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Abstract
We present a detailed derivation of a model to study effects of self-gravitation
from semi-classical gravity, described by the Schrodinger—Newton equation,
employing spin superposition states in inhomogeneous magnetic fields, as pro-
posed recently for experiments searching for gravity induced entanglement.
Approximations for the experimentally relevant limits are discussed. Results
suggest that spin interferometry could provide a more accessible route towards
an experimental test of quantum aspects of gravity than both previous pro-
posals to test semi-classical gravity and the observation of gravitational spin
entanglement.
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1. Introduction

Although there is no consensus about the correct quantum theory of gravity at high energies,
there is a prevalent believe that the gravitational field should be quantized in some way. For low
energies, one then assumes perturbative quantum gravity to apply as an effective field theory,
and in nonrelativistic quantum mechanics the Newtonian potential between particles can be
treated in complete analogy to the electromagnetic Coulomb potential.
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Nonetheless, there is no empirical data how quantum matter acts as a source of gravity, and
arguments that quantization would be necessary for theoretical consistency [1, 2] are incon-
clusive [3-5]. A fundamentally semi-classical approach in which spacetime retains its general
relativistic, geometric properties [6—9], therefore, remains, if not plausible, at least possible.

Driven by the tremendous progress of quantum experiments with mesoscopic systems,
the feasibility of experimental tests of this possibility has been explored with growing atten-
tion, a primary route being direct tests of the Schrodinger—Newton (SN) equation [10—13]. It
comprises a nonlinear, self-gravitational potential,

N
Vielt = —sz/d3r1M .
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in the case of a single point particle, which predicts an inhibition of the dispersion of a free
wave packet [10, 11] as well as modifications for both the dynamics [12] and spectrum [13] of
mesoscopic particles in a harmonic trapping potential.

The SN equation has been demonstrated to follow as the nonrelativistic limit from the semi-
classical Einstein equations as a theory in which curvature of a classical spacetime is sourced by
the expectation value of the stress—energy operator of the quantum matter fields [14, 15]. Note,
however, that the validity of the SN equation as the nonrelativistic limit for a semi-classical
theory has been criticized [16, 17] based on the grounds that it disagrees with the conventional
treatment of quantum manybody systems and its distinctive nonlinear self-gravitation does not
occur in other semi-classical approaches like stochastic gravity [18].

More recently, it has been proposed to observe the generation of spin entanglement between
two particles through a Newtonian gravitational interaction [19, 20]. Motivated by earlier ideas
[21], this approach is based upon the quantum information theoretic definition of quantum ver-
sus classical channels, which is elevated to a definition of ‘quantumness’ of the gravitational
field. The proposed experimental test consists of two particles in adjacent Stern—Gerlach inter-
ferometers, such that the mutual gravitational force between both particles results in observable
entanglement.

As far as the distinction between perturbative quantum gravity and the semi-classical Ein-
stein equations goes, the two experimental approaches of a direct test of the SN equation versus
tests for gravitational entanglement are equivalent. In the nonrelativistic limit, perturbative
quantum gravity results in a linear Schrédinger equation for two particles with a Newtonian
potential

Gm1m2
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whereas the SN equation comprises the nonlinear two-particle potential
Gmim Gmim
v=_ S Y Ve 3)
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Experimental confirmation of self-gravitational1 forces [12, 13] would, therefore, definitively
falsify the quantum potential (2), while experimental evidence for entanglement would rule

I'There are, of course, self-forces also for a quantized gravitational field. However, as for any quantum field theory, they
are omitted at tree-level via normal ordering and reappear through loop corrections. Therefore, no self-gravitational
effects are expected at the level of the nonrelativistic Schrodinger equation, contrary to the SN equation where even
the Newtonian potential for a single particle wave function exhibits self-gravitational effects.
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out the SN potential (3). Only if one also considers alternative models which have neither of
those potentials as a limit, the selectivity of both types of experiment differs?.

Although there is justifiable hope for experimental evidence in the near future, the require-
ments regarding large masses, effective cooling, long decoherence times, among others, pose a
challenge. Experimental proposals to detect gravitational spin entanglement [19] are strongly
constrained by acceleration noise requirements [23]. On these grounds, it is important to
consider a variety of ideas for experimental tests, in order to select the most promising scenario.

Here we discuss the possibility to adapt the experimental set-up of a Stern—Gerlach inter-
ferometer, as in reference [19], for the purpose of testing the SN equation. Instead of the two
adjacent interferometers for two particles, we consider a single particle in a single interfer-
ometer. The usual treatment of weak potentials in terms of pure phase shifts is, however, not
necessarily adequate, as it relies on the plane wave approximation, whereas the wave func-
tions in realistic experimental situations are generally well localized. We, therefore, present a
rigorous theoretical treatment with only well-justified approximations.

In section 2 we define the basic model for gravitational self-interaction of a particle with spin
in a superposition of two trajectories. Section 3 discusses the limit of a wide Gaussian wave
function, whereas we discuss the opposite case of a well localized wave function in section 4.
Finally, we discuss experimental consequences in section 5, concluding with a summary of our
results in section 6.

2. Self-gravity in a Stern—Gerlach interferometer

The situation we have in mind is a single spin-% particle whose trajectory is split in two by a
magnetic field gradient and reunited by an inverse field, allowing for phase dependent interfer-
ence. Figure 1 is an idealized depiction of the set-up, following the protocol by Bose et al [19],
where the field gradient is effectively inverted by a spin flip or switched off by transferring
the spin from the electrons to the nuclei. It also shows the intuitive expectation if self-gravity
is involved: the spin-up and spin-down parts should attract each other and result in slightly
different trajectories. As will become clear from the succeeding discussion, this intuition is,
however, misleading.
The state of this particle is given by

W) = alt) @ / Sriy( o) + B @ / &r 10, 4)

with |a|* + [8]> = 1 and ¢,(0,1) = 1, (0, 1).

In the final state at time 7' = 7 + 27, we measure the spin in x-direction. We obtain the
reduced density matrix for the spin after tracing out the position degrees of freedom in the
state (4):

p= / @r (JaP [y PN+ aB el D +a Bty DU+ IBPIRPIG) . ©)

The expectation value for the spin operator 6, = [1)(|| 4 ||} (1] is then obtained as

(6¢) =Tr pé, = Re {mﬁ* / d3r¢/r¢j] . (6)

2 The author is aware of only two physical models of this kind, namely that by Tilloy and Didsi [9] which suggests
objective wave function collapse events as the source for spacetime curvature, as well as the more recent hybrid model
for statistical ensembles of classical spacetimes coupled to quantum matter by Oppenheim [22].
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Figure 1. Schematic of the experimental set-up: a spin-% particle of mass m is brought
into a spatial superposition state by being exposed to a magnetic field gradient 0B for
a time 7o, with a spin-flip after 7,. /2 resulting to deceleration and a free fall phase of
time 7. The trajectory taken under the self-gravitational influence of the SN equation
slightly differs from the free trajectory, resulting in a different phase shift from the
external acceleration g.

In an ideal interferometric scenario, there is a large overlap of the spatial wave func-
tions, such that the final states differ only by a phase, wT(T, r) ~ eimbw L(T’ r), and we find
(6x) = V1 — 82 cos(¢ap + Ad), i.e. constructive and destructive interference depending on
the phase difference, where § = |a|* — | 3|> measures the asymmetry of the superposition, and
¢qp 1s the relative phase between the parameters o and (3. If the spatial overlap of the final
wave functions becomes smaller, visibility of interference is suppressed.

In the case of semi-classical gravity, the evolution of the wave function (4) is described by
the Hamiltonian

. "2 .
H=1® (—%VMVCHJr la|*Us + |ﬂ|2U¢> + 6, ® Vaee (7

where & denotes the third Pauli matrix and I the identity in spin space. V. is a spin depen-
dent potential responsible for the trajectory split which will be homogeneous for the further
discussion and we include an external potential, which will be either negligible or a homoge-
neous acceleration, Ve = mgz, for the subsequent discussion. Uy, are the self-gravitational
potentials corresponding to the spatial wave functions ¢, and take the explicit form [24, 25]

UTl(t’ r) = /d3r/‘¢n(l‘, r’)\zlp(r — I'/) (8a)
_ 3 3 P p)
1,(d) = G/d rd’r 7‘1‘_1‘,_‘_(1‘, (8b)

where p(r) is the mass density distribution associated with the particle, and /,(d) is a function
of only the magnitude d = |d| for spherically symmetric p(r). If the particle is approximately
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point-like and, hence, its mass distribution a delta distribution, one recovers the single particle
potential (1).

