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Abstract

We provide a detailed analysis of flux backgrounds of string and M-theory that preserve minimal
supersymmetry in terms of (exceptional) generalised geometry. The geometry in each case is
conveniently described in terms of generalised G-structures, where the integrability conditions
are equivalent to the Killing spinor equations. Interestingly, there seems to be a common
structure among the G-structures, in that they are described by an involutive complex subbundle
of the generalised tangent bundle, and a vanishing moment map. We call these structures
‘Ezceptional Complex Structures’ (ECS) because of their similarity to (generalised) complex
structures. In analysing the integrability conditions we find interesting links to ‘Geometric
Invariant Theory’ (GIT) which may have important consequences for unsolved problems in
conventional geometry. The moment map picture also provides a systematic way of studying
the moduli. We use the relation between symplectic quotients and complexified quotients to
analyse the moduli, giving exact results in a broad range of cases.

We start with backgrounds of heterotic string theory with a 4-dimension external Minkowski
space. We show how the Hull-Strominger system can be reinterpreted as an integrable SU(3) x
Spin(6 +n) C O(6,6 + n) structure. We provide expressions for the superpotential and the
Kahler potential in this new language and analyse the moment map involved in the integrability
conditions. This moment map interpretation of the Hull-Strominger system is an important step
in applying GIT to prove the existence of solutions, given certain constraints. This extension
of Yau’s theorem to particular non-Kéahler manifolds has been of interest to mathematicians for
some time and our work may indicate possible new approaches to solving it. We also analyse
the moduli of the Hull-Strominger system and recover the results of others.

The next chapter focuses on M-theory backgrounds with a 5-dimensional external space.
While it does not describe the full geometry, we focus on the SU*(6) C Eg) x R* structure
present in the supergravity solution. We find the most generic local form for exceptional complex
structures in this case, classifying them as either ‘type 0’ or ‘type 3’. This classification is only
pointwise, as there can be type-changing solutions. Using the general form, we are able to
find the moduli of all constant-type exceptional complex structures, as well as all those that
satisfy a ‘generalised d0-lemma’. Interestingly, these results hold for AdS solutions. We analyse
these and show that they are always of constant type 3. Hence, we are able to reinterpret the
spectrum of a given CFT,4 that is dual to some AdSs x Mg in terms of cohomology groups
related to some integrable distribution A C T¢.

We then look at backgrounds of M-theory and type IIB with a 4-dimensional Minkowski
external space. We are able to reinterpret both Go backgrounds and GMPT backgrounds in

terms of integrable SU(7) C E;¢7) X R structures. We are also able to give an expression for



the superpotential and the Kéahler potential for generic backgrounds using this new language.
Once again, we study the implications of the moment map picture and find interesting links
with GIT. We highlight how this may be used to find a form of stability for Go structures.
Again, we provide a method of systematically finding the moduli of these flux backgrounds and
apply it to the Gs and the GMPT cases. For Gy we recover the known results, while for GMPT
we are able to find the exact moduli, extending work that has been done in the past.

Finally, we analyse the exceptional complex structures via Hitchin functionals. The Kéahler
potentials in each case provide a natural candidate for the extension of Hitchin functionals
to exceptional geometry. Following the work of Pestun and Witten [3], we find the second
variation of the Kéahler potentials under complexified generalised diffeomorphisms and quantise
that quadratic action for SU*(6) and SU(7) structures. We suggest possible applications as
1-loop corrections to certain terms in the effective M-theory action in 5 and 4 dimensions

respectively.
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Chapter 1

Introduction

In this introductory chapter, we will give a brief historical survey of theoretical physics through
the 20" century to provide motivation for the rest of the thesis. We will introduce string
theory and see why it has been such an active area of research for over 50 years. We will
describe some of the key properties of string theory, including the troublesome requirement of
10 dimensions. Removing these unobserved dimensions to retrieve something more physical is
the main motivation behind studying Minkowski backgrounds of string theory - the main focus
of this thesis.

1.1 String Theory and Supergravity

Physics in the 20" saw a rapid progression in our understanding of the fundamental nature of
the universe. This progress was advanced along two crucial, yet so far irreconcilable branches.
On the one hand, Einstein’s theory of general relativity revolutionised the way we view grav-
ity - replacing a static universe with a dynamic spacetime whose curvature creates geodesics
that resemble gravitational attraction. On the other hand, quantum mechanics and quantum
field theory were being developed to explain the curious behaviour of subatomic interactions.
These eventually led to the standard model, a unified description of all forces of nature except
gravity. Both branches have been tested and, time and again, predictions prove to be correct.
However, all attempts to provide a quantum theory of gravity that also produces the gauge
groups and representations of the standard model have, so far, proven fruitless. It is this gap
in understanding that string theory tries to bridge.

Quantum field theory was born early in the development of quantum theory when people
tried to apply the same techniques to electromagnetic radiation that they had used to describe
the atom [4]. The photon is massless and therefore cannot be described by a non-relativistic
approximation like quantum mechanics. QFT was therefore born out of a requirement to merge
quantum mechanics and special relativity. Unfortunately, while these methods seem to work
well for free theories, once they are applied to higher order interactions, most calculations return
an infinite answer. This can be understood as coming from loops arising in the expansion in
the coupling constant. One has to integrate over all momenta running in loops, and these can
often diverge.

While this initially caused much confusion, today we understand this as reflecting the fact
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that we should think of all theories as effective theories. This means that the theory is only a
valid description of the physics at scales |p| < A, above which something new occurs. In this
Wilsonian picture [5-8], A is called the cut-off and the coupling constants change as we lower
A. In this process, previously vanishing couplings may turn on, so we should include all terms
consistent with the symmetry of the theory in any effective description. Once we have done
this the Lagrangian contains an infinite number of interaction terms and coupling constants.
However, to any particular order in the expansion there are only a finite number of terms that
need to be fixed through experiment. Hence, effective theories are still predictive for any theory
to a given accuracy, at a given energy scale.

Soon, people tried to apply quantum techniques to Einstein’s general relativity [9-14]. In
a quantum description, we restrict ourselves to describing perturbations around some fixed

background. That is, we write

Y = Guv + Khyw (1.1)

where § is fixed and h is the perturbation, or graviton. The coupling constant goes like x2 ~ Gy,
Newton’s constant, and hence has mass dimension [xk] = —1. As usual, when one expands the
Einstein-Hilbert action and tries to quantise h, one finds infinities. Hence, we should think of
this as an effective description with a cut-off, and we write all terms that are consistent with
diffeomorphism symmetry. The natural cut-off is the Planck mass M, = \/WTN, and the

action becomes

L= /M d*z /=g <M§R +c1R? + caRM™ R, + cj’f +.+ z:matter> (1.2)
p
As we mentioned, this theory is valid for small energies and one can expand all scattering
amplitudes in powers of kAg ~ Ag/M,, where Ag is the energy of the scattering process. However,
as the process reaches energy scales comparable to M), we see that this expansion breaks down
and our theory becomes no longer valid'. Unfortunately, the Planck scale is precisely the energy
we would require to probe quantum effects of gravity.

This opened the question of what a theory of quantum gravity would look like. The hope
would be that GR has a UV fixed point? where the scattering amplitudes are finite, and the
infinite number of couplings, plus any extra fields that disappear in the low energy dynamics,
are controlled by a finite number of parameters. Unfortunately, finding such a theory is a
complicated task. There is common lore that there is no decoupling regime of quantum gravity
[15]. That is, the precise fixed point and its dynamics are heavily dependent on the matter
content of the theory at all energies right up to the UV. Without a guiding principal on what

the matter content should look like, the chances of stumbling across the correct UV theory

Note that this is an irreconcilable problem. While some theories only have a finite number of divergences
that need to be cancelled by counter terms, the mass dimension of k¥ in GR means that each loop order produces
new divergences that must be cancelled. All of these counter terms must be fixed by experiment and hence
one would have to do an infinite number experiments to render the theory predictive. One can show that the
non-correctable divergences occur at 2nd loop order [11]. Such theories we call non-renormalisable and cannot
be used as a high energy description of the physics.

2A UV fixed point is a point in theory space at which the couplings are independent of the cut-off A. That
is, it is a fixed point of the renormalisation group flow. For it to be a UV fixed point of GR, there must be
some RG flow line going from (a perturbation away from) the UV fixed point, through the point in theory space
corresponding to (1.2).
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seems highly unlikely.

One such guiding principal is supersymmetry. This fermionic symmetry collects bosons and
fermions into multiplets with adjacent spin. The higher the amount of supersymmetry, the more
spins are grouped into each multiplet. Imposing that Latter is such that the gravitational action
is supersymmetric produces a theory called supergravity [16]. Not only does supersymmetry
put restrictions on the matter content of the theory, it also gives relations between the coupling
constants. Since bosons and fermions contribute to scattering amplitudes with opposite signs,
it was hoped that these relations would lead to cancellations that would remove the divergences
and hence leave the theory finite, or at least renormalisable. Unfortunately, it is now known
that supergravity in D = 4 dimensions® with all but the maximal N' = 8 supersymmetry is
also divergent® and there are arguments that even this is divergent at 7-loop order® [18]. The
problem of a UV complete theory of gravity therefore remained open. Fortunately, at around
the same time, another theory was starting to be studied that seemed to be both UV finite,
and completely determine the matter content and couplings of the theory.

String theory was initially created to try to describe the strong interaction. In the 1960’s
there were an abundance of new particles being discovered with an approximately linear rela-
tionship between their spin and mass squared J = M?a’, o/ being called the Regge slope. An
expression for the scattering amplitude that reproduced the Regge slope and was consistent
with crossing symmetry was suggested by Veneziano in [19]. This model eventually became
known as the dual resonance model and it was shown that it was consistent with the scattering
of relativistic string states [20-24]. Unfortunately, this theory had many properties that made
it unsuitable for describing hadronic physics. The double resonance model slowly faded in pop-
ularity as QCD proved to be more and more successful. However, one property that made it
unusable as a model for hadrons also made it the perfect theory for a description of quantum
gravity - the existence of a massless spin 2 state [25].

The existence of a graviton-like state in the spectrum of string theory was an appealing
property. It was also known for some time that the infinite tower of massive higher spins in
the spectrum meant that the theory was UV finite. At high energies, the higher spin states
become approximately massless. When this occurs, the Coleman-Mandula theorem says that
the S-matrix must be trivial and hence there are no divergences [26]. Given this promising
behaviour, people started to study string theory as a potential ‘theory of everything’.

The key postulate of string theory is that objects in physics are not point-like particles, but
instead extended objects like strings. Typically, string theory is described by an action on the
2 dimensional worldsheet - the generalisation of the worldline of a particle [27,28]. Borrowing
intuition from the action of a relativistic particle, people initially considered the Nambu-Goto
action of the string which equates the equations of motion with volume minimisation of the
worldsheet. This formulation was not well-suited for quantisation as it contains the square root
of fields. A reformulation of the theory came in [29] and was used by Polyakov to quantise the

string. The action, since called the Polyakov action, is a non-linear o-model, taking values in

3Here and in the rest of the thesis, we will denote ‘external’ dimensions with D.

“In fact, maximal supergravity in d > 6 is known to be divergent.

SEven if it is not divergent at that order, there are non-perturbative arguments that suggest that this theory
is inconsistent and requires a UV completion of M-theory on a 7-torus. [17]
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the spacetime and takes the form
T 9 o v
S = 3 AoV —hh*” g, (X)0a X 0 X (1.3)

Here h,g is the worldsheet metric and the X# are fields that can be thought of as coordinates
on a target space M with metric g. This theory has diffeomorphism invariance and Weyl
invariance which can be used to fix the worldsheet metric to a conformal Minkowski metric
eA”nag [30]. Upon doing so, the residual gauge symmetries are a local conformal invariance
and Weyl invariance, which gives the usual description of a string as a quantum CFT. As these
are gauge symmetries, they must be anomaly-free in the quantum theory. Enforcing this has
interesting consequences for the properties of string theory, as we will see.

A natural question arises when considering strings propagating through spacetime relating
to whether the strings are open or closed. Both possibilities are valid and give rise to interesting
consequences of string theory. Closed strings have a spectrum of states of increasing mass and
spin. In the massless spectrum, one has a metric, an antisymmetric rank 2 B-field, and a
scalar dilaton . Both strings therefore describe gravitational interactions, but also prescribe
some other matter content through the massive higher spin states. Since these strings have no
boundary, one does not need to prescribe boundary conditions. Open strings on the other hand
require boundary conditions of the form of Neumann or Dirichlet. These are respectively of the
form

9. X'=0 X7 =¢) (const) (1.4)

It can be shown that Neumann boundary conditions imply that the end of the string moves at the
speed of light. Dirichlet boundary conditions were largely ignored until Polchinski highlighted
their importance in the 1990’s [31]. Having the end-point of a string fixed in certain coordinates
describes a p dimensional space-like surface which was called a Dp-brane. Looking at the
massless spectrum of the open string [32], one finds perturbations along the direction of the brane
which describe massless spin-1 fields on the brane. Hence, open strings describe gauge theories
on the world-volume of the brane®. There are also fluctuations transverse to the direction of the
brane which have been interpreted as fluctuations of the branes themselves. This suggests that
the Dp-branes themselves should be thought of as dynamical objects in string theory. Hence,
the full spectrum of string theory is described by gravitational-like interactions of closed strings,
gauge-boson-like interactions of open strings, along with the higher mass and higher spin states
of the strings and the branes.

This promising progress was hindered by a few key issues. Firstly, unitarity required bosonic
string theory to exist in 26 dimensions [33]. Secondly, all states of the bosonic string have
integer spin and hence only describe bosonic matter in the target space. Finally, the ground
state of the string theory was always tachyonic and there was no consistent way to remove it.
The latter two issues were solved by introducing worldsheet fermions to get a supersymmetric
theory [34,35]. While this allowed fermionic matter to be described, the ground state was still
tachyonic. However, there was now a consistent way to remove this state through what has

been called the GSO projection [36]. In total, there are five consistent string theories. There

5This is the generalisation of the worldsheet to higher dimensional objects.
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is type I, the two heterotic string theories with SO(32) and Eg x Eg gauge groups respectively,
and the two type II theories - ITA and IIB [37].

Type IIA and type IIB [37] both have A/ = 2 spacetime supersymmetry’ but differ by the
chirality of the generators. Type IIA is non-chiral so has N' = (1, 1) supersymmetry while IIB
is chiral and has N' = (2,0). They are obtained through different choices of GSO projection
on the worldsheet. In the massless spectrum, both theories have the same NSNS sector - the
metric, the B-field and dilaton ¢ - but differ in the RR sector. These contain antisymmetric
tensors Apq of rank (p+1) = 1,3 for IIA and (p+1) = 0,2, 4 for IIB. These have field strengths
F,+o, where Fj is further restricted to be self-dual for IIB. It turns out that the D,-branes are
electrically charged, and D1o—p—4-branes are magnetically charged, under A,;. Hence there is
a restriction to the type of branes that can occur in each theory®. The open string spectrum
then gives rise to a gauge theory on the brane much like it did in the bosonic case. The string
itself is electrically charged under the B-field and there is another 5-brane called the NS5 brane
that is magnetically charged.

Type I string theory [36] comes from an orientifold projection of type II in the presence
of 32 Dg-branes for anomaly cancellation. The projection preserves only N' = 1 spacetimes
supersymmetry, and the 32 D9-branes means that there is an SO(32) gauge symmetry. The
massless spectrum of the closed string gives the metric, the dilaton and the RR 2-form. The
RR 2-form couples electrically to the Di-brane and magnetically to the Ds-brane. Hence we
see that only these branes occur in type I string theory.

Finally, the heterotic string [38,39] combines both the bosonic string and the superstring.
Since the action is a 2-dimensional CFT, the operators factorise into so-called left and right
moving sectors. In the heterotic string, the left moving modes are taken from the bosonic string
and the right moving modes are taken from the superstring. The additional modes from the
left moving sector form gauge potentials for the gauge groups SO(32) or Eg x Eg. These are
enforced by the requirement of anomaly cancellation. Since the left and right moving sectors
have to be independent in this theory, this forces the string to be closed and hence there are no
D,-branes in heterotic string theory.

These 5 seemingly distinct string theories were later shown to be related through a web of
dualities that also relate strong and weak coupling phenomena [40-44]. It was further conjec-
tured that all of these theories were in fact different limits of one overarching 11 dimensional
theory called M-theory [45,46]. This seemed tantalisingly close to a unique fundamental theory
of the universe but there was still one requirement of string theory that had to be solved. While
the superstring had reduced the required number of dimensions down from 26, all 5 string the-
ories still required 10 spacetime dimensions [47]. The question became whether it was possible
to put strings on a background that resembled something more physical.

A background is defined to be a target space geometry on which a quantum theory of strings

"Throughout this thesis, N will denote the number of supersymmetry generators the theory is symmetric
under. The dimension of the generators and their flavour depends on the dimension of the spacetime and the
signature of the metric. In even dimensions with a Lorentzian signature, the fundamental spin representations
are Weyl spinors meaning that we can classify spinors with respect to their chirality (i.e. eigenvalue under some
~va). We therefore write N’ = (p, ¢) to denote p even generators, and ¢ odd.

8Note that a D,-brane has a world-volume of dimension p+ 1. Much like a particle is charged under a vector
field, a p-brane can be charged under a p + 1-form.
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is well-defined. The key requirement for a well-defined quantum theory of strings is that the
conformal symmetry must not be anomalous. This translates into the requirement that the
B-functions of the couplings, interpreted as target-space fields, must vanish. To make progress,
it is important to work in a regime of string theory in which the string length scale I is much
less than the typical length scale of the target space geometry defined by the metric [.

99

Iy <l~ 22 1.5
LU~ o (1.5)

This defines an energy scale at which our theory is valid, as well as an expansion which is done
in a parameter o/ = [2. In this limit, the world sheet CFT is weakly coupled and we can use
usual QFT methods to determine the S-functions. At lowest order, we recover the equations of
motion of supergravity. We learn then that, at low energies and weak string coupling?, string
theory backgrounds are simply supergravity backgrounds [48]. This provided the important
link between string theory, and the empirically verified theory of general relativity.

At low energies, the massless modes dominate the dynamics with stringy affects suppressed.
At higher energies, we approach a scale closer to the string length scale [ and hence the extended
nature of the string becomes more important. We would therefore need to add o/ corrections to
these equations which would change the geometry [49,50]. We would also have to be cognisant
of effects arising from winding modes of the string!'®, or branes wrapping cycles. Once we move
into this regime, the rich structure of string theory comes into the foreground and one can use
strong/weak coupling dualities such as T-duality, and the larger U-duality'!. At low energies,
branes also become non-dynamical objects and instead take the form of solitonic solutions of
the supergravity equations [46,59-64]|. Importantly, they can still interact with the massless
modes of the string through gauge fields defined at the end of an open string, and by sourcing
flux.

The class of all solutions to supergravity is quite a large set. However, we can restrict
ourselves to a more refined set depending on the application. Given the unphysical number of
dimensions required in string theory/M-theory, a lot of focus has been put into backgrounds of
the form

M = Mexy X Ming (1.6)

where Myt is some, usually maximally symmetric non-compact, space called the external space
which is somehow deemed the ‘physically observable’ space. Mjiyt is called the internal space
and has properties that affect the physics on the external space. For physical applications,
we would like the external space to resemble a vacuum of our universe, and hence we look for

= RP~L1 with the most physically relevant being of course D = 4. With

backgrounds with Mext
the discovery of the AdS/CFT correspondence [65], a lot of interest has grown in backgrounds

with Moy = AdSp.

9While o/ controls, in a sense, the importance of the extended nature of the string, the string coupling gs
determines the strength of the quantum nature of the string and appears in string-loop expansions. It is in fact
not a free parameter but is determined by the dilaton ¢.

OWinding modes are non-perturbative in o/, but perturbative in the string coupling gs.

1T recent years, people have considered backgrounds that may involve such exotic string states through
double/exceptional field theory and non-geometric backgrounds [51-58]. While this work has interesting links to
the generalised geometry we shall describe later, it will not be the focus of this thesis.
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Different choices of Mj,; have interesting consequences for the dynamics of the effective
theory on the external space. Choosing a space with isometries can lead to gauged matter
in the effective theory [66]. Conversely, people have tried to break the large gauge groups of
heterotic theories through flux induced potentials to groups that could resemble a GUT theory
in R%! [67,68]. The geometry can even give us information on the massless scalar field content
of the effective theory!'?. One particularly interesting class of backgrounds are those that lead
to a supersymmetric effective theory - so called supersymmetric backgrounds. The archetypal
example of such a compactification is where Mjy is a Calabi-Yau manifold [69].

The desire to understand the precise role of supersymmetric backgrounds in physics led
to an interesting interplay between geometry and string theory. While often mathematics is
used to advance our physical understanding of a system, string theory started to guide our
understanding of mathematics. Perhaps the most famous example of this interplay comes from
the mirror symmetry conjecture [70,71]. This postulates that, for every Calabi-Yau 3-fold X
with Hodge numbers!® A1 h12 there exists a ‘mirror Calabi-Yau’ X with Hodge numbers
il = b2, Rb2 = pLl. This surprising prediction seems unlikely from the point of view of
complex geometry, but arises naturally when examining the 2-dimensional CFT describing the
string on a Calabi-Yau background. Other examples include a conjecture for an extension
to Yau’s theorem [72] to particular non-Kahler manifolds [73, 74] that arose from studying
supersymmetric backgrounds of heterotic strings. The link between string theory and geometry
grew deeper with the discovery of the topological strings [75] which are obtained through a
‘topological twist’ of the full theory. It was found that certain correlation functions defined
new geometric invariants of the target space, called Gromov-Witten invariants [76], which could
be used to distinguish between different symplectic manifolds. Partition functions of other
topological models can be written in terms of holomorphic Ray-Singer torsions which are an
invariant of complex geometry [77]. While much of the focus has been on Calabi-Yau manifolds
and non-kahler analogues, the desire to understand supersymmetric backgrounds of various
dimensions has led to increased interest in extending these results to other geometries, such as
Go structures in 7 dimensions. In particular, there has been a desire to find an analogue of
Yau’s theorem [78], and to find the associated topological string/M-theory [79].

Supersymmetric backgrounds provide a vital playground for understanding the behaviour
of string theory at low string coupling. Phenomenologically, these provide the most likely can-
didate for a stringy model of the universe that we inhabit'*. While the Calabi-Yau manifold
is one particular example of a supersymmetric background, there are more general cases. Un-
fortunately, little is known about generic backgrounds away from the Calabi-Yau case. This
thesis tries to answer questions about generic supersymmetric backgrounds including what is
their precise geometry, and what is the structure of the moduli space. It is important to get a

proper picture of the full landscape of string backgrounds to understand what kind of super-

12The massless scalar fields parameterise the moduli space of possible compactifications.

13The Hodge numbers on a complex manifold are the dimensions of the associated Dolbeault cohomology
group.

4 Conversely, using strong/weak dualities of string theory such as the AdS/CFT correspondence, we can gain
insight into the strong coupling regime of certain field theories by studying weakly coupled strings propagating
on some fixed geometry. Supersymmetric backgrounds have been the setting of most tests of the AdS/CFT
correspondence and are where the duality is best understood [80, 81].
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symmetric theories can be induced from string theory. In doing so, we may learn something
about string/M-theory itself, and possibly shed some light on the mathematical conjectures

surrounding certain supersymmetric backgrounds.

1.2 Plan of Thesis

This thesis focuses on understanding generic features of supersymmetric flux backgrounds of
string and M-theory with a Minkowski external space. We study the geometry of the internal
space with arbitrary fluxes turned on and determine the properties that lead to supersymme-
try. These problems are most naturally studied within the framework of generalised geometry.
It turns out that supersymmetric backgrounds have a consistent structure within generalised
geometry given by integrable G-structures. These are described in terms of a complex tensor v,
and a complex subbundle L C E¢ which we call exceptional complex structures. The supersym-
metry conditions are given by involutivity and a moment map. This is true for both heterotic
and maximal strings. Using these we can begin to answer questions about generic points in
the moduli space, including the local dimension and the form of the Kéahler potential. This
work may also have interesting implications for geometry. The formulation of supersymmetry
constraints in terms of a moment map gives a possible link with geometric invariant theory.
Using these tools, we may be able to find an analogue of Yau’s theorem for Gy structures and
the Hull-Strominger system. Quantising the Kéhler potential a la Pestun and Witten [3] may
also provide information on a geometric subsector of M-theory. This thesis is a structured as
follows.

We begin in chapter 2 with a review of the background material necessary for the thesis.
A lot of the discussion of supersymmetric backgrounds is done in the language of G-structures
and so we review some of the key ideas and constructions in 2.1. We provide the definition of
a G-structure, introduce compatible connections and define integrability. We look at intrinsic
torsion as an obstruction to the integrability of a structure. Finally, we briefly look at how
holonomy and G-structures are related. In section 2.2, we review some of the previous work
done on supersymmetric backgrounds of string theory. In particular, we look at them within
the context of G-structures. We initially look at backgrounds without flux and see how different
G-structures arise for M-theory, type II, and heterotic backgrounds. We then reintroduce flux
and look at some resulting no-go theorems. We look at how flux creates non-zero values for the
intrinsic torsion of the G-structures we found previously, and how this can affect the geometry.
Finally, we briefly review how one builds the effective theory on the lower dimensional space from
the geometric data of the internal space. This is well known for Calabi-Yau compactifications,
but the arguments start to break down once we turn on flux. Section 2.3 is used to give a broad
review of generalised geometry - the mathematical framework used to describe generic flux
backgrounds throughout this thesis. We review the geometries required to describe the NSNS
sector, heterotic backgrounds, and type II/M-theory backgrounds. In particular, we look at the
construction of the generalised tangent bundle, the Dorfman derivative, generalised connections,
and G-structures within this framework. Finally, in 2.4 we look at how generalised geometry

has already been used to answer generic questions of supersymmetric flux backgrounds of string
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theory. In particular, we look at GMPT backgrounds and exceptional Calabi-Yau spaces.

Chapter 3 describes how one can use the language of integrable G-structures in O(6,6 4 n)
geometry to describe generic flux backgrounds of heterotic strings. In section 3.1 we give a brief
introduction to the Hull-Strominger system as well as a review of what is known about the
infinitesimal moduli problem in terms of deformations of a holomorphic Courant algebroid. In
section 3.2 we describe the formulation of heterotic backgrounds in terms of O(6,6 + n) x R
generalised geometry. In particular, these are given in terms of a generalised tensor ¢, and
a bundle L_;. We do this first for the case with no gauge bundle in section 3.2.1, then we
reintroduce the gauge bundle in 3.2.2. We also discuss the equivalence between supersymmetry
and integrability for the structures. In section 3.3, we explore involutivity of L_; and give the
superpotential in terms of 1». We also show how these are related to the F-term conditions of the
Hull-Strominger system. In section 3.4, we give the Kéhler potential on the space of structures
and derive a moment map for the action of generalised diffeomorphisms. We compute both of
these explicitly and show that the moment map reproduces the final supersymmetry conditions,
now with a geometric interpretation. This reinterpretation of the supersymmetry conditions as
the vanishing of some moment map provides some interesting links with geometric invariant
theory which we highlight in section 3.4.3. In section 3.5 we find the infinitesimal moduli and
show that they are related to the previously known D cohomology.

In chapter 4 we extend the ideas explored in the previous chapter to exceptional generalised
geometry. We start with Egg) X R* geometry and apply it to A/ = 1 backgrounds with an
external R*!. In section 4.1 we review previous work on the generalised structures of N' = 1
backgrounds. These are described in terms of exceptional Calabi-Yau spaces. In section 4.2 we
restrict our analysis to a subset of the structures. These define an SU*(6) structure and have
properties reminiscent of the exceptional complex structures defined in the previous chapter.
While they do not fully define a supersymmetric background we argue that one can still find
interesting information by studying these backgrounds. In particular, in section 4.3 we find an
expression for the generic moduli of these structures provided they satisfy a type of 00-lemma.
We argue that one can use this expression to find the number massless hypermultiplets in the
5 dimensional effective theory.

Chapter 5 is the main chapter of this thesis and analyses the generic structure of supersym-
metric backgrounds of type II and M-theory for R*! external spaces. We find that the geometry
is entirely described by exceptional complex structures similar to those defined in the previous
chapters. These give simple analogues for the general analysis of SU(7) structures we then give
in section 5.1. Section 5.2 shows explicitly how Gy manifolds and the solutions of GMPT fit into
the general analysis. Section 5.3 first shows how the involutivity and moment map conditions
can be viewed as F- and D-term supersymmetry conditions in a rewriting of the supergravity
as an effective D = 4, N' = 1 theory. It then connects our analysis to the Geometrical Invariant
Theory picture and the Go functional of Hitchin. In particular, we see that Hitchin’s extrem-
isation is equivalent to finding the stationary points of the norm functional, and we go on to
outline the naive connection to stability. Section 5.4 addresses the general moduli problem, and
calculates the moduli of generic “type-0” structures (including Gs) and the full set of moduli
of GMPT solutions.
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This work may provide a natural generalisation to Hitchin functionals with applications
to quantum corrections of M-theory effective actions. We explore these ideas in chapter 6.
In section 6.1 we review the work done by Nigel Hitchin on functionals defining integrable
SL(3,C), SU(3,3), and G structures. We then look at how these theories have been quantised
and applied to topological string theory in section 6.2. In section 6.3 we describe how the Kahler
potential is a natural candidate for the Hitchin functional of exceptional complex structures,
and we describe the quantisation procedure. In section 6.4 we briefly describe some possible
physical applications of this quantised theory.

Chapter 7 is reserved for discussion and future directions of work. The appendices contain
additional details which may be useful for the reader but are not important for the main
text. They are arranged as follows. Appendix A lays out the conventions and notation that
we use throughout the thesis. It contains the O(d,d), O(6,6 + n), and exceptional algebras
for both M-theory and type IIB solutions. We also give an embedding of the O(6,6) algebra
into the Eq(7) X R* algebra for type IIB. Appendix B discusses some results on curvature in
exceptional generalised geometry. We show that, unlike O(d, d) geometry, there is no obvious
projection of the generalised Riemann curvature to get something tensorial. Appendix C reviews
(generalised) complex structures in terms of moment maps. This is the picture we will extend
to the exceptional case throughout the thesis. Appendix D we provide explicit calculations
of the superpotential, the Kahler potential, and the moment map referenced in chapter 3. In
appendix E we prove the general form of exceptional complex structures in Egg) X R* geometry
and in appendix F we provide detailed calculations of the moduli of these exceptional complex
structures in various cases outlined in chapter 4. In appendix G we provide a detailed calculation
of the moduli of the GMPT backgrounds of chapter 5. Appendix H is used to state some
properties of determinants of Laplacians that are need for chapter 6. Finally, in appendices I
and J we derive the metric on the moduli space of exceptional complex structures around the
points corresponding to Calabi-Yau and Go manifolds respectively. These are needed for some

of the quantisation calculations done in chapter 6.
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Chapter 2

G-Structures, Flux Backgrounds and

Generalised Geometry

In this chapter, we will review some of the technical background required for the rest of the
thesis. A lot of the discussion of supersymmetric backgrounds of string theory will be framed
in the language of G-structures and so we will review those first. Then we will look at some of
the work that has been done in the past on backgrounds both with and without flux. We will
then go onto describe the construction of generalised geometry which will be the language that
most of the thesis is framed within. Finally, we will look at how generalised geometry has been

utilised in the past to describe supersymmetric backgrounds.

2.1 G-Structures

The presence of supersymmetry usually implies the existence of a G-structure on the manifold,
where the G refers to some Lie group. These geometries have been studied by mathematicians,
initially in terms of what they called the local equivalence problem [82]. They provide a fairly
general class of geometries whose structure is rich enough that many complex problems can be
solved. In this section we will provide a brief mathematical review of G-structures and give some
examples, focusing on those of importance for string theory. We will follow [82-85] amongst

others.

2.1.1 Definition of a G-Structure

Let M be a closed n-dimensional manifold and take T'— M to be its tangent bundle, T* — M
to be its cotangent bundle. A frame at a point p € M is a set of n linearly independent vectors
v; € T,. We will take the set of frames at a point p € M to be the set

F,={{v1,...,v,} a frame at p e M} (2.1)
We define the frame bundle F© — M to be the disjoint union

F=|]{pF) (2.2)

pEM
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It is easy to see that F' defines a GL(n,R) principal bundle over M. Indeed, GL(n,R) acts on

an element v = {v1,...,v,} € F}, by left multiplication.

g-v=A{gvi,..,gu,} € F}, (2.3)

Moreover, this is a transitive and free action on the fibre and hence we get a GL(n, R) principal
bundle. We can then define a G-structure on a manifold to be [82, 86]

Definition 1. Take G to be a Lie subgroup of GL(n,R). A G-structure is a G principal
subbundle P — M, Pg C F.

A local frame can be viewed as a local section o : M — F. Any local frame that is also a section
of Pg is said to be compatible with the G-structure. We will sometimes drop the G when the
group is clear by context.

There are many topological obstructions that can exclude the existence of a particular
G-structure on a manifold. Famously, the first Chern class C1(X) of a Kéhler manifold is
the obstruction to the existence of an SU(3) structure [72]. In general, however, determining
whether such a reduction of the frame bundle exists can often be a challenging problem to solve.
Fortunately, in many cases, and in particular the cases we will be interested in, a G-structure
is equivalent to the existence of a set of global, non-vanishing tensors that are preserved by the

action of G1.

Example 1. A Riemann structure is an O(n) structure and is defined by a metric g. An O(n)

structure always exists on a manifold.

Example 2. An orientation is an SL(n,R) structure and is defined by a globally non-vanishing

top form 7

Example 3. A complex structure is a GL(n/2, C) structure and is defined by amap J : T — T,
such that J? = —1

Example 4. An SL(n/2,C) structure is defined by a complex, separable 5-form (2

Example 5. A symplectic structure is an Sp(n) structure and is defined by a non-degenerate

2-form w

Example 6. A hermitian structure is a U(n/2) structure and is defined by a complex structure

and symplectic structure w, J

Example 7. A Calabi-Yau structure is an SU(n/2) structure and is defined by a holomorphic

3-form and a symplectic structure €2, w
Example 8. A Gy structure is defined by a positive, stable 3-form ¢ on a 7-manifold
Example 9. A Spin(7) structure is a defined by a stable 4-form y on an 8-manifold

Note that examples 7, 8 and 9 are of particular importance in string theory as each of the
groups is a subgroup of SO(n) and hence can define what are called special holonomy groups.

These are the groups of interest for supersymmetric backgrounds as we will see later.

'This action is induced by that of GL(n,R) on tensors.
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2.1.2 Equivalence and Local Flatness

We would like to have a notion when two G-structures are equivalent in some sense. Consider a
diffeomorphism f : M — N. This defines a map df : TM — TN that is a linear isomorphism
on the fibres T),M = Tt N. This induces a well defined principal bundle morphism

(df), : FM — FN
v — (df)«v = {(df)v1, ..., (df)vn}

This leads to the following definitions.

Definition 2. Let M and N be smooth manifolds with G-structures P — M, Qg — N. A
smooth map f: M — N is said to be G-structure preserving if (df).(Pg) C Qg.

Definition 3. Let P — M and P/, — M be two G-structures on a manifold M. We say that
the G-structures are equivalent if there exists a diffeomorphism f: M — M that is G-structure
preserving. That is, if (df).«(Pg) = P.

There is an important concept in the mathematical literature relating to the local equivalence
problem. We would like to know if there is an atlas on our manifold that is compatible with

the G-structure.

Definition 4. A G-structure P — M is said to be locally flat if in every patch U C M, there

exists a coordinate chart z* such that the coordinate frame {0, ..., 0, } is a local section of Pg.

Often, a G-structures is defined to be integrable if is (equivalent to) a locally flat G-structure [82].
We will take a slightly weaker version of integrability which is sometimes called first-order
integrability. G-structures with this property are such that, at each point p € M, there exists
local coordinates z# such that the coordinate frame {01, ..., 0p }pers is in (Pg)p. One can show

that this is equivalent to the existence of a torsion-free compatible connection [87].

Example 10. By the fundamental theorem of Riemannian geometry, every O(n) structure is

first-order integrable. A locally flat O(n) structure is equivalent to a flat metric.

Example 11. By the Newlander-Nirenberg theorem [88], any first-order integrable GL(n/2, C)
structure is locally flat.

2.1.3 Connections, Torsion and Integrability

Given a principal bundle Pz — M, we can define the vertical subspace of the tangent space at

a point T,,P to be the kernel of the derivative of the projection. That is

Very(P) =ker(dr),  Ver(P) = | | Ver,(P) (2.5)
peEP

While the vertical space is well defined, there does not exist a canonical definition of a horizontal
subspace such that
T,P = Ver,(P) ® Horp,(P) VpeP (2.6)
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Any choice of a smooth distribution Hor(P) such that the fibre at p is compliment to Ver,(P)
p € P is called a connection. However, a general choice does not necessarily provide the nice
properties that we usually associate with a connection. Hence, we will refine the definition to

be compatible with the G action on P.

Definition 5. A principal connection on a principal bundle Py — M is a choice of smooth
distribution Hor(P) such that Hor,(P)® Ver,(P) = T,P Vp € P and Hor,.,(P) = d,(Hor,(P))
where 7y, : P — P is the diffeomorphism induced by the right action of G on P.

There is a canonical isomorphism between the vertical space at a point and the Lie algebra
g associated to the structure group of P. One can show that a choice of horizontal subspace
is equivalent to a choice of surjective map w, : T,P — g such that wy,(Ver,) = g. We can then

define the horizontal subspace to be the kernel of this map
Hor,(P) = kerw,, (2.7)

We can view w), as a g-valued 1-form at p and hence we can extend its definition to the whole
of P, which would define the distribution Hor(P). One can show that Hor(P) is smooth if and
only if w is smooth. Moreover, w defines a principle connection if it is pseudo Ad G-invariant.
That is,

Yyw = Adg-1 ow (2.8)

where Ad denotes the adjoint action of G on g.

Given a choice of connection, we can define projection maps onto the horizontal and vertical
subspaces, projg . Given this, we can define the covariant derivative V, along the direction
of some vector v € T, M of some (local) section o : M — P. The covariant derivative at x € M
along v is defined to be

Vo = projy (do(v)) (2.9)

A choice of connection on P also defines a connection on all associated bundles. Indeed,
take N to be some space with a G-action and define Il : P x N — P X N to be the projection
onto the associated bundle. The horizontal distribution of P xg N is defined by

Hor(P x¢ N) = dIl(Hor(P) & {0}) (2.10)

In particular, take P = F the frame bundle, and N ~ R" to be the fundamental GL(n,R)
module. The associated bundle in this case is precisely the tangent bundle and hence (2.10)
tells us that every choice of horizontal space on the frame bundle defines a horizontal space
on the tangent bundle. This defines a linear connection on 7" via (2.9) and the identification
of Very(T') ~ Ty, M. Conversely, it is possible to show that every linear connection V on T
defines a unique horizontal distribution Hor(7"). There is then a unique principal connection

Hor(F') on F such that the associated connection is Hor(7"). This shows that there is a bijection
{Principal connections on F'} — {Linear connections on 7'} (2.11)
Of course, choosing the G-space N to be another GL(n,R) module in (2.10) would define the
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associated connection on all GL(n,R) vector bundles over M.

Suppose we have a restricted G-structure Pg C F. We get the following definition.

Definition 6. A linear connection V on T is said to be compatible with the G-structure if
the corresponding principal connection on F' is a principal connection on Pg. That is, it is
compatible if Hor(F) C TP.

It is always possible to find a compatible connection to a G-structure. Indeed, any principal
connection on Pg defines a principal connection on F' via Hor(P) C TP C TF. Suppose V is
a G-compatible connection. The induced connection (also denoted by V) on other GL(n,R)
vector bundles £ — M will have the following property. If E = E; ® E», where the F; are
G-submodules, then Vv € T, M we have that

VUei € P(EZ) Vei S F(Ez) (2.12)

That is, V respects the G-representation structure. If the G-structure is defined by a set of

invariant tensors 7;, then compatibility is equivalent to [85].
V=0 (2.13)
Given a linear connection on T', we define the torsion to be given by
t(v,w) = Vyw — Vv — [v, w] v,we I'(T) (2.14)

If this vanishes for all v, w then we say the connection is torsion-free. In line with the comments

about integrability made in the last section, we have the following definition.

Definition 7. We say a G-structure Py C F is integrable, or torsion-free, if there exists a
compatible principal connection Hor(P) C TP C TF whose associated linear connection on T

is torsion free.

While the existence of a compatible connection is guaranteed, the existence of a torsion-free
compatible connection depends strongly on the geometry of the G-structure Pg and hence is a
much more interesting problem. We will review an obstruction to the existence of an integrable

G-structure called intrinsic torsion.

2.1.4 Intrinsic Torsion of a G-Structure

Suppose we have a G-structure Py C F with compatible connections V,V’ on T. Recall a

linear connection is an R-linear map obeying the Leibniz property.

V:T—T*T

2.15
for—df®uv+ fVu (2.15)
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We can then view the difference V — V' as a map : T — T* ® T such that

(V= V') (fv) =V(fv) = V'(fv)
=df®@v++fVv—df ®@v— fV'v (2.16)
= (V¥

Hence, the difference between two connections is a tensor ¥ € I'(T* ® End T'). Since V, V' are
compatible, we know that they are associated to g-valued 1-forms w,w’ on Pg. Given a local

frame compatible with the G-structure s : M — Pg, we find that
(V-V)s=s"(w—-u)el(T)®g (2.17)

The frame-independent statement of this fact if that ¥ € I'(T* ® ad Pg).
One can also show the converse. Namely, if V is a connection on 7T that is compatible with a
G-structure Pg, then for any ¥ € (T* ® ad Pg) the connection V/ = V + X is also a compatible

connection. Hence, the affine space of G-compatible connections A¢ is isomorphic to
Ag ~T(T* ® ad Pg) (2.18)

We would like to understand whether 3V € Ag that is torsion free. Suppose we have a

connection Vg with torsion ¢y, and a connection V' = V + X with torsion #'. Then we find

t/(v7w) - t()('l), U}) = V;w - v’lwv - [’U,U)] - (vovw - vav - [Ua w])

(2.19)
=XWw) w—X(w)- v

Consider a map

7:T(T* ® ad Pg) — T(A*T* @ T)
(2.20)
7(X)(v,w) — X(v) - w — X(w) - v

im7 C T'(A?T*®T) denotes the subset of the space of torsions that can be affected by changing

V. Therefore, the affine space of torsions of G-compatible connections 7¢ is precisely
T =to+imT (2.21)

The statement that there is a torsion-free connection is equivalent to saying that 0 € Tg,
or equivalently, that tg € im7. This is perhaps a less appealing definition as it requires the
existence of a reference connection V.

We define the space of intrinsic torsions to be the quotient space
Wit .= T(A*T* ®T)/im T (2.22)

For any given G-structure and compatible connection V, the projection of ¢ onto W™ is inde-
pendent of the choice of connection by construction. Hence, this is a property of the G-structure

itself, rather than any connection. We call the value a given G-structure takes its intrinsic tor-

28



sion. A torsion-free compatible connection exists if and only if the intrinsic torsion of the

G-structure vanishes.

Example 12. W for an SU(3) structure can be shown to decompose into SU(3) representa-
tions as [89]
W~ (101)e(828) @ (606)02(303) (2.23)

So we can represent the intrinsic torsion for an SU(3) structure with 5 tensors W, ..., Ws.
Wi € 1® 1 is a complex scalar, Wy € 8 ® 8 is a complex primitive (1,1)-form, W5 € 6 ® 6 is a
real primitive (2,1) + (1,2) form, and Wy, W5 are real 1-forms. One can show that these obey
the following

3 - _
dwziim(WlQ)—l—Wz;/\ijWg dA=WiwAw+We Aw+ W5 AQ (2.24)

Hence an SU(3) structure is integrable if and only if dQ2 = dw = 0.

Example 13. W™ for a Gy structure can be shown to decompose into Gy representations
as [90]
W 1a7314 027 (2.25)

We can therefore represent the intrinsic torsion of a Gg structure with 4 real tensors Xi, ..., X4.
X is a scalar, Xy is a 1-form, X3 € Q2,(M), and X4 € Q3-(M). One can show that they satisfy

4
dp=X1*xo+ Xy NP+ X3 d*¢:§X4/\*¢—|—X2/\(Z) (226)
Hence, a Go structure is integrable if and only if dp =d * ¢ = 0.

2.1.5 Relation Between G-Structures and Holonomy

Often, the backgrounds relevant to string theory are said to be ‘special holonomy manifolds’
[91,92]. These are backgrounds with restricted holonomy Hol(V) C SO(d). We have seen
that every G-structure on a manifold has a compatible connection associated to it. One might
expect that the holonomy of these compatible connections would also be restricted in some way.
Here we will briefly describe the relation between G-structures and holonomy. First, we define

holonomy of a connection on a principal bundle.

Definition 8. Let P — M be a principal bundle with fibre G, and D = Hor(P) C TP be a
connection on P. We define the holonomy of P at p € P to be Hol,(P,D) = {g € G|p ~ g p},

where p ~ ¢ if there exists a horizontal curve v in P from p to q.

One can show that Hol,(P, D) is a subgroup of G and depends on the choice of p only up
to conjugation. Hence, we define Hol(P, D) to be the isomorphism class of Hol,(P, D). If we
take P = F' the frame bundle of M, then there exists an associated linear connection V on 7',
whose holonomy group is defined in the usual way which we will denote by Hol(V). Both of

these groups are some subgroup of GL(n,R) and in fact, one can show that
Hol(F, D) = Hol(V) (2.27)
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We will assume that Hol(V) is a connected, closed subgroup of GL(n,R) as those will be the
cases of most interest to us.

Consider a point p € F and define the set Q = {q € F'|q ~ p}. One can show that Q C F
defines a submanifold and that H = Hol(F, D) acts freely on it. Hence, Q@ — M defines a
principal H bundle. Moreover, one can show that the connection D is compatible with @), i.e.
D C TQ. This shows that the existence of a connection V on T with holonomy H implies the
existence of an H structure on M with compatible connection V. It is in fact possible to prove
the converse [93]. Hence, there exists a connection V with holonomy group H if and only if
there exists an H-structure Py C F on M. Hence, the question of existence of holonomy groups
becomes a topological question of the existence of principal subbundles of the frame bundle.

The question of which holonomy groups can appear via torsion free connections is a much
more interesting problem. The problem for a general manifold is quite hard, however a list of
connected, torsion-free, Riemannian holonomy groups that can exist on an open ball of R was
originally put forward by Berger [94] and has since been extended [95]. The groups of interest
for supersymmetric backgrounds are examples of what are called special holonomy groups. In

6, 7 and 8 dimensions respectively, these special holonomy groups are
SU(3) Go Spin(7) (2.28)

While these are important in the study of supersymmetric backgrounds, manifolds with these

holonomy groups do not provide a complete classification, as we will see.

2.2 Flux Backgrounds

Understanding the full landscape of string theory backgrounds has been a central area of research
for a long time. Supersymmetric backgrounds in particular are attractive as an arena to study
string theory for many reasons. Firstly, it has been shown that, at least in the context of M-
theory and type I, if a background satisfies the supersymmetry conditions, and the fluxes satisfy
the Bianchi identities, then the background will satisfy the equations of motion [96,97]. Hence,
we can reduce a system of second order PDESs to a system of first order PDEs. This substantially
simplifies the problem and makes finding solutions much easier. Secondly, if our universe is
supersymmetric then it is likely to be broken to A/ = 1 at the compactification scale, and
then further broken by some four-dimensional affects, such as gaugino condensation [98-100].
Supersymmetry also restricts the form of the moduli space and ensures it has a Kahler structure.
This simplification allows us to make progress in analysing its structure.

In this section we will review some of the work that has been done on supersymmetric
backgrounds, both with and without flux. We will follow the work of [101] closely, and mostly
look at compactifications down to D = 4 Minkowski. As we will see, most of the discussion of
supersymmetric backgrounds has been done in the language of (non-)integrable G-structures.
We will first review backgrounds in which the flux is turned off and determine the G-structures
implied by supersymmetry. We will then reintroduce the fluxes and see how they affect the

integrability. Finally, we will look at how the properties of the lower dimensional effective
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theory? are determined by the geometrical data of the internal manifold. For example, we will

see how the massless scalar fields are determined by the moduli of Mjy;.

2.2.1 Compactifications without Flux

We shall take the following ansatz for the spacetime manifold and metric.
M = Moyt X Mint ds® = ezA(y)guyd:U“dx” + Gmndy™dy" (2.29)

where z# are coordinates on My, y™ coordinates on My, and where A, the warp factor, is
a function on Miy. We also take the configuration to be maximally symmetric on Myt which
implies that the external metric § is AdS or Minkowski?, and that all the background fermions
vanish.

The condition that this background preserves some supersymmetry is the requirement that
the supersymmetric variation of all the fields vanishes. In any background, we assume all the
fermions are turned off. Here we further assume that the fluxes are turned off. By Grassmann
parity, the supersymmetry variations of all the bosonic fields must always involve the background
fermions. Since we have assumed these are zero, the supersymmetry conditions on the bosons
are automatically satisfied.

de(metric) =0 de(flux) =0 (2.30)

We therefore turn our attention to the variation of the fermion fields. In any supergravity theory
there are gravitino(s) 1, plus possible dilatinos A, and gauginos x. The precise combination of
these depends on whether we are working in heterotic, type II or M-theory backgrounds. We

will address each of these in turn.

M-Theory Backgrounds

For M-theory backgrounds, we only have one gravitino . With all the fluxes turned off, the
only relevant bosonic field is the 11 dimensional metric ¢ and the variation of the fermion is
simply [103-106]

5 = Ve (2.31)

where V is the Levi-Civita connection on the 11 dimensional space M. Hence, supersymmetry
is equivalent to the existence of a globally defined parallel spinor €. From the discussion in the
previous section, we see that this implies a restricted holonomy group and hence the geometry
of the spacetime is given by a reduced structure group Pg for some G C Spin(10,1). We would
like to see what this implies for the internal manifold M,t.

Considering the parts of (2.31) along external and internal directions respectively, we find

~ 1
(VM+2%ﬁM®VA>6:O (2.32)

Ve =0 (2.33)

2We will often refer to this simply as the effective theory.
3We will not consider de Sitter vacua here as they do not permit supersymmetric backgrounds. Moreover, it
been suggested that there are no meta-stable non-supersymmetric de Sitter vacua of string theory at all [102]
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where V is the Levi-Civita connection of §, V is the Levi-Civita connection of ¢, and 7 are
the y-matrices of § under the decomposition Cliff(10, 1) — Cliff(3,1) x Cliff(7). From equation
(2.32) we find that

- 1,
[V/u VU]E = _5 (’Y,uz/ ® WA)Q) € (234)
However, we also have
- 1 o A
[v,u? vu]é = ZRuvpo'Yp €= g'ﬁwﬁ (2.35)

where A is the cosmological constant associated to the maximally symmetric external metric g.
We therefore find that A
3+ (WA)? =0 (2.36)

Hence (W'A)? is constant. However, on a compact manifold, the only constant value that ('A)?
can take is 0. Hence, the warp factor A is constant and the cosmological constant must vanish.
That is, the external space must be Minkowski. This provides our first no-go theorem.

Given the decomposition of the Clifford algebra, we can decompose € into internal and

external spinors
e=n(x) ®E(y) +n-®¢ (2.37)

where 7+ are chiral spinors on the external space of opposite chirality, and £ is a complex spinor

on the internal space. Equations (2.32), (2.33) then become

Ve =0 V€ =0 (2.38)

This translates to 14+ being some constant spinor on R*! and ¢ being a parallel spinor on M.
The constant external spinors 7+ generate the N' = 1 rigid supersymmetry of the effective theory.
The parallel internal spinor tells us we have a reduced holonomy group Hol(V) C Spin(7) and
hence an integrable Hol(V)-structure.

To find the structure group, we need to consider the stabiliser of the internal spinor £. This
is the complex combination of two real Spin(7) spinors £ = (3 +i(2, which are each individually
stabilised by some G2 C Spin(7) wherever they are non-vanishing. This provides us with two
interesting cases.

G=2¢ > Go

. . (2.39)
(1, (o linearly independent — SU(3)

It is worth noting that, unlike in the other cases, the existence of these G-structures alone is
no restriction to Mi,;. This is because any 7 dimensional spin manifold actually has an SU(2)
structure [107]. However, the requirement that these G-structures are integrable, as is implied
by the compatibility of the Levi-Civita connection, is a restriction. We should also note that
the cases outlined above are not the most general cases for the spinor £. We can have more

complicated geometries that are not so easily defined by conventional G-structures [108].

Type II Backgrounds

Here we find that, while some of the details are different, the story is largely the same as

for the M-theory case. Now we have two gravitinos ¢’ and two dilatinos A’ of opposite (the
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same) chirality for type IIA (IIB). The variation of these fields with all the fluxes turned off
are [109-111]

bp =Ve S A= (Ve (2.40)

where ¢ is the dilaton. Here we have combined the gravitinos and dilatinos into one object
¥ = (P1,9?), A = (A1, A\2). The supersymmetry parameter ¢ now consists of two chiral spinors
€= (e, e?F), where the upper sign corresponds to ITA and the lower to IIB.

We can run through the same argument as before and learn that the vanishing of the first
equation in (2.40) implies that the warp factor must vanish and the external space must be
Minkowski. We decompose the supersymmetry parameters under Cliff(9,1) — Cliff(3,1) x
Cliff (6) as

(@) @& (y) +nl @l

(2.41)
(z) @2 (y) +n° @&

+N 4=

n
n

HN =

€
€

= £' . From this decomposition, we

where the £, are chiral spinors on 6 dimensions, and Efﬁ‘
learn that the n’ must be constant spinors on R*! and the & must be parallel spinors on Miys.
The second equation in (2.40) just implies that the dilaton is constant.

The existence of the parallel spinors implies a reduced holonomy group and hence a G-
structure on the manifold. Again, we need to analyse the stabiliser group of the ¢ of which

there are two interesting cases.

= SU(3)

—
o , (2.42)
&, &% linearly independent — SU(2)

Interestingly, in both cases, the external spinors 7' are independent of one another. These
individually generate supersymmetry in the effective theory and hence, when there is no flux,
the background automatically preserves N/ = 2. We therefore require flux for a genuine N' =1

theory coming from type II.

Heterotic Backgrounds

Heterotic backgrounds have been the focus of many phenomenological efforts in string theory
due to the ease of finding models that produce chiral Fermions and the Standard Model gauge
group [67,68,112,113]. They were first studied in [69] where they gave the supersymmetry
variations of the single gravitino 4, the dilatino A, and the gauginos x*. We will work in the
string frame where the warp factor is trivial. For vanishing fluxes, the supersymmetry variations
become

A 1 .
detp = Ve S\ = V2(Vp)e dex® = —Ze‘pvm”Fﬁme (2.43)

Here we have required the vanishing of the gauge-invariant and Lorentz-invariant field strength
[114,115]
1
H=dB+ Zo/(wg(A) —w3(09)) (2.44)
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where A and © are the connections on the gauge bundle and tangent bundle on My, respectively,
and ws is the Chern-Simons term of the relevant connection.
Splitting the gravitino variation into internal and external pieces, we once again see that the

external space must be flat? and that the internal space has a single parallel spinor &, where

e=n4(z) @& (y) +n- @& (2.45)

Unlike in the previous cases, we only have one internal spinor and hence the geometry of the
internal space is always given by an integrable SU(3) structure.
The vanishing of the dilatino term tells us that the dilaton must be constant. The gaugino

variation can be re-expressed in the following way
a 1 T .mn pa # a
0 = dex & 0= 55 yES L€ = Wi F (2.46)

where we have used the SU(3) structure of the internal space to write the spinor bilinear in
terms of a symplectic form w. We therefore require A to be an instanton [116,117] and to satisfy

a constraint coming from the exterior derivative of (2.44) which states
Te(FAF)=Tr(RAR) (2.47)
where R is the curvature 2-form defined by ©O.

2.2.2 Compactifications with Flux

We have seen that, in many cases, the geometry of fluxless compactifications can be described
in terms of some integrable G-structure. As described in section 2.1, these geometries have nice
properties and are well understood. Despite the attraction of these simple geometries, people
have looked for backgrounds that include non-trivial fluxes. While these break the integrability
of the G-structures, they solve some of the problems that arise in the cases above. For example,
in type II, fluxes were introduced to find genuine ' = 1 compactifications, while fluxes in other
circumstances have been used to reduce the typically large number of moduli. We have also seen
that flux is required to support a non-zero cosmological constant and hence find AdS solutions.

The key point in the conventional analysis of backgrounds with flux is that the geometry
must be defined in terms of torsionful connections. That is, the flux generates a non-zero value
of the intrinsic torsion of the G-structure. The precise value of the intrinsic torsion can have
different implications of the geometry of the internal space.

The way fluxes enter the equations of motion and the supersymmetry conditions have led to
many no-go theorems for fluxed compactifications [118-122]. For the moment I will just focus
on the fairly general theorem® of [121] which states that there cannot be a reduction of type II
or M-theory® down to Minkowski space where the internal space Mj, is compact, non-singular,
and there exists non-trivial n-form flux for n > 1. The statement of this theorem requires only

the equations of motion, not supersymmetry and so is fairly broad. The proof of the statement

“In fact, in [69] they show that the external space must be flat even for non-vanishing flux I
®In fact, arguments that non-zero flux imposes a negative cosmological constant first appeared in [123,124].
5They even show this is true for massive ITA but we won’t be considering that case here.
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runs as follows. Consider the Einstein equations in the full supergravity

1

Ryn =Tun = 5= gun ' (2.48)

where d = 10 or 11 is the dimension of the full spacetime, and ¢ is the metric on M. We
take the metric as in (2.30) but assume the external metric to be Minkowski. Considering the

components of the Ricci curvature along external directions, we find

1
R/Jl/ = _nMV(va + 2<VA)2) = T,UV - d -9 ezAnNV TLL <249)
Contracting with 1 on both sides we find
4
— 224 (VZe?) = &4 (T““ — mTL L) (2.50)

We proceed to show that the right hand side of (2.50) is always non-negative, and is 0 if and
only if the only non-zero flux is a 1-form.
For non-singular geometries, the energy-momentum tensor only gets contributions from n-

form fluxes. They contribute a term of the kind

1
TMN = FMLlu_LnilFNLl'"Lnfl — %QMNFQ (251)

Hence the contribution to the right hand side of (2.50) is

4
d—2

4 1
Tf = —Fup, 1, Frir-to-n g ) <1 - n) F? (2.52)

T=T1",

We want fluxes that do not break the isometry of the external Minkowski space and hence they
must have entirely internal legs or 4 external legs. If F' has only internal legs then the first
term on the right hand side of (2.52) vanishes and F? > 0. Hence we get a strictly positive
contribution to 7 unless n = 1. In that case, the contribution vanishes identically. If F has 4

external legs then one can show that

4
Fupy. L, F* et = — 2 (2.53)
n
Hence, we get the contribution
~ 4d—-n—-1)
T=-F———— 2.54
n(d—2) >0 (2.54)

where we have used the fact that F must have a temporal component and hence F? < 0.
Finally, we return to (2.50). We multiply both sides by e?4 and integrate over M. Since
we have assumed M is compact with no singularities, the left hand side vanishes. However, the
right hand side is strictly positive for any non-zero n-flux for n > 1. This is a contradiction and
proves the result.
There are ways around the proof. For example, one can add higher derivative corrections to

the equations of motion coming from string theory. If we include these, it has been shown that
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the positivity condition no-longer holds and you can have warped compactifications [125-127].
Another possibility is to add localised sources. These will produce singularities in the geometry

which will contribute when we integrate (2.50) over the manifold. We need
/ e4A<Tﬂux + ﬁoc) =0 (255)
Ming

and hence the local sources must contribute negatively to the energy-momentum tensor. We
know that branes can be sources for flux, and so we can consider their contribution. For example,
a D,-brane along spacetime and wrapping an internal p — 3 cycle ¥, we find the contribution

to the energy momentum tensor (in the Einstein frame) is [128§]
- — —(p+1) p-3 .
Tioe = 72—pr 6% T =(2mva) e >0 (2.56)

Therefore, for p < 7, the brane also contributes positively”. We also get similar contributions
from other branes [106,120]. To cancel these contributions, we need objects of negative tension.
Fortunately, orientifold planes provide such objects and can be inserted to avoid this no-go
theorem® [129,130)].

While these no-go theorems are important in understanding string-theory compactifications,
we shall not address them in this thesis. Instead, one should consider the type II or M-theory
geometries we describe to either be non-compact, or describe the geometry away from sources.
We now turn to how flux can affect the intrinsic torsion of the G-structures outlined previously.
We will be working with the assumption that M, = R*!. Throughout this thesis, we will be
using the democratic formalism for RR fluxes of type II [131]. Since we are also assuming that
the fluxes do not break the isometry of R3!, we will sometimes write a flux with 4 external legs

as the dual of an entirely internal flux.

M-Theory Backgrounds

M-theory backgrounds with flux have been studied in many contexts [104, 106, 108, 122,129,
130,132-134]. We will focus on understanding how the introduction of flux affects the intrinsic
torsion of the G-structures outlined previously. The supersymmetry variation of the gravitino
with arbitrary 4-form flux G is [122]

. 1 ) .
Oy = |:VM — T (’)/MNPQR — 8(5NM’}/PQR) GNPQR:| € (2.57)

where the 4 are the full 11 dimensional v-matrices. Taking the ansatz for the for the spinor as
in (2.37), we find that the external spinors 4+ must be chiral and constant, as before. We then

find the following conditions on the internal spinors [104]

1 1
0= [(uieA + QVA> + 144Gmnpq'7mnpq:| 5 (258)

"We see that p > 7 avoids this issue and hence F-theory is free from this no-go theorem.
8In fact there are further constraints on the number and type of branes and orientifold planes due to the
tadpole cancellation condition [101].
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1
0 - vm + m (qurs,ypqrsm - 8Gmnpq7npq) 6 (259)
Here, we have written the 4-form flux G as a piece along the external space and a piece along
the internal space.
3

A vpo 1 mn,
G = @uewpg(dx)“ P IGmnpq(dy) Pq (2.60)

This is the most general form of G that does not break the isometry of the external Minkowski
space.

