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Abstract

The ΛCDM model of modern cosmology provides a highly accurate description of our universe.
However, it relies on two mysterious “dark” components, dark matter and dark energy. The cold
dark matter paradigm does not provide a satisfying description of its particle nature, nor any link
to the Standard Model of particle physics. In this thesis, I will investigate the consequences for
cosmological structure formation in models with a coupling between dark matter and Standard
Model neutrinos, as well as probes of primordial black holes as dark matter.

Open questions still remain regarding the neutrinos of the Standard Model, in particular
how they gain mass, and the exact values of their masses. Any interaction between neutrinos
and dark matter would also be very difficult to probe in the lab, due to their weak coupling to
other Standard Model particles. This provides motivation to investigate the possibility of such
couplings through their impact on cosmological observables.

In the work presented in this thesis, I examine the impact that such an interaction would
have through both linear perturbation theory and nonlinear N-body simulations. I present limits
on the possible interaction strength from cosmic microwave background, large scale structure,
and galaxy population data, as well as forecasts on the sensitivity of future observatories. I
provide an analysis of what is necessary to distinguish the cosmological impact of interacting dark
matter from similar effects, such as the free-streaming of warm dark matter. Intensity mapping
of the 21 cm line of neutral hydrogen at high redshift using next generation observatories, such
as the SKA, would provide the strongest constraints yet on such interactions, and may be able to
distinguish between different scenarios causing suppressed small scale structure. I also present a
novel type of probe of structure formation, using the cosmological gravitational wave signal of
high redshift compact binary mergers to provide information about structure formation, and thus
the behaviour of dark matter. Such observations would also provide competitive constraints.

Finally, I investigate primordial black holes as an alternative dark matter candidate,
presenting an analysis and framework for the evolution of extended mass populations over
cosmological time and computing the present day gamma ray signal, as well as the allowed local
evaporation rate. This is used to set constraints on the allowed population of low mass primordial
black holes, and the likelihood of witnessing an evaporation.
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CHAPTER 1
A brief introduction to modern

cosmology

When speaking of physical cosmology it is commonly quoted that around 70% of the energy in the
universe is some mysterious substance called ’dark energy’, 25% is another similarly mysterious
substance called ’dark matter’, and finally, only 5% is the normal matter we know from our
everyday life [5]. This sort of number might lead the mind to the quote from Socrates, oft
paraphrased that he was the wisest of the Greeks, for only he knew that he knew nothing [6].
And indeed, most cosmologists would be under no illusions of what we know about our universe,
but this ’well-known ignorance’ does represent a much better understanding of the universe than
we used to have. Dark matter would not become an accepted part of our standard picture of
cosmology until the 1970s with rotation curve measurements from Vera Rubin, Albert Bosma,
and others [7–13]. Dark energy was included again in the late 1990s when supernova observations
showed evidence of the universe expanding at an accelerating rate [14, 15], after having previously
falled out of favour as its initial purpose of counteracting cosmic expansion became redundant.
This revealed to us yet more mysteries, and showed us how much we did not know.

However, knowing our ignorance about these components also presents us with an exciting
challenge as scientists. What is an unknown component, but a question waiting for an answer?
In particular, this thesis will focus on the question of what the dark matter could be, and how we
can find an answer, questions to which I will be presenting my own contributions.

This thesis is presented in two distinct parts. In the first, I will present the context of
my research, providing a brief overview of our picture of cosmology and the breadth of possible
dark matter scenarios, as well as an introduction to some important techniques for cosmological
research that I have made use of. The second part presents my own contributions to the field,
consisting of four manuscripts, three of which have been published [1, 2, 4] and the fourth currently
in review [3], each with a short introduction to place it in the context of this thesis.

The rest of this chapter will present a brief overview of ΛCDM cosmology, key pieces of
evidence for the model, and the challenges facing it. This will be followed by chapters on different
types of dark matter models (Chapter 2) as well as the methods used to compute predictions for
these models in the linear and nonlinear regimes (Chapters 3 and 4). This forms a solid base for
the presentation of my own work to investigate the nature of dark matter in Part II.
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Chapter 1. A brief introduction to modern cosmology

1.1 A simple universe: The ΛCDM model

Despite its marvellous complexity, the universe is in fact, perhaps surprisingly, very well described
by a remarkably simple model, the so-called ΛCDM model of cosmology [16, 17]. The model
can be fitted to large scale observables, such as the CMB and BAO to great precision using only
six parameters, with modern experiments constraining several of these to percent-level precision
[5]. Of course, the model was proposed to fit the data, so one could argue that it is behaving as
expected, however it has made several successful predictions including the detection of polarisation
in the CMB with the DASI experiment in 2002 [18], and later in Planck data [19], as well as the
presence and location of the BAO in large scale structure with SDSS [20] and 2dFGRS [21] in
2005.

While the base ΛCDM model is fully described with only six parameters, {ωb, ωdm, θs, τ, As, ns},
meaning respectively the baryon density, dark matter density, the angular size of the acoustic
scale, the optical depth to reionisation, the amplitude of the primordial power spectrum, and the
scalar spectral index. Other common parameters used to describe the model are H0, the current
value of the Hubble parameter, and σ8 which quantifies the amplitude of matter fluctuation.

While this is the technical definition of the parameters used to define the model, it is
perhaps useful to present the content and basic assumptions of the model. As the name implies,
the model describes a universe whose matter budget today is dominated by two components:
Λ, dark energy treated as a cosmological constant, and CDM, cold dark matter. Of course, the
universe contains also baryonic (“normal”) matter, as well as radiation, but as illustrated in
Fig. 1.1, these components make up only a small part of the total energy content today.

The dark matter has been a generally accepted part of our models since the 1970–80s [13],
and was theorised at least as early as 1904 by Lord Kelvin [22]. The concept of dark matter,
meaning matter in space that is invisible to us, was investigated through the 20th century, early
studies involved examining the motion of stars in the Milky Way, such as by Kapteyn [23],
Lundmark [24], and Oort [25]. Fritz Zwicky applied the same thinking to larger scales, measuring
the motion of galaxies in the Coma cluster [26–28]. Another key piece of evidence for the existence
of dark matter was the rotation curves of galaxies, measured as early as 1939 [29], but in particular
the work of Vera Rubin and others in the 1970s [7–12, 30] was key to showing that there was
more matter in galaxies than could be seen.

The cosmological constant, despite its later acceptance into our current model, also has a
long history, beginning with Einstein’s inclusion of it to counteract a natural conclusion of general
relativity: an expanding universe [31, 32]. However, with the discovery that the universe was
indeed expanding [32–35], its inclusion seemed superfluous. The advent of quantum field theory
brought the idea back, as the vacuum energy could indeed produce such a term, but the lack of
observational evidence meant that its value would be many orders of magnitude smaller than
predicted [36]. The cosmological constant would not be brought back until the late 1990s, when
observational evidence for its effect on cosmic expansion was found [14, 15], despite its lack of
concordance with the vacuum energy of quantum field theory. Since then, it has been a generally
accepted, although mysterious, part of the cosmological model.

The exact natures of these two dominant components are still unknown and a large research
effort goes into learning more about them, including the search for deviations from the non-
interacting cold dark matter and cosmological constant paradigms. My own work, as found in
Part II concerns the deviations from the cold dark matter paradigm in particular.
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1.2. The expansion of the universe

Λ 68%

Dark Matter
27%

Baryons

5%

Figure 1.1: The contents of the universe today, as inferred from the measurements of the Planck
satellite [16]. It is evident that the energy density of the universe is dominated by dark energy (Λ) and
dark matter, with baryons having a smaller contribution. The contribution from radiation is vanishingly
small.

1.2 The expansion of the universe

Since the observations by Hubble in the late 1920s [34], it has been widely accepted that the
universe is expanding, as had indeed been predicted as a natural consequence of a non-empty
universe in general relativity [31–33]. It follows by solving the Einstein field equations, written in
tensor form as

Gµν − Λgµν = 8πGTµν , (1.1)

where gµν is the metric tensor, Λ is the cosmological constant, G is Newton’s gravitational
constant, Tµν is the stress-energy tensor, and Gµν is the Einstein tensor, given as

Gµν = Rµν −
1

2
Rgµν , (1.2)

where Rµν and R are the Ricci tensor and scalar, respectively, both of which are given from the
metric tensor and its derivatives (via the Riemann tensor). In that sense, everything on the left
hand side of Eq. (1.1) is determined by metric, i.e. the shape of spacetime, whereas the right
hand side is given by the contents of the spacetime, as expressed by the stress-energy tensor.

The Friedmann-Lemaître-Robertson-Walker (FLRW) metric describes a spacetime with a
maximally symmetric spatial part, and is given by

ds2 = dt2 − a(t)2
[

dr2

1− kr2
+ r2

(
dθ2 + sin2 θdφ2

)]
, (1.3)

where r, θ, and φ are the spatial coordinates, a(t) is the cosmological scale factor, and k is
a curvature parameter. It is motivated by the Cosmological Principle, which states that our
universe is homogeneous and isotropic on large scales (&100 Mpc). Specifically r is the comoving
radial coordinate, with the physical radial coordinate given as rphys = a(t)r. Sometimes, for
convenience, the radial coordinate is reparameterised as dχ ≡ dr/

√
1− kr2, giving the metric the

form
ds2 = dt2 − a(t)2

[
dχ2 + f2(χ)

(
dθ2 + sin2 θdφ2

)]
, (1.4)
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Chapter 1. A brief introduction to modern cosmology

For a flat (k = 0), open (k < 0), or closed (k > 0) universe, the function f(χ) is χ,
√
k
−1

sinh
(√

kχ
)

,

or
√
k
−1

sin
(√

kχ
)

respectively.
A homogeneous and isotropic universe, filled with a perfect fluid will have a stress-energy

tensor given as
Tµν = (ρ+ p)uµuν + pgµν , (1.5)

where ρ is the rest energy density of the fluid, and p is its pressure. It is common to express
the relationship between ρ and p in terms of an equation of state parameter w, which is 1/3 for
relativistic fluids like photons, and 0 for cold, “dust like”, species. Sometimes, the cosmological
constant is absorbed into the stress-energy tensor with an equation of state w = −1. It is easy to
see that inserting this into Eq. (1.5) yields only a scalar multiplied with the metric tensor, just as
the cosmological constant term in Eq. (1.1).

Evaluating the time-time component of the Einstein equation for a homogeneous and
isotropic universe will yield the well-known Friedmann equation,(

ȧ

a

)2

=
8πG

3
ρ− k

a2
, (1.6)

while the spatial components yield the acceleration equation,

ä

a
= −4πG

3
(ρ+ 3P ) , (1.7)

where ρ and P are the sum of energy density and pressure respectively, for all components in the
universe, including the cosmological constant. The expansion rate is generally described in terms
of the Hubble parameter, H ≡ ȧ

a .
Another common expression of the Friedmann equation is component-wise in terms of

dimensionless density parameters normalised to the critical density today. The critical density is
defined as the energy density required to have a flat universe, meaning k = 0,

ρcrit,0 =
3H2

0

8πG
, (1.8)

and the density of component i is then given as

Ωi,0 ≡ ρi,0
ρcrit,0

, (1.9)

where the subscript 0 signifying ‘today’ is often omitted for simplicity and only implied. This
parameterisation is useful, since the density of most components have a simple evolution in terms
of the scale factor. Matter (both dark and baryonic) has an energy density dominated by its
rest mass, its energy density will therefore be proportional to the number density of particles
which scales inversely to the volume, hence ρm ∝ a−3. Since the energy density of radiation is
dominated by the kinetic energy of the particles, which is redshifted, its energy density scales
as ρr ∝ a−4. The a−2 scaling of curvature is already evident in Eq. (1.6), and the cosmological
constant does not scale, as implied by the name. Using the common convention that a0 = 1, the
Friedmann equation can thus be written as,

H2

H2
0

=
Ωr,0
a4

+
Ωm,0
a3

+ΩΛ,0 −
k

H2
0a

2
, (1.10)

where sometimes the curvature is expressed in terms of a “curvature energy density”, defined as
Ωk,0 ≡ −k/H2

0 . Another way of expressing the curvature term is through a “radius of curvature”
R0 and a curvature sign κ, with k = κ/R2

0 .
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1.2. The expansion of the universe
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Figure 1.2: The evolution of the density of various components of the universe. The neutrinos are
included using the approximation of two massless species, and one of mν = 0.06 eV.

As implied by the different scalings with the scale factor, these components will generally
be dominant at different points in the history of the universe, as illustrated in Fig. 1.2. Here
it is also evident from how the photon and neutrino lines deviate at late times that, unlike the
other species, neutrinos do not have a simple power law evolution.1 This is due to having a small,
but nonzero mass, as implied by the measurement of neutrino oscillations [37, 38]. In the early
universe, their kinetic energy will be much larger than their mass, and they will therefore behave
as radiation, however, as the universe expands and the neutrinos lose kinetic energy to redshift,
their mass will become the dominant component of their energy, and they will behave like matter.

Another implication of Eq. (1.10) it that the expansion rate can be roughly separated into
different epochs, depending on which component dominates the energy budget. If the universe is
dominated by a single component, the expansion rate will generally be a simple function of time,
i.e. a ∝ t2/3 in a matter-only universe, a ∝ t1/2 in a radiation-only universe, and exponential
expansion in a Λ-only universe. This expansion rate will affect how global processes in the
universe proceed. The extent to which these components dominate at a given time is illustrated
in Fig. 1.3, assuming parameters similar to our universe.

Our universe is either spatially flat, or with only a very small curvature component [5], its
evolution after inflation is therefore generally separated into three epochs: radiation domination
until a ∼ 3 · 10−4, when the universe was roughly fifty thousand years old. This point in time is
called matter-radiation equality, and is followed by a long period of matter domination, until
a ∼ 0.77, when the age of the universe was around ten billion years, the matter density was
overtaken by dark energy, though they are still of the same order of magnitude. Some argue that
this means we are at a special time in cosmic history, which they find problematic, dubbing it
the “coincidence problem” [39]. If the universe keeps expanding as expected, this means that
we are on the cusp of an epoch truly dominated by the dark energy component, leading to an

1In principle this is true for any species transitioning from being relativistic to nonrelativistic, but for baryons
this happens too early to be included here, and is generally neglected for dark matter in the cold dark matter
paradigm.

7



Chapter 1. A brief introduction to modern cosmology
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Figure 1.3: The evolution of the relative density of various components of the universe.

exponential increase of the scale factor over time.

1.3 The history of the universe

Many stories can be neatly divided into a beginning, a middle, and an end. This is not so
straightforward with a universe like ours. If you look at “events” that significantly affect the
makeup of the universe, these initially happen very quickly in succession, before the universe
remains essentially unchanged, except for expansion, for quite a while before the next “event”. In
a universe such as ours, without a “big crunch” or “big rip”, expansion may just continue forever.
Astrophysical processes will continue over the next trillions of years [40], dynamical systems will
continue to lose energy to gravitational waves over very long timescales, and black holes may emit
Hawking radiation for even longer [41], and in the absence of proton decay, dense, cold remnants
of white dwarfs may end as supernovae in the very far future [42]. While these scenarios are
theoretically interesting, they are by definition not accessible to observations without waiting
extremely long, therefore, this section will mainly be concerned with the history of our universe
from its beginning until the present day.

1.3.1 Inflation and Reheating

It is extraordinarily hard to say anything definite about the beginnings of the universe. The
generally accepted baseline model is that of a “hot big bang”, where the universe started in a very
hot, dense state, as would indeed be implied by Fig. 1.2. This idea was championed by Georges
Lemaître, who argued that it was not unnatural for the universe to have a beginning [43–45].

The first “event” is often taken to be inflation. The content of the universe is generally
described as having been in a very dense state of quantum fluctuations before this, but the energy
scale is too high and the epoch too inaccessible to observations to make meaningful statements.
Inflation then, is a period of rapid expansion at very early times, which was proposed to solve
several puzzles of cosmology [46–49], including the horizon problem and the flatness problem.
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1.3. The history of the universe

The horizon problem is the fact that the universe is very homogeneous on large scales, for
example the CMB temperature being constant to one part in ten thousand across the whole sky,
despite the fact that these regions could not have been in causal contact in the past, assuming a
“normal” expansion history without inflation.

The flatness problem is the fact that our universe appears to be very close to flatness, if
not completely without curvature. Some argue that this is a problem of fine tuning, because as
close as we are to flatness today, the deviation from flatness must have been even smaller in the
past, and values so close to zero would not be “natural”. Specifically, the deviation from flatness
is given from Eq. (1.10) as

1− Ω(t) = − k

a2H2
, (1.11)

with the evolution of a and H implying that the deviation from flatness scales as ∝ t during
radiation domination and ∝ t2/3 during matter domination. This means that if the deviation from
flatness today is |1− Ω0| ≤ 0.2, then it would be . 10−4 at matter-radiation equality, . 10−14

at big bang nucleosynthesis, and . 10−60 when the age of the universe was the Planck time,
∼ 10−32 seconds [50].

Both of these problems are neatly solved by inflation. The very rapid expansion of space
by several orders of magnitude would allow the whole observable universe to have been in causal
contact prior to this, and the observed homogeneity is thus no longer an issue.

If the expansion of space during inflation is dominated by a component with an equation of
state parameter w ≤ −1/3, the deviation from flatness will decrease. For the case of exponential
expansion, it will decrease as ∝ e−2Ht. If the expansion is fast enough, meaning a large enough
H, it will suppress |1− Ω0| by many orders of magnitude, leaving the observable universe close
to flatness even if it had fairly strong curvature prior to inflation.

How exactly inflation happened (if it is the correct solution) remains an open question,
though. I will here present a simple example of slow-roll inflation, as shown in e.g. Ref. [51]. In
the simplest models, only a single scalar field φ, the inflaton, is introduced. The density and
pressure of the fluid are given by

ρφ̄ =
˙̄φ2

2
+ V

(
φ̄
)
, (1.12a)

pφ̄ =
˙̄φ2

2
− V

(
φ̄
)
, (1.12b)

where homogeneity and isotropy dictate that the main component of the scalar field, φ̄ is only
time dependent.

Following the acceleration equation, Eq. (1.7), for positive acceleration we must have
ρφ̄ + 3pφ̄ < 0, i.e.

˙̄φ2 − V
(
φ̄
)
< 0, (1.13a)

˙̄φ2 < V
(
φ̄
)
, (1.13b)

for inflation to occur. If the inflaton is the dominant component of the universe, as expected in
inflation, this then gives the Friedmann equation

H2 =
8πG

3

(
˙̄φ2

2
+ V

(
φ̄
))

, (1.14)

and the equation of motion of the inflaton field,

¨̄φ+ 3H ˙̄φ+
∂V
(
φ̄
)

∂φ
= 0. (1.15)
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Chapter 1. A brief introduction to modern cosmology

The next step is ensuring that inflation continues long enough to actually solve our cosmological
problems, requiring a great enough expansion of the universe. This is usually measured in e-folds,
how many factors of e the universe grows during inflation.

Unless the universe contains phantom energy (dark energy with equation of state parameter
w < −1), for a universe containing matter or radiation, the Hubble parameter will always decrease
as the universe expands. The requirement for inflation is therefore that this decrease is slow
enough to allow the requisite number of e-folds. The condition for inflation can be parameterised
in terms of

εH ≡ − Ḣ

H2
, (1.16)

and since the acceleration of the scale factor can be written as ä = a
(
Ḣ +H2

)
, εH must be less

than 1 to have positive acceleration, and εH = 1 is thus the condition for the end of inflation.
The timescale of one e-fold is the Hubble time, H−1. The condition εH < 1 thus implies

that the timescale over which the Hubble parameter changes appreciably is significantly longer
than a Hubble time. The requisite number of e-folds is ∼ 40–60, for which εH must be kept less
than 1.

The rate of change of εH can be parameterised as

ηH ≡ ˙εH
HεH

=
d ln εH
dN

, (1.17)

the logarithmic change in εH per e-fold. For a slow enough change to εH , it is therefore necessary
that |ηH | � 1, meaning a roughly constant Hubble parameter during inflation, leading to a roughly
exponential expansion similar to a universe dominated by a cosmological constant. Observations
put the limits on these parameters at εH < 0.1 and ηH ∼ 0.03± 0.01 [51, 52].

In standard show-roll inflation, the initial conditions of the rest of the universe’s evolution
is set by this exponential expansion imprinting the pre-inflation quantum fluctuations, leading
to the so-called primordial curvature perturbations being described by the dimensionless power
spectrum,

∆2
R(k) =

(
H2

2π ˙̄φ2

)2 ∣∣∣∣
k=aH

=
1

8π2εH

H2

M2
Pl

∣∣∣∣
k=aH

, (1.18)

the power spectrum being the RMS fluctuation squared of the (density) field. It is described
in greater detail in Chapters 3 and 4. Since H changes slightly as different scales k cross the
horizon, a slight time dependece is introduced, leading to a tilt of the power spectrum given by
the scalar spectral index ns,

ns − 1 ≡ d ln∆2
R(k)

d ln k
, (1.19)

which can be computed from the slow roll parameters,

ns − 1 = −2εH − ηH . (1.20)

Defining our quantities in terms of the pivot scale k∗, and neglecting any k-dependence in ns
(usually called running), the quantities used to describe the primordial power spectrum can be
defined,

As ≡
1

8π2

H2
∗

εH∗M2
Pl
, (1.21a)

ns ≡ 1− 2εH∗ − ηH∗, (1.21b)
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1.3. The history of the universe

where the subscript ∗ indicates that the quantity is evaluated when the pivot scale k∗ exits the
horizon, yielding an initial power spectrum given as,

∆2
R(k) = As

(
k

k∗

)ns−1

. (1.22)

More complicated inflation models, such as multi-field inflation or ultra slow roll can have
more complicated initial power spectra.

As inflation comes to an end, it is generally assumed to be followed by a period of reheating.
The inflaton field will decay, the energy release from which heats up the universe after the cooling
induced by the inflationary expansion. This decay could also account for the creation of the
current particle content of our universe [51].

1.3.2 Big Bang Nucleosynthesis

To end up with a population of baryons, an asymmetry between baryons and antibaryons must be
introduced. This can happen in a multitude of ways, the viabilities of which depend on the exact
conditions of reheating, including via Grand Unified Theory interactions, the electroweak phase
transition, or leptogenesis, where lepton flavour violations can induce baryon number violations.

As the universe cools down, the temperature drops below the QCD scale, leading to
the quark confinement and the formation of nucleons. With the temperature dropping even
further, the conditions for producing stable atomic nuclei arose, as the density was large enough
for nuclear interactions, but the temperature was low enough that any formed nuclei were not
instantly destroyed by gamma rays or other energetic particles. This epoch is known as big bang
nucleosynthesis (BBN) [53–63].

At early times, the temperature of the universe was large compared to the mass difference
between protons and neutrons, their densities were essentially the same, as they were coupled the
neutrinos and so kept in equilibrium, given through the usual [62, 63]

(
nn
np

)
eq

=

(
mn

mp

)3/2

e−(

≡Q︷ ︸︸ ︷
mn −mp)/T , (1.23)

the mass difference between being Q = 1.30 MeV. The processes maintaining this equilibrium are,

n+ νe ↔ p+ + e−, (1.24a)
n+ e+ ↔ p+ + ν̄e, (1.24b)

which are efficient until the temperature drops below h 0.7 MeV.
When the neutrinos decouple around T ∼ 1 MeV, the balance has started to tilt slightly in

the favour of protons, but neutrino decoupling happens before the neutron population becomes
completely Boltzmann suppressed, and a relic population is frozen in,2 with around 15% of the
nucleons being neutrons. However, had the conditions not been right for nucleosynthesis at this
time, the neutrons would all have disappeared anyway, as they are unstable, decaying through,

n→ p+ + e− + ν̄e, (1.25)

with a lifetime around 15 minutes. While this does not sound like much cosmologically speaking
(or conversely, an incredibly long time for particle physics processes and the very early universe),
it is in fact roughly the same timescale as BBN happens on.

2To avoid repeating myself too much, I will not go into great detail on freeze-out here. A more detailed
description of freeze-out is presented in the context of dark matter production in Section 2.1.
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Chapter 1. A brief introduction to modern cosmology

Fortunately for our existence, this means that stable nuclei are able to form before the
neutrons all decay away, with the free neutrons and protons able to form stable deuterium,

n+ p+ ↔ D+ γ (1.26)

which then acts as a building block for heavier elements, via helium,

D+ p+ ↔ 3He + γ (1.27a)
3He + D ↔ 4He + p+, (1.27b)

with nearly all the neutrons in the universe ending up in helium nuclei in the end.
Since formation of all heavier nuclei relies on deuterium, the production of deuterium forms

the bottleneck to their production rates. A key ingredient to determining how much is produced
of any element is thus determining the balance between deuterium production and neutron decay.
What determines this balance is the rate at which the deuterium will get destroyed by photons,
which is governed by the baryon-to-photon ratio, η ≈ 6 · 10−10. Because this is such a small
number, the high-energy tail of the photon distribution will still comprise enough photons to keep
the deuterium population down until the temperature is significantly lower than the deuterium
binding energy, BD = 2.22 MeV, with the equilibrium density given through,(

nD
np

)
eq

≈ η

(
T

mp

)3/2

eBD/T . (1.28)

Once the left-hand side reaches unity3, which happens at Tnuc ∼ 0.07 MeV, deuterium production
becomes very efficient, with knock-on effects for helium and the heavier nuclei, as illustrated
in Fig. 1.4. This corresponds to a time of tnuc ∼ 250 s. This is not too large compared to the
neutron lifetime, but large enough that neutron decay reduces the number of free neutrons by
∼ 25% between freeze-out and tnuc.

It is useful to describe the abundances of different isotopes as fractions of the total nucleon
density,

Xi =
ni∑
j Ajnj

, (1.29)

where Aj is the nucleon number of isotope j, such that the mass fraction of an isotope is (to good
approximation) AiXi. At early times, the sum can be simply approximated as np + nn, and after
BBN as np + 4nHe. Since (nearly) all the neutrons end up in 4He, the helium abundance will be
roughly half the neutron abundance at tnuc, yielding a helium mass fraction ∼ 25%, which is very
close to the result of a more careful calculation solving the coupled Boltzmann equations for all
involved species, [62, 65]

YP = 0.2262 + 0.0135 ln
(
η/10−10

)
, (1.30)

with a larger baryon-to-photon ratio leading to a larger helium abundance, as this lets protons
and neutrons form deuterium earlier.

Since BBN predictions are based on fairly well-known nuclear physics, and the abundances
of isotopes can be measured observationally, BBN provides an independent probe of cosmology,
and can be used to set constraints on e.g. the number of relativistic species.

BBN results generally agree with other cosmological measurements, such as CMB, but
notably the predicted lithium abundance does not match measurements. This is known as the
lithium problem, and proposed solutions include observational systematics, unknown nuclear
physics resonances, or new physics [66].

3Slightly more accurately O(10−3), as this is already large enough to begin efficient helium production. In fact,
the deuterium fraction never becomes much larger than that because its further conversion into helium happens so
quickly [62].
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Figure 1.4: The evolution of the abundances of different elements during BBN. It is clear that production
of helium starts as soon as deuterium is formed, and that this quickly depletes the deuterium abundance.
abundances computed with PRIMAT [64, 65].

1.3.3 Recombination

In terms of learning about the contents of our universe, recombination is perhaps the most
significant epoch of its evolution, as this is what gives rise to the cosmic microwave background.

In terms of basic processes, recombination is conceptually similar to BBN. As the tem-
perature of the cosmic fluid drops, it becomes possible for electrons and nuclei to form neutral
atoms that are not immediately ionised by the background photons. In another parallel with
BBN, this happens well below the temperature one would naively expect from the electronic
binding energies of hydrogen and helium, again because of the small baryon-to-photon ratio.

In a simplified description, neglecting helium, the free electron fraction can be defined as
[62],4

xe =
ne

ne + nH
. (1.31)

Since the electrons and protons are strongly coupled via the photons, the neutral hydrogen density
will follow its equilibrium value, (

nH
n2e

)
eq

≈
(

2π

meT

)3/2

eEI/T , (1.32)

where EI = 13.6 eV is the ionisation energy of hydrogen. Recombination is therefore well described
by the Saha equation, (

1− xe
x2e

)
eq

=
2ζ(3)

π2
η

(
2πT

me

)3/2

eEI/T , (1.33)

which has the analytical solution for xe,

xe =

√
1 + 4f − 1

2f
, (1.34)

with the auxillary function f ,

f(T, η) =
2ζ(3)

π2
η

(
2πT

me

)3/2

eEI/T . (1.35)

4Since the universe is neutral, ne = np.
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Figure 1.5: The free electron fraction for a simplified recombination considering only hydrogen, as
computed from the Saha equation, Eq. (1.33). It is clear that the baryon-to-photon ratio η is a key
parameter in determining the time of recombination. Full Boltzmann treatment from CLASS [67] (using
HyREC [68]) included for comparison. The latter includes a treatment of the most relevant energy levels
in the hydrogen and helium atoms, using effective transition operators to model absorption and emission
of photons at multiple energies.

This makes recombination a gradual process, the timing of which depends on η, illustrated in
Fig. 1.5.

As the universe becomes dominated by neutral hydrogen rather than charged protons and
electrons, with the latter dominating the interaction with photons through Thomson scattering,
the photons will decouple and begin free-streaming, like the neutrinos did around the start of
BBN. As recombination is not instantaneous, neither is photon decoupling. However, the latter
is usually defined as when the scattering rate, Γγ = neσT , drops below the Hubble rate, where
σT = 6.65 · 10−25 cm2 is the Thomson cross-section. The full calculation yields a decoupling
redshift around zdec ≈ 1090. Photon decoupling corresponds well to the last scattering surface of
CMB photons, observing the CMB can therefore give great insight into what the universe was
like at this time.

To obtain the high-precision recombination predictions needed for sub-percent-level accuracy
in CMB predictions, a more careful treatment of recombination is required [62]. Beyond including
helium, this involves taking the multiple energy levels of different electron excitations into account,
as well as their different modes of decay. This would naively entail solving a large number of
coupled Boltzmann equations, one for each electronic state. However, a simple three-level atom
approximation was proposed by Peebles in the 1960s [69]. This was followed by a more thorough
treatment of multiple states, where degenerate states were approximated to be in equilibrium
[70, 71]. An even more accurate treatment that retains the computational efficiency tracks only
the few most relevant states, and compensates by using effective transition rates rather than the
true physical ones. There are multiple modern implementations of this effective multi-level atom
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approximation, such as HyREC [68, 72] and CosmoRec [73]. For a more detailed treatment of
computing CMB predictions, see Chapter 3.

1.3.4 Reionisation and Cosmic Dawn

Directly after recombination comes the so-called dark ages, generally referred to this way because
not much new light is being emitted, although the background radiation that is to become the CMB
remains ever present. These cosmological relic photons have decoupled and are free-streaming, the
baryons will decouple from the photons not too long after, and the matter overdensities are still
relatively modest. However, just because it is “dark” does not mean that nothing is happening.
Dark matter overdensities continue to grow, while the baryons, now free of the photon pressure,
are free to fall into these increasingly deep gravitational wells.

Here we transition from the regime of linear structure formation described in detail in
Chapter 3 into the nonlinear regime covered in Chapter 4.

Eventually, around z ∼ 30 to ∼ 15, enough gas has fallen into the dark matter potential
wells that the first proto-galaxies can start to form, and on even smaller scales, the gas has cooled
down enough to form molecular hydrogen, and may further collapse to form the first stars. This
is rapidly followed by the first supernovae, and the first quasars beginning to accrete gas, further
bringing new light to the universe, the cosmic dawn [74–81]. All these local processes bring a
departure from the comparatively simple physics that has dominated the universe until this point.
Suddenly, the “messy” physics of star formation, radiative feedback, and galaxies become the
drivers of cosmological evolution in a universe that is highly inhomogeneous and can no longer be
described by nice global properties. Even so, we like to try.

The cosmic dawn eventually brings about the epoch of reionisation, generally thought
to have lasted until z ∼ 5-6, where the radiation emitted from bright stars, supernovae and
quasars ionise the intergalactic medium, leading it to once again scatter CMB photons, albeit
at a highly reduced rate, compared to pre-recombination. Nevertheless, reionisation leaves a
significant signature on the observed CMB, as described in Section 3.5.2.

Probing these eras is a key goal for several current and upcoming experiments, such as
HERA, SKA, and JWST [80–85], and may be crucial for distinguishing between different dark
matter models, as described in Chapter 6, which also contains a description of the neutral
hydrogen 21cm signal, an important observable of these epochs.

After reionisation is completed, we are essentially in the modern universe of stars, galaxies,
and all the other weird and wonderful things we observe. Of course, the mysterious components
of the ΛCDM model are still at work, with the universe entering its Λ dominated era at z ∼ 0.3,
and dark matter remaining key to the evolution of galaxies.

1.4 The evidence for dark matter

Despite its elusive nature, there is a wealth of evidence for the existence of dark matter on a
variety of scales, from universe-wide effects such as the CMB [5] down to the size of dwarf galaxies
[86] and within our own galaxy [87], however, the fact that dark matter is only detected through
its gravitational effects have led some to suggest that our theory of gravity should be modified
instead [88–90]. I will keep the focus on the evidence for the existence of dark matter rather than
delving deeper into these alternative theories.
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1.4.1 CMB evidence for dark matter

The cosmic microwave background was emitted when the universe was ∼ 370, 000 years old, as
the density and temperature of the universe dropped enough for the photons and baryons to
decouple. A characteristic length scale was imprinted in the CMB based on how far the coupled
plasma managed to travel before this decoupling5, via the baryon acoustic oscillations. This
imprint is measured in the anisotropy of the CMB, despite its incredible uniformity, there are
fluctuations on the order of ∼ 10−4 K, which are left by the over- and underdensities around the
recombination era. The amplitude, in addition to the aforementioned size, can tell us a lot about
the content of the universe.

The structures found in the CMB anisotropies are perhaps best described through the
angular power spectrum, illustrating the strength and scales of the correlations across the sky.
The temperature autocorrelation (TT) power spectrum looks remarkably different, depending
on the dark matter content of the universe, as illustrated in Figs. 1.6 and 1.7. It is evident that
changing the dark matter content Ωcdm, substituting either Ωb or ΩΛ leads to drastically different
sprectra. It is clear that the CMB can tell us not just how much matter, or how much baryonic
matter, is in the universe, but actually give us an accurate picture of the amounts of both baryonic
and dark matter. This is of course dependent on having accurate enough measurements of the
CMB power spectrum, but such measurements have been firmly established [5, 16, 17, 19, 91, 92].

The baryons and dark matter thus have different effects on the physics of baryon acoustic
oscillations, as one might expect. Changing the baryon to photon ratio will change the sound
speed of the coupled plasma, which affects the ratio of the height of odd peaks to even peaks.
This is because the odd peaks correspond to oscillation modes that have experienced one more
contraction than expansions (the large first peak being one contraction only, no expansions),
while even peaks represent models that have experienced an equal number. With a significant
baryon fraction, an asymmetry is introduced, leading to a greater contraction than expansion,
thus leading to the difference between odd and even peaks. The baryon to photon ratio can also
be determined from BBN with high precision measurements of the deuterium abundance [93–95],
providing an independent check on the value inferred from the CMB.

Unlike the baryons, the dark matter does not couple directly to the photons, and is
thus not part of the oscillating plasma. Instead, the dark matter contributes to the matter
to radiation ratio, and the gravitational potential. In particular, the amount of dark matter
will determine when matter radiation equality happens. This is important because the baryon
acoustic oscillations will behave differently in radiation and matter dominated epochs, namely,
the amplitude of oscillations is enhanced during radiation domination, and a larger dark matter
density thus decreases the overall amplitude. It is distinguishable from the effect of changing the
baryon density in how it affects odd and even peaks, namely the fact that the measured second
and third peak are of roughly even height, as illustrated in Fig. 1.6, is a clear piece of evidence
for the existence of dark matter.

With the level of precision measurements of the CMB temperature and polarisation power
spectra obtained from WMAP [91, 96–98] and Planck [5, 92, 99–101], one piece of very compelling
evidence for the existence of dark matter is firmly established. The different effects of baryonic and
non-baryonic batter is also key to the conclusion that the dark matter is not just non-luminous
baryons, such as dark gas or rogue planets. This is backed up by big bang nucleosynthesis, which
places strong bounds on the amount of baryons, which agree with CMB results. It really must be
a different type of matter.

5There are some additional subtleties to this epoch, which will be presented in more detail in Chapter 3
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Figure 1.6: The impact on the CMB TT spectrum of changing the baryon fraction while keeping the
total matter density constant (left) as well as changing the dark matter density while keeping the baryon
density constant (right). In the latter, the Hubble rate today is kept constant, while ΩΛ varies to maintain
flatness. Ref. notes the values inferred from observations [5].
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Figure 1.7: Comparison of the CMB TT spectrum for two universes with no dark matter, light blue has
baryon density equal to our universe, dark red has baryon density equal to our universe’s matter density.
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Figure 1.8: A normalised rotation curve for a Milky Way-like galaxy consisting of a baryonic bulge+disk
and a dark matter halo, computed using galpy [103]. It is clear that the contribution from the dark matter
halo dominates at large radii.

1.4.2 Dynamics as evidence for dark matter

One of the first pieces of evidence for dark matter was in the form of galactic rotation curves, as
measured by Vera Rubin [7, 8] and Albert Bosma [9, 10, 12]. The gist of their finding was that
outer parts of galaxies showed much larger mass-to-light rations than expected, essentially, the
outer parts of galaxies had dynamics dominated by non-luminous matter. This conclusion is of
course also backed up by modern observations of rotation curves [102]. A rotation curve for a
Milky Way-like galaxy is illustrated in Fig. 1.8.

Galactic rotation curves using the circular velocities of spiral galaxies are not the only
type of whose kinematics provide evidence for the existence of dark matter. Other examples
includes the motion of galaxies in clusters [28], as well as Milky Way satellites [104], and velocity
dispersions in dwarf galaxies [105–108], providing dynamical evidence for dark matter at multiple
scales.

1.4.3 Lensing as evidence for dark matter

Following the evidence for the presence of dark matter from CMB and kinematics, the mass
inferred from other types of measurements can be predicted. Fortunately for the ΛCDM model,
measurements of gravitational lensing confirm the existence of dark matter on the scales that can
be probed, with the cluster 1E0657-5586, perhaps better known as the Bullet Cluster, acting as
a particularly photogenic piece of evidence [109–111]. Some authors even go so far as to call it
“direct empirical proof” that dark matter exists [111].

Gravitational lensing, the “bending” of light by gravity, is an important prediction of
general relativity. If the magnitude of this effect can be measured, the mass of the “lens” can be
inferred [112–114]. Going beyond point-masses, this also makes it possible to measure a mass
distribution. A suitably placed light source behind a galaxy or cluster will therefore enable a
mass measurement independent of the dynamics, thus lending more credence to any findings, if
they agree.

6Also has the designation 1E0657-56.
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There are two main avenues for determining the mass of astrophysical structures using
gravitational lensing, known as weak and strong lensing, respectively. Conveniently, this designa-
tion just denotes whether the effect of the lensing is strong enough to be immediately recognisable.
Strong lensing yields visibly distorted images, multiple images of sources, or both [115–125]. Weak
lensing only slightly perturbs the visible shapes of background sources, and while their intrinsic
shapes are unknown, the correlation between these distortions versus random alignments allows
the lensing to be inferred statistically [109, 113, 126–129].

1.5 Challenges to ΛCDM

One could argue that the unknown quantities, the cold dark matter and dark energy of ΛCDM
ought to pose a challenge to the model. However, in the context of a phenomenological description
of the universe, it does not really matter that the model provides no explanation. The non-
interacting cold dark matter and cosmological constant dark energy serve as a baseline for further
studies of both, as any true particle physics model can be quantified by its differences from the
standard CDM or cosmological constant predictions, and both can be compared with data, so
the better fit can be determined. The ΛCDM model does not purport to be the correct theory,
merely a miminal model to accurately describe cosmological observations, to be replaced when a
better model is found.

There are, however, a few real challenges to the model [130–132], namely observations that
do not fit the ΛCDM predictions, or sets of observations that are in conflict if the underlying
model is ΛCDM. These offer an interesting opportunity for testing alternative cosmological models,
as these might ease the tensions or explain away the so-called problems.

1.5.1 The Hubble Tension

One of the most discussed challenges is the so-called Hubble tension, where late universe measure-
ments of the cosmological expansion rate (e.g. from supernovae) do not match the value inferred
from early universe measurements (e.g. CMB) [130, 133–136]. This could also be an indication of
a deeper problem with the FLRW metric, which the ΛCDM is generally assumed to rely on.

The main two measurements in tension are the value inferred from Planck measurements
of the CMB [5], and the supernova-based measurements of the SH0ES collaboration [137–139],

H0 = 67.44± 0.58 km s−1 Mpc−1 (Planck) (1.36a)
H0 = 74.03± 1.42 km s−1 Mpc−1 (SH0ES), (1.36b)

These measurements offer two fundamentally different ways of probing the Hubble parameter,
and it is therefore difficult to disentangle whether it is new physics or systematics at play.

The local measurements of the SH0ES collaboration represent a direct measurement
of the Hubble parameter today from the luminosity distance to type 1a supernovae. Such
measurements rely on both the observational model for the supernovae as standardizable candles,
and the Cepheid-based distance ladder. This type of measurements is therefore independent of
cosmological model, but may be subject to observational systematics.

The CMB experiments on the other hand, do not directly measure H0, but rather the
angular size of the sound horizon at recombination, which can be used to compute the Hubble
parameter today based on a cosmological model. This has been a testing bed for a multitude of
models changing early universe physics to give a sound horizon at recombination consistent with
the H0 measured today. This includes a variety of models introducting modified dark energy,
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dark matter, or additional radiation, as well as time-varying “constants”[134, 136]. Of course, the
Planck CMB measurement is not immune to unknown systematics either.

The problem does go deeper than just these two measurements, with several other late-
universe measurements not based on Cepheids agreeing with the SH0ES measurement, and
measurements of baryon acoustic oscillations (the scale of which is also set by the sound horizon at
recombination) combined with BBN agreeing with the Planck measurement, as well as non-Planck
CMB measurements [134].

Many of the proposed models have shown some ability to ease the tension, though in some
cases just by increasing the error bars, or at the cost of inconsistency with other observations. In
particular, many solutions would make the σ8 tension worse. So far none have been convincing
enough to replace the base ΛCDM model, but searching for solutions to this problem remains an
active area of research.

1.5.2 The σ8 tension

A similar tension between different experiments appears in the σ8 parameter7, a measure of the
matter power spectrum smoothed on a scale of 8 Mpc, given through,

σ2
8 =

∫ ∞

0

dk

k
∆2(k)W 2(k · 8Mpc), (1.37)

where W8 is a window function, generally taken to be a real space tophat.
This tension is mainly between the value inferred from the Planck measurements [5] of the

CMB, and the value from cosmic shear measurements of large scale structure [131, 140–142].
Similarly to the Hubble parameter, the σ8 inferred from CMB measurements is not a direct

observable, but rather a model dependent inferred parameter. It is found by fitting a cosmological
model to the observed CMB anisotropies, and computing its structure formation predictions at
late times. This means that the tension can generally be alleviated by models that suppress
structure on the relevant scales, such as the dark matter-neutrino interaction model described in
Chapter 5.8

1.5.3 The “small scale crisis”

Finally, there are a variety of small-scale (sub-galactic) challenges to ΛCDM that have collectively
been termed the “small scale crisis” [143–145]. These problems are known as the “missing
satellites”, “cusp-core”, and “too-big-to-fail” problems [146, 147].

The missing satellites problem refers to a mismatch between the number of satellite galaxies
predicted by numerical simulations for a Milky Way-like galaxy, and the number of Milky Way
satellites actually observed. Simulations using standard cold dark matter would overpredict
the number, leading to them being claimed “missing”. As with many such issues, the problem
could have several types of solution. Perhaps least interesting is the possibility of the problem
being numeric in nature, maybe our simulations were just not accurate enough, neglecting some
effect or making improper approximations. In particular, it is possible that these structures are
blown apart by supernovae. Another explanation for the problem would be observational in
nature, perhaps the satellites are there, but we just haven’t been able to see them yet due to the
limitations of our instruments, similarly, it is predicted that many are very faint and thus not yet
expected to be detectable. This solution is be backed up by the steady increase of detected Milky

7Sometimes reparameterised as S8 ≡ σ8

√
Ωm/0.3.

8The interaction strengths required to solve the σ8 tension would eventually be ruled out, as described in
Chapter 7.
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Way satellites. Finally, and perhaps most interesting, is the possibility that this problem offers
a hint to the true physics of the dark matter, beyond the noninteracting cold approximation.
Indeed, several types of models, such as warm dark matter, and dark matter interacting with
relativistic species, yield lower predictions for the Milky Way satellite count [148, 149].

The cusp-core problem refers to the structure of the inner dark matter halo, namely, if the
density profile is “cuspy” or “cored.” Cold dark matter simulations predict that the cores of halos
will have a steep, “cuspy”, density profile, such as an NFW, with ρ(r) ∝ r−γ and γ h 0.8-1.4
(for more detail on simulations and halo profiles see Chapter 4). However, measurements of the
rotation curves of low-mass dark matter dominated systems seem to indicate a much flatter,
“cored”, central density profile with γ ≈ 0-0.5. Again, there are proposed solutions both within
ΛCDM and by introducing new physics. Within ΛCDM a likely culprit is expected to be baryonic
effects. Many simulations include only collisionless matter, including baryons only as through
their gravitational contribution. With baryonic matter making up a significant part of the density
at the centres of halos, it is very possible that feedback from the baryons would alter the potential,
giving rise to cored halos. The inclusion of more accurate modelling baryons in simulations is
also a field of active research, with the different implementations yielding different results [150,
151]. There are also dark matter models offering to solve this problem, in particular models of
warm or self-interacting dark matter have been put forth as solutions, with simulations showing
flatter, shallower central densities.

The too-big-to-fail problem is in some sense related to that of missing satellites. Namely,
accepting that we might not be able to observe all the Milky Way satellites, the most massive
satellite halos should host galaxies. Thus, the central masses of the most massive satellite halos
predicted by simulations should match the halos of massive satellite galaxies that we observe.
Essentially, these simulated dark matter halos would be too big to fail to have star formation to
produce an observable satellite galaxy. Unfortunately for ΛCDM, the most massive satellites we
observe do not match with those predicted by simulations, not just for the Milky Way, but also
Andromeda [147]. Again, a likely culprit is missing baryon physics in simulations, which could
include tidal stripping and shocks, which would reduce the satellites’ central mass. Again, warm
and self interacting dark matter have both been put forward as possible solutions, as they will
both help to lower the central masses.
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CHAPTER 2
The dark matter model zoo

Based on our observations and understanding of gravity, the majority of matter in our universe
must be invisible, or in other words, dark. This poses a challenge to our model of particle
physics, since none of the known particles can satisfy the requirements. A simplified list of these
requirements could be stated as [152, 153],

• Dark matter must exist in the right abundance to explain observations, ∼ 27% of the total
energy budget today [16].

