form with free little group indices by stripping it of the polarization 2-vectors ;:

[122¢][1529](34)?

A Wab,WCd, 77 -\ —
a( 9 ,9) Y Fp——)

+ symmetrize (a,b);(c,d) . (5.108)

A particularly compact notation was introduced in [12], which we will employ from here on.
Massive spinor-helicity variables are written in bold, to indicate that they carry completely

symmetrized little group indices. We can then rewrite (5.107) one more time:

[12]%(34)°

AW, W,g7,97) = S19(512 —m2)

(5.109)

Similarly one can obtain expressions for different orderings and helicity assignments:

((13)[24] — (23)[14])* T [13]%(24)°

A WW — + — A W N W ) = :
4( ; 9 59 ) 812(814—m2) 4( 9 & ) (812—m2)(814_m2)

Finally, for four W bosons:

1

512514

AW, W, W, W) = : (<12)[34] +[12](34) — (13)[24] — [13](24) + (14)[23] + [14](23>)2

Similar expressions were obtained in [82], by dimensional reduction, and in [50,71] by BCFW
recursion.

We verified numerically that the amplitude formula reproduces at five point the n-point
formula obtained by recursion in [50,71,72] for a pair of WW bosons and n — 2 same-helicity

gluons:

\(mQ + (k4 + ks + kl)(kg + k3 + k4))’5]
(k2 + k3)? — m?)((k2 + ks + ka)* —m?) -

A5(VV7 Wag+ag+7 +

12)°[3 (5.110)
> .

- {
(34)(45

The existence of compact expressions at n point give hopes that a simplification might occur in
the scattering equations when this particular set of polarisation data is chosen, reminiscent of

MHYV in four dimensions. Despite our efforts we were unable to reproduce the n-point result
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as the formula appears to have support on all (n — 3)! solutions of the scattering equations. We

will return to this point briefly in §5.7.

Massive scalars and gluons In order to obtain amplitudes for states further down the multi-
plet, one needs to consider the expansion in supermomenta (5.97) and take the corresponding
derivatives of the exponential factor. The massive and massless supermultiplet have a similar
structure, with the main distinction that in the massless multiplet the component ~ ¢?Q;J is a
scalar state. Let us consider for instance the amplitude for two massive scalars and two gluons.

This component amplitude is extracted from the superamplitude as follows:

00 0 0 g

A e
dqf 0qi daf Oay |,y

Ay (wry, 9,9, 0kL) = A (5.111)

where A, is the leading amplitude (5.104) and the exponential is given by (5.88). The only term
contributing is the quadratic one in the expansion of the exponential. Since for massive scalar
states Q;yw!’ = 0, the terms ~ q]2- do not contribute and the derivatives bring down a factor of

U2 (QrxQr + Q0K ) in front of the amplitude, with U;; = Z“Z . Evaluated on the solution to

the scattering equations, this gives:

EABCD

€apk® A KL peacesp)?

Ay (wrg, 9,9, 0kr) = Qe+ Qrrk) biA 213 2c€3D) . (5.112)
(s12 —m?)s14

We can now evaluate the amplitude for different helicity assignments:

- 3|k1]2)?
Ag (wrg, 97,97 wkL) = (QrxQr + QILQJK)% :
(s12 —m?)s14

m?2[23]2
(s12 —m?2)s14

(5.113)
Ay (wrs,97 9% wkr) = (QeQsr + k)

These expressions match the results obtained in [12,162].

Massive quarks We can perform the symmetry reduction to generate the symmetry breaking
SU(N +1) — SU(N) x U(1). From the discussion in the previous section, we know that the
massive states are in the fundamental of SU (V). At tree level, when looking at amplitudes

involving only gluons and massive fermions, the truncation of the theory is consistent with the
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standard model description of massive quarks in QCD. We can generate amplitudes that match

the results in the literature [72]:

(12)[34)?

s12(s14 — m?)

(3[k1[4]([14](23) — [24](13))

A4(wa 77279_79—’—) = 812(814 _ mg)

)

A4(¢7 &7g+7g+) =

5.5.2 Supersymmetry “Ward identities”

At n-points, while we cannot simplify the formula further, we can establish relations between
the different component amplitudes for one pair of massive particles and all other particles glu-
ons of positive (negative) helicity. Indeed, for this specific configuration the a (&) component
of the polarized scattering equations is particularly simple because only the massive particles

contribute to it, so it decouples from the rest of the system:

Uigeoa = (V1k1a) Utz = (5.114)

o
(12)
We know that the component amplitudes are related for example by:

An(¢7w7g+7 o g+) = An(Wa Wag+7 o 'g+)8q16¢;(2 eXp(‘FN) = U12An(vva Wag+a . g+)

This identification follows from the expansion of the supermultiplets on on-shell superspace

(5.97). This establishes a supersymmetry Ward identity:

An(h, 0,97, g7) = %An(W,W,gt gt (5.115)

which is consistent with the n-point formulae obtained in [162] and [72]. Similar relations hold

for scalars:

2
An(w, 0,67, g%) = (a5) AW W gt g"), (5.116)
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which can be compared to [157]. We can see this coming from the requirement of supersym-

metry by writing:

1
An = AW W, 6" gD ) (U D Uiy - ar — 5 D (§v))d; + O(ah) (5.117)

J<k J

for a supersymmetric amplitude involving two massive and n — 2 massless states. Then by the

definition of on-shell superspace (5.67):

[Qar, An] = Z[Qz’AI, An] = An(W, W, g", .. g7) Z ((ria&)air — €ia(&vi)qir

A 7

(5.118)
+ D eialUsgir +0(g?)) -
JF
Then at order O(q; ), supersymmetry imposes:
(k146) + Y Uriera — (Gv1)era =0, (5.119)

k#1

Taking the oo components and contracting into €', we see that this is equivalent to the polarised

scattering equation (5.114), using that £ is normalised against € as (¢;&;) = 1.

5.6 R-symmetry reduction

The machinery of symmetry reduction only requires the choice of a symmetry group. It can
thus be applied to obtain less familiar theories of massive particles. We illustrate this here by
performing a reduction of maximally supersymmetric gauge and gravity theories via a gener-
ator of the R-symmetry. This principally affects the scalars and spinors that are in nontrivial
R-symmetry representations, thus producing a theory with less than maximal supersymmetry.
This type of reductions are known in the supergravity literature as (Cramer)-Scherk-Schwarz
reductions and have been shown to generate gauged supergravities in four dimensions. We
will present a few examples of these theories in our formalism and point out a peculiar in-

stance of double copy at the level of the worldsheet.
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5.6.1 Reducing SYM

We want to study the reduction of 5d N = 2 SYM to four dimensions, obtained by associating

one component of momentum to charges under the R—symmetry group:

0
%(Am,(I)IJa\I]IA) = (07 H[II((I)J}K%HF\IIAK) ) (5120)

where HE is in the fundamental representation of Sp(4) z. Expanding the kinetic terms under
(5.120), one obtains mass terms for the fermions and the scalars as well as some interaction
terms. The reduced theory contains one massless vector A, two massless scalars, four massive
scalars and four massive Majorana fermions. Details of the reduction are given in appendix

B.5.

Spectrum For Sp(4), in the Cartan-Weyl basis we can write a linear combination of the two

Cartan elements in the fundamental as:
H = diag(mq,mg, —mq, —m2), (5.121)

where m; are the parameters of the linear combination. In this basis the symplectic matrix €2 is

0 1,
Q= (5.122)
-15 0
Then we can take as independent scalars ®12, @13, o3, Pos, P34, with &3 = —Poy. Expanding

the mass term for the scalars we find that ®,5 and ®34 have mass |m; + mg| while ®14 and P93
have mass |m; — mg|. Similarly, we find that ¥; + i¥3 is a massive Dirac spinor of mass |m; |,
while ¥y + ¥4 has mass |ms|. The scalars ®;3 and ¢, coming from the extra component of the
five dimensional vector, remain massless.

We note that for the choice m; = m = my one obtains a theory of one massless vector, four
massless scalars, four massive fermions of mass m and two massive scalars of mass 2m. We

will refer to this theory as N = 0* SYM.
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Supersymmetry It is clear from these mass assignments that the original SO(5) R-symmetry
is broken. Counting on shell degrees of freedom one sees that there can be no residual super-
symmetry in this theory for both m; 2 non vanishing. However it is possible to preserve N = 2
supersymmetry by performing the reduction only along one of the two directions in the Car-
tan, i.e. taking for example mg = 0, m; = m. In this case half of the fermions are massless and
we can group the on shell degrees of freedom into one massive ultrashort matter multiplet ¥

and one massless vector multiplet VO, with:

U™ = 1massive Dirac fermion U + 0%,

2 massive complex scalars @13 + P93 and P14 + i P34

VO = 1vector (F,p, Fig)
2 Weyl fermions (U5, ¥y)

1 complex scalar ¢ 4 i®oy,

where we have named Fy3, F, 4 the vector components of the five-dimensional vector in 4d

and ¢ the scalar component. One can then verify that:

[Qay, PPI(U + T8, D15 + iQo3, Dy + iP34) = 0
(5.123)

[Qass PP](Fag: Fip, Wa, Wa, ¢+ i®os) = 0,

for J = 2, 3 with the choice of basis in (5.121) and ms = 0. Then the states of the reduced theory
sit in N' = 2 supermultiplets generated in this basis by the action of Q2 3, whereas the two
remaining supercharges of the higher dimensional theory bring us from massless to massive
states and viceversa.

We recognize the reduced theory as the N = 2* theory that one obtains by giving a mass to
the adjoint NV = 2 hypermultiplet sitting inside the A/ = 4 massless vector. More generally, for
a reduction with p non-vanishing mass parameters we obtain a theory with /' = 4 — 2p residual

supersymmetries.
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Worldsheet model The operators:

Jrr = -1 (5.124)

are generators for the Sp(4) R-symmetry acting on worldsheet operators. We can then take the

current:

JH = ni - nJ)H{(QJK = mina - N3) + mane - N4y, (5.125)

to construct an ambitwistor string model such as the ones described in section 5.4 for the class
of theories above. This element spans the Cartan subalgebra for different values of m; 2 and
does not spoil the closure of the algebra of constraints °.

One can then read the mass assignment for various states in the multiplet by considering

the OPE:
2

. 1 9 9
J1(0) B g(03) ~ ——— > Ty (Qi;sﬁ — qi;s+zm)<bw (5.127)
[— 158 ]

where @, , is the supersymmetric plane wave representative as in (5.68). Following the discus-

sion around (5.83), this gauging assigns masses:

0 0 0 0
2z 2 uZ 5.128
m1(q1 o © aqg) + ma (g 9 Y 8q4) : (5.128)

which corresponds to the spectrum we derived above from the lagrangian mass terms.

Formulae From these models we obtain amplitude formulae for theories with various amounts
of residual supersymmetry, such as the N' = 2* theory discussed above. The peculiarity in these
expressions is that the full superamplitude remains expressed as an expansion in the original
(now broken) N = 4 superspace. One can then extract amplitudes involving the desired mas-
sive or massless particles by reading them off the appropriate coefficients. As we have seen
above, the mass operator contains derivatives with respect to specific components of supermo-

menta, so massive and massless multiplets of the reduced theory can be embedded together in

°The only non-trivial OPE is:
(N —jm)o (2 W) ~o0 (5.126)

146



CHAPTER 5 - Massive models from symmetry reduction

the larger (broken) superspace, at the price of introducing derivatives in the scattering equa-

tions.

5.6.2 CSS gauged supergravities

The same kind of symmetry reduction can be carried out on the gravitational model, exploiting
the Sp(8) R-symmetry of five dimensional maximal supergravity. In the supergravity litera-
ture this procedure goes by the name of CSS reduction, after Cremmer, Scherk and Schwarz
[159, 160], as outlined in §5.1. It has been shown [163] that the result of a CSS reduction of
five dimensional supergravity by an element H of the Eg) is a gauged supergravity in four
dimensions. We will then equivalently refer to such models as CSS reductions or CSS gaug-
ings. When taking the element H in the maximal compact subgroup USp(8) of Eg ), the gauge
group is called ‘flat’ and the theory has Minkowski vacua. It depends on four independent
mass parameters, corresponding to the four elements of the Cartan subgroup of Sp(8). These
fix the scale of the spontaneous supersymmetry breaking, which produces a theory with resid-
ual N = 8 — 2p supersymmetry, with p the number of non-vanishing mass parameters.
Maximal supergravity in five dimensions has a gravity multiplet whose content is summa-

rized in table 5.1. All particles but the graviton transform non trivially as Sp(8) antisymmetric

Spin dof  Sp(4)r

2 5B 1
3 8xdp 8
1 27x3g 27
i 48x2p 48
0 42x1p 42

Table 5.1: Degrees of freedom and R-symmetry representation for the states in the gravity mul-
tipletin 5d N = 4 supergravity.

traceless'’ tensors. As a consequence, under an R-symmetry reduction

O4®ppy..1, = H[‘ﬁ‘l)[Q_,,[k]J (5.129)

OThis is intended as @1, 1,...1, 1% = 0.
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some of the gravitinos, graviphotons, gravi-photinos and scalars aquire a mass. For Sp(8),
choosing the same basis as above for Sp(4), we can write a generic element of the four dimen-

sional Cartan subalgebra as:
H = diag(m1, ma, ms, mg, —my, —mg, —mg, —my) . (5.130)
Then, for a k—index tensor, the mass assignment is:
k
1> hul. (5.131)
i=1
These theories are described by worldsheet models of the form:
S = /Eza BeZa+ AgZ% 2P +a (A2 — jHR) 14 (XQ - jHR> + 8, + S, (5.132)
where the Sp(8) current is given by:
5 =g HEQTE (5.133)

Similarly to the massive gauge models of section 5.6.1, this current generates masses only for

part of the original supermultiplet by acting as a derivative in the supermomenta:

1 0 0 Dg;
AR (0) - @y g(04) ~ s — Qisidr— ) Ppg = ——— 5.134
1R (0) - By q(0) > mi(gis Dgn G aqi;s+4) wa = Py (5134

As a consequence, the formulae we obtain are superamplitudes containing both massive and
massless component amplitudes. It is only once we specify the external states that we can talk

about the scattering equations that localise the correlator being massive or massless:

" k; - k; — Dg;Dq;
5(; J% d qﬂ)eFN. (5.135)

CSS gauging with ' = 6. We begin by considering the case m; = m, ma 34 = 0. Taking into

account the tracelessness conditions, we summarize below the massive and massless spectrum
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of the reduced theory. We find that the reduction preserves N' = 6 supersymmetry and the
states make up one massless gravity multiplet and one massive ultrashort gravitino multiplet.

This corresponds to a model with 5 = m na - Ns)-

Mass

Spin

m
2 2p
3 6x2p 2x4p
1 16x25 12x3p
T 26x2F 28x2p
0 30x1p 28 x1p

Hy—e 230

Table 5.2: Spectrum of the reduced theory under the choice H = diag(m,0,0,0, —m, 0,0, 0).

CSS gauging with ' = 4. By the same procedure we can obtain theories with residual N' = 4
supersymmetry. Taking m; = m = —may, m3 4 = 0, we obtain one massless graviton multiplet,
four massless vector multiplets, four massive gravitino multiplets with mass m and two mas-
sive vector multiplets of mass 2m. All massive multiplets are ultrashort representations. The

corresponding model has j% = m (11 - 175y — 12 - 7))

. Mass
Spin
0 m 2m

2 2p

% 4X2F 4X4F

1 10 x 2 16 x3p 2x3p
: 20x2p  24x2p 8x2p
0 26 x 1p 16 x1p 10x1p

HYy_g@D°  axp,  2p*m

Table 5.3: Spectrum of the reduced theory under the choice H = diag(m, —m, 0,0, —m,m,0,0).
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5.6.3 Double copy

The gauged supergravities described above have been the object of recent work by Chiodaroli,
Giinaydin, Johansson and Roiban [161,164,165], who have studied how they can be obtained as
double copies of massive gauge theories. Worldsheet models in the ambitwistor string and the
formulae they produce have an explicit double copy structure, whereby one chooses a left and
aright systems, which can be combined in any pairing. Having constructed models for gauged
supergravities, we observe an instance of double copy where one supergravity theory can be
arise from several different left/right pairs. Here below we describe this novel ‘worldsheet’
double copy, we illustrate it with examples and we relate it to the spacetime double copy of
[161].