From analysing equations (2.58), (2.59), [122] were able to show that, provided the 7-
manifold only had a G structure and nothing more refined, one could not solve these equations
with non-trivial flux without curving the external space. However, as expressed earlier, any
7-manifold that is spin also has an SU(2) structure. This, in particular, implies the existence
of a Gy 3-form ¢, along with a vector field v. [104] were then able to use these structures to
put constraints on the intrinsic torsion of the Gg structure arising from the supersymmetry
conditions.

From equation (2.59), we see that the internal Levi-Civita connection is no longer compatible
with the internal spinor &. If we assume that the manifold has at least a Go structure generated
by &, then this tells us that the compatible connection has some torsion piece that depends on

the internal 4-form flux G. We can define the Go 3-form by a bilinear in ¢

¢abc = _igTrYabCE * Qsabcd = £T7abcd£ (261)

As we saw in (2.26), the intrinsic torsion of the Gy structure is precisely measured by d¢ and

d * ¢. The torsion classes take the form
4
dp=X1%x¢p+ Xy NP+ X3 d*¢:§X4/\*(;5+X2/\¢ (2.62)

Replacing the exterior derivative with the Levi-Civita connection and using (2.59), (2.61) we
can find the values of the X; in terms of G. This then puts constraints on the possible torsion
classes that can arise. Moreover, one can put constraints on the possible values of G that lead
to a solution of the supersymmetry equations. We will not explicitly give the answer here since
it is messy and not particularly illuminating for the remainder of the thesis. The results are,
however, given in [104].

We note that even with the introduction of the flux, this is not the most general form an
M-theory internal manifold. This is because we have still had to make some assumptions about
the internal spinor, such as it gives a well defined Go structure. There could be cases in which
the real or imaginary part of £ degenerate at some points on the manifold. The Go description

would break down at those points.

Type II Backgrounds

A comprehensive review of flux backgrounds of type II theories with an SU(3) structure is given

in [101]. The supersymmetry variations of the 2 gravitinos and the 2 dilatinos are given in the
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string frame by

. 1 NP 1 .
bty = Ve + gHMNPF Pe + 176@0 ;FHFM'PHE (2.63)
o1 1, .
SN = (ﬁgo + 2}{77) €+ e’ ;(—1) (5 —n)FPre (2.64)

where H is the NS 3-form flux, the F;, are RR fluxes, ¢ is the dilaton and the P, P,, are operators

acting on the doublet € = (¢!, €?) and depend on whether we are in ITA or IIB. For ITA we have

P=Ty  Pp=(T1)"%! (2.65)
For IIB we have
3 ol "TH even
i0? ™t odd

To ensure we preserve only N/ = 1 supersymmetry, we need to assume that the external
spinors i’ in (2.41) are proportional to one another. We will consider this case here and examine
more general cases later. We can absorb that proportionality into the definition of the internal

spinor as follows.
(2.67)

We also are assuming that the internal manifold only has an SU(3) structure and so the internal
spinors are equal. We then split the supersymmetry conditions (2.63), (2.64) into internal and
external pieces. We find that the external spinor has to be constant and we get a complicated
set of conditions on the internal spinor. Much like in the Go case, we find that the Levi-
Civita connection is no longer compatible with the internal spinor £1. Instead, the compatible
connection depends on the fluxes H, F;, which arrange themselves into the torsion classes of the
SU(3) structure.
We define the SU(3) structure through the spinor bilinears

Wmn = :F21 gjl:’}’mnf:l: anp = -2 5—’7mnp§+ (268)

As we saw in (2.24), the torsion classes of the SU(3) structure are defined by dw and d2 via
dw:%im(W19)+W4/\w+W3 dQ:Wlw/\w+W2Aw+W5/\Q (2.69)

where the W; are differential forms falling into irreducible SU(3) representations. The different
values that the W; take depend on the fluxes and describe different geometries for the internal
space. Moreover, there are strict constraints on the possible values of the flux that give solutions
to the supersymmetry equations and the Bianchi identities.

Solutions to the supersymmetry constraints for various fluxes have been thoroughly studied
[106,135-141] and a summary of all possible ' = 1 Minkowski flux backgrounds with SU(3)
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structure was given in [142, Sec 4]. We won’t give the full summary as it is again complicated
and not that illuminating for the rest of the thesis. However, we will provide some details on
certain cases that can arise. This, of course, depends on whether we are in IIA or IIB. We find

the following possible constraints on the torsion classes

IIA IIB
Wi =Wy =0, Ws=2W4 Wy =Wy =0, Ws=2W, (2.70)
Wi=Ws=W,=0 Wi=We=W5=0 '

Wi =Wy=W;=0

The torsion classes that do not vanish depend on the fluxes. The following table describes the

possible geometries that arise when various torsion classes vanish [101]

Geometry Torsion Classes
Complex Wi=Wy=0
Symplectic Wi=Ws3=W;=0
Half Flat mW;=imWy =W, =Ws;=0
Special hermitian Wi=We=W,=Ws=0
Nearly Kahler Wo=W3=Wy=W5=0
Almost Kéahler Wi =Ws=W,=W;=0
Kahler Wi =Wo=W3=W4=0
Calabi-Yau Wi=We=W3=W,=W5=0
Conformal Calabi-Yau | W7 = Wy = W3 = 3W, — 2W5 =0

We observe that for type IIA, we either have a complex manifold, or a symplectic manifold. For
type IIB however, the manifold is always complex but there may be a more refined structure
depending on which other torsion classes vanish. We should note that the IIB cases are not

exhaustive as there exist solutions that interpolate between the different cases [143]

Heterotic Backgrounds

Heterotic backgrounds with non-vanishing flux are free from the no-go theorems of type II
and M-theory because of the presence of gauge fields and the higher o’ corrections to the
equations of motion. Therefore, these have been studied greatly over the years [69, 144-150)].
The flux compactifications were first studied in [144, 146] and resulted in the Hull-Strominger
system. This is a set of differential conditions on the geometry of the internal manifold that
are equivalent to the supersymmetry constraints. We will leave a more complete review of the
Hull-Strominger system to section 3.1 and will just comment on how the flux affects the torsion
of the G-structure.

As noted, a heterotic background preserving N' = 1 supersymmetry always has an SU(3)
structure. This simple structure implies the existence of a symplectic form w and a complex
3-form €2 which we can build out of spinor bilinears as in (2.68). The supersymmetry conditions

imply the following for the differential forms

de ??Q)=0 i(0-0w=H (2.71)
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These equations describe the torsion classes of the SU(3) structure. Comparing with (2.24) we
see that
Wi =Wy=0 Ws=2d¢ (2.72)

In particular, we see that we always have a complex structure J, and hence the Dolbeault
differentials 0,0 are well-defined. The torsion classes W3, W, will depend on H through the
equation

dw=J -H (2.73)

2.2.3 The Effective Theory

An important aspect of compactifications of string theory is understanding the effective theory
in the lower dimensional space. This arises by doing a Kaluza-Klein-like reduction of all the
fields on the full space M to the external R*! and truncating” to the massless modes. In the
cases where the compactifications are described by integrable G-structures, the effective theory
is well understood and can be described in terms of the moduli space of the G-structure.

The massless scalar fields in the effective theory should parameterise some space, often called
the scalar manifold or moduli space. If all the scalar fields are constant on R*! then this should
constitute a vacuum of the effective theory. Hence, the scalar manifold should be the moduli
space of supersymmetric backgrounds of the theory. In the cases that the fluxes are turned off
we know that the geometry can be described in terms of an integrable G-structure. Hence, the
scalar manifold is related to the geometric moduli space of the G-structure. On the other hand,
the massless fields of the effective theory should lift to fields of the full supergravity theory in
10 or 11 dimensions and can be written as perturbations around some fixed background. In
practice, this means we can expand the fields on the whole space into internal and external
pieces, where the internal pieces label the geometric moduli.

In the case of Gy manifolds for M-theory backgrounds, the geometric moduli space is lo-
cally diffeomorphic to H3(M) [151]. Given a harmonic basis p; of H3(M) we can expand the

perturbations of the metric and 3-form A as'?

Alz,y) = ' (@)pily)  d6(z,y) = B'(«)pi(y) (2.74)

Since the Go 3-form ¢ determines the internal metric, the second term induces the metric
perturbation. The functions o', ° form the scalar fields in the effective theory. We know this
theory is supersymmetric and so they should combine into the complex scalars & of the chiral

fields. From supersymmetry arguments, we know that the kinetic term should be
/ Kijdet A *dE! (2.75)
R3.1

where Kj; is the Kahler metric on the scalar manifold. It is possible to show [152,153] that this

9In general this will not be a consistent truncation. More accurately, we want to find the effective theory by
integrating out the massive modes.

0T here can be other terms in the expansion of the metric and A, however these would not be scalars from the
point of view of R
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Kahler metric has Kahler potential given by

K ~ In /sz Axp p € H3 (M) (2.76)

In the case of Calabi-Yau compactification of type II (or heterotic), the geometric moduli
is locally split into Kéhler and complex moduli [154]. This means that we can expand the
perturbations of the supergravity fields in terms of a harmonic basis w, of H'*(M) - the Kéhler
moduli - and a harmonic basis i of H>!(M). We will also use a real harmonic basis px of
H3(M). The NS sector decomposes as

Ogmn = 128(@) (S )  Sg = 0%(2) (@a)ma(y)

(2.77)
Pz, y) = o(x B(z,y) = b*(z)wa(y)

where we have used complex coordinates on the Calabi-Yau manifold. The RR sector in ITA

decomposes as'!

Cilz,y) =0  Cs(a,y) = (2)ur(y) (2.78)

and the RR sector in IIB decomposes as

Co(z,y) = Co(z)  Ch(z,y) = *(@)waly)  Calz,y) = p(2)(xwa) (y) (2.79)

Since Calabi-Yau compactifications define N/ = 2 supersymmetry, these scalars will align into
hypermultiplets, vector multiplets, and tensor multiplets. The scalars in the vector multiplets
are given by

IMA: % = b +iv® IB: 2" (2.80)

The kinetic term in the action for these fields takes the exact same form as in (2.75) except
that the Kéhler potential in each case is given by [154-158]

’CHANln/ wAwANAw /CHBNIH/ QAQ (2.81)
M M

The scalars in the hypermultiplet have a similar kinetic term where the metric is hyper-Kahler
and was found in [159].

As we have seen, to break the supersymmetry further one needs to include fluxes. Introduc-
ing fluxes has the benefit of inducing a superpotential [157,158] and hence a potential for the
moduli. Ensuring that this potential is minimised in the vacuum can fix some of the typically
large number of moduli. Unfortunately, once we turn on fluxes for the gauge potentials, their
expansion in terms of harmonic forms breaks down entirely. In fact, identifying the correct
geometric moduli has been an extremely difficult problem in general. For small flux, one can
try to argue that the moduli will be those of a Calabi-Yau, except some will attain a mass. This
process is called moduli stabilisation but breaks down for larger fluxes [160,161].

It is clear that understanding the geometric moduli space of supersymmetric backgrounds

is key to understanding the dynamics of the effective theory on R*'. However, it has been an

1y does not provide any scalar fields in R*! since there are no harmonic 1-forms on a Calabi-Yau. It will
contribute vector fields to the action but we will not discuss those here.
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open problem for some time to know exactly what this is. The work in this thesis makes a

significant step in solving that problem.

2.3 Generalised GGeometry

Having a clear understanding of the geometry of the internal manifold of compactifications has
been vital to the study of the effective physics of string theory in lower dimensions. Unfor-
tunately, conventional G-structures give a far from complete picture. As we have seen, the
introduction of flux breaks the integrability of the G-structure, and classifying the possible
torsion classes can be an involved process. Moreover, as we have suggested above, the G-
structures may not even be globally well-defined if the internal spinors degenerate at certain
points on the manifold. On top of this, understanding the moduli space, the Kéahler potential,
and superpotential is a largely unknown problem except for some specific cases. Conventional
geometry seems limited in attaining a complete picture of the geometry and moduli space of
string backgrounds.

Fortunately, the last 20 years have seen the development of a new geometric formalism that
is ideally suited to the full degrees of freedom of supergravity. This formalism, called generalised
geometry, works by considering objects defined not on the tangent bundle 7" — M, but on a
Leibniz algebroid £ — M, that has some local decomposition into vectors and differential
forms. There is some enlarged structure group GL(d,R)!? ¢ G C GL(tk E,R) and the local
decomposition of E is determined by the group G. We shall call these structures G-generalised
geometry, or just G-geometry.

All G-generalised geometries are examples of transitive, local, locally split, closed-form
Leibniz algebroids. These were studied and classified by Baraglia in [162]. However, their
first appearance was in [163] for O(d, d) geometry, and developed in the work of Hitchin and
Gualtieri [164,165]. Other examples involving exceptional groups were later discovered [166],
as well as others suitable for different aspects of string theory [167,168]. In this section we will

review the mathematical background of generalised geometries relevant in string theory.

2.3.1 0O(d,d) Geometry

The first instance of generalised geometry was that defined in [164,165]. There, they considered
the bundle
E=TaT" (2.82)

E is often called the generalised tangent bundle and it has a natural O(d,d) structure on it,

where d is the dimension of the manifold, given by the inner product

W+ &) = 3 (€6) + () (283)

12Here7 as in the rest of the thesis, d will correspond to the dimension of Miyt.
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If we take a frame é; of T, with dual frame e?, then we can express the inner product with the

n(,-) = ( g g ) (2.84)

which is clearly preserved by O(d,d). The algebra of symmetries of this structure have an

matrix

expression in terms of natural geometric bundles. This bundle is called the adjoint bundle!?
ad F = (T ®T*) @& N*T* ® \°T (2.85)

This has a natural action on E given in appendix A.2
This bundle has a natural antisymmetric bracket [-,-] that acts on sections of E that gives
the structure (E,n, [+, -], a) the structure of a Courant algebroid [163,169,170]. Here a : E — T

is the natural projection and is called the anchor map. The Courant bracket is given by

1
[o+&y+ul = [yl + Lon = Ly€ — Sd(zan — y£) (2.86)
This is not a Lie bracket since it fails the Jacobi identity. One can check that

Jac(X,Y, Z) = [X,Y]Z] + cyclic perms

1 (2.87)
= gd (n([X, Y], Z) + cyclic perms)
One can define a derivative operator, called the Dorfman derivative'® which acts as
LxY =L,y + Lyn—yad€ (2.88)
Then we have
1 1
[X,Y] = 5 (LxY — Ly X) dn(X,Y) = 3 (LxY + Ly X) (2.89)

The collection (E,n,L,a) is a Leibniz algebroid [171-173] and turns out to be useful in the
study of string theory backgrounds.

Symmetries and H-Twists

The Dorfman derivative is clearly covariant under usual diffeomorphisms of the manifold. More-

over, we can also consider transformations by 2-forms B given by

Bar+&)=x+E6+2.B (2.90)

13 This is indeed the adjoint bundle defined by taking the O(d, d) frame bundle F, and the Lie algebra o(d, d)
and defining ad F' = (F x o(d, d))/O(d, d)

4Here, and in the rest of the thesis, 1 denotes the interior product of a multivector and form. The conventions
we use are given in appendix A.1.

15This is sometimes called the generalised Lie derivative as it plays an analogous role to the Lie derivative in
conventional differential geometry.
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Putting this into the derivative, we find that
LesxePY = P LxY + yi(2.dB) (2.91)

IfBe QEI(M ) is closed, then B is a symmetry of the Dorfman derivative. We call the symmetry

group the set of generalised diffeomorphisms and it is given by the semi-direct product
GDiff = Diff x Q4 (M) ~ Diff x Q2 (M) (2.92)

The second term is taken in a local patch. We see from (2.88) that this is precisely the set
of transformations generated by Lx. The statement that these are symmetries of the Leibniz
structure is precisely the statement that Lx acts as a derivation on itself.

Notice, however, that if we choose any closed!® 3-form H € Q3(M) then we can define

another differential operator via
LAY = Loy + Lon — yod€ + yo(zoH) (2.93)

We call this the H-twisted Dorfman derivative and it has the same symmetries as the untwisted
case. We also see from (2.91) that

L{ilnxy(ePY) = LYY (2.94)

Hence, by reparameterising the sections X,Y € I'(E), we can move between different represen-
tatives of the cohomology class of H. Inequivalent twists are labelled by H3(M).
In a local patch U; C M, we can always find some B; € Q?(i4;) such that H = dB;. Hence,

on this local patch we can calculate the twisted Dorfman derivative via the untwisted
LYY = L s, yePY (2.95)

However, this is just a local expression. We know that on an overlap U; N U;, the potentials
B;, B; are related by an exact form B; = B; +dAj;. For the sections to be globally well-defined
we require

X =ePi(w; + &) = ePi(z; + &) on U; NU; (2.96)

where the z; € T(U;, T), & € Q' (U;) are local vector fields and 1-forms. For this to be true, we

require patching of the 1-forms and vector fields to mix into one another. That is, we require

T = T, (2.97)
fz‘ = fj + JIj_ldAji (298)

This implies that the X; = x; + & are in fact local sections of a twisted bundle Ef which is

16 Closure is required to ensure this still satisfies the axioms of a Leibniz algebroid. Namely we need [Lg7 L{}I} =

H
LL)ng
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defined to be an extension of the tangent bundle by the cotangent bundle.
T — Eg — T (2.99)

This provides an alternative description of twists by a 3-form H. One can either consider the
untwisted bundle with a twisted Dorfman derivative, or consider the usual Dorfman derivative
acting on a twisted bundle. The gauge potential H = dB defines an isomorphism between the
Leibniz algebroids

(Fg, L) — (E,L™) (2.100)

In this thesis we will use these pictures interchangeably as they are equivalent. Because of this,
we will drop the H subscript in future discussions.

In fact, the patching has to obey particular compatibility conditions on triple intersections
implying the bundle Ep is ‘twisted by a gerbe’, and B the properties of a connective structure
on a gerbe [174]

Aji + Nji + Agy = dAgj on U; NU; N Uy, (2.101)

Generalised Spinors

Sections of F, along with the inner product on F, define a Clifford algebra Cliff(E) defined by
X -X=nX,X) (2.102)

This has a natural representation representation on the exterior algebra A*T™ given by
X0 =(24EP=0.0+{ND (2.103)

where x+& € E, & € A*T*. We use the slashed notation to denote the Clifford action to mimic
the usual notation of contraction with y-matrices. It is easy to check that the Clifford condition
(2.102) is met. One can also check that if A € gl(d,R) then the induced Clifford action is

AD=A &+ %(TrA)(I) (2.104)

where - denotes the usual adjoint action of gl(d) on polyforms. This implies that the spinor
bundle S is actually isomorphic to A*T* @ (det T)'/? as a representation of Spin(d,d). To
account for this det T* factor, we often include an R™ factor in the structure group. Physically
this relates to the trombone symmetry of supergravity backgrounds. We can then embed the

physical GL(d,R) subgroup such that the spinor bundle takes the form
S=AT* = \T* o AN°YT* =5, ¢S (2.105)

On the right hand side we have decomposed S into irreducible Spin(d, d) representations. We
call sections of Sy chiral spinors of positive/negative chirality respectively.

There is a natural O(d, d)-invariant pairing on spinors that takes values in det T, called the
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Mukai pairing. It is given by

(@)=Y (-ne,, A, (2.106)

Generalised Metrics

A generalised metric is a reduction of the structure group to its maximally compact subgroup
O(d,d) — O(d) x O(d)'". This is equivalent to defining a splitting of £ into C'; @& C_ such that
the inner product 7 is positive/negative definite on Cy respectively, and they are orthogonal.

This defines a conventional metric on E via
GV, W) =n(V,W)c, —n(V,W)c_ (2.107)

The subscript denotes the restriction of those vectors to the relevant subspaces.

Any conventional metric g defines a generalised metric on the untwisted space via

Ci={v+glw,)|veT} = G= ( g g?l ) (2.108)

To generalise this to include the H twist we need to multiply C+ by e®. Then we find that the

0 — B¢ !B —Bg!
G:eB<g ~ >e_B:(g _iqB 9 ) (2.109)
g g g

In fact, it is possible to show that any generalised metric takes this form, and hence uniquely

metric is given by

defines a B and a metric via the formula above.

Generalised Complex Structures

Generalised complex structures are the analogue of complex structures in O(d,d) geometry
[164,165]. Tt is defined by a complex structure on E that preserves the O(d, d) structure. That

1S
J:E—E J*=-1 nJX,JY)=n(X,Y) (2.110)

This defines a reduction of the structure group O(d,d) — U(%, %) We can decompose the

complexified generalised tangent bundle into eigenspaces of J
Ec=L1®L_4 (2.111)

where L, is the ni-eigenbundle of 7. Clearly L_y = Ly and Ly NL_; = {0}. One can also show
that
n(Ll, Ll) =0 (2112)

1"We can choose generalised metrics of different signature by taking O(p, ¢) x O(q, p).
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These conditions are equivalent to J and so we get the alternative definition of generalised

complex structure.

Definition 9. A generalised complex structure is a U(%, g) structure and is defined by a sub-

bundle L C E¢ satisfying the following.
i) L is maximally isotropic - dim¢ L = d, and (L,L) =0
ii) L has real index 0 - LN L = {0}

An object satisfying only (i) is called a Dirac structure [163]

Given a generalised complex structure, we can define a unique line bundle &/ C S¢ that
satisfies
A =0 V®el'(U) (2.113)

given any non-vanishing local section ® € I'(i{), we have (®,®) # 0. @ is called the pure

18

spinor-° associated to the generalised complex structure. We can also decompose Sc¢ into

eigenbundles of 7 and we find
Sc= Y S. U=5; (2.114)

Definition 10. A generalised complex structure is integrable if L; is involutive under the

Courant bracket!?

[L1,L1] C Ly (2.115)

A generalised complex structure is integrable if and only if any section ® € I'(U) satisfies
d® =X®  some X € I'(E) (2.116)

Moreover, if the generalised complex structure is integrable then one can show that the exterior

derivative splits into generalised Dolbeault operators d = 0 + 0 satisfying
0:8, — Suy1 0:8, — Spq (2.117)

Example 14. A complex structure J defines a generalised complex structure

J 0
Ty = ( 0t ) Li=TYer%  y=A%T" (2.118)

This is integrable if and only if the complex structure is integrable.

Example 15. A symplectic structure w defines a generalised complex structure

0 w! : .
T = Li=e“Te U= (e""1) (2.119)
—w 0
% Note that given any line bundle U C Sc, we can find a subbundle of I C E¢ from (2.113). A section ® € T'(U)
is said to be a pure spinor if the subbundle L is a Dirac structure.
19The isotropy condition means we can equally define integrability as involutivity under the Dorfman derivative.
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Generalised Calabi-Yau Structures

We can define a refined structure if the pure spinor bundle I/ is trivial.

Definition 11. A generalised Calabi- Yau structure [164] is an SU(%, 4) structure and is defined

by a global non-vanishing pure spinor ® € I'(S¢) satisfying
(®,2) #0 (2.120)
The generalised Calabi-Yau structure is integrable if d® = 0.

2.3.2 0(6,6 + n) Geometry

We can define a slight generalisation of the generalised geometry above to involve the geometry
of gauge connections on some principle bundle P; — M. These are precisely the degrees of
freedom relevant for Heterotic string theory and the geometry was first defined in [167]. We will
also restrict ourselves to the case that dim M = 6 as that will be the case of interest in chapter
3. The structure defined by T'@® T™* is often called an exact Courant algebroid [175] because the
sequence (2.99) is an exact sequence on fibres. The isomorphism classes of such algebroids are
labelled by H?(M) [176]. The geometry relevant for heterotic strings is a non-exact Courant

algebroid and is defined by the following set of extensions?’

T — E — FE'

(2.121)
adP;, — E — T

This has a natural inner product of signature O(6,6+n) where n = dim G, and we have assumed

G is compact. It is given by

N+ S+ A\ w+A+o) = %()\(y) +o(2)) + Te(EA) (2.122)

As before, there is an isomorphism between F and an untwisted bundle T* @ ad Pg®T given
by a choice of gauge connections. These gauge connections are A € I'(T* ® ad Pg), B € Q*(M)
and give globally well-defined field strengths

F=dA+AANA H=dB+uwsA) (2.123)

w3(A) is the Chern-Simons term for the connection A. We can define a twisted Dorfman

derivative via
LETFW = £w

+ L,0 —widX + 'LUJ(UJH) + 2 Tr(AdAE) -2 TI"(A(UJF)) + 2 Tr(Z(’u)_nF)) (2.124)
+ [E,A] + vodaA — wadaX — va(woF)

29There have been other Courant algebroids used for studying heterotic strings which have been called holo-
morphic string algebroids [74,177-179]. These are very closely related to the bundle defined in this section, being
locally equivalent to TH° @ ad Pg @ T*1°. These algebroids can be used to describe supersymmetric backgrounds
and have a very close relation to the exceptional complex structures we define later in chapter 3. The generalised
geometry defined here, however, can be applied to non-supersymmetric backgrounds as well.
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where dyA = dA + [A, A]. As before, we can equivalently work in either the twisted bundle, or

the twisted derivative picture.

2.3.3 Ega) X RT Geometry

We have seen that the NS sector and the gauge sector can be unified into one geometric for-
malism, a statement that will be made more clear in the following sections. In this section we
will review generalised geometry which incorporates all the degrees of freedom of supergravity.
The structure group is Egg) % R* for M-theory, and E, F1(d+1) X R* for type II. This was first
developed [166] and later studied in [180-182].

The generalised tangent bundle

The relevant vector bundle for generalised geometry is the generalised tangent bundle

T @ N°T* o AT @ (T* @ AN'T*) M-theory — (2.125a)
S\ TR T AT @ (S @ AT @ (T* @ AST*)  TypeIIB  (2.125b)

where S ~ 2 of SL(2,R). Note that some of the terms above will vanish for D > 5. While
everything we say in this chapter applies to both M-theory and type IIB compactifications, we
will mostly focus on M-theory for ease. We should note that (2.125a), (2.125b) are only isomor-
phisms and are not unique. This is because F is defined as an extension of the tangent bundle by
the bundle of differential forms. More precisely, we define E (for M-theory compactifications?!)
via
NT* — E" — T
ANT* — B — E" (2.126)
T*QN'T* — E — FE

This means that for local patches U;,U; C M with U; NU; # 0, and for local sections

vit+w; +o;+7 €U, E) (2.127)
the patching is given by
Vj = V; (2128)
wj = w; + ’Ul'_ldAjZ' (2129)
1 ~
0j =03 +w; A dAﬂ + ivi—‘dAji VAN dAJZ + ’U@'_ldAji (2.130)

- ~ 1
T =T + —f—]dAﬂ No; — ]dAﬂ N w; + jdA]Z A Ui_ldAji + *jdAJZ VAN dA]Z N\ wj
. 2 (2.131)
+ éjdAﬂ A Ui_ldAjZ' VAN dAji

where Aji,]\ji are local two and five-forms respectively on U; NU;. We can write this in a

more compact form by saying V; = edAjitdhyi V; where we using the exponentiated form of the

21From here we will assume that the precise form of the expressions given will only apply to M-theory unless
otherwise specified
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adjoint action outlined in appendix A.4 We call secions of E generalised vectors.
We note that the Aj; define what is called a connective structure on a gerbe [174], mean-
ing that there successive gauge transformations that obey various compatibility conditions on

overlapping patches. Namely

Aji + Njg + Agj = dAgj on U; NU; N U (2.132)
Akji + Alkj + Ay + Ajz‘l = dAlkji on U; NU; NU "YU (2.133)

The five-forms 1~\ji obey a similar set of compatibility conditions on up to 7-fold overlaps. The
conditions are complicated by the fact that they depend on the A patching as well. We will not
give the precise patching here as it is not important for the following.

Defining an isomorphism as in (2.125a), or equivalently a splitting of the extension (2.126), is
equivalent to choosing a three and six-form gauge potential A, A which are patched on overlaps

via
Aj =A; + dAjZ' (2.134)
~ ~ ~ 1
Aj =A;+ dAjZ' — §dAji N A; (2.135)

Then, given a section of the direct sum bundle V € T(T & A2T* & AST* @& (T* @ ATT*)), we

can define a section of F, with the correct patching, by
V=tV e T(E) (2.136)
The precise form of the gauge potentials means that we can define the following global objects
F=dA F:d/i—%AAF (2.137)

Note that the second term is a seven-form and physically corresponds to the dual of an external
4-form flux. While this trivially vanishes for d = 6, the gauge potential A is still present.
Different values of F' and F' define different isomorphism classes of E and hence we often say
that the generalised tangent bundle is twisted by the fluz.

A priori, this bundle has structure group GL(rk E,R). However, for supergravity applica-
tions, we would like the structure group to be Eg4) X R*. To do so we need to introduce some
invariant tensors. These depend on the dimension d of the internal space. For d = 6 there is a

cubic invariant, and for d = 7 one needs a symplectic and quartic invariant.

Eg) : ¢:S°E — det T" (2.138)
Ezqy @ s: N*E — det T* q:S'E — (det T*)? (2.139)

These are explicitly given in A.4. With this, we get the required structure group and E trans-
forms in the fundamental representation. All of the relevant representations are summarised

in table 2.1. The generalised tangent bundle is always chosen to have weight 1 under the R*.
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The RT factor is very important here since £ does not form a representation of Eq@) alone??.
The importance of the R factor, known as the trombone symmetry, was first noticed in [181]

where they explain that physically it is related to the warp factor of the compactification.

The Dorfman Derivative

An important object within the framework of generalised geometry is the Dorfman derivative.
This is an R-bilinear map
L-:T(E)xI'(F) —I'(F) (2.140)

such that for all VW e I'(E), f € C*°(M), the following hold

LU(L\/W) = LLUVW + Lv(LUW) (2.141)
Ly (fW) = a(V)()W + fLyW (2.142)

where a : E — T is called the anchor map. (2.141) says that the Dorfman derivative is a
derivation on itself, and (2.142) says that Ly is a covariant differential operator on E for all
V €T'(E). E endowed with such an operator is called a Leibniz algebroid.
The form of the Dorfman derivative was first found in [180]. In a local patch U; C M we
can write the Dorfman derivative as
Ly, Vi = Ly,v + (Ly,w; — viadw;) + (L0 — viado; — wi A dw;)

(2.143)
+ (Lo, — joi Adw; — jwi A doy)

where V; = v;+w;+o0;+7; € T'(U;, E), and similarly for V'. for this to be well-defined we need it
to be consistent with the patching (2.128) - (2.131). A simple calculation shows that this works
because of the closure of dAj;, dAji. From (2.143) we can see that the action of the Dorfman
derivative is generated by the Lie derivative along v, and the action of exact differential forms
dw,do. These are precisely the diffeomorphism and A, A gauge degrees of freedom of the M-
theory backgrounds. Because of this, we say that the Dorfman derivative generates the gauge
transformations of the supergravity background. We will give an example of this when we talk
about the generalised metric.

Without choosing an isomorphism (2.125a), we cannot define a global expression for the
Dorfman derivative as there is no global notion of a two-form or five-form. However, once we
choose the isomorphism, or equivalently the gauge potentials A, A with field strength F) F, we
can define a global expression in terms of the untwisted generalised vectors. To do this we define

the twisted Dorfman derivative

LEV = ALy, aped AT (2.144)
=L, + (Lyw' — v 5(dw — vJF))
+ (Lyo’ — ' 3(do —viF +w A F) — ' A (dw — vaF)) (2.145)

+ (L7’ — jo' A (dw — vaF) — jw' A (do — viF +w A F))

2t is (T NT* @ N°T* @ (T* @ N'T*)) @ (det T*) /=9 that forms the Eq(q) representation [162].
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where V =v+w+o+7 € T(THA>T* G AT @ (T* @ ATT*)) is a global section, and similarly
for V'. Here we see that the Dorfman derivative is twisted by the flux while the generalised
tangent bundle remains untwisted. This is an equivalent formulation of generalised geometry
and we will often take this approach.

Finally, we observe that the Dorfman derivative is not antisymmetric. We can define an
antisymmetric bracket, often called the Courant bracket®®, as the antisymmetric part of the

Dorfman derivative

1
[V, v'] = 5 (LyV' = Ly V) (2.146)

1
= [v,0'] + (vadw” — v’ 2dw + id(v_nw' —v'w))
1 1
+ (vado” —v'oudo + id(v_ncr' —v'L0) + §(w ANdw' — W' Adw)) (2.147)

+ (LT — LyT — jo' Ndw + jo Adw' — jw' Ado + jw Ado’)

As with the Dorfman derivative, this is a local expression. To give a global expression we can
define a twisted Courant bracket [-, -] by using L. One should note that this does not define a
Lie bracket as it does not satisfy the Jacobi identity, as we shall see below once we have defined

a few more objects.

Generalised Tensors

We are now in a position to start defining objects analogous to those defined in conventional
generalised geometry. We naturally define generalised covectors as sections of the following

bundle whose fibres transform in the antifundamental
E =T o NToONTO(TANT) (2.148)

Generalised tensors are given by sections of some T C E®" @ E*®% for some r and s. The
fibres of 7 must transform in some representation of Egg) X R*. As before we can view these
bundles as twisted by the flux, or we can keep them untwisted and take the twisted Dorfman
derivative. We have listed some of the important tensor bundles and their representations in
the table below. Note that the subscript denotes the RT weight. We will go through each in

turn.

G |E adF N K
0(6,6) 12 66 1 220
E7(7) x RT 561 19+ 1339 1332 912_4
E6(6) x R 271 1o+ 78 27/2 351’_1

Table 2.1: The Egg) X R* representations that certain tensor bundles transform in. We include
the corresponding O(6,6) representations for reference.

ZThis name is just because it mimics the Courant bracket of O(d, d) geometry. The structure it defines does
not give a Courant algebroid.
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The Adjoint Bundle

Formally we can define the adjoint bundle as an associated bundle. Let F' — M be the gen-
eralised frame bundle which is an Eg) X R* principle bundle [181,182]. Analogously to con-
ventional geometry, the frame bundle (at a point p € M) is defined to be the set of frames of
E that are also compatible with the invariant tensors (2.138), (2.139). Let ¢q & R be the split
form of the Lie algebra of the structure group. Let Ad denote the adjoint action of Egg) x R*.
Then the adjoint bundle is defined to be

ad F := (F x ¢g ®R)/ Ad (2.149)

This is a vector bundle with fibres that transform as ¢; ®R. As with F, we can decompose this

into natural geometric bundles and is given by
ad F ~R@ (T QT & NT* @ AST* @ A3T @ A°T (2.150)

Given that the fibres are isomorphic to the Lie algebra of the structure group, and section
R e T'(ad F) has a natural action on E which is given in appendix A.4.

An alternative description of the adjoint bundle is as a particular subbundle of F ® E*. In
fact, there is a unique Ey(g) x R* covariant projection onto the adjoint bundle which we express
the following way

Xad: E X E* —s ad F (2.151)

It is given explicitly in appendix A.4. With this, one can actually show that the Dorfman

derivative (2.143) can be written in the more covariant form
LyV' =V, d) V' — (d xaq V) - V' (2.152)

Here (-,-) denotes the natural pairing of £ and E*, and we are viewing d € T™* < B*. Finally,
- denotes the adjoint action of ad F on E as described above. This expression then naturally

generalises to give an action of the Dorfman derivative on any generalised tensor
Lya=(V,d)a— (dx,q V)« (2.153)
The expression for the Dorfman derivative acting on R € I'(ad F') is given in A 4.

N C S?E

There is a particular subbundle of the symmetric product of F which is important in exceptional
generalised geometry. We denote it by N and it falls into a particular Eg4) representation as

shown in table 2.1. It is given by

N ~T* @ AT @ (T* @ AST*) @ (A3T* @ N'T*) @ (AST* @ ATT™) (2.154)
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Again there are unique covariant maps

xNy:ExXE—N (2.155)
xg:NxE*— FE (2.156)

These are defined in appendix A.4. These bundles are important in the structure of the Dorfman

derivative and Courant bracket. One can show that the following identities hold.

1
= val+LV/V =dXxpg VXNV/ 2.157
2

Jac(V1, Vo, V3) =d xg ([Vi, V2] xn V3 + (cyclic perms.)) (2.158)

where Jac(Vi, Vo, V3) = [[Vi, V2], V3] + (cyclic perms.) is the Jacobiator.

In fact, the bundle N also appears in an interesting context with exceptional field theory as
noticed in [181]. In this formalism, one not only enlarges the tangent bundle to encompass the
symmetries of supergravity, but one also enlarges the spacetime to try to capture the U-duality
structure of string theory. One can then define the Dorfman derivative much like in (2.153),
however now d is now replaced with the exterior derivative on the fully enlarged space d. In
doing so a number of problems arise. Firstly, the derivative no longer satisfies the Leibniz
property (2.141), and secondly, the supergravity action is no longer invariant under the action
generated. These are clearly not desired properties of an operator generating gauge symmetries
of an action.

These issues are remedied by dictating that these formulae only hold once you have chosen a
physical space M C M. This is called a section and is roughly equivalent to choosing the anchor
map a : F — T. However, one cannot choose any submanifold to get a well-defined Dorfman
derivative L. It turns out that the physical space must have a tangent bundle T which satisfies
T xnT = 0%, In fact, there is a slightly stronger constraint, aptly named the strong constraint,

that says that if d is the derivative operator along the physical space then the operator
dxy+d=0

on any generalised tensor. There are many choices of spaces that satisfy this strong constraint
and they are related to each other via U-dualities. We note here that since the anchor map a
is part of the definition of our structure, we already have a well-defined spacetime and we are

only trying to study the symmetries of supergravity and not the dualities of string theory.

The Torsion Bundle

Another important bundle is the space of generalised torsions. This will be relevant when we
introduce generalised connections in the next section. For now we will just state the properties
of the bundle without motivation.

The torsion bundle K C E*®ad F has the following expression in terms of natural geometric

241t is easy to check using A.4 that T does in fact satisfy this in our formalism

54



bundles

KoANT* @ NT* o (NPT o T) @ S°T o (T* @ A°T) ® (ANT e T)

(2.159)
® (S*T* @ AN'T) @ (N*T @ A°T) @ (N'T @ AN'T) @ (N'T)?

This transforms in the representation given in table 2.1. While this will become more important
later, we note now that the flux F + F € Q4(M) @ Q7(M) C T'(K). Hence we can view the
flux as an element of the torsion bundle. Then, combined with the map K x E — ad F', we can

write the twisted Dorfman derivative (2.145) in a more covariant way
LEV' = <V, d> V'~ (d xaa V= F(V))- V' (2.160)

where F(V) = voF —w A F +vJ,F € T'(ad F). This again naturally generalises to give an

expression for the Dorfman derivative on any generalised tensor.

2.3.4 Generalised Connections, Torsion and Integrability

An important object in any geometric theory is the connection. We can define a generalised
connection for any G-geometry [167,180-186] in complete analogy. A generalised connection D

is defined to be an R-linear map

D:T(T) —T(E*®T) (2.161)
such that

D(fa)=df ® X + fDa (2.162)
for all f € C®(M), a € I'(T) where T is some generalised tensor bundle. We have again used
the identification df € Q'(M) —— D(E*).
Torsion

The torsion of a generalised connection is some tensor T € I'(E* @ ad F) which is defined by?
T(V)-a:=LPa—Lya (2.163)

where Le is the Dorfman derivative (2.153), except with every instance of d replaced with D.
That is
LPa=(V,D)a— (D xaq V) - a (2.164)

Note that (V) € I'(ad F) and so T(V) -« denotes the adjoint action of T'(V') on the generalised
tensor a. One may think that the generalised torsion can fill out the whole of E* ® ad F.
However, due to the precise form of the Dorfman derivative, we find that the torsion can only
live in K @ E* C E* @ ad F. This highlights the importance of the bundle K defined in section
2.3.3.

250ne can show that t(v) - a := Ly a — Lya gives an equivalent definition of the torsion of a conventional
connection V
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G-structures and Integrability

Much like in conventional geometry, one can define a G-structure to be a principle subbundle of
the frame bundle Py C F with fibre G C G. Often, the existence of a G-structure is equivalent
to the existence of some globally non-vanishing generalised tensors that are preserved by G.
We already saw some examples of generalised G-structures in section 2.3.1. As in conventional
geometry, we define a G-structure to be integrable if there exists a torsion free compatible
generalised connection. That is, if the generalised tensors «; define the G-structure, then it is

integrable if there exists a connection D such that
Do; =0 Vi LY =Ly (2.165)

While a compatible connection always exists, the existence of a torsion free compatible connec-
tion depends on a geometric property of the G-structure called the intrinsic torsion. We will
define this now and show that for a torsion free compatible connection to exist, the intrinsic
torsion must vanish. We will follow section 2.1.4 and [187, section 5.1] closely.

Note that compatible (but not necessarily torsion free) connections will not, in general,
be unique. Given any two compatible connections D, D’, their difference will be a tensor
D'—D=%ecT(E*®adPg) C T'(E* ® ad F), where ad P — M is the adjoint bundle of P.
That is, it is a vector bundle with fibres g, the Lie algebra of G. This has a natural action
on generalised tensors, inherited from ad F, and will annihilate the «;. This gives the space of
G-compatible connections an affine structure with space isomorphic to I'( E* ® ad Pg).

Given two generalised connections D, D’, we can find their respective torsions T,7" via

(5.11). Moreover, the difference in torsion is given by

T'(V)-T(V) =LY - LD (2.166)
=(V,D' = D) — ((D' = D) xaa V) (2.167)

This clearly only depends linearly on ¥ = D’ — D and hence we can define a vector bundle map

T:EF*®adPg — Wx~KoE*

(2.168)
S — T =T

We can think of the image of 7 as the part of the torsion we can change by changing the
compatible connection. We will define W = im 7. Note that, in general, 7 is not surjective and
so there exists a subspace of the torsion which cannot be affected by changing the compatible
connection. This space is called the intrinsic torsion space and we shall denote it by I/Vgt ~
W/Weg. The precise embedding of W/Wg < W can be given by decomposing W, W¢ into
irreducible G representations.

Given a compatible connection D with torsion 7', we can consider the projection onto T/Vigt,
called the intrinsic torsion 7™ € T(WG,

by changing D — D’ = D + Y. Hence, one can find a X such that the torsion 7" of D’ vanishes

). As explained, this part of the torsion is unchanged

if and only if the intrinsic torsion 7' vanishes.
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Generalised Metrics and Generalised Levi-Civita Connections

A generalised metric is defined to be a reduction of the structure group to its maximally compact
subgroup, which we denote with Hy. It turns out that such a structure is always integrable, but
the torsion free compatible connection is not unique. We call any such connection a generalised
Lewvi-Civita Connection. This is the generalisation of the fundamental theorem of Riemannian
geometry. We will outline a proof here. The aim is to show that the intrinsic torsion for Hy
structures always vanishes. We will focus on the case of d = 7 for simplicity, but similar proofs
hold for all geometries.

As mentioned above, the generalised metric defines an H; = SU(8) structure?s. With such

a structure we can decompose all of the relevant bundles into SU(8) representations

E* ©ad Pyy(g) ~ 28 © 36 3 420 & 1280 & c.c. (2.169)
W ~ 28 @36 @420 ® c.c. (2.170)

Here ~ denotes the decomposition of the fibres into subrepresentations. We can see that all of
the SU(8) representations that appear in W appear in E* ® ad Psyg)- Hence, in this particular
case, the map 7 defined in (2.168) is surjective. This is shown more explicitly in [181]. This
means that Wg = W and hence I/Vlgt = 0, i.e. the intrinsic torsion of any SU(8)-compatible
connection vanishes. Hence, there always exists a ¥ € T'(E* ® ad Pgyg)) such that D + 3 is
torsion free. This proves the first statement that the generalised Levi-Civita connection always
exists. We can also see from (2.169) that the kernel of 7 on each fibre is 2 x 1280 dimensional.
Hence, if D is a torsion free compatible connection, then so is D + ¥ if ¥, € 1280 @ c.c. at
each point p € M. Hence, the space of generalised Levi-Civita connections is an affine space
isomorphic to I'(1280 @ c.c.). This proves the second statement that such a connection is not
unique.

A natural question to ask here is if we can define a notion of generalised curvature within
generalised geometry. The natural candidate for the generalised Riemann curvature R would
be

R(X,Y)-Z:=[Dx,Dy]|Z — Dixy1Z (2.171)

where X,Y, Z € I'(E) and Dx = (X, D). In fact, (2.171) is not a generalised tensor as it is not
C°(M)-linear. Indeed, if we take X' = fX,Y' = gY, Z' = hZ for some f,g,h € C°°(M) then
we find )

R(X',Y')- 2 = fghR(X,Y)Z + ShD(gag-gaf)xs(xxxv)Z (2.172)

While there has been some work defining a tensorial Riemann tensor for O(d, d) x R generalised
geometry [188-190], there does not exist such an object in exceptional generalised geometry.

We will go into more detail in appendix B.

26In fact the maximally compact subgroup is SU(8)/Z>. However, as we note later, we always assume we can
take the double-cover.
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2.4 Generalised Geometry and Supersymmetric Backgrounds

Generalised geometries have found particular use in describing backgrounds of supergravity.
This may seem unsurprising since the geometry and topology of both the manifold, and the
gauge field structure, is built into the definition of the generalised tangent bundle. Hence,
defining objects on E as opposed to T naturally includes the flux degrees of freedom of any
background. We recall from section 2.2 that it was precisely these degrees of freedom that have
been so hard to characterise through conventional geometric techniques. In this section we will
review some of the key ways these generalised structures have been employed to study generic

aspects of flux backgrounds.

2.4.1 Applications of O(d, d) Generalised Geometry

The O(d, d) group had been an important object in the study of string theory for some time. The
discrete group O(d, d,Z) is the T-duality group of string theory on a d dimensional torus [191,
192]. It was also known that the NS sector of string theory compactified on such a torus has the
continuous group as a global symmetry and the metric and B-field transform as the generalised
metric (2.109) [192-195]. Moreover, it was shown that the moduli of toroidal compactifications
of string theory parameterise the coset O(d,d)/O(d) x O(d) [196]. With these observations,
people used O(d,d) transformations to try to find new backgrounds of string theory [197-199].

The generalised geometry of Hitchin and Gualtieri gives a way of manifestly realising these
symmetries through the background geometry. Originally with applications to mirror symmetry
in mind, supersymmetric backgrounds of type II with an SU(3) structure were described in terms
of pure spinors in [142]. They were able to rewrite the supersymmetry conditions on the internal
spinors as differential constraints on the generalised spinors. To do so they used the Clifford
map between polyforms and spinor bilinears, and then employed the constraints coming from
the Killing spinor equations. In their work, they noticed that one pure spinor is always left
unaffected by the RR fluxes. However, the NS flux H enters with a non-canonical action.

In [156] they noticed that an SU(3) x SU(3) structure defined by 2 pure generalised spinors
is precisely the algebraic data defined by 2 non-vanishing internal spinors?”. These encompass
the cases in which the internal manifold has an SU(3) structure, an SU(2) structure, and inter-
mediate cases that cannot be described by conventional G-structures®. In [202], the authors
were once again able to find the differential constraints on 2 generalised spinors to define an
N =1 background. They found that

A+ HAN)(*27%D) =0  (d+ HA)(*2%Dy) =dAA Dy + F (2.173)

where A is the warp factor and ¢ is the dilaton. The ®; are even/odd polyforms depending on
whether we are in type ITA or IIB. F' is shorthand for the formal sum of fluxes, rescaled using the
norm of the internal spinors. We see that ®; defines a (twisted) generalised Calabi-Yau manifold,

and ®2 depends on all the fluxes. These backgrounds have been called GMPT backgrounds after

27See [200,201] for a similar investigation of G2 X G2 structures for compactifications on 7-manifolds.
28These are cases where the internal spinors become parallel at certain points. When this occurs, the SU(2)
structure degenerates into an SU(3) structure.
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the authors. The equations (2.173) were reformulated in [203] to make the generalised complex
geometry of the background more manifest. We will look at these backgrounds in more detail in
section 5.2. The description of supersymmetric backgrounds in terms of 2 pure spinors provides
the background with a non-integrable SU(3) x SU(3) structure®. Specifically, the integrability
is broken by the RR fluxes.

In [183] they showed that any non-supersymmetric background could be described in terms
of an integrable O(1,9) x O(9, 1) structure. They noted that one can describe the fields of the
NS sector by a generalised metric provided one introduces an R™ factor into the structure group
to properly describe the dilaton. A generalised metric is then equivalent to a choice of g, B, ¢.

That is
0(10,10) x R

0(1,9) x 0(9,1)

{9, B, ¢}pem € (2.174)

They introduced a generalised connection for O(d, d) generalised geometry, originally defined
in [204], and found the conditions required for the generalised metric to be integrable. They
found that one can rewrite type II supergravity in a manifestly O(1,9) x O(9,1) covariant form
using a generalised Levi-Civita connection, i.e. a torsion free generalised connection that is
compatible with the generalised metric. As we have seen, these connections always exist but
are not unique. Despite this ambiguity, one can find certain projections that are unique. One
can then use these projections to write the supersymmetry variations and the equations of
motion. The equations of motion are given in terms of the generalised Ricci curvature and

scalar, and the Bianchi identity.

1
Rap+ 16 (FTapF)=0  R=0 T4D4F =0 (2.175)

Note that, in the absence of RR fluxes, the equations of motion are given by the vanishing of
the generalised Ricci curvature.

These calculations show that generic supergravity backgrounds always have an integrable
O(1,9) x O(9,1) structure on the generalised tangent bundle. Moving to supersymmetric back-
grounds, one must work with a further reduced structure group, but the integrability is broken
by the presence of RR fluxes. This is unsurprising given that only the B field is built into the
structure of the geometry while the RR fluxes must be accounted for separately. As was noted

in [205,206], they behave as generalised spinors.

2.4.2 Applications of O(6,6 + n) Generalised Geometry

It has been shown that O(6,6 + n) is a symmetry of heterotic string theory reduced on a 6
dimensional torus [192,196]. However, there has not been as much interest in how O(6,6 + n)
generalised geometry can be applied to these backgrounds. Much of the mathematical literature
has been interested in the holomorphic Courant (or string) algebroids [74,177-179,207]. Despite
this, the generalised metric was defined in [186]. A generalised metric is a reduction of the
structure group O(6,6 +n) — O(6) x O(6 + n). This is equivalent to a choice of subbundle

2Integrability would be if both pure spinors are d + HA closed. This would correspond to A = 2 backgrounds.
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C, C E of rank 6 such that the restriction of the inner product n to C. is positive definite3".
We denote by C_ the orthogonal compliment of C'; under 7.

A choice of metric is equivalent to a choice of bosonic fields

0(6,6 +n)
0(6) x O(6 +n)

{9,B, A}pem € (2.176)
They show that one can always introduce a generalised connection that is compatible with this
reduced structure and that is torsion-free. They go on to show that the equations of motion for

the heterotic background are given by the vanishing of the generalised Ricci tensor
Rap=0 (2.177)

This mirrors what we saw above with the NS sector of type II. In their work they do not fix
the dilaton factor by considering an RT term in the structure group. Instead, they relate the

choice of generalised Levi-Civita connection to the choice of dilaton in the physical theory.

2.4.3 Applications of Eg4) X RT Generalised Geometry

Exceptional generalised geometry is the natural framework in which to study backgrounds of
supergravity and string theory. We will see that all fluxes can be dealt with in a uniform way,
and that arbitrary supersymmetric backgrounds will be described by integrable G-structures.
For ease, we will again focus on the application to M-theory backgrounds. However, everything
has an analogous story in type II backgrounds.

It has long been known [208-210] that the bosonic fields of supergravity backgrounds reduced

on d dimensions form an element of the coset

Ed(d) X R+

{A7guA7A}p€M S Hd

(2.178)
Also, A is the warp factor, ¢ is the metric, and A, A are the gauge potentials of the flux. We
denote by Hy the maximally compact subgroup of Eqg) % RT. (2.178) says that there is some
Hy C Eyq) x R* which preserves the bosonic fields. In other words, a choice of bosonic fields

reduces the structure group
Eqq) x R — Hy (2.179)

In fact, in order to describe fermions in this generalised setting, one must work with the double
cover Hy of the maximally compact subgroup [182]. We will always assume that we are working
on a manifold in which there is a well defined lift of the structure group Hy — Hg>!.

We can describe this H; structure conveniently through a generalised metric

G:S°E—R (2.180)

39The conventions here are slightly different to the conventions of [186] as their negative definite space would
be rank 6. We use these conventions to match the conventions used in chapter 3. They also talk about when
a particular C4 is admissible. In our framework, with a prescribed inner product n on the space, all Cy as
described will be admissible.

31This is the analogue of a spin manifold in conventional geometry. There are some subtleties as to when this
lift exists, as outlined in [166].
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To find G, we must define what is called a conformal split frame of E. Given any frame {é,}
of T with {e®} the dual frame, and any choice of bosonic fields A, A, A we define the conformal
split frame by

Ea — eAeA—l—Aéa Eab —_ eAeA—i-Aeab

] ) (2.181)
Eabcde A A+A€abcde E:a1...07 — eAeA+Aea,a1,,,a7

=e"~e
where e = e A eb, e®cde — @ A A€ and €197 = @ @ e™ A ... Ae?. If we further impose
that the é, are orthonormal with respect to the conventional metric g then we can define the
map G by
G(V, V) — Uava + %Wabwab + %O_abcdeo_abcde + %Taﬂlma?Ta,al...m (2.182)

where these are the components of the generalised vectors in the conformal split frame (2.181),
and where we have raised and lowered indices with the metric d4 (in this frame). One can show
that this map is invariant under Hy transformations and hence the bosonic fields, {A, g, A, fl},
define an H; structure as claimed above.

The action of the infinitesimal gauge transformations are generated by the Dorfman deriva-
tive [181,211]. That is, given a generalised metric G, if we take a small diffeomorphism generated
by a vector v € T'(T), and do a gauge transformation of the gauge potentials A’ = A + dw,

A =A+do— %dw A A, then the gauge transformed G is given by
G' =G+ LyG (2.183)

where V' = eA+A(v +w+o0+71). We call the combined action of diffecomorphisms and form field
gauge transformations generalised diffeomorphisms.

As we saw for O(d, d) and O(6,6+ n) geometries, an important object for the application of
Eq@) x RT geometries is the generalised Levi-Civita connections. These were defined in [181,183]
to be torsion free generalised connections that are compatible with the generalised metric. We
already saw in section 2.3.4 that these objects always exist but are not unique. Moreover, the
naive definition of the Riemann curvature is not tensorial. Despite this, it was shown in [181]
that the generalised Ricci tensor Ryny = RP yrpn is tensorial. Moreover, it is independent
of the choice of generalised Levi-Civita connection. It also has the property that the bosonic

supergravity action and equations of motion on the internal space are given by
S :/ Rvolg Ryn =0 (2.184)
M

respectively. Here volg is the Egg) invariant volume form given in the conformal split frame

by (9~

d)A\/g. Hence we see that, much like in the previous sections, the equations of motion
imply generalised Ricci flatness of the generalised Levi-Civita connections. However, unlike for
O(d, d) geometries, the presence of RR fluxes does not break the Ricci flatness. This is because

these fluxes are built into the structure of the generalised tangent bundle.
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Supersymmetric Backgrounds

As we saw in section 2.2, geometries with N linearly independent solutions to the internal
Killing spinor equations will preserve N supersymmetries in the effective theory??. The key
observation in exceptional geometries is that the internal spinors transform in the fundamental
representation of Hy. This allows us to define a clear reduction of the structure group for any
required supersymmetry. This is in contrast to conventional geometry or O(d, d) geometry in
which assumptions had to be made about the form of the internal spinors to properly define a
reduction.

This observation was first made in [180] in which they analysed M-theory backgrounds with
a 4 dimensional Minkowski space preserving N’ = 1 supersymmetry. Since the (double cover of
the) maximally compact subgroup in this case is SU(8), the existence of a globally non-vanishing
section of a bundle transforming in the 8 reduces the structure group SU(8) — SU(7). It was
shown in [184] that the non-vanishing spinor satisfies the Killing spinor equation if and only if
there exists a torsion free connection compatible with the reduced structure. This was shown
using the reformulation of the Killing spinor equations in manifestly H, covariant way found
in [181,182]. It was also shown that these backgrounds are automatically generalised Ricci
flat and hence solve the equations of motion. This provides a simple proof of the statement
that the Killing spinor equations imply the equations of motion. In [180] it was also shown
that an alternative description of such an SU(7) structure is given by a non-vanishing tensor
transforming in the 912 of E (7). They were able to use this to find a description of the effective
superpotential on R*! in an E7(7) covariant form in terms of 9.

Supersymmetric backgrounds preserving 8 supercharges in R3!, R4 and R>! were analysed
in [187]. For R*! we get an N = 2 solution and hence we require two linearly independent
solutions of the Killing spinor equation. This implies the existence of an SU(6) structure on

33 They found a description of these backgrounds in terms of a triplet of

the internal space
adjoint-valued tensors and a non-vanishing generalised vector. They also found the differential
conditions that these backgrounds must satisfy for the existence of a torsion free connection,
given in terms of vanishing moment maps for the action of generalised diffeomorphisms on the
space of structures. Using the results of [184] again one can show that this is equivalent to the
Killing spinor equations. In analogy with fluxless compactifications preserving 8 supercharges,
they labelled these backgrounds exceptional Calabi-Yau spaces. We will review these in more
detail in section 4.1 for the R*! case.

The correspondence between integrable G-structures and supersymmetric backgrounds was
originally proved for backgrounds preserving minimal supersymmetry*, and was extended to
all supersymmetric backgrounds in [185]. There, they showed that a background preserving any
supersymmetry defines an integrable Gy 4 structure. The precise group depends on the amount
of preserved supersymmetry and the dimension of the internal space. The groups are listed in
the table below.

They found this by analysing the algebra of Killing vectors and Killing spinors. They showed

32We will ignore accidental additional supersymmetries, like is the case for Calabi-Yau compactifications.
33For compactifications down to R** the structure group is USp(6), and to R>! it is SU(2) x USp(4).
341n fact, D = 4 N = 2 backgrounds were also shown to be integrable SU(6) structures.
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d FId G/\ﬁd C ffd

7 SU(8) SU(8 —N)

6 USp(8) USp(8 — 2/N)

5 SU(4) x SU@4) SU(4— 2M,) x SU(4 — 2 )
4 USp(4) USp(4 — 2N)

Table 2.2: The G-structures in Eg(g) ¥ R* geometry that describe a background preserving N
supersymmetries.

that the closure of the algebra is equivalent to the vanishing of the intrinsic torsion of a con-
nection compatible with the G-structures listed above. This work shows that the geometry
of supergravity backgrounds have a simple mathematical formulation which can be exploited
to understand deep questions about such backgrounds, particularly about the moduli space of
these geometries.

We also mention that a lot of work has been done on understanding the generalised geometry
of supersymmetric backgrounds with an AdS external space. It was shown in [212] that such
backgrounds are described by manifolds with G-structures of weak generalised holonomy, where
the groups are the same as listed above. Weak holonomy is characterised by the existence of a
compatible connection with non-vanishing singlet intrinsic torsion only. These were originally
looked at in [213] where the authors found the AdS analogue of the exceptional Calabi-Yau
spaces defined previously. They called these backgrounds exceptional Sasaki-Einstein spaces.
They were defined by the same tensors as in the Minkowski space, just with different integrability
conditions that depend on the cosmological constant. The AdS5 geometries were further studied
in [214] and related to particular CFTs through the AdS/CFT correspondence. in particular,
they matched the marginal deformations of the CFT to deformations of the USp(6) structures
on the gravity side. Similar results for A= 2 SCFT3 were analysed in [215].
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Chapter 3

Generalised Geometry for Heterotic

Backgrounds

In this chapter, we analyse how O(6,6 +n) x R generalised geometry can be used to describe
and study Heterotic string backgrounds preserving minimal supersymmetry. These have been
studied in great detail in the past due to their ability to reproduce the gauge groups of the
standard model with relative ease [67,68,112,113,216-220]. We will find that all of these
backgrounds can be described uniformly through SU(3) x Spin(6 + n) structures. These will
have properties that are reminiscent of complex and generalised complex structures. Using
these similarities, we will be able to provide direct links to geometric invariant theory [221]
and we will be able to recover the results on moduli as found in [178,179,207]. The work in
this chapter follows the work of [2] very closely. This chapter is structured as follows. First,
we review the Hull-Strominger system, providing the equations for the F-terms and the D-
terms, as well as summarising some of the previous results on moduli. We then introduce the
generalised structures for supersymmetric heterotic backgrounds. This is done in terms of some
holomorphic object ¢ transforming in the 2201, and some subbundle L; of the generalised
tangent bundle. Next we show that the F-terms are (almost) given by involutivity of L; under
the Dorfman derivative. We also provide an expression for the super potential in terms of the
holomorphic object 1. Next we show that the D-terms are given by the vanishing of a moment
map. Taken together, the involutivity and the moment map imply that the SU(3) x Spin(6+n)
structure is integrable. Next, we look at how the moment map provides a possible GIT picture
of the moduli space and we outline how this may lead to a generalisation of Yau’s theorem for

non-Kéhler manifolds. Finally, we study the moduli of these SU(3) x Spin(6 + n) structures.

3.1 Review of the Hull-Strominger System

We begin with a review of the Hull-Strominger system [144,146]. This is a set of equations de-
scribing the geometry of general N' = 1 backgrounds of the heterotic string on a ten-dimensional
manifold M that is a product of a six-dimensional manifold X with four-dimensional Minkowski
space M = R>! x X, with trivial warp factor in the string frame.

