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Abstract

This thesis studies a potential method for constructing the Rozansky—
Witten TQFT as an extended (1414 1)-TQFT. A monoidal 2-category
consisting of schemes, complexes of sheaves and sheaf morphisms is con-
structed, and it is shown that there are (1 + 1)-TQFTs valued in the
truncation of this category, whose state spaces agree with the Rozansky—
Witten TQFT. However, it is also shown that if such a TQFT is based
on a reduced Noetherian scheme, it cannot be extended upwards to a

(1414 1)-TQFT.
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Chapter 1

Introduction

The construction of manifold invariants has motivated many recent advances in topol-
ogy. Some of the motivation for these invariants has come not from mathematics but
from quantum theory. This work studies Rozansky—Witten theory, which gives rise
to an invariant of 3-manifolds, approaching the construction from a mathematical
viewpoint with the aim of finding a rigorous construction of the invariant.

This construction would take the form of a topological quantum field theory, hence-
forth “TQFT”. Introduced by Segal [43] and axiomatized by Atiyah [2], these are
invariants of manifolds constructed as a functor Z between a bordism category and
an algebraic category, often taken to be the category of vector spaces over a fixed
ground field. The (d + 1)-dimensional bordism category has as objects d-dimensional
closed manifolds, and as morphisms diffeomorphism classes of (d + 1)-bordisms: that
is, compact (d+ 1) manifolds with boundaries separated into a source component and
a target component, considered up to diffeomorphisms preserving the boundaries. A
bordism W also comes equipped with a parametrisation of a collar neighbourhood
of its boundaries: this is a diffeomorphism between W x [0,1) and neighbourhood
of OW, where OW x {0} is identified with 0W. The composition of two bordisms is

defined by gluing the target boundary of one bordism with the source boundary of



the next; the collar neighbourhood allows the construction of a well-defined smooth
structure on the result. Often, the bordism category is modified by requiring that all
objects and bordisms come equipped with a particular structure. A common case is
to require objects and bordisms to have an orientation, which gives rise to the ori-
ented bordism category and oriented TQFTs. In this situation, the source boundary

component is oriented with the boundary orientation, while the target component

is oriented with the reverse of the boundary orientation (see |[Definition 1.12f for an

explicit definition). All bordisms (and hence TQFTSs) considered in this thesis will
be assumed to be oriented.

The bordism category is naturally a symmetric monoidal category, with the monoidal
product given by disjoint union. The target category for a TQFT is required to be
a symmetric monoidal category, and the TQFT itself is required to be a symmetric
monoidal functor. In the case of vector spaces, the monoidal product is the tensor
product of vector spaces. As an immediate consequence, Z(0)) = k, as the empty
manifold and the base field serve as the monoidal unit for the two categories. This
allows us to construct an invariant of (d + 1)-dimensional manifolds from a (d + 1)-
dimensional TQFT as follows. First, the manifold is viewed as an endomorphism
of the empty manifold in the (d + 1)-dimensional bordism category. Applying the
functor Z gives an endomorphism of Z(()) = k. Finally, the endomorphism group
Endg (k) is identified with k itself, giving a value in k.

A benefit of this construction is that the invariant of a manifold can be calcu-
lated by splitting it into simpler pieces. Each of these submanifolds is then viewed
as a bordism (unlike before, these bordisms may have non-empty boundary), and the
manifold as a whole is the composition (in the bordism category) of these simpler
manifolds with boundaries. The invariant for the original manifold can then be cal-
culated by determining the value of the TQFT on these pieces, and composing the

resulting morphisms.
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Figure 1.1: A generating set for the morphisms of the category Bord ;.

This process naturally leads to a method for providing a classification of low-
dimensional TQFTs. Since TQFTs are functors, a morphism between two TQFTs
Z and Z' is defined to be a monoidal natural transformation. To classify a certain
type of TQFT, we find an equivalence between the category of TQFTs and another
category, often defined algebraically. A folklore result states that the category of
oriented 2-dimensional TQFT's is equivalent to the category of commutative Frobenius
k-algebras. The proof of this theorem can be found in many places (e.g. [10]), with the
key idea of the proof being the identification of the 2-dimensional bordism category
with the category generated as a symmetric monoidal category by a single object
(representing a copy of S'), along with the morphisms shown in . The
source component of the boundary of these manifolds is taken to be the boundary at
the bottom of the picture, and the target boundary is at the top; hence the pair of
pants Z:: is a morphism S* LJ.S1 — S!. These morphisms are subject to the Morse

relations arising from birth/death of critical points and handle slides; for instance,

é&ﬂ )

Given an oriented (1 + 1)-TQFT, the vector space A = Z(S') has the structure of a

there is an equality

unital associative algebra, where the product is given by Z(,~ ) and the unit is given

by Z(s). The unit equality is then exactly the image of [Equation (1.1)] under Z.

Next, A can be given a counital coassociative coproduct structure using the images
of the copants and cap bordisms.

In a similar manner, (2 + 1)-TQFTs have been classified [21]. In this case, the
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objects of the bordism category are (diffecomorphic to) genus g-surfaces, for g > 0.
Correspondingly, the classification is not in terms of a single vector space, but a
graded vector space A = @ A,, where Z sends a genus ¢ surface to the vector
space A,. The bordisms from generalise to 3-dimensional bordisms in this
category: the unit and counit become the solid ball D3, viewed as either a bordism
from the empty manifold to S? or vice versa; while the pants and copants become the
twice-punctured ball D?\ D3 Ll D3. The images of these bordisms under Z give the
graded vector space A an associative unital graded multiplication and a coassociative
counital comultiplication. However, there is additional structure to consider. The
trace of surgery along a pair of points on a genus g-surface gives a bordism between a
surface of genus g and a surface of genus g+ 1. Similarly, the trace of a surgery along a
longitudinal curve gives a degree-lowering map. These, along with the multiplication
and comultiplication, give A its algebraic structure; such an object, satisfying the
required relations, is known as a graded nearly-Frobenius algebra, or “GNF-algebra”.
Full details of this construction are given in |Definition 2.2

However, this on its own is not enough to capture the full structure of the TQFT.
Given a diffeomorphism of a genus g manifold f: ¥, — X,, there is a bordism
cp Xy — Mg, known as the mapping cylinder which has as its underlying manifold
the cylinder 3, x I. The incoming boundary is ¥, x {0}; this has a collar neighbour-
hood ¥, x [0,1/3) which is identified with ¥, x [0, 1) by stretching the second factor.
Similarly, the neighbourhood ¥, x (2/3, 1] of its outgoing boundary is identified with
¥, x (—1,0] by applying f to the first factor and stretching the second.

Applying the TQFT Z gives an element of Aut(A,), and hence there is an action of
Aut(X,) on A,. Since bordisms are considered only up to diffeomorphism, certain dif-
feomorphisms give the same mapping cylinder. It can be shown that pseudo-isotopic
diffeomorphisms have the same mapping cylinder, and so the action factors through

the mapping-class group MCG(X,), formed from Aut(X,) by identifying isotopic dif-
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feomorphisms. Thus to classify 3-dimensional TQFTs, the GNF-algebra A must be
augmented with a mapping class group representation, giving a J-algebra [21], Defini-
tion 5.1]. After defining a suitable notation of morphism of J-algebras, it is possible
to construct a category of J-algebras. This category is equivalent to the category of
3-dimensional TQFTs.

Since the multiplication and comultiplication are graded, the vector space Ag in-
herits a multiplicative and comultiplicative structure. These structures also satisfy
the condition necessary for the object to be a Frobenius algebra, illustrating a partic-
ular case of the result that for a (d+1)-dimensional TQFT Z, Z(S?) has the structure

of a Frobenius algebra. The GNF-algebra structure of the TQFT is partially deter-

mined by the algebraic structure of Ag: in [Proposition 2.18 it is shown that if A

has dimension 1 (and so is isomorphic to k), then the GNF-algebra is in fact a free
associative algebra.

From a physical point of view, TQFTs provide a method for giving a rigorous
theory for path integrals. These formalise the notion of performing an integral over
all possible fields on a d-dimensional manifold M valued within a fixed target space
X. The target space determines the values that the fields can take; for example, if
the target space is R, then the fields are scalar-valued fields. Alternatively, to model
quantum particles, the target space X is taken to be the spacetime in which the
particle exists. The space of fields on a d-manifold M valued in a target space X is

the space of maps Hom(M, X). Define an action functional

S: Hom(M, X) — R.

Traditionally, the value of S evaluated on a morphism @ is denoted S[®]. This action
is often given by an integral, and is additive in the sense that if M = M; Uy M, is a

decomposition of M into submanifolds M; and M, which are disjoint apart from on
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their boundaries, then S[¢] = S [(;5‘ Ml] + S [¢| MQ]. Given an action, a path integral is

an integral of the form

/ exp(—S[g]) DO
PdcHom(M,X)

This is not a rigorous mathematical construction, but provides useful motivation for
heuristic physical arguments.

It is possible to examine the properties that one would expect a path integral
to obey. For example, for each closed d-dimensional manifold E there should be a
Hilbert space #r of states, consisting of functionals of fields v: £ — X. If M is a
(d + 1)-dimensional manifold with OM = E, then Z(M) € E should be given by

Z(M) () =[DGH (MX)(D' :wexp(—S[QD])DCI).

E

For example, let M be a closed (d+1)-manifold and U C M be a closed d-submanifold

that splits M into two parts, M; and Ms, each with boundary U. Then

/ exp(—S[¢]) D® = / / exp(—S[#]) DO DY
decHom(M,X) YEHom(U,X) <I>€Hom(M,X),<I>’ =i

U

- xp(—S - S D®D
[bGHom(U,X) [beHom(M’X)@’ :we p( [¢}M1] [¢’M2]) ¢

U

_ / Z(My) () Z(My) () D)
yeHom(U,X)

where the second equality uses additivity of the action, and the third uses the fact
that two fields defined on open subsets of M that agree on their overlap can be glued
to give a field on all of M. Thus the invariant on the whole manifold is determined
by the value of the invariant on the two submanifolds, in the same way that, given a
(d+ 1)-TQFT, the invariant of a (d + 1)-manifold can be determined by splitting it
along d-manifolds. This motivation is expanded further in |10, Section 2.1].

A particular example of a path integral is Chern—Simons theory. Let G be a
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compact Lie group, and let the target space X be the moduli space BG.on, of G-
principal bundles with connections. Define the Chern-Simons action functional S
by

S[A] :y/MTr(A/\dAJrgAAAAA),

where A is now a connection 1-form A € Q!(M, g), g is the Lie algebra of a principle
G-bundle P — M, and v € C\ {0} is a non-zero constant.

This path integral can be extended to include Wilson loop operators. For an
embedded knot K C M, pick an irreducible representation R of G and define Wgr(K)

as the trace of the holonomy of A around K:

Wr(K) = TrRPeXp/ A.
K

From a physical point of view, these define observables of the Chern—Simons field

theory. Thus we compute an invariant of the pair (M, K) to be

Z(M: K, R) — / exp(ikS[A)Wa(K) DA
AeHom(M,X)

where k is an integer called the level. In the case that G = SU(2) and R is the fun-
damental 2-dimensional representation, then the invariant Z(M; K, R) is the Jones

polynomial [49] J(q), evaluated at

271
= X .
1= P\

The Rozansky-Witten TQFT [40] is constructed from a similar path integral

formula. A key feature is that the fields are valued in a holomorphic sympletic

manifold X |I| The choice of this manifold, and analysis of the resulting invariant,

!The original work of Rozansky and Witten considered hyperKihler manifolds, but subsequent
work of Kontsevich [25] and Kapranov [22] showed that a holomorphic symplectic structure is suffi-
cient
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leads to some interesting geometric results. For example, it can be used to relate
the A—genus of a manifold (a topological property) to its curvature (a geometric
property) [39]. The 3-manifold invariant itself is related to the LMO invariant [16],
which is its the universal finite-type invariant of rational homology spheres. Its state

spaces are conjectured [40] to be

dim¢(X)
Z(L) = P HL(X, (ATX)®9) . (1.2)
q=0

However, being based on a path integral formulation, the Rozansky-Witten TQFT
is not fully mathematically rigorous. Many attempts have been made to rectify this
issue. Several avenues have been explored, but can be broadly separated into two main
approaches: renormalizing the TQFT, or understanding the boundary conditions.

To understand the justification for analysing the boundary conditions of the
Rozansky—Witten invariant, it is necessary to expand the definition of a TQFT given
previously. The first generalisation is to change the target category. The only feature
of the category of vector spaces that is required to give the definition of a TQFT
is that it is a symmetric monoidal category. Instead of using the category of vector
spaces, it is possible to study TQFTs valued in any symmetric monoidal category
€. Since the classification results mentioned above are based on giving a generators-
and-relations presentation of the bordism category, they can be easily generalised to
other target categories. The category of 2-dimensional TQFTs valued in a symmetric
monoidal category € is equivalent to the category of symmetric Frobenius algebra
objects in € (see for more details).

Another generalisation comes from changing the category of bordisms. There are
two main ways of achieving this. The first is to allow decorations on bordisms, such
as in the case of defect TQFTs |10]. In this case, (d + 1)-bordisms are divided into

submanifolds, which are labelled with labels from a set Dy,,. The boundaries of these
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submanifolds are labelled by elements of a set D,, corners are labelled with elements
of Dy_1 and so on. These must meet in prescribed manners. Such a construction
can be viewed as a collection of TQFTs which can be “glued together” along certain
boundary conditions. In the case d = 2, these objects induce pivotal 2-categories [13].
They have been used to describe B-twisted sigma models (where the label sets are
the set of complex manifolds and holomorphic vector bundles on them) and Landau-
Ginzburg models |11].

An alternative generalisation comes from extending the bordism category to a
higher category. Recall that a category (or, more explicitly, a 1-category) consists
of a set of objects, and for any two objects a (possibly empty) set of morphisms be-
tween them, along with an associative composition of morphisms and unit morphisms.
A 2-category introduces the idea of 2-morphisms: that is, morphisms between mor-
phisms. An example of this is natural transformations, which give morphisms between
functors, and allow the construction of a 2-category €«f of categories, functors and
natural transformations.

This extra level of morphisms introduces an alternative notion of equality. In
the same manner that one may require two vector spaces not to be equal, but only
isomorphic, it is now possible to talk of morphisms being isomorphic: that is, two
1-morphisms f and g are isomorphic if there is an invertible 2-morphism a: f = g.
This leads to a choice in the definition of a 2-category: given a composable tuple of
1-morphisms f, g, h, do we require fo(goh) = (fog)oh, or the weaker condition that
fo(goh)=(fog)oh? The first condition leads to a strict 2-category, whereas the
second condition gives a weak 2-category (also known as a bicategory [7]). An example
of a bicategory is the fundamental 2-groupoid of a topological space: the objects
are points, the 1-morphisms are paths between points, and the 2-morphisms are
homotopies between paths. The composition of two paths requires reparameterization

of the concatenation of the paths, which causes the composition to be only associative
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up to homotopy.

For the category of bordisms, this enables the addition of an extra layer of mor-
phisms. The (d+141)-bordism category Bord 4+1+1 (also known as the once-extended
(d+2)-bordism category) has as objects d-manifolds, as 1-morphisms (d+ 1)-bordisms

between manifolds, and as 2-morphisms (d + 2)-bordisms between bordisms, consid-

ered up to diffeomorphism (for more details segDefinition 1.15)). A (d+1+1)-TQFT

valued in a symmetric monoidal 2-category € is defined as a symmetric monoidal
functor Z: Bord 4,141 — 6.

The definition of (d + 1+ 1)-TQFTs extend the idea that invariants can be com-
puted by cutting and gluing into an extra dimension: the manifold may now be split
into pieces which have corners. In the case where d = 1, these TQFTs have received
much attention (e.g. by Bakalov and Kirillov [4] and Walker [47]); an overview of the
categorical issues in the construction of the category PBoz ,.1.1 has been given by
Lurie [31].

Once one has navigated the technical difficulties in constructing the bordism cat-
egory, it may be viewed as a simpler object to work with than the non-extended
bordism category. For example, the (1 + 1 + 1) bordism category has a single gen-
erating object, whereas the (2 + 1)-bordism category, as noted above, does not have
a finite generating set. A generators-and-relations presentation of this category was
given by Bartlett, Douglas, Schommer-Pries and Vicary [6].

When considering (d + 1 + 1)-TQFTs, there is a choice of target category. A
typical choice is 2Z7%ecZ, defined as follows. A linear category is a category enriched
in Vect; that is, the Hom-sets are vector spaces and composition is bilinear. Such
a category is Cauchy-complete [28] if it has finite coproducts and all idempotents
split. Then 2Z%¢ct is the symmetric monoidal category of Cauchy-complete linear
categories, functors, and natural transformations. Bartlett, Douglas, Schommer-Pries

and Vicary [6] showed that there is an equivalence between the category of once-

17



extended 3-dimensional TQFTs valued in 2Z7%¢¢Z and modular tensor categories, a
type of braided monoidal category with extra structure. From this construction, it
is known that any (14 1+ 1)-TQFT can be written as a direct sum of TQFTs with
dim(Z(S?%)) = 1.

A well-known method for constructing (2 + 1)-TQFTs is the Reshetikhin-Turaev
construction [37]. This construction takes as input a modular tensor category, and
produces a (2+1)-TQFT valued in the category of vector spaces. In fact, the resulting
TQFT can be shown to extend downwards to give a (1 + 1 + 1)-TQFT. All known
examples of (2 + 1)-TQFTs can be extended to (1 + 1+ 1)-TQFTs. The following is

an open question:

Question 1.1. Do all (2 + 1)-TQFTs valued in Vect extend to (1 + 1 + 1)-TQFTs
valued in 27ect?

The result that GNF algebras with dim Ag = 1 must be integral domains pro-
vides a small step towards this result, as the GNF-algebra induced by a (14 1+ 1)-

dimensional TQFT must also be an integral domain. In contrast, the Rozansky—

Witten TQFT has Ay = @ (where Ay is considered as an algebra using the restric-

6%

tion of the graded product; see [Definition 1.18]). Thus it would give an example of a

TQFT which cannot be extended in 27¢ct .

On the other hand, it is believed that the Rozansky-Witten TQFT can be ex-
tended if the target category is chosen correctly. Roberts and Willerton [38] conjecture
that the target 2-category should be constructed using the ideas of sheaves of mod-
ules. Recall [18] that given a topological space X, a sheaf & is a an assignment of a
group &(U) for each open set U C X, satisfying a gluing and restriction identity. If
(X, Ox) is a ringed space, then a sheaf of modules on X is a similar assignment, but
now &(U) is an Ox(U)-module. Morphisms between two sheaves are defined locally,
giving a category of sheaves of modules §# x. Given two sheaves, their tensor prod-

uct is defined by taking the tensor product locally. Given a morphism of ringed spaces
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f:(X,0x) — (Y,0y), there is a direct image functor f.: S# x — Sy defined by
[(&)(V) = &(f~1(V)). However, this functor is not exact, in the sense that it does
not preserve exact sequences [48]. This can be rectified by replacing the categories of

sheaves of modules S# x with the derived category 2(X), and the functor f, with

its derived functor, also denoted f, (these notions are recalled in [Subsection 1.3.1)).

Similarly, the tensor product functor is replaced with its derived version.

Conjecture 1.2. [38] Thereis a (1+1+1)-TQFT Z, given on objects by sending the
disjoint union of k copies of S* to the derived category D(X*). The 1-morphism D?,
viewed as a morphism S' — (), is sent to the direct image functor Wét}*, where {pt}
is the manifold with a single point and Wf; 7 is the projection map. The pair-of-pants
bordism s the functor given by taking the derived tensor product with the structure

sheaf of the diagonal then pushing forward once.

This conjecture does not give details of the 2-category that should serve as the
target for the TQFT. A natural choice would be 2€«Z, the symmetric monoidal 2-
category of categories, functors and natural transformations, with monoidal product
given by the product of categories. There are two potential issues with using this
as the target category. The first is that it forgets the “geometric” nature of the
categories Z(X). When considering functors between derived categories of sheaves,
it is often more natural [9, [I5] to consider functors which arise as Fourier—Mukai
transforms. Recall [20] that for any 2" € D(X x Y'), the Fourier—Mukai transform

Dy D(X) = D(Y) is the functor
®y(6) =my, (mx(E) KW Z).

Given a morphism of sheaves f € Homg(xxy)(&,.%), there is a natural transforma-
tion

(I)fi P = O,
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with components given by m) (75 *(f)X.2"), which gives a functor ®: P (X xY) —

Fun(2(X),2(Y)). Orlov’s theorem [34, |33] shows that any fully faithful functor with
left and right adjoints can be realised uniquely (up to isomorphism) as a Fourier—
Mukai transform; Bondal and Bergh [8] later showed that the necessary adjoints
exist, so that ® is essentially surjective onto the full subcategory of fully faithful
functors. Thus one often replaces the category Fun(2(X), 2(Y)) with the category
DX xY).

A second issue is with this choice of target category is that the functor Z would not
be a strict monoidal functor. In general, D(X?) % D(X) x D(X), so Z(S' U S') &
Z(SY) @ Z(S'). The best one could hope for would be that Z is laz monoidal.
Lax monoidal functors are defined in the same manner as strict monoidal func-
tors, but without the condition that the comparison morphisms e: 1 — F(1g)
and fi,,: F(c) @ F(d) = F(c® ¢’) are isomorphisms.

These two issues can be resolved by using the 2-category Z«# in place of 2€«t
as the target category. This category has objects given by smooth quasi-coherent
quasi-separated schemes and Hom-categories given by derived categories of sheaves

of quasi-coherent modules (in the sense of [18]), immediately solving the first issue

(see [Definition 3.66|). This category has been studied previously by e.g. Ganter and

Kapranov [15] and Caldararu and Willerton [12]. To give this 2-category a monoidal

structure, we construct an isomorphic 2-category and give this 2-category a symmetric

monoidal structure(see [Chapter 3| and [Proposition 3.69). This structure is such that

the tensor product of schemes is given by their fibre product, which resolves the
second issue.

The functor ® constructed above using Fourier—Mukai transforms can be extended
to give a 2-functor 7z — 2@« which sends an object X to P(X) and sends a sheaf
to its Fourier—Mukai transform. This functor is a lax symmetric monoidal functor,

with the functor 2(X) x D(X) - D(X x X) given by the ezternal product functor

20



(see [Definition 3.25)). Thus any strict functor Z: Bord/1 1.1 — Par induces a lax

functor Z: Bord 11111 — 2€af by composition.
To analyse (1 + 1+ 1)-TQFTs valued in Zar, we start by constructing (1 + 1)-

TQFTs in the truncated category HZz# (defined in [Definition 4.2)). Any (1+ 14 1)-
TQFT induces a (14+1)-TQFT in the truncated category (Lemma 4.3]). We show that

it is possible to construct TQFTs which agree with the data given in |Conjecture 1.2]

and that in fact these are the unique geometric (in the sense of |Definition 4.8) TQFTs

(see|Proposition 4.11]). However, the only way it is possible for there to be an extended

(1+1+1)-TQFT valued in Zz# which induces such a (1+1)-TQFT is if the scheme

X it is based on is trivial. Explicitly, this is the following theorem.

Theorem 1.3. Let Z be a (14 1+ 1)-TQFT valued in Pzr such that the induced

(14 1)-TQFT is of the form Zx defined in|Proposition 4.7, where X = Z(S'). If X

1s of finite type and reduced, then it must be discrete. In this case, Z is isomorphic

to a direct sum of extended TQFTs, each of which sends S to a single point.

The layout of the remainder of this thesis is as follows. recalls the
details of the GNF-algebra construction, and gives the proof that algebras based on 1-
dimensional Frobenius algebras are integral domains. recalls the traditional
definition of the 2-category Zz7. It goes on to give this category a monoidal product
by first constructing a double category whose underlying loose category is Z«#, before
giving the double category a monoidal structure and lifting it to Zz#. [Section 4.1
investigates Frobenius algebra objects valued in HZ«#, the core truncation of 7z,
and shows that it is possible to construct Frobenius algebra objects using the functors
described by Roberts and Willerton. Finally, analyses the possibility of
extending these Frobenius algebra objects upwards to (1 4+ 1 + 1)-TQFTs valued in
Var. 1t first considers the simpler case of TQFTs valued in ££7w#, the subcategory

of affine schemes, before generalising the result to the whole category.
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1.1 Category theory

1.1.1 Composition of natural transformations

Recall that natural transformations can be composed in various ways.

Definition 1.4. Let €,9,& be categories and Fy, Fy: € — 2 and G1,G3: D9 — &
be functors. Let n: F; = F» and v: G; = G4 be natural transformations. Then the

horizontal composition of n and v is given by the natural transformation
vn:GroF) = GyoF,

with components

(V * 77)6 = Vpy(c) © Gl(%)-

Definition 1.5. Let €, be categories and F, Fy, F3: € — 2 be functors. Let
n: Fy — Fy and v: Fy — F3 be natural transformations. Then the wvertical com-
position of n and v is given by the natural transformation v o n: Fy — Fj with

components

(VO77>C = Ve O e

Definition 1.6. Let €,9D,&,F be categories and let F': € — D, G1,Gy: D — & and
H:& — % be functors. Let n: G; — G5 be a natural transformation. Then the

whiskering of n by F is the natural transformation given by the horizontal composition
nxF =nx*lp,

where 1 is the identity natural transformation F' = F'. Similarly, the whiskering of

1 by H is the natural transformation

Hxn=1gxn.
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We abuse notation slightly and use the same symbol for the whiskering of a func-
tor and a natural transformation as for the horizontal composition of two natural
transformations; since the two operations act on different objects no confusion should
arise.

