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DISSERTATION ABSTRACT

Thomas Bouley

Doctor of Philosophy in Physics

Title: Diverse Approaches to Ultralight Dark Matter

The composition of most of the matter in the universe remains unknown.

This matter, known as dark matter, is inferred to exist only through its

gravitational interactions with ordinary matter, as observed in cosmology and

astrophysics. Many hypotheses have been proposed regarding the composition of

dark matter. One class of candidates, known as ultralight dark matter (ULDM), is

light enough that its de Broglie wavelength is macroscopically large. In this work,

we examine three distinct approaches to searching for ultralight dark matter.

First, we investigate the effects of quadratically coupled ultralight dark

matter on the predictions of Big Bang Nucleosynthesis (BBN) The presence of

ultralight dark matter can modify the effective values of fundamental constants

during Big Bang Nucleosynthesis, modifying the predicted abundances of the

primordial elements such as Helium-4. We improve upon the existing literature in

two ways: firstly, we take into account the thermal mass acquired by the ultralight

dark matter due to its quadratic interactions with the Standard Model bath,

which affects the cosmological evolution of the dark matter. Secondly, we treat the

weak freeze-out using the full kinetic equations instead of using an instantaneous

approximation. Both improvements were shown to impact the Helium-4 prediction

in the context of universally-coupled dark matter in previous work. We extend

these lessons to more general couplings. We show that with these modifications,

Big Bang Nucleosynthesis provides strong constraints of ultralight dark matter
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with quadratic couplings to the Standard Model for a large range of masses as

compared to other probes of this model, such as equivalence principle tests, atomic

and nuclear clocks, as well as astrophysical and other cosmological probes.

Second, we examine equivalence principle (EP) violation experiments as

a probe of quadratically coupled ULDM. EP tests are among the most sensitive

experimental tools for detecting light, weakly coupled new physics. We revisit

previous constraints from the MICROSCOPE experiment, correcting for a key

omission: the effects of dark matter velocity dispersion. ULDM with quadratic

couplings induces EP violation as follows. Interactions between ULDM and the

Earth’s matter generate an effective potential for the dark matter within the Earth,

causing it to scatter and create a field gradient in the surrounding space. The same

interactions induce a ϕ2-dependent potential for Standard Model particles. If the

couplings are not universal, these field gradients lead to forces that violate the

equivalence principle. We show that velocity dispersion significantly modifies the

resulting constraints. For ULDM masses above 10−11, eV—where the de Broglie

wavelength becomes comparable to or shorter than the MICROSCOPE-Earth

distance—interference between incident and scattered waves enhances the signal,

strengthening constraints for masses between 10−11 and 10−10eV. For masses above

10−9eV, destructive interference causes the constraints to weaken by orders of

magnitude

Third, we outline the theoretical foundations of a forthcoming tabletop

experiment designed to search for oscillating fundamental constants, as predicted

by ULDM. These oscillations lead to periodic shifts in molecular absorption lines.

Repeated measurements of a vibrational transition in hydrogen cyanide will enable

a search for such signals.
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This dissertation contains previously published as well as unpublished co-

authored materials.
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CHAPTER I

INTRODUCTION

This dissertation consists of three separate projects all of which involve

constraining Ultralight Dark Matter.

Most of the matter in the Universe is not accounted for in the Standard Model

(SM) of particle physics. This missing matter is referred to as dark matter (DM).

Proposed candidates for DM range from many solar mass compact objects to

ultralight DM with masses as low as about 10−19 eV [1, 2, 3]. In the low mass

range, the DM is characterized by high occupation numbers, causing DM to behave

like a classical field. Familiar examples of such ultralight DM (ULDM) are axion-

like-particles [4, 5, 6] and dilatons (see, e.g., [7]). Dilatons are scalar fields ϕ present

in models with compactified extra dimensions and have leading order couplings that

are of the form [8]

ϕ

Λ
OSM , (1.1)

where OSM are terms in the SM Lagrangian and Λ is the scale of new physics

generating the coupling. Scalars with such couplings generate new long-range

forces, and such theories are, therefore, heavily constrained by 5th force experiments

[9, 10, 11, 12]. In this work, we will consider instead scalar ULDM with quadratic

couplings of the form

ϕ2

Λ2
OSM , (1.2)

which evades the most stringent constraints on dilatons and possesses novel

phenomenology distinct from models with linear couplings. Such quadratic couplings

can arise if the new physics assumed at the high-energy (UV) scale Λ is subject to

symmetries that restrict the linear contributions. The lack of definitive observation
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of ULDM indicates that the ULDM must have extremely feeble couplings to ordinary

matter. Beyond fifth-force searches, past attempts to search for ULDM have included

searches for frequency variation of atomic clocks [13] and searches for perturbations

in the arms of gravitational wave experiments [14]. Astrophysical probes of ULDM

can be derived from Supernova SN1987A energy loss arguments [15, 16], from the

spin-down of black holes due to superradiance [17, 18, 19, 20, 21, 22, 23], and from

pulsar timing arrays [24, 25].

1.1 Ultralight Dark Matter With Quadratic Couplings

We begin by adding to the SM a real scalar field,

Lϕ =
1

2
∂µϕ∂

µϕ− 1

2
m2

ϕϕ
2 , (1.3)

where mϕ is the scalar mass. The above Lagrangian is written with units where

c = ℏ = ϵ0 = kB = 1; units that we will use for the rest of the dissertation. Couplings,

such as the ones considered below, will lead to corrections to the bare scalar mass.

Generically, these are of the form

δm2
ϕ ≈ d

(2)
f

m2
fΛ

2
UV

M2
pl

coupling to fermions with mass mf , (1.4)

δm2
ϕ ≈ d

(2)
b

Λ4
UV

M2
pl

coupling to bosons, (1.5)

with ΛUV the scale of the UV completion and d
(2)
i are dimensionless couplings defined

below. Näıvely, mϕ, smaller than this correction could be considered unnatural

because this contribution would have to be tuned out. However, there exist models in

which these contributions are suppressed, e.g., see [26, 27]. Here, we seek to describe

the phenomenology of such a field in a model-independent way, and we therefore leave

any discussion of radiative corrections and protection from these to other work on

model implementations.
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We consider scenarios in which the scalar field is charged under a symmetry,

e.g., Z2, such that the leading coupling is quadratic, i.e., we take the interactions

of the scalar with the SM to be in the form ϕ2

Λ2OSM, where OSM is a term in the

SM Lagrangian and Λ is some high scale at which new physics appears. For ease

of comparison with results in the literature, we will follow the conventions of [28, 8,

29, 30] and parameterize the interactions of the scalar particle with the SM with the

following Lagrangian:

L ⊃ 2π
ϕ2

M2
pl

[
d
(2)
e

4e2
FµνF

µν − d
(2)
g β3
2g3

GA
µνG

Aµν − d(2)me
meēe−

∑
i=u,d

(
d(2)mi

+ γmi
d(2)g

)
miψ̄iψi

]
.

(1.6)

Here, Mpl = 1.22 × 1019 GeV is the Planck mass, β3 is the QCD beta function,

and γmi
are the anomalous dimensions of the u and d quarks. The superscript (2)

specifies that these are the quadratic (as opposed to linear) couplings of the scalar. An

alternative convention for parameterizing these coupling found in [31, 32, 33, 34, 35]

has

L ⊃ ϕ2

Λ′2
e

1

4e2
FµνF

µν − ϕ2

Λ′2
g

β3
2g3

GA
µνG

Aµν − ϕ2

Λ′2
me

meēe−
∑
i=u,d

(
ϕ2

Λ′2
mi

+ γmi

ϕ2

Λ′2
g

)
miψ̄iψi .

(1.7)

This convention implies that the scale of the new physics mediating these couplings

to the SM is around Λ′. The conversion from this convention to the one used in this

work is given by d
(2)
i =

M2
pl

2πΛ′2
i
with i = e, g,me,mu, or md.

Note that the interactions defined in equation equation (1.6) will give rise to

ϕ-dependency in the fundamental “constants” of the SM. In a background ϕ, the
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fundamental constants will shift according to

∆α

α
= d(2)e

φ2

2
, (1.8)

∆ΛQCD

ΛQCD

= d(2)g

φ2

2
, (1.9)

∆mf

mf

= d(2)mf

φ2

2
, for f = e, u, d, (1.10)

where we have defined φ =
√
4πϕ
Mpl

. Here, α ≃ 1/137 is the fine-structure constant,

ΛQCD the QCD confinement scale, and mf are the fermion masses. The quark

mass-couplings are more useful written in terms of the symmetric and antisymmetric

combinations:

d
(2)
m̂ ≡ d

(2)
mdmd + d

(2)
mumu

md +mu

symmetric, (1.11)

d
(2)
δm ≡ d

(2)
mdmd − d

(2)
mumu

md −mu

anti-symmetric, (1.12)

as physical quantities come in these combinations. In particular, as will be discussed

in Chapter II, the quark mass-couplings enter BBN through the neutron-proton

mass difference, which depends on the anti-symmetric combination, and through the

neutron axial coupling, which depends on the symmetric combination. Equivalence

principle constraints will be the subject of Chapter III and are most sensitive to the

absolute mass of the proton and neutrons which depends primarily on the symmetric

quark coupling

21



CHAPTER II

VARYING FUNDAMENTAL CONSTANTS DURING BIG BANG

NUCLEOSYNTHESIS WITH ULTRALIGHT DARK MATTER

This work was published in JHEP at [36] and was carried out in collaboration

with Tien-Tien Yu and Phillip Sørensen. It was modified to fit into the format of a

chapter for this dissertation.

In this chapter, we investigate cosmological probes of ULDM. Cosmology provides

an attractive probe of ULDM because the field values of ULDM decrease with the

expansion of the Universe, such that the largest field values are realized at early times.

The earliest current probe of physics in the early Universe comes from Big Bang

Nucleosynthesis (BBN), which therefore provides a powerful constraint of ULDM.

This constraint appears because the presence of a background DM field can shift

the effective value of fundamental constants and therefore can modify BBN [31]. To

adequately model the effect of ultralight DM on BBN, the backreaction from the SM

bath on the ULDM must be accounted for. Furthermore, the BBN analysis must

go beyond instantaneous approximations of the neutron-proton, or weak, freeze-out.

Previous work [37] has shown the relevance of these improvements in the context

of universally-coupled ULDM. In this work, we investigate DM with more general

couplings, correctly accounting for the evolution of the DM and the dynamics of weak

freeze-out. We begin in section 1.1 with a description of the quadratically-coupled

ULDM model and discuss the DM coupling to low-energy degrees of freedom. We also

discuss the evolution of ULDM, properly accounting for the backreaction from the

SM bath. In section 2.2, we provide an overview of BBN and show how ULDM affects

BBN, specifically the predictions of the Helium-4 (4He ) abundance. In section 5.1
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we will discuss the resulting constraints and compare the BBN constraints to other

known constraints. We conclude in section 2.5.

2.1 Dark matter evolution

10-6
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10-2

1

102

104

102103104105106107

d
m

e

2
 φ

2
/2

T [eV]

mϕ=10-20 eV

dme

(2)=2⨯103
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Full numeric
WKB
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Electron Coupling
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e
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Photon Coupling

Near Frozen Rapid Oscillation

Figure 1. The evolution of the DM coupled to electrons (upper) or photons
(lower). The effective solution is a splice of the numerical solution and the WKB
approximation. The thermal mass used for the photon evolution was computed in
the high-temperature limit as explained in section 2.1.2. The difference between the
numerical solution and the effective solution in the non-oscillating regions is due to
factors of 2 present in averaging. Time is indicated both in terms of temperature T
and in terms of the scale factor a, the latter of which is normalized to a0 = 1 today.

