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Abstract

We compute the n-shot classical capacity of the quantum erasure channel, providing upper bounds
and almost-matching lower bounds for it, the latter achievable via large-minimum-distance classical
linear codes for any n. The protocols are in full product form, i.e. no entanglement is needed either at
the encoder or decoder to attain the capacity, and they explicitly adapt to the transition between
different error regimes as the erasure probability increases. Finally, we show that our upper and lower
bounds on the capacity are tighter than those obtainable from the general theory of finite-size capacity
via generalized divergences.

(OMOM

1. Introduction

The information transmission capabilities of quantum channels have been studied since the birth of quantum
information theory [1], with the motivation that information carriers are ultimately described by quantum-
mechanical laws and hence might exhibit counter-intuitive effects with respect to classical channels. Among
such effects is the possibility of using entanglement between different channel uses, either at the transmitter or at
the receiver, to enhance the bit-transmission rate, achieving the celebrated Holevo capacity [ 1, 2]. Interestingly,
even those quantum channels for which entanglement at the encoder is not needed to achieve the Holevo
capacity, exhibit a phenomenon of super-additivity at the receiver end [3, 4]. Indeed, the decoder has to perform
a collective, non-product and thus potentially entangling, measurement on the joint Hilbert space of the entire
received quantum codeword, e.g. called pretty-good or square-root measurement (PGM) [5, 6], for which an
explicit design remains an open problem to date [7-16].

In the last decade, the attention has shifted to the quantification of non-asymptotic information-processing
tasks, with the hope of gathering a better understanding of the problem in the finite-size regime [17, 18]. For the
finite-size classical capacity, i.e. the maximum bit-transmission rate attainable by using a quantum channel a
finite number of times, upper and lower bounds have been derived by Wang and Renner [19] in terms of
generalized divergences (GD). These bounds are valid for any number # of finite uses of the channel, hence they
are sometimes referred to as n-shot capacity.

While GD bounds offer a general method to bound the n-shot capacity, and approach the Holevo capacity
for large n, they leave ample margin for improvement, at least in two respects: (i) even with the simplification of a
finite number of uses of the channel, n-shot bounds based on GD still rely on a communication protocol that
makes use of the abstract PGM; (ii) upper- and lower-bounds obtained via GD are asymptotically matching, i.e.
they differ only by channel-independent terms that tend to zero for large n, however their calculation can be
difficult and can exhibit a significant gap for finite #, effectively allowing a wide range of possible values for the n-
shot capacity.

In this paper we introduce explicit protocols for the transmission of bits on the d-dimensional quantum
erasure channel, obtaining narrow bounds for its #-shot classical capacity, which are not based on GD.

Firstly, our method provides significantly tighter bounds than divergence-based methods, showing, for the
first time to our knowledge, that the literature bounds on the finite-size classical capacity of a quantum channel
can be determined significantly more precisely than previously expected.

© 2024 The Author(s). Published by IOP Publishing Ltd


https://doi.org/10.1088/2399-6528/ad6f6b
https://orcid.org/0000-0002-8972-2936
https://orcid.org/0000-0002-8972-2936
mailto:matteo.rosati@uniroma3.it
https://crossmark.crossref.org/dialog/?doi=10.1088/2399-6528/ad6f6b&domain=pdf&date_stamp=2024-08-27
https://crossmark.crossref.org/dialog/?doi=10.1088/2399-6528/ad6f6b&domain=pdf&date_stamp=2024-08-27
http://creativecommons.org/licenses/by/4.0
http://creativecommons.org/licenses/by/4.0
http://creativecommons.org/licenses/by/4.0

10P Publishing

J. Phys. Commun. 8 (2024) 085005 M Rosati

Secondly, the tighter bounds we obtain are based on a communication protocol tailored for the channel
under study, and they show that sharp transitions in the capacity’s behaviour happen when varying the erasure
probability. This behaviour is not apparent when using divergence-based bounds and it is caused by sharp
changes in the capacity-achieving protocol, which needs to protect against an increasing number of errors as the
erasure probability increases.

Thirdly, using the channel’s simple structure, we show that entanglement is not needed at the encoder nor at
the decoder, a fact previously known only for the asymptotic channel capacity [20]. Indeed, our protocol shows
that the n-shot classical capacity of the erasure channel can be attained without the PGM, but rather using a
simple product measurement, which is amenable to practical realization.

