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Abstract—We introduce a novel, efficient computational method,
ZEUS, for numerical optimization, and provide an open-source
implementation. It has four key ingredients: (1) particle swarm
optimization (PSO), (2) the use of the Broyden-Fletcher-Goldfarb-
Shanno (BFGS) method, (3) automatic differentiation (AD), and
(4) GPUs. Our approach addresses the computational challenges
inherent in high-dimensional, non-convex optimization problems.
In the first phase of the algorithm, we get a potentially good set of
starting points using PSO. Thereafter, we run BFGS independently
in parallel from these starting points. BFGS is one of the best-
performing algorithms for numerical optimization. However, it
requires the gradient of the function being optimized. ZEUS
integrates automatic differentiation into BFGS thus avoiding the
need for the user to calculate derivatives explicitly. The use of
GPUs allows ZEUS to speed up the calculations substantially. We
carry out systematic studies to explore the trade-offs between
the number of PSO iterations taken, starting points, and
BFGS iteration depth. We show that a handful of iterations
of PSO can improve global convergence when combined with
BFGS. We also present performance studies using common test
functions. The source code can be found at https://github.com/fnal-
numerics/global-optimizer-gpu.

Index Terms—numerical optimization, parallel computing,
swarm intelligence, automatic differentiation

I. INTRODUCTION

A wide range of domains make use of numerical optimiza-
tion, including particle physics simulations, machine learning,
and financial modeling. Multidimensional non-convex global
optimization can be difficult due to a number of reasons. One
of these reasons is that the solution space grows exponentially
with the dimensionality of the function being optimized.

The classical sequential numerical optimization algorithms
start from an initial “guess” and then use the function gradient
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to move in the direction that reduces the value of the objective
function. However, such conventional optimization techniques
often fail to navigate complex landscapes with many local
minima or narrow valleys where the gradient is close to
zero. Purely gradient-based methods like stochastic gradient
descent [Ketkar(2017)], mini-batching [Li et al.(2014)], [Singh
et al.(2024)], and stochastic variance-reduced gradient [Reddi
et al.(2016)] get stuck in flat regions or local minima when
dealing with non-convex landscapes.

To tackle difficult landscapes with many local minima, the
particle swarm optimization (PSO) method has been widely
adopted for its ability to handle global searches by exploring
multiple regions of the hyperspace. However, PSO by itself
struggles with problems with flat regions.

The use of graphical processing units (GPUs) has become
popular in parallel computing, as they can run thousands of
computations simultaneously. Parallel computing approaches
have been proposed that distribute the computations of the
gradients [Zinkevich et al.(2010)].

This paper investigates how parallel computing on GPUs can
improve non-convex global optimization strategies. We propose
a novel, GPU-based global optimization algorithm named ZEUS
that combines the particle swarm optimization (PSO) with
popular quasi-Newton optimization (BFGS) [Broyden(1970)],
[Fletcher(1970)], [Goldfarb(1970)], [Shanno(1970)]. Addition-
ally, the method provides a built-in forward-mode automatic
differentiation (AD) library, thus avoiding the explicit calcu-
lation of gradients needed in the BFGS method. We propose
an approach that initializes the optimization from a multitude
of random starting points in multidimensional solution space,
utilizing GPUs to concurrently execute the BFGS optimization
algorithm using forward-mode AD. Our contributions are
summarized below.

e We provide a parallel multistart optimization algorithm
with automatic differentiation that combines the advan-
tages of the PSO and BFGS methods as well as automatic
computation of AD for accuracy and ease of use.

e Our CUDA C++ implementation of the algorithm pro-
vides a 10- to 100-fold speedup compared to our serial
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implementation.

« We provide insight into the trade-off between the number
of PSO steps taken and the number of optimizations run
concurrently through our extensive studies.

Our extensive experiments not only confirm that a handful
of PSO iterations can boost global convergence rates, as shown
in Figure 3, but also reveal hyperparameter trade-offs for
different functions. We further discuss limitations like the
failure condition on functions like the Ackley function with
discontinuous gradients. We outline future plans to reduce
computational complexity in the parts of the algorithm that
dominate runtime.

The rest of the paper is organized as follows: In the next
section, we present some background and previous related
work. In Section III, we present the sequential ZEUS algorithm.
Section IV presents the parallel version of the algorithm.
Section V presents our experiments and results. The last section
discusses our results and observations as well as future work.
In the next section, we present the background information
and the related work to our approach, where we discuss each
component of the algorithm, including multistart and swarm-
based algorithms, BFGS with AD, and GPUs.

II. BACKGROUND AND RELATED WORK

Stochastic multistart and evolutionary algorithms, where the
optimizer starts from many points, are not a new concept.
The earliest strategies date back to the 1970s, the first
multistart method, which proposed the idea of launching many
optimizations from many different points to improve the chance
of finding the global optimum [Goldstein and Price(1971)],
[Boender et al.(1982)] and was later implemented as GLOBAL
[Csendes(1988)].

