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Abstract In this paper, we investigated the effect of dark
matter on the weak deflection angle by black holes at the
galactic center. We consider three known dark matter den-
sity profiles such as the Cold Dark Matter, Scalar Field Dark
Matter, and the Universal Rotation Curve from the Burk-
ert profile. To achieve this goal, we used how the positional
angles are measured by the Ishihara et al. method based on the
Gauss–Bonnet theorem on the optical metric. With the help
of the non-asymptotic form of the Gauss-Bonnet theorem,
the longitudinal angle difference is also calculated. First, we
find the emergence of apparent divergent terms on the said
profiles, which indicates that the spacetime describing the
black hole-dark matter combination is non-asymptotic. We
showed that these apparent divergent terms vanish when the
distance of the source and receiver are astronomically distant
from the black hole. Using the current observational data in
the Milky Way and M87 galaxies, we find interesting behav-
iors of how the weak deflection angle varies with the impact
parameter, which gives us some hint on how dark matter
interacts with the null particles for each dark matter density
profile. We conclude that since these deviations are evident
near the dark matter core radius, the weak deflection angle
offers a better alternative for dark matter detection than using
the deviation from the black hole shadow. With the dark mat-
ter profiles explored in this study, we find that the variation
of the values for weak deflection angle strongly depends on
the dark matter mass on a particular profile.

1 Introduction

Several decades ago, the existence of a black hole was a
mystery and only was explored as a mathematical construct
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[1]. Until recently, the Event Horizon Telescope collabora-
tion unveiled the first image of the shadow of a black hole
in the electromagnetic regime [2–4], which again confirmed
the correctness of Einstein’s General Theory of Relativity [5]
as a model for compact objects with an extreme gravitational
field. With the only confirmation of black hole’s physical
existence, one can not underestimate the progress of theo-
retical research on the search for the most realistic model
of a black hole, as well as its dynamical interactions to any
astrophysical environments [6–18].

There are recent studies on this specific direction, using
perhaps the most important yet mysterious astrophysical
environment – the dark matter. Dark matter constitutes about
85% of the total mass of the Universe [19] and is used to
explain the strange behavior of stars and galaxy dynamics. At
this time of writing, dark matter particles called weakly inter-
acting massive particles (WIMPS) remain elusive to Earth-
based direct detection experiments. Although there was some
positive result reported [20–22], it was later criticized due to
the null results from other improved direct-detection exper-
iments [23–25]. Thus, from the theoretical perspective at
least, one must find an alternative for dark matter detection.
Recently, it was proposed that the Earth’s crust itself contains
millions of years of data and can act as a huge dark matter
detector [26]. Meanwhile, can we also consider an extreme
object such as a black hole to detect imprints of dark matter?
Numerous research studies recently appeared to explore such
a possibility. There are black hole models that came from the
solution of the Einstein field equation that includes dark mat-
ter. See for example Ref. [27] where the authors considered
a perfect fluid dark matter. Dark matter toy models are also
considered in studying its effect to the shadow [28,29], weak
deflection angle [30,31], and the intensity of electromagnetic
flux radiation [32]. Until recently, a method was formulated
to extract a particular black hole metric combined with some
known dark matter profiles, thus, modeling a realistic sce-
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nario of a supermassive black hole at the heart of a galaxy
surrounded with dark matter [33].

Gibbons and Werner showed a new geometrical tech-
nique to calculate the weak deflection angle using the Gauss–
Bonnet theorem (GBT) on the optical geometries for asymp-
totically flat spacetimes [34]. In this method, one can solve
the integral of GBT in an infinite domain bounded by the
light ray. Then, Werner extended this method to stationary
spacetimes by employing the Finsler–Randers type optical
geometry with Nazim’s osculating Riemannian manifolds
[35]. Afterward, Ishihara et al. extended this method for
finite-distances (huge impact parameter) instead of using
the asymptotic receiver and source [36,37]. Next, Ono
et al. applied the finite-distances method to the axisym-
metric spacetimes [38]. Crisnejo and Gallo [39] used the
GBT to obtain the gravitational deflections of light in a
plasma medium. Recently, Li et al. studied the finite-distance
effects on weak deflection angle by using massive particles
and Jacobi–Maupertuis Randers–Finsler metric within GBT
[40,41]. For more recent works involving non-asymptotic
spacetimes, finite distance, and the use of GBT on exotic and
dark matter, one can see [42–74].

A common result emerges from the aforementioned stud-
ies: dark matter is still very difficult to detect through the
deviation arising from its effect, say, on the shadow radius of
a black hole. In Ref. [75], it was stated that the dark matter
effect on the shadow only occurs when its mass k is around
107 orders of magnitude, which means the dark matter dis-
tribution must be concentrated near the black hole and com-
parable to the black hole’s mass. The study also suggested
more improvement on the current resolution capabilities of
modern telescopes. The same conclusion was found in Refs.
[28,29,33,76]. Even with the consideration of the baryonic
matter or the available observational data for the dark matter
spike density, little and indistinguishable effect was seen in
the black hole shadow [77]. In this work, we will calculate the
weak deflection angle by black holes lurking at the center of
galaxies and determine if we can use such a phenomenon for
better dark matter detection. In particular, we will derive the
weak deflection angle for a black hole surrounded by known
dark matter profiles such as the cold dark matter (CDM)
[33,78–80], Scalar Field Dark Matter (SFDM) [75,81,82],
and universal rotation curve (URC) [83]. The metric of these
black holes was derived using the formalism pioneered by
Xu et al. in Ref. [33]. The derived spacetime metrics are usu-
ally formidable in their exact form but these still satisfy the
weak and strong energy conditions which indicate their phys-
icality. See for example [84,85]. With Xu et al.’s formalism,
these black hole-dark matter metrics are rather new and to the
best of our knowledge, there are no existing studies on cal-
culating its weak deflection angle. There are existing studies,
however, about other black hole-dark matter models and the

calculation of their weak deflection angle and gravitational
lensing effects [30,31,67,86–89].

