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Abstract 
We present a novel concept of the Fixed-Field-Alternat-

ing (FFA) permanent magnet small racetrack proton accel-
erator with kinetic energy range between 10-250 MeV of. 
The horizontal and vertical tunes are fixed within the en-
ergy range providing very fast cycling with a frequency of 
400Hz to 1.3 KHz. The injector is commercially available 
cyclotron with RF frequency of 65 MHz. The permanent 
magnet synchrotron has a shape of a racetrack where the 
two arcs are made of combined function permanent non-
linear fields magnets to provide fixed betatron tunes for the 
extraordinary kinetic energy range between 10 and 
250 MeV.  

INTRODUCTION 
Sustainability is recently getting significant attention. 

US Department of Energy supports studies on energy effi-
cient devices including particle accelerators. We are updat-
ing the previous report [1] on a new way to accelerate par-
ticles in the Fixed Field Alternating Gradient (FFA’s) ac-
celerator. This is a direct connection to sustainability and 
energy conservation as using the permanent magnets there 
is no need for electrical power. The synchrotron is based 
on an existing patent of the non-scaling FFA’s (NS-FFA’s) 
accelerator [2]. The linear transverse magnetic field of NS-
FFA’s is replaced with the non-linear field. This concept is 
based on a recent very successful commissioning [3-8] of 
the first 4 turn superconducting Energy Recovery Linac 
(ERL) ‘CBETA’ a collaboration between Cornell Univer-
sity and Brookhaven National Laboratory (BNL) in build-
ing Electron Test Accelerator. The CBETA project was 
funded by the New York State Energy & Research Devel-
opment Authority (NYSERDA). A single NS-FFA’s beam 
line very successfully transported 7 electron passes 4 ac-
celerating and 3 decelerating passes with 42, 78, 114, and 
150 MeV.  The beam line was made of a very high-quality 
combined function magnets based on the Halbach design. 
A new permanent magnet technology was developed [5] 
allowing the initial beam to pass through without correc-
tions. A concept of NS-FFA’s [9-11] has been successfully 
demonstrated by other examples like: Electron Model for 
Multiple Applications (EMMA) at Daresbury Laboratory, 
UK [12] and by the experiment of a single NS-FFA’s beam 
line transporting electrons with energies between 
20-80 MeV at Advance Test Facility (ATF) at BNL [13]. 
The NS-FFA’s abandoned the scaling laws like 𝑝 =𝑝௢ሺ𝑟 𝑟௢⁄ ሻ௞ିଵand  𝐵ோ = 𝐵௢ሺ𝑟 𝑟௢⁄ ሻ௞  where p is the momentum 

of the accelerated particles while 𝑟 is the radial particle off-
set. The 𝐵ோ  is the radial magnetic field dependence on ra-
dial offsets. They define the scaling FFA. The main ad-
vantage of the NS-FFA’s with respect to the scaling FFA’s 
are significantly smaller magnets. This is due to smaller or-
bit oscillations during acceleration a consequence of the 
very strong focusing reducing values of the dispersion 
function. From a definition of the dispersion function and 
a relationship between the orbit offsets and momentum 
range ∆𝑥 = 𝐷௫ 𝛿𝑝 𝑝⁄  it becomes clear that for the momen-
tum range, for example of 𝛿𝑝 𝑝⁄ = ±60% that orbit offsets 
could be within few cm for a dispersion function of less 
than 𝐷௫ < 2𝑐𝑚. The scaling FFA’s require 1/3 of the bend-
ing to be in opposite direction reducing the accelerator 
packing factor. This is another advantage of the NS-FFA’s. 
Acceleration in the NS-FFA’s needs to be fast or with a 
small number of passes as it was shown in the previous ex-
amples. As the NS-FFA accelerator is made of multiple 
identical cells there is a problem of crossing systematic res-
onances where the beam loss can occur. The beam loss de-
pends on the length of time for the resonance crossing [13]. 
To avoid the resonance crossing we introduced the non-lin-
ear transverse magnetic field with a goal of obtaining the 
fixed betatron tunes and enhanced advantages of the strong 
focusing NS-FFA’s. 