Crucial about the semi-classical potential in the Hamiltonian (7) is that both spin states are
subject to the same potential which depends on the full state, i.e. the motion of the |1) part
depends on the trajectory of the ||) part and vice versa. Due to this state dependence of the
potentials U4, the Schrodinger equation

) "
0=« <1h6,+ﬁV2—Vext Vace — ‘O‘| Ur — |ﬁ| Ui) |T>®wT

+ 0 (ma, + —v2 ext + Vace — o Uy — |ﬂ|2U¢> Wed, O
then becomes inseparable, which in turn induces a time dependence of the coefficients o and

B. Assuming that the gravitational potential Uy is weak, however, we can take a perturbative
approach, by first solving the separable equations for Us; = 0, i.e. finding solutions to

. ”
indy) = (—%Vz ~Fu@- r) Y (10)

and then solving the now also separable system at nth order
(n) _ h2 2 2y 1(n—1) 2y 1(n—1) (n)
1h8,1/1 %V - FN(I) T+ |O‘| UT + ‘5‘ Ui ,l/}Tl > (1D

where U%’i* D are calculated from the spatial wave functions %’fl) and we collated the homoge-
neous potentials Ve and V. in the force F4. For the specific acceleration sequence as depicted
in figure 1, the external force is

3Tacc

g F ae, for r € |0, Tacc U { T+ 27'300} s

- _ 3
FTl(t) m X g + ae, fort € |:7_ac Tace :| |:7_ T Taees T 7;€€:| , (12)
g everywhere else.
The solution of (11) is then given by (cf appendix A)
e r) = DD — ugy (1) (13)
m 1
or(tr) = — r a0 - 55 / dr g (1), (14)
where u4(7) solves the equations of motion
u( ) _ _
iy () = with uy(0) = 04(0) =0, (15)
and X(")(t r) solves the Schrodinger equation in the rest frame,
iyt r) = ——VZX(")(I r) + U V(1 + uy (0))xn (4, 1), (16)
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with the same initial conditions x4(0,r) = QM(O, r) and the potentials

2
U™, r) = /d3 ’<a ‘XW(; r —uT(t))‘ + |8 ‘X(")(I r —ul(t))‘ )I,,(r—r’). (17)

At order n = 0 the solutions differ only through the classical trajectories u; and their wave
functions are identical, X(O) (0) . Hence, if we introduce

U(t,r) = / & O )1 — ), (18)
we have
U, 1) = [ Ut,r — wi () + | B2 UL, r — u,(1)), (19)

and the zeroth and first order Schrédinger equations to be solved are
hZ
i O(t.) = — - V(. r), (20a)
2m
() - 2 27 )
inx ", r) = (— 5V ol U + |8 UG r + Au(r))) X, ), (200)

2
iny"(e,r) = (—j’—mvz + |al* U, r — Au@) + |8 U, r)) X" r). (20¢)

The difference Au = u; — u; can be straightforwardly obtained from the equations of motion
(15) and is independent of the external force g. For the specific acceleration sequence as in
figure 1 it solves

acc 3 acc
2a for t e Tace | [ Tace 74 ZTMC] )
. 3
A —2a fort € |: 5 Tacc j| |: + Tace, T+ ECC] ) (21)

0 everywhere else,

with Au(0) = Ai(0) = 0. It also follows immediately that for the sum us + u; = —gr*. The
phase (14) will generally depend on the external force. For g in z-direction, we find

Ap(t,2) = oy — @) = % (zAit(t) +g / dar z’Au(ﬂ)> (22)

— ’;l’ (( + ) A — 2 / ar t'zAu'(t')> . (23)

Note that this phase difference depends solely on the classical trajectories. Self-gravity effects
manifest themselves only in the evolution of the wave functions y;. Excluding the first term
proportional to Az, one finds the global phase

ooty = — 28 dt PAayS — M2 ). (24)
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where the second equality is the final phase at the end of the sequence as in figure 1 after
time T = 7 + 27, Which reproduces the well known result [26]. The spin expectation value
according to equation (6) is then obtained as

(607 = /1 —52Re [ei%g /dz ol Ap(t2)

2 A 2
X3 (t,z+2 B3 )xl (t,z+2 _‘_72

=+/1—6Re [ei(‘ﬁ“‘”%(’” / dz exp (;’ZQZ + Au)Aﬂ))
XX 2+ A 25
v x) tz+ Auw) (25)

where ¢, 5 is the relative phase between the coefficients a and (3.

For the discussion of self-gravitational corrections, it is advantageous to consider two dif-
ferent cases separately: first, the situation of a point-like particle in which the spreading of the
wave function is large compared to the particle size; second, the opposite situation where the
particle is well localized.

3. Point-like particle with Gaussian wave function

We assume spherically symmetric, Gaussian initial conditions. Then we find at the lowest order
n = 0 the free solutions with probability density

2

XOwn]* = (2ma%0) " exp <_2Af°)(t)> -

with AQ(r) = Ay + 7?12 /(4mAy), and the potential

72
U, r) = (ZWA(O)(I)) _3/2/d3r’ exp (—W) I(r—r") (27a)
Gm? r?
T 2A0)(7) (270)

The potential (27a) can be evaluated analytically and its derivation is presented in appendix B.
Itis spherically symmetric and obtains its time dependence solely through the time dependence
of A¥(r). Equation (27b) assumes a small particle radius, R < /A©O(7).

In order to proceed further, we make a second approximation [27, 28], assuming
that—despite the nonseparability of the SN equation—the wave function remains a separable
Gaussian,

(z— (@)’ (1 B iBu) v (Prz+ fr (28)

) - —1/4
X (6,1) = (1, x, ) (27Ay) " exp l_ 44+, h h
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Throughout this article we write p for the momentum in z-direction, and the second moments
are defined as

A () = () — @7 (29a)
By (1) = (zp + p2)ry — 221 (P)1y (29b)
Cry() = (p*)1, — (D)3, (29¢)

which satisfy at any time 444 C;| — B,2r = R?. Furthermore, we introduce the phase

a0 =fo-—7 am |- Ao

@rlpn W / L
) o

chosen such that the wave function (28) solves the Schrodinger equation in the absence of the
gravitational potential. The first and second moments satisfy the equations of motion

O (z)ry = % (31a)

(), = —(0: V) (31b)

DAy =T (31¢)
2C

OBr = 1 =2~ (@1)@:V)) (31d)

0iCrp = —((p— (P11 V1) + (O Vi) (p — (P)11))> (3le)

where the potential V; is the one from equations (20b) and (20c).

In principle, all expectation values need to be evaluated with the wave function Xfrlf at first
order. However, the expectation values of the gravitational potential are already of higher order
and can, therefore, be evaluated using the zeroth order wave function X(O) at the same level of
approximation. The potential U has the symmetries

(U@t,r — Au) = (U, r + Au) (32a)
(0.U (t,x — Au) = —(0.U (t,r + Au) (32b)
(z0.U (t,x — Au) = (z0.U (t,r + Au). (32¢)

With the results from appendix C, noting that (z); = (p)+ = 0if evaluated with the zeroth order
wave function x©), and writing again § = |a|* — |3|*, we have

1 -
op)t, = 5(5 T D(0.U(t,r + Au))o

Gm? Au? Au a Au
= AR OF1) (exp <_4—A(0)> —’—’/TA(O) -1 ( 2A(0)>> (33a)
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2C i i
0By, = =1k — (1% )00 D)o — (1 F (0.0, x + Aw)g
26, G 12 A®
_ 145+ ki
m T ovmam || TOTATO (” A
Au? 12V 7AO Au
e <_4A(0)> T Al (m) (33b)
146 - =5 -
0,Cr, = ———md, (U1, 0)o - %m@,(U(l,r ~ Aw)
Gm? 1+6 1F6 _ Au
-G a,( T 10< —zA«»))’ (330)
with the integral
o= [ ap S (et + o) — exftp — o) (34)
o (0) = p—=(rt(p+o)—erf(p — o
0 0 VT

as defined in appendix C. Given the initial conditions (z)+(0) = (p)4+(0) = 0, A(0) = Ay, as
well as ,A+|—o = 0 we must then solve

Gm Au
EW@NZ—Emﬂ5¢Uﬂ<VEﬁO (35a)
" 2Gm 7Gm Au
2 — _
with
I —(72/2
Fa0) = 1 ((03 +20)e "2 4 (0? — 1)\/2710—(0)) . (35d)

Approximations to the functions F; and F, can be found in appendix C.

