IARD2012 IOP Publishing
Journal of Physics: Conference Series 437 (2013) 012003 doi:10.1088/1742-6596/437/1/012003

Coframe geometry, gravity and electromagnetism

Yakov Itin

Institute of Mathematics, Hebrew University of Jerusalem and
Jerusalem College of Technology, Jerusalem 91904, Israel

E-mail: itin@math.huji.ac.il

Abstract. The extensions of GR for description of fermions on a curved space, for
supergravity, and for the loop quantum gravity ordinary use a set of 16 independent variables
instead of 10 components of metric. These variables can be assembled in a coframe field, i.e., a
set of four linearly independent 1-forms. In this presentation we review a geometrical structure
based on the coframe field. We construct a complete class of the coframe connections which are
linear in the first order derivatives of the coframe field on an n dimensional manifolds with and
without a metric. The subclasses of the torsion-free, metric-compatible and flat connections are
derived. We also study the behavior of the geometrical structures under local transformations
of the coframe. The remarkable fact is an existence of a subclass of connections which are
invariant when the infinitesimal transformations satisfy the Maxwell-like system of equations.

1. Introduction. Why do we have to go beyond Riemannian geometry?

General relativity (GR) is, probably, the best of the known theories of gravity. From
mathematical and aesthetic points of view, it can be used as a standard of what a physical
theory has to be. Einstein’s theory is in a very good agreement with all up-to-date observation
data. The central idea of Einstein’s GR is that the physical properties of the gravitational field
are in one-to-one correspondence with the geometry of the base manifold. The standard GR is
based on a (pseudo) Riemannian geometry with a unique metric tensor and a unique Levi-Civita
connection constructed from this tensor.

After classical works of Weyl, Cartan and others, it is known that Riemannian construction
is not a unique possible geometry. A most general geometric framework involves independent
metric and independent connection. Gravity field models based on such general geometry
(metric-affine gravity) was studied intensively, see [1]—[17] and the references given therein.
Probably a main problem of these constructions is a huge number of geometrical fields which do
not find their physical co-partners.

In this paper we study a much more economical construction based on a unique geometrical
object — coframe field. Absolute (teleparallel) frame/coframe variables (reper, vierbein, ...)
were introduced in physics by Einstein in 1928 with an aim of a unification of gravitational
and electromagnetic fields (for classical references, see [18]). The physical models for gravity
based on the coframe variable are well studied, see [19]—[43]. In some aspects such models
are even preferable to the standard GR. In particular, they involve a meaningful definition of
the gravitational energy, which is in a proper correspondence with the Noether procedure [33],
[36]. Moreover some problems inside and beyond Einstein’s gravity, such as: i) Hamiltonian
formulation of GR[44],[45]; (ii) positive energy proofs [46]; (iii) fermions on a curved manifold
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[47],[48]; (iv) supergravity [49]; (v) loop quantum gravity [50], require a richer set of 16
independent variables of the coframe.

In this paper, we present a geometric structure that can be constructed from the vierbein
(frame/coframe) variable.

The organization of the paper is as follows:

In the first section, we construct a geometrical structure based on a coframe variable as unique
building block. In an addition to the coframe volume element and metric, we present a most
general coframe connection. The Levi-Civita and flat connections are special cases of it. The
torsion and nonmetricity tensors of the general coframe connection are calculated. We identify
the subclasses of symmetric (torsion-free) connections and of metric-compatible connections.
The unique symmetric metric-compatible connection is of Levi-Civita. In section 2, we study
the transformation properties of the coframe field and identify a subclass of connections which
are invariant under restricted coframe transformations. In section 3, we study the invariant
conditions on the coframe transformations. In particular, we present a quite remarkable fact
that invariance conditions are approximated by a Maxwell-type system. It gives a possibility to
model the electromagnetic field by the elements of the transformation group. Exact spherical
symmetric solution for our model is presented. It is bounded near the Schwarzschild radius.
Further off, the solution is close to the Coulomb field.

In the last section, some proposals of possible developments of a geometrical coframe
construction and its applications to gravity and electromagnetism are presented.

2. Coframe geometry
In this section, we define a geometry based on a coframe field. It is instead of the of the standard
Riemannian geometry based on a metric tensor field.

2.1. Coframe manifold. Definitions and notations

Coframe field. Let an (n + 1)-dimensional differential manifold M endowed with a smooth
nondegenerate coframe field ¥ be given. The coframe comes together with its dual — the
frame field e,. In an arbitrary chart of local coordinates {z'}, these fields are expressed as

9 = 9%dat, eo = €4,'0; (2.1)
i.e., by two nondegenerate matrices ¥9%; and e,’ which are the inverse to each-other. In other
words, we are dealing with a set of n? independent smooth functions on M. The coframe indices

change in the same range «,(3,... = 0,...,n as the coordinate indices ¢, j,... . However they
must be strictly distinguished. In particular, the indices in 9¢; or e,* cannot be contracted.