The condition of N' = 1 supersymmetry implies the existence of a global nowhere-vanishing

64



spinor € on X. This defines an SU(3) structure on X which can be equivalently described in
terms of a complex three-form  (with a compatible almost complex structure I) and a real
two-form w satisfying

QANw =0, %iQ/\Q:%w/\wAw. (3.1)

As usual, the forms are defined as bilinears in the spinor e
anp = fT'Yman, Wmn = —1 ET’}/mnﬁ. (32)

The supersymmetry conditions in the form of the Killing spinor equations imply that this SU(3)

structure is not integrable but instead satisfies
d(e72¢Q) =0, d(e™wAw) =0, (3.3)

where ¢ is the dilaton. These conditions are known as “conformally holomorphic” and “con-
formally balanced” respectively. Note that the first condition implies that X has an integrable
complex structure whose canonical bundle is holomorphically trivial.

Heterotic compactifications come with a connection A on a vector bundle V' — X whose field
strength F' is valued in End(V'), and a connection © on the tangent bundle 7" whose curvature

R is valued in End(7"). Supersymmetry implies that both connections are instantons [222,223]
Fop=0, W'F=0, and Rya=0, w'IR=0, (3.4)

where w! is w with its indices raised using the metric on X and a subscript indicates the (0,2)-
form part of the curvature with respect to the complex structure defined by the SU(3) structure.
In other words, V' and T must be holomorphic vector bundles with connections that solve the
hermitian Yang—Mills equations with zero slope. A theorem due to Donaldson—Uhlenbeck—Yau
then guarantees a unique solution provided V' and T are polystable [224,225].

The final supersymmetry condition is the anomaly cancellation condition. This couples the

intrinsic torsion of the SU(3) structure with the B field and the connections. It is given by
(0 — 0)w = H :=dB + 1/ (w3(A4) — w3(0)), (3.5)
where ws is the Chern—Simons three-form for the relevant connection, for example
w3(A) = Tr(ANdA+ZANANA). (3.6)
This implies a non-trivial Bianchi identity for the NSNS three-form flux H
dH = 1d/(Tt FAF — Tt RAR). (3.7)

For convenience, in what follows we will drop explicit reference to o/, absorbing it into the
definition of B and w. Moreover we will mostly ignore the tangent bundle connection © with the
understanding that it can be reintroduced afterwards by taking V' to be a G = Ggauge X GL(6, R)

vector bundle, where Ggauge is the gauge group for A, together with a suitable definition of the
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trace, as, for example, in [186].
It is useful to group these equations into so-called F-terms and D-terms. As was discussed

in [207], the F-term conditions correspond to
d(e”2Q) =0, i(0 - 0)w = H, Foa =0. (3.8)
The remainder are the D-terms
de*wAw) =0, Wi F = 0. (3.9)

One can view the F-terms as determining a holomorphic structure on a certain bundle
Q [178]. The remaining D-term conditions — a conformally balanced metric and polystability of
V' — must then be imposed. More precisely one requires the bundle O to be holomorphic, where

Q is defined via a series of extensions as

790 — 9 — A,

3.10
(ad Pg)e — A — THO (3.10)

where ad Py is a vector bundle with fibre g, the Lie algebra of the gauge group. This is an
example of a holomorphic Courant algebroid [74,177]. Equivalently there exists a holomorphic
differential D such that

D: QP9(x Q) » Pt (X Q)  D>=0. (3.11)

The condition D? = 0 is equivalent to the integrability of the conventional complex structure,
the holomorphicity of the gauge bundle and the Bianchi identities for F'; R and H.

The moduli of the background appear in the massless spectrum of the four-dimensional
theory and so a full knowledge of the moduli space is important for both phenomenology and
more formal questions. Once one moves away from Calabi—Yau type solutions and allows non-
zero fluxes, the moduli are much more difficult to understand. Fortunately, identifying the
holomorphic structure D streamlines the analysis of the moduli space for heterotic compact-
ifications [178,179,207,226]. The moduli can be thought of as deformations of D that still
satisfy D? = 0 and the D-term conditions. Given some mild assumptions on the bundle V,
it is known [178] that the hermitian Yang—Mills equations do not impose any extra conditions
on the infinitesimal moduli of the system (and that the same result holds for 7). It is also
known that while deformations of the hermitian structure preserving the conformally balanced
condition (3.3) may a priori be infinite dimensional, once you impose the anomaly cancellation
condition you are reduced to a finite number of moduli. Up to (0, 2) variations of the NSNS two-
form B, the infinitesimal moduli of the Hull-Strominger system are then given by deformations

of the holomorphic structure on Q. That is they are counted by the cohomology
0,1
H5 (X, Q). (3.12)

We should note that these actually include non-physical moduli which correspond to deforma-
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tions of the connection © that do not change the physical fields, such as the metric.! These
appear in this construction as one treats © as an independent field (and part of the gauge
connection), whereas in reality it is determined by the other fields of the background. To find
the physical moduli, one must remove this over counting — this has yet to be understood.

The story outlined above is valid for infinitesimal deformations. Using holomorphicity, one
can also study finite deformations [179]. These are known to obey the Maurer—Cartan equation

for an L3 algebra (an L, algebra up to degree 3). The deformations can be packaged into
yc QOY(Xx,9), beo®I(X), (3.13)

where y encodes deformations of the holomorphic structure — deformations of the complex
structure, complexified hermitian structure and gauge connection — and b encodes the (0,2)
deformations of the B field. Note that the b modulus vanishes if h%? = 0 [227] — we will make
no such assumption here and so shall keep explicit reference to it. To linear order the moduli

are determined by the set of equations

Dy — %0b =0, (3.14)
ob =0, (3.15)
d(e21,Q) = 0, (3.16)

where p € QO (X, T10) is a complex structure deformation. These are the equations we will

recover in section 5.4.

3.2 Generalised Structures for N/ = 1 Heterotic Backgrounds

Generalised geometry provides a useful framework for studying generic supersymmetric back-
grounds of maximal supergravities in terms of integrable generalised G-structures. In particular,
it gives a geometric interpretation of generic properties of type II and M-theory backgrounds,
such as the superpotential and Kahler potential for A" = 1 solutions with four external dimen-
sions, as well as tools to tackle questions about the moduli space [1]. Heterotic (and type I)
theories can also be formulated in terms of generalised geometry, as we will now summarise
briefly. We will then discuss how generalised geometry can be used to characterise N' = 1
heterotic backgrounds.

Ignoring the gauge bundle for now, the bosonic field content of the heterotic theory is the
same as the NSNS sector of type II supergravity. Hence the relevant generalised geometry is
that of O(6,6) x RT generalised geometry on a generalised tangent bundle E defined as an
extension of T' by T™ [164,165]

T" — FE —T, (3.17)

where E admits an O(6,6) x RT structure. As usual, there is a natural differential operator

known as the generalised Lie (or Dorfman) derivative on E. An (off-shell) configuration of the

!These are counted by Hg) ‘1)(X ,EndT), where V is the antiholomorphic part of the covariant derivative
defined by ©.
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bosonic fields defines a generalised metric that reduces the structure group of E to SO(6) x
SO(6) ~ SU(4) x SU(4).

We can reintroduce the gauge connection and obtain full heterotic backgrounds as follows.
Combining the connection © with the gauge connection A to give a single connection on the
principal bundle Pg, where G = Ggauge X GL(6,R), the generalised tangent bundle E is defined
as the extension

™ — FE — E,

(3.18)
adPo — E — T,

where ad Pg is the vector bundle with fibre g, the Lie algebra of the extended gauge group G.
This structure with its Dorfman derivative is known as a transitive Courant algebroid [228] —
it has been used to describe heterotic supergravity in [167,186] (see also [55] in the double field
theory context). We reviewed some of the key points in section 2.3.2. In particular, given a
generalised vector V' € I'(E), there is a Dorfman derivative Ly defined by (A.26). Locally we

have a (non-canonical) isomorphism
ExT@adPgdT". (3.19)
This has a natural O(6,6 + n) structure on it defined by the inner product
N0+ A+ \w+ 3 +0) = 2,0 + Li,A + Tr(AY), (3.20)

where n is the dimension of g. While we will not give the exact form of the adjoint bundle ad F
whose fibres are the Lie algebra O(6,6 + n), we note that

T*®gCadF ~ A’E. (3.21)

An (off-shell) configuration of the bosonic fields, that is a metric g, two-form B and one-form
gauge field A, again define a generalised metric that in this case reduces the structure group
to SO(6) x SO(6 + n) [186]. Further requiring the fields to give a solution preserving N' =1
supersymmetry is equivalent to a further reduction to an integrable SU(3) x SO(6+n) structure.
As in previous work on N = 1 structures [1], we will find it useful to also consider a weaker
RT x U(3) x SO(6 + n) structure. We will see how these are defined in terms of generalised
structures in section 3.2.2 and how to define the conditions for integrability.

Note that in the formalism where one includes the © connection by extending the gauge
bundle V' to be a Ggauge X GL(6,R) bundle, there are non-physical degrees of freedom, since
the connection © on the tangent space connection is thought of as independent of the metric
and B. One can remove these by setting the value of ® by hand. As was discussed in [167],
one can get around this issue by identifying an O(6) subbundle of the GL(6,R) bundle, then
identifying it with one of the O(6) structures defined on the T' & T™ part of the generalised
tangent bundle. This gives a structure group O(6) x Ggauge x O(6). The trade off is that the
generalised connections relevant for this construction will not be torsion free, but instead appear

with a particular non-vanishing intrinsic torsion. We will not take this approach in this chapter.
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3.2.1 Rt x U(3) x SU(4) and SU(3) x SU(4) Structures

Let us start by considering the simple case where we ignore the gauge bundle, applicable to
both the heterotic and type II theories. As discussed in [179, Appendix C], the existence of a
nowhere-vanishing spinor that can parameterise N’ = 1 supersymmetry transformations in four
dimensions requires a reduction of the structure group from that defined by the generalised
metric, namely SU(4) x SU(4), to SU(3) x SU(4) C O(6,6) x RT. Following [1], it will be
useful for us to also define a slightly weaker R™ x U(3) x SU(4) structure. These will play roles
analogous to SL(3,C) structures and GL(3, C) structures in conventional geometry.

Each structure is defined by a generalised tensor that is invariant under the reduced structure
group?

SU(3) x SU(4) structure : ¢ € T'(det T* @ A*E¢), 599

RT x U(3) x SU(4) structure : J € I'(ad F). (322)
They are stabilised by the same SU(3) x SU(4), but J is also invariant under a C* action. As
discussed in detail in [1], one should think of this as generalising the relation between an SL(3, C)
structure Q and a GL(3, C) structure I. The differential conditions which ensure supersymmetry
of the on-shell solution are then equivalent to the integrability of this structure, in line with the
general discussion of [184]. In the next section we will see how we can reformulate the conditions
for integrability of the Rt x U(3) x SU(4) structure, and in the following section consider the
extra conditions that make the SU(3) x SU(4) structure integrable.

Let us begin by defining the structure J. At a point on the manifold, the generalised metric
defines an SU(4) x SU(4) subgroup of O(6,6) x R™, with the invariant spinor reducing this further
to SU(3) x SU(4). There is a U(1) C SU(4) that commutes with the SU(3). The commutant
of this U(1) inside O(6,6) x Rt is an R x U(3) x SU(4), where the U(1) is generated at each
point of the internal manifold by a section J € T'(ad F').3 This leads us to define

Definition 12. A generalised Rt x U(3) x SU(4) structure is a section J € T'(ad F) that
generates this U(1) subgroup at each point.

By construction, J defines a generic reduction of the structure group of the generalised tangent
bundle E to RT x U(3) x SU(4).* Different choices of J are related by local O(6,6) x RT
transformations, giving an orbit of structures within the 66 representation space.

Decomposing O(6, 6) using explicit SU(4) x SU(4) indices, we have

where the nowhere-vanishing spinor € is invariant under an SU(3) subgroup of the first SU(4)

factor. Using this, we can write J as

J% = deeg — (e)6%g, V5= TP =0, (3.24)

2Note that, as we will argue below, the particular determinant weight of the v structure is required to make
1 a holomorphic function on the space of SU(3) x SU(4) structures.

3 As in the type II and M-theory case [1], one can also define J at each point on the manifold as being conjugate
to a certain element of su(4) x su(4) that commutes with the desired su(3) x su(4).

“Note that the standard generalised complex structure [164,165] is also defined by choosing the generator of
a U(1) subgroup but in that case the commutant would be U(3, 3).
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where we have normalised ée = 1. Decomposing further under the SU(3) x U(1) subgroup of
the first SU(4) factor, we have

66 = (87 1)0 S2) (3> 1)72 @ (ga 1)2 @ (1a 1)0 ® (17 15)0 D (37 6)1 D (§7 6)*13 (3'25)

where a non-bold subscript denotes the U(1) charge. J lies in the singlet (1, 1) representation.
From the expression (3.24) and the parameterisation of the generalised metric in terms of a

conventional metric g and two-form field B, one finds that J generically takes the form

J=1e B (I —w+uwh), (3.26)

N[

where [ is the almost complex structure on T¢ defined by the three-form €2, and w is the
compatible fundamental two-form. The B field acts by the exponentiated adjoint action, which
is nilpotent at degree three. In analogy with a conventional complex structure, we can use J
to decompose the generalised tangent space into eigenspaces. Under SU(3) x U(1) x SU(4), the

adjoint action of J on the complexification of F splits as

E(C — Ll @L—l @LOa

_ (3.27)
12¢ = (3,1)1 @ (3,1)-1 ® (1,6)0.
Given the form (3.26), it is then easy to see that L_; takes the generic form
Ly =e B7w. 7% — {5 4 4(B +iw) | 5 € T(TOY)}, (3.28)

where as above T%! C Tt is the —i eigenbundle for the action of the almost complex structure
I.°> As with a conventional almost complex structure, we have an alternative definition purely

in terms of the subbundle L_:
Definition 13. An R x U(3) x SU(4) structure is a subbundle L_; C E¢ such that
i) dim¢ Ly = 3,
ii) n(L-1,L_1) =0,
iii) L_1NL_1={0},

iv) The map h: L_1 x L_1 — C, defined by h(V, W) = n(V, W), is a definite hermitian inner
product.

Note that we could equally well define the structure in terms of L.
Turning to the SU(3) x SU(4) structure 1, we note that the bundle

K =detT* ® A’°E, (3.29)

transforms in the 2207 representation of O(6,6) x R™ (where the bold subscript denotes the R™
weight [183]). Decomposing first under SU(4) x SU(4) and then under SU(3) x U(1) x SU(4),

SWe will denote (0, 1)-vectors with a bar. Unbarred objects will denote either generic vectors or (1, 0)-vectors
depending on context. The complex conjugate of a vector or one-form will be indicated with a superscript *.
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we have

220 = (10,1) ¢ (10,1) @ (1,10) & (1,10) @ (15,6) & (6,15)

_ _ (3.30)
=(1,1);©(6,1)-1©(3,1)1©(1,1) 3®(6,1)1 ©(3,1)1D....

where the subscripts now denote the U(1) charge. In particular, we see that the SU(3) x SU(4)
singlet in the decomposition implies that each choice of J defines a unique line bundle U/; C K¢,
satisfying

Vey=0 YVel(Ly), nd) 0, (3.31)

where v is a local section of Uy, n is the pairing on sections of K induced from the symmetric
pairing 7 on F, and the product V e v is the projection map £ ® K — H, where H is the
generalised tensor bundle transforming in the 495 representation of O(6,6) x R*. Equivalently,
a local section 1 is defined by Jv» = —3it) under the adjoint action of J.® Mirroring the definition

of a nowhere-vanishing three-form for an almost complex structure, we then have

Definition 14. Given a choice of J with trivial line bundle U, a generalised SU(3) x SU(4)

structure is a global nowhere-vanishing section ¢ € I'(Uy).

Note that two different choices of ¥ that are related by multiplication by a nowhere-vanishing
complex function define the same structure J. Decomposing with explicit SU(4) x SU(4) indices

we have
220 = (10,1) ¢ (10,1) @ (15,6) @ (6,15) @ (1,10) & (1,10)

FRR (3.32)
> (naﬂ,nag,ﬁagaﬁ,ﬁagaﬁ,ﬁaﬁ,/@dﬁ-).

In terms of the spinor € we then have
PP = fge 2P e (3.33)

with all the other components vanishing. Recall that 1 is defined up to a complex function.
We fixed the normalisation ée = 1, so that the phase of € encodes the phase freedom in 1,
while the overall scale of 1) is parameterised by the dilaton e~2%, in line with the fact that the
combination \/ge*% is the O(6,6) invariant volume defined by the generalised metric [183].
Again we can use the generalised metric to translate this into a tensor expression follow-
ing [179]. As we have mentioned a generalised metric gives a reduction of the structure group of
E t0 SO(6)4+ xSO(6)— ~ SU(4)4+ xSU(4)—. The O(6,6) x RT generalised tangent bundle F then
decomposes under SO(6)+ x SO(6)_ as E = Cy & C_, giving a corresponding decomposition of
N3E as
NE=NCL o (NCLeC ) (Cyr AN C)oNC_, (3.34)

as in (3.32), where the A3CL spaces decompose into complex self-dual and anti-self-dual com-

ponents transforming in the 10 and 10 representations. Note that, in terms of the splitting

5This corresponds to taking @ € (1,1)_3. We make this choice to match with the usual conventions of Q
being the holomorphic object on the space of structures.
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defined by the generalised metric we have
(Cy)c=L1 & L, (C-)c = Lo. (3.35)

Let E’(j = €4 + €eq — 1¢, B be an explicit basis for C, where é, is an orthonormal basis for T

defined by the metric g, and e, is the dual basis. The expression (3.33) defines the tensor

Y =/ge % %(eT'y“bce) Er A EA; NES

3.36
— e72<p efoiw . Q7 ( )

where the exponential e #~

acts via the adjoint action and in going to the second line we use
the isomorphism A3T @ AST* ~ A3T*. This expression ensures 1) is stabilised by the correct
SU(3) x SU(4) subgroup. We note that given an N' = 2 structure encoded by a pair of pure

spinors ®., one can construct ¥ as
¢MNP = ((i)—HFMNPCI)—)? (337)
where I'M are the O(6,6) gamma matrices and (-, -) is the Mukai pairing.

3.2.2 Rt x U(3) x Spin(6 + n) and SU(3) x Spin(6 + n) Structures

It is straightforward to extend this story to include the gauge bundle. Since many of the results
are analogous to the previous section, we will sketch the key points. As noted in (3.19), the

generalised tangent bundle is locally given by
E~T®adPs;o T, (3.38)

where ad Pg is the adjoint bundle with fibres given by the Lie algebra g of the gauge group G.
Sections of E thus encode diffeomorphisms and gauge transformations of both the gauge field A
and the two-form B. Again, there are two generalised structures each defined by a generalised

tensor that is invariant under the reduced structure group

SU(3) x Spin(6 + n) structure : ¢ € T(det T* ® A3Eg), (3:30)
R x U(3) x Spin(6 + n) structure : J € I'(ad F). .

These are stabilised by the same SU(3) x Spin(6 4+ n), but J is also invariant under a C* action.
We begin with the weaker Rt x U(3) x Spin(6 + n) structure defined by J. Mirroring the

discussion in the previous subsection, one finds that J generically takes the form
J = %e*Be*A (I — w4 W), (3.40)

where now we include a twisting by the one-form gauge field A. Again, we can use J to decom-
pose the generalised tangent space F into eigenspaces. Noting that the fibres of E transform in
the (12 + n) representation of O(6,6 + n) and decomposing under U(1) x SU(3) x Spin(6 + n)
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we find that

Ec=L1 & L_; & Ly,

- (3.41)
124+ n = (37 1)1 + (37 1)*1 + (1a 6 + n)Oa

where (6 + m) is the fundamental representation of Spin(6 + n). Identifying L_; as the sub-
bundle transforming as (3,1)_1, given the form of J in (3.40), one can check that L_; takes

the generic form
Ly =e Briwe=AT0l — (5 4 yp A+ 15(B +iw) — Tr(1zA A) | 5 € T(TY)}, (3.42)

where T%! C Tt is the —i eigenbundle for the almost complex structure I. As before, one can
use L_1, subject to some algebraic conditions, as a definition of the RT x U(3) x Spin(6 + n)
structure.
As in the case without the gauge bundle, an SU(3) x Spin(6 4+ n) structure v is a nowhere-
vanishing section of
Y € T(det T @ A*Eg). (3.43)

Again, 1 is not a generic element but needs to lie in a particular orbit of Spin(6,6-+n) so that its
stabiliser is SU(3) x Spin(6 + n). Using a generalised metric, we can write £ = Cy & C_, where
C is a six-dimensional subbundle on which 7 is positive definite, defined in (3.20). Letting £

be a basis for C'y, we can write

6= VB (O A B A B s
— ef2goefoiwefA e}

This expression guarantees that 1) is stabilised by the correct SU(3) x Spin(6 + n) group.

3.2.3 Supersymmetry and Intrinsic Torsion

The existence of the v structure is just the algebraic part of the supersymmetry conditions for
an N/ = 1 background (namely the requirement that one has a non-vanishing spinor). There
are also differential conditions given by the Killing spinor equations, which can be translated
into the F- and D-term conditions in (3.8) and (3.9) respectively. As we will discuss, these are
equivalent to the structure being torsion-free or “integrable” [167,184,186]. As in [1], it will
be useful to consider the intrinsic torsion for both J and 1 as one can view an integrable 1) in
terms of an integrable J together with a further differential condition in the form of a moment
map for generalised diffeomorphisms.

We call a structure torsion-free or integrable if there exists a generalised connection that is
compatible with the structure and is torsion-free. For example, a torsion-free SU(3) x Spin(6+n)

structure is equivalent to the existence of ¥ and a connection D such that
D=0, LY—Ly=T(V)=0, (3.45)

where Ly is the Dorfman derivative defined in (A.26) with the gauge sector turned off, L is
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the Dorfman derivative with 0 replaced by D, and the generalised torsion is a map 7: I'(E) —
I'(ad F ). The obstruction to the existence of such a torsion-free connection is a non-vanishing
intrinsic torsion.

Starting with the simpler case where we ignore the gauge bundle, following the standard
analysis [181,183-185,187], we find that the intrinsic torsion for ¢ and J live in subbundles of
A3E @& E* transforming as 220 & 12 and decomposing under the structure group via

W ) wsuw) 1(3,6) 2@ (3,6)2 @ (1,1) 5@ (1,1)3

@ (37 1)1 S2) (ga 1)—1 5% (17 6)07
WY () xsug) (3:6) -2 @ (3,6)2 @ (1,1) 3 ® (1,1)3, (3.47)

(3.46)

where the subscript denotes the U(1) charge under J.
When we include the gauge bundle the representations in which the intrinsic torsion for each

structure lives are given by
Wsillljt(3)xspin(6+n) (3,6 +m) 2®(3,6+m)2®(1,1) 3@ (1,1)3

@ (37 1)1 @ (ga 1)71 @ (17 6 + ’I'L)(),
W]}%T><U(3)><Spin(6+n) :(3? 6+ n)—2 ® (§> 6+ n)2 ©® (17 1)—3 D (11 1)37 (349)

(3.48)

where a subscript denotes the U(1) charge with respect to J and (6 + n) is the fundamental
representation of Spin(6 + n).

Since N' = 1 supersymmetry in four dimensions follows from integrability of the SU(3) x
SU(4) structure, and integrability is equivalent to the vanishing of the intrinsic torsion of the
structure, we need some natural differential conditions which enforce the vanishing of the above
components of the intrinsic torsion. These differential conditions should then be thought of as
the supersymmetry conditions for the background, but now with a geometric interpretation.

The form of these conditions will be the subject of the next two sections.

3.3 Involutivity, the Superpotential and F-Terms

In this section we will consider the integrability of the weaker R* x U(3) x SU(4) and R* x
U(3) x Spin(6 4+ n) structures, defined by J, and the show how these conditions can be defined
as an involutivity condition of a subbundle or equally as coming from varying a superpotential.
This matches an earlier observation, in the case of pure O(d, d) generalised geometry, relating
supersymmetry of the underlying sigma model to integrability of a subbundle [229]. We will
also briefly discuss the connection to the holomorphic Courant algebroid [74,177,178] given
in (3.10). We will turn to the extra conditions that one must impose on v to guarantee an

honest N' = 1 background in the next section.

3.3.1 Involutivity Conditions

As with conventional complex structures and the N' = 1 structures defined in [1], it turns out

that integrability of the J structure is equivalent to involutivity of a subbundle of the generalised
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tangent bundle. For the R* x U(3) x SU(3) structure we define

Definition 15. A torsion-free RT x U(3) x SU(4) structure J is one for which L_; is involutive

under the Dorfman derivative
LyW eT'(L_y) VYV, W eT'(L_y). (3.50)

Note that one can replace the Dorfman derivative with the Courant bracket in this condition:
the difference between the two is a term of the form d(n(V,W)), but n(V,W) vanishes for
V,W € I'(L_1) from definition 13. We also note that since L_1 ~ L1, involutivity of L_1 is
equivalent to involutivity of L.

It is straightforward to see that involutivity of L_; is equivalent to vanishing intrinsic torsion
for the RT x U(3) x SU(4) structure. Recall first that we can always find a generalised connection
D that is compatible with the structure, so that DJ = 0, but this is not necessarily torsion-
free. Now consider the definition (3.45) of the torsion of a connection where we restrict to
V,W e D(L_y)

LyW = LOW —T(V)-W. (3.51)

Compatibility of the connection guarantees Lg W € I'(L-1), so involutivity reduces to checking
that T'(V') - W lies only in L_;. Note also that since the left-hand side does not depend on the
choice of connection and L‘QW lies in I'(L_;) for any choice of D, only the intrinsic torsion
can contribute to the components of T'(V') - W that lie outside of L_j. The intrinsic torsion

representations that appear in T'(V) - W € I'(E) are
(3.52)

A non-zero (3,6)y component of the intrinsic torsion would generate a (1,6)g ~ Lo term in
Ly W, while a non-zero (1, 1)3 component would generate a (3,1); ~ L; part. Requiring both of
these to be absent so that Ly W € I'(L_1) sets both of these components of the intrinsic torsion
to zero. Complex conjugation then implies that the whole of the intrinsic torsion vanishes. This
shows that the RT x U(3) x SU(4) structure defined by J, or equivalently L_j, is integrable if
and only if L_; is involutive with respect to the Dorfman derivative.

The discussion up to this point has been rather abstract. One might wonder how inte-
grability for J translates into concrete equations for the SU(3) structure that underlies the
Hull-Strominger system discussed in section 3.1. Given that we have an explicit description
of the subbundle L_;, given in (3.28), we can check how involutivity constrains the SU(3)
structure. Taking any v, w € I'(T") one finds

—B—iw

Lo-5-iwy(e w) = e Briw Ty, = =B ([ ] — 400 (H +idw)), (3.53)

where H = dB and we have used the expression for the Dorfman derivative in (A.26) after
setting the gauge field to zero. If in particular we choose the vectors to be v,w € I'(T%!) so
that e 57195 € T'(L_1), then for L_; to be involutive (so that the right-hand side lies only in
L_1), we require that [0, W] — 1525(H + idw) is a section of T'(T%!) alone. Splitting into vector
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and one-form equations, this gives the conditions
[0,w] € T(T™),  1p10(H +idw) =0, (3.54)

which must hold for all choices of v,w € T'(T%!). The first of these is simply the requirement
that the almost complex structure I is integrable, so that it is an honest complex structure.
This also implies that the corresponding complex three-form 2 satisfies d2 = a A €2 for some
a € Q%(X). The second condition can be understood by decomposing according to complex
type as H = H3 o+ Ho 1+ Hy1 2+ Hp3 and w = wy ;. Since v and w are (0, 1)-vectors, the second
of the conditions gives Hp3 = 0 and Hy o + i0w = 0. As both H and w are real, these imply
Hso= Hys =0 and Hyy + Hy o +i(0 — 0)w = 0. Putting this together, we have

[v,w] € D(T")
L_4 is involutive & - (3.55)
H=1i(0 - 0)w

Note that these are (almost) the equations coming from the F-term conditions (3.8) with the
gauge bundle turned off. The F-term equations are slightly stronger since they imply that 2
is conformally holomorphic, fixing @ in terms of the dilaton ¢, whereas the above conditions
leave a undetermined. We will come back to this point when we discuss the superpotential
in section 3.3.2. Note also that these are the same set of conditions as the integrability of a
“half generalised complex structure” [230], which appear from a worldsheet analysis of (2,0)
non-linear sigma model geometry.

The involutivity condition naturally extends to the RT x U(3) x Spin(6 +n) case. Given the
explicit description of L_; in (3.42) and the expression for the Dorfman derivative in (A.26), we
can relate integrability for the R* x U(3) x Spin(6 + n) structure, in the form of involutivity of
L_4, to the data of the Hull-Strominger system, namely the SU(3) structure and the connection

on V. Taking generic vectors v, w € I'(T") one now finds

Lo-B-iwe—ay(e B 1%eAy) = e_B_i“e_A([v, w] — 110 (H +1dw) — 110, F), (3.56)

where
H=dB+ws(4), w3(A4)=Tr(AANdA+2ANANA), (3.57)
F=dA+ANA, dH = Te(F A F). (3.58)

As before, specialising to ©,w € T'(T%!) so that e"B~1we=4% € T'(L_,), for involutivity of L_;

we require that the expression in the parentheses in (3.56) lies only in I'(7%!). This implies

[0, @] € (T
L_4 is involutive < H=i(0 — 0)w (3.59)
Foo =

As before, we have an integrable complex structure on the manifold, implying d2 = a A Q2
for some @ € Q%'(X), and the three-form flux H is fixed by d’ of the hermitian form w. In
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addition, the (0,2) component of the curvature F' must vanish, implying that the gauge bundle
is holomorphic. Again, these are the F-term equations (3.8), up to the conformal holomorphicity
condition for €.

In order to describe the heterotic theory, as mentioned, we can include the tangent bundle
connection within the gauge sector, as discussed in [74,167,186]. This has the effect of redefining
H to be its full heterotic form and adds a holomorphicity condition for the tangent bundle
connection so that

H =dB + w3(A4) — w3(0), Ro2 =0, (3.60)

where © is the V™ connection and R is the corresponding curvature two-form.
It is interesting to compare how the involutivity condition on L_; defines the holomorphic
structure of the geometry to the holomorphic Courant algebroid Q given in (3.10) and used in

the papers [74,177]. Defining the perpendicular subbundle L+, such that, on a patch Uj,
Verl(Lt) s pV,W)=0 VW eTl(L_y), (3.61)

we have

Lfl/Lfl ~ e—B—iwe—A . (Tl,O D TO,l D T*l,O D (ad PG)(C) /e—B—iwe—A . TO,I’
~ e—B—iwe—A . (Tl,O D T*LO D (ad PG)(C) , (362)
~ T ¢ 710 ¢ (ad Pg)c ~ Q.

Hence we see that L_; indeed determines O and furthermore the involutivity of L_; implies
that Q is holomorphic.” As a bundle, all Q are isomorphic to 719 @ T*1° @ (ad Pg)c. However
the corresponding holomorphic Courant algebroids (or more precisely “Bott—Chern algebroids”
in the language of [74]) are distinguished by the choice of w and A, such that inequivalent
algebroids are distinguished by the Aeppli class defined in [74].

3.3.2 The Superpotential

It is known that the F-term conditions in (3.8) can be derived starting from a heterotic super-
potential [207,231-233]

W= / e QA (H 4 idw), (3.63)
X

and requiring W = 60 = 0 under variations of the structures 2, w and fields B and ¢ [207,
233|. Building on work on flux superpotentials [234,235] and their description in generalised
geometry [180], we conjectured in [1] that the superpotential is given by the singlet part of the
intrinsic torsion of the v structure and explicitly showed this was true for the examples of Go
in M-theory and generic N' = 1 backgrounds of type II theories. Here we will show that the
singlet torsion does indeed give the superpotential in the case of heterotic backgrounds and
that it is a holomorphic function of ). We also discuss how the superpotential conditions imply

involutivity of L_;. Not only does this provide a covariant expression for the superpotential for

"Note that it is the adjoint bundle for the complexified group, G, that appears here. If L_; is involutive, so
that we have Fy 2 = 0, the transition functions that define (ad Pg)c can be taken to be holomorphic, so that Q
is also holomorphic.
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generic heterotic backgrounds, it also provides further justification for the claim made in [1].

Given that an infinitesimal change in ¢ can be parameterised by an element of the O(6,6 +
n) x RT Lie algebra and ¢ transforms in the (1,1)_s, the variations of the SU(3) x Spin(6 + n)
structure v transform as (1,1)_3, (3,1)_1 and (3,6 +n)_5. Thus W/dp = 0 constrains
the dual (1,1)3, (3,1); and (3,6 + n)2 components of the intrinsic torsion. Note that this
means the vanishing of the variation of W implies W = 0, as W is the singlet component of
the intrinsic torsion. We also note that the superpotential condition is slightly stronger than
involutivity of L_1, which constrained only the (1,1)3 and (3,6 + n)s components, leaving
(3,1); undetermined. The involutivity condition implies there is an integrable complex structure
and hence dQ) = a A 2. The extra superpotential constraint is precisely what is needed to fix
the (0, 1)-form a.

As for E(7) x RT backgrounds with A" = 1 supersymmetry, one can rephrase involutivity as
a holomorphic condition on v itself. Let V € T'(L_;) and D be a compatible connection, such
that Di = 0. From the definition of the torsion of D in (3.45), we have

Lyt =-T(V)-¢  for Vel(L). (3.64)

Naively one would expect Lew to appear on the right-hand side. This would contain terms of
the form Dy, (D X,q V) -1 and (D - V)1 (where the final term appears as ¢ has a non-zero
weight under the Rt action). However, using the fact that 1 is a singlet and that it has weight
one under R™, one finds that the terms which involve D acting on V' cancel identically, leaving
only Dy which vanishes due to the compatibility of the connection. The remaining torsion
term is linear in V' and, since Ly % is independent of D, only the intrinsic torsion can appear in
T(V) - . Using the U(1) x SU(3) x SU(4) decomposition, one can check that the (3,6 + m)s,
(1,1)3 and (3,1); parts of the intrinsic torsion (3.46) appear, which are the same components

that appear in WW/d1. This gives us an alternative description of the involutivity condition as
involutive L_; & Lyy=UV)y VYV eI(L_1), (3.65)

where U € T'(L* ) is the (3,1); component of the SU(3) x SU(4) intrinsic torsion, and U(V) =
Uy VM is a pairing between sections of E* and E so that U(V) is a scalar function. If we

further require that U vanishes, we have

(?;}V =0 & Ly =0 VVeI(L_y), (3.66)
so that we have an alternative description of the superpotential condition (recall that §W /) = 0
implies W = 0). As discussed in [1], we expect that one can take a given 1) that satisfies the
involutivity condition and rescale it by an appropriate complex function so that the stronger
superpotential condition is satisfied. Note that these expressions show that involutivity and
the superpotential itself are holomorphic in . Since L_; is fixed by V e ¢ = 0 (see (3.31)),
L_; depends holomorphically on . The conditions that Lyt = U(V)y and Ly = 0 for all
V € T'(L_4) are then also holomorphic in v (since 1 does not appear).

Our conjecture that the superpotential is given by the singlet of the intrinsic torsion can be
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translated to the statement that

W:/XWN/Xn(z/z,T), (3.67)

where T is the intrinsic torsion of the structure. The pairing of 1" with v projects onto the
(1,1)3 component. Note also that v is weight one and T is weight zero under the R action,
so that their pairing is a weight-one scalar. A weight-one scalar is a section of det T* and so
gives a volume form that can be integrated over the manifold. From the previous discussion,
the (1,1)s component of the torsion can be obtained from 1 alone, and so the superpotential
itself is a holomorphic function of ).

There are alternative ways to write W to make the dependence on ¥ more obvious. One can
always find a torsion-free connection D that is compatible with the generalised metric structure

discussed in section 3.2.2. Using this one can write the integrand of the superpotential as
W~ Tr(J, D Xuaq v), (3.68)

where J is the RT x U(3) x Spin(6 + n) structure defined in section 3.2.2.8 Note that since
neither J nor the generalised connection are weighted under R, the right-hand side of (3.68)

is a section of det T* and hence we can integrate it over the manifold to give

W~ / Te(J, D %a 1), (3.69)
X

This expression is the easiest to use for direct calculations. Naively it does not appear to be

holomorphic in 1 as J is a function of ¢ and 1. However, we can rewrite it as

~ 77(1/;7 (D Xad 1/]) ) W

where, as in [1], the weight of v is such that the dependence on 1) drops out. That is, under
an infinitesimal antiholomorphic variation of v, only the terms that are proportional to
contribute to the variation of (¢, (D Xaq %) - ¢), while the other components are projected
out. This leaves a trivial scaling transformation 1) — e%), under which our expression is clearly
invariant thanks to 7(¢, 1) in the denominator. Hence W does not vary under deformations of
1 and so it is indeed holomorphic in 1), as we claimed.

As we show in appendix D, using the explicit expressions for J and % in terms of the

underlying SU(3) structure, the superpotential reduces to
W ~ / e 2PQA (H +idw). (3.71)
X

This is precisely the form of the superpotential in (3.63) and used in [207,232,233]. Hence

8 As for the case of E7(7) R* generalised geometry [1], it is easy to see that this expression does not depend
on the choice of connection (such torsion-free compatible connections are not unique). In particular, there are
no singlets in the undetermined parts of D when one decomposes under the A" = 1 structure group. This means
that any expression that is an SU(3) x O(6+n) singlet, is linear in D and involves only SU(3) x O(6+n) invariant
tensors, will depend only on the singlet part of the SU(3) x O(6 + n) intrinsic torsion.
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our expression (3.69) is the covariant form of the superpotential for a generic four-dimensional
N =1 heterotic background determined by ).

Having seen how the F-term conditions of the Hull-Strominger system can be understood
as involutivity for a subbundle defined by a generalised structure or the vanishing of the su-
perpotential, in the next section we will discuss how the remaining D-term equations can be
imposed by requiring the vanishing of a moment map for generalised diffeomorphisms. This mo-
ment map will be defined using v, and its vanishing will be equivalent to the vanishing of the
remaining components of the intrinsic torsion for the SU(3) x Spin(6 + n) structure, confirming
the claim that a four-dimensional N = 1 heterotic background is equivalent to an integrable
SU(3) x Spin(6 + n) structure.

3.4 The Kahler Potential, Moment Map and D-Terms

As we have seen, integrability of the U(3) x Spin(6 + n) x R structure — in the form of
involutivity of L_; — gives a subset of the supersymmetry conditions required of an N = 1,
D = 4 heterotic background. As we have mentioned, the remaining conditions come from
the vanishing of a moment map for the action of diffeomorphisms and gauge transformations
(generalised diffeomorphisms). Much of what follows is analogous to the story for Er) x RT
backgrounds. For this reason, we shall be brief and refer the interested reader to the longer

discussion in [1].

3.4.1 The Kahler Potential

We know that the moduli space of a generic four-dimensional N' = 1 theory admits a Kahler
metric which will be related to the Kéahler potential on the space of SU(3) x Spin(6-+n) structures.
Here we will give an expression for this potential in terms of the object 1.

At each point p € X, 1 is stabilised by some SU(3) x Spin(6 + n) C O(6,6 + n) x Rt

subgroup. Hence at each point, ¥ is an element of the coset

0(6,6 +n) x RT

C= . 3.72
Yl € €= 5503 Spin(6 + 1) (3:72)

An SU(3) x Spin(6 + n) structure is then a section of the fibre bundle
C—C—X. (3.73)

Hence we can define the space of SU(3) x Spin(6 + n) structures to be the set of sections of C:
Z~T(C). (3.74)

There is a natural Kahler structure on this space, determined by supersymmetry. First, note
that the homogeneous space O(6,6 + n)/U(3) x Spin(6 + n) admits a pseudo-Kéhler struc-
ture [236]. The space C can be viewed as a complex line bundle over this homogeneous space
with the zero section removed. This reflects the fact that we only have an R action, and hence

we have a cone over a Kahler base. This complex cone over a Kéhler base has a natural Kahler
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structure which then induces one on the space of sections. In this case, the Kahler potential I

on Z is given by

N

K= /X (6, 9)3, (3.75)

where 9 is viewed as a complex coordinate on the space of structures. Note that the weight of
1 ensures that n(1, 1;)1/ 2 is a top-form and hence can be integrated. Different choices of weight
would correspond to different Kahler metrics, with the weight we have chosen corresponding to
the metric picked out by supersymmetry (as we saw with holomorphy of the superpotential).
As was shown in [179], the object ¢ does indeed give a complex coordinate on Z. The

particular form of ¢ and its RT weight turns out to be very natural. Consider the anchor map
T E—T, (3.76)

which simply projects on the vector component of a generalised vector. This induces a map
m: ASE — A3T which, together with A3T @ AST* ~ A3T*, gives

() ~ e 29 Q. (3.77)

Thus, via the anchor map, the object 1 defines an ordinary complex three-form 7 (1)) on the
manifold. This three-form is 2 up to a dilaton factor, and is precisely the form that is holomor-
phic (closed under 9) in the Hull-Strominger system (3.3). Note that, so long as we consider
only deformations fixing the cohomology of the H flux, we are fixing the underlying Courant
algebroid and thus the anchor map 7. The induced map is therefore complex linear and has
no moduli dependence. This means that if v is holomorphic on the coset C then so is the
three-form e~2% ().

We can define a non-holomorphic coordinate on Z as

X = n(, )~V (3.78)

This is a complex section of ASE @ (det T%)'/2 ~ 220, /5 and gives the Kéhler potential (3.75)

as

K= /X n(x - (3.79)

We will see that this non-holomorphic parameterisation is useful for writing the symplectic
structure on Z. The symplectic structure on Z is given by w = i9'0'KC, where § = &' + ' is

the functional derivative on Z. Contracting two vectors o, f € I'(T'Z) into w, one has

tta =5 [ 0B (00 1580) = (1560 106)

) i ) ) ) ) (3.80)
= 308, ) T a8, D), 1580) + S0, D) (000, D)0, 1060) ).
Rewriting this in terms of x gives
i i} _
0 = 5 [ (110 198%) ~ 1(138x:10%)). (3.81)
X
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While we leave the full calculation to appendix D, one can show that the Kahler potential

takes the form
K= / ie 22Q A Q. (3.82)
X

In fact, it takes this form up to an overall constant which can be removed by rescaling ¥. With
this rescaling x is given by

1 .
X = ggl/%—mmm’ﬁ (3.83)

mnp>

where E;‘mp = EXAEFA E;‘ , and the E; are defined as in (3.44). We will see later that, while
(3.82) appears to only depend on the complex structure parameters (which vary ), it does in

fact capture all possible deformations of the structure.

3.4.2 The Moment Map

One can then restrict to the subspace of ¢ structures for which L_; is involutive, that is
Z ={y € Z|J is integrable}. (3.84)

As we showed in (3.65) in the discussion of the superpotential, this condition is holomorphic
in ¢. Hence Z inherits its Kéhler metric Z, which is defined by the same Kahler potential.
Following the discussion in [1], one can then define a moment map for the action of generalised
diffeomorphisms on Z as follows. Infinitesimally, generalised diffeomorphisms are generated by
the Dorfman derivative along a generalised vector V' € T'(E). A generalised diffeomorphism

defines a deformation of x as
1o, 0X = Ly X, (3.85)

where py € I'(T 2) is the induced vector field. The corresponding moment map is defined by
Loy 1a® = 1o 0p(V), (3.86)

from which we deduce

u(V) = =5 [ 06,0 oLy, )

i

5 | L), (387)

where p: Z— goiff* is the moment map. We will use the form of the moment map in terms of
both ¥ and x in the following, so we give them both above.

How does the moment map constrain the structure? In other words, which components of
the intrinsic torsion can appear in u? Recall that we can always find a compatible connection
(Dy = Dx = 0) that is not necessarily torsion free. Using this we can rewrite the moment map
as ) )

n(V) = =5 [ ntBx) + 5 [ am™v) 0, (3.89)
The first term vanishes by the compatibility of D. Assuming that the associated weaker RT x
U(3) x Spin(6 + n) structure is integrable, and hence its intrinsic torsion (3.49) vanishes, the
final term is zero for all V € T'(E) if and only if the (3,1); + (3,1)_1 + (1,6 4+ n)( part of the
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intrinsic torsion in (3.48) vanishes.” That is, imposing that the moment map vanishes, p = 0,
gives the final condition for the SU(3) x Spin(6 4+ n) structure to be integrable. We then have

Definition 16. A torsion-free generalised SU(3) x Spin(6 + n) structure is one where the

associated subbundle L_; is involutive and the moment map (3.87) vanishes.

We now check that the vanishing of the moment map imposes the remaining equations of the
Hull-Strominger system that do not appear in the involutivity conditions found in the previous
section. Taking a generic generalised vector V = e Be~4(v+ A+ A) where v € T'(T), A € T'(T*)
and A € I'(ad Pg), a long calculation in appendix D shows that

p(vy=1 / 15(20¢p — 200 + @ — a)e QA Q —4e 2P Tr(AF) Aw Aw
X (3.89)
+ 22X Ad(e W A w),

where we have used the fact that the complex structure is integrable (which comes from invo-
lutivity) and so dQ2 = a A Q) for some a € Q%!(X). It is clear that imposing the vanishing of the
moment map for all V = e Be (v + A\ + A) gives

a=20p, FAwAw=0, de*wAw) =0, (3.90)
which are equivalent to
d(e Q) =0, W' F=0, dle*wAw)=0. (3.91)

These are precisely the missing supersymmetry equations. Hence the Hull-Strominger system
is equivalent to an integrable SU(3) x Spin(6 + n) structure.

Physically, SU(3) x Spin(6 4+ n) structures that are related by diffeomorphisms and gauge
transformations (GDiff) give equivalent backgrounds, so the moduli space of structures My
should be viewed as the space of torsion-free SU(3) x Spin(6 + n) structures quotiented by
the action of these transformations. Since Z admits both a symplectic structure and a Kéahler
structure, there are two ways to view this quotient, namely as a symplectic quotient by GDiff

or as a standard quotient by the complexified group GDiff¢:
M, = {¢ € Z | u=0}/CDiff = Z/GDiff ~ Z/GDiffc. (3.92)

How is M, related to the moduli space of D = 4, N' = 1 heterotic backgrounds? First note
that even within M, different choices of ¢ can lead to the same background, that is, the same
set of physical fields.'” Instead, it is the generalised metric that determines the physical fields,
so we should take the moduli space of the background to be choices of ¢ € M, that lead to
different generalised metrics. Said differently, while deformations of ¥ at a point take values in
0(6,6+n) xRt /(SU(3) x O(6+n)), only those that are also in O(6,6+n) xR*/(0(6) x O(6+n)
change the physical fields. Fortunately, it is easy to take this into account. First note that

9Checking that (V) = 0 for all V is equivalent to showing p itself vanishes.
OWithout the gauge sector, this is the statement that there is a family of 1/’s that give the same O(6) x O(6)
structure.
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constant shifts of the dilaton can be absorbed in the definition of the four-dimensional metric
(recall that we are working in string frame). Second, note that a deformation of v that lives
in (Spin(6) x Spin(6 + n)/(SU(3) x Spin(6 + n)) would correspond to a change of the Killing
spinor € that leaves the physical background unchanged. Such deformations are possible only if
there is a second Killing spinor to rotate into, and so the background would secretly preserve
N = 2 supersymmetry. Notice however that changes of ¢ by a constant phase do not lead
to extra Killing spinors and such a phase can be absorbed into the four-dimensional spinors
appearing in the split of the ten-dimensional spinor. This constant phase corresponds to the
U(1) generated by J. Putting this together, assuming we do have an honest N' = 1 background,
the unphysical deformations of i) come from constant shifts of the dilaton and constant phase
rotations. Given the form of ¢ in (3.44), a constant shift of the dilaton by ¢ — ¢ — ¢/2 simply
rescales by the exponentiated RT action of ¢ on a weight-one object. The physical moduli space
M of the background is then

Moduli space of N' =1 background, M = My, /U(1) ~ M,,/C*, (3.93)

where A € C* acts as 1) — \p. Note that this implies the Kéhler potential scales as K — |\|K.
The Kéhler potential K on the physical moduli space is then

K = —3logk. (3.94)

We can compare this expression with those found in the literature. The generic form of the
Kahler potential, given an arbitrary (conventional) SU(3) structure, in the heterotic theory was
given in [232] following [231,237,238] and for generic heterotic vacua in [233,239] (matching the

original expressions in the case of Calabi-Yau compactifications [154,240,241]). One finds

I@z—logV—log(S%—S')—log/ WA, (3.95)
X

where V is the volume calculated from w, re S o e 2V and ¥ o e 2#(). Using the SU(3)
structure relations and that the dilaton is independent of the internal manifold, one can rewrite

the above expression as

K = —logV —log(e~2¢V) — loge %¥VY
= —log(e™*"V") (3.96)
= —3log/ ie 2P A Q.
b's

This matches both the form of I that we give above and confirms the coefficient of —3 in moving
from the Ké&hler potential K on the moduli space of SU(3) x Spin(6+ n) structure to the Kahler
potential K on the physical moduli space, as mentioned around (5.43).

When one has an honest Calabi—Yau background, the Kéhler potential can be separated into
terms that give the metric for complex structure, Kahler and bundle moduli, plus a universal
term for the dilaton. On a general N’ = 1 background, such a split is not possible and one

simply has (3.75). This also explains another possible point of confusion. Looking at (3.82),
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one might be tempted to think that it depends only on complex structure parameters (which
vary 2). However, this is an artifact of expressing the general form of the Kéhler potential (3.75)
at a chosen point on the parameter space. Variations of the Kahler potential should be written
in terms of variations of the full structure 1, and not simply €2, and then one will capture all
of the possible deformations. Put another way, in writing (3.75) we have not picked out the

holomorphic parameterisation of 1.1

3.4.3 Extremisation of the Kahler Potential and GIT

As we have seen, the Hull-Strominger system is equivalent to the existence of an involutive
subbundle and the vanishing of a moment map for generalised diffeomorphisms. However, as
for the E7(p xRT backgrounds discussed in [1], the vanishing of the moment map is equivalent to
extremising the Kéahler potential over complexified generalised diffeomorphisms simply because
Z is Kahler [243]. This reformulation allows us to make a direct connection to the work of [74].

If we take Z to be the complex structure on Zz , then the action of complexified generalised
diffeomorphisms are generated by py € F(Tﬁ) and Zpy € F(TZ,:’). Since 1 is a holomorphic

coordinate on the space of structures, we have
EIpvw = ZIpV(?,LD = ilpv 8’¢ = iva, (3.97)

where £ is the Lie derivative on Z, and we have split the exterior (functional) derivative into
holomorphic and antiholomorphic parts § = & + @. Varying the Kihler potential along the

orbit of an imaginary GDiff, we have

Lin K =5 [ 006.0) 2 (002 00,0) + 10177, 5]
X

_ i /X (W, D)2 [n(Lyp, &) — 1, Ly )]

2 (3.98)

— i /X 0, B)~Y2n(Lyp, D)
=—=2p(V).

Thus we can think of the D-terms as coming from the vanishing of a moment map, or, since
is invariant under the real group GDiff, the extremisation of the Kéahler potential with respect
to GDiffc.

In the work of [74], the Hull-Strominger system is viewed as extremising a “dilaton func-
tional” over variations of the holomorphic Courant algebroid (3.10) with fixed Aeppli class. We
note first that the dilaton functional is precisely the Kéahler potential defined above. Moreover,
as discussed around (3.62), the involutive bundle L_; defines the holomorphic Courant alge-

broid Q with a hermitian metric (w, A)!? defining a given Aeppli class. The authors of [74]

"Note that even in the Calabi-Yau case, the Kahler potential is naively independent of the gauge field moduli.
However, the holomorphic Kéhler moduli are shifted relative to the naive ones, and once these are picked out the
dependence on the gauge moduli becomes explicit [242].

2This is labelled (w,8") in the language of [74].
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show that the variations within a fixed Aeppli class are given by'?
dw=2Tr(AF) + 0" +0¢,  §Ap1 = —0afb. (3.99)

Examining equations (3.138)—(3.141), one sees that these are precisely the transformations
generated by e B wemA(—i¢ +i¢* + 0) € goiffc. Hence, extremising the dilaton functional
follows directly from our picture of extremising the Kéahler potential over complex generalised
diffeomorphisms. Interestingly, we have a larger set of variations which are not included in those
considered in [74], namely variations parameterised by some complex vector field v € I'(T¢) ~
diffc. As shown in (3.89), it is these variations that ensure e 2#(Q is a holomorphic section
(closed under 9). As shown in [74], provided such a section exists the variational problem of
the dilaton functional is equivalent to the Hull-Strominger system. In our formulation however,
the existence of a holomorphic volume form becomes part of the variational problem and does
not need to be implemented by hand.

The present work also answers a question posed in [74], namely whether there exists a
moment map interpretation of the Hull-Strominger system. Furthermore, this interpretation
provides a fascinating link with geometric invariant theory (GIT).'* As in many other classic
problems (including the hermitian Yang—Mills equations [224,225,244,245] and the equations of
Kéahler-Einstein geometry [246-248]), we can view the space of integrable SU(3) x Spin(6 + n)
structures as a quotient by a complexified group of some infinite-dimensional space of structures.

Geometric invariant theory then tells us that we should identify
Z /GDiff ~ 2P /GDiff¢, (3.100)

where ZP8 is the subspace of Z of “polystable points”. This arises as it is not guaranteed that all
GDiff¢ orbits will intersect with the surface 4 ~1(0). If an orbit does not intersect this surface,
we call the points along it unstable and these are not included in ZPs, By understanding which
points are polystable, one would be able to relate the existence of solutions to a differential
equation, namely p = 0, to the algebraic data of the complex orbits. In (3.92) we skipped over
this subtlety of having to restrict to a subspace of Z as it turns out that it is not be relevant
for the infinitesimal moduli problem in section 5.4.

The standard procedure for identifying which points in Z are polystable runs as follows.
One considers U(1) C GDiff actions generated by some py € D(T'Z). Under complexification
we get some C* C GDiff¢ action, ¢ — ¢ (v), v € C*, and we consider the limit v — 0. If there
is a limiting point in Z /C* (for example if the latter space was compact, which however is not

that case here) then in the limit the C* action should coincide with the rescaling action

lim ¢ (v) = V) (3.101)

v—0

for some 1y € Z. Here w(y, V) € Z is called the weight, and is quantised because we have a

13This is given by dw = ic(h™'8h, Fy,) + 0¢%! 4+ 9601 in the language of [74].
14See [221] and references therein for a review of GIT.
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U(1) action. In this limit we also find that
i — [y|@V)
Illn%) K(v) = |v| Ko. (3.102)

By considering all possible U(1) C GDiff subgroups, or one-parameter-subgroups, one then
defines

if w(v, V) < 0 for all 1-PS then 9 is stable,

if w(y, V) <0 for all 1-PS then 1) is semistable, (3.103)

if w(v, V') > 0 for some 1-PS then v is unstable.

The usual argument for the correspondence (3.100) relies on the “norm functional” (in this
case the Kéahler potential) being convex over the action of GDiffc. This then ensures that
there is a unique minimum of the functional, i.e. a point where p = 0, within the complex
orbit of the stable points. However, as is pointed out in [74], there are concave orbits given
by primitive deformations of w. Therefore, there may be multiple points along a given GDiff¢
orbit for which 4 = 0 and so the correspondence (3.100) may be more subtle. Despite this,
understanding polystability should give us conditions for the existence of solutions to the Hull-
Strominger system, if not uniqueness.

It is interesting to consider this constraint for U(1) subgroups of the gauge group G, gener-

ated by some 6 € T'(ad Pg).'® First note that we can express the weight as follows
w(, V)Ko = Lzp, Ko = =2 po(V), (3.104)

where (V) is the moment map evaluated on ty. Hence we can define ¢ to be semistable if
to(V) > 0. In order to lift the generator of the U(1) action into a generalised vector we take,
as usual, V = e Be~40 = ¢=44, then from (3.89), we have

1(6) ~ /X 20 T(0F) A w Aw. (3.105)

For ¢ = 0, this is precisely the expression for the weight for the GIT problem associated to
the hermitian Yang-Mills equations. The requirement that (in an appropriate limit) (3.105) is
greater than or equal to zero for all possible # has been shown to be equivalent to the slope
stability of the gauge bundle P — M. (See, for example, [249] for a review.) More generally,
for conformally balanced hermitian metrics, in our case when d(e”2%w A w) = 0, a theorem
of Buchdahl and Li-Yau [73,250] states that solutions of the hermitian Yang-Mills equations
require slope stability with respect to e “2#w A w, precisely the combination that appears in our
weight expression. Note that here the balanced condition actually comes from extremising the
Kahler potential under the action of complex one-form gauge transformations of B, so it would
be a consequence of our more general stability condition.

This, of course, requires further investigation. For the moment, we content ourselves with
pointing out that gauge conditions resembling slope stability appear naturally in the GIT pic-
ture, and that by understanding the constraints coming from all possible U(1) subgroups, one

might be able to characterise polystability for the full Hull-Strominger system. Note for exam-

5Note that here @ is an honest gauge parameter and not a section of the generalised tangent space.
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ple, we could consider circle actions on the manifold generated by some vector field £ € I'(T).
One might expect those coming from Hamiltonian symplectomorphisms to be related to the
picture of Calabi—Yau stability developed in [246,247].

3.5 Moduli of Heterotic Backgrounds

We will now analyse the massless moduli of a generic heterotic background in terms of some
cohomological structure. We have seen that the conditions for a D = 4, N' = 1 Minkowski
background can be rephrased in terms of integrable SU(3) x Spin(6+n) structures. By using this
language we will be able to give a new interpretation to previous results found on infinitesimal
moduli [178,179]. We will follow the methods of [1] closely.

As discussed around (3.93), the physical moduli space is given by

M = My/C* My = {¢|J is integrable} /GDiff ~ Z/GDiffc. (3.106)

Writing the moduli space in this way greatly simplifies the deformation theory. First, relating
the symplectic quotient to a complex quotient means that we do not need to solve the moment
map condition. Instead, we need only consider deformations of ¥ that preserve the involutivity
of L_yq, up the action of complexified generalised diffeomorphisms. Second, those elements of
GDiff¢ that preserve J simply rescale ¥ by a function. The moment map fixes this factor, up
to an overall constant C* rescaling. Thus we can actually identify the moduli space simply as

a quotient of the space of integrable J structures
M = {J|J is integrable} /GDiff ¢ (3.107)

Hence, to understand the local structure of the physical moduli space, we need to consider only
deformations of L_; up to complex generalised diffeomorphisms.

Infinitesimally this can be reinterpreted as the cohomology of the following complex
d d i
F(E(C) — F(Q:) — F(WHIQIE&XU(ZS)XSpin(ﬁ«#n))’ (3108)

where € is a vector subbundle of ad F- such that Z-L_; ¢ L_4 for all non-zero sections Z € I'(€).

We consider deformed bundles
L' =(01-2)-L; ZecI(e), (3.109)

such that the new L’ ; is involutive with respect to the Dorfman derivative to linear order
in . Since L', is involutive if and only if the intrinsic torsion of the corresponding RT x
U(3) x Spin(6 + n) structure vanishes, this defines a linear map, denoted by ds above. The
deformation is integrable if and only if = € ker da. There is also a notion of trivial deformations
given by the action of complex generalised diffeomorphisms acting on L_;. Infinitesimally this

is just the Dorfman derivative along a complexified generalised vector. That is, a deformation
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L', =(1+E)-L_ is trivial if there is some V € I'(E¢) such that
L'y =(1+Ly)L_. (3.110)

Again we can define a linear map d; such that a deformation generated by = € I'(€) is trivial if
and only if Z € imd;. It is simple to show using (A.30) that any trivial deformation is integrable
and hence dy o d; = 0. This means (3.108) is a complex whose cohomology counts the physical
moduli.

We will now find explicit expressions for the maps d; and ds using the parametrisation of
L_; given in (3.42), and show that we recover the cohomology of [178,179]. Note that the choice
of € is not unique for a given L_; and different choices change the form of the linear maps. A
canonical choice comes from thinking of the fibres of € as quotient spaces (06 64+n ®R)/p, where
p is the parabolic subalgebra preserving L_1. Since we are only interested in the cohomology,
which is independent of the exact choice of €, we will choose convenient a representative.

Recall the form of L_;

Ly = e Briwe=AT01 (3.111)

We take € to be
¢ e Brive . [(TH0 @ 70N @ AMTE @ A% T @ (T @ ad Pg)]. (3.112)

We note that these bundles should be taken to be complexified as above, which we assume from

this point forward. For any non-zero section = of this bundle we see that

E: Ly —»e Pve AT @ T* @ad Pg) ~ Ec/L 4,

. (3.113)
E=e Bive A (Luta+bta)el(Q),

where p € T'(T10 @ T*91), z € T(T*HY), b € T(T*%?), and o € T(T*%! ® ad Pg) — these are
what one might call complex structure, hermitian, and bundle moduli. (Again note that we are
taking all of the bundles above to be complexified.) This shows that (3.112) is a good choice of

€. We can then define our deformed bundle
L'y =01-Z)L_. (3.114)
To linear order in the deformation, we can rewrite this in a more convenient form as
L =e @1+ )1, (3.115)

where © = B+iw+z+b+Tr(AAa)+ A+ a.'0 It is worth stressing that by deforming within
the space of structures we are including deformations that do not change the generalised
metric, that is do not change the physical supergravity fields. In terms of the ¢ structure, the
additional degrees of freedom parameterise Spin(6)/SU(3) and transform in the 3 of SU(3) —

these correspond to deforming the putative Killing spinor, while keeping the supergravity fields

6Here we note that to linear order 1 + & + b + o = €*7@e® and then used the Baker-Campbell-Hausdorff
formula together with (A.23).
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fixed. If there are any such integrable deformations they would imply that the background
actually defined an N' = 2 rather than A/ = 1 solution. We will return to this point below.

