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Abstract

Searches for electric dipole moments (EDMs) in fundamental particles, nucleons, atoms,

and molecules provide a powerful test of fundamental symmetries. The smallness of

the CP -violation in the Standard Model (SM) gives a clean background for the EDM

experiments, making any non-zero signals of EDMs directly sensitive to the beyond

Standard Model (BSM) physics. The interpretation of EDM experiments requires a

wide range of inputs from particle physics, hadron physics, nuclear physics, to atomic

physics. In this thesis, a series of work on the theory of EDMs from the point of view

of particle physics is presented. Starting from the Kobayashi-Maskawa (KM) phase in

the SM, the size of the electron-spin-dependent CP -odd electron-nucleon interaction

(usually denoted as the CS operator), which contributes to the EDMs of paramagnetic

systems, is calculated. The result is three orders of magnitude larger than previously

believed. Using the QCD sum rule technique, arbitrary choices of the interpolating

current are shown to lead to inconsistent results in the calculations involving the QCD

theta term, and the proper procedure is identified to solve this issue. In the presence of

EDMs of heavy SM fermions, the effective CP -odd operators generated below the heavy

fermion mass threshold and the further induced neutron and atomic EDMs are derived,

which in turn allows indirect constraints on the muon, charm quark, and bottom quark

EDMs to be set based on existing experiments.
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Chapter 1

Introduction

Symmetries have been playing a central role in physics since the beginning of the twen-

tieth century. Among all the symmetries, our spacetime is believed to be invariant (at

least when gravity is negligible) under continuous Lorentz transformations, which is the

transformation of the proper, orthochronous Lorentz group SO+(1, 3). On the other

hand, the invariance of physics laws under discrete Lorentz transformations, namely

charge conjugation (C), parity (P ), and time reversal (T ), cannot be assumed a priori.

C and P are separately violated by the weak interaction [9,10], and the combined sym-

metry of C and P (CP ) is also violated, but at a much smaller level [11]. However, it

is believed that the continuous Lorentz symmetry implies the combined symmetry of

CPT [12–14].

The Standard Model is by far the most successful theory of the particle world,

but there is accumulating evidence reminding us it is not the ultimate theory. One

such piece of evidence comes from Baryogenesis. As pointed out by Sakharov [15],

three conditions are required to generate baryon-antibaryon asymmetry observed today:

Baryon number violation, C and CP violation, and deviation from thermal equilibrium.

The Standard Model allows two CP violation parameters: the complex phase of the

Cabibbo–Kobayashi–Maskawa (CKM) matrix δKM and the QCD theta term θQCD. The

former is observed in the flavor-changing channel from Kaon and B meson decays and

is well determined; the latter is physically allowed but has not yet been observed in

experiments. However, the observed CP violation within the SM is insufficient to

produce the amount of asymmetry needed, which makes it essential to test CP violations

1
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within and beyond the SM from other aspects.

Intrinsic EDMs of particles, atoms, and molecules require the breaking of T sym-

metry1, and, assuming CPT invariance, implies CP symmetry, this can be seen from

the fact that EDMs can only align on (or opposite to) the direction of total angular

momentum. Angular momentum flips the sign under T , so EDMs also need to flip

the sign to keep the action invariant.2 Therefore, searches for EDMs provide a way of

probing CP violations in the flavor-neutral channel. Due to the clean background from

low energy physics and the superior precision, any experimental signal of EDMs can be

interpreted as direct evidence of the CP violation in the heavy new physics and will be

an important hint for probing the new physics on-shell with colliders.

Experimental efforts searching for EDMs were first proposed in the 1950s by Purcell

and Ramsey [16]. Since then, the accuracy of EDM experiments has been improving

by nearly two orders of magnitude per decade [17]. The best sensitivity on EDMs is

achieved in three main classes of EDMs measured in experiments: EDM of paramagnetic

systems, diamagnetic systems, and the neutron [18]. Making full use of EDM exper-

iments, therefore, requires complete analysis of both the SM and BSM physics from

the fundamental high-energy scale to the relevant experimental scale. In the context of

the effective field theory (EFT), by integrating out the heavy degrees of freedom, the

effects coming from high energy can be categorized as higher-dimensional operators that

contribute to the low energy physics, with the coefficients in front of them, known as

Wilson coefficients, characterizing the specific features of the high energy physics. Below

the electroweak scale, the CP -odd operators up to dimension 6 include the dimension-4

QCD theta term, the dimension-5 fermion EDMs and color EDMs (CEDMs), and the

dimension-6 Weinberg operator and the four-fermion operators :

LCPV =
θ̄αs

8π
Ga

µνG̃
aµν +

∑
i

di
2
ψ̄i(F̃ σ)ψi +

∑
i

gsd̃i
2
ψ̄i(G̃σ)ψi

+
1

3
wfabcG̃aµ

ν Gbν
ρ G

cρ
µ +

∑
i,j,k,l

Cijkl(ψ̄iψj)(ψ̄kiγ
5ψl) + · · · .

(1.1)

1Some molecules have classical EDMs which do not give J · E correlation, this type of EDM does
not require the breaking of CP symmetry and is not of our interest.

2Magnetic dipole moments, however, exists without the requirement of CP violation, this is because
the magnetic field flips the sign under T , which allows the correct action to be obtained without flipping
the sign of magnetic dipole moments.
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As the energy scale further goes down, the operators involving quarks become the

interactions with nucleons and mesons due to the confinement, and heavy fermions

are further integrated out to contribute to the effective operators involving only light

degrees of freedom. These operators together contribute to the EDMs measured in

experiments. As systems with an electron in the open shell, paramagnetic systems get

EDMs mainly from a linear combination of the EDM of the unpaired electron and the CS

operator, which characterizes the electron spin-dependent CP -odd interaction between

electron and nucleon. For this reason, the result of paramagnetic EDM experiments can

be interpreted as a constraint on the equivalent electron EDM dequive by normalizing the

coefficient in front of the electron EDM to 1. Diamagnetic atoms, on the other hand,

get EDMs mainly from the CP -violation on the nucleon side, including the nucleon

EDMs, the CP -odd nucleon forces, and the nuclear spin-dependent CP -odd interactions

between electron and nucleon. Neutron EDM can also be directly searched for, and its

EDM could come from the CP -odd nucleon forces, CP -odd gluon interactions, quark

EDMs, and quark color EDMs (CEDMs). The current experimental upper limit for

these three types of EDMs is listed in Table 1.1.

Table 1.1: Experimental upper limits for paramagnetic, diamagnetic, and neutron EDMs.

Type of EDM Experimental bound

Paramagnetic atoms |dequive (ThO)| < 1.1× 10−29ecm (90% C.L.) [19]

|dequive (HfF+)| < 4.1× 10−30ecm (90% C.L.) [20]

Diamagnetic atoms |d(199Hg)| < 7.4× 10−30ecm (95% C.L.) [21]

Neutron |dn| < 1.8× 10−26ecm (90% C.L.) [22]

The equivalent electron EDM constrained in Table 1.1 can be compared with the

electron’s magnetic dipole moment (MDM),

|µe| =
e

2me
= 1.9× 10−11ecm. (1.2)

This shows the smallness of the CP -violating effects and how far the EDM experiments

have pushed the experimental accuracy to search for CP -violations.

With the SM sources of CP violation it is possible to generate EDMs within the
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SM, either through the δKM phase by combining several flavor changing processes, or

through the θQCD by considering the topological effects in the strong sector. A number

of efforts have been made to predict the SM EDMs; the current results are shown in

Table 1.2. In particular, the calculation for the paramagnetic EDM from the CKM

phase is part of this thesis, and the neutron EDM from the QCD theta term is also

reconfirmed in this thesis.

Table 1.2: SM estimates for paramagnetic, diamagnetic, and neutron EDMs, in units of ecm

Type of EDM theta term CKM phase

Paramagnetic |deqe (ThO)| 5× 10−22θ̄ [23, 24] 1.0× 10−35 [2]

Diamagnetic d(199Hg) (1.5± 1.8)× 10−19θ̄ [25] (0.4− 2.4)× 10−35 [26]

Neutron |dn| (0.8− 1.2)× 10−16θ̄ [5, 27–30] (1− 6)× 10−32 [31]

Comparing the SM prediction from δKM and the experimental constraints, there

is still a six orders of magnitude gap between them; the smallness of the SM contri-

bution to EDMs then provides a clean environment for the searches for BSM sources

of CP -violation. A simple dimensional analysis, assuming possible BSM CP violation

contributing to EDMs at one-loop, gives the scaling

de/e ≃
me

Λ2
CP

× (loop factors) → ΛCP > 102TeV (1.3)

So the current limit on EDMs translates to a constraint on the CP -violating new physics

at the 102TeV scale, a scale which is challenging to probe on-shell in the foreseeable

future.

The goal of this thesis is to accomplish the following:

• Despite the enormous experimental progress on the measurement of electron EDM

in atomic, molecular, and optical physics (AMO), a proper theoretical prediction

on the EDMs of paramagnetic systems within the SM is still missing. While pre-

vious SM calculations mainly focus on the contribution from de, the contribution

from CS , which might be dominant, is not well estimated. This gap is filled in

Chapter 2
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• The neutron, as a bound state dominated by QCD effects, requires the use of non-

perturbative methods to calculate its EDM, and a self-consistent starting point for

such calculations has to be defined. Starting from the θ-induced neutron EDM,

Chapter 3 evaluates the suitability of the three-quark interpolating field based on

their properties under U(1)A transformation, which has important implications in

lattice QCD calculations.

• Given the advances in the loop calculation techniques, adapting them in EDM

calculations becomes desirable. Based on the methods of projection, integration

by parts, and master integrals used in modern multi-loop calculations, Chapter

4 calculates the electron EDM induced by the heavy leptons and the light quark

EDMs induced by the charm and bottom quark EDMs. Additionally, based on

the external field method, the CP -odd interactions among four gauge bosons are

derived.

• Given the new experiment to measure the muon EDM at PSI [32], in Chapter

5, the indirect limit on the muon EDM is determined from existing AMO EDM

data. Different from the EFT below the electroweak scale, the mass of the muon

is at the borderline of being heavy when one considers the nuclear scale; therefore,

an EDM of the muon could potentially contribute to EDMs of atoms through

dimension-8 operators. The constraints on the muon EDM obtained in this way

are shown to be stronger than the direct constraints from [33].

• Given the proposal to measure the charm EDM at LHC [34–38], in Chapter 6,

the indirect limits on the charm and bottom quark EDMs are determined from

existing experiments based on the effects of dimension-8 CP -odd photon-gluon

operators generated by the charm and bottom quark EDMs.

Finally, Chapter 7 provides a summary of the thesis and an outlook for the future.

A number of appendices are included for reference, with Appendix A focusing on the

conventions used in the thesis, Appendix B-D concentrating on technical details, and

Appendix E providing a list of acronyms used in this thesis.



Chapter 2

Standard Model prediction for

paramagnetic EDMs

Recent breakthrough sensitivity to CP violation connected to electron spin (that we

will refer to as “paramagnetic EDMs”) [20, 39] established a new limit on the linear

combination of the electron EDM de and semileptonic nucleon-electron N̄Nēiγ5e op-

erators, commonly parametrized by a CS coefficient. Given rapid progress of the last

decade, as well as some additional hopes for increased accuracy (see e.g. [40–42]), in this

chapter we revisit the Standard Model (SM) sources of CP violation and the expected

size of the paramagnetic EDMs in the SM. We point out that the paramagnetic EDMs

are dominated by the combination of the electroweak penguin diagrams and ∆I = 1/2

weak transitions in the baryon sector, and are calculable within chiral perturbation the-

ory. The predicted size of the semileptonic operator CS is 7× 10−16 which corresponds

to the equivalent electron EDM deqe = 1.0 × 10−35e cm. While still far from the cur-

rent observational limits, this result is three orders of magnitude larger than previously

believed.

2.1 Overview of previous calculations

As discussed in the introduction, the SM sources of CP -violation include the non-

perturbative effects parametrized by the QCD vacuum angle θ and the (KM) phase

δKM. We discuss here the past efforts in calculating the paramagnetic EDMs from these

6
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sources.

CP violation due to θ comes through the π0(η)N̄N coupling, recently it has been

shown [23] that paramagnetic EDMs are dominated by the two-photon exchange mech-

anism, and the leading chiral behavior of the hadronic part of the diagram is given

by the t-channel exchange by π0, η. The result, in combination with the experimental

bound [39], sets the independent limit on |θ| < 3× 10−8, which is still subdominant to

the limit provided by dn(θ).

The predictions of EDM-like observables induced by δKM thus far can be summa-

rized by two adjectives: small and uncertain. The suppression comes from the necessity

to involve at least two W -bosons and multiple loops [43–45] involving all three gen-

erations of quarks. As a result, short distance contributions to quark EDMs do not

exceed 10−33 e cm level [46]. At the same time, it is clear that long-distance nonpertur-

bative contributions, typically described as a combination of two transitions changing

strangeness by one unit, ∆S = ±1, dominate dn and nucleon-nucleon forces [47–51].

More recent estimate [31] places dn in the ballpark of few × 10−32 e cm with a wide

order-of-magnitude expected range. It is fair to say that magnitudes of dn and nucleon-

nucleon forces (that feeds into the nuclear-spin-dependent atomic EDMs) cannot be

accurately predicted at this point.

δKM induces paramagnetic EDMs through a combination of de and CS . Recent

estimates of de [52] (dominated again by long-distance effects) converge at the tiniest

value of ∼ 6× 10−40 e cm, presumably with considerable uncertainties corresponding to

hadronic modelling of quark loops. This result is subdominant to the CS estimate due

to the two-photon exchange mechanism in combination with ∆S = ±1 transitions [53],

that corresponds to equivalent de of ∼ 10−38 e cm. To introduce useful notations, this

is EW2EM2 order effect, where EW/EM stands for electroweak/electromagnetic.

2.2 CS operator from δKM in EW3 order

In this section, we demonstrate that the dominant contribution to paramagnetic EDMs

associated with the KM CP -violation is given by the semileptonic CS induced in EW3

order. It has an unambiguous answer in the flavor-SU(3) chiral limit, and is calculable

to ∼ 30% accuracy that can be further improved. Remarkably, the result reaches the
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level of ∼ 10−35 e cm in terms of the de equivalent, which is three orders of magnitude

larger than previously believed [53].

Our starting point is the expression for the equivalent de that follows from atomic

and molecular theory, and defines the linear combination of two Wilson coefficients

constrained by the most precise paramagnetic EDM measurements performed with ThO

molecule 1:

dequive = de + CS × 1.5× 10−20 e cm, (2.1)

where e is the positron charge. Current experimental limit [39] stands as |dequive | <
1.1×10−29 e cm. As per convention, CS is defined with the Fermi constant factored out,

and γ5 corresponds to the 1
2γµ(1− γ5) definition of the left-handed current:

LeN = CS
GF√
2
(ēiγ5e)(p̄p+ n̄n). (2.2)

Our goal is to calculate CS(δKM).

2.2.1 Leading chiral order CS calculation

Because of the conservation of the electron chirality in the SM, it is clear that CS ∝ me.

This in turn rules out single photon exchange (EM penguin) as origin of meēiγ5e, and

one would need either a two-photon mechanism [23, 53] or the EW penguin Z-boson

exchange/W -box diagram. The most crucial property of EW penguins is that although

they are formally of the second order in weak interactions, their size is enhanced by

the heavy top, so that the result scales as G2
Fm

2
t . EW penguins2 induce Bs,d → µ+µ−

decays, and dominate the dispersive part of KL → µ+µ− amplitude. Dropping the

vector part of the lepton current (as not leading to meēiγ5e), and integrating out heavy

W,Z, t particles, one can concisely write down the semileptonic operator as

LEWP = −PEW × ēγµγ5e× s̄γµ(1− γ5)d+ (h.c.), (2.3)

1The sign convention of CS can be checked, e.g., with [54]. We define γ5 = iγ0γ1γ2γ3 that has the
opposite sign as theirs.

2As is well known, EW penguins must also include W -box diagrams, and we include both.
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g

Figure 2.1: EW3 order diagram that dominates in the chiral limit. The top vertex is the CP -odd,
P -even KS ēiγ5e generated in EW2 order, and the bottom vertex is CP -even, P -odd KSN̄N coupling
generated at EW1 order.

where

PEW =
GF√
2
× V ∗

tsVtd ×
αEM(mZ)

4π sin2 θW
I(xt), (2.4)

and the loop function is given by [55]

I(xt) =
3

4

(
xt

xt − 1

)2

log xt +
1

4
xt −

3

4

xt
xt − 1

, xt =
m2

t

m2
W

. (2.5)

These results are well established, and unlike the case of four-quark operators, the sub-

sequent renormalization group evolution of (2.3) introduces only small corrections (see

e.g. [56, 57]). This is because the QCD evolution is trivial (apart from small threshold

corrections atmW ) due to the partially conserved nature of the quark current, and QED

evolution is small ∝ αEM/π.

The most convenient representation of the CKMmatrix is when δKM enters mostly in

Vtd. It enters the imaginary part of PEW and couples the axial vector current of leptons

to the s̄γµ(1 − γ5)d − d̄γµ(1 − γ5)s quark current. This current can create/annihilate

CP -even combination of the neutral kaons that (in neglection of small ϵK) can be
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identified with KS field. Same operator in the muon channel induces KS → µ+µ−

meson decay [58, 59]. Within chiral perturbation theory, the axial vector current of

leptons is treated as an external left-handed current, which gives rise to

LUee = − if
2
0

2
PEW × ēγµγ5e× Tr

[
h† (∂µU)U †

]
+ (h.c.), (2.6)

where U is the exponential of the meson octetM , U = exp[2iMf−1
0 ], in our convention it

transforms as U ′ = LUR†, and hij = δi2δj3. At linear order, this leads to ∂µK× ēγµγ5e,
and upon application of the equation of motion for electrons we arrive to

LKee = −2
√
2f0meēiγ5e (KS × ImPEW +KL × RePEW) . (2.7)

In this expression, f0 is the meson coupling constant, that in the SU(3) symmetric limit

is equal to ≃ 134MeV, and we follow Ref. [60] conventions. Subsequent ms-dependent

corrections renormalize this coupling to f0 → fK ≃ 160MeV. While other s-quark

containing resonances may also contribute, the neutral kaon exchange, Fig. 2.1, will

give the only m−1
s -enhanced contribution in the chiral limit.

We now need to find out how the neutral kaons couple to the nucleon scalar densities,

p̄p and n̄n that occur due to ∆S = ±1 transitions in the EW1 order. Instead of

attempting such calculation from first principles (see e.g. [61]) we will use flavor SU(3)

relations and connect this coupling to the s-wave amplitudes of hadronic decays of

strange hyperons, following [60]. It is well known that empirical ∆I = 1/2 rule holds

for hyperon decays, and the leading order SU(3) relations fit s-wave amplitudes with

O(10%) accuracy. It is strongly suspected that these amplitudes are indeed induced

by strong penguins (SP), although this assumption is not crucial for us. With that,

one can write down the two types of couplings consistent with (8L, 1R) transformation

properties:

LSP = −aTr(B̄{ξ†hξ,B})− bTr(B̄[ξ†hξ,B]) + (h.c.). (2.8)

In this expression, B is the baryon octet matrix, and ξ = exp[iMf−1
0 ]. Assuming a and
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b to be real, and taking f0 = fπ, they are fit by [60] to be3

a = 0.56GF fπ × [mπ+ ]2; b = −1.42GF fπ × [mπ+ ]2. (2.9)

Brackets over mπ+ indicate that these are numerical values taken, 139.5MeV, rather

than mu +md-proportional theoretical quantity mπ. These value can be easily found

via the least square fit to the nonleptonic s-wave amplitude, that also indicate 10%

theoretical accuracy of this fit. In the assumption of a and b being real, only the

KS meson couples to nucleons, 21/2f−1
0 ((b − a)p̄p + 2bn̄n)KS , which will provide the

dominant contribution. This type of coupling breaks P but respects CP symmetry.

