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ABSTRACT: High-energy gamma rays can trigger electromagnetic cascades via pair production
on ambient photons, reprocessing their energy to lower frequencies. A classic example is the
cascade from the gamma rays produced by ultra-high-energy cosmic rays in extragalactic
photon fields, whose universal spectral shape was first described by Berezinsky in the
1970s. Recently, internal cascades, developing within the gamma-ray sources themselves,
have gained a prominent role, as the IceCube data suggest that most detected neutrinos
originate in gamma-ray-opaque environments. We analyze under what conditions these
internal cascades can approach a universal spectrum. Since the Berezinsky treatment
breaks down if synchrotron losses dominate, we present a generalized theory incorporating
synchrotron-dominated cascades. We show the emergence of universal cascade spectrum
among various examples of high-energy sources containing non-thermal cosmic rays, and
discuss the conditions for its appearance.
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1 Introduction

When a very high-energy gamma-ray v passes through an environment containing low-energy
photons 7, the latter act as a target for pair production v + v — e™ + e~. This initiates a
so-called electromagnetic cascade, where the original energy of the gamma-ray is reprocessed
into a continuum spectrum that extends down to much lower energies. Historically, the role
of the cascade was first appreciated in the context of high-energy gamma rays propagating in
the extragalactic space [1, 2], permeated by the Cosmic Microwave Background (CMB) and
the Extragalactic Background Light (EBL). These target photon fields make the extragalactic
space opaque to gamma rays above tens of TeV [3-9], and the resulting cascade extending
to lower energies is the main observational signature of the original high-energy emission



(see, e.g., refs. [10-20] for a collection of constraints on neutrino sources from the putative
cascade from their accompanying gamma rays).

The cascade evolution through the CMB and EBL can now be followed numerically, but
a theory of the final photon spectrum was already described in the seminal work of ref. [1]
and refined in later studies. A clear presentation is given in ref. [21], whose key assumption is
that high-energy gamma rays propagate long enough to reach a saturated spectrum, with all
energy reprocessed to lower energies in steady state — a fully developed cascade. This requires
interaction timescales for high-energy gamma rays and electrons to be much shorter than
their propagation times. Magnetic fields are also neglected in this approach. The resulting
theory agrees well with simulations for sufficiently distant sources.

An alternative is an internal cascade, developing within the astrophysical accelerators of
cosmic rays (CRs). Interest in such gamma-ray-opaque sources was spurred by IceCube’s
discovery [22] of a diffuse 1-10 TeV neutrino flux without corresponding gamma-ray emission in
Fermi-LAT data. This rules out neutrino production in sources transparent to -y interactions,
which would yield a bright GeV cascade [10, 11, 19, 20]. In contrast, «-ray-opaque sources —
such as AGN cores, where strong coronal X-ray fields attenuate ~ rays above tens of MeV —
avoid these constraints, a possibility further strengthened by the recent discovery of a TeV
neutrino signal from the gamma-ray-opaque Seyfert galaxy NGC 1068 [23].

For these opaque gamma-ray sources, the electromagnetic signature is entirely determined
by the cascade signal. Yet, the standard theory [21] developed for extragalactic cascades does
not apply to such environments. The case of AGN coronae offers a simple counterexample;
if the strong coronal emission is powered by magnetic dissipation, either via stochastic
acceleration in magnetized turbulence [24, 25] or via magnetic reconnection [26, 27|, the
magnetic field energy density is larger than the radiation energy density, so synchrotron
losses, irrelevant for extragalactic cascades, are a primary source of electron energy losses.
This is indeed confirmed by numerical simulations of the cascades [26, 27].

Beyond AGN coronae, hadronic cascades, triggered from hadronic CRs which inject
high-energy gamma rays, may occur in several astrophysical environments. In Gamma-Ray
Bursts (GRBs) — brief flashes of gamma rays typically from stellar collapse or neutron
star mergers — cascades from internal dissipation have been proposed as the origin of hard
power-law components in bright bursts [28-30], reprocessing energy into the GeV-TeV band
and probing CR acceleration [31-33]. Since both 7 rays and neutrinos arise from the same
hadronic interactions, the cascade flux directly constrains neutrino production [34].

In blazars — AGN with relativistic jets toward Earth — lepto-hadronic models predict
subdominant cascades from hadronic v rays interacting with the jet’s leptonic field. For
TXS 05064056, the first source linked to a high-energy IceCube neutrino [35], the accompany-
ing X-ray cascade severely limits the neutrino yield [36-40]. Similar constraints also exist for
the reported excess of neutrinos in the direction of TXS 05064056 in 2014/15, which make an
astrophysical explanation for these events quite challenging [41-44]. A non-jetted explanation
for the neutrinos from TXS 05064056 faces similar and even greater challenges [45].



Tidal disruption events (TDEs) — where a star is torn apart by a supermassive black hole
— have also been tentatively associated with IceCube neutrinos,! including AT2019dsg [47],
AT2019fdr [48], AT2019aalc [49], and AT2021lwx [50]. In these systems, hadronic models
predict cascaded v rays from proton interactions with accretion-disk and outflow photon
fields [51-55], providing complementary probes of neutrino production.

This wide variety of environments, all exhibiting radiation from electromagnetic cascades,
begs the question: is the resulting spectrum the same, independently of the details of the
environment, just as the Berezinsky prediction for extragalactic cascades was independent
of the detailed spectrum of CMB and EBL? We tackle this question here, generalizing the
Berezinsky theory to include the strong magnetic fields usually present in astrophysical
sources. We develop a theory for fully developed and linear electromagnetic cascades, i.e.
the cascade photons and electrons interact only with the fixed target photons, not among
themselves, so they act as test particles; in other words, the cascade luminosity scales linearly
with the injected gamma-ray luminosity. We show that a universal spectral shape is generally
obtained when synchrotron radiation is the dominant energy loss channel for pairs, and clarify
the conditions under which this universal prediction might not apply.

We start with the most idealized cases, which allow a complete analytic understanding.
Thus, in sections 2 and 3, we discuss the case of a monochromatic target photon field,
assuming inverse Compton (IC) and synchrotron, respectively, as the dominant energy loss
for leptons. In section 4, we abstract these regimes in their universal features, independent of
the specific examples, and discuss more broadly under what conditions the universal cascade
can be expected; readers uninterested in technical details may skip directly to this section. In
section 5, we consider various benchmarks for typical conditions in high-energy astrophysical
sources, including GRBs, AGN coronae, blazars, and TDEs. Finally, in sections 7 and 6, we
summarize our results and discuss their relevance in the context of high-energy astrophysics.
Throughout this work, we use natural Gaussian units, in which 7z = ¢ = 1.

2 Inverse-Compton-dominated regime

We first consider the simplest case of electromagnetic cascade, triggered by IC interactions.
For reference, the notation adopted in this work, comprehensive of all the kinematic quantities
used, is summarized in table 1, though we will introduce each quantity throughout the text
at their first appearance. In this section, we focus on a monochromatic target photon field at
a fixed target energy ¢;, and assume a vanishing magnetic field to avoid synchrotron losses.
The threshold for pair production is therefore - thy ~ m?2/e¢; we will assume fully developed
cascades, such that all photons above this threshold can efficiently produce pairs. The cascade
is then triggered by the injection of high-energy gamma rays at a fixed energy e, he > €5, thr-
The target photon field has an energy density u;, while the high-energy gamma rays are
injected with a luminosity L. ne. To discuss the cascade development, we separately consider
the optically thick (4 > & th) and thin (64 < €4nr) energy range. In these theoretical
calculations, we will neglect the effect of particle escape, focusing on the optimal regime for

'These TDEs lie outside the 90% angular uncertainty of reconstructed IceCube tracks [46], weakening the
correlations, but Fermi upper limits remain informative.



Symbol Description Units
Kinematic Quantities
Ees Epy Evy Et Lepton, proton, photon, and target photon energy eV
Ye = €e/Me, Vp = €p/Mmy | Lepton and proton Lorentz factor —
Distribution Functions
ne(ee) = ‘gg\f: Lepton energy distribution V!
ny(ep) = Z{;% Proton energy distribution eV—!
ny(ey) = Cclgz Photon energy distribution eV—!
ni(e) = % Target photon energy distribution ev1
Source and Field Properties
R Radius of the emission region cm
B Magnetic field strength G
tese = R/c Escape timescale S
Spectral properties
€~ thr Photon energy threshold for pair production eV
E+,he Photon energy of gamma-ray injection eV
Ee,thr = En,thr/2 Energy below which pair injection stops eV
Ee,esc Energy below which leptons escape eV
hwp = heB/mec Cyclotron energy eV
Sey Spy Sv, St Spectral index (n(e) o e79) —
Luminosities and Energy Densities
eLe = &2n(e) [tesc Spectral luminosity of particles erg st
Uy Target photon energy density erg cm ™3
L ne Integrated high-energy gamma-ray luminosity erg s !
up = B?/(87) Magnetic field energy density erg cm ™3
b(e) = —de/dt Energy loss rate eV st

Table 1. Summary of notation used for particle distributions, kinematics, and physical parameters of
the emission region. In this table only, we temporarily restore standard Gaussian (i.e. non-natural)

units for clarity.

cascade formation of extreme optical thickness. In the numerical examples, we will show
explicitly the effect of a low-energy escape on the cascade.