The article is structured as follows: in section 2 we review some necessary concepts and quantities about
finite-size classical capacities of quantum channels; in section 3 we compute the 1-shot capacity exactly
(Theorem 3); in section 4 we generalize our analysis to the n-shot capacity, obtaining nearly matching bounds
for finite n (Theorems 4, 5) and compare them with GD-based bounds.

2. Non-asymptotic classical capacity of a quantum channel

The quantum erasure channel is a completely positive and trace preserving linear map &;: D(Hy) — D(Hay1)
from the space of density operators on a d-dimensional Hilbert space H, to that of a Hilbert space with one
more dimension Hy, 1 = Hy U {|e) }, where |e) represents a default error vector, orthogonal to the input
Hilbert space. The channel acts on an input state p € D(H,) as follows:

Efp) =1 — q@)p + qle) (el )

where g is the erasure probability.

For a general quantum channel A/, the 1-shot classical capacity is defined as the maximum bit transmission
rate attainable by encoding a random message m = 1, --- , Kinto a quantum state p,, € H, and decoding it after
transmission on the channel via a positive-operator-valued measurement (POVM) {D,,,}X _,, where the
operator Dy corresponds to an error outcome upon which no guess on the message is made. Since in a single
round the decoding error might be strictly larger than zero, one allows for an error margin ¢, obtaining the
following definition:

Definition 1. The e-error 1-shot classical capacity of a quantum channel N: D(H) — D(H’)is

Cf(N):= max logK s.tl—p . <, )
{0, {Dm}
where
1 K
psucc = EZ TrN(pm)Dm (3)
m=1

is the average decoding success probability and the maximization is over all input state ensembles { p,, }_; and
decoding POVMs { D,,,}X _ . The n-shot capacity is

CLN) = %Cf e, @

where the optimization over n channel uses allows to employ non-product input states on D(H®") and
measurements on D(H'©").

In [19], it was shown that the 1-shot classical capacity of a quantum channel N can be bounded in terms of
generalized divergences (GD). For our purposes, we are going to need the following family:

Definition 2. Forany o € (0, 1) U (c0), the a-Petz-Rényi relative entropy between two quantum states
p> 0 € D(H)is
1
a—1

D (pllo) = logTr po' =2, 6)
We then have the following characterization of the classical n-shot capacity:

Theorem 1. ([17, 19]) The e-error n-shot capacity of a quantum channel admits the following upper- and lower-
bounds:

! Henceforth we use the base-2 logarithm.
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1 1
Cr(N) < —(max Dg(wapllwa ® wp) + p log ) (6)
n \A{p,r, ﬂ —1 1 —¢€
forall B € (1, co)and
. 1 1 4
Ch(N) > —(rnax D, (wasllwa ® wp) — log— — 4), (7)
n\{p,r) l -« €
forall o« € (0, 1), where
K .
wan = Y, pE) (€] © N®"(pp). )

=1

Finally, in the asymptotic limit, these GD bounds match and the n-shot capacity approaches the Holevo limit:
Theorem 2. [20] The Holevo capacity of the erasure channel is

X(&) = (1 — g)logd. %)

3. Exact calculation of the 1-shot classical capacity

Intuitively, one can expect the 1-shot capacity of the erasure channel to exhibit two different regimes, with a
threshold around the value g ~ €. Indeed, when the erasure error probability is smaller than the allowed error
threshold g < €, we have an additional error margin that permits us to increase the number of messages sent
beyond the space dimension, as for the identity channel. On the other hand, when the erasure probability is
larger than the allowed error threshold, we will be forced to reduce the number of messages in order to increase
their average distinguishability. Finally, the threshold between the two regimes is not exactly at ¢ = e because,
even for full erasure, i.e. a constant channel, it is always possible to reduce a little bit the error by making a
random guess. Harnessing these observations, we can prove the following theorem:

Theorem 3. The 1-shot classical capacity of the quantum erasure channel has the closed-form expression:

log[(l_lqﬁj q < q(e),
— €
C (&) = (10)
log[—q } q > q(€),
q— €
where
= . 11
() = e (11)