Restoring the CKM factors, one can also include much subdominant coupling to KL so

that we have:

LKNN ≃ −
√
2GF × [mπ+ ]2fπ

|VudVus|f0
× 2.84(0.7p̄p+ n̄n) (2.10)

× (Re(V ∗
udVus)KS + Im(V ∗

udVus)KL) .

At the last step, we integrate out the K mesons as shown in Fig. 2.1. Adopting it for

a nucleus containing A = Z + N nucleons, one arrives to a straightforward prediction

for the δKM-induced size of the electron-nucleon interaction:

CS ≃ J × N + 0.7Z

A
× 13[mπ+ ]2fπmeGF

m2
K

× αEMI(xt)

π sin θ2W
, (2.11)

where J is the rephasing invariant combination of the CKM angles,

J = Im(V ∗
tsVtdV

∗
udVus) ≃ 3.1× 10−5, (2.12)

that carries about ∼ 6% uncertainty. Notice that the f0 factor in the numerator of (2.7)

cancels against f0 in the denominator of (2.10), and this cancellation would persist even

one changes f0 for fK .

3The overall sign of a and b is not fixed by the hyperon nonleptonic decay (the relative sign between
a and b is fixed to be negative). We use the sign motivated by the vacuum factorization of strong
penguins [61, 62]. If the overall sign is opposite, it only affects the overall sign of CS (and dequive ) and
not its absolute value.
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The overall scaling of this formula in the chiral limit and at large xt is

GFCS ∝ JG3
Fm

2
tmem

−1
s Λ2

hadr. (2.13)

where Λhadr is a typical hadronic energy/momentum scale. Notice that this is far more

singular behavior with mq of a light quark than that arising in the chiral-loop-induced

expressions for dn. Also notice that the KS exchange dominates for any conventional

parametrization of the CKM matrix, and the role of KL exchange is to add small pieces

of the amplitude that take Re(VudV
∗
us)Im(VtsV

∗
td), arising from KS exchange, to full J .

Substituting all SM parameters, we obtain the following leading order result:

CS(LO) ≃ 5× 10−16. (2.14)

2.2.2 Next to leading order calculation

In order to estimate accuracy of the leading order (LO) ∼ O(m−1
s ) result, one could

try to evaluate the next-to-leading order (NLO) corrections in the expansion over small

ms. These corrections can be divided into two groups: A. corrections to the KN̄N

vertex at ms logms order, B. diagrams that do not reduce to the t-channel K-meson

exchange. Type A corrections involve essentially same diagrams as those appearing in

the corresponding corrections to the s-wave hyperon decays [60, 63]. The analysis of

Ref. [63] showed that when the loop corrections are included with the tree-level a and b

parameters and the total theoretical result is fit to experimental data, one notices that

the tree level values for a and b come out smaller than in (2.9), while total result is

rather close to the tree-level fit for a, b. This comes mostly from the renormalization of

the meson and baryon wave functions. The lesson from this is that the corrections of

type A for KNN weak coupling are expected to mirror results of Ref. [63] for s-wave

amplitudes, and therefore would not deviate substantially from Eq. (2.10).

We then estimate type B corrections. It turns out that they parametrically dominate

over other types of corrections, as the baryon pole diagrams, Fig. 2.2, contribute. The

ms scaling of these corrections is set by the ratio of the loop integral, proportional to

mK (at m2
K ≫ m2

π limit), divided by mass splitting ∆mB in the baryon octet, e.g.

mΛ − mn. This quantity scales as m
−1/2
s and therefore these baryon pole diagrams
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Figure 2.2: The baryon pole diagrams that contribute to CS at the NLO level in the chiral limit. The left
vertex is the nucleon-hyperon mixing induced by Eq. (2.8), while the top vertex is induced by Eq. (2.6).
The vertices without black dots are the strong interaction with the coupling constants D and F . The
diagrams with the nulceon-hyperon mixing on the right side give the same amount of contribution.

dominate the NLO contributions in the chiral limit. They are fully calculable (i.e. do

not depend on unknown counterterms), and the result for these corrections are:

CS,NLO(p)

CS,LO(p)
=
m3

K(0.77D2 + 2.7DF − 2.3F 2)

24πf20 (mΣ+ −mp)
(2.15)

CS,NLO(n)

CS,LO(n)
=

m3
K

24πf20

(
(a/b+ 3)

2
√
6(mΛ −mn)

(2.16)

×(−0.44D2 + 3.2DF + 1.3F 2)

+
a/b− 1

2
√
2(mΣ0 −mn)

(−0.53D2 − 1.9DF + 1.6F 2)
)
.

It has been obtained using heavy baryon chiral perturbation theory, and D,F are the

coupling constants characterizing the strength of the SU(3)-invariant baryon-meson

strong interaction, with F = 0.46, D = 0.8 typically used [60]. Since the dominant

contribution comes from loops withK−π transition, it is appropriate to take f20 ≃ fπfK .

Using these numbers, we discover that NLO corrections interfere constructively with

LO, and give 30% correction for the proton, and 40% for the neutron, correspondingly.
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Combining LO and NLO, we arrive at our final result,

CS(LO + NLO) ≃ 6.9× 10−16

=⇒ dequive ≃ 1.0× 10−35 e cm. (2.17)

The size of the NLO corrections also allows us to estimate the accuracy of this compu-

tation as O(30%).

As stated at the beginning of this chapter, this result is much larger than previously

believed, and exceeds any contributions of de into dequive by at least four orders of

magnitude. The enhancement of CS at EW3 order compared to EW2EM2 can be

roughly ascribed to αW /α
2
EM ∼ O(103). We note that, although translating CS to

dequive depends on atoms/molecules that one considers (ThO above), this dependence is

mild and dequive is within the same ballpark if we instead consider, e.g., Tl or YbF [53].

Stepping away from chiral expansion, one can formulate the necessary hadronic

matrix element that will be required to generate CS in combination with the dominant

ImPEW channel of Eq. (2.3). The corresponding d-to-s transitions need to be taken in

the first order, EW1, that break P and C separately but conserve CP .

⟨N |i(s̄γµ(1− γ5)d− d̄γµ(1− γ5)s)|N⟩EW1 (2.18)

=
fS
mN

iqµN̄N +
fT
mN

qνN̄σµνγ5N.

In this formula, qµ stands for the momentum transfer. It turns out that there are

only two form factors on the r.h.s. of this expression that have the same CP properties

as the left-hand side. Moreover, fT in combination with ImPEW leads to CP -odd

P -even interactions that do not induce EDMs. Therefore only fS form factor (that

sometimes is called induced scalar) at q2 → 0 is relevant. We have provided first two

terms in the chiral expansion of fS for neutrons and protons, so that effectively fS ∝
a(b) ×mNm

−2
K + .... While we use chiral perturbation theory, in principle, calculation

of fS can be attempted using lattice QCD methods.

Finally, we note that other semi-leptonic operators such as ēeN̄ iγ5N that lead to

nuclear-spin-dependent effects are not generated the same way at EW3 order and there-

fore will be suppressed compared to (2.11).



15

2.3 Discussion

We have shown that δKM induces the CP -odd electron nucleon interaction at the level

much larger than previous estimates [53]. The main mechanism is not a two-photon

exchange, EW2EM2, between electron and the nucleus, but the combination of weak

non-leptonic EW1 transition with the semileptonic EW2 electroweak penguin. Although

the result is still small, it is not unthinkable that the progress in sensitivity to param-

agnetic EDMs may reach the level of dequive in the future. Indeed, some novel propos-

als [40] envision that statistical sensitivity to paramagnetic EDMs can be brought down

to de ∼ O(10−35–10−37) e cm.

It is not surprising that the CS operator can be predicted, at least in the SU(3)

chiral expansion, rather precisely. This puts in clear distinction with dn(δKM) estimate

that carries an order of magnitude uncertainty with unclear prospects for improvement.

In contrast, the only significant source of uncertainty in CS is in the induced scalar form

factor (2.18) that can be improved in the future with the use of lattice QCD methods.

Even if one takes chiral SU(3) expansion sceptically, it is clear that uniquem−1
s (LO)

and m
−1/2
s (NLO) contributions to CS identified in our work would not be cancelled -

unless completely accidentally - by other contributions, mirroring a similar argument

of [27] made for dn(θ). Therefore, 10−35 e cm should be adopted as the robust δKM-

induced SM benchmark value for all experiments attempting the search of de using

electron spins in heavy atoms and molecules. It also allows for establishing themaximum

sensitivity to CP -violating New Physics via de. Taking a one-loop perturbative scaling,

de ∝ (α/π)meΛ
−2
NP, and equating it to dequive (δKM) one arrives at the maximum scale that

is possible to probe with paramagnetic EDMs: Λmax
NP ∼ 5 × 107GeV. Notice, however,

that in models with no chiral me suppression of de and/or tree level CS generation by

new physics, the ultimate scale can be larger [64,65].



Chapter 3

Calculation of θ-induced nucleon

EDM with interpolating currents

Being the last undetected parameter in the SM, the smallness of the QCD θ term way

below the natural level implied by QCD has been known as the strong CP -problem [21,

22]. A reliable determination of how a non-zero θ gives rise to experimental observables

plays a crucial role in understanding the nature of this problem.

While the nonperturbative treatment of QCD in the hadronic regime is of course

nontrivial, an important guide in elucidating the nature of θ-dependent observables is

the strong violation of chiral symmetry in the nonet of pseudoscalar Nambu-Goldstone

mesons, mη′ ≫ mπ,η8 . The nonvanishing of mη′ in the chiral limit, mu,d,s → 0, was

identified in [66] as the necessary and sufficient condition for θ-dependence of physical

observables. The dependence of the vacuum energy on θ (or equivalently the axion

mass, if one promotes θG to a dynamical variable), the θ-induced CP -odd pion-nucleon

coupling, and the electric dipole moments (EDMs) of nucleons, all rely on a finite m′
η

in the chiral limit.

Among the nonperturbative approaches to θ-dependent observables, lattice QCD

promises to provide a systematic approach to the computation of the neutron EDM,

dn(θ), but results thus far are inconclusive and the program is ongoing; for a partial

list of relevant papers, see e.g. Refs. [30, 67–76]. Approaches using chiral perturbation

theory show relatively stable answers for the leading IR-singular terms [27, 70, 77–79].

16
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The QCD sum rule method, originating in Ref. [80], is conceptually much closer to

lattice QCD, and has also been employed to calculate dn(θ) [18,29,81,82], with results

consistent with chiral estimates, but slightly smaller numerically. Nucleon magnetic

moments have also been found within this method to be in reasonable agreement with

observations [83].

Given this situation, in this chapter we present a careful analysis of the chiral proper-

ties of the nucleon interpolating currents used in both lattice QCD and QCD sum rules,

and to reassess the sum rules calculations of dn(θ), as a concrete means of testing the

symmetry-based constraints inferred from more general considerations. In this context,

the sum rule approach, based on calculations of the operator product expansion (OPE)

for hadronic current correlators in an external θ background, offers the advantage that

many symmetries of the problem, such as chiral symmetry, and the chiral re-phasing

invariance, can be made manifest at the quark-gluon level. These symmetries will al-

low us to determine physical choices for nucleon interpolating currents that ensure the

required scaling of observables in the chiral limit.

3.1 The θ term and the chiral limit of θ-dependent observ-

ables

The physical θ angle, θ̄ = θG + θm, includes the phase θG of the topological term

L = θGg2s
32π2G

a
µνG̃

aµν in QCD and the phase θm = ArgDetMq of the quark mass matrix

Mq, and thus any physical dependence on θ necessarily vanishes in the chiral limit. This

is conveniently observed within QCD itself by using the anomalous U(1)A symmetry

to rotate away θG, so that the physical phase is captured entirely by a complex singlet

mass term. Restricting to the case of two light flavours, this term has the form

Lm∗ = −m∗θ̄(ūiγ5u+ d̄iγ5d) +
1

2
m∗θ̄

2(ūu+ d̄d) + · · · , (3.1)

where m∗ = mumd/(mu + md). It follows that any physical dependence on θ must

vanish as m∗ → 0. This is immediately apparent in CP -even observables such as the

topological susceptibility d2Evac/dθ̄
2 = −m∗⟨0|ūu+ d̄d|0⟩, and the θ-dependence of the

nucleon mass d2mN/dθ̄
2 = −m∗⟨N |ūu+ d̄d|N⟩.
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CP -odd observables of considerable phenomenological interest first arise at linear

order in θ, such as nucleon EDMs and CP -odd pion nucleon couplings, and must also

vanish in the m∗ → 0 limit. Our focus in this chapter will be on the properties of

nucleon interpolating currents that are required to ensure this behaviour. For example,

we can write the most general interpolating current for neutrons that just involves the

leading quark fields and no derivatives as follows,

jβn(x) = j1(x) + βj2(x), (3.2)

where β is a numerical coefficient, and the two currents with the quantum numbers

of the neutron are given by j1(x)=2ϵijk(d
T
i Cγ5uj)dk and j2(x)=2ϵijk(d

T
i Cuj)γ5dk (see

Sec. 3.2 for further details). The notation in (3.2) reflects the fact that only j1 is

nonzero in the nonrelativistic limit, and thus the value of β is apparently unimportant

for generic observables in the neutron rest frame. However, the nonrelativistic limit for

nucleons, encapsulated by the naive quark model, may not always be a good starting

point for real life QCD, which corresponds to the limit of nearly massless quarks. This

distinction proves to be important for CP -odd observables that are intrinsically sensitive

to chirality-violating parameters such as m∗, and the choice of interpolating current

deserves further scrutiny. Indeed, we will show below that only the choices β = ±1,

namely

j±n (x) = j1(x)± j2(x), (3.3)

are fully consistent when computing the leading dependence of observables on quantities,

such as θ, that transform under the anomalous U(1)A symmetry. Other choices allow

for an unphysical dependence of observables in the chiral limit. For example, we show

that away from these two special points, nucleon current correlators depend explicitly

on θ in the m∗ → 0 limit, in contradiction with (3.1).

Subtleties in the treatment of nucleon correlators in the chiral limit are well known,

but are only important when studying chirally sensitive observables such as those depen-

dent on θ. It was highlighted in [29] that in the presence of CP -violation, the coupling

of the physical nucleon state (represented by a spinor v) to the nucleon interpolator ac-

quires an additional unphysical phase α, where ⟨0|jn|N⟩ = λeiαnγ5/2v. This phase can

mix magnetic and electric dipole structures, and complicates the extraction of physical
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observables from two-point correlation functions. As we discuss below, one can con-

sider special tensor structures from which the phase αn decouples, such as {F · σγ5, /
p} as considered in [29], or explicitly calculate the phase as advocated for the specific

approaches to computing dn(θ) in lattice QCD [69]. The lack of chiral invariance for

the generic nucleon interpolators also manifests in nontrivial mixing with CP -conjugate

currents (denoted i1 and i2 in [29]), dependent on the unphysical combination θG − θm

orthogonal to θ̄. In this work, we will further argue that the chiral non-invariance of

jβn leads in fact to a generic and unphysical dependence on θ in the chiral limit unless

β = ±1.

We then proceed to systematically analyze the leading order results for the magnetic

and electric dipole moments of nucleons using QCD sum rules for both consistent choices

of the current interpolator j±n , extending earlier work [29, 82]. We report new results

for the β = −1 choice finding that dn(θ) is consistent, both in sign and magnitude,

with earlier estimates of dn(θ) using β = +1 [18, 29, 81, 82]. This analysis also allows

us to directly relate dn,p to the nucleon magnetic dipole moment (MDM) µn,p. From

general principles, it is clear that one should expect the scaling dn ∝ (θ̄m∗/mn) × µn,

and determining a concrete coefficient in this relation is another goal of this chapter.

Since µn,p are reproduced rather reliably in the QCD SR approach [83], and recently on

the lattice [84], this may be considered as a useful/natural normalisation for the EDMs.

The remaining sections of this chapter are organized as follows. In Sec. 3.2, we define

the nucleon interpolating currents, and illustrate their transformation under U(1)A in

a general basis. We find that only the combinations β = ±1 transform covariantly.

In Sec. 3.3, we consider the chiral m∗ → 0 limit, and demonstrate the unphysical

dependence of correlation functions on θ in the chiral limit unless β = ±1. In Sec. 3.4,

we generalize earlier calculations of the nucleon EDMs using QCD sum rules for both

covariant choices of the interpolating current j±n,p, and use alternate channels sensitive to

the magnetic moment to express EDMs in the ratio dn,p/µn,p. We conclude by discussing

the implications of our results for calculations of θ-dependent observables, e.g. using

the j1 current, in Sec. 3.5.
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3.2 Nucleon currents and chirality

In general, at lowest dimension, there are two independent nucleon interpolating currents

(after applying the Fierz identity) that have the same quantum numbers as the nucleons:

ja1 = 2ϵijk
(
dTi Cγ5uj

)
qak , (3.4)

ja2 = 2ϵijk
(
dTi Cuj

)
γ5q

a
k , (3.5)

where i, j, k are the color indices and C is the charge conjugate matrix that satisfies

(γµ)TC = −Cγµ. The index “a” represents the isospin and qa = (u, d)T . We note that

dTi Cγ5uj = uTj Cγ5di and dTi Cuj = uTj Cdi, and hence we can rewrite the currents as

ja1 = ϵijk

(
qbTi ϵbcCγ5qcj

)
qak , (3.6)

ja2 = ϵijk

(
qbTi ϵbcCqcj

)
γ5q

a
k , (3.7)

where ϵab is the anti-symmetric tensor with ϵ12 = +1 and hence ϵ12 = −1. This form

makes it explicit that the diquark products inside the brackets are invariant under both

chiral and vector SU(2) transformations. This immediately leads to the conclusion that

all linear combinations of the currents transform covariantly under the SU(2) chiral and

vector rotation.

Parametrizing a general linear combination of the two interpolation functions as

jβa = ja1 + βja2 , (3.8)

we see that for the special choices of β = ±1,

j+a = 2ϵijk
[
−
(
qTiLCqjL

)
qakL +

(
qTiRCqjR

)
qakR
]
, (3.9)

j−a = 2ϵijk
[(
qTiRCqjR

)
qakL −

(
qTiLCqjL

)
qakR
]
, (3.10)

where we suppress the isospin indices of the quark products, and the subscripts “L/R”

indicate the projections onto left-/right-handed components. This tells us that j±a are

covariant under the anomalous U(1)A transformation qi → eiθAγ5qi, while the current
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jβa is not covariant under the U(1)A rotation for β ̸= ±1.1 In general, the current

transforms as

jβa → 1 + β

2
e3iθAγ5j+a +

1− β

2
e−iθAγ5j−a . (3.11)

Note, in particular, that the current j0a which contains the unique non-relativistic struc-

ture, and so is widely used in lattice QCD computations, does not transform covariantly

under the U(1)A rotation.

We anticipate that this non-covariance for β ̸= ±1 may complicate the extraction of

physical quantities from nucleon correlators that depend sensitively on the realization

of the anomalous chiral symmetry in QCD. To see this, recall that current correlators

may be computed by introducing an external fermionic source term ηa, with

Lη = L+ η̄aj
β
a + (h.c.), (3.12)

where L is the original QCD Lagrangian (including CP -odd θ phases). The nucleon

current correlator then follows from a second-order variation of action with respect to

ηa. If j
β
a transforms covariantly under a U(1)A rotation, i.e. if β = ±1, we can preserve

the anomalous U(1)A symmetry by re-absorbing the chiral phases in the source ηa.

