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Abstract

In this thesis, we study various evolutionary aspects of relativistic collapsing systems,
thin-shell wormholes as well as cosmos by incorporating the effects of different physical
parameters. We consider both spherical and cylindrical stellar objects filled with
electromagnetic fluids and discuss their dynamical instability under radial oscillations.
The dynamical instability of homogeneous sphere as well as relativistic polytropes
is discussed by taking different values of charge in Newtonian and post Newtonian
regimes. Moreover, we evaluate the ranges of radii as well as adiabatic index for both
charged and uncharged dissipative homogeneous cylinder. It is noted that dynamical
instability occurs in the presence of charge if the gaseous mass contracts to the limiting
radius.

We discuss stability of thin-shell wormholes coupled with nonlinear electrodynam-
ics in the vicinity of different cosmological models for exotic matter. A general equa-
tion of state is considered in the form of linear perturbation which explores stability
of the respective wormhole solutions. We assume linear, logarithmic and Chaplygin
gas models to study exotic matter at thin-shell and evaluate maximum viable regions
for stability with different values of the involved parameters. We also study stability
of thin-shell wormholes in Einstein Hoffmann-Born-Infeld electrodynamics following
the same dynamical approach. It is found that the Hoffmann-Born-Infeld parameter
and electric charge enhance the stability regions.

Finally, we discuss dynamical stability of isotropic and homogenous universe model
via phase space analysis by taking a noninteracting mixture of electromagnetic and

viscous radiating fluids whose viscous pressure satisfies a nonlinear version of the

x1i
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Israel-Stewart transport equation. We evaluate corresponding critical points for var-
ious choices of physical parameters. It is found that bulk viscosity as well as elec-
tromagnetic field enhances the stability of accelerated expansion of the isotropic and
homogeneous cosmos. We also study phase space analysis of locally rotationally sym-
metric Bianchi type I universe model by taking different linear combinations for the
interactions between scalar field models and dark matter. This indicates a matter
dominated epoch ultimately followed by a late accelerated expansion phase. We con-
clude that all the critical points lead to accelerated expansion of the universe for

tachyon coupled field.



Abbreviations

In this thesis, the signatures of the spacetimes will be (—,+,+,+). Also, we shall

use the following list of abbreviations.

GR: General Relativity

BH: Black Hole

RN: Reissner Nordstrom

WH: Wormbhole

pN: post-Newtonian

DE: Dark Energy

DM: Dark Matter

NLED: Nonlinear Electrodynamics
EoS: Equation of State

CG: Chaplygin Gas

GCG: Generalized Chaplygin Gas
MCG: Modified Generalized Chaplygin Gas
HBI: Hoffmann-Born-Infeld
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Introduction

Stellar evolution refers to the progressive changes of interior composition that a star
experiences from its birth to death. It radiates an extensive amount of energy in the
form of photons or neutrinos. Gravitational collapse is highly dissipative mechanism
which evolves enormous amount of binding energy of the order 10°%erg. During
collapse, relativistic celestial objects may go through several dynamical phases. It is
well-known that any stellar system will be insignificant if it becomes unstable upon
perturbations. The perturbation scheme plays a pivotal role in demonstrating the
stability criteria for stellar configuration and characterizing possible consequences of
its evolution. The stability phenomenon of oscillating gaseous configurations can be
classified into two types, i.e., non-relativistic (Newtonian) and relativistic (pN) [1].
This provides a platform to evaluate ranges of deviation and level of consistency
between GR and Newton gravity.

The dynamical instability of collapsing configurations can be studied through
stiffness parameter also known as adiabatic index (I'). Chandrasekhar [2] was the
pioneer who discussed the concept of dynamical instability of gaseous sphere by taking
perfect fluid in terms of I' at Newtonian and pN limits. He followed Eulerian approach
for linearized perturbed hydrodynamic equations. He also studied dynamical stability

of spherical collapsing system by taking radial and non-radial fluctuations [3]. Herrera



et al. [4] extended the analysis of Chandrasekhar with new mathematical approach
to examine dynamical instability of spherical system and concluded that instability
range increases in Newtonian regime but decreases in pN regime. Chan et al. [5]
found that the effect of shearing viscosity is to decrease instability of spherical star
in both Newtonian and relativistic regimes.

The dynamical instability of astrophysical objects in the presence of electromag-
netic field has a primal history starting with Rosseland [6]. A general consensus
about stellar bodies exhibits that the system does not occupy charge in huge amount
[7] but there are some phenomena which induce immense amount of electric charge.
Stettner [8] discussed the role of surface charge in increasing stability of spherical
system. Glazer [9] studied dynamical stability of charged gaseous sphere under ra-
dial pulsations. Zhang et al. [10] computed the Oppenhiemer-Volkoff equations and
found that charge does not influence the critical mass. Ghezzi [11] found that neutron
stars with a charge larger than the extreme value will blow up. Thirukkanesh and
Maharaj [12] argued that charged spherical solutions may define realistic compact
spheres. Pinheiro and Chan [13] studied dynamical aspects of charged dissipating
sphere incorporating enormous amount of electric charge whose implosion yields RN
BH.

It is well-known that galaxies can be categorized according to their shape like
spiral, barred spiral, elliptic and irregular galaxies. The deviation of stellar struc-
ture from spherical to other symmetries is an incidental characteristic which reveals
significant mathematical results about self-gravitating objects. The implementation
of cylindrical configurations to study various astrophysical phenomena has attracted

many astronomers. Thorne [14] defined energy for the systems that are invariant



under rotations and translations along a symmetry axis known as locally measurable
“cylindrical energy” or “C-energy”. He also found that magnetic field may halt grav-
itational collapse of cylinder to form a singularity [15]. Nakao and Morisawa [16]
discussed cylindrical gravitational collapse in the context of perfect fluid.

There is a large body of literature on the study of cylindrical gravitational col-
lapse with and without electromagnetic field [17]. Chandrasekhar and Fermi [18]
investigated stability of cylinder filled with incompressible and homogenous fluid in
the presence of magnetic field. Sharif and Azam [19] explored the stability conditions
for charged dissipative collapsing cylinder and found that I" has smaller value for the
respective fluid as compared to the isotropic sphere. Sharif and Bhatti [20] exam-
ined dynamical instability of anisotropic collapsing cylinder by taking expansion-free
model and concluded that electric charge controls stability of the model.

Polytropic models are the generalization of classical Lane-Emden equation ob-
tained from the hydrostatic equilibrium equation. Tooper [21] studied internal struc-
ture of spherically symmetric spacetime by taking polytropic EoS and computed solu-
tion of Lane-Emden equation for Newtonian polytropes. Abramowicz [22] developed
general form of the Lane-Emden equation for higher-dimensional spherical, cylin-
drical and planar geometries. The dynamics of polytropic compact stars is studied
under the influence of electromagnetic field [23]. Herrera and Barreto [24] discussed
physical characteristics for both Newtonian and relativistic polytropes in spherical
background. Breysse et al. [25] investigated instability conditions for cylindrical
polytropic models under radial and non-radial fluctuations.

Thin-shell WHs belong to one of the WH classes in which exotic matter is re-

stricted at the shell. To ensure that an observer does not encounter the non-physical



zone of BH, a thin-shell strengthens the WH provided that it possesses an exotic
matter for its maintenance against gravitational collapse. The physical viability of
thin-shell WHs is a challenging issue due to unavoidable amount of exotic matter
that is a necessary ingredient for the existence of WHs. The presence of this mat-
ter makes the system to violate null energy condition which needs to be minimized.
Visser [26] suggested that this can be done by choosing some appropriate WH geome-
tries. Visser et al. [27] illustrated an efficient technique of cut and paste to construct
spherically symmetric thin-shell WHs which makes infinitesimally small usage of the
exotic matter by restricting it at the edges of throat.

The stability of thin-shell WHs can be studied either by taking perturbations
around a static solution or by assuming EoS identifying exotic matter at the WH
throat. In this scenario, many surveys have been done to construct thin-shell WHs
by applying Visser’s cut and paste method and investigated their stability. Kim and
Lee [28] found that electromagnetic field has significant impact on stability of thin-
shell WHs. Eiroa and Romero [29] generalized this analysis for Reissner-Nordstrom
thin-shell WHs whose stability increases by increasing electric charge. Lobo [30]
studied this analysis for spherical WH configurations with the inclusion of cosmolog-
ical constant (A). Sharif and Azam [31] explored both stable and unstable spherical
thin-shell WH solutions.

The presence of singularity is one of the most peculiar problems in GR. A com-
prehensive insight of BH demands singularity-free solutions known as regular BHs.
Bardeen [32] was the pioneer who proposed a regular BH with particular mass to

charge ratio. Ayon-Beato and Garcia [33] proposed another regular BH termed as



ABG BH characterized by its mass and electric charge. Later, Bronnikov [34] pre-
sented similar kind of massive regular BH coupled with NLED known as ABGB BH
which behaves as ordinary RN BH. Hayward [35] suggested a similar class of regular
BH which can be converted to de Sitter and Schwarzschild spacetimes as » — 0 and
r — 00, respectively. The stability problem of thin-shell WHs from regular BH has
aspired many researchers. Rahaman et al. [36] found stable thin-shell WHs from
charged regular BH coupled with NLED. Sharif and Azam [37] studied stability of
regular ABG thin-shell WHs and found stable solutions with and without A. Halilsoy
et al. [38] examined stability conditions for regular Hayward thin-shell WHs in the
vicinity of linear, logarithmic and CG models. Sharif and Javed [39] explored stable
Bardeen thin-shell WHs by taking different cosmic models for specific values of EoS
parameter.

Nonlinear electrodynamics is the generalization of Maxwell theory which is as-
sumed to be the most appropriate theory to remove initial singularities. Born and
Infeld [40] introduced the most distinguished constituent of viable NLED to overcome
the singularity problem upto some extent. Hoffmann [41] defined gravitational field of
a charged spherical solution by coupling GR with Born-Infeld electrodynamics which
corresponds to a BH. In this context, Eiroa and Aguirre [42] investigated stability of
spherical thin-shell WHs in Born-Infeld theory by taking GCG. Sharif and Azam [43]
found that stability of WH configurations tends to increase by increasing values of
Born-Infeld parameter in the vicinity of MGCG.

The concept of scalar field, with EoS parameter other than —1, has played a
remarkable role in cosmic evolution due to its progressive implementation in various

cosmological problems like cosmic acceleration and cosmic coincidence problem. The



scalar field models may also predict the early inflationary cosmic era. We can choose
scalar field models (in particular, phantom and tachyon) as a dynamical DE candidate
interacting with DM by interchanging their energy which may solve the coincidence
problem. The universe model undergoes accelerated expansion as the tachyon field
rolls down [44]. Gibbons [45] discussed cosmological influence of the tachyon rolling
down to its ground phase. A tachyonic matter may yield inflation at early era and
ultimately some new form of DM at late times [46]. The interaction of DE (phantom
or tachyon) and DM describes energy flow such that no component remains conserved
separately. The interaction between the components may alleviate the coincidence
problem [47].

The stability of different universe models via phase space helps to comprehend
various patterns of their evolution. Guo et al. [48] analyzed phase space analysis
of interacting phantom energy with DM. Garcia-Salcedo [49] examined the stability
of FRW universe with the influence of NLED. Yang and Gao [50] discussed phase
space analysis for k-essence cosmology and found that stable critical points have
intense contribution in demonstrating the cosmic evolution. Acquaviva and Beesham
[51] discussed the role of nonlinear bulk viscosity on the stability of current cosmic
expansion of FRW model. Shahalam et al. [52] studied dynamical analysis of coupled
phantom and tachyon fields by taking linear combinations of the coupling for FRW
universe model.

Bianchi universe models have widely been studied in literature to discuss expected
primordial anisotropy and some large angle anomalies observed by CMBR which leads
to the contravention of statistical isotropy of the universe [53]. Coley and Dunn [54]

followed phase space approach to explore behavior of Bianchi type V model containing



a viscous fluid. Burd and Coley [55] investigated the effects of shear as well as bulk
viscosity on the stability of Bianchi universe models. Goliath and Ellis [56] discussed
dynamical evolution of Bianchi universe model via phase space by including A. Sharif
and Waheed [57] studied phase space analysis of locally rotationally symmetric (LRS)
BI universe for chameleon scalar field in Brans-Dicke gravity. Chaubey and Raushan
[58] studied phase space analysis of LRS BI model in the presence of scalar field.
This thesis is devoted to study the dynamical stability of celestial objects as well
as evolution of the universe models with the influence of various physical quantities.
We investigate stability of thin-shell WH solutions against linear perturbation in the
vicinity of different cosmological models. We also discuss phase space analysis of
cosmic models coupled with NLED and scalar field models. The thesis is organized

as follows.

e Chapter One provides some basic concepts and definitions related to this thesis.

e Chapter Two deals with dynamical instability of charged gaseous sphere by
following Eulerian and Lagrangian perturbation approaches. We also discuss

stability of charged dissipative cylinder under radial oscillations.

e Chapter Three investigates stability of regular thin-shell WHs coupled with

NLED and stable WH solutions in Einstein HBI electrodynamics.

e In chapter Four, we analyze stability of of isotropic and homogenous universe
model in NLED via phase space analysis. The stability of anistropic universe

model is also discussed by taking phantom and tachyon coupled fields.

e Finally, we provide summary of all the obtained results and outline some future

lines of action for research in chapter Five .



Chapter 1

Overview

In this chapter, we furnish some basic concepts and terminologies required to under-
stand this thesis. The signatures of the spacetimes will be (—,+, 4+, +) throughout

the thesis.

1.1 Dynamical Instability of Oscillating Systems

The process which interconnects all the particles of any system through combined
gravitational force is known as self-gravitation. It plays an important role in char-
acterizing possible trends of cosmic expansion (decelerating or accelerating). Stars,
stellar clusters and galaxies without self-gravitation may expand or finally disappear.
The dynamical evolution of self-gravitating structures has remarkable significance
in astrophysics which describes how the stellar bodies change with time. Initially,
any stable system remains in state of hydrostatic equilibrium unless its own gravity
overcomes the outward pointing forces which causes a continuous diminishing of star
leading to gravitational collapse. The collapsing system contracts to a point under
the influence of its own gravity leading to the overwhelm structures like white dwarfs

(mass< 1.44M), neutron stars (1.5M, — 3.2M) or BHs (mass> 3.2M), where

8



M, is the mass of the Sun. Gravitational collapse of massive objects having range
108 M, — 108 M, gives rise to the emergence of spacetime singularities in cosmos [59].
The mystery about the eventual outcome of gravitational collapse has remained unre-
solved. It has been suggested through various substantial attempts that the ultimate
destiny of the gravitational collapse would be BH or naked singularity depending on
the nature of initial data of collapse.

It has always been interesting to explore what happens when the phase of equi-
librium of self-gravitating system is disturbed? Oscillations of stellar interiors as well
as BHs are one of the primal issues in relativistic gravitational physics. These oscil-
lations are produced on perturbing a stellar system from its equilibrium phase which
reverts back to its original state under a restoration force. The oscillating system will
be dynamically stable if these disturbances gradually vanish and the system reattains
its initial position. For unstable case, the perturbation tends to increase such that
the oscillating system departs from its original position and never comes back [60]. If
the collapsing system accomplishes its hydrostatic equilibrium after perturbation, it
becomes stable otherwise, it will be dynamically unstable.

There are different approaches for the stability analysis of general relativistic bod-
ies. Numerical techniques can be used to comprehend the behavior of field equations
when exact solutions cannot be found. However, these numerical results become am-
biguous due to the presence of various parameters which could not describe the criteria
of dynamical instability where particular ranges are required. In order to explore in-
triguing consequences, these systems are modeled through linearized perturbations

which are more appropriate than numerical techniques. Chandrasekhar’s pioneer



10

work indicates Eulerian and Lagrangian approaches for linearized perturbed hydro-
dynamic equations [2]. It was found that the stellar system would be dynamically
stable or unstable according to some numerical value of adiabatic index. There have
been many extensions of Chandrasekhar’s approach with adiabatic and non-adiabatic
fluids. An adiabatic index describes the fractional rate between pressure and energy
density in matter distribution whose value estimates the instability criteria.

It is found that stability criterion of any system, initially in hydrostatic equilib-
rium, can be studied by linearizing field as well as conservation equations through
radial perturbation. The dynamical variables are perturbed with time dependent
small infinitesimal perturbation in such a way that the system starts oscillating with
some frequency. According to linear stability criterion of the dynamical system, the
perturbed equation of motion comprises eigenvalues corresponding to the oscillations
frequency [60]. In such scenario, the stability of perturbed system depends upon the
nature of frequency. The dynamical configuration will be stable (respectively, unsta-
ble) for real (respectively, imaginary) values of frequency of the model. The system
with zero frequency becomes marginally stable (neither stable nor unstable), i.e., the
configuration will expand or contract with analogous characteristics.

The dynamical study of massive stars can be carried out in weak as well as strong-
field limits. The analysis becomes ambiguous in strong-field regimes due to nonlin-
earity, hence the weak-field approximations will be effective to find physically inter-
esting results. Linearized gravity is an example of such approximation technique in
which useful approximate consequences are achieved by neglecting nonlinearity from
spacetime metric. This approximation yields linearized equations that lead to weak

gravitational field. In this perspective, Newtonian and pN limits are other weak-field
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approximations of gravitational theory where metric coefficients and field equations
are approximated in inverse power of ¢ (speed of light). The idea of weak-field ap-
proximation (Newtonian and pN) [1] has remarkable significance in relativistic hy-
drodynamics. This yields a platform to manifest orders of deviations from Newton’s
gravitational law.

Post-Newtonian approximations have become a fundamental paradigm to verify
the predictions of different theories. They are expanded in small parameters which can
be applied to evaluate an approximate solution of the field equations. The Newtonian
and pN approximations demonstrate the ranges of small perturbation of any system
with homogenous and isotropic background. It is worth mentioning here that the
consequences of any relativistic theory must be well consistent with Newtonian theory

in the non-relativistic limits.

1.2 Junction Conditions

Junction conditions give the matching of two spacetime regions (interior and exterior)
partitioned by a hypersurface ¥ and explain whether the unification of these two
metrics form a viable solution to the field equations or not. They are often employed
to analyze the boundary of collapsing system, dynamics of thin-shells as well as

gravitational waves. These are of two types.

1.2.1 Darmois Junction Conditions

The smooth matching of two spacetime regions via junction conditions implies the

continuity of the induced metric and the extrinsic curvature on both sides of the
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hypersurface which yields Darmois junction conditions [64] given as follows.

1. The continuity of spacetimes over ¥ gives
(ds®)s = (ds2)s = (ds})s, (1.2.1)

where (ds?)s; is the induced metric over ¥ and (ds?)s, (ds?)s indicate the
interior and exterior line elements, respectively. This can also be termed as the

continuity of the first fundamental form.
2. The continuity of the extrinsic curvature over ¥ yields
[Kw) =K, — K, =0, (1.2.2)

also called continuity of the second fundamental form. Here K;; is the extrinsic

curvature defined by

D?xs oz, oxY
K% = —nZ E pre =+ b=0,2,3 1.2.3
ab U2 (65“0517 + 2% 85(1651, ) ) ((l, » >’ ( )
where n are the unit normal vectors in the direction orthogonal to the hyper-

surface while £* and 2!/ represent the coordinates on ¥ and the manifold M,
respectively. The unit normal vector to the hypersurface is given by

€Pa

=P 1.2.4
! FZZW Mk (124)

1.2.2 Israel Junction Conditions

The existence of matter at the boundary surface yields discontinuity in the extrinsic
curvature directed along the normal, i.e., [K,| = Kap, hence the Darmois junction

conditions fail. This phenomenon corresponds to Israel thin-shell formalism [65] which
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requires continuity of the line elements while the second condition gives the extrinsic

curvature discontinuity as follows
(K| = K} — K, = Kap. (1.2.5)

The Israel formalism requires the normal vectors directed from interior to exterior.
The dynamical analysis of matter at hypersurface is carried out by employing the

Lanczos equations at Y given by

Sab = 8%{91119[( — [Kab]}- (126)

This condition provides a correspondence between the surface energy-momentum ten-

sor S, and the extrinsic curvature discontinuity.

1.3 Thin-Shell Wormbholes

One of the most captivating attributes of GR is the manifestation of hypothetical
geometries having topological structure. Misner and Wheeler [61] defined these in-
triguing characteristics as solutions of the Einstein field equations known as worm-
holes. A WH is a theoretical passage through spacetime which is supposed to connect
remote regions of the universe by reducing traveling time as well as distance. Besides
the lack of some observational evidences, a WH is interpreted as an eternal BH. The
Einstein-Rosen bridge is the best fitted example [62], in which WH throat implodes
leading to the presence of singularity. A particle passing through this WH will reach
the singularity at » = 0 rather than the other end. The following aspects are suggested

to be responsible in the composition of non-traversable WHs.

e The tidal gravitational forces present at the WH throat would drag off any

observer trying to travel through it.
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e This WH is not static as its throat expands from zero and then collapses re-
versely to its initial state rapidly. This rapid expansion or contraction of throat

does not allow anything to pass through it.

e This WH possesses a BH (horizon) at one side and a white hole (antihorizon)
at the other side. This antihorizon is unstable under small disturbances which

changes to a horizon leading to the collapse of WH throat.

Physicists have been excited by the proposal of Morris and Thorne for traversable
WH configuration comprising two asymptotically flat regions connected by a throat
[63]. These WH solutions are characterized by an exotic matter with negative energy
density that helps to keep its throat open, which in turn, produces repulsion against
collapse. The most prominent feature of these WHs is the lack of event horizon which
permits an observer to traverse freely through its flat faces. A BH solution can be
converted into WH with the addition of exotic matter. A thin-shell is generated by
this exotic matter in the stable WH configuration which identifies positive pressure
and negative energy density. The positive surface pressure rules out the collapse of
WH throat while the negative energy density assures the existence of horizon outside
WH throat which enables a two way communication between two regions of the
universe.

For the physical viability of thin-shell WHs, the presence of this matter plays
an essential role to stabilize WH and makes it traversable. The quantity of exotic
matter supporting the WH throat must be reduced for physical viability of WH con-
figurations. Visser [26] proposed an elegant method which could make infinitesimally
small contribution of the unavoidable amount of exotic matter such that a traveler

encountering the WH does not observe any tidal force. Figure 1.1 shows a thin-shell
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Figure 1.1: Thin-shell WH connecting two different regions.

WH constructed through cut and paste technique.

1.4 Some Mysterious Components of the Universe

Some mysterious exotic source of unusual anti-gravitational force is supposed to be
responsible for the current cosmic expansion known as DE. It is an exotic energy
constituent having large negative pressure (pushing galaxies apart from each other)
which dominates over the matter content of cosmos. There are various alternative
dynamical models like quintessence [66], phantom model [67] and tachyon field [68]
which predict cosmic expansion. The generalization of simple barotropic EoS to
more exotic forms like CG and its modification also correspond to DE candidates.
The relevance of these models is an interesting subject in the dynamical investigation
of thin-shell WHs as well as cosmos.

In the following, we discuss some of these interesting candidates briefly.
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(i) Scalar Field Proposals

Scalar field is basically defined as a function that associates each point of the spacetime
manifold with a scalar value (either a number or physical quantity). The physical
background of scalar field models could be found through particle physics as well as
string theory. This material with unusual characteristics can be speculated as the
most appropriate candidate to develop a dynamical framework which is composed of
kinetic and potential terms coupled to gravity. In cosmic history, various DE models
have been developed on the basis of scalar field.

We briefly discuss some of the scalar field models such as quintessence, phantom

and tachyon.

¢ Quintessence
This is a hypothetical candidate of DE which can be acquired by including

potential term in the Lagrangian of scalar field defined by

C— % 60— V(6), (1.4.1)

where ¢ is the scalar field and V(¢) corresponds to the scalar field potential.
It is a dynamical model with varying EoS parameter whose evolution is only
dominated by the nature of field potential. The energy density and pressure

depending upon a time-varying scalar field are given by

1. 1.
oQ = 59252 +V(9), pq= §¢2 — V(o). (1.4.2)
This model describes current cosmic expansion by generating negative pressure

when potential dominates the kinetic term.

e Phantom

Phantom model is the simplest description of DE that interprets the future
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accelerated expansion of cosmos by the inclusion of negative sign for the kinetic

energy term [67]. The corresponding Lagrangian is defined by
1 I
L= —58,@8 o — V(). (1.4.3)

A phantom field may arise from string theory [70] or due to bulk viscous stress
in particle production [71]. Tt contains both kinetic and potential field terms

with positive energy density and negative pressure

1. 1.
op = —§¢2 +V(o), pp= —§¢2 —V(9), (1.4.4)

which corresponds to the EoS parameter —1 and violates the energy conditions.
The energy density increases and becomes infinite with the passage of time

which causes gravitational repulsion between galaxies.

Tachyon Field
Tachyon fields are the scalar field candidates of DE that play a prominent role
to explain initial as well as late cosmic scenarios [68]. The corresponding energy

density and pressure are given by

op = \/LL)_, pr= V(o)1 - é2. (1.4.5)
1 - ¢?

In contrast to quintessence model (where we compare the squared scalar field
term derivative with the field potential), this model can be compared with the
unity. In this scenario, EoS parameter is smoothly interpolated between —1

and 0 for which ¢? < 1 must be satisfied.
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(ii) Chaplygin Gas Models

Chaplygin gas is a speculative substance to explore the DE ambiguity which satisfies
an exotic EoS. The unification of dark sector of cosmos is a burning issue in cosmo-
logical framework. Chaplygin gas has the characteristic to behave as both DM and
DE in a unified form [72]. It describes the early as well as late paradigms of cosmic

expansion which is governed by the following EoS

p=-2, (1.4.6)
g

where e is a positive constant while o, p are the surface energy density and pressure,
respectively. Chaplygin gas model behaves like a dust fluid in the initial phases but
eventually acts like A. This candidate of DE does not require the presence of potential
that let it free from all enigmas arising from the fine-tuning of free parameters. Several
attempts have been done to propose various generalizations of CG with the inclusion

of some new parameters.

e Generalized Chaplygin Gas
The well-known extension of CG is GCG [73] defined by the EoS

p= - (1.4.7)

o’
where 0 < v < 1. Bento et al. [74] argued that GCG allows the unified
description of DM and DE. This model coupled with dust at high energy density

is consistent with recent observational data [75].

e Modified Generalized Chaplygin Gas
Benaoum [76] extended GCG to MGCG defined by

(&
p=do——, (1.4.8)
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where d is a positive constant. One can recover EoS for CG and GCG for
different choices of parameters d, e and . The GCG possesses an interesting

aspect to act as both DM as well as DE [77].

(iii) Viscous Force

The concept of viscous force comes from fluid dynamics where it is computed by
the velocity gradient and can be categorized into bulk as well as shear viscosity. In
cosmology, shear viscosity arises from the notion of spacetime anisotropy. The bulk
viscosity refers to the measure of pressure required to restore an equilibrium state
when cosmic expansion of any fluid occurs in an expanding universe scenario. It
plays an important role to stabilize the density evolution and overcomes the rapid
changes in cosmos. It promotes negative energy field in the fluid and hence can play
the role of DE to describe the dynamics of cosmos. It is argued that a bulk viscous

fluid is capable to cause an accelerated expansion of cosmos [78].

1.5 Phase Space Analysis

A phase space describes all possible states (position and momentum) associated with
each point of the system. This provides dynamical behavior of a cosmological model
by minimizing complexity of the equations. Phase portrait is basically a graphical
demonstration of all solutions which incorporates the illustrative trajectories. This
investigates the influence of initial data on stability of any system by checking whether
the system remains stable for a long time [79].

The following algorithm has been adopted in literature to explore stability of
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critical points for any set of field equations.

e Convert the dynamical system of equations to the autonomous system by using

dimensionless variables.

e Evaluate critical points by solving the autonomous system of equations to study

stability of cosmos.

e Calculate the eigenvalues of the Jacobi matrix which can characterize these
critical points. The phase portraits of these critical point can be categorized

according to the nature of eigenvalues of the linearly perturbed system.

e The fixed points can be classified into two types: hyperbolic points (eigenvalues
having non-zero real parts) and non-hyperbolic points (the eigenvalues having

only imaginary parts).

e The hyperbolic points can further be categorized into three types: source (oscil-
latory), sink (attractor) or saddle point. The fixed point is called a source (re-
spectively, a sink) if both eigenvalues consist of positive (respectively negative)
real parts. The real parts of the eigenvalues having opposite signs correspond
to a saddle point of the system. For a given system, both oscillator and saddle
points behave as unstable points while only attractors are stable points of that
system. However, we cannot provide any information about the stability of the

non-hyperbolic fixed points.



Chapter 2

Dynamical Instability of Charged
Spherical and Cylindrical Gaseous
Systems

This chapter explores the instability criteria for charged gaseous self-gravitating sys-
tems. In this context, we consider both spherically as well as cylindrically symmetric
metrics filled with electromagnetic fluids and discuss their dynamical instability un-
der radial oscillations. We follow the Eulerian and Lagrangian approaches to evaluate
linearized perturbed equation of motion. The criteria for dynamical instability of ho-
mogeneous sphere as well as relativistic polytropes with different values of charge in
Newtonian and pN regimes is evaluated. For cylindrical collapsing system, we com-
pute the ranges of radii and adiabatic index for both charged as well as uncharged
cases in Newtonian and pN limits with the effect of dissipation.

This chapter is divided into two sections. In section 2.1, we provide a detailed
description of charged spherically symmetric fluid models through dynamical equa-
tions. The results of this section have been published [80]. Section 2.2 investigates

dynamical instability of charged dissipative gaseous cylinder whose results have been

published [81].

21
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2.1 Charged Spherical Gaseous Models

In this section, we study the role of electric charge on dynamical instability of gaseous
sphere as well as relativistic polytropes under radial oscillations approaching the RN
limit.

2.1.1 Field Equations and Matter Configuration

We consider a spherical system in the interior region defined by the line element
ds? = —e’dt* + e dr? + r?(df? + sin? 0d¢?), (2.1.1)

where v = v(t,r) and A = A(¢,r) are the gravitational potentials. The corresponding

field equations can be written as

87TG

1 10 _
= S, (2.1.2)
87rG 1 1 10v
= = — — 4+ = 1.
S =N G+, (2.1.3)
811G ce N

where dot denotes derivative with respect to time. We assume the energy-momentum

tensor corresponding to charged perfect fluid in the form

1 S
+ —[FjF™* — Z(SJ.FMF’“], (2.1.5)

T = (o + p)uiuj + pé; 477[

J

where u’ CZC is the four velocity. The electromagnetic field tensor Fj; can be defined

in terms of four potential, F;; = ®;.; — ®,.;, which satisfies the Maxwell field equations

F7 =ArnJ', Fyn =0,
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where J¢ is the four current. The only non-vanishing radial component of electro-
magnetic field tensor (F% = —F10) implies that

d (T2€()\+V)/2F01)
dr

2_)/2

= 4nree™ p,

whose integration yields

Q1)

2 ?

FOl —

’
where Q(t,r) = 4w for r2pe??dr is the total amount of charge within the sphere.
The energy-momentum tensor follows the conservation identity, which governs

hydrodynamics of the fluid and leads to the following relations

oTy OT? 1[4 D 1
0,z A TP+ (T —TH 22— 2.1.6
7 T Talr Tt ) tg (0 -T) 5 =0 (216
oT® oT! 1 o 2 1 .0
hutet It T T = -2 (p=T") + =T°= (A =0, 2.1.7
8t+07“+2( )87“ T(p 1)+2 8(+V) ( )
where TO1 = —e”*ATIO. The non-zero components of energy-momentum tensor are
Q? Q? Q?
0= —6— = Tl=p— T2 =73 = .
0 7 Smrd’ 1=Pp mrd’ 2 3 =P 4

All the quantities governing the motion remain independent of time during the state of
hydrostatic equilibrium. The surface stresses describing equilibrium state are denoted

by zero subscript. In this context, Eqgs.(2.1.2), (2.1.3) and (2.1.7) take the form

d% (re™) = 1- SWSTQ oo — ffgj , (2.1.8)
% = %%(Fo—i—%)%—%% (?—j) +%. (2.1.10)

Following Eqs.(2.1.2) and (2.1.3), we also have a useful relation
¢ j (Ao + 1) = (po + 00)8:4G- (2.1.11)
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We take RN spacetime in the exterior region as

2GM 2 2GM 2\ !
g5t = (12 2GM  GQTN e ( 2GM GRT
rc? r2ct rc? r2ct
+ 7r%(d6* + sin? 0dp?), (2.1.12)

where M corresponds to the total mass of the sphere. The hydrostatic equilibrium
describes the state of fluid in which pressure gradient force is balanced by the gravita-
tional force. When one of these forces overcome the other, the stability of the system
is disturbed leading to an unstable system. The equation describing hydrostatic equi-

librium is obtained by eliminating v, from Eqgs.(2.1.9) and (2.1.10) as

1 2G M, N GQ?*\ dp L 1 (GM, B GQ? N 4G
rc2 r2ct | dr 2 72 r3c2 c? pr
1 2GM, GQ? Q* 1d [Q?
X(pO‘f'O'O)‘i‘E (1— 2 + 7"204) (F‘i‘éa F s (2113)

where the left and right hand sides correspond to pressure gradient and gravitational

terms, respectively and

ct 2ct

4 r T 2
M, = 7TG/ oordr 4+ 2 / Q—2dr, (2.1.14)
0 o T

is the Misner-Sharp mass function.

2.1.2 Equations Governing Radial Oscillations

Here we discuss the motion of gaseous masses undergoing radial oscillations. The

non-zero components of four velocity are given by

_Y 0} _X Ag—rQ
wW=e2, u=—e2, u =ve 2, u =ve 2 , (2.1.15)
where v = % is the radial velocity component. The stability of any gaseous mass

under perturbation ultimately gives rise to the dynamical evolution of gravitating
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system. We assume that an equilibrium configuration is perturbed such that it does
not affect the spherical symmetry. We consider only linear terms so that the respective

values in the perturbed state become
A=XN+0\, v=y+dy, p=po+0op, oc=o09+0d0, Q=CQy+Q. (2.1.16)

We follow the Eulerian approach [3] for perturbations such that the corresponding

linearized forms (governing the radial perturbations) through Eqs.(2.1.8) and (2.1.9)

are
J, 2G 5 Qo0Q
— 0 = — (4 - 2.1.1
ar(re dN) i ( Trodo . , ( 7)
e [0 dvy 1, 87G 2GQp0Q
O = e — 2.1.1
. [87“51/ 5)\d } ¢ O\ + = dp e ( 8)

here 0\, v, do, op and §Q) represent the Eulerian changes. Equations (2.1.4) and

(2.1.7) can be written appropriately in linearized forms as

e~ 9 ArG (00Q
. a(s)\ = (2(1)0 + op)v — i > : (2.1.19)
dv 0 1 0
Ao—vo ~ 7 . - _
(po + 0o)e 5 T By op + 2(po + 00)87“51/
1 dl/() 1 Qo(SQ 1 (9 Q05Q -
+§(5p+5 )d_+8_71' A 471'67“ A = 0. (2120)

Let us introduce a Lagrangian displacement “n” such that v = %tz. Integration of

Eq.(2.1.19) leads to

e

—Xo
oA = — SWG(po+ao)n+ W(iQO/(Sth (2.1.21)

r

Using Eq.(2.1.11), this equation takes the form

Ao
S\ = _di(Ao )+ 47TGQ°€ / 5Qdt. (2.1.22)
T
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Solving Eq.(2.1.17) and (2.1.32), it follows that

10 5 Q? Qo
0o = 71—25 -r (0'0 +p0)77+ 2_7A/5th:| + 471_7,45@7 (2123)
which yields
o dpo dO'() 1 0 2 10 QO/
oo = N g T—g(po-FUo)E(W )JFEE o 0Qdt
Qo
+ 47”445@. (2.1.24)

Using Eq.(2.1.10), we have

_ dog e/ 9 2 —up)2 n d [Q
b0 = =g~ ot oo)g e - gh o 1
10 Qo Qo

Substituting 6\ from Eq.(2.1.21) in (2.1.18), we obtain

e~ 9 1
, §5V = {(PoJon) <;+W)77+5p1 A

47 GQ, {dl/o - Q] /5th _ %5@ (2.1.26)

cArd dr r

which in accordance of Eq.(2.1.11) leads to

ot oy = 500t { |- Gnton) (5 +50) 1)
Qo [dvy 7 Qo
v 2 [W _ ;} /5th— 4W46Q}. (2.1.27)

Now we assume perturbations have time dependence of the form e??*, where g is the
characteristic frequency to be evaluated. The Lagrangian displacement n connects the
fluid elements in equilibrium with corresponding one in the perturbed configuration.

Since the equations have natural modes of oscillations, so they will depend on time.
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Considering 0\, dv, dp, 0o and () as time dependent amplitudes of the respective

quantities, Eq.(2.1.20) with (2.1.27) can be rewritten as

d 1 d 1. dy 1
0’ (py + o)y = bp— (Vo + §Ao) + —=dp + —50—0 — 5(po+00)

dr dr 2
dV(] d)\o 1 dVO Q() d
X (dr+dr)( +d)"+8 d()\OJFVO)
dl/o QO(SQ
X {27T<dr — r) 5th—5Q} { 5y

_ d% (Q;iQ) } _ (2.1.28)

2.1.3 The Conservation of Baryon Number

The study of perturbed pressure in terms of Lagrangian displacement requires an
additional assumption through which one can discuss physical aspects of gaseous mass
undergoing adiabatic radial oscillations. In this context, the required supplementary
condition can be justified by conservation of baryon number in the framework of GR

as (Nui),; = 0, or
0

5 —(Nw) + Nuji Iny/—g=0, (2.1.29)

Oz’

where N is the baryon number per unit volume. The conservation of baryon number
plays a vital role in collecting different models of the universe. According to this law,
the total number of particles will remain conserved during the fluid flow. This change
occurs due to loss or gain of net fluxes. Here we consider a fluid obeying this identity.

Equation (2.1.29) through (2.1.15) leads to

Jd, ~ J  ~ ~ a (2 1
(N —vg/2 —~ (N —vp/2 N -w/2 2 [ = -
815( e )+8'r< ve ) + Nve 5 7ﬁ+2[u—i-)\]
N
N2, 2o (2.1.30)

2 ot



We assume a perturbation of the form

N = No(r) + 6N(r, ).

Keeping only the linear terms in v, Eq.(2.1.30) becomes

10

~ 0.~ 1< d
— —(Nyr2ve™/?) 4 e70/2Z§N + = Noe ™2 — (1 + )

r2 Or

1~ 0
—Nye /2 =6\ =
+2 o€ 875 O,

ot 2 dr

whose integration in terms of Lagrangian displacement leads to

- N[ d 1,0 [~
ON + 70 T}d (VO + /\0) + (5)\:| + —26110/25 <N0T2776_V0/2> =0.

