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Abstract

Three models of parity violating modified gravity are considered in the metric-
affine approach, their formal properties are discussed and new solutions are
derived, together with predictions in cosmology, black holes and gravitational
waves settings. An extension to generic metric-affine spacetimes of the Holst,
Nieh-Yan and Chern-Simons topological terms is provided, accounting for the
presence of nonmetricity and recovering the invariance under projective trans-
formations acting on the affine connection. While the Holst term is projective
invariant and vanishing on-half shell, even in presence of nonmetricity, the lat-
ter is responsible for the breaking of projective symmetry and the spoiling of
the topological character both in the Nieh-Yan and Chern-Simons case. A gen-
eralization of these two topological invariants is provided, allowing to recover
both properties independently. Specific models featuring the generalized terms
are considered and the role of projective symmetry in relation to the absence of
dynamical instabilities is thoroughly discussed. The absence of ghost degrees of
freedom is proved for all three models. Ostrogradski instabilities in the Nieh-Yan
model are ruled out by its dynamical equivalence with DHOST theories while
new methods to avoid higher-order derivatives introduced by the Chern-Simons
modification are devised. Then, several solutions are derived. New analytical
hairy black hole solutions are presented for the Holst model and their thermody-
namics is analysed, highlighting modifications to the black hole entropy and the
role of the solution within a system of conjectures recently proposed in literat-
ure in the extended phase space approach. In models featuring the generalized
Nieh-Yan term, semi-analytic, anisotropic cosmological solutions are obtained,
exhibiting a big-bounce regularization of the initial singularity. The presence of
future finite-time singularities is pointed out and their physical viability in terms
of geodesic completeness and well-behaved scalar perturbations is proved. In the
generalized Chern-Simons theory modifications to black hole perturbations and
gravitational waves are derived. The quasinormal modes of Schwarzschild black
holes are computed, showing their deviations from both General Relativity and
the metric version of Chern-Simons gravity. New exact cosmological solutions
with non-trivial affine structure are used as background configurations to study
the propagation of gravitational waves, establishing the phenomenon of gravita-
tional birefringence in metric-affine Chern-Simons gravity. The propagation in
matter is also investigated proving the existence of gravitational Landau damp-
ing. Although observable in principle, the magnitude of the effects is too low for
them to be tested given the sensitivity of present day experiments.
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Introduction

Science moves forward through the continuous improvement of the human un-
derstanding of natural phenomena, which is by its own nature only asymptot-
ically tending to a complete description of the universe. Regarding the domain
of physics, our current knowledge is based on the interaction between element-
ary particles mediated by four fundamental forces. Although the Newtonian
concept of force has successfully been overcome in the last century, this process
has not followed a single path, common to all interactions. While the electro-
magnetic, weak and strong forces are now described as the exchange of gauge
bosons between fermions, the gravitational force results from the interaction of
matter with spacetime curvature. Such duality is apparent in the mathematical
description of the fundamental interactions, which relies on two complement-
ary but incompatible frameworks. On one hand, the Standard Model of particle
physics, with the theoretical background of quantum field theory, provides a co-
herent description of the strong and electroweak interactions as a gauge theory
of the SU(3) x SU(2) x U(1) group of symmetry, with a spontaneous symmetry
breaking provided by the Higgs mechanism [B8, B9]. On the other hand, the best
understanding of the gravitational phenomena is provided by Einstein’s theory
of General Relativity, in which the language of differential geometry is used to de-
scribe the interplay between matter fields and the geometry of spacetime, which
is considered itself as a dynamical entity [B10, B11].

Gravity plays a very peculiar role within this big picture for several reasons: it
is the only interaction in which the “charge” of particles, that is the gravitational
mass, coincides with their inertial mass; it is extraordinarily weaker than the
other interactions with a strength of order ~ 1073% compared to the strong force;
by virtue of the mass-energy equivalence, it is the only interaction which affects
every elementary particle. Finally, gravity is about the geometrodynamics of
spacetime itself, which is not the mere stage upon which physical phenomena
occurs, as it happens for all other interactions. All these features are embodied
by the theory of General Relativity, in which the dynamics of tensor fields living
on pseudo-Riemannian manifolds is described by differential equations covari-
ant under general coordinate transformations.



2 INTRODUCTION

General Relativity has provided some of the most accurate predictions in the
history of physics [12]. It is worth mentioning the historical observation of the
light bending during the solar eclipse of 1919 and the explanation of the preces-
sion of Mercury’s perihelion. However, the most outstanding is undoubtedly
the account of large part of the cosmological evolution given by the concord-
ance model and in particular the prediction of the spectrum of the anisotrop-
ies in the Cosmic Microwave Background radiation [13]. Another merit of the
theory is the remarkable prediction of new, previously unobserved, phenomena
which were originally considered with skepticism but are now experimentally
well-established: gravitational waves and black holes. The former, first detected
in 2015 by the LIGO-Virgo collaboration [14], are well understood theoretically
and are expected to yield new interesting observational inputs in the next years.
The latter, whose image was captured for the first time four years ago by the Hori-
zon telescope [15], are still evading a deep understanding but are well-described
by General Relativity in the exterior region.

Despite all of the above, General Relativity is affected by some shortcomings both
at the theoretical and observational level which call for a solution. On the the-
oretical side, General Relativity presents several issues when the quantization
of the theory is addressed. Some of the obstacles towards its quantization are
rooted in the aforementioned conflicts with the other fundamental interactions,
e.g. the non renormalizability of the theory [16, 17], the impossibility of fully
relying on a fixed background and the so-called problem of time [B18]. Another
issue, which is inherent to General Relativity itself at the classical level, is the
presence of singularities in some relevant solutions of the theory, namely the
singularity at the center of black holes [19] and the big-bang singularity at the
origin of the universe [20]. In both cases the theory is plagued by the presence of
points in spacetime with infinite curvature and energy density. A common solu-
tion to these problems may be rooted in a yet unknown, well defined theory of
quantum gravity which is widely believed to be required in high energy regimes,
at scales of the order of the Planck length, i.e. ~ 1073 m.

Regarding discrepancies with experimental results, beside questions related to
the dark components of the universe, namely the nature of dark matter [21] and
the cause for the present acceleration of the universe expansion [22], which are
still missing a satisfactory explanation, recent measurements added further chal-
lenges. In particular, we are referring to the Hy and oy tensions, resulting from
the Planck 2018 measurements, which showed how probes at different redshift
yield inconsistent estimates for these cosmological parameters [23].

Several solutions to such problems were proposed in literature, within a large
variety of different frameworks and approaches. The quantum gravity problem
has been addressed by string theory [24], loop quantum gravity [B25, B26], the
asymptotic safety program [27] and causal dynamical triangulation theory [28,
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29], to name a few. Loop quantum cosmology [30], classical bouncing cosmo-
logies and the study of regular black hole spacetimes are all oriented towards
a resolution of General Relativity singularities. The most promising solution to
the dark matter problem is the hypothesis of the existence of Weakly Interact-
ive Massive Particles [31], while the tensions in the cosmological parameters are
currently being addressed following several paths [32].

Another paradigm in answering these open questions is modified gravity, a field
that received increasing attention in the last years. In theories of modified grav-
ity, or extended theories of gravity, some of the features of General Relativity are
changed, with the aim of improving the theory. An unease aspect of the modi-
fied gravity approach is that it favours the proliferation of an excessive amount of
gravitational models. To this day, countless theories have been proposed in the
literature and though each one has its own theoretical and/or observational mo-
tivations, it is of paramount importance to select and falsify as many as possible
of them. To this aim, two main aspects should be considered: internal theoretical
consistency and the agreement with experimental observations. By the former,
we basically mean the absence of unhealthy degrees of freedom such as ghosts,
instabilities sourced by higher-order derivatives in the field equations or strong
coupling problems [33] (see also [34, 35, 36, 37]). Regarding the latter instead,
new models should deviate from General Relativity only in those regimes where
it is lacking and should reduce to it where the theory offers experimentally viable
predictions.

The most common way of modifying General Relativity consists in changing its
action, either adding new curvature terms to the Einstein-Hilbert Lagrangian or
considering new fields in the variational principle. Some relevant examples are
quadratic gravity [38], Gauss-Bonnet gravity [39], Lovelock gravity [40], Brans-
Dicke theory [41] and scalar-vector-tensor theories [42], Horndeski [43] and
Degenerate-Higher-Order-Scalar-Tensor (DHOST) theories [44]. An important
class of theories is represented by f(R) gravity [45, 46, 47, 48], in which a general
function of the Ricci scalar is chosen as Lagrangian, thus encompassing several
models at the same time, constituting a very general and yet easy to deal with
theory, especially when it is formulated in its scalar-tensor representation.
Another class of extended theories of gravity is given by metric-affine theories
[49, 50, 51]. In metric-affine gravity the kinematics of General Relativity is mod-
ified allowing for manifolds with a richer geometric structure. Beside spacetime
curvature, the gravitational field is also characterized by two additional geomet-
ric features: torsion and nonmetricity. Their presence is a consequence of a
different perspective on the variational principle of the theory in which the two
fundamental objects of General Relativity, i.e. the metric tensor and the connec-
tion, are considered as independent variables. This is known as first order or
Palatini formulation, as opposed to the usual second order or metric formulation



4 INTRODUCTION

of General Relativity, in which the connection is a priori fully determined by the
metric.

Now, it turns out that considering the first order formulation of General Re-
lativity is not enough to implement any modification in the theory, since the
equivalence with the second order approach can be proved on-shell. However,
several models of modified gravity based on the first order paradigm have been
considered in literature. Among them we can recall Einstein-Cartan and Weyl
theories, Poincaré gauge theory [49], teleparallel theories of gravity [52], Ricci
based theories [53], Eddington inspire Born-Infeld gravity [54] and the Palatini
version of f(R) theories [48]. In all of them, the first order formulation comes
with the inclusion of additional terms in the Lagrangian or additional fields, al-
lowing for deviations from Einstein’s gravity.

This thesis will focus on three curvature terms considered in a first order formu-
lation: the Holst [55], Nieh-Yan [56, 57] and Chern-Simons terms [58]. A feature
common to all of them is the parity breaking character, namely the fact that they
change sign under a parity transformation. Among the symmetries of the uni-
verse, parity plays an important role and it is well-known to be violated in the
Standard Model by electroweak interactions. Its role in gravity is less clear and
the question of whether the gravitational interaction might break it is an open
one in the literature. Moreover, the introduction of parity violating modifica-
tions usually entails peculiar observational signatures deviating from the Gen-
eral Relativity ones, in which the parity symmetry is preserved. This may offer
interesting opportunities to test and falsify alternative models.

The origin of the first two terms mentioned above is rooted in the field of loop
quantum gravity. This is a rather conservative approach to the quantum gravity
problem, in which a nonperturbative, background independent, canonical quant-
ization of General Relativity is addressed. The main idea consists in recasting
the theory in terms of a new set of variables which allow to overcome some of
the difficulties in the quantization process. These variables can be implemented
in the theory adding the Holst [55] or the Nieh-Yan [59] term to the action. By
virtue of the on-shell vanishing of the former and the topological character of the
latter, their inclusion does not imply any modification at the level of the classical
field equations, and they only play a significant role in the quantum framework.
Regarding the Chern-Simons term instead, its presence seems ubiquitous in dif-
ferent contexts, distant from one another. The gravitational anomaly in the
Standard Model framework turns out to have the same structure as the Chern-
Simons term, which must be considered to cancel the anomaly out. Counterterms
of the same kind are also produced in string theories via the Green-Schwarz
mechanism and they emerge in low energy effective string models [60]. Remark-
ably, connections with the loop quantum gravity approaches exist as well, since
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Chern-Simons corrections arise when addressing the chiral anomaly of fermions
together with the so-called Immirzi parameter ambiguity [61, 62].

Analogously to the Nieh-Yan one, also the Chern-Simons term is topological.
Hence, in all three cases modifications at the classical level can only be intro-
duced considering them in already extended frameworks, e.g. including them in
f(R)-like models, or promoting the couplings of these terms to (pseudo-)scalar
fields.

In literature, the Holst and Nieh-Yan terms have only been considered in pres-
ence of torsion, with vanishing nonmetricity, while the Chern-Simons term has
mainly been studied in the purely metric formulation, and its implementation in
the metric-affine framework has received little attention. In this sense there is
a lack of generality in the existing works that should be remedied by extending
these terms to the most general metric-affine setting, which will be the topic of
the first part of this thesis.

During this process, close attention should be paid to two aspects. First, one
may want to preserve the on-shell vanishing property of the Holst term and the
topological character of the Nieh-Yan and Chern-Simons ones. Then, the result-
ing gravitational models should be endowed with invariance under projective
transformations [63, 64]. These are transformations acting on the independent
connection whose associated projective invariance is known to be related to the
absence of dynamical instabilities in some metric-affine theories [34]. Neither of
these features is a priori granted when nonmetricity is included or when a the-
ory is promoted to the metric-affine framework and they will be checked case
by case. Both aspects are sometimes trivially satisfied and in other cases we will
need to provide a generalization of the terms.

After having proposed the generalizations of the parity violating terms and dis-
cussed their properties, they will be considered in some specific gravitational
models. In particular, the Holst and Nieh-Yan terms will be analyzed within a
Palatini f(R) framework, while the Chern-Simons modification will be simply
added to the Ricci scalar in the action. In both cases the coupling of the terms is
promoted to a dynamical pseudo-scalar field, representing the so-called Immirzi
field and the Chern-Simons scalar field, respectively.

Finally, we conclude with several concrete applications, obtaining results ran-
ging from more theoretical considerations, obtained via semi-classical methods,
to observationally oriented outcomes, derived both via analytical and numerical
techniques first in cosmological settings and then, using perturbation theory,
both in black holes and gravitational waves contexts.

In particular, the study of black hole spacetimes with scalar hair will be ad-
dressed in the Holst model, analyzing the thermodynamic properties of new non-
asymptotically flat solutions. The presence of anisotropic bouncing cosmologies
will be investigated in the presence of a generalized Nieh-Yan term and the pos-
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sibility of resolving different kind of singularities will be discussed. Regarding
the Chern-Simons term, its effect on the quasinormal modes of black holes and
the propagation of gravitational waves will be computed, highlighting several
observational signatures related to the parity breaking characterizing the model.
The outline of the thesis is the following:

« The first chapter contains introductory material on metric-affine theories

of gravity and a review of some gravitational models previously studied
in literature. In the first section of the chapter (Sec. 1), after briefly recall-
ing some aspects of General Relativity, the main features of metric-affine
theories are introduced, including the concepts of non-Riemannian mani-
folds, the torsion and nonmetricity tensors and their geometrical meaning,
the role of projective transformations and the differences between first and
second order variational principles. Finally, motivations in support of such
extended geometric settings are reported.
In the second section (Sec. 2), f(R) theories of gravity are reviewed, with
special emphasis on their Palatini formulation. Then, we present the Holst,
Nieh-Yan and Chern-Simons terms as they are known in the literature, dis-
cussing their main properties and their implementation in specific gravit-
ational models.

« The original formal and theoretical results of this thesis are presented in
the second chapter. We first address the projective-invariant extension
to generic metric-affine spacetimes of the Holst and Nieh-Yan terms (Sec.
3), proposing a suitable generalization of the latter. The same is done for
the Chern-Simons topological invariant (Sec. 4). Then, specific gravita-
tional theories are constructed implementing the generalized Holst, Nieh-
Yan and Chern-Simons terms in section 5, 6 and 7, respectively. In particu-
lar, we discuss to some extent the absence of instabilities and we derive the
effective second order scalar-tensor theories, in a background independent
and nonperturbative way for the Holst and Chern-Simons case and at the
linearized level for the Chern-Simons theory.

+ Original results regarding some concrete applications of the models are
presented in the third chapter. In section 8 we report the hairy black hole
solutions of the Holst model, together with their thermodynamic features.
Section 9 is devoted to the Nieh-Yan theory and the big-bounce cosmolo-
gical solutions found therein, with the analysis of their singularities. Fi-
nally, the results regarding black hole and gravitational wave phenomeno-
logy of the metric-affine Chern-Simons theory can be found in section 10,
where we report the computations of the black hole’s quasinormal modes
and we derive the gravitational birefringence and Landau damping effects.
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Finally, conclusions are drawn and future perspectives outlined in the last sec-
tion.






Notations and conventions

Spacetime signature:
4-dimensional spacetime indices:
Spatial indices:

Symmetrization:
Antisymmetrization:

Levi-Civita connection:
Levi-Civita covariant derivative:
Metric Riemann tensor:
d’Alembertian operator:
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Metric-affine covariant derivative:
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NOTATIONS AND CONVENTIONS
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Part 1l

Geometric theories of gravity



Chapter 1

Non-Riemannian geometries

The theory of General Relativity is based on a specific class of geometries, con-
structed on a pseudo-Riemannian manifold. However, the latter is not the only
choice and it can be extended to a more general class of manifolds, leading to the
so-called non-Riemannian geometries. These are the setting for the formulation
of all metric-affine gravity models and their main features will be discussed in
this chapter.

After a brief introduction on the basic features of General Relativity, the torsion
and nonmetricity tensors will be presented and their properties and geometrical
meaning will be discussed, together with a useful decomposition in terms of their
irreducible components according to the Lorentz group. The role of projective
transformations in the dynamical stability of metric-affine models and their phys-
ical meaning related to autoparallel trajectories will be introduced. We end the
chapter explaining the differences between first and second order variational
principles and providing several motivations in support of metric-affine theories
of gravity.

1.1 The theory of General Relativity

In Einstein’s theory of General Relativity [B10, B11], spacetime is considered
as a dynamical entity, whose characteristics and evolution are determined by
the distribution of matter and energy across the space. It is represented by a 4-
dimensional differentiable manifold .#, on which the line element between two
events, labelled by coordinates x* and x# +dx*, is computed via the metric tensor

gy as
ds® = gudxtdx". (1.1)
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The theory is covariant under arbitrary 4-dimensional diffeomorphisms which
reparametrize spacetime coordinates as x’*' = x"/(y”).
Parallel transport of tensorial quantities throughout the manifold is defined via
the connection fvp " which allows the introduction of covariant differentiation,
ie.

V=09,V +17,,VP. (1.2)
In General Relativity the expression for the connection is uniquely fixed, res-

ulting in the Levi-Civita connection, which, once a local chart of coordinates is
settled, is given by the Christoffel symbols of the metric, i.e.

TV

1
o = ggm (0p8opu + u&op — 9o8pp) - (1.3)

Thereby the kinematic content of the theory is established. The dynamics is
instead determined by providing a specific Lagrangian. The theory of General
Relativity is obtained via the simplest choice, represented by the Einstein-Hilbert
action:

Serlgl = # J d*xJ=gR, (1.4)

where k% = 87G is Einstein’s constant and R = g'”VRyV is the Ricci scalar, obtained
contracting the Ricci tensor R, with the metric. The latter is related to the

Riemann tensor R’ wo by RW = R’ upv- The Riemann tensor, defined via the
commutator of covariant derivatives acting on a vector as

[V”, vv] V‘D = RPGWVU, (1.5)
encodes the notion of spacetime curvature and is explicitly given by
H H H H T H T
R'ype = 0,0 6 — 9, p + T Aprﬂm -1, 1, (1.6)
It satisfies the algebraic Bianchi identity

Rivpo + Rusvp + Rypoy = 0 (1.7)
and the differential Bianchi identity

Vl,RVpM +VpR or t VR 0. (1.8)

uve pUoA

With these objects and the related properties one can build the Einstein tensor,
a symmetric rank-2 tensor defined as

1
Gy = Ry = 5 Reur, (1.9)
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which is covariantly conserved, i.e.

v,G" =o. (1.10)
Then, matter content can be included in the theory as
Slg.¥1 = Sgulgl + Smly. g1, (1.11)
where the action of the matter fields, indicated collectively by ¢, reads
Sl 1 = | 422 (0. 0). (112

where £, represent the matter Lagrangian. Varying the above action with re-
spect to g"¥ gives, modulo surface terms, Einstein’s field equations, a set of
second order partial differential equations in the metric tensor, which reads

Gy = KTy, (1.13)
where the energy-momentum tensor of matter is defined as
2 0&
W T (1.14)
JE 5"
From (1.10) one can immediately see that the latter is conserved, i.e.
5 TH
v,Th =o. (1.15)

On general grounds, the latter provides a dynamical equation for the matter sec-
tor, closing the system of differential equations for the metric tensor and the
matter fields.

When the dynamics of test particles on a curved background are taken into ac-
count, their trajectories are described by the geodesic equation, which reads

u'V,ut =0, (1.16)

being u¥ = dx" /ds the vector tangent to the trajectory identified by x* = x*(s),
with affine parameter s. The last equation may also describe particles affected
only by inertial forces, in absence of gravity. The effect of gravity is instead un-
equivocal in the geodesic deviation equation, describing the relative acceleration
of two nearby geodesics separated by the vector :

u'v, (uprn”) = R”Vpguvupi]“, (1.17)

which is non-trivial only in presence of spacetime curvature, i.e. for R* vpo # 0.
The possibility of summarizing most of the features of the theory in just two
pages is part of the beauty of General Relativity which is relatively simple but
complex enough to give an account of a huge variety of gravitational phenom-
ena. All things considered, the next hundreds pages will simply contain several
different variations on this common theme.
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1.2 General affine connections

The manifold’s metric and affine properties play crucial roles in the geometric
description of the gravitational interaction and their physical interpretation ulti-
mately allows to connect geometry with gravity. As we have seen in the previous
section, two fundamental objects are the metric tensor and the connection. Al-
though in General Relativity the latter is completely determined by the former
and its derivatives, this possibility is not unique and one can actually consider
the connection as an independent variable. We will denote the most general con-
nection by r vp-
Then, its identification with the Christoffel symbols of the metric tensor is just
a (well-motivated) choice, which amounts to impose two requirements on the
connection, namely the symmetry in the lower indices,

r”[vp] =0, (1.18)

and the metric compatibility, i.e.

V,8p = 0. (1.19)

Indeed, adding cyclic permutations on the three indices of the latter and assum-
ing (1.18), immediately leads to the identification r vp = I\ vp, Where

i 1
Myp = Eguo (avgcrp +0p8ov — ao-gv,o) (1.20)
is the Levi-Civita connection. Relaxing one or both of the two conditions above,
allows for the presence of additional geometric objects called torsion and non-
metricity, defined respectively by

T, = 2"

(o7l (1.21)

and
Qup = V8- (1.22)

We postpone the explanation of their geometrical and physical meaning to the
next sections. For the time being we just note that their presence implies a more
general expression for the connection which is now asymmetric and not metric
compatible. Starting from (1.22) and performing cyclic permutations on the in-
dices, it is easy to show that the most general form for the connection is now
given by

", =1, + N, (1.23)
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where the distorsion tensor, defined by

depends on the contorsion and disformal tensors, given by

1
Kﬂvp = 5 (Tuvp - Tvup - Tp'uv) ) (1.25)
1
Dpvp = _E (Qllvp - vap - Qpﬂv) 5 (126)

respectively. Moreover, we have K Vp = -K"* p and D" vp = D" pv. Finally, from
(1.22) one can obtain the useful relations

v,ugM = gavgﬁ/lQpaﬂ = Q,uM: (1.27)
1
U TE = B (1.28
v,0 (\/__gg,lgpv) = _\/__ggaa'qup)Lw (1.29)

Torsion and nonmetricity are rank three tensors with specific symmetries that ad-
mit a useful decomposition into irreducible components according to the Lorentz
group [65]. Regarding the torsion tensor, the independent components are the
trace vector

T

=T, (1.30)

the pseudotrace axial vector

S =

= e TP (1.31)

and the antisymmetric tensor gy, , = —qj,, satisfying
gququpcr =0, q'uv,u =0. (1.32)
For what concerns the nonmetricity instead, we can define the Weyl vector

Qp =0y, (1.33)

the second trace
Py =Qp = Qs (1.34)

and a completely traceless part Q, ,, obeying

Q'uyv = vap =0, (1.35)
pr = QPVﬂ' (1.36)
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In terms of these objects, torsion and nonmetricity are expressed by

1 1
Tip = 3 (Tvgup - Tpgw) + ggllVPO'SG + Quvps (1.37)

50, — 2P, Qu&vyp ~ +(u8v)p
prv = Tg,uv - 9 + Qp,uv’ (1.38)

as it is straightforward to check by applying the definitions of the individual com-
ponents. This decomposition can be used to separate useful quantities into their
Riemannian and non-Riemannian contributions. This procedure is sometimes
called post-Riemannian expansion and allows to gain some insights on the role
of the affine contributions contained in quantities defined in terms of the general
affine connection. For instance, for the Riemann tensor we have

R v = R puo + 1, Ny = Vs NPp, + N NP — NF NP, (1.39)
yielding the Ricci scalar

R = R+V(P”—Q“—ZT“)+—Ssﬂ—_TTﬂ+1_8 pll__QyQ,u

+ EPHQ‘U + EPﬂT’u - ngTu + unquw/p + Eququ‘/llp + ZQprQHVp

1
= 5 Qup QM + G QP (1.40)

where the contribution from the purely metric Ricci scalar R is now apparent and
separated from other affine contributions. Similar post-Riemannian decomposi-
tions will be used throughout the thesis.

The class of theories endowed with both torsion and nonmetricity as given by
(1.37) and (1.38), with all vector and tensor components present, contains sev-
eral sub-cases which are obtained setting to zero some of the quantities involved.
From the most general geometry, which will be referred to as metric-affine geo-
metry, one can reduce to the following ones:

Einstein-Cartan (Qy,, = 0);

« Weyl (Q/l =4P;, Qup =Ty = 0);

Teleparaﬂel (e%”vpo' =0= Qﬂvp)a

Symmetric Teleparallel (%'u vpo = 0="T,,);

« Riemannian (Q,, = T,y = 0).
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1.3 Geometric effects of torsion and nonmet-
ricity

As it is well-known, curvature affects the parallel propagation of vectors along
closed loops [B18]. In a similar way, torsion and nonmetricity have their own
geometric effects on the parallel transport of vectors.

Indeed, in presence of torsion the parallelogram formed by parallely transporting
two infinitesimal vectors along each other does not close. To see this we can
consider two vectors, A¥ and B* and write the equations for the parallel transport
of the first one along the second and vice versa, i.e.

B'V,AF = B'9,AF + TV, APB" = 0, (1.41)
A"V,BF = AY9,BF + TV ,,BPAY = 0. (1.42)
For infinitesimal vectors we can approximate the partial derivatives as

AHF(xP + 6xP) — AH(xP)

9,AF ~ : (1.43)
oxV
BH(xP + SxP) — BM(xP
o, B ~ BT+ 0x1) = BIGT) (1.44)
ox"

where the displacement can be identified with §x” = B? and dx” = AP, respect-
ively. The quantity we are interested in is

Agp = AH(xP) + B (xP + 6xP) — (BF(xP) + AH(xP + 6xP)), (1.45)

which quantifies the failure in closing the infinitesimal parallelogram. Using the
expressions above it can be written as

App = 2r”[ ] APB = T o APBY. (1.46)

In absence of torsion we would have A 45 = 0 and the two operations of trans-
porting A¥ along B¥ and B along A* would commute, leading to the same point
in spacetime. When torsion is present instead, the infinitesimal parallelogram
fails to close, the discrepancy being proportional to the torsion tensor.

The geometric effect of nonmetricity is instead related to the non conservation
of the angle between two vectors upon parallel transport. Consider again the

vectors A¥ and B and their parallel transport along a curve with tangent vector
ut:

u'v,AF =0, (1.47)
UV, B = 0. (1.48)
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Using these conditions and the definition of nonmetricity, the variation of the
angle between the two vectors along the curve can be written as

ubv,, (gﬂvA”BV) = BufV,A" + A uPV B! + AFB'UPY g,

= —Q Ul AMB, (1.49)

so that the nonmetricity tensor quantifies the rate of change of the angle and for
vanishing nonmetricity we recover the simple case in which the angle is constant
along the curve. A particular case is obtained setting B¥ = A¥, resulting in the
non conservation of the norm of vectors upon parallel transport:

uPV, (AFA,) = —QpuP AFA. (1.50)

1.4 Projective transformations

In metric-affine theories of gravity the presence of an additional field, namely
the independent connection, allows for the existence of a new symmetry, beside
the usual invariance under four-dimensional diffeomorphisms. The associated
transformation is called projective transformation and it consists of a shift of the
independent connection by an arbitrary one-form degree &,:

1—“uvp - 1:,qu = Fyvp + 551§p (1.51)

From the latter, one can easily obtain the transformation properties of other
quantities such as the Riemann tensor,

R yov = R oy = R oy — 28°4958,), (1.52)

and the vector components of torsion and nonmetricity,

TP — TP = TP — 3¢P, (1.53)
SP — SP = SP, (1.54)
QP — QP = QF + 8EP, (1.55)
PP — PP = PP 4 2P, (1.56)

while both rank-3 tensors are invariant:

Quvp — CN],uvp = 9uvp> (1.57)
Quvp = Quvp = Quyp- (1.58)
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A particular case of projective transformations is given by special projective
transformations, in which the one-form degree can be expressed as the gradi-
ent of a scalar field:

& = 9 A (1.59)

From the Riemann tensor transformation we immediately see that the Ricci tensor
is only invariant under the latter, since

gffyv — e%’uv = e%yv - 28[ﬂ§‘,], (1.60)
while the Ricci scalar is invariant under general projective transformations:
R—>R=2R. (1.61)

In particular, the last condition implies that the first order formulation of Gen-
eral Relativity (see section 1.5) is invariant under projective transformations. In
general, the projective symmetry in metric-affine theories entails the presence of
a redundant vector degree which can always be gauged away performing a pro-
jective transformation. A common choice consists in choosing & such that one
among the vectors T#, O and P is vanishing. By doing this, one is just working
with different representations of the same theory, completely equivalent both
at the level of the action and field equations, that sometimes allow for a great
simplification in the computations. This mechanism plays also a role in proving
the equivalence of first and second order formulations of General Relativity, as
we will see in the next section.

Another important aspect related to projective transformations is that the break-
ing of projective symmetry may be related to the arising of dynamical instabil-
ities. In particular, this is always the case for the specific subclass of metric-
affine theories identified by f(Z,,,) Lagrangians, built only with the Ricci tensor.
As recently shown in [35], ghost-like degrees of freedom propagate in the non-
projectively invariant sector of such models. These pathologies can be cured
either by restoring the projective symmetry or by imposing constraints on the
affine structure of the theory, e.g. the torsionless condition, as in [35]. These
results show the importance of this symmetry for the well-behaviour of degrees
of freedom in metric-affine theories. Although only a specific subclass of these is
addressed in [35], one should expect that adding more complicated terms to the
Lagrangian the outcome can only get worse. In general, projective invariance de-
serves special attention when metric-affine models are considered and especially
when promoting a purely metric theory of gravity to its first order formulation.
Beside this theoretical argument, projective transformations also have a phys-
ical meaning that can be appreciated by considering their effect on autoparallel
trajectories [66]. These are curves along which the tangent vector is parallel
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transported along itself, i.e.
u'V,ut =0, (1.62)
where
dy*
CdA
While in General Relativity they coincide with geodesics (u"V,u* = 0), in pres-
ence of torsion and/or nonmetricity they represent different trajectories. Equa-
tion (1.62) can be written as

ut (1.63)

d?yH g dy'dy’

+I",,—— =0. 1.64
d2 P AN dA (1.64)

Performing a projective transformation from I'* vp to a new connection defined
by " vp = " vp + 5 ¢, the autoparallel equation becomes

2yt ., dy'dyP dyt
— 4+, === =f(2 —_, 1.65
2 T T (1.65)
where P
Y
N=§E —. 1.66
f == (1.66)
That is, A is no more an affine parameter for the new connection I vp. Now, it is
always possible to find a reparametrization s = s(1) such that the new parameter

is an affine parameter for I\ vp, namely such that

2yt ., dy’dyP
', D,

—_ = 1.67
ds? "Pds ds (1.67)
To see this one can make use of the following relations

dy! dy”

—_ = =3, 1.68

ar - ds® (1.68a)
d’y!  d*yF ,  dyF

Y _ Y e D (1.68b)

d2  ds? ds

where a dot represents a derivative with respect to A. Substituting into (1.65)
yields
dy*

1 L

d*yF o, dy'dy”
P g, YA
ds? ds ds
Then, (1.67) is obtained imposing

fM)s—s5=0, (1.70)
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namely fixing the reparametrization to be

A
s(A) = ¢ J el fWdvgy 4 Cs, (1.71)

with ¢; and ¢, arbitrary constants. Therefore, projective transformations act
on autoparallel trajectories changing their affine parameter to a non-affine one.
However, the latter can always be transformed to a new affine parameter via
(1.71). In other words, autoparallel trajectories are invariant under projective
transformations upon reparametrization of the parameter labeling points along
the curve. Hence, projective transformations can be thought of as rules defining
a class of connections that have the property of leaving invariant the parallel
transport on a metric-affine manifold.

1.5 First and second order formulations

Another, more meaningful perspective on the possibility of having a connection
more general than the Levi-Civita one, is offered by considering two alternative
paradigms in formulating variational principles for geometric theories of gravity.
In the standard formulation of General Relativity one considers the action as a
functional of the metric tensor alone,

-1

Slel = -3

J d*x—gR, (1.72)
obtaining the field equations via variations with respect to the inverse metric
dgh”. This landscape can be referred to as second order formulation, since the
action and the equations of motion contain second order derivatives of the metric
tensor. An alternative is instead represented by the following choice

S[g.T] = % J dix "5 R, (1.73)

where the connection has been promoted to an independent variable. The Riemann
tensor is now considered as a function of the independent connection and field
equations are derived via independent variations of the metric g"” and the con-
nection 6T vp- This formulation is known as first order formulation, since now
only first derivatives of the metric and of the connection appear.