Proof. We start by deriving matching upper and lower bounds for the region g < €. Consider a generic code
{p, )X _  and decoding POVM {D,,}_; its average success probability can be bounded as follows:

1 & 1K
Pacc = EZ Tr E(py) D = EZ [(1 = @) Trp,, D + q(e|Dnle)] (12)
m=1 m=1
1 (1—-qd+q
<—[(1 - q)Trly -1y +q-11< —2= 71 13
K[( PDTrly - 101 +q- 1] I (13)

where in the first inequality we used that p, < 1, forallm > 0and XX _ D,, = 1,4, ;. We conclude that, if
Puce = 1 — €, thenumber of messages can be at most

K< % (14)
1—e¢
This upper bound is achievable by the following strategy:
Py = |mmod d) (m modd|,Vm = 1,---,K (15)
#hﬂ mod d) (m mod d| & i|e><e| 0<mmodd <R,
Q+1 K
Dy, = 1 1 (16)
6|m mod d) (m mod d| & E|e><e| mmodd > Rorm mod d =0,
Dy =0, 17)

where {|i)} 9= is an orthonormal basis of the input Hilbert space and we have defined Q, R as the quotient and
the remainder of the quotient between integers K and d, such that K = Qd + R. The intuition behind this

3
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construction is that, for each computational basis state |m’), the number of m values that are encoded in that
state can be either Q + 1,if m’ < R,or Q,if m’ > Rorm’ = 0.

Itis straightforward to show that the success probability corresponding to this scheme equals the upper
bound of (14), since

X 1 1 1 —
m=1 m mod d <R Q+1 mmodd>RQ Q+1 Q
implying that the optimal number of messages is
K = l%J (19)
1—c¢€

However, note that the communication strategy detailed above relies on encoding in each state |i) roughly K/d
equiprobable messages, which can be distinguished only with average success probability d/K. It is clear then
that K > d for this strategy to be valid, which means that the upper bound (13) is not achievable when the
number of messages it predicts is smaller than the input space dimension. We thus expect this to be tight in the
regiong < €.

Let us then introduce another upper bound, for which a matching lower bound can be found in the large-
noise parameter region q > €:

1

psuccg_ (I_Q)ZTer'ldH‘FQ'l §1—6]+i, (20)
K - K

where we have used the fact that D,, < 14, ;. In order for this to belarger than 1 — ¢, the number of messages

must be bounded by

Kgqf€. 1)

The following explicit strategy achieves the same error probability:

P = 1m)y(m|, Vm=1,-,K (22)
Dy, = |m) (m| ® %|e> (] m=1,-,K (23)
d
Dy:= Y |m)(ml, (24)
m=K+1

so that the maximum number of messages is

K:[ 1 J (25)
q—¢€

Note that this strategy is valid only for K < d, conversely to the first strategy. The transition between the two
regimes thus happens at

A-q@d+q _,__4a 26)
1—c¢€ q— €

which is satisfied for ¢ = q(¢). O

In figure 1 we plot (10) as a function of q for € fixed. We observe a discontinuity of the first derivative exactly
at q(e), which constitutes a turning point where the two bounds cross each other. Note also that the threshold is
slightly larger than ¢, because the optimal strategies for both regimes employ a decoding POVM that tries to
decode the message also when the constant error |e) has happened, by making a random guess on all possible
messages. A suboptimal rate can be obtained by removing this component and taking D,,, that act only on A; the
resulting threshold in such a case will be then exactlyatq =e.

4. Near-optimal bounds for the n-shot classical capacity

The strategy used for the 1-shot case gives us insight on the behaviour of the n-shot capacity and allows us to
derive almost-matching upper- and lower-bounds for this general case. As a result, we obtain a family of almost-
capacity-achieving protocols for the erasure channel that work for any number of channel uses .

4
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Figure 1. Plot of the n-shot capacity upper bound for the quantum erasure channel £, versus the erasure probability g ford = 2 and
€ = 0.3. For n = 1, there is a matching lower bound, hence we plot the exact expression (10). For #n > 1 we plot the only the upper
bound (27). We see that, as n increases, the upper bound approaches the asymptotic Holevo capacity of the channel (9). The
discontinuous derivative is explained by the transition to different communication regimes as the erasure probability increases. For
n = 1 the bound is attainable and the turning point is exactly at g(0.3) = 0.6.

