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1. Introduction

While most standard tools for many-body quantum mechanics only apply to closed sys-
tems, real systems are invariably influenced by their environment. Under a Markovian
approximation, an effective description of this interaction can be given in terms of the
Lindblad equation [1–3] for the evolution of the density matrix. The main approaches
that have been used in the literature to study Lindblad equations for many body sys-
tems are either perturbative [4, 5] or numerical [6–10]. Given that solvable models have
provided deep insights into the non-equilibrium dynamics of closed many body systems
[11–14] it is natural to ask if there are any exact results that can be obtained for many
particle Lindblad equations.

The first step in this direction was the realisation that certain Lindblad equations
can be cast in the form of imaginary-time Schrödinger equations with non-Hermitian
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‘Hamiltonians’ that are quadratic in fermionic or bosonic field operators [15], which
then can be analysed by standard methods for free theories to extract physical proper-
ties [16–23]. A characteristic feature of these models is the fundamental boson or fermion
operators fulfil linear equations of motion and concomitantly so do the Green’s functions
of interest. Another step towards obtaining exact solutions of many particle Lindblad
equations was the discovery that there exist classes of models in which some or all
local correlation functions satisfy closed hierarchies of equations of motion [24–30]. This
permits one to obtain some exact results on the dynamics although full solutions typi-
cally remain out of reach. Another class of solvable Lindblad equations are ‘triangular’
models which add particle loss and dephasing terms to otherwise number conserving
integrable models [31–33]. Recently a new direction for constructing solvable many par-
ticle Lindblad equations was identified through the discovery of Lindblad equations that
can be related to interacting Yang–Baxter integrable models [32–42]. The approach of
references [34, 38] is based on a superoperator representation of the Lindblad equations,
which gives rise to solvable ‘two-leg ladder’ quantum spin chain models. Importantly
the equations of motion for correlation functions do not generally close in these models
but form an infinite hierarchy of coupled nonlinear equations. More recently a method
for constructing Yang–Baxter integrable Lindblad systems was developed [42].

A related but different route of constructing Yang–Baxter integrable Lindblad
equations was discovered in reference [43]. It is based on a ‘fragmentation’ of the space of
operators into an exponential (in system size) number of subspaces that are left invari-
ant under the dissipative evolution. Importantly, this mechanism applies to the quantum
version of the simple asymmetric exclusion process (ASEP) [44–47]. The correspond-
ing Lindblad equation can be obtained [48] as the averaged dynamics of a stochastic
quantum model of particles hopping with random amplitudes first introduced in its
symmetric form in reference [49] and further analysed in references [50–53]. In this case,
it was shown in [43] that the Lindbladian restricted to each invariant subspace can be
mapped onto an XXZ Heisenberg Hamiltonian with integrable boundary conditions. In
particular, in the subspace of diagonal density matrices the model reduces to the clas-
sical ASEP, which is exactly solvable [54, 55] and for which many exact results have
been derived using integrability methods [56–62]. While [43] established the integrabil-
ity of the quantum ASEP in each fragmented sector, the full solution of the dissipative
quantum dynamics remains an open problem except in the special case of the quantum
symmetric simple exclusion process. In order to show how the operator-space fragmenta-
tion can be exploited in practice to obtain a full solution of the dissipative dynamics we
here consider a generalization of the quantum ASEP. As we will show, the Lindbladian
of this model exhibits operator-space fragmentation and in each sector can be mapped
onto a Lindbladian that is quadratic in fermions. The resulting dynamics can then be
solved exactly.

The rest of this paper is organised as follows: in section 2, we introduce the model
of interest, which can be viewed as an ASEP with additional loss/gain terms, and the
model exhibits operator-space fragmentation, with each subspace labelled by a sequence
of ‘defects’. In section 3, we analyse the Lindbladian’s projection on to each of these
subspaces. We then focus on a particular line in parameter space, on which the Lind-
bladian in each sector can be mapped onto a bilinear form in auxiliary fermions. We
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show that the subspace of diagonal density matrices is invariant under time evolution
and reduces to a classical stochastic process similar to ones that have been previously
studied in the literature [63–66]. We employ Jordan–Wigner and Bogoliubov transforms
to solve the dynamics in this sector and show that it has an infinite temperature steady
state. In section 5, we consider the defect problem and outline how to efficiently find
the spectrum of the Lindbladian. In section 6, we consider evolution out of an initial
product state and compute the transverse spin–spin correlation function. Lastly, we rel-
egate some technical calculations necessary for the conclusions in the main text to two
appendices.

2. Lindblad equation

For a system interacting with its environment, the Lindblad equation for the time
evolution of the reduced density operator of the system ρ is given by

dρ

dt
= −i[H, ρ] +

∑
a

Ja

(
LaρL

†
a −

1

2
{L†

aLa, ρ}
)
, (1)

where the jump operators La describe the interactions of the system with the envi-
ronment, Ja are the corresponding rates and {·, ·} denotes an anti-commutator. The
Lindblad equation (1) describes the time evolution of the system degrees of freedom
after averaging over Markovian bath degrees of freedom [3]. In order to study the fluc-
tuations of system degrees of freedom that are induced by coupling to the bath—a
question that has been extensively studied for classical systems (see e.g. [67–73])—it
is necessary to go beyond this description, see e.g. [48, 49, 52], but these fluctuations
can still be described in terms of a quantum master equation of Lindblad form [74].
In contrast, quantum measurement noise [75–81] is captured by the description (1).
Since (1) is manifestly linear in ρ it can be recast in terms of a Lindblad superoperator
that generates time evolution in the same way the Hamiltonian does in closed quantum
systems, with the major difference being the time evolution need no longer be unitary.
That is, there exists a (super)operator L acting on the vector space of linear operators
on the Hilbert space such that

d

dt
|ρ〉〉 = L|ρ〉〉. (2)

Here we have written |ρ〉〉 to stress that we are considering ρ as a vector in a larger vector
space whose dimension is the square of that for the original Hilbert space. In this work
we consider an open spin 1/2 chain with periodic boundary conditions and no coherent
dynamics (H = 0) described by four jump operators [82]

L
(1)
j = σ+

j σ
−
j+1, L

(2)
j = σ−

j σ
+
j+1, L

(3)
j = σ+

j σ
+
j+1, L

(4)
j = σ−

j σ
−
j+1. (3)

In terms of Jordan–Wigner fermions the first two of these correspond to hopping left
and right, while the latter two represent pair creation and annihilation on neighbouring
sites respectively. In general the rates of these may all be different and one obtains a
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four parameter family of models [82]. The case J3 = J4 = 0 reduces to the quantum
ASEP [43, 48, 49]. In contrast to the latter case the additional jump operators describe
processes that violate spin rotational invariance around the z-direction (or equivalently
particle number conservation at the level of Jordan–Wigner fermions) so that the mag-
netization is no longer conserved. As we will see this leads to interesting new effects
compared to the ASEP. The Lindblad equation (1) with jump operators (3) can be
obtained by coupling our quantum spins across each bond of our chain to an environ-
ment modelled by appropriate quantum Brownian motions as in [48] and then averaging
over the bath degrees of freedom. Our choice of model is not motivated by any particular
experimental setup, but aims to address a problem in mathematical physics, namely to
obtain a many-particle Lindblad equation exhibiting operator-space fragmentation that
can be solved exactly in practice. Having said this, in a particular parameter regime and
for diagonal initial density matrices our model reduces to a classical master equation
that has been argued to describe the kinetics of excitons in certain polymers [63] and
it would be interesting to investigate whether quantum effects could be relevant to this
system. In order to recast the Lindblad equation (1) with jump operators (3) in the
superoperator formalism we note that the density operator is expressed as

ρ =
∑
α,β

ραβ|α〉〈β| �→ |ρ〉〉 =
∑
αβ

ραβ|α〉 ⊗ |β〉. (4)

