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Abstract We develop a generalized holographic dark
energy model based on the Rényi entropy, which intro-
duces a logarithmic deformation of the Bekenstein—-Hawking
entropy and is characterized by a non-extensivity parameter
o. By adopting the future event horizon as the infrared cut-
off, we formulate the New Rényi Holographic Dark Energy
(NRHDE) scenario and derive a modified holographic energy
density that reduces smoothly to the standard HDE limit
for ¢ — 0. Starting from the Rényi entropy formalism, we
obtain a closed and self-consistent set of evolution equations
for the dark energy density parameter 24, the equation-of-
state parameter wy, and the deceleration parameter g. We
perform a detailed numerical investigation of the background
dynamics over a physically reasonable range of the holo-
graphic parameter ¢ and the Rényi deformation parameter «,
and show that the NRHDE model predicts a late-time phan-
tom regime over an extended region of the (¢, o) parame-
ter space, with a smooth approach toward the cosmological-
constant boundary wy = —1 as either parameter increases.
We further provide a global characterization of the parameter
space by means of two-dimensional maps of the present-day
equation-of-state parameter and the transition redshift, which
clarify the joint impact of (c, @) on the late-time cosmologi-
cal evolution. Finally, a qualitative comparison between the
NRHDE background predictions and observational Hubble
data from cosmic chronometers is presented as a consistency
check of the model at the background level. The NRHDE
framework therefore constitutes a minimal and thermody-
namically motivated extension of holographic dark energy,
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offering a flexible platform for future quantitative tests with
late-time expansion data.

1 Introduction

Observations from Type Ia supernovae (SNela) [1,2], the
cosmic microwave background (CMB) anisotropies mea-
sured by Planck [3,4], and baryon acoustic oscillations
(BAO) [5] have firmly established that the Universe is
presently undergoing a phase of accelerated expansion. This
behaviour is conventionally attributed to a dominant com-
ponent with negative pressure, referred to as dark energy
(DE). Despite extensive efforts over the past two decades,
the physical origin of DE remains unknown, motivating a
wide variety of theoretical proposals [3,6,7] as well as con-
tinued exploration of alternative cosmological frameworks.
Among these, the holographic dark energy (HDE) scenario
has received considerable attention [8—13].

The HDE framework is rooted in the holographic princi-
ple, which arises from black hole thermodynamics and con-
nects entropy bounds to spacetime dynamics [10,11,14-16].
In this construction, the dark energy density is determined by
the reduced Planck mass and an infrared (IR) cutoff length
scale [8,9,17]. Different choices of this cutoff, such as the
Hubble horizon, the particle horizon, the future event hori-
zon, or the Granda—Oliveros cutoff, lead to distinct realiza-
tions of HDE models [8,9,17-21]. In this work we adopt the
future event horizon as the IR cutoff, a choice widely inves-
tigated in the literature and known to naturally generate late-
time cosmic acceleration [8,22-25]. This choice is particu-
larly relevant in the presence of Rényi-type entropy correc-
tions, since the additional positive contribution proportional
to L? in the NRHDE energy density enhances the future-
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horizon-driven acceleration mechanism [26-29]. Based on
this idea, HDE has been formulated and tested against vari-
ous cosmological data [6,22,30-32].

The Hubble horizon is a dynamic scale that is related to the
expansion rate of the universe and leads to an incorrect equa-
tion of state. Therefore, the future event horizon, which is
complementary to the particle horizon, has been proposed as
the foundation for holographic dark energy models, so clar-
ified in the recent analysis of Manoharan [33], the infrared
cutoff should be regarded as part of the model definition
rather than as an a priori imposition of cosmic acceleration.
Once the cutoff is specified, the cosmological dynamics fol-
low self-consistently from the Friedmann equations, and the
horizon evolution can be expressed locally as 7, = Hrj, — 1,
avoiding any explicit dependence on future boundary condi-
tions.

Because gravity is intrinsically long-ranged and the micro-
scopic structure of spacetime remains unknown, several
generalized entropy formalisms have been proposed to
describe gravitational and cosmological systems [23,24,34,
35].In addition to the standard Bekenstein—Hawking entropy,
notable extensions include the Tsallis [36-38], Rényi [26,
39,40], Barrow [27], Sharma-Mittal [41], and Kaniadakis
[28,42,43] entropies. These non-extensive generalizations
introduce characteristic deformations in the entropy—area
relation, which in turn modify the associated holographic
energy densities and can lead to non-trivial departures from
the standard late-time expansion history.

Cosmographic reconstructions indicate that the impact of
non-extensive entropy corrections is typically small at low
redshift but becomes more pronounced toward intermediate
and high redshifts, at least at the background level.

