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Abstract

This thesis studies a potential method for constructing the Rozansky–

Witten TQFT as an extended (1 + 1 + 1)-TQFT. A monoidal 2-category

consisting of schemes, complexes of sheaves and sheaf morphisms is con-

structed, and it is shown that there are (1 + 1)-TQFTs valued in the

truncation of this category, whose state spaces agree with the Rozansky–

Witten TQFT. However, it is also shown that if such a TQFT is based

on a reduced Noetherian scheme, it cannot be extended upwards to a

(1 + 1 + 1)-TQFT.
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Chapter 1

Introduction

The construction of manifold invariants has motivated many recent advances in topol-

ogy. Some of the motivation for these invariants has come not from mathematics but

from quantum theory. This work studies Rozansky–Witten theory, which gives rise

to an invariant of 3-manifolds, approaching the construction from a mathematical

viewpoint with the aim of finding a rigorous construction of the invariant.

This construction would take the form of a topological quantum field theory, hence-

forth “TQFT”. Introduced by Segal [43] and axiomatized by Atiyah [2], these are

invariants of manifolds constructed as a functor Z between a bordism category and

an algebraic category, often taken to be the category of vector spaces over a fixed

ground field. The (d+ 1)-dimensional bordism category has as objects d-dimensional

closed manifolds, and as morphisms diffeomorphism classes of (d+ 1)-bordisms: that

is, compact (d+1) manifolds with boundaries separated into a source component and

a target component, considered up to diffeomorphisms preserving the boundaries. A

bordism W also comes equipped with a parametrisation of a collar neighbourhood

of its boundaries: this is a diffeomorphism between ∂W × [0, 1) and neighbourhood

of ∂W , where ∂W × {0} is identified with ∂W . The composition of two bordisms is

defined by gluing the target boundary of one bordism with the source boundary of
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the next; the collar neighbourhood allows the construction of a well-defined smooth

structure on the result. Often, the bordism category is modified by requiring that all

objects and bordisms come equipped with a particular structure. A common case is

to require objects and bordisms to have an orientation, which gives rise to the ori-

ented bordism category and oriented TQFTs. In this situation, the source boundary

component is oriented with the boundary orientation, while the target component

is oriented with the reverse of the boundary orientation (see Definition 1.12 for an

explicit definition). All bordisms (and hence TQFTs) considered in this thesis will

be assumed to be oriented.

The bordism category is naturally a symmetric monoidal category, with the monoidal

product given by disjoint union. The target category for a TQFT is required to be

a symmetric monoidal category, and the TQFT itself is required to be a symmetric

monoidal functor. In the case of vector spaces, the monoidal product is the tensor

product of vector spaces. As an immediate consequence, Z(∅) ∼= k, as the empty

manifold and the base field serve as the monoidal unit for the two categories. This

allows us to construct an invariant of (d + 1)-dimensional manifolds from a (d + 1)-

dimensional TQFT as follows. First, the manifold is viewed as an endomorphism

of the empty manifold in the (d + 1)-dimensional bordism category. Applying the

functor Z gives an endomorphism of Z(∅) ∼= k. Finally, the endomorphism group

Endk(k) is identified with k itself, giving a value in k.

A benefit of this construction is that the invariant of a manifold can be calcu-

lated by splitting it into simpler pieces. Each of these submanifolds is then viewed

as a bordism (unlike before, these bordisms may have non-empty boundary), and the

manifold as a whole is the composition (in the bordism category) of these simpler

manifolds with boundaries. The invariant for the original manifold can then be cal-

culated by determining the value of the TQFT on these pieces, and composing the

resulting morphisms.
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Figure 1.1: A generating set for the morphisms of the category Bord1+1.

This process naturally leads to a method for providing a classification of low-

dimensional TQFTs. Since TQFTs are functors, a morphism between two TQFTs

Z and Z ′ is defined to be a monoidal natural transformation. To classify a certain

type of TQFT, we find an equivalence between the category of TQFTs and another

category, often defined algebraically. A folklore result states that the category of

oriented 2-dimensional TQFTs is equivalent to the category of commutative Frobenius

k-algebras. The proof of this theorem can be found in many places (e.g. [10]), with the

key idea of the proof being the identification of the 2-dimensional bordism category

with the category generated as a symmetric monoidal category by a single object

(representing a copy of S1), along with the morphisms shown in Figure 1.1. The

source component of the boundary of these manifolds is taken to be the boundary at

the bottom of the picture, and the target boundary is at the top; hence the pair of

pants is a morphism S1 tS1 → S1. These morphisms are subject to the Morse

relations arising from birth/death of critical points and handle slides; for instance,

there is an equality

= . (1.1)

Given an oriented (1 + 1)-TQFT, the vector space A = Z(S1) has the structure of a

unital associative algebra, where the product is given by Z( ) and the unit is given

by Z( ). The unit equality is then exactly the image of Equation (1.1) under Z.

Next, A can be given a counital coassociative coproduct structure using the images

of the copants and cap bordisms.

In a similar manner, (2 + 1)-TQFTs have been classified [21]. In this case, the
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objects of the bordism category are (diffeomorphic to) genus g-surfaces, for g ≥ 0.

Correspondingly, the classification is not in terms of a single vector space, but a

graded vector space A =
⊕

Ag, where Z sends a genus g surface to the vector

space Ag. The bordisms from Figure 1.1 generalise to 3-dimensional bordisms in this

category: the unit and counit become the solid ball D3, viewed as either a bordism

from the empty manifold to S2 or vice versa; while the pants and copants become the

twice-punctured ball D3 \D3 tD3. The images of these bordisms under Z give the

graded vector space A an associative unital graded multiplication and a coassociative

counital comultiplication. However, there is additional structure to consider. The

trace of surgery along a pair of points on a genus g-surface gives a bordism between a

surface of genus g and a surface of genus g+1. Similarly, the trace of a surgery along a

longitudinal curve gives a degree-lowering map. These, along with the multiplication

and comultiplication, give A its algebraic structure; such an object, satisfying the

required relations, is known as a graded nearly-Frobenius algebra, or “GNF-algebra”.

Full details of this construction are given in Definition 2.2.

However, this on its own is not enough to capture the full structure of the TQFT.

Given a diffeomorphism of a genus g manifold f : Σg → Σg, there is a bordism

cf : Σg → Σg, known as the mapping cylinder which has as its underlying manifold

the cylinder Σg× I. The incoming boundary is Σg×{0}; this has a collar neighbour-

hood Σg× [0, 1/3) which is identified with Σg× [0, 1) by stretching the second factor.

Similarly, the neighbourhood Σg× (2/3, 1] of its outgoing boundary is identified with

Σg × (−1, 0] by applying f to the first factor and stretching the second.

Applying the TQFT Z gives an element of Aut(Ag), and hence there is an action of

Aut(Σg) on Ag. Since bordisms are considered only up to diffeomorphism, certain dif-

feomorphisms give the same mapping cylinder. It can be shown that pseudo-isotopic

diffeomorphisms have the same mapping cylinder, and so the action factors through

the mapping-class group MCG(Σg), formed from Aut(Σg) by identifying isotopic dif-
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feomorphisms. Thus to classify 3-dimensional TQFTs, the GNF-algebra A must be

augmented with a mapping class group representation, giving a J-algebra [21, Defini-

tion 5.1]. After defining a suitable notation of morphism of J-algebras, it is possible

to construct a category of J-algebras. This category is equivalent to the category of

3-dimensional TQFTs.

Since the multiplication and comultiplication are graded, the vector space A0 in-

herits a multiplicative and comultiplicative structure. These structures also satisfy

the condition necessary for the object to be a Frobenius algebra, illustrating a partic-

ular case of the result that for a (d+1)-dimensional TQFT Z, Z(Sd) has the structure

of a Frobenius algebra. The GNF-algebra structure of the TQFT is partially deter-

mined by the algebraic structure of A0: in Proposition 2.18, it is shown that if A0

has dimension 1 (and so is isomorphic to k), then the GNF-algebra is in fact a free

associative algebra.

From a physical point of view, TQFTs provide a method for giving a rigorous

theory for path integrals. These formalise the notion of performing an integral over

all possible fields on a d-dimensional manifold M valued within a fixed target space

X. The target space determines the values that the fields can take; for example, if

the target space is R, then the fields are scalar-valued fields. Alternatively, to model

quantum particles, the target space X is taken to be the spacetime in which the

particle exists. The space of fields on a d-manifold M valued in a target space X is

the space of maps Hom(M,X). Define an action functional

S : Hom(M,X)→ R .

Traditionally, the value of S evaluated on a morphism Φ is denoted S[Φ]. This action

is often given by an integral, and is additive in the sense that if M = M1 t∂ M2 is a

decomposition of M into submanifolds M1 and M2, which are disjoint apart from on
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their boundaries, then S[φ] = S[φ
∣∣
M1

] + S[φ
∣∣
M2

]. Given an action, a path integral is

an integral of the form ∫
Φ∈Hom(M,X)

exp(−S[φ])DΦ .

This is not a rigorous mathematical construction, but provides useful motivation for

heuristic physical arguments.

It is possible to examine the properties that one would expect a path integral

to obey. For example, for each closed d-dimensional manifold E there should be a

Hilbert space HE of states, consisting of functionals of fields ψ : E → X. If M is a

(d+ 1)-dimensional manifold with ∂M = E, then Z(M) ∈ E should be given by

Z(M)(ψ) =

∫
Φ∈Hom(M,X),Φ

∣∣∣∣
E

=ψ

exp(−S[Φ])DΦ.

For example, let M be a closed (d+1)-manifold and U ⊂M be a closed d-submanifold

that splits M into two parts, M1 and M2, each with boundary U . Then

∫
Φ∈Hom(M,X)

exp(−S[φ])DΦ =

∫
ψ∈Hom(U,X)

∫
Φ∈Hom(M,X),Φ

∣∣∣∣
U

=ψ

exp(−S[φ])DΦDψ

=

∫
ψ∈Hom(U,X)

∫
Φ∈Hom(M,X),Φ

∣∣∣∣
U

=ψ

exp(−S[φ
∣∣
M1

]− S[φ
∣∣
M2

])DΦDψ

=

∫
ψ∈Hom(U,X)

Z(M1)(ψ)Z(M2)(ψ)Dψ .

where the second equality uses additivity of the action, and the third uses the fact

that two fields defined on open subsets of M that agree on their overlap can be glued

to give a field on all of M . Thus the invariant on the whole manifold is determined

by the value of the invariant on the two submanifolds, in the same way that, given a

(d + 1)-TQFT, the invariant of a (d + 1)-manifold can be determined by splitting it

along d-manifolds. This motivation is expanded further in [10, Section 2.1].

A particular example of a path integral is Chern–Simons theory. Let G be a
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compact Lie group, and let the target space X be the moduli space BGconn of G-

principal bundles with connections. Define the Chern–Simons action functional S

by

S[A] = γ

∫
M

Tr(A ∧ dA+
2

3
A ∧ A ∧ A),

where A is now a connection 1-form A ∈ Ω1(M, g), g is the Lie algebra of a principle

G-bundle P →M , and γ ∈ C \ {0} is a non-zero constant.

This path integral can be extended to include Wilson loop operators. For an

embedded knot K ⊂M , pick an irreducible representation R of G and define WR(K)

as the trace of the holonomy of A around K:

WR(K) = TrR P exp

∫
K

A.

From a physical point of view, these define observables of the Chern–Simons field

theory. Thus we compute an invariant of the pair (M,K) to be

Zk(M ;K,R) =

∫
A∈Hom(M,X)

exp(ikS[A])WR(K)DA

where k is an integer called the level. In the case that G = SU(2) and R is the fun-

damental 2-dimensional representation, then the invariant Zk(M ;K,R) is the Jones

polynomial [49] J(q), evaluated at

q = exp

(
2πi

k + 2

)
.

The Rozansky–Witten TQFT [40] is constructed from a similar path integral

formula. A key feature is that the fields are valued in a holomorphic sympletic

manifold X 1. The choice of this manifold, and analysis of the resulting invariant,

1The original work of Rozansky and Witten considered hyperKähler manifolds, but subsequent
work of Kontsevich [25] and Kapranov [22] showed that a holomorphic symplectic structure is suffi-
cient
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leads to some interesting geometric results. For example, it can be used to relate

the Â-genus of a manifold (a topological property) to its curvature (a geometric

property) [39]. The 3-manifold invariant itself is related to the LMO invariant [16],

which is its the universal finite-type invariant of rational homology spheres. Its state

spaces are conjectured [40] to be

Z(Σg) =

dimC(X)⊕
q=0

Hq

∂

(
X, (∧T 1,0X)⊗g

)
. (1.2)

However, being based on a path integral formulation, the Rozansky–Witten TQFT

is not fully mathematically rigorous. Many attempts have been made to rectify this

issue. Several avenues have been explored, but can be broadly separated into two main

approaches: renormalizing the TQFT, or understanding the boundary conditions.

To understand the justification for analysing the boundary conditions of the

Rozansky–Witten invariant, it is necessary to expand the definition of a TQFT given

previously. The first generalisation is to change the target category. The only feature

of the category of vector spaces that is required to give the definition of a TQFT

is that it is a symmetric monoidal category. Instead of using the category of vector

spaces, it is possible to study TQFTs valued in any symmetric monoidal category

C. Since the classification results mentioned above are based on giving a generators-

and-relations presentation of the bordism category, they can be easily generalised to

other target categories. The category of 2-dimensional TQFTs valued in a symmetric

monoidal category C is equivalent to the category of symmetric Frobenius algebra

objects in C (see Definition 4.1 for more details).

Another generalisation comes from changing the category of bordisms. There are

two main ways of achieving this. The first is to allow decorations on bordisms, such

as in the case of defect TQFTs [10]. In this case, (d + 1)-bordisms are divided into

submanifolds, which are labelled with labels from a set Dd+1. The boundaries of these
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submanifolds are labelled by elements of a set Dd, corners are labelled with elements

of Dd−1 and so on. These must meet in prescribed manners. Such a construction

can be viewed as a collection of TQFTs which can be “glued together” along certain

boundary conditions. In the case d = 2, these objects induce pivotal 2-categories [13].

They have been used to describe B-twisted sigma models (where the label sets are

the set of complex manifolds and holomorphic vector bundles on them) and Landau-

Ginzburg models [11].

An alternative generalisation comes from extending the bordism category to a

higher category. Recall that a category (or, more explicitly, a 1-category) consists

of a set of objects, and for any two objects a (possibly empty) set of morphisms be-

tween them, along with an associative composition of morphisms and unit morphisms.

A 2-category introduces the idea of 2-morphisms: that is, morphisms between mor-

phisms. An example of this is natural transformations, which give morphisms between

functors, and allow the construction of a 2-category Cat of categories, functors and

natural transformations.

This extra level of morphisms introduces an alternative notion of equality. In

the same manner that one may require two vector spaces not to be equal, but only

isomorphic, it is now possible to talk of morphisms being isomorphic: that is, two

1-morphisms f and g are isomorphic if there is an invertible 2-morphism α : f ⇒ g.

This leads to a choice in the definition of a 2-category: given a composable tuple of

1-morphisms f, g, h, do we require f ◦(g◦h) = (f ◦g)◦h, or the weaker condition that

f ◦ (g ◦ h) ∼= (f ◦ g) ◦ h? The first condition leads to a strict 2-category, whereas the

second condition gives a weak 2-category (also known as a bicategory [7]). An example

of a bicategory is the fundamental 2-groupoid of a topological space: the objects

are points, the 1-morphisms are paths between points, and the 2-morphisms are

homotopies between paths. The composition of two paths requires reparameterization

of the concatenation of the paths, which causes the composition to be only associative
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up to homotopy.

For the category of bordisms, this enables the addition of an extra layer of mor-

phisms. The (d+1+1)-bordism category Bordd+1+1 (also known as the once-extended

(d+2)-bordism category) has as objects d-manifolds, as 1-morphisms (d+1)-bordisms

between manifolds, and as 2-morphisms (d + 2)-bordisms between bordisms, consid-

ered up to diffeomorphism (for more details seeDefinition 1.15). A (d+ 1 + 1)-TQFT

valued in a symmetric monoidal 2-category C is defined as a symmetric monoidal

functor Z : Bordd+1+1 → C.

The definition of (d+ 1 + 1)-TQFTs extend the idea that invariants can be com-

puted by cutting and gluing into an extra dimension: the manifold may now be split

into pieces which have corners. In the case where d = 1, these TQFTs have received

much attention (e.g. by Bakalov and Kirillov [4] and Walker [47]); an overview of the

categorical issues in the construction of the category Bordd+1+1 has been given by

Lurie [31].

Once one has navigated the technical difficulties in constructing the bordism cat-

egory, it may be viewed as a simpler object to work with than the non-extended

bordism category. For example, the (1 + 1 + 1) bordism category has a single gen-

erating object, whereas the (2 + 1)-bordism category, as noted above, does not have

a finite generating set. A generators-and-relations presentation of this category was

given by Bartlett, Douglas, Schommer-Pries and Vicary [6].

When considering (d + 1 + 1)-TQFTs, there is a choice of target category. A

typical choice is 2Vect, defined as follows. A linear category is a category enriched

in Vect; that is, the Hom-sets are vector spaces and composition is bilinear. Such

a category is Cauchy-complete [28] if it has finite coproducts and all idempotents

split. Then 2Vect is the symmetric monoidal category of Cauchy-complete linear

categories, functors, and natural transformations. Bartlett, Douglas, Schommer-Pries

and Vicary [6] showed that there is an equivalence between the category of once-
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extended 3-dimensional TQFTs valued in 2Vect and modular tensor categories, a

type of braided monoidal category with extra structure. From this construction, it

is known that any (1 + 1 + 1)-TQFT can be written as a direct sum of TQFTs with

dim(Z(S2)) = 1.

A well-known method for constructing (2 + 1)-TQFTs is the Reshetikhin–Turaev

construction [37]. This construction takes as input a modular tensor category, and

produces a (2+1)-TQFT valued in the category of vector spaces. In fact, the resulting

TQFT can be shown to extend downwards to give a (1 + 1 + 1)-TQFT. All known

examples of (2 + 1)-TQFTs can be extended to (1 + 1 + 1)-TQFTs. The following is

an open question:

Question 1.1. Do all (2 + 1)-TQFTs valued in Vect extend to (1 + 1 + 1)-TQFTs

valued in 2Vect?

The result that GNF algebras with dimA0 = 1 must be integral domains pro-

vides a small step towards this result, as the GNF-algebra induced by a (1 + 1 + 1)-

dimensional TQFT must also be an integral domain. In contrast, the Rozansky–

Witten TQFT has A0
∼= k[α]

α2 (where A0 is considered as an algebra using the restric-

tion of the graded product; see Definition 1.18). Thus it would give an example of a

TQFT which cannot be extended in 2Vect.

On the other hand, it is believed that the Rozansky–Witten TQFT can be ex-

tended if the target category is chosen correctly. Roberts and Willerton [38] conjecture

that the target 2-category should be constructed using the ideas of sheaves of mod-

ules. Recall [18] that given a topological space X, a sheaf E is a an assignment of a

group E (U) for each open set U ⊂ X, satisfying a gluing and restriction identity. If

(X,OX) is a ringed space, then a sheaf of modules on X is a similar assignment, but

now E (U) is an OX(U)-module. Morphisms between two sheaves are defined locally,

giving a category of sheaves of modules SHX . Given two sheaves, their tensor prod-

uct is defined by taking the tensor product locally. Given a morphism of ringed spaces
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f : (X,OX) → (Y,OY ), there is a direct image functor f∗ : SHX → SHY defined by

f∗(E )(V ) = E (f−1(V )). However, this functor is not exact, in the sense that it does

not preserve exact sequences [48]. This can be rectified by replacing the categories of

sheaves of modules SHX with the derived category D(X), and the functor f∗ with

its derived functor, also denoted f∗ (these notions are recalled in Subsection 1.3.1).

Similarly, the tensor product functor is replaced with its derived version.

Conjecture 1.2. [38] There is a (1+1+1)-TQFT Z, given on objects by sending the

disjoint union of k copies of S1 to the derived category D(Xk). The 1-morphism D2,

viewed as a morphism S1 → ∅, is sent to the direct image functor πX{pt}∗, where {pt}

is the manifold with a single point and πX{pt} is the projection map. The pair-of-pants

bordism is the functor given by taking the derived tensor product with the structure

sheaf of the diagonal then pushing forward once.

This conjecture does not give details of the 2-category that should serve as the

target for the TQFT. A natural choice would be 2Cat, the symmetric monoidal 2-

category of categories, functors and natural transformations, with monoidal product

given by the product of categories. There are two potential issues with using this

as the target category. The first is that it forgets the “geometric” nature of the

categories D(X). When considering functors between derived categories of sheaves,

it is often more natural [9, 15] to consider functors which arise as Fourier–Mukai

transforms. Recall [20] that for any X ∈ D(X × Y ), the Fourier–Mukai transform

ΦX : D(X)→ D(Y ) is the functor

ΦX (E ) = πXYY ∗ (πXY ∗X (E ) � X ).

Given a morphism of sheaves f ∈ HomD(X×Y )(E ,F ), there is a natural transforma-

tion

Φf : ΦE ⇒ ΦF
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with components given by πXYY ∗ (πXY ∗X (f)�X ), which gives a functor Φ: D(X×Y )→

Fun(D(X),D(Y )). Orlov’s theorem [34, 33] shows that any fully faithful functor with

left and right adjoints can be realised uniquely (up to isomorphism) as a Fourier–

Mukai transform; Bondal and Bergh [8] later showed that the necessary adjoints

exist, so that Φ is essentially surjective onto the full subcategory of fully faithful

functors. Thus one often replaces the category Fun(D(X),D(Y )) with the category

D(X × Y ).

A second issue is with this choice of target category is that the functor Z would not

be a strict monoidal functor. In general, D(X2) 6∼= D(X) ×D(X), so Z(S1 t S1) 6∼=

Z(S1) ⊗ Z(S1). The best one could hope for would be that Z is lax monoidal.

Lax monoidal functors are defined in the same manner as strict monoidal func-

tors, but without the condition that the comparison morphisms ε : 1D → F (1C)

and µx,y : F (c)⊗ F (c′)→ F (c⊗ c′) are isomorphisms.

These two issues can be resolved by using the 2-category Var in place of 2Cat

as the target category. This category has objects given by smooth quasi-coherent

quasi-separated schemes and Hom-categories given by derived categories of sheaves

of quasi-coherent modules (in the sense of [18]), immediately solving the first issue

(see Definition 3.66). This category has been studied previously by e.g. Ganter and

Kapranov [15] and Căldăraru and Willerton [12]. To give this 2-category a monoidal

structure, we construct an isomorphic 2-category and give this 2-category a symmetric

monoidal structure(see Chapter 3 and Proposition 3.69). This structure is such that

the tensor product of schemes is given by their fibre product, which resolves the

second issue.

The functor Φ constructed above using Fourier–Mukai transforms can be extended

to give a 2-functor Var → 2Cat which sends an object X to D(X) and sends a sheaf

to its Fourier–Mukai transform. This functor is a lax symmetric monoidal functor,

with the functor D(X)×D(X)→ D(X ×X) given by the external product functor
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(see Definition 3.25). Thus any strict functor Z : Bord1+1+1 → Var induces a lax

functor Z : Bord1+1+1 → 2Cat by composition.

To analyse (1 + 1 + 1)-TQFTs valued in Var, we start by constructing (1 + 1)-

TQFTs in the truncated category HVar (defined in Definition 4.2). Any (1 + 1 + 1)-

TQFT induces a (1+1)-TQFT in the truncated category (Lemma 4.3). We show that

it is possible to construct TQFTs which agree with the data given in Conjecture 1.2,

and that in fact these are the unique geometric (in the sense of Definition 4.8) TQFTs

(see Proposition 4.11). However, the only way it is possible for there to be an extended

(1 + 1 + 1)-TQFT valued in Var which induces such a (1 + 1)-TQFT is if the scheme

X it is based on is trivial. Explicitly, this is the following theorem.

Theorem 1.3. Let Z be a (1 + 1 + 1)-TQFT valued in Var such that the induced

(1 + 1)-TQFT is of the form ZX defined in Proposition 4.7, where X = Z(S1). If X

is of finite type and reduced, then it must be discrete. In this case, Z is isomorphic

to a direct sum of extended TQFTs, each of which sends S1 to a single point.

The layout of the remainder of this thesis is as follows. Chapter 2 recalls the

details of the GNF-algebra construction, and gives the proof that algebras based on 1-

dimensional Frobenius algebras are integral domains. Chapter 3 recalls the traditional

definition of the 2-category Var. It goes on to give this category a monoidal product

by first constructing a double category whose underlying loose category is Var, before

giving the double category a monoidal structure and lifting it to Var. Section 4.1

investigates Frobenius algebra objects valued in HVar, the core truncation of Var,

and shows that it is possible to construct Frobenius algebra objects using the functors

described by Roberts and Willerton. Finally, Section 4.3 analyses the possibility of

extending these Frobenius algebra objects upwards to (1 + 1 + 1)-TQFTs valued in

Var. It first considers the simpler case of TQFTs valued in AffVar, the subcategory

of affine schemes, before generalising the result to the whole category.
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1.1 Category theory

1.1.1 Composition of natural transformations

Recall that natural transformations can be composed in various ways.

Definition 1.4. Let C,D,E be categories and F1, F2 : C → D and G1, G2 : D → E

be functors. Let η : F1 ⇒ F2 and ν : G1 ⇒ G2 be natural transformations. Then the

horizontal composition of η and ν is given by the natural transformation

ν ∗ η : G1 ◦ F1 ⇒ G2 ◦ F2

with components

(ν ∗ η)c = νF2(c) ◦G1(ηc).

Definition 1.5. Let C,D be categories and F1, F2, F3 : C → D be functors. Let

η : F1 → F2 and ν : F2 → F3 be natural transformations. Then the vertical com-

position of η and ν is given by the natural transformation ν ◦ η : F1 → F3 with

components

(ν ◦ η)c = νc ◦ ηc.

Definition 1.6. Let C,D,E,F be categories and let F : C → D, G1, G2 : D→E and

H : E → F be functors. Let η : G1 → G2 be a natural transformation. Then the

whiskering of η by F is the natural transformation given by the horizontal composition

η ∗ F = η ∗ 1F ,

where 1F is the identity natural transformation F ⇒ F . Similarly, the whiskering of

η by H is the natural transformation

H ∗ η = 1H ∗ η.
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We abuse notation slightly and use the same symbol for the whiskering of a func-

tor and a natural transformation as for the horizontal composition of two natural

transformations; since the two operations act on different objects no confusion should

arise.

The following result is trivial but will prove useful nonetheless. Intuitively, it

states that the two orderings for applying two natural transformations to independent

functors give equal transformations.

Lemma 1.7. Let ξ : F1 ⇒ F2 and η : G1 → G2 be natural transformations. Then

there is a commutative diagram

G1 ◦ F1 G1 ◦ F2

G2 ◦ F1 G2 ◦ F2

G1∗ξ

η∗F1 η∗F2

G1∗ξ

where recall the composition of a functor with a natural transformation denotes whisker-

ing (Definition 1.6)

Proof. Both compositions of transformations are equal to the horizontal composition

η ∗ ξ.

1.1.2 Cartesian monoidal categories

We recall the following folklore proposition [3].

Proposition 1.8. Let C be a category which has all products. Then C can be given

a symmetric monoidal structure by taking the monoidal product to be the product of

objects, and the braiding to the morphisms X × Y → Y ×X induced by the universal

property of the product.

Definition 1.9. Let C be a category which has all products. Then C, viewed as a

symmetric monoidal category as in Proposition 1.8, is called a Cartesian monoidal
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category.

1.1.3 2-category theory

We use the term 2-category to refer to what is sometimes referred to as a weak

2-category; that is, composition is associative and unital only up to coherent 2-

isomorphism. Leinster [29] gives an overview of the 2-category notions that will

be used here (note Leinster uses the term “bicategory” for what we refer to as a

2-category, and the term 2-category for a strict 2-category); full details have been

given by Schommer-Pries [42, Appendix A].

Definition 1.10. [42, Definition A.1] A 2-category C consists of:

• a collection of objects Obj(C);

• for any pair c, d ∈ C, a category HomC(c, d);

• composition functors ccde : HomC(d, e)× HomC(c, d)→ HomC(c, e);

• identity 1-morphisms Ic ∈ HomC(d, e)× HomC(c, d)→ HomC(c, e);

• natural isomorphisms

αcdef : ccdf ◦ (cdef × Id)→ ccef ◦ (Id×ccde);

and

• a pair of 2-cells

rf : f ◦ Ic → f

and

lf : Id ◦ f → f

for any f : c→ d,
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such that the pentagon diagram

((k ◦ h) ◦ g) ◦ f (k ◦ (h ◦ g)) ◦ f k ◦ ((h ◦ g) ◦ f)

(k ◦ h) ◦ (g ◦ f) k ◦ (h ◦ (g ◦ f))

and the triangle diagram

(g ◦ I) ◦ f g ◦ (I ◦ f)

g ◦ f

commute.

