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Abstract

In this thesis, we study various evolutionary aspects of relativistic collapsing systems,

thin-shell wormholes as well as cosmos by incorporating the effects of different physical

parameters. We consider both spherical and cylindrical stellar objects filled with

electromagnetic fluids and discuss their dynamical instability under radial oscillations.

The dynamical instability of homogeneous sphere as well as relativistic polytropes

is discussed by taking different values of charge in Newtonian and post Newtonian

regimes. Moreover, we evaluate the ranges of radii as well as adiabatic index for both

charged and uncharged dissipative homogeneous cylinder. It is noted that dynamical

instability occurs in the presence of charge if the gaseous mass contracts to the limiting

radius.

We discuss stability of thin-shell wormholes coupled with nonlinear electrodynam-

ics in the vicinity of different cosmological models for exotic matter. A general equa-

tion of state is considered in the form of linear perturbation which explores stability

of the respective wormhole solutions. We assume linear, logarithmic and Chaplygin

gas models to study exotic matter at thin-shell and evaluate maximum viable regions

for stability with different values of the involved parameters. We also study stability

of thin-shell wormholes in Einstein Hoffmann-Born-Infeld electrodynamics following

the same dynamical approach. It is found that the Hoffmann-Born-Infeld parameter

and electric charge enhance the stability regions.

Finally, we discuss dynamical stability of isotropic and homogenous universe model

via phase space analysis by taking a noninteracting mixture of electromagnetic and

viscous radiating fluids whose viscous pressure satisfies a nonlinear version of the

xii



xiii

Israel-Stewart transport equation. We evaluate corresponding critical points for var-

ious choices of physical parameters. It is found that bulk viscosity as well as elec-

tromagnetic field enhances the stability of accelerated expansion of the isotropic and

homogeneous cosmos. We also study phase space analysis of locally rotationally sym-

metric Bianchi type I universe model by taking different linear combinations for the

interactions between scalar field models and dark matter. This indicates a matter

dominated epoch ultimately followed by a late accelerated expansion phase. We con-

clude that all the critical points lead to accelerated expansion of the universe for

tachyon coupled field.



Abbreviations

In this thesis, the signatures of the spacetimes will be (−, +, +, +). Also, we shall

use the following list of abbreviations.

GR: General Relativity

BH: Black Hole

RN: Reissner Nordström

WH: Wormhole

pN: post-Newtonian

DE: Dark Energy

DM: Dark Matter

NLED: Nonlinear Electrodynamics

EoS: Equation of State

CG: Chaplygin Gas

GCG: Generalized Chaplygin Gas

MCG: Modified Generalized Chaplygin Gas

HBI: Hoffmann-Born-Infeld
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Introduction

Stellar evolution refers to the progressive changes of interior composition that a star

experiences from its birth to death. It radiates an extensive amount of energy in the

form of photons or neutrinos. Gravitational collapse is highly dissipative mechanism

which evolves enormous amount of binding energy of the order 1054erg. During

collapse, relativistic celestial objects may go through several dynamical phases. It is

well-known that any stellar system will be insignificant if it becomes unstable upon

perturbations. The perturbation scheme plays a pivotal role in demonstrating the

stability criteria for stellar configuration and characterizing possible consequences of

its evolution. The stability phenomenon of oscillating gaseous configurations can be

classified into two types, i.e., non-relativistic (Newtonian) and relativistic (pN) [1].

This provides a platform to evaluate ranges of deviation and level of consistency

between GR and Newton gravity.

The dynamical instability of collapsing configurations can be studied through

stiffness parameter also known as adiabatic index (Γ). Chandrasekhar [2] was the

pioneer who discussed the concept of dynamical instability of gaseous sphere by taking

perfect fluid in terms of Γ at Newtonian and pN limits. He followed Eulerian approach

for linearized perturbed hydrodynamic equations. He also studied dynamical stability

of spherical collapsing system by taking radial and non-radial fluctuations [3]. Herrera

1
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et al. [4] extended the analysis of Chandrasekhar with new mathematical approach

to examine dynamical instability of spherical system and concluded that instability

range increases in Newtonian regime but decreases in pN regime. Chan et al. [5]

found that the effect of shearing viscosity is to decrease instability of spherical star

in both Newtonian and relativistic regimes.

The dynamical instability of astrophysical objects in the presence of electromag-

netic field has a primal history starting with Rosseland [6]. A general consensus

about stellar bodies exhibits that the system does not occupy charge in huge amount

[7] but there are some phenomena which induce immense amount of electric charge.

Stettner [8] discussed the role of surface charge in increasing stability of spherical

system. Glazer [9] studied dynamical stability of charged gaseous sphere under ra-

dial pulsations. Zhang et al. [10] computed the Oppenhiemer-Volkoff equations and

found that charge does not influence the critical mass. Ghezzi [11] found that neutron

stars with a charge larger than the extreme value will blow up. Thirukkanesh and

Maharaj [12] argued that charged spherical solutions may define realistic compact

spheres. Pinheiro and Chan [13] studied dynamical aspects of charged dissipating

sphere incorporating enormous amount of electric charge whose implosion yields RN

BH.

It is well-known that galaxies can be categorized according to their shape like

spiral, barred spiral, elliptic and irregular galaxies. The deviation of stellar struc-

ture from spherical to other symmetries is an incidental characteristic which reveals

significant mathematical results about self-gravitating objects. The implementation

of cylindrical configurations to study various astrophysical phenomena has attracted

many astronomers. Thorne [14] defined energy for the systems that are invariant
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under rotations and translations along a symmetry axis known as locally measurable

“cylindrical energy” or “C-energy”. He also found that magnetic field may halt grav-

itational collapse of cylinder to form a singularity [15]. Nakao and Morisawa [16]

discussed cylindrical gravitational collapse in the context of perfect fluid.

There is a large body of literature on the study of cylindrical gravitational col-

lapse with and without electromagnetic field [17]. Chandrasekhar and Fermi [18]

investigated stability of cylinder filled with incompressible and homogenous fluid in

the presence of magnetic field. Sharif and Azam [19] explored the stability conditions

for charged dissipative collapsing cylinder and found that Γ has smaller value for the

respective fluid as compared to the isotropic sphere. Sharif and Bhatti [20] exam-

ined dynamical instability of anisotropic collapsing cylinder by taking expansion-free

model and concluded that electric charge controls stability of the model.

Polytropic models are the generalization of classical Lane-Emden equation ob-

tained from the hydrostatic equilibrium equation. Tooper [21] studied internal struc-

ture of spherically symmetric spacetime by taking polytropic EoS and computed solu-

tion of Lane-Emden equation for Newtonian polytropes. Abramowicz [22] developed

general form of the Lane-Emden equation for higher-dimensional spherical, cylin-

drical and planar geometries. The dynamics of polytropic compact stars is studied

under the influence of electromagnetic field [23]. Herrera and Barreto [24] discussed

physical characteristics for both Newtonian and relativistic polytropes in spherical

background. Breysse et al. [25] investigated instability conditions for cylindrical

polytropic models under radial and non-radial fluctuations.

Thin-shell WHs belong to one of the WH classes in which exotic matter is re-

stricted at the shell. To ensure that an observer does not encounter the non-physical
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zone of BH, a thin-shell strengthens the WH provided that it possesses an exotic

matter for its maintenance against gravitational collapse. The physical viability of

thin-shell WHs is a challenging issue due to unavoidable amount of exotic matter

that is a necessary ingredient for the existence of WHs. The presence of this mat-

ter makes the system to violate null energy condition which needs to be minimized.

Visser [26] suggested that this can be done by choosing some appropriate WH geome-

tries. Visser et al. [27] illustrated an efficient technique of cut and paste to construct

spherically symmetric thin-shell WHs which makes infinitesimally small usage of the

exotic matter by restricting it at the edges of throat.

The stability of thin-shell WHs can be studied either by taking perturbations

around a static solution or by assuming EoS identifying exotic matter at the WH

throat. In this scenario, many surveys have been done to construct thin-shell WHs

by applying Visser’s cut and paste method and investigated their stability. Kim and

Lee [28] found that electromagnetic field has significant impact on stability of thin-

shell WHs. Eiroa and Romero [29] generalized this analysis for Reissner-Nordström

thin-shell WHs whose stability increases by increasing electric charge. Lobo [30]

studied this analysis for spherical WH configurations with the inclusion of cosmolog-

ical constant (Λ). Sharif and Azam [31] explored both stable and unstable spherical

thin-shell WH solutions.

The presence of singularity is one of the most peculiar problems in GR. A com-

prehensive insight of BH demands singularity-free solutions known as regular BHs.

Bardeen [32] was the pioneer who proposed a regular BH with particular mass to

charge ratio. Ayon-Beato and Garcia [33] proposed another regular BH termed as
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ABG BH characterized by its mass and electric charge. Later, Bronnikov [34] pre-

sented similar kind of massive regular BH coupled with NLED known as ABGB BH

which behaves as ordinary RN BH. Hayward [35] suggested a similar class of regular

BH which can be converted to de Sitter and Schwarzschild spacetimes as r → 0 and

r → ∞, respectively. The stability problem of thin-shell WHs from regular BH has

aspired many researchers. Rahaman et al. [36] found stable thin-shell WHs from

charged regular BH coupled with NLED. Sharif and Azam [37] studied stability of

regular ABG thin-shell WHs and found stable solutions with and without Λ. Halilsoy

et al. [38] examined stability conditions for regular Hayward thin-shell WHs in the

vicinity of linear, logarithmic and CG models. Sharif and Javed [39] explored stable

Bardeen thin-shell WHs by taking different cosmic models for specific values of EoS

parameter.

Nonlinear electrodynamics is the generalization of Maxwell theory which is as-

sumed to be the most appropriate theory to remove initial singularities. Born and

Infeld [40] introduced the most distinguished constituent of viable NLED to overcome

the singularity problem upto some extent. Hoffmann [41] defined gravitational field of

a charged spherical solution by coupling GR with Born-Infeld electrodynamics which

corresponds to a BH. In this context, Eiroa and Aguirre [42] investigated stability of

spherical thin-shell WHs in Born-Infeld theory by taking GCG. Sharif and Azam [43]

found that stability of WH configurations tends to increase by increasing values of

Born-Infeld parameter in the vicinity of MGCG.

The concept of scalar field, with EoS parameter other than −1, has played a

remarkable role in cosmic evolution due to its progressive implementation in various

cosmological problems like cosmic acceleration and cosmic coincidence problem. The
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scalar field models may also predict the early inflationary cosmic era. We can choose

scalar field models (in particular, phantom and tachyon) as a dynamical DE candidate

interacting with DM by interchanging their energy which may solve the coincidence

problem. The universe model undergoes accelerated expansion as the tachyon field

rolls down [44]. Gibbons [45] discussed cosmological influence of the tachyon rolling

down to its ground phase. A tachyonic matter may yield inflation at early era and

ultimately some new form of DM at late times [46]. The interaction of DE (phantom

or tachyon) and DM describes energy flow such that no component remains conserved

separately. The interaction between the components may alleviate the coincidence

problem [47].

The stability of different universe models via phase space helps to comprehend

various patterns of their evolution. Guo et al. [48] analyzed phase space analysis

of interacting phantom energy with DM. Garcia-Salcedo [49] examined the stability

of FRW universe with the influence of NLED. Yang and Gao [50] discussed phase

space analysis for k-essence cosmology and found that stable critical points have

intense contribution in demonstrating the cosmic evolution. Acquaviva and Beesham

[51] discussed the role of nonlinear bulk viscosity on the stability of current cosmic

expansion of FRW model. Shahalam et al. [52] studied dynamical analysis of coupled

phantom and tachyon fields by taking linear combinations of the coupling for FRW

universe model.

Bianchi universe models have widely been studied in literature to discuss expected

primordial anisotropy and some large angle anomalies observed by CMBR which leads

to the contravention of statistical isotropy of the universe [53]. Coley and Dunn [54]

followed phase space approach to explore behavior of Bianchi type V model containing
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a viscous fluid. Burd and Coley [55] investigated the effects of shear as well as bulk

viscosity on the stability of Bianchi universe models. Goliath and Ellis [56] discussed

dynamical evolution of Bianchi universe model via phase space by including Λ. Sharif

and Waheed [57] studied phase space analysis of locally rotationally symmetric (LRS)

BI universe for chameleon scalar field in Brans-Dicke gravity. Chaubey and Raushan

[58] studied phase space analysis of LRS BI model in the presence of scalar field.

This thesis is devoted to study the dynamical stability of celestial objects as well

as evolution of the universe models with the influence of various physical quantities.

We investigate stability of thin-shell WH solutions against linear perturbation in the

vicinity of different cosmological models. We also discuss phase space analysis of

cosmic models coupled with NLED and scalar field models. The thesis is organized

as follows.

• Chapter One provides some basic concepts and definitions related to this thesis.

• Chapter Two deals with dynamical instability of charged gaseous sphere by

following Eulerian and Lagrangian perturbation approaches. We also discuss

stability of charged dissipative cylinder under radial oscillations.

• Chapter Three investigates stability of regular thin-shell WHs coupled with

NLED and stable WH solutions in Einstein HBI electrodynamics.

• In chapter Four, we analyze stability of of isotropic and homogenous universe

model in NLED via phase space analysis. The stability of anistropic universe

model is also discussed by taking phantom and tachyon coupled fields.

• Finally, we provide summary of all the obtained results and outline some future

lines of action for research in chapter Five .



Chapter 1

Overview

In this chapter, we furnish some basic concepts and terminologies required to under-

stand this thesis. The signatures of the spacetimes will be (−, +, +, +) throughout

the thesis.

1.1 Dynamical Instability of Oscillating Systems

The process which interconnects all the particles of any system through combined

gravitational force is known as self-gravitation. It plays an important role in char-

acterizing possible trends of cosmic expansion (decelerating or accelerating). Stars,

stellar clusters and galaxies without self-gravitation may expand or finally disappear.

The dynamical evolution of self-gravitating structures has remarkable significance

in astrophysics which describes how the stellar bodies change with time. Initially,

any stable system remains in state of hydrostatic equilibrium unless its own gravity

overcomes the outward pointing forces which causes a continuous diminishing of star

leading to gravitational collapse. The collapsing system contracts to a point under

the influence of its own gravity leading to the overwhelm structures like white dwarfs

(mass< 1.44M¯), neutron stars (1.5M¯ − 3.2M¯) or BHs (mass> 3.2M¯), where

8
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M¯ is the mass of the Sun. Gravitational collapse of massive objects having range

106M¯− 108M¯ gives rise to the emergence of spacetime singularities in cosmos [59].

The mystery about the eventual outcome of gravitational collapse has remained unre-

solved. It has been suggested through various substantial attempts that the ultimate

destiny of the gravitational collapse would be BH or naked singularity depending on

the nature of initial data of collapse.

It has always been interesting to explore what happens when the phase of equi-

librium of self-gravitating system is disturbed? Oscillations of stellar interiors as well

as BHs are one of the primal issues in relativistic gravitational physics. These oscil-

lations are produced on perturbing a stellar system from its equilibrium phase which

reverts back to its original state under a restoration force. The oscillating system will

be dynamically stable if these disturbances gradually vanish and the system reattains

its initial position. For unstable case, the perturbation tends to increase such that

the oscillating system departs from its original position and never comes back [60]. If

the collapsing system accomplishes its hydrostatic equilibrium after perturbation, it

becomes stable otherwise, it will be dynamically unstable.

There are different approaches for the stability analysis of general relativistic bod-

ies. Numerical techniques can be used to comprehend the behavior of field equations

when exact solutions cannot be found. However, these numerical results become am-

biguous due to the presence of various parameters which could not describe the criteria

of dynamical instability where particular ranges are required. In order to explore in-

triguing consequences, these systems are modeled through linearized perturbations

which are more appropriate than numerical techniques. Chandrasekhar’s pioneer
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work indicates Eulerian and Lagrangian approaches for linearized perturbed hydro-

dynamic equations [2]. It was found that the stellar system would be dynamically

stable or unstable according to some numerical value of adiabatic index. There have

been many extensions of Chandrasekhar’s approach with adiabatic and non-adiabatic

fluids. An adiabatic index describes the fractional rate between pressure and energy

density in matter distribution whose value estimates the instability criteria.

It is found that stability criterion of any system, initially in hydrostatic equilib-

rium, can be studied by linearizing field as well as conservation equations through

radial perturbation. The dynamical variables are perturbed with time dependent

small infinitesimal perturbation in such a way that the system starts oscillating with

some frequency. According to linear stability criterion of the dynamical system, the

perturbed equation of motion comprises eigenvalues corresponding to the oscillations

frequency [60]. In such scenario, the stability of perturbed system depends upon the

nature of frequency. The dynamical configuration will be stable (respectively, unsta-

ble) for real (respectively, imaginary) values of frequency of the model. The system

with zero frequency becomes marginally stable (neither stable nor unstable), i.e., the

configuration will expand or contract with analogous characteristics.

The dynamical study of massive stars can be carried out in weak as well as strong-

field limits. The analysis becomes ambiguous in strong-field regimes due to nonlin-

earity, hence the weak-field approximations will be effective to find physically inter-

esting results. Linearized gravity is an example of such approximation technique in

which useful approximate consequences are achieved by neglecting nonlinearity from

spacetime metric. This approximation yields linearized equations that lead to weak

gravitational field. In this perspective, Newtonian and pN limits are other weak-field
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approximations of gravitational theory where metric coefficients and field equations

are approximated in inverse power of c (speed of light). The idea of weak-field ap-

proximation (Newtonian and pN) [1] has remarkable significance in relativistic hy-

drodynamics. This yields a platform to manifest orders of deviations from Newton’s

gravitational law.

Post-Newtonian approximations have become a fundamental paradigm to verify

the predictions of different theories. They are expanded in small parameters which can

be applied to evaluate an approximate solution of the field equations. The Newtonian

and pN approximations demonstrate the ranges of small perturbation of any system

with homogenous and isotropic background. It is worth mentioning here that the

consequences of any relativistic theory must be well consistent with Newtonian theory

in the non-relativistic limits.

1.2 Junction Conditions

Junction conditions give the matching of two spacetime regions (interior and exterior)

partitioned by a hypersurface Σ and explain whether the unification of these two

metrics form a viable solution to the field equations or not. They are often employed

to analyze the boundary of collapsing system, dynamics of thin-shells as well as

gravitational waves. These are of two types.

1.2.1 Darmois Junction Conditions

The smooth matching of two spacetime regions via junction conditions implies the

continuity of the induced metric and the extrinsic curvature on both sides of the
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hypersurface which yields Darmois junction conditions [64] given as follows.

1. The continuity of spacetimes over Σ gives

(ds2)Σ = (ds2
−)Σ = (ds2

+)Σ, (1.2.1)

where (ds2)Σ is the induced metric over Σ and (ds2
−)Σ, (ds2

+)Σ indicate the

interior and exterior line elements, respectively. This can also be termed as the

continuity of the first fundamental form.

2. The continuity of the extrinsic curvature over Σ yields

[Kab] = K+
ab −K−

ab = 0, (1.2.2)

also called continuity of the second fundamental form. Here Kij is the extrinsic

curvature defined by

K±
ab = −n±α

(
∂2xα

±
∂ξa∂ξb

+ Γα
µν

∂xµ
±∂xν

±
∂ξa∂ξb

)

)
, (a, b = 0, 2, 3), (1.2.3)

where n±α are the unit normal vectors in the direction orthogonal to the hyper-

surface while ξa and xµ
± represent the coordinates on Σ and the manifold M,

respectively. The unit normal vector to the hypersurface is given by

nα =
εφ,α

|gµνφ,µφ,ν | 12
. (1.2.4)

1.2.2 Israel Junction Conditions

The existence of matter at the boundary surface yields discontinuity in the extrinsic

curvature directed along the normal, i.e., [Kab] = κab, hence the Darmois junction

conditions fail. This phenomenon corresponds to Israel thin-shell formalism [65] which
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requires continuity of the line elements while the second condition gives the extrinsic

curvature discontinuity as follows

[Kab] = K+
ab −K−

ab = κab. (1.2.5)

The Israel formalism requires the normal vectors directed from interior to exterior.

The dynamical analysis of matter at hypersurface is carried out by employing the

Lanczos equations at Σ given by

Sab =
1

8π
{gabK − [Kab]}. (1.2.6)

This condition provides a correspondence between the surface energy-momentum ten-

sor Sab and the extrinsic curvature discontinuity.

1.3 Thin-Shell Wormholes

One of the most captivating attributes of GR is the manifestation of hypothetical

geometries having topological structure. Misner and Wheeler [61] defined these in-

triguing characteristics as solutions of the Einstein field equations known as worm-

holes. A WH is a theoretical passage through spacetime which is supposed to connect

remote regions of the universe by reducing traveling time as well as distance. Besides

the lack of some observational evidences, a WH is interpreted as an eternal BH. The

Einstein-Rosen bridge is the best fitted example [62], in which WH throat implodes

leading to the presence of singularity. A particle passing through this WH will reach

the singularity at r = 0 rather than the other end. The following aspects are suggested

to be responsible in the composition of non-traversable WHs.

• The tidal gravitational forces present at the WH throat would drag off any

observer trying to travel through it.
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• This WH is not static as its throat expands from zero and then collapses re-

versely to its initial state rapidly. This rapid expansion or contraction of throat

does not allow anything to pass through it.

• This WH possesses a BH (horizon) at one side and a white hole (antihorizon)

at the other side. This antihorizon is unstable under small disturbances which

changes to a horizon leading to the collapse of WH throat.

Physicists have been excited by the proposal of Morris and Thorne for traversable

WH configuration comprising two asymptotically flat regions connected by a throat

[63]. These WH solutions are characterized by an exotic matter with negative energy

density that helps to keep its throat open, which in turn, produces repulsion against

collapse. The most prominent feature of these WHs is the lack of event horizon which

permits an observer to traverse freely through its flat faces. A BH solution can be

converted into WH with the addition of exotic matter. A thin-shell is generated by

this exotic matter in the stable WH configuration which identifies positive pressure

and negative energy density. The positive surface pressure rules out the collapse of

WH throat while the negative energy density assures the existence of horizon outside

WH throat which enables a two way communication between two regions of the

universe.

For the physical viability of thin-shell WHs, the presence of this matter plays

an essential role to stabilize WH and makes it traversable. The quantity of exotic

matter supporting the WH throat must be reduced for physical viability of WH con-

figurations. Visser [26] proposed an elegant method which could make infinitesimally

small contribution of the unavoidable amount of exotic matter such that a traveler

encountering the WH does not observe any tidal force. Figure 1.1 shows a thin-shell
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Figure 1.1: Thin-shell WH connecting two different regions.

WH constructed through cut and paste technique.

1.4 Some Mysterious Components of the Universe

Some mysterious exotic source of unusual anti-gravitational force is supposed to be

responsible for the current cosmic expansion known as DE. It is an exotic energy

constituent having large negative pressure (pushing galaxies apart from each other)

which dominates over the matter content of cosmos. There are various alternative

dynamical models like quintessence [66], phantom model [67] and tachyon field [68]

which predict cosmic expansion. The generalization of simple barotropic EoS to

more exotic forms like CG and its modification also correspond to DE candidates.

The relevance of these models is an interesting subject in the dynamical investigation

of thin-shell WHs as well as cosmos.

In the following, we discuss some of these interesting candidates briefly.
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(i) Scalar Field Proposals

Scalar field is basically defined as a function that associates each point of the spacetime

manifold with a scalar value (either a number or physical quantity). The physical

background of scalar field models could be found through particle physics as well as

string theory. This material with unusual characteristics can be speculated as the

most appropriate candidate to develop a dynamical framework which is composed of

kinetic and potential terms coupled to gravity. In cosmic history, various DE models

have been developed on the basis of scalar field.

We briefly discuss some of the scalar field models such as quintessence, phantom

and tachyon.

• Quintessence

This is a hypothetical candidate of DE which can be acquired by including

potential term in the Lagrangian of scalar field defined by

L =
1

2
∂µφ∂µφ− V (φ), (1.4.1)

where φ is the scalar field and V (φ) corresponds to the scalar field potential.

It is a dynamical model with varying EoS parameter whose evolution is only

dominated by the nature of field potential. The energy density and pressure

depending upon a time-varying scalar field are given by

σQ =
1

2
φ̇2 + V (φ), pQ =

1

2
φ̇2 − V (φ). (1.4.2)

This model describes current cosmic expansion by generating negative pressure

when potential dominates the kinetic term.

• Phantom

Phantom model is the simplest description of DE that interprets the future
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accelerated expansion of cosmos by the inclusion of negative sign for the kinetic

energy term [67]. The corresponding Lagrangian is defined by

L = −1

2
∂µφ∂µφ− V (φ). (1.4.3)

A phantom field may arise from string theory [70] or due to bulk viscous stress

in particle production [71]. It contains both kinetic and potential field terms

with positive energy density and negative pressure

σP = −1

2
φ̇2 + V (φ), pP = −1

2
φ̇2 − V (φ), (1.4.4)

which corresponds to the EoS parameter −1 and violates the energy conditions.

The energy density increases and becomes infinite with the passage of time

which causes gravitational repulsion between galaxies.

• Tachyon Field

Tachyon fields are the scalar field candidates of DE that play a prominent role

to explain initial as well as late cosmic scenarios [68]. The corresponding energy

density and pressure are given by

σT =
V (φ)√
1− φ̇2

, pT = −V (φ)

√
1− φ̇2. (1.4.5)

In contrast to quintessence model (where we compare the squared scalar field

term derivative with the field potential), this model can be compared with the

unity. In this scenario, EoS parameter is smoothly interpolated between −1

and 0 for which φ̇2 < 1 must be satisfied.
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(ii) Chaplygin Gas Models

Chaplygin gas is a speculative substance to explore the DE ambiguity which satisfies

an exotic EoS. The unification of dark sector of cosmos is a burning issue in cosmo-

logical framework. Chaplygin gas has the characteristic to behave as both DM and

DE in a unified form [72]. It describes the early as well as late paradigms of cosmic

expansion which is governed by the following EoS

p = − e

σ
, (1.4.6)

where e is a positive constant while σ, p are the surface energy density and pressure,

respectively. Chaplygin gas model behaves like a dust fluid in the initial phases but

eventually acts like Λ. This candidate of DE does not require the presence of potential

that let it free from all enigmas arising from the fine-tuning of free parameters. Several

attempts have been done to propose various generalizations of CG with the inclusion

of some new parameters.

• Generalized Chaplygin Gas

The well-known extension of CG is GCG [73] defined by the EoS

p = − e

σγ
, (1.4.7)

where 0 < γ ≤ 1. Bento et al. [74] argued that GCG allows the unified

description of DM and DE. This model coupled with dust at high energy density

is consistent with recent observational data [75].

• Modified Generalized Chaplygin Gas

Benaoum [76] extended GCG to MGCG defined by

p = dσ − e

σγ
, (1.4.8)
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where d is a positive constant. One can recover EoS for CG and GCG for

different choices of parameters d, e and γ. The GCG possesses an interesting

aspect to act as both DM as well as DE [77].

(iii) Viscous Force

The concept of viscous force comes from fluid dynamics where it is computed by

the velocity gradient and can be categorized into bulk as well as shear viscosity. In

cosmology, shear viscosity arises from the notion of spacetime anisotropy. The bulk

viscosity refers to the measure of pressure required to restore an equilibrium state

when cosmic expansion of any fluid occurs in an expanding universe scenario. It

plays an important role to stabilize the density evolution and overcomes the rapid

changes in cosmos. It promotes negative energy field in the fluid and hence can play

the role of DE to describe the dynamics of cosmos. It is argued that a bulk viscous

fluid is capable to cause an accelerated expansion of cosmos [78].

1.5 Phase Space Analysis

A phase space describes all possible states (position and momentum) associated with

each point of the system. This provides dynamical behavior of a cosmological model

by minimizing complexity of the equations. Phase portrait is basically a graphical

demonstration of all solutions which incorporates the illustrative trajectories. This

investigates the influence of initial data on stability of any system by checking whether

the system remains stable for a long time [79].

The following algorithm has been adopted in literature to explore stability of
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critical points for any set of field equations.

• Convert the dynamical system of equations to the autonomous system by using

dimensionless variables.

• Evaluate critical points by solving the autonomous system of equations to study

stability of cosmos.

• Calculate the eigenvalues of the Jacobi matrix which can characterize these

critical points. The phase portraits of these critical point can be categorized

according to the nature of eigenvalues of the linearly perturbed system.

• The fixed points can be classified into two types: hyperbolic points (eigenvalues

having non-zero real parts) and non-hyperbolic points (the eigenvalues having

only imaginary parts).

• The hyperbolic points can further be categorized into three types: source (oscil-

latory), sink (attractor) or saddle point. The fixed point is called a source (re-

spectively, a sink) if both eigenvalues consist of positive (respectively negative)

real parts. The real parts of the eigenvalues having opposite signs correspond

to a saddle point of the system. For a given system, both oscillator and saddle

points behave as unstable points while only attractors are stable points of that

system. However, we cannot provide any information about the stability of the

non-hyperbolic fixed points.



Chapter 2

Dynamical Instability of Charged
Spherical and Cylindrical Gaseous
Systems

This chapter explores the instability criteria for charged gaseous self-gravitating sys-

tems. In this context, we consider both spherically as well as cylindrically symmetric

metrics filled with electromagnetic fluids and discuss their dynamical instability un-

der radial oscillations. We follow the Eulerian and Lagrangian approaches to evaluate

linearized perturbed equation of motion. The criteria for dynamical instability of ho-

mogeneous sphere as well as relativistic polytropes with different values of charge in

Newtonian and pN regimes is evaluated. For cylindrical collapsing system, we com-

pute the ranges of radii and adiabatic index for both charged as well as uncharged

cases in Newtonian and pN limits with the effect of dissipation.

This chapter is divided into two sections. In section 2.1, we provide a detailed

description of charged spherically symmetric fluid models through dynamical equa-

tions. The results of this section have been published [80]. Section 2.2 investigates

dynamical instability of charged dissipative gaseous cylinder whose results have been

published [81].

21
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2.1 Charged Spherical Gaseous Models

In this section, we study the role of electric charge on dynamical instability of gaseous

sphere as well as relativistic polytropes under radial oscillations approaching the RN

limit.

2.1.1 Field Equations and Matter Configuration

We consider a spherical system in the interior region defined by the line element

ds2 = −eνdt2 + eλdr2 + r2(dθ2 + sin2 θdφ2), (2.1.1)

where ν = ν(t, r) and λ = λ(t, r) are the gravitational potentials. The corresponding

field equations can be written as

−8πG

c4
T 0

0 =
1

r2
− 1

r2

∂

∂r
(re−λ), (2.1.2)

−8πG

c4
T 1

1 =
1

r2
− e−λ(

1

r2
+

1

r

∂ν

∂r
), (2.1.3)

8πG

c4
T 1

0 = λ̇
e−λ

r
, (2.1.4)

where dot denotes derivative with respect to time. We assume the energy-momentum

tensor corresponding to charged perfect fluid in the form

T i
j = (σ + p)uiuj + pδi

j +
1

4π
[FjkF

ik − 1

4
δi
jFklF

kl], (2.1.5)

where ui = dxi

ds
is the four velocity. The electromagnetic field tensor Fij can be defined

in terms of four potential, Fij = Φj;i−Φi;j, which satisfies the Maxwell field equations

F ij
;j = 4πJ i, F[ij,k] = 0,
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where J i is the four current. The only non-vanishing radial component of electro-

magnetic field tensor (F 01 = −F 10) implies that

d
(
r2e(λ+ν)/2F 01

)

dr
= 4πr2eλ/2ρ,

whose integration yields

F 01 =
e−(λ+ν)/2Q(t, r)

r2
,

where Q(t, r) = 4π
∫ r

0
r2ρeλ/2dr is the total amount of charge within the sphere.

The energy-momentum tensor follows the conservation identity, which governs

hydrodynamics of the fluid and leads to the following relations

∂T 0
0

∂t
+

∂T 0
1

∂r
+

1

2

(
4

r
+

∂

∂r
(λ + ν)

)
T 1

0 +
1

2

(
T 0

0 − T 1
1

) ∂λ

∂t
= 0, (2.1.6)

∂T 0
1

∂t
+

∂T 1
1

∂r
+

1

2

(
T 1

1 − T 0
0

) ∂ν

∂r
− 2

r

(
p− T 1

1

)
+

1

2
T 0

1

∂

∂t
(λ + ν) = 0, (2.1.7)

where T 1
0 = −eν−λT 0

1 . The non-zero components of energy-momentum tensor are

T 0
0 = −σ − Q2

8πr4
, T 1

1 = p− Q2

8πr4
, T 2

2 = T 3
3 = p +

Q2

8πr4
.

All the quantities governing the motion remain independent of time during the state of

hydrostatic equilibrium. The surface stresses describing equilibrium state are denoted

by zero subscript. In this context, Eqs.(2.1.2), (2.1.3) and (2.1.7) take the form

d

dr
(re−λ0) = 1− 8πGr2

c4
σ0 − GQ2

c4r2
, (2.1.8)

1

r
e−λ0

dν0

dr
=

1

r2
(1− e−λ0) +

8πGp0

c4
− GQ2

c4r4
, (2.1.9)

dp0

dr
=

1

2

dν0

dr
(p0 + σ0) +

1

8π

d

dr

(
Q2

r4

)
+

Q2

4πr5
. (2.1.10)

Following Eqs.(2.1.2) and (2.1.3), we also have a useful relation

e−λ0

r

d

dr
(λ0 + ν0) = (p0 + σ0)

8πG

c4
. (2.1.11)
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We take RN spacetime in the exterior region as

ds2 = −
(

1− 2GM

rc2
+

GQ2

r2c4

)
dt2 +

(
1− 2GM

rc2
+

GQ2

r2c4

)−1

dr2

+ r2(dθ2 + sin2 θdφ2), (2.1.12)

where M corresponds to the total mass of the sphere. The hydrostatic equilibrium

describes the state of fluid in which pressure gradient force is balanced by the gravita-

tional force. When one of these forces overcome the other, the stability of the system

is disturbed leading to an unstable system. The equation describing hydrostatic equi-

librium is obtained by eliminating ν0 from Eqs.(2.1.9) and (2.1.10) as

(
1− 2GMr

rc2
+

GQ2

r2c4

)
dp0

dr
= − 1

c2

(
GMr

r2
− GQ2

r3c2
+

4πG

c2
pr

)

×(p0 + σ0) +
1

4π

(
1− 2GMr

rc2
+

GQ2

r2c4

)(
Q2

r5
+

1

2

d

dr

(
Q2

r5

))
, (2.1.13)

where the left and right hand sides correspond to pressure gradient and gravitational

terms, respectively and

Mr =
4πG

c4

∫ r

0

σ0r
2dr +

G

2c4

∫ r

0

Q2

r2
dr, (2.1.14)

is the Misner-Sharp mass function.

2.1.2 Equations Governing Radial Oscillations

Here we discuss the motion of gaseous masses undergoing radial oscillations. The

non-zero components of four velocity are given by

u0 = e−
ν0
2 , u0 = −e

ν0
2 , u1 = ve−

ν0
2 , u1 = ve

λ0−ν0
2 , (2.1.15)

where v = dr
dt

is the radial velocity component. The stability of any gaseous mass

under perturbation ultimately gives rise to the dynamical evolution of gravitating
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system. We assume that an equilibrium configuration is perturbed such that it does

not affect the spherical symmetry. We consider only linear terms so that the respective

values in the perturbed state become

λ = λ0 + δλ, ν = ν0 + δν, p = p0 + δp, σ = σ0 + δσ, Q = Q0 + δQ. (2.1.16)

We follow the Eulerian approach [3] for perturbations such that the corresponding

linearized forms (governing the radial perturbations) through Eqs.(2.1.8) and (2.1.9)

are

∂

∂r
(re−λ0δλ) =

2G

c4

(
4πr2δσ − Q0δQ

r2

)
, (2.1.17)

e−λ0

r

[
∂

∂r
δν − δλ

dν0

dr

]
=

1

r2
e−λ0δλ +

8πG

c4
δp− 2GQ0δQ

c4r4
, (2.1.18)

here δλ, δν, δσ, δp and δQ represent the Eulerian changes. Equations (2.1.4) and

(2.1.7) can be written appropriately in linearized forms as

e−λ0

r

∂

∂t
δλ = −4πG

c4

(
2(p0 + σ0)v − Q0δQ

r4

)
, (2.1.19)

(p0 + σ0)e
λ0−ν0

∂v

∂t
+

∂

∂r
δp +

1

2
(p0 + σ0)

∂

∂r
δν

+
1

2
(δp + δσ)

dν0

dr
+

1

8π

Q0δQ

r4
− 1

4π

∂

∂r

[
Q0δQ

r4

]
= 0. (2.1.20)

Let us introduce a Lagrangian displacement “η” such that v = ∂η
∂t

. Integration of

Eq.(2.1.19) leads to

e−λ0

r
δλ = −8πG

c4
(p0 + σ0)η +

4πGQ0

c4r4

∫
δQdt. (2.1.21)

Using Eq.(2.1.11), this equation takes the form

δλ = − d

dr
(λ0 + ν0)η +

4πGQ0e
λ0

c4r3

∫
δQdt. (2.1.22)
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Solving Eq.(2.1.17) and (2.1.32), it follows that

δσ =
1

r2

∂

∂r

[
−r2(σ0 + p0)η +

Q2

2r4

∫
δQdt

]
+

Q0

4πr4
δQ, (2.1.23)

which yields

δσ = −η
dp0

dr
− η

dσ0

dr
− 1

r2
(p0 + σ0)

∂

∂r
(ηr2) +

1

r2

∂

∂r

[
Q0

2r4

∫
δQdt

]

+
Q0

4πr4
δQ. (2.1.24)

Using Eq.(2.1.10), we have

δσ = −η
dσ0

dr
− eν0/2

r2
(p0 + σ0)

∂

∂r

[
ηr2e−ν0/2

]− η

8π

d

dr

[
Q2

r4

]

+
1

r2

∂

∂r

[
Q0

2r4

∫
δQdt

]
+

Q0

4πr4
δQ. (2.1.25)

Substituting δλ from Eq.(2.1.21) in (2.1.18), we obtain

e−λ0

r

∂

∂r
δν =

[
(p0 + σ0)

(
1

r
+

dν0

dr

)
η + δp

]
8πG

c4

+
4πGQ0

c4r4

[
dν0

dr
− η

r

] ∫
δQdt− 2GQ0

c4r4
δQ, (2.1.26)

which in accordance of Eq.(2.1.11) leads to

(p0 + σ0)
∂

∂r
δν =

d

dr
(λ0 + ν0)

{[
δp− (p0 + σ0)

(
1

r
+

dν0

dr

)
η

]

+
Q0

2r4

[
dν0

dr
− η

r

] ∫
δQdt− Q0

4πr4
δQ

}
. (2.1.27)

Now we assume perturbations have time dependence of the form ei%t, where % is the

characteristic frequency to be evaluated. The Lagrangian displacement η connects the

fluid elements in equilibrium with corresponding one in the perturbed configuration.

Since the equations have natural modes of oscillations, so they will depend on time.
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Considering δλ, δν, δp, δσ and δQ as time dependent amplitudes of the respective

quantities, Eq.(2.1.20) with (2.1.27) can be rewritten as

%2eλ0−ν0(p0 + σ0)η = δp
d

dr

(
ν0 +

1

2
λ0

)
+

d

dr
δp +

1

2
δσ

dν0

dr
− 1

2
(p0 + σ0)

×
(

dν0

dr
+

dλ0

dr

)(
1

r
+

dν0

dr

)
η +

Q0

8πr4

d

dr
(λ0 + ν0)

×
{

2π

(
dν0

dr
− η

r

) ∫
δQdt− δQ

}
+

1

4π

{
Q0δQ

2r4

− d

dr

(
Q0δQ

r4

)}
. (2.1.28)

2.1.3 The Conservation of Baryon Number

The study of perturbed pressure in terms of Lagrangian displacement requires an

additional assumption through which one can discuss physical aspects of gaseous mass

undergoing adiabatic radial oscillations. In this context, the required supplementary

condition can be justified by conservation of baryon number in the framework of GR

as (Ñuj);j = 0, or

∂

∂xj
(Ñuj) + Ñuj ∂

∂xj
ln
√−g = 0, (2.1.29)

where Ñ is the baryon number per unit volume. The conservation of baryon number

plays a vital role in collecting different models of the universe. According to this law,

the total number of particles will remain conserved during the fluid flow. This change

occurs due to loss or gain of net fluxes. Here we consider a fluid obeying this identity.

Equation (2.1.29) through (2.1.15) leads to

∂

∂t
(Ñe−ν0/2) +

∂

∂r
(Ñve−ν0/2) + Ñve−ν0/2 ∂

∂r

(
2

r
+

1

2
[ν + λ]

)

+
Ñ

2
e−ν0/2 ∂

∂t
(ν + λ) = 0. (2.1.30)
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We assume a perturbation of the form

Ñ = Ñ0(r) + δÑ(r, t). (2.1.31)

Keeping only the linear terms in v, Eq.(2.1.30) becomes

1

r2

∂

∂r
(Ñ0r

2ve−ν0/2) + e−ν0/2 ∂

∂t
δÑ +

1

2
Ñ0e

−ν0/2 d

dr
(ν0 + λ0)

+
1

2
Ñ0e

−ν0/2 ∂

∂t
δλ = 0, (2.1.32)

whose integration in terms of Lagrangian displacement leads to

δÑ +
Ñ0

2

[
η

d

dr
(ν0 + λ0) + δλ

]
+

1

r2
eν0/2 ∂

∂r

(
Ñ0r

2ηe−ν0/2
)

= 0. (2.1.33)

Using Eq.(2.1.22), it follows that

δÑ = −η
dÑ0

dr
− Ñ0

r2
eν0/2 ∂

∂r

(
r2ηe−ν0/2

)
+

2πGÑ0Q0

c4r3
eλ0

∫
δQdt. (2.1.34)

We consider an EoS in the form

Ñ = Ñ(σ, p), (2.1.35)

such that Eqs.(2.1.25) and (2.1.34) together give

δp = −η
dp0

dr
− p0Γ

eν0/2

r2

∂

∂r

(
r2ηe−ν0/2

)
+

α1Q0

r3

∫
δQdt, (2.1.36)

where

α1 =
1

∂Ñ/∂p

{
2πGÑ0

c4
eλ0 − 1

2r

dÑ

dσ

}
, (2.1.37)

and Γ is the adiabatic index (ratio of specific heats) defined by

Γ =
1

p∂Ñ/∂p

{
Ñ − (σ + p)

∂Ñ

∂σ

}
, (2.1.38)

which estimates the fluid stiffness and describes the pressure and density fluctuations.
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2.1.4 Pulsation Equation and Variational Principle

The linear pulsation corresponds to the oscillation frequencies and different modes

of small perturbations applied to equilibrium spherical configuration. Inserting the

values of δσ and δp from Eqs.(2.1.23) and (2.1.36) in (2.1.28), it follows that

%2eλ0−ν0(p0 + σ0)η = −η

(
dν0

dr
+

1

2

dλ0

dr

)
dp0

dr
− d

dr

(
η
dp0

dr

)
− 1

2

{
2

r

× (p0 + σ0)η +
d

dr
[(p0 + σ0)η]

}
− 1

2
η(p0 + σ0)

(
dν0

dr
+

dλ0

dr

)(
1

r
+

dν0

dr

)

−e−(ν0+
λ0
2

) d

dr

{
e(ν0+

λ0
2

)Γp0
eν0/2

r2

d

dr
(r2ηe−ν0/2)

}
+ e−λ0/2 d

dr

{
α1Q0

r3

× eλ0/2

∫
δQdt

}
+

Q0

r3

dν0

dr

∫
δQdt

{
α1 +

1

4r
+

1

4πr

(
dν0

dr
− η

r

)}

+
Q0

4πr4

dλ0

dr

{
dν0

dr
− η

r

∫
δQdt− δQ

2

}
+

Q0

8πr4
δQ +

eν0/2

4π

d

dr

{
Q0e

ν0/2δQ

r4

}
.