T r

Using Eq.(2.1.22), it follows that

- dNy, N, 2rGN,
SN = —np—2 — —06”0/22 (r*ne™/%) + MeAO /5th-

ctr3

dr 72 or

We consider an EoS in the form
N = N(o,p),

such that Egs.(2.1.25) and (2.1.34) together give

where

1 21GNy ,, 1 dN
M oN T Ty [
/3p c r do

and T" is the adiabatic index (ratio of specific heats) defined by

1 - ON
F = N — (U —|—p)— N
pON /Op do
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(2.1.31)

(2.1.32)

(2.1.33)

(2.1.34)

(2.1.35)

(2.1.36)

(2.1.37)

(2.1.38)

which estimates the fluid stiffness and describes the pressure and density fluctuations.
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2.1.4 Pulsation Equation and Variational Principle

The linear pulsation corresponds to the oscillation frequencies and different modes
of small perturbations applied to equilibrium spherical configuration. Inserting the
values of o and dp from Eqgs.(2.1.23) and (2.1.36) in (2.1.28), it follows that

dve  Ld)dpe d [ dpy) 12
2 Ao—ro __ 0 0 Po Po\ L1 }=2
¢ oo ”(dr+2dr>dr dr("dr) 2{7"

d 1 dv, d\ 1  dy
X (po + 00)n + == Ir [(po + 00)77]} - 577(]90 + 09) (d—: + d_ro) (— + d_ro)

l//2d
B —(u+*—°)i o2y, €0 d o ~Xo/2 alQO
GOer{eOQFp°2dr(r"€O)+ Odr E

1 1 [diy
Ao/2 dt @_/ dt S (™ n
e /562 } + dr o et 4r + dmr \ dr r

1+ Qo 4 {% - _/5th } %34562 potd {QOGWZ%Q} .

dmrd dr 47 dr r

Substituting %0 from Eq.(2.1.10) in the above equation, we have

0% (p + ao)n = 1(po + 09
2 dr? r dr r dr 2 dr dr

O L gy ot [ ) @B (1
T r3 ™

27 %  8mrd dr2 dr

L (dvy 7 Qo dXo [ (dip ~  0Q Q0@
+47rr(dr_r>}+47rr4dr {(dr_r)Q_ } 8mrd

u0/2 Q e—ug/25@
2.1.
* 4 dr{ ré } (2.1.39)
where [6Qdt = @ Under the equilibrium condition, Eq.(2.1.4) yields
167Gpy  2GQ2\ ,, dw 1d drg\*  1d)gdyy
- A ————, (2.14
{ ct + At [© T a2 t dr(yo o) + 2 dr 2 dr dr’ ( 0)

which, through Eq.(2.1.10), takes the form

0% (py + o) =

d 1 dpo\> &G
0y~ D)+ T
r dr Po + og \ dr c
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(P0+0077+ 2 (e

AQR) @Y, @ [ 1 Q@
dr 2mrd po+ag 4mrd

50° 1

C2mr6 8t dr2

[ A0+3y0/2p0F d ( 2 —VO/Q)} 6—(u0+,\0/2)
1

I 1 dpo
po + o¢ dr dar ! Ard dr o
n N R A
po+ oo (2mrt)2 | r2 16 \ dr

GQ3 (OélQoQ W) QonVo[ L
dr

(Qz)

.Y
Ry cird (Pt onne e 3 dr 47

LU (e m\] L, QuiQ (| dh) et d (QuQ
dr \ dr r s dr 4 dr r4

(2.1.41)

This is the required pulsation equation which satisfies the boundary conditions, i.e.,
n=0atr=0and dp =0 at r = R. This constitutes a characteristic value problem
for o obtained by multiplying the equation with nr2e(*0+*0)/2 and integrating over

values of r as

R R pl' | d 2
92/ (3>\ V)/2T2772<p + O')dr — / 6()\+3V)/2_ [% (,,,,2176—1//2):| dr
0 0

r2

R R 29
+87TG/ 6(3A+")/2p7“2772(p+0)dr—/ S/l (?) dr
r

¢t Jo 0 p—i—a

R R 2 2 2

dp n dp (1dQ~ Q7
4 (Mv)/22 dr / i ()\+V /20 b 2 d
* /0 e dr + o pPto dr \4r dr a3 )"

R 2 2 2
+/ 77 )\-H/ /QdQ ( 1 Q _ >d Y 7]@ (/\+V)/2dT
0

o3 € dr \p+ odnrt 27 r4
R 772 e(A+1)/2 Q2 2 1 dQ2 2 GQ%UQ
— sl — ) +—=|—F dr + ")
0o p+o(2mr3) r 16 \ dr 0 Ccr

(3A+v)/2 776 V) P 2 f 2, (v—=X)/2
X(p+o)e dr — - (Q?) dr + i rne

d 041@0@ Xo/2 / 77@0 Q N/ dAo
= Zlx0x v 1—
“dr ( rC dr+ o 8wt dr dr

B ~
+/ nQOQe(Vﬁ-/\)/Q% |:CY1 + i + L (% — Q):| dr
0

T dr 4 Anr \ dr T
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R
+/ JLTey /2d (%5@ —w)d (2.1.42)
0 T

47 r4

The corresponding orthogonality condition is defined as

R
/ eBY 2205 4 Gp(en(e) = (¢) £ ¢), (2.1.43)
0

where 7)) and n¥) give proper solutions associated with different characteristic values
of p?. To investigate dynamical instability of spherical star, the right-hand side of
Eq.(2.1.42) should vanish by choosing a trial function ¢ satisfying the given boundary
conditions.

In the following, we discuss the conditions for dynamical instability by taking two

special models.

The Homogeneous Model of Sphere

First we consider the homogeneous sphere with constant energy density and study
the conditions for its dynamical instability. Equations (2.1.13) and (2.1.14) governing

the hydrostatic equilibrium allow the integration [2] such that we can write

L. R? P2
where a? = 87rGo‘ and b? = QGQ . The solutions of the relevant physical quantities can
be determined in terms of x and z; as
-1 1 9 N
p—a3x1_x, e —1[31'1—33] , e = (2.1.45)

The necessary condition for the positivity of pressure yields 3z, > 1 which leads to

R v 8

< —-.
a2 R? 9
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Using the inertial mass, this takes the form

2GM 2
B> < GM _ G4 ) _ Ry, (2.1.46)

c? Rc? 8
where Ry is RN limiting radius. Inserting the physical quantities in Eq.(2.1.42), it

follows that

&1
+ g/o (x —21) (321 — 2)*—

1 2
p [ d§< né’e "”)} dé +

16maxy

&1 2 2 2 &1 N2 .
% / 0 dp (dQ7 4Q° de — 5 Q7 3z, e
o x€*dE \ d§ § Aral Jo & @
§1 02 _ 2 _
N 1 / n°(3x; —x) [Q*(3z1 — ) | ae - 1
dra? J, x&? 8ratr & 167a,xq

©pPBen — ) (dQP Q2 &
< [ e () e [ e
1 3z — x)? d? 1 &1
B 327ra3/0 4 3;1252 2 d_772<Q2)d§+ Qa*/o 2(3z1 — 2)ne?

a1Qo@ M2 1 (% 9QoQ 31 —xdyy [ 1
Xd&[&% 2az/o e @ & M

dvy 1 S nQudQ 3z, — 1 d)\
(8] | 2 ()

1 (% n&%(3z, —x) d Qo0Q
+ p /0 " 3 (54(3561 = x)) de, (2.1.47)

where £ = =, & = £ — b and I is assumed to be constant.
asx’ ax R

d§ +

We take the trial function as
v/2 1
n==¢&"* = 55(1‘1 — ), (2.1.48)

for which Eq.(2.1.47) becomes

&1 ¢4 3 4 &1
(a*g)Qxl/O %d{ = ixl/o (22 —1 -9z )S d¢ + 8/0 (x —x1)
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52 1 &1 . Q2 d T — 1
< n e g [ om0t (5 ) G ()
1 & 3z, — 1) (Q2\° Gy [ 3z, —x)?
-, () e [ @

5 S Q%31 — x)? IS d (3Q,Q
o | e /0 x§3(3x1—x)d—€< = >d§

1 ¢t Q060 ) 1 & ¢s ,
+ 2ma? J,  x€ (81 —)°de + 8ma? Jo E(gwl - @)
d Q00Q)

Substituting x = cos§ and £ = sinf in the above equation, we obtain

01 .4 0, .
(a.0)? cos 0, / sin_0 Pl — 2! / (2cos?f — 1 — 9cos®6,) sin_ 6 do
0 0

cos2f 4 cos? 0

9 " 5 . o 1
+ gf/o (cos @ — cosBy)(3 cos by — cos ) sin” 0do — T cosd,
y /91 (3cosby —cosf)® Q> d [ cosf —cosb) B

0 cos 6 mwsinf df \ 3 cos b — cosb a(4ma?)? cos 6,
91 2 2 91
_ o [ @ G cos 0, / B 9
X /0 (3cos ) — cosb) <_sin 0) df + o, (3cos by — cosb)
Q2 5Q* /91 (3cosf — cosf)?

————df — dé 2.1.50

* sinfcos?f 8ra3 J, sin® 6 ’ ( )

where 6; = sin™* (aﬂ — %) Solving the integrals and setting p? = 0, we obtain exact

condition for marginal stability. The values of I'; (corresponding to 6;) are found
such that I' should be less than certain I'; for the existence of dynamical instability.
In Newtonian limit, I'" takes finite values for marginal stability, i.e., I' > % + %.
We calculate the radii of marginal stability and I" for homogeneous model of gaseous
sphere by taking different values of charge which show finite values of I'. We observe
that radius % — oo for I' < 0 which leads to the expansion while % remains

positive for I' > 0 showing marginal stability of gaseous model. The corresponding

results are given in Table 2.1.
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Table 2.1: Adiabatic Index and Radii for Dynamical Stability of
Homogeneous Sphere

91 R/RN Fl for Q =0.2 Fl for Q =0.6
0° 00 -0.0182 -0.1622
10° | 33.163 0.1127 0.1776
20° | 8.549 0.1275 0.2278
25° | 5.598 0.1319 0.3192
30° | 4.000 0.3766 1.2643
35° | 3.0396 3246.43 1970.41
40° | 2.4203 5918.49 2527.00
50° | 1.704 6594.94 4352.86
60° | 1.333 6822.02 5631.08

When ¢? < 0, the perturbation diverges exponentially either by expansion or con-
traction which yields stellar dynamical instability. In the limit §; — 0, the condition

for dynamical instability is

4 9 4., 14[R* V2
In terms of inertial mass, this takes the form
14 2GM 2
R < 1 G — GQ , (2.1.52)
30— 242+ 7)] | ¢ Rct
which can be written as
R K
(2.1.53)

Ry ST (@17
where K = % for the homogeneous sphere. This means that if [ exceeds % + % by
a small amount, the dynamical instability can be prevented till the mass contracts to
the RN radius. If the radius of gaseous mass is greater than Ry, it remains stable.
The ranges for instability of homogeneous spherical system are shown in Figure 2.1.
Since the radius of stability is a factor of the RN radius, so the ratio % should be

greater than or equal to zero for physical results. We consider different values of
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Figure 2.1: Plots of % for dynamical stability /instability of homogeneous sphere
corresponding to different values of Q).

charge and find that 0.1 < @ < 0.4 and I' > 1.5 provide valid radii ranges for the
stability of sphere. For I' < 1.5, we only have unstable radii along with non-physical
region corresponding to ) > 0.4. Also, we observe that the gaseous sphere becomes
unstable for larger values of charge, i.e., ) > 1.2. It is obvious from the graph that

the radius of stability is greater than Ry for I' > % + %.

Relativistic Polytropic Model

In relativistic polytropic models, pressure and energy density can be expressed in

terms of a single function ©, as [21]
p=pOT"", o=0.07, (2.1.54)

where p. and o, represent respective values at center and n denotes the polytropic

index. The polytropic models are the generalized form of the classical Lane-Emden
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equation which can be obtained from the equations of hydrostatic equilibrium. Let

.
£=-, (2.1.55)

d7Go.

where a = <M>§ and s = 22, We can reduce Eqgs.(2.1.13) and (2.1.14) to the

pair of equations which express ©; as a function of &

( ¢ _gQ%W+U)(1_ﬂ@mﬁd)+Q%ﬁm+U)d&

1+ 50, 32rGo, 13 EM d¢
Q*V av
+V in + 50— BT =0, (2.1.56)
av
= £O7 2.1.
ra = £O7. (2.1.57)

We assume pN approximation of the form
0, =0+ sp, (2.1.58)

where ¢ is an arbitrary function, 0 represents classical Lane-Emden function and s is
treated as a small constant. Using Eqs.(2.1.56) and (2.1.57), the classical Lane-Emden

equation becomes

6 2df <1 QQ)gn_ cQ’ (2.1.59)

@ Tt M 321Go,’
Equation (2.1.42) in terms of ©; and ¢ takes the form

(ap)? & n 2.2 (3A—v)/2 o (2n+1)
O (14 s01)&n%e d¢ =2(n+1)s O, (1+56)
0

S 0

&1
é- 3’\+”)/2d§+4(n+ 1)/0 @717,5,’726(>\+V)/2 (1 . ‘?ﬁ(j’——:(-)ll))) dg

&1 @n-l-l 1 &1 e(A+v)/2
r (A 3v)/2 2 —v/2 d
VA e ]) @) Jy erasen

nR\ [& e L[99 e s(n +1)Q? de,
(54) [2 Q} - 2ma’ 0 5_36 ' {1+ 1450, d§
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&1
_GQ‘%} dé + = / = +772@ cO+)/2 df;
0 s

d® 1
’ dgl - or(ade?) W] “

oY) 2 2. (v— ,\/2 ﬁQOQeAO
87ra3/ 52 " d2 Q d§~|—/§ dg a&? ]d§

1M e d (QuQe?
+4m2/0 et ng( a d€. (2.1.60)

The pN approximation treats the effects of GR as first order corrections. We can

write
4 2
K 0GM  GQ?
R, — _ 2.1.62
! Pl—%(4Q2+7) { c? RC4:|’ ( )

where C' and K are constants depending on density distribution. The pN approxi-

mation yields

dd  GQ*(1+n)sdd

= 14241 — 2.1.63
e #as(1 ey - FEL IR (2.63)
- - 2(1 7
& = 1—2s( 4 )i+ &) + & J;W”M 1) (2.1.64)
where |0,| = — (dé/ d§>g . Using the relations of p. and o, for polytropes in terms
=&
of M, @ and R, it follows that

1 2GM  GQ?
_ _ [ e ?4] (2.1.65)

2(n +1)&|6,| | Re R2c

We calculate I' for the emergence of dynamical instability corresponding to different
values of ). The numerical values of I' for the polytropes of index 3 are given in

Table 2.2. Similarly, the constants C' and K for polytropes are given by the relation

2(n +1)&161]
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Table 2.2: Adiabatic Index with Different Values of Charge for
Dynamical Instability of Polytropes with Index 3

S I'ifor@=0.2|T1 for @=0.4 | I for Q =0.6
0.015 1.3500 1.3593 1.4715
0.040 1.3527 1.3983 1.4744

0.1 1.3586 1.4043 1.4805
0.2 1.3686 1.4143 1.4905
0.5 1.3953 1.4440 1.5204

Table 2.3: Values of Constants (' and K with Different Values of Charge

for Polytropes of Index 0

C KforQ=02| KforQ=04| K for @Q=0.6
0.243 0.6458 0.6372 0.576
0.826 2.1953 2.1662 1.9608
1.205 3.2034 3.161 2.8612
1.8095 4.809 4.745 4.296

In order to determine the radii from Eq.(2.1.62), we need to calculate K whose
value depends upon the polytropic index, Lane-Emden function and charge. Different
polytropic indices lead to different stellar structures such that the configurations with
n < 5 are considered to be realistic stars [83]. For n = 0, we solve the Lane-Emden
equation analytically to find the values of 6 corresponding to different values of Q
but we solve this equation numerically for n = 2,3,4 as shown in Figures 2.2-2.3.
The values of constants C' and K for n = 0 are given in Table 2.3. We see that the
values of K decrease gradually by increasing the value of charge.

Inserting the values of e and e~ in Eq.(2.1.60) and neglecting second as well as
higher order terms in s, we obtain

(ap)®

&1 én—i—l

52

&1 &
{ / 0" n2deg + H(g)én—lgandg} =Ts(n+1) /
0 0 0
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Figure 2.2: Plots of classical Lane-Emden function for polytropes of index n = 1,2
corresponding to different values of charge.

10}

081

Figure 2.3: Plots of classical Lane-Emden function for n = 3 corresponding to different
values of charge.
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» {(iﬁ - 5) 1 3(6] (f—M - 51) - 35} P@?n)rdf ot [T HE

d¢ .

énJrl d 2 € i . dé

X &2 {d_g (5277)} dé + s(n + 1)/0 1(€)0" " enPde + s(n + 1)/0 e
i ] ? ~ &

X KCQJJ?J - 5) + 161 <2QW - 51) - 9} S(&)d¢ + s(n + 1)/0 Grig2y?

LRt e Loy
<+ s | sofa o [T @

(@¢?) [2a 87
1 o GQ2 o 2 d 041Q0@
5 /. a3_8d5+ 0 gnd—§< = )dg, (2.1.67)

where

H(E) = 292(n+2)+3(n+1)<GQ2—§>§_§+(251_62_2>

2M 2M
X (n+1)|6], (2.1.68)
o | do - - N .
1) = —40(n+ 1)d_§ [—éd—§ — 0 —¢[6:] + ZQ_M <Gd_§ + W)] , (2.1.69)
S = K% (g B 2> s GQZ  m
o 27m2(a3¢2)? \ 2a 2mal’ed  2madft  Amwade?
&> d 0) d 5
@)+ &g {“;fgg@ 1 g <Q0§4Q> } , (2.1.70)
~ 2 ] ~ o~ 2 ~,
UE) = 36 <2Q—M - 5) Z—z + 016, (QQ—M - 251) — 202, (2.1.71)

In pN approximation, we are interested to find the condition for marginal stability
of polytropic configuration by taking n = £ and ¢? = 0 so that Eq.(2.1.67) takes the

form

4 8 2 &1 IS
9 (r —3 2%) /0 0"t dE + s(n + 1) {3/0 0"S(£)S(€)d¢

&1 B &1 1 &1 ﬁ(g)
n—1 3 n+1¢4 _
w[Corega [Cieuow] « o [C 8

C_L3 53

+/El fgi (OélQQ) ¢ =0, (2'1'72)
0

¢ \ ags
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Figure 2.4: Plots for radii of stability /instability corresponding to n = 1 and different
values of charge.

with

S = (3r§2é+ é*") {d—é (GQ2 - g) + 316, (—2 - gl) - 39} (2.1.73)

d¢ \ 2M 2M
U¢) = 4Q° G+t - - & 1+d—2(Q2) : (2.1.74)
2M dg?
In pN limit, the dynamical stability will require that I' > I'; = g + 85%2 + €, where

€ is a small quantity depending on s. To check the conditions for marginal stability
as well as dynamical instability, we calculate the values of K and plot different radii
corresponding to polytropic indices n = 1,2,3 as shown in Figures 2.4-2.6. It is
found that K attains negative values for n = 1,2,3, so we take both positive and
negative values of I' to obtain physically viable values of radii. Figures 2.4 and 2.5
show viable radii for I' > % + % corresponding to n = 1,2. For n = 1, we find

that radii of stability along with non-physical region appear for () = 0.6 and positive
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Figure 2.5: Plots for radii of stability /instability corresponding to n = 2 and different

values of charge.
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Figure 2.6: Plots for radii of stability /instability corresponding to n = 3 and different

values of charge.
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values of I while negative values of I' show the emergence of instability. The region
of instability gets larger by increasing @) for both positive as well as negative values
of I' and the radii of marginal stability vanishes for () = 2. We observe that the
corresponding polytropic model becomes unstable for @ > 2.4 (Figure 2.4).

For n = 2, we analyze stable radii for 1.5 < I"' < 2 and unstable radii for small
values of I' (both positive and negative) corresponding to ) < 1. The stability
radius tends to decrease which leads to unstable region for ) = 1. We find that the
non-physical region disappears and the polytropic model will remain unstable with
Q > 1.4 (Figure 2.5). For n = 3, we have viable ranges for radii with 0 < T" < 2,
i.e., I' can be less than 3 + % for stable stellar structures (Figure 2.6). We find
both stable and unstable radii for polytropic model with 0.1 < @) < 2 which changes
to unstable radii for () > 2. The dynamical instability occurs when gaseous mass

contracts to Ry.

2.2 Charged Cylindrical Gaseous Models

Here we extend the analysis of dynamical instability for charged dissipative cylinder.

2.2.1 Cylindrical System and the Field Equations

We consider a cylindrically symmetric system in the interior region given by
ds® = —W?2(t,r)dt* + X>*(t,r)dr® + Y?(t,r)d0* + dz?, (2.2.1)
where the following restrictions on coordinates are taken to preserve symmetry

—o<t<oo, 0<r<oo, 0<0<2m, -—-00<z<.
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The corresponding Einstein field equations are given by

TG 1 (Yy" XY’ XY
4 70 X2 { Y XY } W2xy’ (222)
871G 1 [wy Y w'y’
-7l = —{_— _— —_— 2.2.
a e {WY Y} WXy (2.23)
81G 1 [wr X WX wx’
ity o el - 2924
a2 WX { X wiwr T xe } (2.2.4)
87Goy W X +WX_W’X’+WY_ v
AT WX2 O W2X O W3X O WX3 O W3Y  W?2Y
Xy y” w'y’ XY
— - 2.9,
3y T xey Twxry  wexy (2:2.5)
81G 1 [wy Xy v
T = — - 2.2.
A 0 X2{WY+XY Y}’ (2:2.6)

where prime denotes derivative with respect to r. The matter source is assumed to

be locally charged dissipative perfect fluid defined by

T']? = (O‘ +p)UZ’LLj + p5; + qZUj + qjuZ + E[F}kFZk — Z(S;Flekl]y (227)

where ¢ represents radial heat flux satisfying ¢;u’ = 0.

The conservation equation for four current yields

Qt,r) = 47r/ pXYdr,
0

which is the total amount of charge within cylinder. We define the electric field

intensity as

- Q(r)

B(t,r) = 5. (2.2.8)

The conservation of energy-momentum tensor leads to the following relations

oTY  OTY X o v o (X W'\
ot (=T + T (5 + 5 ) =0, (2.2.9)
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ore ory W' .. ., WX\, .
TR (T —Tp) + vy D=0 (2.2.10)
where T, = —V;—ETP. The components of energy-momentum tensor are
T = T = T -
Tg:—o—+§E2, Tf:p+§E2, ngngp—EE?

In hydrostatic equilibrium, all the quantities governing motion remain time indepen-

dent. In this context, Eqgs.(2.2.2), (2.2.3) and (2.2.10) become

d (Y] 87G mE?
—\ 3 = XoYy | — — 2.2.11
dr(X(]) ct 00( oo+ 2 )’ ( )
dWy dYy 8¢ nE?
dT d?” - C4 WOXgOO (po + T) y (2212)
dw, d nE?
(o0 +p0)d—r0 = _WO% (po + T) . (2.2.13)

We also have a useful relation through Eqs.(2.2.2) and (2.2.3) given by

e L [ LdWdY) 1 fd (Y
B 1 ~ , 2.2.14
(Pt o0) = g {X3 dr dr } XoYo {dr ( )} .

We take the exterior region for cylindrically symmetric spacetime in retarded time

coordinate @ defined as

2GM GQ2
ds® = — ( Szt 4> dp® — 2dpdR + R*(d6* + h*dz?), (2.2.15)
where h is an arbitrary constant. We choose the Schwarzschild coordinate as Y = r
[82]. Thorne [14] defined C-energy for cylindrically symmetric spacetime in the form

of mass function given by

1 1 )
m(r) = 5 {1 — X21 + 2m°r B2 (2.2.16)

Differentiating this equation and using Eq.(2.2.3), we have

dm B 2mrQG rm2GE? L4 d

2
E = A oo — A dr (27'[' TE ) (2217)



46

whose integration leads to

oy r G r Q2 QQ
m(r) = 7 ; TO'()dT — 4—64 ; Td?" + % (2218)
The equation for hydrostatic equilibrium can be obtained as
d G(8 2 2 /I N2
ho Brrp £ Q) rQ@ Q7 (2.2.19)

dr — rc*(1 —8m +4Q?) 473

2.2.2 Radial Oscillations and Dynamical Equations

In this section, we study dynamical characteristics of gaseous mass undergoing radial

oscillations. The non-vanishing components of four velocity can be written as

0 1 W, 1 v X02
= =5 Ug = —Wpo U = — Uy = .
Wy ’ Wy’ Wo

u (2.2.20)

We perturb an equilibrium configuration in such a way that its cylindrical symmetry

does not change. The perturbed state with linear terms yields

W = Wo+ddW, X=Xy+6X, p=po+dp, oc=09+ 00,
Q

= Qo+0Q, ¢=qo+9q. (2.2.21)

Using Eulerian approach for perturbations, Eqs.(2.2.11) and (2.2.12) turn out to be

10 (06X 8rG 00Q
L (e I 2.2.92
r Or (XS’) ct (50 A2 ) ’ ( )
817G Q0dQ 1 0/ 26X dW,
- I Ly - 2280 2.2.2
o <5p " 47rr2> rWoX2 r <ar5W X, dr ) (2:2.23)

where 0W, 6X, do, op and 6Q) define the Eulerian changes. The linearized form of

Eqgs.(2.2.6) and (2.2.10) can be appropriately written as

1 0 87
- I5x = —
rXg ot ct

[(po + 00)v +dq] (2.2.24)



Xo\?>0v 0 1 )
(po + 00) (—0> — + 50p+ —(po + 00) 5= 6W

W ot  Or W or
1 dWy 1
+WO(5P + 50)d— + T2 8T(QO Q) — 0Q
Xo 1 0 1 (9
—pl (20) |2 — I5x
+[(po + 00)v — qo] (Wo> {Wo 8t5W X, 6155 }

Integration of Eq.(2.2.24) through the Lagrangian displacement gives

87TG

—6X

X3r (po +o00)n + /5th

which leads to
1 dW,
__5 X =
X() W(] dr

Solving Eqs.(2.2.22) and (2.2.26), we have

1 dXy
+
X() dr

dUO de 1

Qo

0
= — - — - )
00 =~ = =0 (po+ao) ar(m)+ 220
which, in accordance with Eq.(2.2.13), yields
B dog Wy a [m d [Q?
00 = dr (po + 00)8 [WO S8mdr | rt
Qo
+ 42 o0
Substituting 6.X from Eq.(2.2.26) in (2.2.23), we obtain
1 0 &rG 2(]90 + 0'0)7] dWo 2GQO
—oW = ) )
rWoX2 Or ct { P dr r2ct @
167G dWO
— 0qdt,
AW, dr / q
which, through Eq.(2.2.14), becomes
0 AWy Wy dXy 2 dW,
—W = — 4+ —— |0p— ———
(po+00) 5, dr | X, dr { P Wy ar (ool

Qo

o fa @

".60)
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(2.2.25)

(2.2.26)

(2.2.27)

(2.2.28)

(2.2.29)

(2.2.30)

(2.2.31)
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We can rewrite Eq.(2.2.25) by taking W, dX, ép, do, dq and §Q as time dependent
amplitudes of the respective quantities as

X \* d 2 dW, 1 dX,
o*n(po + o0) (—0) = —Op+op [— 0 0]

W) " ar Wo dr X, dr
1AW, 2 1 dW, 1 dXo
S PRl dt| |20 220

W T W, {(pﬁ"“)?”/q } {WD i X, dr}
Q03Q { 1AW, | 1dX, 2

o [Wo dr VX0 dr ;] * oot po)v = a0

X\’ [1 o 10

2.2.3 The Conservation of Baryon Number
We consider conservation of baryon number such that Eq.(2.1.29) with (2.2.20) gives
O(NY, 0 (Ne) Nvf1low 10X
ot Wg or Wo Wo WO ot XO ot
NUF(’)W 1 0X 1}_0

S T R 2.2.33
+W0 WO 87“+X00r+7" ( )

We take the perturbation (2.1.32) such that Eq.(2.2.33) with linear terms in v yields

~ 5 N ~ ~
id N()TU 18N NO 85X N()U%

— —_— — =0 2.2.34
2o w2 TN P twx ar " (2.2.34)
whose integration leads to
1 ~ 1d {Ng*p No dXo
—O0N + —— 0X — 1 =0. 2.2.
Wl T ( Wo ) ERTTS ol Gy T (2.2.35)

Using Eq.(2.2.27), it follows that

Vo N[ 2/ N NoWo 0 (P _
IN = Ny lWO = rXg | 0qdt N = or \T1, = 0. (2.2.36)

In this case, we again consider an EoS (2.1.35) such that Eqgs.(2.2.29) and (2.2.36)

lead to

dpo W() 0 n
op=-n—- —pl'—— | — 2.2.37
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where [ dgdt = ¢. Using Egs.(2.2.6) and (2.2.13), we have

87rG
0° X (po + o0)n = —4poX§(p0 + 09)

0 [dpo 1 d @2 I
r dr 8 dr 8mdr? \ r2
2 2 dW 1 dX
(@ o, 1%
87Td7“ Wo dr X dr
d WO 0 2 dVVO~
_ e 2 _ =
dr {po or ("TW”HO‘?} Wo dr !
1 dWy L1 1 dXy
Wo d?" Xo d?"
Qo0Q [ 1 dWy N 1 dX, 2}

2.2.40
W dr Xo dr r ( )

A7rr?

which is the required pulsation equation satisfying the boundary conditions
n=0, r=0, op=0, r=R.

Taking the product of pulsation equation with nr?W,X, and integrating over values

of r, it yields a characteristic value problem for ¢? as

= snG [*
0 / WX (p+ o)dr = — | plp+ o) r* W X dr
0 ¢ Jo

R R
dp 1 d [Q? dp
2017 X d _/ 2, 24P
+/0 W [dr S dr ( )} " 0 T dr
W d R W
X (pI—— — WX |pl—
xW ( e <W>+a2) dr /0 ren*W [p "

d 1d 1dX R d
X —(ﬂ)—l—az} {— W ]d?“—Q/ TQXnﬂ
dr 0

%74 W dr X dr dr
|1 dw 1dX 1 dW
[WW‘FXd :|d7‘+—/ QoWXT](SQ|:
1 dX 2
+ }W — ;:| dT’. (2.2.41)

We can define the orthogonality relation associated with this equation as

R
/ WX (p+ on“In =0, (¢ # ca). (2.2.42)
0
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where

B 1 1 ON Q> QuQ
@2 = ON /Op 47 Bo {Zdr( 2 )}

~ [ n dW, 2/
Noq ————— —rX .

2.2.4 Pulsation Equation and Variational Principle

Inserting do and dp in Eq.(2.2.32), we have

d dpy dpo | 2 dW,y
2 2
0" Xo(po + o0)n d?“( dr) 77dr [WO dr

1 dW,

+L% 1 dWO 2( +U) _
X, dr | Wy dr PP\ W
1 dX,) 10
X, dr }+——{7’(p0+00)77}}

d( Wod (mr) N [2dW 1 dX
T \ P T\ 2 Wo dr | X, dr

" F%Q Y 4| - 2 dWo [ 1 dWo
Po W 2T W dr | Wy dr

1 dXO QooQ [ 1 dW, 1 dXy 2
Oqdt — _— = = 2.2.
XO dr }/ + dnr2 | Wy dr + Xo dr r (2.2.38)
Substituting %0 from Eq.(2.2.13), this leads to
PXE = 1 [dPW, 1 dXy 1dWy
W dr? Xg dr ' r dr
_i_ QQ 2 dWy s 1 dX, A QQ
87 dr? Wo dr Xo dr 87r dr
d WO o (nr Wo 0 (nr
_Z F—— A ~par20 2
dr [ Po or <W0 +&2>} [po r or \ Wy T
2 dWO+i% 2 dWO~ 2 dWo_i_LdXo
WO dr X() dr WO d?" W(] dr X() dr
Q0Q [ 1 dW, 1dX, 2
- — Bl 2.2,
drr? | Wy dr * Xo dr r|’ (2.2.39)
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In the following, we evaluate conditions for dynamical instability by taking a homo-

geneous cylindrical model.

The Homogeneous Model of Cylinder

We study the conditions for dynamical instability of a homogeneous cylinder with
constant energy density. Equations (2.2.18) and (2.2.19) governing the hydrostatic

equilibrium allow the integration such that we can write

9 ro b 9 R

Y=t =S (2.2.43)
where a2 = 2;20 and b? = % We can determine solutions of the relevant

physical quantities in terms of y and y; as

p= agyyl__y;, W2 = ;1[33/1 —y?, Xx?= % (2.2.44)
For positivity of pressure, we have 3y; > 1 which yields
R ¥ 1
fl_z — ﬁ < §
Using the inertial mass, this leads to
peo (2 G o, 45

where R, is the limiting radius for charged cylinder. Inserting the above physical

quantities in Eq.(2.2.41), it follows that

51522 & _
2%, 07 / S/ / YT g
oy | £ =6y i y3(3y1_y)2€77 £

3 [“3y—vy. ,d[y—w G d [(Q?
TP — — (=) |d
*m/o v T 3=y Tada \e@ )| %

1 23y1—yi{y—3ylrﬁ< né >+364a2

2 0 7’ y o dg 31—y 8

@ o ] %



52

a 5152 S =y [y=wp 0 (g ) 3cte
2 Jo ) a.§ 0§ \3y1—vy 8

2 d d (1 3a.ct [ ne?
. {3y1—yd_£(3yl_y)+yd_€ (_)] %G /0 !
d 1 d d
Xd—€(3y1—y) [ df( yl—y)+yd—£—} d§

Y1—Y 2 d d 1
el QuoQ” 2 {3% — ae B —y)+yd—£§] de, (2.2.46)

where § = =, § = aﬁ — 2= and I' is taken to be constant.

|

We consider a trial function

n=EW = L6 —v), (2.2.47)

such that Eq.(2.2.46) becomes

a0’y [ €3y — 3/)2055 _ 3

2 0 Y3 20,
L =y Bu ) gy By —y)®
0 4y? 2a. Jo 2y

d |y—wu G d (@ S 83y —y)?
e e
d |y — 3y £2 3cton az & 3
d_é[ @i Fa&( )*801‘%_2 ) ©
LBy =y [y —w &\ 3c'ay
y [a*g F@g( >+87rG]

2 d d (/1
g [Syl “yde B ) g (M “

Ba.ct [ 33y — y) d
“167G y UgeBn—v)
d d 1
- Lﬁyl—yd_f(?) Hyd_f_} *

3ct 3y, — y)?
G /. Qof Q———

~—~
—_
D

~—

d d 1
y—(3y1 -y) +y—ﬂ dg. (2.2.48)
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Inserting y = cos @ and £ = sin# in the above equation, we have

(@.0) costy /61 sin (3cos® ) — cos 0)?df = 3costh
2 o cos?f 2

01 o4

! 7

X / s1n_2 [4 cos 6 cos B, — 3 cos? 6 cos? 0]db
o cos?f

01 in®6 d 0 — cosf
+§/ (3cos By — cos 6)3sm [ cos oSt
0

4 cos® df 3cosf; —cosb
2GQ* 1 a. ™ sin® @
— df — — 3cost — 6)?
3a.c sin® 9} 4 /s (3cosfy —cos0) cos
d [cosf; — cosf 3ctas
— r do
ar [ Bsn'd | 8nQ 1

a: [* 0 — cosd
—% / (3cos ) — cos 0)*sin® 0 {wF
0

Q
N 3ctp 2sin 0
887G | | cosB(3cosby — cosb)

+ tan 6 sec 9} do

3a,c¢t [ sin®6 _d
165G J, cosd (3cos b, — cos Q)q@(i’s cosfy — cosb)
sin 0 3ctan
tanfsecl| df + —————
% Los 0(3 cos by — cosb) T tanfsec } N (16m)2G
01
X Q06Q sin (3 cos ) — cos 6)?
0
2sind
tan @ secd| d 2.2.4
. |:COS€(3(30801 — cos b)) T tanfsee } ’ ( 9)

where 6; = sin™! <aﬂ — %) By taking 0* = 0 and solving the integrals, we find exact
condition for marginal stability. We evaluate the values of I'; such that I' < I'; for the
existence of dynamical instability. We also consider Newtonian limit which implies
that the resulting criteria for marginal stability is I' > —% — %. We compute I' and
radii of marginal stability for homogeneous gaseous cylinder corresponding to () = 0.4
and ¢ = 0.5 which exhibit finite values of I" in Newtonian and pN limits. We note

that R% remains positive for [' > 0 showing marginal stability of gaseous cylindrical

model in pN limit. The respective results are given in Table 2.4.
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Table 2.4: Adiabatic Index and Radii for Homogeneous Cylinder

01 | R/R. | Ty for Q=04
0° | 10.364 -4.365

10° | 33.163 | 2.894 x 107
20° | 8.549 3 x 107
30° | 4.000 23647.19
40° | 2.4203 131557
50° | 1.704 87550

60° | 1.333 118265.5

Since the radius of stability is a factor of R,, so physically interesting results can
be obtained if R% > 0. We obtain the following condition for dynamical instability of

relativistic gaseous masses including charge as 6; — 0

3/(3 o\ 57, S7T[R b
We can write
57 2GM  GQ?
R < CWE [ — @ ] , (2.2.51)
2 +3(3+2102)] | ¢ R

which leads to
R K

RO +2C3+2Q))]

where K = % for the homogeneous cylinder. This means that if I' exceeds —% (% + 27Q2)

(2.2.52)

by a small amount, the dynamical instability can be prevented till the mass contracts
to radius R.. The gaseous cylinder remains stable if its radius is larger than R,. The
ranges of instability for charged homogeneous cylindrical system are shown in Figure
2.7. Tt can be seen that the radius of stability is greater than R, for I' > —1 in pN
limit. We also discuss the criteria and ranges of instability for uncharged cylinder
(Figure 2.8). It is found that R% > 0 when I' exceeds —% by a small amount showing

stable cylindrical configuration. It is observed that I' < —1.125 leads to un-physical

results as Rﬂ < 0.
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Figure 2.7: Plot of R% for dynamical stability/instability of charged homogeneous
cylinder.

Figure 2.8: Plot of R% for dynamical stability /instability of homogeneous uncharged
cylinder.



Chapter 3
Stability of Thin-Shell Wormbholes

In this chapter, we investigate stability of thin-shell WHs coupled with NLED and
Einstein HBI electrodynamics by employing Israel thin-shell approach. The surface
stresses are formulated by using Lanczos equations. We explore stability conditions
for the existence of traversable thin-shell WHs with arbitrarily small amount of cos-
mic fluids for exotic matter and analyze maximum viable regions for stability of the
respective thin-shell WHs. The chapter is designed in the following format. In the
next section, we provide dynamical investigation of regular ABGB thin-shell WHs
whose results have been published [84]. In section 3.2, we apply general formalism
to study stability of thin-shell WHs in HBI electrodynamics. A research paper based

on the corresponding results has been published [85].

3.1 Regular ABGB Thin-Shell Wormholes

Here we study the formation of thin-shell WHs from regular ABGB BHs through cut

and paste method and analyze their stability under linear perturbations.

o6



57

3.1.1 Basic Formalism

It is well-known that electrovacuum asymptotically flat spacetimes are not sufficient
for the existence of regular BH solutions. To derive the nonlinear electromagnetic
field for regular BH, one needs to enlarge the class of electrodynamics to nonlinear
ones [33]. These regular BHs behave as ordinary RN BH solutions. This motivates us
to discuss stability of viable thin-shell WH in the framework of NLED. The system

of gravity coupled with NLED in the presence of A is described by the action

1

S=—
167

/VCQKR—QAy—ﬁgﬂd%, (3.1.1)

where R is the scalar curvature and L£(F) is the Lagrangian for NLED given by

1—tmm?<§%%<ﬁsf)i>], (3.1.2)

which depends on a single invariant F = FYF};. The static spherically symmetric

L(F)=F

nonsingular ABGB BH is given by [86]

ds®> = —=N(r)dt* + N~ (r)dr* 4 r*(d6? + sin® d¢?), (3.1.3)
where
IM Q? Ar?
Nry=1-—""1|1— h - — 1.4
(r) r [ tan (2M7“>] 37 (3.14)

() is the charge. It is noted that the presence of A does not destroy the regularity of
the solution describing a regular ABGB-de Sitter BH with A > 0 which reduces to
ABGB BH for A = 0 [34]. This metric is regular at the center 7 = 0 while the metric
function for small ) and r — oo can be expanded as

2M N Q* Ar? Q°
r 72 3 12 M 294

+ ..
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which behaves as RN-de Sitter BH. Its event and cosmological horizons can be deter-
mined by the real roots of the metric function N(r) = 0.

To construct thin-shell WHs, we employ standard procedure by cutting the interior
region of regular ABGB BH with » < a. The resulting 4D geometries are joined at
the hypersurface ¥* = ¥ = {r = a}. A 3D induced spacetime is considered at the
shell as

ds® = —d7® + a*(7)(d6* + sin® 0dp?), (3.1.5)

where 7 is the proper time on the shell. For dynamical evolution of thin-shell, we
follow Israel formalism which enables the joining of two regions of spacetime parti-
tioned by Y. The surface stresses at the shell are determined by Lanczos equations

(1.2.6) given by

1 ;
= ———/N(a) + a2 3.1.6
1| VN@+a2 95+ N'(a
P= SO (a)_ . (3.1.7)
T “ 2y/ N(a) + a2

These equations give rise to the violation of null and weak energy conditions at the
shell and hence indicate the presence of exotic matter which should be reduced for
viable thin-shell WHs. It would be interesting to explore attractive and repulsive char-
acteristics of the regular ABGB thin-shell WHs for which observer’s four-acceleration
is defined as

at = ubu”,

o
where ut = ¥ = (2

e W,O,O, 0) is the observer four velocity. The non-zero four

acceleration component is computed as

L (dt\? M Q2 1Q2 [ @ Ar
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Figure 3.1: Plots of a” without A (left hand side) and with A = 0.1 (right hand side)
corresponding to % = 0.5, 0.77, 0.99.