Considering the connection as an independent variable, not only introduces modi-
fications in the gravitational sector but it also may affect the way matter couples
to gravity. Indeed, alongside the stress-energy tensor introduced in section 1.1,
which is obtained varying the matter Lagrangian &,, with respect to the metric
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tensor, matter is described by an additional object in a first order framework, the
hyper-momentum tensor [67, 68]. It is defined as

AA =—— (1.74)

and it is a priori allowed by the fact that the matter Lagrangian may be a function
of the independent connection as well.
Several commonly used matter Lagrangian, describing physically relevant types
of matter, actually yield a vanishing hyper-momentum. For instance, this is the
case of a canonical scalar field, the electromagnetic field and the perfect fluid, all
examples of matter not coupling to the affine sector. An important case in which
the matter Lagrangian depends on the connection is given by spinor fields, de-
scribing fermionic particles. They can be introduced in the tetradic formalism
and turn out to feature the spin-connection in their Lagrangian [69]. Beside fer-
mions, one can also consider perfect hyper-fluids [70] as a direct generalization
of standard perfect fluids, in which microscopic characteristic of matter are con-
sidered, such as spin, shear and dilation.
Throughout this thesis we will assume that the matter sector does not couple to
the independent connection, and hence A /1” " = 0. Such hypothesis, quite com-
mon in literature, allows to simplify the computations and it is adequate since it
does not exclude the relevant matter contents listed above from the picture, thus
still allowing the investigations of interesting enough physical scenarios.
Now, as long as matter contributions do not depend on the connection, the above
first and second order formulations both yield the same result. To see this, let us
first evaluate the field equations for the connection. The computation can be per-
formed using the generalized Palatini identity for the variation of the Riemann
tensor, i.e.

SR oy = VT’ 1y — V1,817 s — T, ST e (1.75)

and the following relation
J d4xVy (y=gV#*) = J d4x8y (V=gV*) + J d4x\/Tngppp VH
. J dox g1 VH, (1.76)

holding for any vector density ./—gV*. Then, varying (1.73) with respect to r vp
one obtains

~ Vi (V=88") + 87, (V=88"") + y=g (8" T", = &7, + T} ) =0, (1.77)

or, equivalently,

%g‘”Qx + (P“ - %Q") 8 = + gy —STH+ T, =o. (1.78)
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Contracting the latter with 5 g and gav‘u’l yields three equations for the four
vector components Ty, Sﬂ, Qﬂ and Pﬂ:

3
3&—5gfan:0, (1.79)
1
P+ EQ” +2T, =0, (1.80)
S, =0, (1.81)

while contraction with 5’3, results in the trivial identity 0 = 0. As a result, the
above system is not closed and one needs to provide an additional condition
to completely determine the solution. This is a consequence of the projective
invariance of the theory. Indeed, one of the vector degrees is redundant and
one can always get rid of it performing a suitable projective transformation (see
section 1.4). In particular, one can choose ¢, = T,,/3, such that Ty = 0. In terms
of the new variables, the above system reduces to

- 3
3P, — EQ“ =0, (1.82)

~ 1=
P, + EQ’“’ =0, (1.83)
S, =0, (1.84)

implying the vanishing of all affine vector components. Decomposing torsion
and nonmetricity in (1.78), the equation becomes

2 1
Qvu) — Q/l,uv = 5 (T,ugwl - Tvg,u)t) - ggvy/1050+

(gpv (203 + P) — 2 (4Q, = 7P,) — g2 <_%Qv + 2Pv)> :
(1.85)

1
9

where we dropped the tilde notation for the sake of clarity. Setting the vectors
to zero, the last equation implies

Qvplr = 0, (1.86)
Q(A,u)v =0. (1.87)

In turn, these conditions allow to write

Qu) = ~QWAp = vy = DAy = Quiv = Gl = ~Qupds (1.88)
QV;M = QVA/J = _Q/h//l = _Qﬂpv = Qplv = qul = _Qvub (1.89)
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resulting in the vanishing of the tensor parts as well. The absence of torsion and
nonmetricity implies the validity of condition (1.19), which is solved by the Chris-
toffel symbols in (1.20). In this way, we identify the independent connection with
the Levi-Civita one dynamically, solving the field equations of the theory.

Let us now consider the metric equations, obtained varying the action with re-
spect to 5g#”. The outcome is'

1
Ry = 5 R 8 = 0, (1.90)

Note that the affine Ricci tensor is a priori asymmetric, resulting in the Ricci
tensor symmetrization in the above equation, which stems from the fact that it
is contracted with the symmetric variation of the metric §g* during the vari-
ational procedure. When dealing with metric-affine theories, it is common to
work on half-shell. By this we mean that the solution for the connection is taken
into account and substituted into the remaining equations, leaving only metric,
and possibly scalar (as in the models presented in chapter II), degrees of freedom
to be dealt with. In the present case, given the vanishing of torsion and non-
metricity we have that %, = R, and the on half-shell metric equations simply
reduce to the vacuum Einstein’s equations, thus proving the dynamical equival-
ence of the first and second order frameworks.

This result is quite peculiar and it only applies to General Relativity, i.e. choos-
ing the Lagrangian to be simply given by the Ricci scalar, and with connection
independent matter Lagrangians. If the gravitational action is modified the equi-
valence usually breaks down and first and second order formulations give rise
to completely distinct theories, as it happens for f(R) theories (see section 2.1).
Therefore, the two paradigms are not a mere conventional choice but rather they
entail different kinematical as well as dynamical scenarios. There are several ar-
guments in support of both choices, here we will review some of the reasons why
it is interesting to consider the metric-affine framework, both from a theoretical
and phenomenological point of view.

« First, from an historical perspective, it is relevant to mention that a first
order formulation of gravity was already considered soon after the break-
through of General Relativity, first by Palatini [71], although in a slightly
different way than the one considered here, and later by Einstein himself
[72].

« One of the merits of first order formulations can already be appreciated
considering the previous discussion. From a first order perspective indeed,

'We are here considering the vacuum case, with T,, = 0. The extension to the presence of a
non-vanishing stress-energy tensor is trivial and does not change the results discussed here.
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conditions (1.18) and (1.19) are consequences of the dynamics of the theory
rather then being imposed by hand a priori on the geometric structure of
the manifold. In the same way, instead of assuming that the connection be
given by the Christoffel symbols of the metric, one obtains the same result
dynamically, as a solution of the field equations.

«+ A strong theoretical motivation comes from the fact that the metric-affine
paradigm admits a formulation of gravity as a gauge theory of the general
affine group, allowing to put the equations in a suggestive Yang-Mills form
[73]. This seems particularly interesting in relation to the difficulties in
the quantization of the gravitational interaction, given that other gauge
theories can be consistently quantized.

« It is to the last statement that the quantization scheme carried out in the
loop quantum gravity program is inspired [B25, B26]. In that approach, the
implementation of a new set of variables within General Relativity allows
to recast the theory as a SU(2) gauge theory, giving the opportunity to
apply already existing quantization methods which are successful in other
frameworks. The first order paradigm necessarily comes into play since
a Lagrangian formulation of the theory can only be devised introducing
additional terms in the Einstein-Hilbert action which are non-trivial only
if the connection is considered as an independent variable.

Further arguments can be put forward in support of the inclusion of torsion and
nonmetricity, necessarily present in metric-affine gravity models. Some of them
are summarized here:

+ Arelevant aspect of torsion and nonmetricity is that these objects allow for
equivalent formulations of General Relativity. We are not referring to the
aforementioned equivalence between first and second order formulations,
but rather to the so-called geometric trinity of gravity [52]. According to
this idea, one can formulate the same theory, i.e. General Relativity, in
three different ways, by ascribing gravity to curvature, as usual, or also
to torsion or nonmetricity. The first case amounts to consider the affine
Riemann tensor but setting T vp = Qu vp = 0, reducing to the usual metric
Riemann tensor R/ vpo. However, there are two alternative options con-
sisting in setting the latter to zero, i.e. RF vpo = 0, together with only one
between nonmetricity and torsion, resulting in the so-called Teleparallel
and Symmetric Teleparallel theories of gravity, respectively. Beside this
fact, relevant in itself, teleparallel formulations offer interesting alternat-
ives to modify General Relativity beyond the ones summarized in the next
section.
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« Another less known fact regarding torsion is that it provides a successful
renormalization scheme in Quantum Field Theory [74], alongside the bet-
ter known dimensional regularization. In this approach the presence of
torsion implies the non-commutation of momentum components, allow-
ing to replace diverging integrals in Feynman diagrams with summations
over the momentum eigenvalues, ultimately yielding finite results.

« A more heuristic justification for torsion and nonmetricity resides in a par-

allel that can be traced with ordinary matter physics systems. In particular,
torsion and nonmetricity can be shown to be related to defects in regu-
lar structures like the ones present in liquid crystals or dislocated metals,
corresponding to densities of point defects and line defects, respectively
[75]. Then, an analogy can be drawn with gravity if one advocates for a
non-trivial discrete micro-structure of spacetime at very small scales, with
torsion and nonmetricity playing analogous roles.
Remarkably, analogies between condensed matter physics systems and
Einstein-Cartan spacetimes were also discussed in [76, 77, 78, 79, 80, 81],
where a crucial role is played by the Nieh-Yan term that will be thoroughly
discussed in the following.

« A cornerstone idea of General Relativity is that gravitational phenomena
arise from the intertwined interaction of the stress-energy tensor of matter
and spacetime curvature, the latter being determined by the former and the
dynamics of matter following from the spacetime configuration. When
matter with intrinsic spin is considered, e.g. spinor fields, it is natural
to put forward the idea that spin be associated to its own independent
geometric object, which turns out to be torsion itself, just as the energy
density is associated to curvature. Similarly, one can also consider other
microscopic characteristics of matter such as dilation and shear which can
be in turn associated to the nonmetricity tensor [49]. The spin, dilation and
shear currents are all encoded in the so-called hypermomentum tensor (see
section 1.5), defined in terms of the variation of the matter Lagrangian with
respect to the independent connection, by close analogy with the standard
energy momentum tensor.



Chapter 2

Modified Gravity models

The introduction of geometric structures such as torsion and nonmetricity amounts
to modify the kinematic content of General Relativity, which is basically relying
on tensor fields living on a pseudo-Riemannian manifold. Beside the kinematics
of the theory, one can also extend General Relativity by modifying its dynamics.
The latter is only determined after a particular Lagrangian is specified, and the
Einstein-Hilbert action is not a priori the only possible choice compatible with
general covariance. Rather, it just consists of the simplest choice. Indeed, soon
after the formulation of General Relativity, Lagrangians containing higher-order
curvature invariants were proposed in order to address the non-renormalizability
of the theory [82, 83]. Furthermore, over the last decades also dark matter and
dark energy problems have been addressed via modified gravity approaches, in
order to explain astrophysical and cosmological observations, as for instance the
accelerated expansion of the universe [84, 85, 86]. Clearly, alternative descrip-
tions of gravitational phenomena cannot spoil well-established General Relativ-
ity predictions [87] and some tests must be used for singling out viable models.
In this chapter we will review some extended theories of gravity that are relevant
for the original results presented in the next chapter. First, the main properties of
f(R) theories of gravity will be recalled, both from a metric and Palatini perspect-
ive. Then, we will introduce the Holst and Nieh-Yan terms and their motivations
coming from the loop quantum gravity framework. Their implementation within
Palatini f(R) theories will be discussed, presenting models already investigated
in literature. We will also explain the issue related to the Immirzi parameter am-
biguity, present in loop quantum gravity, and introduce models endowed with
a dynamical Immirzi field. Finally, we consider the Chern-Simons term and the
main properties of the associated modified theory of gravity in its purely metric
version, which is the most studied in literature.
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2.1 f(R) theories of gravity

Among the possible extensions of General Relativity, f(R) theories of Gravity [45,
46, 47] stem out for their generality and handiness. In these theories, the Einstein-
Hilbert action is modified by replacing the Ricci scalar by a general function of it.
The cosmological and astrophysical implications of f(R) gravity have attracted
a flurry activity in the past decades, see e.g. [88, 89] for reviews. Among specific
f(R) models considered in literature, it is worth mentioning quadratic gravity,
whose classical and quantum properties were thoroughly investigated already
in the late 70’s [90, 91], initially in the context of compact and spherically sym-
metric objects (see also [92, 93, 94, 95] for further developments). In particular,
the simplest quadratic Lagrangian, often called Starobinski model, has the form
Lo J—g(R+R?*/ m?) [96] and, when used to describe the inflationary expansion
of the Universe, turns out to be among the most accurate models when com-
pared to observations [97]. Moreover, the linear and quadratic terms can also be
interpreted as the truncation of a Taylor expansion of any analytic function f(R)
around flat space.

As for General Relativity, also f(R) theories can either be formulated at first or
second order, resulting in two inequivalent theories denoted Palatini f(R) and
metric f(R) theory of gravity, respectively. It has to be stressed that, contrary
to what happens in General Relativity, where the first and second order formula-
tions are dynamically equivalent under suitable assumptions on the matter action
(see section 1.5), in the case of f(R) theories the two formulations are inequival-
ent, even in vacuum. We will now give a brief introduction to both formulations,
recalling their basic features.

Metric f(R) gravity

In metric f(R) gravity the Einstein-Hilbert action is replaced by the second order
variational principle

slal = j dx g f(R), 21)

where the metric is the only independent variable and the connection is given by
the usual Levi-Civita connection. The equations of motion for the metric tensor
constitute a set of fourth order partial differential equations which reduces to
Einstein’s equations in the case f(R) = R. Including also the matter action (1.12),
they are given by

f/(RR,, - %f(R)guv + (g0 = V.7, f/(R) = T, (2.2)
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where a prime denotes differentiation with respect to the argument of the func-
tion and O = gt"V,V,. Tracing the previous equation yields

30f'(R) + f'(R)R - 2f(R) = kT, (2.3)

where T = gHT),, is the trace of the stress-energy tensor. The last equation
shows that, in metric f(R) theory, there is a differential relation between the
Ricci scalar and the trace of matter, as opposed to the case of General Relativity,
in which they are merely proportional to each other. Although higher-order
derivatives are present in the field equations, this does not imply the arising
of dynamical instabilities since the Ricci scalar turns out to be an independent,
well-behaved scalar degree of freedom. This is apparent in the Jordan frame
formulation presented below for the Palatini case and discussed for the metric
case at the end of this section, where Brans-Dicke theories are briefly recalled.

2.1.1 Palatini f(R) gravity

Since some of the models considered in this thesis are based on the first order
formulation of f(R) theories, we will now indulge more on the main features of
Palatini f(R) gravity [48]. In this case, the action reads

STl = -5 [ atx=g ) (24)

and, according to a first order formalism, the connection is considered as an
independent variable. The equations of motion for the metric and the connection
stemming from (2.4) (completed with (1.12)) can be derived as in [48], resulting
in

SRy = 5 RV = KTy, (25)
Vu (V=&f (R)g) = 0. (2.6)

Tracing the first equation yields
F(R)R — 2f(R) = k*T. (2.7)

This equation shows how, in the Palatini f(R) theory, the relation between the
Ricci scalar and the trace of matter is merely an algebraic one and allows to
consider &, as well as (), as algebraic functions of T. Equation (2.6) can be
solved for the independent connection giving

1—“uvp = Zf’zg%)g/w [av (f/(g?)gap) +0, (f"(R)gov) — 05 (f,(t%)gvp)] , (28)
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where the dependence on the connection contained in the factors f’(#) can be
eliminated substituting the expression of & as a function of T obtained from the
solution of equation (2.7). Thus, the right hand side of equation (2.8) depends
only on T and the metric tensor, showing how the connection behaves as a sort
of auxiliary variable on half shell, i.e. along the solution of the equations of
motion. Moreover, equation (2.8) can be interpreted saying that the independent

connection is actually the Christoffel symbol of a conformally rescaled metric
defined as

u = f,(%)g,uv- (2.9)

Thus, % v can be considered as the Ricci tensor of the conformally rescaled met-
ric. In order to relate & with R in the Palatini f(R) action, one can use the
relation holding under conformal transformations [B10], i.e.

PR+ )zgf” Vuf T~ f—g T f. (2.10)

As we shall now see, substituting this last result into the action does not allow to
recover the second order formulation, namely metric f(R) theory, proving the
dynamical inequivalence between the two formalisms, contrary to what happens
in General Relativity.

The handiness of f(R) theories relies on the fact that both metric and Palat-
ini f(R) theories can equivalently be formulated in the so-called Jordan frame,
where the degree of freedom added to the theory through the function f is em-
bodied by a scalar field ¢, often called scalaron. In this way the theory can be
recast in the form of a scalar-tensor theory which is easier to deal with.

The transition to the Jordan frame is done via the introduction of an auxiliary
scalar field y in the variational principle. Let us first discuss the case of metric
f(R) gravity and then extend the procedure to the Palatini f(R) theory we are
interested in. In the metric case the action takes the form

Sl ) = = j I =g L) + G R— )] (2.11)

The vanishing of the variation of the action with respect to y gives

f"G)R=x) =0, (2.12)

which, for f”(y) # 0, implies y = R. Substituting back this result into (2.11), the
equivalence with (2.1) is proved. Eventually, the action in the Jordan frame reads

Syl gl = o | dx/=g9R- V], (2.13)
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where the scalar field ¢ is defined as

6= 1) (2.14)

and the potential reads V(¢) = ¢ x(¢) — f(x(¢)), where y has to be considered as
a function of ¢ through the inversion of (2.14), which is possible as long as the
condition f”(y) # 0 holds.

This seems to exclude the special case f(y) = y, namely General Relativity. How-
ever, the condition for the second derivative to be non vanishing is not strictly
necessary. As shown in [98], f(R) theories can be recast in the Jordan frame just
assuming the weaker condition that f’(y) has to be continuous and one-to-one.
The equations of motion for the metric tensor and the scalar field are derived by
varying the action (2.13) and read, respectively

- = 1
$Gyy + 80P — V¥, + > gV (@) = °T,, (2.15)

R =V'(¢), (2.16)

where G, = Ry, — %ngv and we included the stress-energy tensor for matter
fields. The first equation coincides with (2.2) once the reparametrization (2.14)
is taken into account. Substituting its trace in the second equation allows to
eliminate the Ricci scalar from it, yielding the analogue of (2.3):

30¢ + 2V(9) — ¢V’ (¢) = k°T, (2.17)

where the trace of the stress-energy tensor of matter acts as a source term, dic-
tating the dynamics of the scalar field.

Moreover, the terms in equation (2.15) can be rearranged in order to express it in
the form of Einstein’s equations with a modified source and an effective coupling
constant as

Gur = K2 (T + T ), (2.18)

where Kezf § = x? /¢ and the effective stress-energy tensor is defined as

T}szf) = KLZ <_%gyvv(¢) + vpvv¢ B g,uvD‘]S) : (2-19)
Thus, the theory is always characterized by the presence of an effective stress-
energy tensor, even in vacuum, where Tyv =0.
The procedure for the Palatini case is formally the same but the connection is
considered as an independent variable. The outcome of the transition to the
Jordan frame is

SleTgl = =L [ dtx=g g - V)l (2.20)
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The auxiliary character of the connection implies that the dynamics is completely
determined by the equations of motion for the metric tensor and the scalar field,
which, once equations (2.8) and (2.14) are taken into account, read, respectively

¢G,uv + (g,uvD - v,uvv) ¢+ %g,uvv(qs) + % (v,uqsvvqs - %g,uvv/w’qus) = KZTW,
(2.21)
¢ , 1oy e
|:|¢ = § (R -V (QZS)) + ﬁv“qﬁvygb. (222)

Tracing the first equation and substituting the result in the second one, yields

2V(p) — ¢V’ (§) = k*T. (2.23)

This is called structural equation and has important consequences in the Palatini
f(R) theory as well as in more general models that will be considered in the
following. Given a specific function f(R), which determines the form of the
potential V(¢), the relation ¢ = ¢(T) is obtained solving (2.23) algebraically for ¢.
This implies that ¢ is not a real degree of freedom of the theory. Indeed, it affects
the way in which matter appears in the equations and generates the spacetime
curvature, rather than representing part of the dynamics of the gravitational field
itself.
This is a peculiarity of Palatini f(R) theory since in metric f(R), equation (2.23)
is replaced by (2.17), which has the additional term proportional to O¢. In that
equation, T acts as a source term for the dynamics of ¢, as it happens for the
metric tensor in Einstein’s equations, giving a proper dynamics to the scalar field
and making it an independent field ¢ = ¢(x") instead of an algebraic relation in
T. In particular, in vacuum, where T = 0, the structural equation yields the
trivial outcome ¢ = constant, while it holds identically if cases f(R) = R (¢ = 1,
V(¢) = 0) or f(R) = R? (V(¢) = ¢ /4), are considered.
Also in the Palatini case, the ¢-dependent terms featuring equation (2.21) can be
moved to the right hand side and an effective stress-energy tensor can be defined
as
Tls‘c;ff) = % [_%g,uvv(ﬁb) + (v,uvv - g,uvD) ¢ - % (vy¢vv¢ - %g‘vagf)vp(ﬁ)] ,
(2.24)
such that the equations of motion take the form (2.18). In vacuum, where the
structural equation implies that the scalar field is a constant ¢, the theory re-
duces to General Relativity with a cosmological constant given by

Vo

A=2
26

(2.25)
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where Vj = V(¢), and a modified coupling constant x5 = x? /.

If instead Tj,, # 0 and T # 0, the presence of Tf,if D in the equation of motion
implies a modification in the coupling between the metric tensor and matter. In-
deed, derivatives of the stress-energy tensor arise via the terms featuring equa-
tion (2.24). This feature was shown to give rise to curvature singularities at the
surface of stars modelled in the Palatini f(R) theory [99, 100, 101]. However, it
was later proved that, using the appropriate matching conditions at the stellar
surface, pathologies are only present for unphysical equations of state [102].
Also equation (2.10) can be rewritten in the Jordan frame as

R =R+ 7 g”VquSVV(;S— 58 7,79, (2.26)

As already mentioned, this gives the possibility to eliminate the independent
connection, allowing, modulo surface terms, to express the action (2.20) in the
form

5/l 4] = j =g |9R + Z047,6-V(p)|- (2.27)

Comparison with (2.13) shows the inequivalence between metric and Palatini
f(R) theories on a dynamical level. Moreover, this last expression for the action
allows to introduce the following feature of f(R) theories.

Both metric and Palatini f(R) theories, when expressed in the Jordan frame, be-
long to a wider class of scalar-tensor theories [B103], named Brans-Dicke theor-
ies [104]. The action of such theories reads

Selg. ¢l = jd‘*w— [¢R — ;wapsb ~ V()| (2.28)

2K 92
where wy, is an arbitrary parameter. Comparison with (2.13) and (2.27) immedi-
ately shows that metric and Palatini f(R) theories are equivalent to Brans-Dicke
theories with parameter wy, = 0 and w,, = —3/2, respectively.
It is possible to show that in Brans-Dicke theories the field ¢ is governed by the
equation

(3 + 2wy,) 0P + 2V($) — PV’ (§) = °T. (2.29)

This equation correctly reproduces the structural equation of Palatini and metric
cases when wy, = —3/2 and wg, = 0, respectively but also shows how wy, =
—3/2 is the only case in which the field ¢ is non dynamical in the sense explained
above. For every other choice of wy, the term proportional to O0¢ survives and ¢
behaves as a proper dynamical degree of freedom. A further extension of Brans-
Dicke theory consists of promoting the Brans-Dicke parameter to an arbitrary
function of the scalaron in the action, i.e. wz, — Q(¢). This class of theories is
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often referred to as scalar-tensor theories and as we will see some of the models
we will consider in the following are dynamically equivalent to theories obtained
from specific choices of the function Q(¢).

2.2 Parity violating topological terms

Another perspective on the extension of General Relativity is offered by topolo-
gical terms. By topological terms we mean quantities J that can be written as
the (Levi-Civita) divergence of some current J¥, namely 5 = V, J¥. Hence, by
virtue of the Gauss theorem, the corresponding additional contribution included
in the action reduces to a boundary term %:

J dix—gT = J d*x =gV, J" =J dxVhaB, (2.30)
M M oM

where h is the determinant of the 3-metric induced on the boundary of the man-
ifold 9.4 . In the variational principle, one usually imposes the vanishing of the
variation of the fields on the boundary. Hence topological terms by themselves
do not affect the equations of motion of the theory.

However, they can offer an interesting mechanism to modify General Relativity
via the introduction of additional scalar fields. By now, the existence of scalar
fields is well-established from different theoretical and phenomenological set-
tings. Among them, the observation of the Higgs boson certainly is the most
important [105, 106]. Scalar fields also play a fundamental role in the inflation
paradigm in cosmology [B107]. Moreover, they are predicted by string theory
models and have been proposed in loop quantum gravity contexts as well [108,
109]. Finally, going back to the content of the last section, they are useful tools in
f(R) modified theories of gravity, which include a plethora of gravitational mod-
els allowing to address numerous open problems, all of them featuring a scalar
degree of freedom in their dynamical content, as it is apparent in their formula-
tion in the Jordan frame.

Now, a boundary term is usually included in the action multiplied by a suitable
coupling constant. Whenever the latter is promoted to a scalar field, the topo-
logical nature of the boundary term is spoiled. This allows for a simple and
direct way of modifying General Relativity, including additional contributions
in the field equations that are proportional to the scalar field derivatives. As
a consequence, the resulting extended theory of gravity will reduce to General
Relativity in the limit of constant scalar field. This offers the possibility of consid-
ering physical settings where a non-trivial behavior for the scalar field is possible
in some high energy regime, where deviations from General Relativity are expec-
ted, while a relaxation to the trivial constant configuration can be attained in low
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energy asymptotic limits, recovering General Relativity where it gives the cor-
rect predictions.

Another important role boundary terms fulfill has to do with the well-posedness
of variational principles. These are always formulated assigning specific condi-
tions on the boundary. In particular, if one imposes that the variation of the
metric tensor (but not its derivatives) be vanishing on the boundary, then the
Einstein-Hilbert action does not represent a well-posed variational principle, in
the sense that a non-vanishing boundary term survives beside the bulk term
yielding Einstein’s field equations. This additional unwanted contribution can be
compensated by including the so-called Gibbons-Hawking-York boundary term
in the variational principle [B110]. Beside that, the role this boundary term turns
out to play in the thermodynamic description of Schwarzschild black holes is re-
markable [111]. Indeed, in the Euclidean path integral formulation, the vanish-
ing of the bulk term of the Euclidean on-shell action implies that the Gibbons-
Hawking-York boundary term is the only one contributing to the non-trivial ther-
modynamic properties of the black hole [112].

The terms we are about to present in the next sections are all characterized by
the fact that they are parity violating terms. We can define parity transforma-
tions as purely spatial reflections of the tetrad defining the coordinate system
[113]. Then a quantity has even (odd) parity or it is said to be parity preserving
(violating) if it has eigenvalue +1 (—1) with respect to the parity operator.
Theories of gravity exhibiting parity violation are recently receiving increasing
attention. Among them, beside the models considered here we can recall degen-
erate higher-order scalar-tensor theories (DHOST) [114, 115], bumblebee models
[116, 117, 118, 119, 120, 121, 122] and Hofava-Lifshitz gravity [123, 124]. The
prominent role of parity violation in modern physics relies in its possible effects
in CMB polarization [125, 126, 127, 128], primordial gravitational waves [129,
130, 131, 132, 133, 134, 135], the baryon asymmetry problem [136, 137, 138, 139],
black hole perturbations [140, 141, 142, 143, 144, 145, 146, 147, 148, 149, 150] and
gravitational wave birefringence [151, 115, 152, 153, 154, 155, 156].

In this section we will set nonmetricity to zero as we are reviewing previous res-
ults derived with this assumption. In sections 2.2.1 we will work in the Einstein-
Cartan framework, where only curvature and torsion are present, while in sec-
tion 2.2.2 also the torsionless condition will be imposed, restricting the analysis
to purely metric spacetimes. The extension to the case of generic metric-affine
spacetimes will be addressed in chapter II.
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2.2.1 Holst and Nieh-Yan terms

Since the Holst and Nieh-Yan terms were discovered in Einstein-Cartan space-
times, in this section we will restrict to manifolds where nonmetricity is vanish-
ing and only torsion is a priori allowed. Let us start the discussion introducing
the Holst term. Strictly speaking, it is not a topological term, in the sense that
it cannot be written as a total derivative. However, as we will now show, it
does not affect the field equations by virtue of its main property: it is vanish-
ing on half-shell. The Holst term is defined by the following contraction of the
Levi-Civita tensor with the Riemann tensor of an asymmetric, metric-compatible
connection:

1

= =" Ry (2.31)

The simplest gravitational model featuring the Holst term is obtained introdu-
cing it in the Hilbert-Palatini action of General Relativity, yielding the Holst ac-
tion

SZE%JfAFﬂ%+m%% (2.32)
K

where y; is a dimensionless parameter, referred to as Immirzi parameter in the
context of loop quantum gravity [157]. The metric field equations in vacuum are
given by

Yo

1
Ay~ 3R =75

while varying with respect to the connection one obtains (1.78) with vanishing
nonmetricity and a non vanishing right hand side:

A
&, R)rpos (2.33)

v v 1 o
gy - TH+T HA =% [e/lp” T, + Efxup Tvpg] : (2.34)

Contractions of the latter with 67, g and &y, ‘ul yield two independent equations:

Yo

2T, + 28, =0, (2.35)
Sy + 21T, = 0, (2.36)
resulting in
Yo
Tu - —ZS’U, (237)

2
(1 - Y—O) S,=0. (2.38)
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Provided! that y, # ++/2, this implies T, = Sy = 0. Then, the equation for the
tensorial components becomes

Yo op
Qvur — ?gy,m-p%/ =0, (2.39)

which may be written as
AP uap =0, (2.40)

where we defined
AL
We conclude that g,,, = 0. This can be shown either inverting the operator

AMO{ﬂ, ie.

B _
A, = 5.8 — (2.41)

Ay ol (“ﬁ Yo “ﬂ> 2.42
(A7), i Ao+ e ) (2.42)

or expanding all the components of equation (2.39) and showing that they are all
trivially vanishing. In both cases the outcome is valid for every real value of y,
and only the y, = i cases are excluded?.

Therefore, the inclusion of the Holst term does not allow for non-trivial torsion.
Moreover, the Holst term is vanishing on half-shell since, if r vp = e vp, then

g = _Woapog — _ 10 wpop
2 2

wpo =0, (2.43)

Hvpo

which is vanishing by virtue of the algebraic Bianchi identities. Hence, the metric
field equations are not modified either and one recovers General Relativity with
a Levi-Civita connection.

The failure of the Holst term of being a topological term can be compensated
extending its definition and leading to the Nieh-Yan topological invariant. In
order to introduce it, it is instructive to look at the Holst term post-Riemannian
expansion when only torsion is present:

1- 1 1 v
T ==V~ gS”TP = Jempod g, (2.44)

We see that the last two terms prevent it from being a boundary term. This ob-
servation leads us to the topological term known as Nieh-Yan term. It is defined

by

(2.45)

Yo 1
wy = Lewre <5TAW T po — @W,) .

"The condition y, # %2 is not strictly necessary. Indeed, one can obtain the same result
without restrictions on y, via a projective transformation, since the Holst term is already project-
ive invariant in the Einstein-Cartan framework, as we will show in section 3.1.

The y, = +i case corresponds to the original complex-valued Ashtekar variables which were
later discarded [158].
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It was first discovered in [56, 57] in the context of Einstein-Cartan theory and
then shown to have the same role as the Holst term in the implementation of
Ashtekar variables in loop quantum gravity [159].

We see that its expression is obtained completing the Holst term with a torsion
squared contribution. The main consequence of the latter is to modify the de-
composition in (2.44), which now simply reads

1.
NY == (2.46)

Hence, the Nieh-Yan term is a proper topological term which can be written as
a total divergence and reduces to a boundary term in the action principle. As a
consequence, it does not affect the field equations at all.

Immirzi parameter ambiguity and the Immirzi field

As already anticipated, the two terms presented in this section are mainly mo-
tivated by the fact that they find application in one of the existing attempt to
quantize gravity, that is loop quantum gravity [B25, B26]. This is a non perturb-
ative and background independent canonical quantization of General Relativity.
It relies on the possibility of recasting Einstein’s theory in terms of a new set of
canonical conjugate variables called Ashtekar-Barbero-Immirzi variables [158,
160, 161, 162] (often just called Ashtekar variables). Their implementation in the
theory can be carried out at the Lagrangian level by introducing either the Holst
or the Nieh-Yan term in the action. A direct consequence of the on half-shell
vanishing of the former and the topological character of the latter is that their
presence does not modify the theory at the classical level. The field equations
are still given by Einstein’s equations and the classical theory is left untouched.
However, the reformulation in terms of Ashtekar variables, induces a new struc-
ture in the canonical phase space of the theory allowing to consider it as a gauge
theory of the SU(2) group, a crucial ingredient for the implementation of nonper-
turbative quantization techniques proper of the loop quantum gravity approach.
This recipe led to some progress in the canonical quantization of General Re-
lativity and to some intriguing results regarding the nature of spacetime at the
Planck scale [163]. However, the loop quantum gravity program is still plagued
by some unsolved issues. Among them, we will briefly discuss here the so-called
Immirzi parameter ambiguity. The parameter y, enters the theory as an arbitrary
real parameter, either coupling the Holst and Nieh-Yan terms in the action at the
Lagrangian level, or labeling the canonical transformation leading to Ashtekar
variables in the Hamiltonian formalism [B26]. In any case, it does not appear
in the classical field equations. Despite that, it turns out to enter the definition
of the quantum observables of the theory. In loop quantum gravity these are
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the quanta of area and volume, constituting the spectra of geometrical operators
at the quantum level [163]. In this way, the Immirzi parameter labels different
quantum sectors of the theory that have been shown not to be related by unitary
transformations. Hence, a one parameter quantum ambiguity is present in the
theory [157].

This issue has been addressed in several works with different proposals. A pos-
sible explanation is that the Immirzi parameter is a new fundamental constant
which should set the size of the quanta of space with respect to the Planck scale.
It has been proposed to fix its value in order to match the value of black holes en-
tropy predicted by Loop Quantum Gravity with the one given by the Bekenstein-
Hawking formula [164], but later works seemed to disregard this hypothesis [165,
166]. Its meaning has also been investigated in the presence of spinor fields [167,
168].

Here instead, we want to focus on the idea put forward in [108], where it was
proposed to promote the Immirzi parameter to a dynamical scalar field:

Yo = y(x%). (2.47)

In this landscape, the Immirzi field is a new fundamental field that may have
had a non-trivial behavior in the primordial universe or in other high energy
scenarios, and later have relaxed to a constant value during the cosmological
evolution, providing a natural interpretation of the Immirzi parameter y, as the
vacuum expectation value of the field y(x). The extensions of the Holst or Nieh-
Yan action to this case read as

S= % J d*x =g (% +yL), (2.48)

where L is either the Holst or the Nieh-Yan term. Now, the results presented
in the previous section cease to hold, and the irrelevance of the Holst and Nieh-
Yan terms in the field equations is only recovered in the special case y(x) = y,.
In general instead, deviations from General Relativity are expected, offering a
way to obtain new theoretical insights as well as to derive observational signa-
ture for the existence of the Immirzi field. In this regard, several investigations
have been carried out. Models like (2.48) have been studied revealing interesting
phenomenology, such as bouncing solutions in isotropic cosmological models
[108, 169, 170] and the presence of additional gravitational waves polarizations
[171, 172], together with implications at a more fundamental level regarding the
strong CP problem [173, 174], the chiral anomaly [61], and the implementation
of Ashtekar variables [169, 6].
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Palatini f(R) models with Holst and Nieh-Yan terms

The main intent of the loop quantum gravity program is the attempt to quantize
the gravitational interaction, as it is classically described by the theory of Gen-
eral Relativity. It is for this purpose that the Holst and Nieh-Yan terms were
studied within the loop quantum gravity community.