On the worldsheet, we establish a prescription for double copying gauge theory models.
We start with two models that are composed of one set of worldsheet fermions S, and one
current algebra S;. We also consider the 7 system to come as part of the matter action!! and
to incorporate supersymmetry breaking terms such as the ones in the R-symmetry reductions

discussed above. Altogether the models take the form:12

SU(H™Y + 8, + 5, + / a(N = ) +a(\ — jllp), (5.136)

where j; is associated to an element of the color group as before for the Coulomb Branch.

Here we take:
S (HT) = /Em -0’ + Aapnin” + a(N® — g - (HT) %) + a(A = - i (H)00)

so that V' = 4 — 2p, with p the number of non-vanishing mass parameters, indicates the amount
of residual supersymmetry after SSB and the R-symmetry indices run up to 4.
From two models of this type we can form a gravitational model by discarding the cur-

rent algebrae (and associated Coulomb-Branch-like gaugings) and combining the worldsheet

"This is justified by the criticality of the models.
2When double copying two models such as this, we discard the greyed out part of the action and combine the
two fermionic systems as described below.
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fermion systems to write:

HE 0
ST +N2(( 01 HR))+spl+sp2. (5.137)
2

af

We identify n! = (ni,n5) as well as Q;; = ( ), so that schematically we can write:

0 Qf

SYM(H;) ® SYM(Hs) ~ sugra(Hy ® Hs) (5.138)

The charge associated to the symmetry reduction is the sum of the charges of the two gauge
theories, through jsHugra =J 5; ut jgf/ - This indicates that on the worldsheet the double copy
as prescribed here doesn’t need the mass spectra of the left and right theories to match. There
is in fact a lot of different pairings that should in principle produce the same double copy. Not
only can we have different values of NV; and N, summing to \V, but we are also free to add any
Coulomb-branch-like reductions to both gauge models, see Table 5.4.

As an example, let us consider the CSS gauged supergravity with residual N' = 6 super-
symmetry. Here we have no choice but to take one of the two models to be A" = 4 SYM and the
other the NV = 2* massive theory of section 5.6.1. Both of these models are in principle free to
be on the Coulomb branch. The multiplets and respective R-symmetry charges of the left and

right theories combine as follows:
Wl 5 H VYWgudm o y+m (5.139)

so that overall they double copy to N’ = 6* supergravity with one gravity multiplet and two

massive gravitino multiplets:

VW oWeitma ™) 5 (H0gxtmagx™™) . (5.140)
N=4 N=2 N=6*

We insist on the fact that this is a double copy prescription on the worldsheet. In order to un-

derstand what this implies for spacetime amplitudes, it is easier to consider a component am-
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plitude instead of the full superamplitude, so that the equations (5.135) become proper mas-
sive or massless scattering equations. We pick a component amplitude involving two massive
gravitinos and all massless top state gravitons, so that the kinematic variables involved in the
scattering equations are massive for i = 1,2 and massless for the rest. We obtain the desired

amplitude on spacetime by evaluating the correlator on the solutions to the scattering equa-

tions:
e )2
3 Uuw det’'H det'H (5.141)
{oi,uiv; } d Zk

where the factor U2 comes from the supersymmetry exponential factor. This expression still
presents a double copy structure, where each of the two reduced determinants can be taken
as a contribution from a gauge theory model. However, both sub-integrands are evaluated
on the solutions to scattering equations that are massive in particles 1 and 2, so that the mass
spectrum has to match between the two gauge theories, contrary to the worldsheet double
copy. In particular, here a spin 3/2 massive state has to come as a double copy of a massive
spin 1/2 with a massive spin 1. Repeating the same reasoning with the rest of the states, we find

that on spacetime the amplitude comes from double copying:

WaenwmeoWaettmpd ™) 5 (Haxt™moaxm). (5.142)
CB N'—4 Jars N=6*

That is, the massive scattering equations require the N/ = 4 theory to be on the Coulomb branch.
Then evaluating the correlator on spacetime selects one pair of theories out of all the candidates
for the worldsheet double copy. This result corresponds to what was observed in [161] using
BCJ numerators.

This phenomenon is even more explicit in the case of the N' = 4* CSS supergravity. Here

the worldsheet double copy allows both:

Wautm g™ o(Wa e ™) - (14 @ 4x™ @ 202 | (5.143)
N2 NZ2x N=ar
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and

WV aWm e W?m™) @ (4™ @ A° @ 20°™ @ 4¢°) — (H° @ V0 @ 4x™ @ 2V%™) . (5.144)

/

CB N=4 N=0* N=4*

where N = 0* is an R-symmetry reduction of Super-Yang Mills with no residual supersymme-
try as described in section 5.6.1. On spacetime, on the other hand, double copying two A/ = 2*
we couldn’t possibly produce states of mass 2m because of the requirement of mass matching.
The only way we can obtain the desired spectrum is by double copying the N' = 0* with N' =4
on the Coulomb branch with color symmetry breaking pattern SU(3N) — SU(N) x SU(N) x
SU(N). We expect this to hold in the formalism of [161].

Right
Left
N=2 N=2*onCB N=4 N =40nCB
N =0* N =2* N =2* N =4* N =4*
N =0"onCB N =2* N =2* N =4* N =4*
N = 2¢ N = 4* N =4* N=6 N =6
N=2*onCB N =4* N = 4* N =6 N=6

Table 5.4: Double copy on the worldsheet. Within each coloured block, all resulting CSS su-
pergravities are the same, so multiple left/right gauge theories double copy to the same super-
gravity on the world-sheet. The (unique) space-time double copy is highlighted in bold-face.

5.7 Summary and discussion

In this chapter we have shown how symmetry reduction can be implemented in the am-
bitwistor string to obtain models and amplitude formulae involving massive particles. This
opens many possibilities in a framework that seemed until recently to be intrinsically massless.
The RNS ambitwistor string of §5.3 is a solid foundation for the factorisation properties of the
amplitudes formulae in all models, both vectorial or twistorial, that one can obtain as symme-
try reductions. We have shown how the two-twistor string of chapter 4 gives a rich ground

to develop new models from maximally supersymmetric theories in five dimensions. These
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include both Coulomb-branch-type theories and more unusual CSS reductions.

From the path integral of these models, we have arrived at the compact formulae (5.80),
supplemented by (5.84) and (5.87), supported on a massive version (5.85) of the polarised scat-
tering equations and with manifest supersymmetry for appropriate gauge and gravity theories
including massive particles. Like all twistor-string, CHY and ambitwistor-string amplitude for-
mulae, all the integrations are saturated against delta functions so that these are really residue
formulae summing contributions from the (n — 3)! solutions to a massive extension of the scat-
tering equations discussed further below. As shown in chapter 3, the extra data in the polarised
extension is uniquely obtained by linear equations on the support of these scattering equations
and the amplitude formulae are linear in the polarization data.

Contrary to the massless four-dimensional formulae of [83], in which the double copy prop-
erties are hidden in the measure, the expressions derived here present the standard structure
with two half integrands that can be combined to form amplitudes for scalars, spin-one and
spin-two particles as in the CHY formulae and corresponding RNS models of [42,43]. In the
context of R-symmetry reductions we presented a novel instance of worldsheet double copy be-
tween gauge theories with massive matter and various degrees of supersymmetry and gauged
supergravities.

To conclude this chapter, we will give an overview of open research directions.

Reductions along several dimensions and ‘spectrum’ of accessible theories While here we
have only considered reductions from (d + 1) to d dimensions, the formalism is expected to
extend to more complicated reductions from (d + M) dimensions. In the twistorial models of
chapters 4 and 5 we are limited in this regard. While in principle we could perform reductions
along two extra dimensions (i.e. coming down from six), we have mentioned that the six di-
mensional models of [85] are not consistent in their present state. One way of circumventing
this issue would be to start with the ten dimensional pure spinor model of [166,167]. Neverthe-
less, in the RNS models it is clear how one should proceed — and in fact we have written the
discussion of §5.3 in a notation that automatically extends to the more general case where «; is

an M —dimensional vector. Reductions from higher dimensions could be either successive cir-

154



CHAPTER 5 - Massive models from symmetry reduction

cle reductions or even more complicated non-abelian patterns dictated by a choice of compact
manifold.

At the level of the formulae one might hope to obtain from new models of this type, the most
appealing feature would be the additional freedom in the assignment of masses. Because we
have seen that symmetry reduction relates masses to charges under a symmetry group of the
original theory, all the formulae we obtained had to satisfy ‘signed mass conservation’. What
we really were saying was that symmetry reduction relates internal momentum to charges, so
that when this is an M dimensional vector its norm is equal to the mass. Charge conservation
constrains each of its components but the norm is overall less constrained. For instance we
could have a massless momentum £ in d dimensions with an internal momentum that has
several non-vanishing components. This allows kinematic configurations with odd numbers
of external massive particles (such as the four-point amplitudes considered in [12]) or even
all massless external kinematics with propagating massive states such as the massive graviton
exchange of [168]. We outline an example in appendix B.6.

As the models stand, we have only performed symmetry reductions along the color and R
symmetry generators. While coming down from more than one dimension we would have the
choice to gauge larger subgroups, we could also explore whether other types of symmetries
could be exploited, for instance to generate massive spin-2 particles. Following this thought
further, we would like to know what is the ‘spectrum’ of theories that we are able to describe
by symmetry reduction and which remain unattainable — together with this should also come

a better understanding of the physical relevance of the theory we can represent.

R-symmetry and double copy In section 5.6 we have presented symmetry reductions per-
formed along the R—symmetry generators in maximally supersymmetric Yang-Mills and grav-
ity. For gauged supergravities obtained as (CSS) symmetry reductions, we have given a novel
form of massive double copy on the worldsheet. Going back to the table 5.4, we have seen
that there is a whole family of left and right pairs for one given supergravity theory and that
the amplitude formula automatically selects one of these pairs on spacetime via the scattering

equations. Looking at this from a different perspective we see that for all the other possible
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pairs we don’t have a way of deriving double copy constructions on spacetime. It seems obvi-
ous that for the pairs that don’t have matching mass spectra there shouldn’t be a valid double
copy but it would be interesting to see if this extends to all discarded pairs.

There is a well established formalism for the construction of gauged supergravities (see
[169] for a review). For further investigations of these theories in the context of the ambitwistor
string, it would be good to make contact with the relevant objects in that description such as

the embedding tensor and the symplectic frame.

Solutions to the polarised scattering equations and Ward identities The amplitude formu-
lae we have derived rely on the polarised scattering equations (5.85). Following our remarks in
chapter 3, we evaluate the integrands on the solutions {0, u;, v; } by first solving the massive
scattering equations (5.50) and then solving the polarised ones on top of those. Finding ana-
lytic solutions becomes a challenging task already at five point. An interesting approach to the
evaluation of formulae that rely on the scattering equations has been developed in [170-172].
It relies on the (computationally costly) construction of a Grobner basis of the ideal generated
by the scattering equations and allows one to evaluate the amplitude formula without the need
to know the individual solutions to the scattering equations. It would be interesting to gain a
better understanding of how this is reflected at the level of the path integral.

The massless polarised scattering equation in four dimensions exhibit a special structure
(see section 2.4.2) whereby solutions are split into MHYV sectors, so that for instance at n—point
and MHYV degree only one solution for {o;} contributes to the MHV amplitude and this can be
evaluated explicitly [173]. For massive particles, even in the case of two massive particles and
n — 2 massless gluons of the same helicity, we can checked numerically that the amplitude has
support on all the (n — 3)! solutions for {o;}.

In recent years several n—point formulae have been derived by BCFW recursion [72,73].
We have seen in 5.5.2 that the supersymmetry of the full superamplitude can be exploited to
obtain Ward identities relating the different component amplitudes. This can be done for any
superamplitude formula and one obtains relations where the coefficients are the polynomials

in the moduli U;;. What is interesting is that we have found a case where we could easily
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solve for one particular coefficient U;; without the need to solve the full system, thus relating
different n—point amplitudes that had previously appeared in the literature [72,162]. We have
hope that further investigation of special configurations could lead to more cases where we can

solve for a subset of coefficients U;; to find more Ward identities.

Loops The two-twistor string also provides an alternative formulation of the massless am-
bitwistor string [83], but in a framework in which a massless field can be deformed to go off-
shell. This allows us to adapt the elegant method of deriving loop amplitudes in [84] via a
gluing operator but now to theories with fermions and supersymmetry such as super Yang-
Mills theory. This construction arises from the vector model of the ambitwistor string, where
it has been shown that loop integrands can be localized on a nodal sphere rather than the torus
that more usually arises in string theory [117,174]. At the level of the worldsheet model, this
nodal structure of loop correlators is realized in the worldsheet CFT as the gluing operator A,
which encodes the propagator of the target-space field theory. One-loop amplitudes then have
two equivalent descriptions; a string-inspired one as correlators on a torus, and an alternative
representation as g = 0 correlators in the presence of a gluing operator. We will extend this

construction to the twistorial models in chapter 6.
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Loops from the gluing operator in four dimensions

Wen and Zhang [175] have recently presented D3 brane loop amplitude formulae derived as
forward limits of M5 brane tree level amplitudes in six dimensions. Starting from the twistorial
formulae of [108] and [2], n—point loop amplitudes in four dimensions were derived from an
(n+2)—point tree level amplitude in six. This procedure was understood in the CHY formalism
[176] as coming from the nodal Riemann sphere description of loop integrands in the RNS
ambitwistor string [117,174]. Whereas loop-level correlators have long been an active field of
research in the RNS ambitwistor string [99,117,174,176-198], progress for the twistorial models
has been rather limited [175,199,200]. The cause for this discrepancy seems to be two-fold; in
the N = 4 (ambi-)twistor string, superconformal gravity states propagating in the loop make
it difficult to extract the ' = 4 super Yang-Mills integrand, whereas for ' = 8 supergravity
the absence of a be-system complicates the calculation of torus correlators [31]. However, the
progress in the RNS ambitwistor string model suggests that both of these difficulties can be
resolved by adopting a different approach, where loop integrands arise from a nodal sphere
rather than a torus in the worldsheet model.

This relies on a property specific to the ambitwistor string models: the one-loop integrands,
in addition to being modular invariant, are fully localized on a loop-level extension of the scat-
tering equations [99]. They can therefore be simplified by a residue theorem on the moduli
space [174], effectively trading one of the scattering equations for a localization on the non-
separating boundary divisor, where the torus degenerates to a nodal sphere. The resulting am-

plitude formule over the nodal sphere are compact, manifestly rational, and can be extended
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from 10d supergravity to a variety of other theories and dimensions [117,176,178]. Moreover,
extensions of this argument remain valid at two loops, recasting the two-loop integrand as a
moduli integral over the two-nodal sphere [185,186].

At the level of the CFT, the simple structure of the loop correlators originates from the
presence of a so-called gluing operator A, which encodes the propagator of the target-space field
theory [84]. As an off-shell object, A cannot be a local operator in the CFT, ! and it contains (in
addition to a genuinely non-local factor) a pair of local operators — corresponding to the off-
shell states of the propagator — inserted at two special points o and o_. If the two marked
points lie on different worldsheets, A functions as a standard tree-level propagator, and can
be used to formulate the BCFW recursion at the level of the underlying CFT [84]. However,
if both o4 lie on the same sphere? the correlators reproduce precisely the one-loop integrand
formulee localized on the nodal sphere. In the ambitwistor string, one-loop integrands can thus
be recovered from g = 0 correlators in the presence of a gluing operator.

Here we propose that many of the issues plaguing the twistorial models at loop level can be
resolved by following this latter strategy of defining a gluing operator and working directly on
the nodal sphere. In an important distinction from the RNS model however, it turns out that the
inherently on-shell nature of the 4d twistorial ambitwistor strings hinders our ability to define
a gluing operator [22,23,31,83].> This can be understood intuitively from the degeneration
from genus one to the nodal sphere: as discussed above, the residue theorem trades one of the
scattering equations for the localization on the nodal sphere, and therefore P? # 0 on the nodal
sphere. At the level of the CFT, this arises from the non-local component of A, which modifies
the effective gauged current from P? to P? — (?w? _. The twistorial models, on the other hand,
solve the constraint P2 = 0, and thus cannot account for the deformations away from P2=0
necessary for the definition of the gluing operator.