• Dark matter must be produced in the early universe, so it can leave its imprints on e.g.
CMB and structure formation.

• Any dark matter cross-section with Standard Model particles must be small enough to
escape direct and indirect detection, as well as collider constraints. This implies a scattering
cross-section σ . 10−41 cm2 for GeV-scale particles, although it can be much larger for very
heavy dark matter candidates [154].

• Dark matter must be long-lived enough that it still exists today, to explain local phenomena
such as galactic rotation curves.

The whole truth is of course more complicated than this. For instance, it could be proposed that
the role of dark matter could be played by Standard Model neutrinos. These were produced
in copious amounts in the early universe, are stable, and interact only weakly with the rest of
the Standard Model. Indeed, this very idea has been suggested [155, 156], though it runs into
problems with the neutrinos being too light [157] and their fast motion preventing the formation
of the structures we observe in the universe [158], though it was long theorised that such a “hot”
component could be a significant part of a mixed dark matter scenario [159–165].

More recent results show that the role played by massive Standard Model neutrinos, and
hot dark matter in general, must be fairly modest when it comes to the makeup of the universe
today, letting cosmology set very tight bounds on the sum of neutrino masses [166–170], and
future observations are set to improve this [171–176].

It would have been nice to have an explanation for dark matter already in the Standard
Model. However, this is unfortunately not the case for the universe we live in. Instead, it is
necessary to think up something else to explain the unseen mass. This generally necessitates new
particle species, though primordial black holes have also been suggested as an option [177–180],
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Figure 2.1: The wide spectrum of possible dark matter masses, encompassing a range of different model
types. The cartoons illustrate possible candidates in these regimes.

as well as modifications to our theory of gravity [88]. In this chapter, I will attempt to provide a
broad overview of the different types of proposed dark matter model. I will in general describe
classes of models with similar cosmological phenomenology, rather than present the minute details
of every single particle physics model.

One of the key properties of a dark matter model is the mass of the associated particle(s).
There is an extremely wide spectrum of possible masses for different types of model, which is
illustrated in Fig. 2.1, showing the range of possible masses from ultralight “wave-like” dark
matter, to the extremely heavy models, such as primordial black holes, where the dark matter is
no longer described as traditional particles.

2.1 Thermal particle dark matter

The typical idea of dark matter is some heavy particle that does not interact too much. However,
it needs to somehow be produced in the early universe, and end up with the correct relic density.
One of the simplest ways of doing this is through thermal production, where the dark matter
is produced from some particle in thermal equilibrium, which can either be through freeze-out
of dark matter particles initially in equilibrium with the standard model, or the annihilation or
decay of a particle in thermal equilibrium, i.e. freeze-in [154].

Perhaps the most widely assumed type of model is the so-called WIMP, an acronym for
Weakly Interactive Massive Particle [152, 153, 181]. The clue is in the name here, that it does
exactly what we need from dark matter: have mass without interacting too strongly. The slightly
stronger term “thermal WIMP” implies production through thermal mechanisms, leading to
stronger constraints on allowed masses and cross-sections.

One of the most popular types of WIMPs, historically has been the lightest neutralino, a
term for a neutral fermionic superpartner of the gauge Bosons in a supersymmetric model [152,
182], however, this stems mainly from “convenience”. If you already have a well motivated theory
extension, such as supersymmetry, which provides you with a particle fulfilling your needs, there
is no need to make up new particles or theories [183–189]. A similar argument can be made for
axions as dark matter, since their existence is motivated by solutions to the CP problem, they
also offer a convenient dark matter candidate [190, 191], which will be covered in Section 2.2.

2.1.1 Production Mechanisms

An important reason for the popularity of the WIMP is the so-called “WIMP miracle”. This
describes the fact that a particle with a weak-scale mass and coupling to the Standard Model
would provide the correct relic density to be the dark matter, if thermally produced1 in the early
universe via freeze-out[152, 153, 181, 192–196].

1In this case, production is perhaps a bit of a misnomer, as the dark matter particle is assumed to already exist
in copious amounts in the thermal plasma, continually being produced and destroyed as it remains in equilibrium.
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Figure 2.2: Feynman diagrams showing the process of WIMP annihilation to Standard Model Fermions,
through generic (Fig. 2.2a) or s-channel (Fig. 2.2b) interactions.

This can easily be shown using the Boltzmann equation for particle number density. We
assume a simple model where dark matter particles χ can annihilate into Standard Model Fermions
f ,

χχ̄→ ff̄ , (2.1)

as shown with the Feynman diagram in Fig. 2.2, which proceeds with some interaction rate Γ.
In general, this can be computed using the annihilation cross-section times velocity, using the
squared matrix element [197],

σχχv =
1

16πs

∑
si,sj

|M|2

(2si + 1)(2sj + 1)
, (2.2)

where si,j are the spins of the incoming particles. The matrix element depends on the exact
annihilation channel, and how it is mediated. An overview of different possibilities is presented in
Ref. [197]. For simplicity, I will just use a single possibility as an example, the Z-Boson s-channel
annihilation as presented in Ref. [198], but other commonly suggested channels are through
W -bosons, or new bosons e.g. Z ′.

For an s-channel annihilation process, the non-relativistic annihilation cross-section via a
Z-Boson is [198]

σχχ(T � mχ) =
πα2m2

χ

c4wm
4
Z

, (2.3)

where α is the fine structure constant ≈ 1/137, and since the dark matter particles are assumed
to be non-relativistic, their velocity can be roughly approximated to be

vχ =

√
2T

mχ
, (2.4)

using the standard kinetic energy relation.2

In a freeze-out scenario, the WIMP starts out coupled to the thermal bath of the Standard
Model particles. The number density of WIMPs will therefore follow the equilibrium density,
as long as this coupling remains efficient. The condition for efficient coupling being Γ > H,
where H is the Hubble parameter. Generally, as the temperature and density decrease due to

The important condition is maintaining equilibrium until the population is suppressed the right amount to end up
with the correct relic density.

2The quantity σχχv should not generally be split, but the approximation works out in this case.
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cosmic expansion, the ratio Γ/H will also decrease, and the WIMP will decouple once it reaches
Γ(Tdec) = H(Tdec), thus also defining the decoupling temperature Tdec.

The interaction rate before freeze-out is given as

Γ ≡ σχχvχnχ = σχχ

√
2T

mχ

(
mχT

2π

)3/2

e−mχ/T , (2.5)

with the WIMP number density being the equilibrium density of a non-relativistic particle

n(eq)(T ) = g

∫
d3p

(2π)3
1

eE/T ± 1

non-rel.
= g

(
mT

2π

)3/2

e−m/T , (2.6)

where g is the number of degrees of freedom and the ± being for Fermions/Bosons respectively,
but is irrelevant for non-relativistic decoupling. The velocity comes from Eq. (2.4).

The dark matter freeze-out would be happening deep in the radiation dominated era,
such that ρtot ≈ ρr (species that normally count as matter may even be relativistic enough to
contribute as radiation). The energy density of radiation can be expressed in terms of temperature
and the effective degrees of freedom as,

ρr =
π2

30
geff(T )T

4, (2.7)

so the Hubble rate can be expressed in terms of the Planck mass MPl as

H2 =
πgeff

90

T 4

MPl
. (2.8)

Thus, having both the interaction rate and the Hubble parameter in terms of temperature,
equating these makes it possible to identify the decoupling (freeze-out) temperature Tdec. It is
useful to express this in terms of the inverse temperature parameter x ≡ mχ/T , yielding

e−xdec =
π5/3

mχMPlσχχ

√
geff(Tdec)

10
, (2.9)

which for the electroweak cross-section Eq. (2.3) gives

e−xdec =
π3/2

3α2

c4wM
4
Z

m3
χMPl

√
geff(Tdec)

10
. (2.10)

For a decoupling temperature on the order of tens of GeV, the number of relativistic degrees of
freedom is ∼ O(100), taking the Standard Model particles into account. A rough estimate of the
decoupling temperature and x is shown in Fig. 2.3, and an analytic approximation was presented
in Ref. [199] for particle masses with mass MeV–O(GeV),

xdec h 17.2 + ln

(
g

√
geff

)
+ ln

( mχ

GeV

)
+ ln

√
xdec, (2.11)

where g is the dark matter particle’s number of internal degrees of freedom.
From knowing the decoupling temperature this makes it possible to compute the number

density at decoupling using Eq. (2.6), and thus also the energy density, as ρχ = mχnχ in the
non-relativistic case. Namely,

nχ(Tdec) ≈ 103
m4
Z

MPl

(
T (Tdec)

Mχ

)3/2

. (2.12)
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Figure 2.3: A rough estimate of the decoupling temperature as a function of mass for a massive relic
interacting via the electroweak force.

Being a standard non-relativistic species, once the dark matter decouples from the thermal bath
and no more particles are created or annihilated, the energy density will just evolve as a−3,
however it is tricky to a priori determine the scale factor a at decoupling. Instead, one can use
the adiabatic cooling of the thermal bath, and its temperature today, T0, as aT ∼ const.. This
relation holds as long as the number of degrees of freedom is constant, over such a large change
in temperature, this yields a factor(

adecTdec

a0T0

)3

=
geff(T0)

geff(Tdec)
≈ 1

28
. (2.13)

With this correction, the energy density today can be computed to be

ρχ(T0) =

(
adecTdec

a0T0

)3
T 3
0

T 3
dec

mχnχ(Tdec), (2.14)

which combined with Eq. (2.12) yields a density parameter today depending only on mχ,

Ωχh
2 ≈ 0.12

(
13GeV
mχ

)2

. (2.15)

This tells us that a particle interacting through a completely standard electroweak coupling, with
a weak-scale mass (13 GeV) neatly gives us the exact right dark matter density, which is measured
to be Ωcdmh

2 ≈ 0.12 to percent precision [5].
This is of course not the only possible interaction. Indeed, if the coupling to the gauge

Bosons was slightly different, i.e. changing the cross-section, the mass that would yield the correct
relic abundance would be different as well. The key parameters to think of are the mass and the
annihilation cross-section. A larger mass means that the equilibrium number density will become
Boltzmann suppressed at an earlier time, while a larger cross-section lets the species stay coupled
to the thermal bath for longer, thus maintaining its density at the equilibrium value, leading to a
lower relic density. Requiring that the species ends up at the correct relic density for dark matter
thus puts strong constraints on the cross-section to avoid over- or underproduction.

It can also be useful to describe the evolution of the density in terms of the Boltzmann
equation. The Boltzmann equation for number density can be expressed in terms of the equilibrium

27



Chapter 2. The dark matter model zoo

density,

a−3 d(n1a
3)

dt
= n

(eq)
1 n

(eq)
2 〈σv〉

(
n3n4

n
(eq)
3 n

(eq)
4

− n1n2

n
(eq)
1 n

(eq)
2

)
, (2.16)

for a particle process
(1)(2) → (3)(4), (2.17)

which the process described by Eq. (2.1) fits. The factors of a simplify the expression, such that
the right-hand side only contains the change in number density from interaction, and not the
dilution from cosmic expansion. The equation can be further simplified due to the fact that the
Standard Model Fermions are all strongly coupled to the thermal bath, and are thus kept at their
equilibrium density, nf = n

(eq)
f . It can be even further simplified by making the assumption that

either the density of WIMPs and anti-WIMPs are the same, or that the WIMP is a Majorana
Fermion and its own antiparticle. In this case Eq. (2.16) simplifies to

a−3 d(nχa
3)

dt
= 〈σv〉 ((n(eq)

χ )2 − n2χ), (2.18)

it becomes evident that the number density will be driven towards equilibrium as long as the
interaction is efficient. It can also be worth making both the annihilation and the dilution more
explicit, with

dn

dt
= − 3H(t)n︸ ︷︷ ︸

dilution

−〈σv〉 (n2χ − (n(eq)
χ )2)︸ ︷︷ ︸

creation/annihilation

, (2.19)

making it clear that at equilibrium, the density will be dropping as the universe expands. Another
thing to note is that the annihilation term is ∝ n2, thus, unless the cross-section increases
dramatically as the temperature drops, the annihilation term will always decrease faster than the
dilution term. Eventually, the particle density will be low enough that annihilation is no longer
going to happen efficiently, and dn/dt will be dominated by the Hubble expansion term. The
key question is whether this happens before or after the number density has been Boltzmann
suppressed.

This differential equation cannot be solved analytically, so a numerical treatment is
necessary. However, it can be useful to express it in terms of the quantity

Yχ =
nχ
T 3
, (2.20)

which is proportional to the comoving number density, as the a scalings of n and T 3 cancel out.
It is also helpful to define the dimensionless interaction rate parameter,3

λ =
Γ

H(x = 1)
=

m3
χ 〈σv〉

H(x = 1)
, (2.21)

which lets the Boltzmann equation for Yχ be express as

dYχ
dx

= − λ

x2
((Y (eq)

χ )2 − Y 2
χ ), (2.22)

which can be solved using standard methods. Example solutions for constant λ are presented in
Fig. 2.4. However, there are a few more observations that can be made, allowing for a simple
analytical approximation.

3Remembering the definition x ≡ mχ/T .
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Figure 2.4: An example of the freeze-out of a dark matter species for different values of the dimensionless
interaction rate parameter λ. Note the good agreement with the approximated relic density of Eq. (2.25),
with the freeze-out x chosen by eye.

If freeze-out happens after Boltzmann suppression has begun, i.e. at x & 1, the parenthesis
on the right-hand side of Eq. (2.22) becomes completely dominated by Y 2

χ , as the equilibrium
density is suppressed exponentially. In this regime the differential equation thus reduces to,

dYχ
dx

≈ −
λY 2

χ

x2
, (2.23)

which can be integrated from freeze-out x = xdec to x = ∞ (today), yielding

1

Y∞
χ

− 1

Y dec
χ

=
λ

xdec
. (2.24)

Since freeze-out is not an instantaneous process, there would still be a significant drop in Yχ from
freeze-out begins at xdec before the annihilation term is completely suppressed, hence Y dec

χ � Y∞
χ ,

and the relic density in terms of Yχ can be approximated with

Y∞
χ ≈ xdec

λ
. (2.25)

The only thing left then, is to identify xdec. This can generally be approximated to be xdec ∼ 10,
which gives the correct Y∞

χ up to a factor of ∼ O(1), as illustrated in Fig. 2.4.
This can be translated to a physical relic density,

Ωχh
2 = mχ

Y∞
χ T 3

0

28

h2

3M2
PlH

2
0

(2.26a)

=
π
√
geffT

3
0

252
√
10M3

Pl

xdec

〈σv〉
h2

H2
0

(2.26b)

≈ 0.12
xdec

23

√
geff

10

2.04 · 10−26 cm3/s

〈σv〉
. (2.26c)

29



Chapter 2. The dark matter model zoo

Assuming the electroweak cross-section Eq. (2.3) and the non-relativistic approximation for
velocity,

Ωχh
2 ≈ 0.12

(xdec

23

)3/2 √
geff

10

(
35GeV2

mχ

)
, (2.27)

giving the correct relic density Ωh2 ∼ 0.12 for a WIMP mass of ∼ 35 GeV depending on the
exact xdec and geff. This is the same order of magnitude as predicted by Eq. (2.15) with its
more simplified assumptions. This calculation shows the WIMP miracle, the O(10–100) GeV
particle interacting via the weak force directly predicting the correct relic density. Versions of
this calculation can be found in a variety of places in the literature, e.g. Refs. [62, 63, 152,
181, 198, 200]. However, this type of model is facing some challenges, as ever more sensitive
experiments rule out parts of the parameter space via both direct detection [201–206], collider
searches [206–215], and indirect detection [216–219].

If the assumption that the WIMP is annihilating via the standard weak interaction is
loosened, much higher particle masses are possible. With the generic cross-section

〈σv〉 ≈ g4

16πm2
χ

, (2.28)

and assuming that the scales of xdec and geff are the same as in Eq. (2.26c), so must the thermally
averaged cross-section be, to achieve the correct relic density. This yields the relationship for the
coupling

g4

16m2
χ

= 1.9 · 10−9 GeV−2 ⇔ g2 ≈ mχ

3.4TeV
, (2.29)

which can in turn be used to set an upper limit on the WIMP mass using the unitarity condition,

g2 . 4π ⇒ mχ . 54TeV, (2.30)

several orders of magnitude larger than the mass expected from a particle coupled through the
Standard Model weak interaction.

Of course, this has all been a much simplified picture using either a velocity-independent
scattering, or an approximated thermally averaged cross-section 〈σv〉 that is just a constant σχχ
times the thermal velocity. Generally, the thermally averaged cross-section can be expressed in
terms of powers of the velocity, with a velocity-independent leading-order term,

〈σv〉 =
〈
s0 + s1v

2 +O(v4)
〉
, (2.31)

where the higher orders will be suppressed for non-relativistic WIMPs, as v � 1. The exact type
of dark matter particle and annihilation channel determine which contributions are important.
For the specifics, see e.g. [197, 198, 220]

If the cross-section is much smaller than the classic WIMP coupling, it is quite possible that
the dark matter species would never have been in thermal equilibrium with the Standard Model
particles, and would essentially begin with a number density of zero. These are sometimes called
feebly interactive massive particles, or “FIMP”, with the implication that a “feeble” interaction is
even weaker than “weak”.

If these dark matter particles can be produced through the decay of a heavy Standard
Model particle, their number density will gradually increase until the Standard Model parent
particle becomes Boltzmann suppressed, at which point the comoving density of the dark matter
particle gets “frozen in”. These types of models are therefore termed freeze-in production. [198,
221–223]

30



2.1. Thermal particle dark matter

For a heavy Standard Model particle P decaying to two DM particles through a process
P → χχ̄, the Boltzmann equation for the dark matter number density can be expressed, similarly
to the case of production through annihilation in Eq. (2.19), as,

dnχ
dt

= − 3Hnχ︸ ︷︷ ︸
dilution

+
g∗Pm

2
P

2π2
ΓP→χχ̄TK1(mP /T )︸ ︷︷ ︸

production via decay

, (2.32)

where mP and g∗P are the P mass and its internal degrees of freedom respectively, ΓP→χχ̄ is the
partial decay width of P into χχ̄, and K1(x) is a modified Bessel function of the second kind.
This is the part of the term that captures the suppression of the interaction when the parent
particle becomes Boltzmann suppressed. The inverse decay can be neglected, as with the relevant
cross-sections, the dark matter particle never reaches a number density where the process becomes
relevant. It can also be useful to express this in terms of the equilibrium density of P , which can
be computed to be,

n
(eq)
P =

g∗Pm
2
P

2π2
TK2(mP /T ), (2.33)

where K2(x) is likewise a modified Bessel function of the second kind. The production term of
Eq. (2.32) can then be rewritten as

K1(mP /T )

K2(mP /T )
ΓP→χχ̄n

(eq)
P , (2.34)

getting rid of the explicit temperature dependence.
As in Eq. (2.22), it can be useful to express the evolution in terms of the temperature-scaled

quantities x and Yχ.4 However, as the dark matter is not following its equilibrium density, the
previous definition of x is not useful. However, the parent particle being in equilibrium with the
thermal bath, it can be used instead, xP ≡ mP /T . The analogous equation then becomes,

dYχ
dxb

=
g∗P
2π2

ΓP→χχ̄

H(xP = 1)
x3K1(x). (2.35)

The temperature dependent part of the equation, x3K1(x) has a maximum around x = 1, so this
is where production will be most efficient. This equation can be integrated just like the freeze-out
case to find the relic density for a given model, yielding

Ωχh
2 =

3
√
10h2

112π2

g2P√
geff

mχ

m2
P

T 3
0

H2
0MPl

ΓP→χχ̄. (2.36)

Expressing the partial decay width in terms of a dimensionless parameter y, ΓP→χχ̄ = y2mP /8π,
the relic density can be written simply as,

Ωχh
2 = 0.12

( y

2 · 10−12

)2 g∗P
2

mχ

mP
, (2.37)

which is clearly capable of producing the correct relic density with a small enough coupling. Note
that for freeze-in, a larger coupling leads to a larger relic density, as more dark matter is produced
before the interaction decouples.

Freeze-in is not only possible through the decay of a Standard Model particle to χχ̄, but
also through annihilation processes PP̄ → χχ̄, or “mixed” decays P → P2χ. The important
thing is that the DM density starts low and only briefly experiences thermal equilibrium before
the production mechanism becomes suppressed and the relic density is frozen in. These types

4A reminder for convenience, x ≡ mχ/T and Yχ = nχ/T 3.
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Chapter 2. The dark matter model zoo

of interactions are often termed to happen via a “Portal” e.g. a Higgs portal, and there exist a
variety of models for freeze-in of FIMPs [221–232].

A similar type of dark matter candidate with a different production mechanism is sterile
neutrinos. These are essentially a proposed new uncharged lepton, which unlike the three standard
neutrinos does not have a charged counterpart. With some mixing with the Standard Model
neutrinos, they can be produced in the early universe via oscillations,the so-called Dodelson-
Widrow mechanism [162, 165, 233–236]. With a Boltzmann equation for the sterile neutrino,(

∂

∂t
−HE

∂

∂E

)
fS(E, t) =

(
1

2
sin2 (2θM (E, t)) Γ(E, t)

)
fA(E, t), (2.38)

where fi are the distribution function for sterile (S) and active (A) neutrinos respectively, E is
the neutrino energy, θM is the mixing angle, and Γ is the collision rate. If the interaction rate
of the sterile neutrinos is large enough to maintain equilibrium, it will freeze-out similarly to
WIMPs, and the sterile neutrino relic density will be [233, 237],

ΩSh
2 ' 0.12

(
10.75

geff

)(
MS

1 keV

)(
87.5

S

)
, (2.39)

where geff is the number of relativistic degrees of freedom at freeze-out, MS is the sterile neutrino
mass, and S is the entropy released after the sterile neutrino freezes out. The relic abundance
can also be enhanced through resonant production mechanisms. If thermally produced, this type
of dark matter would be relativistic at the time of production and become non-relativistic at a
later (but not too late) time due to its ∼keV-scale mass. This type of model is therefore called
warm dark matter [238].

There are also a wealth of non-thermal production mechanisms for dark matter, which
greatly expands the number possible particle models, at the cost of the “neatness” of simple
thermal production [239–243].

The question of course remains which of these models (if any), is the correct one, and there
is much ongoing research into finding out. So far, what has been achieved is limited to ruling out
models, or at least constraining the allowed parameter space. Perhaps the simplest and most
fundamental test of a dark matter model is whether it is capable of producing the correct relic
abundance. However, there is no law stating that the entirety the dark matter must consist of the
same particle type, as long as the different components are not mutually exclusive. This weakens
the production requirement to only ensuring that the given model does not overproduce dark
matter (though it leaves open the question of what the rest of the dark matter is).

Having satisfied the requirement that the particle is not overproduced, its expected
observational signatures can be investigated. There are three general approaches to this: direct
detection, indirect detection, and collider searches. All of these generally assume some non-
gravitational coupling to the Standard Model (although there are efforts to search for ultra-heavy
dark matter through only its gravitational coupling [244, 245]).

The principle behind direct detection is very simple. If the dark matter particle has some
interaction cross-section with nuclei or electrons, we should observe these scatterings in a detector,
as the Earth is located in the Milky Way dark matter halo, provided that the detector is sensitive
enough [152, 200, 223, 246, 247].

In indirect detection, the objective is to observe the signals emitted by dark matter
particles, rather than the dark matter itself, hence the name. This generally relies on astronomical
observations of high energy radiation from areas of high dark matter densities, such as the galactic
centre [248, 249]. These methods rely on the assumption that the dark matter particles are able to
either annihilate (which gives a signal ∝

∫
ρ2χ) or decay (which gives a signal ∝

∫
ρχ). A famous

32



2.1. Thermal particle dark matter

example of this type of search is the research into the 511 keV line emission from the galactic
bulge, although the WIMP origin has eventually been deemed unlikely [152, 200, 223, 250–252].

Finally, colliders are also able to set constraints on possible particles, as they should exist
as possible end states in particle interactions, if they have a coupling to the particles in question
and the centre of mass energy of the collision is large enough. Of course, we do not expect the
detector instruments of the colliders to pick up the dark matter particles. Instead, they are
inferred through the mass-energy they carry away from the interaction, which is specifically not
detected. This is the so-called “missing energy” [152, 200, 223, 253].

2.1.2 Direct detection searches

In a direct detection experiment, the differential rate of dark matter particles scattering off a
nucleus with mass mN is given by

dR

dEnr
=

ρχMT

mNmχ

∫ vesc

vmin

dvvf(v)
dσ

dEnr
, (2.40)

where Enr is the nuclear recoil energy, v is the dark matter particle velocity in the detector frame,
f(v) is the dark matter velocity distribution, and σ is the scattering cross-section. The velocity
distribution is often approximated with a Maxwellian distribution [247], possibly with some offset
if the Earth is not exactly comoving with the dark matter halo. The minimum velocity required
to reach a nuclear recoil energy Enr is given as,

vmin =

√
EnrmN

2µ2
, (2.41)

and dark matter particles faster than the galactic escape velocity vesc ≈ 544 km/s [254] will
escape the galaxy and thus not show up in the experiment. µ is the reduced mass of the dark
matter-nucleus system

µ =
mNmχ

mN +mχ
. (2.42)

The number of events observed in an experiment running for a time T is then,

Nevent = T

∫ Ehigh

Elow

dEnrε(Enr)
dR

dEnr
, (2.43)

where ε is the detector efficiency, Elow is the threshold energy of the experiment and Ehigh is the
recoil energy corresponding to a velocity5 v = vesc [247].

The dark matter-nucleus differential scattering cross-section is often expressed in terms of
a spin-dependent part (denoted with subscript SD) and a spin-independent part(denoted with
subscript SI),

dσ

dEnr
=

mN

2v2µ2

(
σSIF

2
SI(Enr) + σSDF

2
SD(Enr)

)
, (2.44)

where σs are again cross-sections, and F s are form factors. For spin-independent interactions,
the dark matter-nucleon cross-section is often described as,

σSI =
σnµ

2

µ2
n

A2, (2.45)

assuming equal coupling to protons and neutrons. However, there is a range of possible effective
field theory operators which may e.g. introduce a velocity dependence in σn, depending on the
type of mediator [255, 256].

5This can be computed by replacing vmin with vesc in Eq. (2.41) and inverting.
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Figure 2.5: An overview of the limits on the spin-independent scattering cross-section from a variety of
direct detection experiments [205, 257–274]. Figure adapted from Ref. [271].

For spin-dependent interactions coupling to unpaired nuclear spins, the cross-section will
generally depend on the momentum transfer |~q|,

dσSD

d|~q|2
=

8G2
F

πv2
(ap〈SP 〉+ an〈Sn〉)2

J + 1

J

S(|~q|)
S(0)

, (2.46)

where ai and 〈Si〉 are the coupling to, and spin expectation values for protons (p) and neutrons
(n) respectively, J is the total nuclear spin, and S(|~q|) is the spin structure function of the target.

Direct detection of dark matter is quite a challenge. Because of the small (expected)
cross-section, events will be quite rare, and any experiment to detect them will want to maximise
their detection potential. How to do this can be summed up with a few general aims. Ideally, the
experiment’s energy threshold should be as low as possible, to ensure no low-energy scattering
events are missed. A larger detector mass is also desirable, as this will have more potential for
scattering events. Finally, the background should be as low as possible, so the few events from a
dark matter signal are not lost in a sea of background events.

A great number of different experiments have been built to attempt a measurement of
dark matter through direct detection. A selection of their results is presented in Fig. 2.5,6 which
shows limits on the spin-independent cross-section for dark matter-nucleon scattering. Limits
on spin-dependent scattering are similar. The figure also shows the so-called “neutrino-floor” or
“neutrino fog”. This indicates the regime where the direct detection experiments will start to pick

6The plotting code from Ref. [271] is available at https://github.com/cajohare/NeutrinoFog.
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2.1. Thermal particle dark matter

up neutrinos, which would be difficult to distinguish from dark matter scattering events [266, 271,
275–281]. As is evident from the figure, different experiments, and in particular different types of
experiments, have different strengths and weaknesses, and several types of detectors are in use or
in development [247, 265].

The current strongest limits on dark matter-nucleon scattering in the mass range above a
few GeV are set using liquid noble gas detectors, the strongest limits at this time being set by LZ
[205], XENON1T [202, 262, 263, 282], and XENONnT [283], all (as implied by the name) using
tons of liquid xenon, making use of both the scintillation light and the ionisation signal from
scattering events. Liquid noble gas, and in particular xenon, detectors are very powerful in this
range, due to the large nuclear masses and low background, as well as the fact that they can be
readily scaled up [265]. However, due to the large nuclear masses, they have comparatively high
energy thresholds, which limits their potential at low dark matter masses. Future experiments
will be even larger and more sensitive [201, 203]. Even with better technology and larger masses,
the sensitivity of nuclear recoil experiments will never be great for “low” dark matter masses, as
the energy transfer in scatterings with nucleons becomes inefficient at mχ < mp ∼ 1 GeV.

At the lower end of the mass scale is cryogenic bolometers, such as CRESST [269], which
win out here due to their lower energy thresholds. However, they are much harder to scale up,
than the liquid noble gas detectors.

The motion of the Earth around the Sun is also expected to impact the event rate. This
is exploited by a type of experiment using NaI crystal based detectors. These are scintillating
crystals, which are very sensitive to spin-independent interactions, coupled to photomultiplier
tubes. They are easy to operate stably for long periods of time, but suffer from high background,
and are therefore only able to detect dark matter via the expected annual modulation of the
signal. As the Earth moves around the sun over the course of a year, the relative velocity between
the detector and the dark matter wind changes (i.e. the velocity distribution f(v) in Eq. (2.40)
is shifted), leading to a changing event rate. This oscillating event rate enables a detection of
dark matter scattering with even a fairly low signal-to-noise ratio, as long as the modulation is
significant [284–287]. One of the main challenges for building these detectors is growing large,
pure crystals [247, 265]. This type of detector was also used by the very first experiment to
directly detect dark matter, in 1987 with the USC/PNL Germanium Spectrometer, although
this used a high purity germanium crystal as implied by the name, rather than NaI [288]. It
is interesting to note that the DAMA/LIBRA experiment reports observing such a modulation
[264, 272, 284, 289–295], however, as illustrated in Fig. 2.5, the cross-section required to explain
the DAMA/LIBRA signal is strongly ruled out by other experiments. Further experiments are
underway to test the DAMA/LIBRA claim using similar types of detectors, to replicate the
experiment as closely as possible, e.g. SABRE [296–300], COSINUS [301–305], PICOLON [306,
307], ANAIS [308–312], and the COSINE experiments [257, 313–320].

A big question in a dark matter detection experiment will always be how to determine
that what is detected is actually dark matter and not just some previously unknown background.
This can be dealt with in a variety of ways, including by removing backgrounds statistically.

As the sensitivity of experiments increases, the neutrino fog will become a significant
background [271]. One way of solving this problem is through directional detection, as knowing
the direction of incoming particles can help discriminate between dark matter and particles of e.g.
terrestrial or solar origin, due to the directionality of the dark matter wind. This can be done
with gas-filled time projection chambers, such as the proposed CYGNUS experiment [321–324],
or other more exotic detector types [325].
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Figure 2.6: Left: A rough approximation of the density profile of the globular cluster ωCentauri using
two different types of halo profiles, a cuspy NFW profile, and a cored isothermal profile. Right: The J-
and D-factors (Eq. (2.48)) associated with these halo profile with a line of sight angle ψ away from the
centre of the cluster. Note the sharp rise in the J-factor compared to the D-factor.

2.1.3 Indirect searches

Indirect detection follows a different path. If the dark matter is not showing up in our detectors,
we have to look where the dark matter is, hoping to see some signature. The types of dark matter
subject to these searches broadly fall into two similar categories: annihilating dark matter and
decaying dark matter. It is usually assumed (or perhaps rather hoped) that these interactions
will emit Standard Model particles that are more easily detectable to us.

The expected signal will be larger from locations with higher dark matter densities, with
the received flux spectrum dφ/dE described by

dφ

dE
=
dΦann

dE
J, (2.47a)

dφ

dE
=
dΦdec

dE
D, (2.47b)

for annihilation (Eq. (2.47a)) and decay (Eq. (2.47b)) respectively, where dΦ/dE is the emitted
flux spectrum, as determined by the particle physics model, while J and D are the so-called
J- and D-factors, which capture the (line of sight integrated) spatial dark matter distribution.
Sometimes the instrument resolution is also included in these [248, 326]. The “pointlike” equations
are given through

J(ψ) =

∫
los
ρ2χ(ψ, l)dl, (2.48a)

D(ψ) =

∫
los
ρχ(ψ, l)dl, (2.48b)

where l is the distance along the line of sight, and ψ is the observing direction. To get a
prediction for an actual observation, the angular size of needs to be included as determined by
the instrument,

J(∆Ω) =

∫
∆Ω

∫
los
ρ2χ(Ω, l)dldΩ, (2.49a)

D(∆Ω) =

∫
∆Ω

∫
los
ρχ(Ω, l)dldΩ, (2.49b)

where ∆Ω is the solid angle covered by the instrument.
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Due to the ρ2 dependence in Eqs. (2.48a) and (2.49a), searches for annihilating dark matter
are more reliant on density spikes than with decaying dark matter. It is also advantageous to
look at sources nearby, for all the usual distance-square law reasons.7 For an example of J- and
D-factors, see Fig. 2.6. Indirect dark matter searches therefore often focus on the galactic centre,
which intriguingly does present a GeV-scale gamma ray excess [217, 251, 327–332], as well as
dwarf spheroidals with large mass-to-light ratios [216, 326, 333–335]. However, the problem
with some targets, such as the galactic centre, is the presence of astrophysical backgrounds.
It can be difficult, if not impossible, to disentangle a possible dark matter signal from other
astrophysical sources of emission [248]. There is also some sensitivity to the exact shape of the
dark matter density profile, especially the central region, which may bring some uncertainty to
predicting signals for various dark matter models [248, 326]. These issues can be remedied by
investigating the diffuse flux from the Milky Way halo, at the cost of a lower expected signal, as
in Refs. [336–339], as well as the extragalactic cosmological flux, as in Refs. [340–345]. Other
targets of indirect searches include galaxy clusters, nearby galaxies, or the sun (in neutrinos).
Ref. [248] provides an overview.

There is a lot of particle physics hidden in the dΦ/dE, capturing which exact particle
spectrum is emitted from the annihilation or decay process. Often, the dark matter will have
annihilation or decay channels into unstable standard model particles, which will then further
decay and contribute to the final prompt spectrum of stable particles. The produced energy
spectrum for particle i per annihilation/decay is thus given as,

dNi
dE

=
∑
f

Bf
dNi,f
dE

, (2.50)

summing over the production from all possible annihilation/decay final states f , weighted by
their branching ratios Bf . Example photon spectra from different decay channels are shown in
Fig. 2.7. Similar predictions can be made for fluxes in neutrinos, electrons, and protons (and
their antiparticles, assuming they don’t annihilate on the way here). Determining whether a
gamma ray (or other cosmic ray) signal is caused by dark matter then involves comparing the
observed spectrum to those predicted by the particle physics models.

There is another wrinkle to this, however. Namely, the fact that interstellar space is not
an exact vacuum, indeed, the cosmic rays have to propagate through the interstellar medium
and the galactic magnetic field, which will affect the received signal through e.g. energy loss. An
overview of the computation of the fluxes and their propagations can be found in Ref. [346].

An interesting note is that the D-factor used for decaying dark matter is actually applicable
to any signal proportional to the integrated dark matter density, and is therefore also used for
constraining the fraction of dark matter constituted by light primordial black holes, as described
in Section 2.3 and Chapter 8.

Finally, it is possible to investigate a particle physics model of dark matter, not by its
emissions from annihilation or decay, but by its effects on other observables through interactions.
It is a natural consequence of any coupling between dark matter and the Standard Model, such
as would be required for annihilation or decay signals, that scattering would also be possible. An
advantage of this approach is that it also applies to models that are unable to annihilate, such as
e.g. asymmetric dark matter.

Depending on the exact model, dark matter may scatter with one or more Standard Model
species, or with other dark matter particles. These scenarios can yield different observational

7However, this is to some extent countered by the finite width of the line-of-sight, as the same solid angle ∆Ω
will correspond to a larger volume when more distant.
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Figure 2.7: The photon spectrum from annihilating dark matter of mass mχ = 40 GeV, via several
decay channels, light quarks q = u, d, s, heavy quarks c and b, as well as the leptons e±, µ±, τ±, and
directly into photons. Spectra also correspond to decaying dark matter with twice the mass, 80 GeV.
The actual photon emission spectrum would then be calculated by weighting these contributions by their
branching fraction in the original dark matter annihilation/decay. Data from PPPC4DMID [346–351].

signatures, although some may be similar. They can be investigated in various ways, in particular
using the cosmic microwave background and structure formation, as such interacting models
generally show damped small-scale structure. This can be probed both through the matter power
spectrum, and through the halo mass function, including the number of Milky Way satellites [1,
2, 143, 144, 148, 149, 220, 352–379]. Similarly to the models of interacting dark matter, warm
dark matter will also have damped small scale structure, but for a different reason. Rather than
collisional damping, warm dark matter will free-stream at early times due to being relativistic,
and will therefore not collapse to form structures smaller than the free-streaming scale. The same
type of cosmological constraints setting upper limtis on scattering cross-sections can therefore be
used to set lower limits on the mass of thermally produced warm dark matter [2, 3, 145, 237,
380–392].

A large part of my own work has been focused on constraining dark matter models in this
way, which is presented in Chapters 5 to 7, including a novel way of constraining suppressed small-
scale structure through the rate of gravitational wave events [3]. The methods for constraining
such models generally involve computing their linear or non-linear structure formation predictions,
using the techniques described in Chapters 3 and 4.

2.2 Axions and ultralight dark matter

Another model that has been gaining popularity as dark matter is axions, or axion-like particles.
Such particles and their implications for cosmology are described in a multitude of reviews, e.g.
Refs. [191, 253, 393–395]. The origin of these models is the CP problem of the strong force, which
refers to the fact that the strong force seems to preserve CP symmetry despite no terms in the
Lagrangian ensuring this conservation [393]. A solution to this problem was proposed in the form
of the Peccei-Quinn mechanism, introducing a new scalar field [396–399].
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Expressing this in terms of the Lagrangian, QCD allows the addition of a term [191]

∆LθQCD =
θQCD

32π2
TrGµνG̃

µν , (2.51)

where Gµν is the gluon field strength tensor, and G̃µν = εµναβGαβ/2 is its dual. The QCD
“vacuum angle” θQCD could in principle have any value, however, it shows up in the calculation
of the neutron electric dipole moment [400, 401]

dn ≈ 3.6 · 10−16θ̄QCD e cm, (2.52)

although, rather than θQCD, the measured quantity is in fact θ̄QCD = θQCD + ArgDetMuMd,
where Mi are the quark mass matrices, but this complication does not meaningfully change
the argument. Experiments place an upper limit on the neutron electric dipole moment at
. 10−26 e cm [253, 402, 403], requiring a QCD vacuum angle smaller than 10−10. This extremely
small value is problematic, as it could receive O(1) contributions from electroweak CP-symmetry
breaking. Fortunately, the Peccei-Quinn solution proposes a method of dynamically setting the
vacuum angle to zero, thus solving the strong CP problem.

This is done by introducing a new spontaneously broken U(1) chiral symmetry, leading to
a new field a: the axion, which transforms under this symmetry as,

a(x) → a(x) + αfa (2.53)

The addition of this symmetry means that Eq. (2.51) is modified to include a contribution from
the axion field,8

∆LθQCD+a =
1

32π2

(
θ̄QCD +N

a

fa

)
TrGµνG̃

µν , (2.54)

where fa is the Peccei-Quinn scale, also known as the axion decay constant, and N is a model
dependent parameter which is sometimes absorbed into the definition of fa [404].

The interaction between axions and gluons yields an effective potential for the axions,

Veff,ax ∝ − cos

(
θ̄QCD +N

〈a〉
fa

)
, (2.55)

which clearly has a minimum at
〈a〉 = −fa

N
θ̄QCD, (2.56)

neatly cancelling out the CP-violation of QCD, following Eq. (2.54).
The axion’s interaction with Standard Model particles are all suppressed by the Peccei-

Quinn scale fa, which also sets the axion mass [398, 399],

ma ≈ 6µeV
(
1012 GeV

fa

)
, (2.57)

suggesting that the axion is a fairly low-mass particle.
Unfortunately, the simplest version of the QCD axion, the so called Peccei-Quinn-Weinberg-

Wilczek (PQWW) axion has been ruled out. However, there are still two other popular models
for the QCD axion both introducing additional particles on top of the Peccei-Quinn scalar [191].
These and are the Kim-Shifman-Vainshtein-Zakharov (KSVZ) axion, which introduces heavy
quarks [405, 406], and the Dine-Fischler-Srednicki-Zhitnitsky (DFSZ) axion [407, 408], which

8While the addition of an axion with only this term solves the strong CP problem at the EFT level, a fully
renormalisable and UV complete theory would lead to more terms. I am omitting those for simplicity.
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introduces an additional Higgs field. These two models predict slightly different relatinoships
between the axion mass and its couplings, but more the allowed parameter space is more than ten
orders of magnitude in ma [409], and experiments are only just beginning to reach the sensitivity
required to probe these models [409–423], and many more experiments are underway that might
reach the required sensitivity. Of course, it is also perfectly possible that an axion exists without
making up any significant portion of the dark matter. Indeed, if the dark matter is composed
entirely of QCD axions, it puts stringent limits on the mass to avoid overclosing the universe
[190, 395, 424–426].

Following the proposition of the axion to solve the strong CP-problem, a multitude of
other extensions have been suggested, many of which predict additional particles with similar
behaviour, so they often also get the label of axion [393]. To distinguish, the axion that solves the
strong-CP problem is often referred to as the QCD axion. These other axions are also sometimes
referred to as axion-like particles or ALPs.

2.2.1 Axion production

Like thermal freeze-out or freeze-in production, axion-like particles also have a well motivated
production mechanism, although this has a fundamentally different nature. Indeed, for a huge
range of the mass parameter space, the axions would be far too hot to make up the dark matter if
thermally produced. Instead, they can be produced through a process called the “misalignment”,
or “realignment” mechanism [191, 427, 428]. For the “canonical” case, the homogeneous axion
field,

a(t) = faθ(t), (2.58)

and its cosmological evolution is given through,

θ̈ + 3H(t)θ̇ +m2
a sin θ = 0, (2.59)

where the initial value of θ is usually taken to be some random number in the range [−π, π], and
θ̇ is initially taken to be zero, as the solution otherwise diverges for t→ 0. The high-temperature
instanton potential relevant at these early times is,

V (θ) = f2am
2
a (1− cos θ) . (2.60)

At early times, the large Hubble parameter, H � ma, means that θ̇ is damped and the field does
not change. At later times when the Hubble parameter drops, so H � ma, the field will oscillate
rapidly, giving it a mean equation of state 〈w〉 = 0, meaning it will behave like cold matter. For
reference, the Hubble parameter at matter-radiation equality is ∼ 10−28 eV, so axions heavier
than this will begin to oscillate in the radiation dominated epoch, and can thus act as dark matter
[191]. To find the relic density, Eq. (2.59) must be evolved, for examples see e.g. Refs. [190, 424,
425, 429, 430], yielding, as a rough estimate,

Ωah
2 ∼ 0.12

(
fa

1012 GeV

)7/6

〈θ2i 〉, (2.61)

where the square of the average misalignment angle 〈θ2i 〉 depends on whether the Peccei-Quinn
symmetry is broken before or after inflation.

If the symmetry breaks before inflation, the whole observable universe is assumed to have
the same uniform misalignment angle θi, as it would have been in causal contact at the time of
the symmetry breaking. This would yield a value θi ∈ [−π, π]. An upper bound on value of θi
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is set by fa, to avoid an axion density much larger than the observed matter density, or even
overclosing the universe.

If the symmetry breaking happens after inflation, the observable universe would initially
be made up of many different patches with different values of θi (each randomly picked, as in
the pre-inflation scenario). There is therefore no longer a dependence on a specific value of θi,
but rather an average over all possible values, 〈θ2i 〉 = π2/3, so the final axion relic density just
depends on fa.

In both cases, the symmetry breaking may cause topological defects (cosmic strings, domain
walls, etc.) [431], which in the pre-inflation scenario are inflated away, but may have important
consequences if the symmetry breaking happens after inflation. For a more detailed overview, see
e.g. Refs. [191, 427] and references therein.

Axions can in principle also be thermally produced in the early universe through their
coupling to Standard Model particles. However, for the sub-eV masses generally considered, the
axions would act as dark radiation, or at the very least as hot dark matter. The temperature
of the CMB today is O(10−4) eV, so any axion lighter than this would still be relativistic if
thermally produced, and an axion of ma ∼ 0.1 eV would have been relativistic at recombination.
These would therefore not be able to form the bulk of the dark matter.

One of the problems of the Standard Model has thus been solved, and all it took was
introducing a new particle, and a dark matter candidate at that!

2.2.2 Axion searches

There are several ways to search for axions, perhaps the most popular is through the axion-photon
coupling gaγγ . The coupling Lagrangian is,

Laγγ = gaγγa ~E · ~B, (2.62)

where a is the axion field, and E and B are the respective electric and magnetic fields of two
propagating photons. The coupling constant is given through,

gaγγ =
αgγ
2πfa

, (2.63)

where α is the fine structure constant and gγ is a model-dependent factor, generally O(1). For
the aforementioned two QCD axion models, the coupling is,

gaγγ =

{
0.38 ma

GeV2 (KSVZ)
0.14 ma

GeV2 (DFSZ)
(2.64)

Following Eq. (2.62), there are two important interactions that can be used to probe the axion
coupling: decay into two photons, and the inverse Primakoff effect, as illustrated by the Feynman
diagrams in Fig. 2.8.

The inverse Primakoff effect is when an axion passes through an electric or magnetic field,
and through the coupling in Eq. (2.62) is converted into a photon, as illustrated in Fig. 2.8b.
This makes it possible to probe the axion-photon coupling in a variety of ways. One way to do
this is through halo- and helioscopes [432, 433]. These work in similar ways, using a cavity with
a strong magnetic field. A haloscope relies on the assumption that at least some fraction of the
dark matter halo consists of axions. As these pass through the cavity, they may be converted to
photons due to the magnetic field, and if that happens, they will excite cavity modes, which can
be measured, while non-detection can place limits on the coupling. Rather than direct limits on
the axion photon coupling, however, the haloscopes place limits on the product gaγγ

√
ρ̃a, where
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a

γ

γ

(a) Axion decay into two photons.

a

γ

~B0

(b) Inverse Primakoff.

Figure 2.8: Feynman diagrams for two important axion-photon interactions, the axion decay (2.8a) and
the inverse Primakoff effect (2.8b).