2.1 Theoretical calculation

For 4 > €4 tnr, a steady state is reached by the balance between pair production v + v; —
et + e~ and IC scattering e 4+ v, — e® + ~; the target photons are denoted by a suffix
t, and act as a fixed background — due to the linearity of cascade it is unaffected by the
latter. In each such reaction, a primary particle “splits” into two particles with comparable
energies, so that the initial gamma-ray energy injected at high energies is cascaded down by
a continuous splitting into more particles. We call this the equal-reproduction regime, since
its characteristic feature is the splitting of each particle into two particles with comparable
energies. To determine the resulting steady spectrum of gamma rays and pairs, we adopt the
delta-function approximation, in which in v+v; — et + e~ each gamma-ray produces exactly
two leptons with equal energies, and similarly in e* +~; — e® +~ the two final particles have
the same energy. In this approximation, the balance equations for gamma rays and leptons are

One(e
ng(tE) = 4ny(2e¢)T4(28¢) + 2ne(2ee)T10(28¢) — ne(ee)T1c(ee) = 0,

Y+ — et +e” et ety crm ety (21)
on~ (e '
785&7) = 2ne(267)T'1c(28y) — ny(64)T4y(4) +@5 = 0.

ety —ety Yty et +e

We have highlighted the reaction to which each term is associated; the factors of 2 can be
understood by noting that in the reaction e + v — e + -y, where the final-state photon has
an energy €, = £./2, the number of pairs in the initial state is n.(2e.)2de.. In the first
term for v+ — et + e, the factor 4 also accounts for the two leptons produced in the
reaction, e.g., e,n,de, = eenedeelewzg%. We also introduce a source term ()., which in our
case is monochromatic at epjgn and so vanishes for most of the energy range of the cascade.
Here I'y,(e4) is the interaction rate for a photon with energy ¢, to undergo pair production,
while I'1¢(ee) is the Inverse Compton interaction rate for a lepton with energy .. Both are
determined in the Klein-Nishina regime, i.e. when the center-of-mass energy is much larger
than the electron rest mass, since €. and €, are both larger than e, t,,; in this range, we

have, in order of magnitude (e.g. ref. [56])

9
U m
I'c(ee) ~ ZIUT&; , (2.2)
e

where o7 is the Thomson cross section, and the same expression for I',.. Here u;/e; is the
number density of target photons, and o7m? /e;e is the Klein-Nishina suppressed cross section.

The equal-reproduction cascade is a well-known regime across many branches of theoretical
physics; the first historical appearance is the shower produced by the passage of energetic
particles through matter [57-59]. Its defining feature is that, across an energy interval de,
the number of particles (irrespective of whether they are photons or leptons) passing per
unit time is twice as large as those passing through the interval d(2¢), since a particle with
energy 2¢ splits into two particles with energy . Since the rate with which particles pass
through the energy interval de is I'(¢), where I'(¢) is the IC rate I'ic(e.) for leptons and
the vy rate I'y,(e,) for photons, we must have

[(e)n(e)de = 2[I'(2e)n(2e)d(2¢)] . (2.3)



This equation is satisfied by the solution n(¢)I'(¢) oc e~2. Hence, at steady state, we expect
the lepton and photon distribution to possess such a form. Indeed, an explicit substitution
shows that egs. (2.1) at steady state are solved by the ansatz

ne(e)l1c(e) = 2n, ()T (g) ox e 2 (2.4)

We are not specifying whether the energy is €. or €, since this equation relates the lepton and
photon distribution at the same energy. This is the cascade spectrum in the equal-reproduction
regime, which in this case is obtained above the Klein-Nishina threshold € > &, .

Below & ¢, photons are unable to produce further pairs, and simply escape from the
interaction region. Therefore, below e (nr = €4,thr/2 N0 pairs are produced. In this energy
range, the pairs produced at higher energies can only cool, in this case due to IC scattering.
We will call this the cooling-only regime. The energy losses are given by

dee 4 ge \2
b _(_ — Ze . 2.5
el = (=) = 5o () (25)
In equilibrium, leptons must satisfy the steady Fokker-Planck equation in energy
7 c(eene(ze)] = 0 (2.6
856 IC\Ee)Tle\Ce)] = Y, .

and therefore n.(e.) oc £.2; the pairs have a constant spectral index s = 2 throughout
the energy range. Combining this with the pair spectrum above e t1,,, we find the general
expression for the pair spectrum

ne(ee) o &g min [Tio(ee) ™, Tic(eqme) ™ - (2.7)

Regarding the photons, below € ¢, they are optically thin and therefore their spectrum
is determined by the radiation spectrum from the pairs. The pairs in the equal-reproduction
regime, above &, ¢y, produce photons above € t,;. Thus, the photons below €, i1, are entirely
produced by pairs in the cooling-only regime. The photon spectrum is determined by a
balance between the escape rate and the injection from IC scattering; using the delta-function
approximation for the IC injection, such that each lepton with energy e, produces a photon
with energy e, = 4ei(ec/me)?/3, we find

Ony(ey) ny(ey) | UOTMe 3 3e4
= — e e —_— = 0; 2.8
ot tesc + 2¢e4 desey fle \ ™M 4ey (2.8)

the factor 2 in the IC injection term comes from the derivative de,/Oe. after integrating the

delta function. This equation gives the gamma-ray spectrum below e, 1, (transparency range),
while eq. (2.4) gives the gamma-ray spectrum above e, s, Notice that in this energy range
the spectrum is much smaller than in the transparency range, by a factor I'y,tesc > 1, namely
the source opacity to pair production; this is due to attenuation, that reduces dramatically
the amount of gamma rays in the opaque regime. Therefore, what we are truly interested in
is the cascade spectrum in the transparency regime, for €, < ey nr; using egs. (2.7) and (2.8),

we find n,(e,) ox ey 32 The value of the normalization constant can be found by imposing



energy conservation; in the limit I',Zesc > 1, essentially all of the energy is emitted in the
form of gamma rays in the transparency range, which must therefore carry the entire energy
originally injected in high-energy gamma rays. Therefore, we must have

L et
Jherese —8/2, (2.9)
2\/ €~ thr

The prediction of s, = 3/2 is the same as the original theory of ref. [21].

ny(ey) =

2.2 Numerical testing

To test the above setup, we explicitly simulate a closed system with a population of monochro-
matic target photons with energy e; = 1072 eV. The choice of the reference scale is of no
particular significance, and it simply determines the threshold for high-energy gamma-ray ab-
sorption € tny = mg /et. These photons are injected with a luminosity L; = 104 erg/s within
a spherical region of radius R = 10'® cm. The corresponding energy density is u; = 3L; /4w R?.
We also inject a constant high-energy gamma-ray monochromatic flux at an energy scale
Ey,he = 107 eV, with a luminosity Lype = 1036 erg/s. All of the simulations in this work
are performed using the AM® software [60]. Here and throughout this work, we assume a
free-streaming escape timescale common to all species’> — protons, leptons, and photons —
and equal to tesc = R/c. Such an energy-independent timescale might also be representative
of advective escape or adiabatic expansion, while it would not be representative of diffusive
escape which usually happens at an energy-dependent rate.

Figure 1 shows the resulting cascade spectrum, both for leptons and radiation, as well
as the timescales for energy loss and escape of the species. We explicitly highlight the
different regimes of the pair cascade using different colors. For photons, the same colors
indicate the energy ranges where injection is primarily driven by each respective regime. At
very high energies, above €, 41, there is the equal-reproduction regime (in orange). The
differential luminosity €L, follows precisely the shape of chl for leptons and F;Wl for photons,
as predicted by eq. (2.4). Below €4 ¢y, pairs enter the cooling-only regime (in purple) with
their characteristic ne(ge) o 5;2 spectrum,® whereas photons follow the analytical prediction
ny(ey) o< &
escape and loss timescale, the IC process becomes slower than the escape of pairs from

2. At low energies, below a critical energy e ¢sc defined by the equality between

the interaction region; we identify this as an escape-dominated regime (in blue), causing a
drop in the pair density. Since the typical energy at which a lepton with Lorentz factor
e radiates photons is e, ~ 172, we have a similar lower cutoff in the photon spectrum at

~ 2 _
Ev,esc = EtVeesco where Ye,esc = 5e7esc/me-

3 Synchrotron-dominated regime

As discussed in the introduction, while the cascades produced in external environments, e.g.
in the propagation through the CMB, are likely not strongly affected by synchrotron losses,

2All our simulations are evolved up to tsim = Ttesc to ensure convergence to the steady state.

