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Abstract

Three models of parity violating modified gravity are considered in the metric-
affine approach, their formal properties are discussed and new solutions are
derived, together with predictions in cosmology, black holes and gravitational
waves settings. An extension to generic metric-affine spacetimes of the Holst,
Nieh-Yan and Chern-Simons topological terms is provided, accounting for the
presence of nonmetricity and recovering the invariance under projective trans-
formations acting on the affine connection. While the Holst term is projective
invariant and vanishing on-half shell, even in presence of nonmetricity, the lat-
ter is responsible for the breaking of projective symmetry and the spoiling of
the topological character both in the Nieh-Yan and Chern-Simons case. A gen-
eralization of these two topological invariants is provided, allowing to recover
both properties independently. Specific models featuring the generalized terms
are considered and the role of projective symmetry in relation to the absence of
dynamical instabilities is thoroughly discussed. The absence of ghost degrees of
freedom is proved for all three models. Ostrogradski instabilities in the Nieh-Yan
model are ruled out by its dynamical equivalence with DHOST theories while
new methods to avoid higher-order derivatives introduced by the Chern-Simons
modification are devised. Then, several solutions are derived. New analytical
hairy black hole solutions are presented for the Holst model and their thermody-
namics is analysed, highlighting modifications to the black hole entropy and the
role of the solution within a system of conjectures recently proposed in literat-
ure in the extended phase space approach. In models featuring the generalized
Nieh-Yan term, semi-analytic, anisotropic cosmological solutions are obtained,
exhibiting a big-bounce regularization of the initial singularity. The presence of
future finite-time singularities is pointed out and their physical viability in terms
of geodesic completeness and well-behaved scalar perturbations is proved. In the
generalized Chern-Simons theory modifications to black hole perturbations and
gravitational waves are derived. The quasinormal modes of Schwarzschild black
holes are computed, showing their deviations from both General Relativity and
the metric version of Chern-Simons gravity. New exact cosmological solutions
with non-trivial affine structure are used as background configurations to study
the propagation of gravitational waves, establishing the phenomenon of gravita-
tional birefringence in metric-affine Chern-Simons gravity. The propagation in
matter is also investigated proving the existence of gravitational Landau damp-
ing. Although observable in principle, the magnitude of the effects is too low for
them to be tested given the sensitivity of present day experiments.
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Introduction

Science moves forward through the continuous improvement of the human un-
derstanding of natural phenomena, which is by its own nature only asymptot-
ically tending to a complete description of the universe. Regarding the domain
of physics, our current knowledge is based on the interaction between element-
ary particles mediated by four fundamental forces. Although the Newtonian
concept of force has successfully been overcome in the last century, this process
has not followed a single path, common to all interactions. While the electro-
magnetic, weak and strong forces are now described as the exchange of gauge
bosons between fermions, the gravitational force results from the interaction of
matter with spacetime curvature. Such duality is apparent in the mathematical
description of the fundamental interactions, which relies on two complement-
ary but incompatible frameworks. On one hand, the Standard Model of particle
physics, with the theoretical background of quantum field theory, provides a co-
herent description of the strong and electroweak interactions as a gauge theory
of the 𝑆𝑈 (3) × 𝑆𝑈 (2) × 𝑈 (1) group of symmetry, with a spontaneous symmetry
breaking provided by the Higgs mechanism [B8, B9]. On the other hand, the best
understanding of the gravitational phenomena is provided by Einstein’s theory
of General Relativity, in which the language of differential geometry is used to de-
scribe the interplay between matter fields and the geometry of spacetime, which
is considered itself as a dynamical entity [B10, B11].
Gravity plays a very peculiar role within this big picture for several reasons: it
is the only interaction in which the “charge” of particles, that is the gravitational
mass, coincides with their inertial mass; it is extraordinarily weaker than the
other interactions with a strength of order ∼ 10−38 compared to the strong force;
by virtue of the mass-energy equivalence, it is the only interaction which affects
every elementary particle. Finally, gravity is about the geometrodynamics of
spacetime itself, which is not the mere stage upon which physical phenomena
occurs, as it happens for all other interactions. All these features are embodied
by the theory of General Relativity, in which the dynamics of tensor fields living
on pseudo-Riemannian manifolds is described by differential equations covari-
ant under general coordinate transformations.
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General Relativity has provided some of the most accurate predictions in the
history of physics [12]. It is worth mentioning the historical observation of the
light bending during the solar eclipse of 1919 and the explanation of the preces-
sion of Mercury’s perihelion. However, the most outstanding is undoubtedly
the account of large part of the cosmological evolution given by the concord-
ance model and in particular the prediction of the spectrum of the anisotrop-
ies in the Cosmic Microwave Background radiation [13]. Another merit of the
theory is the remarkable prediction of new, previously unobserved, phenomena
which were originally considered with skepticism but are now experimentally
well-established: gravitational waves and black holes. The former, first detected
in 2015 by the LIGO-Virgo collaboration [14], are well understood theoretically
and are expected to yield new interesting observational inputs in the next years.
The latter, whose imagewas captured for the first time four years ago by the Hori-
zon telescope [15], are still evading a deep understanding but are well-described
by General Relativity in the exterior region.
Despite all of the above, General Relativity is affected by some shortcomings both
at the theoretical and observational level which call for a solution. On the the-
oretical side, General Relativity presents several issues when the quantization
of the theory is addressed. Some of the obstacles towards its quantization are
rooted in the aforementioned conflicts with the other fundamental interactions,
e.g. the non renormalizability of the theory [16, 17], the impossibility of fully
relying on a fixed background and the so-called problem of time [B18]. Another
issue, which is inherent to General Relativity itself at the classical level, is the
presence of singularities in some relevant solutions of the theory, namely the
singularity at the center of black holes [19] and the big-bang singularity at the
origin of the universe [20]. In both cases the theory is plagued by the presence of
points in spacetime with infinite curvature and energy density. A common solu-
tion to these problems may be rooted in a yet unknown, well defined theory of
quantum gravity which is widely believed to be required in high energy regimes,
at scales of the order of the Planck length, i.e. ∼ 10−35 m.
Regarding discrepancies with experimental results, beside questions related to
the dark components of the universe, namely the nature of dark matter [21] and
the cause for the present acceleration of the universe expansion [22], which are
still missing a satisfactory explanation, recent measurements added further chal-
lenges. In particular, we are referring to the 𝐻0 and 𝜎8 tensions, resulting from
the Planck 2018 measurements, which showed how probes at different redshift
yield inconsistent estimates for these cosmological parameters [23].
Several solutions to such problems were proposed in literature, within a large
variety of different frameworks and approaches. The quantum gravity problem
has been addressed by string theory [24], loop quantum gravity [B25, B26], the
asymptotic safety program [27] and causal dynamical triangulation theory [28,
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29], to name a few. Loop quantum cosmology [30], classical bouncing cosmo-
logies and the study of regular black hole spacetimes are all oriented towards
a resolution of General Relativity singularities. The most promising solution to
the dark matter problem is the hypothesis of the existence of Weakly Interact-
ive Massive Particles [31], while the tensions in the cosmological parameters are
currently being addressed following several paths [32].
Another paradigm in answering these open questions is modified gravity, a field
that received increasing attention in the last years. In theories of modified grav-
ity, or extended theories of gravity, some of the features of General Relativity are
changed, with the aim of improving the theory. An unease aspect of the modi-
fied gravity approach is that it favours the proliferation of an excessive amount of
gravitational models. To this day, countless theories have been proposed in the
literature and though each one has its own theoretical and/or observational mo-
tivations, it is of paramount importance to select and falsify as many as possible
of them. To this aim, twomain aspects should be considered: internal theoretical
consistency and the agreement with experimental observations. By the former,
we basically mean the absence of unhealthy degrees of freedom such as ghosts,
instabilities sourced by higher-order derivatives in the field equations or strong
coupling problems [33] (see also [34, 35, 36, 37]). Regarding the latter instead,
new models should deviate from General Relativity only in those regimes where
it is lacking and should reduce to it where the theory offers experimentally viable
predictions.
The most common way of modifying General Relativity consists in changing its
action, either adding new curvature terms to the Einstein-Hilbert Lagrangian or
considering new fields in the variational principle. Some relevant examples are
quadratic gravity [38], Gauss-Bonnet gravity [39], Lovelock gravity [40], Brans-
Dicke theory [41] and scalar-vector-tensor theories [42], Horndeski [43] and
Degenerate-Higher-Order-Scalar-Tensor (DHOST) theories [44]. An important
class of theories is represented by 𝑓 (𝑅) gravity [45, 46, 47, 48], in which a general
function of the Ricci scalar is chosen as Lagrangian, thus encompassing several
models at the same time, constituting a very general and yet easy to deal with
theory, especially when it is formulated in its scalar-tensor representation.
Another class of extended theories of gravity is given by metric-affine theories
[49, 50, 51]. In metric-affine gravity the kinematics of General Relativity is mod-
ified allowing for manifolds with a richer geometric structure. Beside spacetime
curvature, the gravitational field is also characterized by two additional geomet-
ric features: torsion and nonmetricity. Their presence is a consequence of a
different perspective on the variational principle of the theory in which the two
fundamental objects of General Relativity, i.e. the metric tensor and the connec-
tion, are considered as independent variables. This is known as first order or
Palatini formulation, as opposed to the usual second order or metric formulation
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of General Relativity, in which the connection is a priori fully determined by the
metric.
Now, it turns out that considering the first order formulation of General Re-
lativity is not enough to implement any modification in the theory, since the
equivalence with the second order approach can be proved on-shell. However,
several models of modified gravity based on the first order paradigm have been
considered in literature. Among them we can recall Einstein-Cartan and Weyl
theories, Poincaré gauge theory [49], teleparallel theories of gravity [52], Ricci
based theories [53], Eddington inspire Born-Infeld gravity [54] and the Palatini
version of 𝑓 (𝑅) theories [48]. In all of them, the first order formulation comes
with the inclusion of additional terms in the Lagrangian or additional fields, al-
lowing for deviations from Einstein’s gravity.

This thesis will focus on three curvature terms considered in a first order formu-
lation: the Holst [55], Nieh-Yan [56, 57] and Chern-Simons terms [58]. A feature
common to all of them is the parity breaking character, namely the fact that they
change sign under a parity transformation. Among the symmetries of the uni-
verse, parity plays an important role and it is well-known to be violated in the
Standard Model by electroweak interactions. Its role in gravity is less clear and
the question of whether the gravitational interaction might break it is an open
one in the literature. Moreover, the introduction of parity violating modifica-
tions usually entails peculiar observational signatures deviating from the Gen-
eral Relativity ones, in which the parity symmetry is preserved. This may offer
interesting opportunities to test and falsify alternative models.
The origin of the first two terms mentioned above is rooted in the field of loop
quantum gravity. This is a rather conservative approach to the quantum gravity
problem, in which a nonperturbative, background independent, canonical quant-
ization of General Relativity is addressed. The main idea consists in recasting
the theory in terms of a new set of variables which allow to overcome some of
the difficulties in the quantization process. These variables can be implemented
in the theory adding the Holst [55] or the Nieh-Yan [59] term to the action. By
virtue of the on-shell vanishing of the former and the topological character of the
latter, their inclusion does not imply any modification at the level of the classical
field equations, and they only play a significant role in the quantum framework.
Regarding the Chern-Simons term instead, its presence seems ubiquitous in dif-
ferent contexts, distant from one another. The gravitational anomaly in the
Standard Model framework turns out to have the same structure as the Chern-
Simons term, whichmust be considered to cancel the anomaly out. Counterterms
of the same kind are also produced in string theories via the Green-Schwarz
mechanism and they emerge in low energy effective string models [60]. Remark-
ably, connections with the loop quantum gravity approaches exist as well, since
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Chern-Simons corrections arise when addressing the chiral anomaly of fermions
together with the so-called Immirzi parameter ambiguity [61, 62].
Analogously to the Nieh-Yan one, also the Chern-Simons term is topological.
Hence, in all three cases modifications at the classical level can only be intro-
duced considering them in already extended frameworks, e.g. including them in
𝑓 (𝑅)-like models, or promoting the couplings of these terms to (pseudo-)scalar
fields.
In literature, the Holst and Nieh-Yan terms have only been considered in pres-
ence of torsion, with vanishing nonmetricity, while the Chern-Simons term has
mainly been studied in the purely metric formulation, and its implementation in
the metric-affine framework has received little attention. In this sense there is
a lack of generality in the existing works that should be remedied by extending
these terms to the most general metric-affine setting, which will be the topic of
the first part of this thesis.
During this process, close attention should be paid to two aspects. First, one
may want to preserve the on-shell vanishing property of the Holst term and the
topological character of the Nieh-Yan and Chern-Simons ones. Then, the result-
ing gravitational models should be endowed with invariance under projective
transformations [63, 64]. These are transformations acting on the independent
connection whose associated projective invariance is known to be related to the
absence of dynamical instabilities in some metric-affine theories [34]. Neither of
these features is a priori granted when nonmetricity is included or when a the-
ory is promoted to the metric-affine framework and they will be checked case
by case. Both aspects are sometimes trivially satisfied and in other cases we will
need to provide a generalization of the terms.
After having proposed the generalizations of the parity violating terms and dis-
cussed their properties, they will be considered in some specific gravitational
models. In particular, the Holst and Nieh-Yan terms will be analyzed within a
Palatini 𝑓 (𝑅) framework, while the Chern-Simons modification will be simply
added to the Ricci scalar in the action. In both cases the coupling of the terms is
promoted to a dynamical pseudo-scalar field, representing the so-called Immirzi
field and the Chern-Simons scalar field, respectively.
Finally, we conclude with several concrete applications, obtaining results ran-
ging from more theoretical considerations, obtained via semi-classical methods,
to observationally oriented outcomes, derived both via analytical and numerical
techniques first in cosmological settings and then, using perturbation theory,
both in black holes and gravitational waves contexts.
In particular, the study of black hole spacetimes with scalar hair will be ad-
dressed in the Holst model, analyzing the thermodynamic properties of new non-
asymptotically flat solutions. The presence of anisotropic bouncing cosmologies
will be investigated in the presence of a generalized Nieh-Yan term and the pos-
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sibility of resolving different kind of singularities will be discussed. Regarding
the Chern-Simons term, its effect on the quasinormal modes of black holes and
the propagation of gravitational waves will be computed, highlighting several
observational signatures related to the parity breaking characterizing the model.
The outline of the thesis is the following:

• The first chapter contains introductory material on metric-affine theories
of gravity and a review of some gravitational models previously studied
in literature. In the first section of the chapter (Sec. 1), after briefly recall-
ing some aspects of General Relativity, the main features of metric-affine
theories are introduced, including the concepts of non-Riemannian mani-
folds, the torsion and nonmetricity tensors and their geometrical meaning,
the role of projective transformations and the differences between first and
second order variational principles. Finally, motivations in support of such
extended geometric settings are reported.
In the second section (Sec. 2), 𝑓 (𝑅) theories of gravity are reviewed, with
special emphasis on their Palatini formulation. Then, we present the Holst,
Nieh-Yan and Chern-Simons terms as they are known in the literature, dis-
cussing their main properties and their implementation in specific gravit-
ational models.

• The original formal and theoretical results of this thesis are presented in
the second chapter. We first address the projective-invariant extension
to generic metric-affine spacetimes of the Holst and Nieh-Yan terms (Sec.
3), proposing a suitable generalization of the latter. The same is done for
the Chern-Simons topological invariant (Sec. 4). Then, specific gravita-
tional theories are constructed implementing the generalized Holst, Nieh-
Yan and Chern-Simons terms in section 5, 6 and 7, respectively. In particu-
lar, we discuss to some extent the absence of instabilities and we derive the
effective second order scalar-tensor theories, in a background independent
and nonperturbative way for the Holst and Chern-Simons case and at the
linearized level for the Chern-Simons theory.

• Original results regarding some concrete applications of the models are
presented in the third chapter. In section 8 we report the hairy black hole
solutions of the Holst model, together with their thermodynamic features.
Section 9 is devoted to the Nieh-Yan theory and the big-bounce cosmolo-
gical solutions found therein, with the analysis of their singularities. Fi-
nally, the results regarding black hole and gravitational wave phenomeno-
logy of the metric-affine Chern-Simons theory can be found in section 10,
where we report the computations of the black hole’s quasinormal modes
and we derive the gravitational birefringence and Landau damping effects.
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Finally, conclusions are drawn and future perspectives outlined in the last sec-
tion.





Notations and conventions

Spacetime signature: − + ++
4-dimensional spacetime indices: 𝜇, 𝜈, 𝜌, 𝛼, 𝛽, 𝛾 , ...
Spatial indices: 𝑖, 𝑗, 𝑘, ...
Symmetrization: 𝐴(𝜇|𝛼|𝜈) ≡ 1

2 (𝐴𝜇𝛼𝜈 + 𝐴𝜈𝛼𝜇)
Antisymmetrization: 𝐴[𝜇|𝛼|𝜈] ≡ 1

2 (𝐴𝜇𝛼𝜈 − 𝐴𝜈𝛼𝜇)
Levi-Civita connection: Γ̄𝜇𝜈𝜌
Levi-Civita covariant derivative: ∇̄𝜇𝑉 𝜈 = 𝜕𝜇𝑉 𝜈 + Γ̄𝜈𝜎𝜇𝑉 𝜎

Metric Riemann tensor: 𝑅𝜇𝜈𝜌𝜎 = 2 (𝜕[𝜌 Γ̄𝜇𝜈|𝜎] + Γ̄𝜇𝜆[𝜌 Γ̄𝜆𝜈|𝜎])
d’Alembertian operator: 2 = ∇̄𝜇∇̄𝜇
Metric-affine connection: Γ𝜇𝜈𝜌
Metric-affine covariant derivative: ∇𝜇𝑉 𝜈 = 𝜕𝜇𝑉 𝜈 + Γ𝜈𝜎𝜇𝑉 𝜎

Metric-affine Riemann tensor: ℛ𝜇𝜈𝜌𝜎 = 2 (𝜕[𝜌Γ𝜇𝜈|𝜎] + Γ𝜇𝜆[𝜌Γ𝜆𝜈|𝜎])
Torsion tensor: 𝑇 𝜇𝜈𝜌 ≡ 2Γ𝜇[𝜈𝜌]
Nonmetricity tensor: 𝑄𝜇𝜈𝜌 ≡ −∇𝜇𝑔𝜈𝜌
Contorsion tensor: 𝐾𝜇𝜈𝜌 ≡ 1

2 (𝑇
𝜇𝜈𝜌 − 𝑇 𝜇𝜈 𝜌 − 𝑇 𝜇𝜌 𝜈 )

Torsion trace: 𝑇𝜇 ≡ 𝑇 𝜈𝜇𝜈
Pseudo-axial trace: 𝑆𝜇 ≡ 𝜀𝜇𝜈𝜌𝜎𝑇 𝜈𝜌𝜎
Torsion rank-3 tensor component: 𝑞𝜇𝜈𝜌
Weyl vector: 𝑄𝜇 ≡ 𝑄 𝜈𝜇𝜈
Second trace of nonmetricity: 𝑃𝜇 ≡ 𝑄𝜈𝜈𝜇
Nonmetricity rank-3 tensor component: Ω𝜇𝜈𝜌



2 Notations and conventions

Disformal tensor: 𝐷𝜇𝜈𝜌 ≡ 1
2 (𝑄

𝜇𝜈𝜌 − 𝑄 𝜇𝜈 𝜌 − 𝑄 𝜇𝜌 𝜈 )
Distorsion tensor: 𝑁 𝜇𝜈𝜌 ≡ 𝐾𝜇𝜈𝜌 + 𝐷𝜇𝜈𝜌
Totally antisymmetric symbol: 𝜖𝜇𝜈𝜌𝜎 , with 𝜖0123 = 𝜖0123 = 1
Covariant Levi-Civita tensor: 𝜀𝜇𝜈𝜌𝜎 = √−𝑔𝜖𝜇𝜈𝜌𝜎
Contravariant Levi-Civita tensor: 𝜀𝜇𝜈𝜌𝜎 = − 1

√−𝑔 𝜖
𝜇𝜈𝜌𝜎

Immirzi parameter: 𝛾0
Speed of light: 𝑐
Newton’s constant: 𝐺
Einstein’s constant: 𝜅2 ≡ 8𝜋𝐺



Part I

Geometric theories of gravity



Chapter 1

Non-Riemannian geometries

The theory of General Relativity is based on a specific class of geometries, con-
structed on a pseudo-Riemannian manifold. However, the latter is not the only
choice and it can be extended to a more general class of manifolds, leading to the
so-called non-Riemannian geometries. These are the setting for the formulation
of all metric-affine gravity models and their main features will be discussed in
this chapter.
After a brief introduction on the basic features of General Relativity, the torsion
and nonmetricity tensors will be presented and their properties and geometrical
meaning will be discussed, together with a useful decomposition in terms of their
irreducible components according to the Lorentz group. The role of projective
transformations in the dynamical stability of metric-affinemodels and their phys-
ical meaning related to autoparallel trajectories will be introduced. We end the
chapter explaining the differences between first and second order variational
principles and providing several motivations in support of metric-affine theories
of gravity.

1.1 The theory of General Relativity

In Einstein’s theory of General Relativity [B10, B11], spacetime is considered
as a dynamical entity, whose characteristics and evolution are determined by
the distribution of matter and energy across the space. It is represented by a 4-
dimensional differentiable manifold ℳ, on which the line element between two
events, labelled by coordinates 𝑥𝜇 and 𝑥𝜇+𝑑𝑥𝜇 , is computed via the metric tensor
𝑔𝜇𝜈 as

𝑑𝑠2 = 𝑔𝜇𝜈𝑑𝑥𝜇𝑑𝑥𝜈 . (1.1)
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The theory is covariant under arbitrary 4-dimensional diffeomorphisms which
reparametrize spacetime coordinates as 𝑥′𝜇 = 𝑥′𝜇(𝑦𝜌).
Parallel transport of tensorial quantities throughout the manifold is defined via
the connection Γ̄𝜈𝜌𝜇 , which allows the introduction of covariant differentiation,
i.e.

∇̄𝜇𝑉 𝜈 = 𝜕𝜇𝑉 𝜈 + Γ̄𝜈𝜌𝜇𝑉 𝜌 . (1.2)

In General Relativity the expression for the connection is uniquely fixed, res-
ulting in the Levi-Civita connection, which, once a local chart of coordinates is
settled, is given by the Christoffel symbols of the metric, i.e.

Γ̄𝜈𝜌𝜇 = 1
2𝑔

𝜈𝜎 (𝜕𝜌𝑔𝜎𝜇 + 𝜕𝜇𝑔𝜎𝜌 − 𝜕𝜎𝑔𝜌𝜇) . (1.3)

Thereby the kinematic content of the theory is established. The dynamics is
instead determined by providing a specific Lagrangian. The theory of General
Relativity is obtained via the simplest choice, represented by the Einstein-Hilbert
action:

𝑆𝐸𝐻 [𝑔] = 1
2𝜅2 ∫𝑑4𝑥√−𝑔𝑅, (1.4)

where 𝜅2 = 8𝜋𝐺 is Einstein’s constant and𝑅 = 𝑔𝜇𝜈𝑅𝜇𝜈 is the Ricci scalar, obtained
contracting the Ricci tensor 𝑅𝜇𝜈 with the metric. The latter is related to the
Riemann tensor 𝑅𝜌𝜇𝜈𝜎 by 𝑅𝜇𝜈 = 𝑅𝜌𝜇𝜌𝜈 . The Riemann tensor, defined via the
commutator of covariant derivatives acting on a vector as

[∇̄𝜇 , ∇̄𝜈] 𝑉 𝜌 = 𝑅𝜌𝜎𝜇𝜈𝑉 𝜎 , (1.5)

encodes the notion of spacetime curvature and is explicitly given by

𝑅𝜇𝜈𝜌𝜎 = 𝜕𝜌 Γ̄𝜇𝜈𝜎 − 𝜕𝜎 Γ̄𝜇𝜈𝜌 + Γ̄𝜇𝜆𝜌 Γ̄𝜆𝜈𝜎 − Γ̄𝜇𝜆𝜎 Γ̄𝜆𝜈𝜌 . (1.6)

It satisfies the algebraic Bianchi identity

𝑅𝜇𝜈𝜌𝜎 + 𝑅𝜇𝜎𝜈𝜌 + 𝑅𝜇𝜌𝜎𝜈 = 0 (1.7)

and the differential Bianchi identity

∇̄𝜇𝑅𝜈𝜌𝜎𝜆 + ∇̄𝜌𝑅𝜇𝜈𝜎𝜆 + ∇̄𝜈𝑅𝜌𝜇𝜎𝜆 = 0. (1.8)

With these objects and the related properties one can build the Einstein tensor,
a symmetric rank-2 tensor defined as

𝐺𝜇𝜈 = 𝑅𝜇𝜈 − 1
2𝑅𝑔𝜇𝜈 , (1.9)
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which is covariantly conserved, i.e.

∇̄𝜇𝐺𝜇𝜈 = 0. (1.10)

Then, matter content can be included in the theory as

𝑆[𝑔, 𝜓 ] = 𝑆𝐸𝐻 [𝑔] + 𝑆𝑚[𝜓 , 𝑔], (1.11)

where the action of the matter fields, indicated collectively by 𝜓 , reads
𝑆𝑚[𝜓 , 𝑔] = ∫ 𝑑4𝑥ℒ𝑚(𝜓 , 𝑔), (1.12)

where ℒ𝑚 represent the matter Lagrangian. Varying the above action with re-
spect to 𝑔𝜇𝜈 gives, modulo surface terms, Einstein’s field equations, a set of
second order partial differential equations in the metric tensor, which reads

𝐺𝜇𝜈 = 𝜅2𝑇𝜇𝜈 , (1.13)

where the energy-momentum tensor of matter is defined as

𝑇𝜇𝜈 = − 2
√−𝑔

𝛿ℒ𝑚
𝛿𝑔𝜇𝜈 . (1.14)

From (1.10) one can immediately see that the latter is conserved, i.e.

∇̄𝜇𝑇 𝜇𝜈 = 0. (1.15)

On general grounds, the latter provides a dynamical equation for the matter sec-
tor, closing the system of differential equations for the metric tensor and the
matter fields.
When the dynamics of test particles on a curved background are taken into ac-
count, their trajectories are described by the geodesic equation, which reads

𝑢𝜈 ∇̄𝜈𝑢𝜇 = 0, (1.16)

being 𝑢𝜇 = 𝑑𝑥𝜇/𝑑𝑠 the vector tangent to the trajectory identified by 𝑥𝜇 = 𝑥𝜇(𝑠),
with affine parameter 𝑠. The last equation may also describe particles affected
only by inertial forces, in absence of gravity. The effect of gravity is instead un-
equivocal in the geodesic deviation equation, describing the relative acceleration
of two nearby geodesics separated by the vector 𝜂𝜇 :

𝑢𝜈 ∇̄𝜈 (𝑢𝜌∇̄𝜌𝜂𝜇) = 𝑅𝜇𝜈𝜌𝜎𝑢𝜈𝑢𝜌𝜂𝜎 , (1.17)

which is non-trivial only in presence of spacetime curvature, i.e. for 𝑅𝜇𝜈𝜌𝜎 ≠ 0.
The possibility of summarizing most of the features of the theory in just two
pages is part of the beauty of General Relativity which is relatively simple but
complex enough to give an account of a huge variety of gravitational phenom-
ena. All things considered, the next hundreds pages will simply contain several
different variations on this common theme.



General affine connections 5

1.2 General affine connections
The manifold’s metric and affine properties play crucial roles in the geometric
description of the gravitational interaction and their physical interpretation ulti-
mately allows to connect geometry with gravity. As we have seen in the previous
section, two fundamental objects are the metric tensor and the connection. Al-
though in General Relativity the latter is completely determined by the former
and its derivatives, this possibility is not unique and one can actually consider
the connection as an independent variable. We will denote the most general con-
nection by Γ𝜇𝜈𝜌 .
Then, its identification with the Christoffel symbols of the metric tensor is just
a (well-motivated) choice, which amounts to impose two requirements on the
connection, namely the symmetry in the lower indices,

Γ𝜇[𝜈𝜌] = 0, (1.18)

and the metric compatibility, i.e.

∇𝜇𝑔𝜈𝜌 = 0. (1.19)

Indeed, adding cyclic permutations on the three indices of the latter and assum-
ing (1.18), immediately leads to the identification Γ𝜇𝜈𝜌 = Γ̄𝜇𝜈𝜌 , where

Γ̄𝜇𝜈𝜌 = 1
2𝑔

𝜇𝜎 (𝜕𝜈𝑔𝜎𝜌 + 𝜕𝜌𝑔𝜎𝜈 − 𝜕𝜎𝑔𝜈𝜌) (1.20)

is the Levi-Civita connection. Relaxing one or both of the two conditions above,
allows for the presence of additional geometric objects called torsion and non-
metricity, defined respectively by

𝑇 𝜇𝜈𝜌 ≡ 2Γ𝜇[𝜈𝜌] (1.21)

and
𝑄𝜇𝜈𝜌 ≡ −∇𝜇𝑔𝜈𝜌 . (1.22)

We postpone the explanation of their geometrical and physical meaning to the
next sections. For the time being we just note that their presence implies a more
general expression for the connection which is now asymmetric and not metric
compatible. Starting from (1.22) and performing cyclic permutations on the in-
dices, it is easy to show that the most general form for the connection is now
given by

Γ𝜇𝜈𝜌 = Γ̄𝜇𝜈𝜌 + 𝑁 𝜇𝜈𝜌 , (1.23)
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where the distorsion tensor, defined by

𝑁 𝜇𝜈𝜌 ≡ 𝐾𝜇𝜈𝜌 + 𝐷𝜇𝜈𝜌 , (1.24)

depends on the contorsion and disformal tensors, given by

𝐾𝜇𝜈𝜌 ≡ 1
2 (𝑇

𝜇𝜈𝜌 − 𝑇 𝜇𝜈 𝜌 − 𝑇 𝜇𝜌 𝜈 ) , (1.25)

𝐷𝜇𝜈𝜌 ≡ −12 (𝑄
𝜇𝜈𝜌 − 𝑄 𝜇𝜈 𝜌 − 𝑄 𝜇𝜌 𝜈 ) , (1.26)

respectively. Moreover, we have 𝐾𝜇𝜈𝜌 = −𝐾 𝜈𝜇𝜌 and 𝐷𝜇𝜈𝜌 = 𝐷𝜇𝜌𝜈 . Finally, from
(1.22) one can obtain the useful relations

∇𝜇𝑔𝜈𝜆 = 𝑔𝛼𝜈𝑔𝛽𝜆𝑄𝜇𝛼𝛽 = 𝑄 𝜈𝜆𝜇 , (1.27)

∇𝜇√−𝑔 = −12√−𝑔𝑄𝜇 , (1.28)

∇𝜌 (√−𝑔𝜀 𝜎𝜇𝜈
𝜆 ) = −√−𝑔𝜀𝛼𝜎𝜇𝜈𝑄𝜌𝜆𝛼 . (1.29)

Torsion and nonmetricity are rank three tensors with specific symmetries that ad-
mit a useful decomposition into irreducible components according to the Lorentz
group [65]. Regarding the torsion tensor, the independent components are the
trace vector

𝑇𝜇 ≡ 𝑇 𝜈𝜇𝜈 , (1.30)

the pseudotrace axial vector

𝑆𝜇 ≡ 𝜀𝜇𝜈𝜌𝜎𝑇 𝜈𝜌𝜎 (1.31)

and the antisymmetric tensor 𝑞𝜇𝜈𝜌 = −𝑞𝜇𝜌𝜈 , satisfying

𝜀𝜇𝜈𝜌𝜎𝑞𝜈𝜌𝜎 = 0, 𝑞𝜇𝜈𝜇 = 0. (1.32)

For what concerns the nonmetricity instead, we can define the Weyl vector

𝑄𝜌 ≡ 𝑄 𝜇𝜌 𝜇 , (1.33)

the second trace
𝑃𝜌 ≡ 𝑄𝜇𝜇𝜌 = 𝑄𝜇𝜌𝜇 , (1.34)

and a completely traceless part Ω𝜌𝜇𝜈 , obeying

Ω𝜇𝜇𝜈 = Ω 𝜇𝜈𝜇 = 0, (1.35)
Ω𝜌𝜇𝜈 = Ω𝜌𝜈𝜇 . (1.36)
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In terms of these objects, torsion and nonmetricity are expressed by

𝑇𝜇𝜈𝜌 = 1
3 (𝑇𝜈𝑔𝜇𝜌 − 𝑇𝜌𝑔𝜇𝜈) + 1

6𝜀𝜇𝜈𝜌𝜎𝑆
𝜎 + 𝑞𝜇𝜈𝜌 , (1.37)

𝑄𝜌𝜇𝜈 =
5𝑄𝜌 − 2𝑃𝜌

18 𝑔𝜇𝜈 −
𝑄(𝜇𝑔𝜈)𝜌 − 4𝑃(𝜇𝑔𝜈)𝜌

9 + Ω𝜌𝜇𝜈 , (1.38)

as it is straightforward to check by applying the definitions of the individual com-
ponents. This decomposition can be used to separate useful quantities into their
Riemannian and non-Riemannian contributions. This procedure is sometimes
called post-Riemannian expansion and allows to gain some insights on the role
of the affine contributions contained in quantities defined in terms of the general
affine connection. For instance, for the Riemann tensor we have

ℛ𝜇𝜌𝜈𝜎 = 𝑅𝜇𝜌𝜈𝜎 + ∇̄𝜈𝑁 𝜇𝜌𝜎 − ∇̄𝜎𝑁 𝜇𝜌𝜈 + 𝑁 𝜇
𝜆𝜈 𝑁 𝜆𝜌𝜎 − 𝑁 𝜇

𝜆𝜎 𝑁 𝜆𝜌𝜈 , (1.39)

yielding the Ricci scalar

ℛ = 𝑅 + ∇̄𝜇 (𝑃𝜇 − 𝑄𝜇 − 2𝑇 𝜇) + 1
24𝑆𝜇𝑆

𝜇 − 2
3𝑇𝜇𝑇

𝜇 + 1
18𝑃𝜇𝑃

𝜇 − 11
72𝑄𝜇𝑄

𝜇

+ 2
9𝑃𝜇𝑄

𝜇 + 2
3𝑃𝜇𝑇

𝜇 − 2
3𝑄𝜇𝑇

𝜇 + 1
4𝑞𝜇𝜈𝜌𝑞

𝜇𝜈𝜌 + 1
2𝑞

𝜇𝜈𝜌𝑞𝜈𝜇𝜌 + 1
4Ω𝜇𝜈𝜌Ω𝜇𝜈𝜌

− 1
2Ω𝜇𝜈𝜌Ω𝜈𝜇𝜌 + 𝑞𝜇𝜈𝜌Ω𝜈𝜇𝜌 , (1.40)

where the contribution from the purely metric Ricci scalar 𝑅 is now apparent and
separated from other affine contributions. Similar post-Riemannian decomposi-
tions will be used throughout the thesis.
The class of theories endowed with both torsion and nonmetricity as given by
(1.37) and (1.38), with all vector and tensor components present, contains sev-
eral sub-cases which are obtained setting to zero some of the quantities involved.
From the most general geometry, which will be referred to as metric-affine geo-
metry, one can reduce to the following ones:

• Einstein-Cartan (𝑄𝜇𝜈𝜌 = 0);

• Weyl (𝑄𝜇 = 4𝑃𝜇 , Ω𝜇𝜈𝜌 = 𝑇𝜇𝜈𝜌 = 0);

• Teleparallel (ℛ𝜇𝜈𝜌𝜎 = 0 = 𝑄𝜇𝜈𝜌);

• Symmetric Teleparallel (ℛ𝜇𝜈𝜌𝜎 = 0 = 𝑇𝜇𝜈𝜌);

• Riemannian (𝑄𝜇𝜈𝜌 = 𝑇𝜇𝜈𝜌 = 0).
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1.3 Geometric effects of torsion and nonmet-
ricity

As it is well-known, curvature affects the parallel propagation of vectors along
closed loops [B18]. In a similar way, torsion and nonmetricity have their own
geometric effects on the parallel transport of vectors.
Indeed, in presence of torsion the parallelogram formed by parallely transporting
two infinitesimal vectors along each other does not close. To see this we can
consider two vectors,𝐴𝜇 and 𝐵𝜇 andwrite the equations for the parallel transport
of the first one along the second and vice versa, i.e.

𝐵𝜈∇𝜈𝐴𝜇 = 𝐵𝜈𝜕𝜈𝐴𝜇 + Γ𝜇𝜌𝜈𝐴𝜌𝐵𝜈 = 0, (1.41)

𝐴𝜈∇𝜈𝐵𝜇 = 𝐴𝜈𝜕𝜈𝐵𝜇 + Γ𝜇𝜌𝜈𝐵𝜌𝐴𝜈 = 0. (1.42)

For infinitesimal vectors we can approximate the partial derivatives as

𝜕𝜈𝐴𝜇 ≈ 𝐴𝜇(𝑥𝜌 + 𝛿𝑥𝜌) − 𝐴𝜇(𝑥𝜌)
𝛿𝑥𝜈 , (1.43)

𝜕𝜈𝐵𝜇 ≈ 𝐵𝜇(𝑥𝜌 + 𝛿𝑥𝜌) − 𝐵𝜇(𝑥𝜌)
𝛿𝑥𝜈 , (1.44)

where the displacement can be identified with 𝛿𝑥𝜌 = 𝐵𝜌 and 𝛿𝑥𝜌 = 𝐴𝜌 , respect-
ively. The quantity we are interested in is

Δ𝐴𝐵 ≡ 𝐴𝜇(𝑥𝜌) + 𝐵𝜇(𝑥𝜌 + 𝛿𝑥𝜌) − (𝐵𝜇(𝑥𝜌) + 𝐴𝜇(𝑥𝜌 + 𝛿𝑥𝜌)), (1.45)

which quantifies the failure in closing the infinitesimal parallelogram. Using the
expressions above it can be written as

Δ𝐴𝐵 = 2Γ𝜇[𝜌𝜈]𝐴𝜌𝐵𝜈 = 𝑇 𝜇𝜌𝜈 𝐴𝜌𝐵𝜈 . (1.46)

In absence of torsion we would have Δ𝐴𝐵 = 0 and the two operations of trans-
porting 𝐴𝜇 along 𝐵𝜇 and 𝐵𝜇 along 𝐴𝜇 would commute, leading to the same point
in spacetime. When torsion is present instead, the infinitesimal parallelogram
fails to close, the discrepancy being proportional to the torsion tensor.
The geometric effect of nonmetricity is instead related to the non conservation
of the angle between two vectors upon parallel transport. Consider again the
vectors 𝐴𝜇 and 𝐵𝜇 and their parallel transport along a curve with tangent vector
𝑢𝜇 :

𝑢𝜈∇𝜈𝐴𝜇 = 0, (1.47)
𝑢𝜈∇𝜈𝐵𝜇 = 0. (1.48)



Projective transformations 9

Using these conditions and the definition of nonmetricity, the variation of the
angle between the two vectors along the curve can be written as

𝑢𝜌∇𝜌 (𝑔𝜇𝜈𝐴𝜇𝐵𝜈) = 𝐵𝜇𝑢𝜌∇𝜌𝐴𝜇 + 𝐴𝜇𝑢𝜌∇𝜌𝐵𝜇 + 𝐴𝜇𝐵𝜈𝑢𝜌∇𝜌𝑔𝜇𝜈
= −𝑄𝜌𝜇𝜈𝑢𝜌𝐴𝜇𝐵𝜈 , (1.49)

so that the nonmetricity tensor quantifies the rate of change of the angle and for
vanishing nonmetricity we recover the simple case in which the angle is constant
along the curve. A particular case is obtained setting 𝐵𝜇 = 𝐴𝜇 , resulting in the
non conservation of the norm of vectors upon parallel transport:

𝑢𝜌∇𝜌 (𝐴𝜇𝐴𝜇) = −𝑄𝜌𝜇𝜈𝑢𝜌𝐴𝜇𝐴𝜈 . (1.50)

1.4 Projective transformations
In metric-affine theories of gravity the presence of an additional field, namely
the independent connection, allows for the existence of a new symmetry, beside
the usual invariance under four-dimensional diffeomorphisms. The associated
transformation is called projective transformation and it consists of a shift of the
independent connection by an arbitrary one-form degree 𝜉𝜇 :

Γ𝜇𝜈𝜌 → Γ̃𝜇𝜈𝜌 = Γ𝜇𝜈𝜌 + 𝛿𝜇𝜈 𝜉𝜌 . (1.51)

From the latter, one can easily obtain the transformation properties of other
quantities such as the Riemann tensor,

ℛ𝜌𝜇𝜎𝜈 → ℛ̃𝜌𝜇𝜎𝜈 = ℛ𝜌𝜇𝜎𝜈 − 2𝛿𝜌𝜇 𝜕[𝜎 𝜉𝜈], (1.52)

and the vector components of torsion and nonmetricity,

𝑇 𝜌 → ̃𝑇 𝜌 = 𝑇 𝜌 − 3𝜉 𝜌 , (1.53)

𝑆𝜌 → ̃𝑆𝜌 = 𝑆𝜌 , (1.54)

𝑄𝜌 → 𝑄̃𝜌 = 𝑄𝜌 + 8𝜉 𝜌 , (1.55)

𝑃𝜌 → ̃𝑃𝜌 = 𝑃𝜌 + 2𝜉 𝜌 , (1.56)

while both rank-3 tensors are invariant:

𝑞𝜇𝜈𝜌 → 𝑞̃𝜇𝜈𝜌 = 𝑞𝜇𝜈𝜌 , (1.57)

Ω𝜇𝜈𝜌 → Ω̃𝜇𝜈𝜌 = Ω𝜇𝜈𝜌 . (1.58)
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A particular case of projective transformations is given by special projective
transformations, in which the one-form degree can be expressed as the gradi-
ent of a scalar field:

𝜉𝜇 = 𝜕𝜇𝜆. (1.59)

From the Riemann tensor transformationwe immediately see that the Ricci tensor
is only invariant under the latter, since

ℛ𝜇𝜈 → ℛ̃𝜇𝜈 = ℛ𝜇𝜈 − 2𝜕[𝜇𝜉𝜈], (1.60)

while the Ricci scalar is invariant under general projective transformations:

ℛ → ℛ̃ = ℛ. (1.61)

In particular, the last condition implies that the first order formulation of Gen-
eral Relativity (see section 1.5) is invariant under projective transformations. In
general, the projective symmetry in metric-affine theories entails the presence of
a redundant vector degree which can always be gauged away performing a pro-
jective transformation. A common choice consists in choosing 𝜉 𝜇 such that one
among the vectors ̃𝑇 𝜇 , 𝑄̃𝜇 and ̃𝑃𝜇 is vanishing. By doing this, one is just working
with different representations of the same theory, completely equivalent both
at the level of the action and field equations, that sometimes allow for a great
simplification in the computations. This mechanism plays also a role in proving
the equivalence of first and second order formulations of General Relativity, as
we will see in the next section.
Another important aspect related to projective transformations is that the break-
ing of projective symmetry may be related to the arising of dynamical instabil-
ities. In particular, this is always the case for the specific subclass of metric-
affine theories identified by 𝑓 (ℛ𝜇𝜈) Lagrangians, built only with the Ricci tensor.
As recently shown in [35], ghost-like degrees of freedom propagate in the non-
projectively invariant sector of such models. These pathologies can be cured
either by restoring the projective symmetry or by imposing constraints on the
affine structure of the theory, e.g. the torsionless condition, as in [35]. These
results show the importance of this symmetry for the well-behaviour of degrees
of freedom in metric-affine theories. Although only a specific subclass of these is
addressed in [35], one should expect that adding more complicated terms to the
Lagrangian the outcome can only get worse. In general, projective invariance de-
serves special attention when metric-affine models are considered and especially
when promoting a purely metric theory of gravity to its first order formulation.
Beside this theoretical argument, projective transformations also have a phys-
ical meaning that can be appreciated by considering their effect on autoparallel
trajectories [66]. These are curves along which the tangent vector is parallel
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transported along itself, i.e.
𝑢𝜈∇𝜈𝑢𝜇 = 0, (1.62)

where

𝑢𝜇 = 𝑑𝑦𝜇
𝑑𝜆 . (1.63)

While in General Relativity they coincide with geodesics (𝑢𝜈 ∇̄𝜈𝑢𝜇 = 0), in pres-
ence of torsion and/or nonmetricity they represent different trajectories. Equa-
tion (1.62) can be written as

𝑑2𝑦𝜇
𝑑𝜆2 + Γ𝜇𝜈𝜌 𝑑𝑦

𝜈

𝑑𝜆
𝑑𝑦𝜌
𝑑𝜆 = 0. (1.64)

Performing a projective transformation from Γ𝜇𝜈𝜌 to a new connection defined
by Γ̃𝜇𝜈𝜌 = Γ𝜇𝜈𝜌 + 𝛿𝜇𝜈 𝜉𝜌 the autoparallel equation becomes

𝑑2𝑦𝜇
𝑑𝜆2 + Γ̃𝜇𝜈𝜌 𝑑𝑦

𝜈

𝑑𝜆
𝑑𝑦𝜌
𝑑𝜆 = 𝑓 (𝜆)𝑑𝑦

𝜇

𝑑𝜆 , (1.65)

where

𝑓 (𝜆) ≡ 𝜉𝜌
𝑑𝑦𝜌
𝑑𝜆 . (1.66)

That is, 𝜆 is no more an affine parameter for the new connection Γ̃𝜇𝜈𝜌 . Now, it is
always possible to find a reparametrization 𝑠 = 𝑠(𝜆) such that the new parameter
is an affine parameter for Γ̃𝜇𝜈𝜌 , namely such that

𝑑2𝑦𝜇
𝑑𝑠2 + Γ̃𝜇𝜈𝜌 𝑑𝑦

𝜈

𝑑𝑠
𝑑𝑦𝜌
𝑑𝑠 = 0. (1.67)

To see this one can make use of the following relations

𝑑𝑦𝜇
𝑑𝜆 = 𝑑𝑦𝜇

𝑑𝑠 ̇𝑠, (1.68a)

𝑑2𝑦𝜇
𝑑𝜆2 = 𝑑2𝑦𝜇

𝑑𝑠2 ̇𝑠2 + 𝑑𝑦𝜇
𝑑𝑠 ̈𝑠, (1.68b)

where a dot represents a derivative with respect to 𝜆. Substituting into (1.65)
yields

𝑑2𝑦𝜇
𝑑𝑠2 + Γ̃𝜇𝜈𝜌 𝑑𝑦

𝜈

𝑑𝑠
𝑑𝑦𝜌
𝑑𝑠 = 1

̇𝑠2 (𝑓 (𝜆) ̇𝑠 − ̈𝑠) 𝑑𝑦
𝜇

𝑑𝑠 . (1.69)

Then, (1.67) is obtained imposing

𝑓 (𝜆) ̇𝑠 − ̈𝑠 = 0, (1.70)
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namely fixing the reparametrization to be

𝑠(𝜆) = 𝑐1 ∫
𝜆
𝑒∫𝑢 𝑓 (𝑣)𝑑𝑣𝑑𝑢 + 𝑐2, (1.71)

with 𝑐1 and 𝑐2 arbitrary constants. Therefore, projective transformations act
on autoparallel trajectories changing their affine parameter to a non-affine one.
However, the latter can always be transformed to a new affine parameter via
(1.71). In other words, autoparallel trajectories are invariant under projective
transformations upon reparametrization of the parameter labeling points along
the curve. Hence, projective transformations can be thought of as rules defining
a class of connections that have the property of leaving invariant the parallel
transport on a metric-affine manifold.

1.5 First and second order formulations
Another, more meaningful perspective on the possibility of having a connection
more general than the Levi-Civita one, is offered by considering two alternative
paradigms in formulating variational principles for geometric theories of gravity.
In the standard formulation of General Relativity one considers the action as a
functional of the metric tensor alone,

𝑆[𝑔] = 1
2𝜅2 ∫𝑑4𝑥√−𝑔𝑅, (1.72)

obtaining the field equations via variations with respect to the inverse metric
𝛿𝑔𝜇𝜈 . This landscape can be referred to as second order formulation, since the
action and the equations of motion contain second order derivatives of themetric
tensor. An alternative is instead represented by the following choice

𝑆[𝑔, Γ] = 1
2𝜅2 ∫𝑑4𝑥√−𝑔ℛ, (1.73)

where the connection has been promoted to an independent variable. The Riemann
tensor is now considered as a function of the independent connection and field
equations are derived via independent variations of the metric 𝛿𝑔𝜇𝜈 and the con-
nection 𝛿Γ𝜇𝜈𝜌 . This formulation is known as first order formulation, since now
only first derivatives of the metric and of the connection appear.
Considering the connection as an independent variable, not only introducesmodi-
fications in the gravitational sector but it also may affect the way matter couples
to gravity. Indeed, alongside the stress-energy tensor introduced in section 1.1,
which is obtained varying the matter Lagrangian ℒ𝑚 with respect to the metric
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tensor, matter is described by an additional object in a first order framework, the
hyper-momentum tensor [67, 68]. It is defined as

Δ 𝜇𝜈
𝜆 ≡ − 2

√−𝑔
𝛿ℒ𝑚
𝛿Γ𝜆𝜇𝜈

(1.74)

and it is a priori allowed by the fact that the matter Lagrangian may be a function
of the independent connection as well.
Several commonly used matter Lagrangian, describing physically relevant types
of matter, actually yield a vanishing hyper-momentum. For instance, this is the
case of a canonical scalar field, the electromagnetic field and the perfect fluid, all
examples of matter not coupling to the affine sector. An important case in which
the matter Lagrangian depends on the connection is given by spinor fields, de-
scribing fermionic particles. They can be introduced in the tetradic formalism
and turn out to feature the spin-connection in their Lagrangian [69]. Beside fer-
mions, one can also consider perfect hyper-fluids [70] as a direct generalization
of standard perfect fluids, in which microscopic characteristic of matter are con-
sidered, such as spin, shear and dilation.
Throughout this thesis we will assume that the matter sector does not couple to
the independent connection, and hence Δ 𝜇𝜈

𝜆 = 0. Such hypothesis, quite com-
mon in literature, allows to simplify the computations and it is adequate since it
does not exclude the relevant matter contents listed above from the picture, thus
still allowing the investigations of interesting enough physical scenarios.
Now, as long as matter contributions do not depend on the connection, the above
first and second order formulations both yield the same result. To see this, let us
first evaluate the field equations for the connection. The computation can be per-
formed using the generalized Palatini identity for the variation of the Riemann
tensor, i.e.

𝛿ℛ𝜌𝜇𝜎𝜈 = ∇𝜎 𝛿Γ𝜌𝜇𝜈 − ∇𝜈𝛿Γ𝜌𝜇𝜎 − 𝑇 𝜆𝜎𝜈 𝛿Γ𝜌𝜇𝜆, (1.75)

and the following relation

∫𝑑4𝑥∇𝜇 (√−𝑔𝑉 𝜇) = ∫ 𝑑4𝑥𝜕𝜇 (√−𝑔𝑉 𝜇) + ∫ 𝑑4𝑥√−𝑔𝑇 𝜌𝜇𝜌 𝑉 𝜇

= ∫ 𝑑4𝑥√−𝑔𝑇 𝜌𝜇𝜌 𝑉 𝜇 , (1.76)

holding for any vector density √−𝑔𝑉 𝜇 . Then, varying (1.73) with respect to Γ𝜇𝜈𝜌
one obtains

− ∇𝜆 (√−𝑔𝑔𝜇𝜈) + 𝛿 𝜈𝜆∇𝜌 (√−𝑔𝑔𝜇𝜌) + √−𝑔 (𝑔𝜇𝜈𝑇 𝜌𝜆𝜌 − 𝛿 𝜈𝜆𝑇
𝜌𝜇𝜌 + 𝑇 𝜈𝜇𝜆 ) = 0, (1.77)

or, equivalently,
1
2𝑔

𝜇𝜈𝑄𝜆 + (𝑃𝜇 − 1
2𝑄

𝜇) 𝛿 𝜈𝜆 − 𝑄 𝜇𝜈
𝜆 + 𝑔𝜇𝜈𝑇𝜆 − 𝛿 𝜈𝜆𝑇 𝜇 + 𝑇 𝜈𝜇𝜆 = 0. (1.78)
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Contracting the latter with 𝛿𝜆𝜈 , 𝑔𝜇𝜈 and 𝜀 𝜆𝛼𝜈𝜇 yields three equations for the four
vector components 𝑇𝜇 , 𝑆𝜇 , 𝑄𝜇 and 𝑃𝜇 :

3𝑃𝜇 − 3
2𝑄𝜇 − 2𝑇𝜇 = 0, (1.79)

𝑃𝜇 + 1
2𝑄𝜇 + 2𝑇𝜇 = 0, (1.80)

𝑆𝜇 = 0, (1.81)

while contraction with 𝛿𝜆𝜇 results in the trivial identity 0 = 0. As a result, the
above system is not closed and one needs to provide an additional condition
to completely determine the solution. This is a consequence of the projective
invariance of the theory. Indeed, one of the vector degrees is redundant and
one can always get rid of it performing a suitable projective transformation (see
section 1.4). In particular, one can choose 𝜉𝜇 = 𝑇𝜇/3, such that ̃𝑇𝜇 = 0. In terms
of the new variables, the above system reduces to

3 ̃𝑃𝜇 − 3
2𝑄̃𝜇 = 0, (1.82)

̃𝑃𝜇 + 1
2𝑄̃𝜇 = 0, (1.83)

̃𝑆𝜇 = 0, (1.84)

implying the vanishing of all affine vector components. Decomposing torsion
and nonmetricity in (1.78), the equation becomes

𝑞𝜈𝜇𝜆 − Ω𝜆𝜇𝜈 = 2
3 (𝑇𝜇𝑔𝜈𝜆 − 𝑇𝜈𝑔𝜇𝜆) − 1

6𝜀𝜈𝜇𝜆𝜎𝑆
𝜎+

− 1
9 (𝑔𝜇𝜈 (2𝑄𝜆 + 𝑃𝜆) − 𝑔𝜈𝜆 (4𝑄𝜇 − 7𝑃𝜇) − 𝑔𝜇𝜆 (−12𝑄𝜈 + 2𝑃𝜈)) ,

(1.85)

where we dropped the tilde notation for the sake of clarity. Setting the vectors
to zero, the last equation implies

𝑞[𝜈𝜇]𝜆 = 0, (1.86)

Ω(𝜆𝜇)𝜈 = 0. (1.87)

In turn, these conditions allow to write

𝑞𝜈𝜇𝜆 = −𝑞𝜈𝜆𝜇 = −𝑞𝜆𝜈𝜇 = 𝑞𝜆𝜇𝜈 = 𝑞𝜇𝜆𝜈 = −𝑞𝜇𝜈𝜆 = −𝑞𝜈𝜇𝜆, (1.88)

Ω𝜈𝜇𝜆 = Ω𝜈𝜆𝜇 = −Ω𝜆𝜈𝜇 = −Ω𝜆𝜇𝜈 = Ω𝜇𝜆𝜈 = Ω𝜇𝜈𝜆 = −Ω𝜈𝜇𝜆, (1.89)
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resulting in the vanishing of the tensor parts as well. The absence of torsion and
nonmetricity implies the validity of condition (1.19), which is solved by the Chris-
toffel symbols in (1.20). In this way, we identify the independent connection with
the Levi-Civita one dynamically, solving the field equations of the theory.
Let us now consider the metric equations, obtained varying the action with re-
spect to 𝛿𝑔𝜇𝜈 . The outcome is1

ℛ(𝜇𝜈) − 1
2ℛ𝑔𝜇𝜈 = 0, (1.90)

Note that the affine Ricci tensor is a priori asymmetric, resulting in the Ricci
tensor symmetrization in the above equation, which stems from the fact that it
is contracted with the symmetric variation of the metric 𝛿𝑔𝜇𝜈 during the vari-
ational procedure. When dealing with metric-affine theories, it is common to
work on half-shell. By this we mean that the solution for the connection is taken
into account and substituted into the remaining equations, leaving only metric,
and possibly scalar (as in the models presented in chapter II), degrees of freedom
to be dealt with. In the present case, given the vanishing of torsion and non-
metricity we have that ℛ𝜇𝜈 = 𝑅𝜇𝜈 and the on half-shell metric equations simply
reduce to the vacuum Einstein’s equations, thus proving the dynamical equival-
ence of the first and second order frameworks.
This result is quite peculiar and it only applies to General Relativity, i.e. choos-
ing the Lagrangian to be simply given by the Ricci scalar, and with connection
independent matter Lagrangians. If the gravitational action is modified the equi-
valence usually breaks down and first and second order formulations give rise
to completely distinct theories, as it happens for 𝑓 (𝑅) theories (see section 2.1).
Therefore, the two paradigms are not a mere conventional choice but rather they
entail different kinematical as well as dynamical scenarios. There are several ar-
guments in support of both choices, here we will review some of the reasons why
it is interesting to consider the metric-affine framework, both from a theoretical
and phenomenological point of view.