4.1. Upper bound
In the 1-shot case, we had two distinct upper bounds, each tight in a different region, respectively K > dor K < d.
By close inspection, we see that the first upper bound (13) corresponds to a situation where one is able to decode
atleast d messages, i.e. the maximum allowed by the Hilbert space dimension and a bit more for finite error
threshold; clearly, this is possible only if the erasure probability is sufficiently small. On the other hand, the
second upper bound (20) corresponds to being able to decode only K < d messages, due to the erasure
probability being large.

In the n-shot case, one is allowed to use the channel n times, hence the total number of erasures will follow a
binomial distribution, giving rise to multiple error thresholds. The analysis is more complex with respect to the
1-shot case and does not give rise to a closed formula, however we can state the folliwing theorem:

Theorem 4. The n-shot capacity of the quantum erasure channel can be upper-bounded as

Cy (&) < _Sid) forq(e, i+ 1) < g < q(e, i), (27)
Sin(l) — €
where
" b
S = (1) = pdyeg?,  Sid) =Y Su(d), (28)
and q (e, 1) is the solution to the equation
S Sa@ 09)
S'(1) — € Siha(l) — e

Proof. In this case, the success probability can be written as
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K
Paec = %Z Tr £5"(p,) D (30)
m=1
n . 1 .
= A =" q > =>"Tr((p,); @ (le) (el*))) Dy €29)
i=0 JCnl:|J|=i m

where J (respectively J°) identifies the subsystems where an erasure has happened (respectively not happend)),
[n] = {1,---, n}isthe full index set and |J| the cardinality of J. Note that for each i there are (’:) such sets.
Furthermore, (p,, )< is the reduced state of p,, on subsystems J“.

Each term with i < nin (31) can be bounded in the two different ways adopted for the 1-shot case:

n—i

1 ; 1 ; d
EZTY((pm)J‘ ® () (el*)) D < ETr(ld"*f ® le) (el) Las 1y = s (32)

which corresponds to a high-error region where only d"~# < K messages can be decoded upon erasure of i
parties, or

%ZTr((pmnc % (le) (e|*))) Dy < %ZTr((pm),c  (le) (e Ly 1y = 1. (33)

which corresponds to alow-error region where all K messages can be decoded upon erasure of i parties. In turn,
this gives rise to n + 1 different bounds, depending on how many erasures the communication protocol is able
to correct: for i = 0,---, nand d"~' < K < d"~"*!the protocol can recover each message perfectly, provided
that at most i erasures took place. In this region we can bound the terms i’ < i with few erasures via (33) and the
terms i’ > i with many erasures via (32). We conclude that the success probability in the i-th region is upper-
bounded as
; Zn g 1 (n i
e <20 = () - e 232 ( ) - o G
i'=o\? KiZi\i
where we have defined ps(l?cc as the i-th region bound.
From (34), setting p, .. = 1 — € we obtain the following bound on the maximum number of messages
transmittable in each region i:

Si'(d)
K > 35
Sl‘n(l) — € ( )
where we have defined
b
S = (3)@ = pdrogt, Sid) =3 Su(d), (36)

and used the fact that Séf Y1) = S§(1) — /(1) = 1 — S/"(1). In particular, we expect the capacity to be
continuous, hence at the boundary of each couple of adjacent regions, labelled by i = 0,---, n — 1itmust hold
that

S'd)

— Jr—i— Siil(d)
S — € Sta() — €

(37)
O

We observe that the limiting cases of (34) have a simple interpretation. When the erasure probability is so
small that all (but n) erasures can be corrected on average, i = 0, and one can even increase the number of
messages beyond the Hilbert space dimension if allowing a certain margin of error, i.e. d" < K; this case has high
success probability:

1 & (n i (1 —q)d + q)"
o) _ - _ n—i' gi" _
P =2 () — oy D (38)
The opposite case is when the erasure probability is so large that no erasure can be corrected on average, i = #,
then one can use only K < d messages; this case has low success probability:
n—1 n n
( )y n TR q - q

Psgcc - 1/20(1/)(1 - q)n lql + E =1- anF E (39)
Furthermore, note that, unlike the n = 1 case, this equation cannot be solved explicitly to find the transition
value g(¢, i) for each ¢, i. Nevertheless, in figure 1 we plot (27) as a function of g for several values of , choosing
the minimum among all values over i. The plot confirms that there are n + 1 turning points with discontinuous
derivative, where the i + 1-th upper bound becomes tighter than the i-th one.

