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Abstract

The local spectral statistics of random matrices forms distinct universality
classes, strongly depending on the position in the spectrum. Surprisingly, the
spacing between consecutive eigenvalues at the spectral edges has received lit-
tle attention, where the density diverges or vanishes, respectively. This different
behaviour is called hard or soft edge. We show that the spacings at the edges
are almost indistinguishable from the spacing in the bulk of the spectrum. We
present analytical results for consecutive spacings between the kth and (k + 1)st
smallest eigenvalues in the chiral Gaussian unitary ensemble, both for finite-
and large-n. The result depends on the number of the generic zero modes v
and the number of flavours N, which are given in terms of characteristic poly-
nomials, as motivated by quantum chromodynamics (QCD). We find that the
convergence in n is very rapid. The same can be said separately about the limit
k — oo (limit to the bulk) and v — oo (limit to the soft edge). Interestingly,
the Wigner surmise is a very good approximation for all these cases and, apart
from k = 1, shows a deviation below one percent. These findings are corrob-
orated with Monte-Carlo simulations. We finally compare for kK = 1 with data
from QCD on the lattice, being in this symmetry class.
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1. Introduction

One of the cornerstones in applying random matrix theory is the local level spacing distribution.
It provides a statistical description of the spacing between consecutive eigenvalues. For that
purpose, the mean level density around the point where we zoom in has to be unfolded, meaning
it is mapped to be approximately constant, see [1]. Then, the energies are measured in units
of this constant. This procedure applies to the bulk of the spectrum. The spacing distribution
continues to be a popular tool in today’s applications, ranging from quantum spin chains [2],
quantum circuits [3], chemical isotopes [4] and graphene [5] to classical integrable systems
[6] and theoretical studies [7], which are all from past year. We refer to [1, 8] for a list of more
topics and references therein.

Let us also look back at the classical papers where the spacing distribution has
been proposed in the study of quantum systems displaying chaotic behaviour, the Bohi-
gas—Giannoni—Schmit conjecture [9], cf [10]: quantum systems that are fully chaotic follow
random matrix statistics. This field of research has been subsumed and influenced by Haake’s
famous book [11] in several editions. Let us mention an important mathematical contribution
of Haake in this context. Together with Dietz [12], he has carried out a precise expansion of the
true spacing distribution for the classical random matrix ensembles for comparison with data,
that we will use as well. This expansion is the one developed by Padé [13], who introduced an
expansion in rational functions instead of polynomials, as it is common for the Taylor expan-
sion. This approximation for the level spacing distribution by Dietz and Haake goes beyond the
frequently used Wigner surmise. At the same time, it proves a practical expression compared
to a truncation of the infinite product of Fredholm determinant eigenvalues in Mehta’s book
[14], given in terms of an integral over spheroidal functions. In parallel, Haake has pursued an
impressive research programme to prove random matrix statistics from a semi-classical expan-
sion, culminating in [15]. This has lead to a much deeper understanding of chaotic quantum
systems.

A second example where the random matrix approximation is very well understood is the
low-energy Dirac operator spectrum in quantum chromodynamics (QCD) introduced in [16],
which has motivated our study. Here, the spectral edge representing a hard edge is focussed
on, zooming into the origin where the lowest eigenvalues are located. Without going into detail
of the vast literature on the application to QCD, and on comparing to lattice data from first
principle lattice QCD simulations, cf [17, 18], let us focus on random matrix questions. In
this field, typically the local density correlation functions, given by the universal Bessel-kernel
[19], and the distributions of the smallest eigenvalues [20—22] are employed for comparison.
However, few works have applied the level spacing distribution as a measure for random matrix
statistics, both at the hard edge [23—-25] and in the bulk of the spectrum [26]. Averaging over
several consecutive spacings, a good agreement was found at the hard edge below the chiral
phase transition. Only in the vicinity of the phase transition deviations from the bulk spacing
were found [23, 24, 27, 28]. It came as a surprise to us, that no analytical results were available
at the hard edge for the spacing distribution, and that at least on average the bulk spacing leads
to a good description.

In the present article, we will provide a closed form analytical expression for the spacing
distribution in the chiral Gaussian unitary ensemble (xyGUE) that is relevant for QCD with
three colours in the fundamental representation, and other strongly interacting field theories
which lie in the same universality class. We consider the spacing between two consecutive
eigenvalues close to the origin, beginning with the smallest and second smallest eigenvalue.
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Our derivation follows ideas from the computation of the distribution of individual eigenval-
ues at the hard edge, starting with the smallest one [20—22]. The resulting spacings depend on
several parameters of the ensemble, the number of exact zero eigenvalues v, that is related
to the gauge field topology, and a fixed number of (light) quark flavours Ny with masses
my. Our results hold for finite matrix size n and in the asymptotic microscopic scaling limit
n — oo. It provides an alternative to the somewhat heavy machinery of analysing the Fredholm
determinant of the underlying integral kernel, that typically leads to an expression including
Painlevé V differential equations [29]. In contrast, we will obtain expressions in terms of k-fold
integrals over a determinant of Bessel-functions of size Ny + v + k for the kth spacing.