The following result is trivial but will prove useful nonetheless. Intuitively, it
states that the two orderings for applying two natural transformations to independent

functors give equal transformations.

Lemma 1.7. Let &: Fy = Fy and n: Gy — G9 be natural transformations. Then

there is a commutative diagram

G10F1 ﬂ) G10F2

ln*Fl ln*Fz

GQOFl ﬂ) GQOFQ

where recall the composition of a functor with a natural transformation denotes whisker-

ing (Definition 1.0)

Proof. Both compositions of transformations are equal to the horizontal composition

EXS [

1.1.2 Cartesian monoidal categories

We recall the following folklore proposition [3].

Proposition 1.8. Let € be a category which has all products. Then € can be given
a symmetric monoidal structure by taking the monoidal product to be the product of
objects, and the braiding to the morphisms X XY — Y x X induced by the universal

property of the product.

Definition 1.9. Let € be a category which has all products. Then €, viewed as a

symmetric monoidal category as in [Proposition 1.8| is called a Cartesian monoidal
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category.

1.1.3 2-category theory

We use the term 2-category to refer to what is sometimes referred to as a weak
2-category; that is, composition is associative and unital only up to coherent 2-
isomorphism. Leinster [29] gives an overview of the 2-category notions that will
be used here (note Leinster uses the term “bicategory” for what we refer to as a
2-category, and the term 2-category for a strict 2-category); full details have been

given by Schommer-Pries [42, Appendix A].

Definition 1.10. [42, Definition A.1] A 2-category € consists of:
e a collection of objects Obj(€);
e for any pair ¢,d € €, a category Homg(c, d);
e composition functors c.4.: Homg(d, e) x Homg(c,d) — Homg(c, e);
e identity 1-morphisms I. € Homg(d, e) x Homg(c,d) — Homg(c, e);

e natural isomorphisms

Qedef Cedf O (Caep X Id) = eef 0 (Id XCege);

and

e a pair of 2-cells

ri:fol.— f

and

ly:lyof— f
for any f:c—d,
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such that the pentagon diagram

(koh)og)of —— (ko(hog))of —— ko((hog)of)

| |

(koh)o(gof) > ko(ho(gof))

and the triangle diagram

(gol)of rgo(lof)

~

gof
commute.

Definition 1.11. |42, Definition A.5] A laz 2-functor F': € — 2D between 2-categories

is the data of:
e a function Obj(€) — Obj(D);
e functors F,,: Home(c,d) — Homg (F(c), F(d));

e natural 2-morphisms

Ggr: Fg) o F(f) = F(go f)
and
gba: IF(a) — F(Ia)
for any composable pair of morphisms f, g € Mor(%) and any a € E;

such that the diagrams

(F'(h) o F(g)) o F(f) —— F(hog)o F(f) —— F((hog)o [)

| .

F(h)o (F(g) o F(f)) —— F(h)oF(go f) —— F(ho(go[))
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F(f) e (Ip(d)) —— F(f)

| l

F(f)o F(la) —— F(f ol

and
Ip@y o F(f) —— F(I.) o F(f)
F(f) «——— F(l:of)
commute.

For the definitions of symmetric monoidal 2-category and symmetric monoidal

functors between such categories, see [42, Definitions 2.3 and 2.5].

1.2 TQFTs

Bordism categories

Recall that a (d+ 1)-dimensional TQFT is a functor from a category of bordisms to a
symmetric monoidal category, and that we assume all manifolds (and hence bordisms

and TQFTs) are oriented. Recall the definition of a (d + 1)-bordism.

Definition 1.12. |32) Definition 1.5] An (oriented) bordism between two closed smooth
(oriented) d-manifolds My and M is a tuple (W; Vi, Vi; ho, hy) where W is a compact
(d+1)-manifold with a decomposition of its boundary as OW = Vo UV}, and hgy: M; x
[0,1) = W and hy: M; x (—1,0] are orientation-preserving embeddings.

The boundary component Vj is referred to as the incoming boundary component,

and Vi as the outgoing boundary component.
Definition 1.13. Let (W; Vo, Vi; ho, hy) and (W5 V), V5 hg, h}) be two bordisms. They

are called equivalent if there is a diffeomorphism g: W — W’ such that g(V;) = V/

)

and g o h; = R} for i € {0,1}.

Two bordisms (W; Vg, Vi; ho, 1) and (W' Vi, V{; ki, b)) can be glued together to
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form a bordism from Vj to V/. The smooth structure is well-defined due to the choice

of collar neighbourhoods.

Definition 1.14. The (d + 1)-dimensional bordism category Bord,; has as objects

d-manifolds and as morphisms (d + 1)-bordisms considered up to equivalence.
Bordism categories can also be constructed as higher categories.

Sketch Definition 1.15. [42] The (d+141)-dimensional bordism category Bose 44141
has as objects smooth oriented d-manifolds and as 1-morphisms (d + 1)-bordisms.
The 2-morphisms between two 1-morphisms B and B’ are diffeomorphism classes of

bordisms (possibly now with corners) between B and B’ which are trivial along the

boundary 0B ~ 0B’.

Frobenius algebras

The introduction recalled the result that (1+1)-TQFTs valued in Vect are classified
by commutative Frobenius algebras. This can be generalised by introducing the

following notion.

Definition 1.16. [24] Let € be a monoidal category with unit /. A Frobenius algebra

is a tuple (A, u, d, €, 7) such that:

1. the tuple (A, p,¢€) is a unital monoid with multiplication p: A ® A — A and

unit €: I — A; and

2. the tuple (A,d,7) is a counital comonoid with comultiplication 6: A - A® A

and counit 7: A — I; and

3. the Frobenius identities hold:

(Ids ®@p) 0 (@ 1ds) =6 op = (p®1ds) o (Ids ®0). (1.3)
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If € is a symmetric monoidal category, the algebra is commutative if 1o o4 4 = p,

where 04 4: A® A — A is the braiding.

Lemma 1.17. Fix a dimension d, and let Z: Bordgz,1 — Vect be a (d+ 1)-TQFT.

Then Z(S?) has the structure of a commutative Frobenius algebra.

Proof. Note that it is enough to show that S¢ has the structure of a Frobenius al-
gebra object in Bordg, 1, as then the images of the structure morphisms give Z(S9)
the structure of a Frobenius algebra object in Vect. In Vect, the definition in
is equivalent to the usual definition in terms of Frobenius forms [45]. Let
€ = DU be the (d + 1)-ball, viewed as a bordism () — S¢, and let p be the twice-
punctured (d + 1)-ball, viewed as a bordism from S¢ L1 S¢ (formed of the boundaries
of the removed balls) to S? (viewed as the boundary of the original ball). It is clear
that p defines an associative multiplication, as p o (1 x Id) and po (Id x ) both give
thrice-punctured balls. Further, ¢ acts as a unit for u, since inserting a ball into one
of the punctures of u gives the bordism S¢ x I, which is exactly the identity bordism
for S¢.

The comultiplication and counit are taken to have the same underlying manifolds
as the multiplication and unit, but with the incoming and outgoing boundaries ex-

changed. Tt is straightforward [5] to see that these satisfy the Frobenius identities. []

Definition 1.18. Let Z be a (d + 1)-TQFT. Then A = Z(S%) has the structure of a
Frobenius algebra object. The TQFT Z is said to be based on A.

Mapping cylinders and trace bordisms

Two important classes of bordisms are mapping cylinder and trace bordisms. Both
of these are useful in the classification of (2 + 1)-dimensional TQFTs [21].
Definition 1.19. Let M be a d-dimensional manifold and f € Diffeo(M) be a diffeo-

morphism of M. Associated to any such diffeomorphism is a mapping cylinder cy,
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given by the tuple (M x I, M x {0}, M x {1}, ho, hq), where

ho: M x [0,1) = M x I,

(m,z) — (m,z/3)

and

hi: M x (—=1,0] — M x I,

(m,x) — (m,1+x/3).

Mapping cylinders give an action of the mapping class group Aut(M) on the
space Z(M), by the representation f — Z(cs). In the cases d = 0 and d = 1, there
are no non-trivial diffeomorphisms, and so the action is trivial. The lowest dimen-
sional interesting case is d = 2, where they give mapping class group representations
on GNF-algebras, and play an important role in the classification of 2-dimensional
theories.

A second class of bordisms which also play an important role in this classification is
the class of bordisms induced by the trace of surgery. This class is defined by handle
attachment. We use the handle-attachment procedure described by Kosinski |26,
Section VI.6], which has two benefits. The first is that the resulting manifold is
smooth, so there is no need for smoothing out the corners that result from usual
handle attachment. The second is that it is possible to attach the handle in such a way
that the parametrisation of a collar neighbourhood of the boundary on the original
manifold extends to a parametrisation of a collar neighbourhood of the boundary of

the result of the attaching the handle.

Definition 1.20. Let M be a d-dimensional manifold, d = p+¢q, and let ¢: SP x D9 —

M be an embedding. Let W be the result of attaching a handle (following the
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construction of Kosinski |26, Section VI.6]) to M x I along the embedding i: x
(p(x),1). Let Vo = M x {0} and let V; = (M x I\ ¢(SP x {0})) U DPT! x S77! be
the result of performing surgery on boundary components of W. Finally, let hy and
hi be as for the mapping cylinder. Then the trace of the surgery is the cobordism

(W; Vi, Vi; ho, h1), where hy is an extension of the parametrisation hy |y, 7 to V4 x 1.

1.3 Algebraic geometry

This section provides a summary of the algebraic geometry that is used later. More
details on the definitions and results can be found in any textbook on algebraic
geometry e.g. |18] 46]. Recall that the basic object in algebraic geometry is that of an
affine scheme Spec(R), a ringed space constructed from a ring R by topologising the
set of its prime ideals. A sheaf of modules on an affine scheme X is an assignment of
an Ox (U)-module to each open set U C X, satisfying a gluing and locality property.
A sheaf of modules & on X is called quasi-coherent if it has a local presentation; that
is, for any point of X there is an open neighbourhood U such that there is an exact
sequence of modules

0 v — 0% |y — & — 0.

All sheaves considered here will in fact be quasi-coherent sheaves of modules, which
will simply be called sheaves. Morphisms of sheaves are defined locally; that is, a
morphism f: & — % is a collection of maps fi: &(U) — F(U) that are compatible
with restrictions. This gives a category S x of (quasi-coherent) sheaves over a fixed
scheme X. If X = Spec(R) is affine, then % x is equivalent to the category of
modules over R. This equivalence can be constructed by taking the global sections
of a sheaf of modules.

These notions generalise to (not necessarily affine) schemes, which are locally

ringed spaces that are locally affine. Many results involving such objects can be
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deduced by showing that they hold on affine schemes, and then deducing that if the
result holds locally, it should hold globally. This is largely the approach taken here,
so most of this section concerns itself with affine schemes.

Given a morphism of schemes f: X — Y, there is an adjoint pair of functors

(f*, f«) between SZ x and SH 'y

o SHx S SHy: .

If X = Spec(R), Y = Spec(S), and f: X — Y is induced by the ring morphism

f*: S — R, the direct image is given explicitly on global sections by

f*: S-mod — R-mod

M — Mg

where the notation My means the module M viewed as an R-module by r - m =

f#(r) - m. The inverse image is given by

f**: R-mod — S-mod

N'—)N@RSR.

1.3.1 Derived categories in algebraic geometry

We recall the construction of derived functors, which will provide a setting in which

the projection and base-change formulas (Proposition 1.28 and [Proposition 1.29)) will

hold. Many of these definitions are sketches; full details can be found in the books
by Weibel 48| or Huybrechts [19], with the latter having more of a focus on algebraic

geometry.

Definition 1.21. A category € is an abelian category if:
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e it is enriched over the category Ab of abelian groups;
e it has a zero object;
e it has all kernels and cokernels; and

e cvery monomorphisms is the kernel of some morphism, and dually every epi-

morphisms is the cokernel of some morphism.

Definition 1.22. Let F': € — 2 be a functor between abelian categories. If for any

exact sequence

0—sA-—tsB-250c—50 (1.4)

in €, the sequence
F(A) —— F(B) —— F(C) —— 0

is exact, then F'is right ezxact.

If instead for any exact sequence as in [Equation (1.4) the sequence

0 —— F(A) —— F(B) —— F(C)

is exact, then F'is left exact.

Definition 1.23. Let € be an abelian category. Then its derived category D(€)
is formed from the category of chain complexes by formally inverting all quasi-

isomorphisms.

Definition 1.24. Let € be an abelian category. An object P is projective if for any
epimorphism e: £ — X and any morphism f: P — X, there is a morphism f': P —
FE such that the diagram
E
-
Pl x
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commutes.
Dually, any object [ is injective if for any monomorphism f: X — Y and mor-

phism ¢g: X — I, there is a morphism ¢': Y — I such that the diagram

I
gl
x Luvy

commutes.

Definition 1.25. An abelian category € is said to have enough projectives if for any
object M there is a projective object P and an epimorphism P — M. It has enough

injectives if for any M there is an injective object I and a monomorphism M — I.

Definition 1.26. A projective resolution of A € € is an exact sequence

> P > Py

N
<+
o

~

where each P; is a projective module.

Definition 1.27. Let F': € — D be a right exact functor between abelian categories,
where € has enough projectives. Then its left derived functor LF: 2(€) — D(D) is
defined by sending an object A to the chain complex formed by applying F' termwise

to a projective resolution of A.

A similar process can be used to define a right derived functor, by applying a left
exact functor termwise to an injective resolution of an object.

Since f* - f,, it follows that f, preserves monomorphisms and so is f., and hence
we can form its derived functor. Similarly, f* is right exact, so we can form its left
derived functor. In the remainder of this thesis, f, and f* will refer to the derived
functors (unless otherwise noted). More details on these constructions can be found

in e.g. [48].
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Proposition 1.28. /30, Proposition 3.9.4] Let f: X — Y be a quasi-compact quasi-
separated morphisms of schemes. Then there is an isomorphism of quasi-coherent

sheaves

LU @) @ F) 2 E@ f(F)
which is natural in both & and % .

Proposition 1.29. /30, Proposition 3.9.5] Let

|

uv—2 v

/
A—2
’

f

be a Cartesian diagram in the category of schemes. Suppose the map g is flat, and f is
quasi-compact and quasi-separated. Then the base-change morphism, induced by the

adjunction of direct images and inverse images, is an isomorphism g* o f. = fl o g'*.
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Chapter 2

GNF algebras

This chapter recalls the definitions of a GNF-algebra from [21]. This definition will
be used to show that if A is a GNF-algebra based on a 1-dimensional Frobenius
algebra, then the algebra must be an integral domain. This provides some progress
to showing that any (2+1)-TQFT is extendable in 2Z%ecZ (giving a positive answer to

Question 1.1)) since any (14+1+1)-TQFT valued in 2%7%¢¢Z must induce a GNF-algebra

which is an integral domain.

2.1 GNF algebras

In a similar manner to (1 + 1)-dimensional TQFTs, (2 + 1)-dimensional TQFTs have
been classified [21]. Let 3, be the connect sum #9(S* x S*) of ¢ tori; these are called
standard surfaces. Any object of the bordism category Bordsy,; is diffeomorphic to
a disjoint union of such surfaces. Consequently, the classification includes a choice of
countably many vector spaces A, = Z(X,), which are combined into a single graded
vector space A = @ A,. This can be given a graded product structure by taking the
images of the bordisms ¥; LI ¥; — ;1 ; given by the trace of performing surgery on

two points, one in each component (the bordism g, ; in [Figure 2.1)). This product is

unital, with the unit given by D3, viewed as a bordism # — S? (the bordism ¢ in
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Figure 2.1: The bordisms that give rise to the structure of a GNF*-algebra. The
bordisms «;, wj, d; ; and p; ; are given by the trace of surgery along the marked curve
in the left-hand diagram; the bordisms & and 7 are given by the ball D3, viewed
either as a bordism () — S? or vice versa. Reproduced from [21] with permission.

Figure 2.1|). The algebra A is also a coalgebra, with coproduct given by summing the
contributions from the morphisms A;,; — A; ® A, given by the image of the bordism
d;j in Further, for any ¢ there is a automorphism of ¥, given by rotating

¥4 about the z-axis by 7 radians. Collating these data, along with the conditions

that they satisfy, gives a GNF*-algebra.

Definition 2.1. Let A = ®;>0A; be a graded coalgebra with graded coproduct 9.
Let m;: A — A; be the map projecting to the i-th homogeneous component, and
let §;; = (m @ mj) 0. A partial left counit for 6 is a map 7: Ay — k such that
(T ®@1Idy,) 0 do; = Idy,.

Definition 2.2. [21, Definition 5.1] A graded involutive nearly Frobenius algebra &f is a
graded algebra A = ®;>¢A;, with unit €, along with a coassociative coproduct ¢, with
a partial left counit 7 and a grading-preserving involution *. Let p; j: A; @ A; — Ay

be the multiplication map on graded components and similarly let §; ; = (m; ® 7;) 0 6
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be the components of the coproduct map. These data must satisfy the following:
1. each homogeneous component of & is finite-dimensional,

2. the involution is the identity for elements of degree 0 and 1, and is an anti-
automorphism (so %o y; ; = p;;071;; and d; ;o = T};;00;,;, where T} ;(z ®y) =

y*@a* forx € A,y € Aj); and
3. the algebra satisfies the Frobenius condition

Ida, ®6;
A Ay ——5% 4,0 A; @ Ay

lﬂi,ﬁk lm,j@gldf;k . (2.1)

Oitj ke
Aijrr Airj ® Ay

The Frobenius condition in this definition appears to be asymmetric in the follow-

ing sense. Let z = p, s(x®y) be an element of A, that can be written as a product.

Then [Equation (2.1)[ allows the computation of 6,44 —¢(z) in terms of d;4+(y) but

says nothing about how to compute 6,_¢ s1+(2); one would expect that this could be
expressed in terms of d,_¢,(z). This is in fact the case; a “mirrored” version of the

Frobenius identity also holds due to the involution.

Lemma 2.3. 21, Lemma 5.6] If of is a GNF*-algebra, there is a commutative

diagram

Ok, ®Id 4,
Ak®A]’+i — Ak®A]®Az

lﬂkyj-&-i lIdA,C ®pji - (22)
Okitj
Aitjvk Ap @ Ay

The GNF*-algebra on its own does not capture the full structure of a TQFT. Each
of the maps defined above have degree 0. In terms of the bordisms to which they
correspond, the genus of the incoming boundary is the same as that of the outgoing

boundary. However clearly not all bordisms are of this form: for example, the solid
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torus minus a ball. The image of this map should have degree 1. This construction
can be generalised to surfaces of arbitrary genus: starting from a 2-manifold ¥, add
a l-handle to ¥ x I along two (framed) points chosen in 3 x {1}. Let Vj (the
incoming boundary) be ¥ x {0} and let V; (the outgoing boundary) be the remaining
boundary component. This component is ¥ with a 1-handle added; that is, a surface
with genus one greater than . Hence the image of this bordism should be a degree
1 map. Adding the handle to points chosen in ¥ x {0} would give a bordism whose

image is a degree —1 map. This motivates the following definition.

Definition 2.4. [21, Definition 5.2] A modular splitting of a GNF*-algebra &/ consists
of a pair (w, @) of endomorphisms of degree 1 and —1 respectively, such that they are

both module homomorphisms and

doa=(Id®a)od,
dow= (Id®w)od, and

aow:IdA.

This is still not enough to capture the entire structure: none of the information
above captures the action of mapping cylinders. As such, it is natural to expect to
have an action of the mapping class group MCG(X) = Diffeo(X)/ ~ on the vector
space associated to X, where ~ identifies isotopic mapsﬂ. This is formalised with
the idea of a J-algebra: a GNF*-algebra with a modular splitting and an action of
the mapping class group. The details of how to make this precise are given in |21,

Definition 5.13].

Definition 2.5. A morphism of graded vector spaces ¢: of — 9 is said to intertwine

'Recall that pseudo-isotopic maps will have the same action. However, in keeping with the
definition of the mapping class group the relation used here is isotopy; as a result, some of the
information of this action is superfluous.
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the maps

fo: AZ™ — gOm2

and

fa: BEM — RO
if
" o fu = fao ™.
Definition 2.6. A morphism of GNF*-algebras is a morphism of graded vector spaces
¢: A — B that intertwines the product, coproduct, unit, counit and involution maps.

A morphism of J-algebras is a morphism of GNF*-algebras that also interwines

the modular splitting and mapping class group actions.

Definition 2.7. The category J-Alg has J-algebras as objects and J-algebra mor-

phisms as morphisms.

Theorem 2.8. |21] There is an equivalence between the symmetric monoidal category

of (2 + 1)-dimensional TQFTs and J-Alg.

2.2 Canonical simple GNF*-algebra

This section gives a construction of a particular family of GNF*-algebras which have

dim Ay = 1. [Proposition 2.18| will show that in fact all GNF*-algebras satisfying this

condition are isomorphic to a GNF*-algebra of this form.

Definition 2.9. Suppose char k = 0. Let A € k™ be a unit of £ and I and J be disjoint
sets of formal variables with each variable having an associated strictly positive degree,
and J having no elements of degree 1. Let 8 =TUJ and %, = {x € B : degz = n}
and suppose that 3, is finite. Let A = k(%) be the graded free algebra generated
by A.
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Define a coproduct map §: A — A ® A as follows. If z € B, then §(z) =
A®x+ 2 ® A (viewing A as an element of o). Given this definition, extend § using
linearity and the Frobenius condition to A. Define the counit 7: Ay — &k by 1 — A 7L

Define the involution * by requiring that elements of I (resp. J) are eigenvectors
with eigenvalue 1 (resp. —1). This extends using linearity to sums of elements of A.
It can be extended to A by requiring that it satisfies the anti-automorphism condition
wz®@y)* = uly* ®z").

The tuple (A, u, €, 8,7, %) defines a canonical simple GNF*-algebra.

Before giving a proof that this construction does indeed give a GNF*-algebra, we

record a straightforward lemma:

Lemma 2.10. If 6o = A ® Id, then the map v = i 0 pir s given by v =
AMdy, ®1da,.

Proof. This follows by applying the Frobenius identity (Equation (2.1)) with j =

0. [l

Corollary 2.11. In the setting of [Lemma 2.10), the map 1, is injective.

Proposition 2.12. The tuple constructed in|Definition 2.9 gives a GNF*-algebra.

Proof. Each vector space A, is finite dimensional as there are only finitely many
formal variables of degree at most n. By construction the product map is graded
linear and associative, and the unit is indeed a left unit. Similarly the coproduct is
graded linear and the counit is a partial left counit. The Frobenius condition holds
as the coproduct was chosen to be precisely the map such that it does hold. As J has
no elements of degree less than 2, the involution is the identity on Ay and A;. Thus
all that is left is to check that the coproduct is coassociative and that the involution

is an anti-automorphism.
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Fix 7,5,k and let 1 + 7 + k = n. Let

Dy = (Id; ®0;,k) © 0y,

Dy, = (52-,]' ® Idg) o i+i.k

Let p; ;5 = pijir © (Ida, ®pujp). Consider the map S = A2y, ;1 o Dq. Note that by

Lemma 2.10 6; 5 0 ;1 = A1 1ds, ® Ida,. Thus its conclusion is valid, and applying

it gives S = S so S is an idempotent. As such, there is a decomposition A, =

ker S @ ImS. On Im S, coassociativity holds since implies Dy o pu; jj =
Dy o g = A2 Ida;94,04,- As P is an integral domain, ker.S = ker Dy, so 0 is
coassociative if ker D; C ker Dy. Say v € ker Dy \ {0}; without loss of generality
assume v is a product of elements of 9. Suppose that v has the form v = p; ;11 (z®vy).
Then

0=D;1(v) =z ® ;,(v)

s0 d;,(y) = 0 since p is injective. Applying the Frobenius identity

Oitjk © Hijrk(T @ Y) = (piy ® Idg) o (Id; ®d;4)(r @ y) =0

so Dy(v) = 0. If v is not of this form, then it must be of the form v = i, s, (r @Y ® 2)
where r < ¢, y € B,. Say initially 7 +s > ¢+ j; then applying 6,4 and the Frobenius
identity gives

,U/i,i—r,’/‘—l-s—i,t(x ® 5i—r,7‘+s—i(y) & Z) =0

so Dy(v) = 0. Otherwise, applying Ds and the Frobenius identity gives
Mr,i—r,r-{-s—i,i-ﬁ-j—r—s,k:(x ® 57L—r7r+s—i (y) & 5i+j—r—s,k(z)) =0
and so again Dy(v) = 0.
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The final condition to check is that the involution is an anti-automorphism. It
obeys the rule for products by definition, so consider the coproduct. For x € %,
Sin—i(x) =0 = ;i i(xx) for ¢ € {0,n}. For i = 0 or i = n the result follows from
the definition of § and that * fixes Ay (in particular 1* = 1). On products, the result

follows by the Frobenius identity. O

Lemma 2.13. Let of = szfj\J be a canonical simple GNF* algebra. Let B be any
GNF* algebra. If the Tp o eg(1) # X~! then there are no maps between the two.