6
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4.2. Nearly-matching lower bound

The upper bound (35), identifies # distinct regions that are characterized by being able to correct, on average,

n — ierrors. In order to show that this bound is tight, one needs to find a protocol with average success
probability equal or close to (34). This can be done via a code that hasd "~ K4 messages and is robust
against up to i erasures, i.e. any two codewords differ in atleast i 4 1 parties so that, if i erasures happen, it is still
possible to distinguish any two codewords in at least one position. We then obtain the following theorem:

Theorem 5. Forany D = 0,---, i such that thereexistsa[n, n — i, i — D + 1], classical error-correcting code on d
symbols, with n message bits, n — iinformation bits and minimum distance i — D + 1, the n-shot capacity of the
quantum erasure channel can be lower-bounded as

d"i(Sé‘D(l) + Y S -dy

i'=i—D+1

Cr(&) > ) for d"~' < C5 (&) < d"it, (40)

1 —e€
with the same notation of Theorem 4, and dy == min{d"~", d"'}. The bound is decreasing in D.

Proof. Suppose that, foralli,a[n, n — i, i + 1]; code C on a d-ary field exists with length 7, information bits
n — iand minimum Hamming distance between codewords i 4 1; this is called a maximum-distance-separable
(MDS) code, as it saturates the Singleton bound [21]. Then this code is able to perfectly withstand up to i’ = i
erasures in random positions. If more than 7 erasures happen, then multiple codewords could be compatible
with the received message and we have to make a random guess among them. The number of compatible
codewords after i’ > i erasuresis, in the worst case, (77;.2

Let uslabel the codewords of the code via an integer index, such that b, € C C {0,---,d — 1}"forall
¢ = 0,---, d"~'. Consider then a protocol with d"~ < K < d"~"*! messages

. = |b(m)) (b(m)| Vm=1,-,K, (41)
where we have defined the function

b: m— bm mod 47— (42)

mapping the message index to a codeword of C. Note that, if K = d"~* 4+ R with R > 0, there willbe R — 1
codewords that encode two messages. The corresponding quantum decoding operators are of the form

Z<®|e (ele ® ® |bf(m)><bf(m)|f>

=1 £=i'"+1

by

i'=i+1 2d

i (43)
Z<®|e (elr ® ® by (m)) b,f(m>|f>

<®|e><e|f ® ® |bf(m)><bf(m)|f> 0 < mmod d" i <R,

£=i'"+1

=i'+1

T Z <®|e (el ® ® |bf(m)><bf(m)|t’> m mod d" > R

l—l+1 = £=i'+1

ormmod d"~i = 0.

where (-) represents the sum over all different permutations of the error positions and b, (m) is the £-th entry of
codeword b(m). We note that these are separable operators, proving that no coherent processing is required at
the decoder [22]. For a fixed order of i’ < i erasures, we have that only a single codeword is compatible with the
non-erased parties, therefore

i

ZZ®|€> (el @ Q@ |be(m))(be(m)lr < Z@le (elr @ 15" (44)

m i'=0=1 =i'"+1 i'=00=1

if the decoded codeword corresponds to a single value of 1, and analogously if it corresponds to two values of 1,
thanks to the normalization introduced in case m mod d"~* < R.Instead, for i’ > i erasures, at most 67,-/
different codewords could be compatible with the non-erased parties and, distinguishing the compatible m in
two groups based on m mod d"~*, we have