We now want to examine the conditions on = (or equivalently ©) for L’ ; to be involutive,
that is, for the deformation to be integrable. From (3.114), two general sections V,W € I'(L ;)
can be parametrised by ©, p and two vectors ©,w € I'(T%!). The Dorfman derivative of W
along V can then be written in terms of a twisted derivative as

Le*®(1+,u)6 (e_e(l + ,U)QIJ) = e_eL'L{){JILI-;:D(w + - TI/), (3116)

where H and F are given to first order in the deformation by

H=dB+ws3(A+a)+idw+dz+db+dTr(AA )

(3.117)
=2i0w+2Tr(a A F) + dz + db,
F=dA+a)+(A+a)A(A+a)
(3.118)
=F+dja,
where dg = d + [4, -]. Involutivity of L’ ; is then equivalent to
LEAE (04 - @) = a+ p - 4, (3.119)

for some @ € I'(T%!). Using the expression for the twisted Dorfman derivative from (A.26), to

first-order in the deformation we have

L'L{){J:?ﬁf)(w T QIJ) :[@a TII} + [lu’ ’ 'L_),’LZ)] + [@7:u ’ lD]

— 150 (_2 Tr(a A F)+dx + db) — 21 1.5000w — 21 151,,.50w (3.120)
— 15040 — 1pta B — 1500 F
=u+ - u.

Decomposing according to complex type, we require
[0, @] + [ -, @] + [0, p - @] =@ (3.121)
(- 0,00 + [0, 5 - w00 = -4, (3.122)
1goAc + ool — a0t F =0, (3.123)
15E (2 Tr(a A F) + 0z + 8()) + 2i 2500w + 21 152,.50w = 0, (3.124)
15050b = 0. (3.125)

Let us consider each of these conditions in turn. As we are working to first order in the

deformations, dotting (3.121) with p and substituting into (3.122) gives

- [o,w) = [p- 0,00 + [0, u - w] M. (3.126)

Expanding out in components and using a torsion-free compatible GL(3,C) connection,'” one

" This exists as the undeformed solution admits an honest complex structure, I.
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can show this condition is equivalent to 12501 = 0, where yu is treated as a (0, 1)-form with a

holomorphic vector index. As this must vanish for all ¥ and w, we find
Ou = 0. (3.127)

This is the expected condition on first-order deformations of a complex structure.
The third condition (3.123) can be rewritten using 41, F = tupteF — 1u.0wF, where

B =e Ny, F, to give

daa+1,F =0. (3.128)

The fourth condition (3.124) can be rewritten using tp2,.90w — 1p2,.50w = —1g1,0w to give
2Tr(a A F) + 0z + 9b + 2i1,0w = 0. (3.129)

The final condition (3.125) is simply
b = 0. (3.130)
Taken together, the conditions are

ou =0, (3.131)
ob =0, (3.132)
Oz + 2i1,0w +2Tr(a A F) 4+ 9b = 0, (3.133)
daa+1,F =0. (3.134)

These equations give the map ds on the different components of Z. It is comforting to note
that these equations agree with those that have appeared before in work on heterotic moduli.
To be precise, our equations match those in [178,179], which we reproduce in (3.14) and (3.15),
after noting that There = 2%theres Mhere = —fthere aNd bpere = Bihere.'® The only equation we
are missing is (3.16) which is equivalent to the deformed complex three-form being conformally
holomorphic. However, as we saw in section 3.4.2, this condition is imposed by the moment
map, not involutivity. (Alternatively, one can see it as the extra condition that is imposed by
the superpotential.) The particular missing equation is associated to the moment map condition
that fixes ¢ (up to an overall constant) as a section of Uy once J is determined. Since we have
shown that we can describe the moduli space in terms of deformations of J alone it does not
appear. Note however, even if we had been using v to parameterise the moduli space, we would
still not have had to impose this relation. The point is that, as we have argued, at the level
of the cohomology imposing moment map conditions is equivalent to quotienting by complex
generalised diffeomorphisms. In other words, there will be representatives in the cohomology
class for which this missing condition is satisfied and hence we do not need to impose it as an
extra condition here. (This was actually the reason we could parameterise the moduli space
using J alone.) This illustrates the usefulness of this approach as it reduces the complexity

of the equations governing the moduli. As a separate point, note also that the integrability

18The factor of two in « is down to a choice of conventions. The minus sign that appears in y is due to our x
deforming T while the u in [178,179] is a deformation of T*!:°.
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conditions above are holomorphic in the complex parameters =, as we would expect from our
general discussion around (3.65).

We now examine the conditions for a deformation to be trivial. This will tell us what an
“exact” deformation is and thus give the resulting cohomology that counts the inequivalent,
non-trivial deformations. A deformation is to be regarded as trivial if the resulting L’ ; is
related to the undeformed subbundle by the action of the Dorfman derivative. In other words,
if L' | is simply a GDiff¢ rotation of L_y, the deformation is trivial. Let V be a section of L_;
and W be a section of E¢ such that

V= eiBf“"efA@,

. ) _ (3.135)
W = efolwefA(w + @ _’_€+£_’_9) — eiBilweiAWI,

where w is a (1,0)-vector, ¥ and w are (0, 1)-vectors, & and & are (1,0)- and (0, 1)-forms, and
6 is a complex gauge parameter. Note that w and w (and ¢ and ¢) are independent degrees of
freedom and not related by complex conjugation, w # w*. Peeling off the twisting by —B —iw

and —A, the action of GDiffc by W on a section of L_q is

=0+ [w+ @, 0] = 15d(§ + &) — wtwes(H +idw)
+2Tr(0 1w F) — 15dal — vptwtsF

=7 — 150w — 1570 — 157 0E — 15 0E — 21 141 Ow
+2Tr(0 15 F) — 150040 — 1515 F,

(1 + Lg/—/i_idw—i_F)T)

(3.136)

01 is a trivial rotation of ¥ and we are working to first order in the

where v/ = v+ [w, ] + [w, 7]
components of W.

We want to compare this with the expression for a linear deformation of L_;. Using the
O(6,6 + n) algebra [167] given in (A.23) and the Baker—-Campbell-Hausdorff formula, L” ; can
be rewritten as

L, = e—B—iw—z—b—Tr(A/\a)e—A—a(1 +u)o

| (3.137)
_ e_B_lwe_A(T} + U+ 5T+ 150 + Z@Oé)'

Comparing (3.136) with the components in the parenthesis in (3.137), one sees that a deforma-

tion of L’ ; is actually the action of GDiff¢, and so trivial, if

= —0w, (3.138)
x = —0& — O + 2i1,0w +2Tr(A F), (3.139)
b= —0¢, (3.140)
a = —040 + 1, F. (3.141)

Combined, these derivatives form the operator d;. One can check that these satisfy (3.131)—
(3.134) (so that exact deformations are automatically closed) provided {8,9} = 0, 9> = 94 = 0,
implying the original solution has a complex structure and a holomorphic gauge bundle, and

F and H satisfy the appropriate Bianchi identities. These will each hold as we are assuming
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we are deforming around an N = 1 solution. Combining (3.138)—(3.141) with (3.131)—(3.134),
we recover precisely the cohomology of [178] up to the b term which is not present in their
analysis. This is included in the linear terms in the same calculation in [179] and is related to
deformations of By s.

It is worth analysing this b modulus further. As we mentioned above, our parameterisation
of the deformation includes not only deformations of the physical fields preserving NV = 1
supersymmetry but also potential deformations of the Killing spinors, with the same background
geometry. The latter type of deformations correspond to the background admitting additional
supersymmetries. Specifically one can show that a particular combination of b and p will leave
the generalised metric invariant and hence correspond to such additional supersymmetries.
From the form of the equations (3.132) and (3.139) we see that if h®? vanishes then there
are no moduli for deformations of b and hence all the deformations correspond to physical
deformations of the background — in other words this is sufficient for the background not to
admit additional supersymmetries. A counter example is the solution on K3 x T? with trivial
gauge group. In this case h%? # 0 and the b modulus survives. The additional degree of
freedom corresponds to rotating the choice of N' = 1 subalgebra picked out by 1) within the
N = 2 supersymmetry algebra.
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Chapter 4

Generalised (Geometry for 5

Dimensional External Spaces

In this chapter, we will look at backgrounds of M-theory which have a 5 dimensional Minkowski
external space. These were originally studied in the context of generalised geometry in [187] and
were shown to have a USp(6) C Eg() x RT structure defined via a so-called V and H structure.
Here we will restrict our analysis to only the H-structure. We will find that this can also be
described in terms of an exceptional complex structure in Eg(g) X R*. That is, there is an
involutive bundle and a moment map structure which define an integrable H-structure. Using
these structures, we will be able to draw some interesting conclusions about such backgrounds.
We will be able to fully classify the possible exceptional complex structures which will put
restrictions on the geometry of the internal space. We will also be able to analyse the moduli
space in many cases and determine the exact moduli of all backgrounds satisfying a particular
generalised 00-lemma. These will be related to the number of massless hypermultiplets in the
effective theory. This chapter is structured as follows. First, we review the work of [187] and
recall the definition of H and V structures. Then we restrict to the H-structures and define the
SU*(6) structure, and the weaker U*(6) x RT structure, in terms of a holomorphic object x, and
a subbundle L; C Eg¢ respectively. We show that integrability of these structures is given by
involutivity of L; and the vanishing of a moment map. Next, we classify the possible forms of L;
and then use this classification to determine the moduli of these structures in all backgrounds
of constant type. Finally, we finish with some possible applications to AdSs backgrounds, and
finding the spectrum of the associated CFT4.

4.1 Review of Exceptional Calabi-Yau Structures

We will be interested in backgrounds with an external R*! that preserve minimal supersym-
metry. Recall in section 2.4.3 we stated that the geometry of backgrounds preserving minimal
supersymmetry (8 supercharges) with a R*! external space was given by an integrable USp(6)
structure [184]. This is because the supersymmetry parameter transforms in the fundamental
of the (double cover) of the maximally compact subgroup USp(8) [182,187]. More generally, the
existence of A/ globally linearly independent spinors defines a USp(8 —2/N) structure. Moreover,
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as was shown in [185, 187], these spinors satisfy the Killing spinor equations if and only if the
USp(8 — 2N) structure is integrable!. In this chapter, we will be interested in the geometric
structures associated to the existence of a torsion free USp(6) structure. These were extensively
studied in [187] and we will briefly review their work here.

As with conventional geometry, it is more convenient to define G-structures in terms of
generalised tensors, rather than spinorial objects. We would also like to find a condition for
integrability in terms of some differential conditions on those generalised tensors. This would be
the equivalent of the closure conditions of w and 2 for an SU(3) structure. In [187] they showed
that a USp(6) structure is defined by the combination of what they call an H-structure and a
V-structure, satisfying some compatibility conditions and differential conditions. In the effective
5 dimensional theory, the H-structure will be related to the scalars in the hypermultiplets, while
the V-structure will be related to the scalars in the vector multiplets, hence the nomenclature?.

The H-structure is defined by a triplet of weighted adjoint valued tensors J,, € I'((det T%)'/?®
ad F), @ = 1,2,3. These have to form a highest weight su(2) algebra of ¢s. In particular we
require

[Ja, Jg) = 2k€apy Ty Tr(Jods) = —K%8ap (4.1)

1/2 Alone, these tensors define an SU*(6) structure, where

Where « is some section of (detT™)
SU*(6) is a particular non-compact real form of SL(6,C)? [252,253]. This G-structure is inte-

grable if and only if the following generalised 1-forms vanish.

1 !
palV) = = 5cass /M Te(JsLyJy) = 0 (4.2)

The maps, pq can be viewed as moment maps for the action of generalised diffeomorphisms on
the hyper-kahler moduli space of H-structures Mpy. We will expand a little more in the next
section on how this works.

The V-structure is defined by a single generalised vector K € I'(E) that satisfies
o(K,K,K) = K? (4.3)
This describes an Fj (4 structure which is integrable if
LK =0 (4.4)

Again, this can be interpreted as the vanishing of a different moment map for the action of
generalised diffeomorphisms on the Kéhler moduli space of V-structures My, .

Finally, the USp(6) structure is defined by an H-structure and a V-structure obeying an

Tt was later shown in [212] that for compactifications down to AdS spaces, the generalised geometry is
described by the same G-structures, now satisfying a property called weak generalised holonomy. They define
this to be a G-structure where the intrinsic torsion lies in a singlet representation of the group G. The value it
takes depends on the value of the cosmological constant.

’In fact, in [187], they introduce these structures for compactifications down to 4, 5, and 6 dimensional
Minkowski space preserving 8 supercharges. The H and V-structures for compactifications down to 4 dimensions
were first introduced in [251].

3It can be identified as the following subgroup of SL(6,C). If J is an antisymmetric 6 x 6 matrix such that
J? = —1d, then U € SU*(6) with U* its complex conjugate if and only if UJ = JU*.
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additional compatibility condition and integrability condition. These are
Jp- K =0 Lrgdy =0 (4.5)

where J1 = J; +iJs. The additional compatibility condition ensures that the stabiliser group
of the two structures is Fy4 NSU*(6) = USp(6), and the extra differential condition is required
to ensure the intrinsic torsion completely vanishes. These completely describe the geometry of

N = 1 backgrounds with R*! external space.

4.2 SU*(6) and Rt x U*(6) Structures

It turns out that we can reinterpret the H-structure in a way that is similar to exceptional
complex structures of heterotic backgrounds described in chapter 3. In particular, we will find
that we can define an involutive subbundle of the generalised tangent bundle. While this does
not describe the full geometry of the supersymmetric background, we will be able to find useful
information from the analysis of this subsector. In this section, we will give a definition of
exceptional complex structures of Egg) x R* geometry and see how we can reinterpret the
SU*(6) structures as such an object. To do so, we will break the explicit SU(2) symmetry of
the H-structure. We will return to this point later in the chapter.

First we note that to define an SU*(6) structure, it is sufficient to just define J. Indeed we

can then obtain the full J, via
Jo=Jy  J3=(=8Tr(J,J ) V2], ]

In fact, it turns out that x := kJy € I'(det T* ® ad F ) is a holomorphic coordinate on the space
of SU*(6) structures*. This will be useful later when understanding the Kihler structure on

M. From these tensors we can define two reductions of the structure group

SU*(6) structure : x = kJ, € D(det T* ® ad F)

- . (4.6)
Rt x U*(6) structure : JeTl(ad F)

where J = k~1J3 is the unweighted J3. Note that since J is unweighted, it is left invariant by
the R C Eg(6) % R*. The additional U(1) symmetry comes from the action generated by J
itself. Hence J does define a Rt x U*(6) structure as claimed. Alternatively, we can define the

R* x U*(6) structure more directly from the supersymmetry.

Definition 17. Supersymmetry selects a USp(6) C USp(8) structure, and hence a well defined
SU(2) commutant within USp(8). An R* x U*(6) structure is given by any J € I'(ad F') that
generates some U(1) C SU(2) commutant.

Given a J, one can use it to decompose the generalised tangent bundle into eigenbundles.

4This was first noticed by Danial Waldram and Edward Tasker.
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We find that

Ec=Li®L_1® Ly

(4.7)
27T 56,:96_1 15

In the second line we have expressed this decomposition in terms of U*(6) representations. Here
the subscripts denote the charge under the U(1) C U*(6) generated by the J. Much like for
conventional almost complex structures and almost generalised complex structures, we have a

definition of U*(6) structures purely in terms of L.
Definition 18. An R x U*(6) structure is defined by a subbundle L; C E¢ such that
i) dimcL; =6
ii) Ly xy L1 =0
iii) LyNLy ={0} LinNLy={0}

iv) The map ¢ : Ly x (L_1)* :— R defined by
C(V,Z):TI'((V X ad Z)(V X ad Z)) (48)

is negative VV € Ly, Z € (L_1)*

We call such structures almost exceptional complex structures. Any bundle obeying the first

two conditions is called an almost exceptional Dirac structure [165].

Note that we could equally well define the structure in terms of L_;. While the third and fourth
conditions appear to depend on the full decomposition (4.7), one can define Ly by L; via the
following. Let A = {Z € E*| (V,Z) =0VV € L1 & L1} C E*, where (-,-) is the natural
pairing between E and E*. That is, A is the null space of L1 & L_;. Then we define

LO = (Ll Xad A) . L_1 (49)

Once we have found Lg such that (iii) holds, we have a well-defined splitting of the dual space
E* into (L41)* and (Lg)*.
We can decompose the weighted adjoint bundle into eigenbundles of J. We find

T8D1 — 142D 12 ® 2041 @ 201 @ ad Pr+xu=(6) (4.10)

The singlets imply that an R+ x U*(6) structure defines a line bundle U; C (det T*) ® ad F.
One can show that it is defined by

Vey=0 VVel(L), Tr(xy)#0 (4.11)

where x is a local section of /5. The product V' e x is defined by the projection F'® (det T™) ®
ad F — C where C is the generalised tensor bundle transforming in the 3514 of Eg(6) RT5,

SNote that this is R4 in the tensor hierarchy of Egg) [254]
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One can equally define a local section x by the condition J - xy = [J, x| = 2ix. We can then give
the definition

Definition 19. Given an almost exceptional complex structure J with trivial line bundle U,

an SU*(6) structure is a global non-vanishing section of I{;.

We expect that all SU*(6) structures will arise in this way and any two will be related by some
Eg(6) % R* transformation. Note that any two SU*(6) structures y, x’ which define the same

R* x U*(6) structure will be related by some non-vanishing function f

X = fx (4.12)

Much like for complex structures and generalised complex structures, suitable values for x will
not fill out the whole of 78 & 1. Instead, they will exist in some particular Eg(g) x R* orbit.
It is important to reiterate that since SU*(6) ¢ USp(8), a choice of x does not define a
generalised metric and hence does not fully define a supergravity background. Despite this,
we can still find some useful information about the hypermultiplets in the effective theory by

studying such structures.

4.2.1 Involutivity, Moment Maps, and Integrability

We will now look at the conditions imposed on x by integrability. Recall from section 4.1 that
the integrability of the SU*(6) structure is a subset of the supersymmetry conditions. This was
given as the vanishing of a triplet of moment maps for the action of generalised diffeomorphisms
on the space of H-structures. We will see that we will be able to recast this as an involutivity
condition on L1, which gives the integrability of the exceptional complex structure, along with
the vanishing of just a single moment map. In taking this description for integrable H-structures,
one loses the explicit hyper-Kahler structure that is guaranteed by supersymmetry. Instead, we
break the structure to just a Kahler structure. We will explore the implications of this hidden
SU(2) symmetry later in this chapter.
The intrinsic torsion for the generalised structures lies in a subbundle of the torsion bundle
K ~ 351_1. Decomposing into U*(6) structures we find that they transform as [187]
Wa O 15,015 5, ® 150 6, 36, (4.13)

WR+ xU*(6) :

int

15, ®15_» (4.14)

where again the subscripts denote the U(1) charge. We saw earlier that the integrability of a
complex structure can be described in terms of involutivity of eigenbundles. Again we find that

we can define

Definition 20. An integrable R x U*(6) structure, or exceptional complex structure, is an

almost exceptional complex structure that is involutive under the Dorfman derivative. That is

LyW eT(L)) VV,W eT(L) (4.15)
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In analogy with generalised complex geometry, an involutive structure that does not satisfy

LiNL_; ={0} is called an exceptional Dirac structure.

In general, Ly W # [V, W]. However, given the definition of an exceptional complex struc-
ture and (2.157), we find that the two agree on I'(L;). Hence, it is equivalent to determine
integrability with respect to the Courant bracket.

To see that this definition is correct, one can introduce a compatible connection D that is

not necessarily torsion free. Using (5.11) we find
LyW =LEW —T(V) W (4.16)

Because of the compatibility of D, the first term must be a section of L. Moreover, since the
left hand side does not depend on the choice compatible connection, the projection of Ly W

onto Lo @ L_1 can only depend on the intrinsic torsion 7', Given (4.14) we can see that
(V) - W € T'(Lo) (4.17)

Hence, for Ly W to be a section of Ly for all VW € T'(Ly), we need that T""|;5_, = 0. The
complex conjugate of this condition then sets the whole of 7™ = 0. Hence we see that definition
20 is correct.

From (4.13) we can see that the integrability conditions for RT x U*(6) structures is a
subset of the conditions for an integrable SU*(6) structure. This makes sense as the RT x U*(6)
structure is a strictly weaker structure. Given y defining an RT x U*(6) structure that is
integrable, we want to know what additional conditions are required so that the SU*(6) structure
is integrable. Let’s consider just the map ps from (4.2). In [187], they show that this is equal

to
p3(V) o /M Tr(k JSTH(V)) + % /M T (J3 - V) - &2 (4.18)

From this we can see that uz = 0 if and only if the singlet part of T (V) is 0 for all V € T'(E).
From the decomposition of E given in (4.7), we see that this is equivalent to the 150 ® 61 ®6_1
part of T vanishing. This is precisely the remaining part of the intrinsic torsion of the SU*(6)

structure given in (4.13). This motivates the following definition.

Definition 21. An integrable SU*(6) structure x, or equivalently J,, is an SU*(6) structure

with an integrable U*(6) structure, along with the vanishing of the moment map us.

As we mentioned, p3 is a moment map for the action of generalised diffeomorphisms on the
space of SU*(6) structures. Indeed, following [187], the space of H-structures Ag has a Kahler

structure® with Kéhler potential given by

K = /M (Tr(x) (4.19)

Here x is a holomorphic coordinate on Ag. Splitting the functional derivative into holomorphic

and antiholomorphic parts § = &’ + @', and using w = i0’0’K we can find the Kéhler form on

In fact, it is a hyper-kihler structure picked out by supersymmetry but we shall focus on just one of the
Kahler structures for now, returning to the full structure later.
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the space as

[ [ o | 1 i) T
18000 = - - - ~
’ M (Te(x) 2 L 4 Tr(xx) 4 Te(xY)

) ) (4.20)
+§ Tr(2a0x280X) — 3 Tr(21580x200X)
Using the non-holomorphic coordinate J,, this takes the much simpler form
18100 = ;/ [Tr(2a6J 4186 J-) — Tr(180J 1140 )] (4.21)
M

Here o, § € T(T Ag). Taking 8 = py to be the vector generated by an infinitesimal generalised
diffeomorphism, i.e. 1,,0J; = Ly Jy, then we see that

Loy la ™ = ;/M [Tr(2a0J42,,0J-) — Tr(2,,, 0] 1100 _)] (4.22)
— i/ [Tr(1a0J1 Ly J_) — Tr(Ly Jy146J_)] (4.23)
2 Ju
S / [Tr(J_Ly1a0Jy) 4+ Tr(1a0J_ Ly J. )] (4.24)
2 /m
= —1a6 <; /M Tr(J_LVJ+)) (4.25)
= —1,003(V) (4.26)

Hence we see that, up to an overall sign which doesn’t matter, us is precisely the moment map
defined.

4.2.2 Example - Calabi-Yau Manifolds

We know that Calabi-Yau three-folds provide a supersymmetric background when all the fluxes
vanish. We should then be able to embed some of the data of the Calabi-Yau into the formalism
of exceptional complex structures. It turns out that exceptional complex structures describe the
conventional complex structure of the Calabi-Yau. That is, embedding the Calabi-Yau structure

into the language of exceptional complex structures takes the following pattern of inclusions.

USp(6) C SU*(6) C R+ x U*(6)
U U U (4.27)
SU@3) ¢ SL(3,C) ¢ GL(3,C)

From [187] we find that the relevant structures are

SU*(6) structure : X = 3R3(—Q+ Q%) (4.28)
N N J = (I — vol — vol#)
R™ x U*(6) structure : : (4.29)
Ll —_ elvol . (Tl,O ey /\O,ZT*)
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Here, Q is the SL(3, C) structure and I is the associated GL(3,C) structure. That is, I is the
conventional complex structure of the Calabi-Yau. vol = éQ A €2 is the volume form picked out
by the SL(3, C) structure, and the musical isomorphisms are defined by the SU(3) metric of the

Calabi-Yau, g. &2

is some section of the bundle det 7. It is a simple check using the formulae
for the adjoint action in appendix A that L; is the 44 eigenbundle of J, and y lives in the —2i
eigenbundle of J.

Now we look at what the integrability conditions given by definitions 20 and 21 imply for
the GL(3,C) and SL(3,C) structures. First, let’s consider the integrability of the R* x U*(6)

structure. Taking V = ! Vo!(v + w), V' = elvl(¢v/ + ') € T'(Ly), we have

LVV/ = Leivol(v+w)ei VOI(U, + w,>
_ eivolLU+w(v/ + wl) (430)
=V [L,0 + (Lo — v/ odw) — W' A dw]

For this to be a section of L also, we require that £, € I'(T'?) for any v,v’ € I'(T*?). This
is precisely the statement that the GL(3,C) structure is integrable. If this is the case then the
exterior derivative decomposes into the Dolbeault operators d = 9+9. With this, we see that the
last term vanishes, and the middle term in the parentheses is equal to v_0w' —v' J0w € T(A%2T*).

Hence we see that
Rt x U*(6) structure integrable <  GL(3,C) structure integrable (4.31)

Now let’s consider the vanishing of the moment map ps. Using the algebra in appendix A,
one can show that

i 1 1 _ _ _
(V) = = / —5 Ly + oK’ [—Q#vaa + O L0 — (QF A Q#)Jda] (4.32)
M

This first term vanishes since Ly k2 is a total derivative’. The final term gives

1

— / w2 vol” Jdo o / vol# uk%deo o / d(vol” Jk*) A o 20 Voe T(AST™) (4.33)
2 Jm M M

This is true if and only if k2 = cvol for some constant ¢ € R, which we can set to 1 without

loss of generality. This just says that the volume form picked out by the SU*(6) structure is the

same as that picked out by the SL(3,C) structure. With this, the rest of (4.32) is proportional

to

/ (L.QAQ— QALY :/ (0,dQ A Q4+ d(vQ) A D — QA 0D — QA d(v.0)
M M (4.34)

—2/ va(@a—a)QAQ
M

In moving to the second line we have used integration by parts to put the derivatives on the
Q,Q, and have used the integrability of I to write dQ2 = a A Q for some a € I'(T*%!). This

"Here we use the fact that Jy; d(...) = 0 which means we are taking M to be compact without boundary, or
that the fields die off sufficiently quickly at infinity.
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vanishes for all v € I'(T) if and only if a = 0, or equivalently, if d©2 = 0. Therefore, we have

SU*(6) structure integrable <« SL(3,C) structure integrable (4.35)

4.2.3 A Closer Analysis of Exceptional Complex Structures

In this section we will examine what definition 20 implies for the structure of L. We will find
that the isotropy and reality conditions place strong restrictions on the possible form of the
ECS in terms of natural bundles. First, we define a notion of type similar to that of generalised
complex structures defined in [165], and also defined in exceptional geometry in [1]. We make

this definition only for compactifications of of M-theory.

Definition 22. The type of an almost exceptional complex structure L; C E¢ is the (complex)

codimension of its image under the anchor map. That is, if a : £ — T is the anchor map, then
type L1 = codimc a(L1) = 6 — dimc a(L) (4.36)

We will find that the only allowed types of an ECS are 0 and 3.
We would like to classify the possible forms of L; based on the criteria set out in definition
20. We will only state the results here and leave the proofs for appendix E. Let us first focus

on condition (ii), the isotropy condition that states
Ll XN L] =0 (437)

If we write V; = v; + w; + 0; € Ly, then using the formula for the projection onto N around
(A.56) we find that the elements of L; must satisfy

V1awy + vowy =0 (438)
jwi Awa + jwa Awy =0 (439)
w1 Awy — V1109 — v2a03 =0 (440)

Careful consideration of these equations shows that any exceptional Dirac structure must be of

the following form.

Proposition 1. Any isotropic subbundle L C E¢ has the form
eDH_B . (A ) SQ ) S5) (441)

where o € Q3(M) and B € Q5(M) are arbitrary but fixed, and where A C T, Sy C A?T*,
S5 C AST* satisfy the following. For all v € A, w,w’ € Sy and o € S5 we have

vow =10 . vio =0 (4.42)
wAw =0 jw Ao =0

We now turn our attention to conditions (i) and (iii) in definition 20. One finds that imposing

dim¢ L; = 6 restricts us to type 0, 3 and 6. Then imposing L1 N Ly = {0} excludes the type 6

102



case. We can therefore summarise the general form of an ECS in proposition 2. First, we will
introduce some notation which will be useful both here and later when we discuss the moduli
of these structures.

Let A C T be some subbundle. We define by fg(A) C AFT* to be the bundle of differential
k-forms ¢ satisfying

(25(1'1, ey Tp, U1, ...,’Uk,p) =0 Vi, e Tp € F(T), U1y ooy V—p € F(A) (4.43)
Note that this defines a filtration of the fibres of A*T* with
0=FF(A) CFF (A)C...CFEA) C FF(A) = NPT (4.44)

where we have defined F*,(A) = AFT* for ease later. We can now summarise the results stated

above as follows.

Proposition 2. An exceptional complex structure can only be of type 0 or type 3, and their

general form is given by
type 0: 8. T¢

4.45
type 3: P (A @ FEA)) (4.45)

where A C Tt is rank 3.

a, B, A are not generic and are constrained by condition (iv) of definition 20. In principle,
one could find the non-linear conditions imposed by (iv), however we will not do that here.
Instead, we note that one can show that the following choice of isotropic bundle satisfies (i)-(iii)
of the definition of ECS.

Ly =eVo . T (4.46)

where vol is any non-zero volume form. However, this defines an SL(6,R) x RT structure, and
one finds that ¢(V, Z) > 0. One can also show that if we choose some real p € Q3(M) then

Ly =e” - Tc = C(e? - v, e - (vol w)) o |V(v)|2Tr(K§) (4.47)

where K, : T — T is the map introduced by Hitchin in [255]. The statement that { < 0 is
equivalent to the statement that Tr(Kg) < 0, and hence p = re() for some SL(3,C) structure
Q.

We will now turn to the conditions for integrability of the U*(6) x RT structure. Recall
from (4.15) that an ECS is integrable if and only if it is involutive with respect to the Dorfman
derivative. We will write L1 = e**?. (v +w) € T'(L1), and similarly for V’, where v € I'(A) and
w € D(F}). Note that in the case that A = T, FZ(A) = 0 and hence this expression covers
both type 0 and type 3. Involutivity then becomes

LyV'=eth. ([v, 0] + (Low" — v'odw + v's(vada)) — w' A dw) € T(Ly) (4.48)

For this to be true we require [A, A] C A. In the type 0 case this is trivial, but in the type 3 case
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this implies the existence of a 3d foliation. The 2-form piece implies that for all v,v" € T'(A)
vadw’ — v'adw + v/ s(vada) € T(FF) (4.49)

A short calculation shows that, provided A is integrable in the sense of Frobenius, the de Rham
differential restricts to d : F(]-'I’f) — F(]-';f“). Hence, I'(F};) defines a filtration of the de Rham
complex. It is then clear that for all v € T'(A), w’ € T'(F?) we have vadw' € T'(F?). We further

require that v',(vada) € T'(F2) which we can restate as
va(v'u(v"ada)) =0 Vo, 0" € T(A) (4.50)

Finally, we need the 5-form term to vanish in (4.48). Since w’ € I'(F?) and dw € T'(F}), you
can show that w’ A dw € T'(F3). This space trivially vanishes because A is of rank (at least) 3.

Therefore, the final term vanishes trivially. We can summarise the results as follows.

Proposition 3. An integrable ECS is of the form L; = e**# . (A @ F2(A)) where
[A,A] C A va(v'a(v"ada)) =0 Vou,v' 0" € T(A) (4.51)

In the case that the ECS is of type 0, the second condition just implies daw = 0. This is just the

statement that the (complex) flux vanishes. This may not be the case for type 3 solutions.

4.3 Moduli of H-structures

As previously mentioned, an SU*(6) structure does not define a generalised metric and hence
does not define a supergravity background. However, much like the moduli space of a Calabi-
Yau locally splitting into Kéhler and complex moduli, the moduli space of a USp(6) structure
splits locally into H-structure and V-structure moduli. Therefore, by studying the moduli of the
H-structure, we will be able to retrieve some information about the spectrum of the effective
theory on R*!. The moduli space My was described in [187] in terms of a hyper-K#hler quotient
of the space of SU*(6) structure by generalised diffecomorphisms. In the analysis above, we have
broken the SU(2) symmetry of the structure and in doing so, we will be able to make explicit
statements about the moduli of the structure in terms of natural cohomology groups. This
comes at the cost of losing the explicit hyper-Kéhler construction, with only one of the Kéahler
structures manifest. In trying to reinstate the SU(2) symmetry, we will find some interesting
structure of the cohomology arising.

The moduli space of SU*(6) structures is defined to be the space of SU*(6) structures that
are integrable, up to diffeomorphisms and form field gauge transformations. That is, the moduli

space is given by
My = {x € Ay | Ly involutive, 3 = 0}/GDiff =: Ay JGDiff (4.52)

The second inequality arises because pj is precisely the moment map for the action of GDiff on
Ap. Hence, My is precisely the Kahler quotient of A := {x € Ap | L; involutive}. From this

description, we are able to exploit a general result about group actions that preserve a Kéhler
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structure. That is, the space can be viewed as either a Kéhler quotient, or a quotient by the
complexified group GDiffc® (see for example [256]). We can therefore write the moduli space

of H-structures in the convenient form?
My = Ay /GDiffc (4.53)

We can make a further simplification by considering SU*(6) structures up to overall scaling
M /C*. Physically, this is motivated by the fact that rescaling x by an overall constant can
be viewed as rescaling the internal Killing spinors by an overall constant. This can then be
absorbed into the definition of the external components of the decomposition of the Killing
spinors. With this in mind, the scale of x is unphysical in a full supergravity background and

won’t appear as moduli in the effective theory on R*!. Given this simplification, we find
My /C* = {Ly | Ly involutive}/GDiffc =: Zg+ =)/ CDiffc (4.54)

where ZR+xU*(6) is the space of involutive RT x U*(6) structures. This holds because a choice
of L; determines x up to some scaling, as is described around (4.10). This problem is now
completely analogous to the problem of finding moduli of conventional complex structures [257].

We will follow their work very closely.

4.3.1 Deformation Theory and Moduli of SU*(6) Structures

At a point p € M, the space of almost exceptional complex structures is given by the coset
QR+XU*(6) = EG(G) . j() == E6(6)/U*(6) == EG’(C/P (455)

where Jj is some fixed exceptional complex structure and P is the parabolic subgroup that
stabilises L
P = Stab L; = GL(6,C) x C* (4.56)

By considering all possible p € M we find that J must be a section of the bundle
Qr+xu+@6) — Qr+xu+@6) — M (4.57)
Infinitesimally, the deformations are given by sections of the bundle

e6,c/P — Qr+xu+) — M (4.58)

80ne has to be careful in defining this complexified group since the natural complexification is not well defined.
What we mean by GDiffc is the group generated by pv,Zpv € I'(T\Ax), where Z is the complex structure on
Am.

91n fact, as is described in chapters 3 and 5, one really needs to consider the space AI;IS of ‘polystable’ points
in Ay. This has interesting links to geometric invariant theory of which we go into more detail in those chapters.
Here, we are just interested in the infinitesimal structure of the moduli space for which this technicality is not
important. Hence, we will ignore this detail in this section.
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In practice, we choose an embedding ¢g c/p < ¢6,c. Then, given some section A € T'(Qg+xv+(6));
we can define the deformed L; bundle L} by

Ly =(14€A) L (4.59)

for some small parameter ¢ << 1 and we view A as a map : L1 — Ec/L;. Through the
embedding e c/p — ¢6c, we get an embedding Ec/L; — Ec.

By assumption, the original bundle L; is involutive and hence the intrinsic torsion vanishes.
For a generic deformation A, L} will have some non-zero intrinsic torsion that appears as
an obstruction to the involutivity of the bundle with respect to the Dorfman derivative. By
expanding the involutivity condition to first order in ¢, we find a map

da : T(Qp+ xue(e) — DWW, V7))

int

(4.60)

The integrable deformations are determined by the kernel of this map. That is, L] is integrable
if and only if A € kerda.

We also have a notion of trivial deformation given by complexified generalised diffeomor-
phisms. To linear order, these are given by the action of the Dorfman derivative along some

complexified vector V' € T'(E¢). That is, L} is said to be a trivial deformation if
Ly =1 +eLy)Ly someV €T'(Eg) (4.61)

This defines a second map
dy : T(Ec) — D(Qr+xu+(6)) (4.62)

where a deformation A is trivial if an only if A € imd;. It is an easy check that any trivial

deformation is involutive to linear order in €. Indeed,

Lw+Eva(W/ + Eva,) = Ly W' + 6(LLVWW, + Lvaw,) + 0(62)

(4.63)
= (1+eLy)LwW' + O(€)
This implies that ds o d; = 0, and hence we have a three-term complex
I(Ec) —2—s L(Qr+xu+(6)) L, P(WE:XU*(G)) (4.64)

where the cohomology of (4.64) counts the moduli of the SU*(6) structure. In the rest of this

section we will provide different ways of analysing this cohomology for different cases.

4.3.2 Type 0 Structures

A generic!® Rt x U*(6) structure is of type 0 and these are of the form

L= Te  ac Q¥ (M), B€Q5(M)c (4.65)

10Generic in the sense that any the space of L; with non-surjective projection onto T are measure 0 in the
Grassmannian of all L.
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The algebraic conditions arising from definition 20 put algebraic conditions on «, 8. In the case
that 8 = 0, a = ip for some p € Q3(M)g, these conditions ensure that p defines an SL(3,C)
structure as in [255]. It is easy to see from (2.145) that this is an integrable Rt x U*(6) structure
if dae = 0.

To find the moduli of this structure we can choose the following embeddings.

Ec/Ly = N°T* @ N°T* (4.66)
Qe+ wus(e) = N°T* @ AOT* (4.67)

Then a generic deformation of L; of the form (4.65) will be
L, = (1+ ¢(a+ b))Ly = e*TAtelatd (4.68)

where the formula on the right hand side is to be taken to first order in a,b, and where b=

b— %a A a. From this it is clear that
L] integrable < da=db=0 (4.69)

Of course the condition on b is trivial. We then want to consider when a deformation is trivial.

That is, when we can write it in the form
Ly =(1+eLy)Ly some V € E¢ (4.70)
Writing V' = e**#(V + w + o), we find that the trivial L} can be written as
L) = extfA-dw—dop, (4.71)

where 6 = o + %a Aw. Hence, the deformation is trivial if and only if a, b are exact. From this

it is clear to see that the moduli are counted by the de Rham cohomology groups
H=H>3 HS (4.72)
4.3.3 Type 3 Structures
As we have seen, the only possibility other than type 0 is type 3. In this case we have
Ly =P (A@ FA(A)) (4.73)

For convenience, we will define a dual filtration of multivectors SI;(A) C AFT given by €1¢ =0
for all £ € %l;(A), and for all ¢ € ]-";‘;(A). It is possible to show that one can choose the following

for the quotient spaces.

Ec/Ly = (T/%5) ® (N°T*/F}) & N°T* (4.74)
Qo) = [(T/0) @ (T7/F)] & (NT/8Y) & (NT/FE) @ A°T" - (4.75)
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While these spaces may seem confusing at first, things are made easier by choosing some space
¥ C T¢ that is complement to A. In the case that A ~ T19, there is a canonical choice of
Y. However, when A N A # 0, there may not be a well-defined choice. We expect that, since
a(E) = T, a unique choice should be selected by Ly somehow but we have not checked this.
Alternatively, we will always assume that these ECS are part of a supergravity background and
hence there will be a metric. We can always choose ¥ = AL with respect to this metric. In
any case, to calculate the following one may need to make such a choice. In that case, these

quotients simplify to

Ec/Li =Y & (TF @ A*) @ A2A* @ A°T* (4.76)
D+ xur(e) = [ER A DAL @ AA* @ (N°A* @ B%) @ AOT* (4.77)

The final result should be independent of this choice of embedding and so we will work with
the general form (4.74), (4.75).

An important consideration to make in the type 3 case is the possibility of non-trivial flux.
As we saw in proposition 3, the complex flux locally defined by da does not need to vanish.
This means that the physical flux F' = dA, does not need to vanish either. Moreover, while it is
locally expressed as dA, the gauge potential A may not be globally defined and hence F may be
in a non-trivial cohomology class. In fact, as we shall see in the AdS case later, the cohomology
class of F' represents something physical, such as the number of M5 branes wrapping a cycle.
This becomes an issue if we try to calculate the integrable deformations of a bundle L, twisted
by the local gauge potentials A, since all of the deformation parameters will not be globally
well-defined, as they will also be twisted by A. Instead, we shall assume that we are working
with the flux-twisted Dorfman derivative!!. This has the trade off of having the moduli counted
by the cohomology of a ‘flux-twisted’ differential. To find such a differential that squares to 0, it
will be convenient to work with the complex-flux twisted Dorfman derivative L‘};‘C and consider
deformations of the untwisted bundle L; = A @ FZ(A). This has the same quotient bundles as
(4.74), (4.75).

Let’s consider a general deformation element R = r + X + 6 + p € T'(Qp+ xu+(g)) where
reT [(T/3)) ® (T*/F})], X € T(A3T/F3), etc. Then we consider the deformed bundle

Ly=(1+R)L; =" 1 +r+ X)- (A+FHA)) (4.78)

We then consider the conditions for L} to be involutive under L‘F/C. We will leave the detailed
calculation to the appendix and for now just note that the moduli are controlled by two coho-
mology groups related to A. Firstly, since A is involutive with respect to the Lie bracket, this

defines a Lie algebroid and has an associated differential
da : AP (T*/FL) — APPH(T*/F]) dA =0 (4.79)

If we take i : A < T to be the natural inclusion, then i* : T* — (T*/F}). We can define the

1The equivalence between the twisted Dorfman derivative and twisted generalised tangent bundle pictures
was highlighted in chapter 2.3
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differential above via i* o d = da o¢*, where we take the natural extension of ¢* to APT™*. This
will define cohomology groups which we will denote by H Z.

The second cohomology group of interest is defined in terms of the filtration .7-",1: (A). Recall
that d : Fp(A) — ]-'ISH(A) if A is an integrable distribution. Hence, the de Rham differential

descends to the following complex.
(AT FD) S (NPT FD) S L (AT FD) (4.80)

We then denote the cohomology groups associated to this complex as H ;k. We note that neither
of these cohomologies are the basic cohomology of foliated spaces defined in e.g. [258].
After a lengthy calculation, one finds that the moduli are counted by the cohomology of a

differential that we will label da r which creates the following complex

T ((T/§0) ® (N*T*/FE) @ A°T™)
AT P (AT @ [(T/8D) @ (TH/FY)] @ (NT*/FS) @ AST™) (4.81)
08 ([(NPT/E) @ (T7)FD)] @ [(T/88) © A2 (T FY)] @ (AT FH)

If we take R = X +7+ 0+ p € T'(Qg+xv+)), and V =v+w+0 € ['(Ec/L1), then the closure

conditions arel?

0=daX (4.82)
0=dar— jX_leFC (4.83)
0=d6 —r- F¢ (4.84)
and the exactness conditions are
r=dav (4.85)
0 = dw — voFr (4.86)
u=do+wA Fg (4.87)

We are implicitly taking projections onto relevant quotient spaces where needed above. It is
an easy check to see that dQA’ r = 0. If F happens to be exact then one can show, assum-
ing constraints on « that are slightly stronger than those implied by involutivity!?, that the

cohomology is counted by
HQ(M, N°T/§3) ® HA (M, T/F5) ® H, (M) & H(M) (4.88)

4.3.4 A Generic Result on the Moduli

The moduli found in the previous sections determine the moduli of all structures of constant

type. However, there are cases where the type changes over the manifold. As we will see later

12The definition of j X 1j?Fc can be found in appendix A
13This extra condition is detailed in appendix F.
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around (4.103), a change of type 0 — type 3 can be interpreted as the 3-form twist o becoming
singular. In the case that we transition from type 0 — real type 3, this may indicate the
presence of a brane and hence understanding these type changing solutions may indicate how
to incorporate branes into the generalised picture. We would therefore like a general result on
the moduli that does not appeal to the specific type of the structure.

Being able to analyse the cohomology requires a good choice of embeddings egc/p — ¢6c
and Ec/L; < Ec. While the final result will not depend on this choice, certain embeddings
will simplify the problem greatly. One particularly convenient choice is picked out by the U*(6)

structure itself. Decomposing under this group we find

Ec=% 0% 10 NX" (4.89)
ad e = ad Pr+ u«(s) ® A°X* ) @ AOX*, @ A3XT @ A0%%, (4.90)
WRDUTO) _ adxr @ Az (4.91)

where X is a bundle that transforms in the 6 of SU*(6). A natural choice of embeddings is then
Ec/Li = N’X* & N°X* ) Qpeyuee = NXH @ A%, (4.92)

Since L1 defines an integrable structure, by assumption, there exists a torsion free connection D
that is compatible with the exceptional complex structure J. From (5.11) we know that we can
replace the definitions of di, ds in terms of the Dorfman derivative with definitions involving Ll‘; .
This means that we can write the maps di,ds in terms of the connection D. Moreover, viewing
D:T(T) = T(E*®T), we can decompose E* into U*(6) representations. The compatibility of

D implies that it is consistent to define a decomposition of D as
D=Di+D_1+ Dy (4.93)

where D,, = m, D where m, is the projection of E* to the subspace with J charge n.

With these decompositions, we find that the complex (4.64) can be written
D(A2XY) — 2715 T(ABRY,) — 2 T(A1XE,)
/ / (4.94)
D(APX* ) — =15 T(ASX*,)

Note that the involutivity of L; implies that D?; = 0. In fact, L; defines a Lie algebroid and

D_q is the associated differential
D_y: NPX; — NPT (4.95)

In full generality, not much can be said about the cohomology of (4.94) without more knowledge
of the maps D_1, Dy. However, if we make the following assumption, we can give a generic result
about the moduli of the SU*(6) structures.
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Definition 23. Dy, D_; are said to satisfy the generalised 90-lemma if they satisfy the following
im Dy Nker D_1 Cim D_1Dy (496)

We show in appendix E that provided the generalised 90-lemma holds, and Dy is a cochain
homomorphism, then the cohomology H of the complex (4.64) is given by the cohomology of
D_;. More precisely we have

H=H} ©HY (4.97)

We will see later that while these are the geometric moduli, not all of them may be physical.

Example - Calabi-Yau

We return to the explicit example of compactification on a Calabi-Yau. Following the method
set out above, we decompose Ec, ad F¢ into eigenspaces of J. This is outlined in appendix E
but for now, we just note that there is an isomorphism between this complex and the following,

using the holomorphic three-form 2.

(C—>Q3 (C—>Q4

T -

(c—>(26

where Dy = Q%0 + Q#_.10. One can show that this satisfies the generalised 90-lemma and
hence the moduli are counted by
Hj & Hj (4.99)

We can see some of the known moduli of Calabi-Yau manifolds in there. For example, H 5’2 are

the complex structure moduli.

4.3.5 Reintroducing the SU(2) Symmetry

We return now to the question of the broken SU(2) symmetry of the SU*(6) structure. Recall
that we could define an SU*(6) structure as a triplet of weighted adjoint elements J, that
form a highest weight su(2) algebra under the adjoint bracket. We then formed a RT x U*(6)
structure by considering just the unweighted Js. However, we could equally have chosen any of
the J,, or indeed any u(1) C su(2). This means that in any supergravity background we have
a SU(2)/U(1) ~ CP! of equivalent RT x U*(6) structures which are given by

Ju=u"Jy  |uff=1 (4.100)

where the .J, are the unweighted .J,. Moreover, an integrable SU*(6) structure implies there
exists a torsion free connection which is compatible with all the J,. Any such a connection
will also be compatible with the .J, and hence all Rt x U*(6) structures will be integrable in a

supergravity background.
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We can equivalently think of this in terms of involutive bundles

Ju & L,=v'L; (4.101)

where the i = +, and the v* € CP! are functions on the u®. For all possible u, the L, define a Lie
algebroid and hence have an associated differential D, which will count the moduli. Moreover,
since they are physically counting the moduli of the same structure, the cohomology groups
should be isomorphic. We therefore see that we have a set of quasi-isomorphic derivations
labelled by CP!.

Example - Calabi-Yau

For a Calabi-Yau manifold, the triplet of unweighted adjoint tensors are given by

~ - ~ 1
Ji=—p+p"  =—p+pt = 51 — vol — vol#) (4.102)

where p, p are the real and imaginary parts of € respectively. One finds that for Ju, we have

%(u1+i'§2 Q+u17i7§2 Q)T 3 :tl
1+u 1—u
L,=4° c w7 (4.103)

Ly ud = +1

Hence, at all points except the north and south pole of the CP!, the Rt x U*(6) structure is of
type 0. At the north and south pole the structure is of type 3. Moreover, each bundle has an

associated differential and we find that

d u?#+1
D,~<0 uw3=1 (4.104)
0 uw=-1

These differentials do not seem isomorphic. However, we saw that the moduli for the Calabi-Yau
defined by L were given by the Dolbeault cohomology groups H g ® HS, whereas the type 0
moduli were counted by the de Rham cohomology groups H? @ HS. The statement that these

are isomorphic is equivalent to Hodge’s Theorem on Calabi-Yau manifolds.

4.4 Applications to AdS; X Mg Backgrounds

In the case of Eg(g) X RT geometry, we find that supersymmetric AdS solutions also have an
involutive bundle structure. As was discussed briefly in chapter 2, AdS solutions are charac-
terised in generalised geometry through weak holonomy [212]. Specifically, these solutions have
a USp(6) structure which has a non-zero intrinsic torsion that is constrained to live in a singlet
representation of W™, As was shown in [213], this singlet lies only in the x3 moment map
given in (4.2). We can therefore characterise AdSs solutions as those with an SU*(6) structure
satisfying

L; involutive, ps3(V) = 3m/ c(V,K,K) (4.105)

M
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where m is the inverse AdS radius, and K is a suitable Fy4 structure satisfying other compat-
ibility and integrability conditions. Given this, we can apply some of the tools we have found
above to analysing CFTs through the AdS/CFT correspondence.

The general local geometry of AdSs; backgrounds was analysed in [259] in terms of a local

SU(2) structure. This means that there are local 1-forms (1, (2 such that the metric looks like
ds*(Ms) = dsdyg) + T+ G (4.106)

There is also a complex 2-form €2 and a real fundamental 2-form w which capture the geometry

of ds%U(Q). These, and other useful objects, can be defined in terms of spinor bilinears'*.

sinf = ete™ Y =w—sinf¢ A= —ie"yg)et
C:1 =cosf( = §+V(1)6+ Y'=( /\ G2 — Sin' Ow = i€+T’Y(2)€_ (4.107)
CQ = COSQCQ = 1?7(1)67 X=-QA (Sll’legl — ICQ) = 6+ '}’(3)6+
Q=coshQ = e_T'y(2)6+ V =cosfwA G =€ yge

Here the v are the gamma matrices for Cliff(6) in an orthonormal frame for M. There are some

other useful spinor bilinear identities we can define

et = e =1 etTem =0
ix X =e Tyger —GAY = ety g et (4.108)
%Y ANY NY = i€+’y(6)e+ Z = *51 = i€+’}/(5)6_

The Killing spinor equations put constraints on these tensors. In [259] it was shown that the

set of necessary and sufficient local conditions are (for m # 0)

d(e32 sin §) = 2me?2(; d(e*2Q) = 3me®2 X
AF 4A A A o 2A (4'109)
d(e®2(y) = *F + 4me*AY d(e*2V) = 32 sinOF + 2me®> x Y’
One can also deduce the following important relations
A(e2X)=0  d(e®Y')=—61F  d(ePZ) =ePY'AF (4.110)

where £ is a Killing vector, which can be shown using the Killing spinor equations, given by
¢ =etf (4.111)

These results were translated into Egg) X RT geometry in [213]. They found that the
appropriate SU*(6) and Fy4) structures are given by

1 1 - . 1 1 1

Js = —ghYR+ oR(GAY — FAYH) — SR Y AY AY + 5Y# AY#FAYH)  (4.112)
2 ! !

Ji = 3x (QR—i*X—i—i*X#> (4.113)

K=¢—e2Y' 4627 (4.114)

“Note that we use slightly different notation to [259], instead following the notation of [213].
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where k% = €32 volg and the subscript R denotes raising one index to creating a GL(6) adjoint
element. For us, we will only be interested in the U*(6) x RT defined by the unweighted J3,
which we have labelled J. We can find the decomposition of the generalised tangent bundle

under J and we find

Ll — e—icosGC1/\w—isin6 volg | [A @]:12(A)] (4.115)
A =T" M, & Csind ¢ —icl) (4.116)

Here, T"OM, is the complex structure on the 4-dimensional subspace of T' orthogonal to (i, (o,
defined by . In their formulation, they have untwisted by the physical flux Fgr, which will be
in some non-trivial cohomology class counting the number of M5 branes wrapping the internal
cycles. We can combine this with the complex twist given above to form the complex flux F¢
which is relevant for the deformation problem.

This bundle is globally type 3, even away from the locus sinf = 0. This means that we can
use some of the tools of the previous section to understand the moduli of of these backgrounds,
and therefore the spectrum of the associated CFT. Understanding the moduli of the SU*(6)
structure should be all that is needed to understand the spectrum of the associated CF'T since it
was argued in [214] that there are no exactly marginal deformations coming from deformations
of the Fj4) structure K. This matches the field theory result that there are no exactly marginal
deformations of just the Kahler potential. The difficulty in applying the results of the previous
section directly to this case is that the moduli calculated there were for integrable SU*(6)
structures, whereas these are not since the ps3 moment map does not vanish. Fortunately, as
is argued in [260], the spectrum only depends on the holomorphic object x, which defines the
SU*(6) structure, and not at all on K. Hence the moduli are exactly counted by the cohomology
of da,r, with Ft in a non-trivial cohomology class, as laid out in section 4.3.3.

We have therefore shown that calculating the entire spectrum of any given CFT4 dual
to some AdSs x Mg is equivalent to calculating particular cohomology groups associated to
a distribution A. Calculating the spectrum is a challenging problem related to calculating
certain homology groups in some a priori non-commutative chiral ring. These would be some
7-dimensional analogue of the cyclic homologies in Calabi-Yau algebras [261]. Instead, we have
shown that these are equivalent to certain cohomologies in a smooth commutative geometry,
graded by the action of 5515. This is the M-theory analogue of the work done in the type I1IB
case, where the cyclic homologies have been related to the Kohn-Rossi cohomology groups of
the associated Sasaki-Einstein manifold in [262], and extended to non-Sasaki-Einstein solutions
in [260].

Looking at (4.116), we see that away from sinf = 0, the distribution A defines a complex
structure. However, on that locus, the complex structure degenerates and we find ANA # 0. We
could therefore call A an ‘almost everywhere complex structure’. There is not much literature
on calculating the graded cohomology groups for these distributions. However, one may hope
that standard techniques could be applied, and the exact dimensions could be calculated for

the simple cases of the Maldacena-Nunez solutions [121].

'5This is the geometric equivalent of the R-charge
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Chapter 5

Generalised (Geometry for 4

Dimensional External Spaces

In this chapter we will analyse properties of generic 4 dimensional Minkowski compactifications
in terms of integrable SU(7) structures. We will start by defining these structures in terms
of a holomorphic object ¢ transforming in the 9123 of E;7) X RT. We will also introduce
a slightly weaker U(7) x RT structure in terms of a subbundle L3 C E¢. This bundle has
properties reminiscent of complex and generalised complex structures and so we have called
it an exceptional complex structure. Next, we show that supersymmetry is equivalent to the
involutivity of L3 plus the vanishing of a moment map. Taken together, these imply that the
SU(7) structure is integrable. We are able to give an expression for the superpotential and the
Kahler potential of the effective theory in terms of the holomorphic object ¥. The moment
map interpretation also provides possible links to geometric invariant theory which we briefly
discuss next. Finally, we discuss the moduli of SU(7) structures, recovering the results of Go

manifolds, and finding the exact set of moduli for GMPT backgrounds.

5.1 Generalised N/ = 1 Structures

Our goal is to analyse generic Minkowski AV = 1, D = 4 flux compactifications of M-theory
and type II supergravity. In this section, we will show that they define two closely related
generalised G-structures, analogous to the GL(3,C) and SL(3, C) structures in conventional ge-
ometry. Remarkably, we will find that the supersymmetry conditions can be rephrased similarly
as an involution condition and the vanishing of a moment map. Conventional Gg structures are
of course a special case, corresponding to a compactification of M-theory with vanishing flux,
as are the general type II solutions of GMPT [101] and both will provide useful examples of
generalised N’ = 1 structures in the following sections.

Generic NV = 1, D = 4 Minkowski flux compactifications of M-theory have been analysed
using conventional geometrical techniques several years ago [104-106, 108]. The metric takes a

warped form
ds® = e22ds*(R>Y) + ds*(M), (5.1)

where M is the compactification manifold, the internal four-form flux is non-trivial and the
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eleven-dimensional Killing spinors take the form
e=ny @21 @l (5.2)

where 74 are chiral spinors of Spin(3,1) and ¢ is a complex Spin(7) spinor. Supersymmetry
implies (¢ is constant and there is vanishing four-form flux on the non-compact Minkowski space.
In the Go case ( is real. The analogous type II backgrounds were analysed by GMPT [101]. In
this case the two type II Killing spinors take the form

a =1y +n-®(,

(5.3)
=10 G +1-®,

where Cii are chiral Spin(6) spinors, and the upper and lower choices of sign refer to type ITA

and IIB respectively. One can again construct a constant-norm, eight-component spinor

¢ = eB/26=9/6 (g{) , (5.4)
2

where ¢ is the dilaton. Note that in both the M-theory and type II compactifications, although
¢ is nowhere vanishing, the individual Spin(7) components (the real and imaginary parts of
¢) or Spin(6) components (the ¢;°) may vanish, and hence do not define conventional (global)
G-structures.

However, these backgrounds do make sense globally as generalised G-structures [180,184]. To
specify the background one needs the bosonic fields on M together with the Killing spinor ¢. In
exceptional generalised geometry the bosonic fields define a generalised metric G. For example
in M-theory G is equivalent to the set {A, g, A, /Nl} where ¢ is the seven-dimensional metric, A
is the three-form potential on M and A is the six-form potential encoding the dual of the four-
form field strength on the Minkowski space. Geometrically G defines an SU(8)/Zg C E7(7) x R*
generalised structure. The spinor ¢ then transforms as the 8 representation of the double cover,
SU(8). The stabiliser of such a nowhere-vanishing constant-norm element is SU(7).! In this
way, we see that a supersymmetric N' = 1 background defines a generalised SU(7) structure.
The differential conditions on the Killing spinor are then equivalent to the vanishing of the

generalised intrinsic torsion of the SU(7) structure [184].

5.1.1 SU(7) and Rt x U(7) Structures

Rather than defining the SU(7) structure using the pair (G, {) one can also define it directly in
terms of generalised tensors. In fact there will be two kinds of structure in E7(7) x R* that will
interest us [180]:

J : stabilised by G = C* x SU(7) = R™ x U(7),

(5.5)
Y : stabilised by G = SU(7).

We will refer to J as an exceptional complex structure and 1) as a generalised SU(7) struc-

ture. They are stabilised by the same SU(7), but J is also invariant under an extra C* action.

!This is analogous to a nowhere-vanishing Spin(6) ~ SU(4) spinor being stabilised by SU(3).
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This is directly analogous to the relation between an almost complex structure I in six dimen-
sions (a GL(3,C) structure) and a complex three-form 2 (an SL(3,C) structure), or an almost
generalised complex structure J and an almost generalised Calabi—Yau structure ®.
To see how these structures are defined, for definiteness consider the M-theory case. Recall
that the generalised tangent space is given by
E~ToNT o N°T @ (T2 NT*),

(5.6)
V=v+wto+r,

where V € T'(E) and E transforms in the 561 of E7(7) x R™. Here the bold subscript denotes the
R* weight, normalised so that the determinant bundle det T* has weight 2. We will occasionally
denote the components of a generalised vector explicitly as VM, where M = 1,...56. One can

then define [187] two E;(7)-invariant maps
s: N2E — det T*, q: S'E — (det T*)?, (5.7)

namely the symplectic invariant s and symmetric quartic invariant q. We will also need the
adjoint bundle
adF ~R& (TQT*) & N T & N3T* & AT & N\ST™, (5.8)

transforming in Lie algebra representation 1339 @ 1¢, as well as a bundle K, given for example
in [181], which contains the torsion of a generalised connection and transforms in the 912_4
representation. We also recall that the generalised Lie derivative [180,181], or Dorfman bracket,

generates infinitesimal diffeomorphisms and gauge transformations and takes the form
Lya = Lya — (dw + do) - a, (5.9)

when acting on a arbitrary generalised tensor «, where £ is the conventional Lie derivative, dw
and do are regarded as sections of ad F and - denotes the adjoint action. In the following it will
also be useful to use the “twisted” generalised Lie derivative defined for A € T'(A3T*M) and
A € T(AST* M) via (see for example [187, Appendix D))
L‘I;+Fa — e_A_ALeA+A.V <eA+A , a)

~ (5.10)
=Ly — (dwfva+dafva+w/\F) -,

where F = dA and F = dA — %A A F. Given a generalised connection D we can define the
generalised torsion T: ['(E) — ['(ad F') via [183]
Lya=LPa—-TV)-a, (5.11)

where

LPa=Dya— (D xyV)-a, (5.12)

where X,q is a projection X,q: F* Q@ E — ad F' and Dy = VMD,, is the generalised derivative
along V. One finds that this definition implies the torsion actually lies in K & E* ¢ E* @ ad F.
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Let us turn first to defining the structure J. Recall that, at a point on the manifold, the
generalised metric defines an SU(8) /Zy subgroup of E7(7y xR, and the spinor ¢ defines an SU(7)
subgroup of SU(8). There is a U(1) C SU(8)/Zy that commutes with this SU(7) subgroup. It

is generated by an element of the SU(8) Lie algebra conjugate to the diagonal matrix
a=(-1/2,-1/2,...,7/2) € SU(R) CE;mn @R (5.13)

The normalisation is chosen so that exp(ifJ) with 0 < 6 < 27 generates a U(1) subgroup
of SU(8)/Zy. Note that the commutant of this U(1) is an R™ x U(7) subgroup of E7(7y x R*.
Globally the U(1) at each point will be generated by a section of the adjoint bundle .J € I'(ad F)

that is conjugate to a at each point. This leads us to the definition:

Definition 24. A generalised R™ x U(7) structure or almost exceptional complex structure is a
section J € I'(ad F') that is conjugate at each point p € M to the element o € SU(8) C E;qn®R
given in (5.13).