• First, from an historical perspective, it is relevant to mention that a first
order formulation of gravity was already considered soon after the break-
through of General Relativity, first by Palatini [71], although in a slightly
different way than the one considered here, and later by Einstein himself
[72].

• One of the merits of first order formulations can already be appreciated
considering the previous discussion. From a first order perspective indeed,

1We are here considering the vacuum case, with 𝑇𝜇𝜈 = 0. The extension to the presence of a
non-vanishing stress-energy tensor is trivial and does not change the results discussed here.
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conditions (1.18) and (1.19) are consequences of the dynamics of the theory
rather then being imposed by hand a priori on the geometric structure of
the manifold. In the same way, instead of assuming that the connection be
given by the Christoffel symbols of the metric, one obtains the same result
dynamically, as a solution of the field equations.

• A strong theoretical motivation comes from the fact that the metric-affine
paradigm admits a formulation of gravity as a gauge theory of the general
affine group, allowing to put the equations in a suggestive Yang-Mills form
[73]. This seems particularly interesting in relation to the difficulties in
the quantization of the gravitational interaction, given that other gauge
theories can be consistently quantized.

• It is to the last statement that the quantization scheme carried out in the
loop quantum gravity program is inspired [B25, B26]. In that approach, the
implementation of a new set of variables within General Relativity allows
to recast the theory as a 𝑆𝑈 (2) gauge theory, giving the opportunity to
apply already existing quantization methods which are successful in other
frameworks. The first order paradigm necessarily comes into play since
a Lagrangian formulation of the theory can only be devised introducing
additional terms in the Einstein-Hilbert action which are non-trivial only
if the connection is considered as an independent variable.

Further arguments can be put forward in support of the inclusion of torsion and
nonmetricity, necessarily present in metric-affine gravity models. Some of them
are summarized here:

• A relevant aspect of torsion and nonmetricity is that these objects allow for
equivalent formulations of General Relativity. We are not referring to the
aforementioned equivalence between first and second order formulations,
but rather to the so-called geometric trinity of gravity [52]. According to
this idea, one can formulate the same theory, i.e. General Relativity, in
three different ways, by ascribing gravity to curvature, as usual, or also
to torsion or nonmetricity. The first case amounts to consider the affine
Riemann tensor but setting 𝑇 𝜇𝜈𝜌 = 𝑄𝜇𝜈𝜌 = 0, reducing to the usual metric
Riemann tensor 𝑅𝜇𝜈𝜌𝜎 . However, there are two alternative options con-
sisting in setting the latter to zero, i.e. 𝑅𝜇𝜈𝜌𝜎 = 0, together with only one
between nonmetricity and torsion, resulting in the so-called Teleparallel
and Symmetric Teleparallel theories of gravity, respectively. Beside this
fact, relevant in itself, teleparallel formulations offer interesting alternat-
ives to modify General Relativity beyond the ones summarized in the next
section.
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• Another less known fact regarding torsion is that it provides a successful
renormalization scheme in Quantum Field Theory [74], alongside the bet-
ter known dimensional regularization. In this approach the presence of
torsion implies the non-commutation of momentum components, allow-
ing to replace diverging integrals in Feynman diagrams with summations
over the momentum eigenvalues, ultimately yielding finite results.

• A more heuristic justification for torsion and nonmetricity resides in a par-
allel that can be traced with ordinary matter physics systems. In particular,
torsion and nonmetricity can be shown to be related to defects in regu-
lar structures like the ones present in liquid crystals or dislocated metals,
corresponding to densities of point defects and line defects, respectively
[75]. Then, an analogy can be drawn with gravity if one advocates for a
non-trivial discrete micro-structure of spacetime at very small scales, with
torsion and nonmetricity playing analogous roles.
Remarkably, analogies between condensed matter physics systems and
Einstein-Cartan spacetimes were also discussed in [76, 77, 78, 79, 80, 81],
where a crucial role is played by the Nieh-Yan term that will be thoroughly
discussed in the following.

• A cornerstone idea of General Relativity is that gravitational phenomena
arise from the intertwined interaction of the stress-energy tensor of matter
and spacetime curvature, the latter being determined by the former and the
dynamics of matter following from the spacetime configuration. When
matter with intrinsic spin is considered, e.g. spinor fields, it is natural
to put forward the idea that spin be associated to its own independent
geometric object, which turns out to be torsion itself, just as the energy
density is associated to curvature. Similarly, one can also consider other
microscopic characteristics of matter such as dilation and shear which can
be in turn associated to the nonmetricity tensor [49]. The spin, dilation and
shear currents are all encoded in the so-called hypermomentum tensor (see
section 1.5), defined in terms of the variation of thematter Lagrangianwith
respect to the independent connection, by close analogy with the standard
energy momentum tensor.



Chapter 2

Modified Gravity models

The introduction of geometric structures such as torsion and nonmetricity amounts
to modify the kinematic content of General Relativity, which is basically relying
on tensor fields living on a pseudo-Riemannian manifold. Beside the kinematics
of the theory, one can also extend General Relativity by modifying its dynamics.
The latter is only determined after a particular Lagrangian is specified, and the
Einstein-Hilbert action is not a priori the only possible choice compatible with
general covariance. Rather, it just consists of the simplest choice. Indeed, soon
after the formulation of General Relativity, Lagrangians containing higher-order
curvature invariants were proposed in order to address the non-renormalizability
of the theory [82, 83]. Furthermore, over the last decades also dark matter and
dark energy problems have been addressed via modified gravity approaches, in
order to explain astrophysical and cosmological observations, as for instance the
accelerated expansion of the universe [84, 85, 86]. Clearly, alternative descrip-
tions of gravitational phenomena cannot spoil well-established General Relativ-
ity predictions [87] and some tests must be used for singling out viable models.
In this chapter we will review some extended theories of gravity that are relevant
for the original results presented in the next chapter. First, the main properties of
𝑓 (𝑅) theories of gravity will be recalled, both from ametric and Palatini perspect-
ive. Then, we will introduce the Holst and Nieh-Yan terms and their motivations
coming from the loop quantum gravity framework. Their implementationwithin
Palatini 𝑓 (𝑅) theories will be discussed, presenting models already investigated
in literature. We will also explain the issue related to the Immirzi parameter am-
biguity, present in loop quantum gravity, and introduce models endowed with
a dynamical Immirzi field. Finally, we consider the Chern-Simons term and the
main properties of the associated modified theory of gravity in its purely metric
version, which is the most studied in literature.



𝑓 (𝑅) theories of gravity 19

2.1 𝑓 (𝑅) theories of gravity
Among the possible extensions of General Relativity, 𝑓 (𝑅) theories of Gravity [45,
46, 47] stem out for their generality and handiness. In these theories, the Einstein-
Hilbert action is modified by replacing the Ricci scalar by a general function of it.
The cosmological and astrophysical implications of 𝑓 (𝑅) gravity have attracted
a flurry activity in the past decades, see e.g. [88, 89] for reviews. Among specific
𝑓 (𝑅) models considered in literature, it is worth mentioning quadratic gravity,
whose classical and quantum properties were thoroughly investigated already
in the late 70’s [90, 91], initially in the context of compact and spherically sym-
metric objects (see also [92, 93, 94, 95] for further developments). In particular,
the simplest quadratic Lagrangian, often called Starobinski model, has the form
𝐿 ∝ √−𝑔(𝑅+𝑅2/𝑚2) [96] and, when used to describe the inflationary expansion
of the Universe, turns out to be among the most accurate models when com-
pared to observations [97]. Moreover, the linear and quadratic terms can also be
interpreted as the truncation of a Taylor expansion of any analytic function 𝑓 (𝑅)
around flat space.
As for General Relativity, also 𝑓 (𝑅) theories can either be formulated at first or
second order, resulting in two inequivalent theories denoted Palatini 𝑓 (𝑅) and
metric 𝑓 (𝑅) theory of gravity, respectively. It has to be stressed that, contrary
to what happens in General Relativity, where the first and second order formula-
tions are dynamically equivalent under suitable assumptions on thematter action
(see section 1.5), in the case of 𝑓 (𝑅) theories the two formulations are inequival-
ent, even in vacuum. We will now give a brief introduction to both formulations,
recalling their basic features.

Metric 𝑓 (𝑅) gravity
In metric 𝑓 (𝑅) gravity the Einstein-Hilbert action is replaced by the second order
variational principle

𝑆𝑓 [𝑔] = 1
2𝜅2 ∫𝑑4𝑥√−𝑔𝑓 (𝑅), (2.1)

where the metric is the only independent variable and the connection is given by
the usual Levi-Civita connection. The equations of motion for the metric tensor
constitute a set of fourth order partial differential equations which reduces to
Einstein’s equations in the case 𝑓 (𝑅) = 𝑅. Including also the matter action (1.12),
they are given by

𝑓 ′(𝑅)𝑅𝜇𝜈 − 1
2𝑓 (𝑅)𝑔𝜇𝜈 + (𝑔𝜇𝜈2 − ∇̄𝜇∇̄𝜈) 𝑓 ′(𝑅) = 𝜅2𝑇𝜇𝜈 , (2.2)
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where a prime denotes differentiation with respect to the argument of the func-
tion and 2 = 𝑔𝜇𝜈 ∇̄𝜇∇̄𝜈 . Tracing the previous equation yields

32𝑓 ′(𝑅) + 𝑓 ′(𝑅)𝑅 − 2𝑓 (𝑅) = 𝜅2𝑇 , (2.3)

where 𝑇 = 𝑔𝜇𝜈𝑇𝜇𝜈 is the trace of the stress-energy tensor. The last equation
shows that, in metric 𝑓 (𝑅) theory, there is a differential relation between the
Ricci scalar and the trace of matter, as opposed to the case of General Relativity,
in which they are merely proportional to each other. Although higher-order
derivatives are present in the field equations, this does not imply the arising
of dynamical instabilities since the Ricci scalar turns out to be an independent,
well-behaved scalar degree of freedom. This is apparent in the Jordan frame
formulation presented below for the Palatini case and discussed for the metric
case at the end of this section, where Brans-Dicke theories are briefly recalled.

2.1.1 Palatini 𝑓 (𝑅) gravity
Since some of the models considered in this thesis are based on the first order
formulation of 𝑓 (𝑅) theories, we will now indulge more on the main features of
Palatini 𝑓 (𝑅) gravity [48]. In this case, the action reads

𝑆𝑓 [𝑔, Γ] = 1
2𝜅2 ∫𝑑4𝑥√−𝑔𝑓 (ℛ) (2.4)

and, according to a first order formalism, the connection is considered as an
independent variable. The equations of motion for the metric and the connection
stemming from (2.4) (completed with (1.12)) can be derived as in [48], resulting
in

𝑓 ′(ℛ)ℛ(𝜇𝜈) − 1
2𝑓 (ℛ)𝑔𝜇𝜈 = 𝜅2𝑇𝜇𝜈 , (2.5)

∇𝜇 (√−𝑔𝑓 ′(ℛ)𝑔𝜌𝜎) = 0. (2.6)

Tracing the first equation yields

𝑓 ′(ℛ)ℛ − 2𝑓 (ℛ) = 𝜅2𝑇 . (2.7)

This equation shows how, in the Palatini 𝑓 (𝑅) theory, the relation between the
Ricci scalar and the trace of matter is merely an algebraic one and allows to
consider ℛ, as well as 𝑓 (ℛ), as algebraic functions of 𝑇 . Equation (2.6) can be
solved for the independent connection giving

Γ𝜇𝜈𝜌 = 1
2𝑓 ′(ℛ)𝑔

𝜇𝜎 [𝜕𝜈 (𝑓 ′(ℛ)𝑔𝜎𝜌) + 𝜕𝜌 (𝑓 ′(ℛ)𝑔𝜎𝜈) − 𝜕𝜎 (𝑓 ′(ℛ)𝑔𝜈𝜌)] , (2.8)
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where the dependence on the connection contained in the factors 𝑓 ′(ℛ) can be
eliminated substituting the expression ofℛ as a function of 𝑇 obtained from the
solution of equation (2.7). Thus, the right hand side of equation (2.8) depends
only on 𝑇 and the metric tensor, showing how the connection behaves as a sort
of auxiliary variable on half shell, i.e. along the solution of the equations of
motion. Moreover, equation (2.8) can be interpreted saying that the independent
connection is actually the Christoffel symbol of a conformally rescaled metric
defined as

𝑔̃𝜇𝜈 = 𝑓 ′(ℛ)𝑔𝜇𝜈 . (2.9)

Thus,ℛ𝜇𝜈 can be considered as the Ricci tensor of the conformally rescaled met-
ric. In order to relate ℛ with 𝑅 in the Palatini 𝑓 (𝑅) action, one can use the
relation holding under conformal transformations [B10], i.e.

ℛ = 𝑅 + 3
2(𝑓 ′)2𝑔

𝜇𝜈 ∇̄𝜇𝑓 ′∇̄𝜈𝑓 ′ − 3
𝑓 ′𝑔

𝜇𝜈 ∇̄𝜇∇̄𝜈𝑓 ′. (2.10)

As we shall now see, substituting this last result into the action does not allow to
recover the second order formulation, namely metric 𝑓 (𝑅) theory, proving the
dynamical inequivalence between the two formalisms, contrary to what happens
in General Relativity.
The handiness of 𝑓 (𝑅) theories relies on the fact that both metric and Palat-
ini 𝑓 (𝑅) theories can equivalently be formulated in the so-called Jordan frame,
where the degree of freedom added to the theory through the function 𝑓 is em-
bodied by a scalar field 𝜙, often called scalaron. In this way the theory can be
recast in the form of a scalar-tensor theory which is easier to deal with.
The transition to the Jordan frame is done via the introduction of an auxiliary
scalar field 𝜒 in the variational principle. Let us first discuss the case of metric
𝑓 (𝑅) gravity and then extend the procedure to the Palatini 𝑓 (𝑅) theory we are
interested in. In the metric case the action takes the form

𝑆𝑓 [𝑔, 𝜒] = 1
2𝜅2 ∫𝑑4𝑥√−𝑔 [𝑓 (𝜒) + 𝑓 ′(𝜒) (𝑅 − 𝜒)] . (2.11)

The vanishing of the variation of the action with respect to 𝜒 gives

𝑓 ″(𝜒) (𝑅 − 𝜒) = 0, (2.12)

which, for 𝑓 ″(𝜒) ≠ 0, implies 𝜒 = 𝑅. Substituting back this result into (2.11), the
equivalence with (2.1) is proved. Eventually, the action in the Jordan frame reads

𝑆𝑓 [𝑔, 𝜙] = 1
2𝜅2 ∫𝑑4𝑥√−𝑔 [𝜙𝑅 − 𝑉 (𝜙)] , (2.13)
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where the scalar field 𝜙 is defined as

𝜙 ≡ 𝑓 ′(𝜒) (2.14)

and the potential reads 𝑉 (𝜙) = 𝜙𝜒(𝜙)− 𝑓 (𝜒(𝜙)), where 𝜒 has to be considered as
a function of 𝜙 through the inversion of (2.14), which is possible as long as the
condition 𝑓 ″(𝜒) ≠ 0 holds.
This seems to exclude the special case 𝑓 (𝜒) = 𝜒 , namely General Relativity. How-
ever, the condition for the second derivative to be non vanishing is not strictly
necessary. As shown in [98], 𝑓 (𝑅) theories can be recast in the Jordan frame just
assuming the weaker condition that 𝑓 ′(𝜒) has to be continuous and one-to-one.
The equations of motion for the metric tensor and the scalar field are derived by
varying the action (2.13) and read, respectively

𝜙𝐺𝜇𝜈 + 𝑔𝜇𝜈2𝜙 − ∇̄𝜇∇̄𝜈𝜙 + 1
2𝑔𝜇𝜈𝑉 (𝜙) = 𝜅2𝑇𝜇𝜈 , (2.15)

𝑅 = 𝑉 ′(𝜙), (2.16)

where 𝐺𝜇𝜈 = 𝑅𝜇𝜈 − 1
2𝑅𝑔𝜇𝜈 and we included the stress-energy tensor for matter

fields. The first equation coincides with (2.2) once the reparametrization (2.14)
is taken into account. Substituting its trace in the second equation allows to
eliminate the Ricci scalar from it, yielding the analogue of (2.3):

32𝜙 + 2𝑉 (𝜙) − 𝜙𝑉 ′(𝜙) = 𝜅2𝑇 , (2.17)

where the trace of the stress-energy tensor of matter acts as a source term, dic-
tating the dynamics of the scalar field.
Moreover, the terms in equation (2.15) can be rearranged in order to express it in
the form of Einstein’s equations with a modified source and an effective coupling
constant as

𝐺𝜇𝜈 = 𝜅2𝑒𝑓 𝑓 (𝑇𝜇𝜈 + 𝑇 (𝑒𝑓 𝑓 )𝜇𝜈 ) , (2.18)

where 𝜅2𝑒𝑓 𝑓 = 𝜅2/𝜙 and the effective stress-energy tensor is defined as

𝑇 (𝑒𝑓 𝑓 )𝜇𝜈 = 1
𝜅2 (−

1
2𝑔𝜇𝜈𝑉 (𝜙) + ∇̄𝜇∇̄𝜈𝜙 − 𝑔𝜇𝜈2𝜙) . (2.19)

Thus, the theory is always characterized by the presence of an effective stress-
energy tensor, even in vacuum, where 𝑇𝜇𝜈 = 0.
The procedure for the Palatini case is formally the same but the connection is
considered as an independent variable. The outcome of the transition to the
Jordan frame is

𝑆𝑓 [𝑔, Γ, 𝜙] = 1
2𝜅2 ∫𝑑4𝑥√−𝑔 [𝜙ℛ − 𝑉 (𝜙)] . (2.20)
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The auxiliary character of the connection implies that the dynamics is completely
determined by the equations of motion for the metric tensor and the scalar field,
which, once equations (2.8) and (2.14) are taken into account, read, respectively

𝜙𝐺𝜇𝜈 + (𝑔𝜇𝜈2 − ∇̄𝜇∇̄𝜈) 𝜙 + 1
2𝑔𝜇𝜈𝑉 (𝜙) +

3
2𝜙 (∇̄𝜇𝜙∇̄𝜈𝜙 − 1

2𝑔𝜇𝜈 ∇̄
𝜌𝜙∇̄𝜌𝜙) = 𝜅2𝑇𝜇𝜈 ,

(2.21)

2𝜙 = 𝜙
3 (𝑅 − 𝑉 ′(𝜙)) + 1

2𝜙 ∇̄
𝜇𝜙∇̄𝜇𝜙. (2.22)

Tracing the first equation and substituting the result in the second one, yields

2𝑉 (𝜙) − 𝜙𝑉 ′(𝜙) = 𝜅2𝑇 . (2.23)

This is called structural equation and has important consequences in the Palatini
𝑓 (𝑅) theory as well as in more general models that will be considered in the
following. Given a specific function 𝑓 (𝑅), which determines the form of the
potential 𝑉 (𝜙), the relation 𝜙 = 𝜙(𝑇 ) is obtained solving (2.23) algebraically for 𝜙.
This implies that 𝜙 is not a real degree of freedom of the theory. Indeed, it affects
the way in which matter appears in the equations and generates the spacetime
curvature, rather than representing part of the dynamics of the gravitational field
itself.
This is a peculiarity of Palatini 𝑓 (𝑅) theory since in metric 𝑓 (𝑅), equation (2.23)
is replaced by (2.17), which has the additional term proportional to 2𝜙. In that
equation, 𝑇 acts as a source term for the dynamics of 𝜙, as it happens for the
metric tensor in Einstein’s equations, giving a proper dynamics to the scalar field
and making it an independent field 𝜙 = 𝜙(𝑥𝜇) instead of an algebraic relation in
𝑇 . In particular, in vacuum, where 𝑇 = 0, the structural equation yields the
trivial outcome 𝜙 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 , while it holds identically if cases 𝑓 (𝑅) = 𝑅 (𝜙 = 1,
𝑉 (𝜙) = 0) or 𝑓 (𝑅) = 𝑅2 (𝑉 (𝜙) = 𝜙2/4), are considered.
Also in the Palatini case, the 𝜙-dependent terms featuring equation (2.21) can be
moved to the right hand side and an effective stress-energy tensor can be defined
as

𝑇 (𝑒𝑓 𝑓 )𝜇𝜈 = 1
𝜅2 [−

1
2𝑔𝜇𝜈𝑉 (𝜙) + (∇̄𝜇∇̄𝜈 − 𝑔𝜇𝜈2) 𝜙 − 3

2𝜙 (∇̄𝜇𝜙∇̄𝜈𝜙 − 1
2𝑔𝜇𝜈 ∇̄

𝜌𝜙∇̄𝜌𝜙)] ,
(2.24)

such that the equations of motion take the form (2.18). In vacuum, where the
structural equation implies that the scalar field is a constant 𝜙0, the theory re-
duces to General Relativity with a cosmological constant given by

Λ = 𝑉0
2𝜙0

, (2.25)
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where 𝑉0 = 𝑉 (𝜙0), and a modified coupling constant 𝜅20 = 𝜅2/𝜙0.
If instead 𝑇𝜇𝜈 ≠ 0 and 𝑇 ≠ 0, the presence of 𝑇 (𝑒𝑓 𝑓 )𝜇𝜈 in the equation of motion
implies a modification in the coupling between the metric tensor and matter. In-
deed, derivatives of the stress-energy tensor arise via the terms featuring equa-
tion (2.24). This feature was shown to give rise to curvature singularities at the
surface of stars modelled in the Palatini 𝑓 (𝑅) theory [99, 100, 101]. However, it
was later proved that, using the appropriate matching conditions at the stellar
surface, pathologies are only present for unphysical equations of state [102].
Also equation (2.10) can be rewritten in the Jordan frame as

ℛ = 𝑅 + 3
2𝜙2𝑔

𝜇𝜈 ∇̄𝜇𝜙∇̄𝜈𝜙 − 3
𝜙𝑔

𝜇𝜈 ∇̄𝜇∇̄𝜈𝜙. (2.26)

As already mentioned, this gives the possibility to eliminate the independent
connection, allowing, modulo surface terms, to express the action (2.20) in the
form

𝑆𝑓 [𝑔, 𝜙] = 1
2𝜅2 ∫𝑑4𝑥√−𝑔 [𝜙𝑅 + 3

2𝜙 ∇̄
𝜇𝜙∇̄𝜇𝜙 − 𝑉 (𝜙)] . (2.27)

Comparison with (2.13) shows the inequivalence between metric and Palatini
𝑓 (𝑅) theories on a dynamical level. Moreover, this last expression for the action
allows to introduce the following feature of 𝑓 (𝑅) theories.
Both metric and Palatini 𝑓 (𝑅) theories, when expressed in the Jordan frame, be-
long to a wider class of scalar-tensor theories [B103], named Brans-Dicke theor-
ies [104]. The action of such theories reads

𝑆𝐵𝐷[𝑔, 𝜙] = 1
2𝜅2 ∫𝑑4𝑥√−𝑔 [𝜙𝑅 − 𝜔𝐵𝐷

𝜙 ∇̄𝜇𝜙∇̄𝜇𝜙 − 𝑉 (𝜙)] , (2.28)

where 𝜔𝐵𝐷 is an arbitrary parameter. Comparison with (2.13) and (2.27) immedi-
ately shows that metric and Palatini 𝑓 (𝑅) theories are equivalent to Brans-Dicke
theories with parameter 𝜔𝐵𝐷 = 0 and 𝜔𝐵𝐷 = −3/2, respectively.
It is possible to show that in Brans-Dicke theories the field 𝜙 is governed by the
equation

(3 + 2𝜔𝐵𝐷)2𝜙 + 2𝑉 (𝜙) − 𝜙𝑉 ′(𝜙) = 𝜅2𝑇 . (2.29)

This equation correctly reproduces the structural equation of Palatini and metric
cases when 𝜔𝐵𝐷 = −3/2 and 𝜔𝐵𝐷 = 0, respectively but also shows how 𝜔𝐵𝐷 =
−3/2 is the only case in which the field 𝜙 is non dynamical in the sense explained
above. For every other choice of 𝜔𝐵𝐷 the term proportional to 2𝜙 survives and 𝜙
behaves as a proper dynamical degree of freedom. A further extension of Brans-
Dicke theory consists of promoting the Brans-Dicke parameter to an arbitrary
function of the scalaron in the action, i.e. 𝜔𝐵𝐷 → Ω(𝜙). This class of theories is
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often referred to as scalar-tensor theories and as we will see some of the models
we will consider in the following are dynamically equivalent to theories obtained
from specific choices of the function Ω(𝜙).

2.2 Parity violating topological terms
Another perspective on the extension of General Relativity is offered by topolo-
gical terms. By topological terms we mean quantities 𝒯 that can be written as
the (Levi-Civita) divergence of some current 𝐽 𝜇 , namely 𝒯 = ∇̄𝜇𝐽 𝜇 . Hence, by
virtue of the Gauss theorem, the corresponding additional contribution included
in the action reduces to a boundary term ℬ:

∫ℳ 𝑑4𝑥√−𝑔𝒯 = ∫ℳ 𝑑4𝑥√−𝑔∇̄𝜇𝐽 𝜇 = ∫𝜕ℳ 𝑑3𝑥√ℎℬ, (2.30)

where ℎ is the determinant of the 3-metric induced on the boundary of the man-
ifold 𝜕ℳ. In the variational principle, one usually imposes the vanishing of the
variation of the fields on the boundary. Hence topological terms by themselves
do not affect the equations of motion of the theory.
However, they can offer an interesting mechanism to modify General Relativity
via the introduction of additional scalar fields. By now, the existence of scalar
fields is well-established from different theoretical and phenomenological set-
tings. Among them, the observation of the Higgs boson certainly is the most
important [105, 106]. Scalar fields also play a fundamental role in the inflation
paradigm in cosmology [B107]. Moreover, they are predicted by string theory
models and have been proposed in loop quantum gravity contexts as well [108,
109]. Finally, going back to the content of the last section, they are useful tools in
𝑓 (𝑅)modified theories of gravity, which include a plethora of gravitational mod-
els allowing to address numerous open problems, all of them featuring a scalar
degree of freedom in their dynamical content, as it is apparent in their formula-
tion in the Jordan frame.
Now, a boundary term is usually included in the action multiplied by a suitable
coupling constant. Whenever the latter is promoted to a scalar field, the topo-
logical nature of the boundary term is spoiled. This allows for a simple and
direct way of modifying General Relativity, including additional contributions
in the field equations that are proportional to the scalar field derivatives. As
a consequence, the resulting extended theory of gravity will reduce to General
Relativity in the limit of constant scalar field. This offers the possibility of consid-
ering physical settings where a non-trivial behavior for the scalar field is possible
in some high energy regime, where deviations from General Relativity are expec-
ted, while a relaxation to the trivial constant configuration can be attained in low
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energy asymptotic limits, recovering General Relativity where it gives the cor-
rect predictions.
Another important role boundary terms fulfill has to do with the well-posedness
of variational principles. These are always formulated assigning specific condi-
tions on the boundary. In particular, if one imposes that the variation of the
metric tensor (but not its derivatives) be vanishing on the boundary, then the
Einstein-Hilbert action does not represent a well-posed variational principle, in
the sense that a non-vanishing boundary term survives beside the bulk term
yielding Einstein’s field equations. This additional unwanted contribution can be
compensated by including the so-called Gibbons-Hawking-York boundary term
in the variational principle [B110]. Beside that, the role this boundary term turns
out to play in the thermodynamic description of Schwarzschild black holes is re-
markable [111]. Indeed, in the Euclidean path integral formulation, the vanish-
ing of the bulk term of the Euclidean on-shell action implies that the Gibbons-
Hawking-York boundary term is the only one contributing to the non-trivial ther-
modynamic properties of the black hole [112].
The terms we are about to present in the next sections are all characterized by
the fact that they are parity violating terms. We can define parity transforma-
tions as purely spatial reflections of the tetrad defining the coordinate system
[113]. Then a quantity has even (odd) parity or it is said to be parity preserving
(violating) if it has eigenvalue +1 (−1) with respect to the parity operator.
Theories of gravity exhibiting parity violation are recently receiving increasing
attention. Among them, beside the models considered here we can recall degen-
erate higher-order scalar-tensor theories (DHOST) [114, 115], bumblebee models
[116, 117, 118, 119, 120, 121, 122] and Hořava-Lifshitz gravity [123, 124]. The
prominent role of parity violation in modern physics relies in its possible effects
in CMB polarization [125, 126, 127, 128], primordial gravitational waves [129,
130, 131, 132, 133, 134, 135], the baryon asymmetry problem [136, 137, 138, 139],
black hole perturbations [140, 141, 142, 143, 144, 145, 146, 147, 148, 149, 150] and
gravitational wave birefringence [151, 115, 152, 153, 154, 155, 156].
In this section we will set nonmetricity to zero as we are reviewing previous res-
ults derived with this assumption. In sections 2.2.1 we will work in the Einstein-
Cartan framework, where only curvature and torsion are present, while in sec-
tion 2.2.2 also the torsionless condition will be imposed, restricting the analysis
to purely metric spacetimes. The extension to the case of generic metric-affine
spacetimes will be addressed in chapter II.
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2.2.1 Holst and Nieh-Yan terms
Since the Holst and Nieh-Yan terms were discovered in Einstein-Cartan space-
times, in this section we will restrict to manifolds where nonmetricity is vanish-
ing and only torsion is a priori allowed. Let us start the discussion introducing
the Holst term. Strictly speaking, it is not a topological term, in the sense that
it cannot be written as a total derivative. However, as we will now show, it
does not affect the field equations by virtue of its main property: it is vanish-
ing on half-shell. The Holst term is defined by the following contraction of the
Levi-Civita tensor with the Riemann tensor of an asymmetric, metric-compatible
connection:

ℋ ≡ −12𝜀
𝜇𝜈𝜌𝜎ℛ𝜇𝜈𝜌𝜎 . (2.31)

The simplest gravitational model featuring the Holst term is obtained introdu-
cing it in the Hilbert-Palatini action of General Relativity, yielding the Holst ac-
tion

𝑆 = 1
2𝜅2 ∫𝑑4𝑥√−𝑔 (ℛ + 𝛾0ℋ) , (2.32)

where 𝛾0 is a dimensionless parameter, referred to as Immirzi parameter in the
context of loop quantum gravity [157]. The metric field equations in vacuum are
given by

ℛ(𝜇𝜈) − 1
2ℛ𝑔𝜇𝜈 = −𝛾02 𝜀

𝜆𝜌𝜎
(𝜇 ℛ𝜈)𝜆𝜌𝜎 , (2.33)

while varying with respect to the connection one obtains (1.78) with vanishing
nonmetricity and a non vanishing right hand side:

𝑔𝜇𝜈𝑇𝜆 − 𝛿 𝜈𝜆𝑇 𝜇 + 𝑇 𝜈𝜇𝜆 = −𝛾0 [𝜀 𝜌𝜇𝜈
𝜆 𝑇𝜌 + 1

2𝜀
𝜇𝜌𝜎

𝜆 𝑇 𝜈𝜌𝜎 ] . (2.34)

Contractions of the latter with 𝛿𝜆𝜈 , 𝑔𝜇𝜈 and 𝜀 𝜆𝛼𝜈𝜇 yield two independent equations:

2𝑇𝜇 +
𝛾0
2 𝑆𝜇 = 0, (2.35)

𝑆𝜇 + 2𝛾0𝑇𝜇 = 0, (2.36)

resulting in

𝑇𝜇 = −𝛾04 𝑆𝜇 , (2.37)

(1 − 𝛾 20
2 ) 𝑆𝜇 = 0. (2.38)
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Provided1 that 𝛾0 ≠ ±√2, this implies 𝑇𝜇 = 𝑆𝜇 = 0. Then, the equation for the
tensorial components becomes

𝑞𝜈𝜇𝜆 −
𝛾0
2 𝜀𝜇𝜆𝜎𝜌 𝑞

𝜎𝜌𝜈 = 0, (2.39)

which may be written as
Δ 𝛼𝛽
𝜇𝜆 𝑞𝜈𝛼𝛽 = 0, (2.40)

where we defined
Δ 𝛼𝛽
𝜇𝜆 ≡ 𝛿𝛼[𝜇𝛿

𝛽
𝜆] −

𝛾0
2 𝜀

𝛼𝛽
𝜇𝜆 . (2.41)

We conclude that 𝑞𝜇𝜈𝜌 = 0. This can be shown either inverting the operator

Δ 𝛼𝛽
𝜇𝜆 , i.e.

(Δ−1) 𝛼𝛽
𝜇𝜆 ≡ 1

1 + 𝛾 20
(𝛿𝛼[𝜇𝛿

𝛽
𝜆] +

𝛾0
2 𝜀

𝛼𝛽
𝜇𝜆 ) , (2.42)

or expanding all the components of equation (2.39) and showing that they are all
trivially vanishing. In both cases the outcome is valid for every real value of 𝛾0
and only the 𝛾0 = ±𝑖 cases are excluded2.
Therefore, the inclusion of the Holst term does not allow for non-trivial torsion.
Moreover, the Holst term is vanishing on half-shell since, if Γ𝜇𝜈𝜌 = Γ̄𝜇𝜈𝜌 , then

ℋ = −𝛾02 𝜀
𝜇𝜈𝜌𝜎ℛ𝜇𝜈𝜌𝜎 = −𝛾02 𝜀

𝜇𝜈𝜌𝜎𝑅𝜇𝜈𝜌𝜎 = 0, (2.43)

which is vanishing by virtue of the algebraic Bianchi identities. Hence, themetric
field equations are not modified either and one recovers General Relativity with
a Levi-Civita connection.
The failure of the Holst term of being a topological term can be compensated
extending its definition and leading to the Nieh-Yan topological invariant. In
order to introduce it, it is instructive to look at the Holst term post-Riemannian
expansion when only torsion is present:

ℋ = −12∇̄𝜇𝑆
𝜇 − 1

3𝑆
𝜇𝑇𝜇 − 1

4𝜀𝜇𝜈𝜌𝜎𝑞
𝜇𝜈

𝜆 𝑞𝜆𝜌𝜎 . (2.44)

We see that the last two terms prevent it from being a boundary term. This ob-
servation leads us to the topological term known as Nieh-Yan term. It is defined
by

𝒩 𝒴 ≡ 𝛾0
2 𝜀

𝜇𝜈𝜌𝜎 (12𝑇
𝜆𝜇𝜈 𝑇𝜆𝜌𝜎 −ℛ𝜇𝜈𝜌𝜎) . (2.45)

1The condition 𝛾0 ≠ ±√2 is not strictly necessary. Indeed, one can obtain the same result
without restrictions on 𝛾0 via a projective transformation, since the Holst term is already project-
ive invariant in the Einstein-Cartan framework, as we will show in section 3.1.

2The 𝛾0 = ±𝑖 case corresponds to the original complex-valued Ashtekar variables which were
later discarded [158].
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It was first discovered in [56, 57] in the context of Einstein-Cartan theory and
then shown to have the same role as the Holst term in the implementation of
Ashtekar variables in loop quantum gravity [159].
We see that its expression is obtained completing the Holst term with a torsion
squared contribution. The main consequence of the latter is to modify the de-
composition in (2.44), which now simply reads

𝒩 𝒴 = −12∇̄𝜇𝑆
𝜇 . (2.46)

Hence, the Nieh-Yan term is a proper topological term which can be written as
a total divergence and reduces to a boundary term in the action principle. As a
consequence, it does not affect the field equations at all.

Immirzi parameter ambiguity and the Immirzi field

As already anticipated, the two terms presented in this section are mainly mo-
tivated by the fact that they find application in one of the existing attempt to
quantize gravity, that is loop quantum gravity [B25, B26]. This is a non perturb-
ative and background independent canonical quantization of General Relativity.
It relies on the possibility of recasting Einstein’s theory in terms of a new set of
canonical conjugate variables called Ashtekar-Barbero-Immirzi variables [158,
160, 161, 162] (often just called Ashtekar variables). Their implementation in the
theory can be carried out at the Lagrangian level by introducing either the Holst
or the Nieh-Yan term in the action. A direct consequence of the on half-shell
vanishing of the former and the topological character of the latter is that their
presence does not modify the theory at the classical level. The field equations
are still given by Einstein’s equations and the classical theory is left untouched.
However, the reformulation in terms of Ashtekar variables, induces a new struc-
ture in the canonical phase space of the theory allowing to consider it as a gauge
theory of the 𝑆𝑈 (2) group, a crucial ingredient for the implementation of nonper-
turbative quantization techniques proper of the loop quantum gravity approach.
This recipe led to some progress in the canonical quantization of General Re-
lativity and to some intriguing results regarding the nature of spacetime at the
Planck scale [163]. However, the loop quantum gravity program is still plagued
by some unsolved issues. Among them, we will briefly discuss here the so-called
Immirzi parameter ambiguity. The parameter 𝛾0 enters the theory as an arbitrary
real parameter, either coupling the Holst and Nieh-Yan terms in the action at the
Lagrangian level, or labeling the canonical transformation leading to Ashtekar
variables in the Hamiltonian formalism [B26]. In any case, it does not appear
in the classical field equations. Despite that, it turns out to enter the definition
of the quantum observables of the theory. In loop quantum gravity these are
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the quanta of area and volume, constituting the spectra of geometrical operators
at the quantum level [163]. In this way, the Immirzi parameter labels different
quantum sectors of the theory that have been shown not to be related by unitary
transformations. Hence, a one parameter quantum ambiguity is present in the
theory [157].
This issue has been addressed in several works with different proposals. A pos-
sible explanation is that the Immirzi parameter is a new fundamental constant
which should set the size of the quanta of space with respect to the Planck scale.
It has been proposed to fix its value in order to match the value of black holes en-
tropy predicted by Loop Quantum Gravity with the one given by the Bekenstein-
Hawking formula [164], but later works seemed to disregard this hypothesis [165,
166]. Its meaning has also been investigated in the presence of spinor fields [167,
168].
Here instead, we want to focus on the idea put forward in [108], where it was
proposed to promote the Immirzi parameter to a dynamical scalar field:

𝛾0 → 𝛾(𝑥𝜇). (2.47)

In this landscape, the Immirzi field is a new fundamental field that may have
had a non-trivial behavior in the primordial universe or in other high energy
scenarios, and later have relaxed to a constant value during the cosmological
evolution, providing a natural interpretation of the Immirzi parameter 𝛾0 as the
vacuum expectation value of the field 𝛾 (𝑥). The extensions of the Holst or Nieh-
Yan action to this case read as

𝑆 = 1
2𝜅2 ∫𝑑4𝑥√−𝑔 (ℛ + 𝛾𝐿) , (2.48)

where 𝐿 is either the Holst or the Nieh-Yan term. Now, the results presented
in the previous section cease to hold, and the irrelevance of the Holst and Nieh-
Yan terms in the field equations is only recovered in the special case 𝛾 (𝑥) ≡ 𝛾0.
In general instead, deviations from General Relativity are expected, offering a
way to obtain new theoretical insights as well as to derive observational signa-
ture for the existence of the Immirzi field. In this regard, several investigations
have been carried out. Models like (2.48) have been studied revealing interesting
phenomenology, such as bouncing solutions in isotropic cosmological models
[108, 169, 170] and the presence of additional gravitational waves polarizations
[171, 172], together with implications at a more fundamental level regarding the
strong CP problem [173, 174], the chiral anomaly [61], and the implementation
of Ashtekar variables [169, 6].
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Palatini 𝑓 (𝑅) models with Holst and Nieh-Yan terms

The main intent of the loop quantum gravity program is the attempt to quantize
the gravitational interaction, as it is classically described by the theory of Gen-
eral Relativity. It is for this purpose that the Holst and Nieh-Yan terms were
studied within the loop quantum gravity community.
However, as we have seen there are several arguments for studying theories bey-
ond General Relativity that should be considered as the correct theory of gravity,
reducing to General Relativity only in certain limits. On this basis, it is natural
to investigate the outcomes of quantization programs originally applied only to
General Relativity when they are implemented in modified gravity theories. This
is not just a necessary step, if one considers General Relativity only as a low en-
ergy limit of some other theory of gravity, but it actually may offer new insights
into difficulties and shortcomings that are impeding a consistent quantization of
Einstein’s gravity.
As a first attempt in this direction, it is convenient to consider 𝑓 (𝑅) theories of
gravity, that encompass a wide set of models and at the same time are still easy
to deal with. The extension of the loop quantum gravity approach to metric 𝑓 (𝑅)
theories was originally considered in [175] (see also [176, 177]). However, when
it comes to the loop quantum gravity quantization scheme, in view of its first
order formulation, the most natural implementation should take place in the Pa-
latini version of the 𝑓 (𝑅) theory, modifying its action via the inclusion of either
the Holst or the Nieh-Yan term [178, 6]. Their mere addition to the 𝑓 (𝑅) action
already entails an ambiguity, since summing them directly to the function 𝑓 or
to its argument yields different inequivalent outcomes, namely

𝑆𝑜 = 1
2𝜅2 ∫𝑑4𝑥√−𝑔 [𝑓 (ℛ) + 𝛾0𝐿] , (2.49)

𝑆𝑖 = 1
2𝜅2 ∫𝑑4𝑥√−𝑔𝑓 (ℛ + 𝛾0𝐿), (2.50)

where 𝐿 is either ℋ or 𝒩 𝒴 . In the following we will proceed performing com-
putations starting from both theories in parallel and without specifying the form
of 𝐿. The above actions can be transformed to the Jordan frame by applying
the same method introduced in section 2.1.1. Let us then introduce an auxiliary
scalar field 𝜒 as

𝑆𝑜 = 1
2𝜅2 ∫𝑑4𝑥√−𝑔 [𝑓 (𝜒) + 𝑓𝜒 (𝜒)(ℛ − 𝜒) + 𝐿] , (2.51)

𝑆𝑖 = 1
2𝜅2 ∫𝑑4𝑥√−𝑔 [𝑓 (𝜒) + 𝑓𝜒 (𝜒)(ℛ + 𝐿 − 𝜒)] , (2.52)
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where a subscript denotes a derivative with respect to the argument. Provided3

𝑓𝜒𝜒 ≠ 0, variation with respect to 𝜒 yields the conditions

𝜒 = ℛ, (2.53)
𝜒 = ℛ + 𝐿, (2.54)

for 𝑆𝑜 and 𝑆𝑖, respectively. Reinserting them into the actions proves the equi-
valence with (2.49) and (2.50). Then, introducing the scalaron field defined as
𝜙 ≡ 𝑓𝜒 (𝜒), we can write the actions in the equivalent scalar-tensor representa-
tion

𝑆𝑜 = 1
2𝜅2 ∫𝑑4𝑥√−𝑔 [𝜙ℛ + 𝐿 − 𝑉 (𝜙)] , (2.55)

𝑆𝑖 = 1
2𝜅2 ∫𝑑4𝑥√−𝑔 [𝜙(ℛ + 𝐿) − 𝑉 (𝜙)] , (2.56)

where the potential is still given by 𝑉 (𝜙) = 𝜙𝜒(𝜙)− 𝑓 (𝜒(𝜙)) and 𝜒(𝜙) is obtained
inverting the definition of the scalaron. In the Jordan frame, the way inwhich the
terms are included (added to the function 𝑓 or to its argument) simply amounts
to multiply them by the scalaron 𝜙 or not. Taking into account the decomposi-
tion of the Ricci scalar and the Holst and Nieh-Yan contributions in terms of the
irreducible components of torsion, it is easy to compute the field equations for
the vector and tensor components (see [6]), which can be algebraically solved,
yielding 𝑞𝜇𝜈𝜌 = 0 and

𝑇𝜇 = 3
2𝜙 [1 + 𝑏1𝑏2Φ𝛾 2/𝜙

1 + 𝑏2Φ2𝛾 2/𝜙2 ] 𝜕𝜇𝜙, (2.57)

𝑆𝜇 = 6𝛾
𝜙 [ 𝑏1 − 𝑏2Φ/𝜙

1 + 𝑏2Φ2𝛾 2/𝜙2 ] 𝜕𝜇𝜙., (2.58)

where we introduced two parameters 𝑏1 and 𝑏2 which can take values 0 or 1 ac-
cording to the specific model considered (see Table 2.1). If the Holst term is taken
into account, then 𝑏2 = 1, while 𝑏1 = 0 and 𝑏1 = 1 for 𝑓 (ℛ) +ℋ and 𝑓 (ℛ +ℋ),
respectively. When the action features the Nieh-Yan contribution, 𝑏2 = 0, while
𝑏1 = 0 and 𝑏1 = 1 for 𝑓 (ℛ)+𝒩 𝒴 and 𝑓 (ℛ+𝒩 𝒴), respectively. Finally, Φ is co-
incident with 𝜙 in the 𝑓 (ℛ+ℋ) case and identically equal to 1 in the 𝑓 (ℛ)+ℋ
one.

3As already mentioned in section 2.1.1, the condition for the second derivative to be non
vanishing is not strictly necessary [98].
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Model 𝑏1 𝑏2 Φ
𝑓 (ℛ) +ℋ 0 1 1
𝑓 (ℛ +ℋ) 1 1 𝜙
𝑓 (ℛ) + 𝒩 𝒴 0 0 −
𝑓 (ℛ + 𝒩 𝒴) 1 0 −

Table 2.1: Values of the parameters identifying possible Holst and Nieh-Yan modifica-
tions to Palatini 𝑓 (𝑅) gravity.

Substituting these expressions back into the actions, the four theories can be
described by the following effective second order scalar tensor action:

𝑆 = 1
2𝜅2 ∫√−𝑔 (𝜙𝑅 − Ω(𝜙)

𝜙 ∇̄𝜇𝜙∇̄𝜇𝜙 − 𝑉 (𝜙)) , (2.59)

where the expression for the function Ω(𝜙) depends on the specific choice con-
sidered. In particular, we have

𝑓 (ℛ +ℋ) and 𝑓 (ℛ) + 𝒩 𝒴 ∶ Ω = −32, (2.60)

𝑓 (ℛ + 𝒩 𝒴) ∶ Ω = −32 (1 − 𝛾 20 ) , (2.61)

𝑓 (ℛ) + ℋ ∶ Ω = −32
𝜙2

𝜙2 + 𝛾 20
, (2.62)

We see that only including the Holst term inside the argument of the function or
adding the Nieh-Yan term to the function itself, one retains Palatini 𝑓 (𝑅) gravity,
while the other two options lead to different scalar tensor theories. Note that
setting 𝛾0 = 0 all choices consistently reduce to Ω = −3/2. Thus, as one might
expect, the topological character of the Nieh-Yan term is preserved if it is added
directly to the Lagrangian and otherwise spoiled by the multiplication by the
scalaron. Less trivial, instead, is the outcome for the Holst models. In this case,
indeed, the vanishing of the Holst term on half-shell is to some extent recovered
only if it is included in the argument of the function 𝑓 .

2.2.2 Metric Chern-Simons gravity
The last topological, parity odd term we need to introduce is the so-called Chern-
Simons term. Here we will discuss its purely metric version, thus setting both
torsion and nonmetricity to zero. The role of the Chern-Simons term in the arena
of modified gravity theories is strongly motivated by several arguments arising
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from different physical backgrounds, where the presence of a Chern-Simons term
seems to be ubiquitous (see [58] for a review). In particle physics, for instance,
the gravitational anomaly turns out to be proportional to the Pontryagin dens-
ity, and a Chern-Simons-like counterterm must be included in the action to can-
cel the anomaly out. Counterterms of this kind can be actually produced also
in string theory via the Green-Schwarz mechanism and emerge in low energy
effective string models [179, 60]. Remarkably, some analogies can be outlined
with loop quantum gravity approaches [180] as well, where Chern-Simons cor-
rections arise in addressing the chiral anomaly of fermions and the Immirzi field
ambiguity [167, 181, 59, 182, 62]. Moreover, this theory may help in designing
new strategies to probe the (local) Lorentz/CPT symmetry breaking in gravita-
tion, which is expected to receive new observational inputs in the next few years.
Indeed, Chern-Simons parity violation effects are alreadywell-established in con-
texts such as amplitude birefringence for gravitational wave propagation [183,
184, 185, 186, 187], CMB polarization [125, 126, 127, 128] and the baryon asym-
metry problem [136, 137, 138].
Another motivation supporting Chern-Simons gravity concerns Kerr-like black
hole solutions. Deviations from the usual Kerr spacetime can be implemented
by introducing additional parameters by hand in the metric, to be compared
with observational constraints from strong field tests [188]. This modifications
are introduced irrespective of the actual theory generating them. In this regard,
Chern-Simons gravity can spontaneously generate Kerr deformations, offering
a theoretical justification to approaches like the one carried on in [188].
The theory was originally proposed by Jackiw and Pi [183] inspired by the Chern-
Simons modification of electrodynamics [189]. As for the 𝑈 (1) gauge theory,
the Maxwell Lagrangian is modified by introducing a (pseudo)-scalar field, 𝜃(𝑥),
coupled to the 𝑈 (1) gauge topological Pontryagin density, i.e. ∗𝐹𝜇𝜈𝐹𝜇𝜈 , where
∗𝐹𝜇𝜈 denotes the Hodge dual. Even maintaining the gauge invariance, such a
modification allows for Lorentz/CPT symmetry violation [189]. It can be read-
ily seen by casting the modified term into the Carroll-Field-Jackiw form, i.e.,
𝑣𝜇𝐹𝜇𝜈𝐴𝜈 , where 𝑣𝜇 ≡ 𝜕𝜇𝜃 is the axial vector responsible for Lorentz/CPT sym-
metry breaking. In a wider picture, 𝑣𝜇 corresponds to one of the coefficients for
Lorentz/CPT violation in the Standard Model Extension (SME) [190, 191, 116].
In much the same way as in the Chern-Simons modification of Maxwell electro-
dynamics, one can add to the Lagrangian of General Relativity a non-minimal
coupling between 𝜃(𝑥) and the gravitational Pontryagin density which, in turn,
is defined by

𝑃 = 𝜀𝜇𝜈𝜌𝜎𝑅𝛼𝛽𝜇𝜈𝑅
𝛽𝛼𝜌𝜎 . (2.63)
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The resulting action may be written as

𝑆 = 1
2𝜅2 ∫𝑑4𝑥√−𝑔 (𝑅 + 𝛼

8 𝜃(𝑥)𝜀
𝜇𝜈𝜌𝜎𝑅𝛼𝛽𝜇𝜈𝑅

𝛽𝛼𝜌𝜎 − 𝛽
2 ∇̄𝜇𝜃∇̄

𝜇𝜃 − 𝛽𝑉 (𝜃)) , (2.64)

where 𝛼 and 𝛽 are coupling constants and we included a potential term as well.
The Pontryagin density is a topological density, namely it can be written as a
total divergence as

𝑃 = ∇̄𝜇𝐾𝜇 , (2.65)

where
𝐾𝜇 ≡ 𝜀𝛼𝛽𝛾𝛿 Γ̄𝜈𝛽𝜇 (𝜕𝛾 Γ̄

𝜇
𝛿𝜈 +

2
3Γ̄

𝜇
𝛾𝜆Γ̄𝜆𝛿𝜈) . (2.66)

This assures a topological character to the Chern-Simons term which reduces to
a boundary term in the case of constant 𝜃 . For a non-trivial scalar field instead,
the vacuum field equations for the metric tensor are modified as

𝐺𝜇𝜈 + 𝐶𝜇𝜈 = 𝛽𝑇 𝑠𝑓𝜇𝜈 (𝜃) − 𝛽
2 𝑔𝜇𝜈𝑉 (𝜃), (2.67)

where the 𝐶-tensor, often referred to as Cotton tensor, is defined by

𝐶𝛼𝛽 ≡ 𝜀𝛾𝜇𝜈(𝛼 (∇̄𝜈𝑅𝛽)𝜇 ∇̄𝛾 𝜃 −
1
2𝑅

𝛿
|𝛽)𝜇𝜈 ∇̄𝛾 ∇̄𝛿𝜃) , (2.68)

while 𝑇 𝑠𝑓𝜇𝜈 represents the scalar field stress-energy tensor, i.e.

𝑇 𝑠𝑓𝜇𝜈 = 1
2 (∇̄𝜇𝜃∇̄𝜈𝜃 −

1
2𝑔𝜇𝜈 ∇̄𝜌𝜃∇̄

𝜌𝜃) . (2.69)

The scalar field is instead governed by

𝛽2𝜃 + 𝛼
8 𝜀

𝜇𝜈𝜌𝜎𝑅𝛼𝛽𝜇𝜈𝑅
𝛽𝛼𝜌𝜎 = 𝛽 𝑑𝑉𝑑𝜃 . (2.70)

Two versions of the theory have been considered in literature. The original for-
mulation of the Chern-Simons theory is characterized by the absence of the kin-
etic and potential terms for the scalar field in the action and is obtained from
(2.64) setting 𝛽 = 0. This model was later dubbed non-dynamical Chern-Simons
theory, since in this case the scalar field is a purely external quantity and it has
not a proper dynamical character. Indeed, for 𝛽 = 0 its equation of motion re-
duces to the Pontryagin constraint

𝜀𝜇𝜈𝜌𝜎𝑅𝛼𝛽𝜇𝜈𝑅
𝛽𝛼𝜌𝜎 = 0, (2.71)

which restricts solutions of the theory to those metrics satisfying (2.71). Com-
mon solutions such as Schwarzschild or Friedmann-Lemaître-Robertson-Walker
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(FLRW) spacetimes annihilate the constraint which is instead violated by axially
symmetric spacetimes such as the Kerr black hole, which is not a vacuum solu-
tion in Chern-Simons gravity.
However, the presence of the Pontryagin constraint causes issues in the dynam-
ics of black hole perturbations, even if the simple Schwarzschild case is con-
sidered [192]. Indeed, (2.71) imposes an additional condition on the metric per-
turbations yielding an over-constrained system of equations which is eventually
inconsistent. This shortcoming led to the alternative version of the theory, which
is known as dynamical Chern-Simons gravity (first introduced in [179]). In this
case 𝛽 ≠ 0 and one allows for the presence of a standard kinetic term for 𝜃(𝑥)
in the action. Within this setting, the scalar field obeys the differential equation
(2.70) and has a proper dynamical character [140].
Another aspect of Chern-Simons gravity, present in both the dynamical and non-
dynamical versions, is that the C-tensor contains third order derivatives of the
metric. This implies that the theory is fully consistent only in an effective field
theory approach, namely in the limit of small coupling |𝛼2/𝛽| << 1. Actually,
in a perturbative framework at linear order higher derivatives play no role be-
cause they are multiplied by derivatives of 𝜃 , thus forbidding terms linear in the
metric perturbation and its derivatives (if the scalar field is expanded around a
constant value). Moreover, they disappear when restricting to specific solutions,
such as Schwarzschild or FLRW spacetimes. However, third order derivatives
may cause issues in more general settings, e.g. when discussing the initial value
formulation of the theory, where one is forced to resort to the effective field the-
ory framework [193].
Until nowwe considered the purely metric formulation of Chern-Simons gravity,
which is the most studied one in literature, while its alternative metric-affine ver-
sion only received little attention [194]. In [195, 196, 197, 198, 199], the first-order
Chern-Simons theory has been discussed within the Cartan formalism, with a
focus mainly on theoretical aspects, while the derivation of observable effects
has received little attention. The most straightforward generalization of Chern-
Simons gravity to the metric-affine framework would consist in the following
theory

𝑆 = 1
2𝜅2 ∫𝑑4𝑥√−𝑔 (ℛ + 𝛼

8 𝜃(𝑥)𝜀
𝜇𝜈𝜌𝜎ℛ𝛼

𝛽𝜇𝜈ℛ
𝛽𝛼𝜌𝜎 − 𝛽

2∇𝜇𝜃∇
𝜇𝜃 − 𝛽𝑉 (𝜃)) ,

(2.72)
where the independent connection is asymmetric and not metric compatible.
However, as we will see in chapter II, this is not the only possibility nor the
most correct one.