Substituting dp0

dr
from Eq.(2.1.10) in the above equation, we have

%2eλ0−ν0(p0 + σ0)η =
1

2
(p0 + σ0)η

{
d2ν0

dr2
− 3

r

dν0

dr
− 1

r

dλ0

dr
− 1

2

dλ0

dr

dν0

dr

}

− 5

2π

Q2

r6
− 1

8πr4

d2

dr2
(Q2) + e−λ0

d

dr

{
α1Q0

r3
e−λ0/2Q̃

}
+

Q0Q̃

r3

dν0

dr

{
α1 +

1

4π

+
1

4πr

(
dν0

dr
− η

r

)}
+

Q0

4πr4

dλ0

dr

{(
dν0

dr
− η

r

)
Q̃− δQ

2

}
+

Q0δQ

8πr4

+
eν0/2

4π

d

dr

{
Q0e

−ν0/2δQ

r4

}
, (2.1.39)

where
∫

δQdt = Q̃. Under the equilibrium condition, Eq.(2.1.4) yields

{
16πGp0

c4
+

2GQ2
0

c4r4

}
eλ0 =

d2ν0

dr2
+

1

r

d

dr
(ν0 − λ0) +

1

2

(
dν0

dr

)2

− 1

2

dλ0

dr

dν0

dr
, (2.1.40)

which, through Eq.(2.1.10), takes the form

%2eλ0−ν0(p0 + σ0)η =
4

r

dp0

dr
η − 1

p0 + σ0

(
dp0

dr

)2

η +
8πGp0

c4
eλ0
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×(p0 + σ0)η +
d

dr

[
eλ0+3ν0/2p0Γ

r2

d

dr

(
r2ηe−ν0/2

)]
e−(ν0+λ0/2)

+
1

p0 + σ0

dp0

dr
η

(
1

4πr4

d(Q2)

dr
− Q2

πr5

)
+

dQ2

dr

η

2πr5

[
1

p0 + σ0

Q2

4πr4
− 1

]

− η

p0 + σ0

1

(2πr4)2

[
Q4

r2
+

1

16

(
dQ2

dr

)2
]
− 5Q2

2πr6
− 1

8πr4

d2

dr2
(Q2)

+
GQ2

0

c4r4
(p0 + σ0)ηeλ0 + e−λ0

d

dr

(
α1Q0Q̃

r3
eλ0/2

)
+

Q0Q̃

r3

dν0

dr

[
α1 +

1

4π

+
1

4πr

(
dν0

dr
− η

r

)]
+

Q0δQ

8πr4

(
1− dλ0

dr

)
+

eν0/2

4π

d

dr

(
Q0δQ

r4
e−ν0/2

)
.

(2.1.41)

This is the required pulsation equation which satisfies the boundary conditions, i.e.,

η = 0 at r = 0 and δp = 0 at r = R. This constitutes a characteristic value problem

for %2 obtained by multiplying the equation with ηr2e(λ0+ν0)/2 and integrating over

values of r as

%2

∫ R

0

e(3λ−ν)/2r2η2(p + σ)dr =

∫ R

0

e(λ+3ν)/2pΓ

r2

[
d

dr

(
r2ηe−ν/2

)]2

dr

+
8πG

c4

∫ R

0

e(3λ+ν)/2pr2η2(p + σ)dr −
∫ R

0

r2η2

p + σ
e(λ+ν)/2

(
dp

dr

)2

dr

+4

∫ R

0

rη2e(λ+ν)/2dp

dr
dr +

∫ R

0

η2

p + σ
e(λ+ν)/2dp

dr

(
1

4π

dQ2

dr
− Q2

πr3

)
dr

+

∫ R

0

η2

2πr3
e(λ+ν)/2dQ2

dr

(
1

p + σ

Q2

4πr4
− 1

)
dr − 5

2π

∫ R

0

ηQ2

r4
e(λ+ν)/2dr

−
∫ R

0

η2

p + σ

e(λ+ν)/2

(2πr3)2

[(
Q2

r

)2

+
1

16

(
dQ2

dr

)2
]

dr +

∫ R

0

GQ2
0η

2

c4r4

×(p + σ)e(3λ+ν)/2dr −
∫ R

0

ηe(λ+ν)

8πr2

d2

dr2

(
Q2

)
dr +

∫ R

0

r2ηe(ν−λ)/2

× d

dr

(
α1Q0Q̃

r3
eλ0/2

)
dr +

∫ R

0

ηQ0δQ

8πr2
e(ν+λ)/2

(
1− dλ0

dr

)
dr

+

∫ R

0

ηQ0Q̃

r
e(ν+λ)/2dν0

dr

[
α1 +

1

4π
+

1

4πr

(
dν0

dr
− η

r

)]
dr
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+

∫ R

0

ηr2

4π
e(ν+λ)/2 d

dr

(
Q0δQ

r4
e−ν0/2

)
dr. (2.1.42)

The corresponding orthogonality condition is defined as

∫ R

0

e(3λ−ν)/2r2(p + σ)η(c1)η(c2) = 0, (c1 6= c2), (2.1.43)

where η(i) and η(j) give proper solutions associated with different characteristic values

of %2. To investigate dynamical instability of spherical star, the right-hand side of

Eq.(2.1.42) should vanish by choosing a trial function ξ satisfying the given boundary

conditions.

In the following, we discuss the conditions for dynamical instability by taking two

special models.

The Homogeneous Model of Sphere

First we consider the homogeneous sphere with constant energy density and study

the conditions for its dynamical instability. Equations (2.1.13) and (2.1.14) governing

the hydrostatic equilibrium allow the integration [2] such that we can write

x2 = 1− r2

a2∗
+

b2
∗

r2
, x2

1 = 1− R2

a2∗
+

b2
∗

R2
, (2.1.44)

where a2
∗ = 3c4

8πGσ
and b2

∗ = 2GQ2

c4
. The solutions of the relevant physical quantities can

be determined in terms of x and x1 as

p = σ
x− x1

3x1 − x
, eν =

1

4
[3x1 − x]2, eλ =

1

x2
. (2.1.45)

The necessary condition for the positivity of pressure yields 3x1 > 1 which leads to

R2

a2∗
− b2

∗
R2

<
8

9
.
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Using the inertial mass, this takes the form

R >
9

8

(
2GM

c2
− GQ2

Rc4

)
=

9

8
RN , (2.1.46)

where RN is RN limiting radius. Inserting the physical quantities in Eq.(2.1.42), it

follows that

4a2
∗%

2x1

∫ ξ1

0

ξ2η2

x3(3x1 − x)2
dξ = x1

∫ ξ1

0

2x2 − 9x2
1 − 1

x3(3x1 − x)2
ξ2η2dξ

+
Γ

8

∫ ξ1

0

(x− x1)(3x1 − x)2 1

xξ

[
d

dξ
(ηξ2e−ν/2)

]2

dξ +
1

16πa3∗x1

×
∫ ξ1

0

η2

xξ2

dp

dξ

(
dQ2

dξ
− 4Q2

ξ

)
dξ − 5

4πa3∗

∫ ξ1

0

Q2η

ξ4

3x1 − x

x
dξ

+
1

4πa3∗

∫ ξ1

0

η2(3x1 − x)

xξ2

[
Q2(3x1 − x)

8πa4∗x1ξ4
− 1

]
dξ − 1

16πa∗x1

×
∫ ξ1

0

η2(3x1 − x)2

x(2πa3∗ξ3)2

(
dQ2

dξ
− 4Q2

ξ

)
dξ +

Gx1

c4

∫ ξ1

0

η2Q2
0

x3ξ2
dξ

− 1

32πa3∗

∫ ξ1

0

η(3x1 − x)2

x2ξ2

d2

dη2
(Q2)dξ +

1

2a∗

∫ ξ1

0

x(3x1 − x)ηξ2

× d

dξ

[
α1Q0Q̃

ξ3
e−λ/2

]
dξ +

1

2a2∗

∫ ξ1

0

ηQ0Q̃

ξ

3x1 − x

x

dν0

dξ

[
α1 +

1

4πξ

×
(

dν0

dξ
− η

ξ

)]
dξ +

1

16πa2∗

∫ ξ1

0

ηQ0δQ

ξ2

3x1 − x

x

(
1− 1

a∗

dλ0

dξ

)
dξ

+
1

4πa2∗

∫ ξ1

0

ηξ2(3x1 − x)

x

d

dξ

(
Q0δQ

ξ4(3x1 − x)

)
dξ, (2.1.47)

where ξ = r
a∗

, ξ1 = R
a∗
− b∗

R
and Γ is assumed to be constant.

We take the trial function as

η = ξeν/2 =
1

2
ξ(x1 − x), (2.1.48)

for which Eq.(2.1.47) becomes

(a∗%)2x1

∫ ξ1

0

ξ4

x3
dξ =

1

4
x1

∫ ξ1

0

(2x2 − 1− 9x2
1)

ξ4

x3
dξ +

9

8

∫ ξ1

0

(x− x1)
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× (3x1 − x)2 ξ2

x
dξ +

1

4a3∗xx1

∫ ξ1

0

(3x1 − x)4

(
−Q2

πξ

)
d

dξ

(
x− x1

3x1 − x

)
dξ

− 1

(4πa3∗)2x1

∫ ξ1

0

(3x1 − x)2

x

(
Q2

ξ

)2

dξ +
Gx1

4c4

∫ ξ1

0

Q2
0

(3x1 − x)2

ξx3
dξ

− 5

8πa3∗

∫ ξ1

0

Q2(3x1 − x)2

xξ3
dξ +

1

4a∗

∫ ξ1

0

xξ3(3x1 − x)
d

dξ

(
3Q0Q̃

xξ3

)
dξ

+
1

32πa2∗

∫ ξ1

0

Q0δQ

xξ
(3x1 − x)2dξ +

1

8πa2∗

∫ ξ1

0

ξ3

x
(3x1 − x)2

× d

dξ

(
Q0δQ

(3x1 − x)ξ4

)
dξ. (2.1.49)

Substituting x = cos θ and ξ = sin θ in the above equation, we obtain

(a∗%)2 cos θ1

∫ θ1

0

sin4 θ

cos2 θ
dθ =

cos θ1

4

∫ θ1

0

(2 cos2 θ − 1− 9 cos2 θ1)
sin4 θ

cos2 θ
dθ

+
9

8
Γ

∫ θ1

0

(cos θ − cos θ1)(3 cos θ1 − cos θ)2 sin2 θdθ − 1

4a3∗ cos θ1

×
∫ θ1

0

(3 cos θ1 − cos θ)3

cos θ

Q2

π sin θ

d

dθ

(
cos θ − cos θ1

3 cos θ1 − cos θ

)
dθ − 1

a(4πa3∗)2 cos θ1

×
∫ θ1

0

(3 cos θ1 − cos θ)2

(
Q2

sin θ

)2

dθ +
G cos θ1

4c4

∫ θ1

0

(3 cos θ1 − cos θ)2

× Q2
0

sin θ cos2 θ
dθ − 5Q2

8πa3∗

∫ θ1

0

(3 cos θ1 − cos θ)2

sin3 θ
dθ, (2.1.50)

where θ1 = sin−1
(

R
a∗
− b∗

R

)
. Solving the integrals and setting %2 = 0, we obtain exact

condition for marginal stability. The values of Γ1 (corresponding to θ1) are found

such that Γ should be less than certain Γ1 for the existence of dynamical instability.

In Newtonian limit, Γ takes finite values for marginal stability, i.e., Γ > 4
3

+ 8Q2

21
.

We calculate the radii of marginal stability and Γ for homogeneous model of gaseous

sphere by taking different values of charge which show finite values of Γ. We observe

that radius R
RN

→ ∞ for Γ < 0 which leads to the expansion while R
RN

remains

positive for Γ > 0 showing marginal stability of gaseous model. The corresponding

results are given in Table 2.1.
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Table 2.1: Adiabatic Index and Radii for Dynamical Stability of
Homogeneous Sphere

θ1 R/RN Γ1 for Q = 0.2 Γ1 for Q = 0.6
0o ∞ -0.0182 -0.1622
10o 33.163 0.1127 0.1776
20o 8.549 0.1275 0.2278
25o 5.598 0.1319 0.3192
30o 4.000 0.3766 1.2643
35o 3.0396 3246.43 1970.41
40o 2.4203 5918.49 2527.00
50o 1.704 6594.94 4352.86
60o 1.333 6822.02 5631.08

When %2 < 0, the perturbation diverges exponentially either by expansion or con-

traction which yields stellar dynamical instability. In the limit θ1 → 0, the condition

for dynamical instability is

Γ− 4

21

(
4Q2 + 7

)
<

14

43
θ2
1 =

14

43

[
R2

a2∗
− b2

∗
R2

]
. (2.1.51)

In terms of inertial mass, this takes the form

R <
14

43
[
Γ− 4

21
(4Q2 + 7)

]
[
2GM

c2
− GQ2

Rc4

]
, (2.1.52)

which can be written as

R

RN

<
K[

Γ− 4
21

(4Q2 + 7)
] , (2.1.53)

where K = 14
43

for the homogeneous sphere. This means that if Γ exceeds 4
3

+ 8Q2

21
by

a small amount, the dynamical instability can be prevented till the mass contracts to

the RN radius. If the radius of gaseous mass is greater than RN , it remains stable.

The ranges for instability of homogeneous spherical system are shown in Figure 2.1.

Since the radius of stability is a factor of the RN radius, so the ratio R
RN

should be

greater than or equal to zero for physical results. We consider different values of
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Figure 2.1: Plots of R
RN

for dynamical stability/instability of homogeneous sphere
corresponding to different values of Q.

charge and find that 0.1 < Q < 0.4 and Γ > 1.5 provide valid radii ranges for the

stability of sphere. For Γ < 1.5, we only have unstable radii along with non-physical

region corresponding to Q > 0.4. Also, we observe that the gaseous sphere becomes

unstable for larger values of charge, i.e., Q > 1.2. It is obvious from the graph that

the radius of stability is greater than RN for Γ > 4
3

+ 8Q2

21
.

Relativistic Polytropic Model

In relativistic polytropic models, pressure and energy density can be expressed in

terms of a single function Θ1 as [21]

p = pcΘ
n+1
1 , σ = σcΘ

n
1 , (2.1.54)

where pc and σc represent respective values at center and n denotes the polytropic

index. The polytropic models are the generalized form of the classical Lane-Emden
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equation which can be obtained from the equations of hydrostatic equilibrium. Let

ξ =
r

ā
, (2.1.55)

where ā =
(

s(n+1)c4

4πGσc

) 1
2

and s = pc

σc
. We can reduce Eqs.(2.1.13) and (2.1.14) to the

pair of equations which express Θ1 as a function of ξ

(
ξ2

1 + sΘ1

− c2Q2s(n + 1)

32πGσc

)(
1− 2V s(n + 1)

ξ
+

Q2V s(n + 1)

ξM

)
dΘ1

dξ

+V − Q2V

M
+ sΘ1

dV

dξ
= 0, (2.1.56)

dV

dξ
= ξΘn

1 . (2.1.57)

We assume pN approximation of the form

Θ1 = θ̃ + sϕ, (2.1.58)

where ϕ is an arbitrary function, θ̃ represents classical Lane-Emden function and s is

treated as a small constant. Using Eqs.(2.1.56) and (2.1.57), the classical Lane-Emden

equation becomes

d2θ̃

dξ2
+

2

ξ

dθ̃

dξ
+

(
1− Q2

M

)
θ̃n =

c2Q2

32πGσc

. (2.1.59)

Equation (2.1.42) in terms of Θ1 and ξ takes the form

(ā%)2

s

∫ ξ1

0

Θn
1 (1 + sΘ1)ξ

2η2e(3λ−ν)/2dξ = 2(n + 1)s

∫ ξ1

0

Θ
(2n+1)
1 (1 + sΘ1)

×ξ2η2e(3λ+ν)/2dξ + 4(n + 1)

∫ ξ1

0

Θn
1ξη

2e(λ+ν)/2

(
1− sξ(n + 1)

4(1 + sΘ1)

)
dξ

+Γ

∫ ξ1

0

Θn+1
1

ξ2
e(λ+3ν)/2

(
d

dξ

[
ηξ2e−ν/2

])2

dξ +

(
1

2πā3

)2 ∫ ξ1

0

e(λ+ν)/2

Θn
1 (1 + sΘ1)

×
(

ηQ

ξ4

)2 [
ξ

2ā
−Q2

]
dξ − 1

2πā3

∫ ξ1

0

η2

ξ3
e(λ+ν)/2

[
1 +

s(n + 1)Q2

1 + sΘ1

dΘ1

dξ
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−GQ2
0

ξ4

]
dξ +

1

4π

∫ ξ1

0

η2

1 + sΘ1

e(λ+ν)/2dQ2

dξ

[
s
dΘ1

dξ
− 1

Θn
1 (ā3ξ3) dQ2

dξ

]
dξ

− 1

8πā3

∫ ξ1

0

η

ξ2
e(λ+ν) d2

dr2

(
Q2

)
dξ +

∫ ξ1

0

ξ2ηe(ν−λ)/2 d

dξ

[
βQ0Q̃eλ0

āξ3

]
dξ

+
1

4πā2

∫ ξ1

0

ξ2ηe(ν+λ)/2 d

dξ

(
Q0δQe−ν/2

ξ4

)
dξ. (2.1.60)

The pN approximation treats the effects of GR as first order corrections. We can

write

Γ1 − 4

21
(4Q2 + 7) = Cs, (2.1.61)

R1 =
K

Γ1 − 4
21

(4Q2 + 7)

[
2GM

c2
− GQ2

Rc4

]
, (2.1.62)

where C and K are constants depending on density distribution. The pN approxi-

mation yields

e−λ = 1 + 2s(1 + n)ξ
dθ̃

dξ
− GQ2(1 + n)s

M

dθ̃

dξ
, (2.1.63)

eν = 1− 2s(1 + n)[θ̃ + ξ1|θ̃1|] +
Q2(1 + n)s|θ̃1|

M
, (2.1.64)

where |θ̃1| = −
(
dθ̃/dξ

)
ξ=ξ1

. Using the relations of pc and σc for polytropes in terms

of M , Q and R, it follows that

s =
1

2(n + 1)ξ1|θ̃1|

[
2GM

Rc2
− GQ2

R2c4

]
. (2.1.65)

We calculate Γ for the emergence of dynamical instability corresponding to different

values of Q. The numerical values of Γ for the polytropes of index 3 are given in

Table 2.2. Similarly, the constants C and K for polytropes are given by the relation

K =
C

2(n + 1)ξ1|θ̃1|
. (2.1.66)
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Table 2.2: Adiabatic Index with Different Values of Charge for
Dynamical Instability of Polytropes with Index 3

s Γ1 for Q = 0.2 Γ1 for Q = 0.4 Γ1 for Q = 0.6
0.015 1.3500 1.3593 1.4715
0.040 1.3527 1.3983 1.4744
0.1 1.3586 1.4043 1.4805
0.2 1.3686 1.4143 1.4905
0.5 1.3953 1.4440 1.5204

Table 2.3: Values of Constants C and K with Different Values of Charge
for Polytropes of Index 0

C K for Q = 0.2 K for Q = 0.4 K for Q = 0.6
0.243 0.6458 0.6372 0.576
0.826 2.1953 2.1662 1.9608
1.205 3.2034 3.161 2.8612
1.8095 4.809 4.745 4.296

In order to determine the radii from Eq.(2.1.62), we need to calculate K whose

value depends upon the polytropic index, Lane-Emden function and charge. Different

polytropic indices lead to different stellar structures such that the configurations with

n < 5 are considered to be realistic stars [83]. For n = 0, we solve the Lane-Emden

equation analytically to find the values of θ̃ corresponding to different values of Q

but we solve this equation numerically for n = 2, 3, 4 as shown in Figures 2.2-2.3.

The values of constants C and K for n = 0 are given in Table 2.3. We see that the

values of K decrease gradually by increasing the value of charge.

Inserting the values of eν and e−λ in Eq.(2.1.60) and neglecting second as well as

higher order terms in s, we obtain

(ā%)2

s

{∫ ξ1

0

θ̃nξ2η2dξ +

∫ ξ1

0

H(ξ)θ̃n−1ξ2η2dξ

}
= Γs(n + 1)

∫ ξ1

0

θ̃n+1

ξ2
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Figure 2.2: Plots of classical Lane-Emden function for polytropes of index n = 1, 2
corresponding to different values of charge.
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Figure 2.3: Plots of classical Lane-Emden function for n = 3 corresponding to different
values of charge.
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×
{(

GQ2

2M
− ξ

)
+ 3|θ̃1|

(
Q2

2M
− ξ1

)
− 3θ̃

}[
d

dξ
(ξ2η)

]2

dξ + Γ

∫ ξ1

0

H(ξ)

× θ̃n+1

ξ2

{
d

dξ

(
ξ2η

)}2

dξ + s(n + 1)

∫ ξ1

0

I(ξ)θ̃n−1ξη2dξ + s(n + 1)

∫ ξ1

0

dθ̃

dξ

×
[(

GQ2

2M
− ξ

)
+ |θ̃1|

(
Q2

2M
− ξ1

)
− θ̃

]
S(ξ)dξ + s(n + 1)

∫ ξ1

0

θ̃n+1ξ2η2

×U(ξ)dξ +
1

(2π)2

∫ ξ1

0

η2Q2

(ā3ξ2)3

[
ξ

2ā
−Q2

]
dξ − 1

8π

∫ ξ1

0

η

ā3ξ2

d2

dξ2
(Q2)dξ

− 1

2π

∫ ξ1

0

GQ2

ā3ξ4
dξ +

∫ ξ1

0

ξ2η
d

dξ

(
α1Q0Q̃

āξ3

)
dξ, (2.1.67)

where

H(ξ) = 2θ̃2(n + 2) + 3(n + 1)

(
GQ2

2M
− ξ

)
dθ̃

dξ
+

(
2ξ1 − Q2

2M

)

× (n + 1)|θ̃1|, (2.1.68)

I(ξ) = −4θ(n + 1)
dθ̃

dξ

[
−ξ

dθ̃

dξ
− θ̃ − ξ|θ̃1|+ Q2

2M

(
G

dθ̃

dξ
+ |θ̃1|

)]
, (2.1.69)

S(ξ) =
η2Q2

2π2(ā3ξ2)2

(
ξ

2ā
−Q2

)
− η2

2πā3ξ3
+

GQ2
0

2πā3ξ4
− η

4πā3ξ2

× d2

dξ2
(Q2) + ξ2η

d

dξ

{
α1Q0Q̃

āξ3
+ ηξ2 d

dξ

(
Q0δQ

ξ4

)}
, (2.1.70)

U(ξ) = 3θ̃

(
Q2

2M
− ξ

)
dθ̃

dξ
+ θ̃|θ̃1|

(
Q2

2M
− 2ξ1

)
− 2θ̃2. (2.1.71)

In pN approximation, we are interested to find the condition for marginal stability

of polytropic configuration by taking η = ξ and %2 = 0 so that Eq.(2.1.67) takes the

form

9

(
Γ− 4

3
− 8Q2

21

) ∫ ξ1

0

θ̃n+1ξ2dξ + s(n + 1)

[
3

∫ ξ1

0

θ̃nS(ξ)S̃(ξ)dξ

+

∫ ξ1

0

θ̃n−1I(ξ)ξ3dξ +

∫ ξ1

0

θ̃n+1ξ4U(ξ)dξ

]
+

1

8π

∫ ξ1

0

Ũ(ξ)

ā3ξ3
dξ

+

∫ ξ1

0

ξ3 d

dξ

(
α1QQ̃

āξ3

)
dξ = 0, (2.1.72)
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Figure 2.4: Plots for radii of stability/instability corresponding to n = 1 and different
values of charge.

with

S̃(ξ) =
(
3Γξ2θ̃ + θ̃−n

) {
dθ̃

dξ

(
GQ2

2M
− ξ

)
+ 3|θ̃1|

(
Q2

2M
− ξ1

)
− 3θ̃

}
,(2.1.73)

Ũ(ξ) = 4Q2

(
G +

ξ

2M
−Q2

)
− ξ3

(
1 +

d2

dξ2
(Q2)

)
. (2.1.74)

In pN limit, the dynamical stability will require that Γ > Γ1 = 4
3

+ 8Q2

21
+ ε, where

ε is a small quantity depending on s. To check the conditions for marginal stability

as well as dynamical instability, we calculate the values of K and plot different radii

corresponding to polytropic indices n = 1, 2, 3 as shown in Figures 2.4-2.6. It is

found that K attains negative values for n = 1, 2, 3, so we take both positive and

negative values of Γ to obtain physically viable values of radii. Figures 2.4 and 2.5

show viable radii for Γ > 4
3

+ 8Q2

21
corresponding to n = 1, 2. For n = 1, we find

that radii of stability along with non-physical region appear for Q = 0.6 and positive
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Figure 2.5: Plots for radii of stability/instability corresponding to n = 2 and different
values of charge.
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Figure 2.6: Plots for radii of stability/instability corresponding to n = 3 and different
values of charge.
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values of Γ while negative values of Γ show the emergence of instability. The region

of instability gets larger by increasing Q for both positive as well as negative values

of Γ and the radii of marginal stability vanishes for Q = 2. We observe that the

corresponding polytropic model becomes unstable for Q > 2.4 (Figure 2.4).

For n = 2, we analyze stable radii for 1.5 < Γ < 2 and unstable radii for small

values of Γ (both positive and negative) corresponding to Q < 1. The stability

radius tends to decrease which leads to unstable region for Q = 1. We find that the

non-physical region disappears and the polytropic model will remain unstable with

Q ≥ 1.4 (Figure 2.5). For n = 3, we have viable ranges for radii with 0 < Γ < 2,

i.e., Γ can be less than 4
3

+ 8Q2

21
for stable stellar structures (Figure 2.6). We find

both stable and unstable radii for polytropic model with 0.1 < Q < 2 which changes

to unstable radii for Q ≥ 2. The dynamical instability occurs when gaseous mass

contracts to RN .

2.2 Charged Cylindrical Gaseous Models

Here we extend the analysis of dynamical instability for charged dissipative cylinder.

2.2.1 Cylindrical System and the Field Equations

We consider a cylindrically symmetric system in the interior region given by

ds2 = −W 2(t, r)dt2 + X2(t, r)dr2 + Y 2(t, r)dθ2 + dz2, (2.2.1)

where the following restrictions on coordinates are taken to preserve symmetry

−∞ < t < ∞, 0 ≤ r < ∞, 0 ≤ θ ≤ 2π, −∞ < z < ∞.
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The corresponding Einstein field equations are given by

8πG

c4
T 0

0 =
1

X2

{
Y ′′

Y
− X ′Y ′

XY

}
− ẊẎ

W 2XY
, (2.2.2)

8πG

c4
T 1

1 =
1

W 2

{
Ẇ Ẏ

WY
− Ÿ

Y

}
+

W ′Y ′

WX2Y
, (2.2.3)

8πG

c4
T 2

2 =
1

WX

{
W ′′

X
− Ẍ

W
+

Ẇ Ẋ

W 2
− W ′X ′

X2

}
, (2.2.4)

8πG

c4
T 3

3 =
W ′′

WX2
− Ẍ

W 2X
+

Ẇ Ẋ

W 3X
− W ′X ′

WX3
+

Ẇ Ẏ

W 3Y
− Ÿ

W 2Y

− X ′Y ′

X3Y
+

Y ′′

X2Y
+

W ′Y ′

WX2Y
− ẊẎ

W 2XY
, (2.2.5)

8πG

c4
T 1

0 =
1

X2

{
W ′Ẏ
WY

+
ẊY ′

XY
− Ẏ ′

Y

}
, (2.2.6)

where prime denotes derivative with respect to r. The matter source is assumed to

be locally charged dissipative perfect fluid defined by

T i
j = (σ + p)uiuj + pδi

j + qiuj + qju
i +

1

4π
[FjkF

ik − 1

4
δi
jFklF

kl], (2.2.7)

where qi represents radial heat flux satisfying qiu
i = 0.

The conservation equation for four current yields

Q(t, r) = 4π

∫ r

0

ρXY dr,

which is the total amount of charge within cylinder. We define the electric field

intensity as

Ē(t, r) =
Q(r)

2πY
. (2.2.8)

The conservation of energy-momentum tensor leads to the following relations

∂T 0
0

∂t
+

∂T 0
1

∂r
+

Ẋ

X

(
T 0

0 − T 1
1

)
+ T 1

0

(
X ′

X
+

W ′

W

)
= 0, (2.2.9)
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∂T 0
1

∂t
+

∂T 1
1

∂r
+

W ′

W

(
T 1

1 − T 0
0

)
+

(
Ẇ

W
+

Ẋ

X

)
T 0

1 = 0, (2.2.10)

where T 1
0 = −W 2

X2 T 0
1 . The components of energy-momentum tensor are

T 0
0 = −σ +

π

2
Ē2, T 1

1 = p +
π

2
Ē2, T 2

2 = T 3
3 = p− π

2
Ē2.

In hydrostatic equilibrium, all the quantities governing motion remain time indepen-

dent. In this context, Eqs.(2.2.2), (2.2.3) and (2.2.10) become

d

dr

(
Y ′

0

X0

)
=

8πG

c4
X0Y0

(
−σ0 +

πĒ2

2

)
, (2.2.11)

dW0

dr

dY0

dr
=

8πG

c4
W0X

2
0C0

(
p0 +

πĒ2

2

)
, (2.2.12)

(σ0 + p0)
dW0

dr
= −W0

d

dr

(
p0 +

πĒ2

2

)
. (2.2.13)

We also have a useful relation through Eqs.(2.2.2) and (2.2.3) given by

8πG

c4
(p0 + σ0) =

1

W0Y0

{
1

X2
0

dW0

dr

dY0

dr

}
− 1

X0Y0

{
d

dr

(
Y ′

0

X0

)}
. (2.2.14)

We take the exterior region for cylindrically symmetric spacetime in retarded time

coordinate ℘ defined as

ds2 = −
(
−2GM

Rc2
+

GQ2

R2c4

)
d℘2 − 2d℘dR + R2(dθ2 + h2dz2), (2.2.15)

where h is an arbitrary constant. We choose the Schwarzschild coordinate as Y = r

[82]. Thorne [14] defined C-energy for cylindrically symmetric spacetime in the form

of mass function given by

m(r) =
1

8

[
1− 1

X2
0

]
+ 2π2rĒ2. (2.2.16)

Differentiating this equation and using Eq.(2.2.3), we have

dm

dr
=

2πrG

c4
σ0 − rπ2GĒ2

c4
+

d

dr
(2π2rĒ2), (2.2.17)
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whose integration leads to

m(r) =
2πG

c4

∫ r

0

rσ0dr − G

4c4

∫ r

0

Q2

r
dr +

Q2

2r
. (2.2.18)

The equation for hydrostatic equilibrium can be obtained as

dp0

dr
+

G(8πr2p0 + Q2)

rc4(1− 8m + 4Q2)
− rQQ′ −Q2

4πr3
= 0. (2.2.19)

2.2.2 Radial Oscillations and Dynamical Equations

In this section, we study dynamical characteristics of gaseous mass undergoing radial

oscillations. The non-vanishing components of four velocity can be written as

u0 =
1

W0

, u0 = −W0, u1 =
v

W0

, u1 =
X2

0

W0

v. (2.2.20)

We perturb an equilibrium configuration in such a way that its cylindrical symmetry

does not change. The perturbed state with linear terms yields

W = W0 + δW, X = X0 + δX, p = p0 + δp, σ = σ0 + δσ,

Q = Q0 + δQ, q = q0 + δq. (2.2.21)

Using Eulerian approach for perturbations, Eqs.(2.2.11) and (2.2.12) turn out to be

1

r

∂

∂r

(
δX

X3
0

)
=

8πG

c4

(
δσ − Q0δQ

4πr2

)
, (2.2.22)

8πG

c4

(
δp +

Q0δQ

4πr2

)
=

1

rW0X2
0

∂

∂r

(
∂

∂r
δW − 2δX

X0

dW0

dr

)
, (2.2.23)

where δW , δX, δσ, δp and δQ define the Eulerian changes. The linearized form of

Eqs.(2.2.6) and (2.2.10) can be appropriately written as

1

rX3
0

∂

∂t
δX = −8πG

c4
[(p0 + σ0)v + δq] , (2.2.24)
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(p0 + σ0)

(
X0

W0

)2
∂v

∂t
+

∂

∂r
δp +

1

W0

(p0 + σ0)
∂

∂r
δW

+
1

W0

(δp + δσ)
dW0

dr
+

1

4πr2

∂

∂r
(Q0δQ)− 1

2πr3
Q0δQ

+ [(p0 + σ0)v − q0]

(
X0

W0

)2 [
1

W0

∂

∂t
δW +

1

X0

∂

∂t
δX

]
= 0. (2.2.25)

Integration of Eq.(2.2.24) through the Lagrangian displacement gives

1

X3
0r

δX = −8πG

c4
(p0 + σ0)η +

∫
δqdt, (2.2.26)

which leads to

− 1

X0

δX =
1

W0

dW0

dr
+

1

X0

dX0

dr
. (2.2.27)

Solving Eqs.(2.2.22) and (2.2.26), we have

δσ = −η
dσ0

dr
− η

dp0

dr
− 1

r
(p0 + σ0)

∂

∂r
(rη) +

Q0

4πr2
δQ, (2.2.28)

which, in accordance with Eq.(2.2.13), yields

δσ = −η
dσ0

dr
− W0

r
(p0 + σ0)

∂

∂r

[
rη

W0

]
− η

8π

d

dr

[
Q2

r4

]

+
Q0

4πr2
δQ. (2.2.29)

Substituting δX from Eq.(2.2.26) in (2.2.23), we obtain

1

rW0X2
0

∂

∂r
δW =

8πG

c4

[
δp− 2(p0 + σ0)η

W0

dW0

dr

]
+

2GQ0

r2c4
δQ

− 16πG

c4W0

dW0

dr

∫
δqdt, (2.2.30)

which, through Eq.(2.2.14), becomes

(p0 + σ0)
∂

∂r
δW =

dW0

dr
+

W0

X0

dX0

dr

[
δp− 2

W0

dW0

dr
{(p0 + σ0)η

+

∫
δqdt

}
+

Q0

4πr2
δQ

]
. (2.2.31)
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We can rewrite Eq.(2.2.25) by taking δW, δX, δp, δσ, δq and δQ as time dependent

amplitudes of the respective quantities as

%2η(p0 + σ0)

(
X0

W0

)2

=
d

dr
δp + δp

[
2

W0

dW0

dr
+

1

X0

dX0

dr

]

+
1

W0

δσ
dW0

dr
− 2

W0

[
(p0 + σ0)η +

∫
qdt

] [
1

W0

dW0

dr
+

1

X0

dX0

dr

]

+
Q0δQ

4πr2

[
1

W0

dW0

dr
+

1

X0

dX0

dr
− 2

r

]
+ [(σ0 + p0)v − q0]

×
(

X0

W0

)2 [
1

W0

∂

∂t
δW +

1

X0

∂

∂t
δX

]
. (2.2.32)

2.2.3 The Conservation of Baryon Number

We consider conservation of baryon number such that Eq.(2.1.29) with (2.2.20) gives

∂

∂t

(
Ñ

W0

)
+

∂

∂r

(
Ñv

W0

)
+

Ñv

W0

[
1

W0

∂W

∂t
+

1

X0

∂X

∂t

]

+
Ñv

W0

[
1

W0

∂W

∂r
+

1

X0

∂X

∂r
+

1

r

]
= 0. (2.2.33)

We take the perturbation (2.1.32) such that Eq.(2.2.33) with linear terms in v yields

1

r2

d

dr
(
Ñ0r

2v

W0/2
) +

1

W0

∂

∂t
δÑ +

Ñ0

W0X0

∂

∂t
δX +

Ñ0v

W0X0

dX0

dr
= 0, (2.2.34)

whose integration leads to

1

W0

δÑ +
1

r2

d

dr

(
Ñ0r

2η

W0

)
+

Ñ0

W0X0

[
δX + η

dX0

dr

]
= 0. (2.2.35)

Using Eq.(2.2.27), it follows that

δÑ = Ñ0

[
η

W0

dW0

dr
− rX2

0

∫
δqdt

]
− η

dÑ0

dr
− Ñ0W0

r2

∂

∂r

(
r2η

W0

)
= 0. (2.2.36)

In this case, we again consider an EoS (2.1.35) such that Eqs.(2.2.29) and (2.2.36)

lead to

δp = −η
dp0

dr
− p0Γ

W0

r

∂

∂r

(
rη

W0

)
+ α2, (2.2.37)
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where
∫

δqdt = q̃. Using Eqs.(2.2.6) and (2.2.13), we have

%2X2
0 (p0 + σ0)η =

8πG

c4
p0X

2
0 (p0 + σ0)

+
η

r

[
dp0

dr
+

1

8π

d

dr

(
Q2

r2

)]
− η

8π

d2

dr2

(
Q2

r2

)

+
η

8π

d

dr

(
Q2

r2

)[
2

W0

dW0

dr
+

1

X0

dX0

dr

]

− d

dr

[
p0Γ

W0

r

∂

∂r
(ηrW0) + α2

]
− 2

W0

dW0

dr
q̃

×
[

1

W0

dW0

dr
+

1

X0

dX0

dr

]

+
Q0δQ

4πr2

[
1

W0

dW0

dr
+

1

X0

dX0

dr
− 2

r

]
, (2.2.40)

which is the required pulsation equation satisfying the boundary conditions

η = 0, r = 0, δp = 0, r = R.

Taking the product of pulsation equation with ηr2W0X0 and integrating over values

of r, it yields a characteristic value problem for %2 as

%2

∫ R

0

r2η2WX3(p + σ)dr =
8πG

c4

∫ R

0

p(p + σ)r2η2WX3dr

+

∫ R

0

rη2WX

[
dp

dr
+

1

8π

d

dr

(
Q2

r2

)]
dr −

∫ R

0

r2η2dp

dr

×WX

(
pΓ

W

r

d

dr

(ηr

W

)
+ α2

)
dr −

∫ R

0

r2η2WX

[
pΓ

W

r

× d

dr

(ηr

W

)
+ α2

] [
1

W

dW

dr
+

1

X

dX

dr

]
dr − 2

∫ R

0

r2Xη
dW

dr

×q̃

[
1

W

dW

dr
+

1

X

dX

dr

]
dr +

1

8π

∫ R

0

Q0WXηδQ

[
1

W

dW

dr

+
1

X

dX

dr
− 2

r

]
dr. (2.2.41)

We can define the orthogonality relation associated with this equation as
∫ R

0

WX3r2(p + σ)η(c1)η(c2) = 0, (c1 6= c2). (2.2.42)
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where

α2 =
1

∂Ñ/∂p

[
1

4π

∂Ñ

∂σ

{
η

2

d

dr

(
Q2

r4
− Q0δQ

r2

)}

+ Ñ0

{
η

W0

dW0

dr
− rX2

0

∫
δqdt

}]
.

2.2.4 Pulsation Equation and Variational Principle

Inserting δσ and δp in Eq.(2.2.32), we have

%2X2
0 (p0 + σ0)η = − d

dr

(
η
dp0

dr

)
− η

dp0

dr

[
2

W0

dW0

dr

+
1

X0

dX0

dr

]
− 1

W0

dW0

dr

[
2(p0 + σ0)η

{
1

W0

dW0

dr

+
1

X0

dX0

dr

}
+

1

r

∂

∂r
{r(p0 + σ0)η}

]

− d

dr

(
p0Γ

W0

r

∂

∂r

(
ηr

W0

)
+ α2

)
−

[
2

W0

dW0

dr
+

1

X0

dX0

dr

]

×
[
p0Γ

W0

r

∂

∂r

(
ηr

W0

)
+ α2

]
− 2

W0

dW0

dr

[
1

W0

dW0

dr

+
1

X0

dX0

dr

] ∫
δqdt +

Q0δQ

4πr2

[
1

W0

dW0

dr
+

1

X0

dX0

dr
− 2

r

]
. (2.2.38)

Substituting dp0

dr
from Eq.(2.2.13), this leads to

%2X2
0 =

1

W0

[
d2W0

dr2
− 1

X0

dX0

dr
+

1

r

dW0

dr

]

− η

8π

d2

dr2

(
Q2

r2

)[
2

W0

dW0

dr
+

1

X0

dX0

dr

]
+

η

8π

d

dr

(
Q2

r2

)

− d

dr

[
p0Γ

W0

r

∂

∂r

(
ηr

W0

+ α2

)]
−

[
p0Γ

W0

r

∂

∂r

(
ηr

W0

+ α2

)]

×
[

2

W0

dW0

dr
+

1

X0

dX0

dr

]
− 2

W0

dW0

dr
q̃

[
2

W0

dW0

dr
+

1

X0

dX0

dr

]

−Q0δQ

4πr2

[
1

W0

dW0

dr
+

1

X0

dX0

dr
− 2

r

]
, (2.2.39)
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In the following, we evaluate conditions for dynamical instability by taking a homo-

geneous cylindrical model.

The Homogeneous Model of Cylinder

We study the conditions for dynamical instability of a homogeneous cylinder with

constant energy density. Equations (2.2.18) and (2.2.19) governing the hydrostatic

equilibrium allow the integration such that we can write

y2 = − r

ā2∗
+

b̄2
∗

r2
, y2

1 = −R

ā2∗
+

b̄2
∗

R2
, (2.2.43)

where ā2
∗ = c4

2πGσ
and b̄2

∗ = GQ2(1−2c2)
2c4

. We can determine solutions of the relevant

physical quantities in terms of y and y1 as

p = σ
y − y1

3y1 − y
, W 2 =

1

4
[3y1 − y]2, X2 =

1

y2
. (2.2.44)

For positivity of pressure, we have 3y1 > 1 which yields

R

ā2∗
− b̄2

∗
R2

<
1

9
.

Using the inertial mass, this leads to

R > 9

(
2GM

c2
− GQ2

Rc4

)
= 9R∗, (2.2.45)

where R∗ is the limiting radius for charged cylinder. Inserting the above physical

quantities in Eq.(2.2.41), it follows that

2ā∗%2y1

∫ ξ1

0

ξ2η2

y3
dξ = 6y1

∫ ξ1

0

y − y1

y3(3y1 − y)2
ξ2η2dξ

+
3

2ā∗

∫ ξ1

0

3y1 − y

y
ξη2 d

dξ

[
y − y1

3y1 − y
+

G

3ā∗c4

d

dξ

(
Q2

ξ2

)]
dξ

−1

2

∫ ξ1

0

ηξ2 3y1 − y

y

d

dξ

[
y − 3y1

ā3∗ξ
Γ

∂

∂ξ

(
ηξ

3y1 − y

)
+

3c4α2

8πG

]
dξ
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− ā2
∗
2

∫ ξ1

0

ξ2η
3y1 − y

y

[
y − y1

ā∗ξ
Γ

∂

∂ξ

(
ηξ

3y1 − y

)
+

3c4α2

8πG

]

×
[

2

3y1 − y

d

dξ
(3y1 − y) + y

d

dξ

(
1

y

)]
dξ − 3ā∗c4

8πG

∫ ξ1

0

ηξ2

y
q̃

× d

dξ
(3y1 − y)

[
1

3y1 − y

d

dξ
(3y1 − y) + y

d

dξ

1

y

]
dξ

+
3c4

(8π)2G

∫ ξ1

0

Q0ξδQ
3y1 − y

2y

[
2

3y1 − y

d

dξ
(3y1 − y) + y

d

dξ

1

y

]
dξ, (2.2.46)

where ξ = r
ā∗

, ξ1 = R
ā∗
− b̄∗

R
and Γ is taken to be constant.

We consider a trial function

η = ξW =
1

2
ξ(y1 − y), (2.2.47)

such that Eq.(2.2.46) becomes

ā∗%2y1

2

∫ ξ1

0

ξ4(3y1 − y)2

y3
dξ =

3y1

2ā∗

×
∫ ξ1

0

ξ4(y − y1)(3y1 − y)

4y3
dξ +

3

2ā∗

∫ ξ1

0

ξ3(3y1 − y)3

2y

× d

dξ

[
y − y1

3y1 − y
+

G

3ā∗c4

d

dξ

(
Q2

ξ2

)]
dξ − 1

4

∫ ξ1

0

ξ3(3y1 − y)2

y

× d

dξ

[
y − 3y1

ā3∗ξ
Γ

∂

∂ξ

(
ξ2

2

)
+

3c4α2

8πG

]
dξ − ā2

∗
4

∫ ξ1

0

ξ3

×(3y1 − y)2

y

[
y − y1

ā∗ξ
Γ

∂

∂ξ

(
ξ2

2

)
+

3c4α2

8πG

]

×
[

2

3y1 − y

d

dξ
(3y1 − y) + y

d

dξ

(
1

y

)]
dξ

− 3ā∗c4

16πG

∫ ξ1

0

ξ3(3y1 − y)

y
q̃

d

dξ
(3y1 − y)

×
[

1

3y1 − y

d

dξ
(3y1 − y) + y

d

dξ

1

y

]
dξ

+
3c4

(16π)2G

∫ ξ1

0

Q0ξδQ
(3y1 − y)2

y

×
[

2

3y1 − y

d

dξ
(3y1 − y) + y

d

dξ

1

y

]
dξ. (2.2.48)
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Inserting y = cos θ and ξ = sin θ in the above equation, we have

(ā∗%)2 cos θ1

2

∫ θ1

0

sin4 θ

cos2 θ
(3 cos2 θ1 − cos θ)2dθ =

3 cos θ1

2

×
∫ θ1

0

sin4 θ

cos2 θ
[4 cos θ cos θ1 − 3 cos2 θ1 cos2 θ]dθ

+
3

4

∫ θ1

0

(3 cos θ1 − cos θ)3 sin3 θ

cos θ

d

dθ

[
cos θ − cos θ1

3 cos θ1 − cos θ

−2GQ2

3ā∗c
1

sin3 θ

]
dθ − ā∗

4

∫ θ1

0

(3 cos θ1 − cos θ)2 sin3 θ

cos θ

× d

dθ

[
cos θ1 − cos θ

ā3∗ sin4 θ
Γ +

3c4α2

8πG

]
dθ

− ā3
∗
4

∫ θ1

0

(3 cos θ1 − cos θ)2 sin3 θ

[
cos θ − cos θ1

ā∗
Γ

+
3c4β

8πG

] [
2 sin θ

cos θ(3 cos θ1 − cos θ)
+ tan θ sec θ

]
dθ

− 3ā∗c4

16πG

∫ θ1

0

sin3 θ

cos θ
(3 cos θ1 − cos θ)q̃

d

dθ
(3 cos θ1 − cos θ)

×
[

sin θ

cos θ(3 cos θ1 − cos θ)
+ tan θ sec θ

]
dθ +

3c4α2

(16π)2G

×
∫ θ1

0

Q0δQ sin θ(3 cos θ1 − cos θ)2

×
[

2 sin θ

cos θ(3 cos θ1 − cos θ)
+ tan θ sec θ

]
dθ, (2.2.49)

where θ1 = sin−1
(

R
ā∗
− b̄∗

R

)
. By taking %2 = 0 and solving the integrals, we find exact

condition for marginal stability. We evaluate the values of Γ1 such that Γ ≤ Γ1 for the

existence of dynamical instability. We also consider Newtonian limit which implies

that the resulting criteria for marginal stability is Γ > −9
8
− 81Q2

4
. We compute Γ and

radii of marginal stability for homogeneous gaseous cylinder corresponding to Q = 0.4

and q = 0.5 which exhibit finite values of Γ in Newtonian and pN limits. We note

that R
R∗

remains positive for Γ > 0 showing marginal stability of gaseous cylindrical

model in pN limit. The respective results are given in Table 2.4.