We are interested in the field values of the ULDM at BBN. The present-day field

value, ϕ0, is fixed by the current abundance of DM: ρDM,0 =
1
2
m2

ϕϕ
2
0. To determine the

value of the field around BBN, we evolve the scalar field backward in time according

to the homogenous Klein–Gordon equation in an expanding spacetime, using the

present-day field value ϕ0 as a boundary condition,

ϕ̈+ 3Hϕ̇+m2
effϕ = 0 , (2.1)
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where the ˙ denotes derivatives with respect to time, H = ȧ/a is the Hubble rate,

and a is the scale factor (normalized to a0 = 1 today). The effective mass is a

combination of the bare mass and the thermal mass induced by the SM bath: m2
eff =

m2
ϕ +m2

ind. During BBN, the SM bath is primarily composed of photons, electrons,

and neutrinos as these are the only species that are relativistic at the temperatures

relevant for BBN. Thus, only interactions with photons (d
(2)
e ) and electrons (d

(2)
me)

give significant contributions to the thermal mass as other species are not sufficiently

abundant1. Therefore, the quark (d
(2)
δm and d

(2)
m̂ ) and gluon (d

(2)
g ) couplings do not

provide a significant contribution to the thermal mass and the backreaction from

these two couplings can be ignored.

To solve equation (2.1), we can examine three distinct regimes of DM evolution:

– Hubble friction domination (H): When H2 ≫ m2
eff

– Bare mass domination (B): When m2
ϕ ∼ m2

eff ≫ H2

– Induced mass domination (I): When m2
eff ≫ H2,m2

ϕ

In the B and I regimes, ϕ is rapidly oscillating, and performing the full computation is

numerically expensive. Instead, we model the interactions of the ULDM with matter

by taking the average over an oscillation period. We use a WKB-type solution, as in

[37], to find the amplitude of the oscillation. This WKB-type approximation gives,

ϕamp ∝ m
−1/2
eff a−3/2, (2.2)

where ϕamp is the amplitude of the rapidly oscillating ϕ. In the H regime, the field

value is constant due to the Hubble friction term dominating the equation of motion.

In the transitions between the regimes, the field is slowly oscillating and we can solve

1We do not consider couplings to neutrinos
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the field evolution numerically and resolve the behavior of ϕ without the need for

averaging. figure 1 shows an example evolution for mϕ = 10−20eV and d
(2)
e = 2000

or d
(2)
me = 2000 comparing the evolution computed using our method to the pure

WKB and numerical solution. In the top panel showing the electron coupling case

the field transitions from being Hubble dominated at early times, to being induced

mass dominated, and finally to being bare mass dominated. In the induced mass

domination regime the field is slowly oscillating when the induced mass is comparable

to the Hubble rate. We see the same behavior in the bottom panel, which shows the

photon coupling case. We see that at early times the induced mass is comparable to

Hubble and the field is slowly oscillating, and at late times it transitions to bare mass

domination. In both panels, we see that at late times the field is rapidly oscillating,

which is needed to satisfy the requirement that the field is DM today. The behavior

shown in figure 1 is not generic and the evolution depends on the mass and couplings.

As we see the induced mass is crucial to understand the behavior of the scalar field.

In what follows, we discuss the induced thermal mass for the electron and photon

couplings.

2.1.1 Electron coupling

There are two ways to calculate the induced mass from the interactions with

electrons. The first is to calculate the induced mass using thermal field theory. The

leading diagram is

ϕ ϕ

e

. (2.3)
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Figure 2. Potential contributions to meff from the electron and photon coupling for
the couplings d

(2)
e = 105 or d

(2)
me = 105 . The dotted lines are the high-temperature

approximations for the electron and photon couplings, respectively.
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In the imaginary time formalism described in [38, 39, 40, 41], this diagram gives

Π1 = −2
2πd

(2)
meme

M2
pl

T
∞∑

n=−∞

∫
d3p

(2π)3
tr(/p+me)

p2 −m2
e

, (2.4)

where the sum is over the nMatsubara frequencies which each fix the time component

of p to p0 = i(2n+1)T . The temperature-dependent part of this diagram is given by

m2
eff = m2

ϕ +
2πd

(2)
me

M2
pl

4m2
e

π2
T 2

∫ ∞

me/T

dx

√
x2 − (me/T )2

ex + 1
. (2.5)

This calculation can be cross-checked with a second way of calculating the effective

mass, which is to note that when electrons are on-shell the interaction 2πd
(2)
me

M2
pl
ϕ2meψ̄ψ

can be written as 2πd
(2)
me

M2
pl
ϕ2 i

2
(ψ̄/∂ψ − (∂µψ̄)γ

µψ) = 2πd
(2)
me

M2
pl
ϕ2Θe where Θe is the trace

of the electrons’ contribution to the stress-energy tensor. The effective mass is then

given by [37, 42]

m2
eff = m2

ϕ +
4πd

(2)
me

M2
pl

Θe = m2
ϕ +

4πd
(2)
me

M2
pl

(ρe − 3Pe) , (2.6)

which agrees with equation (2.5) after substituting

ρe =
2

π2
T 4

∫ ∞

me/T

dx
x2
√
x2 − (me/T )2

ex + 1
, (2.7)

Pe =
2

3π2
T 4

∫ ∞

me/T

dx
(x2 − (me/T )

2)3/2

ex + 1
. (2.8)

Note that for T ≫ me, equation (2.5) implies that m2
eff ∝ T 2. In this regime,

m2
eff ∝ a−2 whereas H2 ∝ a−4. Thus, at early times (high temperature), the DM

evolution is dominated by Hubble friction and the field is in the H regime. Thus, the

mass induced on ϕ from finite density effects can lead to highly non-trivial evolution of

the scalar field. This can be seen in figure 2, where the induced massm2
ind ≡ m2

eff−m2
ϕ

is compared to both H and the bare mass mϕ. In the example given in figure 2, which

corresponds to the behavior also seen in figure 1, the field is initially dominated by

Hubble friction, then starts oscillating because of the induced mass and the returns

to a brief Hubble friction dominated state before finally settling into an oscillating
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state driven by the late time mass. figure 2 also shows the mass that can be induced

by a photon coupling, which are discussed in the next section.

2.1.2 Photon coupling

For the photon coupling, we calculate the contribution to the induced mass using

thermal field theory. The 1-loop diagram,

ϕ ϕ

γ

, (2.9)

gives

Π1 =
2πd

(2)
me

M2
pl

T
∞∑

n=−∞

∫
d3p

(2π)3
(gµνp2 − pνpµ)

gµν
p2

, (2.10)

where similarly to equation (2.4) the sum is over the n Matsubara frequencies which

set p0 = i2nπT . This gives a scaleless integral and so vanishes in dimensional

regularization, therefore this diagram does not contribute to the thermal mass.

Instead, the leading diagram appears at two loops

ϕ ϕ

e

e
. (2.11)

This gives

Π2 =
2πd

(2)
e

Mpl

e2T
∞∑

n=−∞

∫
d3k

(2π)3
T

∞∑
m=−∞

∫
d3p

(2π)3

(
(gµνk2 − kµkν)(−1) tr(γµ(/p+me)γν(/p− /k +me))

k4(p2 −m2
e)((p− k)2 −m2

e)

)
,

(2.12)
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summing over the n and m Matsubara frequencies which set k0 = i2nπT and p0 =

i(2m + 1)πT . Evaluating the above expression is substantially complicated due to

overlapping UV divergences, but it is relatively simple to compute in the limit where

T ≫ me. In this high-temperature limit, the contribution to the thermal mass is

given by

Π2 =
2πd

(2)
e

M2
pl

α

4π

π2

3
T 4 . (2.13)

This high-temperature limit is a good approximation for the thermal mass at

temperatures much larger than the electron mass. For lower temperatures, the finite

electron mass suppresses the contribution. Therefore, we expect the high-temperature

result to overestimate the thermal mass.

In the regime where the field is always oscillating, we expect this thermal mass

contribution to somewhat relax the constraints. Therefore, the high-temperature

result can be taken as conservative. This can be seen from the WKB-approximation,

by which the amplitude of the oscillations can be described as ϕ ∝ m
−1/2
eff a−3/2. The

thermal mass contribution decays in time, which then tends to compensate for the

growth in a and therefore slow down the redshift of ϕ. This reduces the hierarchy

between ϕBBN and ϕ0. Since ϕ0 is fixed by the zero-temperature mass and the observed

DM abundance today ϕBBN will therefore be smaller in a scenario with thermal mass

contribution, as long as WKB is always a good approximation of the evolution. This

argument breaks down in the regime in which Hubble friction becomes significant

and WKB approximation fails. In this regime, a thermal mass contribution can

overcome Hubble friction which increases the strength of the constraint. At low mϕ

the impact on the constraint is therefore a competition between opposing effects. For

our purposes, we will present our results in the two limits using the high-temperature
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effective mass given in equation (2.13) and in the low-temperature limit where meff ≃

mϕ, which provides an envelope within which the true bound will sit.

2.2 Ultralight Dark Matter and BBN

We are interested in understanding the effect of the ULDM couplings on the

predictions of BBN. We, in section 2.2.1, begin with a brief review of the standard

BBN analysis, following the discussion in [43]. From this, we can calculate an analytic

estimate of the 4He abundance. In section 2.3, we perturb the standard result to

obtain constraints.

2.2.1 Standard BBN

The 4He abundance is determined by the abundance of neutrons at the time that

fusion to helium becomes efficient. This in turn is determined by the abundance of

neutrons when neutrinos decouple and the time at which deuterium can form. Before

weak freeze-out, the weak reactions n+ e+ ↔ p+ ν̄e and n+ νe ↔ p+ e− are efficient

and neutrons and protons have equilibrium abundances,

Xeq
n =

1

1 + emnp/T
, (2.14)

Xeq
p = 1−Xeq

n =
1

1 + e−mnp/T
, (2.15)

where Xeq
n and Xeq

p are the equilibrium fractions of baryons in neutrons and protons,

respectively, and mnp is the proton-neutron mass difference. As the Universe expands

and cools, the reaction rate for these processes falls below the expansion rate of the

Universe, the Hubble rate, and so the neutron abundance falls out of equilibrium.

At this point, the evolution of the neutron abundance Xn is governed by the kinetic

equation,

a
dXn

da
= −λn→p

H
(1 + e−mnp/T )(Xn −Xeq

n ) , (2.16)
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where T is the temperature, and λn→p is the reaction rate of n + (e+ or ν) → p +

(ν̄ or e−):

λn→p =
1 + 3gAn

π3
G2

FT
5J
(mnp

T

)
. (2.17)

Here, GF is the Fermi constant, gAn is the weak axial coupling, and J is a phase space

factor, given by

J(z) =
45ζ(5)

2
+

21ζ(4)

2
z +

3ζ(3)

2

(
1− m2

e

2m2
np

)
z2 . (2.18)

Solving equation (2.16) for the neutron abundance at late times gives

Xn,W = −
∫ ∞

0

da
dXeq

n

da
exp

[
−
∫ ∞

a

da′

a′
λ̃n→p

]
, (2.19)

with λ̃n→p =
λn→p

H
(1 + e−mnp/T ).

At this point, the neutron abundance continues to decrease due to neutron decay.