Part II

Holst, Nieh-Yan and
Chern-Simons terms:
projective-invariant

generalization
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In chapter 1, we outlined the features of the most generic pseudo-Riemannian
spacetimes, showing how they allow to consider the connection as a truly inde-
pendent field, without imposing any restriction on it. The importance of project-
ive invariance in metric-affine theories has also been discussed andmotivated. In
this regard, all the topological terms and related gravitational models introduced
in the previous chapters lack in generality, in one way or another.
Indeed, they are considered in literature only by imposing restrictions on the con-
nection (notably metric compatibility) and their projective invariance has never
been discussed before. This is not surprising since these two aspects are some-
how related. Indeed, it is actually inaccurate to analyse projective invariance in
presence of torsion (or nonmetricity) alone, since even starting with vanishing
nonmetricity, one could generate it via a projective transformation.
Specifically, the Holst and Nieh-Yan terms were originally introduced in the lim-
ited context of Einstein-Cartan spacetimes, that is with vanishing nonmetricity.
Neglecting the presence of nonmetricity amounts to select a specific subclass of
manifolds belonging to the general metric-affine ones. This choice may seem ar-
bitrary, especially considering the role of the full metric-affine group in the gauge
theory formulation of gravity. By extending the Holst and Nieh-Yan terms to the
presence of nonmetricity as well, the correspondent modifications of General
Relativity can be framed in the context of the most general metric-affine frame-
work. Moreover, nonmetricity is finding interesting applications in teleparallel
formulations of gravity (Symmetric Teleparallel Gravity) [200], especially in cos-
mological [201] and black hole settings [202].
The inclusion of nonmetricity is not necessarily straightforward and some as-
pects deserve special care. In particular, the on half-shell vanishing and topolo-
gical character are two fundamental properties of the terms we are considering
and must be preserved when allowing for a non-vanishing nonmetricity tensor.
This may either be automatically assured or one might need to modify the defin-
ition of the term in order to restore the spoilt property.
Regarding the Chern-Simons term instead, although a metric-affine formulation
was already discussed to some extent [194, 195, 196, 197, 198, 199], the theory
was mainly studied in purely metric case, where the connection is simply given
by the Levi-Civita one and there is no non-trivial affine structure. However, the
metric-affine version of the Chern-Simons term should be considered closer to a
gauge theory than the purelymetric one [49, 203] since the Chern-Simons term is
constructed using the connection of the corresponding gauge field and it is rather
surprising that the literature on Chern-Simons modified gravity has mainly fo-
cused on the study of its metric version, while the metric-affine formulation has
received only timid attention.
Moreover, a discussion on projective invariance is missing, both for the Chern-
Simons and the Holst and Nieh-Yan terms. Given its relation to the dynamical
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stability of metric-affine theories [34] it seems of paramount importance to ad-
dress this topic. We will be mainly interested in two kind of instabilities (see [33]
for a comprehensive overview of instabilities in modified gravity models).
The first one is known as ghost instability. Its simplest manifestation affects
scalar degrees of freedom and consists of an exponential divergence of the scalar
field perturbation due to complex frequency modes in the solution of the linear-
ized field equation on some given background. Moreover, it can be shown that
the Hamiltonian has a linear dependence on momentum. This in turn implies
that the Hamiltonian is unbounded from below and the system has not a stable
ground state. Another possible source of pathologies, known as Ostrogradski in-
stabilities, is the presence of derivatives of order higher than second in the field
equations. Also in this case, the Hamiltonian is unbounded from below and the
theory is unstable.
Ghosts can be easily spotted by inspecting the action, where a wrong sign4 of the
scalar field’s kinetic term allows for negative values of the frequency’s radicand.
Although higher-order derivatives in the field equations may seem equally easy
to detect, they may be hidden by the presence of auxiliary fields. In simple terms,
one can always introduce a variable defined as the derivative of a field thus re-
ducing the order of the differential equations, giving the deceiving impression
that no higher-order derivatives are present. However, the physically relevant
scenario is always obtained on-shell, where the solution for such auxiliary fields
must be taken into account.
This aspect is crucial when metric-affine theories of gravity are considered. In-
deed, the affine sector usually contains auxiliary variables. In particular, on-half
shell torsion and nonmetricity are often expressed in terms of the other fields
and their derivatives (metric tensor and scalar fields, in the models relevant to
the present discussion). This feature has often led to the misleading conclusion
that first order formulations of gravitational models are automatically deprived
of Ostrogradski instabilities, but as we will see this is not necessarily the case.
This chapter contains part of the original work of this thesis. After briefly discuss-
ing the simplest case of the Holst term, we move to the less trivial Nieh-Yan and
Chern-Simons ones, providing a generalized version of the terms inwhich topolo-
gicity and projective symmetry are ensured. Then, the Holst and Nieh-Yan terms
are considered in Palatini 𝑓 (𝑅) models featuring an Immirzi field. The resulting
gravitational models are a generalization of some models presented in section
2.2.1 which allows to unify some of them up to a rescaling of the Immirzi field.
We provide a detailed discussion on the stability of the models, their reduction
to previously known theories and the dynamical equivalence with scalar-tensor

4With the conventions adopted in this thesis the kinetic termmust have a minus sign to avoid
ghosts.
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theories and with the experimental compatible subclass of DHOST theories.
Next, we focus on the metric-affine version of the Chern-Simons term. After
proposing its topological and projective-invariant generalization, we consider
the simplest non-trivial model with and without a kinetic term for the scalar
field in the action. We derive the field equations at the nonperturbative level
and identify which affine components may be responsible for the arising of third
order derivatives, providing also recipes to guarantee their absence. Finally, we
compute a linearized solution for the connection in terms of the scalar field and
metric perturbation which allows to recast the theory at the perturbative level
as an effective scalar tensor theory. The outcome allows to determine the dy-
namical character of the scalar field in relation to the presence or absence of its
kinetic term in the action.



Chapter 3

Holst and Nieh-Yan terms in presence
of nonmetricity

3.1 The Holst case

Let us start with the simplest case, namely the Holst term. In presence of non-
metricity its definition is formally equivalent to the one provided in section 2.2.1,
i.e.

ℋ ≡ −12𝜀
𝜇𝜈𝜌𝜎ℛ𝜇𝜈𝜌𝜎 . (3.1)

However, now the Riemann tensor is built with the most general affine connec-
tion which is neither symmetric nor metric-compatible. As a result, the metric
field equations obtained from the Holst action are unchanged while the connec-
tion field equation now reads

1
2𝑔

𝜇𝜈𝑄𝜆 + (𝑃𝜇 − 1
2𝑄

𝜇) 𝛿 𝜈𝜆 − 𝑄 𝜇𝜈
𝜆 + 𝑔𝜇𝜈𝑇𝜆 − 𝛿 𝜈𝜆𝑇 𝜇 + 𝑇 𝜈𝜇𝜆 =

= −𝛾0 [𝜀𝛼𝜌𝜇𝜈𝑄𝜌𝜆𝛼 + 𝜀 𝜌𝜇𝜈
𝜆 𝑇𝜌 + 1

2𝜀
𝜇𝜌𝜎

𝜆 𝑇 𝜈𝜌𝜎 ] . (3.2)

It is easy to show that the Holst term as defined above and the field equations
are invariant under projective transformations. Indeed, using (1.52) one has

ℋ → ℋ̃ = −12𝜀
𝜇𝜈𝜌𝜎 (ℛ𝜇𝜈𝜌𝜎 − 2𝑔𝜇𝜈𝜕[𝜌𝜉𝜎]) = −12𝜀

𝜇𝜈𝜌𝜎ℛ𝜇𝜈𝜌𝜎 = ℋ. (3.3)

So that projective symmetry is already included in the model and no further
generalizations are needed. We would also like to check that the on half-shell
vanishing of the Holst term is not spoilt by nonmetricity. To this aim we can
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contract the connection equation with 𝛿𝜆𝜈 , 𝑔𝜇𝜈 and 𝜀 𝜆𝛼𝜈𝜇 , yielding

3𝑃𝜇 − 3
2𝑄𝜇 − 2𝑇𝜇 = 𝛾0

2 𝑆𝜇 , (3.4)

𝑃𝜇 + 1
2𝑄𝜇 + 2𝑇𝜇 = −𝛾02 𝑆𝜇 , (3.5)

𝑆𝜇 = 𝛾0 (6𝑃𝜇 − 2𝑇𝜇) . (3.6)

Now, using a projective transformation, which leaves the above system of equa-
tions invariant, we can impose 𝑇𝜇 = 0. Then, the above equations imply

𝑆𝜇 = 6𝛾0𝑃𝜇 , (3.7)

𝑄𝜇 = 4𝑃𝜇 , (3.8)

(𝛾 20 + 1)𝑃𝜇 = 0. (3.9)

For 𝛾0 ≠ ±𝑖, one has 𝑆𝜇 = 𝑄𝜇 = 𝑃𝜇 = 0 and the equation for the tensorial
components becomes

𝑞𝜈𝜇𝜆 − Ω𝜆𝜇𝜈 = 𝛾0 (𝜀𝜇𝜈𝛼𝜌Ω𝛼 𝜌
𝜆 − 1

2𝜀𝜆𝜇𝛼𝜌 𝑞
𝛼𝜌𝜈 ) , (3.10)

which only has the trivial solution 𝑞𝜇𝜈𝜌 = Ω𝜇𝜈𝜌 = 0, as in the Einstein-Cartan
case. Therefore, the inclusion of the Holst term does not allow for non-trivial
affine structures.
Moreover, the Holst term is still vanishing on half-shell since Γ𝜇𝜈𝜌 = Γ̄𝜇𝜈𝜌 still
implies

ℋ = −𝛾02 𝜀
𝜇𝜈𝜌𝜎ℛ𝜇𝜈𝜌𝜎 = −𝛾02 𝜀

𝜇𝜈𝜌𝜎𝑅𝜇𝜈𝜌𝜎 = 0, (3.11)

which is again vanishing by virtue of the algebraic Bianchi identities. We there-
fore reach the same result as in the Einstein-Cartan case, i.e. one recovers the
theory of General Relativity with the usual Levi-Civita connection.

3.2 The generalized Nieh-Yan term
Things are more complicated when the Nieh-Yan term is considered. Its straight-
forward extension to generic metric-affine spacetimes would be formally equi-
valent to (2.45), i.e.

𝒩 𝒴 ≡ 𝛾0
2 𝜀

𝜇𝜈𝜌𝜎 (12𝑇
𝜆𝜇𝜈 𝑇𝜆𝜌𝜎 −ℛ𝜇𝜈𝜌𝜎) , (3.12)
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but with the Riemann tensor containing both torsion and nonmetricity contribu-
tions. Its decomposition in terms of irreducible components would now read

𝒩 𝒴 = −12∇̄𝜇𝑆
𝜇 + 1

6 (𝑃
𝜇 − 𝑄𝜇) 𝑆𝜇 − 1

2𝜀𝜇𝜈𝜌𝜎𝑞
𝜆𝜇𝜈Ω𝜌 𝜎

𝜆 , (3.13)

from which we immediately see that the presence of nonmetricity spoils the to-
pological character of the Nieh-Yan term. In literature this feature could always
be neglected by simply disregarding nonmetricity from the very beginning (see
[204, 168, 205, 206, 61, 169, 172, 171]).
The other feature we want to ensure is the projective symmetry. We already ob-
served that the Holst term is invariant, so that any violation should come from
the torsion squared term. Indeed, one has that

1
4𝜀

𝜇𝜈𝜌𝜎𝑇 𝜆𝜇𝜈 𝑇𝜆𝜌𝜎 → 1
4𝜀

𝜇𝜈𝜌𝜎 ̃𝑇 𝜆𝜇𝜈 ̃𝑇𝜆𝜌𝜎 = 1
4𝜀

𝜇𝜈𝜌𝜎𝑇 𝜆𝜇𝜈 𝑇𝜆𝜌𝜎 − 𝑆𝜇𝜉 𝜇 , (3.14)

implying the breaking of projective symmetry. Note that the symmetry is vi-
olated even if only special projective transformations are considered, i.e. even
if 𝜉𝜇 = 𝜕𝜇𝜆 for some scalar field 𝜆. Contrary to the spoiling of the topological
character, this result is not related to the presence of nonmetricity, so that the
original Nieh-Yan term violates projective symmetry already in the context of
Einstein-Cartan theory.
We now want to propose a generalization of the Nieh-Yan term, in which addi-
tional contributions are included in its definition acting as counterterms to re-
store both topologicity and projective invariance. The unwanted terms in (3.13)
suggest that a mixed term featuring both torsion and nonmetricity is needed to
recover topologicty. Indeed, the last two terms in (3.13) can be written in the
following way

1
2𝜀

𝜇𝜈𝜌𝜎𝑇 𝜆𝜇𝜈 𝑄𝜌𝜎𝜆 = −16 (𝑃
𝜇 − 𝑄𝜇) 𝑆𝜇 + 1

2𝜀𝜇𝜈𝜌𝜎𝑞
𝜆𝜇𝜈Ω𝜌 𝜎

𝜆 , (3.15)

so that we may consider the inclusion of the latter to take care of topologicity.
Remarkably, under projective transformations one also have

1
2𝜀

𝜇𝜈𝜌𝜎𝑇 𝜆𝜇𝜈 𝑄𝜌𝜎𝜆 → 1
2𝜀

𝜇𝜈𝜌𝜎 ̃𝑇 𝜆𝜇𝜈 𝑄̃𝜌𝜎𝜆 = 1
2𝜀

𝜇𝜈𝜌𝜎𝑇 𝜆𝜇𝜈 𝑄𝜌𝜎𝜆 + 𝑆𝜇𝜉 𝜇 , (3.16)

which precisely cancel the contribution coming from (3.14). Therefore, a gener-
alized Nieh-Yan term defined as

𝒩 𝒴 ∗ = 1
2𝜀

𝜇𝜈𝜌𝜎 (12𝑇
𝜆𝜇𝜈 𝑇𝜆𝜌𝜎 + 𝑇 𝜆𝜇𝜈 𝑄𝜌𝜎𝜆 −ℛ𝜇𝜈𝜌𝜎) , (3.17)
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would be a topological term and it would preserve projective symmetry as well.
However, it turns out that projective symmetry and topologicity are not neces-
sarily related to each other and they can be implemented independently. To see
this, let us instead define the generalized Nieh-Yan term as

𝒩 𝒴 ∗ ≡ 1
2𝜀

𝜇𝜈𝜌𝜎 (𝜆12 𝑇 𝜆𝜇𝜈 𝑇𝜆𝜌𝜎 + 𝜆2 𝑇 𝜆𝜇𝜈 𝑄𝜌𝜎𝜆 −ℛ𝜇𝜈𝜌𝜎) , (3.18)

where we introduced the real parameters 𝜆1 and 𝜆2. The above expression can
be written as

𝒩 𝒴 ∗ = −12∇̄𝜇𝑆
𝜇 + (𝜆1 − 1)

4 𝜀𝜇𝜈𝜌𝜎𝑇 𝜆𝜇𝜈 𝑇𝜆𝜌𝜎 +
(𝜆2 − 1)

2 𝜀𝜇𝜈𝜌𝜎𝑇 𝜆𝜇𝜈 𝑄𝜌𝜎𝜆 , (3.19)

and we have that a projective transformation yields

𝒩 𝒴 ∗ → 𝒩𝒴 ∗ − (𝜆1 − 𝜆2)𝜉 𝜇𝑆𝜇 . (3.20)

Hence, for 𝜆1 = 𝜆2 = 𝜆, the newly defined quantity 𝒩 𝒴 ∗ is projective invari-
ant, despite topologicity being still violated. If in addition we set 𝜆 = 1, then
also the topological character is recovered. Bottom line, one can have projective
symmetry without topologicity but the latter always implies the former. Finally,
let us note that this generalized Nieh-Yan term allows to recover all the already
known terms, as the Holst (𝜆1 = 𝜆2 = 0) or the standard Nieh-Yan (𝜆1 = 1, 𝜆2 = 0)
terms.

𝒩 𝒴 ∗ 𝜆1 𝜆2 𝜆3

Projective symmetry 𝜆2 ℝ\{0} ℝ

Projective symmetry and topologicity 1 1 0

Table 3.1: Values of the parameters featuring the generalized Nieh-Yan term (including
the quadratic nonmetricity term in (3.21)) allowing just projective symmetry or project-
ive symmetry and topologicity simultaneously.

Let us end this section discussing a further possible extension which consists in
including a term quadratic in nonmetricity and considering the quantity

𝒩 𝒴 ∗ + 𝜆3𝜀𝜇𝜈𝜌𝜎𝑄 𝜆𝜇𝜈 𝑄𝜌𝜎𝜆 . (3.21)

In this case, since the Levi-Civita tensor is actually selecting only the tensorial
component of nonmetricity, i.e.

𝜀𝜇𝜈𝜌𝜎𝑄 𝜆𝜇𝜈 𝑄𝜌𝜎𝜆 = 𝜆3𝜀𝜇𝜈𝜌𝜎Ω 𝜆𝜇𝜈 Ω𝜌𝜎𝜆, (3.22)
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and being the latter invariant, the projective symmetry would be also assured.
However, the topological character would be ineluctably lost. Hence, we will
only consider expression (3.18) in the following. All possible cases are summar-
ized in Table 3.1.



Chapter 4

Generalizedmetric-affineChern-Simons
term

Let us consider the generalization of the Chern-Simons term to metric-affine
spacetimes already presented in section 2.2.2. In particular, we are interested
in the metric-affine version of the Pontryagin density,

𝒫 = 𝜀𝜇𝜈𝜌𝜎ℛ𝛼
𝛽𝜇𝜈ℛ

𝛽𝛼𝜌𝜎 , (4.1)

differing from the standard expression (2.63) by the fact that the connection is
now the most general metric-affine connection, endowed with both torsion and
nonmetricity. It is not difficult to show that also in this case one can write

𝒫 = ∇̄𝜇𝒦 𝜇 , (4.2)

where
𝒦 𝜇 = 𝜀𝛼𝛽𝛾𝛿Γ𝜈𝛽𝜇 (𝜕𝛾Γ

𝜇
𝛿𝜈 +

2
3Γ

𝜇
𝛾𝜆Γ𝜆𝛿𝜈) , (4.3)

so that the topological character of the Chern-Simons term is preserved when
passing to the metric-affine framework. On the other hand, applying a projective
transformation yields

𝒫 → 𝒫 = 𝒫 − 𝜀𝜇𝜈𝜌𝜎 (4ℛ̂𝜇𝜈 ∇̄𝜌𝜉𝜎 − 16∇̄𝜇𝜉𝜈 ∇̄𝜌𝜉𝜎) . (4.4)

The resulting breaking of projective symmetry is somehow weakened with re-
spect to the Nieh-Yan case. First, if one restricts to special projective transform-
ations then the Pontryagin density is invariant. Indeed, setting 𝜉𝜇 = 𝜕𝜇𝜆, all
additional terms on the right hand side of (4.4) vanish because of the contrac-
tions with the Levi-Civita tensor. Moreover, even considering the most general
scenario, we can rewrite the parity breaking terms as a boundary term. This can
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be seen considering that the homotetic curvature can be written in terms of the
Weyl vector as

ℛ̂𝜇𝜈 = 𝜕[𝜇𝑄𝜈]. (4.5)

The transformation property (4.4) can then be rewritten as

𝒫 → 𝒫 = 𝒫 + ∇̄𝜇ℬ𝜇 , (4.6)

where
ℬ𝜇 ≡ 𝜀𝜇𝜈𝜌𝜎 (16𝜉𝜈 − 4𝑄𝜈) ∇̄𝜌𝜉𝜎 . (4.7)

Therefore, the Chern-Simons term is invariant up to a boundary term. This is
however not negligible when the coupling 𝜃 is promoted to a pseudo-scalar field,
as in (2.72).
From (4.4) is clear that terms involving the homotetic curvature must be included
to recover projective invariance. Let us consider then the following general ex-
pression

𝒞𝒮 ∗ ≡ 𝜖𝜇𝜈𝜌𝜎 (ℛ𝛼
𝛽𝜇𝜈ℛ

𝛽𝛼𝜌𝜎 + 𝜆1ℛ𝜇𝜈ℛ𝜌𝜎 + 𝜆2 ℛ̂𝜇𝜈ℛ̂𝜌𝜎 + 𝜆3ℛ𝜇𝜈ℛ̂𝜌𝜎) ,
(4.8)

where 𝜆1, 𝜆2 and 𝜆3 are arbitrary real parameters and we included all possible
quadratic combinations of Ricci and homotetic curvature terms. Now, acting
with a projective transformation gives

𝒞𝒮 ∗ → 𝒞𝒮 ∗ = 𝒞𝒮 ∗ − 2𝜀𝜇𝜈𝜌𝜎 [(2 + 8𝜆2 + 𝜆3)ℛ̂𝜌𝜎 ∇̄𝜇𝜉𝜈 + 2(𝜆1 + 2𝜆3)ℛ𝜇𝜈 ∇̄𝜌𝜉𝜎
−2(4 + 𝜆1 + 16𝜆2 + 4𝜆3)∇̄𝜇𝜉𝜈 ∇̄𝜌𝜉𝜎] , (4.9)

so that we need to impose

2 + 8𝜆2 + 𝜆3 = 0, (4.10)
𝜆1 + 2𝜆3 = 0, (4.11)

4 + 𝜆1 + 16𝜆2 + 4𝜆3 = 0. (4.12)

One of the above condition is redundant, while the others give two parameters
in terms of the third one:

𝜆2 =
𝜆1 − 4
16 , (4.13)

𝜆3 = −𝜆12 . (4.14)

Therefore, there is a one parameter family of projectively invariant Chern-Simons
terms.
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Regarding topologicity instead, we can gain some insight by recalling (4.5), which
implies that the term quadratic in the homotetic curvature can be written as a
total divergence as

𝜀𝜇𝜈𝜌𝜎ℛ̂𝜇𝜈ℛ̂𝜌𝜎 = ∇̄𝜇 (𝜀𝜇𝜈𝜌𝜎𝑄𝜈 ∇̄𝜌𝑄𝜎) . (4.15)

The same is not true for terms involving the Ricci tensor, which cannot be recast
in the same form. Therefore, in order to impose topologicity, the parameters 𝜆1
and 𝜆3 must vanish, while 𝜆2 remains arbitrary as long as only the topologicity
is imposed.
Requiring both topologicity and projective symmetry yields

𝜆1 = 𝜆3 = 0, (4.16)

𝜆2 = −14, (4.17)

and the respective generalized Chern-Simons term:

𝒞𝒮 ∗ ≡ 𝜖𝜇𝜈𝜌𝜎 (ℛ𝛼
𝛽𝜇𝜈ℛ

𝛽𝛼𝜌𝜎 − 1
4ℛ̂𝜇𝜈ℛ̂𝜌𝜎) . (4.18)

Summing up, the situation looks more involved than the Nieh-Yan one. Now
topologicity and projective invariance are truly independent and one can have
the former (𝜆1 = 𝜆3 = 0) still violating the latter (𝜆2 ≠ −1/4), or vice versa,
imposing (4.13) and (4.14), but requiring 𝜆1 ≠ 0 and/or 𝜆3 ≠ 0 (see Table 4.1).
This concludes the projective-invariant extension to metric-affine spacetimes of
the parity violating topological terms considered. We will now implement these
terms in specific gravitational models and discuss their properties.

𝒞𝒮 ∗ 𝜆1 𝜆2 𝜆3

Topologicity 0 ℝ\ {−1
4 } 0

Projective symmetry ℝ\{0} 𝜆1−4
16 −𝜆1

2

Both 0 −1
4 0

Table 4.1: Values of the parameters featuring the generalized Chern-Simons term allow-
ing topologicity, projective symmetry or both properties simultaneously.



Chapter 5

Holst term in 𝑓 (𝑅) models

We will now consider concrete applications of the gravitational terms presented
above. Regarding the Holst and Nieh-Yan terms, their linearity in the curvature
tensormakes them relatively easy to deal with. It is therefore possible to consider
them in quite general models, that can then be reduced to simpler ones via ad-
equate limits. Hence, we will consider a generalization of the models presented
in sections 2.2.1, obtained taking both ideas into account simultaneously, namely
introducing the Holst or Nieh-Yan term in Palatini 𝑓 (𝑅) theory and promoting
the Immirzi parameter to a dynamical field.
For the time being we will add the Holst term to the argument of the function 𝑓 ,
in parallel with (2.50). This choice seems more in line with the original purpose
of the Holst term, namely avoiding modifications at the classical level and only
recasting the same theory in a way more suitable for canonical quantization. In
this case, even including the Holst term in the argument of the function 𝑓 , the
presence of the Immirzi field prevents the theory to be equivalent to Palatini 𝑓 (𝑅)
gravity. However, if the latter has to be recovered in the limit 𝛾 (𝑥) → 𝛾0, then
the right action to be considered is:

𝑆 = 1
2𝜅2 ∫𝑑4𝑥√−𝑔 [𝑓 (ℛ + 𝛾ℋ) − 𝑊(𝛾)] , (5.1)

where a potential term for the Immirzi field has been included as well. It is again
convenient to formulate the theory in the Jordan frame. Themethod is analogous
to the one illustrated in section 2.1.1 and 2.2.1 and yields the Jordan frame action

𝑆 = 1
2𝜅2 ∫𝑑4𝑥√−𝑔 [𝜙(ℛ + 𝛾ℋ) − 𝑉 (𝜙) − 𝑊(𝛾)] , (5.2)

where
𝑉 (𝜙) = 𝜙𝜒(𝜙) − 𝑓 (𝜒(𝜙)). (5.3)
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We can now reduce the theory to its effective scalar tensor counterpart, by work-
ing on half-shell. To proceed, we compute the field equations for the connection,

− ∇𝜆 (√−𝑔𝜙𝑔𝜇𝜈) + 𝛿 𝜈𝜆∇𝜌 (√−𝑔𝜙𝑔𝜇𝜌) + √−𝑔𝜙 (𝑔𝜇𝜈𝑇𝜆 − 𝛿 𝜈𝜆 𝑇 𝜇 + 𝑇 𝜈𝜇𝜆 )
− ∇𝜌 (√−𝑔𝛾𝜙𝜀 𝜌𝜇𝜈

𝜆 ) + √−𝑔𝛾𝜙 [𝜀 𝜌𝜇𝜈
𝜆 𝑇𝜌 + 1

2𝜀
𝜇𝜌𝜎

𝜆 𝑇 𝜈𝜌𝜎 ] = 0, (5.4)

and we extract the equations for the vector components:

⎧
⎨
⎩

3 (12𝑄𝜇 − 𝑃𝜇) + 2𝑇𝜇 + 1
2𝛾𝑆𝜇 = 3∇̄𝜇 ln 𝜙

(12𝑄𝜇 + 𝑃𝜇) + 2𝑇𝜇 + 1
2𝛾𝑆𝜇 = 3∇̄𝜇 ln 𝜙

2𝛾 (𝑃𝜇 − 𝑄𝜇) − 4𝛾𝑇𝜇 + 𝑆𝜇 = 6∇̄𝜇𝛾 + 6𝛾 ∇̄𝜇 ln 𝜙.
(5.5)

Subtracting the first two we see that the geometry is always characterized by a
Weyl configuration, i.e.

𝑄𝜇 = 4𝑃𝜇 , (5.6)

so that, both nonmetricity vectors can be set to zero with a projective transform-
ation. Then, the system is solved by

𝑇𝜇 = 3
2𝜙 ∇̄𝜇𝜙 + 3𝛾

2(𝛾 2 + 1)∇̄𝜇𝛾 , (5.7)

𝑆𝜇 = − 6
(𝛾 2 + 1)∇̄𝜇𝛾 . (5.8)

Substituting back into the connection equation yields the equation for the rank-3
tensor components

𝜙 (Ω𝜆𝜇𝜈 − 𝑞𝜈𝜇𝜆) = 𝛾 (12𝜀
𝜌𝜎

𝜆𝜇 𝑞𝜈𝜌𝜎 − 𝜀𝜌𝜎𝜇𝜈Ω𝜌𝜎𝜆) , (5.9)

which still implies the vanishing of the tensor parts. Substituting back into the
action, the effective second order theory is

𝑆 = 1
2𝜅2 ∫𝑑4𝑥√−𝑔 [𝜙𝑅 + 3

2𝜙 ∇̄𝜇𝜙∇̄
𝜇𝜙 − 𝜙

2 ∇̄𝜇𝜓 ∇̄
𝜇𝜓 − 𝑉 (𝜙) − 𝑊(𝜓)] , (5.10)

where we defined the scalar field 𝜓 as

𝜓(𝑥) ≡ √3 sinh−1 𝛾 (𝑥). (5.11)

The metric and Immirzi field equations in vacuum reduce to

𝐺𝜇𝜈 = 1
𝜙 (∇̄𝜇∇̄𝜈𝜙 − 𝑔𝜇𝜈2𝜙) − 3

2𝜙2𝐾𝜇𝜈(𝜙) + 1
2𝐾𝜇𝜈(𝜓 ) − 1

2𝜙 (𝑉 (𝜙) + 𝑊(𝜓)) ,
(5.12)

2𝜓 = −∇̄𝜇𝜓 ∇̄𝜇ln𝜙 + 1
𝜙
𝑑𝑊
𝑑𝜓 , (5.13)
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where2 = ∇̄𝜇∇̄𝜇 is the d’Alembert operator built from the Levi-Civita connection
and

𝐾𝜇𝜈(⋅) ≡ ∇̄𝜇(⋅)∇̄𝜈(⋅) − 1
2𝑔𝜇𝜈 ∇̄

𝜌(⋅)∇̄𝜌(⋅). (5.14)

Regarding the scalaron, the structural equation is modified with respect to the
standard Palatini 𝑓 (𝑅) case, and it now reads

2𝑉 (𝜙) − 𝜙 𝑑𝑉𝑑𝜙 = −2𝑊(𝛾). (5.15)

The main consequence of this is that the scalaron is not forced anymore to the
constant configuration (in vacuum) but rather it can acquire a dynamics sourced
by a non-trivial behavior of the Immirzi field.
The latter is a well-behaved dynamical degree of freedom and the theory is safe
from ghosts. This can be appreciated in the Einstein frame defined by the con-
formal rescaling 𝑔̃𝜇𝜈 = 𝜙 𝑔𝜇𝜈 (see [B103, 207] for details). In the Einstein frame
the nonminimal coupling of 𝜙 with the Ricci scalar is removed along with its
kinetic term, and we can just look at the kinetic term for the Immirzi field which
takes the standard form

− 1
2𝑔̃

𝜇𝜈 ∇̄𝜇𝜓 ∇̄𝜈𝜓 , (5.16)

with the correct sign.
Let us end this section comparing these results with the outcome obtained adding
the Holst term outside the function 𝑓 as in

𝑆 = 1
2𝜅2 ∫𝑑4𝑥√−𝑔 [𝑓 (ℛ) + 𝛾ℋ − 𝑊(𝛾)] , (5.17)

In this case, with similar steps we would obtain the following effective theory

𝑆 = 1
2𝜅2 ∫𝑑4𝑥√−𝑔 [𝜙𝑅 + 3

2
𝜙

𝜙2 + 𝛾 2 (∇̄𝜇𝜙∇̄
𝜇𝜙 − ∇̄𝜇𝛾 ∇̄𝜇𝛾) +

3𝛾
𝜙2 + 𝛾 2 ∇̄𝜇𝜙∇̄

𝜇𝛾
−𝑉 (𝜙) − 𝑊(𝛾)] . (5.18)

As for the models with 𝛾 = 𝛾0 discussed in section 2.2.1, the two theories differ.
However, the presence of the Immirzi field now allows for a rescaling of the latter
that can be used to transform one model into the other. Indeed, if we define a
new Immirzi field by

̃𝛾 = 𝜙𝛾 , (5.19)

it is trivial to show that (5.10) computed in 𝛾 = ̃𝛾/𝜙 is equivalent to (5.18) eval-
uated at 𝛾 = ̃𝛾 . Therefore, the framework in which the Immirzi parameter is
promoted to a dynamical field offers a possibility to reconcile the two models
which is otherwise unavailable for a constant Immirzi parameter. The price to
pay is a more complicated form of the potentials which are no more separable.



Chapter 6

Generalized Nieh-Yan term in 𝑓 (𝑅)
models

Let us consider now an extension of Palatini 𝑓 (𝑅) gravity as a specific implement-
ation of the generalized Nieh-Yan term introduced in section 3.2. Following the
same argument that led us to (5.1), we may now consider adding the Nieh-Yan
term outside the function 𝑓 , as in 𝑓 (ℛ) + 𝒩 𝒴 ∗, and promoting the Immirzi
parameter to a scalar field, adding its own potential term as well. However, we
can actually start from the model

𝑆 = 1
2𝜅2 ∫𝑑4𝑥√−𝑔 𝑓 (ℛ,𝒩 𝒴 ∗), (6.1)

with 𝑓 a general function of two variables. Now, if the following holds

𝜕2𝐹
𝜕ℛ2

𝜕2𝐹
𝜕𝒩 𝒴 ∗2 − 𝜕2𝐹

𝜕ℛ𝜕𝒩 𝒴 ∗ ≠ 0, (6.2)

we can formulate the theory in the Jordan frame extending the procedure adop-
ted in the previous sections to the case of a function with two variables, as it is
commonly used in other contexts (see e.g. [208]). Let us introduce the scalar-
tensor representation defined by

𝜙 ≡ 𝜕𝐹
𝜕ℛ , (6.3)

𝛾 ≡ 𝜕𝐹
𝜕𝒩 𝒴 ∗ , (6.4)

leading to the following action

𝑆 = 1
2𝜅2 ∫𝑑4𝑥√−𝑔 [𝜙ℛ + 𝛾𝒩 𝒴 ∗ − 𝑊(𝜙, 𝛾 )] , (6.5)
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where the potential is given by

𝑊(𝜙, 𝛾 ) ≡ 𝜙ℛ(𝜙, 𝛾 ) + 𝛾𝒩 𝒴 ∗(𝜙, 𝛾 ) − 𝑓 (𝜙, 𝛾 ). (6.6)

In this way, we are able to generate in a natural way an Immirzi scalar field, as one
of the scalar degrees of freedom emerging from the Jordan frame representation
(6.5). This procedure, moreover, offers a viable mechanism able to produce the
interaction term𝑊(𝜙, 𝛾 ) instead of introducing it by hand in the action as in (5.1).
Now, varying (6.5) with respect to the connection we get

− ∇𝜆 (√−𝑔𝜙𝑔𝜇𝜈) + 𝛿 𝜈𝜆∇𝜌 (√−𝑔𝜙𝑔𝜇𝜌) + √−𝑔𝜙 (𝑔𝜇𝜈𝑇𝜆 − 𝛿 𝜈𝜆 𝑇 𝜇 + 𝑇 𝜈𝜇𝜆 )
− ∇𝜌 (√−𝑔𝛾𝜀 𝜌𝜇𝜈

𝜆 ) + √−𝑔𝛾 [𝜀 𝜌𝜇𝜈
𝜆 𝑇𝜌 + 1

2𝜀
𝜇𝜌𝜎

𝜆 𝑇 𝜈𝜌𝜎 − 𝜆2
2 𝜀 𝜈𝜌𝜎

𝜆 𝑇 𝜇𝜌𝜎

+𝜀𝜇𝜈𝜌𝜎 ((𝜆1 −
𝜆2
2 ) 𝑇𝜆𝜌𝜎 + 𝜆2 𝑄𝜌𝜎𝜆)] = 0, (6.7)

from which one can extract the equations for the four vector components, i.e.

⎧⎪⎪
⎨⎪⎪
⎩

(𝜆1 − 𝜆2)𝑆𝜇 = 0
𝑄𝜇 − 4𝑃𝜇 + 𝛾

𝜙 (𝜆1 − 𝜆2)𝑆𝜇 = 0
𝑄𝜇 − 𝑃𝜇 + 2𝑇𝜇 + 𝛾

2𝜙 (1 − 𝜆1)𝑆𝜇 = 3∇̄𝜇 ln 𝜙
(1 − 𝜆2)(𝑄𝜇 − 𝑃𝜇) + 2(1 − 𝜆1)𝑇𝜇 − 𝜙

2𝛾 𝑆𝜇 = 3∇̄𝜇 ln 𝛾

. (6.8)

From the first two conditions we see that the system is always characterized by
Weyl geometry configurations, namely by 𝑄𝜇 = 4𝑃𝜇 . Therefore, we can rewrite
the system as

⎧⎪
⎨⎪
⎩

(𝜆1 − 𝜆2)𝑆𝜇 = 0
𝑄𝜇 = 4𝑃𝜇
3𝑃𝜇 + 2𝑇𝜇 + 𝛾

2𝜙 (1 − 𝜆1)𝑆𝜇 = 3∇̄𝜇 ln 𝜙
3(1 − 𝜆2)𝑃𝜇 + 2(1 − 𝜆1)𝑇𝜇 − 𝜙

2𝛾 𝑆𝜇 = 3∇̄𝜇 ln 𝛾

. (6.9)

Now, before moving on to compute the solution of the system, let us take care
of the tensorial components of torsion and nonmetricity. The corresponding
equation is obtained from the connection equation using (6.9). After some ma-
nipulations we get

𝜙
𝛽 (Ω𝜆𝜇𝜈 − 𝑞𝜈𝜇𝜆) = 1

2𝜀
𝜌𝜎

𝜆𝜇 𝑞𝜈𝜌𝜎 −
𝜆2
2 𝜀𝜌𝜎𝜆𝜈 𝑞𝜇𝜌𝜎+

+ 𝜀𝜌𝜎𝜇𝜈 ((𝜆1 −
𝜆2
2 ) 𝑞𝜆𝜌𝜎 + (𝜆2 − 1)Ω𝜌𝜎𝜆) .

(6.10)
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Then, symmetrizing on the indices 𝜇, 𝜈 we can solve the nonmetricity 3-rank
tensor in terms of the torsional analog as

𝜙 Ω𝜆𝜇𝜈 = 𝜙 𝑞(𝜈𝜇)𝜆 +
𝛽(1 − 𝜆2)

2 𝜀𝜌𝜎𝜆(𝜇 𝑞𝜈)𝜌𝜎 . (6.11)

The latter, inserted back in (6.10) leads to the trivial solution for the tensor modes
Ω𝜆𝜇𝜈 = 𝑞𝜈𝜇𝜆 = 0. In the following, therefore, we can only focus on the purely
vector modes.

6.1 Projective symmetry breaking case
Going back to (6.9), we see that the structure of the solutions crucially depends
on the values of the parameters 𝜆1 and 𝜆2. Indeed, when projective invariance is
explicitly broken, as it occurs for 𝜆1 ≠ 𝜆2, we are compelled to set 𝑆𝜇 = 0 and the
general solution is displayed by

⎧⎪⎪
⎨⎪⎪
⎩

𝑆𝜇 = 0
𝑄𝜇 = 4𝑃𝜇
𝑃𝜇 = 1

𝜆1−𝜆2 ∇̄𝜇 ln 𝛽 + 𝜆1−1
𝜆1−𝜆2 ∇̄𝜇 ln 𝜙

𝑇𝜇 = −3
2

1
𝜆1−𝜆2 ∇̄𝜇 ln 𝛽 − 3

2
𝜆2−1
𝜆1−𝜆2 ∇̄𝜇 ln 𝜙

𝑞𝜌𝜇𝜈 = Ω𝜌𝜇𝜈 = 0

. (6.12)

Let us now consider the expression of 𝒩 𝒴 ∗ written in terms of its vector com-
ponents, i.e.

𝒩 𝒴 ∗ = −12∇̄𝜇𝑆
𝜇 − (1 − 𝜆1)

3 𝑆𝜇𝑇 𝜇 −
(1 − 𝜆2)

2 𝑆𝜇𝑃𝜇 . (6.13)

We see that, even if the projective symmetry is broken, the solution 𝑆𝜇 = 0 re-
markably implies that the generalized Nieh-Yan term is identically vanishing on
half-shell. In other words, the affine structure of the theory is such that terms vi-
olating projective invariance are harmless along the dynamics. This constitutes
a counter-example to the results derived in [35] in the context of Ricci based
gravity theories.
The absence of instabilities can be further appreciated by looking at the effective
scalar tensor action stemming from (6.5), when (6.12) are plugged in it. Explicit
calculations lead to

𝑆 = 1
2𝜅2 ∫𝑑4𝑥√−𝑔 [𝜙𝑅 + 3

2𝜙 ∇̄𝜇𝜙∇̄
𝜇𝜙 − 𝑊(𝜙, 𝛽)] , (6.14)
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which resembles the form of a Palatini 𝑓 (𝑅) theory, with a potential depending
on two scalar fields. In particular, we see that in this case the equation for the
Immirzi field is simply given by

𝜕𝑊 (𝜙, 𝛽)
𝜕𝛽 = 0, (6.15)

which actually fixes the form of the Immirzi field in terms of the scalaron 𝜙, i.e.
𝛽 = 𝛽(𝜙). Then, including also matter contributions, it can be easily verified that
the variation of (6.14) with respect to 𝜙, combined with the trace of the equation
for the metric field, results in the canonical structural equation featuring Palatini
𝑓 (𝑅) theories [48], i.e.

[2𝑊 (𝜙, 𝛽) − 𝜙 𝜕𝑊 (𝜙, 𝛽)
𝜕𝜙 ] |

𝛽=𝛽(𝜙)
= 𝜅2𝑇 , (6.16)

which shows that the dynamics of the scalaron 𝜙 is frozen as well, and completely
determined by the trace of the stress-energy tensor of matter. Conditions (6.15)
and (6.16) then establish that the scalar fields 𝜙 and 𝛽 are not truly propagating
degrees of freedom, and reduce to constants in vacuum, where the theory is
stable and the breaking of projective invariance does not lead to instabilities as
in [35].

6.2 Projective invariant case
Let us go back to (6.9) and consider the projective invariant case, i.e. 𝜆1 = 𝜆2 ≡ 𝜆.
Now, we have at our disposal the projective invariance to get rid of one vector
degree, which can be eliminated by properly setting the vector 𝜉𝜇 . We can decide,
for instance, to set 𝜉𝜇 = −1

2𝑃𝜇 , in order to deal in (6.9) only with torsion1. We
obtain then:

⎧⎪
⎨⎪
⎩

𝑄𝜇 = 4𝑃𝜇 = 0
𝑆𝜇 = 6𝛽(1−𝜆)

𝛽2(1−𝜆)2+𝜙2 ∇̄𝜇𝜙 − 6𝜙
𝛽2(1−𝜆)2+𝜙2 ∇̄𝜇𝛽

𝑇𝜇 = 3
2

𝜙
𝛽2(1−𝜆)2+𝜙2 ∇̄𝜇𝜙 + 3

2
𝛽(1−𝜆)

𝛽2(1−𝜆)2+𝜙2 ∇̄𝜇𝛽
𝑞𝜌𝜇𝜈 = Ω𝜌𝜇𝜈 = 0

. (6.17)

We remark that while in (6.12) the affine structure is strictly fixed, leading to the
presence of torsion and nonmetricity, in (6.17), as a matter of fact, we could have

1For the sake of clarity we omit the tilde notation for transformed quantities.
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chosen 𝜉𝜇 = 𝑇𝜇
3 and retained the nonmetricity vector 𝑃𝜇 instead of the torsion

trace. In this case we would obtain

⎧⎪⎪
⎨⎪⎪
⎩

𝑇𝜇 = 0
𝑄𝜇 = 4𝑃𝜇
𝑆𝜇 = 6𝛽(1−𝜆)

𝛽2(1−𝜆)2+𝜙2 ∇̄𝜇𝜙 − 6𝜙
𝛽2(1−𝜆)2+𝜙2 ∇̄𝜇𝛽

𝑃𝜇 = 𝜙
𝛽2(1−𝜆)2+𝜙2 ∇̄𝜇𝜙 + 𝛽(1−𝜆)

𝛽2(1−𝜆)2+𝜙2 ∇̄𝜇𝛽
𝑞𝜌𝜇𝜈 = Ω𝜌𝜇𝜈 = 0

. (6.18)

Such a flexibility in the specific representation of the theory, however, does not
reflect in a dynamical vagueness, and the proper degrees of freedom can be un-
ambiguously identified.
Indeed, both choices lead to the same effective action, which reads

𝑆 = 1
2𝜅2 ∫𝑑4𝑥√−𝑔 [𝜙𝑅 + 3𝜙

2(𝛽2(1 − 𝜆)2 + 𝜙2) (∇̄𝜇𝜙∇̄
𝜇𝜙 − ∇̄𝜇𝛽∇̄𝜇𝛽

+2𝛽(1 − 𝜆)
𝜙 ∇̄𝜇𝜙∇̄𝜇𝛽) − 𝑊(𝜙, 𝛽)] , (6.19)

where the mixing term ∇̄𝜇𝜙∇̄𝜇𝛽 can be always reabsorbed by the transformation2

𝜓 ≡ 𝛽𝜙𝜆−1, which puts the action in the diagonal form:

𝑆 = 1
2𝜅2 ∫𝑑4𝑥√−𝑔 [𝜙𝑅 + 3

2𝜙 ∇̄𝜇𝜙∇̄
𝜇𝜙 − 3𝜙

2
1

𝜙2𝜆 + (1 − 𝜆)2𝜓 2 ∇̄𝜇𝜓 ∇̄
𝜇𝜓 − 𝑉 (𝜙, 𝜓 )] ,

(6.20)
where we redefined 𝑉 (𝜙, 𝜓 ) = 𝑊(𝜙, 𝜓𝜙1−𝜆). It is clear, therefore, that we expect
in general the Immirzi field to be a well-behaved dynamical degree of freedom.
To check that, one can perform the conformal transformation already introduced
in the previous section, i.e. 𝑔̃𝜇𝜈 = 𝜙 𝑔𝜇𝜈 , leading to the Einstein frame. As in the
Holst case the nonminimal coupling of 𝜙 with the Ricci scalar and its kinetic term
are removed, leaving just the kinetic term for the Immirzi field, which reads:

− 3
2

𝑔̃𝜇𝜈 ∇̄𝜇𝜓 ∇̄𝜈𝜓
𝜙2𝜆 + (1 − 𝜆)2𝜓 2 . (6.21)

Now, since the inequality 𝜙2𝜆 + (1− 𝜆)2𝜓 2 > 0 holds irrespective of the values of
𝜙, 𝜓 and 𝜆, (6.21) has always the correct sign and no ghost instability arises.

2We see that in the special case of 𝜆 = 1, when also topologicity is restored, no redefinition
for the Immirzi field is required and his kinetic term simply boils down to − 3

2𝜙 (∇𝛽)2.
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6.3 Recovering Einstein-Cartan models

In this section we want to make contact with previous models studied in literat-
ure, where the original Nieh-Yan term (eq. (2.45)) has been analyzed in Einstein-
Cartan spacetimes, i.e. in absence of nonmetricity. One might expect that the
sector of the theory to be considered is the projectively violating one identified
by 𝑄𝜇𝜈𝜌 = 0, 𝜆1 = 1 and 𝜆2 = 0. However, if we insert these conditions into (6.9),
we find

⎧
⎨
⎩

𝑆𝜇 = 0
𝑇𝜇 = 3

2𝜙 ∇̄𝜇𝜙
∇̄𝜇𝛽 = 0,

(6.22)

which is just a particular subset of solutions for the models violating projective
invariance. Now, however, we are compelled to restrict to a constant Immirzi
parameter, and by virtue of (6.15) the last one of the above conditions simply
implies

𝜕𝜇𝛽 = 𝜕𝛽
𝜕𝜙 𝜕𝜇𝜙(𝑇 ) = 0, (6.23)

which for a generic 𝑇 ≠ 0 is satisfied if 𝜕𝛽/𝜕𝜙 = 0, that is to say whenever the
potential𝑊(𝜙, 𝛽) does not depend on 𝛽 . This requirement eliminates the Immirzi
parameter from (6.14) and fully restores the equivalence of the theory with the
Palatini 𝑓 (𝑅) gravity.
Instead, if we want to properly replicate the Einstein-Cartan structure of [204,
168, 205, 206, 61, 169, 172, 171], it is necessary to implement the condition of
vanishing nonmetricity directly into the action with a Lagrange multiplier, i.e.

𝑆𝐸𝐶𝑔 = 1
2𝜅2 ∫𝑑4𝑥√−𝑔 [𝐹(ℛ,𝒩 𝒴 ∗) + 𝑙𝜌𝜇𝜈𝑄𝜌𝜇𝜈] , (6.24)

where 𝑙𝜌𝜇𝜈 = 𝑙𝜌𝜈𝜇 . In so doing we are not forcing 𝑆𝜇 = 0 because of the ap-
pearance of traces of 𝑙𝜌𝜇𝜈 in (6.9). Indeed, varying with respect to the Lagrange
multiplier we get the condition of vanishing nonmetricity, 𝑄𝜌𝜇𝜈 = 0, which, sub-
stituted into (6.9) yields

⎧⎪⎪
⎨⎪⎪
⎩

𝑞𝜇 = 𝛽
2 (𝜆1 − 𝜆2)𝑆𝜇

𝑝𝜇 = −1
2𝑞𝜇

𝑆𝜇 = 6𝛽(1−𝜆1)
𝛽2(1−𝜆1)2+𝜙2 ∇̄𝜇𝜙 − 6𝜙

𝛽2(1−𝜆1)2+𝜙2 ∇̄𝜇𝛽
𝑇𝜇 = 3

2
𝜙

𝛽2(1−𝜆1)2+𝜙2 ∇̄𝜇𝜙 + 3
2

𝛽(1−𝜆1)
𝛽2(1−𝜆1)2+𝜙2 ∇̄𝜇𝛽

, (6.25)
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where the traces 𝑞𝜇 ≡ 𝑙 𝜌𝜇 𝜌 and 𝑝𝜇 ≡ 𝑙𝜌𝜇𝜌 are completely solved in terms of the
axial vector 𝑆𝜇 . Then, results of [204, 168, 205, 206, 61, 169, 172, 171] are simply
obtained3 by setting 𝜆1 = 1.

6.4 Dynamical Immirzi models and DHOST
equivalence

In this sectionwewill focus on the projective invariant case, inwhich the Immirzi
field retains its dynamical character and it is not frozen by the dynamics. For
𝜆1 = 𝜆2 = 𝜆, the metric and scalar fields equations read

̄𝐺𝜇𝜈 = 𝜅2
𝜙 𝑇𝜇𝜈 + 1

𝜙 (∇̄𝜇∇̄𝜈 − 𝑔𝜇𝜈2) 𝜙 − 3
2𝜙2 ∇̄𝜇𝜙∇̄𝜈𝜙 + 3

2
∇̄𝜇𝜓 ∇̄𝜈𝜓

𝜙2𝜆 + (1 − 𝜆)2𝜓 2

+ 1
2𝑔𝜇𝜈 (

3(∇̄𝜙)2
2𝜙2 − 3

2
(∇̄𝜓 )2

𝜙2𝜆 + (1 − 𝜆)2𝜓 2 − 𝑉 (𝜙, 𝜓 )
𝜙 ) , (6.26)

2𝑉 (𝜙, 𝜓 ) − 𝜙 𝜕𝑉 (𝜙, 𝜓 )𝜕𝜙 + 3𝜆𝜙2𝜆+1

(𝜙2𝜆 + (1 − 𝜆)2𝜓 2)2
(∇̄𝜓 )2 = 𝜅2𝑇 , (6.27)

2𝜓 − (1 − 𝜆)2𝜓
𝜙2𝜆 + (1 − 𝜆)2𝜓 2 (∇̄𝜓 )

2+

(1 − 2𝜆𝜙2𝜆
𝜙2𝜆 + (1 − 𝜆)2𝜓 2) ∇̄𝜇 ln 𝜙∇̄

𝜇𝜓 = 𝜕𝑉 (𝜙, 𝜓 )
3𝜕𝜓 , (6.28)

where (6.27) is obtained in analogy with the structural equation (2.23), featuring
standard Palatini 𝑓 (𝑅) gravity. From that equation we see that the scalaron 𝜙
can be algebraically solved in terms of the Immirzi field and its kinetic term 𝑋 ≡
(∇̄𝜓 )2, i.e.

𝜙 = 𝜙(𝜓 , 𝑋 , 𝑇 ), (6.29)

so that we are left with an only propagating degree of freedom, the Immirzi field.
Moreover, equation (6.29) suggests an intriguing analogy with the so-called De-
generate Higher-Order Scalar-Tensor (DHOST) theories [44, 209], where higher-
order derivatives of the scalar field in the action do not actually lead to dynamical
instabilities, by virtue of some degeneracy conditions on the kinetic matrix. An
important subclass of DHOST theories is the one in agreement with the absence

3Obviously, the parameter 𝜆2 does not appear at all in the expressions for the vectors, since
it is related to nonmetricity in the expression of 𝒩 𝒴 ∗.
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of graviton decay and the experimental constraint on the speed of gravitational
waves [210], described by the action

𝑆𝐷𝐻𝑂𝑆𝑇 = 1
2𝜅 ∫ 𝑑4𝑥√−𝑔 [𝐹0 + 𝐹12𝜑 + 𝐹2𝑅 + 6𝐹 22𝑋

𝐹2
𝜑𝜇𝜑𝜈𝜑𝜇𝜆𝜑𝜆𝜈 ] , (6.30)

where 𝜑𝜇 ≡ ∇̄𝜇𝜑, 𝜑𝜇𝜈 ≡ ∇̄𝜇∇̄𝜈𝜑, and 𝐹0, 𝐹1, 𝐹2 are functions of the kinetic term
𝑋 ≡ 𝜑𝜇𝜑𝜇 . In this regard, then, consider the Nieh-Yan model in vacuum (𝑇 = 0),
identified by 𝜆 = 1 and the condition 𝜕𝑉/𝜕𝜓 = 0. In this case equation (6.29)
simply reads 𝜙 = 𝜙(𝑋). Direct substitution of the latter into (6.20) yields the
equivalence at the Lagrangian level with (6.30), upon identification of the DHOST
scalar field 𝜑 with the Immirzi field and considering the following functional
choices:

𝐹0 = −𝑉 (𝜙(𝑋)) − 3𝑋
2𝜙(𝑋) , (6.31a)

𝐹1 = 0, (6.31b)
𝐹2 = 𝜙(𝑋). (6.31c)

In addition, the requirement that the field equations stemming from (6.30) and
(6.20) be equivalent, leads to the additional condition

𝑋 − 𝜙(𝑋)
𝜙𝑋 (𝑋) ≠ 0, (6.32)

which rules out the linear case 𝜙(𝑋) ∝ 𝑋 . Moreover, we note that for the subclass
(6.30), the degeneracy condition preventing the arising of Ostrogradsky instabilit-
ies simply reads 𝐹2(𝑋) ≠ 0, which, in our case, is consistent with the requirement
𝜙 ≠ 0, generally holding in 𝑓 (𝑅) frameworks.
Finally, as for the Holst term, also in Nieh-Yan models the Immirzi field allows
for a close analogy between the theory just presented and the alternative 𝑓 (ℛ +
𝛾𝒩 𝒴 ∗) possibility. This time, one has to consider the reparametrization

̃𝛾 = 𝛾
𝜙 , (6.33)

which, applied to the effective scalar tensor action of the 𝑓 (ℛ) + 𝛾𝒩 𝒴 model,
allows to recover the equations stemming from the 𝑓 (ℛ + 𝛾𝒩 𝒴) theory.