An important condition for traveling through WH implies that an observer should
not be pushed away by enormous tidal forces which requires the observer’s acceleration
less than that of Earth’s acceleration. It is observed that a WH exhibits attractive
behavior if its radial acceleration is positive, i.e., a” > 0 while it will have repulsive
characteristics for a” < 0. Figure 3.1 shows the respective plots for attractive and
repulsive characteristics of regular ABGB thin-shell WHs with and without A. We
observe that regular ABGB thin-shell WH will remain attractive for different values
of @ which supports the fact that an observer must maintain an outward-directed
radial acceleration to avoid gravitational pull by the WH. In de Sitter case, we find
that the WH is attractive for small throat radii while it shows repulsive behavior for
larger throat radii. An observer must have an inward directed radial acceleration to

keep away from being pushed by the WH.



60

3.1.2 General Approach for Stability

Here, we discuss a particular approach for the stability of ABGB thin-shell WHs
through linear perturbations. The surface energy density and surface pressure for

static WH configuration (a = ao) yield

N(a 1 N(ag)+ N’
o= Y@ 1 @)t | Nla) | (3.1.9)
2mag 41 agp 2 N(ao)

The surface stresses satisfy the conservation equation, 5’”J = 0, which leads to

d ds
%(U§)+p5 —07 (3110>

where ¢ = 47a? corresponds to WH throat area. We can formulate thin-shell equation
of motion by rearranging Eq.(3.1.6) as a? + A(a) = 0, which provides WH dynamics

while the potential function A(a) is given by
A = N(a) — [2rao)?, (3.1.11)

here o represents the perturbed energy density. To discuss WH stability, we assume

a linear perturbation in the form of barotropic EoS
p="(0), (3.1.12)

such that Y (o) is taken arbitrarily for the shell which governs the polytropic EoS

1
45 as 0 <n < oo.

PO
The basic condition for stability of WH static solution yields A’(ag) = 0 = A(ap)

and A”(ap) > 0. For this purpose, we use Eq.(3.1.12) and ¢’ = ¢ in conservation

auQ

equation as

o = 2o+, (3.1.13)

a
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which takes the form

o’ = %(0 +T)(3—aY’). (3.1.14)

The first derivative of Eq.(3.1.11) through (3.1.13) turns out to be
A(ag) = N'(ag) + 872agoo|og + 2p(09)], (3.1.15)
leading to the second derivative of potential function as
A"(ag) = N"(ap) — 87*{[o0 + 2po]* + 200[00 + po][1 + 2" (00)] } , (3.1.16)

where Yo = po.

3.1.3 Some Models for Exotic Matter

This section deals with stability of thin-shell WHs from regular charged BH in the
vicinity of different models for exotic matter. In a recent work, Halilsoy et al. [38]
examined the dynamics of Hayward thin-shell WHs for linear, logarithmic and CG
models. Here we consider these fluids to explore the stable behavior of regular ABGB
and ABGB-de Sitter thin-shell WHs. This would help us to investigate the role of
charge and A on the stability of WH configurations. In the following, we study the

stability formalism by taking these candidates for exotic matter at the shell.

(i) Linear Gas

We choose a linear gas fluid [87] to support the exotic matter at the shell. The EoS
for linear gas is defined as

T:po—l—u(a—ao), (3117)
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where p is a constant parameter. Differentiating this equation with respect to o, we
obtain Y'(og) = pu. We find that A(a) and A’(a) disappear by inserting the values of
o(ag) and p(ag). We are interested to explore the possibility of stable WH solutions
and check the role of increasing charge in stability regions. We choose parameter
% =0, 0.707, 0.999, 1.1 and explore stable zones for ABGB thin-shell WHs in de
Sitter background. Figure 3.2 displays stable regions (red curves) for regular ABGB
thin-shell WHs corresponding to linear gas EoS with % =0, 0.5, 0.77, 0.99. Here
% = 0 corresponds to the Schwarzschild case. The metric function N(r) is also
plotted to estimate the location of event horizon and WH throat. We assume ag > r},
for the viability of thin-shell WHs without event horizons. For ay < rp,, no static
solution exists leading to non-physical region. It is found that increasing value of %
decreases stability areas for regular ABGB thin-shell WHs.

We also plot stability regions for regular ABGB thin-shell WHs coupled with A
in de Sitter background. The WH throat must have the range r, < ay < r. for
the existence of viable static WH solutions, where r. is the cosmological horizon.
The respective results show that stability region for WH configurations decreases by

increasing charge % (Figure 3.3). It is found that more stable WH solutions are

possible for de Sitter case as compared to A = 0.

(ii) Chaplygin Gas

Here we consider CG model for which EoS is given by

1 1
Y (o) = po+ (—— —), (3.1.18)
o (o)
where T"(0g) = —%. Figures 3.4 and 3.5 show the results corresponding to regular
0

ABGB and ABGB-de Sitter thin-shell WHs by taking CG model and different values
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Figure 3.2: Plots for regular ABGB thin-shell WHs corresponding to linear gas EoS
with % =0, 0.5, 0.77, 0.99. The stable regions and the metric function are repre-

sented by red and blue curves, respectively.
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of charge. In both cases, only one stability region is obtained with % = 0,0.5. We
examine two stability regions for positive and negative values of p with % = 0.77
while one stable region for negative values of u and % = 0.99. It is observed that
CG provides least stable regions for regular ABGB thin-shell WHs which supports

the fact that CG does not appear significant for stability regions.

(iii) Generalized Chaplygin Gas

Now we consider GCG fluid for exotic matter governed by an EoS

T(0) = po + s <i—%). (3.1.19)

g’ 0y

We explore its role in increasing the stability regions of regular ABGB and ABGB-de

Sitter thin-shell WHs. In this context, we set u = pyo”? such that the above EoS

becomes
y
(o) = po (@> , (3.1.20)
o
which yields Y'(og) = —g—g'y. We plot the respective stability regions numerically

as shown in Figures 3.6 and 3.7. Here, we find three stability regions for regular
ABGB thin-shell WHs with % = 0,0.5,0.77. It is noted that these regions decrease
gradually by increasing % and reduce to only two stable regions for % = 0.99. For
regular ABGB-de Sitter configurations (A = 0.1), the stability regions are enlarged

but have similar behavior as in the above case. We find that non-physical regions

appear with small throat radii.
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Figure 3.6: Plots for stability of regular ABGB thin-shell WHs in terms of v by taking

GCG and £ =0, 0.5, 0.77, 0.99.
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(iv) Modified Generalized Chaplygin Gas

The EoS for MGCG is defined by

T(o) =po+ &olo —00) —w (i - i) , (3.1.21)

or )

where £, and w are free parameters. Its differentiation yields

T (00) = & + o7

99

Figure 3.8 shows the corresponding graphs for £, = v = 1 and different values of
charge. For MGCG, we find that the possibility of stability regions increases by
increasing the value of % For A = 0.1, it is observed that the increasing value of %
provides more stable WH solutions corresponding to both positive and negative values
of the parameter w (Figure 3.9). It is worth mentioning that the effect of MGCG is
to increase the stability regions for regular ABGB thin-shell WHs by increasing % as

depicted in our numerical plots.

(v) Logarithmic Gas

Finally, we take logarithmic gas defined by the EoS

0o

where Y'(0g) = -=. We plot the corresponding stable ABGB thin-shell WHs for

Y(o) =po+wln (3.1.22)

different values of charge without A as shown in Figure 3.10. It is found that two
stability regions exist for % =20, 0.5, 0.77 and §& = v = 1, A = 0.1,—0.5 which
reduce to only one stability region for maximum value of charge, i.e., % =1.1. In

case of ABGB-de Sitter configurations, the number of stability region increases by

increasing % and reduces to only one region for % = 1.1 (Figure 3.11). We analyze

maximum number of stable regions for % = 0.5 in de Sitter background.
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3.1.4 Stability Analysis against Velocity Perturbations

Here we investigate the effect of velocity perturbations on stability of regular ABGB
thin-shell WHs. We confine ourselves to small velocity perturbations about static
configuration a = ag such that after any perturbation, an approximately static fluid
can be taken for exotic matter. For this purpose, we compute the following EoS

through Eq.(3.1.9) as

1 aN'(a)
=—11 . 1.2
p 2( +2N(&))J (3.1.23)
Substituting o and p from Eqgs.(3.1.6) and (3.1.7), it takes the form
. N'(a) -
— = 1.24
a 2N(é)a 0, (3 )

which represents one-dimensional motion of the WH throat. Integration of this equa-
tion leads to

(3.1.25)

whose second integration gives

do [t da
™= / = (3.1.26)

Here ay is considered to be non-zero initial small velocity of throat after perturbation.

For regular ABGB spacetime, Eq.(3.1.26) upto second order of small values of () yields

Cio ( ) &(d—QM)+Q2 ao(ao—QM)+Q2
—_— (7T — 7—0 — — — —
Nap) ay/N(a) agy/ N (ap)
S M+ i N (A
LM [ A MrayNG@ ) (3.1.27)
ag — M + ag N(ao)
which indicates that this motion is clearly not oscillatory. Consequently, the ABGB

WH throat remains unstable against velocity perturbations. Equation (3.1.24) also

shows that acceleration of the WH throat a = é\x((i))d is positive leading to unstable

ABGB thin-shell WHs.
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3.2 Einstein Hoffman-Born-Infeld Electrodynam-

ics and Thin-Shell Wormbholes

In this section, we discuss general formalism for the construction of thin-shell WHs in
Einstein HBI electrodynamics and investigate the role of various physical parameters

on stability of the respective thin-shell WHs.

3.2.1 General Equations

Nonlinear electrodynamics with various compositions has restorative effects on the
divergent results that appear naturally in linear Maxwell theory. In this context, Born
and Infeld [40] proposed the most prominent constituent of viable NLED theories to
resolve this problem upto some extent. However, this theory has some drawbacks that
are not completely eliminated. To overcome this specific issue, Hoffman and Infeld
[41] proposed a Lagrangian having a logarithmic term with significant consequences
which removed the singularity arising in the Cartesian components of the electric field
E. Mazharimousavi et al. [88] rediscovered the global logarithmic term of Lagrangian
in Einstein NLED theory. They used HBI Lagrangian in both GR as well as Gauss-
Bonnet gravity to construct BHs and thin-shell WHs. Motivated by this proposal,
we examine the role of HBI electrodynamics on the stability of thin-shell WHs. We

consider Einstein HBI Lagrangian

L(F) =

£+ — 2kt BEs —ngy), v 0/Qb, o)
2
b2

— (k4 AE — e ), 7 </Qb,



7

in which 81 =1, k =In2—-2and &, =1+ V1+ 202F, where b is the constant
HBI parameter, F' is the trace of electromagnetic field tensor. This Lagrangian im-
poses £, = L_ at r* = Q2b%. The coupling of GR with HBI electrodynamics leads
to intriguing features that make it worthy to apply on strong electromagnetic and
gravitational fields. The coupling of Einstein gravity with 4D HBI electrodynamics

is defined by the action

S= % / V=4[R + L(F)|d"z. (3.2.2)

The metric coefficient for static electrically charged spherically symmetric BH in HBI

theory is given by

+1

2M e ln( e ) — Q2\/§ tan ! rv2
e
- /2 Q2\/§ | r2+Ql~)—7’\/2ql~)

— n
\/& 6ry/Qb 7"2—1—6213—1—7”\/2@1;
L @2 (3.2.3)

3ry/ Qb

The horizons of the spacetime can be found numerically by taking N(r) = 0. Here
one can easily find that the given line element reduces to RN and Schwarzschild
spacetimes in the limits b—0and b — 00, respectively.

The mathematical construction of thin-shell WHs follows the usual steps of cut
and paste technique. For this purpose, we take two copies of HBI spacetimes such
that we cut the interior region with » < a from each geometry given by M? =
{xﬁ‘,g Drig < ala > \/&}, where we assume a > 7, to avoid the presence of sin-

gularities. These copies are pasted at the hypersurface such that we obtain a new
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geodesically complete manifold M = M! U M?2. We adopt a timelike induced metric
(3.1.5) with coordinates £ = (7,0, ¢) at thin-shell.
In order to explore attractive or repulsive behavior of HBI thin-shell WHs, we

compute the non-zero radial component of four-acceleration as

. M r rd 2(rt + Q252) r3 r’
a = -3 + — In = -+ = A T a on
23R\t QA 322\t (ri 1 Q)2

2
+ Q—~ tan~! 7’_\/§~+1 + tan~! r_\/§~_1
3r24/2Q0b \/ Qb v/ Qb
2 2
/2 V2
., Q 1+tan(\/&+1) +1+tan( o 1)

3rb tan [ 22 +1 : tan [ 22 — 1 :
Vab Vab
N Q? I 2+ Qb — r/2Qb B Q2(r2+Ql~)+r\/2Ql~))

6r24/2Qb  \ 72+ Qb+7r\/2Qb)  6r\/2Qb(r? + Qb — r1/2QDb)
2r —1/2Qb (2r +1/2Qb)(r2 + Qb — r1/2Qb) O

X J—

P4 Qber20h (24 Qb 200y 32/2QD

(3.2.4)

The respective results for thin-shell WHs coupled with HBI electrodynamics are shown
in Figure 3.12. It is noted that a WH has attractive or repulsive features if a” > 0 or
a” < 0, respectively. We find that the constructed WH configurations have repulsive
behavior for smaller throat radius which will become attractive on increasing throat

radius.
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Figure 3.12: Plot of a" for % =1.1and b = 0.6.

3.2.2 Stability Analysis

We are interested to explore WH stability by taking barotropic EoS (3.1.12) as a
linear perturbation. We follow the same stability approach as given for ABGB thin-
shell WHs. We consider three different candidates (CG, linear and logarithmic gas

models) to explore stability of HBI thin-shell WHs as follows.

(i) Chaplygin Gas

We consider CG model (3.1.18) for the dynamical investigation of HBI thin-shell
WHs. We explore the role of increasing values of charge as well as HBI parameter
in the WH stability. The corresponding results for the WH stability are shown in
Figures 3.13 and 3.14. For % = 0.5, 0.7 and b = 0.6, we find one stable region (red
curve) for both positive as well as negative values of parameter p while the metric
function N(r) cuts the radial axis once showing an event horizon. It is mentioned

here that % = 1.1 provides only one stable region for negative values of parameter
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Figure 3.13: Plots for stable regions of thin-shell WHs taking CG EoS and HBI

parameter b = 0.6 with different values of charge.
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1 in the absence of event horizon (Figure 3.13). For b = 1, we analyze enlargement
in the stability areas (two regions) for both positive as well as negative values of i
corresponding to % = 0.5, 0.7, 0.9. In this case, we observe that the event horizon
does not vanish for % = 1.1 but reduces to one (3.14). The HBI parameter is effective
to increase the WH stability for CG model while the increasing values of % tend to

diminish the presence of event horizon.

(ii) Linear Gas

Here we plot stable solutions for linear gas (3.1.17) by taking b = 0.6 as shown
in Figure 3.15. The event horizon gets smaller by enlarging the values of charge
and finally vanishes for the maximum value of % The possibility of stable regions
increases by increasing HBI parameter such that we find maximum stability regions
for b = 1. We investigate stable regions for both positive as well as negative values of u
with % = 0.5, 0.7 while stable regions exist only for negative values of u corresponding
to large values of charge. The event horizon does not vanish for maximum value of

charge (Figure 3.16).

(iii) Logarithmic Gas

For logarithmic gas, the respective stable HBI thin-shell WHs with % = 0.5, 0.7, 0.9,
1.1 and b = 0.6 are shown in Figure 3.17. Here we find least stable solutions for
smaller values of charge as compared to the previous case which tend to increase on
increasing charge. We also analyze more stable solutions by increasing b for larger

values of % while the event horizon does not disappear in this case (Figure 3.18).
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Figure 3.15: Plots for stability of thin-shell WHs with linear gas and HBI parameter

b= 0.6.
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Figure 3.18: Plots for logarithmic gas with b =1 and different values of charge.



Chapter 4

Phase Space Analysis of Isotropic
and Anisotropic Universe Models

This chapter is devoted to study stability of accelerated expansion in FRW and LRS
BI universe models via phase space analysis. We establish an autonomous system
of equations by introducing normalized dimensionless variables. In order to analyze
stability of the system, we find corresponding critical points for different values of
the parameters. We also evaluate power-law scale factor whose behavior indicates
different phases of the universe model. The chapter is classified in two sections. In
the next section, we discuss stability of viscous isotropic cosmos in the framework of
NLED whose results have been published [89]. Subsequently, we study phase space
analysis of LRS BI universe model by taking different linear combinations for the
interactions between scalar field models and DM in section 4.2. A research paper

based on the respective results has been submitted for publication [90].

87
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4.1 Nonlinear Electrodynamics and Stability of FRW
Universe

Nonlinear electrodynamics is the generalization of Maxwell theory which is assumed to
be the most appropriate theory to abolish the initial singularities. Vollick [91] studied
physical aspects of FRW universe model in NLED and found that the respective model
undergoes accelerated expansion for F? < 3B% Kruglov [92] showed that NLED
model tends to accelerate the universe in magnetic background at the early epoch.
Ovgun [93] developed analytical nonsingular extension of FRW model by introducing
a new theoretical model in nonlinear magnetic monopole fields. For situations where
strong electromagnetic field occurs, it makes sense to couple gravitation with NLED.

The coupling of Einstein gravity with NLED is defined by the action

1

S =
167

/ V=9[R — L(F, F*)]d*z. (4.1.1)

We consider nonlinear extension of Maxwell Lagrangian density upto second order

terms in the field invariants F' = Fj;F and F* = F;F* given by [91]
L=L(FF*) = ey e1F? + eo 2, (4.1.2)

4po

where p denotes magnetic permeability, €, €5 > 0 are arbitrary constants which
yield linear density for €;, €2 — 0 and Fj; is the dual of electromagnetic field tensor.
We do not consider the term F'F* involving F* in order to preserve the parity [94].
The linear term of this Lagrangian dominates during radiation dominated era while
the quadratic terms dominate in the early universe that corresponds to the bouncing

behavior of the universe to avoid initial singularity. The energy-momentum tensor



89

associated with this Lagrangian has the following form
Tyjeary = —40p L Fyj + (0p-LF* — L) gij. (4.1.3)

The energy-momentum tensor of the electromagnetic field associated with L(F, F™*)

can be written as that of a perfect fluid

Ti; = (o + p)uiu; + pygij, (4.1.4)
such that
oy = —L —4E*0pL, (4.1.5)
4 2 2
pen = L—5(2B° — E*)OrL, (4.1.6)

where O represents partial derivative with respect to F' = F;;F7 = 2(B? — E?), E
and B denote the averaged electric and magnetic fields, respectively.

We consider FRW universe model given by
ds® = —dt* + a*(t)(dr® + r*df* + r* sin® 0d¢?), (4.1.7)

where a(t) is the scale factor. We assume the universe model to be filled with two
cosmic fluids, i.e., a noninteracting electromagnetic fluid with energy density ogys as
well as pressure pgys and a viscous fluid having energy density o, as well as pres-
sure p = p,(0,) + ¥. Here p, represents the equilibrium part of viscous pressure
whereas V¥ is the non-equilibrium part, i.e., bulk viscous pressure satisfying an evolu-
tion equation. The main contribution of bulk viscosity to the effective pressure is its
dissipative effect. We obtain Raychaudhuri and constraint equations from the field
equations given by

. 1 1
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1
0 = aEM+av—§@2, (4.1.9)

where © = 3H is the expansion scalar. The conservation of energy-momentum tensor
yields the following evolution equations for viscous and electromagnetic field compo-

nents

0, = —[oy+py,+ ¥]O, (4.1.10)

C'TEM = —[UEM—l-pEM]@. (4.1.11)

We consider a barotropic EoS for viscous fluid defined by

po= (v — 1oy, (4.1.12)

where 1 < v < 2. Using Egs.(4.1.8) and (4.1.9), Raychaudhuri and conservation

equations for viscous fluid turn out to be

) 1 3

6, = —|o,+ V6. (4.1.14)

We characterize viscous pressure variable by the following evolution equation [95]

@+ﬁ_§_z

ST (4.1.15)

—1
n=-co—-T (1 + %xp) -5

where (, T, 7, and 7, denote bulk viscosity, local equilibrium temperature, linear
relaxation time and characteristic time in nonlinear background, respectively. This
equation is derived by using a nonlinear model describing a relationship between

[Aopti

thermodynamic flux “¥” and thermodynamic force “x” in the form

_6X
1+ 7x

. (4.1.16)
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This is a nonlinear extension of Israel-Stewart equation which reduces to its linear
form as 7. — 0. The nonlinear term in Eq.(4.1.15) must be positive for thermody-
namic consistency and positivity of entropy production rate. The parameters involved
in Eq.(4.1.15) can be defined by the relations ¢ = (© (( > 0), 1 = 5, 7. = k2
and T' = Tyo~D/7. Here k is a constant such that k = 0 gives linear (Israel-Steward)
case while T} represents constant temperature. Also, v, corresponds to the dissipa-

tive effect of the speed of sound V; such that Vi = ¢ + 12, where ¢? is its adiabatic

contribution. By causality, V; <1 and ¢? = v — 1 which yields
vP<2—n, 1<~y<2 (4.1.17)

The explicit form of evolution equation by using the above relations yields

2 2 -1 .

. Vo, k=W 1 2y =1\ o,
U= —2%0,0 — 1 — ¥ |6 - 2. 4.1.18
e ¢® ( * wf%) 2 v oy ( )

4.1.1 Phase Space Analysis

In this section, we discuss phase space analysis of isotropic and homogeneous universe
model for radiation case. Due to many arbitrary parameters, it seems difficult to find

analytical solution of the evolution equation. In this context, we define normalized

304

dimensionless variables ) = ‘g3 and U = %—‘g such that the corresponding dynamical

system can be reduced to autonomous one. We also define a new variable 7 for

time through which the corresponding derivative is represented by prime such that

dt

== %. Here each term is associated with some physical explicit background since

the chosen dimensionless variables Q and W occur due to physical impact of viscous

energy density and pressure, respectively. The system of Eqgs.(4.1.13) and (4.1.14) in
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terms of these normalized variables takes the form

G4 3 =
30, i
o —3[yQ + 0. (4.1.20)

Differentiation of the dimensionless variable for energy density gives

30! e’
QO =_—2_20—. 4.1.21

Using Eqs.(4.1.19) and (4.1.20), this equation turns out to be
Q' =3(Q—-1)[Qy—1)+ ¥+ 3pg]. (4.1.22)

Now we introduce the concept of a new evolution equation for W. The first derivative

of ¥ with respect to 7 through Eq.(4.1.19) leads to an evolution equation of the form

~ ~ -1
~ v kW
qjl - QQ 1 — |1
s " 3Co ( " ’YVEQ)

+ 30 [1 + 3ppar (1 - %272; 1)} —3(y—1)P(1-Q). (4.1.23)

It is mentioned here that Eqs.(4.1.22) and (4.1.23) play a remarkable role to describe
the respective dynamical system for phase space analysis.

In order to find the critical points {€,, @0}7 we need to solve the dynamical system
by imposing the condition € = U’ = 0. The stability of FRW universe model can be
analyzed according to the nature of critical points. Here we restrict the phase space
region to a condition which is necessary for the positivity of entropy production rate
given by

2
~ 01z Y)
v > — T

(4.1.24)
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This condition tends the possible negative values of ¥ towards zero for k% > v/2.
Contrarily, the bulk pressure will be less restrictive if k% < v2. It is noted that finite
values of k allow only positive values of bulk pressure in the limit v, — 0. It would
be more convenient to consider k* < v? along with v? < 2 — v and 7, = k*r; which

leads to the fact that the characteristic time for nonlinear effects 7, does not exceed

the characteristic time in linear background 7. We characterize the critical points by

deceleration parameter § = —1 — % and effective EoS parameter 7.5¢ = —%—%’ which
yield
_ 1 -
¢ = 5 |1+%em+3(y—1)2+37], (4.1.25)
Yers = 143peu+(y—1)Q+ 0. (4.1.26)

To examine a region of phase space undergoing accelerated expansion, we impose

¢ < 0in Eq.(4.1.25) which gives
~ 1
U< —3~ 3penm — (v — 1)K (4.1.27)

The possibility of accelerated expansion in the physical phase space is determined by

comparing Eqs.(4.1.24) and (4.1.25) through ¢ < 0 given by

v 14+ 9pem +3(y — 1)Q
—= . 4.1.2
2 370 (4.1.28)

Substituting ' = 0 in Eq.(4.1.22), we find the following conditions

0, = 1, (4.1.29)

(v = D+ Vo +3ppy = 0. (4.1.30)

We insert these conditions in ¥’ to find the location of critical points. This analysis is

carried out by characterizing the viscous fluid through the choice of its EoS parameter
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v (radiation). We consider 0 < k* = v? < 2 — v for which the case of stiff matter
(v = 2) is excluded from the analysis as it yields v2? = 0.

4.1.2 Radiation Case (v = %)

We consider the radiation case for phase space analysis by taking v = ‘3". Imposing

the condition (4.1.29) and ¥’ = 0 in Eq.(4.1.23), we have

302 - V2 - ~ 42 2ppu
P g 30 (1— * )+4y3=o. 4.1.31
4(0 CO 9€0 8 ( )

This cubic equation yields three roots among which we retain only those roots that

lie in the physical phase space. The general form of the dynamical system is given by
Q= f(Q,0), ¥ =g(Q0). (4.1.32)

The eigenvalues of the system can be determined by the Jacobian matrix

of  of

7 _ o ov

Z = ( b @> : (4.1.33)
o ov /pr

We find the eigenvalues corresponding to the points P* as

m = 1430+ 9ppy, (4.1.34)
1602 | 1 T 63pEn .~

- = | - + 60 + 3. 4.1.35

" 3 |4+ T  (4+ W) 8 (4.1.35)

In case of viscous radiating fluid, we can explore source and sink according to the
sign of eigenvalues as well as direction of the trajectories. We investigate two critical
points P+ = {1, ¥+} and P- = {1, ¥} corresponding to positive (¥;) and negative
(I) roots, respectively. By taking Q. = 0 and the second condition (4.1.30) with

U, = —% — 3ppar, we obtain P? = {0, —3pg}
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Figure 4.1: Plots for the phase plane evolution of viscous radiating fluid with v = 4/3,
ve. =k =+/1/5, (o = 0.2, « = 0.01 and different values of B and F.

Case I (E, B#0)

We are interested to analyze the impact of electromagnetic field on the stability of
critical points in the presence of nonlinear bulk viscosity. The energy density (4.1.5)

and pressure (4.1.6) are given by

1

O = 270(32 + E%) — 4a(B* — E?)(B* + 3E?), (4.1.36)
1 2 2 da o 2 2 2

PEM = 6_,U0(B + E°) — ?(B — E*)(5B* — E7). (4.1.37)

The dynamical behavior of critical points for different values of electric and magnetic
fields as well as other parameters is shown in Figures 4.1 and 4.2. The green tra-
jectory depicts a flow from the point P} towards P;. The white region corresponds
to the negative entropy production rate that diverges on its boundary whereas the
green region shows accelerated expansion of the universe. Here the point P shows
varying behavior, i.e., either it is a saddle point or a sink depending on the values of

different parameters.
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Figure 4.2: Plots for the phase plane evolution of viscous radiating fluid with v = 4/3,
ve =k=1,( =1, a=0.01 and different values of B and E.

In these plots, we have taken (, = 0.2,1 by varying v,, k, B and E. For v, =
k= \/1/_5 and (p = 0.2, it is found that the global attractor P, lies in green region
showing accelerated expansion for the same values of B and E. This region tends to
decrease by increasing F such that the point P, lies in the deceleration region. By
increasing (g, we find accelerated expansion with different values of B, E' and larger
values of the parameters v, and k. For v, = k = 1 and (y = 1, we find accelerated
expansion of the universe model for all choices of electric and magnetic fields. The
point P? behaves as a sink for {; = 0.2 which becomes a saddle point for larger values
of ;. We observe that the increasing value of bulk viscosity increases the region
for accelerated expansion in the presence of NLED. In the following, we discuss two

different cases for electric as well as magnetic universe.
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Figure 4.3: Plots for the phase plane evolution of viscous radiating fluid with v = 4/3,
v, =k=1/2/3, (=1, a=0.01 and B =0.2,0.8.

Case II (E =0)

Some recent results indicate that a magnetic universe is appropriate to avoid the
initial singularity and ultimately shows late time accelerated expansion [96]. Here
we assume the squared electric field < E? > to be zero such that the magnetic field
(F = 2B?) rules over the universe known as magnetized universe. Thus the energy

density (4.1.5) and pressure (4.1.6) take the form

B2

op = —(1—8upaB?), (4.1.38)
2410
B2

pp = — (1 —40poaB?). (4.1.39)
6110

The respective evolution plots are given in Figure 4.3. For v, = k = m and
(o = 1, we find that sink lies in green region showing the stability of accelerated
expansion for the magnetized universe. This region tends to decrease by increasing
the value of magnetic field B. The point PY behaves as saddle for small values of

magnetic field. It is mentioned here that increasing values of the bulk viscosity and
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the parameters v, as well as k& with different values of B give rise to stability of
accelerated expansion of the universe for different choices of B. We also find that a

smaller value of bulk viscosity shows decelerated expansion with increasing values of

B.

Case III (B =0)

Here, we deal with the electric universe by setting < B? >= 0. The corresponding

energy density and pressure are given by

E2

op = —(1+ 24ppaFE?), (4.1.40)
2410
E2

pe = —(1—8ugaE?). (4.1.41)
6110

The plots corresponding to different choices of electric field F are shown in Figure
4.4. For v, = k = \/ﬁ and (p = 1, we analyze sink P, in the green region
showing accelerated expansion of the universe for different values of E. The point P}
behaves as a saddle for small values of magnetic field. We find that the region for
accelerated expansion tend to decrease by increasing electric field E. It is observed
that accelerated expanding region exists for increasing values of bulk viscosity and
parameters v, as well as & with all choices of E. It supports the fact that the role
of bulk viscosity and electric field is to increase the stability of accelerated expansion
of the universe model. The summary of results for the universe filled with viscous

radiating fluid is given in Table 4.1.
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Figure 4.4: Plots for the phase plane evolution of viscous radiating fluid with v = 4/3,
v, =k=1/2/3, (=1, a=0.01 and E =0.2,0.8.

Table 4.1: Stability Analysis of Critical Points for Radiation Dominated

Fluid
Critical Point | Behavior Stability
Pr Source Unstable
P Sink Stable
PY Saddle/Sink | Unstable/Stable

4.1.3 Power-Law Scale Factor

In this section, we discuss power-law behavior of the scale factor corresponding to the

critical points. For this purpose, we integrate Eq.(4.1.19) which leads to
. 1 -1
6= —3 1+3pEM+(fy—1)Q+\p] 02, (4.1.42)

For © # 0, we formulate power-law scale factor whenever 1+3pgy+ (7 — 1)Q+\if # 0.
Solving © = 37;’ for a(t), we obtain the generic critical point as

0 = ag(t — to) TTwERT DR (4.1.43)
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The following condition must hold for exponentially expanding models (identified by
the condition 1+ 3pgy + (7 —1)Q 4 ¥ = 0) to be present in the physical phase space
region (bounded by Eq.(4.1.24))

2
(1= 7)Q% — 3pgar — 1 > —%Q. (4.1.44)

This condition is not satisfied in the physical phase space for v? = k?. The above

inequality must be satisfied in the following physical phase space region

(1+ 3pe) [1 — ( - —3)1_1 <0<l (4.1.45)

It is mentioned here that sign of the term 1+3pgn + (7 —1)Q-+V is quite important to
evaluate different cosmological stages. If 1+3pgy + (v —1)Q2+ ¥ = 0, it corresponds
to the exponential expansion of the universe model. Also, 14+3pgy+(7—1)Q+ 0 20
yields accelerated expansion or contraction of the cosmological model, respectively.
If 2 < k2, the possibility of having accelerated expansion will narrow down. Figure
4.5 shows the physical phase space region (excluding the white region with negative
entropy production rate) whereas yellow and dark gray regions correspond to acceler-
ated and exponential expansion of the universe model for v? > k2, respectively. Table
4.2 provides the polynomial behavior of power-law scale factor for different critical
points with 1 + 3pga + (v — 1)Q + U £ 0.

Table 4.2: Power-law Scale Factors for Different Critical Points

Critical Point | Scale factor for v =4/3
2

PY ao(t — tg) %PEM
2

Pt ao(t — to) 3GrpM+YT+3)
2
P- ao(t — to) 8BpEM+Te +3)
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Figure 4.5: Plot of qualitative phase space analysis for power-law scale factor with
v?2 > k2. Yellow and dark gray regions indicate the accelerated and exponential
expansion of the universe model, respectively.

4.2 Stability of Anisotropic Universe Model

This section deals with dynamical investigation of LRS BI cosmos by taking two

interacting scalar field models as cosmic fluids.

4.2.1 LRS BI Universe Model and Dynamical Equations

We consider LRS BI model with anisotropic effects defined by the line element
ds* = —dt* + a*(t)dx® + b (t)(dy? + dz?), (4.2.1)

where a(t) and b(t) represent the cosmic expansion radii. We can define the mean

Hubble parameter as

1 1la 26
H=_-[H +H)=>|-+2 4.2.2
3[ 1+ Hyj 3[a+b]’ ( )
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where H, = %, Hy, = ,’—j are directional Hubble parameters. For a spatially homoge-
neous spacetime, the normal congruence to homogeneous expansion leads to a con-
stant ratio, i.e., the expansion and shear scalars are proportional to each other. We
assume a power-law relation a = 0™, m # 0,1, where m is a constant anisotropic pa-
rameter which differentiates the expansion along x and y directions and represents the
deviation of anisotropic universe model from isotropic. We define the average Hubble
expansion by a relationship between mean and directional Hubble parameters as

3m

Hy =mH, = (—) H. (4.2.3)

m 4+ 2
Collins [97] studied physical consequences of this assumption by taking perfect fluid
and barotropic EoS in a general way.
The cosmic fluid is considered by coupling phantom field and matter. We consider
that these two components interact through the interaction term @), such that the

conservation of energy yield

Om+3(0m +om)H = Q. (4.2.4)
6 +3(0p +ps)H = —Qu, (4.2.5)
c+3(c+pH = 0, (4.2.6)

where 0 = 0., + 04, P = D + Do, Om, 0p, Pm and py correspond to energy densities
and pressures of matter and phantom energy, respectively. It is noted that the sign of
interaction term denotes the transfer of energy between two components. For Q. > 0,
the energy flows from phantom to matter while ), < 0 corresponds to vice versa. The
interaction term gives an additional degree of freedom which can be restricted by the
constant energy density ratio at late times. It has always been interesting to study

cosmological consequences of these interactions by considering their several forms
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[98]. It is clear from the above conservation equations that Q. = Q.(H, 0, 04). The

constraint and Raychaudhuri equations obtained from the field equations are given

by
+2)?
pr - 2 2.
9(2m + 1) (m + ). (42.7)
6 : 27
= (— VH+ —F? 2.
0 (m—|—2> + (m 4+ 2)?2 +Po: (4.2.8)

where o4 = —%éQ + V(9), pp = —%& — V().
In order to solve the evolution equations, we define the following normalized di-

mensionless quantities

(m+2)¢ o (m+ 2VV A = ¥ (4.2.9)

M= eem+nya T V3@m+ DH

that direct the evolution equations into an autonomous system. Differentiating p;

m+2

5—=1Ina, we have
m

and 1, with respect to N; =

, (m+2) qb H
_ 7 42.10
m+ 2 H
Y = _ - ), [\/g,mﬁm (4.2.11)

For an exponential potential, Raychaudhuri and conservation equations in terms of

these dimensionless quantities become

H 1

. )

Y Rl L (4.2.13)
Hé 2m+2 ;o He?

where A; is taken as a constant. We can write from the constraint equation

+2)? 2m + 1
(m+2) oy _2mtl_», (4.2.14)

*T9@2m+1)H2 3
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The effective EoS for the cosmic fluid and phantom field are given by

2H Veff

Veff =—1- -, ")/¢ = —. (4215)
3H2 Q,

4.2.2 Dynamics of Interacting Phantom Energy

This section deals with stability of LRS BI model through phase space analysis by
taking interaction between phantom energy and matter. We consider scalar field
models for dynamical analysis to study whether we can alleviate the ambiguities like
fine-tuning as well as cosmic coincidence arising from the consistency of A; with
the recent cosmic observations. In order to find critical points {u,11}, we need to
solve the dynamical system of Eqs.(4.2.10) and (4.2.11) by imposing the condition
wy = 4 = 0. The stability of LRS BI universe model will be discussed according to
the nature of critical points and the corresponding eigenvalues. In the following, we

consider three different forms of interactions between phantom field and matter.

(i) Coupling Q. = ad,,

Firstly, we take a model of interaction Q). = ac,, for cosmos where both phantom
field as well as DM are present [52]. Different forms of coupling have been discussed
in literature which are proportional to the time derivative of their energy densities

[48]. Equation (4.2.13), in terms of this coupling, turns out to be

. )
i:?)_\/g%n—i—l)\lul 30y, 7 (4.2.16)
Ho 2m+2 2(1 — o)y

where 2,,, = 1 — Q4. The corresponding autonomous system of equations reduces to

2mt2 m 20—a)2  2mt2)

Hy =

, (m+2) [ 32m + 1\ v} 3a8d, 1
p1 |3 —
3m
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x {9+ (2m+1)*(uf — 1)}, (4.2.17)

For P, = (— \/%Al {6_292(12_737)} ,O), the eigenvalues of Jacobian matrix are given by

pom O e f W0 )
.\ 2(m1—|— ; {9 L @m+ 18)(21[6—_01?2(?\?_'— 7 H | (4.2.19)
= _(77;;2) [a(22n<11+—2>_ - 2<m1+ 3
(2m + ;212‘([16_—5)(22;%1 + 7)) H ' (4.2.20)

We study the impact of parameters m and « on the stability of critical points in
the presence of scalar field model. We plot the dynamical behavior of critical points
for Q). = ao,, by taking different values of a and m as shown in Figure 4.6. In these
numerical plots, we observe that the eigenvalues are positive indicating the point
P, as an unstable past attractor for m > 0 in the physical phase space except for
a = 1,m = —2 at which the system becomes undetermined. For m < 0, this point
becomes stable future attractor. The dynamical analysis shows a matter dominated

era ultimatel¥ followed by a late accelerated expansion phase of the universe. For

VB GA%f(Mf

P, = e "2 7 0|, the corresponding eigenvalues are
m—+42
B (
 (m+2) 3 3a (2m+1)*
m= T 21— ) =E
(m+2)2 [ VB + \/ 672 — (3(351;”)
L \
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B 2m+1}+2( 1 {9+(2m+1)2{(2m+1)4

3 m + 2) (m + 2)?
y ! | (4.2.21)
[\/EA + \/ 672 — (3<2m+1>>2]
1 1 m—+2
2
(m+2) Vo \/ 6 - () 1
m o= D R o, .
3m (2m +1)? 2(m+2)
2
VB + \/wf - (M;”>2
x 94 @m+1)2(m+2)? i (4.2.22)

2m +1

This point corresponds to unstable past attractor without accelerated expansion for
m > 0. By taking negative values of parameter m, this point becomes stable future
attractor or a saddle point depending on values of «. It is noted that the stable point

undergoes accel]erated expansion as ¢ < 0.