Recent studies have further shown that updated BAO and
H (z) data, including DESI results, can be used to probe
mildly non-extensive holographic scenarios quantitatively
[45—47]. While Tsallis holographic dark energy (THDE) has
been extensively explored in this context [25,48-51], Rényi-
based holographic constructions remain comparatively less
studied, especially when the future event horizon is adopted
as the infrared cutoff.

This work complements previous thermodynamic con-
structions (e.g., [29,52]) by adopting the future event horizon
in the standard HDE framework. Motivated by this gap, we
formulate and investigate a new Rényi-entropy-based holo-
graphic dark energy model, referred to as the New Rényi
Holographic Dark Energy (NRHDE) scenario. The central
novelty of the model is that the logarithmic deformation
induced by Rényi entropy modifies the standard HDE density
through a single non-extensivity parameter «, while preserv-
ing a smooth reduction to conventional HDE in the limit
o — 0.

Starting from the Rényi entropy formalism, we derive a
closed and self-consistent set of background evolution equa-
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tions for the density parameter 24, the equation-of-state
parameter wy, and the deceleration parameter g. We then
perform a detailed numerical analysis over physically rea-
sonable ranges of the holographic parameter ¢ and the Rényi
deformation parameter «. The model naturally predicts a late-
time phantom regime over an extended region of the (c, «)
parameter space, with a smooth approach toward the cos-
mological constant boundary wy; = —1 as either parameter
increases. Although « is expected to be extremely small in
fundamental units, in the normalized variables adopted here
(Hp = 1, M, = 1)itcaneffectively be of order unity, render-
ing the NRHDE framework phenomenologically accessible
at the background level.

The remainder of this paper is organized as follows. Sec-
tion2 presents the formulation of the NRHDE model and
the derivation of the corresponding evolution equations. In
Sect.3 we analyze the cosmological dynamics and illustrate
how («, c) control the behaviour of 24, w4, and g. Our con-
clusions and future perspectives are summarized in Sect.4.
For completeness, the observational Hubble data used for the
qualitative comparison are listed in Appendix A.

2 New Rényi holographic dark energy

The New Rényi Holographic Dark Energy (NRHDE) model
provides an extended formulation of the conventional holo-
graphic dark energy (HDE) scenario through the incorpora-
tion of Rényi entropy into the holographic principle [26,53].
In the standard case, the Bekenstein-Hawking entropy estab-
lishes a linear relation between entropy and the horizon area.
In contrast, Rényi entropy introduces a logarithmic correc-
tion governed by the non-extensivity parameter «, thereby
modifying the entropy-area relation in a nontrivial manner.
This leads to a generalized, entropy-motivated expression
for the dark energy density that accounts for possible non-
extensive and quantum-gravitational effects on cosmological
scales. Importantly, the NRHDE model is continuously con-
nected to the standard HDE in the limit « — 0.
Rényi entropy is defined as

1
SR:EIn(l—i—aSBH), (1)

where Spy = A/(4G) is the Bekenstein-Hawking entropy
associated with a horizon of area A = 4w L2, and L is the
infrared (IR) cutoff, taken here to be the future event horizon.
Expanding this expression for small «Spy explicitly shows
that Rényi entropy introduces systematic higher-order cor-
rections beyond the standard entropy [25,26,51]. Applying
the holographic relation between entropy and energy density
following the thermodynamic procedure developed in Refs.
[48,54], we briefly outline the derivation of the NRHDE
energy density, starting from the Rényi entropy associated
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with a cosmological horizon of size L,

S ]1(1+ SBH) S A M32L? )
= — In s = — =7 .

R= aSBH BH = ;= »

Expanding the logarithm for small o Sgy yields a controlled
series in the Rényi deformation parameter,

o2

o
Sk = SpH — ES‘%H + ?ng +O(). 3)
Following the standard thermodynamic/holographic con-
struction adopted in Refs. [48,54] (see also analogous steps
in Tsallis-type HDE models), the holographic dark energy
density is obtained from the UV-IR relation p; o Sgr/ L4,
Substituting the above expansion then leads to

3My 3,

. p 4, 2 231672 3
pa(L) = T EC aM, +ca"M)L"+ O(”), 4

which corresponds to Eq. (5) in the main text.

The truncation at O(«?) is physically well motivated. In
fundamental (Planck) units, the Rényi deformation parame-
ter o controls the departure from the Bekenstein—-Hawking
entropy and is expected to be small, so that retaining terms
up to second order captures the leading Rényi-induced cor-
rections beyond the standard HDE limit, while higher-order
contributions O(a?) are subleading and are neglected in this
work. For numerical integration and the figures presented
below, we adopt code units Hy = 1 and M, = 1; in this
normalization the parameter explored in the plots effectively
corresponds to the rescaled combination & = « Mﬁ / H02.
This truncation should therefore be understood as a con-
trolled approximation within a phenomenological effective
description, rather than as a fundamental series expansion of
the underlying quantum-gravitational theory. Then yields the
NRHDE energy density,