Chapter 7

Projective invariantmetric-affineChern-
Simons gravity

In contrast to the Holst and Nieh-Yan terms, the Pontryagin density featuring
the Chern-Simons term is quadratic in the curvature tensor. This constitutes the
main difficulty in dealing with Chern-Simons gravity, especially in the metric-
affine framework where the presence of affine contributions makes the theory
even more involved. For this reason, we will consider a simpler implementation
compared to the previous ones, without adopting any 𝑓 (𝑅)-like extensions. The
simplest model featuring the generalization of Chern-Simons term presented in
section 4 is obtained by including it in the Hilbert-Palatini first order action of
General Relativity as

𝑆 = 1
2𝜅2 ∫𝑑4𝑥√−𝑔 (ℛ + 𝛼

8 𝜃(𝑥)𝜀
𝜇𝜈𝜌𝜎 (ℛ𝛼

𝛽𝜇𝜈ℛ
𝛽𝛼𝜌𝜎 − 1

4ℛ̂𝜇𝜈 ℛ̂𝜌𝜎 ) −
𝛽
2∇𝜇𝜃∇

𝜇𝜃) .
(7.1)

Given the topological character of the additional term, the coupling can be pro-
moted to a (pseudo) scalar field 𝜃(𝑥) in order to include non-trivial modifications
in the dynamics. In analogy with the metric case, two real parameters 𝛼 and 𝛽
feature the action. Dimensional analysis of (7.1) suggests that their dimension
together with the one of the scalar field must be given by the following powers
of a length:

[𝛼] = 𝐿𝐴, [𝜃] = 𝐿2−𝐴, [𝛽] = 𝐿2𝐴−4, (7.2)

with 𝐴 an arbitrary constant. Note that one of the two parameters is redundant.
For instance, 𝛼 can always be reabsorbed in the definition of 𝜃 by performing
the rescaling 𝜃 → 𝜃/𝛼 and 𝛽 → 𝛼2𝛽 . This amounts to set 𝐴 = 0 and work with
[𝜃] = 𝐿2 and [𝛽] = 𝐿−4, as we will do in most of chapter 10.
In the action (7.1) we also included a standard kinetic term for the pseudoscalar
field. However we want to stress that this is not strictly necessary. We remind



Connection equation and dynamical instabilities 61

the reader to section 2.2.2 for a discussion on the difference between dynamical
and non-dynamical Chern-Simons gravity in the metric formalism, where only
the former is considered a viable theory in literature. Regarding the metric-affine
formalism addressed here instead, both possibilities will be taken under consid-
eration, allowing for arbitrary values of 𝛽 , including also the 𝛽 = 0 case. We will
soon show that in this case the pseudoscalar field has dynamical character even
without its kinetic term in the action, implying the absence of the shortcomings
affecting the metric case.

7.1 Connection equation and dynamical in-
stabilities

Let us now outline the role of the independent connection in this gravitational
model. Varying the action with respect to the connection we obtain

− ∇𝜆 (√−𝑔𝑔𝜇𝜈) + 𝛿 𝜈𝜆∇𝜌 (√−𝑔𝑔𝜇𝜌) + √−𝑔 (𝑔𝜇𝜈𝑇 𝜏𝜆𝜏 − 𝛿 𝜈𝜆 𝑇
𝜏𝜇𝜏 + 𝑇 𝜈𝜇𝜆 ) =

= 𝛼
2√−𝑔 𝜀

𝛼𝛽𝛾𝜈 (ℛ𝜇
𝜆𝛽𝛾 −

1
4𝛿

𝜇
𝜆 ℛ̂𝛽𝛾 ) ∇𝛼𝜃. (7.3)

We immediately see that the connection field equations are more complex com-
pared to the other theories considered so far. In particular, now we are facing a
non-linear partial differential equation in Γ𝜇𝜈𝜌 . For constant 𝜃(𝑥) the right hand
side vanishes and we recover the standard equation (Cf. eq. (1.77)), according
to the topological character of the Chern-Simons modification. The equations
for the vector components of torsion and nonmetricity can be extracted with the
usual contractions of (7.3), resulting in

3𝑃𝜇 − 3
2𝑄𝜇 − 2𝑇𝜇 = 𝛼

2 (𝜀𝛼𝛽𝛾𝛿ℛ𝜇𝛽𝛾𝛿 +
1
4𝜀

𝛼𝛽𝛾𝜇 ℛ̂𝛽𝛾 ) ∇𝛼𝜃, (7.4)

𝑃𝜇 + 1
2𝑄𝜇 + 2𝑇𝜇 = 𝛼

2 (𝜀𝛼𝛽𝛾𝛿ℛ𝛽𝜇𝛾𝛿 +
1
4𝜀

𝛼𝛽𝛾𝜇 ℛ̂𝛽𝛾 ) ∇𝛼𝜃, (7.5)

𝑆𝜇 = −𝛼 (𝛿𝜌𝜇ℛ −ℛ𝜌𝜇 −ℛ𝜌𝜎𝜇𝜎 ) ∇𝜌𝜃 . (7.6)

The equations for the tensorial parts are instead given by

𝑞𝜈𝜇𝜆 − Ω𝜆𝜇𝜈 = 2
3 (𝑇𝜇𝑔𝜈𝜆 − 𝑇𝜈𝑔𝜇𝜆) − 1

6𝜀𝜈𝜇𝜆𝜎𝑆
𝜎+

− 1
9 (𝑔𝜇𝜈 (2𝑄𝜆 + 𝑃𝜆) − 𝑔𝜈𝜆 (4𝑄𝜇 − 7𝑃𝜇) − 𝑔𝜇𝜆 (−12𝑄𝜈 + 2𝑃𝜈))

+ 𝛼
2 𝜀𝛼𝛽𝛾𝜈 (ℛ𝜇𝜆𝛽𝛾 −

1
4𝑔𝜇𝜆ℛ̂𝛽𝛾 ) ∇𝛼𝜃.

(7.7)
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The contraction of (7.3) with 𝛿𝜆𝜇 yields the identity 0 = 0 stemming from the
projective invariance. The latter is present by construction and allows to sim-
plify the equations by setting 𝑇𝜇 = 0. Taking this into account, summing and
subtracting the first two vectorial equations yields

4𝑃𝜇 − 𝑄𝜇 = 𝛼 (𝜀𝛼𝛽𝛾𝛿ℛ(𝜇𝛽)𝛾𝛿 +
1
4𝜀

𝛼𝛽𝛾𝜇 ℛ̂𝛽𝛾 ) ∇𝛼𝜃, (7.8)

𝑃𝜇 − 𝑄𝜇 = 𝛼𝜀𝛼𝛽𝛾𝛿ℛ[𝜇𝛽]𝛾𝛿∇𝛼𝜃, (7.9)

𝑆𝜇 = 𝛼 (ℛ𝜌𝜇 +ℛ𝜌𝜎𝜇𝜎 − 𝛿𝜌𝜇ℛ)∇𝜌𝜃, (7.10)

and

𝑞𝜈𝜇𝜆 − Ω𝜆𝜇𝜈 = 𝛼
2 𝜀𝛼𝛽𝛾𝜈 (ℛ𝜇𝜆𝛽𝛾 −

1
4𝑔𝜇𝜆ℛ̂𝛽𝛾 ) ∇𝛼𝜃 −

1
6𝜀𝜈𝜇𝜆𝜎𝑆

𝜎+

− 1
9 (𝑔𝜇𝜈 (2𝑄𝜆 + 𝑃𝜆) − 𝑔𝜈𝜆 (4𝑄𝜇 − 7𝑃𝜇) + 𝑔𝜇𝜆 (12𝑄𝜈 − 2𝑃𝜈)) .

(7.11)

Let us now address the topic of dynamical instabilities possibly sourced by the
presence of derivatives of order higher than two in the field equations [117, 211,
212, 213, 214, 215, 216]. As already discussed in section 2.2.2, in metric Chern-
Simons gravity their presence is due to third order derivatives of the metric con-
tained in the C-tensor appearing in the metric field equations. In the metric-
affine case instead, varying (7.1) with respect to the metric and including also
the matter action (1.12), we obtain

ℛ(𝜇𝜈) − 1
2𝑔𝜇𝜈ℛ = 𝜅2𝑇𝜇𝜈 +

𝛽
2 (∇𝜇𝜃∇𝜈𝜃 − 1

2𝑔𝜇𝜈∇𝜌𝜃∇
𝜌𝜃) , (7.12)

which can be written as

𝐺𝜇𝜈 + 𝐶𝜇𝜈 = 𝜅2𝑇𝜇𝜈 +
𝛽
2 (∇𝜇𝜃∇𝜈𝜃 − 1

2𝑔𝜇𝜈∇𝜌𝜃∇
𝜌𝜃) ≡ 𝜅2𝑇 𝑇𝑂𝑇𝜇𝜈 , (7.13)

where we defined the metric-affine C-tensor as

𝐶𝜇𝜈 ≡∇̄𝜌𝑁 𝜌
(𝜇𝜈) − ∇̄(𝜈𝑁 𝜌

𝜇)𝜌 + 𝑁 𝜌
𝜆𝜌 𝑁 𝜆

(𝜇𝜈) − 𝑁 𝜌
𝜆(𝜈 𝑁 𝜆

𝜇)𝜌 +
− 1
2𝑔𝜇𝜈 (∇̄𝜌𝑁

𝜌𝜎𝜎 − ∇̄𝜎𝑁 𝜌𝜎𝜌 + 𝑁 𝜌
𝜆𝜌 𝑁 𝜆𝜎𝜎 − 𝑁 𝜌

𝜆𝜎 𝑁 𝜆𝜎𝜌 ) .
(7.14)

It is worth mentioning that the C-tensor is not traceless in general:

𝐶 = 𝐶𝜇𝜇 = −∇̄𝜌𝑁 𝜌𝜎𝜎 + ∇̄𝜎𝑁 𝜌𝜎𝜌 − 𝑁 𝜌
𝜆𝜌 𝑁 𝜆𝜎𝜎 + 𝑁 𝜌

𝜆𝜎 𝑁 𝜆𝜎𝜌 . (7.15)

This is a peculiarity of the metric-affine case, since in the purely metric version of
the theory one has 𝐶 = 0 (Cf. section 2.2.2). As a consequence, vacuum solutions
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of the theory are not necessarily characterized by a vanishing Ricci scalar as in
GR. Rather, in general the relation

𝑅 = 𝐶 − 𝜅2𝑔𝜇𝜈𝑇 𝑇𝑂𝑇𝜇𝜈 , (7.16)

must hold. Now, looking at the metric field equation one might conclude that
no higher-order derivatives appear, since (7.12) only features up to second or-
der derivatives of the metric and first order derivatives of torsion, nonmetricity
and 𝜃 . This is the conclusion reached in [217]. However, a recurring feature of
metric-affine models is that the affine connection behaves as an auxiliary vari-
able in the sense that it is dynamically sourced by the metric and/or scalar fields
present in the theory. Their relation to torsion and nonmetricity is not always
a mere algebraic one and in general it may contain derivatives of the fields. For
this reason we cannot simply conclude the absence of instabilities as in [217],
since higher-order derivatives might appear on half-shell, at the effective level.
This calls for a deeper analysis of this topic. Considering the expression (7.14) the
origin of possible dynamical instabilities can be identified in the dependence of
the distorsion tensor on second order derivatives of the metric and pseudo-scalar
fields. Regarding the latter, only first order derivatives are present in the connec-
tion equations, so that any dynamical instability will be sourced by derivatives of
the metric field, namely by the metric Riemann tensors potentially appearing in
(7.3). In particular, we will now show that the vector components are always safe
from these kind of terms. In (7.8)-(7.9), indeed, one can use the Bianchi identity
to remove any metric Riemann tensor contribution. The equation for the axial
trace on the other hand, can be rewritten as

𝑆𝜇 = 𝛼 (2𝜅𝑇 𝑇𝑂𝑇𝜌𝜇 + ...) 𝜕𝜌𝜃, (7.17)

where the dots represent terms proportional to the distorsion tensor and its met-
ric covariant derivative. We can conclude that, in vacuum, where no additional
interaction terms are introduced at the effective level by the axial trace, the vec-
tor parts of the affine connection cannot be responsible for the arising of higher-
order derivatives and associated dynamical instabilities.
Actually, we note that a non vanishing stress-energy tensor does not necessarily
imply the emergence of instabilities. Indeed, if the tensor 𝑇𝜇𝜈 contains only first
covariant derivatives of the field, as it occurs for example for the standard scalar
or electromagnetic cases, the purely affine components of the Riemann tensor
can generate in the equation of motions for 𝑔𝜇𝜈 and 𝜃 at most second order deriv-
atives. On the other hand, second derivatives of the matter fields featuring the
𝑇𝜇𝜈 would already imply third order derivatives in the equations of those fields,
representing an issue in itself, unrelated to the setting of metric-affine Chern-
Simons gravity.
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It remains to consider the equations for the tensor components. It is first conveni-
ent to separate (7.11) into its symmetric and antisymmetric parts in the indices
𝜇, 𝜆, in order to deal with the symmetric and antisymmetric part of the Riemann
tensor in its first two indices, as in (7.8)-(7.9). Hence, we have

Ω(𝜆𝜇)𝜈 = − 𝛼
2 𝜀𝛼𝛽𝛾𝜈 (ℛ(𝜇𝜆)𝛽𝛾 −

1
4𝑔𝜇𝜆ℛ̂𝛽𝛾 ) ∇𝛼𝜃+

+ 1
9 (𝑔𝜇𝜈 (4𝑃𝜆 − 𝑄𝜆) + 𝑔𝜆𝜈 (4𝑃𝜇 − 𝑄𝜇) − 1

2𝑔𝜇𝜆 (4𝑃𝜈 − 𝑄𝜈))
(7.18)

and

𝑞𝜈𝜇𝜆 − Ω[𝜆𝜇]𝜈 = 𝛼
2 𝜀𝛼𝛽𝛾𝜈 (ℛ[𝜇𝜆]𝛽𝛾 ) ∇𝛼𝜃+

− 1
6𝜀𝜈𝜇𝜆𝜎𝑆

𝜎 − 1
3 (𝑔𝜇𝜈 (𝑄𝜆 − 𝑃𝜆) − 𝑔𝜆𝜈 (𝑄𝜇 − 𝑃𝜇)) .

(7.19)

By virtue of the symmetries of the metric Riemann tensor, the latter only sur-
vives in (7.19), which is ultimately responsible for the presence or absence of
dynamical instabilities.
This can help in designing strategies for ensuring the absence of higher-order
derivatives in the field equations. This same requirement is needed in metric
Chern-Simons gravity as well, as we mentioned in section 2.2.2. However, the
crucial difference with respect to the metric version of the theory is that in that
case higher-order derivatives directly appear in the metric field equation, while
in the metric-affine theory they are introduced via the affine contributions only
if the latter depend on them. This additional step allows for a new approach to
this problem that is not available in metric Chern-Simons gravity, which con-
sists on acting previously on the kinematic structure of the theory. This can be
achieved, for instance, by considering from the very beginning simplified metric-
affine geometries, where the rank-3 tensor part of torsion and nonmetricity is
neglected, and we only deal with the vector components. Such an assumption,
indeed, automatically gets rid of (7.19), leaving us only with the set of equations
for the nonmetricity vectors (7.8) - (7.9), and the axial trace of torsion (7.10),
which makes up a closed system. This represents the minimal prescription for
preserving projective invariance, given that 𝑞𝜌𝜇𝜈 and Ω𝜌𝜇𝜈 are unaffected by pro-
jective transformations, and the requirement that they be vanishing does not
spoil the projective symmetry of (7.1). In this approach, higher-order derivat-
ives would be absent at the full unperturbed and background independent level,
without imposing restrictions on the parameters of the theory.
If instead the tensorial parts are considered, one is forced to resort to approaches
analogues to the ones adopted in the metric theory. For instance, one can con-
sider metric-affine Chern-Simons gravity only as an effective theory in the small
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coupling limit 𝛼 ≪ 1 (or 𝛼𝜃 ≪ 1, after the rescalings performed in section 10),
thus making the first term on the right-hand side of (7.19) negligible, ensuring
the absence of higher-order derivatives at the effective level. The same outcome
without imposing restrictions on the parameters can also be obtained in the lin-
earized setting introduced in the next section that will be adopted in deriving
the results of section 10.1, where the perturbative expansion of the scalar field is
performed on a constant background.
Finally, a viable strategy consists in seeking for spacetime configurations where
the components of the metric Riemann tensor containing second order deriv-
atives of the metric field are prevented to appear in (7.19) by the symmetries
of the problem, which restricting the possible dependence of 𝜃(𝑥) on specific
spacetime coordinates, also selects the components of the Riemann tensor. The
equations describing the evolution of the connection reduce then to a highly
coupled system of first order differential equations for the metric-affine compon-
ents, which contain at most first derivatives of the pseudo-scalar field and of the
metric tensor, by means of the Levi-Civita connection appearing in the metric
covariant derivatives.
Let us end this section with a remark on matter couplings. The previous conclu-
sions rely on the assumption that the connection does not couple with matter.
In fact, in the general case of a non vanishing hypermomentum [67, 68]

Δ 𝜇𝜈
𝜆 ≡ − 2

√−𝑔
𝛿ℒ𝑚
𝛿Γ𝜆𝜇𝜈

≠ 0, (7.20)

where ℒ𝑚 denotes collectively the Lagrangian for the matter fields, we expect
contributions analogous to the one in (7.17), in terms of the hypermomentum
components, also in the equations for the other parts of Γ𝜆𝜇𝜈 , so that no conclus-
ive arguments can be drawn in this situation.

7.2 Perturbative solution for the connection
After outlining the general picture of the theory presented in the previous sec-
tion, we would like to investigate observable effects ultimately related to the
non-trivial affine structure. To do this it would be convenient to reformulate the
theory on half-shell, in the form of a scalar-tensor theory, where torsion and
nonmetricity degrees of freedom are embodied in the non-trivial interactions
between the metric tensor and the pseudoscalar field. However, the situation
is more involved compared to the Holst and Nieh-Yan models previously con-
sidered. The technical difficulties preventing the application of that same pro-
cedure are rooted in the complex structure of the connection field equation (7.3).
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In this case, providing an exact, non perturbative and background independent
solution for the affine sector in terms of 𝑔𝜇𝜈 and 𝜃 is an hopeless task and we are
forced to resort to alternative approaches.
There are basically two possible paths to be followed, each of which involves giv-
ing up either the non perturbative or the background independent aspect. Here
we will discuss the former, while the latter will be the subject of section 10.2.
The main idea consists in performing a perturbative expansion of the metric and
pseudoscalar fields:

𝑔𝜇𝜈 = ̄𝑔𝜇𝜈 + ℎ𝜇𝜈 , (7.21)

𝜃 = ̄𝜃 + 𝛿𝜃. (7.22)

Here, a bar denotes the background configuration of which ℎ𝜇𝜈 and 𝛿𝜃 represent
small deviations from. For the time being we will keep the background metric as
general as possible, while we will assume the background scalar field ̄𝜃 to be con-
stant. The reason for this is twofold. On one hand this amounts to consider small
deviations fromGeneral Relativity, since the latter is recovered for a constant 𝜃 in
(7.3), and it is consistent with the idea that the affine structure is generated by a
non-trivial behavior of the scalar field. On the other hand, from a more technical
point of view, since 𝜃 only appears with its derivative, this allows to simplify the
perturbed connection equations preventing the presence of couplings between
ℎ𝜇𝜈 and ̄𝜃 .
Concretely, since ∇ ̄𝜃 = 0, substituting the metric and scalar field expansions into
(7.8), (7.9), (7.10) one can set the right hand sides to zero and the background
(zeroth order) configuration for the affine vectors vanishes. Substituting into
(7.11) yields also the vanishing of the tensorial part. As a consequence, at first
order one has that (7.8) and (7.9) yield

4𝛿𝑃𝜇 − 𝛿𝑄𝜇 = 𝛼𝜀𝛼𝛽𝛾𝛿 ̄𝑅(𝜇𝛽)𝛾𝛿∇𝛼𝛿𝜃 = 0, (7.23)

𝛿𝑃𝜇 − 𝛿𝑄𝜇 = 𝛼𝜀𝛼𝛽𝛾𝛿 ̄𝑅[𝜇𝛽]𝛾𝛿∇𝛼𝛿𝜃 = 0, (7.24)

where ̄𝑅𝜇𝜈𝜌𝜎 denotes the metric Riemann tensor of the background metric ̄𝑔𝜇𝜈
and we used its symmetries and the Bianchi identities to set to zero the right
hand side of the above equations. It follows that

𝛿𝑃𝜇 = 𝛿𝑄𝜇 = 0. (7.25)

From (7.10) instead, we obtain the axial trace of torsion at first order

𝛿𝑆𝜇 = 2𝛼 ̄𝐺𝜌𝜇∇𝜌𝛿𝜃, (7.26)
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where ̄𝐺𝜌𝜇 is the Einstein tensor of ̄𝑔𝜌𝜇 . The perturbations of the rank-3 compon-
ents can be computed from (7.3), which gives

𝛿𝑞𝜈𝜇𝜆 − 𝛿Ω𝜆𝜇𝜈 = 𝛼
2 𝜀

𝛼𝛽𝛾𝜈 ̄𝑅𝜇𝜆𝛽𝛾∇𝛼𝛿𝜃 − 𝛼
3 𝜀𝜈𝜇𝜆𝜌

̄𝐺𝜎𝜌∇𝜎 𝛿𝜃. (7.27)

Symmetrizing on 𝜇, 𝜆 we obtain the antisymmetry of the Ω𝜇𝜈𝜌 perturbation on
the first two indices:

𝛿Ω(𝜇𝜆)𝜈 = 0. (7.28)

This, together with the symmetry on the last two indices, i.e. 𝛿Ω𝜇[𝜆𝜈] = 0, can
be used to prove that

𝛿Ω𝜇𝜈𝜌 = 0, (7.29)

resulting in the vanishing of the full nonmetricity perturbation 𝛿𝑄𝜇𝜈𝜌 = 0. Going
back to (7.27), we are left with

𝛿𝑞𝜈𝜇𝜆 = 𝛼
2 𝜀

𝛼𝛽𝛾𝜈 ̄𝑅𝜇𝜆𝛽𝛾∇𝛼𝛿𝜃 − 𝛼
3 𝜀𝜈𝜇𝜆𝜌

̄𝐺𝜎𝜌∇𝜎 𝛿𝜃, (7.30)

which is consistent with the property 𝜀𝜈𝜇𝜆𝜏 𝛿𝑞𝜈𝜇𝜆 = 0. Summing up, at first order
the nonmetricity is vanishing and the torsion is given by

𝛿𝑇𝜌𝜇𝜈 = 𝛼
2 𝜀

𝛼𝛽𝛾𝜌 ̄𝑅𝜇𝜈𝛽𝛾∇𝛼𝛿𝜃. (7.31)

This perturbative expression for torsion is consistent with previous results de-
rived in the Einstein-Cartan framework, where nonmetricity was a priori neg-
lected [113]. Therefore, in this particular case the inclusion of nonmetricity does
not play any role. We stress however, that this is true only in the perturbative
approach we are employing here, and it is not a general feature of metric-affine
Chern-Simons gravity. As we will see in section 10.2 and 10.3, relaxing the as-
sumption ̄𝜃 = const is enough to generate non-trivial nonmetricity contributions,
both at the background and perturbative levels.
We are now in a position to reformulate the theory on-half shell, even if just
at the perturbative level. To do this it is sufficient to substitute the results just
obtained in the metric and scalar field equations. At the lowest order, equation
(7.12) simply reduce to Einstein equations for the background metric, i.e.

̄𝐺𝜇𝜈 = 𝜅2 ̄𝑇𝜇𝜈 , (7.32)

fromwhich we conclude that, in vacuumwhere ̄𝑇𝜇𝜈 = 0, the axial trace of torsion
vanishes by virtue of (7.26) and the only affine contribution consists of the per-
turbation of the rank-3 torsion tensor. Next, the metric equations at first order
are given by

𝛿𝐺𝜇𝜈 + 𝛿𝐶𝜇𝜈 = 𝜅2𝛿𝑇𝜇𝜈 , (7.33)
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where 𝛿𝑇𝜇𝜈 only includesmatter perturbations, since the scalar field stress-energy
tensor is at least quadratic in 𝛿𝜃 . In the above equation, the first order Einstein
and Cotton tensors are given by

𝛿𝐺𝜇𝜈 ≡ 2∇̄𝛼 ∇̄(𝜇ℎ 𝛼
𝜈) − ̄𝑔𝜇𝜈 (∇̄𝛼 ∇̄𝛽 − ̄𝑅𝛼𝛽) ℎ𝛼𝛽 − (2 + ̄𝑅) ℎ𝜇𝜈 + ( ̄𝑔𝜇𝜈2 − ∇̄𝜇∇̄𝜈) ℎ

(7.34)
and

𝛿𝐶𝜇𝜈 ≡ −∇̄𝜌𝛿𝑇(𝜇|𝜌|𝜈) = −𝛼𝜀(𝜇|𝛼𝛾𝛿 ( ̄𝑅 𝛾𝛿
|𝜈)𝛽 ∇̄𝛽 ∇̄𝛼𝛿𝜃 + ∇̄𝛽 ̄𝑅 𝛽𝛾𝛿

|𝜈) ∇̄𝛼𝛿𝜃) , (7.35)

respectively. Let us turn the attention to the scalar field equation which is ob-
tained varying (7.1) with respect to 𝜃(𝑥):

𝛽2𝜃 + 𝛼
8 𝜀

𝜇𝜈𝜌𝜎 (ℛ𝛼
𝛽𝜇𝜈ℛ

𝛽𝛼𝜌𝜎 − 1
4ℛ̂𝜇𝜈 ℛ̂𝜌𝜎 ) = 0. (7.36)

At order zero this gives

𝜀𝜇𝜈𝜌𝜎 ̄𝑅𝛼𝛽𝜇𝜈 ̄𝑅𝛽𝛼𝜌𝜎 = 0, (7.37)

which formally coincides with the Pontryagin constraint present in the metric
Chern-Simons theory but it actually binds only the background metric ̄𝑔𝜇𝜈 and
not the full metric tensor 𝑔𝜇𝜈 . At this point we see that the background metric
cannot be completely arbitrary but has to satisfy both (7.32) and (7.44). Without
imposing any other restriction on ̄𝑔𝜇𝜈 , we can write the linearized equation for
𝛿𝜃(𝑥) as

(𝒟1(𝛼, 𝛽; ̄𝑔𝜌𝜎 ) + 𝒟2(𝛼; ̄𝑔𝜌𝜎 ) + 𝒟3(𝛼; ̄𝑔𝜌𝜎 )) 𝛿𝜃+𝒟 𝜇𝜈
4 (𝛼; ̄𝑔𝜌𝜎 )ℎ𝜇𝜈+𝐶(𝛼; ̄𝑔𝜌𝜎 , ℎ𝜌𝜎 ) = 0,

(7.38)
where (up to second order) differential operators acting on the field perturba-
tions are denoted by𝒟𝑖 while 𝐶(𝛼; ̄𝑔𝜌𝜎 , ℎ𝜌𝜎 ) is a function of both the background
metric and the metric perturbation. Explicitly, they are defined by

𝒟1(𝛼, 𝛽; ̄𝑔𝜌𝜎 ) ≡ (𝛽 + 𝛼2 (34
̄𝑅𝜇𝜈𝜌𝜎 ̄𝑅𝜇𝜈𝜌𝜎 − ̄𝑅𝛼𝛽 ̄𝑅𝛼𝛽))2 ≡ (𝛽 + 𝛼2𝐾)2, (7.39)

𝒟2(𝛼; ̄𝑔𝜌𝜎 ) ≡ 𝛼2 ( ̄𝑅𝜇𝜎 ̄𝑅𝜇𝜏 + 2 ̄𝑅𝜇𝜈 ̄𝑅𝜎𝜇𝜏𝜈 − 2 ̄𝑅𝜎𝜇𝜈𝜌 ̄𝑅 𝜇𝜈𝜌𝜏 ) ∇̄𝜎 ∇̄𝜏 , (7.40)

𝒟3(𝛼; ̄𝑔𝜌𝜎 ) ≡ 𝛼2
2 (∇̄𝜎𝐾 + ̄𝑅𝜇𝜈𝜌𝜏 ∇̄𝜈 ̄𝑅𝜎𝜇𝜌𝜏 − 3 ̄𝑅 𝜏𝜇𝜌𝜎 ∇̄𝜈 ̄𝑅𝜈𝜏𝜇𝜌 + 2 ̄𝑅 𝛽𝜎 ∇̄𝜇 ̄𝑅 𝜇

𝛽
+2∇̄𝜏 ( ̄𝑅𝜇𝜈 ̄𝑅 𝜏𝜇𝜎𝜈 )) ∇̄𝜎 , (7.41)

𝒟 𝜇𝜈
4 (𝛼; ̄𝑔𝜌𝜎 ) ≡ 𝛼 ∗ ̄𝑅𝜇 𝜈

𝛽 𝛿 ∇̄𝛿 ∇̄𝛽 , (7.42)

𝐶(𝛼; ̄𝑔𝜌𝜎 , ℎ𝜌𝜎 ) ≡ 𝛼
2
∗ ̄𝑅𝜇𝜈𝛽𝛿 (ℎ𝛼𝛽 ̄𝑅 𝛿𝜇𝜈𝛼 + ℎ𝛼𝜇 ̄𝑅 𝜈𝛽𝛿𝛼 − 1

4ℎ
𝛼𝛼 ̄𝑅𝛽𝛿𝜇𝜈) . (7.43)
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Now, some comments are in order. First, we can compare the perturbative ex-
pression of the C-tensor in equation (7.35) with the nonperturbative C-tensor
characterizing the purely metric theory [142] (Cf. eq. (2.68)). At first sight it
may seem that they have a different structure, given the Riemann tensor repla-
cing the Ricci one in the first term. However, by using the contracted Bianchi
identities one can show that they actually coincide, although just at the formal
level (in one case we deal with the full unperturbed metric and scalar field, the
other features the metric of the background spacetime and the scalar field per-
turbation).
Another aspect which is worth discussing is the behavior of the scalar field in
the 𝛽 = 0 case. We see that the limit 𝛽 → 0 does not necessarily deprive the
scalar perturbation of a proper dynamical character, in contrast to metric Chern-
Simons gravity. The reason for this can be traced back to (7.31), which introduces
scalar field derivatives via the Riemann contractions of (7.36). In particular, the
box term in (7.38) survives even setting 𝛽 = 0. This implies that the condition

𝜀𝜇𝜈𝜌𝜎𝑅𝛼𝛽𝜇𝜈𝑅
𝛽𝛼𝜌𝜎 = 0, (7.44)

affecting the metric theory and preventing some geometric configuration to be
actually feasible, does not hold in this case. Instead, the metric-affine version of
(7.44) results in a larger variety of possible dynamical solutions, and for 𝛽 = 0
the theory is still well-behaved.

7.2.1 Projective symmetry breaking case
In the previous section we considered the projective invariant Chern-Simons
term, identified by 𝜆2 = −1/4 (Cf. section 3.2). As we saw, at the linearized level
the nonmetricity perturbation is trivial and we have 𝛿𝑄𝜇𝜈𝜌 = 0. The same is true
for the background configuration ̄𝑄𝜇𝜈𝜌 = 0, as a consequence of the assumption
of constant background scalar field. Now, since the homotetic curvature tensor is
proportional to the Weyl vector derivative, it may seem that the additional term
included in the generalized Chern-Simons invariant plays no role in the stability
of the theory at the linearized level.
However, we remark that when the projective symmetry is broken, i.e. in the
𝜆2 ≠ −1/4 case, the contraction of the connection field equation with 𝛿𝜆𝜇 does
not lead to the trivial identity 0 = 0, but rather to the additional constraint:

𝜖𝛼𝜇𝛽𝛾ℛ̂𝛽𝛾 ∇𝛼𝜃 = 𝜖𝛼𝜇𝛽𝛾 𝜕𝛼𝜃𝜕𝛽𝑄𝛾 = 0, (7.45)

allowing for a more general form of the Weyl vector: 𝑄𝜇 = 𝜕𝜇𝜆, where 𝜆 is an
undetermined scalar field. This arbitrariness can be traced back to the absence of
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projective invariance, which prevents us to set to zero the torsion trace 𝑇𝜇 . Thus,
one has to deal directly with (7.4)-(7.5), while the equation for the axial part of
torsion is insensitive. In this case computations similar to the ones performed in
the previous section yield the following linearized solution:

𝛿𝑃𝜇 = 1
4𝜕𝜇𝜆, (7.46)

𝛿𝑇 𝜇 = −𝛼4 𝜀
𝛼𝛽𝛾𝛿 ̄𝑅𝜇𝛽𝛾𝛿∇𝛼𝛿𝜃 −

1
2𝜕𝜇𝜆. (7.47)

This in turn would imply a more complicated form of the on half-shell metric and
scalar field equations. Then the relevant question arises of whether the breaking
of projective symmetry leads to instabilities, as in [35], or it is actually harmless,
as in the Nieh-Yan case discussed in section 6. However, given the more complic-
ated picture and the absence of works dedicated to observational effects of the
metric-affine Chern-Simons gravity, in the next chapters we will focus on the
𝜆2 = −1/4 case, leaving the analysis of the projective breaking case for future
works.



Part III

Phenomenological aspects of
metric-affine gravity models
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From the more theoretical-oriented discussion characterizing the second part of
the thesis, we now move to some concrete applications of the proposed models.
On one hand, this will shed further light on some fundamental properties of the
models. On the other hand, it will allow to derive relevant observational effects
that can be used to put the theories to the test, comparing with observations.
Both cosmological and astrophysical settings will be considered, specializing to
relevant and widely studied symmetric configurations.
Among them, black hole spacetimes received increasing attention in literature
both from a theoretical perspective and regarding their astrophysical properties.
We will investigate the former in the Holst model presented in the previous sec-
tions. In particular, we are interested in the two alternative possibilities of hav-
ing a constant Immirzi parameter or a theory featuring a dynamical Immirzi field,
and how (and if) the presence of the latter can influence black hole solutions and
their well-known thermodynamic properties. The possibility of deriving this
kind of results is subject to the existence of black hole solutions endowed with
a non-trivial profile for the scalar field. This is known to be particularly difficult
because of the presence of no-hair theorems [218] which prevent this possibility
and for this reason we decide to pick the simplest among the models considered
in this thesis. Regarding their astrophysical properties instead, black holes in
metric-affine Chern-Simons gravity will be studied, with special emphasis on
linear perturbations of Schwarzschild black holes [B219].
Cosmological scenarios will be investigated in the Nieh-Yan model, discussing
the presence and severity of singularities in the evolution of the universe, which
is again influenced by the scalar fields present in the theory. In this regard, the
resolution of the big-bang singularity has already been observed in some mod-
ified gravity models and we will check if the same scenario can be induced by
the presence of a Nieh-Yan term in anisotropic cosmological models, extending
previous results derived in the homogeneous and isotropic FLRW solution (see
e.g. [170]).
Finally, peculiar parity violating effects in the propagation of gravitational waves
will be derived in the context of metric-affine Chern-Simons theory. These in-
clude the phenomenon of gravitational birefringence [185] and the gravitational
analogue of the electromagnetic Landau damping [220]. These observational
signatures affecting the gravitational waves phenomenology are particularly in-
teresting since they will allow to constrain the theory in the future.



Chapter 8

Black hole solutions in Holst models
and their thermodynamics

From the literature on the Immirzi field cited in section 2.2.1 we saw that it has
been investigated in several different contexts, including gravitational waves,
cosmology and also from a particle physics perspective. However, regarding the
static, spherically symmetric sector of the theory, no investigations have been
carried out in literature, except for the results presented in the appendix of [221],
where the authors provide the expressions for the components of the spin con-
nection in a spherically symmetric spacetime. However, they eventually rely on
no-hair theorems results [218] to conclude that there are no black holes with a
non-trivial configuration for the Immirzi field. With the aim of filling this gap in
the literature, here we will consider the possibility of going beyond the restric-
tions imposed by no-hair theorems. Such theorems establish in quite general
settings and under specific assumptions that the only possible radial profile for
additional scalar fields is the trivial constant one. One of the hypothesis at the
ground of these theorems is asymptotic flatness, which can be violated looking
at more general solutions in which the Immirzi field can exhibit a non-trivial
behavior. Actually, these theorems can be extended to asymptotically de Sitter
spacetimes as well, while the Anti-de Sitter scenario offers a way to overcome
them. Although the de Sitter case offers a better physical interpretation as a
black hole immersed in an expanding universe, it can be interesting to pursue
the analysis also in the Anti-de Sitter scenario. Motivations in support of the lat-
ter can be found in different contexts such as the AdS/CFT correspondence and
the interplay of loop quantum gravity and string theories [222, 223, 224, 225].
Moreover, asymptotically Anti-de Sitter spacetimes allow for a greater variety
of solutions with non-trivial horizon topology [226, 227], as well as a wide spec-
trum of suggestive thermodynamic phenomena [228].
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We will start by focusing on static spherically symmetric spacetimes described
by the line element

𝑑𝑠2 = −𝐴(𝑟)𝑑𝑡2 + 𝐵(𝑟)𝑑𝑟2 + 𝑟2𝑑𝜎2. (8.1)

For the time being we are not going to assume a specific topology for the 2-
dimensional sub-manifold with line element 𝑑𝜎2. Rather, it can describe a surface
with either spherical or hyperbolic topology1, namely

𝑑𝜎2 = 𝑑𝜃2 + 𝑐 sinh (√𝑑𝜃) 𝑑𝜑2, (8.2)

with 𝑐 = 𝑑 = −1 or 𝑐 = 𝑑 = 1, respectively. In particular, if we consider
Schwarzschild-(Anti)de Sitter spacetimes, we have

𝐴(𝑟) = 1
𝐵(𝑟) = 𝑏 − 2𝑚

𝑟 − Λ
3 𝑟

2, (8.3)

where 𝑏 = 1 in the spherical case and 𝑏 = −1 in the hyperbolic one. It turns out
that only the spherical topology is compatible with both positive and negative
(as well as vanishing) asymptotic curvature, while the hyperbolic topology can
only be realized for asymptotically Anti-de Sitter spacetimes [229].
Before reporting the actual solutions, we need to specify a particular model. The
metric and scalar field expressions presented in the next section are solution to
the Holst theory (5.1) for a specific choice of the function 𝑓 and potential𝑊 . The
function is chosen to be a generalization of the Starobinsky model [85] with the
inclusion of a cosmological constant term2:

𝑓 (𝜒) = 1
1 + 8𝛼Λ (𝜒 + 𝛼𝜒2 − 2Λ) , (8.4)

for a general argument 𝜒 . The Jordan frame potential can be computed using its
definition (5.3) in terms of 𝑓 and it turns out to be given by

𝑉 (𝜙) = (𝜙 − 1)2
4𝛼 + 2Λ𝜙2. (8.5)

The Immirzi field potential is set as

𝑊(𝜓) = 4Λ
csch2 (𝜓−𝜓0√12 ) − 16𝛼Λ

. (8.6)

Although in the Λ < 0 case it is characterized by a negative mass term, i.e.
𝑑2𝑊
𝑑𝜓 2 |𝜓0 = −2/𝑙2, it satisfies the so-called Breitenlohner-Freedman bound which
guarantees Anti-de Sitter space stability [230, 231]. We will now focus on the
case of a negative cosmological constant and postpone the de Sitter case to the
end of this section.

1One can also consider toroidal topology, see [229] for details
2The prefactor 1 + 8𝛼Λ is chosen for later convenience
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8.1 Black holes with Immirzi scalar hair
We will first present a solution for the Λ < 0 case and then discuss some of its
properties. The line element is given by

𝑑𝑠2 = Ω(𝑟) [−ℎ(𝑟)𝑑𝑡2 + ℎ−1(𝑟)𝑑𝑟2 + 𝑟2𝑑𝜎2] , (8.7)

where the metric function and the conformal factor read

ℎ(𝑟) = − (1 + 𝑚
𝑟 )

2
+ 𝑟2

𝑙2 , (8.8)

Ω(𝑟) = 𝑟(𝑟 + 2𝑚) + 48𝛼𝑚2/𝑙2
(𝑟 + 𝑚)2 , (8.9)

respectively. The parameter 𝑙 is related to the cosmological constant by Λ =
−3/𝑙2 < 0. The radial profile for the Immirzi field is given by

𝜓(𝑟) = 𝜓0 + √12 arctanh ( 𝑚
𝑟 + 𝑚) , (8.10)

where 𝜓0 is a constant. The expression for the scalaron instead, is obtained by
solving the structural equation (5.15) and it reads

𝜙 = 1 + 4𝛼𝑊 (𝜓), (8.11)

namely

𝜙(𝑟) = 𝑟(2𝑚 + 𝑟)
2𝑚𝑟 + 𝑟2 − 16𝑚2𝛼Λ. (8.12)

This configuration is a generalization of the previously known MTZ black hole
solution, found in [232]. The latter can be obtained as a special case setting 𝛼 = 0
and 𝜓0 = 0. Notice that the the potential 𝑉 (𝜙) is singular in 𝛼 = 0. However,
one can safely take the limit 𝛼 → 0 a priori in (8.4), yielding 𝑓 (𝜒) = 𝜒 − 2Λ, i.e.
𝑉 = 2Λ.
Let us now dwell for a while on some properties of this solution. The most pe-
culiar feature is the non-trivial topology of the 2-dimensional sub-manifold Σ
which is a 2-surface of negative constant curvature. Its line element 𝑑𝜎 appear-
ing in (8.7) describes a space with hyperbolic topology and genus 𝑔 ⩾ 2, with
area 𝜎 = 4𝜋(𝑔 − 1) [226, 227, 229].
The other relevant feature, necessary to overcome no-hair theorems as we have
discussed above, is the presence of a negative cosmological constant and its as-
sociated Anti-de Sitter asymptotics. Even if Λ is not introduced in the theory in
the usual way, namely as a constant term added into the action, it can be shown
that the quantity associated to the Anti-de Sitter behavior is indeed Λ, while the
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actual constant term in the Lagrangian, which comes from the potential (8.5) and
is given by 1/(4𝛼), does not play any essential role. To see this one can look at
the asymptotic behavior at radial infinity for the Ricci scalar, which reads

𝑅 ∼ 4Λ + 𝑂 ( 1𝑟2) , (8.13)

identifying the spacetime as asymptotically Anti-de Sitter space with radius 𝑙 =
√−3/Λ.
Let us now discuss the causal structure of the spacetime described by (8.7). Co-
ordinate singularities are located where the metric function ℎ(𝑟) vanishes. It has
four roots, one of which is always negative, while the others are

𝑟𝑒 = 𝑙
2 (1 + √1 + 4𝑚

𝑙 ) , (8.14)

𝑟+ = 𝑙
2 (1 − √1 + 4𝑚

𝑙 ) , (8.15)

𝑟− = 𝑙
2 (−1 + √1 − 4𝑚

𝑙 ) . (8.16)

Although the parameter 𝑚 will later be related to the black hole mass it is inter-
esting to classify all possible cases considering also 𝑚 < 0. For positive values
of the mass parameter, 𝑟𝑒 is the only positive real root. For 𝑚 < 0 instead, we
can distinguish two different cases. If −𝑙/4 < 𝑚 < 0 there are three positive real
roots, namely 0 < 𝑟− < 𝑟+ < 𝑟𝑒 , and for 𝑚 < −𝑙/4, the only positive real root
is 𝑟−. In each case these may be identified as black hole, cosmological or inner
horizons, depending on their relative position with respect to the curvature sin-
gularities, located at 𝑟 = 0 and at the roots of the conformal factor Ω(𝑟), namely

𝑟Ω± = −𝑚±√𝑚2 (1 − 48𝛼/𝑙2). Both at the origin and in 𝑟Ω± , the scalars of curvature
diverge.
Now, the physical interpretation of the solution depends on the values of the
mass and the parameter 𝛼 . All possible cases can be summarized as follows:

• For 𝛼 ⩾ 𝑙2/48 the solution represents a black hole for every value of 𝑚.
Indeed, the roots 𝑟Ω± become complex and the event horizons at 𝑟𝑒 or 𝑟− are
always hiding the remaining singularity at the origin;

• For 0 ⩽ 𝛼 < 𝑙2/48, the three curvature singularities are hidden only if
𝑚 > −𝑙/4 holds;

• For 𝛼 < 0 instead, in order for the singularities to be hidden one must have
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𝑚− < 𝑚 < 𝑚+, with

𝑚− = − 𝑙2√𝑙2 − 48𝛼
2𝑙 (√𝑙2 − 48𝛼 + 𝑙) − 48𝛼

⩾ − 𝑙
4 , (8.17)

𝑚+ = 𝑙2√𝑙2 − 48𝛼
(𝑙 − √𝑙2 − 48𝛼)

2 . (8.18)

Finally, a limiting case that will be relevant in the following is given by𝑚 = 𝑚𝑐 ≡
−𝑙/4. In this case, the metric function ℎ(𝑟) has two positive roots, the greater one
being at 𝑟 = 𝑟𝑐 ≡ 𝑙/2.
Although 𝑚 is just a parameter now, we will later show that it is related to the
mass-energy of the black hole and that it has to satisfy 𝑚 > 𝑚𝑐 . This has two
consequences. On one hand, we can discard the third case scenario, where the
presence of the upper bound 𝑚+ would imply that an increase in the black hole
mass be associated to the development of a naked singularity. In the following,
therefore, we will restrict to the 𝛼 > 0 case. On the other hand, the fact that
𝑚 > 𝑚𝑐 implies that the outer event horizon is always located at 𝑟𝑒 .

Let us now discuss the behaviour of the scalar fields. If the mass parameter𝑚
is restricted to be in the aforementioned range, both the scalaron and the Immirzi
field are regular on and outside the event horizon. In particular, 𝜙 has two poles
at the radii 𝑟Ω± , which are either complex or hidden, depending on 𝛼 . Its radial
profile increases monotonically starting from 𝜙(𝑟𝑒) and reaching 1 asymptotically
as 𝑟 → ∞. Regarding the Immirzi field instead, taking into account (5.11), it is
given by

𝛾 (𝑟) = 𝑒𝜓0/√3(𝑟 + 2𝑚)2 − 𝑒−𝜓0/√3𝑟2
2𝑟(𝑟 + 2𝑚) . (8.19)

It asymptotically relaxes to the constant value 𝛾0 ≡ sinh( 𝜓0√3) at infinity. There-
fore, since at infinity we have 𝛾 → 𝛾0 and 𝜙 → 1, together with 𝑊 → 0 and
𝑉 → 2Λ, in the asymptotic region the theory reduces to General Relativity with
a constant Immirzi parameter, namely to the usual formulation of loop quantum
gravity with a cosmological constant Λ. Moreover, in this limit the bare cosmo-
logical constant introduced in the action via the potential 𝑉 (𝜙) cancels with the
−1/(4𝛼) term coming from in 𝑊(𝜓).

Asymptotically de Sitter solutions

We conclude this section reporting some solutions with positive cosmological
constant. As we mentioned, no-hair theorems can be extended to asymptotically
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de Sitter spacetimes. Indeed, even if the following solutions are characterized
by non-trivial scalar fields, they exhibit singularities which are not hidden by
horizons.
For Λ > 0 an asymptotically de Sitter solution to the field equations (5.12)-(5.13),
with the same potentials as in the previous section, is given by

𝑑𝑠2 = Ω(𝑟) [−ℎ(𝑟)𝑑𝑡2 + 1
ℎ(𝑟)𝑑𝑟

2 + 𝑟2𝑑𝜔2] , (8.20)

where now

ℎ(𝑟) = (1 − 𝑚
𝑟 )

2
− Λ

3 𝑟
2, (8.21)

Ω(𝑟) = 𝑟(𝑟 − 2𝑚) − 16𝑚2𝛼Λ
(𝑟 − 𝑚)2 , (8.22)

and the topology is spherical, i.e. 𝑑𝜔2 = 𝑑𝜃2 + sin2𝜃𝑑𝜑2. From the expression of
the conformal factor, similar to [233], we see that the spacetime has two asymp-
totic regions for 𝑟 → ∞ and 𝑟 → 𝑚, due to the pole of Ω(𝑟). The scalar fields
profile is given by

𝜓(𝑟) = 𝜓0 + √12 arctanh ( 𝑚
𝑟 − 𝑚) , (8.23)

𝜙(𝑟) = 𝑟(𝑟 − 2𝑚)
𝑟(𝑟 − 2𝑚) − 16𝛼𝑚2Λ. (8.24)

Curvature singularities are located at 𝑟 = 0 and at the roots of Ω(𝑟), i.e. 𝑟Ω± =
𝑚(1 ± √1 + 48𝛼/𝑙2), where we have defined 𝑙2 = 3/Λ. Coordinate singularities
correspond to the roots of ℎ(𝑟) whose characterization depends on the value of
the mass parameter 𝑚. They are located at

𝑟𝑖 = 𝑙
2 (−1 + √1 + 4𝑚

𝑙 ) , (8.25a)

𝑟𝑒 = 𝑙
2 (1 − √1 − 4𝑚

𝑙 ) , (8.25b)

𝑟𝑐 = 𝑙
2 (1 + √1 − 4𝑚

𝑙 ) , (8.25c)

and we can summarize all possibilities as follows:

• For 0 < 𝑚 < 𝑙/4, the roots are all positive and they satisfy 0 < 𝑟𝑖 < 𝑚 <
𝑟𝑒 < 𝑙/2 < 𝑟𝑐 < 𝑙. Therefore:
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- In the region 0 < 𝑟 < 𝑚, there is only a cosmological horizon at 𝑟𝑖 and
the singularity at the origin is naked;

- When 𝑚 < 𝑟 < ∞, there is an event horizon at 𝑟𝑒 and a cosmological
horizon at 𝑟𝑐 . This situation is similar to the Schwarzschild-de Sit-
ter black hole with the singularity replaced by the new asymptotic
region;

• For 𝑚 > 𝑙/4, the only real root is 𝑟𝑖.
- The region 0 < 𝑟 < 𝑚 has a cosmological horizon there and the
singularity at the origin is naked;

- The region 𝑚 < 𝑟 < ∞ has no horizons at all and it represents a
inhomogeneous bouncing cosmology [233];

• For 𝑚 < 0 there is only one asymptotic region at 𝑟 → ∞ and only one
cosmological horizon at 𝑟𝑐 , leaving the singularity at 𝑟 = 0 naked.

Therefore, there are only two cases potentially describing solutions without na-
ked singularities, namely the region𝑚 < 𝑟 < ∞ for either 0 < 𝑚 < 𝑙/4 or𝑚 > 𝑙/4.
Now, one must take into account the singularities at 𝑟Ω± . The situation is similar
to the one in the previous section. For 𝛼 ⩽ −𝑙2/48, the roots of Ω(𝑟) are complex
and there are no additional singularities. For 𝛼 > −𝑙2/48 the requirement that
the singularity at 𝑟Ω± be hidden would impose restrictions on the values of the
parameter 𝑚. However, even if this aspect is taken into account, the solution al-
ways presents a singularity in terms of the behaviour of the scalar fields. Indeed,
the Immirzi field, which is given by

𝛾 (𝑟) = 𝑒−
𝜓0
√3

2 ( 𝑟𝑒
2𝜓0
√3

𝑟 − 2𝑚 + 2𝑚
𝑟 − 1) (8.26)

is singular at 𝑟 = 2𝑚. Moreover, the scalar field 𝜙 vanishes there, which is in-
consistent within the scalar-tensor representation of 𝑓 (𝑅) theories. The surface
𝑟 = 2𝑚 belongs to the region 𝑚 < 𝑟 < ∞ and it is always outside the event hori-
zon 𝑟𝑒 . Therefore, this singularity is naked in both potentially regular solutions
mentioned above and we conclude that this class of de Sitter solutions is non-
physical.
Despite this, it is still interesting to analyse the region 𝑚 < 𝑟 < ∞, for 𝑚 > 𝑙/4,
where we have that the function ℎ(𝑟) becomes negative and the metric changes
signature. The 𝑟 and 𝑡 coordinates become time-like and space-like, respectively.
After the exchange 𝑟 ↔ 𝑡 the metric can be written as a Kantowski–Sachs space-
time, namely

𝑑𝑠2 = −𝑁(𝑡)𝑑𝑡2 + 𝑎(𝑡)2𝑑𝑟2 + 𝑏(𝑡)2 (𝑑𝜗2 + sin2𝜗𝑑𝜑2) , (8.27)
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where

𝑎(𝑡)2 ≡ Ω(𝑡)|ℎ(𝑡)|, (8.28)

𝑏(𝑡)2 ≡ 𝑡2Ω(𝑡), (8.29)

while the lapse function is 𝑁(𝑡) ≡ Ω(𝑡)/|ℎ(𝑡)|. It is interesting to check for the
existence of big-bounces in the universe evolution. To this aim, let us define the
Hubble functions

𝐴(𝑡) ≡ ̇𝑎(𝑡)
𝑎(𝑡) , 𝐵(𝑡) ≡ 𝑏̇(𝑡)

𝑏(𝑡) . (8.30)

The condition for the existence of a bounce [234] in the scale factor 𝑎 at time 𝑡𝑎
and in 𝑏 at time 𝑡𝑏 is, respectively

𝐴(𝑡𝑎) = 0, 𝐴̇(𝑡𝑎) > 0; (8.31)
𝐵(𝑡𝑏) = 0, 𝐵̇(𝑡𝑏) > 0. (8.32)

It is clear that, although it may be possible to have a bounce in one of the scale
factors but not the other, this does not lead to a new expanding universe region.
We therefore require that a bounce occurs in both scale factors, even though they
may in general occur at different times [234]. Indeed, for 𝛼 < −𝑙2/48, a bounce
in 𝑏(𝑡) occurs at

𝑡𝑏 = 𝑚 (1 + 3
√
−(1 + 48𝛼

𝑙2 )) , (8.33)

in which conditions (8.32) are satisfied. It can be shown that there exists a time 𝑡𝑎
for which conditions (8.31) are satisfied too, although it is not possible to express
𝑡𝑎 analytically. In this cosmological interpretation, the Immirzi field 𝜙(𝑡) diverges
when 𝑡 = 2𝑚. This time happens to be before both bounces, for a large range of
values of the parameters. It is also interesting to notice that, when the Immirzi
field diverges, one has that

𝐴(2𝑚) = 𝐵(2𝑚), (8.34)

for every values of the parameters.