ρ̃a is the fraction of the local dark matter density made up of axions. This allows comparatively
strong limits on the coupling, assuming that the dark matter halo is primarily axions.

Helioscopes, in contrast, make no such assumption. Indeed, all they require is the existence
of the axions. If the axions exist with a coupling as in Eq. (2.62), some photons will be converted
to axions in the Sun, and these may be reconverted back to photons in the cavity of the helioscope,
where a photodetector is often used for single x-ray photons from relativistic axions. These bounds
are generally “weaker” than those than can be reached by haloscopes, as the small coupling
enters both in the production of axions by the Sun, and in the conversion back to photons in the
experiment, however, it could be argued that they are more model independent, since they do
not make any assumptions about a background population.

A third method of searching for axions is through so-called “light shining through wall”-
experiments9 [433–436], which works similarly to the helioscope, except the part of the Sun is
played by another cavity with a magnetic field. The photons are directed at an opaque wall with
a detector on the other side, so the detector will only pick them up if they are converted to axions
(which can pass through the wall unhindered) and then reconverted to photons on the other side.

Assuming that axions make up a significant fraction of the dark matter, the axion-photon
coupling can also be constrained through its decay into two photons (Fig. 2.8a) using the same
indirect detection techniques as for heavier dark matter candidates, as described in Section 2.1,
except that the emitted photons will have much lower energies than with MeV to GeV scale dark
matter particles.

There are also other “indirect” methods of constraining the axion-photon coupling through
astrophysics. The existence of this coupling would give additional avenues from astrophysical
systems such as stars and supernovae, and the size of the coupling can thus be constrained based
on observations and the modelling of these systems [428]. A comprehensive overview of limits on
the axion-photon coupling is shown in Fig. 2.9.

As structure formation begins, light axions will also have qualitatively different behavior
than the “standard” particle dark matter models described in Section 2.1. Since they are cold,
and their masses are small, the de Broglie wavelength will be on the same order of magnitude
as the interparticle separation (or larger!) for densely clustered environments like galaxies [394].

9Less colloquially, “resonant regeneration” or “photon regeneration”.
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Figure 2.9: A comprehensive overview of limits on the axion-photon coupling. Figure from [409]. For
a full list of of the references used to produce the figure, see the list at https://cajohare.github.io/
AxionLimits/ .

The de Broglie wavelength is,

λdB ≡ 2π~
mv

,

= 1.49 km
(
10−6 eV
m

)(
250 km/s

v

)
,

= 0.48 kpc
(
10−22 eV

m

)(
250 km/s

v

)
.

(2.65)

Because the wave effects are relevant for these types of models, they are sometimes called wave- or
wavelike dark matter. As hinted in Fig. 2.1, axion and axion-like models are sometimes referred
to as ultralight dark matter, with the largest mass to still qualify as ultralight varying by author,
with some including classic axions. The similar term “fuzzy dark matter” is generally reserved for
masses ma . 10−20 eV, where the wavelike quantum effects are relevant on astrophysical scales
[394]. In particular, ultralight models with masses ∼ 10−22 eV has seen interest [437, 438]. An
important note here is that any dark matter candidate of these low masses must be bosonic, as it
would otherwise be prevented to collapse to the correct densities due to Pauli blocking.

However, even in the absence of Pauli blocking, quantum pressure will still prevent ultralight
dark matter from collapsing on small scales, despite behaving like other cold matter on large
scales. This means that the linear matter power spectrum is suppressed on small scales, as with
the interacting or warm dark matter models described in Section 2.1, even if the mechanism
behind the suppression is qualitatively different. For a given axion mass, the scale where the
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linear matter power spectrum is suppressed by 50% is given by [394, 437, 439–441],

k1/2 = 4.5
( ma

10−22 eV

)4/9
Mpc−1. (2.66)

An axion with a mass of ∼ 10−22 eV would thus suppress structure on similar scales as a thermal
warm dark matter particle of mass ∼ 1 keV.

When the quantum pressure of the axions balances out the gravitational force, stable
objects can be formed.10 This condition,

GM

R
∼ 1

m2
aR

2
, (2.67)

where M is the object mass, and R is its size, leads to stable objects on scales depending on the
axion mass,

R ∼

100pc 109M�
M

(
10−22 eV
ma

)2
,

300 km 10−10M�
M

(
10−6 eV
ma

)2
.

(2.68)

Ultralight axions can thus form large solitons, which could be found in the centres of galaxies [394,
445, 446], where µeV-scale axions would form smaller structures often referred to as “axion stars”,
which are essentially smaller versions of the fuzzy dark matter solitons, as well as “miniclusters”
which are just gravitationally bound clusters of axions on much smaller scales than regular dark
matter halos[442, 443, 447–455], depending on how likely they are to be disrupted, this could
have implications for direct detection experiments relying on the local axion density [442–444].
Investigating the nonlinear behaviour requires specific simulations, due to the wavelike nature of
the axions. This means that unlike the standard N -body framework described in Chapter 4, the
Schrödinger-Poisson equations must be evolved cosmologically, as described in e.g. Refs. [445,
456–462].

The signatures of the wavelike nature of axion models are key to differentiating them from
other models of dark matter. Especially as long as a laboratory detection remains elusive.

2.3 Primordial Black Holes

An entirely different type of dark matter candidate is primordial black holes. These are black
holes formed, not from collapsing massive stars, but from overdensities in the early universe. At
first glance, they do also seem to fulfil all the requirements of being a good dark matter candidate:
They interact gravitationally, but otherwise not strongly. They were formed in the early universe,
and will still be around today (assuming they are heavy enough). The idea of primordial black
holes has been around for more than 50 years [463, 464], and has been suggested as a dark
matter candidate for almost as long [465, 466]. Primordial black holes have especially been a
popular candidate for dark matter in recent times [179, 180, 467–469], and they are described in
a multitude of reviews, in particular how their existence can be constrained [470–472].

Primordial black holes have the “advantage” that they, in principle, do not need any
extensions to the standard model, beyond those already required to explain inflation. However,
the kind of blue tilted primordial power spectrum usually required for primordial black hole
formation needs an inflation more complicated than the standard single field solution. There is
strong evidence for the existence of black holes from gravitational wave events [473–482], and
direct imaging of supermassive black holes with very long baseline interferometry [483–486]. It

10At least stable in isolation. Research is ongoing into how stable these are to being disrupted by external
forces, e.g. Refs [442–444].
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is a compelling argument for the model that it is not necessary to invent new particles, though
this does mean that it will not solve problems with the standard model either. Primordial black
holes are in principle indistinguishable from those formed later, except in the cases where such
a black hole could not have formed from the collapse of a massive star, i.e. masses below the
Tolman-Oppenheimer-Volkoff limit of ∼ 3M� [487, 488]. There are no confirmed observations of
primordial black holes, though primordial origins have been considered for some gravitational
wave events and searches are ongoing [489–491]. Some possible subsolar events may have been
observed, but none have been statistically significant enough to claim detection [492, 493], and
NANOGrav observations are consistent with primordial black hole formation [494]. It is possible
that future instruments, such as LISA [495] can shed further light on this [496–499]. It has also
been suggested that the supermassive black holes observed at the centres of galaxies could have
primordial origins [500–506]

In this section, I will present a brief overview of primordial black holes, and how it may be
possible to detect them, or at least constrain their existence through non-detection. Of course,
there is the possibility that they exist, but form only a vanishingly small part of the dark matter,
or that they did exist but have since evaporated. This would not help solve the question of dark
matter, but primordial black holes are still interesting in their own right, due to what they could
tell us about the early universe and gravity. Their evaporation has even been suggested as a
possible production mechanism for other types of dark matter [507–511].

2.3.1 Primordial black hole formation

Primordial black holes have a variety of possible exotic formation mechanisms, including from
bubble collisions and cosmic strings [502, 512–517], but they can also just form from the collapse
of overdensities in the early universe [518]. In a simplified description, if the amplitude of a
density perturbation is large enough as it enters the horizon, it will collapse and form a black hole.
An overdensity above the critical collapse limit entering the horizon later will enclose more mass,
and thus lead to a more massive primordial black hole. That is, the mass within the horizon
needs to be at least as large as the mass needed for a horizon-sized Schwarzschild radius (at the
time of formation). During radiation domination when these would form, the horizon mass scales
as,

MH =
c3

2GH
∼ 1015 g

(
t

10−23 s

)
, (2.69)

where t is the age of the universe. For reference, a black hole with the same mass as the Sun
would form at t ∼ 10−6 s, corresponding to the QCD phase transition.

In reality, the physics of collapse to a black hole is a bit more complicated, and the relation
between black home mass and horizon mass can be parameterised as MPBH = γMH , where the
proportionality factor γ can be approximated as the sound speed squared, γ ≈ c2s. In the radiation
dominated era, the sound speed is roughly a third of the speed of light, so γ ≈ 0.2 [518].

Having an estimate of the formation mass as a function of time, the question is then how
many will form. The initial abundance of primordial black holes of a given mass M is denoted
with β(M), defined through the horizon mass and the density at formation,

β(MH) =
ρPBH(tf )

ρtot(tf )
, (2.70)

with tf being the formation time. Assuming the initial perturbations δ follow a probability distri-
bution P (δ). The abundance of black holes formed is then given as the fraction of perturbations
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with an amplitude larger than the critical value δc [468, 470, 519],

β(MPBH) ≈ γ

∫ ∞

δc

P (δ)dδ, (2.71)

which for a Gaussian distribution with width σ(MPBH) � δc is,

β(MPBH) ≈ γ

√
2

π

σ(MPBH)

δc
exp

(
− δ2c
2σ2(MPBH)

)
. (2.72)

This makes it quite difficult to produce primordial black holes in standard cosmology, as the basic
scale invariant power spectrum has σ ∼ 10−5, leading to a black hole abundance β . 10−4·109 ,
much too small to be relevant [520].

While it is useful to approximate the critical collapse threshold as δc ≈ 0.3, reality is a bit
more complicated [519]. For a uniform overdensity surrounded by an underdense area, the critical
value would be δc = sin2(π

√
w)/(1 + 3w), where w is the equation of state parameter [521, 522].

In the end, however, there is not a single answer to this question, and the threshold will vary
in the range 0.3–0.6 [519, 521–528], but this wiggle room in δc is not sufficient to produce an
appreciable abundance of primordial black holes. It is necessary to somehow modify the initial
conditions.

A variety of different inflation models exist which modifies the initial spectrum of per-
turbations, and thus could lead to populations of primordial black holes [468, 469, 519, 529]. In
single field inflation models, a simple tilt to enhance small scale perturbations is in violation
of observations. It is necessary to introduce more complex features, such as a running of the
spectral index, and indeed a “running of the running”, inflection inflation where the inflaton
potential temporarily plateaus, or chaotic inflation [519]. The formation would also be affected
by alternative early universe scenarios such as early matter domination, which would greatly
increase β for models with a variance of initial perturbations σ . 0.01 [530–534]. Another option
is multi field inflation, which allows for multiple peaks in the power spectrum and thus makes it
possible to produce black holes while evading e.g. CMB constraints [501, 519, 535–541]. Finally,
there are other exotic production mechanisms as previously mentioned [502, 512–517].

2.3.2 Constraining primordial black hole populations

Having established that they could theoretically be produced, it is time to consider how we can
tell if they actually were. In practice, this means constraining which possible primordial black
hole populations are allowed by data. These theoretical populations can be separated into two
distinct categories, depending on whether they would still exist today.

Black holes are, in general, expected to evaporate via Hawking radiation [542–547], emitting
particles of species i and particle energy E at a rate11

d2Ni
dtdE

=
1

2π

∑
dof

Γi(E,M)

eE/T ± 1
, (2.73)

where the black hole temperature T is given as,

T =
~c3

8πGkBMBH
, (2.74)

11For a nonrotating, uncharged (Schwarzschild) black hole. The formula requires slight modification for Kerr or
Reissner-Nordström black holes, but is qualitatively similar.
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The parameter Γ is the greybody factor which determines the exact rate of emission for a given
particle, and can be calculated with the Teukolsky equations [548–553]. This leads to a mass-loss
rate of

dM

dt
= −~c4

G2

α

M2
, (2.75)

where the α parameter is determined by the number of different particles the black hole can emit
at its current temperature. This gives the black hole a finite lifetime of

tevap =
5120πG2M3

BH
~c4

, (2.76)

assuming it does not absorb any energy from its surroundings. If primordial black holes are
formed with a mass corresponding to a lifetime shorter than the current age of the universe, they
would have already fully evaporated at the present time, and their existence would have to be
probed through their energy injection at previous epochs. The formation mass that corresponds
to a lifetime of the age of the universe is often termed the critical mass, and is Mcrit ∼ 1015 g. It
is therefore also customary to cut off monochromatic constraint plots for extant black holes (such
as Fig. 2.10) at this mass, as having a surviving population below the critical mass requires an
incredibly fine-tuned initial mass or an extended initial mass distribution [4].

Reference [180] provides a very thorough overview of the constraints on primordial black
hole populations, both evaporated and extant. The constraints on evaporated populations
come from energy injection and late decaying particles at BBN [177, 554, 555], CMB spectral
distortions [555–557] and anisotropies [555, 557–559] from energy injection, the extragalactic
γ-ray background [177], extragalactic antiprotons [177], and neutrinos [177, 560].

Primordial black holes with masses ∼ 109–1013 will be injecting large amounts of energy
into the cosmic fluid around the time of BBN. This changes the production ratios of different
isotopes, and the primordial black hole population at these masses can be strongly constrained
with the deuterium to hydrogen ratio [180].

Similarly, if enough energy is emitted into the cosmic bath, shortly before photon decoupling
(or after decoupling), it will not have had time to thermalize and thus shows up as spectral
distortions in the CMB. Such energy injection will also affect the CMB anisotropies in a similar
fashion to any other exotic energy injection, leading to a higher freeze-out fraction, meaning the
CMB photons experience increased Thomson scattering, causing damping on small scales. If
enough energy is injected, recombination may also be delayed, causing a shift in the acoustic
peaks [180, 558, 561].

If they were formed not too much below the critical mass (M & 5 · 1013 g), they can also
be constrained by the extragalactic γ-ray background via their Hawking emission, especially the
secondary photon signal from decay of unstable emitted particles [177, 180].

Primordial black holes formed at masses larger than Mcrit will still exist today, and may
therefore be observable in the local universe, or conversely, if they remain unobserved, limits can
be placed on their existence. For these potentially extant primordial black holes, the convention
is using fPBH = ΩPBH/ΩDM, rather than β. Local observations let us probe fPBH directly, and
there are some subtleties in mapping fPBH to β. However, a rough approximation, assuming a
monochromatic mass distribution and a standard history of the universe, e.g. no early matter
domination, can be expressed as [180],

ΩPBH ∼ 109β

(
M

M�

)−1/2

. (2.77)

Black holes with masses not much larger than Mcrit would still have non-negligible Hawking
emission, which severely limits their existence due to non-observation. These constraints form the
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bulk of the low-mass end of Fig. 2.10, including both constraints from galactic and extragalactic
emissions, as well as CMB. However, this constraint quickly drops off at higher masses for
two compounding reasons. As the mass increases, the emission from each individual black hole
decreases sharply, as implied by Eq. (2.75). Additionally, due to the higher mass of each individual
black hole,

Primordial black holes at the large end of the spectrum can also be constrained by some
non-local measurements such as CMB and the EDGES experiment, from the energy injection
due to accretion that such a heavy (M & 100M�) primordial black hole would cause in the much
denser environment of e.g. the CMB epoch.

Another way of constraining the galactic population of primordial black holes (which should
be indicative of the global population), is through microlensing. Indeed, primordial black holes
are the quintessential MACHO, they are massive, compact, and distributed in the halo (if they
form a fraction of the dark matter) [562, 563]. As shown in Fig. 2.10, microlensing can constrain
primordial black holes over an incredibly wide mass range, from ∼ 10−10M� to ∼ 104M�, more
than ten orders of magnitude. The constraints relying on the galactic population of primordial
black holes are not entirely independent, as they rely on assumptions regarding their distribution
in the halo. They are generally assumed to follow the dark matter distribution, for which an
NFW profile or similar is often used [180].

Another avenue for constraining primordial black holes has been introduced in recent years,
as the technology has become available. Since the detection of gravitational waves, these have
also been used to set limits on the primordial black hole abundance. As they are formed in the
early universe, these black holes would form binary systems [564, 565] which will coalesce over
cosmic timescales.12 Such binaries could also form through dynamic interactions in dark matter
halos [568], and these formation mechanisms would all lead to an expected merger rate if these
primordial black holes constitute a fraction of the dark matter. Such mergers would be detectable
from their gravitational wave emission, either as individual events [491, 569], or as part of the
stochastic gravitational wave background [570], which sets strong limits on a range of black hole
masses. Future experiments will be able to further constrain new regions at lower masses [571].

A multitude of different constraints are presented in Fig. 2.10, which neatly illustrates how
much work the community has put into looking for primordial black holes. Assuming existing
limits not requiring any reevaluation, as has happened before [468, 566], the only mass range
where primordial black holes are able to make up the entirety of the dark matter is in the so-called
“asteroid range”, with masses . 1018 g, where they are heavy enough for their Hawking radiation
to be undetectable, but not so heavy as to be readily detectable through other methods.

These constraints have generally been derived for monochromatic mass distributions,
though it could be argued that they may be applicable if the distribution width is much smaller
than the mean mass [180]. Such a distribution is by no means a generic prediction, and indeed
many models may predict extended distributions [467]. Such distributions are trickier to constrain,
as not all black holes will contribute equally to the observable in question due to their different
masses. However, it has been suggested that the constraints on monochromatic distributions
can be mapped to extended distributions, essentially by viewing the extended distribution as a
sum of monochromatic ones, and indeed work has gone into investigating such scenarios [613–
618], and determining likely mass distributions [619–621]. Limits on such distributions are also
slightly harder to communicate, as the parameter space becomes multidimensional, necessitating
parameter scans for constrains to cover the possible space (see for example Fig. 8.4).

12Assuming the black holes behave as described by a Schwarzschild metric embedded in an FLRW spacetime.
This may not be an accurate description of the early universe as described in Refs. [566, 567].
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Figure 2.10: A multitude of different constraints on monochromatic primordial black hole populations,
as collated and presented in Ref. [572], using results from Refs. [177, 477, 491, 560, 569, 573–612].
Blue curves indicate limits from “traditional” photon observations, red curves indicate gravitational wave
observations, and the yellow curves are indirect constraints from white dwarfs and neutrons stars not
being disrupted. Dashed lines are projections.

In my own research, I have also worked on constraining extended mass distributions of
primordial black holes, an in particular on developing a simple formalism for determining the
mass distribution today from an initial distribution [4]. This work is included here as Chapter 8.
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CHAPTER 3
Linear Cosmology

In ΛCDM and other cosmological models whose matter budget is dominated by dark matter,
the dark matter is generally responsible for the formation of structure through its impact on
the gravitational potential. An important tool for investigating a dark matter model is thus to
predict its impact on cosmological structure formation, both to ensure that it is consistent with
existing observations, and to determine distinguishing features of the model that can be used to
discriminate between different scenarios, and thus ultimately help discover the nature of dark
matter.

Linear perturbation theory is often the first port of call to compute structure formation
predictions, and generally a very useful tool for cosmology. The term linear here means that we
only go to first order in our perturbation theory, with zeroth order just referring to the global
mean values of parameters such as densities, described in Section 1.2.

When the evolution of our universe as we understand it starts, the initial conditions set
by inflation are incredibly homogeneous with only tiny fluctuations around the mean density.
However, when allowed to grow, these fluctuations eventually form the basis of all structures in
the universe. As long as these fluctuations remain small relative to the mean density,

Many of the conventions of the field are based on those used in Ref. [163], which forms the
basis of much of this chapter.

If we want to describe how the primordial fluctuations evolve in a quantitative way, we
need a mathematical framework to do so. The various components of the universe, photons,
baryons, dark matter, etc. are essentially ensembles of particles. There are of course far too many
particles to model them individually, but kinetic theory allows us to model their phase space
distributions and track their evolution. For this, we use the Boltzmann equation, which can be
expressed schematically as,

Df

dt
= C [f ] . (3.1)

Here f (x, p, t) is the phase space (generalised position + momentum conjugate) distribution
function, D/dt is the full time derivative, also known as the Liouville operator, and C is the
collision operator. It gives the number of particles in a differential phase-space volume at a given
time,

f(x, p, t)d3x d3p = dN, (3.2)

and Liouville’s theorem states that this is constant along the trajectories of the system, that is,
as long as the collision operator is zero.
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Figure 3.1: The evolution of the density perturbations of various components of the universe at scales
k = 1 Mpc−1. Densities are plotted normalised to initial curvature perturbation amplitude As = 1, as
is convention. Observations find As =

(
2.101+0.031

−0.034

)
· 10−9 [5]. The perturbations should be scaled with√

As, firmly putting them � 1 for most of this range.

In the context of cosmology, this means that the left-hand side governs the evolution of the
distribution function due to gravity and the current momentum, while the collision operator on
the right-hand side describes non-gravitational interparticle interactions. A species with C = 0

will simply evolve on its existing trajectory under gravity, while interacting species will have more
complicated evolution.

3.1 The perturbed Einstein equations

Since we are interested in doing cosmology, we are looking at cosmological scales for both space
and time, meaning that we need to use a relativistic framework. This introduces another wrinkle,
namely that of gauge freedom. General relativity contains redundant degrees of freedom, and it
is therefore necessary to pick a gauge, essentially a set of coordinates, in order to unambiguously
define a perturbation: the difference in a given quantity at a specific set of coordinates [622]. Two
of the gauges most commonly used for cosmological perturbation theory are the synchronous and
Newtonian gauges. The perturbed metrics are respectively defined as

ds2 = a2
{
−dτ2 + (δij + hij) dx

idxj
}
, (3.3)

for the synchronous gauge, and

ds2 = a2
{
− (1 + 2ψ) dτ2 + (1− 2φ) dxidxj

}
, (3.4)

for the Newtonian gauge1 in the case of scalar perturbations. The synchronous gauge is defined
as the rest frame of a freely falling observer, and the Newtonian gauge is defined such that
the expansion rate is shear free [622]. The Newtonian gauge has the pedagogical benefit that

1Sometimes, a distinction is drawn between the conformal Newtonian gauge, which uses conformal time, and
the Newtonian gauge which does not. This is in fact the former, but the prefix is omitted for brevity.
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3.2. The Boltzmann equation

the scalar potential ψ is the equivalent of the gravitational potential when in the Newtonian
limit. Additionally, while not generally true, ψ = φ in a universe with no anisotropic stress. For
simplicity, I will be using only the Newtonian gauge for the rest of this chapter. Since the time
coordinate used is conformal time, overdots will represent derivatives with respect to conformal
time.

The next step is determining ψ and φ, and to do this, we can use the Einstein equation,
Eq. (1.1). It turns out that the equations simplify greatly by going to Fourier space. In a flat
universe, we get

k2φ+ 3
ȧ

a

(
φ̇+

ȧ

a
ψ

)
= 4πGa2δT 0

0 , (3.5a)

k2
(
φ̇+

ȧ

a
ψ

)
= 4πGa2

(
ρ̄+ P̄

)
θ, (3.5b)

φ̈+
ȧ

a

(
ψ̇ + 2φ̇

)
+

(
2
ä

a
− ȧ2

a2

)
ψ =

4π

3
Ga2δT ii , (3.5c)

k2(φ− ψ) = 12πGa2
(
ρ̄+ P̄

)
σ, (3.5d)

where δTµν is the perturbation to the stress-energy tensor, and the parameters θ and σ are defined
through the relations (

ρ̄+ P̄
)
θ ≡ ikjδT 0

j , (3.6a)(
ρ̄+ P̄

)
σ ≡ −

(
k̂ik̂

j − δ ji
3

)
Σij , (3.6b)

where Σij ≡ T ij − δijT
k
k is the traceless component of the stress-energy tensor. The quantities(

ρ̄+ P̄
)
θ and

(
ρ̄+ P̄

)
σ are summed over each component of the universe, meaning baryons,

photons etc.
Defining the perturbations δP = P − P̄ and δρ = ρ − ρ̄, and the coordinate velocity

vi = dxi/dτ of a fluid, which can be treated as a perturbation as long as it is small, the linear
perturbed stress-energy tensor is given as

T 0
0 = − (ρ̄+ δρ) , (3.7a)

T 0
i =

(
ρ̄+ P̄

)
vi = −T i0 , (3.7b)

T ij =
(
P̄ + δP

)
δij +Σij , Σii = 0. (3.7c)

Comparing Eqs. (3.6a) and (3.7b), we can see that θ is the divergence of the fluid velocity,
θ = ikjvj . It is also useful to define the dimensionless density perturbation δ = δρ/ρ̄.

Using the fact that the stress-energy tensor is conserved under covariant derivatives, Tµν;µ ,
we can write equations of motion for these perturbations,

δ̇ = −(1 + w)
(
θ − 3φ̇

)
− 3

ȧ

a

(
δP

δρ
− w

)
δ, (3.8)

θ̇ = − ȧ
a
(1− 3w)θ − ẇ

1 + w
θ +

δPδρ

1 + w
k2δ − k2σ + k2ψ, (3.9)

which hold for the total mass-averaged content of the universe, or for a single non-interacting
component. As implied earlier, things get a bit more complicated once interactions are involved.

3.2 The Boltzmann equation

Remembering our definition of the distribution function Eq. (3.2), we can now express it in
terms of the relativistic conjugate momentum, rather than proper momentum. The conjugate
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Chapter 3. Linear Cosmology

momentum is the spatial part of the 4-momentum, Pi = mUi with Ui = dxi/
√
−ds2. The

relationship between conjugate and proper momentum is given in the Newtonian gauge as

Pi = a(1− φ)pi, (3.10)

so again we can write
f(xi, Pj , τ)dx

1 dx2 dx3 dP1 dP2 dP3 = dN. (3.11)

However, while the conjugate momentum is necessary to define the phase space volume, it may
not be the most intuitive or convenient momentum coordinate. We therefore also introduce the
comoving momentum qi ≡ api, which can itself be separated into a magnitude q and a directional
unit vector ni as qi = qni. The Boltzmann equation in terms of conformal time and comoving
momentum, is the written as

Df

dτ
=
∂f

∂τ
+
dxi

dτ

∂f

∂xi
+
dq

dτ

∂f

∂q
+
dni
dτ

∂f

∂ni
=

(
∂f

∂τ

)
C

. (3.12)

Analogously to the comoving momentum q, it can be useful to define a ”comoving energy”
ε =

√
q2 + a2m2, which in the Newtonian gauge is related to the conjugate momentum through

P0 = −(1 + ψ)ε. Having thus fully defined our conjugate 4-momentum, we can write the
stress-energy tensor in terms of the distribution function,

Tµν

∫
dP1dP2dP3

√
−gPµPν

P 0
f(xi, Pj , τ), (3.13)

with g being the determinant of the metric tensor.
We can describe the full distribution in terms of a sum of the unperturbed distribution

function and a perturbation,

f
(
xi, q, nj , τ

)
= f0(q)

[
1 + Ψ

(
xi, q, nj , τ

)]
, (3.14)

where the unperturbed distribution function f0(q) is just the Bose-Einstein distribution for Bosons,
and the Fermi-Dirac distribution for Fermions (or the Maxwell-Boltzmann distribution, if you do
not want to account for quantum statistics). This allows us to write the stress-energy tensor in
terms of the perturbation,

T 0
0 = −a−4

∫
q2dq dΩ εf0(q)(1 + Ψ) (3.15a)

T 0
i = a−4

∫
q3dq dΩnif0(q)Ψ (3.15b)

T ij = a−4

∫
q4dq dΩ

ninj√
ε
f0(q)(1 + Ψ) (3.15c)

Since f0(q) is a well known quantity, we only need to worry about how to evolve Ψ. It would
therefore be useful to rewrite Eq. (3.12) in terms of Ψ rather than f .

The first term ∂f/∂τ is just f0Ψ̇, since the unperturbed distribution depends only on
q. For the second term, remember how going to Fourier space greatly simplifies dealing with
spatial derivatives, meaning that ∂f/∂xi = ikif0Ψ (f0 having no spatial dependence), and
dxi/dτ = niq/ε. The third term is a bit more tricky, but via the geodesic equation, we can find
that

dq

dτ
= qφ̇− εni

∂ψ

∂xi
. (3.16)

The other derivative in this term evaluates to
∂f

∂q
=
df0
dq

(1 + Ψ) + f0
∂Ψ

∂q
.
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3.3. Collisionless species

This could quickly get very messy. However, now is a good time to invoke that we are only
interested in the linear terms, meaning that if two (or more) small quantities get multiplied, we
can throw the resulting term away. Luckily for the simplicity of the final equation, both terms in
Eq. (3.16) contains a small quantity, and we are therefore left with just Eq. (3.16) multiplied
with df0

dq . The linearity criterion is even more powerful for the fourth term since both dni/dτ and
∂f/∂ni are first order quantities, allowing the entire term to be dropped.

Having thus expressed each of the terms via Ψ (except the collision term, which will depend
on the particular species), we can put them together and divide by f0 for simplicity, to arrive at

∂Ψ

∂τ
+ i

q

ε
(~k · n̂)Ψ +

d ln f0
d ln q

(
φ̇− i

ε

q
(~k · n̂)ψ

)
=

1

f0

(
∂f

∂τ

)
C

, (3.17)

remembering that d ln f0
d ln q = q

f0

df0
dq .

It is evident that Eq. (3.17) does not have any inherent dependence on the direction of
momentum n̂, which only enters via its dot product, and thus angle, with the Fourier wave
vector ~k, meaning that a phase space perturbation whose momentum dependence is axially
symmetric around ~k will retain this symmetry. This is usually assumed to be the case, because
any collisionless species whose initial perturbation is not axially asymmetric would not give rise
to scalar metric perturbations and hence no effect on other species. Thus, another advantage of
Fourier space is that the momentum dependence of Ψ is simpler; rather than depending on the
three components of a vector ~q = qn̂, the dependence is only on the two scalars q and (k̂ · n̂).

3.3 Collisionless species

It is prudent to first present the species requiring the simplest treatment, as an introduction,
before grappling with the more complicated case of interactions. Of course, some (if not all) of
these species are not truly non-interacting, but their coupling strengths are small enough that for
the relevant regime, they can be treated as such.

3.3.1 Cold dark matter

The simplest possible case is the textbook example of cold, collisionless dark matter (CDM).
If dark matter is a particle like those we know from the standard models, it must have some
non-zero interactions, e.g. in order to be produced in the early universe. However, so far,
the non-interacting approximation has been good enough that it has remained the standard
prescription, even if it is theoretically flawed.

Because of the assumption of coldness, that is, the particle momentum is generally small
compared to the mass, the equation of state parameter for CDM is w = 0, hence it is also
pressureless P = 0. Using Eq. (3.8) leaves us with the simple evolution equation for the energy
density,

δ̇cdm = −θcdm + 3φ̇, (3.18)

denoting that the change in energy density of CDM is governed just by the bulk flow (as described
by the velocity divergence θcdm) and the change in the gravitional potential. To get the evolution
of the velocity divergence θcdm, we just use Eq. (3.9),

θ̇cdm = − ȧ
a
θ + k2ψ. (3.19)

This simple expression is fairly easy to interpret. The first term denotes that the velocity gets
redshifted as the universe expands, and the second term is just acceleration due to gravity. Exactly
the behaviour we would expect from a non-relativistic, non-interacting species.
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Chapter 3. Linear Cosmology

The linear evolution of the cold dark matter distribution is completely described by
Eqs. (3.18) and (3.19), their continuity and Euler equation respectively.

3.3.2 Massless neutrinos

While neutrino oscillation experiments indicate that at least two of the three neutrino mass states
associated with standard model neutrinos have nonzero mass, the neutrino mass is sometimes
neglected in cosmology, especially when the desired information is not related to high-precision
predictions of the neutrino sector. After all, cosmology has not yet been able to detect the
presence of neutrino masses, but can only set bounds on the upper limit on their sum. A bound
which grows ever tighter, and which may result in a “detection” of a non-zero mass-sum with the
next generation of experiments [166, 623–628].

However in the meantime, unless we are interested in the observables specifically connected
to neutrinos having mass, the error introduced by neglecting it is generally small, after all, if it
had a strong effect, it would have been detected already, rather than only constrained. This also
serves as a good pedagogical example of a massless species, similar to photons, but without the
complications introduces by the scattering with baryons.2

Having no rest mass, the energy density of massless neutrinos is entirely kinetic, and the
mean energy and pressure are hence related as,

ρ̄ν = 3P̄ν = a−4

∫
q3dqdΩf0(q), (3.20)

as implied by Eq. (3.15a) with ε = q. Note that in this section, the subscript ν refers to neutrinos
and is not a 4-index.

The perturbations are then given, following Eq. (3.15) and Eq. (3.20), as

δρν = 3δPν = a−4

∫
q3dqdΩ f0(q)Ψ (3.21a)

δT 0
ν i = a−4

∫
q3dqdΩni f0(q)Ψ (3.21b)

Σ i
ν j = a−4

∫
q3dqdΩ(ninj −

δij
3
) f0(q)Ψ, (3.21c)

with the unperturbed T 0
ν i and shear stress Σ i

ν j both being zero.
Since the massless neutrinos are always relativistic, these integrals are analytically possible.

It therefore makes sense to define the integrated quantity,

Fν(~k, n̂, τ) ≡
∫
q3dq f0(q)Ψ∫
q3dq f0(q)

, (3.22)

which can be expanded into a Legendre series of functions Fνl(~k, τ),

Fν(~k, n̂, τ) ≡
∞∑
l=0

(−i)l(2l + 1)Fνl(~k, τ)Pl(k̂ · n̂), (3.23)

2Of course, neutrinos do scatter with standard model particles, we have neutrino detectors after all, but
neutrinos decouple earlier than these linear Boltzmann treatments begin, when the thermal bath of the universe
was around a few MeV in temperature, and essentially never interact again under cosmological densities [629–631].
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where Pl is the lth Legendre polynomial. This basis lets us simply express the perturbations,

δν =
1

4π

∫
dΩFν(~k, n̂, τ) = Fν0, (3.24a)

θν =
3i

16π

∫
dΩ k(k̂ · n̂)Fν(~k, n̂, τ) =

3k

4
Fν1, (3.24b)

σν = − 3

16π

∫
dΩ

(
(k̂ · n̂)2 − 1

3

)
Fν(~k, n̂, τ) =

1

2
Fν2, (3.24c)

for the density, velocity and anisotropic stress. We can perform an integral as in Eq. (3.22) on
the perturbation evolution equation, Eq. (3.17), yielding the evolution of Fν ,

∂Fν
∂τ

+ ikµFν = 4(φ̇− ikµψ), (3.25)

where µ ≡ (k̂ · n̂). The Legendre decomposition can also be applied here to yield evolution
equations for δν , θν , etc. following Eq. (3.24). This gives,

δ̇ν = −4

3
θν + 4φ̇, (3.26a)

θ̇ν = k2
(
δν
4

− σν

)
+ k2ψ, (3.26b)

Ḟνl =
k

2l + 1

(
lFν(l−1) − (l + 1)Fν(l+1)

)
, l ≥ 2, (3.26c)

using the recursion relation for Legendre polynomials

(l + 1)Pl+1(µ) = (2l + 1)µPl(µ)− lPl−1(µ). (3.27)

This is all well and good mathematically, however, when in comes to actually computing this
evolution, we run into the issue that there is technically an infinite hierarchy of functions Fνl to
evolve, each depending on the two neighboring ls. Practically, some truncation scheme must be
used to do any computations.

The most naive solution is to select some lmax and set Fν(l>lmax) = 0. This does not work
well in practice, unless some incredibly large l is chosen, as the coupling to higher ls in Eq. (3.26c)
will uphysically reflect power at the hard boundary, and this introduced error will propagate
down through the hierarchy, reaching l = 0 in a time τ ∼ lmax/k, meaning that for the error to
only reach δν at z = 0 and k = 1, it is necessary to have lmax = O(104), which even then would
still leave all higher multipoles with the introduced error. It would hence be preferable to choose
some smarter truncation scheme.

Luckily, it turns out that the higher multipole moments are gauge invariant, and they show
behaviour similar to spherical Bessel functions. Indeed, for ∂(φ+ ψ)/∂τ = 0, the spherical Bessel
functions will be exact solutions for multipoles l > 0, up to some factor,

Fνl ∝ jl(kτ). (3.28)

As demonstrated in [163], this means that we can use the properties of the Bessel functions to
make the approximation

Fν(lmax+1) ≈
2lmax + 1

kτ
Fνlmax − Fν(lmax−1). (3.29)

This approximation greatly improves the accuracy compared to setting Fν(lmax+1) = 0, but it is
still necessary to be careful not to select a too small lmax due to the effects of time variation
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of the potentials during radiation dominating, as indeed Eq. (3.28) does not hold then. For an
accurate prediction of the CMB spectrum, it is necessary to have lmax = O(30). The matter
power spectrum P (k) may need a higher lmax, denpending in the scales of interest, with lmax

proportional to the maximum k desired [67].
However, there are further approximations that could be made for the sake of computational

efficiency without sacrificing too much accuracy. Indeed, Ref. [67] implements an Ultra-relativistic
Fluid Approximation, based on the notion that the lmax required for the desired accuracy is
not necessarily constant throughout the history of the universe. In practice, the k-space is
separated into two (time dependent) regimes: sub-horizon wavelengths, and horizon-sized to
super-horizon wavelengths. The transition between the regimes occurs for a given wavelength
when kτ = (kτ)ufa, where (kτ)ufa is usually chosen to be between 10 and 50, depending on desired
precision. While in the kτ ≤ (kτ)ufa regime, the higher multipoles (l > kτ) are negligible (per
the Bessel approximation), so it is enough to have lmax ∼ (kτ)ufa. In the other regime, where
kτ ≥ (kτ)ufa, the first three multipoles, δν , θν , and σν , are effectively decoupled from the l > 2

multipoles, so lmax can be set to 2, and the the massless neutrinos can be described by three
equations for a non-perfect fluid. Ref. [67] introduces the modified equation for σν ,

σ̇(ufa)
ν = −3

τ
σν +

2

3
θν − 6φ̇, (3.30)

where the standard truncation scheme Eq. (3.29) would give,

σ̇(ufa)
ν = −3

τ
σν +

2

3
θν . (3.31)

A third option was presented in ref. [632] as part of a generalised framework for the cosmological
evolution of a viscous fluid, using the equation

σ̇(ufa)
ν = −3

ȧ

a
σν +

2

3
θν . (3.32)

It was found in Ref. [67] that the truncation Eq. (3.30) is slightly more precise than the other
two options.

At late times, it is possible to go even further. In the ”late” universe, after photons have
decoupled and the universe is matter or Λ dominated, the massless neutrino contribution to the
total energy density is almost negligible and it is not as important to track their evolution with
the same accuracy as during radiation domination, where they contributed significantly to the
Einstein equations. Here we can use the so-called Radiation Streaming Approximation.

The oscillations of the Bessel functions will have died down on small enough scales at these
late times (kτ � l), and the standard truncation schemes may lead to spurious oscillations. An
analytic approximation to δ and θ will therefore be beneficial at late times, both by lowering
computational load, and by avoiding spurious oscillations from truncation. An spproximate
analytic equation for δν can be found by combining Eqs. (3.26a) and (3.26b), yielding

δ(rsa)
ν = −4φ, (3.33)

using φ ≈ ψ, φ̈ ≈ 0, and neglecting other terms since |δν | � |σν | and k2|δν | � |δ̈ν | [67, 633], then
using energy conservation and the Einstein equations, the velocity divergence is

θ(rsa)
ν = 6φ̇, (3.34)

allowing for computation at late times without the need to evolve a differential equation.
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3.3.3 Massive neutrinos

Massive neutrinos are a bit more complicated to deal with than in the massless approximation,
due to the fact that they transition from highly relativistic in the early universe to non-relativistic
in the late universe. From neutrino oscillations, we can infer that at least two neutrinos have a
mass mν & 8.6 · 10−3 eV [253], which seems small, but not compared to the current energy of
a CMB photon ∼ 2.5 · 10−4 eV. Indeed, based on the mass splittings calculated from neutrino
oscillation data, we can conclude that at least two of the standard model neutrino species are
nonrelativistic today.

This is rather troublesome, because that takes away the powerful approximation E ≈
M � p, as for cold dark matter, and the equality E = p of massless neutrinos. This means that
we are generally unable to analytically perform the integral over momentum, as in Eqs. (3.15)
and (3.24). It is necessary, instead, to evolve the momentum dependent perturbation to the
distribution function, Ψ, if we want to compute the evolution of perturbations. The mean
background quantities are not quite as challenging, being given by

ρ̄ν = a−4

∫
q2dqdΩεf0(q), (3.35a)

P̄ν =
−4

3

∫
q2dqdΩ

q2

ε
f0(q), (3.35b)

and while we need a numerical treatment to compute the integrals to obtain the perturbed
quantities, we can fortunately still express them,

δρν = a−4

∫
q2dqdΩεf0(q)Ψ, (3.36a)

δPν =
a−4

3

∫
q4dqdΩ

f0(q)

ε
Ψ, (3.36b)

δT 0
ν i = a−4

∫
q3dqdΩni f0(q)Ψ, (3.36c)

Σ i
ν j = a−4

∫
q4dqdΩ

ninj − δij
3

ε
f0(q)Ψ, (3.36d)

generally similar, but not always equal to the equations for massless neutrinos, since the presence
of mass leads to ε 6= q. However, to make the system numerically tractable, we can perform a
similar Legendre decomposition as with the massless neutrinos, Eq. (3.23), though in this case it
must be performed on the momentum dependent perturbation Ψ. We can define the multipole
moments Ψl,

Ψ
(
~k, n̂, q, τ

)
=

∞∑
l=0

(−i)l(2l + 1)Ψl(~k, q, τ)Pl(k̂ · n̂), (3.37)

which can also also be used to compute the perturbation quantities,

δρν = 4πa−4

∫
q2dqεf0(q)Ψ0, (3.38a)

δPν =
4πa−4

3

∫
q2dq

f0(q)

ε
Ψ0, (3.38b)(

ρ̄ν + P̄ν
)
θν = 4πka−4

∫
q3dqf0(q)Ψ1, (3.38c)

(
ρ̄ν + P̄ν

)
σν =

8πa−4

3

∫
q4
f0(q)

ε
Ψ2. (3.38d)
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The equations for the evolution of perturbation multipole moments can be obtained following the
same method as with the massless neutrinos, and are,

Ψ̇0 = −qk
ε
Ψ1 − φ̇

d ln f0
d ln q

, (3.39a)

Ψ̇1 =
qk

3ε
(Ψ0 − 2Ψ2)−

εk

3q
ψ
d ln f0
d ln q

, (3.39b)

Ψ̇l =
qk

(2l + 1)ε
(lΨl−1 − (l + 1)Ψl+1) , l ≥ 2. (3.39c)

The fact that the Ψl multipole moments are momentum dependent means that, rather than
evolving one equation per multipole, the equation must be split into momentum bins, which
are evolved separately, as in Refs. [163, 634–636]. This makes massless each massive neutrino
multipole significantly more computationally expensive than their massless counterparts. Again,
the technically infinite hierarchy must be truncated, which can be done in a similar fashion to
the case of massless neutrinos,

Ψ(lmax+1) ≈
(2lmax + 1)ε

qkτ
Ψlmax −Ψ(lmax−1), (3.40)

though the presence of mass means that the higher multipoles will quickly be suppressed once
the neutrinos become non-relativistic. Hence, a smaller lmax is sufficient.

For the sake of computational efficiency, there have been a variety of approximations
suggested in the literature [632, 635, 637–639]. It is possible to introduce a Fluid Approximation,
similar to the Ultra-relativistic Fluid Approximation of the massive neutrinos, using the fact that,
in the relativistic regime, there is an effective decoupling between low and high multipoles after a
mode enters the horizon. In the non-relativistic regime, the massive neutrinos will behave more
like a pressureless fluid, in which case a fluid approximation is also applicable. The first two fluid
equations can thus be written as,

δ̇ν = −(1 + wν)
(
θν − 3φ̇

)
− 3

ȧ

a

(
c2eff − wν

)
δν , (3.41a)

θ̇ν = − ȧ
a

(
1− 3c2a

)
θν +

c2eff
1 + wν

k2δν − k2σν + k2ψ, (3.41b)

where wν = P̄ν/ρ̄ν is the equation of state parameter, c2a ≡ Ṗν/ρ̇ν is the adiabatic sound speed
squared, and c2eff is the effective sound speed squared. Ref. [635] uses the approximation that
c2a ≈ c2eff, and computes it through

c2a =
w

3(1 + w)

(
5− p

p

)
, (3.42)

with p being the “pseudo-pressure” defined as

p ≡ 4π

3

(
Tν,0
a

)4 ∫ ∞

0

dqf0(q)
q6

ε3
, (3.43)

where Tν,0 is the neutrino temperature today. The same reference presents an approximate
equation for σ̇ν ,

σ̇ν = −3

(
ȧ

a

(
2

3
− c2a −

p

p

)
+

1

τ

)
σν +

8

3

3wνc
2
a

1 + wν

(
θν − 6φ̇

)
, (3.44)

as well as two other similar formulations,

σ̇ν = −3

(
ȧ

a

(
2

3
− c2a −

p

p

)
+

1

τ

)
σν +

8

3

3wνc
2
a

1 + wν
θν , (3.45a)

σ̇ν = −3
ȧ

a

c2a
wν

σν +
8

3

wν
1 + wν

θν , (3.45b)
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where Eq. (3.45a) is a more naive version of Eq. (3.44), and Eq. (3.45b) is equivalent to the
method proposed in Ref. [632]. All three different formulations of the fluid approximation recovers
the CMB and P (k) observables to sub-percent level for neutrino masses mν ≤ 0.1 eV compared
to no approximation, with larger masses increasing the discrepancy [635].

The prescription for massive neutrinos can also be used for other species, since the only
parameters that identify this species as standard model neutrinos are the mass (implicit in ε),
temperature Tν,0, and distribution function f0(q). The prescription can in fact be used to describe
any other non-cold, non-interacting species, such as warm dark matter or sterile neutrinos, as
long as these parameters are set appropriately according to the given model.

3.4 Interacting species

Having run the gamut of non-interacting species, the time has finally come to confront the collision
term, which allows the interaction between species. In standard ΛCDM cosmology, there are only
two of these: photons and baryons. However, this interaction is responsible for both the CMB
anisotropy spectrum, and baryon acoustic oscillations, not to mention the fact that we even exist,
and are able to observe anything at all.

3.4.1 Baryons

In the linear description, baryons act much like cold dark matter, except the fact that they
interact with photons. The regime covered here is much later than baryogenesis and BBN, so
the baryons are nonrelativistic and their comoving energy density does not change, as no further
baryonic matter is created or destroyed, and the energy transfer to and from photons is negligible
compared to the energy density.