In other words, we can treat ηa as a spurion to render the Lagrangian, including the

source term, invariant. On the other hand, if jβa does not transform covariantly under

the U(1)A rotation, we cannot keep the whole Lagrangian, including the source term,

invariant under the U(1)A rotation.2 As a result, it is not guaranteed that the final

correlators maintain the anomalous U(1)A symmetry of the original theory, for example

being independent of the unphysical phase combination θG− θm. Nor does it guarantee

the restoration of θ̄-independence in the chiral m∗ → 0 limit.3 This consideration

1Here we call a current “covariant” if its transformation can be expressed as multiplying only a single
chiral phase. In this sense, the currents β ̸= ±1, including the one with β = 0, are not covariant since
they are composed of two parts obtaining different chiral phases, 3θA and −θA. This notion of the
(non-)covariance is essential for our discussion in the following.

2This naturally requires us to treat the external sources that couple to the j±a components inside jβa
separately. In other words, we are required to introduce two distinct sources, so that Lη = L+ η̄±

a j±a +
(h.c.), to maintain the invariance. It then follows that the correlators are defined by the chiral covariant
currents j±a .

3The approach introduced in [29,81] to account for leading-order mixing with CP -conjugate currents
i1 = γ5j2 and i2 = γ5j1 removes dependence on θG−θm, but may still induce an unphysical θ̄ dependence
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naturally invites us to use the covariant currents j±a .

In the rest of this chapter, we compute the nucleon correlators explicitly and confirm

our general argument above; the unphysical phase θG − θm in general shows up in the

correlators of jβa with β ̸= ±1, while only the physical combination m∗θ̄ appears in

higher-point correlators of j±a (after properly subtracting the chiral phase of the two-

point function; see Sec. 3.4).

3.3 Nucleon correlators in the chiral limit

In Sec. 3.2, we have seen that the lowest dimension nucleon interpolation currents are

in general not covariant under the U(1)A transformation, with the exception of two

linear combinations, j±a with β = ±1. In this section, we begin our investigation of the

consequence of this non-covariance by taking the chiral limit,mq → 0, withm∗/mq fixed.

In this limit, from the general properties of QCD, all dependence on θ should disappear

from physical quantities, as it can be rotated away by the U(1)A transformation of the

quarks. Despite this general expectation, as we see below, unphysical dependence on

θ remains in the correlators of the currents for general choices of β. The unphysical

dependence disappears only for β = ±1, indicating that only these choices of currents

produce physical results.

In the chiral limit, we take the QCD Lagrangian as

L = q̄i /Dq − 1

4
Ga

µνG
aµν +

θGαs

8π
Ga

µνG̃
aµν , (3.13)

where G̃aµν = ϵµνρσGa
ρσ/2 with ϵ0123 = +1. We define the electromagnetic part of the

covariant derivative as Dµ = ∂µ + ieqAµ with eu = 2e/3 and ed = −e/3. We have e > 0

with this convention. We define the nucleon correlator as

Πβ
n(p) = i

∫
d4x eip·x⟨0|T {jβn(x), j̄βn(0)}|0⟩. (3.14)

In the following, we compute correlator structures corresponding to the nucleon mass

and EDM in the presence of θ, employing the operator product expansion (OPE) with

large p2 < 0, as the first crucial step in constructing the QCD sum rule.

in the chiral limit unless β = ±1.
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3.3.1 Nucleon mass

We begin our discussion with correlators that are often used for the calculation of the

nucleon mass. We first note that, as argued above, we can rotate away the gluonic θ

term via a U(1)A transformation, q → eiθGm∗γ5/2mqq.4 This indicates that we can write

down the (color-diagonal) quark propagator in the presence of θG as

Sq(θG) = eiθGγ5/4Sq(θG = 0)eiθGγ5/4. (3.15)

The massless quark propagator is given at leading order by

Sq(θG = 0) =
i/x

2π2x4
− ⟨q̄q⟩

12
. (3.16)

Here ⟨q̄q⟩ is short-hand notation for the vacuum condensate of quarks, ⟨0|q̄q|0⟩. We then

insert this expression into the nucleon correlator, simplify the Dirac matrix structures,

and perform the Fourier transformation to momentum space. Correlators with an odd

number of gamma-matrices, /p in this particular case, are explicitly θ-independent at

leading order. However, chirality flipping Dirac structures, proportional to Dirac ma-

trices 1 or γ5, acquire θ-dependence. The leading order OPE terms are linear in the

quark condensate and are given by:

Πβ
n

∣∣∣
1,γ5

=
⟨q̄q⟩
16π2

p2 log

(
− p

2

µ2

)
× (1−β)

[
6(1+β)eiθGγ5/2 + (1−β)e−iθGγ5/2

]
. (3.17)

This is a generalization of a well known result [85, 86] for an arbitrary θ angle. A dual

description of the same physics is achieved via a sum over nucleon states, including the

excited states, ∝
∑

i λ
2
i e

iαiγ5(/p−mi)
−1eiαiγ5 . We see that, if the currents are covariant,

β = ±1, we have only one chiral phase.5 We can then interpret the phase as the chiral

phase of the nucleon states αi that needs to be subtracted to obtain a physical result.

In equivalent language, we can reabsorb this phase into the definition of the source ηa

4For brevity, in the rest of this subsection, we choose mu = md and thus m∗/mq = 1/2 so that the
chiral rotations of u, d quarks are pure U(1)A transformations.

5The correlator vanishes at this order for β = +1. One can repeat the computation at O(⟨q̄q⟩3) and
obtain the same conclusion that the correlator with β = +1 contains only one chiral phase.
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so that the nucleon mass correlator does not depend on θ.

On the other hand, if the currents are not covariant, β ̸= ±1, the correlator contains

two chiral phases, e±iθGγ5/2, and we cannot absorb both phases in the overall chiral

phase of the nucleon state. We may choose the phase so that it absorbs the term linear

in θG, but the term quadratic in θG remains. This would lead to the erroneous conclusion

that the nucleon mass should acquire θ2-dependent contributions in the m∗ → 0 limit,

which is entirely an artifact of using non-covariant currents. For instance, for β = 0,

the correlator can be expressed as

Π0
n

∣∣
1,γ5

∝ e5iγ5θG/28

(
1− 3

49
θ2G + · · ·

)
e5iγ5θG/28, (3.18)

where the dots indicate higher order terms in θG. We may absorb the phase e5iγ5θG/28

into the nucleon state, but the terms in the bracket, including the term of order θ2G, will

still contribute to the chirality flipping structure. Therefore, if we use this expression

to estimate the nucleon mass, we obtain an unphysical dependence on θ even in the

chiral limit. This is inconsistent with the general constraint following from Eq. (3.1),

indicating that the calculation based on the non-covariant currents, in general, is flawed.

At a technical level, this occurs because the nucleon currents away from β = ±1 contain

“built-in” flips of the quark chiralities qL ↔ qR that persist in the chiral limit.

3.3.2 Nucleon EDM

In the above subsection, we have seen that the nucleon mass term acquires unphysical

dependence on θ in the chiral limit for general β ̸= ±1. This raises concerns about

the use of e.g. the “non-relativistic” β = 0 current for calculation of any θ-dependent

nucleon observable. We should anticipate similar issues for CP -odd operators such as

nucleon EDMs that are intrinsically sensitive to the θ-phases, and we indeed confirm

this expectation below. In the following, we again focus on the chirality flipping part,

as used in lattice QCD calculations of the neutron EDM [67–76].

In the chiral limit, with a background electromagnetic field, the quark propagator
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is given by

Sq =
i/x

2π2x4

− ⟨q̄q⟩
12

(
1 + iγ5θG

m∗
mq

)
− χ̃q

24
F · σ

(
1 + iγ5θG

m∗
mq

)
, (3.19)

where we have restored the dependence on m∗/mq for clarity, F · σ = Fµνσ
µν , and the

vacuum condensate in the presence of the external electromagnetic field is parametrized

as ⟨q̄σµνq⟩F = χqFµν⟨q̄q⟩ = χ̃qFµν . The quantity χq is the so-called magnetic suscepti-

bility of the QCD vacuum introduced in [83], while χ̃q is introduced here for brevity. By

focusing on the chirality flipping structures relevant to the sum rule (see the discussion

around Eq. (3.45) below) and retaining only the leading singular part, the correlator in

the external field is given by

Πβ
n

∣∣∣
{/p,{/p,F ·σ/2}}

= −(1− β)2χ̃u

96π2
log

(
− p

2

µ2

)
, (3.20)

Πβ
n

∣∣∣
{/p,{/p,iF ·σγ5/2}}

= −θG
(1− β)2χ̃u

96π2
m∗
mu

log

(
− p

2

µ2

)
, (3.21)

Notice that the dependence on the unphysical phase θ does not disappear in this ex-

pression.

In the context of lattice computations of the neutron EDM, Refs. [69, 72] have pro-

posed canceling the spurious phase by subtracting the corresponding phase computed

via the two-point function (representing the chiral phase of the nucleon state), αβ
n,

from the phase of the three-point function. The chirality flipping part of the two-point

function was computed in (3.17), and upon linearization in θ takes the following form,

Πβ
n

∣∣∣
1,γ5

=
⟨q̄q⟩
16π2

p2 log

(
− p

2

µ2

)
(1− β)

×
[
7 + 5β + iγ5θG

(
6(1 + β)

m∗
md

− (1− β)
m∗
mu

)]
, (3.22)

where we retain only the leading-order terms with the logarithm. From this expression,
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we can read off the chiral phase, acting on the nucleon mass operator, as

αβ
n =

[
6(1 + β)

7 + 5β

m∗
md

− 1− β

7 + 5β

m∗
mu

]
θG. (3.23)

Following [69, 72], we may subtract this chiral phase from the three-point function to

obtain

Πβ
n

∣∣∣
{/p,{/p,iF ·σγ5/2}}

+ αβ
n × Πβ

n

∣∣∣
{/p,{/p,F ·σ/2}}

= − χ̃uθG
16π2

log

(
− p

2

µ2

)
× (1− β)2(1 + β)

7 + 5β
, (3.24)

where we note the minus sign arising from commuting γ5 with /p, resulting in +αβ
n

instead of −αβ
n in the first line.

As one can observe, the removal of the unphysical phase does not occur in the EDM

correlator for a generic choice β. Since physical quantities must be independent of θ

in the chiral limit, it appears that the procedure outlined in [69, 72] requires the use of

β = ±1 currents to ensure the cancelation of spurious θ-dependence in nucleon EDMs.

3.4 EDM and MDM sum rules for β = ±1

Thus far we have seen that calculations based on the non-covariant currents generically

induce spurious θ dependence even in the chiral limit. As discussed in Sec. 3.2, the

interpolation functions with β = ±1 are covariant under the U(1)A transformation.

This property allows us to define two distinct procedures to obtain correlators invariant

under the U(1)A transformation and thus free from unphysical θ dependence:

• Use the chirality conserving structure (with an odd number of γµ) in the correlator.

• Use the chirality flipping structure (with an even number of γµ) in the correlator,

and subtract the chiral phase computed from the two-point correlator.

The former procedure was originally proposed in [29], as dependence on the chiral phase

θA automatically cancels due to the gamma-matrix identity:

eiαγ5(odd number of γµ)e
iαγ5 = oddnumber of γµ. (3.25)
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As a result, the EDM correlator structure proportional to {F · σγ5, /p} is guaranteed to

depend only on the physical combination m∗θ̄, and unphysical phases do not make an

appearance for β = ±1. This method makes it possible to calculate EDM correlators

without the need to consider the two-point functions and rotation angles αn. For a

generic choice of β, Ref. [29] suggested to add the specific admixture of CP -rotated

currents (i1, i2) that restore the invariance under the U(1)A rotation in this channel

and guarantee m∗θ̄-proportionality of the OPE.

The second procedure (using the channel with an even number of γµ) has been

applied in lattice QCD computations of the neutron EDM [69, 72], with the β = 0

current choice. We would like to follow this path and calculate EDMs in the channel

with an even number of γ matrices, but with the important observation that we must use

the covariant currents β = ±1 to ensure physical dependence on θ̄. Since the currents

are covariant, the two- and three-point functions obtain the same chiral phase after

performing the chiral rotation of the quarks, and hence their difference is guaranteed to

be independent of the U(1)A rotation angle. This, again, leads to the dependence only

on the physical combination m∗θ̄.

In the following, we confirm that the neutron EDM indeed depends only on the

physical combination m∗θ̄ for both procedures, based on the QCD sum rule technique.

Moreover, we observe that results obtained this way are consistent between the two

different channels, using tensor structures with odd and even numbers of γ matrices.

We focus on the terms up to linear order in mq and the θ-angles, and begin from

the QCD Lagrangian

L = q̄
[
i /D −mq

]
q

− 1

4
Ga

µνG
aµν − θmm∗q̄iγ5q +

θGαs

8π
Ga

µνG̃
aµν . (3.26)

Following the QCD sum rule approach, we compute the correlator of the nucleon inter-

polation current, given by

Π±
n (p) = i

∫
d4x eip·x⟨0|T {j±n (x), j̄±n (0)}|0⟩, (3.27)

based on the OPE (the relevant diagrams are shown in Fig. 3.1), and compare it with
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Fµν Fµν , θG

Figure 3.1: Diagrams that induce the nucleon MDM and EDM in the nucleon correlator (3.27)
with an external electromagnetic field. For β = +1, the first diagram generates the MDM
while the second diagram induces the EDM at the leading order. For β = −1, the MDM and
EDM receive contributions from both diagrams. The dependence on θG arises from the vacuum
condensate as indicated, while the dependence on θm comes from the mass dependence of the
quark propagator and the equation of motion.

the phenomenological expression to extract the nucleon MDM and EDM. To avoid sen-

sitivity to IR divergences, it is convenient to use the first procedure (using chirality

conserving structures) for β = +1, and the second procedure (using chirality flipping

structures) for β = −1, respectively. We discuss each of them in the following subsec-

tions.

3.4.1 Sum rules for β = +1

We begin with the QCD sum rules of the neutron MDM and EDM for β = +1 and

focus on the chirality conserving part, as in [29, 81, 82]. Since the current with β =

+1 is covariant, the chiral phase automatically cancels when we focus on the chirality

conserving structure, leading to the dependence only on the physical combination m∗θ̄,

as shown in the following.

In this case, Eq. (3.9) tells us that only the chirality conserving part of the quark

propagator contributes to the correlator, and hence we can take

Sq =
i/x

2π2x4
− ieq

8π2
xµ

x2
F̃µνγ

νγ5 −
iχ̃q

24
m∗θ̄x

µFµνγ
νγ5, (3.28)

where we keep only the leading order terms contributing to the MDM and EDM. Note

that only the physical combination m∗θ̄ appears in this expression since the chirality
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conserving part does not depend on the spurious chiral phase. As explained in App. B.1,

the relevant part of the correlator can be written as follows,

Π+
n =

4ed − eu
64π4

p2 log

(
− p

2

µ2

){
/p, F · σ

}
− 4χ̃d − χ̃u

16π2
m∗θ̄ log

(
− p

2

µ2

){
/p, iF · σγ5

}
, (3.29)

where we retain only the leading parts relevant for a Borel transformation. The trans-

formed correlator is given by

B
[
Π+

n

]
{/p,F ·σ} = −4ed − eu

64π4
M2, (3.30)

B
[
Π+

n

]
{/p,iF ·σγ5} =

4ed − eu
16π2

m∗θ̄χ⟨q̄q⟩, (3.31)

where the subscripts denote the corresponding Dirac structures and we assume χq = eqχ.

Remarkably, both the MDM and EDM depend on the linear combination, 4ed−eu, that
appears in the constituent quark model.6 On the phenomenological side of QCD sum

rules, we represent the correlator, with a sum over hadron resonances and a continuum.

For our leading order estimates below, we can neglect the continuum and single pole

contributions, concentrating only on the leading nucleon double pole terms associated

with the neutron ground state:

Π+
n = − |λn|2mn

2(p2 −m2
n)

2

[
µn
{
/p, F · σ

}
+ dn

{
/p, iF · σγ5

}]
. (3.32)

This expression includes both the MDM and EDM terms, and λn denotes the coupling

to the neutron state, ⟨0|j±n |n⟩ = λnv, up to an overall phase [29] which as noted above

cancels in the chirality conserving channel. After the Borel transformation we obtain,

B
[
Π+

n

]
{/p,F ·σ} = −|λn|2mn

2M4
µne

−m2
n/M

2
, (3.33)

B
[
Π+

n

]
{/p,iF ·σγ5} = −|λn|2mn

2M4
dne

−m2
n/M

2
. (3.34)

6This property of the EDM correlator was noted in [29], while here we note that the same property
holds for the MDM.
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Taking the ratio to eliminate λn, we obtain

dn = −µnm∗θ̄
4π2χ⟨q̄q⟩
M2

. (3.35)

As advertised, this result indeed depends only on the physical combination m∗θ̄, as

required.

In writing the estimate in the form (3.35), relating dn to µn, one should also make

sure that the estimate for the MDM is reasonably close to its measured value. Normal-

izing the MDM expression (3.33) using the sum rule for /p to eliminate λn, one obtains

the following expressions:

µn =
2

mn
×
(
4

3
ed −

1

3
eu

)
;
µn
µp

= −2

3
. (3.36)

The observed ratio of MDM is, famously, in agreement with the −2/3 value that follows

from the constituent quark model and is also obtained using QCD sum rules at β = +1.

The magnitudes of µn,p at leading order are within 50% of the observed values. For

example, for the neutron the prediction is −8/3 = −2.67 in units of the nuclear Bohr

magneton, while the observed value is −1.91. The estimate (3.36) can be improved

further upon the inclusion of the subleading OPE terms in both the MDM and /p chan-

nels. The subleading terms include gluon and quark condensate corrections. While the

quark condensate corrections explicitly vanish for β = +1, the inclusion of the gluon

corrections for the /p (see [86] and references therein) and MDM structures, calculated

here, lead to the result:

µn
e/(2mn)

= −8

3
×

1 + b
24M4

1 + b
4M4

≃ −2.05 at M = mn. (3.37)

Here b ≡ (2π)2⟨(αs/π)G
a
µνG

a
µν⟩ ∼ 1.2GeV4 parametrizes the strength of the gluon

vacuum condensate. This result is indeed remarkably close to the observed value of the

MDM, and the corrections do not spoil the −2/3 prediction for µn/µp. Therefore, we

can be confident that the β = +1 sum rules perform at least as well as the β = −1 sum

rules [83] in the MDM channel.

To obtain a numerical estimate for the EDM, we re-write the above result in terms
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of the pion mass,

F 2
πm

2
π = −(mu +md)⟨q̄q⟩, (3.38)

with Fπ ≃ 93MeV as this reduces the dependence on the normalization scale,

dn = µnθ̄m
2
π × mumd

(mu +md)2
4π2χF 2

π

M2
. (3.39)

Taking the Borel normalization scale to be M = mn, with mu/md = 0.48, leads to the

result

dn|β=+1 ≃ 2× 10−16 e cm× θ̄ ×
(

|χ|
6GeV−2

)
. (3.40)

Although this is a leading order estimate, it is consistent with the result obtained

in [29] which accounts for higher-order terms. Notably, its value is sensitive to the

magnetic susceptibility χ of the QCD vacuum. Initial estimates [83,87] put the value of

χ close to −6GeV−2 (−5.7± 0.6GeV−2 [87]), while later work based on considerations

of the chiral anomaly in asymmetric kinematics and the pion pole dominance [88],

estimates this quantity to be χ ∼ −Nc/(4π
2F 2

π ) ≃ −9GeV−2. One should also note

that available lattice studies [89] have found this quantity to be a factor of 2-to-3 smaller

than Refs. [83,87], albeit with a higher normalization scale. Therefore, we conclude that

the value of χ still provides the leading source of numerical uncertainty.