Definition 1.11. [42, Definition A.5] A lax 2-functor F : C → D between 2-categories

is the data of:

• a function Obj(C)→ Obj(D);

• functors Fab : HomC(c, d)→ HomD(F (c), F (d));

• natural 2-morphisms

φgf : F (g) ◦ F (f)→ F (g ◦ f)

and

φa : IF (a) → F (Ia)

for any composable pair of morphisms f, g ∈ Mor(C) and any a ∈ C;

such that the diagrams

(F (h) ◦ F (g)) ◦ F (f) F (h ◦ g) ◦ F (f) F ((h ◦ g) ◦ f)

F (h) ◦ (F (g) ◦ F (f)) F (h) ◦ F (g ◦ f) F (h ◦ (g ◦ f))

,
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F (f) ◦ (IF (d)) F (f)

F (f) ◦ F (Id) F (f ◦ Id)

and
IF (c) ◦ F (f) F (Ic) ◦ F (f)

F (f) F (Ic ◦ f)

commute.

For the definitions of symmetric monoidal 2-category and symmetric monoidal

functors between such categories, see [42, Definitions 2.3 and 2.5].

1.2 TQFTs

Bordism categories

Recall that a (d+1)-dimensional TQFT is a functor from a category of bordisms to a

symmetric monoidal category, and that we assume all manifolds (and hence bordisms

and TQFTs) are oriented. Recall the definition of a (d+ 1)-bordism.

Definition 1.12. [32, Definition 1.5] An (oriented) bordism between two closed smooth

(oriented) d-manifolds M0 and M1 is a tuple (W ;V0, V1;h0, h1) where W is a compact

(d+1)-manifold with a decomposition of its boundary as ∂W = V0tV1, and h0 : Mi×

[0, 1)→ W and h1 : M1 × (−1, 0] are orientation-preserving embeddings.

The boundary component V0 is referred to as the incoming boundary component,

and V1 as the outgoing boundary component.

Definition 1.13. Let (W ;V0, V1;h0, h1) and (W ′;V ′0 , V
′

1 ;h′0, h
′
1) be two bordisms. They

are called equivalent if there is a diffeomorphism g : W → W ′ such that g(Vi) = V ′i

and g ◦ hi = h′i for i ∈ {0, 1}.

Two bordisms (W ;V0, V1;h0, h1) and (W ′;V1, V
′

1 ;h′0, h
′
1) can be glued together to
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form a bordism from V0 to V ′1 . The smooth structure is well-defined due to the choice

of collar neighbourhoods.

Definition 1.14. The (d + 1)-dimensional bordism category Bordd+1 has as objects

d-manifolds and as morphisms (d+ 1)-bordisms considered up to equivalence.

Bordism categories can also be constructed as higher categories.

Sketch Definition 1.15. [42] The (d+1+1)-dimensional bordism category Bordd+1+1

has as objects smooth oriented d-manifolds and as 1-morphisms (d + 1)-bordisms.

The 2-morphisms between two 1-morphisms B and B′ are diffeomorphism classes of

bordisms (possibly now with corners) between B and B′ which are trivial along the

boundary ∂B ' ∂B′.

Frobenius algebras

The introduction recalled the result that (1 + 1)-TQFTs valued in Vect are classified

by commutative Frobenius algebras. This can be generalised by introducing the

following notion.

Definition 1.16. [24] Let C be a monoidal category with unit I. A Frobenius algebra

is a tuple (A, µ, δ, ε, τ) such that:

1. the tuple (A, µ, ε) is a unital monoid with multiplication µ : A ⊗ A → A and

unit ε : I → A; and

2. the tuple (A, δ, τ) is a counital comonoid with comultiplication δ : A → A ⊗ A

and counit τ : A→ I; and

3. the Frobenius identities hold:

(IdA⊗µ) ◦ (δ ⊗ IdA) = δ ◦ µ = (µ⊗ IdA) ◦ (IdA⊗δ) . (1.3)

27



If C is a symmetric monoidal category, the algebra is commutative if µ ◦ σA,A = µ,

where σA,A : A⊗ A→ A is the braiding.

Lemma 1.17. Fix a dimension d, and let Z : Bordd+1 → Vect be a (d+ 1)-TQFT.

Then Z(Sd) has the structure of a commutative Frobenius algebra.

Proof. Note that it is enough to show that Sd has the structure of a Frobenius al-

gebra object in Bordd+1, as then the images of the structure morphisms give Z(Sd)

the structure of a Frobenius algebra object in Vect. In Vect, the definition in Defi-

nition 1.16 is equivalent to the usual definition in terms of Frobenius forms [45]. Let

ε = Dd+1 be the (d + 1)-ball, viewed as a bordism ∅ → Sd, and let µ be the twice-

punctured (d+ 1)-ball, viewed as a bordism from Sd t Sd (formed of the boundaries

of the removed balls) to Sd (viewed as the boundary of the original ball). It is clear

that µ defines an associative multiplication, as µ ◦ (µ× Id) and µ ◦ (Id×µ) both give

thrice-punctured balls. Further, ε acts as a unit for µ, since inserting a ball into one

of the punctures of µ gives the bordism Sd× I, which is exactly the identity bordism

for Sd.

The comultiplication and counit are taken to have the same underlying manifolds

as the multiplication and unit, but with the incoming and outgoing boundaries ex-

changed. It is straightforward [5] to see that these satisfy the Frobenius identities.

Definition 1.18. Let Z be a (d + 1)-TQFT. Then A = Z(Sd) has the structure of a

Frobenius algebra object. The TQFT Z is said to be based on A.

Mapping cylinders and trace bordisms

Two important classes of bordisms are mapping cylinder and trace bordisms. Both

of these are useful in the classification of (2 + 1)-dimensional TQFTs [21].

Definition 1.19. Let M be a d-dimensional manifold and f ∈ Diffeo(M) be a diffeo-

morphism of M . Associated to any such diffeomorphism is a mapping cylinder cf ,
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given by the tuple (M × I,M × {0},M × {1}, h0, h1), where

h0 : M × [0, 1)→M × I,

(m,x) 7→ (m,x/3)

and

h1 : M × (−1, 0]→M × I,

(m,x) 7→ (m, 1 + x/3).

Mapping cylinders give an action of the mapping class group Aut(M) on the

space Z(M), by the representation f 7→ Z(cf ). In the cases d = 0 and d = 1, there

are no non-trivial diffeomorphisms, and so the action is trivial. The lowest dimen-

sional interesting case is d = 2, where they give mapping class group representations

on GNF-algebras, and play an important role in the classification of 2-dimensional

theories.

A second class of bordisms which also play an important role in this classification is

the class of bordisms induced by the trace of surgery. This class is defined by handle

attachment. We use the handle-attachment procedure described by Kosinski [26,

Section VI.6], which has two benefits. The first is that the resulting manifold is

smooth, so there is no need for smoothing out the corners that result from usual

handle attachment. The second is that it is possible to attach the handle in such a way

that the parametrisation of a collar neighbourhood of the boundary on the original

manifold extends to a parametrisation of a collar neighbourhood of the boundary of

the result of the attaching the handle.

Definition 1.20. Let M be a d-dimensional manifold, d = p+ q, and let φ : Sp×Dq →

M be an embedding. Let W be the result of attaching a handle (following the
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construction of Kosinski [26, Section VI.6]) to M × I along the embedding i : x 7→

(φ(x), 1). Let V0 = M × {0} and let V1 = (M × I \ φ(Sp × {0})) ∪ Dp+1 × Sq−1 be

the result of performing surgery on boundary components of W . Finally, let h0 and

h1 be as for the mapping cylinder. Then the trace of the surgery is the cobordism

(W ;V0, V1;h0, h1), where h1 is an extension of the parametrisation h1|U1×I to V1 × I.

1.3 Algebraic geometry

This section provides a summary of the algebraic geometry that is used later. More

details on the definitions and results can be found in any textbook on algebraic

geometry e.g. [18, 46]. Recall that the basic object in algebraic geometry is that of an

affine scheme Spec(R), a ringed space constructed from a ring R by topologising the

set of its prime ideals. A sheaf of modules on an affine scheme X is an assignment of

an OX(U)-module to each open set U ⊂ X, satisfying a gluing and locality property.

A sheaf of modules E on X is called quasi-coherent if it has a local presentation; that

is, for any point of X there is an open neighbourhood U such that there is an exact

sequence of modules

O⊕IX |U → O⊕JX |U → E → 0.

All sheaves considered here will in fact be quasi-coherent sheaves of modules, which

will simply be called sheaves. Morphisms of sheaves are defined locally; that is, a

morphism f : E → F is a collection of maps fU : E (U)→ F (U) that are compatible

with restrictions. This gives a category SHX of (quasi-coherent) sheaves over a fixed

scheme X. If X = Spec(R) is affine, then SHX is equivalent to the category of

modules over R. This equivalence can be constructed by taking the global sections

of a sheaf of modules.

These notions generalise to (not necessarily affine) schemes, which are locally

ringed spaces that are locally affine. Many results involving such objects can be
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deduced by showing that they hold on affine schemes, and then deducing that if the

result holds locally, it should hold globally. This is largely the approach taken here,

so most of this section concerns itself with affine schemes.

Given a morphism of schemes f : X → Y , there is an adjoint pair of functors

(f ∗, f∗) between SHX and SHY :

f∗ : SHX � SHY : f ∗.

If X = Spec(R), Y = Spec(S), and f : X → Y is induced by the ring morphism

f ] : S → R, the direct image is given explicitly on global sections by

f ]∗ : S-mod→ R-mod

M 7→MR

where the notation MR means the module M viewed as an R-module by r · m =

f ](r) ·m. The inverse image is given by

f ],∗ : R-mod→ S-mod

N 7→ N ⊗R SR.

1.3.1 Derived categories in algebraic geometry

We recall the construction of derived functors, which will provide a setting in which

the projection and base-change formulas (Proposition 1.28 and Proposition 1.29) will

hold. Many of these definitions are sketches; full details can be found in the books

by Weibel [48] or Huybrechts [19], with the latter having more of a focus on algebraic

geometry.

Definition 1.21. A category C is an abelian category if:
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• it is enriched over the category Ab of abelian groups;

• it has a zero object;

• it has all kernels and cokernels; and

• every monomorphisms is the kernel of some morphism, and dually every epi-

morphisms is the cokernel of some morphism.

Definition 1.22. Let F : C → D be a functor between abelian categories. If for any

exact sequence

0 A B C 0
f g

(1.4)

in C, the sequence

F (A) F (B) F (C) 0

is exact, then F is right exact.

If instead for any exact sequence as in Equation (1.4), the sequence

0 F (A) F (B) F (C)

is exact, then F is left exact.

Definition 1.23. Let C be an abelian category. Then its derived category D(C)

is formed from the category of chain complexes by formally inverting all quasi-

isomorphisms.

Definition 1.24. Let C be an abelian category. An object P is projective if for any

epimorphism e : E → X and any morphism f : P → X, there is a morphism f ′ : P →

E such that the diagram

E

P X

e
f ′

f
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commutes.

Dually, any object I is injective if for any monomorphism f : X → Y and mor-

phism g : X → I, there is a morphism g′ : Y → I such that the diagram

I

X Y
f

g
g′

commutes.

Definition 1.25. An abelian category C is said to have enough projectives if for any

object M there is a projective object P and an epimorphism P →M . It has enough

injectives if for any M there is an injective object I and a monomorphism M → I.

Definition 1.26. A projective resolution of A ∈ C is an exact sequence

· · · Pi · · · P1 A 0

where each Pi is a projective module.

Definition 1.27. Let F : C → D be a right exact functor between abelian categories,

where C has enough projectives. Then its left derived functor LF : D(C)→ D(D) is

defined by sending an object A to the chain complex formed by applying F termwise

to a projective resolution of A.

A similar process can be used to define a right derived functor, by applying a left

exact functor termwise to an injective resolution of an object.

Since f ∗ a f∗, it follows that f∗ preserves monomorphisms and so is f∗, and hence

we can form its derived functor. Similarly, f ∗ is right exact, so we can form its left

derived functor. In the remainder of this thesis, f∗ and f ∗ will refer to the derived

functors (unless otherwise noted). More details on these constructions can be found

in e.g. [48].
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Proposition 1.28. [30, Proposition 3.9.4] Let f : X → Y be a quasi-compact quasi-

separated morphisms of schemes. Then there is an isomorphism of quasi-coherent

sheaves

f∗(f
∗(E )⊗F ) ∼= E ⊗ f∗(F )

which is natural in both E and F .

Proposition 1.29. [30, Proposition 3.9.5] Let

A B

U V

g′

f ′ f

g

be a Cartesian diagram in the category of schemes. Suppose the map g is flat, and f is

quasi-compact and quasi-separated. Then the base-change morphism, induced by the

adjunction of direct images and inverse images, is an isomorphism g∗ ◦ f∗ ∼= f ′∗ ◦ g′∗.
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Chapter 2

GNF algebras

This chapter recalls the definitions of a GNF-algebra from [21]. This definition will

be used to show that if A is a GNF-algebra based on a 1-dimensional Frobenius

algebra, then the algebra must be an integral domain. This provides some progress

to showing that any (2+1)-TQFT is extendable in 2Vect (giving a positive answer to

Question 1.1) since any (1+1+1)-TQFT valued in 2Vect must induce a GNF-algebra

which is an integral domain.

2.1 GNF algebras

In a similar manner to (1 + 1)-dimensional TQFTs, (2 + 1)-dimensional TQFTs have

been classified [21]. Let Σg be the connect sum #g(S1×S1) of g tori; these are called

standard surfaces. Any object of the bordism category Bord2+1 is diffeomorphic to

a disjoint union of such surfaces. Consequently, the classification includes a choice of

countably many vector spaces Ag = Z(Σg), which are combined into a single graded

vector space A =
⊕

Ag. This can be given a graded product structure by taking the

images of the bordisms Σi t Σj → Σi+j given by the trace of performing surgery on

two points, one in each component (the bordism µi,j in Figure 2.1). This product is

unital, with the unit given by D3, viewed as a bordism ∅ → S2 (the bordism ε in

35



α4

ω4P4

δ3,1

s3

µ3,1

l4

P3,1

∅
ε

τ

Figure 2.1: The bordisms that give rise to the structure of a GNF*-algebra. The
bordisms αi, ωj, δi,j and µi,j are given by the trace of surgery along the marked curve
in the left-hand diagram; the bordisms E and τ are given by the ball D3, viewed
either as a bordism ∅ → S2 or vice versa. Reproduced from [21] with permission.

Figure 2.1). The algebra A is also a coalgebra, with coproduct given by summing the

contributions from the morphisms Ai+j → Ai⊗Aj given by the image of the bordism

δi,j in Figure 2.1. Further, for any g there is a automorphism of Σg given by rotating

Σg about the z-axis by π radians. Collating these data, along with the conditions

that they satisfy, gives a GNF*-algebra.

Definition 2.1. Let A = ⊕i≥0Ai be a graded coalgebra with graded coproduct δ.

Let πi : A → Ai be the map projecting to the i-th homogeneous component, and

let δi,j = (πi ⊗ πj) ◦ δ. A partial left counit for δ is a map τ : A0 → k such that

(τ ⊗ IdAj) ◦ δ0,j = IdAj .

Definition 2.2. [21, Definition 5.1] A graded involutive nearly Frobenius algebra A is a

graded algebra A = ⊕i≥0Ai, with unit ε, along with a coassociative coproduct δ, with

a partial left counit τ and a grading-preserving involution ∗. Let µi,j : Ai⊗Aj → Ai+j

be the multiplication map on graded components and similarly let δi,j = (πi⊗ πj) ◦ δ
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be the components of the coproduct map. These data must satisfy the following:

1. each homogeneous component of A is finite-dimensional;

2. the involution is the identity for elements of degree 0 and 1, and is an anti-

automorphism (so ∗ ◦µi,j = µj,i ◦Ti,j and δi,j ◦ ∗ = Tj,i ◦ δj,i, where Ti,j(x⊗ y) =

y∗ ⊗ x∗ for x ∈ Ai, y ∈ Aj); and

3. the algebra satisfies the Frobenius condition

Ai ⊗ Aj+k Ai ⊗ Aj ⊗ Ak

Ai+j+k Ai+j ⊗ Ak

IdAi ⊗δj,k

µi,j+k µi,j⊗IdAk

δi+j,k

. (2.1)

The Frobenius condition in this definition appears to be asymmetric in the follow-

ing sense. Let z = µr,s(x⊗y) be an element of Ar+s that can be written as a product.

Then Equation (2.1) allows the computation of δr+t,s−t(z) in terms of δt,s−t(y) but

says nothing about how to compute δr−t,s+t(z); one would expect that this could be

expressed in terms of δr−t,t(x). This is in fact the case; a “mirrored” version of the

Frobenius identity also holds due to the involution.

Lemma 2.3. [21, Lemma 5.6] If A is a GNF*-algebra, there is a commutative

diagram

Ak ⊗ Aj+i Ak ⊗ Aj ⊗ Ai

Ai+j+k Ak ⊗ Ai+j

δk,j⊗IdAi

µk,j+i IdAk ⊗µj,i

δk,i+j

. (2.2)

The GNF*-algebra on its own does not capture the full structure of a TQFT. Each

of the maps defined above have degree 0. In terms of the bordisms to which they

correspond, the genus of the incoming boundary is the same as that of the outgoing

boundary. However clearly not all bordisms are of this form: for example, the solid

37



torus minus a ball. The image of this map should have degree 1. This construction

can be generalised to surfaces of arbitrary genus: starting from a 2-manifold Σ, add

a 1-handle to Σ × I along two (framed) points chosen in Σ × {1}. Let V0 (the

incoming boundary) be Σ×{0} and let V1 (the outgoing boundary) be the remaining

boundary component. This component is Σ with a 1-handle added; that is, a surface

with genus one greater than Σ. Hence the image of this bordism should be a degree

1 map. Adding the handle to points chosen in Σ× {0} would give a bordism whose

image is a degree −1 map. This motivates the following definition.

Definition 2.4. [21, Definition 5.2] A modular splitting of a GNF*-algebra A consists

of a pair (ω, α) of endomorphisms of degree 1 and −1 respectively, such that they are

both module homomorphisms and

δ ◦ α = (Id⊗α) ◦ δ,

δ ◦ ω = (Id⊗ω) ◦ δ, and

α ◦ ω = IdA .

This is still not enough to capture the entire structure: none of the information

above captures the action of mapping cylinders. As such, it is natural to expect to

have an action of the mapping class group MCG(X) = Diffeo(X)/ ∼ on the vector

space associated to X, where ∼ identifies isotopic maps1. This is formalised with

the idea of a J-algebra: a GNF*-algebra with a modular splitting and an action of

the mapping class group. The details of how to make this precise are given in [21,

Definition 5.13].

Definition 2.5. A morphism of graded vector spaces φ : A →B is said to intertwine

1Recall that pseudo-isotopic maps will have the same action. However, in keeping with the
definition of the mapping class group the relation used here is isotopy; as a result, some of the
information of this action is superfluous.
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the maps

fA : A⊗n1 → A⊗n2

and

fB : B⊗n1 →B⊗n2

if

φ⊗n2 ◦ fA = fB ◦ φn1 .

Definition 2.6. A morphism of GNF*-algebras is a morphism of graded vector spaces

φ : A →B that intertwines the product, coproduct, unit, counit and involution maps.

A morphism of J-algebras is a morphism of GNF*-algebras that also interwines

the modular splitting and mapping class group actions.

Definition 2.7. The category J-Alg has J-algebras as objects and J-algebra mor-

phisms as morphisms.

Theorem 2.8. [21] There is an equivalence between the symmetric monoidal category

of (2 + 1)-dimensional TQFTs and J-Alg.

2.2 Canonical simple GNF*-algebra

This section gives a construction of a particular family of GNF*-algebras which have

dimA0 = 1. Proposition 2.18 will show that in fact all GNF*-algebras satisfying this

condition are isomorphic to a GNF*-algebra of this form.

Definition 2.9. Suppose char k = 0. Let λ ∈ k× be a unit of k and I and J be disjoint

sets of formal variables with each variable having an associated strictly positive degree,

and J having no elements of degree 1. Let B = I ∪J and Bn = {x ∈B : deg x = n}

and suppose that Bn is finite. Let A = k〈B〉 be the graded free algebra generated

by B.
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Define a coproduct map δ : A → A ⊗ A as follows. If x ∈ Bn, then δ(x) =

λ⊗ x+ x⊗ λ (viewing λ as an element of A0). Given this definition, extend δ using

linearity and the Frobenius condition to A. Define the counit τ : A0 → k by 1 7→ λ−1.

Define the involution ∗ by requiring that elements of I (resp. J) are eigenvectors

with eigenvalue 1 (resp. −1). This extends using linearity to sums of elements of B.

It can be extended to A by requiring that it satisfies the anti-automorphism condition

µ(x⊗ y)∗ = µ(y∗ ⊗ x∗).

The tuple (A, µ, ε, δ, τ, ∗) defines a canonical simple GNF*-algebra.

Before giving a proof that this construction does indeed give a GNF*-algebra, we

record a straightforward lemma:

Lemma 2.10. If δ0,k = λ ⊗ Id, then the map νi,k = δi,k ◦ µi,k is given by νi,k =

λ IdAi ⊗ IdAk .

Proof. This follows by applying the Frobenius identity (Equation (2.1)) with j =

0.

Corollary 2.11. In the setting of Lemma 2.10, the map µi,k is injective.

Proposition 2.12. The tuple constructed in Definition 2.9 gives a GNF*-algebra.

Proof. Each vector space An is finite dimensional as there are only finitely many

formal variables of degree at most n. By construction the product map is graded

linear and associative, and the unit is indeed a left unit. Similarly the coproduct is

graded linear and the counit is a partial left counit. The Frobenius condition holds

as the coproduct was chosen to be precisely the map such that it does hold. As J has

no elements of degree less than 2, the involution is the identity on A0 and A1. Thus

all that is left is to check that the coproduct is coassociative and that the involution

is an anti-automorphism.
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Fix i, j, k and let i+ j + k = n. Let

D1 = (Idi⊗δj,k) ◦ δi,j+k

D2 = (δi,j ⊗ Idk) ◦ δi+j,k

Let µi,j,k = µi,j+k ◦ (IdAi ⊗µj,k). Consider the map S = λ−2µi,j,k ◦D1. Note that by

Lemma 2.10, δi,k ◦ µi,k = λ−1 IdAi ⊗ IdAk . Thus its conclusion is valid, and applying

it gives S2 = S so S is an idempotent. As such, there is a decomposition An =

kerS ⊕ ImS. On ImS, coassociativity holds since Lemma 2.10 implies D1 ◦ µi,j,k =

D2 ◦ µi,j,k = λ2 IdAi⊗Aj⊗Ak . As P is an integral domain, kerS = kerD1, so δ is

coassociative if kerD1 ⊂ kerD2. Say v ∈ kerD1 \ {0}; without loss of generality

assume v is a product of elements of B. Suppose that v has the form v = µi,j+k(x⊗y).

Then

0 = D1(v) = λx⊗ δj,k(y)

so δj,k(y) = 0 since µ is injective. Applying the Frobenius identity

δi+j,k ◦ µi,j+k(x⊗ y) = (µi,j ⊗ Idk) ◦ (Idi⊗δj,k)(x⊗ y) = 0

so D2(v) = 0. If v is not of this form, then it must be of the form v = µr,s,t(x⊗ y⊗ z)

where r < i, y ∈ Bs. Say initially r+s > i+j; then applying δi+j,k and the Frobenius

identity gives

µi,i−r,r+s−i,t(x⊗ δi−r,r+s−i(y)⊗ z) = 0

so D2(v) = 0. Otherwise, applying D2 and the Frobenius identity gives

µr,i−r,r+s−i,i+j−r−s,k(x⊗ δi−r,r+s−i(y)⊗ δi+j−r−s,k(z)) = 0

and so again D2(v) = 0.
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The final condition to check is that the involution is an anti-automorphism. It

obeys the rule for products by definition, so consider the coproduct. For x ∈ Bn,

δi,n−i(x) = 0 = δn−i,i(x∗) for i 6∈ {0, n}. For i = 0 or i = n the result follows from

the definition of δ and that ∗ fixes A0 (in particular 1∗ = 1). On products, the result

follows by the Frobenius identity.

Lemma 2.13. Let A = Aλ
I,J be a canonical simple GNF* algebra. Let B be any

GNF* algebra. If the τB ◦ εB(1) 6= λ−1 then there are no maps between the two.

Otherwise, there is a 1-1 correspondence

{Φ: A →B} ←→

φ : I t J →B :

φ(x)∗ = φ(x) x ∈ I

φ(y)∗ = −φ(y) y ∈ J

δi,n−i(φ(x)) = 0 x ∈Bn, i = 1, . . . , n− 1


Proof. Say Φ: A → B is a morphism. Then there is a map Φ0 : A0 → B0 such that

Φ0εA = εB; and τB ◦ Φ0 = τA, so

τB ◦ εB = τB ◦ Φ0 ◦ εA = τA ◦ εA.

In particular, λ−1 = τA ◦ εA(1) = τB ◦ εB(1).

Given a homomorphism of GNF*-algebras, the map φ is constructed by restriction.

Thus it remains to give an inverse to this process.

Suppose φ is such a map. Now 〈B〉 = A, so this can be extended algebraically to

A \ A0. Define Φ0 : A0 → B0 by 1A 7→ 1B. This map will be graded as the original

map φ respects the grading.

By construction Φ intertwines µ and ε. As τA ◦ εA(1) = λ−1 = τB ◦ εB(1), Φ

intertwines τ . It also respects involution by definition of φ, leaving only the map δ

to check. Now for any generator x ∈ I t J , δ(x) = λ ⊗ x + x ⊗ λ, so Φ ◦ δ(x) =

Φ(x)⊗ λ+ λ⊗ Φ(x) as required (since Φ preserves the unit).
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It is easy to see that these constructions are inverses.

Lemma 2.14. The GNF*-algebras Aλ
I,J and Aλ′

I′,J ′ are isomorphic if and only if

λ′ = λ and both I and I ′ and J and J ′ have the same number of elements of each

degree.

Proof. The “if” part of the statement is clear.

Suppose Φ: Aλ
I,J → Aλ′

I′,J ′ is an isomorphism. Then by Lemma 2.13 λ = λ′.

Let Un ⊂ An be the subspace spanned by non-trivial products of elements of A.

Consider An/Un; this vector space has basis {x+ Un : x ∈Bn}. As ∗ fixes Un it

descends to this vector space, which can be used to split An/Un into a direct sum

with the summands given by its eigenspaces. The dimensions of these summands is

given by the number of elements of I (resp. J) of degree n.

It is clear that ΦnUn = U ′n, where U ′n is the equivalent construction in A′n. As

Φn ◦ ∗ = ∗′ ◦ Φn, Φ also preserves this direct sum. Hence I ′ and J ′ have the same

number of elements of degree n for every n.

2.2.1 Simple GNF*-algebras

Recall that for any (d + 1)-dimensional TQFT Z, the vector space Z(Sd) has the

structure of a Frobenius algebra, and Z is said to be based on this algebra. Sawin

[41] gave the following result regarding direct sum decompositions of TQFTs.

Proposition 2.15. A TQFT Z is based on a direct sum A = A1 ⊕ A2 of Frobenius

algebras if and only if Z splits as a direct sum Z ∼= Z1 ⊕ Z2 of TQFTs.

Sawin also gave a classification of simple commutative Frobenius algebras over an

algebraically closed field k [41, Proposition 2]. He defines the following families of

Frobenius algebras:

1. For λ ∈ k×, let Sλ be the algebra k with counit τ(x) = λ−1x.
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2. Let A be a commutative algebra generated by its unit and at least one nilpotent.

Recall its socle is defined as

soc(A) = {x ∈ A : ax = 0 for any nilpotent a}.

Suppose this is one-dimensional (as a linear subspace) and let τ : A → k be

a linear functional which is non-zero on the socle. Let NA,τ be the Frobenius

algebra A with the functional τ .

Proposition 2.16. Sλ and NA,τ are indecomposable Frobenius algebras. Further,

every commutative indecomposable Frobenius algebra is isomorphic to one of these,

and these are nonisomorphic up to algebra isomorphism.