We can therefore write the Boltzmann hierarchy for baryons using only the continuity and
Euler equations, just as for cold dark matter,

δ̇b = −θb + 3φ̇ (3.46a)

θ̇b = − ȧ
a
θb + k2ψ + c2sk

2δb +
4ρ̄γ
3ρ̄b

aneσT (θγ − θb), (3.46b)

where the amplitude of the baryon-photon scattering rate is sometimes expressed as the derivative
of an optical depth, κ̇ ≡ aσTne.

It is clear that the energy density evolves just like cold dark matter, as seen in Eq. (3.18).
The difference enters in the Euler equation, which has two unfamiliar terms. The first of these is
the sound speed term, as sound waves can propagate through the baryon fluid. The sound speed
cs is given through

c2s =
Ṗb
ρ̇b

=
kBTb
µb

(
1− 1

3

d lnTb
d ln a

)
, (3.47)

where µb is the mean molecular weight, including H and He ions, as well as free electrons, Tb is
the baryon temperature, and kB is the Boltzmann constant. The time variation in µb is small
enough to be negligible for this calculation, even during recombination when it is largest. The
baryon temperature, however, complicates things, as this is another evolving parameter needing
its own equation.

The final term of Eq. (3.46b) is the baryon-photon momentum exchange term. The ratio
4ρ̄γ/3ρ̄b follows from momentum conservation, σT = 6.65 · 10−29 m2 is the Thomson scattering
cross section, and ne is the free electron number density. It is evident that this term is is similar to
the population change terms seen in the Boltzmann equations of dark matter freeze-in/freeze-out
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or in BBN (see Sections 1.3.2 and 2.1). There is a difference, in this case between the baryon
and photon velocity divergences, θb and θγ , driving the coupled system towards equilibrium, and
a prefactor determining the rate at which the process happens. The factor of a exactly cancels
out the change over time in ρ̄γ/ρ̄b, so the evolution of the prefactor is determined entirely by ne.
For most of cosmic history, it behaves as a simple density, scaling as a3, however there are two
events where it exhibits a significantly different behaviour, namely recombination and reionization,
where the free electron density significantly drops and rises, respectively, due to the formation
and ionization of neutral atoms. Recombination essentially “turns off” the scattering term, and
the universe goes from being opaque to transparent for the photons, creating the CMB. This
means that it is very important to accurately model recombination, in order to make precise
predictions. In addition to Ref. [163], this has been described in Refs. [69, 640–645]. There are
several efficient and accurate software packages for computing recombination, such as RECFAST
[70, 71, 646, 647] and HyRec [68, 72].

Returning to the question of the baryon temperature, from the first law of thermodynamics,
it follows that the baryon temperature evolves according to

Ṫb = −2
ȧ

a
Tb +

8

3

µb
me

ρ̄γ
ρ̄b
aneσT (Tγ − Tb), (3.48)

which is quite similar to Eq. (3.46b). This makes sense, as the baryons’ temperature is a measure
of their kinetic energy, which non-relativistic particles is proportional to the thermal velocity
squared. The factor 2 in front of the ȧ/a term means that the temperature would scale as a−2 in
the absence of interactions, in contrast to the bulk velocity, as described by θb, which scales as a−1,
or relativistic particles whose kinetic energy also scales as a−1. The second term is similar to the
momentum exchange term of Eq. (3.46b), with a few extra factors due to the specifics of energy vs.
momentum transfer. It is worth noting that the reservoir of entropy in the photon fluid is much
larger than in the baryons, meaning that no matter their temperature, it is essentially impossible
for this energy transfer to significantly affect the global photon temperature. This means that as
long as the coupling is strong, i.e. before recombination, the baryon temperature will be kept at
the photon temperature, after which it will drop until some later time when reionization happens,
which is generally inserted by hand. The evolution of temperature and ionization fraction can be
seen in Fig. 3.2, where it is clear that the ionization drops during recombination at z ∼ 1000, and
rises again with reionization at z ∼ 10. A more thorough description of recombination can be
found in Section 1.3.3.

With only the three differential equations to evolve to describe the evolution of baryons,
one would not expect there to be much need for further approximations. However, before
recombination, when the interaction rate between the baryon and photon fluids is large, the
system of equations becomes very stiff. To remedy this, a tight-coupling approximation is used,
as described in e.g. Refs. [163, 648]. This will be further described in Section 3.4.2.

3.4.2 Photons

One of the main observables that can be predicted directly from linear theory is the CMB, which
is just the redshifted cosmological photon fluid. It could therefore be argued that the accurate
computation of the photons is one of the key goals of cosmological perturbation theory.

As a massless species, the Boltzmann hierarchy for photons is similar to that of massless
neutrinos. However, like comparing baryons to cold dark matter, the presence of interactions
complicates things. In a further wrinkle, we are also interested in the polarization states of the
photons, which gives us an additional set of equations to track.
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Figure 3.2: Upper: The evolution of the baryon and photon temperatures, respectively, as a function of
redshift z. Lower: The ionization fraction xe as a function of redshift z.

The momentum integrated collision operators of the Boltzmann equations are [649–652],

(
∂Fγ
∂τ

)
C

= aneσT

(
−Fγ + Fγ0 + n̂ · ~ve −

(Fγ2 +Gγ0 +Gγ2)P2

2

)
, (3.49a)(

∂Gγ
∂τ

)
C

= aneσT

(
−Gγ +

(Fγ2 +Gγ0 +Gγ2)(1− P2)

2

)
, (3.49b)

where Fγ is the total phase space photon density summed over polarizations, just as Fν for massless
neutrinos, and Gγ is the difference between the two linear polarizations. The prefactor should be
recognisable from the baryon equations, Eqs. (3.46b) and (3.48), ~ve is the bulk velocity of the
electrons, and the Legendre polynomial P2 comes from integrating over the angular dependence
of the Thomson cross section, 1 + cos2 θ′ (where θ′ is the scattering angle). Simplified versions
were originally covered by e.g. [648, 653, 654].

Just as for the other species, these are expanded into a Legendre series, yielding,

(
∂Fγ
∂τ

)
C

= aneσT

4iP1

k
(θγ − θb) +

(
9σγ −

Gγ0
2

− Gγ2
2

)
P2 −

∞∑
l≥3

(−i)l(2l + 1)FγlPl


(3.50a)(

∂Gγ
∂τ

)
C

= aneσT

 (Fγ2 +Gγ0 +Gγ2)(1− P2)

2
−

∞∑
l≥0

(−i)l(2l + 1)GγlPl

 , (3.50b)

using Fγ1 = 4θγ/3k and Fγ2 = 2σγ as for massless neutrinos (see Eqs. (3.24b) and (3.24c)), as
well as n̂ · ~ve = −(iθb/k)P1(ĥ · n̂).

The part of the Boltzmann hierarchy not determined by scattering is exactly the same as
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for massless neutrinos, so the interaction terms can simply be added, giving the hierarchy,

δ̇γ = −4

3
θγ + 4φ̇, (3.51a)

θ̇γ = k2
(
δγ
4

− σγ

)
+ k2ψ + aneσT (θb − θγ), (3.51b)

Ḟγ2 = 2σ̇γ =
8

15
θγ −

3

5
kFγ3 −

9

5
aneσTσγ +

aneσT
10

(Gγ0 +Gγ2), (3.51c)

Ḟγl =
k

2l + 1

(
lFγ(l−1) − (l + 1)Fγ(l+1)

)
− aneσTFγl, l ≥ 3, (3.51d)

Ġγl =
k

2l + 1

(
lGγ(l−1) − (l + 1)Gγ(l+1)

)
+ aneσT

(
−Gγl +

(Fγ2 +Gγ0 +Gγ2
2

(
δl0 +

δl2
5

))
,

(3.51e)

where the δijs in Eq. (3.51e) are Kronecker deltas.
Just as for the other light species, the hierarchy must be truncated at some finite l if

anything is to be computed. Due to the interactions, the truncation looks slightly different, with
the terms

Ḟγlmax = kFγ(lmax−1) −
lmax + 1

τ
Fγlmax − aneσTFγlmax , (3.52a)

Ġγlmax = kGγ(lmax−1) −
lmax + 1

τ
Gγlmax − aneσTGγlmax , (3.52b)

closing out the hierarchy.
As mentioned at the end of Section 3.4.1, a tight-coupling approximation is generally used

prior to recombination. The (conformal) scattering rate is much larger than the (conformal)
Hubble rate, τ−1

c ≡ aneσT � ȧ/a ∼ τ−1. The approximation was introduced in Ref. [648], and
has since been improved, including going beyond first-order, see e.g. Refs. [67, 163, 633, 655–657].

The first step is combining the Euler equations for baryons and photons, Eqs. (3.46b)
and (3.51b),

(1 +R)θ̇b +
ȧ

a
θb − c2sk

2δb − k2R

(
δγ
4

− σγ

)
+R(θ̇γ − θ̇b) = (1 +R)k2ψ, (3.53)

defining R ≡ 4ρ̄γ/3ρ̄b for simplicity. It is also worth defining Θ ≡ (θγ − θb), the time derivative
of which, Θ̇, is often called the baryon-photon slip. The two species behave as one coupled fluid
with sound speed cγb (which is distinct from the baryon sound speed cs), and factors proportional
to Θ̇ and σγ may be neglected to lowest order in max(kτc, τc/τ) [163]. From Eq. (3.51b), we can
write,

−Θ = τc

(
θ̇γ − k2

(
δγ
4

− σγ

)
− k2ψ

)
, (3.54)

and combining with Eq. (3.53) yields,

−Θ =
τc

1 +R

(
− ȧ
a
θb + k2

(
c2sδb −

δγ
4

+ σγ

)
+ Θ̇

)
, (3.55)

while Eq. (3.51c) gives,

σγ =
τc
9

(
8

3
θγ − 10σ̇γ − 3kFγ3

)
. (3.56)

Higher multipole moments of the photon hierarchy are smaller by additional powers of kτc and
can therefore be neglected.
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An equation for the slip can then be obtained by differentiating Eq. (3.55),

− Θ̇ = − 2R

1 +R

ȧ

a
Θ+

τc
1 +R

(
− ä
a
θb −

ȧ

a
k2
(
δγ
2

+ ψ

)
+ k2

(
c2s δ̇b −

δ̇b
4

))
+O(τ2c ), (3.57)

where δ̇γ and δ̇b are computed with the standard equations, and the gas is assumed to be nearly
fully ionized with Tb ≈ Tγ . An direct equation for θ̇γ can be obtained by insertion,

θ̇γ = −R−1

(
θ̇b +

ȧ

a
θb − c2sk

2δb

)
+ k2

(
1

4
δγ − σγ

)
+

1 +R

R
k2ψ, (3.58)

which lets the evolution be computed (to first order) in a more computationally efficient way.
Various higher-order solutions exist, though some, such as those of Refs. [67, 656] have

only been presented in the synchronous gauge. They generally involve computing a second order
slip, Θ, as well as a modified equation for σγ .

3.4.3 Beyond cold dark matter

The non-interacting cold dark matter of Section 3.3.1 is of course just an effective description
that does not assume any particle physics model, other than the fact it acts like nonrelativistic
matter, and its interactions are weak enough to be safely neglected. While this provides a good
baseline model for ascertaining the impact of nonbaryonic matter on linear observables, it does
not help with investigating any models of dark matter interactions, and how they might affect
the observables. For this, the interactions would have to be included in the calculations. This is
not a new concept, and it is even possible to make an analytic estimate of the effects [352, 357].

A species of dark matter interacting with photons can have the scattering rate expressed as
the derivative of an optical depth, analogously to photon-baryon scattering, µ̇γχ ≡ aσγχnχ. The
subscript χ refers to the interacting dark particle, and nχ is its number density. There will be four
distinct regimes, although two are quite similar. In the small k (large wavelength), k < H, limit,
the interaction will decouple before the mode enters the horizon, and therefore has no impact. In
the very weak coupling (termed no coupling in in Ref. [357]) regime where the interaction rate is
much smaller than the expansion rate (1 + 4ργ/3ρχ)µ̇γχ < H < k, the interaction can also safely
be neglected.

In the strong coupling regime, H < k < (1 + 4ργ/3ρχ)µ̇γχ, the photons and dark matter
will thus behave like a coupled fluid, similar to the baryon-photon plasma. It can therefore
be evolved using a coupled fluid velocity and a dark matter-photon slip, similarly to the tight
coupling approximation for baryons. In this regime, the photon perturbations, including their
Silk damping, are directly imprinted on the dark matter.

Between the strong and very weak coupling regimes, there is an intermediate coupling
regime (termed weak coupling in Ref. [357]), H < (1 + 4ργ/3ρχ)µ̇γχ < k. This regime does not
occur for the baryon photon interactions in our universe, as the baryon-photon decoupling happens
due to recombination rather than a gradual dilution of the free electron density. The photons
therefore go from strongly coupled to the baryons to free streaming “almost instantaneously” (in
cosmological terms), bypassing this regime. For these couplings, damping occurs from the photon
perturbations averaged over several oscillations, with the effects being stronger the longer the
weak coupling regime lasts.

Assuming a dark matter-photon decoupling before recombination (a reasonable assumption
for realistic values of the coupling), the strong coupling regime can occur at two distinct times:
for relatively small cross-sections decoupling early, and for larger cross-sections decoupling later.
With early decoupling, the main effect is inhibiting the logarithmic growth of structure during
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radiation domination, leading to a modest but still significant suppression of structure at later
times. For late decoupling, the fluid undergoes multiple oscillations before the structure is
suppressed, followed by a much greater suppression.

In the intermediate coupling regime, the coupling is not large enough to enforce θχ ≈ θγ ,
however, it is still large enough for the photons to drive oscillations in the dark matter fluid such
that

θ̇χ h
4ργ
3ρχ

µ̇γχθγ ∝ kθχ, (3.59)

as long as the gravitational potential is weak enough to be negligible.
Solving the differential equation, this means that the dark matter density contrast will be,

δχ ∼ 4ργ
3ρχ

µ̇γχ
H

sin
(
kτ/

√
3
)

kτ/
√
3

exp

(
− 2k2τ

15µ̇γχ

)
, (3.60)

for kτ � 1. That is, the damping of the dark matter structure follows a spherical Bessel function.
For the full analysis, see Ref. [357].

For dark matter interacting with relativistic species, such as photons or neutrinos, it is
useful to parameterise the cross-section with a particle i, σiχ, in terms of the dark matter particle
mass and the Thomson cross-section,

uiχ =
σiχ
σT

( mχ

100GeV

)−1

, (3.61)

where 100 GeV is an arbitrarily chosen scale. This is because, when trying to constrain such
interactions through structure formation, there is a degeneracy between σiχ and mχ via nχ, as
keeping ρχ constant, nχ ∝ m−1

χ . A lighter dark matter particle means a higher number density,
hence more scatterings, similar to a larger cross-section. For velocity-dependent cross-sections,
it is common to express this in terms of the current interaction strength and an scale factor
dependence, uiχ(a) = uiχ,0a

−n, expressing some power law dependence.
A full Boltzmann treatment has been done for both photons [357, 379, 658, 659], massless

neutrinos [220, 376, 659–662], and dark radiation [659, 663, 664].
The modifications to the dark matter equations is fairly simple, impacting only the Euler

equation,

θ̇ = [. . . ]− 4ρi
3ρχ

µ̇iχ (θχ − θi) , (3.62)

where the bracket [. . . ] represents the standard cold dark matter terms of Eq. (3.19). The
modifications to the light particles equations are a bit more involved, with the modified photon
equations,

θ̇γ = [. . . ]− µ̇γχ (θγ − θχ) , (3.63a)

Ḟγ2 = [. . . ] +
µ̇γχ
10

(Gγ0 +Gγ2) , (3.63b)

Ḟγl = [. . . ]− µ̇γχFγl, (3.63c)

and the polarisation equations for Gγl, as well as the truncation scheme likewise having being
changed κ̇→ κ̇+ µ̇γχ.3

3With κ̇ ≡ aneσT .
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The massless neutrino case is similar, even slightly simpler due to the lack of polarisation
concerns,

θ̇ν = [. . . ]− µ̇νχ (θν − θχ) , (3.64a)

σ̇ν = [. . . ]− 9

10
µ̇νχσν , (3.64b)

Ḟνl = [. . . ]− µ̇νχFνl. (3.64c)

In the simplest case, dark radiation is essentially equivalent to the massless neutrinos, but may
also have self interactions, as described in detail in Refs. [663, 664].

The massive neutrino case is a bit more tricky, as it cannot generally be described in terms
of θ. A detailed description and derivation of the equations for this scenario is presented in
Chapter 5 (published as Ref. [1]).

Interactions between dark matter and baryons are treated slightly differently, since the mass
of a baryon ∼ 1 GeV is not necessarily negligible compared to the dark matter mass. In addition,
unlike the massless species, the baryons do not have a comparatively “infinite” reservoir of entropy,
so their temperature may be affected by their interactions with dark matter. Dark matter baryon
interactions have been treated in e.g. Refs. [355, 370, 375, 665–671]. The modifications to the
Boltzmann equations are thus,

θ̇χ = [. . . ] + c2χk
2δχ −Rχ (θχ − θb) , (3.65a)

θ̇b = [. . . ]− ρχ
ρb
Rχ (θb − θχ) , (3.65b)

where the scattering rate Rχ for a velocity-dependent cross section σbχ = σbχ,0v
n is given as,

Rχ ≡ aρbσbχ,0cn
mχ +mb

(
Tb
mb

+
Tχ
mχ

+
V 2

rms
3

)n+1
2

FHe, (3.66)

showing a dependence on the baryon- and dark matter temperatures, and cn is a factor depending
on n,

cn =
2

n+5
2 Γ

(
3 + n

2

)
3
√
π

, (3.67)

where FHe is a factor accounting for the primordial helium fraction. In the case of no scattering
with helium, FHe = 1− YHe. Vrms is the RMS bulk velocity between the dark matter and baryon
fluids. It is often approximated as,

V 2
rms ≈

{
10−8 z > 104

10−8
(
1+z
103

)2
z ≤ 103

. (3.68)

A deeper investigation of this component is conducted in Ref. [666].
The interaction with baryons also induces a sound speed term in the dark matter, similar

to the baryons (Eq. (3.47)),

c2χ =
kBTχ
mχ

(
1− 1

3

d lnTχ
d ln a

)
, (3.69)

although the impact of this is generally small compared to the scattering term.
The modification to the baryon temperature equation Eq. (3.48) is,

Ṫb = [. . . ] +
2µb

mχ +mb

ρχ
ρb
Rχ (Tχ − Tb) , (3.70)
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with the dark matter obtaining a very similar equation,4

Ṫχ = −2
ȧ

a
Tχ +

2mχ

mχ +mb
Rχ (Tb − Tχ) , (3.71)

with dark matter strongly coupled to the baryons at early times having an initial temperature
Tχ,i ≈ Tb,i.

Models with n = −4 can have a significant impact on the baryon temperature at late times,
since baryon-dark matter coupling can occur after photon decoupling. This n corresponds to a
Coulomb-like interaction, e.g. millicharged dark matter. n = −2 will have a weaker late time
effect and corresponds to a dipole interaction, and n = −1 corresponds to a Yukawa coupling.

Generally the effects of coupling to light species will serve to suppress small scale structure
as the dark matter is prevented from collapsing gravitationally until decoupling, similarly to the
baryon-photon case. The dark matter-photon case will have the greatest impact on the CMB
for a given coupling uiχ, as it is directly coupled, while couplings to neutrinos will have only an
indirect effect through the modified gravitational evolution. Coupling to baryons will also have a
significant effect on the CMB, effectively acting as additional baryon mass without extra charge,
suppressing the temperature power spectrum on scales l larger than a few hundred.

The distinct effects on the CMB, structure formation, and the baryon temperature could
be used to distinguish between different interaction scenarios.

3.5 Observables

Unfortunately, we cannot directly probe the density and velocity perturbations of these different
species, not even for baryons. Instead, we must use them to compute observables, which can
then be used to constrain the cosmological parameters. While the linear theory described in this
chapter breaks down once densities get too large, and is thus not applicable to “small” scales, such
as galaxies, at late times, it works great for other observables. In particular, it can accurately
predict large scale structure above certain length scales, where nonlinearities have not yet set in,
as well as the CMB, which was emitted while the universe was still linear and does not experience
nonlinear evolution.

3.5.1 The matter power spectrum and baryon acoustic oscillations

One of the simplest quantities to predict is the matter power spectrum, which also has an
easy to understand physical interpretation, namely as the Fourier transform of the two-point
correlation function, ξ(r). The two-point density correlation function is essentially a measure of
how well the densities at two points separated by a distance r match, averaged over all space.
Any “special” scales will then appear as peaks or dips in the correlation function. With space
being three-dimensional, the correlation function can be written as

ξ(|~x− ~y |) = 〈δ(~x)δ(~y)〉 , (3.72)

where the brackets denote a spatial average.
This is all well and good, but we have solved our (linear) density evolution in Fourier space,

so we define the power spectrum,

P (k) =

∫
d3rei

~k·~rξ(r), (3.73)

4The dark matter would have such an equation with the other types of interactions covered, but since the
dark matter temperature is generally neglected in these cases, the temperature evolution is usually not included.
Ref. [659] includes these in their treatment.
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which is equal to the Fourier space average 〈δ( ~k1)δ( ~k2)〉 up to a Dirac delta δD( ~k1 − ~k2) and
factors of π depending on Fourier conventions.

Looking back at the previous sections, one might realize that the equations only describe
the evolution of δ, rather than give its exact value. Indeed, it is necessary to correctly set the
initial conditions for the equations to compute their values at later times. By convention, the
initial conditions are often separated from the evolving δs, where the normalised δ(k, t) functions
are termed transfer functions, as they are used to compute the perturbation at a given time k
from a given initial perturbation. These initial perturbations are termed the primordial power
spectrum, P(k). The power spectrum at redshift z can then be expressed as,

P (k, z) = δ2(k, z)P(k) (3.74)

Generally, it is assumed that these initial conditions are set by inflation (for more detail
on inflation, see Section 1.3.1). In the case of simple slow-roll inflation, the primordial power
spectrum is expressed as,

P(k) = k−3As

(
k

k∗

)ns−1

, (3.75)

where As is the amplitude of primordial fluctuations at a reference scale k∗, termed the pivot
scale. This is usually taken to be k∗ = 0.05 Mpc−1. The final parameter ns is the scalar spectral
index, or tilt, which parameterises the deviation from perfect scale invariance in the dimensionless
power spectrum k3P(k) (Eq. (1.22)), which would be constant in k for ns = 1.

The total matter power spectrum, often presented with the matter subscript Pm(k),
generally comprises all matter, meaning all particles with nonzero mass, baryons, dark matter,
and massive neutrinos. It therefore uses a sum of their δs, weighted by their relative abundance. In
the context on non-linear simulations, it is also commmon to use Pcb(k), the dark matter+baryon
power spectrum, as massive neutrinos only cluster weakly and are therefore often omitted from
the non-linear modeling. For realistic neutrino masses, the difference between Pm and Pcb is on
the percent level. A sum of neutrino masses around the Planck upper limit,

∑
Mν = 0.3 eV [5],

yields a difference of 4% at k & 0.1, while a mass matching the Planck+BAO limit
∑
Mν = 0.12

eV [5] only shows a difference of 2% on roughly the same scales5.
The matter power spectrum has a big problem, however. It is very hard to actually observe,

because most of the matter in question is dark matter, which is not visible. Instead, it is necessary
to use a proxy. On large scales, the commonly used observable is instead the galaxy power
spectrum, as the galaxies are a tracer of the underlying matter distribution with some bias, since
the baryons are gravitationally coupled to the dark matter [672–676]. The measured galaxy power
spectrum is thus related to the underlying matter power spectrum through

Pgal(k, z) = b2(k, z)Pm(k, z), (3.76)

where b can taken to be the linear bias on large enough scales. In general, the galxy-matter bias
is defined through δgal = bδm, which can be expressed as the series,

δgal =
∑
k

1

k!
bkδ

k, (3.77)

with b1 being the linear bias. It is possible to estimate this bias through the use of semi-analytical
tools, such as halo models or perturbation theory [677–682] (for more detail on halo models, see
Section 4.2), which yields different results depending on the underlying dark matter model. It

5The suppression affects slightly larger scales for the lower mass, as the free-streaming scale is larger. However,
this difference is small, and the lower mass leads to lower Ων and thus smaller suppression.
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Chapter 3. Linear Cosmology

can also be estimated directly from data, as the two-point and three-point correlation functions
have different bias dependence, however, this probe is sensitive to noise in the data [683–685]. As
implied by Eq. (3.76), the bias is also subject to redshift evolution, in particular, it is generally
found to decrease with time, becoming less biased [686–690]. The bias may also depend on
additional parameters, such as the luminosity and stellar mass of the galaxy [691–693].

Matters are also further complicated by another factor, namely the fact that we do not quite
observe galaxies in normal position-space. Because of the distances at play in large scale structure,
the effects of redshift must be taken into account. This is termed redshift-space distortions [674,
675, 694].

Historically, some of the key goals of measuring the matter power spectrum has been to
check the assumptions oflarge scale isotropy and homogeneity, and later to check the prediction
of baryon acoustic oscillations, and thus verify an important prediction of the ΛCDM hot big
bang model. This was observed in SDSS [20] and 2dFGRS [21] data in 2005, and further surveys
since then [170, 695–697].

The baryon acoustic oscillations come about as a result of the strong coupling between
baryons and photons in the early universe, as described in Sections 3.4.1 and 3.4.2. There are a
few ways to express this, one is in terms of a simple Jeans analysis in Fourier space. The density
evolution of a fluid with sound speed cs obeys the equation [698],

δ̈ + 2
ȧ

a
δ̇ +

(
c2sk

2 − 4πGρ̄a2
)
δ = 0, (3.78)

which a keen eye will notice looks a lot like a harmonic oscillator. Indeed, this defines the Jeans
wavenumber,

k2J ≡ 4πGρ̄a2

c2s
, (3.79)

where small scale modes k � kJ will oscillate as sound waves, while large scale modes k � kJ
have a growing, and a vanishing solution. However, a key point is that the Jeans scale is larger
than the horizon until recombination, where is suddenly drops. In this framework, this comes
about due to the drop in sound speed from baryon-photon decoupling. The result is that all
sub-horizon modes experience acoustic oscillations until recombination, which are then frozen
into the matter power spectrum. The sudden cessation of oscillations is clearly visible in Fig. 3.1.

Another description is grounded in the real-space realisation of primordial overdensities
[699, 700]. Since the overdensities of baryons and photons are coincident, the pressure of the
photons will force the baryons to expand as a wavefront, a commonly used analogy is like rings in
water, until recombination causes their decoupling, and the baryon wavefront stops (after some
residual drag). Since the distance traveled until decoupling is the same across the universe, this
imprints a specific length scale, which shows up as a peak in the correlation function. When taking
the Fourier transform to obtain the power spectrum, such a peak corresponds to oscillations.

The imprinted baryon acoustic oscillation features are extremely useful for estimating the
content of our universe [701], and when combined with CMB data gives some of the most precise
measurements of the ΛCDM model parameters [5], as well as additions such as neutrino masses.
This is because the scale imprinted in the structure, the sound horizon at decoupling, can be
computed to great precision using these parameters. It is essentially a cosmic ruler.

3.5.2 The CMB power spectrum

At roughly the same time as the baryon acoustic oscillations were frozen into the large scale
structure, the photons were suddenly allowed to propagate freely without scattering with matter,
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Figure 3.3: The linear matter power spectrum at z = 0 for a ΛCDM cosmology, with the baryon acoustic
oscillation features highlighted.

as the baryons had undergone recombination and become neutral atoms [69]. The vast majority of
these photons have been propagating unobstructed ever since, in the form of the cosmic microwave
background, and observing these thus gives us a window to what the universe looked like. It
shows an extremely isotropic temperature of Tcmb ∼ 2.7 K [702–704], however, it has some small
anisotropies on the order of 10−4 K. These anisotropies tell us which regions had over- and
underdensities at the time the CMB was emitted. Fig. 3.4 shows a synthetic realisation of the
CMB temperature anisotropy for a realistic ΛCDM universe.

In the end, however, it is less interesting which exact regions on the sky exhibit these over-
and underdensities, as this is just the result of the random quantum fluctuations during inflation
at a particular distance from our location in the universe. The important part is the statistical
properties of the CMB as a whole, as this can tell us about the general state of the universe at
photon decoupling. Similarly to the matter power spectrum and baryon acoustic oscillations, it
is irrelevant where exactly a given galaxy is, the important part is the patterns of separation
between galaxies. Just like with the matter distribution, we are therefore interested in a power
spectrum.

However, comparing to the three-dimensional distribution of matter, the cosmic microwave
background does present a wrinkle. Because it is formed of the light just reaching us now from
decoupling, it is essentially a spherical shell, rather than a three-dimensional distribution. Instead
of performing a standard Fourier transformation, the CMB is instead expressed as a series of
spherical harmonics.

The perturbation to the photon brightness temperature, ∆ ≡ ∆T/T , can be defined via
the distribution function[163],

f(xi, q, nj , τ) = f0

(
q

1 + ∆

)
, (3.80)

where f0 is the Bose-Einstein distribution, as photons are spin-1 particles. Using Eq. (3.14), it
follows that,

∆ = −
(
d ln f0
d ln q

)−1

Ψ, (3.81)
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Figure 3.4: Synthetic CMB temperature anisotropy map, computed with CLASS [67, 635] and realised
with healPy [705, 706].

to linear order. As it happens, the q dependence of both the gravitational and Thomson scattering
terms in the Boltzmann equations for photons depend on q through d ln f0/d ln q at the linear
level, so in the end, the perturbations will not change the shape of the photon distribution from
blackbody spectrum, but rather shift the spectrum to higher or lower temperatures. Deviations
from a blackbody spectrum, dubbed spectral distortions, are possible through effects beyond
linear perturbation theory, such as the Sunyaev-Zel’dovich effect [70, 163, 557, 707–714].

In the absence of spectral distortions, the temperature perturtbation ∆ is related to the
phase space density perturbation through,

∆ =
Fγ
4
. (3.82)

This makes sense, as the energy density of a thermal population of photons is simply related to
its temperature.6 The temperature anisotropy at a given point can then be expressed in terms of
plane waves,

∆(~x, n̂, τ) =

∫
d3kei

~k·~x∆(~k, n̂, τ) ≡
∫
d3kei

~k·~x
∞∑
l=0

(−i)l(2l + 1)∆l(~k, τ)Pl(k̂ · n̂), (3.83)

where, following Eq. (3.82), ∆l = Fγl/4.
Selecting a given point as the origin, the anisotropy here may be expressed in terms of a

series of spherical harmonics,

∆(n̂) =

∞∑
l=0

l∑
m=−l

almYlm(n̂), (3.84)

6Note that some authors use the convention ∆ = Fγ . In this case, everything is the same except for a factor 4.
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with the coefficients alm given through,

alm = (−i)l4π
∫
d3k Y ∗

lm(k̂)∆l(~k, τ). (3.85)

These coefficients can be used to construct the angular power spectrum Cls,

Clδll′δmm′ = 〈alma∗l′m′〉, (3.86)

where the δs are Kronecker deltas, and the brackets denote an ensemble average. The angular
power spectrum is related to the angular correlation function through,

C(θ) ≡ 〈∆(n̂1)∆(n̂2)〉 =
1

4π

∞∑
l=0

(2l + 1)ClPl(n̂1 · n̂2), (3.87)

where cos θ = n̂1 · n̂2.
As implied in the beginning of this section, the ∆l(~k, τ) coefficients are set by the random

initial conditions of the perturbations. They can therefore be expressed in terms of the initial
perturbations to the Newtonian gauge potential ψi,

∆l(~k, τ) = ψi(~k)∆l(k, τ), (3.88)

with the initial gauge potential power spectrum,

〈ψi(~k1)ψi(~k2)〉 = Pψi(k)δD(
~k1 + ~k2), (3.89)

and the Cls can be expressed as,

Cl = 4π

∫
d3k Pψi(k)∆

2
l (k, τ). (3.90)

The same expression can be used to obtain the polarisation Cls, by using the polarisation
perturbation, rather than ∆l.

Calculating the Cls by explicitly computing Eqs. (3.88) to (3.90) requires the evolution of
a significant number of differential equations, as a fine sampling in k is needed. This number
can be reduced from a few thousand to a few tens by using a line of sight approach, as the
higher multipoles are generated from free-streaming, the behaviour of which is well captured by a
spherical Bessel function [715].

Although the major features of the cosmic microwave background are imprinted at photon
decoupling, the photons are affected by their journey to some degree. Either through the
gravitational potential they pass through, or for a minority, another scattering on their way to us.
Of course, recombination was not quite an instantaneous process, although this is generally a
good approximation. This can be quantified in terms of the visibility function g, defined as [62],

g(τ) =
d

dτ
e−κ = −κ̇e−κ, (3.91)

with κ being the optical depth. The function describes the probability distribution of time of
last scattering, i.e. g(τ0)dτ is the probability that a photon was last scattered in the conformal
time interval [τ0, τ0 + dτ ]. The visibility function is plotted in Fig. 3.5 for a standard ΛCDM
cosmology. It is clear that by far the majority of CMB photons arrive unscattered from the time
of recombination, the peak in the visibility function being orders of magnitude larger than the
smaller peak at the time of reionization. Despite this, the effect of reionization is clearly visible
in the CMB temperature power spectrum, suppressing power across all scales.
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Figure 3.5: The CMB photon visibility function g as a function of redshift. In particular note the large
peak at recombination, and the smaller, less steep, peak at reionization.
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Figure 3.7: The CMB temperature power spectrum, computed with and without the components of
Eq. (3.92).

The observed temperature perturbation in a given direction ∆(n̂) can be understood in a
simplified manner as a sum of three components if scattering after recombination is neglected
[62],

∆(n̂) =

(
δγ
4

+ ψ

)
∗︸ ︷︷ ︸

δγ+SW

− (n̂ · ~vb)∗︸ ︷︷ ︸
Doppler

+

∫ τ0

τ∗

dτ φ̇+ ψ̇︸ ︷︷ ︸
ISW

, (3.92)

where the subscript ∗ denotes the value at recombination. SW is an abbreviation of Sachs-Wolfe
[716], while ISW is integrated Sachs-Wolfe.

The first term contains δγ , which is the photon density at recombination, as set by the
evolution described by the Boltzmann equation. However, overdensities of photons are often
associated with matter overdensities, leading to a gravitational potential well. Escaping from
this well causes the photons to lose energy, which is the Sachs-Wolfe effect [716]. The second
term is the so-called Doppler term. It is related to the electron bulk velocity where the last
scattering happened. If the scattering electron had a non-zero velocity along the line of sight to
the observer, this would essentially induce a Doppler shift of the photon. Finally, the integrated
Sachs-Wolfe term is similar to the first term, in that it deals with the effects of gravity on photons.
However, rather than the instantaneous potential at last scattering, the integrated Sachs-Wolfe
effect describes the effect of the potentials changing as a photon passes through them. This is
zero in a purely matter dominated universe, however, the radiation density at recombination
leads to the so-called early integrated Sachs-Wolfe, while the presence of dark energy at late times
causes a late integrated Sachs-Wolfe effect.

By far the largest contribution to the temperature power spectrum comes from the δγ +
Sachs-Wolfe term, as is illustrated in Fig. 3.7.

3.6 Initial Conditions

So far, this chapter has described how to evolve the distributions of various particle species, as
well as how to compute observables from this. Now, only the final piece of the puzzle remain,
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namely, the initial conditions used to initialize the perturbations’ evolution equations.
In numerical treatments, the evolution of each k-mode starts while it is still outside the

Hubble horizon, i.e. kτ � 1. As these modes are larger than the horizon, they are not observable,
and their density evolution can therefore be gauge-dependent [163, 654, 717]. The numerical
evolution will always be started in the radiation dominated era, so the the energy density of the
universe is to a very good approximation, ρ̄tot ≈ ρ̄γ + ρ̄ν , leading to an expansion rate ȧ/a = τ−1.
This means we can obtain initial conditions analytically from the evolution equations. For the
photons, higher moments l ≥ 2 of Fγl as well as Gγl are driven to zero by collisional damping.
For massless neutrinos, Fνl with l ≥ 3 are suppressed by powers of kτ , and can thus also safely
be set to zero. This yields the initial conditions for density perturbations,

δγ = δν = −2ψ, (3.93)

δcdm = δb =
3δγ
4
, (3.94)

velocity perturbations,

θγ = θν = θcdm = θb =
k2τψ

2
, (3.95)

neutrino anisotropic stress,

σν =
k2τψ

15
, (3.96)

and the gauge potentials,

ψ =
20C

15 + 4Rν
, (3.97)

φ =

(
1 +

2Rν
5

)
ψ, (3.98)

where,
Rν =

ρ̄ν
ρ̄γ
, (3.99)

and C is an arbitrary dimensionless constant. CLASS takes it to be 1/2 [635]. The massive
neutrino hierarchy can be calculated from the massless neutrinos, and the perturbed distribution
function,

ψ0 = −δν
4

d ln f0
d ln q

, (3.100)

ψ1 = − εθν
3qk

d ln f0
d ln q

, (3.101)

ψ0 = −σν
2

d ln f0
d ln q

, (3.102)

(3.103)

again, higher moments are negligible at these early times.
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CHAPTER 4
Non-linear Structure Formation

At early times, the density of the universe is quite uniform, with only small perturbations, as
described in the previous chapter. However, as these perturbations start to grow, so does their
gravitational impact, leading to even faster growth in a continuing cycle. This is the nonlinear
growth.

Linear perturbation theory is a great tool for early times, but it can only take you so far, its
core assumption being that the perturbations are small compared to the average. As the density
perturbations begin to grow, this becomes less and less true. At some point the approximation
will break down completely, as illustrated in Fig. 4.1. This means that to accurately model the
late universe, non-linear tools are necessary.

This modelling can take a variety of shapes, but one thing that most approaches have in
common is that they are much more computationally expensive than making linear predictions.
For example, even a relatively modest gravity-only N-body simulation can take hours, if not days,
on a computing cluster, while a linear Einstein-Boltzmann solver like CLASS can run in O(1)

second on a regular laptop.
This presents a challenge for non-linear cosmology, which is overcome in part by ever larger

computation facilities, and in part by developing new tools to make predictions less computationally
expensive. In this chapter I aim to provide a brief overview of different techniques to model the
non-linear universe, and how they connect to observables.

4.1 N-body Simulations

Gravity only N-body simulations have long been a workhorse for cosmologists interested in
non-linear structure formation, with the first such computations done using an analog optical
computer more than 80 years ago [151, 719–724], where a near passage of two “nebulae” was
computed by representing the two with 37 lightbulbs each, while the first N-body on digital
computers in the 1960s used up to 100 particles, and the first truly cosmological simulation was
done in the 1970s with 1000 particles.

This can be contrasted with the largest modern simulations, such as Uchuu, using 128003

(2.1 trillion) particles [725]. Many modern simulations also go beyond pure gravity (also called
dark matter only) N-body simulations and include a hydrodynamical treatment of the baryonic
matter, which can be done using smoothed particle hydrodynamics (SPH) [726–728].
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Figure 4.1: The matter power spectrum computed for the same cosmology using both linear perturbation
theory and nonlinear N-body simulation. Note that power on small scales is greatly enhanced in the
nonlinear treatment, indicating that a linear treatment is insufficient at these scales at late times.
Simulation performed with CONCEPT [718]

These simulations require advanced software packages taking advantage of the compu-
tation infrastructure available. To this end, there are a wealth of public codes with different
implementations [718, 729–746]. Many of these use only Newtonian gravity, and therefore require
some fixes to ensure that the large scale behaviour is consistent with general relativity. However,
some codes, such as CONCEPT [718, 733] and GrGadget [736] model relativistic effects.

The basic idea of N-body simulations is rather simple. Rather than modelling the matter
density as a continuous quantity across space, it is discretized into N particles, the spatial
distribution of which should approximate the real matter distribution. The larger the number of
particles, the better the approximation.

The simplest (and most computationally expensive) way to compute the gravitational
acceleration of an N-body particle is to simply sum over the gravitational forces on it from all
other particles in the simulation, which is called the direct summation or particle-particle (PP)
method,

~ai =

N∑
j 6=i

−Gmj (~xj − ~xi)

|~xj − ~xi|3
, (4.1)

where ~ai is the acceleration of the ith particle, mj is the mass of the jth particle, xi and xj are
particle positions, and G is Newton’s gravitational constant. This is a computational problem
with an unfortunate scaling of the ever larger simulations being performed, as the number of
operations needed per timestep grows as ∝ N2. Cosmological simulations have an extra wrinkle.
Namely, because we want to accurately simulate cosmology, it would not yield acceptable results
to merely truncate the simulated universe at the edge of the simulation box. The solution to this
is generally using periodic boundary conditions, which means that the sum in Eq. (4.1) would
need to be conducted over an infinite number of “copies” of the particles in the simulated box.
This is of course not computationally feasible, so a different solution is needed.

The direct summation technique for a periodic box yields the potential felt by particle i at

78



4.1. N-body Simulations

position ~xi is given as,

φ(~xi) = −1

a

∑
~n∈Z3

 N∑
j 6=i

Gmj

|~xi − ~xj − ~nL|
+ ϕbox,L(~xi − ~nL)

 , (4.2)

where L is the box side length, the integer vector ~n coresponding to the infinite lattice of boxes,
and ϕbox,L the potential of a box of uniform density, such that the integrated potential vanishes.
Unfortunately, this sum only converges slowly in ~n. However, this can be solved by using the
Ewald summation [747, 748], originally developed for electrostatic potentials in lattices, which is
a similar problem to gravity in a periodic box. The force is split into the contribution from the
local particles, which is non-periodic, and the long-range part, which is periodic. The latter can
be solved quickly in Fourier space, while the former is only one set of particles. Unfortunately, the
O(N2) scaling remains, making this method unfeasible for large simulations. An additional factor
that needs to be taken into account for direct summation gravity is the fact that the individual
N-body particles each correspond to an extended mass distribution rather than very heavy
point-particles, as otherwise the particles would exhibit spurious behaviour when interparticle
distances become small, in addition to becoming very computationally expensive to simulate.
This can be done by instead of a delta function density, using a spline kernel function with some
smoothing length, or a softening of the force by a regulatisation 1/r2 → 1/(r+ ε)2 [151, 740, 742,
749].

A more computationally efficient method is the particle-mesh (PM) method. This takes
advantage of the periodic matter distribution to compute the periodic potential on a grid [151,
750, 751]. The periodicity means that the computation of the grid can be done efficiently using the
Fourier transform, reducing the scaling of the problem to O(N logN). However, some care must
be taken in how the particle mass contributes to the potential, and how the force is calculated to
avoid the individual particles being affected by their own contribution to the potential [151, 718],
similarly to how force softening is necessary in PP simulations.

Generally, both of these methods have shortcomings. The PP method is exact, but
prohibitively expensive for larger simulations, whereas the PM method is computationally
reasonable but loses accuracy when the particle spacing becomes small compared to the gravity
mesh grid. Fortunately, they can be combined in a method that combines the best of both,
generally referred to as P3M, in which gravity is split into a short range force and a long range
force. The former is then computed using direct summation, and the latter is computed using
the PM method. One example of a code using this method is CONCEPT [718, 733], which also
uses innovative methods to efficiently split the forces and compute the PP part.

Finally, a popular modern method is the so-called tree method, where the mass distribution
is partitioned into local volumes in a hierarchical tree structure [151, 752]. The force on a given
particle i thus does not need to be computed for each other particle, but rather the joint force
from groups of particles. The trees can be constructed using different principle, one popular
example being the octree, where each volume is divided into 8 equally sized sub-volumes. This is
done hierarchically until each sub-volume contains no more than some maximum K number of
particles. This speeds up the gravity calculation, so the scaling again reaches O(N logN).

Unlike PP, this method is by definition not exact (to machine precision). Rather, it can be
tuned to the desired precision, as the approximated pairwise interaction between volumes can be
expanded to arbitrary order, with modern implementations using a fast multipole method [151,
742]. Similarly to P3M, it can also be combined with a PM method for the long range forces in a
so-called TreePM method [151, 753, 754].
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Of course, the calculation of gravity is only one part, albeit the most computationally
demanding, of an N-body simulation. It does not matter how accurate the gravity calculation is,
if the timestepping algorithm is insufficient.

Generally the timestepping is done using successive applications of the “Kick” and “Drift”
operators, the former referring to applying gravitational acceleration to particles, and the latter
evolving their position due to their velocity. The timestepping integration needs to be symplectic,
meaning that it satisfies the conservation laws of Hamiltonian dynamics. The most widely used
method is the second order leapfrog [151], where the kicks and drifts are successively applied half-
way through each others’ timesteps. This method also has the advantage that it is possible, and
fairly simple, to perform split time-stepping, where particles with large velocities or accelerations
are assigned smaller timesteps to preserve accuracy, without wasting computational resources by
applying these short timesteps to slow particles in less dense regions that do not need them [151].
An example of such a timestepping system is described in detail in e.g. Ref. [718].

The final ingredient to a succesful N-body simulation is the initial conditions. It is easy
to say that these can be generated from linear theory, but this generally just means the one-
dimensional matter power spectrum. This needs to somehow be translated into a three-dimensional
matter distribution, and particles need to be assigned their appropriate initial velocities. In
particular, if the matter power spectrum or transfer functions to generate the initial conditions
for the simulations were computed using an Einstein-Boltzmann solver, they generally need to be
translated from the Eulerian framework to the Lagrangian framework of the N-body simulation.

A traditional way of doing this is through the Zel’Dovich approximation [151, 755], where
particles are initially assigned a Lagrangian coordinate ~q. With the assumption that the universe
was initially extremely homogenous, these are chosen to be uniformly spaced, often chosen as
a grid for N-body simulations. At the starting time of the simulation, zi, each particle have a
displacement from their Lagrangian coordinate, this can be computed from the δ and θ output of
a Boltzmann solver to obtain the initial position ~x and velocity ~v,

~x(~q, zi) = ~q − ~∇∇−2δ(~q, zi), (4.3a)

~v(~q, zi) = ~∇∇−2θ(~q, zi). (4.3b)

Where the real-space δ and θ fields are obtained via a Fourier transform and drawing a random
realisation.