Then right multiplication by an operator L must turn into left multiplication by some
superoperator LR such that

LR|ρ〉〉 =
∑
αβ

(
ραγL β

γ

)
|α〉 ⊗ |β〉, (5)

which implies that LR = �⊗
(
L β

γ |β〉〈γ|
)
. Note that this has indices swapped compared

to 4, indicating that the right multiplication action is implemented via the transpose
of the original operator, along with acting on bras instead of kets. Left multiplication
is simply implemented via the operator acting on kets. This can be summarised as
LL = L⊗ � and LR = �⊗ LT. In order to obtain an explicit expression for the Lindblad
superoperator L we pick the following basis of the local Hilbert space of operators acting
on site j

|1〉〉j = |↑〉j j〈↑|, |2〉〉j = |↑〉j j〈↓|, |3〉〉j = |↓〉j j〈↑|, |4〉〉j = |↓〉j j〈↓|. (6)

A basis of local superoperators acting on these states in then given by

Eab
j = |a〉〉j j〈〈b|. (7)

For convenience, we split the Lindbladian up as

L = LDiag + LDefect, (8)

where LDiag leaves invariant the subspace of diagonal density matrices

|ρ〉〉diag =
∑
σ

ρσσ|σ〉 ⊗ |σ〉, |σ〉 = ⊗L
j=1|σj〉j, σj ∈ {↑, ↓}. (9)
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These diagonal density matrices correspond to classical probability distributions. We
have

LDiag =
∑
j

J1E
14
j E41

j+1 + J2E
41
j E14

j+1 + J3E
14
j E14

j+1 + J4E
41
j E41

j+1

−
∑
j

J1E
44
j E11

j+1 + J2E
11
j E44

j+1 + J3E
44
j E44

j+1 + J4E
11
j E11

j+1, (10)

LDefect = −1

2

∑
j

(E22
j +E33

j )([J1 + J4]E
11
j+1 + [J2 + J3]E

44
j+1)

− 1

2

∑
j

(E22
j+1 +E33

j+1)([J2 + J4]E
11
j + [J1 + J3]E

44
j )

− J1 + J2 + J3 + J4

2
(E22

j E33
j+1 +E33

j E22
j+1). (11)

If we initialize the system in a purely diagonal density matrix the Lindblad equation (1)
reduces to a classical master equation with transition matrix LDiag. This describes gen-
eralizations of the asymmetric simple exclusion process [44–47] similar to the diffusion-
annihilation models studied in [63–66]. If we set J3 = J4 = 0 we recover the ASEP with
periodic boundary conditions.

2.1. Operator-space fragmentation

The origin of operator-space fragmentation in the model (8), (10), (11) is the presence
of strictly local conservation laws

[L,E22
j ] = 0 = [L,E33

j ]. (12)

These conservation laws imply that particles of species 2, 3 are left invariant by the
dynamics and we therefore refer to these as ‘defects’. The Hilbert space of operators
thus breaks up into exponentially many invariant subspaces with fixed occupancies of
defects. This is somewhat reminiscent of the Hilbert space fragmentation found in certain
fractonic circuits [83–85]. The fragmentation of operator-space does not rely on the fact
our model is one dimensional. Indeed, operator-space fragmentation occurs if we consider
a square lattice and jump operators defined on all nearest neighbour bonds

L
(u)
j = σ+

(i,j)σ
−
(i,j+1), L

(d)
j = σ−

(i,j)σ
+
(i,j+1). (13)

In this case the 2L2 operators E22
(i,j),E

33
(i,j) are then strictly conserved. By focussing on one

dimensional models however we allow for the possibility that the Lindbladian’s action
on each subspace can be mapped to an integrable model. However, the occurrence of
fragmentation will have implications for the dynamics in higher dimensions as well.

https://doi.org/10.1088/1742-5468/ac22f8 6

https://doi.org/10.1088/1742-5468/ac22f8


J.S
tat.

M
ech.

(2021)
103102

Exact solution of a quantum asymmetric exclusion process with particle creation and annihilation

This operator-space fragmentation then allows observables to be computed by ana-
lyzing each sector separately. In the case of the ASEP (J3 = J4 = 0), the key result is
that restricted to each defect-subspace the Lindbladian can be mapped to a collection of
disjoint finite XXZ chains with diagonal boundary fields and is thus integrable on every
subspace. Integrability techniques can be similarly applied to (8), (10), (11) [66, 82] but
we do not pursue this line of enquiry here and instead impose a particular constraint on
the rates J1, . . . , J4 which will allow us to employ mappings to free fermion systems (see
below).

It should be stressed that for a particular observable, it may not be necessary to
deal with very many invariant subspaces. This is illustrated by the transverse spin–spin
correlation function

S+−
0,�+1 = Tr

[
σ+
0 σ

−
�+1ρ(t)

]
. (14)

This depends only on the subspace with a type 3 defect at site 0 (equivalently site L)
and a type 2 defect at site �+ 1. To see this, note that in the superoperator formalism
traces are replaced by inner products with the state

〈〈�cl| = ⊗L
j=1

[
j〈〈1|+ j〈〈4|

]
. (15)

An immediate consequence of the fact that the time evolution operator eLt preserves
traces is that 〈〈�cl| is a left eigenvector of the time evolution operator with eigenvalue 1.
If there is a unique steady state of the system then it is also the only left eigenvector with
this property, a fact that we will use later. The spin operators act by left multiplication
so in the superoperator formalism they are mapped to

σ+
0 �→ σ+

0 ⊗ �0 = (E13
0 + E24

0 ),

σ−
�+1 �→ σ−

�+1 ⊗ ��+1 = (E42
�+1 +E31

�+1) .
(16)

Since 〈〈�cl| only contains states 1, 4 the only terms that survive in the trace are then

S+−
0,�+1 =

[
0〈〈3| ⊗ 〈〈�[1,�]| ⊗ �+1〈〈2| ⊗ 〈〈�[�+2,L−1]|

]
|ρ(t)〉〉, (17)

where we have introduced

〈〈�[a,b]| = ⊗b
j=a

[
j〈〈1|+ j〈〈4|

]
. (18)

Equation (16) shows that the correlation function depends only on the projection of
|ρ(t)〉 on the single subspace described above. This means the correlation function can
be written in terms of propagators defined on open chain segments:

G[a,b] = 〈〈�[a,b]|eL[a,b]t|ρ[a,b]〉〉. (19)

In the ASEP case these propagators involve computing the overlap of a time evolved
state in the finite length XXZ model (with diagonal boundary fields) with the state 〈�cl|.
The rest of this paper will consider a different subspace of the full four-parameter model
which reduces to free fermions, thus allowing the calculation of G[a,b] for some initial
states, although its calculation for general states is still difficult.
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3. Free fermions

3.1. ‘Classical’ sector

As we noted earlier, the subspace of diagonal density matrices (9) is invariant under
the dynamics. The ‘classical’ part LDiag of the Lindbladian acts on this 2L dimensional
subspace of diagonal density matrices and can be expressed in terms of Pauli matrices
τ j defined by

τ z
j = E11

j − E44
j , τ+

j = E14
j . (20)

We find

LDiag =
∑
j

J1τ
+
j τ

−
j+1 + J2τ

−
j τ

+
j+1 + J3τ

+
j τ

+
j+1 + J4τ

−
j τ

−
j+1

− 1

4

∑
j

(J1 − J2 − J3 + J4)�jτ
z
j+1 + (−J1 + J2 − J3 + J4)τ

z
j �j+1

− 1

4

∑
j

(J1 + J2 − J3 − J4)τ
z
j τ

z
j+1 + (J1 + J2 + J3 + J4)�j�j+1. (21)