3.1. Symmetric case

Let us first focus on the case § = 0. Defining Az = (z)1 — (z);, Ap = (p)+ — (p), we have

Gm Au
2 _ =
8[ Az = (0)F1 ( > (0)> s Ap =md,Az, (36)

and we find that in this case the behavior of the second moments is identical for the spin up
and down components: Ay = A, By = B, Cy = C, where A solves (35b) and

B 7+ m?A?

B = mA, C
m 4A

(37)
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We can then evaluate the integral in equation (25) and find

(6x) =€ "N cos(das + A) (38a)

with
C(Au+ Az)* — B(Au + Az)(m Ait + Ap) + A(m At + Ap)?
YsN = 3 (38b)
2h
mgt2 !

Ap=—"—Aiu+ ?/ dr'  Au(t). (38¢)
At the final time T = 7 + 27, we have Au = Ai = 0 and, thus,

(62) =N cos (dap + #4) » (39)

which yields the usual oscillation ¢, without any self-gravitational effect on the phase. The
additional exponential dampening factor suppresses the visibility of the interference pattern.
Note that Az as well as Ap are self-gravitational corrections of order G, implying that the
dampening factor is of quadratic order in G. We can, thus, approximate A, B, and C by their
unperturbed values and find

0
YsN = SA. Ao 0772

P
(A a2t oA, A"’T T APTZ) (40)
It must be remarked that the expansion chosen at the beginning with the Schrodinger
equation (11) technically implies that all results here, which are for n = 1, are only accurate to
linear order in G. However, it is easy to see that, due to the occurrence of the quadratic terms of
Azand Ap, the dampening factor ygy will always be of one order higher than the phase. At the
next order n = 2 we would find corrections to the phase quadratic in G and cubic corrections
to ygn. Therefore, we may use the result (40) as an appropriate approximation, nonetheless.

Consider the concrete situation in which the particle of radius R is split to its maximum sep-
aration Aup,, = a2, /2 ina short time Tyc < 7, such that Aup,, > /Ao > R. We then can
approximately assume constant separation throughout the experiment and neglect the spread-
ing of the wave function, i.e. take A”) ~ A constant. One finds Az ~ Gmt* /(4 Aty ) and the
second term in equation (40) dominates:

0 G*m*T2A, Gm*r? 1)
TN A S giIRY
3.2. Asymmetrical case
For the general case § # 0, first note that
Az Ap
(21 =(=0+ 1)7 and (p)y, =(—0 =+ 1)7 (42)

with the solutions of equation (36) unaltered. We can further write

1 =A0 LA, +6A, 43)
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where A are of order G. Hence, calculating the expectation value (25) from the wave function
(28), and considering terms up to linear order in G for the phase and of quadratic order for the
dampening, we find at the final time 7 = 7 + 27,¢:

(6x) = V1 — 627N cos (Gap + g + Adsn) (44a)
smf. AQA_ Sho (T A
Apsy = — A — == — | A== 44b
N = 9 ( A© );— 2m )y AO@)? (40
ARPA? + AmPA2A2 — ARPA_A T + WAL T?
ysn = A0y + 822 AS A A TR (440

4R (Am2AL + W T?)

The integral in equation (44b) is easier evaluated after threefold partial integration, as
demonstrated in appendix D.

Now we introduce the frequency w = %i/(2mAy) and express the acceleration a in terms of
the frequency 0 = a2 /(2Ay), such that with the solutions to (21) one finds

Au

() = ——m—
! 2A0(1 + w?r?)
2 Tacc
4 forr e {0, —} ,
or >
1
t2 - E(Zt — Tacc)2 fOr IS {%, Taccj| s
02 1
— \/ﬁ ETaZCC fOr IS [TaCCa T+ Tacc], (45)
! 3
77-;30_(1‘_7-_7—8%)2 for t € T+Tacc,7—+k 5
2 2
3
(t—T — 2Tuce)” for t € {7— + 7;“ T+ 27—acc:| )

Then A are the solution of

7Gm 14+ F,(n(t))  2Gm

2, _
OAs = 6/TAg x V1 4+ we? VAo (46a)
R E 1 ) h)

X >
6/ Ao V1+wi

with A and their time derivatives vanishing at t = 0. The function F, vanishes for the sum of
both equations which, therefore, can be integrated to yield

G 7 7 Twt
AL +A_ = _om ( — Wi - g\/ 1+ w22 + ?arcsinh(wt)) .4

Up to linear order in G one finds the phase shift

Agpsny = d

p T
- [A(T) | 2WTAL(D) / o R ] 48)
0

2h | w 1 4+ w2T? (1 + w2r2)?
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The wave function width Ay became absorbed in the frequency w. The expression in square
brackets can be found through numerical integration and depends only on the two frequency
values w and 2, as well as the times 7 and 7,¢.. In order to determine the phase difference, the
particle mass enters as a third parameter through the dimensionless prefactor.

In the experimental situations of interest, the spin dependent acceleration results from a
magnetic field gradient, i.e. ma = pugz0,B with the Bohr magneton p;. Assuming a spherical
particle of radius R and mass density p, and taking into account that we are in the limit where
R?> < Ay, we find that

3h2 —1/2 8 B —1/2 R -3
Y L) o : ) @)
Q V2 87 pppd.BRS gcm3 T m! pm

Hence, for realistic parameters where self-gravity plays a role, we will usually have
€ < 1. Introducing the dimensionless time parameter # = )¢, and assuming also wt < 1, we
can approximate the phase (48) by

A Gsy/ " 50
PN = m¢ (50)

where, defining the dimensionless A5 = w?y/TApA_ /(Gm), ¢~> solves

D

2
= @ — 2e00pA5(0) + 2eA5(6) (51a)

5 7e?
0pAs(0) = ——(1 — F2())- (51b)

We have F,(1n) ~ 1 for small n but F, — 0 like 1 /7 as > 1. Assuming that 7., > 2/Q we
can then, in a rather crude approximation, neglect F, entirely, finding A5 ~ 7€26? /12 and, in
conclusion, ¢ ~ 7263 /36. Reinserting everything, we find

8 Gm2aT?

Aggy ~ 224
dsw 227 hA,

(52)

4. Localized particle

In the previous section we considered a Gaussian wave function much wider than the particle
radius R. In the opposite case of a well localized particle, regardless of the shape of the wave
function, we can approximate the potential (18) by Taylor expansion around r — r’ = 0 to
quadratic order [12, 24]. We must, however, take into account that in equations (20b) and
(20c) we also have the occurrence of f](t, r + Au) with the offset +Au acting on the wave
function at r. For a generic offset s = se, in z-direction and for a spherically symmetric mass
distribution p(r), we can approximate:

2

lNJ(T”f(t,r+s) = /d3r’ L(r+s—r')

X x)

=1, + 1,6 (2 @)

I(s)
/)
* 2s

I//
(F + (AP + 7+ 7)) + % (zz —2z(0)} + <z2>(¢'f) . (53)

12



Class. Quantum Grav. 38 (2021) 245009 A GroBardt

where we assumed (x)® = (y)™ = 0 without loss of generality. Note that I, and I/, are sym-
metric, whereas 7, is antisymmetric. In the limit s — 0 we find 77,(0) = 0, I,(s) /s — I;/(0) and,
therefore, the known result

Ut r) = 1,00) + f’( ) (r + () — 2z<z>;”f). (54)

We begin with noticing that the potential (53) is exactly separable, and that the considera-
tions in equations (18)—(20c) can be generalized to higher orders n to yield the Schrodinger
equations

n hz n— n
iy (,2) = (—Maf + vV, z)) X{(t,2) (552)

with the potentials

Vi(t,2) = [o* T + [BPT (1, + Au) (55b)
V(t.2) = [0 Ut x — Aw) + BT (1. 1). (55¢)

Defining Az = <z>(T") — <z>i"), as well as ki (Au) = I7(0) & I} (Au), we can then follow the
derivation (31a)—(31e) of the equations of motion for the first and second moments which take
the much simpler form

()
w_ (P
o)) = % (56a)
o = % (I(Au) + 1AW AL D) (56b)
B(’l)

DAY = r:j (56¢)