My 3,

Pd = 7 Ec on; + c2a2MgL2, 5)

where M, denotes the reduced Planck mass (M;2 =8nG),
while both ¢ and « are dimensionless. Each term in p; cor-
rectly carries the dimension of energy density, [pg] = mass®.
The first term reproduces the conventional HDE density, the
second acts as a constant shift, and the third introduces a
positive correction scaling with L2. Setting & = 0 recov-
ers the standard HDE result. We stress that the expansion
in Eq. (5) originates from the entropy deformation encoded
in the Rényi entropy and not from a derivative expansion in
the Hubble parameter. Accordingly, no explicit H or higher-
derivative terms appear at the level of the dark energy density;
all time dependence enters indirectly through the evolution
of the infrared cutoff L and the Friedmann equations.

The model is embedded in a spatially flat Friedmann—
Robertson—Walker (FRW) background [8,17]. The Fried-

mann equations read

3MJH? = pp+ pa.  —2MJH = py + pa + pa.  (6)

where p,,, and p; denote the matter and dark energy densities,
respectively, and py is the pressure of NRHDE. According
to the conservation equation, matter evolves as p,, a3,
and the dark energy component satisfies its own conservation

equation. The fractional energy densities are defined as

Pm Pd

= MHE Qd:W’ Qu + Q¢ = 1. @)
p p

Qm

From Q; = pd/(SMlz,Hz) and Eq. (5), one finds

2 2 2 2ar4

c 12Mp conp2
Qi=———-—ca—+——rj, ®)

2,2 2 2 'h

H<ry 2 H 3H

where rj, is the future event horizon. For compactness, we
now define

3
A= ScaMy +3M Q) B=12c*M,. (9)
Multiplying through by 3M 12, H zr}% leads to a quadratic equa-
tion for r}%, following the same logic as in the standard HDE
derivation [8],

Fa?MSry — Arjy +3¢* M} = 0. (10)
whose physical solution is

A+ A2 - B

r? =
h 202052M2

(1)
In the « — O limit, this reduces to the standard HDE
relation
c

rh = —.

h H.\/Q24
Reality of the root in Eq. (11) requires the discriminant to
be non-negative. By taking A = %czaMf, +3M}H?Qy, the
condition reads A? > 12c4a2M]§. This inequality imposes a
theoretical constraint on the Rényi parameter,

12)

3H2§2d
M2c2(2v/3+3/2)

Itis essential to elucidate the physical meaning of this bound.
In fundamental (Planck) units, the combination HO2 / M127 ~

3H2S2,1
M2c2(2v/3-3/2)

=a =

(13)

107122 is extremely small, so the microscopic parameter o
appearing in Eq. (5) would indeed be tiny. However, in our
numerical analysis the equations are solved in code units with
(Hp =1, M;, = 1), which renders all quantities dimension-
less and of order unity. Accordingly, we effectively probe the
rescaled parameter

2
M,

a—2L, (14)
H?
0

a
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which controls the background evolution at the cosmological
scale. In these units, the discriminant constraint becomes

_3B@ . 3ER
2QV3+3/2) T T 22V3-3/2)

where E(z) = H(z)/Hp. At z = 0 with Q40 =~ 0.7 and
¢ >~ 0.9, one obtains & € [—0.5, 1.3], which fully covers
the range & ~ O(1) explored in our figures. Therefore, the
apparent discrepancy between the microscopic and numer-
ical scales arises from the adopted normalization, and the
parameter values used in Sect. 3 are entirely consistent with
the theoretical bounds.

The physically relevant solution corresponds to the posi-
tive root in Eq. (11), which smoothly recovers the standard
HDE limit for « — 0. Moreover, requiring pg; > 0 through-
out the cosmic evolution further favors non-negative o as
the viable range employed in our numerical analysis. It is
also instructive to note the asymptotic behavior of the energy
density. At early times, when L = ry, is small, the 1/L?
term dominates and the model effectively reduces to stan-
dard HDE. At late times, however, the o L? term becomes
significant. For « > 0 this enhances cosmic acceleration,
whereas for large || the growth may be excessive. Thus
late-time observations of H (z) and ¢ (z) will be important to
constrain « in future quantitative studies.