We now observe that under the constraint

J1 + J2 = J3 + J4, (22)

the model (21) can be mapped to a free fermionic theory by means of a Jordan–Wigner

transformation. In the periodic case we use that
∑L

j �jτ
z
j+1 − τ z

j �j+1 = 0 to obtain

LDiag =
L−1∑
j=1

{
J1c

†
j+1cj + J2c

†
jcj+1 − J3cjcj+1 − J4c

†
j+1c

†
j + (J4 − J3)c

†
jcj

}

+ (−1)N̂
(
J1c

†
1cL + J2c

†
Lc1 − J3c

†
1c

†
L − J4cLc1

)
− J4L, (23)

where N̂ is the total fermion number operator. Since each term in the Lindbladian pre-

serves fermion parity, the operator (−1)N̂ is conserved and we can work in definite parity
sectors where it equals +1 (periodic, or Ramond, boundary conditions) or −1 (anti-
periodic, or Neveu–Schwarz, boundary conditions). It will furthermore be convenient in
the following to define

2J+ = J1 + J2 = J3 + J4,

2J−= J1 − J2,

2μ = J4 − J3,

(24)

in terms of which the Lindbladian can be written (defining cL+1 = (−1)N̂ c1) as
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LDiag = (J+ + μ)L+
L∑

j=1

{
(J+ + J−)c

†
jcj+1 + (J+ − J−)c

†
j+1cj

−
[
(J+ + μ)cjcj+1 + (J+ − μ)c†j+1c

†
j

]
+ 2μc†jcj

}
. (25)

We largely focus on the special case μ = 0 in the following but do discuss the steady
state in the imbalanced case in section 4.1. Crucially the constraints (24) enforce that
J3 + J4 �= 0, which takes us away from the ASEP limit J3 = J4 = 0. Hence the exact
solutions presented below cannot be related to known results for the ASEP.

3.2. Two defect sector

We now consider the case where there are two defects that without loss of generality
can be taken to be located at positions �+ 1 and L. Inspection of (8), (10), (11) shows
that on the corresponding subspace the Lindbladian takes the form

L =

⎧⎪⎪⎨
⎪⎪⎩
L[1,�] + L[�+2,L−1] if 0 < � < L− 1,

L[2,L−1] + c if � = 0,

L[1,L−2] + c if � = L− 2,

(26)

where

L[1,�] =

�−1∑
j=1

J1E
14
j E41

j+1 + J2E
41
j E14

j+1 + J3E
14
j E14

j+1 + J4E
41
j E41

j+1

−
�−1∑
j=1

J1E
44
j E11

j+1 + J2E
11
j E44

j+1 + J3E
44
j E44

j+1 + J4E
11
j E11

j+1

− 1

2

(
[J1 + J4]E

11
1 + [J2 + J3]E

44
1 + [J2 + J4]E

11
� + [J1 + J3]E

44
�

)
, (27)

and the constant c is given by c = −(J1 + J2 + J3 + J4)/2 = −2J+ if one of the defects is
of type 2 and one of type 3 and zero if the two defects are of the same type. Imposing the
constraint (22) and carrying out a Jordan–Wigner transformation to spinless fermions
we arrive at a free fermion chain with open boundary conditions

L[1,�] = −J+(�+ 1)− μ
�∑

j=1

(2c†jcj − 1)

+
�−1∑
j=1

{
J1c

†
j+1cj + J2c

†
jcj+1 − J3cjcj+1 −J4c

†
j+1c

†
j

)}
. (28)

3.3. q defect sector

The Lindbladian for the entire chain restricted to the invariant subspace with q defects
at locations �1, . . . , �q is simply a sum of Lindbladians for the q disjoint finite chains
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obtained by removing the sites �j from the original chain

L =

q∑
j=0

L[�j+1,�j+1−1]. (29)

Here �0 = �q so that for instance in the 1 defect sector the corresponding Lindbladian
L[�+1,�−1] corresponds to the original ring with a single site removed. If the defects �j , �j+1

are not immediate neighbours then these are exactly as given in equation (28). If there
are two neighbouring defects then the only term in the full Lindbladian that acts on
them is

L[�,�+1] = −2J+(E
22
� E33

�+1 + E33
� E22

�+1) (30)

which contributes c = −2J+ if the neighbouring defects are different species and 0 if
they are the same.

4. Dynamics in the classical subspace

As a first step to understanding this model we solve it exactly in the diagonal subspace.
We focus initially on the balanced (μ = 0) case. Our system has periodic boundary
conditions in terms of the original spins and (anti)-periodic boundary conditions for
Jordan–Wigner fermions in sectors of (even) odd fermion parity. We therefore go to
Fourier space

c(kn) =
1√
L

∑
j

eiknjcj, kn =
2π(n+ δ)

L
, (31)

where δ = 0, 1/2 for states with odd or even fermion parity respectively. We then carry
out a Bogoliubov transformation to diagonalize the Lindbladian

c†(k) = cos(k/2)b−k − i sin(k/2)b†k,

c(k) = i sin(k/2)bk + cos(k/2)b†−k.
(32)

Despite the fact that L is non-Hermitian, this transformation is still unitary. We have

LDiag =
∑
k

ε(k)b†kbk, (33)

where the non-Hermitian nature of the Lindbladian presents through the complex
eigenvalues

ε(k) = −2J+ + 2iJ− sin k. (34)

The time-evolved operators are

bk(t) = e−LDiagtbke
LDiagt = eε(k)tbk. (35)
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We can now immediately conclude that the stationary state is unique and given simply
by the Bogoliubov vacuum

bk|0〉〉 = 0. (36)

This implies that 〈〈0|L = 0 and exploiting uniqueness we therefore have

〈〈�cl| = 〈〈0|. (37)

This is turn shows that the stationary state |0〉〉 is the completely mixed (infinite
temperature) state, which we now demonstrate in more detail.

An important question is what operators of the original spin-chain problem can have
finite expectation values within the defect-free subspace. To answer this we project the
original Pauli matrices σj on to the diagonal subspace and write the result in terms of
the τ j operators. Defining projection operators by

Pj = E11
j + E44

j , (38)

we have

Pj

[
σz
j ⊗ �j

]
Pj = Pj

[
E11 −E44 + E22 −E33

]
Pj = τ z

j = 1− 2nj,

Pj

[
σα
j ⊗ �j

]
Pj = 0, α = x, y.

(39)

This shows that the only physical operators with non-zero expectation in the stationary
state are

Oj1,...,jn = nj1 . . . njn. (40)

The expectation value of Oj1,...,jn can be obtained using Wick’s theorem with the help of
the elementary two-point functions

〈〈0|c†jcj+�|0〉〉 =
δ�,0
2

+
δ�,1 + δ�,−1

4
,

〈〈0|cjcj+�|0〉〉 =
δ�,−1 − δ�,1

4
,

〈〈0|c†jc
†
j+�|0〉〉 =

δ�,1 − δ�,−1

4
.