3The slight step observable in the pair spectrum is caused by the matching of different integration methods
from the AM® software in different regimes of optical thickness. A similar step discontinuity is found also in the
original AM® paper (see figure 2 of ref. [60]). Tts effect is generally mildened on the photon spectrum, and does
not affect our conclusions.
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Figure 1. IC-dominated cascade for a monochromatic photon target. Lepton (left) and photon (right)
distributions within the interaction region are shown; the setup is described in the main text. Top:
luminosity; bottom: interaction and escape timescales (IC scattering, escape, and v pair production).
Thin black lines denote the primary injected species; thick lines show the cascade components. The
different regimes of the pair cascade in the left plot are marked by distinct background colors. In the
right plot, the same colors indicate the energy ranges where photon injection is dominated by the
corresponding regime. In the equal-reproduction regime, pairs and photons split in energy equally. In
the cooling-only regime, no pairs are injected; existing pairs cool with an index s, = 2, producing
photons with s, = 3/2. In the escape-dominated regime, pairs escape before cooling significantly, and
their spectrum is suppressed.



this is not the case for internal cascades within astrophysical sources. In this case, we should
take the opposite regime in which losses are entirely dominated by synchrotron radiation,
which to our knowledge has never been discussed before using a theoretical treatment (see
ref. [61] for a discussion of synchrotron-dominated non-linear cascades, which lead to a very
different phenomenology). Synchrotron emission introduces immediately a new energy scale,
the cyclotron frequency for an electron at rest wp = eB/me.

3.1 Theoretical calculation

As before, we distinguish regimes below and above the threshold energy e, t,. Photons are
injected at a characteristic energy e, ne, which, unlike the previous case, now plays a role
in shaping the cascade. These photons produce pairs of comparable energy, which radiate
synchrotron photons up to a maximum energy ~ wp(e.ne/me)?. The cascade behavior thus
depends on whether (,uB(5%11@/7”116)2 > €qhe, 1€, Eqhe > m?/wg, or not. In the former
case, synchrotron radiation is in the quantum regime, with each lepton emitting photons of
comparable energy, and the classical synchrotron description fails. We focus on the opposite
< m?2/wp, where classical synchrotron remains valid.

~

regime, € e

For e, < wp(€yhe/ me)?, photons are injected by synchrotron radiation, while pairs are
continuously replenished by pair production. This is a new cascade regime, in which the pairs
continuously inject photons, but each photon has an energy much lower than the producing
lepton; for a lepton with energy e., the typical photon radiated by synchrotron will have
an energy e, ~ wp(ce/me)?. Thus, we have a soft-radiation regime; it shares similarities
with the equal-reproduction regime — pairs are replenished continuously, and they produce
new photons — but it differs dramatically because the typical photon energy is much lower
than the radiating lepton, i.e., “soft”.

The cascade is thus determined by a balance between pair production and synchrotron
radiation, rather than IC scattering. The energy losses due to synchrotron radiation are

dee 4 ge \2
bs ni€e) = | — =35 ) 1

parameterized by

where up is the magnetic field energy density. In the delta-function approximation, we can
assume that all of this energy is radiated at a characteristic frequency e, = 4wp(ce/me)?/3,
where wp is the cyclotron frequency. Numerically, we have
B? 2 3 el -8
up = ¢ = 0.04 B erg/cm”, wp = p— =12x107° Bg €V, (3.2)
with B¢ = B/1 G.

The properties of this soft-radiation regime are somewhat more complex than the other
ones, due to the non-locality in energy of the dynamics. We discuss in appendix A the
corresponding steady-state that is achieved. Here we limit ourselves to summarizing the
main result of this calculation, namely that the pair spectrum in the soft-radiation regime
is approximately a power law n.(c.) oc €. 2. The soft-radiation regime stops at low energies
of the order of . tir, since pair production becomes impossible there. Therefore, at lower



energies the pairs enter the cooling-only regime that we have already discussed in the previous
section, with ne(ee) oc e.2.

As for the radiation, the photons produced by synchrotron radiation from pairs in
the soft-radiation regime, with their spectral index s, = 3, must have a spectral index
Sy = (S¢ +1)/2 = 2. The minimum energy at which these photons from the soft-radiation
cascade can extend is € gyn ™ waytzhr, where Ythr = €¢ thr/Me. At lower energies, photons are
produced by pairs in the cooling-only regime, and therefore have a spectral index s, = 3/2.
Thus, our overall result for the cascade, after normalizing the spectrum so that it has

the correct

L et € e € -

~,helesc : 2 0

n-(ey) = min , . 3.3
+(29) 2 + log(ey thr/Ex,syn) <5v,syn> (5%syn> 33

We remark again that our predictions for the pair spectrum are only valid for e, <
WB(Ey,he/ me)?, since they assume that synchrotron radiation is produced from pairs within the
same energy range of the cascade in a self-consistent way. In the range £, > wp(emax/ me)Q,
there is actually a high-energy cooling-only regime, because pairs radiate synchrotron photons
at such low energies that there is no further pair injection. However, in realistic situations
(see section 5) we do not find instances of this case, which therefore we do not examine
in further detail.

3.2 Numerical testing

To test this prediction, we now consider the same setup as figure 1, with a monochromatic
photon field, but we introduce a magnetic field B = 10°G. With such a large field, the
energy losses for pairs are dominated by synchrotron losses, and we can therefore validate
our predictions. The corresponding electromagnetic cascade is shown in figure 2.

The cascade is characteristically different from the IC-dominated one. Pairs transition
from the soft-radiation regime above &, ¢y to the pure cooling-only regime below & t1,,, Where
pair production is impossible. In turn, the gamma-ray cascade exhibits a broken power-law
spectrum, with the break signaling the transition from pairs in soft-radiation regime (at high
energies) to pairs in cooling-only regime (at low energies). Finally, also here we identify
a low-energy escape-dominated range, albeit in a very narrow interval. In fact, precisely
because of the drop in the gamma-ray spectrum due to the escape of pairs, we do not observe
any effect due to synchrotron self-absorption (SSA) here, which would set in at lower energies
where the photon flux is already suppressed. In later examples where escape is less relevant,
as shown in section 5, we find that SSA is usually quite relevant in shaping the photon
flux. Overall, the synchrotron-dominated case shows a very good agreement between our
analytical prediction and the numerical solution.

4 When is a universal cascade spectrum expected?

The two examples we have investigated in sections 2 and 3 show the main features of
electromagnetic cascades appearing in more realistic cases. In this section, we provide a
comprehensive overview of the different regimes of pair cascade formation, whose emergence

,10,
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Figure 2. Synchrotron-dominated cascade for a monochromatic photon target. Same as figure 1 for a
synchrotron-dominated case; the timescales now include also synchrotron radiation and SSA. The
setup is described in the main text. At high energies, we have the soft-radiation regime, with the
photons attenuated by pair production and the pairs settling into the universal s, = 3 state, producing
photons with s, = 2. Below the threshold for pair production, the pairs enter the cooling-only regime,
with s, = 2, and producing photons with s, = 3/2. In the escape-dominated regime, here achieved for
a very narrow low-energy range, pairs escape nearly freely.
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we have observed in the previous examples, and then discuss under what circumstances
these universal cascade regimes, i.e. independent of the specific properties of the target and
injection photon spectra, can appear.

4.1 Summary of cascade regimes

We have shown the existence of three regimes in the cascade formation:

o the equal-reproduction regime, in which pairs and photons split their energy equally
among their daughter particles. This is the case in the Klein-Nishina regime, under
the reactions v + v — et + ¢~ and e + vy — e + 7. In this regime, pairs and photons
both obey n(e) o e72/T(g), where I'(¢) is the interaction rate of the species. The
equal-reproduction regime, which appears in IC-dominated cascades, is interesting in
its own right, but usually leads to little consequences because it is difficult to probe
observationally; the photons are produced in the optically thick regime and are strongly
suppressed;

o the soft-radiation regime, in which pairs are injected by <+ and cool, but each lepton
radiates photons at a frequency much smaller than its energy. This is the reason for the
choice of naming it soft-radiation-cascade, since photons are soft — with much lower
energies than the radiating leptons, in the particle-physics sense. This is the case for
the bulk of the synchrotron-dominated cascade, in which leptons with a Lorentz factor
~ radiate at an energy wpy? < yme.. The pairs settle into a power law with spectral
index s, = 3; in turn, their synchrotron radiation at lower energies, in the optically
thin range, has an index s, = 2;

e the cooling-only regime, in which pairs are not injected and only cool by IC scattering
(in the Thomson regime) or synchrotron radiation. In this case, the pairs have an index
se = 2, producing low-energy photons, by either synchrotron radiation or IC scattering,
with an index s, = 3/2.

In all these regimes, pair cool much faster than they escape, in the same sense as the fast
cooling case identified in GRBs [62]. However, they are distinguished by whether pairs are
injected in the corresponding energy range, and by the typical energy of the photons they
radiate. For a monochromatic target photon spectrum, we have shown that the IC-dominated
cascade transitions, from high to low energies, from an equal-reproduction regime to a cooling-
only regime. For the synchrotron-dominated cascade, instead, the high-energy range exhibits
a soft-radiation cascade, due to the soft nature of the classical synchrotron radiation. In both
cases, the cascade is driven by a succession of the elementary regimes we have identified.

Overall, the ubiquitous appearance of these regimes is responsible for the emergence of
a universal spectrum with the cascade photons transitioning from a low-energy state with
sy = 3/2 to a high-energy state with s, = 2; while the details — break energy, normalization
— may vary with the environment, these spectral indices, as we will see in section 5, appear in
most contexts where electromagnetic cascades triggered by high-energy (usually hadronic)
injection are present.
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4.2 Limitations of the cascade universality

With a more generic understanding of the different cascade regimes, we can now discuss
under what conditions they may break down. We will separately discuss different possible
factors that can hinder the emergence of a universal cascade.