Primordial black holes can be a viable dark matter candi-
date [90]. Moreover, imprint of the dark matter can be found
in the Hawking radiation when black holes emit all exist-
ing degrees of freedom in nature, which is shown in [91]
as a distinct effects that impact the production of the dark
matter by primordial black holes. Boudon et al. have inves-
tigated the potential of primordial black holes of distributed
masses to match the observed cold dark matter abundance
at early/late times of universe, then also studied the baryon-
antibaryon asymmetry as well as baryon abundance through
an asymmetric Hawking radiation mechanism [92]. Silk and
Stodolsky have studied the deflection of light by primor-
dial black holes in the dark matter density spike using the
data of M87 supermassive black hole from the experiment
of EHT Collaboration, to show strong limits on the primor-
dial black hole mass [93]. Moreover, Sakalli and Övgün have
studied gravitational lensing problem of the Rindler modi-
fied Schwarzschild black hole and their investigations show
how the Rindler acceleration affects the Hawking radiation
and gravitational lensing [94]. Sabsovich et al. have studied
the black/ white holes analogues in Weyl semimetals with
inhomogenous nodal tilts and their an analogue Hawking
temperature, which can be measured in metamaterials and
solids [95]. Moreover, the index of the refraction plays a
decisive role on the tunneling rate [96] and Sakalli, Övgün
and Mirekhtiary have calculated the value of refractive index
n to show the gravitational lensing effect on the the tunneling
rate of the Hawking radiation using a non-asymptotically flat
dyonic black hole in four-dimensional Einstein–Maxwell–
Dilaton gravity [97]. Övgün and Sakalli have calculated
the Hawking temperature using the Gauss–Bonnet theo-
rem which shows that the Hawking radiation possesses a
topological effect [98]. Sakalli and Övgün have proved that
the well-known Parikh–Wilczek tunneling method, which is
used to solve the information loss problem in Hawking radi-
ation fails whenever the radiation occurs from an isother-
mal process [99]. Moreover, Hawking radiation of anyons,
particles with intermediate statistics was calculated for both
BTZ black holes to show that Hawking radiation can be
verifiable experimentally in an appropriate analogue system
[100,101].

The paper is organized as follows: Sect. 2 introduces the
Ishihara et al. method in calculating the weak deflection angle
with the use of the positional and longitudinal angles. In the
subsections that follow, the weak deflection angles of black
holes with dark matter profiles are derived and discussed.
In Sect. 4 we state concluding remarks and include research
prospects. Throughout the paper, we used the natural units
G = c = 1 and the metric signature (−,+,+,+).
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Fig. 1 In the left is the schematic picture of a curved surface for
Gauss–Bonnet theorem. In the right, the upper quadrilateral describes
the domain for GBT as found by Ishihara et al. [36], while the middle
quadrilateral was used in Ref. [41] for non-asymptotic spacetimes

2 Weak deflection angle by Gauss–Bonnet theorem and
Ishihara–Li method for finite distance

Let us consider a non-rotating black hole whose spacetime in
its vicinity is described as static and spherically symmetric:

ds2 = −A(r)dt2 + B(r)dr2 + C(r)dθ2 + D(r)dφ2, (1)

where B(r) = A(r)−1, C(r) = r2, and D(r) = r2 sin2 θ . In
studying the weak deflection angle, light rays are important
and they satisfy the null condition that ds2 = 0. The optical

metric can then be obtained via dt =
√

γi j dxi dx j , where
γi j is the spacial curve that runs from 1 to 3. With the opti-
cal metric, one can use it alongside with the Gauss-Bonnet
theorem [102,103] which states that

∫∫

D
KdS +

N∑
a=1

∫

∂Da

κgd� +
N∑

a=1

θa = 2π (2)

to study deflection angles. Here, D is any freely orientable 2D
curved surface described by the Gaussian curvature K , and
dS is the its area element. The boundaries of D are denoted by
∂Da(a = 1, 2, . . . , N ) with the geodesic κg integrated over
the line element d�. Furthermore, θa and εa are the jump and
interior angles respectively. See Fig. 1.

When the GBT is applied to a non-rotating black hole
where the spacetime metric is asymptotically flat, Ishihara
et al. [36] have shown that the weak deflection angle can be
found by using the formula

α̂ = φRS + �R − �S = −
∫∫

∞
R �∞

S

KdS. (3)

Here, �R and �S are the angles at the location of the
receiver R and the source S respectively, and φRS is the coor-
dinate separation angle between the receiver and the source,
which is equal to the difference between the longitudes φR

and φS . It is further shown in Eq. (3) how these angles are
related to the GBT where the Gaussian optical curvature
K = Rrφrφ

γ
is integrated over the quadrilateral ∞

R �∞
S . Here,

γ is defined as the determinant of the optical metric γi j . Ishi-

hara et al. [36] also proved that when the finite distances of
the source and the receiver are considered, the LHS of the
Eq. (3) is equivalent to

α̂ =
∫ uo

uR

1√
F(u)

du +
∫ uo

uS

1√
F(u)

du + �R − �S, (4)

where it is clear how φRS should be calculated. Here, F(u)

is the orbit equation expressed in terms of the inverse r -
coordinate (ie. r = 1/u):
(
du

dφ

)2

≡ F(u) = u4

b2

C(u)(C(u) − A(u)b2)

A(u)B(u)
. (5)

The upper integration limit uo in Eq. (4) is the iterative solu-
tion to Eq. (5) while the boundary condition du

dφ

∣∣
φ= π

2
= 0

is imposed. Eq. (4) is an elegant equation, handling non-
asymptotically flat spacetimes where Eq. (3) fails to work.
An example would be those metrics that involve the cosmo-
logical constant, or those that have r and r2 terms in the
metric function.