Finally, for completeness, we also note that the proton EDM in this approach is

obtained by replacing n→ p and u↔ d, and is numerically dp(θ̄) = (−3/2)× dn(θ̄).

3.4.2 Sum rules for β = −1

We next consider the sum rules for the neutron MDM and EDM using β = −1 and

focusing on the chirality flipping structure. Following Ioffe [85], this is the most widely

used current in the QCD SR literature, including the MDM analysis of Ref. [83]. How-

ever, the EDM has not previously been computed using this channel, or with this choice

of current. In this approach, the unphysical chiral phase does not automatically cancel

in the three-point function (that depends on Fµν), but can be subtracted by computing

it directly from the two-point function (that does not depend on Fµν). Since j−a is

covariant under the U(1)A transformation, this subtraction procedure [69,72] defines a

quantity that is invariant under the U(1)A transformation, leading to dependence only
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on the physical combination m∗θ̄.

The relevant part of the quark propagator is given by

Sq =
i/x

2π2x4

− mq

4π2x2

(
1− iγ5θm

m∗
mq

)
− ⟨q̄q⟩

12

(
1 + iγ5θG

m∗
mq

)
− ieq

8π2
xµ

x2
F̃µνγ

νγ5 −
χ̃q

24
F · σ

(
1 + iγ5θG

m∗
mq

)
+
eqmq

32π2
log
(
−µ2IRx2

)
F · σ

(
1− iγ5θm

m∗
mq

)
. (3.41)

Notice that for the final term, the propagator perturbed by both mq and Fµν , is suffi-

ciently infrared-singular to necessitate the introduction of the corresponding cutoff µIR.

As described above, we first compute the chiral phase of the two-point function (see

App. B.2), given by

Π−
n

∣∣
1,γ5

=
⟨q̄q⟩
4π2

(
1− iγ5θG

m∗
mu

)
p2 log

(
− p

2

µ2

)
− mu

32π4

(
1 + iγ5θm

m∗
mu

)
p4 log

(
− p

2

µ2

)
, (3.42)

where the subscript denotes the Dirac structures we focus on. By performing the Borel

transformation, we obtain

B
[
Π−

n

]
1,γ5

= −⟨q̄q⟩M2

4π2

(
1− iγ5θG

m∗
mu

)
+
muM

4

16π4

(
1 + iγ5θm

m∗
mu

)
. (3.43)

From this expression, we extract the chiral phase α−
n as

α−
n = −m∗

mu
θG − m∗M

2

4π2⟨q̄q⟩
θ̄. (3.44)

Note that the first term depends on both the physical and unphysical combinations of

the phases, 2θG = θ̄ + (θG − θm).

To compute the external field dependent three-point function, we note that the
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correlator on the phenomenological side of the sum rule takes the form

/pF · σ/p+m2
nF · σ =

1

2

{
/p, {/p, F · σ}

}
− (p2 −m2

n)F · σ, (3.45)

for the MDM, and F · σ is replaced by iF · σγ5 for the EDM. Therefore, to focus on

the double-pole contributions, we consider the Dirac structures {/p, {/p, F · σ/2}} for the

MDM and {/p, {/p, iF · σγ5/2}} for the EDM, respectively [83]. We denote the former

structure as “µ” and the latter as “d̃ ” for brevity, with the tilde indicating that the latter

quantity is computed before subtracting the chiral phase. As explained in App. B.2,

these structures are given by

Π−
n |µ = − χ̃u

24π2
log

(
− p

2

µ2

)
+

mu

32π4

[
euI(p

2) + ed log

(
− p

2

µ2

)]
, (3.46)

for the MDM, and

Π−
n |d̃ = − χ̃u

24π2
m∗θG
mu

log

(
− p

2

µ2

)
− m∗θm

32π4

[
euI(p

2) + ed log

(
− p

2

µ2

)]
, (3.47)

for the EDM (before the chiral phase subtraction), where I(p2) is a function that encodes

both UV and IR divergences, given explicitly as I(p2; ϵIR, ϵUV) in [3]. Here we only

require its Borel transform, given by

B[I(p2)] = log

(
M2

µ2IR

)
. (3.48)

We then obtain

B
[
Π−

n

]
µ
=

χ̃u

24π2
+
eumu

32π4

[
log

(
M2

µ2IR

)
− ed
eu

]
, (3.49)

B
[
Π−

n

]
d̃
=

χ̃u

24π2
m∗
mu

θG − eum∗θm
32π4

[
log

(
M2

µ2IR

)
− ed
eu

]
. (3.50)
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Although the second term in Eq. (3.49) is subdominant for the nucleon MDM, it is im-

portant to obtain the physical combination, m∗θ̄, for the nucleon EDM after subtracting

the chiral phase. Also, we distinguish eu log
(
M2/µ2IR

)
and ed since they depend on dif-

ferent charges.

By subtracting the chiral phase α−
n from the three-point functions, we obtain

B
[
Π−

n

]
d
≡ B

[
Π−

n

]
d̃
+ α−

n × B
[
Π−

n

]
µ

= −
[
χuM

2

96π4
+

eu
32π4

(
log

(
M2

µ2IR

)
− ed
eu

)]
m∗θ̄, (3.51)

where we again note the minus sign arising from commuting γ5 with /p, resulting in

+α−
n instead of −α−

n in the first line. Notice that this now depends only on the physical

combination, m∗θ̄, as expected. On the phenomenological side of the sum rule, we have

Π−
n = − |λn|2

4(p2 −m2
n)

2

{
/p,
{
/p, F · σ (µn + iγ5dn)

}}
, (3.52)

for the MDM and EDM parts, where it is understood that this correlator holds after

rotating away the unphysical chiral phase. Therefore we obtain our final result, after

re-expressing |λn|2 via the sum rule for the MDM,

dn = −µnm∗θ̄

[
M2

4π2⟨q̄q⟩
+

3

4π2χ⟨q̄q⟩

(
log

(
M2

µ2IR

)
−ed
eu

)]
, (3.53)

where we denoted χu = euχ.

We note the following qualitative features of this result:

• As stated above, we see that the use of the covariant β = −1 current automatically

leads to the correct dependence of EDM on m∗θ̄.

• The M2/(4π2⟨q̄q⟩) term in (3.53) results from the extraction of the α−
n phase,

and interferes destructively with the remaining terms. Using the leading order

sum rule for the nucleon mass, mnM
2 = −8π2⟨q̄q⟩, known as the Ioffe formula

approximation, this term can be rewritten as −2/mn.

• Dependence on the infrared regulator µIR means that the β = −1 result (3.53) is

less precise than for β = +1 due to the breakdown of the OPE. In particular, it
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is doubtful that using the scale separation one can calculate next-to-leading order

corrections to (3.53) without encountering power-like sensitivity to infrared scales.

• The factor ofm∗ in the numerator and ⟨q̄q⟩ in the denominator form a combination

that is far more sensitive to the normalization scale than the β = +1 result in

Eq. (3.39).

With the caveats above, one can still make a parametric estimate of the EDM, by

tentatively taking M ∼ 1GeV, µIR ∼ 0.3GeV, and ⟨q̄q⟩ ≃ −(0.225GeV)3. Depending

on the assumed value for χ, that now enters in the denominator, numerical values for

the EDM are in the range

dn|β=−1 ∼ (0.5 – 1.5)× 10−16 e cm× θ̄. (3.54)

This result for the EDM indicates that we obtain the same sign for both β = +1 and

β = −1 channels. This sign is also consistent with the chiral calculation, assuming the

dominance of the chirally-enhanced logmπ contributions. The upper range of (3.54) is

for smaller values of χ ∼ −3GeV−2, at which point the β = +1 and β = −1 values

for the EDM are approximately the same, and about two times smaller than chiral

estimates for the logmπ contributions.

Finally, the proton EDM for β = −1 is again obtained by replacing n → p and

u↔ d, and is numerically dp(θ̄) ∼ −(2.5 – 4)× dn(θ̄), where the range is mainly driven

by the uncertainty in χ.

3.5 Discussion

The physical hadronic effects induced by the QCD vacuum angle θ̄ are subtle and depend

sensitively on quantities that break chiral symmetry. Indeed, any matrix elements that

depend on θ̄ also depend on mq, rendering the quantitative impact at the per mille

level when the quark mass is properly normalized on the hadronic mass, m∗/mn ∼
O(10−3). This property follows directly from the QCD Lagrangian and the action of

the anomalous U(1)A symmetry, but its implementation within modern methods that

address hadronic/nucleon physics is far from straightforward.
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Among a multitude of leading dimension nucleon interpolating currents jβa parame-

trized by the angle β, only the choices β = ±1 correspond to currents that transform

covariantly under chiral rotations, i.e. preserving the same structure of the current, and

acquiring an overall eiγ5×phase phase. Importantly, one can then show that correlators

of the corresponding currents Π±
n have the correct chiral properties and depend only on

the physical combination m∗θ̄ for m∗ ≪ mn, with θG + θm = θ̄.

Conversely, we exhibited problematic features of correlators computed using other

choices of currents, and in particular the β = 0 choice often used in lattice QCD com-

putations. The leading order OPE terms, that were calculated both for the two- and

three-point functions, retain their θ dependence even in the chiral limit, mq → 0. This

is because these currents, away from the β = ±1 point, contain spurious qL ↔ qR

chirality flips built into the interpolators that retain the phase dependence upon chiral

rotations. Technically this manifests in the non-covariant transformation properties of

such currents, and as a consequence Πβ ̸=±
n correlators retain unphysical phases depen-

dence both in the mass and EDM/MDM channels even in the mq → 0 limit. While

these calculations are performed in the leading order of the OPE, it is nevertheless clear

that this problem is a consequence of symmetries and not specific to this regime. As

lattice QCD calculations approach the sensitivity required to see the physical effects

of θ̄, use of the β = ±1 interpolating currents will ensure that the appropriate chiral

extrapolation is under control. It is also worth emphasizing that the chiral covariance

problem discussed here is unique to the U(1)A transformation. In contrast, SU(2) chiral

rotations, of the form exp(iγ5τ
aϕa), will always result in a covariant transformation of

all currents, due to the invariance of the diquark structure. Therefore, calculations of

nucleon properties in the e.g. constant pion field background should produce physical

results regardless of the choice of current.

We also revisited EDM calculations for both the covariant β = ±1 choices of current,

and calculated the EDM in parallel to the MDM. For β = +1 we reproduce the leading

order result of Ref. [29], conveniently re-expressed as dn,p(θ̄) being proportional to the

MDM, µn,p. We note that this channel does reproduce the measured values of the MDM

reasonably well, including the µn/µp = −2/3 relation, and therefore µn can be used for

normalization.

A new calculation was presented using the β = −1 currents for the neutron and
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proton EDM. We utilized the channel with an even number of γ matrices, and observed

explicitly how the combination of the two- and three-point functions (i.e. explicit re-

moval of the overall chiral phase) leads to physical results. We obtained a different, but

nevertheless numerically consistent result for the neutron EDM. Extraction of quantita-

tive predictions, and their systematic improvement within the QCD sum rules approach

is problematic in this channel, as the leading order result already depends on the IR

cutoff µIR. While this is a problem for the sum rules approach to nucleon correlators, it

can be resolved within lattice QCD. Thus we hope that the procedure described here,

using covariant β = ±1 currents can be followed in lattice QCD computations of the

nucleon EDMs.

We conclude by noting that for phenomenological purposes, it may be useful to

revisit previous calculations of the neutron EDM due to higher-dimensional CP -odd

sources such as the EDMs and chromo EDMs of quarks, using the approach pursued

here of adding numerical stability by normalizing them on the MDM. Such sources are

the primary targets in analyzing nucleon and atomic and molecular EDM sensitivity

to new sources of CP violation in nature [18]. In this context, we recall that while

the inferred value of θ̄ is small possibly hinting at dynamical relaxation via the axion

mechanism, the numerical value of dn(θ̄) still plays an important role in this context

as the axion vacuum expectation value, θ̄ = θind, can be shifted away from zero in the

presence of higher-dimensional sources.



Chapter 4

CP-odd operators from heavy

fermion EDMs

Going beyond the SM, new physics sources of CP violation are generally allowed given

the extra degrees of freedom and expected due to the mismatch between the baryogenesis

predicted in the SM and the one observed in the universe. Through interactions between

the SM and the new physics, those new sources of CP violation could induce higher-

dimensional CP -odd interactions among the SM particles. For heavy particles, direct

probes of those CP -odd operators often turn out to be difficult; on the other hand, if

those operators indeed exist, they could contribute to the EDMs measured at the nuclear

and atomic scale through loop effects. Understanding the details of this mechanism,

therefore, opens the possibility of indirectly probing CP -odd SM effective operators.

In this chapter, we start from the heavy fermions in the SM with EDMs and integrate

out loops containing those fermions to derive the CP -odd operators that connect the

heavy fermion energy scale with the energy scale of EDM experiments. The relevant

Lagrangian is given by

L = f̄

[
i /D −mf −

idf
2
σµνγ5F

µν

]
f − 1

4
FµνFµν −

1

4
GaµνGa

µν , (4.1)

with the covariant derivative defined by

iDµ = i∂µ + eAµ, (4.2)

38
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for leptons, and

iDµ = i∂µ + gsGµ − eQQAµ, Gµ = T aGa
µ, (4.3)

for quarks, where the U(1) charge Qc = Qt = +2/3 and Qb = −1/3.

4.1 Heavy-lepton-induced electron EDM

A non-zero heavy fermion EDM, through loops, can induce EDMs of lighter fermions.

It is first shown by Grozin, Khriplovich, and Rudenko in [90] that heavy leptons (muon

and tau lepton) can induce an electron EDM at α3
EM order. (Here the subscript EM

stands for electromagnetic.) In this section, we reevaluate the same set of diagrams and

show that there is an omission made in the previous work [90]. We present an updated

calculation that includes this missing contribution.

A total number of 24 diagrams contribute to the heavy lepton induced electron EDM

at three-loop, including the diagrams in Fig. 4.1 and their permutations.

To get the EDM operator, we expand the amplitude up to linear order in the external

photon momentum q. While a full expression for arbitrary mass hierarchy can be found

following [91], in practice, we would like to explore the smallness of the electron mass

compared to a fermion mass inside the closed loop. Thus, observing that ml/mL ≪ 1,

where l = e refers to the electron, and L = µ, τ refers to heavy leptons, we evaluate the

amplitude up to leading order inml/mL. Noticing that on account of the Dirac equation(
/p−ml

)
l(p) = 0, the expansion in ml needs to be accompanied with an expansion in

p. So, most generally, after the expansion, one would get an expression of the following

form:

M = −imlq
αAβ l̄S

(1)
αβ l − ipρqαAβ l̄S

(2)
αβρl. (4.4)

By performing this expansion, the resulting integrals do not contain any external mo-

mentum p or q, this type of integral is commonly known as the vacuum integral. Eq. (4.4)

contains two structures. While it is possible to convert one structure to the other with

the help of the Dirac equation, we will keep both structures for later clarity, in order to



40

p p+ q

q

F̃µν

e e

(a)

p p+ q

q

Aβ

e e

(b)

p p+ q

q

Aβ

e e

(c)

p p+ q

q

Aβ

e e

(d)

Figure 4.1: Examples of three-loop QED diagrams for heavy lepton EDM contribution to electron
EDM. The upper fermion line represents the electron and the lower fermion loop is formed by the heavy
lepton. The crossed dot is the EDM vertex and replaces one of the 4 regular EM vertices on the heavy
lepton loop. The three photon lines connecting the heavy lepton loop and electron line have 6 possible
permutations.

compare our result with the previous one. The EDM operator can be written as

MEDM = − idl
2
ϵµναβq

αAβ l̄σµν l = − idl
4ml

pρϵµναβq
αAβ l̄{σµν , γρ}l, (4.5)

where q is the incoming photon momentum as in Fig. 4.1. Comparing Eqs. (4.4)

and (4.5), we see S
(1)
αβ ∝ ϵµναβσ

µν and S
(2)
αβρ ∝ ϵµναβ{σµν , γρ}. Using completeness

of Dirac matrices and properties of the Levi-Civita tensor, we find

S
(1)
αβ = − 1

8d(d− 1)(d− 2)(d− 3)
Tr
[
S
(1)
γδ ϵ

γδκλσκλ

]
× ϵµναβσ

µν ,

S
(2)
αβρ = − 1

32d(d− 1)(d− 2)2(d− 3)
Tr
[
S
(2)
γδηϵ

γδκλ{σκλ, γη}
]
× ϵµναβ{σµν , γρ}.

(4.6)

This expression is generalized to arbitrary dimension d for later use inside the dimensionally-

regularized loop expressions. By writing S
(1)
αβ and S

(2)
αβρ in the form of Eq. (4.6), we can

focus on the scalar integral inside the trace, rather than a complicated integral with open
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p p+ q

q

Aβ

e e

p p+ q

q

Aβ

e e

Figure 4.2: An example of related diagrams.

tensor and Dirac indices. The scalar vacuum integral has a simple topology described

by BM in [92] and can be reduced to two master integrals by repeated use of integration

by parts [93–97]. One of the master integral is simply the product of three one-loop

integrals, and the other is a three-loop integral corresponding to E(0, 0, x, x) in [97]. We

use the FIRE6 [98] package to perform the integration-by-parts reduction and use the

analytical expressions of master integrals in [97]. Divergences and gauge dependencies

in the two structures cancel out separately and leave us with a finite result. Using the

same notation as [90], we get

∆dl = a
ml

mL

(α
π

)3
dL, (4.7)

with

a
(1)
1 =

3

2
ζ(3)− 19

12
, a

(1)
2 =

9

4
ζ(3)− 1, a(1) = a

(1)
1 + a

(1)
2 =

15

4
ζ(3)− 31

12
≈ 1.924,

a
(2)
1 =

1

2
ζ(3)− 1

6
, a

(2)
2 =

1

2
ζ(3)− 5

24
, a(2) = a

(2)
1 + a

(2)
2 = ζ(3)− 3

8
≈ 0.827,

a = a(1) + a(2) =
19

4
ζ(3)− 71

24
≈ 2.751,

(4.8)

where ζ(s) is the Riemann zeta function with ζ(3) ≈ 1.202. The contribution from

expansion in ml/mL is labeled by the upper index “(1)”, and the contribution from

expansion in p/mL is labeled by the upper index “(2)”. The lower index indicates

which set of diagrams the result comes from, with “1” representing the diagram (a)

(and its permutations), and “2” representing the sum of diagrams (b), (c), (d) (and
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their permutations).

We note in passing a couple of observations that reduce the amount of calculation.

First, the CP -odd light-by-light operator induced by the heavy lepton loop vanishes at

q = 0 limit due to the Ward identity. This tells us that we need to keep q at linear order

in the heavy lepton part, so q dependence on the photon propagator and light lepton part

can be neglected, as long as we fix the momentum assignment of the photons. Second,

not all 24 diagrams are independent. For example, the two diagrams in Fig. 4.2 are the

same (or in the general SU(N) case, differ only by a color factor). Similar relations hold

for other diagrams and reduce the number of diagrams we need to calculate by half.

Comparing with [90], we see that their result corresponds to our a(1), while the

contribution from a(2) is not included. This means they expanded the amplitude in

me/mτ but missed the expansion in p/mτ . Our calculation shows that both expansions

contribute to the electron EDM at the same order. Numerically our result is ∼ 40%

larger than [90]. Throughout the calculation, we have assumed the “contact” nature of

the EDM source, that is no q2 dependence of dL within the relevant range of momenta,

|q2| ≲ m2
L.