(n)
OB = — (ks (Au) £ 5 k_(Auw)) ATV (56d)

1 -

) = =5 (ki (Duy & 5k (Aw) B, (56¢)

We can express the first moments through the single equation
1
FAL = —— (I'(Auw) + I(Aw) A" D) (57)
m

together with the sum (z){" + (z){" = —6 Az,
As before, in the symmetric case § = 0 we find A(") A™ which satisfy

1 .
AN =~ (2k+(Au)A("_l) n Aak;(Au)A@—”) . (58)

13
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The Schrodinger equations (55a) are then solved by the squeezed coherent states
(z) ’ ) n
e, m\~1/4 (Z v N) i) P
= (27A - (11— -B B L DA LS
X1 (,2) = (27A™) " exp YO P +i 5 , (59
with 44" C*™ — B™? = 7* and

@Y Wl

(n)
=7Jo— — | . 60
Fu@®=fo 2 am Jy AO(D) (©0)
With the wave functions (59) we can calculate the spin expectation value (25) and find

(6x) = e "N cos (¢ap + ©g) » (61a)

with ygy defined as in equation (38b). As before, there is no phase shift due to self-gravity.
The only observable effect is in the dampening yqy.
For the general case of § # 0, we write again Afrll) =AY + A, +6A_, which must satisfy

Rt

m3A()

Aii
PAL = —%A(O)ki(Au) - ki (Auw). (62)

We find equation (44a) with the phase (44b) and the dampening (44c) for the spin expectation
value.

4.1. Self-interaction potential

In order to proceed, we give an explicit form of the self-interaction /, as defined in
equation (8b). If the mass distribution p(r) is a solid sphere of radius R, the integrals can be
evaluated and one finds [32]

6 d\* 3/d\ 1/4dY
G - —2() +<> - () for d < 2R,
[;Ph(d) _ R % 15z 2R 2\ 2R 5\ 2R (63)
7 for d > 2R.

However, for a realistic composite particle one must take into account that p is peaked around
the locations of the constituent atoms and generally has a Gaussian distribution of a width
corresponding to the Debye—Waller length o [12, 25]. Whereas the mutual gravitational forces
between different atoms result in the self-interaction potential I/S}’h, one must also include the
sum of self-interactions for each atom of mass m, given by

atom Gmm, d
[°"(d) = 7 erf (ﬁa) . (64)
Disregarding the irrelevant constant term in I;Ph, both potentials become comparable for
d ~ \/m,[(po), with I;‘“’m dominating for smaller distances and becoming negligible as d
exceeds said value. For the experimental situations we have in mind, we typically find R >
\/m,/(pc) > o of the order of micro-, nano-, and picometers, respectively.

In order to obtain equations of motion that are simple enough to be integrated analytically,

yet a good approximation, we thus consider the three intervals from O to o, to 2R, and to infinity,
and approximate the derivatives of /, = I;ph + I5°™ for each of them separately. We define

14
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Table 1. Atomic mass m, [29], mass density p [29], atomic localization length o at 0.1 K
[30, 31], and corresponding frequencies {25y and wgy for selected elements.

Material  my(w)  plgem) o(pm) Qen(s™)  ws(s

Diamond 23.011 3.520 5.71 0.044 9.93 x 107*
Silicon 28.086 2.329 6.96 0.096 8.06 x 107*
Tungsten 183.84 19.30 3.48 0.695 231 x 1073
Osmium 190.23 22.57 2.77 0.996 2.52 x 1073
Gold 196.97 19.32 4.66 0.464 233 x 1073

wiy = Gm/R? and O3 = \/2/7Gm,/(303), with values given in table 1 for some materials,
and for each of the contributions proportional to Q2sy and wgy;, respectively, we only keep the
leading order term and we can neglect I;“’m for d > 2R. We then find:

mQind + mwind ford € [0,0)
7 30°
I(d) = mQéN\/; 7+ mwind ~ ford € [0,2R) (652)
, B
MOSN T for d € 2R, 0)

and for k_ and its derivative

9d4° 9d
mQéNm + mwiy 3R ford € [0,0)
=~ d
D~ 0z, + mngg—R for d € [0,2R) (65b)
mQ3x + mwin for d € [2R,00).
9d 9
mQéNg + mwgy R for d € [0, 0)
920
K (d) ~ { —mOy Tm + muwdy 8% for d € [o,2R) (65¢)
9v2mo? 6R’
—mQ%NTM — mwéNdT for d € [2R, 0).

With these approximations, we can then solve

DAz = —ll;)(Au), (66a)
m
Ai 2

PA_ = LA (Auy — T k_(Au), (66b)
m m>Ag

piecewise in the different intervals.

4.2. Spin expectation value

With the sequence pictured in figure 1, i.e. with the solution to (21), we find that Au reaches a
maximum value Aupma = aT;fCC /2 after the acceleration time T,.. As in the previous section,
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we can write the resulting spin expectation value after the final time T = 7 4 27, as

(6) =1~ 52NN cos ((paﬁ + o, + A¢SN) ,

(67)

where the phase and dampening are obtained as in equations (44b) and (44c).
The solutions of equations (66) depend on whether or not Auy,,x exceeds the atomic local-
ization scale o and the particle radius R, respectively. As a measure for the spreading of the

wave function, we introduce the abbreviation

ht

= . 68
3 2mA (68)
In the limiting case where 7, < T, one can then approximate
4 4N
0 Wesf T Aumax 2 £
~ S M o 2 ) 69
N 6ea (5 i ©
with the effective frequencies
O3y + wiy for Autmax € [0, 0)
2 STy AN for Attmax € [0, 2R)
W = 28w SN WsN Or Allmax € 10, (69b)
R A
mww for Auma € [2R, 00).
The 6 dependent phase and additional dampening are
o7? 1 1
Apsn ~ % ((g — §> wi + (f + e (2 4 €?) arctan §> w%) + 0 Ading (70a)
8274 € 1 1\ /e )\
5 2 2 2
~ 2+ — - — = , 70b
YsN 1+ &2 (<<6+4§> Wi 45‘”2) + (12W1> (70b)
with the frequencies
9AU2,. 9 AU max
100“;‘1 Q%+ R N for Aumax € [0,0)
2 = 9A X
i Qi Sljema N for Aumax € [0,2R) (70c)
Qgn + win for Aumax € [2R, 00),
0 for Aumax € [0, 0)

u
1 ™ o3 2R3

Loe T - T - (14 )2
(oo (1)) o — (1+ )=

16

for Aumax € [0,2R)

for Aumax € [2R, 00).
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In addition, we need to evaluate the integral phases A¢;,, which are discussed in appendix
D. As before, we assume T, < 7. For the narrow separation with Auy,.x < o, they take the

simple form A¢yy, = —72&w? /6, resulting in the total phase
3672 3 A, Atmax
AgsN™ ~ == <€+ 5) ( s5 BNt wéN) : (71)

For Aumax > o the integral phases can be expressed by the general form:

2 1 2
A(Zsim = TZ {((10 + 6\/2'“&9) QéN + KMW§N> C(&) - fw%:| s (72a)

(© = (g+ é) ((u é) aretan € — 1) (720)

and the Aup,x dependent coefficients

with

o3

g 1 for Aumax € [0,20)
Koy ~ Unax X (72¢)
o
1— 15Au[3nax for Aumax € [20,00),
9 A max
% for Aupax € [0,20)
Abtmax
9 8’;‘“‘1 for Aumax € [20,2R)
. (72d)
w 9Aumax 2R3
3 - R for Aumax € [2R, 4R)
30R?
g 1 for Aupmax € [4R, 00).

max

Note that the integral phase changes its sign from negative to positive for some Aum,x €
[0,20), depending on the argument of (.

In the above equations (69)—(72), we have considered the lowest order contributions in the
limit 7, < 7, while keeping Aupy,, constant, implying that the acceleration a scales accord-
ingly with 7,.. Due to the approximations made in equations (65), the expressions for the
different regimes do not transition into each other continuously at the boundaries Auy,,x = o
and Aup,x = 2R, but provide a good approximation if Aup,y is sufficiently far from those
values.

Solutions for the phase and dampening can be obtained, in principle, also for the general case
without the approximation 7, < 7. The analytic expressions will, however, become rather
lengthy, and for the estimation of the order of magnitude of observable effects desired here,
the approximate equations provided are sufficient. If the exact expressions (63) and (64) are to
be used without the approximations in equations (65), the differential equations for A_ and Az
likely have to be solved numerically. Nonetheless, the methods outlined here are applicable in
order to arrive at the results in a specific situation to desired precision.