Coframe transformation. For most physical models based on the coframe field, this field is defined
only up to global transformations. It is natural to consider a wider class of coframe fields related
by local pointwise transformations

9% — Lg(x)9", ea — Lo (2)ep. (2.2)

Here L%(z) and L,’(z) are inverse to each-other at arbitrary point z. Denote the group
of matrices L®g(x) by G. Note two specially important cases: (i) G is a group of global
transformations with a constant matrix Lg; (ii) G is a group of arbitrary local transformations
such that the entries of L®g are arbitrary functions of a point.

Consequently we involve an additional element of the coframe structure — the coframe
transformations group

G = {Lo‘g(x) € GL(n + 1,R); for everyx € M} (2.3)
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On this stage, we only require the matrices L®g(x) to be invertible at an arbitrary point x € M.
The successive specializations of the coframe transformation matrix will be considered in sequel.

Coframe field volume element. We assume the coframe field to be non-degenerate at an arbitrary
point x € M. Consequently, a special n 4+ 1-form, the coframe field volume element, is defined
and nonzero. Define

1
VOl(9) = g, 9% A AD (2.4)

where €4,...q,, is the Levi-Civita permutation symbol normalized by €¢1...,, = 1. Treating the
coframe volume element as one of the basic elements of the coframe geometric structure, we
obtain the following invariance condition.

Volume _element invariance condition: Volume element vol(J¢) is assumed to be invariant under
pointwise transformations of the coframe field

vol (9%) = vol (La[gﬂﬁ) . (2.5)

This condition is satisfied by matrices with unit determinant. Consequently, the coframe
transformation group (2.3) is restricted to

G= {Lag(x) € SL(n + 1,R); for everyx € M} . (2.6)

Metric tensor. For a meaningful physical field model, it is necessary to have a metric structure
on M. Moreover, the metric tensor has to be of the Lorentzian signature. In a coordinate basis,
a generic metric tensor is written as

g = gijdz’ ® da? (2.7)

where the components g;; and g4, are smooth functions of a point € M.

On a coframe manifold, a metric tensor is not an independent quantity. Instead, we are
looking for a metric explicitly constructed from a given coframe field, g = g(9%). We assume the
metric tensor to be quadratic in the coframe field components and independent of its derivatives.
Moreover, it should be reducible at a point to the Lorentzian metric .4 = diag(—1,1,---,1).
With these restrictions, we come to a definition of the coframe field metric tensor

9="1ap0"®9%,  gij = 1as0%9";. (2.8)

Note that the equations (2.8) often appear as a definition of a (non unique) orthonormal basis
of reference for a given metric. Another interpretation treats (2.8) as an expression of a given
metric in a special orthonormal basis of reference, as in (2.7). In our approach, (2.8) has a
principle different meaning. It is a definition of the metric tensor field via the coframe field.
Certainly the form of the metric 7,4 in the tangential vector space T, M is an additional axiom
of our construction. With an aim to define an invariant coframe geometric structure we require:

Metric tensor invariance condition: Metric tensor is assumed to be invariant under pointwise
transformations of the coframe field, i.e.,

g(0%) =g (159" . (2.9)

This condition is satisfied by pseudo-orthonormal matrices,

n,uz/L#aLZ’ = Nag- (2.10)
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Consequently, the invariance of the coframe metric restricts the coframe transformation group
to

G = {Laﬁ(l‘) € O(1,n,R); for everyz € M} . (2.11)

Volumeé$metric invariance condition: In order to have simultaneously a metric and a volume
element structures both constructed from the coframe field, we have to assume a successive
restriction of the coframe transformation group:

G= {Laﬁ(:c) € SO(1,n,R); for everyz € M} . (2.12)

Topological restrictions. A global smooth coframe field may be defined only on a parallelizable
manifold, i.e., on a topological manifold of a zero second Whitney class. This topological
restriction is equivalent to existence of a spinorial structure on M. We restrict ourselves to
a local consideration, thus the global definiteness problems will be neglected. Moreover, we
assume the coframe field to be smooth and nonsingular only in a ”weak” sense. Namely, the
components ¥%; and e, are required to be differentiable and linearly independent at almost all
points of M, except of a zero measure set. So, in general, the coframe field can degenerate at
singular points, on singular lines (strings), or even on singular submanifolds (p-branes). This
assumption leaves a room for the standard singular solutions of the physics field equations such
as the Coulomb field, the Schwarzschild metric, the Kerr metric etc..

2.2. Coframe connections

A differential manifold endowed with a coframe field is a rather poor structure. In particular,
we can not determine if two vectors attached at distance points are parallel to each-other or not.
In order to have a meaningful geometry and, consequently, meaningful geometrical field models,
we have to consider a reacher structure. In this section we define a coframe manifold with a
linear coframe connection. The connection 1-form I',? will not be an independent variable, as in
the Cartan geometry or in MAG [5]. Alternatively, in our construction, the connection will be
explicitly constructed from the coframe field and its first order derivatives. Thus we are dealing
with a category of coframe manifolds with a linear coframe connection:

{M,ﬁa, G, Fab(é“")} . (2.13)

We start with a coframe manifold without an addition metric structure. Metric contributions
to the connection will be considered in sequel.