Recently, the study conducted in Ref. [41] also managed
to use the GBT to calculate the weak deflection angle of non-
asymptotically flat spacetimes. To do so, they used the middle
quadrilateral in Fig. 1 which involves the photon radius, or
in general, the circular orbit of a time-like particle. In their
formalism, the weak deflection angle can be calculated using

α̂ = φRS + �R − �S =
∫∫

R
rco�S

rco

KdS + φRS, (6)

where rco is replaced by rph for photon deflection angle. The
interested reader is invited to look on Ref. [41] for the com-
plete treatment of their method and applications.

Now based on observing Eqs. (3) and (6), it occurs that it
is easier to calculate the weak deflection angle by using the
original definition of α̂ = φRS +�R −�S since it avoids the
task of integrating a particular expression for the Gaussian
optical curvature. As we know, metric functions that con-
tain simple expressions are easy to calculate using the GBT,
especially if these functions are derived as a solution to the
Einstein field equation. However, there exist some metric
functions that are complicated enough that integrating their
Gaussian optical curvature, or by integrating the inverse-root
of the orbit equation, gives no analytical expression or very
complicated results. Examples of these metrics are the ones
derived using Xu et al. [33] formalism that involves a black
hole surrounded by dark matter described by a density profile.
See Refs. [84,85] for example, and the one recently derived
by Authors [75–77].

In this paper, since we are interested in deriving the weak
deflection angles by black holes at the center of a galaxy
surrounded by dark matter, we will avoid such integrals in
the expressions in Eqs. (3) and (6). Instead, we will focus on
the calculation of the positional angles � and longitudinal
angle φ. We can calculate � by going back to Eq. (3), where
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the angles �R and �S , cos � ≡ γi j ei R j can be defined
using the inner product of the unit basis vector ei along the
equatorial plane, and the unit radial vector Ri with relative
to the lensing object [36]: ie.

ei =
(
dr

dt
, 0,

dφ

dt

)
= dφ

dt

(
dr

dφ
, 0, 1

)

Ri =
(

1√
γrr

, 0, 0

)
. (7)

By using the orbit equation F(r), cos � can be recasted as

sin � =
√

A(r)

C(r)
b (8)

which is more convenient to calculate than cos �. Finally,
for the calculation of the longitudinal angle φ, it is done by
iteratively solving the orbit equation in Eq. (5) [61].

2.1 Effect of the CDM profile on weak deflection angle by
black holes

The cold dark matter density profile is one of the most well-
known profile that is consistent with astronomical observa-
tions in the large scale [78–80]. Although the physical nature
of dark matter is unknown, dark matter particles are mod-
eled with non-relativistic motion. The CDM density profile
is expressed

ρ = ρc

r
rc

(
1 + r

rc

)2 , (9)

where ρ is the Universe’s density at the time of dark matter
collapse, while ρc and rc are the core density and radius
respectively. It is shown in [33] how we can obtain the black
hole metric function with the CDM profile associated with
Eq. (9). First, the mass profile for the dark matter halo is
calculated as

MDM(r) = 4π

∫ r

0
ρ
(
r ′) r ′2dr ′. (10)

Then using the mass profile, the tangential velocity of test
particle in dark matter halo is calculated easily by v2

tg(r) =
MDM(r)/r . On the other hand, if the line element describing
the dark matter halo is given by

ds2 = − f (r)dt2 + f (r)−1dr2 + r2dθ2 + r2 sin2 θdφ2,

(11)

we can derive a rotational velocity of a test particle in static
and spherical symmetric spacetime of the DM halo using the
relation

v2
tg(r) = r√

f (r)

d
√

f (r)

dr
= r

d ln(
√

f (r))

dr
. (12)

Now, using the above relations for the rotation velocities, the
metric function of the dark matter halo can be derived by
using:

f (r) = exp

[
2
∫

v2
tg(r)

r
dr

]
. (13)

From the Einstein field equation, the idea is to combine
the dark matter profile and the Schwarzschild black hole
to the energy-momentum tensor Tμ

ν . If the resulting met-
ric is expressed by Eq. (1), then it is defined that A(r) =
f (r)+F(r) where F(r) the metric coefficient that describes
the black hole. For details, see Ref. [33]. One then finds that
the metric function of the black hole in CDM profile as

A(r) =
(

1 + r

rc

)− 8πk
r − 2m

r
, (14)

where m is the mass of the black hole. Here, we denote k in
as the dark matter mass given by k = ρcr3

c for simplicity.
The orbit equation F(u) can then be easily calculated

using Eq. (5) as

F(u) = 1

b2 − u2 + 2mu3 + 8πu3k ln

(
1 + 1

urc

)
, (15)

where the first three terms are the known orbit equation for
the Schwarzschild case and the last term is the dark matter
contribution. We differentiate again Eq. (15) with respect to
φ and obtain

− d2u

dφ2 + 4πku2
[

3 ln

(
1 + 1

κu

)
− 1

κu + 1

]

+3mu2 − u = 0. (16)

Here, we think that ku andmu are so small, and this procedure
in perturbation method allows us to solve the differential
equation

− d2u

dφ2 − u = 0, (17)

which gives

uo = X sin(φ) + Y sin(φ). (18)

We use the boundary condition that du
dφ

∣∣
φ= π

2
= 0, and this

implies that X = 1/b. Thus,

uo = sin(φ)

b
. (19)

Beginning from Eq. (19), we can proceed to solve Eq. (15)
by iteration resulting to

uo = sin φ

b
+ m

(
1 + cos2 φ

)

b2 + 4πk

b2 ln

(
1 + b

rc

)
. (20)