Finally, the resulting phase and dampening in the regime of an intermediate wave function
width, 0 < \/Ay < 2R, can be straightforwardly obtained by simply setting Qsx = 0 in the
above equations.
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4.3. Wave packet spreading beyond localization length

Before we discuss the experimental consequences of our considerations thus far, let us consider
one more special case. A wave function that is initially very well localized and, therefore, has
a large momentum uncertainty will spread very fast. If €24y > o2, it will eventually spread
beyond the size where I;“’m contributes significantly. Assuming /Ay < o (otherwise we can
simply neglect the contributions from I5°™ altogether), we find the time 7, where the wave
function reaches this limit to be

2m TO
s~ —\/Ago = . 73
VAT A 7

We then have to evaluate equations (66) with Qgy 7% 0 only for 1 < 74 and Qgn = 0 for later
times. We still assume that the wave function is narrow compared to the particle size at all
times—otherwise the approximations in this section are no longer valid and we need to also
account for the considerations in section 3.

In the case Aup,, > 4R, one finds effectively the result for an intermediate wave function
where Qgy = 0 with some additional terms, in total:

4 2 6 4 6
0 o T Al’tmax 2 £ R 87’ 4
N~ “Teea KE* > YRR T (7%
S [/E 1\ , 420° 28R
Ao =y K3 " s) Won + <O (fA LR v

187402 Au2, 2R?
TsEr A Oy + (1 + A3 >w§N>] (74b)
acc

max

+ é arctan(§) (

5%t & 1 R3
5 2
b e (6 2 (1 mg) )

97'4<72Aumle : £ :

acc

In the limit & — oo we can approximate further:

R6

YoN mwéw7'4 < YN (75a)
77R?
Agpgn ~ —6° A 2T (75b)
52
SN o 4wSNT4 (75¢)

One finds that in this limit the short time for which the wave function is narrow compared to the
atomic localization length scale o plays no significant role and one can entirely ignore the con-
tributions from I;“’m. Equation (75) are identical to what is obtained from equations (69)—(72)
in the limit of large £ and for Auy. > 4R.

5. Discussion

In a proper treatment of the self-gravitational interaction due to semi-classical gravity, we found
expressions for both the phase shift and the dampening of the visibility for interferometric spin
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measurements. We studied both the case of a point-like particle in a Gaussian state and localized
systems. Let us now turn to the discussion of possible experimental tests of these effects.

5.1. Decoherence due to acceleration noise

In the previous sections, we treated the external acceleration g as a constant. We found that
the phase and loss of visibility from self-gravity decouple from the external phase due to g.
However, in most situations where the self-gravitational effects are relevant, the external phase
will be large. Even small variations of g will then lead to significant changes of the observed
spin expectation value, and in repeated measurements the phase shifts will cancel and result in
an additional loss of visibility [23].

For a quantitative description, assume that the acceleration in z-direction is normal dis-
tributed around g = (g) with deviation Ag over the time scale T of the experiment. We assume
for simplicity (without great impact on the result) that g is a constant during a single experi-
mental run and only varies between repetitions. We must then average the gravitational phase
~ cos vg and find

Y
(cos vg) = (ZﬂAgz)fl/z/dg exp (—W) cos vg

= e 882 cos v{g). (76)

Hence, there is an additional dampening exp(—~,4,) of the phases ¢, and ¢gy which in the
case of the single sequence with (24) takes the form

m2a’Ag? 1 mAgT Attax 2
WTQ‘CC(T + Tace)? & 5 <?> ,

> (77)

Yag =

with the last equality assuming 7, < 7 and Aup, = aT;fCC /2 as before.

5.2. Experimental requirements and comparison with previous proposals

The scenario depicted in figure 1 is based on the proposal by Bose ef al [19]. In order to
observe gravitational spin entanglement between two particles, they propose two adjacent
Stern—Gerlach interferometers. For the study of the SN effects, a single interferometer is suffi-
cient. In table 2 we list the expected phase and visibility loss for different scenarios, including
the original proposal by Bose et al. A more detailed discussion can be found in appendix E.

We find that with the very parameters suggested by Bose et al in order to barely achieve the
required spin entanglement, and especially when reducing the field gradient to minimize the
separation Aup,y, self-gravity already can amount to large effects, suggesting that feasibility
requirements for a test of self-gravity might be orders of magnitude below those to detect
gravitational entanglement. We discuss some scenarios below.

In a recent preprint, Hatifi and Durt [33] pursue the same idea of a test of the SN equation
in a Stern—Gerlach interferometer as described by Bose et al’. They consider only the situ-
ation where the wave function is small compared to the particle radius and correctly assert
that an asymmetric superposition is required in order to observe a phase shift. However,
their derivation seems fundamentally flawed as the alleged effect is based on the constant

3 The author only became aware of reference [33] when this present work had already been far advanced; as the
employed methods vary between both works and the unpublished work by Hatifi and Durt seems to have substantial
shortcomings, we refrain from referencing it elsewhere in the text.
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Table 2. Parameters of previous proposals and expected effect. The first three columns
show the parameters proposed by Bose et al [19] for entanglement tests (with a lower
value for the field gradient in the second column) and the proposal by Hatifi and Durt
[33] similar to ours. The fourth and fifth columns are possible scenarios to observe a
phase shift in an asymmetric superposition, for a localized and wide wave function,
respectively. The last column shows a symmetric scenario where the loss of visibility
becomes observable. Numbers are only order of magnitude estimates.

Obs. phase (§ > 0)

Parameter Bose et al Hatifi & Durt Narrow Wide w.f. 0 = 0 wide w.f.
Particle radius (pm) 0.9 1 0.11 0.024 0.55
Acc. time T, (8) 0.5 0.5 <7 <7 LT
Flight time 7 (s) 2.5 1 0.002 0.15 1
Gradient 9.B (Tm™!) 10° 10* 10° 10° 10° 10°
Trap frequency (Hz) 10° 0.02 10° 0.1 1077
Acceleration a(m s~2) 1073 1073 0.05 0.7 1074
Init. w.f. width (m) 1013 10°° 1013 ~R ~R
Max. sep. Aupax (M) 1074 ~R 1074 <1077 ~R ~R
Spreading ratio & 109 0.01 109 0.01 1077
Sym. loss of vis. 73y 10-° 0.4 10712 210712 <l 1
Assym. loss 73y /6° 0.5 107° 10718 <1 —
Phase A¢gy/d —87 10° —10* —100 1 —
Max. Ag(ms~?2) 107 105 10°1° 1078 1076 1013

contribution of the gravitational self-energy to the potential (54). As is evident from our deriva-
tions, the constant contribution to /,, appears nowhere, only its derivatives enter into any observ-
able quantity. The intuition behind the considerations in reference [33] seems to be a mental
split of the wave function into two particles of masses |v|*m and | 3|*m, respectively. Then one
would obtain differing gravitational self-energies which result in differing overall phases. If
the constant self-energy is instead properly included in the derivation, it enters as a constant
in the Schrodinger equation (11). ¢, and +| then attain equal overall phases which lead to
no observable effect. Instead, as shown in table 2 and detailed in appendix E, the parameters
suggested by Hatifi and Durt do not result in an observable phase.

From the comparison of the two proposals we see that the particle mass, flight time, and
acceleration are not the only relevant parameters. The considerably more localized wave func-
tion in the proposal by Bose et al results in a much larger phase. Intuitively, this is easily
understood if one considers the different contributions to the phase by themselves and notices
that the dominant contribution, by far, results from the integral in (30). In the case of an
asymmetrical superposition, the gravitational potential is split asymmetrically, as well, and the
spreading of the wave function slows down differently for the spin-up and spin-down parts.
The integrand is proportional to A~!, implying that a narrower wave function contributes more
strongly.

Using this insight in order to search for a suitable experimental scenario, we find (cf table 2
and appendix E) that an observable phase can be achieved in the case of a localized wave func-
tion for reasonable acceleration noise below 10~ m s~2, as achieved in drop tower experiments
[34]. For the scenario of a wide wave function with the approximation (52) for the phase, accel-
eration noise requirements are even less stringent, however at the cost of requiring a very low
trap frequency.
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As the phase shift requires an asymmetrical superposition which may be somewhat more
difficult to prepare and measure, it is worth looking into the J-independent part gy of the loss
of visibility. Unfortunately, the results show that this scenario probably requires unrealistically
low trap frequencies and puts considerably stronger limits on acceleration noise.