However, as we have seen there are several arguments for studying theories bey-
ond General Relativity that should be considered as the correct theory of gravity,
reducing to General Relativity only in certain limits. On this basis, it is natural
to investigate the outcomes of quantization programs originally applied only to
General Relativity when they are implemented in modified gravity theories. This
is not just a necessary step, if one considers General Relativity only as a low en-
ergy limit of some other theory of gravity, but it actually may offer new insights
into difficulties and shortcomings that are impeding a consistent quantization of
Einstein’s gravity.

As a first attempt in this direction, it is convenient to consider f(R) theories of
gravity, that encompass a wide set of models and at the same time are still easy
to deal with. The extension of the loop quantum gravity approach to metric f(R)
theories was originally considered in [175] (see also [176, 177]). However, when
it comes to the loop quantum gravity quantization scheme, in view of its first
order formulation, the most natural implementation should take place in the Pa-
latini version of the f(R) theory, modifying its action via the inclusion of either
the Holst or the Nieh-Yan term [178, 6]. Their mere addition to the f(R) action
already entails an ambiguity, since summing them directly to the function f or
to its argument yields different inequivalent outcomes, namely

= 5 | dx /=g LFE) Ll (249
2K

= 55 | =g s v, (2.50)
2K

where L is either 7 or /% . In the following we will proceed performing com-
putations starting from both theories in parallel and without specifying the form
of L. The above actions can be transformed to the Jordan frame by applying
the same method introduced in section 2.1.1. Let us then introduce an auxiliary
scalar field y as

L [exFg 100+ Koo - n+1]. (251)

dx =g fO0 + fONZE + L= )], (2.52)

1
2xc2
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where a subscript denotes a derivative with respect to the argument. Provided®
fyx # 0, variation with respect to y yields the conditions

x=%, (2.53)
X=R+L, (2.54)

for S, and S;, respectively. Reinserting them into the actions proves the equi-
valence with (2.49) and (2.50). Then, introducing the scalaron field defined as
¢ = f,(x), we can write the actions in the equivalent scalar-tensor representa-
tion

=5 | dx/g 19 + L=V, (2.55)
= -5 [z lg@ + - v, (2.56)

where the potential is still given by V(¢) = ¢x(¢) — f(x(¢)) and y(¢) is obtained
inverting the definition of the scalaron. In the Jordan frame, the way in which the
terms are included (added to the function f or to its argument) simply amounts
to multiply them by the scalaron ¢ or not. Taking into account the decomposi-
tion of the Ricci scalar and the Holst and Nieh-Yan contributions in terms of the
irreducible components of torsion, it is easy to compute the field equations for
the vector and tensor components (see [6]), which can be algebraically solved,
yielding g, = 0 and

3 [1+ bybydy? /¢

T, == | ——2—— |8, (2.57)
ng 1+ bzq) Y /¢
6 by — b,®

Sy = o 1—2/‘1’] 3. (2.58)
¢ L1+ by 0%y2/¢?

where we introduced two parameters b; and b, which can take values 0 or 1 ac-
cording to the specific model considered (see Table 2.1). If the Holst term is taken
into account, then b, = 1, while b; = 0 and b; = 1 for f(%)+ X and f(R + X),
respectively. When the action features the Nieh-Yan contribution, b, = 0, while
by =0and by = 1for f(R)+ N Y and (R + N Y ), respectively. Finally, ® is co-
incident with ¢ in the f(Z% + %) case and identically equal to 1 in the f(R)+
one.

3As already mentioned in section 2.1.1, the condition for the second derivative to be non
vanishing is not strictly necessary [98].
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Model by | by | @
fR)+Z& |0 |11
f(R+Z) | 1|1 |¢

fRY+NY | 0] 0 |-
f(R+NY)| 1] 0 |-

Table 2.1: Values of the parameters identifying possible Holst and Nieh-Yan modifica-
tions to Palatini f(R) gravity.

Substituting these expressions back into the actions, the four theories can be
described by the following effective second order scalar tensor action:

| vz (¢R - ?ww - v<¢>) , (259

_ 1
2xc2

where the expression for the function Q(¢) depends on the specific choice con-
sidered. In particular, we have

3

f(R+F) and f(R)+NY : Q= bt (2.60)
fF(R+NY) : Q= —% (1-y8), (2.61)

. _ 3 ¢
f(R)+ I - Q=-2 o (2.62)

We see that only including the Holst term inside the argument of the function or
adding the Nieh-Yan term to the function itself, one retains Palatini f(R) gravity,
while the other two options lead to different scalar tensor theories. Note that
setting y, = 0 all choices consistently reduce to Q = —3/2. Thus, as one might
expect, the topological character of the Nieh-Yan term is preserved if it is added
directly to the Lagrangian and otherwise spoiled by the multiplication by the
scalaron. Less trivial, instead, is the outcome for the Holst models. In this case,
indeed, the vanishing of the Holst term on half-shell is to some extent recovered
only if it is included in the argument of the function f.

2.2.2  Metric Chern-Simons gravity

The last topological, parity odd term we need to introduce is the so-called Chern-
Simons term. Here we will discuss its purely metric version, thus setting both
torsion and nonmetricity to zero. The role of the Chern-Simons term in the arena
of modified gravity theories is strongly motivated by several arguments arising
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from different physical backgrounds, where the presence of a Chern-Simons term
seems to be ubiquitous (see [58] for a review). In particle physics, for instance,
the gravitational anomaly turns out to be proportional to the Pontryagin dens-
ity, and a Chern-Simons-like counterterm must be included in the action to can-
cel the anomaly out. Counterterms of this kind can be actually produced also
in string theory via the Green-Schwarz mechanism and emerge in low energy
effective string models [179, 60]. Remarkably, some analogies can be outlined
with loop quantum gravity approaches [180] as well, where Chern-Simons cor-
rections arise in addressing the chiral anomaly of fermions and the Immirzi field
ambiguity [167, 181, 59, 182, 62]. Moreover, this theory may help in designing
new strategies to probe the (local) Lorentz/CPT symmetry breaking in gravita-
tion, which is expected to receive new observational inputs in the next few years.
Indeed, Chern-Simons parity violation effects are already well-established in con-
texts such as amplitude birefringence for gravitational wave propagation [183,
184, 185, 186, 187], CMB polarization [125, 126, 127, 128] and the baryon asym-
metry problem [136, 137, 138].

Another motivation supporting Chern-Simons gravity concerns Kerr-like black
hole solutions. Deviations from the usual Kerr spacetime can be implemented
by introducing additional parameters by hand in the metric, to be compared
with observational constraints from strong field tests [188]. This modifications
are introduced irrespective of the actual theory generating them. In this regard,
Chern-Simons gravity can spontaneously generate Kerr deformations, offering
a theoretical justification to approaches like the one carried on in [188].

The theory was originally proposed by Jackiw and Pi [183] inspired by the Chern-
Simons modification of electrodynamics [189]. As for the U(1) gauge theory,
the Maxwell Lagrangian is modified by introducing a (pseudo)-scalar field, 6(x),
coupled to the U(1) gauge topological Pontryagin density, i.e. "F/'F,,, where
*FH denotes the Hodge dual. Even maintaining the gauge invariance, such a
modification allows for Lorentz/CPT symmetry violation [189]. It can be read-
ily seen by casting the modified term into the Carroll-Field-Jackiw form, i.e.,
v, FH" A,, where v, = 9,0 is the axial vector responsible for Lorentz/CPT sym-
metry breaking. In a wider picture, v, corresponds to one of the coefficients for
Lorentz/CPT violation in the Standard Model Extension (SME) [190, 191, 116].
In much the same way as in the Chern-Simons modification of Maxwell electro-
dynamics, one can add to the Lagrangian of General Relativity a non-minimal
coupling between 6(x) and the gravitational Pontryagin density which, in turn,

is defined by

P = PR, Rl 4ps. (2.63)
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The resulting action may be written as

_ 1

s P
2xc2 2

Jd4x,/—g (R + %G(X)e‘”p"R“ﬁwRﬁapg — =V,0VH0 — ,BV(9)> , (2.64)
where a and f are coupling constants and we included a potential term as well.
The Pontryagin density is a topological density, namely it can be written as a
total divergence as

P =V,KH, (2.65)
where

KF = ePror, (ayf”5V + gf”y ATA(SV) : (2.66)

This assures a topological character to the Chern-Simons term which reduces to
a boundary term in the case of constant 6. For a non-trivial scalar field instead,
the vacuum field equations for the metric tensor are modified as

G +Cw = ﬁT;{(Q) - ggyvv(e)’ (2.67)

where the C-tensor, often referred to as Cotton tensor, is defined by
_ Yy (5 = 1 &4
while T;{ represents the scalar field stress-energy tensor, i.e.
Tj{ = % (vpevve - % ngpevpe) . (2.69)

The scalar field is instead governed by

ﬁDQ + %EyvpoRaﬂvaﬁO(pO' = Cj{_‘é (2.70)
Two versions of the theory have been considered in literature. The original for-
mulation of the Chern-Simons theory is characterized by the absence of the kin-
etic and potential terms for the scalar field in the action and is obtained from
(2.64) setting f = 0. This model was later dubbed non-dynamical Chern-Simons
theory, since in this case the scalar field is a purely external quantity and it has
not a proper dynamical character. Indeed, for f = 0 its equation of motion re-
duces to the Pontryagin constraint

EprO.RaﬂllvRﬁapg = 0, (271)

which restricts solutions of the theory to those metrics satisfying (2.71). Com-
mon solutions such as Schwarzschild or Friedmann-Lemaitre-Robertson-Walker
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(FLRW) spacetimes annihilate the constraint which is instead violated by axially
symmetric spacetimes such as the Kerr black hole, which is not a vacuum solu-
tion in Chern-Simons gravity.

However, the presence of the Pontryagin constraint causes issues in the dynam-
ics of black hole perturbations, even if the simple Schwarzschild case is con-
sidered [192]. Indeed, (2.71) imposes an additional condition on the metric per-
turbations yielding an over-constrained system of equations which is eventually
inconsistent. This shortcoming led to the alternative version of the theory, which
is known as dynamical Chern-Simons gravity (first introduced in [179]). In this
case § # 0 and one allows for the presence of a standard kinetic term for 6(x)
in the action. Within this setting, the scalar field obeys the differential equation
(2.70) and has a proper dynamical character [140].

Another aspect of Chern-Simons gravity, present in both the dynamical and non-
dynamical versions, is that the C-tensor contains third order derivatives of the
metric. This implies that the theory is fully consistent only in an effective field
theory approach, namely in the limit of small coupling |a?/8| << 1. Actually,
in a perturbative framework at linear order higher derivatives play no role be-
cause they are multiplied by derivatives of 0, thus forbidding terms linear in the
metric perturbation and its derivatives (if the scalar field is expanded around a
constant value). Moreover, they disappear when restricting to specific solutions,
such as Schwarzschild or FLRW spacetimes. However, third order derivatives
may cause issues in more general settings, e.g. when discussing the initial value
formulation of the theory, where one is forced to resort to the effective field the-
ory framework [193].

Until now we considered the purely metric formulation of Chern-Simons gravity,
which is the most studied one in literature, while its alternative metric-affine ver-
sion only received little attention [194]. In [195, 196, 197, 198, 199], the first-order
Chern-Simons theory has been discussed within the Cartan formalism, with a
focus mainly on theoretical aspects, while the derivation of observable effects
has received little attention. The most straightforward generalization of Chern-
Simons gravity to the metric-affine framework would consist in the following
theory

p

_ 1 P
2

S =
2x2

Jd‘*x« = (@ + SO0 R R — £V, 0046 ﬁV(G)),
(2.72)

where the independent connection is asymmetric and not metric compatible.

However, as we will see in chapter II, this is not the only possibility nor the

most correct one.
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In chapter 1, we outlined the features of the most generic pseudo-Riemannian
spacetimes, showing how they allow to consider the connection as a truly inde-
pendent field, without imposing any restriction on it. The importance of project-
ive invariance in metric-affine theories has also been discussed and motivated. In
this regard, all the topological terms and related gravitational models introduced
in the previous chapters lack in generality, in one way or another.

Indeed, they are considered in literature only by imposing restrictions on the con-
nection (notably metric compatibility) and their projective invariance has never
been discussed before. This is not surprising since these two aspects are some-
how related. Indeed, it is actually inaccurate to analyse projective invariance in
presence of torsion (or nonmetricity) alone, since even starting with vanishing
nonmetricity, one could generate it via a projective transformation.

Specifically, the Holst and Nieh-Yan terms were originally introduced in the lim-
ited context of Einstein-Cartan spacetimes, that is with vanishing nonmetricity.
Neglecting the presence of nonmetricity amounts to select a specific subclass of
manifolds belonging to the general metric-affine ones. This choice may seem ar-
bitrary, especially considering the role of the full metric-affine group in the gauge
theory formulation of gravity. By extending the Holst and Nieh-Yan terms to the
presence of nonmetricity as well, the correspondent modifications of General
Relativity can be framed in the context of the most general metric-affine frame-
work. Moreover, nonmetricity is finding interesting applications in teleparallel
formulations of gravity (Symmetric Teleparallel Gravity) [200], especially in cos-
mological [201] and black hole settings [202].

The inclusion of nonmetricity is not necessarily straightforward and some as-
pects deserve special care. In particular, the on half-shell vanishing and topolo-
gical character are two fundamental properties of the terms we are considering
and must be preserved when allowing for a non-vanishing nonmetricity tensor.
This may either be automatically assured or one might need to modify the defin-
ition of the term in order to restore the spoilt property.

Regarding the Chern-Simons term instead, although a metric-affine formulation
was already discussed to some extent [194, 195, 196, 197, 198, 199], the theory
was mainly studied in purely metric case, where the connection is simply given
by the Levi-Civita one and there is no non-trivial affine structure. However, the
metric-affine version of the Chern-Simons term should be considered closer to a
gauge theory than the purely metric one [49, 203] since the Chern-Simons term is
constructed using the connection of the corresponding gauge field and it is rather
surprising that the literature on Chern-Simons modified gravity has mainly fo-
cused on the study of its metric version, while the metric-affine formulation has
received only timid attention.

Moreover, a discussion on projective invariance is missing, both for the Chern-
Simons and the Holst and Nieh-Yan terms. Given its relation to the dynamical
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stability of metric-affine theories [34] it seems of paramount importance to ad-
dress this topic. We will be mainly interested in two kind of instabilities (see [33]
for a comprehensive overview of instabilities in modified gravity models).

The first one is known as ghost instability. Its simplest manifestation affects
scalar degrees of freedom and consists of an exponential divergence of the scalar
field perturbation due to complex frequency modes in the solution of the linear-
ized field equation on some given background. Moreover, it can be shown that
the Hamiltonian has a linear dependence on momentum. This in turn implies
that the Hamiltonian is unbounded from below and the system has not a stable
ground state. Another possible source of pathologies, known as Ostrogradski in-
stabilities, is the presence of derivatives of order higher than second in the field
equations. Also in this case, the Hamiltonian is unbounded from below and the
theory is unstable.

Ghosts can be easily spotted by inspecting the action, where a wrong sign* of the
scalar field’s kinetic term allows for negative values of the frequency’s radicand.
Although higher-order derivatives in the field equations may seem equally easy
to detect, they may be hidden by the presence of auxiliary fields. In simple terms,
one can always introduce a variable defined as the derivative of a field thus re-
ducing the order of the differential equations, giving the deceiving impression
that no higher-order derivatives are present. However, the physically relevant
scenario is always obtained on-shell, where the solution for such auxiliary fields
must be taken into account.

This aspect is crucial when metric-affine theories of gravity are considered. In-
deed, the affine sector usually contains auxiliary variables. In particular, on-half
shell torsion and nonmetricity are often expressed in terms of the other fields
and their derivatives (metric tensor and scalar fields, in the models relevant to
the present discussion). This feature has often led to the misleading conclusion
that first order formulations of gravitational models are automatically deprived
of Ostrogradski instabilities, but as we will see this is not necessarily the case.
This chapter contains part of the original work of this thesis. After briefly discuss-
ing the simplest case of the Holst term, we move to the less trivial Nieh-Yan and
Chern-Simons ones, providing a generalized version of the terms in which topolo-
gicity and projective symmetry are ensured. Then, the Holst and Nieh-Yan terms
are considered in Palatini f(R) models featuring an Immirzi field. The resulting
gravitational models are a generalization of some models presented in section
2.2.1 which allows to unify some of them up to a rescaling of the Immirzi field.
We provide a detailed discussion on the stability of the models, their reduction
to previously known theories and the dynamical equivalence with scalar-tensor

“With the conventions adopted in this thesis the kinetic term must have a minus sign to avoid
ghosts.
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theories and with the experimental compatible subclass of DHOST theories.
Next, we focus on the metric-affine version of the Chern-Simons term. After
proposing its topological and projective-invariant generalization, we consider
the simplest non-trivial model with and without a kinetic term for the scalar
field in the action. We derive the field equations at the nonperturbative level
and identify which affine components may be responsible for the arising of third
order derivatives, providing also recipes to guarantee their absence. Finally, we
compute a linearized solution for the connection in terms of the scalar field and
metric perturbation which allows to recast the theory at the perturbative level
as an effective scalar tensor theory. The outcome allows to determine the dy-
namical character of the scalar field in relation to the presence or absence of its
kinetic term in the action.



Chapter 3

Holst and Nieh-Yan terms in presence
of nonmetricity

3.1 The Holst case

Let us start with the simplest case, namely the Holst term. In presence of non-
metricity its definition is formally equivalent to the one provided in section 2.2.1,
Le.

1

H =—=c"P°R (3.1)
2

Hvpo-
However, now the Riemann tensor is built with the most general affine connec-
tion which is neither symmetric nor metric-compatible. As a result, the metric
field equations obtained from the Holst action are unchanged while the connec-
tion field equation now reads

1 1
Zg Q0+ (P = 204) 8 - Q) + gy — T+ T =
puv 1 ppo
=Y [e“p”VQpM te T+ 6 TVPU] i (3.2)
It is easy to show that the Holst term as defined above and the field equations
are invariant under projective transformations. Indeed, using (1.52) one has

~ 1 1
X=X = _EEWPG (‘%uwa - Zguva[pfo]) - _ngpa‘%ﬂ‘/pﬂ =7 (3.3)

So that projective symmetry is already included in the model and no further
generalizations are needed. We would also like to check that the on half-shell
vanishing of the Holst term is not spoilt by nonmetricity. To this aim we can
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contract the connection equation with 8 g and gaw’l, yielding

3 Yo
3P‘u - EQH - ZT/J = ES‘U, (34)
1 Yo
P+ EQ” +2T, = _ES“’ (3.5)
Su =70 (6P, — 2T,). (3.6)

Now, using a projective transformation, which leaves the above system of equa-
tions invariant, we can impose T, = 0. Then, the above equations imply

S/.l = 6)/0P s (37)
Q, = 4P, (3.8)
(y§ + VP, =0. (3.9)

For yy # #i, one has 5, = Q, = P, = 0 and the equation for the tensorial
components becomes

Qvur — Qﬂyv =Y <€uvaan,1p - % Apapqvap> 5 (3.10)
which only has the trivial solution g, = Q,,, = 0, as in the Einstein-Cartan
case. Therefore, the inclusion of the Holst term does not allow for non-trivial
affine structures.

Moreover, the Holst term is still vanishing on half-shell since rt vp = I\ vp still
implies

Yo

g = —Lemro g 1o
2

= P Ry =0, (3.11)

Hvpo Hvpo

which is again vanishing by virtue of the algebraic Bianchi identities. We there-
fore reach the same result as in the Einstein-Cartan case, i.e. one recovers the
theory of General Relativity with the usual Levi-Civita connection.

3.2 The generalized Nieh-Yan term

Things are more complicated when the Nieh-Yan term is considered. Its straight-
forward extension to generic metric-affine spacetimes would be formally equi-
valent to (2.45), i.e.

Yo 1
NY = Eg#VPU (5#,” Tapo — %MG) , (3.12)
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but with the Riemann tensor containing both torsion and nonmetricity contribu-
tions. Its decomposition in terms of irreducible components would now read

NY = _%WS/’ + %(P" — Q) S, - %gﬂvpoqA”VQp % (3.13)

from which we immediately see that the presence of nonmetricity spoils the to-
pological character of the Nieh-Yan term. In literature this feature could always
be neglected by simply disregarding nonmetricity from the very beginning (see
[204, 168, 205, 206, 61, 169, 172, 171]).

The other feature we want to ensure is the projective symmetry. We already ob-
served that the Holst term is invariant, so that any violation should come from
the torsion squared term. Indeed, one has that

1 1 =) 1
qu P GTA/JV T/lpcr - ZEWPGTAW T/lpo - ZEWPGTAW TAPU N Su'brp’ (3.14)

implying the breaking of projective symmetry. Note that the symmetry is vi-
olated even if only special projective transformations are considered, i.e. even
if §, = 9,/ for some scalar field A. Contrary to the spoiling of the topological
character, this result is not related to the presence of nonmetricity, so that the
original Nieh-Yan term violates projective symmetry already in the context of
Einstein-Cartan theory.

We now want to propose a generalization of the Nieh-Yan term, in which addi-
tional contributions are included in its definition acting as counterterms to re-
store both topologicity and projective invariance. The unwanted terms in (3.13)
suggest that a mixed term featuring both torsion and nonmetricity is needed to
recover topologicty. Indeed, the last two terms in (3.13) can be written in the
following way

1 1 1 p o
EEWPUTAW pok = 6 (Pr =05 Sut Egﬂvpoq/wvg ’ (3.15)

so that we may consider the inclusion of the latter to take care of topologicity.
Remarkably, under projective transformations one also have

1

1
E eHvpo T/lpv

1 =
= eI O = ST O + SE (316)

pad po

which precisely cancel the contribution coming from (3.14). Therefore, a gener-
alized Nieh-Yan term defined as

1 1
NY* = Eeﬂvpf’ (gﬂuv Thpo + Thy e @Ww) , (3.17)
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would be a topological term and it would preserve projective symmetry as well.
However, it turns out that projective symmetry and topologicity are not neces-
sarily related to each other and they can be implemented independently. To see
this, let us instead define the generalized Nieh-Yan term as

M
2

NY* =

ghvpo ( Ty Tope + A2 T, Qpoi — %ﬂvpg) , (3.18)

1
2

where we introduced the real parameters A; and A,. The above expression can
be written as

x 1- (4 -1 (4 - 1)
./V? = —EVﬂS/‘ + TgpvpaT/lw TA‘D(; + TE‘LWPO-TAIJV po (319)
and we have that a projective transformation yields
NY* > NY* = (A — A)EHS,,. (3.20)

Hence, for A; = A, = A, the newly defined quantity /% * is projective invari-
ant, despite topologicity being still violated. If in addition we set A = 1, then
also the topological character is recovered. Bottom line, one can have projective
symmetry without topologicity but the latter always implies the former. Finally,
let us note that this generalized Nieh-Yan term allows to recover all the already
known terms, as the Holst (A; = A, = 0) or the standard Nieh-Yan (1; = 1, A, = 0)
terms.

NY* M A | A3

Projective symmetry Ay | R\{0} | R

Projective symmetry and topologicity | 1 1 0

Table 3.1: Values of the parameters featuring the generalized Nieh-Yan term (including
the quadratic nonmetricity term in (3.21)) allowing just projective symmetry or project-
ive symmetry and topologicity simultaneously.

Let us end this section discussing a further possible extension which consists in
including a term quadratic in nonmetricity and considering the quantity

NY* + /138”VP"QW’1QPG . (3.21)

In this case, since the Levi-Civita tensor is actually selecting only the tensorial
component of nonmetricity, i.e.

s“VpaquAonxl = ;nguvpchWAQpM, (3.22)
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and being the latter invariant, the projective symmetry would be also assured.
However, the topological character would be ineluctably lost. Hence, we will
only consider expression (3.18) in the following. All possible cases are summar-
ized in Table 3.1.



Chapter 4

Generalized metric-affine Chern-Simons
term

Let us consider the generalization of the Chern-Simons term to metric-affine
spacetimes already presented in section 2.2.2. In particular, we are interested
in the metric-affine version of the Pontryagin density,

z@ = Euvpoe%aﬂuvz%ﬁapo', (4.1)

differing from the standard expression (2.63) by the fact that the connection is
now the most general metric-affine connection, endowed with both torsion and
nonmetricity. It is not difficult to show that also in this case one can write

P =V, IH, (4.2)

where )
_ (o) H H A
h = POy (0,1, + 2TV T ), (43)

so that the topological character of the Chern-Simons term is preserved when
passing to the metric-affine framework. On the other hand, applying a projective
transformation yields

P> F =P — e (457 s — 167,6,9,8,). (4.4)

The resulting breaking of projective symmetry is somehow weakened with re-
spect to the Nieh-Yan case. First, if one restricts to special projective transform-
ations then the Pontryagin density is invariant. Indeed, setting §, = 9,4, all
additional terms on the right hand side of (4.4) vanish because of the contrac-
tions with the Levi-Civita tensor. Moreover, even considering the most general
scenario, we can rewrite the parity breaking terms as a boundary term. This can
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be seen considering that the homotetic curvature can be written in terms of the
Weyl vector as

A

e%w = a[,uQv]' (4.5)
The transformation property (4.4) can then be rewritten as
P> P=P+V,B", (4.6)
where
B = P (16¢, — 4Q,) fog. (4.7)

Therefore, the Chern-Simons term is invariant up to a boundary term. This is
however not negligible when the coupling 6 is promoted to a pseudo-scalar field,
as in (2.72).

From (4.4) is clear that terms involving the homotetic curvature must be included
to recover projective invariance. Let us consider then the following general ex-
pression

CS*T = cHvPo (‘%aﬂ‘uvt%ﬁapo- + A4 e%‘uvz%pg + Ay e%?uve%?po— + A3 e%yve%?pg) ,
(4.8)
where A, A, and A3 are arbitrary real parameters and we included all possible
quadratic combinations of Ricci and homotetic curvature terms. Now, acting
with a projective transformation gives

GS* > GS = BS* — 26007 [(2+ 83y + A3) R po Vi, + 204 + 203) R0 s
—2(4+ Ay + 162 + 4A3)V, 59,8, | (4.9)

so that we need to impose

2+81,+ 13 =0, (4.10)
/11 + 2).3 - 0, (411)
4+ A + 1615 + 415 = 0. (4.12)

One of the above condition is redundant, while the others give two parameters
in terms of the third one:

A —4

= 4.1
Ay 6 (4.13)
@:—%. (4.14)

Therefore, there is a one parameter family of projectively invariant Chern-Simons
terms.
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Regarding topologicity instead, we can gain some insight by recalling (4.5), which
implies that the term quadratic in the homotetic curvature can be written as a
total divergence as

P Ry R pe = U, (¢7°0,9,0,). (4.15)

The same is not true for terms involving the Ricci tensor, which cannot be recast
in the same form. Therefore, in order to impose topologicity, the parameters A,
and A3 must vanish, while 1, remains arbitrary as long as only the topologicity
is imposed.

Requiring both topologicity and projective symmetry yields

A =23 =0, (4.16)
Ay = —=, (4.17)

and the respective generalized Chern-Simons term:

(‘g(_y* = e/,[vpo‘( O{ﬁ‘u‘/%ﬂapo_ —_ i’%?‘ul/’%?,DO') . (418)

Summing up, the situation looks more involved than the Nieh-Yan one. Now
topologicity and projective invariance are truly independent and one can have
the former (1; = A3 = 0) still violating the latter (1, = —1/4), or vice versa,
imposing (4.13) and (4.14), but requiring A; # 0 and/or A3 # 0 (see Table 4.1).
This concludes the projective-invariant extension to metric-affine spacetimes of
the parity violating topological terms considered. We will now implement these
terms in specific gravitational models and discuss their properties.

cs” A Ay A3
o . l
Topologicity 0 | R\ {_ Z} 0
Projective symmetry | R\{0} )‘11;4 _A
Both 0 _i 0

Table 4.1: Values of the parameters featuring the generalized Chern-Simons term allow-
ing topologicity, projective symmetry or both properties simultaneously.



Chapter 5

Holst term in f(R) models

We will now consider concrete applications of the gravitational terms presented
above. Regarding the Holst and Nieh-Yan terms, their linearity in the curvature
tensor makes them relatively easy to deal with. It is therefore possible to consider
them in quite general models, that can then be reduced to simpler ones via ad-
equate limits. Hence, we will consider a generalization of the models presented
in sections 2.2.1, obtained taking both ideas into account simultaneously, namely
introducing the Holst or Nieh-Yan term in Palatini f(R) theory and promoting
the Immirzi parameter to a dynamical field.

For the time being we will add the Holst term to the argument of the function f,
in parallel with (2.50). This choice seems more in line with the original purpose
of the Holst term, namely avoiding modifications at the classical level and only
recasting the same theory in a way more suitable for canonical quantization. In
this case, even including the Holst term in the argument of the function f, the
presence of the Immirzi field prevents the theory to be equivalent to Palatini f(R)
gravity. However, if the latter has to be recovered in the limit y(x) — yp, then
the right action to be considered is:

1
s= -1 [ ax=g L@ +ya) - wonl. 61
where a potential term for the Immirzi field has been included as well. It is again

convenient to formulate the theory in the Jordan frame. The method is analogous
to the one illustrated in section 2.1.1 and 2.2.1 and yields the Jordan frame action

s= L [anmg 16+ - v -wo), (5.2

where

V($) = dx(¢) — fF(x(9). (53)
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We can now reduce the theory to its effective scalar tensor counterpart, by work-
ing on half-shell. To proceed, we compute the field equations for the connection,

—V; (V=g9g") + 8}V, (V=g¢g"?) + v=g¢ (g" Ty — &, TH + T™"))
1
-V, (J—gygbe/lpuv) +./—gy¢ [eApvap + EeA”pgTVpg] =0, (5.4)
and we extract the equations for the vector components:
3(30u — Pu) + 2T, + 3vS, = 37, In¢
1 1 =
(30 + Py) + 2T, + 3y, = 3W,ng (5.5)
2y (P, — Qu) —4yT, + S, = 67,y + 6yV,, In ¢.
Subtracting the first two we see that the geometry is always characterized by a
Weyl configuration, i.e.
Qu =4P, (5.6)

so that, both nonmetricity vectors can be set to zero with a projective transform-
ation. Then, the system is solved by

3 . 3y -
T, =—V, 0+ ——V,v, 5.7
1o e o7
6 -
S, =——V,y. 5.8
e )

Substituting back into the connection equation yields the equation for the rank-3
tensor components

1

¢ (Q/l,uv - %,ul) =Y (Egpg,lyqvpa - ng,Uvaovl> > (5.9)

which still implies the vanishing of the tensor parts. Substituting back into the
action, the effective second order theory is

¢

2

5= # J dix =g Ty — V() - W(¢)] . (5.10)
where we defined the scalar field ¢ as
U(x) = J3sinh™! y(x). (5.11)
The metric and Immirzi field equations in vacuum reduce to
G = 5 (V4708 = §058) = 25 K() + K = 50 (V@) + WD),
(5.12)

R + %%f/ﬁ’% -

Oy = —=VHYV Iné + é‘i—z‘; (5.13)
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where O = V V¥ is the d’Alembert operator built from the Levi-Civita connection
and

Kin) = 7,070 = 8 7707,() (5.14)

Regarding the scalaron, the structural equation is modified with respect to the
standard Palatini f(R) case, and it now reads

av
d¢

The main consequence of this is that the scalaron is not forced anymore to the
constant configuration (in vacuum) but rather it can acquire a dynamics sourced
by a non-trivial behavior of the Immirzi field.

The latter is a well-behaved dynamical degree of freedom and the theory is safe
from ghosts. This can be appreciated in the Einstein frame defined by the con-
formal rescaling g,, = ¢ g,, (see [B103, 207] for details). In the Einstein frame
the nonminimal coupling of ¢ with the Ricci scalar is removed along with its
kinetic term, and we can just look at the kinetic term for the Immirzi field which
takes the standard form

2V(9) — ¢—= = —2W(y). (5.15)

1., =
- Egﬂvvuwvvgb, (5.16)

with the correct sign.
Let us end this section comparing these results with the outcome obtained adding
the Holst term outside the function f asin

1
5= -1 [ dty=gli@n + vz - wonl, G.17)
In this case, with similar steps we would obtain the following effective theory

3 ¢ o - - - Y o e
2y (Vup7Hp — 7,y My ) + ey 7, pHy

V() - W] (5.18)
As for the models with y = y, discussed in section 2.2.1, the two theories differ.
However, the presence of the Immirzi field now allows for a rescaling of the latter

that can be used to transform one model into the other. Indeed, if we define a
new Immirzi field by

5= LJd‘*x\/——g R +
2Kc2

Y =9y, (5.19)
it is trivial to show that (5.10) computed in y = y/¢ is equivalent to (5.18) eval-
uated at y = y. Therefore, the framework in which the Immirzi parameter is
promoted to a dynamical field offers a possibility to reconcile the two models
which is otherwise unavailable for a constant Immirzi parameter. The price to
pay is a more complicated form of the potentials which are no more separable.