Moreover, we will find that, both at finite (even small) matrix dimension n, as well as asymp-
totically at large n, the spacings at the hard edge are very close to the GUE bulk spacing
distribution, including a very weak dependence on v and Ny. The deviations range from one
percent to only a few per mill when varying the parameters. Hence a comparison to QCD lat-
tice data, that we also undertake, does not allow to discriminate between the two, even for the
smallest to second smallest eigenvalue spacing at k = 1. The situation at the soft edge is very
similar, where the random matrix eigenvalue density vanishes as a square root. Here, appar-
ently so far only the local Airy-kernel [30] and distribution of the largest eigenvalue [31] were
studied, but not the spacing distribution. Even if we cannot offer analytical results in the soft-
edge case, our numerical investigation suggests that also the spacing between the largest and
second largest eigenvalue is very close to the bulk spacing. This is numerically corroborated
at the inner soft edge when v > 1, too.

Let us emphasise that we are studying the transition between two different local random
matrix statistics, that is in our case the Bessel-kernel and sine-kernel statistics. Those statistics
also appear in the transition ensembles between the YGUE and GUE, where the former ensem-
ble has chiral symmetry. Such a transition has been studied on the level of correlation functions
[32, 33], where it is very pronounced and relevant for the Wilson Dirac operator spectrum [34].
In contrast, for the observable of consecutive level spacings the difference between the two
ensembles turns out to be tiny at the origin (the hard edge), and we are almost immediately
in the bulk. The transition between different random matrix symmetry classes is a classical
question and has been studied in the bulk [35] and at the edges [36]. We will not touch upon
another transition, between quantum chaotic and integrable behaviour which is generically
Poisson, compare [11].

The remaining article is organised as follows. In section 2, we study the limit from the hard
and soft edge to the bulk, by taking the large argument asymptotic of the universal Bessel-
and Airy-kernel, respectively, that yields the universal sine-kernel in the bulk. This provides a
convergence rate at the level of the density correlation functions. Section 3 discusses general
expressions for the gap probability and kth spacing distributions in terms of a k-fold integral
over the ratio of partition functions with N¢ 4+ v + 2k flavours. These are then evaluated in
section 4 for the yGUE at finite matrix dimension #n, yielding compact determinantal expres-
sions of the size of Nt + v + k flavours. In section 5, we take the large-n limit at fixed v and
Nt which is known to be universal. The convergence of our analytical results for the hard edge
spacing towards the bulk spacing is illustrated for quenched (Ny = 0) and unquenched settings
(N¢ # 0), and compared to the approximation of the bulk spacing through the Wigner sur-
mise. Section 6 contains the comparison to data from lattice QCD, and in section 7 we present
our conclusions. In appendix A we collect the exact expression for the GUE bulk spacing
distribution from [12].
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2. Transition from Bessel- and Airy- to the sine-kernel

The spacing between consecutive eigenvalues of random matrices with unitary symmetry in
the bulk of the spectrum is well-approximated by Wigner’s surmise [1, 11] for 2 x 2 GUE
matrices,

328 4o
pWigner(s) = ?6 47/ .

ey
We will also give a much more precise expression in appendix A, cf [14], which is universal.
In the present case of the YGUE also called complex Wishart—Laguerre ensemble, deviations
should show up at the hard edge because there the k-point correlation functions differ from the
ones in the bulk of the spectrum.

Before we address this question in terms of the nearest neighbour level spacing distribution
in detail, see section 3, let us investigate the transition on the level of the kernel of the underlying
limiting determinantal point process, that is the transition from the Bessel-kernel at the hard
edge to the sine-kernel in the bulk. Additionally, we also discuss the transition from the Airy-
kernel at the soft edge to the sine-kernel in the bulk for completeness. Although we do not have
analytical results at the soft edge, we will numerically study this transition for the spacing as
well in section 5.3.

The eigenvalue statistics of the YGUE follows a determinantal point process. This means
the k-point correlation function of the eigenvalues has the form

Ri(x1, ..., x) = det [K(Xq, Xp)|ap=1.. ks 2)

with correlation kernel K(x,, x). This holds already at finite matrix size, see (48) in section 4,
as well as in the asymptotic scaling limit in the bulk, at the hard and soft edge. For example,
the microscopic level density is given by p(x) = R;(x).

The difference between the eigenvalue statistics at different locations in the spectrum can
be seen in the kernel which is the sine-kernel [14] inside the bulk of the spectrum,

Ksine(.xa,xb) = W, (3)

and the Bessel-kernel [29, 30] at the hard edge of the spectrum,

thu(xa)Ju—l(-xb) - xajlz(xh)JI/—l(xa)
xz—x? ’

K, (x4, Xp) = \/XaXp

4
where J, is the Bessel function of the first kind and the index v counts the number of zero

eigenvalues, measuring the strength of the repulsion from the origin. The Airy-kernel [30, 31]

Ai(x)AT'(xp) — Al (xq)Ai(xp)

Xa — Xp

KAiry(xaa Xp) = S
is obtained at the soft edge of the spectrum, with Ai(x) and Ai’(x) the Airy function (of the first
kind) and its first derivative. All three kernels are universal for a broad class of systems and hold
for a much larger class of unitarily invariant ensembles of random matrices than Gaussian, see
the review by Kuijlaars [8, chapter 6]. For an extension to orthogonal and symplectic ensembles
see the book by Deift and Gioev [37].