Otherwise, there is a 1-1 correspondence

o(a)" =¢x) wel
{O:d =By +— S d:TUT =B ¢y) =—oly) yelJ

5z,n71(¢(1’)) =0 $€{@n,i:1,...,n—1

Proof. Say ®: of — 98 is a morphism. Then there is a map ®q: Ay — By such that

Dyeqs = €p; and 75 0 Py = T4, SO

Tpoeg =TpoPyoeqg =T 0€ .

In particular, \™' = 74 0 €4(1) = 75 0 ep(1).

Given a homomorphism of GNF*-algebras, the map ¢ is constructed by restriction.
Thus it remains to give an inverse to this process.

Suppose ¢ is such a map. Now (&) = o, so this can be extended algebraically to
A\ Ag. Define ®y: Ay — By by 14 +— 1g. This map will be graded as the original
map ¢ respects the grading.

By construction @ intertwines p and €. As 740 e4(1) = A7 = 75 0e5(1),
intertwines 7. It also respects involution by definition of ¢, leaving only the map o
to check. Now for any generator x € U J, §(z) =A@z +2x® A, so Pod(z) =

O(x) ® A+ A ® ®(z) as required (since ¢ preserves the unit).
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It is easy to see that these constructions are inverses. O]

Lemma 2.14. The GNF*-algebras .ij\J and .SZY)‘,:J/ are isomorphic if and only if
N = X and both I and I' and J and J' have the same number of elements of each

degree.

Proof. The “if” part of the statement is clear.

Suppose ®: o}, — dﬁ:w is an isomorphism. Then by A=\

Let U, C A, be the subspace spanned by non-trivial products of elements of A.
Consider A, /U,; this vector space has basis {z + U, : x € B,}. As x fixes U, it
descends to this vector space, which can be used to split A, /U, into a direct sum
with the summands given by its eigenspaces. The dimensions of these summands is
given by the number of elements of I (resp. J) of degree n.

It is clear that ®,U, = U/, where U], is the equivalent construction in A/. As
®, 0% =+ o®,, & also preserves this direct sum. Hence I’ and J’ have the same

number of elements of degree n for every n. m

2.2.1 Simple GNF*-algebras

Recall that for any (d + 1)-dimensional TQFT Z, the vector space Z(S¢) has the
structure of a Frobenius algebra, and Z is said to be based on this algebra. Sawin

[41] gave the following result regarding direct sum decompositions of TQFTs.

Proposition 2.15. A TQFT Z is based on a direct sum A = Ay @ Ay of Frobenius
algebras if and only if Z splits as a direct sum Z = Zy ® Zy of TQFTs.

Sawin also gave a classification of simple commutative Frobenius algebras over an
algebraically closed field k [41, Proposition 2|. He defines the following families of

Frobenius algebras:

1. For A € k%, let S\ be the algebra k with counit 7(z) = A\~ ta.
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2. Let A be a commutative algebra generated by its unit and at least one nilpotent.

Recall its socle is defined as

soc(A) = {z € A: ax = 0 for any nilpotent a}.

Suppose this is one-dimensional (as a linear subspace) and let 7 : A — k be
a linear functional which is non-zero on the socle. Let Ny, be the Frobenius

algebra A with the functional 7.

Proposition 2.16. Sy and N4, are indecomposable Frobenius algebras. Further,
every commutative indecomposable Frobenius algebra is isomorphic to one of these,

and these are nonisomorphic up to algebra isomorphism.

The statement that these algebras are nonisomorphic up to algebra isomorphism
means that distinct A € k> give non-isomorphic Frobenius algebras Sy; S) is never
isomorphic to Ny ,; and Ny ., and Np ., are isomorphic if and only if there is an
isomorphism ¢: A — B such that 75 0 ¢ = 74.

We now focus our attention on a TQFT based on the simplest possible Frobenius
algebra Sy. The corresponding J-algebra then has Ag = S\. We identify Ag with &,

and write 1 and A to mean the corresponding elements of Ag.

Lemma 2.17. If A is a GNF*-algebra with Ay = S, then

So =A@ Idy .

Proof. Let x € Ay,. Then dg;(x) = 1 ®y for some y € Aj. As 7 is a counit, applying

7 ®1d gives v = A\~ly, so y = Az as required. O]

Proposition 2.18. If A is a GNF*-algebra with dim Ay = 1, then A is a free algebra.
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Proof. Start by writing A as a quotient of graded algebras
A=k(X)/R

for some set of generators X and some homogeneous ideal of relations R. Suppose
this presentation has the fewest possible number of generators; then in particular X
cannot contain any elements of degree 0. Let 7: k(X) — A be the quotient map.
Suppose R is non-empty and let » € R be a homogeneous element of lowest
degree. Then 74: k(X)qy — Ay is an isomorphism of vector spaces for d < degr.

Write r = >, my, 1 € X,y € k(X) \ {0}, where z; are distinct, and let
i= max {degz;}, j=degr—i.

Renumbering if needed, assume that degxzy = 1.
Suppose for contradiction that i = degr. Then degyo =7 =0, s0 yg € k(X)o =k

is a constant. Thus

l‘o—zxzyz €ER

1£0
and hence xy can be removed from the generating set X, which contradicts the as-
sumption of minimality. Thus ¢ < degr.
The map §;; can be lifted to a map d; ;: k(X);+; = k(X); ® k(X);. This lift fits

into a commutative diagram

F(X )iy — B(X); @ k(X))

mﬂi lm@m

Aiyj — A ® A

so (m; ®m;)06;;(R) =0. Now m; is an isomorphism so (Id4, ®7;) 09, j(R) = 0, which

implies d; ;(r) € k(X); ® R;. Now since i is the maximal degree of any x;, r can be
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written as

By assumption dim(Ap) = 1, so by [Proposition 2.16| there is an isomorphism of

Frobenius algebras Ay = Sy for some A. Thus by [Lemma 2.17 and [Lemma 2.10| there

is an equality

5i7j @) ,Um = )\IdAZ ®IdAj .

Next, by the Frobenius identity, for d < i there is an equality
0ij © Hditj—d = (Mdi—a ® Ida,) o (Ida, ®6i—a;).

Hence §; ;(r) is given by

)=A Z xl®yl+z Z 0ij © [d,itj— a(z ® yr)

degx;= d=1 degx;=

=A Z T Q@Y+ Z Z (tai—a @ 1da,)(Ida, ®6;i—a;) (2 @ y1).

deg z;=t d=0 degx;=d

Now the set {z;} is linearly independent (otherwise X is not a minimal generating
set). Since 0; ;(r) € k(X); ® R;, it follows that yy € R; is a homogeneous element of
R of degree strictly less than r, which contradicts the assumption that » has minimal

degree. O]

Theorem 2.19. Every GNF*-algebra with dim Ay = 1 is isomorphic to a canonical

simple GNF*-algebra.

Proof. Let o be a GNF*-algebra with dim Aq = 1. Then & is a free algebra with
some generating set X. Let A = (7(14))"!. We modify the elements of X to ensure
that 0(z) = A®@ z + 2 ® A for any x € X. Suppose we have already achieved this

goal for all elements of at most some degree k. Pick z € X of degree k + 1. Suppose
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d;;(x) # 0 for some 0 < i < degz; take i to be the small such (non-zero) value. Then

replace x by 2’ = Ax — 1, ;6; j(x). Now 6, ;(2') = 0. Applying d;; for k < i gives

Ot (') = Oniej—k © pij © 05,5(2)
= (Idg ®pti—1.5) © (Oi—r @ Id;)d; ()

= (Idx ®pti—1.5) © (Idg @i —k5) 0k, i1 j—1(T)

where the second equality follows from the Frobenius identity in |[Equation (2.2)]

and the third equality follows from the coassociativity of the coproduct. From the
assumption that k£ < ¢ and that 7 is the smallest positive integer with J; ;(z) # 0, it
follows that 0,4, = 0, and hence i ;(z") = 0 as desired.

Hence z can be adjusted so that §(z) has one fewer term. This process can be
repeated to eliminate all unwanted terms.

2 = 1Id, it can be diagonalised * on the linear space spanned by

As x satisfies
X. Let I (resp. J) denote a basis of eigenvectors with eigenvalue 1 (resp. —1). By
linearity, 6 = A®Id + Id ®\ on this vector space, and hence this property is preserved

for the basis. Then it is clear that of = Ay ;. []
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Chapter 3

Constructing symmetric monoidal
double categories from geofibred

categories

The goal of this chapter is to give full details of the construction of Zz# as a sym-
metric monoidal 2-category. An explicit definition of the data needed to construct a
symmetric monoidal 2-category was given by Schommer-Pries [42]. Although many of
the conditions are natural conditions that one would expect to hold, a large number
of auxiliary natural transformations must be given, and many conditions shown to
hold.

Instead of constructing this 2-category directly, a symmetric monoidal double cat-
egory is constructed as an intermediate step. A double category [14] D is a form of
2-category where the 1-morphisms are separated into two classes, one for which com-
position is strictly associative (tight or “vertical” morphisms) and one where the com-
position is only weakly so (loose or “horizontal” morphisms). An example of such a
double category (which has strong links to the category Zz#) is the category €4y,

where the objects are algebras over a fixed base field k, the tight morphisms between
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two algebras A and B are morphisms of algebras, the loose morphisms between two

algebras A and B are A-B-bimodules, and the 2-cells are morphisms of bimodules

(Definition 4.19)). For any such category, there is an associated 2-category called

its underlying loose 2-category £ (D) (see |Definition 3.30). If the double category

is monoidal, and the monoidal constraints have loosely strong companions
, then the underlying loose 2-category will also be monoidal. Since many
of the conditions required to be a monoidal category involve tight morphisms, which
compose strictly, less information is required to construct a symmetric monoidal dou-
ble category.

The construction of the double category in this chapter does not use the fact that
the objects are schemes explicitly. In fact, the construction is valid for any symmet-
ric monoidal geofibred category. A geofibred category, as introduced by Reich [36],
consists of a pair of categories, known as the category of shapes Sh and the cate-
gory of spaces Sp (where Sp is required to have all finite fibred products), a functor
F: Sh — Sp, and functors as follows (full details of the conditions these data must
satisfy are given in . For any X € Sp, let Shy C Sh be the subcate-
gory consisting of all objects & such that F'(&) = X, and all morphisms f such that
F(f) = Idx. We require that for any f € Homgy(A, B), there is a pair of functors
fi: Shy — Shp and f*: Shg — Sh, such that f* is left adjoint to f,.

For any choice of suitable geofibred category (see [Proposition 3.1| for a complete

list of conditions), we construct a double category. The structure of this category
is inspired by the 2-category Z«#; in fact, when the construction is applied to the
geofibred category of derived categories of sheaves of quasi-coherent modules, the
resulting underlying loose 2-category is exactly Zz#. Thus the objects are objects in
Sp, and the tight morphisms are morphisms in Sp. The loose morphisms are objects
of Sh, with composition inspired by the Fourier—Mukai composition of sheaves. Recall

that a sheaf 2" € @(X x Y) induces a functor called the Fourier—Mukai transform
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Oy D(X) = DY) by

Cy () =Ty (x(E) © X)),

It is possible to define a composition of sheaves ® such that ®zoe = 5 o De [20].

To generalise this composition to geofibred categories, we need to define a symmetric

monoidal structure on a geofibred category. This is the content of [Definition 3.27|

Part of this monoidal structure is a family of functors

Xag: Shy x Shg — Shyp

which generalise the external product of sheaves as defined in [Definition 3.25 This

is used to define composition in [Proposition 3.1|

Proposition 3.1. Let F': Sh — Sp be a symmetric monoidal geofibred category,

where Sp has a terminal object, and the class of projection morphisms is pull-geolocalizing

(as defined in |Definition 3.9). Then there is a double category D(F') with:

e objects given by objects in Sp;
A
e tight morphisms given by diagrams of the form lf, where f € Homgy(A,U);

U

e [oose morphisms given by diagrams A —<¢ 4B , where & € Shxp; and

o 2-cells given by diagrams

A—S 5 B
UvU—2 v
where:
— A, B,U,V € Sp;



— f€Hom(A,U), g € Hom(B,V);

— & € Shyyp, ¥ € Shyyv; and

— a € Hom(.Z, (f x 9)«(&)).
The double category is such that in its loose 2-category, composition of 1- and 2-
morphisms are given by the Fourier—Mukai composition, defined for & € SI A5, F €

S¥ cp by

EOF =m48C0ilZ(6R.Z).

Furthermore, D(F') can be given the structure of a symmetric monoidal double

category, with monoidal product given on objects by

X®Y=XxY

and on loose morphisms by

ERF =ERF.

The monoidal product also satisfies that the product of globular 2-cells is given by

A—¢ B C—7 4D AxC —287 . Bx D
IdAl o Idp ® Ide A lIdD = IdAxCl akp lIdeD :
A—2 B C—2 4D AxC —Z2%2 . Bx D

The proof of this proposition is the content of [Section 3.5, [Section 3.6 and
tion 3.7

Furthermore, the monoidal product on the double category ID(F') will induce a

monoidal product on the 2-category & (ID(F')); this is the content of [Corollary 3.65|

The layout of this chapter is as follows. The definition of a geofibred category is

recalled in [Subsection 3.1.1, and the new notion of a monoidal structure on a geofi-

bred category is introduce in [Subsection 3.1.4] Notation that will be used throughout
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the rest of the chapter is introduced in [Subsection 3.1.3] The definition of objects,

morphisms and cells that are used for |Proposition 3.1| are given in The

definition of loose composition and the natural isomorphisms required for the asso-
ciativity and unital constraints are delayed until after [Section 3.4, where a method
of constructing functors valued in this double category is given, as well as natural
transformations between such functors. gives the definition for the loose
composition functor. Finally, these functors are shown to satisfy the necessary con-
ditions to give a double category.

gives a construction of a monoidal structure on the double category.

[Subsection 3.6.2| and [Subsection 3.6.3| give the auxiliary data for this structure, and

Lemma 3.6.4] shows that these satisfy the conditions required of a monoidal double

category structure.

3.1 (Geofibred categories

Geometrically fibred or “geofibred” categories, as introduced by Reich [36], provide
an abstract model for the fibred category of sheaves. Their motivation lies in the
desire to show that certain classes of diagrams are automatically commutative, much
in the same way that Mac Lane [27] showed that if an associator satisfies the pentagon
identity, then all possibly compositions of associators between two fixed objects must
in fact give the same morphism. Rather than associators, the diagrams in question
are compositions of natural transformations between functors between categories of
geometric objects, typically sheaves over a scheme.

As a concrete motivational example, consider the categories of sheaves and schemes.
Let X be a scheme, and let f: X — Y be a functor. Let §# x be the category of

sheaves of modules over X. Recall f induces a direct image functor

f*losj%X—)on%y
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defined by

for any sheaf & € S# x and any open set V' C Y. Similarly, the inverse image functor
[ 8#y — SH x is defined by first constructing the presheaf

fore(F)U) = lim (F (V) @y (v) Ox (U))

pre VoU

for any sheaf .# € §#y and any open set U C X. The inverse image f*(%) is then
the sheafification of this presheaf.

It is clear from this construction that there are certain natural isomorphisms
between functors constructed from composing these direct image and inverse image
functors. For example, the direct image functor Idy,: # x — S# x is in fact the
identity functor Idgg ., while the inverse image functor Id% is naturally isomorphic

to the identity functor Idy. Similarly, there are natural isomorphism

comp,: g. o fu = (go f). and comp*: ffog* — (go f)*

for any composable pair of morphisms f: X — Y and g: Y — Z. One can show that
these composition operations are associative, in the sense that there is a commutative

diagram
feogioh, —— f.o(goh),.

! !

(fog)ioh, —— (fogoh),
Since these operations are strictly associative, any sequence of compositions of

comp between two objects will give the same morphism. Geofibred categories show

that a larger class of diagrams are automatically commutative; see for

more details.
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3.1.1 Basic definitions

This section recalls from Reich [36] the definitions needed for the rest of this chapter.

To introduce the definition of a geofibred category, first recall from [Definition 1.11]

the notion of a lax 2-functor.

Definition 3.2. Let F': € — 9 be a functor. Then for any d € 9, there is a subcate-
gory €, consisting of objects ¢ € € such that F'(¢) = D, and morphisms f such that
F(f) =1dy. This is called the fibre category over d.

Definition 3.3. A geofibred category consists of a pair of categories (Sh, Sp), known
as the categories of shapes and spaces respectively, and a functor F': Sh — Sp, such

that:
e the category Sp has all finite fibred products;

e for every morphism f € Homg, (A, B), there are functors

f.: Shy = Shy: f*

between the fibre categories over A and B respectively, which form an adjoint

pair f* - f,;

e the assignment A — Shy, f — f* gives a lax 2-functor Sp — %«Z, where Sp

is viewed as a 2-category with only identity 2-morphisms;

e the assignment A — Shy, f — f, gives a lax 2-functor Sp — G« °?; and

e the functor data satisfy the compatibility conditions [Equation (3.3) and [Equa-|

fion (3]

Definition 3.4. Let f: X — Y be a morphism of spaces. The functors f, and f* are

called basic standard geometric functors.

o4



A standard geometric functor is any composition of basic standard geometric
functors.
Standard geometric natural transformations

Definition 3.5. Between pairs of SGF's there are canonical natural transformations of

the following three types that are called the basic standard geometric natural trans-

formations:
3
unit(f): Id = f.f*
Adjunctions, (3.1)a
counit(f): f*f. = Id )
§
comp™(f,g): f*g" = (9f)" N
Compositions, and (3.1)b
comp,(f,9): g« fe = (9.)« |
§
triv.(f): Id, = Id
Trivializations. (3.1)c
triv'(f): 1d* = Id)

1

For the latter two types, — will denote their inverses.

The natural transformation comp, (resp. comp®) is specified by the data showing

that f — f. (resp. f — f.) is a lax 2-functor: in the notation of [Definition 1.11} it is

the natural transformation 7. Similarly, the transformation triv, (resp. triv*) is the
natural transformation . The unit natural transformations is specified by the data
showing that f, and f* are adjoint.

It will be useful to talk about natural transformations that are formed from the
above by whiskering with standard geometric functors. The next definition gives

definitions of classes of transformations constructed in this manner.

Definition 3.6. In this definition, F' and G represent any SGFs; f and g represent
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any maps of spaces. Define:

unit = {F * unit(f) « G} counit = {F * counit(f) x G}
comp, = {F * comp,(f,g) * G} U{F * comp*(f,g) *x G} comp = comp, U compa1

trivg = {F * triv, * G} U {F % triv* %, G} triv = trivo U trivy '

Definition 3.7. A standard geometric natural transformation (SGNT) is an element of

the class (in which the notation (S) denotes the class generated by S via composition)

SGNT = (unit U counit U comp U triv). (3.2)

For any SGNT ¢: F — G between two SGFs, write F' = dom(¢) and G = cod(¢).

Using these definitions, it is possible to state the compatibility conditions required
for a geofibred category.

The first condition is that the adjunctions and compositions are compatible in the
following sense. For any f, the functors f* and f, are adjoint, giving an isomorphism
Hom(¢&, f.(.#)) — Hom(f*(&),.Z). The following diagram of morphisms is required

to commute:

Hom(comp™(f.9) &%)

Hom((fg)"(¢), #)

~

Hom(g* o f*(&), F)

ladjunction
adjunction Hom( f*(&), gu(.F)) (3.3)
ladjunction

Hom(&, (f).(F)) — &2 090) _, Hom(&, f. 0 g.(F))

2\

The second condition is that trivialisations are compatible with adjunctions in a
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similar manner:

Hom(Id*(&),.7)

\Hom(triv},a@)

adjunction I—Iorn(g7 ﬁ) (34)

%m(éﬂtriv*,g)

Hom(&,1d.(.%))
Base change diagrams

Consider a commutative diagram in the category of spaces:

A B
P lg | (3.5)
U Vv

Since this is a commutative diagram, there is an equality of morphisms fog = go f’.

_r

f

|

Hence there is a natural isomorphism

m o1m -1
N fiogd, = (fog)=1(go f) = g.ofl.

This natural transformation can be composed with the unit and counit SGNF's, giving

another natural transformation

cd.(f,9:1,9): g o fs g"ofsocounit(q’) g'of.og.og” Iy g og.of. M flog*.

Definition 3.8. Let f: U — V and g: B — V be morphisms of spaces. Let

AT B
o)
v—_ v
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be a Cartesian diagram. Then define the base-change natural transformation

b.c.(f,g9) =cd.(f,g;f.,9).

Furthermore, let b.c. = (F' b.c. G) be the class of natural transformations generated

by base-changes.

Definition 3.9. A class P of morphisms in Sp is pull-geolocalizing if it contains every
isomorphism and is closed under composition, and for each g: B — V in P and
f € Homg,(U, V), the base-change transformation b.c.(f, ¢g) is an isomorphism and
g:BxyU—Uisin P.

A class @ of morphisms in Sp is push-geolocalizing if it satisfies the same condition
with the roles of f and g exchanged: explicitly, if it contains all isomorphisms and
is closed under composition, and for f: U — V in @ and g € Homgp(B,V), the

base-change transformation b.c.(f, g) is an isomorphism and f': B xy U — B is in

Q.

Diagrams

As in [36], standard geometric functors will often be represented by directed graphs

which are topologically linear.

Definition 3.10. Let I' be a diagram in Sp which is topologically linear. After choosing
one of the leaves of the diagram as the source, this determines the functor associated
to T by taking direct image functors (when travelling in the direction of the edge) and
inverse image functors (when travelling against the direction of the edge). Conversely,

given a SGF F, a graph I' represents F' if F is the functor associated to I'.

For example, the functor associated to the diagram
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is f. 0 g* (when read left-to-right).
These diagrams can be stacked vertically, with labelled arrows between each layer,
to represent natural transformations and compositions thereof. For example, the

base-change morphism corresponding to the pullback diagram

v x
b
vy Lz
can be depicted as
Y o 2 X
YU L5 x

Recall that for any geofibred category F': Sh — Sp, the category Sp has all finite
fibred products. If Sp has a terminal object T', let X x Y = X X1 Y denote the

product over this terminal object.

Alternating functors and roofs

Let F' be a standard geometric functor; recall this means that it is a composition of
direct image and inverse image functors. If F' has at any point in its construction the
composition of two direct image functors consecutively, then F'is naturally isomorphic
to a functor consisting of the composition of fewer functors, using the composition
natural transformations comp,. Similarly, the composition of two inverse image func-
tors can be simplified. This gives a canonical form for F', known as an alternating

functor.

Definition 3.11. A standard geometric functor is alternating if it is of the form f, o
g*oh,... or g* o h,, where no morphism is the identity map. An alternating reduction
of a standard geometric functor F' is the alternating standard geometric functor F”

admitting a SGNT in (comp U trivg) from F' to F”.
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The alternating reduction of a functor is in fact unique |36, Proposition 4.11].
Although alternating functors are canonical, it is not immediately apparent when
two such functors are naturally isomorphic. A further reduction to a simpler form

can be defined as follows.

Definition 3.12. For a SGF F': Shy — Shy, its source S(F) is the space X, and its

target T(F') is the space Y.

Definition 3.13. Let F' be a SGF, and consider a diagram in Sp which represents

F' (as defined in [Definition 3.10). Define the roof of F', denoted roof(F'), to be the

final object in the category of spaces with maps to this diagram (this exists and is

unique by the universal property of the fibre product). This also gives two morphisms
ap: roof(F) — T(F) and bg: roof(F) — S(F). The functor ap, o b} will also be

referred to as roof (F).

The terminology “roof” is used as the space roof(F'), along with the morphisms

ar and bp, form a diagram in the shape of a sloped roof:

roof (F')
/ \
A1 < A2 > o & An,1 An

Definition 3.14. A functor F'is weakly admissible if the pair morphism (ar, br) defined

in |Definition 3.13|is a universal monomorphism; that is, for any Cartesian diagram

I“OOf(F) X S(F)xT(F) C % C

| i

roof(F) — 7\ S(F) x T(F)

the morphism ¢ is a monomorphism.

Using base-change morphisms, it is possible to construct a natural transformation

between any standard geometric functor and its roof |36, Proposition 1.13].
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Definition 3.15. An alternating functor F' is said to be good if either every functor f*
in F' is pull-geolocalizing, or every functor of the form f, is push-geolocalizing. An

SGF F' is said to be good if it has a good alternating reduction.

Proposition 3.16. (30, Corollary 1.14] If F is a good SGF, then the SGF roof(F)

is good, and the SGNT roof(F): F' — roof (F) is a natural isomorphism.

3.1.2 Coherence results

A key result regarding standard geometric natural transformations is the following
theorem. The result here is stated for a smaller class of natural transformations than
the original statement, as this is sufficient for the proofs in the remainder of this

thesis.