4.2.1 Pair escape

We have already shown the impact of the escape of low-energy particles from the region
of cascade development. As we have seen, this shows up as a drop in the pair spectrum,
corresponding to their efficient escape, and causing a corresponding drop in the electromagnetic
spectrum. The effect of pair escape appears below a critical pair energy e esc, defined by
the condition that the energy-loss timescale and the escape timescale are equal. For the IC-
dominated case, this generally depends on the properties of the target photon spectrum. In the
synchrotron-dominated case, which is usually the most interesting one for the phenomenology
of internal cascades as we will see in section 5, we can obtain an explicit expression for
the threshold escape energy by equating the synchrotron energy loss timescale tgyn(ge,esc) =
Eeesc/bsyn(Eeesc) and the escape timescale tese = R

£ :377712:12><1013B_2R_1eV (4.1)

e,esc 407 RUg . G 12 . .

At lower pair energies, the lepton spectrum drops because pairs manage to escape. In turn,
this implies a corresponding drop in the synchrotron photon spectrum at energies below

Eyesc = WB<€e,esc/me)2-

4.2.2 Non-monochromatic target photons

For the synchrotron-dominated case, the spectral shape of the target photons is inessential,
since the energy losses depend only on the magnetic field. However, in the IC-dominated
regime, a non-monochromatic target photon field can have a significant impact. The simplest
case is that in which the target photons responsible for vy attenuation have an energy € max,
but there is a more intense target photon field dominating the IC losses at lower energies
£t,max- A textbook example is the original Berezinsky cascade [21], where the extragalactic
background light is responsible for the dominant ~+ attenuation due to its higher energy
range, but the IC losses are dominated by the CMB photons which are much more numerous.
In this case, the cascade develops in the soft-radiation regime, similar to the synchrotron-
dominated case: photons produce pairs with energy e., which radiate IC photons at a much
lower energies €y =~ ¢ min(ce/ me)?. Therefore, the pair cascade has a spectral index s, = 3
(soft-radiation) for energies above e¢ thy = €5 thr, Where ey thy = m? /€t max, and a spectral
index s, = 2 (cooling-only) for lower energies. In turn, the cascade photons from IC scattering
off the low-energy target photons with €; min Will produce the broken power law spectrum,
with s, = 2 above the break e, 1, ~ 6t7min(€e,thr/me)2 and s, = 3/2 at lower energies. In
appendix B, we show explicitly the emergence of this spectrum in a numerical example.

If the target photon spectrum does not have two characteristically defined energies ¢ min
and €¢ max, then the IC cascade will lose its universality. As we prove in more detail in
appendix B, this can happen when the target photon spectrum is extended over a wide energy
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range, e.g. with a power-law behavior n;(e;) o< €, * with 0 < s; < 2. Harder target spectra,
with s; < 0, can be approximated by a monochromatic spectrum; softer target spectra,
with s; > 2, can be approximated by a bichromatic spectrum, with the soft component
at € min dominating the IC losses and the hard component at e;max (or more generally
the maximal energy at which the target photons make the environment optically thick)
dominating the vy reactions.

4.2.3 Non-monochromatic high-energy injection

If the primary gamma rays triggering the cascade are injected over an extended energy range,
and in particular throughout the range where the cascade develops, the resulting emission
will not belong to the universal spectra we have identified. Since the cascade is linear, one
might still obtain the resulting electromagnetic spectrum analytically, by superimposing the
emission from particles injected at each energy interval. However, such a procedure cannot be
performed in a general way, and depends on the specific properties of the injection. Therefore,
in these cases the universal cascade prediction fails.

In real astrophysical sources, this case can appear when the electromagnetic cascade is
triggered by leptonic emission. If high-energy leptons are accelerated, they usually inject
photons over a wide range of energy in which the cascade develops. Therefore, leptonic-
triggered cascades often do not exhibit the typical features we have identified. Instead,
hadronic cascades, triggered by gamma rays injected by photohadronic interactions, satisfy
our criterion; since the photohadronic efficiency increases with energy, most gamma rays are
injected at very high energies, akin to a monochromatic injection, and therefore for a wide
energy range we expect the formation of the universal cascade. One exception is the case of
dominant Bethe-Heitler (BH) processes, which inject pairs over a very wide energy range
(see, e.g., refs. [63, 64]). Thus, in this case, the approximation of gamma rays being injected
only at very high energies, where the photohadronic efficiency peaks, breaks down. Therefore,
in those cases where BH processes are the dominant injection of non-thermal particles, the
universal shape of the cascade might not be recovered.

5 Electromagnetic cascades in high-energy astrophysical sources

In this section, we present a collection of examples, motivated by various classes of astrophysi-
cal sources, which exhibit the universal cascade prediction we have obtained. This shows more
clearly the practical circumstances under which the universal cascade can appear, and its
potential effects on the phenomenology of high-energy sources. For some of the cases discussed
below, such as GRBs and blazars, the radiation is produced in zones moving at relativistic
speeds. Accordingly, the physical quantities and spectra are presented in the comoving frame.
For all sources, we use the numerical code AM? to simulate the evolution of the non-thermal
particles until they reach a steady state; this includes all the main radiative processes for
protons (py interactions, Bethe-Heitler process, synchrotron radiation, IC scattering), leptons
(synchrotron radiation, IC scattering), mesons (synchrotron radiation, IC scattering, decay),
photons (pair production, Compton scattering, SSA).
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5.1 AGN coronae

AGN are powerful non-thermal sources, primarily driven by the accretion onto supermassive
black holes. While a fraction of them exhibits a strongly beamed electromagnetic emission
within their jets, in this section we focus on non-jetted AGN, which also have the potential
for high-energy neutrino and gamma-ray production. While this general idea dates back in
time [65], it has gained new traction in recent years, after the realization that the brightest
hotspot of neutrinos in the sky comes from the direction of Seyfert II galaxy, NGC 1068.
While this source does exhibit a weak jet, this is unlikely to be connected with neutrino
production, since a jet emission would lead to an accompanying gamma-ray emission which
is not observed by MAGIC [66]. Instead, a large opacity to vy absorption, which is a natural
requirement to attenuate the high-energy photons and explain the missing gamma rays, is
naturally achieved in the inner regions of the accretion flow, and in particular in the corona.
The latter is a compact, hot plasma region located above the accretion disk, believed to be
responsible for the hard X-ray emission commonly observed in radio-quiet AGN. Intriguingly,
the optical thickness of AGN coronae is also an intrinsic requirement for the dominant sources
of the diffuse neutrino flux observed by IceCube in the 1-100 TeV energy range [10, 11, 19, 20],
potentially suggesting a common origin for the whole of this neutrino flux [24, 67-70].
Due to the larger v opacity, the predominant electromagnetic emission beyond the
leptonic X-rays would be associated with the electromagnetic cascade triggered by the high-
energy hadronic injection. Therefore, this is a paradigmatic case of interest for the theory we
have developed in this work. To see how the cascade emission in this case fits into our general
framework, we now simulate the radiative emission from the corona. The specific properties
of non-thermal emission are quite sensitive to the acceleration mechanism of high-energy
protons, which in turn depend on the radiative compactness of the corona. For a very compact
corona, with typical size below ten gravitational radii, acceleration in magnetized reconnection
layers is the preferred scenario, introduced in refs. [26, 27]. Instead, for a somewhat less
compact corona, with size of the order of tens of gravitational radii, a slower acceleration in
strongly magnetized turbulence is more likely [25] (see ref. [24] for a treatment of gyroresonant
acceleration in stochastic turbulence, which however seems energetically incompatible with
the neutrino luminosity inferred by IceCube unless large deviations from quasi-linear theory
are assumed [25]). Here we focus on the former reconnection scenario, and use AM? to simulate
the radiative evolution of the setup described in table 2. These parameters are motivated by
the NGC 1068 scenario considered in ref. [26]. Notice that in this case the proton spectrum
is characteristically a broken power law, rather than a single power law. We show all the
components which do not directly originate from ~~ interactions as non-cascade components;
these include the primary X-rays and the leptons injected by BH and by p~y interactions.
Generally, it is not possible to distinguish systematically between cascade and non-cascade
components — even leptons injected by BH and by pvy will produce photons which in turn
will pair-produce. However, under our assumption of linear cascade in which the high-energy
gamma rays are a perturbation on top of the large background flux, this distinction is possible.
The pairs produced at very high energies by photohadronic interactions cascade down
to low energies driven primarily by synchrotron radiation, as is visible from the timescale
plot. Therefore, they rapidly settle in the soft-radiation regime with s, = 3. The corona is in
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Figure 3. FElectromagnetic cascade in an AGN-corona-inspired hadronic model. Lepton (left) and
photon (right) spectra in the coronal benchmark from table 2. Top: luminosity; bottom: interaction
and escape timescales (synchrotron radiation, IC scattering, SSA, Compton scattering, and v pair pro-
duction). Pair-production-driven components are colored; non-cascade particles are black. Background
shading marks cascade regimes for pairs, and for photons the synchrotron emission from leptons in the
corresponding regime. Most pairs are injected at €. >~ y, prym, and promptly enter the soft-radiation cas-
cade, with synchrotron-dominated losses, yielding a flat s, = 2 spectrum. The non-cascade pairs come
mostly from BH, and is subdominant (the sharp BH drop reflects numerical-method matching in AM?).
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Parameter Symbol Value Units | Description