'3(2m+7)+a(2m2—m—19)+\/[3(2m+7)+a(2m2—m—19)]2—a(a—l)(m+2)(2m+1)
For Py = ( 2a—1)(2m+1) O) we
have
B (m—l—?) 2(a—1)(2m +1)
T T 1—a 32m+ 1)+ a2m? —m—19) + &
2m +1 3(2m +1)?
— 9 3(2 7
3 } m+2{+ Na—@Emt1) PEm D)
+ a@m®—m—19)+&]}], (4.2.23)
(m+2) | V3\/32m +7) +a2m? —m —19) + &

3m

(a —1)(2m+1)

1 (2m+ 1)2 ,
2(m +2) {9 T 2a - Dam g 1) SEm + NaZm” —m —19)

+ &l (4.2.24)
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where & = /[32m +7) +a(@m? —m — 19)]2 — a(a — 1)(m + 2)(2m + 1). We find
the same behavior of this point for positive values of m. This point is also a stable
future attractor for m < 0 showing accelerated expanding universe model. The

effective potential for the cosmic fluid is given by

1
Yeff = —1+ m—+2[9 +(2m+ 1) (u — 7)) (4.2.25)

The effective EoS parameter and deceleration parameter are given by

1 1
= —— |14+ —{9+(2 (2 —v? 4.2.26
W = g U Or G i - (42:20)
_ 1
q = —1+m—+2[9+(2m+1)(u%—uf)]. (4.2.27)

It is mentioned here that points P, and P, undergo decelerated expansion while the
point Pj is a stable future attractor that lies in accelerated expanding phase as ¢ < 0
and 74 < —1. The summary of the results for evolution as well as stability of LRS

BI model coupled with phantom energy and matter is given in Table 4.3.

(ii) Coupling Q. = (5,
For this coupling, Eq.(4.2.13) takes the form

b 32m+1 v 3
O g 3l 35 (4.2.28)

The autonomous system of equations becomes

, (m+2) _[32m+ 1M 30 N 1
e 2m+2 m 1-8 @ 2(m+2)
x {9+ (2m+1)* (] — 1))}, (4.2.29)

p m+ 2

1 2 2 2
3m m{?) + (2m + 1)%(p? — v2)}| .(4.2.30)
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Table 4.3: Stability Analysis for the Phantom Coupled System with

Q* = QOp.
Ranges of o and m for Critical Points Stability Acceleration

Py
a>0, m>0(a#1) Unstable No
a<0, m>0 Unstable No
a<0, m<0(m#-2) Stable No
a>0, m<0 Stable No

Py
a>0,m>0(a#1) Unstable No
a<0,m>0 Unstable/Saddle No
a <0, m<0 (m#—-0.5,-2) Stable/Saddle Yes
a>0, m<0 Stable/Saddle Yes

Ps
a>0,m>0(a#1) Unstable/Saddle No
a<0, m>0 Saddle No
a<0, m<0(m#—0.5,-2) Stable Yes
a>0 m<0 Stable No

For P, = (0,0), we have
3 m+ 2 3
m=om T m(1+3)’ "= om (4.2.31)

This point shows a varying behavior for different values of parameters 5 and m.

For o = 0.8,—0.2, we find that point P, is unstable/saddle node by taking only

positive values of m and A\; = 2 (Figure 4.7). For § = —1, the eigenvalues become

undetermined, hence we neglect it. We observe that negative values of m show a

stable future attractor. It is mentioned here that point P; undergoes decelerated

cosmic expansion since ¢ > 0 for all choices of parameters.

)

_ 3[36—(2m+1
For Py = <2ml+1 : 1(+ﬂ J
o omA+2 3[1+45—2(m+1)]
) 2m(1 + B)

3+608—-2(m+1)

,0>, the eigenvalues are given by

(4.2.32)

O V2m+2)N 38— (2m+1)
2 = — \/ 1+ 3 +

m(2m + 1)

2m(1+ 3)

(4.2.33)



110

VLA N S

1

H1
0
H1

-1

—

N
AN
Py

NN NN

v
/

)

P/
NN

—
-
=0.8 -
m=0.98_
T\
H1
-1
H1

79

%
o

/

-2r/

Figure 4.7: Plots for the phase plane evolution of phantom coupled universe model

with Q. = fo4 and A\ = 2.



111

This point shows opposite behavior as compared to the previous point. Here all
choices of m and « give stable nodes except m > 0 and « > 0 that correspond to

unstable node. In this case, the universe is in decelerated expanding phase for all

1 3[38—(2m—+1)]
2m+1 1+8

values of m. For P3 = ( ,0), the corresponding eigenvalues yield

m+ 2 3[1+45 —2(m+ 1))

mo= (1 B) + om{+ ) ; (4.2.34)
o 2m42)N B3B38 —-(2m+1)]  3+68-2(m+1)
=V 3miem 115 om(1+6)
(4.2.35)

We find that point P; is an unstable past attractor for all values of a and m except
for —0.9 < 8 < —0.1 at which it behaves as a stable node. For P, = (0, i%ﬂ), the
eigenvalues are

m + 2 m + 2
= —) = —. 4.2.36
sy T m ) (4.2.36)
This point is also an unstable past attractor for positive values of m. It is noted that

for Q). = (04, all points lie in a region of decelerated expansion. A general dynamical

analysis is given in Table 4.4.

(iii) Coupling Q. = p(6y, + 74)

Here we consider the coupling as a linear combination of ¢, and ¢4 for which

Eq.(4.2.13) becomes

i:3_\/§2m+m1y§_ 300 3p
Ho

J — . 4.2.37
2m+2 20 —ppi 1+p ( )

The evolution and conservation equations yield

- +
2m+2 o 21—pp2 1+4+p 2(m+2)

v - (m+2) [3_ 32m+1A2  3pQn 3p 1

3m
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Table 4.4: Stability Analysis for the Phantom Coupled System with

Q. = ﬁd¢-
Ranges of § and m for Critical Points Stability Acceleration
Py
8>0 m>0 Unstable No
<0, m>0, 8#—1 Unstable/Saddle No
6<0, m<O0 Stable No
>0 m<0 Stable No
P
6>0, m>0 Unstable No
68<0, m>0, g#—-1 Stable No
6<0, m<0, m#-0.5 Stable No
6>0 m<0 Stable No
P3
6>0, m>0 Unstable No
6<0,m>0, 0#—-1 Stable/Unstable No
6<0, m<0, m#-0.5 Unstable No
8>0 m<0 Stable for —0.9 < 8 < —0.1 No
Py
6>0 m>0 Unstable No
6<0, m>0, 0#—-1 Unstable No
6<0, m<O0 Stable No
6>0, m<0 Stable No
x {9+ ©2m+ 1)1 — 1]} . (4.2.38)
m 4+ 2 1
l/i = —( 37—; )1/1 \/6[14/\1 — m{g + (2m + 1)2([& — V12)} (4239)
r

3(2m+1) \2
VEA1+ 6,\§—(7mm+2 )

For P, = @m+1)2/2(m+2)

(m+ 2)

,0 |, the corresponding eigenvalues are

(2m + 1)*

m = m

2m+1 3p 3p
3 2(

-~ +
l—p) 14p

2(m +2

2
4(m + 2)2 {\/éAl + \/6)\% — (Bemn) }

) {9+12(m +2)°




in Table 4.5.

2
VB + \/ 63} (2
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o , (4.2.40)
6AL + 1/ 6A2 — (3@’”*1))2\
(m+2) o o+ 2)0 4 — Lo\ i
= ——F" m
2 3m ! 2m + 1)
/
2 2
3(2m+1)
9+ 4(m + 2) 6A1+\/6A%_(m+2>
T gm0 AmE2) (2m +1)
J
(4.2.41)

In this case, the nature of eigenvalues indicates unstable nodes for m > 0 with all
choices of p except for p =1, —1 (Figure 4.8). We find both eigenvalues negative for
m = —0.2 showing stable attractors. All the choices of parameters m and p show

decelerated expanding universe as ¢ > 0. The summary of respective results is shown

|
Vo - 633—(2CmE)”
For P, = CTESEP ey ,0 |, the eigenvalues are given as
B (m+2) (2m + 1)4
" 3m 2 3(2m+1) 2
2m +1 3p 3p 9
_ — 9+12 2
3 }2(1-;;) 1+p+2(m+2){ +12(m +2)

2

2
Vo —\f6xi - (32min)

2m + 1 ’

(4.2.42)
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Table 4.5: Stability Analysis for the Phantom Coupled System with
Qs = p(Om +Gp).

Ranges of p and m for Critical Points Stability Acceleration
Py
p>0, m>0, p#1 Unstable No
p<0, m>0, p#—1 Unstable No
p<0, m<0, m=#—-0.5-2 Stable for m = —0.2 No
p>0 m<0 Stable for m = —0.2 No
Py
p>0, m>0, p#1 Unstable No
p<0, m>0, p#-—1 Unstable/Saddle No
p<0, m<0, m=#-0.5-2 Saddle No
p>0 m<0 Saddle No
P3
p>0 m>0, p#1 Unstable/Saddle No
p<0,m>0, p#—1 Unstable/Saddle No
p<0,m<0, m# -2 Stable Yes
p>0, m<0 Stable Yes
( 2) 6/\1—\/6>\f—(m>2\
m + m—+2
= 2 [2V6(m + 2)\
T 3m (m+2)% (2m + 1)2
7
512)
2 3(2m+1)
L Jotagm+ 2y - \/6A1 - () >
— m
2m + 1 (2m+1) ’
Vs
(4.2.43)

which corresponds to either unstable or saddle node that lies in matter dominated

era for all choices of different parameters. For P3 = (%, 0), the eigenvalues are

3p 2 2m +1 3p
3= =5 — —
2(1—p) £ 3 1+p

. 1 | {9+ 3(2m;1)2§~1 }] | (4.2.4)

(m + 2)
3m

m =
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_ (m+2) - 1 @2m +1)&°
IS VR ppeeeet] R
where
> [3(2m+3) + p(2m2 —m — 10) 4 p2(2m? — 5m — 25) -
oo Gm 4 12— 1) e

& = \(=12p(p+ 1)(p = 1)(m +2)(2m + 1)2 + 39 — 5p(5p + 2) + &)

& = 2m’p(p+1) +m(5p — p+6)*

The nature of eigenvalues as well as trajectories show that point Pj is unstable past
attractor in deceleration region for m > 0 with p # 1,—1. This point becomes a
stable global attractor for negative values of m except for m = —0.5, —2 that give

undetermined eigenvalues. In this case, ¢ < 0 and 74, < —1 showing accelerated

expansion of the universe.

4.2.3 Coupled Tachyon Dynamics

Now we discuss phase space analysis of the universe model by taking a tachyon coupled
cosmic component. The conservation equations are
Om+3(0m +om)H = Q. (4.2.46)

(5¢—|—3(U¢ —|—p¢)H = —Q*, (4247)

where o, = \)/% and py = =V (¢)y/1 — ¢2. The evolution equations yield

2 _ (m +2)? Vi(9)
i = 9(2m + 1) 1— 2 T 428)

V() Q1=
- = — |3H -
p* TV T T Ve

(4.2.49)
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We introduce the following dimensionless parameters

(m+2)¢  (mA2VV v
R P B Vl_\/§(2m+1)H’ M= VvV (4.2:50)

such that the autonomous system of equations takes the form

r (m+2)2 q.b.,ul
M= T HE (4.2.51)

(2777/ -+ 1))\1/,61V12 (m + 2)V1 H

2v/3m(m + 2) 3m  H?

(4.2.52)

In this case, we consider the only coupling Q. = [d, for which Eqgs.(4.2.48) and
(4.2.49) give

R ) N R NP
%{ — [1 - (Qﬂ?izl)Q”%] [ﬁ:jAl + 1?5 —3] . (4.2.54)
The effective EoS and deceleration parameters are given by
Yepp = —1—@ (2m—|—1)2V12\/1— <27ZL—:—21>2M%_9 . (4.2.55)
g = —1—@ -(2m—|—1)2vl2\/1— (27:;1)2“%_9 . (4.2.56)

The critical points and their corresponding eigenvalues for tachyon coupled field

are given as follows. For P, = (0,0), we have

(m + 2)? 3
_m<2m L Ny = o (4.2.57)

=

We investigate stability of critical points corresponding to different values of m and
other parameters. We find that point P is saddle/unstable node for positive values of

m (Figure 4.9). This point becomes global stable node for m < 0 (m # —0.5, 3 # —1)
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with Q* = 50'(]5 and )\1
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Table 4.6: Stability Analysis for the Tachyon Coupled System with

Q. = ﬁd¢-
Ranges of  and m for Critical Points Stability Acceleration

P
8>0 m>0, 0#—-1 Saddle Yes
6<0, m>0 Unstable Yes
6<0, m<0, m#—-0.5 Stable Yes
6>0 m<0 Stable Yes

P2
6>0 m>0 Unstable Yes
6<0, m>0, 3#—-1 Unstable Yes
6<0, m<0, m#-05 Saddle Yes
6>0 m<O0 Saddle Yes

P3
6>0 m>0 Stable Yes
6<0, m>0, 3#—-1 Stable Yes
6<0, m<0, m#—0.5 Saddle/Unstable Yes
B>0 m<0 Saddle/Unstable Yes

showing accelerated expansion of the universe model as § < 0. The summary of the

obtained results is given in Table 4.6.

For P, = (:I: 2”;;21 , 0), the eigenvalues become

2(m + 2)? 3

Tmemr ) P i

T

which correspond to unstable nodes for positive values of parameter m lying in ac-

celerated expanding phase of cosmos. For m < 0, we have stable global attractors

undergoing accelerated expansion of the universe. When P; = (O, iﬁ), the eigen-
values are given by
(m + 2)? 3
=— : = ——. 4.2.59
n m(2m + 1)(1 + 5) 2 m ( )

In this case, the nature of eigenvalues indicate stable future attractor for g > 0 and

m > 0 which undergoes accelerated expansion of the universe as ¢ < 0. For § < 0 and
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m > 0, the point P; is stable except for 3 = —1. In this case, § = —1 and .5y = —1
which indicate de Sitter phase of the universe. For § > 0, m < 0, it also shows

saddle/unstable point which corresponds to de Sitter (§ = —1, 7.5 = —1) phase.

4.2.4 Power-Law Scale Factor

In this section, we discuss power-law behavior of the scale factor corresponding to
both phantom as well as tachyon coupled fields by applying some assumptions. In
this context, we integrate FEq.(4.2.12) which leads to

0= —mp + (2m + 1)*(u] — v})]©% (4.2.60)
For © # 0, we determine power-law scale factor whenever 9+ (2m + 1)?(u? —v?) # 0.
We find the corresponding generic critical point by solving © = % + %b for a(t) and
b(t) as

6(m+2)

pmt2) _ b[()er?)(t — to) PFEmTGT D (4.2.61)

If 9+ (2m+1)%*(u? —v?) = 0, it gives exponential expansion of the cosmological model
while 9+ (2m +1)?(u? — v?) = 0 corresponds to accelerated expansion or contraction
of the universe, respectively. Figure 4.10 shows different cosmological phases for
power-law scale factor, where blue and gray regions correspond to contraction and
accelerated expansion of the universe model, respectively. For m < 0, there exists gray
region only which shows that the universe model undergoes accelerated expansion.

In case of tachyon coupled fluid, Eq.(4.2.53) yields

: 1 om +1Y\° 9
= | @m+ 1)1 - 2o~ @ (4262
0= Sy [P )”1\/ <m+2) M= Sty | @ (4262
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Figure 4.10: Plots of qualitative phase space analysis for power-law scale factor with
phantom coupled matter. Blue and gray regions indicate contraction and accelerated
expansion of the universe model, respectively.
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For © # 0, we again evaluate power-law scale factor if (2m+1)%v? \/1 — (%)2 ui —

(m =y = (0. The generic critical point is found as

w 6(m+2)

pmtD) — 2 (g _ gy ereotd = () e (4.2.63)

2m+1
We explore different cosmological phases according to (2m+ 1)? \/ 1—(= +2 —

ﬁ 2 0. In contrast to the phantom coupled matter, we find different results for
tachyon coupled field. We observe that the region for decelerated expansion decreases
by increasing m while m < 0 shows contraction region only which means that the

universe model undergoes decelerated expansion for negative values of m (Figure

4.11).
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H1

Figure 4.11: Plots of qualitative phase space analysis for power-law scale factor with
tachyon coupled matter.



Chapter 5

Concluding Remarks

In this chapter, we briefly discuss the results of this thesis and conclude the discussion.
The main results of this thesis are summarized as follows.

Chapter Two is devoted to study the effect of electric charge on dynamical insta-
bility of gaseous sphere and cylinder. For spherical collapsing system, we have found
the values of adiabatic index I" as well as radii for marginal stability of homogeneous
sphere (Table 2.1). It turns out that I" takes finite positive values less or greater than
%—l— % corresponding to different values of charge at Newtonian limit. The radius %
approaches to infinity for I' < 0 which leads to expansion rather than collapse. In pN
limit, the dynamical instability occurs if " exceeds %—l— Séif by a small quantity and the
gaseous mass is contracted to RN limiting radius. We have found that 0.1 < @ < 0.4
and I' > 1.5 provide valid radii ranges for stability of sphere. It turns out that only
unstable radii exist corresponding to () > 1.2.

We have also discussed the stability /instability conditions for relativistic poly-
tropic models of indices 0, 1,2 and 3. We have evaluated radii of instability and differ-
ent values of I' for dynamical instability of polytropes and found that I" > %—I—%. The

dynamical instability occurs when the mass of polytropic configuration approaches to
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the RN radius limit. We find that the presence of charge has substantial role in the
emergence of instability of gaseous sphere as compared to [3]. For charged homoge-
neous sphere, the system becomes stable for both negative as well a as positive values
of adiabatic index, while it remains stable for I" > % without charged system [3].

For charged dissipative cylinder, it is found that I" takes finite values greater than
or equal to —% (% + 27@2) for @ = 0.4 and ¢ = 0.5 in Newtonian limit. In pN limit,
R% remains positive for [' > 0 showing marginal stability of gaseous cylindrical model.
The gaseous cylinder remains stable as long as its radius is larger than R, but becomes
unstable as its radius contracts to the radius R,. In pN limit, the gaseous cylinder
undergoes dynamical instability if [ exceeds —% (% + 27Q2) by a small amount. It
is found that I' > —1 and @ > 0.3 provide valid ranges of radii for the stability of
cylinder whereas only unstable radii exist corresponding to I' < —1 and @ < 0.3
(Figure 2.7). There is no effect of dissipation on stability of collapsing system in
this case. It is worth mentioning here that the gaseous cylinder becomes unstable
for smaller values of charge. For uncharged cylinder, we have found that I" exceeds
—% by a small amount showing stable cylindrical configuration (Figure 2.8). It is
observed that R% < 0 for I' < —1.125 leading to un-physical results. We conclude
that inclusion of charge in the gaseous cylinder enhances its stability.

In chapter Three, we have constructed regular ABGB thin-shell WHs with and
without A by incorporating the effects of NLED. It is found that thin-shell WH
remains attractive for A = 0 while it shows both attractive and repulsive characteris-
tics for different throat radii in de Sitter background (Figure 3.1). There exist three
stability regions for regular ABGB thin-shell WHs with GCG gas which decrease

gradually by increasing % and reduce to only two stable regions for % = 0.99. We
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have investigated non-physical regions for small throat radii while stability regions
become enlarged for de Sitter configurations but have similar behavior as in the above
case. For MGCG, the possibility of stability regions increases by increasing the value
of % in both cases with and without A. It is worth mentioning here that MGCG has
remarkable significance as it provides maximum stable regions for WH configurations
which are more viable as compared to that of GCG. We have found that the effect of
logarithmic gas is to increase the stability regions for regular ABGB-de Sitter thin-
shell WHs by increasing % We observe that there exist more stability regions for de
Sitter case as compared to the general case without A. We have also studied small
velocity dependent perturbations and found that ABGB WH configurations remain
no more stable under these perturbations.

We have studied the effects of HBI parameter as well as electric charge on the
stability of WH configurations. It is found that there exists only one stable region
as well as event horizon for CG with smaller value of HBI parameter such that the
event horizon diminishes for % = 1.1. For linear gas, it provides more stable regions
as compared to that of CG. The event horizon decreases by increasing the values
of electric charge and finally vanishes. The logarithmic gas provides least stable
solutions as compared to other cases for smaller values of charge. We conclude that
linear gas is more effective for WH configurations in HBI electrodynamics which
provides maximum stable regions as compared to other models while CG gives the
least stable regions.

Chapter 4 deals with the phase space analysis of isotropic and homogeneous uni-
verse model by taking noninteracting mixture of electromagnetic and viscous radiating

fluids. Firstly, we have discussed stability of critical points through their eigenvalues
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corresponding to different values of F and B for viscous radiation dominated universe
model. The point P, is a global attractor in the physical phase space region which
leads to an expanding universe model dominated by viscous matter for various choices
of cosmological parameters. In the presence of both electric and magnetic fields, we
find that bulk viscosity increases the region for accelerated expansion while the in-
creasing values of £ shows deceleration region for smaller values of bulk viscosity. It
is worth mentioning here that the role of bulk viscosity is to increase the accelerated
expansion with different choices of F and B for both electric as well as magnetic
universe models. It is found that the power-law scale factor indicates various phases
of evolution (accelerated or exponential expansion) of the respective universe model.

This chapter also discusses phase space analysis of LRS BI universe model by
taking a coupling between scalar field models and DM. We have investigated the
impact of m on stability of cosmic model in the presence of phantom and tachyon
fields. For the coupling constant ), = «ad,,, we have found an unstable matter
dominated state undergoing decelerated expansion for all points with m > 0 and
various choices of a. The dynamical analysis shows a matter dominated era ultimately
followed by a late accelerated expansion phase of the universe. For m < 0, all the
points become stable future attractor undergoing accelerated expansion as ¢ < 0
except the point P; which lies in decelerated expanding region. In this case, the results
for points P, and P3; do not solve the coincidence problem which is well consistent
with the results for FRW universe model [52, 99]. For the other couplings, all the
eigenvalues and trajectories show unstable non-accelerating nodes for m > 0 which
become stable for m < 0.

Secondly, we have studied stability of the universe model by taking interaction



128

between tachyon field and DM. For @), = B¢, only. The cosmic portrait shows a
matter dominated epoch ultimately followed by a late accelerated expansion phase
(Figure 4.9). For m > 0, we have found unstable/saddle node for points P, and P,
while point Pj gives stable future attractor which undergoes an accelerated expansion.
For m < 0, the point P; corresponds to stable node showing accelerated expansion of
the universe while the remaining points give saddle/unstable node that corresponds to
de Sitter phase of the universe. We note that all the points show accelerated expansion
of the universe for tachyon coupled field. Finally, we have studied the behavior of
power-law scale factor corresponding to different values of m as shown in Figures 4.10
and 4.11. For phantom coupled matter, the region for decelerated expansion gets
larger by increasing m while m < 0 corresponds to accelerated expansion of cosmos.
In case of tachyon coupled field, the contraction region decreases by increasing m
while the gray region becomes larger. Also, m < 0 shows only blue region which
corresponds to the decelerated expanding universe model. We conclude that negative
values of m enhance stability of the universe model as compared to its positive values.

It would be interesting to extend this work in the following directions.

e To discuss the dynamical instability of self-gravitating system as well as rela-
tivistic polytropes by taking anisotropic matter distributions with electromag-

netic effects following the Eulerian and Lagrangian approaches.

e To analyze physical characteristics as well as stability criteria for thin-shell WHs

coupled with scalar field.

e To explore stability of thin-shell WHs containing quintessence parameter and

magnetic field.
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e To study counter-rotational effects on stability of charged thin-shell WHs.

e To investigate the influence of NLED on dynamical stability of bulk viscous
isotropic and anisotropic cosmologies by taking bulk viscosity as a function of

Hubble parameter, temperature as well as energy density.



Appendix A

List of Publications

The contents of this thesis are based on the following published /submitted research

papers. These papers are also attached herewith.

1.

Sharif, M. and Mumtaz, S.: Dynamical Instability of Gaseous Sphere in the
Reissner-Nordstrom Limit,
Gen. Relativ. Gravit. 48(2016)92.

Sharif, M. and Mumtaz, S.: Dynamical Instability of Charged Gaseous Cylin-
der,
Mon. Not. R. Astron. Soc. 471(2017)1215.

Sharif, M. and Mumtaz, S.: Influence of Nonlinear Electrodynamics on Sta-
bility of Thin-shell Wormholes,
Astrophys. Space Sci. 361(2016)218.

Sharif, M. and Mumtaz, S.: Dynamics of Thin-shell Wormholes with Different
Cosmological Models,
Int. J. Mod. Phys. D 26(2017)1741007.

Sharif, M. and Mumtaz, S.: Stability of Accelerated Expansion in Nonlinear
Electrodynamics,
Eur. Phys. J. C 77(2017)136.
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Submitted for Publication.

130



131
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for publication.
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Sharif, M. and Mumtaz, S.: Stability of the Regular Hayward Thin-Shell
Wormholes,
Adv. High Energy Phys. 2016(2016)2868750.

Sharif, M. and Mumtaz, S.: Stability of Thin-Shell Wormholes from Regular
ABG Black Hole,
Eur. Phys. J. Plus 132(2017)26.

Sharif, M. and Mumtaz, S.: Stability Analysis of Bulk Viscous Anisotropic
Universe Model,
Astrophys. Space Sci. 362(2016)205.

Sharif, M. and Mumtaz, S.: Stability Analysis of Oscillating Cylinder,
Eur. Phys. J. Plus 132(2017)436.
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Sharif, M. and Mumtaz, S.: Phase Space Analysis for Anisotropic Universe
with Nonlinear Bulk Viscosity,
Submitted for Publication.
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with Rotational Effects,
Submitted for Publication.



Bibliography

Ayal, S. et al.: Post-Newtonian Smoothed Particle Hydrodynamics, Astrophys.
J. 550(2001)846; Marek, A. et al.: Ezploring the Relativistic Regime with New-

tonian Hydrodynamics, Astron. Astrophys. 445(2006)273.

Chandrasekhar, S.: Dynamical Instability of Gaseous Masses Approaching the

Schwarzschild Limit in General Relativity, Astrophys. J. 140(1964)417.

Chandrasekhar, S.: The Stability of Gaseous Masses for Radial and Non-Radial
Oscillations in the Post-Newtonian Approximation of General Relativity, Astro-

phys. J. 142(1965)1519.

Herrera, L., Le Denmat, G. and Santos, N.O.: Dynamical Instability for Non-
adiabatic Spherical Collapse, Mon. Not. R. Astron. Soc. 237(1989)257.

Chan, R., Herrera, L. and Santos, N.O.: Dynamical Instability for Shearing
Viscous Collapse, Mon. Not. R. Astron. Soc. 267(1994)637.

Rosseland, S.: Electrical State of a Star, Mon. Not. R. Astron. Soc. 84(1924)720.

Eddington, A.: The Internal Constitution of the Stars (Cambridge University

Press, 1988).

132



8]

[13]

[14]

[16]

[17]

133

Stettner, R.: On the Stability of Homogeneous, Spherically Symmetric, Charged
Fluids in Relativity, Ann. Phys. 80(1973)212.

Glazer, 1.: General Relativistic Pulsation Equation for Charged Fluids, Ann.
Phys. 101(1976)594.

Zhang, J.L., Chau, W.Y. and Deng, T.Y.: The Influence of a Net Charge on the

Critical Mass of a Neutron Star, Astrophys. Space Sci. 88(1982)81.

Ghezzi, C.R.: Relativistic Structure, Stability, and Gravitational Collapse of

Charged Neutron Stars, Phys. Rev. D 72(2005)104017.

Thirukkanesh, S. and Maharaj, S.D.: Charged Anisotropic Matter with a Linear

Equation of State, Class. Quantum Gravit. 25(2008)235001.

Pinheiro, G. and Chan, R.: Radiating Shear-Free Gravitational Collapse with

Charge, Gen. Relativ. Gravit. 45(2013)243.

Thorne, K.S.: Energy of Infinitely Long, Cylindrically Symmetric Systems in
General Relativity, Phys. Rev. 138(1965)B251.

Thorne, K.S.: Absolute Stability of Melvin’s Magnetic Universe, Phys. Rev.
139(1965)B244.

Nakao, K. and Morisawa, Y.: High-Speed Cylindrical Collapse of Perfect Fluid,
Prog. Theor. Phys. 113(2005)73.

Sharif M. and Ahmad, Z.: High-Speed Cylindrical Collapse of two Perfect Fluids,
Gen. Relativ. Gravit. 39(2007)1331; Di Prisco, A. et al.: Shearfree Cylindrical
Gravitational Collapse, Phys. Rev. D 80(2009)064031; Sharif, M. and Abbas,



[18]

[19]

[20]

[21]

[24]

[25]

134

G.: Charged Perfect Fluid Cylindrical Gravitational Collapse, J. Phys. Soc. Jpn.
80(2011)104002.

Chandrasekhar, S. and Fermi, E.: Problems of Gravitational Stability in the

Presence of a Magnetic Field, Astrophys. J. 118(1953)116.

Sharif, M. and Azam, M.: Effects of Electromagnetic Field on the Dynamical
Instability of Cylindrical Collapse, J. Cosmol. Astropart. Phys. 02(2012)043.

Sharif, M. and Bhatti, M.Z.: Stability of the Ezpansion-Free Charged Cylinder,
J. Cosmol. Astropart. Phys. 10(2013)056.

Tooper. R.F.: General Relativistic Polytropic Fluid Spheres, Astrophys. J.
140(1966)434.

Abramowicz, M.A.:  Polytropes in N-dimensional Spaces, Acta Astron.

33(1983)313.

Ray, S. et al.: Charged Polytropic Compact Stars, Braz. J. Phys. 34(2004)310;
Fronsdal, C.: Reissner-Nordstrom and Charged Gas Spheres, Lett. Mathem.

Phys. 82(2007)255.

Herrera, L. and Barreto, W.: General  Relativistic  Polytropes — for
Anisotropic Matter: The General Formalism and Applications, Phys. Rev.
D 88(2013)084022.

Breysse, P.C., Kamionkowski, M. and Benson, A.: Oscillations and Stability of

Polytropic Filaments, Mon. Not. R. Astron. Soc. 437(2014)2675.



[20]

[27]

28]

[29]

[30]

[31]

[32]

[34]

[35]

135

Visser, M.: Traversable Wormholes: Some Simple Examples, Phys. Rev. D
39(1989)3182.

Visser, M., Kar, S. and Dadhich, N.: Traversable Wormholes with Arbitrarily
Small Energy Condition Violations, Phys. Rev. Lett. 90(2003)201102.

Kim, S'W. and Lee, H.: Ezact Solutions of a Charged Wormhole, Phys. Rev. D
63(2001)064014.

Eiroa, E.F. and Romero, G.E.: Linearized Stability of Charged Thin-Shell Worm-
holes, Gen. Relativ. Gravit. 36(2004)651.

Lobo, F.S.N.: Surface Stresses on a Thin-Shell Surrounding a Traversable
Wormhole, Class. Quantum Grav. 21(2004)4811.

Sharif, M. and Azam, M.: Spherical Thin-Shell Wormholes and Modified Chap-
lygin Gas, J. Cosmol. Astropart. Phys. 05(2013)025.

Bardeen, J.M.: Non-Singular General Relativistic Gravitational Collpase, Int.
Conf. GR 5 (Thilisi, USA, 1968).

Ayon-Beato, E. and Garcia, A.: Regular Black Hole in General Relativity Coupled
to Nonlinear Electrodynamics, Phys. Rev. Lett. 80(1998)5056.

Bronnikov, K.A.: Regular Magnetic Black Holes and Monopoles from Nonlinear
FElectrodynamics, Phys. Rev. D 63(2001)044005.

Hayward, S.A.: Formation and Evaporation of Nonsingular Black Holes, Phys.
Rev. Lett. 96(2006)031103.



[36]

[37]

[41]

[42]

[43]

[44]

[45]

136

Rahaman, F. et al.: Thin-Shell Wormholes from Regular Charged Black Holes,
Int. J. Theor. Phys. 49(2010)2364.

Sharif, M. and Azam, M.: Stability of Thin-Shell Wormholes in Nonlinear Elec-
trodynamics, J. Phys. Soc. Jpn. 81(2012)124006.

Halilsoy, M., Ovgun, A. and Mazharimousavi, S.H.: Thin-Shell Wormholes from
the Regular Hayward Black Hole, Eur. Phys. J. C 74(2014)2796.

Sharif, M. and Javed, F.: On the Stability of Bardeen Thin-Shell Wormholes,
Gen. Relativ. Gravit. 48(2016)158.

Born, M. and Infeld, L.: Foundations of the New Field Theory, Proc. R. Soc. A
144(1934)425.

Hoffmann, B.: Gravitational and Electromagnetic Mass in the Born-Infeld Elec-

trodynamics, Phys. Rev. 47(1935)877.

Eiroa, E.F. and Aguirre, F.G.: Thin-Shell Wormholes with a Generalized Chap-
lygin Gas in Einstein-Born-Infeld Theory, Eur. Phys. J. C 72(2012)2240.

Sharif, M. and Azam, M.: Thin-Shell Wormholes in Born-Infeld Electrodynamics
with Modified Chaplygin Gas, Phys. Lett. A 378(2014)2737.

Sami, M.: Implementing Power-Law Inflation with Tachyon Rolling on the
Brane, Mod. Phys. Lett. A 18(2003)691.

Gibbons, G.W.: Cosmological Evolution of the Rolling Tachyon, Phys. Lett. B
537(2002)1.



[46]

[47]

[51]

[52]

[53]

137

Sami, M., Chingangbam, P. and Qureshi, T.: Aspects of Tachyonic Inflation
with an Ezponential Potential, Phys. Rev. D 66(2002)043530.

Chimento, L.P. et al.: Interacting Quintessence Solution to the Coincidence
Problem, Phys. Rev. D 67(2003)083513; Chimento, L.P. and Pavon, D.:
Dual Interacting Cosmologies and Late Accelerated Expansion, Phys. Rev. D
73(2006)063511.

Guo, Z.K., Cai, R.G. and Zhang, Y.Z.: Cosmological Evolution of Interacting

Phantom Energy with Dark Matter, J. Cosmol. Astropart. Phys. 05(2005)002.

Garcia-Salcedo, R. and Bretonn, N.: Singularity-Free Bianchi Spaces with Non-

linear Electrodynamics, Class. Quantum Grav. 22(2005)4783.

Yang, R.J. and Gao, X.T.: Phase-Space Analysis of a Class of K-Essence Cos-
mology, Class. Quantum Grav. 28(2011)065012.

Acquaviva, G. and Beesham, A.: Nonlinear Bulk Viscosity and the Stability of

Accelerated Expansion in FRW Spacetime, Phys. Rev. D 90(2014)023503.

Shahalam, M. et al.: Dynamics of Coupled Phantom and Tachyon Fields,
arXiv:1702.04720v2.

Eriksen, H.K. et al.: Inflation and Primordial Power Spectra at Amnisotropic
Spacetime Inspired by Planck’s Constraints on Isotropy of CMB, Astrophys. J.
605(2004)14.

Coley, A.A. and Dunn, K.A.: Qualitative Analysis of a Class of Bianchi V Im-
perfect Fluid Cosmologies, J. Math. Phys. 33(1992)1772.



[55]

[56]

[63]

[64]

138

Burd, A. and Coley, A.: Viscous Fluid Cosmology, Class. Quantum Grav.
11(1994)83.

Goliath, M. and Ellis, G.F.R.: Homogeneous Cosmologies with a Cosmological
Constant, Phys. Rev. D 60(1999)023502.

Sharif, M. and Waheed, S.: Magnetized Chameleonic Brans-Dicke Cosmology
and Phase Space Analysis, Astrophys. Space Sci. 351(2014)329.

Chaubey, R. and Raushan, R.: Dynamical Analysis of Anisotropic Cosmological

Model with Quintessence, Astrophys. Space Sci. 361(2016)215.

Hawking, S.W. and Ellis, G.F.R.: The Large Scale Structure of Spacetime (Cam-

beidge University Press, 1979).

Cox, J.P.: Theory of Stellar Pulsation, (Princeton Univ. Press, 1980); Kippen-

hahn, R. and Weigert, A.: Stellar Structure and Evolution (Springer, 1990).

Misner, C.W. and Wheeler, J.A.: Classical Physics as Geometry, Ann. Phys.
2(1957)525.

Einstein, A. and Rosen, N.: The Particle Problem in the General Theory of

Relativity, Phys. Rev. 48(1935)73.

Morris, M.S. and Thorne, K.S.: Wormholes in Spacetime and their Use for Inter-

stellar Travel: A Tool for Teaching General Relativity, Am. J. Phys. 56(1988)395.

Israel, W.: Singular Hypersurfaces and Thin-Shells in General Relativity, Nuovo
Cim. B 44(1966)1.



[65]

[66]

139

Darmois, G.: Memorial des Sciences Mathematics (Gautheir-Villars, 1927) Fasc.

25.

Caldwell, R.R., Dave, R. and Steinhardt, P.J.: Cosmological Imprint of an En-

ergy Component with General Equation of State, Phys. Rev. Lett. 80(1998)1582.

Carroll, S.M., Hoffman, M. and Trodden, M.: Can the Dark Energy Equation of
State Parameter w be less than —17, Phys. Rev. D 68(2003)023509.

Gorini, V. et al.: Tachyons, Scalar Fields and Cosmology, Phys. Rev. D
69(2004)123512.

DeBenedictis, A., Das, A. and Kloster, S.: The Gravitating Perfect Fluid Scalar
Field Equations: Quintessence and Tachyonic Matter, Gen. Relativ. Gravit.
36(2004)2481;

Frampton, P.H.: How to Test Stringy Dark Energy?, Phys. Lett. B 555(2003)139.

Barrow, J.D.: String-Driven Inflationary and Deflationary Cosmological Models,
Nucl. Phys. B 310(1988)743.

Bilic, N., Tupper, G.B. and Violler, R.: Unification of Dark Matter and Dark

Energy: The Inhomogeneous Chaplygin Gas, Phys. Lett. B 535(2002)17.

Barreiro, T. and Sen, A.A.: Generalized Chaplygin Gas in a Modified Gravity
Approach, Phys. Rev. D 70(2004)124013.

Bento, M.C., Bertolami, O. and Sen, A.A.: Generalized Chaplygin Gas
and Cosmic Microwave Background Radiation Constraints, Phys. Rev. D

67(2003)063003.



140

Panotopoulos, G.: Comparison between Different Cosmological Models, Phys.

Rev. D 77(2008)107303.
Benaoum, H.B.: arXiv hep-th/0205140.

Xu, L., Wang, Y. and Noh, H.: Modified Chaplygin Gas as a Unified Dark Matter
and Dark Energy Model and Cosmic Constraints, Eur. Phys. J. C 72(2012)1931.

Zimdahl, W.: Bulk Viscous Cosmology, Phys. Rev. D 53(1996)5483.

Bogoyavlensky, O.1.: Qualitative Theory of Dynamical System in Astrophysics

and Gas Dynamics (Springer, 1985).

Sharif, M. and Mumtaz, S.: Dynamical Instability of Gaseous Sphere in the

Reissner-Nordstrom Limit, Gen. Relativ. Gravit. 48(2016)92.

Sharif, M. and Mumtaz, S.: Dynamical Instability of Charged Gaseous Cylinder,
Mon. Not. R. Astron. Soc. 471(2017)1215.

Azam, M. et al.: Study of Polytropes with Generalized Polytropic Equation of
State, Eur. Phys. J. C 76(2016)510.

Horedt, G.P.: Polytropes: Applications in Astrophysics and Related Fields
(Kluwer Academic, 2004).

Sharif, M. and Mumtaz, S.: Influence of Nonlinear Electrodynamics on Stability
of Thin-Shell Wormholes, Astrophys. Space Sci. 361(2016)218.

Sharif, M. and Mumtaz, S.: Dynamics of Thin-Shell Wormholes with Different
Cosmological Models, Int. J. Mod. Phys. D 26(2017)1741007.



[36]

[87]

[38]

[91]

[92]

[93]

[94]

141

Matyjasek, J., Tryniecki, D. and Klimek, M.: Regular Black Holes in an Asymp-
totically de Sitter Universe, Mod. Phys. Lett. A 23, 3377(2008).

Richarte, M.G. and Simeone, C.: Wormholes in Einstein-Born-Infeld Theory,
Phys. Rev. D 80(2009)104033.

Mazharimousavi, S.H., Halilsoy, M. and Amirabi, Z.: Black Hole and Thin-Shell
Wormhole Solutions in Einstein-Hoffman-Born-Infeld Theory, arXiv: 0908.3967;
Thin-Shell Wormhole Solutions in Einstein-Hoffmann-Born-Infeld Theory, Phys.
Lett. A 375(2011)3649.

Sharif, M. and Mumtaz, S.: Stability of Accelerated FExpansion in Nonlinear
FElectrodynamics, Eur. Phys. J. C 77(2017)136.

Sharif, M. and Mumtaz, S.: Stability of Universe Model Coupled with Phantom

and Tachyon Fields, (submitted for publication, 2017).

Vollick, D.N.: Homogeneous and Isotropic Cosmologies with Nonlinear Electro-

magnetic Radiation, Phys. Rev. D 78(2008)063524.