54

Table 2.4: Adiabatic Index and Radii for Homogeneous Cylinder

θ1 R/R∗ Γ1 for Q = 0.4
0o 10.364 -4.365
10o 33.163 2.894× 107

20o 8.549 3× 107

30o 4.000 23647.19
40o 2.4203 131557
50o 1.704 87550
60o 1.333 118265.5

Since the radius of stability is a factor of R∗, so physically interesting results can

be obtained if R
R∗
≥ 0. We obtain the following condition for dynamical instability of

relativistic gaseous masses including charge as θ1 → 0

Γ +
3

4

(
3

2
+ 27Q2

)
<

57

42
θ2
1 =

57

42

[
R

ā2∗
− b̄2

∗
R2

]
. (2.2.50)

We can write

R <
57

42
[
Γ + 3

4

(
3
2

+ 27Q2
)]

[
2GM

c2
− GQ2

Rc4

]
, (2.2.51)

which leads to

R

R∗
<

K[
Γ + 3

4

(
3
2

+ 27Q2
)] , (2.2.52)

where K = 57
42

for the homogeneous cylinder. This means that if Γ exceeds−3
4

(
3
2

+ 27Q2
)

by a small amount, the dynamical instability can be prevented till the mass contracts

to radius R∗. The gaseous cylinder remains stable if its radius is larger than R∗. The

ranges of instability for charged homogeneous cylindrical system are shown in Figure

2.7. It can be seen that the radius of stability is greater than R∗ for Γ > −1 in pN

limit. We also discuss the criteria and ranges of instability for uncharged cylinder

(Figure 2.8). It is found that R
R∗
≥ 0 when Γ exceeds −9

8
by a small amount showing

stable cylindrical configuration. It is observed that Γ < −1.125 leads to un-physical

results as R
R∗

< 0.
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Figure 2.7: Plot of R
R∗

for dynamical stability/instability of charged homogeneous
cylinder.
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Figure 2.8: Plot of R
R∗

for dynamical stability/instability of homogeneous uncharged
cylinder.



Chapter 3

Stability of Thin-Shell Wormholes

In this chapter, we investigate stability of thin-shell WHs coupled with NLED and

Einstein HBI electrodynamics by employing Israel thin-shell approach. The surface

stresses are formulated by using Lanczos equations. We explore stability conditions

for the existence of traversable thin-shell WHs with arbitrarily small amount of cos-

mic fluids for exotic matter and analyze maximum viable regions for stability of the

respective thin-shell WHs. The chapter is designed in the following format. In the

next section, we provide dynamical investigation of regular ABGB thin-shell WHs

whose results have been published [84]. In section 3.2, we apply general formalism

to study stability of thin-shell WHs in HBI electrodynamics. A research paper based

on the corresponding results has been published [85].

3.1 Regular ABGB Thin-Shell Wormholes

Here we study the formation of thin-shell WHs from regular ABGB BHs through cut

and paste method and analyze their stability under linear perturbations.

56
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3.1.1 Basic Formalism

It is well-known that electrovacuum asymptotically flat spacetimes are not sufficient

for the existence of regular BH solutions. To derive the nonlinear electromagnetic

field for regular BH, one needs to enlarge the class of electrodynamics to nonlinear

ones [33]. These regular BHs behave as ordinary RN BH solutions. This motivates us

to discuss stability of viable thin-shell WH in the framework of NLED. The system

of gravity coupled with NLED in the presence of Λ is described by the action

S =
1

16π

∫ √−g [(R− 2Λ)− L(F )] d4x, (3.1.1)

where R is the scalar curvature and L(F ) is the Lagrangian for NLED given by

L(F ) = F

[
1− tanh2

(
Q

2M

(
FQ2

2

) 1
4

)]
, (3.1.2)

which depends on a single invariant F = F ijFij. The static spherically symmetric

nonsingular ABGB BH is given by [86]

ds2 = −N(r)dt2 + N−1(r)dr2 + r2(dθ2 + sin2 θdφ2), (3.1.3)

where

N(r) = 1− 2M

r

[
1− tanh

(
Q2

2Mr

)]
− Λr2

3
, (3.1.4)

Q is the charge. It is noted that the presence of Λ does not destroy the regularity of

the solution describing a regular ABGB-de Sitter BH with Λ > 0 which reduces to

ABGB BH for Λ = 0 [34]. This metric is regular at the center r = 0 while the metric

function for small Q and r →∞ can be expanded as

N(r) = 1− 2M

r
+

Q2

r2
− Λr2

3
− Q6

12M2r4
+ ...,
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which behaves as RN-de Sitter BH. Its event and cosmological horizons can be deter-

mined by the real roots of the metric function N(r) = 0.

To construct thin-shell WHs, we employ standard procedure by cutting the interior

region of regular ABGB BH with r < ã. The resulting 4D geometries are joined at

the hypersurface Σ± = Σ = {r = ã}. A 3D induced spacetime is considered at the

shell as

ds2 = −dτ 2 + ã2(τ)(dθ2 + sin2 θdφ2), (3.1.5)

where τ is the proper time on the shell. For dynamical evolution of thin-shell, we

follow Israel formalism which enables the joining of two regions of spacetime parti-

tioned by Σ. The surface stresses at the shell are determined by Lanczos equations

(1.2.6) given by

σ = − 1

2πã

√
N(ã) + ˙̃a2, (3.1.6)

p =
1

4π




√
N(ã) + ˙̃a2

ã
+

2¨̃a + N ′(ã)

2
√

N(ã) + ˙̃a2


 . (3.1.7)

These equations give rise to the violation of null and weak energy conditions at the

shell and hence indicate the presence of exotic matter which should be reduced for

viable thin-shell WHs. It would be interesting to explore attractive and repulsive char-

acteristics of the regular ABGB thin-shell WHs for which observer’s four-acceleration

is defined as

aµ = uµ
;νu

ν ,

where uµ = dxµ

dτ
= ( 1√

N(r)
, 0, 0, 0) is the observer four velocity. The non-zero four

acceleration component is computed as

ar = Γr
tt

(
dt

dτ

)2

=
M

r2

{
1− tanh

(
Q2

2Mr

)}
− 1

2

Q2

r3
cosh−2

(
Q2

2Mr

)
− Λr

3
. (3.1.8)



59

1 2 3 4 5

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.40

a

ar

Q=0.9

Q=0.7

Q=0.5

1 2 3 4 5

0.0

0.2

0.4

0.6

a

ar

Q=0.9

Q=0.7

Q=0.5

Figure 3.1: Plots of ar without Λ (left hand side) and with Λ = 0.1 (right hand side)
corresponding to Q

M
= 0.5, 0.77, 0.99.

An important condition for traveling through WH implies that an observer should

not be pushed away by enormous tidal forces which requires the observer’s acceleration

less than that of Earth’s acceleration. It is observed that a WH exhibits attractive

behavior if its radial acceleration is positive, i.e., ar > 0 while it will have repulsive

characteristics for ar < 0. Figure 3.1 shows the respective plots for attractive and

repulsive characteristics of regular ABGB thin-shell WHs with and without Λ. We

observe that regular ABGB thin-shell WH will remain attractive for different values

of Q which supports the fact that an observer must maintain an outward-directed

radial acceleration to avoid gravitational pull by the WH. In de Sitter case, we find

that the WH is attractive for small throat radii while it shows repulsive behavior for

larger throat radii. An observer must have an inward directed radial acceleration to

keep away from being pushed by the WH.
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3.1.2 General Approach for Stability

Here, we discuss a particular approach for the stability of ABGB thin-shell WHs

through linear perturbations. The surface energy density and surface pressure for

static WH configuration (ã = a0) yield

σ0 = −
√

N(a0)

2πa0

, p0 =
1

4π

[√
N(a0)+

a0

+
N ′(a0)

2
√

N(a0)

]
. (3.1.9)

The surface stresses satisfy the conservation equation, Sij
;j = 0, which leads to

d

dτ
(σς) + p

dς

dτ
= 0, (3.1.10)

where ς = 4πã2 corresponds to WH throat area. We can formulate thin-shell equation

of motion by rearranging Eq.(3.1.6) as ˙̃a2 + ∆(ã) = 0, which provides WH dynamics

while the potential function ∆(ã) is given by

∆ = N(ã)− [2πãσ]2, (3.1.11)

here σ represents the perturbed energy density. To discuss WH stability, we assume

a linear perturbation in the form of barotropic EoS

p = Υ(σ), (3.1.12)

such that Υ(σ) is taken arbitrarily for the shell which governs the polytropic EoS

p ≈ σ1+ 1
n as 0 ≤ n < ∞.

The basic condition for stability of WH static solution yields ∆′(a0) = 0 = ∆(a0)

and ∆′′(a0) > 0. For this purpose, we use Eq.(3.1.12) and σ′ = σ̇
˙̃a

in conservation

equation as

σ′ = −2

ã
(σ + Υ), (3.1.13)
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which takes the form

σ′′ =
2

ã2
(σ + Υ)(3− ãΥ′). (3.1.14)

The first derivative of Eq.(3.1.11) through (3.1.13) turns out to be

∆′(a0) = N ′(a0) + 8π2a0σ0[σ0 + 2p(σ0)], (3.1.15)

leading to the second derivative of potential function as

∆′′(a0) = N ′′(a0)− 8π2
{
[σ0 + 2p0]

2 + 2σ0[σ0 + p0][1 + 2Υ′(σ0)]
}

, (3.1.16)

where Υ0 = p0.

3.1.3 Some Models for Exotic Matter

This section deals with stability of thin-shell WHs from regular charged BH in the

vicinity of different models for exotic matter. In a recent work, Halilsoy et al. [38]

examined the dynamics of Hayward thin-shell WHs for linear, logarithmic and CG

models. Here we consider these fluids to explore the stable behavior of regular ABGB

and ABGB-de Sitter thin-shell WHs. This would help us to investigate the role of

charge and Λ on the stability of WH configurations. In the following, we study the

stability formalism by taking these candidates for exotic matter at the shell.

(i) Linear Gas

We choose a linear gas fluid [87] to support the exotic matter at the shell. The EoS

for linear gas is defined as

Υ = p0 + µ(σ − σ0), (3.1.17)
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where µ is a constant parameter. Differentiating this equation with respect to σ, we

obtain Υ′(σ0) = µ. We find that ∆(ã) and ∆′(ã) disappear by inserting the values of

σ(a0) and p(a0). We are interested to explore the possibility of stable WH solutions

and check the role of increasing charge in stability regions. We choose parameter

Q
M

= 0, 0.707, 0.999, 1.1 and explore stable zones for ABGB thin-shell WHs in de

Sitter background. Figure 3.2 displays stable regions (red curves) for regular ABGB

thin-shell WHs corresponding to linear gas EoS with Q
M

= 0, 0.5, 0.77, 0.99. Here

Q
M

= 0 corresponds to the Schwarzschild case. The metric function N(r) is also

plotted to estimate the location of event horizon and WH throat. We assume a0 > rh

for the viability of thin-shell WHs without event horizons. For a0 ≤ rh, no static

solution exists leading to non-physical region. It is found that increasing value of Q
M

decreases stability areas for regular ABGB thin-shell WHs.

We also plot stability regions for regular ABGB thin-shell WHs coupled with Λ

in de Sitter background. The WH throat must have the range rh < a0 < rc for

the existence of viable static WH solutions, where rc is the cosmological horizon.

The respective results show that stability region for WH configurations decreases by

increasing charge Q
M

(Figure 3.3). It is found that more stable WH solutions are

possible for de Sitter case as compared to Λ = 0.

(ii) Chaplygin Gas

Here we consider CG model for which EoS is given by

Υ(σ) = p0 + µ

(
1

σ
− 1

σ0

)
, (3.1.18)

where Υ′(σ0) = − µ
σ2
0
. Figures 3.4 and 3.5 show the results corresponding to regular

ABGB and ABGB-de Sitter thin-shell WHs by taking CG model and different values
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Figure 3.2: Plots for regular ABGB thin-shell WHs corresponding to linear gas EoS
with Q

M
= 0, 0.5, 0.77, 0.99. The stable regions and the metric function are repre-

sented by red and blue curves, respectively.



64

Figure 3.3: Plots for regular ABGB thin-shell WHs corresponding to linear gas EoS
in de Sitter background.
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Figure 3.4: Plots for regular ABGB thin-shell WHs by taking CG EoS and Q
M

=
0, 0.5, 0.77, 0.99.
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Figure 3.5: Plots for regular ABGB thin-shell WHs for CG EoS in de-Sitter back-
ground.
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of charge. In both cases, only one stability region is obtained with Q
M

= 0, 0.5. We

examine two stability regions for positive and negative values of µ with Q
M

= 0.77

while one stable region for negative values of µ and Q
M

= 0.99. It is observed that

CG provides least stable regions for regular ABGB thin-shell WHs which supports

the fact that CG does not appear significant for stability regions.

(iii) Generalized Chaplygin Gas

Now we consider GCG fluid for exotic matter governed by an EoS

Υ(σ) = p0 + µ

(
1

σγ
− 1

σγ
0

)
. (3.1.19)

We explore its role in increasing the stability regions of regular ABGB and ABGB-de

Sitter thin-shell WHs. In this context, we set µ = p0σ
γ such that the above EoS

becomes

Υ(σ) = p0

(σ0

σ

)γ

, (3.1.20)

which yields Υ′(σ0) = − p0

σ0
γ. We plot the respective stability regions numerically

as shown in Figures 3.6 and 3.7. Here, we find three stability regions for regular

ABGB thin-shell WHs with Q
M

= 0, 0.5, 0.77. It is noted that these regions decrease

gradually by increasing Q
M

and reduce to only two stable regions for Q
M

= 0.99. For

regular ABGB-de Sitter configurations (Λ = 0.1), the stability regions are enlarged

but have similar behavior as in the above case. We find that non-physical regions

appear with small throat radii.
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Figure 3.6: Plots for stability of regular ABGB thin-shell WHs in terms of γ by taking
GCG and Q

M
= 0, 0.5, 0.77, 0.99.
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Figure 3.7: Plots for the stability of regular ABGB thin-shell WHs in terms of γ by
taking GCG gas and Λ = 0.1.
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(iv) Modified Generalized Chaplygin Gas

The EoS for MGCG is defined by

Υ(σ) = p0 + ξ0(σ − σ0)− w

(
1

σγ
− 1

σγ
0

)
, (3.1.21)

where ξ0 and w are free parameters. Its differentiation yields

Υ′(σ0) = ξ0 +
wγ

σγ+1
0

.

Figure 3.8 shows the corresponding graphs for ξ0 = γ = 1 and different values of

charge. For MGCG, we find that the possibility of stability regions increases by

increasing the value of Q
M

. For Λ = 0.1, it is observed that the increasing value of Q
M

provides more stable WH solutions corresponding to both positive and negative values

of the parameter w (Figure 3.9). It is worth mentioning that the effect of MGCG is

to increase the stability regions for regular ABGB thin-shell WHs by increasing Q
M

as

depicted in our numerical plots.

(v) Logarithmic Gas

Finally, we take logarithmic gas defined by the EoS

Υ(σ) = p0 + w ln

∣∣∣∣
σ

σ0

∣∣∣∣ , (3.1.22)

where Υ′(σ0) = w
σ0

. We plot the corresponding stable ABGB thin-shell WHs for

different values of charge without Λ as shown in Figure 3.10. It is found that two

stability regions exist for Q
M

= 0, 0.5, 0.77 and ξ0 = γ = 1, Λ = 0.1,−0.5 which

reduce to only one stability region for maximum value of charge, i.e., Q
M

= 1.1. In

case of ABGB-de Sitter configurations, the number of stability region increases by

increasing Q
M

and reduces to only one region for Q
M

= 1.1 (Figure 3.11). We analyze

maximum number of stable regions for Q
M

= 0.5 in de Sitter background.
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Figure 3.8: Plots for stable regular ABGB thin-shell WHs in the context of MGCG
gas with ξ0 = γ = 1 and different values of charge.



72

Figure 3.9: Plots for stability regions of regular ABGB thin-shell WHs by taking
MGCG gas with ξ0 = γ = 1 and different values of charge in de Sitter background.
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Figure 3.10: Plots for regular ABGB thin-shell WHs by taking logarithmic gas EoS
for Q

M
= 0, 0.5, 0.77, 0.99.
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Figure 3.11: Plots for regular ABGB thin-shell WHs by taking logarithmic gas EoS
with Q

M
= 0, 0.5, 0.77, 0.99 and Λ = 0.1.
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3.1.4 Stability Analysis against Velocity Perturbations

Here we investigate the effect of velocity perturbations on stability of regular ABGB

thin-shell WHs. We confine ourselves to small velocity perturbations about static

configuration ã = a0 such that after any perturbation, an approximately static fluid

can be taken for exotic matter. For this purpose, we compute the following EoS

through Eq.(3.1.9) as

p = −1

2

(
1 +

ãN ′(ã)

2N(ã)

)
σ. (3.1.23)

Substituting σ and p from Eqs.(3.1.6) and (3.1.7), it takes the form

¨̃a− N ′(ã)

2N(ã)
˙̃a = 0, (3.1.24)

which represents one-dimensional motion of the WH throat. Integration of this equa-

tion leads to

˙̃a = ȧ0

√
N(ã)√
N(a0)

, (3.1.25)

whose second integration gives

ȧ0√
N(a0)

(τ − τ0) =

∫ ã

a0

dã√
N(ã)

. (3.1.26)

Here ȧ0 is considered to be non-zero initial small velocity of throat after perturbation.

For regular ABGB spacetime, Eq.(3.1.26) upto second order of small values of Q yields

ȧ0√
N(a0)

(τ − τ0) =
ã(ã− 2M) + Q2

ã
√

N(ã)
− a0(a0 − 2M) + Q2

a0

√
N(a0)

+ M ln

(
ã−M + ã

√
N(ã)

a0 −M + a0

√
N(a0)

)
, (3.1.27)

which indicates that this motion is clearly not oscillatory. Consequently, the ABGB

WH throat remains unstable against velocity perturbations. Equation (3.1.24) also

shows that acceleration of the WH throat ¨̃a = N ′(ã)
2N(ã)

˙̃a is positive leading to unstable

ABGB thin-shell WHs.
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3.2 Einstein Hoffman-Born-Infeld Electrodynam-

ics and Thin-Shell Wormholes

In this section, we discuss general formalism for the construction of thin-shell WHs in

Einstein HBI electrodynamics and investigate the role of various physical parameters

on stability of the respective thin-shell WHs.

3.2.1 General Equations

Nonlinear electrodynamics with various compositions has restorative effects on the

divergent results that appear naturally in linear Maxwell theory. In this context, Born

and Infeld [40] proposed the most prominent constituent of viable NLED theories to

resolve this problem upto some extent. However, this theory has some drawbacks that

are not completely eliminated. To overcome this specific issue, Hoffman and Infeld

[41] proposed a Lagrangian having a logarithmic term with significant consequences

which removed the singularity arising in the Cartesian components of the electric field

E. Mazharimousavi et al. [88] rediscovered the global logarithmic term of Lagrangian

in Einstein NLED theory. They used HBI Lagrangian in both GR as well as Gauss-

Bonnet gravity to construct BHs and thin-shell WHs. Motivated by this proposal,

we examine the role of HBI electrodynamics on the stability of thin-shell WHs. We

consider Einstein HBI Lagrangian

L(F ) =




L+ = − 2

b̃2
(k + β1ξ+ − ln ξ+), r ≥

√
Qb̃,

L− = − 2
b̃2

(k + β1ξ− − ln |ξ−|), r ≤
√

Qb̃,
(3.2.1)
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in which β1 = 1, k = ln 2 − 2 and ξ± = 1 ±
√

1 + 2b̃2F , where b̃ is the constant

HBI parameter, F is the trace of electromagnetic field tensor. This Lagrangian im-

poses L+ = L− at r4 = Q2b̃2. The coupling of GR with HBI electrodynamics leads

to intriguing features that make it worthy to apply on strong electromagnetic and

gravitational fields. The coupling of Einstein gravity with 4D HBI electrodynamics

is defined by the action

S =
1

2

∫ √−g[R + L(F )]d4x. (3.2.2)

The metric coefficient for static electrically charged spherically symmetric BH in HBI

theory is given by

N(r) = 1− 2M

r
+

r2

3b̃2
ln

(
r4

r4 + Q2b̃2

)
− Q2

√
2

3r

√
Qb̃


tan−1


 r

√
2√

Qb̃
+ 1




+ tan−1


 r

√
2√

Qb̃
− 1





− Q2

√
2

6r

√
Qb̃

ln


 r2 + Qb̃− r

√
2qb̃

r2 + Qb̃ + r

√
2Qb̃




+
Q2π

√
2

3r

√
Qb̃

. (3.2.3)

The horizons of the spacetime can be found numerically by taking N(r) = 0. Here

one can easily find that the given line element reduces to RN and Schwarzschild

spacetimes in the limits b̃ → 0 and b̃ →∞, respectively.

The mathematical construction of thin-shell WHs follows the usual steps of cut

and paste technique. For this purpose, we take two copies of HBI spacetimes such

that we cut the interior region with r ≤ ã from each geometry given by M1,2 ={
xµ

1,2 : r1,2 ≤ ã|ã >

√
Qb̃

}
, where we assume ã > rh to avoid the presence of sin-

gularities. These copies are pasted at the hypersurface such that we obtain a new
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geodesically complete manifold M = M1 ∪M2. We adopt a timelike induced metric

(3.1.5) with coordinates ξi = (τ, θ, φ) at thin-shell.

In order to explore attractive or repulsive behavior of HBI thin-shell WHs, we

compute the non-zero radial component of four-acceleration as

ar =
M

r2
+

r

3b̃2
ln

(
r4

r4 + Q2b̃2

)
+

2(r4 + Q2b̃2)

3r2b̃2

(
r3

r4
− r7

(r4 + Q2b̃2)2

)

+
Q2

3r2

√
2Qb̃


tan−1


 r

√
2√

Qb̃
+ 1


 + tan−1


 r

√
2√

Qb̃
− 1







+
Q

3rb̃




1 + tan

(
r
√

2√
Qb̃

+ 1

)2

tan

(
r
√

2√
Qb̃

+ 1

)2 +

1 + tan

(
r
√

2√
Qb̃
− 1

)2

tan

(
r
√

2√
Qb̃
− 1

)2




+
Q2

6r2

√
2Qb̃

ln


r2 + Qb̃− r

√
2Qb̃

r2 + Qb̃ + r

√
2Qb̃


−

Q2(r2 + Qb̃ + r

√
2Qb̃)

6r

√
2Qb̃(r2 + Qb̃− r

√
2Qb̃)

×

 2r −

√
2Qb̃

r2 + Qb̃ + r

√
2Qb̃

−
(2r +

√
2Qb̃)(r2 + Qb̃− r

√
2Qb̃)

(r2 + Qb̃ + r

√
2Qb̃)2


− Q2π

3r2

√
2Qb̃

.

(3.2.4)

The respective results for thin-shell WHs coupled with HBI electrodynamics are shown

in Figure 3.12. It is noted that a WH has attractive or repulsive features if ar > 0 or

ar < 0, respectively. We find that the constructed WH configurations have repulsive

behavior for smaller throat radius which will become attractive on increasing throat

radius.
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Figure 3.12: Plot of ar for Q
M

= 1.1 and b̃ = 0.6.

3.2.2 Stability Analysis

We are interested to explore WH stability by taking barotropic EoS (3.1.12) as a

linear perturbation. We follow the same stability approach as given for ABGB thin-

shell WHs. We consider three different candidates (CG, linear and logarithmic gas

models) to explore stability of HBI thin-shell WHs as follows.

(i) Chaplygin Gas

We consider CG model (3.1.18) for the dynamical investigation of HBI thin-shell

WHs. We explore the role of increasing values of charge as well as HBI parameter

in the WH stability. The corresponding results for the WH stability are shown in

Figures 3.13 and 3.14. For Q
M

= 0.5, 0.7 and b̃ = 0.6, we find one stable region (red

curve) for both positive as well as negative values of parameter µ while the metric

function N(r) cuts the radial axis once showing an event horizon. It is mentioned

here that Q
M

= 1.1 provides only one stable region for negative values of parameter



80

Figure 3.13: Plots for stable regions of thin-shell WHs taking CG EoS and HBI
parameter b̃ = 0.6 with different values of charge.
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Figure 3.14: Plots for stable WHs with CG EoS, b̃ = 1 and different values of charge.
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µ in the absence of event horizon (Figure 3.13). For b̃ = 1, we analyze enlargement

in the stability areas (two regions) for both positive as well as negative values of µ

corresponding to Q
M

= 0.5, 0.7, 0.9. In this case, we observe that the event horizon

does not vanish for Q
M

= 1.1 but reduces to one (3.14). The HBI parameter is effective

to increase the WH stability for CG model while the increasing values of Q
M

tend to

diminish the presence of event horizon.

(ii) Linear Gas

Here we plot stable solutions for linear gas (3.1.17) by taking b̃ = 0.6 as shown

in Figure 3.15. The event horizon gets smaller by enlarging the values of charge

and finally vanishes for the maximum value of Q
M

. The possibility of stable regions

increases by increasing HBI parameter such that we find maximum stability regions

for b = 1. We investigate stable regions for both positive as well as negative values of µ

with Q
M

= 0.5, 0.7 while stable regions exist only for negative values of µ corresponding

to large values of charge. The event horizon does not vanish for maximum value of

charge (Figure 3.16).

(iii) Logarithmic Gas

For logarithmic gas, the respective stable HBI thin-shell WHs with Q
M

= 0.5, 0.7, 0.9,

1.1 and b̃ = 0.6 are shown in Figure 3.17. Here we find least stable solutions for

smaller values of charge as compared to the previous case which tend to increase on

increasing charge. We also analyze more stable solutions by increasing b̃ for larger

values of Q
M

while the event horizon does not disappear in this case (Figure 3.18).
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Figure 3.15: Plots for stability of thin-shell WHs with linear gas and HBI parameter
b̃ = 0.6.
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Figure 3.16: Plots for stability regions of WH configuration with linear gas corre-
sponding to b̃ = 1.
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Figure 3.17: Plots for logarithmic gas and HBI parameter b̃ = 0.6 with different values
of charge.
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Figure 3.18: Plots for logarithmic gas with b̃ = 1 and different values of charge.



Chapter 4

Phase Space Analysis of Isotropic
and Anisotropic Universe Models

This chapter is devoted to study stability of accelerated expansion in FRW and LRS

BI universe models via phase space analysis. We establish an autonomous system

of equations by introducing normalized dimensionless variables. In order to analyze

stability of the system, we find corresponding critical points for different values of

the parameters. We also evaluate power-law scale factor whose behavior indicates

different phases of the universe model. The chapter is classified in two sections. In

the next section, we discuss stability of viscous isotropic cosmos in the framework of

NLED whose results have been published [89]. Subsequently, we study phase space

analysis of LRS BI universe model by taking different linear combinations for the

interactions between scalar field models and DM in section 4.2. A research paper

based on the respective results has been submitted for publication [90].

87
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4.1 Nonlinear Electrodynamics and Stability of FRW

Universe

Nonlinear electrodynamics is the generalization of Maxwell theory which is assumed to

be the most appropriate theory to abolish the initial singularities. Vollick [91] studied

physical aspects of FRW universe model in NLED and found that the respective model

undergoes accelerated expansion for E2 < 3B2. Kruglov [92] showed that NLED

model tends to accelerate the universe in magnetic background at the early epoch.

Ovgun [93] developed analytical nonsingular extension of FRW model by introducing

a new theoretical model in nonlinear magnetic monopole fields. For situations where

strong electromagnetic field occurs, it makes sense to couple gravitation with NLED.

The coupling of Einstein gravity with NLED is defined by the action

S =
1

16π

∫ √−g[R− L(F, F ∗)]d4x. (4.1.1)

We consider nonlinear extension of Maxwell Lagrangian density upto second order

terms in the field invariants F = FijF
ij and F ∗ = F ∗

ijF
ij given by [91]

L = L(F, F ∗) = − 1

4µ0

F + ε1F
2 + ε2F

∗2, (4.1.2)

where µ0 denotes magnetic permeability, ε1, ε2 > 0 are arbitrary constants which

yield linear density for ε1, ε2 → 0 and F ∗
ij is the dual of electromagnetic field tensor.

We do not consider the term FF ∗ involving F ∗ in order to preserve the parity [94].

The linear term of this Lagrangian dominates during radiation dominated era while

the quadratic terms dominate in the early universe that corresponds to the bouncing

behavior of the universe to avoid initial singularity. The energy-momentum tensor
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associated with this Lagrangian has the following form

Tij(EM) = −4∂FLF k
i Fkj + (∂F ∗LF ∗ − L)gij. (4.1.3)

The energy-momentum tensor of the electromagnetic field associated with L(F, F ∗)

can be written as that of a perfect fluid

Tij = (σ + p)uiuj + pgij, (4.1.4)

such that

σEM = −L− 4E2∂FL, (4.1.5)

pEM = L − 4

3
(2B2 − E2)∂FL, (4.1.6)

where ∂F represents partial derivative with respect to F = FijF
ij = 2(B2 − E2), E

and B denote the averaged electric and magnetic fields, respectively.

We consider FRW universe model given by

ds2 = −dt2 + a2(t)(dr2 + r2dθ2 + r2 sin2 θdφ2), (4.1.7)

where a(t) is the scale factor. We assume the universe model to be filled with two

cosmic fluids, i.e., a noninteracting electromagnetic fluid with energy density σEM as

well as pressure pEM and a viscous fluid having energy density σv as well as pres-

sure p = pv(σv) + Ψ. Here pv represents the equilibrium part of viscous pressure

whereas Ψ is the non-equilibrium part, i.e., bulk viscous pressure satisfying an evolu-

tion equation. The main contribution of bulk viscosity to the effective pressure is its

dissipative effect. We obtain Raychaudhuri and constraint equations from the field

equations given by

Θ̇ = −1

3
Θ2 − 1

2
[σEM + σv + 3(pEM + pv + Ψ)] , (4.1.8)
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0 = σEM + σv − 1

3
Θ2, (4.1.9)

where Θ = 3H is the expansion scalar. The conservation of energy-momentum tensor

yields the following evolution equations for viscous and electromagnetic field compo-

nents

σ̇v = −[σv + pv + Ψ]Θ, (4.1.10)

σ̇EM = −[σEM + pEM ]Θ. (4.1.11)

We consider a barotropic EoS for viscous fluid defined by

pv = (γ − 1)σv, (4.1.12)

where 1 ≤ γ ≤ 2. Using Eqs.(4.1.8) and (4.1.9), Raychaudhuri and conservation

equations for viscous fluid turn out to be

Θ̇ = −1

2
Θ2 − 3

2
[pEM + (γ − 1)σv + Ψ], (4.1.13)

σ̇v = −[γσv + Ψ]Θ. (4.1.14)

We characterize viscous pressure variable by the following evolution equation [95]

τ1Ψ̇ = −ζΘ−Ψ

(
1 +

τ∗
ζ

Ψ

)−1

− 1

2
τ1Ψ

[
Θ +

τ̇1

τ1

− ζ̇

ζ
− Ṫ

T

]
, (4.1.15)

where ζ, T , τ1 and τ∗ denote bulk viscosity, local equilibrium temperature, linear

relaxation time and characteristic time in nonlinear background, respectively. This

equation is derived by using a nonlinear model describing a relationship between

thermodynamic flux “Ψ” and thermodynamic force “χ” in the form

Ψ = − ζχ

1 + τ∗χ
. (4.1.16)
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This is a nonlinear extension of Israel-Stewart equation which reduces to its linear

form as τ∗ → 0. The nonlinear term in Eq.(4.1.15) must be positive for thermody-

namic consistency and positivity of entropy production rate. The parameters involved

in Eq.(4.1.15) can be defined by the relations ζ = ζ0Θ (ζ > 0), τ1 = ζ
γν2∗σv

, τ∗ = k2τ1

and T = T0σ
(γ−1)/γ. Here k is a constant such that k = 0 gives linear (Israel-Steward)

case while T0 represents constant temperature. Also, ν∗ corresponds to the dissipa-

tive effect of the speed of sound V1 such that V 2
1 = c2

s + ν2
∗ , where c2

s is its adiabatic

contribution. By causality, V1 ≤ 1 and c2
s = γ − 1 which yields

ν2
∗ ≤ 2− γ, 1 ≤ γ ≤ 2. (4.1.17)

The explicit form of evolution equation by using the above relations yields

Ψ̇ = −γν2
∗σvΘ− γν2

∗Ψσv

ζ0Θ

(
1 +

k2Ψ

γν2∗σv

)−1

− 1

2
Ψ

[
Θ−

(
2γ − 1

γ

)
σ̇v

σv

]
. (4.1.18)

4.1.1 Phase Space Analysis

In this section, we discuss phase space analysis of isotropic and homogeneous universe

model for radiation case. Due to many arbitrary parameters, it seems difficult to find

analytical solution of the evolution equation. In this context, we define normalized

dimensionless variables Ω = 3σv

Θ2 and Ψ̃ = 3Ψ
Θ2 such that the corresponding dynamical

system can be reduced to autonomous one. We also define a new variable τ̃ for

time through which the corresponding derivative is represented by prime such that

dt
dτ̃

= 3
Θ
. Here each term is associated with some physical explicit background since

the chosen dimensionless variables Ω and Ψ̃ occur due to physical impact of viscous

energy density and pressure, respectively. The system of Eqs.(4.1.13) and (4.1.14) in
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terms of these normalized variables takes the form

Θ′

Θ
= −3

2

[
1 + pEM + (γ − 1)Ω + Ψ̃

]
, (4.1.19)

3ρ′v
Θ2

= −3[γΩ + Ψ̃]. (4.1.20)

Differentiation of the dimensionless variable for energy density gives

Ω′ =
3σ′v
Θ2

− 2Ω
Θ′

Θ
. (4.1.21)

Using Eqs.(4.1.19) and (4.1.20), this equation turns out to be

Ω′ = 3(Ω− 1)[Ω(γ − 1) + Ψ̃ + 3pEM ]. (4.1.22)

Now we introduce the concept of a new evolution equation for Ψ̃. The first derivative

of Ψ̃ with respect to τ̃ through Eq.(4.1.19) leads to an evolution equation of the form

Ψ̃′ = −3γν2
∗Ω


1 +

Ψ̃

3ζ0

(
1 +

k2Ψ̃

γν2∗Ω

)−1



+ 3Ψ̃

[
1 + 3pEM

(
1− 3

Ω

2γ − 1

2γ

)]
− 3(γ − 1)Ψ̃(1− Ω). (4.1.23)

It is mentioned here that Eqs.(4.1.22) and (4.1.23) play a remarkable role to describe

the respective dynamical system for phase space analysis.

In order to find the critical points {Ωc, Ψ̃c}, we need to solve the dynamical system

by imposing the condition Ω′ = Ψ̃′ = 0. The stability of FRW universe model can be

analyzed according to the nature of critical points. Here we restrict the phase space

region to a condition which is necessary for the positivity of entropy production rate

given by

Ψ̃ > −γν2
∗Ω

k2
. (4.1.24)
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This condition tends the possible negative values of Ψ̃ towards zero for k2 À ν2
∗ .

Contrarily, the bulk pressure will be less restrictive if k2 ¿ ν2
∗ . It is noted that finite

values of k allow only positive values of bulk pressure in the limit ν∗ → 0. It would

be more convenient to consider k2 ≤ ν2
∗ along with ν2

∗ ≤ 2 − γ and τ∗ = k2τ1 which

leads to the fact that the characteristic time for nonlinear effects τ∗ does not exceed

the characteristic time in linear background τ1. We characterize the critical points by

deceleration parameter q̄ = −1− Θ′
Θ

and effective EoS parameter γeff = −2Θ′
3Θ

which

yield

q̄ =
1

2

[
1 + 9pEM + 3(γ − 1)Ω + 3Ψ̃

]
, (4.1.25)

γeff = 1 + 3pEM + (γ − 1)Ω + Ψ̃. (4.1.26)

To examine a region of phase space undergoing accelerated expansion, we impose

q̄ < 0 in Eq.(4.1.25) which gives

Ψ̃ < −1

3
− 3pEM − (γ − 1)Ω. (4.1.27)

The possibility of accelerated expansion in the physical phase space is determined by

comparing Eqs.(4.1.24) and (4.1.25) through q < 0 given by

ν2
∗

k2
>

1 + 9pEM + 3(γ − 1)Ω

3γΩ
. (4.1.28)

Substituting Ω′ = 0 in Eq.(4.1.22), we find the following conditions

Ωc = 1, (4.1.29)

(γ − 1)Ωc + Ψ̃c + 3pEM = 0. (4.1.30)

We insert these conditions in Ψ̃′ to find the location of critical points. This analysis is

carried out by characterizing the viscous fluid through the choice of its EoS parameter
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γ (radiation). We consider 0 < k2 = ν2
∗ ≤ 2 − γ for which the case of stiff matter

(γ = 2) is excluded from the analysis as it yields ν2
∗ = 0.

4.1.2 Radiation Case (γ = 4
3)

We consider the radiation case for phase space analysis by taking γ = 4
3
. Imposing

the condition (4.1.29) and Ψ̃′ = 0 in Eq.(4.1.23), we have

3ν2
∗

4ζ0

Ψ̃3 − ν2
∗

ζ0

Ψ̃2 − 3Ψ̃

(
1− 4ν2

∗
9ζ0

− 21pEM

8

)
+ 4ν2

∗ = 0. (4.1.31)

This cubic equation yields three roots among which we retain only those roots that

lie in the physical phase space. The general form of the dynamical system is given by

Ω′ = f(Ω, Ψ̃), Ψ̃′ = g(Ω, Ψ̃). (4.1.32)

The eigenvalues of the system can be determined by the Jacobian matrix

Z̄ =

(
∂f
∂Ω

∂f

∂Ψ̃
∂g
∂Ω

∂g

∂Ψ̃

)

|P±i

. (4.1.33)

We find the eigenvalues corresponding to the points P±
r as

η1 = 1 + 3Ψ̃ + 9pEM , (4.1.34)

η2 = −16ν2
∗

3ζ0

[
1

4 + Ψ̃
− Ψ̃

(4 + Ψ̃)2

]
− 63pEM

8
+ 6Ψ̃ + 3. (4.1.35)

In case of viscous radiating fluid, we can explore source and sink according to the

sign of eigenvalues as well as direction of the trajectories. We investigate two critical

points P+
r = {1, Ψ̃+

c } and P−
r = {1, Ψ̃−

c } corresponding to positive (Ψ̃+
c ) and negative

(Ψ̃−
c ) roots, respectively. By taking Ωc = 0 and the second condition (4.1.30) with

Ψ̃c = −Ωc

3
− 3pEM , we obtain P 0

r = {0,−3pEM}.
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Figure 4.1: Plots for the phase plane evolution of viscous radiating fluid with γ = 4/3,
ν∗ = k =

√
1/5, ζ0 = 0.2, α = 0.01 and different values of B and E.

Case I (E, B 6= 0)

We are interested to analyze the impact of electromagnetic field on the stability of

critical points in the presence of nonlinear bulk viscosity. The energy density (4.1.5)

and pressure (4.1.6) are given by

σEM =
1

2µ0

(B2 + E2)− 4α(B2 − E2)(B2 + 3E2), (4.1.36)

pEM =
1

6µ0

(B2 + E2)− 4α

3
(B2 − E2)(5B2 − E2). (4.1.37)

The dynamical behavior of critical points for different values of electric and magnetic

fields as well as other parameters is shown in Figures 4.1 and 4.2. The green tra-

jectory depicts a flow from the point P+
d towards P−

d . The white region corresponds

to the negative entropy production rate that diverges on its boundary whereas the

green region shows accelerated expansion of the universe. Here the point P 0
d shows

varying behavior, i.e., either it is a saddle point or a sink depending on the values of

different parameters.
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Figure 4.2: Plots for the phase plane evolution of viscous radiating fluid with γ = 4/3,
ν∗ = k = 1, ζ0 = 1, α = 0.01 and different values of B and E.

In these plots, we have taken ζ0 = 0.2, 1 by varying ν∗, k, B and E. For ν∗ =

k =
√

1/5 and ζ0 = 0.2, it is found that the global attractor P−
d lies in green region

showing accelerated expansion for the same values of B and E. This region tends to

decrease by increasing E such that the point P−
d lies in the deceleration region. By

increasing ζ0, we find accelerated expansion with different values of B, E and larger

values of the parameters ν∗ and k. For ν∗ = k = 1 and ζ0 = 1, we find accelerated

expansion of the universe model for all choices of electric and magnetic fields. The

point P 0
d behaves as a sink for ζ0 = 0.2 which becomes a saddle point for larger values

of ζ0. We observe that the increasing value of bulk viscosity increases the region

for accelerated expansion in the presence of NLED. In the following, we discuss two

different cases for electric as well as magnetic universe.
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Figure 4.3: Plots for the phase plane evolution of viscous radiating fluid with γ = 4/3,
ν∗ = k =

√
2/3, ζ0 = 1, α = 0.01 and B = 0.2, 0.8.

Case II (E = 0)

Some recent results indicate that a magnetic universe is appropriate to avoid the

initial singularity and ultimately shows late time accelerated expansion [96]. Here

we assume the squared electric field < E2 > to be zero such that the magnetic field

(F = 2B2) rules over the universe known as magnetized universe. Thus the energy

density (4.1.5) and pressure (4.1.6) take the form

σB =
B2

2µ0

(1− 8µ0αB2), (4.1.38)

pB =
B2

6µ0

(1− 40µ0αB2). (4.1.39)

The respective evolution plots are given in Figure 4.3. For ν∗ = k =
√

2/3 and

ζ0 = 1, we find that sink lies in green region showing the stability of accelerated

expansion for the magnetized universe. This region tends to decrease by increasing

the value of magnetic field B. The point P 0
d behaves as saddle for small values of

magnetic field. It is mentioned here that increasing values of the bulk viscosity and
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the parameters ν∗ as well as k with different values of B give rise to stability of

accelerated expansion of the universe for different choices of B. We also find that a

smaller value of bulk viscosity shows decelerated expansion with increasing values of

B.

Case III (B = 0)

Here, we deal with the electric universe by setting < B2 >= 0. The corresponding

energy density and pressure are given by

σE =
E2

2µ0

(1 + 24µ0αE2), (4.1.40)

pE =
E2

6µ0

(1− 8µ0αE2). (4.1.41)

The plots corresponding to different choices of electric field E are shown in Figure

4.4. For ν∗ = k =
√

2/3 and ζ0 = 1, we analyze sink P−
d in the green region

showing accelerated expansion of the universe for different values of E. The point P 0
d

behaves as a saddle for small values of magnetic field. We find that the region for

accelerated expansion tend to decrease by increasing electric field E. It is observed

that accelerated expanding region exists for increasing values of bulk viscosity and

parameters ν∗ as well as k with all choices of E. It supports the fact that the role

of bulk viscosity and electric field is to increase the stability of accelerated expansion

of the universe model. The summary of results for the universe filled with viscous

radiating fluid is given in Table 4.1.
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Figure 4.4: Plots for the phase plane evolution of viscous radiating fluid with γ = 4/3,
ν∗ = k =

√
2/3, ζ0 = 1, α = 0.01 and E = 0.2, 0.8.