(41)

Here, we have replaced the state 〈〈�cl| used to compute traces with the left Bogoliubov
vacuum 〈〈0| following the discussion above. As a result, we find that all such expectations
factorise

〈〈0|Oj1,...,jn |0〉〉 = 〈〈0|nj1|0〉〉 · · · 〈〈0|njn|0〉〉 =
1

2n
. (42)

We now make use of the fact that a density operator is fully determined by the expec-
tation values of a complete set of operators to conclude that in terms of the original
problem the stationary state is the infinite temperature state

ρstat =
1

2L

∑
σ1,...,σL

|σ1, . . . , σL〉〈σ1, . . . , σL|. (43)
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4.1. Imbalanced loss and gain

We now briefly discuss the nature of the steady state with imbalanced loss and gain.
When μ �= 0 the Lindbladian in the defect-free sector is given by

L = −(J+ + μ)L+

L∑
j=1

{
J1c

†
j+1cj + J2c

†
jcj+1 − J3cjcj+1 − J4c

†
j+1c

†
j + 2 μc†jcj

}
, (44)

where the appropriate Ramond or Neveu–Schwarz boundary conditions are assumed. We
make use of the translational symmetry in the defect-free problem to Fourier transform
this to give

L = const +
∑
k>0

�c †
kAk(μ)�ck, (45)

where �ck =
(
ck c†−k

)T
the matrix Ak(μ) is 2× 2 and non-Hermitian

Ak(μ) = 2J+

(
iΔ sin k + cos k + ν −i(1 + ν) sin k

+i(1− ν) sin k iΔ sin k − cos k − ν

)
. (46)

Here, we have introduced the dimensionless parameters

ν =
μ

J+

=
J4 − J3

J4 + J3

Δ =
J−

J+

=
J1 − J2

J1 + J2

, (47)

The parameter ν satisfies −1 � ν � 1 where the extreme case of ν = −1 corresponds to
only particle loss and ν = 1 to only gain. In terms of ν the eigenvalues of Ak(μ) are

ε±k (μ) = 2J+(iΔ sin k ± (1 + ν cos k)). (48)

For ν �= ±1 these are always distinct. Degerate eigenvalues only occur for ν = 1, k = π
and ν = −1, k = 0 which both yield Ak(μ) = 0. Ak(μ) is thus always diagonalisable,
however it is not unitarily diagonalisable if μ �= 0. In this case we cannot perform a
canonical transformation as for the balanced case.

We can however perform an almost canonical transformation by defining the matrix

Sk =
1√

1 + ν cos k

⎛
⎜⎝ sin

k

2
−i(1 + ν) cos

k

2

−i cos
k

2
(1− ν) sin

k

2

⎞
⎟⎠ , (49)

chosen such that S−1AS is diagonal and det(S) = 1. We then define(
b′+,k b−,k

)
=
(
c†k c−k

)
Sk, (50)(

b+,k

b′−,k

)
= S−1

k

(
ck
c†−k

)
. (51)

These are almost canonical fermions in that they satisfy the relations

{bσ,k, bτ ,q} = 0 = {b′σ,k, b′τ ,q},
{b′σ,k, bτ ,q} = δσ,τ δk,q. (52)
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We note that b+,−k = −b−,k due to the choice of normalisation in the definition of Sk,
which allows us to consistently define

bk = θ(k)b+,k + θ(−k)b−,k =
sgn k√

1 + ν cos k

(
(1− ν) sin

k

2
ck + i(1 + ν) cos

k

2
c†−k

)
,

b′k = θ(k)b′+,k + θ(−k)b′−,k =
sgn k√

1 + ν cos k

(
−i cos

k

2
c−k + sin

k

2
c†k

)
.

(53)

This then allows us to write the Lindbladian in terms of the almost canonical fermion
operators as

L = const +
∑
k

ε−k b
′
kbk, (54)

where we have used that ε+k = −ε−−k. The constant can be seen to be 0 by carefully
keeping track of the constants discarded throughout this argument. We can now define
left and right vacua by

∀k : 〈〈L|b′k = 0, bk|R〉〉 = 0. (55)

Since 〈〈L|L = 0 has only one solution, we conclude that

〈〈L| = 〈〈�cl| = 0〈〈0|
∏
k>0

(
1 + i cot

k

2
c−kck

)
, (56)

where |0〉〉0 is the fermionic vacuum state

cj|0〉〉0 = 0. (57)

The expression for 〈〈L| in terms of the original fermions in (56) is easily verified by
acting with b′k and using (53). The right eigenstate can be expressed as a squeezed state
via

|R〉〉 = 1

N
∏
k>0

(
1− i

1 + ν

1− ν
cot

k

2
c†kc

†
−k

)
|0〉〉0, (58)

where N is chosen such that 〈〈L|R〉〉 = 1. This can be verified by acting with bk and
using (53).

As before we may consider the expectation values of all operators in the classical
subspace—the operators σx, σy project to zero and all physical operators are given in
terms of fermions by products of densities

Oj1,...,jr = nj1 . . . njr . (59)

The simplest such expectation value is

〈〈nj〉〉∞ = lim
t→∞

Tr [nj ρ(t)] = 〈〈L|nj|R〉〉. (60)
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As we have seen above, for μ = 0 the steady state corresponds to a completely mixed
state and we have 〈〈nj〉〉∞ = 1/2. When μ �= 0 and assuming that the steady state is
uncorrelated we have the following relation expressing the balance between particle
gain and loss

J3〈〈nj〉〉2∞ = J4[1− 〈〈nj〉〉∞]2. (61)

If this relation holds we may solve for the particle density

〈〈nj〉〉∞ =
1 + ν −

√
1− ν2

2ν
, (62)

where we have used (47). We now verify (62) by direct calculation. Due to translation
invariance 〈〈nj〉〉∞ is the same on each site and we can instead calculate the average
occupation of the k modes

1

L

∑
k

〈〈nk〉〉 =
1

L

∑
k

1 + ν

1 + ν cos k
cos2

k

2
〈〈L|b−kb

′
−k|R〉〉. (63)

In the thermodynamic limit this turns into an integral

〈〈nm〉〉∞ =
(1 + ν)

4π

∮
1 + cos k

1 + ν cos k
dk

=
1 + ν −

√
1− ν2

2ν
. (64)

This indeed agrees with (62). We note that the stationary state (58) has a simple product
form in terms of the spin states |1〉, |4〉 on which the spin operators τα

j act, cf (20).

〈〈L| = ⊗L
j=1

[
j〈〈1|+ j〈〈4|

]
,

|R〉〉 = 1

(1 + α)L
⊗L

j=1 [|1〉〉j + α|4〉〉j],
(65)

where

α =

√
1 + ν

1− ν
. (66)

4.2. Time dependence

We return to considering only the balanced case of μ = 0 and now consider the time
dependent problem. As we have seen above, on the diagonal subspace we have

Pj

[
σz
j ⊗ �

]
Pj = 1− 2c†jcj = Pj

[
�⊗ σ̃z

j

]
Pj (67)

This allows us to identify

|σ1, . . . , σL〉〈σ1, . . . , σL| = c†j1 . . . c
†
jn
|0〉〉0, (68)
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where jk are the positions of down spins ordered such that j1 < j2, . . . ,< jn and |0〉0 is
the fermionic vacuum, which is related to the Bogoliubov vacuum state by

|0〉〉0 = 2−L
∏
k>0

[
1 + i cot(k/2)b†kb

†
−k

]
|0〉〉. (69)

Using this and an initial density matrix in our subspace we can calculate

〈〈�cl|nj1(t) . . . njn(t)|ρ(0)〉〉. (70)

We can thus compute the expectations of any observables in this subspace at arbitrary
times using free-fermion techniques. As an example we now compute 〈〈nj(t)〉〉 for a
system initially in the classical Néel state

ρ(0) = |↑↓↑↓ . . .〉〈↑↓↑↓ . . . |. (71)

In terms of fermions this can be written as

|ρNéel〉〉 =
N/2∏
j=1

c†2j|0〉〉0. (72)

In practice it will be more useful to work with the original fermion operators than the
Bogoliubov ones. Solving their equations of motion gives

c†(k, t) = f(k, t)c†(k) + g(k, t)c(−k),

c(−k, t) = −g(k, t)c†(k) + h(k, t)c(−k),
(73)

where

f(k, t) = cos2(k/2)eε(−k)t + sin2(k/2)e−ε(k)t,

g(k, t) =
i

2
sin(k)

[
eε(−k)t − e−ε(k)t

]
,

h(k, t) = cos2(k/2)e−ε(k)t + sin2(k/2)eε(−k)t.