6. Conclusion

Our analysis suggests that a direct test for semi-classical gravitational self-interaction on spin
interference poses considerably less constraining requirements on experiments than suggested
tests of gravitational entanglement [19, 20]. The requirements may also be easier to achieve
than comparable optomechanical tests of self-gravity [12, 13]. Interestingly, and contrary to
these previous proposals, due to the important role of acceleration noise as a limiting decoher-
ence effect, the best parameter regime appears to be that of wide wave functions for particles
of relatively small masses.

If the intention is to distinguish experimentally between the Newtonian potentials (2) and
(3)—which disregarding the critical views cited in the introduction amounts to distinguishing
gravity sourced according to the semi-classical Einstein equations from perturbative quan-
tum gravity—the experiments outlined here can be as informative as the outcome of tests
of gravitational entanglement. Accounting for the fact that known alternative suggestions for
semi-classical gravity, which could be ruled out by entanglement experiments but not by the
test proposed here, are either in conflict with observation [21, 35] or can be tested by other
means [9, 22, 36], the direct test of the SN equation can considerably constrain the possibility
of semi-classical models.

In order to proceed towards an experimental test of the self-gravitational effects described
in this paper, a more detailed study of the relevant parameter regimes is required, including rel-
evant decoherence effects and measurement uncertainties. The methods introduced here can be
employed for carrying out these detailed studies. A more precise numerical analysis is desir-
able, as the parameter regime with the presumably best conditions for an experimental test is,
unfortunately, also the one least accessible to good analytical approximations.
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Appendix A. Schrédinger equation with homogeneous force

We recall a theorem that clarifies the well known behavior of the Schrodinger equation in a
homogeneous potential, namely that the evolution of the wave function is the same as in the
rest frame except for a shift of the full wave function, corresponding to its acceleration, and an
additional phase:

1(t, r) solves the Schrodinger equation

2
inij(t,r) = —zh—mvzw(t, r)+ (V(t,r) — F@) -r)¢(,r) (A.1)
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with a homogeneous force F(¢) and an arbitrary potential V(z, r), if and only if
e(t,1) = ?Ox (T — u(D) (A2)
t
m m
tLr)=—r-u(t) — — [ d/ (), A3
P(t.0) = Jr - ir) 2h/o (r) (A3)
where u(?) solves the classical equations of motion for the force F,

ii(r) = % with u(0) = (0) = 0, (A4)

and x(¢,r) solves the Schrodinger equation in the rest frame with shifted potential,

2
ihx(t,r) = — ;’—mvzx(z, r) + V(t,r + u@®)x(t,r), (A.5)

with the same initial conditions x(0,r) = (0, r).
The proof is a straightforward calculation and left as an exercise for the reader’s
entertainment.

Appendix B. Self-gravitational potential

We calculate the potential (27a) for a Gaussian wave function:

/2
Ult,r) = 2rA) /2 / d*r exp (—;A> L(r—r')

_ 1 - /2 r l 2 /2 /
_\/271'7/0 dr' r* exp A 71du1p( r> 4+ r'c —2rr'u)

1 ood . / r/2 |r+)J|d ; B
= 27rA_3/0 v exp| g /;-—;J 5 51,(5). (B.1)

For a solid sphere with (63) one finds

12 2
|r+7| [ jeR) | —x — 4x® + 3x* — Zx° forx < 1
/ ds sl (s) = —2Gm’R / 5 5 dx
\

r—r'|

Ir=r'1/2R) 1 forx > 1
L(R,r, ")  for |r+7| <2R,
= —2Gm’R{ L(R,r,7") for [r—7|<2R<|r+7|, (B.2)

L(R,r, 1) for 2R < |r — 7| .
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with
|+ | /2R) 12 )
I, = / (—x —4x% 4+ 3x* — —x6> dx (B.3)
rrl/er) \ S 5
1 r+r' | /(2R)
12 2 |+
L, = / (—x —4x® 4 3x* — —x6> dx + / dx (B.4)
/@Ry \ O 5 1
|7+ | /2R)
I :/ dx. (B.5)
[r—+'|/2R)
For r < R we then must integrate
- 1 2Gm*R | [** P2
LY) = —— ar'r —— |1
U(t,r) Nl /0 r'r’exp TR
2R+r . r/2 00 L r/2
d —— | I d —— | 5, B.6
+/2R_r r'r exp A 2+/2R+rrr exp T (B.6)
for R < r < 2R we integrate
. 1 2Gm’R | [ r’
Lr)=— ar'r —— |1
ven==5 . /0 R N YY
2R+r r/2 00 7‘,2
dr' v —— |1 dr'r —— | ], B.7
—&—/ZR# r'r’exp A 2+/2R+rrr exp T B.7)
whereas for r > 2R we integrate
- 1 2Gm*R | (7R P2
uitr) = ——— dr' v —— |1
(t,r) Nl /0 r'r’exp T
r+2R r/2 00 r/2
dr' v —— | I dr' v —— | ], B.8
+/;-—2R r'r exp A 2+/r+2Rrr exp T (B.8)
which are all equal. In the limit R < /A we find
. Gm? 2 1 2 2
Ut,r) ~ —Tm (erf (“;7) -3\ Rzeﬂ> + O(R*/A?). (B.9)
Appendix C. Expectation values of gravitational potential
For the potential
- Gm? 2
U, r) = —Tmerf (\/£A> (C.1)
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we calculate the expectation values (33a)—(33c¢) in the zeroth order wave function

e Y o
[, r)|” = (27A) exp ( 2A> . (C.2)

Note that we only need to consider the real valued absolute value of the wave function, since we
will only consider expectation values of functions of position, not momentum. The potential

Vi(t,r) = U(t,|r +s|) = / EX [P ) L+ s — 1) (C.3)

has the symmetries
(V_s) = (Vs), (0. V_g) = —(0;Vs), (z0,V_s) = (20, V5s). (C.4)

With the probability current

. ih N N . 2im ,

j=5 WV —0Ve), e Ve =V T (C)
and the continuity equation

V.j=—dya ) (C.6)

we can show (cf also the supplemental material of reference [25])
(VVe)-p+p-VVy) = —ih/d3r/d3r’ [w(t, 0|0 )V +s — 1)
20 )Y OV ) - VIE + s — 1)
- —2m/d3r/d3r'\1/)(t, I +s—r)V-j

= 2m/d3r/d3r'\w(t, )01, 0PI +s — 1)
=2m(0,V_g)
= moy(Vs), (C.7)

where the last step is due to the symmetry of the wave function, and equivalently, if the wave
function is separable and s in z-direction,

((0:Vo)p+ po.Vs) = mO,(Vs). (C.8)

We evaluate the time derivative and gradient of the potential (C.1) in the limit R — 0 by first
introducing the dimensionless variables

z_i O_z_i g2_(1‘*‘—5)2_
P = 24 S T T

0* + 02 + 2upo, (C.9)
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with which we find
Gm? erf (&)
Vo= — , = C.10
A mf ©, f©) € (C.10)
Gm?> /1 — u?p cos
oV, = =2 gp 21, (C.11)
Gm?>up + o
OVs = > P : f©, (C.12)
Gm? p* +upo ,
PV = Z= e, (C.13)
Gm? (1 — u?)p? cos?
X0V, = g 2 e, (C.14)
Gm® u*p* + upo ,
20.Vy = \/ﬁff ©. (C.15)
We first define the functions
—?
g, (p) = —= (erf(p + o) £ erf(p — 0)) (C.16)
f
with the derivatives
o2 2
g (p) = ="~ cosh(2po) — 28} (p) (C.17)
_ 4 opg2 _
8, (p) = - sinh(2po) — 2pg, (p) (C.18)
and the integr3als
o = [ e
0
n+1 oo n41
_r P +/
— d C.19
+1ga /0 P18 () (C.19)
Ifo)=———— / dp p"tle 2" cosh(2po) + - 2 - (o)
" 7r(n +1) + 12
e’ n nl s
=T (1 —)M 14+ =, =, — C.20
(L2 ( T22 2>+ e (©20
4e=" [ 2
I (0) = dp p" e " sinh(2
. (0) . 1)/0 pp sinh(2po) + — . I ,(0)
2
e 7o n+1 n+3 3 o? 2
= r M| —, =, — —1 21
( 2 ) ( 2 ’2’2>+n+1"+2(0) €20
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where M is Kummer’s hypergeometric function of the first kind and I' the gamma function.
This allows to recursively write all integrals in terms of Iy and /;, specifically