8.2 Thermodynamics and black hole chem-
istry

Although the asymptotically Anti-de Sitter behavior is not really prone to a direct
astrophysical interpretation of the solution, it allows to deepen the analysis in the
semiclassical setting in which the thermodynamics of AdS black hole solutions is
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well defined and rich of interesting phenomena in which it is worth to investigate
the effects of the Immirzi field.
Among the many existing approaches to black hole thermodynamics, Euclidean
path integral methods are particularly handy and straightforward to apply [112,
111]. They are based on the thermodynamic interpretation of the gravitational
partition function3

𝑍 = ∫ 𝑑[𝑔]𝑒𝑖𝐼 [𝑔]. (8.35)

The usual procedure consists in performing a Wick rotation to imaginary time
𝑡 → 𝑖𝜏 on which one imposes periodic boundary conditions. In this way, 𝜏 be-
comes an angular coordinate with period 𝛽 which can be identified with the
inverse temperature of the black hole [112]. Since the latter is a solution to the
field equations, it extremizes the action, allowing to perform a saddle point ap-
proximation around the classical solution, yielding

𝑍(𝛽) ≈ 𝑒−𝐼𝐸(𝛽), (8.36)

where 𝐼𝐸(𝛽) is the on-shell Euclidean action. Then, usual thermodynamic rela-
tions hold, like

𝐼𝐸 = 𝑆 − 𝛽𝑀, (8.37)

which where𝑀 and 𝑆 are the mass-energy and entropy of the black hole, respect-
ively. These thermodynamic quantities can then be computed via

𝑀 = −𝜕𝐼𝐸𝜕𝛽 , (8.38a)

𝑆 = 𝐼𝐸 − 𝛽 𝜕𝐼𝐸𝜕𝛽 , (8.38b)

once the Euclidean on-shell action is known. However, this is not necessary
for the computation of the black hole temperature, to which we now turn the
attention. After theWick rotation, the metric signature changes from Lorentzian
to Euclidean, yielding

𝑑𝑠2𝐸 = Ω(𝑟) [ℎ(𝑟)𝑑𝜏2 + ℎ−1(𝑟)𝑑𝑟2 + 𝑟2𝑑𝜎2] . (8.39)

In order to appreciate how the Euclidean time is actually an angular coordinate
let us look at the Euclidean metric near the horizon, namely for 𝑟 ≈ 𝑟𝑒 . We have

𝑑𝑠2𝐸 = 𝑑 ̃𝑟2 + ℎ′(𝑟𝑒)2
4 ̃𝑟2𝑑𝜏2 + Ω(𝑟𝑒)𝑟2𝑒 𝑑𝜎2, (8.40)

3In order to avoid confusion with the black hole entropy 𝑆, in this section we will use 𝐼 to
represent the action. Moreover, we set 𝜅2 = 1.
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where a prime denotes a derivative with respect to 𝑟 and we have defined a new
radial coordinate as

̃𝑟 ≡ 2
√
Ω(𝑟𝑒)(𝑟 − 𝑟𝑒)

ℎ′(𝑟𝑒)
. (8.41)

Now, the 2-dimensional subspace ̃𝑟 − 𝜏 , is nothing but flat space in polar coordin-
ates, with metric

𝑑𝑠2̃𝑟−𝜏 = 𝑑 ̃𝑟2 + ̃𝑟2𝑑 ̃𝜗2, (8.42)

where the polar angle is defined in terms of 𝜏 as:

̃𝜗 ≡ ℎ′(𝑟𝑒)
2 𝜏 . (8.43)

However, there is a conical singularity at the origin unless the period of ̃𝜗 is
precisely 2𝜋 . This implies that 𝜏 must have period 𝛽 given by

𝛽 = 4𝜋
ℎ′(𝑟𝑒)

= 2𝜋𝑙2
2𝑟𝑒 − 𝑙 . (8.44)

With the usual identification of the inverse temperature with the period we ob-
tain the expression of the black hole temperature as follows:

𝑇 = 1
2𝜋𝑙 (

2𝑟𝑒
𝑙 − 1) . (8.45)

Some remarks are in order. First, the temperature is not always positive defin-
ite. To guarantee its positivity, we must restrict to the branch of solutions above
the critical configuration introduced in the previous section, namely to the case
𝑟𝑒 > 𝑟𝑐 , which, in terms of the mass parameter, reads 𝑚 > 𝑚𝑐 . In this regard,
we can draw some comparisons with the results of [226, 227], where a similar
scenario occurs. There, the critical configuration has also the feature of possess-
ing the minimum value of the mass parameter which still allows for a black hole
interpretation of the solution, since for smaller masses, a naked singularity devel-
ops. In the present case however, the same situation holds only if no restrictions
on the model are imposed. Indeed, the curvature singularities can always be
concealed restricting 𝛼 to be greater than 𝑙2/48, allowing for a black hole inter-
pretation for every value of 𝑚.
Let us now turn to the computation of the Euclidean action. There are two im-
portant aspects that need to be taken care of. One is that the variational principle
must be well posed, as discussed in 2.2. In the present case we actually started
from a first order action of the form (5.1). Since it does not contain second order
derivatives its variation does not produce any unwanted boundary term and one
might be tempted to conclude that no additional boundary terms are required.
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However, we will compute the Euclidean action working on half-shell, starting
from (5.10). The correct equivalent second order action is the one yielding an
equivalent set of field equations via a well-posed (second order) variational prin-
ciple. This is not simply given by (5.10), whose variation would give rise to un-
wanted non vanishing boundary terms arising from the 𝜙𝑅 term. Rather, it must
be completed with the inclusion of the appropriate Gibbons-Hawking-York-like
boundary term. In this case, it is given by [235]

𝐼𝐺𝐻𝑌 = 1
8𝜋 ∫𝜕ℳ 𝑑3𝑥√|(3)𝑔|𝜙𝐾, (8.46)

where (3)𝑔 is the determinant of the induced metric on the boundary 𝜕ℳ and 𝐾
the trace of its extrinsic curvature. The variation of 𝐼𝐺𝐻𝑌 precisely cancels non
vanishing boundary contributions arising from 𝜙𝑅.
The second aspect that must be faced is the fact that the on-shell Euclidean ac-
tion for asymptotically AdS spacetimes is divergent. Actually, the simplest ex-
ample, i.e. the asymptotically flat Schwarzschild solution, already poses the same
problem. In that case, one usually adopts a subtraction method, where the con-
tribution from a reference background solution is subtracted from the divergent
on-shell action, regularizing the result. In the Schwarzschild case the background
is flat space, with the GHY boundary term computed via the extrinsic curvature
of a boundary surface of identical intrinsic geometry, embedded in flat space-
time. However, in the present case the identification of the correct background
is not as straightforward and different choices may lead to different results [226,
227]. Therefore, we prefer to follow a different path which we will refer to as
the counter-terms method [236, 237]. It consists in adding counter-terms to the
action which are still surface integrals depending on the induced metric on the
boundary and, in the present case, on the scalar fields as well. The advantage is
that one can apply the method without specifying the explicit expression of the
counter-terms, as done in [232]. We will first generalize the treatment of [232] to
the case of non-minimal coupling and then we will also provide the explicit cov-
ariant expression of the counter-terms. Let us first rewrite the Euclidean metric
as

𝑑𝑠2𝐸 = 𝑁 2(𝑟)𝑓 2(𝑟)𝑑𝜏2 + 𝑓 −2(𝑟)𝑑𝑟2 + 𝜌2(𝑟)𝑑𝜎2, (8.47)

where the old metric functions are related to the new ones by

𝑁 = Ω, 𝑓 2 = ℎ
Ω, 𝜌2 = Ω 𝑟2. (8.48)

Then, the Euclidean action can be written in Hamiltonian formalism as

𝐼 = −𝛽𝜎8𝜋 ∫
∞

𝑟𝑒
𝑑𝑟𝑁𝐻 + 𝐵. (8.49)
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In the expression above we have performed the integrations over 𝜏 and the base
manifold Σ. The boundary term 𝐵, which is for now unspecified, plays both
roles mentioned above, namely rendering the variational principle well-posed
and the action finite. In addition, sincewemoved to theHamiltonian formulation,
it actually contains also boundary terms arising during the spacetime splitting
procedure from the Gauss-Codazzi relation [B18]. The Hamiltonian reads

𝐻 =𝜌2 {𝜙 [𝑓
2′𝜌′
𝜌 + 2𝑓 2𝜌″

𝜌 + (1 + 𝑓 2𝜌′2)
𝜌2 ] − 3

4𝜙 𝑓
2𝜙′2 + 𝜙

4𝑓
2𝜓 ′2 + 𝑉 (𝜙) + 𝑊(𝜓)

2

+𝜌
2′𝑓 2𝜙′
𝜌2 + 𝑓 2′𝜙′

2 + 𝑓 2𝜙″} , (8.50)

where the second line features new terms that are absent [232], arising from the
non-minimal coupling. Moreover, we neglected terms involving the momenta
and the shift vector since they are vanishing due to the static and spherically
symmetric character of the solution. In principle, one should also include an
additional term proportional to the structural equation which is known to mani-
fest itself as a secondary constraint in Hamiltonian formalism [48]. However,
this term would not contain derivatives of the fields with respect to 𝑟 and thus
it is irrelevant in the following calculations. Now, in order to compute (8.49) we
first note that the Hamiltonian is vanishing on-shell, so that the only relevant
contribution comes from the boundary term, i.e.

𝐼 = 𝐵|∞ − 𝐵|𝑟𝑒 . (8.51)

To compute the contributions of 𝐵 at infinity and on the horizon we can vary the
action with respect to the metric functions and scalar fields as

𝛿𝐼 = −𝛽𝜎8𝜋 ∫
∞

𝑟𝑒
𝑑𝑟𝑁 𝛿𝐻 + 𝛿𝐵. (8.52)

Then, we must impose the variation of 𝐵 to cancel the non vanishing boundary
terms coming from the variation of the Hamiltonian. This gives

𝛿𝐵 = 𝛿𝐵𝑔 + 𝛿𝐵𝜙 + 𝛿𝐵𝜓 , (8.53)
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where

𝛿𝐵𝑔 = 𝛽𝜎
8𝜋 [(𝑁𝜌𝜙𝜌′ + 1

2𝑁𝜌2𝜙′) 𝛿𝑓 2 − (2𝑁 ′𝜌𝜙𝑓 2 + 𝑁𝜌𝜙𝑓 2′) 𝛿𝜌
+2𝑁𝜌𝜙𝑓 2𝛿𝜌′]∞𝑟𝑒 , (8.54)

𝛿𝐵𝜙 = 𝛽𝜎
8𝜋 [− ( 3

2𝜙𝑁𝜌2𝑓 2𝜙′ + 𝑁 ′𝜌2𝑓 2 + 1
2𝑁𝜌2𝑓 2′) 𝛿𝜙 + 𝑁𝜌2𝑓 2𝛿𝜙′]

∞

𝑟𝑒
, (8.55)

𝛿𝐵𝜓 = 𝛽𝜎
8𝜋 [12𝜙𝑁𝜌2𝑓 2𝜓 ′𝛿𝜓]

∞
𝑟𝑒
. (8.56)

From the exact solution (8.20), (8.23) and (8.24) we can compute the asymptotic
expression at infinity for the variation of the fields with respect to the black hole
mass:

𝛿𝑓 2|∞ = [2𝑚 (𝑙2 − 48𝛼)
𝑙4 + 6𝑚2 (48𝛼 − 𝑙2) − 2𝑙4

𝑙4𝑟 + 𝑂 ( 1𝑟2)] 𝛿𝑚, (8.57)

𝛿𝜌|∞ = [𝑚 (48𝛼 − 𝑙2)
𝑙2𝑟 + 3𝑚2 (𝑙2 − 48𝛼)

𝑙2𝑟2 + 𝑂 ( 1𝑟3)] 𝛿𝑚, (8.58)

𝛿𝜙|∞ = [−96𝛼𝑚𝑙2𝑟2 + 288𝛼𝑚2
𝑙2𝑟3 + 𝑂 ( 1𝑟4)] 𝛿𝑚, (8.59)

𝛿𝜓 |∞ = [2√3𝑟 − 4√3𝑚
𝑟2 + 𝑂 ( 1𝑟3)] 𝛿𝑚. (8.60)

Summing all contributions we obtain

𝛿𝐵|∞ = −𝛽𝜎4𝜋 𝛿𝑚 + 𝑂 ( 1𝑟2) , (8.61)

from which the boundary term at infinity can be read off to be

𝐵|∞ = −𝛽𝜎4𝜋 𝑚. (8.62)

To compute 𝐵|𝑟𝑒 instead, let us first notice that 𝑓 2(𝑟𝑒) = ℎ(𝑟𝑒)/Ω(𝑟𝑒) = 0, which
implies 𝛿𝐵𝜓 |𝑟𝑒 = 0 and allows to simplify the terms in (8.54) and (8.55) that are
evaluated at 𝑟𝑒 . Then, using the following relations

𝛿𝜌|𝑟𝑒 = 𝛿𝜌(𝑟𝑒) − 𝜌′|𝑟𝑒𝛿𝑟𝑒 , (8.63)

𝛿𝑓 2|𝑟𝑒 = −𝑓 2′|𝑟𝑒𝛿𝑟𝑒 , (8.64)

𝛿𝜙|𝑟𝑒 = 𝛿𝜙(𝑟𝑒) − 𝜙′|𝑟𝑒𝛿𝑟𝑒 , (8.65)
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one has

𝛿𝐵|𝑟𝑒 = − 𝛽𝜎
16𝜋 [𝑁𝜙𝑓 2′𝛿𝜌2(𝑟𝑒) + 𝑁𝑓 2′𝜌2𝛿𝜙(𝑟𝑒)]

= − 𝛽𝜎
16𝜋 𝑁𝑓 2′|𝑟𝑒𝛿 (𝜙(𝑟𝑒)𝜌

2(𝑟𝑒)) . (8.66)

Recalling the definition of the Euclidean time period,

𝑁𝑓 2′|𝑟𝑒 = ℎ′|𝑟𝑒 =
4𝜋
𝛽 , (8.67)

the result can be written as

𝛿𝐵|𝑟𝑒 = −𝜎4 𝛿 (𝜙(𝑟𝑒)𝜌
2(𝑟𝑒)) , (8.68)

which leads to the boundary term at the horizon

𝐵|𝑟𝑒 = −𝜎4 𝜙(𝑟𝑒)𝜌
2(𝑟𝑒). (8.69)

The addition of the two contributions finally gives the Euclidean action:

𝐼 = −𝛽𝜎4𝜋 𝑚 + 𝜙(𝑟𝑒)
𝜎𝜌2(𝑟𝑒)

4 . (8.70)

This procedure allows to obtain the above result without knowing the full expres-
sion of 𝐵, only its value at the boundary. However, we provide here the explicit
covariant expression for the counter-terms:

𝐼 1𝑐𝑡 = − 1
8𝜋 ∫𝜕ℳ 𝑑3𝑥√|(3)𝑔|

2
𝑙 𝜙√𝜙, (8.71)

𝐼 2𝑐𝑡 = − 1
8𝜋 ∫𝜕ℳ 𝑑3𝑥√|(3)𝑔|

𝑙
2√𝜙

3𝑅, (8.72)

𝐼 𝜓𝑐𝑡 = 1
16𝜋 ∫𝜕ℳ 𝑑3𝑥√|(3)𝑔|

𝜙√𝜙
6𝑙 [2𝑙(𝜓 − 𝜓0)

√𝜙
𝑛𝜇𝜕𝜇𝜓 − (𝜓 − 𝜓0)2] , (8.73)

where 3𝑅 is the three dimensional Ricci curvature of the boundary metric and
𝑛𝜇 the unit normal to the boundary. They must be included at the Lagrangian
level. The role of 𝐼 1𝑐𝑡 , 𝐼 2𝑐𝑡 and 𝐼 𝜓𝑐𝑡 is solely the regularization of the divergence of the
action. For this reason, and because we introduced 𝐵 at the Hamiltonian level,
a direct comparison between their asymptotic expansion at infinity and (8.61) is
not possible. However, it is easy to show that the original action (5.10) completed
with (8.71), (8.72), (8.73) and (8.46) leads to the same result as in (8.70).
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In the limit 𝜙 → 1, these counter-terms correctly reproduce the ones reported in
[237] for a minimally coupled scalar field and they are a generalization of them
to the non-minimal coupling case. Contrary to what happens in the absence of
additional scalar fields or for localized distributions of matter [236] with radial
fall off ∼ 𝑟−3/2+𝜀 at infinity, the above counter-terms explicitly depend on the
scalar fields. The reason is that the fall off of at infinity is given by 𝜓 ∼ 𝜓0 +
2√3𝑚𝑟−1+𝑂(𝑟−2) and it is slower with respect to localized distributions of matter.
This results in a back-reaction on the metric and requires the counter-terms to
depend on the scalar fields as well, in order to cancel the divergences.
We can now use (8.70) to compute the energy and entropy of the black hole.
Applying (8.38) we get

𝑀 = 𝜎𝑚
4𝜋 , (8.74)

𝑆 = 𝜙(𝑟𝑒)𝐴4 , (8.75)

where the area of the horizon is defined by

𝐴 = 𝜎𝜌2(𝑟𝑒) = 𝜎Ω(𝑟𝑒)𝑟2𝑒 . (8.76)

Now, since the scalaron is actually an auxiliary field in this theory, being its
dynamics sourced by the Immirzi field via the structural equation, one can use
(8.11) to write the entropy as

𝑆 = [1 + 4𝛼𝑊 (𝜓𝑒)] 𝐴4 , (8.77)

where we have denoted with 𝜓𝑒 the value of the Immirzi field at the black hole
event horizon. We see a deviation from the well-known Bekenstein-Hawking
entropy formula, i.e. 𝑆 = 𝐴/4. Moreover, we note here that in the 𝑚 = 0 case,
although the mass of the black hole is vanishing, the entropy is not, having in-
stead the residual contribution 𝑆(𝑚 = 0) = 𝜎𝑙2/4. This property is consistent
with AdS topological black holes with no hair studied in literature [226, 227].
A further check of our result for the expression of the entropy comes from the
non-minimal coupling of the scalar field, which has been shown to lead to similar
modifications in other contexts [238, 239].
Finally, we find agreement with the outcome obtained by applying Wald’s en-
tropy formula [240] starting from the original first order action (1.73), notwith-
standing the presence of torsion in the theory (see [241] for a discussion on
Wald’s entropy in models with torsion).
Now, as mentioned in the introduction of this section, asymptotically AdS black
holes offer an interesting arena to investigate thermodynamic properties that go
even beyond the traditional laws of black hole thermodynamics [228]. This is
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due to the possibility of enlarging the thermodynamic phase space with the in-
clusion of an effective pressure that is generated by the cosmological constant
as

𝑃 = − Λ
8𝜋 , (8.78)

which is positive definite for negative Λ. Together with pressure, we have its
conjugate quantity, the thermodynamic volume 𝑉 . Its expression is determined
by imposing the first law of thermodynamics, i.e.

𝑑𝑀 = 𝑇𝑑𝑆 + 𝑉 𝑑𝑃. (8.79)

In the context of the extended phase space approach, 𝑀 in the formula above is
interpreted as the enthalpy rather than the internal energy of the system. We
will now make a brief detour to present the literature regarding some known
results on the properties of the thermodynamic volume.
In [242] a conjecture was proposed, stating that for every asymptotically AdS
black hole, the so-called reverse isoperimetric inequality (RII) holds. Here the
term reverse stands for the fact that the behavior is actually inverted if compared
to the isoperimetric inequality that relates area and the volume enclosed in Euc-
lidean geometry. The RII states that ℐ ⩾ 1, where

ℐ = ((𝑑 − 1)𝑉
𝜔(𝑘)
𝑑−2

)
1

𝑑−1
(𝜔

(𝑘)
𝑑−2
𝐴 )

1
𝑑−2

, (8.80)

for arbitrary dimension 𝑑 and generalized unit volume 𝜔(𝑘)
𝑑−2 of the 𝑑 − 2 dimen-

sional base manifold of constant curvature 𝑘. Originally, the motivation in sup-
port of this conjecture was simply the observation that all known solutions sat-
isfied the inequality. However, after a while some counterexamples were found
for which the conjecture is violated.
The physical interpretation behind the inequality is the following. Since the
inequality is saturated by the Schwarzschild-Anti de Sitter (SAdS) black hole,
which settles on the lower bound ℐ = 1, then, according to the conjecture, this
solution is the one maximising the entropy for a given thermodynamic volume.
This is the reason why solutions violating the conjecture have been dubbed su-
perentropic black holes: for a given volume they allow for a greater area (and
therefore4 a greater entropy) than the simple SAdS case.
Examples of superentropic black holes include black holes with non-compact

4This implication is trivially true when the entropy is given by 𝑆 = 𝐴/4. However, for more
complex cases, as the one considered here, it should be verified explicitly as we do in the follow-
ing.
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horizons, Lifshitz black holes, three-dimensional black holes [243, 244, 245, 246].
Violations for hairy black holes with planar (𝑘 = 0) horizons in four dimensions
were also observed in [247].
Further investigations in literature were devoted to analyse the thermodynamic
stability of superentropic solutions. In [248] the superentropic behaviour was
shown to be related to a thermodynamic instability caused by a negative specific
heat at constant volume 𝑐𝑉 . Subsequently, in [249] exotic BTZ black holes were
shown to lead to RII violations even for 𝑐𝑉 > 0. However, the authors also proved
that, whenever the condition 𝑐𝑉 > 0 holds, the specific heat at constant pressure
𝑐𝑃 becomes negative, leading again to a thermodynamic instability.
Now we want to understand how the solution presented in this section fits in
this landscape. First, we can compute the volume substituting the expression for
the other thermodynamic variables into the first law. The outcome is

𝑉 = 𝜎𝑙2
3 (𝑙 + 3𝑚) = 𝜎

3 (3𝑙𝑟2𝑒 − 3𝑙2𝑟𝑒 + 𝑙3) . (8.81)

The first thing to notice is that it does not coincide with the geometric volume,
i.e.

𝑉𝑔𝑒𝑜𝑚 = 𝜎(𝑟𝑒√Ω(𝑟𝑒))3
3 . (8.82)

The same happens also for other solutions that aremore complex compared to the
Schwarzschild-AdS case [250, 246, 251]. Despite this discrepancy, it shares some
common properties with 𝑉𝑔𝑒𝑜𝑚: it is a positive definite increasing monotonic
function of 𝑟𝑒 (for 𝑟 > 𝑟𝑐) and it is proportional to the genus 𝑔 of the horizon. A
minimum value 𝑉𝑚𝑖𝑛 = 𝜎𝑙3/12 exists and it is attained at 𝑟𝑒 = 𝑟𝑐 . One can also
verify that the Smarr formula holds:

𝑀 = 2(𝑇𝑆 − 𝑃𝑉 ). (8.83)

We can now compute the isoperimetric ratio ℐ for our black hole. Setting 𝑑 = 4,
𝑘 = −1 and 𝜔(−1)

2 = 𝜎 in (8.80) and substituting the expressions for 𝐴 and 𝑉
yields

ℐ = (3𝑙𝑟2𝑒 − 3𝑙2𝑟𝑒 + 𝑙3)
1
3

√𝑙(2𝑟𝑒 − 𝑙) + 48𝛼
𝑙2 (𝑟𝑒 − 𝑙)2

. (8.84)

It is trivial to show that the RII is violated in almost all parameter space. In
particular we have that:

• For 𝛼 ⩾ 𝑙2/(24 3√2) the black hole is always super-entropic. The violation
of the RII occurs for every 𝑟𝑒 > 𝑟𝑐 , namely for every 𝑇 > 0 and 𝑉 > 𝑉𝑚𝑖𝑛;
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• For 0 < 𝛼 < 𝑙2/(24 3√2) the RII is violated only for 𝑟𝑒 > ̄𝑟 , where ̄𝑟 is one of
the roots of the fourth order polynomial

𝒫 (𝑟) = 110592𝛼3𝑟4 + (13824𝛼2𝑙3 − 442368𝛼3𝑙) 𝑟3
+ (−9𝑙8 + 576𝛼𝑙6 − 34560𝛼2𝑙4 + 663552𝛼3𝑙2) 𝑟2
+ (8𝑙9 − 576𝛼𝑙7 + 27648𝛼2𝑙5 − 442368𝛼3𝑙3) 𝑟
− 2𝑙10 + 144𝛼𝑙8 − 6912𝛼2𝑙6 + 110592𝛼3𝑙4. (8.85)

The root ̄𝑟 satisfies ̄𝑟 > 𝑟𝑐 and it is related to a specific temperature ̄𝑇 ≡
𝑇 ( ̄𝑟 ) via (8.45). In this case the black hole is superentropic only above this
temperature, i.e. for 𝑇 > ̄𝑇 ;

• Finally, for 𝛼 = 0, i.e. for the MTZ solution [232], the black hole is suben-
tropic since ℐ ⩾ 1 always holds. The inequality is saturated by 𝑟𝑒 = 𝑙, for
which ℐ = 1, which corresponds to pure AdS space.

Now, there is a caveat in this case and for every solution in which the relation
between area and entropy is not the trivial Bekenstein-Hawking law. From the
three cases above we can conclude the violation (or the validity) of the RII. Can
we directly relate these results to the super(sub)-entropic behavior of the black
hole? In other words, when ℐ < 1 the black hole can have a larger area than
that of a SAdS one. Thus a larger area also imply a larger entropy? Only if the
entropy is a monotonically increasing function of the area. We can check that
by solving (8.76) for 𝑟𝑒(𝐴) (choosing the positive branch, for which 𝑟𝑒 > 0 and
𝐴 > 0) and then substituting it in the definition of the entropy. This yields

𝑆(𝐴) = 𝜎𝑙2
96𝛼 (24𝛼 − 𝑙2 + √𝑙2(𝑙2 − 48𝛼) + 48𝛼

𝜎 𝐴) , (8.86)

which is a monotonically increasing function of 𝐴. Therefore, a violation of the
RII still implies that the black hole is super-entropic.
Having established that, let us now discuss the thermodynamic stability of the
black hole and in particular of its superentropic configurations. The solution at
hand is halfway between the two solutions of [248] and [249], since 𝑐𝑃 is always
positive, as in [248], but there are configurations characterized by 𝑐𝑉 > 0 and for
which the RII is violated, namely there are superentropic black holes with both
specific heats positive. In spite of that, we conclude that superentropic black
holes are always thermodynamically unstable.
To see this, we first note that, comparing (8.45) and (8.77), we can relate entropy
and temperature as

𝑆 = 𝜎𝜋
2 ( 3

8𝜋𝑃 )
3
2 𝑇 . (8.87)
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Then, the specific heat at constant pressure can be computed, yielding

𝑐𝑃 = 𝑇 𝜕𝑆𝜕𝑇 |𝑃
= 𝜎𝜋

2 ( 3
8𝜋𝑃 )

3
2 𝑇 > 0, (8.88)

which is manifestly positive.
Let us now turn to the more involved computation of 𝑐𝑉 . It can be carried out
using the following relations:

𝑐𝑃 − 𝑐𝑉 = 𝑇𝑉𝛼2𝑃𝑘𝑇 , (8.89)
𝑐𝑉
𝑐𝑃

= 𝑘𝑇𝛽𝑆 , (8.90)

where the isobaric thermal expansion coefficient, the isothermal bulk modulus
and the adiabatic compressibility are defined by, respectively

𝛼𝑃 ≡ 1
𝑉
𝜕𝑉
𝜕𝑇 |𝑃

, (8.91)

𝑘𝑇 ≡ −𝑉 𝜕𝑃
𝜕𝑉 |

𝑇
, (8.92)

𝛽𝑆 ≡ − 1
𝑉
𝜕𝑉
𝜕𝑃 |𝑆

. (8.93)

Eliminating 𝑘𝑇 from (8.89) and (8.90) and using (8.88) yields

𝑐𝑉 = 𝑆2𝛽𝑆
𝑆𝛽𝑆 + 𝑇𝑉𝛼2𝑃

. (8.94)

Now, the volume (8.81) can be express in terms of 𝑃 and 𝑀 and then, by virtue
of the Smarr formula (8.83), we can write

𝑉 = 𝜎
12 (

3
8𝜋𝑃 )

3
2 (1 + 9𝜋𝑇 2

2𝑃 ) , (8.95)

which easily yields 𝛽𝑆 and 𝛼𝑃 . Substituting them in (8.94) and using (8.87) results
in

𝑐𝑉 =
3√

3𝜋
2 𝑇 (2𝑃 − 3𝜋𝑇 2)

8𝑃3/2 (2𝑃 + 15𝜋𝑇 2) , (8.96)

which is independent on the parameter 𝛼 . We nowwant to study the dependence
of this function on 𝑇 at fixed volume. In order to do this we must first express
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Figure 8.1: Specific heat at constant volume 𝑐𝑉 as a function of 𝑇 for different values of
𝑉 .

pressure in terms of 𝑇 and 𝑉 inverting (8.95). We do this numerically for different
values of 𝑇 and 𝑉 , choosing positive values of 𝑇 and checking that 𝑉 > 𝑉𝑚𝑖𝑛 for
every value of 𝑉 . The outcome presented in Fig. 8.1, shows that for every value of
the volume there exists a temperature 𝑇 ∗ below which the specific heat becomes
positive. Now, for 𝛼 ⩾ 𝑙2/(24 3√2) the black hole is always superentropic and it is
possible to simultaneously have ℐ < 1 and 𝑐𝑉 > 0, together with 𝑐𝑃 > 0, which
always holds. For 0 < 𝛼 < 𝑙2/(24 3√2) instead, the black hole is superentropic
only for 𝑇 > ̄𝑇 . However, even if the value ̄𝑇 can be either above or below the
turning point 𝑇 ∗, depending on the specific value of 𝛼 , we found that for every 𝛼
there is always a thermodynamic configuration, namely values of 𝑉 and 𝑇 , such
that ̄𝑇 < 𝑇 ∗. Therefore, in all cases there are superentropic black holes with both
specific heats positive.
We observe a situation similar to the one in [249]. There, the behaviour of 𝑐𝑉 is
inverted, being positive at large temperatures. The crucial difference is that here
𝑐𝑃 is positive definite. This seems to suggest that thermodynamic equilibrium is
possible for superentropic black holes since there are configurations character-
ized by positive specific heats. However, for every value of 𝑉 there is always a
temperature above which 𝑐𝑉 becomes negative. This region could be excluded if
there existed two separate branches of black hole solutions, as it happens for the
SAdS solution [228]. However, such separation does not occur here as there is
only one connected branch. As argued in [249], it is sufficient to have 𝑐𝑉 < 0 for
at least some part of the branch to make the whole branch thermodynamically
unstable. Therefore, we conclude that the black hole solution we found satisfies
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the broader conjecture, proposed in [249], that black holes violating the reverse
isoperimetric inequality are thermodynamically unstable.



Chapter 9

Homogeneous cosmologicalmodels with
generalized Nieh-Yan term

From a theoretical consistency point of view, the presence of singularities in the
solutions of General Relativity constitutes perhaps one of the greatest shortcom-
ing of the theory. Beside black hole spacetimes, singularities are also present
in cosmological solutions, to which this section will be devoted. The issue is
already present in the relevant homogeneous and isotropic case, described by
the FLRW metric, which present a big-bang singularity at the origin of coordin-
ate time. Although the FLRW metric offers a great description of most stages
of the universe evolution, it is widely believed that one cannot extrapolate the
solution to arbitrarily small times, and some corrections must be implemented in
the most primordial epochs. These corrections may be offered by quantum grav-
ity effects, see e.g. [252], but they can also be provided by completely classical
mechanisms, as it happens in modified gravity models [253, 254, 255, 256, 257].
In this section we will focus on the second option, with the aim of checking the
feasibility of these mechanisms in the generalized Nieh-Yan model introduced
before.
Homogeneity and isotropy are other features that may need to be abandoned
in the primordial stages. Indeed, many cosmological models attempting to de-
scribed the very early stages of the universe exist, in which one or both assump-
tions are discarded [B258]. The straightforward generalization of the FLRW solu-
tion consists in keeping the homogeneity condition and dropping the assump-
tion of isotropy, leading to the Bianchi homogeneous cosmological models [259,
B258]. Among them, the Bianchi I solution constitutes the simplest model, in
which three different scale factors take part in the universe evolution, one for
each spatial direction.
When considered inmodified gravity theories, both the FLRW and Bianchi I mod-
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els have been shown to allow for a resolution of the big-bang singularity, which
is replaced by a big-bounce scenario. The latter is characterized by a contraction
of the universe volume down to a minimum value and a subsequent re-expansion
of the universe.
Among the many gravitational models in which this behavior has been observed,
those featuring an Immirzi field are given by [169, 170]. In particular, in [170] the
existence of a big-bounce solution was established in the presence of the stand-
ard Nieh-Yan term. Here we will generalize this result to the model introduced
in section 6.
In order to proceed further, we will consider as a specific theory the topological
case of the Nieh-Yan model in (6.20), which is identified by 𝜆 = 1. Moreover, we
will also assume the potential to satisfy 𝑉 (𝜙, 𝜓 ) = 𝑉 (𝜙). As a concrete example
we will consider for the function 𝐹(ℛ,𝒩 𝒴 ∗) the effective form 𝐹(ℛ,𝒩 𝒴 ∗) ≃
ℛ+𝛼ℛ2+𝒩 𝒴 ∗, which corresponds to the Starobinsky quadratic potential [85]:

𝑉 (𝜙) = 1
𝛼 (𝜙 − 1

2 )
2
. (9.1)

These are necessary simplifications for the achievement of the following results.
We will rewrite here the field equations for convenience:

̄𝐺𝜇𝜈 = 𝜅2
𝜙 𝑇𝜇𝜈 + 1

𝜙 (∇̄𝜇∇̄𝜈 − 𝑔𝜇𝜈2) 𝜙 − 3
2𝜙2 ∇̄𝜇𝜙∇̄𝜈𝜙 + 3

2𝜙2 ∇̄𝜇𝜓 ∇̄𝜈𝜓+

+ 1
2𝑔𝜇𝜈 (

3
2𝜙2 (∇̄𝜙)

2 − 3
2𝜙2 (∇̄𝜓 )

2 − 𝑉 (𝜙)
𝜙 ) ,

(9.2)

and

2𝑉 (𝜙) − 𝜙 𝑑𝑉 (𝜙)𝑑𝜙 = 𝜅2𝑇 − 3(∇̄𝜓 )2
𝜙 , (9.3)

2𝜓 − ∇̄𝜇 ln 𝜙∇̄𝜇𝜓 = 0. (9.4)

We will now provide a semi-analytical solution to these equations in the aniso-
tropic cosmological setting.

9.1 Big-Bounce in Bianchi I anisotropic mod-
els

Let us therefore consider the line element of a Bianchi I flat metric, given by

𝑑𝑠2 = −𝑑𝑡2 + 𝑎(𝑡)2𝑑𝑥2 + 𝑏(𝑡)2𝑑𝑦2 + 𝑐(𝑡)2𝑑𝑧2. (9.5)
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The anisotropic character of the spacetime is encoded in the presence of three
different scale factors, 𝑎(𝑡), 𝑏(𝑡), 𝑐(𝑡), constituting the simplest homogeneous cos-
mology beyond the isotropic FLRW spacetime. The matter content is included
as a perfect fluid with stress-energy tensor given by

𝑇𝜇𝜈 = diag(𝜌, 𝑎2𝑝, 𝑏2𝑝, 𝑐2𝑝), (9.6)

where 𝜌 is the energy density and 𝑝 the pressure. From (9.2) it is easy to show
that the covariant conservation law

∇̄𝜇𝑇 𝜇𝜈 = 0 (9.7)

holds, from which the continuity equation is derived as

̇𝜌 + ( ̇𝑎
𝑎 + 𝑏̇

𝑏 + ̇𝑐
𝑐 ) (𝜌 + 𝑝) = 0, (9.8)

where a dot represents derivatives with respect to the coordinate time 𝑡 . For the
usual equation of state 𝑝 = 𝑤𝜌 we can then write

𝜌(𝑡) = 𝜇2
(𝑎𝑏𝑐)𝑤+1 , (9.9)

for constant 𝜇2. Now, the first great simplification comes from the fact that the
Immirzi field derivative ̇𝜓 and the scalaron 𝜙 can both be expressed in term of
the volume-like variable defined by 𝑣 = 𝑎𝑏𝑐. Indeed, equation (9.4) gives

̇𝜓 = 𝑘0𝜙
𝑎𝑏𝑐 , (9.10)

which substituted into (9.3) yields

𝜙 = 𝑣2𝑓 (𝑣)
6𝛼𝑘20 + 𝑣2 , (9.11)

where we defined the function

𝑓 (𝑣) ≡ 1 − 2𝛼𝜅2(3𝑤 − 1)𝜌(𝑣). (9.12)
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Regarding the metric field equations instead, the relevant components are the
𝑡 𝑡 , 𝑥𝑥, 𝑦𝑦 and 𝑧𝑧 ones, given by

̇𝑎𝑏̇
𝑎𝑏 + ̇𝑎 ̇𝑐

𝑎𝑐 +
𝑏̇ ̇𝑐
𝑏𝑐 = 𝜅2𝜌

𝜙 + 3𝑘20
4𝑣2 − ( ̇𝑎

𝑎 + 𝑏̇
𝑏 + ̇𝑐

𝑐 )
̇𝜙

𝜙 − 3 ̇𝜙2
4𝜙2 + 𝑉 (𝜙)

2𝜙 , (9.13)

𝑏̈
𝑏 + ̈𝑐

𝑐 +
𝑏̇ ̇𝑐
𝑏𝑐 = − (𝑏̇𝑏 + ̇𝑐

𝑐 )
̇𝜙

𝜙 + Φ, (9.14)

̈𝑎
𝑎 + ̈𝑐

𝑐 +
̇𝑎 ̇𝑐
𝑎𝑐 = − ( ̇𝑎

𝑎 + ̇𝑐
𝑐 )

̇𝜙
𝜙 + Φ, (9.15)

̈𝑎
𝑎 + 𝑏̈

𝑏 + ̇𝑎𝑏̇
𝑎𝑏 = − ( ̇𝑎

𝑎 + 𝑏̇
𝑏)

̇𝜙
𝜙 + Φ, (9.16)

respectively, where

Φ ≡ −𝜅
2𝑝
𝜙 − 3𝑘20

4𝑣2 −
̈𝜙

𝜙 + 3 ̇𝜙2
4𝜙2 + 𝑉 (𝜙)

2𝜙 . (9.17)

Now, in order to get some insight on the physical consequences of this system, it
will be useful to perform some manipulations in order to rewrite the first equa-
tion in terms of the volume 𝑣 alone. This equation reduces to the Friedmann
equation in the isotropic limit 𝑎 = 𝑏 = 𝑐, and will allow to determine the pres-
ence of singularities, big-bounce or turning points in the volume evolution.
Combining equations (9.15) and (9.16), we obtain

𝑏̈
𝑏 − ̈𝑐

𝑐 + (𝑏̇𝑏 − ̇𝑐
𝑐 )

̇𝑎
𝑎 = − (𝑏̇𝑏 − ̇𝑐

𝑐 )
̇𝜙

𝜙 , (9.18)

which can be integrated for 𝑎 yielding

𝑎 = 𝑘1
𝜙(𝑏̇𝑐 − 𝑏 ̇𝑐) , (9.19)

where 𝑘1 is an integration constant. Similar relations can be derived for the other
scale factors as

𝑏 = 𝑘2
𝜙( ̇𝑎𝑐 − 𝑎 ̇𝑐) , (9.20)

𝑐 = 𝑘3
𝜙( ̇𝑎𝑏 − 𝑎𝑏̇) . (9.21)

It is easy to check that the following constraint must hold:

𝑘1 − 𝑘2 + 𝑘3 = 0. (9.22)
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It is now convenient to introduce Hubble-like functions defined by

𝐻𝐴 = ̇𝑎
𝑎 , (9.23)

𝐻𝐵 = 𝑏̇
𝑏 , (9.24)

𝐻𝐶 = ̇𝑐
𝑐 , (9.25)

in terms of which we can express (9.19)-(9.21) as

𝐻𝐵 − 𝐻𝐶 = 𝑘1
𝜙𝑣 , (9.26)

𝐻𝐴 − 𝐻𝐶 = 𝑘2
𝜙𝑣 , (9.27)

𝐻𝐴 − 𝐻𝐵 = 𝑘2
𝜙𝑣 , (9.28)

which combined give

𝐻𝐴𝐻𝐵 + 𝐻𝐴𝐻𝐶 + 𝐻𝐵𝐻𝐶 = 𝐻 2𝐴 + 𝐻 2𝐵 + 𝐻 2𝐶 − 3𝜇2𝐴
𝜙2𝑣2 . (9.29)

Here we have defined the anisotropy density parameter as

𝜇2𝐴 ≡ 𝑘21 + 𝑘22 + 𝑘23
6𝜅2 . (9.30)

Next, noting that
̇𝑣
𝑣 = 𝐻𝐴 + 𝐻𝐵 + 𝐻𝐶 , (9.31)

and changing time derivatives of 𝜙 in (9.13) into derivatives with respect to the
volume via

̇𝜙
𝜙 = ̇𝑣

𝜙
𝑑𝜙
𝑑𝑣 , (9.32)

we can write

𝐻 2𝐴 + 𝐻 2𝐵 + 𝐻 2𝐶 = ( ̇𝑣
𝑣 )

2
− 2(𝐻𝐴𝐻𝐵 + 𝐻𝐴𝐻𝐶 + 𝐻𝐵𝐻𝐶). (9.33)

Then, taking into account (9.29), (9.32) and (9.33), from (9.13) we finally obtain

𝐻 2 ≡ ( ̇𝑣
3𝑣 )

2
=

𝜅2
3 (𝜇2𝐼𝑣2 +

𝜌
𝜙 + 𝜇2𝐴𝑁

𝜙2𝑣2) +
𝑉 (𝜙)
6𝜙

(1 + 3𝑣
2

𝑑
𝑑𝑣 ln 𝜙)

2 , (9.34)
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where the energy density parameter for the Immirzi field has been defined as

𝜇2𝐼 ≡ 3𝑘20
4𝜅2 . (9.35)

The merit of these manipulations is that now the l.h.s of equation (9.34) is mani-
festly positive and the r.h.s. is a rational function of 𝑣 . It follows that zeros and
poles of the function on the r.h.s. signal the presence of singularities, big-bounce
and turning points, allowing to determine the qualitative behavior of the volume
evolution by means of simple algebraic considerations.
In particular, the sign of the r.h.s can be affected by different matter contents
and different values of the parameter 𝛼 . For configurations for which the r.h.s is
always positive, the volume 𝑣 can span all the positive values, i.e. 𝑣 ∈ ℝ+, and the
dynamics will still be singular in 𝑣 = 0. On the other hand, the r.h.s. may change
sign for some values of 𝑣 where 𝐻 2 = 0. Then, one has to select those intervals
in which 𝐻 2 > 0. Lower bounds of such intervals correspond to big-bounces and
upper bounds to turning points.

9.1.1 Vacuum case
Let us perform a preliminary investigation in the simplest case provided by the
vacuum configuration, where 𝜌 = 0 and 𝑓 (𝑣) = 1. In that case, we can rearrange
(9.34) as

𝐻 2(𝑣) = 𝜅2(𝑣2 + 𝜂𝐼 ) (𝑃𝐴(𝑣)𝜇2𝐴 + 𝑃𝐼 (𝑣)𝜇2𝐼 )
6𝑣6 (𝑣2 + 4𝜂𝐼 )2

, (9.36)

where

𝑃𝐴(𝑣) = 2𝑣6 + 6𝜂𝐼 𝑣4 + 6𝜂2𝐼 𝑣2 + 2𝜂3𝐼 , (9.37)

𝑃𝐼 (𝑣) = 2𝑣4(𝑣2 + 2𝜂𝐼 ) (9.38)

and 𝜂𝐼 ≡ 6𝛼𝜅2𝜇2𝐼 . Now, for 𝛼 > 0 (i.e. 𝜂𝐼 > 0) it is clear that the r.h.s is always
positive, so that the singularity at 𝑣 = 0 is not resolved. For the 𝛼 < 0 case
instead, the outcome is determined by the inequality

(𝑣2 + 𝜂𝐼 ) (𝑃𝐴(𝑣)𝜇2𝐴 + 𝑃𝐼 (𝑣)𝜇2𝐼 ) ≥ 0, (9.39)

which is solved by

0 < 𝑣2 < 𝑣2𝑇 ≡ −𝜂,
𝑣2𝐵 < 𝑣2, (9.40)
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where 𝑣2𝐵 is the only real root of the third order polynomial in 𝑥 = 𝑣2 featuring
(9.39). Its explicit expression reads

𝑣2𝐵 = − 1
3(1 + 𝜆2𝐴𝐼 )𝜂𝐼

[2
1/3(4 + 3𝜆2𝐴𝐼 )
𝑄 4

3
(𝜆𝐴𝐼 )

+ (2 + 3𝜆2𝐴𝐼 )𝜂2𝐼 +
𝑄 4

3
(𝜆𝐴𝐼 )
21/3 𝜂4𝐼 ] , (9.41)

where

𝑄 4
3
(𝜆𝐴𝐼 ) ≡ 3√16 − 𝑄2(𝜆𝐴𝐼 )𝜆𝐴𝐼 + 45𝜆2𝐴𝐼 + 27𝜆4𝐴𝐼 , (9.42)

𝑄2(𝜆𝐴𝐼 ) ≡ 3√3√32 + 91𝜆2𝐴𝐼 + 86𝜆3𝐴𝐼 + 27𝜆4𝐴𝐼 , (9.43)

From (9.40) we can outline two disconnected branches for the volume evolution.
The first one describes a closed universe where the singularity is not removed.
In addition, one cannot recover General Relativity since the scalaron 𝜙 diverges
in the limit 𝑣 → −𝜂. The second case looks more promising, describing an open
universe where the big-bang singularity is classically resolved and replaced by
a big-bounce in 𝑣 = 𝑣𝐵. Moreover, the General Relativity scenario is correctly
recovered in the limit 𝑣 → +∞, in which 𝜙 → 1. In the same limit one is also able
to reproduce the ordinary loop quantum gravity picture with a constant Immirzi
parameter, since the Immirzi field derivative (9.10) vanishes in the late-time re-
gion.
We confirm these qualitative results via numerical solutions obtained integrat-
ing equation (9.36) for 𝑣(𝑡). In order to work with dimensionless variables all
quantities are rescaled by the appropriate power of the Planck time 𝑡𝑃𝑙 . The
big-bounce in the volume evolution is shown in Fig. 9.2a, where another feature
stands out: there is a future finite-time singularity (see [260, 261] for details con-
cerning their classification) caused by the pole of equation (9.36) in 𝑣𝑐 = −4𝜂𝐼 ,
where the Hubble function diverges. From the viewpoint of the numerical tech-
niques used, this causes a breakdown in the integration which requires taking
care of the two regions adjacent to the singularity separately, matching the two
solutions across 𝑣𝑐 = −4𝜂𝐼 .
In general, quantum effects of particle creation in the presence of cosmological
horizons [262, 263, 264, 265] can lead to additional terms in the Friedman equa-
tion, able to stabilize such singular behaviours of the Hubble parameter.
However, the physical viability of the solutions presented here must be tested
in order to assure that their extension across the singularities be without ambi-
guities or inconsistencies. In particular, in the next section we will analyze the
behavior of null geodesics and scalar perturbations close to the singular points,
requiring them to be free of pathologies in order to accept the solution or discard
it in the negative case.
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Beside the behavior of the volume, one can also track the time evolution of the
scalar fields via (9.10) and (9.11). Results in Fig. 9.2c show the asymptotic relax-
ation of the scalaron and the Immirzi field derivative to 1 and zero, respectively.
The time evolution of each scale factor is reported in Fig. 9.2b while Fig. 9.2d
displays the minimum value of the volume attained at the bounce 𝑣𝐵 for varying
values of the parameter 𝛼 .

9.1.2 Radiation and dust
The simple vacuum scenario just outlined can be extended to the inclusion of
matter in the form of radiation and pressureless dust, respectively identified by
𝑤 = 1/3 and 𝑤 = 0. In this case (9.11) becomes

𝜙(𝑣) = 𝑣(𝑣 + 2𝜂𝐷)
𝑣2 + 𝜂𝐼

, (9.44)

from which we see that there is an additional zero in 𝑣𝑃 = −2𝜂𝐷 ≡ −2𝛼𝜅2𝜇2𝐷 ,
caused by the presence of dust. This value of the volume can be lesser or greater
than the value at the bounce 𝑣𝐵. In the former case, it is excluded from the domain
of the values of 𝑣 and it is never reached. In the latter case, it actually affects the
evolution of the scale factors 𝑎(𝑡), 𝑏(𝑡) and 𝑐(𝑡), since a zero of 𝜙 corresponds to a
pole in (9.19)-(9.21) and the physical feasibility of the corresponding singularity
must be analyzed.
In the presence of matter, the Hubble rate (9.34) can be written as

𝐻 2 =
𝜅2(𝑣2 + 𝜂𝐼 )∑𝑗 𝑃𝑗(𝑣)𝜇2𝑗

6𝑣4 (𝑣3 − 𝜂𝐷𝑣2 + 4𝜂𝐼 𝑣 + 5𝜂𝐼 𝜂𝐷)2
, (9.45)

where 𝑗 = 𝐷, 𝑅, 𝐴, 𝐼 and

𝑃𝐷(𝑣) =2𝑣7 + 5𝜂𝐷𝑣6 + 2(𝜂2𝐷 + 𝜂𝐼 )𝑣5 + 7𝜂𝐼 𝜂𝐷𝑣4 + 7
2𝜂

2𝐼 𝑣3 + 5𝜂2𝐼 𝜂𝐷𝑣2, (9.46)

𝑃𝑅(𝑣) =2𝑣5/3(𝑣5 + 2𝜂𝐷𝑣4 + 2𝜂𝐼 𝑣3 + 4𝜂𝐼 𝜂𝐷𝑣2 + 𝜂2𝐼 𝑣 + 2𝜂2𝐼 𝜂𝐷). (9.47)

Themain feature present in the vacuum case, namely the big-bang regularization
via a big-bounce scenario, is present also in this case. However, the solutions now
present some different properties, both in the early stages of the universe evol-
ution and in the late-time asymptotic region. Regarding the latter, the presence
of matter affects the behavior of the degree of anisotropy of the universe, which
can be defined as

𝐴(𝑡) = (𝐻 2𝐴 + 𝐻 2𝐵 + 𝐻 2𝐶)
3𝐻 2 − 1, (9.48)
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with 𝐴(𝑡) = 1 representing a perfectly isotropic universe. We can compute the
function 𝐴(𝑡) from the time evolution of the single scale factors, obtained integ-
rating directly (9.19), (9.20) and (9.21), once 𝑣(𝑡) and 𝜙(𝑡) are known. Results are
shown in Fig. 9.1b. We see that the vacuum case is an oversimplification which
does not allow for the universe isotropization at late times, which is instead pos-
sible whenever the presence of dust and/or radiation is taken into account.
In the early phase instead, two different scenarios settle in presence of matter,
depending on the value of 𝛼 :

• In the parameter space region identified by ̄𝛼 < 𝛼 < 0, with

̄𝛼 = −2𝜇2𝐼 /𝜇4𝐷 , (9.49)

the volume and scalar fields behave qualitatively in the same way as in
the vacuum case and the results are similar to the ones already discussed.
However, now the value of the volume at the bounce cannot be analytic-
ally computed and it depends on the additional dust and radiation energy
densities. The finite-time singularity is now located at the real root of the
cubic featuring the denominator of (9.45):

𝑣𝑟 = 1
3 (𝜂𝐷 − 21/3(12𝜂𝐼 − 𝜂2𝐷)

𝑃1(𝜂𝐼 , 𝜂𝐷)
+ 𝑃1(𝜂𝐼 , 𝜂𝐷)

21/3 ) , (9.50)

where we introduced

𝑃1(𝜂𝐼 , 𝜂𝐷) ≡ (2𝜂3𝐷 − 17𝜂𝐷𝜂𝐼 + 𝑃 5
3
(𝜂𝐼 , 𝜂𝐷))

5/3
, (9.51)

𝑃 5
3
(𝜂𝐼 , 𝜂𝐷) ≡ 48√3

√
𝜂𝐼 (𝜂𝐼 + 4𝜂2𝐷) (𝜂𝐼 −

5𝜂2𝐷
256 ). (9.52)

• For 𝛼 < ̄𝛼 instead, the solutions present fundamentally different properties.
In particular, we note the absence of any future finite-time singularity for
𝑣 , since the pole of (9.45) is always lesser than the value of the volume
at the bounce. On the other hand, now the scalaron vanishes after the
bounce, implying zeros and singularities in the scale factors, which can
remarkably combine giving a regular behavior for 𝑣 . The Immirzi field
derivative is now negative close to the bounce and it goes to zero at large
times, still reproducing a constant Immirzi parameter. The results obtained
in this case are presented in Fig. 9.3.
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(a) Behavior near the finite-time singularity (dashed line) for 𝜇𝑅 = 0, 𝜇𝐷 = 0.
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(b) Asymptotic behavior for various values of 𝜇𝑅, 𝜇𝐷 after the finite-time singularity.
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Figure 9.1: Anisotropy degree𝐴 as a function of 𝑡/𝑡𝑃𝑙 for 𝛼 = −5/3, 𝜇𝐼 = √3, 𝜇𝐴 = 0.2𝜇𝐼 .
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(a) Universe volume normalised to 𝑣𝐵 .
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(b) Scale factors.
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(c) Scalaron 𝜙 and Immirzi field derivative ̇𝜓 .
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(d) Bounce volume 𝑣𝐵 as a function of 𝛼 .
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Figure 9.2: Numerical solutions for 𝛼 = −5/3, 𝜇𝐼 = √3, 𝜇𝐴 = 0.2𝜇𝐼 as a function
of 𝑡/𝑡𝑃𝑙 . Dotted and dashed lines represent where bounce and future time singularity
happen, respectively. The bounce is centered at the origin of time for convenience, and
the values of the parameters are chosen in order to yield graphs that display features in
a clear fashion.