Table 4.1: Stability Analysis of Critical Points for Radiation Dominated
Fluid

Critical Point Behavior Stability
P+

r Source Unstable
P−

r Sink Stable
P 0

r Saddle/Sink Unstable/Stable

4.1.3 Power-Law Scale Factor

In this section, we discuss power-law behavior of the scale factor corresponding to the

critical points. For this purpose, we integrate Eq.(4.1.19) which leads to

Θ̇ = −1

2

[
1 + 3pEM + (γ − 1)Ω + Ψ̃

]
Θ2. (4.1.42)

For Θ 6= 0, we formulate power-law scale factor whenever 1+3pEM +(γ−1)Ω+Ψ̃ 6= 0.

Solving Θ = 3ȧ
a

for a(t), we obtain the generic critical point as

a = a0(t− t0)
2

3[1+3pEM +(γ−1)Ωc+Ψ̃c] . (4.1.43)
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The following condition must hold for exponentially expanding models (identified by

the condition 1+3pEM +(γ− 1)Ω+ Ψ̃ = 0) to be present in the physical phase space

region (bounded by Eq.(4.1.24))

(1− γ)Ωc − 3pEM − 1 > −γν2
∗

k2
Ω. (4.1.44)

This condition is not satisfied in the physical phase space for ν2
∗ = k2. The above

inequality must be satisfied in the following physical phase space region

(1 + 3pEM)

[
1− γ

(
1− ν2

∗
k2

)]−1

< Ω ≤ 1. (4.1.45)

It is mentioned here that sign of the term 1+3pEM +(γ−1)Ω+Ψ̃ is quite important to

evaluate different cosmological stages. If 1+3pEM +(γ−1)Ω+Ψ̃ = 0, it corresponds

to the exponential expansion of the universe model. Also, 1+3pEM +(γ−1)Ω+Ψ̃ ≷ 0

yields accelerated expansion or contraction of the cosmological model, respectively.

If ν2
∗ < k2, the possibility of having accelerated expansion will narrow down. Figure

4.5 shows the physical phase space region (excluding the white region with negative

entropy production rate) whereas yellow and dark gray regions correspond to acceler-

ated and exponential expansion of the universe model for v2 > k2, respectively. Table

4.2 provides the polynomial behavior of power-law scale factor for different critical

points with 1 + 3pEM + (γ − 1)Ω + Ψ̃ 6= 0.

Table 4.2: Power-law Scale Factors for Different Critical Points

Critical Point Scale factor for γ = 4/3

P 0
r a0(t− t0)

− 2
9pEM

P+
r a0(t− t0)

2

3(3pEM +Ψ̃+
c +4

3 )

P−
r a0(t− t0)

2

3(3pEM +Ψ̃−c +4
3 )
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Figure 4.5: Plot of qualitative phase space analysis for power-law scale factor with
ν2
∗ > k2. Yellow and dark gray regions indicate the accelerated and exponential

expansion of the universe model, respectively.

4.2 Stability of Anisotropic Universe Model

This section deals with dynamical investigation of LRS BI cosmos by taking two

interacting scalar field models as cosmic fluids.

4.2.1 LRS BI Universe Model and Dynamical Equations

We consider LRS BI model with anisotropic effects defined by the line element

ds2 = −dt2 + a2(t)dx2 + b2(t)(dy2 + dz2), (4.2.1)

where a(t) and b(t) represent the cosmic expansion radii. We can define the mean

Hubble parameter as

H =
1

3
[H1 + H2] =

1

3

[
ȧ

a
+

2ḃ

b

]
, (4.2.2)
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where H1 = ȧ
a
, H2 = ḃ

b
are directional Hubble parameters. For a spatially homoge-

neous spacetime, the normal congruence to homogeneous expansion leads to a con-

stant ratio, i.e., the expansion and shear scalars are proportional to each other. We

assume a power-law relation a = bm, m 6= 0, 1, where m is a constant anisotropic pa-

rameter which differentiates the expansion along x and y directions and represents the

deviation of anisotropic universe model from isotropic. We define the average Hubble

expansion by a relationship between mean and directional Hubble parameters as

H1 = mH2 =

(
3m

m + 2

)
H. (4.2.3)

Collins [97] studied physical consequences of this assumption by taking perfect fluid

and barotropic EoS in a general way.

The cosmic fluid is considered by coupling phantom field and matter. We consider

that these two components interact through the interaction term Q∗ such that the

conservation of energy yield

σ̇m + 3(σm + pm)H = Q∗, (4.2.4)

σ̇φ + 3(σφ + pφ)H = −Q∗, (4.2.5)

σ̇ + 3(σ + p)H = 0, (4.2.6)

where σ = σm + σφ, p = pm + pφ, σm, σφ, pm and pφ correspond to energy densities

and pressures of matter and phantom energy, respectively. It is noted that the sign of

interaction term denotes the transfer of energy between two components. For Q∗ > 0,

the energy flows from phantom to matter while Q∗ < 0 corresponds to vice versa. The

interaction term gives an additional degree of freedom which can be restricted by the

constant energy density ratio at late times. It has always been interesting to study

cosmological consequences of these interactions by considering their several forms
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[98]. It is clear from the above conservation equations that Q∗ = Q∗(H, σm, σφ). The

constraint and Raychaudhuri equations obtained from the field equations are given

by

H2 =
(m + 2)2

9(2m + 1)
(σm + σφ), (4.2.7)

0 =

(
6

m + 2

)
Ḣ +

27

(m + 2)2
H2 + pφ, (4.2.8)

where σφ = −1
2
φ̇2 + V (φ), pφ = −1

2
φ̇2 − V (φ).

In order to solve the evolution equations, we define the following normalized di-

mensionless quantities

µ1 =
(m + 2)φ̇√
6(2m + 1)H

, ν1 =
(m + 2)

√
V√

3(2m + 1)H
, λ1 = −V ′

V
, (4.2.9)

that direct the evolution equations into an autonomous system. Differentiating µ1

and ν1 with respect to N1 = m+2
3m

ln a, we have

µ′1 =
(m + 2)

3m
µ1

[
φ̈

Hφ̇
− Ḣ

H2

]
, (4.2.10)

ν ′1 = −(m + 2)

3m
ν1

[√
6µ1λ1 +

Ḣ

H2

]
. (4.2.11)

For an exponential potential, Raychaudhuri and conservation equations in terms of

these dimensionless quantities become

Ḣ

H2
= − 1

2(m + 2)

[
9 + (2m + 1)2{µ2

1 − ν2
1}

]
, (4.2.12)

φ̈

Hφ̇
= 3−

√
3

2

2m + 1

m + 2

λ1ν
2
1

µ1

+
Q∗

Hφ̇2
, (4.2.13)

where λ1 is taken as a constant. We can write from the constraint equation

Ωφ =
(m + 2)2

9(2m + 1)

σφ

H2
=

2m + 1

3
[−µ2

1 + ν2
1 ]. (4.2.14)
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The effective EoS for the cosmic fluid and phantom field are given by

γeff = −1− 2Ḣ

3H2
, γφ =

γeff

Ωφ

. (4.2.15)

4.2.2 Dynamics of Interacting Phantom Energy

This section deals with stability of LRS BI model through phase space analysis by

taking interaction between phantom energy and matter. We consider scalar field

models for dynamical analysis to study whether we can alleviate the ambiguities like

fine-tuning as well as cosmic coincidence arising from the consistency of Λ1 with

the recent cosmic observations. In order to find critical points {µ1, ν1}, we need to

solve the dynamical system of Eqs.(4.2.10) and (4.2.11) by imposing the condition

µ′1 = ν ′1 = 0. The stability of LRS BI universe model will be discussed according to

the nature of critical points and the corresponding eigenvalues. In the following, we

consider three different forms of interactions between phantom field and matter.

(i) Coupling Q∗ = ασ̇m

Firstly, we take a model of interaction Q∗ = ασ̇m for cosmos where both phantom

field as well as DM are present [52]. Different forms of coupling have been discussed

in literature which are proportional to the time derivative of their energy densities

[48]. Equation (4.2.13), in terms of this coupling, turns out to be

φ̈

Hφ̇
= 3−

√
3

2

2m + 1

m + 2

λ1ν
2
1

µ1

− 3αΩm

2(1− α)µ1

, (4.2.16)

where Ωm = 1− Ωφ. The corresponding autonomous system of equations reduces to

µ′1 =
(m + 2)

3m
µ1

[
3−

√
3

2

2m + 1

m + 2

λ1ν
2
1

µ1

− 3αΩm

2(1− α)µ2
1

+
1

2(m + 2)
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× {9 + (2m + 1)2(µ2
1 − ν2

1)}
]
, (4.2.17)

ν ′1 = −(m + 2)

3m
ν1

[√
6µ1λ1 − 1

2(m + 2)
{9 + (2m + 1)2(µ2

1 − ν2
1)}

]
.(4.2.18)

For P1 =
(
− 1√

6λ1

{
6−α(2m+7)

2(1−α)

}
, 0

)
, the eigenvalues of Jacobian matrix are given by

η1 =
(m + 2)

3m

[
3− 3α

2(1− α)

{
24(1− α)2λ2

1

[6− α(2m + 1)]2
− 2m + 1

3

}

+
1

2(m + 2)

{
9 +

(2m + 1)2[6− α(2m + 7)]2

8(1− α)2λ2
1

}]
, (4.2.19)

η2 = −(m + 2)

3m

[
α(2m + 7)− 6

2(1− α)
− 1

2(m + 2)
{9

+
(2m + 1)2[6− α(2m + 7)]2

24(1− α)2λ2
1

}]
. (4.2.20)

We study the impact of parameters m and α on the stability of critical points in

the presence of scalar field model. We plot the dynamical behavior of critical points

for Q∗ = ασ̇m by taking different values of α and m as shown in Figure 4.6. In these

numerical plots, we observe that the eigenvalues are positive indicating the point

P1 as an unstable past attractor for m > 0 in the physical phase space except for

α = 1,m = −2 at which the system becomes undetermined. For m < 0, this point

becomes stable future attractor. The dynamical analysis shows a matter dominated

era ultimately followed by a late accelerated expansion phase of the universe. For

P2 =



√

6λ1±
r

6λ2
1−( 3(2m+1)

m+2 )
2

(2m+1)2

m+2

, 0


, the corresponding eigenvalues are

η1 =
(m + 2)

3m




3− 3α

2(1− α)





(2m + 1)4

(m + 2)2

[
√

6λ1 ±
√

6λ2
1 −

(
3(2m+1)

m+2

)2
]2
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Figure 4.6: Plots for the phase plane evolution of phantom coupled universe model
with Q∗ = ασ̇m and λ1 = 2.
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− 2m + 1

3

}
+

1

2(m + 2)

{
9 + (2m + 1)2

[
(2m + 1)4

(m + 2)2

× 1[
√

6λ1 ±
√

6λ2
1 −

(
3(2m+1)

m+2

)2
]











, (4.2.21)

η2 = −(m + 2)

3m



√

6(m + 2)λ1





√
6λ1 ±

√
6λ2

1 −
(

3(2m+1)
m+2

)2

(2m + 1)2




− 1

2(m + 2)

×





9 + (2m + 1)2(m + 2)2




√
6λ1 ±

√
6λ2

1 −
(

3(2m+1)
m+2

)2

2m + 1




2





 . (4.2.22)

This point corresponds to unstable past attractor without accelerated expansion for

m > 0. By taking negative values of parameter m, this point becomes stable future

attractor or a saddle point depending on values of α. It is noted that the stable point

undergoes accelerated expansion as q̄ < 0.

For P3 =

(q
3(2m+7)+α(2m2−m−19)+

√
[3(2m+7)+α(2m2−m−19)]2−α(α−1)(m+2)(2m+1)

2(α−1)(2m+1)
, 0

)
, we

have

η1 =
(m + 2)

3m

[
3− 3α

2(1− α)

{
2(α− 1)(2m + 1)

3(2m + 7) + α(2m2 −m− 19) + ξ1

− 2m + 1

3

}
+

1

2(m + 2)

{
9 +

3(2m + 1)2

2(α− 1)(2m + 1)
[3(2m + 7)

+ α(2m2 −m− 19) + ξ1

]}]
, (4.2.23)

η2 = −(m + 2)

3m

[√
3λ1

√
3(2m + 7) + α(2m2 −m− 19) + ξ1

(α− 1)(2m + 1)

− 1

2(m + 2)

{
9 +

(2m + 1)2

2(α− 1)(2m + 1)
[3(2m + 7)α(2m2 −m− 19)

+ ξ1]}] , (4.2.24)
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where ξ1 =
√

[3(2m + 7) + α(2m2 −m− 19)]2 − α(α− 1)(m + 2)(2m + 1). We find

the same behavior of this point for positive values of m. This point is also a stable

future attractor for m < 0 showing accelerated expanding universe model. The

effective potential for the cosmic fluid is given by

γeff = −1 +
1

m + 2
[9 + (2m + 1)(µ2

1 − ν2
1)]. (4.2.25)

The effective EoS parameter and deceleration parameter are given by

γφ =
1

µ2
1 + ν2

1

[
−1 +

1

m + 2
{9 + (2m + 1)(µ2

1 − ν2
1)}

]
, (4.2.26)

q̄ = −1 +
1

m + 2
[9 + (2m + 1)(µ2

1 − ν2
1)]. (4.2.27)

It is mentioned here that points P1 and P2 undergo decelerated expansion while the

point P3 is a stable future attractor that lies in accelerated expanding phase as q̄ < 0

and γφ < −1. The summary of the results for evolution as well as stability of LRS

BI model coupled with phantom energy and matter is given in Table 4.3.

(ii) Coupling Q∗ = βσ̇φ

For this coupling, Eq.(4.2.13) takes the form

φ̈

Hφ̇
= 3−

√
3

2

2m + 1

m + 2

λ1ν
2
1

µ1

− 3β

1 + β
. (4.2.28)

The autonomous system of equations becomes

µ′1 =
(m + 2)

3m
µ1

[
3−

√
3

2

2m + 1

m + 2

λ1ν
2
1

µ1

− 3β

1− β
+

1

2(m + 2)

× {9 + (2m + 1)2(µ2
1 − ν2

1)}
]
, (4.2.29)

ν ′1 = −(m + 2)

3m
ν1

[√
6µ1λ1 − 1

2(m + 2)
{9 + (2m + 1)2(µ2

1 − ν2
1)}

]
.(4.2.30)
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Table 4.3: Stability Analysis for the Phantom Coupled System with
Q∗ = ασ̇m.

Ranges of α and m for Critical Points Stability Acceleration
P1

α > 0, m > 0 (α 6= 1) Unstable No
α < 0, m > 0 Unstable No

α < 0, m < 0 (m 6= −2) Stable No
α > 0, m < 0 Stable No

P2

α > 0, m > 0 (α 6= 1) Unstable No
α < 0, m > 0 Unstable/Saddle No

α < 0, m < 0 (m 6= −0.5,−2) Stable/Saddle Yes
α > 0, m < 0 Stable/Saddle Yes

P3

α > 0, m > 0 (α 6= 1) Unstable/Saddle No
α < 0, m > 0 Saddle No

α < 0, m < 0 (m 6= −0.5,−2) Stable Yes
α > 0, m < 0 Stable No

For P1 = (0, 0), we have

η1 =
3

2m
+

m + 2

m(1 + β)
, η2 =

3

2m
. (4.2.31)

This point shows a varying behavior for different values of parameters β and m.

For α = 0.8,−0.2, we find that point P1 is unstable/saddle node by taking only

positive values of m and λ1 = 2 (Figure 4.7). For β = −1, the eigenvalues become

undetermined, hence we neglect it. We observe that negative values of m show a

stable future attractor. It is mentioned here that point P1 undergoes decelerated

cosmic expansion since q̄ > 0 for all choices of parameters.

For P2 =
(

1
2m+1

√
3[3β−(2m+1)]

1+β
, 0

)
, the eigenvalues are given by

η1 =
m + 2

m(1 + β)
+

3[1 + 4β − 2(m + 1)]

2m(1 + β)
, (4.2.32)

η2 = −
√

2(m + 2)λ1

m(2m + 1)

√
3β − (2m + 1)

1 + β
+

3 + 6β − 2(m + 1)

2m(1 + β)
. (4.2.33)
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Figure 4.7: Plots for the phase plane evolution of phantom coupled universe model
with Q∗ = βσ̇φ and λ1 = 2.
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This point shows opposite behavior as compared to the previous point. Here all

choices of m and α give stable nodes except m > 0 and α > 0 that correspond to

unstable node. In this case, the universe is in decelerated expanding phase for all

values of m. For P3 =
(
− 1

2m+1

√
3[3β−(2m+1)]

1+β
, 0

)
, the corresponding eigenvalues yield

η1 =
m + 2

m(1 + β)
+

3[1 + 4β − 2(m + 1)]

2m(1 + β)
, (4.2.34)

η2 =

√
2

3

(m + 2)λ1

m(2m + 1)

√
3[3β − (2m + 1)]

1 + β
+

3 + 6β − 2(m + 1)

2m(1 + β)
.

(4.2.35)

We find that point P3 is an unstable past attractor for all values of α and m except

for −0.9 < β < −0.1 at which it behaves as a stable node. For P4 =
(
0,± 3

2m+1

)
, the

eigenvalues are

η1 =
m + 2

m(1 + β)
, η2 =

m + 2

m(1 + β)
. (4.2.36)

This point is also an unstable past attractor for positive values of m. It is noted that

for Q∗ = βσ̇φ, all points lie in a region of decelerated expansion. A general dynamical

analysis is given in Table 4.4.

(iii) Coupling Q∗ = ρ(σ̇m + σ̇φ)

Here we consider the coupling as a linear combination of σ̇m and σ̇φ for which

Eq.(4.2.13) becomes

φ̈

Hφ̇
= 3−

√
3

2

2m + 1

m + 2

λ1ν
2
1

µ1

− 3ρΩm

2(1− ρ)µ2
1

− 3ρ

1 + ρ
. (4.2.37)

The evolution and conservation equations yield

µ′1 =
(m + 2)

3m
µ1

[
3−

√
3

2

2m + 1

m + 2

λ1ν
2
1

µ1

− 3ρΩm

2(1− ρ)µ2
1

− 3ρ

1 + ρ
+

1

2(m + 2)
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Table 4.4: Stability Analysis for the Phantom Coupled System with
Q∗ = βσ̇φ.

Ranges of β and m for Critical Points Stability Acceleration
P1

β > 0, m > 0 Unstable No
β < 0, m > 0, β 6= −1 Unstable/Saddle No

β < 0, m < 0 Stable No
β > 0, m < 0 Stable No

P2

β > 0, m > 0 Unstable No
β < 0, m > 0, β 6= −1 Stable No

β < 0, m < 0, m 6= −0.5 Stable No
β > 0, m < 0 Stable No

P3

β > 0, m > 0 Unstable No
β < 0, m > 0, β 6= −1 Stable/Unstable No

β < 0, m < 0, m 6= −0.5 Unstable No
β > 0, m < 0 Stable for −0.9 < β < −0.1 No

P4

β > 0, m > 0 Unstable No
β < 0, m > 0, β 6= −1 Unstable No

β < 0, m < 0 Stable No
β > 0, m < 0 Stable No

× {9 + (2m + 1)2(µ2
1 − ν2

1)}
]
, (4.2.38)

ν ′1 = −(m + 2)

3m
ν1

[√
6µ1λ1 − 1

2(m + 2)
{9 + (2m + 1)2(µ2

1 − ν2
1)}

]
. (4.2.39)

For P1 =



√

6λ1+

r
6λ2

1−( 3(2m+1)
m+2 )

2

(2m+1)2/2(m+2)
, 0


, the corresponding eigenvalues are

η1 =
(m + 2)

3m




3−





(2m + 1)4

4(m + 2)2

{
√

6λ1 +

√
6λ2

1 −
(

3(2m+1)
m+2

)2
}

− 2m + 1

3

}
3ρ

2(1− ρ)
− 3ρ

1 + ρ
+

1

2(m + 2)

{
9 + 12(m + 2)2
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−




√
6λ1 +

√
6λ2

1

(
3(2m+1)

m+2

)2

2m + 1




2





 , (4.2.40)

η2 = −(m + 2)

3m


2
√

6(m + 2)λ1





6λ1 +

√
6λ2

1 −
(

3(2m+1)
m+2

)2

(2m + 1)2





− 1

2m + 1





9 + 4(m + 2)2




6λ1 +

√
6λ2

1 −
(

3(2m+1)
m+2

)2

(2m + 1)




2





 .

(4.2.41)

In this case, the nature of eigenvalues indicates unstable nodes for m > 0 with all

choices of ρ except for ρ = 1,−1 (Figure 4.8). We find both eigenvalues negative for

m = −0.2 showing stable attractors. All the choices of parameters m and ρ show

decelerated expanding universe as q̄ > 0. The summary of respective results is shown

in Table 4.5.

For P2 =



√

6λ1−
r

6λ2
1−( 3(2m+1)

m+2 )
2

(2m+1)2/2(m+2)
, 0


, the eigenvalues are given as

η1 =
(m + 2)

3m




3−





(2m + 1)4

4(m + 2)2

{
√

6λ1 −
√

6λ2
1 −

(
3(2m+1)

m+2

)2
}

− 2m + 1

3

}
3ρ

2(1− ρ)
− 3ρ

1 + ρ
+

1

2(m + 2)

{
9 + 12(m + 2)2

−




√
6λ1 −

√
6λ2

1 −
(

3(2m+1)
m+2

)2

2m + 1




2





 , (4.2.42)
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Figure 4.8: Plots for the phase plane evolution of phantom coupled universe model
with Q∗ = ρ(σ̇m + σ̇φ) and λ1 = 2.
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Table 4.5: Stability Analysis for the Phantom Coupled System with
Q∗ = ρ(σ̇m + σ̇φ).

Ranges of ρ and m for Critical Points Stability Acceleration
P1

ρ > 0, m > 0, ρ 6= 1 Unstable No
ρ < 0, m > 0, ρ 6= −1 Unstable No

ρ < 0, m < 0, m 6= −0.5,−2 Stable for m = −0.2 No
ρ > 0, m < 0 Stable for m = −0.2 No

P2

ρ > 0, m > 0, ρ 6= 1 Unstable No
ρ < 0, m > 0, ρ 6= −1 Unstable/Saddle No

ρ < 0, m < 0, m 6= −0.5,−2 Saddle No
ρ > 0, m < 0 Saddle No

P3

ρ > 0, m > 0, ρ 6= 1 Unstable/Saddle No
ρ < 0, m > 0, ρ 6= −1 Unstable/Saddle No
ρ < 0, m < 0, m 6= −2 Stable Yes

ρ > 0, m < 0 Stable Yes

η2 = −(m + 2)

3m


2
√

6(m + 2)λ1





6λ1 −
√

6λ2
1 −

(
3(2m+1)

m+2

)2

(2m + 1)2





− 1

2m + 1





9 + 4(m + 2)2




6λ1 −
√

6λ2
1 −

(
3(2m+1)

m+2

)2

(2m + 1)




2





 ,

(4.2.43)

which corresponds to either unstable or saddle node that lies in matter dominated

era for all choices of different parameters. For P3 =
(

ξ̃1√
2
, 0

)
, the eigenvalues are

η1 =
(m + 2)

3m

[
3− 3ρ

2(1− ρ)

{
2

ξ̃1
2 −

2m + 1

3

}
− 3ρ

1 + ρ

+
1

2(m + 2)

{
9 +

3(2m + 1)2ξ̃1
2

2

}]
, (4.2.44)
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η2 = −(m + 2)

3m

[√
3λ1ξ̃1 − 1

2(m + 2)

(
9 +

(2m + 1)ξ̃1
2

2

)]
, (4.2.45)

where

ξ̃1 =

√
3(2m + 3) + ρ(2m2 −m− 10) + ρ2(2m2 − 5m− 25)

(2m + 1)2(ρ2 − 1)
+ ξ̃2,

ξ̃2 =

√
(−12ρ(ρ + 1)(ρ2 − 1)(m + 2)(2m + 1)2 + 39− 5ρ(5ρ + 2) + ξ̃3)2,

ξ̃3 = 2m2ρ(ρ + 1) + m(5ρ2 − ρ + 6)2.

The nature of eigenvalues as well as trajectories show that point P3 is unstable past

attractor in deceleration region for m > 0 with ρ 6= 1,−1. This point becomes a

stable global attractor for negative values of m except for m = −0.5,−2 that give

undetermined eigenvalues. In this case, q̄ < 0 and γφ < −1 showing accelerated

expansion of the universe.

4.2.3 Coupled Tachyon Dynamics

Now we discuss phase space analysis of the universe model by taking a tachyon coupled

cosmic component. The conservation equations are

σ̇m + 3(σm + pm)H = Q∗, (4.2.46)

σ̇φ + 3(σφ + pφ)H = −Q∗, (4.2.47)

where σφ = V (φ)√
1−φ̇2

and pφ = −V (φ)

√
1− φ̇2. The evolution equations yield

H2 =
(m + 2)2

9(2m + 1)


 V (φ)√

1− φ̇2

+ σm


 , (4.2.48)

φ̈

1− φ̇2
= −


3Hφ̇ +

V ′(φ)

V (φ)
+

Q∗

√
1− φ̇2

V (φ)φ̇


 . (4.2.49)
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We introduce the following dimensionless parameters

µ1 =
(m + 2)φ̇

2m + 1
, ν1 =

(m + 2)
√

V√
3(2m + 1)H

, λ1 = − V ′

V
√

V
, (4.2.50)

such that the autonomous system of equations takes the form

µ′1 =
(m + 2)2

3m(2m + 1)

φ̈µ1

Hφ̇
, (4.2.51)

ν ′1 = −(2m + 1)λ1µ1ν
2
1

2
√

3m(m + 2)
− (m + 2)ν1

3m

Ḣ

H2
. (4.2.52)

In this case, we consider the only coupling Q∗ = βσ̇φ for which Eqs.(4.2.48) and

(4.2.49) give

Ḣ

H2
=

(2m + 1)2

2(m + 2)
ν2

1

√
1−

(
2m + 1

m + 2

)2

µ2
1 −

9

2(m + 2)
, (4.2.53)

φ̈

φ̇H
=

[
1−

(
2m + 1

m + 2

)2

µ2
1

][√
3ν1λ1

µ1

+
3β

1 + β
− 3

]
. (4.2.54)

The effective EoS and deceleration parameters are given by

γeff = −1− 1

3(m + 2)


(2m + 1)2ν2

1

√
1−

(
2m + 1

m + 2

)2

µ2
1 − 9


 , (4.2.55)

q̄ = −1− 1

2(m + 2)


(2m + 1)2ν2

1

√
1−

(
2m + 1

m + 2

)2

µ2
1 − 9


 . (4.2.56)

The critical points and their corresponding eigenvalues for tachyon coupled field

are given as follows. For P1 = (0, 0), we have

η1 = − (m + 2)2

m(2m + 1)(1 + β)
, η2 =

3

2m
. (4.2.57)

We investigate stability of critical points corresponding to different values of m and

other parameters. We find that point P1 is saddle/unstable node for positive values of

m (Figure 4.9). This point becomes global stable node for m < 0 (m 6= −0.5, β 6= −1)
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Figure 4.9: Plots for the phase plane evolution of tachyon coupled universe model
with Q∗ = βσ̇φ and λ1 = 2.
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Table 4.6: Stability Analysis for the Tachyon Coupled System with
Q∗ = βσ̇φ.

Ranges of β and m for Critical Points Stability Acceleration
P1

β > 0, m > 0, β 6= −1 Saddle Yes
β < 0, m > 0 Unstable Yes

β < 0, m < 0, m 6= −0.5 Stable Yes
β > 0, m < 0 Stable Yes

P2

β > 0, m > 0 Unstable Yes
β < 0, m > 0, β 6= −1 Unstable Yes

β < 0, m < 0, m 6= −0.5 Saddle Yes
β > 0, m < 0 Saddle Yes

P3

β > 0, m > 0 Stable Yes
β < 0, m > 0, β 6= −1 Stable Yes

β < 0, m < 0, m 6= −0.5 Saddle/Unstable Yes
β > 0, m < 0 Saddle/Unstable Yes

showing accelerated expansion of the universe model as q̄ < 0. The summary of the

obtained results is given in Table 4.6.

For P2 =
(± m+2

2m+1
, 0

)
, the eigenvalues become

η1 =
2(m + 2)2

m(2m + 1)(1 + β)
, η2 =

3

2m
, (4.2.58)

which correspond to unstable nodes for positive values of parameter m lying in ac-

celerated expanding phase of cosmos. For m < 0, we have stable global attractors

undergoing accelerated expansion of the universe. When P3 =
(
0,± 3

2m+1

)
, the eigen-

values are given by

η1 = − (m + 2)2

m(2m + 1)(1 + β)
, η2 = − 3

m
. (4.2.59)

In this case, the nature of eigenvalues indicate stable future attractor for β > 0 and

m > 0 which undergoes accelerated expansion of the universe as q̄ < 0. For β < 0 and
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m > 0, the point P3 is stable except for β = −1. In this case, q̄ = −1 and γeff = −1

which indicate de Sitter phase of the universe. For β > 0, m < 0, it also shows

saddle/unstable point which corresponds to de Sitter (q̄ = −1, γeff = −1) phase.

4.2.4 Power-Law Scale Factor

In this section, we discuss power-law behavior of the scale factor corresponding to

both phantom as well as tachyon coupled fields by applying some assumptions. In

this context, we integrate Eq.(4.2.12) which leads to

Θ̇ = − 1

6(m + 2)
[9 + (2m + 1)2(µ2

1 − ν2
1)]Θ

2. (4.2.60)

For Θ 6= 0, we determine power-law scale factor whenever 9+(2m+1)2(µ2
1− ν2

1) 6= 0.

We find the corresponding generic critical point by solving Θ = ȧ
a

+ 2ḃ
b

for a(t) and

b(t) as

b(m+2) = b
(m+2)
0 (t− t0)

6(m+2)

9+(2m+1)2(µ2
1−ν2

1) . (4.2.61)

If 9+(2m+1)2(µ2
1−ν2

1) = 0, it gives exponential expansion of the cosmological model

while 9+ (2m+1)2(µ2
1− ν2

1) ≷ 0 corresponds to accelerated expansion or contraction

of the universe, respectively. Figure 4.10 shows different cosmological phases for

power-law scale factor, where blue and gray regions correspond to contraction and

accelerated expansion of the universe model, respectively. For m < 0, there exists gray

region only which shows that the universe model undergoes accelerated expansion.

In case of tachyon coupled fluid, Eq.(4.2.53) yields

Θ̇ = − 1

6(m + 2)


(2m + 1)2ν2

1

√
1−

(
2m + 1

m + 2

)2

µ2
1 −

9

2(m + 2)


 Θ2. (4.2.62)
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Figure 4.10: Plots of qualitative phase space analysis for power-law scale factor with
phantom coupled matter. Blue and gray regions indicate contraction and accelerated
expansion of the universe model, respectively.
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For Θ 6= 0, we again evaluate power-law scale factor if (2m+1)2ν2
1

√
1− (

2m+1
m+2

)2
µ2

1−
9

2(m+2)
6= 0. The generic critical point is found as

b(m+2) = b
(m+2)
0 (t− t0)

6(m+2)

(2m+1)2ν2
1

r
1−( 2m+1

m+2 )
2

µ2
1−

9
2(m+2) . (4.2.63)

We explore different cosmological phases according to (2m+1)2ν2
1

√
1− (

2m+1
m+2

)2
µ2

1−
9

2(m+2)
≷ 0. In contrast to the phantom coupled matter, we find different results for

tachyon coupled field. We observe that the region for decelerated expansion decreases

by increasing m while m < 0 shows contraction region only which means that the

universe model undergoes decelerated expansion for negative values of m (Figure

4.11).
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Figure 4.11: Plots of qualitative phase space analysis for power-law scale factor with
tachyon coupled matter.



Chapter 5

Concluding Remarks

In this chapter, we briefly discuss the results of this thesis and conclude the discussion.

The main results of this thesis are summarized as follows.

Chapter Two is devoted to study the effect of electric charge on dynamical insta-

bility of gaseous sphere and cylinder. For spherical collapsing system, we have found

the values of adiabatic index Γ as well as radii for marginal stability of homogeneous

sphere (Table 2.1). It turns out that Γ takes finite positive values less or greater than

4
3
+ 8Q2

21
corresponding to different values of charge at Newtonian limit. The radius R

RN

approaches to infinity for Γ < 0 which leads to expansion rather than collapse. In pN

limit, the dynamical instability occurs if Γ exceeds 4
3
+ 8Q2

21
by a small quantity and the

gaseous mass is contracted to RN limiting radius. We have found that 0.1 < Q < 0.4

and Γ > 1.5 provide valid radii ranges for stability of sphere. It turns out that only

unstable radii exist corresponding to Q > 1.2.

We have also discussed the stability/instability conditions for relativistic poly-

tropic models of indices 0, 1, 2 and 3. We have evaluated radii of instability and differ-

ent values of Γ for dynamical instability of polytropes and found that Γ > 4
3
+ 8Q2

21
. The

dynamical instability occurs when the mass of polytropic configuration approaches to
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the RN radius limit. We find that the presence of charge has substantial role in the

emergence of instability of gaseous sphere as compared to [3]. For charged homoge-

neous sphere, the system becomes stable for both negative as well a as positive values

of adiabatic index, while it remains stable for Γ > 4
3

without charged system [3].

For charged dissipative cylinder, it is found that Γ takes finite values greater than

or equal to −3
4

(
3
2

+ 27Q2
)

for Q = 0.4 and q = 0.5 in Newtonian limit. In pN limit,

R
R∗

remains positive for Γ > 0 showing marginal stability of gaseous cylindrical model.

The gaseous cylinder remains stable as long as its radius is larger than R∗ but becomes

unstable as its radius contracts to the radius R∗. In pN limit, the gaseous cylinder

undergoes dynamical instability if Γ exceeds −3
4

(
3
2

+ 27Q2
)

by a small amount. It

is found that Γ > −1 and Q > 0.3 provide valid ranges of radii for the stability of

cylinder whereas only unstable radii exist corresponding to Γ < −1 and Q < 0.3

(Figure 2.7). There is no effect of dissipation on stability of collapsing system in

this case. It is worth mentioning here that the gaseous cylinder becomes unstable

for smaller values of charge. For uncharged cylinder, we have found that Γ exceeds

−9
8

by a small amount showing stable cylindrical configuration (Figure 2.8). It is

observed that R
R∗

< 0 for Γ < −1.125 leading to un-physical results. We conclude

that inclusion of charge in the gaseous cylinder enhances its stability.

In chapter Three, we have constructed regular ABGB thin-shell WHs with and

without Λ by incorporating the effects of NLED. It is found that thin-shell WH

remains attractive for Λ = 0 while it shows both attractive and repulsive characteris-

tics for different throat radii in de Sitter background (Figure 3.1). There exist three

stability regions for regular ABGB thin-shell WHs with GCG gas which decrease

gradually by increasing Q
M

and reduce to only two stable regions for Q
M

= 0.99. We
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have investigated non-physical regions for small throat radii while stability regions

become enlarged for de Sitter configurations but have similar behavior as in the above

case. For MGCG, the possibility of stability regions increases by increasing the value

of Q
M

in both cases with and without Λ. It is worth mentioning here that MGCG has

remarkable significance as it provides maximum stable regions for WH configurations

which are more viable as compared to that of GCG. We have found that the effect of

logarithmic gas is to increase the stability regions for regular ABGB-de Sitter thin-

shell WHs by increasing Q
M

. We observe that there exist more stability regions for de

Sitter case as compared to the general case without Λ. We have also studied small

velocity dependent perturbations and found that ABGB WH configurations remain

no more stable under these perturbations.

We have studied the effects of HBI parameter as well as electric charge on the

stability of WH configurations. It is found that there exists only one stable region

as well as event horizon for CG with smaller value of HBI parameter such that the

event horizon diminishes for Q
M

= 1.1. For linear gas, it provides more stable regions

as compared to that of CG. The event horizon decreases by increasing the values

of electric charge and finally vanishes. The logarithmic gas provides least stable

solutions as compared to other cases for smaller values of charge. We conclude that

linear gas is more effective for WH configurations in HBI electrodynamics which

provides maximum stable regions as compared to other models while CG gives the

least stable regions.

Chapter 4 deals with the phase space analysis of isotropic and homogeneous uni-

verse model by taking noninteracting mixture of electromagnetic and viscous radiating

fluids. Firstly, we have discussed stability of critical points through their eigenvalues
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corresponding to different values of E and B for viscous radiation dominated universe

model. The point P−
d is a global attractor in the physical phase space region which

leads to an expanding universe model dominated by viscous matter for various choices

of cosmological parameters. In the presence of both electric and magnetic fields, we

find that bulk viscosity increases the region for accelerated expansion while the in-

creasing values of E shows deceleration region for smaller values of bulk viscosity. It

is worth mentioning here that the role of bulk viscosity is to increase the accelerated

expansion with different choices of E and B for both electric as well as magnetic

universe models. It is found that the power-law scale factor indicates various phases

of evolution (accelerated or exponential expansion) of the respective universe model.

This chapter also discusses phase space analysis of LRS BI universe model by

taking a coupling between scalar field models and DM. We have investigated the

impact of m on stability of cosmic model in the presence of phantom and tachyon

fields. For the coupling constant Q∗ = ασ̇m, we have found an unstable matter

dominated state undergoing decelerated expansion for all points with m > 0 and

various choices of α. The dynamical analysis shows a matter dominated era ultimately

followed by a late accelerated expansion phase of the universe. For m < 0, all the

points become stable future attractor undergoing accelerated expansion as q̄ < 0

except the point P1 which lies in decelerated expanding region. In this case, the results

for points P2 and P3 do not solve the coincidence problem which is well consistent

with the results for FRW universe model [52, 99]. For the other couplings, all the

eigenvalues and trajectories show unstable non-accelerating nodes for m > 0 which

become stable for m < 0.

Secondly, we have studied stability of the universe model by taking interaction
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between tachyon field and DM. For Q∗ = βσ̇φ only. The cosmic portrait shows a

matter dominated epoch ultimately followed by a late accelerated expansion phase

(Figure 4.9). For m > 0, we have found unstable/saddle node for points P1 and P2

while point P3 gives stable future attractor which undergoes an accelerated expansion.

For m < 0, the point P1 corresponds to stable node showing accelerated expansion of

the universe while the remaining points give saddle/unstable node that corresponds to

de Sitter phase of the universe. We note that all the points show accelerated expansion

of the universe for tachyon coupled field. Finally, we have studied the behavior of

power-law scale factor corresponding to different values of m as shown in Figures 4.10

and 4.11. For phantom coupled matter, the region for decelerated expansion gets

larger by increasing m while m < 0 corresponds to accelerated expansion of cosmos.

In case of tachyon coupled field, the contraction region decreases by increasing m

while the gray region becomes larger. Also, m < 0 shows only blue region which

corresponds to the decelerated expanding universe model. We conclude that negative

values of m enhance stability of the universe model as compared to its positive values.

It would be interesting to extend this work in the following directions.

• To discuss the dynamical instability of self-gravitating system as well as rela-

tivistic polytropes by taking anisotropic matter distributions with electromag-

netic effects following the Eulerian and Lagrangian approaches.

• To analyze physical characteristics as well as stability criteria for thin-shell WHs

coupled with scalar field.

• To explore stability of thin-shell WHs containing quintessence parameter and

magnetic field.
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• To study counter-rotational effects on stability of charged thin-shell WHs.

• To investigate the influence of NLED on dynamical stability of bulk viscous

isotropic and anisotropic cosmologies by taking bulk viscosity as a function of

Hubble parameter, temperature as well as energy density.
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Abstract In this paper, we study the dynamical instability of gaseous sphere under

radial oscillations approaching the Reissner–Nordström limit. For this purpose, we

derive linearized perturbed equation of motion following the Eulerian and Lagrangian

approaches. We formulate perturbed pressure in terms of adiabatic index by employing

the conservation of baryon numbers. A variational principle is established to evalu-

ate characteristic frequencies of oscillations which lead to the criteria for dynamical

stability. The dynamical instability of homogeneous sphere as well as relativistic poly-

tropes with different values of charge in Newtonian and post-Newtonian regimes is

explored. We also find their radii of instability in terms of the Reissner–Nordstörm

radius. We conclude that dynamical instability occurs if the gaseous sphere contracts

to the Reissner–Nordstörm radius for different values of charge.

Keywords Gravitational collapse · Instability · Electromagnetic field · Relativistic

fluids

1 Introduction

It is a well-known fact that any relativistic model will be physically interesting if it is

stable under fluctuations. The stability/instability of celestial objects has significant

importance in general relativity (GR). This study is closely related to the evolution
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and structure formation of self-gravitating objects. Initially, any stable gaseous mass

remains in state of hydrostatic equilibrium for which the gravitational force is counter

balanced by the internal pressure of the body acting in the opposite direction. The

effect of gravity over the internal pressure causes the matter to collapse and the star

contracts to a point under its own gravitational force forming compact stars.

The dynamics of massive stars can be discussed in weak as well as strong-field

regimes. The idea of weak-field approximation [Newtonian and post-Newtonian

approximations (pN)] [1], [2] has remarkable importance in the context of relativistic

hydrodynamics. The analysis of dynamical instability in strong-field regimes becomes

complicated due to non-linear terms, so the weak-field approximation schemes are used

as an effective tool. Chandrasekhar [3] was the pioneer who studied the dynamical

instability of Newtonian perfect fluid sphere approaching the Schwarzschild limit in

terms of adiabatic index. He used Eulerian approach for hydrodynamic equations and

developed a variational principle to find characteristic frequencies applicable to the

radial oscillations at Newtonian and pN limits. He concluded that the system would

be dynamically stable or unstable according to the numerical value of adiabatic index,

i.e., Ŵ > 4
3

or Ŵ < 4
3

, respectively. The same author [4] also investigated the stability

of gaseous sphere under radial and non-radial oscillations at pN limit.

The dynamical instability of self-gravitating spherical objects has been studied by

using various techniques. Herrera et al. [5] explored dynamical instability of spherical

collapsing system for non-adiabatic fluid using perturbation scheme. They showed

that heat conduction increases the instability range in Newtonian limit but decreases

in pN limit. Later, many researchers [6], [7], [8] discussed the role of various physical

factors on the dynamical instability of spherical systems using perturbation scheme

and found interesting results.

The stability of self-gravitating objects in the presence of electromagnetic field

has a primordial history starting with Rosseland [9]. There is a general consensus

that astrophysical objects do not have charge in large amount [10] but there are some

mechanisms which induce large amount of electric charge in collapsing stars. Stettner

[11] showed that presence of net surface charge enhances the stability of sphere with

uniform density. Glazer [12] investigated the dynamical stability of perfect fluid sphere

pulsating radially with electric charge. Ghezzi [13] studied stability of neutron stars

and found that the stars having a charge greater than the extreme value would explode.

Sharif and collaborators [14], [15] discussed the role of electric charge in dynamical

instability at Newtonian and pN regimes.

Polytropes are useful self-gravitating objects as they provide simplified models

for internal structures of stellar objects. The polytropic equation of state deals with

various fundamental astrophysical issues [16]. Tooper [17] studied the internal struc-

ture of gaseous sphere obeying polytropic equation of state and obtained Newtonian

polytropes using numerical solution of the Lane-Emden equation. The effect of elec-

tromagnetic field on the dynamics of polytropic compact stars has also been studied

[18], [19]. Herrera and Barreto [20] analyzed both Newtonian as well as relativistic

polytropes in spherical symmetry. Recently, Breysse et al. [21] have discussed the

dynamical instability of cylindrical polytropic fluid systems under radial and non-

radial modes of oscillations.
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In this paper, we study the dynamical instability of spherically symmetric gaseous

systems following Chandrasekhar’s approach [3] in the vicinity of electromagnetic

field. The paper is organized as follows. The next section deals with matter distribu-

tion and the Einstein–Maxwell field equations. In Sect. 3, we discuss motion of the

system under radial oscillations following the Eulerian approach. Section 4 provides

the formulation of perturbed pressure and adiabatic index in terms of Lagrangian dis-

placement using conservation of baryon number. In Sect. 5, we develop conditions for

dynamical instability of homogeneous sphere and relativistic polytropes. Finally, we

conclude our results in the last section.

2 Field equations and matter configuration

We consider a spherically symmetric system in the interior region given by

ds2 = −eνdt2 + eλdr2 + r2(dθ2 + sin2 θdφ2), (1)

where ν = ν(t, r) and λ = λ(t, r) are the gravitational potentials. The corresponding

Einstein field equations can be written as

−
8πG

c4
T 0

0 =
1

r2
−

1

r2

∂

∂r
(re−λ), (2)

−
8πG

c4
T 1

1 =
1

r2
− e−λ(

1

r2
+

1

r

∂ν

∂r
), (3)

8πG

c4
T 1

0 = λ̇
e−λ

r
, (4)

where dot denotes derivative w.r.t t. We assume the energy–momentum tensor corre-

sponding to charged perfect fluid in the form

T i
j = (σ + p)ui u j + pδi

j +
1

4π

[
F jk F ik −

1

4
δi

j Fkl Fkl

]
, (5)

where ui = dx i

ds
is the four-velocity, p is the pressure and σ is the energy density.