Theorem 3.17. (30, Theorem 2.4] Let ¢: F — G be a natural transformation of
standard geometric functors.

Write S(F) = S(G) = X and T(F) = T(G) =Y, denote Z = X XY and let
b: roof (F') x z roof(G) be the projection map, where roof (F) — Z and roof (G) — Z
are the pair maps (bp,ar) and (bg,ac). Suppose that the unit map ac. unit(b)by, is
an tsomorphism.

Suppose further that the map roof(G): G — roof(G) is an isomorphism. If ¢ €

(SGNTU bc™' U Unit™), then it is the unique map in that class.

The conditions in [['heorem 3.17| can be verified more easily using the following

result.

Lemma 3.18. (36, Lemma 2.5/ The map roof(G) is an isomorphism if G is good.
The condition that ac,. unit(b)by, is an isomorphism holds if F is weakly admissible

and (bg, ac) factors through (bp,ar).
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3.1.3 Notation

In the remainder of this chapter, the following conventions regarding notation are

used:

1. Capital Roman letters A, B, ... are used to denote objects in Sp; the exceptions

are I',GG, S and T which are reserved for functors;
2. Minuscule Roman letters starting from f are used to denote morphisms in Sp;
3. Script letters &,.%#, ... are used to denote objects in Sh;
4. Minuscule Greek letters «, 3, ... are used to denote morphisms in Sh;

5. The minuscule Greek letters n and £ are used to denote natural transformations;

and

6. Fraktur letters a, [, v etc. are used to denote the structural natural isomorphisms

used to define a double category.

Furthermore, the fibre product of spaces will be denoted by concatenation; that
is, XY will be used for the product X x Y.
Product of SGF's

Definition 3.19. Let f: A — B and G: C' — D be morphisms of spaces. Define the
product f, X g.: Shyc — Shpp to be the functor (f X g).. Define the product of

inverse image functors likewise.

Families of morphisms

Definition 3.20. Let {X; : i € I} be a finite collection of spaces. Define X to be the

fibre product of all the objects in this collection.
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Definition 3.21. Let {X; : ¢ € I} be a finite collection of spaces. Let J C I. Define a

morphism 7% : X; — X to be projection on to the factors in the set J.

Definition 3.22. Let {X; : i € I} be a finite collection of spaces. Let ~ be an equiva-
lence relation on the set I such that if ¢ ~ j, then X; = X. Pick a set of representa-
tives of equivalence classes J C I. Define a morphism i’ : X; — X to be such that

for any ¢ € I, there is an equality

1 J o J
ﬂ-{z} o1l B = 7T]

~ i

where 7; is the unique element of J such that j; ~ 7.

For P a partition of I, define iL, = i{vp, where ~p is the equivalence relation

1 ~pi" if and only if ¢ and 4’ lie in the same part of P.

As an example, if X; = X, = X, then the morphism i{,: X; — X x X is the
diagonal morphism.
Definition 3.23. Let {X; : i € I} be a finite collection of spaces, where [ is considered

to be an ordered set. Let J be a re-ordering of the set I; that is, J has the same

elements as I but potentially in a different order. Define a morphism
]5 X] — X]
to be the isomorphism such that

J

I
T, OJy =T

Thus for example if X; = X, Xo =Y then j3?: X xY — Y x X is the map which
exchanges the two factors.
A morphism between two spaces, where the domain is a product of distinct spaces,

and the codomain is a product of (some subset of) those spaces, possibly with repe-
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tition, may be denoted with an unlabelled arrow, and will stand for the composition
of the implied permutation and inclusion morphisms; for example (recalling that XY

is used to denote the product space X x Y),

XY

|

YX

is the isomorphism which gives the braiding structure on the product of spaces, and

XYZ

|

XZ
is the projection map.

Lemma 3.24. Let {X; : i € I} be a finite collection of spaces. Let ~1 and ~o be two
equivalence relations on I, with equivalence class representatives Jy and Jo. Let ~
be the equivalence relation generated by the transitive closure of the relation i ~ j if
1~1 7 oringj. Let J be a set of representatives of equivalence classes of ~. Define
an equivalence relation ~ on J; by j1 ~% jo if and only if j1 ~ jo. Then there is a

Cartesian diagram

iJ

o
XJ—2>XJ1

lii,l l (3.6)
022

XJ2 L)X[

Proof. For ¢ € I, there is an equality

I ids i _ Jr T
T 04, 0l =T 0dL, (3.7)

J
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where js; is the unique element of Jy such that js; ~9 4, and j is the unique element
of J such that j ~ . The other direction in the diagram gives the same result, so the
diagram commutes.

Now suppose

y — L X,

gy
.Jo

i
XJ2 —2> X]

is another commutative diagram. To show that [Equation (3.6)|is a Cartesian square,

it is necessary to show that there is a unique morphism hA: Y — X such that the

diagram
Y

X)
i,

g Xy —= X,

il il
[ ~1
i 2

X7, —25 X,

commutes. By [Equation (3.7), the map h must satisfy

7loh=nl0i”2 04, 0oh
J i Oty Pl

_ 1 Je
=m o012 og

where i is any element of I such that j ~ . Thus h (if it exists) is uniquely determined.

Now if ji ~g j2, then 7l 0i’”2 0 g = 7l 0i’2 o g by definition of i’2. Similarly, if
J J J2 2 9 ) 2 g by 2

. . I J . I J . . . .
J1 ~2 Jo, then m;, 04l o f = m; oill o f. Hence h is independent of the choice of i

in its definition, so is well-defined. O

Implicit permutation functors

When verifying the conditions for a monoidal double category, there will be many

commutative diagrams to check. For brevity, it will sometimes be necessary to not
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include direct images by the permutation morphisms introduced in |[Definition 3.23|

For example, consider the braiding morphism (which will be defined in [Definition 3.27),

along with the external product functor X: Shy x Shy — Shup) 0 7: & X .F —
jB4 (# X &). This may be denoted as a morphism & X.% — . X &, with the
direct image j§4, left implicit. Since all permutation morphisms are invertible, and
pushing forward by the identity permutation is naturally isomorphic to the identity,
the choice of where to insert the direct image functor has no effect on whether a given
diagram commutes. Objects which are isomorphic by the isomorphisms of comp, and
triv, may also be identified implicitly. For example, the symmetry constraint could

be explicitly written as

o8, F

ERF y iBA(FRE)

JABe 0 J5A.(E BF)
or, using this implicit direct image notation, as

o8, F

ENX.F ’ >y FXE
\ %&
EXRF

Similarly, for these diagrams, sub- and superscripts may be dropped for concise-

ness.

3.1.4 Monoidal structure

This sections introduces a notion for a monoidal structure on a geofibred category,

inspired by the external product of sheaves.

Definition 3.25. Let & € SH 4 and . € SH g be sheaves. Then the external product
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of & and .#, denoted & K .#, is defined by

ERF =148 (E) @ ngP(F) € SH axp.

The external product of sheaves is used as the basis for the monoidal structure,

rather than the usual tensor product of sheaves, as it is a more natural setting to use

the results of [Theorem 3.17} As noted in [36], the tensor product can be recovered

from the external tensor product by
ERI =is(ERF).

The braiding on the tensor product then follows from applying the functor j§5*, and

the associator from the equality
1 13 112
11301123 = 112 C 71 o3 -

Definition 3.26. Let F': Sh — Sp be a geofibred category. A monoidal structure on

F' consists of a family of functors
&AB: ShA X ShB — ShA><B

along with families of natural isomorphisms:

e the associators

@xpc: Wapeo(ldsn, xRp o) = Rap oo (Map X Idsh. ) ;

e the unitors

P2 EROy — V(&) and X Oy R E — 7\ (&£);
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and

e the distributors

5*: f* &U,V g« — (f X 9)* o &A,B (38)

and

6*1 f* &A,B g* — (f X g)* ©) &(Lv. (39)

These isomorphisms must be compatible, in that the following are commutative dia-

grams:

e The pentagon identity

ER(FR(GRH)) — (ERF)R(GRA) —— (ERF)RYG) K H)

! |

EX(FRY)R#) y (R (FRY)) R A
(3.10)

e Distributivity commutes with functor compositions:

comp, Xcomp,,

fi0g:(&) K hy ok (F)

Je

(f X h)(g(&) W ku(F)) 3 (3.11)

Je

(f X h)(g x k).(6 W F)

(f 0 9)«(&) B (hok)(F)

comp,,

((f x h)o(gx k). (&K F)

and likewise for &*.
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e Distributivity commutes with associators

(fo(&) R gu(F) B ha(9) —Ss f.(6) R (9.(F) R ho(9))

Je ¢

(f x 9)(ER.F)Rh.(9) (R (gxh)(FRY)  (312)

Je ¢

(fxgx ) (ERF)RYG) s (fx gx h)(ER(FRY))

e Distributivity commutes with base-change morphisms

50 gu(&) B h* o k(F) AR s o 1) R kLW (F)

lfs*os* la*oa*

(f x h)* o (g x k) (&R .F) ZALLIW o kny o (f x W) (& R .F)
(3.13)

e Distributivity preserves trivialisations

ERT « : Idsp. (6 R Z)

trivs
Ex
trivm / (3 14)

[d (&) K 1d g« (F)

e Distributivity is compatible with unitors

Pix(&)

f(&) R Op r w47 0 fu(6)

lg* [be (3.15)

(f x Idg). (& R Og) LIl (o 14,). 0 n4B(&)

e Unitors commute with the unit and counit natural transformations,

(f X 9)*(@AxB) < — Ouxv

(f X 9)«(04 X Op) e f+(04) W f.(Op) Oy X Oy
(3.16)

unit X unit
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and likewise for counits.

e Left- and right-unitors are compatible with each other

ERO,RTF oy pAP £\ R F
lxg. l?* (3.17)

&R aB(F) AN L8 (E R F)

Definition 3.27. A braided monoidal geofibred category is a monoidal geofibred cate-

gory, along with natural isomorphisms
oap: & Ryp F —>]AB*( Nap &),

where 5o A : Ax B — B x A is the braiding morphism induced from the fibre product
on Sp. These isomorphisms must satisfy the usual identities, modified to account

for the direct image functor in the definition; that is, the following diagrams must

commute:
ER.FZRY 7Bl y W(FRYIRE)
laA,Bgc
J«(FHRE)KRY comp, (3.18)

Je

J«(FHRENRD) —>]*(J X (Y XE)) —>]*o]*(f XY X&)

and
ERFRY 7ane y (G RERF)
lA®0B7C
EX (YR F) comp, . (3.19)

Je

WERYRF) 2 S (G RERTF)) - j. o (YRERF)
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They must also be compatible with distributivity, units, and natural transformations,

in that the following diagrams commute:

F(&) R g (F) LE2E GAR (3 (F)R L.(6))
l ) lcomp* of. , (3.20)

(f % 9)u(6 B P LLEFAB (£ % g), 0 jpB(FRE)

]* OWﬁECD*(éo@gZ) <— j*(@@xfgx@cp) <— j*(é"Xl xﬁc&@p)
o8

b.c.o{*]\ SGC,QT )

X X
TACH( &)’ nBC(F) r= y §R O K .F K Op

(3.21)

and .
Ops —— 54.5.(04B)

pgT pgT . (3.22)
Op R0, 24 5, 5,(04 R Op)

Definition 3.28. A braided monoidal structure is called symmetric if 0% 5 = Id.

3.1.5 Examples of geofibred categories
Sets

A straightforward example of a braided monoidal geofibred category consists of sets
and subsets. Let Sp be Set°?, the category of sets and functions, and let Sh be
the category with objects given by pairs of sets (A, X) with A € X. The Hom-set
Homgp ((A4, X), (B,Y)) has a single element, written A < B, if X =Y and B C A;
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it is empty otherwise. Define a functor

Fset: Sh — Sp,
(A, X) — X,

f(AX)—=(B,X)—Idy.

Given a morphism f € Homgy(X,Y') = Homget (Y, X), the direct image functor f, is
given by
Fo(A, X) = (f71(A),Y)

and the inverse image functor f* is given by

f*<B?Y) = (f(B)>X)

To show these are adjoint, note that

foo f(B,Y) = (f(f(B)),Y).

Then B C f1(f(B)) so B < f~(f(B)) € Homn((B.Y), (f'(f(B),Y)). Thus
there is a natural transformation 7: Idgn, — f. o f* with these morphisms as com-

ponents. Similarly,

fro fulAX) = (f(f71(A)), X)

and f(f71(A)) € Aso f(f7'(A)) < A € Homgn((f(f71(A)), X), (A, X)). Thus there
is a natural transformation e: f* o f, — Idgp, with these morphisms as components.
These natural transformations satisfy the conditions to be a unit and counit of the
adjunction f* - f..

Note that for A, B C X, A < B € Homgp((A, X), (B, X)) is invertible if and only
if A= B. Thus f, and f* form an adjoint equivalence if and only if f~1(f(A4)) = A
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for all A; in other words, if f is a bijection.

Since composition is strictly associative, the natural transformations comp, ;,
and comp} , are all identities. Similarly, the trivialisations are also identity maps.
Consequently, the compatibility conditions are satisfied trivially.

Limits in Set°? are colimits in Set, so the terminal object of Set°? is the empty
set, and products are given by disjoint union. The braiding is given by the function

oxy: X UY — Y UX which exchanges factors. Then define

(A, X)R(B,Y)=(AUB,XUY).

Note that j33, (BUA,YUX) = (AUB, XUY) and so we take the braiding morphisms

(AUB, XUY) — j¥¥ (BUA,YU) to be the unique morphism between these objects.

Bimodules

Let Sp = CRing®® be the category of commutative rings. Let Shy = R-mod be the
category of R-modules. For a ring morphism f € Homgp(S, R) = Homcring(R, S),

define functors

£*: Shy — Shg

M— S®r M

and

f*I Shs — ShR

M|—>MR.
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Then for any M € Shg, there are morphisms

M — (S@RM)R

m— (1®m)

and

S®r Mp — N

(s,n) — s-n.

These give natural transformations which form a unit and counit for the adjunction
4 fe

Given f € Homgy(R,S) and g € Homgy(S,T), there is an equality of functors
gx © fi = (g o f)s; similarly, Idg, = Idgn,, so comp, and triv, can be taken as the

*

identity natural transformations. The natural isomorphism comp*(f,g): f* o g* =

(g o f)* has components given by R-module isomorphism

R®s (S®r M) — R®r M,

r®s®@m—rf(s)®m.

The natural transformation triv* has components given by the isomorphisms R ®p
M = M.
The terminal object of Ring® is Z, with the product given by tensor products.

The external product functor X can be defined as

&R,S3 ShR X Shg — ShR®S

(M,N) » M ®z N
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with the obvious choice of braiding.

Geometric categories

Some geometric examples of geofibred categories are given in [36, Section 2|. These
include the main example for the remainder of this work: the category Sp being
the category of schemes, and the category Sh having objects as pairs (X, &), where
X € Sp and & € D(X), and with no morphisms between (X, &) and (Y,.%#) unless

X =Y, in which case the morphisms are exactly Homgx) (&, #). This is considered

in more details in [Definition 3.66l

3.2 Double categories

This section recalls the definition of a double category. It also recalls a necessary con-

dition to be satisfied for a monoidal structure on a double category to give a monoidal

structure on its loose 2-category (as defined in [Definition 3.30|). For the definition of

a monoidal structure on a double category, see Wester Hansen and Shulman |17, Def-
inition 2.10], who provide an explicit list of conditions necessary to define a monoidal

structure. This chapter follows the notation of this paper.

Definition 3.29. A double category consists of a category of objects Dy and a category

of arrows Dy, along with structure functors

U:Dg— Dy,
S, T:1D; — Dy, and

®: ]Dl XDy ]Dl —)Dl
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such that

S(U4) =A, S(M&N)=S(N),

T(Up)=B, T(M®N)=T(M),
and equipped with natural isomorphisms

a:(MON)OGP—- Mo (NGP),
[:Ugs® M — M, and

v MOUy — M,

such that S(a),T(a),S(I),7(1),S(r), and T'(r) are all identities, and such that the

pentagon diagram

MONOPOQ) — (MON)O(POQ) — (MON)OP)®Q

| I

Mo(NoP)oQ) » (MO (NOP)OQ

and triangle diagram

QN,Ug,M

N® (Ug® M) > (NoOUg) © M

NOlp
tOM

AGB

commute.

The objects of Dy will be referred to as objects, the morphisms of Dy as tight
morphisms, the objects of D as loose morphisms, and the morphisms of I); as 2-

cells.

Definition 3.30. Let D be a double category, with categories of arrows ID; and category

of objects Dy. Then there is a 2-category £ (D), called the loose 2-category, with
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objects given by Obj(Dy), with 1-morphisms given by loose morphisms in D, and
2-cells given by 2-cells of D where the tight morphisms are both identities.
Definition 3.31. Let D be a double category and f: A — B be a tight 1-morphism.
A companion of f is a loose morphism f : A — B together with 2-morphisms €; €
Homyp, (f,Up) and ny € Hom (U, f) such that S(e;) = T(ng) = f, T(e;) = ldp,
S(ng) = 1d4, and

epong =Us
and

€f®n:Idf-

Definition 3.32. A transformation |17, Definition 2.8] o between functors F,G: D —
E between double categories has loosely strong companions if each component a4 has

a loose companion, and for any loose 1-cell A — <% v B € Dy, the 2-cell

FA_Yra pg_FE . pp_ %, op
T I
FA—% oG4 —6 ,gp Y2 ,GR

is invertible.

3.3 Objects, tight and loose morphisms and 2-cells

This section defines the categories of objects and arrows for a double category con-
structed from a geofibred category. In the remainder of the chapter, the geofibred
category I is considered fixed, and so the dependence on this choice will not be made

explicit in the notation.

Definition 3.33. Let F: Sh — Sp be a geofibred category. Define the category

of objects Dy associated to F' to be the category Sp, with morphisms denoted by
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vertical diagrams

lf'

B

Define the category of arrows associated to F' to have as objects diagrams of the

form

A—2 B,

where A,B € Dy and & € Sp,, 5. The Hom-set Homp, ( A % B, U

given by all diagrams of the form

where f € Homg,(A,U), g € Homg,(B,V), and a: . — (f X g).(&).

Recall that morphisms in Dy are considered as tight morphisms in the double

category, while objects of ID; are considered as loose morphisms. The morphisms

of Dy form the 2-cells; this gives justification to the format of the diagrams in this

definition. Note that Wester Hansen and Shulman [17] denote 2-cells with downward

pointing arrows. Here, the arrows are drawn pointing upwards in keeping with the

fact that the morphism « has as its domain the object labelling the bottom horizontal

arrow, and its codomain is the object labelling the top horizontal arrow. The 2-cell

itself is still considered a morphism from the top line to the bottom line.

Composition within the category ID; corresponds to the tight composition of 2-

cells; diagramatically, this is depicted by stacking 2-cells vertically. The composition

78



is defined by:

At g .
A > B
f ¢ g
~ b ~ comp, O(f,Xgl)*(a)O/B
U—F—=V = |fof g'og -
fl 5 g/
~N g ~N X g ) Y

Lemma 3.34. Composition in Dy is associative.

Proof. Consider a composable triple of morphisms

A B U V
7 gy f J and fJ
—Z —7 5y R—%

U vV X

CQ<—"<

inD;. Let h=f xg,h = f xg,h" = f"x g’ One order of composition for this

triple gives

A——— B
X T” Y ! ! A T B
f//J v Jg// (@] U F 5 V = f// flof) J
R i} S f B g R L} S
~ g ~
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where ¢, is given by

¢1 = comp, (h",h' o h) o bl (comp,(h', h) o W, (a) 0 3)) oy

= comp, (1", h’ o h) o h(comp, (I, h)) o K(h.(cr)) o h(B) o .

The other order of composition gives

U—>F vV
! ﬁ /
X —4—y o fl “ l = (ofes|  * l(g”og’)og (3.24)
g0 g U—2 v R—% 45
where

¢o = comp, (h" o h',h) o (h" o h').(a) o comp, (h", k') o h(B) o 7.

Since composition of morphisms in Sp is strictly associative, (f” o f')o f = f" o

(f'of) (and likewise for g) so the cells in [Equation (3.23)|and [Equation (3.24)|are the

same if and only if ¢; = ¢9. Now since comp, (h”,h'): h!! oh! — (k" oh’), is a natural
transformation, there is an equality of morphisms (h” o A').(a) o comp,(h”,h') =

comp, (h”, h') o h!(hl(«)). Thus ¢o becomes

62 = comp, (" o ', h) o comp, (K", ') o W (. (a)) o h(8) o 7.
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Comparing this to ¢, we see that ¢; = ¢o if

comp, (h”, h'oh)o(h!*comp,(h', h)) = comp,(h"oh', h)o(comp,(h”, h')xh,), (3.25)

where the expressions have been written using whiskering to emphasise that the

domain of natural transformation is h” o k. o h,. Recall from [Definition 3.5/ that

comp, is part of the coherence data for the lax 2-functor f — f.. Consequently, it

obeys the coherence law expressing that comp, is associative, which is exactly the

condition in [Equation (3.25)| O

The unit morphism for the object A — <% 4 B is the 2-cell
T B
— ¢ 4B

Definition 3.35. Define a pair of functors

Ida

D><—tb

S7Ti D; — Dy

by taking the left (resp. right) side of the diagrams in [Definition 3.33} that is,

A B
5| l l

c—2 D C

and

A—¢ B B
UERE BNORN

c—Z 4D D
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Lemma 3.36. The fibre of (S,T): Dy — Dy x Dy over (A, B), denoted (Dy)a g, is

isomorphic to the category Sh¥, 5.

Proof. Define a functor

F:Sh% 5 — (D)5,

X

E— A—% 3 B,

A—% B
a € HOHlSh?APB ((ga, ﬁ) — IdAJ/ «a J/IdB .
A—Z 4B

Note that o is in the opposite category Shs, and so is a morphism o € Homgy, , , (7, &).
The functor F is a bijection on objects and Hom-sets, so defines an isomorphism

of the categories. O

3.4 Constructing functors and natural transforma-
tions

To define the double category structure, it is necessary to define functors valued in
D;. These are often constructed on object by compositions of direct image and inverse
image functors and the external product functor. However, the morphisms of Dy will
often need a “correction” term added to account for the fact that morphisms have
codomain given by the direct image of an object.

For example, consider defining a functor F': ID; — D which on objects is given

by taking the external product with a fixed shape 2" € Shyy; that is, such that

F(ALB): AX —B2 ., py
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It still remains to define ' on morphisms. Let

A—% 4B
¢:fl @ lg
v—72 v

be a morphism in ;. Then o« € Hom(.Z, (f X g).(&)). The natural starting point

for the construction F(¢) is the morphism
a2 FRE = (fxg)(&)KRZ.

However, although the domain of this morphism is correct, its codomain is not.
To rectify this, recall there is a natural isomorphism &, : f,X1d, — (f xId).. The

component at (&, 2") is a morphism
Seor (X g)(E)RZ — (f x g X Idxy).(E X Z).

Composing this with the morphism o X 2" gives a definition for F(¢):

AX a=ta s BY
F() = puaay l €e s gr0(aR)

UX TR s VY

This process is formalised in the |[Lemma 3.37, Similarly, shows that

given two functors constructed in this manner, it is possible to specify a natural
transformation between the two by constructing a natural transformation between

the “obvious” functors.
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3.4.1 Functors

Lemma 3.37. Let € be a category and let Fg, Fr: € — Dy be functors. This gives
a fibration (Fs, Fr): € — Dy x Dy. Let

{Cgi}iel

be a collection of subcategories for some index set I, and let FL F%: I — Obj(Sh)
be morphisms of sets such that €; is contained in the fibre of € over (Fi(i), FA(i)).
Suppose

F;: 6 — Sh;?[p(

§(1),F1.(1)

is a collection of functors, and for ¢ € €;, d € €; and ¢ € Homg(c, d), the following

data is specified:

1. a functor ®4: €; — €;;

2. a morphism ¢ € Homg, (®4(c), d); and

3. a natural transformation 59 Fj o &y — (Fs(¢) X Fr(¢)). o F;.
Suppose these satisfy the following conditions:

1. the assignments ¢ — @y and ¢ — 5 respect identities; that is, ®1q, = Id,,

and £51¥e = 1dy, ;
2. the assignment ¢ — @, is functorial in the sense that ®yop = Py 0 Dy,

3. the assignment ¢ — E5% is functorial in the sense that 8V = (Fg(¢) x

Fr(¥)).(€59) o (6% 0 ®y); and

4. the assignment ¢ — ¢ satisfies the condition m = (I>¢(g5) o (and hence

Id = 1d).
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Then there is a functor F': € — Dy given on objects by

Flo)= x 9,y

where ¢ € 6;, and on morphisms by

Fi (C)
FL(i) > 1 (4)
F(¢) = FS(¢>)l & %ok (9) lFTw) :
F;(d) )
F&(j) > FL(7)

Proof. The first condition to check is that F' preserves identities. For ¢ € €, let

A= FI(i) and B = FL(i). Then

A Fi() s B
F(Idc) _ IdAl ff"ldc oFi(Iac)/H lIdB
A Fi(©) s B

Thus since Id, = Id, and €719 = Idg , this gives the identity morphism.