However, many N-body simulations use only Newtonian gravity (in expanding space and
non-relativistic particles), while Einstein-Boltzmann solvers generally include both radiation and
relativistic effects, which means that on large scales, the results of the N-body simulation will not
match that of linear theory. This can be taken care of in multiple ways, such as by including
the relativistic effects in the simulation [151, 718], or by scaling back the linear results from the
target redshift zt (e.g. z = 0), where results are desired, to the initial zi. Back-scaling can be
done simply with the linear growth factor D+,

δbs(k, zi) =
D+(zi)

D+(zt)
δ(k, zt). (4.4)

The linear growth factor describes how much the density perturbation has grown relative to some
normalised time. Using the growth factor computed for the N-body cosmology (i.e. matter + Λ

only, in many cases), δbs(k, zi) is obtained such that if it was evolved linearly in this cosmology, it
would match the fully relativistic Einstein-Boltzmann result. In cold matter + Λ only universes,
the growth factor can be computed analytically and is independent of scale. However, if more
species are included, such as massive neutrinos, the growth factor becomes scale-dependent.
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4.2. The Halo Model

The Zel’Dovich approximation is the first order of Lagrangian perturbation theory. The
Lagrangian picture tracks each particle’s displacement from its initial position (in phase space)
rather than evolving the densities at fixed positions. The initial position, i.e. at the starting time
of the simulation, is given as,

~x(~q, τ) = ~q + ~Ψ(~q, τ), (4.5)

with the velocity simply obtained as ~̇Ψ. Going beyond the first order, the displacement is
calculated via a Taylor series up to nth order,

~Ψ(~q, τ) =

n∑
j

D+(τ)
j ~Ψ(j)(~q), (4.6)

where each order of Ψ can be used to compute the next. However, this quickly gets complicated.
Second order is commonly used (2LPT), and occasionally third order (3LPT), however software
for computing arbitrarily high orders has recently been released [151, 756]. Using higher-order
Lagrangian perturbation theory to generate the initial conditions makes it possible to start the
simulations at later initial times without loss of accuracy, thus saving computation time. However,
the Lagrangian perturbation theory framework is not as well-developed beyond standard ΛCDM,
compared to the Eulerian framework used in Einstein-Boltzmann solvers.

The initial conditions themselves can also be used to maximise what can be learned from
simulations. In particular, multi-scale initial conditions allow zoom-in simulations, increasing the
dynamical resolution range of the simulation. If the initial conditions of a simulation are generated
appropriately, it is possible to resimulate it, but with increased particle resolution in a selected
area. This makes use of a second grid of particles, with finer spacing and therefore lower particle
mass, in a specific part of the simulation volume. This volume, which could e.g. be a specific
galaxy, is then simulated with high resolution, with only a modest increase in computational cost,
compared to running the entire simulation at this resolution. A minor issue that needs to be
taken into account is, that direct gravitational interaction between the light particles and the
heavier particles of the background volume can lead to spurious effects. It is therefore necessary
to have some padding region around the region of interest, to ensure it remains unaffected by
such effects [151, 757, 758].

4.2 The Halo Model

The halo model approach is nearly as old as the N-body simulations, having been pioneered in
the 1950s as a tool to model the distribution of galaxies [759–762], before it was known that
the matter budget of the universe was dominated by dark matter. However, it still serves as an
important supplement to the N-body method, and is particularly useful due to its much lower
computational requirements, as it can be dealt with semi-analytically.

One goal of the halo model framework is to compute any order of n-point correlation
function (where the power spectrum described in Chapter 3 is the 2-point correlation). An
advantage over N-body methods here is, that not only is the N-body simulation expensive, the
higher n-point correlation function estimators are as well. The bispectrum B has been of particular
interest, as it is the 3-point Fourier space correlation function, so the next level beyond the power
spectrum. It is defined through the density perturbations,

(2π)3δD(~k1 + ~k2 + ~k3)B(~k1,~k2,~k3) = 〈δ(~k1)δ(~k2)δ(~k3)〉, (4.7)

where the δs are the usual density perturbations. While the power spectrum will contain all
information at the linear level if there are no primordial nongaussianity, nonlinear evolution and
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scenarios with nongaussianity will have information requiring higher order correlation functions
to capture fully [763–771].

An important quantity for halo model computations is the variance of the smoothed density
field, given as1,

σ2(z,R) =

∫ ∞

0

dk

k
∆2(z, k)W 2(kR) (4.8)

where ∆2 is the dimensionless matter power spectrum,

∆2(k) ≡ k3P (k)

2π2
, (4.9)

and W is a window function, and R is a real-space length-scale. The standard choice of window
function is a real-space tophat, yielding the Fourier-space representation,

W (x) =
3

x3
(sinx− x cosx) , (4.10)

however, it has been suggested that a sharp Fourier-space filter may be more accurate for models
beyond standard cold dark matter, at the expense of the losing the well-defined real space volume
associated by the usual tophat, [772, 774, 775],

W (k) =

{
1, for k ≤ ks,

0, for k > ks,
(4.11)

where the cutoff scale ks is given through the real-space filtering-scale R,

ks =
a

R
, (4.12)

with the a parameter calibrated with N-body simulations, yielding a value a ≈ 2.5 [772, 775].
In the context of halo models, the smoothing scale R is generally connected to a halo mass

M via the mean matter density of the universe,

R =

(
3M

4πρ̄m

)1/3

, (4.13)

with R being the radius of a sphere containing a total mass M , assuming uniform matter density.
The basic halo model relies on the concept of spherical collapse. A primordial overdensity

(approximated to be spherical) will collapse to form a dark matter halo if the density contrast
is large enough. This leads to a distribution of halos of different masses, making up the matter
content in the universe. An early simple model for this is the Press-Schechter halo mass function
[722], which is generally expressed as,

m2n(m, z)

ρ̃m

dm

m
= νf(ν)

dν

ν
, (4.14)

where ρ̃m is the comoving mean matter density, m is the halo mass, n is the comoving density of
halos with mass m at redshift z. This definition is such that,∫ ∞

0

mn(m) dm = ρ̃m, (4.15)

and equivalently ∫ ∞

0

f(ν) dν = 1, (4.16)

1Up to factors of π, depending on normalisation, see e.g. differences in Refs. [762, 772, 773].
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meaning that all clustering matter is contained in halos.
The function f(ν) is what gives the shape of the halo mass function via the cosmology,

which is captured in ν. These are given as,

νf(ν) =

√
ν

2π
e−ν/2, (4.17)

and,2

ν ≡ δ2sc(z)

σ2(m)
, (4.18)

where part of the cosmology dependence is given through σ computed from the linear matter power
spectrum3, as defined in Eq. (4.8), since this is computed from the matter power spectrum. The
parameter δsc(z) is the density contrast threshold for spherical collapse at redshift z, extrapolated
to today. [762]. In an Einstein-de Sitter (matter only) universe, the critical density has the value
δsc(z = 0) = 1.6868, otherwise it will depend (weakly) on Ωm and ΩΛ.

While the Press-Schechter framework building on an excursion set formalism works fairly
well, the Sheth-Tormen mass function provides an even better fit to simulation results [762, 776].
The halo mass function is still defined as in Eq. (4.14), but the Press-Schecthter definition of f(ν)
(Eq. (4.17)) is replaced with,

νf(ν) = A(p)
(
1 + (qν)−p

)√ qν

2π
e−qν/2, (4.19)

with the fitting parameters having the values p ≈ 0.3 and q ≈ 0.75, and the function A being,

A(p) =

(
1 +

2−pΓ(0.5− p)√
π

)−1

, A(p ≈ 0.3) ≈ 0.3222, (4.20)

while setting the fitting parameters to p = 1/2 and q = 1 recovers Eq. (4.17). Simulations show
that the dimensionless halo mass function f(ν) is approximately “universal” when expressed in
terms of σ,4

f(σ, z) =
m

ρ̃m

dn(m, z)

d lnσ−1
(4.21)

with simulation results agreeing to ±10% even with slight modifications to standard ΛCDM
cosmology, such as massive neutrinos [762, 773, 777–779]. The changes to the cosmology are
neatly captured through σ.

With the matter content in the universe distributed in halos, these halos can then be used
as the basis of calculating the matter power spectrum (and the higher correlation functions).
As the matter making up the halos has undergone nonlinear collapse, this makes it possible to
compute the non-linear power spectrum. The matter power spectrum can be decomposed into
two components,

P (k) = P 1h(k) + P 2h(k), (4.22)

namely the 1-halo and 2-halo power spectra. The former captures the density correlations within
a single halo, while the latter captures the correlations between halos. To compute these, it is
therefore necessary to know both the shape of individual halos and the spatial distribution of the
halo population.

2There are (confusingly) varying definitions of ν, e.g. Ref. [773] defines the quantity in Eq. (4.18) as ν2.
3Technically the dark matter-baryon power spectrum, as only clustering matter will collapse like this. Massive

neutrinos will not contribute to critical collapse, although they do have an effect on the nonlinear structure inferred
from the halo model [773]

4Or equivalently with the definition of ν used in e.g. [773].
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Starting with the distribution of halos, the halo density contrast can be defined analogously
to those of different species, via

M

V
≡ ρ̃(1 + δ), (4.23)

where M is the mass contained within a specific comoving volume V . Then the halo density
contrast can be written as,

δh(m, z1|M,V, z0) ≡
N(m, z1|M,V, z0)

n(m, z1)V
− 1, (4.24)

which looks a bit complicated with all the variables δh and N depend on. Here N(m, z1|M,V, z0)

denotes the number of halos of mass m that collapsed at a redshift z1 in the comoving volume V ,
which contains total mass M at redshift z0.

Through considerations of nonlinear collapse, and how the collapse of structures changes
the comoving volume containing M over time, and estimate of δh can be obtained to linear order
in δ [677, 762, 776, 780, 781], as a simple estimate n(m, z1|M,V, z0) can be taken to be given
through,

m2n(m, z1|M,V, z0)

ρ̃

dm

m
= ν10f(ν10)

dν10
nu10

, (4.25)

with

ν10 ≡ (δsc(z1)− δ0(δ, z0))
2

σ2(m)− σ2(M)
, (4.26)

where δ0(δ, z0) is the initial density required to collapse to a density δ as z0 (as extrapolated back
in time using linear theory). For a large volume, the contained mass M would be large enough
that it is unlikely for any halos to form with that mass, thus σ(M) � σ(m). Hence, n can be
obtained perturbatively,

n(m, z1|M,V, z0) ≈ n(m, z1)− δ0(δ, z0)

(
∂n(m, z1)

∂δsc

)
δsc(z1)

+ . . . , (4.27)

giving a perturbative expression for δh,

δh(m, z1|M,V, z0) ≈ δ − (1 + δ)δ0(δ, z0)

(
∂ lnn(m, z1)

∂δsc

)
δsc(z1)

. (4.28)

Inserting the Sheth-Tormen formula for f(ν) then yields,

δh(m, z1|M,V, z0) ≈ δ

(
1 +

qν − 1

δsc(z1)
+

2p/δsc(z1)

1 + (qν)p

)
= b1(m, z1)δ, (4.29)

where the b1 parameter is called the linear bias. Being linear, it is only accurate at large scales.
To get the accurate small-scale behaviour, orders beyond the linear are required, such that the
full halo density contrast can be written as a sum,

δh(m, z1|M,V, z0) =
∑
i>0

bi(m, z1)δ
i, (4.30)

where the higher order bias parameters can be obtained by inserting Eq. (4.25) in Eq. (4.24) and
expanding to higher order [762, 782, 783]. For an overview of the higher order biases, see e.g.
Ref. [762]. An interesting note however is, to preserve the normalisation,

∫ ∞

0

dm
mn(m, z)

ρ̃
bi(m, k) =

{
1, for i = 1

0, for i > 1,
(4.31)
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Figure 4.2: An illustration of the mass distribution in a halo with concentration c = 20, showing both a
NFW and a Hernquist profile normalised to the same total mass. Left panel shows the density profile,
middle panel shows the total mass contained within radius r, right panel shows the mass contained in a
shell of radius r and thickness ∼ 0.1rs.

meaning that higher order biases only “shuffle around” the halo population to different masses.
Having a framework for the distribution of halos, it is also necessary to describe the

distribution of matter within each halo. This is done with the halo density profile, the shape
of which has been extensively studied, including in numerical simulations (e.g. Refs. [784–793]).
Often, the halo density profile is parameterised in the form,

ρ(r|m) =
ρs

(r/rs)α(1 + r/rs)β
, (4.32)

where parameter sets [α = 1, β = 2] yields the well-known Navarro-Frenk-White (NFW) profile
[790], and yields [α = 1, β = 3] yields the Hernquist profile[784].

In order to have a well-defined halo mass, it is necessary to choose a cutoff to serve as
the edge of the halo, since the mass of e.g. a NFW halo diverges if the density is integrated to
infinity. A common choice is the virial radius, letting the halo mass be given as,

m =

∫ rvir

0

dr 4πr2ρ(r|m), (4.33)

letting the mass of an NFW halo be expressed as,

m = 4πρsrs

(
ln(1 + c)− c

1 + c

)
, (4.34)

where c ≡ rvir/rs is the so-called concentration parameter, the virial radius expressed in terms
of the scale radius rs. Studies have found that halos with a larger mass generally have a lower
concentration. Using the virial radius as cutoff keeps this definition of the halo mass consistent
with the one used in the halo mass function [762].

Most of the mass is located in the centre of the halo, as illustrated in Fig. 4.2, therefore the
best-fit rs for a given halo does not depend strongly on the estimated rvir. Halos are of course
not all the same, even at a given virial mass. Indeed, simulations show that the concentration
parameter of halos with the same mass is approximately distributed according to a log-normal
function,

p(c|m, z)dc = d ln c√
2πσ2

ln c

exp

(
− ln2 (c/barc(m, z))

2σ2
ln c

)
, (4.35)

with the width σln c ≈ 0.25, and the mean concentration c̄ depending weakly on mass,

c̄(m, z) =
9

1 + z

(
m

m∗(z)

)−0.13

, (4.36)
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with the mass scale m∗ being defined through ν(m∗, z) = 1.
This gives us everything we need to compute the matter power spectrum, Eq. (4.22), using

the halo model. The 1-halo power spectrum captures the density correlations inside individual
halos,

P 1h(k) =

∫
dmn(m)

(
m

ρ̃

)2

|u(k|m)|2 , (4.37)

where u(k|m) is the Fourier transform of the halo density profile for halo mass m. The 2-halo
power spectrum needs to take into account both the inner structure of the halo, and the halos’
correlation with each other,

P 2h(k) =
x

dm1dm2 n(m1)n(m2)

(
m1m2

ρ̃2

)
u(k|m1)u(k|m2)P

hh(k|m1,m2), (4.38)

where Phh(k,m1,m2) is the halo-halo power spectrum, and can be approximated using the linear
matter power spectrum,

Phh(k, |m1,m2) ≈
2∏
i=1

bi(mi)P
lin(k), (4.39)

and going to orders beyond linear may yield better accuracy.
The higher order correlation functions, e.g. the bi- and trispectrum, can be constructed in

a similar fashion using a sum of 1, 2, . . . , n-halo contributions. I omit the expressions for these as
they are quite cumbersome, but they are presented in e.g. Ref. [762].

4.3 Halos in Simulations

As mentioned in the previous section, the perturbative approaches to computing halo statistics
are generally checked against, if not calibrated with, non-linear numerical simulations. The same
is true for the halo density profiles, where these are analytical expressions chosen to match the
density profiles that show up in simulations.

While the halos themselves emerge directly from the gravitational interactions in the
simulations, extracting this information from the simulation data is not a trivial operation, and
in particular there are additional wrinkles for simulations of dark matter models beyond the
standard cold dark matter paradigm. There are a variety of different software packages for this
purpose [722, 794–822].

Historically, these halo finders generally fall into one of two types. The Friends-of-Friends
(FoF) method [798], and the spherical overdensity method [722]. The former being based on the
proximity of N-body particles to each other, while the latter is based on computing the density
field from such particles.

The basic principle of the FoF method is very simple, and makes use of only two parameters:
the linking length and the minimum group size. In a simplified view, the algorithm looks through
the particles in the N-body simulations and for each one computes the distance to its neighbouring
particles. A FoF group is found when a group of particles exceeds the minimum group size where
none of the members are further from another member particle than the lining length, i.e. any
particle no further than the linking length from a member particle will also be a member. They
can in principle be linked to the group through only a single other particle, hence the name
“Friends-of-Friends”. Commonly chosen values for the minimum group size and linking length are
32 particles and 20% of the average interparticle spacing, respectively, as these are found to give
physically meaningful results [742].
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In practice, a naive implementation of the algorithm as described would be very computa-
tionally inefficient, so much effort has been put into writing better optimised versions, making
smarter choices about which particles to compute the distances between, etc. In modern simula-
tions, where the memory requirements of a simulation are much too large for a single computation
node, a key concern is also efficiency in sharing information between nodes. Determining whether
the particles of a FoF group are spread across multiple nodes is an important component, as
inter-node MPI communication can easily become a computational bottleneck if not taken into
account. This is typically done by making use of the “tree” computed for the gravity solver in
many N-body codes [742, 802, 805, 823, 824]. Many modern halo finders use a FoF approach,
including Rockstar, VELOCIraptor and the built-in halo finding in Gadget-4 [742, 795, 800, 805]

An issue with the FoF method is, that a particle is either connected to a group, or not.
Thus, it cannot be used to identify substructure. Another is the danger of spurious linking of two
“blobs” via a linking bridge, where a very narrow strip of particles, technically within the linking
length of each other, connect two otherwise separate groups [806]. These issues do not present
themselves in the spherical overdensity method. In this method, peaks in the dark matter density
are identified, then the mean density inside a sphere around the density peak is computed. If the
density is above a threshold value, the sphere is expanded, and the process is repeated until the
density falls below the threshold. Again, there are different ways to optimise this scheme, as well
as computing the density. This method is also used by multiple modern halo finders, such as
Amiga and ASOHF [805, 806, 809, 821].

Identifying substructure inside a main halo is also an important task for modern halo
finders, e.g. identifying galaxies inside a galaxy cluster, or satellites of a galaxy. This is not really
feasible with FoF and must be done using the dark matter density (or potential). In practice, a
hybrid approach is often used where the primary group finding is done using FoF, after which a
density/potential based approach is used to find substructure within each FoF group. This limits
the scope for computing the density field, bringing computational efficiency. A prime example
of this is the FoF/SubFind implementation in Gadget-4 [742]. SubFind identifies density peaks
within a FoF group and computes the local density field within an expanding region5 until it
reaches a saddle-point. Since the particles within this region may not be gravitationally bound
to the subhalo, but rather to the parent halo, and just happen to pass through the volume
of the subhalo at the time, a gravitational unbinding procedure is applied. The gravitational
potential of the subhalo is computed using the particles inside the volume. The subhalo centre
is located at the most bound particle, and its velocity is the mean velocity of its constituent
particles. Computing the velocities of the particles in the frame comoving with the halo, it can
be checked if they are gravitationally bound to the subhalo or not. Particles with positive energy
are successively removed from the halo and the potential recomputed, until only bound particles
remain. If the number is larger than the chosen minimum required for a subhalo, it is accepted
[811].

Some implementations [795, 800] make use of 6D phase space clustering information to
identify substructure, essentially using FoF in the full phase space rather than only in the
three spatial dimensions. This is particularly useful for identifying member particles of distinct
substructures close to large density peaks of host halos, as the density differential might not be
large. Sometimes the gravitational unbinding step is omitted, which makes it slightly harder to
physically interpret the results [742].

5SubFind uses an excursion set method rather than just an expanding sphere, but the general principle is the
same.
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Figure 4.3: The halo mass function obtained from N-body simulations using the Friends-of-Friends
method. The data uses a suite of N-body simulations with N = 5123 particles in a set of boxes of side
length L = 50, 100, 500, and 1000h/Mpc. The Interacting curve uses the dark matter-neutrino interaction
model described in Chapter 5. It is clear that the interacting model shows a spurious enhancement of the
number of halos close to the lower end of the simulations’ halo mass resolution.

4.4 Beyond Cold Dark Matter

As always, things get more complicated when moving beyond the non-interacting cold dark matter
paradigm. In N-body simulations, models beyond cold dark matter can generally be separated
into two categories, those that behave like cold dark matter at late times, thus only requiring
modified initial conditions, and those whose behaviour requires specific extra modelling.

In the former category, we find models of dark matter interacting with light species, such
as photons and neutrinos, as well as warm dark matter6. The fact that these interaction types do
not need to be modeled in the late universe is of course not a given, but follows from modelling
at the linear level, and finding that for all interaction strengths allowed by CMB and BAO data
(assuming that the interacting species makes up 100% of the dark matter), the interaction would
become suppressed long before the initialization time of an N-body simulation, see e.g. Chapters 5
to 7 and Refs. [379, 659, 661].

These interacting scenarios are therefore fairly straightforward to investigate in N-body
simulations, as the simulation software does not need to be modified to account for new physics.
They can be explored by merely passing the linear matter power spectrum of the model to
the initial condition generator. The discretized density of N-body simulations does offer some
challenges for models with suppressed small-scale structure, such as warm dark matter and models
interacting with relativistic species. Namely, it has been found that the dark matter particles will
form spurious halos at small halo masses in these models [827–829], as illustrated in Fig. 4.3.

One possible (but inefficient) way of “solving” this problem is by increasing the number of
particles and hence the mass resolution, thus moving the spurious halos to smaller masses. This is
of course not a real solution, since the spurious halos are still there, but they might be shifted out
of the mass range relevant to a given study. An equivalent solution is to run multiple simulations
with different box sizes and stitch the halo mass functions together, cutting off the low-mass tail

6Warm dark matter can require slightly more involved modifications to the initial conditions to account for
the thermal velocity [237, 825, 826].

88



4.4. Beyond Cold Dark Matter

of each one, where the spurious halos are. This method is used in Chapter 7. Both of these are
unfortunately computationally inefficient, as the mass scale of the spurious halos only scales as
N−1/3 [827]. These halos can be removed through postprocessing [828], but this has the usual
problems associated with post-processing, namely that it does not necessarily account for any
dynamical effects they might have had on the simulation. Another way to escape this problem is
using a sheet-based method, rather than traditional N-body. However, this approach becomes
prohibitively expensive when densities in the cores of halos are large enough. A possible solution
is a mixed approach where high density regions are treated with particles and low density regions
with a sheet approach [829–833].

In the category of models requiring modifications to the physics in the simulation software,
we find dark matter whose late-time behaviour deviates from the cold dark matter paradigm, such
as self interacting dark matter and decaying dark matter. If dark matter decays, it needs to have a
lifetime long enough that it can survive on cosmological timescales. Decaying dark matter at late
times can have two distinct effects on structure formation: if the dark matter decays to a lighter
but still massive state, the particle could receive a velocity kick, essentially becoming warm dark
matter at late times, this type of scenario is investigated in e.g. Refs. [834–837]. Alternatively, the
dark matter might decay into radiation, thus lowering the late time matter density and increasing
the radiation density, which is investigated in e.g. Refs. [838–841]. Late-time decaying dark
matter scenarios have been suggested as solutions to both the core-cusp and missing satellite
problems, and the H0 and σ8 tensions.

Self-interacting dark matter is also a very popular subject of investigations [360, 361, 365,
842–850]. In particular, it has been suggested as a solution to the core-cusp and missing satellite
problems, as simulations of self-interacting dark matter generally leads to cored rather than cuspy
halo centres, as well as fewer satellite galaxies.

There is not a single unified implementation of self-interaction in N-body codes, but several
different methods exist. As the N-body particles do not directly correspond to the “physical”
particle physics particles, the method must reproduce the large-scale effects of the physics,
conceptually similarly to baryonic physics. Two widely used implementations are those of GIZMO
[365, 734, 851] and AREPO [745, 746, 852]. Both use a probabilistic method to determine if a
dark matter particle will have an interaction with a neighbour in a given timestep [844].

The GIZMO implementation’s probability for an interaction between particles i and j is
given through,

Pij =
( σ
m

)
mivijgijδt, (4.40)

where σ and m are the particle physics cross-section and particle mass, mi is the N-body particle
mass of particle i, vij is the N-BODY particles’ relative velocity, and gij is a number density
factor accounting for the fact that each N-body particles represents a smoothed density. Finally,
δt is the length of the timestep. To determine if a scattering occurs, a random number is drawn
from a uniform distribution between 0 and 1, which is compared to the scattering probability
Pij If an interaction happens, the particles are each given a velocity kick consistent with elastic
scattering, with the scattering angles isotropic in the centre of mass frame of the particles and
the outgoing particles moving in opposite directions.

The expression for the AREPO implementation of this scattering probability is quite
similar,

Pij =
( σ
m

)
mivijW (rij , hi)δt, (4.41)

which is calculated for the k nearest neighbouring particles, with a default k = 32 ± 5 [844].
The function W (rij , hi) is the cubic spline kernel, with hi being the smoothing length enclosing
particle i’s nearest k particles. Again, a random number, x, is drawn from a uniform distribution
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to determine if a scattering happens, however, here the pair of scattering particles is determined
afterwards. The k neighbours are sorted by the distance to particle i, and the scattering will take
place with the first particle l satisfying,

x ≤
l∑
j

Pij , (4.42)

with j increasing with increasing particle separation. The scattering then happens similarly to in
the GIZMO implementation, as an isotropic elastic scattering.

It is found that these two methods agree to around ∼ 30% for computing a halo density
profile, and can confidently differentiate between different orders of magnitude in the cross-section
σ/m [844].

As specific framework for connecting such phenomenological dark matter scattering to
particle physics models is the so-called ETHOS (effective theory of structure formation) [663,
664, 853–859]. This offers an effective framework in which an array of different particle physics
models can be described using a set of effective parameters. In particular, this includes models in
which dark matter interacts with a massless dark radiation species through some mediator, which
would also effectively lead to self-interactions between the dark matter particles. This also yields
a consistent way of computing the linear initial conditions, where many studies of interacting
dark matter have merely used standard cold dark matter initial conditions. In practice, the
works using ETHOS have generally used the self-interaction implementation of AREPO for the
non-linear evolution.

4.5 Neutrinos and other hot dark matter

Being effectively non-interacting, neutrinos of nonzero mass are essentially a type of hot dark
matter. They have been shown to be much too light to compose the majority of the dark matter
in the standard picture, but they can (and should, according to the Standard Model), form
a subdominant component. Standard Model neutrinos are expected to have a relic density of
10−3 ≤ Ων ≤ 0.03 [860], which may be small, but is not necessarily negligible, especially with
modern and future cosmological surveys, several of which have the cosmological detection of the
neutrino mass as an explicit goal [171, 861–865].

To make use of such precise measurements, accurate predictions are necessary, and that
means including the effects of neutrinos in the nonlinear modelling. There are also hopes to
detect the relic neutrino background with the PTOLEMY experiment [866–868], which would
require accurate calculations of the local neutrino density to make predictions for detection.

Perhaps the conceptually simplest way to model neutrinos nonlinearly is as N-body particles,
but with smaller masses and larger velocities than the regular cold dark matter particles [869].
This presents some challenges, however, especially at early times when the velocities might be
very large. This would require the simulation to take very small timesteps, greatly increasing the
computational requirements, and even then, the large thermal velocities might lead to Poisson
noise on small scales.

Another method is evolving the neutrinos as a fluid on a grid, which allows a perturbative
approach and can be much cheaper computationally than full N-body particles. However, if
perturbative, it may not fully capture the nonlinear effects, and it is impossible to resolve
bound structures and scales smaller than the grid [870, 871]. Nevertheless, this approach can
be very effective for computing quantities like the power spectrum [733, 872]. A class of these
types of simulations is known as linear response. Here, the neutrinos are evolved through linear
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Figure 4.4: An illustration of the so-called neutrino spoon, a nonlinear effect on the shape of the matter
power spectrum, which shows a spoon-like suppression compared to the case of massless neutrinos that
cannot be obtained from linear calculations. Results shown here at redshift z = 3 and a degenerate neutrino
hierarchy with

∑
mν = 0.1 eV, computed with CONCEPT [718, 733].

perturbation theory, but are able to feel the nonlinear potential from the nonlinearly clustering
matter, and the effect of linearly evolved neutrinos feeds back into the nonlinear matter evolution.
This can yield highly accurate predictions for the cold- and total matter power spectra and
reasonable results for the neutrinos [731, 873–875].

A “third” method attempts to circumvent the shortcomings of the N-body and fluid
methods by essentially combining them in a hybrid method. Here, neutrinos are modelled
using computationally cheaper methods in the early universe while their velocities are large and
clustering small, e.g. perturbatively as fluids [860]. Then, at later times in the simulations, these
are converted to N-body particles initialised with appropriate thermal velocities and evolved
normally. This method also makes it possible to split the neutrinos into separate momentum
bins, and only convert those with the smallest momenta, and hence most affected by nonlinear
clustering [860, 871, 876].

Of course, these schemes are not necessarily tied to neutrinos, but can be used for any
particle species that acts as hot dark matter, i.e. a species that has a large thermal velocity at
early times and low mass. An example could be axions too heavy to act as fuzzy dark matter.
Here, some modifications to the initial conditions may be in order to match early time axion
simulations, and the distribution function is Bose-Einstein rather than Fermi-Dirac. Other
non-thermal distributions could also be considered.

4.6 Beyond Dark Matter

Another (very important) complication to non-linear structure formation is baryons. Since they
interact much more strongly than dark matter, and have a range of important processes, such as
gas cooling, star formation, and supernova explosions, they are quite computationally demanding.
There are multiple ways of handling the inclusion of baryons, but again they can be roughly
separated into two categories: in-simulation modelling, where the baryonic matter is handled
as part of the simulation, or post-processing, where the simulation output is populated with
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baryonic matter based on the dark matter distribution. The former has the advantage of allowing
for back-reaction on the dark matter distribution from the baryons, at the cost of being much
more computationally demanding. However, there is still significant uncertainties related to the
modelling of baryons in cosmological simulations [151]. One way of dealing with this uncertainty
is through the use of different implementations of baryon physics, such as in the CAMELS
simulation suite [150, 877, 878], which makes use of the AREPO-based IllustrisTNG model [879,
880] and the GIZMO-based Simba model [881].

Cosmological simulations including baryons in their modelling generally use some form of
smoothed particle hydrodynamics, where the simulation uses smoothed particles to represent the
gas distribution. They can involve a variety of gas physics, including multiple cooling channels,
star formation and feedback, supernovae and black holes [151, 734, 745, 746, 879–882]. For
appropriate gas temperatures and densities, star formation occurs, leading to feedback from stars
and supernovae heating the gas and changing the chemical composition. In the end, this produces
galaxies with e.g. realistic stellar populations, which can be compared to observations.

Getting accurate modelling of the behaviour of baryons is absolutely crucial to make
inferences from data about nonlinear structures, as all we really are able to observe comes from
baryons.7 Even gravitational lensing, which gives a direct measurement of the gravitational
potential, requires light emitted by baryons to experience the lensing. To make the right
conclusions from current and next generation surveys of e.g. Lyman-α, 21cm and galaxies, we
need to understand the modelling of baryonic physics.

The uncertainty on implementations of the baryons yields an additional wrinkle to using
simulations for investigating the nature of dark matter, as some effects of e.g. interacting dark
matter models may be degenerate with the effects of including baryons [843].

Post-processing is generally a computationally cheaper solution than on-the-fly hydro-
dynamics, and thus offer a good alternative. Based on models of halo occupation, the halo catalogs
of dark matter only simulations can be populated with galaxies, so their baryonic signatures can
be extracted. This uses semi-analytic models of galaxy evolution and is often referred to as SAG.
Generally, these methods will rely on the merger trees of the halos, a list of their progenitor halos
and when mergers happened, in order to better estimate the history and evolution of a given
halo, and thus how it would look at the time of observation. Examples of this type of models are
Galform [883–888], Shark [889], SAGE [890], and Galacticus [891].

Galform in particular also allows the generation of entirely synthetic merger trees and
galaxy populations using only a halo model, thus circumventing the need for expensive N-body
simulations. This can also counter the problems of spurious small-scale structure in simulations
of models with suppressed small-scale power, described in greater detail in Chapter 7.

7It could perhaps be argued that gravitational waves emitted from merging black holes are not truly emitted
by baryonic matter, but unless these black holes are primordial, they would be the remnants of massive stars, thus
requiring accurate stellar modelling.
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CHAPTER 5
A linear treatment of dark
matter-neutrino scattering

While the standard cold dark matter paradigm fits the data to a large extent, it is not particularly
theoretically satisfying. It does not a priori offer any clues to how it came to exist, or any
connections to the Standard Model of particle physics. As it is, it offers merely an ad-hoc way of
describing the data.

Neutrinos are similarly a part of the Standard Model that leaves open questions, in
particular how they gain their mass. Interacting only weakly with other particles, they share
some similarity with dark matter. It is always tempting to try to solve two problems at once,
and indeed a possible connection has been suggested an origin of neutrino masses [892].

Of course, there is an effectively infinite possibility space for new particle physics models
that could, potentially, offer a solution. Investigating every such theory in full rigorous detail
would be a career’s worth of work for multiple researchers, so I have taken a different path.

Rather than working on a full UV-complete theory for dark matter, I have applied an
effective model with a phenomenological scattering between dark matter and neutrinos, which
could arise from any number of underlying theories. It is therefore possible to collectively probe
their cosmological consequences, and thus also their viability, using just a phenomenological
implementation.

The work reproduced in this chapter offers the first full linear treatment of dark matter-
neutrino scattering that includes neutrino masses. As cosmological surveys approach the sensitivity
required to measure neutrino masses, it is prudent to include them in both linear and non-linear
modelling. The effective treatment presented in this chapter thus also forms the basis of my later
work on the analyses in Chapters 6 and 7.
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Abstract: The impact of dark matter-neutrino interactions on the meas-
urement of the cosmological parameters has been investigated in the past in
the context of massless neutrinos exclusively. Here we revisit the role of a
neutrino-dark matter coupling in light of ongoing cosmological tensions by
implementing the full Boltzmann hierarchy for three massive neutrinos. Our
tightest 95% CL upper limit on the strength of the interactions, parameterized
via uχ = σ0

σTh

( mχ

100GeV
)−1, is uχ ≤ 3.34 · 10−4, arising from a combination of

Planck TTTEEE data, Planck lensing data and SDSS BAO data. This upper
bound is, as expected, slightly higher than previous results for interacting
massless neutrinos, due to the correction factor associated with neutrino
masses. We find that these interactions significantly relax the lower bounds on
the value of σ8 that is inferred in the context of ΛCDM from the Planck data,
leading to agreement within 1-2σ with weak lensing estimates of σ8, as those
from KiDS-1000. However, the presence of these interactions barely affects
the value of the Hubble constant H0.

5.1 Introduction

The cosmological ΛCDM model is tremendously successful in describing scales ranging from
the cosmological volume to the sizes of galaxies. In its most basic form, it depends on six
free parameters only, five of which are determined to better than 1% accuracy to date [16].
In particular Cosmic Microwave Background data (CMB), together with measurements of the
universe’s Large Scale Structure (LSS), allow for such precise constraints. Present data is well
described by the minimal parameterization of the ΛCDM model, which treats neutrinos either
as massless particles or sets their masses to the minimum value allowed by neutrino oscillations,
mν ∼ 0.06 eV [893]. Cosmology already imposes the tightest limits available on the neutrino mass
scale: mν ≤ 0.241 eV from the CMB alone and mν ≤ 0.120 eV from a joint analysis of CMB and
Baryonic Acoustic Oscillations (BAO) [16], both at 95% CL. These constraints surpass not only
the current sensitivity of kinematic terrestrial neutrino-mass experiments, such as KATRIN [894]
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(which currently reports a 95% CL upper limit of mν ≤ 1.1 eV [895]), but also future prospects,
which plan to improve the present limit to 0.2 eV. Planned LSS surveys [171, 174, 896] will
further increase the sensitivity to ∼ 0.02 eV and thus provide hope for a cosmological detection
of neutrino masses [897, 898].

Constraints on the neutrino mass from CMB and LSS, however, depend on the cosmological
scenario considered, and alternatives to the minimal ΛCDM scenario are attractive for a number
of reasons. ΛCDM faces challenges in effectively describing structures on sub-galactic scales [147,
899–903] as well as tensions between different experiments. Most notably, there is a disagreement
at more than 4σ [130, 904] between the value of H0 determined from early [5, 696, 905–908] and
late-type [139, 909–911] cosmological probes, with the latter favouring higher values. Another
tension is the discrepancy in σ8/S8 clustering parameter between Planck CMB data and other
measurements from weak lensing surveys [140, 142, 912]. Apart from new physics, instrumental
effects have been brought forward to explain the discrepancy [135]. Finally, the ΛCDM model
remains a phenomenological description where the nature of two of its principal components, dark
matter (DM) and dark energy, are still unknown.

Complementary to collider searches and direct detection efforts, the microscopic properties
of DM can be investigated from cosmological observations, by relaxing the assumptions of a
cold, collisionless single fluid. Models of warm DM [145, 162, 165, 237, 381–383, 389, 392],
self-interacting DM [352, 356, 360–369] and DM interactions with baryons [352, 355, 356, 370–372,
374], photons [144, 148, 149, 352, 353, 356, 357, 359, 371, 372, 375–379], neutrinos [352, 356, 378,
660, 913–915] or dark radiation [663, 916–923] have therefore received plenty of attention in the
literature. Recently, the case of DM simultaneously interacting with multiple other species has
also been considered [659]. In the context of DM-neutrino interactions, however, only the massless
limit has been implemented, making it e.g. impossible to simultaneously derive constraints on the
interaction strength of three interacting neutrinos and their mass scale. To the best knowledge of
the authors, no previous study has re-derived the full Boltzmann hierarchy for massive neutrinos
in the presence of interactions with dark matter.

In light of the imminent improvements on the neutrino mass scale from cosmological
observations, we consider it timely to update the formalism for DM-ν interactions. Here, we
present the full Boltzmann hierarchy for massive neutrinos interacting with DM through a
constant scattering term (similar to e.g. Thomson scattering) and its implementation in the
Boltzmann solver CLASS [67]. The modified CLASS version developed for this paper can be used
to create initial conditions for N-body simulations, which study the effect of DM-ν interactions
on smaller scales1. We use our results to update constraints on the neutrino interaction rate
from cosmological observations through a MCMC approach using the publicly available code
MontePython [924, 925]. For a minimal neutrino mass scale of 0.06 eV, we find that the correct
treatment of the neutrino mass slightly loosens the bounds on the cross-section, due to the
appearance of an momentum-dependent factor p2/E2 in the scattering term.

The structure of the paper is as follows. In Section 5.2 we review the linearized relativistic
Boltzmann equations for ΛCDM, then we present the modification from DM-ν interactions
in Section 5.3. The impact on the CMB and on the matter power spectrum are discussed
in Section 5.4, together with the parameter constraints obtained from current cosmological
observations. We conclude in Section 5.5. The detailed derivation of the modified Boltzmann
equations and the accuracy of its numerical implementation are presented in Section 5.A and
Section 5.B, respectively. We shall also illustrate the results for all the cosmological parameters
considered in this work in Section 5.C.

1Our code is publicly available under https://github.com/MarkMos/CLASS_nu-DM
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5.2 The Boltzmann equation

For a large fraction of its evolution history, the universe is well-described by the linearised
Boltzmann equations. Beginning in a very homogeneous state with only minor deviations, the
linear Boltzmann treatment works extremely well, until the onset of nonlinear structure formation
in the late universe.

The basis of the framework is the relativistic Boltzmann equation, as presented in e.g.
references [163, 926]

Pα
∂f

∂xα
− Γ γαβP

αP β
∂f

∂P γ
= m

(
∂f

∂τ

)
C

, (5.1)

which describes the evolution of the distribution function f for a given species with mass m,
defined through the number of particles in a phase-space volume element

f(x,P, τ)dx1dx2dx3dP 1dP 2dP 3 = dN , (5.2)

where xi are the comoving coordinates and P i their canonical momentum conjugate. We can
then define the perturbation to the distribution function, Ψ , using the comoving momentum p,

f(x,p, τ) = f0(p) [1 + Ψ(x,p, τ)] . (5.3)

The Boltzmann equation retains the gauge freedom of general relativity, so it is necessary to solve
it in a specific gauge. The Boltzmann equation for Ψ , reads, in the Newtonian gauge, as

∂Ψ

∂τ
+ i

p

E
(k · n̂)Ψ +

d ln f (0)(p)

d ln p

[
φ̇− i

E

p

(
k̂ · n̂

)
ψ

]
=

1

f0

(
∂f

∂τ

)
C

, (5.4)

where φ and ψ are the gauge fields of the Newtonian gauge, E and p are particle energy and
comoving momentum and n̂ is the unit vector pointing in the direction of the momentum.

For most standard species, it is possible to perform a Legendre decomposition and integrate
analytically over the particle momentum p and then evolve the integrated quantities (e.g. δ,
θ). However such a simplification is not possible for massive neutrinos. The fact that they
have a small but nonzero mass, means they are not inherently ultrarelativistic (like photons)
or nonrelativistic (like baryons or cold dark matter (CDM)) and prevents the use of various
approximations. Instead, it is required to solve the hierarchy in a momentum-dependent way. In
practice, this is done by separately solving the hierarchy for a set of momentum bins, as described
in e.g. [163, 635].

The Boltzmann equations for conventional cold dark matter are very simple, since it only
interacts gravitationally. In the Newtonian gauge, the dark matter fluid is described by the
equations

δ̇cdm = −θcdm + 3φ̇ , (5.5a)

θ̇cdm = − ȧ
a
θcdm + k2ψ . (5.5b)

The non-interacting Boltzmann hierarchy for massive neutrinos in the Conformal Newtonian
gauge (using the conventions of reference [163]) are:

∂Ψ0

∂τ
= − pk

Eν(p)
Ψ1 − φ̇

d ln f (0)(p)

d ln p
, (5.6a)

∂Ψ1

∂τ
=

1

3

pk

Eν(p)
(Ψ0 − 2Ψ2)−

Eν(p) k

3p
ψ
d ln f (0)(p)

d ln p
, (5.6b)

∂Ψl
∂τ

=
1

2l + 1

pk

Eν(p)
(lΨl−1 − (l + 1)Ψl+1) , l ≥ 2 . (5.6c)
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5.3 Modified Boltzmann equations in presence of neutrino-dark
matter interactions

We introduce a new interaction between massive neutrinos and a dark matter species similarly to
the case of massless neutrinos or photons interacting with dark matter [658, 660, 661, 915].

We shall assume a constant cross-section scattering between the massive neutrinos (ν) and
the DM particles (χ), where the total neutrino energy is much smaller than the DM mass. This
corresponds to a mass-degeneracy between the mediator and the dark matter particle [220, 352].
Solving the scattering integral for a massive neutrino with momentum p:

C(p) =
1

Eν(p)

∫
d3p′

(2π)
3
2Eν(p′)

d3q

(2π)
3
2Eχ(q)

d3q′

(2π)
3
2Eχ(q′)

(2π)
4 |M |2

× δ4(q + p− q′ − p′) [g(q′) f(p′) (1− f(p))− g(q) f(p) (1− f(p′))] , (5.7)

yields the collision term

C(p) =
σ0nχp

2

E2
ν(p)

[
f
(1)
0 (p) +

1

2
f
(1)
2 (p)P2(µ)− f (1)(p, µ)− vχµEν(p)

df (0)(p)

dp

]
, (5.8)

from which we can define a momentum-dependent interaction rate

Cχ(p) ≡
aσ0nχp

2

E2
ν(p)

. (5.9)

The extra factor of a originates from the use of comoving coordinates and conformal time. The
cross section can be re-parameterized using

uνχ =
σ0
σTh

( mχ

100GeV

)−1

, (5.10)

the interaction rate is then given by

Cχ = a uνχ
σThρχ
100GeV

p2

E2
ν

. (5.11)

The modifications to the Boltzmann hierarchy for massive neutrinos are gauge independent
and consist of adding a collision term to the Euler equation and a damping term to the higher
moments:

∂Ψ1

∂τ
= [...]− Cχ

vχEν(p)

3f (0)(p)

df (0)(p)

dp
− CχΨ1 , (5.12a)

∂Ψ2

∂τ
= [...]− 9

10
CχΨ2 , (5.12b)

∂Ψl
∂τ

= [...]− CχΨl, l ≥ 3 , (5.12c)

where [...] represents the standard terms of the non-interacting case, omitted for clarity. Note
that the l = 0 equation is unmodified, as the interaction does not transfer energy at linear order.

The corresponding Boltzmann equations for DM are usually presented after being integrated
over momentum. An integrated term has to be added to the θχ-equation,

θ̇χ = [...] +Kχ
3

4
k

∫
p2dp pf (0)(p)Cχ(p)

(
θχEν(p)

3kf(0)(p)
df(0)(p)
dp + Ψ1

)
∫
p2dp pf (0)(p)

,

= [...] +Kχµ̇χ (θν − θχ) ,

(5.13)
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with [...] representing the terms of the standard non-interacting DM equation, µ̇ν is the interaction
rate in terms of a ν-DM opacity, as in e.g. [915]. Since the integral in Eq. (5.13) cannot be solved
analytically, we do not offer an explicit definition of µ̇ν , but merely present it to serve as an
interpretation of the integral. Kχ is the momentum conservation factor, given by

Kχ ≡ ρν + Pν
ρχ

=
(1 + wν)ρν

ρχ
, (5.14)

It is similar to the R =
4ργ
3ρb

found in the Thomson scattering term for baryons but not identical
due to the fact that wν is not always 1/3. Note that in our numerical code, vχ can be expressed
as vχ = θχ/k. For a detailed derivation of the interaction term and the Boltzmann hierarchy,
see Section 5.A. It is also worth noting that CLASS does not always solve the full momentum-
dependent hierarchy. In some regimes a fluid approximation is used instead, which greatly lowers
computation time. In Section 5.B we describe how we consistently treat the momentum-dependent
interaction rate Cχ(p) in this regime.

In our numerical implementation, the interacting species χ is included as a new species,
independently of the non-interacting CDM component, and therefore allowing for only a fraction
of the dark matter to interact with neutrinos. However, all of the results presented in this work
are based on a scenario with 100% of the dark matter being the interacting species χ. Additionally,
our framework allows for different cross sections for the different neutrino species, albeit the results
presented here were obtained for three massive neutrino species with identical coupling to χ.
While in our publicly available modified CLASS version we have only implemented the interaction
in the Newtonian gauge, the inclusion in the synchronous gauge would be straightforward.

5.4 Numerical results

The largest impact of the interaction is on the matter power spectrum, as illustrated in Fig. 5.1,
where the matter power spectrum is depicted for a range of uχ-values. The main effect is a
damping on small scales, with the scale of the threshold for damping depending on uχ. The shape
of the damped power spectrum is qualitatively similar to the results for massless neutrinos, see
e.g. [662, 913, 915].

The effect on the CMB is illustrated in Fig. 5.2, see also references [660, 913, 915]. As
carefully explained in [915, 927], the CMB temperature anisotropies are mainly generated by the
coupled baryon-photon fluid. This fluid is normally affected separately by the neutrinos and the
dark matter components, because of their different behaviour: that is, neutrinos free stream and
dark matter clusters slowly. The solution to the system can be separated into slow modes and
fast modes [928, 929], where the baryon-photon fluid and neutrinos fall into the former category
and DM into the latter. This means that, in the non-interacting case, only the neutrinos will
have significant gravitational interactions with the baryon-photon fluid. However, when the DM
couples strongly enough to neutrinos, it will also experience oscillations and will contribute to
the fast modes. This effect will significantly affect the CMB spectrum, leading to a gravitational
boosting effect, which enhances the peaks. Additionally, if the neutrinos and DM are tightly
coupled, their lower sound speed compared to the baryon-photon fluid will cause a drag effect,
leading to a lightly smaller acoustic scale, causing the CMB peaks to be shifted slightly towards
higher multipoles l.