The electromagnetic field tensor Fi j can be defined in terms of four potential, Fi j =
� j;i − �i; j , which satisfies the Maxwell field equations as

F
i j

; j
= 4π J i , F[i j,k] = 0,

where J i = ρui is the four current. The only non-vanishing radial component of

electromagnetic field tensor (F01 = −F10) implies that

d
(
r2e(λ+ν)/2 F01

)

dr
= 4πr2eλ/2ρ,
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whose integration yields

F01 =
e−(λ+ν)/2 Q(t, r)

r2
,

where Q(t, r) = 4π
∫ r

0 r2ρeλ/2dr is the total amount of charge within the sphere.

The energy-momentum tensor follows the conservation identity T
i j

; j
= 0, which

governs hydrodynamics of the fluid and leads to the following relations

∂T 0
0

∂t
+

∂T 0
1

∂r
+

1

2

(
4

r
+

∂

∂r
(λ + ν)

)
T 1

0 +
1

2

(
T 0

0 − T 1
1

) ∂λ

∂t
= 0, (6)

∂T 0
1

∂t
+

∂T 1
1

∂r
+

1

2

(
T 1

1 − T 0
0

) ∂ν

∂r
−

2

r

(
p − T 1

1

)
+

1

2
T 0

1

∂

∂t
(λ + ν) = 0, (7)

where T 1
0 = −eν−λT 0

1 . The non-zero components of energy–momentum tensor are

T 0
0 = −σ −

Q2

8πr4
, T 1

1 = p −
Q2

8πr4
, T 2

2 = T 3
3 = p +

Q2

8πr4
.

All the quantities governing the motion remain independent of time during the state of

hydrostatic equilibrium. The surface stresses describing equilibrium state are denoted

by zero subscript. In this context, Eqs. (2), (3) and (7) take the form

d

dr
(re−λ0) = 1 −

8πGr2

c4
σ0 −

G Q2

c4r2
, (8)

1

r
e−λ0

dν0

dr
=

1

r2
(1 − e−λ0) +

8πGp0

c4
−

G Q2

c4r4
, (9)

dp0

dr
=

1

2

dν0

dr
(p0 + σ0) +

1

8π

d

dr

(
Q2

r4

)
+

Q2

4πr5
. (10)

Following Eqs. (2) and (3), we also have a useful relation

e−λ0

r

d

dr
(λ0 + ν0) = (p0 + σ0)

8πG

c4
. (11)

We take the Reissner–Nordström (RN) spacetime in the exterior region as

ds2 = −
(

1 −
2G M

rc2
+

G Q2

r2c4

)
dt2 +

(
1 −

2G M

rc2
+

G Q2

r2c4

)−1

dr2

+ r2(dθ2 + sin2 θdφ2), (12)

where M corresponds to the total mass of the sphere. The hydrostatic equilibrium

describes the state of fluid in which pressure gradient force is balanced by the gravita-

tional force. When one of these forces overcome the other, the stability of the system
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is disturbed leading to an unstable system. The equation describing hydrostatic equi-

librium is obtained by eliminating ν0 from Eqs.(9) and (10) as

(
1 −

2G Mr

rc2
+

G Q2

r2c4

)
dp0

dr
= −

1

c2

(
G Mr

r2
−

G Q2

r3c2
+

4πG

c2
pr

)

×(p0 + σ0) +
1

4π

(
1 −

2G Mr

rc2
+

G Q2

r2c4

) (
Q2

r5
+

1

2

d

dr

(
Q2

r5

))
, (13)

where the left and right hand sides correspond to pressure gradient and gravitational

terms, respectively and

Mr =
4πG

c4

∫ r

0

σ0r2dr +
G

2c4

∫ r

0

Q2

r2
dr, (14)

is the Misner–Sharp mass function.

3 Equations governing radial oscillations

Here we discuss the motion of gaseous masses undergoing radial oscillations. The

non-zero components of four-velocity are given by

u0 = e− ν0
2 , u0 = −e

ν0
2 , u1 = ve− ν0

2 , u1 = ve
λ0−ν0

2 , (15)

where v = dr
dt

is the radial velocity component. These components can be calculated

with respect to spacetime coordinates by ui = dx i

ds
. The stability of any gaseous mass

under perturbation ultimately gives rise to the dynamical evolution of gravitating

system. We assume that an equilibrium configuration is perturbed such that it does

not affect the spherical symmetry. We consider only linear terms so that the respective

values in the perturbed state become

λ=λ0 + δλ, ν = ν0 + δν, p = p0 + δp, σ = σ0 + δσ, Q = Q0 + δQ. (16)

We follow the Eulerian approach [4] for perturbations such that the corresponding

linearized forms (governing the radial perturbations) through Eqs. (8) and (9) are

∂

∂r
(re−λ0δλ) =

2G

c4

(
4πr2δσ −

Q0δQ

r2

)
, (17)

e−λ0

r

[
∂

∂r
δν − δλ

dν0

dr

]
=

1

r2
e−λ0δλ +

8πG

c4
δp −

2G Q0δQ

c4r4
, (18)

here δλ, δν, δσ , δp and δQ represent the Eulerian changes. Equations (4) and (7) can

be written appropriately in linearized forms as
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e−λ0

r

∂

∂t
δλ = −

4πG

c4

(
2(p0 + σ0)v −

Q0δQ

r4

)
, (19)

(p0 + σ0)e
λ0−ν0

∂v

∂t
+

∂

∂r
δp +

1

2
(p0 + σ0)

∂

∂r
δν

+
1

2
(δp + δσ )

dν0

dr
+

1

8π

Q0δQ

r4
−

1

4π

∂

∂r

[
Q0δQ

r4

]
= 0. (20)

Let us introduce a Lagrangian displacement “η” such that v = ∂η
∂t

. Integration of

Eq. (19) leads to

e−λ0

r
δλ = −

8πG

c4
(p0 + σ0)η +

4πG Q0

c4r4

∫
δQdt. (21)

Using Eq. (11), this equation takes the form

δλ = −
d

dr
(λ0 + ν0)η +

4πG Q0eλ0

c4r3

∫
δQdt. (22)

Solving Eq. (17) and (21), it follows that

δσ =
1

r2

∂

∂r

[
−r2(σ0 + p0)η +

Q2

2r4

∫
δQdt

]
+

Q0

4πr4
δQ, (23)

which yields

δσ = −η
dp0

dr
− η

dσ0

dr
−

1

r2
(p0 + σ0)

∂

∂r
(ηr2) +

1

r2

∂

∂r

[
Q0

2r4

∫
δQdt

]

+
Q0

4πr4
δQ. (24)

Using Eq. (10), it follows that

δσ = −η
dσ0

dr
−

eν0/2

r2
(p0 + σ0)

∂

∂r

[
ηr2e−ν0/2

]
−

η

8π

d

dr

[
Q2

r4

]

+
1

r2

∂

∂r

[
Q0

2r4

∫
δQdt

]
+

Q0

4πr4
δQ. (25)

Substituting δλ from Eq. (21) in (18), we obtain

e−λ0

r

∂

∂r
δν =

[
(p0 + σ0)

(
1

r
+

dν0

dr

)
η + δp

]
8πG

c4

+
4πG Q0

c4r4

[
dν0

dr
−

η

r

] ∫
δQdt −

2G Q0

c4r4
δQ, (26)
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which in accordance of Eq. (11) leads to

(p0 + σ0)
∂

∂r
δν =

d

dr
(λ0 + ν0)

{[
δp − (p0 + σ0)

(
1

r
+

dν0

dr

)
η

]

+
Q0

2r4

[
dν0

dr
−

η

r

] ∫
δQdt −

Q0

4πr4
δQ

}
. (27)

Now we assume time dependent perturbations in the form of Lagrangian displacement,

i.e., ηeiωt , where ω is the characteristic frequency to be evaluated. The Lagrangian

displacement η connects the fluids elements in equilibrium with corresponding one in

the perturbed configuration. Since the equations have natural modes of oscillations,

so they will depend on time. Considering δλ, δν, δp, δσ and δQ as time dependent

amplitudes of the respective quantities, Eq. (20) with (27) can be rewritten as

ω2eλ0−ν0(p0 + σ0)η = δp
d

dr

(
ν0 +

1

2
λ0

)
+

d

dr
δp +

1

2
δσ

dν0

dr
−

1

2
(p0 + σ0)

×
(

dν0

dr
+

dλ0

dr

) (
1

r
+

dν0

dr

)
η +

Q0

8πr4

d

dr
(λ0 + ν0)

×
{

2π

(
dν0

dr
−

η

r

)∫
δQdt − δQ

}
+

1

4π

{
Q0δQ

2r4

−
d

dr

(
Q0δQ

r4

)}
. (28)

4 The conservation of Baryon number

In order to discuss the perturbed state of pressure in terms of Lagrangian displace-

ment η, an additional assumption is required which can relate physical aspects of

relativistic theory with the gaseous mass undergoing adiabatic radial oscillations. In

this context, the required supplementary condition can be satisfied by conservation of

baryon number in the framework of GR as (Nu j ); j = 0, or

∂

∂x j
(Nu j ) + Nu j ∂

∂x j
ln

√
−g = 0, (29)

where N is the baryon number per unit volume. The conservation of baryon number

plays a vital role in collecting different models of the universe. According to this law,

the number of particles may vary but their total number will remain conserved during

the fluid flow. This change occurs due to loss or gain of net fluxes. Here we consider

fluid obeying this identity. Equation (29) through (15) leads to

∂

∂t
(Ne−ν0/2) +

∂

∂r
(Nve−ν0/2) + Nve−ν0/2 ∂

∂r

(
2

r
+

1

2
[ν + λ]

)

+
N

2
e−ν0/2 ∂

∂t
(ν + λ) = 0. (30)
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We assume the perturbation

N = N0(r) + δN (r, t), (31)

keeping only the linear terms in v, Eq. (30) takes the form

1

r2

∂

∂r
(N0r2ve−ν0/2) + e−ν0/2 ∂

∂t
δN +

1

2
N0e−ν0/2 d

dr
(ν0 + λ0)

+
1

2
N0e−ν0/2 ∂

∂t
δλ = 0, (32)

whose integration in terms of Lagrangian displacement η leads to

δN +
N0

2

[
η

d

dr
(ν0 + λ0) + δλ

]
+

1

r2
eν0/2 ∂

∂r

(
N0r2ηe−ν0/2

)
= 0. (33)

Using Eq. (22), it follows that

δN = −η
d N0

dr
−

N0

r2
eν0/2 ∂

∂r

(
r2ηe−ν0/2

)
+

2πG N0 Q0

c4r3
eλ0

∫
δQdt. (34)

We consider an equation of state in the form

N = N (σ, p), (35)

so that Eqs.(25) and (34) together give

δp = −η
dp0

dr
− p0Ŵ

eν0/2

r2

∂

∂r

(
r2ηe−ν0/2

)
+

αQ0

r3

∫
δQdt, (36)

where

α =
1

∂ N/∂p

{
2πG N0

c4
eλ0 −

1

2r

d N

dσ

}
, (37)

and Ŵ is the adiabatic index (ratio of specific heats) defined by

Ŵ =
1

p∂ N/∂p

{
N − (σ + p)

∂ N

∂σ

}
. (38)

This relates the pressure and density fluctuations and measures the stiffness of the

fluid.

5 Pulsation equation and variational principle

The linear pulsation corresponds to the oscillation frequencies and different modes

of small perturbations applied to equilibrium spherical configuration. Inserting the

values of δσ and δp from Eqs. (23) and (36) in (28), it follows that
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ω2eλ0−ν0(p0 + σ0)η = −η

(
dν0

dr
+

1

2

dλ0

dr

)
dp0

dr
−

d

dr

(
η

dp0

dr

)
−

1

2

{
2

r

× (p0 + σ0)η +
d

dr
[(p0 + σ0)η]

}
−

1

2
η(p0 + σ0)

(
dν0

dr
+

dλ0

dr

) (
1

r
+

dν0

dr

)

−e−(ν0+ λ0
2 ) d

dr

{
e(ν0+ λ0

2 )Ŵp0
eν0/2

r2

d

dr
(r2ηe−ν0/2)

}
+ e−λ0/2 d

dr

{
βQ0

r3

× eλ0/2

∫
δQdt

}
+

Q0

r3

dν0

dr

∫
δQdt

{
β +

1

4r
+

1

4πr

(
dν0

dr
−

η

r

)}

+
Q0

4πr4

dλ0

dr

{
dν0

dr
−

η

r

∫
δQdt −

δQ

2

}
+

Q0

8πr4
δQ +

eν0/2

4π

d

dr

{
Q0eν0/2δQ

r4

}
.

(39)

Substituting
dp0

dr
from Eq. (10) in the above equation, we have

ω2eλ0−ν0(p0 + σ0)η =
1

2
(p0 + σ0)η

{
d2ν0

dr2
−

3

r

dν0

dr
−

1

r

dλ0

dr
−

1

2

dλ0

dr

dν0

dr

}

−
5

2π

Q2

r6
−

1

8πr4

d2

dr2
(Q2) + e−λ0

d

dr

{
βQ0

r3
e−λ0/2 Q̃

}
+

Q0 Q̃

r3

dν0

dr

{
β +

1

4π

+
1

4πr

(
dν0

dr
−

η

r

)}
+

Q0

4πr4

dλ0

dr

{(
dν0

dr
−

η

r

)
Q̃ −

δQ

2

}
+

Q0δQ

8πr4

+
eν0/2

4π

d

dr

{
Q0e−ν0/2δQ

r4

}
, (40)

where
∫

δQdt = Q̃. Under the equilibrium condition, Eq. (4) yields

{
16πGp0

c4
+

2G Q2
0

c4r4

}
eλ0 =

d2ν0

dr2
+

1

r

d

dr
(ν0 − λ0) +

1

2

(
dν0

dr

)2

−
1

2

dλ0

dr

dν0

dr
.

(41)

Using this expression and Eq. (10), Eq. (40) takes the form

ω2eλ0−ν0(p0 + σ0)η =
4

r

dp0

dr
η −

1

p0 + σ0

(
dp0

dr

)2

η +
8πGp0

c4
eλ0

×(p0 + σ0)η +
d

dr

[
eλ0+3ν0/2 p0Ŵ

r2

d

dr

(
r2ηe−ν0/2

)]
e−(ν0+λ0/2)

+
1

p0 + σ0

dp0

dr
η

(
1

4πr4

d(Q2)

dr
−

Q2

πr5

)
+

d Q2

dr

η

2πr5

[
1

p0 + σ0

Q2

4πr4
− 1

]

−
η

p0 + σ0

1

(2πr4)2

[
Q4

r2
+

1

16

(
d Q2

dr

)2
]

−
5Q2

2πr6
−

1

8πr4

d2

dr2
(Q2)
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+
G Q2

0

c4r4
(p0 + σ0)ηeλ0 + e−λ0

d

dr

(
βQ0 Q̃

r3
eλ0/2

)
+

Q0 Q̃

r3

dν0

dr

[
β +

1

4π

+
1

4πr

(
dν0

dr
−

η

r

)]
+

Q0δQ

8πr4

(
1 −

dλ0

dr

)
+

eν0/2

4π

d

dr

(
Q0δQ

r4
e−ν0/2

)
.

(42)

This is the required pulsation equation which satisfies the boundary conditions, i.e.,

η = 0 at r = 0 and δp = 0 at r = R. This constitutes a characteristic value problem

for ω2 obtained by multiplying the equation with ηr2e(λ0+ν0)/2 and integrating over

values of r as

ω2

∫ R

0

e(3λ−ν)/2r2η2(p + σ)dr =
∫ R

0

e(λ+3ν)/2 pŴ

r2

[
d

dr

(
r2ηe−ν/2

)]2

dr

+
8πG

c4

∫ R

0

e(3λ+ν)/2 pr2η2(p + σ)dr −
∫ R

0

r2η2

p + σ
e(λ+ν)/2

(
dp

dr

)2

dr

+4

∫ R

0

rη2e(λ+ν)/2 dp

dr
dr +

∫ R

0

η2

p + σ
e(λ+ν)/2 dp

dr

(
1

4π

d Q2

dr
−

Q2

πr3

)
dr

+
∫ R

0

η2

2πr3
e(λ+ν)/2 d Q2

dr

(
1

p + σ

Q2

4πr4
− 1

)
dr −

5

2π

∫ R

0

ηQ2

r4
e(λ+ν)/2dr

−
∫ R

0

η2

p + σ

e(λ+ν)/2

(
2πr3

)2

[(
Q2

r

)2

+
1

16

(
d Q2

dr

)2
]

dr +
∫ R

0

G Q2
0η

2

c4r4

×(p + σ)e(3λ+ν)/2dr −
∫ R

0

ηe(λ+ν)

8πr2

d2

dr2

(
Q2

)
dr +

∫ R

0

r2ηe(ν−λ)/2

×
d

dr

(
βQ0 Q̃

r3
eλ0/2

)
dr +

∫ R

0

ηQ0δQ

8πr2
e(ν+λ)/2

(
1 −

dλ0

dr

)
dr

+
∫ R

0

ηQ0 Q̃

r
e(ν+λ)/2 dν0

dr

[
β +

1

4π
+

1

4πr

(
dν0

dr
−

η

r

)]
dr

+
∫ R

0

ηr2

4π
e(ν+λ)/2 d

dr

(
Q0δQ

r4
e−ν0/2

)
dr. (43)

The corresponding orthogonality condition is defined as

∫ R

0

e(3λ−ν)/2r2(p + σ)η(i)η( j) = 0, (i �= j), (44)

where η(i) and η( j) give proper solutions associated with different characteristic values

of ω2. To investigate dynamical instability of spherical star, the right-hand side of

Eq. (43) should vanish by choosing a trial function ξ satisfying the given boundary

conditions. In the following, we discuss the conditions for dynamical instability by

taking two special models.
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5.1 The homogeneous model of sphere

First we consider the homogeneous sphere with constant energy density σ and study

the conditions for its dynamical instability. Equations (13) and (14) governing the

hydrostatic equilibrium allow the integration [3] such that we can write

x2 = 1 −
r2

a2
+

b2

r2
, x2

1 = 1 −
R2

a2
+

b2

R2
, (45)

where a2 = 3c4

8πGσ
and b2 = 2G Q2

c4 . The solutions of the relevant physical quantities

can be determined in terms of x and x1 as

p = σ
x − x1

3x1 − x
, eν =

1

4
[3x1 − x]2, eλ =

1

x2
. (46)

The necessary condition for the positivity of pressure yields 3x1 > 1 which leads to

R2

a2
−

b2

R2
<

8

9
.

Using the inertial mass, this takes the form

R >
9

8

(
2G M

c2
−

G Q2

Rc4

)
=

9

8
RN , (47)

where RN is RN radius. Inserting the physical quantities in Eq. (43), it follows that

4a2ω2x1

∫ ξ1

0

ξ2η2

x3(3x1 − x)2
dξ = x1

∫ ξ1

0

2x2 − 9x2
1 − 1

x3(3x1 − x)2
ξ2η2dξ

+
Ŵ

8

∫ ξ1

0

(x − x1)(3x1 − x)2 1

xξ

[
d

dξ
(ηξ2e−ν/2)

]2

dξ +
1

16πa3x1

×
∫ ξ1

0

η2

xξ2

dp

dξ

(
d Q2

dξ
−

4Q2

ξ

)
dξ −

5

4πa3

∫ ξ1

0

Q2η

ξ4

3x1 − x

x
dξ

+
1

4πa3

∫ ξ1

0

η2(3x1 − x)

xξ2

[
Q2(3x1 − x)

8πa4x1ξ4
− 1

]
dξ −

1

16πax1

×
∫ ξ1

0

η2(3x1 − x)2

x(2πa3ξ3)2

(
d Q2

dξ
−

4Q2

ξ

)
dξ +

Gx1

c4

∫ ξ1

0

η2 Q2
0

x3ξ2
dξ

−
1

32πa3

∫ ξ1

0

η(3x1 − x)2

x2ξ2

d2

dη2
(Q2)dξ +

1

2a

∫ ξ1

0

x(3x1 − x)ηξ2

×
d

dξ

[
βQ0 Q̃

ξ3
e−λ/2

]
dξ +

1

2a2

∫ ξ1

0

ηQ0 Q̃

ξ

3x1 − x

x

dν0

dξ

[
β +

1

4πξ
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×
(

dν0

dξ
−

η

ξ

)]
dξ +

1

16πa2

∫ ξ1

0

ηQ0δQ

ξ2

3x1 − x

x

(
1 −

1

a

dλ0

dξ

)
dξ

+
1

4πa2

∫ ξ1

0

ηξ2(3x1 − x)

x

d

dξ

(
Q0δQ

ξ4(3x1 − x)

)
dξ, (48)

where ξ = r
a

, ξ1 = R
a

− b
R

and Ŵ is assumed to be constant.

We take the trial function as

η = ξeν/2 =
1

2
ξ(x1 − x), (49)

for which Eq. (48) becomes

(aω)2x1

∫ ξ1

0

ξ4

x3
dξ =

1

4
x1

∫ ξ1

0

(2x2 − 1 − 9x2
1 )

ξ4

x3
dξ +

9

8

∫ ξ1

0

(x − x1)

×(3x1 − x)2 ξ2

x
dξ +

1

4a3xx1

∫ ξ1

0

(3x1 − x)4

(
−

Q2

πξ

)
d

dξ

(
x − x1

3x1 − x

)
dξ

−
1

(4πa3)2x1

∫ ξ1

0

(3x1 − x)2

x

(
Q2

ξ

)2

dξ +
Gx1

4c4

∫ ξ1

0

Q2
0

(3x1 − x)2

ξ x3
dξ

−
5

8πa3

∫ ξ1

0

Q2(3x1 − x)2

xξ3
dξ +

1

4a

∫ ξ1

0

xξ3(3x1 − x)
d

dξ

(
3Q0 Q̃

xξ3

)
dξ

+
1

32πa2

∫ ξ1

0

Q0δQ

xξ
(3x1 − x)2dξ +

1

8πa2

∫ ξ1

0

ξ3

x
(3x1 − x)2

×
d

dξ

(
Q0δQ

(3x1 − x)ξ4

)
dξ. (50)

Substituting x = cos θ and ξ = sin θ in the above equation, we obtain

(aω)2 cos θ1

∫ θ1

0

sin4 θ

cos2 θ
dθ =

cos θ1

4

∫ θ1

0

(2 cos2 θ − 1 − 9 cos2 θ1)
sin4 θ

cos2 θ
dθ

+
9

8
Ŵ

∫ θ1

0

(cos θ − cos θ1)(3 cos θ1 − cos θ)2 sin2 θdθ −
1

4a3 cos θ1

×
∫ θ1

0

(3 cos θ1 − cos θ)3

cos θ

Q2

π sin θ

d

dθ

(
cos θ − cos θ1

3 cos θ1 − cos θ

)
dθ −

1

a(4πa3)2 cos θ1

×
∫ θ1

0

(3 cos θ1 − cos θ)2

(
Q2

sin θ

)2

dθ +
G cos θ1

4c4

∫ θ1

0

(3 cos θ1 − cos θ)2

×
Q2

0

sin θ cos2 θ
dθ −

5Q2

8πa3

∫ θ1

0

(3 cos θ1 − cos θ)2

sin3 θ
dθ, (51)

where θ1 = sin−1
(

R
a

− b
R

)
. Solving the integrals and setting ω2 = 0, we obtain exact

condition for marginal stability. The values of Ŵc for any assigned value of θ are found
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Table 1 Adiabatic index and

radii for dynamical stability of

homogeneous sphere

θ1 R/RN Ŵc for Q = 0.2 Ŵc for Q = 0.6

0o ∞ −0.0182 −0.1622

10o 33.163 0.1127 0.1776

20o 8.549 0.1275 0.2278

25o 5.598 0.1319 0.3192

30o 4.000 0.3766 1.2643

35o 3.0396 3246.43 1970.41

40o 2.4203 5918.49 2527.00

50o 1.704 6594.94 4352.86

60o 1.333 6822.02 5631.08

such that γ should be less than certain Ŵc for the existence of dynamical instability.

In Newtonian limit, Ŵ takes finite values for marginal stability, i.e., Ŵ > 4
3

+ 8Q2

21
.

We calculate the radii of marginal stability and Ŵ for homogeneous model of gaseous

sphere by taking different values of charge which show finite values of Ŵ. We observe

that radius R
RN

→ ∞ for Ŵ < 0 which leads to the expansion while R
RN

remains

positive for Ŵ > 0 showing marginal stability of gaseous model. The corresponding

results are given in Table 1.

When ω2 < 0, the perturbation diverges exponentially either by expansion or con-

traction which yields stellar dynamical instability. In the limit θ1 → 0, the condition

for dynamical instability is

Ŵ −
4

21

(
4Q2 + 7

)
<

14

43
θ2

1 =
14

43

[
R2

a2
−

b2

R2

]
. (52)

In terms of inertial mass, this takes the form

R <
14

43
[
Ŵ − 4

21

(
4Q2 + 7

)]
[

2G M

c2
−

G Q2

Rc4

]
, (53)

which can be written as
R

RN

<
K[

Ŵ − 4
21

(
4Q2 + 7

)] , (54)

where K = 14
43

for the homogeneous sphere. This means that if Ŵ exceeds 4
3
+ 8Q2

21
by

a small amount, the dynamical instability can be prevented till the mass contracts to

the RN radius. If the radius of gaseous mass is greater than RN , it remains stable. The

ranges for instability of homogeneous spherical system are shown in Fig. 1. Since the

radius of stability is a factor of the RN radius, so the ratio R
RN

should be greater than or

equal to zero for physical results. We consider different values of charge and find that

0.1 < Q < 0.4 and Ŵ > 1.5 provide valid radii ranges for the stability of sphere. For

Ŵ < 1.5, we only have unstable radii along with un-physical region corresponding

to Q > 0.4. Also, we observe that the gaseous sphere becomes unstable forever with
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Fig. 1 Plots of R
RN

for dynamical stability/instability of homogeneous sphere corresponding to different

values of Q

larger values of charge, i.e., Q > 1.2. It is obvious from the graph that the radius of

stability is greater than RN for Ŵ > 4
3

+ 8Q2

21
.

5.2 Relativistic polytropic model

In relativistic polytropic models, pressure and energy density can be expressed in terms

of a single function � as [17]

p = p0�
n+1, σ = σ0�

n, (55)

where p0 and σ0 represent respective values at center and n denotes the polytropic

index. The polytropic models are the generalized form of the classical Lane-Emden

equation which can be obtained from the equations of hydrostatic equilibrium. Let

ξ =
r

a
, (56)

where a =
(

q(n+1)c4

4πGσ0

) 1
2

and q = p0

σ0
. We can reduce Eqs.(13) and (14) to the pair of

equations which express � as a function of ξ

(
ξ2

1 + q�
−

c2 Q2q(n + 1)

32πGσc

) (
1 −

2V q(n + 1)

ξ
+

Q2V q(n + 1)

ξ M

)
d�

dξ

+V −
Q2V

M
+ q�

dV

dξ
= 0, (57)
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dV

dξ
= ξ�n . (58)

We assume pN approximation of the form

� = θ + q�, (59)

where � is an arbitrary function, θ represents classical Lane–Emden function and

q is treated as a small constant. Using Eqs.(57) and (58), the classical Lane-Emden

equation becomes

d2θ

dξ2
+

2

ξ

dθ

dξ
+

(
1 −

Q2

M

)
θn =

c2 Q2

32πGσc

. (60)

Equation (43) in terms of � and ξ takes the form

(aω)2

q

∫ ξ1

0

�n(1 + q�)ξ2η2e(3λ−ν)/2dξ = 2(n + 1)q

∫ ξ1

0

�(2n+1)(1 + q�)

×ξ2η2e(3λ+ν)/2dξ + 4(n + 1)

∫ ξ1

0

�nξη2e(λ+ν)/2

(
1 −

qξ(n + 1)

4(1 + q�)

)
dξ

+Ŵ

∫ ξ1

0

�n+1

ξ2
e(λ+3ν)/2

(
d

dξ

[
ηξ2e−ν/2

])2

dξ +
(

1

2πa3

)2 ∫ ξ1

0

e(λ+ν)/2

�n(1 + q�)

×
(

ηQ

ξ4

)2 [
ξ

2a
− Q2

]
dξ −

1

2πa3

∫ ξ1

0

η2

ξ3
e(λ+ν)/2

[
1 +

q(n + 1)Q2

1 + q�

d�

dξ

−
G Q2

0

ξ4

]
dξ +

1

4π

∫ ξ1

0

η2

1 + q�
e(λ+ν)/2 d Q2

dξ


q

d�

dξ
−

1

�n
(
a3ξ3

)
d Q2

dξ


 dξ

−
1

8πa3

∫ ξ1

0

η

ξ2
e(λ+ν) d2

dr2

(
Q2

)
dξ +

∫ ξ1

0

ξ2ηe(ν−λ)/2 d

dξ

[
βQ0 Q̃eλ0

aξ3

]
dξ

+
1

4πa2

∫ ξ1

0

ξ2ηe(ν+λ)/2 d

dξ

(
Q0δQe−ν/2

ξ4

)
dξ. (61)

The pN approximation treats the effects of GR as first order corrections. We can

write

Ŵc −
4

21
(4Q2 + 7) = Cq, (62)

Rc =
K

Ŵc − 4
21

(4Q2 + 7)

[
2G M

c2
−

G Q2

Rc4

]
, (63)

where C and K are constants depending on density distribution. The pN approximation

yields
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Table 2 Adiabatic index with different values of charge for dynamical instability of polytropes with index

3

q Ŵc for Q = 0.2 Ŵc for Q = 0.4 Ŵc for Q = 0.6

0.015 1.3500 1.3593 1.4715

0.040 1.3527 1.3983 1.4744

0.1 1.3586 1.4043 1.4805

0.2 1.3686 1.4143 1.4905

0.5 1.3953 1.4440 1.5204

e−λ = 1 + 2q(1 + n)ξ
dθ

dξ
−

G Q2(1 + n)q

M

dθ

dξ
, (64)

eν = 1 − 2q(1 + n)[θ + ξ1|θ̃1|] +
Q2(1 + n)q|θ̃1|

M
, (65)

where |θ̃1| = − (dθ/dξ)ξ=ξ1
. Using the relations of pc and σc for polytropes in terms

of M, Q and R, it follows that

q =
1

2(n + 1)ξ1|θ̃1|

[
2G M

Rc2
−

G Q2

R2c4

]
. (66)

We calculate Ŵ with different values of Q for the emergence of dynamical instability.

The numerical values of Ŵ for the polytropes of index 3 are given in Table 2. Similarly,

the constants C and K for polytropes are given by the relation

K =
C

2(n + 1)ξ1|θ̃1|
. (67)

In order to determine the radii from Eq. (63), we need to calculate K whose value

depends upon the polytropic index, Lane-Emden function and charge. Different poly-

tropic indices lead to different stellar structures such that the configurations with n < 5

are considered to be realistic stars [22]. For n = 0, we solve the Lane-Emden equation

analytically corresponding to different values of Q and find the values of θ but we

solve this equation numerically for n = 2, 3, 4 as shown in Figs. 2 and 3. The values

of constants C and K for n = 0 are given in Table 3. We see that the values of K

decrease gradually by increasing the value of charge.

Inserting the values of eν and e−λ in Eq. (61) and neglecting second as well as

higher order terms in q, we obtain

(aω)2

q

{∫ ξ1

0

θnξ2η2dξ +
∫ ξ1

0

H(ξ)θn−1ξ2η2dξ

}
= Ŵq(n + 1)

∫ ξ1

0

θn+1

ξ2

×
{(

G Q2

2M
− ξ

)
+ 3|θ̃1|

(
Q2

2M
− ξ1

)
− 3θ

} [
d

dξ
(ξ2η)

]2

dξ + Ŵ

∫ ξ1

0

H(ξ)
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Fig. 2 Plots of classical Lane–Emden function for polytropes of index n = 1, 2 corresponding to different

values of charge

Fig. 3 Plots of classical

Lane–Emden function for n = 3

corresponding to different values

of charge

Table 3 Values of constants C and K with different values of charge for polytropes of index 0

C K for Q = 0.2 K for Q = 0.4 K for Q = 0.6

0.243 0.6458 0.6372 0.576

0.826 2.1953 2.1662 1.9608

1.205 3.2034 3.161 2.8612

1.8095 4.809 4.745 4.296

×
θn+1

ξ2

{
d

dξ

(
ξ2η

)}2

dξ + q(n + 1)

∫ ξ1

0

I (ξ)θn−1ξη2dξ + q(n + 1)

∫ ξ1

0

dθ

dξ

×
[(

G Q2

2M
− ξ

)
+ |θ̃1|

(
Q2

2M
− ξ1

)
− θ

]
Y (ξ)dξ + q(n + 1)

∫ ξ1

0

θn+1ξ2η2

×Z(ξ)dξ +
1

(2π)2

∫ ξ1

0

η2 Q2

(a3ξ2)3

[
ξ

2a
− Q2

]
dξ −

1

8π

∫ ξ1

0

η

a3ξ2

d2

dξ2
(Q2)dξ

−
1

2π

∫ ξ1

0

G Q2

a3ξ4
dξ +

∫ ξ1

0

ξ2η
d

dξ

(
βQ0 Q̃

aξ3

)
dξ, (68)
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where

H(ξ) = 2θ2(n + 2) + 3(n + 1)

(
G Q2

2M
− ξ

)
dθ

dξ
+

(
2ξ1 −

Q2

2M

)

× (n + 1)|θ̃1|, (69)

I (ξ) = −4θ(n + 1)
dθ

dξ

[
−ξ

dθ

dξ
− θ − ξ |θ̃1| +

Q2

2M

(
G

dθ

dξ
+ |θ̃1|

)]
, (70)

Y (ξ) =
η2 Q2

2π2(a3ξ2)2

(
ξ

2a
− Q2

)
−

η2

2πa3ξ3
+

G Q2
0

2πa3ξ4
−

η

4πa3ξ2

×
d2

dξ2
(Q2) + ξ2η

d

dξ

{
βQ0 Q̃

aξ3
+ ηξ2 d

dξ

(
Q0δQ

ξ4

)}
, (71)

Z(ξ) = 3θ

(
Q2

2M
− ξ

)
dθ

dξ
+ θ |θ̃1|

(
Q2

2M
− 2ξ1

)
− 2θ2. (72)

In pN approximation, we are interested to find the condition for marginal stability of

polytropic configuration by taking η = ξ and ω2 = 0 so that Eq. (68) takes the form

9

(
Ŵ −

4

3
−

8Q2

21

) ∫ ξ1

0

θn+1ξ2dξ + q(n + 1)

[
3

∫ ξ1

0

θnY (ξ)Ỹ (ξ)dξ

+
∫ ξ1

0

θn−1 I (ξ)ξ3dξ +
∫ ξ1

0

θn+1ξ4 Z(ξ)dξ

]
+

1

8π

∫ ξ1

0

Z̃(ξ)

a3ξ3
dξ

+
∫ ξ1

0

ξ3 d

dξ

(
βQ Q̃

aξ3

)
dξ = 0, (73)

with

Ỹ (ξ) =
(

3Ŵξ2θ + θ−n
){

dθ

dξ

(
G Q2

2M
− ξ

)
+ 3|θ̃1|

(
Q2

2M
− ξ1

)
− 3θ

}
, (74)

Z̃(ξ) = 4Q2

(
G +

ξ

2M
− Q2

)
− ξ3

(
1 +

d2

dξ2
(Q2)

)
. (75)

In pN limit, the dynamical stability will require that Ŵ > Ŵc = 4
3

+ 8Q2

21
+ ǫ,

where ǫ is a small quantity depending on q. To check the conditions for marginal

stability as well as dynamical instability, we calculate values of K and plot different

radii corresponding to polytropic indices n = 1, 2, 3 as shown in Fig. 4, 5 and 6.

It is found that K attains negative values for n = 1, 2, 3, so we take both positive

and negative values of Ŵ to obtain physically viable values of radii. Figures 4 and

5 show viable radii for Ŵ > 4
3

+ 8Q2

21
corresponding to n = 1, 2. For n = 1, we

find that radii of stability along with non-physical region appear for Q = 0.6 and

positive values of Ŵ while negative values of Ŵ show the emergence of instability. The

region of instability gets larger by increasing Q for both positive and negative values
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Fig. 4 Plots for radii of stability/instability corresponding to n = 1 and different values of charge
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Fig. 5 Plots for radii of stability/instability corresponding to n = 2 and different values of charge

of Ŵ and the radii of marginal stability vanishes for Q = 2. We observe that the the

corresponding polytropic model becomes unstable for Q > 2.4 (Fig. 4).

For n = 2, we analyze stable radii for 1.5 < Ŵ < 2 and unstable radii for small

values of Ŵ (both positive and negative) corresponding to Q < 1. The stability radius

tends to decrease which leads to unstable region for Q = 1. We find that the non-

physical region disappears and the polytropic model will remain unstable forever with

Q ≥ 1.4 (Fig. 5). For n = 3, we have viable ranges for radii with 0 < Ŵ < 2, i.e., Ŵ
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Fig. 6 Plots for radii of stability/instability corresponding to n = 3 and different values of charge

can be less than 4
3

+ 8Q2

21
for stable stellar structures (Fig. 6). We find both stable and

unstable radii for polytropic model with 0.1 < Q < 2 which changes to unstable radii

for Q ≥ 2. The dynamical instability occurs when gaseous mass contracts to RN .

6 Conclusions

This paper is devoted to investigate the role of electric charge on dynamical stability of

spherical gaseous masses under radial oscillations. We have perturbed the system using

Eulerian and Lagrangian radial perturbations to obtain linearized dynamical equations

as well as perturbed pressure. This perturbed pressure in terms of adiabatic index is

found using conservation of baryon number. The variational principle has been applied

to the perturbed dynamical equations to formulate conditions of dynamical instability.

We have also discussed conditions for dynamical instability of homogeneous sphere

and relativistic polytropes in Newtonian as well as pN regimes.

We have found the values of adiabatic index Ŵ as well as radii for marginal stability

of homogeneous sphere (Table 1). It turns out that Ŵ takes finite positive values less

or greater than 4
3

+ 8Q2

21
corresponding to different values of charge at Newtonian

limit. The radius R
RN

approaches to infinity for Ŵ < 0 which leads to expansion rather

than collapse. In pN limit, the dynamical instability occurs if Ŵ exceeds 4
3

+ 8Q2

21
by

a small quantity and the gaseous mass is contracted to RN radius. We have found that

0.1 < Q < 0.4 and Ŵ > 1.5 provide valid radii ranges for stability of sphere. It turns

out that only unstable radii exist corresponding to Q > 1.2.

We have also discussed the stability/instability conditions for relativistic polytropic

models of indices 0, 1, 2 and 3. For n = 3, we have evaluated different values of Ŵ
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for dynamical instability of polytropes and found that Ŵ > 4
3

+ 8Q2

21
(Table 2). In

order to discuss realistic models, we have evaluated radius of instability for different

polytropic structures. We have also calculated the values of C and K for n = 0 (Table

3), which show that K decreases gradually by increasing the values of charge. For

n = 1, 2, we have viable radii corresponding to Ŵ > 4
3

+ 8Q2

21
. For n = 1, we have

found that radii of stability along with non-physical region exist for Q = 0.6 and

Ŵ > 0 while negative values of Ŵ show the emergence of instability. The region of

instability increases by increasing Q for both positive and negative values of Ŵ and

we find only unstable radii for Q > 2.4. For n = 2, we have found both stable and

unstable radii for 1.5 < Ŵ < 2. The stability radius tends to decrease gradually which

leads to unstable region for Q = 1.4. It is seen that Ŵ can be less than 4
3

+ 8Q2

21
for

n = 3. We have analyzed both stable and unstable radii for polytropic model with

0.1 < Q < 2 which changes to unstable radii for Q ≥ 2.

It is found that the dynamical instability occurs when the mass of polytropic con-

figuration approaches to the RN radius limit. We observe that inclusion of charge in

the gaseous sphere has significant effects as compared to the analysis [3]. For charged

homogeneous sphere, the system becomes stable for both negative as well a as positive

values of adiabatic index, while it remains stable for Ŵ > 4
3

without charge system

[3]. For the charged polytropes with n = 1, 2, 3, Ŵ can take both positive as well as

negative values while K becomes negative. We also see that the radius of instability of

polytropes (n = 3) for RN case is greater than that of the Schwarzschild limit showing

that RN polytropes for n = 3 are more stable. Finally, we conclude that the presence

of charge has substantial role in the emergence of instability of gaseous sphere.
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ABSTRACT

In this paper, we discuss dynamical instability of a charged dissipative cylinder under radial

oscillations. For this purpose, we follow the Eulerian and Lagrangian approaches to evaluate

linearized perturbed equation of motion. We formulate perturbed pressure in terms of adiabatic

index by applying the conservation of baryon numbers. A variational principle is established

to determine characteristic frequencies of oscillation which define stability criteria for a

gaseous cylinder. We compute the ranges of radii as well as adiabatic index for both charged

and uncharged cases in Newtonian and post-Newtonian limits. We conclude that dynamical

instability occurs in the presence of charge if the gaseous cylinder contracts to the radius R∗.

Key words: instabilities – stars: oscillations.

1 IN T RO D U C T I O N

A comprehensive study of collapsing systems and structure for-

mation of self-gravitating objects reveal interesting physical per-

spectives. Charged self-gravitating objects may undergo various

evolutionary phases during gravitational collapse that results in

charged black holes or naked singularities. The stability of these

solutions under fluctuations has remarkable significance in general

relativity (GR). Initially, any stable system remains in a state of hy-

drostatic equilibrium unless its own gravity overcomes the pressure

that causes the matter to collapse. The collapsing system contracts

to a point under the influence of its own gravity leading to compact

objects.

The dynamical instability of massive stars can be studied in New-

tonian as well as post-Newtonian (pN) regimes (Ayal et al. 2001;

Marek et al. 2006). This provides a platform to evaluate ranges of

deviation and level of consistency between GR and Newton grav-

ity. The analysis becomes ambiguous in strong-field regimes due to

non-linear terms, hence the weak-field approximation schemes are

used as an effective tool. Chandrasekhar (1964) was the pioneer who

discussed the concept of dynamical instability of gaseous sphere by

taking Newtonian perfect fluid in terms of adiabatic index. He fol-

lowed Eulerian approach for linearized perturbed hydrodynamic

equations and established a variational principle to find character-

istic frequencies in Newtonian and pN limits. He also studied dy-

namical stability of sphere under radial and non-radial oscillations

at the pN limit (Chandrasekhar 1965).

Herrera, Le Denmat & Santos (1989) investigated dynamical

instability of the spherical system under perturbations by taking

non-adiabatic fluid and found that the instability range increases in

⋆ E-mail: msharif.math@pu.edu.pk (MS); sadiamumtaz17@gmail.com

(SM)

the Newtonian limit but decreases in the pN limit. Later, many

researchers explored the influence of various physical parame-

ters on the dynamical instability of self-gravitating systems un-

der radial/non-radial perturbations (Chan, Herrera & Santos 1994;

Nunez, Hernandez & Abreu 2007; Sharif & Azam 2012b). Also,

there has been an extensive literature on the study of cylindri-

cal gravitational collapse with and without the electromagnetic

field (Sharif & Ahmad 2007; Di Prisco et al. 2009; Sharif &

Abbas 2011). Sharif & Azam (2013) studied dynamical instability

of an anisotropic collapsing cylinder in the context of an expansion-

free model.

It is well known that various physical aspects of matter distri-

bution play a substantial role in the dynamical evolution of self-

gravitating systems. A star requires more electromagnetic charge

for its stability in a strong gravitational field. The dynamical insta-

bility of collapsing systems in the presence of electromagnetic field

has a primordial history starting with Rosseland (Rosseland 1924).

Stettner (1973) discussed the role of surface charge in increasing the

stability of a system with uniform density. Glazer (1976) studied

dynamical stability of sphere under radial pulsations in the pres-

ence of electric charge. Ghezzi (2005) found that neutron stars hav-

ing charge greater than the extreme value would explode. Sharif &

Azam (2012a), Sharif & Bhatti (2013) and Sharif & Mumtaz (2016)

studied the influence of electric charge on dynamical instability of

collapsing systems at Newtonian and pN regimes.

In this paper, we study the impact of an electromagnetic field on

dynamical instability of the cylindrically symmetric collapsing sys-

tem by following Chandrasekhar approach (Chandrasekhar 1964).

The format of the paper is as follows. In Section 2, we provide some

basic equations and matter distribution for cylindrical geometry.

Section 3 deals with equations of motion under radial oscillations

following the Eulerian approach. We also formulate perturbed pres-

sure and adiabatic index in terms of Lagrangian displacement by

using conservation of baryon number. Section 4 is devoted to find

C© 2017 The Authors
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conditions for dynamical instability of a homogeneous cylinder.

Finally, we conclude our results in the last section.

2 FI E L D E QUAT I O N S A N D M AT T E R

C O N F I G U R AT I O N

We consider a cylindrically symmetric system in the interior region

given by

ds2 = −A2(t, r) dt2 + B2(t, r) dr2 + C2(t, r) dθ2 + dz2, (1)

where the following restrictions on coordinates are taken to preserve

symmetry

−∞ < t < ∞, 0 ≤ r < ∞, 0 ≤ θ ≤ 2π, −∞ < z < ∞.