Using this, we can solve the angle φ directly. We then
obtained
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φRS = (φRS)Schw

+ 4πk

b
ln

(
1 + b

rc

)⎡
⎣ 1√

1 − b2u2
R

+ 1√
1 − b2u2

S

⎤
⎦

− 4πbkm

⎡
⎣u3

R ln
(

1 + b
rc

)

(
1 − b2u2

R

)3/2 +
u3

S ln
(

1 + b
rc

)

(
1 − b2u2

S

)3/2

⎤
⎦

+ O(m2, k2,m2k2), (21)

where uS and uR are the inverse of the radial distance of the
source and the receiver from the lensing object respectively.
For simplicity, we also have written

(φRS)Schw = π − arcsin buR − arcsin buR

− m

b

⎡
⎣
(
b2u2

R − 2
)

√
1 − b2u2

R

+
(
b2u2

S − 2
)

√
1 − b2u2

S

⎤
⎦ . (22)

Now, using Eq. (8), we have

�R − �S = (�R − �S)Schw

− 4πbk

⎡
⎣u2

R ln
(

1 + 1
rcuR

)
√

1 − b2u2
R

+
u2

S ln
(

1+ 1
rcuS

)
√

1−b2u2
S

⎤
⎦

+ 4πbkm

⎡
⎣u3

R

(
2b2u2

R − 1
)

ln
(

1 + 1
rcuR

)

(
1 − b2u2

R

)3/2

+
u3

S

(
2b2u2

S − 1
)

ln
(

1 + 1
rcuS

)

(
1 − b2u2

S

)3/2

⎤
⎦

+ O(m2, k2,m2k2), (23)

where

(�R − �S)Schw = −π + arcsin buR + arcsin buR

− bm

⎡
⎣ u2

R√
1 − b2u2

R

+ u2
S√

1 − b2u2
S

⎤
⎦ .

(24)

Combining the two previous equations above, we obtain the
weak deflection angle with finite distance of the source and
the receiver as

α̂ = 2m

b

(√
1 − b2u2

R +
√

1 − b2u2
S

)
+ 4πk

b

⎧
⎨
⎩

[
b2u2

R ln
(

1 + 1
rcuR

)
+ ln

(
1 + b

rc

)]
√

1 − b2u2
R

+
[
b2u2

S ln
(

1 + 1
rcuS

)
+ ln

(
1 + b

rc

)]
√

1 − b2u2
S

⎫
⎬
⎭

− 4πbkm

⎧
⎨
⎩
u3

R

[(
2b2u2

R − 1
)

ln
(

1 + 1
rcuR

)
− 1

2 ln
(

1 + b
rc

)]
√

1 − b2u2
R

+
u3

S

[(
2b2u2

S − 1
)

ln
(

1 + 1
rcuS

)
− 1

2 ln
(

1 + b
rc

)]
√

1 − b2u2
S

⎫
⎬
⎭

+ O(m2, k2,m2k2). (25)

We note that this leads to the weak deflection angle α̂ =
4m/b in the Schwarzschild case when there is no dark matter
mass (k = 0) in the far approximation. We can also see in
Eq. (25) how the value of u depends on the impact parameter
b. For α̂ to have some physical significance, u should not
be any lower than 1/b, which means that the position of the
source and receiver should not be less than b.

In Eq. (25), the quantity ln(1 + 1/rcu) is undefined when
u is exactly zero. However, if u has a finite value no mat-
ter how near it is to zero, there is a certain finite value for
ln(1+1/rcu). Notice also that the u2 and u3 as scaling factor
dominates the ln(1 + 1/rcu) and these terms can be safely
approximated to zero. Hence, assuming that uR = uS and
are very small, Eq. (25) can still be approximated as

α̂ = 4m

b
+ 8πk

b
ln

(
1 + b

rc

)
. (26)

Let us use the available data for Sgr. A* [75] where the
values of the dark matter core density and core radius are
ρc = 1.936x107M�kpc−3 and rc = 17.46 kpc respectively.
The dark matter mass is then k = 1.030x1011M� while the
black hole mass at the center is m = 4.30x106M�. It is
useful to express k in terms of the black hole mass unit and
this gives k = 23953m. Notice that if we compare m to rc, it
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Fig. 2 Curve of the weak deflection angle in the CDM profile for dif-
ferent values of the dimensionless impact parameter b/m in Sgr. A*.
Here, α̂ is in µas. The vertical dotted line is the value of the outermost
core radius rc ∼ 8.484 × 1010m. The region below the dash-dotted
vertical line is the cusp region (∼ 4.86 × 109m)

Fig. 3 Curve of the weak deflection angle in the CDM profile for
different values of the dimensionless impact parameter b/m in M87.
The vertical dotted line is the value of the outermost core radius
rc ∼ 4.179 × 108m. The region below the dash-dotted vertical line
is the cusp region (∼ 3.214 × 106m)

is indeed that Eq. (26) applies to the situation. We can still use
this equation at the location where the “cusp” phenomenon
begins to occur, which is 1 kpc and below [33,104]. We note,
however, that one cannot use the equation when the impact
parameter is very close to the black hole. Thus, a reasonable
range for the impact parameter will be shown to demonstrate
the effect of the dark matter of various profiles. Finally, Eq.
(25) is the general equation considering the finite distance of
the source and the receiver and it is interesting to compare it
to the approximated expression in Eq. (26).