The statement that these algebras are nonisomorphic up to algebra isomorphism

means that distinct λ ∈ k× give non-isomorphic Frobenius algebras Sλ; Sλ is never

isomorphic to NA,τ ; and NA,τA and NB,τB are isomorphic if and only if there is an

isomorphism φ : A→ B such that τB ◦ φ = τA.

We now focus our attention on a TQFT based on the simplest possible Frobenius

algebra Sλ. The corresponding J-algebra then has A0 = Sλ. We identify A0 with k,

and write 1 and λ to mean the corresponding elements of A0.

Lemma 2.17. If A is a GNF*-algebra with A0 = Sλ, then

δ0,k = λ⊗ Idk .

Proof. Let x ∈ Ak. Then δ0,k(x) = 1⊗ y for some y ∈ Ak. As τ is a counit, applying

τ ⊗ Id gives x = λ−1y, so y = λx as required.

Proposition 2.18. If A is a GNF*-algebra with dimA0 = 1, then A is a free algebra.

44



Proof. Start by writing A as a quotient of graded algebras

A = k〈X〉/R

for some set of generators X and some homogeneous ideal of relations R. Suppose

this presentation has the fewest possible number of generators; then in particular X

cannot contain any elements of degree 0. Let π : k〈X〉 → A be the quotient map.

Suppose R is non-empty and let r ∈ R be a homogeneous element of lowest

degree. Then πd : k〈X〉d → Ad is an isomorphism of vector spaces for d < deg r.

Write r =
∑

l xlyl, xl ∈ X, yl ∈ k〈X〉 \ {0}, where xl are distinct, and let

i = max
l
{deg xl}, j = deg r − i.

Renumbering if needed, assume that deg x0 = i.

Suppose for contradiction that i = deg r. Then deg y0 = j = 0, so y0 ∈ k〈X〉0 = k

is a constant. Thus

x0 −
∑
l 6=0

xlyl ∈ R

and hence x0 can be removed from the generating set X, which contradicts the as-

sumption of minimality. Thus i < deg r.

The map δi,j can be lifted to a map δi,j : k〈X〉i+j → k〈X〉i ⊗ k〈X〉j. This lift fits

into a commutative diagram

k〈X〉i+j k〈X〉i ⊗ k〈X〉j

Ai+j Ai ⊗ Aj

δi,j

πi+j πi⊗πj
δi,j

so (πi⊗πj) ◦ δi,j(R) = 0. Now πi is an isomorphism so (IdAi ⊗πj) ◦ δi,j(R) = 0, which

implies δi,j(r) ∈ k〈X〉i ⊗ Rj. Now since i is the maximal degree of any xl, r can be
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written as

r =
i∑

d=1

∑
deg xl=d

xlyl.

By assumption dim(A0) = 1, so by Proposition 2.16 there is an isomorphism of

Frobenius algebras A0
∼= Sλ for some λ. Thus by Lemma 2.17 and Lemma 2.10 there

is an equality

δi,j ◦ µi,j = λ IdAi ⊗ IdAj .

Next, by the Frobenius identity, for d < i there is an equality

δi,j ◦ µd,i+j−d = (µd,i−d ⊗ IdAj) ◦ (IdAd ⊗δi−d,j).

Hence δi,j(r) is given by

δi,j(r) = λ
∑

deg xl=i

xl ⊗ yl +
i−1∑
d=1

∑
deg xl=ds

δi,j ◦ µd,i+j−d(xl ⊗ yl)

= λ
∑

deg xl=i

xl ⊗ yl +
i−1∑
d=0

∑
deg xl=d

(µd,i−d ⊗ IdAj)(IdAd ⊗δi−d,j)(xl ⊗ yl).

Now the set {xl} is linearly independent (otherwise X is not a minimal generating

set). Since δi,j(r) ∈ k〈X〉i ⊗ Rj, it follows that y0 ∈ Rj is a homogeneous element of

R of degree strictly less than r, which contradicts the assumption that r has minimal

degree.

Theorem 2.19. Every GNF*-algebra with dimA0 = 1 is isomorphic to a canonical

simple GNF*-algebra.

Proof. Let A be a GNF*-algebra with dimA0 = 1. Then A is a free algebra with

some generating set X. Let λ = (τ(1A))−1. We modify the elements of X to ensure

that δ(x) = λ ⊗ x + x ⊗ λ for any x ∈ X. Suppose we have already achieved this

goal for all elements of at most some degree k. Pick x ∈ X of degree k + 1. Suppose
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δi,j(x) 6= 0 for some 0 < i < deg x; take i to be the small such (non-zero) value. Then

replace x by x′ = λx− µi,jδi,j(x). Now δi,j(x
′) = 0. Applying δk,l for k < i gives

δk,l(x
′) = δk,i+j−k ◦ µi,j ◦ δi,j(x)

= (Idk⊗µi−k,j) ◦ (δk,i−k ⊗ Idj)δi,j(x)

= (Idk⊗µi−k,j) ◦ (Idk⊗δi−k,j)δk,i+j−k(x)

where the second equality follows from the Frobenius identity in Equation (2.2),

and the third equality follows from the coassociativity of the coproduct. From the

assumption that k < i and that i is the smallest positive integer with δi,j(x) 6= 0, it

follows that δk,i+j−k = 0, and hence δk,l(x
′) = 0 as desired.

Hence x can be adjusted so that δ(x) has one fewer term. This process can be

repeated to eliminate all unwanted terms.

As ∗ satisfies ∗2 = Id, it can be diagonalised ∗ on the linear space spanned by

X. Let I (resp. J) denote a basis of eigenvectors with eigenvalue 1 (resp. −1). By

linearity, δ = λ⊗Id + Id⊗λ on this vector space, and hence this property is preserved

for the basis. Then it is clear that A ∼= AλI,J .
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Chapter 3

Constructing symmetric monoidal

double categories from geofibred

categories

The goal of this chapter is to give full details of the construction of Var as a sym-

metric monoidal 2-category. An explicit definition of the data needed to construct a

symmetric monoidal 2-category was given by Schommer-Pries [42]. Although many of

the conditions are natural conditions that one would expect to hold, a large number

of auxiliary natural transformations must be given, and many conditions shown to

hold.

Instead of constructing this 2-category directly, a symmetric monoidal double cat-

egory is constructed as an intermediate step. A double category [14] D is a form of

2-category where the 1-morphisms are separated into two classes, one for which com-

position is strictly associative (tight or “vertical” morphisms) and one where the com-

position is only weakly so (loose or “horizontal” morphisms). An example of such a

double category (which has strong links to the category Var) is the category CAlgk,

where the objects are algebras over a fixed base field k, the tight morphisms between
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two algebras A and B are morphisms of algebras, the loose morphisms between two

algebras A and B are A-B-bimodules, and the 2-cells are morphisms of bimodules

(Definition 4.19). For any such category, there is an associated 2-category called

its underlying loose 2-category L(D) (see Definition 3.30). If the double category

is monoidal, and the monoidal constraints have loosely strong companions (Defini-

tion 3.32), then the underlying loose 2-category will also be monoidal. Since many

of the conditions required to be a monoidal category involve tight morphisms, which

compose strictly, less information is required to construct a symmetric monoidal dou-

ble category.

The construction of the double category in this chapter does not use the fact that

the objects are schemes explicitly. In fact, the construction is valid for any symmet-

ric monoidal geofibred category. A geofibred category, as introduced by Reich [36],

consists of a pair of categories, known as the category of shapes Sh and the cate-

gory of spaces Sp (where Sp is required to have all finite fibred products), a functor

F : Sh → Sp, and functors as follows (full details of the conditions these data must

satisfy are given in Definition 3.3). For any X ∈ Sp, let ShX ⊂ Sh be the subcate-

gory consisting of all objects E such that F (E ) = X, and all morphisms f such that

F (f) = IdX . We require that for any f ∈ HomSp(A,B), there is a pair of functors

f∗ : ShA → ShB and f ∗ : ShB → ShA such that f ∗ is left adjoint to f∗.

For any choice of suitable geofibred category (see Proposition 3.1 for a complete

list of conditions), we construct a double category. The structure of this category

is inspired by the 2-category Var; in fact, when the construction is applied to the

geofibred category of derived categories of sheaves of quasi-coherent modules, the

resulting underlying loose 2-category is exactly Var. Thus the objects are objects in

Sp, and the tight morphisms are morphisms in Sp. The loose morphisms are objects

of Sh, with composition inspired by the Fourier–Mukai composition of sheaves. Recall

that a sheaf X ∈ D(X × Y ) induces a functor called the Fourier–Mukai transform
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ΦX : D(X)→ D(Y ) by

ΦX (E ) = πXYY ∗ (πXY ∗X (E )⊗X ).

It is possible to define a composition of sheaves � such that ΦF�E = ΦF ◦ ΦE [20].

To generalise this composition to geofibred categories, we need to define a symmetric

monoidal structure on a geofibred category. This is the content of Definition 3.27.

Part of this monoidal structure is a family of functors

�AB : ShA × ShB → ShAB

which generalise the external product of sheaves as defined in Definition 3.25. This

is used to define composition in Proposition 3.1.

Proposition 3.1. Let F : Sh → Sp be a symmetric monoidal geofibred category,

where Sp has a terminal object, and the class of projection morphisms is pull-geolocalizing

(as defined in Definition 3.9). Then there is a double category D(F ) with:

• objects given by objects in Sp;

• tight morphisms given by diagrams of the form

A

U

f , where f ∈ HomSp(A,U);

• loose morphisms given by diagrams A BE , where E ∈ ShA×B; and

• 2-cells given by diagrams

A B

U V

E

f g

F

α

where:

– A,B, U, V ∈ Sp;
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– f ∈ Hom(A,U), g ∈ Hom(B, V );

– E ∈ ShA×B, F ∈ ShU×V ; and

– α ∈ Hom(F , (f × g)∗(E )).

The double category is such that in its loose 2-category, composition of 1- and 2-

morphisms are given by the Fourier–Mukai composition, defined for E ∈ SHAB,F ∈

SHCD by

E �F = πABCAC ◦ i124∗
1234(E � F ) .

Furthermore, D(F ) can be given the structure of a symmetric monoidal double

category, with monoidal product given on objects by

X ⊗ Y = X × Y

and on loose morphisms by

E ⊗F = E � F .

The monoidal product also satisfies that the product of globular 2-cells is given by

A B

A B

E

IdA IdB

P

α ⊗

C D

C D

F

IdC IdD

Q

β =

A× C B ×D

A× C B ×D

E�F

IdA×C IdB×D

P�Q

α�β .

The proof of this proposition is the content of Section 3.5, Section 3.6 and Sec-

tion 3.7.

Furthermore, the monoidal product on the double category D(F ) will induce a

monoidal product on the 2-category L(D(F )); this is the content of Corollary 3.65.

The layout of this chapter is as follows. The definition of a geofibred category is

recalled in Subsection 3.1.1, and the new notion of a monoidal structure on a geofi-

bred category is introduce in Subsection 3.1.4. Notation that will be used throughout
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the rest of the chapter is introduced in Subsection 3.1.3. The definition of objects,

morphisms and cells that are used for Proposition 3.1 are given in Section 3.3. The

definition of loose composition and the natural isomorphisms required for the asso-

ciativity and unital constraints are delayed until after Section 3.4, where a method

of constructing functors valued in this double category is given, as well as natural

transformations between such functors. Section 3.5 gives the definition for the loose

composition functor. Finally, these functors are shown to satisfy the necessary con-

ditions to give a double category.

Section 3.6 gives a construction of a monoidal structure on the double category.

Subsection 3.6.2 and Subsection 3.6.3 give the auxiliary data for this structure, and

Lemma 3.6.4 shows that these satisfy the conditions required of a monoidal double

category structure.

3.1 Geofibred categories

Geometrically fibred or “geofibred” categories, as introduced by Reich [36], provide

an abstract model for the fibred category of sheaves. Their motivation lies in the

desire to show that certain classes of diagrams are automatically commutative, much

in the same way that Mac Lane [27] showed that if an associator satisfies the pentagon

identity, then all possibly compositions of associators between two fixed objects must

in fact give the same morphism. Rather than associators, the diagrams in question

are compositions of natural transformations between functors between categories of

geometric objects, typically sheaves over a scheme.

As a concrete motivational example, consider the categories of sheaves and schemes.

Let X be a scheme, and let f : X → Y be a functor. Let SHX be the category of

sheaves of modules over X. Recall f induces a direct image functor

f∗ : SHX → SHY
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defined by

f∗(E )(V ) = E (f−1(V ))

for any sheaf E ∈ SHX and any open set V ⊂ Y . Similarly, the inverse image functor

f ∗ : SHY → SHX is defined by first constructing the presheaf

f ∗pre(F )(U) = lim
V⊃U

(F (V )⊗OY (V ) OX(U))

for any sheaf F ∈ SHY and any open set U ⊂ X. The inverse image f ∗(F ) is then

the sheafification of this presheaf.

It is clear from this construction that there are certain natural isomorphisms

between functors constructed from composing these direct image and inverse image

functors. For example, the direct image functor IdX∗ : SHX → SHX is in fact the

identity functor IdSHX
, while the inverse image functor Id∗X is naturally isomorphic

to the identity functor IdY . Similarly, there are natural isomorphism

comp∗ : g∗ ◦ f∗ → (g ◦ f)∗ and comp∗ : f ∗ ◦ g∗ → (g ◦ f)∗

for any composable pair of morphisms f : X → Y and g : Y → Z. One can show that

these composition operations are associative, in the sense that there is a commutative

diagram

f∗ ◦ g∗ ◦ h∗ f∗ ◦ (g ◦ h)∗

(f ◦ g)∗ ◦ h∗ (f ◦ g ◦ h)∗

Since these operations are strictly associative, any sequence of compositions of

comp between two objects will give the same morphism. Geofibred categories show

that a larger class of diagrams are automatically commutative; see Theorem 3.17 for

more details.
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3.1.1 Basic definitions

This section recalls from Reich [36] the definitions needed for the rest of this chapter.

To introduce the definition of a geofibred category, first recall from Definition 1.11

the notion of a lax 2-functor.

Definition 3.2. Let F : C → D be a functor. Then for any d ∈ D, there is a subcate-

gory Cd consisting of objects c ∈ C such that F (c) = D, and morphisms f such that

F (f) = Idd. This is called the fibre category over d.

Definition 3.3. A geofibred category consists of a pair of categories (Sh,Sp), known

as the categories of shapes and spaces respectively, and a functor F : Sh→ Sp, such

that:

• the category Sp has all finite fibred products;

• for every morphism f ∈ HomSp(A,B), there are functors

f∗ : ShA � ShB : f ∗

between the fibre categories over A and B respectively, which form an adjoint

pair f ∗ a f∗;

• the assignment A 7→ ShA, f 7→ f ∗ gives a lax 2-functor Sp → Cat, where Sp

is viewed as a 2-category with only identity 2-morphisms;

• the assignment A 7→ ShA, f 7→ f∗ gives a lax 2-functor Sp→ Catop; and

• the functor data satisfy the compatibility conditions Equation (3.3) and Equa-

tion (3.4).

Definition 3.4. Let f : X → Y be a morphism of spaces. The functors f∗ and f ∗ are

called basic standard geometric functors.
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A standard geometric functor is any composition of basic standard geometric

functors.

Standard geometric natural transformations

Definition 3.5. Between pairs of SGFs there are canonical natural transformations of

the following three types that are called the basic standard geometric natural trans-

formations :

unit(f) : Id⇒ f∗f
∗

counit(f) : f ∗f∗ ⇒ Id

Adjunctions, (3.1)a

comp∗(f, g) : f ∗g∗ ⇒ (gf)∗

comp∗(f, g) : g∗f∗ ⇒ (gf)∗

Compositions, and (3.1)b

triv∗(f) : Id∗ ⇒ Id

triv∗(f) : Id∗ ⇒ Id

Trivializations . (3.1)c

For the latter two types, −1 will denote their inverses.

The natural transformation comp∗ (resp. comp∗) is specified by the data showing

that f 7→ f∗ (resp. f 7→ f∗) is a lax 2-functor: in the notation of Definition 1.11, it is

the natural transformation γ. Similarly, the transformation triv∗ (resp. triv∗) is the

natural transformation ι. The unit natural transformations is specified by the data

showing that f∗ and f ∗ are adjoint.

It will be useful to talk about natural transformations that are formed from the

above by whiskering with standard geometric functors. The next definition gives

definitions of classes of transformations constructed in this manner.

Definition 3.6. In this definition, F and G represent any SGFs; f and g represent
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any maps of spaces. Define:

unit = {F ∗ unit(f) ∗G} counit = {F ∗ counit(f) ∗G}

comp0 = {F ∗ comp∗(f, g) ∗G} ∪ {F ∗ comp∗(f, g) ∗G} comp = comp0 ∪ comp−1
0

triv0 = {F ∗ triv∗ ∗G} ∪ {F ∗ triv∗ ∗ , G} triv = triv0 ∪ triv−1
0

Definition 3.7. A standard geometric natural transformation (SGNT) is an element of

the class (in which the notation 〈S〉 denotes the class generated by S via composition)

SGNT = 〈unit∪ counit∪ comp∪ triv〉. (3.2)

For any SGNT φ : F → G between two SGFs, write F = dom(φ) and G = cod(φ).

Using these definitions, it is possible to state the compatibility conditions required

for a geofibred category.

The first condition is that the adjunctions and compositions are compatible in the

following sense. For any f , the functors f ∗ and f∗ are adjoint, giving an isomorphism

Hom(E , f∗(F ))→ Hom(f ∗(E ),F ). The following diagram of morphisms is required

to commute:

Hom((fg)∗(E ),F ) Hom(g∗ ◦ f ∗(E ),F )

Hom(f ∗(E ), g∗(F ))

Hom(E , (fg)∗(F )) Hom(E , f∗ ◦ g∗(F ))

Hom(comp∗(f,g)E ,F )

adjunction

adjunction

adjunction

Hom(E ,comp∗(f,g)F )

(3.3)

The second condition is that trivialisations are compatible with adjunctions in a

56



similar manner:
Hom(Id∗(E ),F )

Hom(E ,F )

Hom(E , Id∗(F ))

adjunction

Hom(triv∗E ,F )

Hom(E ,triv∗,F )

(3.4)

Base change diagrams

Consider a commutative diagram in the category of spaces:

A B

U V

f ′

g′ g

f

. (3.5)

Since this is a commutative diagram, there is an equality of morphisms f ◦g′ = g ◦f ′.

Hence there is a natural isomorphism

η : f∗ ◦ g′∗
comp−−−→ (f ◦ g′)∗ = (g ◦ f ′)∗

comp−1

−−−−→ g∗ ◦ f ′∗ .

This natural transformation can be composed with the unit and counit SGNFs, giving

another natural transformation

c.d.(f, g; f ′, g′) : g∗ ◦f∗
g∗◦f∗◦counit(g′)−−−−−−−−−→ g∗ ◦f∗ ◦g′∗ ◦g′∗

η−→ g∗ ◦g∗ ◦f ′∗
unit(g)◦f ′∗◦g′∗−−−−−−−−→ f ′∗ ◦g′∗ .

Definition 3.8. Let f : U → V and g : B → V be morphisms of spaces. Let

A B

U V

f ′

g′ g

f
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be a Cartesian diagram. Then define the base-change natural transformation

b.c.(f, g) = c.d.(f, g; f ′, g′) .

Furthermore, let b.c. = 〈F b.c. G〉 be the class of natural transformations generated

by base-changes.

Definition 3.9. A class P of morphisms in Sp is pull-geolocalizing if it contains every

isomorphism and is closed under composition, and for each g : B → V in P and

f ∈ HomSp(U, V ), the base-change transformation b.c.(f, g) is an isomorphism and

g′ : B ×V U → U is in P .

A class Q of morphisms in Sp is push-geolocalizing if it satisfies the same condition

with the roles of f and g exchanged: explicitly, if it contains all isomorphisms and

is closed under composition, and for f : U → V in Q and g ∈ HomSp(B, V ), the

base-change transformation b.c.(f, g) is an isomorphism and f ′ : B ×V U → B is in

Q.

Diagrams

As in [36], standard geometric functors will often be represented by directed graphs

which are topologically linear.

Definition 3.10. Let Γ be a diagram in Sp which is topologically linear. After choosing

one of the leaves of the diagram as the source, this determines the functor associated

to Γ by taking direct image functors (when travelling in the direction of the edge) and

inverse image functors (when travelling against the direction of the edge). Conversely,

given a SGF F , a graph Γ represents F if F is the functor associated to Γ.

For example, the functor associated to the diagram

X Y Zg

f
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is f∗ ◦ g∗ (when read left-to-right).

These diagrams can be stacked vertically, with labelled arrows between each layer,

to represent natural transformations and compositions thereof. For example, the

base-change morphism corresponding to the pullback diagram

U X

Y Z

f ′

g′ g

f

can be depicted as

Y Z X

Y U X

f

b.c.

g

g′

f ′

Recall that for any geofibred category F : Sh→ Sp, the category Sp has all finite

fibred products. If Sp has a terminal object T , let X × Y = X ×T Y denote the

product over this terminal object.

Alternating functors and roofs

Let F be a standard geometric functor; recall this means that it is a composition of

direct image and inverse image functors. If F has at any point in its construction the

composition of two direct image functors consecutively, then F is naturally isomorphic

to a functor consisting of the composition of fewer functors, using the composition

natural transformations comp∗. Similarly, the composition of two inverse image func-

tors can be simplified. This gives a canonical form for F , known as an alternating

functor.

Definition 3.11. A standard geometric functor is alternating if it is of the form f∗ ◦

g∗ ◦ h∗... or g∗ ◦ h∗, where no morphism is the identity map. An alternating reduction

of a standard geometric functor F is the alternating standard geometric functor F ′

admitting a SGNT in 〈comp∪ triv0〉 from F to F ′.
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The alternating reduction of a functor is in fact unique [36, Proposition 4.11].

Although alternating functors are canonical, it is not immediately apparent when

two such functors are naturally isomorphic. A further reduction to a simpler form

can be defined as follows.

Definition 3.12. For a SGF F : ShX → ShY , its source S(F ) is the space X, and its

target T (F ) is the space Y .

Definition 3.13. Let F be a SGF, and consider a diagram in Sp which represents

F (as defined in Definition 3.10). Define the roof of F , denoted roof(F ), to be the

final object in the category of spaces with maps to this diagram (this exists and is

unique by the universal property of the fibre product). This also gives two morphisms

aF : roof(F ) → T (F ) and bF : roof(F ) → S(F ). The functor aF∗ ◦ b∗F will also be

referred to as roof(F ).

The terminology “roof” is used as the space roof(F ), along with the morphisms

aF and bF , form a diagram in the shape of a sloped roof:

roof(F )

A1 A2 · · · An−1 An
b′F

aF

Definition 3.14. A functor F is weakly admissible if the pair morphism (aF , bF ) defined

in Definition 3.13 is a universal monomorphism; that is, for any Cartesian diagram

roof(F )×S(F )×T (F ) C C

roof(F ) S(F )× T (F )

g

f

(bF ,aF )

the morphism g is a monomorphism.

Using base-change morphisms, it is possible to construct a natural transformation

between any standard geometric functor and its roof [36, Proposition 1.13].
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Definition 3.15. An alternating functor F is said to be good if either every functor f ∗

in F is pull-geolocalizing, or every functor of the form f∗ is push-geolocalizing. An

SGF F is said to be good if it has a good alternating reduction.

Proposition 3.16. [36, Corollary 1.14] If F is a good SGF, then the SGF roof(F )

is good, and the SGNT roof(F ) : F → roof(F ) is a natural isomorphism.

3.1.2 Coherence results

A key result regarding standard geometric natural transformations is the following

theorem. The result here is stated for a smaller class of natural transformations than

the original statement, as this is sufficient for the proofs in the remainder of this

thesis.

Theorem 3.17. [36, Theorem 2.4] Let φ : F → G be a natural transformation of

standard geometric functors.

Write S(F ) = S(G) = X and T (F ) = T (G) = Y ; denote Z = X × Y and let

b : roof(F )×Z roof(G) be the projection map, where roof(F )→ Z and roof(G)→ Z

are the pair maps (bF , aF ) and (bG, aG). Suppose that the unit map aG∗ unit(b)b∗G is

an isomorphism.

Suppose further that the map roof(G) : G → roof(G) is an isomorphism. If φ ∈

〈SGNT ∪ bc−1 ∪ Unit−1〉, then it is the unique map in that class.

The conditions in Theorem 3.17 can be verified more easily using the following

result.

Lemma 3.18. [36, Lemma 2.5] The map roof(G) is an isomorphism if G is good.

The condition that aG∗ unit(b)b∗G is an isomorphism holds if F is weakly admissible

and (bG, aG) factors through (bF , aF ).
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3.1.3 Notation

In the remainder of this chapter, the following conventions regarding notation are

used:

1. Capital Roman letters A,B, . . . are used to denote objects in Sp; the exceptions

are F,G, S and T which are reserved for functors;

2. Minuscule Roman letters starting from f are used to denote morphisms in Sp;

3. Script letters E ,F , . . . are used to denote objects in Sh;

4. Minuscule Greek letters α, β, . . . are used to denote morphisms in Sh;

5. The minuscule Greek letters η and ξ are used to denote natural transformations;

and

6. Fraktur letters a, l, r etc. are used to denote the structural natural isomorphisms

used to define a double category.

Furthermore, the fibre product of spaces will be denoted by concatenation; that

is, XY will be used for the product X × Y .

Product of SGFs

Definition 3.19. Let f : A → B and G : C → D be morphisms of spaces. Define the

product f∗ × g∗ : ShAC → ShBD to be the functor (f × g)∗. Define the product of

inverse image functors likewise.

Families of morphisms

Definition 3.20. Let {Xi : i ∈ I} be a finite collection of spaces. Define XI to be the

fibre product of all the objects in this collection.
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Definition 3.21. Let {Xi : i ∈ I} be a finite collection of spaces. Let J ⊂ I. Define a

morphism πIJ : XI → XJ to be projection on to the factors in the set J .

Definition 3.22. Let {Xi : i ∈ I} be a finite collection of spaces. Let ∼ be an equiva-

lence relation on the set I such that if i ∼ j, then Xi = Xj. Pick a set of representa-

tives of equivalence classes J ⊂ I. Define a morphism iJ∼ : XJ → XI to be such that

for any i ∈ I, there is an equality

πI{i} ◦ iJ∼ = πJji

where ji is the unique element of J such that ji ∼ i.

For P a partition of I, define iIP = iI∼P , where ∼P is the equivalence relation

i ∼P i′ if and only if i and i′ lie in the same part of P .

As an example, if X1 = X2 = X, then the morphism i112 : X1 → X × X is the

diagonal morphism.

Definition 3.23. Let {Xi : i ∈ I} be a finite collection of spaces, where I is considered

to be an ordered set. Let J be a re-ordering of the set I; that is, J has the same

elements as I but potentially in a different order. Define a morphism

jIJ : XI → XJ

to be the isomorphism such that

πJj ◦ jIJ = πIi .

Thus for example if X1 = X,X2 = Y then j12
21 : X×Y → Y ×X is the map which

exchanges the two factors.

A morphism between two spaces, where the domain is a product of distinct spaces,

and the codomain is a product of (some subset of) those spaces, possibly with repe-
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tition, may be denoted with an unlabelled arrow, and will stand for the composition

of the implied permutation and inclusion morphisms; for example (recalling that XY

is used to denote the product space X × Y ),

XY

Y X

is the isomorphism which gives the braiding structure on the product of spaces, and

XY Z

XZ

is the projection map.

Lemma 3.24. Let {Xi : i ∈ I} be a finite collection of spaces. Let ∼1 and ∼2 be two

equivalence relations on I, with equivalence class representatives J1 and J2. Let ∼

be the equivalence relation generated by the transitive closure of the relation i ∼ j if

i ∼1 j or i ∼2 j. Let J be a set of representatives of equivalence classes of ∼. Define

an equivalence relation ∼′i on Ji by j1 ∼′i j2 if and only if j1 ∼ j2. Then there is a

Cartesian diagram

XJ XJ1

XJ2 XI

iJ∼′2

iJ∼′1 i
J1∼1

i
J2∼2

(3.6)

Proof. For i ∈ I, there is an equality

πIi ◦ iJ2
∼2
◦ iJ∼′2 = πJ2

j2,i
◦ iJ∼′2 (3.7)

= πJj

64



where j2,i is the unique element of J2 such that j2,i ∼2 i, and j is the unique element

of J such that j ∼ i. The other direction in the diagram gives the same result, so the

diagram commutes.