Kruglov, S.I.: Acceleration of Universe by Nonlinear Electromagnetic Fields, Int.

J. Mod. Phys. D 25(2016)1640002.

Ovgun, A.: Acceleration of Universe by Nonlinear Magnetic Monopole Fields,
arXiv: 1604.01837.

De Lorenci, V.A. et al.: Nonlinear Electrodynamics and FRW Cosmology, Phys.
Rev. D 65(2002)063501;



[95]

[96]

[97]

142

Maartens, R. and Méndez, V.: Nonlinear Bulk Viscosity and Inflation, Phys.
Rev. D 55(1997)1937.

Novello, M., Bergliaffa, S.E.P. and Salim, J.: Nonlinear Electrodynamics and
the Acceleration of the Universe, Phys. Rev. D 69(2004)127301; Novello, M. et
al.: Cosmological Effects of Nonlinear Electrodynamics, Class. Quantum Grav.

24(2007)3021.

Collins, C.B.: Special Exact Solutions of Finstein’s Equations - A Theorem and
Some Observations, Phys. Lett. A 60(1977)397.

(98] Wang, B., Gong, Y.G. and Abdalla, E.: Transition of the Dark Energy Equa-

[99]

tion of State in an Interacting Holographic Dark Energy Model, Phys. Lett. B
624(2005)141; Gumjudpai, B. et al.: Coupled Dark Energy: Towards a Gen-
eral Description of the Dynamics, J. Cosmol. Astropart. Phys. 007(2005)0506;
Campo, S.D., Herrera, R. and Pavon, D.: H(z) Diagnostics on the Nature of Dark
FEnergy, Int. J. Mod. Phys. D 20(2011)561; Wei, H. and Cai, R.G.: K-Chameleon
and the Coincidence Problem, Phys. Rev. D 71(2005)043504.

Chen, X., Gong, Y. and Saridakis, E.N.: Phase-Space Analysis of Interacting

Phantom Cosmology, J. Cosmol. Astropart. Phys. 04(2009)001.



Gen Relativ Gravit (2016) 48:92 ® CrossMark
DOI 10.1007/s10714-016-2090-x

RESEARCH ARTICLE

Dynamical instability of gaseous sphere
in the Reissner—-Nordstrom limit

M. Sharif! - Saadia Mumtaz!

Received: 1 January 2016 / Accepted: 24 May 2016 / Published online: 15 June 2016
© Springer Science+Business Media New York 2016

Abstract In this paper, we study the dynamical instability of gaseous sphere under
radial oscillations approaching the Reissner—Nordstrom limit. For this purpose, we
derive linearized perturbed equation of motion following the Eulerian and Lagrangian
approaches. We formulate perturbed pressure in terms of adiabatic index by employing
the conservation of baryon numbers. A variational principle is established to evalu-
ate characteristic frequencies of oscillations which lead to the criteria for dynamical
stability. The dynamical instability of homogeneous sphere as well as relativistic poly-
tropes with different values of charge in Newtonian and post-Newtonian regimes is
explored. We also find their radii of instability in terms of the Reissner—Nordstorm
radius. We conclude that dynamical instability occurs if the gaseous sphere contracts
to the Reissner—Nordstorm radius for different values of charge.

Keywords Gravitational collapse - Instability - Electromagnetic field - Relativistic
fluids

1 Introduction

It is a well-known fact that any relativistic model will be physically interesting if it is
stable under fluctuations. The stability/instability of celestial objects has significant
importance in general relativity (GR). This study is closely related to the evolution
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and structure formation of self-gravitating objects. Initially, any stable gaseous mass
remains in state of hydrostatic equilibrium for which the gravitational force is counter
balanced by the internal pressure of the body acting in the opposite direction. The
effect of gravity over the internal pressure causes the matter to collapse and the star
contracts to a point under its own gravitational force forming compact stars.

The dynamics of massive stars can be discussed in weak as well as strong-field
regimes. The idea of weak-field approximation [Newtonian and post-Newtonian
approximations (pN)] [1], [2] has remarkable importance in the context of relativistic
hydrodynamics. The analysis of dynamical instability in strong-field regimes becomes
complicated due to non-linear terms, so the weak-field approximation schemes are used
as an effective tool. Chandrasekhar [3] was the pioneer who studied the dynamical
instability of Newtonian perfect fluid sphere approaching the Schwarzschild limit in
terms of adiabatic index. He used Eulerian approach for hydrodynamic equations and
developed a variational principle to find characteristic frequencies applicable to the
radial oscillations at Newtonian and pN limits. He concluded that the system would
be dynamically stable or unstable according to the numerical value of adiabatic index,
ie, " > % or " < %, respectively. The same author [4] also investigated the stability
of gaseous sphere under radial and non-radial oscillations at pN limit.

The dynamical instability of self-gravitating spherical objects has been studied by
using various techniques. Herrera et al. [5] explored dynamical instability of spherical
collapsing system for non-adiabatic fluid using perturbation scheme. They showed
that heat conduction increases the instability range in Newtonian limit but decreases
in pN limit. Later, many researchers [6], [7], [8] discussed the role of various physical
factors on the dynamical instability of spherical systems using perturbation scheme
and found interesting results.

The stability of self-gravitating objects in the presence of electromagnetic field
has a primordial history starting with Rosseland [9]. There is a general consensus
that astrophysical objects do not have charge in large amount [10] but there are some
mechanisms which induce large amount of electric charge in collapsing stars. Stettner
[11] showed that presence of net surface charge enhances the stability of sphere with
uniform density. Glazer [ 12] investigated the dynamical stability of perfect fluid sphere
pulsating radially with electric charge. Ghezzi [13] studied stability of neutron stars
and found that the stars having a charge greater than the extreme value would explode.
Sharif and collaborators [14], [15] discussed the role of electric charge in dynamical
instability at Newtonian and pN regimes.

Polytropes are useful self-gravitating objects as they provide simplified models
for internal structures of stellar objects. The polytropic equation of state deals with
various fundamental astrophysical issues [16]. Tooper [17] studied the internal struc-
ture of gaseous sphere obeying polytropic equation of state and obtained Newtonian
polytropes using numerical solution of the Lane-Emden equation. The effect of elec-
tromagnetic field on the dynamics of polytropic compact stars has also been studied
[18], [19]. Herrera and Barreto [20] analyzed both Newtonian as well as relativistic
polytropes in spherical symmetry. Recently, Breysse et al. [21] have discussed the
dynamical instability of cylindrical polytropic fluid systems under radial and non-
radial modes of oscillations.
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In this paper, we study the dynamical instability of spherically symmetric gaseous
systems following Chandrasekhar’s approach [3] in the vicinity of electromagnetic
field. The paper is organized as follows. The next section deals with matter distribu-
tion and the Einstein—Maxwell field equations. In Sect. 3, we discuss motion of the
system under radial oscillations following the Eulerian approach. Section 4 provides
the formulation of perturbed pressure and adiabatic index in terms of Lagrangian dis-
placement using conservation of baryon number. In Sect. 5, we develop conditions for
dynamical instability of homogeneous sphere and relativistic polytropes. Finally, we
conclude our results in the last section.

2 Field equations and matter configuration
We consider a spherically symmetric system in the interior region given by
ds? = —e'di®* + ¢*dr? + r?(do? + sin” 0d¢?), (D

where v = v(z, r) and A = A(z, r) are the gravitational potentials. The corresponding
Einstein field equations can be written as

8qnG,_ o 1 I o

_ -y
! Iy = 3 r—zg(”e )s (2)
8nG 4 1 1 10v
_ T! — — _ — 4+ =), 3
A ! r2 ¢ (r2 + r Br) )
87G .1 _ie’A @
A 0T

where dot denotes derivative w.r.t . We assume the energy—momentum tensor corre-
sponding to charged perfect fluid in the form

T! = (o + p)lu; + 3"+L FoFk — L5 g pt (5)
i p j T P9 . Jjk 4% ki )
where u! = ‘%i is the four-velocity, p is the pressure and o is the energy density.

The electromagnetic field tensor F;; can be defined in terms of four potential, F;; =
®;.; — ®;.;, which satisfies the Maxwell field equations as

Fi;jj = 47T.li, F[,'j’k] = 0,

where J' = pu' is the four current. The only non-vanishing radial component of
electromagnetic field tensor (F°! = —F19) implies that

d (rZe()»—i-V)/ZFOl)

= 4mrie*?p,
dr P

@ Springer



92 Page 4 of 21 M. Sharif, S. Mumtaz

whose integration yields

o e P20, 1)
F' = " ,

where Q(t,r) = 4n for r?pe’/?dr is the total amount of charge within the sphere.

The energy-momentum tensor follows the conservation identity T”J = 0, which
governs hydrodynamics of the fluid and leads to the following relations

8T00+8T10+1 4
at a2

+a(k+)T1+1(T T)8A 0 6)
— —_— v —
rooor 0T \70 1) g, ’

8T10+8T11+1(T T)Bv 2( T)+1T08(A+) o
_ _ — _ = — JE— V) = s
ot ar "2\t T 0 )%y, P=4) T30y
where TO1 = —e" Tlo. The non-zero components of energy—momentum tensor are
Q2 | Q2 ) 3 Q2
N=—-06-—=_, T\=p— = T2=T= .
0 Ry TP T e 2 3=rt 8rd

All the quantities governing the motion remain independent of time during the state of
hydrostatic equilibrium. The surface stresses describing equilibrium state are denoted
by zero subscript. In this context, Egs. (2), (3) and (7) take the form

d 87 Gr? GQ?
;(re N=1- ct o0~ cAr?’ ®)
1 _, dvg 1 _ 87Gpy G Q?
¢ AOE=—2(1—€ o) + a4 )
dpy ldv 1 Q? Q?
9 _ 77 — . 10
dr Zd(p0+0)+8 d( pre= (19)
Following Egs. (2) and (3), we also have a useful relation
e ™ g 871G
—— (X0 +vo) = (po + 00) ——- (11)
dr c

We take the Reissner—Nordstrom (RN) spacetime in the exterior region as

2GM  GO2 26M GO\ !
ds2=—(1 + Q)dr ( . Q) dr?

}"6'2 }" C 7'6'2 }"2C4

+r2(d6? + sin® 0dp?), (12)

where M corresponds to the total mass of the sphere. The hydrostatic equilibrium
describes the state of fluid in which pressure gradient force is balanced by the gravita-
tional force. When one of these forces overcome the other, the stability of the system
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is disturbed leading to an unstable system. The equation describing hydrostatic equi-
librium is obtained by eliminating vy from Eqs.(9) and (10) as

dr 2
(po + 00) + L(_26M + GO*\ (2 + Ld (o (13)
X — J— —_— [ —_—— PR
po T 90 47 rc? r2ct rd 2dr \ rd ’

where the left and right hand sides correspond to pressure gradient and gravitational
terms, respectively and

4nG [T, G (7Q?
Mr = C4 /0 oor a’r—{—ﬂ/o r—zdr, (14)

= pr
I"C2 1"204 1”2 I”3C2 C2

(1 2GM,+GQ2)de_ 1(GM, GQ? 4nG )

is the Misner—Sharp mass function.

3 Equations governing radial oscillations

Here we discuss the motion of gaseous masses undergoing radial oscillations. The
non-zero components of four-velocity are given by

0 _Y Yo 1 _Y 20—v0

u =e 2, up=—€2, u =ve 2, uy=ve 2 , 15)
where v = % is the radial velocity component. These components can be calculated
with respect to spacetime coordinates by u’ = %. The stability of any gaseous mass

under perturbation ultimately gives rise to the dynamical evolution of gravitating
system. We assume that an equilibrium configuration is perturbed such that it does
not affect the spherical symmetry. We consider only linear terms so that the respective
values in the perturbed state become

A=Ao+6A, v=v9o+38v, p=po+dp, o=o09+3do, Q=Qp+350. (16)

We follow the Eulerian approach [4] for perturbations such that the corresponding
linearized forms (governing the radial perturbations) through Egs. (8) and (9) are

0 2G 8
—(re 80 = — (47r’s0 — Q000 , 17)
ar ct r2
e M) dvy 1 87 G 2G Q0080
— 8V —8h— | = e ML+ ——8p — ——=, 18
r [Br Y dr] rze + ct p cAré (18)

here §A, §v, 6o, §p and § Q represent the Eulerian changes. Equations (4) and (7) can
be written appropriately in linearized forms as
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e ™ 9 47 G b

Ton=—"nr’ (2(p0+60)v - Q°4Q), (19)
r ot ct r

R TR
(po + 00)e™™ 08 +8_ op + = (P0+00)—3v
dvo 1Q03Q 1 3 [ Qo0
§p +80)— + — - =0. (20
—I—(p+o) +87T r4 4n8r[ r4i| (20)

(X994

Let us introduce a Lagrangian displacement “n” such that v = %—'] Integration of
Eq. (19) leads to

e Ho

" SA = —8—(po + oo)n + ﬂ/Ser 21)

Using Eq. (11), this equation takes the form

d 47 G Qpe’
5)\.2——()\,04‘1)())7]4‘4—3 8Qdt. (22)
dr ctr

Solving Eq. (17) and (21), it follows that

19 2 Qo
bo = [—r (00 + P + 27 ant} + 00 (23)
which yields
dp() dG() 1 QO/
o = —n——> — — 5Qdt
o Uit (p0+ao) G )+ 15, [24 Q
Qo
§0. 24
+47rr4 Q 24)

Using Eq. (10), it follows that

doy e"/2 vo,/2 n d Q2
b0 = —nGr = oo [re -
19 Qo Qo
- — 8Qdt 80. 25
* r2 or |:2r / Q ] 4mrs Q (23)

Substituting §A from Eq. (21) in (18), we obtain

e ™ 9 1 dvo 871G
—év = [(po+o00) |- n+ép
r or r d

471G Qo [dvy 1 GQO
it AV B A _ X0 o)
+ ctr4 [dr ri|/8th ctr4 00, (26)
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which in accordance of Eq. (11) leads to

0 d 1 dy
(po+00)—06v=—(Ao+vo)y|ép—(po+o0)|—+—])n
ar dr r dr

+@["ﬂ_ﬁ]/agm_ Qo SQ}. @7

2r4 | dr r 4ré

Now we assume time dependent perturbations in the form of Lagrangian displacement,
i.e., ne'®, where w is the characteristic frequency to be evaluated. The Lagrangian
displacement 1 connects the fluids elements in equilibrium with corresponding one in
the perturbed configuration. Since the equations have natural modes of oscillations,
so they will depend on time. Considering §A, §v, 6p, do and §Q as time dependent
amplitudes of the respective quantities, Eq. (20) with (27) can be rewritten as

+ —0p + 60—

dr 2 dr 2

d 1  dv 1
) 0 (po +00)

d 1
@™V (pg + o0y = op - (VO Tyl

2
dvg dhg 1 dvy Qo d
¢, M0 udal) =20 2
X(dr+dr) r dr)n+8nr4dr(o+v0)

dvo 7 1 | Qo0
Xﬁ[2ﬂ'(:5:'—';)(/pSth——SQ] +‘Z;‘[ 2r4

(28)

4 The conservation of Baryon number

In order to discuss the perturbed state of pressure in terms of Lagrangian displace-
ment 7, an additional assumption is required which can relate physical aspects of
relativistic theory with the gaseous mass undergoing adiabatic radial oscillations. In
this context, the required supplementary condition can be satisfied by conservation of
baryon number in the framework of GR as (N ul );j =0, o0r

d ~ .0
—(Nu!) + Nu/ — In/—g =0, (29)
ox/ ox/

where N is the baryon number per unit volume. The conservation of baryon number
plays a vital role in collecting different models of the universe. According to this law,
the number of particles may vary but their total number will remain conserved during
the fluid flow. This change occurs due to loss or gain of net fluxes. Here we consider
fluid obeying this identity. Equation (29) through (15) leads to

3 3 3 (2 1
—(Ne /2y + —(Nve™/?) + Nve /2 — [ Z 4+ Z[v + 4]
ot ar or \r 2

N _vO/za
- — A) =0. 30
toe Vvt (30)
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We assume the perturbation
N = No(r) +N(r, 1),

keeping only the linear terms in v, Eq. (30) takes the form

19 5 9 1 d
— — (Nor?ve™"/2) 4 ¢7"0/2_§N 4 — Noe /> — A
r28r( orve %) +e a0 + 5 Noe dr(vo+ 0)
1 d
~Noe ™2 —51 =0,
+2 0e ”

whose integration in terms of Lagrangian displacement 7 leads to

No[ d 1, d
BN + =0 | 15 (o + 2o) + 04 | + — "2 (NorZne™/?) =0,
2 | dr r? or

Using Eq. (22), it follows that

dr r2 ar c*r3

dN N ad 27 GN
SN = —n 00— B () 1 NG00 [50ar

We consider an equation of state in the form
N = N(o, p),

so that Egs.(25) and (34) together give

d w/2 g
Sp = —nﬂ — p()l"e — (rzne_v‘)/z) + ot_Qo 8Qdt,
dr r2 or r3

where

o= —
ON/op c* 2r do
and I is the adiabatic index (ratio of specific heats) defined by

I ! N — (o + )8N
= — — (o — .
PIN/ap e

I {ZnGNoeko_idN}

€29

(32)

(33)

(34)

(35)

(36)

(37

(38)

This relates the pressure and density fluctuations and measures the stiffness of the

fluid.

S Pulsation equation and variational principle

The linear pulsation corresponds to the oscillation frequencies and different modes
of small perturbations applied to equilibrium spherical configuration. Inserting the

values of §o and §p from Egs. (23) and (36) in (28), it follows that
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dl)o ld)\.() dp() d dpo 112
oo () L (1)

dr dr
(90 + 000 + ~1(po + o1} — ~n(po + o0y (L0 4 o) (L 4
X PR —_— — — — —
Po T+ 00)n dr Po T oo)n 277 Po T 00 dr dr . dr

/2
_e—<vo+2°>i{ o+ °>pp0 " 2072 4 {5Q0

d 2. —vy/2
dr r(r e ) te dr | r3

dv 1 1 dv n
/2 [ 50d1 @—0/5 di 4 (&on
‘ / ¢ }—’_ dr 0 '8+4r+47rr dr r
Qo dio [dvo ;7/ 50 0o /2 g Qoe”0/28Q
— 15— - [ é0dt — — b)
dmrt dr {dr r ¢ 2 | T 8 o+ Am dr ré

(39)

Substituting d% from Eq. (10) in the above equation, we have

1 d>vg  3dvy ldrxg 1dirgdv
2 ,h0—vo = — _0 - __0 . > -
we (po +00)n (PO"'UO)”{ dr2  rdr rdr 2dr dr }

50 1 & BQo x| . Qo0dw 1
T3 s wman @)t dr[r_3€ oS =R L=

I (dvoy 7 Qo dio [ (dvo ~ 0 Q060
+47'rr(dr _r)]+4nr4 dr {(dr _r)Q_ }+ 8mrr4

vo/2 d —vo/28

e™" d [ Qoe 0 ’ 40)

4w dr r4

where f 50dt = Q . Under the equilibrium condition, Eq. (4) yields

167G 2G Q2 d?vy 1d 1 (dvo\> 1dxrgdv
{ p0+ QO}EAO_—O'F;Z(U()—)\.Q)-FE(—O) ———0—0.

ct ctrd dr? dr 2 dr dr
(41)
Using this expression and Eq. (10), Eq. (40) takes the form
_ 4 dpy 1 dpo\?> 87 Gpo
2 _lo—Vvo _ _ 27 _rY PV o
@™ (po + o0)y =~ — =) o+ 00 (dr Tz ¢
«(po + ooyn + L | 0wz ol d (rzne‘VO/z) o= (0H10/2)
dr r2 dr
1 dpo 1 de» @ L dQ* 1 1 0° |
po + o9 dr "\anr® " ar ard dr 2mrd | po + o 4mr?

4 25\ 2 2 2
__n 1 Q_+i dQ _2_Ld_(Q2)
po + oo QurH? | r? 16 \ dr 2nr®  8mrt dr?
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'BQOQe}»Oﬂ) + QLédﬂ |:,B + 1

r3 r3 dr 4

2
b (dvo _n\], QoS0 (| dho) e d (0080 )
4ar \ dr r 8rd dr 47 dr r4

This is the required pulsation equation which satisfies the boundary conditions, i.e.,
n =0atr =0and §p = 0 at r = R. This constitutes a characteristic value problem
for w? obtained by multiplying the equation with nr2e*0++0)/2 and integrating over
values of r as

R R pl | d 2
a)Z/ e(3k—v)/2r2n2(p + a)dr :/ e()»+3v)/2_2 |:_ ( Zne—v/Z)] dr
0 0 r dr

R R 2.2 2
+8714G/ e(3’\+”)/2pr2n2(p+o)dr _/ ren e 1)/2 (d_P) dr
0 0

G Q? d
Jr%(}70 + o)’ e — (
ctr dr

(42)

c p+o dr

R R 2 2 2
+4/ rnze(”")/zd—pdr—k/ N orvpdp (1407 Q dr
0 dr o pto dr \4m dr wr3

R 2 2 2 R 2
o 2mr3 dr \p+o4nrt 2w Jo 1t

/R n? Gt/ 0> 2+ 1 (dO? 2 . +/R GQ(Z)nZ
J— [E— — r —_—
0o pto (27.”,3)2 r 16 \ dr o ctrt

x(p+ o)e(%”)/zdr — / _ (QZ) dr + / 1'277e("*’\)/2
0 0

8nr2 dr?
A R
xi —'BQOQeAO/2 dr+/ —UQ05Q6(,,+;L)/2 l—dﬂ dr
dr r3 0o 8mr? dr
R ~
1900 11,240 1 1 (dvy 1
IX0% - — (= _) |4
+/0 r ¢ dr 'B+4n+47rr dr r g
R 2
_|_/ le(v-i-k)ﬂi QO_SQe—vo/2 dr. (43)
o 4m dr r4
The corresponding orthogonality condition is defined as
R . .
| e oD =0, £ ). (44)
0

where 7 and /) give proper solutions associated with different characteristic values
of w?. To investigate dynamical instability of spherical star, the right-hand side of
Eq. (43) should vanish by choosing a trial function & satisfying the given boundary
conditions. In the following, we discuss the conditions for dynamical instability by
taking two special models.
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5.1 The homogeneous model of sphere

First we consider the homogeneous sphere with constant energy density ¢ and study
the conditions for its dynamical instability. Equations (13) and (14) governing the
hydrostatic equilibrium allow the integration [3] such that we can write

I S R2 L 45
where a? = 8 ~&5 and b* = 266_92. The solutions of the relevant physical quantities
can be determined in terms of x and x; as

X — X1 v 1 > 2 1
=0 , e’ =—[3x1 —x]°, e¢'=—. 46
pEo 71351 =] > (46)

The necessary condition for the positivity of pressure yields 3x; > 1 which leads to

R bp* 8

2 RTY

Using the inertial mass, this takes the form

R 9 (2GM GQ? 9R @
>—|—F———+ ) = =Rpn,
8\ ¢2 Rc* g N

where Ry is RN radius. Inserting the physical quantities in Eq. (43), it follows that

8 g 6 252 _ gx2
40202 / & e / 27 =% — 1,
CON | e T e o § T

r /& 1
+— | x=xDBx —x)’— [—(nsze—“/z)] d +

8 Jo x& | d& 16madx;

oo | [
S e () e

_3271,a3 /é1 n(3x12$—2x)2d ——(0))d§ + — : /OSlx(le — x)nE?
e T e e e
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dvo 1 1 §1 10080 3x1 —x 1 dxro
R | A (R [

1[5 g*Bx —x) d Q030
Tana /o x dg (54(3)61 - X)) @ @

where § = £, & = & — L and I' is assumed to be constant.
a a R

‘We take the trial function as
1
n=¢ge"? = & =), (49)

for which Eq. (48) becomes

£ g4 £ 4 £
(aa))le/ 1 S—dé‘ = 1x1 ](2x2 —1- )é dg + 1(x —x1)
0 4 " Jo 0

,E2 1 51 4 0 r N
x(3xl—X) —d5+4a Ep 1/0 (Bx1 —x) ( S)dé (3x1_x)d§

1 & Gy —x)2 0%\ Gxi , (3x —x)2
 (4mad)’x /0 x (?) . 4ct Jo QO Ex? “

5 5 0%*(3x; —x)? I 3000
~ 53 i 3 d$+£/0 xS Bx _x)dé( e )dé

1[5 0080 5 1 [hgs
3x1 — d —Bx; —
+32na2/0 e X Ods 8na2/0 (1 —x)”

d Q0dQ
<t (o om) >

Substituting x = cos 6 and & = sin 8 in the above equation, we obtain

1 sin* 6 cosd o1 sin 6
(aa))2 cos 0 / ! do = ! 2 cos? 6 — 1 — 9 cos? 61) ! do
0

cos? 6 4 Jo cos? 6
01
9 2 .2 1
+-T (cos@ —cosB1)(3cosf; —cosB)“sin“ 0df) — ——
8 Jo 4a3 cos 0;
/91 (3cosf; — cos 9)3 Q2 d cosf — cos 6 40 1
X E— J—
0 cos 7 sin @ d9 3cos B — cosf a(4ma3)? cos Oy
01 2 G 0 01
X / (3cosH; — cos 8) Q d0 + coso / (3cos B — cos 0)2
0 sin@ ¢t Jo
2 2 [% 2
5 1 (3cos B — 0
‘ [on 46 — 0 / (3 cos 1 cos ) a0 51)
sin 6 cos2 @ 8mad Jo sin3 6

where 0] = sin™! (g — %). Solving the integrals and setting w?> = 0, we obtain exact

condition for marginal stability. The values of I".. for any assigned value of 6 are found
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Table 1 Adiabatic index and

radii for dynamical stability of o1 R/Ry lcfor0 =02 I for 0 = 0.6
homogeneous sphere 0° 00 00182 —0.1622

10° 33.163 0.1127 0.1776

20° 8.549 0.1275 0.2278

25° 5.598 0.1319 0.3192

30° 4.000 0.3766 1.2643

35° 3.0396 3246.43 1970.41

40° 2.4203 5918.49 2527.00

50° 1.704 6594.94 4352.86

60° 1.333 6822.02 5631.08

such that y should be less than certain ', for the existence of dynamical instability.

In Newtonian limit, I" takes finite values for marginal stability, i.e., I' > % + %.
We calculate the radii of marginal stability and I for homogeneous model of gaseous
sphere by taking different values of charge which show finite values of I". We observe
that radius % — oo for I' < 0 which leads to the expansion while % remains
positive for I' > 0 showing marginal stability of gaseous model. The corresponding
results are given in Table 1.

When w? < 0, the perturbation diverges exponentially either by expansion or con-
traction which yields stellar dynamical instability. In the limit 8; — 0, the condition

for dynamical instability is

. 4 (4Q2 N 7) 140 14 R b? 52)
- — < —bf=—|———=|.
21 4371 T 43 a2 R2
In terms of inertial mass, this takes the form
14 2GM 2
R < i [ ¢! —GQ4], (53)
43T — 54 (402 +7)] L « Rc
which can be written as K
— (54)

Ry [[ - 55 (402 +7)]

where K = % for the homogeneous sphere. This means that if I" exceeds % + % by
a small amount, the dynamical instability can be prevented till the mass contracts to
the RN radius. If the radius of gaseous mass is greater than Ry, it remains stable. The
ranges for instability of homogeneous spherical system are shown in Fig. 1. Since the
radius of stability is a factor of the RN radius, so the ratio Ri should be greater than or
equal to zero for physical results. We consider different values of charge and find that
0.1 < Q@ <04 and " > 1.5 provide valid radii ranges for the stability of sphere. For
I' < 1.5, we only have unstable radii along with un-physical region corresponding
to Q > 0.4. Also, we observe that the gaseous sphere becomes unstable forever with
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Fig. 1 Plots of % for dynamical stability/instability of homogeneous sphere corresponding to different
values of Q

larger values of charge, i.e., O > 1.2. It is obvious from the graph that the radius of

2
stability is greater than Ry for I > % + %.

5.2 Relativistic polytropic model

Inrelativistic polytropic models, pressure and energy density can be expressed in terms
of a single function ® as [17]

p=po®@"t, o =000", (55)

where po and o( represent respective values at center and n denotes the polytropic
index. The polytropic models are the generalized form of the classical Lane-Emden
equation which can be obtained from the equations of hydrostatic equilibrium. Let

; (56)

1

where a = (M) > and g = £°. We can reduce Eqgs.(13) and (14) to the pair of

0
4dr Goy 00
equations which express ® as a function of &

( g2 c2Q%q(n + 1)) (1 _2Vg(n+ 1) N 0’Vq(n + 1)) e

1440 327G, £ M dE
w2V et g (57)
M 10 T
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dv i
b — 0", (58)

We assume pN approximation of the form
O=0+qd, (59)
where @ is an arbitrary function, 6 represents classical Lane—Emden function and

q is treated as a small constant. Using Eqs.(57) and (58), the classical Lane-Emden
equation becomes

2 2 212
d%o 2d9+(1 Q)en_ c2Q (©0)

de2 TEaE % 272Go,”

Equation (43) in terms of ® and & takes the form

2 r& 3
(a;)) /0 O (1 + ¢©)E2n2e®2gg = 2(n + l)q/O O (1 + 4©)
&1 Emn+1)
2,2,304v)/24 4 1 / O En2ePtV/2 (1 = gstn+ 1) d
xE%nte E+4(n+1) En‘e 4(1+q®) ;

0 52 dg a3 ) Jy ©r(1+q®)

X(@)Z[i_Q] ag— ! /fln Wz[HM@
0

g4 2a 2mra’ £3 1+¢® dt
_GQj L5 anpdQ® | do 1
Eh }ls 477/0 1+q®e ae | Tag o (@) I d&
1 51 n (A—i—v) c=1)/2 d ,BQOQe'AO
_87ra3/0 2° 4 2 d$+/ £ E{ ag3 ]ds
d S v/2
i) /0 ézne(”“mE (—QO ?f )ds. (61)

The pN approximation treats the effects of GR as first order corrections. We can
write

4 2
Fe = 57407 +7) =Cq. (62)
K 2GM GQZ]
c — —_ 63
e — 57402 +7) [ ¢z Rt 9

where C and K are constants depending on density distribution. The pN approximation
yields
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Table 2 Adiabatic index with different values of charge for dynamical instability of polytropes with index

3
q ['cfor 0 =0.2 I'cforQ =04 I'c for 0 =0.6
0.015 1.3500 1.3593 1.4715
0.040 1.3527 1.3983 1.4744
0.1 1.3586 1.4043 1.4805
0.2 1.3686 1.4143 1.4905
0.5 1.3953 1.4440 1.5204
B do  GQ*(1+n)qdd
b
=14+ 2¢g(l1 _——-— 64
e +29(1+n)§ dE i dE (64)
5 ~
~ 1+n)glo
¢ = 1= 2901+ mio + i)+ LEEDIOL, (65)
where |61 = — (d0/d§) ¢=¢,- Using the relations of p. and o, for polytropes in terms
of M, Q and R, it follows that
1 2GM  GQ?
q= = [ SRRY) 4] : (66)
2(n 4+ 1)&1161| L Re Rc

We calculate I with different values of Q for the emergence of dynamical instability.
The numerical values of I" for the polytropes of index 3 are given in Table 2. Similarly,
the constants C and K for polytropes are given by the relation

C

K=——"r. (67)
2(n + 1)&1161]

In order to determine the radii from Eq. (63), we need to calculate K whose value
depends upon the polytropic index, Lane-Emden function and charge. Different poly-
tropic indices lead to different stellar structures such that the configurations withn < 5
are considered to be realistic stars [22]. For n = 0, we solve the Lane-Emden equation
analytically corresponding to different values of Q and find the values of 6 but we
solve this equation numerically for n = 2, 3, 4 as shown in Figs. 2 and 3. The values
of constants C and K for n = 0 are given in Table 3. We see that the values of K
decrease gradually by increasing the value of charge.

Inserting the values of ¢ and e~ in Eq. (61) and neglecting second as well as
higher order terms in g, we obtain

(aw)2 & gntl

&1 &1
q 0 0 o &

GQ2 5 Q2 d ’ 2 &
x{(m—s)wwu(m—a)—se}[%@ n)] a1 [ HE)
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06 0(&)
Q08— Q=04 12

0.8
0.6 -=-"

0.4

L
0.5 1.0 15 2.0 5 3.0 f 0.0

Fig. 2 Plots of classical Lane—Emden function for polytropes of index n = 1, 2 corresponding to different
values of charge

Fig. 3 Plots of classical
Lane—-Emden function forn =3
corresponding to different values
of charge

Table 3 Values of constants C and K with different values of charge for polytropes of index 0

C Kfor 0 =0.2 KforQ =04 Kfor Q =0.6
0.243 0.6458 0.6372 0.576
0.826 2.1953 2.1662 1.9608
1.205 3.2034 3.161 2.8612
1.8095 4.809 4.745 4.296
gn+1 &1 s & d@
G n)] de+qtn+1) [ 1©0 e ds+q<n+1>/
2 2
< [(szl - s) N (Q— - sl) - e] YEE + g+ 1) [ orien?
0
1 &1 n Q2 £ 1 &1 n 42 5
X2EE oy )2/0 (a352)3 [_ -9 ] - Q/o dg7agr O
L Go* 000
_E/o et " aE ( prE )dg’ (08)
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where

5 GQ? de 02
H(E) =26 (n+2)+3(n+1)( i —s)E+ (251 — m)

x (n 4 1)|6y], (69)

do de - 2/ 4o -
I(é)=—49(n+1)E[—S£—9—S|91|+2Q—M(GE+|91I)], (70)

212 2 2
. n-Q i _n2) n GQO _ n
re = 2m2(a382)2 (2a © ) 2nadE’  2madEt  4dmadE?
> 5 ., d [BQ0Q | ,d (Q08Q
e e (5E2)) o
B Q2 4o B Q2 5
Z(€) =30 (w—g)%wﬂ@”(m—zsl)—ze . (72)

In pN approximation, we are interested to find the condition for marginal stability of
polytropic configuration by taking 7 = & and w? = 0 so that Eq. (68) takes the form

2 & &1 -
9 (r 4 8&)/ 0" E2dE + q(n + 1) [3/ 0"Y (§)Y (£)dE
0 0

3 21
" /0 "o + /0 ) 9"*154Z<5>ds} t o /0 ) %ds
[ ()
with
v = (31“,529 +9—") {Z—z (ifj - g) 4314 (% - sl) . 39} . (74)
Z() =40? (G + % - QZ) — & (1 + %(QZ)) : (75)

In pN limit, the dynamical stability will require that I' > I', = % + % + €,
where € is a small quantity depending on g. To check the conditions for marginal
stability as well as dynamical instability, we calculate values of K and plot different
radii corresponding to polytropic indices n = 1, 2,3 as shown in Fig. 4, 5 and 6.
It is found that K attains negative values for n = 1, 2, 3, so we take both positive
and negative values of I' to obtain physically viable values of radii. Figures 4 and
5 show viable radii for I’ > % + % corresponding ton = 1,2. Forn = 1, we
find that radii of stability along with non-physical region appear for Q = 0.6 and
positive values of I' while negative values of I" show the emergence of instability. The
region of instability gets larger by increasing Q for both positive and negative values
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Fig. 4
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Plots for radii of stability/instability corresponding to n = 1 and different values of charge
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Fig. 5 Plots for radii of stability/instability corresponding to n = 2 and different values of charge

of I" and the radii of marginal stability vanishes for O = 2. We observe that the the
corresponding polytropic model becomes unstable for Q > 2.4 (Fig. 4).

For n = 2, we analyze stable radii for 1.5 < I' < 2 and unstable radii for small
values of I" (both positive and negative) corresponding to Q < 1. The stability radius
tends to decrease which leads to unstable region for Q = 1. We find that the non-
physical region disappears and the polytropic model will remain unstable forever with
Q > 1.4 (Fig. 5). For n = 3, we have viable ranges for radii with 0 < I" < 2,ie., I’
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Fig. 6 Plots for radii of stability/instability corresponding to n = 3 and different values of charge

can be less than %‘ + % for stable stellar structures (Fig. 6). We find both stable and
unstable radii for polytropic model with 0.1 < Q < 2 which changes to unstable radii
for Q > 2. The dynamical instability occurs when gaseous mass contracts to Ry .

6 Conclusions

This paper is devoted to investigate the role of electric charge on dynamical stability of
spherical gaseous masses under radial oscillations. We have perturbed the system using
Eulerian and Lagrangian radial perturbations to obtain linearized dynamical equations
as well as perturbed pressure. This perturbed pressure in terms of adiabatic index is
found using conservation of baryon number. The variational principle has been applied
to the perturbed dynamical equations to formulate conditions of dynamical instability.
We have also discussed conditions for dynamical instability of homogeneous sphere
and relativistic polytropes in Newtonian as well as pN regimes.

We have found the values of adiabatic index I" as well as radii for marginal stability
of homogeneous sphere (Table 1). It turns out that I" takes finite positive values less

2 . . .
or greater than % + 82% corresponding to different values of charge at Newtonian

R

limit. The radius - approaches to infinity for I" < 0 which leads to expansion rather
N

than collapse. In pN limit, the dynamical instability occurs if I" exceeds % + % by
a small quantity and the gaseous mass is contracted to RN radius. We have found that
0.1 < Q <04 and " > 1.5 provide valid radii ranges for stability of sphere. It turns
out that only unstable radii exist corresponding to Q > 1.2.

We have also discussed the stability/instability conditions for relativistic polytropic
models of indices 0,1,2 and 3. For n = 3, we have evaluated different values of I
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for dynamical instability of polytropes and found that ' > % + % (Table 2). In
order to discuss realistic models, we have evaluated radius of instability for different
polytropic structures. We have also calculated the values of C and K for n = 0 (Table
3), which show that K decreases gradually by increasing the values of charge. For

2
n = 1, 2, we have viable radii corresponding to I" > % + 82%. For n = 1, we have

found that radii of stability along with non-physical region exist for Q = 0.6 and
I' > 0 while negative values of I" show the emergence of instability. The region of
instability increases by increasing Q for both positive and negative values of I" and
we find only unstable radii for Q > 2.4. For n = 2, we have found both stable and

unstable radii for 1.5 < I' < 2. The stability radius tends to decrease gradually which

leads to unstable region for Q = 1.4. It is seen that I" can be less than % + % for

n = 3. We have analyzed both stable and unstable radii for polytropic model with
0.1 < Q < 2 which changes to unstable radii for Q > 2.

It is found that the dynamical instability occurs when the mass of polytropic con-
figuration approaches to the RN radius limit. We observe that inclusion of charge in
the gaseous sphere has significant effects as compared to the analysis [3]. For charged
homogeneous sphere, the system becomes stable for both negative as well a as positive
values of adiabatic index, while it remains stable for I' > % without charge system
[3]. For the charged polytropes with n = 1, 2, 3, I" can take both positive as well as
negative values while K becomes negative. We also see that the radius of instability of
polytropes (n = 3) for RN case is greater than that of the Schwarzschild limit showing
that RN polytropes for n = 3 are more stable. Finally, we conclude that the presence
of charge has substantial role in the emergence of instability of gaseous sphere.
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ABSTRACT

In this paper, we discuss dynamical instability of a charged dissipative cylinder under radial
oscillations. For this purpose, we follow the Eulerian and Lagrangian approaches to evaluate
linearized perturbed equation of motion. We formulate perturbed pressure in terms of adiabatic
index by applying the conservation of baryon numbers. A variational principle is established
to determine characteristic frequencies of oscillation which define stability criteria for a
gaseous cylinder. We compute the ranges of radii as well as adiabatic index for both charged
and uncharged cases in Newtonian and post-Newtonian limits. We conclude that dynamical
instability occurs in the presence of charge if the gaseous cylinder contracts to the radius R,.

Key words: instabilities —stars: oscillations.

1 INTRODUCTION

A comprehensive study of collapsing systems and structure for-
mation of self-gravitating objects reveal interesting physical per-
spectives. Charged self-gravitating objects may undergo various
evolutionary phases during gravitational collapse that results in
charged black holes or naked singularities. The stability of these
solutions under fluctuations has remarkable significance in general
relativity (GR). Initially, any stable system remains in a state of hy-
drostatic equilibrium unless its own gravity overcomes the pressure
that causes the matter to collapse. The collapsing system contracts
to a point under the influence of its own gravity leading to compact
objects.