As a double-check of our procedure, we also reevaluated the leading order contribu-

tion to the electron g−2 from light-by-light scattering induced by a muon loop (without

the EDM operator insertion). Compared to the CP -odd EDM case discussed here, the

CP -even magnetic dipole moment (MDM) case, which is also known as g− 2, has been

extensively studied by many groups and is better known [91, 99]. The same procedure

reproduces the known result correctly, and both expansions in me/mµ and in p/mµ

need to be included to get the correct result.

4.2 Heavy-quark-induced light quark EDM

The same idea discussed in Section 4.1 also allows the heavy quark EDMs to be trans-

ferred to light quarks; however, due to the strong force between quarks, the contributions

shown in Fig. 4.1 are subdominant compared to an analog of Fig. 4.1(a) with internal

photons replaced by gluons, as is shown in Fig. 4.3 The calculation is similar to the one
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p p

u, d u, d

F̃µν

Figure 4.3: An example of the three-loop diagrams that generate the light quark EDMs. The
cross dot indicates the heavy quark EDM dQ insertion, the wavy line is the external photon,
the closed solid line is the heavy quark and the upper solid line is the light quark, respectively.
There are five additional diagrams that are permutations of the gluon lines attached to the light
quark line.

Figure 4.4: The effective action to linear order in df after integrating out the heavy fermion. The
thick line on the left hand side indicates the full heavy fermion propagator with the covariant
derivative Dµ, and the cross dot indicates the EDM operator insertion. The full propagator
is expanded with respect to the field strengths, which results in the CP -odd light-by-light and
photon-gluon operators as shown on the right hand side.

discussed in Section 4.1, except for the need to include color factors. We then obtain

dq =
5 (8ζ(3)− 7)

72
×
(αs

π

)3 mq

mQ
dQ, (4.9)

where αs = g2s/4π.

4.3 CP-odd four-gauge operators

The heavy fermion EDMs induces CP -odd light-by-light and photon-gluon operators

through the diagrams in Fig. 4.4. The effective action after integrating out the heavy
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quark, to linear order in df , is given by

Seff = −
idf
2

Tr

[
1

i /D −mf
σµνF̃

µν

]
, (4.10)

the trace is taken over the spinor indices and the spacetime; for quarks, the trace is

taken over the color as well. In the following, we evaluate this expression for heavy

quarks and take the result for leptons as the special case where there is no interaction

with the gluon. We expand Eq.(4.10) with respect to the field strength Hµν , given by

Hµν = gsGµν − eQQFµν , (4.11)

which satisfies [iDµ, iDν ] = iHµν . Eq.(4.10) then can be simplified as

Seff = −
idQ
2

Tr

[
i /D +mQ

i /D +mQ

1

i /D −mQ
σµνF̃

µν

]
= −

idQmQ

2
Tr

[
1

(iD)2 −m2
Q + 1

2σ ·H
(σ · F̃ )

]
,

(4.12)

where (iD)2 = iDµiD
µ and we used that the traces of odd γ’s vanish in the second

equality. We further expand the denominator with respect to H, and obtain up to

fourth-order in the gauge fields

Seff = −
idQmQ

2
(T2 + T3 + T4) , (4.13)

where

T2 = −1

2
Tr

[
1

(iD)2 −m2
Q

(σ ·H)
1

(iD)2 −m2
Q

(σ · F̃ )

]
, (4.14)

T3 = +
1

4
Tr

[
1

(iD)2 −m2
q

(σ ·H)
1

(iD)2 −m2
Q

(σ ·H)
1

(iD)2 −m2
Q

(σ · F̃ )

]
, (4.15)

T4 = −1

8
Tr

[
1

(iD)2 −m2
Q

(σ ·H)
1

(iD)2 −m2
Q

(σ ·H)
1

(iD)2 −m2
Q

(σ ·H)
1

(iD)2 −m2
Q

(σ · F̃ )

]
.

(4.16)
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The term linear in σµν vanishes after taking the trace of the spinor index. In order to

compute T2, we use the following identity [100]:

Tr

[
1(

(iD)2 −m2
q

)3 f(H,F )
]

= Tr

[
1(

(i∂)2 −m2
q

)3 f(H,F )
]
− Tr

[
1(

(iD)2 −m2
q

)5HµνH
µνf(H,F )

]
, (4.17)

where f(H,F ) is an arbitrary function of Hµν and Fµν . We thus obtain

d

dm2
Q

T2 = −Tr

[
1

((i∂)2 −m2
Q)

3
(σ ·H)σ · F̃

]
+Tr

[
1

((iD)2 −m2
Q)

5
HµνH

µν (σ ·H)σ · F̃

]
.

(4.18)

where we ignore the derivatives acting on F . We can now replace iD by i∂ in the last

term to the order of our interest, and obtain

d

dm2
Q

T2 = −i
∫
d4x

[
3eQQ

4π2m2
Q

FµνF̃
µν +

1

24π2m6
Q

trc

[
HµνH

µνHρσF̃
ρσ
]]
. (4.19)

By integrating this we obtain

T2 = i

∫
d4x

[
3eQQ

4π2
ln

(
M2

R

m2
Q

)
FµνF̃

µν +
1

48π2m4
Q

trc

[
HµνH

µνHρσF̃
ρσ
]]
, (4.20)

where the additional mass scale MR comes from the regularization which we did not

write down explicitly. Next we compute T3. By ignoring the derivatives acting on F̃µν ,

we obtain

T3 =
1

4
Tr

[
1

((iD)2 −m2
Q)

3
(σ ·H)2 (σ · F̃ ) + 1

((iD)2 −m2
Q)

4

[
(iD)2, σ ·H

]
(σ ·H)(σ · F̃ )

− 1

((iD)2 −m2
Q)

5

[
(iD)2, σ ·H

] [
(iD)2, σ ·H

]
σ · F̃ + · · ·

]
, (4.21)

where the dots indicate terms that contain more than two commutators and thus cor-

respond to higher dimensional operators that are out of our interest. The first term is
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easily seen to generate only O(H4F̃ ) operators with the help of the identity (4.17). The

second term is expanded as

Tr

[
1

((iD)2 −m2
Q)

4

[
(iD)2, σ ·H

]
(σ ·H)(σ · F̃ )

]

= Tr

[
1

((iD)2 −m2
Q)

4
iDα [iDα, σ ·H] (σ ·H)σ · F̃

+iDα 1

((iD)2 −m2
Q)

4
[iDα, σ ·H] (σ ·H)σ · F̃

+
1

((iD)2 −m2
Q)

4
[iDα, σ ·H] [iDα, σ ·H]σ · F̃

]
. (4.22)

The first two terms induce only higher order terms [100], and thus we ignore them. The

third term in Eq. (4.21) already contains three field strengths and two commutators,

and hence we can ignore any further commutators between D and H. By taking the

angular average, we obtain

Tr

[
1

((iD)2 −m2
Q)

5

[
(iD)2, σ ·H

] [
(iD)2, σ ·H

]
σ · F̃

]
(4.23)

= Tr

[
(iD)2

((iD)2 −m2
Q)

5
[iDα, σ ·H] [iDα, σ ·H]σ · F̃

]
. (4.24)

By combining them, we obtain

T3 = −
m2

Q

4
Tr

[
1

((iD)2 −m2
Q)

5
[iDα, σ ·H] [iDα, σ ·H]σ · F̃

]

= − g2s
24π2m4

Q

∫
d4x trc [(DαGµρ)(DαGν

ρ)] F̃µν = 0. (4.25)

Finally we compute T4. To the order of our interest, we can simply replace iD by i∂ in

the denominator. It is then easy to see that

T4 = − i

48π2m4
Q

∫
d4x trc

[
3HµνH

µνHρσF̃
ρσ − 4Hµ

νH
ν
ρH

ρ
σF̃

σ
µ

]
. (4.26)
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Therefore we obtain

Seff =
dQ

48π2m3
Q

∫
d4x trc

[
−HµνH

µνHρσF̃
ρσ + 2Hµ

νH
ν
ρH

ρ
σF̃

σ
µ

]
, (4.27)

where we ignored the quadratic term that is irrelevant for our purpose, and trc is the

trace only over the color. The action contains CP -odd photon-gluon operators as well

as a CP -odd pure photon operator. For heavy quarks the pure photon operator is

subdominant, the operator quadratic in the photon field is given by

LG2FF̃ =
eQQg

2
sdQ

24π2m3
Q

trc

[
FµνG

µνF̃ρσG
ρσ − F̃µ

νG
ν
ρF

ρ
σG

σ
µ

]
, (4.28)

while the one linear in the photon field is given by

LG3F̃ =
g3sdQ

48π2m3
Q

trc

[
−GµνG

µνGρσF̃
ρσ + 2Gµ

νG
ν
ρG

ρ
σF̃

σ
µ

]
. (4.29)

Carrying out color traces explicitly, one finds that (4.28) contains δab, while (4.29) has

dabc structure. In that sense, (4.28) would exist for any choice of the gauge group for

Gµν including a U(1), while (4.29) requires N ≥ 3 for SU(N), which includes of course

the color group of the Standard Model.

For heavy leptons the CP -odd light-by-light operator becomes relevant. Focusing

on the pure photon part of Eq.(4.27), we obtain

LF 3F̃ = − dL/e

96π2m3
L

e4(F̃µνF
µν)(FρσF

ρσ). (4.30)

Based on the effective operators derived in this chapter, the nucleon and atomic

EDMs induced by heavy fermion EDMs will be derived in Chapter 5 and 6. The exper-

imental constraints on nucleon and atomic EDMs are then reinterpreted as constraints

on heavy fermion EDMs.



Chapter 5

Indirect constraints on muon

EDM

Latest interest to muons is fueled by the on-going discrepancy between theoretical pre-

dictions and experimental measurement of the muon anomalous magnetic moment [101–

107]. It brings into focus a question of other observables that involve muons, and one

such important quantity is the muon EDM, dµ (see e.g. [108] on extended discussion on

this point). At the moment, the auxiliary EDM measurement at the Brookhaven g − 2

experiment sets the tightest bound on muon EDM [33],

|dµ| < 1.8× 10−19 ecm, (5.1)

but there are proposals on significantly improving this bound with dedicated muon

beam experiments [32, 109–111]. Given these upcoming efforts it is important to re-

evaluate indirect bounds on muon EDM, especially given significant progress in precision

of atomic/molecular EDM experiments in recent years.

In this chapter, we evaluate indirect limits on dµ, finding superior bounds to (5.1)

from Hg and ThO EDM experiments [21, 39]. Our results draw heavily on the fact

that the closed muon loop with dµ insertion is placed in a very strong electric field of

a large nucleus (e.g. Hg or Th). The resulting interactions, derived in Chapter 4, is

capable of generating Schiff moment [112], CP -odd electron-nucleus interaction [113],

and magnetic quadrupole moment. Below, we elaborate on the details of our findings.

48
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5.1 The E3B interaction

The effective dimension eight electromagnetic operator generated by the muon EDM

was derived in section 4.3, rewriting it in terms of the electric E and magnetic B fields

gives

L = −e4(F̃αβF
αβ)(FγδF

γδ)× dµ/e

96π2m3
µ

= − dµ/e

12π2m3
µ

e4(E ·B)(E ·E−B ·B). (5.2)

We note the differences with CP -even case: dimension four (F̃αβF
αβ) operator can

be dropped, and there is only one dimension eight operator (FF )(FF̃ ), while CP -even

case has two, (FF )(FF ) and (FF̃ )(FF̃ ). The effective CP -odd photon interactions were

discussed recently in [114]. In principle, all terms in the expansion can be computed an-

alytically. Neglecting O(B3) interaction that is subdominant due to no Z-enhancement

leaves only E3B effective operator that we write in a more generic form that can be

applied to other sources of CP -violation as well:

Heff = CE3B ×
∫
d3x e4(E ·E)(E ·B), (5.3)

with CE3B = (12π2m3
µ)

−1dµ/e in our model.

It is important to note that the E3B effective interaction does not always capture

all relevant physics. For example, the muon-loop-mediated electron EDM derived in

section 4.1 involves computation with loop momenta that can be comparable or even

larger than mµ. In that case, the entire CP -odd four-photon amplitude is needed. In

what follows we evaluate the physical consequences of the E3B interaction.

5.2 Muon EDM and nuclear CP -odd observables

Nuclear spin dependent EDMs (sometimes called diamagnetic EDMs) provide stringent

tests of CP -violation via probing nuclear T, P -odd moments. At this step we address
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Figure 5.1: A representative diagram showing dN and SN are generated when E2B is sourced by the
nucleus.

the mechanisms that convert CP -even static nuclear moments to the CP -odd ones,

µN , QN
E3B−−−→ dN , SN ,MN , (5.4)

where subscript N stands for “nuclear”, and µ, Q, d, S, M are magnetic dipole, electric

quadrupole, electric dipole, Schiff and magnetic quadrupole moments. (Inside a neutral

atom, dN is not observable by itself, but in the linear combination that parametrizes the

difference between EDM and charge distribution, the Schiff moment [112].) Consider a

spin-12 nucleus, as in the most sensitive diamagnetic EDM experiment with 199Hg [21].

Then MN is absent by definition, but dN and SN can be induced as shown in Fig. 5.1.

To calculate them we notice that the magnetic field of the I = 1/2 nucleus can be

presented in the following form:

eBi(r) = b1(r)nIi + b2(r)(3ninj − δij)nIj , (5.5)

where we introduced the unit vector in the direction of the nuclear spin, nI = I/I,

n = r/r and some scalar invariant functions b1(2)(r). Notice that in the limit of a very
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small nuclear radius, RN → 0, the corresponding asymptotics of these functions are

b1(r) →
2eµN
3

δ(r); b2(r) →
eµN
4πr3

. (5.6)

where µN is the nuclear magnetic dipole moment value. The nuclear electric field, to

good accuracy, can be described by the radial ansatz,

eE =
n

r2
× Zαf(r), (5.7)

where Z is the atomic number, α is the fine structure constant and f(r) is the fraction

of nuclear charge within the radius r. For the uniform sphere charge distribution f(r) =

r3/R3
N for r < RN and f(r) = 1 for r > RN . Substituting (5.7) and (5.5) into (5.3) and

performing angular integration, we obtain intermediate expressions for dN and SN :

dN
eCE3B

= 4π(Zα)2
∫
dr

r2
f2
(
5

3
b1 +

4

3
b2

)
, (5.8)

SN
eCE3B

=
2π(Zα)2

15

∫
drf2

[
b1

(
11− 25

3

r2c
r2

)
+b2

(
16− 20

3

r2c
r2

)]
. (5.9)

In these expressions, r2c is the nuclear charge radius. We follow the standard definition

of the Schiff moment that in non-relativistic limit and point-like nucleus leads to the

effective nuclear-spin-dependent T, P -odd Hamiltonian for electrons

HT,P -odd = −(SN/e)× 4πα(nI ·∇e)δ(re). (5.10)

Nuclear dependence in (5.8) and (5.9) is encapsulated in f and bi. Electric field, i.e. f , is

determined by the collective properties of the nucleus and has little to no dependence on

the details of the nucleon’s wave function inside a large nucleus. In contrast, the scalar

functions bi that describe magnetization are determined by mostly “outside” valence

nucleons and carry more detail about nuclear structure. For any realistic choice of f

and bi, however, it is easy to see that radial integrals will be saturated by distances

r ∼ RN .

Specializing our calculations to the 199Hg nucleus, we adopt a simple shell model
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description of it with a valence neutron in nr = 2, l = 1, j = 1/2 state carrying all

angular momentum dependence, and ignore configuration mixing. Its wave function

can be conveniently written as

ψ(rn) = R2p(rn)
(σn · nn)√

4π
χ, (5.11)

where rn = nnrn and χ are neutron’s coordinate and two component spinor, and R2p

is the radial wave function normalized as
∫
R2r2dr = 1. Nuclear spin in this case

coincides with j, and nI = χ†σnχ. The magnetic moment of the nucleus has a simple

connection to the magnetic moment of the neutron, eµN = (−1/3)eµn = (−1/3) ×
(−1.91) × 4πα/(2mp). The magnetization functions bi defined earlier in (5.5) can be

directly related to radial R2p functions, and explicit calculations give

b1(r) =
−1.91α

2mp
× 2

3

(
2

∫ ∞

r

drn
rn

R2
2p(rn)−R2

2p(r)

)
,

b2(r) =
−1.91α

2mp
× 1

3

(
R2

2p(r)−
1

r3

∫ r

0
drnr

2
nR

2
2p(rn)

)
.

One can easily check that the corresponding boundary conditions (5.6) are satisfied. To

learn about the parametric dependence of our answers we first explore the simplified case

when not only the charge distribution but also R(r) is taken to be constant inside the

nuclear radius and zero outside, R2
2p(r) = 3R−3

N θ(RN − r) [115]. In this approximation

we get
dN

eCE3B
=

1.91× 2πZ2α3

3mpR4
N

;
SN

eCE3B
=

1.91× 39πZ2α3

245mpR2
N

, (5.12)

and consequently SN scales as Z4/3 since RN ∝ Z1/3. In order to get a more realistic

answer, we solve for R2p numerically using the Woods-Saxon potential with parameters

outlined in Ref. [116]. We check that our results reproduce SN (dn) [115, 116] with

reasonable ∝ 30% accuracy. Performing two numerical integrals over rn and r, and

substituting explicit expression for CE3B, we obtain the following numerical result,

S199Hg/e ≃ (dµ/e)× 4.9× 10−7 fm2, (5.13)

that lands itself very close (withing 20%) from the naive estimate (5.12). Given the
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experimental constraint of |S199Hg| < 3.1 × 10−13 e fm3 [21], we arrive at the following

final result

|dµ| < 6.4× 10−20 e cm, (5.14)

which is somewhat more stringent bound, by a factor of ∼ 2.5 than (5.1). Result (5.13)

carries a 25-30% uncertainty due to neglected contributions from the nuclear orbital

mixing.

Future developments may bring about new experiments that would search for EDMs

involving nuclei with I ≥ 1 [117], opening the possibility of measuring magnetic quadrupole

moments, and using nuclei with large deformations/large QN . We perform a simple es-

timate for the expected size of the magnetic quadrupole by taking the electric field

created by QN outside the nucleus, and cutting divergent integrals at RN . This way,

we arrive at the following estimate

MN

eCE3B
∼ 48πZ2α3

5

QN

e

∫
dr

r5
≃ QN

e

12πZ2α3

5R4
N

. (5.15)

Substituting expression (5.3), and normalizing electric quadrupole on large values ob-

served in deformed nuclei, we get

MN

e
∼ 10−4 fm× QN

e 300 fm2 × (dµ/e). (5.16)

Taking typical matrix elements and extrapolating future sensitivity to the current one

of the ThO experiment, one could probeMN/e ∝ 10−11 fm2 and consequently achieving

dµ/e ∝ 10−20 e cm.

5.3 Muon EDM and paramagnetic CP -odd observables

Finally we turn our attention to the electron-spin-dependent EDMs referred to as

paramagnetic EDMs of atoms and molecules. As discussed in Chapter 2, it is con-

venient to introduce a linear combination of the electron EDM and the CS opera-

tor referred to as “equivalent de” in Eq.(2.1). Current experimental limit stands as

|dequive | < 1.1× 10−29 e cm [39].

Muon EDM contributes both to de and CS through loops. The bona fide three-loop
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Figure 5.2: Three-loop contribution to de and two-loop contribution to equivalent CS generated by dµ.

de(dµ) computation, Fig. 5.2, was performed in Section 4.1,

de = dµ

(α
π

)3 me

mµ
× 2.751 ≃ 1.6× 10−10dµ. (5.17)

If the direct bound (5.1) is saturated, de will be larger than the experimental limit

by about a factor of two, as already noted in Ref. [108]. It turns out, however, that

equivalent of CS generated by E3B interaction gives a larger contribution.