The time evolution of rj, is governed by

15)

o0 dt/
a(t’

It is worth emphasizing that Eq. (16) is a purely geomet-
ric relation that follows directly from the definition of the
future event horizon and is therefore model-independent, as
in the standard holographic construction [8,17]. By combin-
ing Eq. (16) with the explicit solution for r; obtained from
Eq. (11), we can express the horizon integral in a closed ana-
lytical form. This procedure is analogous to that used in the
Tsallis holographic dark energy model [48,54], with the dif-
ference that the coefficients appearing here originate from
the Rényi entropy density (Eq. (5)). The resulting expression
reads

a1 [AJM/AZ—B}W

2620[2M2

Fp=Hry, — 1, I =a/ (16)
t

a7

y Ha a

In the limita — 0, Eq. (17) correctly reduces to the standard
holographic result,
®dx’ 1

a1 e (18)
x Ha aHQ,
which confirms the internal consistency of the NRHDE
model. Using this integral relation together with Eq. (5), the
differential equation for €2; can be obtained. After some alge-
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bra, one finds the closed form
Q! {( 2 e ) 130
d =\~ 3+ 3 rh)(rh——>+ d
H?r} 3H H

x (1 —Qy), (19)

where the prime denotes differentiation with respect to x =
Ina = —In(1 + z), with a the scale factor and z the redshift.
This choice is particularly convenient because the evolution
equations are often solved numerically in terms of x instead
of cosmic time. In the « — 0 limit, Eq. (19) reduces to the
well-known HDE equation [8],

Q) = Qu(1 — Q) (1+§\/97>, (20)

confirming the internal consistency of the NRHDE formula-
tion. From the conservation equation, the equation-of-state
(EoS) parameter of NRHDE is obtained as

Q/
_ d
Wy = — . @1
3Q4(1 —R24)
In the standard HDE limit, this reduces to
@mpp) 12
w, =—=— —/Q4. (22)
3 3¢
Depending on the values of ¢ and «, the NRHDE model can
cross the phantom divide. The condition wy; = —1 is equiva-

lentto Q;z = 3Q4(1—4), which, upon using Eq. (19), yields
two distinct possibilities: either r, = 1/H, corresponding to
the exact de Sitter solution, or, for the specific NRHDE func-
tional form given in Eq. (5), a Rényi-driven balance charac-
terized by rg =3/ (azM;). The latter relation demonstrates
that the phantom crossing can dynamically emerge from the
Rényi correction itself within this model. Ensuring the pos-
itivity of pg at all epochs, particularly at late times when
o < 0, provides an additional physical consistency require-
ment. Finally, the deceleration parameter is given by

1
a=3 (I +3ws24) , (23)

which explicitly illustrates the impact of Rényi corrections on
late-time cosmic acceleration. The sign change of ¢ indicates
the transition from a decelerated to an accelerated expansion
and highlights the potential of future observational data to
place constraints on the non-extensivity parameter o within
the NRHDE framework. For completeness, we note that our
analysis is connected to the original HDE scenario in the
smooth limita — 0[8], while more general entropy-inspired
dark energy models can be found in Refs. [26,48,53,55].
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3 Cosmological evolution of NRHDE

In Sect.2 we derived the evolution equation for the NRHDE
density parameter €2;, together with the corresponding
expressions for the equation-of-state parameter w, and the
deceleration parameter ¢g. In this section, we carry out a
detailed numerical investigation of the background dynam-
ics, examining how the Rényi deformation parameter « and
the holographic constant ¢ shape the cosmic expansion his-
tory. We specify the numerical setup and initial conditions,
present the redshift evolution of ©4(z), wy(z), and ¢(z), and
discuss the resulting phenomenology in the light of the the-
oretical bounds derived in Sect. 2.

3.1 Numerical setup and initial conditions

The differential Eq. (19) is solved numerically by introducing
the dimensionless e-folding variable

x=Ina=—-In(1+72), 24

where a is the scale factor and z is the redshift. Using x as the
independent variable is particularly convenient, since it maps
the entire cosmic history, from the early matter-dominated
epoch (x — —oo, z > 1) to the asymptotic future (x —
400, z = —1), and improves the numerical stability of the
evolution equations.

The present-day condition 240 =~ 0.7 is imposed as the
initial value at x = 0, which corresponds to 2,0 ~ 0.3.
We adopt code units with Hy = 1 and reduced Planck units
with Mlz, = 1, and integrate the system over the redshift
interval —0.99 < z < 2.5. Since the exact future limit z =
—1 corresponds to a — oo (or equivalently x — 4-00),
it cannot be reached in a finite numerical integration; the
cutoffatz = —0.99 already captures the asymptotic late-time
behaviour while ensuring numerical stability. For improved
visualization of the early-time behaviour of the equation-
of-state parameter, the wy(z) plots are extended to higher
redshifts up to z = 5. Unless otherwise stated, the symbol
« used in the figures denotes the rescaled parameter & =
aM;/Hg introduced in Sect. 2.

3.2 Evolution of the density parameter

Figures 1 and 2 display the redshift evolution of the NRHDE
density parameter ©2,(z). In Fig. 1, the Rényi parameter is
fixed at « = 0.4, while the holographic parameter ¢ varies
in the range 0.5 < ¢ < 1.5. In Fig. 2, ¢ is fixed at 0.9 and
several values of « are examined.