Figure 2 shows the plot of Eqs. (25) and (26) for Sgr.
A*. The solid black line corresponds to the case where the
positions of the source and receiver are twice the impact

parameter. Meanwhile, the solid red line corresponds to the
approximated case where u is very small. For comparison,
we also plotted the weak deflection angle α̂ by the black
hole alone, which is so small considering the range for b/m
(blue dashed line). When the effect of the CDM profile is
taken into account, we see some interesting deviations from
the Schwarzschild case. Eq. (26) tells us that when b >>

rc, the dark matter term dominates the standard value, thus
the observed increase in α̂. As the impact parameter b/m
gets comparable with the core radius rc, the rate at which α̂

changes is increased drastically. We see that the deviation is
larger due to the effect of the finite distance of the source and
the receiver. Interestingly, between the core radius and the
cusp region, the rate at which α̂ increases levels off and then
follows the same trend as the Schwarzschild case inside the
cusp region.

The same observation to the behavior of α̂ can be con-
cluded for the case for the black hole in the M87 galaxy,
except that it provides a greater value for the weak deflec-
tion angle as compared in Sgr. A*. That being said, the M87
galaxy is a good laboratory for weak deflection angle mea-
surements. We emphasize, however, that the solid black curve
implies that the receiver must be inside the galaxy itself
since it models finite distance. Thus, the one applicable is
the solid red curve, representing Eq. (26) which is valid for
any receiver outside and far from M87. Finally, we note that
in the CDM profile, we used the values of the following
parameters: ρc = 0.008 × 107.5M�kpc−3, rc = 130 kpc,
and m = 6.50 × 109M� [76] for Fig. 3.

2.2 Effect of the SFDM profile on weak deflection angle by
black holes

The CDM profile is known to exhibit a cusp phenomenon
near the black hole, around 1 kpc and below in particular. The
scalar field dark matter model resolves this and one of the
known profiles incorporates the Bose–Einstein condensate
(BEC) [82]. In such a profile, the density is given as

ρ = ρcrc

πr
sin

(
πr

rc

)
. (27)

The metric function A(r) of a black hole in SFDM profile
then takes the form

A(r) = exp

⎡
⎣−

8k sin
(

πr
rc

)

π2r

⎤
⎦− 2m

r
. (28)

Using Eq. (5), we find

F(u) = 1

b2 − u2 + 2mu3 + 8u3k

π2 sin

(
π

rcu

)
. (29)

It turns out that the implementation of the perturbation
method to Eq. (29) still gives the approximate solution sim-
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ilar to Eq. (19). After solving Eq. (29) iteratively, we obtain
the closest approach as

uo = sin φ

b
+ m

(
1 + cos2 φ

)

b2 + 4k

b2π2 sin

(
bπ

rc

)
(30)

Using this, we find φRS as

φRS = (φRS)Schw +
4k sin

(
πb
rc

)

π2b

⎡
⎣ 1√

1 − b2u2
R

+ 1√
1 − b2u2

S

⎤
⎦

+ 4bkm

π2 sin

(
πb

rc

)
⎡
⎢⎣ u3

R(
1 − b2u2

R

)3/2 + u3
S(

1 − b2u2
S

)3/2

⎤
⎥⎦

+ O(m2, k2,m2k2), (31)

and for the last two terms in Eq. (4), we find

�R − �S = (�R − �S)Schw − 4bk

π2

⎡
⎣u2

R sin
(

π
rcuR

)
√

1 − b2u2
R

+
u2

S sin
(

π
rcuS

)
√

1 − b2u2
S

⎤
⎦

+ 4bkm

π2

⎡
⎣u3

R

(
2b2u2

R − 1
)

sin
(

π
rcuR

)

(
1 − b2u2

R

)3/2 +
u3

S

(
2b2u2

S − 1
)

sin
(

π
rcuS

)

(
1 − b2u2

S

)3/2

⎤
⎦+ O(m2, k2,m2k2). (32)

Combining the two previous equations above, the weak
deflection angle with u being finite leads to

α̂ = 2m

b

(√
1 − b2u2

R +
√

1 − b2u2
S

)
− 4k

π2b

{[b2u2
R sin

(
π

rcuR

)
− sin

(
πb
rc

)]
√

1 − b2u2
R

+
[
b2u2

S sin
(

π
rcuS

)
− sin

(
πb
rc

)]
√

1 − b2u2
S

}

+ 4bkm

π2

{u3
R

[
(2b2u2

R − 1) sin
(

π
rcuR

)
+ sin

(
πb
rc

)]

(
1 − b2u2

R

)3/2 +
u3

S

[
(2b2u2

S − 1) sin
(

π
rcuS

)
+ sin

(
πb
rc

)]

(
1 − b2u2

S

)3/2

}
+ O(m2, k2,m2k2).

(33)

Again, if k = 0 and in the far approximation, α̂ = 4m/b
is recovered. We notice also that u cannot be equal to zero
for sin(π/rcu). However, with u having a very small value,
sin(π/rcu) can only be somewhere between −1 and 1. More-
over, since there is a factor of u2 in sin(π/rcu), we can safely
approximate the term to zero. Therefore, Eq. (33) can be
reduced to

α̂ = 4m

b
+ 8k

π2b
sin

(
πb

rc

)
. (34)

Fig. 4 Curve of the weak deflection angle in the SFDM profile for
different values of the dimensionless impact parameter b/m in Sgr.
A*. The vertical dotted line is the value of the outermost core radius
rc ∼ 7.639 × 1010m. The region below the dash-dotted vertical line is
the cusp region (∼ 4.86 × 109m)

In the SFDM profile, the parameters for Sgr. A* are the fol-
lowing: ρc = 3.43×107M�kpc−3 and rc = 15.7 kpc for the

core density and radius respectively, and k = 30,869 m. Fig-
ure 4 shows how the weak deflection angle varies for different
values of b/m. For the black hole only case, we can see that
the increase in α̂ is very small overall, even as b/m decreases
further. The same observation holds when the effect of the
SFDM profile is present. Interesting behavior for the α̂ curve
occurs for b > rc where fluctuation between attractive and
repulsive behavior occurs. Furthermore, the amplitude of the
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fluctuation decreases as b/m increases, which indicates that
it reaches the Schwarzschild case for very large b/m. The
periodic behavior diminishes inside the core radius while we
see a considerable deviation. When b is considerable small
in comparison to rc, then sin(πb/rc) ∼ πb/rc. Then the
second term becomes 8k/πrc which is a constant. With the
parameters used herein, this constant is ∼ 1.029 × 10−6.
For this reason, the first term dominates which explains how
the dark matter contribution follows the same trend of the
Schwarzschild case. In such a region, the only effect of the
dark matter in the SFDM profile is to increase slightly the
value of the weak deflection angle by some constant that
depends on the black hole and dark matter parameters.