Affine connection. Recall the main properties of a generic linear affine connection on an (n + 1)

dimensional differential manifold. Relative to a local coordinate chart z?, a connection is
represented by a set of (n+1)3 independent functions I'*;;(z) — the coefficients of the connection.
The only condition these functions have to satisfy is to transform, under a change of coordinates
x* + y*(x), by an inhomogeneous linear rule:

m n 2,1 )
oy™ dy 0%y )&r (2.14)

I (T : . —
ik < "9z Oxk T Owidxk ) Oy

When instead of the coordinate basis {dz?,d/0x'}, an arbitrary reference basis {#%, f,} is
involved, the coefficients of the connection are arranged in a GL(n,R)-valued connection 1-

form, which is defined as [51]

Ll = f5 (05 = 0) da (2.15)
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To return to the holonomic coordinate basis, we can simply use the identities §¢; = J;' and
fa' = 0,. Consequently, in a coordinate basis, the connection 1-form is

It =T da* . (2.16)

Due to (2.14), this quantity transforms under the coordinate transformations as

m l i
Iy — {rmlay, +d <ay )] Ou (2.17)

OxJ 0z )| oyt

Alternatively, the connection 1-form (2.15) is invariant under smooth transformations of
coordinates. The inhomogeneous linear behavior is shifted here to the transformations of I,
under a linear local map of the reference basis (¢ — A%0°, f. — A f)

e (rchaC + dAad) Al (2.18)

On a manifold with a given coframe field ¥¢, the connection 1-form (2.15), can also be referred
to this field. We denote this quantity by I',”. Due to (2.15) it reads:

Fa’B = eak (ﬁﬁil—‘ijk — ﬂﬁk,j) dxj . (2.19)

This quantity can be treated as an expression of a generic connection (2.15) in a special basis.
An essential difference between two very similar equations (2.15) and (2.19) is vizualized when
we use in both formulas the connection constructed explicitly from the derivatives of the coframe
field itself I 5, (9%).

Linear coframe connections. We restrict ourselves to the quasi-linear I''j (9%), i.e., we consider
a connection constructed as a linear combination of the first order derivatives of the coframe
field. The coefficients in this linear expression may depend on the frame/coframe components.
In other words, we are looking for a coframe analog of an ordinary Levi-Civita connection.

Let us assist ourselves with a similar construction from the Riemannian geometry. In this
case, we are looking for a most general connection that can be constructed from the metric
tensor components. Consider a general linear combination of the first order derivatives of the
metric tensor:

gmi(algmj,k + a29mk,j + @39jk,m) - (2.20)

Although this expression has the same index content as Fijk, it is a connection only for some
special values of the parameters aq, as.a3. Indeed, any two connections are differ by a tensor.
Thus an arbitrary connection can be expressed as a certain special connection plus a tensor

Fijk :Fijk —i—KZ]k (221)
Use for f‘ijk the Levi-Civita connection

* . .
Ik = igzm(gmj,k + Gmk,j — Gjk,m) - (2.22)
However in Riemannian geometry, does not exist a tensor constructed from the first order
derivatives of the metric. Therefore K*;; = 0, thus the Levi-Civita connection is a unique
connection that can be constructed from the first order derivatives of the metric tensor. It is

evidently symmetric and metric compatible.
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In an analogy to this construction, we will look for a most general coframe connection of the
form

T (97) =T ju(0%) + K jp(9°). (2.23)

o . .
Here T" ‘i is a certain special connection, while K'j; is a tensor. To start with, we need a
certain analog of the Levi-Civita connection, i.e., a special connection constructed from the
coframe field. Note that alternatively to the metric geometry, non-trivial tensor K*;;(9*) do
exist.

The flat Weitzenbock connection. On a bare differentiable manifold M, without any additional
structure, the notion of parallelism of two vectors attached to distance points depends on a curve
joint the points. Oppositely, on a coframe manifold {M ,9%}, a certain type of the parallelism
of distance vectors may be defined in an absolute (curve independent) sense [53]. Namely, two
vectors u(z1) and v(x2) may be declared parallel to each other, if, being referred to the local
elements of the coframe field u(z1) = uq(x1)9%(z1) and v(z2) = va(x2)9*(22), they have the
proportional components uq (1) = Cva(x2). This definition is independent on the coordinates
used on the manifold and on the nonholonomic frame of reference. It do depends on the coframe
field. Since, by local transformations, the coframes at distance points change differently, only
rigid linear coframe transformations preserve such type of a parallelism.