In principle, all spectral information is contained in the kernels in the respective region of
the spectrum, including the spacing distribution. To assess the latter, one typically uses the gap
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probability, the probability P, ) that an interval [a, b] does not contain eigenvalues, expressed
in terms of the Fredholm determinant of the corresponding kernel,

Prop = det[1 — Kig ], (6)

where the integral operator is

b
Kiapp(x) = / K(x, y)o(y)dy, (N

for an arbitrary (L*-integrable) test function ¢. The spacing distribution then follows by differ-
entiation, as it is explained in more detail in section 3. However, we will not follow this route
of Fredholm determinants and compute the spacing distribution in a different manner.

The second information that can be retrieved from the kernel is the mean level spacing. It
follows from the microscopic level density at large argument, which yields the macroscopic
level density at that point in the spectrum, which gives the inverse mean level spacing. This
quantity is important for the unfolding of the spacing distribution. From the sine-kernel we
have

Rl,sine(-x) = K@ine(x, X) = 1, (8)

that is the mean level spacing is already normalised to unity. For the Bessel density we obtain
after using 1’Hopital’s rule

x—o0 1

R, (x) = K, (x,0) = 5 (o) = Ju 1 (0, 41(x)) — €)

N =

implying that the mean level spacing is 7 in this normalisation of the Bessel-kernel. We will
come back to this point in section 5. The soft edge is an exception, as here the macroscopic den-
sity vanishes at the point we zoom in. However, also here is it possible to unfold the spectrum
and we refer to [38].

The Bessel-kernel can yield the Airy- as well as the sine-kernel in certain limits, which is
rather expected. For instance, a large index v pushes the spectral edge away from the origin so
that it becomes a soft edge, see e.g. [39], where this transition is studied on a microscopic level.
This limit is not in our main focus in the present work. On the other hand, when taking the limit
of large arguments in the Bessel-kernel, moving away from the hard edge, the sine-kernel is
obtained. We are interested how much the hard edge statistics differs from the bulk statistics
and will quantify this below in such a large-argument expansion.

To understand how the Bessel- and the sine-kernel are related, one needs to exploit the
following asymptotic expansion of the Bessel function [40, equation (10.17.3)]

T,(x) = ,/% {Cos (x - §(2u+ 1)) o G)} . (10)

The aim is to asymptotically expand the Bessel-kernel for x,, x, — oo, under the condition
of a fixed difference x, — x;. In the kernel (4), we only encounter the product of two Bessel
functions, such that we consider the asymptotic expansion

Ju(xa)-]u— 1 (xh) -

1
X

1 ¥ .
e [(—1) cos(x, + xp) + sin(x, — xp) + O ( )} . (11)

5
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Plugging these terms into the kernel, we either have to symmetrise or anti-symmetrise these
terms in x, and x,. Thence, we arrive at the expansion

_ sin(x, — xp) o ,€os(x, + xp) L
K, (xa, xp) = iy — xp) (=1 Gt 1) +0 (xi,h) . (12)

Let us point out that we have taken x,, x, > 1 to be of the same order. Below we will also
assume that x, + xp > |x, — Xp).

The sine-kernel can be easily identified as the first term in (12). The question is whether
the 1/(x, + xp) can be cancelled by an unfolding transformation. For that we underline that,
after unfolding, the bulk level density is simply equal to unity, highlighting the translation
invariance, cf [1]. In the current situation, the level density corresponding to the kernel (12) is
equal to

pmw:1<vﬁ4r9¥@§+0(%). (13)

T 2x0 X

We note that we understand x, = xo + dx, and x, = x + dxp, with dx, and dx;, being kept
fixed in the asymptotic xo > 1. The unfolding works along the formula

Xo+0xq : o
by = / Py = {5% 1y sin(2xg + 20x,) sm(Zxo)} Lo <6x§, 1) ,

2
o 4xy X

1
m
(14)

and ditto for y, and xj, = xo + dx,. This relation is born out of the requirement dy, = p(xo +
0x,)ddx, so that the level density in y is p(y) = 1, as it is for the sine-kernel. This relation can
be inverted by recursively inserting d.x, in the non-linear part, which leads to

Oxa = mya + (—1)"

in(2 2my,) — sin(2
sin(2xq + 27my,) — sin(2xg) Lo (
4X()

ox2, %) . (15)
X,

0

From the first term we see that in this way we rescale the mean spacing of the Bessel-kernel
from 1 /7 to unity. Plugging this into (12) and multiplying the kernel with the Jacobian of this
transformation, we eventually arrive at

1
Vp(xo + 0x4)p(xo + 0xp)

K, (xo + 0x4, x0 + 6x3)

sin[r(va — yp)] s’ [7Qa — yp)]

= sinc(ya,yb) + (_1)V l:

(Vg — Vb) 7Tz(ya - yb)2
y cos[2xg + 7(ya + yp)] Lo (g) . (16)
2)(0 X0

The calculation above shows that indeed the rate of convergence of the Bessel-kernel to the
sine-kernel goes with 1/x( which is not very fast. Thus, it is rather amazing how close the level
spacing distribution at the hard edge is to the one in the bulk, as we will see in section 5.2.
It looks more like a 1/x3 convergence than 1/x,. The reason is that one fixes the distance
s =Yy, — ¥, and integrates over the centre of mass y = y, + y,. This strongly suppresses the
pre-factor of the leading correction—it might be equal to zero which we have not checked in

6
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the present work. Indeed, for the two-point correlation function, we obtain

1
p(xo + 0xa)p(xo + 6xp)

R> (xo + 0x4, X0 + 0xp)

_ S0 =30y sinlnha = 3]

=1 2(—1)
T2 (Ya — Yb)? =1 T(Va — Vb)
sin[2m(ye — yp)]  sin’ (7 — yp)l 1]
T(Ya — ¥b) T2 (Yo — Yb)?
" cos[2xg + T(ya + yp)] Lo <lz> _ (17
2x9 x5

When integrating over y = y, + y;, as it has to be done for the level spacing distribution, we
see that the leading order correction vanishes,

L
lim — d
L—oo 2L /% Y p(xo + 0xp)p(x0 + 0xp)

sin?[7(va — y»)] ( 1 )
=1-"="1 2210
72 (Ve — Yb)? i

Ry (xo + O0Xxg, X0 + (5)6[,)

2 (18)
This heuristic argument works in general for all k-point correlation functions, so that their aver-
age starts from 1/x3, and as the level spacing distribution between two consecutive eigenvalues
is described by such an average, see section 3. We expect that this may explain our numerical
observation of a faster convergence of the level spacing distribution from the hard edge to the
bulk limit.

Since the analytical expression which we derive in the ensuing sections are too complicated
to actually see whether this argument regarding the rate of convergence is indeed the case, it
remains an open problem.

Finally, let us briefly describe the limit from the Airy- to the sine-kernel. In the scaling
limit leading to the Airy-kernel (5), the bulk statistics is attained by taking the limit of large
negative arguments. Therefore, we consider arguments x, = —x, x;, = —Yy in (5) and take the
limit x, y — oo. The asymptotic expansion of the Airy function and its derivative read

. 1 1 2
Al(—.x) = W (COS(C — 7T/4) + O (C)) 5 C: §X3/2, (19)
1/4 1 2
Ai'(—y) = yﬁ (sin(n —7/4)+0 (n)) , n= gy3/2, (20)

cf [40, equations (9.7.9) and (9.7.10)], respectively. Rather than starting with the unfolded
Airy-kernel [38, equation (VI.16)], we will depart directly from (5) and attain the sine-kernel
through a change of variables. Multiplying out, we have for x,y — oo

_ 1 Y\ 1 X 1 .
Kairy(—x, —y) = 2r(x—y) [((x) + (y) ) sin(¢ —n)
Wi /x4 11
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When changing variables from x,y to (,7, we need to take into account the Jacobian
(symmetrised in both entries) (2/3)3 (¢n)~%, which needs to be multiplied with the kernel,

1 sin(¢ — n) cos(C +n) 1
KAiry(C; 77) - 37 1 1 n 1 - 1 1 n 1 + O - |- (22)
T3 (C? - 773) (Cm)3 (C? +77?) %
Here, the correction term is to be understood using ¢, 7 =~ (, > 1. The first term does note
quite yet look like the sine-kernel. However, an expansion about the base point ¢, yields the
correct terms,

2 11 2
1 3 ip3 3 1
NSRS UL/ 23)

3@t (¢h-nt)  3emic-m o

where only the difference between ( and 7 (or powers thereof) is of order unity. Thus, the first
terms of (12) and (22) do agree. The second term, whose prefactor is approximately

1 1 1
3cmt (cHant)  agiag 6

(24)

can be absorbed via unfolding using the same route as starting from (12). Thus, we expect the
same rate of convergence from the soft edge to the bulk statistics like at the hard edge.

To highlight and get a feeling how close the two edge statistics are, we need to unfold both.
This is particularly important as it is known [39], that the Bessel-kernel becomes the Airy-
kernel when taking the limit v — oo, while the edge will be located at x = v, see [42]. To make
both kernels, especially the Bessel-kernel with its varying parameter v, comparable, we need
to properly unfold the microscopic spectrum. For the Airy-kernel (5), we have already seen
that the unfolding is given by x = —sgn(A\)(37|\|/2)*/? with A € R. The factor w guarantees
that the mean level spacing is equal to 1, and the minus sign reflects the spectrum at the origin
so that the bulk will be to the right-hand side as it is for the Bessel-kernel. The sign sgn(\)
of A has to be dealt with separately, because of the root that has to be taken. Taking the limit
Xa» Xp — —sgn(A\)(37|A|/2)?/? by applying I’'Hopital’s rule, and multiplying the kernel with
the Jacobian [272/(3|\|)]'/3, the unfolded microscopic Airy level density is given by [38]

4 1/3 "
R(l(ﬁf()‘) = Sgn()\)<37r |)\> Ai? (— Sgn()\)rﬁp‘} )

2 2

22\ 3 2 37| Al 2/3
+<3|—>\> Ai —sgn()\){—2 ] . (25)

The superscript co indicates that this expression agrees with the properly unfolded Bessel-
kernel density (9) in the limit » — oo. Evidently there will be a singularity at the origin, which
is a relict of the unfolding and has no deeper meaning, cf, figure 1.