In all cases, the NRHDE model reproduces the expected
background evolution:

e Q4 — 0 at high redshift (z > 1), corresponding to the
matter-dominated era;

Q4(0)=0.7, a=0.4

Qq(2)

z

Fig. 1 Evolution of the NRHDE density parameter Qg versus
redshift for fixed « = 0.4 and holographic parameters ¢ =
{0.5,0.7,0.9, 1.2, 1.5}. All curves satisfy 24(0) = 0.7 with Mfz) =1
Increasing ¢ delays the onset of dark-energy domination

e Q4(z =0)=~0.7, in agreement with the adopted present-
day normalization;

e Qs — 1 as z — —1, corresponding to the dark-energy-
dominated epoch.

In practice, the exact asymptotic limit z = —1 corresponds to
a — oo and cannot be reached in a finite numerical integra-
tion. Throughout this work the future evolution is therefore
followed numerically up to z = —0.99, which already cap-
tures the asymptotic late-time behaviour of the model with
excellent accuracy.

Beyond this general trend, the parameters « and c¢ dis-
tinctly shape the dynamics. At fixed «, decreasing ¢ accel-
erates the rise of €4 and brings forward the onset of dark-
energy domination, whereas increasing ¢ delays this transi-
tion and yields a slower growth of 2, at late times. At fixed
¢, larger values of o enhance 2, at low redshift, reflecting
the positive contribution of the oc > L? term in Eq. (5). In the
limit &« — 0, the model continuously reduces to the standard
HDE scenario.

3.3 Equation-of-state parameter evolution

Figures 3 and 4 display the redshift evolution of the NRHDE
equation-of-state parameter wy(z). In Fig. 3, the Rényi
parameter is fixed at @ = 0.4 while the holographic param-
eter ¢ varies, whereas in Fig. 4, c is fixed at 0.9 and « is
varied.

To make the asymptotic behaviour at both early and late
times transparent, these figures are shown over the extended
redshift interval —0.99 < z < 5. The exact future limit

z = —1 corresponds to @ — oo and is therefore approached
numerically by z = —0.99 (see the Numerical Setup in
Sect.3).

@ Springer
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Q4(0)=0.7,c=0.9

1.0 a
—— HDE (a=0)
— 01

— 0.6
— 0.9
—_— 11

— 0.4

Q4(2)

z

Fig. 2 Evolution of 2, versus redshift for fixed ¢ = 0.9 and Rényi
parameters « = {0 (HDE), 0.1, 0.4, 0.6, 0.9, 1.1}. Larger o enhances
the late-time dark-energy contribution, leading to a faster approach
toward 24 >~ 1 in the future

For the representative parameter ranges shown in Figs. 3
and 4, the present-day equation-of-state parameter lies in the
phantom regime, wgo < —1, indicating that the NRHDE
model can naturally realize a phantom phase at late times for
a broad region of the parameter space. The strength of the
phantom behaviour is controlled by the model parameters:
larger values of ¢ (at fixed «) or larger values of « (at fixed
¢) shift wy upward, making the late-time evolution closer to
the cosmological-constant boundary wy = —1.

At sufficiently high redshift (z 2 O(3)-5 within the
explored redshift range), all curves converge to wy ~ —0.4,
reflecting the matter-dominated epoch where 2; — 0. In the
asymptotic future (z — —1), the curves tend to a constant
value below —1 for the parameter sets displayed here, corre-
sponding to a phantom-like late-time attractor. We emphasize
that this transition is smooth and free of numerical instabili-
ties within our integration scheme.

While Figs. 3 and 4 illustrate the late-time phantom
behaviour along one-dimensional slices of the parameter
space (varying either ¢ or « at fixed values of the other),
these behaviours are not contradictory. Rather, they corre-
spond to different one-dimensional cuts through the same
two-dimensional (c, o) parameter space. A complementary
two-parameter analysis is therefore required to assess the
global structure of the late-time dynamics.

To clarify the physical origin of the phantom-like behaviour
observed in Figs. 3 and 4, Fig. 5 presents a two-dimensional
representation of the present-day equation-of-state parame-
ter, wgo = wy(z = 0), in the (c, o) parameter plane. This
visualization provides a global view of the late-time dynam-
ics by simultaneously varying the holographic parameter ¢
and the Rényi deformation parameter «.

The colour map shows that the phantom regime, defined
by wgo < —1, occupies an extended and continuous region

@ Springer

Q4(0)=0.7, a=0.4

Fig. 3 Equation-of-state parameter wy(z) for fixed « = 0.4 and ¢ =
{0.5,0.7,0.9, 1.2, 1.5} with 4(0) = 0.7 and Mlz; = 1, shown over the
range —0.99 <z <5

Q4(0)=0.7,c=0.9

a
_0.44 == HDE (a=0)
— a=0.1
— a=0.4

— a=0.6
— a=0.9
— a=1.1

Fig. 4 Evolution of wy(z) for fixed ¢ = 09 and o« =
{0.1,0.4,0.6,0.9, 1.1} with Q4(0) = 0.7 and M% = 1, shown over
the range —0.99 <z <5

of the physically allowed parameter space, rather than being
restricted to isolated parameter choices. In particular, the
strongest phantom behaviour is realized for relatively small
values of both parameters (approximately ¢ < 1 and & <
0.4), where w, o reaches values as low as wgg >~ —1.2 to
—1.3.