Next it is necessary to show that F respects composition. Let ¢ € Homg/(c,d)
and ¢ € Homg(d, e), where ¢ € 6;, d € €;, e € G). Let U = Fi(j), W = Fl(j),
X = Fi(k) and Z = F}(k). Then

F;(c)

A > B
F(’g/) o ¢) = FS(¢0¢)\L Ef”/’%oFk(dJOd))ﬂ lFT(’l/JOd)) (326)

85



and

A >
= G 0oFy (@ﬂ

Fp)oF(9)= [ ) >
st)l el (@ﬂ

X Fy.(e) N

where the morphism f is given by

B = (Fs() x Fr(v)). (65 0 Fj(9)) 0 €1 o Fi(¥))

For conciseness, let 1y = (Fs(¢)) x Fr(v)). Then

ﬁ = 2/}st*(gfﬂs) o wst* (F}((g)) o ggﬂl’ © Fk(i)

= Yo (659) 0 6570, © (Fi 0 ©y)(0) 0 Fr(¥)

where the first line uses the functoriality of 1., and the second the naturality of the

transformation ¥, Recalling the definition of whiskering of natural transformations

(Definition 1.6)), this can be rewritten as

B = (g ¥ E79) 0 (670 5 DY), 0 (Fi % Dy )(0) 0 Fio(1h).

Using condition 3, functoriality of Fj and finally condition 2 gives the sequence of
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equalities

B =00 Fy (@4(6) 0 0)
=M% 0 By <m>

which is exactly the morphism in the cell in [Equation (3.26)| O

3.4.2 Natural transformations

Lemma 3.38. Let F',G: € — Dy be functors constructed from the data described in
with both using the same index set I. Using the same notation as in the

lemma, let

fir Fs(i) = Gg(i)

and

hi: FL(i) — GL()

be morphisms in Sp such that for any ¢ € Homg(c,d), there is an equality of mor-

phisms

Fs(¢) o fi = [fj 0 G(¢) (3.27)

(and likewise for g;).
Let

be a collection of natural transformations. For any ¢ € €;, define a morphism

ne: F(c) = G(c) by
C
) fi J

G(c) v
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where A = Fl(i), C = FL(i), U = GL(i) and V = GL(3).
Then n is a natural transformation if for all ¢ € €;,d € €; and ¢ € Homg(c, d)

there is an equality of natural transformations

((f; X hy)e % E5%) 0 (7 # ) = ((Fs() X Fr(¢))s xn') 0 €5, (3.28)

where the composition of a natural transformation with a functor denotes whiskering.

Proof. We need to prove that the collection of morphisms defined in the statement
of the lemma is natural. Let ¢ € 6;,d € €; and ¢ € Homg(c,d). The condition that
the morphisms define a natural transformation becomes the statement that there is

a commutative diagram

Let f = Fs(¢) and h = Fr(¢). The clockwise route around the diagram gives the

2-cell
. F(c) .
FlGi) 55 FLG)
|1 I R 16 il » FL()
L) s Gy = ror| 0000 [
G(o) . G(d) .
I I GhO) » Gh(j)
G(d)

G5(j) — G1(j)
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while the anticlockwise route gives

. F(c) .
F§(q) Ff(i)
F F(9) F(c)

Q

[
F(d)

Fi(G) —= FRG) = s “fthf)*"F)(Wfiﬂ lhjoh (3.30)
lfj K lhj U o

X G(d X
GL(j) 2% GL(j)

The tight morphisms of spaces on both of these diagrams agree by the assumption in

[Equation (3.27)|

Now F(¢) can be written as

F(¢) = &M o Fy(9),

and so the morphism inside the cell in [Equation (3.30)[ can be written (using the

naturality of nUVW) as

((f % hy)e 0 F)(9) 0a = ((f5 X hy)u 0 €59) 0 ((f; X hy)u 0 Fy)(9) o
= ((fj x hy)0€"?) 0 nfi>¢<c) 0 Gy(0)

= ((fj x hy)e 0 ") 0 (7 0 y). 0 Gy(d) .

The condition in [Equation (3.27)| gives

((fy x hj)u o F) (@) o na = (f5 X hy)«(n') 0 €99 0 G4() .

Now by the construction of the functor G' from the functor G is given
on morphisms by G(¢) = £¢ o GU’V’W(qE), SO

((f; X hy) o F) (@) oma = (f x h)u(n') 0 G(¢)
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and the right-hand side of this equation is the morphism in the cell in [Equation (3.29)|

as required. 0

A common use case of is when the source category € is D, itself, or
possibly a (repeated) fibre product of copies of D). To continue with the example of
taking the external tensor product with a fixed sheaf 2" (as introduced in the opening

paragraphs of this section), take € = Dy and let

X % Ly
¢ = rl a0 lh .
(N v

Define a functor ®, by applying the direct image functor (r x h). where necessary;

explicitly,
X & Y U (rxh)«(&) v
o Idxl @ lldy = Idyl (Mh)*(a)ﬂ lldv .
¢ 5oy o (rxh)u (F) .V
The morphism ¢ is then taken to be the cell
U (rxh)« (o v
¢ = dy| lldv
v—2 v

which clearly satisfies Fi,(f) = F () = Fuv(¢).

3.5 Double category structure

This section will equip the categories of objects and arrows constructed in
tion 3.33] with the structure of a double category. The functors will be constructed
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using and the natural transformations exhibiting compatibility will be

constructed from [Lemma 3.38, Frequently, [['heorem 3.17 will be used to show that

the natural transformations satisfy coherence conditions, by showing that there is a

unique SGNT between two functors.

3.5.1 Loose composition

The loose composition of 2-cells is inspired by the composition of Fourier—-Mukai
kernels. Recall that for any & € (X x V), F € D(Y x Z), their composition as

Fourier—-Mukai kernels is equal to

F 08 =myyl (v (F) @ my ™ (8))

__XYZ _ -124x o
= Txz« ©l1234 (ng) .

This can be generalised to give the definition of the loose composition functor ©.
This functor can be constructed using|Lemma 3.37| First, consider € = D; xp, Dy

as a category fibred by
S x (S,T) %—)Do X]D)Q XD().

Partition & into subcategories € 4pc, where each of these subcategories is the fibre

over the object (A, B, C). Explicitly, the objects of €4pc are of the form

A4, pB_Z,C

~

and the morphisms are globular cells

Qa
e

~

2\

s —
:Q>®g

W—W
IS

Q<—Q



This gives an obvious isomorphism of categories apc = (D1)ap X (D1)pc = ShE X
Sh7. For the remainder of the construction, this identification will be used implicitly

when defining functors.

Recall there is an external product functor X: Sh%y x Shh — Shi 5. Define

®apc: Gapc — Sh)R

(&,.7) = whes 0 iz (§ BF).

Let ¢ € Homg(c, d) for some ¢,d € €. Then ¢ has the form

g

A—%+ B > C'
o= el o)
U—25v 2w

Define a functor

®, : ShYP x Sh®P — Sho%? x She?,

by ®, = (f X g)« X (g X h).. Define
¢ € Homgpere, shore (P (c), d)

to be the pair of morphisms (a, #). The final piece of data needed to construct the

loose composition functor is the natural transformation
€®’¢I Ouvw O<I>¢ — (f X h)* o ®OABC - (331)

Note that

Ouvw © By: ShTE x ShLR — SheRy,
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is given by the composition of functors

Ouvw © Py = 751‘4//12/ © ﬁ%%ii o (fggh). .

Using the diagramatic notation for functors introduced in [Subsection 3.1.3] this can

be expressed as

X'y'z
ABBC % pyvpe "N yvvw «—— v X2,
01534

Uw .

There is a natural transformation between this functor and (f X h). o ®apc, given by

UVW
ABBC 5 pvpe "N yvvw «—— v T8 gw
11534
b.c.
UVW
ABBC Y N7y Bo foam UBC —% Mosh vyw TV gw
counit
ﬂ_UVW
ABBC ™Y UBBC «+—— UvBC M pyw T gw
b.c. s
fIdId Idy gh AL
ABBC +—— ABC %, ypc 2 pyw 1 pw
11534
_ABO f'ﬂ(omp
ABBC «—— ABC —1¢, AC s UW .

21234

Lemma 3.39. The data (®apc, P, £®) satisfy the conditions in|Lemma 3.57.

Proof. Tt is immediately the case that @14, = Idg,,. and {21 =1dg .. Now let

A—55B—25C U2V 25 W
¢ = lf ¢ lg 'Bﬂ lh and = |p ”ﬂ lq ”ﬂ lr'
U2V 25 W X2,y 2,7

The next condition to check is that

€270 = ((px 1), 0 £99) o (€9 00, (3:32)
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These are natural transformations between the functors

Fi = Ouyw o @y o®y =737 0ilzgio((po f) x (roh)),

and

Fy=((po f)x (roh)).o®apc = ((pof)x (roh)).omic, oi].

These can be shown to be equal using [T'heorem 3.17] as follows. The functor Fj

is (after composing direct and inverse image functors) of the form f.g*, and so is

certainly isomorphic to its roof. The roof of F} is given by

A(B Xy B)C
ABBC XYZ ’
7.l.XYZ
XZ
(pof)x(gog)x (qog)x (roh) 1534 \
XYYZ X7
whilst the roof of F5 is
ABC
71_ABC'
AC
ABBC AC

\(pjf) X (roh)

XZ

It is clear that the maps (ap,,br,) factor through (ap,,br ). This latter pair is a

universal monomorphism, so by [['heorem 3.17| there is a unique transformation to

this functor, and hence the two natural transformations in [Equation (3.32) are equal.

The final condition to check is that




Note that

A ¢ > B 7 s C
Yop= pofl (pxq)*(a)ouﬂ qogl (qxr)*(ﬁ)ovn l’""h :
X <4 % 7 y 7.
Then
Vo b= ((pxq)la)omlgxr).(B) o)
= ((p x @)«(), (g x1):(B)) 0 (1, V)
= Dy(P) ot
as required. N

Definition 3.40. The loose composition functor ®: D; xp, D; — D, associated to a
geofibred category is defined as the functor constructed from using the

data (®apc, ®,£°).

3.5.2 Loose unit

Let X € Sp. Recall from [Definition 3.22| that i{,: X — X x X is the diagonal map,

and that Oa, = i,,(0x) is the diagonal sheaf.

Definition 3.41. The loose unit functor U: Dy — D, is defined by

UX)= X —2% 5 x|

v X X
U lf =y o 7
Y Oay
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The map vy is constructed as the natural transformation

il
Y Yy —25YY
ﬂunit
f ila
Y « 7 X > Y > YY
Hcomp
i%Qof
Y « 7 X > YY

evaluated at Oy .

That this is indeed a functor follows from [Theorem 3.171

3.5.3 Loose unitor natural isomorphism

We need to define left and right unitors for loose composition; that is, natural iso-

morphisms

[®2U3®M2>M,

O MoUy= M.

The definition for t® is given below; [© can be defined similarly.
This natural isomorphism will be constructed using [Lemma 3.38. This requires
that the source and target functors are of the form constructed from [Lemma 3.37]

Partition the category ID; based on the fibration
(S,T)l Dy = Dy x Dy .

Recall by [Lemma 3.36|that (D) xy = Sh¥, . This identification will be used without

further mention in this section.
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The target functor of t© is
G = Id]D)ll Dl — ]D)l,

which is clearly of the form constructed in with

GAB = IdSh?Apr : Sh?qpr — ShOApr

and

£ =Tdpyy: (f X 9) = (f X g)u-

We will now show that the domain of t©, denoted F, also arises from this con-

struction. Let

A—2 B
gzs:fl a lgeHom%(ALB,ULV).
1%

a

U F

and let

Oy = (f x g)«: ShY, 5 = Shi7, .

Define

¢ = a € Homgpore (94 (&), F)

(as when constructing this morphism in the definition of loose composition, the fact
that f is a morphism in Sh{}, accounts for the swapping of domain and codomain of

Q).
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Consider the functor F'; this can be given explicitly as

F D1—>D1
A—<C g A4 4 ¢ . p
ERREIEN
)

U—2 v U —2U U N Ve

A é”o@AA B

l €@ ffgo(oz@quﬁU’f)ﬂ lg (3.33)

FO@A
U sV

This can be constructed using by starting from the family of functors

. opp opp
ny. ShXXY — ShXXY

E— & Oxxy Oy

a— aOxxy Id@AX .

Now the morphism inside the cell in [Equation (3.33)| can be rewritten as

9190 (a Ouyy €)= €979 0 (1ds GuuvE”!) o (a Ouyy 1de, )

= 9779 0 (1dg ©uuveE”?) o Fxy(a),
and so F is of the form constructed from with
1 = €919 0 (Ids ©uuvE™): (f9)(=) © Osy = (f9)u(— © On,) -

Hence a natural transformation F' = GG can be constructed by giving a collection of

natural transformations pap: Gap = Fap which satisfy [Equation (3.27)l Consider
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the natural transformation n”® given by the diagram

AB AB

comp
AB +—— AAB ﬂ AAB <—— AB

123

23 ’123
comp !
134 1234

AB «—— AAB 5% AAAB T, AAB «—— AB

1124
b.c.
123

134
AB (T3 AAB — 25 AAAB (T AAB —— AB
a3 11234

Evaluating this natural transformation on a sheaf & gives a morphism

123 -124% _ 134 123+
& — T3, O lya31 © I1h34s © Moz~ (&) -

Now m323*(&) =2 Ox X &. Define p to be the composition of morphisms

an(D

~

123 . ;124% _ :134 123
T3 © 1534 © 11534, O Ta3" (&)

—1
o

~

123 . ;124% _ +134
T34 © 19934 © 11234*<@A X &)

&t

~

T30 0 i1554(0a,, W &) = Fap(&)

For this family of natural transformations to give a natural transformation F' = G,

they must satisfy

¢ o (p7 x Dp) = ((f x g)uxp™7) 0 647 (3.34)
Let m = 7454, my = 7yV i, = 484, and iy = iYVY,,. Then evaluating
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tion (3.34)|on an object & € Shyp gives the commutative diagram

PO (F9)x(£)

(f9)(&) » O oy 0m; 0 (f9)+(&)
\’(fg)*(ﬁ”’@’g) I
(fg)e 0 ® ot o (&) ®Oi2*((f9)*(éa)|x@U)
pgz\ 5*/\
(f9)e 0@ 0 i1.(6 R O,) O((f9)+(£) B O, )
5*,\ o]
(f9) 0 O(ERON,) 75— O((f9)-(6) B ([1)+(0a,))

where the left-hand column is equal to the right-hand side of [Equation (3.34)) and

the rest of the diagram gives the left-hand side. This diagram can be simplified by

adding the following objects and morphisms

P @ (£9)(E)

(f9):& » ©oi,om o (fg).(&)
V(fg)*(n”*@’g) / T
(fg)s 0 ®oi, o (&) ®oi.o(fgx IdU)
e ®oi,o(fgx Idy). (é"@@u\
(f9)e 0@ 0iu(EBOs) «——— Do (fgff)eo0i(ERO,) © o ((f9).(6) R 6y)
T e| e]
2 ©o (fgff)(ERO,) f9)+(&) K On,)
/ \ np@,\
(£9): 0 O(E HOa,) < = 9)+(&) B (££)+(0s,))

For brevity, some subscripts have been omitted from this diagram. All regions apart

from the upper-left commute for the following reasons:

e the lower triangle is the definition of the natural transformation £¢;
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e the trapezium in the lower left corner commutes as the base-change natural

transformation and &, act independently, see

e the lower-right parallelogram follows from [Equation (3.11)] since n”® is formed

from applying composition and adjunction morphisms; and

e the upper-right trapezium is the unit-direct image coherence condition in

tion (3.15))

Hence the original diagram is commutative if and only if the upper-left pentagonal

region is. This region is the outer part of the diagram

(f9).(&) e » ©oi, om0 (f9).(&)
vb.c.
(f9)« ("™ #) ®oi,o(fgxIdy).on*(&)
(fg)s0@oi on (£) — o (fff)oion(€)  ©oio(fgx 1dy).(EBay)
pXA p‘ZlT vunit
(f9)e0©0i(ERO) 4= ©0 (fgff)e0is(§BOA) 4 @0 (fg x 1di), 0 iu(E B £.(64)

The natural transformations in the lower-left square act independently and so com-

mute (Lemma 1.7). The upper-left pentagon commutes by [Theorem 3.17, After using

comp, to swap the order of 7 and f f in the lower-right pentagon, the diagram becomes

equal to the result of applying ® o, o (fg x Idy). to the diagram

(Idap X f)« 0 TAF(E) o B * (&)

unit
pr

% & X Oy

lunit

This commutes as the unitor commutes with the unit natural transformation (Equa-|
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fion (3.16)).

3.5.4 Associator natural isomorphism

The associator a® is a natural isomorphism

®: (MON)OP M (NoP).

This transformation will again be constructed using [Lemma 3.38, Partition € =
Dy xp, Dy xp, Dy into parts €apcp given by the fibre over (A, B,C, D) from the
fibration S x S x (S,T): € — Dy*. Then

Gascp = (D1 Xp, D1 Xp, D1)apep = (D1)ap X (D1)pe x (D1)eop

>~ Sh%, x Sh%, x Sh%,.

Let

F: ]Dl XDy ]Dl XDy ]D)l —)Dl

be the functor (M ® N) ® P. If f = Ida,g = Idg,h = Id¢,i = Idp, then the
right-hand side becomes (a ® ) ® 7. Thus

Fapep(a, B,7) = (@ © ) ©7.

Now if
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is a morphism in €, then
(EOF)0F

A D
F(g) = fl ; l
07 (70207

where ¢ is given by

§ =M o (1" o (a @ B)) ©7)
= @M o (9 5 1d) o ((a @ B) ® 7)

= @i o (I S 1d) o Fyywx(a, B,7)

where in the second line the equality follows from the functoriality of ®. Thus define
SF’(b = nG’fhi (@) (nQ,fgh ® Id) FUVWX O (I)f — (f X Z)* o FABCD-

A similar calculation shows that G can be constructed by taking

Guvwx(a,B,7) =a® (BOY)

€60 = 171 o (Id @ 9")

Hence F' and G are functors given by the construction in [Lemma 3.37 A natural
transformation between them can thus be constructed using by giving a
compatible collection of natural transformation G pcp = Fapep. Note that Fagep

and G apcp both factor through the functor

X: Shi,; x Shiy, x ShY, — Shi s 500p

(6, F,9) —~ ERFRYG
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Using the diagram notation introduced in [Definition 3.10, Fapcp = Flygeopo™, where

Flypep = ABBCCD o ABCCD ™5 Accp e ACD 25 AD .

Similarly, Gapep = G'sgep © W, where

12346 126

“pop = ABBOCD ¢ ABBCD "% ABBD e ABD 2 AD.

Now there is a natural transformation n': Fzp = G'4pcp given by the diagram

13456 146

ABBCCD «— ABCCD % ACCD +—— ACD " AD
1123456 llb “1456
1346 7146
ABBCCD «—— ABCCD +—— ABCD ~ ACD " AD
1133396 113456
ﬂ(ﬁ()lﬂp 1346
ABBCCD < ABCD -1 » AD
1123456
C()mpﬂ
F ©ldo
2123406 13156
b(’ﬂ
12346 126
ABBCCD 4 ABBCD 2% ABBD «— ABD - AD
1123456 11236

Note that the base change in the final line is invertible, since mj254° is pull-geolocalizing,

so its inverse can be used to construct the natural transformation. Let napcp =

Nagep * X.
We now verify that these indeed give a natural transformation, by showing that

the condition in [Cemma 3.3 is satisfied. That condition reads

50 ("X x (fgghhi).) = ((f x i) x W) 0 €9
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Both of these are natural transformations from

G gni = Guvwx o (fgghhi).

to

Firgni = (f X i)x 0 Fapep -

The desired equality will follow from an application of [['heorem 3.17, For this, it

is necessary to calculate the roofs of the functors Fyy,; and Ggp;. As an intermediate

step, the roofs of F'z-p and G4z p can be calculated as

ABCD
/ \
ABBCD ABD (3.35)
ABBCCD asxCsen . ABBD ©apD , AD
and
ABCD
z//// \\\x
ABCCD ACD (3.36)
ABBCCD Gapoxlden ACCD Q40D » AD

respectively. Note that both F};yy x and Gy x have the same roof.

Next, the roof of (f X @).F};,y x is given by

ABCD
/FIIJVWX\
ABBCCD » AD

xXi
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while the roof of Gy x © (fgghhi), is

A(B Xy B)(C Xw C)D

T

ABBCCD UvVwxX

UVVIWIWX uvwx s UX

It is clear, then, that Fg,; is isomorphic to its roof, that the roof maps (ap, bp)
factor through (ag, bg), and that these are a universal monomorphism. Hence there
is a unique natural transformation, and so the above data does indeed give a natural

transformation.

3.5.5 Coherence axioms

We need to verify the standard coherence axioms for these data. We will use
frem 3.17

Proposition 3.42. The categories of objects Dy and arrows Dy, along with the func-

tors S,T,U,® and natural transformations a®,[®, and t® form a double category.

Proof. Recall the conditions conditions needed for these data to form a bicategory are

given in |Definition 3.29, It is immediately clear that S(a®), T'(a®), S(I®), T'(19), S(x®),

and T'(x®) are all identities. Thus it remains to show that the unitors are compatible

and that the pentagon diagram commutes. These are shown in and

respectively. O
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Unitor compatibility
Lemma 3.43. The triangle diagram

4d,U(B),c

do (U(B) ®c) » (doOU(B))®c

Id Ol (3.37)
,OTd.

dOc

commautes.

Proof. Let (c,d) € Dy xp, D; be loosely composable objects, with S(d) = T(c¢) = B
for some object B € Dy.
The two morphisms corresponding to the two different compositions in

can be written out using their definitions. These become

@AB@/

A c
l S l (3.38)
A EOF C

and
A EO(OA 5 OF) c A ©a4,B,c(EROB,B,c(0a g XF)) N,
[ I A | l
A (EO0AL)OF O = A ©a4,8,c(©4,B,B(6KOA 5 )RF) . O (3.39)
l peOF l l @A,B,C(Pé”&?)ﬂ l
A 597 o A ©Aa,B,c(ERF) .

We wish to transform this diagram into one where the objects are given by applying

functors to the composition of external products of sheaves. Note that the cell

©4,B,com0i* (EH(0a ; KF))
AN

A > C
| | | (3.40)
A C

g@(@ABQﬂ\)

\
7

is invertible, so the equality in [Equation (3.39)| holds if and only if the equation
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pre-composed with this cell holds. Further, there is an equality

©a,B,0(©4,B,B(EROA 5 )KF)
4

A
| el
©4,B,com0i* (EX(0a 5 KF))

4

| o |

©4,8,c(0a,B,B(EXOA 5 )RF)

> C

A ©A,B,0(04,B,B(6ROA 5 )XF)
7

J

®A,B,C(®A,B,B(8®@AB )R.Z)
N
7

A

Q+—Q
I
e

Inserting this composition in the right-hand side of [Equation (3.39), and pre-composing

with the cell [Equation (3.40)| gives

©4,B,comx0i* (EX(0a g KF))

A B
®A,B,Coﬂ-*0i* (CM@)
M ©a,B,coTx0i" ((EBOA 5 ) RF) pe
A > C
©A,B,c*Ex

~

©4,B,c(04,B,B(EROA 5 )RF) -

s
Q

Oa,B,ox(peRF)

©4,B,c(ERF)

Meanwhile, pre-composing [Equation (3.38)| with the same cell, the diagram becomes

A Oom0i" (FH(0a s KF)) . C
l g*o@(é’w@)ﬂ l
A EOF s O

Now every sheaf and morphism in these diagrams factors through ®4 g ¢, so it is

sufficient to show that the compositions commute when all applications of the functor
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are removed. Hence it is sufficient to show that the diagram

ENX.F ENX.F
l@@&,\g lpng
g@@(@AB&g) @(éa&@AB)&y

l&*oa lg*og*

IdXO)(E R Ox, RF) 2% (O x 1d)(£ KOy, K.F)

commutes, where the associator o™ has been dropped for brevity. Substituting in the

definitions for Az and ps gives

EXF EXRF
b.c. b.c.
ERG o om(F) ®oig oms(8) XK .F
/\g,\ o1
EREG o0, (0p K .F) ©0in(6HOp) K F (3.41)
5*,\ 5*,\
ENRO(0Op, R F) O(E X Op,) R F
\5*06* \5*05*

(Id x@)(E K Op, KB.F) 2 (0 x 1d)(6 K Op, K .F)

. .B,B,C , :A,B,B : .
where 7, = 7589 1y = 7w45P i) = igp B and iy = iy g’ g . The left side of this

diagram can be simplified by noting that (after composition) it is of the form in
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Lemma 1.7, and so fits into a commutative diagram

® 0 iz, 0 TE(E K F) be L, &RF
g*A b.c.A
© 0i3.(& R i (F)) N ENR O oiy, o7 (F)
Az
ER @ oiy,(0p R .F)
Ao Al
&R O(0n, R.F)
VE*Oﬁ*

©0is (6O RF) ¢ (1dxO)(& KOs, B.F)

*

_ _AB,B,BC . .AB,B,BC : , :
where 73 = Typ'pe; and i3 = iyppE pe- Using the same construction on the right-

hand side, the diagram in [Equation (3.41)|is equivalent to

©® oz, o mh(E XK F) ® oz, 0mi(E X F)

il il

© 03 (6 B *(F)) © 0 i (15(&) R )
pé*’T )\gaT
@O’Lg*(g&@B&y):QOZg*(gg@B&y)

This is (after cancelling the functor ®ois,) exactly the diagram in[Equation (3.17), [

Pentagon diagram

Lemma 3.44. The pentagon diagram

HOGO(FOE) — (HOY)O(FOE) — (X OYDOF)OE

| I

HOEoZF)o8) y (HOGOF)OE
(3.42)

commutes.
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Proof. Consider first the object in the upper-left corner. This is isomorphic to

OaBE © (IdAB X@BCE) o (IdAB x Idge X@CDE)(% X (g X (ﬁ X @@)))

by applying the isomorphisms &, and £* repeatedly. This functor can be simplified as

follows. Recall from [Equation (3.35) that the roof of ®4pc o (Idap X©pep) is given

by the diagram

ABCD
ABBCD ABD (3.43)
ABBCCD 1das xOs50D s ABBD ©apD s AD

Using this result, the roof of the functor from the upper-left vertex of [Equation (3.42)|

18

ABCDE
ABBCDFE ABE
ABBCCDDE IdAB><(®BCE0(IdBc><®cDE)> ABBE OABE . AE

: : : : ABBCD ABBCDE
Both of the natural transformations are isomorphisms, since 74555~ and T4555

are pull-geolocalizing. A similar calculation shows that all the other objects in the

diagram are isomorphic to the result of applying the functor

ABBCCDDE +— ABCDE —— AE (3.44)

to external tensor products of 77,%,.%#, and &, parenthesised in the order indicated
in the diagram.