This geometric picture may be reformulated in term of a special connection. The elements
of the coframe field attached to distinct points have to be assumed parallel to each other. It

o .
means that a special connection I'*;; exists such that the corresponding covariant derivative of
the coframe field components is zero:

ﬁaj;k = 190‘]'7]6— i—)‘ij]ﬂ?ai =0. (2.24)

Multiplying by en’, we have an explicit expression

[¢]

Fijk = €ai19ak,j . (2.25)

Under a smooth transform of coordinates, this expression is transformed in accordance with the
inhomogeneous linear rule (2.14). Consequently, (2.25) indeed gives the coefficients of a special
connection which is referred to as the Weitzenbock flat connection. This connection is unique
for a class of coframes related by rigid linear transformations.

In an arbitrary nonholonomic reference basis (0%, f,), we have correspondingly a unique
Weitzenbock’s connection 1-form which is constructed by (2.15) from (2.25)

Lo = fa5 (00 T = 0% ) da (2.26)
Substituting the coframe field ¥* instead of the nonholonomic basis 8% we have
P = (=07 + 0k 0%;) o' da? =0, (2.27)

Thus the Weitzenbdck connection 1-form is zero, when it is referred to the coframe field (V¢ eq)
itself. Certainly, this property is only a basis related fact. It yields, however, vanishing of the
curvature of the Weitzenbock connection, which is a basis independent property.

General coframe connections. Recall that we are looking for a general coframe connection
constructed from the first order derivatives of the coframe field components. In the Riemannian
geometry, the analogous construction yields an unique connection of Levi-Civita. In the coframe
geometry, however, the situation is different [37].
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Proposition 3: The general linear connection constructed from the first order derivatives of the
coframe field is given by a 3-parametric family:

I :Igijk + a1C" i 4+ 2056, + azCid’ | (2.28)

where 1
C'ji = 560/ (%%, —9%k) , Ci=C"pmi. (2.29)

By (2.15), the connection 1-form corresponded to the coefficients (2.28), being referred to a
nonholonomic basis, takes the form

(o]
rb=fr <_0bk,m + 6% Dk + Klkabz) dx™ . (2.30)

When this quantity is referred to the coframe field itself, it can be expressed by the exterior
derivative of the coframe:

I = (0107 0 + 02C 08 + 03Cadl ) 07 (2.31)

Metric-coframe connection. Consider a manifold endowed with the coframe metric tensor (2.8).
Again, we are looking for a most general coframe connection that can be constructed from the
first order derivatives of the coframe field. We will refer to it as the metric-coframe connection.
Thus we are deal with a category of coframe manifolds with a coframe metric and a linear
coframe connection:

{M 9%,Gg(99), rabwa)} . (2.32)

Now the connection expression will involve some additional terms which depend on the metric
tensor (2.8). To describe all possible combinations of the metric tensor components and
frame/coframe components it is useful to pull down all the indices. Define:

Lijk = gimI™ jke Cijk = 9imC™ ji; - (2.33)

Proposition 4: The most general metric-coframe connection constructed from the first order
derivatives of the coframe field is represented by a 6-parametric family:

o
Lijk =Tijr + a1Cjk + a2ginCy + a3gi;Cr + B19j1Ci + B2Cjki + B3Chi; - (2.34)

The expression (2.34) can be rewritten in a

I =Tk + 010 + 026;.C; + 38:Cr + B1rg" gjnCi + B29" Cja + B3g" Chaj - (2.35)

Here we can identify: (i) The terms with the coefficient «; that do not depend on the metric;
(ii) The terms with the coefficient ; that can be constructed only by use of the metric tensor.

With respect to a nonholonomic basis (f,,0%), the coefficients of a connection (2.35)
correspond to a connection 1-form (2.15)

T =P + Ky f k00 dad | (2.36)
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When (2.36) is referred to the coframe field itself, it can be expressed by the exterior derivative
of the coframe. We have

Faﬁ = (aloﬁ’ya + 042075§ + 04300455 + 610'877017 + /BQnyal/nBV + B3Cocl/’y776y) 9. (237)

2.8. Torsion of the coframe connection

Torsion tensor and torsion 2-form. Definitions. Consider a connection 1-form I'y® referred to

an arbitrary basis (6%, f,). For a tensor valued p-form of a representation type p (Aab), the
covariant exterior derivative operator D : QP(M) — QPTL(M) is defined as [24], [5]

D=d+ % (AJ) A (2.38)

In particular, the covariant exterior derivative of a scalar-valued form ¢ is D¢ = d¢. For a
vector-valued form ¢2, it is given by D¢® = d¢® + )% A ¢P, etc.
For a connection 1-form I',? written with respect to a nonholonomic basis, the torsion 2-form
T is defined as
T =D =do* + I,* N 6°. (2.39)

Substituting (2.15) into (2.39), we observe that the coframe derivative term dd® cancels out.
Hence, . A A A
T =T"5,0%da? A da® =T [j0%da? A da . (2.40)

In a coordinate coframe, this expression is simplified to
'Ti = Fi[jk]d.rj A dl‘k . (2.41)

Consequently, the torsion 2-form 7 is completely determined by an antisymmetric combination
of the coeflicients of the connection. Observe that such combination is a tensor. Thus, the torsion
2-form is completely equivalent to a (1,2)-rank torsion tensor which is defined as