The dynamical instability of massive stars can be studied in New-
tonian as well as post-Newtonian (pN) regimes (Ayal et al. 2001;
Marek et al. 2006). This provides a platform to evaluate ranges of
deviation and level of consistency between GR and Newton grav-
ity. The analysis becomes ambiguous in strong-field regimes due to
non-linear terms, hence the weak-field approximation schemes are
used as an effective tool. Chandrasekhar (1964) was the pioneer who
discussed the concept of dynamical instability of gaseous sphere by
taking Newtonian perfect fluid in terms of adiabatic index. He fol-
lowed Eulerian approach for linearized perturbed hydrodynamic
equations and established a variational principle to find character-
istic frequencies in Newtonian and pN limits. He also studied dy-
namical stability of sphere under radial and non-radial oscillations
at the pN limit (Chandrasekhar 1965).

Herrera, Le Denmat & Santos (1989) investigated dynamical
instability of the spherical system under perturbations by taking
non-adiabatic fluid and found that the instability range increases in

*E-mail: msharif. math@pu.edu.pk (MS); sadiamumtaz17@ gmail.com
(SM)

© 2017 The Authors

the Newtonian limit but decreases in the pN limit. Later, many
researchers explored the influence of various physical parame-
ters on the dynamical instability of self-gravitating systems un-
der radial/non-radial perturbations (Chan, Herrera & Santos 1994;
Nunez, Hernandez & Abreu 2007; Sharif & Azam 2012b). Also,
there has been an extensive literature on the study of cylindri-
cal gravitational collapse with and without the electromagnetic
field (Sharif & Ahmad 2007; Di Prisco et al. 2009; Sharif &
Abbas 2011). Sharif & Azam (2013) studied dynamical instability
of an anisotropic collapsing cylinder in the context of an expansion-
free model.

It is well known that various physical aspects of matter distri-
bution play a substantial role in the dynamical evolution of self-
gravitating systems. A star requires more electromagnetic charge
for its stability in a strong gravitational field. The dynamical insta-
bility of collapsing systems in the presence of electromagnetic field
has a primordial history starting with Rosseland (Rosseland 1924).
Stettner (1973) discussed the role of surface charge in increasing the
stability of a system with uniform density. Glazer (1976) studied
dynamical stability of sphere under radial pulsations in the pres-
ence of electric charge. Ghezzi (2005) found that neutron stars hav-
ing charge greater than the extreme value would explode. Sharif &
Azam (2012a), Sharif & Bhatti (2013) and Sharif & Mumtaz (2016)
studied the influence of electric charge on dynamical instability of
collapsing systems at Newtonian and pN regimes.

In this paper, we study the impact of an electromagnetic field on
dynamical instability of the cylindrically symmetric collapsing sys-
tem by following Chandrasekhar approach (Chandrasekhar 1964).
The format of the paper is as follows. In Section 2, we provide some
basic equations and matter distribution for cylindrical geometry.
Section 3 deals with equations of motion under radial oscillations
following the Eulerian approach. We also formulate perturbed pres-
sure and adiabatic index in terms of Lagrangian displacement by
using conservation of baryon number. Section 4 is devoted to find
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conditions for dynamical instability of a homogeneous cylinder.
Finally, we conclude our results in the last section.

2 FIELD EQUATIONS AND MATTER
CONFIGURATION

We consider a cylindrically symmetric system in the interior region
given by

ds? = —A%(t, r)di® + BX(t, r)dr? + C2(t, ) d6? + dz?, M

where the following restrictions on coordinates are taken to preserve

symmetry
—o<t<oo, 0<r<oo, 0<60<2m, -—-00<z<O.

The corresponding Einstein field equations are given by

8nG 1 (¢" BC BC
= — 4 — — -, 2
0T B2 { Cc BC } A2BC @
8mG 1 (AC C A'C
T'= =< —=—-= —_—, 3
T Az {AC c} AB2C &
8nG 1 (A" B AB A'B
TP= —{— —— 4 — 4
2 AB{B A A2 BZ}’ @
8nG s _ A" B AB _A'B N AC  C
¢t P T AB2  A2B ' A3B AB? ' A3C  AC
B’C’+ c’ N A'C BC )
B3C ' B2C ' AB:C A2BC’
8nG_, 1 (AC BC ('
- =4 6
0 BZ{AC+BC c} ©

where dot and prime denote derivatives with respect to ¢ and r,
respectively. The matter source is assumed to be locally charged
dissipative perfect fluid defined by

T/ = (o + pu'u,
+p8l +q"u, + g u"
1 1
+o [P P = 280 Fp F™ |, (7
where p is the isotropic pressure, o is the energy density, F,,, is the
Maxwell field tensor, u" = % and g* represent four velocity and

radial heat flux, respectively, satisfying ¢, u" = 0. Also, we have

ut =AY, gt =qdt,  utu, =—1.

We can define the electromagnetic field tensor in terms of four
potential as F,,, = ®,,,, — ®,.,, which satisfies the Maxwell field
equations

Fi) =d4nJ",  Fu, =0,

where J* = pu* is the four current. The conservation equation,
J;’; =0, yields

o) = 47[/ ¢BCdr,
0

which is the total amount of charge within the cylinder. We define
the electric field intensity as
o@r)

E(t,r)= mC 8)

The conservation of energy-momentum tensor leads to the following
relations:

ory AT B 0 1 (B A

— +—+ = (Ty — T Iy =+—)=

a1 6r+B(° 1)+ Ty 372 0, 9
Ty AT A o A B\
—+—+— (T} — T, —+—= )7/ =0, 10
at+ar+A(l o)+ atp)h 1o
where 7y = — g—z T . The components of energy-momentum tensor
are

us us us
)= -0+ EEZ, T'=p+ EEz, ;=T =p— EEz.

In hydrostatic equilibrium, all the quantities governing motion
remain time-independent. In this context, equations (2), (3) and
(10) become

d (¢ 8nG nE?

= (20) = By [ —o0 + ) . 1
ar <Bo> o Dot ( oy + B (11)
dA() dC() 8nG 2 71'E2

- = AgB>C — ), 12
T 4 o AoBCo{ pot+ — (12)
@+ 0320 = L (4 T (13)
o — = —Ap— — ),

0T Po ar Odr Po )

where zero suffix describes equilibrium state of the surface stresses.
We also have a useful relation through equations (2) and (3)
given by

87TG( +o0) 1 1 dA dCy

hidand o) = 00

o T = Y G\ B dr dr

_ ! i gé (14)
B()CO dr Bo '

We take the exterior region for cylindrically symmetric space—time
in retarded time coordinate v defined as

e <2GM GQ?
57 = — | —

Rc? R%c*

+ RX(dH? + a? dZ?), (15)

) dv? —2dvdR

where « is an arbitrary constant and M is the total mass. We choose
the Schwarzschild coordinate as C = r (Azam et al. 2016). Thorne
(1935) defined C-energy for cylindrically symmetric space—time in
the form of mass function given by

"=t 1= | 2mrp? (16)
mr)=-|1-— mrE”.

8 B}
Differentiating this equation and using equation (3), we have
d 21rG *GE* d
Y - T L S ontrE?), a7
dr ct ct dr

whose integration leads to

2nG r G r QZ Q2
= — dr — — —dr + —. 18
m(r) c* /0 TOEr T g 0o T T 2r 1)
The equation for hydrostatic equilibrium can be obtained as
dpo | GEwlp+ 0 rQQ -0 | (19
dr  rc*(1 —8m +402?) 43 '



3 EQUATIONS GOVERNING
RADIAL OSCILLATIONS

In this section, we study dynamical characteristics of gaseous mass
undergoing radial oscillations. The non-vanishing components of
four velocity can be written as

0 1 1 v Bo
u =—, uy=-—-A~yp, U =—, u=—u, (20)

A() AO AO
where v = ‘;’ corresponds to the radial velocity component. We can

evaluate these components with respect to space~time coordinates
by taking u’ = %. We perturb an equilibrium configuration in such
a way that its cylindrical symmetry does not change. The perturbed
state with linear terms yields

A=Ay+8A, B=By+6B, p=po+dp,
0=00+380Q, g=qo+4q. 2D
‘We apply the Eulerian approach (Chandrasekhar 1965) for perturba-

tions through which the corresponding linearized forms (governing
the radial perturbations) of equations (11) and (12) turn out to be

10 (8B 81G Q080
R (e S0 — . 22
ror (Bg) c* < 7 4 ) @2

871G 0050 1 2 /92 25B dA,
5 - O Lgp 22
ct < P 4r? rAgBZ or \ Or By dr )’

(23)

o = oy + o,

where 8A, 8B, o, 8p and §Q define the Eulerian changes. The
linearized form of equations (6) and (10) can be appropriately
written as

L 058 = —8C {4+ oo + 841 24
— 8B =——— ooV ,
rB; ot o P a

(po + 00) aU+aa+1( + )aaA
Lot ~— t+ = — 00) —
Po 0 Ao or or p Po 0

(3 + 50 )dA°+ !
P dr 47126

(Q05 Q) — 5580

BO 1 0 0
+ [(po + d0)v — qol — —8A+ ——aB =0.
0

Ag Ot By 0t
(25
Letus introduce a Lagrangian displacement ‘n’ such that v = a—”
Integration of equation (24) gives
1 8nG "
—5- 6B = 7(,00 +oo)n + / 8q dt, (26)
Bor
which leads to
1 1 dA 1 dB
——B=—2 i 27
By Ay dr ' By dr
Solving equations (22) and (26), we have
dUo dPo Qo
S0 = —p—0 —p— _ Z ) 28
o T " Tar (po + 00) (rn) Ry 0, (28)
which, in accordance with equation (13), yields
doy rn n d [Q?
S0 = —n—— — — ===
7 Tar (170 + 0) {AO} 8mdr | rt
+-2 50. (29

47tr?
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Substituting §B from equation (26) into equation (23), we have

1 0 8 2 dA 2
rAUB0 or A= 2[4G {Sp N (pO:OUO)n diro} + }’GZCQ“OSQ
_ 1;7: d£° 5qdi, (30)
which, through equation (14), becomes
(po+ Uo)aaTBA = % + %z ddfio {5 %%{(1’0 +o0)n
+/Mm%-% } (1)
Now we consider time-dependent perturbations ne'®’, where

o and n represent characteristic frequency and Lagrangian dis-
placement, respectively, which associate fluid elements in equi-
librium with the perturbed configuration. These equations are time-
dependent due to their natural modes of oscillations. We can rewrite
equation (25) by taking §A, B, 8p, §o, §g and §Q as time-dependent
amplitudes of the respective quantities as

B\?> d 2 dA 1 dB
2 0 0 0
2o Ssp+s
w"(p°+”°)<A0> a’P T p{A o B dr}
L, 4 2(+)+/dt 1ddg 1 dBy
—80c— — — o
A0 dr por oo [ a0 e T B, dr
008Q [ 1 dAy _1dBy 2
a? | A dr +Bo i + [(o0 + po)v — g0l
By 12 19
20) | Ssay — 5B, 32
x <A()) |:A() ot +B() ot :| ( )

3.1 The conservation of baryon number

The study of perturbed pressure in terms of Lagrangian displace-
ment requires an additional assumption through which one can dis-
cuss physical aspects of gaseous mass undergoing adiabatic radial
oscillations. In this context, the required assumption can be justified
by the conservation of baryon numbers as (Ni#). j=0or

i.(Nuf) + Nufi. Iny/—g=0, (33)
0x/ ox/

where N is the baryon number per unit volume. It plays a substantial
role in the evolution of various cosmic models. According to this
law, the total number of particles will remain conserved during the
fluid flow. The change in particle numbers occurs due to the loss
or gain of net fluxes. We consider a fluid that satisfies this identity.
Equation (33) through equation (20) gives

o (N +6 Nv +Nv 16A+16B
ot \ Ay or Ay Ag | Ay Ot By ot
+Nv 1 6A+ 1 BB+1 _o (34)
A() Ao or B() or r o
We take a perturbation of the form
N = No(r) +3N(r, 1), (35
such that equation (34) with linear terms in v yields

1d N()VZU 10 N() 0 N()U dB()
— = — 6N ~ 5B =20,
r2dr < A0/2 + Ay ot + AoBy ot + AgBy dr

(36)
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whose integration leads to

Doy L4 (Norin) | No [op . dBo) 0 )
A() r2 dr AO A()Bo g dr e

Using equation (27), it follows that
dA
SN = Ny [ L0 g2 /(Sth
A() dr
dN() N()A() 0 (VZT)) _
Ao

38
dr r2 or (38)

We assume an equation of state of the form
N =N(, p). (39

Using equations (29) and (38), we have

d Ay O r
6p =1t — pl =t = (A—D + A (40)

1 1ON (nd /0> Q00
b= aN/ap{ma{iﬂf 2 >}

ndA() 2/
+ L0 _,B
NO{AU o r 0 Sqdt o |,

and I represents the adiabatic index defined by
L L @1
= — — (o — .
P@N/3p) "0

which estimates the fluid stiffness and describes the pressure and
density fluctuations.

4 PULSATION EQUATION
AND VARIATIONAL PRINCIPLE

The linear pulsation is related to different modes of perturba-
tions applied to equilibrium cylindrical configuration and their
oscillation frequencies. Inserting §o and 8p in equation (32), we
have
2 d dpo dp() 2 dA() 1 dB()
@ Bilpo+ oo == < W) " {AO o " BT)F}
1 dAy 1 dBo}

1 dA() +
A() dr B() dr

*A*OF {2([70 + oo)n {

10
+=—{r(po + 00)77}}

ror

d A() 0 nr 2 dA() 1 dB()
_— r=2— (XL ==

dr <p0 r or (A0> +'B) {A dr 5 By dr }

AO 0 nr 2 dAO 1 dAO 1 dBO
r= =7
|:p0 ar ( >+'B:| A() dr |:A0 dr 5 B() dr:|

0080 [ 1 dAy 1 dBy 2
Sq d %2, 4
X/" Y A & By dar x “2)

Substituting d(% from equation (13), this leads to

dr? By dr rodr
nd2 Q*\[2d4 , 1dB], 1 d (@
8 dr? \ r? Ay dr By dr 8mdr \ r?

d Ay 0 00 (nr
& [rrSa (o)l - s (R +0)]

Wl B2 — 2 {dZAO 1 dBy ldAo}
2 — =0

2 dAy 1 dBy 2 dAo 2 dA, b 1 dBy
AO dr B() dr Ao dr B() dr

A() dr
B Q060 [ 1 dAO 1 dBy 2
47r2 ’

43
AO dr By dr r “3)

where f 3q dr = g. Using equations (6) and (13), we have

8nG
@*B3(po + oo)n = 71’033(170 + 00)
nfdpe 1 d (N & (0
r | dr 8mdr \ r? 8mdr? \ r?

d /0? 2 dAy 1 dB,
+%5 <7> [AT)FJF Bo dr }
d Ap 2 dAO~
4 {Por**(ﬂer)-i'ﬂ} T4y ar
1 dAy 1 dB,
{Ai()? By dr }
0080 { 1 dA, | 1 dBy 2}

47r? A() dr FodT B ;

(44)

which is the required pulsation equation satisfying the boundary
conditions

n=0, r=0, 6p=0, r=R.

Taking the product of pulsation equation with nr?ABy and inte-

grating over values of r, it yields a characteristic value problem for
2

” as

2 (% 50 ps 82G [* 224 p3
w / r'n“AB’(p +o)dr = o / p(p+o)rn"AB’dr
0 Jo

R dp 1 d Q2 R dp
2 2.2
—+ AB + —— (= ]|dr— —

Ad /yr R A
xAB | pI'—— (*) + B )dr— r’n”AB | pT —
rdr \A 0 r

d(nr)_HS 1dA+1dBd 2/RchlA
x — (1" L I &
ar \a Ad "Bar YT, TP

[1dA 1dB 1 (R 1dA
{ZJ’LEE] ’+§/0 Q"AB"‘SQ[ZE

4148 _ %} dr. (45)
B dr r

We can define the orthogonality relation associated with this equa-
tion as

R
[ aBr o =0, i+ ). (46)
0
where n® and " provide proper solutions corresponding to differ-
ent characteristic values of w”. The study of dynamical instability
of a star requires that the right-hand side of equation (45) must van-
ish by choosing a trial function & that satisfies the given boundary
conditions.

In the following, we evaluate conditions for dynamical instability
by taking a homogeneous model.

4.1 The homogeneous model of the cylinder

We study the conditions for dynamical instability of a homogeneous
cylinder with constant energy density. Equations (18) and (19) gov-
erning the hydrostatic equilibrium allow the integration such that



we can write (Chandrasekhar 1964)

2 2
, T b ,_ R b
y ——;-ﬁ-ﬁ, yl——a7+ﬁ, 47
2
where a? % ‘We can determine solutions

of the relevant physwal quantities in terms of y and y; as

1

1
M JBn =P B = 48)
y

2
p=o A =
3y —y’

For positivity of pressure, we have 3y; > 1 that yields

R b 1
- - — < -.
a> R* 9
Using the inertial mass, this leads to

2GM  GQ?
R>9 - =9R,, 49
g < c? Rc* > “9)

where R, is the limiting radius for the charged cylinder. Inserting
the above physical quantities in equation (45), it follows that
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where & = 2, & = ; -2 and I" is taken to be constant.
We c0n51der a trial functlon

1
n=$A=§€(y1—y), (5D
such that equation (50) becomes
aw’yi [ E* Gy — y)zdg _ 3
2 Jo y3 T 2a
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Dynamical instability of a cylinder 1219

Table 1. Adiabatic index and radii for
a homogeneous cylinder.

0 R/R, I for 0 = 0.4
0° 10.364 —4.365
100 33.163 2.894 x 107
20° 8.549 3 x 107
30° 4.000 23 647.19
40° 2.4203 131 557
500 1.704 87 550
60° 1.333 118 265.5
{ R N } d
X\ 337 Ty
3y1—ydg ds y
3¢t Gy =y
+—= 50—
1677°G Q0§80
{ 2 d )+ ] dé. (52)
X\ 3 -aF —Y+yz
3yi—y dS dg y
Inserting y = cos € and & = sin 6 in the above equation, we have
(aw)*cos, [? sin*0 ) ) 3cos 6,
(3cos“0; —cosh) do =
2 o cos?f 2

o 511149
X [4c030c0591 — 3cos? 6, cos>0]do
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3 6 d SO — 0
+Z (3 c0s6; — c0s0)’ sin® { cos cos 6,
0

cos6 do 3cos6; — cosO
sin® 6

cos 6

2GQ* 1
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d [cosf —cos@ 3ctB
X— | ——T
do a?sin* 0 871G

0
a 28
} do — — (3cosf; —cosh)
4 Jo

- (3cos; — cosB)?sin® 0 I+

o cos6 — cos B, 3c*B
0 a 8t G

2sin6
+ tan6 secO | do
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3ac /91 sin30(3 ) 0 (; ) 9
— ——(3cos cos cos cos
167G cos 6 b q '
sin 6 3¢t
s + tan @ sec O | d9 + 67'3
cosB(3cosf; — cosh) (167)2G
-0;
X 0080 sin6(3 cosb; — cos 6)*
0
2sin6
+ tanf sec | do, (53)
cosf(3cosf; — cosB)

where 6, = sin~! (£ — 2) By taking »? = 0 and solving the in-

tegrals, we find exact condition for marginal stability. We evaluate
the values of I'; for 6 such that I' < I". for the existence of dynam-
ical instability. We also consider the Newtonian limit that implies
that the resulting criteria for marginal stability is I' > —% - %.
We compute I and radii of marginal stability for a homogeneous
gaseous cylinder corresponding to Q = 0.4 and ¢ = 0.5 which ex-
hibit finite values of I" in Newtonian and pN limits. We note that
RL; remains positive for I' > 0 showing marginal stability of the
gaseous cylindrical model in the pN limit. The respective results
are given in Table 1.

The perturbation diverges exponentially for w? < 0 which yields
either expansion or contraction showing dynamical instability of

the stellar model. In the Newtonian limit, we explore the ranges
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2 o0

Figure 1. Plotof R% for dynamical stability/instability of a charged cylinder
in the Newtonian limit.

Figure 2. Plot of R% for dynamical stability/instability of an uncharged
cylinder in the Newtonian limit.

of instability for both charged (Fig. 1) and uncharged cylinders
(Fig. 2). Since the radius of stability is a factor of R, so physically
interesting results can be obtained if - R > 0. For a charged cylinder,
we find unstable radii corresponding to smaller values of charge. The
system becomes stable as charge increases. In case of an uncharged
cylinder, dynamical instability occurs for I' < —1.125. It is obvious
from the graph that for I' > —2, the resulting radius of stability is
greater than R,.

We obtain the following condition for dynamical instability of
relativistic gaseous masses including charge as 0; — 0

373 57 57 b?
F+>(=+270% 0 = = ——=. 54
+4<2+ Q) 0! 42[ RZ} S
We can write
57 2GM  GQ?
<42 373 2 { 27R4}’ (55
T+3G+2709)] L ¢ ¢
which leads to
R K
(56)

RS r+iG+me)

where K = 37 for the homogeneous cylinder. This means that if I"
exceeds ——( +270%) by a small amount, the dynamical instabil-
ity can be prevented till the mass contracts to radius R,.. The gaseous
cylinder remains stable if its radius is larger than R,. The ranges of
instability for a charged homogeneous cylindrical system are shown

700

Figure 3. Plot of R% for dynamical stability/instability of a homogeneous
charged cylinder.

Figure 4. Plot of -
uncharged cyhnder

R for dynamical stability/instability of a homogeneous

in Fig. 3. It can be seen that the radius of stability is greater than
R, for I" > —1 in the pN limit. We also discuss the criteria and
ranges of instability for an uncharged cylinder (Fig. 4). It is found
that == > 0 when I" exceeds — by a small amount showing stable
cyllndrlcal conﬁguratlon Itis observed that I' < —1.125 leads to
unphysical results as E < 0.

5 OUTLOOK

This paper is devoted to study the influence of electric charge on
dynamical instability of a collapsing cylinder. We have followed
Eulerian and Lagrangian approaches to find linearized dynamical
equations as well as perturbed pressure. This perturbed pressure has
been obtained in terms of adiabatic index by taking conservation
of baryon numbers. A variational principle has been developed to
formulate characteristic frequencies of oscillation which refers to
the criteria of dynamical instability for a gaseous cylinder. We have
also discussed conditions for dynamical instability by considering
a homogeneous model of the cylinder.

We have computed particular values of radii as well as adiabatic
index I' to investigate the marginal stability of a homogeneous
cylinder (Table 1). It is found that I" takes finite values greater
than or equal to —3 ( +270 ) for Q =04 and ¢ = 0.5 in the
Newtonian limit. In the pN limit, £ remains positive for I' > 0
showing marginal stability of the gaseous cylindrical model. We



have also discussed the criteria for onset of dynamical instability of
gaseous masses.

In the Newtonian limit, we have explored the ranges of instability
for both charged (Fig. 1) and uncharged cylinders (Fig. 2). There is
an extensive literature available for dynamical instability of cylin-
drical gaseous systems using different techniques in the Newtonian
limit. Nakamura, Hanawa & Nakano (1993) studied dynamical in-
stability of self-gravitating cylindrical gaseous cloud by means of
normal mode analysis and found unstable solutions against various
types of perturbations. Hanawa et al. (1993) discussed fragmenta-
tion of cylindrical molecular cloud with axial magnetic field on the
basis of a magnetohydrodynamical stability analysis and found that
the presence of a magnetic field or rotation shortens the wavelength
of most unstable modes. Matsumoto, Nakamura & Hanawa (1994)
studied dynamical instability of a self-gravitating magnetized cylin-
drical cloud by taking rotation around its axis which suffers from
various instabilities. Fiege & Pudrit (2000) explored dynamical
instability of molecular cylindrical clouds threaded by helical mag-
netic fields and found that all filamentary molecular clouds initially
in an equilibrium state cannot be made to undergo radial collapse
by increasing the external pressure. Toci & Galli (2015) discussed
dynamical instability of cylindrical polytropic filaments and found
that the cylindrical polytropes converge at large radii.

In our analysis, the gaseous cylinder remains stable as long as its
radius is larger than R, but becomes unstable as its radius contracts
to the radius R,. For a charged cylinder, dynamical instability occurs
for smaller values of charge whereas the system becomes stable by
increasing charge. The resulting radius of stability is greater than R,
forI" > —% in case of an uncharged cylinder while the dynamical
instability occurs for I' < —1.125. It is mentioned here that electric
charge plays a substantial role to increase stability of the cylindrical
system as the gaseous mass is more stable in the Newtonian limit
for larger values of charge.

In the pN limit, the gaseous cylinder undergoes dynamical in-
stability if I exceeds —%(% +270?%) by a small amount. It is
found that I' > —1 and Q > 0.3 provide valid ranges of radii
for the stability of cylinder whereas only unstable radii exist cor-
responding to I' < —1 and QO < 0.3 (Fig. 3). There is no ef-
fect of dissipation on stability of the collapsing system in this
case. It is worth mentioning here that the gaseous cylinder be-
comes unstable forever for smaller values of charge. For the
uncharged cylinder, we have found that I' exceeds —% by a
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small amount showing stable cylindrical configuration (Fig. 4).
It is observed that R% < 0 for I' < —1.125 leading to unphysi-
cal results. It is mentioned here that the cylindrical system is more
stable in the Newtonian limit (Fig. 1) for larger values of charge as
compared to the pN limit (Fig. 3). We conclude that the presence of
electromagnetic field plays a remarkable role in the emergence of
stability of the gaseous cylinder.
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Abstract The aim of this paper is to discuss stability of reg-
ular thin-shell wormholes coupled with non-linear electro-
dynamics and cosmological constant. The surface stresses
are formulated by using Lanczos equations. We examine
attractive and repulsive behavior of these constructed worm-
holes corresponding to outward and inward-directed accel-
eration components, respectively. We also investigate sta-
bility conditions for the existence of traversable thin-shell
wormholes with arbitrarily small amount of different fluids
as exotic matter. We consider linear, logarithmic and Chap-
lygin gas models and find that a modified generalized Chap-
lygin gas model provides maximum viable regions for sta-
bility of the respective thin-shell wormholes. It is found that
formation of stable regions for ABGB thin-shell wormholes
highly depends on the physically acceptable range of charge
and other parameters.

Keywords Thin-shell wormholes - Israel formalism -
Stability

1 Introduction

The stability of celestial objects has remained a challeng-
ing problem for researchers in gravitational physics. This
study is closely related to the evolution of thin-shell worm-
holes which supports the fact that any relativistic object will
be physically interesting if it is stable under perturbations.
A “wormhole” is referred as a shortcut with two ends con-
necting different regions of the universe through a tunnel.

B4 M. Sharif
msharif.math@pu.edu.pk

Department of Mathematics, University of the Punjab,
Quaid-e-Azam Campus, Lahore 54590, Pakistan

It can be categorized into traversable and non-traversable
wormhole which plays a significant role for its viability.
In case of traversable wormholes, there is no event horizon
and the wormbhole throat is threaded by exotic matter which
causes repulsion against the tidal gravitational force (Mor-
ris and Thorne 1988). The physical evidence of wormholes
has always been a debatable issue due to the existence of ex-
otic matter at the throat. Visser (1989) minimized its amount
through cut and paste procedure and restricted it at the edges
of throat to obtain a more viable thin-shell wormhole. The
stress-energy tensor components are computed by applying
Israel thin-shell formalism which characterizes exotic mat-
ter at the shell (Israel 1966).

The construction of thin-shell wormholes from the fam-
ily of regular black holes (BH) is an interesting task. Regular
BHs can be chosen for wormhole construction because they
have regular centers which restrict the singularities to stay
out from their horizons and provide viable wormhole solu-
tions. Such type of BHs are more feasible in high energy
collisions and require finite energy for their evolution. The
first singularity-free regular BH solution was proposed by
Bardeen in the presence of electromagnetic field (Bardeen
1968). Ayon-Beato and Garcia (1998) explored another reg-
ular static spherically symmetric BH described by its mass
and electric charge known as ABG BH. Later, Bronnikov
(2001) proposed similar type of massive regular BH so-
lutions coupled with nonlinear electrodynamics named as
ABGB spacetimes. Hayward (2006) found a similar class
of regular BH which reduces to de Sitter for » — 0 and
Schwarzschild BH for r — oo. Recently, stability of thin-
shell wormholes from regular Hayward BH was investigated
by taking different models of exotic matter (Halilsoy et al.
2014).

The problem of stability of thin-shell wormholes can be
resolved either through perturbations or by assuming equa-

@ Springer



218 Page2of 11

M. Sharif, S. Mumtaz

tion of state (EoS) for exotic matter. It has been a debat-
able subject to find some appropriate dark energy models
for exotic matter. Eiroa (2009) discussed the dynamics of
spherical thin-shell wormholes by taking generalized Chap-
lygin gas (GCG). Sharif and collaborators (Sharif and Azam
2013a; Sharif and Mumtaz 2014b, 2015, 2016a) investi-
gated both stable and unstable thin-shell wormholes in the
vicinity of Chaplygin gas (CG) models and Van der Waals
quintessence. Mazharimousavi and Halilsoy (2014) studied
the effects of angular momentum on the stability of counter-
rotating thin-shell wormholes by assuming linear gas EoS
and found stable wormhole solutions.

The stability analysis has been carried out by incorpo-
rating charge and the cosmological constant (A). Kim and
Lee (2001) studied stability of charged thin-shell wormholes
and found that charge affects stability without affecting the
spacetime itself. Eiroa and Romero (2004) explored stabil-
ity of Reissner-Nordstrom thin-shell wormholes and found
stable solutions with increasing value of charge. Lobo and
Crawford (2004) examined stability of spherically symmet-
ric thin-shell wormholes with A and found that positive A
increases the stability regions but these regions decrease
with negative A. The role of electric charge and A on the
stability of spherical thin-shell wormholes have been stud-
ied by taking different CG models (Sharif and Azam 2013b;
Sharif and Mumtaz 2014a, 2016b).

This paper is devoted to analyze stability of thin-shell
wormholes from regular BH coupled with nonlinear elec-
trodynamics. The paper is organized as follows. In Sect. 2,
we provide an overview of ABGB BH with nonlinear elec-
trodynamics and construct ABGB thin-shell wormholes by
employing standard cut and paste technique. Section 3 deals
with standard approach for stability analysis of respective
thin-shell wormholes. In Sect. 4, we choose linear, logarith-
mic and CG models and study stability formalism for the
existence of traversable ABGB thin-shell wormholes. Sec-
tion 5 is devoted to discuss the role of small velocity depen-
dent perturbations for wormhole stability. Finally, we con-
clude our results in the last section.

2 Basic formalism

This section provides an overview to the construction of
thin-shell wormholes from regular charged BH coupled
with A. The study of regularity of BHs has attained re-
markable importance to understand the final state of the
initially regular configurations. It is well-known that elec-
trovacuum asymptotically flat spacetimes are not sufficient
for the existence of regular BH solutions. To derive the non-
linear electromagnetic field for regular BH, one needs to en-
large the class of electrodynamics to nonlinear ones (Ayon-
Beato and Garcia 1998). These regular BHs behave as ordi-
nary Reissner-Nordstrom BH solutions and the existence of

@ Springer

these solutions does not contradict with the singularity theo-
rems (Hawking and Ellis 1975). This motivates us to discuss
stability of viable thin-shell wormholes in the framework of
nonlinear electrodynamics.

The system of gravity coupled with nonlinear electrody-
namics in the presence of A is described by the action

1

S=—o / V=g[(R —24) — L(F)]d*x, (M
16w

where R is the scalar curvature, A is the cosmological con-
stant and L£(F) is the Lagrangian for nonlinear electrody-
namics given by

2\ 1
L(F):F[l —tanhz(%<%> )] )

which depends on a single invariant F = FU F; j with the
electromagnetic tensor Fj; = @;.; — ®;. ;. The static spher-
ically symmetric nonsingular ABGB BH is given by (Maty-
jasek et al. 2008)

ds? = —=N(r)dt* + N~'(r)dr® + r*(d6? + sin> 6d¢?),
3)

where

2M 02 Ar?
N(r):l—T[l—tanh( )]—— “)

2Mr 37

M and Q correspond to the mass and charge, respectively. It
is noted that the presence of cosmological constant does not
destroy the regularity of the solution describing a regular
ABGB-de Sitter BH with A > 0 which reduces to ABGB
BH for A = 0 (Bronnikov 2001). This metric is regular at
the center r = 0 while the metric function for small Q and
r — oo can be expanded as

oM 0F A 0°
NEy=1- r * 23 12M2r4+“.’
which behaves as Reissner-Nordstrom-de Sitter BH. Its
event and cosmological horizons can be determined by the
real roots of the metric function N (r) = 0.

To construct thin-shell wormholes, we employ standard
procedure by cutting the interior region of regular ABGB
BH with r < a. The resulting 4D geometries are joined at the
hypersurface ¥* = ¥ = {r = a}. A 3D induced spacetime
is considered at the shell as

ds?* = —dt* + a*(1)(d6* + sin? 0d?), )

where 7 is the proper time on the shell. For dynamical evolu-
tion of thin-shell, we follow Israel formalism which enables
the joining of two regions of spacetime partitioned by X.
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Fig. 1 Plots of a” without A (left hand side) and with A = 0.1 (right hand side) corresponding to % =0.5,0.77,0.99

The surface stresses at the shell are determined by Lanczos
equations defined as

;1 i i
$j = - {1K18; = [K5]} ©)

where [ K ;] is the extrinsic curvature tensor and K = tr[ K ;]
The surface energy density and surface pressure at the shell
yield

N(a) + a2, (7

1
o=—"

2a
_L[\/N(a)-i—ilz_}_ 2d + N'(a) :|
A a 2/N@) +a2]

It would be interesting to explore attractive and repulsive
characteristics of the regular ABGB thin-shell wormholes
for which observer’s four-acceleration is defined as

(3

n
at = u;vu",
dx* _ ( 1
T = YUNGY
velocity. The non-zero four-acceleration component is com-
puted as

dr\?
«=1i(z)

where ut* = 0,0,0) is the observer’s four-

2 2
—%Q—cosh_2< 9 )—ﬂ. 9)

An important condition for traveling through wormhole
implies that an observer should not be pushed away by enor-
mous tidal forces which requires the observer’s acceleration
less than that of Earth’s acceleration. It is observed that a
wormhole exhibits attractive behavior if its radial accelera-
tion is positive, i.e., a” > 0 while it will have repulsive char-
acteristics for a” < 0. Figure 1 shows the respective plots

for attractive and repulsive characteristics of regular ABGB
thin-shell wormholes with and without A. We observe that
regular ABGB thin-shell wormhole will remain attractive
for different values of Q which supports the fact that an ob-
server must maintain an outward-directed radial acceleration
to avoid gravitational pull by the wormhole. In de Sitter case,
we find that the wormhole is attractive for small throat radii
while it shows repulsive behavior for larger throat radii. An
observer must have an inward directed radial acceleration to
keep away from being pushed by the wormhole.

3 Stability analysis

Here, we discuss a particular approach for stability of ABGB
thin-shell wormholes through linear perturbations. The sur-
face energy density and surface pressure for static wormhole
configuration (a = ap) yield

o — _ YN (@) _L[VN(ao)_'_ N'(ao) ]
= T ma . T m| T a 2J/N@ao) |
(10)

The surface stresses satisfy the conservation equation
§'; =0 which leads to

d dA

—(cA — =0, 11
I (cA)+p s 1D
where A = 4ma?® corresponds to wormhole throat area. We
can formulate thin-shell equation of motion by rearranging
Eq. (7) as %+ @ (a) =0, which provides wormhole dynam-
ics while the potential function @ (a) is given by

®(a) = N(a) — [2mac?, (12)

here o represents the perturbed energy density. To discuss
wormhole stability, we assume a linear perturbation in the
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form of barotropic EoS
p=¥(0), 13)

such that ¥ (o) is taken arbitrarily for the shell which gov-
erns the polytropic EoS p ~ o+ as0 <n < oo.

The basic condition for stability of wormhole static so-
lution yields @’ (ag) = 0 = ®(ap) and " (ap) > 0. For this
purpose, we use Eq. (13) and o’ = % in conservation equa-
tion as

, 2
o'=—Z(c4+V), (14)
a
which takes the form
4 2 /
o =—2(a—|—i1/)(3—a11/ )- (15)
a
The first derivative of Eq. (12) through (14) turns out to be
'(ag) = N'(ao) + 87> agoo[o0 +2p(00)], (16)
leading to the second derivative of potential function as
®"(ag) = N"(ag) — 87*{[o0 +2pol®
+ 20000 + pol[1 +2¥'(00)]}. (7

where ¥y = po.

4 Some models for exotic matter

This section deals with stability of thin-shell wormholes
from regular charged BH in the vicinity of different models
for exotic matter. Here we consider linear, logarithmic and
CG fluids to explore the stable behavior of regular ABGB
and ABGB-de Sitter thin-shell wormholes. This would help
us to investigate the role of charge and cosmological con-
stant on the stability of wormhole configurations. In the fol-
lowing, we study the stability formalism by taking these can-
didates for exotic matter at the shell.

4.1 Linear gas

We choose a linear gas fluid (Richarte and Simeone 2009)
to support the exotic matter at the shell. The EoS for linear
gas is defined as

W = po+ u(o — 0yp), (18)

where . is a constant parameter. Differentiating this equa-
tion with respect to o, we obtain ¥'(0g) = n. We find
that @ (a) and @’(a) disappear by inserting the values of
o(ap) and p(ap). We are interested to explore the possi-
bility of stable wormhole solutions and check the role of

@ Springer

increasing charge in stability regions. We choose parame-
ter % =0,0.707,0.999, 1.1 and explore stable zones for
ABGB thin-shell wormholes in de Sitter background. Fig-
ure 2 displays stable regions (red curves) for regular ABGB
thin-shell wormholes corresponding to linear gas EoS with
% = 0,0.5,0.77,0.99. Here % = 0 corresponds to the
Schwarzschild case. The metric function N (r) is also plot-
ted to estimate the location of event horizon and wormhole
throat. We assume ag > r, for the viability of thin-shell
wormholes without event horizons. For ag < rj, no static
solution exists leading to non-physical region. We examine
stability regions corresponding to positive and negative val-
ues of parameter w. It is found that increasing value of %
decreases stability areas for regular ABGB thin-shell worm-
holes.

We also plot stability regions for regular ABGB thin-shell
wormholes coupled with A = 0.1 in de Sitter background.
The wormbhole throat must have the range r; < ag < r. for
the existence of viable static wormhole solutions, where r. is
the cosmological horizon. The respective results show that
stability region for wormhole configurations decreases by
increasing charge % (Fig. 3). It is found that more stable
wormhole solutions are possible for de Sitter case as com-
pared to the case without A.

4.2 Chaplygin gas

Here we consider CG model for which EoS is given by

1 1

‘1’(0)=Po+u(———), (19)
o 00

where ¥’ (o) = —ﬁ. Figures 4 and 5 show the results cor-

responding to regulaor ABGB and ABGB-de Sitter thin-shell
wormholes along with CG model and different values of
charge. In both cases, only one stability region is obtained
with % =0, 0.5. We examine two stability regions for pos-
itive and negative values of parameter p with % =0.77
while one stable region along with negative values of p and
% =0.99. It is observed that CG provides least stable re-
gions for regular ABGB thin-shell wormholes which sup-
ports the fact that CG does not appear significant for stability
regions.

4.3 Generalized Chaplygin gas

Now we consider GCG fluid for exotic matter governed by
an EoS

1 1

W) =po+u( ——— ). (20)
a¥ o

where y denotes EoS parameter. We explore its role in in-

creasing the stability regions of regular ABGB and ABGB-
de Sitter thin-shell wormholes. In this context, we set u =
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Fig. 4 Plots for regular ABGB 1 1
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poo? such that the above EoS becomes

¥
W(o) = p0<@) , 1)
o
which yields ¥/ (0p) = —ﬁ—gy. We plot the respective sta-
bility regions numerically as shown in Figs. 6 and 7. Here,
we find three stability regions for regular ABGB thin-shell
wormbholes with % =0,0.5,0.77. It is noted that these re-
gions decrease gradually by increasing % and reduce to only
two stable regions for % =0.99. For regular ABGB-de Sit-
ter configurations (A = 0.1), the stability regions are en-
larged but have similar behavior as in the above case. We
find that non-physical regions appear with small throat radii.