Since the morphism a® is constructed from the associator ™, and the base-change
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morphisms commute with the morphisms &, and &*, the diagram [Equation (3.42)|is

isomorphic to the result of applying the functor from [Equation (3.44)[to the diagram

HREGR(FRE) — (ARY)R(FRE) — (A RYRF)RE

| |

HR(YRF)RE) y (AR(GRF)RE

This is exactly the pentagon diagram for the associator o™ (Equation (3.10))) and so

commutes as required. O

3.6 Monoidal structure

This section defines a monoidal structure for the double category. Wester Hansen and
Shulman [17, Definition 2.10] give a full list of data that must be provided to define

such a structure, along with a list of the conditions that they must satisfy.

3.6.1 Monoidal structure of categories of arrows and objects

To give the double category a monoidal structure, the categories Dy and Dy must first
be given a monoidal structure. For A, B € D, let the monoidal product be the fibre

product in Sp; that is,
ARB=AXDB.

The monoidal unit is the terminal object of Sp, denoted {pt}. The associator and
unitor isomorphisms follow from the associator and unitor morphisms of the fibre

product.
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Monoidal product of cells

We construct the monoidal product on ID; using Partition the category
€ = Dl X Dl

into parts €apcp by taking the fibre over (A, B, C, D) of the functor (S,T") x (S, T).

As previously, this can be identified as
%ABC’D = SthB X Shoch.
For a morphism ¢ € €, given by

STENTEN]

U wWw—2 X

define
®,4: Sh; x Sh, — Shij, x Ship

by ©4 = ((f X g)«, (h % i),). Also define

¢ = (Oé, 5) € HomShDUpVXShc;{P/)X (q)¢(éa, y), (c@’ Q)) .
Next, define a functor ® spcp by

XRABCD: Sh aB X Sho — Sh(1)4pCBD
(8,F) = Ji31: (6 ®.F)

(@, B) = Gigan(a B B).
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where ji25¢: ABCD — ACBD permutes the order of the factors of the fibre product.

Finally, let the natural transformation

£ Quvwx o((f X 9)s, (h X 1),) = (fhgi). 0 @apcp

be the natural transformation from [Equation (3.8)]

Lemma 3.45. The data (Rapcp, P, &%) satisfies the conditions from

and hence defines a functor.

Proof. First, note that ®1q, = Id%, ., (by construction) and £®!4 = Idp, (by
tion (3.14)). Secondly, there is an equality

Doy = (P o f) X (g0 ), ((roh) x (s0i)).)

= ((p X Q)*7 (T X S)*) © (f X g,7 X 7’)*) :
The third condition is the equality
900 = (fhgi)(§97) o (€%¥ o (fg, hi).)

which is exactly the statement that distributivity commutes with compositions (Equa-|
tion (3.20)). The fourth and final condition is that

which follows immediately from the definition. O]

Definition 3.46. The monoidal product ®: Dy x D; — D, is defined to be the functor
constructed in [Cemma 3.45]
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Unit and unitor

The unit object for the monoidal structure is the loose morphism

08 (piy
Ip, = {pt} —— {pt} .

1

Let

F:D1—>D1

c—ce® T

and G = Idp,. Then the right unitor is a natural transformation A\: £’ = G. This can
be constructed using to use this, F' and G must be constructed using
Lemma 3.37

Let
A—S5 5B
¢ = fl @ lg

U—Z vV

and define
Py = (f x g)«: Shyz — Shyy,
and
b=a

Next, define

Fap: Shy — Sh?gt}A{pt}B

by Fap(&) = & X Op i} To complete the construction of F', it is necessary to give

115



a natural transformation

5% Fyv o (f % 9)x = (Idgpey X f X Idpe Xg)« 0 Fap,

which is taken to be the isomorphism

Eet (f X @)(E)WOA,,, = (dXIdX [ X g)4(On,, KE)

from the definition of the monoidal structure on a geofibred category.
The functor G can be given by the same construction, taking G xy = Idgpor, and
£€%¢ = 1d. Then the unitor natural transformation F = G is constructed by giving

natural transformations

A
pap: Gap — Wi}gi P8 o Fap

There is a natural transformation, which will be denoted 7?®, given by

AB AB AB
ﬂunit
TA .
comp

AB —— AB{pt} 25 AB{pt}{pt} 2> AB

A

Now recall p*: & K Oy — wAg{pt}*(éa). Thus the composition pap = p= ' o nP®

gives the required natural transformation.
To show that this is indeed a natural transformation, the condition in

must hold; this condition is the equality

(rE9P) 0 €79 o (pop o (f9)s) = ((f9)s © pan) -
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This is equivalent to equality of the outer paths of the diagram

A8
(f9)-(&) s (fg). om0 o1 (&)
Mt gy (n™®) %
T 0iy om0 (f9)u(&) 2% m, 04, 0 (fg ¥ Id; y2)« 0 T(&) e

A

P‘Xl pg]\

Ty O z*((fg)*(g) X @{pt}) ék) Ty O ’i* @) (fg X Id{pt}z)(g X @{pt}) m (fg)* O Ty O ’L*(g X @{pt})

A N

Ex
£ (fg)«om (&K @A{pt})
comp,
& v
T ((f9)«(&) W Oa,,,) > Mo (fg X 1dgn2). (6 W OA,,)

where subscripts have been dropped for brevity. Now

the top trapezium commutes by [Theorem 3.17}

the upper right trapezium commutes as the natural transformations are inde-

pendent;

the left square commutes by [Equation (3.15)f and

the lower rectangle commutes as &, and comp, satisfy the coherence condition

[Equation (3.11)|

Consequently, the two outside paths are equal as required.

Associator

Next, we construct the associator for the monoidal structure on ID;. This will follow

from the associativity of the external product X.
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The associator is a natural transformation

a®: ®o(ldx®) = ®o (® x Id).

Partitioning Dy x Dy x Dy based on its fibration (S,7T) x (S, T") x (S, T'), these functors

become

. op op op op

(&, F,9) = j. (€W j.(F KD)),

where 7, are the relabelling maps. The functor G is given similarly.

Using the tensor-direct image isomorphism &,, there is an isomorphism

Fapcper(8,.7,9) = jiliEbi (6 R (F RY))

and similarly an isomorphism

Gapcppr(€,F,9) = j405bhm(ERF)RY)

Recall that the associator for the external tensor product is a morphism

M ER(FNRY) = (ERF)RY .

Composing this natural transformation on the left with the functor j45S5EE  gives

a natural transformation

.ABCDEF X .
JacEBDFs ¥ 0 Fapcper — G ABCDEF-

The verification that this is in fact a natural transformation is straightforward, as all
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functors involved are simple direct image functors.

Lemma 3.47. The monoidal product & defined in [Definition 5.460, along with the

unitor and associator defined in this section, give Dy the structure of a monoidal

category.

Proof. The two conditions to check are that unitors are compatible (Lemma 3.48|)

and that the pentagon diagram is satisfied ([Lemma 3.49)). O

Monoidal unitor coherence

Lemma 3.48. The diagram

& ® (O, @ F) = » (£ ®0a,,,)RF
5@% %?
ERQF

commutes.

Proof. The diagram can be written more explicitly as

AC{pt}{pt} BD AC{pt}{pt} BD
michpn D (E B O,y BF) === micfp." " (6 B Os,,, B F)
E*T 5*]\
t}BD t t ) AC{pt t t .
&KX WJ{;)D}; (W}&ﬁp Yo i14(Ogpry) X ?) WAC:EP Hew Wi{gtiip Vo i14(Oppty)) .7
v Ex
ER PRI 0 by, (O B F) Taor TP 0 iy, (6 W Oy ) K F
£ X Wj{gp[t)}*{pt}BD 09y O Wép[t)}BD(y) ngipt}{pt} 0 g, O ng{pt}*(g’) X .F
nA’@/\ npy@/\
ENXRF &N .7
where i, = z'gg{pt}, iy = igg{Bp?}BD, and iz = iﬁggg{pt}. This can be simplified by
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splitting into smaller parts as follows:

(6 R Os,, B.F) 7.(6 R O, B.F)
e e
& W7, (74 014 (Oppry) K .F) T (E W, 00, (Ofpey)) W F
3 £
EXm, o i*\(/@{pt} X ) _ T, 014 (E X Oy X F) g ™o (& ET@{pt}) X .7
p¥ o

~ ~

éa&moz o (.F) &moz*OW( F) TW*OZ*OW*(g)@

T])"®
Id xn™® Id xnP®
&

EXRF X .7

where for brevity sub- and superscripts have been omitted. The top rectangle com-

mutes since &, commutes with comp,. The lower two side triangles commute as &,

commutes with base-changes, |[Equation (3.13). The bottom middle triangle commutes

by [Theorem 3.17, In the middle rectangle, the applications of the natural transfor-
mations &, commute with p¥ as they act on different functors (Lemma 1.7)), so the

whole diagram commutes if and only if the diagram

X
T 01u(E R Oy B F) —— 7, 00 (7(86) K F)

| J¢

e 0 1, (& X 7% ( ))—>7T*01(7T (X .Z7))

commutes. This is the result of applying the functor 7, oi, to the diagram expressing

the coherence of left- and right-unitors, [Equation (3.17)] O

Monoidal pentagon identity

Lemma 3.49. The pentagon identity holds for the monoidal product @ on ;.

Proof. Similarly to the pentagon identity for the associator for loose composition, the

pentagon identity for the associator for the monoidal product follows from the same
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identity for the external tensor product.

3.6.2 Interchange isomorphism

We next need to define the globular isomorphism

(ERP2)O(FR2) = (E0F)R (P 2).

Let

F,G: (Dl XDy ]Dl) X (Dl XDy Dl) — ]D)l

be the source and target functors of this transformation. Partition the category

€ = (]Dl XDy ]D)l) X (]D)l XDy ]D)l)

into its fibres over the fibration

(S x (S,T)) x (S x(S,T)):€ — Dy

Then

Fapcuvw : Shifp x Shijy, x Shigy, x Shyy, — Shije;y,

can be written

Fapcvvw (8, P, F,2) = Oavpvew ([Jita.(E R 2) R B0 .(F K 2))

= Oavsview © Aty pven.( R P R.F R 2).
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Similarly,

Gapcovw (8, P, F,2) = 4500 (©apc(E R F) R opyw (P K 2))

ACUW ABCUVW _ -ABCUVWx o
= Jarvis © Tacows . ©iappcoviw (6 RF R P K D).

Thus we can construct a morphism between the two objects by applying the braiding

&KX S F X .7.

To verify that this is indeed a natural transformation, the condition [Equation (3.27)|

must hold. The natural transformations £ and £¢ are constructed solely from the

natural transformations &, and &*; since these commute with base-change and com-

position, [Equation (3.27)| becomes equivalent to showing that the diagram

[o(&) B g.(F) B () B ko (LY T247F(6) R b (2) R g,(F) Kk (2)

Je e

(fghk)(ER.FRPRYI) —Z22 _ (fghk),(ER P RFK2)
commutes. This diagram is equivalent to

9.(F) R h (V20 (F) K g.(2)

Je Je

(9h)-(F R P) =7 (gh).(P B F)

which is exactly the condition that &, commutes with the braiding, [Equation (3.20)|

3.6.3 Unit-tensor distributor

As well as the interchange isomorphism, we need to define a distributor isomorphism

w: Upgp > Ua®@Upg.
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Define the component of this transformation over the object (A, B) to be the mor-

phism
AB —227 . Ap

Uap = l oap l )

AR 245%n 4p

where vy g is the morphism given by the composition

Ex
vap: Oa, R 05, — 450 (04K Op) 2 il 0 T4 (Op) —— Oa,, -

That this is indeed a natural transformation can be verified explicitly. Let f: A —

U,g: B — V be morphisms in Sp. This is a natural transformation if the diagram

Onny —— On, @ Oa,

lUfXg lUf@Ug

Onyyy — Ony @ Oa,y,

is commutative. Writing this diagram explicitly, it is equivalent to

(f X g>*<@AA><B> < Uf><g @AUXV

i pgT

(f X g)*OZ*(@A®@B> Z*(@Ugﬁv) '
(rx9)c)] ]
(f X g)*<@AA X @AB> (ff) <@AA> ( g)*(@AB) m @AU X @AV

This diagram can be split into smaller sections to give

(f Xg)*<@AA><B) $ Usxa @Ava

# #

(f X g)* © 2=|<(@A D @B) <T Z*(f*(@A) X 9*(@3))Z*<m)2*(@U X @V)
x| comp | 3
(f X g)*(@AA X @AB) (ff) (@AA) ( g)*(@AB) W @AU X @AV
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where the lower-right square commutes by definition of U, and the lower-left square

commutes by the compatibility of &, with comp (Equation (3.11))). This leaves the

upper rectangle. Note that (after applying comp,) the elements all factor through i,.

Hence the diagram commutes if the following diagram is commutative:

(f X 9)«(Oaxp) < anit Ouxv

| i

(f X 9)«(04 X Op) e [«(Oy) K f.(Oy) Oy X Oy

unit X unit

This diagram is exactly the condition that the unitor morphisms are compatible with

adjoints (Equation (3.16)]).

3.6.4 Coherence

Lemma 3.50. The monoidal structure on Dy and Dy, along with the natural trans-

formations defined previously, give the double category a monoidal structure.

Proof. Wester Hansen and Shulman |17, Definition 2.10] gives an explicit list of con-
ditions needed to give a double category a monoidal structure. Condition (i) is that
Dy and Iy are monoidal categories. The monoidal structure on Dy arises from the
fact that its monoidal product is a fibre product. The monoidal structure on Dy is
given in [Lemma 3.47, Conditions (ii) and (iii), that U; is the monoidal unit of Dy
and that S and T are strict monoidal, are easily seen to be true. Conditions (iv),
(v) and (vi) consist of showing that certain diagrams commute. These diagrams are

considered in turn in the following subsections. O]
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Interchange-associator compatibility 1

Lemma 3.51. The following diagram commutes:

(ERP2)0(FR2)OWYRIX) — (EOF)R(P02)0(YRX)

l |

(ERZ2)O(FRL)O(YRX)) (CoF)0Y9)(P02 02%)

l |

(ER2)O(FOY)R(LOZ) — (£0(F0Y)R(PO(LO0XR))

Proof. Writing this in terms of morphisms of shapes, this is equivalent to the com-

mutativity of the following diagram

ERIRNYRPRINE T2 (ERNPRF NG K2R R)

lf*osg,ylz_@ l&osg’g

5*05?,9}’

ERIFIRIPRIKGNRZ) — j(ERPNRIFRIKYG KR

This commutes as the two braids represented by applying the swap morphisms are

equal, and since the action of s factors through the braid group.

Loose and monoidal unitors compatibility
Lemma 3.52. The diagram

(E®F)OUso =25 (60 F) 6 (Us® Ug)

I lﬁ

ERF +——— (0 UL R (F 0 Ue)

commutes.
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Proof. Explicitly, this diagram is

@AB,AB,CD(@@@L@@@AAB) ¢ = @AB,AB,CD(GQ&?X’Z'*(@AX’@C))

5* 5*

®aB,ABcp 0 1x(E R F K Osc) ©ap,aB,cp(ER.F KON, K OA,)
% b.c.

~

®AaB,.AB,cD O Uy 0 T (& K .F) (®a.a8 X Occp) o ju(ER.FKOA, KOA,)

A
T

Ex

(®a,48 X Oc,c,p)(E Wi (F KOx,) X Op,)

N
n*®n* SOp 4 F

n

EXRF

2

©aapoiom ()N Ocep oo (F) (@448 X Ocep)(EXROA, K.FKON,)

N

% £*olx

QA,A,B oz'*(é”IZl@A) &chcjpoi*(y&ﬁc) — @AA,B(é&g@AA) &QC’,CZD(Q&@AC)

*

(3.46)

The right-hand side fits into a commutative diagram

®ap.apcp(ERF Ki (04X Oc)) — ®ap.aB.cp 0 ix(E X F RO, K Op)

i |

©ap,ap,cp(E€RF KON, K OA,) S NN ®ap,acp 0 (R .F KO, XK Oc)

AN

b.c. b.c.T

(®a,4,8 X Oc,c,p) 0 ju(ER.F KOA, KOA,) AN (Oaap X Ocep)ojoi(EXRFNROLKO)
o1
(®a,4,8 X Occp)(& X

J(FROA)ROs,) =5 (Oanp X Ocop) 0 e 0in(6R.F KOLK O)

N

o’@AA,? f*OU@A,Q’T
(@A,A,B X @C,C,D)(@(olz @AA X .# X @AB) L) <®A,A,B X @C,C,D) oi*(gﬁ 04X F X @B)
g*og*/\

®A,A,B(£7 X @AA) X @qqp(ﬁ X @Ac)
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The lower half of the left-hand side also fits into a commutative diagram,

ENXR.ZF

ln“ﬁn‘

(Ox®)o (i xi),om* (& X F) Corror, ©AAB O o (&)W Ocop 0ix o T(F)

& O(P‘EP)T pgT

(@ X @) o (l X Z)*(g&@Agg\‘E@Cg ?%@A’A’B OZ*(éa&@A) IXIQC’,C’,D Oh(ﬂ&@c)

)

Joining these together, the diagram in|Equation (3.46)|is commutative if the following

diagram is commutative:

©aB.AB,cD O ix(E X .F K O4c) Oap.apcop 0 (& R.F KO, X Oc)
1 b.c.T
©aB,aB,cD Oty 0 TH(E K F) (®a,4,8 X Occ,p) 0 Js0i:(E XN .F KO, K O¢)
A
ERF (Gang X Ooop)ojsoiy(ERF RO, K O0)
£20E" of0f* o Riy* €.00p,. QT
(© x ®)o (i x Z)* om* (&N .F) (®a,4,8 X Occ,p) 0ix(€ KO, X F K Op)
§*0(p®p)/\ /

(@X@)O(ixi>*(ég®@Agﬁ.®@c)

Since the base-change and unitor morphisms at the top of the diagram act indepen-

dently, they can be exchanged, giving

(@A,A,B X ®C,C,D) Oj* e} Z* OW*((g) X ﬁ) (—g <®A,A,B X ®C,C,D) Oj* Oh(éaxlg X @A X @C)

p
lb.c. f*OU@A,yT

O AB,AB,CD © o (&N .F) (QA,A,B X @qqp) 0i.(EXRO4K.F X Op)

. .

&N g §x0€* o0&, 08 on Kn* y (@A,A,B X @C,C,D) e} Z* e) W*(éa X ?)

The upper-right half of the diagram commutes as p® commutes with o (Equation (3.21))),

while the lower-left corner commutes since &, and £* commute with unit and comp. [
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Interchange-associativity coherence 2

Lemma 3.53. The diagram

(FRF)RY) 0 (PR2RE) 2% (FR(FRY)) o (PR(2KR))

L !

(FRF) e (PR2)K(YER) (0 PR (FRY) O (2RRZ))

l;@ld lld Or

(EP)R(F02)R(YOR) — 5 (60 P)R(F 6 2)R(Y0R))
commutes.

Proof. The diagram simplifies to

J(ERFRIRPRIRA) o (R PRI RY R 2R Z)

£x0S p FR

§*°SJ|EQ,<§T 6*009,gT

MERFRPRIRIRA) o —— ERPRIRIRIRA

which commutes as the family of morphisms ¢ form a braiding, and the two braids

representing the two compositions in the diagram are equal. O

Unit-unitor compatibility

Lemma 3.54. The diagram

% e L6
AcaxByxC 7 YAxxBxCO)
g 2
@AAXB ® @Ac @AA X @Asxc

lu@ld lld Ru

(@AA X @AB) X @Ac u—®> @AA X (@AB X @AC)

commautes.

128



Proof. The diagram here becomes

@AABC <T Z*(@A X @BC) <E—* @AA X @ABC
pgT pﬁT
i.(6ap ¥ 60) On, R i, (65K 6,)

e 3
@AAB X @AC’ (T i*<@A @B) X @AC’ (5— @AA X @AB X @AC
P *

which fits into a larger diagram

Onape 5 1+(0a W Opc) «———— 0a, KOy,

] s s

i*<@AB X @C) (T Z*(@A X @B X @C) — @AA &Z*(@B X @C)

K I

@AAB X @Ac (pT i*<@A X @B) X @Ac (5—* @AA X @AB X @AC

The top-right and lower-left squares commute by [Equation (3.15), while the lower-

right square commutes by [Equation (3.12), The upper-left square is the result of

applying ¢, to the diagram

X
04 R0 X O; —L— 04K 7*(0p)

J# |

W*(@A)gﬁc @A&@BC
lﬂ 7
T (04) === 7"(0a)

This diagram commutes by Mac Lane’s coherence theorem, since it consists solely of

unitor morphisms. O
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Interchange-tensor unitor coherence

Lemma 3.55. The diagram

(6R0a,,) © (FROs,,) —— (60 F)R(0a,, ©Oa,,)

® r® (EOF)RD
l‘ o l A pt)

EOF < (6 ©F)R O,

®
ERF

commutes.

Proof. Writing out the diagram explicitly, then using the distributors &, and &* to

simplify each term to a functor applied to a single external tensor product, gives

(&) B (F) < y (&R F)
Pw*(é”lZI?)T
pg‘X’pg ﬂ-*(g X g) IX @{pt}

pé”Xk‘?T

(W Opy) M (F B Oppy) oy — & BT W Oppy M Opyy

“{pt}

which is the condition that unitors are compatible with braiding (Equation (3.21))).

]

Unitor coherence

Lemma 3.56. The diagram

u
@AAx{pt} » On, X @A{pt}

|
UiA\
Ax{pt}
Ona,

commautes.
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Proof. Explicitly, this becomes

A{pt}A{pt A{pt}A{pt}  .A{pt A{pt}s
WAZZ} {p}(@AAX{pt}) 7TA1{411} o Agt{A{pt}*oﬂ'A{p} (0a)

K

A{pt}A{pt} _ .A{pt A{pt}A{pt} _ .A{pt
WAEin} et ZA}it{A{pt}*(@AX{pt}) 7TA1{4}1} vt ZAgt{A{pt}*(@A X @{pt})
lunit f*T
A{pt}A{pt} _ -A{pt} ;  Ax A{pt}A{pt} _ .AA{pt}
Tade 00 ZA{Et}A{pt}* © @ﬁ{pt}* © Zﬁ{pt}(@Ax{pt}) Tane T00 ZAA{gt}{pt}*(@AA X Oty )
lcomp* lﬂ
. Ak A{pt}A{pt} _ .AA{pt AA{pt}x
#0 © 14p0 (Oax (o) S T i P R (VY
we]
4 14.(04) O,

Since the unitor p commutes with distributors, the right-hand side can be simplified

to give
A{pt}A{pt A{pt}A{pt} _ .A{pt A{pt}*
WA,E&E} P Aaxioy) ”A,{cxli} o Agt{/x{pt}* © ”A{p " (64)
A{pt}A{pt} _ .A{pt
7TA1{41>)5<} et © lA}gt{A{pt}*(@AX{pt})
lunit b.c.
A{pt}A{pt} _ .A{pt} . s

Tade 00 A{gt}A{pt}* © Zﬁ{pt}* © Zﬁ{pt}(@flx{pt})

lcomp*

. s A{pt}A{pt} _ .AA{pt AA{pt}x
4 ax © @ﬁ{pt}(@AX{pt}) WA,E&} REE ZAAgt{{pt}* © 7TAA{p ) (Oa,)
o]
44:(0n) On,
This diagram commutes by [I'heorem 3.17] [
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3.7 Braiding

This section defines the braiding on the double category constructed in
This construction requires that the geofibred category used for this con-
struction is a symmetric monoidal geofibred category. The structure of a braiding

on its own is insufficient, as the assumption of symmetry is used in the proof of

[Lemma 3.59]

3.7.1 Braiding transformation

A braided double category is a double category in which the categories of objects
and morphisms are braided, and the braiding is compatible with the interchange and

units.