(74)

This then allows us to write

nj(t) =
1

L

∑
p,q

eij(p−q)c†(p, t)c(q, t)

=
∑
m

[
f̃m−j(t)c

†
m + g̃m−j(t)cm

]∑
n

[
h̃n−j(t)cn − g̃n−j(t)c

†
n

]
, (75)

where we have defined

f̃n(t) =
1

L

∑
p

e−ipn f(p, t). (76)
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Figure 1. Relaxation of nj(t) for odd/even sites towards the steady state value
from an initial Néel state. Calculated for J+ = 1.0,J− = 0.9.

To calculate 〈�cl|nj(t)|ρNéel〉 it is helpful to split the double sum in nj(t)’s Fourier series
into ∑

m,n

=
∑
n even

δmn +
∑
n odd

δmn +
∑
n even
m�=n

+
∑
n odd
m�=n

. (77)

A straightforward calculation then gives

〈nj(t)〉 =
∑
n even

h̃n−j(t)f̃n−j(t)−
∑
n odd

g̃2n−j(t)

+
∑
n<m
even

[
g̃n−j(t)h̃m−j(t)− g̃m−j(t)h̃n−j(t)

]
(−1)

n+m
2

−
∑
n<m
odd

[
g̃n−j(t)f̃m−j(t)− g̃m−j(t)f̃n−j(t)

]
(−1)

n+m
2

+
∑
m odd
n even

sgn(n−m)h̃n−j(t)f̃m−j(t)(−1)
n+m+1

2

−
∑

m even
n odd

sgn(n−m)(−1)
n+m
2 g̃n−j(t)g̃m−j(t)(−1)

n+m
2 . (78)

The time evolution of the particle density (78) is shown in figure 1. As we are working
at balanced particle creation and annihilation (J3 = J4), 〈〈nj(t)〉〉 relaxes to 1/2 at late
times for all values of j.
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5. Two defect sector

We now turn to the defect sector problem. The Lindbladian in the sector with q defects
can be written as a sum over quadratic open chain Lindbladians of the form

LM = −J+(M + 1) +

M−1∑
j=1

{
J2c

†
jcj+1 + J1c

†
j+1cj − J+

(
c†j+1c

†
j + cjcj+1

)}
.

(79)

As these are not Hermitian the standard analysis of Lieb, Schultz and Mattis [86] for
diagonalizing Hamiltonians quadratic in fermionic creation/annihilation operators does
not apply. We therefore proceed as in section 4.1, but find it advantageous to switch to
Majorana fermions [15]

a2j−1 = cj + c†j, a2j = i(cj − c†j). (80)

In terms of the Majorana operators LM is expressed as

LM = −(M + 1)J+ +
1

4
a ·A · a, (81)

where here and elsewhere (·) represents the dot product with no complex conjuga-
tion—that is, a ·A · a =

∑
ij aiAijaj. A is a 2M × 2M anti-symmetric, block tridiagonal

matrix equal to A = K ⊗ C −KT ⊗ CT where Kjk = δj,k−1 and C is given by

C =

(
J− −2iJ+

0 J−

)
. (82)

Assuming A to be diagonalizable, anti-symmetry ensures its eigenvalues come in pairs
±βj which we order as β1,−β1 . . .. We then normalize the eigenvectors according to

�vr · �vs = (σx ⊗ �)rs. (83)

In fact, the complex eigenvalues also come in complex conjugate pairs. This can be seen
by noting that one obtains A∗ from A by conjugating C by σz. In particular this means
that if A�v = β�v then also

A(�n ⊗ σz)�v ∗ = β∗(�n ⊗ σz)�v ∗. (84)

Finally we define new fermion operators by

bj = �v2j−1 · a/
√
2, b′j = �v2j · a/

√
2. (85)

These fulfil simple anticommutation relations due to (83)

{bj, bk} = 0 = {b′j, b′k}, {bj, b′k} = δj,k, (86)

and diagonalise the Lindbladian

LM = −(M + 1)J+ +
1

2

∑
k

βk −
∑
k

βkb
′
kbk. (87)
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For the matrix A in our problem it is not a simple matter to find a closed form analytic
expression for the spectrum, but we can gain insight into what the solutions look like
by deforming our Lindbladian by adding a boundary term J−(n1 − nL). We stress that
the resulting Lindbladian is unphysical. Then the matrix A is modified to A′

A′ =

⎛
⎜⎜⎜⎜⎜⎜⎝

B −CT 0 . . . 0

C 0 −CT 0
...

0 C 0
. . . 0

... 0
. . . 0 −CT

0 . . . 0 C −B

⎞
⎟⎟⎟⎟⎟⎟⎠

, B = −iJ−

(
0 1
−1 0

)
. (88)

It is now straightforward to obtain the eigenvectors of the matrix A′. We make an ansatz
�v = (v1, v2, . . . )

T where

vn = zn
(
1
iz

)
+ Az(−1)nz−n

(
1

−iz−1

)
. (89)

For this to be an eigenvector we require Az = z2 and z to satisfy

0 = (z2M − (−1)M)(Δz2 − 2z −Δ). (90)

The associated eigenvalues are then given by

λz = 2J+ + J−(z
−1 − z). (91)

This only gives rise to M linearly independent eigenvectors, all with non-negative eigen-
values. We however get the full spectrum using this ansatz by reflecting in the imaginary
axis. Thus in this case we find that the positive real part eigenvalues consist of M − 1
values of z that are roots of unity z = e−ik which recovers the periodic boundary condi-
tion result. There are also two eigenvalues that are exactly 0—for our actual boundary
conditions these become two small real eigenvalues ±λ0 (they cannot be complex as the
requirement that β∗ is an eigenvalue would then give four nearly zero eigenvalues which
is too many). We plot the eigenvalues in the complex plane in figure 2 for both A and
A′ to highlight the impact of removing the boundary potential.

6. Transverse correlation function

We now turn to observables that involve defects. We focus on the particular example of
an initial product state with ferromagnetic order along some direction in spin space

|ψ(0)〉 =
(
1 + |α|2

)−L/2
L⊗

m=1

[|↑〉+ α|↓〉]m. (92)

Our aim is to determine

S+−
0,�+1 = Tr

[
ρ(t)σ+

Lσ
−
�+1

]
. (93)
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Figure 2. Eigenvalues of A′ (red diamonds), A (blue triangles) for L = 12,J+ =
1.0,J− = 0.9. Central inset is magnified such that both axes run from ±3× 10−5.

As we showed above in (17) this involves only the projection of |ρ(t)〉 onto the subspace
with two defects

S+−
0,�+1 = 〈〈�cl|σ+

0 σ
−
�+1Π0,�+1|ρ(t)〉〉 = 〈〈�cl|σ+

0 σ
−
�+1e

LtΠ0,�+1|ρ(0)〉〉, (94)

where

Π0,�+1 = E33
0 ⊗�

j=1PjE
22
�+1⊗L−1

k=�+2Pk. (95)

Applying Π0,�+1 to the initial density matrix |ρ(0)〉〉 = |ψ(0)〉〈ψ(0)| gives

Π0,�+1|ρ(0)〉〉 = (1 + |α|2)−L|α|2|3〉〉L ⊗ |ρ[1,�]〉〉 ⊗ |2〉〉�+1 ⊗ |ρ[�+2,L−1]〉〉, (96)

where

|ρ[a,b]〉〉 ≡ ⊗m=b
m=a

[
|1〉〉+ |α|2|4〉〉

]
m
. (97)

We now see that the transverse spin–spin correlation function reduces in this initial
state to

Tr [ρ(t)σ+
1 σ

−
� ] = γ(1 + γ)−LG̃�(t)G̃L−�−2(t)

G̃N (t) = 〈〈�[1,N ]|eLNt|ρ[1,N ]〉〉.
(98)