To get the proper unfolding for all v of the hard edge statistics, we start from the integral
representation of the Bessel function

J,(x) = /7T explix sin(p) — iuw]g—f, (26)

for an arbitrary integer v € Ny. For large x > 1 and v > 1, regardless what kind of relation
they have, it is clear that the saddle point equation gives x cos(y) = v. This can be only solved

8



J. Phys. A: Math. Theor. 55 (2022) 194002 G Akemann et al
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Figure 1. The properly unfolded microscopic level densities of the Bessel-kernel result
(32) for v =0 (blue solid curve), v =1 (red finely dashed curve), v = 20 (green
coarsely dashed curve), and v = oo (black solid curve). The latter agrees with the
unfolded Airy-kernel result (25) reflected at the origin. As a guideline we have added the
asymptotic unfolded level density, which is equal to the constant 1 (solid black horizon-
tal line) and the half-sided picket fence spectrum (spectrum of the harmonic oscillator),
with eigenvalues at n + 1/2 (dashed horizontal lines). These auxiliary lines indicate the
proper unfolding of the spectra. The singularity at the origin is a relic of the unfolding,
as it is not smooth at the macroscopic (as well as mesoscopic) spectral edge, cf [38].

when x > v, hinting at the creation of a soft edge. In the regime x > v, via standard stationary
phase approximation the Bessel function becomes as follows

1 /2 1 v? v T
T,(x) ~ 7T\/:(1_1/2/}62)1/4 cos [x\/l — 5 — v arccos (;) - 4] . Q7

In particular limits, this agrees with the asymptotic in [39, theorem 1.3]. A simple comparison
with (10) shows that the proper unfolding is equal to

1 / 2
)\:g(x):; [x 1—%—Varccos (g)} , forx>w. (28)

As a check, the Taylor expansion gives the behaviour A oc (x/v — 1)*? in the limit v/x ~ 1,
which is the unfolding of the Airy-kernel. To mimic the sign sgn(\) that has appeared for the
unfolding of the soft edge statistics, we choose

1 [ 2
A=gkx) = p [x % — 1 — varccosh (%)] ,  when x < v. 29)

One can check that g(x) is monotonously increasing on R . Indeed again a Taylor expansion
about v/x = 1 gives the proper unfolding of the soft edge statistics. To invert the relation
between x and A we have exploited the integral formula

) = / 00 — g1, (30)
0
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where © is the Heaviside step function. The Jacobian of this substitution is

™

d_x()\) - NGBS l/z/xz()\),x(k) >, )
") T
ﬁ/ﬂ()\) — x(N\) < .

Thus, the unfolded Bessel-kernel is given by

RN = ( ! L2600 = Ju e GOW, 41 OV)] j—i(x). (32)
It indeed satisfies the point-wise limit lim,_,c R lunf()x) R(l‘fjl)lf(k) for fixed A, see (25) and
figure 1.

The unfolded microscopic level densities (25) and (32) are illustrated in figure 1. All curves
from v = 0 to ¥ = oo almost perfectly agree, starting from the fourth eigenvalue. Hence we
would not expect a big difference in any of the level spacing distributions. For v = 20 the
Bessel-kernel seems to agree with the Airy-kernel even from the first eigenvalue, judged with
the bare eye. Hence, we also expect a quick convergence in increasing v. The biggest deviation
for the level spacing distribution might be seen between the first and second eigenvalue for

v=0.

3. Gap probabilities and level spacing distributions

Let us underscore that most of the ensuing discussion in the present section holds for arbitrary
positive real spectra with a finite number of eigenvalues. Thus our particular choice of an
ensemble can be readily generalised.

We start from a generic joint probability density P,({x}) of the set of n unordered eigenval-
ues {x} = {x;}/_,, with x; € Ry forall i = 1,...,n. The emphasis on ‘unordered’ is impor-
tant, as some combinatorial constants depend on whether the eigenvalues have been ordered or
not. In our case, the normalised joint probability density of the YGUE [16, 41] with Ny inserted
characteristic polynomials is given by

n N¢
P ({x}) = AT (2 e [+ md ). 33
=1

j=1

Z(Nt)({ })

with the Vandermonde determinant defined as A,({x}) = [[;<,p<,(*» — x,). This density

depends on several external parameters: Ny masses {m} = {m f}jf\-/f:l, the quark masses in appli-
cations to QCD, and the topological charge v € N counting the number of zero eigenvalues of
the Dirac operator (rectangularity of the n x (n + v) random matrix). For more details in this
relation to QCD we refer to [18]. The normalisation constant (partition function) is denoted by

z)t ({m}) = / dup . de, A, (2D | 22 e H(x +mj) | . (34)
[0,00)"

j=1

As already mentioned, one common technique to compute the level spacing distribution is via
gap probabilities using Fredholm determinants, see [8]. These yield the probability that a cer-
tain interval is void of eigenvalues. As we aim for the level spacing distribution between a
specific pair of consecutive eigenvalues, we define the kth gap probability as follows. It imple-
ments the condition that k eigenvalues lie below the gap, and the remaining n — k eigenvalues

10
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are above the gap. When the gap is the interval [a, b] € R, this conditional gap probability is
defined by the n-fold integral
n!