It il c.22
| (0) = TS (C.22)
o) — erf(0) e "/ erf(o/V2) ©23)
‘ VT Var -
1 e 2g
L(0) = =I; (0) — —— C.24
2@ =300 = 5= (C.24)
—0? —02/2 £ (1 2
13_(0_):[1_(0_)_6 o e erf(s/v/2)(1 + o2)
4 4427
_ erf(o) e o B e=/2 erf(o/\V/2)(5 + 0%) (C.25)
Nz 47 427 '
_ 3 6’02/20(3 +0?)
L) =3l o) = =
3 e 7 20(9 + o
For the Gaussian wave function (C.2) we then find the expectation values
Gm*> 2 [® 2 1
V) =———-=[ dpple” / d
< > \/ﬂ ﬁ ppe . u f(§)
p+o
L / dp pe / ¢ erf(6)
TA lp—ol
Gm? °©  2p sinh(2po) _
= \/; . Uo dppszf; — 1, (0) — ol (0)
Gm? I, (o)
S Cc.27
V2A © ( )
Gm?* 2 (™ _ up+o
(0.Vs) = 24 r dpp’e pZ/ P2 pe
0 —
Gm? /OO ) [PTe
— [ [ ac@ - ohr©
ZﬁAUz 0 |p—o]
G 2 00 1 pto
_ LA / dp pe"’ [erf(p +0)+erf(p— o) — — / d¢ erf(g)]
VAT Jo 7 Jlpof
Gm? °  2psinhQpo)
= o | R o)
2 —02)2 -
_Gm (e o) ©28)
Ao V21 20
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G 2 2 00 1 2
(- vy, =22 dp pe’ / du 22107 1y
—1

V2A /T o €
Gm? o0 N
:m/ dp pe pZ/ ‘d€(€2+pz—02)f'(€)
0 p—0o
2Gm2 < p?
= / dp 2
2mAT Jo e’
1 pto
x |erf(p+ o) —erf(p — o) — — d¢ erf(&)
P Jlp=a|
_ V2Gm? ood 2p sinh(2po) oI (0)
- VAo Lo ner’+o’ !
Gmle—/2
__ome (C.29)
2V A
sz 2 o© o 1 u2 2 + upo
v = [ Cdpre s [ I g
0 -1
sz 0 _2 pto
s, W[ GEE 2 O
0 p—0o
2 poo 2
_ V20m / dp 7,
vVrTAo Jo e’
o« f pto 52 _ p2
cilp +0) —eillp —o) = | de = ert(©
p—o
V2Gm? [ [ 2p sinh(2p0)
= 3V/A0? {/0 d pﬂegpzwpz—(l + 0% —2p%)
®  4p%0 cosh(2po) B
- [t ISR i)+ 20
Gm? e 202 + 0?)
== () ——F—=—— C.30
VAo (" @) NeT: (€.30)
sz 2 o bl 1
0. V) = ———= 2P 2,5 f!
(20 Vo) N dpp’e [lduu of'(p)
2\/§Gm2 o0 2
— d 3.,—p° g/
3VrA Jo ppe " fi(p)
Gm?
= . C.31
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We did not succeed at integrating I, analytically. Although it turns out (cf figure C1) that
the integral itself is well approximated by the function

Ko)=1—¢" (1 - \/20 + 3#) , (C.32)
Y Y

which shows the same behavior in the limits 0 — 0 and 0 — oo, this approximation does not
result in the correct limiting behavior for the important functions

Ij(o) e/

Fi(o) = 55" - N (C.33)
Fa(0) = 11 ((03 +20)e 72 4 (6% — 1)\/%10—(0)) ) (C.34)

found in the main text as determining the evolution equations for the first and second moments.
These functions have the limiting behavior

ag
Fi(o) ~ —0— -0 C.35
1(0) 3\/% aso ( )
1
Fi(oc)~— as o0 > (C.36)
202
Fa(o)~1 as o —0 (C.37)
32
Fy(0) ~ 77” as o — oo. (C.38)
g

We can approximate these functions with the correct limiting behavior by

1 1 /2
Fi(0) ~ 53 (1 _e (1 +o2— 3\/;03 + f<;104>> with x; ~ 0.47 (C.39)

327

Fi(o) ~ o

7
(1 —e (1 _ 3\/% +o?— m&)) with k, ~ 028,  (C.40)

where the values for x;, are obtained by numerical minimization of the integrated squared

difference between the approximation and the exact function. The functions and their approx-
imations are plotted in figure C2.

Appendix D. Integral contribution to the phase

The phase difference A¢gy acquires a contribution from the integral in (30):

~ h T 1 1N [T A
Afim——% A dt(w—w>~2]n/o th(T([)z’ (Dl)
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Figure C1. Difference between the exact form of I, (¢), as per numerical integration,
and the approximation K(o). The left pane shows both functions for o-values reaching
from O to 5. The right pane shows the difference between both plots, which tends to zero

for large o.
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Figure C2. Difference between the exact form and the approximation of F; (left pane)

and F, (right pane).

where we made use of the representation (43) and expanded to linear order in G. We can write

with

h

AR = 040

mt 2A0m ht
Z(1) = 7 K—m + —2mA0> arctan (

Hence, after threefold integration by parts, we find

We substitute the time variable by x(r) = hir/(2mAy) with X = x(T) and find

.. P . T
Afim=A-Z=AZ+A2| +Adwm.

T
Adim = — / (OPA)Z(t)dt
0

x2

29

X x3 X
/ k() COodx + / k()X C()dx,
0 1+ 0

(D.2)

(D.3)

(D.4)

(D.5)



Class. Quantum Grav. 38 (2021) 245009 A GroBardt

where we used equation (62) with

4mAj

ki (x) = —2k_(Au) (D.6)

ZAS

ka(x) = Aik (Au) (D.7)

((x)= (x + 1) ((x + 1) arctan x — 1) . (D.8)
X X

Solving equation (21), defining &, = x(Tacc) and X = dam®A3 /1?, yields

Au(t) = M(x), and Au(r) = A v (%), (D.9)
2mA,
with
x? for x € [0, = Ea
2
—x +2§ax—% for x € [%,ﬁa)
2
v =1 % forx€[6,X—&)  (D10)
X2 & &
—(X —x)" + 26X —x) — forxe[X—fa,X—z)
(X — x)? forxe[X—g—” X).

Defining and using the approximations (65b) and (65¢) we find

QSN 1())\2 v(x)* + wéNz—zv(x) for v(x) € [0, g)
ky ~ 2 QéN + wéNz—;v(x) for v(x) € [)\ 2)\R) (D.11)
QéN + wéN for v(x) € [TR, 00).
02 SAEU(") + Wiy z; for v(x) € [0, %)
ky ~ Aiflx) - &% +w§N% for v(x) € [%, ZTR) (D.12)
~ O3y 9M fg)’f — wy Afﬁy for v(x) € [?,oo).
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Labeling the different cases in ascending order by ki, and v/, where i € {1,2,3} and
Jj€{1,2,3,4,5} we need to find the integrals

.. b 3
Ky (xq, xp) = / K (v’(X)) 2C(x) dx (D.13)

Xa

Kéj(xa,xh) = /thé(vj(x))ng(x) dx. (D.14)

The Kij can all be evaluated analytically. We also see immediately that K&* = 0, since v is
constant for the middle interval, and find analytical expressions for all Kzlj s Ké'l, and K§5 , leaving
us with K32, K3*, K32, K3*. For those, note that v(X — x) = v(x). Hence, for x,;, < X we can
approximate

. ) Xp 2
K (x4, xp) + KX — x4, X — x3) = X2C(X) / K (—x2 +26,x — 5—) dx. (D.15)

The integral phase can then be obtained for the following five distinct cases:
(a) A\&2 < 20 (narrow separation):

2

A =Y [K2N0,£/2) + K)?(6a/2,€0) + K (60 X — &)

n=1

+ KX — & X — &/ + K (X — £,/2,X)]