As either ¢ or « is increased, the equation of state
evolves smoothly toward the cosmological-constant bound-
ary wgo — — 1. Within the scanned domain shown in Fig. 5,
this approach occurs from the phantom side, indicating that
the late-time phantom phase emerges over a finite and well-
defined region of the NRHDE parameter space.

3.4 Deceleration parameter and late-time dynamics

The behavior of the deceleration parameter ¢g(z) is shown
in Figs.6 and 7. The Universe evolves from a decelerated
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Wqo(C, @), Qgo =0.7

0.6 0.8 1.0 1.2 1.4
c

Fig. 5 Two-parameter map of the present-day equation-of-state
parameter wyo = wy(z = 0) in the (c, o) plane for Q40 = 0.7 and
Hy = M, = 1. The colour scale shows the value of wgo(c, o). The
solid contour denotes the cosmological-constant boundary wgzo = —1.
Within the scanned domain, the model remains in the phantom regime
(wgo < —1) and approaches wy9 — —1 smoothly from below as either
¢ or « increases

Q4(0)=0.7,a=0.4

z

Fig. 6 Deceleration parameter ¢(z) for fixed « = 0.4 and ¢ =
{0.5,0.7,0.9, 1.2, 1.5}, shown over the range —0.99 <z < 2.5

expansion (¢ > 0) during the matter-dominated era to an
accelerated expansion (¢ < 0) at late times.

For fixed @ = 0.4, the transition redshift from decelera-
tion to acceleration, defined by g(z;) = 0, depends on the
holographic parameter c¢. Smaller values of ¢ shift the onset
of acceleration to slightly higher redshift, while larger ¢ tends
to delay it. For representative values around ¢ >~ 0.9, the tran-
sition typically occurs at z; ~ 0.55-0.60, a range commonly
discussed in the literature on late-time cosmic acceleration.
At fixed ¢ = 0.9, increasing the Rényi deformation param-
eter « induces a mild shift of the transition toward higher
redshift, indicating that stronger Rényi corrections can trig-
ger cosmic acceleration slightly earlier.

In the asymptotic future, the deceleration parameter
approaches ¢ — —1, corresponding to a de Sitter—like phase
(numerically approached up to z = —0.99).

Q4(0)=0.7,c=0.9

0.5 a
== HDE (a=0) =—— 0.6

— 0.1 — 0.9
—_11

— 0.4

-1.0 -0.5 0.0 0.5 1.0 15 2.0 2.5
z

Fig. 7 Deceleration parameter ¢(z) for fixed ¢ = 09 and @ =
{0 (HDE), 0.1,0.4,0.6,0.9, 1.1}. Vertical lines indicate the transi-
tion redshift z;, defined by g(z;) = 0. The curves are shown over
—099 <z<25

To visualise the joint impact of the two free parameters,
Fig. 8 presents a two-dimensional map of the transition red-
shift z;(c, @) in the (¢, @) plane. The transition redshift is
defined as the first zero-crossing of the deceleration param-
eter, ¢(z;) = 0, obtained from the background evolution.

For each parameter pair (c, ) in the scanned domain, the
function ¢(z) is computed over the interval z € [0, 5], and
the earliest redshift at which ¢ changes sign from positive
(deceleration) to negative (acceleration) is recorded as z;.
The colour scale represents the value of z;, while the contour
lines correspond to constant transition redshifts.

Within the explored parameter ranges, z; varies smoothly
over a relatively narrow interval, indicating a stable and con-
tinuous dependence on (c, o). Larger values of o generally
shift the onset of acceleration to higher redshift, whereas
larger ¢ tends to delay it. The mild curvature of the con-
tour lines reveals a genuine two-parameter interplay rather
than a purely one-parameter dependence. Figures6 and 7
can therefore be interpreted as one-dimensional slices of this
two-dimensional surface.

3.5 Qualitative comparison with observational Hubble data

To provide a direct qualitative comparison between the
NRHDE background evolution and late-time expansion mea-
surements, we consider observational Hubble data (OHD)
obtained with the cosmic chronometer (CC) method, where
the Hubble parameter is inferred from the differential ageing
of passively evolving galaxies. The CC compilation used in
this work consists of 39 measurements in the redshift range
0.07 < z < 2.3. For completeness, the full list of data points
and their references are provided in Appendix A. All quoted
uncertainties correspond to the 1o confidence level.