% A more refined estimate is " l!, ‘J‘ though it does not seem to beat the bounds obtained with the rougher estimates above. In order
to obtain it observe that, by gprr fng at'host i/ — i out of the i erased bits, one can unlquely identify a codeword compatible with the
received one. There are j ways to choose the positions of such bits and at most d” ~ different codewords for each sequence of

i’
positions.
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> Z ®|e (els ® ® |be(m)) (be(m) |, (45)
mmod d"~ ’>0171+12 i =1 =i'+1
mmod d" '<R
n 1 i’ n
+ Y =Rl ® @ lbe(m) (be(m)le (46)
mmod d" >R i'—i+1 dit /=1 f=i'+1

orm mod d"~'=0

= > Z Z ®Ie e ® & Ibe) (el (47)

bis1,-s by Cber= bt’ t—z+1 dl’f 1 £=i'+1
Ve=i'+1,
Z ®|e elf ®d 1®n 171 (48)
i'=i+1 @i’ £=1

where b, ; is the #-th entry of codeword b,. Therefore, we conclude that 3", Dy, < 157, completing thistoa
measurement via the additional error-outcome operator Dy = 1 — >_ _-Dp,.

Defining (p,,)i'11,..., n as the reduced state on D(H)®"~ after erasures in the first i’ positions took place, we
have that

1
STTr(0)ir+ 1,00, 1D = -+ > 1 (49)
m mmod d" '<R 2 mmod d" >R
:§ + dnfi _ R = dnfi (50)
for i/ < i, while
dnfi
> Tr(p,)is1,e nDim = — (51)
p dir

for i’ > i. The resultinglower-bound to the success probability in the i-th region then is

dﬂl
1—q"q"- , 52
()( 9 7K (52)

i

~(i n —i' i
pSUCC 2 ps(ulc = Z( /)(1 - q)n q

=0\t

i'=i+1

which has a similar form to the upper-bound (34). Setting p, .. = 1 — ¢ and solving for K, we obtain the lower-
bound (40) on the capacity.

The question is then whether [1, n — i, i + 1]; MDS codes can be constructed for any d, n and i, which can
be answered in the negative [21]; for example, for d = 2 only trivial codes of this kind exist. On the other hand,
there are known classes of MDS codes for certain parameter values: Reed-Solomon MDS codes exist for
dimension d = u™ > n with u prime and m integer. Therefore, in general one can only employ lesser-
performing [n, n — i, i — D + 1]; codes with D < i, e.g. from the family of BCH codes [21], obtaining a sub-
optimal lower-bound to the success probability that corresponds to correcting only i — D erasures on average.
Repeating the previous steps by setting the threshold at i’ = i — D instead of i, we obtain in the i-th region

?’l d?’l i
Paec Z (1)— + Z Sir(1)= (53)
i'=i—D+1 dz’K
and the corresponding lower-bound on the number of messages. O
Note that the lower-bound (52) can be further simplified by fixing d; as one of the two possible choices,
obtaining
S P(yd 4 S p (D) Sy P (A" + Sf s (d)
Puuce 2 maX{ - < e . Dt (54)

The upper and lower bounds (27), (40) are plotted in figure 2 for several values of D. It can be seen that these
bounds are very tight, determining the capacity up to a narrow interval, contrarily to what happens for the GD-
based bounds discussed in the next section.

4.3. Bounds from hypothesis testing

We can compare the bounds found in the previous sections with those coming from the general theory of n-shot
classical capacity of a quantum channel [19]. In order to apply 1, one needs to compute or approximate the GD
for the erasure channel under consideration, obtaining the following theorem:

8
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d=16, n=10, €=.5

1/nxLog_2(K)
Nw s

—_—

00 02 04 06 08 10

upper bound = = - divergence bounds

asymptotic

lower bound D=0 = = - lower bound D=1 = - = lower bound D=2

Figure 2. Plot of upper- (27) and lower-bounds (40) on the 10-shot channel capacity of a 16-dimensional system for € = 0.5 versus the
erasure probability g. We compare it with the asymptotic channel capacity (9), as well as the divergence-based upper- (55) and lower-
bounds (56) (the latter plotted only when it is positive), optimized over the admissible cvand 5 range. We observe that our explicit
analysis provides quite accurate results with respect to the general GD-based theory for finite size.

Theorem 6. The n-shot classical capacity of the quantum erasure channel is upper- and lower-bounded via GD as

1 B 1
Ce(E) < logd + log(1 —q+q-d~%) + 1 , 55
(&) < log ﬁ—lOg( a+4 ) "G 8T, (55)
forany 8 € (1, co) and
. 1 . a 2 1 2
C (&) = logd — logl —gq+qg-d~* + ———log— — —(log— + 4), (56)
1 -« n(a — 1) € n €

forany a € (0, 1).