4.4 Modified generalized Chaplygin gas

The commonly known extension of GCG is called modified
generalized Chaplygin gas (MGCG) defined as

1 1
‘1’(0)=po+€o(0—00)—w<—y——y), (22)
o O'O
where &y and w are free parameters. Its differentiation yields
wy

y+1°
%0

(o) =& +

Figure 8 shows the corresponding graphs for &y =y =1
and different values of charge. For MGCG, we find that the
possibility of stability regions increases by increasing value
of % For A =0.1, it is observed that the increasing value
of % provides more stable wormhole solutions correspond-
ing to both positive and negative values of the parameter w
(Fig. 9). It is worth mentioning here that MGCG provides
maximum stable regions for wormhole configurations. We
investigate that the effect of MGCG is to increase the sta-
bility regions for regular ABGB thin-shell wormholes by in-
creasing % as depicted in our numerical plots.

4.5 Logarithmic gas

Finally, we take logarithmic gas defined by the EoS

V(o)=po+wln

- ‘ 23)
00

where ¥'(09) = . We plot the corresponding stable
ABGB thin-shell wormholes for different values of charge
without A as shown in Fig. 10. It is found that two sta-
bility regions exist for % =0,0.5,077 and & =y =1,
A =0.1,—0.5 which reduce to only one stability region for
maximum value of charge, i.e., % =1.1. In case of ABGB-
de Sitter configurations, the number of stability region in-
creases by increasing % and reduces to only one region for

% = 1.1 (Fig. 11). We analyze maximum number of stable

regions for % = 0.5 in de Sitter background.

5 Stability analysis against velocity perturbations

Here we are interested to investigate the effect of velocity
perturbations on stability of regular ABGB thin-shell worm-
holes. We confine ourselves to small velocity perturbations
about static configuration a = ag such that after any pertur-
bation, an approximately static fluid can be taken for ex-
otic matter. This fact supports the assumption that one can
choose a dynamical EoS for wormhole instead of static EoS.
For this purpose, we compute the following EoS through
Eq. (10) as

1 1 aN'(a) o4
p__§< * 2N(a))a' ey

Substituting o and p from Egs. (7) and (8), it takes the form

N'(a) .
a— a=0
2N (a)

(25)

which represents one-dimensional motion of the wormhole
throat. Integration of this equation leads to

i =dg ) (26)
VN (ap)
whose second integration gives
il (r—r)—/ad—”’ @7
WNay " S IN@

Here ag is considered to be non-zero initial small velocity
of throat after perturbation. For regular ABGB spacetime,
Eq. (27) upto the second order of small values of Q yields

dp

TN ™
_ala—2M)+ Q% ag(ap—2M) + 0
~ aJN@ ao~/N (ao)
a—M+a/N(a) )
M1 , 28
+ n(ao—M—l—aovN(GO) @

which indicates that this motion is clearly not oscillatory.
Consequently, the ABGB wormhole throat remains unstable
against velocity perturbations. Equation (25) also shows that
acceleration of the wormhole throat d = g\;((‘;))a is positive
leading to unstable ABGB thin-shell wormholes.

6 Conclusions
In this paper, we have constructed regular ABGB thin-

shell wormholes with and without A by incorporating the
effects of nonlinear electrodynamics. The surface stresses
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Fig. 6 Plots for stability of
regular ABGB thin-shell
wormbholes in terms of y by
taking GCG and

£ -0,05,0.77.0.99

Fig. 7 Plots for the stability of
regular ABGB thin-shell
wormbholes in terms of y by
taking GCG gas and A =0.1
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Fig. 8 Plots for stable regular

ABGB thin-shell wormholes in
the context of MGCG gas with
& =y = 1 and different values
of charge

Fig. 9 Plots for stability
regions of regular ABGB
thin-shell wormholes by taking
MGCG gas with §g =y =1 and
different values of charge in de
Sitter background
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Fig. 10 Plots for regular ABGB
thin-shell wormholes by taking

logarithmic gas EoS for
£ -0,05,0.77.0.99

Fig. 11 Plots for regular ABGB
thin-shell wormholes by taking

logarithmic gas EoS with
£ —0,0.5,0.77,0.99 and
A=0.1
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have been computed by using Lanczos equation which in-
dicate the violation of null energy condition leading to the
existence of exotic matter. We have analyzed the attrac-
tive and repulsive behavior of thin-shell wormholes corre-
sponding to @” > 0 and a” < 0, respectively. It is found that
thin-shell wormhole remains attractive for A = 0 while it
shows both attractive and repulsive characteristics for dif-
ferent throat radii in de Sitter background. We have chosen
rp < ag < re to avoid the existence of event horizons for vi-
ability of wormhole configurations. We have taken a general
EoS p = ¥ (o) as a linear perturbation and discussed stabil-
ity conditions graphically for @” > 0.

In order to explore any realistic candidate of dark en-
ergy for viable wormhole solutions, we have considered lin-
ear gas, logarithmic gas and three different CG gas mod-
els for exotic matter. It is observed that one may construct
a traversable wormhole theoretically with arbitrarily small
amount of the fluid describing cosmic expansion. We have
found that stable regions exist within a physically accept-
able range of charge and other parameters for all models
(Figs. 2—11). We have also plotted the metric function N (r)
to estimate the location of event horizon and wormhole
throat. It is found that increasing value of % decreases sta-
ble zones for regular ABGB thin-shell wormholes by taking
linear gas EoS. For CG, we have analyzed only one stability
region for smaller values of % which seems to provide least
stable solutions than the other models and does not appear
significant for stability regions.

There exist three stability regions for regular ABGB thin-
shell wormholes with GCG gas which decrease gradually

by increasing % and reduce to only two stable regions for

% = 0.99. We have investigated non-physical regions for

small throat radii and stability regions become enlarged for
de Sitter configurations but have similar behavior as in the
above case. For MGCG, the possibility of stability regions
increases by increasing the value of % in both cases with
and without A. It is worth mentioning here that MGCG has

remarkable significance as it provides maximum stable re-
gions for wormhole configurations which are more viable as
compared to that of GCG. We have found that the effect of
logarithmic gas is to increase the stability regions for regu-
lar ABGB-de Sitter thin-shell wormholes by increasing %
We observe that there exist more stability regions for de
Sitter case as compared to the general case without A. We
have also studied small velocity dependent perturbations and
found that ABGB wormhole configurations remain no more
stable under these perturbations. We conclude that stable re-
gions may expand or shrink accordingly depending on the
tuning of charge and other parameters.
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This work is devoted to investigate the stability of thin-shell wormholes in Einstein—
Hoffmann—Born—Infeld electrodynamics. We also study the attractive and repulsive char-
acteristics of these configurations. A general equation-of-state is considered in the form
of linear perturbation which explores the stability of the respective wormhole solutions.
We assume Chaplygin, linear and logarithmic gas models to study exotic matter at thin-
shell and evaluate stability regions for different values of the involved parameters. It is
concluded that the Hoffmann—Born—Infeld parameter and electric charge enhance the
stability regions.
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1. Introduction

In the last few decades, physicists have paid much attention to the wormhole
dynamics due to its interesting features. Traversable wormholes are the hypo-
thetical objects which are characterized by a throat associating different remote
areas of the universe through a shortcut.! Besides the lack of physical significance,
wormholes were assumed to be interconvertible with black holes family leading to
nontraversable wormholes.? The Einstein-Rosen bridge is the best fitted example
of nontraversable wormhole whose throat shrinks and hence collapses due to the
presence of event horizon.?

The wormhole throat must fulfill the flare-out condition where its geometry
opens up. In the case of traversable wormholes, the throat is threaded by a fluid that
violates the null energy condition known as exotic matter. This matter makes the
wormhole traversable such that an observer requires much less time as compared to
that of normal traveling without any hindrance. It is suggested that a small amount

1741007-1
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of this matter is required for the physical viability of wormhole configurations.
Visser? illustrated an efficient technique to minimize the unavoidable amount of
exotic matter such that a traveler does not observe any tidal force during its trip
through wormhole. This matter is restricted at the edges of wormhole throat. Israel
thin-shell formalism is the most useful way to compute pressure and energy density
identifying exotic matter at the shell.’?

The stability of thin-shell wormholes (TSWs) can be performed either by imple-
menting linear perturbations or via equation-of-state (EoS) for exotic matter. In
this context, Kim and Lee® studied stability of spherically symmetric wormhole

7 investi-

configurations in the presence of increasing charge. Eiroa and Romero
gated stable Reissner—Nordstrom TSWs whose stability increases by increasing the
electric charge. Many authors have discussed the stability of TSWs by taking dif-

8 analyzed

ferent candidates of dark energy for exotic matter. Eiroa and Simeone
stable spherically symmetric wormhole solutions with and without charge by taking
Chaplygin gas (CG). Sharif and his collaborators? studied the role of van der Waals
quintessence and different CG EoS on the stability of both spherical and cylindrical
TSWs.

Nonlinear electrodynamics (NED) is the generalization of Maxwell theory which
is considered as the most viable theory to remove singularity of classical charged
particles. Born and Infeld'? introduced NED to avoid divergence of the field in
Maxwell theory. Hoffmann!! described gravitational field of a charged spherically
symmetric solution by coupling general relativity (GR) with Born—Infeld electrody-
namics which defines a black hole. NED has attained great interest in the wormhole
construction. Eiroa and Aguirre'? analyzed the stability of spherical TSWs in Born—
Infeld theory for generalized CG. Sharif and Azam'? found stable TSWs for large
values of Born—Infeld parameter by taking modified CG. We have explored the
effects of NED on stability of regular TSWs and found stable solutions.'*

In this paper, we study the stability of TSWs by considering different dark
energy models. The paper has the following format. In Sec. 2, we discuss the con-
struction of TSWs coupled with Einstein-Hoffmann-Born-Infeld (HBI) theory and
study various physical aspects. Section 3 provides stability of the respective worm-
hole configurations in the context of CG, linear and logarithmic gas models. Finally,
we conclude our results in the last section.

2. Einstein—Hoffman—Born—Infeld Electrodynamics and TSWs

It is well-known that singularity of any charged particle leads to infinite self-
electromagnetic energy which should be removed from classical charged particles.
NED with various compositions has restorative effects on the divergent results that
appear naturally in linear Maxwell theory. In this context, Born and Infeld!? pro-
posed the most prominent constituent of viable NED theories to resolve this problem
upto some extent. However, this theory has some drawbacks that are not completely
eliminated.

1741007-2



Dynamics of thin-shell wormholes with different cosmological models

To overcome this specific issue, Hoffman and Infeld'® proposed a Lagrangian
having a logarithmic term with significant consequences which removed the singu-
larity arising in the Cartesian components of the electric field E. Mazharimousavi
116 rediscovered the global logarithmic term of Lagrangian in Einstein NED
theory. They used HBI Lagrangian in both GR as well as Gauss—Bonnet gravity to
construct black holes and TSWs.'617 Motivated by this proposal, we examine the
role of HBI electrodynamics on the stability of 4D TSWs in the framework of GR.
We consider Einstein HBI Lagrangian

et a

2

Ly=—4 (k+ B8+ —In&y),  r>+/ab,
L(F) = (1)

L=+ 06 ~le)), r< V.

in which 8 =1, k =In2 -2 and £&& = 1 + 1+ 2b2F, where b is the constant
HBI parameter, F'is the trace of electromagnetic field tensor and ¢ is the constant
charge. This Lagrangian imposes £, = £_ at r* = ¢?b%. The coupling of GR with
HBI electrodynamics leads to intriguing features that make it worth while to apply
on strong electromagnetic and gravitational fields. The coupling of Einstein gravity
with 4D HBI electrodynamics is defined by the action

S= % / V=9IR + L(F)|d*z. @)

The static electrically charged spherically symmetric black hole in HBI theory is

given by
ds®> = —F(r)dt> + F~'(r)dr® + r*(df” + sin® 6d¢*), (3)
where
2 2.2 4 2 2 2
F(T):l——m-i-rq In - —7(1\/7 tan—! —T\/——i—l
r 3¢2b2 rd + ¢2b2 3ry/qb Vqb

1 /2 V2 r2 + qb —rv/2¢b >mV2
+ tan — 1] - In + ,
Vaqb 67/qb r2 4+ qb+ rv/2qb 3ry/qb

m is the mass of HBI solution. The horizons of the spacetime can be found numer-
ically by taking F'(r) = 0. Here, one can easily find that the given line element
reduces to Reissner—Nordstrom and Schwarzschild spacetimes in the limit b — 0
and b — oo, respectively.

The mathematical construction of TSWs follows the usual steps of cut and paste

(4)

technique. For this purpose, we take two copies of HBI spacetimes such that we cut
the interior region with 7 < a from each geometry given by M2 = {ofy: ra<al
a > \/qb}, where we assume a > rp, to avoid the presence of singularities. These
4D copies are pasted at the hypersurface such that we obtain a new geodesically
complete manifold M = M! U M?2. The flare-out condition must be satisfied by
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the wormhole throat because the surface area 47r? becomes minimal when r = a
representing a wormhole with two regions connected by throat a. We adopt a time
like induced metric with coordinates £ = (7,60, ¢) at thin-shell defined by

ds® = —dr?* + a*(7)(d6? + sin? 0d¢?), (5)
where 7 is the proper time. The unit four-vector normals to M2 are computed as

-3 TR
oo 00 01|50 (—a, VI 28 ,o,0>, (6)

oxH Oxv

ny” =

Ox™ F(r)

which satisfy the relation n®n, = ¢ = 1. In order to study the dynamical evolution,
we apply Israel formalism which yields matching of two spacetime regions. The
surface stresses are computed by employing Lanczos equation defined as

gi— !

i 8x

K105 — [K1} (7)

J J

where [K;] is the extrinsic curvature whose nontrivial components are given by

F'(a) + 2d -
Kif — :FL K;f = ta\/F(a) + a2, K;; = azKolf, (8)

2v/F(a) + a2’

dot and prime show differentiation w.r.t. = and %, respectively. The surface

stresses at shell are obtained by using Eq. (8) in Lanczos equation which yields

1
= - F 42 e
o 50 (a)+a?, p

1 F(a) +a? 24+ F'(a)
4m a 2v/F(a)+a2|

These equations give rise to the violation of null and weak energy conditions at the
shell and hence indicate the presence of exotic matter which should be reduced for
viable TSWs.

It would be interesting to investigate whether the respective wormhole configu-

(9)

rations show attractive or repulsive behavior. For this purpose, we need to compute
observer’s four-acceleration given by

B— gt
a" = ut,u”,

)

wo— dzt 1 ; ’ - ; '
where u 0 ( T 0,0,0) is the observer’s four-velocity. We determine the

nonzero radial four-acceleration’s component as

. m r r 2(r* + ¢%b%) (13 r’
a" = — + ==1In + ———
2 a2 4t 2b? 3,2p2 (o 2b2)2

2 2 2
v+ |tan? rv2 +1] +tan™? w2 1

3r2/2qb Vaqb Vqb
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Fig. 1. Plot of a” for ;2 = 1.1 and b = 0.6.

_ ) -
3 3
l4+tan | —= +1 l4+tan | — — 1
'S (m ) <\/q_b >
+ 3rab 5— T+ 5
Tq ta Tﬂ—{—l ta rv2 1
n|l— nl— -
I Vb Vb |
N q° In r +gb—rv2¢0\  ¢*(r* 4+ gb+1rv/2D)
672/2qb r2 4+ qb+rv2qb 67rv/2gb(r? + gb — r/2qb)
><< 2r — /24b (2r + v2¢b)(r* + gb — r 2qb)> ¢r

r2 4+ qb+1r/2gb (12 4 gb + r/2qb)? C322¢0

The respective results for TSWs coupled with HBI electrodynamics are shown in
Fig. 1. It is noted that a wormhole has attractive or repulsive features if a” > 0
or a” < 0, respectively. We find that the constructed wormhole configurations

(10)

have repulsive behavior for smaller throat radius which will become attractive on
increasing throat radius.

3. General Approach for Stability

Here we discuss standard conditions to study stability of the constructed TSWs
under linear perturbations. The energy density and pressure of wormhole solutions
under static background (a = ag) yield

F(ao) _ 1| VF(ao)+ | F(ao)
=4 w2 F(ao)

(11)

oy = —
2mag
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We are interested to explore wormhole stability by taking barotropic EoS as a linear
perturbation in the form

p=06(0), (12)

which takes the form of polytropic EoS p &~ o'+ = with 0 < n < co, where O(o) is
chosen arbitrarily. The surface stresses must obey the conservation identity S lfj =0

which, for the induced metric (5), turns out to be
d dd

L (o®) 45 =0, (13

where ® = 47a? shows throat’s area. The thin-shell equation of motion describing
wormhole dynamics can be determined from Eq. (9) as a? + G(a) = 0, where G(a)
is the potential function defined by

G(a) = F(a) — [2mac]?. (14)
The wormhole will be stable if the potential function satisfies the conditions
G'(ap) = 0= G(ap) and G”(ap) > 0. The conservation equation through Eq. (12)
and 0’ = £ leads to
a’:—§(0+®), (15)
whose second derivative takes the form
o = %(U—i—@)(?)—a@’). (16)
Differentiation of Eq. (14) through (15) yields
G'(ap) = G'(ag) + 87%agoo[oo + 2p(00)], (17)
which further becomes
G (ag) = G"(ao) — 87*{[o0 + 2po]? + 200[o0 + po][1 + 20 (00)]}, (18)

where Og = pg.

It is well-known that the choice of any cosmological model for exotic matter has
significant relevance in dynamical investigation of wormhole configurations. Here
we study stability of TSWs in the vicinity of different dark energy candidates. In a
recent work, the stability of regular TSWs has been analyzed for linear, logarithmic
and three CG models at the wormhole throat.!® In the following, we consider three
of the above-mentioned models to explore stability of HBI TSWs.

3.1. Chaplygin gas
First we consider CG model governed by the following EoS

O(0) = po+1 (1 -2, (19)

g g0

where « is a constant parameter. The first derivative of this equation w.r.t. o gives
©'(00) = — 5. It is observed that G/(a) and G’(a) vanish by substituting o(ag) and
)
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p(ap). We explore the role of increasing values of charge as well as HBI parameter in
the wormbhole stability. We also plot the metric function F'(r) to find the position of
event horizon and the wormhole throat. The corresponding results for the wormhole
stability are shown in Figs. 2 and 3.

For £ = 0.5,0.7 and b = 0.6, we find one stable region (red curve) for both
positive as well as negative values of parameter v while the metric function F(r) cuts
the radial axis once showing an event horizon. It is mentioned here that % = 1.1
provides only one stable region for negative values of parameter v in the absence
of event horizon (Fig. 2). For b = 1, we analyze enlargement in the stability areas
(two regions) for both positive and negative values of v corresponding to L =
0.5,0.7,0.9. In this case, we observe that the event horizon does not vanish for

34
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34

Fig. 2. (Color online) Plots for stable regions of TSWs taking CG EoS and HBI parameter b = 0.6
with different values of charge. We choose throat radius agp and parameter v along abscissa and

ordinate, respectively.
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Fig. 3. Plots for stable wormholes with CG EoS, b = 1 and different values of charge.

< — 1.1 but reduces to one (Fig. 3). The HBI parameter is effective to increase the
wormhole stability for CG model while the increasing values of the charge = tend

to diminish the presence of event horizon.

3.2. Linear gas

Here we take linear gas model given by the following EoS
© = po + (o — 00), (20)

where ©'(0¢) = 7. We plot stable solutions for linear gas corresponding to b = 0.6
as shown in Fig. 4. The event horizon gets smaller by enlarging the values of charge
and finally vanishes for the maximum value of -Z. The possibility of stability regions
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Fig. 4. Plots for stability of TSWs with linear gas and HBI parameter b = 0.6.

increases by increasing HBI parameter such that we find maximum stability regions
for b = 1. We investigate stable regions for both positive as well as negative values
of v with .= = 0.5, 0.7 while stable regions exist only for negative values of
corresponding to large values of charge. The event horizon does not vanish for
maximum value of charge (Fig. 5).

3.3. Logarithmic gas
The logarithmic gas is defined by

O(o) =po+ pln 7 , (21)

g0
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Fig. 5. Plots for stability regions of wormhole configuration with linear gas corresponding to
b=1.

where p is EoS parameter and ©(0g) = _I-. The respective stable HBI TSWs for
< =0.5, 0.7, 0.9, 1.1 and b = 0.6 are shown in Fig. 6. Here, we find least stable
solutions for smaller values of charge as compared to the previous case which tend to
increase on increasing charge. We also analyze more stable solutions by increasing
b for larger values of % while the event horizon does not disappear in this case

(Fig. 7).

3.4. Velocity perturbations

Now we discuss stability of the constructed TSWs under velocity perturbations. We
assume small velocity perturbations around static configuration a = ag which gives
an approximately static fluid after any perturbation. This assumption supports the
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Plots for logarithmic gas and HBI parameter b = 0.6 with different values of charge.

fact that the dynamic EoS for wormhole is same as the static EoS. Equation (11)

leads to

Substituting Eq. (9), we have

> . (22)

(23)

bl

which shows wormhole’s throat motion. Integrating this equation, it follows that

1 aF'(a)
P=73 (1 *2Fa)
. Fl'(a).

= Ry =Y
a:do F(CL)

F(ao ’
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Fig. 7. Plots for logarithmic gas with b = 1 and different values of charge.

which further yields

do e da
——(7—T) = . 25
F(ao)( ) /ao F(a) ( )

This corresponds to the nonoscillatory motion of the constructed wormhole solution,
where ag is the nonzero component of initial small velocity of throat. Equation (23)
gives positive acceleration of the wormhole throat leading to unstable TSWs.

4. Outlook

In this paper, we have studied the effects of HBI parameter as well as electric
charge on the stability of wormhole configurations. We have formulated surface
stresses by applying Lanczos equation which gives rise to the presence of exotic
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matter by violating null and weak energy conditions. It is found that wormbholes
have repulsive or attractive characteristics corresponding to smaller or larger values
of throat radius, respectively. We have chosen a > r, to neglect the presence of
singularities for the sake of viable wormhole solutions.

We have taken a linear perturbation of the form p = ©(o) and explored worm-
hole stability graphically for G”(ag) > 0. We have chosen CG, linear and logarith-
mic gas models as exotic matter for its dynamical investigation. We have explored
stable regions for the respective wormholes within a physically acceptable range of
different parameters (Figs. 2-7). We have also plotted the metric function to find
the position of wormhole throat and black hole’s event horizon. It is found that
there exists only one stable region as well as event horizon for CG with smaller
value of HBI parameter such that the event horizon diminishes for % = 1.1. We
have analyzed enlargement in stable regions by increasing the HBI parameter but
the event horizon does not disappear for b = 1.

In case of linear gas, it provides more stable regions as compared to that of CG.
It is found that the HBI parameter has remarkable significance to increase stable
regions. The event horizon decreases by increasing the values of electric charge and
finally vanishes. We have investigated that logarithmic gas provides least stable
solutions as compared to other cases for smaller values of charge. These regions
expand by enlarging the values of HBI parameter and charge. It is found that the
role of HBI parameter and electric charge is to enhance stable regions for TSWs,
whereas maximum value of the charge provides horizon-free solutions. Also, the
linear gas is more significant in wormhole configuration which provides maximum
stable regions as compared to other models while CG gives the least stable regions.
We have also performed stability analysis under velocity perturbations and exam-
ined unstable configurations. We conclude that wormhole stability highly depends
on the choice of model for exotic matter and values of the other involved parameters.
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Abstract This paper is devoted to the phase space analysis
of an isotropic and homogeneous model of the universe by
taking a noninteracting mixture of the electromagnetic and
viscous radiating fluids whose viscous pressure satisfies a
nonlinear version of the Israel-Stewart transport equation.
We establish an autonomous system of equations by intro-
ducing normalized dimensionless variables. In order to ana-
lyze the stability of the system, we find corresponding critical
points for different values of the parameters. We also evaluate
the power-law scale factor whose behavior indicates differ-
ent phases of the universe in this model. It is concluded that
the bulk viscosity as well as electromagnetic field enhances
the stability of the accelerated expansion of the isotropic and
homogeneous model of the universe.

1 Introduction

Many astronomical observations (type la supernova, large
scale structure, and cosmic microwave background radia-
tion) predict that our universe is expanding at an accelerating
rate in its present stage [1-3]. These observations suggest
two cosmic phases, i.e., the cosmic state before radiation
(the primordial inflationary era) and ultimately the present
cosmos phase after the matter dominated era. In the last
couple of decades, it has been speculated that the source
for this observed cosmic acceleration with an unusual anti-
gravitational force may be an unknown energy component,
dubbed dark energy (DE). The existence of this energy with
large negative pressure can be recognized by its distinctive
nature from ordinary matter which may lead to cosmic expan-
sion. The study of the dominant contents of matter distribu-
tion in the universe has remained one of the most challenging
issues. Recent observations show that the visible part of our

2e-mail: msharif.math@pu.edu.pk

b e-mail: sadiamumtaz17 @gmail.com

universe is made up of baryonic matter contributing only 5%
of the total budget, while the remaining ingredients yield the
total energy density composed of non-baryonic fluids (68%
DE and 27% dark matter) [4,5].

Several cosmological proposals have been introduced in
the literature to explore the ambiguous nature of DE. The
cosmological constant (A) governed by a negative equation
of state (EoS) parameter (y = —1) is taken to be the sim-
plest characterization of DE. However, this identification has
two well-known problems, i.e., fine-tuning and cosmic coin-
cidence. In addition, there are several cosmological models
which can be considered as an alternative to a A like scalar
field model [6,7], a phantom model [8], a tachyon field [9]
and k-essence [10], which also suggest expanding behavior
of the universe. Another approach involves the generalization
of simple barotropic EoS to more exotic forms such as the
Chaplygin gas [11] and its modification [12]. It has also been
demonstrated that a fluid with the bulk viscosity may cause
accelerated expansion of the model of the universe without
cosmological constant or scalar field [13, 14]. Our main con-
cern is to find another approach which can minimize exotic
forms of matter by introducing dissipation through viscous
effects of fluids.

During the last few years, cosmological models including
nonlinear electromagnetic fields have attained remarkable
interest. The application of this electrodynamics to different
models of the universe may lead to many significant results.
Nonlinear electrodynamics (NLED) is the generalization of
Maxwell theory which is considered as the most viable theory
to remove the initial singularities. Vollick [15] considered the
FRW model of the universe with NLED and found that the
model entailed will show a period of late-time acceleration
for E2 < 3B2. Kruglov [16] found that the universe tends to
accelerate in a magnetic background at the early era due to
NLED model. Ovgun [17] formulated an analytical nonsin-
gular extension of isotropic and homogeneous solutions by
presenting a new mathematical model in nonlinear magnetic
monopole fields.
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The study of possible stable late-time attractors has
attained remarkable significance for different models of the
universe. A phase space analysis manifests dynamical behav-
ior of a cosmological model through a global view by reduc-
ing the complexity of the equations (converting the system
of equations to an autonomous system) which may help to
understand the different stages of the evolution. Copeland
et al. [18] studied a phase plane analysis of standard infla-
tionary models and found that these models cannot solve the
density problem. Guo et al. [19] explored a phase space anal-
ysis of the FRW model of the universe filled with barotropic
fluid and phantom scalar field in which a phantom dominated
solution is found to be a stable late-time attractor.

Garcia-Salcedo [20] examined the dynamics of the FRW
universe with NLED and found that the critical points have
no effects. Yang and Gao [21] discussed a phase space anal-
ysis of k-essence cosmology in which critical points play an
important role for the final state of the universe. Xiao and Zhu
[22] analyzed the stability of the FRW model of the universe
in loop quantum gravity via phase space portraits by taking
barotropic fluid as well as positive field potential. Acquaviva
and Beesham [23] made a phase space analysis of the FRW
spacetime filled with a noninteracting mixture of fluids (dust
and viscous radiation) and found that the nonlinear viscous
model shows the possibility of current cosmic expansion.

This paper is devoted to the phase space analysis of the
FRW model of the universe with nonlinear viscous fluid. The
plan of the paper is as follows. In Sect. 2, we provide a basic
formalism for NLED and general equations as well as a non-
linear model for the bulk viscosity. An autonomous system of
equations is established to analyze the stability of the system
by introducing normalized dimensionless variables in Sect. 3.
Section 4 provides the formulation of power-law scale factor.
Finally, we conclude our results in the last section.

2 Nonlinear electrodynamics and general equations

The standard cosmological model is successful in resolving
many issues but still there are some issues which remain to be
solved. One of them is the initial singularity which leads to a
troubling state of affairs, because at this point all known phys-
ical theories break down. If the early universe is governed
by Maxwell’s equations, then there will be a spacelike ini-
tial singularity in the past. However, if Maxwell’s equations
become modified in the early universe, when the electromag-
netic field is large, it might help avoiding the occurrence of
cosmic singularities [24]. For the situations where a strong
electromagnetic field occurs, it makes sense to couple grav-
itation with NLED. The coupling of Einstein gravity with
NLED is defined by the action

1

S=—— / V=8IR — L(F, F")]d*x. M
167
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We consider a nonlinear extension of the Maxwell
Lagrangian density up to second order terms in the field
invariants F = F,,, F*¥ and F* = FJVF’“’ given by [15]

1
L=L(F,F*)=——F +aF*+ BF*?, ()
4o

where 1o denotes the magnetic permeability, o, B > 0 are
arbitrary constants which yield a linear density fora, § — 0,
and Fj, is the dual of the electromagnetic field tensor. We do
not consider the term F F* involving F™* in order to preserve
the parity [25,26]. The linear term of this Lagrangian dom-
inates during a radiation dominated era, while the quadratic
terms dominate in the early universe, which corresponds to
the bouncing behavior of the universe to avoid initial sin-
gularity [27]. The mechanisms behind the bounce have been
demonstrated in [28,29]. The energy-momentum tensor asso-
ciated with this Lagrangian has the following form:

Tuv(Emy = —40p LF] Fyy + 0p<LF* — L)gpv- 3)

In order to fulfill the requirement of isotropic and homo-
geneous universe, i.e., the electromagnetic field to act as its
source, the energy density and the pressure corresponding
to the electromagnetic field can be computed by averaging
over volume [26,28]. It is assumed that the electric and mag-
netic fields have coherent lengths that are much shorter than
the cosmological horizon scales. After posing several con-
ditions, the energy momentum tensor of the electromagnetic
field associated with L£(F, F*) can be written as that of a
perfect fluid,

Ty = (p+ pluyuy + pguv, 4)
such that

pEM = —L —4E%0 L, ®
pEm =L — 2(232 — E®)orL, (6)

where dF represents a partial derivative with respect to F' =
FuyFW = 2(B? — E?), and E and B denote the averaged
electric and magnetic fields, respectively.

We consider an isotropic and homogeneous model of the
universe given by

ds? = —dr* + a(0)(dr? + r2d6? + r? sin® 6de?), )

where a(t) is the scale factor. We assume the model of the
universe to be filled with two cosmic fluids, i.e., a noninter-
acting electromagnetic fluid with energy density pg s as well
as pressure pg s and a viscous fluid having energy density p,
as well as pressure p = p,(py) + V. Here p, represents the
equilibrium part of viscous pressure whereas W is the non-
equilibrium part, i.e., the bulk viscous pressure satisfying
an evolution equation. The bulk viscosity plays an impor-
tant role in stabilizing the density evolution and overcomes
rapid changes in cosmos. It also promotes a negative energy



Eur. Phys. J. C (2017) 77:136

Page 30f 8 136

field in the fluid and hence can play the role of dark energy to
describe the dynamics of cosmos. It has been suggested that a
fluid with bulk viscosity may cause an accelerated expansion
of the model of the universe without cosmological constant
or scalar field [14]. The main contribution of the bulk vis-
cosity to the effective pressure is its dissipative effect. We
obtain the Raychaudhuri and constraint equations from the
field equations given by

. 1 1
®=—§ﬂ—;mM+m+x”M+m+wn,(&

1
0=MM+W—§@, )

where a dot means the derivative with respect to time. The
conservation of the energy-momentum tensor yields the fol-
lowing evolution equations for the viscous and electromag-
netic field components:
Pv = —lpy + py + V1O, (10)
pPEM = —[pEM + PEMI]O. (11
We consider a barotropic EoS for a viscous fluid defined
by
pv =¥ — Dpo, (12)

where 1 < y < 2. Using Egs. (8) and (9), the Raychaudhuri
and conservation equations for viscous fluid turn out to be

. 1 3
@=—5®2—5w”r+w—1mv+wL (13)
Pv = —[ypy +V]O. (14)

We characterize the viscous pressure variable by the fol-
lowing evolution equation [30]:

—1
r\il:—{(ﬂ—lll(l—f—%*\D)

! LANCES A (15)
7 D4 —— > ——|,
2 T ¢ T

where ¢, T, 7, and 7, denote the bulk viscosity, local equi-
librium temperature, linear relaxation time, and the charac-
teristic time in the nonlinear background, respectively. This
equation is derived by using a nonlinear model describing a
relationship between thermodynamic flux W and the thermo-
dynamic force x in the form

oo X (16)

1+ 74 x

This is a nonlinear extension of the Israel-Stewart equation,
which reduces to its linear form as ., — 0. The nonlin-
ear term in Eq. (15) must be positive for thermodynamic
consistency and positivity of entropy production rate. The
parameters involved in Eq. (15) can be defined by the rela-
tions £ = {® (¢ > 0), T = yvgpv, 7, = k?t, and
T = TopY~V/¥. Here k is a constant such that k = 0

gives the linear (Israel-Stewart) case, while Ty represents
a constant temperature. Also, v corresponds to the dissipa-
tive effect of the speed of sound V such that V2= c? + vz,
where c? is its adiabatic contribution. By causality, V < 1
and ¢Z = y — 1, which yields

l<y=<2 (17

The explicit form of the evolution equation by using the
above relations yields

-1

2 2
. w v
b= —yrp0 - L (1 )

200 yv2py

—1\1:[@—(2”_1)@] (18)
2 4 Py

3 Phase space analysis

In this section, we discuss the phase space analysis of the
isotropic and homogeneous model of the universe for the
radiation case. Due to there being many arbitrary parameters,
it seems difficult to find an analytical solution of the evolution
equation. In this context, we define normalized dimension-
less variables 2 = 36’;2” and ¥ = i)—‘g such that the corre-
sponding dynamical system can be reduced to autonomous
one. We also define a new variable T for the time for which the
corresponding derivative is represented by a prime such that
% = % Here each term is associated with some physical
explicit background, since the chosen dimensionless vari-
ables €2 and W occur due to the physical impact of the vis-
cous energy density and pressure, respectively. The system
of Egs. (13) and (14) in terms of these normalized variables

takes the form

© 3 -
— =—5;0+pen+ -DQ+ V], (19)
e 2
30, 3
2y = 3+ (20)

Differentiation of the dimensionless variable for the
energy density gives

3 / @/
N Yo by Q1)

Q=
CX ®

Using Egs. (19) and (20), this equation turns out to be
Q' =3(Q- DIy — 1)+ ¥ +3peul. (22)
Now we introduce the concept of a new evolution equation

for W. The first derivative of W with respect to % through
Eq. (19) leads to an evolution equation of the form

@ Springer
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U R\
U =-32Q 14+ — 1+ ——
yv + % ( + yv2§2>

~ 32y —1
3 (1+3 1——
+ [‘f‘l’EM( Q 2y >]

-3y — DU - Q). (23)

Itis mentioned here that Egs. (22) and (23) play a remark-
able role in describing the dynamical system entailed for the
phase space analysis.

In order to find the critical points {€2., \i!c}, we need to
solve the dynamical system by imposing the condition ' =
U’ = 0. The stability of the FRW model of the universe
can be analyzed according to the nature of the critical points.
Here we restrict the phase space region by a condition which
is necessary for the positivity of the entropy production rate
given by [23,30]

2
- Q
\Il>—Vv .
k2

(24)

This condition makes the possible negative values of W tend
toward zero for k2 > v2. Contrarily, the bulk pressure will
be less restrictive if k2 < v2. It is noted that finite values of
k allow only positive values of the bulk pressure in the limit
v — 0. It would be more convenient to consider k2 < v?
along with v2 < 2 — y and t, = k%7, which leads to the
fact that the characteristic time for nonlinear effects 7, does
not exceed the characteristic time in linear background t. We
characterlze the critical points by the deceleration parameter

=-1-35 and the effective EoS parameter yer = — %(?) ,
Wthh y1eld
1 -
= §[1+9PEM +3(y — D2 +3V], (25)
veit = 1 +3pem + (v — DQ+ V. (26)

To examine a region of phase space undergoing acceler-
ated expansion, we impose g < 0 in Eq. (25) which gives

1
W< —5 =3pen — (y ~ D @7

The possibility of the accelerated expansion in the phys-
ical phase space is determined by comparing Eqs. (24) and
(25) through ¢ < 0 given by

2
1+9 3(y — DHQ
vo_ 14+9%em + (y—-1 ‘ 28)
k2 3yQ

Substituting " = 0 in Eq. (22), we find the following

conditions:

Q. =1, (29)
(v — D% + Ve +3pey = 0. (30)

We insert these conditions in ¥’ to find the location of
critical points. This analysis is carried out by characterizing

@ Springer

the viscous fluid through the choice of its EoS parameter y
(radiation). We consider 0 < k2 = v2 < 2 — y for which the
case of stiff matter (y = 2) is excluded from the analysis as
it yields v = 0.

3.1 Radiation case (y = %)

We consider the radiation case for the phase space analysis
by taking y = 4 Imposing the condition (29) and ¥/ = 0 in
Eq. (23), we have

3 es _Vgr_ag (1P _2Mpem) 40
4z o '

€1y

This cubic equation yields three roots among which we retain
only those roots that lie in the physical phase space. The

general form of the dynamical system is given by
Q=X ¥, ¥V=vQ0. (32)

The eigenvalues of the system can be determined by the Jaco-
bian matrix

X 0X
7= (3? dY) ) (33)
02 H |Pi

The eigenvalues for the above stability matrix corresponding
to the points Pri are given by

AM=14+ 3y +9pEum, (34)
1612 1 V7 63 .
Ay = ——2 _ | 22PEM L 6§ 43,
30 |4+0 @4+ )2 8
(35)

The fixed point is called a source (respectively, a sink) if both
eigenvalues consist of positive (respectively, negative) real
parts. In the case of a viscous radiating fluid, we can explore
source and sink according to the sign of eigenvalues as well
as direction of the trajectories. We investigate two critical
points P = {I,¥F} and P~ = {1, ¥} corresponding
to positive (\ifc+ ) and negative (\fJC‘ ) roots, respectively. By
taking 2. = 0 and the second condition (30) with U, =
—&e —3ppy, we obtain P? = {0, =3pgu).

3.1.1 Casel

We are interested in analyzing the impact of the electromag-
netic field on the stability of the critical points in the presence
of the nonlinear bulk viscosity. The energy density (5) and
pressure (6) are given by

E*)(B* +3E%), (36)

1
pEM = =~ (B* + E?) — 4a(B* —
20

1 4
pEm = — (B2 + E%) — 2(B2 — E} (5B — E?). (37)
6140 3
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The dynamical behavior of critical points for different values
of electric and magnetic fields as well as other parameters is
shown in Figs. 1 and 2. The green trajectory depicts a flow
from the point P; toward P, . The white region corresponds
to the negative entropy production rate that diverges on its
boundary whereas the green region shows accelerated expan-
sion of the universe (¢ < 0). Here the point P(? shows varying
behavior, i.e., either it is a saddle point or a sink, depending
on the values of the different parameters.

In these plots, we have taken ¢p = 0.2,1 by varying
v,k,B and E. For v = k = /1/5 and ¢y = 0.2, it is
found that the global attractor P, lies in the green region
showing accelerated expansion for the same values of B and
E. This region tends to decrease by increasing E such that
the point P, lies in the deceleration region. By increasing ¢o,
we find accelerated expansion with different values of B, E
and larger values of the parameters v and k. Forv = k =1
and ¢p = 1, we find accelerated expansion of the model of

2.0 F

1.5 F

1.0 -

0.5

0.0 H

-1.0 |

0.0 0.2 1.0

Q

Fig. 1 Plots for the phase plane evolution of viscous radiating fluid with y = 4/3,v =k = /1/5, {o = 0.2, « = 0.01, and different values of B

0.0 02 0.4 0.6 0.8 1.0
Q
and E
e e N

0.0

2.0

0.0

0.0 1.0

Fig. 2 Plots for the phase plane evolution of viscous radiating fluid with y =4/3, v =k =1, {o = 1, « = 0.01, and different values of B and E
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20 T T T

0.0

0.0

Fig. 3 Plots for the phase plane evolution of viscous radiating fluid with y =4/3,v =k = /2/3,¢0 =1, = 0.01, and B =0.2,0.8

the universe for all choices of electric and magnetic fields.
The point Pg behaves as a sink for ¢y = 0.2 which becomes
a saddle point for larger values of £y. We observe that the
increasing value of the bulk viscosity increases the region
for accelerated expansion in the presence of NLED. In the
following, we discuss two different cases for the electric as
well as the magnetic universe.