Now suppose

Y XJ1

XJ2 XI

f

g i
J1∼1

i
J2∼2

is another commutative diagram. To show that Equation (3.6) is a Cartesian square,

it is necessary to show that there is a unique morphism h : Y → XJ such that the

diagram

Y

XJ XJ1

XJ2 XI

h

f

g

iJ∼′2

iJ∼′1 i
J1∼1

i
J2∼2

commutes. By Equation (3.7), the map h must satisfy

πJj ◦ h = πIi ◦ iJ2
∼2
◦ iJ∼′2 ◦ h

= πIi ◦ iJ2
∼2
◦ g

where i is any element of I such that j ∼ i. Thus h (if it exists) is uniquely determined.

Now if j1 ∼2 j2, then πIj2 ◦ i
J2
∼2
◦ g = πIj1 ◦ i

J2
∼2
◦ g by definition of iJ2

∼2
. Similarly, if

j1 ∼2 j2, then πIj2 ◦ i
J1
∼1
◦ f = πIj1 ◦ i

J1
∼1
◦ f . Hence h is independent of the choice of i

in its definition, so is well-defined.

Implicit permutation functors

When verifying the conditions for a monoidal double category, there will be many

commutative diagrams to check. For brevity, it will sometimes be necessary to not
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include direct images by the permutation morphisms introduced in Definition 3.23.

For example, consider the braiding morphism (which will be defined in Definition 3.27,

along with the external product functor � : ShA × ShB → ShAB) σE ,F : E � F →

jBAAB∗(F � E ). This may be denoted as a morphism E � F → F � E , with the

direct image jBAAB∗ left implicit. Since all permutation morphisms are invertible, and

pushing forward by the identity permutation is naturally isomorphic to the identity,

the choice of where to insert the direct image functor has no effect on whether a given

diagram commutes. Objects which are isomorphic by the isomorphisms of comp∗ and

triv∗ may also be identified implicitly. For example, the symmetry constraint could

be explicitly written as

E � F jBAAB∗(F � E )

jBAAB∗ ◦ jABBA∗(E � F )

σE ,F

jBAAB∗(σF,E )triv∗ ◦ comp∗

or, using this implicit direct image notation, as

E � F F � E

E � F

σE ,F

σF,E

Similarly, for these diagrams, sub- and superscripts may be dropped for concise-

ness.

3.1.4 Monoidal structure

This sections introduces a notion for a monoidal structure on a geofibred category,

inspired by the external product of sheaves.

Definition 3.25. Let E ∈ SHA and F ∈ SHB be sheaves. Then the external product
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of E and F , denoted E � F , is defined by

E � F = πAB∗A (E )⊗ πAB∗B (F ) ∈ SHA×B.

The external product of sheaves is used as the basis for the monoidal structure,

rather than the usual tensor product of sheaves, as it is a more natural setting to use

the results of Theorem 3.17. As noted in [36], the tensor product can be recovered

from the external tensor product by

E ⊗F = i1∗12(E � F ) .

The braiding on the tensor product then follows from applying the functor jBA∗AB , and

the associator from the equality

i113 ◦ i
1,3
12,3 = i112 ◦ i

1,2
1,23 .

Definition 3.26. Let F : Sh → Sp be a geofibred category. A monoidal structure on

F consists of a family of functors

�AB : ShA × ShB → ShA×B

along with families of natural isomorphisms:

• the associators

α�
A,B,C : �A,BC ◦(IdShA ×�B,C)→ �AB,C ◦ (�A,B × IdShC ) ;

• the unitors

ρ� : E �OU → πAU∗A (E ) and λ : OV � E → πV A∗A (E ) ;

67



and

• the distributors

ξ∗ : f∗ �U,V g∗ → (f × g)∗ ◦�A,B (3.8)

and

ξ∗ : f ∗ �A,B g
∗ → (f × g)∗ ◦�U,V . (3.9)

These isomorphisms must be compatible, in that the following are commutative dia-

grams:

• The pentagon identity

E � (F � (G � H )) (E � F ) � (G � H ) ((E � F ) � G ) � H )

E � ((F � G ) � H ) (E � (F � G )) � H

(3.10)

• Distributivity commutes with functor compositions:

f∗ ◦ g∗(E ) � h∗ ◦ k∗(F ) (f ◦ g)∗(E ) � (h ◦ k)∗(F )

(f × h)∗(g∗(E ) � k∗(F ))

(f × h)∗(g × k)∗(E � F ) ((f × h) ◦ (g × k))∗(E � F )

ξ∗

comp∗�comp∗

ξ∗

ξ∗

comp∗

(3.11)

and likewise for ξ∗.

68



• Distributivity commutes with associators

(f∗(E ) � g∗(F )) � h∗(G ) f∗(E ) � (g∗(F ) � h∗(G ))

(f × g)∗(E � F ) � h∗(G ) f∗(E ) � (g × h)∗(F � G )

(f × g × h)∗((E � F ) � G ) (f × g × h)∗(E � (F � G ))

ξ∗

α�

ξ∗

ξ∗ ξ∗

α�

(3.12)

• Distributivity commutes with base-change morphisms

f ∗ ◦ g∗(E ) � h∗ ◦ k∗(F ) g′∗ ◦ f ′∗(E ) � k′∗h
′∗(F )

(f × h)∗ ◦ (g × k)∗(E � F ) (g′ ◦ k′)∗ ◦ (f ′ × h′)∗(E � F )

b.c.(f,g)�b.c.(h,k)

ξ∗◦ξ∗ ξ∗◦ξ∗

b.c.(f×h,g×k)

(3.13)

• Distributivity preserves trivialisations

E � F IdAB∗(E � F )

IdA∗(E ) � IdB∗(F )

triv∗

triv∗�triv∗

ξ∗ (3.14)

• Distributivity is compatible with unitors

f∗(E ) �OB πAB∗A ◦ f∗(E )

(f × IdB)∗(E �OB) (f × IdB)∗ ◦ πAB∗A (E )

ξ∗

ρf∗(E )

b.c.

(f×IdB)∗(ρE )

(3.15)

• Unitors commute with the unit and counit natural transformations,

(f × g)∗(OA×B) OU×V

(f × g)∗(OA �OB) f∗(OA) � f∗(OB) OU �OV

unit

ρ�

ξ∗ unit� unit

ρ�

(3.16)
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and likewise for counits.

• Left- and right-unitors are compatible with each other

E �OB � F πAB∗A (E ) � F

E � πBC∗C (F ) πABC∗AC (E � F )

ρ�E

λF ξ∗

ξ∗

(3.17)

Definition 3.27. A braided monoidal geofibred category is a monoidal geofibred cate-

gory, along with natural isomorphisms

σA,B : E �A,B F → jB,AA,B∗(F �A,B E ) ,

where jA,BB,A : A×B → B×A is the braiding morphism induced from the fibre product

on Sp. These isomorphisms must satisfy the usual identities, modified to account

for the direct image functor in the definition; that is, the following diagrams must

commute:

E � F � G j∗(F � G � E )

j∗(F � E ) � G

j∗(F � E � G ) j∗(F � j∗(G � E )) j∗ ◦ j∗(F � G � E )

σA,B�C

σA,BC

ξ∗

B�σA,C ξ∗

comp∗ (3.18)

and

E � F � G j∗(G � E � F )

E � j∗(G � F )

j∗(E � G � F ) j∗(j∗(G � E ) � F )) j∗ ◦ j∗(G � E � F )

A�σB,C

σAB,C

ξ∗

σA,C�B ξ∗

comp∗ . (3.19)
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They must also be compatible with distributivity, units, and natural transformations,

in that the following diagrams commute:

f∗(E ) � g∗(F ) jABBA∗(g∗(F ) � f∗(E ))

(f × g)∗(E � F ) jABBA∗(f × g)∗ ◦ jABBA∗(F � E )

σf∗(E ),g∗(F)

ξ∗ comp∗ ◦ξ∗
(f×g)∗(σE ,F )

, (3.20)

j∗ ◦ πABCD∗AB (E � F ) j∗(E � F �OCD) j∗(E � F �OC �OD)

πAC∗A (E ) � πBC∗B (F ) E �OC � F �OD

ρ� ρ�

b.c.◦ξ∗

ρ��ρ�

sOC,F
,

(3.21)

and
OBA sA,B∗(OAB)

OB �OA sA,B∗(OA �OB)

unit

ρ�

sOB,OA

ρ� . (3.22)

Definition 3.28. A braided monoidal structure is called symmetric if σ2
AB = Id.

3.1.5 Examples of geofibred categories

Sets

A straightforward example of a braided monoidal geofibred category consists of sets

and subsets. Let Sp be Setop, the category of sets and functions, and let Sh be

the category with objects given by pairs of sets (A,X) with A ⊂ X. The Hom-set

HomSh((A,X), (B, Y )) has a single element, written A ≤ B, if X = Y and B ⊂ A;
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it is empty otherwise. Define a functor

FSet : Sh→ Sp,

(A,X) 7→ X,

f : (A,X)→ (B,X) 7→ IdX .

Given a morphism f ∈ HomSp(X, Y ) = HomSet(Y,X), the direct image functor f∗ is

given by

f∗(A,X) = (f−1(A), Y )

and the inverse image functor f ∗ is given by

f ∗(B, Y ) = (f(B), X).

To show these are adjoint, note that

f∗ ◦ f ∗(B, Y ) = (f−1(f(B)), Y ).

Then B ⊂ f−1(f(B)) so B ≤ f−1(f(B)) ∈ HomSh((B, Y ), (f−1(f(B), Y )). Thus

there is a natural transformation η : IdShY → f∗ ◦ f ∗ with these morphisms as com-

ponents. Similarly,

f ∗ ◦ f∗(A,X) = (f(f−1(A)), X)

and f(f−1(A)) ⊂ A so f(f−1(A)) ≤ A ∈ HomSh((f(f−1(A)), X), (A,X)). Thus there

is a natural transformation ε : f ∗ ◦ f∗ → IdShX with these morphisms as components.

These natural transformations satisfy the conditions to be a unit and counit of the

adjunction f ∗ a f∗.

Note that for A,B ⊂ X, A ≤ B ∈ HomSh((A,X), (B,X)) is invertible if and only

if A = B. Thus f∗ and f ∗ form an adjoint equivalence if and only if f−1(f(A)) = A
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for all A; in other words, if f is a bijection.

Since composition is strictly associative, the natural transformations comp∗,f,g

and comp∗f,g are all identities. Similarly, the trivialisations are also identity maps.

Consequently, the compatibility conditions are satisfied trivially.

Limits in Setop are colimits in Set, so the terminal object of Setop is the empty

set, and products are given by disjoint union. The braiding is given by the function

σX,Y : X t Y → Y tX which exchanges factors. Then define

(A,X) � (B, Y ) = (A tB,X t Y ).

Note that jY XXY ∗(BtA, Y tX) = (AtB,XtY ) and so we take the braiding morphisms

(AtB,XtY )→ jY XXY ∗(BtA, Y t) to be the unique morphism between these objects.

Bimodules

Let Sp = CRingop be the category of commutative rings. Let ShR = R-mod be the

category of R-modules. For a ring morphism f ∈ HomSp(S,R) = HomCRing(R, S),

define functors

f ∗ : ShR → ShS

M 7→ S ⊗RM

and

f∗ : ShS → ShR

M 7→MR.
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Then for any M ∈ ShR, there are morphisms

M → (S ⊗RM)R

m 7→ (1⊗m)

and

S ⊗RMR → N

(s, n) 7→ s · n.

These give natural transformations which form a unit and counit for the adjunction

f ∗ a f∗.

Given f ∈ HomSh(R, S) and g ∈ HomSh(S, T ), there is an equality of functors

g∗ ◦ f∗ = (g ◦ f)∗; similarly, IdR∗ = IdShR , so comp∗ and triv∗ can be taken as the

identity natural transformations. The natural isomorphism comp∗(f, g) : f ∗ ◦ g∗ ∼=

(g ◦ f)∗ has components given by R-module isomorphism

R⊗S (S ⊗T M)→ R⊗T M,

r ⊗ s⊗m 7→ rf(s)⊗m.

The natural transformation triv∗ has components given by the isomorphisms R ⊗R

M ∼= M .

The terminal object of Ringop is Z, with the product given by tensor products.

The external product functor � can be defined as

�R,S : ShR × ShS → ShR⊗S

(M,N) 7→M ⊗Z N
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with the obvious choice of braiding.

Geometric categories

Some geometric examples of geofibred categories are given in [36, Section 2]. These

include the main example for the remainder of this work: the category Sp being

the category of schemes, and the category Sh having objects as pairs (X,E ), where

X ∈ Sp and E ∈ D(X), and with no morphisms between (X,E ) and (Y,F ) unless

X = Y , in which case the morphisms are exactly HomD(X)(E ,F ). This is considered

in more details in Definition 3.66.

3.2 Double categories

This section recalls the definition of a double category. It also recalls a necessary con-

dition to be satisfied for a monoidal structure on a double category to give a monoidal

structure on its loose 2-category (as defined in Definition 3.30). For the definition of

a monoidal structure on a double category, see Wester Hansen and Shulman [17, Def-

inition 2.10], who provide an explicit list of conditions necessary to define a monoidal

structure. This chapter follows the notation of this paper.

Definition 3.29. A double category consists of a category of objects D0 and a category

of arrows D1, along with structure functors

U : D0 → D1,

S, T : D1 → D0, and

� : D1 ×D0 D1 → D1
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such that

S(UA) = A, S(M �N) = S(N),

T (UB) = B, T (M �N) = T (M) ,

and equipped with natural isomorphisms

a : (M �N)� P →M � (N � P ),

l : UB �M →M, and

r : M � UA →M,

such that S(a), T (a), S(l), T (l), S(r), and T (r) are all identities, and such that the

pentagon diagram

M � (N � (P �Q)) (M �N)� (P �Q) ((M �N)� P )�Q

M � ((N � P )�Q) (M � (N � P ))�Q

and triangle diagram

N � (UB �M) (N � UB)�M

A�B

αN,UB,M

N�lB
r�M

commute.

The objects of D0 will be referred to as objects, the morphisms of D0 as tight

morphisms, the objects of D1 as loose morphisms, and the morphisms of D1 as 2-

cells.

Definition 3.30. Let D be a double category, with categories of arrows D1 and category

of objects D0. Then there is a 2-category L(D), called the loose 2-category, with
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objects given by Obj(D0), with 1-morphisms given by loose morphisms in D, and

2-cells given by 2-cells of D where the tight morphisms are both identities.

Definition 3.31. Let D be a double category and f : A → B be a tight 1-morphism.

A companion of f is a loose morphism f̂ : A → B together with 2-morphisms εf̂ ∈

HomD1(f̂ , UB) and ηf̂ ∈ Hom(UA, f̂) such that S(εf̂ ) = T (ηf̂ ) = f , T (εf̂ ) = IdB,

S(ηf̂ ) = IdA, and

εf̂ ◦ ηf̂ = Uf

and

εf̂ � η = Idf̂ .

Definition 3.32. A transformation [17, Definition 2.8] α between functors F,G : D→

E between double categories has loosely strong companions if each component αA has

a loose companion, and for any loose 1-cell A BE ∈ D1, the 2-cell

FA FA FB GB

FA GA GB GB

UFA FE

αA

α̂B

αB

α̂A GE UGB

αE
εα̂B

is invertible.

3.3 Objects, tight and loose morphisms and 2-cells

This section defines the categories of objects and arrows for a double category con-

structed from a geofibred category. In the remainder of the chapter, the geofibred

category F is considered fixed, and so the dependence on this choice will not be made

explicit in the notation.

Definition 3.33. Let F : Sh → Sp be a geofibred category. Define the category

of objects D0 associated to F to be the category Sp, with morphisms denoted by
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vertical diagrams

A

B

f .

Define the category of arrows associated to F to have as objects diagrams of the

form

A BE ,

where A,B ∈ D0 and E ∈ SpA×B. The Hom-set HomD1( A BE , U VF ) is

given by all diagrams of the form

A B

U V

E

f g

F

α

where f ∈ HomSp(A,U), g ∈ HomSp(B, V ), and α : F → (f × g)∗(E ).

Recall that morphisms in D0 are considered as tight morphisms in the double

category, while objects of D1 are considered as loose morphisms. The morphisms

of D1 form the 2-cells; this gives justification to the format of the diagrams in this

definition. Note that Wester Hansen and Shulman [17] denote 2-cells with downward

pointing arrows. Here, the arrows are drawn pointing upwards in keeping with the

fact that the morphism α has as its domain the object labelling the bottom horizontal

arrow, and its codomain is the object labelling the top horizontal arrow. The 2-cell

itself is still considered a morphism from the top line to the bottom line.

Composition within the category D1 corresponds to the tight composition of 2-

cells; diagramatically, this is depicted by stacking 2-cells vertically. The composition
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is defined by:

A B

U V

X Y

E

f g

F

f ′ g′

G

α

β

=

A B

X Y

E

f ′◦f g′◦g

G

comp∗ ◦(f ′×g′)∗(α)◦β
.

Lemma 3.34. Composition in D1 is associative.

Proof. Consider a composable triple of morphisms

A B

U V

E

f g

F

α ,

U V

X Y

F

f ′ g′

G

β , and

X Y

R S

G

f ′′ g′′

H

γ

in D1. Let h = f × g, h′ = f ′ × g′, h′′ = f ′′ × g′′. One order of composition for this

triple gives

X Y

R S

G

f ′′ g′′

H

γ ◦

A B

U V

X Y

E

f g

F

f ′ g′

G

α

β

=

A B

R S

E

f ′′◦(f ′◦f) g′′◦(g′◦g)

H

φ1 (3.23)
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where φ1 is given by

φ1 = comp∗(h
′′, h′ ◦ h) ◦ h′′∗ (comp∗(h

′, h) ◦ h′∗(α) ◦ β)) ◦ γ

= comp∗(h
′′, h′ ◦ h) ◦ h′′∗(comp∗(h

′, h)) ◦ h′′∗(h′∗(α)) ◦ h′′∗(β) ◦ γ.

The other order of composition gives

U V

X Y

R S

F

f ′ g′

G

f ′′ g′′

H

β

γ

◦
A B

U V

E

f g

F

α =

A B

R S

E

(f ′′◦f ′)◦f (g′′◦g′)◦g

H

φ2 (3.24)

where

φ2 = comp∗(h
′′ ◦ h′, h) ◦ (h′′ ◦ h′)∗(α) ◦ comp∗(h

′′, h′) ◦ h′′∗(β) ◦ γ.

Since composition of morphisms in Sp is strictly associative, (f ′′ ◦ f ′) ◦ f = f ′′ ◦

(f ′◦f) (and likewise for g) so the cells in Equation (3.23) and Equation (3.24) are the

same if and only if φ1 = φ2. Now since comp∗(h
′′, h′) : h′′∗ ◦h′∗ → (h′′ ◦h′)∗ is a natural

transformation, there is an equality of morphisms (h′′ ◦ h′)∗(α) ◦ comp∗(h
′′, h′) =

comp∗(h
′′, h′) ◦ h′′∗(h′∗(α)). Thus φ2 becomes

φ2 = comp∗(h
′′ ◦ h′, h) ◦ comp∗(h

′′, h′) ◦ h′′∗(h′∗(α)) ◦ h′′∗(β) ◦ γ.
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Comparing this to φ1, we see that φ1 = φ2 if

comp∗(h
′′, h′◦h)◦(h′′∗ ∗comp∗(h

′, h)) = comp∗(h
′′◦h′, h)◦(comp∗(h

′′, h′)∗h∗), (3.25)

where the expressions have been written using whiskering to emphasise that the

domain of natural transformation is h′′∗ ◦ h′∗ ◦ h∗. Recall from Definition 3.5 that

comp∗ is part of the coherence data for the lax 2-functor f 7→ f∗. Consequently, it

obeys the coherence law expressing that comp∗ is associative, which is exactly the

condition in Equation (3.25).

The unit morphism for the object A BE is the 2-cell

A B

A B

E

IdA IdB

E

IdE .

Definition 3.35. Define a pair of functors

S, T : D1 → D0

by taking the left (resp. right) side of the diagrams in Definition 3.33; that is,

S


A B

C D

E

f g

F

α

 =

A

C

f

and

T


A B

C D

E

f g

F

α

 =

B

D

g .
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Lemma 3.36. The fibre of (S, T ) : D1 → D0 × D0 over (A,B), denoted (D1)A,B, is

isomorphic to the category Shop
A×B.

Proof. Define a functor

F : Shop
A×B → (D1)A,B,

E 7→ A BE ,

α ∈ HomShop
AB

(E ,F ) 7→
A B

A B

E

IdA IdB

F

α .

Note that α is in the opposite category Shop
AB, and so is a morphism α ∈ HomShAB(F ,E ).

The functor F is a bijection on objects and Hom-sets, so defines an isomorphism

of the categories.

3.4 Constructing functors and natural transforma-

tions

To define the double category structure, it is necessary to define functors valued in

D1. These are often constructed on object by compositions of direct image and inverse

image functors and the external product functor. However, the morphisms of D1 will

often need a “correction” term added to account for the fact that morphisms have

codomain given by the direct image of an object.

For example, consider defining a functor F : D1 → D1 which on objects is given

by taking the external product with a fixed shape X ∈ ShXY ; that is, such that

F
(
A BE

)
= AX BYE�X
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It still remains to define F on morphisms. Let

φ =

A B

U V

E

f g

F

α

be a morphism in D1. Then α ∈ Hom(F , (f × g)∗(E )). The natural starting point

for the construction F (φ) is the morphism

α� X : F � X → (f × g)∗(E ) � X .

However, although the domain of this morphism is correct, its codomain is not.

To rectify this, recall there is a natural isomorphism ξ∗ : f∗� Id∗ → (f× Id)∗. The

component at (E ,X ) is a morphism

ξ∗E ,X : (f × g)∗(E ) � X → (f × g × IdXY )∗(E � X ).

Composing this with the morphism α� X gives a definition for F (φ):

F (φ) =
AX BY

UX V Y

E�X

f×IdX g×IdY

F�X

ξ∗E ,X ◦(α�X )

This process is formalised in the Lemma 3.37. Similarly, Lemma 3.38 shows that

given two functors constructed in this manner, it is possible to specify a natural

transformation between the two by constructing a natural transformation between

the “obvious” functors.
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3.4.1 Functors

Lemma 3.37. Let C be a category and let FS, FT : C → D0 be functors. This gives

a fibration (FS, FT ) : C → D0 × D0. Let

{Ci}i∈I

be a collection of subcategories for some index set I, and let F I
S , F

I
T : I → Obj(Sh)

be morphisms of sets such that Ci is contained in the fibre of C over (F I
S(i), F I

T (i)).

Suppose

Fi : Ci → Shopp

F IS(i),F IT (i)

is a collection of functors, and for c ∈ Ci, d ∈ Cj and φ ∈ HomC(c, d), the following

data is specified:

1. a functor Φφ : Ci → Cj;

2. a morphism φ̃ ∈ HomCj(Φφ(c), d); and

3. a natural transformation ξF,φ : Fj ◦ Φφ → (FS(φ)× FT (φ))∗ ◦ Fi.

Suppose these satisfy the following conditions:

1. the assignments φ 7→ Φφ and φ 7→ ξF,φ respect identities; that is, ΦIdc = Idci

and ξF,Idc = IdFi;

2. the assignment φ 7→ Φφ is functorial in the sense that Φψ◦φ = Φψ ◦ Φφ;

3. the assignment φ 7→ ξF,φ is functorial in the sense that ξF,ψ◦φ = (FS(ψ) ×

FT (ψ))∗(ξ
F,φ) ◦ (ξF,ψ ◦ Φφ); and

4. the assignment φ 7→ φ̃ satisfies the condition ψ̃ ◦ φ = Φψ(φ̃) ◦ ψ̃ (and hence

Ĩd = Id).
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Then there is a functor F : C → D1 given on objects by

F (c) = X Y
Fi(c)

where c ∈ Ci, and on morphisms by

F (φ) =

F I
S(i) F I

T (i)

F I
S(j) F I

T (j)

Fi(c)

FS(φ) FT (φ)

Fj(d)

ξF,φc ◦Fj(φ̃) .

Proof. The first condition to check is that F preserves identities. For c ∈ Ci, let

A = F I
S(i) and B = F I

T (i). Then

F (Idc) =
A B

A B

Fi(c)

IdA IdB

Fi(c)

ξF,Idcc ◦Fi( ˜Idc)

Thus since ˜Idc = Idc and ξF,Idc = IdFi , this gives the identity morphism.

Next it is necessary to show that F respects composition. Let φ ∈ HomC(c, d)

and ψ ∈ HomC(d, e), where c ∈ Ci, d ∈ Cj, e ∈ Ck. Let U = F I
S(j), W = F I

T (j),

X = F I
S(k) and Z = F I

T (k). Then

F (ψ ◦ φ) =
A B

X Z

Fi(c)

FS(ψ◦φ) FT (ψ◦φ)

Fk(e)

ξF,ψ◦φc ◦Fk( ˜ψ◦φ) (3.26)
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and

F (ψ) ◦ F (φ) =

A B

U V

X Z

Fi(c)

FS(φ) FT (φ)

Fj(d)

FS(ψ) FT (ψ)

Fk(e)

ξF,φc ◦Fj(φ̃)

ξF,ψd ◦Fk(ψ̃)

=
A B

X Z

Fi(c)

FS(ψ)◦FS(φ) FT (ψ)◦FT (φ)

Fk(e)

β ,

where the morphism β is given by

β = (FS(ψ)× FT (ψ))∗(ξ
F,φ
c ◦ Fj(φ̃)) ◦ ξF,ψd ◦ Fk(ψ̃)

For conciseness, let ψst = (FS(ψ)× FT (ψ)). Then

β = ψst∗(ξ
F,φ
c ) ◦ ψst∗(Fj(φ̃)) ◦ ξF,ψd ◦ Fk(ψ̃)

= ψst∗(ξ
F,φ
c ) ◦ ξF,ψΦφ(c) ◦ (Fk ◦ Φψ)(φ̃) ◦ Fk(ψ̃)

where the first line uses the functoriality of ψst∗, and the second the naturality of the

transformation ξF,ψ. Recalling the definition of whiskering of natural transformations

(Definition 1.6), this can be rewritten as

β = (ψst∗ ∗ ξF,φ)c ◦ (ξF,ψ ∗ Φφ)c ◦ (Fk ∗ Φψ)(φ̃) ◦ Fk(ψ̃).

Using condition 3, functoriality of Fk and finally condition 2 gives the sequence of
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equalities

β = ξF,ψ◦φ ◦ Fk
(

Φψ(φ̃) ◦ ψ̃
)

= ξF,ψ◦φ ◦ Fk
(
ψ̃ ◦ φ

)

which is exactly the morphism in the cell in Equation (3.26).

3.4.2 Natural transformations

Lemma 3.38. Let F,G : C → D1 be functors constructed from the data described in

Lemma 3.37, with both using the same index set I. Using the same notation as in the

lemma, let

fi : F
I
S(i)→ GI

S(i)

and

hi : F
I
T (i)→ GI

T (i)

be morphisms in Sp such that for any φ ∈ HomC(c, d), there is an equality of mor-

phisms

FS(φ) ◦ fi = fj ◦G(φ) (3.27)

(and likewise for gi).

Let

ηi : Gi → (fi × hi)∗ ◦ Fi

be a collection of natural transformations. For any c ∈ Ci, define a morphism

ηc : F (c)→ G(c) by

ηc =

A C

U V

F (c)

fi hi

G(c)

ηic
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where A = F I
S(i), C = F I

T (i), U = GI
S(i) and V = GI

T (i).

Then η is a natural transformation if for all c ∈ Ci, d ∈ Cj and φ ∈ HomC(c, d)

there is an equality of natural transformations

((fj × hj)∗ ∗ ξF,φ) ◦
(
ηj ∗ Φφ

)
=
(
(FS(φ)× FT (φ))∗ ∗ ηi

)
◦ ξG,φ, (3.28)

where the composition of a natural transformation with a functor denotes whiskering.

Proof. We need to prove that the collection of morphisms defined in the statement

of the lemma is natural. Let c ∈ Ci, d ∈ Cj and φ ∈ HomC(c, d). The condition that

the morphisms define a natural transformation becomes the statement that there is

a commutative diagram

F (c) F (d)

G(c) G(d)

F (φ)

ηc ηd

G(φ)

.

Let f = FS(φ) and h = FT (φ). The clockwise route around the diagram gives the

2-cell

F I
S(i) F I

T (i)

GI
S(i) GI

T (i)

GI
S(j) GI

T (j)

F (c)

fi gi

G(c)

f h

G(d)

ηic

G(φ)

=

F I
S(i) F I

T (i)

GI
S(j) GI

T (j)

F (c)

f◦fi h◦hi
G(d)

(f×h)∗(ηic)◦G(φ)

(3.29)
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while the anticlockwise route gives

F I
S(i) F I

T (i)

F I
S(j) F I

T (j)

GI
S(j) GI

T (j)

f

F (c)

h

fj

F (d)

hj

G(d)

F (φ)

ηjd

=
A C

U W

F (c)

fj◦f hj◦h

G(d)

((fj×hj)∗◦F )(φ)◦ηjd (3.30)

The tight morphisms of spaces on both of these diagrams agree by the assumption in

Equation (3.27).