Since the maximal compact subgroup SU(8)/Z2 C Ez(7) and the maximal torus of SU(8) are
each unique up to conjugation, every reduction of the structure group of E to R™ x U(7) should
be included in the definition. Furthermore all such structures will be related by local E7(7) x RT
transformations. Hence, as discussed in [180], the choice of J does not fill out all of the 133
representation space but instead lies within a particular orbit. Concretely, decomposing E7(7)
using explicit SU(8) indices (see [180] or [182]) we have

133 =63 ® 70 > (1”8, fasys), (5.14)

and we can write J using the spinor ( as

J% =4C%Cs — 5(C0)0%,  Japys =0, (5.15)

where we have normalised (¢ = 1. For completeness, we note that further decomposing under
SU(7) x U(1) we have

133 =10 480 ® (T_4 D T4) ® (352 B 35_2) (5.16)

where now the subscripts denote the U(1) charge, and J lies in the singlet 1y representation.
Given J, in analogy with a conventional almost complex structure, we can use it to decom-
pose the complexified generalised tangent space. Under the adjoint action of J on sections of

the generalised tangent bundle, decomposing under SU(7) x U(1), we find

Ec=L3®&L_1® L& L_3,

e (5.17)
56c =73+ 21_1+211+ 7_3.

Thus we get four rather than two subbundles, with L_3 ~ L3 and L_; ~ Li. As we will see,
L5 will play the analogue of the role of 710 in conventional complex geometry. As such, this

leads to the alternative definition
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Definition 25. An almost exceptional complex structure is a subbundle Ls C E¢ such that
i) dime L3 =7,
ii) Lg xy Lg =0,
iii) Lz N L3 = {0},

iv) The map h: L3 x L3 — (det T*)c defined by h(V,W) = is(V,W) is a definite hermitian

inner product valued in det T,

where X : F x E — N, with NV the generalised tensor bundle transforming in the 1335 repre-
sentation, is an Ez7) x R* covariant map given in appendix A. In analogy with the generalised
complex structure case we call a subbundle L3 satisfying the first two conditions a (complez)

exceptional polarisation.

Note that the (complex) stabiliser groups in E7 ¢ of all exceptional polarisations are isomorphic.
However the corresponding real stabiliser groups in Eg(7) X R* can differ. In particular, only
almost exceptional complex structures are stabilised by a subgroup U(7) x R* C Eq¢7) x R,

We now turn to the SU(7) structure ¢. Decomposing the 912 representation under SU(7) x
U(1) C SU(8)/Zy C Eq(7), we find

912 =36 © 420 @ c.c,
(5.18)
=17 PT73P28_1P21_1P35_56 1403 P 224_; G c.c.

where the subscript denotes the U(1) charge. Consider the generalised tensor bundle transform-
ing in the 9123 representation of E77y x R* (where the bold subscript denotes the R* weight;

the reason for this particular choice will be discussed below)

K={detT*)? Q@K ~R& ANT* @ (T* @ A°T*) & (S*T* @ N'T*) (5.19)
5.1
® (N3T* @ NST*) @ (N3T @ (N'TH @ ...,
where K C E*®ad F is the torsion bundle [181]. The SU(7) singlet in the decomposition (5.18)
implies that each almost exceptional complex structure J defines a unique line bundle U; C K,
satisfying
Vey=0 VVET(Ls),  s(td)#0, (5.20)

where 1) is a local section of Uy, the product V e is defined by the projection map £® K—=C
where C is the generalised tensor bundle transforming in the 86454 representation? of E77) xRT,
and s is the symplectic invariant on the 912 bundle K ¢ E® E®FE induced from the symplectic
invariant on the 56 bundle E. One can equivalently define a local section ¢ by the condition
Jy = Tiyp under the adjoint action of J. In complete analogy with the almost complex and

almost generalised complex cases we are then led to define

Definition 26. Given an almost exceptional complex structure J with trivial line bundle U,

a generalised SU(T) structure is a global nowhere-vanishing section ¢ € T'(Uy).

2Note that this representation is just the next step in the tensor hierarchy [263,264] above 912.
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Again we expect all generalised geometries with SU(7) structure group will arise this way, and
furthermore any two such structures will be related by a local Eq(7) x R* transformation. In
particular, any two generalised SU(7) structures with the same almost exceptional complex

structure J will be related by a nowhere vanishing complex function f

W = fi. (5.21)

Again [180], v parameterises a particular orbit in the 912 representation rather than filling
out the whole representation space. One could always write down the (non-linear) conditions
on ¢ (and J for that matter) which define the relevant orbits, but we have not attempted to
do so. This would give conditions that are the analogue of stability for a three-form € and
non-degeneracy for a two-form w. Instead, we can always write 1 concretely using the spinor
¢ and generalised metric G. Under the decomposition in (5.18) we can write a section of K in
explicit SU(8) indices [180,182] as

k= (kP kP 5, Rup, Ragy’) € T(Ke). (5.22)
The SU(7) structure can then be written as
PP = A(volg)¥2¢%CP, s = s = gy’ = 0, (5.23)

where volg = eQA\/ﬁ is the E;(7y-invariant volume defined by the generalised metric [182, 183]
and A is a non-zero complex number.

Recall that, since SU(7) C SU(8), the generalised structure 1 also defines a generalised
metric and so completely specifies the supergravity background. This is analogous to a Ga
structure in conventional geometry, where the invariant three-form ¢ defines a metric. In this
way, our construction gives what one might call a “generalised Gy structure”. However this
obscures the fact that the stabiliser group is actually SU(7) and not Gy or Go x Gy as might
be expected, so we do not follow this convention. Later we will see that for the example of a

conventional Go structure, the invariant three-form ¢ does indeed define both 1 and J.

5.1.2 Supersymmetry and Integrability

We now turn to the conditions imposed on the generalised structures 1) and J by supersymmetry.
As shown in [184, 185, 265], the vanishing of the generalised intrinsic torsion for the SU(7)
structure is equivalent to N' = 1 supersymmetry for the Minkowski space solution. In what
follows it will be useful to consider the intrinsic torsion for both ¢ and J as the conditions for
a torsion-free J are a subset of those for ¢. This will allow us to see that integrability for
follows from integrability for J, phrased in terms of an involution condition plus the vanishing
of a moment map for generalised diffeomorphisms, that is the group of diffeomorphisms and
form-field gauge transformations.

Following the analysis in [184, 185, 265], it is easy to show that intrinsic torsion for each
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generalised structure lies in a sub-bundle of 912 torsion bundle K transforming as

Witz : 17@©7 3621 1835 5 cc (5.24)
Wt o : 1-7®35_5 @ cc. (5.25)

where again, the subscript denotes that U(1) charge under the action of J. We saw earlier how
integrability of a complex structure can be recast as involutivity of eigenspaces of the complex

structure under the Lie bracket. It is thus natural to define:

Definition 27. A torsion-free RT x U(7) structure J or exceptional complex structure is one

satisfying involutivity of Lg under the generalised Lie derivative
LyW € F(Lg), V.W € F(Lg). (5.26)

Again in analogy with the generalised geometry case, we call the weaker case of an involutive

exceptional polarisation, an exceptional Dirac structure.

In general Ly W # — Ly V, however the definition of an exceptional polarisation implies
LyW = [V, W] V,W e I'(Ls), (5.27)

where [V, W] = § (LyW — Ly'V) is the antisymmetric Courant bracket, and in fact the invo-
lution condition could be equally well defined using the Courant bracket as the generalised Lie
derivative.

To prove that involutivity is equivalent to vanishing intrinsic torsion of the R x U(7)
structure, we first recall that we can always find a generalised connection D that is compatible
with the R x U(7) structure, so that DJ = 0, but it will not necessarily be torsion free.
Consider the definition of the torsion (5.11) with VW = a € I'(L3). Compatibility of the
connection with J ensures LW € T'(L3), so involutivity amounts to checking that T'(V) - W
is in L3 only. Since the left-hand side of (5.11) does not depend on the choice of compatible
connection, only the intrinsic torsion contributes to the components of T'(V) - W not in Ls.

Explicitly, the intrinsic torsion representations contribute to T'(V') - W € I'(E) as

1 7®T73®73 D21 4,

- (5.28)
35_ 50 73® 73 D 21;.

In other words, a non-zero 1_7 component of the torsion would generate a 21_1 = L_4 term in
LyW. Requiring LyWNL_; = {0} VV,W € I'(L3) thus sets the 1_7 component of the torsion
to zero. In a similar way, one sees that the 35_5 component is set to zero by Ly W N Ly = {0}.
One has LyW N L_3 = {0} identically just by counting the U(1) charges.

We now need to consider the remaining conditions that imply we have a torsion-free SU(7)
structure and hence an A = 1, D = 4 background. Comparing the representations that appear
in the intrinsic torsion for the RT x U(7) and SU(7) structures (5.24) and (5.25), we see there
must then be an additional condition that sets the 7 and 21 components of the SU(7) intrinsic

torsion to zero. As we will now show these appear as the vanishing of a moment map p for the

121



action of generalised diffeomorphisms on the space of 1 structures.

One first notes that the space of SU(7) structures on M admits a natural pseudo-Kéhler
metric. This is a consequence of viewing the theory as a rewriting of the ten- or eleven-
dimensional theory so that only four supercharges are manifest (the analogous situation for
N = 2 theories was described in [156,187,251,266]). In analogy to [267], the local SO(9,1)
or SO(10,1) Lorentz symmetry is broken and the four-dimensional scalar degrees of freedom,
that is the space of generalised SU(7) structures, can be packaged into N' = 1, D = 4 chiral
multiplets [180]. As such they must admit a K&hler metric, albeit infinite-dimensional. The
explicit construction is as follows. At a point p € M, a choice of v is equivalent to picking a

point in the coset

_ B xRY £ 9
Ylp € Qsu(r) = TW)’ (5.29)
so that an SU(7) structure on M corresponds to a section of the fibre bundle
Qsu(r) =~ Qsur) = M. (5.30)
We can then identify
space of SU(T7) structures, Z ~ I'(Qgur))- (5.31)

The key point is that the space Qgy(7) admits a homogeneous pseudo-Kéhler metric of signature
(70,16), picked out by supersymmetry. One first notes that the related space E7(7)/U(7) admits
a homogeneous pseudo-Kéhler metric by a classic result of Borel [236, Proposition 2]. The metric
is unique up to an overall scale [268]. The space Qsu(7) can be viewed as a complex line bundle
over Ez(7)/U(7), with the zero section removed, since we only have an R* action. There is then a
natural one-parameter family of conical, homogeneous Kéhler metrics on Qgy(7), distinguished
by the relative size of the U(1) circle relative to the E(7)/U(7) base. The infinite-dimensional
space of structures Z then inherits a pseudo-Kahler structure from the pseudo-Kéhler structure
on Qsy(7)- Our choice of RT weight for v picks out a particular Kéhler metric within the

one-parameter family with the explicit Kéhler potential given by

= is )Y/3 .
o= [ Gstw.o)', (5.82)

where 1 can be viewed as a complex coordinate on the space of structures, or more precisely
as a holomorphic embedding : Z < I(K¢). Given the RT weight of the K bundle, we need
to take the 1/3-power so that the integrand in (5.32) is a section of det 7™ and hence can be
integrated over M. A different choice of weight would have led to a different power in K and
hence a different Kéhler metric.

In analogy to the N' = 2 case described in [156, 187,251, 266], the existence of the Kéhler
structure follows from supersymmetry. As we mentioned above, one can consider rewriting
the ten- or eleven-dimensional theory so that only four supercharges are manifest. Similar
to [267], the local SO(9, 1) or SO(10, 1) Lorentz symmetry is broken and the internal degrees of
freedom can be packaged into N' =1, D = 4 chiral multiplets [180] coupled to four-dimensional

supergravity. Note that there are an infinite number of fields as no Kaluza—Klein truncation
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is performed: one keeps all modes on the internal space. The scalar degrees of freedom should
hence parameterise an infinite-dimensional Kéhler space, but from our discussion, this is just
the space of generalised SU(7) structures.® In this context, the particular weight of 9, and
hence Kéahler metric, is fixed by the four-dimensional supersymmetry. In particular, as we will
see in section 5.3.1, the power of 1/3 is required for the D = 4, N’ = 1 superpotential on the
space of chiral fields parameterising Z to be a holomorphic function of .

We can write the symplectic structure corresponding to (5.32) very explicitly as follows.

Using @w = i0’0'K, we have, contracting two vectors a, 3 € I'(T'Z) into the symplectic form,

5iaw =i / 1(15<1< (1000, 1500) — i 51500, 1660)

v.0)" ) (5.33)
_ 2is(1a8, ) 5(,1590) | 2i5(1560,9) 15(0, 10 )>
3 is(¥,1) 3 is(v, ) '
Note that if we define a new non-holomorphic parameterisation
o= (is(v, ) v, (5.34)

which transforms in the 912 representation, the symplectic structure takes the simple form

18100 = —% /M (5(1a0¢,1500) — s(1500,1200)), (5.35)

that is, it is just the pull-back w = %(ﬁ*s of the symplectic form on the space of ¢.
One can also restrict to the subspace of structures that define an (integrable) exceptional

complex structure, so that L3 is involutive,
Z = {¢ € Z|J is integrable}. (5.36)

As we will show in section 5.3.1, the integrability condition is holomorphic as a function of
and so Z inherits a Kihler metric from the one on Z , with the same Ké&hler potential.

Finally we can turn to the remaining integrability conditions for the SU(7) structure. As
in our previous examples, the Kéahler structure on Z is invariant under generalised diffeomor-
phisms. Infinitesimally these are generated by the generalised Lie derivative, and parameterised
by generalised vectors V € I'(E). As deformations in the space of structures, this defines a

vector field py € T(TZ)
1oy 00 = Ly ¢, (5.37)

3As we discuss below, the chiral multiplet space is strictly a C* quotient of the space of structures.
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where for convenience we are using the non-holomorphic structure ¢. We then have

o = 5 [ (150000, Lud) = 5(Ly6.1060)

= —1/ (is(LVzaécZ), ®) +is(Lyo, za&z@))
3Jum (5.38)
=140 % S(LV¢7 é))
M
= Za5M(V)»
where we have used compactness to integrate by parts and have defined
WV =4 [ s(Lvo.d)
M (5.39)

_ ;/Ms(va,w)(is(w,w))Q/?’a

where in going to the second line we use |[ 1 Lv(---) = 0. This gives a moment map p: Z -
goiff*, where, as before, goiff* is the dual of the Lie algebra of generalised diffeomorphisms.

We now want to prove that integrability of v is equivalent to the vanishing of the moment
map (5.39). Let D be a (torsionful) generalised connection compatible with the SU(7) structure,
that is Dy = 0 (and hence D¢ = 0). Using the definition of torsion (5.11), we have

w(v) =1 /M S(LP6.3) — s(T(V). )

=3 /M s(Dv o, d) — s((D xaa V)¢, 0) — s(T(V)$, ) (5.40)
=3 /Ms<T<V>¢, %),

where in moving to the last line we integrate the middle term by parts and use D¢ = D¢ = 0.
Since the definition of p is independent of any choice of connection, only the SU(7) intrinsic
torsion can contribute in the last expression. Given that the generalised vector V € T'(E)
transforms in the 7 + 21 + c.c. representation, and ¢ is an SU(7) singlet, only the 7 4 21 + c.c.
representations of the SU(7) intrinsic torsion can appear® in . However, from (5.25) and (5.24),
we see these are precisely the additional components that must be set to zero for an exceptional
complex structure to be an integrable SU(7) structure. Thus we have shown that the following

definition is consistent:

Definition 28. A torsion-free generalised SU(7) structure is one where L3 is involutive and the

moment map (5.39) vanishes.

Since two SU(7) structures that are related by diffeomorphisms and gauge transformations
give physically equivalent backgrounds, the moduli space of SU(7) structures is naturally a

symplectic quotient by generalised diffeomorphisms GDiff, or equivalently a quotient by the

4Note that there could in principle be a further kernel in the map from the intrinsic torsion to x so that only
one of the 7 and 21 representations appeared. However it is easy to show that both representations are in fact
present.
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complexified group GDiffc:
M,, = Z/GDiff ~ Z/GDiffc. (5.41)

Recall that the moduli space of G2 holonomy manifolds in M-theory is associated with N' =
1, D = 4 chiral superfields [269-272]. For a generic N' = 1, D = 4 background, supersymmetry
implies that the moduli space of integrable (torsion-free) generalised SU(7) structures should
again define fields in chiral multiplets. However, note that not all deformations of v deform
the physical fields on the internal space. In particular, only those within the coset E7(7) X
R*/(SU(8)/Zs) are physical (deformations that change the generalised metric). First note
that, from the warped product form (5.1), shifts of the warp factor A — A + ¢ for some
constant ¢ can be absorbed in the four-dimensional metric. Second note that any modulus that
lies in SU(8)/SU(7) would correspond to a change of Killing spinor ¢ for the same physical
background. However this just implies that the background admits a second Killing spinor and
so really preserves N/ = 2 supersymmetry. The exception to this is the change of { by a constant
phase, that is by the U(1) generated by J, since this too can always be reabsorbed into the
four-dimensional spinors in the ansatzé (5.2) and (5.3). Thus for honest N' = 1 backgrounds we
only need to consider the action of this U(1) and the shift in A. As we note from the form of
in (5.23), shifting A simply rescales v, in fact via the RT action. Put together we see that the

physical moduli space is given by
Moduli space of N' =1 background = M, JU(1) ~ M,,/C*,

where the C* action acts as
W — N3, (5.42)

where we have normalised the C* action to match the Rt action on ¢ which implies K — |A|2K.

Under the symplectic quotient, the physical moduli space has a Kéhler potential K given by
K = —3logK. (5.43)

This is the Kéahler potential that determines the metric on the moduli space of the supergravity
background. For example, in the Gy case that we will discuss in section 5.2.1, this reduces to
the known result that the Kihler potential K = —3 log [ Vol describes the coupling of moduli
in the four-dimensional effective theory, where vol is determined by the Gg structure [270-272].

Note that, strictly, one should check that the kinetic terms and potentials in the D = 4
effective theory are given by K (specifically checking that the coefficient of —3 is correct). One
check is to compare with the Gy holonomy case, as we do in the next section. Alternatively, we
can note that the quotient is simply the standard relation between the Kahler geometry in su-
perconformal supergravity [273-275], using a compensator field, and the standard supergravity
formalism where a gauge for the compensator is chosen. This fixes the C* scaling of K and the
factor of —3 comes from the standard normalisation of the gravitational coupling constant (as

reviewed for example in [276]).
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5.2 Examples of Integrable Generalised SU(7) Structures

We now present two classic examples of N/ = 1, D = 4 backgrounds and describe how they
can be understood as integrable generalised SU(7) structures. We discuss Go backgrounds in
M-theory and A/ = 1 GMPT backgrounds in type II theories. In both of these cases, we will see
that involutivity of the L3 subbundle reproduces a subset of the known differential conditions
these backgrounds must satisfy. The final differential conditions come from the vanishing of
the moment map. In particular, this gives a completely new way of viewing Go manifolds that,

intriguingly, closely mirrors the discussion of complex structures.

5.2.1 G Structures in M-theory

Recall that a Gy structure is defined by a nowhere-vanishing three-form ¢ € T'(A3T* M), which

can be written in a local frame as
o= Q246 _ 235 _ 145 136 4 127 | 347 | 567 (5.44)

This defines a metric g = e, ® e, and an orientation vol = e!7 = x1. The Hodge dual of ¢ is

1234 + 61256 + 63456 + 61357 _ 61467 _ 62367 o 62457, (545)

* @Y =e€
so that ¢ A %@ = 7vol. The structure is integrable, that is we have a Go holonomy manifold, if
and only if

dp=d*xp=0. (5.46)

Compactifying M-theory on a Gs holonomy manifold with A = 0 gives a NV = 1, D = 4
background. One can also include non-trivial three-form potential A such that dA = 0.

We would like to first identify how a G structure defines a generalised SU(7) structure.
Before doing so it is useful to define the notion of “type” for almost exceptional complex
structures in M-theory in an analogous way to the type of generalised complex structures given
in [165]:

Definition 29. The type of an almost exceptional complex structure L3 C E¢ is the (complex)
codimension of its projection onto the tangent bundle T¢. That is, if 7: £ — T is the anchor
map then

type L3 = codim¢ m(L3) = 7 — dim¢ 7(L3). (5.47)

® seven-dimensional subspace of a fibre of E will have a surjective projection onto

A generic
the tangent space T, and hence a generic exceptional complex structure is type-0. We can

always write such a space as
Ly =e*PTe  for a € T(A3TE), B € T(ACTE). (5.48)

This identically satisfies the first two conditions for an almost exceptional complex structure,

and one gets simple constraints on the polyform « + 3 from L3N L3 = {0} and the requirement

®Generic in the sense that the set of all seven-dimensional subspaces not of this type is measure zero in the
Grassmannian.
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that is(V,W) for V,W € I'(L3) defines a definite hermitian inner product. Note that T¢
is the simplest example of an exceptional Dirac structure (following the definition given in
section 5.1.2), but is not an exceptional complex structure since, for example, Tc N Tc # 0.
In terms of the Killing spinor ¢, viewed as a complexified Spin(7) spinor, the requirement that
the structure is type-0 is that the scalar ¢T¢ is nowhere vanishing. This is precisely the case
discussed in [108] where the real and imaginary parts of ¢ have different normalisations (and/or
are non-orthogonal). The analyses in [104] and [106], on the other hand, fix equal norms and
orthogonal real spinors and so define a structure that is strictly not type-0.

A Gg structure, embedded in generalised geometry, defines the simplest example of a type-0

almost exceptional complex structure. Taking a = ip and 8 = 0, we have
L3 = T, (5.49)
so that a section of L3 takes the form (using the “j-notation” of [181])

I'(L3) D0 +ityp — 20 Aty — 215 A @ Aty
(Ls) ooEmhem e b (5.50)

:v+izv<p—*zvg0—ivb®vol,

for some v € I'(T¢). The condition on is(V, W) for V,W € I'(L3) is equivalent to the weighted

metric

G(v,w) = 1,0 Awp A p (5.51)

being positive definite for v, w € T'(T"). However, this is just the condition that ¢ is a (positive)
stable form in the sense of Hitchin [255]. (It also implies Ls N Ly = {0}.) The RT x U(7)
structure J is given by

J =t — o, (5.52)

where ¢! is obtained from ¢ by raising its indices using the inverse metric ¢! defined by .
One can check that this satisfies JL3 = 3iLs using the action of the 133 on the 56 given in
appendix A.

We now turn to the integrability condition on J. Involutivity of Lg is simple to show using
the properties of the generalised Lie derivative. Writing generic sections of L3 as V = e'¥v and

W = el%w, given two vectors v,w € I'(T¢), we then have
i L 1 .
LyW = Ly, (e¥w) = ewL;}d“ﬁ?(pAd(pw = e ([v, w] + 110 (idep + 0 A dp)), (5.53)

where we have used the twisted generalised Lie derivative (5.10). The second term must vanish
for the right-hand side to be a section of Lg only. As this is defined for arbitrary v and w, the

bundle Ls is involutive on L3 if and only if we have a closed Go structure

involutivity of Ls : de =0. (5.54)

SNote that this condition involves ¢T¢ and not (¢, which is what defines the SU(7) structure (see below
(5.2)). Given that v is of the form (5.23), this condition amounts to requiring that the 1 € R component of v is
non-vanishing.
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This condition is weaker than a torsion-free Ga structure (which requires d x ¢ = 0 as well).
A theorem due to Bryant states that, like symplectic structures, all closed Gg structures are
equivalent, taking a standard form in a local patch [277].

Now we examine the moment map for this example. To do so, we first need to define the
SU(7) structure 1. Recall that 1 is a section of

K~ReNT* & (TF @ AT @ (S2°T* @ N'T™)

(5.55)
® (N3T* @ NOT*) @ (N3 T @ (N'TH ) @ ...,

and also that V et = 0 for all V € T'(L3). Since R is the lowest degree term in K, we note

that, taking 1 € T'(K), we must have v e 1 = 0 for any vector v € I'(T¢) viewed as a section of

['(Ec). Since L3 = €Tt we see this means we can construct 1 as
p=e¥.1, (5.56)
where the exponential acts on 1 € R via the adjoint action. The components of ¥ have the form

Yo~ (Lo deNe,g,...). (5.57)

Recall that s(¢,1) € T'((det T*)3), so it has 3 x 7 = 21 indices. Given that ¢ € T'(A3T*), it
hence must be degree 7 in ¢, meaning the Kéahler potential (5.32) is degree 7/3. This is precisely
the same scaling as the Gy Hitchin functional [151,278] so that, up to an overall constant, we

must have

[ S\ 1/3 .
K—/M(ls(w,w)) oc/Mgp/\ ©. (5.58)

One can check this is indeed the case by an explicit calculation. Using the the twisted generalised
Lie derivative and invariance of the symplectic form under a complexified E(7) transformation,

we can then calculate the moment map (5.39)

Wy =1 /M s (Ly (e - 1),e7% 1) (i (s, §)) %3

i 1 1 1 . TN —
=4 [ S ) () (5.59

=[S ()
As e7'% has no kernel, we can relabel e ¥V — V to give
(V) = L /M S(LIIPHEPNL 20 1) 4 g(y, 1)), (5.60)
Given V =v+w+o+7and dp =0

. 1
Ly C Lyl = —(dw+ do) - 1 = —dw — jdo. (5.61)
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For general Yynp € D(AYT*) and Ty ns € D(T* @ AST*) we have

s(y + me ) (v, 9))n o,

— np
= const X Yimimams (*¢>m4m5m6m7] + const X g Tn pmimamama Pmsmems]s

(5.62)

where, rather than evaluate the expression directly, we have used the facts that it must be linear
in v and 7 and a top form, and that the only Ge-invariant tensors are ¢, xp, the metric g and

its inverse. However for m = jdo the second term vanishes. We thus have”

u(ei“"V)oc/ dw A xp
M (5.63)

oc/ wAdx* e,
M

where we have assumed that M is compact to integrate by parts.
vanishing of moment map: d* ¢ =0, (5.64)

so that the Gy structure must be torsion free.
We can extend this example to include fluxes by including them in the complexified trans-

formation as
- . <1, )
L3 = AT AT = A giANeT AT (5.65)

where A and A are three- and six-form potentials. The real E7(7) transformation by A + A

amounts to turning on four-form and seven-form fluxes, given by
F=d4, F=dA-1AAF (5.66)
The involutivity condition is now
[, w] + 1500 (F +idp + F + Lo Adp —iF A p) € T(TM), (5.67)

which holds if and only if
dp=F=F=0. (5.68)

In other words, involutivity of L3 forces the Go structure to be closed and the fluxes to vanish.
Note that one could include a warp factor by including e in the definition of L3 — one would
then find that involutivity also forces the warp factor to be constant. Since all the fluxes vanish,
the twisted generalised Lie derivative is equal to the ordinary Lie derivative and the analysis
of the 1 = 0 condition is exactly as before, that is, it simply implies d x ¢ = 0, and the Go
structure is integrable. We have thus reproduced the standard conditions for a supersymmetric
compactification of M-theory on a G manifold. For the SU(7) structure there is strictly one

extra degree of freedom, since we can always rescale ¥ by a complex constant. As we discussed

"Note that an analogous argument gives the same expression for the variation of the Kihler potential for
0p = dw. (This gives a reason for why the coefficient of the first term in (5.62) cannot vanish; one knows the
generic variation of the Hitchin function is non-zero.) As we will discuss in section 5.3.2, this reflects the fact
that the vanishing of the moment map is the same as the extremisation of the Kéhler potential.
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at the end of section 5.1.2; this rescaling is not physical.
Recall that SU(7) structures are equivalent if they differ by generalised diffeomorphisms.
The gauge symmetries will simply shift

A—A+dw, A— A+do, (5.69)

thus the physical gauge degrees of freedom parameterise the de Rham cohomology classes
H3(M,R) and H$(M,R). The conventional diffeomorphisms on the other hand simply relate
diffeomorphic Go structures. Locally the moduli space of integrable Go structures is diffeomor-
phic to a open set of H3(M,R) (see for example [85]). Furthermore HS(M,R) = 0. As we will
show in section 5.4, all deformations of the SU(7) structure either deform the Go structure ¢,
deform A in H g’(M ) or correspond to rescaling . Thus, dropping the non-physical rescaling,

the physical moduli space is
My /C* ~ H3(M,C)  (locally), (5.70)

with the Kéahler metric given by (5.43), as in [270-272]. We will comment more on a formal
way to treat this moduli problem in section 5.4.

In summary, we have shown that by embedding the problem in E77) X R* generalised
geometry, the Go manifold has an intriguing reinterpretation, as a sort of generalised complex
structure. There is an involutive complex subbundle whenever dp = 0, and the final condition

d *x ¢ = 0 comes from a moment map.

5.2.2 GMPT Structures in Type II

The GMPT solutions give N' = 1 compactifications of type II supergravities and were first
analysed in [202] and further studied in [203]. While the solutions are not completely general,®
they do cover a large class of compactifications in which the internal manifold has an SU(3)
structure, an SU(2) structure, or an intermediate case where the two SU(3) structures can
degenerate. The key observation of [202] was that these three cases are examples of SU(3) x
SU(3) structures on the generalised tangent bundle Eggg = T @ T* and can all be described
as generalised Calabi-Yau manifolds admitting two pure spinors [164,165]. We begin with a
brief review of the key aspects of the GMPT solutions before embedding them into the SU(7)
structures we have described above. We will use this formulation of the solutions to find their
moduli in section 5.4.4.

The GMPT solutions admit two non-vanishing, compatible pure spinors {®,,®_} with

associated generalised complex structures {7, J_} satisfying
(O VD) = (@4 YD) =0 ¥V eEogg © [J0J]=0, (5.71)

where [, -] is the usual commutator and the slash denotes the Clifford action, as it will for the

remainder of this section. This is a special case of the generalised Kéhler structures defined

8The construction requires that the two internal spinors {n*,n?} in (5.3) are nowhere vanishing. An example
that falls outside of this classification is an NS5-brane wrapping a Calabi-Yau. As shown in [187], this class of
solution can be embedded within exceptional generalised geometry.
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in [279] and gives an SU(3) x SU(3) structure. The two pure spinors are constructed as bilinears
of the Killing spinors {Cli, CQi} given in (5.3). The Killing spinor equations in terms of ®* were

first given in [202]. Here it will be useful to use an equivalent form derived by Tomasiello [203]

dd, =0, F = —-8d7* (e 3% im &), (5.72)
d(e™®re®5) = 0, (5.73)

where d7 = [d, J], the upper/lower sign is for type ITA/B, A is the warp factor in the string
frame and F' is the Ramond-Ramond flux. It is easy to show that, if one assumes the generalised
00-lemma (G.5) [280], then (5.72) implies that F is in the trivial cohomology class. The spinors
are normalised so that

(Dp, @y) = (D, D) = L5222 vol, (5.74)

where (-,-) is the Mukai pairing (A.21), ¢ is the dilaton and vol is the volume form defined by
the string-frame metric. Note that in [203] the twisted differential dy = d — HA is used. Here
we will use the convention that the B-field is included in the definition of the spinors and RR
flux (that is they are twisted by e~? relative to those in [203]) and hence the usual differential
d appears.

We now show how to embed these solutions into the framework of generalised SU(7) struc-

tures. We start by defining L3 as’
L3 :eC+8ie*3Aim<I>;F(L~i7i @uji) (575)

Here the upper/lower signs correspond to type ITA /B respectively, Lfi C Eoeec = (TeT")c
is the +i-eigenspace of Ji, Uy, is the pure spinor line bundle defined by Ji and C is the
(global) polyform potential for the RR flux F. Note that in writing (5.75), we are implicitly
using an embedding of the O(6,6) structures into the E7(7) generalised tangent bundle and
adjoint bundle: this is given in appendix A.6 for type IIB.!1 We will focus on type IIB for
definiteness but analogous results hold in ITA with the appropriate embedding. It is relatively
straightforward to check that L3 satisfies the necessary and sufficient conditions to define an
almost exceptional complex structure.

Now we turn to the involutivity condition. We will show first that the untwisted bundle
Lf_ @®U7_ is involutive if and only if 7_ is integrable. One can check that i s(V, W) is not positive
definite, thus it defines only an exceptional Dirac structure, but not an exceptional complex
structure. We find that the modified bundle Lj is involutive provided an extra condition on the
twisting factor C' + 8ie 32 im ®_ is satisfied. Let

V=W+ad_ cl(L] olUs ), (5.76)

9Such a procedure for going from generalised to exceptional complex structures was originally formulated in
an Eg) context by two of the current authors (AA and DW) with Michela Petrini and Edward Tasker [260].

"The powers of A in the normalisation (5.74) imply that ®4 are sections of a weight-three bundle under the
R* action. The adjoint bundle is weight-zero, hence the e >4 factor in (5.75).
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where W € F(L{‘) and o € C*°(M, C), and similarly for V'. Requiring
LyV' = Lyjas. (W' + d/®) e T(LY U ), (5.77)
implies first that
LyW'erLy,  vYWW eL], (5.78)

that is, the generalised complex structure J_ associated to ®_ must be integrable. From (C.32)
and W®_ = W'®_ = 0 we then immediately have

Ly (d/®_) = (Lya)P_ + o' Lyy®_ = (W,do/ +24) ®_ € Uy,

, , , (5.79)
Loo W' =—d(a®_) - W = — (W' da+24)®_c Uy,

as required (in the second line d(a®_) acts via the E(7) adjoint action). For the final term we
have
Loo_(o/®_) = —d(a®_) - (/P_) = —d/[(dad+ A)P_| - &_ =0 (5.80)

identically, as can be seen simply by counting the J_ charge. Hence we see
involutive L{’ U7 & integrable J_. (5.81)

‘We now define
Y =C+8ie 3 imd,, (5.82)

so that e*V € T'(L3) if V € F(L{’ @®U7_). We then have'!
Loy (V') = ”LFV! = e* [Ly V' — (WdS) - V'], (5.83)

where L is the twisted generalised Lie derivative (for type IIB, see [187]) and (WdX) acts on
V' via the E7(7) x R* adjoint action. To be involutive we need the term in brackets to be an
element of L‘17‘ ®U7_. Since the first term is differential and the second algebraic in V and V'
this can only be true if each term is separately a section of L‘f’ @&U s . We have already analysed
the first term. For the second term it means WdY € I'(ad F ) must stabilise L{_ @ U7 . For

the W component we have

— (WAx) - W' = WWax. (5.84)

If we will split the spinor bundle S~ into its J_ ni-eigenspaces, S,, where n = —3,—1,1, 3, and

denote by a subscript n the projection of a polyform to Sy, this implies
WWds € S35 <  (d¥)_; = (d%)_3 = 0. (5.85)
Combining these conditions with their complex conjugates we find

F=-8d7(e?2im®,). (5.86)

"Note that the generalised Lie derivative is antisymmetric when Ls is involutive, so checking involutivity
with the generalised Lie derivative is equivalent to checking it with the Courant bracket. The condition that
L3 xn L3 = 0 ensures this.
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Moreover, just counting the [J_ charges, we see that this condition is enough to imply (WdX) -
®_ = 0. Taken together, we see that the first two equations in (5.72) are necessary and sufficient

conditions for involutivity of Ls:
involutivity of Lz :  d®_ = A®_,  F=-8d7-(e**im®,). (5.87)

As expected, involutivity does not provide a full solution to the supersymmetry equations.
Instead we find that it implies essentially the first two (5.72) of the three conditions found
in [203]. From section 5.1.2 we know that these equations only imply the vanishing of part of
the intrinsic torsion, and that the vanishing of the rest of the intrinsic torsion, here given by
the final equation d(e ®re®,) = 0, is implied by the vanishing of the moment map (5.39). In

other words we have
vanishing of moment map : A=0, dle P red,) =0, (5.88)

that is, the generalised complex structure J_ is promoted to a generalised Calabi—Yau structure,
and in addition the third condition of [203] is satisfied. Since the full set of equations (5.72)
and (5.73) are equivalent to supersymmetry, the proof in [184,185] that supersymmetry is
equivalent to vanishing intrinsic torsion is sufficient for these last conditions to to indeed be
equivalent to the vanishing of the the moment map. Thus, rather than give all the details, let
us simply sketch below how the relevant conditions arise.

Since it defines an exceptional polarisation, the L‘17_ @®U7_ subbundle will have an associated
singlet in the K¢ bundle, just as for an almost exceptional complex structure. Given the
decomposition under O(6,6) x SL(2,R) C E(y

912 = (352',1) + (220, 2) + (12,2) + (32,3), (5.89)

the only SU(3,3) C O(6,6) singlet appears in the 32 representation, given by, up to det T™*
factors, ®_ itself. In fact, the Rt weight of K is such that singlet is simply ®_ € F(K'(C). It
has the property that Ve®_ =0 forall V € F(L{* @U7_). Given the twisting of L3 it is then

easy to see that the corresponding SU(7) structure is simply
Y= = O8I mes g (5.90)

where, since ®_ is already naturally the section of a weight-three bundle under the R action,
we do not expect any additional powers of e®. Turning to the moment map, we can repeat the

same steps in the analysis for Go structures in section 5.2.1 to derive

HeV) =4 [ s@Pe e b5, i)
M (5.91)
4 [ et 8 ) s(w, ),

where in the second line we have use the property that we can always choose a gauge for C such
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that ¥ and ¥ commute. We also have
LES =Lyd — (VAX) - & =Ly®_ =Ly®_ — (dA_ +dA)-d_, (5.92)

where we have used the fact, derived from the involutivity condition, that d> stabilises L‘17_ P
U and hence the singlet ®_ € I'(K), and in the last expression have split V = Z+A +(A+7)
using the decomposition (A.85). One can argue that the terms that survive in the moment map

are of the form
(V) ~ const /(LZ@_, ®_) + const /(dA_,eA red,). (5.93)

This form follows from keeping track of the U(1) C SL(2,R) charge in the O(6,6) x SL(2,R) C
E7(7) decomposition, noting the Rt weight to get the correct e® factor, and recalling the alge-
braic relations between J1 and ®4. In particular, the U(1) charge implies that the second term
arises from the third-order term in im ®; exponential. As was first noticed in [164], one can
determine the real part of a pure spinor from the imaginary part!? as a third-order expression
in im ®, hence the appearance of re ®,. The first term vanishes if and only if A = 0, while,

integrating by parts on the second term gives d(e™® re ®, ) = 0, the final condition in (5.73).

Calabi-Yau as N =1

It is straightforward to describe the usual Calabi—Yau compactifications in our formalism. While
these actually give N' = 2 compactifications, we can still write them in our A/ = 1 language.
In this case, the internal spinors are equal, (; = (2, and can be used to construct a complex
three-form €2 and a real two-form w. Given vanishing flux one finds that the dilaton and warp

factor must be constant. The Killing spinor equations then imply
dQ =0, dw = 0. (5.94)

These objects can be embedded as generalised complex structures as

o_ = 13279, Ly~ =1 g 1410, (5.95)
Oy = feA Pl LT =T (1 - iw). (5.96)

where these are chosen such that they have the correct normalisation according to (5.72) and
(5.73).
Focusing on type IIB, we take

L3 = eie*@’(wf%w/\w/\w) (TO,l ® 7*1,0 @ Ce?}Afch)_ (597)
Integrability of L3 then implies

dQ=AAQ, dlw=d¢ Aw, (5.98)

2Tn fact, in [164] they show that im ® can be obtained from re ®. However the converse statement is also true.
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where I is the (integrable) complex structure associated to © and d/ = [d,I]. Clearly these
are not the full set of integrability conditions for Calabi-Yau. Imposing the vanishing of the

moment map, we find that A = dA = d¢ = 0 and hence the above become
d=0, dlw=0 < dw=0. (5.99)
Finally note that we could have instead taken the pure spinors to be
d_ = %eio‘eg’A_@Q, o, = %eiﬁe?’A—‘ﬁeiw, (5.100)

where «, § are two real constants. This would not change the normalisation condition or the
generalised metric, but would affect what we mean by the real and imaginary parts of &4 and
hence would rearrange which terms appear in the involutivity and moment map conditions.

This amounts to choosing which N'=1 C N = 2 we want to make manifest.

5.3 The Superpotential, the Kahler Potential and Extremisa-

tion

As we discussed in section 5.1.2, the existence of the Kéhler metric on the space Z of generalised
SU(7) structures is really just a reflection of fact that one can rewrite the full ten- or eleven-
dimensional supergravity in D = 4, N/ = 1 language, in line with the AN/ = 2 discussion
of [156,187,251,266]. The internal degrees of freedom parameterised by v lie in chiral multiplets
and hence parameterise a Kahler manifold. By including the unphysical constant overall scaling
and phase of ¢ we are in the superconformal formulation of the supergravity. The D-term (or
more strictly the Killing prepotential P) is just the moment map p for the action of the GDiff
gauge symmetry, with V' € T'(E) giving a parameterisation of goiff:

Kahler potential : K= / (is(ip, 1[)))1/3 ,
M (5.101)
D-term : P = é/MS(LVw,I/J)(iS(@D,l/J))z/g.

To complete the description of the chiral multiplet sector we need the generic superpotential
W in terms of . This was first discussed in [180]. The D = 4, N' = 1 supersymmetry
conditions are the vanishing of the D-term, namely P = 0, and the superpotential conditions
IW/sp = W = 0. In terms of our previous discussion this means that the superpotential
conditions should imply the involutivity of L3. A missing ingredient thus far in our discussion
is to show that involutivity is a holomorphic condition in terms . In this section, we will
extend the analysis of [180] to give the expression for W for a generic N' = 1 background. We
will see that it is indeed a holomorphic function of ¢ and furthermore show that, in the special
cases of a Gg structure and GMPT, it matches the standard expressions in the literature.

Recall also that the moment map picture implies that formally the moduli space of inte-
grable SU(7) structures can be viewed as as a quotient by the complexification GDiff¢ of the

generalised diffeomorphism group. As for the complex and generalised complex structure cases,
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the complexification does not really exist as a group, and instead what is really meant is mod-
ding out by the complexification of the orbits generated by the action of GDiff. The other focus
of this section is to investigate this action and show that it gives a (generalised) reinterpretation
of Hitchin’s picture of integrable Go structures as extremising a particular functional. We will
also comment very briefly on how this might suggest notions of stability for G, manifolds and

their generalisations.

5.3.1 The Superpotential

In this section we will derive a general form for the superpotential VW, building on work on
superpotentials in the presence of flux first proposed in [234,235], and the generalised geometry
expressions given in [3]. A natural conjecture is that W is given by the singlet part of the
intrinsic torsion for the SU(7) structure integrated over the internal manifold. As we will see,
one can pick out this singlet by a projection that is holomorphic in terms of 1, meaning that
the superpotential is a holomorphic function of ), justifying ¢ as the holomorphic coordinate
on Z.

As mentioned above we expect the supersymmetry conditions 6W/dp = W = 0 to imply
the involution condition on L3. We note that the variations of the SU(7) structure v transform
as 17, 73 and 355, and so W/ = 0 will constrain the dual 1_7, 7_3 and 35_5 components
of the intrinsic torsion. This means 6V /0y = 0 implies W = 0 (as W itself is the singlet) and
furthermore is a slightly stronger condition than L3 being involutive, which only constrained
the 1_7 and 35_5 components.

Before turning to the superpotential itself, it is useful to show that one can rephrase involu-
tivity as a holomorphic condition on 1. Suppose V € I'(L3) and D is a compatible generalised
connection, that is Dy = 0. From the definition (5.11) we find

Lyyp=-T(V)-¢ for Ve I'(L3). (5.102)

Note that this expression is linear in V. For any other R* weight we would have gotten an
additional factor of the form (D-V )y where D-V = Dy VM and hence a non-linear expression.
Since Ly is independent of D, only the intrinsic torsion contributes to T'(V') - 9. From the
U(1) x SU(7) representations it is easy to check that the 1_7, 7_3, and 35_5 components
of the intrinsic torsion (5.24) appear, precisely the components in §WW/d§1p. This gives us an
alternative formulation of the involutivity condition!? (i.e. the vanishing of the 1_7 and 35_j

components)4:

involutive Ly~ < Ly =A(V)y YV € L, (5.103)

where A € T'(L}) is the 7_3 component of the SU(7) intrinsic torsion, and A(V) = Ay VM is

just the natural pairing between sections of E* and E. We also see that we expect

oW

S

13Note that in the conventional and generalised complex structure cases we could equally well have formulated
the conditions (C.5) and (C.32) as LvQ = (1w A)Q and Ly® =2(V, A) ® for all V € T'(Ly).

1 Note that relations of this form were first noted in the context of integrable structures in Eg(6) generalised
geometry by Edward Tasker (private communication).

0 & Lyp=0 VYVeLs. (5.104)
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In analogy with the complex structure and generalised complex structure cases, we expect that
we can always take a v satisfying the involutive condition and rescale by a complex function
1 = f1) so that the stronger superpotential condition is satisfied.

Crucially both of these conditions are linear in V' and so can be viewed as a holomorphic
expressions in 9. (Note from (5.20) that L3 is fixed by V e = 0 and so also only depends
holomorphically on 1.) If we had chosen a structure v’ with a different R*-weight we would
have had an additional (D-V')¢)’ term. For the involutivity condition we could still have phrased
the condition in the holomorphic form Ly v’ o< ¢’, however the §W /1)’ = 0 condition would not
be holomorphic because it would have to be written as Ly [(is(¢',9")P1)'] = 0 for some suitable
power p. Thus we anticipate that the superpotential W is a holomorphic function only if we
take v transforming in 9123.

Returning to the definition of the superpotential, why is it natural to conjecture that it is
the singlet torsion 1_7? Consider the AdS case for a moment. We know from [184] that the
cosmological constant appears as a singlet of the intrinsic torsion when decomposed under SU(8)
and this descends to the singlet for the SU(7) structure (since there is only one singlet). The
supersymmetry conditions for an AdS background include the vanishing of derivatives of the
superpotential (the F-terms) but the superpotential itself does not vanish. Instead, requiring
the superpotential to vanish is the final condition for a Minkowski solution. Thus it is reasonable
that the superpotential itself is simply the singlet of the torsion.

To see this more concretely, we conjecture

W= /MWN/M15(¢,T), (5.105)

where T is the intrinsic torsion of the structure. The symplectic product with ¢ projects onto
the singlet component (specifically the 1_7 component). We also note that 1 is weight-3 and
T is weight-(—1) with respect to the RT action. This means is(¢,T) is weight-2 and hence
is a volume form which can be integrated over the manifold. From (5.102) we know that the
1_7 component of the torsion is a holomorphic function of 1, and hence the superpotential is
holomorphic.

We can make the ¢ dependence more manifest as follows. It was shown in [180], using the

Killing spinor equations, that W can be written as!®

(D Xaa ¢) - ~ W, (5.106)

where D is now a torsion-free SU(8) connection (not SU(7)), X.q is a projection to the adjoint
representation 133, so that D X ,q transforms in the 1332 representation, and W is the desired
singlet component of the intrinsic torsion of the structure defined by 1. Clearly we can project

onto W by calculating -
S(va (D Xad ¢) i ¢)

s(v, %)
At first sight, this appears to depend on 1 and so will not be holomorphic on Z. However, this

~W. (5.107)

15Technically, in [180] a specific choice of the connection D was taken. We show that the operator appearing
here is independent of this choice at the end of this section.
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apparent dependence factors out. Consider an infinitesimal variation of the structure

Y ~cp+a-yY+a-,

L L (5.108)
S~ 4 a-p+a-p,

where we are acting with the Lie algebra E(7) @ R. Decomposing under SU(7) as in (5.16), c is
a complex singlet coming from 1o and the R action, while a and @ transform in 7_4 and 35_»
representations respectively. Of the antiholomorphic parameters (¢, @, a), only & can appear in

the relevant projection

S(80, (D xaa ) - ) ~ W s(66, ) = W s(dh, 1)) (5.109)

as the parts involving @ and @ are non-singlet and thus projected out. Thus we are left with
only a C* scaling of 7 by the antiholomorphic factor e. However this scaling clearly factors
out of (5.107) and hence W is indeed a holomorphic function of .

In conclusion, the general expression for the superpotential of a generic D = 4, N’ = 1

background up to an overall constant is

W = / / DX&W /ﬁ (D xaq ). (5.110)

We have included an alternative expression in a slightly simpler form that has the benefit of

being easier to calculate explicitly. However, it is less obvious to see that it does not depend on
antiholomorphic variations of the structure.

For completeness we should check that our expressions for W are well defined, in the sense
that they do not depend on the parts of the torsion-free SU(8) connection D which are not
determined by the generalised metric G. These undetermined components form the 128041280
parts of the connection, and they do appear in the unprojected operator D X,q v, which thus
depends on the choice of the connection D. To see that they do not appear in our expressions for
the superpotential above, note that .J, ¢ and the operators Tr(.J (D x ,q1)) and s(2, (D X aq10)-1))
are all SU(7) singlets. This means that only SU(7) singlet parts of the connection can appear
in them. A routine decomposition reveals that there are no singlets in the SU(7) decomposition
of the 1280 + 1280 representation of SU(8), and thus these parts of the connection cannot
appear in our expressions. As such, these operators represent a complex SU(7) singlet part of

the intrinsic torsion, as claimed.

G2 in M-theory

In the Gs case, it is straightforward to calculate the superpotential directly and compare with
the existing literature. As discussed in section 5.2.1, the SU(7) structure corresponding to a Go

structure with flux has the form
. . <1, .
P = At Ael? . 1 = AT NTATIY ) v

. | (5.111)
L3 — eA—ilA/\(p-‘rA-‘rl(p T =7 T(Ca
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where we have defined v = A — $1AA @+ A+ip as a sum of six- and three-forms. The Dorfman
derivative of ¢ along V = e"v € I'(L3) satisfies

Lyt = Levy(e? - 1) =ell1=¢7 - (L1 — 2,1 - 1) = =7 -4, - 1, (5.112)
where the complex flux
I'=F+idp+F+1pndp—iF Ap e D(A'T* @ ATT™) (5.113)

can be viewed as a section of the torsion bundle K. Using the various actions of v as an adjoint

element, we also have
T(V)-p=T("w)-e7-1=¢e"-(e77-T)(w)-1=¢€"-1,(e”7-T)-1. (5.114)
Finally we note that
s(,T) =s(e”-1,T)=s(l,e " -T) ~ (e 7-T)x), (5.115)

where (™7 - T')(7y is the seven-form component of (e™7 - T'). However, using (5.102) and com-
paring (5.112) and (5.114), we see that (e™7 - T))7) = I'(7) and hence

W /Mis(w,T) o /M (F—}— %(p/\dgo —iF/\cp) . (5.116)

The superpotential is simply the integral of the seven-form component of the complex flux.
We can compare this expression to those that have already appeared the literature. Beasley

and Witten considered the M-theory superpotential on manifolds of Go holonomy [272] — this

means we should assume dp = 0 to match their results. In addition, they take | MF =

—% wANE 16 Using these assumptions, the above superpotential can be rewritten as

Woc/ (3A+ip) AF, (5.117)
M

which matches that given in [272]. More generally, the M-theory superpotential on manifolds
with Gg structure with flux has been discussed in a number of places [103,132,152,282]. Fol-
lowing [282], we define

Py = /M(F +3AANF) € (2n)Z, (5.118)

which allows us to rewrite our superpotential as

Wo<P0+/ (—(%A—i—igp)/\F—i—%(p/\dgp)
M (5.119)
ocPo—%/(A+igp)/\d(A+ig0).
M

6 As discussed by Beasley and Witten, this comes about as the Page charge (the integral of ﬁd;l) is

quantised. Since ﬁ% Ju AN F is only defined modulo an integer [281], one can take fM(F' +32AANF)=0
without introducing extra ambiguities.
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This matches the expression found in [282] up to an overall multiplicative constant.

Let us make one further comment. Recall that involutivity for a Go structure implied
dp = dA = dA = 0 and so dy = 0. From (5.112) this means Lyt = 0 for all V € T'(L3) —
in other words dW/dy = 0. This is a result of our choice of normalisation of 9. If we had
scaled by a complex function f so that ¢ = ¢e7 - f, we would have had an additional one-form
contribution to the intrinsic torsion 7" and Ly v would not vanish, consistent with the comments
below (5.104).

GMPT

We can repeat the same analysis to give the superpotential in the GMPT case. The SU(T7)
structure has the form given in (5.90) and (5.75)

b=c"-b_, Ly=c (LY aly), (5.120)
where ¥ = C +8ie 2 im &, . Using (5.92), we then have

Ly =€ [Lziae-P_ — (Zd%) - &)

—e” . [ZdD_ — (d®_)- D — (Zd%) - d_], (5:121)

where we take Z € F(L‘ll) so that V = e”(Z + a®_) € I'(L3) and have used the algebraic
property (Z + a®_) e d_ =0. As in (5.114) we have for the torsion

T(V)-¢p=e" (e T)(Z+ad_ ) &_. (5.122)
Finally we have
s(h,T) = s(e” U, T)=s(V_,e > - T) ~ (D_, (7> -T)_), (5.123)

where in the last expression we have the Mukai pairing of ®_ and the odd-polyform component
(e™> - T)_ of the torsion. However, using (5.102) and comparing (5.121) and (5.122), we see
that (e™> - T)_ = d¥ and hence

. L 3A
W x /M15(¢7T) x /M (®_,F +8id(e??im®y)). (5.124)

Taking into account the normalisations (5.74), we see that this is in precise agreement with the

O(6,6) generalised geometry expressions given in [156,283-285].

5.3.2 The Kahler Potential, the Moment Map and Extremisation

Almost twenty years ago Hitchin [151] gave an intriguing reformulation of integrable Gg struc-
tures as corresponding to stationary points of a suitable functional on the space of closed
structures, that is those satisfying dy = 0, taking the variation within the cohomology class of
. In this section we will show that the Kahler potential K gives a natural generalised geometry

extension of Hitchin’s functional for SU(7) structures. In particular, we show that the moment
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map conditions g = 0 can be rephrased as stationary points of K when varying over the space
of complexified generalised diffeomorphisms GDiff¢. In the case of Go structures we show that
this is identical to Hitchin’s variational problem.

We start by recalling that an infinitesimal generalised diffeomorphism defines a vector field

pv € T(TZ) on the space Z of generalised SU(7) structures given by'”

Lyt = 1,00 = Ly, (5.125)

The symplectic form w on Z given in (5.33) is invariant under the action of GDiff, that is
Ly, =0, and p in (5.39) is the corresponding moment map defined by 2, = —éu(V'). Note
that it is straightforward to check that v, 0u(V) = p([V, W]), where [V, W] is the Courant
bracket, and hence the moment map is equivariant. We also immediately note L, ¢ = Ly is
holomorphic in 1 hence the GDiff action also preserves the complex structure on Z.

It is a standard result from the supergravity literature that the moment map (or D-term)
can be solved in terms of the Kahler potential [243]. Explicitly, if py generates the symmetry,

one has, by definition,
Spu(V) = —1p, @ = —1p, (266°K) = =1L, (T6K) + 16 (1, Z0K) (5.126)

where 67 = [Z,4] and Z is the complex structure on Z. But we have £,,Z = 0, so, assuming
we choose the Kahler potential such that it is also invariant, that is £, = 0, the first term
vanishes. Using v7,,, 0K = —1,,,Z0K, one then has (up to closed terms which are fixed to vanish

by the requirement of equivariance)
w(V) = —%ZZPV(SIC = _%»CIpV’C' (5.127)

To check this relation explicitly in our case, we first calculate Zpy . Since v is holomorphic,
splitting the exterior (functional) derivative on Z into holomorphic and antiholomorphic parts
§ =0 + 0, we have

L1py 0 =175, 0" = 11,, 0" =1L, = iLy . (5.128)
We then have
L1 K = /M L (s(h, )3 (3 81z 000, D) + 1 5,12, 60))
_ 1/ -\ —2/3 I N I n
/M L is(, 6)) 7 (s(Lyth, §) — s(ab, L)) 5100
_ /M 2 (s, 2)) " s(Lv, D)

where we used an integration by parts and compactness to reach the final line. This is in

complete agreement with (5.127). For completeness, using the non-holomorphic structure ¢, we

'"Note that here L, is the Lie derivative along py in the space of structures Z, whereas Ly is the generalised
Lie derivative on the manifold M.
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can also check the invariance of IC:

[’PVIC =1 / S(ZPV5¢> QZ)) + S(¢, va(sg)) =1 / S(ngb’ Q_ﬁ) + S(QS?LVQ_S)
M M (5.130)

i /M Lys(,) =0,

where the action of Ly on a top-form reduces to the Lie derivative, which then vanishes due to
compactness of M.
The relation (5.127) is striking because it shows that the zeros of the moment map can be

equally well thought of as critical points of K
w=20 & critical point of K under GDiff¢ action. (5.131)

The group GDiff does not really complexify, so what is really meant here is motion on the orbits
generated by py and Zpy. Since K is invariant under the former, the extremisation is really
over iGDiff generate by Zpy . For the set of critical points to form a nice moduli space after
quotienting by GDiff, as in the symplectic quotient, strictly one needs to show that a critical
point of the Kéhler potential is non-degenerate transverse to the orbit of GDiff [151]. It is a

general result that the Hessian for the imaginary transformations is given by

EZPVEIPWK = _Q‘CIPV/L(W) = _2ZIPV5/1’(W) = 21Zpy Loy @ = 29(pv, pw), (5.132)

where g is the pseudo-Kéahler metric on Z. Because the metric is pseudo-Kahler, it is possible
that g(pv, pw) could vanish for all py and this not imply that py = 0. Since we want to mod
out by real generalised diffeomorphisms, the non-degeneracy condition we require is that, at the

extremum,
glpv,pw) =0 VYW eI'(E) — JU e(F): iLyy = Lyv. (5.133)

In other words, any degeneracy in the direction of an imaginary GDiff transformation is always
equivalent to a real GDiff transformation. One can rephrase this condition in terms of the oper-
ators discussed in section 5.4.5. However, at this point, we do not understand them well enough
to check if the non-degeneracy is generically true. That said, from a physical perspective, since
the equations of motion of supergravity are elliptic and supersymmetry implies the equations
of motion, we would expect there to be a sensible finite-dimensional moduli space.

The extremisation of K is a generalised geometry extension of Hitchin’s extremisation of
a Go functional [151] as we will now see. We saw in section 5.2.1 that for Go structures, the

Kéhler potential is proportional to the Go Hitchin functional V()
K@) x V() = / © A\ *p for ¢ = et Agie 1. (5.134)
M

Furthermore, under an imaginary GDiff transformation it is straightforward to calculate

1Zpy 0t = iLytp = iLyy) — i(dw + do) - ¥, = —d(ep) - ¢ — i (dw’ + do’) - 9. (5.135)
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where w’ = w — 1,4 and 0/ = 0 — 1,A — %A N, A+ %go A1, and we have used the involutivity
conditions dp = dA = dA = 0. We see that, up to real generalised diffeomorphisms, an
imaginary GDiff is equivalent to an imaginary gauge transformation. Exponentiating, again up

to real gauge transformations, we get
s = et Agidd’ gilptdw’) ) — pAtAgilptd) (1 + const x jdo' +...), (5.136)

where jdo’ denotes Ao, n, ns € I(T* ® A°T*) and the dots denote higher-order terms in do”.
In particular, we see the Gg three-form is shifted within its cohomology class. We now want
to extremise K with respect to the ¢’ and w’ variations. First note that it is independent of A
and A since it is a E7(7) X R*-invariant. Next, we first show that do’ = 0 is an extremum with
respect to the o’ variations. Writing the modified Gy structure as ¢’ = ¢ + dw’, linearising in
7w = jdo' we then have, using the same arguments that led to (5.62),

K = / K where Kmy..m, = const X g'"Pm (5.137)
M

n,p[ml---mz;‘p;nsm@-mﬂ'
However, the antisymmetry of do’ implies x vanishes and hence 0K = 0. This means we are
back to extremising k(1) in (5.134) with ¢ replaced with ¢’ = ¢ +dw’. But this is exactly the

extremisation introduced by Hitchin [151]. For a variation d¢’ = dw’ it gives

(5V(g0’)o</ (5g0'/\*<p’—/ dw’ A xy'. (5.138)
M M

Integrating by parts shows that V has a critical point for d x ¢’ = 0, recovering the condition

from the vanishing of the moment map as we expected.

5.3.3 Moduli Spaces, GIT and Stability

The fact that the moduli space can be viewed either as a symplectic quotient or a quotient by
the complexified group is a general result for group actions that preserve a Kéhler structure

(see for example the discussion in [256]). For the case in hand, we have
My, = Z J/GDiff ~ 2P /GDiffc. (5.139)

There is a subtlety we have glossed over previously which is that for the complex quotient one
needs to consider not the full space of structures but a subset ZPs C Z of “polystable” points.
The equivalence of quotients in (5.139) is the Kempf-Ness theorem. This is part of “Geometric
Invariant Theory” or GIT, as reviewed for example in [221]. The point is that not all complex
orbits will intersect the space of zeros of the moment map p~1(0). If 9 lies on an orbit that
fails to meet p~1(0) it is called unstable and is excluded from ZPs. Our setup is typical of a
number of classic geometric problems: one has an infinite-dimensional Kéhler manifold with
a group action such that the vanishing of a moment map corresponds to the solution of a
differential equation. For example, it appears in Atiyah and Bott’s work on flat connections
on Riemann surfaces [286], in the “hermitian Yang-Mills” equations of Donaldson—Uhlenbeck—
Yau [224, 225, 245], Fine’s formulation of the Calabi conjecture [287], and the equations of
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C*vo
stable

------ semistable

unstable

Figure 5.1: Stability for a 1-PS orbit of .