Chapter 6

Generalized Nieh-Yan term in f(R)
models

Let us consider now an extension of Palatini f(R) gravity as a specific implement-
ation of the generalized Nieh-Yan term introduced in section 3.2. Following the
same argument that led us to (5.1), we may now consider adding the Nieh-Yan
term outside the function f, as in f(R) + /%™, and promoting the Immirzi
parameter to a scalar field, adding its own potential term as well. However, we
can actually start from the model

s= -4 [dmg raany), (61)
with f a general function of two variables. Now, if the following holds

O°F 9*F  ¥F
OR2ONY*2  ORIONY*

+ 0, (6.2)

we can formulate the theory in the Jordan frame extending the procedure adop-
ted in the previous sections to the case of a function with two variables, as it is
commonly used in other contexts (see e.g. [208]). Let us introduce the scalar-
tensor representation defined by

_OF
$= PR (6.3)
_OF
Yy = e (6.4)

leading to the following action

s=-L [axFg oz +yr g -wigp). (65)
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where the potential is given by

W(g.y) = ¢R (. y) +y N Y ($.v) = f($. 7). (6.6)

In this way, we are able to generate in a natural way an Immirzi scalar field, as one
of the scalar degrees of freedom emerging from the Jordan frame representation
(6.5). This procedure, moreover, offers a viable mechanism able to produce the
interaction term W(¢, y) instead of introducing it by hand in the action as in (5.1).
Now, varying (6.5) with respect to the connection we get

~VA(=E98™) + 8}V, (V=898") + V=g (8" Ta — 6, T + "))
1 As
~Vp (\/_—g),EAPIJV) TVT8Y [glprP + §€Aup0TVpo 0 VPGT
A
+€uVP0' ((/11 - ?2) T/lpO' + A’Z on./l):l = O, (67)

from which one can extract the equations for the four vector components, i.e.

(/11 - AZ)S/J =0
Q,— 4P, + 1(/11 —25)8, =0
0,- P, +2T + L= 1)), = 37, Ing (68)

(1—2)Qu — P +2(1— AT, — —S =3V, Iny

From the first two conditions we see that the system is always characterized by
Weyl geometry configurations, namely by Q,, = 4P,. Therefore, we can rewrite
the system as

(/11 - )LZ)S/J =0
Q, = 4P,
3B, + 2T, + L1 =4S, = 37, Ing (6.9)

3(1 = AP, + 2(1 = )T, - %SH = 37,Iny

Now, before moving on to compute the solution of the system, let us take care
of the tensorial components of torsion and nonmetricity. The corresponding
equation is obtained from the connection equation using (6.9). After some ma-
nipulations we get

1 po Az po
E(Qﬂ/w qvu/l) 58 oo = 5 & wupo ™

6.10
o P (6.10)
+é& A — ? Qrpo + (/12 - 1)on/1 .
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Then, symmetrizing on the indices y,v we can solve the nonmetricity 3-rank
tensor in terms of the torsional analog as

B = 22) po

& Ao (6.11)

¢ Qyw = ¢q(v,u)/1 +
The latter, inserted back in (6.10) leads to the trivial solution for the tensor modes
Qv = quur = 0. In the following, therefore, we can only focus on the purely
vector modes.

6.1 Projective symmetry breaking case

Going back to (6.9), we see that the structure of the solutions crucially depends
on the values of the parameters A; and A,. Indeed, when projective invariance is
explicitly broken, as it occurs for A; # Ay, we are compelled to set S, = 0 and the
general solution is displayed by

S, =0
Q. =4P,
_ 1 = Al—l =,
1 P,u - /113_/121v,u lnﬁ+ Al_gszlln(ﬁ . (612)
— _2_1 _ 2 M
T, = 2&1—/12vl’ In 2/11—/12vl’ In¢
U oy = Qo =0

Let us now consider the expression of /% written in terms of its vector com-
ponents, i.e.

(1-41) (1-14)
3 2

WY =—T,8" S,V - S,P". (6.13)
We see that, even if the projective symmetry is broken, the solution S, = 0 re-
markably implies that the generalized Nieh-Yan term is identically vanishing on
half-shell. In other words, the affine structure of the theory is such that terms vi-
olating projective invariance are harmless along the dynamics. This constitutes
a counter-example to the results derived in [35] in the context of Ricci based
gravity theories.

The absence of instabilities can be further appreciated by looking at the effective
scalar tensor action stemming from (6.5), when (6.12) are plugged in it. Explicit
calculations lead to

1 3 - -
S= o7 J d*x /=g |$R + ﬁvﬂwﬂgb -W(, Bl (6.14)
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which resembles the form of a Palatini f(R) theory, with a potential depending
on two scalar fields. In particular, we see that in this case the equation for the
Immirzi field is simply given by

oW (g, p) 0
o

which actually fixes the form of the Immirzi field in terms of the scalaron ¢, i.e.
f = B($). Then, including also matter contributions, it can be easily verified that
the variation of (6.14) with respect to ¢, combined with the trace of the equation
for the metric field, results in the canonical structural equation featuring Palatini
f(R) theories [48], i.e.

(6.15)

= k°T, (6.16)

2W (. ) — ¢‘9W(¢ L )] ‘

P=p($)

which shows that the dynamics of the scalaron ¢ is frozen as well, and completely
determined by the trace of the stress-energy tensor of matter. Conditions (6.15)
and (6.16) then establish that the scalar fields ¢ and f are not truly propagating
degrees of freedom, and reduce to constants in vacuum, where the theory is
stable and the breaking of projective invariance does not lead to instabilities as
n [35].

6.2 Projective invariant case

Let us go back to (6.9) and consider the projective invariant case, i.e. 1; = A4, = A.
Now, we have at our disposal the projective invariance to get rid of one vector
degree, which can be eliminated by properly setting the vector £,. We can decide,

for instance, to set §;, = —%Pﬂ, in order to deal in (6.9) only with torsion!. We
obtain then:

Q,=4P, =0

6p(1-1) 6¢ =
W= T H pa vf (6.17)
T . + 2 M ﬂ '
"= 2 PF(A-1)*+¢? ud 2 (-2 +4? Vi
Qpuv = Qppy =0

We remark that while in (6.12) the affine structure is strictly fixed, leading to the
presence of torsion and nonmetricity, in (6.17), as a matter of fact, we could have

!For the sake of clarity we omit the tilde notation for transformed quantities.
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T,
chosen §, = ?” and retained the nonmetricity vector P, instead of the torsion
trace. In this case we would obtain

( —
T, =0
Q, = 4P,

gl
— 6/3(1 ) __6p
1 5= Fag Vi = B2 +42 Vb (6.18)
— pa-=A)
Pu= paapg b ¥ i P

U Qo = Qo =0

Such a flexibility in the specific representation of the theory, however, does not
reflect in a dynamical vagueness, and the proper degrees of freedom can be un-

ambiguously identified.
Indeed, both choices lead to the same effective action, which reads
— J d*x /=g [¢R + 3 (Vup7Hp — 7,4
2 221 =22 +¢H) :
2 ﬁ(l A)_
%,605) - w(o.p)|. (6.19)

where the mixing term V,,¢V¥  can be always reabsorbed by the transformation?
Y= ﬁgb’l_l, which puts the action in the diagonal form:

3¢ 1
2 @ ra—wg

Vi — V(¢ I//)l :

(6.20)
where we redefined V(¢, ) = W(¢, ¢ ™). It is clear, therefore, that we expect
in general the Immirzi field to be a well-behaved dynamical degree of freedom.
To check that, one can perform the conformal transformation already introduced
in the previous section, i.e. g, = ¢ g, leading to the Einstein frame. As in the
Holst case the nonminimal coupling of ¢ with the Ricci scalar and its kinetic term
are removed, leaving just the kinetic term for the Immirzi field, which reads:

=L J d*xy=g [gbR + 55 -

_ é g'uvv,ul//vvlﬁ
292+ (1 - D2

(6.21)

Now, since the inequality ¢2’1 +(1—2)%)? > 0 holds irrespective of the values of
¢, ¥ and A, (6.21) has always the correct sign and no ghost instability arises.

?We see that in the special case of A = 1, when also topologicity is restored, no redefinition
for the Immirzi field is required and his kinetic term simply boils down to —Z%(VIB)Z.
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6.3 Recovering Einstein-Cartan models

In this section we want to make contact with previous models studied in literat-
ure, where the original Nieh-Yan term (eq. (2.45)) has been analyzed in Einstein-
Cartan spacetimes, i.e. in absence of nonmetricity. One might expect that the
sector of the theory to be considered is the projectively violating one identified
by Q.yp =0, 4 = 1 and A, = 0. However, if we insert these conditions into (6.9),
we find

S, =0

3_
%:gw¢ (6.22)
VB =0,

which is just a particular subset of solutions for the models violating projective
invariance. Now, however, we are compelled to restrict to a constant Immirzi
parameter, and by virtue of (6.15) the last one of the above conditions simply
implies

ap
¢ H
which for a generic T # 0 is satisfied if 9/d¢ = 0, that is to say whenever the
potential W(¢, ) does not depend on f. This requirement eliminates the Immirzi
parameter from (6.14) and fully restores the equivalence of the theory with the
Palatini f(R) gravity.

Instead, if we want to properly replicate the Einstein-Cartan structure of [204,
168, 205, 206, 61, 169, 172, 171], it is necessary to implement the condition of
vanishing nonmetricity directly into the action with a Lagrange multiplier, i.e.

oup = ¢(T) =0, (6.23)

SEC = # J d*x =g [F(R.NY") + 1P Q] . (6.24)

where [PFV = [P"!. In so doing we are not forcing S, = 0 because of the ap-
pearance of traces of [P in (6.9). Indeed, varying with respect to the Lagrange
multiplier we get the condition of vanishing nonmetricity, Qp w =0, which, sub-
stituted into (6.9) yields

Pu =59
6p(1-1,) 6¢ 7.8 (6.25)
# ﬁ%lAY¢2“¢ ﬁ%lAY¢2“

A1,
Y S n Al Y e n Al
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where the traces g, = l,,p pand p, = I’ up are completely solved in terms of the
axial vector Sy- Then, results of [204, 168, 205, 206, 61, 169, 172, 171] are simply

obtained® by setting A; = 1.

6.4 Dynamical Immirzi models and DHOST
equivalence

In this section we will focus on the projective invariant case, in which the Immirzi
field retains its dynamical character and it is not frozen by the dynamics. For
A1 = Ay = A, the metric and scalar fields equations read

- 2 1/- - lﬁvvlﬁ
Gpv = %T‘uv + 5 (VFVV - g,leD) ¢ 2¢2 ,u¢ V¢ 2 ¢2/1 +121 A)zlpz
1 (309 3 (W)’ V(g.¥)
Egyv< 2452 - 59{,2/1 +(1—N)2y2 B i) ) (6.26)
2A+1
2V(,9) — ¢8V(¢, 2 S S (W))? = K°T, (6.27)
o9 (% + (1 — D)2y?)
. (1 - /1)2‘# = 1\2
At
~ 219 ) A4CX2)
(1 ISRy v, In ¢ty = ST (6.28)

where (6.27) is obtained in analogy with the structural equation (2.23), featuring
standard Palatini f(R) gravity. From that equation we see that the scalaron ¢
can be algebraically solved in terms of the Immirzi field and its kinetic term X =
(V)2 ie.

b= $).X.T), (6.29)

so that we are left with an only propagating degree of freedom, the Immirzi field.
Moreover, equation (6.29) suggests an intriguing analogy with the so-called De-
generate Higher-Order Scalar-Tensor (DHOST) theories [44, 209], where higher-
order derivatives of the scalar field in the action do not actually lead to dynamical
instabilities, by virtue of some degeneracy conditions on the kinetic matrix. An
important subclass of DHOST theories is the one in agreement with the absence

*Obviously, the parameter A, does not appear at all in the expressions for the vectors, since
it is related to nonmetricity in the expression of /%™
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of graviton decay and the experimental constraint on the speed of gravitational
waves [210], described by the action

2

S - L arxy=5|F, + B0 +FR+6F—2X“V A (6.30)
DHOST = - Xy—&|fo T U T I F2<P<P<Py)t<!’va .

where ¢, = V,0, ¢, = V,V,0, and Fy, F;, F, are functions of the kinetic term
X = ¢/¢,. In this regard, then, consider the Nieh-Yan model in vacuum (T = 0),
identified by A = 1 and the condition 9V /3y = 0. In this case equation (6.29)
simply reads ¢ = ¢(X). Direct substitution of the latter into (6.20) yields the
equivalence at the Lagrangian level with (6.30), upon identification of the DHOST
scalar field ¢ with the Immirzi field and considering the following functional
choices:

3X

Fo = -V(¢(X)) - M (6.31a)
Fi =0, (6.31b)
Fy = ¢(X). (6.31c¢)

In addition, the requirement that the field equations stemming from (6.30) and
(6.20) be equivalent, leads to the additional condition

¢
X 500 +0, (6.32)

which rules out the linear case ¢(X) o« X. Moreover, we note that for the subclass
(6.30), the degeneracy condition preventing the arising of Ostrogradsky instabilit-
ies simply reads F,(X) # 0, which, in our case, is consistent with the requirement
¢ # 0, generally holding in f(R) frameworks.

Finally, as for the Holst term, also in Nieh-Yan models the Immirzi field allows
for a close analogy between the theory just presented and the alternative f(% +
y AV %) possibility. This time, one has to consider the reparametrization

=1 (6.33)

which, applied to the effective scalar tensor action of the f(2) + y/ % model,
allows to recover the equations stemming from the f(% + y/ %) theory.



Chapter 7

Projective invariant metric-affine Chern-
Simons gravity

In contrast to the Holst and Nieh-Yan terms, the Pontryagin density featuring
the Chern-Simons term is quadratic in the curvature tensor. This constitutes the
main difficulty in dealing with Chern-Simons gravity, especially in the metric-
affine framework where the presence of affine contributions makes the theory
even more involved. For this reason, we will consider a simpler implementation
compared to the previous ones, without adopting any f(R)-like extensions. The
simplest model featuring the generalization of Chern-Simons term presented in
section 4 is obtained by including it in the Hilbert-Palatini first order action of
General Relativity as

J dix =g (@ + 208 (R R ps = 2 P R ) = gvyevﬂe) .

(7.1)
Given the topological character of the additional term, the coupling can be pro-
moted to a (pseudo) scalar field 8(x) in order to include non-trivial modifications
in the dynamics. In analogy with the metric case, two real parameters « and
feature the action. Dimensional analysis of (7.1) suggests that their dimension
together with the one of the scalar field must be given by the following powers
of a length:

-1

S =
2K2

[a] =14,  [0]1=L*4,  [B]=L1*4"4, (7.2)

with A an arbitrary constant. Note that one of the two parameters is redundant.
For instance, a can always be reabsorbed in the definition of 6 by performing
the rescaling 0 — 0/« and f — a?f. This amounts to set A = 0 and work with
[0] = L? and [B] = L4, as we will do in most of chapter 10.

In the action (7.1) we also included a standard kinetic term for the pseudoscalar
field. However we want to stress that this is not strictly necessary. We remind
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the reader to section 2.2.2 for a discussion on the difference between dynamical
and non-dynamical Chern-Simons gravity in the metric formalism, where only
the former is considered a viable theory in literature. Regarding the metric-affine
formalism addressed here instead, both possibilities will be taken under consid-
eration, allowing for arbitrary values of 3, including also the = 0 case. We will
soon show that in this case the pseudoscalar field has dynamical character even
without its kinetic term in the action, implying the absence of the shortcomings
affecting the metric case.

7.1 Connection equation and dynamical in-
stabilities

Let us now outline the role of the independent connection in this gravitational
model. Varying the action with respect to the connection we obtain

~ V5 (J=8g") + 85V, (y=gg"") + =g (g"'T7, — 8", T + T =
_ % — afyv H _ l H >
= S =g e (g, - 183 %, ) Vb, (7.3)

We immediately see that the connection field equations are more complex com-
pared to the other theories considered so far. In particular, now we are facing a
non-linear partial differential equation in I vp. For constant 6(x) the right hand
side vanishes and we recover the standard equation (Cf. eq. (1.77)), according
to the topological character of the Chern-Simons modification. The equations
for the vector components of torsion and nonmetricity can be extracted with the
usual contractions of (7.3), resulting in

3 _«a 5 1 apy
30— 30020 = 5 (P05 + G0y, ) Ve 09
P/l n %Q/J n 2T/1 _ % <€aﬁy5%ﬁu}/§ n ifﬂaﬁy‘%ﬁ)’) V0, (7.5)
Su=—a ("R~ Ry — R s ) V0 . (7.6)

The equations for the tensorial parts are instead given by

2 1
Quu) — Q/l,uv = g (T,ugvﬂ - Tv&ul) - ggvp/1050+

_ % <gyv (201 + ) — g2 (40, — 7P,) — g1 (—%QV + zpv)) (7.7)

a afy 1 A
+E€ V(%Mﬁy—zg”l%m)%ﬁ.
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The contraction of (7.3) with 5//} yields the identity 0 = 0 stemming from the
projective invariance. The latter is present by construction and allows to sim-
plify the equations by setting T, = 0. Taking this into account, summing and
subtracting the first two vectorial equations yields

_ s 1 afy
_ 5
P, —Q = as0 R, s Vs (7.9)
Su=a (R y+ Ry — 8"y R) V0, (7.10)

and

a af

_ Y 1 5 1
qV/l)._Q/LUV — EE V<<%IM,B}’_Zgﬂit%ﬁ)’)vae_gg"ﬂ/lo'sa_‘_

: . (7.11)

- 6 (g/lv (ZQA + PA) — 8va (4Q/1 - 7P/1) + 8ur (EQV - ZPV)) .
Let us now address the topic of dynamical instabilities possibly sourced by the
presence of derivatives of order higher than two in the field equations [117, 211,
212, 213, 214, 215, 216]. As already discussed in section 2.2.2, in metric Chern-
Simons gravity their presence is due to third order derivatives of the metric con-
tained in the C-tensor appearing in the metric field equations. In the metric-
affine case instead, varying (7.1) with respect to the metric and including also
the matter action (1.12), we obtain

1 o B 1
R = 5GP = KT+ (vuevve -2 ngpev%) , (7.12)
which can be written as
B 1
Gy +Cpyy = KZTW + 5 <vy9vve — EgHVVPHVp9> = KZTEVOT, (7.13)

where we defined the metric-affine C-tensor as

—a NP T NP PoaA NP ard
Cuv =VpN (uv) VN wp T N Ap N (uv) N Alv N wp T (7.14)
1 - lo} - lo} .
— & (VoN"s = VN + N, NA% — N7, N1, ).
It is worth mentioning that the C-tensor is not traceless in general:
= [ = o
C=Cy = —,N" +V,N”) - N’ N*, +N") N"7,. (7.15)

This is a peculiarity of the metric-affine case, since in the purely metric version of
the theory one has C = 0 (Cf. section 2.2.2). As a consequence, vacuum solutions
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of the theory are not necessarily characterized by a vanishing Ricci scalar as in
GR. Rather, in general the relation

R=C—-i?g"TIT, (7.16)

must hold. Now, looking at the metric field equation one might conclude that
no higher-order derivatives appear, since (7.12) only features up to second or-
der derivatives of the metric and first order derivatives of torsion, nonmetricity
and 0. This is the conclusion reached in [217]. However, a recurring feature of
metric-affine models is that the affine connection behaves as an auxiliary vari-
able in the sense that it is dynamically sourced by the metric and/or scalar fields
present in the theory. Their relation to torsion and nonmetricity is not always
a mere algebraic one and in general it may contain derivatives of the fields. For
this reason we cannot simply conclude the absence of instabilities as in [217],
since higher-order derivatives might appear on half-shell, at the effective level.
This calls for a deeper analysis of this topic. Considering the expression (7.14) the
origin of possible dynamical instabilities can be identified in the dependence of
the distorsion tensor on second order derivatives of the metric and pseudo-scalar
fields. Regarding the latter, only first order derivatives are present in the connec-
tion equations, so that any dynamical instability will be sourced by derivatives of
the metric field, namely by the metric Riemann tensors potentially appearing in
(7.3). In particular, we will now show that the vector components are always safe
from these kind of terms. In (7.8)-(7.9), indeed, one can use the Bianchi identity
to remove any metric Riemann tensor contribution. The equation for the axial
trace on the other hand, can be rewritten as

S, = a (2Tp 0T +..) 070, (7.17)

where the dots represent terms proportional to the distorsion tensor and its met-
ric covariant derivative. We can conclude that, in vacuum, where no additional
interaction terms are introduced at the effective level by the axial trace, the vec-
tor parts of the affine connection cannot be responsible for the arising of higher-
order derivatives and associated dynamical instabilities.

Actually, we note that a non vanishing stress-energy tensor does not necessarily
imply the emergence of instabilities. Indeed, if the tensor T, contains only first
covariant derivatives of the field, as it occurs for example for the standard scalar
or electromagnetic cases, the purely affine components of the Riemann tensor
can generate in the equation of motions for g,, and 6 at most second order deriv-
atives. On the other hand, second derivatives of the matter fields featuring the
T,y would already imply third order derivatives in the equations of those fields,
representing an issue in itself, unrelated to the setting of metric-affine Chern-
Simons gravity.
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It remains to consider the equations for the tensor components. It is first conveni-
ent to separate (7.11) into its symmetric and antisymmetric parts in the indices
U, A, in order to deal with the symmetric and antisymmetric part of the Riemann
tensor in its first two indices, as in (7.8)-(7.9). Hence, we have

_a afy 1 A
Q== 3¢ <‘%(M)ﬂy N Zgul‘%ﬂy> Val+ (7.18)
1 1 )
+ 5 (g 4P =00 + g1 (4P, = Q) — S8 (4P, — Q)
and
_ @ afy
o = iyt = 5 ¢ (P ) Va0+ .19

1 1o ST — % (gyv Q1 =Py — g (Qu - Pﬂ)) :

6

By virtue of the symmetries of the metric Riemann tensor, the latter only sur-
vives in (7.19), which is ultimately responsible for the presence or absence of
dynamical instabilities.

This can help in designing strategies for ensuring the absence of higher-order
derivatives in the field equations. This same requirement is needed in metric
Chern-Simons gravity as well, as we mentioned in section 2.2.2. However, the
crucial difference with respect to the metric version of the theory is that in that
case higher-order derivatives directly appear in the metric field equation, while
in the metric-affine theory they are introduced via the affine contributions only
if the latter depend on them. This additional step allows for a new approach to
this problem that is not available in metric Chern-Simons gravity, which con-
sists on acting previously on the kinematic structure of the theory. This can be
achieved, for instance, by considering from the very beginning simplified metric-
affine geometries, where the rank-3 tensor part of torsion and nonmetricity is
neglected, and we only deal with the vector components. Such an assumption,
indeed, automatically gets rid of (7.19), leaving us only with the set of equations
for the nonmetricity vectors (7.8) - (7.9), and the axial trace of torsion (7.10),
which makes up a closed system. This represents the minimal prescription for
preserving projective invariance, given that q,,, and Q, ,, are unaffected by pro-
jective transformations, and the requirement that they be vanishing does not
spoil the projective symmetry of (7.1). In this approach, higher-order derivat-
ives would be absent at the full unperturbed and background independent level,
without imposing restrictions on the parameters of the theory.

If instead the tensorial parts are considered, one is forced to resort to approaches
analogues to the ones adopted in the metric theory. For instance, one can con-
sider metric-affine Chern-Simons gravity only as an effective theory in the small
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coupling limit @ <« 1 (or @@ «< 1, after the rescalings performed in section 10),
thus making the first term on the right-hand side of (7.19) negligible, ensuring
the absence of higher-order derivatives at the effective level. The same outcome
without imposing restrictions on the parameters can also be obtained in the lin-
earized setting introduced in the next section that will be adopted in deriving
the results of section 10.1, where the perturbative expansion of the scalar field is
performed on a constant background.

Finally, a viable strategy consists in seeking for spacetime configurations where
the components of the metric Riemann tensor containing second order deriv-
atives of the metric field are prevented to appear in (7.19) by the symmetries
of the problem, which restricting the possible dependence of 6(x) on specific
spacetime coordinates, also selects the components of the Riemann tensor. The
equations describing the evolution of the connection reduce then to a highly
coupled system of first order differential equations for the metric-affine compon-
ents, which contain at most first derivatives of the pseudo-scalar field and of the
metric tensor, by means of the Levi-Civita connection appearing in the metric
covariant derivatives.

Let us end this section with a remark on matter couplings. The previous conclu-
sions rely on the assumption that the connection does not couple with matter.
In fact, in the general case of a non vanishing hypermomentum [67, 68]

A2 0L

+*
/ V=g T,

0, (7.20)

where &, denotes collectively the Lagrangian for the matter fields, we expect
contributions analogous to the one in (7.17), in terms of the hypermomentum
components, also in the equations for the other parts of r
ive arguments can be drawn in this situation.

svs SO that no conclus-

7.2 Perturbative solution for the connection

After outlining the general picture of the theory presented in the previous sec-
tion, we would like to investigate observable effects ultimately related to the
non-trivial affine structure. To do this it would be convenient to reformulate the
theory on half-shell, in the form of a scalar-tensor theory, where torsion and
nonmetricity degrees of freedom are embodied in the non-trivial interactions
between the metric tensor and the pseudoscalar field. However, the situation
is more involved compared to the Holst and Nieh-Yan models previously con-
sidered. The technical difficulties preventing the application of that same pro-
cedure are rooted in the complex structure of the connection field equation (7.3).
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In this case, providing an exact, non perturbative and background independent
solution for the affine sector in terms of g, and 0 is an hopeless task and we are
forced to resort to alternative approaches.

There are basically two possible paths to be followed, each of which involves giv-
ing up either the non perturbative or the background independent aspect. Here
we will discuss the former, while the latter will be the subject of section 10.2.
The main idea consists in performing a perturbative expansion of the metric and
pseudoscalar fields:

8w = 8w+ h,uv» (7.21)
0 =0+ 56. (7.22)

Here, a bar denotes the background configuration of which £, and 50 represent
small deviations from. For the time being we will keep the background metric as
general as possible, while we will assume the background scalar field § to be con-
stant. The reason for this is twofold. On one hand this amounts to consider small
deviations from General Relativity, since the latter is recovered for a constant 6 in
(7.3), and it is consistent with the idea that the affine structure is generated by a
non-trivial behavior of the scalar field. On the other hand, from a more technical
point of view, since 0 only appears with its derivative, this allows to simplify the
perturbed connection equations preventing the presence of couplings between
h,, and 0.

Concretely, since V = 0, substituting the metric and scalar field expansions into
(7.8), (7.9), (7.10) one can set the right hand sides to zero and the background
(zeroth order) configuration for the affine vectors vanishes. Substituting into
(7.11) yields also the vanishing of the tensorial part. As a consequence, at first
order one has that (7.8) and (7.9) yield

— O —
48P, — 8Q,, = acP¥ Rypyy5Vad0 = 0, (7.23)
— 0P —
8P, — 6Q, = ae®Py R[y ﬁ]y(svaae =0, (7.24)
where Ruvpg denotes the metric Riemann tensor of the background metric g,

and we used its symmetries and the Bianchi identities to set to zero the right
hand side of the above equations. It follows that

8P, = 6Q, = 0. (7.25)
From (7.10) instead, we obtain the axial trace of torsion at first order

88, = 20 G, VP59, (7.26)
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where G,,,, is the Einstein tensor of §,,,. The perturbations of the rank-3 compon-
ents can be computed from (7.3), which gives

[04 = [04 =
8o — O = Ee“ﬂYVRMﬁyvaae — e C7PT60. (7.27)

Symmetrizing on y, A we obtain the antisymmetry of the Q,, perturbation on
the first two indices:
5Q(H/1)V =0. (7.28)

This, together with the symmetry on the last two indices, i.e. 6Q,[;,] = 0, can
be used to prove that

8Q, =0, (7.29)

resulting in the vanishing of the full nonmetricity perturbation 6Q,;,, = 0. Going
back to (7.27), we are left with

Sqyn = %g"‘ﬂYVRMﬁyvaae - %gw, 2pG7PV 66, (7.30)

which is consistent with the property é‘v'u/h—5qu 2 = 0. Summing up, at first order
the nonmetricity is vanishing and the torsion is given by

6T = S p Ry Vad®. (731)

This perturbative expression for torsion is consistent with previous results de-
rived in the Einstein-Cartan framework, where nonmetricity was a priori neg-
lected [113]. Therefore, in this particular case the inclusion of nonmetricity does
not play any role. We stress however, that this is true only in the perturbative
approach we are employing here, and it is not a general feature of metric-affine
Chern-Simons gravity. As we will see in section 10.2 and 10.3, relaxing the as-
sumption = const is enough to generate non-trivial nonmetricity contributions,
both at the background and perturbative levels.

We are now in a position to reformulate the theory on-half shell, even if just
at the perturbative level. To do this it is sufficient to substitute the results just
obtained in the metric and scalar field equations. At the lowest order, equation
(7.12) simply reduce to Einstein equations for the background metric, i.e.

Gy = KTy, (7.32)

from which we conclude that, in vacuum where THV = 0, the axial trace of torsion
vanishes by virtue of (7.26) and the only affine contribution consists of the per-
turbation of the rank-3 torsion tensor. Next, the metric equations at first order
are given by

8Gyyy + 6C,y = K6T,

s (7.33)
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where 6T, only includes matter perturbations, since the scalar field stress-energy
tensor is at least quadratic in 6. In the above equation, the first order Einstein
and Cotton tensors are given by

8Gyy = 29,9y — 8 (V¥ — Rap) K — (O + R) hyy + (8D — ¥, 7, ) b
(7.34)
and

- _ 5 YOopg = 5 Prég
8Cyy = ~TPST o) = ~teyiays (Ryyg VP7960 + VR F1°%250),  (7.35)

respectively. Let us turn the attention to the scalar field equation which is ob-
tained varying (7.1) with respect to 6(x):

B0 + Semo7 (A B cpo = 1 Fin T s ) = 0, (7.36)

At order zero this gives

g#VP”R“ﬁWRﬂapg =0, (7.37)

which formally coincides with the Pontryagin constraint present in the metric
Chern-Simons theory but it actually binds only the background metric g,, and
not the full metric tensor g,,. At this point we see that the background metric
cannot be completely arbitrary but has to satisfy both (7.32) and (7.44). Without
imposing any other restriction on g, we can write the linearized equation for

00(x) as

(D1(a. s Epo) + Do Epe) + D33 Eper)) 30+D;" (0 Zpo )y +C(@: Epors M) = 0,

(7.38)
where (up to second order) differential operators acting on the field perturba-
tions are denoted by Z; while C(a; &5, 1) is a function of both the background
metric and the metric perturbation. Explicitly, they are defined by

3 - _ _
D@, P 8po) = <ﬂ +a? (ZRHVPJRW(, - RaﬁR"‘ﬁ» O=(B+a*K)O, (7.39)

RMP) o, (7.40)

Dyt 8po) = o? (R%RW + ZR”VRUWV - ZRUIJVP

2

Ds(@; Epo) = “7 (V6K + P79, Rypr = 3Ro ™ PTR yp + 2R,"7, R
+27, (RYRy07)) V7, (7.41)
24" (@ §p0) = @ *R" ﬂvﬂsvﬁ, (7.42)

C(O.'; gpcr’ hpo') = % *Ruvﬁa (hOl,BRa(S,UV + hauRaVﬁ5 _ ihaaRﬁ(S/lv> ) (743)
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Now, some comments are in order. First, we can compare the perturbative ex-
pression of the C-tensor in equation (7.35) with the nonperturbative C-tensor
characterizing the purely metric theory [142] (Cf. eq. (2.68)). At first sight it
may seem that they have a different structure, given the Riemann tensor repla-
cing the Ricci one in the first term. However, by using the contracted Bianchi
identities one can show that they actually coincide, although just at the formal
level (in one case we deal with the full unperturbed metric and scalar field, the
other features the metric of the background spacetime and the scalar field per-
turbation).

Another aspect which is worth discussing is the behavior of the scalar field in
the f = 0 case. We see that the limit § — 0 does not necessarily deprive the
scalar perturbation of a proper dynamical character, in contrast to metric Chern-
Simons gravity. The reason for this can be traced back to (7.31), which introduces
scalar field derivatives via the Riemann contractions of (7.36). In particular, the
box term in (7.38) survives even setting f = 0. This implies that the condition

g,UVpUROC Rﬁapo' = 0, (7.44)

Buv
affecting the metric theory and preventing some geometric configuration to be
actually feasible, does not hold in this case. Instead, the metric-affine version of
(7.44) results in a larger variety of possible dynamical solutions, and for f = 0
the theory is still well-behaved.

7.2.1 Projective symmetry breaking case

In the previous section we considered the projective invariant Chern-Simons
term, identified by A, = —1/4 (Cf. section 3.2). As we saw, at the linearized level
the nonmetricity perturbation is trivial and we have 6Q,,, = 0. The same is true
for the background configuration Q,,, = 0, as a consequence of the assumption
of constant background scalar field. Now, since the homotetic curvature tensor is
proportional to the Weyl vector derivative, it may seem that the additional term
included in the generalized Chern-Simons invariant plays no role in the stability
of the theory at the linearized level.

However, we remark that when the projective symmetry is broken, i.e. in the
Ay # —1/4 case, the contraction of the connection field equation with 5’111 does
not lead to the trivial identity 0 = 0, but rather to the additional constraint:

Py % gy Va0 = Y 3,0050, = 0, (7.45)

allowing for a more general form of the Weyl vector: Q, = 9,4, where 1 is an
undetermined scalar field. This arbitrariness can be traced back to the absence of
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projective invariance, which prevents us to set to zero the torsion trace T,,. Thus,
one has to deal directly with (7.4)-(7.5), while the equation for the axial part of
torsion is insensitive. In this case computations similar to the ones performed in
the previous section yield the following linearized solution:

1

SP, = 4au/1, (7.46)
. «a 55 1
6T, = —Zga/ﬂ/ R, p,5Va00 — an)t. (7.47)

This in turn would imply a more complicated form of the on half-shell metric and
scalar field equations. Then the relevant question arises of whether the breaking
of projective symmetry leads to instabilities, as in [35], or it is actually harmless,
as in the Nieh-Yan case discussed in section 6. However, given the more complic-
ated picture and the absence of works dedicated to observational effects of the
metric-affine Chern-Simons gravity, in the next chapters we will focus on the
Ay = —1/4 case, leaving the analysis of the projective breaking case for future
works.
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From the more theoretical-oriented discussion characterizing the second part of
the thesis, we now move to some concrete applications of the proposed models.
On one hand, this will shed further light on some fundamental properties of the
models. On the other hand, it will allow to derive relevant observational effects
that can be used to put the theories to the test, comparing with observations.
Both cosmological and astrophysical settings will be considered, specializing to
relevant and widely studied symmetric configurations.