Now F (φ) can be written as

F (φ) = ξF,φ ◦ Fj(φ̃),

and so the morphism inside the cell in Equation (3.30) can be written (using the

naturality of ηU
~VW ) as

((fj × hj)∗ ◦ F )(φ) ◦ ηd = ((fj × hj)∗ ◦ ξF,φ) ◦ ((fj × hj)∗ ◦ Fj)(φ̃) ◦ ηjd

= ((fj × hj)∗ ◦ ξF,φ) ◦ ηjΦφ(c) ◦Gj(φ̃)

= ((fj × hj)∗ ◦ ξF,φ) ◦ (ηj ◦ Φφ)c ◦Gj(φ̃) .

The condition in Equation (3.27) gives

((fj × hj)∗ ◦ F )(φ) ◦ ηd = (fj × hj)∗(ηi) ◦ ξG,φ ◦Gj(φ̃) .

Now by the construction of the functor G from Lemma 3.37, the functor G is given

on morphisms by G(φ) = ξG,φ ◦GU,~V ,W (φ̃), so

((fj × hj)∗ ◦ F )(φ) ◦ ηd = (f × h)∗(η
i) ◦G(φ)
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and the right-hand side of this equation is the morphism in the cell in Equation (3.29)

as required.

A common use case of Lemma 3.38 is when the source category C is D1 itself, or

possibly a (repeated) fibre product of copies of D1. To continue with the example of

taking the external tensor product with a fixed sheaf X (as introduced in the opening

paragraphs of this section), take C = D1 and let

φ =

X Y

U V

E0

r h

F0

α0 .

Define a functor Φφ by applying the direct image functor (r × h)∗ where necessary;

explicitly,

Φf


X Y

X Y

E

IdX IdY

F

α

 =
U V

U V

(r×h)∗(E )

IdU IdV

(r×h)∗(F )

(r×h)∗(α) .

The morphism φ̃ is then taken to be the cell

φ̃ =

U V

U V

(r×h)∗(E0)

IdU IdV

F0

α0

which clearly satisfies Fα(f) = F (α0) = FUV (φ̃).

3.5 Double category structure

This section will equip the categories of objects and arrows constructed in Defini-

tion 3.33 with the structure of a double category. The functors will be constructed
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using Lemma 3.37 and the natural transformations exhibiting compatibility will be

constructed from Lemma 3.38. Frequently, Theorem 3.17 will be used to show that

the natural transformations satisfy coherence conditions, by showing that there is a

unique SGNT between two functors.

3.5.1 Loose composition

The loose composition of 2-cells is inspired by the composition of Fourier–Mukai

kernels. Recall that for any E ∈ D(X × Y ),F ∈ D(Y × Z), their composition as

Fourier–Mukai kernels is equal to

F � E = πXY ZXZ∗
(
πXY Z∗Y Z (F )⊗ πXY Z∗XY (E )

)
= πXY ZXZ∗ ◦ i124∗

1234 (E � F ) .

This can be generalised to give the definition of the loose composition functor �.

This functor can be constructed using Lemma 3.37. First, consider C = D1 ×D0 D1

as a category fibred by

S × (S, T ) : C → D0 × D0 × D0 .

Partition C into subcategories CABC , where each of these subcategories is the fibre

over the object (A,B,C). Explicitly, the objects of CABC are of the form

A B CE F

and the morphisms are globular cells

A B C

A B C .

E F

P Q

α β
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This gives an obvious isomorphism of categories CABC
∼= (D1)AB× (D1)BC ∼= Shopp

AB ×

Shopp
BC . For the remainder of the construction, this identification will be used implicitly

when defining functors.

Recall there is an external product functor � : Shopp
AB × Shopp

BC → Shopp
ABBC . Define

�ABC : CABC → Shopp
AC

(E ,F ) 7→ πABCAC∗ ◦ i124∗
1234(E � F ) .

Let φ ∈ HomC(c, d) for some c, d ∈ C. Then φ has the form

φ =
A B C

U V W

E

f

F

g h

P Q

α β .

Define a functor

Φφ : Shopp
AB × Shopp

BC → Shopp
UV × Shopp

VW

by Φφ = (f × g)∗ × (g × h)∗. Define

φ̃ ∈ HomShopp
UV ×Sh

opp
VW

(Φφ(c), d)

to be the pair of morphisms (α, β). The final piece of data needed to construct the

loose composition functor is the natural transformation

ξ�,φ : �UVW ◦Φφ → (f × h)∗ ◦ �ABC . (3.31)

Note that

�UVW ◦ Φφ : Shopp
AB × Shopp

BC → Shopp
UW
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is given by the composition of functors

�UVW ◦ Φφ = πUVWUW∗ ◦ i124∗
1234 ◦ (fggh)∗ .

Using the diagramatic notation for functors introduced in Subsection 3.1.3, this can

be expressed as

ABBC UV BC UV VW UVW UW
fg Id Id Id Id gh

i124
1234

πX
′Y ′Z′

X′Z′ .

There is a natural transformation between this functor and (f ×h)∗ ◦�ABC , given by

ABBC UV BC UV VW UVW UW

ABBC UV BC UBC UVW UW

ABBC UBBC UBC UVW UW

ABBC ABC UBC UVW UW

ABBC ABC AC UW .

fg Id Id Id Id gh

b.c.

i124
1234

πUVWUW

fg IdY IdZ

counit

Id(g,Id) Id

IdU gh πUVWUW

f Id Id Id

b.c.

i124
1234

IdU gh πUVWUW

i124
1234

f Id Id IdU gh πUVWUW

comp

i124
1234

πABCAAC fh

Lemma 3.39. The data (�ABC ,Φ, ξ�) satisfy the conditions in Lemma 3.37.

Proof. It is immediately the case that ΦIdc = IdCABC and ξ�,Idc = Id�ABC . Now let

φ =
A B C

U V W

E

f

F

g h

P Q

α β and ψ =
U V W

X Y Z

P

p

Q

q r

X Y

µ ν .

The next condition to check is that

ξ�,ψ◦φ =
(
(p× r)∗ ◦ ξ�,φ

)
◦
(
ξ�,ψ ◦ Φφ

)
. (3.32)
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These are natural transformations between the functors

F1 = �UVW ◦ Φψ ◦ Φφ = πXY ZXZ∗ ◦ i124∗
1234 ◦ ((p ◦ f)× (r ◦ h))∗

and

F2 = ((p ◦ f)× (r ◦ h))∗ ◦ �ABC = ((p ◦ f)× (r ◦ h))∗ ◦ πABCAC∗ ◦ i124∗
1234 .

These can be shown to be equal using Theorem 3.17 as follows. The functor F2

is (after composing direct and inverse image functors) of the form f∗g
∗, and so is

certainly isomorphic to its roof. The roof of F1 is given by

A(B ×Y B)C

ABBC XY Z

XY Y Z XZ
(p◦f)×(q◦g)×(q◦g)×(r◦h) i124

1234

πXY ZXZ

,

whilst the roof of F2 is

ABC

ABBC AC

XZ

i124
1234

πABCAC

(p◦f)×(r◦h)

.

It is clear that the maps (aF2 , bF2) factor through (aF1 , bF1). This latter pair is a

universal monomorphism, so by Theorem 3.17 there is a unique transformation to

this functor, and hence the two natural transformations in Equation (3.32) are equal.

The final condition to check is that

ψ̃ ◦ φ = Φψ(φ̃) ◦ ψ̃ .
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Note that

ψ ◦ φ =
A B C

X Y Z .

E

p◦f

F

q◦g r◦h

X Y

(p×q)∗(α)◦µ (q×r)∗(β)◦ν .

Then

ψ̃ ◦ φ = ((p× q)∗(α) ◦ µ, (q × r)∗(β) ◦ ν)

= ((p× q)∗(α), (q × r)∗(β)) ◦ (µ, ν)

= Φψ(φ̃) ◦ ψ̃

as required.

Definition 3.40. The loose composition functor � : D1 ×D0 D1 → D1 associated to a

geofibred category is defined as the functor constructed from Lemma 3.37 using the

data (�ABC ,Φ, ξ�).

3.5.2 Loose unit

Let X ∈ Sp. Recall from Definition 3.22 that i112 : X → X ×X is the diagonal map,

and that O∆X
= i112∗(OX) is the diagonal sheaf.

Definition 3.41. The loose unit functor U : D0 → D1 is defined by

U(X) = X X
O∆X ,

U


X

Y

f

 =

X X

Y Y

O∆X

f f

O∆Y

νf .
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The map νf is constructed as the natural transformation

Y Y Y Y

Y X Y Y Y

Y X Y Y

Y X XX Y Y

unit

i112

f

f i112

f

i112◦f

f

i112

comp

f×f

comp

evaluated at OY .

That this is indeed a functor follows from Theorem 3.17.

3.5.3 Loose unitor natural isomorphism

We need to define left and right unitors for loose composition; that is, natural iso-

morphisms

l� : UB �M ⇒M ,

r� : M � UA ⇒M .

The definition for r� is given below; l� can be defined similarly.

This natural isomorphism will be constructed using Lemma 3.38. This requires

that the source and target functors are of the form constructed from Lemma 3.37.

Partition the category D1 based on the fibration

(S, T ) : D1 → D0 × D0 .

Recall by Lemma 3.36 that (D1)XY ∼= Shop
X×Y . This identification will be used without

further mention in this section.
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The target functor of r� is

G = IdD1 : D1 → D1,

which is clearly of the form constructed in Lemma 3.37, with

GAB = IdShop
A×B

: Shop
A×B → Shop

A×B

and

ξG,φ = Idf×g : (f × g)∗ ⇒ (f × g)∗ .

We will now show that the domain of r�, denoted F , also arises from this con-

struction. Let

φ =

A B

U V

E

f g

F

α ∈ HomD1( A BE , U VF ) .

and let

Φφ = (f × g)∗ : Shop
A×B → Shop

U×V .

Define

φ̃ = α ∈ HomShopp
UV

(Φf (E ),F )

(as when constructing this morphism in the definition of loose composition, the fact

that f is a morphism in Shop
UV accounts for the swapping of domain and codomain of

α).
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Consider the functor F ; this can be given explicitly as

F : D1 → D1

A B

U V

E

f g

F

α 7→
A A B

U U V

O∆A

f

E

f g

O∆U F

ξU,f α

=
A B

U V

E ◦O∆A

f g

F◦O∆U

ξ�,ffg◦(α�UUV ξU,f ) (3.33)

This can be constructed using Lemma 3.37 by starting from the family of functors

FXY : Shopp
X×Y → Shopp

X×Y

E 7→ E �XXY O∆X

α 7→ α�XXY IdO∆X
.

Now the morphism inside the cell in Equation (3.33) can be rewritten as

ξ�,ffg ◦ (α�UUV ξU,f ) = ξ�,ffg ◦ (IdE �UUV ξU,f ) ◦ (α�UUV IdO∆X
)

= ξ�,ffg ◦ (IdE �UUV ξU,f ) ◦ FXY (α) ,

and so F is of the form constructed from Lemma 3.37, with

ξF,φ = ξ�,ffg ◦ (IdE �UUV ξU,f ) : (fg)∗(−)�O∆U
⇒ (fg)∗(−�O∆A

) .

Hence a natural transformation F ⇒ G can be constructed by giving a collection of

natural transformations ρAB : GAB ⇒ FAB which satisfy Equation (3.27). Consider
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the natural transformation ηρ,� given by the diagram

AB AB

AB AAB AAB AB

AB AAB AAAB AAB AB

AB AAB AAAB AAB AB

comp-1

π123
23

comp−1

i13
123

π123
23

i134
1234 π1234

124

b.c.

i14
124

π123
23

i134
1234

i124
1234

π123
13

Evaluating this natural transformation on a sheaf E gives a morphism

E → π123
13∗ ◦ i124∗

1234 ◦ i134
1234∗ ◦ π123∗

23 (E ) .

Now π123∗
23 (E ) ∼= OX � E . Define ρ to be the composition of morphisms

E

π123
13∗ ◦ i124∗

1234 ◦ i134
1234∗ ◦ π123∗

23 (E )

π123
13∗ ◦ i124∗

1234 ◦ i134
1234∗(OA � E )

π123
13∗ ◦ i124∗

1234(O∆A
� E ) = FAB(E )

ηρ,�

ρ�
−1

ξ−1
∗

.

For this family of natural transformations to give a natural transformation F ⇒ G,

they must satisfy

ξF,f ◦ (ρUV ∗ Φf ) = ((f × g)∗ ∗ ρXY ) ◦ ξG,f . (3.34)

Let π1 = πABAAB , π2 = πUV UUV , i1 = iABAABAA and i2 = iUV UUV UU . Then evaluating Equa-
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tion (3.34) on an object E ∈ ShAB gives the commutative diagram

(fg)∗(E ) � ◦ i2∗ ◦ π∗2 ◦ (fg)∗(E )

(fg)∗ ◦ � ◦ i1∗ ◦ π∗1(E ) � ◦ i2∗
(
(fg)∗(E ) �OU

)
(fg)∗ ◦ � ◦ i1∗(E �OA) �

(
(fg)∗(E ) �O∆U

)
(fg)∗ ◦ �(E �O∆A

) �
(
(fg)∗(E ) � (ff)∗(O∆A

)
)

ηρ,�,(fg)∗(E )

(fg)∗(ηρ,�,E ) ρ�

ρ� ξ∗

ξ∗

ξ�

ηρ,�

where the left-hand column is equal to the right-hand side of Equation (3.34), and

the rest of the diagram gives the left-hand side. This diagram can be simplified by

adding the following objects and morphisms

(fg)∗E � ◦ i∗ ◦ π∗ ◦ (fg)∗(E )

(fg)∗ ◦ � ◦ i∗ ◦ π∗(E ) � ◦ i∗ ◦ (fg × IdU)∗ ◦ π∗(E )

� ◦ i∗ ◦ (fg × IdU)∗(E �OU)

(fg)∗ ◦ � ◦ i∗(E �OA) � ◦ (fgff)∗ ◦ i∗(E �OA) � ◦ i∗
(
(fg)∗(E ) �OU

)
� ◦ (fgff)∗(E �O∆A

) �
(
(fg)∗(E ) �O∆U

)
(fg)∗ ◦ �(E �O∆A

) �
(
(fg)∗(E ) � (ff)∗(O∆A

)
)

ηρ,�,(fg)∗(E )

(fg)∗(ηρ,�,E )
b.c.

ρ�

ρ�

b.c.

comp∗ ◦unit−1

ρ�

ξ∗

b.c.

ξ∗ ξ∗

ξ∗

ξ�

ξ∗
ηρ,�

.

For brevity, some subscripts have been omitted from this diagram. All regions apart

from the upper-left commute for the following reasons:

• the lower triangle is the definition of the natural transformation ξ�;
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• the trapezium in the lower left corner commutes as the base-change natural

transformation and ξ∗ act independently, see Lemma 1.7;

• the lower-right parallelogram follows from Equation (3.11), since ηρ,� is formed

from applying composition and adjunction morphisms; and

• the upper-right trapezium is the unit-direct image coherence condition in Equa-

tion (3.15).

Hence the original diagram is commutative if and only if the upper-left pentagonal

region is. This region is the outer part of the diagram

(fg)∗(E ) � ◦ i∗ ◦ π∗ ◦ (fg)∗(E )

� ◦ i∗ ◦ (fg × IdU)∗ ◦ π∗(E )

(fg)∗ ◦ � ◦ i∗ ◦ π∗(E ) � ◦ (fgff)∗ ◦ i∗ ◦ π∗(E ) � ◦ i∗ ◦ (fg × IdU)∗(E �OU)

(fg)∗ ◦ � ◦ i∗(E �OA) � ◦ (fgff)∗ ◦ i∗(E �OA) � ◦ (fg × IdU2)∗ ◦ i∗(E � f∗(OA))

(fg)∗(ηρ,�,E )

ηρ,�,(fg)∗(E )

b.c.

b.c.

b.c.
ρ�

unitρ� ρ�

b.c. ξ∗

The natural transformations in the lower-left square act independently and so com-

mute (Lemma 1.7). The upper-left pentagon commutes by Theorem 3.17. After using

comp∗ to swap the order of i and ff in the lower-right pentagon, the diagram becomes

equal to the result of applying � ◦ i∗ ◦ (fg × IdU)∗ to the diagram

(IdAB ×f)∗ ◦ πABA∗AB (E ) πABUAB ∗ (E )

E �OU

(IdAB ×f)∗(E �OA) E � f∗(OA)

unit

ρ�

unit

ρ�

ξ∗

.

This commutes as the unitor commutes with the unit natural transformation (Equa-
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tion (3.16)).

3.5.4 Associator natural isomorphism

The associator a� is a natural isomorphism

a� : (M �N)� P →M � (N � P ) .

This transformation will again be constructed using Lemma 3.38. Partition C =

D1 ×D0 D1 ×D0 D1 into parts CABCD given by the fibre over (A,B,C,D) from the

fibration S × S × (S, T ) : C → D0
4. Then

CABCD = (D1 ×D0 D1 ×D0 D1)ABCD = (D1)AB × (D1)BC × (D1)CD

∼= Shop
AB × Shop

BC × Shop
CD.

Let

F : D1 ×D0 D1 ×D0 D1 → D1

be the functor (M � N) � P . If f = IdA, g = IdB, h = IdC , i = IdD, then the

right-hand side becomes (α� β)� γ. Thus

FABCD(α, β, γ) = (α� β)� γ.

Now if

φ =


A B

U V

E

f g

P

α ,

B C

V W

F

g h

Q

β ,

C D

W X

G

h i

R

γ


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is a morphism in C, then

F (φ) =

A D

U X

(E�F )�G

f i

(P�Q)�R

δ

where δ is given by

δ = η�,fhi ◦
(
(η�,fgh ◦ (α� β))� γ

)
= η�,fhi ◦ (η�,fgh � Id) ◦ ((α� β)� γ)

= η�,fhi ◦ (η�,fgh � Id) ◦ FUVWX(α, β, γ)

where in the second line the equality follows from the functoriality of �. Thus define

ξF,φ = η�,fhi ◦ (η�,fgh � Id) : FUVWX ◦ Φf → (f × i)∗ ◦ FABCD.

A similar calculation shows that G can be constructed by taking

GUVWX(α, β, γ) = α� (β � γ)

ξG,φ = η�,fgi ◦ (Id�η�,ghi) .

Hence F and G are functors given by the construction in Lemma 3.37. A natural

transformation between them can thus be constructed using Lemma 3.38 by giving a

compatible collection of natural transformation GABCD ⇒ FABCD. Note that FABCD

and GABCD both factor through the functor

� : Shop
AB × Shop

BC × Shop
CD → Shop

ABBCCD

(E ,F ,G ) 7→ E � F � G
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Using the diagram notation introduced in Definition 3.10, FABCD = F ′ABCD◦�, where

F ′ABCD = ABBCCD ABCCD ACCD ACD AD
i13456
123456

π13456
1456

i146
1456

π146
16 .

Similarly, GABCD = G′ABCD ◦�, where

G′ABCD = ABBCCD ABBCD ABBD ABD AD.
i12346
123456

π12346
1236

i126
1236

π126
16

Now there is a natural transformation η′ : F ′ABCD ⇒ G′ABCD given by the diagram

ABBCCD ABCCD ACCD ACD AD

ABBCCD ABCCD ABCD ACD AD

ABBCCD ABCD AD

ABBCCD ABCCD ABCD ACD AD

ABBCCD ABBCD ABBD ABD AD

i13456
123456

π13456
1456

b.c.

i146
1456

π146
16

i13456
123456

comp

i1346
13456

π1346
146 π146

16

i1346
123456

π1346
16

i13456
123456 i1346

13456

π1346
146 π146

16

comp

i12346
123456

π12346
1236

b.c.

i126
1236

π126
16

Note that the base change in the final line is invertible, since π12346
1236 is pull-geolocalizing,

so its inverse can be used to construct the natural transformation. Let ηABCD =

η′ABCD ∗�.

We now verify that these indeed give a natural transformation, by showing that

the condition in Lemma 3.38 is satisfied. That condition reads

ξF,f ◦ (ηUVWX ′ ∗ (fgghhi)∗) = ((f × i)∗ ∗ ηXY ZW
′
) ◦ ξG,f .
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Both of these are natural transformations from

Gfghi = GUVWX ◦ (fgghhi)∗

to

Ffghi = (f × i)∗ ◦ FABCD .

The desired equality will follow from an application of Theorem 3.17. For this, it

is necessary to calculate the roofs of the functors Ffghi and Gfghi. As an intermediate

step, the roofs of F ′ABCD and G′ABCD can be calculated as

ABCD

ABBCD ABD

ABBCCD ABBD AD
IdAB ×�BCD �ABD

(3.35)

and

ABCD

ABCCD ACD

ABBCCD ACCD AD
�ABC×IdCD �ACD

(3.36)

respectively. Note that both F ′UVWX and G′UVWX have the same roof.

Next, the roof of (f × i)∗F ′UVWX is given by

ABCD

ABBCCD AD

UX

F ′UVWX

f×i

105



while the roof of G′UVWX ◦ (fgghhi)∗ is

A(B ×V B)(C ×W C)D

ABBCCD UVWX

UV VWWX UX

fgghhi

G′UVWX

.

It is clear, then, that Ffghi is isomorphic to its roof, that the roof maps (aF , bF )

factor through (aG, bG), and that these are a universal monomorphism. Hence there

is a unique natural transformation, and so the above data does indeed give a natural

transformation.

3.5.5 Coherence axioms

We need to verify the standard coherence axioms for these data. We will use Theo-

rem 3.17.

Proposition 3.42. The categories of objects D0 and arrows D1, along with the func-

tors S, T, U,� and natural transformations a�, l�, and r� form a double category.

Proof. Recall the conditions conditions needed for these data to form a bicategory are

given in Definition 3.29. It is immediately clear that S(a�), T (a�), S(l�), T (l�), S(r�),

and T (r�) are all identities. Thus it remains to show that the unitors are compatible

and that the pentagon diagram commutes. These are shown in Lemma 3.43 and

Lemma 3.44 respectively.
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Unitor compatibility

Lemma 3.43. The triangle diagram

d� (U(B)� c) (d� U(B))� c

d� c

ad,U(B),c

Idd�lc
ld�Idc

(3.37)

commutes.

Proof. Let (c, d) ∈ D1 ×D0 D1 be loosely composable objects, with S(d) = T (c) = B

for some object B ∈ D0.

The two morphisms corresponding to the two different compositions in Equa-

tion (3.37) can be written out using their definitions. These become

A C

A C

E�(O∆B
�F )

E�F

E�λF (3.38)

and

A C

A C

A C

E�(O∆B
�F )

(E�O∆B
)�F

E�F

α�

ρE�F

=

A C

A C

A C

�A,B,C(E��B,B,C(O∆B
�F ))

�A,B,C(�A,B,B(E�O∆B
)�F )

�A,B,C(E�F )

α�

�A,B,C(ρE�F )

(3.39)

We wish to transform this diagram into one where the objects are given by applying

functors to the composition of external products of sheaves. Note that the cell

A C

A C

�A,B,C◦π∗◦i∗(E�(O∆B
�F ))

E�(O∆B
�F )

ξ∗ (3.40)

is invertible, so the equality in Equation (3.39) holds if and only if the equation
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pre-composed with this cell holds. Further, there is an equality

A C

A C

�A,B,C(�A,B,B(E�O∆B
)�F )

�A,B,C(�A,B,B(E�O∆B
)�F )

Id =

A C

A C

A C

�A,B,C(�A,B,B(E�O∆B
)�F )

�A,B,C◦π∗◦i∗(E�(O∆B
�F ))

�A,B,C(�A,B,B(E�O∆B
)�F )

ξ−1
∗ ◦ξ∗−1

ξ∗◦ξ∗

Inserting this composition in the right-hand side of Equation (3.39), and pre-composing

with the cell Equation (3.40), gives

A C

A C

A C

A C

�A,B,C◦π∗◦i∗(E�(O∆B
�F ))

�A,B,C◦π∗◦i∗((E�O∆B
)�F )

�A,B,C(�A,B,B(E�O∆B
)�F )

�A,B,C(E�F )

�A,B,C◦π∗◦i∗(α�)

�A,B,C∗ξ∗

�A,B,C∗(ρE�F )

Meanwhile, pre-composing Equation (3.38) with the same cell, the diagram becomes

A C

A C

�◦π∗◦i∗(E�(O∆B
�F ))

E�F

ξ∗◦�(E�λF )

Now every sheaf and morphism in these diagrams factors through �A,B,C , so it is

sufficient to show that the compositions commute when all applications of the functor
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are removed. Hence it is sufficient to show that the diagram

E � F E � F

E ��(O∆B
� F ) �(E �O∆B

) � F

(Id×�)(E �O∆B
� F ) (�× Id)(E �O∆B

� F )

E�λF ρE�F

ξ∗◦ξ∗ ξ∗◦ξ∗

b.c.

commutes, where the associator α� has been dropped for brevity. Substituting in the

definitions for λF and ρE gives

E � F E � F

E �� ◦ i1∗ ◦ π∗1(F ) � ◦ i2∗ ◦ π∗2(E ) � F

E �� ◦ i1∗(OB � F ) � ◦ i2∗(E �OB) � F

E ��(O∆B
� F ) �(E �O∆B

) � F

(Id×�)(E �O∆B
� F ) (�× Id)(E �O∆B

� F )

b.c. b.c.

λF ρF

ξ∗

ξ∗◦ξ∗

ξ∗

ξ∗◦ξ∗

b.c.

(3.41)

where π1 = πBBCBC , π2 = πABBAB , i1 = iB,B,CBB,B,C , and i2 = iA,B,BA,B,B,B. The left side of this

diagram can be simplified by noting that (after composition) it is of the form in
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Lemma 1.7, and so fits into a commutative diagram

� ◦ i3∗ ◦ π∗3(E � F ) E � F

� ◦ i3∗(E � π∗1(F )) E �� ◦ i1∗ ◦ π∗1(F )

E �� ◦ i1∗(OB � F )

E ��(O∆B
� F )

� ◦ i3∗(E �OB � F ) (Id×�)(E �O∆B
� F )

b.c.

ξ∗ b.c.

ξ∗◦ξ∗◦ξ∗
λF

ξ∗

ξ∗◦ξ∗

λF

ξ∗

where π3 = πAB,B,BCAB,BC and i3 = iAB,B,BCAB,BB,BC . Using the same construction on the right-

hand side, the diagram in Equation (3.41) is equivalent to

� ◦ i3∗ ◦ π∗3(E � F ) � ◦ i3∗ ◦ π∗3(E � F )

� ◦ i3∗(E � π∗(F )) � ◦ i3∗(π∗2(E ) � F )

� ◦ i3∗(E �OB � F ) � ◦ i3∗(E �OB � F )

ξ∗ ξ∗

ρE λF

This is (after cancelling the functor�◦i3∗) exactly the diagram in Equation (3.17).

Pentagon diagram

Lemma 3.44. The pentagon diagram

H � (G � (F � E )) (H � G )� (F � E ) ((H � G )�F )� E

H � ((G �F )� E ) (H � (G �F ))� E

(3.42)

commutes.
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Proof. Consider first the object in the upper-left corner. This is isomorphic to

�ABE ◦ (IdAB ×�BCE) ◦ (IdAB × IdBC ×�CDE)(H � (G � (F � E )))

by applying the isomorphisms ξ∗ and ξ∗ repeatedly. This functor can be simplified as

follows. Recall from Equation (3.35) that the roof of �ABC ◦ (IdAB ×�BCD) is given

by the diagram

ABCD

ABBCD ABD

ABBCCD ABBD AD
IdAB ×�BCD �ABD

(3.43)

Using this result, the roof of the functor from the upper-left vertex of Equation (3.42)

is

ABCDE

ABBCDE ABE

ABBCCDDE ABBE AE
IdAB ×(�BCE◦(IdBC ×�CDE) �ABE

Both of the natural transformations are isomorphisms, since πABBCDABBD and πABBCDEABBE

are pull-geolocalizing. A similar calculation shows that all the other objects in the

diagram are isomorphic to the result of applying the functor

ABBCCDDE ABCDE AE (3.44)

to external tensor products of H ,G ,F , and E , parenthesised in the order indicated

in the diagram.