A representative diagram contributing to the T, P -odd electron-nucleus interaction

via E3B term is shown in Fig. 5.2. The two electric field lines can be sourced by a

nucleon, or a nucleus, while the photon loop attached to electron line generates meēiγ5e

interaction. There are two important considerations regarding this type of contribution:

i. The photon loop is enhanced by log(Λ/me), and we calculate this loop to logarithmic

accuracy, cutting it at Λ = mµ. (In practice, this cutoff will be supplied by the non-local

nature of the muon loop in Fig. 5.1.) ii. In a large nucleus E2 is coherently enhanced

and dominates over effects proportional to electromagnetic contribution of individual

nucleons ∝ Z⟨p|E2|p⟩. Being concentrated inside and near the nucleus, E2 can be

considered equivalent to the delta-functional contribution:

e2(E2)nucl → δ(r)× 4π(Zα)2

RN
×
∫ ∞

0

f2(RNx)

x2
dx, (5.18)

where x = r/RN . For a constant density charge distribution, the integral in (5.18) is
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6/5, and we adopt this number. Putting the results of the loop calculation together

with (5.18), and using the explicit form for CE3B we arrive at the following prediction

for the equivalent CS value:

GF√
2
Cequiv
S = κ

4Z2α4

πA
× me(dµ/e)

m3
µRN

× log

(
mµ

me

)
. (5.19)

As one can see, Cequiv
S scales as Z2A−1R−1

N ∝ Z2/3, which is the sign of coherent

enhancement. A is the number of nucleons, and A = 232 for Th. In this expression, κ is

a fudge factor to account for the change of the electronic matrix elements stemming from

the fact that nuclear E2 extends beyond the nuclear boundary, while true nucleonic CS

effect is proportional to nuclear density and vanishes outside. Solving the Dirac equation

near the nucleus for the outside s1/2 and p1/2 electron wave functions and finding a ratio

of the matrix elements for these two distributions result in κ ≃ 0.66. We then arrive to

the numerical result

Cequiv
S = 3.1× 10−10

(
dµ

10−20 e cm

)
. (5.20)

Combining (5.20) with (5.17) into (2.1), we arrive at our main result

dequive ≃ 5.8× 10−10 dµ =⇒ |dµ| < 1.7× 10−20 e cm. (5.21)

We observe that de and C
equiv
S interfere constructively, and CS contribution is larger by

a factor of ≃ 4. We believe (5.20)to be accurate within ∼ 15− 20% with uncertainties

associated with modelling of E(r) and logarithmic approximation for the photon loop

integral.

Recently, a measurement on the EDM of the HfF+ is performed, giving an improved

constraint on the paramagnetic EDM |dequive (HfF+)| < 4.1 × 10−29 e cm [20]. With

dequive (HfF+) = de+CS×0.9×10−20 e cm, the constraint on the muon EDM is improved

by another two-fold:

dµ(HfF
+) < 8.9× 10−21ecm. (5.22)
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5.4 Comments on the accuracy of calculations

Since the calculation of S(dµ) and CS(dµ) involve many steps, it is appropriate to

comment on the expected accuracy of the results. The uncertainties can be subdivided

into three categories, coming from particle physics, nuclear and atomic physics.

Particle physics. In calculating the muon loop leading to (BE)E2 effective inter-

action, higher order terms in the electric field have been neglected. Such terms are

additionally suppressed by powers of (eE2)/m4
µ ≤ (Zαm−1

µ RN )4 < 10−3, and there-

fore this approximation holds really well. The loop integral also neglects the change

of electric field on the scale of the muon Compton wavelength. This correction can be

at maximum ∼ (RNmµ)
−2 ∼ 7%. Notice that this can be consistently improved by

numerically calculating the muon loop in the realistic E(r) background.

Photon loop calculation entering the calculation of CS has been performed to loga-

rithmic accuracy, i.e. O(1) terms have been dropped relative to log(m2
µ/m

2
e) ∼ O(10).

This implies the accuracy of 10%, which again can be improved upon numerical calcu-

lation of the two-loop (muon and photon) diagram.

Nuclear physics. There are no nuclear uncertainties in the CS calculation, other

than the exact modelling of the electric field distribution inside the nucleus. The charge

distributions used in our calculations are “anchored” by the measured values of the

nuclear charge radii, but the exact shape can modeled by either constant-within-sphere,

or Woods-Saxon form. This feeds into the calculation of the κ-factor, and we estimate

that the possible variation does not exceed ∼ 10%.

The calculation of the Schiff moment involves modelling of the magnetic field inside

the nucleus. In our work it is done in the simple shell model that predicts the magnetic

moment to be µ199Hg = −µn/3 = 0.637, while in practice the measured result for this

quantity is 0.509. The rest of the magnetism comes from the mixing of different nuclear

orbital configurations, and neglecting it generates ∼ 20 − 25% errors. It has to be

emphasized that this uncertainty is much smaller than a very large, order of magnitude

uncertainty in calculations of the Schiff moment induced by the CP -odd nuclear forces,

where there is no valence contribution, and subtle effects in the core polarization widely

vary as function of adopted nuclear models.

Atomic physics. There is no change in atomic physics calculation (if the parameter
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κ is treated as essentially a nuclear parameter). Therefore, same atomic calculations of

molecular/atomic orbitals apply, and modern calculations are performed with estimated

errors not exceeding 10%.

Combining different sources of errors, we conclude that the calculation of CS(dµ)

and the resulting bounds on dµ carry a theoretical error of ∼ 15 − 20% which can be

brought down to 10% level with more accurate modelling of the nuclear electric field

distribution and full calculation of the two-loop diagram. Calculation of S(dµ) carries

a ∼ 30% uncertainty, mostly due to our reliance on the simple shell model, but can be

improved with a more sophisticated nuclear input.

5.5 Discussion

We have evaluated the electromagnetic transmission mechanisms of muon EDM to the

observable EDMs that do not involve on-shell muons. We have found that muon-loop-

induced E3B effective interaction plays an important role and leads to novel indirect

bounds, Eqs. (5.14) and (5.21) that are already stronger than the direct bound (5.1).

Result (5.21) provides a new benchmark that future dedicated muon EDM experiments

would have to overtake. We also notice that since both 199Hg and ThO EDM results

give an improvement, it is highly unlikely that a fine-tuned choice of de and hadronic

CP -violation would lead to the relaxation of indirect bounds on dµ.

In this chapter, we do not discuss the short-distance physics that may lead to the

enhanced dµ. We note that while in some models dµ is predicted at the same level as

de, it is also feasible that dµ/de scales as (mµ/me)
3 and possibly even larger. (Given

the on-going g−2 discrepancy in the muon sector, it is clear that dµ deserves a separate

treatment.) Still, it is instructive to equate dµ to some simple scaling formula that

involves an ultraviolet scale Λµ, and we choose dµ = mµ/Λ
2
µ scaling. Then our results

translate to

Λµ > 300GeV, (5.23)

which underscores that the (weak scale)−1 distances start being probed. Depending on

underlying model, there can be some scale dependence of the muon EDM form factor

dµ(Q
2) (see e.g. [90]). This, however, does not obscure comparison of direct (Q2 ≃ 0)

and indirect (Q2 ≃ m2
µ) limits derived here as long as dµ operator is generated at
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distances Λ−1 ≪ m−1
µ .

We also update the limit on the τ -lepton EDM dτ derived in [90]. Our analysis

is directly applicable to dτ after replacing mµ by the τ -lepton mass mτ . In this case,

the electron EDM plays the dominant role since de ∝ m−1
τ while SN , CS ∝ m−3

τ up to

logarithm. For the ThO molecule, we obtain

dequive ≃ 1.0× 10−11 dτ =⇒ |dτ | < 1.1× 10−18 e cm. (5.24)

This surpasses the constraint from the Belle experiment [118]. The constraint from

199Hg is weaker by a factor of ∼ 2× 102 than (5.24).

Finally, while the focus of this chapter was on dµ, one could also derive limits on

CE3B applicable to other models. We get constraints on CE3B at the level of 10−41 eV−4

and better, which would be challenging to match with photon-based experiments [114].



Chapter 6

Indirect constraints on heavy

quark EDMs

Direct measurements of the heavy quark EDMs are difficult due to their short lifetimes.

The current strongest direct bound is from e+e− → qq̄ at LEP and is only of the

order of 10−17 e cm [119]. Recently, an LHC based experiment is proposed that aims

at directly measuring charm baryon dipole moments [34–38], potentially improving the

direct bounds on the heavy quark EDMs. Given this situation, the goal of this chapter

is to understand the current status of indirect limits on the heavy quark EDMs.

Indirect limits on the charm and bottom quark EDMs were previously considered

in [120] and the CEDM case was also analyzed in [121]. There the authors derived

limits based on the constraints on the heavy quark CEDMs. Indeed, the charm and

bottom quark EDMs well above the heavy quark mass scales, say 1TeV, generate the

CEDM operators through the renormalization group (RG) running at a lower energy

scale. These CEDMs in turn source the three-gluon Weinberg operator after integrating

out the charm and bottom quark. The Weinberg operator then generates the neutron

EDM, and this allows one to derive limits on the charm and bottom quark EDMs. We

may phrase it a re-interpretation of bounds on the heavy quark CEDMs at the heavy

quark mass threshold, with an assumption that there is no cancellation between the

EDM and CEDM contributions (see also discussion at the end of Sec. 6.1). In contrast,

in this chapter, we study CP -odd operators generated from the EDM operators at the

59



60

heavy quark mass threshold. Therefore our consideration directly applies to the heavy

quark EDMs at the quark mass threshold and is independent of [120]. Even though the

CP -odd operators induced by the heavy quark EDMs are formally higher dimensional,

suppressions from the charm and bottom quark masses are not severe as there is only a

little hierarchy between the quark masses and the QCD scale.

In order to make our limits robust, we derive indirect limits on charm and bottom

quark EDMs based on multiple observables, paramagnetic and neutron EDMs. Indi-

rect limits always have a potential of having a cancellation among different operators.

For instance, paramagnetic EDM experiments are sensitive to only a particular linear

combination of the electron EDM de and the CP -odd semi-leptonic operator CS (see

Sec. 6.1). Therefore a new physics contribution to de and CS can be such that the lin-

ear contribution almost vanishes even though each term is sizable. Deriving constraints

from two completely different observables, paramagnetic and neutron EDMs, makes the

probability of having such a cancellation less likely. We also minimize the QCD uncer-

tainty as much as possible. For this purpose the paramagnetic EDM plays an essential

role as it is sensitive to the heavy quark EDM through the semi-leptonic operator CS .

The estimation of CS is not polluted by hadronic uncertainties, and its uncertainty is

theoretically well under control.

6.1 Paramagnetic EDM

In this section we study a constraint on the heavy quark EDM from paramagnetic

atomic/molecule EDM experiments, in particular the ACME experiment [19]. Below

the QCD scale, the CP -odd photon-gluon operator, in particular the two-photon two-

gluon operator,

LG2FF̃ =
eQQg

2
sdQ

48π2m3
Q

Ga
µνG

a
αβ

(
FµνF̃αβ − F ναF̃ βµ

)
, (6.1)

induces the CS operator defined in Eq.(2.2).

Because our starting point here is explicitly isospin symmetric, it will result in the

same CS coupling for neutrons and protons. The nucleon matrix element of the gluon
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N

e e

Figure 6.1: The diagram that generates the CP -odd semi-leptonic operator CS . The photons
are attached to the electron line and generate the structure ēiγ5e, while the gluons feed into the
nucleon N .

part is given by

⟨N | g
2
s

32π2
Ga

µνG
a
αβ|N⟩ = −mN

108
(ηαµηβν − ηανηβµ) N̄N + · · · , (6.2)

where N is the nucleon field (either p or n) with mN its mass, and · · · denotes the

traceless tensor part that is irrelevant for our purpose. Here we used that, in the chiral

limit, the one-loop trace anomaly dominantly contributes to the nucleon mass,

⟨N | g
2
s

32π2
Ga

µνG
aµν |N⟩ = −mN

9
N̄N, (6.3)

where the coefficient in the right-hand-side is related to the beta function [122]. The

photons are attached to the electron and induce the operator ēiγ5e at one-loop [23] as

shown in Fig. 6.1. This integral is logarithmically divergent, which is regulated by the

heavy quark mass scale. Therefore, to the leading logarithmic accuracy, we obtain

CS
GF√
2
= −

4QQα
2

27

mNme

m3
Q

log

(
mQ

me

)
dQ
e
, (6.4)

where α = e2/4π and me is the electron mass. By requiring |d(equiv)e | < 1.1×10−29 e cm,

we obtain

|dc| < 1.3× 10−20 e cm, (6.5)
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for the charm quark and

|db| < 7.6× 10−19 e cm, (6.6)

for the bottom quark, respectively. The heavy quark EDM also induces the electron

EDM at three-loop [90, 123], but its contribution to d
(equiv)
e is negligible compared to

CS .

We now estimate the precision of our calculation. There is an uncertainty associated

with Eq. (6.3), which is valid only in the chiral limit. However, the quark contribution

to the nucleon mass is less than 10% [124], and hence the uncertainty of Eq. (6.3)

is also less than 10%. Thanks to the lattice computations, these contributions are

rather precisely known and the uncertainty in the non-perturbative matrix element can

be further reduced by including the light quark contributions into our computation.

Another uncertainty originates from our photon-loop computation, where we include

only the leading logarithmic term. The uncertainty associated with this treatment

may be estimated by changing the cut-off scale from mQ to 2mQ, which results in

≲ 10% change of the result for both the charm and bottom quarks. This can be

further improved by performing the full two-loop computation, with the heavy quark

and photon loops at the same time. Therefore, the precision of our CS calculation is

estimated to be 10% and this can be further improved by properly including the quark

contribution to the nucleon mass and performing the full two-loop computation of the

photon-loop.

Our constraint is stronger than the one derived from e+e− → qq̄ at LEP by several

orders of magnitude [119]. Although our constraint is weaker than [120] at its face

value, there are two caveats. First, as we mentioned in the introduciton, the constraint

in [120] is a re-interpretation of the bounds on the CEDMs d̃Q at the heavy quark

mass scale, i.e., d̃Q(mQ). Both the quark EDM and CEDM at high energy scale ΛNP

contribute to the CEDM at lower energy due to the RG running, and hence d̃Q(mQ)

is given as a linear combination of dQ(ΛNP) and d̃Q(ΛNP). With only this information,

one can put a constraint on only this particular linear combination of dQ(ΛNP) and

d̃Q(ΛNP). Therefore the authors assume that there is no huge cancellation between

dQ(ΛNP) and d̃Q(ΛNP), which allow them to derive a constraint solely on dQ(ΛNP) and
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thus on dQ(mQ). Since our constraint directly applies to dQ(mQ), it is an independent

constraint, without any assumptions on the relative size of dQ(ΛNP) and d̃Q(ΛNP).

Second, it is a complicated task to estimate the size of the neutron EDM induced by the

Weinberg operator. Since [120] relies on the constraints on d̃Q(mQ) from the Weinberg

operator, it has a large hadronic uncertainty. In contrast, as we have just emphasized,

our computation of CS is precise and its uncertainty is well under control. Given

the rapid progress of the paramagnetic EDM experiments, CS will continue providing

important and clean constraints on the heavy quark EDMs. In the next section, we will

see that the neutron EDM provides a stronger constraint than CS , comparable to [120],

though with a larger hadronic uncertainty.

6.2 Neutron EDM

In Chapter 4 we have seen that the heavy quark EDM generates the CP -odd photon-

gluon operator and the light quark EDM. Below the QCD scale, these CP -odd operators

in turn generate the neutron EDM dn, whose experimental upper bound is [22]1

|dn| < 1.8× 10−26 e cm. (6.7)

In this section we translate this upper bound to the bound on the heavy quark EDM

by estimating the size of the induced neutron EDM, with effects of the nonperturbative

QCD taken into account (to the extent it is possible).

6.2.1 Light quark EDM contribution

We first study the neutron EDM induced by the light quark EDM d
(dq)
n . Both the QCD

sum rule and the quark model suggest that [18,82,125]

d
(dq)
n =

1

3
(4dd − du) . (6.8)

1The 199Hg EDM experiment puts a similar constraint on the neutron EDM [21].
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QCD sum rule calculations [82, 125] and more recently lattice calculations [126] give

support to this simple formula within ∼ 30% accuracy. We thus obtain

d
(dq)
n =

5(8ζ(3)− 7)

72

(αs

π

)3 4md −mu

3mQ
dQ. (6.9)

As we will see, there is another contribution to the neutron EDM from the CP -odd

photon-gluon operator that leads to the QCD condensate power corrections in the light

quark propagator. The rest of this section is devoted to estimate the size of this contri-

bution.

6.2.2 CP -odd photon-gluon operator contribution

In Sec. 4.3 we saw that the heavy quark EDM generates the CP -odd photon-gluon

operator

LG3F̃ =
g3sdQ

48π2m3
Q

trc

[
−GµνG

µνGρσF̃
ρσ + 2Gµ

νG
ν
ρG

ρ
σF̃

σ
µ

]
. (6.10)

Below the QCD scale the gluons confine and condense, and this operator feeds into the

neutron EDM. We use the QCD sum rule technique [80] to estimate the size of the

neutron EDM induced by this operator.

The starting point of the QCD sum rule is to define the two-point correlator

Π(p) ≡ i

∫
d4xeip·x⟨0|T {η(x), η̄(0)} |0⟩. (6.11)

The interpolating function η is typically chosen as

η(x) = j1(x) + βj2(x), (6.12)

and has an overlap with the neutron one-particle state. The functions j1 and j2 for the

neutron are the same as the ones defined in Chapter 3:

j1 = 2ϵijk
(
dTi Cγ5uj

)
dk, j2 = 2ϵijk

(
dTi Cuj

)
γ5dk, (6.13)

As discussed in Chapter 3, the value of β cannot be chosen arbitrarily in the presence
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of θ-dependent observables. However, it is not clear if there are similar caveats in other

situations. Therefore, in this section, we treat β as a redundant parameter in our

calculation. The QCD sum rule relies on the quark-hadron duality and evaluates this

two-point correlator Π(p) in the hadronic (phenomenological) side and the quark (OPE)

side. On the phenomenological side, Π(p) is expressed in terms of hadronic quantities

such as the neutron mass and dipole moments. On the OPE side, Π(p) is evaluated in

terms of perturbative quarks and gluons with non-perturbative effects included in the

form of the QCD condensates. One then obtains an estimation of the hadronic quantities

by equating these two expressions, after the Borel transformation to reduce effects of

excited states. In our case, we have external electromagnetic field Fµν multiplying

three Lorentz structures that in principle we can use to derive the sum rules: /pσµν/p,

{/p, σµν} and σµν . In this chapter, we focus on the sum rule that follows from /pσµν/p

since it depends most strongly on the momentum and the vacuum susceptibilities are less

relevant [127]. Moreover, it is computationally simple to derive the QCD sum rule based

on this structure. In the following we evaluate Π(p) in the OPE and phenomenological

sides, respectively.