MAGNETIC FIELD EXPANSION 
Additional multipoles are added to the combined func-

tion magnets using first the Taylor expansion of the mag-
netic field. The region of interest does not include electric 
currents so using the scalar potential φm is best for treat-
ment. The Laplace equation is satisfied [14, 15]:   ∇ሬሬ⃗ ଶ𝜙௠ = 0   𝑎𝑛𝑑  𝐵ሬ⃗ = −𝜇௢∇ሬሬ⃗ 𝜙௠                              ሺ1ሻ 𝜙௠ = 𝜙௢ + ෍𝑟௞ሺ𝑎௞ cos𝑘𝜃 + 𝑏௞ sin 𝑘𝜃ሻ          ሺ2ሻஶ

௞ୀଵ  

−∆𝐵௬𝐵𝜌 = −𝜕𝜙௠𝜕𝑥 ,         𝐵௫𝐵𝜌 = −𝜕𝜙௠𝜕𝑦                          ሺ3ሻ   
The Hamiltonian has additional term [16]: ∆𝜙 ≡ 𝜙ሺ𝑥் ,𝑦்; 𝑠ሻ − 𝜙ሺ𝑥஼  ,𝑦஼; 𝑠ሻ,                        ሺ4ሻ 
where the potential difference is between the potential at 
the closed orbit at the reference energy 𝐸஼ with the poten-
tial at the orbit at the energy 𝐸் . The magnetic field projec-
tions on the rectangular place in x and y are:  𝐵௬ + 𝑖𝐵௫ = 𝐵௢ ෍ሺ𝑏௞ + 𝑖𝑎௞ሻ ൬𝑥 + 𝑖𝑦𝑟௢ ൰௞ିଵஶ

௞ୀଵ           ሺ5ሻ 
𝐵௬ =  ෍𝑏௞𝑘!ஶ

௞ୀ଴   𝑥௞     𝑡𝑟𝑎𝑛𝑠𝑣𝑒𝑟𝑠𝑒  𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑓𝑖𝑒𝑙𝑑     ሺ6ሻ  ___________________________________________  

* This manuscript has been authored by employees of Brookhaven Sci-
ence Associates, LLC under Contract No. DE-SC0012704 with the  U.S.
Department of Energy. 
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where the multipole coefficient we limited up to the 14th 

pole or k=7. The x is the distance on the transverse axis and 
B0 is the dipole magnetic field. The bending field values of 
the two combined function magnets, at the reference 
energy, were the same B0C=0.54862T defining the 
reference radius of R0C =3.5 m. In the example we present  
the reference proton kinetic energy is EkC =129 MeV.  

TUNE DEPENDENCE ON MULTIPOLES 
The effect of additional magnetic multipoles on the be-

tatron tune variations has been widely investigated. We fol-
low closely the previous works [15] where the tune varia-
tion dependence on the magnetic field ∆𝜈௫ and ∆𝜈௬  are 
functions of the offsets to the equilibrium orbit 𝑥஼  at refer-
ence energy EKC of a particle in the radial direction. If the 
vertical closed orbit could be ignored, 𝑦஼ = 0, skew com-
ponents 𝑎௞ ′𝑠 do not contribute to the tune shifts [16]. We 
varied the multipole components up to the 12th pole. The 
tune dependence on multipoles is shown as [16]: 𝛿𝑣௫ =  𝐵௢𝑙2𝜋𝐵𝜌𝛽௫ሺ𝑏ଵ𝐺ଵ + 𝑏ଶ2𝑥஼𝐺ଵ + 𝑏ଷሺ3𝑥஼ଶ 𝐺ଵ + 𝐺ଷሻ + 𝑏ସሺ4𝑥஼ଷ𝐺ଵ + 4𝑥஼𝐺ଷሻ + 𝑏ହ ∙ ሺ5𝑥஼ସ𝐺ଵ + 10𝑥஼ଶ + 𝐺ହ)         ሺ7ሻ  𝛿𝑣௬ =  𝐵௢𝑙2𝜋𝐵𝜌𝛽௫ሺ𝑏ଵ𝐻ଵ + 𝑏ଶ2𝑥஼𝐻ଵ + 𝑏ଷሺ3𝑥஼ଶ 𝐻ଵ + 𝐻ଷሻ + 𝑏ସሺ4𝑥஼ଷ𝐻ଵ + 4𝑥஼𝐻ଷሻ + 𝑏ହ ∙ ሺ5𝑥஼ସ𝐻ଵ + 10𝑥஼ଶ + 𝐻ହ)      (8)       
where the coefficients 𝐺௜ and 𝐻௜were previously defined 
[16] as: 𝐺ଵ = 1 2⁄ ,𝐺ଷ = ሺ3 8ሻ𝛽௫𝜀௫⁄ − ሺ3 4ሻ⁄ 𝛽௬𝜀௬,  𝐺ହ = 516 ሺ𝛽௬𝜀௬ሻଶ + 158 ൫𝛽௫𝜀௫𝛽௬𝜀௬൯ + 1516 ሺ𝛽௬𝜀௬ሻଶ       ሺ9ሻ 
 𝐻ଵ = −1 2⁄ ,𝐻ଷ = −ሺ3 4ሻ𝛽௫𝜀௫⁄ + ሺ3 8ሻ⁄ 𝛽௬𝜀௬,  𝐻ହ = − 516 ሺ𝛽௬𝜀௬ሻଶ + 158 ൫𝛽௫𝜀௫𝛽௬𝜀௬൯ − 1516 ሺ𝛽௬𝜀௬ሻଶሺ10ሻ 