Proof. Let us first write the classical-quantum state of the input and output subsystems for # channel uses as

K
WAB = Z pAE) (€] @ g?n(l)f) (57)
£=1
K n o )
=2 Pl @A~ g Y (e (el ® () (58)
£=1 i=0 JC k=i
with {|£)} £_, an orthonormal basis of A. Clearly, this state is block-diagonal and we have that
K n
wis = D, PO @ (1 = @ Pg 3T (e (el @ (p)fes (59)
=1 i=0 JCnk:l]|=i

and similarly

K n
(wr ® wp) = = 3 p N @ (1 — @G K (le) (e @ (D)), (60)
=1 i=0 JC [n):|J|=i

where p = >, p, p, is the average output state of the ensemble.
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We can then observe that

Trwfp(s @ wp)' =3 p> (L =" g > Tr(p)f(p) . (61)
¢ i=0 JCnl:|=i
Therefore, we can lower-bound the GD by providing a completely mixed input ensemble ({ %, [£) (£} ?;}))W in

product form, such that p, = 1/d", p, = |£) (¢|foreach ¢ = (4,---,£,)and p = ﬁ, obtaining

1 1< . [T.cc (£i11515))
max D, (wap||ws ® wg) = log>" —nZ(l — g % (62)
(V) a—1 ¢ d i=0 JC[n]:lJ|=i d
— 1 1 - n n—i . Al—anyi
-— llogdm,m;(i)(l — g i d (63)
B 1 (1 _ q + q . dl—a)n
— log gy (64)
=nlogd — - % log(1 — g+ q-di-9), (65)
—
where in the inequality we have used that (p);c = 1;c/d"~".
For the upper bound instead, observe that for 3 > 1and any state o, 7 itholds 0’ < o and
Tro”r < Tror. Therefore
S o Tr(p) )y <30 b, Tr(p) (@) ¥ = Tr ()3 ”. (66)
¢ ¢
Since x2~7 is concave for 8 € (1, 2], we have that
o= p=Tro* 0 L Trp? P, (67)

where o > p means that the vector of eigenvalues of o majorizes that of p. We conclude that (66) is maximized
by the maximally mixed statein (p);c = 1;c/d"~*, and hence for 3 € (1, 2]itholds

1 n o dnfi
max Dg(wap®||wa ® wpen) < logd (1 — " g > PGB (68)
w -1 "5 jcom-i 4 “
_ 1 L n—i 1-Byi

5 1logdm,m;(i)(l — g ig ) (69)
=nlogd + ﬁ” Clog(l —q 44 4-5), (70)

which has a similar form to the expression of the lower bound, albeit for different values of 5(65). Combining
these together with theorem (1) we obtain the result. O

In figure 2 we plot the near-optimal bound of section 4.1 together with the asymptotic capacity and the
divergence-based bounds found above, optimized with respect to o and 3. We observe that these bounds are
quite loose with respect to the one found by an explicit error-probability analysis and protocol design.

5. Conclusions

We have computed the n-shot classical capacity of the quantum erasure channels from first principles, providing
upper bounds and nearly matching lower bounds. Specifically, our upper bounds are nearly achieved by our
lower bounds, based on the existence of classical codes with large minimum distance.

Atvariance with the general theory based on GD, we show that the explicit analysis of the error probability
provides an understanding on the optimal encoder and decoder’s behaviour as a function of the erasure
probability, directly hinting at a practical communication protocol that explicitly adapts the number of
codewords depending on the noise level. Furthermore, the capacity bounds obtained in this way are nearly
optimal and highlight interesting features of the coding and decoding problem at finite size. Indeed, given the
erasure channel’s simple structure, the capacity-achieving protocol is fully separable and does not make use of
the PGM.

Inlight of these reasons, we suggest that a direct coding approach might determine the n-shot capacity of
quantum channels more precisely than the GD approach. On one hand, this advantage comes at the cost of
generality, as our bounds are obtained making use of the channel’s specific properties, hence they need to be
adapated on a case-by-case basis. On the other hand, by harnessing the channel’s properties, our approach offers
away to devise practical communication protocols that are close to optimal even in the finite-size regime.
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