3.1.2 Casell (E =0)

It is well known that NLED helps to diminish the initial
singularity in the early universe where only the primordial
plasma identifies matter [31]. Some recent results indicate
that a magnetic universe is appropriate to avoid the initial
singularity and ultimately shows late-time accelerated expan-
sion [25,28,32]. Here we assume the squared electric field
(E 2) to be zero such that the magnetic field (F = 2B2) rules
over the universe; this is known as a magnetized universe.
Thus the energy density (5) and pressure (6) take the form

B2 N
PB = T(l — 8uoaB7),
o
2

B 2
610

(38)

(39)

The respective evolution plots are given in Fig. 3. For
v =k = /2/3 and ¢y = 1, we find that the sink lies
in the green region showing the stability of the accelerated
expansion for the magnetized universe. This region tends to
decrease by increasing the value of magnetic field B. The
point PL? behaves as a saddle for small values of magnetic
field. It is mentioned here that increasing values of the bulk
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viscosity and the parameters v as well as k with different
values of B give rise to the stability of the accelerated expan-
sion of the universe for different choices of B. We also find
that a smaller value of the bulk viscosity shows decelerated
expansion with increasing values of B.

3.1.3 Case Il (B =0)

Here, we deal with the electric universe by setting (B%) = 0.
The corresponding energy density and pressure are given by

2

E 2
OE = (1 +24ppE”),
20

2

E 2
pE = — (1 —8upaE?).
610

(40)

(41)

The plots corresponding to different choices of electric
field E are shown in Fig. 4. Forv =k = \/2/3 and ¢y = 1,
we analyze the sink P, in the green region showing acceler-
ated expansion of the universe for different values of E. The
point P[? behaves as a saddle for small values of the magnetic
field. We find that the region for accelerated expansion tends
to decrease by increasing electric field E. It is observed that
an accelerated expanding region exists for increasing values
of the bulk viscosity and parameters v as well as k£ with all
choices of E. It supports the fact that the role of the bulk
viscosity and electric field is to increase the stability of the
accelerated expansion of the model of the universe. The sum-
mary of our results filled with viscous radiating fluid is given
in Table 1.
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20F

0.0

0.0

Fig. 4 Plots for the phase plane evolution of viscous radiating fluid with y =4/3,v =k =4/2/3,{0 =1, =0.0l and E =0.2,0.8

Table 1 Stability analysis of critical points for radiation dominated
fluid

Critical point Behavior Stability

P Source Unstable

P Sink Stable

P Saddle/sink Unstable/stable

4 Power-law scale factor

In this section, we discuss the power-law behavior of the scale
factor corresponding to the critical points. For this purpose,
we integrate Eq. (19), which leads to

. 1 ~
© = =01 +3pey + (v = DO+ V0% 42)

For ® # 0, we formulate a power-law scale factor whenever
143pem + (v — DQ + ¥ # 0. Solving © = 34 for a(r),
we obtain the generic critical point as

-2
a = a()(t _ tO) SE3pEM+y=DRe+¥el |

(43)

The following condition must hold for exponentially expand-
ing models (identified by the condition 1 + 3ppy + (y —
D2+ ¥ = 0) to be present in the physical phase space
region (bounded by Eq. (24)):

2
YV
kT Q .
This condition is not satisfied in the physical phase space for
v2 = k2. If v> > k2, the above inequality must be satisfied
in the following physical phase space region:

(=) —3pem — 1> — (44)

2.0 F ]

0.5+ l

0.0 H ,

-0.5

0.0

Fig. 5 Plot of qualitative phase space analysis for power-law scale fac-
tor with v2 > k2. Yellow and dark gray regions indicate the accelerated
and exponential expansion of the model of the universe, respectively

”2)}1 Q<1
- — <
12 =

Itis mentioned here that the sign of the term 1 4+3p gy + (v —
1)Q2+ W is quite important in evaluating different cosmologi-
cal stages. If 1 +3pga+(y — )Q+¥ = 0, it corresponds to
the exponential expansion of the model of the universe. Also,
143pe+(y —1D)Q+ V7 2 0yields accelerated expansion
or contraction of the cosmological model, respectively. If
V2 < k2, the possibility of having accelerated expansion will
narrow down. Figure 5 shows the physical phase space region
(excluding the white region with negative entropy produc-
tion rate) whereas yellow and dark gray regions correspond

(I +3pem) [1 -V (1 (45)
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Table 2 Power-law scale factors for different critical points

Critical point Scale factor for y =4/3

2
P ao(t — 1)~ PEM
2

Pr+ ao(t — 1) 3GpEM+IS+T)

-2

P- ao(t — t0)3<3ng+w;+§)

to accelerated and exponential expansion of the model of
the universe for v> > k2, respectively. Table 2 provides the
polynomial behavior of power-law scale factor for different
critical points with 1 +3pgy + (y — DQ+ ¥ £ 0.

5 Outlook

In this paper, we have discussed the impact of NLED on the
phase space analysis of isotropic and homogeneous model
of the universe by taking noninteracting mixture of the elec-
tromagnetic and viscous radiating fluids. This analysis has
been proved to be a remarkable technique for the stability of
dynamical system. An autonomous system of equations has
been developed by defining normalized dimensionless vari-
ables. We have evaluated the corresponding critical points
for different values of the parameters to discuss stability of
the system. We have also calculated eigenvalues which char-
acterize these critical points. We summarize our results as
follows.

Firstly, we have discussed stability of critical points
through their eigenvalues corresponding to different values
of E and B for viscous radiation dominated model of the
universe. It is found that the critical points P;’ and P, cor-
respond to source (unstable) and sink (stable), respectively
(Figs. 1 and 2). It is mentioned here that the green region
corresponds to an accelerated expansion of the universe. The
point P, is a global attractor in the physical phase space
region which leads to an expanding model dominated by vis-
cous matter for various choices of the cosmological param-
eters. In the presence of both electric and magnetic fields,
we find that the bulk viscosity increases the region for accel-
erated expansion, while the increasing values of E show a
deceleration region for smaller values of the bulk viscosity.
It is mentioned here that large values of the bulk viscosity
as well as other parameters correspond to accelerated expan-
sion of the ensuing model of the universe for all choices of
electric and magnetic fields.

We have also studied the electric and magnetic cases for
the universe separately. It is found that a sink lies in the
green region showing accelerated expansion of the magne-
tized universe for smaller values of the bulk viscosity and the
other parameters, while an increasing value of magnetic field
decreases this region. For B = 0, we have analyzed acceler-
ated expansion of the model of the universe corresponding

@ Springer

to large values of the parameters, which tends to decrease by
increasing E. It is worth mentioning here that the role of the
bulk viscosity is to increase the green region for accelerated
expansion with different choices of E and B for both electric
as well as magnetic universe. Moreover, we have also stud-
ied the behavior of a power-law scale factor corresponding
to the critical points. It is found that the power-law scale fac-
tor indicates various phases of the evolution (accelerated or
exponential expansion) of the model of the universe entailed.

Open Access This article is distributed under the terms of the Creative
Commons Attribution 4.0 International License (http://creativecomm
ons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit
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Stability of Universe Model Coupled
with Phantom and Tachyon Fields

M. Sharif *and Saadia Mumtaz
Department of Mathematics, University of the Punjab,
Quaid-e-Azam Campus, Lahore-54590, Pakistan.

Abstract

In this paper, we study phase space analysis of locally rotation-
ally symmetric Bianchi type I universe model by taking different lin-
ear combinations for the interactions between scalar field models and
dark matter. An autonomous system of equations is established by
defining normalized dimensionless variables. In order to investigate
stability of the system, we find corresponding critical points for differ-
ent values of the parameters. We also evaluate power-law scale factor
whose behavior shows different cosmological phases. The dynamical
analysis indicates a matter dominated epoch ultimately followed by
a late accelerated expansion phase. It is found that all the critical
points indicate accelerated expansion of the universe for tachyon cou-
pled field. We conclude that negative values of m provide more stable
future attractors as compared to its positive values.

Keywords: Cosmology of theories beyond the SM; Phase space analysis;
LRS Bianchi I model.
PACS: 04.20.-q; 95.36.+x; 98.80.-k.

1 Introduction

Recent observations (type la supernova, large scale structure and cosmic
microwave background radiation (CMBR)) suggest that our universe is ex-
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panding at an accelerating rate [1]. These observational probes indicate two
cosmic phases, i.e., the cosmos phase before radiation and ultimately the
current cosmic era. Many substantial attempts have been taken to explore
the facts behind the current cosmic acceleration. Some mysterious source of
unusual anti-gravitational force, known as dark energy (DE), was proposed
by physicists while trying to examine the formation of galaxies in cosmic
scenario. It is an exotic energy constituent having large negative pressure
which dominates over the matter content of cosmos. This energy is supposed
to be responsible for the current cosmic expansion.

There have been several proposals of DE to study its ambiguous nature.
The cosmological constant (A) is considered as the simplest candidate but its
characterization has two well-known problems, i.e., fine-tuning and cosmic
coincidence. There are various alternative dynamical models which can be
taken as a substitute of A like quintessence [2], phantom model [3], tachyon
field [4] and k-essence [5] that also predict cosmic expansion. The general-
ization of simple barotropic equation of state (EoS) to more exotic forms like
Chaplygin gas [6] and its modification [7] also correspond to DE candidates.

The concept of introducing scalar field, with an EoS parameter other
than —1, has played a remarkable role to interpret the universe evolution
due to its progressive implementation in various cosmological problems like
cosmic acceleration and cosmic coincidence problem. The scalar field models
can also predict the early inflationary cosmic era. We can choose scalar field
models (in particular, phantom and tachyon) as a dynamical DE candidate
interacting with DM by interchanging energy between them which may solve
the coincidence problem. Researchers have paid an extensive attention to
the tachyon cosmology where the tachyon is basically attributed by string
theory [8, 9]. Gibbons discussed cosmological influence of the tachyon rolling
down to its ground phase [10]. The universe model undergoes accelerated
expansion as the tachyon field rolls down [9]. A tachyonic matter may yield
inflation at early era and ultimately some new form of DM at late times
[11]. A phantom field was also presented as an alternative of DE which
constitutes large negative pressure with EoS parameter w < —1 and plays
an important role for accelerated expansion of the universe [12]. One of the
significant features of the phantom model is that the universe will end with a
big-rip (future singularity). The interaction of DE (phantom or tachyon) and
DM describes energy flow between the components such that no component
remains conserved separately [13]. It is also demonstrated that an interaction
between the components may alleviate the coincidence problem [14].

2



A phase space describes all possible states (position and momentum) as-
sociated with each point of the system. The analysis of viable stable late-time
attractors has remarkable significance for different cosmological models. This
provides dynamical behavior of a cosmological model by minimizing complex-
ity of the equations. It is useful to study different patterns of evolution by
transforming the system of equations to an autonomous one. This inves-
tigates the influence of initial data on stability of any system by checking
whether the system remains stable for a long time [15]. The stability of
different universe models via phase space helps to explore their qualitative
features.

Copeland et al. [16] discussed phase space analysis of inflationary models
which was unable to solve density problem. Guo et al. [17] studied stabil-
ity of FRW universe model filled with barotropic fluid as well as phantom
scalar field and found that phantom dominated solution is a stable late-time
attractor. Guo et al. [18] analyzed phase space analysis of interacting phan-
tom energy with DM. Yang and Gao [19] explored phase space analysis for
k-essence cosmology and found that stability of critical points play a substan-
tial role for the cosmic evolution. Xiao and Zhu [20] investigated stability of
FRW universe model in loop quantum gravity by using phase space analysis
along with barotropic fluid and positive field potential. Acquaviva and Bee-
sham [21] discussed this analysis for FRW model and found that nonlinear
viscous model describes possibility of current cosmic expansion. Recently, we
have studied the impact of nonlinear electrodynamics on stability of acceler-
ated expansion of FRW universe model [22]. Shahalam et al. [23] presented
dynamical analysis of coupled phantom and tachyon fields by taking linear
combinations of the coupling for FRW universe model.

Bianchi universe models have widely been discussed in literature to study
expected primordial anisotropy and some large angle anomalies detected by
CMBR which yield violation of statistical isotropy of cosmos [24]. Belinkskii
and Khalatnikov [25] studied phase plane technique for Bianchi type I (BI)
model under the influence of shear and bulk viscosity. Coley and Dunn
[26] used phase plane approach to study dynamical behavior of Bianchi type
V model containing a viscous fluid. Burd and Coley [27] investigated the
effects of shear as well as bulk viscosity on the stability of Bianchi universe
models. Goliath and Ellis [28] discussed dynamical evolution of Bianchi
universe model via phase space by including A. Sharif and Waheed [29]
explored phase space analysis of locally rotationally symmetric (LRS) BI
universe for chameleon scalar field in Brans-Dicke gravity. Chaubey and
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Raushan [30] studied phase space analysis of LRS BI model in the presence
of scalar field.

This paper investigates stability of LRS BI universe by taking linear in-
teractions of phantom and tachyon fields coupled with DM via phase space
analysis. The plan of the paper is as follows. In section 2, we provide
some basic formalism for evolution equations. An autonomous system of
equations is developed by introducing normalized dimensionless variables.
Section 3 deals with dynamical analysis of interacting phantom energy and
DM by taking three different forms of interactions. We discuss phase space
analysis of tachyon field coupled with DM in section 4. Section 5 deals with
the formulation of power-law scale factor. Finally, we conclude our results in
the last section.

2 General Equations

Bianchi universe models are the simplest extensions of FRW universe by
adding anisotropic effects. It has been observed that some large angle anom-
alies in CMBR tend to violate the statistical isotropy of present cosmic mod-
els [24]. In this context, homogeneous anisotropic universe models under
plane symmetric background has substantial role to understand these anom-
alies. The LRS BI model with anisotropic effects is defined by the line element

ds* = —dt* + a(t)dz® + b(t)(dy* + dz?), (1)

where a(t) and b(t) represent the cosmic expansion radii. We can define the
mean Hubble parameter as

w3 A1) e

where H, = %, Hy = % are directional Hubble parameters. For a spatially
homogeneous spacetime, the normal congruence to homogeneous expansion
leads to a constant ratio, i.e., the expansion and shear scalars are proportional
to each other. We assume a power-law relation a = 0™, m # 0, 1, where m is
a constant anisotropic parameter which differentiates the expansion along x
and y directions and represents the deviation of anisotropic universe model
from isotropic. We define the average Hubble expansion by a relationship



between mean and directional Hubble parameters as

3am

This assumption can be justified by velocity redshift relation for extragalactic
sources which indicates that Hubble cosmic expansion may attain isotropy
when shear to expansion scalar ratio is constant [31]. Collins [32] studied its
physical consequences by taking perfect fluid and barotropic EoS in a more
general way. Many other authors have also used this condition in literature
33].

The cosmic fluid is considered by coupling phantom field and matter. We
consider that these two components interact through the interaction term @
such that the conservation of energy yield

O-m+3(0-m+pm)H - Q? (4)
Gy +3(0p +pe)H = —Q, (5)
G+3(c+p)H = 0, (6)

where dot represents derivative with respect to time, o = 0,,+04, p = Dm+ps,
Om, Og, Dm and p, correspond to energy densities and pressures of matter
and phantom energy, respectively. It is noted that the sign of interaction
term denotes the transfer of energy between two components. For ) > 0,
the energy flows from phantom to matter while () < 0 corresponds to vice
versa. The interaction term gives an additional degree of freedom which can
be restricted by the constant energy density ratio at late times. It has always
been interesting to study cosmological consequences of these interactions by
considering their several forms [34]. It is clear from the above conservation
equations that Q) = Q(H,0,,,04). The constraint and Raychaudhuri equa-
tions obtained from the field equations are given by

H? = 9((2%—?1)(0"1 +04), (7)
6\ . o7
0 = (m—+2> H + mH + Dy, (8)

where o, = —%QBQ + V(9), pp = —%(bQ — V(¢). Due to many arbitrary para-
meters, it seems difficult to find analytical solution of the evolution equation.



For this purpose, we define the following normalized dimensionless quan-
tities )
(m +2)¢ (m +2)VV 1%

"= eem+na U T Bem+ DH A=y ©)

that direct the evolution equations into an autonomous system. Differenti-
ating ¢ and v with respect to N = m+2 In a, we have

, (m+2) b H
Fo= T Ho B ﬁ] ’ (10)
o= (m?);?) VBl + 5 | (11)

For an exponential potential, Raychaudhuri and conservation equations in
terms of these dimensionless quantities become

H 1

T = 3D [9+ (2m + 1)2 {12 —v*}], (12)
é B 32m + 1 \v? Q
Ho SRV [ +Hq's2’ (2)

where A is taken as a constant. We can write from the constraint equation

(m+2)? o, 2m+1

Oy=———2+ "2 " [ 247 14
* = 0emtnmr - 3 V] (14)
The effective EoS for the cosmic fluid and phantom field are given by
2H wff
eif = —1 — ——, = . 1
Weff s T g, (15)

3 Dynamics of Interacting Phantom Energy

This section deals with stability of LRS BI model through phase space analy-
sis by taking interaction between phantom energy and matter. In order to
find critical points {u, v}, we need to solve the dynamical system of Egs.(10)
and (11) by imposing the condition ' = v/ = 0. The stability of LRS BI
universe model will be discussed according to the nature of critical points and
the corresponding eigenvalues. In the following, we consider three different
forms of interactions between phantom field and matter.
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3.1 Coupling ) = ao,,

Firstly, we take a model of interaction () = «o,, for cosmos where both
phantom field as well as DM are present. Equation (13), in terms of this
coupling, turns out to be

b 32m+1\?  3aQ,
izS— 32m+1 " 3a | (16)
Ho 2m+2 p o 2(l—a)u

where €2, = 1 — Q4. The corresponding autonomous system of equations
reduces to

, (m+2) 32m + 1 A2 3a8),, 1
= 3m V2m+2 p _2(1—a),u2+2(m+2)

x {9+ @m+1)%(p* =)}, (17)
Vo= — (mS;;Q)Z/ l\/é,u)\ — mw +(2m + 1) —v*)}| . (18)

The eigenvalues can be determined by the Jacobian matrix
of  of
a=(% 2, (19)
0

where suffix 0 gives the values at critical points (u.,v.). The critical point
is called a source (respectively, a sink) if both eigenvalues consist of pos-
itive (respectively, negative) real parts. The real parts of the eigenval-
ues having opposite signs correspond to a saddle point of the system. We

evaluate the following critical points in this case. For P, = (u.,v.) =
(—ﬁ {%} ,O), the eigenvalues of Jacobian matrix are given by
 (m+2) 3a 24(1 — a)?\? 2m +1
v, 21— a) \[6—alZm + 1) 3
1 (2m +1)%[6 — a(2m + 7)]?
{9 20
i %m+%{ i 3(1 — a)2A2 ’ (20)
(m+2) [a@2m+T7)—6 1
n = — - {9
3m 2(1 - ) 2(m +2)
2 1)%[6 — (2 7)]?
24(1 — «)?\?



We are interested to study the impact of parameters m and « on the
stability of critical points in the presence of scalar field model. We plot the
dynamical behavior of critical points for () = ag,, by taking different values
of @ and m as shown in Figure 1. In these numerical plots, we observe
that the eigenvalues are positive indicating the point P, as an unstable past
attractor for m > 0 in the physical phase space except for a = 1,m = —2
at which the system becomes undetermined. For m < 0, this point becomes
stable future attractor. The dynamical analysis shows a matter dominated
era ultimately followed by a late accelerated expansion phase of the universe.

VBAy[ore— (22D y?

For P, = o +1)2m+2 ,0 |, the corresponding eigenvalues are
=T
- (m+2) g _ 3o < (2m +1)4
! 3m 2(1 — a) 512
(m+2)? [ V6A £ \/ 6A2 — (3<;ﬁgl>>
2m +1 - 1 o, [(2m + 1)
_ 9 1)2 |22/
3 }+ 2(m +2) {9+( m+1) [ (m 4+ 2)?
. 1 , (22)
2
3(2m+1
v - (2222
2)
(m+2) VB £ /62 — (3(;”1;”) '
n = - V6(m + 2)\ \
3m (2m +1)2 2(m + 2)
)
52
\/éAi \/6)\2 _ (3(2m—51))2
m+
X {94 (2m+1)*(m + 2)? Sy— (23)

This point corresponds to unstable past attractor without accelerated ex-
pansion for m > 0. By taking negative values of parameter m, this point
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Figure 1: Plots for the phase plane evolution of phantom coupled universe

model with Q) = ag,, and A = 2.



becomes stable future attractor or a saddle point depending on values of a.
It is noted that the stable point undergoes accelerated expansion as ¢ < 0.

\/3(2m+7)+a(2m2—m—19)+\/[3(2m+7)+a(2m2—m—19)]2—a(a—l)(m+2)(2m+1)
For Py = ( 2a—1)(2m+1)
we have
 (m+2) 5 3a 2(a—1)2m+1)
= T, 251 —a) \32m +7) +a@m? —m —19) + €
om + 1 1 3(2m + 1)2
— —19 3(2 7
3 }+2(m—|—2){ T e DEma1 L@ )
+ a@m®-m—19)+¢]}], (24)
o (m+2) [VBABRMmAT) +a2m? —m —19) + £
o= 3m (@—D(2m+1)

1 (2m+1)2 2
— m{9—|— 2(@_1)(2m+1)[3(2m+7)o¢(2m —m — 19)

+ £}, (25)

where & = /[32m +7) 4+ a(2m? —m — 19)]2 — a(a — 1)(m + 2)(2m + 1).
We find the same behavior of this point for positive values of m. This point
is also a stable future attractor for m < 0 showing accelerated expanding
universe model. The effective potential for the cosmic fluid is given by

Wepp=—14+ 9+ (2m + 1)(p* — v?)]. (26)

m —+ 2

The effective EoS parameter and deceleration parameter are given by

wy = ﬁ —1+m;+2{9+(2m+1)(,u2—1/2)} : (27)
. - —1+mL+2[9+(2m+1>(u2—y2>]. (28)

It is mentioned here that points P, and P, undergo decelerated expansion
while the point Pj is a stable future attractor that lies in accelerated expand-
ing phase of the universe as ¢ < 0 and wy < —1. The summary of the results
for evolution as well as stability of LRS BI model coupled with phantom
energy and matter is given in Table 1.
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Table 1:

Stability Analysis for the Phantom Coupled System with ) = ag,,.

Ranges of a and m for Critical Points Stability Acceleration
Py
a>0, m>0(a#1) Unstable No
a<0, m>0 Unstable No
a<0, m<0(m#-2) Stable No
a>0, m<0 Stable No
Py
a>0,m>0(a#1) Unstable No
a<0, m>0 Unstable/Saddle No
a <0, m<0 (m#-0.5,-2) Stable/Saddle Yes
a>0,m<0 Stable/Saddle Yes
Ps
a>0,m>0(a#1) Unstable/Saddle No
a<0, m>0 Saddle No
a <0, m<0(m#-0.5,-2) Stable Yes
a>0 m<0 Stable No
3.2 Coupling ) = G0,
For this coupling, Eq.(13) takes the form
5 32m+ 1?2 3
O g 3milNT 35 (29)
Ho 2m+2 p 1+ 73
The autonomous system of equations becomes
, (m+2) 32m + 1 \/? 30 N 1
o= e H 2m+2 p  1-0 2(m+2)
< {9+ @m+1)% (1 — )}, (30)

{9+ (2m+1)*(1* — A}, (31)

We follow the same procedure to find the critical points. For P = (0,0), we

. (m+?)
- N
Y 3m Vl\/g'u 2(m + 2)
have
3 . m+ 2
= om m(1+ 3)’

11
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(32)




This point shows a varying behavior for different values of parameters (3
and m. For a = 0.8,—0.2, we find that point P; is unstable/saddle node
by taking only positive values of m and A = 2 (Figure 2). For § = —1,
the eigenvalues become undetermined, hence we neglect it. We observe that
negative values of m show a stable future attractor. It is mentioned here that
point P; undergoes decelerated cosmic expansion since ¢ < 0 for all choices
of parameters.

For P, = (le =) 338 z(fgwl)} : 0), the eigenvalues are given by

m+2 31448 —2(m+ 1)

Y Fe) o2m(1+03) (33)
V2(m+2)A 33— (2m—+1) 3468 —2(m+1)
B T em ) \/ 13 T 2m(+d (34)

This point shows opposite behavior as compared to the previous point. Here
all choices of m and a give stable nodes except m > 0 and o > 0 that
correspond to unstable node. In this case, the universe is in decelerated

expansion phase for all values of m. For P; = (— 2ml+1 3135 ngmﬂ)] , 0), the
corresponding eigenvalues yield
m + 2 31446 —-2(m+1
m = y UL 2t 1] (3)
m(1+ 7) 2m(1+ B)
2 (m+2)A [3[38—(2m+1)] 3466—2(m+1)
P2 3m(2m + 1) 1+ 3 o2m(1+B)

(36)

We find that point Pj is an unstable past attractor for all values of o and
m except for —0.9 < f < —0.1 at which it behaves as a stable node. For

P, = (O, j:—2m3+1), the eigenvalues are
m+ 2 m + 2
n m(1+3)’ 2 m(1+ ) (37)

This point is also an unstable past attractor for positive values of m. It is
noted that for () = (o4, all points lie in a region of decelerated expansion.
A general dynamical analysis is given in Table 2.
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Table 2: Stability Analysis for the Phantom Coupled System with

Q = B0y,
Ranges of § and m for Critical Points Stability Acceleration

Py
6>0 m>0 Unstable No
G<0, m>0, 6#—1 Unstable/Saddle No
6<0, m<O Stable No
6>0 m<O0 Stable No

P
6>0,m>0 Unstable No
6<0, m>0, g#—-1 Stable No
06<0, m<0, m#—-0.5 Stable No
6>0 m<O0 Stable No

P
6>0, m>0 Unstable No
6<0, m>0, 8#—-1 Stable/Unstable No
<0, m<0, m#—-0.5 Unstable No
6>0, m<O0 Stable for —0.9 < 8 < —0.1 No

Py
6>0, m>0 Unstable No
6<0, m>0, 8#—1 Unstable No
B<0, m<O Stable No
6>0 m<O0 Stable No

3.3 Coupling Q = v(6,, + 74)

Here we consider the coupling as a linear combination of ¢,, and 74 for which

Eq.(13) becomes

) ; 32m + 1 M2 37 3y

£ _—3_,/=Z — — : 38
Ho 2m+2 p 20 —y)u? 1+~ (38)
The evolution and conservation equations yield
, (m+2) §2m+1)\u2 3 3y N 1
3m 2m+2 p 20—y 1+ 2(m+2)
x {94 (2m+1)*(p* — 1)}, (39)
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;o m+2 l {9+ 2m+ 1)’ (> =)} . (40)

+2)

/ 3 2m+
VBA+y /622 — (2 21)
For P1 =

EmT 1) /2(m ) ,0 ], the corresponding eigenvalues are

[ (
m+ 2 2m + 1)*
h = ( ) 3— 9 ( )
3m 4 9 2 \/6)\ 6)\2 3(2m+1) 2
(m +2) + —(Tar
L \
2m +1 3y 3y 9
— — 9+ 12 2
3 }2(1—7) 15+ " 2(m+2) {9+12(m +2)
2
3(2m+1
VB + \/w (amen)
2m+1
2
6A+ /632 — (2Cm))
(m + 2) \/ ( m+2
2 3m Vo(m +2) (2m + 1)?
52
3(2m+1)
2m +1 (2m+1)
(42)

In this case, the nature of eigenvalues indicates unstable nodes for m > 0
with all choices of v except for v = 1, —1 (Figure 3). We find both eigen-
values negative for m = —0.2 showing stable attractors. All the choices of
parameters m and ~y show decelerated expanding universe as ¢ > 0. The

summary of respective results is shown in Table 3.
/ 3(2m+1) \2
VBA— 6)\27( (m”j-2 ))

For P, = @m+1)2/2(m+2)

,0 ], the corresponding eigenvalues are
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Table 3: Stability Analysis for the Phantom Coupled System with
Q =(0m +64).

Ranges of v and m for Critical Points Stability Acceleration
Py
v>0, m>0, v#1 Unstable No
v<0, m>0, v#—1 Unstable No
v <0, m<0, m#—0.5,-2 Stable for m = —0.2 No
v>0, m<O0 Stable for m = —0.2 No
P
v>0, m>0,v#1 Unstable No
v<0, m>0, v#—1 Unstable/Saddle No
v <0, m<0, m#—0.5,-2 Saddle No
¥>0, m<O0 Saddle No
P
vy>0 m>0, v#1 Unstable/Saddle No
v <0, m>0, v# -1 Unstable/Saddle No
v<0, m<O0, m#—2 Stable Yes
v>0, m<O0 Stable Yes
given as
B (
m+ 2 2m + 1)*
TS ) (2m +1)
o 4(m+2)2 I VBA — 632 — (30
(m +2) - —\ Tz
L \
2m + 1 3y 3y o
— — + 94 12(m + 2
3 }2(1—7) 5 o)t (m+2)
2
3(2m+1)
VB — \/ 632 - (22min) )
_ : 3
2m +1 (43)
6GX — /6A2 — (3<2m+”)2
(m + 2) m+2
= ———2 12vV6(m +2)\
G B | 2V00m+2) (2m + 1)?
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2

2
3(2m+1)
, 6A—\/6A2_ (2am)

(2m+1) ’

4 2
1 9+4(m+ 2)
(44)

which corresponds to either unstable or saddle node that lies in matter dom-
inated era for all choices of different parameters. For P; = (%,O), the

eigenvalues are

 (m+2) 5 3y 2 2m+1| 3y
v 21-) | & 3 114
1 3(2m + 1)%6,
¢ gty o)) .
 (m+2) - 1 2m + )&
= T V3G — 2m +2) <9 + #)] , (46)
where
: 3(2m +3) +v(2m? — m — 10) +~+%2(2m? — bm — 25) -
oo o+ P02~ 1) re

& = 1290+ (2 = Dm+2)@m + 1) + 39 — 5y(57 + 2) + &)°,
& o= 2m’y(y+1) +m(5y° — v +6)%.

The nature of eigenvalues as well as trajectories show that point Pj is unstable
past attractor in deceleration region for m > 0 with v # 1, —1. This point
becomes a stable global attractor for negative values of m except for m =
—0.5, —2 that give undetermined eigenvalues. In this case, ¢ < 0 and wy < —1
showing accelerated expansion of the universe.

4 Coupled Tachyon Dynamics

Now we discuss phase space analysis of the universe model by taking a
tachyon coupled cosmic component. The conservation equations are

Om +3(0m+rn)H = Q, (47)
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Gy +3(0s +pp)H = —Q, (48)

where o4 = V@Q and p, = =V (o)y/1 — $2. The evolution equations yield

1-¢
2
0?2 — 9(7; + 2)1 V((b) Yol (49)
(2m +1) 1 — ¢?
5 S V(g)  Qy1-¢?
O _ _|smes VO . (50)
1— ¢ V(¢) Vi(g)o
We introduce the following dimensionless parameters
(m+2)¢ (m +2)VV 1%
=— v= , A= — ) (51)
2m + 1 V3(@2m +1)H VvV
such that the autonomous system of equations takes the form
m+2)?2 ¢
g o= mra du (52)
3m(2m +1) Ho
, o (2m+ ) Auv? _(m+ 2)V£ (53)
B 2\/§m(m +2) 3m  H?

We take inverse square potential with constant parameter A. In this case, we
consider the only coupling () = 3¢, for which Eqs.(49) and (50) give

q 2m + 1) om +1Y)°

R Mﬁ 1 (2m* NZ_L, (54)
H? 2(m +2) m+ 2 2(m +2)

) 2m +1Y)° 3UA 3
9 _ 1—<m+);ﬂ VA 35y (55)
oH m + 2 1 1+p

The effective EoS and deceleration parameters are given by
1 L Lom g 2z )1 (2t e (56)
Wepp = —1————1(12m v — -9,
11 3(m + 2) m+2) "
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1 om +1\?
= —1—-——1|(2 120241 — 2_9|. (57
¢ Xty | Bt )”\/ (m+2> a (57)

The critical points and their corresponding eigenvalues for tachyon cou-
pled field are given as follows. For P; = (0,0), we have

(m + 2)? 3
TmCm+)(1+8) P 2m o9

=

In case of tachyon coupled field, source and sink can be observed according
to the sign of eigenvalues. We investigate stability of critical points corre-
sponding to different values of m and other parameters. The cosmic portrait
includes a matter dominated epoch ultimately followed by a late accelerated
expansion phase. We find that point P, is saddle/unstable node for positive
values of m (Figure 4). This point becomes global stable node for m < 0
(m # —0.5, 5 # —1) showing accelerated expansion of the universe model as
q < 0. The summary of the obtained results is given in Table 4.

Table 4: Stability Analysis for the Tachyon Coupled System with

Q) = [oy.
Ranges of 5 and m for Critical Points Stability Acceleration

P,
6>0, m>0, 0#—1 Saddle Yes
6<0, m>0 Unstable Yes
6<0, m<0, m#-0.5 Stable Yes
6>0 m<O0 Stable Yes

Py
6>0, m>0 Unstable Yes
6<0, m>0, 8#—1 Unstable Yes
6<0, m<O0, m#-0.5 Saddle Yes
6>0 m<O0 Saddle Yes

P;
6>0 m>0 Stable Yes
6<0, m>0, g#—1 Stable Yes
B <0, m<0, m#—0.5 Saddle/Unstable Yes
>0, m<0 Saddle/Unstable Yes

21




For P, = (j:z%fp()% the eigenvalues become

B 2(m +2)? 3
T meCmi DA+ P 2w

m (59)
which correspond to unstable nodes for positive values of parameter m lying
in accelerated expanding phase of cosmos. For m < 0, we have stable global
attractors undergoing accelerated expansion of the universe. When P; =

(O, j:%f’ﬂ), the eigenvalues are given by

(m + 2)? 3
Tmem+(1+8) P m (60)

m =

In this case, the nature of eigenvalues indicate stable future attractor for
G > 0 and m > 0 which undergoes accelerated expansion of the universe as
q < 0. For B < 0and m > 0, the point Pj is stable except for § = —1. In this
case, ¢ = —1 and w.sy = —1 which indicate de Sitter phase of the universe.
It is found that the respective point corresponds to saddle/unstable nodes
for 5 <0, m <0 (m # —0.5) indicating accelerated expansion (¢ < 0). For
g >0, m <0, it also shows saddle/unstable node which corresponds to de
Sitter (¢ = —1, wess = —1) phase of cosmos.

5 Power-Law Scale Factor

In this section, we discuss the power-law behavior of the scale factor by ap-
plying some assumptions corresponding to both phantom as well as tachyon
coupled fields. In this context, we integrate Eq.(12) which leads to

: 1 20,2 2\192
@:—m[9+(2m+1) (n* —v7)]e7, (61)

where © = 3H is the expansion scalar. For © # 0, we determine power-law
scale factor whenever 9+ (2m 4 1)*(p* — v*) # 0. We find the corresponding

generic critical point by solving © = ¢ + 2 for a(t) and b(t) as

6(m+2)

pm+2) — b0 (¢ — ) THE DI, (62)

It is noticed that behavior of the term “9 + (2m + 1)*(u? — v?)” is quite
important to assess different cosmological phases. If 9 + (2m + 1)%(p* —
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v?) = 0, it gives exponential expansion of the cosmological model. Also,
9+ (2m—+1)?(u*—v?) = 0 corresponds to accelerated expansion or contraction
of the universe, respectively. Figure 5 shows different cosmological phases for
power-law scale factor, where blue and gray regions correspond to contraction
and accelerated expansion of the universe model, respectively. It is found that
the region for decelerated expansion tends to increase by increasing m. For
m < 0, there exists gray region only which shows that the universe model
undergoes accelerated expansion.
In case of tachyon coupled fluid, Eq.(54) yields

: 1 ) s om +1\° 9 )
@:——) (2m—|—1)1/\/1( )u ~2m19) ©°. (63)

6(m + 2 m+ 2 +2)

M)2M2_

For © # 0, we again evaluate power-law scale factor if (2m+1)?v? \/ 1— (3 5

m = 0. The generic critical point is found by solving © = ¢ + %b as
6(m—+2)
2
PO+ — D (g oy 2oy 1o (2wt o0 (64)

2m+1\2 9
m—|—2) H

m 2 0. In contrast to the phantom coupled matter, we find different re-
sults for tachyon coupled field. We observe that the region for decelerated
expansion decreases by increasing m while m < 0 shows contraction region
only which means that the universe model undergoes decelerated expansion
for negative values of m (Figure 6).

We explore different cosmological phases according to (2m+1)2v? \/ 1— (

6 Summary

This work is devoted to discuss phase space analysis of LRS BI universe model
by taking a coupling between scalar field models and DM. An autonomous
system of equations has been developed by defining normalized dimensionless
variables which plays a remarkable role to study the stability of dynamical
system. We have evaluated the corresponding critical points for different
values of the parameters. We have also calculated eigenvalues characterizing
these critical points and investigated the impact of m on their stability in
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Figure 5: Plots of qualitative phase space analysis for power-law scale factor
with phantom coupled matter. Blue and gray regions indicate contraction
and accelerated expansion of the universe model, respectively.
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Figure 6: Plots of qualitative phase space analysis for power-law scale factor
with tachyon coupled matter.
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the presence of phantom and tachyon fields. We summarize our results as
follows.

Firstly, we have discussed stability of the universe dominated by the cou-
pling of phantom energy and DM through their eigenvalues corresponding
to different values of m (Figures 1-3). We have considered three different
linear combinations for the coupling constant. For () = ao,,, we have found
an unstable matter dominated state undergoing decelerated expansion for
all points with m > 0 and various choices of a (Figures 1). The dynamical
analysis shows a matter dominated era ultimately followed by a late accel-
erated expansion phase of the universe. For m < 0, all the points become
stable future attractor undergoing accelerated expansion as ¢ < 0 except
the point P; which lies in decelerated expanding region. In this case, the
results for points P, and P3; do not solve the coincidence problem which is
well consistent with the results for FRW universe model [23, 35].

For () = o4, all the eigenvalues and trajectories show unstable nodes for
positive values of m which become stable for m < 0 corresponding to different
choices of a (Figure 2). These points lie in non-accelerating phase of the
universe as ¢ > 0 for all choices of parameters m and [ which may alleviate
coincidence problem as compared to [23]. For the coupling ) = (o, + ),
we have found unstable past attractor for positive values of m. When m < 0,
stable node is observed for point P; while point P, corresponds to saddle node
undergoing decelerated expansion (Figure 3). In this case, point P3 shows
stable future attractor in accelerating phase as compared to FRW universe
model [23]. It is worth mentioning here that all the critical points for the
couplings @@ = (o4 and Q = 7v(d, + d,) indicate decelerated expanding
universe except point Fj.

Secondly, we have studied stability of the universe model by taking inter-
action between tachyon field and DM. In this case, we consider ) = 34 only.
The cosmic portrait shows a matter dominated epoch ultimately followed by
a late accelerated expansion phase (Figure 4). For m > 0, we have found
unstable/saddle node for points P, and P, while point P gives stable future
attractor which undergoes an accelerated expansion. For m < 0, the point
P, corresponds to stable node showing accelerated expansion of the universe
while the remaining points give saddle/unstable node that corresponds to de
Sitter phase of the universe. We note that all the points show accelerated
expansion of the universe for tachyon coupled field. We conclude that nega-
tive values of m enhance stability of the universe model as compared to its
positive values.
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Finally, we have studied the behavior of power-law scale factor corre-
sponding to different values of m. The power-law scale factor indicates
various phases of evolution (accelerated or exponential expansion) for the
respective universe model as shown in Figures 5 and 6. For phantom cou-
pled matter, it is found that the region for decelerated expansion gets larger
by increasing m while m < 0 corresponds to accelerated expansion of cos-
mos. In case of tachyon coupled field, the contraction region decreases by
increasing m while the gray region becomes larger. Also, m < 0 shows only
blue region which corresponds to the decelerated expanding universe model.
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