The PSO method is widely used in the literature to improve
global convergence. [Li et al.(2011)] combined PSO and BFGS,
but run on a CPU and do not leverage automatic differentiation
or parallel GPUs. Other approaches used a two-phase global-
local scheme, but neither used PSO nor BFGS, nor AD
[Ferreiro et al.(2019)]. Similarly, [Barkalov and Gergel(2016)]
implemented a GPU-based global search by space-filling, but
no PSO, BFGS, or AD was used. Our unique combination is
the first C++/CUDA-based library to integrate:

« global search with PSO

e local refinement via BFGS

« automatic differentiation for gradient calculation
o massively parallel GPU

The well-established BFGS algorithm that originates
from the works of Broyden [Broyden(1970)], Fletcher
[Fletcher(1970)], Goldfarb [Goldfarb(1970)], and Shanno
[Shanno(1970)] uses quasi-Newton updates to approximate the
Hessian and typically converges in fewer iterations than first-
order methods. [Pu and Yu(1990)] showed that BFGS combined
with a Wolfe line search enjoys global convergence properties
even in moderately high dimensions, further motivating its
application to non-convex problems.

A major challenge with gradient-based methods, however,
is the need for accurate derivative information. Manual deriva-
tion is error-prone and often impractical for complex, high-
dimensional functions. This is where AD becomes invaluable.

A. Automatic Differentiation

In recent years, AD has gained widespread attention, not only
in machine learning but also in scientific computing [Hueck-
elheim et al.(2023)], [Baydin et al.(2018)], [Biicker(2006)],
[Margossian(2019)]. AD is attractive because it provides more
accurate derivatives with minimal overhead without the need
for the user to provide manual derivation of the gradient
of the objective function. For instance, [Zubair et al.(2023)]
implemented a forward-mode AD technique on GPUs for com-
putational fluid dynamics, achieving performance close to the
hardware’s peak throughput with higher accuracy than manual
derivative calculation. Likewise, [Grabner et al.(2008)] used
AD for 2D/3D registration on GPUs, addressing challenges in
medical imaging.

Recent advances have further accelerated AD on GPUs using
modern compiler techniques. Google Brain’s JAX framework
[Bradbury et al.(2018)] offers a user-friendly, NumPy-like in-
terface that supports just-in-time, or JIT, compilation and GPU
acceleration while providing robust automatic differentiation.
However, their implementation is not accessible within user-
defined GPU kernels. Despite these advances, most available
AD libraries, such as those in DLib by [King(2009)] or the
Stan Math Library [Carpenter et al.(2015)], still predominantly
target CPU execution.

B. Swarm-Intelligence Algorithms

Another type of multistart algorithm related to our work is
Particle Swarm Optimization (PSO), first proposed by Kennedy
and Eberhart [Kennedy and Eberhart(1995)] then later improved
by Shi and Eberhart [Shi and Eberhart(1998)] and further
stabilized by Clerc and Kennedy [Clerc and Kennedy(2002)].
It was introduced as a population-based stochastic optimization
technique inspired by social behaviors in animals. PSO algo-
rithms use many particles that move toward promising regions
in the search space based on information shared between the
particles [Kennedy and Eberhart(1995)].

Different variants of the PSO algorithm have been devel-
oped [Jain et al.(2022)] that utilize AD [Della Santa(2024)],
[Noel(2012)], [Thobirin and Yanto(2015)], or BFGS [Li
et al.(2011)], [Wu et al.(2014)], [Zhang et al.(2016)], [Nezhad
et al.(2013)], or LBFGS using GPUs [Dixit et al.(2024)], but
not all four together. While the PSO approach attempts to
converge to a global minimum, each particle is influenced by
the others. It does not guarantee global convergence. Instead
of each optimization moving to a single point as a swarm, we
explore the search space while also adjusting the velocity of
each particle based on the global best. Although multistart and
swarm-based techniques have been around for a long time,
GPU-accelerated AD and quasi-Newton methods like BFGS
have not been used together much. Our approach is designed
to handle complex non-convex landscapes like Rastrigin and



Rosenbrock functions by running many separate optimizations
at the same time from a variety of random starting points. We
only consider GPU-accelerated algorithms for comparison.

C. GPU-Accelerator

ParallelParticleSwarms [Dixit et al.(2024)] is the most related
work to our work since they combine GPU with BFGS and
SciML allows for AD computation. However, after extensive
communication with the authors, we were unable to use their
hybrid method.

While multistart and swarm-based algorithms have been
extensively studied, and recent advancements have accelerated
automatic differentiation on GPUs using modern compiler tech-
niques such as Enzyme [Moses et al.(2021)], a comprehensive
integration of PSO, forward-mode AD with the BFGS algorithm
on GPUs remains under-explored. Our work addresses this gap
by concurrently executing multiple GPU-accelerated BFGS
optimization threads initialized by PSO, leveraging forward-
mode AD. This approach not only enhances computational
efficiency, but also improves the likelihood of converging to the
global minimum. In the next section, we provide an overview
of the details of the sequential ZEUS algorithm.

III. SEQUENTIAL ZEUS ALGORITHM

The main methodology implements a hybrid PSO with a
gradient-based BFGS using AD for the gradient calculation at
each iteration. Algorithm 1 describes the sequential version.
The bold variables indicate that they are vectors of size N X dim
or dim, where N is the number of particles, and dim is the
dimension of the objective function. The algorithm can be
broken into two main phases.