Interestingly, we can also see the difference in the behavior
of the curves between the finite distance case and the asymp-
totic one. Outside the core radius, there is a very small differ-
ence between the two although the weak deflection angle is
quite larger in the finite distance case. Detection of this oscil-
latory behavior near the core radius can potentially rule out
the CDM or the URC profiles. Now, inside the core radius,
it can be seen that the asymptotic case for the receiver is
better since α̂ is larger. As can be gleaned from Fig. 4, the
Schwarzschild case for the deflection angle is even better
compared to the finite distance case when b/m gets smaller
in comparison to the core radius.

2.3 Effect of the URC profile on weak deflection angle by
black holes

The universal rotation curve profile came from the another
known model called Burkert profile [105,106]. The URC
density profile is expressed as

ρ = ρcr3
c

(r + rc)(r2 + r2
c )

. (35)

Taking consideration of the black hole, it was shown in [76]
that A(r) is somewhat complicated:

A(r) =
(

1 + r2

r2
c

)− 2πk(1− r
rc )

r
(

1 + r

rc

)− 4πk(1+ r
rc )

r

× exp

⎡
⎣4πk

(
1 + r

rc

)
arctan

(
r
rc

)

r

⎤
⎦− 2m

r
. (36)

Nevertheless, it can be easily shown that when k = 0, the
first term above is equal to 1. Calculating the orbit equation
we find

F(u) = 1

b2 − u2 + 2mu3 + 8πu3k ln

(
1 + 1

urc

)

− 2πku2

rc

{
(rcu + 1)

[
2 arctan

(
1

rcu

)
− ln

(
1 + 1

r2
c u

2

)]

− 2 ln

(
1 + 1

rcu

)}
, (37)

and notice how we recovered the CDM contribution in the
fourth term of the equation above despite not having Eq. (14)
in Eq. (36). One can verify that the approximate solution
again gives the expression in Eq. (19). After we solve Eq.
(37) iteratively, the inverse of the closest approach is found
as

uo= sin φ

b
+m

(
1 + cos2 φ

)

b2 +4πk

b2 ln

(
1 + b

rc

)
+ πk

rcb2 λ,

(38)

where

λ = (rc − b) ln
(
b2 + r2

c

)
+ 2b ln(b + rc)

− 2(b + rc) arctan

(
b

rc

)
− 2rc ln(rc). (39)

Using Eq. (38), we solve φ and obtain φRS as

φRS = (φRS)Schw+CDM + πkλ

brc

⎛
⎝ 1√

1 − b2u2
R

+ 1√
1 − b2u2

S

⎞
⎠

+ 2πkλm

brc

(
uR(

1 − b2u2
R

)3/2 + uS(
1 − b2u2

S

)3/2

)

+ O(m2, k2,m2k2). (40)

For �R − �S , we have

�R − �S = (�R − �S)Schw+CDM

+ 2πbk

rc

⎛
⎝ γRuR√

1 − b2u2
R

+ γSuS√
1 − b2u2

S

⎞
⎠

− 2πbkm

rc

(
γRu2

R

(
2b2u2

R − 1
)

(
1 − b2u2

R

)3/2 + γSu2
S

(
2b2u2

S − 1
)

(
1 − b2u2

S

)3/2

)

+ O(m2, k2,m2k2), (41)

where we have written

γ = 1

2

[
(1 − rcu) ln

(
1 + 1

r2
c u

2

)
− 2 ln

(
1 + 1

rcu

)

+2 arctan

(
1

rcu

)]
. (42)

Combining the above equations, we find weak deflection
angle in finite distance as

α̂ = α̂Schw+CDM + πk

brc

⎡
⎣
(

2b2γRuR + λ
)

√
1 − b2u2

R

+
(

2b2γSuS + λ
)

√
1 − b2u2

S

⎤
⎦

− 2πkm

brc

⎡
⎢⎣
uR

(
2b4γRu

3
R − b2γRuR − λ

)

(
1 − b2u2

R

)3/2
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+
uS

(
2b4γSu

3
S − b2γSuS − λ

)

(
1 − b2u2

S

)3/2

⎤
⎥⎦+ O(m2, k2,m2k2), (43)

where the first term is expressed by Eq. (25). As expected,
the Schwarzschild case is recovered if k = 0. One can not set
u = 0 due to the divergences in the ln and arctan terms. We
say that these are only apparent divergences. Nonetheless, if
u is very small, these terms can have finite values. If this is
the case, then u and u2 as scaling factors will dominate and
we can safely assume that in the far approximation, Eq. (43)
should reduce to

α̂ = 4m

b
+ 8πk

b
ln

(
1 + b

rc

)
+ 2πkλ

brc
(44)