@ Springer
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zi(c, @)

Zt

Fig. 8 Two-dimensional map of the transition redshift z;(c, «) in the
(c, a) plane for Q40 = 0.7 and Hy = M, = 1. The transition red-
shift is defined by the first zero-crossing of the deceleration parame-
ter, ¢(z;) = 0. Colours and contour lines indicate constant values of
zs, which typically lie in the range z; ~ 0.53-0.61 over the scanned
parameter space

In our numerical analysis, the background dynamics of the
NRHDE model are fully characterized in terms of the dark-
energy density parameter 24(z). Combining the Friedmann
equations, the explicit form of the NRHDE energy density,
and the geometric relation for the future event horizon, the
evolution equations can be recast into the closed first-order
differential equation (19), which is solved numerically with
the initial condition Q240 = 0.7 at z = 0. Once Q4(z) is
obtained, the Hubble expansion rate follows directly from
the Friedmann constraint in a spatially flat universe.

Using Q,(z) = Qmo(l + z)°/E?(z) together with
Q,,(2) + Q4(z) = 1, we obtain

H*(z)  Quo(l +2)°

2(7) = = 25
FO=T = a0 )
and therefore
H(z) = Hy E(2). (26)

For visualization purposes only, a fiducial value of Hy is
adopted to convert the dimensionless prediction E(z) into
physical units km s~! Mpc™!. We emphasize that this choice
serves solely to display the background evolution of H (z) and
does not involve any statistical fitting, parameter estimation,
or inference of the present Hubble constant.

Figures 9 and 10 show the OHD points together with rep-
resentative NRHDE predictions for selected values of the
free parameters (c, ). At low redshifts (z < 0.3), all curves
are nearly degenerate, indicating a weak sensitivity of the
Hubble expansion rate to both parameters in the recent uni-
verse. The separation between different parameter choices
becomes gradually more pronounced at z 2 1, demonstrat-
ing that both ¢ and the Rényi parameter « mainly affect the
background evolution at intermediate and high redshifts.

@ Springer

The lower panels display the fractional residuals 100 x
(Hmod — Houp)/Houp, which remain typically within the
+(10 —20)% range over the full redshift interval and do
not exhibit any strong systematic trend. This behavior sug-
gests that the representative NRHDE background solutions
are qualitatively consistent with the OHD compilation. A
full likelihood analysis and a quantitative assessment of the
model parameters are left for future work.

We stress that the apparent agreement at the background
level should not be interpreted as a resolution of any existing
cosmological tensions, but merely as a consistency check of
the NRHDE framework with late-time expansion data.

4 Concluding remarks and outlook

In this work, we have developed the New Rényi Holographic
Dark Energy (NRHDE) framework, which generalizes the
standard holographic dark energy scenario by incorporat-
ing the logarithmic deformation of the Bekenstein—-Hawking
entropy encoded in the Rényi entropy formalism. Adopting
the future event horizon as the infrared cutoff, we derived a
modified holographic energy density and obtained a closed
and self-consistent set of evolution equations for the density
parameter 24, the equation-of-state parameter wy, and the
deceleration parameter g. The model smoothly reduces to
the conventional HDE in the limit « — 0, ensuring internal
theoretical consistency.

Our numerical analysis shows that the NRHDE frame-
work reproduces the essential qualitative features of late-
time cosmology, including a matter-dominated past, a present
epoch with Q40 ~ 0.7 (see Figs. 1-2), and a dark-energy-
dominated future. Depending on the values of the parameters
(c, @), the model realizes a phantom-like regime for the rep-
resentative parameter choices shown in Figs. 3 and 4, with a
smooth approach toward the cosmological-constant bound-
ary wy = —1 as either ¢ or « increases.

The two-dimensional maps of the present-day equation-
of-state parameter wgo(c, @) and of the transition redshift
z¢(c, @), shown in Figs. 5 and 8, provide a global character-
ization of the NRHDE parameter space. These representa-
tions demonstrate that both the phantom-like regime and the
onset of cosmic acceleration arise over extended and contin-
uous regions in (c, ), rather than being restricted to isolated
parameter choices, and that the late-time dynamics result
from the joint interplay between the holographic parameter
c and the Rényi deformation parameter «.

We have also presented a qualitative comparison between
the NRHDE background predictions and observational Hub-
ble data obtained with the cosmic chronometer method
(Figs. 9 and 10). This comparison illustrates that representa-
tive NRHDE solutions lead to expansion histories compatible
with the observed H (z) behaviour at the background level,
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and should be interpreted solely as a consistency check rather
than as a statistical test of the model.

A distinctive aspect of the present study is the direct
derivation of the NRHDE evolution equations from the Rényi
entropy formalism, providing a transparent link between
horizon thermodynamics and cosmological dynamics. This
establishes NRHDE as a minimal yet physically motivated
extension of holographic dark energy, capable of capturing
entropy-induced corrections at the background level without
introducing additional dynamical degrees of freedom.