The models of chapters 4 and 5 give an alternative massless model in four dimension. Be-

cause it is embedded in higher dimensions, it allows for more degrees of freedom. While all

to be precise, it cannot be local and BRST-invariant, but we’d like to retain the latter
2corresponding to a non-separating boundary divisor of the genus-one moduli space
*Here, we mean by ‘on-shell’ that the constraint P? = 0, which is gauged in the RNS ambitwistor string, is

explicitly solved in the twistor models, with Poa = AaAa.
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external particles remain on-shell in 4d, we will see that this introduces enough ‘off-shell” as-
pects into the model to allow for a gluing operator to be defined in close analogy with [84]. We
begin this chapter by discussing the action for the massless worldsheet model, its origin from
the massive model in §5.4.2, and its relation to the familiar 4d ambitwistor string. The extra
currents in this model play an important role in the construction of the gluing operator, and we
highlight the differences and similarities to Agrns of [84]. We conclude by calculating n-point

correlators involving A, which give rise to the twistorial one-loop integrand formulee of [175].

6.1 The model

Let us first introduce an ambitwistor worldsheet model that (i) agrees with the familar 4d am-
bitwistor string models for tree-level correlators involving only vertex operators and (ii) allows
for the definition of a gluing operator, i.e. contains gauged currents that allow for deforma-
tions with P2 # 0. One way of achieving this in the twistorial models is to reduce a higher-
dimensional model (e.g. the 5d worldsheet model of [85]) and dimensionally reducing it to 4d.
While in these models P? = 0 is still solved exactly, the 4d part Py can now satisfy P2, # 0.
Equivalently, we may start with the massive model of section 5.4.2, but restrict to the massless

case where j = 0. This gives the action:
Sta = / 2% 020+ A2 2P+ AN+ AN + S,y (6.1)
>

where Z are as before the equivalent of the Dirac supertwistors ) = (A4, u, n) we considered
in the models of [5]. That this reduces the target space to A4 is intuitively clear from the mass
relations (4.6). In appendix C we show this by explicit integration of the additional degrees of
freedom in the path integral.

We also include the same worldsheet matter S, as in the massive case, with
SsM =5, +8;, SE? =G, 4 S, (6.2)

where S; is a current algebra, and S, lifts the worldsheet gauge algebra to a super gauge alge-
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bra, which can be identified as sly x H(0, 2p), where H is the Heisenberg Lie superalgebra, and
p = 1 for super Yang-Mills and p = 2 for supergravity respectively.
Since the model (6.1) is a special case of the massive model discussed in the previous section,

it is clear that the BRST gauge-fixing is only modified trivially so that:

Q = Qm (63)

jH=j"=0

The anomaly counting is also unaffected by taking j = 77 =0, so we still have

3
YM sugra
g = ~ (4— N, Os(2) =

: (8—N), (6.4)

= w

for the gauge-theory and gravity models respectively, and the SL(2) gauge anomaly vanishes

for maximal supersymmetry. The models also maintain the same central charges,
M= 32+ N +¢j, U = 20 + N . (6.5)

As in the massive case, the models are therefore critical if we include the central charge from
six compactified dimensions, as well as a current algebra of central charge ¢; = 16 for super

Yang-Mills.

Vertex operators and tree-level correlators. As before, the vertex operators take the form

(5.68). Because we take j = 0, the BRST cohomology only contains massless states
gy only
Qo V(c;) D (Ak?* + AR*) V(o) = 0, (6.6)

which is reflected in the delta functions produced by the picture changing operators as in (5.78).

Tree-level correlators take the form:

Ao =TT 82 [ i 2,7 (67)
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These are trivial dimensional reductions of the six and five dimensional formulae to four di-
mensional massless kinematics: in chapter 2 they have been shown to agree with the famil-
iar amplitudes in maximal super Yang-Mills and maximal supergravity, as obtained from the

twistor or ambitwistor string.

6.2 Gluing operator

While the 4d ambitwistor string and the worldsheet model (6.1) are equivalent at tree-level, a
gluing operator may readily be defined in the latter, but not the former. The reason for this
is that the gluing operator plays the role of a target-space propagator, and is therefore an in-
herently off-shell object. The constraint P? = 0 is solved rather than gauged in the original
twistorial models, thus preventing any deformation that leads to P? = 0. For SY, on the other
hand, P, is reduced from six to four dimensions via the gauged currents A2 and A2, so a non-
local operator can lead to P2, # 0 by deforming them.

We may also see the need for a non-local operator from a different perspective, as stressed
in [84]: since the propagator is off-shell, the gluing operator cannot both be local and BRST
invariant. We will follow the approach of ref. [84], and construct the gluing operator as a non-

local, but BRST invariant object. We thus require that the gluing operator A:

(i) encodes a target-space propagator, i.e. includes two local operators O, which are exten-
sions of the vertex operators V' to off-shell momentum +/, as well as the appropriate sum

over states
(ii) is BRST invariant.

From these requirements, we write the following general form of the gluing operator (c.f. [84]),

oo = [ W) Y 0000 (0. 68)
states

For the operators O, we will need two off-shell, back-to-back momenta +¢, which we parametrize
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in the massive spinor-helicity formalism as*

bog = (/{'—Q—a’%—i-d) ) —Lag = (Kf—a’%—d) ) H'(iA = (_1)(1/{'?}-;17 (69)
where the mass parameter M, =: L is defined as usual via
=17, det(ry) = £L. (6.10)

We may then define the operators O as the (trivial) extension of the vertex operators V' to an
off-shell momentum,

OL=V . (6.11)
k—+/l

While this is enough to satisfy condition (i) above, other choices of O1 may in principle be
possible that also satisfy O | +op = V. We will verify below that for the choice (6.11), there

exists a W such that the gluing operator A is BRST-invariant. To be explicit, this gives
Oi(oy) = /dQu d?v 5 ((urs) — (VE+4)) 6 ((exv) — 1) w ette (W1 eeatar m™®) =5 (Ev)at (6.12)

The sum over states depends on the model in question. For both super Yang-Mills and super-
gravity, it will be convenient to take (e e_) = 1. For the S, matter system, the sum over states
can then conveniently be performed by a fermionic integral over the supermomenta ¢+ of the
propagating particle, whereas for the current algebra S; the colour-flow through the propaga-

tor takes the form d4,. For super Yang-Mills, we thus have

S 04 (0:)0(0-) = / g 4V bap OL(04)0° (o) €0, (6.13)

states

and similarly for supergravity.
At this stage, it is easy to verify explicitly that the operator (6.13) is not BRST-closed due to
the off-shell momentum /. The failure to be BRST-closed must be compensated by the operator

W(o4,0-) in (6.8), which is therefore genuinely non-local. Using the BRST-closure to define

*To be explicit, the last equation implies that we use the following convenient choice for the relation between the
spinors of the back-to-back momenta: «° , = k%, and k! , = —xl 4.
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W, we find

W(oy,0-) =exp <:I:/Z(LA + L A) w+> , (6.14)

where w;; is the differential with simple poles at the marked points, w;; = i oij d7 Let us

o—oi)(o—0j)"
see explicitly that this achieves the objective, and that A is now in the BRST cohomology. Since
W depends on the gauge fields A and A, it modifies the BRST operator to an effective BRST
operator Q.g. After BRST quantization and integrating out the gauge fields in the presence of

the gluing operator, this effective BRST operator takes the form®
Qeft O ch+u(A2—Lw+_) —|—D<:\2—Lw+_) , (6.15)

where we have only given the currents affected by the presence of . We see that the effective

BRST operator contains precisely the correct terms to render the gluing operator BRST-closed,

Qw0 A =0. (6.16)

6.3 One-loop amplitudes

Having constructed the gluing operator A as the BRST-closed operator encoding the propaga-
tor, we can now calculate loop amplitudes (here for super Yang-Mills) as correlators including

A on a single Riemann sphere:

[ ey o= [ @enovie) e 617)
M1,n

Mo, n+2

As proposed in [84] for the RNS ambitwistor string, this will calculate one-loop amplitudes. We
will see that the expressions precisely match the one-loop amplitudes obtained in [175] from a
back-to-back forward limit of the 6d spinorial amplitude formulee.

From the form of the gluing operator in the previous section we can write the amplitude

>The calculation here mirrors [84] closely, and many additional details can be found there.
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(6.17) as:

4 .

Mo, n+t2

W(o4,0-)oa (Vi (01) -+ Vi () OF (04) O () ).

(6.18)
Here the factor W (o, 0_) acts as we described in the previous section to provide an effective
‘mass term’ for punctures o+ associated with the on-shell momentum. Then the correlator is
computed as an (n + 2)—point correlator with two off-shell particles with back-to-back mo-
menta. This formula is an analogue of the ones we derived for tree level scattering in the
previous chapter, with adjacent particles + in the color-ordering because of the sum over states

dictated by the gluing operator. Because of the special kinematic configuration involved, the

scattering equation and the spin 1 integrand can be simplified as follows.

Polarized scattering equations. We embed the spinors x4 and £+ as usual into 6d kinematics
k% 4, so that the 4D part of the loop momentum ¢ is now off-shell, c.f. (6.10). Similarly, we

embed the external momenta (massless in 4D) via
= (Ra,0) , (6.19)
and 4D polarization data can be incorporated naturally via

€ia = (0,-1) i€ —, €pa = (1,0) pe+, (6.20)

corresponding to the usual =+ helicity eigenstates. In particular, this implies that

€' = (€ Ky') = K &= (6, RY) =0 i€ —, (6.21a)

€ := (epky) =0 & = (epiiy) = iy pE+. (6.21b)

As in 6D, the polarized scattering equations for any particle i € {1,2,...,n,+,—} are then
given by

Eia = (Uira(07)) — (Vikia) Eia = (uiha(07)) — (vikia) - (6.22)
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where, as before, \ and ) are defined by

ule; uler,  ule_g
(o) = i + , 6.23a
a(0) _§0—01+0—0++0—0 ( )
(2 —

~ n ua€ X ac & (i~—d
N(o)= Y rre Mitre | MoCa (6.23b)
oc—0p O—04 O—0_
pEhy
Here, we have used that half the €’s vanish, (6.21), and wlog, we can choose the polarization of

the loop momentum to be

€ra=(1,0),  e_q=(0,1), (6.24)
i.e. in the conventions of [175]:
€} = (e k) = kY €} = (e k) = kY for +4¢, (6.25a)
€ = (- k) = k" = —kY & = (e_ kY) = kY = -k ¢! for —¢. (6.25b)
This implies in particular that we can express the loop momentum /¢ as
0% = (RYRY) = €} — €1 er . (6.26)

Integrands. The only non-trivial part comes from det’H, which we can simplify in this one-

loop set-up. With data as above, H is given by

[€péq]
Hpq:ng_q: pr-q

Hy =0 (6.27a)
Oij Opq

H’L:I: = <€i€i> Hp:l: — @ , (6'27b)
Oit Op+

Here, we take i, 7 € h_ and p, ¢ € hy. We have the freedom to define the reduced determinant

by removing the &+ rows and columns from H. With this choice, the resulting determinant is

block-diagonal, and the result has the appealing form

TS 1 + -
det'H = m det H[+_] = m det H™ det H s (628)
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reminiscent of tree-level. Indeed, this form makes it obvious that the integrand behaves cor-
rectly on a single cut.
Putting everything together, we can write the loop amplitude (6.18) as:

de : 1
Al=loop / 7 qu+ N g_ela+a- / duﬁciQm det H" det H PT(a, 04,0 ) eV |

where the polarisation measure is familiar from the six-dimensional tree level formulae, with
the polarised scattering equations as described above. A similar expression can be found for

supergravity and both agree with the formulae presented in [175].

6.4 Comparison to the gluing operator in the RNS ambitwistor string

In section 6.2, we constructed the gluing operator Ay, following the same guiding principles
used for Agng in ref. [84]; both are built from two local operators that trivially extend the vertex
operators off-shell, and are BRST-closed. In this section, we compare the two gluing operators,
and discuss similarities and differences. As we will see below in more detail, Agrng can be
constructed directly in the 10d model, but requires the constraint P? to be gauged rather than
solved, and thus does not exist in spinorial models. For clarity, we will compare the two gluing
operators in the RNS model reduced to d < 10, where both constructions are well-defined and
lead to equivalent gluing operators.
Agns : Let us start by reviewing briefly the gluing operator Arns as constructed in [84].
Following the same motivation as given above, the gluing operator takes the form
Bs(ors o) = [ G W00 3 04e4)0- (), (629

states

where O are again off-shell extensions of the vertex operator, obtained by replacing the on-

shell momentum k by the off-shell £/ respectively as in (6.11). ® In the RNS ambitwistor string,

For the bi-adjoint scalar Oi‘f =ccj ‘ljd e, with the sum over states implemented via A, ,; = 0ab0,;-
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BRST invariance requires W to be the following Wilson-line-like operator,

2o
Wrns(o4,0-) = exp <2/ ewi_) . (6.30)
x

After BRST quantization, this leads to an effective BRST operator of the form
Qot = 7{ eT + g (P* = Puw? ). (6.31)

Note that this operator is well-defined in D = 10 dimensions, and no dimensional reduction
has been necessary in its derivation. As discussed in the beginning of the section, this reflects
that in the RNS ambitwistor string, P? = 0 is a gauged constraint, which can be deformed by
the Wilson-line-like operator 1.

In order to compare Agns to the gluing operator in the twistorial model, we reduce it to
4d. Due to the absence of non-trivial winding modes, the toroidal compactification is trivial
in the RNS ambitwistor string [117], and the formula (6.29) remains valid, but with the loop

momentum ¢4 reduced to 4d. This extends straightforwardly to the BRST operator:
¢
QU = j’{ T+ (ngd) - 6(24d>wi_) . (6.32)

Ayq : It is helpful to transpose the construction of the last section from the twistorial to the
RNS model. In analogy with (6.1), we toroidally compactify five dimensions, and gauge the

reduction from 5d to 4d by including the following term in the action,
SD/aP-Q. (6.33)
b

Here € is the vector pointing in the ‘fifth” dimension, and the constraint both restricts tangent
vectors to 4d and identifies different parallel 4-planes as explained in §2.4.5. While we may still
define W as in (6.30), we can now alternatively achieve BRST invariance of the gluing operator
by taking

Witls(os,0-) =exp (1] L awa ) (634)
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This is the RNS equivalent of W4 in the twistorial model. Note that in contrast to Wrys, this
construction is only possible when dimensionally reducing to D < 10. On the other hand, it
has the advantage of being applicable in models where the P? = 0 constraint is solved rather
than gauged, as we have seen explicitly in the preceding section.

Despite the slightly differing constructions, both gluing operators give the same effective

BRST operator after quantization;
¢ ¢
QY = j{ T+ 5Py = 7{ T+ (P@d) - e@d)wi,) . (6.35)

In the second equality, we have integrated out the gauge field a to find P - Q = |{(44)|w;—, as

dictated by the inclusion of the effective term in (6.34).

6.5 Discussion

In this chapter we have shown that the formalism that we developed in chapter 5 gives an
alternative massless model for the ambitwistor string in four dimensions, which can be used to
derive loop amplitudes via a gluing operator. The construction makes clear that the model (6.1)
can only encode nodal operators at one and two loops. This can be seen from comparison to the
Q-cut formalism [180], where D-dimensional linearized loop propagators arise from massless
propagators in (D + g) dimensions, where g is the loop level. To be able to replicate the linear
propagators via a gluing operator, the model similarly needs to start in D + g dimensions.
Because the models (6.1) should be considered to come down from five dimensions rather
than six, as discussed in the previous chapters, we don’t expect this description to hold at
two loops. Even in the RNS ambitwistor string, the nodal operator has currently only been
formulated at one loop, with important new features appearing at two loops [185,186]. As

such, any discussion of loops beyond ¢g = 1 is beyond the scope of this thesis.
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APPENDIX A

Mathematical toolbox

This appendix is meant to clarify some mathematical language that is employed throughout
the thesis. The aim is not to give rigorous definitions and it is not intended for an audience
of mathematicians but it might result useful to the reader who is unfamiliar with the subject
in order to understand various notations. Excellent discussions of the material of the first two

paragraphs can be found in [201].