Radius R 1.4 x 1012 cm Emission region radius

Magnetic field B 1.3 x 10° G Comoving magnetic field
strength

X-ray min energy € X,min 100 eV Minimum energy of X-
ray field

X-ray max energy € X max 100 keV | Maximum energy of X-
ray field

X-ray luminosity Lx 5 x 1043 erg/s | Luminosity of the X-ray
field

Proton min Lorentz factor Yp,min 1 — Minimum Lorentz factor
of protons

Proton break Lorentz factor Vp,br 2.7 x 10% — Break Lorentz factor of
protons

Proton max Lorentz factor Yp,max 108 — Maximum Lorentz factor
of protons

First proton spectral index Sp 1.0 — Power-law  index  of
proton injection, below
break

Second proton spectral index Sp 3.0 — Power-law  index  of
proton injection, above
break

Proton injection luminosity L, 1043 erg/s | Total injected proton lu-
minosity

Table 2. Model parameters for the emission region and particle distributions in the AGN corona
benchmark.

fact so compact and has such a large magnetic field that the pairs persist in this state down
to their rest-mass energy. In turn, the synchrotron radiation from the corona is extremely
flat, with s, = 2 across a wide energy range reaching down to the minimum energy, which is
determined by SSA. Therefore, the corona is another case in which the synchrotron-dominated
cascade emerges naturally. These results are completely in agreement with previous numerical
studies of the cascade in coronal environments [26, 27, 45]. In scenarios with stochastic
acceleration [24, 25, 70], the predominant role of BH interactions may break the universality
by introducing an injection range extended in energy over a wide range.

5.2 Gamma-Ray Bursts

Gamma-Ray Bursts (GRBs) are among the most luminous and energetic transients in the
universe, emitting intense flashes of gamma rays over timescales ranging from milliseconds to
minutes. Their prompt emission is characterized by a highly non-thermal spectrum, typically
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Parameter Symbol | Value | Units | Description

Radius R 103 cm Emission region radius

Magnetic field B 2 x 103 G Comoving magnetic field strength
Electron min Lorentz factor Ye,min 10% — Minimum Lorentz factor of electrons
Electron max Lorentz factor Yemax | D X 109 — Maximum Lorentz factor of electrons
Electron spectral index Se 2.8 — Power-law index of electron injection
Electron injection luminosity L. 102 | erg/s | Total injected electron luminosity
Proton min Lorentz factor Yp,min 104 — Minimum Lorentz factor of protons
Proton max Lorentz factor Ypmax | B x 107 — Maximum Lorentz factor of protons
Proton spectral index Sp 2.0 — Power-law index of proton injection
Proton injection luminosity L, 1042 erg/s | Total injected proton luminosity

Table 3. Model parameters for the emission region and particle distributions in the GRB benchmark.
All the parameters are defined within the comoving frame of the dissipation region.

extending from keV to GeV energies, and is thought to originate from relativistic outflows
powered by compact central engines. The dominant processes shaping this spectrum are
leptonic in origin — IC scattering and synchrotron radiation from a population of high-energy
non-thermal leptons. On the other hand, lepto-hadronic models have also been proposed to
explain high-energy features observed by Fermi-LAT [71-73]. In these cases, the hadronic
particles produce high-energy neutrinos and gamma rays, with the latter being attenuated
by the v+ interaction with the dominant leptonic radiation, and being reprocessed at low
energies via the electromagnetic cascade. As we will see, this cascade exhibits the universal
behavior we have identified.

To show this, we use again the numerical code AM3, and prepare a setup analogous to the
lepto-hadronic models in refs. [73, 74]. The parameters used for this setup are summarized
in table 3. The simulation is carried out entirely in the comoving frame of the dissipation
region, so that we do not have to specify the Doppler boosting factor of the region. Figure 4
shows the resulting electromagnetic emission, as well as the characteristic energy-dependent
timescales for all energy-loss and escape processes of pairs and photons. For the pair-induced
emission (shown in color in the figure), we clearly differentiate in these figures between the
purely leptonic emission (dotted, thin), which is obtained by simulating the dissipation region
with L, = 0, and the hadronic component (dashed, thick). The primary emission, shown in
black, shows the typical prompt gamma-ray emission peaking in the 100 keV-1 MeV range,
produced by the leptons injected above 10'° MeV. The minimum Lorentz factor for the
injected leptons is also the cause for the abrupt break in the primary lepton spectrum, below
which the pairs enter the fast-cooling regime, as in the cases of ref. [73].

The hadronic cascade follows precisely the dynamics of the synchrotron-dominated regime
we have identified. At high energies, the pairs are continuously produced by the photons,
which in turn are replenished by the soft synchrotron radiation. The corresponding soft-
radiation cascade has a spectral index s, = 3, and produces radiation with s, = 2. At low
energies, photons manage to escape, leading to a narrow interval of cooling-only cascade
with s, = 2; these pairs ultimately produce photons in the low-energy range where they
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Figure 4. FElectromagnetic cascade in a GRB-inspired lepto-hadronic model. Same as figure 3 for
a GRB benchmark. Leptonic and hadronic contributions are distinguished by line style. Background
shading indicates the cascade regimes for the pairs: a high-energy soft-radiation regime (set by pair pro-
duction and synchrotron cooling) and a low-energy cooling-only regime without pair injection. For pho-
tons, the background shading highlights the energy range where photons are produced by leptons in the
corresponding cascade regime. Particles which do not come from 7y (non-cascade) are shown in black.
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Parameter Symbol | Value | Units | Description

Radius R 1017 cm Emission region radius

Magnetic field B 0.1 G Comoving magnetic field strength
Electron min Lorentz factor Ye,min 1 — Minimum Lorentz factor of electrons
Electron max Lorentz factor Yemax | D X 109 — Maximum Lorentz factor of electrons
Electron spectral index Se 2 — Power-law index of electron injection
Electron injection luminosity L. 102 | erg/s | Total injected electron luminosity
Proton min Lorentz factor Yp,min 1 — Minimum Lorentz factor of protons
Proton max Lorentz factor Yp, max 10t — | Maximum Lorentz factor of protons
Proton spectral index Sp 2.0 — Power-law index of proton injection
Proton injection luminosity L, 1042 erg/s | Total injected proton luminosity

Table 4. Model parameters for the emission region and particle distributions in the blazar benchmark.
All the parameters are defined within the comoving frame of the dissipation region.

are synchrotron-self-absorbed, so the corresponding power law with s, = 3/2 is not visible.
The lepto-hadronic, synchrotron-dominated regime considered in ref. [73] always shows a
qualitatively similar structure to this case, which is described by the cascade regime derived
here. As for the leptonic component, as anticipated in section 4.2, its injection extended over
a wide energy range masks the universality of the cascade and leads to a spectrum which
depends on the specifics of the injected particles. In particular, the thin dotted green line in
figure 4 settles into a power law much softer than s, = 3, following the injection of the primary
leptons. In appendix C, we also consider a GRB-inspired benchmark in which the cascade is
instead IC-dominated; as discussed in section 4.2, such cases generally fail to reproduce a
universal cascade due to the non-thermal nature of the target photons for IC losses.

5.3 Active Galactic Nuclei (AGN) blazars

Blazars are a subclass of AGN powered by accreting supermassive black holes, with relativistic
jets closely aligned with our line of sight. This orientation leads to strong Doppler boosting of
the jet emission, making blazars some of the most luminous persistent sources in the gamma-ray
sky. Their spectral energy distributions (SEDs) exhibit two broad non-thermal components:
a low-energy bump attributed to synchrotron radiation from relativistic electrons, and a
high-energy bump typically extending from X-rays to TeV gamma rays. Energy dissipation
likely occurs in compact regions along the jet, at parsec or sub-parsec scales, where shocks,
magnetic reconnection, or turbulence can accelerate particles to ultra-relativistic energies.

While purely leptonic models — in which the high-energy component arises from 1C
scattering by electrons — can explain many observed features in the electromagnetic SED,
they do not lead to neutrino emission. Thus, the recent association of neutrinos with blazars,
particularly after the case of TXS 0506+056, has motivated the development of lepto-hadronic
scenarios, with the hadronic component showing up primarily in neutrino emission and in
the electromagnetic cascade.

It is impossible to capture the variety of potential evolution of the radiative signature
of lepto-hadronic blazar models, that cover a wide range of parameters. The appearance
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Figure 5. FElectromagnetic cascade in a blazar-inspired lepto-hadronic model. Same as figure 4 for a
blazar benchmark. The numerical values of the parameters are collected in table 4. Particles which
do not come from v+ (non-cascade) are shown in black. The pairs transition from the soft-radiation
cascade at high energies to the escape-dominated regime at low energies, producing the characteristic
cascade with s, = 2.

of the universal cascade we have identified is far from universal; on the other hand, if the
dissipation region is sufficiently compact, and the BH injection is not the dominant production
channel for secondaries, it can still emerge. We show one such example, using the benchmark
parameter summarized in table 4. Figure 5 shows the resulting pair and electromagnetic
emission. The non-cascade emission shows the characteristic two-humped structure, with
the first hump due to synchrotron radiation and the second one due to IC radiation of the
pairs interacting with the first hump.
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The hadronic cascade, instead, reproduces the main features we have identified for
the synchrotron-dominated cascade, which indeed is the case realized as visible from the
timescale plot. Thus, pairs at high energies are in the soft-cascade regime, with the spectral
index s, = 3, down to a low-energy threshold below which pairs are escape-dominated.
Correspondingly, the radiation exhibits the typical s, = 2 cascade that we have observed in
the GRB case as well, suppressed at low energies by the escape-dominated regime. Also in
this case, as in the GRB one, the leptonic pair-induced cascade does not obey the universal
cascade form, due to the very different injection spectrum which extends throughout the
range where the cascade develops.