T = 20"y - (2.42)
In a holonomic and a nonholonomic bases, the torsion 2-form is expressed respectively as
i~ Lrided A da® o= Ly 00ded A dat 2.4
7'—5 jedx? A dz” 7'—5 jk0%dx? N dx” . (2.43)

It is useful to define also a quantity

1

T 2Tijk19aidxj A dz* . (2.44)

With respect to the coframe field, the torsion 2-form of the Weitzenbock connection (2.44) reads

T = dy°. (2.45)

Torsion of the metric-coframe connection. For the metric-coframe connection (2.34), the
covariant components Tj;x = 2gim 1" [j5) of the torsion tensor take the form

Tijk = 2(1 + a1)Cyji + (a2 — 3)(9ixC — 6Ck) + (B2 + 53)(Cjiki + Chij) - (2.46)
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The corresponded torsion 2-form is expressed in the coordinate basis as

T = [(1 + Oél)Cijk + (042 — ag)Cjé,i + (ﬂg + 63)9"” km da? A dx” . (2.47)

Torsion-free metric-coframe connection. Let us look for which values of the parameters the
torsion of the metric-coframe connection is identically zero. The corresponded connection is
called the symmetric or torsion-free connection. It is clear from (2.46) that the metric-coframe
connection is symmetric if

a; =—1, a = ag, B2 =—P3. (2.48)

The necessity of this condition can be derived from the irreducible decomposition [37].
Thus on a manifold of the dimension D > 3 there exists a 3-parametric family of the
symmetric (torsion-free) connections:

. [0 . . . . .
[ =Tk — C'jr + a2 (61,05 + 65Ck) + B19jx9"" Cm + 829" (Cjkm — Cemy) - (2.49)

2.4. Nonmetricity of the metric-coframe connection

Nonmetricity tensor and nonmetricity 2-form. Definition. When Cartan’s manifold is endowed
with a metric tensor, the connection generates an additional tensor field called the nonmetricity
tensor. It is expressed as a covariant derivative of the metric tensor components. For a metric
given in a local system of coordinates as g = gijdmi ® dz?, the nonmetricity tensor is defined as

Qrij = —Vigij = —Gijk + I itgmj + T jkGim » (2.50)

or,
Qrij = —Yijk + Ljik + Tijk - (2.51)

Evidently, this tensor is symmetric in the last pair of indices Q;; = Qgj;- Hence, on a D

dimensional manifold, the nonmetricity tensor has D(D? + D)/2 independent components.

For the exterior form representation, it is useful to define the nonmetricity 1-form. In a
coordinate basis, it is given by

Qij = Qrijda" = —dgs; + Tij +Tji . (2.52)

In an arbitrary reference basis (f,,0?%), the metric tensor is expressed as g = gup0* ® 6°.
Correspondingly, the nonmetricity 1-form reads

Qab = _dgab + I‘ab + Fba . (253)

With respect to the coframe field ¥, the components of the metric are constants 7,4, thus the
nonmetricity is merely the symmetric combination of the connection 1-form components

Qaﬁ = Faﬁ + Fﬁa . (2.54)

Note, that this expression is not a usual tensorial quantity. In fact, it is an expression of a
tensor-valued 1-form of nonmetricity with respect to a special class of bases. Its relation to a
proper tensorial valued 1-form (2.52) is, however, very simple. By a substitution of (2.19) into
(2.54) we have

Qij = Qup?® 9", . (2.55)
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The following generalization of the Levi-Civita theorem from the Riemannian geometry
provides a decomposition of an arbitrary affine connection [54].

Proposition 5: Let a metric g on a manifold M be fized and two tensors Tij, and Qjr with the
symmetries

Tijk = —Tij Qrij = Qrji - (2.56)
be given. A unique connection I';j, exists on M such that Tij, is its torsion and Qi is its
nonmetricity. Explicitly,

Lij = fijk: - %(Qijk — Qjki — Qrij) + %(ngk + Tjki — Thij) (2.57)
where . 1
Liji = i(gij,k + Gik,j — Gjk,i) (2.58)
are the components of the Levi-Civita connection.

Nonmetricity of the metric-coframe connection. We calculate now the nonmetricity tensor of
the metric-coframe connection (2.34)

Qrij = ( — ijkt Dijit sz‘k) + (o1 = B2)(Cijk — Cjk) +
(a2 + B1)(9irCj + gk Ci) + 2039:;Cre - (2.59)

The first parenthesis represent the nonmetricity tensor of the Weitzenbock connection. This
expression vanishes identically, i.e., the Weitzenbtck connection is metric-compatible. Indeed,
we have

o o
Gijk = Nap (0149 +9°9],) =T ijnt T ik - (2.60)
Consequently, (2.59) is simplified to
Qrij = (1 — B2)(Cijis + Ciri) + (a2 + 51)(9i1Cj + 91 Ci) + 20394 Cl; - (2.61)

Metric compatible metric-coframe connection. Let us look for which values of the coefficients the
connection is metric-compatible, i.e., has an identically zero non-metricity tensor. Recall that
both quantities, the metric tensor and the connection, are constructed from the same building
block — the coframe field 9. It is clear from (2.61) that the metric-coframe connection is
metric-compatible if

a1 = 52, g = —,31, a3 = 0. (2.62)
The necessity of this condition can be derived from the irreducible decomposition of the
nonmetricity tensor [37].