In the first phase, using Algorithm 2 we initialize the swarm
of size N, where swarm stores the current coordinates for each
particle for each dimension. We assign V to each particle to
hold the velocities in each dimension. Then, using Algorithm 3
we update the swarm using each particle’s best position pX
with its best value pB and the global best g B for each iteration.

The second phase is Algorithm 4, which is the sequential
BFGS. We introduce a convergence criterion required., which
holds the number of required convergences set by the user. We
use Algorithm 5 to calculate the derivatives for each dimension
using our automatic differentiation library. Then, we utilize a
backtracking line search method by [Armijo(1966)] described in
Algorithm 6, to calculate an optimal step size «. The algorithm
will keep looping until we have enough optimizations that have
converged to the threshold © set by the user. If an optimization
does not reach an area where the norm of the gradient is
sufficiently small in fewer than itery sy, iterations, then we
terminate that optimization with failure status. The following
sections provide an overview of each ingredient of our method.

A. Specifying the starting points

Optimization performances vary greatly depending on the
initialization of the algorithm. Therefore, it is beneficial to
explore methods other than random number generation to add
intelligence to the algorithm.

Algorithm 1 Sequential PSO-BFGS
1: function SEQUENTIALZEUS(f, N, range, iter,,,
itery 44, O, required., w, c1, c2)
2: Allocate swarm([N * dim], VIN x dim], pX[N =
dim], pB[N], gX|[dim]

3: gB + +0

4: swarm < INITSWARM(f, IV, range, swarm, V, pX)

5: c+ 0; > number of converged runs

6: for j < 0 to iterps, — 1 do

7: swarm < UPDATESWARM(f, N, range, swarm,
V,pX,pVal,gX,gF, w, c1, c2)

8: end for

9: for all i < 0,...,N —1do

10: r <= SERIALBFGS( f, range, itery 45, swarmy/i], ©)

11: if . fval < gF then

12: gBs +r

13: end if

14: if r.status = 1 then

15: c+—c+1

16: if ¢ = required, then

17: break > stop early once enough runs have
converged

18: end if

19: end if

20: end for

21: return estimated global minimum gB

22: end function

1) Random Number Generation: For the sequential random
number generation, we relied on standard libraries random
device and their uniform distribution. However, starting from
random points is suboptimal and can be improved using PSO.

2) Randomness improved by PSO: We developed the serial
version of this algorithm that the sequential ZEUS algorithm
is using. We integrate PSO into the ZEUS algorithm as an
option to initialize the starting points using random numbers
and then use swarm intelligence to improve the location of such
starting points. The initialization of the swarm is being done in
Algorithm 2. Then, we update the swarm using Algorithm 3.
Hyperparameter optimization could be its own research project.
In this paper we have used these hyperparameters for the PSO:
w = 0.5,¢1 = 1.2,co = 1.5, where w is the inertia, c¢; is the
cognitive coefficient, and cs is the social coefficient. Previous
work has used the same parameters in their implementation
[Deboucha et al.(2020)]. Once the starting points have been
specified, we continue to BFGS.

B. BFGS

The BFGS [Broyden(1970)], [Fletcher(1970)], [Gold-
farb(1970)], [Shanno(1970)] algorithm is a well-known quasi-
Newton method that approximates the inverse of the Hessian
matrix using a combination of rank-1 updates shown in
Algorithm 4. Algorithm 4 also summarizes the exact update
that is used to calculate Hy; at each iteration. We calculate



Algorithm 2 Initialization of the swarm

Algorithm 4 BFGS procedure with forward-mode AD

function INITSWARM(f, N, range,swarm, V, pX, pVal,
gX, gB)
lower < range.lower, upper < range.upper
vel_range < (upper — lower)
for . < 0to N —1do
swarmli| + UniformSample(lower, upper)
V[i] + UniformSample(—wvel_range, vel_range)
pX]i] + swarml]i]
pValli] « f(swarmli])
if i = 0 or pVal[i] < gF then
gF + pVal[i]
gX < pXI[i
end if
end forreturn swarm
end function

Algorithm 3 Sequential function to update each particle’s
velocity, position, and bests
function  UPDATESWARM(f, N,swarm, V,pX, pVal,
gX? gB7 w, €1, C2)
for i<~ 0to N —1do
ry < UniformSample(0, 1)
ro < UniformSample(0, 1)
x + swarmli],v «+ VI[i], p + pX]i]

g < gX

vV—wvteri(p—x) + cara(g—x)
x' —x+v

VI[i] + v/, swarmli] + x’

fval + f(swarmli])
if fval < pVal[i] then
pValli] + foal
pXl[i] + swarml]i]
end if
if fval < gF then
gF + fual
gX + swarmli]
end if
end for
return swarm
end function

> update personal best

> update global best

the step size a using a backtracking line search described in
Algorithm 6.

Multiple optimizations increase the likelihood of converging
to the global minimum. After running the optimizations from
many points, we aggregate the results at each iteration to get
the best one.