Definition 3.57. Since Dy has all products, it can be given the structure of a Carte-
sian monoidal category (as in and hence it is a symmetric monoidal
category. The braiding morphisms s4p: A X B — B x A are the morphisms from the
universal property of the fibre product structure.

Define another family of morphisms in [y, parameterised by pairs of objects

@@,JOZE]D)l,by
AxU —82 . pxvy

S5¢.2 = SAUl 7AB lSBV
[
Ux A—2% s v xB

where 045 is the braiding of the external tensor product X introduced in
tion 3.27

Lemma 3.58. The families of morphisms in|Definition 3.57 define a braiding on Dy

and D;.

Proof. For these families to define braidings for the monoidal structure, they need to

satisfy the two hexagonal identities. For Dy, this follows by the construction of the
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fibre product.
Let A—% 5 B , U —Z sV and X —Z Y be objects in D;. Then
one of the hexagon identities becomes (after dropping the associators) the commuta-

tive diagram

ERFRY i y ERY R T
SEeRT 9
\ mldg’
YRERT

Recalling the construction of the monoidal product from [Subsection 3.6.1} this be-

comes equivalent to showing that there is an equality of 2-cells

XAU Y BV

Evoo g g RF

XAU 2287, y Ry

SX,AUlngg’g J{SY,BV = AA;;'U CRIRT B;V )
AUX 2752, Byy (oMo g

AUX — 8729 Byy

This equality is exactly the condition in [Equation (3.18)| from the definition of a

braiding of a monoidal structure on a geofibred category (Definition 3.27)). The other

hexagon identity likewise becomes [Equation (3.19)| O

3.7.2 Coherence

Lemma 3.59. The braiding on Dy and Dy in|Definition 3.57 give the double category

the structure of a braided double category.

Proof. Recall from Wester Hansen and Shulman [17, Definition 2.10] the conditions

for a double category to be braided monoidal. Condition (Vii)ﬂ is that I; and D, are

I'Note that continues the numbering from the definition of monoidal category, so that condi-
tion (vii) is the first condition for a braided monoidal category
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braided monoidal. Condition (viii) is that the functors S and T are strict braided
monoidal, which is true in this case. Condition (ix) is that the diagrams in the

following subsections commute. O]
Braiding-interchange compatibility
Lemma 3.60. The diagram

EOIR(POI) — s (PoIKR(E T

} } (3.47)

(ERP2)0(FR2) —2 5 (PRE)6(2K.F)
commutes.

Proof. The result of following this diagram clockwise is the composition

AU (E0.F)R(P02) oW
SAU 7 SCW
(PO2R(EOT) 1
X
[ A (ZEOOLRT) o

where £ is the interchange transformation constructed in [Subsection 3.6.2] The anti-

clockwise direction gives

Ay EODRTOL)
X
AU (ERP)O(FR2) C’\I’/V
SAU 70T SCW
UA (PRE)O(IRTF) W C
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For conciseness, let L = AB,M = BC,N = UV, P = VW. Then |[Equation (3.47)|

becomes the outer paths of the diagram

O(PRER (2R .F)) —ZE027 L (LN (6K 2) R jME(F R 2))

£.055 o €
©o NP (PR OKER F) ©o NP (£ R PRF K D)
be.| b.c.
(OXO)ZHRIKENK F) (sAstCW)*oG)(éa@,@@a@&Q)
5*05*/\ £vosp o
O(ZR2)KO(ENRF) (SAUXSCW)*O@O;*(g&yge@&Q)
o b.c.

(5407 % sew)e(O(E R.F)R (PR 2)) 5 (541 x sow)e 0 (® x 0)((£B.F) R (2 R .2))

This diagram can be simplified by using the fact that independent transformations
commute to group together morphisms which act on the external tensor product and

morphisms which act on the functor applied to this product. The diagram then

becomes
NPRERIRF) —20268027) o NMP (0 R P R.F R D)
l&*oae,gz l&*oag,ﬂ
oo (PR 2B SR ) oo KM o SN (6 B F R PR )

comp,,
§400 PR 9 ERF b.c.

© 0 N LM © INPir(E WF B PR 2) t— (sav X scw) 0 (O x O)(EHF KPR 2)

The lower-right triangle commutes by [Theorem 3.17. The upper pentagon commutes

if and only if the braiding ¢ is symmetric, since in this case the braiding gives a

representation which factors through the symmetric group. ]
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Braiding-unit compatibility

Lemma 3.61. The diagram

Ua.B
Ornyy —— On, ®Ony

lUSAB k%% (3.48)

uA B
Onpyy ——— Onp ®On,

commutes.

Proof. Recall from [Subsection 3.6.3|the definition of uy 5 as the 2-cell with morphism

va,B, which is defined to be the morphism

5* . pg N *
Or, X Opn, —— ZﬁA]?BB*(@A X Op) — 1?533* o 7T§B (Op) == On,p -

The clockwise direction of [Equation (3.48)|is the composition

@AAXB

H UBA”

AB
-AABB H
JaBas(0a,H0A )
AB 5 AB
TAB
[ I [
JEBAA (05 K0, )

BA s BA

while the anticlockwise direction gives

0]
AB Saxs s AB
P el
SAB SAB
0]
BA Aﬁ“‘ s BA
BHA jgggf\‘*(@ABgﬁAA) N BHA

Hence the commutativity of [Equation (3.48) is equivalent to commutativity of the
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following diagram:

unit

Onpa > 14 0 54, B:(0aB)
T comp,
o (54,8 X 54,8)x ©1(Oap)
e
1.(Op X O4) (saB X SAB)x01.(04 X Op)
s &«

O0p .0
@AB X @AA M (8,473 X 5A,B)*<@AA X @AB>

This can be split into simpler diagrams

N unit > 14 0 54,8:(0aB)
T comp
P (54,8 X 54,8)x 01 (Oap)
B
i (05RO 29 (545 X sap)s 0i(04 K Op)
Ex &x

NN

@AB X @AA —9 (SA,B X SA,B)*(@AA X @AB)

where the lower rectangle is commutative by [Equation (3.20), After re-ordering the

direct image functors, the upper half of the diagram is isomorphic to applying i, to

the diagram
Ops —— 545.(045)

o] A1

@B & @A Sﬁﬂ SA,B*(@A & @B)

which is exactly [Equation (3.22), O
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3.8 Loosely strong companions

Recall [Definition 3.31| defines the notion of a companion for a tight morphism. This

notion allows the translation of tight morphisms into loose morphisms, and hence can
be used to show that the monoidal constraints (which are written in terms of tight
morphisms) correspond to loose morphisms which are retained when passing to the

underlying loose 2-category.

In the double category constructed from [Definition 3.29| all tight morphisms have

companions (([Lemma 3.62)). A natural isomorphism « between functors valued in such

a double category has loosely strong companions (Lemma 3.63| first stated as [17,
Remark 4.11]).

A
Lemma 3.62. Let lf be a tight morphism. It has a companion given by
B

f: A(IdA,f)*(@A)B '

Proof. Recall the morphism v¢: Opa, — (f X f),(Oa,) from Definition 3.41] There

is a natural isomorphism

comp,,

Sy (f, Pl SR (f x Tdp)(Ida, f)

A B
ST
—> B

There is also a natural transformation

Tt (fxf)*ollb*

which forms a cell

Y2 (Id7 f) Comp* (Id Xf) © 112*
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which gives a cell
O

A A 5 A
|
Ida f-

A—L B

The tight composition of these cells gives the cell U(f), since vy is exactly the mor-

phism used to construct U(f); the composition morphisms cancel by [Theorem 3.17]

Similarly, the loose composition gives Id i and hence the pair exhibit f as a companion

for f. O]
We restate a result [17, Remark 4.11] and give a sketch of its proof.

Lemma 3.63. Let a: ' = G be a natural isomorphism, where F,G: 1D — E are
functors between double categories. If E has companions for all tight morphisms,

then a has loosely strong companions.

Proof. Let A € . Since « is an isomorphism, a4 has an inverse a;l. By [17,
Lemmas 3.15 and 3.16], there is an adjoint equivalence (internal to the category Z(E))
ay ;Z\I . These adjoint equivalence give an adjoint equivalence a - a1 , internal
to the category of functors £ (D) — Z(E), colax transformations, and modifications.
By doctrinal adjunction [23], a colax structure on a right adjoint gives a lax structure

on the left adjoint, giving @ a lax structure. Any transformation which has a lax and

colax structure necessarily has each oy invertible, which gives the desired result. [

Corollary 3.64. The monoidal constraints (consisting of the associator and the left

and right unitors) of D(F') have loosely strong companions.

Corollary 3.65. The 2-category & (ID(F)) has a monoidal structure.
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3.9 (Geofibred category of sheaves

This section shows that the geofibred category of sheaves of quasi-coherent modules

over schemes satisfies the conditions of |[Proposition 3.1] and hence that it determines

a double category. The underlying loose 2-category of this double category is Za7,

the 2-category of schemes, sheaves and morphisms of sheaves.

Definition 3.66. Let Spo,,,. be the category with objects quasi-compact quasi-separated
smooth schemes over a fixed field k, and morphisms scheme morphisms. Let Shy,,. be
the category with objects tuples (X, &), where X € Spy,,, and & € D(X) is an ob-
ject in the derived category of sheaves of quasi-coherent modules. A morphism from
(X, &) to (X, F) in Shy,, is a morphism o € Homg(x)(&,.%); if X # Y, there are
no morphisms between (X, &) and (Y,.%). Define a functor Fy,,.: Shy,, — Sp.,,
by

F‘Wﬁm: Sh%@f — Sp%ﬁma
(X,&) — X,

@'—>Idx.

Further, define a family of functors

gAB: (Sh‘%ar)A X (ShWQJ‘)B — (ShTQ#)AXB

to be the external product of sheaves,
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where ® is the derived tensor product of sheaves. Finally, define braiding morphisms
oap: EWap F — jf‘g*(ﬁ Nap &)
to be the maps corresponding under adjunction to the morphism
Jag (ma%(8) @ 1P (F)) = 7 (E) R ap ™ (F) = np™(F) @ mi1(6)
where the first morphism is the distributivity of inverse images over tensor products,

and the second is braiding of the tensor product.

Lemma 3.67. The external product functor Wapg is an exact functor. Further, on

affine schemes, it is given on global sections by the tensor product over k.

Proof. Let

0L 7959 590

and

06 L7 Ly o

be exact sequences of quasi-coherent sheaves of modules over two schemes A and B.

Applying K45 gives the (not necessarily exact) sequence

02E6KE - FRF -9GXRYG — 0. (3.49)

Recall a sequence of quasi-coherent sheaves is exact if and only if it is exact on stalks.
Points in the fibre product A x B are given by |44, Tag 01JT] tuples (a,b,p), where
a €A, be B, and p is a prime ideal of Oy, ®j Opyp. Let Ry, = Oy o @1 Opp; then the

stalk of the structure sheaf Op5 at the point (a,b,p) is given by the localisation

Ry = (Rap)p-
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Let &, be the 04 ,-module &, viewed as an R,,-module and then localised at the prime

ideal p. Define %, and ¥, likewise. Similarly, let & be the Op j-module & viewed as

an Rg,-module and localised at p. Then the stalk of the sequence [Equation (3.49)|is

0— & ®r, 6, = F Qr, F, = % @r, 9, — 0. (3.50)

Since localisation commutes with tensor products, this can be written as the locali-

sation at p of the sequence

0= & ®r,, 6 = Fa Or,, Fy = Y Or,, 9, — 0. (3.51)

Since localisation is an exact functor, [Equation (3.50)|is exact if [Equation (3.51)|is

exact. By assumption, the sequences

0= & L 7, 99 0 and o%ggig?g&%%o

are exact. Since the tensor product is a right-exact functor, it is sufficient to show

that the first morphism in |[Equation (3.51)|is injective. Since R, is formed by taking

a tensor product over a field, the kernel of f, ® f; is

ker(fa ® f;) = ker(fa) ® & + €a @ ker(f) = {0}

as required. O

Proposition 3.68. The functor Fy,, constructed in|Definition 3.66, along with the

derived direct image and inverse image functors, defines a geofibred category satisfying

the conditions of [Proposition 3. 1.
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Moreover, the functors Mapg give this a monoidal structure. Define morphisms
0s.7: ERTF — spa(F KE)
by the adjoint to the map
$5a(6 B F) S 78 (8) @ TE(F) 2 f(F) 0 7 (),

where the final morphism is the braiding of the tensor product. These give the

monoidal geofibred category a symmetric braiding.

Proof. The key part of the proof is the fact that the non-derived external tensor
functor X 45 is exact, and consequently constructions can be computed locally without
having to take resolutions of objects.

Reich [36] showed that Fy,, is a geofibred category. It is clear that Sp has all

products and a terminal object {pt} = Spec(k). By [Proposition 1.29, the class of

projection morphisms is pull-geolocalizing.
The associators, unitors and distributors can be defined by working locally on an
affine patch. As an example, we give an explicit construction of the associator. Let

6o € D(X), Fe € DY), % € D(Z) be elements of Shy,,.. Then, by exactness,

(R (FRY)); =ER(FRD)

and similarly

(ERF)NY), = (6K.F)RY,

These are both elements of (X x Y x Z). Take an affine open cover of X x Y x Z

formed from sets U x V x W, where U, V and W are open affine neighbourhoods of
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X, Y and Z respectively. Then
(ER(FNRD))(UxVxW)=&U)®F(V) G (W).

Since U is an open affine neighbourhood, U = Spec(R) for some k-algebra R and
&;(U) can be identified with M for some R-module M. Likewise, .%;(V) and G,(W)
can be identified with modules N and P over some rings S and 7T respectively. Then
there is a morphism

M @y (N ® P) —» (M @, N) @ P

given by the associator of the tensor product of vector spaces. Gluing together these
morphisms gives the associator for X.

The unitor can be constructed similarly, using the identification M ®g (R®j S) =
M ®;, S. The distributors can be constructed from the distributivity of base-change

of modules over the tensor product over a field; that is, the identification
Mp ®; Ns = (M ®% N)peys

which is equality on the underlying vector spaces. Since this is an equality, it com-
mutes with the associator.

Continuing to work locally, the composition natural transformation comp, is the
identification

(MS/)S// = MS//

for a S-module M and morphisms f: S” — S’ ¢g: 8" — S. From this, the commu-
tativity of distributors with composition is clear. The composition of inverse images

comp”* is the isomorphism
(M ®S// S/) ®S’ S =~ M®S" S
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given by (m, sq, s2) — (m, g(s1)s2). Again, that this commutes with distributivity is
clear.

Similarly, distributivity commutes with base-change morphisms, trivialisations
and units.

Let f: R — S be a morphism of rings. Then for any R-module M we have
feo f*(M) = (M ®pg S)gr. The unit natural transformation unit: Id — f. o f* has as

its components

unit(f)p: M — (M ®g S)g,

me—mQQgls.

For morphisms f: R — S and ¢g: R — S’, the unit-unitor diagram condition
fon (3.16) becomes

(S @k S )repr < R®, R

r1Qra—ri®r

(S Rk S/)RXR’ Sk S}%/ +——— R®, R

<—
51821 ®S2 r1®ra—ri®ra

which clearly commutes. Left- and right-unitors are likewise compatible.
The monoidal compatibility conditions can likewise be checked locally on affine
patches, where they are trivial.

The braiding maps can be given explicitly on an affine patch by

(m,n) — (n,m).

From this definition, the identities follow immediately. O]

Proposition 3.69. The category Par is isomorphic to the category & (D(Fu,,)).
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Proof. The objects of the two categories are both quasi-compact quasi-separated

smooth schemes over k. The 1-morphisms of Z(D(Fy,,)) are diagrams

A—L 5B
which can be identified with the sheaf & € Homg,, (A, B). Finally, the 2-morphisms

of Z(D(Fy,,)) are diagrams
&

BN

where a € Homy,,,.(&, (Ids x Idg).(.%)). This can be identified with the morphism

triv, oaw € Homyy,,.(&, 7). O
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Chapter 4

TQFTs valued in 7z

4.1 Frobenius algebra objects

It is well-known [24] that oriented (1 + 1)-TQFTs valued in the category of vector
spaces are classified by commutative Frobenius algebras. This proof immediately
generalises to the case when the target category is any symmetric monoidal cate-

gory. In this case, TQFTs are classified by Frobenius algebra objects. Recall from

[Definition 1.16| the definition of a Frobenius algebra object.

Definition 4.1. [24] Let € be a monoidal category with unit /. A Frobenius algebra

object is a tuple (A, u,d, €, 7) such that:

1. the tuple (A, u,€) is a unital monoid with multiplication p: A ® A — A and

unit €: I — A; and

2. the tuple (A, d,7) is a counital comonoid with comultiplication 6: A - A® A

and counit 7: A — I; and

3. the Frobenius identities hold:

(Idg®@u) o (d®@1Idg) =dop=(p®Ids) o (Ids ®0) .
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A (1+1+1)-TQFT induces a (1+1)-TQFT by truncation; that is, by considering
2-manifolds only up to diffeomorphism, and taking the isomorphism class of the image
of this object. We formalise this folklore process below as a first step to investigating

the possible construction of a (1 + 1+ 1)-TQFT.

Definition 4.2. Let 2-Cat be the 1-category of (weak) 2-categories and (lax) 2-
functors, and let Cat be the 1-category of 1-categories and functors. For € € 2-Cat,
let HE be the 1-category with the same objects as €, but with 1-morphisms given
by isomorphism classes of 1-morphisms in € (this is sometimes referred to as the

classifying category of €). For a 2-functor F: € — D € Homy.cat (€, D), define

H% : H¢ — HY

where [f] denotes the isomorphism class of the 1-morphism f. This defines the 1-

truncation functor
H: 2-Cat — Cat.

Lemma 4.3. Let € be a 2-category and HE be its truncation. A (14+1+1)-TQFT
Z: Bord 1141 — € induces a (14 1)-TQFT valued in the category HE.

Proof. The category HBord, . is a quotient category of Bord;,; (since 1-morphisms
in this latter category are bordisms considered up to diffeomorphism, and the mapping
cylinder associated to this diffecomorphism is an invertible 2-morphism in Be#d1,1.1).

The composition

Bord,,; —» HBord,,,,, -2 H%

gives the induced (1 + 1)-TQFT. O
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4.1.1 Frobenius algebra objects in HZ (D(F))

Lemma 4.4. Let F': Sh — Sp be a symmetric monoidal geofibred category satisfying

the conditions of |Proposition 3.1 and let & (ID(F)) be its associated 2-category. Let

X € Sp, and recall ity X — X3 is the triagonal map. Let On, = ily5,(0x). Then
X e HZ(D(F)) can be given the structure of a commutative monoid object by taking

On, as the multiplication map and Oy x to be the unait.

Remark 4.5. 1t is worth noting the intuition behind choosing the Oa, to represent the
multiplication. Consider F' = Fy,,.: Shy,, — Spy,,,.. Recall Huybrechts [20] showed
thatif f: X — Y and 'y = (Idx, f): X — X x Y, then the Fourier-Mukai transform
with kernel I';_(Ox) € 2(Y x X) is the inverse image functor f*. In particular, the
Fourier-Mukai transform associated to O, is the inverse image functor 5.

If & .7 € D(X) then i13(& X .F) = & ® F, so this choice of multiplication
recovers the tensor product on the subcategory Z(X)@D(X) C D(X x X). A similar
calculation shows that the Fourier-Mukai transform corresponding to the unit is the

inverse image functor 7;*: D ({pt}) — D(X).

Proof. We first prove that the multiplication is unital; that is, that

@A3 ® (@A X @X) = On. (41)

By [Definition 3.26| there are isomorphism

i19.(0x) X Ox — i1 3.(Ox X Ox) p—;> i15 3. (Oxxx) -

Hence the left-hand side of [Equation (4.1)| can be written as

i156:(0x) © 113 5. (Ox xx) = Tiga’ 0 115y 5.6 ((456.(Ox ) W i135,(Oxxx)) -
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Now

i356*<@X) X ig3*<@XxX) = (ii56 X ig:s)*(@X X Oxxx)

134
= i153456+(Ox3)
(where the isomorphism in the first line is from &,), so

4 13 ~ 1236 _ :1236% 134
i456¢(0x) © 115 3, (Oxxx) = Tige © 1154356 © 1153 4564 (Ox3)

~ 1236 _ .1 1
= Tie+ © 123456+ © 2134(@X3)

= Ziﬁ*<@X)

where the second line follows by applying a base-change isomorphism, and the third
by the composition of direct image functors. Thus in HZ (D(F')), the equality [Oa,]®
[OA W Ox| = [Oa] holds as required.

The right unital identity follows similarly, as does associativity.

Finally, for the structure to be commutative, the following diagram must commute:

This commutes if Oa, ® z&f’%*(@XXX) 2 Op,. The left-hand side is

On, © 1" (Oxxx) = 33, © itg:géﬁ7(iﬁ%23*(@x) X i267,(Ox))
1,2,3,4,7% /.1,2,5

= 773?37 ° 11,2,35,46*,7(214,23,567*(@X?’))

= ngf ° Z}234567*(@X )

= 2'%27*<@X)

where the second line uses the distributor isomorphism &,, the third line is a base-
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change isomorphism and the final line follows by composing the two functors. m

Lemma 4.6. Let F': Sh — Sp be a symmetric monoidal geofibred category satisfying

the conditions of |Proposition 3.1. Let X € Sp and let Opn, = i193,(0x). Then

X e HZ(D(F)) can be given the structure of a comonoid object by taking Oa, to be

the comultiplication map and Ox y(py to be the counit.

Proof. These calculations can be performed in a manner similar to those in[Lemma 4.4]
[l

Proposition 4.7. Let F': Sh — Sp be a symmetric monoidal geofibred category sat-

isfying the conditions of |Proposition 3.1, and let X € Sp and Oa, = i143,(0x). Then

the tuple (X, Op,, Op,, Otpiyx X @Xx{pt}) 15 a commutative Frobenius algebra object in

HZ (D(F)).

As mentioned in the introduction to commutative Frobenius objects
in a given category classify oriented (1 + 1)-TQFTs valued in that category. Conse-
quently, given a smooth scheme over k, there is a (1+ 1)-TQFT corresponding to the
commutative Frobenius object constructed in this proposition, which will be denoted
Zx: Bord;y; —» HZ(D(F)).

Recall there is a functor Z(D(F)) — 26« sending X to its derived category
P(X) and a sheaf & to its Fourier-Mukai transform ®,. Thus given any oriented
(1 +1)-TQFT valued in H7%», we can form a functor Z%: Bord,;; — H2@«f.
Then

ZS((&:S) = CD@A3 = Zg

where the second equality follows from |[Remark 4.5, This is the same functor that

Roberts and Willerton [38] conjectured should be assigned to the pair of pants (see

[Conjecture 1.2, They expressed the functor as taking the tensor product with the

diagonal sheaf and pushing forward; this can be seen to be equivalent to applying i1}
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since

7T2*(<50 ® On) = 7T2*(éa ® le*(@X)) = W%z © 2&2* © 21’5(5) = ZE(£)

where the isomorphism follows from the projection formula.

Proof. [Lemma 4.4] and [Lemma 4.6 show that this tuple gives rise to a commutative

monoid and a cocommutative comonoid, so it remains to show that the Frobenius
identities hold.

Consider first the composition Oa, ® Oa; = i193,(0x) ® i356.(0Ox). There is an
isomorphism

Z}23*(@X> X i356*(@X> = i%§3,456*(@XxX)

so the composition is given by

1 4 13456 _ 12356+ 14
11234 (Ox) © G456, (Ox) = T1346, © 1153456 © 1193 456+ (Ox xX)
13456
= Ti3464 © 213456* © 214(@XxX)

= Zi346*(@X)a

where the isomorphism in the second line is a base-change isomorphism.
We now simplify (Oa X Op,) © (Op, K Oa) to the same form. The two sheaves

that are being composed are given by

Op X Op, & Z023 14+ (Ox x x)

and

@As X Op = igg,679*(@XXX> :
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The external product of these is given by
(@A X @As) X (@A3 X @A) = Z8%2?%58,679*(@X‘l)-
Hence the composition is given by

~ 0123489 _ -0123489% 0189
(OA W Op;) © (Ony K OA) = mh150, - © %0,1,25,36,47,8,9 © ZO23,14,58,679*<@X4)

~ 0123489 _ -0 0%
= To180x  © 10123480+ © To189(Ox4)

~ 0
= g5 (Ox)
where the isomorphism in the second line is a base-change isomorphism. Hence the

left Frobenius identity holds; the right identity follows similarly. O]

We now show that under a mild condition on the geofibred category F’, this is the
unique “geometric” Frobenius algebra object; that is, one where the Fourier—Mukai
functors associated to the product and coproduct maps are inverse and direct image

functors respectively.