Metric compatible and torsion-free metric-coframe connection. Let us look now for a general
coframe connection of a zero torsion and zero non-metricity, i.e., for a symmetric metric
compatible connection constructed from the coframe field. The system of conditions (2.48)
and (2.62) has a unique solution

ap =P =—f3=-1, B =az=az=0. (2.63)

Consequently, a metric-compatible symmetric connection is unique. This is in a correspondence
to the original Levi-Civita theorem, and the unique connection is of Levi-Civita. Moreover,

* .
substituting (2.63) into (2.34) we can express now the standard Levi-Civita connection I'*;j, via

o .
the flat connection of Weitzenbock I 3

* o
Lijk = Tigr) T Crij — Ciki - (2.64)



IARD2012 IOP Publishing
Journal of Physics: Conference Series 437 (2013) 012003 doi:10.1088/1742-6596/437/1/012003

3. Gauge transformations

Local transformations of the coframe field. The geometrical structure considered above is well
defined for a fixed coframe field e,. Moreover, it is invariant under rigid coframe transformations.
The gauge paradigm suggests now to look for a localization of such transformations:

U = L% 196, €q — Laﬁ €s, (3.1)

or, in the components, ‘ '
9% s L2097, o' Lo es' . (3.2)

Here the matrix L%g and its inverse L, are functions of a point € M. We require the
volume element (2.4) and the metric tensor (2.8) both to be invariant under the pointwise
transformations (3.1). Consequently, L% is assumed to be a pseudo-orthonormal matrix
whit enters are smooth functions of a point. We will also use an infinitesimal version of the
transformation (3.2) with L%g = 05 + X“g. In the components, it takes the form

79%'—)190‘2'—!-)(0‘/31951', eaiHeai—X’Baeﬁi. (3.3)

As the elements of the algebra so(1,n), the matrix X,5 = 14, X*g is antisymmetric. We define
a corresponded antisymmetric tensor

Fyj = 9%9%; X5 (3.4)

We have already postulated the invariance of the volume element and of the metric tensor
under the coframe transformations. It is natural to involve now an additional invariance
requirement concerning the affine connection.

Connection invariance condition. Affine coframe connection is assumed to be invariant under
pointwise transformations of the coframe field

AT 5 =T, (Laﬁﬁﬂ) ST (0%) = 0. (3.5)

Since the coframe connection is constructed from the first order derivatives of the coframe
field, (3.5) is a first order PDE for the elements of the group G and for the components of the
coframe field.

Weitzenbéck connection transformation. Since the Weitzenbock connection is a basis tool of
our construction, it is useful to calculate the change of this quantity under the coframe
transformations (3.1). We have

AT g = e Y%s;,  where Y9 = Lo L. (3.6)

All matrices involved here are nonsingular, consequently the Weitzenbock connection is preserved
only under the rigid transformations of the coframe field with L7 ; = 0.

Let us rewrite (3.6) in alternative forms. Since the metric tensor is invariant under the
transformations (3.1) we have

[¢]

A Lijk = A (gim Fij) = gimA ijk . (3.7)

Consequently
o
AT, = 907, Yog; where Yosi = NapY " 55 - (3.8)
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In the infinitesimal approximation, (3.6) takes the form
2 i98 ya
AT jk = €q W X B.j - (3.9)

while (3.7) with X3 = 174, X" g reads

(e}
AT =09 Xop; - (3.10)

Note that since X,z is antisymmetric, we have in this approximation

o o
Arijk =-A T kji - (3.11)

We will also consider an additional physical meaningful approximation when the derivatives of
the coframe is considered to be small relative to the derivatives of the transformation matrix.
In this case, (3.9) and (3.10) read

A ]_gijk =F";, where Fi) = eaivﬂﬂanﬂ, (3.12)

and
ATy =Fy,;,  where  Fyj=9"9"Xo5. (3.13)

Transformations preserved the geometric structure. Since the coframe field appears in the
coframe geometrical structure only implicitly, (3.1) is a type of a gauge transformation.
Invariance of the metric tensor and of the volume element restricts L% to a pseudo-orthonormal
matrix G = SO(1,n). Let us ask now, under what conditions the general coframe connection
(2.34) is invariant under the coframe transformations (3.1). First we rewrite (2.34) via the
Levi-Civita connection. Using (2.63) we have

o *
Tijk =ijk + Cijk — Chrij + Cjki - (3.14)

Thus (2.34) takes the form
Tijk =Tijk + (1 + 1)Ciji + 229k Cj + a39i;Cr + B19j5Ci + (B2 + 1)Cligi + (B3 — 1) Chij . (3.15)

*
Since the Levi-Civita connection I';jj is invariant under the transformations (3.1), the equation
AT j1 = 0 takes the form

(041 + 1)AC¢jk + aggikACj +Oégg7;jACk —I—ﬁlgjkACi + (,32 + I)ACjki + (53 — I)AC]“']' =0. (3.16)

Hence in order to have an invariant coframe connection, we have to look for possible solutions
of equation (3.16).