A compilation of the non-linear magnetic field in NS-
FFA’s starts with a selection of the bending fields and gra-
dients in the two combined function magnets such that a  
stable reference orbit is obtained for the selected horizontal 
and vertical tunes 𝝂𝒙𝑪 and 𝝂𝒚𝑪. This defines the two mag-
netic multipoles coefficients b1x and b1y. To obtain equal 
maximum values of the magnetic field  in focusing-F and 
defocusing-D magnet the reference energy EC needs to be 
properly selected. Stable orbits must exist for each energy 
within the range. Many steps in energies above and below 
the reference energy EkC are used to minimize a difference 
between the tunes, corresponding to other than refence en-
ergy Eki: ∆𝜈௫௜ = ሺ𝜈௫ோ௜ − 𝜈௫஼ሻ → 0 and ∆𝜈௬௜ = ሺ𝜈௬ோ௜ −𝜈௬஼ሻ → 0. We adjusted the magnetic multipole coefficients 
above b1x and b1y up to the 14th pole or k =7. For each en-
ergy there must exist a stable orbit with radial offsets as 
previously labeled 𝒙𝑻. The stable orbits in a wide energy 
range are obtained by adjustments of the F and D sextu-
poles and additional multipoles.  The reference energy or-
bit is circular within the two focusing and defocusing com-
bined magnets while orbits of other energies oscillate 

around the reference energy orbit. The maximum orbit off-
sets in the magnets are located at the minimum and maxi-
mum energies within the energy span. The  proton kinetic 
energy range in this example was selected between 10 and 
250 MeV.  

Transverse Magnetic Field Dependence: Taylor 
expansion replaced with the Fourier series 

Fixed betatron tunes were obtained within the whole en-
ergy range by adjusting the magnetic multipoles defined by 
the Taylor expansion as shown by equations (5) and (6). 
Unfortunately,  the results were showing small variations 
in tunes especially at lower energies. To avoid ill-condi-
tioned optimization with high-order polynomials, the body 
field function is defined using a Fourier series [17]: 𝑔ሺ𝑥ሻ = 𝑐଴ + ෍𝑠௡ sinሺ𝑛𝑘𝑥ሻ଼

௡ୀଵ + 𝑐௡ cosሺ 𝑛𝑘𝑥ሻ,       ሺ11ሻ 
where k is a transverse scale factor and 𝑐଴ … 𝑐଼  are the co-
efficients defining the field (units Tesla). The values of 
these coefficients [17] are provided in Table 1. 
Table 1: Fourier Coefficients for the Magnet Body Fields 

        Magnet F, k=60 (m-1)      Magnet D, k=60 (m-1) 
n cn (T) sn (T) 
0 -0.69803 - cn (T) sn (T) 
1 0.07561 1.73518 0.98934 - 
2 0.30509 -0.44226 -1.91338 -2.46075 
3 -0.13953 0.08267 0.39756 0.493241 
4 0.02768 -0.02081 -0.13952 -0.13428 
5 -0.00196 0.01916 0.01161 0.07066 
6 0.00342 -0.01124 -0.01078 0.00724 
7 -0.00265 0.002711 0.02076 -0.04809 
8 0.00390 -6.57E-05 -0.01478 0.03069 

ORBIT DEPENDENCE ON ENERGY 
The stable orbits within the two combined function mag-

nets at kinetic energies between Ekmin=10 MeV and 
Ekmax=250 MeV are presented in Fig. 1.  