Complex projective spaces Complex projective space CP" is the space of complex lines through
the origin in C"!:

CcP" = (C**'\{0}) / C*, (A1)

with the action of C* defined as:
[Xo,Xl...,Xn] ~ [)\Xo,)\Xl,)\Xn] )\G(C*, (AZ)

thus identifying non-zero multiples in C"*1. The coordinates {X;} are called homogeneous coor-

dinates.

Line bundles on complex projective spaces Throughout the thesis we will be interested in
many examples of complex projective spaces. Both twistor and ambitwistor space are projec-
tive spaces and so is the worldsheet, the compact Riemann surface that describes the embed-
ding of the string in its target space. We want to describe objects that live on these spaces,

namely ‘functions’ of their coordinates that are projectively well defined. This requires us to
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consider, rather than maps from a projective space X to C, maps into line bundles over X. These
are complex vector bundles with one-dimensional fibers and holomorphic transition functions.
Over CP", the most natural line bundle to construct is the tautological line bundle J, whose
fiber over a point is the line it represents in C"*! as in (A.1). More generally, line bundles
over CP" are classified according to their transition functions as powers of the tautological line
bundle J and its dual, the hyperplane line bundle H. We get lots of other bundles by taking
powers of J and H, with J¢ and H? having transitions functions that are dth powers of the
transition functions for J and H. The tautological line bundle has inverse transition functions
with respect to H so J = H~! and we can label line bundles by positive or negative dth powers
of H, often written Ocpn (d). Their global sections are homogeneous polynomials of degree d.
An important line bundle we will often consider is the canonical line bundle Kcpr. This
is the (holomorphic) line bundle of holomorphic (n,0)—forms on CP". On %, these are holo-
morphic (1,0)—forms and we identify Ky, with the (one-dimensional) cotangent bundle T3,
with negative powers of the canonical bundle indicating powers of the tangent bundle 7%.. The

canonical bundle Ky is the line bundle Ox(—2).

Conformal Field Theory Ambitwistor strings are two-dimensional CFTs. Their actions are
expressed in terms of fields on a closed Riemann surface that we refer to as the worldsheet.
The (primary) fields are characterised by their statistics and conformal weight.! This is a pair
of half-integer indices (h, h) that label the field’s behaviour under two-dimensional confor-
mal transformations. Because in two dimensions conformal transformations are equivalent to
holomorphic coordinate transformations, we can identify the conformal weight with the form
degree. This implies that we take fields ®(o) to be valued in powers of the holomorphic and

antiholomorphic canonical line bundles:

d e QS Ko KL). (A.3)

"We also often refer to the sections of line bundles Ox (d) as having ‘weight’ d in the projective scale of X.
It should always be clear from the context what weight we are referring to but if not specified it is usually the
conformal weight.
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The CFTs that we encounter in the ambitwistor string are chiral CFTs: these are free theories
described by the bc—system for anticommuting fields and by the Sy—system for commuting
fields. We describe the two systems jointly as a BC'—system, using ¢ = =£1 to keep track of
bosonic/fermionic statistics. This discussion is standard in string theory and CFT textbooks
such as [202], here we only list the main properties of these systems that we use throughout the

thesis. The action of the chiral CFT in conformal gauge is:

gL / d*2BoC, (A.4)
2m
The fields have weights:
B ~ (h,0) C ~ (1-nh,0), (A.5)
and OPEs:
1 €
B(w) ~ B ~ — )
C2)Blw) ~ —— (Cw) ~ ———, (A6)

Noether’s theorem gives the holomorphic stress energy tensor:
T =—-hBoC + (1 —-h)(0B)C, (A7)
The central charge is twice the coefficient of the fourth order pole in the OPE T'(z)T'(w):
¢ = 2¢(6h* — 6h + 1) (A.8)
The Riemann-Roch theorem implies that the number of zero modes at genus g for the two fields

is given by:

nc—npg=(2h-1)(1-g), (A9)

for the minimal total number of zero modes.
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Symmetry reductions

This appendix contains a collection of diverse material in support of chapter 5.

B.1 Factorization of the trace structure

Consider only one SU (V) ordering:
Ap =) Tr[T%0 .. T% 0] Ay (a(1) - - a(n)) . (B.1)

In the limit K7 — 0 the color ordered amplitude A, (a(1) - - - «(n)) has a non vanishing residue
on the pole K; 2 only if the labels in the subset I C {i}7} are consecutive in the ordering . If
we split the indices as {1,..n} = TUT = {k}‘kil u{l }Ey we can write the total amplitude A,

in the limit K7 — 0 as:

K%'An N ZTr[T“ﬁ(’”) o BRI pasay) ...Tavaﬁv]AlI'H(ﬁ(kl) .. .B(kUII))AﬁJFH([»Y(ll) .. .fy(lm)) ,
By
(B.2)
where I is the particle propagating on the internal leg going on shell. We can use the complete-

ness relation of SU(N) to factorize the trace structure:

T[T 7] = > T[T T T[T T + %Tr[T“ﬂ]Tr[T‘”] : (B.3)

ar
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where we have used the shorthand notation Tr[T%] = Tr[T®®0 ... T*?*1)]. The first term

gives the correct term for the factorization of the amplitude:
K7 - Ay = A Ag), (B.4)

so it remains to show that the second term vanishes when summed over all permutations £, v,
ie.

S T[T T Ay (B(k) - Bk D Ay (1) - () = 0. (B.5)
By

In order to show this, let us recall that the color-ordered amplitudes are cyclic and they obey

the U(1) decoupling identity:
Apll,2,...n)+ Anf2,1,...n] + -+ A,]2,3,...n—1,1,n] =0 = A,[Cycles{2,...n},1]. (B.6)

We can split the sum over permutations 3 of the labels in I into permutations 3 of all labels in T

but k; which we choose to fix combined with a sum over cycles of {k;, 5} for a given ordering

B:

Z >y (B.7)

B Cycles{k1 ,B}

Because of the ciclicity of the trace we have:

ZTY VA (Bky) - Bk D)) = > T[T T%] Y~ A (kiBl)=0.  (BS)
B

Cycles{k1 ,/5’}

B.2 Invariance argument

In showing the consistency of the factorization channels in the reduced theory, we have in-
voked the invariance of the scattering amplitudes under the action of the group G to claim
that the sum of the charges of all the particles involved in the process should vanish. Here we

review how the invariance of the theory provides the argument generalising (5.40).
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Let us write a generic n—point amplitude as:

A = (@77 - 277 5]0) .

The transformed amplitude under the action of an element of the Cartan subgroup:

A = (@ @/Rn\s/|o>
rank(g rank(g

(1 + ( ZZH et (14 ( ZZH )@ 510)
To first order in I:
A = A+ A (@R B S|0) + - 4 (@F . el 5)0) .
By the definition taken in (5.48):
A=A+ (hy + -+ hy) (@F .. 0 S)0) .
Then invariance of the amplitude A = A" implies

0= (hy+ -+ hy)(®F ... |5|0).

(B.9)

(B.10)

(B.11)

(B.12)

(B.13)

So that for all non vanishing amplitudes the internal momenta of the particles defined as (5.48)

involved sum up to zero.

B.3 Scalars in maximal SYM in five and four dimensions

In this appendix we describe the representations of scalars in maximal super Yang Mills upon

reduction from 10 dimensions. When reducing this theory from 10 to d dimensions, the [ =

10 — d extra components of the connection are reduced to I real scalars fields {®,}!_,. The

theory is invariant under rotations of the scalars, i.e. these transform in the fundamental rep-

resentation of SO(/) R-symmetry transformations. We can alternatively write these scalars in
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terms of representations of the spin covering group Spin(l).

In four dimensions we have Spin(6) ~ SU(4) and the 6 scalars transform in the antisymmetric

tensor ®;; = —P ;7 (I,J = 1,...4), satisfying the self-duality condition x® = of, with:

1
(x®)!7 = 5e”KL<1>KL. (B.14)

We can construct such a representation from {®%}5_, as follows. We label the six components

D = (¢!, 2, 9%, ', $2, $°) and construct ®; ; via:

Dpn = €mnp(O° — i) s = b+ idm  mun=1,2,3. (B.15)

In five dimensions Spin(5) ~ Sp(4) and we can use Euclidean gamma matrices to relate the

fundamental of SO(5) to the antisymmetric tensor of Sp(4):
o = (TY70,. (B.16)

Sp(4) indices are raised and lowered via the matrix Q7 ;.

B.4 The Coulomb Branch as a symmetry reduction from the Lagrangian

In this picture, mass terms for the Coulomb branch arise in the symmetry reduction from the
kinetic terms in the action of N = 2 SYM:

5 1 mn 1 i YMFJ

S= [ &xTr[— = Fpp F™" — §Dm<I>JD dJ

(B.17)
+

=

; 7 = 1- ,
@9, @42 + ST () E D Wy — ST [0, War]

where m runs from 0 to 4 and i runs from 1 to 5. v and I are respectively Lorentzian and

Euclidean gamma matrices in five dimensions. The spinors result from the reduction of the 16,
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representation of SO(1,9) which decomposes under the subalgebrae SO(1,4) x SO(5) as
16, — (4,4) : o4, (B.18)

where the 4 is the fundamental of Sp(4) ~ SO(5). They are subject to a Majorana condition.

One can easily check that the condition:
0a(Ay, @1, W) = [H, (A, @', W))], (B.19)

produces equivalent masses to the ones generated by vev’d scalars in NV = 4 SYM.

B.5 R-symmetry reduction

In this appendix we describe the R-symmetry reduction of maximal super Yang-Mills from five
to four dimensions at the level of the lagrangian. We begin expanding the kinetic terms under

(5.120). Starting with the field strength:
Fon F"" = F,, F*" +2D,¢D" ¢, (B.20)

with ¢ = A4. This is the kinetic term for a four dimensional vector plus the kinetic term for an

extra scalar. The kinetic term for the scalars ®; is:

1 ) )
aquﬂquﬂ = Dp®;;D"®! =D, &, ;DI + H[Jy@J]MH}iq)J]P — iHy ® [, @)
— i, @1 Hy @M — (6, 1[0, 81

(B.21)

Here we have the kinetic term for the 5 scalars in four dimensions, a mass term for the 5d
scalars, a cubic and a quartic interaction term between the 5d scalars and the extra scalar ¢.

Now the kinetic term for the fermions:

A (Y ED, U = UM (v 3D, gy + H O (/1 30y — i (MR (6, Up1],  (B22)
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corresponding to the four dimensional kinetic term, mass terms for the spinors and a Yukawa
interaction term between the spinors and the extra scalar coming out of the vector.

However, the fermions here are still in the spinor representation of SO(1, 4), whereas we’d
like to write these as spinors in four dimensions. First, let’s remind ourselves that the original

10—dimensional Weyl spinors obey a Majorana condition:
vio=",. (B.23)

This condition reads

U4, CHPQN = 9 () fo] = 087 (B.24)

for spinors in 5 spacetime dimensions. Now we want to further bring this down to four di-
mensions. We need make a choice for the 4d gamma matrices in terms of the five dimensional
ones, and in particular we will do that so that the charge conjugation matrix is the same as the
five dimensional one. This is possible because both in 4 and 5 dimensions the C-matrix is an-
tisymmetric. However in five dimensions the C-matrix is C_, i.e. the five dimensional gamma
matrices have the following symmetry:

CraCl =+  a=0,...4. (B.25)

«

In four dimensions there are in principle two choices for the C-matrix but only C is compatible
with the Majorana condition, so that the symmetry property of gamma matrices in this basis

differs in four and five dimensions:
CG,C'=-G, pu=0,...3. (B.26)

On the other hand the chiral matrix G5 = iGy - - - G3 in four dimensions has the same symmetry
properties as the five dimensional gamma matrices so we can take G5 = 74. Then for the other

four dimensional gamma matrices it’s easy to verify that GG, = —iv,4 satisfy (B.26).
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We can further choose to write the four dimensional gamma matrices in the Weyl basis:

G, = Gy = . (B.27)

In this basis the charge conjugation matrix can be written

09 0
C =iGyGy = —i . (B.28)

0 —oo

The Majorana condition (B.24) can then be written:
W4, CABQN = 997 (G5)E (B.29)
or equivalently

. — — * * 0 02 *
U =iC -Gy TGy T = —(Go-Ga- G5 -Go)ac - Vi, Qg1 = U0y, (B.30)

g9 0
AC

where we kept the notation A, ... for the four dimensional Dirac spinor indices. We can further

look at the condition on the projected left and right components of the fermion:

0 o2 1+G . 1¥G 0 o2 .
(5 )W) r = (—5)4 (Wp.5)* Qs
oo 0 o2 0 (B.31)
AC BD
1FxG
=(— )3 pr,
So we have:
‘IIR/L;I - O—Q\IIE/R;JQJI . (B32)

Now the mass term for the fermions reads:

H{OA(Gs) BV gy = —iH{ O W g - 09 - Opy — iHI QK Wy 00 - Upy 533
= i H{OK (Upp 00Uy — Uk 00 W QN g) s
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in terms of Majorana spinors in four dimensions ¥; = (x; o2x5€s Nt

If we write out the scalar mass terms explicitly we find:

1
iH[JA‘,/[(I)J]MHg(I)J]P = (I>12<I>12(m1+m2)2+<1>13<1>13(m1—m2)2—|—<1>24q)24(m1—m2)2+<I>34<I>34(m1+m2)2,
(B.34)

whereas for the spinors we simply have:

H{OM W g 00 - Upy=—my(Vpy 09Uy +Upg-09- V) (B.35)

+mo(Yro- 09 - Vg + Vg 02 Vra),

and similarly for the conjugate term.
Overall the lagrangian describes one massless vector A,, two massless scalars ¢, ®14, four
massive scalars and four massive Majorana fermions:

1

1 i
S = /d% Tr = S Fu F™ — 5D,u6D"6 - %D,@UD“@” + %\IfAf(ym)ﬁqufo

1 *
+ §H}]QKI(\I’LK co Wy — V02 VINQuk QN )
«
- §H[J}4<I>J]MHJLI<I>J]P
1 ) (B.36)
- Q‘T’AI(F])ﬁ@jv Vak] — §@AI(G5)§[¢7 V]
a. o
+ 51H§4¢J}M[¢, 1) + Filo, o, HYL &M

+ gqﬂ, &P + S 1slo, 2]

B.6 Massive amplitudes with a single massive particle

Performing a symmetry reduction along several higher dimensions allows for the presence of
massless particles with non vanishing internal momenum. In this section we will illustrate
how, starting from a theory of massless particles in six dimensions with signature (2, 4), we can
perform a symmetry reduction along two null directions. We will detail the procedure in the
simple case of the biadjoint scalar theory in six dimensions.

It is instructive to start with an example of an amplitude we would wish to construct: a
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four point amplitude with one massive particle and three massless paricles. This case is simple
enough that we can assign by hand values of internal momenta to each of the particles in such

a way that internal momenum is conserved and each particle has the desired mass:
K1 = (k?l,li,ili) KQ = (kg,li, —ili) K3 = <k3,0,0) K4 = (k4,2/€,0) . (B37)

It is easy to see that for this assignment of kinematic data, with k; four dimensional momenta
summing to zero, the full six dimensional momentum is conserved and particles 1,2 and 3 are
massless whereas particle 4 is massive.