The corresponding Einstein field equations are given by

8πG

c4
T 0

0 =
1

B2

{
C ′′

C
−

B ′C ′

BC

}
−

ḂĊ

A2BC
, (2)

8πG

c4
T 1

1 =
1

A2

{
ȦĊ

AC
−

C̈

C

}
+

A′C ′

AB2C
, (3)

8πG

c4
T 2

2 =
1

AB

{
A′′

B
−

B̈

A
+

ȦḂ

A2
−

A′B ′

B2

}
, (4)

8πG

c4
T 3

3 =
A′′

AB2
−

B̈

A2B
+

ȦḂ

A3B
−

A′B ′

AB3
+

ȦĊ

A3C
−

C̈

A2C

−
B ′C ′

B3C
+

C ′′

B2C
+

A′C ′

AB2C
−

ḂĊ

A2BC
, (5)

8πG

c4
T 1

0 =
1

B2

{
A′Ċ

AC
+

ḂC ′

BC
−

Ċ ′

C

}
, (6)

where dot and prime denote derivatives with respect to t and r,

respectively. The matter source is assumed to be locally charged

dissipative perfect fluid defined by

T µ
ν = (σ + p)uµuν

+pδµ
ν + qµuν + qνu

µ

+
1

4π

[
FνρF

µρ −
1

4
δµ
ν FρλF

ρλ

]
, (7)

where p is the isotropic pressure, σ is the energy density, Fµρ is the

Maxwell field tensor, uµ = dxµ

ds
and qµ represent four velocity and

radial heat flux, respectively, satisfying qµuµ = 0. Also, we have

uµ = A−1δ
µ
0 , qµ = qδ

µ
1 , uµuµ = −1.

We can define the electromagnetic field tensor in terms of four

potential as Fµν = 8ν; µ − 8µ; ν , which satisfies the Maxwell field

equations

Fµν
;ν = 4πJµ, F[µν,ρ] = 0,

where Jµ = ρ̃uµ is the four current. The conservation equation,

Jµ
;µ = 0, yields

Q(r) = 4π

∫ r

0

ζBC dr,

which is the total amount of charge within the cylinder. We define

the electric field intensity as

E(t, r) =
Q(r)

2πC
. (8)

The conservation of energy-momentum tensor leads to the following

relations:

∂T 0
0

∂t
+

∂T 0
1

∂r
+

Ḃ

B

(
T 0

0 − T 1
1

)
+ T 1

0

(
B ′

B
+

A′

A

)
= 0, (9)

∂T 0
1

∂t
+

∂T 1
1

∂r
+

A′

A

(
T 1

1 − T 0
0

)
+

(
Ȧ

A
+

Ḃ

B

)
T 0

1 = 0, (10)

where T 1
0 = − A2

B2 T 0
1 . The components of energy-momentum tensor

are

T 0
0 = −σ +

π

2
E2, T 1

1 = p +
π

2
E2, T 2

2 = T 3
3 = p −

π

2
E2.

In hydrostatic equilibrium, all the quantities governing motion

remain time-independent. In this context, equations (2), (3) and

(10) become

d

dr

(
C ′

0

B0

)
=

8πG

c4
B0C0

(
−σ0 +

πE2

2

)
, (11)

dA0

dr

dC0

dr
=

8πG

c4
A0B

2
0 C0

(
p0 +

πE2

2

)
, (12)

(σ0 + p0)
dA0

dr
= −A0

d

dr

(
p0 +

πE2

2

)
, (13)

where zero suffix describes equilibrium state of the surface stresses.

We also have a useful relation through equations (2) and (3)

given by

8πG

c4
(p0 + σ0) =

1

A0C0

{
1

B2
0

dA0

dr

dC0

dr

}

−
1

B0C0

{
d

dr

(
C ′

0

B0

)}
. (14)

We take the exterior region for cylindrically symmetric space–time

in retarded time coordinate ν defined as

ds2 = −
(

−
2GM

Rc2
+

GQ2

R2c4

)
dν2 − 2 dν dR

+ R2(dθ2 + α2 dz2), (15)

where α is an arbitrary constant and M is the total mass. We choose

the Schwarzschild coordinate as C = r (Azam et al. 2016). Thorne

(1935) defined C-energy for cylindrically symmetric space–time in

the form of mass function given by

m(r) =
1

8

[
1 −

1

B2
0

]
+ 2π

2rE2. (16)

Differentiating this equation and using equation (3), we have

dm

dr
=

2πrG

c4
σ0 −

rπ2GE2

c4
+

d

dr
(2π

2rE2), (17)

whose integration leads to

m(r) =
2πG

c4

∫ r

0

rσ0 dr −
G

4c4

∫ r

0

Q2

r
dr +

Q2

2r
. (18)

The equation for hydrostatic equilibrium can be obtained as

dp0

dr
+

G(8πr2p0 + Q2)

rc4(1 − 8m + 4Q2)
−

rQQ′ − Q2

4πr3
= 0. (19)
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3 E QUAT I O N S G OV E R N I N G

R A D I A L O S C I L L AT I O N S

In this section, we study dynamical characteristics of gaseous mass

undergoing radial oscillations. The non-vanishing components of

four velocity can be written as

u0 =
1

A0

, u0 = −A0, u1 =
v

A0

, u1 =
B2

0

A0

v, (20)

where v = dr
dt

corresponds to the radial velocity component. We can

evaluate these components with respect to space–time coordinates

by taking ui = dxi

ds
. We perturb an equilibrium configuration in such

a way that its cylindrical symmetry does not change. The perturbed

state with linear terms yields

A = A0 + δA, B = B0 + δB, p = p0 + δp, σ = σ0 + δσ,

Q = Q0 + δQ, q = q0 + δq. (21)

We apply the Eulerian approach (Chandrasekhar 1965) for perturba-

tions through which the corresponding linearized forms (governing

the radial perturbations) of equations (11) and (12) turn out to be

1

r

∂

∂r

(
δB

B3
0

)
=

8πG

c4

(
δσ −

Q0δQ

4πr2

)
, (22)

8πG

c4

(
δp +

Q0δQ

4πr2

)
=

1

rA0B
2
0

∂

∂r

(
∂

∂r
δA −

2δB

B0

dA0

dr

)
,

(23)

where δA, δB, δσ , δp and δQ define the Eulerian changes. The

linearized form of equations (6) and (10) can be appropriately

written as

1

rB3
0

∂

∂t
δB = −

8πG

c4
[(p0 + σ0)v + δq] , (24)

(p0 + σ0)

(
B0

A0

)2
∂v

∂t
+

∂

∂r
δp +

1

A0

(p0 + σ0)
∂

∂r
δA

+
1

A0

(δp + δσ )
dA0

dr
+

1

4πr2

∂

∂r
(Q0δQ) −

1

2πr3
Q0δQ

+ [(p0 + σ0)v − q0]

(
B0

A0

)2 [
1

A0

∂

∂t
δA +

1

B0

∂

∂t
δB

]
= 0.

(25)

Let us introduce a Lagrangian displacement ‘η’ such that v = ∂η

∂t
.

Integration of equation (24) gives

1

B3
0 r

δB = −
8πG

c4
(p0 + σ0)η +

∫
δq dt, (26)

which leads to

−
1

B0

δB =
1

A0

dA0

dr
+

1

B0

dB0

dr
. (27)

Solving equations (22) and (26), we have

δσ = −η
dσ0

dr
− η

dp0

dr
−

1

r
(p0 + σ0)

∂

∂r
(rη) +

Q0

4πr2
δQ, (28)

which, in accordance with equation (13), yields

δσ = −η
dσ0

dr
−

A0

r
(p0 + σ0)

∂

∂r

[
rη

A0

]
−

η

8π

d

dr

[
Q2

r4

]

+
Q0

4πr2
δQ. (29)

Substituting δB from equation (26) into equation (23), we have

1

rA0B
2
0

∂

∂r
δA =

8πG

c4

[
δp −

2(p0 + σ0)η

A0

dA0

dr

]
+

2GQ0

r2c4
δQ

−
16πG

c4A0

dA0

dr

∫
δq dt, (30)

which, through equation (14), becomes

(p0 + σ0)
∂

∂r
δA =

dA0

dr
+

A0

B0

dB0

dr

[
δp −

2

A0

dA0

dr

{
(p0 + σ0)η

+
∫

δq dt

}
+

Q0

4πr2
δQ

]
. (31)

Now we consider time-dependent perturbations ηeiωt, where

ω and η represent characteristic frequency and Lagrangian dis-

placement, respectively, which associate fluid elements in equi-

librium with the perturbed configuration. These equations are time-

dependent due to their natural modes of oscillations. We can rewrite

equation (25) by taking δA, δB, δp, δσ , δq and δQ as time-dependent

amplitudes of the respective quantities as

ω2η(p0 + σ0)

(
B0

A0

)2

=
d

dr
δp + δp

[
2

A0

dA0

dr
+

1

B0

dB0

dr

]

+
1

A0

δσ
dA0

dr
−

2

A0

[
(p0 + σ0)η +

∫
q dt

][
1

A0

dA0

dr
+

1

B0

dB0

dr

]

+
Q0δQ

4πr2

[
1

A0

dA0

dr
+

1

B0

dB0

dr
−

2

r

]
+ [(σ0 + p0)v − q0]

×
(

B0

A0

)2 [
1

A0

∂

∂t
δA +

1

B0

∂

∂t
δB

]
. (32)

3.1 The conservation of baryon number

The study of perturbed pressure in terms of Lagrangian displace-

ment requires an additional assumption through which one can dis-

cuss physical aspects of gaseous mass undergoing adiabatic radial

oscillations. In this context, the required assumption can be justified

by the conservation of baryon numbers as (Nuj); j = 0 or

∂

∂xj
(Nuj ) + Nuj ∂

∂xj
ln

√
−g = 0, (33)

where N is the baryon number per unit volume. It plays a substantial

role in the evolution of various cosmic models. According to this

law, the total number of particles will remain conserved during the

fluid flow. The change in particle numbers occurs due to the loss

or gain of net fluxes. We consider a fluid that satisfies this identity.

Equation (33) through equation (20) gives

∂

∂t

(
N

A0

)
+

∂

∂r

(
Nv

A0

)
+

Nv

A0

[
1

A0

∂A

∂t
+

1

B0

∂B

∂t

]

+
Nv

A0

[
1

A0

∂A

∂r
+

1

B0

∂B

∂r
+

1

r

]
= 0. (34)

We take a perturbation of the form

N = N0(r) + δN (r, t), (35)

such that equation (34) with linear terms in v yields

1

r2

d

dr

(
N0r

2v

A0/2

)
+

1

A0

∂

∂t
δN +

N0

A0B0

∂

∂t
δB +

N0v

A0B0

dB0

dr
= 0,

(36)
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whose integration leads to

1

A0

δN +
1

r2

d

dr

(
N0r

2η

A0

)
+

N0

A0B0

[
δB + η

dB0

dr

]
= 0. (37)

Using equation (27), it follows that

δN = N0

[
η

A0

dA0

dr
− rB2

0

∫
δq dt

]

− η
dN0

dr
−

N0A0

r2

∂

∂r

(
r2η

A0

)
= 0. (38)

We assume an equation of state of the form

N = N (σ, p). (39)

Using equations (29) and (38), we have

δp = −η
dp0

dr
− p0Ŵ

A0

r

∂

∂r

(
rη

A0

)
+ β, (40)

where

β =
1

∂N/∂p

[
1

4π

∂N

∂σ

{
η

2

d

dr

(
Q2

r4
−

Q0δQ

r2

)}

+ N0

{
η

A0

dA0

dr
− rB2

0

∫
δq dt

}]
,

and Ŵ represents the adiabatic index defined by

Ŵ =
1

p(∂N/∂p)

{
N − (σ + p)

∂N

∂σ

}
, (41)

which estimates the fluid stiffness and describes the pressure and

density fluctuations.

4 PU L S AT I O N E QUAT I O N

A N D VA R I AT I O NA L PR I N C I P L E

The linear pulsation is related to different modes of perturba-

tions applied to equilibrium cylindrical configuration and their

oscillation frequencies. Inserting δσ and δp in equation (32), we

have

ω2B2
0 (p0 + σ0)η = −

d

dr

(
η

dp0

dr

)
− η

dp0

dr

[
2

A0

dA0

dr
+

1

B0

dB0

dr

]

−
1

A0

dA0

dr

[
2(p0 + σ0)η

{
1

A0

dA0

dr
+

1

B0

dB0

dr

}

+
1

r

∂

∂r
{r(p0 + σ0)η}

]

−
d

dr

(
p0Ŵ

A0

r

∂

∂r

(
ηr

A0

)
+ β

)
−

[
2

A0

dA0

dr
+

1

B0

dB0

dr

]

×
[
p0Ŵ

A0

r

∂

∂r

(
ηr

A0

)
+ β

]
−

2

A0

dA0

dr

[
1

A0

dA0

dr
+

1

B0

dB0

dr

]

×
∫

δq dt +
Q0δQ

4πr2

[
1

A0

dA0

dr
+

1

B0

dB0

dr
−

2

r

]
. (42)

Substituting dp0

dr
from equation (13), this leads to

ω2B2
0 =

1

A0

[
d2A0

dr2
−

1

B0

dB0

dr
+

1

r

dA0

dr

]

−
η

8π

d2

dr2

(
Q2

r2

) [
2

A0

dA0

dr
+

1

B0

dB0

dr

]
+

η

8π

d

dr

(
Q2

r2

)

−
d

dr

[
p0Ŵ

A0

r

∂

∂r

(
ηr

A0

+ β

)]
−

[
p0Ŵ

A0

r

∂

∂r

(
ηr

A0

+ β

)]

×
[

2

A0

dA0

dr
+

1

B0

dB0

dr

]
−

2

A0

dA0

dr
q̃

[
2

A0

dA0

dr
+

1

B0

dB0

dr

]

−
Q0δQ

4πr2

[
1

A0

dA0

dr
+

1

B0

dB0

dr
−

2

r

]
, (43)

where
∫

δq dt = q̃. Using equations (6) and (13), we have

ω2B2
0 (p0 + σ0)η =

8πG

c4
p0B

2
0 (p0 + σ0)

+
η

r

[
dp0

dr
+

1

8π

d

dr

(
Q2

r2

)]
−

η

8π

d2

dr2

(
Q2

r2

)

+
η

8π

d

dr

(
Q2

r2

) [
2

A0

dA0

dr
+

1

B0

dB0

dr

]

−
d

dr

[
p0Ŵ

A0

r

∂

∂r
(ηrA0) + β

]
−

2

A0

dA0

dr
q̃

×
[

1

A0

dA0

dr
+

1

B0

dB0

dr

]

+
Q0δQ

4πr2

[
1

A0

dA0

dr
+

1

B0

dB0

dr
−

2

r

]
, (44)

which is the required pulsation equation satisfying the boundary

conditions

η = 0, r = 0, δp = 0, r = R.

Taking the product of pulsation equation with ηr2A0B0 and inte-

grating over values of r, it yields a characteristic value problem for

ω2 as

ω2

∫ R

0

r2η2AB3(p + σ )dr =
8πG

c4

∫ R

0

p(p + σ )r2η2AB3dr

+
∫ R

0

rη2AB

[
dp

dr
+

1

8π

d

dr

(
Q2

r2

)]
dr −

∫ R

0

r2η2 dp

dr

×AB

(
pŴ

A

r

d

dr

(ηr

A

)
+ β

)
dr −

∫ R

0

r2η2AB

[
pŴ

A

r

×
d

dr

(ηr

A

)
+ β

] [
1

A

dA

dr
+

1

B

dB

dr

]
dr − 2

∫ R

0

r2Bη
dA

dr

×q̃

[
1

A

dA

dr
+

1

B

dB

dr

]
dr +

1

8π

∫ R

0

Q0ABηδQ

[
1

A

dA

dr

+
1

B

dB

dr
−

2

r

]
dr. (45)

We can define the orthogonality relation associated with this equa-

tion as
∫ R

0

AB3r2(p + σ )η(i)η(j ) = 0, (i 6= j ), (46)

where η(i) and η(j) provide proper solutions corresponding to differ-

ent characteristic values of ω2. The study of dynamical instability

of a star requires that the right-hand side of equation (45) must van-

ish by choosing a trial function ξ that satisfies the given boundary

conditions.

In the following, we evaluate conditions for dynamical instability

by taking a homogeneous model.

4.1 The homogeneous model of the cylinder

We study the conditions for dynamical instability of a homogeneous

cylinder with constant energy density. Equations (18) and (19) gov-

erning the hydrostatic equilibrium allow the integration such that
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we can write (Chandrasekhar 1964)

y2 = −
r

a2
+

b2

r2
, y2

1 = −
R

a2
+

b2

R2
, (47)

where a2 = c4

2πGσ
and b2 = GQ2(1−2c2)

2c4 . We can determine solutions

of the relevant physical quantities in terms of y and y1 as

p = σ
y − y1

3y1 − y
, A2 =

1

4
[3y1 − y]2, B2 =

1

y2
. (48)

For positivity of pressure, we have 3y1 > 1 that yields

R

a2
−

b2

R2
<

1

9
.

Using the inertial mass, this leads to

R > 9

(
2GM

c2
−

GQ2

Rc4

)
= 9R∗, (49)

where R∗ is the limiting radius for the charged cylinder. Inserting

the above physical quantities in equation (45), it follows that

2aω2y1

∫ ξ1

0

ξ 2η2

y3
dξ = 6y1

∫ ξ1

0

y − y1

y3(3y1 − y)2
ξ 2η2dξ

+
3

2a

∫ ξ1

0

3y1 − y

y
ξη2 d

dξ

[
y − y1

3y1 − y
+

G

3ac4

d

dξ

(
Q2

ξ 2

)]
dξ

−
1

2

∫ ξ1

0

ηξ 2 3y1 − y

y

d

dξ

[
y − 3y1

a3ξ
Ŵ

∂

∂ξ

(
ηξ

3y1 − y

)
+

3c4β

8πG

]
dξ

−
a2

2

∫ ξ1

0

ξ 2η
3y1 − y

y

[
y − y1

aξ
Ŵ

∂

∂ξ

(
ηξ

3y1 − y

)
+

3c4β

8πG

]

×
[

2

3y1 − y

d

dξ
(3y1 − y) + y

d

dξ

(
1

y

)]
dξ −

3ac4

8πG

∫ ξ1

0

ηξ 2

y
q̃

×
d

dξ
(3y1 − y)

[
1

3y1 − y

d

dξ
(3y1 − y) + y

d

dξ

1

y

]
dξ

+
3c4

(8π )2G

∫ ξ1

0

Q0ξδQ
3y1 − y

2y

×
[

2

3y1 − y

d

dξ
(3y1 − y) + y

d

dξ

1

y

]
dξ, (50)

where ξ = r
a

, ξ1 = R
a

− b
R

and Ŵ is taken to be constant.

We consider a trial function

η = ξA =
1

2
ξ (y1 − y), (51)

such that equation (50) becomes

aω2y1

2

∫ ξ1

0

ξ 4(3y1 − y)2

y3
dξ =

3y1

2a

×
∫ ξ1

0

ξ 4(y − y1)(3y1 − y)

4y3
dξ +

3

2a

∫ ξ1

0

ξ 3(3y1 − y)3

2y

×
d

dξ

[
y − y1

3y1 − y
+

G

3ac4

d

dξ

(
Q2

ξ 2

)]
dξ −

1

4

∫ ξ1

0

ξ 3(3y1 − y)2

y

×
d

dξ

[
y − 3y1

a3ξ
Ŵ

∂

∂ξ

(
ξ 2

2

)
+

3c4β

8πG

]
dξ −

a2

4

∫ ξ1

0

ξ 3

×
(3y1 − y)2

y

[
y − y1

aξ
Ŵ

∂

∂ξ

(
ξ 2

2

)
+

3c4β

8πG

]

×
[

2

3y1 − y

d

dξ
(3y1 − y) + y

d

dξ

(
1

y

)]
dξ

−
3ac4

16πG

∫ ξ1

0

ξ 3(3y1 − y)

y
q̃

d

dξ
(3y1 − y)

Table 1. Adiabatic index and radii for

a homogeneous cylinder.

θ1 R/R∗ Ŵc for Q = 0.4

0o 10.364 −4.365

10o 33.163 2.894 × 107

20o 8.549 3 × 107

30o 4.000 23 647.19

40o 2.4203 131 557

50o 1.704 87 550

60o 1.333 118 265.5

×
[

1

3y1 − y

d

dξ
(3y1 − y) + y

d

dξ

1

y

]
dξ

+
3c4

(16π )2G

∫ ξ1

0

Q0ξδQ
(3y1 − y)2

y

×
[

2

3y1 − y

d

dξ
(3y1 − y) + y

d

dξ

1

y

]
dξ. (52)

Inserting y = cos θ and ξ = sin θ in the above equation, we have

(aω)2 cos θ1

2

∫ θ1

0

sin4 θ

cos2 θ
(3 cos2 θ1 − cos θ )2dθ =

3 cos θ1

2

×
∫ θ1

0

sin4 θ

cos2 θ
[4 cos θ cos θ1 − 3 cos2 θ1 cos2 θ ] dθ

+
3

4

∫ θ1

0

(3 cos θ1 − cos θ )3 sin3 θ

cos θ

d

dθ

[
cos θ − cos θ1

3 cos θ1 − cos θ

−
2GQ2

3ac

1

sin3 θ

]
dθ −

a

4

∫ θ1

0

(3 cos θ1 − cos θ )2 sin3 θ

cos θ

×
d

dθ

[
cos θ1 − cos θ

a3 sin4 θ
Ŵ +

3c4β

8πG

]
dθ

−
a3

4

∫ θ1

0

(3 cos θ1 − cos θ )2 sin3 θ

[
cos θ − cos θ1

a
Ŵ +

3c4β

8πG

]

×
[

2 sin θ

cos θ (3 cos θ1 − cos θ )
+ tan θ sec θ

]
dθ

−
3ac4

16πG

∫ θ1

0

sin3 θ

cos θ
(3 cos θ1 − cos θ )q̃

d

dθ
(3 cos θ1 − cos θ )

×
[

sin θ

cos θ (3 cos θ1 − cos θ )
+ tan θ sec θ

]
dθ +

3c4β

(16π )2G

×
∫ θ1

0

Q0δQ sin θ (3 cos θ1 − cos θ )2

×
[

2 sin θ

cos θ (3 cos θ1 − cos θ )
+ tan θ sec θ

]
dθ, (53)

where θ1 = sin−1
(

R
a

− b
R

)
. By taking ω2 = 0 and solving the in-

tegrals, we find exact condition for marginal stability. We evaluate

the values of Ŵc for θ such that Ŵ ≤ Ŵc for the existence of dynam-

ical instability. We also consider the Newtonian limit that implies

that the resulting criteria for marginal stability is Ŵ > − 9
8

− 81Q2

4
.

We compute Ŵ and radii of marginal stability for a homogeneous

gaseous cylinder corresponding to Q = 0.4 and q = 0.5 which ex-

hibit finite values of Ŵ in Newtonian and pN limits. We note that
R
R∗

remains positive for Ŵ > 0 showing marginal stability of the

gaseous cylindrical model in the pN limit. The respective results

are given in Table 1.

The perturbation diverges exponentially for ω2 < 0 which yields

either expansion or contraction showing dynamical instability of

the stellar model. In the Newtonian limit, we explore the ranges
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Figure 1. Plot of R
R∗

for dynamical stability/instability of a charged cylinder

in the Newtonian limit.

4 2 0 2 4

2

0

2

4

R R

Figure 2. Plot of R
R∗

for dynamical stability/instability of an uncharged

cylinder in the Newtonian limit.

of instability for both charged (Fig. 1) and uncharged cylinders

(Fig. 2). Since the radius of stability is a factor of R∗, so physically

interesting results can be obtained if R
R∗

≥ 0. For a charged cylinder,

we find unstable radii corresponding to smaller values of charge. The

system becomes stable as charge increases. In case of an uncharged

cylinder, dynamical instability occurs for Ŵ < −1.125. It is obvious

from the graph that for Ŵ > − 9
8
, the resulting radius of stability is

greater than R∗.

We obtain the following condition for dynamical instability of

relativistic gaseous masses including charge as θ1 → 0

Ŵ +
3

4

(
3

2
+ 27Q2

)
<

57

42
θ2

1 =
57

42

[
R

a2
−

b2

R2

]
. (54)

We can write

R <
57

42
[
Ŵ + 3

4

(
3
2

+ 27Q2
)]

[
2GM

c2
−

GQ2

Rc4

]
, (55)

which leads to

R

R∗
<

K[
Ŵ + 3

4

(
3
2

+ 27Q2
)] , (56)

where K = 57
42

for the homogeneous cylinder. This means that if Ŵ

exceeds − 3
4
( 3

2
+ 27Q2) by a small amount, the dynamical instabil-

ity can be prevented till the mass contracts to radius R∗. The gaseous

cylinder remains stable if its radius is larger than R∗. The ranges of

instability for a charged homogeneous cylindrical system are shown

Figure 3. Plot of R
R∗

for dynamical stability/instability of a homogeneous

charged cylinder.

4 2 0 2 4

4

2

0

2

4

R R

Figure 4. Plot of R
R∗

for dynamical stability/instability of a homogeneous

uncharged cylinder.

in Fig. 3. It can be seen that the radius of stability is greater than

R∗ for Ŵ > −1 in the pN limit. We also discuss the criteria and

ranges of instability for an uncharged cylinder (Fig. 4). It is found

that R
R∗

≥ 0 when Ŵ exceeds − 9
8

by a small amount showing stable

cylindrical configuration. It is observed that Ŵ < −1.125 leads to

unphysical results as R
R∗

< 0.

5 O U T L O O K

This paper is devoted to study the influence of electric charge on

dynamical instability of a collapsing cylinder. We have followed

Eulerian and Lagrangian approaches to find linearized dynamical

equations as well as perturbed pressure. This perturbed pressure has

been obtained in terms of adiabatic index by taking conservation

of baryon numbers. A variational principle has been developed to

formulate characteristic frequencies of oscillation which refers to

the criteria of dynamical instability for a gaseous cylinder. We have

also discussed conditions for dynamical instability by considering

a homogeneous model of the cylinder.

We have computed particular values of radii as well as adiabatic

index Ŵ to investigate the marginal stability of a homogeneous

cylinder (Table 1). It is found that Ŵ takes finite values greater

than or equal to − 3
4

(
3
2

+ 27Q2
)

for Q = 0.4 and q = 0.5 in the

Newtonian limit. In the pN limit, R
R∗

remains positive for Ŵ > 0

showing marginal stability of the gaseous cylindrical model. We
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have also discussed the criteria for onset of dynamical instability of

gaseous masses.

In the Newtonian limit, we have explored the ranges of instability

for both charged (Fig. 1) and uncharged cylinders (Fig. 2). There is

an extensive literature available for dynamical instability of cylin-

drical gaseous systems using different techniques in the Newtonian

limit. Nakamura, Hanawa & Nakano (1993) studied dynamical in-

stability of self-gravitating cylindrical gaseous cloud by means of

normal mode analysis and found unstable solutions against various

types of perturbations. Hanawa et al. (1993) discussed fragmenta-

tion of cylindrical molecular cloud with axial magnetic field on the

basis of a magnetohydrodynamical stability analysis and found that

the presence of a magnetic field or rotation shortens the wavelength

of most unstable modes. Matsumoto, Nakamura & Hanawa (1994)

studied dynamical instability of a self-gravitating magnetized cylin-

drical cloud by taking rotation around its axis which suffers from

various instabilities. Fiege & Pudrit (2000) explored dynamical

instability of molecular cylindrical clouds threaded by helical mag-

netic fields and found that all filamentary molecular clouds initially

in an equilibrium state cannot be made to undergo radial collapse

by increasing the external pressure. Toci & Galli (2015) discussed

dynamical instability of cylindrical polytropic filaments and found

that the cylindrical polytropes converge at large radii.

In our analysis, the gaseous cylinder remains stable as long as its

radius is larger than R∗ but becomes unstable as its radius contracts

to the radius R∗. For a charged cylinder, dynamical instability occurs

for smaller values of charge whereas the system becomes stable by

increasing charge. The resulting radius of stability is greater than R∗
for Ŵ > − 9

8
in case of an uncharged cylinder while the dynamical

instability occurs for Ŵ < −1.125. It is mentioned here that electric

charge plays a substantial role to increase stability of the cylindrical

system as the gaseous mass is more stable in the Newtonian limit

for larger values of charge.

In the pN limit, the gaseous cylinder undergoes dynamical in-

stability if Ŵ exceeds − 3
4
( 3

2
+ 27Q2) by a small amount. It is

found that Ŵ > −1 and Q > 0.3 provide valid ranges of radii

for the stability of cylinder whereas only unstable radii exist cor-

responding to Ŵ < −1 and Q < 0.3 (Fig. 3). There is no ef-

fect of dissipation on stability of the collapsing system in this

case. It is worth mentioning here that the gaseous cylinder be-

comes unstable forever for smaller values of charge. For the

uncharged cylinder, we have found that Ŵ exceeds − 9
8

by a

small amount showing stable cylindrical configuration (Fig. 4).

It is observed that R
R∗

< 0 for Ŵ < −1.125 leading to unphysi-

cal results. It is mentioned here that the cylindrical system is more

stable in the Newtonian limit (Fig. 1) for larger values of charge as

compared to the pN limit (Fig. 3). We conclude that the presence of

electromagnetic field plays a remarkable role in the emergence of

stability of the gaseous cylinder.
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Abstract The aim of this paper is to discuss stability of reg-

ular thin-shell wormholes coupled with non-linear electro-

dynamics and cosmological constant. The surface stresses

are formulated by using Lanczos equations. We examine

attractive and repulsive behavior of these constructed worm-

holes corresponding to outward and inward-directed accel-

eration components, respectively. We also investigate sta-

bility conditions for the existence of traversable thin-shell

wormholes with arbitrarily small amount of different fluids

as exotic matter. We consider linear, logarithmic and Chap-

lygin gas models and find that a modified generalized Chap-

lygin gas model provides maximum viable regions for sta-

bility of the respective thin-shell wormholes. It is found that

formation of stable regions for ABGB thin-shell wormholes

highly depends on the physically acceptable range of charge

and other parameters.

Keywords Thin-shell wormholes · Israel formalism ·
Stability

1 Introduction

The stability of celestial objects has remained a challeng-

ing problem for researchers in gravitational physics. This

study is closely related to the evolution of thin-shell worm-

holes which supports the fact that any relativistic object will

be physically interesting if it is stable under perturbations.

A “wormhole” is referred as a shortcut with two ends con-

necting different regions of the universe through a tunnel.

B M. Sharif

msharif.math@pu.edu.pk

1 Department of Mathematics, University of the Punjab,

Quaid-e-Azam Campus, Lahore 54590, Pakistan

It can be categorized into traversable and non-traversable

wormhole which plays a significant role for its viability.

In case of traversable wormholes, there is no event horizon

and the wormhole throat is threaded by exotic matter which

causes repulsion against the tidal gravitational force (Mor-

ris and Thorne 1988). The physical evidence of wormholes

has always been a debatable issue due to the existence of ex-

otic matter at the throat. Visser (1989) minimized its amount

through cut and paste procedure and restricted it at the edges

of throat to obtain a more viable thin-shell wormhole. The

stress-energy tensor components are computed by applying

Israel thin-shell formalism which characterizes exotic mat-

ter at the shell (Israel 1966).

The construction of thin-shell wormholes from the fam-

ily of regular black holes (BH) is an interesting task. Regular

BHs can be chosen for wormhole construction because they

have regular centers which restrict the singularities to stay

out from their horizons and provide viable wormhole solu-

tions. Such type of BHs are more feasible in high energy

collisions and require finite energy for their evolution. The

first singularity-free regular BH solution was proposed by

Bardeen in the presence of electromagnetic field (Bardeen

1968). Ayon-Beato and Garcia (1998) explored another reg-

ular static spherically symmetric BH described by its mass

and electric charge known as ABG BH. Later, Bronnikov

(2001) proposed similar type of massive regular BH so-

lutions coupled with nonlinear electrodynamics named as

ABGB spacetimes. Hayward (2006) found a similar class

of regular BH which reduces to de Sitter for r → 0 and

Schwarzschild BH for r → ∞. Recently, stability of thin-
shell wormholes from regular Hayward BH was investigated

by taking different models of exotic matter (Halilsoy et al.

2014).

The problem of stability of thin-shell wormholes can be

resolved either through perturbations or by assuming equa-
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tion of state (EoS) for exotic matter. It has been a debat-

able subject to find some appropriate dark energy models

for exotic matter. Eiroa (2009) discussed the dynamics of

spherical thin-shell wormholes by taking generalized Chap-

lygin gas (GCG). Sharif and collaborators (Sharif and Azam

2013a; Sharif and Mumtaz 2014b, 2015, 2016a) investi-

gated both stable and unstable thin-shell wormholes in the

vicinity of Chaplygin gas (CG) models and Van der Waals

quintessence. Mazharimousavi and Halilsoy (2014) studied

the effects of angular momentum on the stability of counter-

rotating thin-shell wormholes by assuming linear gas EoS

and found stable wormhole solutions.

The stability analysis has been carried out by incorpo-

rating charge and the cosmological constant (Λ). Kim and

Lee (2001) studied stability of charged thin-shell wormholes

and found that charge affects stability without affecting the

spacetime itself. Eiroa and Romero (2004) explored stabil-

ity of Reissner-Nordström thin-shell wormholes and found

stable solutions with increasing value of charge. Lobo and

Crawford (2004) examined stability of spherically symmet-

ric thin-shell wormholes with Λ and found that positive Λ

increases the stability regions but these regions decrease

with negative Λ. The role of electric charge and Λ on the

stability of spherical thin-shell wormholes have been stud-

ied by taking different CG models (Sharif and Azam 2013b;

Sharif and Mumtaz 2014a, 2016b).

This paper is devoted to analyze stability of thin-shell

wormholes from regular BH coupled with nonlinear elec-

trodynamics. The paper is organized as follows. In Sect. 2,

we provide an overview of ABGB BH with nonlinear elec-

trodynamics and construct ABGB thin-shell wormholes by

employing standard cut and paste technique. Section 3 deals

with standard approach for stability analysis of respective

thin-shell wormholes. In Sect. 4, we choose linear, logarith-

mic and CG models and study stability formalism for the

existence of traversable ABGB thin-shell wormholes. Sec-

tion 5 is devoted to discuss the role of small velocity depen-

dent perturbations for wormhole stability. Finally, we con-

clude our results in the last section.

2 Basic formalism

This section provides an overview to the construction of

thin-shell wormholes from regular charged BH coupled

with Λ. The study of regularity of BHs has attained re-

markable importance to understand the final state of the

initially regular configurations. It is well-known that elec-

trovacuum asymptotically flat spacetimes are not sufficient

for the existence of regular BH solutions. To derive the non-

linear electromagnetic field for regular BH, one needs to en-

large the class of electrodynamics to nonlinear ones (Ayon-

Beato and Garcia 1998). These regular BHs behave as ordi-

nary Reissner-Nordström BH solutions and the existence of

these solutions does not contradict with the singularity theo-

rems (Hawking and Ellis 1975). This motivates us to discuss

stability of viable thin-shell wormholes in the framework of

nonlinear electrodynamics.

The system of gravity coupled with nonlinear electrody-

namics in the presence of Λ is described by the action

S =
1

16π

∫ √
−g

[

(R − 2Λ) −L(F )
]

d4x, (1)

where R is the scalar curvature, Λ is the cosmological con-

stant and L(F ) is the Lagrangian for nonlinear electrody-

namics given by

L(F ) = F

[

1− tanh2
(

Q

2M

(

FQ2

2

)
1
4
)]

, (2)

which depends on a single invariant F = F ijFij with the

electromagnetic tensor Fij = Φj ;i − Φi;j . The static spher-
ically symmetric nonsingular ABGB BH is given by (Maty-

jasek et al. 2008)

ds2 = −N(r)dt2 + N−1(r)dr2 + r2
(

dθ2 + sin2 θdφ2
)

,

(3)

where

N(r) = 1−
2M

r

[

1− tanh
(

Q2

2Mr

)]

−
Λr2

3
, (4)

M andQ correspond to the mass and charge, respectively. It

is noted that the presence of cosmological constant does not

destroy the regularity of the solution describing a regular

ABGB-de Sitter BH with Λ > 0 which reduces to ABGB

BH for Λ = 0 (Bronnikov 2001). This metric is regular at

the center r = 0 while the metric function for small Q and

r → ∞ can be expanded as

N(r) = 1−
2M

r
+

Q2

r2
−

Λr2

3
−

Q6

12M2r4
+ · · · ,

which behaves as Reissner-Nordström-de Sitter BH. Its

event and cosmological horizons can be determined by the

real roots of the metric function N(r) = 0.
To construct thin-shell wormholes, we employ standard

procedure by cutting the interior region of regular ABGB

BHwith r < a. The resulting 4D geometries are joined at the

hypersurface Σ± = Σ = {r = a}. A 3D induced spacetime
is considered at the shell as

ds2 = −dτ 2 + a2(τ )
(

dθ2 + sin2 θdφ2
)

, (5)

where τ is the proper time on the shell. For dynamical evolu-

tion of thin-shell, we follow Israel formalism which enables

the joining of two regions of spacetime partitioned by Σ .
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Fig. 1 Plots of ar without Λ (left hand side) and with Λ = 0.1 (right hand side) corresponding to Q
M

= 0.5,0.77,0.99

The surface stresses at the shell are determined by Lanczos

equations defined as

Si
j =

1

8π

{

[K]δi
j −

[

K i
j

]}

, (6)

where [K i
j ] is the extrinsic curvature tensor andK = tr[K i

j ].
The surface energy density and surface pressure at the shell

yield

σ = −
1

2πa

√

N(a) + ȧ2, (7)

p =
1

4π

[

√

N(a) + ȧ2

a
+

2ä + N ′(a)

2
√

N(a) + ȧ2

]

. (8)

It would be interesting to explore attractive and repulsive

characteristics of the regular ABGB thin-shell wormholes

for which observer’s four-acceleration is defined as

aµ = u
µ

;νu
ν,

where uµ = dxµ

dτ
= ( 1√

N(r)
,0,0,0) is the observer’s four-

velocity. The non-zero four-acceleration component is com-

puted as

ar = Γ r
tt

(

dt

dτ

)2

=
M

r2

{

1− tanh
(

Q2

2Mr

)}

−
1

2

Q2

r3
cosh−2

(

Q2

2Mr

)

−
Λr

3
. (9)

An important condition for traveling through wormhole

implies that an observer should not be pushed away by enor-

mous tidal forces which requires the observer’s acceleration

less than that of Earth’s acceleration. It is observed that a

wormhole exhibits attractive behavior if its radial accelera-

tion is positive, i.e., ar > 0 while it will have repulsive char-

acteristics for ar < 0. Figure 1 shows the respective plots

for attractive and repulsive characteristics of regular ABGB

thin-shell wormholes with and without Λ. We observe that

regular ABGB thin-shell wormhole will remain attractive

for different values of Q which supports the fact that an ob-

server must maintain an outward-directed radial acceleration

to avoid gravitational pull by the wormhole. In de Sitter case,

we find that the wormhole is attractive for small throat radii

while it shows repulsive behavior for larger throat radii. An

observer must have an inward directed radial acceleration to

keep away from being pushed by the wormhole.

3 Stability analysis

Here, we discuss a particular approach for stability of ABGB

thin-shell wormholes through linear perturbations. The sur-

face energy density and surface pressure for static wormhole

configuration (a = a0) yield

σ0 = −
√

N(a0)

2πa0
, p0 =

1

4π

[
√

N(a0)

a0
+

N ′(a0)

2
√

N(a0)

]

.

(10)

The surface stresses satisfy the conservation equation

S
ij

;j = 0 which leads to

d

dτ
(σ1) + p

d1

dτ
= 0, (11)

where 1 = 4πa2 corresponds to wormhole throat area. We

can formulate thin-shell equation of motion by rearranging

Eq. (7) as ȧ2+Φ(a) = 0, which provides wormhole dynam-
ics while the potential function Φ(a) is given by

Φ(a) = N(a) − [2πaσ ]2, (12)

here σ represents the perturbed energy density. To discuss

wormhole stability, we assume a linear perturbation in the
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form of barotropic EoS

p = Ψ (σ), (13)

such that Ψ (σ) is taken arbitrarily for the shell which gov-

erns the polytropic EoS p ≈ σ 1+
1
n as 0≤ n < ∞.

The basic condition for stability of wormhole static so-

lution yields Φ ′(a0) = 0= Φ(a0) and Φ ′′(a0) > 0. For this

purpose, we use Eq. (13) and σ ′ = σ̇
ȧ
in conservation equa-

tion as

σ ′ = −
2

a
(σ + Ψ ), (14)

which takes the form

σ ′′ =
2

a2
(σ + Ψ )

(

3− aΨ ′). (15)

The first derivative of Eq. (12) through (14) turns out to be

Φ ′(a0) = N ′(a0) + 8π2a0σ0
[

σ0 + 2p(σ0)
]

, (16)

leading to the second derivative of potential function as

Φ ′′(a0) = N ′′(a0) − 8π2
{

[σ0 + 2p0]2

+ 2σ0[σ0 + p0]
[

1+ 2Ψ ′(σ0)
]}

, (17)

where Ψ0 = p0.

4 Some models for exotic matter

This section deals with stability of thin-shell wormholes

from regular charged BH in the vicinity of different models

for exotic matter. Here we consider linear, logarithmic and

CG fluids to explore the stable behavior of regular ABGB

and ABGB-de Sitter thin-shell wormholes. This would help

us to investigate the role of charge and cosmological con-

stant on the stability of wormhole configurations. In the fol-

lowing, we study the stability formalism by taking these can-

didates for exotic matter at the shell.

4.1 Linear gas

We choose a linear gas fluid (Richarte and Simeone 2009)

to support the exotic matter at the shell. The EoS for linear

gas is defined as

Ψ = p0 + µ(σ − σ0), (18)

where µ is a constant parameter. Differentiating this equa-

tion with respect to σ , we obtain Ψ ′(σ0) = µ. We find

that Φ(a) and Φ ′(a) disappear by inserting the values of

σ(a0) and p(a0). We are interested to explore the possi-

bility of stable wormhole solutions and check the role of

increasing charge in stability regions. We choose parame-

ter Q
M

= 0,0.707,0.999,1.1 and explore stable zones for

ABGB thin-shell wormholes in de Sitter background. Fig-

ure 2 displays stable regions (red curves) for regular ABGB

thin-shell wormholes corresponding to linear gas EoS with
Q
M

= 0,0.5,0.77,0.99. Here Q
M

= 0 corresponds to the

Schwarzschild case. The metric function N(r) is also plot-

ted to estimate the location of event horizon and wormhole

throat. We assume a0 > rh for the viability of thin-shell

wormholes without event horizons. For a0 ≤ rh, no static

solution exists leading to non-physical region. We examine

stability regions corresponding to positive and negative val-

ues of parameter µ. It is found that increasing value of Q
M

decreases stability areas for regular ABGB thin-shell worm-

holes.

We also plot stability regions for regular ABGB thin-shell

wormholes coupled with Λ = 0.1 in de Sitter background.
The wormhole throat must have the range rh < a0 < rc for

the existence of viable static wormhole solutions, where rc is

the cosmological horizon. The respective results show that

stability region for wormhole configurations decreases by

increasing charge Q
M
(Fig. 3). It is found that more stable

wormhole solutions are possible for de Sitter case as com-

pared to the case without Λ.

4.2 Chaplygin gas

Here we consider CG model for which EoS is given by

Ψ (σ) = p0 + µ

(

1

σ
−
1

σ0

)

, (19)

where Ψ ′(σ0) = − µ

σ 20
. Figures 4 and 5 show the results cor-

responding to regular ABGB and ABGB-de Sitter thin-shell

wormholes along with CG model and different values of

charge. In both cases, only one stability region is obtained

with Q
M

= 0,0.5. We examine two stability regions for pos-
itive and negative values of parameter µ with Q

M
= 0.77

while one stable region along with negative values of µ and
Q
M

= 0.99. It is observed that CG provides least stable re-

gions for regular ABGB thin-shell wormholes which sup-

ports the fact that CG does not appear significant for stability

regions.