Among them, black hole spacetimes received increasing attention in literature
both from a theoretical perspective and regarding their astrophysical properties.
We will investigate the former in the Holst model presented in the previous sec-
tions. In particular, we are interested in the two alternative possibilities of hav-
ing a constant Immirzi parameter or a theory featuring a dynamical Immirzi field,
and how (and if) the presence of the latter can influence black hole solutions and
their well-known thermodynamic properties. The possibility of deriving this
kind of results is subject to the existence of black hole solutions endowed with
a non-trivial profile for the scalar field. This is known to be particularly difficult
because of the presence of no-hair theorems [218] which prevent this possibility
and for this reason we decide to pick the simplest among the models considered
in this thesis. Regarding their astrophysical properties instead, black holes in
metric-affine Chern-Simons gravity will be studied, with special emphasis on
linear perturbations of Schwarzschild black holes [B219].

Cosmological scenarios will be investigated in the Nieh-Yan model, discussing
the presence and severity of singularities in the evolution of the universe, which
is again influenced by the scalar fields present in the theory. In this regard, the
resolution of the big-bang singularity has already been observed in some mod-
ified gravity models and we will check if the same scenario can be induced by
the presence of a Nieh-Yan term in anisotropic cosmological models, extending
previous results derived in the homogeneous and isotropic FLRW solution (see
e.g. [170]).

Finally, peculiar parity violating effects in the propagation of gravitational waves
will be derived in the context of metric-affine Chern-Simons theory. These in-
clude the phenomenon of gravitational birefringence [185] and the gravitational
analogue of the electromagnetic Landau damping [220]. These observational
signatures affecting the gravitational waves phenomenology are particularly in-
teresting since they will allow to constrain the theory in the future.



Chapter 8

Black hole solutions in Holst models
and their thermodynamics

From the literature on the Immirzi field cited in section 2.2.1 we saw that it has
been investigated in several different contexts, including gravitational waves,
cosmology and also from a particle physics perspective. However, regarding the
static, spherically symmetric sector of the theory, no investigations have been
carried out in literature, except for the results presented in the appendix of [221],
where the authors provide the expressions for the components of the spin con-
nection in a spherically symmetric spacetime. However, they eventually rely on
no-hair theorems results [218] to conclude that there are no black holes with a
non-trivial configuration for the Immirzi field. With the aim of filling this gap in
the literature, here we will consider the possibility of going beyond the restric-
tions imposed by no-hair theorems. Such theorems establish in quite general
settings and under specific assumptions that the only possible radial profile for
additional scalar fields is the trivial constant one. One of the hypothesis at the
ground of these theorems is asymptotic flatness, which can be violated looking
at more general solutions in which the Immirzi field can exhibit a non-trivial
behavior. Actually, these theorems can be extended to asymptotically de Sitter
spacetimes as well, while the Anti-de Sitter scenario offers a way to overcome
them. Although the de Sitter case offers a better physical interpretation as a
black hole immersed in an expanding universe, it can be interesting to pursue
the analysis also in the Anti-de Sitter scenario. Motivations in support of the lat-
ter can be found in different contexts such as the AdS/CFT correspondence and
the interplay of loop quantum gravity and string theories [222, 223, 224, 225].
Moreover, asymptotically Anti-de Sitter spacetimes allow for a greater variety
of solutions with non-trivial horizon topology [226, 227], as well as a wide spec-
trum of suggestive thermodynamic phenomena [228].
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We will start by focusing on static spherically symmetric spacetimes described
by the line element

ds® = —A(r)dt? + B(r)dr? + r’do?. (8.1)

For the time being we are not going to assume a specific topology for the 2-
dimensional sub-manifold with line element do2. Rather, it can describe a surface
with either spherical or hyperbolic topology!, namely

do? = do* + csinh (Vd0) dg?, (8.2)
withc = d = —1orc = d = 1, respectively. In particular, if we consider
Schwarzschild-(Anti)de Sitter spacetimes, we have

1 2m A
A)= —— =b—- T - 22 8.3
") B(r) r 3 ®.3)
where b = 1 in the spherical case and b = —1 in the hyperbolic one. It turns out

that only the spherical topology is compatible with both positive and negative
(as well as vanishing) asymptotic curvature, while the hyperbolic topology can
only be realized for asymptotically Anti-de Sitter spacetimes [229].

Before reporting the actual solutions, we need to specify a particular model. The
metric and scalar field expressions presented in the next section are solution to
the Holst theory (5.1) for a specific choice of the function f and potential W. The
function is chosen to be a generalization of the Starobinsky model [85] with the

inclusion of a cosmological constant term?:

oo = m (x +ax®-2h), (8.4)

for a general argument y. The Jordan frame potential can be computed using its
definition (5.3) in terms of f and it turns out to be given by

V(g) = (¢_ D’ + 2A¢2. (8.5)

The Immirzi field potential is set as
4A
W = — i '
csch (W) — 16aA

Although in the A < 0 case it is characterized by a negative mass term, i.e.

(8.6)

d T L// —2/12, it satisfies the so-called Breitenlohner-Freedman bound which
guarantees Anti-de Sitter space stability [230, 231]. We will now focus on the
case of a negative cosmological constant and postpone the de Sitter case to the

end of this section.

One can also consider toroidal topology, see [229] for details
’The prefactor 1 + 8aA is chosen for later convenience
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8.1 Black holes with Immirzi scalar hair

We will first present a solution for the A < 0 case and then discuss some of its
properties. The line element is given by

ds® = Q(r) [—h(r)dt2 +h~ Y (r)dr? + rzdaz] , (8.7)
where the metric function and the conformal factor read

2 2
h(r) = — (1 + @) L (8.8)

r 2

+ 2m) + 48am? /I?
o) = O+ Em) + damT/1 59)
(r + m)?

respectively. The parameter [ is related to the cosmological constant by A =
—3/1? < 0. The radial profile for the Immirzi field is given by

¥(r) = Y + V12 arctanh (L> , (8.10)
r+m
where 1 is a constant. The expression for the scalaron instead, is obtained by
solving the structural equation (5.15) and it reads

$=1+4aW(y), (8.11)

namely
o) = r(22m +7) .
2mr +r° — 16m°a
This configuration is a generalization of the previously known MTZ black hole
solution, found in [232]. The latter can be obtained as a special case setting & = 0
and ) = 0. Notice that the the potential V(¢) is singular in @ = 0. However,
one can safely take the limit « — 0 a priori in (8.4), yielding f(y) = y — 2A, i.e.
V =2A.
Let us now dwell for a while on some properties of this solution. The most pe-
culiar feature is the non-trivial topology of the 2-dimensional sub-manifold %
which is a 2-surface of negative constant curvature. Its line element do appear-
ing in (8.7) describes a space with hyperbolic topology and genus g > 2, with
area o = 4r(g — 1) [226, 227, 229].
The other relevant feature, necessary to overcome no-hair theorems as we have
discussed above, is the presence of a negative cosmological constant and its as-
sociated Anti-de Sitter asymptotics. Even if A is not introduced in the theory in
the usual way, namely as a constant term added into the action, it can be shown
that the quantity associated to the Anti-de Sitter behavior is indeed A, while the

(8.12)
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actual constant term in the Lagrangian, which comes from the potential (8.5) and
is given by 1/(4a), does not play any essential role. To see this one can look at
the asymptotic behavior at radial infinity for the Ricci scalar, which reads

R ~4A+o(l>, (8.13)
r2

identifying the spacetime as asymptotically Anti-de Sitter space with radius [ =
J—3/A.

Let us now discuss the causal structure of the spacetime described by (8.7). Co-
ordinate singularities are located where the metric function h(r) vanishes. It has
four roots, one of which is always negative, while the others are

l 4m
=11 1+—1, 8.14
Te 2(+ +l) ( )
l 4m
= (1- 1+, 8.15
Iy 2( l) ( )
l 4m
==|-1+./1-—. 8.16
=1 ") (5.16)

Although the parameter m will later be related to the black hole mass it is inter-
esting to classify all possible cases considering also m < 0. For positive values
of the mass parameter, 7, is the only positive real root. For m < 0 instead, we
can distinguish two different cases. If —I/4 < m < 0 there are three positive real
roots, namely 0 < r_ < r, < r,, and for m < —I/4, the only positive real root
is r_. In each case these may be identified as black hole, cosmological or inner
horizons, depending on their relative position with respect to the curvature sin-
gularities, located at r = 0 and at the roots of the conformal factor Q(r), namely

= —m:l:\/ m? (1 —48a/ lz). Both at the origin and in rf, the scalars of curvature

diverge.
Now, the physical interpretation of the solution depends on the values of the
mass and the parameter a. All possible cases can be summarized as follows:

« For a > I?/48 the solution represents a black hole for every value of m.
Indeed, the roots ri2 become complex and the event horizons atr, or r_ are
always hiding the remaining singularity at the origin;

« For 0 < a < [2/48, the three curvature singularities are hidden only if
m > —I/4 holds;

« For @ < 0 instead, in order for the singularities to be hidden one must have
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m_ <m < m,, with

12\12 — 48a l

m_ = > —— (8.17)

ol (\/li2 — 480 + l) _age 4
212 — 48

L= . (8.18)

(l N 48a)2

Finally, a limiting case that will be relevant in the following is given by m = m, =
—1/4. In this case, the metric function h(r) has two positive roots, the greater one
being atr =r, =1/2.

Although m is just a parameter now, we will later show that it is related to the
mass-energy of the black hole and that it has to satisfy m > m.. This has two
consequences. On one hand, we can discard the third case scenario, where the
presence of the upper bound m, would imply that an increase in the black hole
mass be associated to the development of a naked singularity. In the following,
therefore, we will restrict to the & > 0 case. On the other hand, the fact that
m > m, implies that the outer event horizon is always located at r,.

Let us now discuss the behaviour of the scalar fields. If the mass parameter m
is restricted to be in the aforementioned range, both the scalaron and the Immirzi
field are regular on and outside the event horizon. In particular, ¢ has two poles
at the radii r{, which are either complex or hidden, depending on . Its radial
profile increases monotonically starting from ¢(7,) and reaching 1 asymptotically
as r — oo. Regarding the Immirzi field instead, taking into account (5.11), it is
given by

Vo/V3(r + 2m)2 — e Vo/ 3,2
y(r) = ¢ (r+2m)” —e T (8.19)
2r(r + 2m)

It asymptotically relaxes to the constant value y, = sinh(%) at infinity. There-

fore, since at infinity we have y — y; and ¢ — 1, together with W — 0 and
V — 2A, in the asymptotic region the theory reduces to General Relativity with
a constant Immirzi parameter, namely to the usual formulation of loop quantum
gravity with a cosmological constant A. Moreover, in this limit the bare cosmo-
logical constant introduced in the action via the potential V(¢) cancels with the
—1/(4a) term coming from in W ().

Asymptotically de Sitter solutions

We conclude this section reporting some solutions with positive cosmological
constant. As we mentioned, no-hair theorems can be extended to asymptotically
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de Sitter spacetimes. Indeed, even if the following solutions are characterized
by non-trivial scalar fields, they exhibit singularities which are not hidden by
horizons.

For A > 0 an asymptotically de Sitter solution to the field equations (5.12)-(5.13),
with the same potentials as in the previous section, is given by

ds2 = Q(r) [—h(r)dtz + %dﬂ +r2de? || (8.20)
where now
_ m\* A,
h(r) = (1 - 7) - gr s (821)
_r(r—2m)— 16m2a/
Qr) = —— : (8.22)

and the topology is spherical, i.e. dw? = d§? + sin29d(p2. From the expression of
the conformal factor, similar to [233], we see that the spacetime has two asymp-
totic regions for r — oo and r — m, due to the pole of Q(r). The scalar fields
profile is given by

¥(r) = Y + V12 arctanh <L> : (8.23)
r—m
$(r) = rlr - Zm) (8.24)

r(r — 2m) — 16am?A’

Curvature singularities are located at r = 0 and at the roots of Q(r), i.e. =

m(1 £ /1 + 48 /1), where we have defined [ = 3/A. Coordinate singularities
correspond to the roots of h(r) whose characterization depends on the value of
the mass parameter m. They are located at

— (—1 + 1+ 4—’”), (8.252)
2 [
) 4m
=-(1- 1= 8.25b
=3 "), (8.250)
[ 4m
Te = 5 (1 +./1-= T) , (8.25¢)

and we can summarize all possibilities as follows:

« For 0 < m < [/4, the roots are all positive and they satisfy 0 < r, < m <
re <1/2 <r, <I. Therefore:
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- Inthe region 0 < r < m, there is only a cosmological horizon at r; and
the singularity at the origin is naked;

- When m < r < oo, there is an event horizon at r, and a cosmological
horizon at r,. This situation is similar to the Schwarzschild-de Sit-
ter black hole with the singularity replaced by the new asymptotic
region;

« For m > /4, the only real root is 7.

- The region 0 < r < m has a cosmological horizon there and the
singularity at the origin is naked;

- The region m < r < oo has no horizons at all and it represents a
inhomogeneous bouncing cosmology [233];

« For m < 0 there is only one asymptotic region at r — oo and only one
cosmological horizon at r,, leaving the singularity at r = 0 naked.

Therefore, there are only two cases potentially describing solutions without na-
ked singularities, namely the region m < r < co for either 0 <m < 1/4orm > 1/4.
Now, one must take into account the singularities at ri>. The situation is similar
to the one in the previous section. For o < —I2/48, the roots of Q(r) are complex
and there are no additional singularities. For & > —I?/48 the requirement that
the singularity at r§’ be hidden would impose restrictions on the values of the
parameter m. However, even if this aspect is taken into account, the solution al-
ways presents a singularity in terms of the behaviour of the scalar fields. Indeed,
the Immirzi field, which is given by

1) 2%

3 Na
£ rec am_y (8.26)
2 r—2m r

y(r) =

is singular at » = 2m. Moreover, the scalar field ¢ vanishes there, which is in-
consistent within the scalar-tensor representation of f(R) theories. The surface
r = 2m belongs to the region m < r < o and it is always outside the event hori-
zon r,. Therefore, this singularity is naked in both potentially regular solutions
mentioned above and we conclude that this class of de Sitter solutions is non-
physical.

Despite this, it is still interesting to analyse the region m < r < oo, for m > /4,
where we have that the function h(r) becomes negative and the metric changes
signature. The r and ¢ coordinates become time-like and space-like, respectively.
After the exchange r < t the metric can be written as a Kantowski—Sachs space-
time, namely

ds? = —N(t)dt? + a(t)?dr? + b(t)? (d9? + sin’9dp?), (8.27)
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where

a(t)? = Q)|h@)|, (8.28)
b(t)? = 2Q(1), (8.29)

while the lapse function is N(t) = Q(t)/|h(¢)|. It is interesting to check for the
existence of big-bounces in the universe evolution. To this aim, let us define the
Hubble functions )
a(t) b(#)
Alt) = —, B(t) = —. 8.30
=55 BO=5o (5:30)
The condition for the existence of a bounce [234] in the scale factor a at time £,
and in b at time 1, is, respectively

At =0, At) > 0; (8.31)
B(t) = 0, B(t,) > 0. (8.32)

It is clear that, although it may be possible to have a bounce in one of the scale
factors but not the other, this does not lead to a new expanding universe region.
We therefore require that a bounce occurs in both scale factors, even though they
may in general occur at different times [234]. Indeed, for & < —I2/48, a bounce

in b(t) occurs at
5 48a
I, =m (1 + - (1 + l_2>) , (8.33)

in which conditions (8.32) are satisfied. It can be shown that there exists a time
for which conditions (8.31) are satisfied too, although it is not possible to express
t, analytically. In this cosmological interpretation, the Immirzi field ¢(t) diverges
when t = 2m. This time happens to be before both bounces, for a large range of
values of the parameters. It is also interesting to notice that, when the Immirzi
field diverges, one has that

A(2m) = B(2m), (8.34)

for every values of the parameters.

8.2 Thermodynamics and black hole chem-
istry

Although the asymptotically Anti-de Sitter behavior is not really prone to a direct
astrophysical interpretation of the solution, it allows to deepen the analysis in the
semiclassical setting in which the thermodynamics of AdS black hole solutions is



THERMODYNAMICS AND BLACK HOLE CHEMISTRY 81

well defined and rich of interesting phenomena in which it is worth to investigate
the effects of the Immirzi field.

Among the many existing approaches to black hole thermodynamics, Euclidean
path integral methods are particularly handy and straightforward to apply [112,
111]. They are based on the thermodynamic interpretation of the gravitational
partition function®

Z:Jﬂﬂﬂm. (8.35)

The usual procedure consists in performing a Wick rotation to imaginary time
t — ir on which one imposes periodic boundary conditions. In this way, 7 be-
comes an angular coordinate with period  which can be identified with the
inverse temperature of the black hole [112]. Since the latter is a solution to the
field equations, it extremizes the action, allowing to perform a saddle point ap-
proximation around the classical solution, yielding

Z(p) = e P, (8.36)

where Iz(f) is the on-shell Euclidean action. Then, usual thermodynamic rela-

tions hold, like
I = S— M, (8.37)

which where M and S are the mass-energy and entropy of the black hole, respect-
ively. These thermodynamic quantities can then be computed via
ol

M=-2E 8.38a
5 (5:382)
ol

S=1I— ==,
E= B3 5

once the Euclidean on-shell action is known. However, this is not necessary
for the computation of the black hole temperature, to which we now turn the

attention. After the Wick rotation, the metric signature changes from Lorentzian
to Euclidean, yielding

(8.38b)

dsjzi =Q(r) [h(r)dz'2 +h7Y(r)dr? + rzdcrz] ) (8.39)

In order to appreciate how the Euclidean time is actually an angular coordinate
let us look at the Euclidean metric near the horizon, namely for r = r,. We have

2 _ 2 WG, 27 2
dsg = dr° + — dr + Q(r,)redo”, (8.40)

*In order to avoid confusion with the black hole entropy S, in this section we will use I to
represent the action. Moreover, we set K2 =1.
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where a prime denotes a derivative with respect to r and we have defined a new

radial coordinate as
~ Q(re)(r - re)
o |y e (8.41)
h (r,)

Now, the 2-dimensional subspace 7 — 7, is nothing but flat space in polar coordin-

ates, with metric i
ds?_| = di* +7*d9?, (8.42)

where the polar angle is defined in terms of 7 as:

H (re)
2

9=

7. (8.43)

However, there is a conical singularity at the origin unless the period of & is
precisely 2. This implies that 7 must have period f given by

47 2712
B = = . 8.44
h'(r,) 2r,—1 (8.44)

With the usual identification of the inverse temperature with the period we ob-
tain the expression of the black hole temperature as follows:

1 (2r,
=—(—-1). 8.4
Zﬂ'l( l ) (845)

Some remarks are in order. First, the temperature is not always positive defin-
ite. To guarantee its positivity, we must restrict to the branch of solutions above
the critical configuration introduced in the previous section, namely to the case
re > 1., which, in terms of the mass parameter, reads m > m.. In this regard,
we can draw some comparisons with the results of [226, 227], where a similar
scenario occurs. There, the critical configuration has also the feature of possess-
ing the minimum value of the mass parameter which still allows for a black hole
interpretation of the solution, since for smaller masses, a naked singularity devel-
ops. In the present case however, the same situation holds only if no restrictions
on the model are imposed. Indeed, the curvature singularities can always be
concealed restricting « to be greater than [2/48, allowing for a black hole inter-
pretation for every value of m.

Let us now turn to the computation of the Euclidean action. There are two im-
portant aspects that need to be taken care of. One is that the variational principle
must be well posed, as discussed in 2.2. In the present case we actually started
from a first order action of the form (5.1). Since it does not contain second order
derivatives its variation does not produce any unwanted boundary term and one
might be tempted to conclude that no additional boundary terms are required.
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However, we will compute the Euclidean action working on half-shell, starting
from (5.10). The correct equivalent second order action is the one yielding an
equivalent set of field equations via a well-posed (second order) variational prin-
ciple. This is not simply given by (5.10), whose variation would give rise to un-
wanted non vanishing boundary terms arising from the ¢R term. Rather, it must
be completed with the inclusion of the appropriate Gibbons-Hawking-York-like
boundary term. In this case, it is given by [235]

1

IgHY = 8_,[ d3x||®gloK, (8.46)
7 Jou

where (®)g is the determinant of the induced metric on the boundary 9.4 and K
the trace of its extrinsic curvature. The variation of I;y precisely cancels non
vanishing boundary contributions arising from ¢R.

The second aspect that must be faced is the fact that the on-shell Euclidean ac-
tion for asymptotically AdS spacetimes is divergent. Actually, the simplest ex-
ample, i.e. the asymptotically flat Schwarzschild solution, already poses the same
problem. In that case, one usually adopts a subtraction method, where the con-
tribution from a reference background solution is subtracted from the divergent
on-shell action, regularizing the result. In the Schwarzschild case the background
is flat space, with the GHY boundary term computed via the extrinsic curvature
of a boundary surface of identical intrinsic geometry, embedded in flat space-
time. However, in the present case the identification of the correct background
is not as straightforward and different choices may lead to different results [226,
227]. Therefore, we prefer to follow a different path which we will refer to as
the counter-terms method [236, 237]. It consists in adding counter-terms to the
action which are still surface integrals depending on the induced metric on the
boundary and, in the present case, on the scalar fields as well. The advantage is
that one can apply the method without specifying the explicit expression of the
counter-terms, as done in [232]. We will first generalize the treatment of [232] to
the case of non-minimal coupling and then we will also provide the explicit cov-
ariant expression of the counter-terms. Let us first rewrite the Euclidean metric
as

ds% = N2(r) f2(r)de? + f2(r)dr? + p?(r)do?, (8.47)
where the old metric functions are related to the new ones by

N=Q, 2= % p?=Qr (8.48)
Then, the FEuclidean action can be written in Hamiltonian formalism as

po [
I= ——J drNH + B. (8.49)
81 ),

4
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In the expression above we have performed the integrations over r and the base
manifold ¥. The boundary term B, which is for now unspecified, plays both
roles mentioned above, namely rendering the variational principle well-posed
and the action finite. In addition, since we moved to the Hamiltonian formulation,
it actually contains also boundary terms arising during the spacetime splitting
procedure from the Gauss-Codazzi relation [B18]. The Hamiltonian reads

2" 2 n 2 42
HZPZHf P2 (Lt )]_ifz¢,2+gf2¢,2+v<¢)+w<¢>
p p p? 4¢ 4 2
27 12 17 27 1
p 2

where the second line features new terms that are absent [232], arising from the
non-minimal coupling. Moreover, we neglected terms involving the momenta
and the shift vector since they are vanishing due to the static and spherically
symmetric character of the solution. In principle, one should also include an
additional term proportional to the structural equation which is known to mani-
fest itself as a secondary constraint in Hamiltonian formalism [48]. However,
this term would not contain derivatives of the fields with respect to r and thus
it is irrelevant in the following calculations. Now, in order to compute (8.49) we
first note that the Hamiltonian is vanishing on-shell, so that the only relevant
contribution comes from the boundary term, i.e.

I=B,-B. (8.51)

To compute the contributions of B at infinity and on the horizon we can vary the
action with respect to the metric functions and scalar fields as

po (7
ol = ——J drNSH + 6B. (8.52)
81 Jy,

Then, we must impose the variation of B to cancel the non vanishing boundary
terms coming from the variation of the Hamiltonian. This gives

5B = 5By + 5By + 6By, (8.53)
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where
8By = 'g—; :(Np¢p’ + %Np%’) 5f2— (2N’ ppf* + Npgf2') 8p
+2Nppf2op'], . (8.54)
5By = [83—; :— (%sz P2+ NP2 f2 + %sz f2'> 56 + Np? f25¢’]: . (8.55)
5By = g—z :%qﬁsz f2¢'5¢]: (8.56)

From the exact solution (8.20), (8.23) and (8.24) we can compute the asymptotic
expression at infinity for the variation of the fields with respect to the black hole
mass:

[2m (I* — 48a)  6m? (48 — %) — 21 1
2 —
5f%,, = _ 7 + ™ +o<r—2> 5m, (8.57)
(m(48a —1%)  3m? (I — 48a) 1
5p|,, = _ 7 + 2 + O(r—3> Sm, (8.58)
[ 96am  288am? 1
54|, = |- 72 + 23 +0 (r—4)] Sm, (8.59)
5y, = 23 4Bm (i) sm. (8.60)
00 | r r2 r3
Summing all contributions we obtain
88 = —L%sm+0 (l) (8.61)
41 r?

from which the boundary term at infinity can be read off to be

o
B, = —ﬂ—m. (8.62)
4

To compute B|_ instead, let us first notice that f2(r,) = h(r,)/Q(r,) = 0, which

implies 5Bx//‘r = 0 and allows to simplify the terms in (8.54) and (8.55) that are
evaluated at r,. Then, using the following relations

Spl, =p(r) = p’l, e, (8.63)
52, = —f%, o (8.64)
84, = 84(re) — ¢'|, ore, (8.65)
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one has

5B‘re = —% [N¢f2,5p2(re) + Nlepz5¢(”e)]

- LAAICORO (0

Recalling the definition of the Euclidean time period,

4

=5 (8.67)
the result can be written as
SB|, = —%5 (¢(r)p*(r) . (8.68)
which leads to the boundary term at the horizon
Bl, = 5905 (). (869)
The addition of the two contributions finally gives the Euclidean action:
I= ﬁ A e)dp (re) (8.70)

This procedure allows to obtain the above result without knowing the full expres-
sion of B, only its value at the boundary. However, we provide here the explicit
covariant expression for the counter-terms:

1 2
== Lﬂ x| (3)g|7¢\/g_{>, (8.71)
IZ = —é L dx. (3)g|£\/$ 3R, (8.72)
Iy = j x| g ‘M ’ (‘” %) ' — W —v) |, (8.73)

where >R is the three dimensional Ricci curvature of the boundary metric and
n# the unit normal to the boundary. They must be included at the Lagrangian

level. The role of I}, IZ and Ig is solely the regularization of the divergence of the
action. For this reason, and because we introduced B at the Hamiltonian level,
a direct comparison between their asymptotic expansion at infinity and (8.61) is
not possible. However, it is easy to show that the original action (5.10) completed
with (8.71), (8.72), (8.73) and (8.46) leads to the same result as in (8.70).
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In the limit ¢ — 1, these counter-terms correctly reproduce the ones reported in
[237] for a minimally coupled scalar field and they are a generalization of them
to the non-minimal coupling case. Contrary to what happens in the absence of
additional scalar fields or for localized distributions of matter [236] with radial
fall off ~ r=3/2+¢ gt infinity, the above counter-terms explicitly depend on the
scalar fields. The reason is that the fall off of at infinity is given by ¢y ~ ¢ +
243mr~1+0(r~?) and it is slower with respect to localized distributions of matter.
This results in a back-reaction on the metric and requires the counter-terms to
depend on the scalar fields as well, in order to cancel the divergences.

We can now use (8.70) to compute the energy and entropy of the black hole.
Applying (8.38) we get

M=2" (8.74)

4
5= 9005, (8.75)

where the area of the horizon is defined by
A =op?(r,) = aQ(r,)rl. (8.76)

Now, since the scalaron is actually an auxiliary field in this theory, being its
dynamics sourced by the Immirzi field via the structural equation, one can use
(8.11) to write the entropy as

S=[1+4aW({,)]

|

, (8.77)

where we have denoted with 1, the value of the Immirzi field at the black hole
event horizon. We see a deviation from the well-known Bekenstein-Hawking
entropy formula, i.e. S = A/4. Moreover, we note here that in the m = 0 case,
although the mass of the black hole is vanishing, the entropy is not, having in-
stead the residual contribution S(m = 0) = ol2/4. This property is consistent
with AdS topological black holes with no hair studied in literature [226, 227].

A further check of our result for the expression of the entropy comes from the
non-minimal coupling of the scalar field, which has been shown to lead to similar
modifications in other contexts [238, 239].

Finally, we find agreement with the outcome obtained by applying Wald’s en-
tropy formula [240] starting from the original first order action (1.73), notwith-
standing the presence of torsion in the theory (see [241] for a discussion on
Wald’s entropy in models with torsion).

Now, as mentioned in the introduction of this section, asymptotically AdS black
holes offer an interesting arena to investigate thermodynamic properties that go
even beyond the traditional laws of black hole thermodynamics [228]. This is
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due to the possibility of enlarging the thermodynamic phase space with the in-
clusion of an effective pressure that is generated by the cosmological constant

as
A

p=-=, (8.78)

8r
which is positive definite for negative A. Together with pressure, we have its
conjugate quantity, the thermodynamic volume V. Its expression is determined

by imposing the first law of thermodynamics, i.e.
dM =TdS + VdP. (8.79)

In the context of the extended phase space approach, M in the formula above is
interpreted as the enthalpy rather than the internal energy of the system. We
will now make a brief detour to present the literature regarding some known
results on the properties of the thermodynamic volume.

In [242] a conjecture was proposed, stating that for every asymptotically AdS
black hole, the so-called reverse isoperimetric inequality (RII) holds. Here the
term reverse stands for the fact that the behavior is actually inverted if compared
to the isoperimetric inequality that relates area and the volume enclosed in Euc-
lidean geometry. The RII states that .7 > 1, where

1 1
o ()12
d-1DV\"" (o)’
= ((—k))) % , (8.80)

)

for arbitrary dimension d and generalized unit volume wc(lli)z of the d — 2 dimen-
sional base manifold of constant curvature k. Originally, the motivation in sup-
port of this conjecture was simply the observation that all known solutions sat-
isfied the inequality. However, after a while some counterexamples were found
for which the conjecture is violated.

The physical interpretation behind the inequality is the following. Since the
inequality is saturated by the Schwarzschild-Anti de Sitter (SAdS) black hole,
which settles on the lower bound .# = 1, then, according to the conjecture, this
solution is the one maximising the entropy for a given thermodynamic volume.
This is the reason why solutions violating the conjecture have been dubbed su-
perentropic black holes: for a given volume they allow for a greater area (and
therefore* a greater entropy) than the simple SAdS case.

Examples of superentropic black holes include black holes with non-compact

#This implication is trivially true when the entropy is given by S = A/4. However, for more
complex cases, as the one considered here, it should be verified explicitly as we do in the follow-

ing.
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horizons, Lifshitz black holes, three-dimensional black holes [243, 244, 245, 246].
Violations for hairy black holes with planar (k = 0) horizons in four dimensions
were also observed in [247].

Further investigations in literature were devoted to analyse the thermodynamic
stability of superentropic solutions. In [248] the superentropic behaviour was
shown to be related to a thermodynamic instability caused by a negative specific
heat at constant volume c. Subsequently, in [249] exotic BTZ black holes were
shown to lead to RII violations even for ¢,y > 0. However, the authors also proved
that, whenever the condition ¢y > 0 holds, the specific heat at constant pressure
cp becomes negative, leading again to a thermodynamic instability.

Now we want to understand how the solution presented in this section fits in
this landscape. First, we can compute the volume substituting the expression for
the other thermodynamic variables into the first law. The outcome is

2
V= %(l +3m) = % (31r2 — 302, + I7) . (8.81)

The first thing to notice is that it does not coincide with the geometric volume,

ie.
0 (e Q1))
— s

geom —

(8.82)

The same happens also for other solutions that are more complex compared to the
Schwarzschild-AdS case [250, 246, 251]. Despite this discrepancy, it shares some
common properties with Vgeom: it is a positive definite increasing monotonic
function of r, (for r > r,) and it is proportional to the genus g of the horizon. A
minimum value V,,;, = o13/12 exists and it is attained at , = r,. One can also
verify that the Smarr formula holds:

M = 2(TS - PV). (8.83)
We can now compute the isoperimetric ratio .# for our black hole. Setting d = 4,
k=-land oS = oin (8.80) and substituting the expressions for A and V

yields
1
(3lre2 — 3lzre + 13)3
Ji2re =D+ 2, - 12

It is trivial to show that the RII is violated in almost all parameter space. In
particular we have that:

(8.84)

. For a > I?/(2432) the black hole is always super-entropic. The violation
of the RII occurs for every r, > r,, namely for every T > 0 and V > V,;;,;;
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« For 0 < & < I2/(24%2) the RII is violated only for r, > 7, where 7 is one of
the roots of the fourth order polynomial

P(r) = 1105920°r* + (138240°° — 442368a°1) r°
+ (=918 + 576al® — 345600°1* + 663552a°1%) r?
+ (81° = 576al” + 276480°° — 442368a°1°) r
—21'% + 14401® — 6912a%1° + 1105922314, (8.85)

The root 7 satisfies 7 > r, and it is related to a specific temperature T =
T(7) via (8.45). In this case the black hole is superentropic only above this
temperature, i.e. for T > T;

« Finally, for @ = 0, i.e. for the MTZ solution [232], the black hole is suben-
tropic since .# > 1 always holds. The inequality is saturated by r, = [, for
which .# = 1, which corresponds to pure AdS space.

Now, there is a caveat in this case and for every solution in which the relation
between area and entropy is not the trivial Bekenstein-Hawking law. From the
three cases above we can conclude the violation (or the validity) of the RIL. Can
we directly relate these results to the super(sub)-entropic behavior of the black
hole? In other words, when .# < 1 the black hole can have a larger area than
that of a SAdS one. Thus a larger area also imply a larger entropy? Only if the
entropy is a monotonically increasing function of the area. We can check that
by solving (8.76) for r,(A) (choosing the positive branch, for which r, > 0 and
A > 0) and then substituting it in the definition of the entropy. This yields

2
S(A) = al” (240{ -2+ \/12(12 —48a) + 48—0{14) , (8.86)
9%6a o

which is a monotonically increasing function of A. Therefore, a violation of the
RII still implies that the black hole is super-entropic.
Having established that, let us now discuss the thermodynamic stability of the
black hole and in particular of its superentropic configurations. The solution at
hand is halfway between the two solutions of [248] and [249], since cp is always
positive, as in [248], but there are configurations characterized by ¢y > 0 and for
which the RII is violated, namely there are superentropic black holes with both
specific heats positive. In spite of that, we conclude that superentropic black
holes are always thermodynamically unstable.
To see this, we first note that, comparing (8.45) and (8.77), we can relate entropy
and temperature as

o ;

s=2% (&rip) T, (8.87)
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Then, the specific heat at constant pressure can be computed, yielding

3
2S 2
CP = Tﬁ

_07r< 3
p 2

—) T>0, (3.88)
81 P

which is manifestly positive.
Let us now turn to the more involved computation of ¢. It can be carried out
using the following relations:

cp — oy = TVadkr, (8.89)
P
oy
— =krps, (8.90)
cp

where the isobaric thermal expansion coefficient, the isothermal bulk modulus
and the adiabatic compressibility are defined by, respectively

19V
_ 1oV 8.91
*p V|, (8:91)
oP
kp=-v%| (8.92)
V|,
19V
__lav) 8.93
Ps v ap|, (8.93)

Eliminating kr from (8.89) and (8.90) and using (8.88) yields

S%Bs

=— (8.94)
SBs + TV

(o%

Now, the volume (8.81) can be express in terms of P and M and then, by virtue
of the Smarr formula (8.83), we can write

2 2
=Z (i)z 14+ 220, (8.95)
12 \87P 2P

which easily yields g and ap. Substituting them in (8.94) and using (8.87) results

m
3r 2
3 /7T(2P— 37T?)