The neutron abundance at these times follows

a
dXn

da
= −XnΓn

H
, (2.20)

with Γn the neutron inverse lifetime given by

Γn =
1 + 3gA

2
n

2π3
G2

Fm
5
eP

(
mnp

me

)
, (2.21)

where P is a phase space factor given by

P (x) =
1

60

(
(2x4 − 9x2 − 8)

√
x2 − 1 + 15x ln (x+

√
x2 − 1)

)
. (2.22)

Integrating equation (2.20), we find the neutron abundance at BBN:

Xn,BBN = Xn,W exp

(
−
∫ aBBN

aW

da

aH
Γn

)
. (2.23)

After weak freeze-out, neutrons and protons fuse to form deuterium through

p+ n↔ D + γ . (2.24)
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Initially, the photon abundance is much larger than the baryon abundance, and given

that the deuterium binding energy is not very large compared to the temperature,

equilibrium strongly favors the left side of equation (2.24). The deuterium abundance

is given by the Saha equation

XD =
24ζ(3)√

π
ηbXpXn

(
T

mp

)3/2

eBD/T , (2.25)

where Xp,n is the abundance of protons and neutrons, respectively, BD is the

deuterium binding energy, and ζ is the Riemann zeta function. Note that the

4He binding energy is much larger than BD so in equilibrium 4He would dominate.

However, the reactions needed to form helium

D + D T + p ,

D + D 3He + n , (2.26)

D + T 4He + n ,

D + 3He 4He + p ,

depend on the formation of deuterium and are suppressed by the low abundance of

deuterium. This suppression of the deuterium abundance due to the background

photons is known as the “deuterium bottleneck”. Eventually when T ≈ BD

30
, the

deuterium abundance becomes large enough such that the reactions equation (2.26)

become efficient. At this time most of the neutrons become bound into helium and

the 4He abundance is

Yp ≈ 2Xn,BBN . (2.27)
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Not long after this, the Universe becomes too cool and diffuse for these nuclear

reactions to be efficient. This signals the end of BBN. After this, but before the

onset of star formation, the tritium and 7Be decay to 3He and 7Li respectively2.

Equation equation (2.27) gives Yp ≈ 0.25 [43]. A detailed numerical calculation

including the kinetics of the fusion reactions given in equation (2.26) gives Y th
p =

0.24672± 0.00061 using the baryon to photon ratio measured by Planck [45]. This is

in excellent agreement with the PDG recommended average of Y ex
p = 0.245±0.003 [1].

2.3 Effect of varying fundamental constants

We now consider how the presence of ULDM modifies the standard analysis above.

We first consider how ϕ varies the fundamental constants and we then consider how

this impacts the neutron fraction at freeze-out and at BBN. Finally, we derive the

impact of ϕ on 4He .

2.3.1 Variation in fundamental constants relevant for BBN

As we saw in the previous section, the 4He abundance produced by BBN depends

on the deuterium binding energy BD, the proton-neutron mass difference mnp, and

the neutron axial coupling gA. In order to determine how the presence of ϕ affects

BNN, one must determine how ϕ shifts mnp, BD, and gA. These parameters do not

have analytic expressions but can only be calculated from first principles using lattice

gauge theory. The shift in mnp and BD can be estimated using a combination of

lattice and analytic methods as discussed in [46]; we summarize the relevant parts

below. The neutron-proton mass difference can be written as

mnp = mn −mp ≈ bαΛQCD + (md −mu) , (2.28)

2It should be noted that in the standard theory there was a discrepancy between predictions and
observations of the 7Li abundance. This is known as the lithium problem. However, the existence of
this tension has recently been put into question [44].
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where b is some constant number determined as in [46], giving bαΛQCD ≈ −0.76MeV.

Using equations equation (1.8), equation (1.9), and equation (1.10) we get

∆mnp

mnp

=
bαΛQCD

mnp

(
d(2)e + d(2)g

) φ2

2
+
md −mu

mnp

(
d
(2)
δm + γd(2)g

) φ2

2
. (2.29)

As already stated above, the dimensionless parameter φ is defined as φ =
√
4πϕ
Mpl

. The

dependence of BD on the fundamental constants can be parameterized as [46]

∆BD

BD

= 18
∆ΛQCD

ΛQCD

= 18d(2)g

φ2

2
. (2.30)

Determining the dependence of gA on fundamental constants is more involved

and requires input from lattice results. Lattice-QCD based attempts to estimate gA

from first principles have limited statistics for physical quark masses and rely on

calculations at heavier quark masses to fit formulae taken from chiral perturbation

theory (ChPT) to extrapolate to physical quark masses. To estimate the dependence

of gA on the quark masses we use these fits. Specifically, we use the expression

gA(ϵπ) = g0 − ϵ2π
(
(g0 + 2g30) ln ϵπ − c2

)
+ g0c3ϵ

3
π (2.31)

with ϵπ = mπ

4πfπ
. This expression is from NNLO heavy baryon ChPT. It neglects effects

from ∆ resonances [47, 48] and is used by lattice groups for their extrapolation to

physical quark masses [49, 50]. The coefficients g0, c2, and c3 are determined from fits

to lattice calculations. The dependence of gA on ϵπ can be used to infer the dependence

on the quark masses using mπ ∝
√
m̂ and neglecting the small dependence of fπ on

the quark masses. Putting this all together, we have

∆gA
gA

= d
(2)
m̂ φ

1

2

∂ln gA
∂ln ϵπ

(2.32)
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This depends on the specific values for the coefficients g0, c2, and c3 that come from

lattice fits. The values obtained from [51] and its supplementary materials are

g0 = 1.237± 0.034 , (2.33)

c2 = −23.0± 3.5 , (2.34)

c3 = 28.7± 5.5 , (2.35)

with the covariance matrix

g0 c2 c3

g0 0.011 −0.12 0.18

c2 −0.12 12.25 −19.17

c3 0.18 −19.17 30.25

. (2.36)

These give

∂ln gA
∂ln ϵπ

= −0.008± 0.023 . (2.37)

Since the dependence of the 4He abundance is proportional to d
(2)
m̂

∂ln gA
∂ln ϵπ

, and the

interval above contains zero, we are not able to give meaningful constraints on d
(2)
m̂

from BBN at this time. Improved lattice results may constrain ∂ln gA
∂ln ϵπ

away from 0,

which in turn could give constraints on d
(2)
m̂ from BBN.

Armed with these expressions that encode the effects of the ULDM on the

parameters that enter the calculation for the 4He abundance, we can now determine

the effect of ULDM on the 4He abundance.

2.3.1.1 Variation in the neutron abundance after weak freeze-out. We

begin by varying equation (2.19) to find the change in Xn,W due to the presence of

ϕ (or equivalently to φ). To first order in κ = d
(2)
i

φ2

2
, where i = e,me, g, or δm, we
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find

∆Xn,W = −
∫ ∞

0

da

(
dXeq

n

da
exp

[
−
∫ ∞

a

da′

a′
λ̃n→p

](
−
∫ ∞

a

da′

a′
∆λ̃n→p

)

+
d∆Xeq

n

da
exp

[
−
∫ ∞

a

da′

a′
λ̃n→p

])
(2.38)

= −
∫ ∞

0

da

(
dXeq

n

da
exp

[
−
∫ ∞

a

da′

a′
λ̃n→p

](
−
∫ ∞

a

da′

a′
∆λ̃n→p

)

−∆Xeq
n

λ̃n→p

a
exp

[
−
∫ ∞

a

da′

a′
λ̃n→p

])
(2.39)

= −
∫ ∞

0

da

a
exp

[
−
∫ ∞

a

da′

a′
λ̃n→p

](
−∆Xeq

n λ̃n→p − a
dXeq

n

da

∫ ∞

a

da′

a′
∆λ̃n→p

)
.

(2.40)

The change in ∆Xn,W depends on ∆Xeq
n , dXeq

n

da
, and ∆λ̃n→p. Let’s first examine the

variation in Xeq
n

∆Xeq
n = − mnp

2T (1 + coshmnp/T )

∆mnp

mnp

, (2.41)

and compare this to

a
dXeq

n

da
= − mnp

2T (1 + cosh(mnp/T ))
. (2.42)

The variation in λ̃n→p is given by

∆λ̃n→p

λ̃n→p

=
∆λn→p

λn→p

− mnpX
eq
n

T

∆mnp

mnp

, (2.43)

with the variation in λn→p given by

∆λn→p

λn→p

=
6gA

2
n

1 + 3gA2
n

∆gAn

gAn

+ 2
∆GF

GF

+
∆(J(mnp/T ))

J(mnp/T )
(2.44)

=
6gA

2
n

1 + 3gA2
n

∆gAn

gAn

+ 2
∆GF

GF

+
mnpJ

′

TJ

∆mnp

mnp

− 3ζ(3)

2J

m2
e

T 2

∆me

me

+
3ζ(3)

2J

m2
e

T 2

∆mnp

mnp

. (2.45)

The last two terms in equation (2.45) are proportional to m2
e

T 2 , which is small at relevant

times and in principle can be neglected. However, we will include them going forward.
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Note that ∆GF

GF
= 0 for the models we are considering. Putting everything together

we find that the change in the neutron abundance at weak freeze-out is given by

∆Xn,W =

∫ ∞

0

da

a

mnp

2T (1 + cosh(mnp/T ))
exp

[
−
∫ ∞

a

da′

a′
λ̃n→p

]
×
{
− λ̃n→p

∆mnp

mnp

+

∫ ∞

a

da′

a′
λ̃n→p

[
mnpX

eq
n

T

∆mnp

mnp

− 6gA
2
n

1 + 3gA2
n

∆gAn

gAn

− 2
∆GF

GF

− mnpJ
′

TJ

∆mnp

mnp

+
3ζ(3)

2J

m2
e

T 2

(
∆me

me

− ∆mnp

mnp

)]}
.

(2.46)

2.3.2 Variation in the neutron abundance at BBN

After weak freeze-out, the neutron abundance is modified by neutron decay. To

find the variation in the neutron abundance at BBN, we vary equation (2.23) to find

∆Xn,BBN

Xn,BBN

=
∆Xn,W

Xn,W

−
(∫ aBBN

aW

da

aH
∆Γn

)
− Γn

H

∆a

a

∣∣∣∣∣
aBBN

aW

(2.47)

≈ ∆Xn,W

Xn,W

−
(∫ aBBN

aW

da

aH
∆Γn

)
+

Γn

H

∣∣∣∣∣
aBBN

∆TBBN

TBBN

, (2.48)

where we dropped the ∆TW

TW
term because at weak freeze-out Γn

H
≪ 1. The variation

in the neutron lifetime is given by

∆Γn

Γn

=
6gA

2
n

1 + 3gAn

∆gAn

gAn

+ 2
∆GF

GF

+ 5
∆me

me

+
mnpP

′

meP

(
∆mnp

mnp

− ∆me

me

)
. (2.49)

2.3.3 Variation in the helium abundance

The variation of equation (2.27) gives

∆Yp
Yp

=
∆Xn,BBN

Xn,BBN

. (2.50)
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The remaining piece of our calculation is to determine ∆TBBN

TBBN
. Recall that the time

of BBN is determined by the deuterium abundance reaching a critical value allowing

the efficient fusing of deuterium into 4He . Using equation (2.25), we can find TBBN

by examining

Xcrit
D =

24ζ(3)√
π

ηb(1−Xn,BBN)Xn,BBN

(
TBBN

mp

)3/2

eBD/TBBN . (2.51)

Note that the left-hand side is exponentially dependent on BD/TBBN . Therefore, any

shift in BD must be compensated by a shift in TBBN , indicating that TBBN depends

mostly on BD, i.e.