C. Automatic Differentiation

Our implementation of forward-mode AD relies on dual
numbers to compute gradients accurately and efficiently. Dual
numbers are written as

a+be,

1: function SERIALBFGS(f,range, itery 45, swarmyli], ©)
X < swarmli], k < 0 > Set initial guess, loop

counter

3 H<+1I

4 while £k < itery;,, do

5: Vf(x) < FORWARDAD(f, x)

6: if |[Vf(z)|| < © then

7:

8

9

»

> Identity matrix for Hessian

result.status = 1;
return result > Convergence criterion met
end if

10; p «~ —-HVf(x)

> Calculate search direction
11: « < LINESEARCH(f (%), x, p, g, dim, iter;s)
12: Xpew < X+ QP > Update current point
13: 0X 4+ Xpew — X > Compute differences
14: 0g + V f(Xnew) — Vf(x)
15: Hessian update:
oxogT ogoxT x6xT
Hevr € (I - 6XT5g) Hic (I - 6XT5g) 5xTog
16: X ¢ Xpew, k< k+1
17: end while
18: result.status = 0
19: return result

20: end function

where a and b are real numbers and ¢ is a symbol with the
property
€2 =0,e#0.

This property means that any term involving €2 vanishes. When
using dual numbers for automatic differentiation, the coefficient
b represents the partial derivative of a function. Then, we
evaluate the objective function using our overloaded operators
for dual numbers. Algorithm 5 describes the implementation
of this approach by setting the value to x[¢] and the tangent or
derivative part to 1.

Algorithm 5 Forward-Mode AD Procedure

1: function FORWARDAD(f, € R4m)

2 Initialize gradient[dim]

3: for i <~ 0 to dim — 1 do

4: xDualli] - z[i] + 0€¢ > initializing dual number

5 end for

6 for ¢ < 0 to dim — 1 do

7 Set xDualli].dual + 1 > Seed derivative for
variable %

8: result < f(xDual)

9: gradient[i] < result.dual

10: Reset zDual[i].dual < 0

11: end for

12: return gradient

13: end function




D. Line Search

The main goal of the line search in optimization algorithms
is to select an optimal step size, «, that minimizes the objective
function along a given search direction p. The choice of this

algorithm greatly influences the outcome of the optimization.

Our algorithm implements a commonly used backtracking line
search with the Armijo condition [Armijo(1966)], where it
initially starts with a step size of 1. For the current point
x(i), we aim to find the « such that the new point x(i)new =
x®) 4+ o) p) yields the greatest reduction in function value
Fx®).

The Armijo condition [Armijo(1966)] for backtracking is:

fx+ap) < f(x) +eaa(Vix)p),

where c¢; is a small constant that we fixed to 0.3. The line
search we used relies on this balance between large steps for
faster progress and little steps to avoid overshooting. We found
that twenty iterations is sufficient, and therefore we fixed that
parameter. The following section gives an overview of the
approach to GPU parallelization.

Algorithm 6 Backtracking line search using Armijo condition

1: function LINESEARCH(f, X, p, g, iter;s)
2: 1+ 03, a+ 1.0

3: ddir < DOTPRODUCT(g, p)

4: for i < 0 to iter;s do

5: xTemp + x+ ap

6: f1 < f(xTemp)

7: if f1 < fo + ¢ addir then
8: break

9: end if

10: a+—05xa

11: end for

12: return «

13: end function

IV. APPROACH TO GPU PARALLELIZATION

This section describes how we utilize parallelism to speed
up each of the components of the sequential algorithm. In
Algorithm 1, we parallelize the naturally independent phases
of the sequential algorithm. The PSO initialization and each
iteration can be done in parallel, and then the BFGS for each
independent optimization. In both Algorithm 1, and Algorithm 7
the loop starting in Line 6 cannot be parallelized since each
iteration depends on its previous iterations’ velocities and best
locations. Each thread randomly initializes the particles, runs
the PSO main loop, and then applies BFGS until enough
optimizations have converged. For this study, the parallelism
we explored is on the first level. More levels of parallelism
will be further studied in future work.

A. Parallel RNG

To initialize the starting points in Algorithm 10 we generated
the random numbers on the GPU at runtime using the cuRAND
library [Cook(2012)] by NVIDIA. We integrated an on-demand

Algorithm 7 ZEUs Parallel PSO-BFGS
1: procedure ZEUS(f, N,range, itery sy, iter,qo, itery,,
required., ©,w, cy, c3)
2: Allocate swarm[N x dim], V[N x dim],pX[N x
dim], pB[N], gX[dim];

3: converged < 0; > number of converged runs
4: gl < +o0;
5: PSOINITKERNEL( f, swarm, range, V, pX, pF, gX,

gF, N)

6: for i = 0 to iter,,, do

7: PSOITERKERNEL( f, swarm, range, w, ¢y, Ca,
V.pX,pF,gX,gF,N)

8: end for

9: BFGSKERNEL(f, range, itery ¢4, iteryso, iter;s, swarm,
O, required,,, converged, stop flag)

10:  (best, idr) < PARALLELREDUCTION({swarm][i]} ;)

11: return best
: end procedure

N

strategy where each thread generates its own starting point at
runtime. For each dimension, a thread produces one double-
precision number uniformly sampled from a user-given range
[lower, upper] using a unique seed based on its thread’s global
index plus the current dimension. This approach eliminates the
need to store the entire size of N X dim array in memory.