Clearly a single example is not meant to show that the hadronic cascade in blazars is
always of the universal, synchrotron-dominated nature. In fact, in the majority of lepto-
hadronic blazar models considered in the literature, the cascade does not exhibit the universal
spectrum obtained in this work. It is instructive to consider a few cases, to understand
more clearly what assumptions are broken and lead to a non-universal behavior. The first
assumption that can easily be broken is that of a fully developed cascade, which requires the
dissipation region to be optically thick to high-energy gamma rays and leptons. For example,
for most models proposed to explain the neutrino association with TXS 05064056, the
high-energy gamma rays are only partially absorbed, see e.g. refs. [39, 44]. Thus, the resulting
cascade spectrum is not a flat power law, but rather a collection of bumps, as visible in figure 3
of ref. [39]. The universal cascade might also be hindered by a predominance of BH processes,
leading to an injection of pairs over a wide energy range; many examples in the literature of
this type, see e.g. the benchmark in figure 2 of ref. [60], and the systematic study of ref. [75].

5.4 Tidal disruption events

Tidal disruption events (TDEs) occur when a star is torn apart by the tidal forces of a
supermassive black hole, producing a luminous flare powered by the accretion of stellar debris.
While a small subset of TDEs exhibit relativistic jets and gamma-ray emission, the majority
are non-jetted and characterized by softer, thermal-like emission, typically in the infrared
(IR), optical/ultra-violet (OUV), and X-ray bands. In these systems, particle acceleration
may still occur within the debris streams, the accretion disk, and outflows, but the absence
of strong non-thermal leptonic signatures in neutrino-emitting TDEs and TDE candidates
suggests suppressed or subdominant leptonic loading. From the theoretical point of view,
in diffusive shock acceleration there is grounds to expect a baryonic loading quite larger
than the leptonic one; see the discussion and references in ref. [55]. Consequently, we will
assume that only protons are injected as non-thermal particles, particularly when motivated
by the potential for high-energy neutrino production. These hadronic scenarios for non-jetted
TDESs have recently gained traction following reports of four temporal coincidences between
IceCube events and flaring TDEs [48, 50, 52, 54].

Under this assumption, electromagnetic cascades initiated by photohadronic interactions
of relativistic protons become the primary source of high-energy photon emission, which
motivates an attempt at qualitatively understanding them. Thus, we provide in this section
a TDE-like benchmark and discuss its radiative cascade properties. The primary features
of this benchmark is the absence of leptonic emission; the target for v+ attenuation is
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regime, and at the lowest energies, they eventually reach the escape-dominated regime.
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Parameter Symbol | Value | Units | Description

Radius R 5 x 1017 cm Emission region radius

Magnetic field B 0.1 G Comoving magnetic field strength
IR temperature Tir 0.16 eV Temperature of the IR field

IR luminosity Lir 104 erg/s | Luminosity of the IR field

OUYV temperature Touv 1.3 eV Temperature of the OUV field
OUV luminosity Louv 10% erg/s | Luminosity of the OUV field
Proton min Lorentz factor Yp,min 1 — Minimum Lorentz factor of protons
Proton max Lorentz factor Ypmax | 5.3 x 10° — Maximum Lorentz factor of protons
Proton spectral index Sp 2.0 — Power-law index of proton injection
Proton injection luminosity L, 1042 erg/s | Total injected proton luminosity

Table 5. Model parameters for the emission region and particle distributions in the TDE benchmark.

external, dominated by the thermal IR and OUV radiation field. We consider a simplified yet
representative TDE cascade model in which accelerated protons are injected into a spherically
symmetric radiation zone of radius R ~ 10'6-10'8cm, permeated by a magnetic field of
strength B ~ 0.1 G. In this region, thermal IR and OUV photons are isotropized and serve
as targets for photohadronic (p7y) interactions. These interactions produce high-energy ~-rays
through 7% decays, initiating subsequent electromagnetic cascades primarily governed by
v~ annihilations between the 7%-decay 7-rays and the dense target photon fields. The key
parameters adopted for this simulation (consistent with those used in ref. [55]) are summarized
in table 5. Without loss of generality for the cascade modeling, we fix the luminosities of
the injected protons and target photons to obtain the steady-state spectra, while in reality,
these quantities may be time-dependent.

Figure 6 shows the corresponding lepton and photon spectrum. The cascade spectrum
is significantly more intricate than previous examples. This is due to the coexistence of
IC and synchrotron losses, which are comparable and dominate across different energy
ranges. At large energies, where the gamma rays are injected, synchrotron radiation is
the dominant cooling channel. Above 10'® eV, synchrotron photons cannot be produced
because their typical frequency is too low, and therefore no pairs are injected, leading to a
< 10 eV, the pairs exhibit the s, = 3

~

cooling-only regime. Instead, between 103 eV < e,
index characteristic of the soft-radiation cascade. At lower energies, IC scattering becomes
the dominant energy loss mechanism, so the pairs are in an equal-reproduction regime,
which however is contaminated by the competing synchrotron losses so that no characteristic
spectral shape can be identified, down to the energy marked by the dotted line, around
10M eV. At lower energies, pair production is inefficient, so we enter the cooling-only regime,
< 10%eV,

~

with the characteristic s, = 2. Finally, at sufficiently low energies, below about e,
there is the escape-dominated regime.

In turn, the two components of the electromagnetic cascade, synchrotron and IC radiation,
also exhibit their characteristic features in the respective energy ranges. The IC component
dominates at high-energies, where it has a narrow energy range in which it is roughly flat,
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as expected for a bichromatic target spectrum — which is a good approximation for the
two thermal bumps of the assumed radiation field — and at lower energies drops with
sy = 3/2. Instead, the synchrotron component exhibits a wide range in which it is roughly
flat, originating from the pairs in the soft-radiation regime. These generalized conclusions
are in good agreement with the cascade spectra obtained from time-dependent modeling of
neutrino-emitting TDEs [50, 55] and TDE-like AGN flares [76]. Thus, overall the TDE case
reveals individual traits of the universal cascade we had previously identified, although it
is as a whole more complex in its details because of the coexistence of IC and synchrotron
losses, which dominate in different energy ranges.

6 Discussion

Understanding electromagnetic cascades from hadronic injection is increasingly crucial, as
they may represent the only observable electromagnetic (non-neutrino) signature of hadronic
acceleration. This is particularly evident in the few cases where neutrinos correlate with
known astrophysical sources. For instance, during the 2017 flare of TXS 05064056, X-rays
provided the dominant constraint on neutrino luminosity [37, 39—41], since reprocessed gamma
rays could not exceed the observed X-ray flux. Constraints are even stronger for the 2014-15
neutrino excess, which lacked any gamma-ray counterpart [37, 43]. Even scenarios involving
coronal neutrino production face severe limits [45], disfavoring them for this source. In the
context of gamma-ray opaque sources, like the cores of AGN, the cascade is the primary
electromagnetic signature of hadronic acceleration.

These cases motivate the need for reliable, qualitative estimates of the reprocessed cascade
emission — its magnitude and spectral range — complementing numerical simulations that
are often computationally expensive and not easily generalizable. Our results allow for such
a qualitative understanding; we highlight the potential emergence of a universal cascade
spectrum, generalizing the results of Berezinsky for extragalactic cascade, and point out the
conditions in which this spectrum can be realized. The consequences of this result span
different astrophysical sources.

For blazars, the speculation that the cascade from TXS 05064056 could follow a s, = 2
power law between 30 TeV and 3 PeV [77] appears inconsistent with realistic source conditions.
As our blazar-inspired benchmark illustrates (figure 5), a s, = 2 spectrum may arise if
synchrotron losses dominate, but the spectral range is set by physical thresholds: the
synchrotron frequency of the lowest-energy pairs and the minimum energy for pair production.
Even worse, generally speaking the condition for the universal spectrum with s, = 2 are
not met; BH injection and partial attenuation of gamma rays are rather common in lepto-
hadronic blazar models, which therefore exhibit a much more model-dependent electromagnetic
emission. The conditions for a universal, synchrotron-dominated cascade are instead met
more commonly in lepto-hadronic models of GRBs. For this case, our framework offers a
direct explanation of the spectra numerically found in multiple works on the subject [34, 73].