∆TBBN

TBBN

≈ ∆BD

BD

. (2.52)

Combining everything, we get

∆Yp
Yp

=
∆Xn,W

Xn,W

+
Γn

H

∆BD

BD

∣∣∣∣∣
aBBN

−
∫ aBBN

aW

da

a

Γn

H

(
6gA

2
n

1 + 3gAn

∆gAn

gAn

+ 2
∆GF

GF

+ 5
∆me

me

+
mnpP

′

meP

(
∆mnp

mnp

− ∆me

me

))
.

(2.53)

Using equations (1.10), (2.29) and (2.30) for the variations in the fundamental

constants we can now find the change in the 4He abundance in terms of the field

value of ϕ as a function of redshift. ϕ as a function of redshift was found using the

evolution as described in section 2.1. We place constraints on the DM couplings by

requiring that the resulting shift in the 4He abundance keeps the 4He abundance

in the 95% confidence interval of the observed abundance, i.e. we require that

Y ex
p − Y th

p − 2σYp < ∆Yp < Y ex
p − Y th

p + 2σYp with σYp being the uncertainty of

the theory prediction and the experimental uncertainty added in quadrature. We use

the values Y ex
p = 0.245, Y th

p = 0.24672, and σYp = 0.012 from [1] and [45].
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2.4 Results

The constraints on quadratically-coupled ULDM obtained from BBN in this work

are shown as solid red lines in figure 3. For masses larger than about 10−14 eV, the

evolution is in the bare mass dominated regime both during and after weak freeze-

out. For these masses, the constraints scale as d
(2)
i ∝ m2

ϕ regardless of coupling. For

the quark and gluon couplings, the field is Hubble frozen before BBN for masses

lower than 10−19eV. This leads the constraint to scale as d
(2)
i ∝ m

1/2
ϕ in this low-

mass regime. At intermediate masses, the field is Hubble frozen-in during or between

weak freeze-out and BBN and the behavior is more complicated. For the electron

coupling, the thermal mass is relevant for the evolution of the dark matter for masses

less than 10−18eV. This leads to slow oscillations on the timescale of relevant BBN

dynamics and the complex behavior shown in figure figure 3. For the photon coupling,

we show two different constraints for two different estimates of the effective mass.

The dark red line neglects the thermal mass of ϕ and the red line uses the thermal

mass calculated in the high-temperature limit. We expect that the true constraint,

calculated using the exact thermal mass, would be in between these two bounds as

explained in section 2.1.2.

The BBN constraints derived in this work improve on the constraints derived

in [31] by including the effects of the thermal mass on the evolution of the dark

matter and by treating weak freeze-out using the full kinetic description. For the

electron coupling, at masses of at least mϕ ≳ 10−14eV the two effects lead to a

constraint about two orders of magnitude weaker than the constraint given in [31].

This reduced constraint is explained by the thermal mass which reduces the field

value at the BBN era. For the quark coupling, the thermal mass is insignificant and

the constraint on this coupling is instead enhanced by about a factor 2 relative to
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[31] in the mϕ ≳ 10−14eV regime. In all cases, for masses below 10−14eV we see

nontrivial behavior not seen in [31]. For the photon coupling, our results indicate

only the region of parameter space in which a full calculation of the thermal effects

is expected to place the constraint. The constraint on the photon coupling given

in [31] lies within the region where we expect the constraint to lie. Therefore, we

cannot show a change in the photon coupling constraint without a more detailed

evaluation of thermal effects, which we leave to future work. The gluon coupling was

not treated in [31] and thus the constraints on the gluon coupling derived in this work

are completely novel.

Our analysis is valid in the regime where d
(2)
i φ2 ≪ 1. In this regime, we can

neglect the higher-order interactions of ϕ with the SM that would be present in a UV

completion and treat ϕ as a small perturbation to the SM. Importantly, we can neglect

the effect of the thermal quartic and other higher-order terms on the evolution of the

ULDM. Because the amplitude of ϕ decreases with redshift, the threshold d
(2)
i φ2 ∼ 1

could have been crossed sometime in the early Universe; if this happens after weak

freeze-out then details of the UV completion are needed to determine the impact of

ϕ on BBN. The parameter space in which the condition that d
(2)
i φ2 ≪ 1 is violated

at any time after weak freeze-out corresponds to the lightly shaded regions above

the dashed red lines in figure 3. In these regions, a model-dependent treatment is

required for any given UV completion.

2.5 Conclusions

In this chapter, we examined the effect of ultralight scalar DM with quadratic

couplings on the predicted helium abundance produced by Big Bang nucleosynthesis.

Figure 3 shows the constraints derived in this chapter. In addition, we also show

constraints from the Eöt-Wash and MICROSCOPE experiments, atomic clocks
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experiments, and projected constraints from the AION and AEDGE matter-wave

interferometry experiments. In this chapter, we treated weak freezeout in the full

kinetic description and accounted for backreaction from the SM on the evolution of

the DM. From the impact of ULDM on BBN, we constrain the couplings of ULDM to

electrons, quarks, and photons for DM masses ranging from about 10−19eV to 10−4eV.

This updates the result in [31] that treated weak freezeout in the instantaneous

approximation and neglected backreaction from the SM on the evolution of the DM.

For a significant range of parameter space, we show that the bounds from BBN are

the strongest constraints on quadratically coupled ultra-light dark matter. We show

that these BBN bounds are significantly modified by the effects of the backreaction

and the full kinematic decoupling studied in this chapter.
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Figure 3. Constraints on quadratic couplings of ULDM to electrons, quarks, gluons,
and photons. Red regions indicate the BBN constraints derived in this paper. Other
constraints are given in shades of gray. On the photon coupling plot, the conservative
high-temperature approximation of the thermal mass yields the constraint in lighter
red while the optimistic zero-temperature (i.e., without backreaction) result yields the
constraint in darker red, see section 2.1.2 for details. The dashed red lines indicate
where the approximation used in this paper breaks down and a more detailed analysis
is needed. The grey regions show parameter space ruled out by prior work from the
Eöt-Wash [9] and MICROSCOPE [52] experiments, atomic clock experiments [53, 29]
as well as constraints from Lyman-α [2], UFDs [3] and superradiance [23, 54]. Also
shown, with dashed gray lines, are projected constraints from the AION and AEDGE
experiments [55, 56] as well as projections for nuclear clocks [57]. Following the
discussion in section 1.1, we show the line above which the low values of mϕ may be
rendered unnatural by large loop corrections, assuming a cutoff of Λ = 10 TeV and
Λ = 2 GeV. For the gluon and photon plots, the line for a Λ = 10 TeV cutoff lies
outside the range shown.
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CHAPTER III

UPDATING EQUIVALENCE PRINCIPLE TEST OF ULTRALIGHT DARK

MATTER

The work presented in this chapter was carried out in collaboration with Tien-Tien

Yu.

3.1 Introduction

The equivalence principle (EP) states that all objects fall at the same rate of

acceleration, regardless of their mass or composition. Tests of the EP, also known

as the universality of free fall, have confirmed the predictions of general relativity to

remarkable precision, and therefore provide stringent constraints on the existence of

new “fifth-forces.” The existence of beyond the Standard Model (BSM) physics can

also contribute to violations of the EP. As such, EP tests have been utilized to great

success at constraining BSM physics. In particular, EP tests have ruled out large

swaths of parameter space for ultralight scalars that couple to the SM.

In this work, we are interested in understanding the effects of ultralight

quadratically-coupled scalar dark matter (DM) on equivalence principle tests.

Ultralight DM are dark matter candidates at the lower end of the allowed DM mass

ranges, with masses less than about 1eV. At these masses, the occupation number

of particles in a de Broglie volume of the DM is large and the collection of particles

act coherently. In this regime, the DM behaves like a wave and is well-described by

classical field equations.

Previous works constraining quadratically-coupled ultralight scalar DM with

equivalence principle experiments have adopted a simplifying assumption that the

DM is a homogeneous field at distances far from the Earth and neglected velocity

dispersion effects of the DM. This is a valid approximation for dark matter masses
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below 10−10 eV, because in this range the typical de Broglie wavelength of the

DM is large compared to the radius of the Earth and so the DM field appears

homogeneous on the relevant scales. We show this explicitly in appendix A.2.2. For

dark matter masses above this scale, the typical de Broglie wavelength of the dark

matter is small compared to the radius of the Earth, and so the assumption that

the field is homogeneous breaks down. In this work, we expand on this last point

and demonstrate how the velocity dispersion can have important effects on the EP

constraints on ultralight scalar DM. These effects are important, in particular, for

any space-based experiment searching for quadratically-coupled ultralight scalars.

The chapter is organized as follows firstly, in section 3.2, we review equivalence

principle experiments and how quadratically coupled ultralight dark matter can

cause apparent equivalence principle violation. Then, in section 3.3, we discuss

the dark matter velocity dispersion that we show is necessary to correctly calculate

the constraints form equivalence principle violation searchers. We then detail the

calculation of the dark matter the wave function that is critical for the derivation of

constraints from equivalence principle experiments in section 3.4. Next, in section 3.5,

we discuses the effects dark matter wind that we had neglected in the forgoing

chapters. Then we review the qualitative features of the results in section 3.6 before

concluding in section 3.7.

3.2 Equivalence Principle Tests

The weak equivalence principle states that all small test bodies, influenced only

by gravity, accelerate at the same rate regardless of their composition. This principle

is foundational to general relativity, reflecting the geometric nature of gravity. Tests

of the weak equivalence principle typically fall into two categories:
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– In the conceptually simplest setup, two test bodies are placed in free fall, and

their gravitational accelerations are directly compared. This type of experiment

is commonly employed in space-based equivalence principle tests.

– The other type, known as Eötvös-type experiments, compares the gravitational

mass of two test bodies against their inertial masses using torsion balances or

similar devices.

Although equivalence principle tests are often interpreted as tests of general

relativity itself, they can equivalently be seen as searches for novel, composition-

dependent non-gravitational forces. Modern EP tests achieve sensitivity to forces

roughly 13 orders of magnitude weaker than gravity [58], placing strong constraints

on potential new scalar or vector fields mediating long-range interactions.

Quadratically coupled ultralight dark matter, as detailed in Section 1.1, can

generate precisely such composition-dependent forces. This arises because atomic

masses depend sensitively on both the masses of constituent particles and their

binding energies, each of which is influenced by fundamental constants. The couplings

discussed previously lead these constants to depend explicitly on the dark matter field

value, resulting in mass shifts proportional to φ2 as described by equations (1.8)-

(1.10). Because of the dependence of the mass on φ2, moving an object from a region

of low φ2 to one of high φ2 requires work. In other words, φ2 acts as a potential for the

object, which leads to a force and therefore an induced acceleration. Thus, variations

in the local dark matter field translate directly into observable signals in equivalence

principle violation tests. To quantify how sensitively the mass of an object A depends

on φ, we introduce the coupling α
(2)
A as follows

∆mA

mA

=
1

2
α
(2)
A φ2 . (3.1)
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This coupling, α
(2)
A , explicitly relates to the fundamental couplings introduced in

equation (1.6) and can be expressed as [8]:

α
(2)
A = d(2)g + [Qme ]A (d(2)me

− d(2)g ) (3.2)

+ [Qm̂]A (d
(2)
m̂ − d(2)g )

+ [Qδm]A (d
(2)
δm − d(2)g )

+ [Qe]A d
(2)
e

where the [Qi]A are the dilatonic charges specific to object A, derived explicitly in [8].