We can accomplish this configuration of masses by picking two elements in a Cartan of the

group G, under which the original theory is invariant, and assign masses as:
Oyb=mH -® O ®=mH, ®, (B.38)

where:

9, =(0,0,0,0,1,1)-9  d_=(0,0,0,0,1,—1)-9. (B.39)

In the case of the biadjoint scalar theory, we write:
040 = mHP" + mHP®  0_¢" = mH " + A, (B.40)

where h;, h; are elements of the Cartan of the groups SU(N), SU(N). This assigns values to the

internal momentum (here taking m = 0):

K3 m(hi + h
i (hi 5) ’ (B.A1)
K3 m(hi — h3)
where the notation is in line with sections 5.3-5.2.2.
For instance, in the case N = N = 3, we can take:
Hy = diag(1,-1,0)  H, = (0,1,—1), (B.42)
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in the fundamental representation, and H{*d- & = [H, ®]. It's easy to see we can give rise to the
internal momenta given above for the four point amplitudes with these assignment of charges.

It is clear that in order to perform this construction we need a Lie group whose Cartan
subalgebra has at least dimension 2. When performing this type of reduction on V' = (1,1)
SYM in six dimensions, we can obtain more general patterns of symmetry breaking U(N) —

U(N1) x U(N3) x U(N — N1 — N2) on the Coulomb branch of N' = 4 SYM.
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Embedding of the massless models

We want to show here that the massless model (6.1) that we introduced to describe loops is

equivalent to the massless models presented in [83].

We start with the action:
- _ a -~
S = /()\“ SOl 4+ - AN ey + %)\2 + §>\2 + Agp A\ - 1l + S,y
by
The kinetic term can be expanded as:

(M%) — (N2OpY) + (B'0N%) — (BPON) + [N OE®] — [N2Ip'] + [ ON?) — [5°9NT].

Aot =Y + N ]
N =) + [N

A Nt =) + NP (Y 4 [P
Integrating out the fields a, a fixes:
Ab=tx2 M =132,
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More precisely, this is how we integrate out the constraints. We can expand both A} and
A4 as:

1 _ @ \2 b
o= gt T g

and similarly for the tilded version. Here ¢ is some auxiliary spinor orthogonal to A%. Then we

£, (C9)

make a change of variables from A}, to a, b. The jacobian is —1. Then the path integral is:

/DA&(S(()JV))(---) —>/Dan6(b)(---) —>/<)\2§>DtDb5(b)(---). (C.10)

We can further perform the change a — t = O\%‘Q‘g), with jacobian (A\2¢). We can replace every-

where A\! = t)\? — Q—%f and enforce the delta function b = 0. The kinetic term then reads:

ENRO2) — (N2D) 4 (2 OX2) {2 ON)— D 2 N HN2 D)~ [N |+ [ DX~ T[> DX~ DT[}2X2) —

This suggests the field redefinition:

P2 =tE (C.11)
=t (C.12)
A2 =202 (C.13)

Which modifies the kinetic term to:

(POR®) + 420( ) (%) — (WPOR) — 7300 3) (V") + (310N%) + 2 0(t %) (i X?)
—(EPON7) — 202 (i2X°) — 71Ot A)
— (O) — (R0 + (110X) — (PON) = St IOH(ORE) — (72A%) = 2(20%) + (NP} + (%))

= (N0 — (NOp") + (1 ON?) = (10N%)

The transformation has determinant 1.

In order to check if the ¢ and ¢ path integrals decouple, one also needs to see how the
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remaining gauge currents behave under the field redefinition:

T = (NN + ] = e + N (C.14)
T2 = (V) + [N?) = 7O + 0 (C15)
T = ) + NP 4 (Y + Pl = O32) + [V + (01 + [W2e'] (Ce)

One can then rewrite the gauge fields:

a+B+vy= A +==-A; at + Bt = —Asg, (C17)

| 2

=™

so that the corresponding contribution to the action is:

a(J"? - ;J” —8J%) + B(J"? - %J” —tJ7?) +~J", (C.18)
with
1 - t—1t, . 9,-
Jo=J? - ?J“ —1J* = (7)@2@2 —tih)), (C.19)
JP— 12 _ %J“ g2 = (%)W(t;ﬁ AN (C.20)
TV =T = (V%) + (NP + (R + V], (C.21)
The determinant of this transformation is | 8(2’27)| = (tftzg”{). We can also rescale o = ttf{a
_ tt : : t—t)2
and ' = ;== 3, with determinant —(*=)*.
One can then integrate out the fields o’ and /', enforcing;:
S((N(ER* — i), (C22)
O\ (tp* — Tu)]), (C23)

We can first define (%) = ta? — ti', (u?)' = tu? — tp' with determinant # (notice that

this change should be carried out in the rest of the action too but we’ll do that below). Then
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decompose 12, i on a basis (A2, ¢) and tilded as we did for Al

a/\2_b

o = Tagr ™~ Tag (€29

Then the path integral is:
| DR DRSNS () > [ DaDbs()DeDSaf(+) > [ (PEDmDRDIDFSEY+)
We can then replace everywhere:

¢
02 =pt +m/a?, (C.25)

= E,ul + 022, (C.26)

and further multiply by ¢ for m,n — m/n’.

The kinetic terms become:

(N2OR®) — (NOp') + (R'ON%) — (FPON?) + [N20p?] — [N0p'] + [ ON?] — [w*0N?] =
t—t

= (D01 — (110N%) + D) (W21 + (-

And the remaining current:

t+1

72 = (e (e, €27

Let us write (note that this is just notation, not a change of variables):

t—t _t+t t—t _t+t
y=-— g=— 2= E= (C.28)
So that:
-t = -t = t+t g z
ob—dy ol-—p, EL_YV__Z (C.29)
i t t—t y 2
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Then we can write the kinetic terms:
((NO(yii")) — ((yir")ON®) + [N20(zph)] — [(2p")ON?]. (C.30)

And the current:

g + 2N (C31)

_ - 1. y4
pt =zt gty v%%vz—gv. (C32)
Overall we obtain the effective action:
ST = / (NOp') — (' ON?) + [N0p'] — [ ONT + (V") + W' N]),  (C33)
)

which is the original action for massive models in four dimensions, with Z = (A%, u!) and
W = (', A?). The determinant is:
~9mo 1
(PPN = (C.34)

188



Bibliography

[1] Y. Geyer and L. Mason, Polarized Scattering Equations for 6D Superamplitudes, Phys. Rev.
Lett. 122 (2019) 101601, [1812.05548].

[2] G. Albonico, Y. Geyer and L. Mason, Recursion and worldsheet formulae for 6d
superamplitudes, [HEP 08 (2020) 066, [2001.05928].

[3] L. Dolan and P. Goddard, Proof of the Formula of Cachazo, He and Yuan for Yang-Mills Tree
Amplitudes in Arbitrary Dimension, JHEP 1405 (2014) 010, [1311.5200].

[4] S. G. Naculich, Amplitudes for massive vector and scalar bosons in spontaneously-broken gauge
theory from the CHY representation, JHEP 09 (2015) 122, [1506.06134].

[5] G. Albonico, Y. Geyer and L. Mason, From Twistor-Particle Models to Massive Amplitudes,
SIGMA 18 (2022) 045,[2203.08087].

[6] S.].Parke and T. R. Taylor, An Amplitude for n Gluon Scattering, Phys. Rev. Lett. 56 (1986)
2459.

[7] N. Arkani-Hamed, L. Rodina and J. Trnka, Locality and Unitarity of Scattering Amplitudes
from Singularities and Gauge Invariance, Phys. Rev. Lett. 120 (2018) 231602, [1612.02797].

[8] A.S. Wightman, Quantum Field Theory in Terms of Vacuum Expectation Values, Phys. Rev.
101 (1956) 860-866.

[9] R. Britto, F. Cachazo and B. Feng, New recursion relations for tree amplitudes of gluons,
Nucl.Phys. B715 (2005) 499-522, [hep-th/0412308].

[10] F. Cachazo, P. Svrcek and E. Witten, MHYV vertices and tree amplitudes in gauge theory,
JHEP 0409 (2004) 006, [hep-th/0403047].

[11] R. Britto, F. Cachazo, B. Feng and E. Witten, Direct proof of tree-level recursion relation in
Yang-Mills theory, Phys.Rev.Lett. 94 (2005) 181602, [nep-th/0501052].

[12] N. Arkani-Hamed, T.-C. Huang and Y.-t. Huang, Scattering Amplitudes For All Masses and
Spins, 1709.04891.

[13] E. A. Berends, W. Giele and H. Kuijf, On relations between multi - gluon and multigraviton
scattering, Phys.Lett. B211 (1988) 91.

[14] R. Penrose, Twistor algebra, |. Math. Phys. 8 (1967) 345.

[15] R. Penrose, Twistor quantization and curved space-time, Int. J. Theor. Phys. 1 (1968) 61-99.

189


http://dx.doi.org/10.1103/PhysRevLett.122.101601
http://dx.doi.org/10.1103/PhysRevLett.122.101601
https://arxiv.org/abs/1812.05548
http://dx.doi.org/10.1007/JHEP08(2020)066
https://arxiv.org/abs/2001.05928
http://dx.doi.org/10.1007/JHEP05(2014)010
https://arxiv.org/abs/1311.5200
http://dx.doi.org/10.1007/JHEP09(2015)122
https://arxiv.org/abs/1506.06134
http://dx.doi.org/10.3842/SIGMA.2022.045
https://arxiv.org/abs/2203.08087
http://dx.doi.org/10.1103/PhysRevLett.56.2459
http://dx.doi.org/10.1103/PhysRevLett.56.2459
http://dx.doi.org/10.1103/PhysRevLett.120.231602
https://arxiv.org/abs/1612.02797
http://dx.doi.org/10.1103/PhysRev.101.860
http://dx.doi.org/10.1103/PhysRev.101.860
http://dx.doi.org/10.1016/j.nuclphysb.2005.02.030
https://arxiv.org/abs/hep-th/0412308
http://dx.doi.org/10.1088/1126-6708/2004/09/006
https://arxiv.org/abs/hep-th/0403047
http://dx.doi.org/10.1103/PhysRevLett.94.181602
https://arxiv.org/abs/hep-th/0501052
https://arxiv.org/abs/1709.04891
http://dx.doi.org/10.1016/0370-2693(88)90813-1
http://dx.doi.org/10.1063/1.1705200
http://dx.doi.org/10.1007/BF00668831

BIBLIOGRAPHY

[16] R. Penrose and W. Rindler, Spinors and Space-Time, vol. 1. Cambridge University Press,
1984.

[17] R. Penrose and M. A. MacCallum, Twistor theory: An Approach to the quantization of fields
and space-time, Phys.Rept. 6 (1972) 241-316.

[18] M. G. Eastwood, R. Penrose and R. O. Wells, Cohomology and Massless Fields, Commun.
Math. Phys. 78 (1981) 305-351.

[19] L.J. Mason and N. M. ]. Woodhouse, Integrability, selfduality, and twistor theory. 1991.

[20] A.P. Hodges, String amplitudes and twistor diagrams: An Analogy, in IMA Conference on
Mathematics - Particle Physics Interface, 1988.

[21] V. P. Nair, A Current Algebra for Some Gauge Theory Amplitudes, Phys. Lett. B214 (1988)
215-218.

[22] E. Witten, Perturbative gauge theory as a string theory in twistor space, Commun.Math.Phys.
252 (2004) 189-258, [nep-th/0312171].

[23] N. Berkovits, An Alternative string theory in twistor space for N=4 superYang-Mills,
Phys.Rev.Lett. 93 (2004) 011601, [hep-th/0402045].

[24] N. Berkovits and E. Witten, Conformal supergravity in twistor-string theory, JHEP 0408
(2004) 009, [hep-th/0406051].

[25] R. Roiban and A. Volovich, All conjugate-maximal-helicity-violating amplitudes from
topological open string theory in twistor space, Phys.Rev.Lett. 93 (2004) 131602,
[hep—-th/0402121].

[26] R. Roiban, M. Spradlin and A. Volovich, On the tree level S matrix of Yang-Mills theory,
Phys.Rev. D70 (2004) 026009, [hep-th/0403190].

[27] E. Witten, Parity invariance for strings in twistor space, Adv.Theor.Math.Phys. 8 (2004)
779-796, [nep-th/0403199].

[28] A.Hodges, A simple formula for gravitational MHV amplitudes, 1204 .1930.

[29] E. Cachazo and D. Skinner, Gravity from Rational Curves in Twistor Space, Phys.Rev.Lett.
110 (2013) 161301, [1207.0741].

[30] E Cachazo, L. Mason and D. Skinner, Gravity in Twistor Space and its Grassmannian
Formulation, SIGMA 10 (2014) 051, [1207.4712].

[31] D. Skinner, Twistor Strings for N=8 Supergravity, 1301.0868.

[32] L. Dolan and P. Goddard, The polynomial form of the scattering equations, Journal of High
Energy Physics 2014 (Jul, 2014) .

[33] F. Cachazo, S. He and E. Y. Yuan, Scattering in Three Dimensions from Rational Maps, [HEP
1310 (2013) 141,[1306.2962].

190


http://dx.doi.org/10.1016/0370-1573(73)90008-2
http://dx.doi.org/10.1007/BF01942327
http://dx.doi.org/10.1007/BF01942327
http://dx.doi.org/10.1016/0370-2693(88)91471-2
http://dx.doi.org/10.1016/0370-2693(88)91471-2
http://dx.doi.org/10.1007/s00220-004-1187-3
http://dx.doi.org/10.1007/s00220-004-1187-3
https://arxiv.org/abs/hep-th/0312171
http://dx.doi.org/10.1103/PhysRevLett.93.011601
https://arxiv.org/abs/hep-th/0402045
http://dx.doi.org/10.1088/1126-6708/2004/08/009
http://dx.doi.org/10.1088/1126-6708/2004/08/009
https://arxiv.org/abs/hep-th/0406051
http://dx.doi.org/10.1103/PhysRevLett.93.131602
https://arxiv.org/abs/hep-th/0402121
http://dx.doi.org/10.1103/PhysRevD.70.026009
https://arxiv.org/abs/hep-th/0403190
https://arxiv.org/abs/hep-th/0403199
https://arxiv.org/abs/1204.1930
http://dx.doi.org/10.1103/PhysRevLett.110.161301
http://dx.doi.org/10.1103/PhysRevLett.110.161301
https://arxiv.org/abs/1207.0741
http://dx.doi.org/10.3842/SIGMA.2014.051
https://arxiv.org/abs/1207.4712
https://arxiv.org/abs/1301.0868
http://dx.doi.org/10.1007/jhep07(2014)029
http://dx.doi.org/10.1007/jhep07(2014)029
http://dx.doi.org/10.1007/JHEP10(2013)141
http://dx.doi.org/10.1007/JHEP10(2013)141
https://arxiv.org/abs/1306.2962

BIBLIOGRAPHY

[34] F. Cachazo, S. He and E. Y. Yuan, Scattering equations and Kawai-Lewellen-Tye
orthogonality, Phys. Rev. D90 (2014) 065001, [1306.6575].

[35] F. Cachazo, S. He and E. Y. Yuan, Scattering of Massless Particles in Arbitrary Dimensions,
Phys.Rev.Lett. 113 (2014) 171601, [1307.2199].

[36] Z. Bern, J. Carrasco and H. Johansson, New Relations for Gauge-Theory Amplitudes,
Phys.Rev. D78 (2008) 085011, [0805.3993].

[37] Z.Bern, J. ]J. M. Carrasco and H. Johansson, Perturbative Quantum Gravity as a Double
Copy of Gauge Theory, Phys.Rev.Lett. 105 (2010) 061602, [1004 .04 76].

[38] H. Kawai, D. C. Lewellen and S. H. H. Tye, A Relation Between Tree Amplitudes of Closed
and Open Strings, Nucl. Phys. B269 (1986) 1.

[39] F. Cachazo, Fundamental BCJ Relation in N=4 SYM From The Connected Formulation,
1206.5970.

[40] F. Cachazo and Y. Geyer, A “Twistor String’ Inspired Formula For Tree-Level Scattering
Amplitudes in N=8 SUGRA, 1206.6511.

[41] F. Cachazo, S. He and E. Y. Yuan, Einstein-Yang-Mills Scattering Amplitudes From
Scattering Equations, [HEP 01 (2015) 121,[1409.8256].

[42] E. Casali, Y. Geyer, L. Mason, R. Monteiro and K. A. Roehrig, New Ambitwistor String
Theories, JHEP 11 (2015) 038, [1506.08771].