The cascade structure becomes even more critical in systems such as TDEs and AGN
coronae, where hadronic processes may dominate the high-energy photon emission. In
TDEs, while we have not performed a full parameter scan (e.g., as in [55]), we have shown
that the cascade spectra can be understood using the general framework developed here.
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For AGN coronae, synchrotron-dominated cascades seem almost unavoidable under the
magnetic reconnection scenario, due to the natural scaling between magnetic fields and
X-ray energy density inferred from PIC simulations [78]; in model-independent scenarios,
the role of synchrotron-dominated cascades has also been emphasized in refs. [79, 80]. This
conclusion may change depending on the assumed acceleration mechanism. For instance, if
strongly magnetized turbulence is responsible for particle energization, BH losses may become
dominant over photohadronic interactions [25], potentially allowing the cascade spectrum
to discriminate the proton acceleration mechanism.

Let us also briefly discuss the relation of our work with previous analytical and numerical
studies of electromagnetic cascades. Besides extragalactic cascades [1, 21|, these have been
proposed to explain AGN corona X-rays via non-linear pair cascades, where the main target
photons are themselves produced by the cascade [81], making their dynamics distinct from the
linear, hadronic cascades studied here. Similarly, ref. [82] considered pair cascades in blazars
driven by curvature radiation and synchrotron pair production, again physically different from
our setting. Instead, cascades driven by IC scattering internally to compact astrophysical
sources have been discussed in the past; see, e.g., the seminal numerical discussion of ref. [83]
and especially ref. [84]. The results of this study are essentially in agreement with the
Berezinsky theory of extragalactic cascades, although a connection between the two cases
does not seem to have been acknowledged. In particular, ref. [84] predicts the s, = —3/2 low-
energy behavior for the cascade from a monochromatic or blackbody target photon field. We
should also stress that our results holds only for linear cascades, with no self-interaction among
cascade particles. Non-linear cascades can exhibit a much more complex phenomenology with
intrinsic temporal features, including oscillatory behavior; see, e.g., refs. [85-87]. Generally,
in lepto-hadronic models in which the hadronic component is subdominant compared to the
leptonic one, non-linear effects are expected to be small.

The broader significance of our results lies in the growing realization that a large fraction
of extragalactic neutrino sources are likely to be opaque to gamma rays. AGN coronae may
represent a substantial or even dominant class of such gamma-ray-dark sources. In these
environments, the cascade emission is the primary electromagnetic signature — both for
individual sources [24, 26, 27] and for the diffuse background [88]. The assumption in [8§]
that such cascades resemble the Berezinsky type is invalid due to synchrotron losses, which
are in fact dominant in magnetically powered environments. This dominance is not specific
to the coronal model: any source powered by magnetic dissipation will feature comparable
magnetic and radiative energy densities, placing synchrotron losses at the center of the
cascade dynamics. From this viewpoint, the generalized cascade theory developed here —
incorporating both IC- and synchrotron-dominated regimes — is essential for interpreting
high-energy emission from gamma-ray-dark neutrino sources.

7 Summary

In this work, we developed a generalized theory of electromagnetic cascades — defined as
the reprocessing of high-energy gamma rays via pair production and pair radiation — that
extends the classic Berezinsky treatment of IC-dominated cascades [1, 21] to include cases
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where synchrotron losses dominate. The latter appears to be a generic feature of internal
cascades produced within astrophysical sources.
Our main results are:

o For IC-dominated cascades with (bi)monochromatic targets (e.g., thermal bumps), we
recover a Berezinsky-like broken power-law spectrum (s, = 3/2 — 2). This occurs
partially in TDEs, though synchrotron losses are also significant, resulting in hybrid
behavior (see figure 6);

o For non-thermal targets extending as power laws (0 < s; < 2), monochromatic ap-
proximations fail and cascade universality is lost: the pair and photon spectra depend
sensitively on the target. An example is shown for GRBs in appendix C, where the IC
component follows a power law, but not the canonical s, = 3/2 (figure 8);

e For synchrotron-dominated cascades (treated here for the first time), the photon
spectrum typically is a broken power law, with an extended high-energy range with
sy = 2, bounded below by the synchrotron frequency of the lowest-energy pairs. At lower
energies, the spectrum breaks into s, = 3/2. The break is caused by the corresponding
transition in the pair spectrum from a high-energy soft-radiation regime to a low-energy
cooling-only regime in which vy pair production is interrupted. On the other hand,
if the source is so compact that v pair production is efficient even at MeV energies,
comparable with the electron mass, the break disappears and the photon spectrum
has sy = 2 down to very low energies, where it can be suppressed either by SSA or
by the escape of the radiating pairs. This regime emerges across all benchmarks —
GRBs (figure 4), blazars (figure 5), TDEs (figure 6), and AGN coronae (figure 3) —
when magnetic energy density is sufficiently large. We have shown it to be surprisingly
universal, and in general independent of the shape of the target photon spectrum.

Hadronic cascades typically settle into one or a combination of these regimes, depending
on the relative importance of IC and synchrotron losses. A possible exception is when Bethe-
Heitler (BH) losses dominate, injecting pairs across a broad energy range and potentially
spoiling the cascade-down assumption. Since the process remains linear, a superposition
approach could still apply, provided an analytical BH injection spectrum is available (e.g., [64]);
we leave this for future work.

Overall, we find that such hadronic cascades in the synchrotron-dominated regime are
quite present in the literature, as they naturally appear in compact AGN coronae and lepto-
hadronic models of GRBs. In blazars, while certain very compact setups may also lead to
a similar spectral shape, lepto-hadronic models often produce a different, model-dependent
cascade, due to the dominance of BH processes and to conditions of partial gamma-ray
absorption. AGN coronae may also exhibit BH injection which alters the nature of the
cascade, depending on the compactness of the acceleration zone; thus discriminating between
the universal cascade identified here and a non-universal cascade affected by BH processes
may offer an opportunity for inferring the compactness of the radiation zone. With the aid of
the framework developed here, one can now clarify for any specific astrophysical environment
whether the conditions are met for the appearance of a universal cascade, and directly relate
its properties to the geometry and energetics of the source.
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A Steady-state pairs in soft-radiation cascade

In this section, we prove directly from the kinetic equations the properties of the soft-radiation
regime of the pair cascade. We focus on the synchrotron-dominated regime, for which the
dominant pair energy losses are given by eq. (3.1). The soft-radiation regime also appears
in the IC-dominated case when the dominant energy loss of pairs is IC scattering in the
Thomson regime off a low-energy target photon field with typical energies ¢ min, while pair
production is still active thanks to the vy scattering off higher-energy target photons at
€¢,max- In this case, the dynamics is identical, since we still have the dominant energy loss
term bic(ee) = (—de./dt)ic o €2 and the typical frequency of the radiated IC photons
much lower than the lepton energy e., of the order of ey ~ €4 min(ge/ me)%. We focus on
the synchrotron case for definiteness.

In the soft-radiation cascade, the radiation of energy — synchrotron in this case — and
pair emission and losses are balanced. The balance equation for leptons and photons has
the same form as eq. (2.1), except that IC losses must be replaced with synchrotron ones.
Therefore, we have for e, > ec thr

One(ee) 0

ot - (9766 [bsyn(se)ne(ee)] + 4”7(256)F77(256) =0, (A1)

Ony(ey) Ugorme. 3 3e
_ o lme [ 222 r =0, A2
ot 2%wp 4w357” m dwg 1y (e7)Ty(e7) = 0 (A.2)

where the synchrotron radiation is described by the delta-function approximation discussed

above. Notice that we are neglecting a potential photon escape term; we assume photons are
completely confined by pair production, so such a term would be inessential.

From the two equations, we can now eliminate n,(e,)I';(ey) and obtain an equation
for the pair number density only

0 1 3m? 3 3ee
a_ e\Ce < e e = U. A.
Oce {een (e )] * 4wp 2w35€n [m 2w31 0 (A-3)

_Sée(ge)’

0 [De(ee) 1 3ee
—® =0. A4
Oce [ Ee } + 2e2 ¢ [me \ QwB] 0 (A4)
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To understand the main properties of this solution, we now transform n.(e.) = ¢
so as to obtain




All dimensional energy scales have dropped out of this equation; indeed, if we now write

e = 3m2e®/2wp, and we call ®.(z) = Pc(e.)| 4n2 , We see that this equation ultimately
T
depends only on the logarithm of the energy 7
00 (x) - 1. [z
-0 —o, | = | =0. A5
o l7) 3 (2) (4.5)

These equations are valid for x < 0, since as we already discussed we only consider the regime
where the energy of the radiated photon is lower than its parent lepton. For |z| > 1, the
derivative term can be neglected, as confirmed by the solution we find, and b, ~ —xL; its
derivative drops as 2 and is indeed negligible. Therefore, we finally find that the pair
distribution in this energy range has the approximate form

-3
ne(se) = Cé%) (A6)
In (QEEwB)

with C/ a constant. The logarithmic dependence is weak, and therefore as an approximation

we may simply take ne(ge) ~ Ce(€e/etnr) >. This is the central result of this appendix,
that we report in the main text, namely that in the soft-radiation regime the pair cascade

approaches the spectrum n.(e.) o &, 3.