4.3 Generalized Chaplygin gas

Now we consider GCG fluid for exotic matter governed by

an EoS

Ψ (σ) = p0 + µ

(

1

σ γ
−
1

σ
γ

0

)

, (20)

where γ denotes EoS parameter. We explore its role in in-

creasing the stability regions of regular ABGB and ABGB-

de Sitter thin-shell wormholes. In this context, we set µ =
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Fig. 2 Plots for regular ABGB

thin-shell wormholes

corresponding to linear gas EoS

with Q
M

= 0,0.5,0.77,0.99. The
stable regions and the metric

function are represented by red

and blue curves, respectively

Fig. 3 Plots for regular ABGB

thin-shell wormholes

corresponding to linear gas EoS

in de Sitter background
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Fig. 4 Plots for regular ABGB

thin-shell wormholes by taking

CG EoS and
Q
M

= 0,0.5,0.77,0.99

Fig. 5 Plots for regular ABGB

thin-shell wormholes for CG

EoS in de-Sitter background
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p0σ
γ such that the above EoS becomes

Ψ (σ) = p0

(

σ0

σ

)γ

, (21)

which yields Ψ ′(σ0) = −p0
σ0

γ . We plot the respective sta-

bility regions numerically as shown in Figs. 6 and 7. Here,

we find three stability regions for regular ABGB thin-shell

wormholes with Q
M

= 0,0.5,0.77. It is noted that these re-
gions decrease gradually by increasing Q

M
and reduce to only

two stable regions for Q
M

= 0.99. For regular ABGB-de Sit-
ter configurations (Λ = 0.1), the stability regions are en-

larged but have similar behavior as in the above case. We

find that non-physical regions appear with small throat radii.

4.4 Modified generalized Chaplygin gas

The commonly known extension of GCG is called modified

generalized Chaplygin gas (MGCG) defined as

Ψ (σ) = p0 + ξ0(σ − σ0) − w

(

1

σ γ
−
1

σ
γ

0

)

, (22)

where ξ0 andw are free parameters. Its differentiation yields

Ψ ′(σ0) = ξ0 +
wγ

σ
γ+1
0

.

Figure 8 shows the corresponding graphs for ξ0 = γ = 1

and different values of charge. For MGCG, we find that the

possibility of stability regions increases by increasing value

of Q
M
. For Λ = 0.1, it is observed that the increasing value

of Q
M
provides more stable wormhole solutions correspond-

ing to both positive and negative values of the parameter w

(Fig. 9). It is worth mentioning here that MGCG provides

maximum stable regions for wormhole configurations. We

investigate that the effect of MGCG is to increase the sta-

bility regions for regular ABGB thin-shell wormholes by in-

creasing Q
M
as depicted in our numerical plots.

4.5 Logarithmic gas

Finally, we take logarithmic gas defined by the EoS

Ψ (σ) = p0 + w ln

∣

∣

∣

∣

σ

σ0

∣

∣

∣

∣

, (23)

where Ψ ′(σ0) = w
σ0
. We plot the corresponding stable

ABGB thin-shell wormholes for different values of charge

without Λ as shown in Fig. 10. It is found that two sta-

bility regions exist for Q
M

= 0,0.5,0.77 and ξ0 = γ = 1,

Λ = 0.1,−0.5 which reduce to only one stability region for
maximum value of charge, i.e., Q

M
= 1.1. In case of ABGB-

de Sitter configurations, the number of stability region in-

creases by increasing Q
M
and reduces to only one region for

Q
M

= 1.1 (Fig. 11). We analyze maximum number of stable
regions for Q

M
= 0.5 in de Sitter background.

5 Stability analysis against velocity perturbations

Here we are interested to investigate the effect of velocity

perturbations on stability of regular ABGB thin-shell worm-

holes. We confine ourselves to small velocity perturbations

about static configuration a = a0 such that after any pertur-

bation, an approximately static fluid can be taken for ex-

otic matter. This fact supports the assumption that one can

choose a dynamical EoS for wormhole instead of static EoS.

For this purpose, we compute the following EoS through

Eq. (10) as

p = −
1

2

(

1+
aN ′(a)

2N(a)

)

σ. (24)

Substituting σ and p from Eqs. (7) and (8), it takes the form

ä −
N ′(a)

2N(a)
ȧ = 0, (25)

which represents one-dimensional motion of the wormhole

throat. Integration of this equation leads to

ȧ = ȧ0

√
N(a)

√
N(a0)

, (26)

whose second integration gives

ȧ0√
N(a0)

(τ − τ0) =
∫ a

a0

da
√

N(a)
. (27)

Here ȧ0 is considered to be non-zero initial small velocity

of throat after perturbation. For regular ABGB spacetime,

Eq. (27) upto the second order of small values of Q yields

ȧ0√
N(a0)

(τ − τ0)

=
a(a − 2M) + Q2

a
√

N(a)
−

a0(a0 − 2M) + Q2

a0
√

N(a0)

+ M ln

(

a − M + a
√

N(a)

a0 − M + a0
√

N(a0)

)

, (28)

which indicates that this motion is clearly not oscillatory.

Consequently, the ABGB wormhole throat remains unstable

against velocity perturbations. Equation (25) also shows that

acceleration of the wormhole throat ä = N ′(a)
2N(a)

ȧ is positive

leading to unstable ABGB thin-shell wormholes.

6 Conclusions

In this paper, we have constructed regular ABGB thin-

shell wormholes with and without Λ by incorporating the

effects of nonlinear electrodynamics. The surface stresses
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Fig. 6 Plots for stability of

regular ABGB thin-shell

wormholes in terms of γ by

taking GCG and
Q
M

= 0,0.5,0.77,0.99

Fig. 7 Plots for the stability of

regular ABGB thin-shell

wormholes in terms of γ by

taking GCG gas and Λ = 0.1
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Fig. 8 Plots for stable regular

ABGB thin-shell wormholes in

the context of MGCG gas with

ξ0 = γ = 1 and different values
of charge

Fig. 9 Plots for stability

regions of regular ABGB

thin-shell wormholes by taking

MGCG gas with ξ0 = γ = 1 and
different values of charge in de

Sitter background
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Fig. 10 Plots for regular ABGB

thin-shell wormholes by taking

logarithmic gas EoS for
Q
M

= 0,0.5,0.77,0.99

Fig. 11 Plots for regular ABGB

thin-shell wormholes by taking

logarithmic gas EoS with
Q
M

= 0,0.5,0.77,0.99 and
Λ = 0.1
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have been computed by using Lanczos equation which in-

dicate the violation of null energy condition leading to the

existence of exotic matter. We have analyzed the attrac-

tive and repulsive behavior of thin-shell wormholes corre-

sponding to ar > 0 and ar < 0, respectively. It is found that

thin-shell wormhole remains attractive for Λ = 0 while it

shows both attractive and repulsive characteristics for dif-

ferent throat radii in de Sitter background. We have chosen

rh < a0 < rc to avoid the existence of event horizons for vi-

ability of wormhole configurations. We have taken a general

EoS p = Ψ (σ) as a linear perturbation and discussed stabil-

ity conditions graphically for Φ ′′ > 0.
In order to explore any realistic candidate of dark en-

ergy for viable wormhole solutions, we have considered lin-

ear gas, logarithmic gas and three different CG gas mod-

els for exotic matter. It is observed that one may construct

a traversable wormhole theoretically with arbitrarily small

amount of the fluid describing cosmic expansion. We have

found that stable regions exist within a physically accept-

able range of charge and other parameters for all models

(Figs. 2–11). We have also plotted the metric function N(r)

to estimate the location of event horizon and wormhole

throat. It is found that increasing value of Q
M
decreases sta-

ble zones for regular ABGB thin-shell wormholes by taking

linear gas EoS. For CG, we have analyzed only one stability

region for smaller values of Q
M
which seems to provide least

stable solutions than the other models and does not appear

significant for stability regions.

There exist three stability regions for regular ABGB thin-

shell wormholes with GCG gas which decrease gradually

by increasing Q
M
and reduce to only two stable regions for

Q
M

= 0.99. We have investigated non-physical regions for

small throat radii and stability regions become enlarged for

de Sitter configurations but have similar behavior as in the

above case. For MGCG, the possibility of stability regions

increases by increasing the value of Q
M
in both cases with

and without Λ. It is worth mentioning here that MGCG has

remarkable significance as it provides maximum stable re-

gions for wormhole configurations which are more viable as

compared to that of GCG. We have found that the effect of

logarithmic gas is to increase the stability regions for regu-

lar ABGB-de Sitter thin-shell wormholes by increasing Q
M
.

We observe that there exist more stability regions for de

Sitter case as compared to the general case without Λ. We

have also studied small velocity dependent perturbations and

found that ABGB wormhole configurations remain no more

stable under these perturbations. We conclude that stable re-

gions may expand or shrink accordingly depending on the

tuning of charge and other parameters.
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This work is devoted to investigate the stability of thin-shell wormholes in Einstein–
Hoffmann–Born–Infeld electrodynamics. We also study the attractive and repulsive char-
acteristics of these configurations. A general equation-of-state is considered in the form
of linear perturbation which explores the stability of the respective wormhole solutions.
We assume Chaplygin, linear and logarithmic gas models to study exotic matter at thin-
shell and evaluate stability regions for different values of the involved parameters. It is
concluded that the Hoffmann–Born–Infeld parameter and electric charge enhance the
stability regions.
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1. Introduction

In the last few decades, physicists have paid much attention to the wormhole

dynamics due to its interesting features. Traversable wormholes are the hypo-

thetical objects which are characterized by a throat associating different remote

areas of the universe through a shortcut.1 Besides the lack of physical significance,

wormholes were assumed to be interconvertible with black holes family leading to

nontraversable wormholes.2 The Einstein–Rosen bridge is the best fitted example

of nontraversable wormhole whose throat shrinks and hence collapses due to the

presence of event horizon.3

The wormhole throat must fulfill the flare-out condition where its geometry

opens up. In the case of traversable wormholes, the throat is threaded by a fluid that

violates the null energy condition known as exotic matter. This matter makes the

wormhole traversable such that an observer requires much less time as compared to

that of normal traveling without any hindrance. It is suggested that a small amount
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of this matter is required for the physical viability of wormhole configurations.

Visser4 illustrated an efficient technique to minimize the unavoidable amount of

exotic matter such that a traveler does not observe any tidal force during its trip

through wormhole. This matter is restricted at the edges of wormhole throat. Israel

thin-shell formalism is the most useful way to compute pressure and energy density

identifying exotic matter at the shell.5

The stability of thin-shell wormholes (TSWs) can be performed either by imple-

menting linear perturbations or via equation-of-state (EoS) for exotic matter. In

this context, Kim and Lee6 studied stability of spherically symmetric wormhole

configurations in the presence of increasing charge. Eiroa and Romero7 investi-

gated stable Reissner–Nordström TSWs whose stability increases by increasing the

electric charge. Many authors have discussed the stability of TSWs by taking dif-

ferent candidates of dark energy for exotic matter. Eiroa and Simeone8 analyzed

stable spherically symmetric wormhole solutions with and without charge by taking

Chaplygin gas (CG). Sharif and his collaborators9 studied the role of van der Waals

quintessence and different CG EoS on the stability of both spherical and cylindrical

TSWs.

Nonlinear electrodynamics (NED) is the generalization of Maxwell theory which

is considered as the most viable theory to remove singularity of classical charged

particles. Born and Infeld10 introduced NED to avoid divergence of the field in

Maxwell theory. Hoffmann11 described gravitational field of a charged spherically

symmetric solution by coupling general relativity (GR) with Born–Infeld electrody-

namics which defines a black hole. NED has attained great interest in the wormhole

construction. Eiroa and Aguirre12 analyzed the stability of spherical TSWs in Born–

Infeld theory for generalized CG. Sharif and Azam13 found stable TSWs for large

values of Born–Infeld parameter by taking modified CG. We have explored the

effects of NED on stability of regular TSWs and found stable solutions.14

In this paper, we study the stability of TSWs by considering different dark

energy models. The paper has the following format. In Sec. 2, we discuss the con-

struction of TSWs coupled with Einstein–Hoffmann–Born–Infeld (HBI) theory and

study various physical aspects. Section 3 provides stability of the respective worm-

hole configurations in the context of CG, linear and logarithmic gas models. Finally,

we conclude our results in the last section.

2. Einstein–Hoffman–Born–Infeld Electrodynamics and TSWs

It is well-known that singularity of any charged particle leads to infinite self-

electromagnetic energy which should be removed from classical charged particles.

NED with various compositions has restorative effects on the divergent results that

appear naturally in linear Maxwell theory. In this context, Born and Infeld10 pro-

posed the most prominent constituent of viable NED theories to resolve this problem

upto some extent. However, this theory has some drawbacks that are not completely

eliminated.
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To overcome this specific issue, Hoffman and Infeld15 proposed a Lagrangian

having a logarithmic term with significant consequences which removed the singu-

larity arising in the Cartesian components of the electric field E. Mazharimousavi

et al.
16 rediscovered the global logarithmic term of Lagrangian in Einstein NED

theory. They used HBI Lagrangian in both GR as well as Gauss–Bonnet gravity to

construct black holes and TSWs.16,17 Motivated by this proposal, we examine the

role of HBI electrodynamics on the stability of 4D TSWs in the framework of GR.

We consider Einstein HBI Lagrangian

L(F ) =






L+ = − 2

b2
(k + βξ+ − ln ξ+), r ≥ √

qb,

L− = − 2

b2
(k + βξ− − ln |ξ−|), r ≤

√
qb,

(1)

in which β = 1, k = ln 2 − 2 and ξ± = 1 ±
√

1 + 2b2F , where b is the constant

HBI parameter, F is the trace of electromagnetic field tensor and q is the constant

charge. This Lagrangian imposes L+ = L− at r4 = q2b2. The coupling of GR with

HBI electrodynamics leads to intriguing features that make it worth while to apply

on strong electromagnetic and gravitational fields. The coupling of Einstein gravity

with 4D HBI electrodynamics is defined by the action

S =
1

2

∫ √−g[R + L(F )]d4x. (2)

The static electrically charged spherically symmetric black hole in HBI theory is

given by

ds2 = −F (r)dt2 + F−1(r)dr2 + r2(dθ2 + sin2 θdφ2), (3)

where

F (r) = 1 − 2m

r
+

r2q2

3q2b2
ln

(
r4

r4 + q2b2

)
− q2

√
2

3r
√

qb

[
tan−1

(
r
√

2√
qb

+ 1

)

+ tan−1

(
r
√

2√
qb

− 1

)]
− q2

√
2

6r
√

qb
ln

(
r2 + qb − r

√
2qb

r2 + qb + r
√

2qb

)
+

q2π
√

2

3r
√

qb
, (4)

m is the mass of HBI solution. The horizons of the spacetime can be found numer-

ically by taking F (r) = 0. Here, one can easily find that the given line element

reduces to Reissner–Nordström and Schwarzschild spacetimes in the limit b → 0

and b → ∞, respectively.

The mathematical construction of TSWs follows the usual steps of cut and paste

technique. For this purpose, we take two copies of HBI spacetimes such that we cut

the interior region with r ≤ a from each geometry given by M1,2 = {xµ
1,2 : r1,2 ≤ a |

a >
√

qb}, where we assume a > rh to avoid the presence of singularities. These

4D copies are pasted at the hypersurface such that we obtain a new geodesically

complete manifold M = M1 ∪ M2. The flare-out condition must be satisfied by
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the wormhole throat because the surface area 4πr2 becomes minimal when r = a

representing a wormhole with two regions connected by throat a. We adopt a time

like induced metric with coordinates ξi = (τ, θ, φ) at thin-shell defined by

ds2 = −dτ2 + a2(τ)(dθ2 + sin2 θdφ2), (5)

where τ is the proper time. The unit four-vector normals to M1,2 are computed as

n1,2
α = ±

∣∣∣∣g
µν ∂η

∂xµ

∂η

∂xν

∣∣∣∣
−

1

2 ∂η

∂xα
=

(
−ȧ,

√
F (r) + ȧ2

F (r)
, 0, 0

)
, (6)

which satisfy the relation nαnα = ǫ = 1. In order to study the dynamical evolution,

we apply Israel formalism which yields matching of two spacetime regions. The

surface stresses are computed by employing Lanczos equation defined as

Si
j =

1

8π
{[K]δi

j − [Ki
j ]}, (7)

where [Ki
j ] is the extrinsic curvature whose nontrivial components are given by

K1,2
ττ = ∓ F ′(a) + 2ä

2
√

F (a) + ȧ2
, K

1,2
θθ = ±a

√
F (a) + ȧ2, K

1,2
φφ = α2K

1,2
θθ , (8)

dot and prime show differentiation w.r.t. d
dτ

and d
dr

, respectively. The surface

stresses at shell are obtained by using Eq. (8) in Lanczos equation which yields

σ = − 1

2πa

√
F (a) + ȧ2, p =

1

4π

[√
F (a) + ȧ2

a
+

2ä + F ′(a)

2
√

F (a) + ȧ2

]
. (9)

These equations give rise to the violation of null and weak energy conditions at the

shell and hence indicate the presence of exotic matter which should be reduced for

viable TSWs.

It would be interesting to investigate whether the respective wormhole configu-

rations show attractive or repulsive behavior. For this purpose, we need to compute

observer’s four-acceleration given by

aµ = uµ
;νuν ,

where uµ = dxµ

dτ
= ( 1√

F (r)
, 0, 0, 0) is the observer’s four-velocity. We determine the

nonzero radial four-acceleration’s component as

ar =
m

r2
+

r

3b2
ln

(
r4

r4 + q2b2

)
+

2(r4 + q2b2)

3r2b2

(
r3

r4
− r7

(r4 + q2b2)2

)

+
q2

3r2
√

2qb

[
tan−1

(
r
√

2√
qb

+ 1

)
+ tan−1

(
r
√

2√
qb

− 1

)]
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Fig. 1. Plot of ar for q

m
= 1.1 and b = 0.6.

+
q2

3rqb




1 + tan

(
r
√

2√
qb

+ 1

)2

tan

(
r
√

2√
qb

+ 1

)2 +

1 + tan

(
r
√

2√
qb

− 1

)2

tan

(
r
√

2√
qb

− 1

)2




+
q2

6r2
√

2qb
ln

(
r2 + qb − r

√
2qb

r2 + qb + r
√

2qb

)
− q2(r2 + qb + r

√
2qb)

6r
√

2qb(r2 + qb − r
√

2qb)

×
(

2r −
√

2qb

r2 + qb + r
√

2qb
− (2r +

√
2qb)(r2 + qb − r

√
2qb)

(r2 + qb + r
√

2qb)2

)
− q2π

3r2
√

2qb
. (10)

The respective results for TSWs coupled with HBI electrodynamics are shown in

Fig. 1. It is noted that a wormhole has attractive or repulsive features if ar > 0

or ar < 0, respectively. We find that the constructed wormhole configurations

have repulsive behavior for smaller throat radius which will become attractive on

increasing throat radius.

3. General Approach for Stability

Here we discuss standard conditions to study stability of the constructed TSWs

under linear perturbations. The energy density and pressure of wormhole solutions

under static background (a = a0) yield

σ0 = −
√

F (a0)

2πa0
, p0 =

1

4π

[√
F (a0)+

a0
+

F ′(a0)

2
√

F (a0)

]
. (11)
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We are interested to explore wormhole stability by taking barotropic EoS as a linear

perturbation in the form

p = Θ(σ), (12)

which takes the form of polytropic EoS p ≈ σ1+ 1

n with 0 ≤ n < ∞, where Θ(σ) is

chosen arbitrarily. The surface stresses must obey the conservation identity S
ij
;j = 0

which, for the induced metric (5), turns out to be

d

dτ
(σΦ) + p

dΦ

dτ
= 0, (13)

where Φ = 4πa2 shows throat’s area. The thin-shell equation of motion describing

wormhole dynamics can be determined from Eq. (9) as ȧ2 + G(a) = 0, where G(a)

is the potential function defined by

G(a) = F (a) − [2πaσ]2. (14)

The wormhole will be stable if the potential function satisfies the conditions

G′(a0) = 0 = G(a0) and G′′(a0) > 0. The conservation equation through Eq. (12)

and σ′ = σ̇
ȧ

leads to

σ′ = −2

a
(σ + Θ), (15)

whose second derivative takes the form

σ′′ =
2

a2
(σ + Θ)(3 − aΘ′). (16)

Differentiation of Eq. (14) through (15) yields

G′(a0) = G′(a0) + 8π2a0σ0[σ0 + 2p(σ0)], (17)

which further becomes

G′′(a0) = G′′(a0) − 8π2{[σ0 + 2p0]
2 + 2σ0[σ0 + p0][1 + 2Θ′(σ0)]}, (18)

where Θ0 = p0.

It is well-known that the choice of any cosmological model for exotic matter has

significant relevance in dynamical investigation of wormhole configurations. Here

we study stability of TSWs in the vicinity of different dark energy candidates. In a

recent work, the stability of regular TSWs has been analyzed for linear, logarithmic

and three CG models at the wormhole throat.18 In the following, we consider three

of the above-mentioned models to explore stability of HBI TSWs.

3.1. Chaplygin gas

First we consider CG model governed by the following EoS

Θ(σ) = p0 + γ

(
1

σ
− 1

σ0

)
, (19)

where γ is a constant parameter. The first derivative of this equation w.r.t. σ gives

Θ′(σ0) = − γ

σ2

0

. It is observed that G(a) and G′(a) vanish by substituting σ(a0) and
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p(a0). We explore the role of increasing values of charge as well as HBI parameter in

the wormhole stability. We also plot the metric function F (r) to find the position of

event horizon and the wormhole throat. The corresponding results for the wormhole

stability are shown in Figs. 2 and 3.

For q
m

= 0.5, 0.7 and b = 0.6, we find one stable region (red curve) for both

positive as well as negative values of parameter γ while the metric function F (r) cuts

the radial axis once showing an event horizon. It is mentioned here that q
m

= 1.1

provides only one stable region for negative values of parameter γ in the absence

of event horizon (Fig. 2). For b = 1, we analyze enlargement in the stability areas

(two regions) for both positive and negative values of γ corresponding to q
m

=

0.5, 0.7, 0.9. In this case, we observe that the event horizon does not vanish for

Fig. 2. (Color online) Plots for stable regions of TSWs taking CG EoS and HBI parameter b = 0.6
with different values of charge. We choose throat radius a0 and parameter γ along abscissa and
ordinate, respectively.
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Fig. 3. Plots for stable wormholes with CG EoS, b = 1 and different values of charge.

q
m

= 1.1 but reduces to one (Fig. 3). The HBI parameter is effective to increase the

wormhole stability for CG model while the increasing values of the charge q
m

tend

to diminish the presence of event horizon.

3.2. Linear gas

Here we take linear gas model given by the following EoS

Θ = p0 + γ(σ − σ0), (20)

where Θ′(σ0) = γ. We plot stable solutions for linear gas corresponding to b = 0.6

as shown in Fig. 4. The event horizon gets smaller by enlarging the values of charge

and finally vanishes for the maximum value of q
m

. The possibility of stability regions
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Fig. 4. Plots for stability of TSWs with linear gas and HBI parameter b = 0.6.

increases by increasing HBI parameter such that we find maximum stability regions

for b = 1. We investigate stable regions for both positive as well as negative values

of γ with q
m

= 0.5, 0.7 while stable regions exist only for negative values of γ

corresponding to large values of charge. The event horizon does not vanish for

maximum value of charge (Fig. 5).

3.3. Logarithmic gas

The logarithmic gas is defined by

Θ(σ) = p0 + µ ln

∣∣∣∣
σ

σ0

∣∣∣∣, (21)
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Fig. 5. Plots for stability regions of wormhole configuration with linear gas corresponding to
b = 1.

where µ is EoS parameter and Θ′(σ0) = γ
σ0

. The respective stable HBI TSWs for
q
m

= 0.5, 0.7, 0.9, 1.1 and b = 0.6 are shown in Fig. 6. Here, we find least stable

solutions for smaller values of charge as compared to the previous case which tend to

increase on increasing charge. We also analyze more stable solutions by increasing

b for larger values of q
m

while the event horizon does not disappear in this case

(Fig. 7).

3.4. Velocity perturbations

Now we discuss stability of the constructed TSWs under velocity perturbations. We

assume small velocity perturbations around static configuration a = a0 which gives

an approximately static fluid after any perturbation. This assumption supports the
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Fig. 6. Plots for logarithmic gas and HBI parameter b = 0.6 with different values of charge.

fact that the dynamic EoS for wormhole is same as the static EoS. Equation (11)

leads to

p = −1

2

(
1 +

aF ′(a)

2F (a)

)
σ. (22)

Substituting Eq. (9), we have

ä − F ′(a)

2F (a)
ȧ = 0, (23)

which shows wormhole’s throat motion. Integrating this equation, it follows that

ȧ = ȧ0

√
F (a)√
F (a0)

, (24)
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Fig. 7. Plots for logarithmic gas with b = 1 and different values of charge.

which further yields

ȧ0√
F (a0)

(τ − τ0) =

∫ a

a0

da√
F (a)

. (25)

This corresponds to the nonoscillatory motion of the constructed wormhole solution,

where ȧ0 is the nonzero component of initial small velocity of throat. Equation (23)

gives positive acceleration of the wormhole throat leading to unstable TSWs.

4. Outlook

In this paper, we have studied the effects of HBI parameter as well as electric

charge on the stability of wormhole configurations. We have formulated surface

stresses by applying Lanczos equation which gives rise to the presence of exotic
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matter by violating null and weak energy conditions. It is found that wormholes

have repulsive or attractive characteristics corresponding to smaller or larger values

of throat radius, respectively. We have chosen a > rh to neglect the presence of

singularities for the sake of viable wormhole solutions.

We have taken a linear perturbation of the form p = Θ(σ) and explored worm-

hole stability graphically for G′′(a0) > 0. We have chosen CG, linear and logarith-

mic gas models as exotic matter for its dynamical investigation. We have explored

stable regions for the respective wormholes within a physically acceptable range of

different parameters (Figs. 2–7). We have also plotted the metric function to find

the position of wormhole throat and black hole’s event horizon. It is found that

there exists only one stable region as well as event horizon for CG with smaller

value of HBI parameter such that the event horizon diminishes for q
m

= 1.1. We

have analyzed enlargement in stable regions by increasing the HBI parameter but

the event horizon does not disappear for b = 1.

In case of linear gas, it provides more stable regions as compared to that of CG.

It is found that the HBI parameter has remarkable significance to increase stable

regions. The event horizon decreases by increasing the values of electric charge and

finally vanishes. We have investigated that logarithmic gas provides least stable

solutions as compared to other cases for smaller values of charge. These regions

expand by enlarging the values of HBI parameter and charge. It is found that the

role of HBI parameter and electric charge is to enhance stable regions for TSWs,

whereas maximum value of the charge provides horizon-free solutions. Also, the

linear gas is more significant in wormhole configuration which provides maximum

stable regions as compared to other models while CG gives the least stable regions.

We have also performed stability analysis under velocity perturbations and exam-

ined unstable configurations. We conclude that wormhole stability highly depends

on the choice of model for exotic matter and values of the other involved parameters.
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Abstract This paper is devoted to the phase space analysis

of an isotropic and homogeneous model of the universe by

taking a noninteracting mixture of the electromagnetic and

viscous radiating fluids whose viscous pressure satisfies a

nonlinear version of the Israel–Stewart transport equation.

We establish an autonomous system of equations by intro-

ducing normalized dimensionless variables. In order to ana-

lyze the stability of the system, we find corresponding critical

points for different values of the parameters. We also evaluate

the power-law scale factor whose behavior indicates differ-

ent phases of the universe in this model. It is concluded that

the bulk viscosity as well as electromagnetic field enhances

the stability of the accelerated expansion of the isotropic and

homogeneous model of the universe.

1 Introduction

Many astronomical observations (type Ia supernova, large

scale structure, and cosmic microwave background radia-

tion) predict that our universe is expanding at an accelerating

rate in its present stage [1–3]. These observations suggest

two cosmic phases, i.e., the cosmic state before radiation

(the primordial inflationary era) and ultimately the present

cosmos phase after the matter dominated era. In the last

couple of decades, it has been speculated that the source

for this observed cosmic acceleration with an unusual anti-

gravitational force may be an unknown energy component,

dubbed dark energy (DE). The existence of this energy with

large negative pressure can be recognized by its distinctive

nature from ordinary matter which may lead to cosmic expan-

sion. The study of the dominant contents of matter distribu-

tion in the universe has remained one of the most challenging

issues. Recent observations show that the visible part of our

a e-mail: msharif.math@pu.edu.pk

b e-mail: sadiamumtaz17@gmail.com

universe is made up of baryonic matter contributing only 5%

of the total budget, while the remaining ingredients yield the

total energy density composed of non-baryonic fluids (68%

DE and 27% dark matter) [4,5].

Several cosmological proposals have been introduced in

the literature to explore the ambiguous nature of DE. The

cosmological constant (�) governed by a negative equation

of state (EoS) parameter (γ = −1) is taken to be the sim-

plest characterization of DE. However, this identification has

two well-known problems, i.e., fine-tuning and cosmic coin-

cidence. In addition, there are several cosmological models

which can be considered as an alternative to a � like scalar

field model [6,7], a phantom model [8], a tachyon field [9]

and k-essence [10], which also suggest expanding behavior

of the universe. Another approach involves the generalization

of simple barotropic EoS to more exotic forms such as the

Chaplygin gas [11] and its modification [12]. It has also been

demonstrated that a fluid with the bulk viscosity may cause

accelerated expansion of the model of the universe without

cosmological constant or scalar field [13,14]. Our main con-

cern is to find another approach which can minimize exotic

forms of matter by introducing dissipation through viscous

effects of fluids.

During the last few years, cosmological models including

nonlinear electromagnetic fields have attained remarkable

interest. The application of this electrodynamics to different

models of the universe may lead to many significant results.

Nonlinear electrodynamics (NLED) is the generalization of

Maxwell theory which is considered as the most viable theory

to remove the initial singularities. Vollick [15] considered the

FRW model of the universe with NLED and found that the

model entailed will show a period of late-time acceleration

for E2 < 3B2. Kruglov [16] found that the universe tends to

accelerate in a magnetic background at the early era due to

NLED model. Ovgun [17] formulated an analytical nonsin-

gular extension of isotropic and homogeneous solutions by

presenting a new mathematical model in nonlinear magnetic

monopole fields.
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The study of possible stable late-time attractors has

attained remarkable significance for different models of the

universe. A phase space analysis manifests dynamical behav-

ior of a cosmological model through a global view by reduc-

ing the complexity of the equations (converting the system

of equations to an autonomous system) which may help to

understand the different stages of the evolution. Copeland

et al. [18] studied a phase plane analysis of standard infla-

tionary models and found that these models cannot solve the

density problem. Guo et al. [19] explored a phase space anal-

ysis of the FRW model of the universe filled with barotropic

fluid and phantom scalar field in which a phantom dominated

solution is found to be a stable late-time attractor.

Garcia-Salcedo [20] examined the dynamics of the FRW

universe with NLED and found that the critical points have

no effects. Yang and Gao [21] discussed a phase space anal-

ysis of k-essence cosmology in which critical points play an

important role for the final state of the universe. Xiao and Zhu

[22] analyzed the stability of the FRW model of the universe

in loop quantum gravity via phase space portraits by taking

barotropic fluid as well as positive field potential. Acquaviva

and Beesham [23] made a phase space analysis of the FRW

spacetime filled with a noninteracting mixture of fluids (dust

and viscous radiation) and found that the nonlinear viscous

model shows the possibility of current cosmic expansion.

This paper is devoted to the phase space analysis of the

FRW model of the universe with nonlinear viscous fluid. The

plan of the paper is as follows. In Sect. 2, we provide a basic

formalism for NLED and general equations as well as a non-

linear model for the bulk viscosity. An autonomous system of

equations is established to analyze the stability of the system

by introducing normalized dimensionless variables in Sect. 3.

Section 4 provides the formulation of power-law scale factor.

Finally, we conclude our results in the last section.

2 Nonlinear electrodynamics and general equations

The standard cosmological model is successful in resolving

many issues but still there are some issues which remain to be

solved. One of them is the initial singularity which leads to a

troubling state of affairs, because at this point all known phys-

ical theories break down. If the early universe is governed

by Maxwell’s equations, then there will be a spacelike ini-

tial singularity in the past. However, if Maxwell’s equations

become modified in the early universe, when the electromag-

netic field is large, it might help avoiding the occurrence of

cosmic singularities [24]. For the situations where a strong

electromagnetic field occurs, it makes sense to couple grav-

itation with NLED. The coupling of Einstein gravity with

NLED is defined by the action

S =
1

16π

∫ √
−g[R − L(F, F∗)]d4x . (1)

We consider a nonlinear extension of the Maxwell

Lagrangian density up to second order terms in the field

invariants F = Fµν Fµν and F∗ = F∗
µν Fµν given by [15]

L = L(F, F∗) = −
1

4µ0
F + αF2 + βF∗2, (2)

where µ0 denotes the magnetic permeability, α, β > 0 are

arbitrary constants which yield a linear density for α, β → 0,

and F∗
µν is the dual of the electromagnetic field tensor. We do

not consider the term F F∗ involving F∗ in order to preserve

the parity [25,26]. The linear term of this Lagrangian dom-

inates during a radiation dominated era, while the quadratic

terms dominate in the early universe, which corresponds to

the bouncing behavior of the universe to avoid initial sin-

gularity [27]. The mechanisms behind the bounce have been

demonstrated in [28,29]. The energy-momentum tensor asso-

ciated with this Lagrangian has the following form:

Tµν(E M) = −4∂FLFη
µ Fην + (∂F∗LF∗ − L)gµν . (3)

In order to fulfill the requirement of isotropic and homo-

geneous universe, i.e., the electromagnetic field to act as its

source, the energy density and the pressure corresponding

to the electromagnetic field can be computed by averaging

over volume [26,28]. It is assumed that the electric and mag-

netic fields have coherent lengths that are much shorter than

the cosmological horizon scales. After posing several con-

ditions, the energy momentum tensor of the electromagnetic

field associated with L(F, F∗) can be written as that of a

perfect fluid,

Tµν = (ρ + p)uµuν + pgµν, (4)

such that

ρE M = −L − 4E2∂FL, (5)

pE M = L −
4

3
(2B2 − E2)∂FL, (6)

where ∂F represents a partial derivative with respect to F =
Fµν Fµν = 2(B2 − E2), and E and B denote the averaged

electric and magnetic fields, respectively.

We consider an isotropic and homogeneous model of the

universe given by

ds2 = −dt2 + a(t)(dr2 + r2dθ2 + r2 sin2 θdφ2), (7)

where a(t) is the scale factor. We assume the model of the

universe to be filled with two cosmic fluids, i.e., a noninter-

acting electromagnetic fluid with energy density ρE M as well

as pressure pE M and a viscous fluid having energy density ρv

as well as pressure p = pv(ρv) + 
. Here pv represents the

equilibrium part of viscous pressure whereas 
 is the non-

equilibrium part, i.e., the bulk viscous pressure satisfying

an evolution equation. The bulk viscosity plays an impor-

tant role in stabilizing the density evolution and overcomes

rapid changes in cosmos. It also promotes a negative energy
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field in the fluid and hence can play the role of dark energy to

describe the dynamics of cosmos. It has been suggested that a

fluid with bulk viscosity may cause an accelerated expansion

of the model of the universe without cosmological constant

or scalar field [14]. The main contribution of the bulk vis-

cosity to the effective pressure is its dissipative effect. We

obtain the Raychaudhuri and constraint equations from the

field equations given by

�̇ = −
1

3
�2 −

1

2
[ρE M + ρv + 3(pE M + pv + 
)] , (8)

0 = ρE M + ρv −
1

3
�2, (9)

where a dot means the derivative with respect to time. The

conservation of the energy-momentum tensor yields the fol-

lowing evolution equations for the viscous and electromag-

netic field components:

ρ̇v = −[ρv + pv + 
]�, (10)

ρ̇E M = −[ρE M + pE M ]�. (11)

We consider a barotropic EoS for a viscous fluid defined

by

pv = (γ − 1)ρv, (12)

where 1 ≤ γ ≤ 2. Using Eqs. (8) and (9), the Raychaudhuri

and conservation equations for viscous fluid turn out to be

�̇ = −
1

2
�2 −

3

2
[pE M + (γ − 1)ρv + 
], (13)

ρ̇v = −[γρv + 
]�. (14)

We characterize the viscous pressure variable by the fol-

lowing evolution equation [30]:

τ
̇ = −ζ� − 


(

1 +
τ∗
ζ




)−1

−
1

2
τ


[

� +
τ̇

τ
−

ζ̇

ζ
−

Ṫ

T

]

, (15)

where ζ , T , τ , and τ∗ denote the bulk viscosity, local equi-

librium temperature, linear relaxation time, and the charac-

teristic time in the nonlinear background, respectively. This

equation is derived by using a nonlinear model describing a

relationship between thermodynamic flux 
 and the thermo-

dynamic force χ in the form


 = −
ζχ

1 + τ∗χ
. (16)

This is a nonlinear extension of the Israel–Stewart equation,

which reduces to its linear form as τ∗ → 0. The nonlin-

ear term in Eq. (15) must be positive for thermodynamic

consistency and positivity of entropy production rate. The

parameters involved in Eq. (15) can be defined by the rela-

tions ζ = ζ0� (ζ > 0), τ = ζ

γ ν2ρv
, τ∗ = k2τ , and

T = T0ρ
(γ−1)/γ . Here k is a constant such that k = 0

gives the linear (Israel–Stewart) case, while T0 represents

a constant temperature. Also, ν corresponds to the dissipa-

tive effect of the speed of sound V such that V 2 = c2
s + ν2,

where c2
s is its adiabatic contribution. By causality, V ≤ 1

and c2
s = γ − 1, which yields

ν2 ≤ 2 − γ, 1 ≤ γ ≤ 2. (17)

The explicit form of the evolution equation by using the

above relations yields


̇ = −γ ν2ρv� −
γ ν2
ρv

ζ0�

(

1 +
k2


γν2ρv

)−1

−
1

2



[

� −
(

2γ − 1

γ

)

ρ̇v

ρv

]

. (18)

3 Phase space analysis

In this section, we discuss the phase space analysis of the

isotropic and homogeneous model of the universe for the

radiation case. Due to there being many arbitrary parameters,

it seems difficult to find an analytical solution of the evolution

equation. In this context, we define normalized dimension-

less variables � = 3ρv

�2 and 
̃ = 3


�2 such that the corre-

sponding dynamical system can be reduced to autonomous

one. We also define a new variable τ̃ for the time for which the

corresponding derivative is represented by a prime such that
dt
dτ̃

= 3
�

. Here each term is associated with some physical

explicit background, since the chosen dimensionless vari-

ables � and 
̃ occur due to the physical impact of the vis-

cous energy density and pressure, respectively. The system

of Eqs. (13) and (14) in terms of these normalized variables

takes the form

�′

�
= −

3

2
[1 + pE M + (γ − 1)� + 
̃], (19)

3ρ′
v

�2
= −3[γ� + 
̃]. (20)

Differentiation of the dimensionless variable for the

energy density gives

�′ =
3ρ′

v

�2
− 2�

�′

�
. (21)

Using Eqs. (19) and (20), this equation turns out to be

�′ = 3(� − 1)[�(γ − 1) + 
̃ + 3pE M ]. (22)

Now we introduce the concept of a new evolution equation

for 
̃. The first derivative of 
̃ with respect to τ̃ through

Eq. (19) leads to an evolution equation of the form
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̃ ′ = −3γ ν2�



1 +

̃

3ζ0

(

1 +
k2
̃

γ ν2�

)−1




+ 3
̃

[

1 + 3pE M

(

1 −
3

�

2γ − 1

2γ

)]

− 3(γ − 1)
̃(1 − �). (23)

It is mentioned here that Eqs. (22) and (23) play a remark-

able role in describing the dynamical system entailed for the

phase space analysis.

In order to find the critical points {�c, 
̃c}, we need to

solve the dynamical system by imposing the condition �′ =

̃ ′ = 0. The stability of the FRW model of the universe

can be analyzed according to the nature of the critical points.

Here we restrict the phase space region by a condition which

is necessary for the positivity of the entropy production rate

given by [23,30]


̃ > −
γ ν2�

k2
. (24)

This condition makes the possible negative values of 
̃ tend

toward zero for k2 ≫ ν2. Contrarily, the bulk pressure will

be less restrictive if k2 ≪ ν2. It is noted that finite values of

k allow only positive values of the bulk pressure in the limit

ν → 0. It would be more convenient to consider k2 ≤ ν2

along with ν2 ≤ 2 − γ and τ∗ = k2τ , which leads to the

fact that the characteristic time for nonlinear effects τ∗ does

not exceed the characteristic time in linear background τ . We

characterize the critical points by the deceleration parameter

q = −1 − �′
�

and the effective EoS parameter γeff = − 2�′
3�

,

which yield

q =
1

2
[1 + 9pE M + 3(γ − 1)� + 3
̃], (25)

γeff = 1 + 3pE M + (γ − 1)� + 
̃. (26)

To examine a region of phase space undergoing acceler-

ated expansion, we impose q < 0 in Eq. (25) which gives


̃ < −
1

3
− 3pE M − (γ − 1)�. (27)

The possibility of the accelerated expansion in the phys-

ical phase space is determined by comparing Eqs. (24) and

(25) through q < 0 given by

ν2

k2
>

1 + 9pE M + 3(γ − 1)�

3γ�
. (28)

Substituting �′ = 0 in Eq. (22), we find the following

conditions:

�c = 1, (29)

(γ − 1)�c + 
̃c + 3pE M = 0. (30)

We insert these conditions in 
̃ ′ to find the location of

critical points. This analysis is carried out by characterizing

the viscous fluid through the choice of its EoS parameter γ

(radiation). We consider 0 < k2 = ν2 ≤ 2 −γ for which the

case of stiff matter (γ = 2) is excluded from the analysis as

it yields ν2 = 0.

3.1 Radiation case (γ = 4
3
)

We consider the radiation case for the phase space analysis

by taking γ = 4
3

. Imposing the condition (29) and 
̃ ′ = 0 in

Eq. (23), we have

3ν2

4ζ0

̃3 −

ν2

ζ0

̃2 − 3
̃

(

1 −
4ν2

9ζ0
−

21pE M

8

)

+ 4ν2 = 0.

(31)

This cubic equation yields three roots among which we retain

only those roots that lie in the physical phase space. The

general form of the dynamical system is given by

�′ = X (�, 
̃), 
̃ ′ = Y (�, 
̃). (32)

The eigenvalues of the system can be determined by the Jaco-

bian matrix

Z =
(

∂ X
∂�

∂ X

∂
̃
∂Y
∂�

∂Y

∂
̃

)

|P±
i

. (33)

The eigenvalues for the above stability matrix corresponding

to the points P±
r are given by

λ1 = 1 + 3
̃ + 9pE M , (34)

λ2 = −
16ν2

3ζ0

[

1

4 + 
̃
−


̃

(4 + 
̃)2

]

−
63pE M

8
+ 6
̃ + 3.

(35)

The fixed point is called a source (respectively, a sink) if both

eigenvalues consist of positive (respectively, negative) real

parts. In the case of a viscous radiating fluid, we can explore

source and sink according to the sign of eigenvalues as well

as direction of the trajectories. We investigate two critical

points P+
r = {1, 
̃+

c } and P−
r = {1, 
̃−

c } corresponding

to positive (
̃+
c ) and negative (
̃−

c ) roots, respectively. By

taking �c = 0 and the second condition (30) with 
̃c =
−�c

3
− 3pE M , we obtain P0

r = {0,−3pE M }.

3.1.1 Case I

We are interested in analyzing the impact of the electromag-

netic field on the stability of the critical points in the presence

of the nonlinear bulk viscosity. The energy density (5) and

pressure (6) are given by

ρE M =
1

2µ0
(B2 + E2) − 4α(B2 − E2)(B2 + 3E2), (36)

pE M =
1

6µ0
(B2 + E2) −

4α

3
(B2 − E2)(5B2 − E2). (37)
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The dynamical behavior of critical points for different values

of electric and magnetic fields as well as other parameters is

shown in Figs. 1 and 2. The green trajectory depicts a flow

from the point P+
d toward P−

d . The white region corresponds

to the negative entropy production rate that diverges on its

boundary whereas the green region shows accelerated expan-

sion of the universe (q < 0). Here the point P0
d shows varying

behavior, i.e., either it is a saddle point or a sink, depending

on the values of the different parameters.

In these plots, we have taken ζ0 = 0.2, 1 by varying

ν, k, B and E . For ν = k =
√

1/5 and ζ0 = 0.2, it is

found that the global attractor P−
d lies in the green region

showing accelerated expansion for the same values of B and

E . This region tends to decrease by increasing E such that

the point P−
d lies in the deceleration region. By increasing ζ0,

we find accelerated expansion with different values of B, E

and larger values of the parameters ν and k. For ν = k = 1

and ζ0 = 1, we find accelerated expansion of the model of
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Fig. 1 Plots for the phase plane evolution of viscous radiating fluid with γ = 4/3, ν = k =
√

1/5, ζ0 = 0.2, α = 0.01, and different values of B

and E
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Fig. 2 Plots for the phase plane evolution of viscous radiating fluid with γ = 4/3, ν = k = 1, ζ0 = 1, α = 0.01, and different values of B and E
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Fig. 3 Plots for the phase plane evolution of viscous radiating fluid with γ = 4/3, ν = k =
√

2/3, ζ0 = 1, α = 0.01, and B = 0.2, 0.8

the universe for all choices of electric and magnetic fields.

The point P0
d behaves as a sink for ζ0 = 0.2 which becomes

a saddle point for larger values of ζ0. We observe that the

increasing value of the bulk viscosity increases the region

for accelerated expansion in the presence of NLED. In the

following, we discuss two different cases for the electric as

well as the magnetic universe.