B. Parallel PSO

The way we handled parallelism can be broken down into
two main phases: (1) the initialization of the particles and (2)
the iterations of the swarm. Algorithm 8 initializes the swarm
in parallel for each particle and determines the global best
using atomic operations. Algorithm 9 is being used to update
positions and velocities for each particle and find the global
best at each iteration using atomic operations. Intuitively, it
might seem that more iterations would yield superior accuracy.
In Section V-E we show that this is not the case for all function

types.
C. Parallel BFGS

Our approach executes a single optimization per thread,
utilizing the extremely parallel nature of GPUs. Each thread
gets a piece of the entire swarm array of size N x dim. By
starting from many points in parallel, our aim is to explore a
large portion of the search space simultaneously.

In this implementation, we are synchronizing the threads so
that if we hit the number of required converged optimizations,
we let all threads know after to prevent wasting resources. At
each iteration, we check to see if anyone has hit the stopFlag.
Once the stop flag is hit, each thread currently working will see
it at the next iteration. Then, we used CUDA’s reduction kernel
to find the global best from all of the results, as it provides an
easily accessible kernel function [Cook(2012)].

We use the same line search and forward AD method as in
the sequential algorithm. While the AD stage can in principle be
parallelized because each partial derivative is independent, our



Algorithm 8 PSO Initialization Kernel

Algorithm 10 BFGS Kernel with forward-mode AD

1: procedure PSOINITKER-
NEL(f,swarm, range, V, pX, pF,gX,gF, N)

2: for i < 0 to N — 1 in parallel do
3: if i > N then
4: return
5: end if
6: Av « (upper — lower)
7: ry < rand(s, lower, upper)
8: ry < rand(s, —Av, Av)
9: swarmli] < r,;  V][i] < ry; pX <1y
10: fval «+ f.evaluate(swarmli])
11: pFi] + fval
12: old + atomicMin(gF, fval) > atomic
global-best
13: if fval < old then
14: gX «+ pX|i]
15: end if
16: states[i] < s
17: end for
18: end procedure
Algorithm 9 PSO Iteration Kernel
1: function PSOITERKER-

NEL(f,swarm, range, w, c1,ce, V,pX,pF,gX, gF, N)

2: for : < 0 to N — 1 in parallel do

3: if : > N then

4: return

5: end if

6: r1 < rand(s,0,1),rg < rand(s,0, 1)

7: x < swarmli|, v « VTi]

8: p < pX|i], g+ gX

9: vV +—wv+ters (p—x)+cara(g—x)
10: X' < x+v'; V][i]+v swarmli + x’
11: fval + f.evaluate(swarmli])

12: if fval < pF[i] then

13: pFi] + fval; pX[i] + swarml]i]
14: end if

15: old + atomicMin(gF, fval)

16: if fval < old then

17: gX + swarml]i

18: end if

19: states[i] « s

20: end for

21: end function

performance measurements show that the Hessian update step
dominates the BFGS kernel runtime as the problem dimension
increases. In contrast, the AD component accounts for only a
small fraction of the total runtime.

V. EXPERIMENTS AND RESULTS
A. Experimental Setup

In this subsection we provide details about the experimental
setup, including hardware and software used throughout the

1: function BFGSKERNEL(f, range, itery s, iterpso, iterss,
swarm, O, required,., converged, stop flag)

2: for i < 0 to N — 1 in parallel do
3: x < swarmli], k < 0 > Set initial guess, loop
counter
4: H«+I > Identity matrix for Hessian
5: while k£ < max_iter do
if atomicAdd(stopFlag,0) # 0 then >
someone hit the stop flag
7: break
: end if
9: V f(x) < FORWARDAD(f, x)
10: if |[Vf(z)|] < © then
11: old + atomicAdd(converged, 1)
12: if old = required. then
13: atomicExch(stopFlag, 1) > first thread
to reach the target sets stop
14: end if
15: break > convergence criterion met
16: end if
17: p < —HVf(x) > Calculate search direction
18: « < LINESEARCH(f(x), x, p, g, dim, iter;;)
19: Xpew ¢ X+ ap > Update current point
20: O0X < Xpew — X > Compute differences
21 0g < Vf(Xpew) — Vf(x)
22: Hessian update:
oxégT ogoxT ox6xT
Hess (I B 5xT5g) Hic <I B 5XT6g) xTog
23: X ¢ Xpew, k< k+1
24: end while
25: return x
26: end for

27: end function

study. We used the same compute cluster to obtain both
sequential and parallel results, where we used an Intel Xeon
Gold 6148 CPU @ 2.40 GHz. On this same server we allocated
an NVIDIA A100 device with 80GB of VRAM. This device has
6912 CUDA cores. To compile our code, we used CUDA 12.1.