Definition 4.8. A monoid (resp. comonoid) in HZ (ID(F)) is geometric if the Fourier—
Mukai transform associated to its product (resp. coproduct) is of the form f* (resp.
f«) for some morphism f € Homgp(X, X x X). A Frobenius algebra object is geo-

metric if it is geometric as a monoid and comonid.

Lemma 4.9. Let F': Sh — Sp be a symmetric monoidal geofibred category satisfying

the conditions of |Proposition 3.1, Let (X, 4, &) be a geometric monoid in £ (D(F)).

Then & = Ox; and f = (f1, f2) for some fi, fo € Homgy (X, X) such that for any
2" € Shy there are isomorphisms f{(Z) = X = f5(Z).

Proof. The morphism f can be written as f = (fi X fa) o iy, for some fi, fo €
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Homg, (X, X). Then the unital identity becomes

2 Zigo(fix f) (ERZ)

for any 2" € Spy. Taking 2" = Ox and using the isomorphism & X Ox = 7}2*(&)
gives Ox = f{(&). Then

X 2ipo(fix fo)(ERZ)
=i (fi(6) R f5(2))
~ il oml¥ o f3(2)

= L(Z).

By symmetry, we also find that Ox = f5(&) and 2" = f{(Z"). Taking 2" = & gives
&= fi(&) = Ox. -

Lemma 4.10. Let F': Sh — Sp be a symmetric monoidal geofibred category satisfying

the conditions of|Proposition 3.1, Let (X, #,&) be a comonoid in £ (D(F')). Suppose

that ® 4 = f. for some f € Homgp(X, X x X). Then & = Ox; and f = (fi, f2) for
some f1, fo € Homgp(X, X) such that for any & € Shx there are isomorphisms
fi(2) =X = [ (Z).

Proof. This follows in the same manner as [Lemma 4.9 O

Proposition 4.11. Let F': Sh — Sp be a symmetric monoidal geofibred category

satisfying the conditions of |Proposition 3.1 Suppose that this satisfies the additional

conditions that the only morphism f € Homgy (X, X) such that f*(Z) = Z for all

Z € X is the identity, and likewise for f*. Then the commutative Frobenius algebra

constructed in |Proposition 4.7 is the unique geometric Frobenius algebra structure on

X.

Proof. This follows by [Lemma 4.9 and [Lemma 4.10] O]
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g+ 1 copies

:
i

Figure 4.1: A decomposition of the genus g surface

4.1.2 Frobenius algebra objects in H7%z#

The results of [Subsection 4.1.1] applied to the 2-category associated to a double cat-

egory constructed from any geofibred category using [Proposition 3.1} from now on,

we will use results specific to the case when F' = Fy,,: Shy,, — Sps,,.., and hence

Z(D(F)) = Var.

Lemma 4.12. Let X, be a genus g surface. Then
Zx (%) = 1 (057 |

where the right-hand side is viewed as a chain complex

._ 0 Hz‘(@i@(gﬂ)) 0 Hz‘—l(@i@(gﬂ)) o ,..._0 >H0(@Z§(g+1)) .

Proof. Consider the decomposition of a genus g surface as shown in [Figure 4.1 Ap-

plying Zx gives

Zx(%,) = Zx (aam) o Zx (%)QH 0o Zx (0O) .
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Now consider the Fourier-Mukai transform ®,, (5,) associated to the kernel Zx (%,).
Note that Zx(X,) = @z, (s,)(k), so to determine Zx(3,) it is sufficient to compute

the functor ®z,(z,). Let €1 = Zx(an), 21 = ZX(Q),@Q = Zx(v) and
C>, = Zx(OO). Now
cgl == @X XI@X — @XXX

and likewise

(52 :@X@@X :@XXX;
hence the corresponding Fourier—-Mukai transforms are

Dy, (8) = mp2 (m13°(8) ® Oxxx) = T2 (E)

Dog, (&) = 715, (17 (&) ® Ox x) = 73> (&) .

By [Remark 4.5 the Fourier-Mukai transform &4, is ®5, = ii,, and similarly

4, = i13. By the projection formula,
i1, 0 113(&) = iy3(6 Wiy, (0x)) = & @ i1,,(Ox) ,
50 gy 0Py (E) = & @11y, (0x) = & ® Op. Combining these results gives

(I)Z(Zg)(k) = Cchl © ((I)91 © @@2)9—',-1 © (I)%”z(k)
_ Wéf(WéQ*(k‘) ® @f(gﬂ))

= m:(05"*").

Since the direct image functor with codomain a single point equals the global sections

functor, and sheaf cohomology is the derived global sections functor, this expression

is exactly H* (@f(gﬂ)). O
We now look to give an explicit computation of the derived tensor product of the
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diagonal sheaf. To do this, we will find a flat resolution of the diagonal. Pragacz,
Srinivas and Pati [35] give such a resolution in the case where X is a smooth variety

which satisfies a certain property.

Definition 4.13. [35] A smooth variety X is said to have property (D) when there
exists a vector bundle & of rank equal to dim(X) on X x X and a section s of &,

such that the zero scheme of s is the diagonal subscheme A C X x X.

In particular, if X is a projective surface which is birational to a K3 surface with
two disjoint rational curves, then X satisfies property (D). The property is also closed

under taking fibre products.

Proposition 4.14. Suppose that X is a scheme which has property (D). Then

Zx(S,) = H ((/\Q) ®g) , (4.2)

where Q denotes the cotangent bundle and N\ is the chain complex with the sheaf

NQ in degree i and zero differential.

Proof. For g = 0, the state space is given by
Zx(%0) = 732 (i12.(0x)) = 73, (Ox) = H*(Ox) .

Now consider the case g > 1. Under the assumption that X has property (D), there

is a Koszul resolution |1, Remark 1.23] of the diagonal sheaf of the form
Or2Co=0-=det(6) = = & 5 Oxyx — 0, (4.3)

where & is a locally free sheaf and s is a section of & which vanishes on the diagonal
of X x X. Here, & is the dual sheaf and s*: &* — Oxx is the dual map given by

evaluating at the section s.
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Since C, is a complex of free modules, the derived functor A% is the same as

applying the non-derived functor A% termwise. Now [35] A% (£*) = Qx, so
A%(Ca) = 0 = det(Qx) = -+ — Qx 3 0x - 0= /\ Q. (4.4)

Thus

N5 (05%) = (g (0a) = (\'2) ™

By the projection formula, there is an isomorphism

08’ ® Oa = Ax. 0 A% (657),

o
O = Ay, 0 A% (05F)
>~ Ay, ((/\Q)®g> ,
and hence
25 = w03 = (N'9) ™) =1 (') )
as required. -

Corollary 4.15. Under the hypothesis of |Proposition 4.1}, the state spaces of the

TQFT Zx are isomorphic to those of the Rozansky-Witten TQFT.

Proof. Recall from [Equation (1.2) that the state spaces of the Rozansky-Witten

TQFT are given by the formula

dime (X)
2(5) = D Hy (X (ATH0X)%)
q=0



which can be seen to be agree with [Equation (4.2)| by identifying 7T%° with the cotan-

gent sheaf 2. O
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4.2 The affine subcategory df/f7ar

Consider the full subcategory Aff7w» C Par» whose objects are affine schemes over
k. Recall that there is a simple description of quasi-coherent sheaves of modules over
an affine scheme Spec(R): they are determined by their global sections, which are
exactly R-modules [18]. We use this to give an equivalence between the categories

AffVar and the category %ﬂfgi formed of commutative algebras, complexes of

bimodules and chain maps (see [Definition 4.20| for the full definition).

4.2.1 Non-derived equivalence

Let R be a k-algebra. Recall the global sections functor
I': % (Spec(R)) — R-mod

sends a sheaf to its global sections. This functor has a quasi-inverse functor
" R-mod — S (Spec(R))

which sends a module M to the Ogpec(r)-module M. This gives an equivalence of
categories [1§]

R-mod é S (Spec(R)) , (4.5)

which also gives an equivalence of the derived categories.
It will be useful to translate the tensor product functor and the direct and inverse

image functors to this algebraic setting.

Lemma 4.16. The global sections functor distributes over the tensor product; that

is, (& ® .F)=T(&) @ L(F). Similarly, M&N=MeN.
Definition 4.17. Let f#: R — S be a ring morphism, and let f: Spec(S) — Spec(R)
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be the induced morphism of schemes. Recall from the definitions

f#: S-mod — R-mod,

MHMR,

where Mp denotes the S-module M considered as an R-module by rs = f(r)s, and

f#*: R-mod — S-mod,
N—= N®grS,
where R acts on S by rs = f#(r)s.

Lemma 4.18. [18] The functors f#* and f# correspond to the inverse image and

direct image functors respectively; explicitly, there are commutative diagrams of func-

tors
S (Spec(S)) —L— S (Spec(R))
Ir [r
i
S-mod —————— R-mod
and

S (Spec(R)) —— S (Spec(S))

[r Jr
R-mod f—#*> S-mod

4.2.2 2-categorical equivalence

Definition 4.19. The 2-category of commutative algebras over k €Ay, is a sym-
metric monoidal 2-category, with objects commutative k-algebras and categories of

1-morphisms given by

Homg&gfgk (A, B) = A-B-bimod,
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where A-B-bimod is the category of A-B-bimodules. The composition in this
category is given by relative tensor product: given M € Homggus,, (A, B), N €
Homggz,, (B, C) their composition is M o N = M ®p N. The monoidal structure is

the tensor product over k.

Since we are working with derived categories, we want to consider a derived version
of this category. Since A-B-bimod is equivalent to (A ®; B°)-mod, which in turn
(since B is commutative) is isomorphic to the category (A ®; B)-mod, we replace

A-B-bimod with 2((A ®; B)-mod).

Definition 4.20. Let %.fogi be the symmetric monoidal 2-category with the same

objects as €4y, and with categories of 1-morphisms
Homgy,4(A, B) = 2((A ®; B)-mod) .

Vertical composition is the usual composition of morphisms in P((A ®; B)-mod).

The composition functor is given by the derived tensor product
®p: D((B ®, C)-mod) x D((A ®;, B)-mod) = 2((A ®; C)-mod),

where an (A ®; B)-module is viewed as a B-module by the inclusion of algebras
B — A ®y B (and likewise for (B ®; C')-modules). The monoidal structure is given
by taking the tensor product over k. The braiding Sap: A ®x B — B ®; A is given
by the module S g, which has underlying abelian group A ®, B and an action of

(A®x B) ®, (B ® A) given by

(a1 ® by ® by ® as) - (a3 @ bs) = arasas & bybabs.

We want to use the equivalence of 1-categories in [Equation (4.5)|to construct an

equivalence of 2-categories between %ﬂfgi and AffVar. Let O %%szgi — A Var
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be defined on objects by ®(A) = Spec(A). On Hom-categories, define
®: Homgyy,d(A, B) = Homgymz,.(P(A), ©(B))

to be the derived functor of the (exact) functor ~ .

Lemma 4.21. The map ® can be given the structure of a symmetric monoidal 2-

functor.

Proof. We give an overview of the transformations needed to show that ® is a sym-
metric monoidal functor, and leave it to the reader to verify that they satisfy the
necessary axioms.

First, we need to show that ® is a functor of 2-categories; that is, that it respects
identity 1-morphisms and composition of 1- and 2-morphisms up to coherent natural

2-isomorphism. Let A € %ﬂfgz; then note that
[(OA) = A,

where A has the structure of an (A®y, A)-bimodule where the left and right actions are

both multiplication. This is exactly the identity 1-morphism Id4 € Homgy,, (A, A).

Hence there is an isomorphism Ox = I'(0Oa) = I/CE.
Now let M € Homgyy (A, B), N € Homgy,,«(B,C). For brevity of notation,
let AB = A ® B and likewise for AC, BC' and ABC. Let X; = Spec(A), Xy =

Spec(B), X3 = Spec(C). Following the notation of [Definition 4.17, the map 73> is

induced by the mophism of rings

¥ AB — ABC,

aRb—a®b® 1o,
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and ﬂ?# and 71';53# can be calculated similarly. Then

D((N) 0 (M) = T o mi3? (w3 (B(N)) @ w3 (M)
= Tl (mH (T o 9(N)) @ M3 (T o @(0)) )

= ((N ®pc ABC) @apc (M @45 ABC)) 1cr

where the equality in the second line follows from [Lemma 4.18 and [Lemma 4.16]

Let N, be a free resolution of N and M, be a free resolution of M as ABC-modules.

Then
No ®BC’ ABC = No ®k A
and
Mo ®AB ABC = Mo ®k Ca
SO

T(®(N) o ®(M)) = ((N, ®pc ABC) @apc (My @45 ABC)) 10

I

((Ne @k A) @apc (Me @1 C)) 4

= (N- ®B Mo)Ac :

On the other hand,

NOMZ(N@BM)AC

= (No X®B M.)AC .

Thus I'(®(N) o &(M)) =2 N o M. Applying ® to both sides and using the fact
that ® and 1 are quasi-inverse gives ®(N) o (M) = &(N o M) as required.

Next, we need to show that ® respects the monoidal structure; that is, we need
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to give invertible 1-morphisms
x: ®(A)® ®(B) - P(A® B)

and

v {pt} — @(k).

By definition, {pt} = Spec(k) and so ¢ can be taken to be the identity On, €

Homyzm,,({pt}, {pt}). Next, for any A, B € Gy, there is a commutative diagram

Spec(A ®; B) ——— Spec(A)

J/Spec(iA) J{SPGC(iB)

Spec(B) ——— Spec(k)

where

ia: A= AR B

ar—a®;lp

and ip is defined similarly. This diagram satisfies the universal property of limits, and
hence there is a canonical isomorphism yo: Spec(A)® Spec(B) — Spec(A®y, B). Let

X = Xo be the loose companion to this tight morphism (as defined in [Lemma 3.62));

explicitly, this is given by
X = (Id7 XO)*(@Spec(A)®Spec(B)) S HomeW@f(SpeC(A) ® Spec(B), SpeC<A Ok B))
Finally, we give the 2-morphisms

—

uap: P(SaB) © Xa,B — XBA © 55(A),5(B) (4.6)
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which shows that ® respects the symmetric structure. Recall |17, Lemma 3.10] that
the composition two companions gives a companion of the composition. Since x4 =

—

(X0.34), the right-hand side is a companion of xo pa © sap. Now note

—

[(@(sap)) =T ((Id, ®(sa8))«(Oan))
= (Idaw, B ®rSag,B)«(AB)

== SAB-

Thus ®(Sap) is a companion of ®(s45). Thus the left-hand side of [Equation (4.6)|is

—_—
. . —_— . . . . .
isomorphic to ®(sap)oxo0.4 5. The composition of two companions is a companion for
the composition, so this is a companion for ®(s4p) © X0 4,5. Companions are unique

up to isomorphism, and we take this isomorphism to be u4p. O

Remark 4.22. The proof of makes use of the ideas of companions from
double categories. Both dff7a» and %&ffg‘,ﬁ can be constructed as underlying loose
categories of double categories, and the functor ® can be constructed from a functor

between the two double categories.

We now construct a quasi-inverse to ®. Let V: AffVar — %.fogz take a scheme
to the global sections of its structure sheaf. On 1- and 2-morphisms, define this to be
the derived functor of the (exact) functor I'.

On objects, oW (X) = Spec(I'(X)) = X, and Wo®(A) = A. Further, the functors
S 45 and Vg(4) ey define equivalences of categories. This, along with the fact that
® is a 2-functor, is enough for € and 9 to be equivalent 2-categories. Formally, we

have the following folklore result |42, Theorem A.16]:

Lemma 4.23. Let €, be 2-categories, with ®: € — D a 2-functor. Suppose that
® is surjective up to invertible 1-morphisms; that s, for any d € D there is some

c €€, f € Homg(®(c),d), g € Homp(d, ®(c)) and invertible 2-morphisms fg = 1dy
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and Idg) = gf. Suppose further that

®,45: Homg (A, B) — Homg (®(A), &(B))

is an equivalence of categories for all A,B € €. Then €,9 are equivalent 2-

categories.

This is a adaptation of the statement that a functor between 1-categories is an

equivalence if and only if it is fully faithful and essentially surjective.
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4.3 Extended TQFTs valued in 7«7

This section analyses (1 + 1 4+ 1)-TQFTs valued in the 2-category Zz#. First, the
case of TQFTs valued in the affine subcategory Sff7w» C Zar is considered; since
quasi-coherent sheaves of modules over affine schemes are determined by their global
sections, which are modules over a ring, this provides a signification simplification.

Once this case is considered, the general case of TQFTs valued in Ze# is examined.

4.3.1 Affine extended TQFTs

In this section, will be proved under the additional assumption that

X = Z(S") is affine and reduced. This result will be used to prove the general case

(without the assumption that X is affine) in [Subsection 4.3.2]

In Bord 1,111, the cap — and cup O bordisms are an adjoint pair. Following the

notation of [6], the unit and counit are given by the 2-morphisms u' and v', defined

O
i

is the trace of surgery around the blue circle. The bordism

as follows. The bordism

Ve

is given by the trace of surgery on the 2-sphere.

Since these are a unit-counit pair, there is an equality

stes J ot U y
©,©©, _ 040, (4.7)

where whiskering is used to compose the 1-morphism <& with the 2-morphisms p! and

v (recall in the bordism category, this whiskering is performed by taking the product
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of the 1-morphism with the unit interval I to give the identity 2-morphism over
it, and then gluing the 2-morphisms together along their boundary). In particular,
Z(u') o Z(O) is a monomorphism.

Suppose Z is a (1+1+41)-TQFT valued in Zz# such that the induced (1+1)-TQFT

is Zx for some X[] Then there are isomorphisms

and

Z(Z) = Oxxx,

SO

Z(uh) € Hom(Z(B), Z(Z)) >~ Hom (O, Oxx x) -

In the rest of this section, it will be shown that Hom(0Oa, Oxyx) = {0} unless X is a

field.

Definition 4.24. For a ring R and a maximal ideal m € Specm(R), let F,, = R/m be
the residue field. Let Evy,: R — F, be the map formed by taking the quotient of R

by m. Define Evy,: R ®, R — Fy, @ F,, by
EVm,n == (Idﬂi‘m & EVn) o (EVm X IdR) .

Lemma 4.25. Let R be a ring with Jac(R) =0 and m < R be a fized mazimal ideal.
If
I = N n# {0},

neSpecm(R),n#m

then R=m® J,.

n fact, the following analysis holds for a (1 + 1 + 1)-TQFT valued in any 2-category € such
that HE® C HZar.
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Proof. Pick some r € Jy \ {0}. Then

Jn Nm = Jac(R) = {0},

so r ¢ m. Hence m C m+ J,, but since m is a maximal ideal it must be the case that

m+ J, = R. Since J, Nm = Jac(R) = {0}, it follows that R = m & J,,. O

Lemma 4.26. Let R be an algebra with Jac(R) = {0}. Suppose R cannot be written
as a non-trivial direct sum. Let S = R®; R and let D be the S-module with underlying

abelian group R and with r @ ' € S acting by multiplication by rr'. Then

R R s a field
Homg(D, S) =

{0} otherwise

Proof. Say g € Homg(D,S) and let ¢ = ¢g(1 ® 1). Fix maximal ideals m,n €
Specm(R), m # n. Then m \ n # 0 (else m C n and since m is maximal this would

give m = n) so pick some 79 € m \ n. Then Evy,(r9) = 0, Ev,(ry) # 0. Now

O=(re®1—-1®mr)-(1®1)e D,

SO

0=9g(0)=(ro®1—1Rry)g € S.

Applying Evy, , gives

0=Evun(ro®1—-1®7r0)g1) = (=1 @ Evy(10)) Evan(g1) ,

and hence Evya(g1) = 0. Let gn = (Evia ®1dg)(g1), so (Idg,, ® Evy)(gm) = 0 and
hence g, € F,, ®n. As this holds for all n # m, it must be the case that g, € Fy, ® Jy,.

Suppose first g, € F, ® m. Then there is some r, € J, \ m (and in particular
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Jum # {0}). By [Lemma 4.25| R can be written as a direct sum R = m @ J,,. By

assumption this direct sum must be trivial, so m = 0 and R is a field.
Suppose instead gy € Fyp @ m for all m € Specm(R). Then g, € F, ® Jac(R) = 0,

and hence

pe [\ ke(Bvw®lds)= ()] meR=Jac(R)®R=/{0}

meSpec(R) meSpec(R)
and so g = 0. O]

Corollary 4.27. Let X be an affine reduced smooth scheme of finite type. Then

F X = Spec(FF) for some field F
Homyp9, (On, Ox x x) =

0 otherwise

Proof. Since X is an affine reduced smooth scheme of finite type, X = Spec(R) for
some finitely generated k-algebra R with no nilpotents. Since R is a finitely generated

k-algerab, its Jacobson radical equals its nilradical, so Jac(R) = {0} and we can apply

[Lemma 4.26] O

It is now possible to prove [Theorem 1.3|under the assumption that Z(S') is affine

and reduced.

Partial proof of [Theorem 1.3, Let R be such that X = Spec(R). Then
Z(u") € Homygsmiy (On, Ox xx)-

Since Z(u') o Z(O) is the unit of an adjunction, it must be non-zero, so by
R is a field. O
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4.3.2 Extended TQFTs

Let Z be a (14 1+ 1)-TQFT valued in Zz#. Recall that the TQFT Z is said to
be based on the scheme X = Z(S'). Given such a TQFT, it is natural to ask if it is
possible to use this to construct a TQFT based on an open affine subscheme U C X.

Let ¢: U < X. Then (//)*: D(X!) — D(U!), and this can be used to construct

functors

/" Homgy,, (X™, X™) = (X)) — D(U™™) = Homy,,. (U™, U™).

However, this need not respect composition of morphisms. For example, take X = P!
to be the projective line and U to be an affine patch. Let & = Ox € Hom({pt}, X)
and . = Ox € Hom(X, {pt}). Then (:°)*(&0.F) = n},(0x) = k& k, but (:')*(Ox)®
(t)*(Ox) = 100 = k.

However, the inverse image functors ¢* do allow us to partially construct a TQFT

based on U C X. This idea allows us to prove the main theorem.

Theorem 4.28. Let Z be a (1 + 1+ 1)-TQFT valued in Par such that the induced

(14 1)-TQFT corresponds to the Frobenius algebra object in |Proposition 4.7, where

X = Z(SY). If X is of finite type and reduced, then it must be discrete. In this case,
Z is isomorphic to a direct sum of extended TQFTs, each of which sends S' to a

single point.

Proof. Let U C X be an reduced open affine subset and ¢: U — X be the inclusion

map. There is a fibre square
v e

Lok

X 2, X2
where in the top line we abuse notation and use the same notation for the map

i1 : U — U? as the map i}, : X — X?. Using the base-change formula, it follows
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that

1 1
o i1g =g, 007,

50 1**(0p) = i1y, (Oy). Thus

** o Z(uh) € Hom(il,,(Op), O2)

o HOIH(ZU(B)7 ZU(Z)) -

In particular, [Corollary 4.27| can be applied: either U is a point, or :** o Z(u') = 0.

Let f = Z(u'). Then

Z (! 0 0) = ma (7} (0x) ® f)

:7r2*(f) .

Since Z(u! o ©) is a monomorphism, and ¢* is exact, t* o Z(uf 0 ) = 1* o T (f) is
also a monomorphism.

Let f = Z(u") € Hom(Oa, Oxxx). Suppose that t*(f) = 0. Then since O is
supported on the diagonal, f is determined by a neighbourhood of the diagonal, so
(Id x¢)*(f) = 0. There is a fibre diagram

XxU 225U

x|

X xX 23 X.

~

This gives a natural isomorphism 7y, o (Id x¢) = +* o 79, and hence ¢* o mo,(f) = 0,

giving a contradiction.

Thus ¢**(f) # 0. Since U is an reduced affine open, by |Corollary 4.27|U = Spec(F)

for some field F. This holds for any reduced affine open U, so X is union of discrete

points as required. O
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4.3.3 Chain maps of non-zero degree

A natural modification of the category Zz#» would be to allow the 2-morphisms
to be formed from chain maps with possibly non-zero degree (that is, elements of

Ext(&,.7), rather than Hom(&,.%)). However, the map pu' can be seen to have

degree 0 as follows. The composition in [Equation (4.7)|is the identity, and hence has

degree 0. In particular, the degrees of v’ and if sum to zero. Now

MT € EXt(@A, @XXX)

and since O and Oy x are complexes concentrated in degree 0, ' has non-negative
degree. Similarly,

vl € Ext(H*(0x), k)

and since k is concentrated in degree 0 and all the terms in H*(0y) are in non-negative
degrees it is also the case that the degree of v is non-negative. Since the degrees of

ut and vf sum to 0, they must both be zero and the previous result applies.
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