Since the morphism α� is constructed from the associator α�, and the base-change
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morphisms commute with the morphisms ξ∗ and ξ∗, the diagram Equation (3.42) is

isomorphic to the result of applying the functor from Equation (3.44) to the diagram

H � (G � (F � E )) (H � G ) � (F � E ) ((H � G ) � F ) � E

H � ((G � F ) � E ) (H � (G � F )) � E

.

This is exactly the pentagon diagram for the associator α� (Equation (3.10)) and so

commutes as required.

3.6 Monoidal structure

This section defines a monoidal structure for the double category. Wester Hansen and

Shulman [17, Definition 2.10] give a full list of data that must be provided to define

such a structure, along with a list of the conditions that they must satisfy.

3.6.1 Monoidal structure of categories of arrows and objects

To give the double category a monoidal structure, the categories D0 and D1 must first

be given a monoidal structure. For A,B ∈ D0 let the monoidal product be the fibre

product in Sp; that is,

A⊗B = A×B .

The monoidal unit is the terminal object of Sp, denoted {pt}. The associator and

unitor isomorphisms follow from the associator and unitor morphisms of the fibre

product.
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Monoidal product of cells

We construct the monoidal product on D1 using Lemma 3.37. Partition the category

C = D1 × D1

into parts CABCD by taking the fibre over (A,B,C,D) of the functor (S, T )× (S, T ).

As previously, this can be identified as

CABCD
∼= Shop

AB × Shop
CD.

For a morphism φ ∈ C, given by

φ =


A B

U V

E

f g

P

α ,

C D

W X

F

h i

Q

β

 ,

define

Φφ : Shop
AB × Shop

CD → Shop
UV × Shop

WX

by Φφ = ((f × g)∗, (h× i)∗). Also define

φ̃ = (α, β) ∈ HomShop
UV ×Sh

op
WX

(
Φφ(E ,F ), (P,Q)

)
.

Next, define a functor ⊗ABCD by

⊗ABCD : Shop
AB × Shop

CD → Shop
ACBD

(E ,F ) 7→ j1234
1324∗(E � F )

(α, β) 7→ j1234
1324∗(α� β) .
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where j1234
1324 : ABCD → ACBD permutes the order of the factors of the fibre product.

Finally, let the natural transformation

ξ⊗ : ⊗UVWX ◦((f × g)∗, (h× i)∗)→ (fhgi)∗ ◦ ⊗ABCD

be the natural transformation from Equation (3.8).

Lemma 3.45. The data (⊗ABCD,Φ, ξ⊗) satisfies the conditions from Lemma 3.37

and hence defines a functor.

Proof. First, note that ΦIdc = IdCABCD (by construction) and ξ⊗,Idc = IdFi (by Equa-

tion (3.14)). Secondly, there is an equality

Φψ◦φ = (((p ◦ f)× (q ◦ g))∗, ((r ◦ h)× (s ◦ i))∗)

= ((p× q)∗, (r × s)∗) ◦ (f × g, r × i)∗) .

The third condition is the equality

ξ⊗,ψ◦φ = (fhgi)∗(ξ
⊗,φ) ◦ (ξ⊗,ψ ◦ (fg, hi)∗)

which is exactly the statement that distributivity commutes with compositions (Equa-

tion (3.20)). The fourth and final condition is that

ψ̃ ◦ φ = Φψ(φ̃) ◦ ψ̃

which follows immediately from the definition.

Definition 3.46. The monoidal product ⊗ : D1×D1 → D1 is defined to be the functor

constructed in Lemma 3.45.
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Unit and unitor

The unit object for the monoidal structure is the loose morphism

ID1 = {pt} {pt}
O∆{pt}

.

Let

F : D1 → D1

c 7→ c⊗ I

and G = IdD1 . Then the right unitor is a natural transformation λ : F ⇒ G. This can

be constructed using Lemma 3.38; to use this, F and G must be constructed using

Lemma 3.37.

Let

φ =

A B

U V

E

f g

F

α

and define

Φφ = (f × g)∗ : Shop
AB → Shop

UV

and

φ̃ = α .

Next, define

FAB : Shop
AB → Shop

{pt}A{pt}B

by FAB(E ) = E � O∆{pt} . To complete the construction of F , it is necessary to give
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a natural transformation

ξF,φ : FUV ◦ (f × g)∗ ⇒ (Id{pt}×f × Id{pt}×g)∗ ◦ FAB ,

which is taken to be the isomorphism

ξ∗ : (f × g)∗(E ) �O∆{pt}
∼= (Id× Id×f × g)∗(O∆{pt} � E )

from the definition of the monoidal structure on a geofibred category.

The functor G can be given by the same construction, taking GXY = IdShop
AB

and

ξG,φ = Id. Then the unitor natural transformation F ⇒ G is constructed by giving

natural transformations

ρAB : GAB → π
{pt}A{pt}B
AB∗ ◦ FAB .

There is a natural transformation, which will be denoted ηρ,⊗, given by

AB AB AB

AB AB{pt} AB

AB AB{pt} AB{pt}{pt} AB

unit

πAB

πAB

πAB

i134
1234 πAB

comp
.

Now recall ρ� : E � O{pt}
∼−→ π

AB{pt}∗
AB (E ). Thus the composition ρAB = ρ�

−1 ◦ ηρ,⊗

gives the required natural transformation.

To show that this is indeed a natural transformation, the condition in Lemma 3.38

must hold; this condition is the equality

((π
{pt}A{pt}B
AB )∗ ◦ ξF,φ) ◦ (ρCD ◦ (fg)∗) = ((fg)∗ ◦ ρAB) .
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This is equivalent to equality of the outer paths of the diagram

(fg)∗(E ) (fg)∗ ◦ π∗ ◦ i∗ ◦ π∗(E )

π∗ ◦ i∗ ◦ π∗ ◦ (fg)∗(E ) π∗ ◦ i∗ ◦ (fg × Id{pt}2)∗ ◦ π∗(E )

π∗ ◦ i∗((fg)∗(E ) �O{pt}) π∗ ◦ i∗ ◦ (fg × Id{pt}2)(E �O{pt}) (fg)∗ ◦ π∗ ◦ i∗(E �O{pt})

(fg)∗ ◦ π∗(E �O∆{pt})

π∗((fg)∗(E ) �O∆{pt}) π∗ ◦ (fg × Id{pt}2)∗(E �O∆{pt})

η
(fg)∗(ηλ,⊗)

ηλ,⊗
(fg)∗E

comp∗
b.c.

ρ�

ξ∗

ρ�

comp∗

ρ�

ξ∗

comp∗

ξ∗

ξ∗

where subscripts have been dropped for brevity. Now

• the top trapezium commutes by Theorem 3.17;

• the upper right trapezium commutes as the natural transformations are inde-

pendent;

• the left square commutes by Equation (3.15); and

• the lower rectangle commutes as ξ∗ and comp∗ satisfy the coherence condition

Equation (3.11).

Consequently, the two outside paths are equal as required.

Associator

Next, we construct the associator for the monoidal structure on D1. This will follow

from the associativity of the external product �.

117



The associator is a natural transformation

a⊗ : ⊗ ◦(Id×⊗)⇒ ⊗ ◦ (⊗× Id) .

Partitioning D1×D1×D1 based on its fibration (S, T )×(S, T )×(S, T ), these functors

become

FABCDEF : Shop
AB × Shop

CD × Shop
EF → Shop

ACEBDF ,

(E ,F ,G ) 7→ j∗ (E � j∗(F � G )) ,

where j∗ are the relabelling maps. The functor G is given similarly.

Using the tensor-direct image isomorphism ξ∗, there is an isomorphism

FABCDEF (E ,F ,G ) ∼= jABCDEFACEBDF∗(E � (F � G ))

and similarly an isomorphism

GABCDEF (E ,F ,G ) ∼= jABCDEFACEBDF∗((E � F ) � G )

Recall that the associator for the external tensor product is a morphism

α� : E � (F � G )→ (E � F ) � G .

Composing this natural transformation on the left with the functor jABCDEFACEBDF∗ gives

a natural transformation

jABCDEFACEBDF∗ ∗ α� : FABCDEF → GABCDEF .

The verification that this is in fact a natural transformation is straightforward, as all
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functors involved are simple direct image functors.

Lemma 3.47. The monoidal product ⊗ defined in Definition 3.46, along with the

unitor and associator defined in this section, give D1 the structure of a monoidal

category.

Proof. The two conditions to check are that unitors are compatible (Lemma 3.48)

and that the pentagon diagram is satisfied (Lemma 3.49).

Monoidal unitor coherence

Lemma 3.48. The diagram

E ⊗ (O∆{pt} ⊗F ) (E ⊗O∆{pt})⊗F

E ⊗F

α

E⊗r⊗,F r⊗,E⊗F

commutes.

Proof. The diagram can be written more explicitly as

π
AC{pt}{pt}BD
ACBD∗ (E �O∆{pt} � F ) π

AC{pt}{pt}BD
ACBD∗ (E �O∆{pt} � F )

E � π
{pt}BD
BD∗

(
π
{pt}{pt}
{pt}∗ ◦ i1∗(O{pt}) � F

)
π
AC{pt}
AC∗ (E � π

{pt}{pt}
{pt}∗ ◦ i1∗(O{pt})) � F

E � π
{pt}{pt}BD
BD∗ ◦ i2∗(O{pt} � F ) π

AC{pt}{pt}
AC∗ ◦ i3∗(E �O{pt}) � F

E � π
{pt}{pt}BD
BD∗ ◦ i2∗ ◦ π{pt}BD

BD (F ) π
AC{pt}{pt}
AC∗ ◦ i3∗ ◦ πAC{pt}∗

AC (E ) � F

E � F E � F

ξ∗

ξ∗

ξ∗

ξ∗

ρ� ρ�

ηλ,⊗ ηρ,⊗

where i1 = i
{pt}
{pt}{pt}, i2 = i

{pt}BD
{pt}{pt}BD, and i3 = i

AC{pt}
AC{pt}{pt}. This can be simplified by
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splitting into smaller parts as follows:

π∗(E �O∆{pt} � F ) π∗(E �O∆{pt} � F )

E � π∗(π∗ ◦ i∗(O{pt}) � F ) π∗(E � π∗ ◦ i∗(O{pt})) � F

E � π∗ ◦ i∗(O{pt} � F ) π∗ ◦ i∗(E �O{pt} � F ) π∗ ◦ i∗(E �O{pt}) � F

E � π∗ ◦ i∗ ◦ π∗(F ) π∗ ◦ i∗ ◦ π∗(E � F ) π∗ ◦ i∗ ◦ π∗(E ) � F

E � F E � F

ξ∗

ξ∗

ξ∗

ξ∗

ρ�

ξ∗

ρ�

ξ∗

ξ∗◦ξ∗
ξ∗◦ξ∗

ηλ,⊗

Id×ηλ,⊗
ηρ,⊗

Id×ηρ,⊗

where for brevity sub- and superscripts have been omitted. The top rectangle com-

mutes since ξ∗ commutes with comp∗. The lower two side triangles commute as ξ∗

commutes with base-changes, Equation (3.13). The bottom middle triangle commutes

by Theorem 3.17. In the middle rectangle, the applications of the natural transfor-

mations ξ∗ commute with ρ� as they act on different functors (Lemma 1.7), so the

whole diagram commutes if and only if the diagram

π∗ ◦ i∗(E �O{pt} � F ) π∗ ◦ i∗(π∗(E ) � F )

π∗ ◦ i∗(E � π∗(F )) π∗ ◦ i∗(π∗(E � F ))

ρ�

λ ξ∗

ξ∗

commutes. This is the result of applying the functor π∗ ◦ i∗ to the diagram expressing

the coherence of left- and right-unitors, Equation (3.17).

Monoidal pentagon identity

Lemma 3.49. The pentagon identity holds for the monoidal product ⊗ on D1.

Proof. Similarly to the pentagon identity for the associator for loose composition, the

pentagon identity for the associator for the monoidal product follows from the same
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identity for the external tensor product.

3.6.2 Interchange isomorphism

We next need to define the globular isomorphism

(E ⊗P)� (F ⊗Q)→ (E �F )⊗ (P �Q) .

Let

F,G : (D1 ×D0 D1)× (D1 ×D0 D1)→ D1

be the source and target functors of this transformation. Partition the category

C = (D1 ×D0 D1)× (D1 ×D0 D1)

into its fibres over the fibration

(S × (S, T ))× (S × (S, T )) : C → D0
6 .

Then

FABCUVW : Shop
AB × Shop

UV × Shop
BC × Shop

VW → Shop
ACUW

can be written

FABCUVW (E ,P,F ,Q) = �AU,BV,CW (jABUVAUBV ∗(E � P) � jBCVWBV CW∗(F � Q))

∼= �AU,BV,CW ◦ jABUV BCVWAUBV BV CW∗(E � P � F � Q) .
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Similarly,

GABCUVW (E ,P,F ,Q) = jACUWAUCW∗(�A,B,C(E � F ) ��U,V,W (P � Q))

∼= jACUWAUVW∗ ◦ πABCUVWACUW∗ ◦ iABCUVW∗ABBCUV VW (E � F � P � Q).

Thus we can construct a morphism between the two objects by applying the braiding

E � sP,F � F .

To verify that this is indeed a natural transformation, the condition Equation (3.27)

must hold. The natural transformations ξF and ξG are constructed solely from the

natural transformations ξ∗ and ξ∗; since these commute with base-change and com-

position, Equation (3.27) becomes equivalent to showing that the diagram

f∗(E ) � g∗(F ) � h∗(P) � k∗(Q) f∗(E ) � h∗(P) � g∗(F ) � k∗(Q)

(fghk)∗(E � F � P � Q) (fghk)∗(E � P � F � Q)

ξ∗

sg∗(F),h∗(P)

ξ∗

sF�P

commutes. This diagram is equivalent to

g∗(F ) � h∗(P) h∗(F ) � g∗(P)

(gh)∗(F � P) (gh)∗(P � F )

ξ∗

sg∗(F),h∗(P)

ξ∗

sF,P

which is exactly the condition that ξ∗ commutes with the braiding, Equation (3.20).

3.6.3 Unit-tensor distributor

As well as the interchange isomorphism, we need to define a distributor isomorphism

u : UA⊗B → UA ⊗ UB .

122



Define the component of this transformation over the object (A,B) to be the mor-

phism

uA,B =

AB AB

AB AB

O∆AB

O∆A
�O∆B

υA,B ,

where υA,B is the morphism given by the composition

υA,B : O∆A
�O∆B

iABAABB∗(OA �OB) iABAABB∗ ◦ πAB∗B (OB) O∆AB
.

ξ∗ ρ�

That this is indeed a natural transformation can be verified explicitly. Let f : A→

U, g : B → V be morphisms in Sp. This is a natural transformation if the diagram

O∆A×B O∆A
⊗O∆B

O∆U×V O∆U
⊗O∆V

u

Uf×g Uf⊗Ug

u

is commutative. Writing this diagram explicitly, it is equivalent to

(f × g)∗(O∆A×B) O∆U×V

(f × g)∗ ◦ i∗(OA �OB) i∗(OU �OV )

(f × g)∗(O∆A
�O∆B

) (ff)∗(O∆A
) � (gg)∗(O∆B

) O∆U
�O∆V

Uf×g

ρ� ρ�

(f×g)∗(ξ∗)

ξ∗ Uf�Ug

ξ∗

.

This diagram can be split into smaller sections to give

(f × g)∗(O∆A×B) O∆U×V

(f × g)∗ ◦ i∗(OA �OB) i∗(f∗(OA) � g∗(OB)) i∗(OU �OV )

(f × g)∗(O∆A
�O∆B

) (ff)∗(O∆A
) � (gg)∗(O∆B

) O∆U
�O∆V

Uf×g

ρ�

ξ∗ i∗(unit�unit)

ρ�

(f×g)∗(ξ∗)

ξ∗

comp

Uf�Ug

ξ∗
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where the lower-right square commutes by definition of U , and the lower-left square

commutes by the compatibility of ξ∗ with comp (Equation (3.11)). This leaves the

upper rectangle. Note that (after applying comp∗) the elements all factor through i∗.

Hence the diagram commutes if the following diagram is commutative:

(f × g)∗(OA×B) OU×V

(f × g)∗(OA �OB) f∗(OU) � f∗(OV ) OU �OV

unit

ρ�

ξ∗ unit�unit

ρ� .

This diagram is exactly the condition that the unitor morphisms are compatible with

adjoints (Equation (3.16)).

3.6.4 Coherence

Lemma 3.50. The monoidal structure on D0 and D1, along with the natural trans-

formations defined previously, give the double category a monoidal structure.

Proof. Wester Hansen and Shulman [17, Definition 2.10] gives an explicit list of con-

ditions needed to give a double category a monoidal structure. Condition (i) is that

D0 and D1 are monoidal categories. The monoidal structure on D0 arises from the

fact that its monoidal product is a fibre product. The monoidal structure on D1 is

given in Lemma 3.47. Conditions (ii) and (iii), that UI is the monoidal unit of D1

and that S and T are strict monoidal, are easily seen to be true. Conditions (iv),

(v) and (vi) consist of showing that certain diagrams commute. These diagrams are

considered in turn in the following subsections.
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Interchange-associator compatibility 1

Lemma 3.51. The following diagram commutes:

((E ⊗P)� (F ⊗Q))� (G ⊗R)) ((E �F )⊗ (P �Q))� (G ⊗R)

(E ⊗P)� ((F ⊗Q)� (G ⊗R)) ((E �F )� G )⊗ ((P �Q)�R)

(E ⊗P)� ((F � G )⊗ (Q �R)) (E � (F � G ))⊗ (P � (Q �R))

Proof. Writing this in terms of morphisms of shapes, this is equivalent to the com-

mutativity of the following diagram

E � F � G � P � Q � R j∗(E � P � F � G � Q � R)

j∗(E � F � P � Q � G � R) j∗(E � P � F � Q � G � R)

ξ∗◦sF�G ,P

ξ∗◦sG ,P�Q ξ∗◦sG ,Q

ξ∗◦sF,P

This commutes as the two braids represented by applying the swap morphisms are

equal, and since the action of s factors through the braid group.

Loose and monoidal unitors compatibility

Lemma 3.52. The diagram

(E ⊗F )� UA×C (E ⊗F )� (UA ⊗ UC)

E ⊗F (E � UA)⊗ (F � UC)

Id�u

r x

r⊗r

(3.45)

commutes.
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Proof. Explicitly, this diagram is

�AB,AB,CD(E � F �O∆AB
) �AB,AB,CD(E � F � i∗(OA �OC))

�AB,AB,CD ◦ i∗(E � F �OAC) �AB,AB,CD(E � F �O∆A
�O∆C

)

�AB,AB,CD ◦ i∗ ◦ π∗(E � F ) (�A,A,B ×�C,C,D) ◦ j∗(E � F �O∆A
�O∆C

)

E � F (�A,A,B ×�C,C,D)(E � j∗(F �O∆A
) �O∆B

)

�A,A,B ◦ i∗ ◦ π∗(E ) ��C,C,D ◦ i∗ ◦ π∗(F ) (�A,A,B ×�C,C,D)(E �O∆A
� F �O∆B

)

�A,A,B ◦ i∗(E �OA) ��C,C,D ◦ i∗(F �OC) �A,A,B(E �O∆A
) ��C,C,D(F �O∆C

)

ξ∗

ρ�

ρ�

ξ∗

b.c.

ηr

ηr�ηr

ξ∗

sO∆A
,F

ρ�

ξ∗

ξ∗◦ξ∗

(3.46)

The right-hand side fits into a commutative diagram

�AB,AB,CD(E � F � i∗(OA �OC)) �AB,AB,CD ◦ i∗(E � F �OA �OC)

�AB,AB,CD(E � F �O∆A
�O∆C

) �AB,AB,CD ◦ i∗(E � F �OA �OC)

(�A,A,B ×�C,C,D) ◦ j∗(E � F �O∆A
�O∆C

) (�A,A,B ×�C,C,D) ◦ j∗ ◦ i∗(E � F �OA �OC)

(�A,A,B ×�C,C,D)(E � j∗(F �O∆A
) �O∆B

) (�A,A,B ×�C,C,D) ◦ j∗ ◦ i∗(E � F �OA �OC)

(�A,A,B ×�C,C,D)(E �O∆A
� F �O∆B

) (�A,A,B ×�C,C,D) ◦ i∗(E �OA � F �OB)

�A,A,B(E �O∆A
) ��C,C,D(F �O∆C

)

ξ∗

ξ∗

ξ∗

b.c.

ξ∗

b.c.

ξ∗

ξ∗

σO∆A
,F

ξ∗

ξ∗◦σOA,F

ξ∗◦ξ∗
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The lower half of the left-hand side also fits into a commutative diagram,

E � F

(�×�) ◦ (i× i)∗ ◦ π∗(E � F ) �A,A,B ◦ i∗ ◦ π∗(E ) ��C,C,D ◦ i∗ ◦ π∗(F )

(�×�) ◦ (i× i)∗(E �OA � F �OC) �A,A,B ◦ i∗(E �OA) ��C,C,D ◦ i∗(F �OC)

ηr�ηr

ξ∗◦ξ∗◦ξ∗

ξ∗◦(ρ�ρ)

ξ∗◦ξ∗◦ξ∗

ρ�

Joining these together, the diagram in Equation (3.46) is commutative if the following

diagram is commutative:

�AB,AB,CD ◦ i∗(E � F �OAC) �AB,AB,CD ◦ i∗(E � F �OA �OC)

�AB,AB,CD ◦ i∗ ◦ π∗(E � F ) (�A,A,B ×�C,C,D) ◦ j∗ ◦ i∗(E � F �OA �OC)

E � F (�A,A,B ×�C,C,D) ◦ j∗ ◦ i∗(E � F �OA �OC)

(�×�) ◦ (i× i)∗ ◦ π∗(E � F ) (�A,A,B ×�C,C,D) ◦ i∗(E �OA � F �OB)

(�×�) ◦ (i× i)∗(E �OA � F �OC)

ρ� b.c.

ηr

ξ∗◦ξ∗◦ξ∗◦ξ∗◦ηr�ηr ξ∗◦σOA,F

ξ∗◦(ρ�ρ)

Since the base-change and unitor morphisms at the top of the diagram act indepen-

dently, they can be exchanged, giving

(�A,A,B ×�C,C,D) ◦ j∗ ◦ i∗ ◦ π∗(E � F ) (�A,A,B ×�C,C,D) ◦ j∗ ◦ i∗(E � F �OA �OC)

�AB,AB,CD ◦ i∗ ◦ π∗(E � F ) (�A,A,B ×�C,C,D) ◦ i∗(E �OA � F �OB)

E � F (�A,A,B ×�C,C,D) ◦ i∗ ◦ π∗(E � F )

b.c.

ρ�

ξ∗◦σOA,F

ξ∗◦(ρ��ρ�)ηr

ξ∗◦ξ∗◦ξ∗◦ξ∗◦ηr�ηr

b.c.

The upper-right half of the diagram commutes as ρ� commutes with σ (Equation (3.21)),

while the lower-left corner commutes since ξ∗ and ξ∗ commute with unit and comp.
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Interchange-associativity coherence 2

Lemma 3.53. The diagram

((E � F ) � G )� ((P � Q) � R) (E � (F � G ))� (P � (Q � R))

((E � F )� (P � Q)) � (G � R) (e�P) � ((F � G )� (Q � R))

((E �P) � (F �Q)) � (G �R) (E �P) � ((F �Q) � (G �R))

a⊗�a⊗

x x

x�Id Id�x

a⊗

commutes.

Proof. The diagram simplifies to

j∗(E � F � G � P � Q � R) j∗(E � P � F � G � Q � R)

j∗(E � F � P � Q � G � R) E � P � F � Q � G � R

ξ∗◦sP,F�G

ξ∗◦sP�Q,G ξ∗◦σQ,G

ξ∗◦σP,F

which commutes as the family of morphisms σ form a braiding, and the two braids

representing the two compositions in the diagram are equal.

Unit-unitor compatibility

Lemma 3.54. The diagram

O∆(A×B)×C O∆A×(B×C)

O∆A×B ⊗O∆C
O∆A

�O∆B×C

(O∆A
�O∆B

) �O∆C
O∆A

� (O∆B
�O∆C

)

Ua⊗

u u

u⊗Id Id⊗u

a⊗

commutes.
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Proof. The diagram here becomes

O∆ABC
i∗(OA �OBC) O∆A

�O∆BC

i∗(OAB �OC) O∆A
� i∗(OB �OC)

O∆AB
�O∆C

i∗(OA �OB) �O∆C
O∆A

�O∆B
�O∆C

ρ� ξ∗

ρ� ρ�

ξ∗

ρ� ξ∗

ξ∗

which fits into a larger diagram

O∆ABC
i∗(OA �OBC) O∆A

�O∆BC

i∗(OAB �OC) i∗(OA �OB �OC) O∆A
� i∗(OB �OC)

O∆AB
�O∆C

i∗(OA �OB) �O∆C
O∆A

�O∆B
�O∆C

ρ� ξ∗

ρ�

ρ�

ρ� ρ�

ξ∗

ξ∗

ρ�

ξ∗

ξ∗

ξ∗

The top-right and lower-left squares commute by Equation (3.15), while the lower-

right square commutes by Equation (3.12). The upper-left square is the result of

applying i∗ to the diagram

OA �OB �OC OA � π∗(OB)

π∗(OA) �OC OA �OBC

π∗(OA) π∗(OA)

ρ�

ρ�

ρ ρ�

.

This diagram commutes by Mac Lane’s coherence theorem, since it consists solely of

unitor morphisms.
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Interchange-tensor unitor coherence

Lemma 3.55. The diagram

(E �O∆{pt})� (F �O∆{pt}) (E �F ) � (O∆{pt} �O∆{pt})

E �F (E �F ) �O∆{pt}

x

r⊗�r⊗ (E�F )�r⊗
O∆{pt}

r⊗
E�F

commutes.

Proof. Writing out the diagram explicitly, then using the distributors ξ∗ and ξ∗ to

simplify each term to a functor applied to a single external tensor product, gives

π∗(E ) � π∗(F ) π∗(E � F )

π∗(E � F ) �O{pt}

(E �O{pt}) � (F �O{pt}) E � F �O{pt} �O{pt}

ξ∗

ρπ∗(E�F )

ρE�ρF

σF,O{pt}

ρE�F

which is the condition that unitors are compatible with braiding (Equation (3.21)).

Unitor coherence

Lemma 3.56. The diagram

O∆A×{pt} O∆A
�O∆{pt}

O∆A

u

U
iA
A×{pt}

r⊗

commutes.
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Proof. Explicitly, this becomes

π
A{pt}A{pt}
AA∗ (O∆A×{pt}) π

A{pt}A{pt}
AA∗ ◦ iA{pt}

A{pt}A{pt}∗ ◦ π
A{pt}∗
A (OA)

π
A{pt}A{pt}
AA∗ ◦ iA{pt}

A{pt}A{pt}∗(OA×{pt}) π
A{pt}A{pt}
AA∗ ◦ iA{pt}

A{pt}A{pt}∗(OA �O{pt})

π
A{pt}A{pt}
AA∗ ◦ iA{pt}

A{pt}A{pt}∗ ◦ iAA{pt}∗ ◦ iA∗A{pt}(OA×{pt}) π
A{pt}A{pt}
AA∗ ◦ iAA{pt}

AA{pt}{pt}∗(O∆A
�O{pt})

iAAA∗ ◦ iA∗A{pt}(OA×{pt}) π
A{pt}A{pt}
AA∗ ◦ iAA{pt}

AA{pt}{pt}∗ ◦ π
AA{pt}∗
AA (O∆A

)

iAAA∗(OA) O∆A

unit

ρ�

comp∗

ξ∗

ρ

ηρ,⊗

Since the unitor ρ commutes with distributors, the right-hand side can be simplified

to give

π
A{pt}A{pt}
AA∗ (O∆A×{pt}) π

A{pt}A{pt}
AA∗ ◦ iA{pt}

A{pt}A{pt}∗ ◦ π
A{pt}∗
A (OA)

π
A{pt}A{pt}
AA∗ ◦ iA{pt}

A{pt}A{pt}∗(OA×{pt})

π
A{pt}A{pt}
AA∗ ◦ iA{pt}

A{pt}A{pt}∗ ◦ iAA{pt}∗ ◦ iA∗A{pt}(OA×{pt})

iAAA∗ ◦ iA∗A{pt}(OA×{pt}) π
A{pt}A{pt}
AA∗ ◦ iAA{pt}

AA{pt}{pt}∗ ◦ π
AA{pt}∗
AA (O∆A

)

iAAA∗(OA) O∆A

unit

comp∗

b.c.

ηρ,⊗

This diagram commutes by Theorem 3.17.