We have utilized four commonly used benchmark functions
described in the next subsection. For each function the error
was calculated using the Euclidean distance that measures the
distance between the estimated coordinates and the actual co-
ordinates of the global minimum. When identifying a desirable
error, we set the threshold to be 10~°. The performance of
our algorithm depends mainly on the characteristics of the
functions being optimized and the number of dimensions. For
this reason, we experimented with four widely used objective
functions to test the performance of baseline methods and our
approach.



B. Test Functions

The following test functions try to cover the spectrum of
test functions. On convex surfaces like the Rosenbrock and
Golstein-Price functions, our algorithm converges using a single
optimization. However, for surfaces with many local minima
for the Rastrigin and Ackley functions, many optimizations

are needed to converge, especially in high-dimensional spaces.

1) Rosenbrock: The Rosenbrock function was proposed
in 1960 and has been widely used to test the effectiveness

of mathematical optimization algorithms [Rosenbrock(1960)].

It is a summation, where the number of dimensions can be
increased dynamically, and is given by:

n
F) = [(1=2:)* +100 - (i1 — 27)°]
i=1
where x = (21, 2,...,%,) and x € R"

2) Rastrigin: The Rastrigin test function was first proposed
in 1974 [Rastrigin(1974)]. It is often used to test the efficiency
of optimization algorithms in terms of convergence to the global
minimum and execution time due to its highly multimodal
nature. The number of local minima grows exponentially with
the number of dimensions, which is shown in Figure 1.

The Rastrigin function in N dimensions is defined as:

N
fx)=A-N+ Z [7 — A - cos(2ma;)]

where A =10, x e RY

The function has a periodic pattern with local minima occurring
at integer coordinates. The global minimum is at the origin.
In the range, [—5.12,5.12] there are 11 integer values, which
means in this space there are 112 or 121 local minima, with
one being the global minimum.

3) Ackley: The Ackley function is a widely used function
to test mathematical optimization algorithms. The function was
proposed by David Ackley [Ackley(2012)]. It is defined for
general d-dimensions:

fay =2 exp(—0.2

+e 4+ 20

It has a similar landscape to the Rastrigin function with
many local minima due to the periodic nature of the cosine
function. In 2 dimensions, it has a single global minimum
at (0.0, 0.0) where the function value is 0. However, the
derivatives are undefined at (0.0, 0.0). For functions of this
type we acknowledge the “failure” mode of our algorithm,
where the program returns diverged status, where we reach
the maximum number of iterations without converging based
on the ||V f(x)|| < © criterion. This behavior is illustrated
in Figure 6. Future work include resolving this issue. This
function violates the condition on continuity of derivatives.
The algorithm never knows it has converged, never reaches a
location where |V f(z)]| < ©.
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Fig. 1. Box and whisker plot showing performance degrades drastically for
the Rastrigin function as the dimensionality of the problem increases when
using the same number of particles. For each dimension, we plot 100 runs,
where each run is a result of using 10 particles and 5 PSO iterations. We
count the number of correct solutions across each run. Ncorrect corresponds
to the count of each optimizations where the Euclidean error is less than 0.5.

4) Goldstein-Price: This function was first developed by
Goldstein [Goldstein and Price(1971)]. It has a single minimum,
but many starts require an infeasible number of steps to
converge. It is defined as:

f(x)=[1+ (21 + 22+ 1)* (19 — 14z + 327 — 142
+62125 + 323)] X

[30 4 (221 — 322)*(18 — 32z + 1227 + 485

—3621 22 + 2773)]

Using these test functions, we have conducted experiments
of two flavors. The first one describes the effectiveness of the
algorithm, which is the ability to find the global minimum,
the use of PSO, and BFGS. The second describes the GPU
performance benefits. There is a need for multistart for several
reasons.

C. Finding the right solution

In this experiment, we demonstrate the need for multistart
approaches for functions with many local minima. If there
are multiple local minima in the hyperspace like the Rastrigin
function, as dimensionality grows we need more and more
starting points to be confident in convergence to the global
minimum. The 5-dimensional variant has 11° or 161,051 local
minima with a single global minimum. For the 10-dimensional
Rastrigin function, the number of local minima in our searching
space is 1119 or 26 billion, which means we would require to
launch vastly more particles. A practitioner using the ZEUS
algorithm would also need more than one convergences to have
confidence we have the correct one. We describe future work
how to handle this.

In Figure 1, we plot the distribution of a 100 runs using
box and whiskers for each dimension, the number of particles
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Fig. 2. Visual illustration of the speed advantage achieved by ZEUS for
2-dimensional and 5-dimensional objective functions. CPU runtimes were
divided by the number of cores to approximate the ideal parallel execution.
The distributions are based on 100 runs. Vertical jitter was applied to each
point to make them more visible for ZEUS. The Ackley function was left out
due to its misbehavior shown in Figure 6.

that converge into the basin of the true global minimum. The
plot shows results where each run went until the algorithm
claims convergence 100 times in different dimensions of the
Rastrigin function. The distribution of successful counts rapidly
decreases with each added dimension, showing the exponential
growth of local minima. For the first couple dimensions, the
box is a line, as the distribution of the 100 runs are close
together. With each dimension, a practitioner should trust the
solution less and less. By ten dimensions, the number of correct
solutions is effectively zero.