3.1.2 Case II (E = 0)

It is well known that NLED helps to diminish the initial

singularity in the early universe where only the primordial

plasma identifies matter [31]. Some recent results indicate

that a magnetic universe is appropriate to avoid the initial

singularity and ultimately shows late-time accelerated expan-

sion [25,28,32]. Here we assume the squared electric field
〈

E2
〉

to be zero such that the magnetic field (F = 2B2) rules

over the universe; this is known as a magnetized universe.

Thus the energy density (5) and pressure (6) take the form

ρB =
B2

2µ0
(1 − 8µ0αB2), (38)

pB =
B2

6µ0
(1 − 40µ0αB2). (39)

The respective evolution plots are given in Fig. 3. For

ν = k =
√

2/3 and ζ0 = 1, we find that the sink lies

in the green region showing the stability of the accelerated

expansion for the magnetized universe. This region tends to

decrease by increasing the value of magnetic field B. The

point P0
d behaves as a saddle for small values of magnetic

field. It is mentioned here that increasing values of the bulk

viscosity and the parameters ν as well as k with different

values of B give rise to the stability of the accelerated expan-

sion of the universe for different choices of B. We also find

that a smaller value of the bulk viscosity shows decelerated

expansion with increasing values of B.

3.1.3 Case III (B = 0)

Here, we deal with the electric universe by setting 〈B2〉 = 0.

The corresponding energy density and pressure are given by

ρE =
E2

2µ0
(1 + 24µ0αE2), (40)

pE =
E2

6µ0
(1 − 8µ0αE2). (41)

The plots corresponding to different choices of electric

field E are shown in Fig. 4. For ν = k =
√

2/3 and ζ0 = 1,

we analyze the sink P−
d in the green region showing acceler-

ated expansion of the universe for different values of E . The

point P0
d behaves as a saddle for small values of the magnetic

field. We find that the region for accelerated expansion tends

to decrease by increasing electric field E . It is observed that

an accelerated expanding region exists for increasing values

of the bulk viscosity and parameters ν as well as k with all

choices of E . It supports the fact that the role of the bulk

viscosity and electric field is to increase the stability of the

accelerated expansion of the model of the universe. The sum-

mary of our results filled with viscous radiating fluid is given

in Table 1.
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Fig. 4 Plots for the phase plane evolution of viscous radiating fluid with γ = 4/3, ν = k =
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2/3, ζ0 = 1, α = 0.01 and E = 0.2, 0.8

Table 1 Stability analysis of critical points for radiation dominated

fluid

Critical point Behavior Stability

P+
r Source Unstable

P−
r Sink Stable

P0
r Saddle/sink Unstable/stable

4 Power-law scale factor

In this section, we discuss the power-law behavior of the scale

factor corresponding to the critical points. For this purpose,

we integrate Eq. (19), which leads to

�̇ = −
1

2
[1 + 3pE M + (γ − 1)� + 
̃]�2. (42)

For � �= 0, we formulate a power-law scale factor whenever

1 + 3pE M + (γ − 1)� + 
̃ �= 0. Solving � = 3ȧ
a

for a(t),

we obtain the generic critical point as

a = a0(t − t0)
2

3[1+3pE M +(γ−1)�c+
̃c ] . (43)

The following condition must hold for exponentially expand-

ing models (identified by the condition 1 + 3pE M + (γ −
1)� + 
̃ = 0) to be present in the physical phase space

region (bounded by Eq. (24)):

(1 − γ )�c − 3pE M − 1 > −
γ ν2

k2
�. (44)

This condition is not satisfied in the physical phase space for

ν2 = k2. If ν2 > k2, the above inequality must be satisfied

in the following physical phase space region:
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Fig. 5 Plot of qualitative phase space analysis for power-law scale fac-

tor with v2 > k2. Yellow and dark gray regions indicate the accelerated

and exponential expansion of the model of the universe, respectively

(1 + 3pE M )

[

1 − γ

(

1 −
ν2

k2

)]−1

< � ≤ 1. (45)

It is mentioned here that the sign of the term 1+3pE M +(γ −
1)�+
̃ is quite important in evaluating different cosmologi-

cal stages. If 1+3pE M +(γ −1)�+
̃ = 0, it corresponds to

the exponential expansion of the model of the universe. Also,

1+3pE M + (γ −1)�+
̃ ≷ 0 yields accelerated expansion

or contraction of the cosmological model, respectively. If

ν2 < k2, the possibility of having accelerated expansion will

narrow down. Figure 5 shows the physical phase space region

(excluding the white region with negative entropy produc-

tion rate) whereas yellow and dark gray regions correspond
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Table 2 Power-law scale factors for different critical points

Critical point Scale factor for γ = 4/3

P0
r a0(t − t0)

− 2
9pE M

P+
r a0(t − t0)

2

3(3pE M +
̃
+
c + 4

3
)

P−
r a0(t − t0)

2

3(3pE M +
̃
−
c + 4

3
)

to accelerated and exponential expansion of the model of

the universe for v2 > k2, respectively. Table 2 provides the

polynomial behavior of power-law scale factor for different

critical points with 1 + 3pE M + (γ − 1)� + 
̃ �= 0.

5 Outlook

In this paper, we have discussed the impact of NLED on the

phase space analysis of isotropic and homogeneous model

of the universe by taking noninteracting mixture of the elec-

tromagnetic and viscous radiating fluids. This analysis has

been proved to be a remarkable technique for the stability of

dynamical system. An autonomous system of equations has

been developed by defining normalized dimensionless vari-

ables. We have evaluated the corresponding critical points

for different values of the parameters to discuss stability of

the system. We have also calculated eigenvalues which char-

acterize these critical points. We summarize our results as

follows.

Firstly, we have discussed stability of critical points

through their eigenvalues corresponding to different values

of E and B for viscous radiation dominated model of the

universe. It is found that the critical points P+
d and P−

d cor-

respond to source (unstable) and sink (stable), respectively

(Figs. 1 and 2). It is mentioned here that the green region

corresponds to an accelerated expansion of the universe. The

point P−
d is a global attractor in the physical phase space

region which leads to an expanding model dominated by vis-

cous matter for various choices of the cosmological param-

eters. In the presence of both electric and magnetic fields,

we find that the bulk viscosity increases the region for accel-

erated expansion, while the increasing values of E show a

deceleration region for smaller values of the bulk viscosity.

It is mentioned here that large values of the bulk viscosity

as well as other parameters correspond to accelerated expan-

sion of the ensuing model of the universe for all choices of

electric and magnetic fields.

We have also studied the electric and magnetic cases for

the universe separately. It is found that a sink lies in the

green region showing accelerated expansion of the magne-

tized universe for smaller values of the bulk viscosity and the

other parameters, while an increasing value of magnetic field

decreases this region. For B = 0, we have analyzed acceler-

ated expansion of the model of the universe corresponding

to large values of the parameters, which tends to decrease by

increasing E . It is worth mentioning here that the role of the

bulk viscosity is to increase the green region for accelerated

expansion with different choices of E and B for both electric

as well as magnetic universe. Moreover, we have also stud-

ied the behavior of a power-law scale factor corresponding

to the critical points. It is found that the power-law scale fac-

tor indicates various phases of the evolution (accelerated or

exponential expansion) of the model of the universe entailed.
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Stability of Universe Model Coupled

with Phantom and Tachyon Fields
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Abstract

In this paper, we study phase space analysis of locally rotation-
ally symmetric Bianchi type I universe model by taking different lin-
ear combinations for the interactions between scalar field models and
dark matter. An autonomous system of equations is established by
defining normalized dimensionless variables. In order to investigate
stability of the system, we find corresponding critical points for differ-
ent values of the parameters. We also evaluate power-law scale factor
whose behavior shows different cosmological phases. The dynamical
analysis indicates a matter dominated epoch ultimately followed by
a late accelerated expansion phase. It is found that all the critical
points indicate accelerated expansion of the universe for tachyon cou-
pled field. We conclude that negative values of m provide more stable
future attractors as compared to its positive values.

Keywords: Cosmology of theories beyond the SM; Phase space analysis;
LRS Bianchi I model.
PACS: 04.20.-q; 95.36.+x; 98.80.-k.

1 Introduction

Recent observations (type Ia supernova, large scale structure and cosmic
microwave background radiation (CMBR)) suggest that our universe is ex-

∗msharif.math@pu.edu.pk
†sadiamumtaz17@gmail.com
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panding at an accelerating rate [1]. These observational probes indicate two
cosmic phases, i.e., the cosmos phase before radiation and ultimately the
current cosmic era. Many substantial attempts have been taken to explore
the facts behind the current cosmic acceleration. Some mysterious source of
unusual anti-gravitational force, known as dark energy (DE), was proposed
by physicists while trying to examine the formation of galaxies in cosmic
scenario. It is an exotic energy constituent having large negative pressure
which dominates over the matter content of cosmos. This energy is supposed
to be responsible for the current cosmic expansion.

There have been several proposals of DE to study its ambiguous nature.
The cosmological constant (Λ) is considered as the simplest candidate but its
characterization has two well-known problems, i.e., fine-tuning and cosmic
coincidence. There are various alternative dynamical models which can be
taken as a substitute of Λ like quintessence [2], phantom model [3], tachyon
field [4] and k-essence [5] that also predict cosmic expansion. The general-
ization of simple barotropic equation of state (EoS) to more exotic forms like
Chaplygin gas [6] and its modification [7] also correspond to DE candidates.

The concept of introducing scalar field, with an EoS parameter other
than −1, has played a remarkable role to interpret the universe evolution
due to its progressive implementation in various cosmological problems like
cosmic acceleration and cosmic coincidence problem. The scalar field models
can also predict the early inflationary cosmic era. We can choose scalar field
models (in particular, phantom and tachyon) as a dynamical DE candidate
interacting with DM by interchanging energy between them which may solve
the coincidence problem. Researchers have paid an extensive attention to
the tachyon cosmology where the tachyon is basically attributed by string
theory [8, 9]. Gibbons discussed cosmological influence of the tachyon rolling
down to its ground phase [10]. The universe model undergoes accelerated
expansion as the tachyon field rolls down [9]. A tachyonic matter may yield
inflation at early era and ultimately some new form of DM at late times
[11]. A phantom field was also presented as an alternative of DE which
constitutes large negative pressure with EoS parameter w < −1 and plays
an important role for accelerated expansion of the universe [12]. One of the
significant features of the phantom model is that the universe will end with a
big-rip (future singularity). The interaction of DE (phantom or tachyon) and
DM describes energy flow between the components such that no component
remains conserved separately [13]. It is also demonstrated that an interaction
between the components may alleviate the coincidence problem [14].
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A phase space describes all possible states (position and momentum) as-
sociated with each point of the system. The analysis of viable stable late-time
attractors has remarkable significance for different cosmological models. This
provides dynamical behavior of a cosmological model by minimizing complex-
ity of the equations. It is useful to study different patterns of evolution by
transforming the system of equations to an autonomous one. This inves-
tigates the influence of initial data on stability of any system by checking
whether the system remains stable for a long time [15]. The stability of
different universe models via phase space helps to explore their qualitative
features.

Copeland et al. [16] discussed phase space analysis of inflationary models
which was unable to solve density problem. Guo et al. [17] studied stabil-
ity of FRW universe model filled with barotropic fluid as well as phantom
scalar field and found that phantom dominated solution is a stable late-time
attractor. Guo et al. [18] analyzed phase space analysis of interacting phan-
tom energy with DM. Yang and Gao [19] explored phase space analysis for
k-essence cosmology and found that stability of critical points play a substan-
tial role for the cosmic evolution. Xiao and Zhu [20] investigated stability of
FRW universe model in loop quantum gravity by using phase space analysis
along with barotropic fluid and positive field potential. Acquaviva and Bee-
sham [21] discussed this analysis for FRW model and found that nonlinear
viscous model describes possibility of current cosmic expansion. Recently, we
have studied the impact of nonlinear electrodynamics on stability of acceler-
ated expansion of FRW universe model [22]. Shahalam et al. [23] presented
dynamical analysis of coupled phantom and tachyon fields by taking linear
combinations of the coupling for FRW universe model.

Bianchi universe models have widely been discussed in literature to study
expected primordial anisotropy and some large angle anomalies detected by
CMBR which yield violation of statistical isotropy of cosmos [24]. Belinkskii
and Khalatnikov [25] studied phase plane technique for Bianchi type I (BI)
model under the influence of shear and bulk viscosity. Coley and Dunn
[26] used phase plane approach to study dynamical behavior of Bianchi type
V model containing a viscous fluid. Burd and Coley [27] investigated the
effects of shear as well as bulk viscosity on the stability of Bianchi universe
models. Goliath and Ellis [28] discussed dynamical evolution of Bianchi
universe model via phase space by including Λ. Sharif and Waheed [29]
explored phase space analysis of locally rotationally symmetric (LRS) BI
universe for chameleon scalar field in Brans-Dicke gravity. Chaubey and
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Raushan [30] studied phase space analysis of LRS BI model in the presence
of scalar field.

This paper investigates stability of LRS BI universe by taking linear in-
teractions of phantom and tachyon fields coupled with DM via phase space
analysis. The plan of the paper is as follows. In section 2, we provide
some basic formalism for evolution equations. An autonomous system of
equations is developed by introducing normalized dimensionless variables.
Section 3 deals with dynamical analysis of interacting phantom energy and
DM by taking three different forms of interactions. We discuss phase space
analysis of tachyon field coupled with DM in section 4. Section 5 deals with
the formulation of power-law scale factor. Finally, we conclude our results in
the last section.

2 General Equations

Bianchi universe models are the simplest extensions of FRW universe by
adding anisotropic effects. It has been observed that some large angle anom-
alies in CMBR tend to violate the statistical isotropy of present cosmic mod-
els [24]. In this context, homogeneous anisotropic universe models under
plane symmetric background has substantial role to understand these anom-
alies. The LRS BI model with anisotropic effects is defined by the line element

ds2 = −dt2 + a(t)dx2 + b(t)(dy2 + dz2), (1)

where a(t) and b(t) represent the cosmic expansion radii. We can define the
mean Hubble parameter as

H =
1

3
[H1 + H2] =

1

3

[
ȧ

a
+

2ḃ

b

]
=

1

3

(
v̇

v

)
, (2)

where H1 = ȧ
a
, H2 = ḃ

b
are directional Hubble parameters. For a spatially

homogeneous spacetime, the normal congruence to homogeneous expansion
leads to a constant ratio, i.e., the expansion and shear scalars are proportional
to each other. We assume a power-law relation a = bm, m 6= 0, 1, where m is
a constant anisotropic parameter which differentiates the expansion along x

and y directions and represents the deviation of anisotropic universe model
from isotropic. We define the average Hubble expansion by a relationship
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between mean and directional Hubble parameters as

H1 = mH2 =

(
3m

m + 2

)
H. (3)

This assumption can be justified by velocity redshift relation for extragalactic
sources which indicates that Hubble cosmic expansion may attain isotropy
when shear to expansion scalar ratio is constant [31]. Collins [32] studied its
physical consequences by taking perfect fluid and barotropic EoS in a more
general way. Many other authors have also used this condition in literature
[33].

The cosmic fluid is considered by coupling phantom field and matter. We
consider that these two components interact through the interaction term Q

such that the conservation of energy yield

σ̇m + 3(σm + pm)H = Q, (4)

σ̇φ + 3(σφ + pφ)H = −Q, (5)

σ̇ + 3(σ + p)H = 0, (6)

where dot represents derivative with respect to time, σ = σm+σφ, p = pm+pφ,
σm, σφ, pm and pφ correspond to energy densities and pressures of matter
and phantom energy, respectively. It is noted that the sign of interaction
term denotes the transfer of energy between two components. For Q > 0,
the energy flows from phantom to matter while Q < 0 corresponds to vice
versa. The interaction term gives an additional degree of freedom which can
be restricted by the constant energy density ratio at late times. It has always
been interesting to study cosmological consequences of these interactions by
considering their several forms [34]. It is clear from the above conservation
equations that Q = Q(H, σm, σφ). The constraint and Raychaudhuri equa-
tions obtained from the field equations are given by

H2 =
(m + 2)2

9(2m + 1)
(σm + σφ), (7)

0 =

(
6

m + 2

)
Ḣ +

27

(m + 2)2
H2 + pφ, (8)

where σφ = −1
2
φ̇2 + V (φ), pφ = −1

2
φ̇2 − V (φ). Due to many arbitrary para-

meters, it seems difficult to find analytical solution of the evolution equation.
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For this purpose, we define the following normalized dimensionless quan-
tities

µ =
(m + 2)φ̇√
6(2m + 1)H

, ν =
(m + 2)

√
V√

3(2m + 1)H
, λ = −V ′

V
, (9)

that direct the evolution equations into an autonomous system. Differenti-
ating µ and ν with respect to N = m+2

3m
ln a, we have

µ′ =
(m + 2)

3m
µ

[
φ̈

Hφ̇
− Ḣ

H2

]
, (10)

ν ′ = −(m + 2)

3m
ν

[
√

6µλ +
Ḣ

H2

]
. (11)

For an exponential potential, Raychaudhuri and conservation equations in
terms of these dimensionless quantities become

Ḣ

H2
= − 1

2(m + 2)

[
9 + (2m + 1)2{µ2 − ν2}

]
, (12)

φ̈

Hφ̇
= 3 −

√
3

2

2m + 1

m + 2

λν2

µ
+

Q

Hφ̇2
, (13)

where λ is taken as a constant. We can write from the constraint equation

Ωφ =
(m + 2)2

9(2m + 1)

σφ

H2
=

2m + 1

3
[−µ2 + ν2]. (14)

The effective EoS for the cosmic fluid and phantom field are given by

weff = −1 − 2Ḣ

3H2
, wφ =

weff

Ωφ

. (15)

3 Dynamics of Interacting Phantom Energy

This section deals with stability of LRS BI model through phase space analy-
sis by taking interaction between phantom energy and matter. In order to
find critical points {µ, ν}, we need to solve the dynamical system of Eqs.(10)
and (11) by imposing the condition µ′ = ν ′ = 0. The stability of LRS BI
universe model will be discussed according to the nature of critical points and
the corresponding eigenvalues. In the following, we consider three different
forms of interactions between phantom field and matter.
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3.1 Coupling Q = ασ̇m

Firstly, we take a model of interaction Q = ασ̇m for cosmos where both
phantom field as well as DM are present. Equation (13), in terms of this
coupling, turns out to be

φ̈

Hφ̇
= 3 −

√
3

2

2m + 1

m + 2

λν2

µ
− 3αΩm

2(1 − α)µ
, (16)

where Ωm = 1 − Ωφ. The corresponding autonomous system of equations
reduces to

µ′ =
(m + 2)

3m
µ

[
3 −

√
3

2

2m + 1

m + 2

λν2

µ
− 3αΩm

2(1 − α)µ2
+

1

2(m + 2)

× {9 + (2m + 1)2(µ2 − ν2)}
]
, (17)

ν ′ = −(m + 2)

3m
ν

[√
6µλ − 1

2(m + 2)
{9 + (2m + 1)2(µ2 − ν2)}

]
. (18)

The eigenvalues can be determined by the Jacobian matrix

A =

(
∂f

∂µ

∂f

∂ν
∂g

∂µ

∂g

∂ν

)

0

, (19)

where suffix 0 gives the values at critical points (µc, νc). The critical point
is called a source (respectively, a sink) if both eigenvalues consist of pos-
itive (respectively, negative) real parts. The real parts of the eigenval-
ues having opposite signs correspond to a saddle point of the system. We
evaluate the following critical points in this case. For P1 = (µc, νc) =(
− 1√

6λ

{
6−α(2m+7)

2(1−α)

}
, 0

)
, the eigenvalues of Jacobian matrix are given by

η1 =
(m + 2)

3m

[
3 − 3α

2(1 − α)

{
24(1 − α)2λ2

[6 − α(2m + 1)]2
− 2m + 1

3

}

+
1

2(m + 2)

{
9 +

(2m + 1)2[6 − α(2m + 7)]2

8(1 − α)2λ2

}]
, (20)

η2 = −(m + 2)

3m

[
α(2m + 7) − 6

2(1 − α)
− 1

2(m + 2)
{9

+
(2m + 1)2[6 − α(2m + 7)]2

24(1 − α)2λ2

}]
. (21)
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We are interested to study the impact of parameters m and α on the
stability of critical points in the presence of scalar field model. We plot the
dynamical behavior of critical points for Q = ασ̇m by taking different values
of α and m as shown in Figure 1. In these numerical plots, we observe
that the eigenvalues are positive indicating the point P1 as an unstable past
attractor for m > 0 in the physical phase space except for α = 1, m = −2
at which the system becomes undetermined. For m < 0, this point becomes
stable future attractor. The dynamical analysis shows a matter dominated
era ultimately followed by a late accelerated expansion phase of the universe.

For P2 =




√
6λ±

√

6λ2−( 3(2m+1)

m+2
)
2

(2m+1)2

m+2

, 0


, the corresponding eigenvalues are

η1 =
(m + 2)

3m




3 − 3α

2(1 − α)





(2m + 1)4

(m + 2)2

[
√

6λ ±
√

6λ2 −
(

3(2m+1)
m+2

)2
]2

− 2m + 1

3

}
+

1

2(m + 2)

{
9 + (2m + 1)2

[
(2m + 1)4

(m + 2)2

× 1[
√

6λ ±
√

6λ2 −
(

3(2m+1)
m+2

)2
]











, (22)

η2 = −(m + 2)

3m



√

6(m + 2)λ





√
6λ ±

√
6λ2 −

(
3(2m+1)

m+2

)2

(2m + 1)2





− 1

2(m + 2)

×





9 + (2m + 1)2(m + 2)2




√
6λ ±

√
6λ2 −

(
3(2m+1)

m+2

)2

2m + 1




2





 . (23)

This point corresponds to unstable past attractor without accelerated ex-
pansion for m > 0. By taking negative values of parameter m, this point
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Figure 1: Plots for the phase plane evolution of phantom coupled universe
model with Q = ασ̇m and λ = 2.
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becomes stable future attractor or a saddle point depending on values of α.
It is noted that the stable point undergoes accelerated expansion as q < 0.

For P3 =

(√
3(2m+7)+α(2m2−m−19)+

√
[3(2m+7)+α(2m2−m−19)]2−α(α−1)(m+2)(2m+1)

2(α−1)(2m+1)
, 0

)
,

we have

η1 =
(m + 2)

3m

[
3 − 3α

2(1 − α)

{
2(α − 1)(2m + 1)

3(2m + 7) + α(2m2 − m − 19) + ξ

− 2m + 1

3

}
+

1

2(m + 2)

{
9 +

3(2m + 1)2

2(α − 1)(2m + 1)
[3(2m + 7)

+ α(2m2 − m − 19) + ξ
]}]

, (24)

η2 = −(m + 2)

3m

[√
3λ

√
3(2m + 7) + α(2m2 − m − 19) + ξ

(α − 1)(2m + 1)

− 1

2(m + 2)

{
9 +

(2m + 1)2

2(α − 1)(2m + 1)
[3(2m + 7)α(2m2 − m − 19)

+ ξ]}] , (25)

where ξ =
√

[3(2m + 7) + α(2m2 − m − 19)]2 − α(α − 1)(m + 2)(2m + 1).
We find the same behavior of this point for positive values of m. This point
is also a stable future attractor for m < 0 showing accelerated expanding
universe model. The effective potential for the cosmic fluid is given by

weff = −1 +
1

m + 2
[9 + (2m + 1)(µ2 − ν2)]. (26)

The effective EoS parameter and deceleration parameter are given by

wφ =
1

µ2 + ν2

[
−1 +

1

m + 2
{9 + (2m + 1)(µ2 − ν2)}

]
, (27)

q = −1 +
1

m + 2
[9 + (2m + 1)(µ2 − ν2)]. (28)

It is mentioned here that points P1 and P2 undergo decelerated expansion
while the point P3 is a stable future attractor that lies in accelerated expand-
ing phase of the universe as q < 0 and ωφ < −1. The summary of the results
for evolution as well as stability of LRS BI model coupled with phantom
energy and matter is given in Table 1.
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Table 1:

Stability Analysis for the Phantom Coupled System with Q = ασ̇m.

Ranges of α and m for Critical Points Stability Acceleration

P1

α > 0, m > 0 (α 6= 1) Unstable No

α < 0, m > 0 Unstable No

α < 0, m < 0 (m 6= −2) Stable No

α > 0, m < 0 Stable No

P2

α > 0, m > 0 (α 6= 1) Unstable No

α < 0, m > 0 Unstable/Saddle No

α < 0, m < 0 (m 6= −0.5,−2) Stable/Saddle Yes

α > 0, m < 0 Stable/Saddle Yes

P3

α > 0, m > 0 (α 6= 1) Unstable/Saddle No

α < 0, m > 0 Saddle No

α < 0, m < 0 (m 6= −0.5,−2) Stable Yes

α > 0, m < 0 Stable No

3.2 Coupling Q = βσ̇φ

For this coupling, Eq.(13) takes the form

φ̈

Hφ̇
= 3 −

√
3

2

2m + 1

m + 2

λν2

µ
− 3β

1 + β
. (29)

The autonomous system of equations becomes

µ′ =
(m + 2)

3m
µ

[
3 −

√
3

2

2m + 1

m + 2

λν2

µ
− 3β

1 − β
+

1

2(m + 2)

× {9 + (2m + 1)2(µ2 − ν2)}
]
, (30)

ν ′ = −(m + 2)

3m
ν

[√
6µλ − 1

2(m + 2)
{9 + (2m + 1)2(µ2 − ν2)}

]
, (31)

We follow the same procedure to find the critical points. For P1 = (0, 0), we
have

η1 =
3

2m
+

m + 2

m(1 + β)
, η2 =

3

2m
. (32)
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This point shows a varying behavior for different values of parameters β

and m. For α = 0.8,−0.2, we find that point P1 is unstable/saddle node
by taking only positive values of m and λ = 2 (Figure 2). For β = −1,
the eigenvalues become undetermined, hence we neglect it. We observe that
negative values of m show a stable future attractor. It is mentioned here that
point P1 undergoes decelerated cosmic expansion since q < 0 for all choices
of parameters.

For P2 =
(

1
2m+1

√
3[3β−(2m+1)]

1+β
, 0

)
, the eigenvalues are given by

η1 =
m + 2

m(1 + β)
+

3[1 + 4β − 2(m + 1)]

2m(1 + β)
, (33)

η2 = −
√

2(m + 2)λ

m(2m + 1)

√
3β − (2m + 1)

1 + β
+

3 + 6β − 2(m + 1)

2m(1 + β)
. (34)

This point shows opposite behavior as compared to the previous point. Here
all choices of m and α give stable nodes except m > 0 and α > 0 that
correspond to unstable node. In this case, the universe is in decelerated

expansion phase for all values of m. For P3 =
(
− 1

2m+1

√
3[3β−(2m+1)]

1+β
, 0

)
, the

corresponding eigenvalues yield

η1 =
m + 2

m(1 + β)
+

3[1 + 4β − 2(m + 1)]

2m(1 + β)
, (35)

η2 =

√
2

3

(m + 2)λ

m(2m + 1)

√
3[3β − (2m + 1)]

1 + β
+

3 + 6β − 2(m + 1)

2m(1 + β)
.

(36)

We find that point P3 is an unstable past attractor for all values of α and
m except for −0.9 < β < −0.1 at which it behaves as a stable node. For
P4 =

(
0,± 3

2m+1

)
, the eigenvalues are

η1 =
m + 2

m(1 + β)
, η2 =

m + 2

m(1 + β)
. (37)

This point is also an unstable past attractor for positive values of m. It is
noted that for Q = βσ̇φ, all points lie in a region of decelerated expansion.
A general dynamical analysis is given in Table 2.
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Figure 2: Plots for the phase plane evolution of phantom coupled universe
model with Q = βσ̇φ and λ = 2.
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Table 2: Stability Analysis for the Phantom Coupled System with

Q = βσ̇φ.

Ranges of β and m for Critical Points Stability Acceleration

P1

β > 0, m > 0 Unstable No

β < 0, m > 0, β 6= −1 Unstable/Saddle No

β < 0, m < 0 Stable No

β > 0, m < 0 Stable No

P2

β > 0, m > 0 Unstable No

β < 0, m > 0, β 6= −1 Stable No

β < 0, m < 0, m 6= −0.5 Stable No

β > 0, m < 0 Stable No

P3

β > 0, m > 0 Unstable No

β < 0, m > 0, β 6= −1 Stable/Unstable No

β < 0, m < 0, m 6= −0.5 Unstable No

β > 0, m < 0 Stable for −0.9 < β < −0.1 No

P4

β > 0, m > 0 Unstable No

β < 0, m > 0, β 6= −1 Unstable No

β < 0, m < 0 Stable No

β > 0, m < 0 Stable No

3.3 Coupling Q = γ(σ̇m + σ̇φ)

Here we consider the coupling as a linear combination of σ̇m and σ̇φ for which
Eq.(13) becomes

φ̈

Hφ̇
= 3 −

√
3

2

2m + 1

m + 2

λν2

µ
− 3γΩm

2(1 − γ)µ2
− 3γ

1 + γ
. (38)

The evolution and conservation equations yield

µ′ =
(m + 2)

3m
µ

[
3 −

√
3

2

2m + 1

m + 2

λν2

µ
− 3γΩm

2(1 − γ)µ2
− 3γ

1 + γ
+

1

2(m + 2)

× {9 + (2m + 1)2(µ2 − ν2)}
]
, (39)
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ν ′ = −(m + 2)

3m
ν

[√
6µλ − 1

2(m + 2)
{9 + (2m + 1)2(µ2 − ν2)}

]
. (40)

For P1 =




√
6λ+

√

6λ2−( 3(2m+1)

m+2
)
2

(2m+1)2/2(m+2)
, 0


, the corresponding eigenvalues are

η1 =
(m + 2)

3m




3 −





(2m + 1)4

4(m + 2)2

{
√

6λ +

√
6λ2 −

(
3(2m+1)

m+2

)2
}

− 2m + 1

3

}
3γ

2(1 − γ)
− 3γ

1 + γ
+

1

2(m + 2)

{
9 + 12(m + 2)2

−




√
6λ +

√
6λ2

(
3(2m+1)

m+2

)2

2m + 1




2





 , (41)

η2 = −(m + 2)

3m


2

√
6(m + 2)λ





6λ +

√
6λ2 −

(
3(2m+1)

m+2

)2

(2m + 1)2





− 1

2m + 1





9 + 4(m + 2)2




6λ +

√
6λ2 −

(
3(2m+1)

m+2

)2

(2m + 1)




2





 .

(42)

In this case, the nature of eigenvalues indicates unstable nodes for m > 0
with all choices of γ except for γ = 1,−1 (Figure 3). We find both eigen-
values negative for m = −0.2 showing stable attractors. All the choices of
parameters m and γ show decelerated expanding universe as q > 0. The
summary of respective results is shown in Table 3.

For P2 =




√
6λ−

√

6λ2−( 3(2m+1)

m+2
)
2

(2m+1)2/2(m+2)
, 0


, the corresponding eigenvalues are
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Figure 3: Plots for the phase plane evolution of phantom coupled universe
model with Q = γ(σ̇m + σ̇φ) and λ = 2.
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Table 3: Stability Analysis for the Phantom Coupled System with

Q = γ(σ̇m + σ̇φ).

Ranges of γ and m for Critical Points Stability Acceleration

P1

γ > 0, m > 0, γ 6= 1 Unstable No

γ < 0, m > 0, γ 6= −1 Unstable No

γ < 0, m < 0, m 6= −0.5,−2 Stable for m = −0.2 No

γ > 0, m < 0 Stable for m = −0.2 No

P2

γ > 0, m > 0, γ 6= 1 Unstable No

γ < 0, m > 0, γ 6= −1 Unstable/Saddle No

γ < 0, m < 0, m 6= −0.5,−2 Saddle No

γ > 0, m < 0 Saddle No

P3

γ > 0, m > 0, γ 6= 1 Unstable/Saddle No

γ < 0, m > 0, γ 6= −1 Unstable/Saddle No

γ < 0, m < 0, m 6= −2 Stable Yes

γ > 0, m < 0 Stable Yes

given as

η1 =
(m + 2)

3m




3 −





(2m + 1)4

4(m + 2)2

{
√

6λ −
√

6λ2 −
(

3(2m+1)
m+2

)2
}

− 2m + 1

3

}
3γ

2(1 − γ)
− 3γ

1 + γ
+

1

2(m + 2)

{
9 + 12(m + 2)2

−




√
6λ −

√
6λ2 −

(
3(2m+1)

m+2

)2

2m + 1




2





 , (43)

η2 = −(m + 2)

3m


2

√
6(m + 2)λ





6λ −
√

6λ2 −
(

3(2m+1)
m+2

)2

(2m + 1)2




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− 1

2m + 1





9 + 4(m + 2)2




6λ −
√

6λ2 −
(

3(2m+1)
m+2

)2

(2m + 1)




2





 ,

(44)

which corresponds to either unstable or saddle node that lies in matter dom-

inated era for all choices of different parameters. For P3 =
(

ξ̃1√
2
, 0

)
, the

eigenvalues are

η1 =
(m + 2)

3m

[
3 − 3γ

2(1 − γ)

{
2

ξ̃1
2 − 2m + 1

3

}
− 3γ

1 + γ

+
1

2(m + 2)

{
9 +

3(2m + 1)2ξ̃1
2

2

}]
, (45)

η2 = −(m + 2)

3m

[
√

3λξ̃1 −
1

2(m + 2)

(
9 +

(2m + 1)ξ̃1
2

2

)]
, (46)

where

ξ̃1 =

√
3(2m + 3) + γ(2m2 − m − 10) + γ2(2m2 − 5m − 25)

(2m + 1)2(γ2 − 1)
+ ξ̃2,

ξ̃2 =

√
(−12γ(γ + 1)(γ2 − 1)(m + 2)(2m + 1)2 + 39 − 5γ(5γ + 2) + ξ̃3)2,

ξ̃3 = 2m2γ(γ + 1) + m(5γ2 − γ + 6)2.

The nature of eigenvalues as well as trajectories show that point P3 is unstable
past attractor in deceleration region for m > 0 with γ 6= 1,−1. This point
becomes a stable global attractor for negative values of m except for m =
−0.5,−2 that give undetermined eigenvalues. In this case, q < 0 and ωφ < −1
showing accelerated expansion of the universe.

4 Coupled Tachyon Dynamics

Now we discuss phase space analysis of the universe model by taking a
tachyon coupled cosmic component. The conservation equations are

σ̇m + 3(σm + pm)H = Q, (47)
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σ̇φ + 3(σφ + pφ)H = −Q, (48)

where σφ = V (φ)√
1−φ̇2

and pφ = −V (φ)

√
1 − φ̇2. The evolution equations yield

H2 =
(m + 2)2

9(2m + 1)


 V (φ)√

1 − φ̇2

+ σm


 , (49)

φ̈

1 − φ̇2
= −


3Hφ̇ +

V ′(φ)

V (φ)
+

Q

√
1 − φ̇2

V (φ)φ̇


 . (50)

We introduce the following dimensionless parameters

µ =
(m + 2)φ̇

2m + 1
, ν =

(m + 2)
√

V√
3(2m + 1)H

, λ = − V ′

V
√

V
, (51)

such that the autonomous system of equations takes the form

µ′ =
(m + 2)2

3m(2m + 1)

φ̈µ

Hφ̇
, (52)

ν ′ = − (2m + 1)λµν2

2
√

3m(m + 2)
− (m + 2)ν

3m

Ḣ

H2
. (53)

We take inverse square potential with constant parameter λ. In this case, we
consider the only coupling Q = βσ̇φ for which Eqs.(49) and (50) give

Ḣ

H2
=

(2m + 1)2

2(m + 2)
ν2

√

1 −
(

2m + 1

m + 2

)2

µ2 − 9

2(m + 2)
, (54)

φ̈

φ̇H
=

[
1 −

(
2m + 1

m + 2

)2

µ2

][√
3νλ

µ
+

3β

1 + β
− 3

]
. (55)

The effective EoS and deceleration parameters are given by

weff = −1 − 1

3(m + 2)


(2m + 1)2ν2

√

1 −
(

2m + 1

m + 2

)2

µ2 − 9


 , (56)
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Figure 4: Plots for the phase plane evolution of tachyon coupled universe
model with Q = βσ̇φ and λ = 2.
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q = −1 − 1

2(m + 2)


(2m + 1)2ν2

√

1 −
(

2m + 1

m + 2

)2

µ2 − 9


 . (57)

The critical points and their corresponding eigenvalues for tachyon cou-
pled field are given as follows. For P1 = (0, 0), we have

η1 = − (m + 2)2

m(2m + 1)(1 + β)
, η2 =

3

2m
. (58)

In case of tachyon coupled field, source and sink can be observed according
to the sign of eigenvalues. We investigate stability of critical points corre-
sponding to different values of m and other parameters. The cosmic portrait
includes a matter dominated epoch ultimately followed by a late accelerated
expansion phase. We find that point P1 is saddle/unstable node for positive
values of m (Figure 4). This point becomes global stable node for m < 0
(m 6= −0.5, β 6= −1) showing accelerated expansion of the universe model as
q < 0. The summary of the obtained results is given in Table 4.

Table 4: Stability Analysis for the Tachyon Coupled System with

Q = βσ̇φ.

Ranges of β and m for Critical Points Stability Acceleration

P1

β > 0, m > 0, β 6= −1 Saddle Yes

β < 0, m > 0 Unstable Yes

β < 0, m < 0, m 6= −0.5 Stable Yes

β > 0, m < 0 Stable Yes

P2

β > 0, m > 0 Unstable Yes

β < 0, m > 0, β 6= −1 Unstable Yes

β < 0, m < 0, m 6= −0.5 Saddle Yes

β > 0, m < 0 Saddle Yes

P3

β > 0, m > 0 Stable Yes

β < 0, m > 0, β 6= −1 Stable Yes

β < 0, m < 0, m 6= −0.5 Saddle/Unstable Yes

β > 0, m < 0 Saddle/Unstable Yes
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For P2 =
(
± m+2

2m+1
, 0

)
, the eigenvalues become

η1 =
2(m + 2)2

m(2m + 1)(1 + β)
, η2 =

3

2m
, (59)

which correspond to unstable nodes for positive values of parameter m lying
in accelerated expanding phase of cosmos. For m < 0, we have stable global
attractors undergoing accelerated expansion of the universe. When P3 =(
0,± 3

2m+1

)
, the eigenvalues are given by

η1 = − (m + 2)2

m(2m + 1)(1 + β)
, η2 = − 3

m
. (60)

In this case, the nature of eigenvalues indicate stable future attractor for
β > 0 and m > 0 which undergoes accelerated expansion of the universe as
q < 0. For β < 0 and m > 0, the point P3 is stable except for β = −1. In this
case, q = −1 and weff = −1 which indicate de Sitter phase of the universe.
It is found that the respective point corresponds to saddle/unstable nodes
for β < 0, m < 0 (m 6= −0.5) indicating accelerated expansion (q < 0). For
β > 0, m < 0, it also shows saddle/unstable node which corresponds to de
Sitter (q = −1, weff = −1) phase of cosmos.

5 Power-Law Scale Factor

In this section, we discuss the power-law behavior of the scale factor by ap-
plying some assumptions corresponding to both phantom as well as tachyon
coupled fields. In this context, we integrate Eq.(12) which leads to

Θ̇ = − 1

6(m + 2)
[9 + (2m + 1)2(µ2 − ν2)]Θ2, (61)

where Θ = 3H is the expansion scalar. For Θ 6= 0, we determine power-law
scale factor whenever 9+ (2m+1)2(µ2 − ν2) 6= 0. We find the corresponding

generic critical point by solving Θ = ȧ
a

+ 2ḃ
b

for a(t) and b(t) as

b(m+2) = b
(m+2)
0 (t − t0)

6(m+2)

9+(2m+1)2(µ2
−ν2) . (62)

It is noticed that behavior of the term “9 + (2m + 1)2(µ2 − ν2)” is quite
important to assess different cosmological phases. If 9 + (2m + 1)2(µ2 −
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ν2) = 0, it gives exponential expansion of the cosmological model. Also,
9+(2m+1)2(µ2−ν2) ≷ 0 corresponds to accelerated expansion or contraction
of the universe, respectively. Figure 5 shows different cosmological phases for
power-law scale factor, where blue and gray regions correspond to contraction
and accelerated expansion of the universe model, respectively. It is found that
the region for decelerated expansion tends to increase by increasing m. For
m < 0, there exists gray region only which shows that the universe model
undergoes accelerated expansion.

In case of tachyon coupled fluid, Eq.(54) yields

Θ̇ = − 1

6(m + 2)


(2m + 1)2ν2

√

1 −
(

2m + 1

m + 2

)2

µ2 − 9

2(m + 2)


 Θ2. (63)

For Θ 6= 0, we again evaluate power-law scale factor if (2m+1)2ν2

√
1 −

(
2m+1
m+2

)2
µ2−

9
2(m+2)

6= 0. The generic critical point is found by solving Θ = ȧ
a

+ 2ḃ
b

as

b(m+2) = b
(m+2)
0 (t − t0)

6(m+2)

(2m+1)2ν2

√

1−( 2m+1

m+2 )
2

µ2
−

9

2(m+2) . (64)

We explore different cosmological phases according to (2m+1)2ν2

√
1 −

(
2m+1
m+2

)2
µ2−

9
2(m+2)

≷ 0. In contrast to the phantom coupled matter, we find different re-
sults for tachyon coupled field. We observe that the region for decelerated
expansion decreases by increasing m while m < 0 shows contraction region
only which means that the universe model undergoes decelerated expansion
for negative values of m (Figure 6).

6 Summary

This work is devoted to discuss phase space analysis of LRS BI universe model
by taking a coupling between scalar field models and DM. An autonomous
system of equations has been developed by defining normalized dimensionless
variables which plays a remarkable role to study the stability of dynamical
system. We have evaluated the corresponding critical points for different
values of the parameters. We have also calculated eigenvalues characterizing
these critical points and investigated the impact of m on their stability in
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Figure 5: Plots of qualitative phase space analysis for power-law scale factor
with phantom coupled matter. Blue and gray regions indicate contraction
and accelerated expansion of the universe model, respectively.
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Figure 6: Plots of qualitative phase space analysis for power-law scale factor
with tachyon coupled matter.
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the presence of phantom and tachyon fields. We summarize our results as
follows.

Firstly, we have discussed stability of the universe dominated by the cou-
pling of phantom energy and DM through their eigenvalues corresponding
to different values of m (Figures 1-3). We have considered three different
linear combinations for the coupling constant. For Q = ασ̇m, we have found
an unstable matter dominated state undergoing decelerated expansion for
all points with m > 0 and various choices of α (Figures 1). The dynamical
analysis shows a matter dominated era ultimately followed by a late accel-
erated expansion phase of the universe. For m < 0, all the points become
stable future attractor undergoing accelerated expansion as q < 0 except
the point P1 which lies in decelerated expanding region. In this case, the
results for points P2 and P3 do not solve the coincidence problem which is
well consistent with the results for FRW universe model [23, 35].

For Q = βσ̇φ, all the eigenvalues and trajectories show unstable nodes for
positive values of m which become stable for m < 0 corresponding to different
choices of α (Figure 2). These points lie in non-accelerating phase of the
universe as q > 0 for all choices of parameters m and β which may alleviate
coincidence problem as compared to [23]. For the coupling Q = γ(σ̇m + σ̇φ),
we have found unstable past attractor for positive values of m. When m < 0,
stable node is observed for point P1 while point P2 corresponds to saddle node
undergoing decelerated expansion (Figure 3). In this case, point P3 shows
stable future attractor in accelerating phase as compared to FRW universe
model [23]. It is worth mentioning here that all the critical points for the
couplings Q = βσ̇φ and Q = γ(σ̇m + σ̇φ) indicate decelerated expanding
universe except point P3.

Secondly, we have studied stability of the universe model by taking inter-
action between tachyon field and DM. In this case, we consider Q = βσ̇φ only.
The cosmic portrait shows a matter dominated epoch ultimately followed by
a late accelerated expansion phase (Figure 4). For m > 0, we have found
unstable/saddle node for points P1 and P2 while point P3 gives stable future
attractor which undergoes an accelerated expansion. For m < 0, the point
P1 corresponds to stable node showing accelerated expansion of the universe
while the remaining points give saddle/unstable node that corresponds to de
Sitter phase of the universe. We note that all the points show accelerated
expansion of the universe for tachyon coupled field. We conclude that nega-
tive values of m enhance stability of the universe model as compared to its
positive values.
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Finally, we have studied the behavior of power-law scale factor corre-
sponding to different values of m. The power-law scale factor indicates
various phases of evolution (accelerated or exponential expansion) for the
respective universe model as shown in Figures 5 and 6. For phantom cou-
pled matter, it is found that the region for decelerated expansion gets larger
by increasing m while m < 0 corresponds to accelerated expansion of cos-
mos. In case of tachyon coupled field, the contraction region decreases by
increasing m while the gray region becomes larger. Also, m < 0 shows only
blue region which corresponds to the decelerated expanding universe model.
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