131



3.7 Braiding

This section defines the braiding on the double category constructed in Proposi-

tion 3.1. This construction requires that the geofibred category used for this con-

struction is a symmetric monoidal geofibred category. The structure of a braiding

on its own is insufficient, as the assumption of symmetry is used in the proof of

Lemma 3.59.

3.7.1 Braiding transformation

A braided double category is a double category in which the categories of objects

and morphisms are braided, and the braiding is compatible with the interchange and

units.

Definition 3.57. Since D0 has all products, it can be given the structure of a Carte-

sian monoidal category (as in Definition 1.9) and hence it is a symmetric monoidal

category. The braiding morphisms sAB : A×B → B×A are the morphisms from the

universal property of the fibre product structure.

Define another family of morphisms in D1, parameterised by pairs of objects

E ,F ∈ D1, by

sE ,P =

A× U B × V

U × A V ×B

E�P

sAU sBV

P�E

σAB

where σAB is the braiding of the external tensor product � introduced in Defini-

tion 3.27.

Lemma 3.58. The families of morphisms in Definition 3.57 define a braiding on D0

and D1.

Proof. For these families to define braidings for the monoidal structure, they need to

satisfy the two hexagonal identities. For D0, this follows by the construction of the
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fibre product.

Let A BE , U VF and X YG be objects in D1. Then

one of the hexagon identities becomes (after dropping the associators) the commuta-

tive diagram

E � F � G E � G � F

G � E � F

sE�F,G

E�sF,G

sE ,G �IdF

.

Recalling the construction of the monoidal product from Subsection 3.6.1, this be-

comes equivalent to showing that there is an equality of 2-cells

XAU Y BV

AUX BV Y

G�E�F

sX,AU sY,BV

E�F�G

σE�F,G =

XAU Y BV

AXU BY V

AUX BV Y

G�E�F

E�G�F

E�F�G

ξ∗◦σE ,G �F

ξ∗◦E�σF,G

.

This equality is exactly the condition in Equation (3.18) from the definition of a

braiding of a monoidal structure on a geofibred category (Definition 3.27). The other

hexagon identity likewise becomes Equation (3.19)

3.7.2 Coherence

Lemma 3.59. The braiding on D0 and D1 in Definition 3.57 give the double category

the structure of a braided double category.

Proof. Recall from Wester Hansen and Shulman [17, Definition 2.10] the conditions

for a double category to be braided monoidal. Condition (vii)1 is that D1 and D0 are

1Note that [17] continues the numbering from the definition of monoidal category, so that condi-
tion (vii) is the first condition for a braided monoidal category
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braided monoidal. Condition (viii) is that the functors S and T are strict braided

monoidal, which is true in this case. Condition (ix) is that the diagrams in the

following subsections commute.

Braiding-interchange compatibility

Lemma 3.60. The diagram

(E �F ) � (P �Q) (P �Q) � (E �F )

(E � P)� (F � Q) (P � E )� (Q � F )

s

x x

s�s

(3.47)

commutes.

Proof. The result of following this diagram clockwise is the composition

AU CW

UA WC

UA WC

(E�F )�(P�Q)

sAU sCW

(P�Q)�(E�F )

(P�E )�(Q�F )

σ

χ

where ξ is the interchange transformation constructed in Subsection 3.6.2. The anti-

clockwise direction gives

AU CW

AU CW

UA WC

(E�F )�(P�Q)

(E�P)�(F�Q)

sAU sCW

(P�E )�(Q�F )

χ

σ�σ
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For conciseness, let L = AB,M = BC,N = UV, P = VW . Then Equation (3.47)

becomes the outer paths of the diagram

�((P � E ) � (Q � F )) �(jLNNL∗(E � P) � jMP
PM∗(F � Q))

� ◦ jNPLMNLPM∗(P � Q � E � F ) � ◦ jLNMP
NLPM∗(E � P � F � Q)

(�×�)(P � Q � E � F ) (sAU × sCW )∗ ◦ �(E � P � F � Q)

�(P � Q) ��(E � F ) (sAU × sCW )∗ ◦ � ◦ j∗(E � F � P � Q)

(sAU × sCW )∗(�(E � F ) ��(P � Q)) (sAU × sCW )∗ ◦ (�×�)((E � F ) � (P � Q))

sP,E�sQ,F

ξ∗◦sE ,Q ξ∗

b.c.b.c.

ξ∗◦sP,Fξ∗◦ξ∗

σ

ξ∗◦ξ∗

b.c.

This diagram can be simplified by using the fact that independent transformations

commute to group together morphisms which act on the external tensor product and

morphisms which act on the functor applied to this product. The diagram then

becomes

�(P � E � Q � F ) � ◦ jLNMP
NLPM∗(E � P � F � Q)

� ◦ jNPLMNLPM∗(P � Q � E � F ) � ◦ jLNMP
NLPM∗ ◦ jLMNP

LNMP∗(E � F � P � Q)

� ◦ jNPLMNLPM∗ ◦ jLMNP
NPLM∗(E � F � P � Q) (sAU × sCW )∗ ◦ (�×�)(E � F � P � Q)

ξ∗◦σe,Q

ξ∗◦(σP,E�σQ,F )

ξ∗◦σP,F

ξ∗◦σP�Q,E�F

comp∗

b.c.

b.c.

The lower-right triangle commutes by Theorem 3.17. The upper pentagon commutes

if and only if the braiding σ is symmetric, since in this case the braiding gives a

representation which factors through the symmetric group.
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Braiding-unit compatibility

Lemma 3.61. The diagram

O∆A×B O∆A
⊗O∆B

O∆B×A O∆B
⊗O∆A

uA,B

UsAB
sO∆A

,O∆B

uA,B

(3.48)

commutes.

Proof. Recall from Subsection 3.6.3 the definition of uA,B as the 2-cell with morphism

υA,B, which is defined to be the morphism

O∆A
�O∆B

iABAABB∗(OA �OB) iABAABB∗ ◦ πAB∗B (OB) O∆AB
.

ξ∗ ρ�

The clockwise direction of Equation (3.48) is the composition

AB AB

AB AB

BA BA

O∆A×B

jAABBABAB∗(O∆A
�O∆B

)

sAB sAB

jBBAABABA∗(O∆B
�O∆A

)

υBA

σAB

while the anticlockwise direction gives

AB AB

BA BA

BA BA

sAB

O∆A×B

sAB

O∆B×A

jBBAABABA∗(O∆B
�O∆A

)

UsA,B

υ

Hence the commutativity of Equation (3.48) is equivalent to commutativity of the
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following diagram:

O∆BA
i∗ ◦ sA,B∗(OAB)

(sA,B × sA,B)∗ ◦ i∗(OAB)

i∗(OB �OA) (sA,B × sA,B)∗ ◦ i∗(OA �OB)

O∆B
�O∆A

(sA,B × sA,B)∗(O∆A
�O∆B

)

unit

comp∗

ρ�

ρ�

ξ∗
σO∆B

,O∆A

ξ∗

This can be split into simpler diagrams

O∆BA
i∗ ◦ sA,B∗(OAB)

(sA,B × sA,B)∗ ◦ i∗(OAB)

i∗(OB �OA) (sA,B × sA,B)∗ ◦ i∗(OA �OB)

O∆B
�O∆A

(sA,B × sA,B)∗(O∆A
�O∆B

)

unit

comp

ρ�

sOB,OA

ρ�

ξ∗
sO∆B

,O∆A

ξ∗

where the lower rectangle is commutative by Equation (3.20). After re-ordering the

direct image functors, the upper half of the diagram is isomorphic to applying i∗ to

the diagram

OBA sA,B∗(OAB)

OB �OA sA,B∗(OA �OB)

unit

ρ�

sOB,OA

ρ�

which is exactly Equation (3.22).
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3.8 Loosely strong companions

Recall Definition 3.31 defines the notion of a companion for a tight morphism. This

notion allows the translation of tight morphisms into loose morphisms, and hence can

be used to show that the monoidal constraints (which are written in terms of tight

morphisms) correspond to loose morphisms which are retained when passing to the

underlying loose 2-category.

In the double category constructed from Definition 3.29, all tight morphisms have

companions (Lemma 3.62). A natural isomorphism α between functors valued in such

a double category has loosely strong companions (Lemma 3.63, first stated as [17,

Remark 4.11]).

Lemma 3.62. Let

A

B

f be a tight morphism. It has a companion given by

f̂ = A B
(IdA,f)∗(OA)

.

Proof. Recall the morphism νf : O∆B
→ (f × f)∗(O∆A

) from Definition 3.41. There

is a natural isomorphism

γ1 : (f × f)∗ ◦ i
1
12∗

comp∗−−−→ (f, f)∗
comp−1

∗−−−−→ (f × IdB)(IdA, f)

which forms a cell

A B

A B

f̂

f IdB

O∆B

γ1◦νf .

There is also a natural transformation

γ2 : (Id, f)∗
comp−1

∗−−−−→ (Id×f)∗ ◦ i
1
12∗
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which gives a cell

A A

A B

O∆A

IdA f

f̂

γ2 .

The tight composition of these cells gives the cell U(f), since νf is exactly the mor-

phism used to construct U(f); the composition morphisms cancel by Theorem 3.17.

Similarly, the loose composition gives Idf̂ , and hence the pair exhibit f̂ as a companion

for f .

We restate a result [17, Remark 4.11] and give a sketch of its proof.

Lemma 3.63. Let α : F ⇒ G be a natural isomorphism, where F,G : D → E are

functors between double categories. If E has companions for all tight morphisms,

then α has loosely strong companions.

Proof. Let A ∈ D. Since α is an isomorphism, αA has an inverse α−1
A . By [17,

Lemmas 3.15 and 3.16], there is an adjoint equivalence (internal to the category L(E))

α̂A a α̂−1
A . These adjoint equivalence give an adjoint equivalence α̂ a α̂−1, internal

to the category of functors L(D)→L(E), colax transformations, and modifications.

By doctrinal adjunction [23], a colax structure on a right adjoint gives a lax structure

on the left adjoint, giving α̂ a lax structure. Any transformation which has a lax and

colax structure necessarily has each αf invertible, which gives the desired result.

Corollary 3.64. The monoidal constraints (consisting of the associator and the left

and right unitors) of D(F ) have loosely strong companions.

Corollary 3.65. The 2-category L(D(F )) has a monoidal structure.
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3.9 Geofibred category of sheaves

This section shows that the geofibred category of sheaves of quasi-coherent modules

over schemes satisfies the conditions of Proposition 3.1, and hence that it determines

a double category. The underlying loose 2-category of this double category is Var,

the 2-category of schemes, sheaves and morphisms of sheaves.

Definition 3.66. Let SpVar be the category with objects quasi-compact quasi-separated

smooth schemes over a fixed field k, and morphisms scheme morphisms. Let ShVar be

the category with objects tuples (X,E ), where X ∈ SpVar and E ∈ D(X) is an ob-

ject in the derived category of sheaves of quasi-coherent modules. A morphism from

(X,E ) to (X,F ) in ShVar is a morphism α ∈ HomD(X)(E ,F ); if X 6= Y , there are

no morphisms between (X,E ) and (Y,F ). Define a functor FVar : ShVar → SpVar

by

FVar : ShVar → SpVar,

(X,E ) 7→ X,

α 7→ IdX .

Further, define a family of functors

�AB : (ShVar)A × (ShVar)B → (ShVar)A×B

to be the external product of sheaves,

E �AB F = πAB∗A (E )⊗ πAB∗B (F ),
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where ⊗ is the derived tensor product of sheaves. Finally, define braiding morphisms

σA,B : E �A,B F → jBAAB∗(F �A,B E )

to be the maps corresponding under adjunction to the morphism

jBA∗AB (πAB∗A (E )⊗ πAB∗B (F )) ∼= πBA∗A (E ) � πBA∗B (F ) ∼= πBA∗B (F )⊗ πBA∗A (E )

where the first morphism is the distributivity of inverse images over tensor products,

and the second is braiding of the tensor product.

Lemma 3.67. The external product functor �AB is an exact functor. Further, on

affine schemes, it is given on global sections by the tensor product over k.

Proof. Let

0→ E
f−→ F

g−→ G → 0

and

0→ E ′
f ′−→ F ′ g′−→ G ′ → 0

be exact sequences of quasi-coherent sheaves of modules over two schemes A and B.

Applying �AB gives the (not necessarily exact) sequence

0→ E � E ′ → F � F ′ → G � G ′ → 0. (3.49)

Recall a sequence of quasi-coherent sheaves is exact if and only if it is exact on stalks.

Points in the fibre product A× B are given by [44, Tag 01JT] tuples (a, b, p), where

a ∈ A, b ∈ B, and p is a prime ideal of OA,a⊗k OB,b. Let Rab = OA,a⊗k OB,b; then the

stalk of the structure sheaf OAB at the point (a, b, p) is given by the localisation

Rp = (Rab)p.
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Let Ep be the OA,a-module Ea viewed as an Rab-module and then localised at the prime

ideal p. Define Fp and Gp likewise. Similarly, let E ′p be the OB,b-module E ′b viewed as

an Rab-module and localised at p. Then the stalk of the sequence Equation (3.49) is

0→ Ep ⊗Rp E ′p → Fp ⊗Rp F ′
p → Gp ⊗Rp G ′p → 0. (3.50)

Since localisation commutes with tensor products, this can be written as the locali-

sation at p of the sequence

0→ Ea ⊗Rab E ′b → Fa ⊗Rab F ′
b → Ga ⊗Rab G ′b → 0. (3.51)

Since localisation is an exact functor, Equation (3.50) is exact if Equation (3.51) is

exact. By assumption, the sequences

0→ Ea
fa−→ Fa

ga−→ Ga → 0 and 0→ E ′b
f ′b−→ F ′

b

g′b−→ G ′b → 0

are exact. Since the tensor product is a right-exact functor, it is sufficient to show

that the first morphism in Equation (3.51) is injective. Since Rab is formed by taking

a tensor product over a field, the kernel of fa ⊗ f ′b is

ker(fa ⊗ f ′b) = ker(fa)⊗ E ′b + ea ⊗ ker(f ′b) = {0}

as required.

Proposition 3.68. The functor FVar constructed in Definition 3.66, along with the

derived direct image and inverse image functors, defines a geofibred category satisfying

the conditions of Proposition 3.1.
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Moreover, the functors �AB give this a monoidal structure. Define morphisms

σE ,F : E � F → sBA∗(F � E )

by the adjoint to the map

s∗BA(E � F )
ξ∗−1

−−→ πBA∗A (E )⊗ πBA∗B (F ) ∼= πBA∗B (F )⊗ πBA∗B (F ),

where the final morphism is the braiding of the tensor product. These give the

monoidal geofibred category a symmetric braiding.

Proof. The key part of the proof is the fact that the non-derived external tensor

functor �AB is exact, and consequently constructions can be computed locally without

having to take resolutions of objects.

Reich [36] showed that FVar is a geofibred category. It is clear that Sp has all

products and a terminal object {pt} = Spec(k). By Proposition 1.29, the class of

projection morphisms is pull-geolocalizing.

The associators, unitors and distributors can be defined by working locally on an

affine patch. As an example, we give an explicit construction of the associator. Let

E• ∈ D(X),F• ∈ D(Y ),G• ∈ D(Z) be elements of ShVar. Then, by exactness,

(E � (F � G ))i = Ei � (Fi � Gi)

and similarly

((E � F ) � G )i = (Ei � Fi) � Gi.

These are both elements of D(X × Y × Z). Take an affine open cover of X × Y × Z

formed from sets U × V ×W , where U , V and W are open affine neighbourhoods of
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X, Y and Z respectively. Then

(E � (F � G ))i(U × V ×W ) = Ei(U)⊗Fi(V )⊗ Gi(W ).

Since U is an open affine neighbourhood, U ∼= Spec(R) for some k-algebra R and

Ei(U) can be identified with M̃ for some R-module M . Likewise, Fi(V ) and Gi(W )

can be identified with modules N and P over some rings S and T respectively. Then

there is a morphism

M ⊗k (N ⊗k P )→ (M ⊗k N)⊗k P

given by the associator of the tensor product of vector spaces. Gluing together these

morphisms gives the associator for �.

The unitor can be constructed similarly, using the identification M ⊗R (R⊗k S) ∼=

M ⊗k S. The distributors can be constructed from the distributivity of base-change

of modules over the tensor product over a field; that is, the identification

MR ⊗k NS
∼= (M ⊗k N)R⊗kS

which is equality on the underlying vector spaces. Since this is an equality, it com-

mutes with the associator.

Continuing to work locally, the composition natural transformation comp∗ is the

identification

(MS′)S′′ = MS′′

for a S-module M and morphisms f : S ′′ → S ′, g : S ′ → S. From this, the commu-

tativity of distributors with composition is clear. The composition of inverse images

comp∗ is the isomorphism

(M ⊗S′′ S ′)⊗S′ S ∼= M ⊗S′′ S
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given by (m, s1, s2) 7→ (m, g(s1)s2). Again, that this commutes with distributivity is

clear.

Similarly, distributivity commutes with base-change morphisms, trivialisations

and units.

Let f : R → S be a morphism of rings. Then for any R-module M we have

f∗ ◦ f ∗(M) = (M ⊗R S)R. The unit natural transformation unit : Id→ f∗ ◦ f ∗ has as

its components

unit(f)M : M → (M ⊗R S)R,

m 7→ m⊗R 1S.

For morphisms f : R → S and g : R′ → S ′, the unit-unitor diagram condition Equa-

tion (3.16) becomes

(S ⊗k S ′)R⊗kR′ R⊗k R′

(S ⊗k S ′)R×R′ SR ⊗k S ′R′ R⊗k R′

r1⊗r2 7→r1⊗r2

s1⊗s2 7→s1⊗s2 r1⊗r2 7→r1⊗r2

which clearly commutes. Left- and right-unitors are likewise compatible.

The monoidal compatibility conditions can likewise be checked locally on affine

patches, where they are trivial.

The braiding maps can be given explicitly on an affine patch by

M ⊗k N → N ⊗k M

(m,n) 7→ (n,m).

From this definition, the identities follow immediately.

Proposition 3.69. The category Var is isomorphic to the category L(D(FVar)).
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Proof. The objects of the two categories are both quasi-compact quasi-separated

smooth schemes over k. The 1-morphisms of L(D(FVar)) are diagrams

A BE

which can be identified with the sheaf E ∈ HomVar(A,B). Finally, the 2-morphisms

of L(D(FVar)) are diagrams

A B

A B

E

F

α

where α ∈ HomVar(E , (IdA× IdB)∗(F )). This can be identified with the morphism

triv∗ ◦α ∈ HomVar(E ,F ).
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Chapter 4

TQFTs valued in Var

4.1 Frobenius algebra objects

It is well-known [24] that oriented (1 + 1)-TQFTs valued in the category of vector

spaces are classified by commutative Frobenius algebras. This proof immediately

generalises to the case when the target category is any symmetric monoidal cate-

gory. In this case, TQFTs are classified by Frobenius algebra objects. Recall from

Definition 1.16 the definition of a Frobenius algebra object.

Definition 4.1. [24] Let C be a monoidal category with unit I. A Frobenius algebra

object is a tuple (A, µ, δ, ε, τ) such that:

1. the tuple (A, µ, ε) is a unital monoid with multiplication µ : A ⊗ A → A and

unit ε : I → A; and

2. the tuple (A, δ, τ) is a counital comonoid with comultiplication δ : A → A ⊗ A

and counit τ : A→ I; and

3. the Frobenius identities hold:

(IdA⊗µ) ◦ (δ ⊗ IdA) = δ ◦ µ = (µ⊗ IdA) ◦ (IdA⊗δ) .
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A (1+1+1)-TQFT induces a (1+1)-TQFT by truncation; that is, by considering

2-manifolds only up to diffeomorphism, and taking the isomorphism class of the image

of this object. We formalise this folklore process below as a first step to investigating

the possible construction of a (1 + 1 + 1)-TQFT.

Definition 4.2. Let 2-Cat be the 1-category of (weak) 2-categories and (lax) 2-

functors, and let Cat be the 1-category of 1-categories and functors. For C ∈ 2-Cat,

let HC be the 1-category with the same objects as C, but with 1-morphisms given

by isomorphism classes of 1-morphisms in C (this is sometimes referred to as the

classifying category of C). For a 2-functor F : C → D ∈ Hom2-Cat(C,D), define

HF : HC → HD ,

x 7→ F(x) ,

[f ] 7→ [F(f)] ,

where [f ] denotes the isomorphism class of the 1-morphism f . This defines the 1-

truncation functor

H : 2-Cat→ Cat .

Lemma 4.3. Let C be a 2-category and HC be its truncation. A (1 + 1 + 1)-TQFT

Z : Bord1+1+1 → C induces a (1 + 1)-TQFT valued in the category HC.

Proof. The category HBord1+1+1 is a quotient category of Bord1+1 (since 1-morphisms

in this latter category are bordisms considered up to diffeomorphism, and the mapping

cylinder associated to this diffeomorphism is an invertible 2-morphism in Bord1+1+1).

The composition

Bord1+1 → HBord1+1+1
HZ−−→ HC

gives the induced (1 + 1)-TQFT.
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4.1.1 Frobenius algebra objects in HL(D(F ))

Lemma 4.4. Let F : Sh→ Sp be a symmetric monoidal geofibred category satisfying

the conditions of Proposition 3.1 and let L(D(F )) be its associated 2-category. Let

X ∈ Sp, and recall i1123 : X → X3 is the triagonal map. Let O∆3 = i1123∗(OX). Then

X ∈ HL(D(F )) can be given the structure of a commutative monoid object by taking

O∆3 as the multiplication map and O{pt}×X to be the unit.

Remark 4.5. It is worth noting the intuition behind choosing the O∆3 to represent the

multiplication. Consider F = FVar : ShVar → SpVar. Recall Huybrechts [20] showed

that if f : X → Y and Γf = (IdX , f) : X → X×Y , then the Fourier–Mukai transform

with kernel Γf ∗(OX) ∈ D(Y ×X) is the inverse image functor f ∗. In particular, the

Fourier–Mukai transform associated to O∆3 is the inverse image functor i1∗12.

If E ,F ∈ D(X) then i1∗12(E � F ) = E ⊗ F , so this choice of multiplication

recovers the tensor product on the subcategory D(X)⊗D(X) ⊂ D(X×X). A similar

calculation shows that the Fourier–Mukai transform corresponding to the unit is the

inverse image functor π1∗
∅ : D({pt})→ D(X).

Proof. We first prove that the multiplication is unital; that is, that

O∆3 � (O∆ �OX) ∼= O∆. (4.1)

By Definition 3.26, there are isomorphism

i112∗(OX) �OX i13
12,3∗(OX �OX) i13

12,3∗(OX×X)∼
ξ∗

∼
ρ�

.

Hence the left-hand side of Equation (4.1) can be written as

i4456∗(OX)� i13
12,3∗(OX×X) = π1236

16∗ ◦ i1236∗
1,24,35,6

(
i4456∗(OX) � i13

123∗(OX×X)
)
.
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Now

i4456∗(OX) � i13
123∗(OX×X) ∼= (i4456 × i13

123)∗(OX �OX×X)

= i134
123456∗(OX3)

(where the isomorphism in the first line is from ξ∗), so

i4456∗(OX)� i13
12,3∗(OX×X) ∼= π1236

16∗ ◦ i1236∗
1,24,35,6 ◦ i134

12,3,456∗(OX3)

∼= π1236
16∗ ◦ i1123456∗ ◦ i1∗134(OX3)

∼= i116∗(OX)

where the second line follows by applying a base-change isomorphism, and the third

by the composition of direct image functors. Thus in HL(D(F )), the equality [O∆3 ]�

[O∆ �OX ] = [O∆] holds as required.

The right unital identity follows similarly, as does associativity.

Finally, for the structure to be commutative, the following diagram must commute:

X ×X X ×X

X

i12
21∗(OX×X)

O∆3

O∆3

.

This commutes if O∆3 � i
1,2
14,23∗(OX×X) ∼= O∆3 . The left-hand side is

O∆3 � i14,23∗(OX×X) = π12347
127∗ ◦ i

1,2,3,4,7∗
1,2,35,46,7(i1,214,23∗(OX) � i5567∗(OX))

∼= π12347
127∗ ◦ i

1,2,3,4,7∗
1,2,35,46,7(i1,2,514,23,567∗(OX3))

∼= π12347
127∗ ◦ i11234567∗(OX)

∼= i1127∗(OX)

where the second line uses the distributor isomorphism ξ∗, the third line is a base-
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change isomorphism and the final line follows by composing the two functors.

Lemma 4.6. Let F : Sh→ Sp be a symmetric monoidal geofibred category satisfying

the conditions of Proposition 3.1. Let X ∈ Sp and let O∆3 = i1123∗(OX). Then

X ∈ HL(D(F )) can be given the structure of a comonoid object by taking O∆3 to be

the comultiplication map and OX×{pt} to be the counit.

Proof. These calculations can be performed in a manner similar to those in Lemma 4.4.

Proposition 4.7. Let F : Sh→ Sp be a symmetric monoidal geofibred category sat-

isfying the conditions of Proposition 3.1, and let X ∈ Sp and O∆3 = i1123∗(OX). Then

the tuple (X,O∆3 ,O∆3 ,O{pt}×X ,OX×{pt}) is a commutative Frobenius algebra object in

HL(D(F )).

As mentioned in the introduction to Section 4.1, commutative Frobenius objects

in a given category classify oriented (1 + 1)-TQFTs valued in that category. Conse-

quently, given a smooth scheme over k, there is a (1 + 1)-TQFT corresponding to the

commutative Frobenius object constructed in this proposition, which will be denoted

ZX : Bord1+1 → HL(D(F )).

Recall there is a functor L(D(F )) → 2Cat sending X to its derived category

D(X) and a sheaf E to its Fourier–Mukai transform ΦE . Thus given any oriented

(1 + 1)-TQFT valued in HVar, we can form a functor Z ′X : Bord1+1 → H2Cat.

Then

Z ′X( ) = ΦO∆3
= i1∗12

where the second equality follows from Remark 4.5. This is the same functor that

Roberts and Willerton [38] conjectured should be assigned to the pair of pants (see

Conjecture 1.2. They expressed the functor as taking the tensor product with the

diagonal sheaf and pushing forward; this can be seen to be equivalent to applying i1∗12
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since

π12
2∗(E ⊗O∆) = π12

2∗(E ⊗ i112∗(OX)) ∼= π12
2∗ ◦ i112∗ ◦ i1∗12(E ) = i1∗12(E ) ,

where the isomorphism follows from the projection formula.

Proof. Lemma 4.4 and Lemma 4.6 show that this tuple gives rise to a commutative

monoid and a cocommutative comonoid, so it remains to show that the Frobenius

identities hold.

Consider first the composition O∆3 � O∆3 = i1123∗(OX) � i4456∗(OX). There is an

isomorphism

i1123∗(OX) � i4456∗(OX) ∼= i14
123,456∗(OX×X)

so the composition is given by

i1123∗(OX)� i4456∗(OX) ∼= π13456
1346∗ ◦ i12356∗

1,2,34,5,6 ◦ i14
123,456∗(OX×X)

∼= π13456
1346∗ ◦ i113456∗ ◦ i1∗14(OX×X)

∼= i11346∗(OX),

where the isomorphism in the second line is a base-change isomorphism.

We now simplify (O∆ � O∆3) � (O∆3 � O∆) to the same form. The two sheaves

that are being composed are given by

O∆ �O∆3
∼= i01

023,14∗(OX×X)

and

O∆3 �O∆
∼= i89

58,679∗(OX×X) .
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The external product of these is given by

(O∆ �O∆3) � (O∆3 �O∆) ∼= i0189
023,14,58,679∗(OX4).

Hence the composition is given by

(O∆ �O∆3)� (O∆3 �O∆) ∼= π0123489
0189∗ ◦ i0123489∗

0,1,25,36,47,8,9 ◦ i0189
023,14,58,679∗(OX4)

∼= π0123489
0189∗ ◦ i00123489∗ ◦ i0∗0189(OX4)

∼= i00189∗(OX)

where the isomorphism in the second line is a base-change isomorphism. Hence the

left Frobenius identity holds; the right identity follows similarly.

We now show that under a mild condition on the geofibred category F , this is the

unique “geometric” Frobenius algebra object; that is, one where the Fourier–Mukai

functors associated to the product and coproduct maps are inverse and direct image

functors respectively.

Definition 4.8. A monoid (resp. comonoid) in HL(D(F )) is geometric if the Fourier–

Mukai transform associated to its product (resp. coproduct) is of the form f ∗ (resp.

f∗) for some morphism f ∈ HomSp(X,X × X). A Frobenius algebra object is geo-

metric if it is geometric as a monoid and comonid.