Ei([a,b]) = m/[(),ajkdXI . ka/[b,oo)"kkaH odx,Py({x D). (35)
The combinatorial pre-factor takes care of the fact that the eigenvalues are unordered and
ensures the proper normalisation. For k = 0, only the second set of integrals is present, that
is all eigenvalues are larger than or equal to b. The gap probability can be also expressed
in terms of the kernel of the corresponding orthogonal polynomials, that is the generalised
Laguerre polynomials for the YGUE at Ny = 0, see section 4. However, we will directly
compute the spacing distribution in a different way to be introduced now, circumventing the
problem to determine the orthogonal polynomials when introducing Ny flavours in the weight
function.

When taking the mixed second derivative of equation (35) in @ and b for k > 1, we obtain
the joint density that the kth eigenvalue sits at the position a and the (k 4 1)st eigenvalue at
the position b. Defining the spacing s = b — a, and integrating over their starting pointa = xi,
yields the level spacing distribution between the kth and (k + 1)st eigenvalue,

n! o0
n - dx dx;...dx;_
PralS) = i =k = 1)!/0 k/w,xkjkl A G

X / dxggo . dx,Pu(X1, - oy Xk X+ Sy Xk 2, - - -5 Xp)-
[ +s,00)" k=1

(36)

Here, we explicitly spell out the arguments of the joint density P,({x}). When k = 1 the set
of integrals over [0, x;] is absent. It can be shown that the spacing distribution is properly
normalised for all &, foocds Dra(s) = 1, cf [43, appendix A].

Our aim is to study the spacing for the smallest eigenvalues. Therefore, we fix the small-
est k+ 1 in the large n-limit. This means that the integral over the remaining n —k — 1
eigenvalues can be understood as being proportional to a partition function of n —k — 1
eigenvalues, depending on an extended number of shifted masses. Indeed, a standard trick

[22] is to define new variables y; = \/xl%+1+j — (xx+s)?forj=1,...,n—k — 1. These can

be interpreted as eigenvalues of a positive definite Hermitian random matrix of dimension
(n—k—1) x (n—k—1+2). The expression for the level spacing distribution in terms of
the shifted variables only changes marginally

n! *©
n — d dx;...dx;_
PralS) = i — k= 1)!/0 x"/l(),_xk]kl A G

dy v
X/ YiYj

(0,00 41 550\ [y 4 (i + )2
X Py <x1,~~~,xk,xk+s,\/y%+(xk+s)2a~~~’\/yi_k_1+(xk+s)2>- (37)

Once again we have explicitly spelled out the arguments of the joint probability density.
At first glance, the expression (37) looks more cumbersome than the one we started from.
Yet, for the joint probability density (33) of the YGUE with Ny flavours this is a considerable

1



J. Phys. A: Math. Theor. 55 (2022) 194002 G Akemann et al

simplification, because it relates two joint probability densities of the same random matrix
ensemble, but for different matrix sizes and different numbers of masses. In particular, using
that the Vandermonde determinant is invariant under translation of its variables, and the fact
that it can be split in terms of two sets of variables as follows,

Ap(X1y e X152 - o Znmi=1) = D1 (X1 oo, X DDk 1 (215 - - Znmi—1)

k+1n—k—1
< [T II @ —x». (38)

i=1 j=lI

it holds that

Pf,l\i{) (xl,...,xk,xk+s,\/y%+(xk+s)2,...,\/y%k1 —|—(xk+s)2>

1

n—

k—
<Al ———
=1 \/yj+(xk+s)2

_ g\rltf)k 1({’”})
Z5P({m})

Apgr (xT, X (o + S)z)z(xk 4 syl (e Rt?

Nf k
[T G+ 92 +mdy | TT {3 *e H @) | PR (0)) . (39)
f=1 j=1

Here, we have defined an extended number of flavours

Ne = Ny + v + 2k. (40)

The enlarged set of Ny (shifted) mass parameters is reading

{m} = {xk+s,...,xk+s,\/m%+(xk—|—s)2,...,\/mlz\,f+(xk+S)2,

X \/(xk+s)2—x%,\/(xk+s)2—x%,...,\/(xk—|—s)2—x,%, \/(xk—|—s)2—x,%}. 41)

The set of new masses (x; + s) is v-fold degenerate, whereas the masses 4 /(x; + 5)% — x?

are two-fold degenerate for j = 1,..., k. Obviously the last two masses can be simplified to
V/$(2x; + 5). Notice that the shift has promoted the v zero-eigenvalues in (33) to become degen-
erate mass-terms, whereas the squared Vandermonde determinant has created a fixed number
of zero-eigenvalues v = 2 in the new variables y,,...,y, ;.