[43] L. Mason and D. Skinner, Ambitwistor strings and the scattering equations, JHEP 1407
(2014) 048, [1311.2564].

[44] R. Kleiss and W. J. Stirling, Spinor Techniques for Calculating p anti-p —> W+-/Z0 + Jets,
Nucl. Phys. B 262 (1985) 235-262.

[45] S. Dittmaier, Weyl—van der waerden formalism for helicity amplitudes of massive particles,
Physical Review D 59 (Dec, 1998) .

[46] R. H. Boels, No triangles on the moduli space of maximally supersymmetric gauge theory,
Journal of High Energy Physics 2010 (may, 2010) .

[47] C. Schwinn and S. Weinzierl, SUSY ward identities for multi-gluon helicity amplitudes with
massive quarks, Journal of High Energy Physics 2006 (mar, 2006) 030-030.

[48] M. Kiermaier, The coulomb-branch s-matrix from massless amplitudes, 2011.
10.48550/ ARXIV.1105.5385.

[49] H. Elvang, Y.-t. Huang and C. Peng, On-shell superamplitudes in Nj4 SYM, JHEP 1109
(2011) 031,[1102.4843].

[50] N. Craig, H. Elvang, M. Kiermaier and T. R. Slatyer, Massive amplitudes on the coulomb
branch of N' = 4 sym, Journal of High Energy Physics 2011 (Dec, 2011) .

[51] T. Cohen, H. Elvang and M. Kiermaier, On-shell constructibility of tree amplitudes in general
field theories, Journal of High Energy Physics 2011 (apr, 2011) .

191


http://dx.doi.org/10.1103/PhysRevD.90.065001
https://arxiv.org/abs/1306.6575
http://dx.doi.org/10.1103/PhysRevLett.113.171601
https://arxiv.org/abs/1307.2199
http://dx.doi.org/10.1103/PhysRevD.78.085011
https://arxiv.org/abs/0805.3993
http://dx.doi.org/10.1103/PhysRevLett.105.061602
https://arxiv.org/abs/1004.0476
http://dx.doi.org/10.1016/0550-3213(86)90362-7
https://arxiv.org/abs/1206.5970
https://arxiv.org/abs/1206.6511
http://dx.doi.org/10.1007/JHEP01(2015)121
https://arxiv.org/abs/1409.8256
http://dx.doi.org/10.1007/JHEP11(2015)038
https://arxiv.org/abs/1506.08771
http://dx.doi.org/10.1007/JHEP07(2014)048
http://dx.doi.org/10.1007/JHEP07(2014)048
https://arxiv.org/abs/1311.2564
http://dx.doi.org/10.1016/0550-3213(85)90285-8
http://dx.doi.org/10.1103/physrevd.59.016007
http://dx.doi.org/10.1007/jhep05(2010)046
http://dx.doi.org/10.1088/1126-6708/2006/03/030
http://dx.doi.org/10.1007/JHEP09(2011)031
http://dx.doi.org/10.1007/JHEP09(2011)031
https://arxiv.org/abs/1102.4843
http://dx.doi.org/10.1007/jhep12(2011)097
http://dx.doi.org/10.1007/jhep04(2011)053

BIBLIOGRAPHY

[52] E. Conde and A. Marzolla, Lorentz Constraints on Massive Three-Point Amplitudes, JHEP
09 (2016) 041,[1601.08113].

[53] LIGO SCIENTIFIC, VIRGO collaboration, B. P. Abbott et al., Observation of Gravitational
Waves from a Binary Black Hole Merger, Phys. Rev. Lett. 116 (2016) 061102, [1602.03837].

[54] D. Neill and I. Z. Rothstein, Classical Space-Times from the S Matrix, Nucl. Phys. B 877
(2013) 177-189, [1304 . 7263].

[55] V. Vaidya, Gravitational spin Hamiltonians from the S matrix, Phys. Rev. D 91 (2015) 024017,
y p Y
[1410.5348].

[56] N.E.]J. Bjerrum-Bohr, P. H. Damgaard, G. Festuccia, L. Planté and P. Vanhove, General
Relativity from Scattering Amplitudes, Phys. Rev. Lett. 121 (2018) 171601, [1806.04920].

[57] C.Cheung, I. Z. Rothstein and M. P. Solon, From Scattering Amplitudes to Classical
Potentials in the Post-Minkowskian Expansion, Phys. Rev. Lett. 121 (2018) 251101,
[1808.02489].

[58] D. A. Kosower, B. Maybee and D. O’Connell, Amplitudes, Observables, and Classical
Scattering, JHEP 02 (2019) 137, [1811.10950].

[59] A. Guevara, A. Ochirov and J. Vines, Scattering of Spinning Black Holes from Exponentiated
Soft Factors, JHEP 09 (2019) 056, [1812.06895].

[60] Z. Bern, C. Cheung, R. Roiban, C.-H. Shen, M. P. Solon and M. Zeng, Scattering
Amplitudes and the Conservative Hamiltonian for Binary Systems at Third Post-Minkowskian
Order, Phys. Rev. Lett. 122 (2019) 201603, [1901.04424].

[61] A.Brandhuber and G. Travaglini, On higher-derivative effects on the gravitational potential
and particle bending, JHEP 01 (2020) 010, [1905.05657].

[62] A. Cristofoli, N. E. J. Bjerrum-Bohr, P. H. Damgaard and P. Vanhove, Post-Minkowskian
Hamiltonians in general relativity, Phys. Rev. D 100 (2019) 084040, [1906.01579].

[63] B. Maybee, D. O’Connell and J. Vines, Observables and amplitudes for spinning particles and
black holes, JHEP 12 (2019) 156, [1906.09260].

[64] A. Guevara, A. Ochirov and J. Vines, Black-hole scattering with general spin directions from
minimal-coupling amplitudes, Phys. Rev. D 100 (2019) 104024, [1906.10071].

[65] N. E.]J. Bjerrum-Bohr, T. V. Brown and H. Gomez, Scattering of Gravitons and Spinning
Massive States from Compact Numerators, JHEP 04 (2021) 234, [2011.10556].

[66] A. Cristofoli, R. Gonzo, D. A. Kosower and D. O’Connell, Waveforms from amplitudes,
Phys. Rev. D 106 (2022) 056007, [2107.10193].

[67] Z.Bern, J. Parra-Martinez, R. Roiban, M. S. Ruf, C.-H. Shen, M. P. Solon et al., Scattering
Amplitudes and Conservative Binary Dynamics at O(G*), Phys. Rev. Lett. 126 (2021) 171601,
[2101.07254].

[68] G.U.Jakobsen, G. Mogull, J. Plefka and J. Steinhoff, Classical Gravitational Bremsstrahlung
from a Worldline Quantum Field Theory, Phys. Rev. Lett. 126 (2021) 201103, [2101.12688].

192


http://dx.doi.org/10.1007/JHEP09(2016)041
http://dx.doi.org/10.1007/JHEP09(2016)041
https://arxiv.org/abs/1601.08113
http://dx.doi.org/10.1103/PhysRevLett.116.061102
https://arxiv.org/abs/1602.03837
http://dx.doi.org/10.1016/j.nuclphysb.2013.09.007
http://dx.doi.org/10.1016/j.nuclphysb.2013.09.007
https://arxiv.org/abs/1304.7263
http://dx.doi.org/10.1103/PhysRevD.91.024017
https://arxiv.org/abs/1410.5348
http://dx.doi.org/10.1103/PhysRevLett.121.171601
https://arxiv.org/abs/1806.04920
http://dx.doi.org/10.1103/PhysRevLett.121.251101
https://arxiv.org/abs/1808.02489
http://dx.doi.org/10.1007/JHEP02(2019)137
https://arxiv.org/abs/1811.10950
http://dx.doi.org/10.1007/JHEP09(2019)056
https://arxiv.org/abs/1812.06895
http://dx.doi.org/10.1103/PhysRevLett.122.201603
https://arxiv.org/abs/1901.04424
http://dx.doi.org/10.1007/JHEP01(2020)010
https://arxiv.org/abs/1905.05657
http://dx.doi.org/10.1103/PhysRevD.100.084040
https://arxiv.org/abs/1906.01579
http://dx.doi.org/10.1007/JHEP12(2019)156
https://arxiv.org/abs/1906.09260
http://dx.doi.org/10.1103/PhysRevD.100.104024
https://arxiv.org/abs/1906.10071
http://dx.doi.org/10.1007/JHEP04(2021)234
https://arxiv.org/abs/2011.10556
http://dx.doi.org/10.1103/PhysRevD.106.056007
https://arxiv.org/abs/2107.10193
http://dx.doi.org/10.1103/PhysRevLett.126.171601
https://arxiv.org/abs/2101.07254
http://dx.doi.org/10.1103/PhysRevLett.126.201103
https://arxiv.org/abs/2101.12688

BIBLIOGRAPHY

[69] G. Kalin, Z. Liu and R. A. Porto, Conservative Dynamics of Binary Systems to Third
Post-Minkowskian Order from the Effective Field Theory Approach, Phys. Rev. Lett. 125 (2020)
261103, [2007.04977].

[70] N. E.]. Bjerrum-Bohr, P. H. Damgaard, L. Plante and P. Vanhove, The SAGEX Review on
Scattering Amplitudes, Chapter 13: Post-Minkowskian expansion from Scattering Amplitudes,
2203.13024.

[71] A.Herderschee, S. Koren and T. Trott, Constructing N = 4 coulomb branch superamplitudes,
Journal of High Energy Physics 2019 (Aug, 2019) .

[72] A. Ochirov, Helicity amplitudes for qcd with massive quarks, Journal of High Energy Physics
2018 (Apr, 2018) .

[73] A. Ochirov and E. Skvortsov, Chiral approach to massive higher spins, 2207 .14597.

[74] S. G. Naculich, Scattering equations and BC] relations for gauge and gravitational amplitudes
with massive scalar particles, [HEP 09 (2014) 029, [1407 .7836].

[75] S. G. Naculich, CHY representations for gauge theory and gravity amplitudes with up to three
massive particles, JHEP 05 (2015) 050, [1501.03500].

[76] L. F. Alday, J]. M. Henn, J. Plefka and T. Schuster, Scattering into the fifth dimension of N=4
super Yang-Mills, JHEP 01 (2010) 077, [0908.0684].

[77] Y.-t. Huang, Non-Chiral S-Matrix of N=4 Super Yang-Mills, 1104 .2021.

[78] Z.Bern, ].]. Carrasco, T. Dennen, Y.-t. Huang and H. Ita, Generalized Unitarity and
Six-Dimensional Helicity, Phys. Rev. D83 (2011) 085022, [1010.0494].

[79] T. Dennen, Y.-t. Huang and W. Siegel, Supertwistor space for 6D maximal super Yang-Mills,
JHEP 04 (2010) 127,[0910.2688].

[80] T. Dennen and Y.-t. Huang, Dual Conformal Properties of Six-Dimensional Maximal Super
Yang-Mills Amplitudes, JHEP 01 (2011) 140, [1010.5874].

[81] J. Plefka, T. Schuster and V. Verschinin, From six to four and more: massless and massive
maximal super yang-mills amplitudes in 6d and 4d and their hidden symmetries, Journal of
High Energy Physics 2015 (jan, 2015) .

[82] F. Cachazo, A. Guevara, M. Heydeman, S. Mizera, J. H. Schwarz and C. Wen, The S
Matrix of 6D Super Yang-Mills and Maximal Supergravity from Rational Maps, [HEP 09
(2018) 125,[1805.11111].

[83] Y. Geyer, A. E. Lipstein and L. J. Mason, Ambitwistor Strings in Four Dimensions, Phys.
Rev. Lett. 113 (2014) 081602, [1404 . 6219].

[84] K. A. Roehrig and D. Skinner, A Gluing Operator for the Ambitwistor String, JHEP 01
(2018) 069, [L709.03262].

[85] Y. Geyer, L. Mason and D. Skinner, Ambitwistor Strings in Six and Five Dimensions,
2012.15172.

193


http://dx.doi.org/10.1103/PhysRevLett.125.261103
http://dx.doi.org/10.1103/PhysRevLett.125.261103
https://arxiv.org/abs/2007.04977
https://arxiv.org/abs/2203.13024
http://dx.doi.org/10.1007/jhep08(2019)107
http://dx.doi.org/10.1007/jhep04(2018)089
http://dx.doi.org/10.1007/jhep04(2018)089
https://arxiv.org/abs/2207.14597
http://dx.doi.org/10.1007/JHEP09(2014)029
https://arxiv.org/abs/1407.7836
http://dx.doi.org/10.1007/JHEP05(2015)050
https://arxiv.org/abs/1501.03500
http://dx.doi.org/10.1007/JHEP01(2010)077
https://arxiv.org/abs/0908.0684
https://arxiv.org/abs/1104.2021
http://dx.doi.org/10.1103/PhysRevD.83.085022
https://arxiv.org/abs/1010.0494
http://dx.doi.org/10.1007/JHEP04(2010)127
https://arxiv.org/abs/0910.2688
http://dx.doi.org/10.1007/JHEP01(2011)140
https://arxiv.org/abs/1010.5874
http://dx.doi.org/10.1007/jhep01(2015)098
http://dx.doi.org/10.1007/jhep01(2015)098
http://dx.doi.org/10.1007/JHEP09(2018)125
http://dx.doi.org/10.1007/JHEP09(2018)125
https://arxiv.org/abs/1805.11111
http://dx.doi.org/10.1103/PhysRevLett.113.081602
http://dx.doi.org/10.1103/PhysRevLett.113.081602
https://arxiv.org/abs/1404.6219
http://dx.doi.org/10.1007/JHEP01(2018)069
http://dx.doi.org/10.1007/JHEP01(2018)069
https://arxiv.org/abs/1709.03262
https://arxiv.org/abs/2012.15172

BIBLIOGRAPHY

[86] E. Witten, An Interpretation of Classical Yang-Mills Theory, Phys.Lett. B77 (1978) 394.

[87] ]. Isenberg, P. Yasskin and P. Green, Non selfdual Gauge Fields, Phys.Lett. B78 (1978)
462-464.

[88] E. Witten, Twistor - Like Transform in Ten-Dimensions, Nucl.Phys. B266 (1986) 245.

[89] C. LeBrun, Spaces of complex null geodesics in Complex Riemmannian Geometry, Transactions
of the AMS. 278 (1983) 209-31.

[90] R. Baston and L. Mason, Conformal gravity, the Einstein equations and spaces of complex null
geodesics, Class.Quant.Grav. 4 (1987) 815-826.

[91] T. Adamo, Lectures on twistor theory, PoS Modave2017 (2018) 003, [1712.02196].

[92] T. Adamo, E. Casali and D. Skinner, A Worldsheet Theory for Supergravity, JHEP 02 (2015)
116,[1409.5656].

[93] E. Witten, Superstring Perturbation Theory Revisited, 1209 .5461.

[94] F. Cachazo, S. He and E. Y. Yuan, Scattering of Massless Particles: Scalars, Gluons and
Gravitons, [HEP 1407 (2014) 033,[1309.0885].

[95] Y. Geyer, Ambitwistor Strings: Worldsheet Approaches to perturbative Quantum Field
Theories, Ph.D. thesis, Oxford U., Inst. Math., 2016. 1610.04525.

[96] Y. Geyer and L. Mason, The sagex review on scattering amplitudes, chapter 6: Ambitwistor
strings and amplitudes from the worldsheet, 2022. 10.48550/ ARXIV.2203.13017.

[97] H. Elvang and Y.-t. Huang, Scattering Amplitudes, 1308 .1697.

[98] C. Cheung and D. O’Connell, Amplitudes and Spinor-Helicity in Six Dimensions, [HEP 07
(2009) 075, [0902.0981].

[99] T. Adamo, E. Casali and D. Skinner, Ambitwistor strings and the scattering equations at one
loop, JHEP 1404 (2014) 104, [1312.3828].

[100] D. Skinner, A Direct Proof of BCFW Recursion for Twistor-Strings, JHEP 1101 (2011) 072,
[1007.0195].

[101] T. Adamo, Worldsheet factorization for twistor-strings, 1310.8602.
[102] Y. Zhang, CHY formulae in 4d, JHEP 07 (2017) 069, [1610.05205].