9.2 Future finite-time singularities resolution

The solutions presented in the previous section are characterized by singularit-
ies located at a given instant 𝑡𝑐 , in proximity of which the numerical integrations
break down. These pathologies affect either the evolution of the volume of the
universe (Fig. 9.2a) or the behavior of the individual scale factors (Fig. 9.3b) and
are related to the divergence of curvature invariants that involve theHubble func-
tion 𝐻 and its derivatives. The situation demands for a more detailed analysis of
the physical implications of such singularities in order to understand how severe
they are and to which extent they can be accepted. For concreteness, the discus-
sion will be focused on the behavior of null geodesics and scalar perturbations
close to the singularities. Let us start from the former, considering null geodesics
with affine parameter 𝑠 and tangent vector 𝑢𝛼 = 𝑑𝑥𝛼/𝑑𝑠. The geodesic equation
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(a) Volume normalised to 𝑣𝐵 , 𝜙 and derivative of the Immirzi field.
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(b) Scale factors.
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Figure 9.3: Numerical solutions as a function of 𝑡/𝑡𝑃𝑙 for 𝜇𝐼 = 0.057, 𝜇𝐴 = 2.4, 𝜇𝐷 = 0.365,
𝜇𝑅 = 1.56 and 𝛼 = −8.42 < ̄𝛼 . The dashed lines represent where the scalaron vanishes
(color online).
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leads to [266, 267]

𝑥″ = −2𝑥′𝑡′𝐻𝐴, (9.53)
𝑦″ = −2𝑦 ′𝑡′𝐻𝐵, (9.54)
𝑧″ = −2𝑧′𝑡′𝐻𝐶 , (9.55)

𝑡″ = −𝑎2𝐻𝐴𝑥′2 − 𝑏2𝐻𝐴𝑦 ′2 − 𝑐2𝐻𝐶𝑧′2, (9.56)

where a prime denotes derivative with respect to 𝑠. A first integral of these equa-
tions is provided by

𝑥′ = 𝑘𝑎
𝑎2 , (9.57)

𝑦 ′ = 𝑘𝑏
𝑏2 , (9.58)

𝑧′ = 𝑘𝑐
𝑐2 , (9.59)

𝑡′ = (𝑘
2𝑎
𝑎2 + 𝑘2𝑏

𝑏2 + 𝑘2𝑐
𝑐2 )

1/2
+ 𝐶0, (9.60)

where 𝑘𝑎, 𝑘𝑏 , 𝑘𝑐 and 𝐶0 are integration constants. From basic arguments of first-
order differential equations it follows that, whenever the functions 𝑎(𝑡), 𝑏(𝑡), and
𝑐(𝑡) are continuous and non vanishing, the tangent vector will be unique and
well defined. If that is the case, the geodesics are non-singular and the spacetime
is geodesically complete, a result that holds both in the anisotropic and in the
isotropic case [268]. It is clear that the first kind of solutions, characterized by
finite-time singularities but non vanishing scale factors, belong to this class (both
in vacuum and with matter).
Regarding the solutions with 𝛼 < ̄𝛼 instead, we have that the volume and its de-
rivative are always regular but the scale factors either collapse to zero or diverge
at 𝑡𝑐 . While their divergence is not a problem for the geodesics, their vanishing
may cause issues in the geodesics behavior implying the impossibility of a unique
extension across the singularity. In particular, let us consider the case in which
one of the scale factors vanishes at some affine parameter 𝑠𝑐 . Assuming that

𝑎(𝑠) = 𝑎0(𝑠 − 𝑠𝑐)𝛾 , (9.61)

with 𝛾 > 0, by virtue of (9.60), the relevant equations would be

𝑥′ = 𝑘𝑎
𝑎20(𝑠 − 𝑠𝑐)2𝛾

, (9.62)

𝑡′ = 𝐶0 +
𝑘𝑎

𝑎0(𝑠 − 𝑠𝑐)𝛾
. (9.63)
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Integrating them leads to

𝑥(𝑠) = 𝑥𝑐 +
𝑘𝑎(𝑠 − 𝑠𝑐)1−2𝛾
𝑎20(1 − 2𝛾) , (9.64)

𝑡(𝑠) = 𝑡𝑐 + 𝐶0(𝑠 − 𝑠𝑐) +
𝑘𝑎(𝑠 − 𝑠𝑐)1−𝛾
𝑎0(1 − 𝛾) , (9.65)

which are smooth provided that 0 < 𝛾 < 1/2 and 0 < 𝛾 < 1, respectively. In

particular, if 1/2 < 𝛾 < 1 then one has that 𝑥(𝑠) 𝑠→𝑠𝑐−−−−→ ±∞, which amounts to
travel to infinity in finite coordinate time. On the other hand, if we restrict to
the case in which 0 < 𝛾 < 1/2, then the geodesics will cover the whole range
{𝑡 , 𝑥} ∈ (−∞,∞), resulting in a geodesically complete spacetime, despite the van-
ishing of the scale factor at some instant in time. Hence, in order to assess the
geodesic behavior for the solutions in Fig. 9.3b we must understand how rapidly
the zero is reached by the scale factor, i.e. we need an estimate for 𝛾 . Wemay pro-
ceed in the following way: for different values of 𝛾 , we can invert (9.65) for 𝑠(𝑡)
which, substituted in (9.61), gives the scale factor 𝑎(𝑠(𝑡)) as a function of 𝑡 . The
latter can then be compared to the numerical solution in Fig. 9.3b. The outcome
of such procedure is shown in Fig.9.4. We see that the solution is characterized
by a value of 𝛾 larger than 1/2, between 0.72 and 0.75. Therefore, the zero is
approached too rapidly and we can conclude that the second kind of solutions
represents a geodesically incomplete spacetime and must be discarded. Let us
now turn to the analysis of scalar perturbations. This is somehow complement-
ary to the null geodesics test just performed, since the latter can be considered
as high-frequency (or infinite frequency) modes while the analysis of scalar per-
turbations allows to test the behavior of finite frequency modes. The following
results are valid for inhomogeneous perturbations of a generic scalar field around
the given homogeneous background solution but also in the case in which the
scalar field is identified with the Immirzi field 𝜓 itself. In any case, writing the

scalar perturbation as 𝜎𝑘⃗(𝑡, 𝑥) = Θ(𝑡)𝑒𝑖𝑘⃗⋅𝑥 , its dynamics is given by

Θ̈ + ℎ(𝑣)𝐻Θ̇ + (𝑘
2𝑥
𝑎2 + 𝑘2𝑦

𝑏2 + 𝑘2𝑧
𝑐2 )Θ = 0 , (9.66)

where ℎ(𝑣) is a regular function of the volume 𝑣 and 𝑘⃗ = (𝑘𝑥 , 𝑘𝑦 , 𝑘𝑧) a set of con-
stants. By inspection we see that both kind of pathologies, either in the scale
factors or in the Hubble function, may affect the propagation of scalar perturba-
tions. Let us begin by considering the first kind of solution, for which the scale
factors are non vanishing everywhere. In this case any potential problem must
come from the second term involving the Hubble function 𝐻 = ̇𝑣/3𝑣 which
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Figure 9.4: Outcomes of null geodesics test for 𝛼 < ̄𝛼 . Scale factor 𝑎(𝑠(𝑡)) for different
values of 𝛾 and 𝑘𝑎 = 𝐶0 = 𝑎0 = 1. The dashed-black line represent the numerical solution
𝑎(𝑡) reported in Fig. 9.3b.

diverges at 𝑡𝑐 . In the vacuum case, this point is reached when the volume ap-
proaches 𝑣2 → 4|𝜂𝐼 | ≡ 𝑣2𝑐 . In this limit one can approximate the Hubble function
as

𝐻 2 ≈ 𝜅2𝜇2𝐼
210

(32 + 27𝜆2𝐴𝐼 )
(𝑣 − 𝑣𝑐)2

, (9.67)

leading to the following approximation for the divergent term in (9.66):

̇𝑣
3𝑣 ≈ ±

√
𝜅2𝜇2𝐼
210

(32 + 27𝜆2𝐴𝐼 )
(𝑣 − 𝑣𝑐)2

≡ ± 𝐶1
|𝑣 − 𝑣𝑐 |

, (9.68)

where the ± sign corresponds to the expanding/contracting phase. This allows
to write

̇𝑣 ≈ ± 3𝑣𝑐𝐶1
|𝑣 − 𝑣𝑐 |

, (9.69)

|𝑣 − 𝑣𝑐 | ≈ √6𝑣𝑐𝐶1|𝑡 − 𝑡𝑐 |1/2 . (9.70)

Therefore, in this case the differential equation (9.66) has an avoidable singular
point at 𝑡 = 𝑡𝑐 . The dominant contribution in its neighbourhood is given by

Θ̈ ± ℎ̃𝑐
|𝑡 − 𝑡𝑐 |1/2

Θ̇ ≈ 0 , (9.71)
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where ℎ̃𝑐 ≡ ℎ(𝑣𝑐)√
3𝐶1
2𝑣𝑐 . The approximate solution in this limit is provided by

Θ(𝑡) ≈ Θ𝑐 +
Θ̇𝑐
2ℎ̃2𝑐

𝑒∓2ℎ̃𝑐 |𝑡−𝑡𝑐 |1/2 (1 ± 2ℎ̃𝑐 |𝑡 − 𝑡𝑐 |1/2) , (9.72)

with Θ𝑐 , Θ̇𝑐 integration constants. We see that the scalar field perturbations re-
main bounded around the singularity at 𝑡𝑐 , notwithstanding the divergence in
the Hubble function. This holds regardless of the sign of the parameter ℎ̃𝑐 . We
can easily extend the analysis to the presence of matter, where the Hubble func-
tion is given by (9.45). Let us consider the worst case scenario, namely the pres-
ence of a triple root in the denominator: 𝐻 2 ≈ 𝐶2/(𝑣 − 𝑣𝑐)6. This would imply
|𝑣 − 𝑣𝑐 | ∼ |𝑡 − 𝑡𝑐 |1/4 and ̇𝑣/𝑣 ∼ ±1/|𝑡 − 𝑡𝑐 |3/4, from which one has

Θ̈ ± ℎ̃𝑐
|𝑡 − 𝑡𝑐 |3/4

Θ̇ ≈ 0, (9.73)

where now ℎ̃𝑐 = ℎ(𝑣𝑐)(3𝐶2/𝑣3𝑐 )1/4. The correspondent solution is given by

Θ ≈ Θ𝑐 −
Θ̇𝑐𝑒∓4ℎ̃𝑐 |𝑡−𝑡𝑐 |1/4

32ℎ̃4𝑐
(3 ± 12ℎ̃𝑐 |𝑡 − 𝑡𝑐 |1/4 + 24ℎ̃2𝑐 |𝑡 − 𝑡𝑐 |1/2 ± 32ℎ̃3𝑐 |𝑡 − 𝑡𝑐 |3/4) ,

(9.74)

which is again bounded. Therefore, we conclude that for the first kind of solu-
tions, scalar perturbations are well-behaved in the proximity of the singular
points, both in vacuum and with matter. Together with the geodesic complete-
ness this guarantees the physical viability of such solutions.
Regarding the second kind of solutions, the geodesic analysis would already be
sufficient to discard them but we can still investigate the behavior of scalar per-
turbations. In this case equation (9.66) describes a harmonic oscillator with a
time dependent frequency,

Θ̈(𝑡) + 𝑘2𝑥
𝑎2(𝑡)Θ(𝑡) ≈ 0, (9.75)

which diverges as 𝑎(𝑡) → 0. Although there might be cases in which the equation
can be integrated giving a finite result, for the profile of 𝑎(𝑡) obtained numeric-
ally here it can be shown that the solution is not well-behaved, confirming the
conclusions reached by the null geodesic test.



Chapter 10

Gravitational perturbations in metric-
affine Chern-Simons gravity

Aswe already pointed out, themore involved structure of themetric-affineChern-
Simons field equations calls for alternative lines of investigation in order to per-
form computations and derive concrete predictions. The study of linear perturb-
ations is particularly suited in this regard. Expanding the fields around a back-
ground configuration and studying the dynamics of perturbations by solving the
linearized version of the equations introduces a great simplification allowing to
derive results both in a numerical and analytical way. Moreover, linear perturb-
ations may represent several physical scenarios suitable for a direct comparison
with experimental observations. In this section, the discussion will be focused
on black hole perturbations and gravitational waves propagation.
Regarding the former, the physical setting to have in mind is the following. Lin-
ear perturbations describe small deviations from a background configuration
which may be identified with some known exact black hole solution of the the-
ory. Some event like the infalling of matter in the black hole or a merger event
causes a deviation from the equilibrium configuration and provides non-trivial
initial conditions for the dynamics of the linear perturbations. These constitute
a gravitational signal which, after an initial transient regime, is characterized
by exponentially damped oscillations, called quasinormal modes, ending with a
power law tail in the late-time region.
The specific event causing the perturbation determines the initial conditions and
only affects the initial transient regime. On the other hand, the quasinormal
modes and the power law tails are completely independent on that, being instead
a property of the system itself (very much like vibrational normal modes in or-
dinarymatter systems). It is therefore meaningful to just focus on the middle and
final part of the signal and, in a given theory, a black hole can be characterized by
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the spectrum of the (complex valued) frequencies of the quasinormal modes and
the exponents of the power law tails. Eventually, at late times the perturbations
go to zero and the spacetime relaxes again to a new equilibrium configuration.
In the last years an increasing number of works in literature have been devoted to
both theoretical and experimental investigations of such phenomena. In particu-
lar, given the recent developments in the field of gravitational waves astronomy,
the computation of quasinormal modes seems very timely and may offer a way
to test the theory with observations in the near future.

10.1 Perturbations of Schwarzschild black holes
The equations ruling the evolution of metric and scalar perturbations on an ar-
bitrary background have already been derived in section 7.2. By arbitrary we ac-
tually mean that the only requirements are that the background scalar field must
be constant and that the backgroundmetric must be a solution of Einstein’s equa-
tions satisfying the Pontryagin constraint. The simplest example is provided by
the Schwarzschild metric

̄𝑔𝜇𝜈𝑑𝑥𝜇𝑑𝑥𝜈 = −𝑓 (𝑟)𝑑𝑡2 + 𝑓 −1(𝑟)𝑑𝑟2 + 𝑟2𝑑𝜗2 + 𝑟2 sin2 𝜗𝑑𝜑2, (10.1)

where 𝑓 (𝑟) = 1−2𝑚/𝑟 and 𝑚 represents the black hole mass. This, together with
̄𝜃 = const and vanishing torsion and nonmetricity is a vacuum solution of the

theory. Since we now have ̄𝑅 = 0 = ̄𝑅𝜇𝜈 , the metric equation retains the same
structure as in (7.33) with a vanishing right hand side, i.e.

𝛿𝐺𝜇𝜈 + 𝛿𝐶𝜇𝜈 = 0, (10.2)

and a simplified first order Einstein tensor

𝛿𝐺𝜇𝜈 ≡ 2∇̄𝛼 ∇̄(𝜇ℎ 𝛼
𝜈) − ̄𝑔𝜇𝜈 ∇̄𝛼 ∇̄𝛽ℎ𝛼𝛽 −2ℎ𝜇𝜈 + ( ̄𝑔𝜇𝜈2 − ∇̄𝜇∇̄𝜈) ℎ. (10.3)

The scalar field equation (7.38) reduces to

(𝒮1(𝛼, 𝛽; ̄𝑔𝜌𝜎 ) + 𝒮2(𝛼; ̄𝑔𝜌𝜎 ) + 𝒮3(𝛼; ̄𝑔𝜌𝜎 )) 𝛿𝜃 + 𝒮 𝜇𝜈
4 (𝛼; ̄𝑔𝜌𝜎 )ℎ𝜇𝜈 = 0, (10.4)

where

𝒮1(𝛼, 𝛽; ̄𝑔𝜌𝜎 ) ≡ (𝛽 + 𝛼2 (34
̄𝑅𝜇𝜈𝜌𝜎 ̄𝑅𝜇𝜈𝜌𝜎))2, (10.5)

𝒮2(𝛼; ̄𝑔𝜌𝜎 ) ≡ 𝛼2
4 (3 ̄𝑅𝜇𝜈𝜌𝜎 ∇̄𝛼 ̄𝑅𝜇𝜈𝜌𝜎 + 2 ̄𝑅𝜇𝜈𝜌𝜎 ∇̄𝜈 ̄𝑅𝛼𝜇𝜌𝜎) ∇̄𝛼 , (10.6)

𝒮3(𝛼; ̄𝑔𝜌𝜎 ) ≡ −2𝛼2 ̄𝑅𝜎𝜇𝜈𝜌 ̄𝑅 𝜇𝜈𝜌𝜏 ∇̄𝜎 ∇̄𝜏 , (10.7)

𝒮 𝜇𝜈
4 (𝛼; ̄𝑔𝜌𝜎 ) ≡ 𝛼 ∗ ̄𝑅𝜇 𝜈

𝛽 𝛿 ∇̄𝛿 ∇̄𝛽 . (10.8)
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Now, in order to solve the equations and derive the evolution of the perturbations
it is convenient to take advantage of the spherical symmetry of the problem,
adopting a harmonic decomposition of the perturbations. Regarding the scalar
field, we can write its perturbation as

𝛿𝜃 = Θ(𝑟)
𝑟 𝑌 ℓℓ′(𝜗 , 𝜑)𝑒−𝑖𝜔𝑡 , (10.9)

where 𝑌 ℓℓ′(𝜗 , 𝜑) are the standard spherical harmonics, with angular momentum
numbers ℓ and ℓ′. The treatment of tensor perturbations is more involved and
requires some additional care. We will adopt the same decomposition developed
by Regge, Wheeler and Zerilli [B219], to which we remind the reader for further
details. In the so-called Regge-Wheeler gauge, the metric perturbation can be
written as

ℎ𝜇𝜈 =
⎛
⎜⎜⎜
⎝

𝐻 ℓℓ′0 𝑌 ℓℓ′ 𝐻 ℓℓ′1 𝑌 ℓℓ′ ℎℓℓ′0 𝑆ℓℓ′𝜗 ℎℓℓ′0 𝑆ℓℓ′𝜑
∗ 𝐻 ℓℓ′2 𝑌 ℓℓ′ ℎℓℓ′1 𝑆ℓℓ′𝜗 ℎℓℓ′1 𝑆ℓℓ′𝜑
∗ ∗ 𝑟2𝐾 ℓℓ′𝑌 ℓℓ′ 0
∗ ∗ 0 𝑟2 sin2 𝜗𝐾 ℓℓ′𝑌 ℓℓ′

⎞
⎟⎟⎟
⎠
𝑒−𝑖𝜔𝑡 , (10.10)

where asterisks denote components obtained by symmetry and we have defined

𝑆ℓℓ′𝜗 = − csc 𝜗𝜕𝜑𝑌 ℓℓ′ , (10.11)

𝑆ℓℓ′𝜑 = sin 𝜗𝜕𝜗𝑌 ℓℓ′ . (10.12)

The functions𝐻0, 𝐻1, 𝐻2, 𝐾 , ℎ0, ℎ1 depend on the radial coordinate alone. Among
the benefits of this decomposition, an important feature is that the metric com-
ponents are clearly separated according to their behavior under parity transform-
ations. In particular, the capital letter functions 𝐻0, 𝐻1, 𝐻2, 𝐾 describe (even par-
ity) polar modes, while the (odd parity) axial modes are encoded in ℎ0, ℎ1.
When the purelymetric version of Chern-Simons gravity is considered, a decoup-
ling of polar and axial modes is observed [140, 141, 142]. Regarding the metric-
affine case, substituting (10.9) and (10.10) into (10.2), we find complete agreement
with the analogue equations in the metric Chern-Simons gravity case, as expec-
ted. Differences arise instead in the scalar field equation (10.4). However, only
terms involving the scalar perturbation are modified with respect to the purely
metric case, while the last term in (10.4) retains the same expression of [140, 141,
142]. These considerations are enough to conclude that the result derived in [140,
141, 142], regarding the decoupling of polar and axial modes, holds also in the
present case. In particular, polar perturbations do not couple to the additional
scalar field and they are not modified with respect to General Relativity. There-
fore, from now on we focus on the axial modes which are the only ones affected.
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This result is expected and consistent with the parity violating character of the
Chern-Simons modification characterizing the theory.
We can derive the equations for the axial perturbations from the 𝑡𝜑, 𝑟𝜑 and 𝜗𝜑
components of (10.2), which can be written as

𝐸1 ≡ ℎ″0 + 𝑖𝜔 (𝜕𝑟 + 2
𝑟 ) ℎ1 + (2𝑓

′

𝑟𝑓 − ℓ(ℓ + 1)
𝑟2𝑓 ) ℎ0 − 6𝛼𝑚

𝑟4 (Θ′ − 2
𝑟 Θ) = 0, (10.13)

𝐸2 ≡ −𝜔2ℎ1 + 𝑖𝜔 (𝜕𝑟 − 2
𝑟 ) ℎ0 +

𝑓 (ℓ + 2)(ℓ − 1)
𝑟2 ℎ1 − 6𝛼𝑚𝑖𝜔

𝑟4 Θ = 0, (10.14)

𝐸3 ≡ 𝑖𝜔
𝑓 ℎ0 + 𝜕𝑟 (𝑓 ℎ1) = 0, (10.15)

having used the following well-known property of spherical harmonics:

[ 1
sin 𝜗 𝜕𝜗 (sin 𝜗𝜕𝜗 ) +

1
sin2 𝜗

𝜕2𝜑] 𝑌 ℓℓ′ = −ℓ(ℓ + 1)𝑌 ℓℓ′ . (10.16)

Despite having three equations for the two functions ℎ0 and ℎ1 the system is not
over-constrained since the following relation holds [140]

𝐸1 +
𝑓 𝑟4
𝑖𝜔 (𝐸2/𝑟2)′ − (ℓ + 2)(ℓ − 1)𝑟

𝑖𝜔 𝐸3 = 0. (10.17)

Moreover, the equation 𝐸3 = 0 can be solved for ℎ0 and, substituting the result
into 𝐸2, an equation for the remaining function ℎ1 is obtained. Redefining ℎ1 in
terms of a new function 𝑄 as

𝑄 ≡ 𝑓 ℎ1/𝑟 (10.18)

and employing the tortoise coordinate defined by

𝑟∗ = 𝑟 + 2𝑚 ln(𝑟/2𝑚 − 1), (10.19)

the equation takes the following form

𝑑2𝑄
𝑑𝑟2∗

+ [𝜔2 − 𝑓 (ℓ(ℓ + 1)
𝑟2 − 6𝑚

𝑟3 )] 𝑄 = −6𝛼𝑚𝑖𝜔𝑟5 𝑓Θ. (10.20)

Finally, using 𝐸2 = 0 to express (𝜕𝑟 − 2/𝑟)ℎ0 in terms of ℎ1 and Θ, the equation
for the scalar perturbation is eventually obtained as

(𝛽 + 12𝛼2𝑚2
𝑟6 ) (𝑑

2Θ
𝑑𝑟2∗

+ [𝜔2 − 𝑓 (ℓ(ℓ + 1)
𝑟2 + 2𝑚

𝑟3 )]Θ) −
72𝛼2𝑚2

𝑟7 𝑓 𝑑Θ𝑑𝑟∗
+ 36𝛼2𝑚2

𝑟8 𝑓 (2𝑓 − ℓ(ℓ + 1))Θ = 6𝛼𝑚
−𝑖𝜔𝑟5

(ℓ + 2)!
(ℓ − 2)!𝑓 𝑄. (10.21)
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It will also be convenient to introduce yet another redefinition for 𝑄, i.e.
Ψ = 𝑖𝑄/𝜔, (10.22)

in terms of which we have

𝑑2Ψ
𝑑𝑟2∗

+ [𝜔2 − 𝑓 (ℓ(ℓ + 1)
𝑟2 − 6𝑚

𝑟3 )]Ψ = 6𝛼𝑚𝜔
𝑟5 𝑓Θ, (10.23)

(𝛽 + 12𝛼2𝑚2
𝑟6 ) (𝑑

2Θ
𝑑𝑟2∗

+ [𝜔2 − 𝑓 (ℓ(ℓ + 1)
𝑟2 + 2𝑚

𝑟3 )]Θ) −
72𝛼2𝑚2

𝑟7 𝑓 𝑑Θ𝑑𝑟∗
+ 36𝛼2𝑚2

𝑟8 𝑓 (2𝑓 − ℓ(ℓ + 1))Θ = 6𝛼𝑚
𝑟5

(ℓ + 2)!
(ℓ − 2)!𝑓 Ψ. (10.24)

The last two equations form a set of coupled second order differential equations
for the axial metric and scalar perturbations. Numerically solving this system
of equations one can extract the time evolution of the perturbations at some fix
radius from the black hole. Then, the quasinormal modes frequencies and the
exponents of the power law tails can be estimated from the time series Ψ(𝑡) and
Θ(𝑡). We postpone the discussion on the details of the numerical integration to
the end of this section, focusing now on the main results. As already discussed
in section 2.2.2, we can set 𝛼 = 1, leaving 𝛽 as the only free parameter of the
theory. For different values of the latter, we obtained solutions characterized by
the same qualitative behavior observed in the General Relativity case, namely
damped oscillations ending with a late-time power law tail, as expected. Some
examples are shown in Fig. 10.1.

10.1.1 Quasinormal modes frequencies
From an observational point of view, the most relevant quasinormal frequencies
characterizing the first part of the signal are those associated to the lowest lying
𝑙 = 2 modes. In this regard, the results obtained can be classified into three
different region in parameter space.

• 𝛽 → ∞: in the limit of large 𝛽 the system is approximated by

𝑑2Ψ
𝑑𝑟2∗

+ [𝜔2 − 𝑓 (𝑙(𝑙 + 1)
𝑟2 − 6𝑚

𝑟3 )]Ψ = 6𝑚
𝑟5 𝑓Θ, (10.25)

𝑑2Θ
𝑑𝑟2∗

+ [𝜔2 − 𝑓 (𝑙(𝑙 + 1)
𝑟2 + 2𝑚

𝑟3 )]Θ = 0. (10.26)

Thus, in this limit a decoupling of the scalar equation from the metric
perturbation Ψ is observed, resulting in equation (10.26) which is nothing
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Figure 10.1: Evolution of metric (continuous) and scalar (dashed) perturbations as a
function of 𝑡/𝑚 for 𝛽 = 103 (top), 𝛽 = 0.1 (center) and 𝛽 = 0 (bottom). Straight lines
represent a power law behavior.
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but the perturbed Klein-Gordon equation on a Schwarzschild background.
The metric equation instead, still retains a modification induced by the
scalar field perturbation sourcing the non vanishing right hand side in
(10.25). From this considerations we can already foresee some features
in the perturbations evolution. Regarding the scalar perturbation, no devi-
ations from the standard General Relativity case are expected. Therefore,
Θ(𝑡) should be characterized by oscillations dominated by one single mode
which will be referred to as scalar mode in the following. Its frequency
should coincide with the ℓ = 2 mode frequency of scalar perturbations
in General Relativity. On the other hand, the metric perturbation should
be characterized by a superposition of two fundamental modes: the scalar
mode already mentioned and another one which we will call tensor mode.
The latter is the one characterizing metric perturbations in the General Re-
lativity case, namely the homogeneous equation associated to (10.25). The
superposition with the scalar mode is instead due to the non vanishing
source term in (10.25). These predictions are confirmed by the outcomes
of numerical integrations performed with 𝛽 = 100, 1000. Indeed, the time
series obtained for the scalar perturbation is characterized by single mode
oscillations with frequency

𝜔𝑠 = 0.48 − 𝑖 0.097, (10.27)

while the metric perturbation is compatible with a two modes fit, super-
position of 𝜔𝑠 and

𝜔𝑔 = 0.37 − 𝑖 0.089. (10.28)

Note that the above values coincidewith the frequencies of the ℓ = 2modes
found in the General Relativity case [B219] for scalar and tensor perturba-
tions, respectively.

• 10−1 ≲ 𝛽 ≲ 10: In this range the numerical values of the frequencies
present in the perturbations evolution is unchanged and they are still given
by 𝜔𝑠 and 𝜔𝑔 . However, now also the scalar perturbation starts oscillating
with a superposition of the scalar and tensor mode, as the Ψ sourcing term
in (10.21) starts to become relevant.

• 𝛽 ≲ 10−1: in the small 𝛽 limit, we still observe a superposition of the tensor
and scalar modes but the numerical values of the associated frequencies
start deviating from the General Relativity values.

These results are summarized in Fig. 10.2. When two modes fits are used to ex-
tract the frequencies, one actually gets two numerical values for each frequency,
obtained from the scalar and metric perturbation, respectively. As long as the
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Figure 10.2: Real (top) and imaginary (bottom) part of quasinormal frequencies of the
fundamental ℓ = 2 tensor (continuous) and scalar (dashed) modes as a function of 𝛽 , for
metric (data taken from [142]) and metric-affine CSMG.

real parts of the frequency are considered, the two values obtained in this way
are always consistent with each other. On the other hand, the computation of
the imaginary part cannot always be carried out without ambiguities and we are
not able to compute it for every value of 𝛽 .

10.1.2 Power-law tails
After the damped oscillatory regime, a power law decay settles down, character-
izing the signal in the late-time region. This time there is no difference between
metric and scalar perturbations and they both behave as ∼ 𝑡−𝜇 for large 𝑡 . Again,
this is qualitatively the same as in General Relativity but there are some quantit-
ative differences. In order to highlight them it is interesting to look at the values
of the power law exponents 𝜇 for different angular momentum number ℓ. In
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particular, we performed integrations for 2 ≤ 𝑙 ≤ 12. The results obtained are
insensible to the specific value of 𝛽 and only two cases can be distinguished:

• 𝛽 ≠ 0: for non vanishing 𝛽 there are no deviations from General Relativity
and the exponents depend on the angular momentum number ℓ via the
relation

𝜇 = 2𝑙 + 3, (10.29)

valid for both scalar and tensor modes and for every 𝛽 .
• 𝛽 = 0: in absence of the kinetic term for the scalar field we observe a depar-
ture fromGeneral Relativity. The solutions obtained in this case are shown
in Fig. 10.3. Linear fits performed on the last section of the signals yield
the exponents in Fig. 10.4 and Table 10.1. In particular, we still observe a
linear relation but consistent with

𝜇 = 0.884 𝑙 + 2.78. (10.30)

10.1.3 Comparison with metric Chern-Simons gravity
Beside the deviations from General Relativity discussed above, the metric-affine
framework also introduces modifications with respect to the purely metric ver-
sion of Chern-Simons gravity. In order to compare the two models one must
consider the effective theory at the perturbative level, characterized by the equa-
tions (7.33) and (10.4).
In particular, despite the scalar field equation (7.36) being formally equivalent
to its metric analogue (eq. (2.70)), it actually features the affine Riemann tensor,
including all non-Riemannian contributions. This results in a more complex dif-
ferential structure of the equation at the effective level, since the affine connec-
tion ultimately depends on the scalar field derivatives. Indeed, the additional 𝛿𝜃
derivative terms appear explicitly once equation (7.36) is recast as (7.38). Even
if some of these differences may disappear once some specific background con-
figuration is singled out, when the Schwarzschild case is considered the scalar
field equation retains the additional terms present in (10.4), eventually resulting
in the modified structure of (10.21), which is responsible for the deviations with

𝑙 2 3 4 5 6 7 8 9 10 11 12
𝜇 4.75 5.40 6.81 7.36 7.74 8.53 9.37 10.2 11.1 14.6 12.8

Table 10.1: Exponents characterizing power law tails ∼ 𝑡−𝜇 for different values of 𝑙 in
the 𝛽 = 0 case.
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Figure 10.3: Time evolution of the metric perturbation in the 𝛽 = 0 case, for different
values of 𝑙. The behavior of scalar perturbations is qualitatively the same.
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Figure 10.4: Exponents characterizing the power law tails in the 𝛽 = 0 case as a function
of 𝑙. The best fit (10.30) (continuous) and General Relativity case (dashed) are also shown.

respect to the metric case frequencies reported in Fig. 10.2.
Another difference between the predictions of the two theories is the absence
of purely decaying modes in the metric-affine case. These are characterized by
ℜ[𝜔] = 0 and ℑ[𝜔] < 0 and are present in metric Chern-Simons gravity for
𝛽 ≲ 0.5, as shown in [142]. In our case, we checked the absence of such solutions
for 𝛽 down to 10−7.
The last distinction regards the late-time tails. In the metric Chern-Simons the-
ory, these are indistinguishable from General Relativity and a direct observation
of the last part of the gravitational signal would not allow to falsify the theory.
While this is true also in the metric-affine case for 𝛽 ≠ 0, the 𝛽 = 0 would show
a distinctive signature in the exponents of the power law tails, since they satisfy
the modified relation (10.30).
Moreover, the 𝛽 = 0 case, turns out to be a viable theory endowed with an ad-
ditional stable scalar degree of freedom with a proper dynamical character, con-
trary to what happens in the metric version of the theory,which is affected by
the issue of over-constrained black hole perturbations.
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10.1.4 Details on the numerical integration
Numerical techniques for the integration of equations of the form (10.23) and
(10.24) have been developed in several works. Here we follow the lines of [269,
270, 271] with the aim of obtaining the perturbations as a function of time at
some fixed radius. As a first step we can get rid of one of the free parameter via
the rescalingsΘ → Θ/𝛼 and 𝛽 → 𝛼2𝛽 . This amounts to set 𝛼 = 1 and leaves only
𝛽 as the free parameter of the theory. Then, employing the light-cones variables
𝑢 = 𝑡 − 𝑟∗ and 𝑣 = 𝑡 + 𝑟∗, the equations become

4 𝜕
2Ψ

𝜕𝑢𝜕𝑣 + 𝑉1(𝑟)Ψ = 𝑉2(𝑟)Θ, (10.31)

4𝑊1(𝑟) 𝜕
2Θ

𝜕𝑢𝜕𝑣 + 𝑊2(𝑟) (𝜕Θ𝜕𝑢 − 𝜕Θ
𝜕𝑣 ) + 𝑊3(𝑟)Θ = 𝑊4(𝑟)Ψ, (10.32)

where the effective potentials have been defined as

𝑉1(𝑟) = 𝑓 (𝑟) (ℓ(ℓ + 1)
𝑟2 − 6𝑚

𝑟3 ) , (10.33)

𝑉2(𝑟) = −6𝑚𝑟5 𝑓 (𝑟), (10.34)

𝑊1(𝑟) = 𝛽 + 12𝑚2
𝑟6 , (10.35)

𝑊2(𝑟) = −72𝑚
2

𝑟7 𝑓 (𝑟), (10.36)

𝑊3(𝑟) = 𝑓 (𝑟) (𝛽 + 12𝑚2
𝑟6 ) (ℓ(ℓ + 1)

𝑟2 + 2𝑚
𝑟3 )

− 36𝑚2𝑓 (𝑟)
𝑟8 (2𝑓 (𝑟) − ℓ(ℓ + 1)) , (10.37)

𝑊4(𝑟) = −6𝑚𝑟5
(ℓ + 2)!
(ℓ − 2)!𝑓 (𝑟). (10.38)

Note that the function𝑊1 multiplies the second derivative in the scalar equation.
Whenever𝑊1 vanishes, the differential order of the equation is lowered and one
must expect some kind of singularity in the solutions. However, if 𝛽 ≥ 0 then
𝑊1 is non vanishing (and positive). Since the parameter 𝛽 is associated to the
kinetic term of the scalar field in the action, the arising of ghost instabilities is
expected in the 𝛽 < 0 case. Therefore, we can exclude the negative branch and
focus on the 𝛽 ≥ 0 case, so that the condition 𝑊1 ≠ 0 is also assured.
Then, the set up of the numerical integration consists in performing a discretiz-
ation of the 𝑢 − 𝑣 plane by a lattice spacing Δ. By approximating the derivatives
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with finite differences, the discretized version of the equations reads

Ψ𝑁 = Ψ𝑊 + Ψ𝐸 − Ψ𝑆 + Δ2
2 [𝑉1(𝑟𝑐) (Ψ𝑊 + Ψ𝐸) − 𝑉2(𝑟𝑐) (Θ𝑊 + Θ𝐸)] , (10.39)

Θ𝑁 = Θ𝑊 + Θ𝐸 − Θ𝑆 + Δ𝑊2(𝑟𝑐)
𝑊1(𝑟𝑐)

(Θ𝐸 − Θ𝑊 )

+ Δ2
2 [𝑊3(𝑟𝑐)

𝑊1(𝑟𝑐)
(Θ𝐸 + Θ𝑊 ) − 𝑊4(𝑟𝑐)

𝑊1(𝑟𝑐)
(Ψ𝐸 + Ψ𝑊 )] . (10.40)

Herewe used the subscript notation to denote fields evaluated at the lattice points
𝑆 = (𝑢, 𝑣), 𝑊 = (𝑢 + Δ, 𝑣), 𝐸 = (𝑢, 𝑣 + Δ) and 𝑁 = (𝑢 + Δ, 𝑣 + Δ), while the
potentials are computed at the off-grid point 𝑟𝑐 = (𝑢 + Δ/2, 𝑣 + Δ/2). The do-
main of integration consists of a portion of the 𝑢 − 𝑣 plane ranging from zero to
(𝑢𝑚𝑎𝑥 , 𝑣𝑚𝑎𝑥) and the boundary conditions are assigned on the two axes 𝑢 = 0 and
𝑣 = 0. Following [142], we can set the perturbations to zero on the 𝑢 axis, i.e.
Ψ(𝑢, 0) = Θ(𝑢, 0) = 0, while Gaussian initial data are used for their values on the
𝑣 axis: Ψ(0, 𝑣) = Θ(0, 𝑣) = exp[−(𝑣 − 𝑣𝑐)2/2𝜎].
Then, the integration is performed in the following way. Using the initial data
for the fields at the three points 𝑆, 𝑊 , and 𝐸, one can compute the value of the
fields at 𝑁 by solving (10.39)-(10.40). Then, one proceeds increasing the value of
𝑣 at fixed 𝑢, completing the row. The process is repeated until the full grid is com-
pleted row by row, increasing 𝑢 each time. The most computationally expensive
part of the algorithm is due to the fact that at each step one has to compute the
value of 𝑟𝑐 in which the potentials must be evaluated. This must be done invert-
ing the tortoise coordinate expression for 𝑟 . To speed up the computation we
used the approximation 𝑟 ≈ 2𝑚(1 + exp[(𝑟∗ − 2𝑚)/2𝑚]) for 𝑟 ≈ 2𝑚, and the in-
version is performed numerically only for larger values of 𝑟 . Another difficulty
comes from the fact that for ℓ > 2 the evolution leads to very small amplitudes
for the perturbations (Cf. figure 10.3), resulting in an insufficient precision for
the appreciation of the late-time section of the signals, which is unacceptable
when the amplitude is of the order of∼ 10−14 and below. This problem can be
overcome increasing the accuracy of the numerical computations using the mp-
math Python library [272].
Once the integration is complete, the discretized values of the functions Ψ(𝑢, 𝑣)
and Θ(𝑢, 𝑣) is known. Hence, the last step consists in extracting the functions
Ψ(𝑡) = Ψ(𝑡 − 𝑟∗, 𝑡 + 𝑟∗) and Θ(𝑡) = Θ(𝑡 − 𝑟∗, 𝑡 + 𝑟∗), for some constant 𝑟∗. The
results presented in this thesis are obtained with the following choices for the
parameters of the integration: 𝑢𝑚𝑎𝑥 = 𝑣𝑚𝑎𝑥 = 1000, Δ = 0.1, 𝑣𝑐 = 10, 𝜎 = 1. The
fields are extracted at 𝑟∗ = 50𝑚.
Once the time series Ψ(𝑡) and Θ(𝑡) are known, the characteristic frequencies of
oscillation are extracted fitting the data. We use either a single mode oscillation
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or a superposition of two modes, with fitting function

𝑦(𝑡) =
𝑛
∑
𝑗=1

𝐴𝑗𝑒ℑ[𝜔𝑗]𝑡 cos(ℜ[𝜔𝑗]𝑡 + 𝑐𝑗), (10.41)

for 𝑛 = 1 or 𝑛 = 2, respectively.

10.2 Homogeneous and isotropic cosmological
solutions

As we will see in the next section, in order to give rise to non-trivial effects in
the propagation of gravitational waves, it is not enough to considered the flat
Minkowski spacetime as a background and more general solutions are needed.
To this aim, exact cosmological solutions will be derived in this chapter, provid-
ing the expressions for the metric, scalar field and for the affine sector as well.
In section 7 we adopted a perturbative approach to tackle the problem of solving
the connection in terms of the metric and scalar field. However, this is not the
only available solution. A nonperturbative scheme consists in taking advantage
of the symmetries of specific spacetime configurations. These are known to con-
strain the most general form of the affine connection when the vanishing of its
Lie derivative along the Killing vector fields of the spacetime is imposed. This
amounts to require the affine connection to possess the same symmetries of the
metric under consideration.
For instance, wemay specialize to homogeneous and isotropic spacially flat space-
times described by the FLRW metric:

𝑑𝑠2 = −𝑑𝑡2 + 𝑎2(𝑡) (𝑑𝑟2 + 𝑟2(𝑑𝜗2 + sin2 𝜗𝑑𝜑2)) , (10.42)

where 𝑎(𝑡) is the scale factor of the universe. As shown in [273, 68], the most gen-
eral affine connection respecting the same symmetries only depends on five free
functions of time {𝐾1(𝑡), ..., 𝐾5(𝑡)}. In particular, the non vanishing components
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of torsion and nonmetricity are given by

𝑇 𝑡 = 3(𝐾3 − 𝐾4), (10.43)

𝑆 𝑡 = −12𝐾5
𝑎 , (10.44)

𝑄 𝑡 = 2𝐾1 + 6𝐾4 − 6𝐻, (10.45)

𝑃 𝑡 = 2𝐾1 − 3𝐾2
𝑎2 + 3𝐾3, (10.46)

Ω𝑡 𝑡 𝑡 = −𝐾1 + 𝐾3 + 𝐾4 −
𝐾2
𝑎2 − 𝐻, (10.47)

Ω𝑡𝜓𝜓 = Ω𝜓𝜓 𝑡 = 𝑟2Ω𝑡𝑟 𝑟 , (10.48)

Ω𝑡𝜑𝜑 = Ω𝜑𝜑𝑡 = 𝑟2sin2𝜓Ω𝑡𝑟 𝑟 , (10.49)

Ω𝑡𝑟 𝑟 = Ω𝑟 𝑟 𝑡 = 𝑎2
3 Ω𝑡 𝑡 𝑡 , (10.50)

𝑞𝜇𝜈𝜌 = 0, (10.51)

where 𝐻 = ̇𝑎/𝑎 is the Hubble function. From these components the full affine
connection can be reconstructed via the decomposition (1.23). Then, with the
help of the xAct Mathematica package, using (10.51) several equations in the un-
known functions {𝐾1(𝑡), ..., 𝐾5(𝑡)} are derived from the components of (7.3). The
main advantage of this approach is that we are not dealing with differential equa-
tions anymore but with algebraic ones. Moreover, as usual projective invariance
allows to set 𝑇𝜇 = 0, implying 𝐾4 = 𝐾3. The remaining functions are determined
by solving the equations and they are given by

𝐾1(𝑡) = − 𝐻𝐾5 ̇𝜃
𝑎 + 𝐾5 ̇𝜃 , (10.52)

𝐾2(𝑡) = 𝑎3𝐻
𝑎 + 𝐾5 ̇𝜃 , (10.53)

𝐾3(𝑡) = 𝐾4 = 𝑎𝐻
𝑎 + 𝐾5 ̇𝜃 , (10.54)

𝐾5(𝑡) = 𝑎
̇𝜃 (−1 + 𝜖 √

1 + √1 + 4𝐻 2 ̇𝜃2
2 ) , (10.55)

where we introduced a parameter 𝜖 = ±1. Moreover, we assumed the scalar field
to respect the same spacetime symmetries, and in particular we have 𝜃 = 𝜃(𝑡).
In the derivation of this solution we assumed 𝑎 + 𝐾5 ̇𝜃 ≠ 0. The case 𝑎 + 𝐾5 ̇𝜃 = 0
can be analysed separately and it leads to the trivial case of a static universe with
𝐻(𝑡) ≡ 0.
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Eventually, substituting the expressions for the functions {𝐾1(𝑡), ..., 𝐾5(𝑡)}, the
affine sector turns out to be determined only by the vector components of torsion
and nonmetricity and the geometry is of the Weyl type, i.e. 𝑄𝜌𝜇𝜈 = 𝑃𝜌𝑔𝜇𝜈 . The
only non vanishing components are given by

𝑆 𝑡 = 12𝐾5
𝑎 = 12

̇𝜃 (−1 + 𝜖 √
1 + √1 + 4𝐻 2 ̇𝜃2

2 ) , (10.56)

𝑄 𝑡 = 4𝑃 𝑡 = −8𝐾1 = 8𝐻 (1 − 𝜖
√

2
1 + √1 + 4𝐻 2 ̇𝜃2

) . (10.57)

Hence, the affine degrees of freedom have been re-expressed in terms of the
metric (the scale factor) and the scalar field, allowing to work on half-shell in a
nonperturbative way, although a particular background has been singled out. At
the effective level the metric field equation is given by

𝐺𝜇𝜈 + 𝐶𝜇𝜈 =
𝛽
2 (∇𝜇𝜃∇𝜈𝜃 − 1

2𝑔𝜇𝜈∇𝜌𝜃∇
𝜌𝜃) + 𝜅2𝑇𝜇𝜈 , (10.58)

where here and in the following we will consider matter in the form of a perfect
fluid with stress-energy tensor given by

𝑇𝜇𝜈 = (𝜌 + 𝑝)𝑢𝜇𝑢𝜈 + 𝑝𝑔𝜇𝜈 . (10.59)

The C-tensor assumes the quite simple expression

𝐶𝜇𝜈 = −∇̄(𝜇𝑃𝜈) + 𝑔𝜇𝜈 ∇̄𝜌𝑃𝜌 + 1
2 (𝑃𝜇𝑃𝜈 +

1
2𝑔𝜇𝜈𝑃𝜌𝑃

𝜌) − 1
72 (𝑆𝜇𝑆𝜈 +

1
2𝑔𝜇𝜈𝑆𝜌𝑆

𝜌) ,
(10.60)

of which we can also provide the individual components in terms of the function
𝐾5(𝑡):

𝐶 𝑡𝑡 = 3 (𝐾5
𝑎 )

2
+ 3𝐻 2 (1 − ( 𝑎

𝑎 + 𝐾5 ̇𝜃 )
2
) , (10.61)

𝐶 𝑟𝑟 = (𝐾5
𝑎 )

2
+ (2𝐻̇ + 3𝐻 2) ( 𝐾5 ̇𝜃

𝑎 + 𝐾5 ̇𝜃 )
2
+

2 𝑑
𝑑𝑡 (𝑎𝐻 ̇𝜃𝐾5)

𝑎2 (𝑎 + 𝐾5 ̇𝜃)2
, (10.62)

𝐶𝜃𝜃 = 𝐶𝜑𝜑 = 𝐶 𝑟𝑟 . (10.63)

In order to gain some physical insights on the solutions we will present in the
following, it is helpful to recast the C-tensor contributions in the form of an
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effective stress-energy tensor with effective energy density 𝜌𝑒𝑓 𝑓 and pressure
𝑝𝑒𝑓 𝑓 , i.e.

𝑇 𝑒𝑓 𝑓𝜇𝜈 = −𝐶𝜇𝜈𝜅2 ≡ (𝜌𝑒𝑓 𝑓 + 𝑝𝑒𝑓 𝑓 )𝑢𝜇𝑢𝜈 + 𝑝𝑒𝑓 𝑓 𝑔𝜇𝜈 , (10.64)

where the following identifications have been made

𝜌𝑒𝑓 𝑓 = − 1
𝜅2 (

3
4(𝑃

𝑡)2 − 1
48(𝑆

𝑡)2 − 3𝐻𝑃 𝑡) , (10.65)

𝑝𝑒𝑓 𝑓 = − 1
𝜅2 (

1
144(𝑆

𝑡)2 − 1
4(𝑃

𝑡)2 + 2𝐻𝑃 𝑡 + ̇𝑃 𝑡) , (10.66)

These definitions allow to write the relevant metric equations in the comoving
frame defined by 𝑢𝜇 = (1, 0, 0, 0), as

3𝐻 2 = 𝜅2 ̃𝜌 + 𝛽
4

̇𝜃2, (10.67)

3𝐻 2 + 2𝐻̇ = −𝜅2 ̃𝑝 − 𝛽
4

̇𝜃2, (10.68)

where we defined
̃𝜌 ≡ 𝜌 + 𝜌𝑒𝑓 𝑓 , ̃𝑝 ≡ 𝑝 + 𝑝𝑒𝑓 𝑓 . (10.69)

We see that torsion and nonmetricity provide a contribution to the total amount
of energy which ultimately determines the evolution of the scale factor. There-
fore, it is reasonable to require the positiveness of ̃𝜌, rather than merely 𝜌.
Regarding the scalar field equation, starting from (7.36), we obtain

𝛽 ( ̈𝜃 + 3𝐻 ̇𝜃) + 𝒟1(𝑎, ̇𝑎, ̇𝜃 , ̈𝜃) + 𝒟2(𝑎, ̇𝑎, ̈𝑎, ̇𝜃) = 0, (10.70)

where the functions 𝒟1, 𝒟2 are given by

𝒟1(𝑎, ̇𝑎, ̇𝜃 , ̈𝜃) ≡ 6𝐾̇5 ( 2𝑎2𝐻 2

(𝑎 + 𝐾5 ̇𝜃 )3 − 𝑎𝐻 2

(𝑎 + 𝐾5 ̇𝜃 )2 − 𝐾25
𝑎3 ) − 12𝑎𝐻 2𝐾25

(𝑎 + 𝐾5 ̇𝜃 )3
̈𝜃 , (10.71)

𝒟2(𝑎, ̇𝑎, ̈𝑎, ̇𝜃) ≡12𝑎𝐻𝐾5 ( 2𝐻 2 + 𝐻̇
(𝑎 + 𝐾5 ̇𝜃 )2 − 𝑎𝐻 2

(𝑎 + 𝐾5 ̇𝜃 )3) . (10.72)

As in the general case and in the static spherically symmetric setting, also here
we can appreciate how the limit 𝛽 → 0 still implies a dynamical equation for 𝜃(𝑡),
as opposed to the metric formulation of Chern-Simons gravity.
We will now present some analytical solutions in the theory identified by 𝛽 = 0.
We will assume the usual equation of state 𝑝 = 𝑤𝜌 for the perfect fluid, defining
the analogue of the polytropic index 𝑤 also for the effective stress-energy tensor,
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i.e. 𝑤𝑒𝑓 𝑓 = 𝑝𝑒𝑓 𝑓 /𝜌𝑒𝑓 𝑓 . Moreover, since ∇̄𝜇𝐶𝜇𝜈 = 0, the stress-energy tensor is
still conserved, allowing to write the energy density as

𝜌 = 𝜌0
𝑎3(1+𝑤) , (10.73)

where 𝜌0 is a constant. It is possible to show, moreover, that the relation 𝑎+𝐾5 ̇𝜃 ≠
0 is preserved by the dynamics. Then, the first one of the metric equations can
be rewritten as

𝐻 2 =
(2 (1 + ̇𝜃2

6 (𝜅2𝜌 + 𝛽
4

̇𝜃2))
2
− 1)

2
− 1

4 ̇𝜃2 , (10.74)

representing a modified Friedmann equation. Now, setting 𝛽 = 0 it is easy to
show that the following configurations are solutions of the theory.

10.2.1 de Sitter phase of expansion
For the following choices of the parameters

𝑤 = −1, (10.75)
𝜖 = −1, (10.76)

a couple of solutions is given by

𝑎(𝑡) = 𝑎0𝑒𝑡√Λ/3, (10.77)

𝜃(𝑡) = ± 6
√Λ

𝑡 + 𝜃0, (10.78)

𝑆 𝑡(𝑡) = ∓6√Λ, (10.79)

𝑄 𝑡(𝑡) = 4𝑃 𝑡(𝑡) = 4√3Λ. (10.80)

where Λ > 0, while 𝑎0 and 𝜃0 are arbitrary constants. Since 𝑤 = −1, the energy
density is just constant, i.e. 𝜌 = 𝜌0 = const, ant its value is determined by

𝜌0 = −Λ/2𝜅2. (10.81)

The solution describes a de Sitter expansion phase of the universe. However,
since Λ > 0 the bare energy density 𝜌0 is actually negative. In the General Re-
lativity case, where the C-tensor is absent, the same solution would be obtained
setting 𝜌0 = Λ

𝜅2 > 0. In the present case instead, there is an additional contribu-
tion to the energy density coming from the affine components (10.79) and (10.80),
which results in

𝜌𝑒𝑓 𝑓 = 3Λ
2𝜅2 , 𝑝𝑒𝑓 𝑓 = − 3Λ

2𝜅2 , (10.82)

corresponding to 𝑤𝑒𝑓 𝑓 = −1.
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10.2.2 Power law solutions

Setting again 𝜖 = −1 a set of solutions is derived as

𝑎(𝑡) = 𝑎0𝑡𝑚, (10.83)

𝜃(𝑡) = ±√3𝑚 𝑡2 + 𝜃0, (10.84)

𝜌(𝑡) = −3𝑚
2

2𝜅2
1
𝑡2 , (10.85)

𝑆 𝑡(𝑡) = ∓6√3𝑚𝑡 , (10.86)

𝑄 𝑡(𝑡) = 4𝑃 𝑡(𝑡) = 12𝑚
𝑡 , (10.87)

where 𝑎0, 𝜃0 are arbitrary constants and the parameter 𝑚 is related to the poly-
tropic index by

𝑤 = 2
3𝑚 − 1. (10.88)

These are power law solutions with the affine vectors decaying linearly in time.
In particular, known General Relativity solutions can be obtained setting 𝑚 to
be 𝑚𝑟𝑎𝑑 = 1/2 (𝑤 = 1/3) or 𝑚𝑚𝑎𝑡 = 2/3 (𝑤 = 0), corresponding to a radiation
and matter dominated universe, respectively. Also in this case, the bare energy
density is negative but the missing contribution is again given by the affine con-
tributions, i.e.

𝜌𝑒𝑓 𝑓 = 9𝑚2
2𝜅2𝑡2 , 𝑝𝑒𝑓 𝑓 = − 𝑚

𝜅2𝑡2 (3 −
9𝑚
2 ) , (10.89)

resulting in the effective polytropic index 𝑤𝑒𝑓 𝑓 = 2
3𝑚 − 1, in agreement with

(10.88).

10.2.3 Solution reproducing linear growth of the scale
factor

Finally, for

𝜖 = 1, (10.90)
𝑝 = −𝜌/3, (10.91)
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another solution exists:

𝑎(𝑡) = 𝑎0𝑡 , (10.92)

𝜃(𝑡) = 𝜃1𝑡2 + 𝜃0, (10.93)

𝜌(𝑡) = 3
2𝜅2𝜃21

(−1 + 1
√2√

1 + √1 + 16𝜃21) 1
𝑡2 , (10.94)

𝑆 𝑡(𝑡) = 6
𝜃1

(−1 + 1
√2√

1 + √1 + 16𝜃21) 1
𝑡 , (10.95)

𝑄 𝑡(𝑡) = 4𝑃 𝑡(𝑡) = 8
⎛
⎜⎜
⎝
1 − √2

√1 + √1 + 16𝜃21

⎞
⎟⎟
⎠

1
𝑡 . (10.96)

with 𝑎0, 𝜃0 and 𝜃1 arbitrary constants. The scale factor grows linearly in time and
in this case we have 𝜌 > 0.