Trivial solutions of the invariance equation. Consider first two trivial solutions of (3.16) which
turn out to be non-dynamical.
(i) Arbitrary transformations — Levi-Civita connection.

The equation (3.16) is evidently satisfied when all the numerical coefficients mutually equal to
zero. It is easy to check that these six relations are equivalent to (2.63). Thus the corresponded
connection is of Levi-Civita. In this case, the elements of the matrix L®g are arbitrary functions
of a point. Thus we come to a trivial fact that the Levi-Civita connection is a unique coframe
connection which is invariant under arbitrary local SO(1, n) transformations of the coframe field.
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(ii) Rigid transformations.
Another trivial solution of the system (3.16) emerges when we require AC;j;, = 0. All
permutations and traces of this tensor are also equal to zero so (3.16) is trivially valid. Due to
(3.8), it means that the matrix of transformations is independent on a point. In this case, an
arbitrary coframe connection, in particular the Weitzenbock connection, remains unchanged.
Thus we come to another trivial fact that the coframe connection is invariant under rigid
transformations of the coframe field.

Dynamical solution. We will look now for nontrivial solutions of the system (3.16). Three traces
of this system yield the equations AC; = 0. Thus we obtain the first condition

AC; =0. (3.17)
The system (3.16) remains now in the form
(a1 + 1)ACik + (B2 + 1)ACk; + (B3 — 1) ACi; = 0. (3.18)
Applying the complete antisymetrization in three indices we derive the second equation
AC;r = 0. (3.19)
The equation (3.18) remains now in the form
(B2 — a1)ACjk; + (B3 — a1 — 2)AC,; = 0. (3.20)

We have to restrict now the coefficients, otherwise we obtain AC;;, = 0, i.e., only the rigid
transformations. Consequently we require

62 =01, 53 =1+ 2. (3.21)

Thus we have proved

Proposition 6: The coframe connection

Lijk =Tijk + (1 + 1)Clijp) + a29ikCj + a3gijCr + B19xCi - (3.22)
1s tnvariant under the coframe transformations satisfied the equations

Observe that this family includes the Levi-Civita connection, which is invariant under a wider
group of arbitrary transformations of the coframe field.
The torsion tensor of the connection (3.22) is expressed as

Tiji = (1 + 1)Clijpy + (a2 — a3)(9ikCj — 9:5Ck) - (3.24)

Thus a torsion-free subfamily of (3.22) is given by

*

Lijk =T (k) + a2(9ikCj + 9ijCk) + B1951Ci - (3.25)
The nonmetricity tensor of the connection (3.22) reads

Qkij = (a2 + b1)(9iCj + 9k Ci) + 2039, Cy, . (3.26)
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Thus a metric compatible subfamily of (3.22) is given by
Tijk =T + (a1 + 1)Cljug + a2(9ixCs — g56C3) (3.27)
From (3.24) and (3.26) we derive an interesting conclusions:
AQpj=0 <= AC =0, (3.28)
and, together with this relation,
ATy =0 <= ACu=0. (3.29)

Thus the relations (3.23) obtain a geometric meaning, they correspond to invariance of the
torsion and nonmetricity tensors under coframe transformations.

4. Maxwell-type system
Let us examine now what physical meaning can be given to the invariance conditions [42]

Denote Kjj, = AC;j;,. Thus (4.1) takes the form

The tensor Kjjr depends on the derivatives of the Lorentz parameters X,3 and on the
components of the coframe field

1
5 0% (Xag 0% = Xag 0% ) (4.3)

Kijx = 5

Thus, in fact, we have in (4.2), two first order partial differential equations for the entries of an
antisymmetric matrix X,3. We can translate this matrix into an antisymmetric tensor Fj;
Fij = X,u,/ﬁ“iﬁyj s X,W = Fijeuieyj . (4.4)
Substituting into (4.3), we derive
1 a qf a a8
Kijk = Fyujg — §Xa6|:(19 KV75) 5 — (0,0 j),z}

1

= Fijig) = FemC™ij = 5

(Foi 75 = Fong ) - (4.5)
Consequently, the first equation from (4.2) takes the form
Fijn = %(Cmiijm + C" ik Fim + C™1iFjm) (4.6)
while the second equation from (4.2) is rewritten as
Fij = —2F",C™ + Fijg" i + Fonggh T™ ki — Fnig™ T%j . (4.7)
Observe first a significant approximation to (4.6—4.7). If the right hand sides in both

equations are neglected, the equations take the form of the ordinary Maxwell equations for
the electromagnetic field in vacuum —

Flijn =0, F'ji=0. (4.8)
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In the coframe models, the gravity is modeled by a variable coframe field, i.e., by nonzero values

of the quantities 12”’c Consequently, the right hand sides of (4.6—4.7) can be viewed as curved
space additions, i.e., as the gravitational corrections to the electromagnetic field equations. In
the flat spacetime, when a suitable coordinate system is chosen, these corrections are identically
equal to zero. Consequently, in the flat spacetime, the invariance conditions (4.2) take the form
of the vacuum Maxwell system.