For a pure element with atomic number Z and mass number A, these charges are

approximately:

[Qe]A = 10−4 × FA

[
−1.4 + 8.2

Z

A
+ 7.7

Z(Z − 1)

A4/3

]
, (3.3)

[Qm̂]A = FA

[
0.093− 0.036

A1/3
− 0.02

(A− 2Z)2

A2

−1.4× 10−4Z(Z − 1)

A4/3

]
, (3.4)

[Qδm]A = FA

[
0.0017

A− 2Z

A

]
, (3.5)

[Qme ]A = FA

[
5.5× 10−4Z

A

]
, (3.6)

with FA = A931 MeV
mA

= 1 +O(10−4).

The induced potential from the φ-dependence of mA is of the form

V (φ) = mA
1

2
α
(2)
A φ2 . (3.7)

The acceleration due to this potential is then given by

a⃗A = −∇⃗V (φ)/mA = −α(2)
A φ∇⃗φ . (3.8)

Since φ couples quadratically to matter, φ gets an effective mass in the presence

of matter. This induced mass is given by

m2
ind(x) = α(2)(x)4πGρ(x) , (3.9)
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with ρ(x) the matter density and α(2)(x) is similar to α
(2)
A except for a small volume at

x. In general the induced mass depends on the position so φ obeys the Klein-Gordon

equation with a position dependent mass

□φ+m2
eff(x)φ = 0 , (3.10)

with m2
eff(x) = m2

φ +m2
ind(x).

These composition dependent accelerations given in eq. 3.8 can be directly

probed by EP experiments such as the MICROSCOPE mission [59, 60]. One such

measurement was made by the MICROSCOPE space mission [59, 60]. In this mission,

two test masses made of alloys of Pt and Ti were placed in a satellite which was in

a nearly circular orbit around the Earth at 710 km of altitude. At this altitude, the

Earth’s gravitational acceleration is about 7.9 m/s2. A violation of the equivalence

principle would manifest itself as a differential acceleration between the two test

masses. The constraints from this mission found a limit on the Eötvos parameter,

ηPt−Ti,⊕ = 2
|⃗aPt − a⃗Ti|
|⃗aPt + a⃗T i|

(3.11)

=
r2∆α(2)r̂ · ⟨φ∇⃗φ⟩

GM⊕
(3.12)

=
∆α(2)r̂ · ⟨φ∇⃗φ⟩

7.9 m/s2
(3.13)

= (−0.1± 1.3)× 10−14 . (3.14)

The remainder of this paper is on the calculation of η, which as we see depends

on r̂ · φ∇⃗φ.

3.3 Dark Matter Distribution

To solve equation (3.10) for φ we must stipulate appropriate boundary conditions.

Far from massive bodies such as the Earth, the field oscillates about 0 with

frequency mφ; however, its amplitude and phase vary because of the dark-matter
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velocity distribution [61]. Since these fluctuations are intrinsically unpredictable, we

regard the field as a single realization drawn from a statistical ensemble. It is shown

is [61] that the correct ensemble is an ensemble of plane waves that are incident to the

Earth. All of the needed information about the distribution can be extracted from

the two point function which is given by

⟨φ(t, x⃗)φ(t′, x⃗′)⟩ = φ2
0

2

∫
d3v

γ(v)
g(v⃗)ℜ(φv⃗(t, x⃗)φ

∗
v⃗(t

′, x⃗′)) , (3.15)

with φ the dark matter amplitude determined by the local dark matter density

according to φ0 =
√

8πGρφ
m2

φ
; g(v⃗) is the velocity distribution of the dark matter;

γ(v) = 1√
1−v2

because dark matter is non relativistic γ(v) ≈ 1 on the support of

g; and φv⃗ the solution to equation 3.10 with the income plane wave with velocity v⃗

scattering off of the Earth.

From equation (3.15) it is straightforward to compute ⟨φ ∇⃗φ⟩, which enters the

evaluation of η in section 3.2. Consequently, the calculation of η reduces to solving

the scattering problem described above.

3.4 Calculating the Dark Matter Wave Function

To solve this scattering problem we express the general solution of 3.10 in a basis

of incoming and outgoing spherical waves and match them to the incoming part of

eix⃗·p⃗ with p⃗ = γv⃗mφ. We start with expanding the □ in eq. 3.10, which gives

∂2t φ−∇2φ+m2
eff(x⃗)φ+ = 0 . (3.16)

We can solve this using separation of variables by writing φ(t, x⃗) = T (t)X(x⃗). This

results in

T̈ − ω2T = 0 (3.17)

∇2X + k2eff(x⃗)X = 0 (3.18)
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with k2eff(x⃗) = ω2 −m2
eff(x⃗). The solution to eq. 3.17 is given by T = e±iωt. We then

take the simplifying approximation that the Earth is a sphere of uniform density.

This allows us to write eq. 3.18 as

∇2X + [k20 − α
(2)
⊕ 4πGρ⊕θ(R⊕ − r)]X = 0 (3.19)

with k20 = ω2 −m2
φ. The goal now is to solve for X.

We solve eq. 3.19 with separation of variables writing X(x⃗) = R(|x⃗|)Y (x̂). The

angular equation is solved by spherical harmonics Y (x̂) = Y m
l (x̂). The radial equation

is

1

r2
d

dr

(
r2
dR

dr

)
− l(l + 1)

r2
R + k20 + (k2⊕ − k20)θ(R⊕ − r)R = 0 , (3.20)

with r = |x⃗| and k2⊕ = k20 − α
(2)
⊕ 4πGρ⊕. This has the general solution

Rl(r) =


1
2
[Clh

in
l (k0r) + Alh

out
l (k0r)] r < R⊕

Bljl(k⊕r) r > R⊕

, (3.21)

where jl is the spherical Bessel function of the first kind, and hinl (houtl ) is the spherical

Hankel functions first (second) kind. The wavefunctions are normalized such that

Cl = 1. Al and Bl are determined by the continuity of Rl and dRl/dr at r = R⊕,

Al = −
k0jl(k⊕R⊕)h

in
l+1(k0R⊕)− k⊕jl+1(k⊕R⊕)h

in
l (k0R⊕)

k0jl(k⊕R⊕)houtl+1(k0R⊕)− k⊕jl+1(k⊕R⊕)houtl (k0R⊕)
, (3.22)

Bl = −1

2

k0h
in
l+1(k0R⊕)h

out
l (k0R⊕)− k0h

in
l (k0R⊕)h

out
l+1(k0R⊕)

k0jl(k⊕R⊕)houtl+1(k0R⊕)− k⊕jl+1(k⊕R⊕)houtl (k0R⊕)
. (3.23)

We now match this to the an incoming plane wave. We expand eix⃗·p⃗ in terms of

spherical harmonics

eix⃗·p⃗ =
∞∑
l=0

il(2l + 1)jl(px)Pl(x̂ · p̂) (3.24)

=
∞∑
l=0

il(2l + 1)
1

2
[hinl (px) + houtl (px)]Pl(x̂ · p̂) , (3.25)
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matching the incoming spherical waves in the above with the expression in 3.21 gives

Xp⃗(x⃗) =
∞∑
l=0

il(2l + 1)Rl(x)Pl(x̂ · p̂) . (3.26)

Note that φv⃗ as described in section 3.3 is given by

φv⃗(t, x⃗) = e−iωvtXp⃗(x⃗) (3.27)

=
∞∑
l=0

il(2l + 1)e−iωvtRl(x)Pl(x̂ · p̂) , (3.28)

where ωv = γmφ. Substituting this into equation 3.15 gives

⟨φ(t, x⃗)φ(t′, y⃗)⟩ = φ2
0

2

∫
d3v g(v⃗)ℜ

(
e−iω(t−t′)

∞∑
l=0

∞∑
l′=0

(2l + 1)(2l′ + 1)il−l′

×Rl(x)R
∗
l′(y)Pl(x̂ · v̂)Pl′(ŷ · v̂)

)
. (3.29)

As seen in equation 3.11 the relevant quantity is x̂ · ⟨φ∇⃗φ⟩ which can be found from

equation 3.29 as

x̂ · ⟨φ∇⃗φ⟩ = 1

2
φ2
0

∫
d3v g(v⃗)

∞∑
l=0

∞∑
l′=0

ℜ

(
(2l + 1)(2l′ + 1)il−l′

×Rl(x)
∂

∂x
R∗

l′(x)Pl(x̂ · v̂)Pl′(x̂ · v̂)

)
.

(3.30)

This expression is computationally difficult to evaluate because of the large number

of 3-d integrals that need to be evaluated, one can dramatically reduce the

computational resources required by replacing a realistic dark matter violation

distribution with a spherically symmetric one. Doing this we can preform the angular

integrals and one of the sums to get

x̂ · ⟨φ∇⃗φ⟩ = 2πφ2
0

∫ ∞

0

v2dv g(v)
∞∑
l=0

(2l + 1)Rl(x)
∂

∂x
R∗

l (x) . (3.31)

This simplification does introduce O(1) errors but are the correct order of magnitude.

The effect of the dark matter wind is discussed farther in section 3.5.
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Figure 4. Left: Comparison of ⟨φ∇φ⟩ for fixed mφ = 10−10eV and varying di.
Right: Comparison of ⟨φ∇φ⟩ for fixed di andmφ = 10−11eV, 10−10eV, and 10−9.5eV.
The homogeneous solution described in Appendix A.1 is shown in black for
comparison.

The qualitative features of equation 3.31 is illustrated in figure 4. In the left panel

shows ⟨φ∇φ⟩ for several different coupling strength at the same mass. For coupling

such that m2
eff⊕R⊕ ≪ 1 the couplings are not sufficient to fully screen the φ in the

Earth and so the gradient of φ is suppressed by the coupling as such in this regime

⟨φ∇φ⟩ depends linearly on the couplings.

In regime where m2
eff⊕R⊕ ≫ 1 the dark matter field is completely screened inside

of the Earth. The screening saturates and the field goes to 0 on the surface of the

Earth. Due to this, in this regime, ⟨φ∇φ⟩ does not depend on the couplings.

For high couplings the field is completely screened inside of the Earth, as such in

this limit ⟨φ∇φ⟩ no longer depends on the couplings as shown in appendix A.2.1.

The right panel shows ⟨φ∇φ⟩/φ2
0 for different masses for couplings in the strong

coupling regime. We can see that for low masses when the typical wavelength of the

dark matter is much larger that the radius of the Earth ⟨φ∇φ⟩ approaches

⟨φ∇φ⟩ ≈ −φ2
0

A

x2
(1− A

x
) , (3.32)
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with

A =
mind⊕R⊕ − tanh(mind⊕R⊕)

mind⊕
. (3.33)

This expression is derived from equation 3.30 in appendix A.2.2. This expression is

equivalent to the findings in [29]. The derivation in [29] is summarized in appendix

A.1. The intuition behind this is that when the wave length is large compared to the

size of the Earth it can be treated as a oscillating homogeneous field at infinity.

When the typical wavelength is comparable or much smaller than the radius of the

Earth the behavior is more complicated. This regime is only constrained in the strong

coupling limit so we will focus the discussion on the high mass strong coupling regime.