We run our MCMC chains varying the six usual ΛCDM cosmological parameters, i.e. the
baryon and cold dark matter physical densities ωb ≡ Ωbh

2 and ωDM ≡ ΩDMh
2, the angular

size of the sound horizon at last-scattering 100 ∗ θs, the optical depth to reionization τ and the
amplitude and tilt of the primordial scalar power spectrum (represented by ln 1010As and ns
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Figure 5.1: Matter power spectrum for different values of uχ in a fiducial cosmology using Planck 2018
parameters [5], the insert panel shows relative difference, compared to the non-interacting case.

Parameter Prior
ωb Flat, unbounded
ωDM Flat, unbounded

100 ∗ θs Flat, unbounded
ln 1010As Flat, unbounded

ns Flat, unbounded
τreio Flat, τreio ≥ 0.004
uχ Flat, uχ ≥ 0∑
mν Flat,

∑
mν ≥ 0.06 eV

Table 5.1: MCMC parameters and priors.

respectively) in addition to the interaction parameter uχ. We have also run cases varying the
sum of neutrino masses, assuming a degenerate mass hierarchy. While we know from neutrino
oscillations that this is not the correct model, the difference should be negligible for our purposes
[930]. We have further ensured that this is the case by running CLASS with all three mass
hierarchies (normal, inverted, degenerate) for a set of different masses and comparing the output
for the different hierarchies, confirming that the difference between the hierarchies is negligible in
the region of interest. We use combinations of three different datasets for our MCMC. All our
runs make use of the Planck 2018 CMB temperature plus high and low multipole polarization
measurements, i.e. the TTTEEE dataset (using the likelihoods highl_TTTEEE, lowl_TT, and
lowl_EE), which we refer to as Planck or TTTEEE. Some runs also include the Planck 2018
CMB lensing power spectrum reconstructed from the CMB temperature four-point function ,
referred to as Lensing [931]. Finally, in some runs we shall also use BAO observations, specifically
from BOSS DR12 [696] and combined quasar and Lyman-α data from eBOSS DR14 [932–934],
denoted as BAO. Notice, from the matter power spectrum results depicted in Fig. 5.1, that the
impact of DM-interacting massive neutrinos is very similar to the one observed in non-cold dark
matter models, see e.g. [385, 935] and references therein. For instance, mixed (cold plus warm)
or fuzzy dark matter scenarios, or models with keV sterile neutrinos, will lead to a very similar
small-scale suppression of the matter power spectrum to the one obtained here. In this regard,
high resolution observations of the Lyman-α forest, i.e. of the absorption lines produced by the
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Figure 5.2: CMB TT, EE and TE power spectra for different values of uχ in a fiducial cosmology using
Planck 2018 parameters [5]. The insert panels show the relative differences compared to the non-interacting
case.
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5.4. Numerical results

Planck TTTEEE Planck + Lensing Planck + BAO Planck +
Lensing + BAO

100ωb 2.25+0.02
−0.04 2.23+0.03

−0.03 2.23+0.04
−0.01 2.25+0.02

−0.03

ωDM 0.120+0.003
−0.002 0.121+0.002

−0.003 0.119+0.00
−0.002 0.119+0.002

−0.002

100 θs 1.0416+0.0014
−0.0001 1.0421+0.0008

−0.0007 1.0418+0.0012
−0.0002 1.0419+0.0010

−0.0003

ln 1010As 3.05+0.03
−0.04 3.04+0.03

−0.03 3.04+0.04
−0.03 3.04+0.04

−0.02

ns 0.963+0.009
−0.011 0.964+0.008

−0.011 0.970+0.004
−0.014 0.966+0.007

−0.010

τreio 0.056+0.015
−0.018 0.051+0.020

−0.012 0.055+0.017
−0.014 0.056+0.018

−0.013

uχ 4.21 · 10−4 3.55 · 10−4 3.85 · 10−4 3.40 · 10−4

H0 [km/s/Mpc] 67.4+1.1
−1.4 67.1+1.3

−0.9 67.8+1.0
−0.9 67.8+0.8

−1.0

σ8 0.81+0.01
−0.07 0.80+0.02

−0.05 0.80+0.02
−0.06 0.80+0.02

−0.06

Table 5.2: Best fit values with 95% confidence limits for the case of constant neutrino mass, except for
uχ, where only the 95% CL upper limit is shown.

Planck TTTEEE Planck + Lensing Planck + BAO Planck +
Lensing + BAO

100ωb 2.24+0.03
−0.04 2.24+0.03

−0.03 2.25+0.03
−0.03 2.24+0.03

−0.03

ωDM 0.120+0.003
−0.003 0.120+0.004

−0.001 0.120+0.002
−0.003 0.119+0.002

−0.002

100 θs 1.0420+0.0009
−0.0005 1.0419+0.0010

−0.0005 1.0419+0.0011
−0.0004 1.0419+0.0010

−0.0004

ln 1010As 3.05+0.03
−0.04 3.04+0.04

−0.02 3.03+0.05
−0.02 3.05+0.03

−0.03

ns 0.963+0.009
−0.012 0.965+0.006

−0.014 0.966+0.008
−0.009 0.967+0.007

−0.010

τreio 0.055+0.016
−0.016 0.0528+0.019

−0.012 0.048+0.026
−0.006 0.057+0.017

−0.014

uχ 3.97 · 10−4 3.83 · 10−4 3.83 · 10−4 3.34 · 10−4∑
mν [eV] 0.33 0.26 0.15 0.14

H0 [km/s/Mpc] 67.2+1.2
−3.3 67.3+0.9

−2.9 67.5+1.2
−0.9 67.6+1.0

−1.0

σ8 0.80+0.01
−0.09 0.79+0.03

−0.06 0.80+0.02
−0.07 0.81+0.01

−0.06

Table 5.3: Best fit values with 95% confidence limits for the case of varying neutrino mass, except for
uχ and

∑
mν , where 95% CL upper limits are shown.

distribution of the intergalactic neutral hydrogen along different line of sights to distant quasars,
can potentially discern among the different possible non-cold dark matter scenarios [145, 387] and
also set very strong bounds on each of them. These observations could therefore further constrain
the DM-interacting neutrino schemes explored here. Another possible avenue for further structure
formation constraints is milky way satellites, which has been used to constrain WDM and dark
matter-dark radiation interaction in e.g. [148, 149, 359]. Since larger values of the cross section
are associated with lower values of σ8 (see Fig. 5.4), a tighter constrain on uχ would limit the
model’s ability to ease the σ8 tension.

Tables 5.2 and 5.3 show the best fit values with 95% CL limits for constant and varying
neutrino mass, respectively. For uχ and

∑
mν , 95% CL upper limits are shown.

We find the correlation between uχ and most of the ΛCDM parameters to be weak at
most, but there seems to be a slight correlation with θs and anticorrelation with ns. We show
the posteriors for uχ and

∑
mν in Fig. 5.3. The two-dimensional posterior has the characteristic

quarter-ellipse shape, as data bounds both parameters from above. It is evident that there is a
significant difference in the upper bound on the neutrino mass depending on whether BAO data
is used, regardless of whether neutrinos are interacting or not. The interaction strength uχ shows
no such strong dependence on datasets. In Section 5.C we provide a list of figures illustrating
all the correlations in two-dimensional plots, which also include the one-dimensional posterior
probabilities.
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TTTEEE+BAO+Lensing

No Interaction

Figure 5.3: One-dimensional posterior probability distributions for uχ and
∑
mν for different combination

of datasets and two-dimensional 68% and 95% CL allowed regions in the (uχ,
∑
mν) plane. The ’Non-

Interacting’ posterior uses all the three datasets, that is, Planck CMB TTTEEE+ Planck CMB Lensing
+ BAO.

Our 95% CL upper limits on the interaction cross section are slightly weaker than those
previously found for massless neutrinos, see e.g. [660, 662, 936]. This was expected, as the main
effect of the mass on the interaction term is through the p2/E2-term, which can only make the
interaction weaker, allowing for a larger value of uχ. It is also worth noting that we have used a
flat prior for uχ, while previous studies have sometimes used Jeffreys or logarithmic priors, which
can make a difference[936]. An initial guess for the upper limit of uχ was found by running a
shorter chain with a logarithmic prior to obtain an appropriate scale for the MCMC step size and
the starting point.

Another interesting issue to explore is how the interaction affects H0 and σ8, as there is
currently tension in the field concerning the values of these two parameters. They are calculated
as derived parameters in our MCMC chains and their posterior distributions are depicted in
Fig. 5.4. Note that there is no real correlation between uχ and H0, and therefore this interaction
does not offer a solution to the H0-tension. The main effect on H0 comes from ΩΛ, which is set
indirectly by enforcing flatness. Thus the lower dark matter abundance in the chains using BAO
data is compensated with an increase in ΩΛ and by extension H0. However, these differences are
almost negligible. On the other hand, σ8 shows a strong dependence on uχ, a stronger interaction
yielding a lower σ8, which may help in this tension, especially because this easing of the σ8-tension
comes without exacerbating the H0-tension [131]. The weak-lensing-devoted KiDS-1000 survey
finds σ8 = 0.76+0.025

−0.020 [142], which is slightly lower than our best fit, but consistent within our 1σ

lower limit for some of our data combinations and consistent with our 2σ lower limits for all data
combinations, see Tables 5.2 and 5.3. It is also clear from looking at the significant overlap with
the KiDS-1000 results shown in Fig. 5.4. Comparing to the non-interacting case, it is evident
that there is no change in H0 in the allowed parameter space, but the allowed range for σ8 is
significantly enlarged.
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Figure 5.4: One-dimensional posterior probability distributions for the most interesting parameters for
different combination of datasets and two-dimensional 68% and 95% CL allowed regions. Note the very
strong correlation between uχ and σ8. In the interacting case, the viable range for σ8 is significantly larger
than in standard ΛCDM and clearly overlaps with the KiDS-1000 allowed region, see text for details.
KiDS-1000 here refers to the full 3x2pt analysis with cosmic shear + galaxy galaxy lensing + galaxy
clustering, plotted from the publicly available multinest chains of [142].

5.5 Conclusions

We have presented a complete Boltzmann hierarchy for massive neutrinos interacting with cold
dark matter, using a momentum independent scattering cross section (similar to e.g. Thomson
scattering). As a novelty, we have also accounted for non-zero neutrino masses in the derivation,
which means updating the Boltzmann hierarchy. We have implemented this interaction in the
Boltzmann code CLASS, which we have used together with the MCMC sampler MontePython
to infer upper limits for the interaction strength uχ, using Planck 2018 data [5, 16] as well as
SDSS BAO data from galaxies, Lyα and quasars [696, 932–934]. Our implementation yields
results similar to previous work for the effect on the CMB and matter power spectra. However,
we generally find slightly looser upper bounds for the interaction strength uχ than previous work
developed under the approximation of massless neutrinos. This is in good agreement with our
expectations, since a new factor proportional to p2/E2 will appear in the interaction rate. This in
turn suppresses the interaction compared to the case of massless neutrinos with the same uχ. A
slightly larger uχ is therefore needed to obtain the same effect on observables, yielding a slightly
looser upper limit.

We also find that the interaction does not appreciably change the upper bound on the sum
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of neutrino masses compared to the non-interacting case, meaning that the usual cosmological
neutrino bounds are robust even in the presence of this type of non-standard interactions.
Concerning the current cosmological tensions, we do not find any significant change to the value
of the Hubble constant H0 in the interacting case. However, very interestingly, the interaction
case shows an appreciable decrease in the value of σ8, bringing it more in line with the values
reported by the weak lensing surveys KiDS-1000 [142] and DES [140, 912] among others, which
report a significantly lower value than Planck. Here the interaction offers a hint to a potential
solution, since it eases the σ8-tension without exacerbating the H0-tension, which is often an issue
[131]. Future cosmological observations will further constrain the neutrino and dark matter sector
interactions, shedding light on the microphysics of these two invisible components of our universe.
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5.A. Derivation

Appendix

5.A Derivation

We assume that the DM-particle is much heavier than the neutrino and completely nonrelativistic.
This means that we can use approximations similar to those used when deriving the Thompson
scattering terms.

The neutrino distribution function obeys the Boltzmann equation

d

dt
f (x,p, t) = C [f (x,p, t)] . (5.15)

The left-hand side has been well described in the literature. In the standard case of noninteracting
massive neutrinos, the right-hand side is zero, but when introducing an interaction with dark
matter, a collision term appears. The form of this term will be derived in the following section.
We will proceed in a fashion very similar to the derivation of the first-order Thompson scattering
term in [651].

5.A.1 The Collision Term

We do not assume any quantum statistics for the DM particles, and thus do not introduce any
Pauli-blocking or stimulated emission terms for them. The collision term is then determined by
the integral

C(p) =
1

Eν(p)

∫
d3p′

(2π)
3
2Eν(p′)

d3q

(2π)
3
2Eχ(q)

d3q′

(2π)
3
2Eχ(q′)

(2π)
4 |M |2

× δ4(q + p− q′ − p′) [g(q′) f(p′) (1− f(p))− g(q) f(p) (1− f(p′))] , (5.16)

where p and q denote the momenta of neutrinos and DM particles respectively. Unprimed
quantities are initial state values and primed quantities are final state values. f and g are the
distribution functions of neutrinos and DM particles respectively and Ei is the total energy of a
particle of species i, given as usual by

Ei =
√
m2
i + p2i . (5.17)

Finally |M |2 is the matrix element squared of the interaction.
We perform the q′ integral using the spatial part of the δ-function, yielding

C(p) =
1

8Eν(p)

∫
d3p′

(2π)
3
Eν(p′)

d3q

(2π)
3
Eχ(q)

× (2π)
4 |M |2

(2π)
3
Eχ(q+ p− p′)

δ(Eχ(q) + Eν(p)− Eχ(q+ p− p′)− Eν(p
′))

× [g(q+ p− p′) f(p′) (1− f(p))− g(q) f(p) (1− f(p′))] , (5.18)

Because the DM particles are so much heavier than the neutrinos, the energy transfer will be
very small. We expand the DM energies in the δ-function. To the first order,

Eχ(q) =
√
m2
χ + q2 ' mχ +

q2

2mχ
, (5.19)
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thus

δ(Eχ(q) + Eν(p)− Eχ(q+ p− p′)− Eν(p
′))

' δ

(
mχ +

q2

mχ
+ Eν(p)−mχ − q2

mχ
− (p− p′)

2

2mχ
− (p− p′) · q

mχ
− Eν(p

′)

)

= δ

(
Eν(p)− Eν(p

′)− (p− p′)
2

2mχ
− (p− p′) · q

mχ

)
. (5.20)

We then expand the δ-function in terms of the energy transfer. To the first order,

δ

(
Eν(p)− Eν(p

′)− (p− p′)
2

2mχ
− (p− p′) · q

mχ

)
=δ(Eν(p)− Eν(p

′))

+

[
(p− p′)

2

2mχ
+

(p− p′) · q
mχ

]

× ∂δ(Eν(p)− Eν(p
′))

∂Eν(p′)
.

(5.21)

We can then change the variable of differentiation to p′, using

d

dp
Eν(p) =

p

Eν(p)
,

so
∂δ(Eν(p)− Eν(p

′))

∂Eν(p′)
=
∂δ(Eν(p)− Eν(p

′))

∂p′
Eν(p

′)

p′
. (5.22)

The collision integral is then expressed as

C(p) =
1

8Eν(p)

∫
d3p′

(2π)
3
Eν(p′)

d3q

(2π)
3
Eχ(q)

(2π)
4 |M |2

(2π)
3
Eχ(q+ p− p′)

×

{
δ(Eν(p)− Eν(p

′)) +

[
(p− p′)

2

2mχ
+

(p− p′) · q
mχ

]
∂δ(Eν(p)− Eν(p

′))

∂p′
Eν(p

′)

p′

}
× [g(q+ p− p′) f(p′) (1− f(p))− g(q) f(p) (1− f(p′))] . (5.23)

Under the assumption that the DM temperature is extremely low, the distribution function
is

g(q) ' nχ (2π)
3
δ3(q−mχvχ) , (5.24)

fulfilling the normalisation condition that

nχ =

∫
d3q

(2π)
3 g(q) .

This allows only two values of q to give nonzero contributions to the collision integral:

g(q) → q = mχvχ,

g(q+ p− p′) → q = mχvχ + p′ − p.

The collision integral is then expressed as

C(p) =
1

8Eν(p)

∫
d3p′

(2π)
3
Eν(p′)

(2π)
4 |M |2

(2π)
3
Eχ(mχvχ)

[
A+B

]
, (5.25)
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with the A term corresponding to q = mχvχ and the B term corresponding to q = mχvχ+p′−p.
Then

A =
1

Eχ(mχvχ + p− p′)

×

{
δ(Eν(p)− Eν(p

′)) +

[
(p− p′)

2

2mχ
+

(p− p′) ·mχvχ
mχ

]
∂δ(Eν(p)− Eν(p

′))

∂p′
Eν(p

′)

p′

}
× [g(mχvχ + p− p′) f(p′) (1− f(p))− nχf(p) (1− f(p′))] ,

(5.26)

and

B =
1

Eχ(mχvχ − p+ p′)

×

{
δ(Eν(p)− Eν(p

′)) +

[
(p− p′)

2

2mχ
+

(p− p′) · (mχvχ + p′ − p)

mχ

]
∂δ(Eν(p)− Eν(p

′))

∂p′
Eν(p

′)

p′

}
× [nχf(p

′) (1− f(p))− g(mχvχ − p+ p′) f(p) (1− f(p′))] .

(5.27)

We throw away all terms ∝ 1
mχ

, leading to

C(p) =
1

8Eν(p)

∫
d3p′

(2π)
3
Eν(p′)

(2π)
4 |M |2

(2π)
3
Eχ(mχvχ)

×
{
δ(Eν(p)− Eν(p

′)) + (p− p′) · vχ
Eν(p

′)

p′
∂δ(Eν(p)− Eν(p

′))

∂p′

}
×
[

1

Eχ(mχvχ + p− p′)
[g(mχvχ + p− p′) f(p′) (1− f(p))− nχf(p) (1− f(p′))]

+
1

Eχ(mχvχ − p+ p′)
[nχf(p

′) (1− f(p))− g(mχvχ − p+ p′) f(p) (1− f(p′))]

]
. (5.28)

We split the neutrino distribution function is a zeroth-order and a first-order part:

f(p) = f (0)(p) + f (1)(p) ,

where the zeroth-order part is independent of the momentum direction. Hence,

C(p) =
1

8Eν(p)

∫
d3p′

(2π)
3
Eν(p′)

(2π)
4 |M |2

(2π)
3
Eχ(mχvχ)

×
{
δ(Eν(p)− Eν(p

′)) + (p− p′) · vχ
Eν(p

′)

p′
∂δ(Eν(p)− Eν(p

′))

∂p′

}
×
[

1

Eχ(mχvχ + p− p′)

[
g(mχvχ + p− p′)

{
f (0)(p′) + f (1)(p′)

}(
1−

{
f (0)(p) + f (1)(p)

})
−nχ

{
f (0)(p) + f (1)(p)

}(
1−

{
f (0)(p′) + f (1)(p′)

})]
+

1

Eχ(mχvχ − p+ p′)

[
nχ

{
f (0)(p′) + f (1)(p′)

}(
1−

{
f (0)(p) + f (1)(p)

})
−g(mχvχ − p+ p′)

{
f (0)(p) + f (1)(p)

}(
1−

{
f (0)(p′) + f (1)(p′)

})] ]
. (5.29)
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For the sake of simplicity, this can be written in terms of for phase-space terms, δ1, δ2, ∂δ1, ∂δ2,

C(p) =
1

8Eν(p)

∫
d3p′

(2π)
3
Eν(p′)

(2π)
4 |M |2

(2π)
3
Eχ(mχvχ)

[
δ(Eν(p)− Eν(p

′)) [δ1 + δ2]

+ (p− p′) · vχ
Eν(p

′)

p′
∂δ(Eν(p)− Eν(p

′))

∂p′
[∂δ1 + ∂δ2]

]
. (5.30)

The only terms multiplied with the δ-function that will be nonzero, are those that fulfil the
condition Eν(p) = Eν(p

′), hence |p| = |p′| and f (0)(p′) → f (0)(p). Since, the δ-function is a
zeroth-order term, zeroth-order and first-order terms are kept in δ1 and δ2.

Writing out δ1,

δ1 =
1

Eχ(mχvχ + p− p′)

[
g(mχvχ + p− p′)(

f (0)(p) + f (1)(p′)−
(
f (0)(p)

)2
− f (1)(p′) f (1)(p)− f (0)(p)

(
f (1)(p) + f (1)(p′)

))
− nχ

(
f (0)(p) + f (1)(p)−

(
f (0)(p)

)2
− f (1)(p) f (1)(p′)− f (0)(p)

(
f (1)(p) + f (1)(p′)

))]
,

(5.31)

the f (1)(p) f (1)(p′)-terms are discarded, since they are second-order. It is evident that if
p = p′, the two terms are identical, leading to δ1 = 0. For all other values of p′, we have
g(mχvχ + p− p′) = 0, thus the nonzero contributions yield

δ1 =
nχ

Eχ(mχvχ + p− p′)

((
f (0)(p)

)2
+ f (0)(p)

(
f (1)(p) + f (1)(p′)

)
− f (0)(p)− f (1)(p)

)
.

(5.32)
Using the same arguments, we get

δ2 =
nχ

Eχ(mχvχ − p+ p′)

(
f (0)(p) + f (1)(p′)−

(
f (0)(p)

)2
− f (0)(p)

(
f (1)(p) + f (1)(p′)

))
.

(5.33)
The ∂δ1 and ∂δ2 terms are multiplied with a first-order term, hence, only their zeroth-order
terms are kept. However, there is no δ-function to set |p| = |p′|. By the same arguments as used
for δ1 and δ2 we obtain

∂δ1 = − nχ
Eχ(mχvχ + p− p′)

(
f (0)(p)− f (0)(p) f (0)(p′)

)
, (5.34)

∂δ2 =
nχ

Eχ(mχvχ − p+ p′)

(
f (0)(p′)− f (0)(p) f (0)(p′) .

)
(5.35)

Since the DM particles are very nonrelativistic, we can make the approximation that
Eχ ' mχ. This allows us to reduce the terms:

δ1 + δ2 =
nχ
mχ

(
f (1)(p′)− f (1)(p)

)
(5.36)

∂δ1 + ∂δ2 =
nχ
mχ

(
f (0)(p′)− f (0)(p)

)
. (5.37)
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We can then write the collision integral as

C(p) =
nχ

8Eν(p)m2
χ

∫
d3p′

(2π)
3
Eν(p′)

(2π)
4 |M |2

(2π)
3

[
δ(Eν(p)− Eν(p

′))
[
f (1)(p′)− f (1)(p)

]
+ (p− p′) · vχ

Eν(p
′)

p′
∂δ(Eν(p)− Eν(p

′))

∂p′

[
f (0)(p′)− f (0)(p)

] ]
. (5.38)

We then split up the integral in an angular and a magnitude part

C(p) =
nχ

8Eν(p)m2
χ

∫
dp′dΩp′2

(2π)
3
Eν(p′)

(2π)
4 |M |2

(2π)
3

[
δ(Eν(p)− Eν(p

′))
[
f (1)(p′)− f (1)(p)

]
+ (p− p′) · vχ

Eν(p
′)

p′
∂δ(Eν(p)− Eν(p

′))

∂p′

[
f (0)(p′)− f (0)(p)

] ]
(5.39)

We define the polar axis to be in the same direction as the DM velocity, i.e.

µ = v̂χ · p̂ and µ′ = v̂χ · p̂′.

We assume the matrix element to have the same form as the one used for Thompson
scattering,

|M |2 = 6πσ0m
2
χ

(
1 + cos2 θ

)
, (5.40)

where
cos θ = p̂ · p̂′ ,

and σ0 is some constant.
The angular part of the collision integral can then be expressed in terms of µ′ and φ,

C(p) =
6π (2π)

4
σ0nχ

(2π)
3
(2π)

3
8Eν(p)

∫
dp′p′2

Eν(p′)

[
δ(Eν(p)− Eν(p

′))

∫ 1

−1

dµ′
[
f (1)(p′)− f (1)(p)

] ∫ 2π

0

dφ′
(
1 + (p̂ · p̂′)

2
)

+
Eν(p

′) vχ
p′

∂δ(Eν(p)− Eν(p
′))

∂p′

[
f (0)(p′)− f (0)(p)

] ∫ 1

−1

dµ′ [µp− µ′p′]

∫ 2π

0

dφ′
(
1 + (p̂ · p̂′)

2
)]
.

(5.41)

We assume a cosmology with azimuthal symmetry, hence f (1)(p′) depends only on µ′ and not φ.
We solve the φ-integral by rewriting the integrand in terms of Legendre polynomials, just as in
reference [651],

+(p̂ · p̂′)
2
=

4

3

(
1 +

1

2
P2 (p̂ · p̂′)

)
then using the addition theorem of the spherical harmonics∫ 2π

0

dφP2 (p̂ · p̂′) = 2πP2 (p̂ · v̂χ)P2 (p̂
′ · v̂χ) = 2πP2 (µ)P2 (µ

′)

We can also use the definition of the moments of the distribution function,

fl (p) =

∫ 1

−1

dµ

2
Pl (µ) f (p, µ) . (5.42)
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This allows us to do the µ′ and φ integrals, resulting in

C(p) =
π (2π)

4
σ0nχ4π

(2π)
3
(2π)

3
Eν(p)

∫
dp′p′2

Eν(p′)

[
δ(Eν(p)− Eν(p

′))

(
f
(1)
0 (p′) +

1

2
f
(1)
2 (p′)P2(µ)− f (1)(p, µ)

)
+
Eν(p

′) vχpµ

p′
∂δ(Eν(p)− Eν(p

′))

∂p′

[
f (0)(p′)− f (0)(p)

] ]
. (5.43)

The first part of the integral is easily done using the delta function,∫
dp′p′2

Eν(p′)
δ(Eν(p)− Eν(p

′))

(
f
(1)
0 (p′) +

1

2
f
(1)
2 (p′)P2(µ)− f (1)(p, µ)

)
=

p2

Eν(p)

(
f
(1)
0 (p) +

1

2
f
(1)
2 (p)P2(µ)− f (1)(p, µ)

)
. (5.44)

The second part of the integral is done with integration by parts∫
dp′p′vχpµ

(
f (0)(p′)− f (0)(p)

)∂δ(Eν(p)− Eν(p
′))

∂p′

= vχpµ

([
p′
(
f (0)(p′)− f (0)(p)

)
δ(Eν(p)− Eν(p

′))
]p′=∞

p′=0

−
∫
dp′
(
f (0)(p′)− f (0)(p)

)
δ(Eν(p)− Eν(p

′))

−
∫
dp′p′

∂f (0)(p′)

∂p′
δ(Eν(p)− Eν(p

′))

)
= −vχp2µ

∂f (0)(p)

∂p
.

(5.45)

Inserting these yields the collision term

C(p) =
π (2π)

4
σ0nχ4π

(2π)
3
(2π)

3

[
p2

Eν(p)

(
f
(1)
0 (p) +

1

2
f
(1)
2 (p)P2(µ)− f (1)(p, µ)

)
− vχp

2µ

Eν(p)

df (0)(p)

dp

]
,

(5.46)
which reduces to

C(p) =
σ0nχp

2

E2
ν(p)

[
f
(1)
0 (p) +

1

2
f
(1)
2 (p)P2(µ)− f (1)(p, µ)− vχµEν(p)

df (0)(p)

dp

]
. (5.47)

5.A.2 The Boltzmann Hierarchy

We will now derive the Boltzmann hierarchy for massive neutrinos with DM interactions, proceed-
ing in a fashion similar to reference [163]. Their Boltzmann equation in the synchronous gauge
is

∂Ψ

∂τ
+ i

p

Eν(p)
(k · n̂)Ψ +

d ln f (0)(p)

d ln p

[
η̇ − ḣ+ 6η̇

2

(
k̂ · n̂

)2]
=

aσ0nχp
2

E2
ν(p)

[
Ψ0(p) +

1

2
Ψ2(p)P2(µ)− Ψ(p, µ)− vχµEν(p)

f (0)(p)

df (0)(p)

dp

]
, (5.48)

with n̂ being the unit vector in the direction of p and the usual definition of Ψ ,

f(p) = f (0)(p) (1 + Ψ) .
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We cannot analytically integrate over all momenta, so we write Ψ as a Legendre series,

Ψ(k, n̂, p, τ) =

∞∑
l=0

(−i)l (2l + 1)Ψl(k, p, τ)Pl

(
k̂ · n̂

)
. (5.49)

Because the velocity vχ is irrotational, its Fourier transform is parallel to k, hence v̂χ ·n̂ = k̂·n̂ = µ.
For brevity, we define the interaction rate

Cχ(p) ≡
aσ0nχp

2

E2
ν(p)

. (5.50)

The zeroth moment of the differential equation is then

∂Ψ0

∂τ
=

∫ 1

−1

dµ

2

{
Cχ(p)

[
Ψ0(p) +

1

2
Ψ2(p)P2(µ)− Ψ(p, µ)− vχµEν(p)

f (0)(p)

df (0)(p)

dp

]
− i

pk

Eν(p)
µΨ − d ln f (0)(p)

d ln p

[
η̇ − ḣ+ 6η̇

2
µ2

]}
= − pk

Eν(p)
Ψ1(p) +

1

6
ḣ
d ln f (0)(p)

d ln p
,

(5.51)

the same as for the noninteracting case. The parts of the integrals not associated with the
interaction will also always yield the same as the standard case, so there is no reason to calculate
them again. The first moment is then

∂Ψ1

∂τ
=

pk

3Eν(p)
(Ψ0(p)− 2Ψ2(p))

+

∫ 1

−1

dµ

2
Cχ(p)

[
Ψ0(p)µ+

1

2
Ψ2(p)P2(µ)µ− Ψ(p, µ)µ− vχµ

2Eν(p)

f (0)(p)

df (0)(p)

dp

]
=

1

3

pk

Eν(p)
(Ψ0(p)− 2Ψ2(p))− Cχ(p)

vχEν(p)

3f (0)(p)

df (0)(p)

dp
− Cχ(p)Ψ1(p).

(5.52)

Following the same method for the second moment, we get

∂Ψ2

∂τ
=

1

5

pk

Eν(p)
(2Ψ1(p)− 3Ψ3(p) −

(
ḣ

15
+

2η̇

5

)
d ln f (0)(p)

d ln p
− 9

10
Cχ(p)Ψ2(p). (5.53)

The CχΨ -term will just become a CχΨl-term for higher l, acting as a damping term. The form of
the higher-l moments is thus

∂Ψl
∂τ

=
1

2l + 1

pk

Eν(p)
(lΨl−1 − (l + 1)Ψl+1)− Cχ(p)Ψl(p) (5.54)

5.B Fluid Approximation

The publicly available Bolztmann solver code CLASS uses a fluid approximation for the non cold
dark matter-species [635], which is used for massive neutrinos, to minimize the computational
time. In that approximation, the full integral over momentum-space is not performed, instead the
hierarchy is truncated at lmax = 2 and the continuity, Euler, and shear equations are calculated
directly instead of performing an integral over the momentum. Since the interaction rate Cχ is
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momentum-dependent, see Eq. (5.11), the expression must be adapted to use some approximation
suited to this particular regime.

In the regime where CLASS uses the fluid approximation to evolve δν , θν , and σν , rather
than the full momentum hierarchies, the interaction term acts both as a collision and a damping
term, similarly to the Thomson scattering case. The shapes of these terms are independent of the
gauge, yielding the modified equations:

θ̇ν = [...] + C̃χ(w) (θχ − θν) , σ̇ν = [...]− 9

10
C̃χ(w)σν ,

where [...] represents the usual terms present in the non-interacting case, as described in [635].
The interaction rate does not change the number of neutrinos or facilitate any appreciable energy
transport between species, so no modification to the δν-equation is made.

Since the momentum dependence of the interaction rate is ∝ p2

E2 , it is reasonable to assume
that the integrated rate C̃χ is related to the equation of state parameter w, as both are integrated
quantities dependent on the ratio between the kinetic and total energies. However, the relationship
between C̃χ and w is highly non-trivial. We extract it numerically by calculating both C̃χ and w
for a range of temperatures. On the other hand, such a relation turns out to be independent of
the particle mass, mildly simplifying the interacting scenario. The relationship between C̃χ and
w is well approximated by

C̃χ(w) = Sχ
[
A (3w)B + Cw

]
, (5.55)

where Sχ contains all the factors that do not depend on the momentum p,

Sχ = auνχ
σThρχ
100GeV

. (5.56)

The parameters A, B, and C have the following values:

A = 1.52116 , B = 0.50884 , C = −1.56422 ,

which provides a very good fit.
The approximation introduces an error into the CMB and matter power spectra, which

is important to quantize. The effect on the CMB power spectra is on the order of 0.01%, and
therefore completely negligible. Concerning the matter power spectrum in the interacting scenario
there is some error at very small scales. Nevertheless these scales are well beyond the linear
regime probed here. The error on the matter power spectrum is mostly related to the exact shape
of the oscillatory features, as illustrated in Fig. 5.5. Note that the regime where the discrepancy
is largest falls well outside the area probed by our MCMC, as we use a maximum scale kmax = 1.
The largest discrepancy is therefore ∼ 5% at k → 1. In order to ensure that the error from
the fluid approximation does not introduce a significant bias in our MCMC results, we have
recalculated a few selected points using high-precision settings, without the fluid approximation,
to probe that the χ2 shows the same behavior as the one obtained using the approximations,
obtaining insignificant changes to the likelihood. We therefore conclude that the error with
normal precision settings remains within very acceptable limits.

5.C Parameter correlations

For completeness, we present here the two-dimensional contour plots and the one-dimensional
posterior distribution plots from our MCMC runs showing all varied parameters, see Figs. 5.6
to 5.8. Figure 5.6 shows the posterior distributions computed using Planck TTTEEE data
exclusively, comparing the results obtained after fixing the neutrino to

∑
mν = 0.066 eV to the
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Figure 5.5: The matter power spectrum computed with the different prescriptions in in CLASS for
evolving the shear, σν , in the truncated spectrum, as well as the case of using the full hierarchy. MB is
the standard Ma and Bertschinger approach [163], Hu is an approach by Wayne Hu [632] and CLASS is
a new approach introduced in the CLASS code, all three are detailed in references [67, 635]. Cosmological
parameters are set to their best fit value from MCMC with Planck 2018TTTEEE, except for uχ = 4.2 ·10−4,
which is set to its 2σ upper limit. It is clear that the approximations yield very similar results.

results assuming a free varying neutrino mass with the prior
∑
mν ≥ 0.06 eV. The latter yields a

2σ upper limit of
∑
mν ≤ 0.339 eV. A clear correlation between the interaction strength uχ and

several cosmological parameters, most notably θs and ns, can be noticed from this figure .
Figure 5.7 shows the case of a fixed neutrino mass

∑
mν = 0.066 eV, using different

combinations of datasets to constrain parameters. The general trends are similar to the non-
interacting case, the addition of BAO data lowers the estimated value of ωDM , while raising ωb and
ns, however, these shifts are not significant. It is interesting to note that the addition of lensing
data helps in constraining uχ more strongly. Nevertheless the constraints on the cosmological
parameters are generally very similar, which may also indicate that they are dominated by their
determination from Planck 2018 TTTEEE data.

Finally, Fig. 5.8 compares the cases of interacting, non-interacting, fixed mν and free mν .
Note that the interacting case mildly favors a larger value of θs and a lower value of ns. This also
matches what can be expected from their correlations with uχ. Results for the non-interacting
case were obtained by running chains with the same parameters and datasets, but setting uχ to 0.
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CHAPTER 6
Investigating the nature of dark

matter with 21cm signals

Building on the analysis of Chapter 5, it is interesting to take the investigation of this scenario
further, into the nonlinear regime in particular. As constraints on models beyond cold dark
matter become stronger, the regime where viable models can be tested moves to smaller scales,
necessitating a nonlinear treatment.

Many different dark matter scenarios offer to help alleviate the tensions in ΛCDM, or just
provide a model beyond cold dark matter, but so far, it has only been possible to put constraints
on these models. In the event of a detection of e.g. a matter power spectrum with suppression
on small scales, this could still be described by a multitude of models, and it may be hard to
distinguish between e.g. warm and interacting dark matter.

In the work presented in this chapter, I use nonlinear N-body simulations to quantify the
difference in predictions between warm and interacting models, offering both a description for
when constraints on one can be generalised to others, as well as, crucially, what is necessary
to distinguish between such models. In particular, the simulations show that the signatures
of early-time dark matter interactions get washed out by nonlinear structure formation, so
high-redshift measurements of small-scale structure will be necessary to make such distictions.
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Abstract: Similarly to warm dark matter which features a cut-off in the
matter power spectrum due to free-streaming, many interacting dark matter
models predict a suppression of the matter power spectrum on small length
scales through collisional damping. Forecasts for 21cm line intensity mapping
have shown that an instrument like the SKA will be able to probe a suppression
of power in warm dark matter scenarios in a statistically significant way. Here
we investigate the implications of these findings on interacting dark matter
scenarios, particularly dark matter-neutrino interactions, which we use as an
example. Using a suite of cosmological N -body simulations, we demonstrate
that interacting scenarios show a suppression of the non-linear power spectrum
similar to warm dark matter models. This implies that 21cm line intensity
mapping will be able to set the strongest limits yet on dark matter-neutrino
scattering, improving the constraints by two orders of magnitude over current
Lyman-α bounds, and by four orders of magnitude over cosmic microwave
background and baryon acoustic oscillations limits. However, to distinguish
between warm dark matter and interacting scenarios, our simulations show
that percent-level precision measurements of the matter power spectrum at
redshifts z & 15 are necessary, as the key features of interacting scenarios are
washed out by non-linear evolution at later times.

6.1 Introduction

The universe on large scales seems to be well described by the simple cosmological ΛCDM. The
model reproduces to a high accuracy the statistical properties of both the cosmic microwave
background (CMB) anisotropies and the large-scale matter distribution—including the baryon
acoustic oscillations (BAO)—using only six parameters [16, 937, 938]. However, this simplicity
comes at a price: in order to achieve concordance with observations, the model must invoke two
mysterious components, namely, dark matter and dark energy. The standard assumptions for these
are, respectively, a collisionless massive particle—the so-called Cold Dark Matter (CDM)—and a
cosmological constant (Λ). Many particle physics models have been designed to include a viable
particle candidate for the dark matter; similarly, there is no shortage of gravity theories capable
of mimicking the phenomenology of a cosmological constant. However, there is no consensus yet
on the nature of either component [939–941].
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Focusing on the dark matter question, we note that generic CDM particle candidates
predict structures on all length scales. However, we cannot preclude the possibility that structures
may not be present on small length scales not yet accessible to observations. Indeed, several
classes of dark matter scenarios predict exactly that. The warm dark matter (WDM) scenarios,
for example, are typically characterised by a relatively low particle mass (in the low keV range).
Such light masses enable the free-streaming of these particles to erase the primordial seeds for
cosmological structure formation, thus leading to a heavily suppressed number of small-scale
structures relative to the CDM case [145, 162, 165, 237, 381–383, 389, 391, 392].

Another interesting possibility are the interacting dark matter (IDM) scenarios, wherein
the interaction of the DM—with other constituents of the universe or with itself—persists until
the primordial nucleosynthesis epoch or later. This class of DM also predicts a loss of small-scale
structures on cosmologically testable scales, but through collisional damping rather than free-
streaming. In addition, IDM scenarios predict the appearance of dark acoustic oscillations, as has
been demonstrated in the linear regime of evolution, a strong distinguishing feature of this class
of DM scenarios from the classic WDM. A variety of IDM scenarios has been investigated in the
literature. These include interactions of DM with itself [352, 356, 360–369], with baryons [352,
355, 356, 370–372, 374, 665–668], with photons [144, 148, 149, 352, 353, 356, 357, 359, 371, 372,
375–379, 658, 942], as well as with neutrinos [1, 352, 356, 378, 660, 661, 913–915, 943] and more
recently with a dark sector radiation species [663, 916–923].

While both WDM and IDM are often invoked as a possible solution to the observational
challenges confronting ΛCDM on small scales [132], we emphasise that, ultimately, the way to
acquire a complete picture of the fundamental nature of dark matter is to reconstruct the matter
power spectrum down to the smallest scales and at the highest redshifts possible. Indeed, although
both WDM and IDM predict a damped power spectrum in the linear regime and IDM scenarios
have additional tell-tale features, the evolution of structure formation in the non-linear regime
tends to erase these differences, bringing the observable effects of these scenarios closer to the
CDM predictions with time [358]. Hence, the closer the observations are to probing the linear
regime of evolution, the better they would be for distinguishing between these scenarios and
possibly confirming the particle nature of dark matter.

As technology advances and ever better experiments are built, we gain access to more
powerful probes to constrain deviations from ΛCDM (or perhaps even rule out ΛCDM itself). In
this work, we confirm that measurements of the matter power spectrum P (k) at high redshifts
will be a key observable to probe the existence of dark matter interactions and show that
21cm intensity mapping, which traces neutral hydrogen—commonly denoted HI—through its
emission from a hyperfine transition to its ground state, will provide a critical tool to do so.
Although the all-sky average signal, including redshift information, has already been measured
by EDGES [944], which can also be used to constrain dark matter interactions [942], its lack of
angular resolution does not allow for intensity mapping. The Square Kilometre Array (SKA),
however, will have a much better resolution than EDGES and its measurements of the 21cm
emission intensity as a function of the angular position will yield density maps similar to maps of
the CMB anisotropies [945–949]. Together with redshift information out to z ∼ 25, these angular
maps will enable the 3D reconstruction of the distribution of emitters in the sky [84], and as
such SKA will be an ideal instrument to help distinguish between different types of dark matter
scenarios.

To make our predictions, we perform a suite of numerical simulations using the public code
gadget-4 [742], for several WDM and IDM scenarios as well as CDM which we use as reference.
In the case of IDM, we use as a generic example a DM-neutrino scattering scenario, as this can
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help probe very weak dark matter interactions with the Standard Model and might also be related
to the neutrino mass generation mechanism [892]. The linear evolution of this IDM scenario is
computed using a modified version of class [67, 635] described in Ref. [1], which includes the
full Boltzmann hierarchy for massive neutrinos interacting with a heavy dark matter species.
Our simulations show that, while the small-scale suppression of the IDM matter power spectrum
remains—thereby making the scenario distinguishable from CDM—the dark acoustic oscillations
that characterise IDM are washed out by non-linear growth at late times, particularly at redshifts
z . 10. The predictions of IDM at late times should therefore resemble those of WDM. Thus, like
for the WDM scenarios studied in Ref. [390, 950], one expects future 21 cm data to set a limit on
the IDM damping scale. Here, we show that using these data would improve the constraints on
the elastic DM-neutrino scattering cross section by two orders of magnitude with respect to the
Lyman-α constraints [943] and four orders of magnitude with respect to CMB+BAO bounds [1].

To quantify just how well future matter power spectrum measurements will be able to
distinguish between IDM and WDM scenarios, we investigate also the predictions of these scenarios
at higher redshifts. For IDM interaction strengths tuned to mimic as closely as possible the linear
predictions of specific WDM masses, we find that the non-linear matter power spectra of these
two classes of DM scenarios match to a few percent or better at z . 10. Therefore, to distinguish
them, one would need percent-level precise measurements at redshifts z & 15, i.e., just before the
dark acoustic oscillations in the matter power spectrum become completely washed out.

The structure of this work is as follows. In Section 6.2 we present the interacting and
warm dark matter scenarios we wish to investigate, while in Section 6.3 we provide a short
overview of the 21cm emission and how the signal is predicted. Section 6.4 presents a comparison
of our interacting and warm dark matter initial conditions and a description of our N -body
simulations. We present the results of our N -body simulations in Section 6.5. Section 6.6 contains
our conclusions.

6.2 Dark matter scenarios

We present in this section the interacting dark matter and warm dark matter scenarios investigated
in this work. We describe in particular their linear evolution, which is in turn used to set the
initial conditions for our numerical simulations in Section 6.4.

6.2.1 Interacting dark matter

Our IDM analysis is based on the DM-neutrino interaction scenario presented in Ref. [1]. In
this scenario, the dark matter scatters elastically with three Standard Model neutrinos with
nonzero masses and the scattering cross-section σ0 is taken to be independent of temperature.
This phenomenological description is similar to the Thomson scattering process of electrons and
photons, and the effective parameter that controls the phenomenology is normally given in the
form [357]

uνχ ≡ σ0
σTh

( mχ

100GeV

)−1

, (6.1)

where σTh ≈ 6.65× 10−29 m2 is the Thomson scattering cross-section, and mχ is the dark matter
particle mass.

Introducing an elastic scattering interaction between DM particles and neutrinos leads to
a suppression of the power spectrum through collisional damping, i.e., the collisions between DM
particles and neutrinos prevent the gravitational collapse of structures below the diffusion scale
set by the interaction strength uνχ. This process is similar to the scattering between baryons and
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photons, which prevents baryons from collapsing to form structures until they are released from
the photons’ drag at z ≈ 1020. Just as photon-baryon interactions set up acoustic oscillations in
both the photon and the baryonic fluctuations, the competition between the force of gravity and
the pressure exerted by the coupled DM-neutrino fluid will imprint oscillations in both the DM
and neutrino power spectra. This is the so-called “dark acoustic oscillations” [373].

For relatively weak interaction strengths compatible with current cosmological observations,
the DM-neutrino interaction decouples well before recombination, i.e., z & 1100. After DM-
neutrino decoupling, we take both the neutrino and DM populations to be completely collisionless
species. We have previously described in Ref. [1] the linear evolution of cosmological perturbations
in this scenario and implemented it in a modified version of class. Here, we shall use the output
of this linear evolution at z = 99 as initial conditions for collisionless DM simulations.

Note that neutrinos may or may not be already kinetically decoupled when the dark
matter stops being influenced by its interactions with neutrinos, depending on the value of the
mass and interaction cross-sections. In particular, for MeV DM particles and when the neutrino
kinetic decoupling is with electrons, neutrinos can transfer their free-streaming to the dark
matter fluctuations through their collisions with the DM particles due to the shear ratio of the
DM-to-neutrino number densities. This damping mode can be particularly efficient and was
considered in [661] in great detail. However, this so-called“mixed damping” is a special case of
collisional damping and, as such, will not be explicitly considered in the present work.

Lastly, we expect our findings to be generalisable to other types of dark matter interactions
that suppress the matter power spectrum at small scales. We have explicitly checked this for dark
matter interacting with photons, following the prescriptions of Ref. [379] and the implementation
in CLASS described in Ref. [659]. Any scattering between the 21cm photons and dark matter is
suppressed and can thus be safely neglected, making the numerical modelling of the 21cm signal
essentially the same as for dark matter-neutrino interactions. In the case of dark matter-baryon
interactions, however, the impact of the interaction on the baryon temperature and its influence
on the global 21cm signal would need to be taken into account. Such a study was recently
performed in Ref. [671], putting strong constraints on millicharged dark matter.