On a curved manifold, the standard Maxwell equations are formulated in a covariant form.
Let us show that our system (4.6—4.7) is already covariant. We rewrite (4.5) as

1 o o 1, .
Kij, = i(Fki,j — Fpy T35 — Fs T k) — 5( i j ). (4.9)
Consequently,
Kiji = Fijig) (4.10)

where the covariant derivative (denoted by the semicolon) is taken relative to the Weitzenbock
connection. Consequently, the system (4.6—4.7) takes the covariant form

Fiij =0, Flji=0. (4.11)

These equations are literally the same as the electromagnetic sector field equations of the
Maxwell-Einstein system. The crucial difference is encoded in the type of the covariant
derivative. In the Maxwell-Einstein system, the covariant derivative is taken relative to the
Levi-Civita connection, while, in our case, the corresponding connection is of Weitzenbdck.
Observe that, due to our approach, the Weitzenbock connection is rather natural in (4.11).
Indeed, since the electromagnetic-type field describes the local change of the coframe field, it
should itself be referred only to the global changes of the coframe. As we have shown, such
global transformations correspond precisely to the teleparallel geometry with the Weitzenbdck
connections.

Let us show how these modifications alternate the electromagnetic field solutions. On
Schwarzschild space-time the spherically symmetric solution of (4.11) is given [42] by

i_2Q 1-m/2p

=o' _—— ‘1= 4.12
0= T2 (4.12)

The Coulomb-type force acted on a test charge ¢ (of a small mass) takes the form

1—m/2
_ Qg m/ P (4.13)
o (1+m/2p)
Here the isotropic coordinates are used. The ordinary Cartesian radius r is related to the
isotropic radius p as

2
m
o142 4.14
" p<+2p) (4.14)
Hence
_ 2_2
p=" mJ”; mr%r(l—m). (4.15)
T

Observe that the isotropic coordinates are defined only for r > 2m. Consequently, the
modernized Coulomb force takes the form

2
F= % <1—Z)2> . (4.16)
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Figure 1. The graphs represent the dependence of the force F' on p/m and r/m correspondingly
relative to the Coulomb force (the top lines). In both cases F is given in the units of Qq/m?.

Finally, in the Cartesian coordinates, the mass-correction terms take the form

r—2m+Vr?2 —2mr

F o=
Q1 4(r + V1?2 —2mr)3
Qq m2  m?
1= = 4 ... 4.1
r2 4r2 23 + (4.17)

We depict the dependence of the force F' on the distances p and r on Fig. 2. The graphs
start from p = m/2 and r = 2m which are the minimal possible value. The deviation from
the Coulomb values appears only for small distances p,r ~ m. The maximal value of the force
between two charged particles predicts as

F =~ 0.15Qq/m*. (4.18)

For two electrons, it gives F' ~ 0.76 - 105N .

5. Conclusion

GR is a well-posed classical field theory for 10 independent variables — the components of
the metric tensor. Although, this theory is completely satisfactory in the pure gravity sector,
its possible extensions to other physics phenomena is rather problematic. In particular, the
description of fermions on a curved space and the supergravity constructions require a richer set
of 16 independent variables. These variables can be assembled in a coframe field, i.e., a local
set of four linearly independent 1-forms. Moreover, in supergravity, it is necessary to involve a
special flat connection constructed from the derivatives of the coframe field. These facts justify
the study of the field models based on a coframe variable alone.

The classical field construction of the coframe gravity is based on a Yang-Mills-type
Lagrangian which is a linear combination of quadratic terms with dimensionless coefficients.
Such model turns to be satisfactory in the gravity sector and has the viable Schwarzschild
solutions even being alternative to the standard GR. Moreover, the coframe model treating
of the gravity energy makes it even preferable than the ordinary GR where the gravity energy
cannot be defined at all. A principle problem that the coframe gravity construction does not have
any connection to a specific geometry even being constructed from the geometrical meaningful
objects. A geometrization of the coframe gravity is an aim of this presentation.
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We construct a general family of coframe connections which involves as the special cases the
Levi-Civita connection of GR and the flat Weitzenbdck connection. Every specific connection
generates a geometry of a specific type. We identify the subclasses of metric-compatible and
torsion-free connections. Moreover we study the local linear transformations of the coframe fields
and identify a class of connections which are invariant under restricted coframe transformations.
Quite remarkable that the restriction conditions are necessary approximated by a Maxwell-type
system of equations.
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