This relation has been exploited several times in the literature [20—22]; In our case, it creates
a short-cut as the pre-factor in front of the joint probability density P(Zj\if)_ 1 ({ y}), the ratio
of two partition functions, is y-independent. Hence, the integral of P(ZA,’fl w1 ({y}) overall its
eigenvalues y,,...,y,_,_; yields unity, so that we end up with a k-fold integral for the level

spacing distribution of the YGUE with Ny flavours

12
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WND oy n! /Ood / dr d
Prn (s) *k—Dln—k—1) S X O 1eeadxg g

20 (i)

2 2\2 2w+l
Z£[}/’{)({m}) k(x1a~-~,~xk) (Xk+s)

Nt
X e~ RlH? 1T i+ 9% +mp

f=1
k 5 Ng
< T |G+ 92 =P e [ o5 +m) | - (42)
j=1 f=1

Notice that the last line is proportional to s?, due to the term with j = k. Certainly, part of the

difficulty has been moved into the evaluation of the new partition function zﬁ“_ w1 ({m}). Yet,
its explicit form is known in principle and will be spelled out in the following section.

One last remark is in order which applies to arbitrary ensembles. The level spacing
distribution (37) still has to be unfolded, meaning its first moment

§n — / ds spen(s). 43)
0

does not necessarily equal to 1 yet. This is especially the case for the result (42). Under the
assumption that the macroscopic or mesoscopic level density is already in a constant form (the
microscopic level density asymptotes to a constant when taking the limit into the bulk), we
only need to rescale the spacing distribution to make it comparable with standard distributions
such as the Wigner surmise (1), where the first moment is unity. This means, one needs to
consider the rescaled spacing distribution

Drn (S) = SkauPkn (Ek,ns) . (44)

Note that when we rescale the spacing between two eigenvalues we also have to rescale all other
eigenvalues, as well as the masses m; with the same scaling factor. For practical purposes one
can also compute the mean spacing s, through the difference of the mean positions of the kth
and (k + 1)st smallest eigenvalue.

4. Analysis at finite matrix dimension

4.1. Orthogonal polynomials and partition function

To compute the partition functions Z™({m}) and Z{\, _({}) of the YGUE with a given
number of flavours, we begin with the YGUE at Ny = 0, where the partition function and all k-
point correlation functions can be expressed in terms of the generalised Laguerre polynomials
and their kernel. Their orthogonality relation with squared norms £; reads [40, table 18.3.1]

x v v v - [+ v !
/0 dZLE )(ZZ)L; )(ZZ)ZZ +le 2 _ I’l](S[J, l’l] _ (.]]'2) ,

(45)

13
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valid for v > —1 for convergence. Here [40, equation (8.5.12)]

LY(z) = zj: (G+wv)! - .
! ' 1=0 ]'(]—l)'l"(z/.|_1+ 1) 9K

is the definition of the generalised Laguerre polynomials in their standard normalisation. Notice
that in this definition the parameter v can be continued to negative integer values, meaning that
the sum will be cut off from below, to start at / > —v only. For later convenience we also
introduce generalised Laguerre polynomials in monic normalisation, L"(z) = " + O(z" 1),
with its corresponding norms

LY@ = (—1'nlLY@), hj=j(j+v)/2. 47)
The corresponding kernel determines all k-point correlation functions of the YGUE with
N¢ = 0 through (2) at finite-n,

Rin(x1,. .. xk)—sz"“ % det [KOCUD (2, 5D apmr... (48)

In contrast to section 2, we use here squared variables for the (pre-)kernel KXSUE)(x2, x7), as
we later have to differentiate with respect to these. Also note that we have not included the
weight function into the kernel. It only contains the orthogonal polynomials and is given by

n—1

il
K(XGUE)(X%, x%) — Z 2 J: L(l/)( Z)LEV)(X%)

v,n i
par G+ )l

_, ot LGDLYOD) — LPODL 0D g

T4 v =1 x}—x3 ’ “49)

where in the second equality we have used the Christoffel-Darboux identity for x; # x,, see
[40, equation 18.2.12]. Note that the determinant (48) is invariant under a rescaling of the
kernel K(x2, x7) — g(x2)/g(x3) K(x2, x?) for any non-zero function g(x). Two kernels related
in this way are called equivalent kernels, leading to the same k-point correlation functions and,
thence, the same spectral statistics.

When x; = x, = x we need to apply I’Hopital’s rule to (49), cf [40, equation 18.2.13],

n! v v v v
KR, ) = 20 (L6026 - LD 6) (50
upon using [40, equation (18.9.23)]
0.LY (x) = L1 V(2), (51)

in terms of squared variables. The recurrence relation [40, equation (18.9.13)],

LY@ =L@~ L7 @), (52)

14
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is employed to bring (50) into the form

KOEUB (6%, x%) = ", (Lf,”)(xZ)Lle(xz) - L(”j“(xz)Lf,”*“(xz)) : (53)
; n+v-—1)! " "
In this form, compared to (50), the leading order asymptotic of the Laguerre polynomials
for large-n is no longer cancelling and thus non-vanishing. Equation (53) implies in partic-
ular the following expression for the spectral density at finite matrix dimension n, R} ,(x) =
X2Vl KOGUB) (x2, x?) from (48). It is normalised to the number of points n.
When interpreting the Nt flavours added to the YGUE in (33) as expectation values of char-
acteristic polynomial in the YGUE at Ny = 0, the following expression is well known, see e.g.
[18] for a derivation,

70 AT 0| (TG
v (fm}) = ! H}(nm. g 5

Jj=

det {Lﬁ‘ﬁb’l(_mi)} ab=1,..N; (54)
Ay, ({m?}) .