As seen in figure 4 in this regime as one moves away from the Earth the ⟨φ∇φ⟩ rises

linearly with slope ∝ kt0
2
with kt0 the typical wavelength on the dark matter. At a

distance from the Earth approximately equal to a quarter of the typical wavelength

⟨φ∇φ⟩ reaches a maximum. Farther away from the Earth than this ⟨φ∇φ⟩ oscillates

and decays rapidly.

3.5 The dark matter wind

The dark matter velocity distribution discussed in section 3.3 is typically given

by the standard halo model. In the standard halo model the dark-matter velocity

distribution follows a Maxwell–Boltzmann profile in the Galactic rest frame. Because

the Solar System orbits the Galactic centre, the distribution in the Earth’s rest

frame is a boosted Maxwell–Boltzmann distribution, with dark matter preferentially

arriving from the direction of the constellation Cygnus, this incoming flux is often

called the dark-matter wind.

In the preceding sections we neglected the wind to keep the evaluation of

equation (3.30) computationally tractable. Although the wind is unlikely to change
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Figure 5. A plot show the modulation in a Eöt-Wash type experiment that is near
the surface of the Earth.

our limits by more than an order of magnitude, or alter the qualitative behavior

described in section 3.6, it is not necessarily negligible.

The principal effect arises when the typical dark-matter wavelength is much

smaller than the Earth’s radius: the Earth then casts a shadow. Whenever the Earth

lies between the experiment and Cygnus, dark matter arriving from that direction is

largely scattered away, reducing the average value of φ2 and consequently suppressing

any signal. This shadowing is less pronounced for space-based experiments, because

the Earth subtends a smaller solid angle and so blocks fewer arrival directions.

The shadow effect induces a characteristic modulation as a satellite orbits the

Earth: the signal varies with the isodetection angle, defined as the angle between

(i) the line from the satellite to the Earth’s centre and (ii) the line from the Earth’s

centre to Cygnus. For satellite orbits in orbit around the earth this modulation has

the period of the orbit of the satellite, for an earth based experiment the period would

be the sidereal day. Figure 5 illustrates this modulation for an experiment located

near the Earth’s surface.
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3.6 Results

The constraints obtained from the MICROSCOPE experiment are shown as the

magenta lines in Figure 6. For masses below 10−11 eV the typical wavelength of the

dark matter exceeds the size of the Earth, and our results reproduce the constraints

reported in [29]. In this low-mass region there are two distinct scaling behaviors.

For masses below 10−16 eV MICROSCOPE is sensitive enough to probe the weak-

coupling regime, in which the screening length is larger than the size of the Earth;

here the constraint scales as d(2) ∝ mφ. For mφ ≳ 10−15 eV the experiment accesses

only the strong-screening regime, where the screening length is short compared with

the satellite altitude; in this band the constraint scales as d(2) ∝ m2
φ. For masses

between 10−11 and 10−10 eV the wavelength remains larger than the size of the Earth

but smaller than the satellite altitude, rendering the constraint independent of mφ.

When mφ ≳ 10−9 eV the wavelength is smaller than the altitude of MICROSCOPE.

In this regime the dark-matter field loses coherence, destructive interference makes

the constraint oscillatory, and the envelope scales as d(2) ∝ m3
φ.

The proposed Galileo mission is a more sensitive space-based test of the

equivalence principle. If realized, it aims to bound the Eötvös parameter at the

10−17 level while operating at an altitude of 600 km. For comparison, MICROSCOPE

measured η = (−0.1±1.3)×10−14 at an altitude of 710 km. The projected constraints

from Galileo are shown as the dashed blue line in Figure 6. Although the overall shape

resembles that of MICROSCOPE, the transition from weak to strong screening occurs

at higher mass because of Galileo’s greater sensitivity.

Eöt-Wash is an Earth-based laboratory test of the equivalence principle. The

dotted brown line in Figure 6 depicts the constraints that could be expected from Eöt-

Wash if atmospheric screening were negligible, revealing several qualitative differences
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from MICROSCOPE. For mφ ≲ 10−16 eV Eöt-Wash, like MICROSCOPE, probes

only the weak-screening regime. Between 10−16 and 10−13 eV it tests an intermediate

regime in which the screening length is larger than the size of the Earth but smaller

than the experiment’s effective altitude; the constraint then scales as d(2) ∝ m4
φ. From

10−13 to 10−11 eV Eöt-Wash constrains the strong-screening, low-mass region much

like MICROSCOPE. Above 10−11 eV the constraint again becomes independent ofmφ

until the wavelength drops below O(m) which is near the scale of the apparatus and

the implicit assumption made in this chapter that the experiment is point-like breaks

down. To illustrate altitude dependence, the dotted black line in Figure 6 shows

the constraint that would be obtained if Eöt-Wash were operated at an altitude of

4340m. In the weak and intermediate regimes the constraint is altitude-independent,

whereas in the strong-screening regime it grows linearly with altitude until the onset

of oscillations. These Eöt-Wash curves are intended as qualitative illustrations only;

they neglect atmospheric screening, which becomes important for couplings d(2) ≳

1020 eV.

3.7 Conclusion

In this chapter we investigated how ULDM with quadratic couplings affects

searches for violations of the equivalence principle. Such experiments already set

stringent limits on quadratically coupled ULDM, as shown in Ref. [29]; however,

we have demonstrated that the finite velocity dispersion of the Galactic halo can

substantially reshape these bounds when the DM de Broglie wavelength is comparable

to the size of the Earth. Velocity dispersion weakens the constraints when the

wavelength is much larger than the Earth, but can strengthen them in the intermediate

regime where the wavelength is of the same order as the Earth’s radius.
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Figure 6. Constraints on quadratic couplings of ULDM to electrons, photons,
and quarks. The area above the magenta lines show regions contained by the
MICROSCOPE experiment as calculated in this paper. The dashed blue lines show
the projected constrains from the Galileo experiment. The dotted brown and black
lines are shown to illustrate the properties of the constrains form weak equivalence
principle experiments near the surface of the Earth. They show respectively the Eöt-
wash experiment and a hypothetical equivalence principle violation experiment with
the same sensitivity as the Eöt-wash experiment but at an altitude of 4340m. In both
cases ignoring screening from the atmosphere. The grey regions show parameter space
ruled out by prior work from atomic clock experiments [53, 29] as well as constraints
from Lyman-α [2], UFDs [3] superradiance [23, 54] and Big Bang Nucleosynthesis [36]
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CHAPTER IV

SPECTROSCOPY FOR ULTRALIGHT DARK MATTER

The work presented in this chapter was carried out in collaboration with

David Allcock, Gabe Gregory, Logan Page, Marcus Polk, Evan Ritchie, Natalie Velez,

David Wineland, and Tien-Tien Yu.[65] Presented here are my own contributions to

the project.

4.1 Introduction

Precision measurements provide sensitive probes of temporal variations in

fundamental constants, both in terrestrial laboratories and in space. Among the most

powerful techniques are atomic-clock comparisons: by monitoring the ratio of two

independent atomic transition frequencies (which need not belong to the same species)

over time, one can place stringent limits on any drift in that ratio. These limits

translate into strong constraints on the couplings of ultralight dark matter (ULDM)

to photons, quarks, and gluons [13, 29]. The leading clock comparisons, however,

are only weakly sensitive to ULDM–electron couplings because near-cancellations

suppress the relevant frequency dependence.

Time-resolved spectroscopy offers a complementary approach. By repeatedly

measuring the absolute frequency of a single atomic or molecular transition, one can

search directly for time-dependent shifts induced by varying constants. This strategy

was pioneered by [66], who monitored electronic lines in iodine gas. SPectroscopy

for Ultralight Dark matter (SPUD) extends the idea to vibrational transitions in

hydrogen cyanide (HCN). Certain HCN lines are almost purely vibrational, greatly

enhancing sensitivity to couplings that modify nuclear masses, as discussed in

section 4.4.
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Figure 7. Conceptual schematic of the SPUD experiment.

Compared with clock-comparison experiments, time-resolved spectroscopy

sacrifices sensitivity but gains orders of magnitude in temporal resolution. This

enables SPUD-type experiments to probe ULDM masses higher than those currently

accessible to atomic-clock searches.

4.2 SPectroscopy for Ultralight Dark Matter: Experimental Setup

The SPUD experimental setup is conceptually straightforward, as illustrated

in figure 7. A narrow-linewidth laser is tuned (or slightly detuned) to a chosen

rovibrational transition of HCN, i.e. a transition between the vibrational and

rotational states of HCN. The beam passes through a cell containing dilute HCN

gas, and the transmitted power is recorded in real time with a fast photodiode.

Temporal variations of the fundamental constants—introduced in section 4.3

and quantified in section 4.4—shift the molecular transition frequency. As the

transition drifts, the fixed-frequency laser samples the evolving line shape, producing

an amplitude modulation of the transmitted light at the ultralight-dark-matter

oscillation frequency. That the frequency from the laser is fixed is justified in

section 4.5. This generates a spectrally narrow signal in the photodiode output that

can be searched for using standard spectral-analysis techniques.
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4.3 Linearly Coupled Ultralight Dark Matter

SPUD can, in principle, probe both linearly and quadratically coupled ULDM.

Screening by the Earth and its atmosphere, however, greatly suppresses signals

from quadratic couplings, so the experiment’s reach for that model is limited.

Experiments similar to SPUD have been proposed that are to be located in space,

these experiments1 would overcome this limitation and be sensitive to quadratically

coupled ultralight dark matter [67]. However with SPUD currently being earth bound,

we focus here on linearly coupled ULDM.

To model a linearly coupled ULDM candidate we extend the Standard Model by

a real scalar field φ and add to the Lagrangian

L ⊃
M2

pl

8π

(
∂µφ∂µφ−m2

φφ
2
)
, (4.1)

where Mpl = 1.22 × 1019GeV is the Planck mass, mφ is the ULDM mass, and φ is

unitless and it is related to a canonically normalized scalar field ϕ by φ =
√
4πϕ
Mpl

. The

linear interactions of φ with the Standard Model are parametrised by

L ⊃ φ
[ d(1)e

16πα
F µνFµν −

d
(1)
g β3
2g3

tr
(
GµνGµν

)
− d(1)me

meēe−
∑
i=u,d

(
d(1)mi

+ γmi
d(1)g

)
miψ̄iψi

]
, (4.2)

where α ≃ 1/137 is the fine-structure constant, β3 is the QCD beta function, g3 is the

QCD gauge coupling, and γmi
denote the anomalous dimensions of the light-quark

masses.

1Which we propose be called SPUDnik
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With φ treated as a classical background field, the interactions in equation (4.2)

induce fractional shifts in the fundamental constants:

∆α

α
= d(1)e φ, (4.3)

∆ΛQCD

ΛQCD

= d(1)g φ, (4.4)

∆mf

mf

= d(1)mf
φ, (f = e, u, d, s). (4.5)

Here ΛQCD is the QCD confinement scale and mf denotes the relevant fermion mass.

Assuming that φ constitutes all of the dark matter, the field oscillates about the

minimum of its potential with angular frequency mφ and amplitude

φ0 =

√
8πρDM

M2
plm

2
φ

≃ 7× 10−31 eV

mφ

, (4.6)

so that

φ(t) = φ0 cos
(
mφt+ δ

)
, (4.7)

where δ is some phase. Equations (4.3)–(4.5) together with (4.7) therefore imply that

the fundamental constants vary sinusoidally at angular frequency mφ.