VT $p3/2 (2P + 15272)

(8.96)

which is independent on the parameter «. We now want to study the dependence
of this function on T at fixed volume. In order to do this we must first express
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Figure 8.1: Specific heat at constant volume ¢y as a function of T for different values of
V.

pressure in terms of T and V inverting (8.95). We do this numerically for different
values of T and V, choosing positive values of T and checking that V > V,,;;, for
every value of V. The outcome presented in Fig. 8.1, shows that for every value of
the volume there exists a temperature T* below which the specific heat becomes
positive. Now, for a > 12 /(2432) the black hole is always superentropic and it is
possible to simultaneously have ¥ < 1 and ¢y > 0, together with cp > 0, which
always holds. For 0 < a < I?/(243/2) instead, the black hole is superentropic
only for T > T. However, even if the value T can be either above or below the
turning point T*, depending on the specific value of @, we found that for every
there is always a thermodynamic configuration, namely values of V and T, such
that T < T*. Therefore, in all cases there are superentropic black holes with both
specific heats positive.

We observe a situation similar to the one in [249]. There, the behaviour of ¢y is
inverted, being positive at large temperatures. The crucial difference is that here
cp is positive definite. This seems to suggest that thermodynamic equilibrium is
possible for superentropic black holes since there are configurations character-
ized by positive specific heats. However, for every value of V there is always a
temperature above which ¢y becomes negative. This region could be excluded if
there existed two separate branches of black hole solutions, as it happens for the
SAdS solution [228]. However, such separation does not occur here as there is
only one connected branch. As argued in [249], it is sufficient to have ¢y < 0 for
at least some part of the branch to make the whole branch thermodynamically
unstable. Therefore, we conclude that the black hole solution we found satisfies
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the broader conjecture, proposed in [249], that black holes violating the reverse
isoperimetric inequality are thermodynamically unstable.



Chapter 9

Homogeneous cosmological models with
generalized Nieh-Yan term

From a theoretical consistency point of view, the presence of singularities in the
solutions of General Relativity constitutes perhaps one of the greatest shortcom-
ing of the theory. Beside black hole spacetimes, singularities are also present
in cosmological solutions, to which this section will be devoted. The issue is
already present in the relevant homogeneous and isotropic case, described by
the FLRW metric, which present a big-bang singularity at the origin of coordin-
ate time. Although the FLRW metric offers a great description of most stages
of the universe evolution, it is widely believed that one cannot extrapolate the
solution to arbitrarily small times, and some corrections must be implemented in
the most primordial epochs. These corrections may be offered by quantum grav-
ity effects, see e.g. [252], but they can also be provided by completely classical
mechanisms, as it happens in modified gravity models [253, 254, 255, 256, 257].
In this section we will focus on the second option, with the aim of checking the
feasibility of these mechanisms in the generalized Nieh-Yan model introduced
before.

Homogeneity and isotropy are other features that may need to be abandoned
in the primordial stages. Indeed, many cosmological models attempting to de-
scribed the very early stages of the universe exist, in which one or both assump-
tions are discarded [B258]. The straightforward generalization of the FLRW solu-
tion consists in keeping the homogeneity condition and dropping the assump-
tion of isotropy, leading to the Bianchi homogeneous cosmological models [259,
B258]. Among them, the Bianchi I solution constitutes the simplest model, in
which three different scale factors take part in the universe evolution, one for
each spatial direction.

When considered in modified gravity theories, both the FLRW and Bianchi I mod-
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els have been shown to allow for a resolution of the big-bang singularity, which
is replaced by a big-bounce scenario. The latter is characterized by a contraction
of the universe volume down to a minimum value and a subsequent re-expansion
of the universe.

Among the many gravitational models in which this behavior has been observed,
those featuring an Immirzi field are given by [169, 170]. In particular, in [170] the
existence of a big-bounce solution was established in the presence of the stand-
ard Nieh-Yan term. Here we will generalize this result to the model introduced
in section 6.

In order to proceed further, we will consider as a specific theory the topological
case of the Nieh-Yan model in (6.20), which is identified by A = 1. Moreover, we
will also assume the potential to satisfy V(¢, ) = V(¢). As a concrete example
we will consider for the function F(%, / % *) the effective form F(Z, VY *) =
R +a R+ Y*, which corresponds to the Starobinsky quadratic potential [85]:

V() = i(%)z ©01)

These are necessary simplifications for the achievement of the following results.
We will rewrite here the field equations for convenience:

_ 2 1, -
G,uv = %Tyv + g (vpvv - g,uvD> ¢ - 2¢2 y¢vv¢ + ¢2 ywvv¢+ 02)
2 2 (¢)) '
(2¢2< O~ -
and
2 ($) - pL Ef) T - % 0.3
Oy — vu In pVHy = 0. (9.4)

We will now provide a semi-analytical solution to these equations in the aniso-
tropic cosmological setting.

9.1 Big-Bounce in Bianchi | anisotropic mod-
els

Let us therefore consider the line element of a Bianchi I flat metric, given by

d82 — _dtz + a(t)zdxz + b(t)zdyz + C(t)zdzz. (95)
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The anisotropic character of the spacetime is encoded in the presence of three
different scale factors, a(t), b(t), c(t), constituting the simplest homogeneous cos-
mology beyond the isotropic FLRW spacetime. The matter content is included
as a perfect fluid with stress-energy tensor given by

T,y = diag(p, a’p, b*p,c*p), (9.6)

where p is the energy density and p the pressure. From (9.2) it is easy to show
that the covariant conservation law

v, T =0 (9.7)

holds, from which the continuity equation is derived as
o fa b ¢
p+<—+—+—>(p+p):0, (9.8)
a b ¢

where a dot represents derivatives with respect to the coordinate time t. For the
usual equation of state p = wp we can then write

12

@0 )

pt) =

for constant y?. Now, the first great simplification comes from the fact that the
Immirzi field derivative ¢ and the scalaron ¢ can both be expressed in term of
the volume-like variable defined by v = abc. Indeed, equation (9.4) gives

_ kot

j = 209 9.10
V= (9.10)
which substituted into (9.3) yields
2
= %(V), (9'11)
6aks + v?

where we defined the function

f(v) =1 - 2aK?(3w — 1)p(v). (9.12)
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Regarding the metric field equations instead, the relevant components are the
tt, xx,yy and zz ones, given by

s 2p 3k h ¢\¢ 347 LV
@+GC+@:K_+_O (g é+£)? ¢ (QZS) (9]3)
ab ac bc ¢ 4?2 \a b /¢ 4¢2 24

b ¢ be b ¢\
Il Z =242 24 .14
Pt (b+c)¢+ , (9.14)
a §+%:_(2+£)f+<p’ (9.15)
a c¢ ac a c/¢
i@ b ab _ [(a b\
PRt (a+b)¢ + @, (9.16)

2 2 ) 12
@E_Q_ﬁ_?Jr 3¢ V(¢) (9.17)

¢ M ¢ 4¢2 2

Now, in order to get some insight on the physical consequences of this system, it
will be useful to perform some manipulations in order to rewrite the first equa-
tion in terms of the volume v alone. This equation reduces to the Friedmann
equation in the isotropic limit a = b = ¢, and will allow to determine the pres-
ence of singularities, big-bounce or turning points in the volume evolution.
Combining equations (9.15) and (9.16), we obtain

b ¢ (b ¢\a_ (b ¢\9¢
Rl e PR (B 18)

which can be integrated for a yielding
__ K
$(be — be)’

where k; is an integration constant. Similar relations can be derived for the other
scale factors as

(9.19)

_hk

b= m, (920)
ks
= (9.21)

It is easy to check that the following constraint must hold:

kl - k2 + k3 - 0 (922)
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It is now convenient to introduce Hubble-like functions defined by

Hy =2, (9.23)
a
Hy=2, (9.24)
b
¢
He =<, (9.25)
c
in terms of which we can express (9.19)-(9.21) as
k
Hp— Hp = -1, (9.26)
Pv
k
Hy— Hp = -2, (9.27)
Pv
k
Hy— Hp = -2, (9.28)
v
which combined give
S
HAHB+HAHC+HBHC:HA+HB+HC_W' (9.29)
Here we have defined the anisotropy density parameter as
kK + kG + k2
2 _ KL TRy Thks
= 9.30
Ha 612 ( )
Next, noting that
Y = Hy+Hp + He, (9.31)
v

and changing time derivatives of ¢ in (9.13) into derivatives with respect to the
volume via

. g
? = X_gb, (9'32)
¢ ¢dv

we can write

.\ 2
H% + HZ + H2 = (3> — 2(HHg + HyHe + HgHp). (9.33)
v

Then, taking into account (9.29), (9.32) and (9.33), from (9.13) we finally obtain

(P V(¢)

Hz=(1)2:?<ﬁ+a+ﬁ)+w
~\3y 3v d 2 ’

(1+?%h’1¢>

(9.34)
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where the energy density parameter for the Immirzi field has been defined as

k

K

w
(=4

T (9.35)

S
oo

The merit of these manipulations is that now the Lh.s of equation (9.34) is mani-
festly positive and the r.h.s. is a rational function of v. It follows that zeros and
poles of the function on the r.h.s. signal the presence of singularities, big-bounce
and turning points, allowing to determine the qualitative behavior of the volume
evolution by means of simple algebraic considerations.

In particular, the sign of the r.h.s can be affected by different matter contents
and different values of the parameter a. For configurations for which the r.h.s is
always positive, the volume v can span all the positive values, i.e. v € R™, and the
dynamics will still be singular in v = 0. On the other hand, the r.h.s. may change
sign for some values of v where H 2 = 0. Then, one has to select those intervals
in which H? > 0. Lower bounds of such intervals correspond to big-bounces and
upper bounds to turning points.

9.1.1 Vacuum case

Let us perform a preliminary investigation in the simplest case provided by the
vacuum configuration, where p = 0 and f(v) = 1. In that case, we can rearrange
(9.34) as

K2V + np) (P + Pr(v)pf)

H%(v) = , (9.36)
2
6v0 (v2 + 4ny)
where
Pa(v) = 2v° + 6mpv* + 617%1/2 + 217:15, (9.37)
Pr(v) = 2v*(v? + 2p) (9.38)

and n; = 6ax?uf. Now, for @ > 0 (i.e. gy > 0) it is clear that the rh.s is always
positive, so that the singularity at v = 0 is not resolved. For the & < 0 case
instead, the outcome is determined by the inequality

2 + 1) (PaWp + Pr(v)p) > 0, (9.39)
which is solved by

0<v2 <= -,
5 5 (9.40)
vg < Vv,
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where v} is the only real root of the third order polynomial in x = v? featuring
(9.39). Its explicit expression reads

ol/3 4 + 322 Q4(Aag)
- S— ( An @+323500 + ——nt|,  (9.41)
3(1+ A4 n; Q1(Aar) 21/3
3
where
Qg(/lAI) = i/16 — Q(AapAar + 4505, + 2724, (9.42)
Q) = 3\@\/32 + 9174, + 8643 + 274%,, (9.43)

From (9.40) we can outline two disconnected branches for the volume evolution.
The first one describes a closed universe where the singularity is not removed.
In addition, one cannot recover General Relativity since the scalaron ¢ diverges
in the limit v — —n. The second case looks more promising, describing an open
universe where the big-bang singularity is classically resolved and replaced by
a big-bounce in v = vg. Moreover, the General Relativity scenario is correctly
recovered in the limit v — 400, in which ¢ — 1. In the same limit one is also able
to reproduce the ordinary loop quantum gravity picture with a constant Immirzi
parameter, since the Immirzi field derivative (9.10) vanishes in the late-time re-
gion.

We confirm these qualitative results via numerical solutions obtained integrat-
ing equation (9.36) for v(¢). In order to work with dimensionless variables all
quantities are rescaled by the appropriate power of the Planck time tp;. The
big-bounce in the volume evolution is shown in Fig. 9.2a, where another feature
stands out: there is a future finite-time singularity (see [260, 261] for details con-
cerning their classification) caused by the pole of equation (9.36) in v, = —4n;,
where the Hubble function diverges. From the viewpoint of the numerical tech-
niques used, this causes a breakdown in the integration which requires taking
care of the two regions adjacent to the singularity separately, matching the two
solutions across v, = —47;.

In general, quantum effects of particle creation in the presence of cosmological
horizons [262, 263, 264, 265] can lead to additional terms in the Friedman equa-
tion, able to stabilize such singular behaviours of the Hubble parameter.
However, the physical viability of the solutions presented here must be tested
in order to assure that their extension across the singularities be without ambi-
guities or inconsistencies. In particular, in the next section we will analyze the
behavior of null geodesics and scalar perturbations close to the singular points,
requiring them to be free of pathologies in order to accept the solution or discard
it in the negative case.
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Beside the behavior of the volume, one can also track the time evolution of the
scalar fields via (9.10) and (9.11). Results in Fig. 9.2c show the asymptotic relax-
ation of the scalaron and the Immirzi field derivative to 1 and zero, respectively.
The time evolution of each scale factor is reported in Fig. 9.2b while Fig. 9.2d
displays the minimum value of the volume attained at the bounce vg for varying
values of the parameter a.

9.1.2 Radiation and dust

The simple vacuum scenario just outlined can be extended to the inclusion of
matter in the form of radiation and pressureless dust, respectively identified by
w = 1/3 and w = 0. In this case (9.11) becomes

v(v + 2np)
pv) = T (049
ve+nr
from which we see that there is an additional zero in vp = —2np = —2ax?ub,

caused by the presence of dust. This value of the volume can be lesser or greater
than the value at the bounce vg. In the former case, it is excluded from the domain
of the values of v and it is never reached. In the latter case, it actually affects the
evolution of the scale factors a(t), b(¢) and c(t), since a zero of ¢ corresponds to a
pole in (9.19)-(9.21) and the physical feasibility of the corresponding singularity
must be analyzed.

In the presence of matter, the Hubble rate (9.34) can be written as

K2(V2 +np) X Biv)if

H? =
23
6v4 (v3 — anz +4nv + 5’71’7D)

(9.45)

where j = D, R, A, I and

Pp(v) =2v" + 5npv® + 2(n%, + np)v® + Tnpv* + %’7?"3 +5nipv?,  (9.46)
Pr(v) =2v3/3(v® + 2npv? + 2ppv° + dnmpv? + eV + 2n7np). (9.47)

The main feature present in the vacuum case, namely the big-bang regularization
via a big-bounce scenario, is present also in this case. However, the solutions now
present some different properties, both in the early stages of the universe evol-
ution and in the late-time asymptotic region. Regarding the latter, the presence
of matter affects the behavior of the degree of anisotropy of the universe, which
can be defined as ) ) )
(Ha + Hg + HZ)
3H?

A(t) = 1, (9.48)
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with A(t) = 1 representing a perfectly isotropic universe. We can compute the
function A(t) from the time evolution of the single scale factors, obtained integ-
rating directly (9.19), (9.20) and (9.21), once v(¢) and ¢(¢) are known. Results are
shown in Fig. 9.1b. We see that the vacuum case is an oversimplification which
does not allow for the universe isotropization at late times, which is instead pos-
sible whenever the presence of dust and/or radiation is taken into account.

In the early phase instead, two different scenarios settle in presence of matter,
depending on the value of a:

+ In the parameter space region identified by @ < a < 0, with

a = -2/ (9.49)

the volume and scalar fields behave qualitatively in the same way as in
the vacuum case and the results are similar to the ones already discussed.
However, now the value of the volume at the bounce cannot be analytic-
ally computed and it depends on the additional dust and radiation energy
densities. The finite-time singularity is now located at the real root of the
cubic featuring the denominator of (9.45):

1 21312 —nd)  Py(nrmp)
vo==|np- + , (9.50)
3 Py(n1,np) 21/3
where we introduced
5/3
Py(n1,mp) = (2’7% — 17npnr + Pg (1 '7D)> , (9.51)
, 5175
Ps(n1,np) = 483, [ni(ny + 4nh) | 1 — 25 | (9.52)
3

+ For a < & instead, the solutions present fundamentally different properties.
In particular, we note the absence of any future finite-time singularity for
v, since the pole of (9.45) is always lesser than the value of the volume
at the bounce. On the other hand, now the scalaron vanishes after the
bounce, implying zeros and singularities in the scale factors, which can
remarkably combine giving a regular behavior for v. The Immirzi field
derivative is now negative close to the bounce and it goes to zero at large
times, still reproducing a constant Immirzi parameter. The results obtained
in this case are presented in Fig. 9.3.
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(a) Behavior near the finite-time singularity (dashed line) for p = 0, up = 0.
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(b) Asymptotic behavior for various values of ug, up, after the finite-time singularity.
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Figure 9.1: Anisotropy degree A as a function of t /tp; for @ = —5/3, iy = /3, 4 = 0.2;.
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(a) Universe volume normalised to vg. (b) Scale factors.
3.0 g
40 — a(t/tp)
2.5t |
— b(t/tp)
q © g
i 2.0 | = c(t/tp)
= | < 2 74-#\
1.5 ‘ 1
k | 1;//—/ : ]
et S M e S RSPy ‘ — ‘

-15 -10 -5 0 5 10 15 -15  -10 -5 0 5 ‘ 16 1‘5

t/tp t/tp
(¢) Scalaron ¢ and Immirzi field derivative 1. (d) Bounce volume vy as a function of a.
2.0f 10
ot |
1.5 :
— p(t/te) 6
= .
S 10 =,
0.5/ /\ ] 2
e s 0
: 0 20 40 60 80 -2.0 -15 -1.0 -0.5 0.0
t/tpl 6]
Figure 9.2: Numerical solutions for « = —5/3, j; = /3, gy = 0.2y as a function

of t/tp;. Dotted and dashed lines represent where bounce and future time singularity
happen, respectively. The bounce is centered at the origin of time for convenience, and
the values of the parameters are chosen in order to yield graphs that display features in
a clear fashion.

9.2 Futurefinite-time singularities resolution

The solutions presented in the previous section are characterized by singularit-
ies located at a given instant t,, in proximity of which the numerical integrations
break down. These pathologies affect either the evolution of the volume of the
universe (Fig. 9.2a) or the behavior of the individual scale factors (Fig. 9.3b) and
are related to the divergence of curvature invariants that involve the Hubble func-
tion H and its derivatives. The situation demands for a more detailed analysis of
the physical implications of such singularities in order to understand how severe
they are and to which extent they can be accepted. For concreteness, the discus-
sion will be focused on the behavior of null geodesics and scalar perturbations
close to the singularities. Let us start from the former, considering null geodesics
with affine parameter s and tangent vector u* = dx*/ds. The geodesic equation
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(a) Volume normalised to vz, ¢ and derivative of the Immirzi field.
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Figure 9.3: Numerical solutions as a function of t /tp; for pi; = 0.057, s = 2.4, up = 0.365,
pg = 1.56 and @ = —8.42 < &. The dashed lines represent where the scalaron vanishes
(color online).
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leads to [266, 267]

x” = =2x"t' Hy, (9.53)
y” = —2y't'Hg, (9.54)
2" = -2zt Hp, (9.55)
t” = —a’Hyx'? — b*Hyuy'? — c®Hpz'?, (9.56)

where a prime denotes derivative with respect to s. A first integral of these equa-
tions is provided by

X' ==, (9.57)
a
, _ ke
Y= (9.58)
k,
7 ==, (9.59)
c
1/2
, k2 kl? 2
t = (a—;’ toat c—g + Gy, (9.60)

where k,, ky, k. and C, are integration constants. From basic arguments of first-
order differential equations it follows that, whenever the functions a(t), b(t), and
c(t) are continuous and non vanishing, the tangent vector will be unique and
well defined. If that is the case, the geodesics are non-singular and the spacetime
is geodesically complete, a result that holds both in the anisotropic and in the
isotropic case [268]. It is clear that the first kind of solutions, characterized by
finite-time singularities but non vanishing scale factors, belong to this class (both
in vacuum and with matter).

Regarding the solutions with a < & instead, we have that the volume and its de-
rivative are always regular but the scale factors either collapse to zero or diverge
at t.. While their divergence is not a problem for the geodesics, their vanishing
may cause issues in the geodesics behavior implying the impossibility of a unique
extension across the singularity. In particular, let us consider the case in which
one of the scale factors vanishes at some affine parameter s,. Assuming that

a(s) = ap(s — s), (9.61)
with y > 0, by virtue of (9.60), the relevant equations would be
k
x=—=—2 (9.62)

(9.63)
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Integrating them leads to

ka(s - Sc)l_zy
ad(1-2y)

ko(s — st
ap(1—y) ~

which are smooth provided that 0 < y < 1/2 and 0 < y < 1, respectively. In

x(s) = x, + (9.64)

t(s) =t. + Co(s —sp) + (9.65)

particular, if 1/2 < y < 1 then one has that x(s) SN 400, which amounts to
travel to infinity in finite coordinate time. On the other hand, if we restrict to
the case in which 0 < y < 1/2, then the geodesics will cover the whole range
{t, x} € (—o0, ), resulting in a geodesically complete spacetime, despite the van-
ishing of the scale factor at some instant in time. Hence, in order to assess the
geodesic behavior for the solutions in Fig. 9.3b we must understand how rapidly
the zero is reached by the scale factor, i.e. we need an estimate for y. We may pro-
ceed in the following way: for different values of y, we can invert (9.65) for s(t)
which, substituted in (9.61), gives the scale factor a(s(¢)) as a function of t. The
latter can then be compared to the numerical solution in Fig. 9.3b. The outcome
of such procedure is shown in Fig.9.4. We see that the solution is characterized
by a value of y larger than 1/2, between 0.72 and 0.75. Therefore, the zero is
approached too rapidly and we can conclude that the second kind of solutions
represents a geodesically incomplete spacetime and must be discarded. Let us
now turn to the analysis of scalar perturbations. This is somehow complement-
ary to the null geodesics test just performed, since the latter can be considered
as high-frequency (or infinite frequency) modes while the analysis of scalar per-
turbations allows to test the behavior of finite frequency modes. The following
results are valid for inhomogeneous perturbations of a generic scalar field around
the given homogeneous background solution but also in the case in which the
scalar field is identified with the Immirzi field ¢ itself. In any case, writing the
ik-x

scalar perturbation as oz(t, x) = O(t)e™, its dynamics is given by

) . (K2 K K
(~«)+h(v)H®+(—’2“+—+—Z>®:0, (9.66)
a?  b* 2

where h(v) is a regular function of the volume v and k= (ky, ky, k;) a set of con-
stants. By inspection we see that both kind of pathologies, either in the scale
factors or in the Hubble function, may affect the propagation of scalar perturba-
tions. Let us begin by considering the first kind of solution, for which the scale
factors are non vanishing everywhere. In this case any potential problem must
come from the second term involving the Hubble function H = v/3v which
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Figure 9.4: Outcomes of null geodesics test for @ < @. Scale factor a(s(t)) for different
values of y and k, = Cy = g, = 1. The dashed-black line represent the numerical solution
a(t) reported in Fig. 9.3b.

diverges at t.. In the vacuum case, this point is reached when the volume ap-
proaches v2 — 4Jn;| = v2. In this limit one can approximate the Hubble function

as
2,2 2
2 KM (32 +271%;)

, 9.67
210 (v—w)? -67)
leading to the following approximation for the divergent term in (9.66):
; K2t (32 + 271 C
v pi ( ar) _ ., ’ (9.68)
3v 210 (v —v,)? v =

where the + sign corresponds to the expanding/contracting phase. This allows
to write

SVC Cl

Ve (9.69)
(o
v — | = Jov,Cylt — £.]/2 . (9.70)

Therefore, in this case the differential equation (9.66) has an avoidable singular
point at ¢ = .. The dominant contribution in its neighbourhood is given by

. h .
O+———0=0, (9.71)
|t - tcll/2
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where h, = h(v,) /% The approximate solution in this limit is provided by

o. - i
o) = 0, + Tcze””c't‘tcl/z (1 2Rl —.'/2) (9.72)
2

C

with ©,, ©, integration constants. We see that the scalar field perturbations re-
main bounded around the singularity at t,, notwithstanding the divergence in
the Hubble function. This holds regardless of the sign of the parameter h,. We
can easily extend the analysis to the presence of matter, where the Hubble func-
tion is given by (9.45). Let us consider the worst case scenario, namely the pres-
ence of a triple root in the denominator: H? = C,/(v — v,)®. This would imply
v —1,| ~ |t - tc|1/4 and v/v ~ £1/Jt — tc|3/4, from which one has

. h, .
O+ —_06=0, (9.73)
£~ 13/

where now h. = h(v,)(3C,/ vc3)1/ 4. The correspondent solution is given by

o) e¢4fzc\t—tc|1/ 4 N y N

O ~ O, — ————— (3 12hJt — t."/* + 24kt — 1.|'V/? £ 32h3)t — 1,P/4) |
32h%

(9.74)

which is again bounded. Therefore, we conclude that for the first kind of solu-
tions, scalar perturbations are well-behaved in the proximity of the singular
points, both in vacuum and with matter. Together with the geodesic complete-
ness this guarantees the physical viability of such solutions.

Regarding the second kind of solutions, the geodesic analysis would already be
sufficient to discard them but we can still investigate the behavior of scalar per-
turbations. In this case equation (9.66) describes a harmonic oscillator with a
time dependent frequency,

2

. k% N
o(t) + az(t)@)(t) = 0, (9.75)

which diverges as a(t) — 0. Although there might be cases in which the equation
can be integrated giving a finite result, for the profile of a(t) obtained numeric-
ally here it can be shown that the solution is not well-behaved, confirming the
conclusions reached by the null geodesic test.



Chapter 10

Gravitational perturbations in metric-
affine Chern-Simons gravity

As we already pointed out, the more involved structure of the metric-affine Chern-
Simons field equations calls for alternative lines of investigation in order to per-
form computations and derive concrete predictions. The study of linear perturb-
ations is particularly suited in this regard. Expanding the fields around a back-
ground configuration and studying the dynamics of perturbations by solving the
linearized version of the equations introduces a great simplification allowing to
derive results both in a numerical and analytical way. Moreover, linear perturb-
ations may represent several physical scenarios suitable for a direct comparison
with experimental observations. In this section, the discussion will be focused
on black hole perturbations and gravitational waves propagation.

Regarding the former, the physical setting to have in mind is the following. Lin-
ear perturbations describe small deviations from a background configuration
which may be identified with some known exact black hole solution of the the-
ory. Some event like the infalling of matter in the black hole or a merger event
causes a deviation from the equilibrium configuration and provides non-trivial
initial conditions for the dynamics of the linear perturbations. These constitute
a gravitational signal which, after an initial transient regime, is characterized
by exponentially damped oscillations, called quasinormal modes, ending with a
power law tail in the late-time region.

The specific event causing the perturbation determines the initial conditions and
only affects the initial transient regime. On the other hand, the quasinormal
modes and the power law tails are completely independent on that, being instead
a property of the system itself (very much like vibrational normal modes in or-
dinary matter systems). It is therefore meaningful to just focus on the middle and
final part of the signal and, in a given theory, a black hole can be characterized by
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the spectrum of the (complex valued) frequencies of the quasinormal modes and
the exponents of the power law tails. Eventually, at late times the perturbations
go to zero and the spacetime relaxes again to a new equilibrium configuration.
In the last years an increasing number of works in literature have been devoted to
both theoretical and experimental investigations of such phenomena. In particu-
lar, given the recent developments in the field of gravitational waves astronomy,
the computation of quasinormal modes seems very timely and may offer a way
to test the theory with observations in the near future.

10.1 Perturbations of Schwarzschild black holes

The equations ruling the evolution of metric and scalar perturbations on an ar-
bitrary background have already been derived in section 7.2. By arbitrary we ac-
tually mean that the only requirements are that the background scalar field must
be constant and that the background metric must be a solution of Einstein’s equa-
tions satisfying the Pontryagin constraint. The simplest example is provided by
the Schwarzschild metric

Epdxtdx’ = —f(r)dt? + {71 (r)dr? +r?d9? + r? sin® 9dg?, (10.1)

where f(r) = 1—2m/r and m represents the black hole mass. This, together with
0 = const and vanishing torsion and nonmetricity is a vacuum solution of the
theory. Since we now have R = 0 = RHV’ the metric equation retains the same
structure as in (7.33) with a vanishing right hand side, i.e.

8Gyy +8Cyy, = 0, (10.2)
and a simplified first order Einstein tensor
Gy = 294¥(yh )" = B0V gh™F — Dhyy, + (8w =V, ¥,) h. (10.3)

The scalar field equation (7.38) reduces to
(810, B: Bpo) + 2t Zpo) + S3(at: §g)) 00 + 81 (@ Bpodhyy =0, (10.4)

where

_ 3 oo
1, B Bpo) = (/3 g (ZR/”P"RWPG» o, (10.5)
2
Syt Bpo) = “T (3RMPOT4R i + 2RMPOT, Ry ) V7, (10.6)
S83(0: Epg) = =20 Ry p R P00, (10.7)

o?fv(a;gpg) =a *R”ﬁ”5v5vﬂ. (10.8)
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Now, in order to solve the equations and derive the evolution of the perturbations
it is convenient to take advantage of the spherical symmetry of the problem,
adopting a harmonic decomposition of the perturbations. Regarding the scalar
field, we can write its perturbation as

C)

80 = —=y (9, p)e7t, (10.9)
r

where Y (9, ¢) are the standard spherical harmonics, with angular momentum
numbers ¢ and ¢’. The treatment of tensor perturbations is more involved and
requires some additional care. We will adopt the same decomposition developed
by Regge, Wheeler and Zerilli [B219], to which we remind the reader for further
details. In the so-called Regge-Wheeler gauge, the metric perturbation can be
written as

H(’gf' Yff/ Hff' Yff/ hgf' ng' hgf'sg'
20y 0 o0 ot o ot
h=| *  HY mS hi Sy eIt (10.10)
H % % rZK“ Yff 0
% * 0 r? sin® 9Kyt

where asterisks denote components obtained by symmetry and we have defined

S = —esc9a,Y", (10.11)
Sy = sin oY (10.12)

The functions Hy, Hy, H,, K, hy, hy depend on the radial coordinate alone. Among
the benefits of this decomposition, an important feature is that the metric com-
ponents are clearly separated according to their behavior under parity transform-
ations. In particular, the capital letter functions Hy, H;, H,, K describe (even par-
ity) polar modes, while the (odd parity) axial modes are encoded in hy, h;.

When the purely metric version of Chern-Simons gravity is considered, a decoup-
ling of polar and axial modes is observed [140, 141, 142]. Regarding the metric-
affine case, substituting (10.9) and (10.10) into (10.2), we find complete agreement
with the analogue equations in the metric Chern-Simons gravity case, as expec-
ted. Differences arise instead in the scalar field equation (10.4). However, only
terms involving the scalar perturbation are modified with respect to the purely
metric case, while the last term in (10.4) retains the same expression of [140, 141,
142]. These considerations are enough to conclude that the result derived in [140,
141, 142], regarding the decoupling of polar and axial modes, holds also in the
present case. In particular, polar perturbations do not couple to the additional
scalar field and they are not modified with respect to General Relativity. There-
fore, from now on we focus on the axial modes which are the only ones affected.
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This result is expected and consistent with the parity violating character of the
Chern-Simons modification characterizing the theory.

We can derive the equations for the axial perturbations from the t@, ro and J¢
components of (10.2), which can be written as

_ 2f" wt+1) 6am (., _

=h0 +la)< )hl (rf 2f )ho—r—<® r@)—O, (10.13)
f(JZ +2)(& - 1) _ 6amiw
4

E, = —w’hy + iw (a - —) 0 =0, (10.14)
r

7" r

Ey = %who +9,(fhy) =0, (10.15)

having used the following well-known property of spherical harmonics:

[—83 (sin 99y) + 32] Y = e+ DY, (10.16)

sin®
Despite having three equations for the two functions hy and h; the system is not
over-constrained since the following relation holds [140]
4
r t+2)¢—Dr
El + .—(Ez/l"z)/ - ¢E3 = 0. (1017)

iw iw
Moreover, the equation E5 = 0 can be solved for h; and, substituting the result
into E,, an equation for the remaining function h; is obtained. Redefining h; in
terms of a new function Q as

and employing the tortoise coordinate defined by

r, =r+2mln(r/2m—1), (10.19)

the equation takes the following form

d*Q . [wz y <£(£ +1) 6m>] 0= _60{rmlcof® (10.20)

dr? r?

Finally, using E, = 0 to express (9, — 2/r)hg in terms of h; and ©, the equation
for the scalar perturbation is eventually obtained as

120°m?\ ( d%© ) (e+1) 2m 720°m? ,d©
<ﬁ+ r6 )(drf+[w _f( r? +r_3)]®)_ r’ dr,
+ 36a f(2f —(t+1))0 = 62’:5 %fg (10.21)
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It will also be convenient to introduce yet another redefinition for Q, i.e.

¥ =iQ/w, (10.22)
in terms of which we have
oo (R - B - e a3
o ) (22 (252 ) e
360;’"2 f2f — et +1)0 = 6?—5’"% £ (10.24)

The last two equations form a set of coupled second order differential equations
for the axial metric and scalar perturbations. Numerically solving this system
of equations one can extract the time evolution of the perturbations at some fix
radius from the black hole. Then, the quasinormal modes frequencies and the
exponents of the power law tails can be estimated from the time series ¥(t) and
O(t). We postpone the discussion on the details of the numerical integration to
the end of this section, focusing now on the main results. As already discussed
in section 2.2.2, we can set @ = 1, leaving f as the only free parameter of the
theory. For different values of the latter, we obtained solutions characterized by
the same qualitative behavior observed in the General Relativity case, namely
damped oscillations ending with a late-time power law tail, as expected. Some
examples are shown in Fig. 10.1.

10.1.1  Quasinormal modes frequencies

From an observational point of view, the most relevant quasinormal frequencies
characterizing the first part of the signal are those associated to the lowest lying
I = 2 modes. In this regard, the results obtained can be classified into three
different region in parameter space.