D. Parallel multistart for speed

By running many starts in parallel and stopping once a
set number have converged, ZEUS cuts the time by orders of
magnitude versus the fully sequential implementation. Running
the sequential algorithm becomes infeasible for anything greater
than a 2-dimensional Rastrigin function because it requires too
many starts. For functions like the 2-dimensional Rosenbrock
and Goldstein-Price function, BFGS will eventually converge
from anywhere if we let it run long enough.

One of the advantages of the parallel algorithm is that it
does not suffer from individual starting points that are far from
the right solution. Whereas in the sequential variant, we must

keep looping until we have enough converged optimizations.

As a result, we can observe multiple orders of magnitude
difference in the time it takes to converge for 100 optimizations
using a small swarm of 1024. Figure 2 visually demonstrates
this speedup between the sequential and parallel ZEUS. For
fair comparison, the times for the sequential algorithm were
divided by the number of cores of the CPU used for this
experiment. The box and whisker plot shows a large difference
for the 2-dimensional problems that only increases with
the dimensionality of the problem. However, for the ZEUS
algorithm, it is wasteful to use 1024 threads, as we are leaving
many cores idle.
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Fig. 3. Performance plots in terms of time (top) and number of correct solutions
(bottom) across 100 runs compared with the PSO iterations for 5-dimensional
Rastrigin (orange) and Rosenbrock (blue) functions. The Rastrigin function in
this dimension has 11° or 161,051 local minima. Neorrect corresponding to
the count of each optimization where the Euclidean error is less than 0.5.

E. Improving the starting points by PSO

In this experiment, we show that it is useful to do a handful of
PSO iterations as we increase the number of correct solutions
and decrease the time it takes to converge to the required
number of convergences. We show which functions benefit
more from PSO iterations. Once we have enough converged
particles where the norm of the gradient is sufficiently small
enough, then BFGS synchronizes all other threads to stop early.
Figure 3 demonstrates that PSO helps optimize functions with
many local minima, and it is not too much of a waste of
resources for problems with landscapes that have flat regions.
In practical use cases, the user does not have information
about the landscape of the function being optimized. The plot
illustrates that for the Rastrigin function, the time it takes to
gather enough convergences goes down with the number of
PSO iterations (top), whereas the Rosenbrock function still
benefits from more PSO computation in terms of the number of
correct solutions (bottom). We can observe that we find more
correct solutions as we increase the number of PSO iterations.
For the Rastrigin function, we increased the number of correct
solutions by multiple orders of magnitude.

FE. Comparison with other libraries

The section compares the algorithm’s performance against
a Julia library in terms of error and time, and discusses how
multi-start algorithms can utilize parallel execution on GPUs
for faster convergence. In order to make the problem more
complex, we have increased the number of dimensions to



1e+00 o
1 algorithm
SO
5 1e-03 (] U N P
= - — £ syncpso
w L
E zeus
zeus'
1606 == == ======-==-=-—=—-——-- e
U e g v o
0 1 2 3 4 5 10 30 100 300 1000 300010000
PSO iterations
1e+08 <
- algorithm
@ 1e+06 | 3 SO
E ¥ - TP
® a S L £ syncpso
£ . m ¢ O
c a ?, i | i ] - E zeus
n - ,
1e+04 ~ . & o |8 e ” zeus
P I :l o [[og LW
g b ® 7
2
0 1 2 3 4 5 10 30 100 300 1000 300010000

PSO iterations

Fig. 4. Comparative performances for the 10-dimensional Rastrigin function
with 1110 local minima. For a 10-dimensional Rastrigin to have 1 for the
Euclidean error, means the point landed in a local minima, not the local
minima.

be 10 for this experiment. With this experiment we aim to
gain insight into convergence behavior as we increase the
number PSO iterations. We were able to use two different
algorithms from their library. One of them is a parallel PSO
with a synchronization point at each step, the other is a method
that they note has race conditions. We do not consider using
the asynchronous variant because it lacks the global update We
can observe from Figure 4 that the algorithm has a degraded
accuracy as we increase the number of steps compared to its
other variant. This might be related to the race condition they
mention, but further investigation should be done to confirm.
After extensive communication with the authors, we were
unable to get their Hybrid algorithm that uses BFGS to function.
Since they have hard-coded the hyperparameters, we use the
same ones to draw a fair comparison. We mark this algorithm
as ZEUS’. The ZEUS algorithm uses hyperparameters derived
from a paper [Deboucha et al.(2020)].

From the figure we can observe that ZEUS outperforms the
library that has two of the same ingredients.