Kéahler-Einstein geometry [246,247,288]. Famously, in each case, developing the correct GIT
notion of stability allows one to translate the question of existence of solutions to the differential
equation into algebraic conditions arising from the analysis of the complex orbits.

In this section, we will sketch how our description of integrable SU(7) structures might
translate into the GIT picture, and discuss the form of the moduli space. In general, stability
can be understood in the following way. Consider a U(1) subgroup of the group action. For us
this is some U(1) C GDiff generated by some vector field py € T'(T 2’) Under complexification
this gives a C* action on the space of involutive structures Z. Starting at some point ¢ € Z
the C* action generates an orbit of structures ¢ (v) parameterised by v € C*. If the space of
structures were compact up to overall scalings of the SU(7) structure of the form ¢ — A3
with A € C*, then in the limit v — 0, the two C* actions must coincide, giving a fixed line of

structures (see figure 5.1)

lim ¢(v) = 5@y = lin%lC = |2 K, where w(y) € Z, (5.140)
v—

v—0

where the weight w(v)) depends on the orbit (and hence the original structure v)) and is neces-
sarily quantised since we have a U(1) C C* action.'® Considering all such U(1) subgroups, or

“one-parameter subgroups” (1-PS), one then defines!”

if w(v)) < 0 for all 1-PS then ¢ is stable,
if w(1) <0 for all 1-PS then v is semistable, (5.141)
if w(v) > 0 for some 1-PS then 1) is unstable.

The beautiful observation is then that if the function K is convex with respect to varying |v|,
and is stable in both directions (that is for 1-PS generated by py and the inverse 1-PS generated

by —py), then it must have a (unique) minimum. But we have already seen from (5.127) that

18We have normalised the U(1) charges relative to the RT action, hence the factor of three in (5.140).
9More generally one can define stability for the action of the whole of the complexified group (in our case
GDiff¢) but the Hilbert—Mumford criterion implies that stability for all the 1-PS is an equivalent condition.
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a minimum of K is equivalent to the vanishing of the moment map (V') = 0 for this particular
V. Since stability is for all 1-PS it implies there is a unique minimum where p (V') = 0 for all
V. Hence if 1) is stable?? then there is a unique solution of the moment map in the orbit of v

generated by GDiff¢. In the language of GIT we are identifying
norm functional = Kéhler potential (5.142)

which as we saw above is the E7(7) x R™ extension of Hitchin’s Go-functional.

In the Kéhler—Einstein context, Yau [72] originally introduced the notion of a functional
that is the integral of the square of the scalar curvature, and in the moment map picture is
the integral of the square of the moment map. Critical points of the Yau functional are called
“extremal metrics”. In our context, the N' = 1, D = 4 supergravity picture gives a simple

interpretation of the analogous object. Recall that the potential of the supergravity is given by
Y=k (gﬁDiWDEW - 3WW> + L(re )PP, (5.143)

where g,; is the Kahler metric on the space of chiral fields ® DWW = ;W — (9:K)W, and re 1y
is an invariant metric on the Lie algebra of the moment map symmetry. If we consider SU(7)
structures that are involutive (or strictly the slightly stronger condition that the superpotential
is extremised (5.104)) the term in parentheses vanishes. The metric on the Lie algebra is fixed

by the generalised metric Gy (see for example [58]) and we are left with
Vo~ / volg! GMN PPy ~ / volg R, (5.144)
M M

where volg is the Er(7)-invariant volume form defined by the generalised metric. (Note that the
factor of volg' in the first term comes from the fact that P € T'(det 7* @ E*).) We see that the
potential is the square of the moment map. Furthermore, from the reformulation of supergravity
in terms of E7(7) x RT generalised geometry [181,182], the potential is the supergravity action
on M which is just the integral of the generalised Ricci scalar R as we write in the second term.
Thus we have

Yau functional ~ / volg R. (5.145)
M

We see that extremising the Yau functional corresponds to generalised Ricci-flat solutions, that
is generic solutions of the supergravity equations.

Central to the equivalence of stability and the vanishing of the moment map is the condition
that the norm functional is convex. This is usually a consequence of the general result (5.132)

that the second derivative is given by the Kéahler metric

L1py, L1p, K =2g(pv,pv)- (5.146)

A positive-definite metric then implies convexity. As we have already mentioned, a key difference

for SU(7) structures is that we have a pseudo-Ké&hler metric and so we can no longer guarantee

29The actual condition is the slightly more subtle notion of “polystability” which includes equivalence classes
of semistable orbits, at the boundary between stable and unstable orbits.
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that the norm functional is convex under the action of iGDiff. Thus a stable orbit may have
more than one solution of the moment map, and unstable orbits may still include solutions,
implying stability is only a sufficient condition for the existence of solutions. This problem is
closely related to the degeneracy question, mentioned above, as to whether critical points of IC
form a nice moduli space.

The pseudo-Kéahler structure raises other potential subtleties with the description of the
moduli space of integrable SU(7) structures as we have presented it. First, the holomorphic
involutivity condition might define a null subspace within the space of structures Z, meaning
there is no guarantee that the subspace Z inherits a Kihler metric (since the pullback of the
metric can be degenerate). Secondly, if the group action defining the moment map is null, there
is similarly no guarantee that there is a Kéhler metric on the symplectic quotient. Although
we have not checked directly, physically we might expect that neither problem arises, the point
being that supersymmetry implies that there must be a Kahler metric on the final moduli space,
since it is a space of chiral superfields. Furthermore, unless the background secretly admits more
supersymmetries, this metric must be positive definite (since it gives the kinetic terms of the
four-dimensional fields). If there are extra supersymmetries these appear as deformations which
change the SU(7) structure but not the generalised metric, and hence are unphysical.

This makes one wonder if there could be a more standard GIT picture underlying the
conditions. Recall that at a point p € M the tangent space TQgy(r) to the Ezzy x RY/SU(T7)
coset space (5.29) decomposes under SU(7) x U(1) as

TQSU(7) D (o 1y) (T4 74) @ (352 @ ﬁ_g), (5.147)

where the first two terms are generated by the action of J and the R™ scaling. The complex
structure on T'Qgy(7) pairs the representations in parentheses, with a positive definite metric
on 35, @ 352 and a negative definite metric on the remaining directions giving a signature
(70,16), which is then inherited by the full space of structures Z. Focusing on the G case,
or perhaps more generally the type-0 case, we will now discuss how the negative deformations
can potentially be removed. First one considers the space of exceptional complex structures
J (rather than Z), which removes the two singlet components in (5.147). Then one takes the
symplectic quotient by the normal subgroup of gauge transformations generated by five-forms
which removes the remaining 7 & 7 components.

An exceptional complex structure J determines v up to rescaling by a function b — f1).

Thus we can define the space of exceptional complex structures as a symplectic quotient
X, space of exceptional complex structures = Z J/H. (5.148)

The Lie algebra of H is given by h ~ C*°(M) and a € h acts via po(¥) = iar), giving the

moment map

pr (o) = /M o (is(w,9))"?, (5.149)

and in the quotient we set pup = volp for some fixed reference volume form. Since the action

preserves the Kahler structure on Z there is then also a Kéhler metric on X though now based
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on the coset space E7(7)/U(7) with signature (70,14). The corresponding Kéhler potential is
given by choosing an arbitrary section ¢ € I'(i;) and calculating

K = / log (is(1), ¥)/ vol3) voly . (5.150)
M

The action of GDiff descends to X (strictly we need to restrict to the subgroup GDiffy C GDiff
that preserves voly, that is in the Lie algebra Ly voly = 0, but we will ignore this subtlety).

Hence one can define a corresponding moment map [ on X given by

. s(Ly, )
a(V) :/ —————= voly, (5.151)
M 1 3(7% 1/})
and define the quotient moduli space
Mopys = X JGDiff. (5.152)

We claim that this is isomorphic the physical moduli space M,,/C*, where the C* action is the
constant rescaling ) — A\31. The point is that the vanishing of the moment map fi(V) = 0 on
X implies the vanishing of the moment map (V) = 0 on Z except for those transformations
that preserve J, that is Ly J = 0. However, such transformations simply rescale . The effect
is that for each J satisfying i = 0 the additional conditions from p = 0 simply fix the particular
section ¢ € I'(Uy). Up to an overall C* rescaling 1) — A31, we expect one such solution for
each J, and hence M ; is isomorphic to the physical moduli space M, /C*. (This is completely
analogous to the SL(3, C) structure case.)

If we focus on G structures, fixing an integrable J, the compatible 1 can be written as
W = eAtAe¥ . f (5.153)

for some function f and with dp = dA4 = dA = 0. We note that the group G, C GDiff
of five-form gauge transformations forms a normal subgroup. Thus we can do the symplectic
reduction by stages, first reducing by G, and then by the quotient group GDiff’ = GDiff/G,.
As we saw in section 5.3.2, the form of ¢ we have written already satisfies u(o) = 0 for all
five-forms o. Hence the symplectic quotient just identifies A~ A+do. Taking Hd6(M ,R) =0,

we have A ~ 0. By moving to the quotient space
X, = X)Gy, (5.154)

we have effectively removed 14 of the allowed deformations. Direct calculation in the Go case
implies that this removes precisely the negative directions in the metric, so that the Kéahler

metric on X, is positive definite. Thus we have a conventional picture of stability with
Mohys =~ X, JGDiff’ ~ XP*/GDiff. (5.155)

This suggests that, at least formally, the space of integrable Gy structures, complexified by

including the closed three-form potential A, can be viewed as a GIT quotient of the space of
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closed Gg structures. The E7(7) extension of Hitchin’s Gg functional K plays the role of the
norm functional.

A choice of 1-PS in this case should be a diffeomorphism corresponding to circle actions on
M since the gauge transformations in GDiff are always non-compact. If the diffeomorphism is

generated by & € I'(T'), fixed points of the 1-PS amount to solutions to
LeJ =0 where J= eA(gaﬁ - ), (5.156)

where we have allowed for a non-trivial three-form potential. The value of the moment map at
the fixed point, suitably normalised, should give an integer invariant. This will be the analogue
of the Futaki invariant in Kéhler—Einstein geometry [289]. Furthermore, these should be ob-
structions to the existence of solutions to the moment map. The simplest solution to (5.156),
is to take Lep = LcA = 0. In this case, the SU(7) structure ¢ € I'(Uy) can only depend on
the circle action through the function f. One would expect that the integer invariants would
thus encode the topology of the line bundle Uy, since the moment map is independent of the
choice of section. The obstruction is thus that the bundle must be trivial, as we expect for
the existence of a globally defined 1. More interestingly however, the 1-PS motion may lead
to other types of solution to (5.156), most notably exceptional complex structures with type-
changes, perhaps associated to circle actions with fixed points. These are structures J which
are no longer type-0 in the whole of M. This is possible since although the C* action generated
by & preserves the cohomology class of ¢ and A, the forms themselves may vanish or become
singular at points in M. The moment map evaluated on such solutions should again give some
integral invariant of the closed G structure. Naively, understanding such configurations would

be key to formulating any notion of stability.

5.4 Moduli of N = 1 Backgrounds

The generalised SU(7) structure we have described characterises generic N' = 1 flux backgrounds
with a four-dimensional Minkowski factor. A natural question to ask is what is the moduli space
of these backgrounds? If the background is to be used for phenomenology, this will tell us about
the massless chiral superfields in the four-dimensional effective theory (ignoring extra M-theory
or stringy massless excitations localised at singularities, since we are in the supergravity limit).
Although the answer is well-known for Gy compactifications, very little is known about generic
supersymmetric flux compactifications. In this section we will use the generalised geometrical
description to show how the moduli are related to particular cohomologies. For Go this repro-
duces the well-known result that the number of chiral fields is counted by the third de Rham
cohomology H g’(M ,C). The analysis trivially extends to generic type-0 SU(7) structures giving
the local moduli space as H3 (M, C)® HS(M, C). Remarkably it also gives a complete description
of the moduli for the GMPT solutions, completing an analysis first considered in [203].

As we have seen, the moduli space of a D = 4, N' = 1 background is given by Mppys =
My, /C*, where M, is the space of torsion-free SU(7) structures modulo generalised diffeomor-
phisms. In section 5.3.3 we argued that if the infinite-dimensional GIT picture is valid this is

equivalent to to X /GDiffc, where X is the space of exceptional complex structures. If we have
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a solution J, the local moduli space thus corresponds to a finding the integrable deformations
of J modulo complexified generalised diffeomorphisms. As we noted, strictly the GIT picture is
not necessarily equivalent because the the metric on X is not positive definite. However, assum-
ing the critical points of K are non-degenerate transverse to the orbit of GDiff, infinitesimally
this will produce the correct moduli space. A generic deformation then defines an element of
the intrinsic torsion that must vanish for the deformation to be integrable. The complexified
generalised diffeomorphisms will be generated by the Dorfman derivative and are necessarily
integrable. This sets up a problem in cohomology and it is this that we aim to understand
better. We will start with a quick review of the moduli of conventional complex structures as
this will illustrate many of the key ideas that we will use in analysing the deformations of SU(7)

structures.

5.4.1 Review of the Moduli Space of Complex Structures

Let us recall how the moduli space of integrable SL(3, C) structures arises. One starts by consid-
ering deformations of an integrable GL(3,C) structure. Define Qgr3,c) = GL(6,R)/GL(3,C)

as the space of (almost) complex structures at a point p € M. This can be viewed as
QaLa.e) = GL(6,R)/GL(3,C) = GL(6,R) - Iy = GL(6,C) /P, (5.157)

where GL(6,R) - I is the orbit of a fixed complex structure Iy under g € GL(6,R), and P is
the parabolic subgroup of GL(6,C) that stabilises L

P = Stab L; = (GL(3,C) x GL(3,C)) x C?. (5.158)

The orbit picture means that deformations of the complex structure are parameterised by a
choice of element of gls /p at each point in the manifold. In other words, one takes a section
of the vector bundle

glsc/P = QcrLie) — M. (5.159)

In practice one can view 9 C ad F¢ by choosing an embedding glsc/p = glgc. In particular,

using the real structure one can decompose

glsc=0lc®olzc®qgdq,
p=glscDolsc Dy,

(5.160)

where we identify the (nilpotent) subalgebra q ~ F(Tp1 Y® T, 0’1). The pair of gl; ¢ algebras and
q preserve Ly = TH0 € Tr. This means a deformation of Ly at a point p € M can formally be
parameterised by &, € q alone, that so one can identify Qqr,3,c) =~ T9' @ T*19, The deformed
subbundle is then

Ly =e"L; = (1+a)L. (5.161)

L) can then be used to define L' ; C T¢ via L' | = L} provided L) N L' ; = 0. Note that

nilpotency of q implies expa =1+ a.
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As before, this new subbundle is integrable if and only if
(LY, LY] c L}. (5.162)
One can check that for an arbitrary deformation parameterised by & we have

(e7%[e®V,e W)™ = (1 + @)Po(VId,W™ — Wi, V™) + VIW" (da + (&, a])"qr . (5.163)

€Ly eL_1

This gives the well-known result that a complex structure deformation is integrable if and only

if a satisfies the Maurer—Cartan equation.
da+ [a,a] = 0. (5.164)

If one is just interested in the infinitesimal moduli at this point, taking & = €f3, in the limit
e — 0 the condition is simply 93 = 0. In general there may be an obstruction to extending
this solution for finite €, although the Kodaira—Nirenberg—Spencer theorem states there is no
obstruction if the cohomology class H;’O(M ,T%1) vanishes. For the moduli space one should

mod out by deformations generated by diffeomorphisms. Infinitesimally, that is of the form
Li=1+eL,)Ly veI(T). (5.165)
Writing v = x + Z for a unique x € T'(T1?), one finds
Ly = (1 +€d7)Ly, (5.166)

where one views 97 € I'(Qqr3,c))- A deformation is then trivial if B = 0z for some z € I'(T"1).
Hence we get the result that the infinitesimal moduli of GL(3, C) structures is given by

Hy (M, TY). (5.167)

Finally we note that it is simple to connect this picture to the moduli space of SL(3,C) struc-
tures. An integrable complex structure I defines a line of SL(3,C) structures U;. Up to a
constant C* rescaling 2 — A there is a unique integrable structure Q € I'(;) (that is one
satisfying dQ2 = 0) for each complex structure I. Hence, we get the standard result that the
moduli space of integrable SL(3, C) structures is just Hé’O(M, TN @ C ~ Hé’Z(M) @ Hg’?’(M).

5.4.2 Moduli Space of SU(7) Structures

Now let us turn to the moduli space My, of SU(7) structures 1. As we have discussed, locally
the physical moduli space M,,/C* can be identified with the space of deformations of J that
remain integrable, modulo complex diffeomorphisms.

First, let us introduce some notation as we did in the previous section. We consider the

space Qu(7)xr+ Of almost exceptional complex structures at a point p € M. This can be viewed
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as
Qu(ryxr+ = Ery/U(T) = Eq(7y - Jo = E7 ¢/ P, (5.168)

where Er(7) - Jo is the orbit of a fixed almost exceptional complex structure Jy under Ey(7) at

some fixed point on the manifold, and P is the parabolic subgroup that stabilises L3
P = Stab L3 = GL(7,C) x C*2, (5.169)

By considering the orbit of Jy at all points on the manifold, we see that infinitesimal deforma-

tions of the structure can be viewed as a sections of the vector bundle
Erc/p = Queryxr+ = M. (5.170)

Again, in practice we will embed Qu(7)xr+—ad F¢ by choosing an embedding E7c/p — Erc.

Explicitly, we write a generic infinitesimal deformation of L3 as
Ly — L= (1+¢€A)- Ls, (5.171)
where we view A € I'(Qu(7)xr+) as a map
A: L3 — Ec/Ls, (5.172)

and then make a choice of embedding F¢ /L3 < E¢. As the original subbundle L3 is involutive,
the intrinsic torsion vanishes. For a generic deformation A, L will have some non-zero intrinsic
torsion that appears as an obstruction to the involutivity of L% with respect to the generalised
Lie derivative (or equivalently the Courant bracket). Expanding to first order in € we get a
differential map do

da: T(Qu(ryxr+) = TWHG)wps); (5.173)

where sections of W[i}l(t7)xR+ are the intrinsic torsion for the deformed almost exceptional complex
structure.?! The L subbundle will be involutive if the intrinsic torsion vanishes, and so the
deformed structure will be integrable if and only if A € kerds.

We also have the notion of a trivial deformation. As we have discussed, this corresponds to
the action of the complexified generalised diffeomorphism group GDiff¢. To linear order, such
deformations are given by the action of the Dorfman derivative. That is, we consider Lf to be
equivalent to Lg if

L= (1+e¢eLy)Ly for some V € T'(Ec). (5.174)

This defines a second differential map d;
di: F(E(C) — F(QUW)XR“')' (5175)

A trivial deformation should automatically be torsion free — by the Leibniz property of the

2'From the discussion around (5.28), note that here W[ijn(tnxﬂw is strictly a complex bundle transforming in the
1_7 ® 35_5 representation of U(7) x R*.
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generalised Lie derivative we have

LwiywW' +v W) = LyW' + € (L, wW' + Lw (LyW')) + O(e?)

(5.176)
= (1 +eLy) LyW' 4+ O(é%)

and hence any trivial deformation is indeed integrable. This is precisely the statement that
do o d; = 0 and so we have a three-term complex

T(Ec) — T(Quexzs) — TV 2)- (5.177)
Assuming there are no obstructions, the local moduli space of the SU(7) structure is modelled
on the cohomology of this complex.

In the rest of this section we will calculate this cohomology for both the Gg, generic type-zero
and GMPT structure examples. In the Go case we recover the known result that the moduli
are counted by the third de Rham cohomology of the underlying manifold. In the GMPT case,
we find new results — the full set of moduli were previously unknown. We will see that in both
cases the ability to calculate the cohomology of (5.177) relies on finding a nice parameterisation
of the embeddings Ec/Ls — Ec and Qu7)xr+ < ad Fr. This then leads to a description of
the moduli in terms of cohomologies defined by differentials that are naturally associated to
the problem. For the Gy (and general type-zero) case this is the de Rham differential, while
for the GMPT solutions it is the generalised Dolbeault operator associated to the integrable
generalised complex structure. One may hope that the general case could be solved in terms of
some natural differential associated to the L3 bundle — we make some comments on this at the

end of this section in 5.4.5, noting some of the complications that arise.

5.4.3 Example 1: G, and Type-0 Geometries

Recall that we can embed G structures into the language of exceptional complex structures
via the definition
Lz =¢€¥ . Tg. (5.178)

The involutivity of this bundle then gives dp = 0. A useful parameterisation of the quotient

spaces as subspace of E¢ and ad Fg is given by

Ec/Ls ~ NTg & NTg @ (T ® A'TE), (5.179)
5.179
Queryxr+ = NTE ® NOTE.

It is worth noting that these are not eigenspaces of the exceptional complex structure J and
hence this is a different parameterisation to that given in (5.204) below. They instead come from
the natural deformations of the underlying exceptional Dirac structure defined by 7. They are
invariant under the map €, meaning they can equally well be viewed as defining deformations

of L3. In the same way, we can also identify the space of the intrinsic torsion as

Wit cme = AT © N'TE, (5.180)
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that is the space of intrinsic torsion of the Dirac structure.
If we take o € I'(APT) and B € T'(AST?), the infinitesimal deformation is given by

Ly = (1+e(a+B)) - e Te = ¥+t .70 1 O(e?), (5.181)

where 3 = 8 — %gp A a. Repeating the calculation in (5.53), we can use the twisted Dorfman
derivative and dp = 0 to find

involutive L & da=dB=0. (5.182)

Hence integrable deformations are given by closed three-forms and six-forms. For the trivial

deformations, writing V =v+w + o + 7 € I'(E¢) we have, since £,T = 0,

Ly = (14 €eLy)e? - T
= (1 - e(dw —do — eisoﬁve_i‘p)) e T (5.183)
= (1 + G(d(zj + d&)) L3,

where & = —w + i1, and & = —0 — 2 A1, Hence the complex (5.177) becomes
T(A2TE @ APTE) —3 T(A3TE @ ASTE) —3s D(AYTE @ ATTE). (5.184)

where d is the exterior derivative, and the inequivalent deformations are counted by

{a e T(A’TE), B € T(ASTE) | da = dB = 0}
{a=dw,p =do}

= H3(M,C) @ HS(M,C). (5.185)

That is, the inequivalent deformations are counted by the third and sixth de Rham cohomologies.
For a Gg manifold, the sixth de Rham cohomology is trivial and hence the cohomology of (5.177)
is counted by H, 3(M ,C) alone. The imaginary elements are deformations of the Gy structure
while the real elements shift the gauge potential such that the flux remains zero. This is in
complete agreement with standard analysis of the moduli space of G2 compactifications of
M-theory [270-272].

It is also clear from the way we have written these deformations that they are unobstructed.
The action of complex gauge potentials o + S can be exponentiated for finite € as in the final
term of (5.181), such that the linearised closure condition is enough to imply the deformation
is integrable. Thus the moduli space looks like H3(M, C) in a finite patch. Formally this is the
statement that there is an open subset of the moduli space V C My containing this excep-
tional complex structure, an open subset Y C H 3(M ,C) containing 0, and a diffeomorphism
YV —=U.

Finally we note that the Go-structure calculation extends straightforwardly to a generic

type-0 structure. Recall these take the form
Ly =P . T¢ (5.186)

where o € T'(APTY), B € T'(A®TE) and involutivity implies da = d = 0. By following the same
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analysis as above, one sees that the deformations of this structure will again be given by
H3(M,C) @ HS(M,C). (5.187)

This gives the moduli space of the class of supersymmetric backgrounds discussed in [108],
complementary to those analysed in [104,106]. It would be interesting to analyse further the

conventional geometry of these solutions.

5.4.4 Example 2: GMPT Geometries

As we saw in section 5.2.2, we can write the GMPT solutions as
Ly =c"[L* ®Uy], E=C+8ic 4 imds, (5.188)

where the upper/lower signs correspond to type ITA /B respectively and the O(6,6) bundles are
appropriately embedded into Eq(7) X R*. As before, we will work in type IIB for concreteness but
similar results hold for type IIA. We will use the notation set out in section 5.2.2. In particular,
recall that the generalised complex structure J_ defines a decomposition of the generalised
spinor bundles into in-eigenspaces ST = S5 @ Sy ® S_s and S~ = S35 S1 © S_1 © S_3 where
Ss ~ U7 . We can always choose C' such that the twisting X lies in Sp @ S2 since any component
in S_5 acts trivially on Ls.

We take the parameterisation

Ec/Lz=L77 ® (S ®S_1 ® 5_3) & N°TE,

(5.189)
Qumpxrr = AL @ (So @ S_a) @ AOTE.

As before, these are not eigenspaces of J. Instead the are the spaces of natural deformations of
the underlying exceptional Dirac structure defined by L‘17i @®U7_ C Ec. Since ¥ € T'(Sp @ 52),
these spaces are invariant under the action of ¢ and hence can be used to describe deformations

of the twisted bundle (5.188). One can similarly identify the intrinsic torsion
Wit s = A(L27)" @ (S-1 @ S-s) (5.190)

as a subbundle of K.

We leave the details of the calculation to appendix G but to summarise, we note that we
deform the L3 bundle by € € F(/\Q(L‘ZI)*), X = Xo+X—2 € [(So® S_2) and © € T'(A®T™), then
assuming the dd”-lemma (G.5) [280], one can show that the integrable moduli are counted by

€] € H, (M), (x| € HY(M) & H3*(M), [©] € HS(M,C). (5.191)

The differentials dj, and 0 are operators associated to the generalised complex structure given
by ®_ in the IIB case, and are defined in [165]. The operator dy, is the differential associated to
the Lie algebroid structure L‘Z{. The operators 0 are not the Dolbeault operators but are the
generalised Dolbeault operators defined on the spinor bundles by the decomposition of d = 9+0.
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Hence we have
dp: AP(L77) — APPYLTY, 90 Sy — Spet. (5.192)

We see that the operators in the complex (5.177) are both given by dy, + 0 + d acting on the
appropriate bundles. The second cohomology group of d;, counts the deformations of the J_
generalised complex structure [165]. The 0 cohomology groups count the deformations of F
and im ®. Since M is a generalised Calabi-Yau manifold, the cohomologies of dj, and 0 are
actually isomorphic. We see that apart from the top form (which just measures the Wilson line
for the dual NSNS six-form potential B), all of the moduli are counted by natural differentials
associated to the integrable SU(3,3) structure of the GMPT solutions.

This includes and extends the results of [203], where the moduli of ®; keeping ®_ fixed
(and vice versa) were examined. It was also suggested that one might be able to find the full
moduli space by varying ®_ and re . independently while satisfying their closure conditions.
It was hoped that one could then find a solution to the im @, equation by examining critical
points of a modified Hitchin functional by varying over a fixed cohomology class. This allows
an estimate of an upper bound for the number of moduli in this case. In contrast, we are able

to find the exact number of moduli by finding variations of ®_ and im ¢ such that
dd_ =0, F=-8d7(e*imd,). (5.193)

The final condition d(e 4 re ®,) = 0 is imposed by the vanishing of the moment map. However,
as we have mentioned, imposing this is equivalent to quotienting by GDiff¢ and hence we get
it without imposing a further differential condition. As we have noted several times, this
construction works only away from sources and hence these deformations do not account for
deformations of branes or orientifolds.

We can see how each of these deformations affects the form of Ls:

P =1+, (5.194)
F' = F + id(re(¢u + X)), (5.195)
im @', = im & + Le* im(#u + x). (5.196)

Here p is a polyform in I'(Ss), related to ¥ and defined in appendix G.7. As noted by
Hitchin [164], re & is determined by im @, and hence these deformations determine the full
solution {®,,®_, F'}. Note that a small deformation of a GMPT solution remains within the
GMPT class. GMPT describes all N/ = 1 solutions for which the two internal spinors are
nowhere vanishing — this is an open condition and hence will not be changed by small deforma-
tions [202,203].

Finally we consider the existence of obstructions to the linear deformations described above.
We begin with the observation that a polyform deformation can be lifted to a finite deformation
simply by promoting it to an exponential. Indeed this is precisely what we have done in the
derivation above. The real question then is whether there are any obstructions to the generalised
complex structure deformation e € F(/\2(L‘_71)*). A result due to Hitchin [164] states that all

deformations of generalised Calabi-Yau structures are unobstructed. Since we have a global
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®_ that satisfies d®_ = 0, we have a generalised Calabi—Yau structure defined by J_. Taken
together, this would seem to imply that the moduli are unobstructed, much like in the previous

Gs case.

Calabi-Yau as N =1

As we saw in section 5.2.2, we can embed a Calabi—Yau compactification in type IIB via
o 1
Ly = ol® W(w—gw/\w/\w) [TO,I ® T*l,O @ (Ce3A—QOQ]. (5'197)

As is shown in [165], for ®_ oc Q the generalised Dolbeault operator 0 reduces to the usual

Dolbeault operator associated to the complex structure defined by €2. It is also shown that

H} (M) = H3(M,C) @ H5(M,T°) @ Hy(M, N*T"), (5.198)
3
HY(M) =P HS' (M,C), (5.199)
=0
H=2(M) = H>*(M,C)® H>*(M,C) (5.200)
d d ’ d =) :

where the cohomologies on the left-hand side are with respect to the generalised Dolbeault
operators and those on the right-hand side are with respect to the usual Dolbeault operators.
Using the isomorphism provided by the three-form €2, we see that the moduli of such a solution

are counted by the Hodge numbers
W31 4 (R0 4 hbY 4 h32 4 h3%) 4 B33, (5.201)

Note that these are the complex dimensions. Here h%! corresponds to the deformations of the
complex structure associated to 2. The real part of the Dolbeault groups in the parentheses
corresponds to shifts in the RR polyform potential C. The imaginary part corresponds to shifts
in im @, which count deformations of the Kéahler potential w, and the NSNS fields ¢ and B.
Notice that we have one extra, non-physical modulus here. Finally the real part of the final
Hg’?’ gives deformations of B € T'(AST*), the six-form potential dual to B. Again we have an
extra, non-physical modulus given by the imaginary part of Hg’g.

The two extra, non-physical moduli correspond to changing the N' =1 C N = 2 that is
picked out by our formalism. These moduli do not change the SU(8) structure (which gives us
the physical fields in the theory), though they do rotate the SU(7) C SU(8). Indeed, we note
that choosing an N =1 C N = 2 is equivalent to choosing a U(1) C SU(2). Hence there are
2 real or 1 complex parameters that encode this choice, precisely the counting we have. Note
that these extra moduli appear only for Calabi—Yau compactifications as they are really N’ = 2

— a generic GMPT solution is a genuine A/ = 1 solution and hence all the moduli are physical.
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5.4.5 Comments on the Generic Moduli Problem

We would like to calculate the cohomology of the following complex for a generic integrable
Ls C E¢:
d d in
L(Ec) — T(Quyxr+) — (Wi cg+)- (5.202)

We can use the SU(7) structure to decompose the bundles as .J eigenspaces following (5.17),
(5.16) and (5.25)

Ec=X3® (A°X")1 @ (N°X")_1 @ XF,
ad Fo = ad Py(rxp+ ® (A°X)2 @ (A°X)a @ (N°X%) o @ (A°XF) 4 (5.203)
Witxes = (NE) 5 & (NX*) 7

where X transforms in the 7 of SU(7). A natural parametrisation of embeddings is then
E(c/Lg = (/\536*)1 D (/\QX*)_l D %*_3, QU(?)XR+ = (/\336*)_2 D (/\636*)_4. (5.204)

As L3 defines an integrable U(7) x R structure, we have a torsion-free compatible connection
D. Since d; and ds are defined in terms of the Dorfman derivative Ly and D is torsion free, we
can replace all Dorfman derivatives with LT, as in (5.12). This implies the maps d; and dy can
be written in terms of D. Moreover, viewing the derivative as a map D: R — E* ® R, for any

given generalised tensor bundle R, we can decompose E* and hence D into operators
D=D3+D_1+ D1 +D_3s. (5205)

The compatibility of the generalised connection ensures that these operators map U(7) repre-

sentations into U(7) representations in a way that will be clear in a moment. We can think of

these operators as the generalisation of the Dolbeault operators to SU(7) structures.
Describing the operators di, dy in this parametrisation, one finds that the complex (5.202)

decomposes as

T(A2E )4 — 2 ARy — % s D(AE)_5

T(ASE*)_, i—3_> r p (5.206)

r(x*,)

Note that the involutivity of L3 implies that (D_3)? = 0. In fact L3 defines a Lie algebroid and

D_3 is the associated differential

D_3: A\PX* — APTLE* (5.207)
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similarly to the situation for a Dirac structure in [165]. It seems likely that under certain
assumptions — notably some generalised version of the 00-lemma — it is possible to write the
cohomology of (5.202) in terms of the cohomology groups Hp, (M) of D_3. This would be
in line with the theory of deformations of complex structures [290], generalised complex struc-
tures [165], or more generally Dirac structures [291]. However the existence of the D; action
between X* 5 and A3%* , makes the analysis considerably more subtle than that for the Gy and
GMPT examples.
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Chapter 6

Quantising the Exceptional Hitchin

Functional

Hitchin functionals were first introduced by Nigel Hitchin in [255] as an interesting way to study
the properties of SL(3,C) structures. They have since been extended to Gg structures [151],
and generalised complex structures [164]. Not only do these have interesting mathematical
applications, but they have been shown to have applications to topological strings, both in the
B-model [3] and in the Gy string [79,292,293]. In this chapter, we will review the work done
on Hitchin functionals of various types, as well as their applications to topological strings. We
will then indicate how the Ké&hler potentials of chapters 4 and 5 define exceptional Hitchin
functionals for the exceptional complex structures in each case. Moreover, we will quantise
these functionals, perturbing around a Calabi-Yau and a G2 manifold respectively. This is
the exceptional geometry analogue of the calculation Pestun and Witten did for generalised
complex structures [3]. The partition function for the SU*(6) structures may provide a geometric
interpretation for the 1-loop correction to the universal hypermultiplet in 5 dimensions. The
partition function for the SU(7) structures could give an indication of loop corrections to certain

terms in the effective actions of M-theory.

6.1 The Hitchin Functionals

6.1.1 The Hitchin Functional for SL(3,C) Structures

Understanding SL(3, C) structures as the critical points of certain functionals varied over coho-
mology classes was first found in [255], and later studied in [294]. The key point is that, while
the SL(3, C) structure is often described in terms of some holomorphic 3-form, it can in fact be
determined from the real part only. In fact, provided a real 3-form lies in a particular GL(6,R)
orbit of A3T*, one can find the usual complex structure and holomorphic 3-form describing
the SL(3,C) structure. One can then understand integrability as critical points of a certain
functional H(p). We will review the work of [255,294] here.
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SL(3,C) Structures at a Point

We will start by just considering the structures on a real 6 dimensional vector space W before

extending this to 6-manifolds. Given W, there is a natural isomorphism
NW* =W @ AST* (6.1)

We are considering the geometry of 3-forms on this space so consider any p € A3W*. Using the

isomorphism above, we can define the following maps

K,: W — W AW*

(6.2)
w+— (wip) A p
A AW — (A2
1 ) (6.3)
These satisfy the following properties
TrK,=0 K,=M\p)] (6.4)
We will be considering the space of 3-forms given by'
U={pec N3W*|\(p) <0} (6.5)

It was shown in [255] that p € U if and only if the stabiliser of p is SL(3,C) C GL(6,R).
Hence, p should define a complex structure on W and a complex 3-form, Q. From (6.4) we can

immediately see that we can define a complex structure by
I, = —=K, (6.6)

To uniquely define the complex 3-form, one needs to define an orientation on W. An alternative
characterisation for U is p € U if and only if p = a + & where a € N2W*® C, aAa # 0. It
turns out that « is unique up to complex conjugation. We order a, & so that a A & is positive
with respect to the orientation picked. We can then define a new p € U by p = i(a@ — «).
This uniquely defines a complex 3-form €2 = p 4 ip which is the usual definition of the SL(3,C)
structure. Indeed, one can show that ) is consistent with the complex structure I, in that,

when decomposed into I, eigenspaces, {2 € APOW*. Finally, we note that

IQAQ=2pAp=4y/-Xp) (6.7)

The space U has a Kihler structure on it. Indeed, given some orientation € € ASW*, we

'We say an element 7 € (A°W*)? is positive if 3s € A°W* such that 7 = s ® s. We say 7 < 0 if —7 is
positive.
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can define a symplectic structure by

wla,Ble=aAnp (6.8)

Using the function ¢(p)e = \/—A(p) we can define a Hamiltonian function vector field X, which
has the property

Xo(p) = —p (6.9)

Since U C A*W*, we can take T,U = A3W* and so we can view X, instead as a map X, :
U — A3W*. Tt is clear from the construction of j that p = —p. Therefore, Xoo0Xy(p)=—p
and so the derivative DX, satisfies

(DX,)? = —1 (6.10)

We take this to be the complex structure Z on U.

In fact, there is a more intuitive picture of the complex structure on U related to the complex
structure on W. Take p € U, which defines a complex structure I, on W. Then consider the
tangent space to U at p. As mentioned, T,U = A3W*. We then decompose this into I,

eigenspaces. Then the eigenspaces of Z are given by
T)°U = NOW* @ AP'Wr TONU = AP e ADST (6.11)

U therefore has a Kihler structure? with a Kéhler metric of complex signature (4,6)% defined
by
9(a,B) = w(Za, B) (6.12)

Indeed, if 01, 0,,605 is a complex basis for AL * then we find that the following must have

opposite signs under the metric g.

01 N\ Oy A O3 (91/\92/\ég
(91/\92/\9_24—91/\93/\53 91/\92/\52—91/\93/\53 (6.13)
cyclic perms of 1,2,3 cyclic perms of 1,2,3

Hence, we just need to find the sign of 2 = p +ip. In fact

(2, Ve = w(ZQ,N)e =iQ A Q = 2p(p)e (6.14)

But ¢ is a positive homogeneous function of degree 2 and so the metric is positive on A3OW*,

and has complex signature (4,6) overall as stated.

SL(3,C) Structures on 6-Manifolds

We now extend the analysis above to 3-forms on a closed, oriented 6-manifold M. We take a
globally non-vanishing 3-form p € Q3(M). This will define a section A(p) € T'((AST*)?) which
we will take to be globally negative. Hence, p defines an SL(3,C) structure on M via the

2In fact, U has a special Kahler structure.
3Note that in [255], Hitchin finds the signature to be (1,9). However, there appears to be a slight flaw in his
argument which we correct here. This calculation does not affect the rest of his paper.
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mechanism above extended pointwise to the whole of M.

We define a functional, which we call the Hitchin functional

Hgq(p) = /M p(p)e = /M vV =A(p) (6.15)

The key observation of [255] is that p is a critical point of H(p) within a given cohomology class
[p] € H3(M) if and only if it is the real part of a non-vanishing holomorphic 3-form €2 defining
the SL(3, C) structure. To see this, we note that

5H:/ dpe (6.16)
M

From the symplectic interpretation in the previous section, we know that at a point dp(dp) =
w(Xy,0p), and that X, = —p. Hence

5H:—/ S Gp (6.17)
M

We are restricting the variational problem to a given cohomology class [p] € H3(M) and hence
we can take §p = db for some b € Q2(M). Therefore we see that

6H:/;’)/\db:0 & dp=0 (6.18)
M

Hence, the complex 3-form Q = p + ip is closed, i.e. a holomorphic section, if and only if p is a
critical point of the functional.

We can go further and show that, provided the d0-lemma holds, these critical points are
non-degenerate transverse to the action of (orientation preserving) diffeomorphisms. Hence, on
any 00 manifold, there is a diffeomorphism between an open patch [p] € U C H3(M), and
an open patch in the moduli space 2 € V C Mgq. This is shown by considering the second
variation of the Hitchin functional to get the Hessian and showing that if it is degenerate along
some dp = db, then one can write db = L, p for some vector field v.

While we won’t go through the full argument laid out in [255], we will go through the

derivation of the second variation. This will be important for the quantisation procedures later.

“The subscript Q is used here to distinguish the Hitchin functional for SL(3,C) structures from the Hitchin
functional of other structures that we will define later. It should not be taken to mean the complex object
associated to p. Where the meaning is clear we will drop the subscript.
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The second variation is essentially given by the integral of the metric g(d1p, d2p). We have

(52H:52 <—/ ﬁA51p>
M

:(52</ X@/\51p>
M

M

— [ (DX,)(620) 61
M

:/ Zoop N d1p
M

Now let us take the variation d1p = dop = db, and expand b = bog + b11 + bg. b is a real 2-form
and so we must have bgy = bag, and by is a real (1,1)-form. It is possible to show that the terms
involving b, bog appear as total derivatives under the integral and hence vanish. We are left
with
62 Hg = / 2i0b1; A Obyy (6.20)
M

This is the action quantised in [3], as we will review later.

6.1.2 The Hitchin Functional for SU(3, 3) Structures

Hitchin later showed in [164] that a completely analogous structure holds for SU(3, 3) structures
in O(6,6) generalised geometry. We will review this work here and we will find that, once again,
the complex pure spinor ® € A®/°4T* can be described by the real part only, provided it lies in
the correct open orbit of O(6,6). One can also then describe the integrability of these structures

in terms of the extremisation of a particular functional over a given cohomology class.

SU(3,3) Structures at a Point

On the space of generalised spinors S ~ A®Y/°dd1* @ (ASWW)1/2 the Mukai pairing is skew-

symmetric and invariant under O(6,6). Hence there is a moment map

w:S—g*
1 (6.21)
pp)(a) = 5 {o(a)p, p)

Here g = 0(6,6), a € g, and 0 : g — End S is the representation of g on spinors. We will use
the inner product Tr(XY') to identify g* ~ g, and so pu(p) € g. We define an invariant quartic
function by

q:S —R

(6.22)
p — Tru(p)®

One can show that pu(p)? = %q(p)l and that, if g(p) < 0, then p is the real part of a pure

spinor ® that defines an SU(3, 3) structure, i.e. a generalised Calabi-Yau structure. That is,
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p = ®+ ® where <<I>, <i>> # 0 and @ is unique up to complex conjugation. We will again focus
on the geometry of the space
U={peS|qlp)<0}CS (6.23)

Using the Mukai pairing as the symplectic form, we can find a Kéhler geometry on U via
the following. We define a function ¢ = \/W and take the corresponding Hamiltonian
vector field X,. Then one finds that X, = p where 2& = p +ip. Viewing X, as a function
U — S, we can take the derivative DX,. Then, the observation that ,5 = —p implies that
(DX,)? = —1, and hence DX, determines a complex structure Z on U. This again has a
convenient interpretation when the generalised complex structure defines either a conventional

complex structure (® = ) or a symplectic structure (® = e“). In each case we find that
TolU = AP?W* @ AOW* @ AP e AW TOU = e @ e“A?W* (6.24)
We can define a Kéhler metric of complex signature (7,9) via
9(p,0) = (Ip,0) (6.25)

SU(3,3) Structures on 6-Manifolds

To lift this problem to SU(3,3) structures defined on manifolds, we take S = A°¢v/eddp*  To
do this, we must lift the structure group to O(6,6) x R, the structure group relevant for type
I theories [183]. Then, given some non-vanishing section p € I'(S), we get a global section

q(p) € T((A\ST*)?) which we will assume to be globally negative. We then have a top-form

e(p)-
We define a functional, which we will call the extended Hitchin functional®

(o) = [ wlo)= [ V=I5 (6.26)
M M
The first variation can be calculated by using the symplectic interpretation above. At a point
0p = (Xy,0p) = (p,0p). Hence
st = [ (j.8) (6.27)
M

Hitchin was then able to show that a closed, stable form p € Q°V/°44 (/) extremises the extended
Hitchin functional if and only if p + ip = 2® defines an integrable generalised Calabi-Yau
structure. to see this, we take the first variation with 6p = db for some b € Q°49/¢¥()M) and find

SH :/ (p,db)=0 &  dp=0 (6.28)
M

Hitchin goes further to say that these extrema are non-degenerate transverse to the orbit

of generalised diffeomorphisms® provided the generalised 0-lemma holds. He then uses this to

5The subscript ® is used to distinguish the Hitchin functional for SU(3,3) structures from other Hitchin
functionals defined in this section. It should not be taken to be the complex object associated to p. Where the
meaning is clear we will drop the subscript.

5In Hitchin’s language, generalised diffeomorphisms are described by the extension of (orientation preserving)
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understand the local structure of the moduli space in terms of generalised cohomology groups.
We will not go through the full argument but we will provide the second variation, or the
Hessian, as that will be important for understanding the topological B-model later [3]. The

second variation is again given by

52H = 5, ( /M (0, 52>> (6.29)

:/M (61X, 62p) (6.30)

_ / (DX.,)81p, 620) (6.31)
M

= i o3
M

If we take the complex structure case, so & = 2, we can take d1p = dop = db and write
b = bgg + bog + b11 + bog + bao, then up to exact terms under the differential, and overall

constants, the second variation is given by

52H<p = / b11 A 651)11 + bgo N 351)22 (6.33)
M

6.1.3 The Hitchin Functional for (G, Structures

The final functional we will review is that of Go structures, also discovered and studied by
Hitchin in [151,294]. While the overall picture of G is very similar to that of the (generalised)
complex structures above, in that an integrable G structure can be described by an extremised
functional over a particular cohomology class, some of the details are different. In particular,
there is no natural Kéhler structure on the space of Gg structures. Interestingly, this Kéhler
structure is restored when you consider G as a subset of SU(7) structures, as outlined in chapter
5.

Gs Structures at a Point

Take W a real 7 dimensional vector space and ¢ € A3W*. We get a map

By : S°W — AW

1 (6.34)
(0,0) — —5(030) A (w20) A 6
Alternatively, we can view this as a map Ky : W — W* @ ATW* and so we have
(det Ky)"0 € NTW* (6.35)

diffeomorphisms by exact 2-forms
QY (M) — G — Diffg
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which, provided det Ky # 0, defines a natural orientation on W. This gives an inner product
on W given by
9oV, w) = Bg(v, w)(det Ky)~1/* (6.36)

One can show that the stabiliser of ¢ such that g is positive definite is Go C GL(7,R) and that
© is in the orbit of the standard Go form

b= 123 _ QM5 _ 16T _ 246 | 25T _ 347 _ 356 g; = Zez 2 el (6.37)
i

We call such 3-forms positive and stable, and we will take the subspace U C A3W* of positive,
stable 3-forms.
Fixing some orientation ¢ € A"W*, we can define a positive, homogeneous function of degree
7/3 on U by
p(p)e = (det Ky)'/* (6.38)

Taking *4 to be the Hodge operator defined by g4, one can show that

1 7
p(p)e = GO N*ed  Ope= 2o ko O NGO

This expresses *4¢ in terms of the derivative of some function. From now on we will refer to
*e as *, knowing that it depends non-linearly on ¢. We can equally define the Gg structure in

terms of the 4-form x¢, although we won’t consider that here.

G2 Structures on 7-Manifolds

To consider Go structures on a 7 dimensional manifold M, we take a global non-vanishing
¢ € Q3(M) which is everywhere positive and stable. (det K¢)1/ 9 defines a global non-vanishing
section of ATT*. We can then define a functional, we will call the Gy Hitchin functional, given
by’
(o) = [ wéle= [ gonso (6.39)
M M

The first variation is then

7
0H = /M dpe = /M T ONIP (6.40)

Hitchin then found that a closed, positive, stable ¢ € Q3(M) defines an integrable® Gy structure
if and only if ¢ extremises the Go Hitchin functional restricted to a given cohomology class
[¢] € H3(M). Indeed, taking the variation d¢ = db for some b € Q?(M) in the first variation
we find
(5H~/ xp ANdb=0 & d*x¢p=0 (6.41)
M

Hitchin again goes further to say that these critical points are non-degenerate transverse to

"The subscript ¢ is used to distinguish the Go Hitchin functional from other Hitchin functionals defined in
this section. It should not be thought of as the variable ¢ over which the variational problem is taken. Where
the meaning is clear, we will drop the subscript.

8Technically, this is just a torsion-free Gz structure, which does not guarantee local flatness. We will not
consider this subtlety here.
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the orbit of diffecomorphisms. This means that locally there is a diffeomorphism between an
open patch [¢p] € Y C H*(M) and an open subset V C M,,. He showed this by considering the

second variation, or Hessian, which is given by the following expression.

52H = /M % * W1(51¢) N\ 1 (52¢) + *7T7(61¢)) A 7T7((52¢) — *7T27(($1d)) A W27(52¢) (642)

where the 7, are projections of the space of three forms onto their irreducible Go subrepresen-
tations, A3T* = AJT* & A3T* @ A3, T
If we take d¢ = db and write b = B + v.¢, with B € A}, T*, then [292] showed that, up to

total derivative terms, the second variation is given by

6’ Hy = /M s17(dB) A m7(dB) — *m7(dB) A mor(dB) (6.43)

6.2 Quantisation of the Hitchin Functionals

Beyond being interesting mathematically for understanding the moduli space of various G-
structures, Hitchin functionals have found use in understanding the quantum nature of string
theory. It was first hoped that the quantisation of the Hitchin functional for SL(3,C) struc-
tures would match the 1-loop correction to the topological B-model, given the correspondence
between the observables in that model and properties of the complex structure on the target
manifold. However, it was shown in [3] that it was the quantisation of the Hitchin functionals
of SU(3,3) structures of O(6,6) geometry that gave the correct 1-loop calculation. The link
between topological strings and generalised complex structures was further examined in [295].
The G2 Hitchin functional was quantised in [292] and compared to the topological Ga string
of [79,293] but was found to not quite agree. We will briefly review their work here.

6.2.1 Quantisation of Hpy and Hs

We will first review the work of [3]. There, they tried to understand the relation between the
Hitchin functionals, and the topological B-model at 1-loop. The topological B-model [75,77,296]
is given by a twist of the N' = 2 o-model from a 2 dimensional Riemann surface to, in our case, a
Calabi-Yau manifold X. The correlations functions are only dependent on the complex structure
moduli of the target space X. There is another twist of the o-model that gives the A-model,
whose observables are related to the symplectic structure on X. These two theories are related
by mirror symmetry. Given the geometrical nature of the B-model, and the ability of the Hitchin
functional to classically describe integrable complex structures, it was conjectured in [297-299]
that these two theories should somehow be related.

They performed the quantisation of the Hitchin functional at quadratic order and compared
it to the partition function of the topological B-model. It was found in [77], that the 1-loop
contribution to the B-model partition function can be written in terms of the holomorphic Ray-
Singer torsions [300]. To define these, we consider the & complex on the bundles of holomorphic

p-forms QPY(X) and take the alternating product of determinants of Laplacians on the space
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of (p, q)-forms
3
RS /yp,0 g(—1)att
3@P0) = | ] (det’Ap,) (6.44)
q=0

Here, det’ means the ¢ regularised product of non-zero eigenvalues. The Laplacian A, is just
the restriction of Az = %Ad to QP4(X). It is known that, while these do depend on the complex
structure, they do not depend on the Hermitian metric chosen to define A. The 1-loop partition

function is then given by
3

p(—1)P Il
ZB,I—loop = H (Ig§> = ﬁ (645)
p=0 0
where for short-hand we have written Ig; = I, and used the Hodge duality to get I3_, = Ip.
To compare this to the Hitchin functional, they took the real part of the SL(3,C) structure
on X, po, which they assumed to be closed and a minimum of the Hitchin functional. They

then considered the partition function of the functional over exact variations p = pg + db.

Za(pol) = / Db e~ al#) (6.46)

The 1-loop contribution to this is given at the quadratic order, and hence the action we want

to quantise is given by (6.20). This has a gauge structure given by the following

where the reality conditions enforce big = bg1, boo @ real function.

BV quantisation allows us to take account of the gauge structure?. We start by introducing
new fields for each of the gauge parameters (called ‘ghosts’, and ‘ghosts for ghosts’ in the BV
language). These are the fields b,q with p,q < 1 and with statistics (—1)?T9. We introduce a
nilpotent BRST operator @) which generates the gauge transformations above. We then need to
introduce antifields to each of the fields with opposite statistics. These are conjugate variables
to each of the fields above with respect to the odd-symplectic bracket given by (f,g) = [ f A g.
We can therefore take the conjugate fields to be by, with p, ¢ > 2 and with statistics (—1)ptatl,

The BV action is defined to be

S =S+ (2],QP;)

’ (6.48)

= / bi1 A O0bi1 + bag A (Obo1 + Obig) + bsa A Obog + baz A Obgo
M

To quantise this, we need to gauge fix. This requires picking a gauge-fixing fermion or choosing

a Lagrangian submanifold of the space of fields. We choose the Lagrangian submanifold given

9A review of BV quantisation is given in [301]
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by = 0T0Tagy boa = OTazy + 0T ang
10=0 a0 + ?70400 23 =0 Qas33 (6.49)
bo1 = 0T aga + idang by = Olass
b33 =0

After performing the path integral over this Lagrangian submanifold, and careful considera-
tion of the operators that appear in the determinants, [3] showed that at 1-loop, the Hitchin
functional gives

—loo Il
Zyor = 7 (6.50)

This clearly does not agree with the 1-loop calculation of the B-model (6.45).

This would seem to suggest that the topological B-model is not a theory of simply complex
structures, at least not in the sense of the SL(3,C) Hitchin functional. In [3], they decided to
look at the extended Hitchin functional for SU(3,3) structures instead. At the classical level,
these functionals describe the same objects. Indeed, [164, Prop 12] shows that on a Calabi-Yau
manifold with by = 0, p € Q°4(M) is an extremum of the extended Hitchin functional if and
only if p = re 2 € Q3(M) is the real part of an integrable SL(3, C) structure!’. However, the off-
shell degrees of freedom are given by all even polyforms, and hence they will provide additional
contributions to the 1-loop partition function.

The 1-loop contribution is given by the path integral of (6.33) over by1, ba2, bgg. The integral
over the by fields will be the same as for the SL(3, C) case and hence it was just left to consider

the path integral of
/ boo A 35(722 (6.51)
M

This has a much more complicated gauge structure than previously and hence the BV quantisa-
tion is more involved. However, [3] gives details of the process and finds, after much calculation,

that the 1-loop contribution to the extended Hitchin functional is
Zl—loop o Il - Zl—loop
> == =175 (6.52)

This tells us that, at least to 1-loop, the B-model is in fact a theory of generalised complex

structures.

6.2.2 Quantisation of H

We will now look at the work of [292]. Here, they aimed to do the analogous thing [3] but to
the Hitchin functional for Go structures Hy. Their hope was to compare it to the topological
Gq string defined in an earlier piece of work [79]. While they didn’t find full agreement, we will
outline their calculation here as it will be useful for us when we come to look at the exceptional

Hitchin functionals below.

10Tn fact, p can be an exact B-field transformation of re ), however these are trivial deformations from the
point of view of generalised geometry.
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They wanted to calculate the path integral over b € Q?(M) of
4
52H, — / 3 # 71 (db) A (dB) + 57 (db) A s (db) — e (D) A mon(dh)  (6.53)
M

The gauge symmetry of this action is diffeomorphisms which act on ¢ via d¢ = d(vug) for
some arbitrary vector field v € x(M). We note that the 2-form b can be decomposed into
G representations by € Q2(M) and byy € Q3,(M). We can therefore use the diffeomorphism
freedom to fix by = 0. This can be done through an algebraic redefinition of variables b — b—wv_.¢
and hence will not introduce any determinants into the calculation of the partition function'®.

With this we are left with the path integral over bj4 = B of the functional (6.43)

/ *7T7(dB) VAN 7T7(dB) — >I<7T27(dB) VAN 7T27(dB) = / dB A *(27T7 — 1)dB (6.54)
M M

The gauge structure of this action is given by
QB = ma4(dA) QA =dC QC=0 (6.55)
We then introduce antifields B € Q3,(M), A € Q5(M), C € Q7(M) with the action

sz/ dB A +(2mr — 1)dB + B AdA + AAdC (6.56)
M

The 714 in QB is absorbed into the definition of B as an element of the Q3,(M). This gives the

gauge structure for the antifields
QB=3d%(2m —1)dB QA=dB QC=dA (6.57)

We again need to pick a Lagrangian submanifold. The details of choosing such a space are
complicated by the fact that B is not an arbitrary 2-form, but one living in a subrepresentation.
However, they show in [292, App C] that one can choose the following representatives for the

Lagrangian space.

B = dT(27T7 - l)dﬂ B = *7T14(ddTB)
A=dla A=dfa (6.58)
C=0

where 8 € Q2,(M), a, f € Q*(M), & € Q7(M).

1A similar argument explains why only b1y contributes to the quantisation of Hq, and why only boo, b11, baa
contribute to the quantisation of He
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Performing the path integral then gives'?

—1/2
Zy = <det’ (Ai — 37r14ddT>> | det 14d; || det dg|™?

= (det'A 1) 1/2 | det 71441 |2 (det,Ao) V2 (6.59)
= (det’A2)) % (det’ A (det’A%) ™%
— (det’Arq) "% (det’Ar) (det’Ar) 7

We have used properties of determinants written in appendix H and in the last line we have
used the fact that the Laplacian operator has the same spectrum on isomorphic Gg represen-
tations. Any Go manifold has three independent topological invariants defined by products of

determinants of Laplacians. These are given by

det’A7)? (det’A )7/ (6.60)
det’Ayq) " (det’Ar) (6.61)
det'A%) 7% (det’A2)*? (det’A) ™7 (det’A0) "
det’Agr) 7 (det’Arg)*? (det’ A7) 7% (det’Ay)?

=
= (det
=
=

The final expression is in fact the Ray-Singer, or analytic, torsion of the manifold M [302].
There is one other independent expression we can build out of determinants of Laplacians
that is related to the Go structure on the manifold. Unlike the expressions above, which are
independent of the Go metric chosen, the following will depend on the metric and so is not

topological. It is given by the analytic torsion of the following complex that exists on any Go

manifold.
D0 — AT L AbT T AZTF T ASTE 0 663
Tor(D) = (det’A7) ™2 (det’A;)*? '
We can then express Zy in terms of the topological invariants and Tor(D D). We find
Zy = I;%* I Tor(D)3/* (6.64)

Clearly, this is not independent of the choice of Go metric, unlike the case for Hg and Hg. This
may not be so surprising since, unlike for (generalised) complex structures, the existence of a
G2 structure always defines a metric. Hence, any dependence on a G structure will naturally
lead to dependence on a metric.

This quantisation of this functional did not match the 1-loop contribution to the topological
Gao string. [292] also looked at a structure defined in O(7, 7) geometry defining a Go x Gg structure
that were defined in [201]. Unfortunately, that did not match the topological string partition
function either. Despite Hy not providing the geometric interpretation for the topological string

they were hoping for, the work of [292] will be useful in the following sections when we come

12T6 see why this is the kinetic operator requires understanding how the de Rham operator acts on different
G2 representations. These are outlined explicitly in [277].
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to quantise the exceptional Hitchin functionals, and provide possible loop corrections to some

terms in the effective actions of M-theory.

6.3 The Exceptional Hitchin Functionals

We have already seen a candidate for a Hitchin-like functional for the exceptional complex
structures described in the previous chapters - the Kahler potential. To understand why this is
the natural choice, we need to reframe some of the discussion of the other Hitchin functionals
into complex objects. This only exists for the Ho and Hg Hitchin functionals as there is no
natural complex structure on the space of Go structures. One could view the Hitchin functional
for SU(7) structures as the natural extension of Hy to a complex parameter space.
For both SL(3,C) and SU(3, 3) structures, the Hitchin functionals were defined in terms of
a real stable (poly)form p. This (poly)form defined a positive homogeneous function ¢(p) and
a complex object
p+ip p=w dp (6.65)

where w is the symplectic structure on the space of p given by either the exterior product on
3-forms, or the Mukai pairing on polyforms. The complex object is then the usual definition
of the relevant G-structure. Using this, we can rewrite the Hitchin functionals in the following

way
Hq = / iQAQ ~ KSL(3,(C) Hy = / —i <(I), (i>> ~ ]CSU(3,3) (6.66)
M M

We see that, in each case, the Hitchin functional is just the K&hler potential on the space of
structures. These are discussed in appendix C. In that appendix, we also saw that integrability
could be rephrased as involutivity and a vanishing moment map. In addition, the vanishing of
the moment map is equivalent to extremising these potentials over complexified (generalised)
diffeomorphisms.

These properties of the conventional Hitchin functionals suggest that the natural choice for
the exceptional Hitchin functionals are the Kéhler potentials in each case. For example, the
SU(7) Hitchin functional would be'3

Hy = Ksy(r) = / (is(e,9))"" (6.67)

M

In principle, one could determine what this functional is only in terms of rev and consider
the real problem, however we have not done so here'*. We would like to understand what role

Hy plays in the quantum effective action of M-theory or string theory, if any. This involves

13The subscript 1 is only used to distinguish this Hitchin functional from the other Hitchin functionals de-
scribed. It should not be thought of as the argument v over which we take the variational problem. Where the
meaning is clear, we will drop the subscript.

“Following the SU(3,3) case and following [180], it seems like the Hitchin functional is given by the trace of
the moment map ((a) = s(a - A, \) which gives

Hy = / a(n)/e
M

Here, A = rev, a € I'(ad F) and ¢ is the moment map induced because s is an Er(7) invariant symplectic
structure. Then varying with respect to A gives a term which looks like i(¢) — 1) if we take A as in [180]
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quantising the quadratic contribution to this functional from a perturbation around some fixed
background
Y = tho + 01 —  So=62H(6¢,6) (6.68)

The first problem we run into is determining what is the space of variations we should take.
Recall from the other Hitchin functionals, we don’t take an arbitrary variation, but a variation
just within some cohomology class. This made sense when the structure was a polyform, however
1) has an expansion in terms of natural bundles other than exterior powers of T*. Therefore, it
is not clear what the analogue of de Rham cohomology would be. Moreover, the real objects
defined in the previous Hitchin functionals existed in an open orbit of GL(d,R) and hence
an arbitrary exact deformation still defined a suitable G-structure. Here, neither the complex
object 1, nor its real part re ), live in an open orbit of Egg) x R and hence we must be careful
to define appropriate variations.