« f — oo: in the limit of large f the system is approximated by

d>y 9 I1+1) 6m 6m

w (G- =re aoa
2

—C;r(;) + [wz —f (l(l; Y + —zrzl)] 0 =0. (10.26)

Thus, in this limit a decoupling of the scalar equation from the metric
perturbation ¥ is observed, resulting in equation (10.26) which is nothing
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Figure 10.1: Evolution of metric (continuous) and scalar (dashed) perturbations as a
function of t/m for f = 10 (top), f = 0.1 (center) and = 0 (bottom). Straight lines
represent a power law behavior.
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but the perturbed Klein-Gordon equation on a Schwarzschild background.
The metric equation instead, still retains a modification induced by the
scalar field perturbation sourcing the non vanishing right hand side in
(10.25). From this considerations we can already foresee some features
in the perturbations evolution. Regarding the scalar perturbation, no devi-
ations from the standard General Relativity case are expected. Therefore,
©(t) should be characterized by oscillations dominated by one single mode
which will be referred to as scalar mode in the following. Its frequency
should coincide with the £ = 2 mode frequency of scalar perturbations
in General Relativity. On the other hand, the metric perturbation should
be characterized by a superposition of two fundamental modes: the scalar
mode already mentioned and another one which we will call tensor mode.
The latter is the one characterizing metric perturbations in the General Re-
lativity case, namely the homogeneous equation associated to (10.25). The
superposition with the scalar mode is instead due to the non vanishing
source term in (10.25). These predictions are confirmed by the outcomes
of numerical integrations performed with f = 100, 1000. Indeed, the time
series obtained for the scalar perturbation is characterized by single mode
oscillations with frequency

ws = 0.48 —i0.097, (10.27)

while the metric perturbation is compatible with a two modes fit, super-
position of w, and
Wy = 0.37 —10.089. (10.28)

Note that the above values coincide with the frequencies of the £ = 2 modes
found in the General Relativity case [B219] for scalar and tensor perturba-
tions, respectively.

« 107! < B < 10: In this range the numerical values of the frequencies
present in the perturbations evolution is unchanged and they are still given
by w; and wg. However, now also the scalar perturbation starts oscillating
with a superposition of the scalar and tensor mode, as the ¥ sourcing term
in (10.21) starts to become relevant.

« <107 in the small 8 limit, we still observe a superposition of the tensor
and scalar modes but the numerical values of the associated frequencies
start deviating from the General Relativity values.

These results are summarized in Fig. 10.2. When two modes fits are used to ex-
tract the frequencies, one actually gets two numerical values for each frequency,
obtained from the scalar and metric perturbation, respectively. As long as the
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Figure 10.2: Real (top) and imaginary (bottom) part of quasinormal frequencies of the
fundamental £ = 2 tensor (continuous) and scalar (dashed) modes as a function of §, for
metric (data taken from [142]) and metric-affine CSMG.

real parts of the frequency are considered, the two values obtained in this way
are always consistent with each other. On the other hand, the computation of
the imaginary part cannot always be carried out without ambiguities and we are
not able to compute it for every value of .

10.1.2 Power-law tails

After the damped oscillatory regime, a power law decay settles down, character-
izing the signal in the late-time region. This time there is no difference between
metric and scalar perturbations and they both behave as ~ t™# for large t. Again,
this is qualitatively the same as in General Relativity but there are some quantit-
ative differences. In order to highlight them it is interesting to look at the values
of the power law exponents y for different angular momentum number €. In
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particular, we performed integrations for 2 < I < 12. The results obtained are
insensible to the specific value of  and only two cases can be distinguished:

+ f # 0: for non vanishing f there are no deviations from General Relativity
and the exponents depend on the angular momentum number ¢ via the
relation

p=20+3, (10.29)

valid for both scalar and tensor modes and for every f.

« f = 0: in absence of the kinetic term for the scalar field we observe a depar-
ture from General Relativity. The solutions obtained in this case are shown
in Fig. 10.3. Linear fits performed on the last section of the signals yield
the exponents in Fig. 10.4 and Table 10.1. In particular, we still observe a
linear relation but consistent with

1= 0.8841 + 2.78. (10.30)

10.1.3 Comparison with metric Chern-Simons gravity

Beside the deviations from General Relativity discussed above, the metric-affine
framework also introduces modifications with respect to the purely metric ver-
sion of Chern-Simons gravity. In order to compare the two models one must
consider the effective theory at the perturbative level, characterized by the equa-
tions (7.33) and (10.4).

In particular, despite the scalar field equation (7.36) being formally equivalent
to its metric analogue (eq. (2.70)), it actually features the affine Riemann tensor,
including all non-Riemannian contributions. This results in a more complex dif-
ferential structure of the equation at the effective level, since the affine connec-
tion ultimately depends on the scalar field derivatives. Indeed, the additional 50
derivative terms appear explicitly once equation (7.36) is recast as (7.38). Even
if some of these differences may disappear once some specific background con-
figuration is singled out, when the Schwarzschild case is considered the scalar
field equation retains the additional terms present in (10.4), eventually resulting
in the modified structure of (10.21), which is responsible for the deviations with

l 2 3 4 5 6 7 8 9 10 11 12
u| 475|540 | 6.81 | 7.36 | 7.74 | 853 | 9.37 | 10.2 | 11.1 | 14.6 | 12.8

Table 10.1: Exponents characterizing power law tails ~ t7# for different values of [ in
the f = 0 case.



PERTURBATIONS OF SCHWARZSCHILD BLACK HOLES 119

107174

Figure 10.3: Time evolution of the metric perturbation in the § = 0 case, for different
values of I. The behavior of scalar perturbations is qualitatively the same.
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Figure 10.4: Exponents characterizing the power law tails in the § = 0 case as a function
of I. The best fit (10.30) (continuous) and General Relativity case (dashed) are also shown.

respect to the metric case frequencies reported in Fig. 10.2.

Another difference between the predictions of the two theories is the absence
of purely decaying modes in the metric-affine case. These are characterized by
R[w] = 0 and F[w] < 0 and are present in metric Chern-Simons gravity for
B < 0.5, as shown in [142]. In our case, we checked the absence of such solutions
for f down to 1077.

The last distinction regards the late-time tails. In the metric Chern-Simons the-
ory, these are indistinguishable from General Relativity and a direct observation
of the last part of the gravitational signal would not allow to falsify the theory.
While this is true also in the metric-affine case for f # 0, the f = 0 would show
a distinctive signature in the exponents of the power law tails, since they satisty
the modified relation (10.30).

Moreover, the f = 0 case, turns out to be a viable theory endowed with an ad-
ditional stable scalar degree of freedom with a proper dynamical character, con-
trary to what happens in the metric version of the theory,which is affected by
the issue of over-constrained black hole perturbations.
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10.1.4 Details on the numerical integration

Numerical techniques for the integration of equations of the form (10.23) and
(10.24) have been developed in several works. Here we follow the lines of [269,
270, 271] with the aim of obtaining the perturbations as a function of time at
some fixed radius. As a first step we can get rid of one of the free parameter via
the rescalings ® — ©/a and  — . This amounts to set & = 1 and leaves only
f as the free parameter of the theory. Then, employing the light-cones variables
u=t-—r,andv =t +r,, the equations become

2
4w, () ;’ug’v W, (r )(— _ ‘2—6) WO = W,()Y, (10.32)

where the effective potentials have been defined as

Vi(r) = f(r) (f(f L) 6;3") , (10.33)
Vo(r) = ——f(r), (10.34)
Wi(r) = 12m (10.35)
Wo(r) = 72m (10.36)
W) = £) (ﬁ 1zrm ) (f(f; D, Zr_r3n>

36m2f ") ———2f(r) -2t + 1)), (10.37)
W) = —%%f@)- (1039)

Note that the function W; multiplies the second derivative in the scalar equation.
Whenever W, vanishes, the differential order of the equation is lowered and one
must expect some kind of singularity in the solutions. However, if # > 0 then
W, is non vanishing (and positive). Since the parameter f is associated to the
kinetic term of the scalar field in the action, the arising of ghost instabilities is
expected in the f < 0 case. Therefore, we can exclude the negative branch and
focus on the > 0 case, so that the condition W; # 0 is also assured.

Then, the set up of the numerical integration consists in performing a discretiz-
ation of the u — v plane by a lattice spacing A. By approximating the derivatives



122 PERTURBATIONS OF SCHWARZSCHILD BLACK HOLES

with finite differences, the discretized version of the equations reads

AZ
¥y =Ty +¥p-¥s+ — [Vi(re) (Fw + ¥E) = Vo (i) (O + ©p)],  (10.39)

WZ(rc)
Wl(rc) (®E - ®W)

A* [Ws(r) Wy(ro)
(®E + @W) - m (‘“IIE + \ij) . (10.40)

®N:®W+®E_®S+A

2 Wl(rc)

Here we used the subscript notation to denote fields evaluated at the lattice points
S=wv))W =W@+Av),E=w@v+A)and N = (u+ A,v + A), while the
potentials are computed at the off-grid point r, = (u + A/2,v + A/2). The do-
main of integration consists of a portion of the u — v plane ranging from zero to
(Umaxs Vmax) and the boundary conditions are assigned on the two axes u = 0 and
v = 0. Following [142], we can set the perturbations to zero on the u axis, i.e.
¥(u,0) = ©(u,0) = 0, while Gaussian initial data are used for their values on the
v axis: ¥(0,v) = ©(0,v) = exp[—(v — v,)?/20].

Then, the integration is performed in the following way. Using the initial data
for the fields at the three points S, W, and E, one can compute the value of the
fields at N by solving (10.39)-(10.40). Then, one proceeds increasing the value of
v at fixed u, completing the row. The process is repeated until the full grid is com-
pleted row by row, increasing u each time. The most computationally expensive
part of the algorithm is due to the fact that at each step one has to compute the
value of r, in which the potentials must be evaluated. This must be done invert-
ing the tortoise coordinate expression for r. To speed up the computation we
used the approximation r = 2m(1 + exp[(r, — 2m)/2m]) for r = 2m, and the in-
version is performed numerically only for larger values of r. Another difficulty
comes from the fact that for £ > 2 the evolution leads to very small amplitudes
for the perturbations (Cf. figure 10.3), resulting in an insufficient precision for
the appreciation of the late-time section of the signals, which is unacceptable
when the amplitude is of the order of~ 107!4 and below. This problem can be
overcome increasing the accuracy of the numerical computations using the mp-
math Python library [272].

Once the integration is complete, the discretized values of the functions ¥(u, v)
and O(u,v) is known. Hence, the last step consists in extracting the functions
¥Y(t) = ¥(t — ry,t + 1) and O(t) = O(t — r,t + 1), for some constant r,. The
results presented in this thesis are obtained with the following choices for the
parameters of the integration: u,,;,, = Vugy = 1000, A = 0.1, v, = 10, 0 = 1. The
fields are extracted at r, = 50m.

Once the time series ¥(¢) and ©(t) are known, the characteristic frequencies of
oscillation are extracted fitting the data. We use either a single mode oscillation
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or a superposition of two modes, with fitting function
n
y(@) = Z Aje"[“’f]t cos(R[w;]t +¢cp), (10.41)
j=1

for n = 1 or n = 2, respectively.

10.2 Homogeneous and isotropic cosmological
solutions

As we will see in the next section, in order to give rise to non-trivial effects in
the propagation of gravitational waves, it is not enough to considered the flat
Minkowski spacetime as a background and more general solutions are needed.
To this aim, exact cosmological solutions will be derived in this chapter, provid-
ing the expressions for the metric, scalar field and for the affine sector as well.
In section 7 we adopted a perturbative approach to tackle the problem of solving
the connection in terms of the metric and scalar field. However, this is not the
only available solution. A nonperturbative scheme consists in taking advantage
of the symmetries of specific spacetime configurations. These are known to con-
strain the most general form of the affine connection when the vanishing of its
Lie derivative along the Killing vector fields of the spacetime is imposed. This
amounts to require the affine connection to possess the same symmetries of the
metric under consideration.

For instance, we may specialize to homogeneous and isotropic spacially flat space-
times described by the FLRW metric:

ds? = —dt? + a*(t) (dr? + r*(d9® + sin® 9d¢?)), (10.42)

where a(t) is the scale factor of the universe. As shown in [273, 68], the most gen-
eral affine connection respecting the same symmetries only depends on five free
functions of time {K;(t), ..., K5(¢)}. In particular, the non vanishing components
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of torsion and nonmetricity are given by

T! = 3(K5 — Ky), (10.43)
12K,
e —— (10.44)
a
O = 2K, + 6K, — 6H, (10.45)
K.
P! = 2K; — 3= + 3K;, (10.46)
a
K.
Que = —Ki + K3 + Ky — — — H, (10.47)
a
.2
Qtpp = Qppt = r2sin“y Q. (10.49)
2
a
Qpry = Qppy = ?Qttt’ (10.50)
Quvp =0, (10.51)

where H = a/a is the Hubble function. From these components the full affine
connection can be reconstructed via the decomposition (1.23). Then, with the
help of the xAct Mathematica package, using (10.51) several equations in the un-
known functions {K;(¢), ..., K5(¢)} are derived from the components of (7.3). The
main advantage of this approach is that we are not dealing with differential equa-
tions anymore but with algebraic ones. Moreover, as usual projective invariance
allows to set T, = 0, implying K, = K3. The remaining functions are determined
by solving the equations and they are given by

HK:0
Ky(t) = ———, (10.52)

a+ K59

3
H
Ky(t) = 22 10.53
2 a—+ K59 ( )
H

Ks(t) = K, = —22 10.54
> ! a—+ K59 ( )

(10.55)

1+e\/1+\/1+4H292
2 bl

Ks(t) = g -

where we introduced a parameter € = +1. Moreover, we assumed the scalar field
to respect the same spacetime symmetries, and in particular we have 0 = 0(2).
In the derivation of this solution we assumed a + Ks6 # 0. The case a + K5 = 0
can be analysed separately and it leads to the trivial case of a static universe with
H(t) = 0.
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Eventually, substituting the expressions for the functions {K;(t), ..., K5(t)}, the
affine sector turns out to be determined only by the vector components of torsion
and nonmetricity and the geometry is of the Weyl type, i.e. Qp,, = P,g,- The
only non vanishing components are given by

12K. J 202
AR LY BRI b Rkl (10.56)
a 0 2
2
Q' =4P' = —8K, = 8H (1 —€ _ ) . (10.57)
1++1 + 4H?209?

Hence, the affine degrees of freedom have been re-expressed in terms of the
metric (the scale factor) and the scalar field, allowing to work on half-shell in a
nonperturbative way, although a particular background has been singled out. At
the effective level the metric field equation is given by

Gy +Cpy = g (vuevve — % ngpev%) + KTy, (10.58)

where here and in the following we will consider matter in the form of a perfect
fluid with stress-energy tensor given by

Ty = (p+ puu, + pg- (10.59)
The C-tensor assumes the quite simple expression
Cov = TPy + g7, PP + = (PP, + Lg P PP) = 2 (5,5, + 2g,,5,5
pv = V() T EpwvVp o \Futv T 58w 7o \PHv T 5 8uopo” |

(10.60)
of which we can also provide the individual components in terms of the function

K5(t):
Ks\? ?
ct =3 (—5) +3H2[1- ( a ) , (10.61)
a a +K56
2 od s
K5\* . K50 2= (aHOKs)
cr. :(—5> +(2H+3H2)( > ) + & _52
a a? (a + Ksb)

a-+ K59
ch =c’ =c,. (10.63)

, (10.62)

In order to gain some physical insights on the solutions we will present in the
following, it is helpful to recast the C-tensor contributions in the form of an
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effective stress-energy tensor with effective energy density p, ¢y and pressure

peff’ Le.

C
v
Tﬁljff = _? = (peff + peff)uyuv + Peff8uvs (10.64)
where the following identifications have been made
1 /3 1
=—=(2(P")? - =(8")* - 3HPt) 10.65
pors === (TP = () , (10.65)
1 1 1 .
=—= —sz——Pf2+2HP'f+Pf>, 10.66
pess = =5 (557007 - 3P (10.66)

These definitions allow to write the relevant metric equations in the comoving
frame defined by v* = (1,0,0,0), as

3H? = k%5 + ée’z, (10.67)
3H? + 2H = —ik%p — géz, (10.68)

where we defined
P=p+peffs  P=EPF Pesy- (10.69)

We see that torsion and nonmetricity provide a contribution to the total amount
of energy which ultimately determines the evolution of the scale factor. There-
fore, it is reasonable to require the positiveness of p, rather than merely p.
Regarding the scalar field equation, starting from (7.36), we obtain

B (6 +3HO) + Dy(a,4,0,6) + Dy(a,a,d,60) = 0, (10.70)

where the functions 9, 9, are given by

L . 2py2 2 K? 12aH%K? .,
Dy(a, 4,0,0) = 6K5< 207H° __ aH” —g) _ 55 o)
(a + K59)3 ((1 + KSG)Z a (a + KSQ)?’
, 2., 7 2
D, (a, a,,6) =12aHKs ( 2H'+H __ aH” ) (10.72)
(a + KSQ)Z ((l + K59)3

As in the general case and in the static spherically symmetric setting, also here
we can appreciate how the limit f — 0 still implies a dynamical equation for 6(¢),
as opposed to the metric formulation of Chern-Simons gravity.

We will now present some analytical solutions in the theory identified by f = 0.
We will assume the usual equation of state p = wp for the perfect fluid, defining
the analogue of the polytropic index w also for the effective stress-energy tensor,
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ie. Werr = peff/peff- Moreover, since V,C = 0, the stress-energy tensor is
still conserved, allowing to write the energy density as

Po

a

where p, is a constant. It is possible to show, moreover, that the relation a+ K56 #
0 is preserved by the dynamics. Then, the first one of the metric equations can

be rewritten as
2

. 2
(2, Bp2
<2<1+€<’< p+Lo )) —1) —1
462
representing a modified Friedmann equation. Now, setting f = 0 it is easy to
show that the following configurations are solutions of the theory.

H? = , (10.74)

10.2.1 de Sitter phase of expansion

For the following choices of the parameters

w=—1, (10.75)
€e=—1, (10.76)
a couple of solutions is given by
a(t) = aoetm, (10.77)
o) = i%t + 0, (10.78)
SH(t) = F6VA, (10.79)
Q!(t) = 4P'(t) = 4V3A. (10.80)
where A > 0, while a, and 8, are arbitrary constants. Since w = —1, the energy
density is just constant, i.e. p = p, = const, ant its value is determined by
po = —A/ 2. (10.81)

The solution describes a de Sitter expansion phase of the universe. However,
since A > 0 the bare energy density p, is actually negative. In the General Re-
lativity case, where the C-tensor is absent, the same solution would be obtained
setting py = % > 0. In the present case instead, there is an additional contribu-
tion to the energy density coming from the affine components (10.79) and (10.80),
which results in

3A 3A
Peff = 22 Peff = To2 (10.82)

corresponding to w, s = —1.
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10.2.2 Power law solutions

Setting again € = —1 a set of solutions is derived as
a(t) = ayt™, (10.83)
6(t) = igtz + 6, (10.84)
p(t) = —%}2 (10.85)
NOE ?6\/@, (10.86)
Q'(t) =4P'(1) = lsz (10.87)

where ay, 0, are arbitrary constants and the parameter m is related to the poly-
tropic index by

w=-2_1 (10.88)

3m

These are power law solutions with the affine vectors decaying linearly in time.
In particular, known General Relativity solutions can be obtained setting m to
be myuq = 1/2 (w = 1/3) or mpy = 2/3 (w = 0), corresponding to a radiation
and matter dominated universe, respectively. Also in this case, the bare energy
density is negative but the missing contribution is again given by the affine con-
tributions, i.e.

9m? m Im

bt = Perr =5 (37 5). (10.89)

K2t2 ’ K2t2

resulting in the effective polytropic index w, ¢y = % — 1, in agreement with
(10.88).

10.2.3  Solution reproducing linear growth of the scale
factor

Finally, for

e=1, (10.90)
p=-p/3, (10.91)
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another solution exists:

a(t) = ayt, (10.92)
6(t) = 6,1 + 6, (10.93)

3 1 5\ 1
b = —1+4+ —+[1++[1+ 16067 )| —=, 10.94
PO 2K2912( AR l)tz (1059
6 1 1
SE) = = [ =1+ —+[1 ++/1+ 1662 =, 10.95
) 7 ( 7 \ 1)t ( )

1

V2 1

141+ 1667

with ay, 6y and 0; arbitrary constants. The scale factor grows linearly in time and
in this case we have p > 0.

O'(t) = 4P'(t) = 8|1 —

(10.96)

10.3 Gravitational waves propagation

In this section we will finally derive some predictions of the theory regarding
the propagation of gravitational waves. Given the violation of parity the theory
is endowed with, we expect parity breaking effects in the results, similarly to
the black hole perturbations scenario, where only the evolution of axial modes
is affected. In particular we will probe the existence of two effects. Gravitational
birefringence, consisting in a difference in the speed of propagation of left and
right-handed polarizations, and gravitational Landau damping, i.e. a kinematic
damping of the wave’s amplitude due to the interaction with matter. In the era of
gravitational wave astronomy, looking for effects of this kind in the propagation
of spacetime perturbations seems very promising.

In order to proceed in this direction, a perturbative expansion of the fields must
be performed, much like as in section 7.2. While the Landau damping effect
can already be appreciated on the simplest background possible, namely flat
Minkowski spacetime, the latter is not enough to give rise to the phenomenon of
gravitational birefringence, when the propagation of perturbations is considered
to happen in vacuum. Rather, a non-flat background on which to consider the
evolution of perturbations needs to be selected. Among the solutions presen-
ted above, the first one describing a de Sitter phase is certainly one of the most
interesting from the cosmological standpoint. Moreover, it is also the simplest
background on which perturbative computations can be performed analytically,
yielding the results presented in the next section.
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10.3.1  Gravitational birefringence in late-time cosmo-
logy

The starting point is again the expansions
g = 8w +hy,  0=0+50, (10.97)

where now a bar denotes the exact solution (10.77)-(10.78). The main discussion
will be focused on the propagation of tensor modes, thus setting 60 = 0, while
we postpone the analysis of scalar modes to the end of this section. In order to
consider gravitational waves propagating along the z—axis, the gauge condition
hy, = 0 can be enforced and the perturbations can be written as

h, he 0
00 = 0, hl] = hx —h.;,. 0 s (1098)
0 0 0

where h, and h are functions of t and z alone. We now come to the perturbation
of the affine connection. In general, it can be expanded as

where again the bar denotes the affine connection obtained from (10.79)-(10.80).
Regarding the perturbation 6T” v, it includes perturbations of all components of
torsion and nonmetricity, namely the vectors §S#, §P¥, SQ* and the tensors 5qu o
and 6Q v ps considered as functions of t and z alone. Moreover, we will require
the tensors dq,,,, and 6Q,,, to possess the same symmetries as their complete
unperturbed versions.

Then, we use the xAct Mathematica package to perform the linearization of the
connection field equations on the given background and to obtain a partial solu-
tion for the perturbations in the following way. First, the vanishing of the affine
vectorial perturbations results as a consequence of the equations. This is expec-
ted since only the tensor modes of the metric perturbation have been selected
and there are no vector modes available for the coupling with the affine vectors.
Regarding the affine tensor perturbations, several equations can be algebraically
solved, resulting in the following non vanishing components:

89110 = 69202, 89102 = 69201 89232 = 69113, 8123 = 64213,
(10.100)
3
0111 = —0Qq99 = —0Q910 = ——6Q ., 0911 = —0Q999 = 5Q119,
111 122 21z = 0 211 222 112

(10.101)
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where temporal and spacial indices are here represented by 0 and 1, 2, 3, respect-
ively, while primes denote derivatives with respect to z. The nonmetricity tensor
perturbation turns out to represent non propagating degrees, since it ultimately
satisfies the spatial harmonic oscillator equation

5QY ., + %aZSQHz =0, (10.102)
which is solved by
Q112 = C(t)cos <¥a(t}z) + Cy(t)sin (@a(t)z) , (10.103)

where C; and C, are arbitrary functions of time. Using these results it is easy to
check that the linearized scalar equation is automatically satisfied. At this point,
there are six equations left for the two metric functions h,, h, and for gs91, g113,
9202 9213- They read

%5%01 + (2a8gp0 — \/384213) = (%h 23K, — %am 4 Mam),
(10.104)
5‘1113 + (\/—a 84202 + 20561213) ( ihﬁﬁ - £azh+ + \/_a2h+>, (10.105)
JA JA
ﬁ5q502 + (\/§5q113 — 2a5q201) = (—%hﬁr + 23R, — %ahx + \/ﬁahx>,
(10.106)
L 5q315 — (2089115 +V3a25qp01) = ( Sy ‘F i, + JXath>, (10.107)
JA JA

and

.1, A, 4A 1., 1
hy —=hY - 4\/jh+ +—hy =2 <—25‘J113 - 5‘1202) + \/X(\/g&hoz + —5‘]213)’

a 3 3 a a
(10.108)

.1, A 4A 1., 1
e — —hY — 4\/:hx LAy (—25q213 + 5q201> ~JVA (\/§5q201 + —5q113>,

a 3 3 a a
(10.109)

having used a = a\/A/3 and d = aA /3. In order to proceed further the adiabatic
approximation will be assumed, consisting in considering the scale factor nearly
constant, i.e. a(t) = 1, during the gravitational wave propagation. Hence, in
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Fourier space the equations become

. JA VA [ (2 6 :
lk5q201 + ? (26q202 - \/§5q213) = E (31&) + 2\/3_A> h+ +k ﬁ&) — 4l\/§ hx s

(10.110)

( \f )h+, (10.111)

lkéquz + — \/_ (\/_5(]113 25(]201 [ 316() + 2\/_ h - k <ﬁw 41\/—) h+] s

JA
ikdq113 + — (\/_5%02 +20qp13) =

N |~

(10.112)

. JA
ikdqo13 + o (—2561113 \/—561201 hx, (10.113)

(wz - k2 - ﬂ —4i \Ea)) h+ = —2ik 5q113 - (21&) + \/3_A)5q202 - \/K5q213,

3
(10.114)

(wz — k- % - 4i\/§w> hy = —2ik 8go13 + (2iw + V3A)qz0; + VA 8q13.
(10.115)

The system is reduced to an algebraic one and the torsion perturbations can now
be solved in terms of the metric ones as

p(k’ w, A)h-l- - q(k9 @, A)hx

= 10.116
59201 AED) , ( )
—m(k, w, A)hy + n(k, w, A)h,
o) = 10.117
9113 Ak, A) ) ( )
q(k, w, AN)h, + p(k, w, A)hy
= 10.11
89202 AR , (10.118)
k, ,A h k: aA h)(
5q213 = —n( @ ) + * m( @ ) (10119)

Ak, N) ’
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where we introduced
Ak, A) = 2(1296k* — 72AKk? + 49A2), (10.120)
plk. @, A) = 2kVA (108K%0 + 23032 - 3Aw), (10.121)
qlk. @, A) = 3 (72k* (5V3VA + 6iw) — 6k* (3V3A%/% + 8ikw)
+7A% (2V3VA + 3i0) ), (10.122)
m(k, , A) = 12ik (108k* — 3K%A + 2i3A3 20 + 4A?), (10.123)
n(k, @, A) = VA (432k* — 12k (A - 3i3VAw) + 7iV3A% %0 + 14A%) . (10.124)
The expressions for the §q’s can also be written in terms of the vectors
89201
54113 <h+>
- CH= 10.125
Q 84202 h ( )
99213
and the matrix
P -9
_lpmon (10.126)
Alq P
-n —m
as
Q = MH. (10.127)
Using these quantities the remaining two metric equations read
d(k, 0, AH = NQ, (10.128)
where we defined
B 0 —2ik  —Qiw+3A) /A
N= (21@ +3A VA 0 —2ik (10.129)
and
dlk,w,A) = 0® — k? — % - 41\%0). (10.130)
Then, combining (10.127) and (10.128), we obtain
(d(k,0,A)I—P)H =0, (10.131)
where [ is the 2 x 2 identity matrix and P = NM is explicitly given by
pP= (P“ _plz), (10.132)
P12 Pu
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where

Dy = 2ikm — (2iw + V3A)q + v An D1y = 2ikn + (2iw +N3A)p — VAm
11 = s 12 = .
A

(10.133)
In the particular case in which p;; = 0 we have that the plus and cross modes do
not mix and the usual dispersion relation is recovered for both of them:

D(k,w) = d(k,w,A) — p11 = 0. (10.134)

In the p;5 # 0 case instead, the two polarization are mixed. Introducing the left
and right handed polarization states defined by

1 1
hy = —(h, —ih,), hp=—(h, +ih,), 10.135
1=l R = (s ik ( )
they can be decoupled, yielding
(d(k, w, A) —pu+ iplz)hL =0, (10136)
(d(k,w,A) — p11 —ip12)hg = 0. (10.137)

This results in two dispersion relations for the right and left handed modes
@L,R(k, 0)) = d(k, w, A) —p11 = iplz =0, (10138)

that can be solved for the two frequencies

~ i\/36k4 — 12k3VA — 35k2A — 18kA3/2 =372 [A

wr, 2 (3% 2 1) iy (10.139)
op = i\/36k4 + 12k3VA — 35k2A + 18kA3/2 — 3A2 s (10.140)
2 (3k —VA) 12
At this point the condition
36k? £ 12VAK® — 35AK? + 18A3/2k — 3A% > 0 (10.141)

must be imposed in order to ensure the wave’s propagation. This condition im-
plies

k<0,0<A < 9k? k>0, 0<A<yk? (10.142)
for the left mode and

k>0,0<A < 9k? k<0, 0<A<yk? (10.143)
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for the right mode, where the parameter y is

y=1 <3/2592\/§ — 6697 — 719 + 11) ~0.543988.  (10.144)
9 3259262 — 6697

In the adiabatic limit we can consider modes with wavelength much smaller than

the curvature radius of the background spacetime, i.e. |k| > \/g Hence, from
(10.142)-(10.143) the propagation occurs for all wave vectors under consideration
and no further condition must be imposed. The group and phase velocities can
be computed as

3
o dopp 108k* + 54k3VA — 18k%A F 8kA2
LR = = ;
: 2 3
2(3k £VA) \/36k4 F 12k3VA — 35k2A F 18kA2 — 3A2
(10.145)
Sz LR _ J36k4 F 12K3VA — 35k2A F 18kA3/2 — 372 (10.146
tk 2k (3k £ VA)

We observe a difference in the velocity of propagation between the left and
right handed mode, a phenomenon already observed in the metric formulation
of CSMG (see [184, 185, 186] for a comparison) and known as velocity birefrin-
gence. Regarding the wave’s amplitude instead, there is no discrepancy between
the two modes and the friction term responsible for the amplitude damping is
common to both modes and it is the usual one given by the cosmological con-
stant, i.e. the i\/A/12 terms in (10.139) and (10.140).

In order to give some estimates of the effects just derived it is convenient to ex-
pand the velocities in a power series in the parameter € = VA/k which satisfies
le| < 1 in the adiabatic limit. The outcome is

€2 4é

vﬁR:1+?iT+@(e4), (10.147)

2 3

=17 S-S 525 L0 (eH). (10.148)
’ 2 3 9

We find some common features with the results obtained in [156]. In particular,

the group velocity turns out to be super-luminal and polarization independent at

order G(e?). We conclude that the most efficient way to detect parity violating

effects consists in measuring the phase velocity, since |vf - vg | ~ O (¢), whereas

|ng — vl‘%| ~0 (63).

Nevertheless, we can compare the deviation in the group velocities from the
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speed of light in vacuum with the current experimental bound on the gravita-
tional waves speed [274], i.e.

—3x1071 <v —1<7x1071, (10.149)

If we assume a magnitude of the wavenumber k = 10~/ m™?, corresponding to a

frequency v = 50 Hz well inside the sensitivity curves of ground-based interfero-
meters, and the measured value of the cosmological constant Aey, = 1072 m™2
we calculate a theoretically expected deviation O (62) = 10738, Therefore the
bound (10.149) is not sufficiently tight in order to falsify this model of modified
gravity. However, the dependence of the deviation parameter with respect to the
wavenumber, i.e. €2 « k2, indicates that for detections in the low-frequencies
domain the expected deviation would result significantly larger. By considering
a signal in the mHz band, which will become accessible with the space interfer-
ometer LISA, we obtain a much greater expected deviation O (ez) =10"%°. The
maximum magnitude for the deviation parameter is reached in the case of a nHz
gravitational wave, detectable with pulsar timing arrays, which we calculate to

be O (€*) = 10717

Scalar modes

We will conclude this section briefly discussing the propagation of scalar perturb-
ations. In this case we assume 66 = §0(t,z) # 0 and we adopt the same gauge
choice for the metric perturbation, which now has the following form

1_ 1_
hij = ggijh + 9;0;B — ggijakakB, (10.150)

in terms of the trace h = h! and a traceless part depending on the gradients of
the scalar function B(t, z). Regarding the affine sector, we assume that only the
components behaving as scalars under spatial rotations couple to the metric and
scalar perturbations. This leaves us with §Qo and the time components of the
vectors 8S', §P' and 5Q'. In principle, also contributions of the form 8Q;j =
(¢, z)5;j should be included but they are eventually ruled out by the traceless
character of 6Q,, and 6qy, . Solving the linearized equations we obtain

C C
hew = hy, = (——1e‘Mf + —2), 10.151
ey 3V3A 3 ( )
h,, = (—C—le—m'f + 24 (2 ) 10.152
so that c
h=——e V3 4 4 £(2), (10.153)

V3A
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while the perturbation of the pseudo-scalar field is given by

___ 9 A 2
60 = 6A3/Ze + —2\/§A + ¢g. (10.154)

The solution for the affine perturbations is characterized by §Qy, = 0 and

‘1 _J3At
5St = ——e , (10.155)
2V3
5
8Q! = 46P" = —%e_VSAt. (10.156)

In the above expressions ¢, c;, ¢, are constants of integration and f(z) is an ar-
bitrary function of z.

We conclude that there are no perturbations in the scalar sector propagating
as waves, a result which is in agreement with the purely metric formulation of
Chern-Simons gravity. Rather, all scalar perturbations suffer an exponentially
decay over a time scale of order t, ~ 1/3H,. Therefore, in the adiabatic ap-
proximation, they can be considered nearly constant with respect to the tensor
modes.