[103] R. Penrose and W. Rindler, Spinors and Space-Time: Spinor And Twistor Methods In
Space-time Geometry, vol. 2. Cambridge University Press, 1986.

[104] L.J. Mason, R. A. Reid-Edwards and A. Taghavi-Chabert, Conformal Field Theories in
Six-Dimensional Twistor Space, |. Geom. Phys. 62 (2012) 2353-2375,[1111.2585].

[105] T. Chern, Superconformal Field Theory In Six Dimensions And Supertwistor, 0906.0657.

[106] L.J. Mason and R. A. Reid-Edwards, The supersymmetric Penrose transform in six
dimensions, 1212 .6173.

194


http://dx.doi.org/10.1016/0370-2693(78)90585-3
http://dx.doi.org/10.1016/0370-2693(78)90486-0
http://dx.doi.org/10.1016/0370-2693(78)90486-0
http://dx.doi.org/10.1016/0550-3213(86)90090-8
http://dx.doi.org/10.1088/0264-9381/4/4/018
http://dx.doi.org/10.22323/1.323.0003
https://arxiv.org/abs/1712.02196
http://dx.doi.org/10.1007/JHEP02(2015)116
http://dx.doi.org/10.1007/JHEP02(2015)116
https://arxiv.org/abs/1409.5656
https://arxiv.org/abs/1209.5461
http://dx.doi.org/10.1007/JHEP07(2014)033
https://arxiv.org/abs/1309.0885
https://arxiv.org/abs/1610.04525
https://arxiv.org/abs/1308.1697
http://dx.doi.org/10.1088/1126-6708/2009/07/075
http://dx.doi.org/10.1088/1126-6708/2009/07/075
https://arxiv.org/abs/0902.0981
http://dx.doi.org/10.1007/JHEP04(2014)104
https://arxiv.org/abs/1312.3828
http://dx.doi.org/10.1007/JHEP01(2011)072
https://arxiv.org/abs/1007.0195
https://arxiv.org/abs/1310.8602
http://dx.doi.org/10.1007/JHEP07(2017)069
https://arxiv.org/abs/1610.05205
http://dx.doi.org/10.1016/j.geomphys.2012.08.001
https://arxiv.org/abs/1111.2585
https://arxiv.org/abs/0906.0657
https://arxiv.org/abs/1212.6173

BIBLIOGRAPHY

[107] Y.-t. Huang and A. E. Lipstein, Amplitudes of 3D and 6D Maximal Superconformal Theories
in Supertwistor Space, JHEP 10 (2010) 007, [1004 .4735].

[108] M. Heydeman, J. H. Schwarz and C. Wen, M5-Brane and D-Brane Scattering Amplitudes,
JHEP 12 (2017) 003, [1710.02170].

[109] 1. Bandos, Twistor/ambitwistor strings and null-superstrings in spacetime of D=4, 10 and 11
dimensions, JHEP 09 (2014) 086, [1404.1299].

[110] F. Cachazo, S. He and E. Y. Yuan, Scattering Equations and Matrices: From Einstein To
Yang-Mills, DBI and NLSM, JHEP 07 (2015) 149, [1412.3479].

[111] J. H. Schwarz and C. Wen, Unified Formalism for 6D Superamplitudes Based on a Symplectic
Grassmannian, [HEP 08 (2019) 125,[1907.03485].

[112] D. Damgaard, L. Ferro, T. Lukowski and M. Parisi, The Momentum Amplituhedron, JHEP
08 (2019) 042, [1905.04216].

[113] C.S. Lam and Y.-P. Yao, Evaluation of the Cachazo-He-Yuan gauge amplitude, Phys. Rev. D93
(2016) 105008, [1602.06419].

[114] N. Arkani-Hamed and J. Kaplan, On Tree Amplitudes in Gauge Theory and Gravity, [HEP
0804 (2008) 076, [0801.2385].

[115] R. H. Boels and D. O’Connell, Simple superamplitudes in higher dimensions, [HEP 06 (2012)
163,[1201.2653].

[116] P. Deligne and D. Mumford, The irreducibility of the space of curves of given genus, Publ.
Math. IHES 36 (1969) 75-110.

[117] Y. Geyer, L. Mason, R. Monteiro and P. Tourkine, One-loop amplitudes on the Riemann
sphere, JHEP 03 (2016) 114, [1511.06315].

[118] M. Bullimore, L. Mason and D. Skinner, Twistor-Strings, Grassmannians and Leading
Singularities, [HEP 1003 (2010) 070, [0912.0539].

[119] N. Arkani-Hamed, J. Bourjaily, F. Cachazo and J. Trnka, Local Spacetime Physics from the
Grassmannian, [HEP 01 (2011) 108, [0912.32409].

[120] N. Arkani-Hamed and ]J. Trnka, The Amplituhedron, JHEP 10 (2014) 030, [1312.2007].

[121] A. Hodges, Eliminating spurious poles from gauge-theoretic amplitudes, [HEP 05 (2013) 135,
[0905.1473].

[122] L. Mason and D. Skinner, Scattering Amplitudes and BCFW Recursion in Twistor Space,
JHEP 1001 (2010) 064, [0903.2083].

[123] L. Mason and D. Skinner, The Complete Planar S-matrix of N=4 SYM as a Wilson Loop in
Twistor Space, JHEP 1012 (2010) 018, [1009.2225].

[124] Y. Geyer and L. Mason, Supersymmetric S-matrices from the worldsheet in 10 and 11d,
1901.00134.

195


http://dx.doi.org/10.1007/JHEP10(2010)007
https://arxiv.org/abs/1004.4735
http://dx.doi.org/10.1007/JHEP12(2017)003
https://arxiv.org/abs/1710.02170
http://dx.doi.org/10.1007/JHEP09(2014)086
https://arxiv.org/abs/1404.1299
http://dx.doi.org/10.1007/JHEP07(2015)149
https://arxiv.org/abs/1412.3479
http://dx.doi.org/10.1007/JHEP08(2019)125
https://arxiv.org/abs/1907.03485
http://dx.doi.org/10.1007/JHEP08(2019)042
http://dx.doi.org/10.1007/JHEP08(2019)042
https://arxiv.org/abs/1905.04216
http://dx.doi.org/10.1103/PhysRevD.93.105008
http://dx.doi.org/10.1103/PhysRevD.93.105008
https://arxiv.org/abs/1602.06419
http://dx.doi.org/10.1088/1126-6708/2008/04/076
http://dx.doi.org/10.1088/1126-6708/2008/04/076
https://arxiv.org/abs/0801.2385
http://dx.doi.org/10.1007/JHEP06(2012)163
http://dx.doi.org/10.1007/JHEP06(2012)163
https://arxiv.org/abs/1201.2653
http://dx.doi.org/10.1007/JHEP03(2016)114
https://arxiv.org/abs/1511.06315
http://dx.doi.org/10.1007/JHEP03(2010)070
https://arxiv.org/abs/0912.0539
http://dx.doi.org/10.1007/JHEP01(2011)108
https://arxiv.org/abs/0912.3249
http://dx.doi.org/10.1007/JHEP10(2014)030
https://arxiv.org/abs/1312.2007
http://dx.doi.org/10.1007/JHEP05(2013)135
https://arxiv.org/abs/0905.1473
http://dx.doi.org/10.1007/JHEP01(2010)064
https://arxiv.org/abs/0903.2083
http://dx.doi.org/10.1007/JHEP12(2010)018
https://arxiv.org/abs/1009.2225
https://arxiv.org/abs/1901.00134

BIBLIOGRAPHY

[125] 1. A. Bandos, J. Lukierski, C. Preitschopf and D. P. Sorokin, OSp supergroup manifolds,
superparticles and supertwistors, Phys. Rev. D61 (2000) 065009, [hep-th/9907113].

[126] 1. A. Bandos, J. A. de Azcarraga and D. P. Sorokin, On D=11 supertwistors, superparticle
quantization and a hidden SO(16) symmetry of supergravity, in Proceedings, 22nd Max Born
Symposium on Quantum, Super and Twistors: A Conference in Honor of Jerzy Lukierski on His
70th Birthday: Wroclaw, Poland, September 27-29, 2006, 2006, hep-th/0612252.

[127] 1. Bandos, On 10D SYM superamplitudes, in 12th International Workshop on
Supersymmetries and Quantum Symmetries (SQS’17) Dubna, Russia, July 31-August 5, 2017,
2017,1712.02857.

[128] I. Bandos, Spinor frame formalism for amplitudes and constrained superamplitudes of 10D
SYM and 11D supergravity, 1711.00914.

[129] I. Bandos, An analytic superfield formalism for tree superamplitudes in D=10 and D=11, JHEP
05 (2018) 103, [1705.09550].

[130] I. Bandos, On polarized scattering equations for superamplitudes of 11D supergravity and
ambitwistor superstring, JHEP 11 (2019) 087, [1908.07482].

[131] I. Bandos, Spinor Moving Frame, Polarized Scattering Equation for 11D Supergravity, and
Ambitwistor Superstring, Ukr. |. Phys. 64 (2019) 1087-1095.

[132] R. Penrose, Twistors and Particles: An Outline, in Feldafing Conference of the Max-Planck
Inst. on Quantum Theory and the Structure of Space-time, 1974, pp. 129-145, Carl Hanser
Verlag, Munich, 1975.

[133] Z. Perjes, Twistor variables of relativistic mechanics, Phys. Rev., D 11 (4, 1975) 2031-2041.
[134] Z. Perjes, Perspectives of Penrose Theory in Particle Physics, Rept. Math. Phys. 12 (1977) 193.
[135] R. Penrose, The twistor programme, Reports on Mathematical Physics 12 (1977) 65-76.

[136] L. P. Hughston, TWISTORS AND PARTICLES. Springer-Verlag, Berlin, 1979.

[137] L. P. Hughston and T. R. Hurd, A cohomological description of massive fields, Proc. R. Soc.
Lond. A (4,1981) 141-154.

[138] A. Bette, J. Lukierski and C. Miquel-Espanya, Two-twistor space, commuting composite
Minkowski coordinates and particle dynamics, AIP Conf. Proc. 767 (2005) 44-56,
[hep-th/0503134].

[139] ]J. A. de Azcarraga, S. Fedoruk, J. M. Izquierdo and J. Lukierski, Two-twistor particle
models and free massive higher spin fields, [HEP 04 (2015) 010, [1409.7169].

[140] A. Bette,]J. A. de Azcarraga, J. Lukierski and C. Miquel-Espanya, Massive relativistic
particle model with spin and electric charge from two twistor dynamics, Phys. Lett. B 595 (2004)
491-497, [hep-th/0405166].

[141] S. Deguchi and S. Okano, Gauged twistor formulation of a massive spinning particle in four
dimensions, Phys. Rev. D 93 (2016) 045016, [1512.07740].

196


http://dx.doi.org/10.1103/PhysRevD.61.065009
https://arxiv.org/abs/hep-th/9907113
https://arxiv.org/abs/hep-th/0612252
https://arxiv.org/abs/1712.02857
https://arxiv.org/abs/1711.00914
http://dx.doi.org/10.1007/JHEP05(2018)103
http://dx.doi.org/10.1007/JHEP05(2018)103
https://arxiv.org/abs/1705.09550
http://dx.doi.org/10.1007/JHEP11(2019)087
https://arxiv.org/abs/1908.07482
http://dx.doi.org/10.15407/ujpe64.12.1087
http://dx.doi.org/10.1103/PhysRevD.11.2031
http://dx.doi.org/10.1016/0034-4877(77)90004-0
http://dx.doi.org/https://doi.org/10.1016/0034-4877(77)90047-7
http://dx.doi.org/http://doi.org/10.1098/rspa.1981.0145
http://dx.doi.org/http://doi.org/10.1098/rspa.1981.0145
http://dx.doi.org/10.1063/1.1923329
https://arxiv.org/abs/hep-th/0503134
http://dx.doi.org/10.1007/JHEP04(2015)010
https://arxiv.org/abs/1409.7169
http://dx.doi.org/10.1016/j.physletb.2004.06.051
http://dx.doi.org/10.1016/j.physletb.2004.06.051
https://arxiv.org/abs/hep-th/0405166
http://dx.doi.org/10.1103/PhysRevD.93.045016
https://arxiv.org/abs/1512.07740

BIBLIOGRAPHY

[142] S. Deguchi and T. Suzuki, Twistor formulation of a massive particle with rigidity, Nucl. Phys.
B 932 (2018) 385-424,[1707.04713].

[143] S. Fedoruk and V. G. Zima, Bitwistor formulation of massive spinning particle,
hep-th/0308154.

[144] S. Fedoruk and J. Lukierski, Massive twistor particle with spin generated by
Souriau—Wess—Zumino term and its quantization, Phys. Lett. B 733 (2014) 309-315,
[1403.4127].

[145] C. Kunz, Four Dimensional Anomaly-Free Twistor String, 2004 .04842.

[146] C. Kunz, A Note on Classical Aspects of the Four Dimensional Anomaly-Free Twistor String,
2104.06584.

[147] S. Okano and S. Deguchi, A no-go theorem for the n-twistor description of a massive particle,
Journal of Mathematical Physics 58 (mar, 2017) 031701.

[148] K. P. Tod, Some Symplectic Forms Arising in Twistor Theory, Rept. Math. Phys. 11 (1977)
339-346.

[149] E. Conde, E. Joung and K. Mkrtchyan, Spinor-Helicity Three-Point Amplitudes from Local
Cubic Interactions, JHEP 08 (2016) 040, [1605.07402].

[150] C. Samann and M. Wolf, On twistors and conformal field theories from six dimensions, Journal
of Mathematical Physics 54 (jan, 2013) 013507.

[151] R. Reid-Edwards, On Closed Twistor String Theory, 1212 .6047.

[152] C. Samann and M. Wolf, Non-abelian tensor multiplet equations from twistor space,
Communications in Mathematical Physics 328 (mar, 2014) 527-544.

[153] H.Johansson and A. Ochirov, Pure Gravities via Color-Kinematics Duality for Fundamental
Matter, JHEP 11 (2015) 046, [1407.4772].

[154] A. Ferber, Supertwistors and Conformal Supersymmetry, Nucl.Phys. B132 (1978) 55.

[155] N. Berkovits and M. Lize, Field theory actions for ambitwistor string and superstring, [JHEP
09 (2018) 097, [1807.07661].

[156] H.Johansson and A. Ochirov, Double copy for massive quantum particles with spin, JHEP 09
(2019) 040, [1906.12292].

[157] A.Lazopoulos, A. Ochirov and C. Shi, All-multiplicity amplitudes with four massive quarks
and identical-helicity gluons, 2111 .06847.

[158] N. Woodhouse, Real methods in twistor theory, Class.Quant.Grav. 2 (1985) 257-291.

[159] ]. Scherk and J. H. Schwarz, How to Get Masses from Extra Dimensions, Nucl. Phys. B 153
(1979) 61-88.

[160] E. Cremmer, J. Scherk and J. H. Schwarz, Spontaneously Broken N=8 Supergravity, Phys.
Lett. B 84 (1979) 83-86.