Lemma 4.9. Let F : Sh→ Sp be a symmetric monoidal geofibred category satisfying

the conditions of Proposition 3.1. Let (X,M ,E ) be a geometric monoid in L(D(F )).

Then E ∼= OX ; and f = (f1, f2) for some f1, f2 ∈ HomSp(X,X) such that for any

X ∈ ShX there are isomorphisms f ∗1 (X ) ∼= X ∼= f ∗2 (X ).

Proof. The morphism f can be written as f = (f1 × f2) ◦ i112, for some f1, f2 ∈
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HomSp(X,X). Then the unital identity becomes

X ∼= i1∗12 ◦ (f1 × f2)∗(E � X )

for any X ∈ SpX . Taking X = OX and using the isomorphism E � OX ∼= π12∗
1 (E )

gives OX ∼= f ∗1 (E ). Then

X ∼= i1∗12 ◦ (f1 × f2)∗(E � X )

∼= i1∗12 (f ∗1 (E ) � f ∗2 (X ))

∼= i1∗12 ◦ π12∗
2 ◦ f ∗2 (X )

∼= f ∗2 (X ).

By symmetry, we also find that OX ∼= f ∗2 (E ) and X ∼= f ∗1 (X ). Taking X = E gives

E ∼= f ∗1 (E ) ∼= OX .

Lemma 4.10. Let F : Sh→ Sp be a symmetric monoidal geofibred category satisfying

the conditions of Proposition 3.1. Let (X,M ,E ) be a comonoid in L(D(F )). Suppose

that ΦM = f∗ for some f ∈ HomSp(X,X ×X). Then E ∼= OX ; and f = (f1, f2) for

some f1, f2 ∈ HomSp(X,X) such that for any X ∈ ShX there are isomorphisms

f1∗(X ) ∼= X ∼= f2∗(X ).

Proof. This follows in the same manner as Lemma 4.9.

Proposition 4.11. Let F : Sh → Sp be a symmetric monoidal geofibred category

satisfying the conditions of Proposition 3.1. Suppose that this satisfies the additional

conditions that the only morphism f ∈ HomSp(X,X) such that f ∗(X ) ∼= X for all

X ∈ X is the identity, and likewise for f ∗. Then the commutative Frobenius algebra

constructed in Proposition 4.7 is the unique geometric Frobenius algebra structure on

X.

Proof. This follows by Lemma 4.9 and Lemma 4.10.
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...
... g + 1 copies

Figure 4.1: A decomposition of the genus g surface

4.1.2 Frobenius algebra objects in HVar

The results of Subsection 4.1.1 applied to the 2-category associated to a double cat-

egory constructed from any geofibred category using Proposition 3.1; from now on,

we will use results specific to the case when F = FVar : ShVar → SpVar, and hence

L(D(F )) ∼= Var.

Lemma 4.12. Let Σg be a genus g surface. Then

ZX(Σg) ∼= H∗
(
O
⊗(g+1)
∆

)
,

where the right-hand side is viewed as a chain complex

· · · H i(O
⊗(g+1)
∆ ) H i−1(O

⊗(g+1)
∆ ) · · · H0(O

⊗(g+1)
∆ )0 0 0 0 .

Proof. Consider the decomposition of a genus g surface as shown in Figure 4.1. Ap-

plying ZX gives

ZX(Σg) = ZX ( ) ◦ ZX
( )g+1

◦ ZX
( )

.
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Now consider the Fourier–Mukai transform ΦZX(Σg) associated to the kernel ZX(Σg).

Note that ZX(Σg) ∼= ΦZX(Σg)(k), so to determine ZX(Σg) it is sufficient to compute

the functor ΦZX(Σg). Let C1 = ZX( ),D1 = ZX( ),D2 = ZX( ) and

C2 = ZX( ). Now

C1 = OX �OX = OX×X

and likewise

C2 = OX �OX = OX×X ;

hence the corresponding Fourier–Mukai transforms are

ΦC1(E ) = π12
∅∗(π

12∗
12 (E )⊗OX×X) = π12

∅∗(E ) ,

ΦC2(E ) = π12
12∗(π

12∗
∅ (E )⊗OX×X) = π12∗

∅ (E ) .

By Remark 4.5, the Fourier–Mukai transform ΦD1 is ΦD1 = i112∗ and similarly

ΦD2 = i1∗12. By the projection formula,

i112∗ ◦ i1∗12(E ) ∼= i1∗12(E � i112∗(OX)) ∼= E ⊗ i112∗(OX) ,

so ΦD1 ◦ ΦD2(E ) = E ⊗ i112∗(OX) = E ⊗O∆. Combining these results gives

ΦZ(Σg)(k) = ΦC1 ◦ (ΦD1 ◦ ΦD2)g+1 ◦ ΦC2(k)

= π12
∅∗(π

12∗
∅ (k)⊗O

⊗(g+1)
∆ )

= π12
∅∗(O

⊗(g+1)
∆ ) .

Since the direct image functor with codomain a single point equals the global sections

functor, and sheaf cohomology is the derived global sections functor, this expression

is exactly H∗
(
O
⊗(g+1)
∆

)
.

We now look to give an explicit computation of the derived tensor product of the
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diagonal sheaf. To do this, we will find a flat resolution of the diagonal. Pragacz,

Srinivas and Pati [35] give such a resolution in the case where X is a smooth variety

which satisfies a certain property.

Definition 4.13. [35] A smooth variety X is said to have property (D) when there

exists a vector bundle E of rank equal to dim(X) on X × X and a section s of E ,

such that the zero scheme of s is the diagonal subscheme ∆ ⊂ X ×X.

In particular, if X is a projective surface which is birational to a K3 surface with

two disjoint rational curves, then X satisfies property (D). The property is also closed

under taking fibre products.

Proposition 4.14. Suppose that X is a scheme which has property (D). Then

ZX(Σg) ∼= H∗
((∧∗

Ω
)⊗g)

, (4.2)

where Ω denotes the cotangent bundle and
∧∗Ω is the chain complex with the sheaf

∧iΩ in degree i and zero differential.

Proof. For g = 0, the state space is given by

ZX(Σ0) = π12
∅∗(i

1
12∗(OX)) = π1

∅∗(OX) ∼= H∗(OX) .

Now consider the case g ≥ 1. Under the assumption that X has property (D), there

is a Koszul resolution [1, Remark 1.23] of the diagonal sheaf of the form

O∆
∼= C• = 0→ det(E ∗)→ · · · → E ∗

s∗−→ OX×X → 0 , (4.3)

where E is a locally free sheaf and s is a section of E which vanishes on the diagonal

of X ×X. Here, E ∗ is the dual sheaf and s∗ : E ∗ → OX×X is the dual map given by

evaluating at the section s.
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Since C• is a complex of free modules, the derived functor ∆∗X is the same as

applying the non-derived functor ∆∗X termwise. Now [35] ∆∗X(E ∗) = ΩX , so

∆∗X(C•) = 0→ det(ΩX)→ · · · → ΩX
0−→ OX → 0 =

∧∗
Ω . (4.4)

Thus

∆∗X(O⊗g∆ ) ∼= (∆∗X(O∆))⊗g ∼=
(∧∗

Ω
)⊗g

.

By the projection formula, there is an isomorphism

O
⊗g
∆ ⊗O∆

∼= ∆X∗ ◦∆∗X(O⊗g∆ ) ,

so

O
⊗(g+1)
∆

∼= ∆X∗ ◦∆∗X(O⊗g∆ )

∼= ∆X∗

((∧∗
Ω
)⊗g)

,

and hence

Z(Σg) = π12
∅∗(O

⊗(g+1)
∆ ) = π1

∅∗

((∧∗
Ω
)⊗g)

= H∗
((∧∗

Ω
)⊗g)

as required.

Corollary 4.15. Under the hypothesis of Proposition 4.14, the state spaces of the

TQFT ZX are isomorphic to those of the Rozansky–Witten TQFT.

Proof. Recall from Equation (1.2) that the state spaces of the Rozansky-Witten

TQFT are given by the formula

Z(Σg) =

dimC(X)⊕
q=0

Hq

∂

(
X, (∧T 1,0X)⊗g

)
.
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which can be seen to be agree with Equation (4.2) by identifying T 1,0 with the cotan-

gent sheaf Ω.
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4.2 The affine subcategory AffVar

Consider the full subcategory AffVar ⊂Var whose objects are affine schemes over

k. Recall that there is a simple description of quasi-coherent sheaves of modules over

an affine scheme Spec(R): they are determined by their global sections, which are

exactly R-modules [18]. We use this to give an equivalence between the categories

AffVar and the category CAlgd
k formed of commutative algebras, complexes of

bimodules and chain maps (see Definition 4.20 for the full definition).

4.2.1 Non-derived equivalence

Let R be a k-algebra. Recall the global sections functor

Γ: SH(Spec(R))→ R-mod

sends a sheaf to its global sections. This functor has a quasi-inverse functor

˜ : R-mod→ SH(Spec(R))

which sends a module M to the OSpec(R)-module M̃ . This gives an equivalence of

categories [18]

R-mod SH(Spec(R)) ,
˜
Γ

(4.5)

which also gives an equivalence of the derived categories.

It will be useful to translate the tensor product functor and the direct and inverse

image functors to this algebraic setting.

Lemma 4.16. The global sections functor distributes over the tensor product; that

is, Γ(E ⊗F ) ∼= Γ(E )⊗ Γ(F ). Similarly, M̃ ⊗N ∼= M̃ ⊗ Ñ .

Definition 4.17. Let f# : R→ S be a ring morphism, and let f : Spec(S)→ Spec(R)
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be the induced morphism of schemes. Recall from Section 1.3 the definitions

f#
∗ : S-mod→ R-mod ,

M 7→MR ,

where MR denotes the S-module M considered as an R-module by rs = f(r)s, and

f#∗ : R-mod→ S-mod ,

N 7→ N ⊗R S ,

where R acts on S by rs = f#(r)s.

Lemma 4.18. [18] The functors f#∗ and f#
∗ correspond to the inverse image and

direct image functors respectively; explicitly, there are commutative diagrams of func-

tors

SH(Spec(S)) SH(Spec(R))

S-mod R-mod

f∗

Γ Γ

f#
∗

and

SH(Spec(R)) SH(Spec(S))

R-mod S-mod

f∗

Γ Γ

f#∗
.

4.2.2 2-categorical equivalence

Definition 4.19. The 2-category of commutative algebras over k CAlgk is a sym-

metric monoidal 2-category, with objects commutative k-algebras and categories of

1-morphisms given by

HomCAlgk
(A,B) = A-B-bimod,
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where A-B-bimod is the category of A-B-bimodules. The composition in this

category is given by relative tensor product: given M ∈ HomCAlgk
(A,B), N ∈

HomCAlgk
(B,C) their composition is M ◦N = M ⊗B N . The monoidal structure is

the tensor product over k.

Since we are working with derived categories, we want to consider a derived version

of this category. Since A-B-bimod is equivalent to (A⊗k Bop)-mod, which in turn

(since B is commutative) is isomorphic to the category (A ⊗k B)-mod, we replace

A-B-bimod with D((A⊗k B)-mod).

Definition 4.20. Let CAlgd
k be the symmetric monoidal 2-category with the same

objects as CAlgk, and with categories of 1-morphisms

HomCAlgdk
(A,B) = D((A⊗k B)-mod) .

Vertical composition is the usual composition of morphisms in D((A ⊗k B)-mod).

The composition functor is given by the derived tensor product

⊗B : D((B ⊗k C)-mod)×D((A⊗k B)-mod)→ D((A⊗k C)-mod) ,

where an (A ⊗k B)-module is viewed as a B-module by the inclusion of algebras

B ↪→ A⊗k B (and likewise for (B ⊗k C)-modules). The monoidal structure is given

by taking the tensor product over k. The braiding SAB : A ⊗k B → B ⊗k A is given

by the module SAB, which has underlying abelian group A ⊗k B and an action of

(A⊗k B)⊗k (B ⊗k A) given by

(a1 ⊗ b1 ⊗ b2 ⊗ a2) · (a3 ⊗ b3) = a1a2a3 ⊗ b1b2b3.

We want to use the equivalence of 1-categories in Equation (4.5) to construct an

equivalence of 2-categories between CAlgd
k and AffVar. Let Φ: CAlgd

k → AffVar
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be defined on objects by Φ(A) = Spec(A). On Hom-categories, define

Φ: HomCAlgdk
(A,B)→ HomAffVar(Φ(A),Φ(B))

to be the derived functor of the (exact) functor ˜.

Lemma 4.21. The map Φ can be given the structure of a symmetric monoidal 2-

functor.

Proof. We give an overview of the transformations needed to show that Φ is a sym-

metric monoidal functor, and leave it to the reader to verify that they satisfy the

necessary axioms.

First, we need to show that Φ is a functor of 2-categories; that is, that it respects

identity 1-morphisms and composition of 1- and 2-morphisms up to coherent natural

2-isomorphism. Let A ∈ CAlgd
k; then note that

Γ(O∆) = A ,

where A has the structure of an (A⊗kA)-bimodule where the left and right actions are

both multiplication. This is exactly the identity 1-morphism IdA ∈ HomCAlgdk
(A,A).

Hence there is an isomorphism O∆
∼= Γ̃(O∆) = ĨdA.

Now let M ∈ HomCAlgdk
(A,B), N ∈ HomCAlgdk

(B,C). For brevity of notation,

let AB = A ⊗k B and likewise for AC,BC and ABC. Let X1 = Spec(A), X2 =

Spec(B), X3 = Spec(C). Following the notation of Definition 4.17, the map π123
12 is

induced by the mophism of rings

π123#
12 : AB → ABC ,

a⊗ b 7→ a⊗ b⊗ 1C ,
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and π123#
13 and π123#

23 can be calculated similarly. Then

Γ (Φ(N) ◦ Φ(M)) = Γ ◦ π123
13∗
(
π123∗

23 (Φ(N))⊗ π123∗
12 (M)

)
= π123#

13∗

(
π123#∗

23 (Γ ◦ Φ(N))⊗ π123#∗
12 (Γ ◦ Φ(M))

)
= ((N ⊗BC ABC)⊗ABC (M ⊗AB ABC))AC ,

where the equality in the second line follows from Lemma 4.18 and Lemma 4.16.

LetN• be a free resolution ofN andM• be a free resolution ofM as ABC-modules.

Then

N• ⊗BC ABC = N• ⊗k A

and

M• ⊗AB ABC = M• ⊗k C ,

so

Γ(Φ(N) ◦ Φ(M)) ∼= ((N• ⊗BC ABC)⊗ABC (M• ⊗AB ABC))AC

∼= ((N• ⊗k A)⊗ABC (M• ⊗k C))AC

= (N• ⊗B M•)AC .

On the other hand,

N ◦M = (N ⊗B M)AC

∼= (N• ⊗B M•)AC .

Thus Γ(Φ(N) ◦ Φ(M)) ∼= N ◦M . Applying Φ to both sides and using the fact

that Φ and ψ are quasi-inverse gives Φ(N) ◦ Φ(M) ∼= Φ(N ◦M) as required.

Next, we need to show that Φ respects the monoidal structure; that is, we need
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to give invertible 1-morphisms

χ : Φ(A)⊗ Φ(B)→ Φ(A⊗B)

and

ι : {pt} → Φ(k).

By definition, {pt} = Spec(k) and so ι can be taken to be the identity O∆{pt} ∈

HomAffVar({pt}, {pt}). Next, for any A,B ∈ CAlgd
k, there is a commutative diagram

Spec(A⊗k B) Spec(A)

Spec(B) Spec(k)

Spec(iA) Spec(iB)

where

iA : A→ A⊗k B

a 7→ a⊗k 1B

and iB is defined similarly. This diagram satisfies the universal property of limits, and

hence there is a canonical isomorphism χ0 : Spec(A)⊗Spec(B)→ Spec(A⊗kB). Let

χ = χ̂0 be the loose companion to this tight morphism (as defined in Lemma 3.62);

explicitly, this is given by

χ = (Id, χ0)∗(OSpec(A)⊗Spec(B)) ∈ HomAffVar(Spec(A)⊗ Spec(B), Spec(A⊗k B)).

Finally, we give the 2-morphisms

uAB : Φ(SAB) ◦ χA,B → χBA ◦ ̂sΦ(A),Φ(B) (4.6)
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which shows that Φ respects the symmetric structure. Recall [17, Lemma 3.10] that

the composition two companions gives a companion of the composition. Since χBA =

̂(χ0,BA), the right-hand side is a companion of χ0,BA ◦ sAB. Now note

Γ(Φ̂(sAB)) = Γ ((Id,Φ(sAB))∗(OAB))

∼= (IdA⊗kB ⊗ksA⊗kB)∗(AB)

= SAB.

Thus Φ(SAB) is a companion of Φ(sAB). Thus the left-hand side of Equation (4.6) is

isomorphic to Φ̂(sAB)◦χ̂0,A,B. The composition of two companions is a companion for

the composition, so this is a companion for Φ(sAB) ◦ χ0,A,B. Companions are unique

up to isomorphism, and we take this isomorphism to be uAB.

Remark 4.22. The proof of Lemma 4.21 makes use of the ideas of companions from

double categories. Both AffVar and CAlgd
k can be constructed as underlying loose

categories of double categories, and the functor Φ can be constructed from a functor

between the two double categories.

We now construct a quasi-inverse to Φ. Let Ψ: AffVar → CAlgd
k take a scheme

to the global sections of its structure sheaf. On 1- and 2-morphisms, define this to be

the derived functor of the (exact) functor Γ.

On objects, Φ◦Ψ(X) = Spec(Γ(X)) ∼= X, and Ψ◦Φ(A) = A. Further, the functors

ΦAB and ΨΦ(A),Φ(B) define equivalences of categories. This, along with the fact that

Φ is a 2-functor, is enough for C and D to be equivalent 2-categories. Formally, we

have the following folklore result [42, Theorem A.16]:

Lemma 4.23. Let C,D be 2-categories, with Φ: C → D a 2-functor. Suppose that

Φ is surjective up to invertible 1-morphisms; that is, for any d ∈ D there is some

c ∈ C, f ∈ HomD(Φ(c), d), g ∈ HomD(d,Φ(c)) and invertible 2-morphisms fg ⇒ Idd
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and IdΦ(c) ⇒ gf . Suppose further that

ΦAB : HomC(A,B)→ HomD(Φ(A),Φ(B))

is an equivalence of categories for all A,B ∈ C. Then C,D are equivalent 2-

categories.

This is a adaptation of the statement that a functor between 1-categories is an

equivalence if and only if it is fully faithful and essentially surjective.
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4.3 Extended TQFTs valued in Var

This section analyses (1 + 1 + 1)-TQFTs valued in the 2-category Var. First, the

case of TQFTs valued in the affine subcategory AffVar ⊂Var is considered; since

quasi-coherent sheaves of modules over affine schemes are determined by their global

sections, which are modules over a ring, this provides a signification simplification.

Once this case is considered, the general case of TQFTs valued in Var is examined.

4.3.1 Affine extended TQFTs

In this section, Theorem 1.3 will be proved under the additional assumption that

X = Z(S1) is affine and reduced. This result will be used to prove the general case

(without the assumption that X is affine) in Subsection 4.3.2.

In Bord1+1+1, the cap and cup bordisms are an adjoint pair. Following the

notation of [6], the unit and counit are given by the 2-morphisms µ† and ν†, defined

as follows. The bordism

µ† : →

is the trace of surgery around the blue circle. The bordism

ν† : →

is given by the trace of surgery on the 2-sphere.

Since these are a unit-counit pair, there is an equality

µ†◦
−−−→

◦ν†
−−−→ =

Id−→ . (4.7)

where whiskering is used to compose the 1-morphism with the 2-morphisms µ† and

ν† (recall in the bordism category, this whiskering is performed by taking the product
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of the 1-morphism with the unit interval I to give the identity 2-morphism over

it, and then gluing the 2-morphisms together along their boundary). In particular,

Z(µ†) ◦ Z( ) is a monomorphism.

Suppose Z is a (1+1+1)-TQFT valued in Var such that the induced (1+1)-TQFT

is ZX for some X1. Then there are isomorphisms

Z( ) ∼= O∆

and

Z( ) ∼= OX×X ,

so

Z(µ†) ∈ Hom(Z( ), Z( )) ∼= Hom(O∆,OX×X) .

In the rest of this section, it will be shown that Hom(O∆,OX×X) = {0} unless X is a

field.

Definition 4.24. For a ring R and a maximal ideal m ∈ Specm(R), let Fm = R/m be

the residue field. Let Evm : R → Fm be the map formed by taking the quotient of R

by m. Define Evm,n : R⊗k R→ Fm ⊗ Fn by

Evm,n = (IdFm ⊗Evn) ◦ (Evm⊗ IdR) .

Lemma 4.25. Let R be a ring with Jac(R) = 0 and m / R be a fixed maximal ideal.

If

Jm =
⋂

n∈Specm(R),n6=m

n 6= {0} ,

then R = m⊕ Jm.

1In fact, the following analysis holds for a (1 + 1 + 1)-TQFT valued in any 2-category C such
that HC ⊂ HVar.
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Proof. Pick some r ∈ Jm \ {0}. Then

Jm ∩m = Jac(R) = {0} ,

so r 6∈ m. Hence m ( m+Jm, but since m is a maximal ideal it must be the case that

m + Jm = R. Since Jm ∩m = Jac(R) = {0}, it follows that R = m⊕ Jm.

Lemma 4.26. Let R be an algebra with Jac(R) = {0}. Suppose R cannot be written

as a non-trivial direct sum. Let S = R⊗kR and let D be the S-module with underlying

abelian group R and with r ⊗ r′ ∈ S acting by multiplication by rr′. Then

HomS(D,S) =


R R is a field

{0} otherwise

Proof. Say g ∈ HomS(D,S) and let g1 = g(1 ⊗ 1). Fix maximal ideals m, n ∈

Specm(R), m 6= n. Then m \ n 6= 0 (else m ⊂ n and since m is maximal this would

give m = n) so pick some r0 ∈ m \ n. Then Evm(r0) = 0, Evn(r0) 6= 0. Now

0 = (r0 ⊗ 1− 1⊗ r0) · (1⊗ 1) ∈ D ,

so

0 = g(0) = (r0 ⊗ 1− 1⊗ r0)g1 ∈ S .

Applying Evm,n gives

0 = Evm,n ((r0 ⊗ 1− 1⊗ r0)g1) = (−1⊗ Evn(r0)) Evm,n(g1) ,

and hence Evm,n(g1) = 0. Let gm = (Evm⊗ IdR)(g1), so (IdFm ⊗Evn)(gm) = 0 and

hence gm ∈ Fm⊗n. As this holds for all n 6= m, it must be the case that gm ∈ Fm⊗Jm.

Suppose first gm 6∈ Fm ⊗ m. Then there is some rm ∈ Jm \ m (and in particular
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Jm 6= {0}). By Lemma 4.25, R can be written as a direct sum R = m ⊕ Jm. By

assumption this direct sum must be trivial, so m = 0 and R is a field.

Suppose instead gm ∈ Fm⊗m for all m ∈ Specm(R). Then gm ∈ Fm⊗ Jac(R) = 0,

and hence

g1 ∈
⋂

m∈Spec(R)

ker(Evm⊗ IdR) =
⋂

m∈Spec(R)

m⊗R = Jac(R)⊗R = {0}

and so g = 0.

Corollary 4.27. Let X be an affine reduced smooth scheme of finite type. Then

HomAffVar(O∆,OX×X) =


F X ∼= Spec(F) for some field F

0 otherwise

Proof. Since X is an affine reduced smooth scheme of finite type, X = Spec(R) for

some finitely generated k-algebra R with no nilpotents. Since R is a finitely generated

k-algerab, its Jacobson radical equals its nilradical, so Jac(R) = {0} and we can apply

Lemma 4.26.

It is now possible to prove Theorem 1.3 under the assumption that Z(S1) is affine

and reduced.

Partial proof of Theorem 1.3. Let R be such that X = Spec(R). Then

Z(µ†) ∈ HomAffVar(O∆,OX×X).

Since Z(µ†) ◦ Z( ) is the unit of an adjunction, it must be non-zero, so by Corol-

lary 4.27 R is a field.
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4.3.2 Extended TQFTs

Let Z be a (1 + 1 + 1)-TQFT valued in Var. Recall that the TQFT Z is said to

be based on the scheme X = Z(S1). Given such a TQFT, it is natural to ask if it is

possible to use this to construct a TQFT based on an open affine subscheme U ⊂ X.

Let ι : U ↪→ X. Then (ιl)∗ : D(X l) → D(U l), and this can be used to construct

functors

ιm+n : HomVar(Xm, Xn) = D(Xm+n)→ D(Um+n) = HomVar(Um, Un) .

However, this need not respect composition of morphisms. For example, take X = P1

to be the projective line and U to be an affine patch. Let E = OX ∈ Hom({pt}, X)

and F = OX ∈ Hom(X, {pt}). Then (ι0)∗(E ◦F ) = π1
∅∗(OX) = k⊕k, but (ι1)∗(OX)⊗

(ι1)∗(OX) = π1
∅OU = k.

However, the inverse image functors ι∗ do allow us to partially construct a TQFT

based on U ⊂ X. This idea allows us to prove the main theorem.

Theorem 4.28. Let Z be a (1 + 1 + 1)-TQFT valued in Var such that the induced

(1 + 1)-TQFT corresponds to the Frobenius algebra object in Proposition 4.7, where

X = Z(S1). If X is of finite type and reduced, then it must be discrete. In this case,

Z is isomorphic to a direct sum of extended TQFTs, each of which sends S1 to a

single point.

Proof. Let U ⊂ X be an reduced open affine subset and ι : U → X be the inclusion

map. There is a fibre square

U U2

X X2

i112

ι ι2

i112

where in the top line we abuse notation and use the same notation for the map

i112 : U → U2 as the map i112 : X → X2. Using the base-change formula, it follows
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that

ι2∗ ◦ i112
∼= i112∗ ◦ ι∗ ,

so ι2∗(O∆) = i112∗(OU). Thus

ι2∗ ◦ Z(µ†) ∈ Hom(i112∗(OU),OU2)

∼= Hom(ZU( ), ZU( )) .

In particular, Corollary 4.27 can be applied: either U is a point, or ι2∗ ◦ Z(µ†) = 0.

Let f = Z(µ†). Then

Z(µ† ◦ ) = π2∗ (π∗1(OX)⊗ f)

= π2∗ (f) .

Since Z(µ† ◦ ) is a monomorphism, and ι∗ is exact, ι∗ ◦ Z(µ† ◦ ) = ι∗ ◦ π2∗(f) is

also a monomorphism.

Let f = Z(µ†) ∈ Hom(O∆,OX×X). Suppose that ι2∗(f) = 0. Then since O∆ is

supported on the diagonal, f is determined by a neighbourhood of the diagonal, so

(Id×ι)∗(f) = 0. There is a fibre diagram

X × U U

X ×X X .

π2

Id×ι ι

π2

This gives a natural isomorphism π2∗ ◦ (Id×ι) ∼= ι∗ ◦ π2∗, and hence ι∗ ◦ π2∗(f) = 0,

giving a contradiction.

Thus ι2∗(f) 6= 0. Since U is an reduced affine open, by Corollary 4.27 U = Spec(F)

for some field F. This holds for any reduced affine open U , so X is union of discrete

points as required.
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4.3.3 Chain maps of non-zero degree

A natural modification of the category Var would be to allow the 2-morphisms

to be formed from chain maps with possibly non-zero degree (that is, elements of

Ext(E ,F ), rather than Hom(E ,F )). However, the map µ† can be seen to have

degree 0 as follows. The composition in Equation (4.7) is the identity, and hence has

degree 0. In particular, the degrees of ν† and µ† sum to zero. Now

µ† ∈ Ext(O∆,OX×X)

and since O∆ and OX×X are complexes concentrated in degree 0, µ† has non-negative

degree. Similarly,

ν† ∈ Ext(H∗(OX), k)

and since k is concentrated in degree 0 and all the terms in H∗(OX) are in non-negative

degrees it is also the case that the degree of ν† is non-negative. Since the degrees of

µ† and ν† sum to 0, they must both be zero and the previous result applies.
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[12] Andrei Căldăraru and Simon Willerton. “The Mukai pairing. I: A categorical

approach.” eng. In: The New York Journal of Mathematics 16 (2010), pp. 61–

98. url: http://eudml.org/doc/232651.

[13] Alexei Davydov, Liang Kong, and Ingo Runkel. “Field theories with defects and

the centre functor”. In: (July 2011). Ed. by Hisham Sati and Urs Schreiber,

pp. 71–128. arXiv: 1107.0495 [math.QA].

[14] Charles Ehresmann. “Catégories structurées”. fre. In: Annales scientifiques de
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