6.2.2 Warm dark matter

Warm dark matter also suppresses structure formation on small scales, but the physics behind
this suppression is fundamentally different from collisional damping caused by DM scattering. In
WDM scenarios, DM particles with large initial velocities and negligible interaction free-stream
away from initial overdensities of small spatial extents over a time scale much shorter than the
gravitational collapse time scale. This free-streaming prevents gravitational collapse and hence
the formation of structures on scales below a so-called free-streaming scale [162, 237]. For a
thermally produced WDM, the free-streaming scale is determined by the temperature-mass ratio
of the particle species.

The free-streaming suppression in the linear matter power spectrum should in principle be
computed in the same way as we track massive Standard-Model neutrinos. However, it has been
known for some time that the WDM power spectrum PWDM(k) can be captured quite neatly by
a fitting function of the form [237]

PWDM(k) = T 2(k)PCDM(k), (6.2)

where PCDM(k) is the equivalent CDM power spectrum in the same cosmology modulo the DM
content, and

T (k) =
(
1 + (αk)

2ν
)−5/ν

(6.3)
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Figure 6.1: The matter power spectrum for several WDM (solid lines) and IDM (dahsed lines) scenarios,
as well as for a reference non-interacting CDM cosmology (dotted line). Note that the relevant scales of
impact are much smaller, i.e., occur at much large wave numbers k, than, e.g., the BAO scale.

is the suppression transfer function, with index ν = 1.12 determined from a fit to computational
outcomes. For a given present-day reduced dark matter density ΩWDM and assuming a thermally-
produced WDM, the damping scale α is given by

α = 0.049

(
1keV

mWDM

)1.11(
ΩWDM

0.25

)0.25(
h

0.7

)1.22

h−1Mpc, (6.4)

where mWDM is the WDM particle mass, and h is the dimensionless Hubble parameter. The
numerical values of the indices have again been determined from fits [237].

mWDM Mimic uνχ Mimic uγχ
1 keV 8.5 · 10−7 4.0 · 10−7

2 keV 1.75 · 10−7 9.0 · 10−8

3 keV 7.0 · 10−8 3.5 · 10−8

4 keV 3.6 · 10−8 1.8 · 10−8

Table 6.1: List of uνχ and uγχ [379, 659] values mimicking each WDM particle mass, in terms of their
linear matter power spectrum predictions.

Figure 6.1 shows the WDM linear power spectrum for a range of mWDM values. In addition,
we display on the same figure predictions of IDM scenarios with the interaction strengths uνχ
tuned to mimic the WDM linear power spectrum at z = 0 to < 5%-accuracy at k ≤ 0.75kosc,
where kosc is the scale of the first oscillation (see Table 6.1). Beyond the matching region the
IDM scenarios all begin to show their characteristic dark acoustic oscillations, making their linear
predictions drastically different from those of WDM scenarios. This is illustrated in detail in
Fig. 6.2.

6.3 The 21cm emission line

The 21cm line is an electromagnetic spectral line emitted from a spin-flip transition in neutral
hydrogen (HI) between the two levels of a hyperfine splitting in the 1s state. The transition is
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Figure 6.2: Suppression in the linear matter power spectrum for several WDM and IDM cosmologies
relative to a reference ΛCDM cosmology described by the same parameters (except in the DM sector). as
well as the relative difference between them. The bottom panel shows the relative difference between the
same WDM scenarios and the IDM scenarios tuned to mimic them.

usually deemed forbidden under laboratory conditions, but is nonetheless possible to observe in
astronomical settings if there is a sufficient abundance of neutral hydrogen.

In the context of standard cosmology after recombination, some 75% of the universe’s
baryon content comes in the form of HI. After they have been released by the CMB from the
baryon drag at z ≈ 1020 and cooled sufficiently, the higher-energy triplet state can be excited
from the singlet ground state by background photons, collisions between hydrogen atoms, or via
an intermediate state after excitation from Lyman-α photons [946]. The ratio of atoms in the
two energy levels is usually parameterised in terms of a “spin temperature” Ts,

n1
n0

≡ 3 exp{(−T∗/TS)}, (6.5)

where T∗ = 0.068K = 5.9 · 10−6 eV corresponds to the transition energy between the two states,
and the factor of 3 accounts for the degeneracy of the triplet state.

Because of the multitude of processes, such as those listed above, that can alter the spin
distribution, the evolution of the ratio n1/n0 and hence the spin temperature TS is generally
highly non-trivial. Crucially, however, if the spin temperature is higher than the CMB background
temperature, i.e., TS & TCMB, then the 21cm line is observable against the CMB background as a
net emission, while the opposite case of Ts . TCMB results in net absorption. This variation of TS
relative to TCMB leads to variations in the intensity of the global 21cm signal against the CMB
back light as a function of redshift, normally expressed in terms of the differential brightness
temperature [946],

δTb(z) =
TS − TCMB

1 + z
(1− exp{(−τν0)}) , (6.6)

where τν0 is the optical depth at the 21cm frequency ν0. Measurements of the gloabl δTb(z) can
therefore serve as a powerful probe of processes that affect the evolution of the HI content of the
universe, from standard effects such as the onset of star formation, to non-standard interactions
between hydrogen and the dark sector. See, for example, Ref. [951] for investigations of the latter
in relation to the EDGES result.
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Furthermore, because the spatial distribution of the underlying dark matter density field
is inhomogeneous, the HI density and hence the 21cm signal intensity must also trace this
inhomogeneity to a large extent. The 21cm signal can therefore be used to map structures through
line intensity mapping. In this endeavour, the intensity of the 21cm line is measured for locations
across the sky, similarly to the construction of a CMB map. The mapping does not require
individual sources to be resolved, but provides a tracer for the density of atomic hydrogen, which
is itself a (biased) tracer of structures. Because the emission is a well-defined line, the redshift can
be measured precisely, thereby allowing the distance to be inferred. Together with the angular
information, this distance measurement will allow us to reconstruct in 3D the spatial distribution
of the HI in the early universe, from which to infer the underlying DM density field.

6.3.1 Predicting the 21cm signal

In order to predict the 21cm power spectrum for a given cosmological model, it is usually necessary
to perform some kind of numerical simulations. The authors of Refs. [390, 952], for example,
modelled the non-linear evolution of DM and baryons using hydrodynamic N -body simulations
and then populated the simulation box with HI following two different schemes, namely, a
halo-based method and a particle-based method. The former assumes all neutral hydrogen to be
located in halos, with an amount pro-rata the halo mass, and the total of neutral hydrogen at
z ∼ 3–5 is normalised to the observed value of ΩHI = 10−3, though this is subject to uncertainty
[953]. The latter assigns neutral hydrogen to every gas particle in the simulation, based on
the gas particle’s density and internal energy, as well as whether it is star-forming. These two
methods should generally bracket the possible distributions of HI, with the halo-based method
overestimating the clustering and the particle-based method underestimating it.

Then, assuming further that the 21cm emission intensity traces the HI density ρHI exactly,
the differential brightness temperature everywhere in the box δTb(z,x) can be estimated from
the simulation outcome via

δTb(z,x) = δTb(z)
ρHI(z,x)

ρ̄HI(z)
, (6.7)

with mean HI density ρ̄HI is the mean HI, and a mean brightness temperature given by

δTb(z,x) = 23.88 x̄HI

(
Ωbh

2

0.02

)√
0.15

Ωmh2
(1 + z)

10
mK, (6.8)

where Ωb is the reduced baryon density, Ωm the reduced matter density, and x̄HI ≡ ρ̄HI/ρ̄H is the
mean neutral hydrogen fraction in the simulation box.

Reference [390] found that, at redshifts z ≈ 3–5 when the 21cm emitting HI atoms are
mainly found in halos, the brightness temperature power spectrum for WDM scenarios show an
enhanced amplitude on the scales probed by SKA, 0.3 . k/[h/Mpc] . 60, relative to the reference
CDM scenario. This effect is stronger for smaller WDM masses and can be explained by the fact
that WDM cosmologies contain fewer halos for HI to cluster in, so that for a fixed total amount
of HI, halos that do manage to form must contain more hydrogen. The SKA1-LOW should be
able to measure this effect with O(1000) hours of observation, which would make it possible to
rule out thermal warm dark matter masses up to 4 keV, or conversely, confirm a deviation from
standard ΛCDM cosmology [390]. Since our IDM scenario also predicts a suppression of low-mass
halo formation in much the same fashion as WDM, a quick inspection of Table 6.1 would suggest
that the same measurement could also be used to rule out DM-neutrino interaction strengths
up to uνχ ≈ 3.6 · 10−8. We shall investigate in more detail, via a suite of collisionless N -body
simulations, how well these WDM bounds translate to IDM cosmologies. Both ΛCDM and models
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beyond have also been investigated with simulations using more advanced hydrodynamics in, e.g.,
the THESAN project [953].

Note that there are also fast alternatives to hydrodynamic simulations capable of predicting
the 21cm power spectrum to a reasonable accuracy. For example, the 21cmFAST code [954–959],
itself built upon the DexM [960], uses a combination of first-order Lagrangian perturbation theory
and excursion sets to generate 3D realisations of HI field. The method is fast enough that a
Markov Chain Monte Carlo analysis is feasible using the 21CMMC tool [955]. Following this
approach, Ref. [961] argues that warm dark matter masses up to 8 keV can be constrained by the
global 21cm signal with an EDGES-like experiment, and up to 14 keV by the small-scale 21cm
power spectrum using HERA [82].

6.4 Comparing interacting and warm dark matter scenarios

Provided that the particle velocity is not too large, the late-time (i.e., z . 100) evolution of a
WDM cosmology should be very similar to that of a previously interacting but now decoupled
IDM cosmology tuned to give matching linear predictions in the manner described in Section 6.2.
As a direct consequence of the suppressed linear power on small scales—whether due to free-
streaming or collisional damping—the onset of gravitational collapse into structures would be
similarly delayed relative to the standard CDM case. Thus, for an IDM scenario with no late-time
interaction with baryons and photons, WDM forecasts should be directly translatable to the case
of IDM—as we have proposed to do at the end of Section 6.3.1—without the need to recompute
the hydrodynamic evolution of the baryons and/or the HI distribution. This is convenient, as
forecasts for how well SKA can distinguish between CDM and WDM cosmolgies via the 21cm
brightness temperature power spectrum at z ≈ 3–5 already exist [390], as discussed above in
Section 6.3.1.

What remains to be done is therefore two-fold. First, we need to confirm that non-linear
evolution does tend to bring closer together the gross predictions of a WDM scenario to that of an
IDM scenario tuned to match as closely as possible the former’s linear predictions. Second, what
observable differences between the two cosmologies remain, and hence whether the SKA can help
distinguish WDM from IDM. To this end, we perform a suite of collisionless N -body simulations
for several WDM and IDM cosmologies, paying particular attention to the high-redshift (z & 10)
predictions, where the differences between them are most likely to remain. We describe briefly
the simulation settings below. The simulation results are presented in Section 6.5.

6.4.1 Simulation settings

We perform collisionless N -body simulations using the public code gadget-4 [742], modified to
include massive neutrino density perturbations as a linear response as per Ref. [732]. We adopt
almost the same simulation settings and cosmological parameters as those used in Ref. [390]. That
is, we use 5123 DM particles, a comoving box of side length 30h−1Mpc, and the cosmological
parameters given in Table 6.2.

We initialise our simulations at redshift zin = 99, using the linear spectrum output evolved
with a modified version of class [1] in the case of IDM. In the case of WDM, we use a standard
ΛCDM linear power spectrum output from class, modulated with the transfer function Eq. (6.3)
as per Eq. (6.2). As discussed in Section 6.2, the IDM initial power spectrum can be chosen to
mimic the suppression scales of a chosen WDM scenario to . 5% accuracy before the onset of
dark acoustic oscillations at larger wave numbers k. The inclusion of massive neutrinos with∑
mν ≈ 0.06 eV spread equally amongst three species only has a small effect on structure
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Parameter Value
Matter density Ωm 0.3175
Baryon density Ωb 0.049
Neutrino density Ων 0.00157
Spectral index ns 1
Dimensionless Hubble parameter h 0.6711
Amplitude of primordial power spectrum As 2.206342 · 10−9

Table 6.2: Common cosmological parameter values used in our N-body simulations.

formation, and should therefore not appreciably affect the 21cm predictions in the presence of
the more dominant effects of interactions or WDM; we have included it in our simulations only
as a matter of internal consistency for the IDM scenarios.

The information contained in the linear power spectrum of a chosen cosmology is translated
into an initial displacement and kick for each N -body particle in the simulation box using the
usual Zel’dovich approximation. In the case of WDM, we note that the authors of Ref. [390]
also folded the thermal velocity dispersion of the WDM particles into the initial conditions, by
adding to each N -body particle an extra thermal velocity kick drawn randomly from a relativistic
Fermi-Dirac distribution, f(v) = (ev/V̄WDM + 1)−1, where, assuming the WDM to constitute the
entire dark matter content, the mean velocity V̄WDM is given by [237, 390]

V̄WDM = 0.012 (1 + z)

(
ΩWDM

0.3

)1/3(
h

0.65

)2/3(
1 keV

mWDM

)4/3

km/s. (6.9)

This thermal velocity has sometimes been neglected in the literature because of the large amount
of Poisson noise it generates in the simulation volume at early times, which may render the
subsequent simulation outcome unreliable on small scales [826]. On the other hand, omitting the
thermal kick could mean that we are missing important physics related to the thermal velocity
[237, 827, 872, 962, 963]. We therefore perform two sets of WDM simulations in this work, one
set including the thermal kick, and one set omitting it.

Lastly, to quantify the degree of convergence of our 5123-particle simulations, we perform
a set of high-resolution comparison simulations using (1024)3 particles. We find that there is
evidence of unphysical Poisson noise effects at large wave numbers k. However, up to the scales
of interest these effects are relatively small effect compared with the overall suppression trend
expected of WDM and IDM scenario, as shown in Fig. 6.3.

6.5 Simulation results

Figures 6.4, 6.5, and 6.6 summarise our simulation results in a set of matter power spectra at
various redshifts.

The first key takeaway is that non-linear evolution causes the difference between CDM,
WDM, and IDM cosmologies to diminish with time. This is well illustrated in Fig. 6.4, where
it is evident that despite significant differences at early times (z & 15), the late-time (z . 5)
matter power spectra of these different cosmologies differ only by a few percent. Endowing WDM
particles with a thermal velocity kick does not significantly alter the outcome, apart from adding
Poisson noise at large wave numbers k, as was also noted in Ref. [826]. It is therefore clear that
high-precision measurements at high redshifts are a key part of constraining departures from
CDM.

Focusing on the z = 3–5 matter power spectra shown in Fig. 6.5, we see that a maximum
10%–60% suppression remains for the WDM and IDM cosmologies relative to the reference

128



6.5. Simulation results

101 102

k [h/Mpc]

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

1.1

P
(k

)
P

C
D

M
(k

)

(512)3 Particles

(1024)3 Particles

z = 3

z = 4

z = 5

100 101

k [h/Mpc]

10−3

10−2

10−1

100

(512)3 Particles

(1024)3 Particles

Poisson noise

z = 3

z = 4

z = 5

z = 10

z = 15

z = 30

Figure 6.3: The suppression of the matter power spectrum for the mimic 1 keV interacting scenario
relative to ΛCDM at selected redshifts, simulated using two different resolutions. For easy comparison, the
wave number ranges have been chose to correspond to those in Fig. 6.5 in the left panel and to Fig. 6.4 in
the right panel. While it is clear that the upturn at large wave numbers in the 5123-particle simulation is
due to the limited number of particles, the general suppression trend continues monotonically to high k at
redshifts z =3–5 in the k-range of interest. The oscillatory behaviour is also resolved at z = 30, and to a
lesser extent at z = 15, at both simulation resolutions.

CDM case in the wave number range 0.3 . k/[h/Mpc] . 60 to be probed by SKA. However,
non-linear evolution has completely washed out the characteristic oscillatory features of IDM
cosmologies, leading to power spectrum predictions that differ from those of WDM scenarios only
by a few percent. Importantly though, the difference between WDM and IDM at these redshifts
appears to be smaller than the free-streaming or collision damping suppression of the small-scale
power spectrum itself relative to CDM. This means we should also expect the 21cm brightness
temperature power spectrum of IDM cosmologies to be characterised by an enhancement in the
amplitude relative to the CDM case, where the enhancement increases with interaction strength
uνχ in a manner directly relatable to WDM masses via Table 6.1.1 Thus we arrive at our second
key takeaway: constraints on WDM masses from non-linear structure measurements at z ≈ 3–5
can be immediately translated to constraints on the equivalent uνχ. As demonstrated in Ref. [390],
observations by SKA1-LOW can constrain WDM masses to mWDM & 4 keV, which translates
into a limit of uνχ . 3.6 · 10−8 for IDM. The strongest constraint on uνχ at the time of writing
is uνχ . 8 · 10−6 [943] obtained from the Lyman-α forest. Thus, 21cm intensity mapping by
SKA1-LOW could improve upon current cosmological constraints on IDM scenarios by at least
two orders of magnitude.

Our findings also imply that, in order to distinguish between IDM and WDM, higher-redshift
observations are necessary. Indeed, as shown in Fig. 6.6 (and verified at a higher simulation

1Note that our CDM and WDM power spectra are not an exact match to those found in Ref. [390]. Specifically,
we see a slightly greater small-scale suppression of power in the WDM cosmologies relative to the reference
ΛCDM model. For example the right panel of Fig. 6.5 shows a 60% suppression in the 1 keV WDM scenario at
k = 100h/Mpc and z = 5; the equivalent result of Ref. [390], displayed in their Fig. 1, finds a 40% suppression.
The slightly different ns values adopted in the simulations may have contributed to the discrepancy. However,
the most likely explanation is that, unlike Ref. [390], we have not accorded baryons a hydrodynamical treatment,
but merely lumped them together with the DM as one single collisionless species. This is undoubtedly a drastic
simplification. However, for the purpose of demonstrating that the collisionless dark matter in both WDM and
IDM cosmologies evolve similarly, it is a sufficient treatment. Furthermore, because neither the WDM nor the
IDM has direct, non-gravitational interactions with baryons, full hydrodynamical simulations of these cosmologies
should not change the qualitative conclusion that WDM and IDM are phenomenologically very similar at z ≈ 3–5.
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Figure 6.4: The IDM and WDM matter power spectra relative to a reference ΛCDM power spectrum
at a range of redshifts for various WDM masses. The upturn at large wave numbers k at high redshifts
(z & 15) seen in all cases is due to Poisson noise from a limited number of simulation particles. The
shaded regions indicate where this noise kicks in at the specified redshifts. The WDM cosmologies have
been simulated in two different ways: including a thermal velocity kick for the N-body particles, and
excluding it. That the former leads to even more Poisson noise is evident.

resolution in Fig. 6.7 for the 1 keV and uχ = 8.5 · 10−7 cases), the characteristic dark acoustic
oscillations of IDM become discernible at z & 15, and are, for a fixed redshift, more evident
for larger interaction strengths uνχ, i.e., smaller equivalent WDM masses. The latter effect is
due largely to the dark acoustic acoustic oscillations appearing on smaller length scales as we
decrease uνχ, where non-linear dynamics kicks in at an earlier time. If we were to decrease uνχ
even further to values outside of the range investigated in this work, we would expect the dark
acoustic oscillations to be pushed into a k region below the resolution of these simulations; to
numerically probe these cases would necessitate dedicated high-resolution simulations.

However, even with the simulations performed for this work, we are able to give conservative
estimates of the precision needed in P (k) measurements to distinguish between WDM and IDM
scenarios. For the strongest interactions investigated, uνχ ≈ 8.5 · 10−7, only ∼ 10% and ∼ 20%
precision is needed at z ∼ 15 and z ∼ 30, respectively, to distinguish it from a WDM cosmology
with mWDM ≈ 1 keV. For the weaker uνχ ≈ 1.75 · 10−7 and its mWDM ≈ 2 keV equivalent, the
precision requirements for distinction tighten to ∼ 5% and ∼ 10%. Even greater precision would
be required for weaker interactions/larger mWDM, or we would need to observe at even higher
redshifts and/or larger wave numbers.
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6.6 Conclusions

Using a suite of collisionless N -body simulations, we have shown in this work that the observable
consequences of interacting dark matter cosmologies closely mimic those of warm dark matter
scenarios at redshifts z . 10. This means that cosmological observations at these redshifts
sensitive to WDM properties must also be able to probe IDM in a similar manner, and forecasts
for future WDM constraints should be easily adaptable to constraints on IDM.

Specifically, we have considered the constraining power of future 21cm line intensity
mapping by SKA in the context of a DM-neutrino interaction scenario. Previous works in the
literature showed that the 21cm brightness temperature power spectrum as will be measured
by SKA1-LOW will be able to constrain the WDM mass to mWDM . 4 keV [390] with O(1000)

hours of observation. The analysis of Ref. [961] forecasted constraints that are even stronger by
up to a factor of 3.5. Through mapping IDM to WDM simulation outcomes, we find the more
conservative mWDM . 4 eV can be translated to an upper limit on the DM-neutrino interaction
strength of uνχ . 3.6 · 10−8. This represents a forecasted improvement of more than two orders of
magnitude with respect to the current constraint from the Lyman-α forest [943], and will likewise
tighten by four orders of magnitude current bounds from CMB+BAO [1].

While the observable similarity between WDM and IDM at z . 10 makes it a plus in terms
of computational convenience, at the same time it also detracts from our ability to distinguish
between these two classes of models observationally. Indeed, we find that in order to obtain a
“smoking gun” signal for an IDM scenario, it is necessary to observe the matter power spectrum
at redshifts z & 15 to a precision of ∼2–10%, depending on the interaction strength, before the
characteristic dark acoustic oscillations of this type of scenarios become completely washed out
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Figure 6.6: Matter power spectra of several IDM cosmologies at a range of redshifts, relative to the
WDM cosmologies they have been tuned to mimic. As we decrease the interaction strength/increase the
WDM mass, the difference between WDM and the mimicking IDM cosmologies become increasing difficult
to probe, because the characteristic dark acoustic oscillations now appear on smaller and hence more
non-linear scales. The shaded regions indicate where Poisson noise kicks in at the specified redshifts.

by non-linear evolution. The weaker the interaction, the more stringent the redshift and precision
requirements, as the characteristic dark acoustic oscillations get pushed out to smaller and more
non-linear scales with decreasing interaction strength.

The SKA should be able to probe the 21cm signal out to z & 25 [84, 388] and therefore
has the potential to make the distinction between WDM and IDM. Observing at such high
redshifts also offers another advantage over lower redshifts: it allows us to bypass the uncertainties
introduced by astrophysics in the form of feedback from star formation, supernovae, and galaxy
formation, which are important effects at z . 10. At earlier times, the hydrogen found in filaments
also has a higher relative importance [952] compared to halos, changing the dependence of the
21cm power spectrum on the halo number, and the HI-to-DM bias at these redshifts would need
to be well-modelled. Such predictions would require a dedicated study beyond the scope of this
paper, and is therefore left for future work.

Note added: While we were finalising this manuscript, Ref. [964] appeared on the arXiv which
explores a very similar scenario. Their conclusions are that SKA1-LOW observations of the 21cm
signal at z = 8 will be able to constrain the DM-neutrino interaction strength to uνχ . 6.6 · 10−7.
This forecasted bound is weaker than our prediction of uνχ . 3.6 · 10−8, and is likely due to a
different set of detection criteria used to derive the constraint.
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CHAPTER 7
Probing the nature of dark

matter with gravitational waves

With cosmological models beyond ΛCDM generally approaching the standard ΛCDM predictions
at late times,1 it is necessary to probe high redshifts to look for discrepancies. Such observations
are subject to difficult foreground modelling and other possible systematics, so it would be useful
to have a different type of probe, whose systematics would at least be different.

In the work included as this chapter, we present such a new probe in the form of gravitational
waves from compact binary mergers. The rate of mergers is dependent on the cosmic star formation
rate, which in turn depends on the structure formation seeded by dark matter. We show how
dark matter models with suppressed small-scale structure, such as the one described in Chapter 5,
affect the halo and galaxy populations, and in turn the rate of compact binary mergers over
cosmological timescales.

This shows that with upcoming gravitational wave telescopes, binary merger events will be
a viable avenue for probing small scale structure at high redshifts, with an accuracy that will
only improve with our understanding of galaxy formation and evolution.

Following our work, others have presented similar analyses of how gravitational waves can
help up learn more about their host galaxies [965].

1As necessitated by the fact that ΛCDM matches late time observations well.

135



Chapter 7. Probing the nature of dark matter with gravitational waves

Gravitational-wave event rates as a new
probe for dark matter microphysics

Markus R. Mosbecha Alexander C. Jenkinsb Sownak Bosec Celine Boehma

Mairi Sakellariadoud Yvonne Y. Y. Wonge

aSchool of Physics, The University of Sydney, Camperdown NSW 2006, Australia
ARC Centre of Excellence for Dark Matter Particle Physics
Sydney Consortium for Particle Physics and Cosmology
bDepartment of Physics and Astronomy, University College London, London WC1E 6BT,
United Kingdom
cInstitute for Computational Cosmology, Department of Physics, Durham University,
Durham DH1 3LE, United Kingdom
dTheoretical Particle Physics and Cosmology Group, Physics Department,
King’s College London, University of London, Strand, London WC2R 2LS, United
Kingdom
eSchool of Physics, The University of New South Wales, Sydney NSW 2052, Australia,
Sydney Consortium for Particle Physics and Cosmology

Abstract: We show that gravitational waves have the potential to unravel
the microphysical properties of dark matter due to the dependence of the
binary black hole merger rate on cosmic structure formation, which is itself
highly dependent on the dark matter scenario. In particular, we demonstrate
that suppression of small-scale structure—such as that caused by interacting,
warm, or fuzzy dark matter—leads to a significant reduction in the rate
of binary black hole mergers at redshifts z & 5. This shows that future
gravitational-wave observations will provide a new probe of physics beyond
ΛCDM.

7.1 Introduction

The standard ΛCDM model of cosmology has been posited to explain a range of observations
spanning the largest observable scales to the scale of galaxies. Its success at explaining these data
relies on two mysterious components: dark energy in the form of a cosmological constant (Λ) and
dark matter (DM). Dark matter, in particular, is key to explaining the formation and evolution
of structures such as galaxies and clusters of galaxies in the late-time Universe.

Present observations on supergalactic scales are compatible with the hypothesis that the
dark matter is cold—i.e., the particles have vanishingly small thermal velocities. In this cold dark
matter (CDM) model, the particles also do not have significant non-gravitational interactions [16,
357, 966]; these requirements can be satisfied by particle-like dark matter of typical mass & keV,
or wave-like dark matter of mass & 10−22 eV. However, the key to determining the fundamental
nature of dark matter lies in subgalactic scales at large redshifts. This is because the onset of
nonlinear structure formation can be very sensitive to the microphysics of the dark matter [352,
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356, 358]. In turn, any probe that could shed light on this epoch of structure formation would
also provide valuable insights into the nature of dark matter [390, 967].

There are three classes of phenomenological particle-like and wave-like dark matter scenarios
that generically predict small-scale signatures that differ from the predictions of standard CDM.
The first, warm dark matter (WDM) scenario usually assumes negligible interactions but has a
small DM particle mass in the low keV range that allows these particles to free-stream out of
small-scale perturbations [145, 162, 165, 237, 380–383, 389, 391, 392]. The second, interacting dark
matter (IDM) scenario makes no strong assumption about the particle mass but endows the DM
particle with non-negligible interactions (see Section 7.2 for details). The third, fuzzy dark matter
(FDM) scenario comprises a condensate of ultra-light DM particles of mass ∼ 10−22–10−21 eV
whose collective behaviour is wave-like [394, 968–970]. As shown in Fig. 7.1, although the details
differ between WDM, IDM, and FDM, all three scenarios predict a cutoff in the linear matter
power spectrum at large wave numbers k, a feature that is often invoked as a possible solution to
the claimed “small-scale crisis”, a long-standing set of discrepancies where simulations predict
more small-scale structures than observed [147].

In this Letter we present a new observational probe of dark matter microphysics, namely the
merger rate of stellar-mass binary black holes (BBHs) throughout cosmic time.2 With the recent
advent of gravitational-wave astronomy, advanced interferometers like LIGO [971] and Virgo [972]
have already detected dozens of BBHs [481, 482]. Next-generation observatories such as Einstein
Telescope [973] and Cosmic Explorer [974] will be capable of detecting nearly all stellar-mass binary
black holes in the observable Universe [975], extending the reach of gravitational-wave astronomy
out to the beginning of cosmic star formation. The space-based interferometer LISA [495] will
also provide a great deal of complementary low-frequency information about this population. The
abundances of these systems at different epochs encode the star formation, chemical enrichment,
and other baryonic processes occurring within dark matter haloes. As we demonstrate below,
the BBH merger rate is highly sensitive to the suppression of small-scale structure induced by
dark matter microphysics, as this in turn inhibits star formation and reduces the BBH yield,
particularly at redshifts z & 5.

In the following, we use as a working example a DM-neutrino interacting scenario [1, 352,
356, 378, 660, 661, 913–915, 943] to demonstrate quantitatively the potential of the BBH merger
rate to probe cosmologies with suppressed small-scale structure. A brief description of this IDM
scenario is given in Section 7.2. Our analysis pipeline, shown in Fig. 7.2, is as follows. We compute
the linear matter power spectrum of an IDM cosmology using class [1, 67, 635], which is then
fed into the semi-analytic model of structure formation galform [883, 888] to produce synthetic
realisations of galactic populations, as described in Section 7.3. Concurrently, we perform an
N-body simulation of the IDM cosmology using the gadget-4 code [732, 742], initialised with
the same linear input, in order to cross-check the halo mass functions predicted by galform.
Finally, the star formation rate and stellar metallicities computed by galform are fed into the
binary population synthesis code compas [977–979], described in Section 7.4, which computes
the gravitational-wave event rate. Our results and conclusions are presented in Section 7.5.

Note that while we have chosen to focus on a specific IDM scenario, we expect our general
conclusions to remain valid for other dark matter scenarios that predict qualitatively similar
suppression of small-scale power, as nonlinear evolution at z . 10 tends to wash out their detailed
features [2]. These include WDM and to some extent FDM as already illustrated in Fig. 7.1,

2We focus here on stellar-mass BBHs (and therefore Hz-band detectors such as LIGO, Virgo, Einstein Telescope,
and Cosmic Explorer) because the physics underpinning their merger rates is much better understood at present
than that of the supermassive BBHs probed by GW searches at lower frequencies (principally by pulsar timing
arrays).
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Figure 7.1: Linear matter power spectra for several DM-neutrino interacting scenarios of varying
interaction strength uνχ, along with predictions of their “equivalent” FDM and thermal WDM scenarios
characterised by their respective particle masses, max and mwdm, tuned to give a similar small-scale
suppression. The FDM power spectra have been computed using AxionCAMB [441, 976]; the WDM
power spectra are derived from the ΛCDM power spectrum filtered with a transfer function [237]. Vertical
lines indicate rough k-scales corresponding to the mass resolutions used in galform.
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galformgadget

compas

DM-ν interaction strength, uνχ

linear DM power spectrum, P (k)

halo mass function star formation; metallicities

BBH merger rate, RBBH(z)

Figure 7.2: An illustration of our pipeline. Linear power spectra of IDM scenarios are computed
using class, which are then fed into gadget and galform as initial conditions. The galform output
is cross-checked with the halo mass function from gadget and fed into compas, which computes the
gravitational-wave event rate.

as well as DM interactions with itself [352, 356, 360–369], with photons [144, 148, 149, 352,
353, 356, 357, 359, 371, 372, 375–379, 658], baryons [352, 355, 356, 370–372, 374, 665–668],
and dark radiation [373, 663, 855, 916–923, 980]. The FDM and baryon-IDM models may need
more detailed analysis to confirm that their impact on baryons on subgalactic scales does not
fundamentally differ from CDM.

7.2 Interacting dark matter

We consider the case in which the dark matter scatters elastically with (massive) neutrinos, via a
constant, velocity-independent cross-section σ0 as described in [1]. This kind of interaction can

138



7.3. Simulating structure formation

be realised in some particle physics theories beyond the Standard Model [197, 220, 358, 892].
From the phenomenological perspective, however, the cosmological dynamics of this interaction
can be captured by a single parameter, the interaction strength, normally parameterised in terms
of the dimensionless quantity [1, 353, 660, 661]

uνχ ≡ σ0
σTh

(
mχ

100GeV/c2

)−1

, (7.1)

where mχ is the DM mass, σ0 the interaction cross-section, and σTh ≈ 6.65 × 10−29 m2 is the
Thomson scattering cross-section. The case of DM-massive neutrino interaction was previously
implemented in the Einstein-Boltzmann solver class [67, 635] in [1], which we use in this work
to generate the linear matter power spectra for our IDM scenarios.

As noted earlier, the interaction suppresses the matter power spectrum below a certain
scale, similar to the predictions of WDM scenarios. As collisions occur between dark matter and
neutrinos, the former is prevented from collapsing to form structures, leading to a suppressed
linear matter power through collisional damping. This type of damping is physically distinct from
free-streaming in WDM scenarios, where the large initial velocities result in the WDM particles
escaping from initial overdensities. It is also distinct from the damping seen in FDM scenarios,
which arises from quantum pressure hindering gravitational collapse. In general, the stronger
the coupling, the later the DM decouples from the neutrinos and hence the larger the scales
affected (see Fig. 7.1). Observe also that IDM scenarios predict in addition prominent acoustic
oscillations at higher wavenumbers. The origin of these acoustic oscillations is analogous to the
baryon acoustic oscillations (BAO) from the coupling of photons and baryons at early times, and
the scale at which the oscillations appear is again governed by the dark matter and neutrino
decoupling times.

Cosmic microwave background (CMB) anisotropy and BAO measurements currently
constrain the DM-neutrino interaction strength to uνχ . 10−4 (95% C.L.) [1]. Including Lyman-α
forest measurements strengthens the bound to uνχ . 10−5 (95% C.L.), albeit with an apparent
∼ 3σ preference for a non-zero value centred around uνχ ∼ 5× 10−5 [943] (although other studies
claim to rule out WDM with similar suppression [981, 982]). Given these constraints on uνχ, the
interaction only occurs at appreciable rates at redshifts z � 1000. At z . 1000, the DM particles
are effectively collisionless and cold as in standard CDM, and hence amenable to standard N-body
simulations of nonlinear structure formation.

7.3 Simulating structure formation

Our modelling of nonlinear structure is based on a combination of semi-analytic computations
and N-body simulations. We use the semi-analytic model of structure formation galform, first
introduced in [883], which provides a flexible and computationally inexpensive way to produce
synthetic realisations of galactic populations in a cosmological setting. The latest version [888]
includes a large variety of astrophysical processes [884–887] to accurately model galaxy formation
and evolution.

We generate merger trees using the Monte Carlo technique described in [886] (which is
itself based on the extended Press-Schechter (EPS) theory, and is calibrated to the results of
N-body simulations). In models in which the linear power spectrum P (k) has a cutoff, as in our
IDM scenario, a small correction is required to the EPS formalism: to obtain the variance of
the density field σ(Mh), P (k) needs to be convolved with a sharp k-space filter rather than with
the real-space top-hat filter used for CDM [772]. Using our Monte-Carlo technique rather than
N-body simulations to generate merger trees has the advantage that IDM scenarios can be studied
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strengths. Observational data are from the 2dF survey [983]. It is evident that while the more weakly-
interacting IDM scenarios and ΛCDM are roughly consistent with observations, the uνχ ∼ 10−6 case
deviates significantly, and even in the case with feedback turned off, cannot reproduce the low luminosity
tail, despite overpredicting at high luminosities. This corresponds to a slightly weaker interaction than the
preferred value of uνχ = 5.5+2.6

1.1 × 10−6 from [943]. We do not show even more strongly-interacting IDM
scenarios, as these deviate from observations even further.

at minimum computational expense while avoiding the complication of spurious fragmentation in
filaments that occurs in N-body simulations with a resolved cutoff in P (k) (e.g., [827, 828]).

We calibrate the astrophysical parameters in galform to obtain the best possible fit to
observational data for ΛCDM. In particular, we adjust parameters controlling the strength of
supernova feedback to achieve the best possible match to the z = 0 galaxy luminosity functions in
the bJ and K-bands, using observational data from [983, 984]. We find that for IDM scenarios with
uνχ < 10−6, the same parameters used for ΛCDM provide an equally good fit to the observational
data. For uνχ & 10−6, however, the feedback strength (as a function of halo mass) has to be
reduced significantly to obtain the best possible fit. As shown in Fig. 7.3, this is still a worse
fit than for the more weakly-interacting scenarios, particularly for galaxies fainter than -19th

magnitude. We find that it is impossible for scenarios with uνχ & 10−5 to produce realistic
galaxy distributions, since even with all astrophysical feedback mechanisms suppressing galaxy
formation turned off, not enough galaxies are produced. The failure to reproduce the observed
galaxy luminosity functions at z = 0 therefore already poses a stronger constraint on uνχ than the
previous tightest bounds from Lyman-α and rules out the preferred value of uνχ = 5.5+2.6

1.1 × 10−6

found in [943].
To ensure the validity of our galform results, we compute the merger trees with two

different mass resolution settings, which determine the smallest tracked progenitor halos. As
shown in Fig. 7.4, our “standard” resolution is well below the minimum halo mass expected to form
in IDM models with interaction strength uνχ > 10−6. For the models with weaker interactions
(uνχ ≤ 10−7), the resolution is not high enough to capture the formation of the smallest haloes,
though it does capture a large part of the suppression in the uνχ ∼ 10−7 case. This motivates our
choice of the “high” resolution halo merger trees. Conveniently, this corresponds nearly exactly
with the atomic hydrogen cooling limit, which marks the lowest mass haloes expected to form
stars [985]. This means that, although even our high-resolution halo merger trees don’t resolve
the smallest haloes expected to form in the models with uνχ < 10−7, we are still able to capture

140



7.3. Simulating structure formation

107 109 1011 1013

M [M�]

0.2

0.4

0.6

0.8

1.0

n
id

m
/n

cd
m

M
re

s
(s

ta
n

d
ar

d
)

M
re

s
(h

i-
re

s)

H
y
d

ro
ge

n
C

o
ol

in
g

L
im

it

uνχ/3.4

10−5

10−6

10−7

10−8

10−9

Figure 7.4: The suppression of the halo mass function, as described by Eq. (7.2), for a range of
interaction strengths. The dotted lines show the mass resolution of our galform merger trees for both
the standard and high-resolution settings, while the dashed line shows the atomic hydrogen cooling limit,
below which star formation is not expected [985].

the majority of the star formation expected to occur in these models.
To ensure that galform accurately predicts the halo mass function of the IDM scenarios,

we cross-check it by performing N-body simulations using a version of gadget-4 [742] modified
to include the effects of massive neutrinos [732] and initialised with the matter power spectra of
the IDM scenarios of Fig. 7.1. See Section 7.3.1 for details of our N-body simulations. We find
that the galform and N-body results are compatible with each other to the ∼ O(10%) level in
the mass range over which we generate merger trees using the Monte Carlo technique.

7.3.1 N-body simulations and the halo mass function

Our simulations are performed using a modified version of gadget-4 [742], which includes massive
neutrinos via the SuperEasy linear response method of [732]. gadget-4 is a massively parallel N-
body code supporting both collisionless (gravity-only) simulations and hydrodynamical simulations
for baryonic matter and star formation. We restrict ourselves to collisionless simulations, which
suffice for the purpose of cross-checking the galform halo mass function output. Initial conditions
are generated at z = 49 using the built-in ngenic implementation, with linear matter power
spectra from our modified version of class as input. For interaction strengths allowed by current
cosmological data, dark matter-neutrino decoupling happens at redshifts z � 1000, well before
the simulation initialisation time. Thus, the interaction affects non-linear structure formation
only through initial conditions, and there is no need to modify the main body of gadget-4 itself.

To probe the effects of our IDM scenario at a range of scales, we run our simulations
using N = 5123 particles in several different box sizes, (50Mpc)3, (100Mpc)3, (500Mpc)3, and
(1Gpc)3, for different values of the interaction strength uνχ, including a non-interacting (uνχ = 0)
set. All other cosmological parameters are kept fixed to the CMB+BAO best-fit values found
in [1]. We also perform a set of simulations using the best-fit parameters found in [943], which is
phenomenologically similar to our uνχ = 3.4× 10−6 scenario.

We use the friends-of-friends algorithm to identify haloes in our simulations. For halo
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masses we use the convention M200c, i.e., the mass contained within a sphere with mean density
200 times the critical density of the universe. The haloes from each simulation are sorted into 30
evenly-spaced logarithmic mass bins to obtain the halo number density per mass bin, i.e., the
halo mass function. As is well described in the literature (see, e.g., [827–829, 831, 986]), the halo
mass function of cosmologies with a small-scale cut-off exhibits unphysical discreteness effects
on small scales (relative to the box size). We therefore conservatively choose to disregard the
low-mass end of each halo mass function thus constructed, cutting it off just above the scale at
which discreteness effects become evident. Then, to produce a halo mass function that spans a
range of mass scales, we simply stitch together the pieces obtained from our different box-size
runs.

We have attempted to describe the IDM halo mass functions semi-analytically using the
Sheth-Tormen mass function, with the IDM linear matter power spectra as input and a real-space
spherical tophat filter for smoothing. However, as is evident in Fig. 7.5, the Sheth-Tormen mass
function thus constructed fails to capture the low-mass suppression relative to the CDM case seen
in our N-body simulation results. We therefore forego the Sheth-Tormen approach completely,
opting instead to use a fitting function to describe the suppression relative to the CDM case.

We find the following fitting function to serve the purpose well:

nidm

ncdm
=

1

1 +
(
Mβ

M

)α , (7.2)

where Mβ ≡ (4π)ρ̄m/3k
−3
β is the mass corresponding to the wave number kβ at which the linear

matter power spectrum of an IDM scenario is suppressed by β% relative to the CDM case, ρ̄m
is the comoving mean matter density, and the parameters α and β are to be determined by
fitting Eq. (7.2) to our N-body results. The fit is achieved by forming and then minimising a
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uνχ M10/M� k10/h Mpc−1

3.4× 10−4 1.0× 1014 0.17
3.4× 10−5 5.3× 1012 0.46
3.4× 10−6 2.3× 1011 1.3
3.4× 10−7 8.3× 109 4.0
3.4× 10−8 2.9× 108 12
3.4× 10−9 9.6× 106 38

Table 7.1: IDM interacting strengths and the corresponding suppression mass scale Mβ that appears in
the fitting function Eq. (7.2) for the halo mass function. We find β = 10 to be the best-fit value against
simulation results. k10 is the corresponding k-scale.

figure-of-merit (FoM) of the form

FoM =
∑
M

(
log10

(
nidm

ncdm

)
fit

− log10

(
nidm

ncdm

)
N-body

)2

, (7.3)

and fitting Eq. (7.2) to our uνχ = 3.4 × 10−4, 3.4 × 10−5, and 3.4 × 10−6 simulation results
simultaneously.

We find the best-fit values to be α = 0.9 and β = 10. The fit is displayed against simulation
results in Fig. 7.6. We also give in Table 7.1 the M10 values corresponding to several interacting
strengths uνχ. To confirm the robustness of the fit, we test the fitting function Eq. (7.2) against
simulations at several low uνχ values outside of the calibration range, and find the fit to be
accurate to better than ∼ 10%.

Finally, we remark that extended Press-Schechter formalism used in galform does not
exactly use our fitting function, but produces a halo mass function that matches it to the same
or better precision, as the fitting function matches the simulations.

7.4 Gravitational-wave event rates

Our key observable is the redshift-dependent BBH merger rate density RBBH(z). In principle
we could also use our simulations to study the merger rates of binary neutron stars and black
hole-neutron star binaries; however, these are only detectable at lower redshifts due to their
smaller masses and correspondingly weaker gravitational-wave signals. They are thus a less
sensitive as a probe of the high-redshift suppression effects we are interested in.
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Figure 7.7: The binary black hole merger rate density over cosmic time, as predicted by our pipeline
for ΛCDM and a range of IDM scenarios. The local z = 0 rate (90% C.L.) inferred from LIGO/Virgo
observations [991] is shown as a green band. Curves marked “hr” are high resolution, meaning that
the galform merger trees are tracked to smaller progenitor masses. The curve marked “G.C.” is the
contribution from globular clusters in the non-interacting scenario.

Stellar-mass BBH mergers are thought to form primarily through isolated binary evolution,
in which massive binary stars end their lives as black holes and radiate orbital energy through
gravitational-wave emission until they eventually merge, generating an observable gravitational-
wave event [988]. The BBH merger rate is thus essentially a delayed tracer of star formation,
whose normalisation depends on the efficiency with which massive binary stars are converted into
BBHs. This efficiency is mostly determined by the stellar metallicity (i.e., the fraction of the
stellar mass that is in elements heavier than helium).

We model the merger rate using the binary population synthesis code compas [977–979],
which generates a synthetic BBH population by sampling individual stellar binaries from initial
mass and metallicity distributions and evolving them over cosmic time. compas tracks the stellar
and orbital evolution of each binary, accounting for a range of physical processes such as stellar
winds, mass transfer, BH formation at the end of each star’s lifetime, and subsequent shrinking
of the orbit via gravitational-wave radiation reaction. We use a compas dataset of 20 million
evolved binaries (resulting in ≈ 0.7 million BBHs) presented in [977], which is publicly available
at [989]. This gives us the BBH formation efficiency as a function of initial mass and metallicity,
as well as the delay time between star formation and BBH merger. By combining this with a
model for the star formation rate density and metallicity distribution as functions of redshift, we
can use the compas “cosmic integration” module [990] to average over the synthetic population
and obtain the cosmic BBH merger rate. These inputs are typically phenomenological models
chosen to fit low-redshift observational data. In our case, we instead use the star formation rates
and metallicity distributions generated by galform, allowing us to model how the BBH rate
changes as we vary the underlying dark matter model.

Our key results for the BBH merger rate are shown in Fig. 7.7. In addition to the baseline
ΛCDM case, we consider a range of IDM models with uνχ = 3.4× {10−6, 10−7, 10−8} (recall that
models with stronger DM-ν interactions than this are unable to reproduce the galaxy luminosity
function data shown in Fig. 7.3). The factor of 3.4 comes from the CMB+BAO limits in [1]; we
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Figure 7.8: BBH merger rate as a function of redshift and host halo mass, in both the (standard-resolution)
CDM case and the uνχ ∼ 10−7 case.

have chosen interaction strength values that are whole factors of 10 smaller. The rates that we
obtain depend on the mass resolution of our galform merger trees, with finer resolution allowing
us to access additional star formation taking place in smaller haloes, resulting in a greater total
number of BBHs. Most of the results shown in Fig. 7.7 use a benchmark mass resolution of
Mh ≥ 109.5M�, but we additionally show results for CDM and for uνχ = 3.4× 10−8 at a finer
resolution of Mh ≥ 108.5M�. At this mass resolution, we are able to resolve the majority of the
star formation in the Universe (under the assumption that it takes place through the cooling of
atomic hydrogen), except for that from the ultrafaint dwarf population. We do not anticipate
these galaxies to contribute significantly to the overall BBH merger rate.