197


http://dx.doi.org/10.1016/j.nuclphysb.2018.05.016
http://dx.doi.org/10.1016/j.nuclphysb.2018.05.016
https://arxiv.org/abs/1707.04713
https://arxiv.org/abs/hep-th/0308154
http://dx.doi.org/10.1016/j.physletb.2014.04.059
https://arxiv.org/abs/1403.4127
https://arxiv.org/abs/2004.04842
https://arxiv.org/abs/2104.06584
http://dx.doi.org/10.1063/1.4976961
http://dx.doi.org/10.1016/0034-4877(77)90074-X
http://dx.doi.org/10.1016/0034-4877(77)90074-X
http://dx.doi.org/10.1007/JHEP08(2016)040
https://arxiv.org/abs/1605.07402
http://dx.doi.org/10.1063/1.4769410
http://dx.doi.org/10.1063/1.4769410
https://arxiv.org/abs/1212.6047
http://dx.doi.org/10.1007/s00220-014-2022-0
http://dx.doi.org/10.1007/JHEP11(2015)046
https://arxiv.org/abs/1407.4772
http://dx.doi.org/10.1016/0550-3213(78)90257-2
http://dx.doi.org/10.1007/JHEP09(2018)097
http://dx.doi.org/10.1007/JHEP09(2018)097
https://arxiv.org/abs/1807.07661
http://dx.doi.org/10.1007/JHEP09(2019)040
http://dx.doi.org/10.1007/JHEP09(2019)040
https://arxiv.org/abs/1906.12292
https://arxiv.org/abs/2111.06847
http://dx.doi.org/10.1088/0264-9381/2/3/006
http://dx.doi.org/10.1016/0550-3213(79)90592-3
http://dx.doi.org/10.1016/0550-3213(79)90592-3
http://dx.doi.org/10.1016/0370-2693(79)90654-3
http://dx.doi.org/10.1016/0370-2693(79)90654-3

BIBLIOGRAPHY

[161] M. Chiodaroli, M. Giinaydin, H. Johansson and R. Roiban, Non-Abelian gauged
supergravities as double copies, [JHEP 06 (2019) 099, [1812.10434].

[162] D. Forde and D. A. Kosower, All-multiplicity amplitudes with massive scalars, Phys. Rev. D
73 (2006) 065007, [hep-th/0507292].

[163] L. Andrianopoli, R. D'Auria, S. Ferrara and M. A. Lled6, Gauging of flat groups in four
dimensional supergravity, Journal of High Energy Physics 2002 (jul, 2002) 010-010.

[164] M. Chiodaroli, M. Gunaydin, H. Johansson and R. Roiban, Complete construction of
magical, symmetric and homogeneous N=2 supergravities as double copies of gauge theories,
Phys. Rev. Lett. 117 (2016) 011603, [1512.09130].

[165] M. Chiodaroli, M. Gunaydin, H. Johansson and R. Roiban, Explicit Formulae for
Yang-Mills-Einstein Amplitudes from the Double Copy, JHEP 07 (2017) 002, [1703.00421].

[166] N. Berkovits, Infinite Tension Limit of the Pure Spinor Superstring, JHEP 1403 (2014) 017,
[1311.4156].

[167] H. Gomez and E. Y. Yuan, N-point tree-level scattering amplitude in the new Berkovits” string,
JHEP 04 (2014) 046, [1312 . 5485].

[168] Z. Bern, A. De Freitas and H. L. Wong, On the coupling of gravitons to matter, Phys. Rev.
Lett. 84 (2000) 3531, [hep-th/9912033].

[169] H. Samtleben, Lectures on Gauged Supergravity and Flux Compactifications, Class. Quant.
Grav. 25 (2008) 214002, [0808.4076].

[170] C. Cardona and C. Kalousios, Comments on the evaluation of massless scattering,
1509.08908.

[171] R. Huang, J. Rao, B. Feng and Y.-H. He, An Algebraic Approach to the Scattering Equations,
1509.04483.

[172] M. Sogaard and Y. Zhang, Scattering Equations and Global Duality of Residues,
1509.08897.

[173] Y.-j. Du, F. Teng and Y.-s. Wu, CHY formula and MHV amplitudes, JHEP 05 (2016) 086,
[1603.08158].

[174] Y. Geyer, L. Mason, R. Monteiro and P. Tourkine, Loop Integrands for Scattering Amplitudes
from the Riemann Sphere, Phys. Rev. Lett. 115 (2015) 121603, [1507.00321].

[175] C. Wen and S.-Q. Zhang, D3-Brane Loop Amplitudes from M5-Brane Tree Amplitudes, JHEP
07 (2020) 098, [2004.02735].

[176] S. He and E. Y. Yuan, One-loop Scattering Equations and Amplitudes from Forward Limit,
Phys. Rev. D92 (2015) 105004, [1508.06027].

[177] E. Casali and P. Tourkine, Infrared behaviour of the one-loop scattering equations and
supergravity integrands, JHEP 1504 (2015) 013, [1412.3787].

198


http://dx.doi.org/10.1007/JHEP06(2019)099
https://arxiv.org/abs/1812.10434
http://dx.doi.org/10.1103/PhysRevD.73.065007
http://dx.doi.org/10.1103/PhysRevD.73.065007
https://arxiv.org/abs/hep-th/0507292
http://dx.doi.org/10.1088/1126-6708/2002/07/010
http://dx.doi.org/10.1103/PhysRevLett.117.011603
https://arxiv.org/abs/1512.09130
http://dx.doi.org/10.1007/JHEP07(2017)002
https://arxiv.org/abs/1703.00421
http://dx.doi.org/10.1007/JHEP03(2014)017
https://arxiv.org/abs/1311.4156
http://dx.doi.org/10.1007/JHEP04(2014)046
https://arxiv.org/abs/1312.5485
http://dx.doi.org/10.1103/PhysRevLett.84.3531
http://dx.doi.org/10.1103/PhysRevLett.84.3531
https://arxiv.org/abs/hep-th/9912033
http://dx.doi.org/10.1088/0264-9381/25/21/214002
http://dx.doi.org/10.1088/0264-9381/25/21/214002
https://arxiv.org/abs/0808.4076
https://arxiv.org/abs/1509.08908
https://arxiv.org/abs/1509.04483
https://arxiv.org/abs/1509.08897
http://dx.doi.org/10.1007/JHEP05(2016)086
https://arxiv.org/abs/1603.08158
http://dx.doi.org/10.1103/PhysRevLett.115.121603
https://arxiv.org/abs/1507.00321
http://dx.doi.org/10.1007/JHEP07(2020)098
http://dx.doi.org/10.1007/JHEP07(2020)098
https://arxiv.org/abs/2004.02735
http://dx.doi.org/10.1103/PhysRevD.92.105004
https://arxiv.org/abs/1508.06027
http://dx.doi.org/10.1007/JHEP04(2015)013
https://arxiv.org/abs/1412.3787

BIBLIOGRAPHY

[178] B. Feng, CHY-construction of Planar Loop Integrands of Cubic Scalar Theory, JHEP 05 (2016)
061,[1601.05864].

[179] E Cachazo, S. He and E. Y. Yuan, One-Loop Corrections from Higher Dimensional Tree
Amplitudes, JHEP 08 (2016) 008, [1512.05001].

[180] C.Baadsgaard, N. E. J. Bjerrum-Bohr, J. L. Bourjaily, S. Caron-Huot, P. H. Damgaard and
B. Feng, New Representations of the Perturbative S-Matrix, Phys. Rev. Lett. 116 (2016)
061601, [1509.02169].

[181] Y. Geyer and R. Monteiro, Gluons and gravitons at one loop from ambitwistor strings, JHEP
03 (2018) 068, [1711.09923].

[182] S. He and O. Schlotterer, New Relations for Gauge-Theory and Gravity Amplitudes at Loop
Level, Phys. Rev. Lett. 118 (2017) 161601, [1612.00417].

[183] S. He, O. Schlotterer and Y. Zhang, New BC] representations for one-loop amplitudes in
gauge theories and gravity, Nucl. Phys. B930 (2018) 328-383, [1706.00640].

[184] T. Adamo and E. Casali, Scattering equations, supergravity integrands, and pure spinors,
JHEP 1505 (2015) 120, [1502.06826]

[185] Y. Geyer, L. Mason, R. Monteiro and P. Tourkine, Two-Loop Scattering Amplitudes from the
Riemann Sphere, Phys. Rev. D94 (2016) 125029, [1607.08887].

[186] Y. Geyer and R. Monteiro, Two-Loop Scattering Amplitudes from Ambitwistor Strings: from
Genus Two to the Nodal Riemann Sphere, [JHEP 11 (2018) 008, [1805.05344].

[187] Y. Geyer, R. Monteiro and R. Stark-Muchao, Two-Loop Scattering Amplitudes:
Double-Forward Limit and Colour-Kinematics Duality, JHEP 12 (2019) 049, [1908.05221].

[188] A. Edison, S. He, O. Schlotterer and F. Teng, One-loop Correlators and BC] Numerators from
Forward Limits, [HEP 09 (2020) 079, [2005.03639].

[189] M. Yu, C. Zhang and Y.-Z. Zhang, One loop amplitude from null string, JHEP 06 (2017) 051,
[1704.01290].

[190] E. Casali, S. Mizera and P. Tourkine, Loop amplitudes monodromy relations and
color-kinematics duality, JHEP 21 (2020) 048, [2005.05329].

[191] B. Feng and C. Hu, One-loop CHY-Integrand of Bi-adjoint Scalar Theory, JHEP 02 (2020)
187,[1912.12960].

[192] C. Cardona and H. Gomez, Elliptic scattering equations, JHEP 06 (2016) 094,
[1605.01446].

[193] C. Cardona and H. Gomez, CHY-Graphs on a Torus, [JHEP 10 (2016) 116, [1607.01871].

[194] H. Gomez, S. Mizera and G. Zhang, CHY Loop Integrands from Holomorphic Forms, JHEP
03 (2017) 092, [1612.06854].

[195] H. Gomez, Quadratic Feynman Loop Integrands From Massless Scattering Equations, Phys.
Rev. D 95 (2017) 106006, [1703.04714].

199


http://dx.doi.org/10.1007/JHEP05(2016)061
http://dx.doi.org/10.1007/JHEP05(2016)061
https://arxiv.org/abs/1601.05864
http://dx.doi.org/10.1007/JHEP08(2016)008
https://arxiv.org/abs/1512.05001
http://dx.doi.org/10.1103/PhysRevLett.116.061601
http://dx.doi.org/10.1103/PhysRevLett.116.061601
https://arxiv.org/abs/1509.02169
http://dx.doi.org/10.1007/JHEP03(2018)068
http://dx.doi.org/10.1007/JHEP03(2018)068
https://arxiv.org/abs/1711.09923
http://dx.doi.org/10.1103/PhysRevLett.118.161601
https://arxiv.org/abs/1612.00417
http://dx.doi.org/10.1016/j.nuclphysb.2018.03.003
https://arxiv.org/abs/1706.00640
http://dx.doi.org/10.1007/JHEP05(2015)120
https://arxiv.org/abs/1502.06826
http://dx.doi.org/10.1103/PhysRevD.94.125029
https://arxiv.org/abs/1607.08887
http://dx.doi.org/10.1007/JHEP11(2018)008
https://arxiv.org/abs/1805.05344
http://dx.doi.org/10.1007/JHEP12(2019)049
https://arxiv.org/abs/1908.05221
http://dx.doi.org/10.1007/JHEP09(2020)079
https://arxiv.org/abs/2005.03639
http://dx.doi.org/10.1007/JHEP06(2017)051
https://arxiv.org/abs/1704.01290
http://dx.doi.org/10.1007/JHEP03(2021)048
https://arxiv.org/abs/2005.05329
http://dx.doi.org/10.1007/JHEP02(2020)187
http://dx.doi.org/10.1007/JHEP02(2020)187
https://arxiv.org/abs/1912.12960
http://dx.doi.org/10.1007/JHEP06(2016)094
https://arxiv.org/abs/1605.01446
http://dx.doi.org/10.1007/JHEP10(2016)116
https://arxiv.org/abs/1607.01871
http://dx.doi.org/10.1007/JHEP03(2017)092
http://dx.doi.org/10.1007/JHEP03(2017)092
https://arxiv.org/abs/1612.06854
http://dx.doi.org/10.1103/PhysRevD.95.106006
http://dx.doi.org/10.1103/PhysRevD.95.106006
https://arxiv.org/abs/1703.04714

BIBLIOGRAPHY

[196] H. Gomez, C. Lopez-Arcos and P. Talavera, One-loop Parke-Taylor factors for quadratic
propagators from massless scattering equations, [HEP 10 (2017) 175,[1707 . 08584].

[197] N. Ahmadiniaz, H. Gomez and C. Lopez-Arcos, Non-planar one-loop Parke-Taylor factors
in the CHY approach for quadratic propagators, JHEP 05 (2018) 055, [1802.00015].

[198] ]J. A. Farrow, Y. Geyer, A. E. Lipstein, R. Monteiro and R. Stark-Muchao, Propagators,
BCFW recursion and new scattering equations at one loop, JHEP 10 (2020) 074,
[2007.00623].

[199] L. Dolan and P. Goddard, Tree and Loop Amplitudes in Open Twistor String Theory, JHEP
0706 (2007) 005, [hep-th/0703054].

[200] J. A. Farrow and A. E. Lipstein, From 4d Ambitwistor Strings to On Shell Diagrams and
Back, JHEP 07 (2017) 114, [1705.07087].

[201] K. Hori, S. Katz, A. Klemm, R. Pandharipande, R. Thomas, C. Vafa et al., Mirror
symmetry, vol. 1 of Clay mathematics monographs. AMS, Providence, USA, 2003.

[202] J. Polchinski, String theory. Vol. 1: An introduction to the bosonic string. Cambridge
Monographs on Mathematical Physics. Cambridge University Press, 12, 2007,
10.1017 /CB0O9780511816079.

200


http://dx.doi.org/10.1007/JHEP10(2017)175
https://arxiv.org/abs/1707.08584
http://dx.doi.org/10.1007/JHEP05(2018)055
https://arxiv.org/abs/1802.00015
http://dx.doi.org/10.1007/JHEP10(2020)074
https://arxiv.org/abs/2007.00623
http://dx.doi.org/10.1088/1126-6708/2007/06/005
http://dx.doi.org/10.1088/1126-6708/2007/06/005
https://arxiv.org/abs/hep-th/0703054
http://dx.doi.org/10.1007/JHEP07(2017)114
https://arxiv.org/abs/1705.07087
http://dx.doi.org/10.1017/CBO9780511816079

	Introduction
	Review
	Ambitwistor space
	The RNS ambitwistor strings
	Interlude: spinor-helicity formalism
	Twistorial ambitwistor string
	Twistors and ambitwistors in four dimensions
	Four dimensional ambitwistor string
	Twistors and ambitwistors in six dimensions
	Models in six dimensions
	Models in five dimensions

	Six dimensional formula
	Polarized scattering equations framework in 6 dimensions
	Supersymmetry in 6d
	Integrands


	Properties of the six dimensional superamplitude
	Polarized scattering equations and measure
	Existence and uniqueness of solutions 
	An explicit linear version of the polarized scattering equations
	The equivalence of measures

	Integrands
	The kinematic reduced determinant det'H.
	The supersymmetry factors
	Consistency of the reduced determinant with the supersymmetry representation
	Linearity in the polarization data
	Linearity from supersymmetry
	Linearity for non-supersymmetric amplitudes.


	The three and four-point amplitudes
	Three-point amplitudes
	Four-point Yang-Mills amplitudes
	Other theories
	Fermionic amplitudes

	Proof of the formula by BCFW recursion
	Shift
	Factorisation

	Discussion

	Massive models in four dimensions
	Massive particles
	Review of twistor internal symmetry groups for massive particles
	Dirac spinors and spinor-helicity for massive particles
	The complexified particle phase space and Penrose transform
	Supersymmetric extension

	Massive two-twistor string
	Summary and discussion

	Massive models from symmetry reduction
	Symmetry reduction
	Massive model for bi-adjoint scalar
	Worldsheet model for the massive bi-adjoint scalar
	Consistency of the bi-adjoint scalar massive model

	Massive amplitudes from gauged currents
	Two-twistor string as a symmetry reduction
	From five to four dimensions
	Massive models from symmetry reduction
	Vertex operators and pictures
	Massive amplitudes as correlators

	Coulomb branch
	Amplitudes
	Supersymmetry "Ward identities"

	R-symmetry reduction
	Reducing SYM
	CSS gauged supergravities
	Double copy

	Summary and discussion

	Loops from the gluing operator in four dimensions
	The model
	Gluing operator
	One-loop amplitudes
	Comparison to the gluing operator in the RNS ambitwistor string
	Discussion

	Mathematical toolbox
	Symmetry reductions
	Factorization of the trace structure
	Invariance argument
	Scalars in maximal SYM in five and four dimensions
	The Coulomb Branch as a symmetry reduction from the Lagrangian
	R-symmetry reduction
	Massive amplitudes with a single massive particle

	Embedding of the massless models
	Bibliography