 
Figure 1: Proton beam orbits 10-250 MeV 

A dependence shows that the orbit offsets are smaller in 
the defocusing magnet. A drift between the combined func-
tion magnets is selected to be 2 cm. Both magnets are rec-
tangular sector magnets, and their maximum field is opti-
mized to have the same values of |Bmax|=1.86 T.  
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Importance of the Fringe Field Dependence 
A correct fringe fields are critical in the tune calculations 

as the magnet sizes and bending radii are very small. It was 
found that functions of the form [17]: 𝑓ሺ𝑧ሻ = 1𝑎 arctan ቀ𝑧𝑎ቁ − 1𝑏 𝑎𝑟𝑐𝑡𝑎𝑛 ቀ𝑧𝑏ቁቀ1𝑎 − 1𝑏ቁ𝜋 + 12  ሺ12ሻ 
are very good fit to the real permanent magnet fringe fields 
measurements. Both magnets in this cell use values 𝑎 =0.02 𝑚 and𝑏 = 0.04 𝑚. The effect of the fringe fields is 
shown in Fig. 2. Both the proton beam orbits, and magnetic 
fields of both magnets are shown. 

 
Figure 2: Orbits in D and F magnets with magnetic fields. 

Magnetic Transverse Field Dependence 
The magnetic field at the cross section of both defocus-

ing and focusing magnets is shown in Fig. 3. The synchro-
tron design starts with an accurate estimate of the beam 
size. The orbit variations within the non-linear magnetic 
field need to consider the beam size. This is especially im-
portant for the magnetic field variation of the focusing 
magnet at lower energy range. The dynamical aperture 
studied in the whole energy range shows a smaller value at 
lower energy range due to the largest value of the beam 
size. As the beam is accelerated the beam size is reduced 
due to momentum increase. 

Betatron Tune Dependence on Kinetic Energy 
Results for the tune dependence on kinetic energy are 

shown in Fig. 3.  

 
Figure 3: Magnetic field dependence on the transverse dis-
tance in F (red) and D (blue) magnets in the basic cell. 

Permanent Magnet Design 
The permanent magnet design is based on already devel-

oped technology during the CBETA project. The BNL pro-
vided a funding through the Laboratory Directed Research 
& Development (LDRD) to build a part of the fast-cycling 
permanent magnet synchrotron. The cross section of the 
focusing F and defocusing D magnets are shown in Fig. 4. 

 
Figure 4: Cross sections of the permanent F (left) and D 
(right) non-linear magnets. 

Betatron Tune Dependence on Energy 
The recent optimization results on tune dependence on 

energy, obtained using the Fourier series, are shown in 
Fig. 5. 

 

Figure 5: Betatron Tunes dependence on proton kinetic en-
ergy for the permanent magnet fast cycling synchrotron. 

SUMMARY 
A non-linear FFA’s permanent magnet fast cycling pro-

ton accelerator is presented. This work follows the success-
ful commissioning of the CBETA project with a proof of 
using the linear FFA’s. The results shown are significant for 
future particle accelerators, proton drivers and colliders 
from multiple points: saving in energy as the magnetic field 
is fixed in this case permanent magnets are used and there 
is no need for pulsing the magnets creating a possibility for 
fast cycling accelerators as the RF is the only remaining 
limitation. The proton drivers for the muon collider could 
be built by using the combined function superconducting 
magnets as already shown by L. Brouwer [18]. The pre-
sented proton accelerator is made for the cancer FLASH 
therapy as it is possible to deliver required radiation dose 
in a very short time is shown at this conference [19]. 
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