3hw§NT3AumaX
- — D.16
(b) 20 < AE2 < 40 (medium separation): we then find Av(x;,) = o for
1 o &
c=& | 1—4/z—— = D.1
X1g = & ( > )\&%) > > (D.17)
and hence
2
A(Zsim - Z [KJI(O, §a/2) + K,iz(ﬁa/Z, xla) + K,%z(xla, Ea)
n=1
+ K X =€) + KX = &0, X — x14)
+ KX — 10X — &/2) + K,F(X —£/2,X))
QSNT I ol 2X
=55 |(05 (s 1) ) -5
wSNT I(Atpax — 0) B 3X Attmax
+ A [ AR (X —aR (D.18)
(c) 40 < A2 < 4R (medium separation): we then find Av(x,) = o for xy, = y/o/\ and
hence

2
A =Y K30, x1) + K3 (5102 &a/2) + K260/ 2. £0)

n=1
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+ K,%?)(fa,x - §a) + Kﬁ4(X - fa,X - ga/z)
KX —&/2,X — x1p) + K (X — x15, X)]

QN> T 1503 1 2X
=5 (/3 (1 a) +10) 0= 5

max

wiyT? [9Aumx 3X Altmax ]

4 8R 0 = 4R ©.19)

(d) 4R < \&2 < 8R (large separation): this implies 40 < A¢2, hence \v(x1) = o as before,
and we find Av(xy,) = 2R for

_ JL_2R) &
X2a —ga <1 - ) )\53) > ) (DZO)

2
Adin = Y [Ky'(0,x15) + K7 (15, £a/2) + K7 (€a/2, %20)

n=1
+ K (X200, €0) + K (€0 X — € + KX — €0, X — x24)
+ KX — x24, X — £4/2)

and hence

+ K2 (X = &/2,X — x1p) + K (X — x1, X))

Q372 T 1503 1 2X
=B |(oy/3 (- m) +10) -5

2 2 3
WINT 9 Altmax 2R 22X
+ 1 [( 3R p 3 ) ¢X) 3 (D.21)

max

(e) 8R < \E2 (large separation): again, this implies Av(x,) = o, and we find Av(x,) = 2R

for x5, = /2R /A and hence

2
Ain = Z [K,il((), x1p) + K2 (x1p, x2p) + K2 (X2, €4/2)

n=1

+ K (6a/2,60) + K (Eas X — €0)
+ KX = 60, X — &0/ + K (X = &0/2,X — x23)
+ K (X — x5, X — x1p) + K (X — X1, X))

QinT? T 1503 1 2X
=B (o5 (- m) +10) 05

wiyT? 30R? 2.
+ a4 {<—Au3 + 1) ¢X) 3 ] (D.22)

max

The approximations in the last lines, respectively, are obtained under the assumption that
&, < X, ie. Tyee € 7T and X = ht/(2mAj), making use of the approximation (D.15), as
well as R > o and Qgn > wsn.
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Appendix E. Phase shift an visibility loss for different scenarios

We detail the calculations on which the values listed in table 2 are based.

The proposal by Bose et al suggests to use a microdiamond of m = 10~ % kg (R ~ 0.9 um),
as well as times 7,.c = 0.5 s and 7 = 2.5 s. The acceleration results from a field gradient of
0.B ~ 10° T m~! which amounts to a ~ 1 mm s~2. The suggestion to initially release the parti-
cle from ~1 MHz traps implies /Ay = 0.1 pm. Hence, at least initially we are very obviously
in the localized regime and have Aup,, ~ 100 pm > R. We find £ ~ 1.3 x 10°.

As &% Ay > 07, we are clearly in the situation discussed in section 4.3. One finds Y9y = 6 x
107 and, therefore, no suppression of visibility due to self-gravity in the symmetric situation
0 = 0. If, however, we allow for an asymmetry ¢ # 0, we find both the additional dampening
7dn & 0.56% as well as the phase A¢pgy ~ —874 of the order of unity. Note, however, that for
7Y ag to remain below unity one requires Ag < 4 x 107" m s~2, imposing very strong limits
on the allowed acceleration noise [23].

Equation (75) suggest that the phase becomes the larger, the smaller Aup,,. Limiting
Aumay also results in a smaller effect of acceleration noise. Putting the value at the limit
Aumax ~ 4R, where the approximations (75) just remain valid and one requires a field gra-
dient 9.B ~ 31 kT m~!, we find a phase of Aggy ~ —2 x 10°§ with the symmetric 79y ~ 0.4
now also of the order of unity. The requirement from acceleration noise is loosened to Ag <
1075 ms=2.

The experimental parameters suggested by Hatifi and Durt [33] are a micron sized parti-
cle with a mass of 5.5 x 10~15 kg with an initial wave function spread of v/Ag = 1 nm <
R~ 1 pum, 7o = 0.5 s as before, and 7 = 1 s. The field gradient is supposed to be the same
as chosen by Bose et al, which due to the scaling with the inverse mass results in Ay, ~
180 pum. Despite being small compared to the particle size, the wave function width is actually
wider than the atomic localization length scale and we are in the regime where I5°™ does not
contribute and we effectively have (2gx = 0. Hatifi and Durt do not explicitly suggest a material
for the microsphere, hence we assume wsy ~ 1072 s~!. For these values, we find that—besides
negligible loss of visibility from self-gravity—the phase of Aggy &~ —5 x 1077 is likely unob-
servable, and deviates significantly from the observable phase claimed in their preprint. The
constraints from acceleration noise, on the other hand, still require Ag < 107!® m s~2 for an
observable phase.

As discussed in the main text, we must maximize the integral contribution to the phase shift,
in order to find a feasible scenario to observe it. Therefore, we start from equation (75b), allow
for the maximum spread §2A0 ~ R? and the minimum A, ~ 4R for which this limit does
still apply, finding

3 ,2p10, 2
T p"R P wiy

Adsn ~ —8
dsw 18772

(E.1)
With the values in table 1, one finds an observable phase for a particle of R ~ 110 nm for
silicon or R ~ 56 nm for osmium. If Ag is the largest possible value such that decoherence
from acceleration noise does not lead to complete loss of visibility, and we consider 7, < T,
we find that the acceleration must be

96m>Ag?
> DM 28

a (E.2)

whp

This implies that observation is feasible, for instance, for a field gradient 3.B ~ 103 T m~!
with a flight time 7 ~ 2 ms and a particle released from a gigahertz trap, if acceleration noise
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in the kilohertz range of the spectrum can be kept below 108 m s>

experiments [34].

Finally, consider the scenario of a wide wave function with the approximation (52) for the
phase. The conditions for this approximation amount to Aupma > v/Ag > R. The requirement
of negligible spreading implies a maximum time 7 ~ pR> /%, with which one finds the ideal
parameters R ~ 24 nm and 7 ~ 150 ms. With these values, one achieves a phase of the order
of unity, which is visible for acceleration noise below Ag ~ 1076 m s 2.

In the scenario of a symmetric wave function, if one again requires Ag to take the largest
possible value to avoid decoherence, equation (69a) can be written

W (1 + i) S (w—g“reff)z, (E3)
32m2AgAg? £ Ag
where the latter inequality stems from the requirement that the wave function does not spread
beyond reg.

In the narrow regime, where /' gt"m contributes significantly, we have wegr = sy and regr = 0o,
implying that for an observable loss of visibility, 73y ~ 1, we must have acceleration noise
below 6 x 10~'* m s~ for silicon or 3 x 107> m s~2 for osmium.

For wider wave functions up to the particle radius, we require a minimum radius
R~ Ag/ w%N for any given acceleration noise. However, we must also require Aum,, < R in
order to find the effective frequency not be suppressed, which together with the requirement
Tace K T implies

&B 2 1/4
Ag < (’”LBpT> wly. (E.4)

, as achieved in drop tower

For silicon with 7 ~ 1 s and 9.B ~ 10° T m~! this amounts to an acceleration noise below
5x 1072 ms™2.

Finally, let us briefly look at the wide wave function regime with the dampening approxi-
mated by equation (41). The requirement ygy ~ 1 can be written as

S 9%

32 5
~ 74\/5772Gp2 ~5x 10777 s m’, (E.5)

TR

where acceleration noise needs to remain below Ag ~ /27 Gp R/3. This can be achieved for
7~ 18,R ~ 550nm,and Ag < 10~ "*m s~2. The limit on acceleration noise drops proportion-
ally with growing particle radius, resulting to a decreased time 7. However, the requirement
Ao = R* implies a trap frequency ~Gp7, which becomes feasible only for times 7 < 1 s and,
therefore, poses much stricter constraints on acceleration noise.
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