It is interesting how we can see the emergence of the CDM
profile contribution in Eq. (44). Let us use the M87 as an
example [76] to demonstrate the effect of the URC profile on
the weak deflection angle. The mass of the black hole at the
center is given as m = 6.5 × 109M�, while the dark matter
parameters are ρc = 6.9 × 106M�kpc−3 and rc = 91.2 kpc
for the core density and radius respectively. We can then
use k = 805 m for the dark matter mass. In Fig. 5, we can
see some interesting behavior of the α̂ curve between the
three cases. First, we observe that the deflection angle out-
side the core radius is negative, which implies that photons
are deflected repulsively by the amalgamation of the dark
matter and black hole. We remark that the repulsive deflec-
tion angle is nothing new since in Ref. [107], the deflection
angle due to the black hole in (2 + 1)D massive gravity also
sometimes gives a negative value. We examined the extension
of this plot for the case when b >> rc, and one can verify
that the curves do not approach the Schwarzschild case. How-
ever, despite giving a repulsive deflection, this case favors the
receivers at u → 0 than the one in the finite distance. We see
a steep increase in α̂ as the impact parameter approaches the
value of the core radius, and it levels off inside. Beyond the
cusp region, we can see again that the dark matter effect fol-
lows the same trend as the Schwarzschild case, implying that
in such a region, the CDM term dominates. We should also
note that exploring the weak deflection angle inside the dark
matter core radius would be more detectable to a receiver
with a finite distance from the black hole. We also plotted
the URC profile for Sgr. A* using ρc = 1.2 × 107M�kpc−3

and rc = 7.8 kpc for the core density and radius respectively
[108]. In these parameters, k = 0.9 m, which we can see
how it compares to M87. Thus, a greater dark matter mass for
M87 explains why such a galaxy can be useful for dark matter
detection using the weak deflection angle. The same conclu-
sion can be seen in Fig. 6, and we can see clearly how the
dark matter effect for α̂ behaves similar to the Schwarzschild
case deep within the center of the galaxy.

Fig. 5 Curve of the weak deflection angle in the URC profile for dif-
ferent values of impact parameter b/m in M87. The vertical dotted line
is the value of the outermost core radius rc ∼ 2.932×108m. The region
below the dash-dotted vertical line is the cusp region (∼ 3.214×106m)

Fig. 6 Curve of the weak deflection angle in the URC profile for differ-
ent values of impact parameter b/m in Sgr. A*. The vertical dotted line
is the value of the outermost core radius rc ∼ 3.79×1010m. The region
below the dash-dotted vertical line is the cusp region (∼ 4.859×109m)

2.4 Remarks on the cusp phenomenon

In this section, we comment on the possible effect of the cusp
phenomenon on the weak deflection angle. Or, is there any?
Looking at Fig. (1) in Ref. [33], we can see that the energy
density is still finite at r = 1 kpc and it is indeed asymptotic
to +∞ as r approaches zero. Not taking into account the
black hole, only the CDM profile produces a cusp, while the
SFDM has none. With the black hole into consideration, it
is reported [33] that the cusp arises in the SFDM profile as
the energy density is enhanced near the black hole. We see
that this cusp if it begins at r = 1 kpc, it does not affect the
weak deflection angle as can be gleaned from Figs. 2, 3 and 4.
The reason is that there is no peculiar deviation to the curve
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happening at r = 1 kpc and the increase in α̂ happens even
without the influence of the dark matter profile. The weak
deflection angle with the CDM and SFDM profiles merely
follows the same trend as the Schwarzschild case. In Ref.
[76], it is reported that the black hole with the URC profile
has no cusp phenomenon since the energy density is finite at
very low values of r . We then see in Figs. 5 and 6 the behav-
ior of the α̂ curve without the effect of the cusp. With these
observations from the three profiles, we cannot attribute the
behavior of α̂ inside the core radius to the cusp phenomenon,
but instead to the kind of astrophysical environment where
the light travels. The effect of the cusp may be more evident
very close to the black hole and for this reason, a study of
the strong deflection of light is necessary to investigate such
effect. Related to this, it was already reported that the hori-
zon, ergosphere, shadow radius, and energy emission rate
exhibit deviations to the standard values, and cusp effects
may be one of the reasons for such deviations [33,75,76].
The conclusion is reasonable since these observables happen
near the black hole where their fundamental properties are
maintained despite being surrounded by dark matter.

3 Effect of the dark matter profiles to the Einstein Ring

Let us now calculate and form an estimate as to what will
be the angular size of the Einstein rings due to the effect
of the dark matter density profiles in this study. First, let
DS and DR be the distance of the source and the receiver
respectively from the lensing object. Considering thin lens
equation, DRS = DR + DS. To find the position of the weak
field images, we consider the lens equation given as [109]

DRS tan β = DR sin θ − DS sin(α̂ − θ)

cos(α̂ − θ)
. (45)

An Einstein ring is formed under the condition β = 0, and
the above equation gives the ring’s angular radius as

θE ∼ DS

DRS
α̂. (46)

Furthermore, if the Einstein ring is assumed to be very small,
we can use the relation b = DR sin θ ∼ DRθ . We also note
that the terms in Eq. (26) are already in the leading order,
which are dependent on the BH and dark matter mass. Let
us also denote b/rc = ε. We then find the angular size of the
Einstein ring in the CDM profile as

θCDM
E = 2

√
DS

DRSDR
[m + 2πk ln (1 + ε)]. (47)

Fig. 7 The angular radius of the Einstein ring for CDM profile in Sgr.
A*. Here, θE is in µas. We used the same parameters present in the
weak deflection angle plots, except for DR = 8.3 kpc, represented by
the green dotted line

Meanwhile, we found the angular radius for the SFDM and
URC as

θSFDM
E = 2

√
DS

DRSDR

[
m + 2k

π2 sin(πε)

]
, (48)

θURC
E = 2

√
DS

DRSDR

[
m + 2πk ln (1 + ε) + πkλ

2rc

]
(49)

respectively, where λ is given by Eq. (39). From the galac-
tic center to our location, the distance is approximately
DR ∼ 8.3 kpc, which justifies the use of the Eqs. (26), (34),
and (44). Without the influence of dark matter, the angular
radius depends solely to the source’s distance from the lens-
ing object if DR is fixed.