One option take the same variations that we took for the classic equations of motion. That
is, the vanishing of the moment map for the integrability was equivalent to extremising over
complexified generalised diffeomorphisms. We might therefore expect that the variations we
should take are therefore §ip = Ly for some complex V € I'(Ec). However, running the
same argument for SU(3, 3) structures would not give the same quadratic term and hence the
partition function would be different!®.

To determine which point of view to take, we look at the example of a compactification of
type IIA on a Calabi-Yau manifold. This is an example of a GMPT background which were
analysed in chapter 5. The SU(7) structure in this case is given by

P~ D, D=V (6.70)

where p = im () is the imaginary part of the of the holomorphic 3-form 2, and w is the Kéahler
form. We can label an arbitrary generalised vector as V' = v+ (bg+ b + by + bg) + e8P B e8I 4
Bs+71 € I'(Ec), where the subscript denotes the degree of the differential form, and where
T € I'(T* ® NT*)16. Then, the generalised diffeomorphism along V' gives

W= (14 Ly = (B816-+81d(v-1p) —d(bo+ba+b1) —d Bs—32d(v1pAp) | (eiw—l—id(va)—i—dBl _ 1) (6.72)

We also have real diffeomorphisms as a gauge symmetry. Examining (6.72) and using the

freedom to change the real parts of v, b,, By, Bs, we see that we can give the deformations just

151t is easy to check that generalised diffeomorphisms can only vary 3 within the same type of generalised
complex structure. Hence, the variation around a Calabi-Yau 3-fold would give dp = dbs 4+ dbs which would give
a 1-loop action of

/ b11 A 85()11 (669)
M

The partition function of this, we have seen, is not the same as the 1-loop B-model.
For type ITA the generalised tangent bundle can be calculated through a dimensional reduction of the M-
theory generalised tangent bundle and gives

E=ToRaNT o N'T* e N\N°T* aT & N°T" & T* @ \°T* (6.71)
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as
W = S Fid(botba-+ba)+idBs (eiw+id31 : 1) (6.73)

where b,,, By, Bs are real forms, and where we have used the freedom in v to set by € obl(m).
We have then made some redefinitions to absorb other terms involving v.
We see that complexified generalised diffeomorphisms recover the perturbations of [3] for

generalised complex structures!”

0p = dbg + dby1 + dby (6.74)

However, we also get more perturbations coming from B (which deforms the Kéhler form), and
B. Complexified generalised diffeomorphisms therefore seem to give a minimal extension of
the Pestun and Witten model that includes both the NSNS and the RR degrees of freedom of
string theory. More generally, we would find that complexified generalised diffeomorphisms give
variations of both spinors ¢ simultaneously, and hence give variations of the full geometry of
the background. These variations are therefore the natural candidate for the off-shell degrees
of freedom.

To find the quadratic action to quantise, we first need to write d¢p = R - 1, for some
R e T(ad F). The 1-loop contribution is then given by

52H = /Mg(R, R) (6.75)

where g is the hermitian metric on the cone E7(7) X R*/SU(7), calculated around the point
1 € Z. While calculating the full NSNS and RR contributions to the partition function on
the Calabi-Yau would be an interesting problem on its own, we will instead focus on two other
cases relating to compactifications of M-theory which have been studied previously in this thesis.
Firstly, we will look at the case of the Hitchin functional for SU*(6) structures in Egg) x R*
geometry perturbed around a Calabi-Yau manifold. Then we will look at perturbations of SU(7)

structures around a Go manifold.

6.3.1 The Hitchin Functional for SU*(6) Structures

The Hitchin functional for SU*(6) can be written as

= [ (1) (6.76)

We would like to understand the 1-loop partition function when perturbing around a Calabi-
Yau background. For SU*(6) structures, there is an ambiguity in the choice of x but we will

choose!®

x=¢e”-1 (6.77)

1"Tn that paper they perturb p = reQ but it is equivalent to perturb p = im Q.
181t would be an interesting consistency check to see if the partition function calculated for y = é([—vol —vol?
is the same as the one calculated in this section.
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where p = re ). Taking the set of variations to be given by complexified generalised diffeomor-

phisms, we find

va = Lv(eip . 1)

= (L, —dw—do)e” -1

. 1 i i

(iLop + S[Lup, p]) - €71 = (d+do) €1 (6.78)
= (id(vap) — %d(mp) Ap—dw—do)-e”-1

R-x

In the final line we have expressed the variation in terms of an adjoint action of R € I'(ad Fe.
We see that R is given by the action of exact 3-forms and 6-forms.

We also have the gauge symmetry of real generalised diffeomorphisms. Examining the
expression above, we see that we can fix the gauge symmetry by setting rew, reo, and the
Q02(M) part of imw to 0. With this simplification, we see that we can choose R to be

R =idb +ide (6.79)

where b € QU (M)g and ¢ € Q°(M)g. The quadratic action is then given by the metric on the
cone Eg(g) x RT/SU*(6) which is calculated in detail in appendix I. The final result is

So = / b A Ob + dc A xdc (6.80)
M

This action is decoupled and hence the partition function factorises into Z; and Z.. The partition
function for b is the same as that for SL(3, C) structures that we reviewed in section 6.2.1. The
partition function for ¢ is that of a free 5-form can be calculated using BV quantisation. One
finds, using the identities of [3], that it is trivial on a Calabi-Yau manifold. Hence, the 1-loop

contribution is
I

ZX—I—0

(6.81)

where I, is the n** holomorphic Ray-Singer torsion described in section 6.2.1. Despite the need
to introduce a metric to write the action, it turns out to be independent of this choice, and

depends only on the complex structure moduli of the Calabi-Yau.

6.3.2 The Hitchin Functional for SU(7) Structures

As mentioned, the Hitchin functional for SU(7) structures can be written

Hy = /M (is(eh, )" (6.82)

We would like to understand the 1-loop contribution to the path integral when perturbed around
a Gg background. That is, we would like to quantise the quadratic piece of the functional arising
from variations

Y =e?. 1401 (6.83)
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It is important to understand which variations to take. Unlike in the previous Hitchin function-
als, the real part of 1 is not in an open orbit of the 912. Hence, we cannot take an arbitrary
variation and still expect to have an SU(7) structure. Instead, we argued that we should take

variations generated by complexified generalised diffeomorphisms. We write

51 = Lyt = R - (6.84)

where in the final equality, we have used the fact that v defines an integrable SU(7) structure
to express the Dorfman derivative along some V' € I'(E¢) as the adjoint action of some R €
I'(ad ). We find that

Lyt = Ly (e'? - 1)
= (L, — dw —do)e'? - 1

= (Lye'?) 1 — (dw+do)-e? -1 (6.85)

= (Lub+ L0, )€ -1~ (deo + o) - -1

= (id(va¢) + %d(mcb) Ap—dw—do)-e?-1

We can see that R is given in terms of exact 3-forms and 6-forms. However, using the gauge
symmetry of real diffeomorphisms we can make some simplifications. Examining the expression
above we can see that we can use the gauge symmetry to set rew, reo, and m7(imw) to 0.

Hence, we can choose the variation to be
R = ida + idb (6.86)

where a € Q2,(M)g, b € Q°(M)g. The quadratic action is then given by the metric on the cone
(E7(7) x R*)/SU(7)
52H (50, 57) = /M o(R.R) (6.87)
A detailed calculation of this metric is given in appendix J but we shall just give the final result
here.
So = /M m7(da) A *m7(da) — ma7(da) A xmar(da) — db A xdb (6.88)

We have absorbed real constants into the definition of @ and b in the action above.
Fortunately, a and b are decoupled in the action and hence we can find the partition function
relatively easily. We notice that the term involving a is precisely the quadratic term in the Gg
Hitchin functional (6.43). We already saw the contribution of this term to the path integral in
(6.59). The term involving b is just the action of a free 5-form on a 7-manifold. The contribution
to the path integral is easily calculated using BV quantisation, and is also given in [292, App
D] to be
Zy = (det A)~Y/2[RS (6.89)
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Altogether, the 1-loop contribution to the partition function is then

Zy = ZaZy
= (det A1q) Y2 (det A7) (det Aq) "2 RS (6.90)
= LI™1; " Tor(D)

Again, we find that the partition function is not independent of the specific Go structure as it

has a Tor(D) term. It would be interesting to see how this explicitly depends on the Go moduli,

much like is done for the complex moduli of the topological B-model.

6.4 Possible Physical Applications

It has been known for some time that the genus ¢ partition functions of the topological A and B
model provide certain amplitudes in the 4 dimensional effective theory of type IIA and B string
theory compactified on a Calabi-Yau. Indeed, in any Calabi-Yau compactification scheme, there
are 2 universal multiplets - the ‘graviphoton’ multiplet which contains a graviton and a vector
whose field strengths are denoted R, T respectively, and the ‘universal hypermultiplet’ which
has scalars (S, Z). It was shown in [303] that the higher order corrections to the graviphoton
in type ITA (resp. B) are given schematically by

Sgraviphoton = Stree + / Z Fg (gR2T2972 + 29(9 - 1)(RT)2T2974) (691)
M
g=1

where, it turns out, F is the genus g partition function of the topological A (resp. B) model,
initially calculated in [77]. They also showed in [303] that the corrections to the universal
hypermultiplet are given by Fg, the genus g partition function of the topological B (resp. A)

model. The action is given by
Suniversal hyper = Stree + / Z Fg (9(885)2(62)2972 + 29(9 - 1)(885 82)2(62)2974) (692)

The 1-loop partition function Fj for the B model is precisely what is calculated in [3] from the
Hitchin functional of generalised complex structures, reviewed above. These arguments can be
lifted to the 5 dimensional universal hypermultiplet [304-306].

One may conjecture that the partition function Z, calculated for the SU*(6) structures in
6.3.1 gives the 1-loop corrections to the universal hypermultiplet in 5 dimensions. Indeed, we
saw that the partition function is topological in the sense that it is independent of the precise
Calabi-Yau metric used. This would match the analysis in 4 dimensions, as well as the work
of [306] in which they calculate the corrections to the universal hypermultiplet in terms of the
Euler characteristic of the Calabi-Yau. It would be interesting to see if we can match precisely
the corrections they get from our expression for Z, given in terms of holomorphic Ray-Singer
torsions. Similar arguments were used in [77] to relate the holomorphic Ray-Singer torsions to
the graviphoton corrections.

A more challenging question is the application of the partition function Z, calculated for
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the SU(7) structures in 6.3.2. In a similar argument, one may guess that the partition function
corresponds to 1-loop corrections to the action of the chiral fields in the 4 dimensional effective
theory. There is not much in the literature to compare this with and so we may leave it as a
prediction. To check, one would need to do the full loop calculation in the supergravity theory.
One may expect a certain amount of cancellation due to supersymmetry and so there may
be a localisation argument that reproduces the path integral calculated. From the geometric
point of view, it seems at least plausible that the 1-loop corrections to the Ké&hler metric on
the chiral cone come from a suitable path integral of the Kéhler potential. Alternatively, there
has been some work on loop corrections of M-theory using the M-theory/F-theory duality and
then compactifying on a Calabi-Yau 4-fold [307-310]. It may be interesting to see if their
work provides an indication of how Z,, precisely plays a role in the quantum corrections to the

effective 4 dimensional theory.
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Chapter 7

Discussion

In this thesis we set out to understand better the geometry of generic supersymmetric flux
background of string theory and M-theory. We focused on Minkowski backgrounds in D =
4,5 and studied them within the framework of generalised geometry. This is a mathematical
formalism that combines the structure of manifolds with diffeomorphisms, and gauge fields
with gauge transformations, into a Leibniz algebroid. The precise construction of this algebroid
naturally encodes the geometry of the manifold, along with the gerbe structure of the gauge
fields. Moreover, the structure group of the algebroid corresponds with the symmetry group
of the respective reduced supergravity being studied. It has been known for some time that,
when lifted to generalised geometry, the supersymmetric backgrounds of string and M-theory
are described by integrable G-structures. Integrability is, much like in conventional geometry,
defined to be the existence of a torsion-free compatible connection. Using this knowledge, we
set out to build the geometry of Minkowski backgrounds of type II and M-theory in D = 4,5, as
well as the geometry of Minkowski backgrounds of heterotic theories in D = 4. Moreover, using
the integrable G-structure, we hoped to learn more about the moduli space of these structures.

Interestingly, despite the difference in groups for each of the cases, we found a common
structure within the geometry. We found that the G-structures for all supersymmetric back-
grounds could be described in terms of some global non-vanishing tensor ¢, which defined a
particular subbundle of the generalised tangent bundle. The subbundle defined a strictly weaker
C* x G-structure, as it only defined ¥ up to some complex scaling. The integrability of the
G-structure was equivalent to the involutivity of this subbundle under the Dorfman derivative,
as well as the vanishing of a particular moment map. This moment map was that associated
to the action of generalised diffeomorphisms on the space of G-structures. We highlighted how
this was analogous to the story of integrable SL(3,C) structures on a 6-manifold. Given the
correspondence, we called these structures exceptional complex structures.

Using the properties of the integrable G-structures, we were able to propose a procedure
for finding the moduli of any given supersymmetric background. The vanishing moment map
provides the moduli space the structure of a Kahler quotient of the space of involutive structures,
by generalised diffeomorphisms. However, the Kéhler quotient is equivalent to the quotient by
the complexified group. Moreover, given rescalings of ¥ correspond to a non-physical modulus,
we we were able to express the physical moduli space as the space of involutive subbundles

quotiented by the action of complexified generalised diffeomorphisms. The physical moduli space
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should give the space of massless modes in the lower dimensional effective theory defined on the
external Minkowski space. A subtlety arises if the background preserves more supersymmetry,
but we were able to account for this in particular examples. We could therefore express the
physical moduli of a particular background as the cohomology of a complex of deformations of
the involutive bundle.

In the heterotic case, we were able to express the generic subbundle L1 C T ®ad P ®T™ in
terms of the tensors defining the SU(3) structure of the background. We saw that involutivity
and the vanishing of the moment map recreated precisely the equations of the Hull-Strominger
system. Moreover, we were able to match the complex controlling the deformations of Li, to
the complex describing the moduli of Heterotic backgrounds previously found.

For D = 5 backgrounds of type II and M-theory, the exceptional complex structure described
only part of the full G-structure defining supersymmetry. Despite this, we were able to classify
all the possible exceptional complex structures on compactifications of M-theory. Moreover,
we were able to exploit the additional structure in D = 5 that L; should be part of a triplet
of equivalent structures, to show that compactifications of M-theory should either be type
0, have a complex structure, or have a 3 dimensional foliation. Moreover, we found the exact
moduli of generic backgrounds satisfying a certain property we called the generalised 00-lemma.
These moduli are expressed in terms of ‘natural’ cohomology groups associated to the Lie
algebroid structure of L. We showed that this reproduced what we expected for Calabi-Yau
compactifications of M-theory.

For D = 4 backgrounds, we studied the cases of Go manifolds in M-theory, and GMPT
backgrounds in type II. We should that involutivity and the vanishing moment reproduce the
supersymmetry equations in each case as we expected. While we couldn’t find a generic result
for the moduli of generic backgrounds, we were able to find the exact moduli in the two cases
studied. For Go manifolds this recreated the expected results. The moduli of GMPT back-
grounds were not previously known and we were able to express them in terms of cohomology
groups associated to the generalised complex structure with which they are defined.

We found that there were two additional interesting outcomes from this description of su-
persymmetric backgrounds. The first came from looking at the correspondence between Kéahler
quotients and complex quotients more carefully. In fact, to ensure the quotient space has a
nice topology, one needs to restrict themselves to a set of so-called ‘polystable points’ within
the space of G-structures. This idea came from geometric invariant theory which is the study
of group quotients of projective spaces. While this theory mostly applies to finite dimensional
spaces, similar techniques have been used to study infinite dimensional problems, like the exis-
tence of Kahler-Einstein metrics. The possibility of using geometric invariant theory to prove a
generalisation of Yau’s theorem to the Hull-Strominger system have been proposed in multiple
places. Our work on heterotic backgrounds provided a direct interpretation in terms of moment
maps, a key feature of many GIT problems, and hence provided a more direct avenue for study-
ing this problem. Moreover, we were able to show that our moment map theory extends work
done previously by others on the so-called dilaton functional. For the D = 4 backgrounds in
M-theory, we described how GIT may give a way to find a generalisation of Yau’s theorem to Go

manifolds. We noted that the Hilbert-Mumford criterion would not directly apply as the Kéhler
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potential is not convex. However, we also showed that a slight adaption to the problem gave a
convex norm functional and hence gave a promising candidate for approaching this problem.
The second interesting feature is the correspondence of the Kéhler potentials on the space
of exceptional complex structures, and Hitchin functionals. Hitchin functionals have been stud-
ied in great detail for complex structures, generalised complex structures, and Gg structures.
Moreover, the 1-loop contribution to the path integral of the Hitchin functional of generalised
complex structures have been linked to the topological B-model, and hence can be used to cal-
culate coefficients in the 4d effective action of string theory. We were able to study the 1-loop
contribution to the path integral of the Kéhler potential of SU*(6) structures perturbed around
a Calabi-Yau, and SU(7) structures perturbed around a Gg manifold. This provides a clear

candidate for certain 1-loop corrections to effective actions coming from M-theory.

7.1 Future Directions

There are many possibilities for future research coming from the work in this thesis. An ob-
vious extension is to continue the work on quantising the exceptional Hitchin functionals and
understanding their role in the quantum description of M-theory, if they have any. The rela-
tion between the topological string and the Hitchin functional of SU(3,3) structures has been
well studied [3,75,296-298]. Not only are these theories interesting mathematically, but they
describe a physical subsector of the full string theory, relating to certain graviphoton terms
in the effective field theory in 4 dimensions [77,303]. These describe strings on backgrounds
with H-flux, and their connection to observables in M-theory have been examined in [311,312].
The exceptional Hitchin functionals provide a candidate theory that includes the RR fluxes as
well, or alternatively a subsector of M-theory. Much work has been done on understanding
the effective action coming from M-theory in lower dimensions [283,305,307,313]. It would be
instructive to see if we could match the calculation of the 1-loop of the exceptional Hitchin
functional to certain coefficients in the effective actions in D = 4,5. In particular, we expect
the quantisation of the exceptional complex structure in D = 5 to give corrections to the uni-
versal hypermultiplet in the effective theory. If this is true, it would provide evidence that the
analogous structure in 7 dimensions would provide corrections in 4 dimensions, and we may be
able to gain predictions from studying it further. We also have an analogous Hitchin functional
for the heterotic string. If we ignore the gauge bundle, then the quantisation would be very
similar to that of the conventional Hitchin functional, except now including information about
the symplectic structure w. This would likely give a geometric interpretation of a topological
subsector of heterotic string theory [314]. We would like to see if this quantisation matches the
results of that paper.

Another avenue of future research would be to understand the condition for polystability
of the exceptional complex structures in various settings. We say in chapters 3 and 5 that
understanding the moduli space of supersymmetric backgrounds requires a better understanding
of the complex orbits of the GDiff group on the space of structures. Mathematicians have
been particularly interested in the heterotic case as it provides a natural extension to Yau's

theorem to a non-Kéhler space [74,177]. Similar approaches have been used understand Kéahler-
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Einstein equations [248], flat connections on Riemann surfaces [244], and slope-stability of gauge
bundles [73,245,250]. Mathematically, converting the infinite dimensional problem to a form
suitable for the techniques of GIT can be quite involved - for the Kahler-Einstein case it involves
taking a particular limit of certain powers of line bundles over the space. However, we can follow
certain ideas to gain intuition for what features may be important in the study of stability. One
object that is often studied is an invariant to the GDiff¢ flow called the Futaki invariant. This
appears as an obstruction to stability and we can define an analogue for exceptional complex
structures in terms of the complex object . Naively, this Futaki invariant seems to measure the
Chern class of the line bundle that ¢ lives in. Non-triviality of this bundle is a clear obstruction
to the existence of an SU(7) structure so it does not seem to tell us anything interesting.
However, there may be cases where the limit of the GDiff¢ flow may produce a structure of
a different type. In these cases, the Futaki invariant seems to give much more information
on possible obstructions. Therefore, studying and classifying the phenomenon of type change
would be a very important step towards understanding stability.

The work on D = 4 compactifications and SU(7) structures has provided a procedure for
finding the moduli of any given flux background. We were able to use this to find the exact mod-
uli of GMPT backgrounds which describe all type II backgrounds with non-vanishing internal
Killing spinors. These describe very broad classes of backgrounds but they are not exhaustive.
In particular, the NS5 brane solution is not contained within this set of solutions [120, 150].
We could apply the same techniques to find the moduli of these backgrounds. We also found
the moduli of so-called type 0 solutions. We would like to get a better understanding of which
backgrounds these correspond to. They likely describe backgrounds in which the internal Killing
spinor satisfies ¢’'¢ # 0. Hence they may link to the work of [108]. We could also look at the
moduli of the triple M5-brane intersection in M-theory backgrounds [315]. It is likely that this
falls outside of the type 0 class, but we could still apply the same techniques to find the moduli.
The work of [104] provides even more examples to test this work.

It is worth noting that the majority of this work applies only to smooth backgrounds away
from sources. Hence, the moduli we have found do not include brane moduli. To understand
these better, we would like to understand calibrations in flux backgrounds in more detail [235,
316, 317]. Some work has already been done in this direction [318-321]. The exceptional
geometry of SU(7) structures may provide insight into how to provide a unified description for
supersymmetric flux calibrations. Similar work was done in [322] for AdSs backgrounds.

Extending the exceptional geometry described in this thesis to AdS backgrounds would also
be of great use to understanding the AdS/CFT correspondence. For AdSs backgrounds, we
saw that a non-zero cosmological constant does not break the involutivity of the subbundle L;.
Instead, the cosmological constant appears as a non-vanishing moment map. Kéahler quotients
with non-vanishing moment maps are well understood and hence we were able to find the
spectrum of some dual CFT4 in terms of cohomology groups associated to some distribution
A C Tc'. It would be interesting to see if these cohomology groups, graded by the R-charge,

could be calculated explicitly for simple cases such as the Maldacena-Nunez solutions [121]. In

!There is on going work on this problem in the IIB case by Anthony Ashmore, Mariana Grafia, Michela
Petrini, Edward Tasker, and Daniel Waldram.
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the D = 4 case, the issue is reversed. The cosmological constant does not appear in the moment
map, but instead as an obstruction to the involutivity of the subbundle L3. This breaks the Lie
algebroid structure of the subbundle and hence it is not clear if the moduli will be counted by
some natural cohomology groups. However, there may be enough structure to still find some
information of the moduli and, as a consequence, the conformal manifold of CFT3 which are

not well understood.
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Appendix A

Conventions

Al

Exterior and Interior Products

We use the following conventions for the exterior and interior products of differential forms and
multivectors. Here u € I'(APT), v € T'(NIT), A € QP(M), p € QI(M), and we take p > ¢

without loss of generality.

(p + Q)!v[al...apu,erl‘..ap_;_q]

(wnv)r-ome = T2 (A1)
AAD)ar.apsy = (P qu?)! (a1.apPaps1.apsg] (A.2)
(0N g = ql,bwb (A3)
(up) ™90 — ql!uzzl‘..apqbl...bqpblmbq (A.4)
(jvaip)y = (q_ll)!vacl”'c"_lpbcl...cql (A.5)

GAA Dasar s+ = W/\[P] (A.6)

The following is notation used in chapter 4 which we clarify now. For X € T'(A3T), F € Q*(M),

we define

(jX—'j2F)abc =

The following are important in the projection maps defined in the next sections.
TeN(T*@N'T*), t c (T @ N'T), o € Q(M),

(Jtagm)%

(jp+1)‘ A T)a1...ap+1,b1...b7 =
(jgg A U/)a1a2a3,bl~~-b7 =

(U—‘jT)a,a1...a6 =

1
5" Focag (A7)
We take
x e I(T).
1 a,ci...cy
ﬁt ’ 7—b,C1...C7 (A8)
(p + 1))‘[a1...ap7—ap+1]b1...b7 (AQ)
7!
=15 Caasas(b1620bs...br] (A.10)
UbTa,bal...ag (All)
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A.2 0O(d,d) Algebra
The generalised tangent bundle and adjoint bundle for O(d,d) x Rt geometry are as follows

E=ToT" (A.12)
ad F=R@® (TQT*) @ AN*T*® N°T (A.13)
We take the following sections of these bundles, where each term matches with the expressions

above in the obvious way.
X=x+¢ R=Il+r+B+p (A.14)

The following gives the adjoint action R- X = X’

¥ =lr+r-x— B (A.15)
g=1+r-£+alB (A.16)

The following gives the Lie algebra bracket [R, R'] = R".

=0

" = [r,r'] = (jB25B' — jB'1jB)
B"=r-B'—1-B

Bl=r-p —r"-p

AT
A18
A19
A.20

~—~~ o~~~
~— ~— ~— ~—

The Mukai pairing for two pure spinors ®, ¥ € S is given by

(®,%) =) (-n"o,, A, (A.21)

n

A.3 0O(6,6 +n) Algebra

Here we collect a number of useful formula for the 6,6 + n x Rt generalised geometry relevant
for type I and heterotic backgrounds. A more detailed discussion can be found in [167].
The adjoint action of a two-form B, a two-vector [ and a one-form gauge field A on a

generalised vector V = v + A + A are given by

PV =v+ \—1,B+A,
PV =04+ \— BN+ A, (A.22)
eV =0+ A4 2Tr(AA) — Tr(1,AA) + A — 2, A.

Note that B commutes with itself, while A has a non-trivial commutator with itself

[A, A'] = —2Tr(A A A)). (A.23)
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One can check that the natural inner product
N0+ A+ \w+ 3 +0) = 2,0 + Li,A + Tr(AR), (A.24)

is preserved by the above action.

The twisted Dorfman derivative is defined by
Le-pe-ay(e Pe W) = e Be AL, (A.25)
where for V=v+ A+ A and W =w+ p+ X, we have

LW = [v,w]
+ Lyp — 1pdX — 192 H + 2Tr(EdgA) — 2 Te(X 0, F) + 2 Tr(A o, F) (A.26)
+ [A, 2] + 2,d A — 1pd A A — 2,2, F,

where we have defined

daA = dA + [A, A], (A.27)
F=dA+ AN A, (A.28)
H=dB+Tr(ANdA+2ANANA). (A.29)

We also have the usual rule for the commutator of two Dorfman derivatives
[Lu, Lv]W = Lr,vW = LigyW, (A.30)

where [-, -] is the Courant bracket, the antisymmetrisation of the Dorfman derivative.

A.4 Egq X RT Algebra for M-theory

The generalised tangent bundle and adjoint bundle for Eq(q) X R* geometry are as follows

E=ToNT & N\NT @ (T* @ N'T*) (A.31)
adF =R & (T QT & N3 T* & AT & AT & \ST (A.32)

We take the following sections of these bundles, where each term matches with the expressions

above in the obvious way.
V=vtw+o+r7 R=l+r+a+a+a+a (A.33)

The following gives the adjoint action R-V =V’

vV=lWw+r-v+aw—aio (A.34)
W =lw+r-w+via+ aso + aor (A.35)
o =lo+r-oc+via+alw+alr (A.36)
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T’:l7+r-7+jaA0—j&Aw
The following gives the Lie algebra bracket R, R'] = R”

" = %(Oz_la/ — o/_na) + %(d/_@ — d_:d/)
" = [r,”'] + jasjd — jo/ sja — (asd — o sa)

+ j& yja — jasja’ — 21(6/sa — aod’)

! / / ~ ~/
d'=r-d —r-a+dia—a.a
~/ ~/ !~ /
d'=r-@d—r-a—ana
1 / / ~/ ~ /
o =r-a—r- -a+aia—aia
~ I ~/ / ~ /

a =r-a—r-a—aluo

Dorfman Derivative
The following is the Dorfman derivative on vectors.
Ly V' =L + (Lo — v/ 0dw) + (Lo’ — o' ado — W' A dw)
+ (Ly7 — jdw Ao’ — jdo A W)
The following is the Dorfman derivative on adjoint elements.
LyR = Lyl + (Lor + jasjdw — $lasdw — jasjdo + 2la.do)

+ (Lya+r-dw—asdo) + (Lya+7-do+ dw A a)
+ (Lya — aodw) + Lya

To obtain the twisted Dorfman derivative we make the following substitutions.

dw — dw — voF do —do—viF +wAF

Invariant Tensors

The following is the cubic invariant for Egg)

1
c(V,V,V):—<v_nw/\a+3'w/\w/\w>

The following is the symplectic invariant for Er (7
1
s(V, V') = ~7 (var’ —V'ar+ o AW =0’ Aw)
The Killing Form

The Killing form for Ey4) is

1 1
Tr(R,R) = 3 (9d Trr Ter’ + Trrr' + asd + o’ sa — asd’ — dﬁd)
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(A.45)

(A.46)
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Projections

Let Z=(+u+s+teT(E*). Then the projection E x E* — ad F' is given by

l=—tuw—2si0—tur (A.50)
r=v®(—juijw+ %u_nwl — jsajo+ %S_IU]I — jtajT (A.51)
a=(CAw+uio+ saT (A.52)
a=(ANo+usr (A.53)
a=vAu+sw+tio (A.54)
G=—-vAs—tw (A.55)
Y =AN+rk+p+v+meTl(N) then the projection E x E — N is given by

A =vaw + v w (A.56)
k=v10 +v .0 —wAw (A.57)

p=(who +ju' No)— Lo AW + 0" Aw)
) (A.58)

+ (vagr’ + v 4jT) — Z(vﬂ' +'T)

v=3BwAT + 30 AT — 30 Ao (A.59)
7 =% AT+ % AT (A.60)

A.5 Egi1a+1) X RT Algebra for Type I1IB

The generalised tangent bundle and adjoint bundle for Eqyq(g41) X R* geometry in type IIB

are as follows

E=To® (ST e N T d (S ANT) e (T AT (A.61)
adF =R (TRTHS(S®SN®(S®T)® (S AT

4 4 6 6% (A’62)
O NT @ NT* @ (S © AT) @ (S © A°T™)

where S transforms in the doublet of SL(2,R) and the subscript 0 denotes the traceless parts.
We take the following sections of these bundles, where each term matches the expressions above

in the obvious way.
V=v+AN+p+to'+7 R=l+rt+at+f +B +y+C+a'+a (A.63)

The following gives the adjoint action R-V =V’

v =141 v+ e BN 4+ yop +edto? (A.64)
Ne=IN 47 X4 a'jN +viB 4 B'Lp — yao' — a'r (A.65)
p=lp+r-p+vi+CeyN' ABI +¢;B 207 + o1 (A.66)
o =lo'+r o' +d'jol +via' +pAB —C AN+ BT (A.67)
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T :lT—}—T'T—GijjUi/\Bj —jp/\C—i—el-jj)\i/\dj
The following gives the Lie algebra bracket R, R'] = R”

" = +3e;;(B'3B7 — B".B7) + L (y2C' — 4/ 1C) + 3¢;5(a"a? — & La)
" = [r, 1) + € (jB i B7 — jB" 1 B’) — {lei; (8 3B — B LBY)
+ (j72iC" = j7' 5§ C) — FI(v2C" — ' 10)
+€j(ja'aa? — &' ua?) — 31(atua” — &' ual)
a//z’j — (a cad —d - a)ij + ejk(ﬁi_lB/k . ,B/i_lBk) . %5ij€kl(,3k—'B/l . ,B/kJBl)

+ejp(@da® — a.ak 16t e (aFLa" — &Ll

6//1‘ — (T . ﬁ/i —. le) + (a . /8/ —d- ,6)2 _ (’)/JB/i _ ’y/_lBi) _ (di_lc/ _ d/i—lc)

B" =(r-B"—v -B)+ (a-B —d - B)' + (6'2C" — p"1C) — (yud" —~ Ja")
V' =y =1 y) e A BT+ (@ uBY — & LB
C" = (r-C"—v"-C)—e;B"NB" 4 ¢;(8'2a" — p"a’)
" =& =1 a) F(a-d —d a)— (B Ay - B"AY)
A"=r-d—r-a)+@ad—d a)+BANC-B"ANO)
Here €;; is the SL(2,R) invariant antisymmetric tensor with ejo = —1.

The Dorfman Derivative
The following is the Dorfman derivative on vectors
Ly V' = L' + (LN — 0 0dN) + (Lop' — v adp + €N A NY)
+ (Lyo" —v'ado" +dp AN = dX A )
+ (LT — €N Ada? + §p' Adp + €50 A dN)

The following is the Dorfman derivative on adjoint elements

LyR = (ﬁvl + %’Y_ldp + %eklﬁk_ld/\l + %ledk_ldgl)
+ (Lor + jyajdp — 3lyadp + € AN — flei;B'adN

+ Gijj&ZJdO'] — %HﬁijdszJJ)

+ (Evaij + ejkﬁi_nd)\k - %5ijekl5k_nd/\l + ejkdinak - %yjekldk_ndal)
+ (L' — y2dX — &' Ldp)

+ (LyB' + 7 - dX 4 a'jdN + B1Ldp — yodo?)

(Lo + g dN)

+(L,C+r-dp+ eijd)\i AB o+ eijﬁi_:daj)

+ L6

+ (Ly@' + 7 -do" +a'jdo? —dN' A C + B' Adp')
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To obtain the twisted Dorfman derivative we make the following substitutions.
dN' = AN — v F' dp—dp—vaF — e A AF? do' = do' + N AF —pAF (A80)

where

F'=dB" F=dC - }e;F' NB’ (A.81)

Invariant Tensors

The following is the cubic invariant for Egg)
1 . , o
c(V,V,V) = —5 (vap Ap+eijp AN AN = 2€01X07) (A.82)
The following is the symplectic invariant for E;)
1 . . . .
s(V,V') = ~2 (vor’ =V + e N AT — e N Ao —pAp) (A.83)
The Killing Form

The Killing form for Eg,q(g41) is

1 1
(R, ) = 2 <8d Trr Trr' + Trrr' 4+ Traa’ +9.C" +9'.C
(A.84)

+ eijﬁz_lB] + ei]ﬂ/lJBj + Gz‘jdz_lgl/‘] + eijON/l_JCNL]>

A.6 Embedding of O(6,6) C E7¢) x RT for type IIB

We will follow the conventions and notation of [213] for Er(7) x R* generalised geometry applied
to type IIB. Recall that the generalised tangent and adjoint spaces and their decompositions
into O(6, 6) generalised bundles take the form

E~T@®2T* @ AT @ 2N\ T* @ (T* @ A°T*)
~ Eos6) ® S~ ® (N°T* ® Eo(s));

B (A.85)
ad F ~ 4R @ (T @ T*) @ 2A*T* @ 2A*T @ N'T* @ 2A°T* @ 2757

~ 4R @ ad Fos6) ® ST & (AT @ ST) & A°T* @ AST.
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We use the following rules for embedding the O(6,6) structures into the Ez7) x R structures
for type IIB.

E —F
060 | (A.86)
v+ A= v —s'A
ad F, —adF
0(6.6) L (A.87)
r+ B8+ B Te(r)+ (r— $1Te(r)) + $ Te(r)(r'ejrs” + s'ejpr®) — s'B+ 18,
St - adF
— . , (A.88)
Y= rtejr Y+ le(g) + X+ 87’2(6),
S™—FE
(A.89)

= T'iz(l) + 2(3) + Si2(5),

where ¥y € I'(A*T™) are the components of the polyform A and 7%, s* are real constant SL(2, R)

doublets such that eijrisj =1.
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Appendix B

A Note on Curvature in Exceptional

Generalised Geometry

In conventional Riemannian geometry (or even the study of manifolds with connection) one
can define a curvature. This is central to many theorems in mathematics and many areas of
physics, including supergravity. Given that the only requirement to define curvature is the
choice of some connection, it seems natural to ask what the generalisation of this to generalised
geometry would be. As we will see however, the naive choice for generalised Riemann curvature
does not work and there does not appear to be a simple way to adapt the formula to fix the
problems that arise.

Recall the formula for the Riemann curvature tensor R € A2T* @ adPg L(d,R) 1S given by
R(u,v) = [Vu, V| = Vi Yu,v € T (B.1)

Hence, given a generalised connection D it seems natural to try to define a generalised Riemann

curvature tensor in any generalised geometry as
R(U,V) = [Dy, Dy] — D,y YU,V e E (B.2)

However, as is stated in [181], R as defined is not a tensor. Indeed making the changes U — fU,
V' — ¢V and then act on some hX for f,g,h € C°(M) and X € E we get

1
R(fU,gV)hX = R(U,V)X — §hD(gdfffdg)><E(U><NV)X (B.3)

This result is completely generic and holds in all O(d,d) x RT and Eqa) % R* generalised

geometries.

B.1 Generalised Riemann Tensor in O(d,d) X RT Generalised

Geometry

It was shown in [189] that one can adapt the definition of Riemann curvature in ordinary

geometry to define a genuine tensor in O(d, d) xR™ generalised geometry. Their work is primarily
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done from the point of view of double field theory and enlarged spacetimes, however their results
are applicable to generalised geometry. We will briefly review now what they did.
They work in some frame of the generalised tangent bundle. Using capital Latin letters to

denote this frame, they take the connection
Dy AN = dpy AN + T, N AP Dy An =dyAn —Tynt Ap (B.4)
Then using (B.2) we find that we get the usual formula for R, ;"
Ry = 2dp T i + 2000 " i @ (B.5)

However, as seen in (B.3) this does not define a tensor. However they noticed that one can

define a generalised tensor as

RunNkL = RNk + Reoyun + FQMNFQK I (B.6)

This has a lot of properties one would want from a generalised Riemann curvature. for a start
it is an O(d,d)-tensor and it has the correct transformation properties under a generalised
diffeomorphism. Moreover, under suitable contractions it provides the generalised Ricci ten-
sor and scalar Ry, R that are used in the Lagrangian formulation of the NS-NS sector of
supergravity [182,183,189].

Conversely, this does not immediately have the symmetry properties of the conventional
Riemann curvature. While it is symmetric under the exchange of the first and last pairs of
indices, it is not antisymmetric under swapping the first or last pair. They show in [189] that
these properties can be obtained if we make further assumptions about the connection.

We can find a frame independent definition of the generalised Riemann curvature in terms
of the O(d, d) inner product n. For U,V,W, X € E we have

n(R(U, V)W, X) = n(R(U, V)W, X) + n(R(W, X)U, V)
1 (B.7)

— 10U, DV) = 5(V, DU), n(W, DX) — (X, DW))

In the final term, the first inner product is done between the generalised vector parts, and the
second is done between the generalised covector parts generated by the covariant derivative D.
Note that the inner product on E* is generated by (-,-) and the identification E* = E.

B.2 Generalised Riemann Tensors in Egg) X RT Generalised

Geometry

We notice that the formula (B.7) can be rewritten in a form that also works for Eg4 generalised

geometry. We use the projections Xy : E X E— N, Xg: E* x N - FE and write

R(U,V)W Xy X :R(U,V)W XNX—}—R(VV,X)U xnyV
(B.8)
— 2 (u(U, DV) — u(V, DU)) . (u(W, DX) — (X, DWV))
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Here we have defined a map p: E X E* x E — E. If we use the letters M, N, P, ... to denote
generalised tangent bundle indices and A, B, C, ... to denote N-bundle indices, and if 17]‘?4 N € % N

are the projectors Xy, X g respectively, then we define u as
P A P
:“M?v = TIMNCAQ (B.9)

We will use these indices and tensors to show how the formula (B.8) is not tensorial in general.
Firstly we note that we want the projectors n]‘(‘/[ NS % N to be covariant with respect to the

action of the structure group, G. Hence if R € G then we require
— Riympy — Rmig + Ry =0 RIECAN + RYG? - RAGY =0 (B.10)

where the index structure denotes the representation that R falls into. We also want our
connection to be compatible with the G-structure. This gives the following conditions on the

connection

P N
- F%N”éP - FJ\Q/IPn]é/Q +Tpnnp =0 FJZY/[QCg + FﬂQCAQ —Tyanp’ =0 (B.11)

Here we have assumed that we can choose a frame in which 7, ¢ are locally constant maps and
that the action of the connection can be extended to the N bundle. The form of the maps given
in appendix A supports the first assumption, while the second assumption should be possible
by the fact that N C S?E which has a natural action of the connection on it.

Working in this frame we can now rescale the vectors U, V, W, X by the functions f, g, h, k

respectively. In doing so we find

RU', VYW xn X[ =fghk[R(U, V)W xn XV
1

+ hkDp((fdg — gdf) < (U xn VIMIW xv X17 - (B.12)

+ %ngﬁB[(hdk — kdh) xg (W xn X)|M[U xx V]2

It is not clear how one would cancel these additional terms given that they live in the N bundle.
The only case where this works is for O(d, d) generalised geometry in which N ~ 1 and hence
the '),z = 0.

So we see that for generic generalised geometry we still do not have a good definition of
Riemann curvature. This is interesting since if we would like to perhaps extend generalised
geometry to try to describe either o’ corrections or higher derivative gravity then we would like
to have some kind of Riemann curvature.

We should note that this work does not rule out the possibility of finding some tensor which
behaves like a generalised Riemann tensor, just that the two most obvious candidates for one
do not work in general. It may be possible to define a curvature tensor on a case-by-case basis.
For example, in E¢(6) generalised geometry, N = E* and so we can think of T]A MN ~ CMNP-
The symmetry of indices may mean that there is some formula involving generalised vectors
which exactly cancels any non-tensorial terms. Ideally however, one would like a formula that

works in all cases of generalised geometry.
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Appendix C

Integrability and Moment Maps for

(Generalised) Complex Structures

We review two examples of familiar geometric structures that appear when describing supersym-
metric backgrounds: conventional complex structures in six dimensions and their generalised
geometry extensions first introduced by Hitchin and Gualtieri [164, 165]. In each case, invo-
lutivity of an appropriate vector bundle under a bracket is equivalent to the integrability of

1" We will then also discuss how the extra differential conditions that promote

the structure.
these structures to integrable SL(3,C) and generalised Calabi—Yau structures come from a mo-
ment map for the action of diffeomorphisms and, in the latter case, gauge symmetries. These
two examples will provide the model for how we analyse generic four-dimensional N/ = 1 flux

backgrounds.

C.1 Complex Structures

Let M be a six-dimensional manifold with tangent bundle 7". Recall that an almost complex
structure on M is a conventional G-structure with G = GL(3,C). It is defined by a nowhere-
vanishing tensor I € I'(EndT), with I? = —I, that allows one to decompose the complexified

tangent bundle into subbundles
TQC:=Tc =119 L_4, (Cl)

where sections of L; have charge +i under the action of I, and L; ~ L_;. Typically, L; is
written 710 but we will use this notation to highlight the similarities to the work in the later
sections. Consider two vectors V, W € I'(L;). A standard way to define an integrable structure
is to require that the Lie bracket of two (1,0)-vector fields gives another (1,0)-vector field. In

other words, L; is involutive under the Lie bracket

[V,W]eT(L) VV,WeT(L). (C.2)

'Note that we use “integrable” and “torsion-free” interchangeably. For a conventional G-structure, integrable
is a stronger condition: torsion-free implies the G-structure is flat to first-order, while integrable implies the
G-structure is locally equivalent to the flat model. See [277] for some remarks on this nomenclature.
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Using I to project onto L it is then straightforward to show that involutivity of the bracket
is equivalent to the vanishing of the Nijenhuis tensor, or equivalently, in the language of G-
structures, the vanishing of the intrinsic torsion.
Every almost complex structure I defines a unique “canonical” line bundle U; C /\3T5
satisfying
wQ=0 VVel(L_y), QAQ#0, (C.3)

where 2 is a local section of Uj. If this bundle is trivial, one can introduce a refinement of
the almost complex structure by considering G = SL(3,C) structures. Each such structure is
defined by a nowhere-vanishing section Q € I'(U;) so that any two such structures defining the

same complex structure differ by nowhere-vanishing complex function f
= fQ. (C.4)

Note that, as SL(3,C) C GL(3,C), given a suitable complex three-form 2 (one stabilised by
SL(3,C)) one can construct an almost complex structure I, as described by Hitchin [255].
It is natural then to ask the question, if we have a torsion-free GL(3,C) structure (a complex
structure), what extra condition do we need to impose to have a torsion-free SL(3, C) structure?
From the intrinsic torsion in each case, it is straightforward to see that the GL(3,C) structure

is torsion-free if

A0 =AAQ, (C.5)

for some (0, 1)-form A, while for a torsion-free SL(3, C) structure we should have
dQ = 0. (C.6)

Thus A encodes the extra intrinsic torsion components of the SL(3, C) structure.

This additional integrability condition can be viewed as the vanishing of a moment map. One
first notes that the space of SL(3,C) structures admits a natural pseudo-Kéhler metric [255].
At a point p € M, a choice of §2 is equivalent to picking a point in the coset

Qlp € Qsr30) = (S;II:((??:(QI?Q) (C.7)
The choice of SL(3,C) structure on M thus corresponds to a section of the fibre bundle
Qsr,c) — QsLie) — M, (C.8)
that is, we can identify
space of SL(3, C) structures, SL(3,C) ~ T'(Qgr,3,c))- (C.9)

This infinite-dimensional space then inherits a pseudo-Kéahler structure from the pseudo-Kéhler
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structure? on the coset space (sy(3,c), with a Kahler potential given by
IC:i/ QAQ, (C.10)
M

where €2 can be viewed as a complex coordinate on the space of structures (or more precisely
as a holomorphic embedding : SL(3,C) < I'(A3T%)). One can also restrict to the subspace

of structures that define an (integrable) complex structure, so that L; is involutive,
SL(3,C) = {2 € SL(3,C) | I is integrable}. (C.11)

Given that the integrability condition (C.5) is holomorphic — it is independent of Q — this space
inherits a pseudo-Kéhler metric from SL(3, C) with the same K&hler potential.

Diffeomorphisms act on SL(3,C) since the integrability conditions on I are diffeomorphism
invariant. Infinitesimally they define a vector field py € I'(T'SL(3, C)) such that

19y 00 = Ly Q, (C.12)

where 0 is the exterior (functional) derivative on SL(3,C) and V' € I'(T') generates the diffeo-
morphism. Clearly the Kéhler potential (C.10) is diffeomorphism invariant. Furthermore, since
Ly is independent of €2, we see that diffeomorphisms also preserve the complex structure on

SL(3,C). Together this implies they preserve the Kéhler form.? Explicitly this is given by
w=19'0K, (C.13)

where we have decomposed § = &' + @’ into holomorphic and antiholomorphic derivatives. For
an arbitrary vector a € I'(T'SL(3,C)) we then have

oy 1T = — / (10692 A Ly — LyQ A 1260) = / (Lv1adQAD+ LyQ A 160)

M M (C.14)

= / o (£V5Q AQ+ Ly QA 5()) = 150(v),
M

where

w(V) = /M LyQAQ. (C.15)

defines a moment map p: SL(3,C) — 0iff*, where 0iff is the Lie algebra of diffeomorphisms. It
is straightforward to check that p is equivariant.

Given the integrability condition (C.5), we can integrate by parts, to write

w(V) = /M(—zvﬂ ANANQ+ 1 (ANQ)A Q)
(C.16)

:/ (l\/A*ZV_Zl)Q/\Q,
M

2This metric has signature (18,2) [255].

3Note that there may be further subtleties if the integrability condition defines a null subspace within SL(3, C)
or if the group action defining the moment map is null. We comment on this for the case of SU(7) structures in
section 5.3.3.
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where we have used A A Q = AAQ = 0. The moment map vanishes for all V € T(T) if and
only if
A=A=0. (C.17)

In other words, we see that the vanishing of the moment map imposes the final condition (C.6)
that promotes a complex structure to a torsion-free SL(3, C) structure.
Since two SL(3, C) structures that are related by a diffeomorphism are equivalent, the moduli

space of SL(3,C) structures is naturally a quotient, defined as
Mq ={Q2 € SL(3,C) | p = 0}/Diff. (C.18)

As we have seen, the Kdhler geometry on the space of structures SL(3,C) is preserved by the
action of the diffeomorphism group, thus we can view the moduli space either as a symplectic

quotient by Diff or as a quotient by the complexified group
Mgq = SL(3,C) /Diff ~ SL(3,C)/Diff¢. (C.19)

Note that the complexification of the diffeomorphism group Diff¢ is not really well defined.
What is really meant is the complexification of the orbits, that is, if the vector field py €
I'(T'SL(3,C)) generates the action of diffeomorphisms on the spaces of structures, we can com-
plexify this to also include the orbits generated by Zpy, where Z is the complex structure on
SL(3,C). Since 2 is a holomorphic function on SL(3,C) we have

17py 02 = —1,, (Z0Q) =11,,00 =i LyQ = L1y Q + 2i(2y A)Q, (C.20)

where in the last expression we have used (C.5) and the fact that 17y Q = 10yQ and 17y A =
—ity A. Thus in (C.19), up to diffeomorphisms, for each fixed complex structure, the action of

Diffc simply rescales © until (C.6) is satisfied and the moment map vanishes.

C.2 Generalised Complex Structures

Let us now review the analogous story for the generalised complex structures (GCS) of Hitchin
and Gualtieri [164,165]. We will see again that involutivity and a moment map characterise the
integrable structures and lead to a local description of the moduli space as a Kahler quotient.

Consider a six-dimensional manifold M with a generalised tangent bundle Eg g6 =1 &T™.

This admits a natural O(6,6) structure given by the inner product

(x+&y+n) =n@)+£(y). (C.21)

As was noted in [183], the relevant structure group for supergravity is actually O(6,6) x RT to
account for the dilaton. We take all generalised vectors to be weight zero under the R action.
Given a generalised vector V = x + ¢ € I'(F), there is a natural generalised Lie derivative Ly

such that, acting on a generalised vector W =y + 1,
Laoye (y+n) = [2,y] + Lon — 1yd€. (C.22)
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This generates conventional diffeomorphisms and one-form gauge transformations, parame-
terised by z and £ respectively. Its antisymmetrisation [V, W] = %(LVW — LyV) is the
Courant bracket. Eqgg) generates a Clifford algebra Cliff(6,6) via the inner product above,

which has a natural representation on sections ¥ of the spinor bundle S := A*T™* via
VU =, U+ EATD. (C.23)

The slash notation signifies the Clifford action and can be viewed as contraction with the O(6, 6)
gamma matrices I'™. There is an invariant antisymmetric pairing (¥, %) on spinors given by
the Mukai pairing (A.21), with the property that

(U, V) = (=V,%). (C.24)

As a representation of Spin(6,6) x RT the spinor bundle is reducible as one can define the

analogue of Majorana—Weyl spinors?

St = peveny* g7 = Aoddp, (C.25)

The exterior derivative gives a map d: ST — ST such that the action of the generalised Lie
derivative can be written as

Ly¥ =d(VV) + Vdv, (C.26)

for any U € I'(.9).
In analogy to a conventional almost complex structure, a generalised almost complex struc-

ture J is a endomorphism J: T'(Egg6)) — I'(Eo(s,6)) such that
JP=-1, (JV,JV)=(V,V) VVEI(E). (C.27)

As a generalised tensor, J is nowhere vanishing so defines reduction of the structure group
of Eg,6) from O(6,6) x R* to U(3,3) x R*. It gives a decomposition of the complexified
generalised tangent bundle

Eo,6c = L1® L1, (C.28)

where Ly has charge +i under J. Note that L; is maximally isotropic: (L1, L;) = 0. This
defines an isomorphism L% ~ L; = L_;. A generalised almost complex structure is integrable

if Ly is involutive with respect to the generalised Lie derivative
LyW e T'(Ly) VYV, W eT(L), (C.29)

which also implies Ly W = [V, W]. Using the notion of generalised intrinsic torsion introduced
in [184], one can show that this involution condition is equivalent to the vanishing of the
generalised intrinsic torsion of the U(3,3) x R structure defined by J.

Each generalised almost complex structure defines a unique pure spinor line bundle s C S

It was important that we take the structure group to be O(6,6) x RT, or its double cover Spin(6,6) x R,
here since polyforms do not form a representation of Spin(6,6) alone. It also implies the antisymmetric pairing
gives a top-form rather than a scalar. Without the R™ factor, one would have to take S ~ A*T* ® (det T)l/Z.
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satisfying
Yo=0 VVel(L), (®,®) £ 0, (C.30)

where ® is a local section of U7 and (-,-) is the Mukai pairing defined in (A.21). If the pure
spinor line bundle is trivial, one can choose a global nowhere-vanishing section. This defines an
SU(3,3) or generalised Calabi-Yau (GCY) structure [164].> Two such structures defining the

same GCY structure differ by nowhere vanishing complex function f
P = fo. (C.31)

From the generalised intrinsic torsion it is straightforward to see that the corresponding gener-

alised complex structure is integrable if
d® = AP, (C.32)

where A € I'(L_;) acts on ® via the Clifford action. The generalised Calabi-Yau structure is
integrable if
d® =0, (C.33)

and hence A encodes the extra components of the intrinsic torsion of the SU(3, 3) structure.
As in the previous example of a complex structure, one can view the additional integrability
condition as the vanishing of a moment map. One first notes that the space of SU(3, 3) structures
on M admits a natural pseudo-Kéhler metric [151,164] — the construction follows that of the
almost complex structure case. At a point p € M, a choice of ® is equivalent to picking a point

in the coset

Pl € Qsua) = M’ (C.34)
so that an SU(3,3) structure on M corresponds to a section of the fibre bundle
Qsu(s3) — QsuEz) — M. (C.35)
We can then identify
space of SU(3, 3) structures, SU(3,3) ~ I'(Qsu(3,3))- (C.36)

This infinite-dimensional space inherits a pseudo-Kahler structure from the pseudo-Kéhler struc-

ture® on the coset space ®su(3,3), with a Kéhler potential given by

K =i /M(q>,c1>). (C.37)

Again ® can be viewed as a complex coordinate on the space of structures (or more precisely

as a holomorphic embedding ®: SU(3,3) — I'(Sc)) and one can also restrict to the subspace

5Given a GCY structure, one can recover the generalised almost complex structure by identifying L1 as the
null space of .
5This metric has signature (30, 2) [156,164].
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of structures that define an (integrable) generalised complex structure, so that L; is involutive,
SU(3,3) = {® € SU(3,3) | J is integrable}. (C.38)

The condition (C.32) is holomorphic and so SU(3,3) inherits a pseudo-Kéhler metric from
SU(3, 3), with the same Kéhler potential.

The group of generalised diffeomorphisms GDiff, that is diffeomorphisms and gauge trans-
formations, acts on SU(3,3) and preserves the Kéhler structure. The action is generated by
vector fields py € T'(T'SU(3,3)) defined via the generalised Lie derivative

1py 00 = Ly ®. (C.39)

Given the Kéhler form as defined in (C.13) and an arbitrary vector a € I'(T'SU(3, 3)), one finds

vazaw:—/ (zachI),LV(i))—(LwI),zaé(f’):/ (Ly15,6®, ®) + (Ly®,2,09P)

M M (C.40)

:zaé/ (Ly®, ®) = 1,6u(V)
M

where

u(V) = /M(wa, P), (C.41)

defines a moment map p: SU(3,3) — goiff*. Here gdiff is the Lie algebra of generalised diffeo-
morphisms generated by the generalised Lie derivative.
From (C.26), the integrability condition (C.32) and (C.24) we have

u(V) = /M (VdD + V'3, dd) = /Mo//@,@) + (v, AD)
- /MMA—A)@,@) (A A, B) =2 / V. A - A)(®, ),

M

(C.42)

where in going to the second line we have used A® = A® = 0. Thus we see the moment map
vanishes for all V' if and only if A = A = 0, that is, if the SU(3,3) structure is integrable.
Again, we consider two SU(3, 3) structures that are related by a generalised diffeomorphism
as equivalent and so the moduli space of SU(3,3) structures is a symplectic quotient.” Since
the group action preserves the Kahler structure, we can view also view the moduli space as a

quotient by the complexified group GDiff¢
Mg = SU(3,3) JGDIff ~ SU(3, 3)/GDiffc. (C.43)
As before, if Z is the complex structure on SU(3,3), we have
12y 0B = —1,, (Z6®) = i(1,, 6®) =i Ly® = — L7y ® + 2i (V, A) D, (C.44)

where in the last expression we have used (C.32) and the fact that JV o & = —iwy® and

"As with the previous SL(3,C) structures, this can be more nuanced. We refer the reader to section 5.3.3 for
a discussion of this for SU(7) structures.
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(JV,A) =1i(V, A). Thus, up to generalised diffeomorphisms, for each fixed complex structure,

the action of GDiff¢ simply rescales ® until d® = 0 and the moment map vanishes.
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Appendix D

Explicit Calculations of the
Heterotic Superpotential, Kahler
Potential and Moment Map

In this appendix, we lay out in detail how one calculates the superpotential, Kéhler potential

and the moment map using the explicit form of ¢ and J given in the main text.

D.1 The Superpotential

To see that our expression for the superpotential (3.69) matches the conventional expression

given in (3.63), we expand in O(6,6 + n) indices:
W~ / T4 D 4
X

N/ De(J4 g8 4) —p“PAD( T 4p
X (D.1)

~ /X BABED 4 T pey
—2p ()P
N/X\/ge SOQ/I' pD[ﬂJDﬁ}7

where we have used the fact that the boundary term vanishes identically, and have raised /lowered
indices with n. To reach the final lines we have used results from the previous section on the
contraction of ¢ with a section of AE. Hence all that remains is to determine the form of

Dy J 55 Using the components of the connection from [186], we have that

Diatop = VigJos = 3Hiz w1 o
= 3(=dw)aos + 5Hz 59001 (D.2)
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where we have used g,,5 = —iwyp for an SU(3) structure. Hence

w N/ ﬁe_QwﬁﬂDﬁ(H + 1dw)ﬁ,;ﬁ

X (D.3)

~/ QN (H +idw).
X

This is precisely the form of the superpotential in (3.63) and used in [207,233]. Hence our
expression (3.69) is the covariant form of the superpotential for a generic four-dimensional
N =1 heterotic background determined by ).

D.2 The Kahler Potential

The Kahler potential is
= [ ntwi) (D.4)

where 7 is the symmetric pairing on sections of AE. We fix our conventions for this in terms
of 1 on sections of E by examining how the usual inner product defined by g acts on tri-vectors.
For «, 3 € T(A3T), the pairing is

g(a, B) = % %amnpﬁqmg(émnpa éqm)

= 50" BT g(Em, €q)g(En, €r)g(8p, €5) (D5)
= 311 a™ pﬂmnp
= a3,
where we have used €,,,,,e9"* = 3!6Fm5;5;}. Similarly we define
N(E s Bgrs) = 3n(E, ED(EY EN (B, E]) 0.6

= 3!5mq(5nr5p57

where an antisymmetrisation over mnp is assumed and for simplicity we take é,, to be an

orthonormal frame, implying n(E;, EF) = g = 0mn. With y defined as in (3.83)

1 ~
Y = ggl/%*mmm’E* (D.7)

mnp?

the pairing 7(x, X) is given by

77()@5() = %91/2672¢anpﬁmnp
= ¢'/2e722Q Q) (D.8)
=ie"¥QAQ,

where we have used the standard SU(3) structure relations

Q0 =8  ¢"/?=vol= %Q A Q. (D.9)
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Integrated over X, this gives the expression for the Kahler potential given in the main text.

D.3 The Moment Map

The expression for the moment map given in the main text is
i

n(V) = =5 [ 0. (D.10)

To evaluate this, we need an expression for the Dorfman derivative of y. For V = e 8 e‘A(U +
A+ A), where v € I'(T'), A € I'(T*) and A € I'(ad P), we have

Lyx = $L(g" e Q) Ef  + Sg e e QM Ly B A B (D.11)
LVE;; —e Be 4 (Ly(ém + em) — 2, AN — wy1e,, H + 2 Tr(Ave, F') — 16, daN — 12, F) .
(D.12)

The expression for the moment map is then

HV) = =5 [ 0 (RLa Q) By + 4 QL B A B g e B )
- _% %ﬁv(gl/4e_‘PQm”p)gl/4e_‘Panp
X
— 4 [ dg e g ey Ly B A B B,

(D.13)

where we have used

Ly EL NEY B =3n(LvE,, B} )0nrbps, (D.14)

np’ qrs
with an assumed antisymmetrisation over mnp and

N(LvEL ER) =0(Ly(ém + em) — 16, AN — 1916, H + 2Tr(A1g, F) — 10, daA — 1,2, F, én + €5)
= %Zﬁvémen + %zénﬁvem — %Zénlémd)\ — %ZénlvlémH + 16, Tr(Aee, F).
(D.15)

Our task is now to find what conditions p = 0 imposes. To do this, we examine u(V) = 0

where V consists of an arbitrary vector, one-form or gauge parameter in turn. First, consider
V =e Be 4N

/X n(Lyx,X) = /X LgttemeQmmrgl/ie=eQars (— 1) 15 15, AN GrrOps
= —}1/ e_Q‘me”qunpzéqzémd)\ vol

X (D.16)

:21/ e ZPAA A w A w
X

:21/ AN d(e™*w A w),
X
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where we have used the SU(3) structure identity
QPO (16, 16, 02) VOl = —8icg Aw A w, (D.17)

which holds for an arbitrary two-form «s.