Here, we have defined γ = |α|2 since all quantities depend only on γ and have separated
out an overall factor γ(1 + γ)N for convenience.
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The propagators G̃ are defined on the finite chains discussed in section 5 and can be
expressed in terms of fermions as

G̃N (t) =

0

〈〈
0

∣∣∣∣∣
N−1∏
j=0

(1 + cN−j) e
LN t

N∏
k=1

(
1 + γc†k

)∣∣∣∣∣ 0
〉〉

0

. (99)

As shown in appendix A we can rewrite this as

G̃N (t) = 0〈〈0|(1 +X)eY eLN teγ
2Y †

(1 + γX†)|0〉〉0, (100)

where

X =

N∑
j=1

cj, Y =
∑
n<m

cmcn. (101)

Using fermion parity conservation this simplifies to

G̃N (t) = 0〈〈0|eY eLNteγ
2Y † |0〉〉0 + γ 0〈〈0|XeY eLNteγ

2Y †
X†|0〉〉0. (102)

The two terms above can be written in the form

G̃
(α)
N = Tr

[
ρ̃(α)eY eLN teγ

2Y †
]
, α = 1, 2, (103)

where eY, eLNt, eγ
2Y †

are all manifestly Gaussian as are the ρ̃(α) since they are the ground
states of the quadratic Hamiltonians

H1 =
N∑
j=1

nj, H2 = −n(p = 0) +
∑
p�=0

n(p). (104)

Thus, (103) is now in the form of the trace of a product of Gaussian operators and can
be evaluated. The procedure for this is given in detail in appendix A. Here we outline
the two key steps to the evaluation. The first step is to realise that since a product of
Gaussian operators is Gaussian, we have

ρ(α) =
eγ

2Y †
ρ̃(α)eY

Z(α)
=

1

Z(W (α))
ea·W

(α) ·a/4. (105)

Here, Z(α) and Z(W (α)) are two different normalisation factors defined each defined such

that Tr ρ(a) = 1. The Z (a) are calculated in appendix B and given by (B.8). Writing the
time evolution operator in the form

eLN t = e
1
4a·AN ·a, (106)

we then obtain the following expression for the propagators (cf appendix A)

Tr
[
ρ(α)e

1
4a·AN ·a

]
= Z(α)

(
det(eW

(α)
eAN + e−ANe−W (α)

+ 2)

det(eW (α) + e−W (α) + 2)

)1/4

. (107)
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The second step is to use the fact that a Gaussian is determined by its second moments
to change from working with the density matrix ea·W ·a/4 itself to instead working with
its correlation matrix Γmn = Tr[ρanam]− δmn. We calculate the latter in appendix
B by rewriting the trace as an inner product which can be evaluated in terms of
Jordan–Wigner spins. Once Γ is found W is obtained through Γ = tanh W

2
, or

equivalently

eW = (1− Γ)−1(1 + Γ). (108)

This then leads to an apparent difficulty since the correlation matrices corresponding to
ρ(α) (which are fixed through our choice of initial condition) satisfy (Γ(α))2 = 1, implying
that they have only eigenvalues equal to ±1 and the method set out above appears to
break down. This issue can be dealt with by noting that

Γ(α) = Π
(α)
+ − Π

(α)
− , (109)

where Π
(α)
± are projectors onto the two N dimensional subspaces corresponding to eigen-

values 1 and −1 of Γ(α) respectively. These would correspond to eigenvalues ±∞ in W ,
which we regulate by setting them equal to ±Λ and taking the limit Λ→∞ in the end
of the calculation. That is, we put:

eW
(α)/2 = eΛ/2Π

(α)
+ + e−Λ/2Π

(α)
− , (110)

which simplifies (107) to read

Tr
[
ρ(α)e

1
4a·ANt·a

]
=
(
det(Π

(α)
+ eANt +Π

(α)
− e−ANt)

)1/4
≡ d

(α)
N . (111)

This yields a simple expression for the propagator

G̃N (t) = e−J+(N+1)t
[
Z(1)d

(1)
N + γZ(2)d

(2)
N

]
. (112)

Substituting this into (98) then gives the transverse correlation function

S+−
0,�+1(t) =

γ

(1 + γ)L
e−J+Lt

(
Z(1)d

(1)
� + γZ(2)d

(2)
�

)

×
(
Z(1)d

(1)
L−�−2 + γZ(2)d

(2)
L−�−2

)
. (113)

The determinants d
(α)
N can now be straightforwardly computed numerically. In figure 3,

we plot the transverse correlator at separation 2, S+−
0,2 (t), as a function of time. We

observe that the correlator decays quite quickly, and monotonically, from its initial
value. We note however that this is the full correlation function and that more physically
interesting is the connected correlator

S+−
�+1,C = Tr[S+

0 S
−
�+1ρ(t)]− Tr[S+

0 ρ(t)] Tr[S
−
�+1ρ(t)]. (114)

Here, we have use the translation invariance of our initial condition to express the
correlation function in terms of only the distance between the defects (note that this
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Figure 3. Full correlation function S+−
0,2 (t) for L = 30 sites, J− = 0.9,J+ = 1.0 and

γ = 0.9.

is �+ 1 and not �). The one point functions depend on the same propagators as the
two-point functions since

Tr[S+
0 ρ(t)] = 〈〈�cl|E13

0 E24
0 |ρ(t)〉〉 = α

1 + γ
GL−1, (115)

which gives

S+−
�+1,C =

γ

(1 + γ)2
[
G�GL−�−2 −G2

L−1

]
, (116)

where we have expressed this in terms of GN = (1 + γ)−NG̃N as this is more natural. In
particular, since our initial state was a product state we have GN (0) = 1 for all N and
so the connected correlation function is initially 0, indicating no correlations. We then
expect that the Lindblad evolution will correlate neighbouring sites. This is countered
by the fact that the steady state values of observables are all governed by the diagonal
subspace values and so the connected correlations must go to zero at long times. In
figure 4(a), we plot the connected correlation between sites 1 and 3. We are able to
observe that the dissipative dynamics does produce some correlations although they are
small. Given that they also exponentially decay, the correlation generation would most
likely not be visible had we started in an initially correlated state. In figure 4(b), we plot
the corresponding values for varying site separations and note an approximately expo-
nential decrease with distance. We perform these calculations for total chain lengths of
L = 30, one might wonder if this is large enough to be essentially in the thermodynamic
limit (in the sense that finite size effects are small enough to neglect). In fact, we find
that the numerical values of the connected correlator vary very little as we increase L so
long as it is larger than twice the separation �+ 1. To show this we plot the connected
correlator for � = 3 for L = 8, 9, 10 in figure 5(a). Since the difference between the result
for 9, 10 is too small to be visible, we plot the residual (along with the corresponding
residual for L = 10, 11) in figure 5(b).
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Figure 4. Connected correlation function for chain length L = 30 and
J− = 0.9,J+ − 1.0, γ = 0.9. (a) Connected correlations decay exponentially with
separation d = �+ 1. (b) Connected correlation function for � = 1, showing corre-
lation generation.

Figure 5. Finite size effects for � = 3. J− = 0.9,J+ − 1.0, γ = 0.9. (a) Correla-
tion function for three different chain lengths L = 8, 9, 10. (b) Residuals between
correlation function at L = 9, 10 and L = 10, 11.

7. Conclusions

We have considered a dissipative many-particle quantum system described by a Lindblad
equation that for particular initial conditions reduces to an asymmetric simple exclusion
process with additional pair creation and annihilation terms. The Lindbladian exhibits
operator-space fragmentation and for particular pair creation/annihilation rates the
model can be mapped to free fermions. The model thus extends the class of solvable
Lindblad systems and in particular provides a concrete example of a setting where
operator-space fragmentation can be used to compute correlation functions exactly. We
have restricted attention to initial product states in order to make calculations simpler as
well as to allow us to see the generation of correlations through dissipation in our model.
Even though the initial states we have considered here are quite simple the analysis is
not straightforward. It would be interesting to attempt to generalize our analysis to the
case of entangled initial states. It would also be interesting to study the time evolution
of entanglement measures such as entanglement negativity within this model.

https://doi.org/10.1088/1742-5468/ac22f8 23

https://doi.org/10.1088/1742-5468/ac22f8


J.S
tat.