10.3 Gravitational waves propagation
In this section we will finally derive some predictions of the theory regarding
the propagation of gravitational waves. Given the violation of parity the theory
is endowed with, we expect parity breaking effects in the results, similarly to
the black hole perturbations scenario, where only the evolution of axial modes
is affected. In particular we will probe the existence of two effects. Gravitational
birefringence, consisting in a difference in the speed of propagation of left and
right-handed polarizations, and gravitational Landau damping, i.e. a kinematic
damping of the wave’s amplitude due to the interaction with matter. In the era of
gravitational wave astronomy, looking for effects of this kind in the propagation
of spacetime perturbations seems very promising.
In order to proceed in this direction, a perturbative expansion of the fields must
be performed, much like as in section 7.2. While the Landau damping effect
can already be appreciated on the simplest background possible, namely flat
Minkowski spacetime, the latter is not enough to give rise to the phenomenon of
gravitational birefringence, when the propagation of perturbations is considered
to happen in vacuum. Rather, a non-flat background on which to consider the
evolution of perturbations needs to be selected. Among the solutions presen-
ted above, the first one describing a de Sitter phase is certainly one of the most
interesting from the cosmological standpoint. Moreover, it is also the simplest
background on which perturbative computations can be performed analytically,
yielding the results presented in the next section.
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10.3.1 Gravitational birefringence in late-time cosmo-
logy

The starting point is again the expansions

𝑔𝜇𝜈 = ̄𝑔𝜇𝜈 + ℎ𝜇𝜈 , 𝜃 = ̄𝜃 + 𝛿𝜃, (10.97)

where now a bar denotes the exact solution (10.77)-(10.78). The main discussion
will be focused on the propagation of tensor modes, thus setting 𝛿𝜃 = 0, while
we postpone the analysis of scalar modes to the end of this section. In order to
consider gravitational waves propagating along the 𝑧−axis, the gauge condition
ℎ𝑡𝜇 = 0 can be enforced and the perturbations can be written as

𝛿𝜃 = 0, ℎ𝑖𝑗 = (
ℎ+ ℎ× 0
ℎ× −ℎ+ 0
0 0 0

) , (10.98)

where ℎ+ and ℎ× are functions of 𝑡 and 𝑧 alone. We now come to the perturbation
of the affine connection. In general, it can be expanded as

Γ𝜌𝜇𝜈 = Γ̄𝜌𝜇𝜈 + 𝛿Γ𝜌𝜇𝜈 , (10.99)

where again the bar denotes the affine connection obtained from (10.79)-(10.80).
Regarding the perturbation 𝛿Γ𝜌𝜇𝜈 , it includes perturbations of all components of
torsion and nonmetricity, namely the vectors 𝛿𝑆𝜇 , 𝛿𝑃𝜇 , 𝛿𝑄𝜇 and the tensors 𝛿𝑞𝜇𝜈𝜌
and 𝛿Ω𝜇𝜈𝜌 , considered as functions of 𝑡 and 𝑧 alone. Moreover, we will require
the tensors 𝛿𝑞𝜇𝜈𝜌 and 𝛿Ω𝜇𝜈𝜌 to possess the same symmetries as their complete
unperturbed versions.
Then, we use the xAct Mathematica package to perform the linearization of the
connection field equations on the given background and to obtain a partial solu-
tion for the perturbations in the following way. First, the vanishing of the affine
vectorial perturbations results as a consequence of the equations. This is expec-
ted since only the tensor modes of the metric perturbation have been selected
and there are no vector modes available for the coupling with the affine vectors.
Regarding the affine tensor perturbations, several equations can be algebraically
solved, resulting in the following non vanishing components:

𝛿𝑞110 = 𝛿𝑞202, 𝛿𝑞102 = 𝛿𝑞201, 𝛿𝑞232 = 𝛿𝑞113, 𝛿𝑞123 = 𝛿𝑞213,
(10.100)

𝛿Ω111 = −𝛿Ω122 = −𝛿Ω212 = 3
2𝑎√Λ

𝛿Ω′112, 𝛿Ω211 = −𝛿Ω222 = 𝛿Ω112,
(10.101)
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where temporal and spacial indices are here represented by 0 and 1, 2, 3, respect-
ively, while primes denote derivatives with respect to 𝑧. The nonmetricity tensor
perturbation turns out to represent non propagating degrees, since it ultimately
satisfies the spatial harmonic oscillator equation

𝛿Ω″112 + 4Λ
9 𝑎2𝛿Ω112 = 0, (10.102)

which is solved by

𝛿Ω112 = 𝐶1(𝑡)cos (2√Λ3 𝑎(𝑡)𝑧) + 𝐶2(𝑡)sin (2√Λ3 𝑎(𝑡)𝑧) , (10.103)

where 𝐶1 and 𝐶2 are arbitrary functions of time. Using these results it is easy to
check that the linearized scalar equation is automatically satisfied. At this point,
there are six equations left for the two metric functions ℎ+, ℎ× and for 𝑞201, 𝑞113,
𝑞202, 𝑞213. They read

6
√Λ

𝛿𝑞′201 + (2𝑎𝛿𝑞202 − √3𝛿𝑞213) = ( 3
√Λ

ℎ̇′× − 2√3ℎ′× − 3
2𝑎ℎ̇+ + √3Λ𝑎ℎ+) ,

(10.104)

6
√Λ

𝛿𝑞′113 + (√3𝑎2𝛿𝑞202 + 2𝑎𝛿𝑞213) = (− 3
√Λ

ℎ″+ − √3
2 𝑎2ℎ̇+ + √Λ𝑎2ℎ+) , (10.105)

6
√Λ

𝛿𝑞′202 + (√3𝛿𝑞113 − 2𝑎𝛿𝑞201) = (− 3
√Λ

ℎ̇′+ + 2√3ℎ′+ − 3
2𝑎ℎ̇× + √3Λ𝑎ℎ×) ,

(10.106)

6
√Λ

𝛿𝑞′213 − (2𝑎𝛿𝑞113 + √3𝑎2𝛿𝑞201) = (− 3
√Λ

ℎ″× − √3
2 𝑎2ℎ̇× + √Λ𝑎2ℎ×) , (10.107)

and

ℎ̈+ − 1
𝑎2ℎ

″+ − 4√
Λ
3 ℎ̇+ + 4Λ

3 ℎ+ = 2 ( 1
𝑎2 𝛿𝑞

′113 − ̇𝛿𝑞202) + √Λ (√3𝛿𝑞202 + 1
𝑎𝛿𝑞213) ,
(10.108)

ℎ̈× − 1
𝑎2ℎ

″× − 4√
Λ
3 ℎ̇× +

4Λ
3 ℎ× = 2 ( 1

𝑎2 𝛿𝑞
′213 + ̇𝛿𝑞201) − √Λ (√3𝛿𝑞201 + 1

𝑎𝛿𝑞113) ,
(10.109)

having used ̇𝑎 = 𝑎√Λ/3 and ̈𝑎 = 𝑎Λ/3. In order to proceed further the adiabatic
approximation will be assumed, consisting in considering the scale factor nearly
constant, i.e. 𝑎(𝑡) ≈ 1, during the gravitational wave propagation. Hence, in
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Fourier space the equations become

𝑖𝑘𝛿𝑞201 + √Λ
6 (2𝛿𝑞202 − √3𝛿𝑞213) = √Λ

12 [(3𝑖𝜔 + 2√3Λ) ℎ+ + 𝑘 ( 6
√Λ

𝜔 − 4𝑖√3) ℎ×] ,
(10.110)

𝑖𝑘𝛿𝑞113 + √Λ
6 (√3𝛿𝑞202 + 2𝛿𝑞213) = 1

2 (𝑘
2 + 𝑖𝜔2√

Λ
3 + Λ

3 ) ℎ+, (10.111)

𝑖𝑘𝛿𝑞202 + √Λ
6 (√3𝛿𝑞113 − 2𝛿𝑞201) = √Λ

12 [(3𝑖𝜔 + 2√3Λ) ℎ× − 𝑘 ( 6
√Λ

𝜔 − 4𝑖√3) ℎ+] ,
(10.112)

𝑖𝑘𝛿𝑞213 + √Λ
6 (−2𝛿𝑞113 − √3𝛿𝑞201) = 1

2 (𝑘
2 + 𝑖𝜔2√

Λ
3 + Λ

3 ) ℎ×, (10.113)

and

(𝜔2 − 𝑘2 − 4Λ
3 − 4𝑖√

Λ
3 𝜔) ℎ+ = −2𝑖𝑘 𝛿𝑞113 − (2𝑖𝜔 + √3Λ)𝛿𝑞202 − √Λ 𝛿𝑞213,

(10.114)

(𝜔2 − 𝑘2 − 4Λ
3 − 4𝑖√

Λ
3 𝜔) ℎ× = −2𝑖𝑘 𝛿𝑞213 + (2𝑖𝜔 + √3Λ)𝛿𝑞201 + √Λ 𝛿𝑞113.

(10.115)

The system is reduced to an algebraic one and the torsion perturbations can now
be solved in terms of the metric ones as

𝛿𝑞201 =
𝑝(𝑘, 𝜔, Λ)ℎ+ − 𝑞(𝑘, 𝜔, Λ)ℎ×

Δ(𝑘, Λ) , (10.116)

𝛿𝑞113 =
−𝑚(𝑘, 𝜔, Λ)ℎ+ + 𝑛(𝑘, 𝜔, Λ)ℎ×

Δ(𝑘, Λ) , (10.117)

𝛿𝑞202 =
𝑞(𝑘, 𝜔, Λ)ℎ+ + 𝑝(𝑘, 𝜔, Λ)ℎ×

Δ(𝑘, Λ) , (10.118)

𝛿𝑞213 = −𝑛(𝑘, 𝜔, Λ)ℎ+ + 𝑚(𝑘, 𝜔, Λ)ℎ×
Δ(𝑘, Λ) , (10.119)
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where we introduced

Δ(𝑘, Λ) ≡ 2(1296𝑘4 − 72Λ𝑘2 + 49Λ2), (10.120)

𝑝(𝑘, 𝜔, Λ) ≡ 2𝑘√Λ (108𝑘2𝜔 + 2𝑖√3Λ3/2 − 3Λ𝜔) , (10.121)

𝑞(𝑘, 𝜔, Λ) ≡ 3 (72𝑘4 (5√3√Λ + 6𝑖𝜔) − 6𝑘2 (3√3Λ3/2 + 8𝑖Λ𝜔)
+7Λ2 (2√3√Λ + 3𝑖𝜔)) , (10.122)

𝑚(𝑘, 𝜔, Λ) ≡ 12𝑖𝑘 (108𝑘4 − 3𝑘2Λ + 2𝑖√3Λ3/2𝜔 + 4Λ2) , (10.123)

𝑛(𝑘, 𝜔, Λ) ≡ √Λ (432𝑘4 − 12𝑘2 (Λ − 3𝑖√3√Λ𝜔) + 7𝑖√3Λ3/2𝜔 + 14Λ2) . (10.124)

The expressions for the 𝛿𝑞’s can also be written in terms of the vectors

Q =
⎛
⎜
⎜
⎝

𝛿𝑞201
𝛿𝑞113
𝛿𝑞202
𝛿𝑞213

⎞
⎟
⎟
⎠
, H = (ℎ+ℎ×) (10.125)

and the matrix

𝑀 = 1
Δ
⎛
⎜
⎜
⎝

𝑝 −𝑞
−𝑚 𝑛
𝑞 𝑝
−𝑛 −𝑚

⎞
⎟
⎟
⎠
, (10.126)

as
Q = 𝑀H. (10.127)

Using these quantities the remaining two metric equations read

𝑑(𝑘, 𝜔, Λ)H = 𝑁Q, (10.128)

where we defined

𝑁 ≡ ( 0 −2𝑖𝑘 −(2𝑖𝜔 + √3Λ) −√Λ
2𝑖𝜔 + √3Λ √Λ 0 −2𝑖𝑘) (10.129)

and

𝑑(𝑘, 𝜔, Λ) ≡ 𝜔2 − 𝑘2 − 4Λ
3 − 4𝑖√

Λ
3 𝜔. (10.130)

Then, combining (10.127) and (10.128), we obtain

(𝑑(𝑘, 𝜔, Λ) 𝐼 − 𝑃)H = 0, (10.131)

where 𝐼 is the 2 × 2 identity matrix and 𝑃 = 𝑁𝑀 is explicitly given by

𝑃 = (𝑝11 −𝑝12
𝑝12 𝑝11 ) , (10.132)
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where

𝑝11 ≡
2𝑖𝑘𝑚 − (2𝑖𝜔 + √3Λ)𝑞 + √Λ𝑛

Δ , 𝑝12 ≡
2𝑖𝑘𝑛 + (2𝑖𝜔 + √3Λ)𝑝 − √Λ𝑚

Δ .
(10.133)

In the particular case in which 𝑝12 = 0 we have that the plus and cross modes do
not mix and the usual dispersion relation is recovered for both of them:

𝒟(𝑘, 𝜔) ≡ 𝑑(𝑘, 𝜔, Λ) − 𝑝11 = 0. (10.134)

In the 𝑝12 ≠ 0 case instead, the two polarization are mixed. Introducing the left
and right handed polarization states defined by

ℎ𝐿 = 1
√2

(ℎ+ − 𝑖ℎ×), ℎ𝑅 = 1
√2

(ℎ+ + 𝑖ℎ×), (10.135)

they can be decoupled, yielding

(𝑑(𝑘, 𝜔, Λ) − 𝑝11 + 𝑖𝑝12)ℎ𝐿 = 0, (10.136)
(𝑑(𝑘, 𝜔, Λ) − 𝑝11 − 𝑖𝑝12)ℎ𝑅 = 0. (10.137)

This results in two dispersion relations for the right and left handed modes

𝒟𝐿,𝑅(𝑘, 𝜔) ≡ 𝑑(𝑘, 𝜔, Λ) − 𝑝11 ± 𝑖𝑝12 = 0, (10.138)

that can be solved for the two frequencies

𝜔𝐿 = ±√36𝑘
4 − 12𝑘3√Λ − 35𝑘2Λ − 18𝑘Λ3/2 − 3Λ2

2 (3𝑘 + √Λ)
+ 𝑖√

Λ
12, (10.139)

𝜔𝑅 = ±√36𝑘
4 + 12𝑘3√Λ − 35𝑘2Λ + 18𝑘Λ3/2 − 3Λ2

2 (3𝑘 − √Λ)
+ 𝑖√

Λ
12. (10.140)

At this point the condition

36𝑘4 ± 12√Λ𝑘3 − 35Λ𝑘2 ± 18Λ3/2𝑘 − 3Λ2 > 0 (10.141)

must be imposed in order to ensure the wave’s propagation. This condition im-
plies

𝑘 < 0, 0 < Λ < 9𝑘2; 𝑘 > 0, 0 < Λ < 𝛾𝑘2, (10.142)

for the left mode and

𝑘 > 0, 0 < Λ < 9𝑘2; 𝑘 < 0, 0 < Λ < 𝛾𝑘2, (10.143)
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for the right mode, where the parameter 𝛾 is

𝛾 = 1
9 (

3√2592√62 − 6697 − 719
3√2592√62 − 6697

+ 11) ∼ 0.543988. (10.144)

In the adiabatic limit we can consider modes with wavelength much smaller than

the curvature radius of the background spacetime, i.e. |𝑘| ≫ √
Λ
3 . Hence, from

(10.142)-(10.143) the propagation occurs for all wave vectors under consideration
and no further condition must be imposed. The group and phase velocities can
be computed as

𝑣𝑔𝐿,𝑅 ≡ 𝑑𝜔𝐿,𝑅
𝑑𝑘 = 108𝑘4 ± 54𝑘3√Λ − 18𝑘2Λ ∓ 8𝑘Λ 3

2

2 (3𝑘 ± √Λ)2√36𝑘4 ∓ 12𝑘3√Λ − 35𝑘2Λ ∓ 18𝑘Λ 3
2 − 3Λ2

,

(10.145)

𝑣𝑝𝐿,𝑅 ≡ 𝜔𝐿,𝑅
𝑘 = √36𝑘4 ∓ 12𝑘3√Λ − 35𝑘2Λ ∓ 18𝑘Λ3/2 − 3Λ2

2𝑘 (3𝑘 ± √Λ)
. (10.146)

We observe a difference in the velocity of propagation between the left and
right handed mode, a phenomenon already observed in the metric formulation
of CSMG (see [184, 185, 186] for a comparison) and known as velocity birefrin-
gence. Regarding the wave’s amplitude instead, there is no discrepancy between
the two modes and the friction term responsible for the amplitude damping is
common to both modes and it is the usual one given by the cosmological con-
stant, i.e. the 𝑖√Λ/12 terms in (10.139) and (10.140).
In order to give some estimates of the effects just derived it is convenient to ex-
pand the velocities in a power series in the parameter 𝜖 ≡ √Λ/𝑘 which satisfies
|𝜖| ≪ 1 in the adiabatic limit. The outcome is

𝑣𝑔𝐿,𝑅 = 1 + 𝜖2
3 ± 4𝜖3

9 + 𝒪 (𝜖4) , (10.147)

𝑣𝑝𝐿,𝑅 = 1 ∓ 𝜖
2 − 𝜖2

3 ∓ 2𝜖3
9 + 𝒪 (𝜖4) . (10.148)

We find some common features with the results obtained in [156]. In particular,
the group velocity turns out to be super-luminal and polarization independent at
order 𝒪(𝜖2). We conclude that the most efficient way to detect parity violating
effects consists in measuring the phase velocity, since |𝑣𝑝𝐿 − 𝑣𝑝𝑅 | ∼ 𝒪 (𝜖), whereas
|𝑣𝑔𝐿 − 𝑣𝑔𝑅 | ∼ 𝒪 (𝜖3).
Nevertheless, we can compare the deviation in the group velocities from the
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speed of light in vacuum with the current experimental bound on the gravita-
tional waves speed [274], i.e.

− 3 × 10−15 ≤ 𝑣𝑔 − 1 ≤ 7 × 10−16. (10.149)

If we assume a magnitude of the wavenumber 𝑘 = 10−7m−1, corresponding to a
frequency 𝜈 ≈ 50Hz well inside the sensitivity curves of ground-based interfero-
meters, and the measured value of the cosmological constant Λexp ≈ 10−52m−2
we calculate a theoretically expected deviation 𝒪 (𝜖2) = 10−38. Therefore the
bound (10.149) is not sufficiently tight in order to falsify this model of modified
gravity. However, the dependence of the deviation parameter with respect to the
wavenumber, i.e. 𝜖2 ∝ 𝑘−2, indicates that for detections in the low-frequencies
domain the expected deviation would result significantly larger. By considering
a signal in the mHz band, which will become accessible with the space interfer-
ometer LISA, we obtain a much greater expected deviation 𝒪 (𝜖2) = 10−29. The
maximum magnitude for the deviation parameter is reached in the case of a nHz
gravitational wave, detectable with pulsar timing arrays, which we calculate to
be 𝒪 (𝜖2) = 10−17.

Scalar modes

Wewill conclude this section briefly discussing the propagation of scalar perturb-
ations. In this case we assume 𝛿𝜃 = 𝛿𝜃(𝑡, 𝑧) ≠ 0 and we adopt the same gauge
choice for the metric perturbation, which now has the following form

ℎ𝑖𝑗 = 1
3 ̄𝑔𝑖𝑗ℎ + 𝜕𝑖𝜕𝑗𝐵 − 1

3 ̄𝑔𝑖𝑗𝜕𝑘𝜕𝑘𝐵, (10.150)

in terms of the trace ℎ = ℎ𝑖𝑖 and a traceless part depending on the gradients of
the scalar function 𝐵(𝑡, 𝑧). Regarding the affine sector, we assume that only the
components behaving as scalars under spatial rotations couple to the metric and
scalar perturbations. This leaves us with 𝛿Ω000 and the time components of the
vectors 𝛿𝑆 𝑡 , 𝛿𝑃 𝑡 and 𝛿𝑄 𝑡 . In principle, also contributions of the form 𝛿Ω0𝑖𝑗 =
𝜓(𝑡, 𝑧)𝛿𝑖𝑗 should be included but they are eventually ruled out by the traceless
character of 𝛿Ω𝜇𝜈𝜌 and 𝛿𝑞𝜇𝜈𝜌 . Solving the linearized equations we obtain

ℎ𝑥𝑥 = ℎ𝑦𝑦 = 𝑎2 (− 𝑐1
3√3Λ

𝑒−√3Λ𝑡 + 𝑐2
3 ) , (10.151)

ℎ𝑧𝑧 = 𝑎2 (− 𝑐1
3√3Λ

𝑒−√3Λ𝑡 + 𝑐2
3 + 𝑓 (𝑧)) , (10.152)

so that
ℎ = − 𝑐1

√3Λ
𝑒−√3Λ𝑡 + 𝑐2 + 𝑓 (𝑧), (10.153)
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while the perturbation of the pseudo-scalar field is given by

𝛿𝜃 = − 𝑐1
6Λ3/2 𝑒

−√3Λ𝑡 + 𝑐2
2√3Λ

+ 𝑐0. (10.154)

The solution for the affine perturbations is characterized by 𝛿Ω000 = 0 and

𝛿𝑆 𝑡 = 𝑐1
2√3

𝑒−√3Λ𝑡 , (10.155)

𝛿𝑄 𝑡 = 4𝛿𝑃 𝑡 = −5𝑐13 𝑒−√3Λ𝑡 . (10.156)

In the above expressions 𝑐0, 𝑐1, 𝑐2 are constants of integration and 𝑓 (𝑧) is an ar-
bitrary function of 𝑧.
We conclude that there are no perturbations in the scalar sector propagating
as waves, a result which is in agreement with the purely metric formulation of
Chern-Simons gravity. Rather, all scalar perturbations suffer an exponentially
decay over a time scale of order 𝑡𝐷 ∼ 1/3𝐻0. Therefore, in the adiabatic ap-
proximation, they can be considered nearly constant with respect to the tensor
modes.

10.3.2 Gravitational Landau damping
Landau damping is a well-known effect characterizing electromagnetic waves
travelling in a plasma, whose particles can exchange energy with the wave. As
a result, when the particles acquire energy from the wave, the amplitude of the
latter is affected by an exponential damping. The possibility of an analogous ef-
fects in gravitational settings was first investigated in [275] (see also [276, 277,
275, 278, 279, 280, 281, 282]). The idea is that the interaction of gravitational
waves with non-collisional matter media can yield a damping or enhancement
of the metric perturbation. However, in order for this effect to be present in Gen-
eral Relativity, it is not enough to consider the simplest scenario of gravitational
waves propagating on a flat Minkowski background and interacting with a mat-
ter medium characterized by an isotropic background configuration. Indeed, in
this case the phase velocity of gravitational waves turns out to be superluminal,
which is enough to prevent the arising of Landau damping, as we will see in
the following. The latter appears in General Relativity only considering more
general assumptions, such as the introduction of anisotropies in the medium or
considering the propagation of gravitational waves on a FLRW background.
Going beyond General Relativity, in [220] Horndeski theories of gravity were
considered and gravitational Landau damping of the additional scalar mode char-
acterizing the theory was established, even on Minkowski background and with
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an isotropic matter medium. The authors also show that the same effect is for-
bidden for tensor modes, as in General Relativity.
Hence the question of whether also tensor modes can suffer Landau damping in
extended theories of gravity is still open. In this regard, parity violating theor-
ies offer an interesting possibility. Indeed, the gravitational birefringence effects
just discussed can yield a suppression of the phase velocity of one of the two
chiral polarizations of the wave, thus allowing for a subluminal phase velocity.
In turn, this makes the arising of Landau damping possible.
In the following, in order to derive the equations for the perturbations we will
proceed analogously to the previous chapters but including a non-vanishing
stress-energy tensor and its perturbation 𝛿𝑇𝜇𝜈 . Moreover, we will make some
assumptions needed to obtain the results that will be derived. These are:

• Adiabatic approximation: the background scalar field configuration is as-
sumed to depend only on the cosmological time and to be slowly varying in
the time interval considered. This amounts to consider its first derivative
constant ( ̇𝜃 ∼ ̇𝜃𝐵) and to neglect higher derivatives.

• Relativistic medium: the matter medium in which the wave is propagating
is assumed to be composed by relativistic particles of mass 𝑚. Before the
passage of the wave, it will be considered in an equilibrium configuration
at temperature Θ, described by a distribution function 𝑓0.

• Small wavelength approximation: thewavelength of the gravitational waves
is assumed to be much smaller than the characteristic length scale of vari-
ation of the thermodynamic properties of themedium, such as temperature
and pressure.

• Homogeneity and isotropy: the previous condition allows to choose as an
equilibrium function 𝑓0 a homogeneous and isotropic distribution 𝑓0(𝑝),
where 𝑝 is the flat three momentum, i.e. 𝑝 ≡ √𝛿 𝑖𝑗𝑝𝑖𝑝𝑗 .

• Weak damping: the imaginary part of the frequency is assumed to be
much smaller than the real part, thus avoiding signals that are too rapidly
damped to be detected.

• Wave andmediumvelocities approximation: the phase velocity of the grav-
itational wave is assumed to be much greater than the thermal velocity of
the medium, a condition that holds in weak field regimes.

Finally, we will later introduce a parameter 𝑘𝐶𝑆 ≡ 1/(8𝛼 ̇𝜃𝐵), which is assumed to
be positive. The results derived below can be straightforwardly adapted to the
𝑘𝐶𝑆 < 0 case (see [5]).
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Now, the starting point of the analysis is the set of linearized equations describing
the evolution of metric and affine perturbations on a flat Minkowski background.
One could be tempted to derive the equations taking the Λ → 0 limit of the
system (10.104)-(10.107) and (10.108)-(10.109). However, the de Sitter background
solution employed there is singular in Λ = 0 (see (10.78) for instance) and the
case of vanishing cosmological constant must be addressed separately, starting
with 𝑎(𝑡) = 1 from the very beginning. Following similar steps but assuming the
background metric to be the flat Minkowski one, the outcome is

𝛿𝑞102 +
𝛼 ̇𝜃𝐵
2 (2𝛼 ̇𝜃𝐵𝛿𝑞″102 + ℎ̇′+ − 𝛼 ̇𝜃𝐵ℎ̇″× ) = 0, (10.157)

𝛿𝑞213 +
𝛼 ̇𝜃𝐵
2 (2𝛼 ̇𝜃𝐵𝛿𝑞″213 − ℎ″+ + 𝛼 ̇𝜃𝐵ℎ‴× ) = 0, (10.158)

for the torsion perturbations, and

ℎ̈+ − ℎ″+ + 𝛼 ̇𝜃𝐵 (ℎ‴× − ℎ̈′× + 2𝛿𝑞″213 + 2𝛿 ̇𝑞′102) = 2𝜅2𝛿𝑇11, (10.159)

ℎ̈× − ℎ″× − 2𝛿𝑞′213 − 2 ̇𝛿𝑞102 = 2𝜅2𝛿𝑇12, (10.160)

for the metric ones, where 𝛿𝑇11 and 𝛿𝑇12 are the only non vanishing compon-
ents of the stress-energy tensor perturbation. We assumed again a propagation
along the 𝑧-axis and a metric perturbation of the form (10.98). Regarding the
affine perturbations, only the perturbations of the rank-3 tensor part of torsion
and nonmetricity were considered, i.e. 𝛿𝑞𝜇𝜈𝜌 and 𝛿Ω𝜇𝜈𝜌 . Only some of their com-
ponents are actually propagating and taking part in the dynamics. These are all
related to 𝛿𝑞102 and 𝛿𝑞213 by

𝛿𝑞201 = 𝛿𝑞102, (10.161)
𝛿𝑞123 = 𝛿𝑞213, (10.162)

𝛿𝑞110 = 𝛿𝑞202 = 𝛼 ̇𝜃𝐵 (𝛿𝑞′102 − 1
2ℎ̇

′12) , (10.163)

𝛿𝑞223 = 𝛿𝑞131 = 𝛼 ̇𝜃𝐵 (𝛿𝑞′213 + 1
2ℎ

″12) . (10.164)

All other components are either vanishing or not propagating. The non vanish-
ing ones are

𝛿𝑞010, 𝛿𝑞313, 𝛿𝑞020, 𝛿𝑞323, 𝛿𝑞031, 𝛿𝑞301 𝛿𝑞032, 𝛿𝑞302, (10.165)

for the torsion, and

𝛿Ω𝑛00, 𝛿Ω𝑛11, 𝛿Ω𝑛22, 𝛿Ω𝑛03, 𝛿Ω𝑛12, 𝛿Ω𝑛33, (10.166)
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with 𝑛 = 1, 2 and

𝛿Ω𝑛01, 𝛿Ω𝑛02, 𝛿Ω𝑛13, 𝛿Ω𝑛23, (10.167)

with 𝑛 = 0, 3, for the nonmetricity, and they all satisfy the same harmonic oscil-
lator equation, reading

𝑢(𝑡, 𝑧) + 𝛼2 ̇𝜃2𝐵
4 𝑢″(𝑡, 𝑧) = 0, (10.168)

whose solution reads

𝑢(𝑡, 𝑧) = 𝐶1(𝑡) cos ( 2𝑧
𝛼 ̇𝜃𝐵

) + 𝐶2(𝑡) sin ( 2𝑧
𝛼 ̇𝜃𝐵

) , (10.169)

where 𝐶1 and 𝐶2 are arbitrary functions of time.
The system of equations is closed by including the equation for the matter distri-
bution. The latter is perturbed by the passage of the gravitational wave, deviating
from its equilibrium configuration by a variation 𝛿𝑓 of order ℎ, so that we can
write

𝑓 (𝑥, 𝑝, 𝑡) = 𝑓 (𝑥, 𝑝, 0) + 𝛿𝑓 (𝑥, 𝑝, 𝑡), (10.170)

where 𝑥 and 𝑝 denotes the spatial components of coordinates and momenta of
the particles. Moreover, 𝑓 (𝑥, 𝑝, 0) can be shown to be related to the equilibrium
distribution 𝑓0(𝑝) by [220]

𝑓 (𝑥, 𝑝, 0) = 𝑓0 (𝑝) −
𝑓 ′0 (𝑝)
2

𝑝𝑖𝑝𝑗
𝑝 ℎ𝑖𝑗(𝑥, 0). (10.171)

The equation for the evolution of 𝛿𝑓 is obtained linearizing the Vlasov equation
and yields [220]

𝜕𝛿𝑓
𝜕𝑡 + 𝑝𝑚

𝑝0
𝜕𝛿𝑓
𝜕𝑥𝑚 − 𝑓 ′0 (𝑝)

2𝑝
𝜕ℎ𝑖𝑗
𝜕𝑡 𝑝𝑖𝑝𝑗 = 0. (10.172)

The last step we need to perform before solving the equations consists in relating
𝛿𝑓 to the stress-energy tensor perturbations appearing in (10.159) and (10.160).
As shown in [220] the correct relation is

𝑇𝑖𝑗(𝑥, 𝑡) = ∫ 𝑑3𝑝 𝑝𝑖𝑝𝑗
𝑝0 𝛿𝑓 (𝑥, 𝑝, 𝑡), (10.173)

Nowwe have a closed system of five differential equations for the twometric per-
turbations, the two torsion perturbations and 𝛿𝑓 . By performing a Fourier trans-
form on the spatial coordinates and a Laplace transform on the time coordinate
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the equations reduce to algebraic ones, drastically simplifying the problem. In
particular, the linearized Vlasov equation is readily solved by

𝛿𝑓 (𝑘,𝑠)(𝑝) =
𝑓 ′0 (𝑝)
2𝑝 (𝑠 ℎ(𝑘,𝑠)𝑖𝑗 − ℎ(𝑘)𝑖𝑗 (0)) 𝑝𝑖𝑝𝑗

𝑠 + 𝑖𝑘 𝑝3𝑝0
, (10.174)

where the Fourier and Fourier-Laplace components of a generic field are dis-
played as 𝜙(𝑘)(𝑡) and 𝜙(𝑘,𝑠), respectively. Then, the torsion perturbations are
solved in terms of the metric ones as

𝛿𝑞(𝑘,𝑠)102 = 𝑖𝛼 ̇𝜃𝐵𝑘
2√2

(𝑠ℎ
(𝑘,𝑠)
𝐿 − ℎ(𝑘)𝐿 (0)
1 − 𝛼 ̇𝜃𝐵𝑘

+ 𝑠ℎ(𝑘,𝑠)𝑅 − ℎ(𝑘)𝑅 (0)
1 + 𝛼 ̇𝜃𝐵𝑘

) , (10.175)

𝛿𝑞(𝑘,𝑠)213 = −𝛼
̇𝜃𝐵𝑘2

2√2
( ℎ(𝑘,𝑠)𝐿
1 − 𝛼 ̇𝜃𝐵𝑘

+ ℎ(𝑘,𝑠)𝑅
1 + 𝛼 ̇𝜃𝐵𝑘

) , (10.176)

which, once substituted into the metric equations yield

(𝑠2 + 𝑘2)ℎ(𝑘,𝑠)𝐿 − 𝑠ℎ(𝑘)𝐿 (0)
1 − 𝛼 ̇𝜃𝐵𝑘

= 2𝜒𝑇𝐿, (10.177)

(𝑠2 + 𝑘2)ℎ(𝑘,𝑠)𝑅 − 𝑠ℎ(𝑘)𝑅 (0)
1 + 𝛼 ̇𝜃𝐵𝑘

= 2𝜒𝑇𝑅, (10.178)

where, using (10.173) and (10.174), the left and right handed components of the
stress-energy tensor can be written as [220]

𝑇𝐿 = 𝜋
4 ∫

∞

0
𝑑𝜌 ∫

+∞

−∞
𝑑𝑝3

𝑓 ′0 (𝑝)𝜌5
𝑝 (𝑝0𝑠 + 𝑖𝑘𝑝3)

(𝑠ℎ(𝑘,𝑠)𝐿 − ℎ𝑘𝐿(0)) , (10.179)

𝑇𝑅 = 𝜋
4 ∫

∞

0
𝑑𝜌 ∫

+∞

−∞
𝑑𝑝3

𝑓 ′0 (𝑝)𝜌5
𝑝 (𝑝0𝑠 + 𝑖𝑘𝑝3)

(𝑠ℎ(𝑘,𝑠)𝑅 − ℎ𝑘𝑅(0)) , (10.180)

having introduced cylindrical coordinates in the momentum space, i.e.

𝑝1 = 𝜌 cos 𝜑, 𝑝2 = 𝜌 sin 𝜑, 𝑝3 = 𝑝3. (10.181)

Eventually, the left and right handed metric perturbations are obtained as

ℎ(𝑘,𝑠)𝐿,𝑅 =
(𝑠 − 𝜋𝜒(1∓𝛼 ̇𝜃𝐵𝑘)

2 ∫∞0 𝑑𝜌 ∫+∞−∞ 𝑑𝑝3
𝑓 ′0 (𝑝)𝜌5

𝑝(𝑝0𝑠 + 𝑖𝑘𝑝3)
) ℎ(𝑘)𝐿,𝑅(0)

(𝑠2 + 𝑘2) 𝜖𝐿,𝑅(𝑘, 𝑠)
, (10.182)
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where the chiral dielectric functions are defined by

𝜖𝐿,𝑅(𝑘, 𝑠) = 1 − 𝜋𝜒𝑠 𝐵𝐿,𝑅(𝑘)
2 (𝑠2 + 𝑘2) ∫ 𝑑𝜌𝑑𝑝3

𝑓 ′0 (𝑝)
𝑝

𝜌5
𝑝0𝑠 + 𝑖𝑘𝑝3

, (10.183)

and the birefringence factor is given by

𝐵𝐿,𝑅(𝑘) = 1 ∓ 𝛼 ̇𝜃𝐵𝑘 = 1 ∓ 𝑘
8𝑘𝐶𝑆

, (10.184)

where 𝑘𝐶𝑆 ≡ 1/(8𝛼 ̇𝜃𝐵) has dimensions of momentum. Now, the standard proced-
ure is the following. The dispersion relation 𝜔𝑟 = 𝜔𝑟 (𝑘) is computed solving the
condition

ℜ(𝜖𝐿,𝑅)(𝑘, 𝜔𝑟 ) = 0. (10.185)

Then, the damping coefficient is obtained from

𝜔𝑖 = − ℑ(𝜖𝐿,𝑅)
𝜕ℜ(𝜖𝐿,𝑅)

𝜕𝜔
|
𝜔=𝜔𝑟

. (10.186)

To proceed further a specific background distributionmust be chosen. We choose
to deal with a Jüttner-Maxwell distribution, i.e.

𝑓0(𝑝) = 𝑛
4𝜋𝑚2Θ𝐾2 (𝑥)

𝑒−√𝑚2+𝑝2
Θ , (10.187)

where 𝑛 is the density of particles, 𝑚 is their mass and 𝐾𝜈(𝑥) are the modified
Bessel functions of the second kind with real index 𝜈 , evaluated at 𝑥 ≡ 𝑚/Θ. For
the Jüttner-Maxwell distribution we can rewrite the dielectric functions as

𝜖𝐿,𝑅(𝑘, 𝜔𝑟 ) = 1 − 𝑛𝜒𝐵𝐿,𝑅(𝑘)
4𝑘2𝑚2Θ2𝐾2 (𝑥)

(
𝑣𝑝

1 − 𝑣2𝑝
)
2

∫𝑑𝜌𝑑𝑝3
𝜌5𝑒−√𝑚2+𝜌2+𝑝23

Θ

𝑝23 −
𝑣2𝑝

1−𝑣2𝑝 (𝑚
2 + 𝜌2)

,

(10.188)

where the phase velocity of the wave is 𝑣𝑝 ≡ 𝜔𝑟/𝑘. From this we see that, in
order for the Landau damping effect to arise, the phase velocity of the wave
must be subluminal. Indeed, a non vanishing damping coefficient 𝜔𝑖 requires a
non vanishing imaginary part of the dielectric functions. The latter can only be
produced by poles in the denominator of the integral in (10.188), which exist only
for 𝑣𝑝 < 1 and are given by

𝑝3 = ±
√

𝑣2𝑝
1 − 𝑣2𝑝

(𝑚2 + 𝜌2). (10.189)
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In order to check the subluminal condition we first need to compute the disper-
sion relation. Expanding the denominator up to second order in 𝑝3 we get the
real part of the dielectric function:

ℜ(𝜖𝐿,𝑅) = 1 + 2𝜔20𝐵𝐿,𝑅(𝑘)
𝑥2𝑘2 ( 𝑥

1 − 𝜔2
𝑘2

+ 𝛾(𝑥)
𝜔2
𝑘2

) , (10.190)

where 𝜔20 = 𝜒𝑛𝑚 is the proper frequency of the medium and 𝛾 (𝑥) ≡ 𝐾1(𝑥)/𝐾2(𝑥).
The 𝑝3 expansion we employed amounts to assuming

𝑝3
𝑣𝑝√

1 − 𝑣2𝑝
𝑚2 + 𝜌2 ≪ 1, (10.191)

which is consistent with the last assumption in the list at the beginning of this
chapter. Now, imposing the vanishing of the real part of the dielectric functions
yields two fourth order equations which are solved by

𝜔2𝐿,𝑅 = 𝑘2
2 (1 + 2𝜔20 (𝑥 − 𝛾) 𝐵𝐿,𝑅(𝑘)

𝑥2𝑘2 ±
√
(1 + 2𝜔20 (𝑥 − 𝛾) 𝐵𝐿,𝑅(𝑘)

𝑥2𝑘2 )
2
+ 8𝜔20𝛾𝐵𝐿,𝑅(𝑘)

𝑥2𝑘2 ) .

(10.192)

Hence, we have 8 frequencies in total, 4 per each polarization, which is identified
by the subscripts of the function 𝐵𝐿,𝑅(𝑘), belonging to two branches, identified
by the ± sign explicitly appearing in the expression above. However, the reality
condition 𝜔2 > 0 must be required. This, together with the subluminal condi-
tion explained above, will select one of the two branches of the frequencies and
identify ranges in the momentum space in which the wave is allowed to propag-
ate within the medium and the damping effect is present. In the case at hand, we
can distinguish two cases, depending on the sign of 𝐵𝐿,𝑅(𝑘). If 𝐵𝐿,𝑅(𝑘) > 0 then
the reality of the frequency is assured only for the plus sign in (10.192). However,
in this case one always has 𝑣𝑝 > 1. Hence, the wave propagates throughout the
medium without any damping.
For 𝐵𝐿,𝑅(𝑘) < 0 instead, the reality condition is satisfied by both signs in (10.192),
provided that the following condition holds

𝑘2 + 𝛿2 (1 ∓ 𝑘
8𝑘𝐶𝑆

) > 0, (10.193)

where we defined

𝛿2 ≡ 2𝜔20
𝑥2 (√𝑥 + √𝛾(𝑥))

2 . (10.194)



144 Gravitational waves propagation

The outcome depends on the sign of Δ ≡ 𝛿2 − 256𝑘2𝐶𝑆 . If Δ < 0 the inequality
(10.193) is satisfied for every value of the momentum. If instead Δ > 0 then
(10.193) is valid only for the following wavenumbers

Left mode: 𝑘 < 𝑘0−,𝐿 ∪ 𝑘 > 𝑘0+,𝐿 Right mode: 𝑘 < 𝑘0+,𝑅 ∪ 𝑘 > 𝑘0−,𝑅, (10.195)

where the boundaries of the intervals are given by

𝑘0±,𝐿 = 𝛿2
16𝑘𝐶𝑆

(1 ± √
1 − 256𝑘2𝐶𝑆

𝛿2 ) , (10.196)

𝑘0±,𝑅 = − 𝛿2
16𝑘𝐶𝑆

(1 ± √
1 − 256𝑘2𝐶𝑆

𝛿2 ) . (10.197)

Now, Δ relates the parameters of the theory to the thermodynamic properties
of the medium, encoded in the definition of 𝛿 . Therefore, a positive sign of Δ
corresponds to thermodynamic configurations of the matter medium in which
the propagation of gravitational waves is not allowed for any wavenumber 𝑘,
and a range of wavenumbers exists for which the wave is totally reflected before
entering the medium [B283].
Taking also into account the subluminal condition, we have that propagation
with subluminal phase velocity is allowed in

Left mode: 𝑘 > 8𝑘𝐶𝑆 Right mode: 𝑘 < −8𝑘𝐶𝑆 , (10.198)

when Δ < 0, and in

Left mode: 8𝑘𝐶𝑆 < 𝑘 < 𝑘0−,𝐿 ∪ 𝑘 > 𝑘0+,𝐿
Right mode: 𝑘 < 𝑘0+,𝑅 ∪ 𝑘0−,𝑅 < 𝑘 < −8𝑘𝐶𝑆

(10.199)

for Δ > 0. For these modes we can compute the damping coefficient via (10.186),
resulting in

𝜔𝑖 =
𝜋𝑒

− 𝑥
√1−𝑣2𝑝 (3 (1 − 𝑣2𝑝) + 3𝑥√1 − 𝑣2𝑝 + 𝑥2)

4𝑥𝐾2(𝑥) ( 𝑥
(1−𝑣2𝑝)

2 − 𝛾 (𝑥)
𝑣4𝑝 )

𝑘, (10.200)

where the contribution of 𝐵𝐿,𝑅(𝑘) is implicit in the phase velocity. The ranges of
the momentum for which propagation is allowed and damped are summarized in
figure 10.5 and 10.6. Finally, we can require the absence of instabilities induced
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0
𝑣𝑝 > 1 𝑣𝑝 < 1 𝑘

8𝑘𝐶𝑆

Figure 10.5: Metric-affine Chern-Simons model (Δ < 0)

0
𝑣𝑝 > 1 𝑣𝑝 < 1 𝑘

8𝑘𝐶𝑆 𝑘0− 𝑘0+
𝑣𝑝 < 1 ∄ 𝑣𝑝

Figure 10.6: Metric-affine Chern-Simons model (Δ > 0)

by a positive damping coefficient, by imposing 𝜔𝑖 < 0, which amounts to set

𝑥
(1 − 𝑣2𝑝)2

− 𝛾(𝑥)
𝑣4𝑝

< 0. (10.201)

The resulting bound on the velocity, i.e.

𝑣𝑝 < ̄𝑣 ≡ (1 +
√

𝑥
𝛾(𝑥))

− 1
2
, (10.202)

still allows for a wide range of phase velocities much greater than the average
velocity of the particles ⟨𝑣⟩, obtained averaging over the Jüttner-Maxwell distri-
bution. Indeed, it can be shown that the ratio ̄𝑣/ ⟨𝑣⟩ always grows with 𝑥 , being
greater than 2 as soon as 𝑥 ≳ 15.



Concluding remarks

Summary of the results
The previous pages have been devoted to the analysis of three gravitational mod-
els formulated in the metric-affine framework. Existing models characterized by
topological terms have been extended to their most general formulation, includ-
ing all possible affine structures such as torsion and nonmetricity. During this
procedure, we kept track of the topological character and projective symmetry
of such terms.
Among the many existing modified gravity models it is important to discard the
ones which are not physically viable. One way to proceed in this direction is
to check for the internal theoretical consistency of the theory considered. In
particular, the physical degrees of freedom must be well-behaved and one must
check for the absence of dynamical instabilities. To this aim the presence of ghost
degrees of freedom and Ostrogradski instabilities introduced by higher-order de-
rivatives in the field equations has been investigated. Moreover, the relation
of such pathologies with the invariance under projective transformations of the
models has been taken into account.
On the other hand, the derivation of concrete predictions of gravitational models
is foundational. In this regard, results encompassing black hole thermodynamics,
primordial cosmology, black hole perturbations and gravitational waves propaga-
tion have been derived.
The main results are summarized below, concluding with some comments and
possible perspectives for future investigations.

Holst term and hairy black holes
The most straightforward generalization of the Holst term to the case of non
vanishing nonmetricity is simply obtained via the usual contraction of the Levi-
Civita tensor with the affine Riemann tensor, but considering the latter as built
with the most general asymmetric and not metric compatible connection. The
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resulting expression is invariant under projective transformations and it is still
vanishing on half-shell, when the term is included in the first order action of
General Relativity.
Deviations from Einstein gravity can instead be introduced by promoting the
Immirzi parameter to a dynamical field and implementing the Holst term in the
Palatini 𝑓 (𝑅) theory of gravity. The Jordan frame formulation of the model is
characterized by two scalar fields: the Immirzi field and the 𝑓 (𝑅) scalaron. How-
ever, there is only one additional degree of freedom, since a modified structural
equation allows to algebraically solve the scalaron in terms of the Immirzi field.
The theory is devoid of ghost-like instabilities since the additional scalar degree
of freedom is well-behaved, as it is apparent from the canonical form of its kin-
etic term in the Einstein frame.
Another feature of the Holst model, which is also present in the Nieh-Yan case, is
that the presence of the Immirzi field offers a resolution of ambiguities in the way
the theory can be formulated. In particular, under a suitable rescaling of the Im-
mirzi field, the theory obtained including the Holst (or Nieh-Yan) term inside the
argument of the function 𝑓 is equivalent to the model featuring the same term
added directly to the function. This is only possible if the Immirzi parameter
is promoted to a dynamical field, explaining the reason why previous works in
literature considered models obtained including the terms inside or outside the
function 𝑓 as completely inequivalent.

In this theoretical framework, new analytical hairy black hole solutions have
been derived and their thermodynamics has been investigated. Once a quadratic
form for the function 𝑓 is singled out and a specific expression for the Immirzi
field potential is chosen, there are solutions with non-trivial scalar hair provided
by the Immirzi field with both de Sitter and Anti-de Sitter asymptotics. While
the former presents some singularities, in the latter the fields are regular on and
outside the black hole event horizon. The solution describes an asymptotically
Anti-de Sitter hairy black hole whose horizon has a hyperbolic topology. The Im-
mirzi field relaxes to the constant configuration at infinity, recovering the stand-
ard picture featuring a constant Immirzi parameter.
The thermodynamic framework presents interesting features as well. The com-
putations have been performed with Euclidean path integral methods, where a
regularization procedure has to be taken into account in order to remove singu-
larities in the on-shell Euclidean action. The necessary counter-terms to be ad-
ded to the variational principle were known for the case of a minimally coupled
scalar field. Here we provided their correct generalization to the case of non-
minimal coupling. The analysis reveals a modified expression for the black hole
entropy which deviates from the usual Bekenstein-Hawking formula, where it
is just proportional to the horizon area. In the present case instead, it acquires
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a correction depending on the value of the Immirzi field computed at the event
horizon. Although far from being an observational signature, this is a specific
effect of the dynamical nature of the Immirzi field. Indeed, one can show that
if the latter is treated a priori as a constant Immirzi parameter then the entropy
retains its standard expression.
Enlarging the thermodynamic phase space to include a pressure-volume pair of
conjugate variables, reveals peculiar outcomes regarding the properties of the
thermodynamic volume and the associated reverse isoperimetric inequality. A
violation of the latter is observed, so that the solution adds to the list of super-
entropic black hole solutions known in literature. We confirm the conjecture on
their thermodynamic instability by computing the specific heats at constant pres-
sure and volume, showing that unstable thermodynamic configurations where
the latter is negative exist whenever the reverse isoperimetric inequality is viol-
ated.

Bouncing cosmologies with projective-invariant Nieh-
Yan term
As in the Holst case, one may generalize the Nieh-Yan term by retaining its
formal expression but allowing for the connection to break metric compatibil-
ity. However, this leads to a non topological and projective-breaking term. The
two properties can instead be accommodated by including an additional contri-
bution which couples the torsion and the nonmetricity tensors. By introducing
two real parameters 𝜆1 and 𝜆2 in the definition of this generalized Nieh-Yan term,
one can impose projective symmetry by setting 𝜆1 = 𝜆2 = 𝜆, still violating to-
pologicity as long as 𝜆 ≠ 1. If in addition the condition 𝜆 = 1 is imposed, the
resulting term is endowed with both projective symmetry and topologicity. The
latter guarantees the preservation of the classical theory when the term is con-
sidered in a first order formulation of General Relativity.
Instead of promoting the Immirzi parameter to a scalar field by hand in the action,
a model of modified gravity can be obtained by considering a general function of
two arguments, the Ricci scalar and the generalized Nieh-Yan term. In this way,
two scalar degrees of freedom are introduced in the Jordan frame, one of which
can be identified with the Immirzi field, which acquires a dynamical character
in a more natural way, as well as a potential term (the same approach can be
followed also in the Holst case). Depending on the values of the parameters, we
can identify two alternative models with different dynamical content.
For 𝜆1 ≠ 𝜆2 the model is dynamically equivalent to Palatini 𝑓 (𝑅) gravity, as a con-
sequence of the on half-shell vanishing of the generalized Nieh-Yan term. Hence,
there are no additional degrees of freedom and the theory is free of instabilities,
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despite projective symmetry being broken by the choice of the parameters.
On the other hand, the model endowed with projective symmetry (𝜆1 = 𝜆2 = 𝜆)
offers new dynamical features with respect to Palatini 𝑓 (𝑅) gravity, being on
half-shell equivalent to a scalar tensor theory characterized again by a modified
structural equation, which provides an algebraic expression for the scalaron in
terms of the Immirzi field and its kinetic term. By inspecting the action in the
Einstein frame, the absence of ghost instabilities is established also in this case.
Beside them, Ostrogradski instabilities could in principle be present, given the
dependence of the scalaron on the Immirzi field kinetic term. Since second de-
rivatives of the scalaron appear in the metric field equations, third derivatives of
the Immirzi field are generated. However, they do not necessarily imply Ostro-
gradski instabilities. Indeed, we could prove that in the 𝜆 = 1 case (and under the
assumption of negligible Immirzi field potential) the theory is free of instabilities.
This comes from the fact that the theory is equivalent to a subclass of the experi-
mental compatible sector of degenerate higher-order scalar-tensor (DHOST) the-
ories, in which specific degeneracy conditions in the Hamiltonian formulation
prevent higher derivatives to give rise to unstable modes.

Also in this case, a quadratic model for the function 𝑓 is specified, but we need
to neglect the Immirzi field potential to derive semi-analytical solutions. These
are cosmological solutions where a Bianchi I metric describes a possible aniso-
tropic behavior of the primordial universe. In particular we focus on the region of
parameter space which allows for a regularization of the Big Bang singularity in
favour of a big bounce scenario, where the universe volume reaches a minimum
value and then expands back in another branch. The Immirzi and scalaron fields
have non-trivial behavior near the bounce and relax to constant configurations
in the late time region, where the isotropic FLRW setting is recovered through
an isotropization mechanism offered by the inclusion of matter content in the
form of radiation and/or pressure-less dust.
Despite the singularity at the origin of cosmological time being regularized, the
cosmic evolution presents other future finite-time singularities. Numerical in-
tegrations reveal two possibilities. In the first kind of solutions, the singularities
affect the Hubble function, while the scale factors and the scalar fields are always
finite and non vanishing. The second kind of solutions is instead characterized by
a regular behavior for the Hubble function and zeros or poles in the scale factors,
as well as the vanishing of the scalaron field. To probe the physical relevance of
such singularities, we proceed investigating the behavior of null geodesics and
scalar perturbations near the singular events. We conclude that only the first
kind of solutions allow for geodesic completeness and bounded scalar perturba-
tions, while the second kind must be discarded. Beside such considerations, we
stress that a further regularization of this kind of singularities can be provided
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by considering quantum effects of particle creation, a possibility that we leave
for future works.

Projective-invariant Chern-Simons term: black holes and
gravitational waves phenomenology
Contrary to the Nieh-Yan case, the simplest extension of the Chern-Simons term
to generic metric-affine spacetimes, obtained simply promoting the connection
to a completely unconstrained independent variable, is enough to preserve its
topological character. However, the projective symmetry is broken. We pro-
pose a generalized Chern-Simons term featuring three parameters 𝜆1, 𝜆2 and 𝜆3,
with the following properties. It is projective-invariant but not topological if
𝜆2 = (𝜆1 − 4)/16 and 𝜆3 = −𝜆1/2 but 𝜆1 ≠ 0 and/or 𝜆3 ≠ 0. Instead, the topolo-
gical character can be recovered setting 𝜆1 = 𝜆3 = 0 and at the same time one can
break the projective symmetry by considering 𝜆2 ≠ −1/4. In particular, 𝜆2 = 0
yields an expression formally equivalent to the original Chern-Simons term. Fi-
nally, topologicity and projective invariance can be simultaneously implemented
by imposing 𝜆1 = 𝜆3 = 0 and 𝜆2 = −1/4. Focusing on the last possibility we
introduced the generalized Chern-Simons term in the Hilbert-Palatini action of
General Relativity, promoting the coupling to a pseudoscalar field. Two different
theories exist, depending on whether a standard kinetic term for the scalar field
is included in the action or not. We multiplied the latter by a free parameter 𝛽
and considered both the 𝛽 = 0 and 𝛽 ≠ 0 case.
The theory is more involved than the Nieh-Yan and Holst models and it is not
possible to express it as an effective second order scalar-tensor theory at the full
unperturbed and background independent level. Therefore, conclusions regard-
ing the stability of the additional scalar degree of freedom and the absence of
ghosts can not be reached as in the other models. However, for 𝛽 ≥ 0 the scalar
field is well behaved in relevant physical scenarios, as we demonstrated study-
ing the linearized theory and the evolution of scalar perturbations on spherically
symmetric and cosmological backgrounds.
Instead, the possibility of pathologies affecting the theory resides in the presence
of higher-order derivatives in the field equations, which can give rise to Ostro-
gradski instabilities. Although in the first order framework these are apparently
absent, they can arise on half-shell, once the affine sector is solved in terms of
the metric and scalar field. This is indeed the case for the projective-invariant
metric-affine Chern-Simons theory at hand, which in general presents derivat-
ives of the metric tensor higher than the second order. The same is true for the
metric version of the theory and common methods exist to remove higher-order
derivatives, e.g. linearizing the equations on a constant scalar field background
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or imposing specific spacetime symmetries. However, the novelty typical of the
metric-affine formulation consists in restricting to specific subclass of metric-
affine manifolds, where the rank-3 tensor parts of torsion and nonmetricity are
absent. Such requirement is enough to avoid the presence of Ostrogradski in-
stabilities.
Another peculiarity of the metric-affine version of Chern-Simons gravity regards
the dynamical nature of the pseudoscalar field in the 𝛽 = 0 theory. Indeed, the
scalar field has a proper dynamical character even in absence of its kinetic term
in the action. This can be appreciated at linear level, where derivatives of the
scalar field are produced on half-shell by the torsion perturbation, and at the
background level, where solutions with non-trivial 𝜃 exist for 𝛽 = 0. Moreover,
contrary to metric Chern-Simons gravity, the 𝛽 = 0 theory is viable and does not
lead to the shortcomings known to affect its analogue metric version.