G. Real-world application

An important real-world application of numerical optimiza-
tion is model fitting: given a numerical model with a set of
parameters, to determine the best set of parameters to fit the
data. The goal of such fitting is to constrain the model so that
it can accurately predict future data. One way to evaluate the
quality of the fit is to compare the observed data with the
fitted model’s prediction. In figure 5 shows the fitting of a
simulated dijet mass spectrum and evaluation of the quality of
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Fig. 5. Simulated dijet mass spectrum and fitted dijet mass spectra. The top
panel shows the simulated event counts (black points) compared with the
fitted prediction (red line). The bottom panel plots the pull distribution (blue
. Nobs — Npred . ;

points), defined as — where Ny is the simulated count of events,
Npred is the model prediction, and o is the statistical uncertainty per bin. The
pulls fluctuate around zero and lie mostly within +20, indicating agreement
between simulation and prediction.

the fit. The top panel compares the observed count of events
to the prediction, showing that ZEUS finds fit parameters that
yield an accurate prediction of the simulated data. The bottom
panel shows the so-called pull distribution, which quantifies
the deviations of each bin from the prediction relative to
its statistical uncertainty. The pulls are centered around zero,
with most values within +20, indicating that the residuals are
consistent with random statistical fluctuations and confirming
the excellent quality of the fit.

VI. PROBLEM WITH CONVERGENCE

BFGS is controlled by the criterion of ||V f(x)| < ©. This
condition works well for well-behaved functions with continu-
ous first-order derivatives. For a function with discontinuous
derivatives, the minimum may be located at a discontinuity. If
the user sets the threshold to be too small, our program returns
that we have not found the global minimum by the condition of
the norm of the gradient. This behavior is illustrated in Figure 6,
where the algorithm claimed convergence for optimizations
landing in local minima where the condition |V f(z)|| < ©
was satisfied. However, points in or near the basin of the global
minimum are stopped early because their norm was not below
the threshold set by the user. Future work will handle functions
with discontinuous derivatives.

VII. DISCUSSION

A. Performance Analysis

Our experiments demonstrated several clear patterns in how
ZEUS behaves across different test functions. On the Rastrigin
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Fig. 6. Misbehavior of the algorithm claiming convergence for a 2-dimensional
Ackley function for points where the norm of the gradient is sufficiently small
enough and not declaring convergence for particles that are near the global
minimum.

problem, we saw that as we increase the number of dimensions
from two up to ten, the number of particles that actually find the
global minimum falls close to zero. This happens because the
number of local minima increases exponentially, which means
the chance of landing in the correct basin rapidly vanishes.

By running many BFGS optimizations in parallel and
stopping as soon as a set number of threads have converged,
ZEUS achieves significant speedups over the fully sequential
approach. In our experiment, the time dropped by one to
two orders of magnitude on both two- and five-dimensional
functions. The higher the dimension, the more benefit we gain
by the parallel algorithm.

We also observed that our simple gradient-norm based
convergence criterion can misfire on functions with discon-
tinuous derivatives like the Ackley function. In such cases,
particles may declare convergence too early when the norm
of the gradient is small enough, but the point still may be
far from the true minimum. Addressing this will require
more sophisticated stopping criteria to handle functions with
discontinuous derivatives in future versions of ZEUS.

B. Future Work

Future work will focus on exploiting the additional paral-
lelism available in the single BFGS computation and reducing
the computational complexity of the BFGS kernel itself. While
parallelizing AD remains an option, our measurements show
that the Hessian update dominates the runtime as the dimension
grows. One promising approach is to explore L-BFGS [Liu and
Nocedal(1989)], which reduces the complexity of the update
step while maintaining quasi-Newton convergence behavior.
This could significantly improve scalability, though potentially
at some cost in solution accuracy due to the limited curvature
information.

We will also explore means of improving the information
given to the user about the degree of certainty in the reliability

of the solution. By clustering candidate solutions found by
the multistart algorithm, we can identify candidate regions
for the local minima. If enough particles have been found to
converge to the candidate region that has the lowest function
value, and if no lower function value has been found, then we
can have greater confidence that the region in question is the
global minimum. We will consider using an iterative process
that continues until a user-settable number of particles have
converged to the same lowest region. We will explore two
methods of clustering of the solutions based on their function
value or their coordinates.

VIII. CONCLUSION

We have developed a GPU-accelerated algorithm, ZEUS, that
has two main phases. The first phase selects random starting
points which are then improved by using a PSO algorithm to
move the particles to more promising regions. The second phase
is a gradient-based BFGS algorithm that uses forward-mode
AD to calculate the gradient at each iteration. No algorithm
is universally best for every function, and the effectiveness of
our algorithm depends on the specific function. When using a
gradient-descent algorithm like BFGS, for problems in which
the presence of multiple local minimal is suspected, the use of
multiple starting points is required. Increasing the number of
local minima increases the number of starting points needed to
achieve confidence that the global minimum has been found.
Random selection of starting points is typically used to provide
a good probability for several of the BFGS searches to converge
to the global minimum. Our results show that a few iterations
of the PSO can improve the random starting points leading
to faster convergence of the BFGS algorithm. For highly
multimodal objective functions like the Rastrigin function,
PSO increases the fraction of starts that land in the basin
of starting points that lead to the global minimum, whereas
for unimodal objectives like the Rosenbrock function, BFGS
alone would be sufficient if we let it run long enough. Our
open-source implementation makes these strategies available on
GPUs, allowing practitioners to minimize non-convex problems
more quickly and confidently than single-threaded solvers.
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