It is known that dark matter effects are more obvious far
from the galactic center. For this reason, we plotted Eqs.
(47)–(49) showing how the distance of the source and the
impact parameter will affect the size of the Einstein ring. To
be more realistic, we have used the Sgr. A* and the estimated
distance of the solar system from the galactic center. See
Figs. 7, 8 and 9. For comparison, we have also shown the
Schwarzschild case represented by the dashed line for each
source location. As we have seen in the inset plot, near the
galactic center, the deviation is small but tends to increase the
Einstein ring angular radius. It is a finding that is in contrast
with the results in Ref. [89] using the perfect fluid dark matter
model, where the radius of the Einstein ring decreases as the
impact parameter of light increases. However, the effect of
varying the distance of the source from the lensing object
was not explored.

An interesting behavior of the curve happens near the core
radius. For the CDM profile, we can see a continuous increase
in the radius, and the steepness of the curve decreases for
b/m > 1012 (not shown). For the SFDM profile, the peak
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Fig. 8 The angular radius of the Einstein ring for SFDM profile in Sgr.
A*

Fig. 9 The angular radius of the Einstein ring for URC profile in Sgr.
A*

of the curve arises near b/m = DR, then a steep decrease
in radius is seen. We see that the deviation went back to the
Schwarzschild case near the core radius. For any b/m > rc,
we see a fluctuating deviation for the radius. In the URC
profile, the peak of θE is near the core radius, and a fast decline
in the angular radius is observed just outside the core radius.
With the parameters given for Sgr. A*, there are no Einstein
rings observed near and beyond b/m = 1011. A possible
explanation for this behavior is that beyond this value of
b/m, the weak deflection angle is negative, which causes a
repulsive deflection, not reaching the intended location of
the receiver (see Fig. 6). As a final remark, we have seen
that each profile gives a unique behavior for the Einstein ring
deviation.

4 Conclusion

In this work, we have obtained the weak deflection angle with
finite distance for black holes surrounded by dark matter. In
particular, we considered the dark matter profiles such as the
CDM, SFDM, and URC profiles. With this aim, we calculated
the positional angles of the source and the receiver using the
method by Ishihara et. al [36], and the calculation of their
longitudinal angle difference using the non-asymptotic GBT
method in Ref. [41]. Using the known data and parameters
for the black hole and dark matter in the Milky Way and M87
galaxies, the density profiles give a unique behavior for the
weak deflection angle. We see in Figs. 2, 3, 4, 5 and 6 how they
differ. Outside the dark matter core radius, the CDM profile
exhibits a positive deflection angle and the finite distance
gave the highest value for α̂. In the URC profile, a negative
deflection angle manifests, and the largest value for α̂ can
be measured by a receiver at u → 0. We also note that the
CDM profile naturally emerges in the URC profile, and its
manifestation is evident inside the core radius since these two
profiles follow the same behavior. Furthermore, the largest
value for α̂ is seen by the receiver in the finite distance for
impact parameters that are less than the core radius. On the
other hand, the SFDM profile gives an interesting behavior
to the weak deflection angle since the deviation is oscillatory
near the outside core radius, but follows the Schwarzschild
trend inside the core radius. Inside the core radius, we can
say that α̂ behaves differently as compared to the CDM and
URC profile because, at this domain, the receiver at u →
0 reads the highest value for α̂. See Fig. 4. Finally, with
the three profiles presented in this study, we find that the
phenomenon of weak deflection angle tends to ignore the
effects of cusp reported to be present in CDM and SFDM.
However, one could distinguish the dark matter profile when
we observe the weak deflection angle near the core radius.
With the differing behavior of the α̂ curve, it can give us hints
on how dark matter and photons interact, at the domain near
the core radius. We believe that such an analysis is better
than analyzing the depths of the black hole shadow. Looking
again at Figs. 2, 3, 4, 5 and 6 , we can see how the dark
matter mass is the dominating term for the value of the weak
deflection angle. We observe small values for α̂ in the CDM
profile for M87 as compared to its value in the URC profile.
The lowest value is in Sgr. A* in the URC profile.

We have also analyzed how the angular radius of the Ein-
stein ring behaves in each of the profiles. Near the galac-
tic center, the deviation to the Schwarzschild case is small,
where the radius is increased. As we also increase the dis-
tance of the source and the impact parameter of light to the
lensing object, we observe more deviation to the Einstein
ring radius. Dark matter effects are also seen to amplify its
effect near the core radius. See Figs. 7, 8 and 9.
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Let us list some space technology that can potentially
detect the deviation in the weak deflection angle or the Ein-
stein ring caused by the dark matter density profiles. First, we
have the Event Horizon Telescope that can achieve an angu-
lar resolution of 10–15 µas within 345 GHz in the future. In
addition, while the ESA GAIA mission is also capable of pro-
viding around 20–7µas of angular resolution [110], a more
powerful space-based technology called the VLBI RadioAs-
tron [111] can obtain an angular resolution ranging from 1–10
µas. We then conclude that they are within the capability of
extracting information from the dark matter profiles herein,
especially for high dark matter density. Although the weak
deflection angle is small for Sgr. A*, the angular radius for
the Einstein ring is detectable.

As a future research direction, it is interesting to include
black hole rotation in the analysis, which is a work in
progress. Another is the comparison between deflection
angles of null and time-like particles. The cusp phenomenon
is also interesting and the calculation of the strong deflection
angle by a black hole in a dark matter profile may reveal its
effect. Further investigation is also needed whether the cusp
phenomenon affects the black hole geometry, and this can be
achieved by comparing a cusp profile to a cored profile.
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