M
ech.

(2021)
103102

Exact solution of a quantum asymmetric exclusion process with particle creation and annihilation

Acknowledgments

We thank Denis Bernard and Lorenzo Piroli for helpful discussions and Aleksan-
dra Ziolkowska for collaboration during the early stages of this work. This work was
supported in part by the EPSRC under Grant EP/S020527/1.

Appendix A. Fermion identities

A.1. Mixed parity fermion products

To arrive at equation (100) the key identity is that for any collection of mutually anti-
commuting variables {ζi}Ni=1 the following holds

N∏
i=1

(1 + ζi) =

(
1 +

N∑
i=1

ζi

) ∏
1�j<k�N

(1 + ζjζk). (A.1)

This identity immediately provides a convenient decomposition into even and odd
fermion parity parts. It can be proven by focussing on the odd and even components
and using induction. To do so note that the even terms have the form

E

[
N∏
i=1

(1 + ζi)

]
=
∑
k even
k�N

( ∑
1�i1<···<ik�N

ζi1 . . . ζik

)
. (A.2)

The counterpart for the odd terms is completely analogous. When multiplying this by∑N
j=1ζj the result will be a sum of (N − k)

(
N
k

)
non-zero terms, each of which contain

k + 1 distinct ζ’s. Moreover, in each term k of the ζ’s will be in ascending order by
construction, with the final one appearing in each possible position. Thus, k/2 pairs

will cancel and the remaining (N−k)
k+1

(
N
k

)
= (N − k − 1)

(
N
k+1

)
terms are precisely those

in the corresponding expansion of the odd part. We thus need only prove by induction
the statement about the even terms

∑
k=2m

( ∑
1�i1<···<ik�N

ζi1 . . . ζik

)
=

∏
1�j<k�N

(1 + ζjζk). (A.3)

To this end we assume the induction hypothesis up to N − 1 and notice that for N sites
we can rewrite the product of quadratic terms as

N−1∏
i<j

(1 + ζiζj)

N−1∏
ω=1

(1 + ζωζN ) =

N−1∏
i<j

(1 + ζiζj)

(
1 +

N−1∑
ω=1

ζωζN

)
. (A.4)

We then use the induction hypothesis on the first factor on the right-hand side. When
multiplied by the second factor two things can happen: (i) it gets multiplied by 1,
thus generating all possible even terms not including ζN , (ii) it gets multiplied by

(
∑N−1

ω=1 ζω)ζN . For the latter note that multiplying by
∑

ζω generates all possible odd
expressions without ζN and multiplying by ζN at the end then gives the desired result.
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Along with the observation that the base case of N = 0 is trivial this completes the
proof of (A.1).

In the context of equation (100) we set ζi = γc†i so that we have

N∏
k=1

(1 + γc†k) =
∏

1�m<n�N

(1 + γ2c†mc
†
n)

(
1 + γ

N∑
k=1

c†k

)
. (A.5)

This is the desired simplification upon defining X , Y in the main text and applying the
standard result that eY

†
=
∏

m<n(1 + c†mc
†
n) where Y † =

∑
m<nc

†
mc

†
n.

A.2. Trace of Gaussian operators

The main result required in the derivation of (107) is the identity [87]

Tr[ea·W ·a/4] =
√
det(eW/2 + e−W/2). (A.6)

Here, aj are Majorana fermions and W an antisymmetric matrix. We note that (A.6) is
easy to establish if W is diagonalizable. In that case its eigenvalues come in pairs ±βk

and the left-hand side becomes

Tr

[
e

∑
k

βk( 1
2−nk)

]
=
∏

Reβk>0

[
eβk/2 + e−βk/2

]
. (A.7)

Because W is anti-symmetric, its eigenvalues come in ± pairs and so the determinant
contains exactly two copies of each factor on the right-hand side of (A.7). This then
establishes (A.6). If W is not diagonalizable then we define

f[W ] = Tr[ea·W ·a/4]−
√

det(eW/2 + e−W/2). (A.8)

Since f[W ] = 0 for all diagonalisable matrices (which is a dense subset of all matrices)
and f is a continuous function, we have f = 0 identically.

We also make heavy use of a result following from the Baker–Campbell–Hausdorff
formula, namely that for Majorana fermions aj normalised such that {ai, aj} = 2δij

e
1
4a·W1·ae

1
4a·W2·a = e

1
4a·W3·a, (A.9)

where eW3 = eW1eW2 . Along with (A.6) this allows us to write

Tr
[
e

1
4a·W1·ae

1
4a·W2·a

]
=
√
det(eW3/2 + e−W3/2)

=
[
det(eW3 + e−W3 + 2)

]1/4
. (A.10)
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Appendix B. Correlation matrices

The two correlation matrices we need are given by the inner products

Γ(1)
mn + δmn =

〈〈0|eY anameγ
2Y † |0〉〉

〈〈0|eY eγ2Y † |0〉〉 , (B.1)

Γ(2)
mn + δmn =

〈〈0|XeY aname
γ2Y †

X†|0〉〉
〈〈0|XeY eγ2Y †X†|0〉〉 . (B.2)

The denominators are equal to the normalization factors Z(1),Z(2) that appear in the
final result (113). Both numerators and denominators can be found by making use of
(A.1) in the form

N∏
j=1

(
1 + γc†k

)
+

N∏
j=1

(
1− γc†k

)
= 2eγ

2Y †
, (B.3)

N∏
j=1

(
1 + γc†k

)
−

N∏
j=1

(
1− γc†k

)
= 2γXeγ

2Y †
. (B.4)

Using (B.4) we can express the correlation matrices as

Γ(1)
mn + δmn =

g++
mn + g+−

mn

Z++ + Z+− , Γ(2)
mn + δmn =

g++
mn − g+−

mn

Z++ − Z+− , (B.5)

where we have defined

gσσ
′

mn = 〈〈0|
N−1∏
j=0

(1 + σcN−j)anam

N∏
k=1

(1 + σ′γc†k)|0〉〉, (B.6)

Zσσ′
= 〈〈0|

N−1∏
j=0

(1 + σcN−j)

N∏
k=1

(1 + σ′γc†k)|0〉〉. (B.7)

A simple calculation then gives that g++
mn = g−−

mn and g+−
mn = g−+

mn and likewise for Zσσ′
.

Explicit expressions for gσσ
′

mn and Zσσ′
are readily obtained by reverting to their respective

representations in terms of spins (i.e. undoing the Jordan–Wigner transformation). We
find

Z(1) =
1

2

[
(1 + γ)N + (1− γ)N

]
,

Z(2) =
1

2

[
(1 + γ)N − (1− γ)N

]
,

(B.8)
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and Γ(α) are anti-symmetric 2N × 2N block matrices of the form

Γ(α) =
1

xN − (−1)αyN

⎛
⎜⎜⎜⎝

Γ
(α)
0 −(Γ

(α)
1 )T . . . −(Γ

(α)
N−1)

T

Γ
(α)
1 Γ

(α)
0 . . .

...
... . . . . . .

...

Γ
(α)
N−1 . . . . . . Γ

(α)
0

⎞
⎟⎟⎟⎠ , α = 1, 2.