In future work, the NRHDE framework can be sub-
jected to a comprehensive data-driven analysis. In particular,
Bayesian parameter estimation based on combined CMB,
BAO, Type Ia supernova, and observational Hubble data sets
will allow quantitative constraints to be placed on the Rényi
deformation parameter «. In parallel, implementing NRHDE
perturbations within Boltzmann solvers such as CLASS or
CAMB will enable a consistent treatment of structure forma-
tion and facilitate comparison with large-scale structure and
weak-lensing observations.

From a theoretical perspective, exploring possible embed-
dings of NRHDE in modified-gravity or quantum-gravity—
inspired scenarios may further clarify the connection between
entropy, information, and the large-scale dynamics of space-
time. These extensions will provide a natural continuation of
the present background-level analysis and help to assess the
full observational viability of the NRHDE model in the era
of precision cosmology.
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A Observational Hubble data

For completeness, we provide here the observational Hub-
ble data compilation used for the qualitative comparison
shown in Figs. 9 and 10. The dataset consists of 39 cos-
mic chronometer (CC, also referred to as the differential age
or DA method) measurements spanning the redshift range
0.07 < z < 2.3, with all uncertainties quoted at the lo
confidence level.

For data sets in which separate statistical and systematic
uncertainties or asymmetric error bars are reported in the
original references (e.g. recent high-redshift CC measure-
ments), the individual contributions have been combined in
quadrature to construct an effective symmetric 1o uncer-
tainty. This treatment is adopted solely for visualization pur-
poses in Figs. 9 and 10. The data presented here are not used
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Fig. 9 Observational Hubble data (OHD) compared with NRHDE pre-
dictions H (z) for fixed @ = 0.4 and different values of the holographic
parameter ¢ = {0.5,0.9, 1.5}. The lower panel shows the fractional
residuals 100 x (Hmod — Houp)/Houp
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Fig. 10 Observational Hubble data (OHD) compared with NRHDE
predictions H (z) for fixed ¢ = 0.9 and different values of the Rényi
parameter « = {0.1, 0.6, 1.1}. The lower panel shows the fractional
residuals 100 x (Hmod — Houp)/Houp
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Table 1 Cosmic chronometer

(CC/DA) measurements of the N H@ oH Year Ref N H@) on Year Ref

Hubble parameter H (2) (in 0070  69.00  19.60 2014  [56] 0478  80.90 9.00 2016 [57]

km s™' Mpc™") used for the

qualitative comparison shownin  0-090 69.00 12.00 2005 [58] 0.480 97.00 62.00 2010 [59]

Figs. 9 and 10. All uncertainties ~ 0.100 69.00 12.00 2010 [59] 0.500 72.10 34.60 2025 [60]

lcofrfsgomé to the lo confidence 120 68.60 26.20 2014 [56] 0.570 89.20 3.60 2012 [61]

. ta ts Tt

cvel. For data sets reporiing 0.170  83.00  8.00 2010 [59] 0.593 104.00 13.00 2012 [61]

separate statistical and

systematic contributions or 0.180 75.00 4.00 2012 [61] 0.680 92.00 8.00 2012 [61]

asymmetric errors, the 0.200 72.90 29.60 2014 [56] 0.730 97.30 7.00 2012 [61]

uncertainties are combined in 0.240 79.69 2.65 2005 [58] 0.750 105.00 10.80 2023 [62]

quadrature and shown as

effective symmetric error bars. 0.270 77.00 14.00 2012 [61] 0.800 113.10 32.50 2022 [63]

The data are not used for 0.280 88.80 36.60 2014 [56] 0.875 125.00 17.00 2012 [61]

statistical fitting 0.350 82.10 4.80 2016 [57] 0.900 117.00 23.00 2010 [59]
0.352 83.00 14.00 2016 [57] 1.037 154.00 20.00 2012 [61]
0.380 83.00 13.50 2016 [57] 1.260 135.00 65.00 2023 [64]
0.400 77.00 10.20 2016 [57] 1.300 168.00 17.00 2012 [61]
0.425 87.10 11.20 2016 [57] 1.363 160.00 33.60 2015 [65]
0.429 91.80 5.30 2016 [57] 1.430 177.00 18.00 2015 [65]
0.440 82.60 7.80 2010 [59] 1.530 140.00 14.00 2010 [59]
0.450 92.80 12.90 2016 [57] 1.750 202.00 40.00 2010 [59]
0.470 89.00 34.00 2017 [66] 1.965 186.50 50.40 2015 [65]

2.300 224.00 8.00 2015 [65]
for any statistical fitting, likelihood analysis, or parameter 12. R. Horvat, Holographic bounds and dark energy. Physical Review

estimation (Table 1).
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