Next, consider V = e~ Be4A:

/ n(Lyx, X) = / Lt/ de=eqmmp L g 4= Q031 (1, Tr(Ase,, F)) SprOps
X X

= / 3 vol e_Q‘PQm"qunpzéq 16, Tr(AF)
X

(D.18)
= / 1727 (=81) Tr(AF) Aw Aw
X
= —4i/ Tr(AF) A e %Pw A w,
X
where again we have used (D.17).
Finally, consider V = e~ Be~4p:
/ NLyx.X) = | 5Lu(g"")g"/1e728 - 3L+ 3 Lo (e7 2™ P)g" 26 Dy
X X (D.19)

1 1/2_ -2 mnp Q0
+/ 19 [26=2¢() PO, (zéqﬁvem — 1, Loeq — ZéqZUZémH) .
X

Now note that the first term is real while [ n(Lyx,X) is imaginary (after an integration by

parts), so it cancels. The remaining terms can be rewritten as

/X n(LVX7 )Z) = /X 2 3!91/2 _QL'Dﬁ anmenp + 2 3191/2 —2<p£ anmenp

(D.20)
+ / 1912722 (20LL,Q — 2Q.L,Q — QPO 05 1006, H)
X
where we have the SU(3) structure identities Qf,Q = 8 and 8vol = i A Q, and
QPO = 8g™1 + 8i 1™ = 8g™7 — 8iw™9, (D.21)
2Q.L,Q = 1L, Qg + QPQ 06 Lo, (D.22)
20.L,0 = %ﬁva"”anp +Q"PQ, 16, Loeq. (D.23)

Again, note that the first two terms of (D.20) combine to give something real, and so they must

cancel. We can then massage the remaining terms to give
/ n(Lyx,X) = / 172 (AL, QA Q+ 2L, A Q = 8i1, H Aw Aw)
X X

=iz / e 2% (2040 — 210 + 20,00 — 21,0¢0) QA Q
X (D.24)
+ 26_2‘%8@ QNQ— 26_2“021,5@9 AQ

= i/ e 2% (158 — 1,0 + 21,00 — 21,00) QU A Q.
X
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To reach this result, we have integrated by parts and used dQ = a A Q for a € Q¥1(X), which
is implied by integrability of the complex structure which in turn comes from involutivity of
L_1. We have also used Q_azvol = iaz A Q for an arbitrary three-form as. Summed up, the
three contributions to p(V) in (D.16), (D.18) and (D.24) give the expression for the moment

map given in the main text.
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Appendix E

Exceptional Complex Structures in
Eg6) X RT Geometry

Proposition 1. Any isotropic subbundle L C E¢ has the form
TP (A® Sy Ss5) (E.1)

where o € Q3(M) andf € QS(M) are arbitrary but fixed, and where A C T, Sy C A?T*,
S5 C APT* satisfy the following. For all v € A, w,w’ € Ssand o € S5 we have

vaw =10 ‘ vio =0 (E.2)
wAw =0 jw Ao =0

To prove this, we follow a similar proof for isotropic bundles in O(d, d) geometry laid out in [165].

Proof. The condition for isotropy is V4 xx Vo = 0 for all V4, V5 € L which translates to

V1w +vouwg =0 (E.3)
Jjwi ANog+ jwa ANop =0 (E4)
w1 Awg —v1a09 —v9ao] = 0 (E5)

It is a simple check to see that any L of the form (E.1) satisfies these conditions and hence
defines an isotropic bundle. Hence it is left to show that any isotropic bundle takes that form.

Clearly we have A = a(L). Suppose we have some
wi,wy € Tpzp, (AT & A°T*) N L) (E.6)

where 7p2pe : E — A2T*, and similarly for 77, mrsp«. From (E.3) and (E.5) we see that for
any v € A
vow; =0 = w; € .FIQ(A)

(E.7)
wiNAwy=0 = w; €959
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Now consider the element

a(v) = mpzp- (7' (v) N L) € WAZT*((/\W/E;;/@T*) AL (E.8)
From (E.3) for V x5 V =0, we see that we need
vaa(v) YveA =  ae AT* (WLOG) (E.9)
Then we can write any element A\ € ma2p«(L) as
A=via+w veA we Sy (E.10)

No we consider any o € A°T* N L. From (E.4) and (E.5) we see that for all v € A, w € Sy

we need
vio=0 = o&eF(A)

‘ (E.11)
jwAhoc=0 = oc€S;
Note that we also need
jlvsa) Ao =0 < (vol” .o)a(via) =0 (E.12)
However, since F3(A) =0 if rk A > 1, one can check that
(vol” L) s(vaar) o va(vae) =0 (E.13)
Now consider the element
0 = o v L NI E.14
(v,w) 1= Tps7 ((WT (v) +7T/\2T*(W)) N ) € NT AL (E.14)
From (E.5) we need
(w1 + visa) A (w2 + vaua) — v1 10 (v, w2) — vaub (v, w1) (E.15)
which has the general solution
1
O(v,w) = Ev_na/\oz—l—v_16+)\/\a (E.16)

where 8 € AST* is arbitrary. It is a simple check to see that this also satisfies (E.4). Checking

the action of e*t? we see that we have

L= (A@ Sy & Ss5) (E.17)
O

Proposition 4.
dim¢ L =6 & type L =0,3,6 (E.18)

Proof. We will consider each type L = k for £k =0,1,...,6
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k=0
All type 0 bundles are of the form L = e®*? . T which is clearly 6 dimensional

k=1
If we have a type 1 bundle then tk A = 5 and tk F?(A) = rk F;(A) = 0. Hence the bundle

looks like e®*# . A again. However, this is just 5 dimensional.

k=2
In this case we have rkA = 4, tk F2(A) = 1, tk F§(A) = 0 and hence the isotropic bundle is of
the form e®*? . (A @ FZ(A)) which is 5 dimensional.

k=3
We have tk A = 3, tk F? = 3, rk 7} = 0. Hence we can take L = e**% cot(A @ FZ(A)) which

is 6 dimensional.

k=4
We have tk A = 2, tk FZ(A) = 6, tk 77 (A) = 0. However, it is not that case that w A w’ = 0
for all w,w’ € FZ(A). We take any subspace which satisfies this condition which has maximal

rank 3. Hence the isotropic bundle of the form e®*# . (A @ S3) has maximal dimension 5

k=5
We have rk A = 1, tk F? = 10, tk FP(A) = 1. Again, we choose a maximal Sy C FZ(A)
satisfying w A w’ = 0. This will have rank 3 and so the isotropic bundle e®™# . (A @ Sy ® S5)

has dimension 5.

k = 6 In this case Tk A = 0. It will be convenient to parameterise §5 = I'Jvol where I' C T
We will also choose a basis e’ of T* with dual basis é; of T. The only possible type 6 solutions

are given in the table below.

T So L dim L
T 0 NT* 6
(é1,...,64) <65 /\66> So @ S5 )

(é1,60,63) (€' Nel|i,j=4,56) s2® S5 6

Proposition 5. There are no exceptional complex structures of type 6

Proof. There are two different 6 dimensional isotropic spaces of type 6, which shown in the
table above. We will show that these do not satisfy the remaining conditions in definition 20.
Firstly, let’s consider L1 = A°T*. Clearly, this does not satisfy condition (iii) as L; = L;.
Therefore, this cannot be an ECS.
Secondly, let’s consider L = e® - (S2 @ S5), where Sy, S5 are as in the third row of the table
above. We will show that Ly N (L1 & L_1) # 0 and hence this does not satisfy condition (iii).
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To find Ly we need to find the null space

A={Ze€E"|(V,Z)=0VV €L ® L1} (E.19)
Using the same notation as above, it is easy to see that

T* @ (e"Nel|i=1,2,3j=4,56)C A (E.20)

The left hand side of this is 15 dimensional. If L is to define an ECS then A must be 15

dimensional too and hence this must be the whole of A. In particular, this implies that
S5 @ S5 = ANT*L; & L_4 (E.21)

Now taking any v € T*, and some e¢* - w € Lj. Then we have

e“w XaqV =e“wAv (E.22)

However, we have that
(®wAvV) L1 CANT*CLi &L, (E.23)
Hence we see that Lo N (L @ L1) # 0 and so this cannot be an ECS O
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Appendix F

Proof of the Local Structure of
Moduli of SU*(6) Structures

F.1 Type 3 Moduli
For the type 3 problem we have the subbundle
Ly =P (A F2(A)) (F.1)
where o € Q3(M)c, 8 € Q5(M)c, and A C T all satisfy
[AJA]C A va(wa(zada)) =0 (F.2)

for all v,w,z € T'(A). In what follows, it will be convenient to work with the Fg-twisted
Dorfman derivative, where locally Fc = da, and the untwisted bundle L; = A & FZ(A). This
is because, for type 3 solutions, the physical flux may be in a non-trivial cohomology class and
hence the gauge potential A, which is implicit in the definition of «, may not be global. By
working with LFC, we can work only with globally defined objects.

We have the quotient spaces

Ec/Li = (T/§)) ® (N*T*)FE) @ A°T* (F.3)
Qrexvee) = [(T/80) @ (T°/Fy)] & (NT/§2) @ (NT"/F) & AT (F.4)

We shall pick the following elements of the deformation space

rel ((T/§) © (T*)F)  x € NT/F

F.5
0 € N3T ) F} T e NOT™ (E5)

and write the deformation parameter as R = X +r+60+7. Hence the deformed bundle becomes
Li=01+R) - Li=""(1+r+X) (A®FLA)) (F.6)

where we are working to linear order in the deformation parameters only. We take sections
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V!, W' € T'(L}) which are of the form
V= (vtr v+ XA+ A+r-N) W =T (wtr o wtzop4p+rop) (F7)

where v,w € T'(A), A\, p € T(F2). We will also denote by V =9+ = (1+7r+X)-(v+ 1)), and
similarly for w.

We want to determine when f/l is involutive under L‘ljc, to linear order in R. This is the
statement that for all v,w € I'(A), A, u € I'(F?) we have

LEEW! = &7 (Lo W + w0 (50a(Fe + d8)) + o A (63(Fc + d6))) (F.8)
=7 ([0, )
+ Lofi — wadA 4+ wa(04(Fe + d6)) (F.9)
— andA+ A (0(Fe + de)))
e (L)) (F.10)

Let us consider this term by term. We will use Greek letters «, 3,7, ... for A indices, and Latin
letters a,b,c, ... for the complement!. If we consider the vector piece only then we have, to

linear order in R

(e_e_T : L€§W/)|T = [v,w]+[r-v+ X\ w + [v,r-w+ Xy (F.11)
= [v,w] + (rb[gvﬁabwo‘ - rbfyw”(?bva> + ((XJu)b(?wa‘ - (X_n)\)babvo‘)
+ 7 [v,w] + X a(vadp — wadX)
wa(vadar) + (vadaX)op — (wada X)) JA

(F.12)
£z+r-z—|—XJ§ (F.13)
where 2z € T'(A), ¢ € T'(F2) are of the form?
z = [v,w] + O(R) ¢ =vadp —wad\ + wi(vaFe) + O(R) (F.14)
For this to be true to linear order in R we need
wa(vadar) + (vadaX)op — (wadaX) oA = X s(wa(va(Fr))) (F.15)
= wa(va(j X 252 F))
This must be true for all v, w, A, 4 and hence we have
daX =0 dar—jX_j2Fc=0 (F.16)

!Here we are implicitly using the orthogonal complement under some metric. This is just for ease of the proof
although it is not strictly needed to prove these results.

2The 0" order piece of z, ¢ should be given by the Dorfman derivative of the undeformed sections V = v + A,
W =w+ p.
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Now let’s consider the 2-form piece. We have

(e—G—T . L{;@W/) |/\2T* = vadp — wadX + w_l(U_lF(C)
+(r- v+ XoA) odp + vad(r - p)
+d((r-v+ XoA)op) + d(va(r - p))

(F.17)
— (r-w+ Xop)ad\ —wad(r - )
+ (r-w+ Xop)s(vaFe) + wa((r- v+ XA JFg)
+ w(vadh)
Z(tr-C (F.18)
For now, let us set A\, u = 0. We are left with
wa(vaFe)(r-w)s(vaFe) +wa((r - v)aFe) + wa(vadd) (F.19)
=wa(vaFe) + 71 - (wa(vaFe)) + wa(va(—r - Fe + db)) (F.20)
ZC4rC (F.21)

For this to be the case, we need df — r - F € T'(F{). This is equivalent to the statement that
7T1(d9 —-7r- F(C) =0 Tk © AT — /\nT*/f"]? (F.22)

where we have introduced the projection operator m; as defined above for definiteness.

Now let’s set v, u = 0. We have

—wadA — (r-w)adA —wad(r - A) + wa((X M) JFg) (F.23)
= — wad — w*(r°0: ab — McOa” 0 — AcaObT a
- ( P br) (F.24)
—r - (wadA) — (wadar) - A+ wi((X2N)2Fe)
= — wad — w*(r°0: ab — McOa” 0 — AcaObT a
- ( b bre) (F.25)
— 7 (wad)) — (wa(dar — jX 252 Fc)) - A
Le4r-C (F.26)
This is implied by the fact that dar — j X 15%F¢ = 0.
Next, let’s consider when w = A = 0. We find
vadp 4 (r-v)adp +vad(r - p) + d((r - v)op) + d(va(r - p)) + (X op)s(vaFe) (F.27)
=vadp + v*(r°a0cttap — 1c0aT a — HeaObT o
adp ( fab — [ feaObT ) (F.28)
+ 7 (vadp) + (vadar) - p+ (X op) s(vaFe)
=vadp + v*(r°40cttab — MbcOaT a — teaObr a
adp ( fab — [ 2u b7 ) (F.29)
+ 7 (vadp) + (va(dar — X 25°Fg)) - p
Legrg (F.30)
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This is again implied by the fact that dar — j X 1j2F¢ = 0.

Finally for the 2-forms, we consider the case when v, w = 0. We find that

(XA adpe — (X op)od A 4+ d((X o) ope) (F.31)
= 3(XA)*Oaptoe) — 3(X 1) OjaApe + 203 (X 5A) al (F.32)
= ((daX)sA) - p
;C‘FT'C:C (F.33)

Note that we can consider (daX)JA as an adjoint element and hence it has a natural action
on p. Also, the final equality holds to linear order in R since ( ~ O(R) in this case. This case
holds because da X = 0.

Now we just need to consider the 5-form pieces and show that they vanish. That is, we need

(e 0 LESW") [ jope = —p AdX = (r- ) AdX — p Ad(r - \)
+u A (va(Fec+db)) + (r-p) A (vaFc) (F.34)
+puA((r-v+ XN JFg)
=0 (F.35)

Let us first set v = 0. Then we have

—puANdXN = (r-p) AdA—p Ad(r-X) + p A (XN oFe) (F.36)
=—(r-p) AdaX —p Ada(r-N) + A (X 252 Fe) - A) (F.37)
=—(r-p) AdaX—p A ((dar) - N) —p Ar-dad+ p A (X 25%2Fc) - N) (F.38)
=—7-(pAdaX) — p A ((dar — X252 Fe) - A) (F.39)
=0 (F.40)

This holds because any term ~ p A dA = 0 by virtue of the integrability of A, and by the fact
that dar — jX 152F¢ = 0. Now let’s consider instead A = 0. We have

pu A (va(Fe +d)) + (r- ) A (vaFe) + p A ((r-v)iFe) (
=pAvim(dO) + (r- p) A (vaFg) + p A ((r-v)JFe) (
=u A (va(r-Fe))+ (r-p) A (vaFe) + p A ((r-v)aFe) (F.43
=(r-u) A (vaFe) +pAr- (vaFg) (
- (u A (vaFe)) (

This vanishes because pu A (vaFg) = 0 by restrictions on Fr imposed by integrability of L.
Hence, we have found the integrability conditions for the deformations, and they are given
by

0=daX (F.47)
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0=dar — jX_j°Fc (F.48)
0=m(d0 —r- Fc) (F.49)

Now we need to consider the exactness conditions. These are given by
Ly =+ LifL, (F.50)

where V = —v—w—0o € T((T/F}) ® (N*T*/F3#) ® AST*). The minus signs are for convenience.
Given W = w + pu € T'(Ly), we have

(1+ L‘F}C)W =w — [v,w]
+u— Lyp 4+ wadw — wa(viFp) (F.51)
+wado + p A dw +wa(w A Fe) — p A (vaFe)
= (w —v"0,w”) + (dav) - w
+ (1 — 3v* O tne) — 20| (v tq)q)) + (dav) - 1+ woi(dw — vaF) (F.52)
+wi(do +w A Fe) + p A (dw — vaFg)
= M (AW o) HATHATE) (1 4 dpw) - (i + fa) (F.53)

where W = 1 + ji € I'(L1), and we have introduced the projection 7y : AMT™* — AT /FP for

definiteness. Hence, the exactness conditions are given by

r=dav (F.54)
0 = m(dw — vaF) (F.55)
r=do+wA Fe (F.56)

This reproduces the results at the end of section 4.3.3.

If we assume the flux is trivial, which is not the case for any AdS solution, then we can
take the complex twist €**# to be globally well-defined. In this case, then it is possible to show

using the following deformation parameter
R=e"P(r+jX ja+ X +0+7r&—iX ja-a+pe " (F.57)
that the cohomology defined by the flux-twisted derivatives above is isomorphic to
HQ (M, N°T/3) ® HA(M, T/§5) ® Hy, (M) & Hg(M) (F.58)

We have had to assume something slightly stronger about the integrability conditions to show
this. Namely that there exists some & € I'(F}) such that

da = dé (F.59)
This is not directly implied by the involutivity conditions (which just states that da € I'(F}))
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but it may be implied by the vanishing of the moment map.

F.2 Generalised 88 Moduli

Following the notation from section 4.3.4, the moduli of generic SU*(6) structures is counted

by the cohomology of the following complex.

L(A2XY) P r (A3X* ) P p (A2x*,)

/ / w.0)

T(ASX* ) —> T(ASx*,)

Here Do and D_; are operators coming from any torsion free USp(6) connection® decomposed
into SU*(6) representations.
D=D1+Dy+D_4 (F61)

In this section, we give give the cohomology of the complex above in terms of the cohomology

of D_1 provided the background satisfies the generalised 99-lemma.

Definition 30. Dy, D_; are said to satisfy the generalised 00-lemma if the satisfy the following
im Dy Nker D_1 Cim D_1Dyg (F62)

With this we can prove the following result.

Proposition 6. If a background satisfies the generalised d0-lemma, and Dy defines a chain
homomorphism Dg : T'(A®*X:) — T'(A*2X%), then the cohomology of the complex (F.60) is
given by

H} @ Hp (F.63)
where H %_1 is the p'" cohomology of the differential D_y

Proof. The cohomology of the complex (F.60) is given by*

{A+ B eT(A3X*, & NX*,)| D_1A+ DyB =0}

H = F.64
{A=D_1C+ DyE, B = %D,lE |C e T(N2X}), E € T(AN°X* )} ( )

Let us define a new quotient group by

B e T(A°X*,) | DyB =0
= { ( 72) | 0 } (F.65)
{B=D_1E|E €T (N%*,), DoE =0}
and two maps
6:H}), oK — H Yp:H — H} &k (F.66)
[A]; + [Blc — [A+ By [A+ Bly — [Als+[Blc '

3We will always assume that we are deforming around a full supergravity background
4The factor of % in the quotient is due to the precise form of the projection D X,q V' in SU*(6) indices.
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where A, A € T(A3%*,), B, B € I'(A5%%,) and where the subscript denotes the cohomology
group that class is a member of. A, B are defined from [A+ B]y in the following way. We have

0=D_A+ DyB (F.67)
= 0=D_DyB (F.68)
So, using the generalised 9d-lemma we can write DgB = D_DgE for some E € T'(A°X* ;). We

then define
A=A+DE B=B+iD_E (F.69)

We need to check that these do define elements of H 3D7 and IC respectively, and if the map ) is
well defined. Firstly, we note that

D_A=D_A+D_DyE DoB = DyB + 1DyD_E

—D_A+ DB = DyB — D_DyE
o 0 0 (F.70)
=0 = DyB — DyB
=0

This shows that [A]; € H} and [B]x € K. Note here we have used the fact that, when
evaluated on ['(ASX*)
D_Dy+ +DoyD_ =0 (F.71)

which follows from the complex (F.60). The factor of 3 comes from the way the Dorfman
derivative acts. Now suppose that [A = Bly = [A’ + B']%. Then, there exists ¢ € T'(A2X}),
e € T(A°X*) such that

A'=D_c+Dye B =3D_e (F.72)

From these, we define E’ such that DgB’ = D_DyE’. 1t is a simple check to see that we can

choose E' = E — e. Then we have

A'= A"+ DyF' B=B+1iD_F
= A+ D_c+ Doe+ Do(E —e) =B+1iD_e+iD_(E—e) (5.73)
= A+ DyE+ D_c =B+ 3D_E '
—A+D_c =B
Hence we see that
[A+ Bly = [A + Bn = [Als = [A']3 [Blx = Bk (F.74)

Finally, since E as defined above is not unique, we need to check that the map does not depend

on the choice. Indeed, suppose
DoB = D_DyE = D_DyE' = D_Do(E—FE)=0 (F.75)

Using the generalised dd-lemma again, we can write Do(E’ — E) = D_DyF for some F €
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L(A*X}). Then we have

A" = A+ DyFE' B'=B+1iD_F
= A+ DoE + Do(E' — E) =B+ $D_E+3D_(E-E') (F.76)
= A+ DyE + D_DoF =B+ D_e
=A+D_c

where ¢ = DoF € T(A?X3), and e = 2(E — E' + D_F) € T(A5X*,) is such that Dge = 0.

Hence we have
D_DyE = D_DyE' = [A'3 = [A]lz [B']x = [Blk (F.77)

Hence, the map v is well defined. It is a simple check to see that 6 is also well defined.

Now we show that v, 6 are inverses of each other. Firstly,

0 oy ([A+ Bly) = 0([Als + [Blx) (F.78)
= [A+ Bly (F.79)
=[A+ DoE + B+ $D_Ey (F.80)
=[A+ B] (F.81)
Therefore, 6 o1 = I3;. Next consider,
P o 0([Als + [Blx) = ¢([A+ Bla) (F.82)
= [A]3 + [Bk (F.83)
=[A+ DyEl3 + [B+ 3D_F] (F.84)
But since Do B = 0 by assumption, we can choose F = 0. Hence,
Yo 0([A]s + [B]x) = [A]s + [Blk (F.85)
S0 1 o8 = Iysg and hence ¢ = 6~1. Clearly 6 and 1) are homomorphisms. Hence,
H=H}, oK (F.86)
Now we want to show that I = Hlﬁ)_. Again, let’s define some maps
K — HY : HY — K
{ D- ¢:Hp. (F.87)

Bl — [Ble [Bls — [Blx

where B is defined by the following. For any B e '(ASX*,) we have D_B = 0. But we also
assume that Dy is a chain homomorphism, meaning that D_(DyB) = 0. Hence, using the

generalised 90-lemma, we can define an E such that

DyB = D_DyE (F.88)
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We therefore define B as
B=B+3iD.E =  DyB=DyB+ }DyD_E=0 (F.89)

A similar proof as above shows that these maps are well defined and are inverses of each other.
Hence we have
H=H) oK=H) oHS (F.90)

O]

F.3 Calabi-Yau Moduli

Here we will show that the Calabi-Yau satisfies the generalised d0-lemma and hence we can
calculate its moduli using the formula above. The proof involves using a compact Calabi-Yau
but the result holds more generally as one can calculate the moduli using a type 0 presentation
of the exceptional complex structure instead.

The ECS for a Calabi-Yau is

-1 .
J = B (I — vol — VOI#) Ly = vl (710 g A0277) (F.91)
Using the adjoint action of J, we can decompose E¢ and ad F¢ into eigenbundles
EC=L1®Ly®L_4 ad F(C =ad PR+><U*(6) DS1DS_1 PSS9 (F.92)

The eigenbundles needed for the deformation problem laid out in the previous section are given

explicitly by

54es . ) w—iwavol | we T
AX* | =L_ = { y o e A2OT (F.93)
v—1ivavol | veTh0
NXy=Lo=1{ v+ivuvol| ©eTO! (F.94)
0 6 € ABIT*
a(2 + 31+ ivol —ivol™) aeC
. r re 70l @ 7*L0
N3x* =8, = - o1 (F.95)
B+ ivol™ 3 B e NTH
v —ivol” 1y v e N3OT™
NOXTy = S-o = { Ativol#ur| xe nore | (F.96)

Using the holomorphic 3-form € of the Calabi-Yau, we can define a chain isomorphism X* ~ 7.
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Indeed, we have

NSE* | —

1 /\3 2T*
wavole ~ AT (F.97)
wA Qe NB3T*

0 e \NLIT*

af) € N30T
r-Qe AL2T
Be A2
(7 7)Q € NO3T*

R

v € N2OT*
A2XE = 8 0 e AO2T* b ~ NPT (F.98)
[ ~ A3T* (F.99)

ASX*, — { AAQ € ABST } ~ NS (F.100)

We can also take the torsion free compatible connection V, and lift it to a generalised connection
D as in [181]. With this lift, and with the isomorphism above we find

D_—98 Dy— Q.0+ Q7.0 (F.101)

where here 0, 0 denote the projection of V onto the T*1:0, T*0:1 piece respectively.
We need to show that these operators satisfy the generalised d0-lemma. We just need to
show this for elements in AT and AST™* for the proof to hold.

Proof. First take o € A%3T*. Then we have
Dya = (Q#_Jé)_l()é + (Q#_la)a (F.102)

We can consider only the second term which is just Q% 1(da). Suppose further that Doa €
ker D_ ~ ker @. Then each term individually has to be in ker d. Since h®3 = 1, we must have

that, up to 0 exact terms
Q7 L(da) = = da = évol (F.103)

for some constants c¢,é. However, vol is not 0d-exact and hence we must have ¢ = é = 0.
Therefore, da = 0 and so [a] € Hg’?’ = 0. Therefore, a is 0-exact and so Doav = DgD_a ~
D_Dya for some a € N*T*.

Now take 8 € A32T*. Here we automatically have 3 = 0 and so [3] € HS’Q = 0. Therefore
3 is D-exact and so Dof8 = DoD_b ~ D_Dgb for some b € A*T*.

Finally, we take v € A®3T* and write this as ¥ = cvol +9v for some constant ¢ and some

Y € A23T*. For any constant, we have Dgy(cvol) = 0 since Dy is built from the compatible
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connection V. Therefore, we have
Do’)/ = Doaw = D()D_¢ ~ D_D()T/J (F.104)

This gives the result. O

Using the results of the previous section on the moduli of a background satisfying the

generalised 90-lemma, we see that the moduli of the Calabi-Yau are given by
H=H} ©HY =H)oHS (F.105)

Note that, since H}) = HY for a Calabi-Yau manifold, this agrees with the result obtained for
the moduli of the Calabi-Yau calculated through a type 0 ECS, as discussed in section 4.3.5.
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Appendix G

Detailed calculation of GMPT

moduli

We have the parameterisation
Ec/Ly=e (L7, @lUs @ S1 @51 @ (AT LY o L7]]), (G.1)
Qg+ xu(r) = e (N2(LY)* @ (S0 @ S_a) ® riAT*)e ™, (G.2)

where we have used AST* ~ AST* @ T. We take x = xo + x—2 € ['(So B S_2), € € F(/\Q(L{’)*)
and © € I'(AST*) and consider the following generic deformation

=S el ] — Ly= ot OnCanin guy), (6.3

where
S =C+8ieMimdy, L =0+l U = (1+ AUy (G.4)

The latter two define a deformed generalised complex structure J<. Note that & = (1+¢#)P_
is indeed the pure spinor associated to L{*. We define p € I'(S2) in the following manner.
Firstly, in what follows we will make the same simplification as in [203] and assumed that the

the generalised complex structure [J_ satisfies the dd”--lemma [280]. For us this will mean that
im d Nker 9 = im d Nker & = im 99, (G.5)

where 9 and 0 are the generalised Dolbeault operators of J_. With this we have

dX) 1 =0 = 0%y = —0%_9
= 6520 =0 (G6)
= 0¥y = 58041

for some ay € I'(S1). We then define

=20+ Oa. (G.7)
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Note that daq is not uniquely defined — the ambiguity is some element of I'(S2) that is closed
under 0. As we will see, this ambiguity can be absorbed in the definition of y. For definiteness,

one can see that the deformation (G.3) to linear order is given by
e+ (Fn+x) +7(0 = (2, 0))le ™™ € N(Qr+xu(). (G8)

It is important to note that this is a globally well defined section of Qp+47 because F is in a
trivial cohomology class. This is guaranteed by the generalised 00-lemma and means that the
gauge potential C' is a global polyform.

We now calculate the conditions for integrability of Lj. Following the results of section

5.2.2, we find that we have integrability only if

€

VA JE
[Ly 7, L1 loe,e) S LY (G.9)
From [165] this implies
dre =0, (G.IO)

where df,: F(/\p(Lf’)*) — F(/\pH(L{’)*) is the differential associated to the Lie algebroid

structure L‘lj‘. This means that ¢ and d commute as operators on S:
0f = ¢#0. (G.11)
Letting S,,, S: be the eigenspaces of S with respect to J_, J¢ respectively, we further require
[A(E + gp+ x +7O)]se, = [A(X + g+ x +7'0)]se, =0, (G.12)

where the notation above means the projection of the polyform onto S, and S¢ 5 respectively.
We will still use subscript indices to denote projection onto S,,. Working to linear order in the

deformation parameters and using the integrability of L3, we find

0=(1+#Z+A)AE+Fu+x+7'0)]_1 — £dS]1 — FAdS] 3
= [dgp]—1 + [dx]-1 — £[dX]s
= O¢pa + Oxo + Ox—2 — #0052 — 0%

, - - , (G.13)
= }2(322 + ;2(88041 — ;2‘822 — ﬁ‘@Zo 4+ dxo + Ox—2
= #0% — 0% + Ox0 + Ox—2
= Ox0 + Ox—2.
We also have
0=(1+£+AAE +ep+x+7'0)] 3 —¢[dE] 1
= [dx]-3 (G.14)

= 8X_2.
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Taken together, we see that the integrability conditions are
dre =0, X0 + Ox_2 =0, Ox—2 =0. (G.15)

We can simplify this further. Using the dd/--lemma we see that we can write dx_s = 00n_1
for some 77— € T'(S—1). Then, defining x¢o = xo + 9n—1, we see that the integrability conditions
become

dre =0, 0%0 =0, Ox—2 =0. (G.16)
Note again that dn_; is only defined up to a term that is O-exact. We will see shortly that
these terms correspond to trivial deformations.

To find the form of trivial deformations we take
V=e(W4cd +U+v+rio+7), (G.17)

where W € F(Lf’), U e I‘(L‘Z{), c e C®°(M),v=vi+v_g+v_g e€T(STd®S1&S_3),
o € T(A’T*) and 7 € T(T* @ ATT*). Then we consider

L= (1+ Ly)Ls. (G.18)
After a lengthy calculation we find that to linear order in V' this deformation is given by
eZ[dU + (dLU)p + (dv)g + (dv) o + ri(de — (2, (dv)o + (dv)_3))]e ™. (G.19)

which is a section of I'(Qg+xu(7)). Here ¢ is a 5-form that depends on o, v and U and is of the
form ¢ = o + f(v,U) where f is some function whose form we do not need. A deformation is

trivial if and only if

e = dLU,

= Ovy + Ov_1,
X0 77/1 V-1 (G.20)
X—2 = aV,1 + al/fSa

O =do.

We can simplify this further using the dd/--lemma. Notice that we can write Ov_3 = 00n_
for some n_ € I'(S_3) and hence x_j is trivial if x_o = d(v_1 +0n_2) = O_1. Moreover, if we
calculate Yo from these we find that Yo = 0 for some 1 € I'(S1). Hence trivial deformations
are given by O-exact Yo and x_o.

All of this shows that the inequivalent deformations are controlled by the following disjoint
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complex

(L) —s A2y —2 s A3 )

Qi
Qi

S > S > S_
' ’ ' (G.21)
S_l 9 4 S_Q 9 4 S_g
ANT* 4y ABT™
and so the deformations are counted by the cohomology
H§, (M) & HJ(M) & Hy*(M) & H§(M,C). (G.22)
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Appendix H

Determinants of Laplacians

In this appendix, we will review some results about Laplace operators detailed in [3], and
[277,292] for G2 manifolds.

Throughout chapter 6 we use the (-regularisation method. concretely, take a positive oper-
ator D on a real bosonic space V' with inner product (-,-). Say the spectrum of the operator D
is

A={an|n=1,2,3,...} O0<ar <az<asz<.. (H.1)

we define the (¢ regularised) determinant of D to be the zeta regularised product of the spec-
trum. That is
/ D¢ el?Po = (det' D)~ Y2  det' D := e5a®) (H.2)

where, for large re(s), the (4 function is defined to be

=1
> —~ (H.3)
n=1 "

and is defined for arbitrary s € C through analytic continuation. (’; denotes the derivative of
(4 with respect to its complex argument, whereas det’ denotes the ¢ regularised determinant.

172 Moreover, if the space is

If the space V is fermionic then we instead get a factor of (det’ D)
complex then we get an exponent of 1 rather than 1/2.

We can make a slight generalisation of this following [3]. If w : V' — W is a linear map
between two real bosonic vector spaces V, W, each with an inner product denoted by (-, -), then

we can define the determinant of w via
/ DDy e!®Y) = | det’ w|™V2  |det’ w| = y/det’ (wiw) (H.4)

where w' denotes the adjoint operator under the inner product (-, -). We can use these properties

to determine identities of Laplacian operators on different manifolds.
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H.1 Riemannian Manifolds

The Laplacian of the de Rham operator is defined to be
A =d'd+ddf (H.5)

We will add a subscript to denote the degree of the form that this operator is acting on. So we
write
Ap=dl, dp,+dp1df (H.6)

Note that, in general, there are 0 modes of d,,, d;,, and A, and so we assume they are acting on the
quotient spaces QP(M)/HP(M)! so that we can properly define the (-regularised determinant.

The adjoint is defined with respect to the usual inner product on differential forms

(0, B) = /Ma A%B (17)

where * is the Hodge operator defined with respect to some predefined metric g.
Using the Hodge decomposition theorem, one can write the quotient space QP(M)/HP =
dp 1 QP Y(M) @ d;HQpH(M). Then the Laplacian decomposes into

Ap="Dp+ A5 where A, =dyd] Ar=dl,d, (H.8)

where A, A% is non-zero only on d, 197~!(M) and d;r) QP (M) respectively. From these

definitions we see that

| det’ dp| = (det’(,))"/? (H.9)
det" A, = det’ Ay, (H.10)
det’ A, = (det”Ay)(det” A¥) (H.11)
det’ A, =det’ A, (H.12)

where the last identity follows from Hodge symmetry induced by *, and where n is the dimension
of the manifold.

H.2 Calabi-Yau Manifolds

We will focus on Calabi-Yau 3-folds as those will be the ones of interest to us in this thesis. We

can define a Laplacian with respect to the two Dolbeault operators 9,0 by
Ay =03d0" +9'0  Np=039"+9'0 (H.13)

It turns out that, for a Kdhler manifold we have

1
Aj =Dy =504 (H.14)
'We may need a slightly different quotient given by QP (M) /8 soq OF QP (M) /QF 1oseq if We are talking about
just d or df.
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Hence, we will freely refer to each of these as A without confusion. Moreover, these map
OPUM) — QP9(M) so we will again denote the restriction of A to Q”9(M) by A,,. Again,
one actually needs to consider the quotient QP¢(M)/HP to properly define det’.

Many of the same identities hold as above. However, since we have two operators 9, d, each
obeying a type of Hodge decomposition theorem, we can refine the Laplacians further. Let us

first define some notation.

oOPa—1 —e )p.a oOr—La — Qp.ae
_ (H.15)
atqQratl — Qb1 otQrtla —, Qpra
We can then further define
Q=0na° Q= QN0
o (H.16)
() =N, 2 Qe =0Q*NQ,
We then have QP4/HP1 = Q) @ oQ @ Q @ Qe and the Laplacian decomposes as
Apg=Apg+elpg+Apge+L,, (H.17)
= det’'A,, = (det’ A, )(det” o Ay )(det’ A, )(det” A, o) (H.18)

Following [3], there are many identities between the different values of the determinants of the
operators defined above. In fact, there are only 3 independent values that these can take. These

are given by

A = det ! Ao’o = det'A(],g = det,A3’0 = det'A373 (H.19)
AB = det ! ALQ = det/AZo = det,Ao,l = det/A(LQ (H_QO)

= det ! A3’1 = det'A372 = det,Al’g = det/A273
ABQC = det ! A1’1 = det/ALQ = det,AQ,l = det/AZQ (H.21)

One can even express det’ of each of the suboperators defined in (H.17) as one of A, B,C.

However, we won’t do so here. It follows from using (H.18) and the identities above.

H.3 Gy Manifolds

On a G manifold, one can decompose the differential forms into irreducible G representations

as follows.

AT* = AJT* (H.22)
ANT* = NG T (H.23)
N2T* = N2T* @ N3 T (H.24)
NT* = N§T* @ N3T* @ N3, T* (H.25)
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Here, the bold subscript denotes the Gy representation, and they are given more explicitly
in appendix J. We also have the same decompositions for forms of degree 4,5,6,7 by Hodge
symmetry. As is noted in [85], the de Rham Laplacian preserves the Gg representation meaning

we can decompose

Ao = Ao (H.26)
Ai= A (H.27)
Ay =Ag7+ Ag1g (H.28)
Az =A31+ Qg7+ Agor (H.29)

The precise decomposition is given in a lot of detail in [277, Tables 1,2,3] Moreover, as is

highlighted in [292], the determinant of the Laplacians is constant on representations meaning

det’ Agq =det’ Agq =det’ Ay ( )

det’ Ay 7 =det’ Agr =det’ A7z =det’ Ag ( )
det’ Ag 14 = det’ Aqy (H.32)

det’ Az o7 = det’ Aoy ( )

and similarly for the Laplacians on forms of degree 4,5,6,7.
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Appendix 1

The Metric on the Space of SU*(6)

Structures

.1 Metric on TQu-(6)xr+

We have a Calabi-Yau manifold (M, p,w), where p € Q3(M)g defines the SL(3,C) structure
and is the real part of the holomorphic 3-form €. The imaginary part of {2 is p and these satisfy

the following useful identities

p#ap =4 pap =4
gp ajp =21 3p% ajp =21
pAp=4vol p7op=0 )
gptajp=—2  jp*ajp=2I ‘
P avol = p 7 avol = —p
vol# up = —p# vol# ip = p#

where I is the identity endomorphism on 7', and [ is the complex structure on 7" induced by p.
The SL(3, C) structure that p induces defines a reduction of the exterior algebra into irreducible

representations. In particular we find

/\3T* ~ /\3,0T* D /\2,1T* e /\1,2T* e /\0,3T* (]:2)

NST* o ABST (L3)

We can translate this into the language of exceptional complex structures in Egg) X RT
geometry via the following assignments

. ~ 1 1
X:elp.l J:—*p-i-*p#

T (L4)

Using this structure, we can decompose the adjoint bundle into eigenbundles of J. We find

ad F(C =5 9285 1H5 5 dad P]R"’XU*(G) (L.5)
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where S, is the ni-eigenbundle. We have

S o {a(%[ —p+p* — Lvol—ivol*)|a e COO(M)} (L6)
Sov = {8+ 21+ p+p#)| B e C=(M)}

& {(p+ p* + 2ivol ~2ivol#) |y € C=(M) }
o
o {

We can consider the adjoint orbit of J , at one particular point on M. The tangent space at

10 136 + 6 — ivol# 5|6 € Q21 (M )}

130 Jj6+6+iVOl#J6|€€Ql’2(M)}

J will be spanned by the elements
T5Qux(6)xr+ = [S+2 @ S+1 D 51 © S_2r (1.8)

where the subscript R means the real part of this vector space. The grading provides a natural

complex structure J on this vector space given by

T5Qu=6)xr+ = (S42 @ 511) B (S-1 & S-2) (1.9)
5 Hi

Note that J has the opposite sign conventions to J. This is to ensure that X, which is charged
+2i under J, is left invariant by antiholomorphic transformations (i.e. those charged —i under
J). There is also a natural symplectic structure on the space of adjoint orbits given by the

Kirillov-Kostant-Souriau symplectic form
wiX,Y)=-Te(J,[X,Y]) X,V € T;Qu:()xr+ (1.10)
We can use this and the complex structure to find a hermitian metric on T5Qu«()xr+ via
J(X,Y)=—Tr(J,[X,TY]) (1.11)

We will now calculate this explicitly.
Let a € S_9, b,c,d,e € S_1 represent elements in each of the sets decomposing S_1,5_5 in
(1.6), (I.7). Then we have

gla,a) = —Tr(J, [a, —ia)) (1.12)
—iaaTe(J,[A1 — p+ p* — dvol =L vol#, —i1 — p 4 p# + Lvol +1vol#])  (1.13)
= SiaaTr(—p+ p?, ... + 4ip — dip* + ...) (I1.14)
= —aa(p™ ip+ p p) (1.15)
= —8aa (1.16)

G(b,b) = —Tr(J, [b, —ib]) (1.17)
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=iB8T(J,[§ + 51+ p+p", =5 = FL+p+p7)) (1.18)
= §1BBTr(—p+p o — dip + dip? 4 ) (I.19)
= 2885 (p* 2p + p* 1p) (1.20)
=838 (1.21)
g(cv E) == TI'(j, [C7 _ié]) (122)
= ivy Tr(J, [p + p% + 2ivol —2ivol#, p + p# — 2ivol +2i vol#]) (1.23)
= Sy Tr(—p + p¥, ... — dip + 4ip? + ...) (1.24)
= v(p*2p + o7 1p) (1.25)
= 8vy¥y (1.26)
g(d,d) = —Tr(J, [d, —id]) (1.27)
=iTe(J, [35Q% 156 + 6 — ivol# .8, —4jOF 1j6 + & + ivol¥ Ld)) (1.28)
= 3 Te(—p+ p?, ..+ S(IQF 156) - 6 + $(jQ50) - 0 (L29)
+ 3(50% 136) - (vol? 18) + L(j# 1j6) - (vol# 18) + ..) '
= ivol® (6 A ) (1.30)
gle,&) = —Tr(J, [e, —ie]) (1.31)
= 1Tr(j (1) Q7 Jje + e +ivol” e, —%jQ#_njEjL € —ivol” ) (1.32)
= 3Te(—p+ p?, ..+ S je) - e+ 1 (O Lje) - € (L33)
— 1(jQuje) - (vol* L&) — 3(jje) - (vol Le) + ...) '
= —ivol” (e N E) (1.34)

It is a simple check to see that this metric has complex signature (14, 7)

.2 Metric on T, Zgy~ )

What we would really like to calculate is the metric on T XZSU*(G)I. We can find this by first
finding the metric on T\ Qsy=(), and then extending. The space Qsy+(s) is a complex cone
over Qu=()xr+ S0 we need to find the metric on the remaining C* part of the adjoint action

generated by J,RT. Schematically, the metric on T Wsu=(6) is given by
ds? = dzdz + \ds% (1.35)

where dz is some holomorphic cone direction given by a combination of J and R, ds%( is the
metric g on the base, and A is some relative constant.

We can write the (complexified) tangent space at a point in terms of an (anti)holomorphic

1This is the metric on the space of global SU* (6) structures at the point x € Zgy«(6) corresponding to the
Calabi-Yau.
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basis

2i . 2 N
T\ Qsu6) = ((—311 + J) ©511 O S+2> ) <<+311 + J> ®S_ 1 S_2> (1.36)

—i +i

where 1 is the generator of the RT action (so 1-x = 3x). The underbraces provide the complex
structure Z on the tangent space. Note that we have an explicit metric on T\ Qgy+(6) evaluated
in det 7™ found in chapter 4. It is given by
(3T (T8) 0 - 3 T8 v )
Tr(xx)/2 \ 2 2 ’
LT ((Z8) D) Tr (o %) 1T (0%, 1) Tr (x, (Z8) - %)
4 Tr(xx) 4 Tr(x¥) )

G(Oé, ﬁ) =
(1.37)

where «, 8 are tangent vectors viewed as adjoint elements.
To calculate this metric, we need the following results. If we take z = %il + J to be the

holomorphic cone direction then we have

z-x = 4ix z-x=0 (1.38)
Zox = zZ-x =—4 (1.39)
We also have
I-x=T-¢e”-1 (1.40)
11

=1I. <Z% m(ip)”) (1.41)

1 .
=> —I- (ip) (1.42)

n=0
4

=3n,. .,

=3 =ip) (1.43)
n!
n=0

1

= —3ip (Z m(ip)") (1.44)
n=0

1
= —3ip- (ZO m(ip)") (1.45)
= —3ip-x (1.46)
I-x=3ip-x (1.47)

Note also that since Tr is an Eg(g) invariant, we have the following.

Tr(x, x) = Tr(e”, e ™) (1.48)
= Tr(1,e 2°) (1.49)
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=Tr <1, (_21)4p4> (1.50)

41
2 4
=3 Tr(1, p%) (I.51)
Tr(p-x,x) = —Tr(x,p- X) (1.52)
Tr (1,e —iP peiP ?) (1.53)
Tr (1, (1—ip— 30"+ §07)p(1 —ip— 30" + §07)) (L.54)
"
- Ty < 31 p4> (L55)
= —2iTr(x, X) (1.56)
Tr(x, p- x) = 21 Tr(x, X) (1.57)
Tr(p-x,p-X) = = Tr(x, p* - X) (L58)
= —Tr(1,e *p?e ) (1.59)
= —Tr(L,(1—ip—3p")p*(1 —ip— 3p%)) (1.60)
= Tr(1,2p) (1.61)
= 3Tr(x. x) (162)
We want to calculate G(p, p). To do this we need to find what Zp is. We write
1 1
p=5lp+p") = S(=p+p")
1 4 1 4i 2
=4G+ﬁ+;+3®+40+ﬁ—;—;®
(1.63)
1 21\ 1 2
_i(_ A N #_ 1
(et 3) -1 (oo -3)
= b(3) +b(3) — 2(3) — 2(3)
= Ip=ib(3) —ib(}) —iz(3) +12(3)
NIRRT
“2\373) 2\3 (I.64)
1
= (141
31+D
1
= (Zp) - x=—5(1+1)-x
1
= —-(3 = 3ip)x (1.65)
3
=ip-x—x
= (Ip)-x=-ip X —X (1.66)

where the numbers in the brackets correspond to the value of the coefficient in from of the
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corresponding term in Ty Qsy+(6). Using this, we can now calculate

i

1 R B _
G(p,p)z)1/2(2Tr(p‘x7—1p‘x—x)—2Tr(1p'x—x,p-x)

Tl , ) ) ) e
1Tr(ip-x—x ) Tr(x.p-X) 1Tr(p-x,X)Tr(x,1p-xx)>
4 Tr(xx) 4 Tr(xx)
1 i i
= T2 (TY(P : X:P X)) =5 T ‘XJ_C) t3 Tr(Xf' X) .
- ;Tr(p : X’Tﬁfigx’p 0 iTr(x,p X+ iTr(p : x»‘c))
= ! 3Tr(xx L Tr(xx L Tr(xyx) — 2Tr(xx 1.69
~ e (37000 = T = § ) — 2 ) ) (169)
=0 (1.70)
However, we can also express G(p, p) in another way.
Glp,p) = GO +5(3) — 2(3) = 2(1),b(1) + 5(3) — 2(3) — 5(}) (L)
= 2G(b(1),b()) +2G(2(7), (7)) (L72)
= g0, b(1) + 26(:(1), 2(1) (L.73)
=X +2G(2(}),2(2)) (L.74)
~0 (1.75)
A= —26(2(1), 53) (176)
However, we can calculate G(z, z) directly. We have
= (I Sz - PTv(cisevze§
G‘%Z>—'T4Xx>uz<2”Ff_ VD) o
1Tr(—iz-x, x) Tr(x, 2 x)  1Tr(z-xx) Tr(x, —iz- x))
4 Tr(xX) 4 Tr(xx)
b (Y iy gy - 2T (00 Tr O —4X)
= g (a0 - R e
1 _ _
= W <8 Tr(xx) — 4Tr(xx)> (I.79)
= 4Tr(xx)"? (1.80)
Hence we have
A= —% Tr(xg) "2 (L81)

This gives us the metric on Ty Qsy= (). Of course, what we need is the metric on Ty Zgy~(5) but
this is obtained by integrating G over the manifold.

Q@MZAQ%@ (182)
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I.2.1 More useful Form of the Metric

We can rewrite this metric in a form more suitable to performing path integrals to calculate
1-loop corrections. We have the freedom to rescale x by some constant. We can therefore choose
X such that

Tr(xx)"? = vol (1.83)

where vol is the volume form defined by p. With this choice, we find that we can write the

metric as
G(z7) = | Cpnp (1.84)
M
G(a,d) = / adp A (1.85)
M
G, ¥)=— [ BBoAp (L86)
M
6cd) =~ [ Wons (1.87)
M
Gd,d)=—= [ A% (1.88)
2 J/m
G(e, &) = l/ eNe (1.89)
2 m
where we have added an arbitrary function in the cone direction z = ¢ (%1 +J).
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Appendix J

The Metric on the Space of SU(7)

Structures

J.1  Metric on T;Qu7)xr+

We have an almost Ga-manifold (M, ¢) where ¢ € A3T* and M is a 7-dimensional manifold. ¢

is a stable form in the sense of Hitchin [294]. It also satisfies the following

(va@) A (wap) A ¢ = 6g4(v, w)Volyg VoweT (J.1)

and hence it defines a canonical metric g4. There also exists an orthonormal frame el ... el

such that ¢ takes the canonical form

¢ = 123 _ QM5 _ 16T _ ;246 | 25T _ 347 _ 356 (J.2)
With this, one can see that we have the identities
oTap=T7T o ijp =3I (J.3)

The group that preserves ¢ is G and hence we can decompose the spaces of differential forms

in 9 irreps. We have

AT* ~ AT (1.4)
AN2T* ~ N2T* @ N3, T (J.5)
N3T* ~ NST* @ AST* @ NS, T (J.6)
where
ANT* ~ {va¢ | v e T} (J.7)
AT ~{a | aA*p =0} (J.8)
T = (9) (1.9)
AT* ~ {vi(x¢) | v € T} (J.10)
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NoT* ~{B|BANGp=0 BAxp=0} (J.11)

and similarly for the others via APT* ~ AT7PT*,
We can translate this structure into the language of exceptional complex structures with

the following definitions
=€ 1 J=—¢+¢" (J.12)

We can decompose both the complexified generalised tangent bundle and adjoint bundle E¢,

ad F¢ into eigenbundles of .J. The decomposition works as follows.

Ec~FE 3@ FE10FE 19 FE_3 (J.13)

We find that
Ei3~e?.T (J.14)
Einn~FEnr®Ei (J.15)
= {v + éi(zugb) + é(mgb) Ao+ %ijd) AP A (vag)|v e T} (J.16)
O {w+iwA¢|we ALT*} (J.17)

For the adjoint bundle we have

ad Fp ~ S44 & S40 ® S_o ® S_4 ® ad(Py(7yxgr+) (J.18)

where
S_y =~ {jl(jqﬁ#_:ja —ja”2j¢) +a+ %gf)/\ a—a” + %qf)# Aa|a € /\?T*} (J.19)
S o9~8 01 ®S 27® S 297 (J.20)
:{k<?+2;}1+¢+¢#>|ke]12{} (J.21)
@{b+;¢/\b+b#—;¢#Ab#|be/\§T*} (J.22)
@ {;(jgb#_nijch#_:jd))+c+c#|c€ /\§7T*} (J.23)

where I = idp.
We can then consider the adjoint orbit of J at a point on the manifold. The tangent space

at the point will be spanned by the elements
TiQuryxr+ = [S14® S12® S 2 ® S 4]r (J.24)

where the subscript R means the real part of this space. Note that the grading provides a

260



natural complex structure J on this tangent space given by

T1Quryxrt+ = (S+4® S12) ® (S—2 @ S_Q)J (J.25)

—i +i

Note that J has the opposite sign convention to J. This will ensure later that ¢ (which is
charged +7i under J) will not transform under antiholomorphic transformations (those charged
—i under J).

We also have a natural symplectic structure on the tangent space given by the Kirillov-

Kostant-Souriau symplectic form
wi(X,Y)=-Tr(J,[X,Y]) XY € T;Quryxr+ (J.26)
From this we can find the metric on T;Qp(7)xr+ via
(X, Y)=-Tr(J,[X,TY)) (J.27)

We will now calculate what this is explicitly.

First we will introduce some notation for the elements of T;Q(7)xr+. We will write

702
TiQu(ryxr+ = <U1 =k(¢p+¢%), up =k <3 + 3]1)
1 1
v =b+b", vy ==-pAb— =g ANbT
2 2 (J.28)
wi = et ¥, wy = S(jo7 Jje+ jet 1jo)

1 1 1
1 =a—a", z9= Z(jqb#_nja — ja® 1j¢) + qu/\ a+ qu# A a#>

where we have used the same notation as in (J.19)-(J.23). Note that with this notation we have

Jur = —ug Jug = w
Ju1 = —vg Jva =1 (J.29)

Jw; = —wy Jwa = wy

Jx1 = —12 Jxa =21

Using the formula for the bracket and trace from [187] we have
g(ula ull) = —T‘I‘(J, [u,b _UIZ]) (J3O)
= Tr(J, 2kk'¢ — 2kK ¢7) (J.31)

1

= —2§kk’(—2¢#4qﬁ) (J.32)
= 2kK' (¢, ¢) (J.33)
g(ug, up) = =Tr(J, [ug, u1]) (J.34)
= Tr(J, [u}, us)) (J.35)
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= 2k (¢, &) (1.36)

g(v,v)) = —Tr(J, [v1, —v}]) (J.37)
— (), —%b#_n(d) A — %(qb# A D)D) (7.38)

= 55 (20726 A1) — (6 AH#)0)0) (1.39)

= 2(b,¥) (J.40)

G(va, vh) = —Tr(J, [vg, v]) (J.41)
= Tr(J, [v],v2]) (J.42)
=2(b,V") (J.43)
g(wr,wy) = =Tr(J, [w, —w))) (J.44)
= Tx(J, ~3 (6% 3¢ + j¢* 1j6) - (c + ¢*) (3.45)

= SO s + e 4j6) ) — (6% sic + ¥ o) *)6)  (1.46)
=2(c,c) (J.47)

G(wo, wh) = —Tr(J, [wa, w]]) (J.48)
= Tr(J, [w}, ws)) (J.49)
=2(c,d) (J.50)

g(z1,2)) = —Tr(J, [x1, —2)) (J.51)
= Tr(J, %(—(m#ga’ —ja'? 3j@) - a+a u(p Ad) (J.52)

+ (o™ sja’ — ja'* 1j¢) - a¥ + (o7 A d'T)La)) (J.53)

= 21O (6* a’ — ja 1j6) - @) + ¢* (¥ Ao A ) (354

— ((j¢7 yjd' = jd* 1jg) - a¥)a¢ — (6% A a'¥) a)9) (J.55)

— 4 <a’a/> (J.56)

G(za, 25) = —Tr(J, [x2, 7)) (J.57)
= Tr(J, [x], x2]) (J.58)

= —4(a,d’) (J.59)

Here the (,) is an inner product on A3T* and is given by

1 *
(n,n') = gnabcm’zbc n,1 € A3T (J.60)
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The indices are raised and lowered using the metric g4 defined by ¢. One can show that these

elements are orthogonal in the sense that
(i, vj) o 8,0 (J.61)

where pu, v = u,v,w,z and i,j =1, 2.

J.2  Metric on T, 2

Of course what we really need for the calculation is the metric on the space T, Z. However,
using the fact that Qgy(r) is a complex cone over Q(7)xr+, we only need to find the metric
on the remaining C* part of the adjoint action generated by J, RT. The metric on T,,Q su(7) is
schematically given by

ds® = dzdz + \ds? J.62
X

where dz is some holomorphic cone direction given by a combination of the J and RT action.
ds%( is the metric g generated above and, A is some relative constant.
First note that the (complexified) tangent space at a point is spanned by the following

adjoint elements.

i i
TyQsu(ry = ((—311 + J) ®S2® S+4> @ <<+311 + J) ®S_2D S_4)

—i +i

(J.63)

where 1 is the generator of the R™ action. The underbraces provide the complex structure Z on
the tangent space. We have an explicit metric on Ty Q gy (7) evaluated in detT™ [1]. For vectors

a, 8 we have

P ] ]
Gla, B) = s ——5 | isla-¥,(Z8) -¢) —is((ZB) - ¢, a - )
3 (is(w, )" < (J.64)
_ 2is(a v, 9)is(, (ZB) -¢) | 21s((ZP) -, ¥)is(¥,a - ¢)>
3 is(1), ) 3 is(1), 1))

where « - 1) means the action of a on v, viewing it as a section of the adjoint bundle. (In the
generalising G2 paper we wrote this as 1,0t.) As before we will introduce notation for some
of the tangent vectors. The tangent space will be spanned by w1, ug, v1, vo, w1, W, 1, T2, Y1, Y2,

where everything is as in the previous section and
7
n=J y2= 31 = Tyr = —Yy2 (J.65)

To calculate G we will need the following results. By definition of ¢ and the R™ action we

have

—

<
I
\]

<

(J.66)

o
<
I
-
<

(J.67)

wWlgwl 3
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We also have

Note also that s is Fy(7) invariant, and ¢ commutes with itself. Hence we can see that

8<'¢7 ¢) - s(ei(bv e_i¢)

8(¢7 'wa 77;) =

s(¢-1,¢-1) = —s

= s(1,

:5(

27

—2i¢)
27(—

J

rs(1,07)

')

—5(% ¢ ! QZ))

/)

= —5(c, 6%
1,¢-e%9)

= —5(

:_S< 26(

6

ast ¢7)

25
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(¥, ¢* -
—s(1, ¢%e 3

:_S< 25(

75(1,67)

')

)

—i)

')

)

(J.68)

(J.69)

(J.70)

(J.71)

(J.79)
(J.80)
(J.81)

(1.82)
(1.83)
(J.84)

(1.85)



76 (27

=53 (7! 5(1,¢7)) (J.90)
76, -

= 5550, 0) (3.91)

We can now use these to calculate what the metric is. Note that we can calculate the metric

directly in some cases. We have

. 1 ) )
Glyy) = 3575 (is(yl =y ) —is(—y2 - Y, y1 )
3 (13(% w))z/g - - - - (J92)
_ gis(yl . sz)v ¢) iS(fb? —Y2- 71[}) + gis(_yQ . 77[}7 ¢) 1§(¢, Y1 - QZ)))
3 is(¥, ) 3 is(¢), )
i 1 ( . o .
= -———— | is(TiY, —=TY) — is(=Ty, —Ti))
 2is(Ti, 9) s, —Th) | 2is(=Tw, D) is(v, —m‘»)
3 is(y), ) 3 is(¢, )
i 1 ~ 2985(¥,1) S(@/mﬁ))
= (98s(4, ) — % - .
3 (is(w, ) ( W) = ) (9.94)
= Dlis(y, ) (J.95)
G(y2,y2) = G(—=Ty1, —Iy1) (J.96)
= Gy,m) (J.97)
= Tlis(y, ) (7.95)
Now we need to find the constant A\. To do so we will calculate the following
G(¢,2¢) = G(¢, (¢ + ¢%) = (=6 + ¢7)) (J.99)

= G(¢, Uy — yl) (J.IOO)

1 1 . - . -
3 (is(w, )" <18(¢ s (—ug +y2) - ) —is((—u2 +42) - ¥, 6 - )

_ 2i8(@-y, 9)is(¥, (Cuatyp) ¥) | 2is((cuz +yp) ¢, P)is($ ¢ &))
3 (is(¢, b)) 3 (is(,9))
(J.101)
But —us + 1y = —%H and so
1 1 . 2 - . 2 -
G(¢,29) = 3W<15(¢ 1, —gﬂ ) — 15(—§H P, b)) 10

_ 2is(@- ¢, 9)is(Y, —31-9) | 2is(=51- 4, ¥)is(y, ¢ z/7)>
3 (is(v, ¥)) 3 (is(v,v))
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1

= is(¢ ¥, 216 - ) — 15216 4,0 - V)
3 (is(y, w))z/ ’ (

_ _ (J.103)
is(¢ - ¥, ) is(¢h, —2i¢ - Y) +215(21¢'¢7¢)i§(¢7¢‘¢))
3 (15(1# @Z))) 3 (is(%w))
i . Bis( D) s(0. 6 )

pew))) (@105

3 (is(0, ) 3is(y,9) \ 2

- ;’(15(¢,1@Z))2/5 425 (1), ) — ?s(w,qp)) (J.106)
= %(is(w,&))“?’ (J.108)

But we can also evaluate this via
G(6,20) = LG((6+6%) — (~0+ %), (6-+ %) — (~0 + 7)) (7.109)
= SG( — g1, — 1) (3.110)
- %G(ul,ul) + 56 m) (3.111)
1Ag+ 5 (is(v, $)"? (1.112)
gD (1s(¢ $)"? (1.113)

So we have

( )1/3 (iS(@D, o) (J.114)
- %( R (J.115)
= A= (is9)" (7.116)

This is the metric on the cone at apoint T,Qsp (7). Of course we need the metric on T}y Z but

this is obtained by just integrating over the manifold

G(a,B) = /M G(a, B) (J.117)

J.2.1 More Useful Form of Metric

We can write this in a form which will be more useful for the quantization later. By definition,

for any 3-forms 7,1’ € A3T* we have

{(n,n') Volg =n A *n (J.118)
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So we have
20, N\ *ny, b=V =uv,w 1=7

g(,u,-, I/Z‘)Vold) = _477M AN*xny, H=v==z 1 :] (Jllg)
0 otherwise

where 7,7, are the 3-forms labelling ;, v; respectively. Note also that
(is(t, 1)) ""* o Vol (3.120)

We have the freedom to rescale 1 by some constant and so we can choose it such that

G(ui, Ul~) = —5Z-j k‘k‘/qb A x¢ (J.121)
M

g(?}i, ’Ué) = _5ij b A b (J.122)
M

G(wi, wj) = =bij | cAxd (J.123)
M

G(xi, x) = 5ij2/ a A xad (J.124)

M

G(lys, l’yj) = (5@'21/ llld) A *¢ (J.125)

M

I get 7/3 for the I’ coefficient - which I think is what you get too. Typo? where k, k', 1,1 €
C>®(M) and a,b,c € T(A3T*) as defined in (J.19)-(J.23). Any other combination of u, v, w,z,y
will be 0. To get this we choose the scaling

1/3 3

(is(y, )" = iVolqg (J.126)
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