OPE side. We denote the light quark propagator as

⟨0|T {qi(x), q̄j(y)} |0⟩ ≡ δijS(x, y), (6.14)

where only the color-diagonal contribution is relevant for the QCD sum rule based on

/pσµν/p in our case. The CP -odd photon-gluon operator does not distinguish the up and

down quarks, and thus we collectively denote u and d as q. With this expression, we

obtain

ΠOPE(p) = −24i

∫
d4xeip·x

{
tr [γ5S

cγ5S]S + Sγ5S
cγ5S + β2 (γ5SS

cSγ5 + tr [ScS] γ5Sγ5)

+β (SScγ5Sγ5 + γ5Sγ5S
cS + tr [SScγ5]Sγ5 + tr [ScSγ5] γ5S)} ,

(6.15)

where Sc
αβ ≡

(
CSTC

)
αβ

and ST
αβ ≡ Sβα with α and β being the spinor indices, and the

trace is taken only over the spinor index. In our case the light quark propagator has
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two contributions

S = S(0) + S(CP ), (6.16)

where S(0) corresponds to the free quark propagator and is given by

S(0)(x) =
i/x

2π2x4
, (6.17)

while S(CP ) is the CP -odd part which we compute from now.

The source inserted into the correlator has three gluon fields, and we follow the

general idea of [128] where the Weinberg operator contribution to dn was first evaluated,

and where two gluons are treated perturbatively, while the third gluon field contributes

to the quark-gluon condensate. With the QCD condensate background, we can write

down the diagram

S
(CP )
ij (p) =

p p p p

j i
, (6.18)

where the crosses indicate the background fields, either the external photon or the QCD

condensation of the quarks and gluons, and the cross dot is the insertion of the CP -odd

photon-gluon operator (6.10). Since the QCD vacuum does not violate the Lorentz and

color symmetries, we have

〈
qiq̄jG

a
µν

〉
= − 1

192
T a
ijσµν ⟨q̄σ ·Gq⟩ , (6.19)

where σ ·G = σµνG
µν , and ⟨· · · ⟩ corresponds to the vacuum expectation value. We thus

obtain

S
(CP )
ij (p) = δijS

(CP )(p) = iδij
5α2

sdQ
864m3

Q

gs⟨q̄σ ·Gq⟩
p2

i

/p

[
σ · F̃ − 2pµpν

p2
F̃µασν

α

]
i

/p
. (6.20)

Its Fourier transformation has an IR divergence, which in the dimensional regularization
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leads

S(CP )(x) =
5α2

sdQ
27648π2m3

Q

gs⟨q̄σ ·Gq⟩Γ(ϵIR)
(
−Λ2

IRx
2
)−ϵIR F̃ · σ, (6.21)

where we take dIR = 4+2ϵIR and keep only the logarithmic terms, with ΛIR the IR cut-

off scale. Due to the sensitivity to IR scale, calculations of further terms in the OPE are

not possible. As a consequence, this evaluation should be viewed as an estimate, which

cannot be systematically improved within QCD sum rule method. With the explicit

forms of S(0) and S(CP ), we obtain

ΠOPE(p) = −
5α2

sdQ
21233π4m3

Q

⟨q̄σ · gsGq⟩
[
(1− β)2 /pF̃ · σ/p− 18

(
1− β2

)
p2F̃ · σ

]
I(p2; ϵIR, ϵUV),

(6.22)

where we perform the dimensional regularization to tame the UV divergence with dUV =

4− 2ϵUV, and

I(p2; ϵIR, ϵUV) ≡ Γ(ϵIR)

(
−
Λ2
IR

p2

)−ϵIR

Γ(−ϵUV − ϵIR)

(
−µ

2

p2

)−ϵUV

, (6.23)

with µ the renormalization scale. We then perform the Borel transformation, defined

as [83]

B
[
Π(p2 = −P 2)

]
=

1

π

∫ ∞

0

dP 2

M2
e−P 2/M2

Im [Π(p)]p2=−P 2 . (6.24)

We thus obtain the /pσµν/p part as

B
[
ΠOPE(p

2 = −P 2)
]
/pF̃ ·σ/p = −

5α2
sdQ

21233π4m3
Q

(1− β)2 ⟨q̄σ · gsGq⟩ log
(
M2

Λ2
IR

)
. (6.25)

Taking the imaginary part of I(p2; ϵIR, ϵUV) is somewhat subtle, and we provide details

in App. D. There we also clarify the physical meaning of the scale ΛIR; it should be

identified with the mass of the constituent quarks. This expression is to be compared

with the phenomenological expression.
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Phenomenological side. On the phenomenological side, the two-point correlator

with the neutron EDM insertion is expressed as

Πpheno(p) = −λ2n
[
/p+mn

p2 −m2
n

− dn
2(p2 −m2

n)
2 /pF̃ · σ/p+ · · ·

]
, (6.26)

wheremn is the neutron mass and λn parametrizes the overlap between the interpolating

function η and the neutron one-particle state. After the Borel transformation, we obtain

B
[
Πpheno(p

2 = −P 2)
]
/pF̃ ·σ/p =

λ2ndn
2M4

e−m2
n/M

2
+ · · · , (6.27)

where · · · expresses contributions from excited states which we ignore in the following.

Sum rule. The QCD sum rule of the neutron EDM is obtained by equating Eqs. (6.25)

and (6.27). We thus obtain

λ2nd
(G3F̃ )
n

2M4
e−m2

n/M
2
= −

5α2
sdQ

21233π4m3
Q

(1− β)2
〈
ψ̄σ · gsGψ

〉
log

(
M2

Λ2
IR

)
, (6.28)

where d
(F̃G3)
n is the neutron EDM induced by the CP -odd photon-gluon operator (to

distinguish it from the one induced by the light quark EDM). We may use the Ioffe

formula for the nucleon mass [85,86]2

λ2nmn

M4
e−m2

n/M
2
= −7− 2β − 5β2

16π2
⟨q̄q⟩, (6.29)

to eliminate λn. Then we obtain the QCD sum rule estimation of the neutron EDM

d(G
3F̃ )

n = dQ × 5α2
s

2733π2
mnm

2
0

m3
Q

1− β

7 + 5β
log

(
M2

Λ2
IR

)
, (6.30)

where we used ⟨qσ · gsGq⟩ = m2
0⟨q̄q⟩ with m2

0 = 0.8GeV2 [129].

2The Ioffe formula in [86] is derived based on χSR/2 which is equivalent to our −η/2 with β = −1.
Therefore the normalization of λn differs by a factor two.
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6.2.3 Constraint on heavy quark EDM

The neutron EDM has two contributions, induced by the light quark EDM and the

CP -odd photon-gluon operators, and is given by

dn = d
(dq)
n + d(G

3F̃ )
n , (6.31)

where

d
(dq)
n = dQ × 5(8ζ(3)− 7)

72

(αs

π

)3 4md −mu

3mQ
, d(G

3F̃ )
n = dQ × 5α2

s

2733π2
mnm

2
0

m3
Q

log

(
M2

Λ2
IR

)
,

(6.32)

and we take β = −1 following [85,130,131]. The parameters should be evaluated at mQ

for the former contribution, and at the scale close to ΛQCD for the latter contribution.

We use mc = 1.27GeV, mb = 4.18GeV, αs(mc) = 0.38 and αs(mb) = 0.223 [132]. The

light quark masses (in the MS scheme) also depend on the energy scale, and we take

mu(mc) = 2.5MeV md(mc) = 5.4MeV, mu(mb) = 1.8MeV and md(mb) = 4.0MeV

that we obtain by running the light quark masses at 2GeV following [132]. Finally we

take αs = 0.5, ΛIR = 300MeV and M = 800MeV for the QCD sum rule estimation for

definiteness. For these values, the contribution from the CP -odd photon-gluon operator

is larger by a factor of 16 and 10 for the charm and bottom quarks, respectively. In the

bottom quark case, the explicit quark mass suppression is compensated by the running

of the strong coupling, and the CP -odd photon-gluon operator is still larger than the

light quark EDM even with the relative suppression factor 1/m2
b . By requiring that

|dn| < 1.8× 10−26 e cm, we obtain

|dc| < 6× 10−22 e cm, (6.33)

for the charm quark, and

|db| < 2× 10−20 e cm, (6.34)

for the bottom quark, respectively.

The constraint from dn is stronger than that from CS by more than an order of
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magnitude. However, one should note that the estimation of dn has a large hadronic

uncertainty. Indeed, the final result is affected by a factor two if we use the sum rule of

the nucleon kinetic term instead of the mass term for λn. There are also uncertainties

related to the choice of M and β which can again result in a factor of a few difference

in the final result. Therefore our constraint here should be understood as an order-of-

magnitude estimation and the numerical factor should be taken with care. In contrast,

our calculation of CS is far more precise. Its uncertainty is estimated to be ∼ 10% and

can be further reduced if needed (see the end of Sec. 6.1). In this sense, the constraints

from dn and CS are complementary to each other; dn puts a stronger constraint on the

heavy quark EDM, while the calculation of CS is cleaner and its uncertainty is well

under control.

Our constraint on dc is stronger than [120] by a factor two, while the one on db

is weaker by a factor two. However, as we noted in the introduction and the end of

Sec. 6.1, our constraint directly applies to dc(mc) and db(mb), and is independent of the

one in [120].

6.3 Discussion

In this chapter, we have derived indirect limits on the charm and bottom quark EDMs.

The charm and bottom quark EDMs generate the CP -odd photon-gluon operators and

the light quark EDMs after integrating out the charm and bottom quarks. Photon-

gluon operators contribute to the semi-leptonic CP -odd operator CS (and ultimately to

paramagnetic AMO EDMs) as well as to the neutron EDM at a non-perturbative level.

Quark EDM dominantly contributes to the neutron and nuclear EDMs. Performing our

evaluation and using the current limits, we obtain

|dc| < 1.3× 10−20 e cm, |db| < 7.6× 10−19 e cm, (6.35)

from the paramagnetic EDM experiments, and

|dc| < 6× 10−22 e cm, |db| < 2× 10−20 e cm, (6.36)
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from the neutron EDM experiment, respectively. Although the constraint from the

neutron EDM is stronger, it has a larger hadronic uncertainty. The uncertainty of the

constraint from the paramagnetic EDM is estimated as 10% and can be improved if

needed, while the uncertainty from the neutron EDM can be a factor of a few. Our

constraint is independent of the one given in [120] in the sense that our constraint di-

rectly applies to the EDM operators at the quark mass threshold. By assuming a simple

scaling of dQ/e ∝ (α/π)mQ/Λ
2
Q, we may translate our constraint as a lower bound on

CP -odd new physics scale: Λc > 70GeV and Λb > 20GeV from the paramagnetic EDM

experiment, and Λc > 300GeV and Λb > 100GeV from the neutron EDM experiment.

Our result provides an important benchmark to overcome for the LHC based mea-

surements of the charmed baryon EDMs [34–38]. The idea of using the bent crystal

technique for studying electromagnetic properties of baryons containing a heavy quark

is very appealing. However, given the strength of the bounds derived in our work,

and the necessity to satisfy independent constraints from dn and CS (hence removing

a chance of accidentally large dc(b) due to cancellations), one may want to re-evaluate

the main goal of the charmed baryon experiment. While it will be difficult to match

the indirect sensitivity to dc(b), the planned measurement may achieve sufficient accu-

racy to extract the values of the magnetic moments µc(b) and compare it with the QCD

predictions.
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Summary and Outlook

In this thesis, an extensive discussion of the sources of CP violations and their connec-

tions to EDMs is provided from the perspective of particle theory. While a complete

analysis of EDMs requires a broad spectrum of input ranging from the fundamental

high energy scale all the way down to the nuclear and atomic scale, the leptonic and

semi-leptonic nature of paramagnetic EDMs makes it possible for EDMs of such systems

to be predicted based primarily on particle physics, and the experimental capability of

measuring the neutron EDM opens a window for probing the physics at high energy

scale without worrying about the nuclear and atomic effects. If any new CP -violating

physics exists in nature, it is expected that it would contribute to the EDMs of the

SM particles, which experiments can indirectly constrain. These aspects of EDMs are

explored in this thesis.

In Chapter 2, the contribution to the CS operator defined in Eq.(2.2) from the

KM phase δKM is revisited, the new contribution, generated by the Kaon change

diagram in Fig. 2.1 at EW3 order, is found to play the dominant role in the SM

prediction for paramagnetic EDM. The uncertainty of the calculation is estimated in

Eq.(2.15) and Eq.(2.16) and is under better control than previous estimates. The result,

CS(LO + NLO) ≃ 6.9× 10−16, corresponds to an equivalent electron EDM for the ThO

system given by dequive ≃ 1.0×10−35 e cm. While this is still below the current constraint

by a few orders of magnitude, it is not unimaginable for the experimental sensitivity to

reach a comparable size in the next few rounds of EDM experiments.

In Chapter 3, the caveat in calculating the θ-dependent quantity with interpolating

72
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currents is discussed with the QCD sum rule. It is shown that an arbitrary choice

of the interpolating current leads to an unphysical θ-dependence in the chiral limit.

The origin of this unphysical phase is discussed in section 3.2. To avoid this issue, the

choice of β = ±1 in the interpolating currents is required, and the procedure to remove

the unphysical θ-dependence is discussed in section 3.4. The calculation for the θ-

induced nucleon EDM is presented to show the validity of these procedures. The result,

Eq.(3.40) and Eq.(3.54) shows reasonable agreement with the chiral perturbation theory

calculation. While the QCD sum rule is used in the calculation, the issue arises from

the choice of interpolating currents, and it is expected that lattice QCD calculations

will have the same problem as well. Given the inconclusive status of lattice calculations

on dn(θ), the hope is that the same procedure could be checked on the lattice for

consistency.

In Chapter 4, with the input of an effective heavy fermion EDM operator, the

consequences below the corresponding fermion mass scale are discussed. When the mo-

mentum transfer is comparable to the heavy fermion mass, the heavy fermion EDMs

induce light fermion EDMs, either through another three photons in the lepton case or

another three gluons in the quark case. The results are given in Eq.(4.7), Eq.(4.8),and

Eq.(4.9). When the momentum transfer is soft, integrating out the heavy fermion gener-

ates the CP -odd interaction among four gauge bosons, as given in Eq.(4.28), Eq.(4.29),

and Eq.(4.30). These results are a starting point for discussing the indirect constraints

on heavy fermion EDMs in Chapter 5 and 6.

In Chapter 5, the indirect constraints on the muon EDM are derived. With the

magnetic field from the valence neutron and the electron field from the nucleus, the

muon EDM generates a Schiff moment of the nucleus, contributing to the diamagnetic

EDM. For the 199Hg nucleus, the coefficient for this process is obtained in Eq.(5.13).

With the electric field from the nucleus and the CP -odd E ·B interaction on the electron

side, the muon EDM generates an effective CS operator as shown in Eq.(5.20), which

together with the muon-EDM-induced electron EDM contributes to the paramagnetic

EDM. Combining with the experimental constraints on paramagnetic and diamagnetic

systems, the result dµ(
199Hg) < 6×10−20ecm and dµ(HfF

+) < 8.9×10−21ecm, constitute

approximately three- and twenty-fold improvements over the limits on dµ extracted from

the BNL muon beam experiment.
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In Chapter 6, the indirect constraints on the charm and bottom EDM are derived.

These heavy quarks induce the CS operator through the diagram in Fig.6.1, and induce

the neutron EDM both through the light quark EDM and through the G3F̃ opera-

tor. The constraints on paramagnetic EDM and neutron EDM then provide indirect

constraints on the charm and bottom quark EDM, given in Eq.(6.5) , Eq.(6.6), and

Eq.(6.33) and Eq.(6.34), respectively.

The last few decades have seen rapid progress in the physics of EDMs, both theoreti-

cally and experimentally. With the efforts from particle physics and nuclear theory, it is

finally possible to identify the SM contributions to the EDMs of all common experimen-

tal systems, and for the first time did EDM experiments reach the level of 10−30ecm,

further paving the way towards the SM predictions and constraining the BSM physics.

The next round of EDM experiments is expecting to further push the frontiers of exper-

imental accuracy by another order of magnitude, as well as performing measurements

for more systems with complementary sensitivity to various CP -violating parameters

(See [133] for a review on proposed EDM experiments). Given that the orders-of-

magnitude improvements in experiments continue to be possible, there is hope that,

after the searches for EDMs for almost a century, a non-zero signal could eventually be

detected in the next few decades. By that time, either the existence of extra sources of

CP -violation is confirmed, which would provide hints for the energy scale and structure

of new physics, or the SM continues to be the dominant source of EDMs, in which case

the need for a precise determination of the SM contribution to EDMs at the percent

level on the theory side would be stronger than ever before to identify possible BSM

contributions.

To prepare for this exciting era of discovery, a significant amount of theoretical

effort will be needed. Past experience has shown that, despite being a well-established

theory, there may still be room for refining the predictions on EDMs from the SM

side. Therefore, continuous attention to identifying all possible mechanisms for the SM

to induce EDMs will be desirable. The next generation of neutrino experiments also

brings the hope of probing CP -violation in the neutrino sector. If indeed confirmed

by experiments, given that this would be the only known new source of CP -violation,

it would be worthwhile to have a prediction on the EDMs induced by the neutrinos’

CP violation, although the size of the EDMs induced is likely to be small. Further
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going beyond the SM, further exploration of the CP -violations in new physics models

is needed, and it would be vital to see how the baryogenesis requirements and EDM

constraints could be satisfied simultaneously for any such models. Additionally, while

most theoretical efforts on BSM CP violations are focused on the exploration of TeV-

scale new physics, in principle, the exceptional precision of EDM experiments may also

bring sensitivity to light new degrees of freedom, which may deserve further scrutiny.

(See [134, 135] for some discussions.) Regardless of the source of CP -violation being

considered, improving the precision of theoretical calculations is crucial for building

a reliable connection between theory and experiment, and given the non-perturbative

nature of QCD and the complexity of many-body interactions in nuclear physics, the

progress along this direction is particularly challenging. The roles played by the quark

CEDMs, the Weinberg operator, and the four-quark operator in nucleon EDMs and

nucleon forces are still poorly understood. While it is possible and desirable to calculate

their contributions on the lattice, the reliability of lattice calculations themselves has to

be checked first, as discussed in this thesis. Further evaluation of how the nucleon EDMs

and nucleon forces contribute to the nuclear and atomic EDMs requires nuclear many-

body calculations, which are only possible for relatively light nuclei at this moment. A

considerable improvement in both aspects, as well as a careful evaluation of uncertainties

at each step in the tower of EFTs, is needed to build a complementary picture between

theory and experiments.
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Appendix A

Conventions

The thesis uses natural units, where

ℏ = c = 1. (A.1)

In addition, the following conventions are used throughout this thesis

e = |e|, e2 = 4πα, ηµν = diag(1,−1,−1,−1), σµν =
i

2
[γµ, γν ],

ϵ0123 = +1, γ5 = − i

4!
ϵµναβγµγνγαγβ, PL =

1− γ5

2
, PR =

1 + γ5

2

Fµν = ∂µAν − ∂νAµ, F̃µν =
1

2
ϵµναβFαβ,

Ga
µν = ∂µG

a
ν − ∂νG

a
µ + gsf

abcGb
µG

c
ν , Gµν = Ga

µνT
a.