The expressions above neglects finite velocity distribution of dark matter. In

reality, halo dark matter is virialised and possesses a velocity dispersion, leading to

a finite spectral width of order ∆ω/ω ∼ 10−6. This velocity distribution broadens

spectral support of the signal, as discussed in section 4.6.

4.4 Effect of ULDM on Molecular Spectroscopy

Temporal variations of the fundamental constants induce corresponding

oscillations in molecular transition frequencies at the angular frequency mφ. The

exact response depends on the type of transition.

For a purely electronic transition the energy scale is set by the Rydberg energy,

ωe ∝ ERy = 1
2
meα

2. (4.8)
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For a vibrational transition in a diatomic molecule,

ωvib ∝ ERy

√
me

µ
, (4.9)

where µ ≡ mAmB/(mA +mB) is the reduced nuclear mass.

For a rotational transition,

ωrot ∝ ERy
me

µ
. (4.10)

Applying equations (4.3) and (4.5) to equation (4.9) yields

∆ωvib

ωvib

= 2
∆α

α
+ 3

2

∆me

me

− 1
2

∆µ

µ

= 2
∆α

α
+ 3

2

∆me

me

− 1
2

( µ

mA

∆mA

mA

+
µ

mB

∆mB

mB

)
, (4.11)

where mA and mB are the nuclear masses. The dependence of mA,B on the

fundamental constants (and therefore on the ULDM field) is mass- and atomic-number

dependent; see Ref. [8] for a detailed discussion and derivation of the dependance of

mA and mB on fundamental constants

4.4.1 Non-relativistic Hamiltonian

To motivate the scalings in equations (4.8) to (4.10), we can neglect relativistic and

spin–spin effects and write the non-relativistic Hamiltonian for a diatomic molecule

as

H =
p2
A

2mA

+
p2
B

2mB

+
∑
a

p2
a

2me

+
∑
a<b

α

|ra − rb|
−
∑
a,A

αZA

|ra −RA|
+

αZAZB

|RA −RB|
, (4.12)

where capital indices A,B label the nuclei and lower-case indices label the electrons.

By separating electronic, vibrational, and rotational contributions and scaling

coordinates we can reproduce the energy dependences quoted above.
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We factor out the Rydberg energy ERy=
1
2
α2me and the Bohr radius a0 = 1/(αme)

to rewrite the full Hamiltonian as

H = ERy

[
me

mA

(
pAa0

)2
+
me

mB

(
pBa0

)2
+
∑
a

(
paa0

)2
(4.13)

+
∑
a<b

1

|ra/a0 − rb/a0|
−
∑
a,A

ZA

|ra/a0 −RA/a0|
+

ZAZB

|RA/a0 −RB/a0|

]
,

where capital Roman indices label nuclei and lower-case indices label electrons.

Within the Born–Oppenheimer approximation the electronic Hamiltonian for fixed

nuclear separation becomes

He = ERy

[∑
a

(
paa0

)2
+
∑
a<b

1

|ra/a0 − rb/a0|
−
∑
a,A

ZA

|ra/a0 −RA/a0|
+

ZAZB

|RA/a0 −RB/a0|

]
.

(4.14)

Because He/ERy is dimensionless and its dependence on fundamental constants enters

only through the scale a−1
0 , its eigenvalues can be written Ei(rA, rB) = ERy ui

(
|RA −

RB|/a0
)
, with the dimensionless functions ui independent of α and me. Hence a

purely electronic transition obeys ωe ∝ ERy, confirming equation (4.8).

Introducing the centre-of-mass momentum P = pA + pB, the relative coordinate

r = |RA − RB|, the reduced mass µ = mAmB/(mA + mB), and the total mass

M = mA +mB, the nuclear Hamiltonian becomes

HN = ERy

[
me

M

(
Pa0

)2
+
me

µ

(
pra0

)2
+
mea

2
0L

2

µr2
+ ui(r/a0)

]
, (4.15)

where pr is the momentum conjugate to r and L is the orbital angular momentum.

Near equilibrium we approximate ui(r/a0) ≃ κ (r/a0 − q0)
2, with dimensionless

constants κ and q0 that are again independent of α and me. In the centre-of-mass

frame this gives

HN = ERy

[
me

µ

(
pra0

)2
+
mea

2
0L

2

µr2
+ κ (r/a0 − q0)

2

]
. (4.16)
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The harmonic-oscillator frequency is

ωvib = ERy

√
κ
me

µ
∝ ERy

√
me

µ
, (4.17)

reproducing equation (4.9). The spatial width of a vibrational state is

1
√
meffωvib

= a0
(
me/µκ

)1/4 ≪ a0 ∼ q0a0, (4.18)

this implies that the radial wave function is supported away from r = 0 so vibrational

and rotational modes decouple. Writing the vibrational and rotational Hamiltonians

separately,

Hvib = ERy

[
me

µ

(
pra0

)2
+ κ (r/a0 − q0)

2

]
, (4.19)

Hrot = ERy

[
meL

2

µq0

]
, (4.20)

one finds ωrot ∝ ERyme/µ, confirming equation (4.10).

For general polyatomic molecules rovibrational structure is considerably more

complex [68, 69]. Nevertheless the α- and me-dependence of ωe, ωrot, and ωvib is

expected to follow the same scaling as in the diatomic case; the principal difference is

that each normal mode has a distinct dependence on the individual nuclear masses.

For the linear molecule hydrogen cyanide used in SPUD, the normal modes are

tabulated in Ref. [70] and can be employed to evaluate the mass dependence of ωvib

precisely. Using those results for the specific vibrational line employed by SPUD one

obtains

∆ωvib

ωvib

= 2
∆α

α
+ 3

2

∆me

me

− 1
2

∆µeff

µeff

≈ 2
∆α

α
+ 3

2

∆me

me

− 1
2

(
0.94

∆mH

mH

+ 6× 10−4 ∆mC

mC

+ 0.06
∆mN

mN

)
, (4.21)

where mH, mC, and mN denote the masses of 1H, 12C, and 14N, respectively.

Combining this relation with Eqs. (3.6)–(3.3) of Ref. [28], the strange quark
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contribution from [71], and with Eqs. (4.3)–(4.5) yields

∆ωvib

ωvib

≈ −0.46
∆ΛQCD

ΛQCD

− 0.02
∆m̂

m̂
+ 8× 10−4 ∆δm

δm
− 0.02

∆ms

ms

+ 1.5
∆me

me

+ 2
∆α

α

(4.22)

= φ
(
−0.46 d(1)g − 0.02 d

(1)
m̂ + 8× 10−4 d

(1)
δm − 0.02 d(1)ms

+ 1.5 d(1)me
+ 2 d(1)e

)
.

(4.23)

The SPUD experimental setup described in section 4.2 measures ∆ωvib/ωvib; the

expression above then translates the observation directly into constraints on the

ULDM couplings d
(1)
i .

We can compare equation (4.23) to dependance of the the specific transition of I2

used in experiment B of [66] on φ given below

∆ωI2

ωI2

= φ
(
−0.06 d(1)g − 0.006 d

(1)
m̂ + 2× 10−5 d

(1)
δm − 0.003 d(1)ms

+ 0.93 d(1)me
+ 2 d(1)e

)
.

(4.24)

Note that because that transition was mostly electronic and only slightly vibrational

the dependance on nuclear couplings is smaller than the nearly purely vibrational

transition used for SPUD.

4.5 Effect of ULDM on Laser

In the foregoing analysis we treated the laser frequency as fixed, a point that

deserves clarification. The laser frequency is set by the physical length of its optical

cavity, which may be viewed as an assembly of atoms. Because atomic dimensions

scale with the Bohr radius, the cavity length obeys LLaser ∝ a0 = (αme)
−1. However,

as long as the ULDM oscillation frequency exceeds the lowest mechanical (vibrational)

modes of the cavity, the cavity behaves as a rigid body owing to its large acoustic

impedance at those frequencies [72]. This condition holds throughout the dark-matter

mass range probed by SPUD, justifying our assumption of a constant laser frequency.
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4.6 Accounting for DM decoherence

The foregoing discussion ignores the finite velocity dispersion of the dark-matter

halo. Because the field is not perfectly at rest, it does not oscillate at a single

frequency. Within the Standard Halo Model the frequency distribution is described

by the frequency distribution [73, 61]

fDM(ω) =
2√

π v0vEmφ

exp
[
− 2

v20

ω −mφ

mφ

− v2E
v20

]
sinh
[2√2 vE

v20

√
ω −mφ

mφ

]
, (4.25)

where ω is the angular frequency of the field, v0 ≃ 10−3c is the local circular speed

at the Sun’s galactocentric radius, and vE is the Earth’s speed in the Galactic rest

frame. This implies that equation (4.7) is not exactly correct and instead φ(t) is a

random variable as described in section 3.3. This is relevant for SPUD because it

leads to the signal from the photodiode would having a finite spectral support.

4.7 Conclusions

This chapter has summarized the theoretical framework underlying SPUD. The

SPUD experiment is currently being assembled and commissioned as a demonstrator,

laying the groundwork for a future full-scale experiment. Ultimately, SPUD is

expected to be competitive with experiment B in [66], with the potential to probe

larger dark matter masses due to improvements in both the experimental setup and

data analysis.
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CHAPTER V

CONCLUSIONS

5.1 Other Constraints

Scalar ULDM with the couplings discussed in this paper is subject to several

constraints in addition to the BBN bound and equivalence principle violation

constraints discussed above. This includes atomic clock experiments directly looking

for varying fundamental constants, probes of cosmological structure formation, and

astrophysical constraints.

5.1.1 Experiments Looking for Varying Fundamental Constants

Precision measurements can search for temporal variation in fundamental

constants in labs on Earth and in space. By examining the stability of different

atomic frequency standards relative to each other, tight constraints can be put on the

temporal variation in the ratios of different atomic transitions (not necessarily of the

same species). This puts strong constraints on the coupling of ULDM to photons,

quarks and gluons [13, 29]. The most sensitive clock experiments are not sensitive to

the electron coupling due to approximate cancellations for the frequency comparisons

they make. Future improvements in this field may come from the development of

nuclear clocks based on the nuclear transition between the ground state and the first

excited state of the 229Th isotope. High precision frequency comparison of the nuclear

clock transition in 229Th and the atomic clock transition in 87Sr have all ready been

made [74]. This is the a major step towards a nuclear clock that could improve on

the current constraints by many orders of magnitude [57].

Matter-wave interferometry experiments are very sensitive to potential time

variation in atomic transition energy [75]. A large number of upcoming experiments

will probe interesting parameter space. A recent summary of progress in this field
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can be found in [57]. Among the most sensitive of such atom interferometers are

the Earth-based AION [55] and the space-based AEDGE [56]. The Earth-based

experiment is hampered by the screening effects discussed in the previous section.

These experiments are also sensitive to the electron and photon couplings.

5.1.2 Structure Formation

Cosmological structures cannot form on length scales smaller than the de Broglie

wavelength of the DM. To correctly reproduce structure formation, the DM must

therefore be sufficiently heavy. Observations of dwarf Milky Way satellites require

mϕ ≳ 3 × 10−21 eV [76, 77, 78]. Similar constraints come from measurements of

the subhalo mass function and observations of stellar streams [79, 80]. The large de

Broglie wavelength also delays structure formation compared to standard cosmology,

so complementary constraints arise from observations of small-scale structure at high

redshift. For example, the Lyman-α forest flux power spectrum requires mϕ ≳ 2 ×

10−20 eV [2].