B Impact of non-monochromatic target photon fields on IC-dominated
cascades

If the target photon field is non-monochromatic, the energy scale at which the absorption sets
in will be determined by the highest-energy target photons €; max — so the threshold energy
scale €y tny ~ m?/ €t,max- However, if the target field decreases with energy sufficiently rapidly
(the precise conditions will be elucidated below), the IC energy losses may be dominated by
lower-energy photons, say around a scale €; min. In this case, the cascade comes from the
photons splitting into pairs via v+ — e™ + e~ but the pairs radiate most of their energy
into photons with much lower energies, of the order of 5t7min72. This is the same soft-radiation
regime that we have identified in the synchrotron cascade: in fact, both the synchrotron
energy losses and the typical frequency of the radiated synchrotron photons are in order of
magnitude the same as for IC scattering from a photon field with frequency wp. Therefore,
the IC cascade in the soft-radiation regime can be obtained directly from eq. (3.3) by replacing
wp — €¢,min and Up — Uy, the energy density of the target photon field with energy e; min.

To make these statements more concrete, let us examine the simplest non-monochromatic
target photon field, a bichromatic field. We consider the same setup as in figure 1, with a
monochromatic photon field at & max = 10~2¢eV and a luminosity L; = 10* erg/s, but in
addition we inject a second monochromatic field with L; min = 1043 erg/s at an energy € min,
which we leave as a varying parameter. The choice of L min is driven by the requirement
that the IC energy losses be dominated by the target photons at e; min; since in the Thomson
regime the energy losses are proportional to u; (see eq. (2.5)), the energy density of the
target photon field, this will naturally happen if L; min > Lt max. The target photon spectrum
is visible in figure 1 as the black line at low energies, which are injected as primaries; for

— 29 —



L% Leptons 4 Photons
o = 10786V ]
102}  0ev J10% ]
=t — 1076V ;
%D 1031§ — 1075%eV 3 10%0¢ 1
o — 107tV 1
j 103()? : 3 1037, 4
Z ]
Z 1029 ]
v F10%} :
ERTCY i
< 11091t ]
£ 1077 :
< 28
1026} H 3 0% —— Primary i
E 1 — IC e
25 . v 11025 . . . <
10 108 107! 10" 7 00 10- 0 107 107
Energy, e, [eV] Energy, ¢, [eV]

Figure 7. IC-dominated cascade for a bichromatic photon target. Same as figure 1, but with an
additional photon field at a lower energy e; min. Different curve opacities refer to different values
of €t min, Which increases with increasing opacities. We do not highlight the regimes with different
colors, since their energy ranges and nature depend on €t min. The pair cascade transitions from
soft-radiation (at high energies) to pair-dominated (at low energies) regime at the threshold energy
€ethr- This leads to the characteristic broken-power-law photon spectrum; due to the varying target
photon energy &; min, the position of the break changes with the curve opacity, approximately lying at

E~,br = Et,min(ge,thr/me)Q-

increasing curve opacities, €; min increases, so that the low-energy monochromatic field moves
to higher energies.

The resulting cascade emission has all the qualitative features of the soft-radiation
regime. In particular, the photon spectrum exhibits the typical break from s, = 2 at high
energies to s, = 3/2 at low energies. The break happens, as anticipated, at an energy of
about ey by ~ €4 min(Ec, thr/ me)?. Indeed, we can clearly see that, as the opacity of the curve
increases, the break moves to higher energies.

Notice that the most transparent curve, corresponding to ¢ min = 10~8%eV, does not
exhibit the typical n,(e,) €y 2. The reason is that €t min 15 so low that the pairs injected
at high energies, around ecpe = €+,ne/2, radiate at a much lower energy of the order of
€t,min(Ey,he/ me)? < €ehe- Thus, in the intermediate energy interval, there is no radiation
injected; the pairs are actually in the cooling-only regime, rather than the soft-radiation
regime, due to the absence of radiated photons, and therefore settle into a power law with
se = 2, clearly visible in the left panel of figure 7. We have resolved to show an example
with this somewhat subtle effect to provide a complete discussion; however, it appears
that this effect is unlikely to show up in practical setups, and we do not find any such
example in the astrophysical benchmark cases considered in section 5, except marginally
in our TDE benchmark.
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The appearance of the n,(e,) oc €5 2 spectrum in the presence of a non-monochromatic
target photon field was in some sense the central feature of the Berezinsky theory of the
electromagnetic cascade [21]. In that case, a bichromatic field was also used to derive it,
which roughly simulates the effect of high-energy gamma-ray propagation in the target field
of the extragalactic background light and the CMB, which lie at two very different energy
scales. Our new insight is that the appearance of this spectrum is more generic, and is the
signature of a soft-radiation regime which appears also in synchrotron dominated cascades;
the latter are more phenomenologically relevant in the case of cascades developed inside
high-energy astrophysical sources, as discussed in section 5.

Under what conditions is a description in terms of two characteristic energies, similar
to a bichromatic spectrum, appropriate? The propagation through an extragalactic photon
field is of course a specially simple case, in which the target radiation is indeed composed of
multiple thermal bumps for which a bichromatic approximation is relatively good. Within
astrophysical sources, however, the target photon spectrum is often non-thermal and behaves
as a power law over a wide energy range. In this case, the bichromatic representation is only
appropriate if the IC energy losses are dominated by the low-energy part of the spectrum.
Vice versa, if the IC energy losses are dominated by the high-energy part of the spectrum, we
can simply replace the target photon spectrum with a monochromatic distribution around
the highest energy of the target field. We will now prove that if the target field behaves

as a power law ny(g;) o g5 ™

in the energy range e;min < €+ < €¢,max, then for s; < 0 one
can replace it with a monochromatic target field at e; max, while for s; > 2 one can instead
replace it with a bichromatic target field, with the low-energy part around e; min dominating
the IC losses, while the high-energy part around €; max makes the environment optically thick
to vy interactions. The intermediate cases depend on the specific spectral index of the target
field, and therefore lose the universality that we have otherwise identified.

If the power law is sufficiently hard, then most of the energy is concentrated around € max-.
In this case, one can expect the monochromatic approximation to be relatively accurate, and
replace the power-law spectrum with a monochromatic target at ¢ max. In order for this to
be a good approximation, the IC interaction rate should be dominated by the interaction
with the highest energy target for any energy of the lepton. In this case, the interaction
rate of a lepton with energy &, is, in order of magnitude,

€t,max m2

Flc(ee) ~ / dEtnt(Et)O'T

’
m2/ee Et€e

(B.1)

the last factor is the Klein-Nishina suppression, which appears for e, > m?

2 mZ (justifying the
choice of the lower bound of integration). In order for this integral to be dominated by its
upper bound, we must have s; < 0. Thus, for s; < 0, the monochromatic approximation
is an appropriate one.

If the power law is instead very soft, we can have the opposite situation in which the IC
interaction rate is dominated by the low-energy target photons, around & min, for any lepton
energy. In this case, the bichromatic approximation is appropriate, with the target photons
at €4 min dominating the IC losses, while the target photons at € max cause 7y absorption.
Therefore, we should now determine when are IC losses dominated by the low-energy target

photons. The interaction with these low-energy photons is in the Thomson regime, in which
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the electron-photon cross section is approximately of the order of or; however, the fraction
of energy lost by the electron in each scattering is of the order of e.e;/m2. Therefore, in
this case the interaction rate reads

m?2/ee

Et€e
FIC(Ee) ~ / demt(at)UT ¢ 5 (B.Q)
€ m

t,min e

In order for this integral to be dominated by its lower bound, we must have s; > 2. Under
these conditions, the target photon spectrum can qualitatively be replaced by a bichromatic
approximation. In the intermediate cases, with 0 < s; < 2, the IC energy loss rate depends
on the specific properties of the target photon spectrum. Therefore, a universal shape for
the cascade cannot be recovered; its properties will unavoidably depend on the specific
setup considered.

C Inverse-Compton dominated cascades in GRBs

For completeness, we can also consider a GRB-inspired case in which the cascade is IC-
dominated. Since the GRB target photon spectrum is entirely non-thermal, based on our
discussion in appendix B, we do not expect the resulting cascade to exhibit the universal
behavior we have identified. We are now going to confirm this statement by an explicit
numerical example. We adopt the same benchmark parameters as in table 3, but increase
the lepton luminosity to L. = 10%° erg/s, so that the IC losses off the radiation from the
leptons is significantly enhanced.

The resulting emission is shown in figure 8. Due to the much larger lepton luminosity, the
signal is now entirely dominated by the leptonic cascade, peaking at about &, ~ 10° eV. When
the hadronic component is injected (shown in dashed), the pairs produced by v absorption
settle into a power-law shape; however, this power law is not of the form of our universal
cascade prediction, in agreement with our expectation. In fact, this breaking of universality
is even more plainly visible from the energy dependence of the timescale for IC losses, in the
bottom left panel; below e, = 10! eV, the timescale does not decrease as tic o< £, ' as one
would expect in the Thomson regime. Instead, its energy dependence depends on the target
photon spectrum, which immediately hinders the emergence of a universal cascade spectrum.
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Figure 8. Electromagnetic cascade in a GRB-inspired lepto-hadronic model with 1C-dominant energy
losses. Same as figure 4, for an IC-dominated case with L, = 10%° erg/s. The numerical values for the
other parameters are the same as in table 3. The resulting cascade spectrum is not universal, since the
IC energy losses depend on the lepton energy in a way that is sensitive to the target photon spectrum.
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