(A.2)

These conventions imply

σµνγ5 =
i

2
ϵµναβσαβ, σF̃ = −iσFγ5. (A.3)

The charge conjugation matrix is defined by

C = iγ0γ2. (A.4)
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The Fourier transform in 4D is defined by

F [f(x)] =

∫
d4xeipxf(x), F [f(p)] =

∫
d4p

(2π)4
e−ipxf(p). (A.5)

When switching from the 4D spacetime coordinates to the 3D spatial coordinates,

the upper and lower indices in 3D are not distinguished, and xµ, pµ, Aµ are ”naturally

raised” and ∂µ is ”naturally lowered”, i.e.

xµ = (x0, xi), pµ = (p0, pi), Aµ = (A0, Ai), ∂µ = (∂0, ∂i). (A.6)

The Levi-Civita tensor in 3D satisfies

ϵ123 = ϵ123 = 1 (A.7)

The Fourier transform in 3D is defined by

F [f(x)] =

∫
d3xe−ip·xf(x), F [f(q)] =

∫
d3p

(2π)3
eip·xf(p). (A.8)

The QCD SR calculation involves the use of dimensionally-regularized Fourier trans-

forms, which are defined by

F [f(x)] =

(
µ2UV e

γE

4π

)−ϵ
UV
∫
d4−2ϵ

UV x eipxf(x), (A.9)

F [f(p)] =

(
µ2IR
4πeγE

)−ϵ
IR
∫

d4+2ϵ
IRp

(2π)4+2ϵ
IR

e−ipxf(p), (A.10)

The Borel transform is defined as

B[f(Q2)] = lim
Q2,n→∞
Q2/n=M2

(Q2)n

(n− 1)!
(− d

dQ2
)nf(Q2). (A.11)



Appendix B

Technical details for nucleon

correlator calculations

Here we provide some additional technical details about the calculation of the nucleon

correlators in external fields that form the basis of the QCD sum rule calculations used

in Chapter 3. Further details are available in Refs. [18, 29,81,82].

B.1 Sum rules for β = +1

We begin with the sum rule for β = +1 nucleon interpolating currents. In this case, it is

sufficient to retain just the leading terms in the the quark propagator as given by (3.28)

and its corresponding charge conjugate given by

Sc
q =

i/x

2π2x4
+
ieq
8π2

xµ

x2
F̃µνγ

νγ5 +
iχ̃q

24
m∗θ̄Fµνx

µγνγ5. (B.1)

The nucleon current correlator relevant for the leading order calculation of the MDM

and EDM can then be simplified to the form,

Π+
n = 48i

∫
d4x eip·x [tr [Sc

dSu]Sd + 2SdS
c
uSd] . (B.2)
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By using ∫
d4x eip·x

xµ

x6
= −π

2pµ

4
log

(
− p

2

µ2

)
+ · · · , (B.3)∫

d4x eip·x
xµ

x8
=
π2p2pµ

48
log

(
− p

2

µ2

)
+ · · · , (B.4)

and the relations,

{/p, F · σγ5} = 4ipµFµνγ
νγ5, {/p, F · σ} = −4pµF̃µνγ

νγ5, (B.5)

we arrive at the expression (3.29), where we retain only the terms relevant after the

Borel transformation.

B.2 Sum rules for β = −1

We next consider the sum rule for β = −1 nucleon interpolating currents. In this case,

to subtract the unphysical chiral phase, we compute both the two-point function and

three-point function with the external electromagnetic field.

We begin with the two-point function. The terms in the quark propagator (3.41)

relevant in this case are given by

Sq =
i/x

2π2x4
− mq

4π2x2

(
1− iγ5θm

m∗
mq

)
− 1

12

(
1 + iγ5θG

m∗
mq

)
⟨q̄q⟩, (B.6)

with the charge conjugate,

Sc
q =

i/x

2π2x4
+

mq

4π2x2

(
1− iγ5θm

m∗
mq

)
+

1

12

(
1 + iγ5θG

m∗
mq

)
⟨q̄q⟩. (B.7)

By focusing on the leading order terms, we can reduce the nucleon correlator in this
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case to the form

Π−
n

∣∣
1,γ5

= −24i

∫
d4xeip·x

× [Sd (Su + γ5S
c
uγ5)Sd − Sd{Sc

u, γ5}Sdγ5]1,γ5 . (B.8)

It follows that we need to retain the chirality flipping part of Sc
u, and we then obtain

the expression (3.42) by using∫
d4x eip·x

1

x6
= − iπ

2p2

8
log

(
− p

2

µ2

)
+ · · · , (B.9)∫

d4x eip·x
1

x8
=
iπ2p4

192
log

(
− p

2

µ2

)
+ · · · , (B.10)

where we exhibit just the terms relevant for the Borel transform.

We now calculate the three-point function, or rather the two-point function expanded

to leading order in the background electromagnetic field, by focusing on the leading

terms of order χ̃q/x
6 or mq/x

6 (as terms of order ⟨q̄q⟩/x4 do not enter to the double-

pole contribution). At this order, the quark propagator is given by (3.41), along with

its charge conjugate,

Sc
q =

i/x

2π2x4

+
mq

4π2x2

(
1− iγ5θm

m∗
mq

)
+

⟨q̄q⟩
12

(
1 + iγ5θG

m∗
mq

)
+
ieq
8π2

xµ

x2
F̃µνγ

νγ5 −
χ̃q

24
F · σ

(
1 + iγ5θG

m∗
mq

)
+
eqmq

32π2
log
(
−µ2IRx2

)
F · σ

(
1− iγ5θm

m∗
mq

)
. (B.11)

Nontrivial contributions require picking up one of the last three terms. The latter two

terms have the same Dirac structure and are combined with two /x propagators, while

the first term is combined with one /x and one mq or ⟨q̄q⟩ term. One can show that, for

both contributions, the traces cancel and thus we can simplify the nucleon correlator to
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the form,

Π−
n

∣∣
µ,d̃

= −24i

∫
d4xeip·x

× [Sd (Su + γ5S
c
uγ5)Sd − Sd{Sc

u, γ5}Sdγ5]µ,d̃ . (B.12)

It follows, as in the case of the two-point function, that we need to retain the chiral-

ity flipping part of Sc
u, and we then obtain expressions (3.46) and (3.47) after some

computation, where the relevant Fourier transforms are given by∫
d4x eip·x

xαxµ

x6
=
iπ2ηαµ

4
log

(
− p

2

µ2

)
+ · · · , (B.13)∫

d4x eip·x
xαxµ

x8
= − iπ

2(p2ηαµ+2pαpµ)

48
log

(
− p

2

µ2

)
+ · · · . (B.14)



Appendix C

Technical details for muon EDM

calculations

Here we provide some technical details about the evaluation of the Schiff moment and

the semi-leptonic CP -odd operator used in Chapter 5.

C.1 Schiff moment

Here we start from the CP -odd photon operator (5.3) and derive the Schiff moment (5.9).

We focus on the part linear in the electric field induced by the electron as shown in

Fig. 5.1. The E3B operator is then evaluated as

Heff = −CE3B ×
∫
d3x

(
∇ α

|x− re|

)
· (2eE (eE · eB) + eB (eE · eE)) , (C.1)

where E and B in this expression are understood to be the nuclear electromagnetic field,

and re is the position vector of the electron. With Eqs. (5.5) and (5.7), we obtain

Heff =

∫
d3x

(
∇e

α

|x− re|

)
·Pd, (C.2)

where the nuclear EDM distribution is given by

Pd = CE3B
Z2α2f2

r4

[
5b1 + 4b2

3
nI +

2b1 + 7b2
3

(3(n · nI)n− nI)

]
. (C.3)
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We thus obtain the nuclear EDM as

dN

e
=

∫
d3xPd = nI × CE3B

∫
d3x

Z2α2f2

r4

(
5b1 + 4b2

3

)
, (C.4)

reproducing Eq. (5.8). Due to the screening effect, the atomic EDM is induced not

solely by the nuclear EDM distribution but by the interaction of the form

Heff =

∫
d3x

(
∇e

α

|x− re|

)
·
(
Pd − ρq

dN

e

)
, (C.5)

where ρq is the nuclear charge distribution normalized as
∫
d3xρq = 1. Since the atomic

scale is much larger than the nuclear scale, we may expand the electric field induced by

the electron as

∇e
1

|x− re|
= ∇e

[
1

re
− x ·∇e

1

re
+

1

2
(x ·∇e)

2 1

re
+ · · ·

]
. (C.6)

The first two terms do not contribute and we obtain to the leading order

Heff =
α

2

(
∇i∇j∇k

1

re

)∫
d3x

[
(Pd)i − ρq

dNi

e

]
xjxk, (C.7)

where we omit the subscript e from ∇ for notational ease but the derivatives still act

on re as the bracket indicates. After the angular integration, we obtain

Heff = −SN
e

× 4πα (nI ·∇e) δ(re), (C.8)

where the Schiff moment is given by Eq. (5.9).

Up until this point, the treatment was completely general, and used only the symme-

try considerations applied to E and B. To move further and evaluate the Schiff moment,

we adopt the model where E is created collectively by all protons inside the nucleus,

while B is generated by a valence nucleon in a shell model of the nucleus. Evaluations of

the magnetic moment of the 199Hg show that the latter approximation holds to ∼ 20%

accuracy. In our evaluation, we simply take f(r) = r3/R3
N for r < RN and f(r) = 1 for

r > RN for the nuclear electric field. We have checked that the result is affected only

within 10% if we instead use the Woods-Saxon type charge distribution. The nuclear
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magnetic field induced by the magnetic moment of the valence neutron is given by [136]

(notice the different normalization of e)

eB(x) =
eµn
4π

∫
d3xn

[
∇n ×

(
ψ†
n(xn)σnψn(xn)

)]
×∇n

1

|xn − x|
, (C.9)

where xn is the position vector of the valence neutron and σn is the Pauli matrix. The

wave function of the valence neutron ψn is normalized as∫
d3xn |ψn|2 = 1. (C.10)

After integration by parts we obtain

eB(x) =
2eµn
3

ψ†
n(x)σnψn(x) +

eµn
4π

[
∇ (∇·)− ∇2

3

] ∫
d3xn

ψ†
n(xn)σnψn(xn)

|xn − x|
. (C.11)

With Eq. (5.11), the spin density for p1/2 neutron orbital is given by

ψ†
n(xn)σnψn(xn) =

R2
2p(rn)

4π
[2 (nn · nI)nn − nI ] . (C.12)

The angular integral can be performed with the multipole expansion of the Coulomb

potential

1

|xn − x|
=

Θ(rn − r)

rn

∞∑
l=0

(
r

rn

)l

Pl(cos θ) +
Θ(r − rn)

r

∞∑
l=0

(rn
r

)l
Pl(cos θ), (C.13)

where cos θ = xn · x/rrn, and we obtain

eB(x) = b1(r)nI + b2(r) (3(n · nI)n− nI) , (C.14)

where

b1(r) =
µn
6π

(
2

∫ ∞

r

drn
rn

R2
2p(rn)−R2

2p(r)

)
,

b2(r) =
µn
12π

(
R2

2p(r)−
1

r3

∫ r

0
drnr

2
nR

2
2p(rn)

)
, (C.15)

thus reproducing the equations in Chapter 5. As a cross check, one can show that these
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expressions satisfy Maxwell’s equation ∇ ·B = 0.

In order to obtain R2p, we numerically solved the Schrödinger equation for the

valence neutron moving in the Woods-Saxon potential. The parameters of the potential

[116] are tuned to reproduce single-particle energies and collective properties of heavy

nuclei. We have checked that our numerical results are consistent with other single-

particle calculations, of e.g. Schiff moment induced by the neutron EDM [115]. Final

numerical results for S199Hg are given in Eq. (5.13).

C.2 Semi-leptonic CP -odd operator

Here we provide details on our evaluation of the semi-leptonic CP -odd operator CS .

We again start from the CP -violating photon operator

L =
e4CE3B

8
(F̃αβF

αβ)(FγδF
γδ). (C.16)

We contract two photons with the electron line as shown in Fig. 5.2. At the level of

effective operators, this diagram is logarithmically divergent. However, since we have

integrate out the muon, the logarithmic divergence is tamed by the muon mass scale,

and hence we obtain

L = CE3B × 10α2me log

(
mµ

me

)
|eE|2 ēiγ5e, (C.17)

to the leading log accuracy, where E is the nuclear electric field and we ignore B2 that

is subdominant. We use the same character e for both gauge coupling and the electron

spinor, but there should be no confusion.

It is well-known that the strength of atomic EDMs in heavy atoms is determined

mostly by the mixing of s1/2 and p1/2 atomic orbitals. It is easy to see that both the

E2-proportional interaction (C.17) and the usual form of CS-interaction (2.2) induce a

mixing between the atomic s1/2 and p1/2 states. Near/inside the nucleus where N̄N

and E2 operators peak, the electron wave functions satisfy the Dirac equations and are
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given by

ψjlm = e−iEt

(
fjl(r)Ωjlm

(−)j−l−1/2gjl(r)Ωjl′m

)
, l′ = 2j − l, (C.18)

where Ωjlm is the spherical harmonics spinor (see e.g. [137]). Thus the atomic matrix

element induced by (2.2) is∫
d3xN ρN (xN )ψ†

p(xN )γ0γ5ψs(xN ) = A

∫
drN r2N ρ̄N (fpgs + fsgp) , (C.19)

where ρN is the nucleon density distribution inside the nucleus, A = 232 is the atomic

number of Th and we made the index j = 1/2 implicit for notational ease.

Atomic/molecular theory connects the small-r asymptotic form of the wave func-

tions (C.18) with the full numerically determined atomic orbitals. CP -violation, on the

other hand, comes exclusively from the atomic short-distance matrix element (C.19).

Therefore, in order to determine the atomic matrix element induced by (C.17) we need

to replace (C.19) with∫
d3xN |eE(xN )|2 ψ†

p(xN )γ0γ5ψs(xN ) =
24πZ2α2

5RN

∫
drN r2N ρ̄E2 (fpgs + fsgp) .

(C.20)

Here the normalized distributions are taken as

ρ̄N (rN ) ∝ 1

1 + e(rN−RN )/a
, ρ̄E2(rN ) ∝

r2N
R6

N

Θ(RN − rN ) +
1

r4N
Θ(rN −RN ),∫

drNr
2
N ρ̄N =

∫
drNr

2
N ρ̄E2 = 1. (C.21)

Therefore the effective CS-coupling induced by (C.17) is estimated as

GF√
2
Cequiv
S = CE3B × κ

48πZ2α4me

RNA
log

(
mµ

me

)
, κ =

∫
drN r2N ρ̄E2 (fpgs + fsgp)∫
drN r2N ρ̄N (fpgs + fsgp)

.

(C.22)

In order to evaluate the correction factor κ, that ultimately accounts for the difference

of spatial distribution between N̄N and E2 operators in the atomic matrix element,
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we solve the Dirac equation for the radial functions f and g numerically. We take

RN = r0A
1/3 with r0 = 1.27 fm and a = 0.742 fm following [116], and obtain

κ ≃ 0.66. (C.23)

This is used for our estimation of the upper limit on dµ in Chapter 5.



Appendix D

Borel transformation and IR

divergence

In this appendix we discuss the Borel transformation of Eq. (6.22) that contains both

the UV and IR divergences. As the Borel transformation is related to the imaginary

part, it is equivalent to taking the imaginary part of

I(p2; ϵIR, ϵUV) ≡ Γ(ϵIR)

(
−
Λ2
IR

p2

)−ϵIR

Γ(−ϵUV − ϵIR)

(
−
Λ2
UV

p2

)−ϵUV

. (D.1)

The limit of this function at ϵUV → 0, ϵIR → 0 is not well defined. For example, if the

limit is taken along the line ϵUV = a ϵIR with fixed a, one would get an a-dependent

result:

lim
ϵIR→0

I(p2; ϵIR, a ϵIR)

= − 1

2 (1 + a)

[
log2

(
−
Λ2
IR

p2

)
+ 2alog

(
−
Λ2
IR

p2

)
log

(
−
Λ2
UV

p2

)
+ a2log2

(
−
Λ2
UV

p2

)]
,

(D.2)

where we only kept the double logarithmic terms. The purpose of this subsection is to

understand the correct prescription of evaluating the imaginary part of this function.

In order to understand the correct prescription, it is helpful to consider a simpler

example: a scalar three-body decay. Indeed, the two point correlator Π(p) contains three

quark propagators, and thus the imaginary part of this function is related a three-body

102
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decay phase space integral. Therefore we consider the following Lagrangian

L =
1

2
(∂ϕ)2 −

m2
ϕ

2
ϕ2 +

1

2
(∂χ)2 −

m2
χ

2
χ2 − λ

6
ϕχ3, (D.3)

and study the three-body decay ϕ→ 3χ. The two-loop diagram is evaluated as

iM2 =

p p

=
iλ2

6

∫
d4l1
(2π)4

∫
d4l2
(2π)4

DF (l1)DF (l2)DF (l1 + l2 − p), (D.4)

where DF (p) is the Feynman propagator,

iDF (p) =
i

p2 −m2
χ + i0

, (D.5)

and the solid line is χ while the dashed line is ϕ. The cutting rule tells us that

ImM2 =
1

2

λ2

6

∫
dΠLIPS, (D.6)

where dΠLIPS is the three-body Lorentz invariant phase space integral. This is expanded

with respect to m2
χ/m

2
ϕ as

∫
dΠLIPS =

1

32π3

[
m2

ϕ

8
+

3m2
χ

4

(
log

(
4m2

χ

m2
ϕ

)
− 1

)
+ · · ·

]
, (D.7)

where we used p2 = m2
ϕ. We now evaluate the left hand side of Eq. (D.6) in an analogous

way as the main text. We may expand the propagator as

iDF (p) =
i

p2 −m2
χ

= i

(
1

p2
+

1

p2
m2

χ

1

p2
+ · · ·

)
, (D.8)

where we omit iϵ for notational simplicity. In the coordinate space this is given by

iDF (x) = − 1

4π2x2
−

m2
χ

16π2
Γ(ϵIR)

(
−Λ2

IRx
2
)−ϵIR + · · · . (D.9)

The first order term in m2
χ is IR divergent and this is analogous to our propagator with
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the CP -odd operator insertion in Sec. 6.2.2. The two-loop amplitude is given by

iM2(p) =
(iλ)2

6
µdUV−4
UV

∫
ddUVx eip·xiDF (x)iDF (x)iDF (x). (D.10)

To the first order in m2
χ we obtain

M2|O(m2
χ)

= −
λ2m2

χ

512π4
I(p2; ϵIR, ϵUV). (D.11)

Note that we get exactly the same function I(p2; ϵIR, ϵUV) here. Eq. (D.6) tells us that

ImM2|O(m2
χ)

=

[
1

2

λ2

6

∫
dΠLIPS

]
O(m2

χ)

=
λ2m2

χ

512π3
log

(
m2

χ

m2
ϕ

)
, (D.12)

where we focus on the leading logarithmic term on the right hand side. Thus the correct

prescription of evaluating the imaginary part of I is

Im
[
I(p2; ϵIR, ϵUV)

]
= −π log

(
Λ2
IR

p2

)
, (D.13)

where we identify Λ2
IR = m2

χ in the present case. This agrees with the Borel transfor-

mation formula in [131]. For the example in Eq.(D.2), this prescription is equivalent to

neglecting the real part of the UV logarithm.

Our discussion clarifies the physical meaning of ΛIR that appears in Eq. (6.25). This

IR divergence originates from the phase space integral and is regulated by the mass

of the daughter particles. In the neutron EDM case, the daughter particles are the

constituent quarks. Therefore ΛIR is identified with the mass of the constituent up and

down quarks that we take ΛIR = 300MeV in Chapter 6.



Appendix E

Acronyms

This appendix contains a table of acronyms and their meaning.

Table E.1: Acronyms

Acronym Meaning

AMO atomic, molecular, and optical physics

BSM beyond Standard Model

CEDM color electric dipole moment

CKM Cabibbo–Kobayashi–Maskawa

EDM electric dipole moment

EFT effective field theory

EM electromagnetic

EW electroweak

IR infrared

KM Kobayashi-Maskawa

LO leading order

NLO next-to-leading order

MDM magnetic dipole moment

OPE operator product expansion

QCD quantum chromodynamics

Continued on next page
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Table E.1 – Continued from previous page

Acronym Meaning

QCD SR QCD sum rule

SM Standard Model

SMEFT Standard Model effective field theory

UV ultraviolet
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