The strongest lower bound on the mass of ULDM comes from observations of ultra-

faint dwarf galaxies (UFDs). The wave-like properties of ULDM cause DM density

fluctuations that transfer energy to stars through gravitational interactions leading

to dynamical heating of dwarf galaxies. Measurements of the velocity dispersion of

the UFDs Segue 1 and Segue 2 require mϕ ≳ 3 × 10−19eV [3]. Similar constraints

were claimed from observation of the dwarf galaxy Eridanus II [81]. However, that

analysis made strong assumptions about the solitonic core of the DM halo of Eridanus

II, which were relaxed in a more detailed analysis [82].
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5.1.3 Astrophysics

Astrophysical probes are also sensitive to the presence of interacting ULDM. In

particular, pulsar timing arrays can be used to constrain very light ULDM in a manner

complementary to the structure formation arguments discussed above [24, 25]. These

constraints are weaker than the constraints from structure formation and are thus

not shown here. At higher masses, constraints arise from superradiance. Bosonic

radiation incident on a rotating black hole can be amplified through a process called

black hole superradiance in which energy and angular momentum are extracted from

the black hole in a manner similar to the Penrose process [83] and results in the

spin-down of black holes [84]. The observation of old, rapidly rotating black holes can

therefore be used to rule out the existence of light bosons [85, 17, 86, 18, 19, 20, 21, 22].

Observations of solar mass black holes can be used to constrain light scalars with

masses in the interval [2.7 × 10−13, 6.1 × 10−12] eV [23]. Supermassive black holes

can also be used to constrain DM mass in the interval [2.9 × 10−21, 1.6 × 10−17] eV

[87, 86, 20, 54], although the spin measurements are not as robust as for solar mass

black holes and less is understood about the accretion disks, whose properties may

disrupt the superradiance process [84, 88]. Quadratically coupled ULDM will get an

effective mass from interaction with the accretion disk in the vicinity of a black hole,

potentially modifying the dynamics of superradiance. In the absence of a detailed

analysis of this effect, we restrict the superradiance constraints to couplings where

the induced mass from the accretion disk is subdominant to the bare mass,

m2
induced = d

(2)
i

2π

M2
Pl

2QiρBH ≪ m2
ϕ , (5.1)

where ρBH is the density of the accretion disc at the radius of the boson cloud, and

Qi is the dilatonic charge of the accretion disk as in [29]. Furthermore, we neglect
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any self-interactions. Such self-interactions can disrupt superradiance, potentially

weakening the bound further [89, 90, 23].

5.2 Conclusions

Ultralight dark matter is amenable to a wide array of complementary search

strategies that probe its parameter space. Dark-matter masses below 3 × 10−21 eV

are ruled out by observations of Milky-Way satellite galaxies, independent of any

coupling to the Standard Model.

Above that mass, the most stringent limits on the couplings of ULDM to

gluons, photons, electrons, and the anti-symmetric combination of quarks are the

Big-Bang-Nucleosynthesis (BBN) bounds derived in Chapter II. In this same mass

range, the leading constraints on the symmetric quark combination arise from the

equivalence-principle test performed by the MICROSCOPE satellite, discussed in

Chapter III. Although this constraint is weaker than—but complementary to—the

BBN bounds on the other couplings, forthcoming space-based experiments such as

Galileo could supersede the current limits.

For dark-matter masses in the interval 2.9 × 10−21–1.6 × 10−17 eV, black-hole

superradiance provides a lower bound on the allowed couplings. Combined with

the upper bound from BBN, these limits exclude quadratically-coupled ULDM that

interacts solely through the anti-symmetric quark operator throughout this interval.

If additional quadratic couplings are present, ULDM may remain viable only within

the narrow region bounded from below by superradiance and from above by the BBN

or equivalence-principle constraints.
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APPENDIX

APPENDICES TO Chapter III ON UPDATING EQUIVALENCE PRINCIPLE

TEST OF ULTRALIGHT DARK MATTER

A.1 Homogeneous solution

In this appendix we reproduce the calculation done in Ref. [29] on the effect

of quadratically coupled ULDM on equivalence principle violation experiments. As

in Ref. [29] we assume that φ approaches a homogeneous solution as |x⃗| → ∞;

consequently the X from equation (3.18) must tend to a constant at large |x⃗|. This is

possible only if k0 = 0, and it further requires X to depend solely on r = |x⃗|. Under

these conditions equation (3.18) reduces to

1

r2
∂r
(
r2∂rX

)
−m2

eff,⊕ θ(R⊕ − r)X = 0 , (A.1)

where m2
eff,⊕ ≡ m2

ϕ + m2
ind,⊕ with m2

ind,⊕ = α
(2)
⊕ 4πGρ⊕ = α

(2)
⊕

3GM⊕

R3
⊕
. Solving (A.1)

yields

X(r) =


1− A

r
, r > R⊕ ,

B
sinh
(
meff,⊕r

)
r

, r < R⊕ .

(A.2)

Continuity of X and ∂rX at r = R⊕ fixes

A =
meff,⊕R⊕ − tanh(meff,⊕R⊕)

meff,⊕
, (A.3)

B =
sech(meff,⊕R⊕)

meff,⊕
. (A.4)

Substituting this solution into equation (3.11) gives

η = 2
|⃗aA − a⃗B|
|⃗aA + a⃗B|

= s
(2)
C ∆ᾱ(2) φ

2
0

2

(
1− s

(2)
C

GMC

c2r

)
, (A.5)

where the effective scalar charge is

s
(2)
C = α̃

(2)
C J

sgn[α̃
(2)
C ]

(√
2

∣∣∣∣α̃(2)
C

GMC

c2RC

∣∣∣∣
)
, (A.6)
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with

J+(z) = 3
z − tanh z

z3
, (A.7)

J−(z) = 3
tan z − z

z3
. (A.8)

Equation (A.5) reproduces the result of Ref. [29].

The derivation above assumes that φ tends to a homogeneous value far from the

Earth. As discussed in section 3.3, however, φ constitutes the Milky Way’s dark-

matter halo and therefore possesses a distribution of orbital velocities relative to the

Earth. While it is reasonable to treat φ as spatially homogeneous on average over

many coherence times, the field is not strictly homogeneous at any given instant—even

in the absence of terrestrial screening. Nevertheless, in the long-wavelength (low-

mass) limit the expression in equation (A.5) remains valid, as shown explicitly in

section A.2.2.

A.2 Simplifying limits

A.2.1 Strong-coupling

In this appendix we show that if mind⊕R⊕ ≫ 1 and mind⊕ ≫ mφvesc then that

dark matter is almost completely screened from the earth and ⟨φ∇⃗φ⟩ is independent

of the coupling. The only dependence of ⟨φ∇⃗φ⟩ comes from Al. Rearranging equation

3.22 gives

Al = −
k0R⊕h

in
l+1(k0R⊕)− k⊕R⊕

jl+1(k⊕R⊕)

jl(k⊕R⊕)
hinl (k0R⊕)

k0R⊕houtl+1(k0R⊕)− k⊕R⊕
jl+1(k⊕R⊕)

jl(k⊕R⊕)
houtl (k0R⊕)

, (A.9)

Now note that in this regime k⊕R⊕ =
√
k20 −m2

ind⊕R⊕ ≈ imind⊕R⊕. And so

jl(k⊕R⊕) ≈ jl(imind⊕R⊕) (A.10)

≈ il

2

emind⊕

mind⊕R⊕

(
1− l(l + 1)

mind⊕R⊕

)
(A.11)
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Therefore

jl+1(k⊕R⊕)

jl(k⊕R⊕)
≈ i

(
1− l + 1

mind⊕R⊕

)
(A.12)

plugging this into equation A.9 gives

Al = − hinl (k0R⊕)

houtl (k0R⊕)
+O

(
1

mind⊕R⊕

)
(A.13)

So for sufficiently large coupling Al and therefore ⟨φ∇⃗φ⟩ are approximately

independent of the coupling.

A.2.2 Low-mass

In this appendix we show that if mφvescR⊕ < mφvescr ≪ 1 then the wavelength

of the dark matter is much longer than the size of the earth and the distance to

MICROSCOPE so appears to approach a homogeneous solution far from the earth.

In this regime the homogeneous solution calculation is valid. This can be derived

from the full calculation as follows. Rewriting

Al − 1 = −
k0R⊕

(
hinl+1(k0R⊕) + houtl+1(k0R⊕)

)
− k⊕R⊕βl

(
hinl (k0R⊕) + houtl (k0R⊕)

)
k0R⊕houtl+1(k0R⊕)− k⊕R⊕βlhoutl (k0R⊕)

(A.14)

= −2
k0R⊕jl+1(k0R⊕)− k⊕R⊕βljl(k0R⊕)

k0R⊕houtl+1(k0R⊕)− k⊕R⊕βlhoutl (k0R⊕)
(A.15)

≈ 2
k⊕R⊕βl

(k0R⊕)l

(2l+1)!!

k0R⊕i
(2l+1)!!

(k0R⊕)l+2 − k⊕R⊕βli
(2l−1)!!

(k0R⊕)l+1

, (A.16)

= −2i
((k0R⊕)

2l+1

((2l + 1)!!)2
k⊕R⊕βl

1− k⊕R⊕βl/(2l + 1)
, (A.17)

≈ 2
((k0R⊕)

2l+1

((2l + 1)!!)2
mind⊕R⊕βl

1− imind⊕R⊕βl/(2l + 1)
, (A.18)

= O((k0R⊕)
2l+1) (A.19)
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with βl =
jl+1(k⊕R⊕)

jl(k⊕R⊕)
. Having used

jl(z) ≈
zl

(2l + 1)!!
, (A.20)

houtl (z) ≈ i
(2l − 1)!!

zl+1
, (A.21)

Inserting into equation 3.21 gives

Rl =
1

2
(hinl (k0r) + Alh

out
l (k0r)) (A.22)

= jl(k0r) +
1

2
(Al − 1)houtl (k0r) (A.23)

= O((k0r)
l) +O((k0R⊕)

2l+1)O((k0r)
−l−1) (A.24)

= O((k0r)
l) , (A.25)

Therefor at leading order only the l = 0 term contributes to equation 3.26

Xk0(x⃗) = 4π
∞∑
l=0

l∑
m=−l

ilRl(r)Y
m
l (x̂)Y ∗m

l (p̂) (A.26)

= R0(r) +O(k0r) (A.27)

= j0(k0r) +
1

2
(A0 − 1)hout0 (k0r) +O(k0r) (A.28)

= 1 +
1

2

(
2k0R⊕

mind⊕R⊕β0
1− imind⊕R⊕β0

)
i

k0r
(A.29)

= 1 +
imind⊕R⊕β0

1− imind⊕R⊕β0

R⊕

r
(A.30)

. (A.31)

writing |x| = r. Note that

z
j1(z)

j0(z)
= z

sin(z)−z cos(z)
z2

sin(z)
z

= 1− z cot(z) , (A.32)

so

imind⊕R⊕β0 = 1−mind⊕R⊕ coth(mind⊕R⊕) , (A.33)
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so

Xk0 = 1 +
1−mind⊕R⊕ coth(mind⊕R⊕)

mind⊕R⊕ coth(mind⊕R⊕)

R⊕

r
(A.34)

= 1− mind⊕R⊕ − tanh(mind⊕R⊕)

mind⊕

1

r
(A.35)

= 1− A

r
, (A.36)

which the same as equation A.2 from section A.1. Therefor the dark matter wave

function and consequently the Eötvos are as given by the homogeneous calculation.
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