By studying black hole perturbations and gravitational waves propagation we
provided for the first time in literature the derivation of potentially observable
effects for the metric-affine version of Chern-Simons gravity. Peculiar signa-
tures arise in the dynamics of linear perturbations of Schwarzschild black holes.
The quasinormal modes characterizing the evolution of axial perturbations ex-
hibit modifications with respect to General Relativity and metric Chern-Simons
gravity. Depending on the value of the parameter 𝛽 , the values of the quas-
inormal frequencies are either coinciding with the General Relativity outcome
(𝛽 → ∞) or deviating from it (𝛽 ≲ 10−1). The prediction of the 𝛽 = 0 theory are
smoothly reached by the 𝛽 ≠ 0 theory, as we checked decreasing 𝛽 down to 10−7.
Moreover, the scalar field and metric perturbations are coupled, resulting in a su-
perposition of the scalar and tensor modes, leaving an imprint in the signal even
in the 𝛽 → ∞ limit. Similar (but quantitatively different) effects are produced
by the metric version of the theory as well. The latter also predicts purely de-
caying, non-oscillatory modes with imaginary frequency, which are instead ab-
sent in the metric-affine framework. A smoking gun for the metric-affine Chern-
Simons gravity is instead provided by the late time part of the signal which is
characterized by power law tails, as in General Relativity. The dependence of
the exponents of the tails on the angular momentum number of the perturba-
tions is exactly the same in the 𝛽 ≠ 0 metric-affine theory, the metric version of
Chern-Simons theory and General Relativity. However, the 𝛽 = 0 metric-affine
Chern-Simons theory predicts a modified relation, potentially observable in the
last part of the signal.
The propagation of gravitational waves is also affected by parity violating ef-
fects induced by the Chern-Simons modification. In particular, we established
for the first time the existence of velocity birefringence in metric-affine Chern-
Simons gravity. The propagation of the wave must be considered on background
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spacetimes more complex than the flat Minkowski one, which can only yield a
trivial dispersion relation. To this aim, we were able to find exact homogeneous
and isotropic cosmological solutions in the 𝛽 = 0 case. They exhibit known
behaviors for the scale factor, including a de-Sitter expansion phase as well as
power laws describing radiation andmatter dominated eras. Gravitational waves
propagating on the de-Sitter background are characterized by different disper-
sion relations for the left/right-handed polarizations, yielding the gravitational
birefringence effect. The latter causes deviations both in the group and phase
velocity of the wave. However, current experimental constraints on the group
velocity are not tight enough to test the theory. Experimental constraints on
the birefringence effect can also be derived for the phase velocity. However, the
peculiar dependence of the correction on the wavenumber requires a generaliz-
ation of analysis existing in literature before applying them to the present case.
Finally, the propagation of gravitational waves in matter has been addressed. We
first proved the existence of ranges of wavenumbers for which the propagation is
not allowed and the wave is reflected before entering the matter medium. Hence,
the latter can act as an inverse band-pass filter but, although theoretically detect-
able, the window of non allowed modes turns out to be extremely narrow. In
regions of the momentum space where the propagation is allowed, one has a sub-
luminal (superluminal) phase velocity, for wavenumbers greater (smaller) than
a specific threshold identified by the parameters of the theory. When the phase
velocity is subluminal, the amplitude of the wave suffers the kinematic damping
known as gravitational Landau damping, which is instead absent for superlu-
minal phase velocity. The existence of gravitational Landau damping for tensor
perturbations in modified gravity theories is hereby established for the first time.
The threshold separating damped from undamped modes in momentum space is
in principle observable, although the magnitude of the relative absorption is well
below the sensitivity of current observations. For explicit numerical estimates
on both the window of forbidden wavenumbers and the Landau damping effect
we remind the reader to [5].

Discussion and future perspectives
The investigations performed revealed aspects of projective-invariant models
that add new perspectives to the existing literature on the topic. In particular, a
discussion on the relation between projective symmetry and dynamical instabil-
ities is in order. We start recalling again the role of projective symmetry in Ricci
based gravity, where instabilities are present if the symmetry is broken and they
can be removed either imposing the symmetry or setting torsion to zero [34].
The results presented in this thesis reveal a picture which is not always consist-
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ent with these conclusions.
The Holst case seems to be in line with the situation outlined in [34]. Indeed, the
theory is projective-invariant and devoid of both ghost and Ostrogradski kind of
instabilities. However, being the Holst term already projective invariant, there
is no room to probe any projective-breaking scenario, unless arbitrary additional
terms that are not invariant under projective transformations are introduced by
hand in the action. Therefore, one can not conclude that the absence of project-
ive symmetry would imply instabilities.
Regarding the generalized Nieh-Yan term instead, a peculiar situation emerges.
First, the breaking of projective symmetry does not lead to instabilities, constitut-
ing a counter-example to the analysis performed in [34]. Actually, one needs to
break projective symmetry in order to avoid higher-order derivatives in the field
equations. However, the absence of instabilities in that case is trivial, since it is
just related to the fact that there are no new degrees of freedom at all, being the
theory equivalent to Palatini 𝑓 (𝑅) gravity. If one considers the richer framework
offered by the dynamical models instead, with additional degrees of freedom and
higher-order derivatives in the field equations, than the projective symmetry is
a necessary condition for proving the absence of Ostrogradski instabilities (the
DHOST equivalence holds for 𝜆1 = 𝜆2 = 𝜆 = 1). We remark that the same could
also be true for 𝜆1 = 𝜆2 = 𝜆 ≠ 1. However, in that case one can not rely on the
equivalence with DHOST theories and a full analysis of the Hamiltonian system
would be required, checking if degeneracy conditions similar to the ones present
in DHOST theories hold.
The most involved landscape arises in the Chern-Simons case. Imposing project-
ive symmetry is not enough to avoid instabilities. Indeed, higher-order deriv-
atives of the metric tensor appear in the field equations. Although we proved
that one of the two methods used in [34] to eliminate them works for the Chern-
Simons theory as well, i.e. a priori setting to zero some affine components (𝑞𝜇𝜈𝜌 =
Ω𝜇𝜈𝜌 = 0 instead of 𝑇 𝜇𝜈𝜌 = 0), it seems that projective symmetry has no role in
the presence or absence of Ostrogradski-like instabilities. However, unlike the
Nieh-Yan case, we could not investigate the projective breaking sector of the
theory in great detail (see section 7.2.1). It is in principle possible that the sym-
metry could be hiding even worse instabilities that could be unveiled studying
the projective-breaking case, offered by 𝜆2 ≠ −1/4, which deserves further in-
vestigations.
Another topicwhichwould beworth investigating is the initial value formulation
of the theory. In the metric Chern-Simons theory, this is known to be the setting
in which higher-order derivatives give rise to shortcomings which are overcome
adopting a small coupling limit. It could be interesting to extend the analysis of
[193] to the metric-affine case considering the generalized Chern-Simons term.
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Regarding the scalar sector of the theory, the condition 𝛽 ≥ 0 is necessary in
order to avoid a wrong sign for the kinetic term. Therefore it seems that one
needs to impose 𝛽 ≥ 0 to avoid ghosts. However, additional contributions to the
kinetic term comes from the affine sector and at the effective level the relevant
quantity seems to be 𝛽 + 𝛼𝐾 rather than just 𝛽 (Cf. eq. (7.38)). Even if the condi-
tion 𝛽 < 0 is enough to yield unstable modes on the Schwarzschild background,
a wider range of 𝛽 values could be allowed if those modes were absent on more
general and physically more relevant backgrounds such as Kerr-like spacetimes,
where the 𝛼𝐾 term could behave differently and possibly dominate over 𝛽 .
Future works could also be devoted to the extension of the analysis of black holes
quasinormal modes and parity violating effects in gravitational waves propaga-
tion to the Holst and Nieh-Yan models. No further technical or conceptual diffi-
culties are expected in this direction. However, the opposite is not true, in the
sense that the results regarding hairy black holes and big-bounce solutions rely
on the relatively simple structure of the Holst and Nieh-Yanmodels, and adapting
the same treatment to the Chern-Simons theory seems not that straightforward.
Finally, let us stress that all the results regarding projective symmetry and its rela-
tion to ghosts, higher-derivatives and Ostrogradski instabilities are not inherent
properties of the terms themselves. Indeed, the conclusions reported above de-
pend on the gravitational models in which these terms are introduced and must
be contextualized accordingly. Their implementation within different settings
could yield other outcomes.
In any case, the discrepancies with respect to the results of [34] could be related
to the violation of paritywhich is present in all themodels we considered. Indeed,
parity violation is reflected in the presence of the Levi-Civita completely antisym-
metric tensor used to build the Holst, Nieh-Yan and Chern-Simons terms, as well
as their generalizations. Since the shift in the independent connection (and re-
lated curvature objects) produced by projective transformations is proportional
to a delta, contractions with a completely antisymmetric tensor makes the im-
plementation of the projective symmetry easier. In absence of the Levi-Civita
tensor, more terms produced by the transformation would survive, resulting in
more severe constraints on the model and its parameters, that could also hinder
the presence of instabilities. Therefore, the interplay between projective sym-
metry and parity constitutes another intriguing line of investigation.
This thesis is rather heterogeneous and considers multiple models applied to sev-
eral different physical settings. It is therefore difficult to conclude with a simple
take-home message. On one hand, we can assert that the behavior of gravita-
tional metric-affine models under projective transformations reveals important
dynamical aspects and must be taken into consideration. However, one must be
aware that projective symmetry is not always a necessary and sufficient condi-
tion for the absence of instabilities in metric-affine theories, especially in pres-
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ence of parity violation. On the other hand, the expectation is that upcoming im-
provements in experimental observations will allow to test, and possibly falsify,
the theories considered, hopefully allowing to reject as many as possible of them,
thus narrowing down the number of current available possibilities.
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184 A. Martiń-Ruiz and L. F. Urrutia:
‘Gravitational waves propagation in nondynamical Chern–Simons gravity’,
in: Int. J. Mod. Phys. D 26.13 (2017), p. 1750148. doi: 10.1142/S0218271817501486 .
arXiv: 1706.08843 [gr-qc].

185 Shin’ichi Nojiri et al.:
‘Propagation of Gravitational Waves in Chern-Simons Axion Einstein Gravity’,
in: Phys. Rev. D 100.8 (2019), p. 084009. doi: 10 . 1103 / PhysRevD . 100 . 084009 .
arXiv: 1909.01324 [gr-qc].

186 Shin’ichi Nojiri et al.:
‘Propagation of gravitational waves in Chern–Simons axion 𝐹(𝑅) gravity’,
in: Phys. Dark Univ. 28 (2020), p. 100514. doi: 10 . 1016 / j . dark . 2020 . 100514 .
arXiv: 2002.10402 [gr-qc].

187 Shin’ichi Nojiri et al.:
‘Propagation of gravitational waves in Chern–Simons axion F(R) gravity’,
in: Physics of the Dark Universe 28 (2020), p. 100514. issn: 2212-6864. doi: https : / /
doi.org/10.1016/j.dark.2020.100514 . url: https://www.sciencedirect.
com/science/article/pii/S2212686420300558 .

188 Tim Johannsen and Dimitrios Psaltis:
‘Metric for rapidly spinning black holes suitable for strong-field tests of the no-hair
theorem’,
in: Phys. Rev. D 83 (12 2011), p. 124015. doi: 10.1103/PhysRevD.83.124015 . url:
https://link.aps.org/doi/10.1103/PhysRevD.83.124015 .

189 Sean M. Carroll, George B. Field and Roman Jackiw:
‘Limits on a Lorentz and Parity Violating Modification of Electrodynamics’,
in: Phys. Rev. D 41 (1990), p. 1231. doi: 10.1103/PhysRevD.41.1231 .

190 Don Colladay and V. Alan Kostelecky:
‘CPT violation and the standard model’,
in: Phys. Rev. D 55 (1997), pp. 6760–6774. doi: 10.1103/PhysRevD.55.6760 . arXiv:
hep- ph/9703464 .

191 Don Colladay and V. Alan Kostelecky:
‘Lorentz violating extension of the standard model’,
in: Phys. Rev. D 58 (1998), p. 116002. doi: 10 . 1103 / PhysRevD . 58 . 116002 . arXiv:
hep- ph/9809521 .

192 Nicolás Yunes and Carlos F. Sopuerta:
‘Perturbations of Schwarzschild black holes in Chern-Simons modified gravity’,
in: Phys. Rev. D 77 (6 2008), p. 064007. doi: 10 . 1103 / PhysRevD . 77 . 064007 . url:
https://link.aps.org/doi/10.1103/PhysRevD.77.064007 .

193 Térence Delsate, David Hilditch and Helvi Witek:
‘Initial value formulation of dynamical Chern-Simons gravity’,
in: Phys. Rev. D 91 (2 2015), p. 024027. doi: 10 . 1103 / PhysRevD . 91 . 024027 . url:
https://link.aps.org/doi/10.1103/PhysRevD.91.024027 .

194 Stanley Deser:
‘First-order formalism and odd-derivative actions’,
in: Class. Quant. Grav. 23 (2006), p. 5773. doi: 10 . 1088 / 0264 - 9381 / 23 / 18 / N01 .
arXiv: gr- qc/0606006 .

https://doi.org/10.1142/S0218271817501486
https://arxiv.org/abs/1706.08843
https://doi.org/10.1103/PhysRevD.100.084009
https://arxiv.org/abs/1909.01324
https://doi.org/10.1016/j.dark.2020.100514
https://arxiv.org/abs/2002.10402
https://doi.org/https://doi.org/10.1016/j.dark.2020.100514
https://doi.org/https://doi.org/10.1016/j.dark.2020.100514
https://www.sciencedirect.com/science/article/pii/S2212686420300558
https://www.sciencedirect.com/science/article/pii/S2212686420300558
https://doi.org/10.1103/PhysRevD.83.124015
https://link.aps.org/doi/10.1103/PhysRevD.83.124015
https://doi.org/10.1103/PhysRevD.41.1231
https://doi.org/10.1103/PhysRevD.55.6760
https://arxiv.org/abs/hep-ph/9703464
https://doi.org/10.1103/PhysRevD.58.116002
https://arxiv.org/abs/hep-ph/9809521
https://doi.org/10.1103/PhysRevD.77.064007
https://link.aps.org/doi/10.1103/PhysRevD.77.064007
https://doi.org/10.1103/PhysRevD.91.024027
https://link.aps.org/doi/10.1103/PhysRevD.91.024027
https://doi.org/10.1088/0264-9381/23/18/N01
https://arxiv.org/abs/gr-qc/0606006


20 References

195 Friedrich W. Hehl et al.:
‘Chern–Simons terms inmetric‐affine space‐time: Bianchi identities as Euler–Lagrange
equations’,
in: Journal of Mathematical Physics 32.8 (1991), pp. 2169–2180. doi: 10 . 1063 / 1 .
529191 . eprint: https : / / doi . org / 10 . 1063 / 1 . 529191 . url: https : / / doi .
org/10.1063/1.529191 .

196 M. Bañados et al.:
‘Chern-Simons formulation of noncommutative gravity in three dimensions’,
in: Phys. Rev. D 64 (8 2001), p. 084012. doi: 10 . 1103 / PhysRevD . 64 . 084012 . url:
https://link.aps.org/doi/10.1103/PhysRevD.64.084012 .

197 Sergio L. Cacciatori et al.:
‘Chern–Simons formulation of three-dimensional gravity with torsion and nonmetri-
city’,
in: Journal of Geometry and Physics 56.12 (2006), pp. 2523–2543. issn: 0393-0440. doi:
https : / / doi . org / 10 . 1016 / j . geomphys . 2006 . 01 . 006 . url: https :
//www.sciencedirect.com/science/article/pii/S039304400600009X .

198 Marcelo Botta Cantcheff:
‘Einstein-Cartan formulation of Chern-Simons Lorentz-violating gravity’,
in: Phys. Rev. D 78 (2 2008), p. 025002. doi: 10 . 1103 / PhysRevD . 78 . 025002 . url:
https://link.aps.org/doi/10.1103/PhysRevD.78.025002 .

199 Adolfo Cisterna, Cristóbal Corral and Simón del Pino:
‘Static and rotating black strings in dynamical Chern–Simons modified gravity’,
in: The European Physical Journal C 79.5 (2019), p. 400. issn: 1434-6052. doi: 10.1140/
epjc/s10052- 019- 6910- 5 . url: https://doi.org/10.1140/epjc/s10052-
019- 6910- 5 .

200 James M. Nester and Hwei-Jang Yo:
‘Symmetric teleparallel general relativity’,
in: Chin. J. Phys. 37 (1999), p. 113. arXiv: gr- qc/9809049 .

201 Jianbo Lu, Xin Zhao and Guoying Chee:
‘Cosmology in symmetric teleparallel gravity and its dynamical system’,
in: Eur. Phys. J. C 79.6 (2019), p. 530. doi: 10 . 1140 / epjc / s10052 - 019 - 7038 - 3 .
arXiv: 1906.08920 [gr-qc].

202 Sebastian Bahamonde et al.:
‘Black hole solutions in scalar-tensor symmetric teleparallel gravity’,
in: JCAP 08 (2022), p. 082. doi: 10.1088/1475- 7516/2022/08/082 . arXiv: 2206.
02725 [gr-qc].

203 Jorge Zanelli:
‘Lecture notes on Chern-Simons (super-)gravities. Second edition (February 2008)’,
in: 7th Mexican Workshop on Particles and Fields. 2005. arXiv: hep- th/0502193 .

204 Gianluca Calcagni and Simone Mercuri:
‘Barbero-Immirzi field in canonical formalism of pure gravity’,
in: Phys. Rev. D 79.8 (2009), p. 84004. doi: 10 . 1103 / PhysRevD . 79 . 084004 . url:
https://link.aps.org/doi/10.1103/PhysRevD.79.084004 .

https://doi.org/10.1063/1.529191
https://doi.org/10.1063/1.529191
https://doi.org/10.1063/1.529191
https://doi.org/10.1063/1.529191
https://doi.org/10.1063/1.529191
https://doi.org/10.1103/PhysRevD.64.084012
https://link.aps.org/doi/10.1103/PhysRevD.64.084012
https://doi.org/https://doi.org/10.1016/j.geomphys.2006.01.006
https://www.sciencedirect.com/science/article/pii/S039304400600009X
https://www.sciencedirect.com/science/article/pii/S039304400600009X
https://doi.org/10.1103/PhysRevD.78.025002
https://link.aps.org/doi/10.1103/PhysRevD.78.025002
https://doi.org/10.1140/epjc/s10052-019-6910-5
https://doi.org/10.1140/epjc/s10052-019-6910-5
https://doi.org/10.1140/epjc/s10052-019-6910-5
https://doi.org/10.1140/epjc/s10052-019-6910-5
https://arxiv.org/abs/gr-qc/9809049
https://doi.org/10.1140/epjc/s10052-019-7038-3
https://arxiv.org/abs/1906.08920
https://doi.org/10.1088/1475-7516/2022/08/082
https://arxiv.org/abs/2206.02725
https://arxiv.org/abs/2206.02725
https://arxiv.org/abs/hep-th/0502193
https://doi.org/10.1103/PhysRevD.79.084004
https://link.aps.org/doi/10.1103/PhysRevD.79.084004


References 21

205 Simone Mercuri:
‘From the Einstein-Cartan to theAshtekar-Barbero canonical constraints, passing through
the Nieh-Yan functional’,
in: Physical ReviewD - Particles, Fields, Gravitation and Cosmology 77.2 (2008), p. 024036.
issn: 15507998. doi: 10.1103/PhysRevD.77.024036 .

206 Simone Mercuri and Victor Taveras:
‘Interaction of the Barbero-Immirzi field with matter and pseudoscalar perturbations’,
in: Phys. Rev. D 80.10 (2009), p. 104007. doi: 10.1103/PhysRevD.80.104007 . url:
https://link.aps.org/doi/10.1103/PhysRevD.80.104007 .

207 Gonzalo J. Olmo:
‘Post-Newtonian constraints on f(R) cosmologies in metric and Palatini formalism’,
in: Phys. Rev. D 72 (2005), p. 083505. doi: 10 . 1103 / PhysRevD . 72 . 083505 . arXiv:
gr- qc/0505135 .

208 Flavio Bombacigno, Fabio Moretti and Giovanni Montani:
‘Scalar modes in extended hybrid metric-Palatini gravity: weak field phenomenology’,
in: Phys. Rev. D 100.12 (2019), p. 124036. doi: 10 . 1103 / PhysRevD . 100 . 124036 .
arXiv: 1907.11949 [gr-qc].

209 J. Ben Achour and H. Liu:
‘Hairy Schwarzschild-(A)dS black hole solutions in degenerate higher order scalar-
tensor theories beyond shift symmetry’,
in: Physical Review D 99.6 (2019), p. 064042. issn: 24700029. doi: 10.1103/PhysRevD.
99.064042 .

210 David Langlois et al.:
‘Scalar-tensor theories and modified gravity in the wake of GW170817’,
in: Physical Review D 97.6 (2018). issn: 24700029. doi: 10 . 1103 / PhysRevD . 97 .
061501 . arXiv: 1711.07403 .

211 Richard P. Woodard:
‘Avoiding dark energy with 1/r modifications of gravity’,
in: Lect. Notes Phys. 720 (2007). Ed. by Lefteris Papantonopoulos, pp. 403–433. doi:
10.1007/978- 3- 540- 71013- 4_14 . arXiv: astro- ph/0601672 .

212 Jérôme Gleyzes et al.:
‘Healthy theories beyond Horndeski’,
in: Phys. Rev. Lett. 114.21 (2015), p. 211101. doi: 10 . 1103 / PhysRevLett . 114 .
211101 . arXiv: 1404.6495 [hep-th].

213 David Langlois and Karim Noui:
‘Degenerate higher derivative theories beyond Horndeski: evading the Ostrogradski
instability’,
in: JCAP 02 (2016), p. 034. doi: 10.1088/1475- 7516/2016/02/034 . arXiv: 1510.
06930 [gr-qc].

214 Katsuki Aoki and Keigo Shimada:
‘Scalar-metric-affine theories: Can we get ghost-free theories from symmetry?’,
in: Phys. Rev. D 100.4 (2019), p. 044037. doi: 10 . 1103 / PhysRevD . 100 . 044037 .
arXiv: 1904.10175 [hep-th].

https://doi.org/10.1103/PhysRevD.77.024036
https://doi.org/10.1103/PhysRevD.80.104007
https://link.aps.org/doi/10.1103/PhysRevD.80.104007
https://doi.org/10.1103/PhysRevD.72.083505
https://arxiv.org/abs/gr-qc/0505135
https://doi.org/10.1103/PhysRevD.100.124036
https://arxiv.org/abs/1907.11949
https://doi.org/10.1103/PhysRevD.99.064042
https://doi.org/10.1103/PhysRevD.99.064042
https://doi.org/10.1103/PhysRevD.97.061501
https://doi.org/10.1103/PhysRevD.97.061501
https://arxiv.org/abs/1711.07403
https://doi.org/10.1007/978-3-540-71013-4_14
https://arxiv.org/abs/astro-ph/0601672
https://doi.org/10.1103/PhysRevLett.114.211101
https://doi.org/10.1103/PhysRevLett.114.211101
https://arxiv.org/abs/1404.6495
https://doi.org/10.1088/1475-7516/2016/02/034
https://arxiv.org/abs/1510.06930
https://arxiv.org/abs/1510.06930
https://doi.org/10.1103/PhysRevD.100.044037
https://arxiv.org/abs/1904.10175


22 References

215 A. Baldazzi, O. Melichev and R. Percacci:
‘Metric-Affine Gravity as an effective field theory’,
in: Annals Phys. 438 (2022), p. 168757. doi: 10 . 1016 / j . aop . 2022 . 168757 . arXiv:
2112.10193 [gr-qc].

216 R. Percacci and E. Sezgin:
‘New class of ghost- and tachyon-free metric affine gravities’,
in: Phys. Rev. D 101.8 (2020), p. 084040. doi: 10 . 1103 / PhysRevD . 101 . 084040 .
arXiv: 1912.01023 [hep-th].

217 Felipe Sulantay, Macarena Lagos and Máximo Bañados:
‘Chiral Gravitational Waves in Palatini Chern-Simons’,
in: (2022). arXiv: 2211.08925 [gr-qc].

218 Thomas P Sotiriou:
‘Black holes and scalar fields’,
in: Classical and Quantum Gravity 32.21 (2015), p. 214002. doi: 10 . 1088 / 0264 -
9381/32/21/214002 . url: https://doi.org/10.1088%2F0264- 9381%2F32%
2F21%2F214002 .

220 Fabio Moretti, Flavio Bombacigno and Giovanni Montani:
‘Gravitational Landau Damping for massive scalar modes’,
in: Eur. Phys. J. C 80.12 (2020), p. 1203. doi: 10.1140/epjc/s10052- 020- 08769- z .
arXiv: 2005.08010 [gr-qc].

221 Alexander Torres-Gomez and Kirill Krasnov:
‘Remarks on the Barbero-Immirzi parameter as a field’,
in: Phys. Rev. D 79.10 (2009), p. 104014. doi: 10.1103/PhysRevD.79.104014 . url:
https://link.aps.org/doi/10.1103/PhysRevD.79.104014 .

222 D. Bazeia et al.:
‘Black holes in five-dimensional Palatini 𝑓 (𝑅) gravity and implications for theAdS/CFT
correspondence’,
in: Phys. Rev. D 90.4 (2014), p. 044011. doi: 10.1103/PhysRevD.90.044011 . arXiv:
1405.0208 [hep-th].

223 S. James Gates, Sergei V. Ketov and Nicolás Yunes:
‘Seeking the loop quantum gravity Barbero-Immirzi parameter and field in 4D,𝒩 = 1
supergravity’,
in: Phys. Rev. D 80 (6 2009), p. 065003. doi: 10 . 1103 / PhysRevD . 80 . 065003 . url:
https://link.aps.org/doi/10.1103/PhysRevD.80.065003 .

224 John Ellis and Nick E. Mavromatos:
‘On the Role of Space-Time Foam in Breaking Supersymmetry via the Barbero-Immirzi
Parameter’,
in: Phys. Rev. D 84 (2011), p. 085016. doi: 10 . 1103 / PhysRevD . 84 . 085016 . arXiv:
1108.0877 [hep-th].

225 D Vaid:
Connecting Loop Quantum Gravity and String Theory via Quantum Geometry,
tech. rep. 2018. arXiv: 1711.05693v3 .

https://doi.org/10.1016/j.aop.2022.168757
https://arxiv.org/abs/2112.10193
https://doi.org/10.1103/PhysRevD.101.084040
https://arxiv.org/abs/1912.01023
https://arxiv.org/abs/2211.08925
https://doi.org/10.1088/0264-9381/32/21/214002
https://doi.org/10.1088/0264-9381/32/21/214002
https://doi.org/10.1088%2F0264-9381%2F32%2F21%2F214002
https://doi.org/10.1088%2F0264-9381%2F32%2F21%2F214002
https://doi.org/10.1140/epjc/s10052-020-08769-z
https://arxiv.org/abs/2005.08010
https://doi.org/10.1103/PhysRevD.79.104014
https://link.aps.org/doi/10.1103/PhysRevD.79.104014
https://doi.org/10.1103/PhysRevD.90.044011
https://arxiv.org/abs/1405.0208
https://doi.org/10.1103/PhysRevD.80.065003
https://link.aps.org/doi/10.1103/PhysRevD.80.065003
https://doi.org/10.1103/PhysRevD.84.085016
https://arxiv.org/abs/1108.0877
https://arxiv.org/abs/1711.05693v3


References 23

226 L. Vanzo:
‘Black holes with unusual topology’,
in: Physical ReviewD - Particles, Fields, Gravitation andCosmology 56.10 (1997), pp. 6475–
6483. issn: 15502368. doi: 10.1103/PhysRevD.56.6475 . url: https://journals.
aps.org/prd/abstract/10.1103/PhysRevD.56.6475 .

227 Danny Birmingham:
‘Topological black holes in anti-de Sitter space’,
in: Classical and Quantum Gravity 16.4 (1999), p. 1197. issn: 0264-9381. doi: 10.1088/
0264 - 9381 / 16 / 4 / 009 . url: https : / / iopscience . iop . org / article / 10 .
1088 / 0264 - 9381 / 16 / 4 / 009 % 20https : / / iopscience . iop . org / article /
10.1088/0264- 9381/16/4/009/meta .

228 David Kubizňák, Robert B Mann and Mae Teo:
‘Black hole chemistry: thermodynamics with Lambda’,
in: Classical and Quantum Gravity 34.6 (2017), p. 063001. doi: 10.1088/1361- 6382/
aa5c69 . url: https://doi.org/10.1088%2F1361- 6382%2Faa5c69 .

229 W. L. Smith and R. B. Mann:
‘Formation of topological black holes from gravitational collapse’,
in: Physical ReviewD - Particles, Fields, Gravitation and Cosmology 56.8 (1997), pp. 4942–
4947. issn: 15502368. doi: 10.1103/PhysRevD.56.4942 . url: https://journals.
aps.org/prd/abstract/10.1103/PhysRevD.56.4942 .

230 Peter Breitenlohner and Daniel Z. Freedman:
‘Stability in gauged extended supergravity’,
in: Annals of Physics 144.2 (1982), pp. 249–281. issn: 1096035X. doi: 10.1016/0003-
4916(82)90116- 6 .

231 L. Mezincescu and P. K. Townsend:
‘Stability at a local maximum in higher dimensional anti-deSitter space and applica-
tions to supergravity’,
in: Annals of Physics 160.2 (1985), pp. 406–419. issn: 1096035X. doi: 10.1016/0003-
4916(85)90150- 2 .

232 Cristián Martínez, Ricardo Troncoso and Jorge Zanelli:
‘Exact black hole solution with a minimally coupled scalar field’,
in: Physical ReviewD - Particles, Fields, Gravitation and Cosmology 70.8 (2004), p. 084035.
issn: 15502368. doi: 10 . 1103 / PhysRevD . 70 . 084035 . arXiv: 0406111 [hep-th].
url: https : / / journals . aps . org / prd / abstract / 10 . 1103 / PhysRevD . 70 .
084035 .

233 Andrés Anabalón and Adolfo Cisterna:
‘Asymptotically (anti-) de Sitter black holes and wormholes with a self-interacting
scalar field in four dimensions’,
in: Phys. Rev. D 85 (8 2012), p. 084035. doi: 10 . 1103 / PhysRevD . 85 . 084035 . url:
https://link.aps.org/doi/10.1103/PhysRevD.85.084035 .

234 Deon Solomons, Peter K.S. Dunsby and George F.R. Ellis:
‘Bounce behaviour in Kantowski-Sachs and Bianchi cosmologies’,
in: Classical and QuantumGravity 23.23 (2006), p. 6585. issn: 02649381. doi: 10.1088/
0264 - 9381 / 23 / 23 / 001 . url: https : / / iopscience . iop . org / article / 10 .
1088/0264- 9381/23/23/001%20https://iopscience.iop.org/article/
10.1088/0264- 9381/23/23/001/meta .

https://doi.org/10.1103/PhysRevD.56.6475
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.56.6475
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.56.6475
https://doi.org/10.1088/0264-9381/16/4/009
https://doi.org/10.1088/0264-9381/16/4/009
https://iopscience.iop.org/article/10.1088/0264-9381/16/4/009%20https://iopscience.iop.org/article/10.1088/0264-9381/16/4/009/meta
https://iopscience.iop.org/article/10.1088/0264-9381/16/4/009%20https://iopscience.iop.org/article/10.1088/0264-9381/16/4/009/meta
https://iopscience.iop.org/article/10.1088/0264-9381/16/4/009%20https://iopscience.iop.org/article/10.1088/0264-9381/16/4/009/meta
https://doi.org/10.1088/1361-6382/aa5c69
https://doi.org/10.1088/1361-6382/aa5c69
https://doi.org/10.1088%2F1361-6382%2Faa5c69
https://doi.org/10.1103/PhysRevD.56.4942
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.56.4942
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.56.4942
https://doi.org/10.1016/0003-4916(82)90116-6
https://doi.org/10.1016/0003-4916(82)90116-6
https://doi.org/10.1016/0003-4916(85)90150-2
https://doi.org/10.1016/0003-4916(85)90150-2
https://doi.org/10.1103/PhysRevD.70.084035
https://arxiv.org/abs/0406111
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.70.084035
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.70.084035
https://doi.org/10.1103/PhysRevD.85.084035
https://link.aps.org/doi/10.1103/PhysRevD.85.084035
https://doi.org/10.1088/0264-9381/23/23/001
https://doi.org/10.1088/0264-9381/23/23/001
https://iopscience.iop.org/article/10.1088/0264-9381/23/23/001%20https://iopscience.iop.org/article/10.1088/0264-9381/23/23/001/meta
https://iopscience.iop.org/article/10.1088/0264-9381/23/23/001%20https://iopscience.iop.org/article/10.1088/0264-9381/23/23/001/meta
https://iopscience.iop.org/article/10.1088/0264-9381/23/23/001%20https://iopscience.iop.org/article/10.1088/0264-9381/23/23/001/meta


24 References

235 Ethan Dyer and Kurt Hinterbichler:
‘Boundary terms, variational principles, and higher derivative modified gravity’,
in: Physical ReviewD - Particles, Fields, Gravitation and Cosmology 79.2 (2009), p. 024028.
issn: 15507998. doi: 10.1103/PhysRevD.79.024028 . url: https://journals.
aps.org/prd/abstract/10.1103/PhysRevD.79.024028 .

236 Robert C. Myers:
‘Surface terms as counterterms in the AdS-CFT correspondence’,
in: Physical ReviewD - Particles, Fields, Gravitation andCosmology 60.10 (1999), p. 104001.
issn: 15502368. doi: 10 . 1103 / PhysRevD . 60 . 104001 . arXiv: 9903238 [hep-th].
url: https : / / journals . aps . org / prd / abstract / 10 . 1103 / PhysRevD . 60 .
104001 .

237 Jack Gegenberg, Cristián Martínez and Ricardo Troncoso:
‘Finite action for three dimensional gravity with a minimally coupled scalar field’,
in: Physical ReviewD - Particles, Fields, Gravitation and Cosmology 67.8 (2003), p. 084007.
issn: 15502368. doi: 10.1103/PhysRevD.67.084007 . url: https://journals.
aps.org/prd/abstract/10.1103/PhysRevD.67.084007 .

238 Valerio Faraoni:
‘Black Hole Entropy in Scalar-Tensor and f(R) Gravity: An Overview’,
in: Entropy 12.5 (2010), pp. 1246–1263. issn: 1099-4300. doi: 10 . 3390 / e12051246 .
url: http://www.mdpi.com/1099- 4300/12/5/1246 .

239 Mario Nadalini, Luciano Vanzo and Sergio Zerbini:
‘Thermodynamical properties of hairy black holes in n spacetime dimensions’,
in: Physical ReviewD - Particles, Fields, Gravitation and Cosmology 77.2 (2008), p. 024047.
issn: 15507998. doi: 10.1103/PhysRevD.77.024047 . url: https://journals.
aps.org/prd/abstract/10.1103/PhysRevD.77.024047 .

240 Robert M. Wald:
‘Black hole entropy is the Noether charge’,
in: Phys. Rev. D 48 (8 1993), R3427–R3431. doi: 10.1103/PhysRevD.48.R3427 . url:
https://link.aps.org/doi/10.1103/PhysRevD.48.R3427 .

241 Sumanta Chakraborty and Ramit Dey:
‘Noether current, black hole entropy and spacetime torsion’,
in: Physics Letters B 786 (2018), pp. 432–441. issn: 0370-2693. doi: https://doi.org/
10 . 1016 / j . physletb . 2018 . 10 . 027 . url: http : / / www . sciencedirect .
com/science/article/pii/S0370269318307962 .

242 Brian P. Dolan et al.:
‘Thermodynamic volumes and isoperimetric inequalities for de Sitter black holes’,
in: Physical ReviewD - Particles, Fields, Gravitation andCosmology 87.10 (2013), p. 104017.
issn: 15507998. doi: 10 . 1103 / PhysRevD . 87 . 104017 . arXiv: 1301 . 5926 . url:
https : / / journals . aps . org / prd / abstract / 10 . 1103 / PhysRevD . 87 .
104017 .

243 S. M. Noorbakhsh and M. Ghominejad:
‘Ultra-spinning gauged supergravity black holes and their Kerr/CFT correspondence’,
in: Phys. Rev. D 95 (4 2017), p. 046002. doi: 10 . 1103 / PhysRevD . 95 . 046002 . url:
https://link.aps.org/doi/10.1103/PhysRevD.95.046002 .

https://doi.org/10.1103/PhysRevD.79.024028
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.79.024028
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.79.024028
https://doi.org/10.1103/PhysRevD.60.104001
https://arxiv.org/abs/9903238
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.60.104001
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.60.104001
https://doi.org/10.1103/PhysRevD.67.084007
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.67.084007
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.67.084007
https://doi.org/10.3390/e12051246
http://www.mdpi.com/1099-4300/12/5/1246
https://doi.org/10.1103/PhysRevD.77.024047
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.77.024047
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.77.024047
https://doi.org/10.1103/PhysRevD.48.R3427
https://link.aps.org/doi/10.1103/PhysRevD.48.R3427
https://doi.org/https://doi.org/10.1016/j.physletb.2018.10.027
https://doi.org/https://doi.org/10.1016/j.physletb.2018.10.027
http://www.sciencedirect.com/science/article/pii/S0370269318307962
http://www.sciencedirect.com/science/article/pii/S0370269318307962
https://doi.org/10.1103/PhysRevD.87.104017
https://arxiv.org/abs/1301.5926
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.87.104017
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.87.104017
https://doi.org/10.1103/PhysRevD.95.046002
https://link.aps.org/doi/10.1103/PhysRevD.95.046002


References 25

244 W. G. Brenna, Robert B. Mann and Miok Park:
‘Mass and thermodynamic volume in Lifshitz spacetimes’,
in: Phys. Rev. D 92 (4 2015), p. 044015. doi: 10 . 1103 / PhysRevD . 92 . 044015 . url:
https://link.aps.org/doi/10.1103/PhysRevD.92.044015 .

245 Dietmar Klemm:
‘Four-dimensional black holes with unusual horizons’,
in: Phys. Rev. D 89 (8 2014), p. 084007. doi: 10 . 1103 / PhysRevD . 89 . 084007 . url:
https://link.aps.org/doi/10.1103/PhysRevD.89.084007 .

246 Robie A. Hennigar, Robert B. Mann and David Kubiz ňák:
‘Entropy Inequality Violations from Ultraspinning Black Holes’,
in: Phys. Rev. Lett. 115 (3 2015), p. 031101. doi: 10 . 1103 / PhysRevLett . 115 .
031101 . url: https : / / link . aps . org / doi / 10 . 1103 / PhysRevLett . 115 .
031101 .

247 Xing-Hui Feng et al.:
‘Horndeski gravity and the violation of reverse isoperimetric inequality’,
in: The European Physical Journal C 77.11 (2017), p. 790. issn: 1434-6052. doi: 10 .
1140 / epjc / s10052 - 017 - 5356 - x . url: https : / / doi . org / 10 . 1140 / epjc /
s10052- 017- 5356- x .

248 Clifford V. Johnson:
‘Instability of super-entropic black holes in extended thermodynamics’,
in:Modern Physics Letters A 35.13 (2020). issn: 02177323. doi: 10.1142/S0217732320500984 .
arXiv: 1906.00993 .

249 Wan Cong and Robert B. Mann:
‘Thermodynamic instabilities of generalized exotic BTZ black holes’,
in: Journal of High Energy Physics 2019.11 (2019), p. 4. issn: 10298479. doi: 10.1007/
JHEP11(2019 ) 004 . arXiv: 1908 . 01254 . url: https : / / doi . org / 10 . 1007 /
JHEP11 .

250 M. Cveti č et al.:
‘Black hole enthalpy and an entropy inequality for the thermodynamic volume’,
in: Phys. Rev. D 84 (2 2011), p. 024037. doi: 10 . 1103 / PhysRevD . 84 . 024037 . url:
https://link.aps.org/doi/10.1103/PhysRevD.84.024037 .

251 Michael Appels, Ruth Gregory and David Kubiz ňák:
‘Thermodynamics of Accelerating Black Holes’,
in: Phys. Rev. Lett. 117 (13 2016), p. 131303. doi: 10 . 1103 / PhysRevLett . 117 .
131303 . url: https : / / link . aps . org / doi / 10 . 1103 / PhysRevLett . 117 .
131303 .

252 Ivan Agullo and Parampreet Singh:
‘Loop Quantum Cosmology’,
in: Loop Quantum Gravity: The First 30 Years. Ed. by Abhay Ashtekar and Jorge Pullin.
WSP, 2017, pp. 183–240. doi: 10.1142/9789813220003_0007 . arXiv: 1612.01236
[gr-qc].

253 S. D. Odintsov and V. K. Oikonomou:
‘Big-Bounce with Finite-time Singularity: The 𝐹(𝑅) Gravity Description’,
in: Int. J. Mod. Phys. D 26.08 (2017), p. 1750085. doi: 10.1142/S0218271817500857 .
arXiv: 1512.04787 [gr-qc].

https://doi.org/10.1103/PhysRevD.92.044015
https://link.aps.org/doi/10.1103/PhysRevD.92.044015
https://doi.org/10.1103/PhysRevD.89.084007
https://link.aps.org/doi/10.1103/PhysRevD.89.084007
https://doi.org/10.1103/PhysRevLett.115.031101
https://doi.org/10.1103/PhysRevLett.115.031101
https://link.aps.org/doi/10.1103/PhysRevLett.115.031101
https://link.aps.org/doi/10.1103/PhysRevLett.115.031101
https://doi.org/10.1140/epjc/s10052-017-5356-x
https://doi.org/10.1140/epjc/s10052-017-5356-x
https://doi.org/10.1140/epjc/s10052-017-5356-x
https://doi.org/10.1140/epjc/s10052-017-5356-x
https://doi.org/10.1142/S0217732320500984
https://arxiv.org/abs/1906.00993
https://doi.org/10.1007/JHEP11(2019)004
https://doi.org/10.1007/JHEP11(2019)004
https://arxiv.org/abs/1908.01254
https://doi.org/10.1007/JHEP11
https://doi.org/10.1007/JHEP11
https://doi.org/10.1103/PhysRevD.84.024037
https://link.aps.org/doi/10.1103/PhysRevD.84.024037
https://doi.org/10.1103/PhysRevLett.117.131303
https://doi.org/10.1103/PhysRevLett.117.131303
https://link.aps.org/doi/10.1103/PhysRevLett.117.131303
https://link.aps.org/doi/10.1103/PhysRevLett.117.131303
https://doi.org/10.1142/9789813220003_0007
https://arxiv.org/abs/1612.01236
https://arxiv.org/abs/1612.01236
https://doi.org/10.1142/S0218271817500857
https://arxiv.org/abs/1512.04787


26 References

254 Indrani Banerjee, Tanmoy Paul and Soumitra SenGupta:
‘Aspects of non-singular bounce in modified gravity theories’,
in: Gen. Rel. Grav. 54.10 (2022), p. 119. doi: 10.1007/s10714- 022- 02988- 3 . arXiv:
2205.05283 [gr-qc].

255 Kazuharu Bamba et al.:
‘Bouncing cosmology in modified Gauss-Bonnet gravity’,
in: Phys. Lett. B 732 (2014), pp. 349–355. doi: 10.1016/j.physletb.2014.04.004 .
arXiv: 1403.3242 [hep-th].

256 Santosh V. Lohakare et al.:
‘Bouncing cosmology in modified gravity with higher-order Gauss-Bonnet curvature
term’,
in: Universe 8 (2022), p. 636. doi: 10.3390/universe8120636 . arXiv: 2211.03609
[gr-qc].

257 Sunil Kumar Tripathy, Rakesh Kumar Khuntia and Priyabrata Parida:
‘Bouncing cosmology in an Extended Theory of Gravity’,
in: Eur. Phys. J. Plus 134.10 (2019), p. 504. doi: 10 . 1140 / epjp / i2019 - 12879 - 3 .
arXiv: 1905.09477 [gr-qc].

259 Robert Jantzen:
‘Editor’s Note: On the Three-Dimensional Spaces Which Admit a Continuous Group
of Motions by Luigi Bianchi’,
in: General Relativity and Gravitation 33.12 (2001), pp. 2157–2170. issn: 1572-9532.
doi: 10 . 1023 / A : 1015326128022 . url: https : / / doi . org / 10 . 1023 / A :
1015326128022 .

260 Shin’ichi Nojiri, Sergei D. Odintsov and Shinji Tsujikawa:
‘Properties of singularities in (phantom) dark energy universe’,
in: Phys. Rev. D 71 (2005), p. 063004. doi: 10 . 1103 / PhysRevD . 71 . 063004 . arXiv:
hep- th/0501025 .

261 S. D. Odintsov and V. K. Oikonomou:
‘Dynamical Systems Perspective of Cosmological Finite-time Singularities in 𝑓 (𝑅)Grav-
ity and Interacting Multifluid Cosmology’,
in: Phys. Rev. D 98.2 (2018), p. 024013. doi: 10.1103/PhysRevD.98.024013 . arXiv:
1806.07295 [gr-qc].

262 Giovanni Montani:
‘Influence of the particles creation on the flat and negative curved FLRW universes’,
in: Class. Quant. Grav. 18 (2001), pp. 193–203. doi: 10.1088/0264- 9381/18/1/311 .
arXiv: gr- qc/0101113 .

263 Konstantinos Dimopoulos:
‘Is the Big Rip unreachable?’,
in: Phys. Lett. B 785 (2018), pp. 132–135. doi: 10.1016/j.physletb.2018.08.040 .
arXiv: 1807.01587 [gr-qc].

264 L. H. Ford:
‘Gravitational Particle Creation and Inflation’,
in: Phys. Rev. D 35 (1987), p. 2955. doi: 10.1103/PhysRevD.35.2955 .

https://doi.org/10.1007/s10714-022-02988-3
https://arxiv.org/abs/2205.05283
https://doi.org/10.1016/j.physletb.2014.04.004
https://arxiv.org/abs/1403.3242
https://doi.org/10.3390/universe8120636
https://arxiv.org/abs/2211.03609
https://arxiv.org/abs/2211.03609
https://doi.org/10.1140/epjp/i2019-12879-3
https://arxiv.org/abs/1905.09477
https://doi.org/10.1023/A:1015326128022
https://doi.org/10.1023/A:1015326128022
https://doi.org/10.1023/A:1015326128022
https://doi.org/10.1103/PhysRevD.71.063004
https://arxiv.org/abs/hep-th/0501025
https://doi.org/10.1103/PhysRevD.98.024013
https://arxiv.org/abs/1806.07295
https://doi.org/10.1088/0264-9381/18/1/311
https://arxiv.org/abs/gr-qc/0101113
https://doi.org/10.1016/j.physletb.2018.08.040
https://arxiv.org/abs/1807.01587
https://doi.org/10.1103/PhysRevD.35.2955


References 27

265 Felipe Contreras et al.:
‘Linking little rip cosmologies with regular early universes’,
in: Phys. Rev. D 98.12 (2018), p. 123520. doi: 10.1103/PhysRevD.98.123520 . arXiv:
1808.06546 [gr-qc].

266 Parampreet Singh:
‘Curvature invariants, geodesics and the strength of singularities in Bianchi-I loop
quantum cosmology’,
in: Phys. Rev. D 85 (2012), p. 104011. doi: 10 . 1103 / PhysRevD . 85 . 104011 . arXiv:
1112.6391 [gr-qc].

267 Kimihiro Nomura and Daisuke Yoshida:
‘Past extendibility and initial singularity in Friedmann-Lemaı̂tre-Robertson-Walker
and Bianchi I spacetimes’,
in: (2021). arXiv: 2105.05642 [gr-qc].

268 Jose Beltran Jimenez et al.:
‘Observational constraints on cosmological future singularities’,
in: Eur. Phys. J. C 76.11 (2016), p. 631. doi: 10 . 1140 / epjc / s10052 - 016 - 4470 - 5 .
arXiv: 1602.06211 [gr-qc].

269 Carsten Gundlach, Richard H. Price and Jorge Pullin:
‘Late-time behavior of stellar collapse and explosions. I. Linearized perturbations’,
in: Phys. Rev. D 49 (2 1994), pp. 883–889. doi: 10 . 1103 / PhysRevD . 49 . 883 . url:
https://link.aps.org/doi/10.1103/PhysRevD.49.883 .

270 B. Wang, C. Molina and E. Abdalla:
‘Evolution of a massless scalar field in Reissner-Nordström anti–de Sitter spacetimes’,
in: Phys. Rev. D 63 (8 2001), p. 084001. doi: 10 . 1103 / PhysRevD . 63 . 084001 . url:
https://link.aps.org/doi/10.1103/PhysRevD.63.084001 .

271 Bin Wang, Chi-Yong Lin and C. Molina:
‘Quasinormal behavior of massless scalar field perturbation in Reissner-Nordström
anti-de Sitter spacetimes’,
in: Phys. Rev. D 70 (6 2004), p. 064025. doi: 10 . 1103 / PhysRevD . 70 . 064025 . url:
https://link.aps.org/doi/10.1103/PhysRevD.70.064025 .

272 Fredrik Johansson et al.:
mpmath: a Python library for arbitrary-precision floating-point arithmetic (version 1.2.0),
http://mpmath.org/. 2021.

273 Manuel Hohmann:
‘Metric-affine Geometries With Spherical Symmetry’,
in: Symmetry 12.3 (2020), p. 453. doi: 10.3390/sym12030453 . arXiv: 1912.12906
[math-ph].

274 B. P. Abbott et al.:
‘GravitationalWaves and Gamma-rays from a Binary Neutron StarMerger: GW170817
and GRB 170817A’,
in: Astrophys. J. Lett. 848.2 (2017), p. L13. doi: 10.3847/2041- 8213/aa920c . arXiv:
1710.05834 [astro-ph.HE].

275 S. Gayer and C.F. Kennel:
‘Possibility of Landau damping of gravitational waves’,
in: Phys. Rev. D 19 (1979), pp. 1070–1083. doi: 10.1103/PhysRevD.19.1070 .

https://doi.org/10.1103/PhysRevD.98.123520
https://arxiv.org/abs/1808.06546
https://doi.org/10.1103/PhysRevD.85.104011
https://arxiv.org/abs/1112.6391
https://arxiv.org/abs/2105.05642
https://doi.org/10.1140/epjc/s10052-016-4470-5
https://arxiv.org/abs/1602.06211
https://doi.org/10.1103/PhysRevD.49.883
https://link.aps.org/doi/10.1103/PhysRevD.49.883
https://doi.org/10.1103/PhysRevD.63.084001
https://link.aps.org/doi/10.1103/PhysRevD.63.084001
https://doi.org/10.1103/PhysRevD.70.064025
https://link.aps.org/doi/10.1103/PhysRevD.70.064025
https://doi.org/10.3390/sym12030453
https://arxiv.org/abs/1912.12906
https://arxiv.org/abs/1912.12906
https://doi.org/10.3847/2041-8213/aa920c
https://arxiv.org/abs/1710.05834
https://doi.org/10.1103/PhysRevD.19.1070


28 References

276 D. Chesters:
‘Dispersion of Gravitational Waves by a Collisionless Gas’,
in: Phys. Rev. D 7.10 (1973), p. 2863. doi: 10.1103/PhysRevD.7.2863 .

277 E. Asseo et al.:
‘General-relativistic kinetic theory of waves in a massive particle medium’,
in: Phys. Rev. D 13 (10 1976), pp. 2724–2735. doi: 10 . 1103 / PhysRevD . 13 . 2724 .
url: https://link.aps.org/doi/10.1103/PhysRevD.13.2724 .

278 S. Weinberg:
‘Damping of tensor modes in cosmology’,
in: Phys. Rev. D 69 (2004), p. 023503. doi: 10 . 1103 / PhysRevD . 69 . 023503 . arXiv:
astro- ph/0306304 .

279 M. Lattanzi and G. Montani:
‘On the interaction between thermalized neutrinos and cosmological gravitational waves
above the electroweak unification scale’,
in:Mod. Phys. Lett. A 20 (2005), pp. 2607–2618. doi: 10.1142/S0217732305018827 .
arXiv: astro- ph/0508364 .

280 R. Benini, M. Lattanzi and G. Montani:
‘Signatures of the neutrino thermal history in the spectrum of primordial gravitational
waves’,
in: Gen. Rel. Grav. 43 (2011), pp. 945–958. doi: 10 . 1007 / s10714 - 010 - 0994 - 4 .
arXiv: 1009.6110 [astro-ph.CO].

281 R. Flauger and S. Weinberg:
‘Gravitational Waves in Cold Dark Matter’,
in: Phys. Rev. D 97.12 (2018), p. 123506. doi: 10.1103/PhysRevD.97.123506 . arXiv:
1801.00386 [astro-ph.CO].

282 G. Baym, S. P. Patil and C.J. Pethick:
‘Damping of gravitational waves by matter’,
in: Phys. Rev. D 96.8 (2017), p. 084033. doi: 10.1103/PhysRevD.96.084033 . arXiv:
1707.05192 [gr-qc].

https://doi.org/10.1103/PhysRevD.7.2863
https://doi.org/10.1103/PhysRevD.13.2724
https://link.aps.org/doi/10.1103/PhysRevD.13.2724
https://doi.org/10.1103/PhysRevD.69.023503
https://arxiv.org/abs/astro-ph/0306304
https://doi.org/10.1142/S0217732305018827
https://arxiv.org/abs/astro-ph/0508364
https://doi.org/10.1007/s10714-010-0994-4
https://arxiv.org/abs/1009.6110
https://doi.org/10.1103/PhysRevD.97.123506
https://arxiv.org/abs/1801.00386
https://doi.org/10.1103/PhysRevD.96.084033
https://arxiv.org/abs/1707.05192

	Author's declaration
	Introduction
	Notations and conventions
	I Geometric theories of gravity
	Non-Riemannian geometries
	The theory of General Relativity
	General affine connections
	Geometric effects of torsion and nonmetricity
	Projective transformations
	First and second order formulations

	Modified Gravity models
	f(R) theories of gravity
	Palatini f(R) gravity

	Parity violating topological terms
	Holst and Nieh-Yan terms
	Metric Chern-Simons gravity



	II Holst, Nieh-Yan and Chern-Simons terms: projective-invariant generalization
	Holst and Nieh-Yan terms in presence of nonmetricity
	The Holst case
	The generalized Nieh-Yan term

	Generalized metric-affine Chern-Simons term
	Holst term in f(R) models
	Generalized Nieh-Yan term in f(R) models
	Projective symmetry breaking case
	Projective invariant case
	Recovering Einstein-Cartan models
	Dynamical Immirzi models and DHOST equivalence

	Projective invariant metric-affine Chern-Simons gravity
	Connection equation and dynamical instabilities
	Perturbative solution for the connection
	Projective symmetry breaking case



	III Phenomenological aspects of metric-affine gravity models
	Black hole solutions in Holst models and their thermodynamics
	Black holes with Immirzi scalar hair
	Thermodynamics and black hole chemistry

	Homogeneous cosmological models with generalized Nieh-Yan term
	Big-Bounce in Bianchi I anisotropic models
	Vacuum case
	Radiation and dust

	Future finite-time singularities resolution

	Gravitational perturbations in metric-affine Chern-Simons gravity
	Perturbations of Schwarzschild black holes
	Quasinormal modes frequencies
	Power-law tails
	Comparison with metric Chern-Simons gravity
	Details on the numerical integration

	Homogeneous and isotropic cosmological solutions
	de Sitter phase of expansion
	Power law solutions
	Solution reproducing linear growth of the scale factor

	Gravitational waves propagation
	Gravitational birefringence in late-time cosmology
	Gravitational Landau damping


	Concluding remarks
	References