10.3.2 Gravitational Landau damping

Landau damping is a well-known effect characterizing electromagnetic waves
travelling in a plasma, whose particles can exchange energy with the wave. As
a result, when the particles acquire energy from the wave, the amplitude of the
latter is affected by an exponential damping. The possibility of an analogous ef-
fects in gravitational settings was first investigated in [275] (see also [276, 277,
275, 278, 279, 280, 281, 282]). The idea is that the interaction of gravitational
waves with non-collisional matter media can yield a damping or enhancement
of the metric perturbation. However, in order for this effect to be present in Gen-
eral Relativity, it is not enough to consider the simplest scenario of gravitational
waves propagating on a flat Minkowski background and interacting with a mat-
ter medium characterized by an isotropic background configuration. Indeed, in
this case the phase velocity of gravitational waves turns out to be superluminal,
which is enough to prevent the arising of Landau damping, as we will see in
the following. The latter appears in General Relativity only considering more
general assumptions, such as the introduction of anisotropies in the medium or
considering the propagation of gravitational waves on a FLRW background.

Going beyond General Relativity, in [220] Horndeski theories of gravity were
considered and gravitational Landau damping of the additional scalar mode char-
acterizing the theory was established, even on Minkowski background and with
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an isotropic matter medium. The authors also show that the same effect is for-
bidden for tensor modes, as in General Relativity.

Hence the question of whether also tensor modes can suffer Landau damping in
extended theories of gravity is still open. In this regard, parity violating theor-
ies offer an interesting possibility. Indeed, the gravitational birefringence effects
just discussed can yield a suppression of the phase velocity of one of the two
chiral polarizations of the wave, thus allowing for a subluminal phase velocity.
In turn, this makes the arising of Landau damping possible.

In the following, in order to derive the equations for the perturbations we will
proceed analogously to the previous chapters but including a non-vanishing
stress-energy tensor and its perturbation 6T),. Moreover, we will make some
assumptions needed to obtain the results that will be derived. These are:

+ Adiabatic approximation: the background scalar field configuration is as-
sumed to depend only on the cosmological time and to be slowly varying in
the time interval considered. This amounts to consider its first derivative
constant (§ ~ 6g) and to neglect higher derivatives.

« Relativistic medium: the matter medium in which the wave is propagating
is assumed to be composed by relativistic particles of mass m. Before the
passage of the wave, it will be considered in an equilibrium configuration
at temperature O, described by a distribution function f;.

+ Small wavelength approximation: the wavelength of the gravitational waves
is assumed to be much smaller than the characteristic length scale of vari-
ation of the thermodynamic properties of the medium, such as temperature
and pressure.

« Homogeneity and isotropy: the previous condition allows to choose as an
equilibrium function f; a homogeneous and isotropic distribution fy(p),

where p is the flat three momentum, i.e. p = |6 p; Dj-

+ Weak damping: the imaginary part of the frequency is assumed to be
much smaller than the real part, thus avoiding signals that are too rapidly
damped to be detected.

« Wave and medium velocities approximation: the phase velocity of the grav-
itational wave is assumed to be much greater than the thermal velocity of
the medium, a condition that holds in weak field regimes.

Finally, we will later introduce a parameter kog = 1/(8afg), which is assumed to
be positive. The results derived below can be straightforwardly adapted to the
kcs < 0 case (see [5]).



GRAVITATIONAL WAVES PROPAGATION 139

Now;, the starting point of the analysis is the set of linearized equations describing
the evolution of metric and affine perturbations on a flat Minkowski background.
One could be tempted to derive the equations taking the A — 0 limit of the
system (10.104)-(10.107) and (10.108)-(10.109). However, the de Sitter background
solution employed there is singular in A = 0 (see (10.78) for instance) and the
case of vanishing cosmological constant must be addressed separately, starting
with a(t) = 1 from the very beginning. Following similar steps but assuming the
background metric to be the flat Minkowski one, the outcome is

0 . . .
8100 + “—ZB (2005qy + Iy — afighl?) = 0, (10.157)
0(93 N .
5qa13 + - (2a0p8q3,5 — b + abphy’) = 0, (10.158)

for the torsion perturbations, and

hy — b+ abg (K — h + 28¢%5 + 20¢;02) = 2k%6T14, (10.159)
hy — h — 28¢5, — 28G9, = 2K°8Ty3, (10.160)

for the metric ones, where §T7; and 6T;, are the only non vanishing compon-
ents of the stress-energy tensor perturbation. We assumed again a propagation
along the z-axis and a metric perturbation of the form (10.98). Regarding the
affine perturbations, only the perturbations of the rank-3 tensor part of torsion
and nonmetricity were considered, i.e. 6qy,, and 6Q;,,. Only some of their com-
ponents are actually propagating and taking part in the dynamics. These are all
related to 8q;02 and dgy13 by

54201 = 5102, (10.161)

04123 = 69213, (10.162)
) ’ 1; ’

8q110 = 89202 = abp (5(]102 -3 12>, (10.163)
) ’ 1 ”

89223 = 6q131 = aOp (561213 + 5 12)- (10.164)

All other components are either vanishing or not propagating. The non vanish-
ing ones are

39010- 69313, 89020, 6G323, 89031, Oq3p1  Oqo32.  Oq302,  (10.165)
for the torsion, and

0Qnoo>  0Qn11, 6z, 603, 012, 033, (10.166)
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withn =1,2 and
0Qnot, 002, 013, 0Q03, (10.167)

with n = 0, 3, for the nonmetricity, and they all satisfy the same harmonic oscil-
lator equation, reading

a?0%
u(t,z) + — 1 u”(t,z) =0, (10.168)

whose solution reads
2z 2z
u(t,z) = Cy(t) cos ( ) + Cy(t) sin ( ) , (10.169)
(XQB (X@B

where C; and C, are arbitrary functions of time.

The system of equations is closed by including the equation for the matter distri-
bution. The latter is perturbed by the passage of the gravitational wave, deviating
from its equilibrium configuration by a variation § f of order h, so that we can
write

fG p.t) = fX p.0) +5f(X, p. 1), (10.170)

where ¥ and p denotes the spatial components of coordinates and momenta of
the particles. Moreover, f(¥, p,0) can be shown to be related to the equilibrium
distribution fy(p) by [220]

fo(p) PZJ] (3 0). (10.171)

f& p,0) = fo(p) -

The equation for the evolution of § f is obtained linearizing the Vlasov equation
and yields [220]

oof p"f fi(p) ‘7th

ot pO ox™  2p ot

(10.172)

The last step we need to perform before solving the equations consists in relating
O f to the stress-energy tensor perturbations appearing in (10.159) and (10.160).
As shown in [220] the correct relation is

Ej(f,t)zde plp’af( Db, (10.173)

Now we have a closed system of five differential equations for the two metric per-
turbations, the two torsion perturbations and J f. By performing a Fourier trans-
form on the spatial coordinates and a Laplace transform on the time coordinate
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the equations reduce to algebraic ones, drastically simplifying the problem. In
particular, the linearized Vlasov equation is readily solved by

£p) (3 hz(Jk’S) - hgc)(o)) Pipj

k() = =2 , (10.174)

s+ik%

where the Fourier and Fourier-Laplace components of a generic field are dis-
played as qﬁ(k)(t) and qﬁ(k’s), respectively. Then, the torsion perturbations are
solved in terms of the metric ones as

oM iaOpk sh(k 9 h(k)(O) h(k 9 hg‘)(o) (10.175)
oz 2\/§ 1-— aGBk 1+ O(éBk ’ ‘
: (k,s) (k.s)
s Ogk® [ h hyp
5q§]§’3) -5 L4 (10.176)
2\/§ 1-— O.'@Bk 1+ OKGBk
which, once substituted into the metric equations yield
2 + k2 h(kss) _ h(k) 0
(T RDRT —shi 10 24Ty, (10.177)
1-— OCQBIC
s+ kOhGS — sh (0
G+ kD R ©_ 2y TR, (10.178)
1+ aGBk

where, using (10.173) and (10.174), the left and right handed components of the
stress-energy tensor can be written as [220]

I N R (OO (O

L= 4 JO dpL,o dps p (p0s + ikps) ( (0)> (10.179)
. N P (O (O

TR =7 L dp Lx, dps P (2" + ikps) (shi™ - H()), (10.180)

having introduced cylindrical coordinates in the momentum space, i.e.

p1=pcose, py=psing,  ps=ps. (10.181)
Eventually, the left and right handed metric perturbations are obtained as
. ’ 5
(S _ n)((ligaGBk) jgo dp j_-l-;od fO (P)p ) (k) (0)

pks) _ " p(ps + ikps)
LR (s2 + kz) e r(k,s)

. (10.182)
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where the chiral dielectric functions are defined by

7 xs Br p(k / >
e plk,s)=1- X—LsR()Jd dps Ji®) __p , (10.183)
’ 2 (s? + k?) P pOs+ikps
and the birefringence factor is given by
Bir(k)=1F abgk =17 L (10.184)

where kog = 1/(8afp) has dimensions of momentum. Now, the standard proced-
ure is the following. The dispersion relation w, = w,(k) is computed solving the
condition

iR(eL’R)(k, a)r) =0. (10.185)

Then, the damping coefficient is obtained from
 S(er)

w; =
' IR(err)
0w o=,

(10.186)

To proceed further a specific background distribution must be chosen. We choose
to deal with a Juttner-Maxwell distribution, i.e.

n Jm2+p?

— e, (10.187)
4rm20OK, (x)

fo(p) =

where n is the density of particles, m is their mass and K, (x) are the modified
Bessel functions of the second kind with real index v, evaluated at x = m/©. For
the Jittner-Maxwell distribution we can rewrite the dielectric functions as

Jm2+p2+pk

2
nxBy r(k) Vp ple  ©
arbo)=1-—7 73 2 JdeP3 2 ,
4k*m“©°K; (x) \ 1 - v; 2_ % (m? + p?)

p3 — 1—
(10.188)

2
Vo

where the phase velocity of the wave is v, = w,/k. From this we see that, in
order for the Landau damping effect to arise, the phase velocity of the wave
must be subluminal. Indeed, a non vanishing damping coefficient w; requires a
non vanishing imaginary part of the dielectric functions. The latter can only be
produced by poles in the denominator of the integral in (10.188), which exist only
for v, < 1 and are given by

2
v
s = :I:\/ P (m2 + p?). (10.189)
1—-vp
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In order to check the subluminal condition we first need to compute the disper-
sion relation. Expanding the denominator up to second order in p; we get the
real part of the dielectric function:

202 By g (K) ( < y(X)>
1

x2k2 w? w®
3 3

Rierg) =1+ (10.190)

where w3 = ynm is the proper frequency of the medium and y(x) = K;(x)/K,(x).
The p; expansion we employed amounts to assuming

2
& 1—Vp
Vp m2+p2

<1, (10.191)

which is consistent with the last assumption in the list at the beginning of this
chapter. Now, imposing the vanishing of the real part of the dielectric functions
yields two fourth order equations which are solved by

2
, K 205 (x —y) B (k) 20§ (x —y) B g(k) 8w§y B, r(k)
wip="—|1+ +((1+ +

> 2 x2k2 x2 k2 x2k2

(10.192)

Hence, we have 8 frequencies in total, 4 per each polarization, which is identified
by the subscripts of the function By g(k), belonging to two branches, identified
by the + sign explicitly appearing in the expression above. However, the reality
condition w? > 0 must be required. This, together with the subluminal condi-
tion explained above, will select one of the two branches of the frequencies and
identify ranges in the momentum space in which the wave is allowed to propag-
ate within the medium and the damping effect is present. In the case at hand, we
can distinguish two cases, depending on the sign of By g(k). If By g(k) > 0 then
the reality of the frequency is assured only for the plus sign in (10.192). However,
in this case one always has v, > 1. Hence, the wave propagates throughout the
medium without any damping.

For By (k) < 0 instead, the reality condition is satisfied by both signs in (10.192),
provided that the following condition holds

k? + 52 (1 ¥ L) >0, (10.193)

where we defined

9 ng 2
52 = —= (Vx +r(x) - (10.194)
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The outcome depends on the sign of A = §% — 256k¢. If A < 0 the inequality
(10.193) is satisfied for every value of the momentum. If instead A > 0 then
(10.193) is valid only for the following wavenumbers

Left mode: k <k v k>k{;  Right mode: k <kj p u k> k2 p, (10.195)

where the boundaries of the intervals are given by

2 256k>
0 o CS
= 144(1— , 10.196
+L 16kc5 52 ( )
2 256k>
0 0 =< (10.197)

= — 1+4/1
+R 16kcs 52

Now, A relates the parameters of the theory to the thermodynamic properties
of the medium, encoded in the definition of §. Therefore, a positive sign of A
corresponds to thermodynamic configurations of the matter medium in which
the propagation of gravitational waves is not allowed for any wavenumber k,
and a range of wavenumbers exists for which the wave is totally reflected before
entering the medium [B283].

Taking also into account the subluminal condition, we have that propagation
with subluminal phase velocity is allowed in

Left mode: k > 8kcg Right mode: k < —8kcs, (10.198)
when A < 0, and in

Left mode:  8keg <k<k; v k>k
(10.199)
Right mode: k < kg)R U kg,R <k < —8kcg

for A > 0. For these modes we can compute the damping coeflicient via (10.186),
resulting in

X

7re— v <3 (1 — vz) +3x,(1— v+ xz)
p p
W = k, (10.200)
4XK2(X)( L M)

(l—vlz,)2 Yp
where the contribution of By (k) is implicit in the phase velocity. The ranges of

the momentum for which propagation is allowed and damped are summarized in
figure 10.5 and 10.6. Finally, we can require the absence of instabilities induced
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0 8kcs

| > 1 | 1 >k
Vp vp<

Figure 10.5: Metric-affine Chern-Simons model (A < 0)

0 8kcs K° kY
| | foooe - —k

vp>1

Figure 10.6: Metric-affine Chern-Simons model (A > 0)

by a positive damping coefficient, by imposing «; < 0, which amounts to set

x 1)

(1-v)" %

<0. (10.201)

The resulting bound on the velocity, i.e.

1
X

Vp <v= (1 + @) S (10202)

still allows for a wide range of phase velocities much greater than the average
velocity of the particles (v), obtained averaging over the Juttner-Maxwell distri-
bution. Indeed, it can be shown that the ratio v/ (v) always grows with x, being
greater than 2 as soon as x > 15.



Concluding remarks

Summary of the results

The previous pages have been devoted to the analysis of three gravitational mod-
els formulated in the metric-affine framework. Existing models characterized by
topological terms have been extended to their most general formulation, includ-
ing all possible affine structures such as torsion and nonmetricity. During this
procedure, we kept track of the topological character and projective symmetry
of such terms.

Among the many existing modified gravity models it is important to discard the
ones which are not physically viable. One way to proceed in this direction is
to check for the internal theoretical consistency of the theory considered. In
particular, the physical degrees of freedom must be well-behaved and one must
check for the absence of dynamical instabilities. To this aim the presence of ghost
degrees of freedom and Ostrogradski instabilities introduced by higher-order de-
rivatives in the field equations has been investigated. Moreover, the relation
of such pathologies with the invariance under projective transformations of the
models has been taken into account.

On the other hand, the derivation of concrete predictions of gravitational models
is foundational. In this regard, results encompassing black hole thermodynamics,
primordial cosmology, black hole perturbations and gravitational waves propaga-
tion have been derived.

The main results are summarized below, concluding with some comments and
possible perspectives for future investigations.

Holst term and hairy black holes

The most straightforward generalization of the Holst term to the case of non
vanishing nonmetricity is simply obtained via the usual contraction of the Levi-
Civita tensor with the affine Riemann tensor, but considering the latter as built
with the most general asymmetric and not metric compatible connection. The
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resulting expression is invariant under projective transformations and it is still
vanishing on half-shell, when the term is included in the first order action of
General Relativity.

Deviations from Einstein gravity can instead be introduced by promoting the
Immirzi parameter to a dynamical field and implementing the Holst term in the
Palatini f(R) theory of gravity. The Jordan frame formulation of the model is
characterized by two scalar fields: the Immirzi field and the f(R) scalaron. How-
ever, there is only one additional degree of freedom, since a modified structural
equation allows to algebraically solve the scalaron in terms of the Immirzi field.
The theory is devoid of ghost-like instabilities since the additional scalar degree
of freedom is well-behaved, as it is apparent from the canonical form of its kin-
etic term in the Einstein frame.

Another feature of the Holst model, which is also present in the Nieh-Yan case, is
that the presence of the Immirzi field offers a resolution of ambiguities in the way
the theory can be formulated. In particular, under a suitable rescaling of the Im-
mirzi field, the theory obtained including the Holst (or Nieh-Yan) term inside the
argument of the function f is equivalent to the model featuring the same term
added directly to the function. This is only possible if the Immirzi parameter
is promoted to a dynamical field, explaining the reason why previous works in
literature considered models obtained including the terms inside or outside the
function f as completely inequivalent.

In this theoretical framework, new analytical hairy black hole solutions have
been derived and their thermodynamics has been investigated. Once a quadratic
form for the function f is singled out and a specific expression for the Immirzi
field potential is chosen, there are solutions with non-trivial scalar hair provided
by the Immirzi field with both de Sitter and Anti-de Sitter asymptotics. While
the former presents some singularities, in the latter the fields are regular on and
outside the black hole event horizon. The solution describes an asymptotically
Anti-de Sitter hairy black hole whose horizon has a hyperbolic topology. The Im-
mirzi field relaxes to the constant configuration at infinity, recovering the stand-
ard picture featuring a constant Immirzi parameter.

The thermodynamic framework presents interesting features as well. The com-
putations have been performed with Euclidean path integral methods, where a
regularization procedure has to be taken into account in order to remove singu-
larities in the on-shell Euclidean action. The necessary counter-terms to be ad-
ded to the variational principle were known for the case of a minimally coupled
scalar field. Here we provided their correct generalization to the case of non-
minimal coupling. The analysis reveals a modified expression for the black hole
entropy which deviates from the usual Bekenstein-Hawking formula, where it
is just proportional to the horizon area. In the present case instead, it acquires
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a correction depending on the value of the Immirzi field computed at the event
horizon. Although far from being an observational signature, this is a specific
effect of the dynamical nature of the Immirzi field. Indeed, one can show that
if the latter is treated a priori as a constant Immirzi parameter then the entropy
retains its standard expression.

Enlarging the thermodynamic phase space to include a pressure-volume pair of
conjugate variables, reveals peculiar outcomes regarding the properties of the
thermodynamic volume and the associated reverse isoperimetric inequality. A
violation of the latter is observed, so that the solution adds to the list of super-
entropic black hole solutions known in literature. We confirm the conjecture on
their thermodynamic instability by computing the specific heats at constant pres-
sure and volume, showing that unstable thermodynamic configurations where
the latter is negative exist whenever the reverse isoperimetric inequality is viol-
ated.

Bouncing cosmologies with projective-invariant Nieh-
Yan term

As in the Holst case, one may generalize the Nieh-Yan term by retaining its
formal expression but allowing for the connection to break metric compatibil-
ity. However, this leads to a non topological and projective-breaking term. The
two properties can instead be accommodated by including an additional contri-
bution which couples the torsion and the nonmetricity tensors. By introducing
two real parameters A; and A, in the definition of this generalized Nieh-Yan term,
one can impose projective symmetry by setting A; = A, = A, still violating to-
pologicity as long as A # 1. If in addition the condition A = 1 is imposed, the
resulting term is endowed with both projective symmetry and topologicity. The
latter guarantees the preservation of the classical theory when the term is con-
sidered in a first order formulation of General Relativity.

Instead of promoting the Immirzi parameter to a scalar field by hand in the action,
a model of modified gravity can be obtained by considering a general function of
two arguments, the Ricci scalar and the generalized Nieh-Yan term. In this way,
two scalar degrees of freedom are introduced in the Jordan frame, one of which
can be identified with the Immirzi field, which acquires a dynamical character
in a more natural way, as well as a potential term (the same approach can be
followed also in the Holst case). Depending on the values of the parameters, we
can identify two alternative models with different dynamical content.

For 1; # A, the model is dynamically equivalent to Palatini f(R) gravity, as a con-
sequence of the on half-shell vanishing of the generalized Nieh-Yan term. Hence,
there are no additional degrees of freedom and the theory is free of instabilities,



CONCLUDING REMARKS 149

despite projective symmetry being broken by the choice of the parameters.

On the other hand, the model endowed with projective symmetry (1; = 15 = 1)
offers new dynamical features with respect to Palatini f(R) gravity, being on
half-shell equivalent to a scalar tensor theory characterized again by a modified
structural equation, which provides an algebraic expression for the scalaron in
terms of the Immirzi field and its kinetic term. By inspecting the action in the
Einstein frame, the absence of ghost instabilities is established also in this case.
Beside them, Ostrogradski instabilities could in principle be present, given the
dependence of the scalaron on the Immirzi field kinetic term. Since second de-
rivatives of the scalaron appear in the metric field equations, third derivatives of
the Immirzi field are generated. However, they do not necessarily imply Ostro-
gradski instabilities. Indeed, we could prove that in the A = 1 case (and under the
assumption of negligible Immirzi field potential) the theory is free of instabilities.
This comes from the fact that the theory is equivalent to a subclass of the experi-
mental compatible sector of degenerate higher-order scalar-tensor (DHOST) the-
ories, in which specific degeneracy conditions in the Hamiltonian formulation
prevent higher derivatives to give rise to unstable modes.

Also in this case, a quadratic model for the function f is specified, but we need
to neglect the Immirzi field potential to derive semi-analytical solutions. These
are cosmological solutions where a Bianchi I metric describes a possible aniso-
tropic behavior of the primordial universe. In particular we focus on the region of
parameter space which allows for a regularization of the Big Bang singularity in
favour of a big bounce scenario, where the universe volume reaches a minimum
value and then expands back in another branch. The Immirzi and scalaron fields
have non-trivial behavior near the bounce and relax to constant configurations
in the late time region, where the isotropic FLRW setting is recovered through
an isotropization mechanism offered by the inclusion of matter content in the
form of radiation and/or pressure-less dust.

Despite the singularity at the origin of cosmological time being regularized, the
cosmic evolution presents other future finite-time singularities. Numerical in-
tegrations reveal two possibilities. In the first kind of solutions, the singularities
affect the Hubble function, while the scale factors and the scalar fields are always
finite and non vanishing. The second kind of solutions is instead characterized by
a regular behavior for the Hubble function and zeros or poles in the scale factors,
as well as the vanishing of the scalaron field. To probe the physical relevance of
such singularities, we proceed investigating the behavior of null geodesics and
scalar perturbations near the singular events. We conclude that only the first
kind of solutions allow for geodesic completeness and bounded scalar perturba-
tions, while the second kind must be discarded. Beside such considerations, we
stress that a further regularization of this kind of singularities can be provided
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by considering quantum effects of particle creation, a possibility that we leave
for future works.

Projective-invariant Chern-Simons term: black holes and
gravitational waves phenomenology

Contrary to the Nieh-Yan case, the simplest extension of the Chern-Simons term
to generic metric-affine spacetimes, obtained simply promoting the connection
to a completely unconstrained independent variable, is enough to preserve its
topological character. However, the projective symmetry is broken. We pro-
pose a generalized Chern-Simons term featuring three parameters A, A, and A3,
with the following properties. It is projective-invariant but not topological if
Ay = (A4, —4)/16 and A3 = —A; /2 but A; # 0 and/or A3 # 0. Instead, the topolo-
gical character can be recovered setting A; = A3 = 0 and at the same time one can
break the projective symmetry by considering A, # —1/4. In particular, A, = 0
yields an expression formally equivalent to the original Chern-Simons term. Fi-
nally, topologicity and projective invariance can be simultaneously implemented
by imposing A; = A3 = 0 and A, = —1/4. Focusing on the last possibility we
introduced the generalized Chern-Simons term in the Hilbert-Palatini action of
General Relativity, promoting the coupling to a pseudoscalar field. Two different
theories exist, depending on whether a standard kinetic term for the scalar field
is included in the action or not. We multiplied the latter by a free parameter
and considered both the f = 0 and f # 0 case.

The theory is more involved than the Nieh-Yan and Holst models and it is not
possible to express it as an effective second order scalar-tensor theory at the full
unperturbed and background independent level. Therefore, conclusions regard-
ing the stability of the additional scalar degree of freedom and the absence of
ghosts can not be reached as in the other models. However, for f > 0 the scalar
field is well behaved in relevant physical scenarios, as we demonstrated study-
ing the linearized theory and the evolution of scalar perturbations on spherically
symmetric and cosmological backgrounds.

Instead, the possibility of pathologies affecting the theory resides in the presence
of higher-order derivatives in the field equations, which can give rise to Ostro-
gradski instabilities. Although in the first order framework these are apparently
absent, they can arise on half-shell, once the affine sector is solved in terms of
the metric and scalar field. This is indeed the case for the projective-invariant
metric-affine Chern-Simons theory at hand, which in general presents derivat-
ives of the metric tensor higher than the second order. The same is true for the
metric version of the theory and common methods exist to remove higher-order
derivatives, e.g. linearizing the equations on a constant scalar field background
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or imposing specific spacetime symmetries. However, the novelty typical of the
metric-affine formulation consists in restricting to specific subclass of metric-
affine manifolds, where the rank-3 tensor parts of torsion and nonmetricity are
absent. Such requirement is enough to avoid the presence of Ostrogradski in-
stabilities.

Another peculiarity of the metric-affine version of Chern-Simons gravity regards
the dynamical nature of the pseudoscalar field in the f = 0 theory. Indeed, the
scalar field has a proper dynamical character even in absence of its kinetic term
in the action. This can be appreciated at linear level, where derivatives of the
scalar field are produced on half-shell by the torsion perturbation, and at the
background level, where solutions with non-trivial 6 exist for § = 0. Moreover,
contrary to metric Chern-Simons gravity, the f = 0 theory is viable and does not
lead to the shortcomings known to affect its analogue metric version.

By studying black hole perturbations and gravitational waves propagation we
provided for the first time in literature the derivation of potentially observable
effects for the metric-affine version of Chern-Simons gravity. Peculiar signa-
tures arise in the dynamics of linear perturbations of Schwarzschild black holes.
The quasinormal modes characterizing the evolution of axial perturbations ex-
hibit modifications with respect to General Relativity and metric Chern-Simons
gravity. Depending on the value of the parameter f, the values of the quas-
inormal frequencies are either coinciding with the General Relativity outcome
(B — o) or deviating from it (f < 107!). The prediction of the f = 0 theory are
smoothly reached by the 8 # 0 theory, as we checked decreasing  down to 107,
Moreover, the scalar field and metric perturbations are coupled, resulting in a su-
perposition of the scalar and tensor modes, leaving an imprint in the signal even
in the f — oo limit. Similar (but quantitatively different) effects are produced
by the metric version of the theory as well. The latter also predicts purely de-
caying, non-oscillatory modes with imaginary frequency, which are instead ab-
sent in the metric-affine framework. A smoking gun for the metric-affine Chern-
Simons gravity is instead provided by the late time part of the signal which is
characterized by power law tails, as in General Relativity. The dependence of
the exponents of the tails on the angular momentum number of the perturba-
tions is exactly the same in the  # 0 metric-affine theory, the metric version of
Chern-Simons theory and General Relativity. However, the f = 0 metric-affine
Chern-Simons theory predicts a modified relation, potentially observable in the
last part of the signal.

The propagation of gravitational waves is also affected by parity violating ef-
fects induced by the Chern-Simons modification. In particular, we established
for the first time the existence of velocity birefringence in metric-affine Chern-
Simons gravity. The propagation of the wave must be considered on background
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spacetimes more complex than the flat Minkowski one, which can only yield a
trivial dispersion relation. To this aim, we were able to find exact homogeneous
and isotropic cosmological solutions in the f = 0 case. They exhibit known
behaviors for the scale factor, including a de-Sitter expansion phase as well as
power laws describing radiation and matter dominated eras. Gravitational waves
propagating on the de-Sitter background are characterized by different disper-
sion relations for the left/right-handed polarizations, yielding the gravitational
birefringence effect. The latter causes deviations both in the group and phase
velocity of the wave. However, current experimental constraints on the group
velocity are not tight enough to test the theory. Experimental constraints on
the birefringence effect can also be derived for the phase velocity. However, the
peculiar dependence of the correction on the wavenumber requires a generaliz-
ation of analysis existing in literature before applying them to the present case.

Finally, the propagation of gravitational waves in matter has been addressed. We
first proved the existence of ranges of wavenumbers for which the propagation is
not allowed and the wave is reflected before entering the matter medium. Hence,
the latter can act as an inverse band-pass filter but, although theoretically detect-
able, the window of non allowed modes turns out to be extremely narrow. In
regions of the momentum space where the propagation is allowed, one has a sub-
luminal (superluminal) phase velocity, for wavenumbers greater (smaller) than
a specific threshold identified by the parameters of the theory. When the phase
velocity is subluminal, the amplitude of the wave suffers the kinematic damping
known as gravitational Landau damping, which is instead absent for superlu-
minal phase velocity. The existence of gravitational Landau damping for tensor
perturbations in modified gravity theories is hereby established for the first time.
The threshold separating damped from undamped modes in momentum space is
in principle observable, although the magnitude of the relative absorption is well
below the sensitivity of current observations. For explicit numerical estimates
on both the window of forbidden wavenumbers and the Landau damping effect
we remind the reader to [5].

Discussion and future perspectives

The investigations performed revealed aspects of projective-invariant models
that add new perspectives to the existing literature on the topic. In particular, a
discussion on the relation between projective symmetry and dynamical instabil-
ities is in order. We start recalling again the role of projective symmetry in Ricci
based gravity, where instabilities are present if the symmetry is broken and they
can be removed either imposing the symmetry or setting torsion to zero [34].
The results presented in this thesis reveal a picture which is not always consist-
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ent with these conclusions.

The Holst case seems to be in line with the situation outlined in [34]. Indeed, the
theory is projective-invariant and devoid of both ghost and Ostrogradski kind of
instabilities. However, being the Holst term already projective invariant, there
is no room to probe any projective-breaking scenario, unless arbitrary additional
terms that are not invariant under projective transformations are introduced by
hand in the action. Therefore, one can not conclude that the absence of project-
ive symmetry would imply instabilities.

Regarding the generalized Nieh-Yan term instead, a peculiar situation emerges.
First, the breaking of projective symmetry does not lead to instabilities, constitut-
ing a counter-example to the analysis performed in [34]. Actually, one needs to
break projective symmetry in order to avoid higher-order derivatives in the field
equations. However, the absence of instabilities in that case is trivial, since it is
just related to the fact that there are no new degrees of freedom at all, being the
theory equivalent to Palatini f(R) gravity. If one considers the richer framework
offered by the dynamical models instead, with additional degrees of freedom and
higher-order derivatives in the field equations, than the projective symmetry is
a necessary condition for proving the absence of Ostrogradski instabilities (the
DHOST equivalence holds for A; = A5, = A = 1). We remark that the same could
also be true for A = A, = A # 1. However, in that case one can not rely on the
equivalence with DHOST theories and a full analysis of the Hamiltonian system
would be required, checking if degeneracy conditions similar to the ones present
in DHOST theories hold.

The most involved landscape arises in the Chern-Simons case. Imposing project-
ive symmetry is not enough to avoid instabilities. Indeed, higher-order deriv-
atives of the metric tensor appear in the field equations. Although we proved
that one of the two methods used in [34] to eliminate them works for the Chern-
Simons theory as well, i.e. a priori setting to zero some affine components (g, =

Qup = 0 instead of ! vp = 0), it seems that projective symmetry has no role in
the presence or absence of Ostrogradski-like instabilities. However, unlike the
Nieh-Yan case, we could not investigate the projective breaking sector of the
theory in great detail (see section 7.2.1). It is in principle possible that the sym-
metry could be hiding even worse instabilities that could be unveiled studying
the projective-breaking case, offered by 15 # —1/4, which deserves further in-
vestigations.

Another topic which would be worth investigating is the initial value formulation
of the theory. In the metric Chern-Simons theory, this is known to be the setting
in which higher-order derivatives give rise to shortcomings which are overcome
adopting a small coupling limit. It could be interesting to extend the analysis of
[193] to the metric-affine case considering the generalized Chern-Simons term.
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Regarding the scalar sector of the theory, the condition f > 0 is necessary in
order to avoid a wrong sign for the kinetic term. Therefore it seems that one
needs to impose § > 0 to avoid ghosts. However, additional contributions to the
kinetic term comes from the affine sector and at the effective level the relevant
quantity seems to be  + aK rather than just § (Cf. eq. (7.38)). Even if the condi-
tion f < 0 is enough to yield unstable modes on the Schwarzschild background,
a wider range of f§ values could be allowed if those modes were absent on more
general and physically more relevant backgrounds such as Kerr-like spacetimes,
where the aK term could behave differently and possibly dominate over f.
Future works could also be devoted to the extension of the analysis of black holes
quasinormal modes and parity violating effects in gravitational waves propaga-
tion to the Holst and Nieh-Yan models. No further technical or conceptual diffi-
culties are expected in this direction. However, the opposite is not true, in the
sense that the results regarding hairy black holes and big-bounce solutions rely
on the relatively simple structure of the Holst and Nieh-Yan models, and adapting
the same treatment to the Chern-Simons theory seems not that straightforward.
Finally, let us stress that all the results regarding projective symmetry and its rela-
tion to ghosts, higher-derivatives and Ostrogradski instabilities are not inherent
properties of the terms themselves. Indeed, the conclusions reported above de-
pend on the gravitational models in which these terms are introduced and must
be contextualized accordingly. Their implementation within different settings
could yield other outcomes.

In any case, the discrepancies with respect to the results of [34] could be related
to the violation of parity which is present in all the models we considered. Indeed,
parity violation is reflected in the presence of the Levi-Civita completely antisym-
metric tensor used to build the Holst, Nieh-Yan and Chern-Simons terms, as well
as their generalizations. Since the shift in the independent connection (and re-
lated curvature objects) produced by projective transformations is proportional
to a delta, contractions with a completely antisymmetric tensor makes the im-
plementation of the projective symmetry easier. In absence of the Levi-Civita
tensor, more terms produced by the transformation would survive, resulting in
more severe constraints on the model and its parameters, that could also hinder
the presence of instabilities. Therefore, the interplay between projective sym-
metry and parity constitutes another intriguing line of investigation.

This thesis is rather heterogeneous and considers multiple models applied to sev-
eral different physical settings. It is therefore difficult to conclude with a simple
take-home message. On one hand, we can assert that the behavior of gravita-
tional metric-affine models under projective transformations reveals important
dynamical aspects and must be taken into consideration. However, one must be
aware that projective symmetry is not always a necessary and sufficient condi-
tion for the absence of instabilities in metric-affine theories, especially in pres-
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ence of parity violation. On the other hand, the expectation is that upcoming im-
provements in experimental observations will allow to test, and possibly falsify,
the theories considered, hopefully allowing to reject as many as possible of them,
thus narrowing down the number of current available possibilities.
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