(B.9)

The 2× 2 blocks are given by

Γ
(α)
0 =

(
0 i(fN−1 ± f1)

−i(fN−1 − (−1)αf1) 0

)
,

Γ(α)
a =

(
fN−a − (−1)αfa −i(fa−1 − (−1)αfN−a+1)

−i(fa+1 − (−1)αfN−a−1) −(fN−a − (−1)αfa)

)
,

(B.10)

where we have defined

x = 1 + γ, y = 1− γ, fa = xayN−a. (B.11)

One can verify that (Γ(α))2 = �. Since Γ(α) is anti-symmetric it therefore has equal num-
bers of eigenvalues ±1, which we used in the main text. The eigenvectors depend on x, y
and we find these numerically to determine the correct projectors to use.
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[77] Eisler V and Rácz Z 2013 Full counting statistics in a propagating quantum front and random matrix spectra

Phys. Rev. Lett. 110 060602

https://doi.org/10.1088/1742-5468/ac22f8 29

https://doi.org/10.1103/physrevlett.125.040603
https://doi.org/10.1103/physrevlett.125.040603
https://doi.org/10.21468/scipostphys.3.5.033
https://doi.org/10.21468/scipostphys.3.5.033
https://doi.org/10.21468/scipostphys.6.4.045
https://doi.org/10.21468/scipostphys.6.4.045
https://doi.org/10.1103/physrevlett.123.080601
https://doi.org/10.1103/physrevlett.123.080601
https://arxiv.org/abs/2006.12222
https://arxiv.org/abs/2008.03476
https://doi.org/10.1103/physrevlett.68.725
https://doi.org/10.1103/physrevlett.68.725
https://doi.org/10.1103/physrevlett.68.725
https://doi.org/10.1103/physrevlett.68.725
https://doi.org/10.1103/physreva.46.844
https://doi.org/10.1103/physreva.46.844
https://doi.org/10.1103/physreva.46.844
https://doi.org/10.1103/physreva.46.844
https://doi.org/10.1103/physreve.52.3512
https://doi.org/10.1103/physreve.52.3512
https://doi.org/10.1103/physreve.52.3512
https://doi.org/10.1103/physreve.52.3512
https://doi.org/10.1088/0305-4470/37/10/001
https://doi.org/10.1088/0305-4470/37/10/001
https://doi.org/10.1103/physrevlett.95.240601
https://doi.org/10.1103/physrevlett.95.240601
https://doi.org/10.1088/1742-5468/2006/12/p12011
https://doi.org/10.1088/1751-8113/41/48/485002
https://doi.org/10.1088/1751-8113/41/48/485002
https://doi.org/10.1088/1742-5468/2011/01/p01024
https://doi.org/10.1088/1751-8113/44/40/405003
https://doi.org/10.1088/1751-8113/44/40/405003
https://doi.org/10.1063/1.472107
https://doi.org/10.1063/1.472107
https://doi.org/10.1103/physrevlett.83.5214
https://doi.org/10.1103/physrevlett.83.5214
https://doi.org/10.1103/physrevlett.83.5214
https://doi.org/10.1103/physrevlett.83.5214
https://doi.org/10.1103/physreve.63.056112
https://doi.org/10.1103/physreve.63.056112
https://doi.org/10.1103/physreve.94.032102
https://doi.org/10.1103/physreve.94.032102
https://doi.org/10.1088/0305-4470/26/19/023
https://doi.org/10.1088/0305-4470/26/19/023
https://doi.org/10.1088/0305-4470/26/19/023
https://doi.org/10.1088/0305-4470/26/19/023
https://doi.org/10.1023/a:1014525911391
https://doi.org/10.1023/a:1014525911391
https://doi.org/10.1103/physrevlett.92.180601
https://doi.org/10.1103/physrevlett.92.180601
https://doi.org/10.1103/physrevlett.94.030601
https://doi.org/10.1103/physrevlett.94.030601
https://doi.org/10.1088/1742-5468/2007/07/p07023
https://doi.org/10.1103/physrevlett.107.010602
https://doi.org/10.1103/physrevlett.107.010602
https://doi.org/10.1088/1751-8113/44/31/315001
https://doi.org/10.1088/1751-8113/44/31/315001
https://arxiv.org/abs/2107.02662
https://doi.org/10.1038/nphys410
https://doi.org/10.1038/nphys410
https://doi.org/10.1088/1367-2630/13/7/073018
https://doi.org/10.1088/1367-2630/13/7/073018
https://doi.org/10.1103/physrevlett.110.060602
https://doi.org/10.1103/physrevlett.110.060602
https://doi.org/10.1088/1742-5468/ac22f8


J.S
tat.

M
ech.

(2021)
103102

Exact solution of a quantum asymmetric exclusion process with particle creation and annihilation

[78] Groha S, Essler F and Calabrese P 2018 Full counting statistics in the transverse field Ising chain SciPost Phys.
4 43

[79] Collura M 2019 Relaxation of the order-parameter statistics in the Ising quantum chain SciPost Phys. 7 72
[80] Collura M and Essler F H L 2020 How order melts after quantum quenches Phys. Rev. B 101 041110
[81] Javier R, Tortora V, Calabrese P and Collura M 2020 Relaxation of the order-parameter statistics and dynamical

confinement (arXiv:2005.01679)
[82] Ziolkowska A and Essler F H L 2020 Integrable generalizations of the quantum ASEP (unpublished)
[83] Sala P, Rakovszky T, Verresen R, Knap M and Pollmann F 2020 Ergodicity breaking arising from Hilbert space

fragmentation in dipole-conserving Hamiltonians Phys. Rev. X 10 011047
[84] Khemani V, Hermele M and Nandkishore R 2020 Localization from Hilbert space shattering: from theory to

physical realizations Phys. Rev. B 101 174204
[85] Moudgalya S, Prem A, Nandkishore R, Regnault N and Bernevig B A 2019 Thermalization and its absence

within Krylov subspaces of a constrained Hamiltonian (arXiv:1910.14048)
[86] Lieb E, Schultz T and Mattis D 1961 Two soluble models of an antiferromagnetic chain Ann. Phys., NY 16

407–66
[87] Fagotti M and Calabrese P 2010 Entanglement entropy of two disjoint blocks in XY chains J. Stat. Mech. P04016

https://doi.org/10.1088/1742-5468/ac22f8 30

https://doi.org/10.21468/scipostphys.4.6.043
https://doi.org/10.21468/scipostphys.4.6.043
https://doi.org/10.21468/scipostphys.7.6.072
https://doi.org/10.21468/scipostphys.7.6.072
https://doi.org/10.1103/physrevb.101.041110
https://doi.org/10.1103/physrevb.101.041110
https://arxiv.org/abs/2005.01679
https://doi.org/10.1103/physrevx.10.011047
https://doi.org/10.1103/physrevx.10.011047
https://doi.org/10.1103/physrevb.101.174204
https://doi.org/10.1103/physrevb.101.174204
https://arxiv.org/abs/1910.14048
https://doi.org/10.1016/0003-4916(61)90115-4
https://doi.org/10.1016/0003-4916(61)90115-4
https://doi.org/10.1016/0003-4916(61)90115-4
https://doi.org/10.1016/0003-4916(61)90115-4
https://doi.org/10.1088/1742-5468/2010/04/p04016
https://doi.org/10.1088/1742-5468/ac22f8

	Exact solution of a quantum asymmetric exclusion process with particle creation and annihilation
	Contents
	1.  Introduction
	2.  Lindblad equation
	2.1.  Operator-space fragmentation

	3.  Free fermions
	3.1.  `Classical' sector
	3.3.  q defect sector

	4.  Dynamics in the classical subspace
	4.1.  Imbalanced loss and gain
	4.2.  Time dependence

	5.  Two defect sector
	6.  Transverse correlation function
	7.  Conclusions
	Acknowledgments
	A.1.  Mixed parity fermion products
	A.2.  Trace of Gaussian operators

	Appendix B.  Correlation matrices
	References