One limitation of our approach is that compas only accounts for BBHs formed through
isolated binary evolution, neglecting other sub-dominant formation channels such as dynamical
capture in dense stellar environments [988, 992] (globular clusters [993], nuclear star clusters [994],
etc.) or in AGN disks [995], as well as the possible presence of primordial BBHs [568]. However,
these additional merger channels can be safely neglected in a first analysis, as they are expected
to be sub-dominant compared to the contribution from isolated binary evolution. For example,
Fig. 7.7 shows the contribution from dynamical BBH assembly in globular clusters, as calculated
in [996] by combining cluster N -body simulations [997] with a semi-analytical cosmological model
of globular cluster abundances [998]. We see that the rate of BBH mergers from globular clusters
is subdominant at all redshifts, justifying our focus here on isolated binary evolution. In principle,
however, one could incorporate sub-dominant channels such as these into our analysis with
additional modelling, e.g., so that we capture the suppression of globular cluster abundances due
to IDM.

7.4.1 BBH merger rate as a function of host halo mass

The advantage of our proposed method for constraining dark matter models is that it allows us
to target the high-redshift, low-mass haloes that are most strongly suppressed in these models.
This is highlighted in Fig. 7.8, where we break the total redshift-dependent BBH merger rate
down into bins in halo mass for CDM and for an IDM model with uνχ ∼ 10−7. We see that the
strongest contribution to the observed merger rate, across all redshifts, comes from light haloes,
Mh . 1010M�. These are precisely the haloes that are suppressed for DM-ν interactions on the
order of uνχ ∼ 10−7 (c.f. Fig. 7.4), which explains why the BBH merger rate is a useful probe of
this suppression.

In particular, we see in Fig. 7.8 that the suppression is most apparent at high redshifts,
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Figure 7.9: Expected number of BBH mergers observed with estimated redshift larger than z∗, using one
year of observations with a third-generation interferometer network (Einstein Telescope plus two Cosmic
Explorers), taking into account the forecast redshift uncertainty and signal-to-noise for the expected BBH
population. The shaded regions show the statistical uncertainty (99% C.L.) due to Poisson fluctuations
in the number of BBHs, and ‘hr’ means high resolution, signifying that the galform merger trees are
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z & 7. This again highlights the advantages of our method, as galaxies in these light haloes are
challenging to observe directly at such high redshift, even with JWST. For instance, at z & 7

the observational limit for JWST assuming a Hubble Ultra Deep Field-like survey is around
M? ∼ 107.5M�, or Mh ∼ 109−10M� [999, 1000] depending on the stellar-to-halo mass relation
assumed. Even under the assumption of this optimistic scenario, the BBH merger rate technique
allows us, in principle, to probe halo masses one to two orders of magnitude lower.

7.4.2 Future gravitational-wave detection forecasts

In order to convince ourselves that these differences in the high-z BBH merger rate will be
detectable with future gravitational-wave observatories, we compute forecasts for the expected
number of BBHs, N>(z∗), detected above a given threshold redshift z∗, as well as the expected
uncertainty in this quantity due to Poisson fluctuations in the number of BBHs at each redshift
as well as redshift measurement errors. (This is based on the “cut-and-count” method discussed
in [1001].) We assume one year of observations with a third-generation interferometer network
consisting of Einstein Telescope [1002] and two Cosmic Explorers [1003], accounting for the
detection efficiency and redshift uncertainty associated with this network. As shown in Fig. 7.9,
we can clearly distinguish between the different N>(z∗) predictions, allowing us to confirm or
rule out a small-scale suppression of the scale caused by DM-neutrino interactions down to the
level of uνχ ∼ 10−7.

Figure 7.9 clearly demonstrates that the main limitation to the cosmological information we
can extract from future gravitational-wave detections is not statistical uncertainty, but systematics
associated with modelling choices. In particular, since the observational study of BBHs is still at
an early stage, there are numerous astrophysical uncertainties associated with the stellar physics
that governs isolated binary evolution. We return to this issue later in this section, where we
investigate the impact of these uncertainties and show that they are not degenerate with the DM
suppression effect.
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Figure 7.10: Left panel: mean signal-to-noise ratio %̄ =
√

(h|h) of equal-mass non-spinning BBHs
detected with our third-generation interferometer network, as a function of redshift z and total source-frame
mass M . Right panel: forecast redshift uncertainty σz =

√
(F−1)zz for the same parameter space. The

mass range in both panels is truncated at the boundaries of our broken-power-law mass distribution
(12M� < M < 174M�).

Our key observable quantity is constructed as follows: we choose some redshift threshold
z∗, and define N>(z∗) as the number of detected BBHs whose best-fit inferred redshift falls above
this threshold, ẑ > z∗. Our results show that different dark matter scenarios will predict different
values of N>. We can predict whether these models are distinguishable in a given observational
scenario by forecasting the corresponding uncertainty on N>.

It is straightforward to write down the mean value of this quantity,

N̄>(z∗) = Tobs

∫ ∞

0

dz
dV

dz

R̄(z)

1 + z

×
∫

dθ ppop(θ|z)Pdet(z,θ)P>(z,θ|z∗).
(7.4)

Here, Tobs is the total observing time, V is the comoving volume as a function of redshift, R̄ is the
mean BBH merger rate density as a function of redshift, θ is a vector of BBH parameters (masses,
spins, etc.) with population distribution ppop(θ|z) (which we allow to evolve over redshift),
Pdet(z,θ) is the probability of detecting a BBH with parameters θ at redshift z, and P>(z,θ|z∗)
is the probability of inferring a best-fit redshift greater than z∗ for the same BBH, the width of
which encapsulates redshift measurement uncertainties for a given GW detector network. We
describe how to calculate each of these probabilities below.

In order to calculate the variance of N>, we assume that the number, n, of BBH signals
emitted from a comoving volume V in a source-frame time T = Tobs/(1 + z) is a Poisson random
variable with mean n̄ = V T R̄. We further assume that Poissonian fluctuations in the BBH rate
at different redshifts are uncorrelated with each other. This allows us to write the covariance
matrix between these BBH number counts as

Cov[n(z), n(z′)] = δ(z − z′)Var[n(z)] = δ(z − z′)n̄(z). (7.5)

We thus find that

Var[N>(z∗)] = Tobs

∫ ∞

0

dz
dV

dz

R̄(z)

1 + z

×
[∫

dθ ppop(θ|z)Pdet(z,θ)P>(z,θ|z∗)
]2
,

(7.6)
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which shows that N> is not itself Poissonian, since its mean and variance are unequal so long as
the θ integral is not equal to unity.

We assume the BBH signals are detected using a matched-filter search, in which the
detection statistic is a noise-weighted inner product of the data d with the signal template h,

(d, h) ≡ 4Re

∫ ∞

0

df
d̃(f)h̃∗(f)

S(f)
, (7.7)

with S(f) the noise power spectral density of the detector. In Gaussian noise, the signal-to-noise
ratio (SNR) % of the search is then approximately a Gaussian random variable with unit variance
and mean %̄ =

√
(h, h); so for example, having %̄ = 5 would constitute a 5σ detection in this

idealised scenario. In reality, the noise is not Gaussian, and we require a larger SNR in order to
confidently discriminate a BBH from various non-Gaussian noise transients. A commonly-adopted
detection threshold is %̄ ≥ 8. We can therefore write the detection probability as

Pdet(z,θ) =

∫ ∞

8

d%√
2π

exp

[
−1

2
(%− %̄(z,θ))

2

]
=

1

2

[
1 + erf

(
%̄(z,θ)− 8√

2

)]
,

(7.8)

which interpolates between (almost) zero for faint signals and (almost) one for strong signals,
with a characteristic width set by the randomness of the observed SNR.

We approximate the redshift inference using a Fisher forecast. The Fisher matrix for
parameters θi (including z) of the signal model h(θi) is given by

Fij ≡
(
∂h

∂θi
,
∂h

∂θj

)
. (7.9)

In the strong-signal limit, the inferred redshift ẑ is a Gaussian random variable with mean equal
to the true redshift z, and standard deviation given by the inverse Fisher matrix,

σz(z,θ) =
√

(F−1)zz. (7.10)

We therefore have
P>(z,θ|z∗) =

1

2

[
1 + erf

(
z − z∗√
2σz

)]
, (7.11)

which interpolates between (almost) zero for nearby BBHs and (almost) one for distant BBHs,
with a width set by σz.

In order to evaluate the expected SNR %̄ and the redshift uncertainty σz, we need a signal
model h(θ, z). For this, we use the phenomenological hybrid waveform model of [1004]. For
simplicity, we assume that the BBHs are all equal-mass and non-spinning (as is approximately
true for most of the BBHs detected by LIGO/Virgo thus far [482]), and we average out all of
the extrinsic parameters (sky location, polarisation angle, inclination, etc.). This reduces the
number of relevant parameters to just two: the redshift z and the total mass M . In terms of
these parameters, the frequency-domain waveform model can be written as

h̃(f) = eiΨ(f)
(

π

30

)1/2 (GM)2

2r
(πGMfmerge)

−7/6

×


(f/fmerge)

−7/6 f < fmerge

(f/fmerge)
−2/3 fmerge ≤ f < fring

(fring/fmerge)
−2/3f2

width

(f−fring)2+f2
width

fring ≤ f < fcut

,

Ψ(f) = ϕ0 +

7∑
k=0

ψk(πGMf)(k−5)/3,

(7.12)
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Figure 7.11: Formation rate (left panel) and merger rate (right panel) of BBHs in 21 different scenarios:
a fiducial CDM model, an IDM model with uνχ ∼ 10−7 and fiducial astrophysical settings, and 19
alternative CDM models in which various compas parameters are varied.

where fmerge, fring, fcut, fwidth, ϕ0, and {ψk} are all constants given in [1004]. This expression is
appropriate for z → 0; in order to generalise to arbitrary redshift we simply replace r → dL(z)

(with dL the luminosity distance), M → (1 + z)M , and f → f/(1 + z) for all of the frequencies.
We can now use this waveform to compute the expected SNR %̄ and the redshift uncertainty

σz (the latter of which involves computing and inverting the 2× 2 Fisher matrix for the mass
and redshift), as shown in Fig. 7.10. The final missing ingredient to calculate N> and its
variance is the population distribution of the BBH masses, for which we use the best-fit broken-
power-law model from [1005], which transitions from a shallow m−1.58 power law at low masses
(5.9M� < m < 41M�) to a steeper one, m−5.59, at large masses (41M� < m < 87M�). Here
m is the source-frame mass of each individual black hole, so M = 2(1 + z)m.

7.4.3 Varying astrophysical model parameters

While our results show that the high-z BBH merger rate is sensitive to DM microphysics, it
undoubtedly also depends on the astrophysical modelling choices we have made in our pipeline.
In order to investigate the extent to which variations in these choices are degenerate with the DM
suppression effect, we use the compas simulation data from [1006] (publicly available at [1007]),
consisting of 19 alternative models in which the binary stellar evolution modelling is systematically
modified, isolating the effects of mass transfer, common envelopes, supernovae, and stellar winds.
We focus on modifications to compas modelling choices rather than those in galform, as the
latter are currently much more tightly constrained by fitting to observational data. In fact, the
predictive power of the galform model is enhanced by the fact that the same set of parameters
that show consistency with low redshift observational data also predict reasonably accurate galaxy
abundances at high redshift (relevant to the epochs of interest in this paper) across multiple
wavelengths [1008–1010].

In Fig. 7.11 we show the BBH formation rate and merger rate in 21 different scenarios: our
fiducial CDM model (“A”), 19 alternative CDM models (“B”–“T”) with alternative modelling
of binary stellar evolution, and a fiducial IDM model with uνχ = 3.4 × 10−7. We see that the
IDM model is clearly distinguished from the other 20 models in terms of its BBH formation rate,
with a characteristic high-z suppression relative to these other models. However, the distinction
between IDM and the other alternative models is blurred when considering the BBH merger rate,
which we can understand as being due to the way these models modify the distribution of delay
times between formation and merger.

Nonetheless, a more detailed analysis reveals that IDM is still distinguishable from the
alternative models, even if we only have access to the BBH merger rate. To demonstrate this, we
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define a parameterised merger rate model,

R(z, {θi}) = RA(z) +
∑
i

θi[Ri(z)−RA(z)], (7.13)

where the index i labels models IDM, B, C, …, T. The case where θi = 0 for all i corresponds to
our fiducial model A, while having R equal to a particular alternative model corresponds to θi = 1

for that case and = 0 otherwise. Between these special points in parameter space, (7.13) linearly
interpolates between the 21 different models. We can therefore investigate the degeneracy between
the different models by carrying out a Fisher analysis on the θi parameters. We stress that
this is not intended to represent a realistic model of the BBH merger rate over the full space of
astrophysical model parameters (this would require us to carry out simulations for a large number
of points sampled from the 20+ dimensional parameter space, which is prohibitively expensive),
but rather to provide an approximate tool for assessing the degeneracy of IDM suppression with
astrophysical modelling choices.

To perform our Fisher analysis for the parameters {θi}, we imagine sorting a large number
of observed BBHs into redshift bins, and counting the number N(z) in each bin.3 We model
these counts with a Gaussian likelihood,

− 2L(N |{θi}) =
∑
z∈bins

1

σ2
z

[
N(z)− N̄(z, {θi})

]2
+ const., (7.14)

where the mean count in each bin, N̄(z), is calculated from (7.4) using the parameterised merger
rate (7.13), and the variance σ2

z is calculated from (7.6) using the fiducial rate RA. (Recall that
this variance includes redshift measurement errors.) The Fisher matrix is then

Fij =
∑
z∈bins

1

σ2
z

[
N̄i(z)− N̄A(z)

][
N̄j(z)− N̄A(z)

]
. (7.15)

In Fig. 7.12 we show the covariance matrix, Cov(θi, θj) = (F−1)ij , computed from Eq. (7.15)
using 38 redshift bins of width ∆z = 0.25 over the range z ∈ [0, 9.25], assuming one year of
observations with a third-generation GW interferometer network as described in the main text.
We are particularly interested in the on-diagonal elements of this matrix, which indicate the
measurement variance for each of the θi; roughly speaking, a variance significantly smaller than
unity for a given model indicates that the BBH merger rate in that model can be distinguished
from all other models with one year of data. We find that Var(θIDM) ≈ 0.18, so that the
DM suppression effect is not degenerate with the other models considered here, at least for an
interaction strength of uνχ ∼ 10−7; in fact, IDM is the only model in which this is the case,
indicating that the alternative models B–T are all degenerate with each other. This variance
corresponds to a ∼ 2.3σ detection of the IDM suppression after one year of observations. Since
the Fisher information grows linearly with observation time (see Eq. (7.4) and Eq. (7.6)), this
implies a 5σ detection with ∼ 4.6 yr of data.

7.5 Summary and conclusion

We have investigated the suppression of the merger rate of binary black holes in scenarios where
dark matter scatters off of neutrinos, taking this as an example of a broader family of dark
matter models in which structure is suppressed on small scales. Our predictions are based on

3These number counts are related to the “cut-and-count” quantity N> from the previous section by N(z) =
N>(zmin)−N>(zmax), where zmax, zmin are the upper and lower edges of bin z.
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Figure 7.12: Covariance of the θi parameters defined in (7.13) based on the Gaussian Fisher mat-
rix Eq. (7.15), assuming one year of observations with a third-generation GW interferometer network.

a simulation pipeline (c.f. Fig. 7.2) that captures all of the crucial physical ingredients of the
problem, from the initial (linear) matter power spectra, through the formation and evolution of
galaxies, to a population of merging BBHs. Our key results are shown in Figs. 7.7 and 7.9, which
respectively show the suppression of the BBH merger rate and demonstrate that this suppression
will be detectable with next-generation gravitational-wave observatories.

All of the dark matter scenarios we consider are consistent with the local (z = 0) merger rate
inferred by LIGO/Virgo, RBBH(z = 0) = [16–61]Gpc−3 yr−1 [482], with only a small suppression
(. 20%) of this local rate in the uνχ ≤ 3.4 × 10−7 IDM scenarios compared to ΛCDM. At
higher redshifts, however, we see that their differences become increasingly significant. Physically
this reflects that most star formation takes place in smaller haloes at these early epochs, and
these smaller haloes are where the effects of DM interactions are most pronounced. Even for
interactions as weak as uνχ = 3.4 × 10−8 there is a small but visible difference from CDM in
the predictions from our high-resolution simulations. Decreasing the interaction strength further
down to uνχ = 3.4× 10−9, however, makes the suppression scale so small that there are very few
star-forming haloes that are missing compared to ΛCDM, and consequently the BBH merger rate
for this scenario is essentially indistinguishable from that in ΛCDM.

To confirm that the different dark matter models can indeed be distinguished in this way,
we have carried out a Fisher forecast for the redshift-dependent BBH number count N>(z∗), as
shown in Fig. 7.9. We find that future observations with Einstein Telescope and Cosmic Explorer
will allow us to confirm or rule out suppression caused by DM-neutrino interactions down to the
level of uνχ ∼ 10−7.

The main challenge for this method is the significant astrophysical uncertainties in the
modelling. We stress however that there is good reason to be optimistic regarding these systematic
uncertainties: any changes to the binary evolution model will have an impact at all redshifts
and should therefore have minimal degeneracy with the specific high-redshift suppression we
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are targeting. We envisage that the very large numbers of BBHs detected by third-generation
interferometers at low redshifts will be able to pin down the astrophysical modelling, allowing
us to use the high-redshift tail as a sensitive probe of structure formation and dark matter. We
demonstrate this explicitly by investigating 19 alternative compas models [1006]; we find that
the suppression effect from IDM (at the level of uνχ ∼ 10−7) can be confidently distinguished
from each of these alternatives with next-generation GW observations. Similarly, we anticipate
that uncertainties associated with the galform modelling governing star formation and chemical
enrichment will be reduced by comparing against future low-redshift observational data for faint
galaxies, as well as high-redshift observations with, e.g., the James Webb Space Telescope [83],
leaving little degeneracy with DM microphysics.

To conclude, we have shown that the binary black hole merger rate has the potential to
become an important probe of deviations from the ΛCDM model, particularly the suppression of
structure from dark matter interactions. As a by-product of our analysis, we have shown that dark
matter–neutrino interactions with uνχ & 10−6 are already strongly in tension with the observed
abundance of faint galaxies. With the next generation of gravitational-wave observatories probing
the gravitational-wave event rate out to the earliest epochs of star formation, it will be possible
to strengthen these constraints by another order of magnitude or more, giving us highly sensitive
information about the earliest stages of nonlinear structure formation.
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CHAPTER 8
The evolution of extended

primordial black hole
distributions

As described in Section 2.3, primordial black holes represent an interesting and well-motivated
alternative to particle dark matter, and even if not the main component, a sub-dominant
population of primordial black holes could have interesting consequences.

One scenario of particular significance would be the possibility to observe the final moments
of an evaporating black hole, the so-called explosion. Due to the large energies, and the fact that
such a black hole would emit any particles coupled to gravity with mass below this energy, it
could offer a window to particles beyond the standard model [1011]. This could even potentially
generate dark matter particles [507].

Since a monochromatic mass distribution would have to be incredibly fine-tuned to allow for
evaporations finishing today, it is much more reasonable to expect an extended mass distribution
at formation with a non-negligible population formed at Mcrit.

To determine the rate of explosions today, we therefore develeoped a simple formalism for
computing the evolved mass distribution from its initial shape, which could conveniently also
be used to set constraints on the allowed population using gamma rays from the galactic centre,
in addition to computing the expected distance to the closest exploding black holes for realistic
populations.
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Abstract: Primordial black holes (PBHs) may lose mass by Hawking
evaporation. For sufficiently small PBHs, they may lose a large portion of
their formation mass by today, or evaporate completely if they form with mass
M < Mcrit ∼ 5×1014 g. We investigate the effect of this mass loss on extended
PBH distributions, showing that the shape of the distribution is significantly
changed between formation and today. We reconsider the γ-ray constraints on
PBH dark matter in the Milky Way center with a correctly ‘evolved’ lognormal
distribution, and derive a semi-analytic time-dependent distribution which
can be used to accurately project monochromatic constraints to extended
distribution constraints. We also derive the rate of black hole explosions in the
Milky Way per year, finding that although there can be a significant number,
it is extremely unlikely to find one close enough to Earth to observe. Along
with a more careful argument for why monochromatic PBH distributions are
unlikely to source an exploding PBH population today, we (unfortunately)
conclude that we are unlikely to witness any PBH explosions.

8.1 Introduction

Primordial black holes (PBHS) [463–465, 1012] are one of the earliest and most intriguing dark
matter candidates. With the recent direct observations of black holes [473, 483, 1013], PBHs
could be considered to be back in the limelight as a popular dark matter candidate. However,
the fraction fPBH of the dark matter energy density in PBHs is constrained by a wide range of
observations across the PBH mass spectrum [180, 470]. Typically, these constraints are given for
monochromatic black hole mass distributions, but there has been growing interest in studying
extended mass distributions. Constraints for extended distributions differ nontrivially from
the monochromatic case, and these distributions are often predicted to arise from the physical
processes which form PBHs [614–616, 618, 619, 1014]—for instance, the lognormal distribution
may serve as a reasonable fit to the mass functions produced by the collapse of large inflationary
density perturbations [597, 598, 617–621, 1015]. Not only are extended distributions probably
more accurate for modelling PBHs, but the resulting phenomenology of the black holes may
additionally explain several interesting cosmological questions besides dark matter [1014].

Black holes are understood to have a temperature proportional to the surface gravity at
the horizon and so lose mass by Hawking radiation [542, 543]. The black holes radiate a thermal
spectrum consisting of all particles with a mass below this surface temperature, with emission
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rate,
d2Ni
dtdE

=
1

2π

∑
dof

Γi(E,M, a∗)

eE′/T ± 1
, (8.1)

where Ni is the number of particles emitted, Γi is the ‘greybody factor’, E′ is the energy of
the particle (including the BH spin), a∗ is the reduced spin parameter, the sum is over the
degrees of freedom of the particle (including color and helicity), and the ± sign accounts for
fermions and bosons respectively. For large black holes, mass loss from Hawking evaporation is
negligible over their lifetime. For sufficiently small black holes, however, the effect of Hawking
evaporation is large. These PBHs may lose a significant portion of their mass by today, or
evaporate completely (possibly leaving some small remnant behind). Black holes which evaporate
exactly with the lifetime of the universe are called ‘critical mass’ black holes, forming with a mass
Mcrit ∼ 5× 1014g [1016]. In this paper we will explore the effect that Hawking evaporation has
on extended PBH distributions. Throughout, we use the public code BlackHawk [551, 1017] to
calculate lifetimes and emission spectra of the primordial black holes.

Since black holes of different masses evaporate at different rates, extended mass distributions
evolve non-trivially from their formation time until today. That means that a distribution which
is e.g. lognormal at PBH formation, has quite a different shape today—we will refer to this as the
‘evolved’ distribution, which we derive explicitly. Often, constraints on extended distributions are
derived by ‘adapting’ the monochromatic constraints with a kind of interpolation [614]. However,
it was pointed out in Ref. [618] that this method does not work for small PBH masses, for
the above reason—the distribution changes over time. We show that using the correct evolved
distribution, however, allows us to still use the method of Ref. [614] to derive correct constraints.
In particular, we rederive the constraints on galactic center γ-rays [613] detected by HESS
and Fermi [1018–1020] for a lognormal extended distribution, showing the rather large effect of
properly evolving the PBH distribution (and agreeing with the isotropic γ-ray constraints found
numerically in Ref. [618]).

In the final portion of this paper, we investigate the ‘exploding’ tail of the tiniest black holes
in the evolving distribution, and calculate the rate of black hole explosions over time. We find that
there can be a significant number of black hole explosions in the Milky Way every year—however,
for currently unconstrained mass distributions, the expected distance to the nearest black hole
explosion from Earth is sufficiently large that the photon flux is probably too small to witness one
of these transient events without exceptional luck. Nonetheless, it is interesting to consider the
possible signal from such an event—since black holes evaporate with the entire particle spectrum,
witnessing such an explosion could have profound science consequences [542, 543, 1011, 1021].

8.2 Evolving PBH distributions

With the increased interest in primordial black holes in recent years, constraining extended
distributions has become a more pressing task. In Ref. [614], Carr et al. derived the constraints
on extended distributions by interpolating the constraints on monochromatic PBH distributions.
In Ref. [618], Arbey et al. argue that this method will not work for small black holes, since
Hawking evaporation changes the PBH mass distribution between formation and today. Arbey
et al. rederived the PBH constrains from isotropic gamma rays numerically, by simulating the
evaporation of a number of black holes using the program BlackHawk [551, 1017]. Here, we will
show that the method of Ref. [614] can still be applied for evolved distributions, as long as one
uses the correct distribution at relevant epochs. We show how to derive this distribution and
later rederive the galactic center γ-ray bounds.
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Extended Distributions: We define the fraction of total PBHs in the range [M,M + dM ] as,

φ(M) ≡ 1

nBH

dn(M)

dM
, (8.2)

where nBH is the total PBH number density and n(M) is the number density of PBHs in the mass
range [M,M + dM ]. The physical interpretation of φ is that if you had a population of a certain
number of black holes, the fraction of this population in a particular mass range (by number) can
be found by integrating φ over the mass range. This is to be compared to the often-used definition
ψ ≡Mdn/dM , which would give the fraction of energy density in some mass range. Defining the
quantity as in Eq. (8.2) is perhaps more useful in our case because Hawking evaporation occurs
for each black hole separately, rather than to the black hole population as a whole. Then φ(M),
at PBH formation, would be normalized as,∫

dM φ(M) = 1 , (8.3)

and we could compute,

ρBH = nBH

∫
dM Mφ(M) , (8.4)

for some choice of volume V . However, we are interested in the time evolution of this distribution.
In this case, the fraction of black holes in the range [M,M + dM ] at a particular time has two
arguments, φ(M, t). We assume that the initial distribution dn(M)/dM is fixed by whatever
physics produces the PBHs, and from then on is able to evolve. Then the fraction at a particular
time is given by,

φ(M, t) = φ(M0(M, t), t0)
dM0(M, t)

dM
, (8.5)

where M0(M, t) is the formation mass corresponding to a black hole of mass M at time t, and t0
is the time of formation. The second term can be thought of as a change of variable, since we
need to preserve φ(M)dM = φ(M0)dM0.

Finally, we will assume the black holes have no spin or charge (the arguments will not
change drastically with the inclusion of this complication). Also, although black holes of different
sizes form at different epochs in the early universe, accounting for this properly will only have
a minuscule effect on the distribution, since we are considering black hole evolution times on
the scale of the age of the universe. For simplicity, we can then define the time of formation as t = 0.

Black hole mass loss equations: The Hawking mass-loss equation [544] is given by,

dM

dt
= −~c4

G2

α

M2
, (8.6)

where α is a coefficient determined by the particle species the black hole can emit at a particular
mass. A black hole will spend the majority of its lifetime near its initial mass, so α ≈ α0 is
a sufficiently good approximation for our purposes and allows for the analytic solution of the
differential equation,

M(t) =

(
M3

0 − 3α0
~c4

G2
t

)1/3

, t ≤ τ. (8.7)

This equation can trivially be inverted to calculate the initial mass M0 for a black hole of mass
M at time t after formation:

M0(M, t) =

(
M3 + 3α0

~c4

G2
t

)1/3

. (8.8)
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8.2. Evolving PBH distributions

However, determining α0 is generally complicated. One could use the ‘classical’ value
αclassical = 1/15360π, but this is not particularly accurate, since it only accounts for photon
emission. In order to proceed semi-analytically, we use the approximation α0 = αeff , which we
define as,

αeff ≡ G2

~c4
M3

0

3τ
, (8.9)

where τ is the black hole lifetime, calculated numerically with BlackHawk. This means that αeff

guarantees we obtain the correct lifetime for any initial mass. We find that using this effective
parameter instead of the numerical value gives a correct evolved mass to within a few percent at
all times for the majority of initial masses. We show a plot of αeff in Fig. 8.1, which must be
derived numerically. The numerical solution can be roughly approximated with the following
function, fit with a χ2 regression:

αeff,fit =

{
c1 + c2M

p
0 M0 . 1018g

2.011× 10−4 M0 & 1018g
, (8.10)

where c1 = −0.3015, c2 = 0.3113, and p = −0.0008 and the value for M0 & 1018g is taken from
Ref. [544]. This fit is also shown in Fig. 8.1 and may be useful if one requires an analytic solution.

1010 1012 1014 1016 1018

M0 [g]

10−3

α
ef
f

αeff

Power law fit

Figure 8.1: αeff as a function of initial black hole mass, with the power law fit given by Eq. (8.10).

The evolved distribution: Combining Eqs. (8.5) and (8.8), we find the time-dependent evolved
distribution,

φ(M, t) = φ(M0(M, t), t0)

×M2

(
M3 + αeff(M0(M, t))

~c4

G2
t

)−2/3 (8.11)

We highlight this equation to emphasize its general utility—anyone wishing to study extended
PBH distributions which are affected by Hawking radiation can straightforwardly use this result.
If one wishes to study a different kind of mass change, such as by accretion in the early universe,
however, the second term would need to be modified according to the mass-change equations for
that physical process.
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Chapter 8. The evolution of extended primordial black hole distributions

There are a few subtleties which should be addressed. Firstly, nBH in Eq. (8.2) is defined
at the black hole formation time. Since some black holes will completely evaporate, this means
that the integral in Eq. (8.3) will be less than one as time goes on, a portion of the integral is
lost, covering the low mass tail which reaches M = 0 before the time t. Secondly, two black holes
with different initial masses, but which have eventually evaporated, will not be distinguishable
(since there is nothing to distinguish)—so one must be careful when applying Eq. (8.8) for fully
evaporated black holes.

It would certainly be interesting to additionally examine the evolution of the distribution
from mergers, although it would not be trivial to calculate. The PBH-binary parameter distribu-
tion from even a monochromatic distribution [564, 566, 1022] is already somewhat complicated,
and performing this calculation with an extended mass distribution is well beyond the scope of
this paper, if it is even analytically tractable (and it is difficult to intuit which way the bounds
would shift, after including this effect).

The monochromatic stability constraint: Finally, it is worth touching on an important
point related to the evolution of specifically monochromatic distributions. It is often stated that
‘black holes with masses m < Mcrit cannot be the dark matter, since they evaporate before today’.
This statement is technically true, when considering the mass at formation. But there remains
the question—can a monochromatic distribution with mass slightly larger than the critical mass
leave behind a sizeable population today of very tiny black holes? Constraints from Hawking
emissions already do exist for such a population. However, this question can be answered on
more theoretical grounds, without reference to specific observations. This is important since in
scenarios where the PBHs are not modelled as Schwarzschild or Kerr black holes, we may not be
able to rely on such constraints [567], so the point is worth making explicitly.

Consider the scenario where there is a remnant population today of black holes of masses
m < Mcrit. If the black holes had mass 1.1× 1011 g, the mass of these black holes at formation
would have been 7.4× 1014 g (very close to the critical mass). However, if the population had
mass 1.1 × 1014 g today, the initial mass would have been just 7.5 × 1014 g. Clearly, there is
extremely little difference between these two initial populations. For these two examples, we can
compute ∆Minit/Mcrit ∼ 0.01—so there is roughly a 1% difference in formation mass for a three
orders-of-magnitude difference in black hole mass today. As a result, we have a kind of ‘stability’
constraint on a theory which predicts a specific range of black holes today with M < Mcrit, since
it is so sensitive to the initial conditions—the precision required to source such a population would
be smaller than the theoretical and observational uncertainties in our calculation. Essentially, we
can not expect to find a rapidly evaporating monochromatic distribution of black holes today.

8.3 γ-ray constraints

For demonstrative purposes, we will recompute the γ-ray constraints from the galactic center
using a lognormal distribution as a toy model. Although these constraints have been computed
before [613, 614, 618], it is useful to show how our Eq. (8.11) can be used to convert monochromatic
constraints to extended distribution constraints without extensive numerical calculations.

The lognormal distribution: The lognormal distribution is given by,

dn(M)

dM
=

nBH√
2πσM

exp

{(
− (ln(M/M∗))

2

2σ2

)}
. (8.12)
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8.3. γ-ray constraints

This distribution is relatively well-motivated, since many physically realistic processes (such as
the collapse of density perturbations sourced by some inflationary scenario) are reasonably fit by
a lognormal distribution [597, 598, 617–620, 1015], although Ref. [621] for example predicts a
deviation from lognormal for the low-mass tail.
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Figure 8.2: Four PBH extended distributions with M∗ = 1015 g and different standard deviations σ are
evolved, with line colour denoting evolution time. Note that t is in units of the age of the universe.

Figure 8.2 shows the effect of Hawking radiation on lognormally distributed PBHs. The
extended distribution at a particular time is properly modified by Eq. (8.11), leading to a sig-
nificantly altered shape. Specifically, the low-mass tail tends towards a slope ∝ M2, leading
to a suppression of masses around the peak, but an enhancement at much lower masses. In
fact, Eq. (8.11) provides a simple explanation for this shape, in both the lower- and higher-mass
regimes regimes. For M3 � αeff

~c4
G2 t, the second term is suppressed, leading to an essentially

unchanged distribution. Conversely, when M3 � αeff
~c4
G2 t, the second term dominates, scaling

∝M2. Since evolved PBHs with small masses originate at almost the same initial mass, φ(M0, t0)

and αeff(M0) become essentially constant in M , and the evolved distribution becomes ∝ M2.
This agrees with the low-mass tail findings in Ref. [613]. This analysis is independent of the
initial distribution, and will hold as long as φ(M0, t0) does not vary extremely quickly in mass.

Calculating the gamma-ray flux: The γ-ray flux from an extended distribution of black
holes is given by,

d2Nγ
dEdt

(E) =

∫
dM

df

dM

d2Nγ
dEdt

(M,E) . (8.13)
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Chapter 8. The evolution of extended primordial black hole distributions

Since the gamma-ray emission from low-mass black holes is much larger than for more massive
PBHs, the low-mass tail of φ(M) becomes very important, as was noted in Ref. [618].

We use this to compute the expected flux in γ-rays, Φ, from the galactic centre, using

dΦγ
dE

(E) = fpbh
D

M̄

d2Nγ
dEdt

(E), (8.14)

where M̄ is the initial mean PBH mass, and D is the D-factor commonly used for decaying dark
matter predictions [326], given by,

D =

∫
dldΩ ρdm . (8.15)

In Fig. 8.3 we show the expected spectrum from the galactic centre, using the Navarro–Frenk–White
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Figure 8.3: The expected gamma-ray spectrum from the galactic centre for sixteen extended distributions
of varying mass and standard deviation with fpbh = 10−8, alongside measured fluxes from HESS [1018]
(black dots) and Fermi-LAT data [1019, 1020] (black crosses). The thick lines correspond to distributions
correctly evolved as in Eq. (8.11), while the dotted lines correspond to a naive ‘unevolved’ distribution.

(NFW) dark matter profile [790] for the PBHs, contrasted with the spectrum for a lognormal
PBH distribution which does not evolve. Note that for evolved distributions, we use fpbh to
refer to the PBH fraction of dark matter at formation. For distributions with significant por-
tions of low-mass PBHs, part of that mass would be evaporated away by later times. The
correct use of the evolved distribution significantly alters the shape of the gamma-ray spectrum,
showing both significantly smaller fluxes in some areas of the spectrum and larger fluxes in others..

Gamma-ray constraints: By requiring that the emission from PBHs does not exceed the
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8.3. γ-ray constraints

observed flux from the galactic centre, we can constrain fpbh for a specific distribution. An
alternative method for doing this was proposed in [614], which does not require computing the
expected signal from a given distribution, but instead adapts the constraints on monochromatic
distributions. We find that using this ‘adapted’ method, but with our correctly evolved distri-
bution, agrees excellently with the bounds computed numerically by simulating an initial PBH
distribution and computing the γ-ray spectrum. In addition, the correctly evolved bounds are
very similar to those derived in Ref. [618] for isotropic γ-rays 1.
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Figure 8.4: Bounds on fpbh from galactic centre γ-ray observations for extended distributions with central
mass M∗ and four values of σ, comparing the the ‘naive’ lognormal and properly evolved distributions.
The thickness of the borders accounts for observational uncertainty. ‘Adapted’ curves are obtained from
monochromatic constraints using the method of Ref. [614].

The bounds are shown in Fig. 8.4. The first ‘lognormal’ bound is for the naive unevolved
distribution. The second ‘evolved’ bound is numerically calculated from the γ-ray spectrum of
black holes, distributed with our evolved spectrum today Eq. (8.11). The ‘adapted’ bound refers
to the bound obtained using the method from Ref. [614], where the monochromatic constraints
are interpolated to form the extended distribution bounds. The ‘adapted, evolved’ bound is
calculated using the same method, but with the correct evolved distribution Eq. (8.11). In each
case, the actual bound is placed by requiring that the predicted flux be smaller than the flux
measured by HESS and Fermi-LAT. We can see that the adapted method is perfectly compatible
with the numerical results, but only when the evolved distribution of Eq. (8.11) is used.

1We choose not to reproduce these particular bounds, however, since the extragalactic flux must be integrated
back in time—a slightly more complicated task when the distribution itself is evolving.
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The bounds for the evolved distribution are loosened for small values of M∗ because a
large fraction of that population would have evaporated already, and thus would have no impact
on the γ-rays from the galactic centre. A different early universe probe, such as BBN or CMB
anisotropies, would be needed to constrain these PBHs. The unevolved lognormal bounds must
be arbitrarily cutoff at 1014 g, since it would not be consistent to have a lognormal distribution
today consisting of tiny, rapidly-evaporating black holes, similar to the discussion at the end of
Section 8.2.

8.4 Black hole explosions

The end of life of an evaporating black hole is not entirely known [1023]. However, at least down
to extremely small masses, it should be the case that the black holes will get hotter and brighter,
emitting a huge spectrum of particles. For convenience, we call this end-of-life phenomenon
an ‘explosion’, although we will not comment on whether or not the black hole is completely
exhausted, or leaves behind some kind of remnant.

The gamma-ray background created by evaporating PBHs is not the only way to search
for these exploding black holes. An observation of the burst of gamma-rays produced by a single
black hole evaporation would be very exciting, since all possible particle species are emitted. We
could not only probe the Standard Model more clearly, but we could possibly make statements
about dark matter and beyond-the-Standard Model physics [1011, 1021]. Unfortunately, it does
not appear that there is any evidence for such an observation so far [1024–1026]. We will show in
this section that this result is not surprising. While we have already argued that a monochromatic
population barely above Mcrit is not theoretically sound, an extended distribution of PBHs would
produce a population of exploding black holes today. However, we show that this population
cannot be sufficiently large that we would expect to see any bursts near enough to Earth.

For convenience we will again use the toy lognormal distribution as in Section 8.3. However,
since the low-mass tail of the distribution generically scales as ∝M2 regardless of the distribution,
our findings here are somewhat general.

Likelihood of witnessing a PBH explosion: In Fig. 8.5 we show the black hole explo-
sion rate per unit mass of PBH matter from the evolved PBH distributions. We can see that there
is actually quite a large quantity of explosions per year, even for very small fpbh. However, and
unfortunately, the distance between these explosions is still probably too small for observation
from Earth—see Fig. 8.6, where we plot the average distance between these explosions as a
function of the distribution parameters and fpbh.

As a representative observation, we can examine the γ-ray flux from one of these transient
events. In the last year of the black hole’s life, at a distance of ∼0.01 parsec, we only expect to
detect 1 photon per square cm per year. In order to observe a single photon from an explosion
with Fermi2, for example, the black hole would then need to be within a distance of ∼ 100 AU.
A single photon, however, is hardly a positive detection. Ten detected photons would require
the black hole be only as far as ∼ 35 AU (∼ 10−4 pc), placing it firmly inside our solar system.
One such event, unless we happen to be very lucky, could only occur with PBH fractions which
are already well excluded—in the monochromatic case, it would be excluded by the argument
at the end of Section 8.2, whereas the extended distributions are ruled out by the arguments in
Section 8.3.

2Assuming an effective area of 104 cm2 for the relevant energies[599].
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Figure 8.5: The explosion rate of PBHs over time for sixteen distributions with varying values of σ and
central mass M∗ and fPBH ∼ 10−8. The rate is given in terms of number of explosions per solar mass of
PBHs. The second vertical axis gives the explosion rate in yearly numbers for the Milky Way.

Perhaps there is some more creative way to observe these explosions as transient events
which we have not considered—after all, the entire particle spectrum is produced. However, for
the moment, it does not appear that we will be witnessing any black hole explosions anytime
soon.

Energy injection from explosions: A different way of determining the presence of such
explosions could be via the energy injected into the interstellar medium. A conservative estimate
of the energy emitted from PBHs in a given year is ∼ 1011 g (1032 ergs) per explosion, neglecting
the emission from PBHs with more than a year of life left. As shown in Fig. 8.5, the explosion
rate in a Milky Way-like galaxy can vary greatly over time, depending on the initial distribution.
Assuming a Milky Way explosion rate of 1010 per year, this is 1042 ergs emitted per year, of
which a large portion is in photons. In a similar naive analysis, a supernova will generally release
∼ 1051 ergs [1027, 1028]. If the supernova rate is one every 10 to 100 years in a MW-like galaxy,
this means that supernovae will inject ∼ 107 times more energy over that timespan compared
to the black hole explosions, making it unlikely that we could constrain the PBH fraction this
way. However, there may be some morphological differences, as a supernova will be very localised,
whereas the energy injection from PBH explosions will be distributed with the halo density profile,
and with roughly ‘continuous’ emission. Additionally, supernovae are often tied to star formation,
since many supernova progenitors are short-lived high-mass stars, whereas PBH explosions are
completely independent of star formation, and could even happen before stars are formed. A
more thorough analysis of the energy injection by PBH explosions would be interesting, but
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Figure 8.6: The average distance between black hole explosions for evolved distributions with varying
central mass M∗ and four values of σ. The dotted grey line gives the distance that would correspond to a
observed photon flux of 0.1 photons cm−2 yr−1.

beyond the scope of this paper.

8.5 Conclusions

Small black holes can lose a significant fraction of their mass via Hawking radiation. Distributions
of small black holes therefore evolve over time, as black holes shrink and even explode. We showed
that for monochromatic distributions, it is extremely unlikely to find a population today which is
rapidly evaporating, since the initial mass would have to be extremely fine-tuned to a small value
above this critical mass. However, extended distributions centered near the critical mass would
source a population of evaporating black holes. We demonstrated how to derive this distribution
today, and that using the correctly evolved distributions, the method of recasting monochromatic
constraints into extended constraints [614] is applicable even for evolving distributions. We
then calculated the rate of PBH explosions for a lognormal distribution near the critical mass.
Unfortunately, we found that although there can be a significant quantity of these explosions,
they are on average sufficiently far from Earth that we do not expect to see them.

Primordial black holes are experiencing something of a renaissance today, in large part due
to the exciting observations of black holes from a wide range of sources, such as gravitational waves
and very-long-baseline interferometry. As our understanding of their origins and astrophysics
improves, the need to properly model extended mass distributions becomes more pressing.
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8.5. Conclusions

During the preparation of this paper, a similar treatment of the evolved mass distribution
was published in the context of PBH bubbles as cosmological standard timers [1029]. We find
that our results agree well.
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CHAPTER 9
Conclusions

Dark matter remains a mysterious component in our model for the universe, but it is not hopeless.
As is demonstrated here, our understanding of its dynamics and the effects on observables is
ever growing, as is the sensitivity of our particle experiments to detect any interactions with
the Standard Model, as well as our astrophysical observations, measuring any impact of its
microphysics.

Our frameworks for describing dark matter models and computing their consequences are
continually evolving, improving in precision and finding new avenues to search for signatures.
This work collects and presents my contributions to the common efforts to determine the nature
of dark matter, building on the work previously done, and hopefully acting as a foundation for
future investigations.

Introducing in Chapter 5 the full Boltzmann hierarchy for dark matter interacting with
neutrinos of non-zero mass presents a natural continuation of others’ previous work with the
massless neutrino approximation [661].The inclusion of neutrino masses in cosmological analyses
is of increasing importance as experimental sensitivities improve, and the linear theory framework
presented serves as a solid basis further nonlinear study, as in Chapters 6 and 7, or Refs. [943,
964].

As new experiments and observatories are built, the parameter space where the impact of
dark matter can be investigated grows larger. If we, as cosmologists, truly wish to understand the
nature of dark matter, rather than just make every improving band-aid solutions to ΛCDM, it is
necessary to determine how to distinguish different dark matter models. In Chapter 6 we present
nonlinear structure predictions for dark matter models including interactions with relativistic
species, which we compare and contrast with similar warm dark matter models as well as standard
cold dark matter. Our findings indicate that such different models with suppressed small scale
structure could be nearly indistinguishable in late time observations, but offer hope that the next
generations of observatories may be of use. In particular, the possibility of resolving 3d structure
at high redshift, using intensity mapping of the 21 cm neutral hydrogen line, may offer a window
into the regime where such dark matter models have not yet been homogenised. This is an area
ripe for further study, in particular calling for follow-up studies with high-resolution treatment of
the baryonic physics at these times.

New types of experiments can also yield entirely new observables, and ways of investigating
dark matter. One such recently opened avenue is through gravitational wave astronomy, as
described in Chapter 7. With the rate of gravitational wave events determined by the cosmological
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star formation history, it is, albeit indirectly, sensitive to the underlying structure formation
history, and thus the dark matter model. We have shown how the redshift dependent compact
binary merger rate can provide independent measurements of structure formation, and with the
next generation of interferometers may be able to set competitive limits on dark matter models
with suppressed small scale structure.

Finally, Chapter 8 presents an analysis of primordial black holes as an alternative dark
matter model, or as a subdominant component. The particular focus is on extended mass
distributions, giving a simple framework for computing the modern day evolution of any initial
mass distribution at formation. This offers potential both for setting constraints on extended
distribution based on local measurements, such as the included galactic centre gamma ray analysis,
as well as for computing rates of black hole explosions at present times. The observation of such
an event could be tremendously educational, as it could provide a probe of any particle coupled to
gravity, including dark matter, if the primordial black holes form only a subdominant component.
Unfortunately our findings show that for the considered log-normal distribution, we are unlikely
to observe such an event, but the framework presented makes it simple to compute predictions
for any other distributions.

As such, this thesis represents a modest collection of contributions to our general under-
standing of dark matter, in particular on the topic of cosmological probes of dark matter-neutrino
interactions, but also shining a light on the possibilities of future observations for constraining,
and distinguishing between, dark matter models beyond the standard cold dark matter paradigm.
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