The factor n! in front reflects that the eigenvalues have not been ordered. For Ny = 0 the first
product and last ratio are absent, and we recover

n—1
200 — ] T (55)

J=0

The preparation of (54) for the large n-analysis to be done in section 5 is based on the relation
[40, equation (18.9.14)]

v 14 i + v .
LY() = —%ijl)(z) + %L}fl(z) for j > 0, (56)

applied recursively. Taking linear combinations of columns in the determinant of (54) allows
us to rewrite (54) as

det [m3b72L’(11/+b71)(_m§)]

Ay, ({m*})

ZM{m}) = (mHMt! ﬁ I4Y ;_ v)! ab=1...N; 57)

J=0

Now, the columns no longer become degenerate to leading order in the large-n asymptotic, as
they would have done in (54). The normalisation of (57) can be readily checked in the quenched
limit my, . .., my, — oo.

4.2. Partition function of shifted masses

In order to determine the second partition function Z5" ,_ ({7iz}) with an extended number of
shifted masses (4 1), which are partly degenerate, we will use the following theorem from [44].
It expresses the expectation value of the product of characteristic polynomials in several equiv-
alent forms, in terms of the determinant of a matrix of kernels and orthogonal polynomials.
Adapted to our setting of the YGUE, it reads for K > L

15
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L
z«»/w ),,H (dyfy2”“ H@k G —y») Ay D
v.n o) =1

n+L—17
Hj— h/ det l:K(XGUE)

LY, @3, ..., L (D) e B®

" Ac(paep © [P )

Notice that in [44] the expression on the right-hand side is given here in terms of orthogonal
polynomials in monic normalisation and their norms (47). The point is that we may split the
K + L characteristic polynomials or masses in two groups as we like, resulting in many equiv-
alent forms of determinants of different size. In [44], valid for Hermitian and non-Hermitian
ensembles of random matrices, this split was introduced when considering the product of K
characteristic polynomials and L complex conjugated ones in the non-Hermitian case.
Considering the Ny new masses in (41), it is unavoidable to apply I’"Hopital’s rule to the v-
fold degenerate mass x; + s. However, some simplification can be achieved by dividing the k
two-fold degenerate masses into the two groups of characteristic polynomials with parameters
{v*} and {u’}, thus choosing K = N¢ + v + k and L = k in (58). Before taking into account
this degeneracy, let us take one more step of preparation, in sending v; — —v7 and u7 — —u3 in
(58), to achieve the correct signs in the mass terms, by switching polynomials and kernels inside
the determinant, and by moving from monic to standard generalised Laguerre polynomials

K L
(L 1y+D / H <dy,y2”+l y?,-H W D] [ @ +Y§)> Ay
[0.00)" 52 k=1 =1

(—1)HE-D)+K-L)n+L+(K-L~ 1)/2),1!1—[",#*1 M H"+K n

l=n+L
- K(K 1) L(L L(L-1)
(=D + Ax({v*HAL{u?})
x det {LSQL(—vg), oy LY (=02 | KOEP (02, —uf,)] LK’ (59)

b=l1,...L

where we have multiplied by (55). Regarding the degeneracy of some of the parameters v}, it is
not difficult to see that for any set of suitably differentiable functions f1, . .., f,, the following
limit applies:

v—1

! 1
lim ———— det[fu(zp)lap=1.., = | I det[ (b-1) a, 60
Z]5eesZy—X Au({z}) [f ( b)] =Ly J 0 ,] f (x) b=1,. ( )

where f)(x) denotes the bth derivative with respect to the argument. The size of the deter-
minant can be trivially extended, as long as the first ¥ rows depend in the same way on the
arguments z, and thus become degenerate in the limit.

Let us turn to the evaluation of the partition function Zngl «1({m}). In order to apply (59),
we split the ﬁf = Nt + v + 2k masses into two sets, which is born out of (41),

16
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V= =0, =S =S Uy = ,/mf—ﬁ—(xk-s-s)Z:mf for f=1,...,Ng
Uyt = Uj =/ (x + 82 —x5 =%; forj=1,... .k (61)

Notice that in the last term for j = k, we obtain

Uy Npk = Ui = \/SQ2xp + 5) = Xy, (62)

which is proportional to 1/s. These are the variables that will appear inside the polynomials
and kernels on the right-hand side of (59). In the Vandermonde determinants of parameters
{u*} and {v?}, due to their translational invariance, the following simplifications occur:

Ar({u 1, (63)
and
v Ntk
AN“+I/+k({02}) = Al/(”%& ey Ug)ANr‘rk(sz,_l’ e V+Nf+k)H H (Uy+] viz ’ (64)
i=1 j=1
with
k(k—1) kM
ANk 0y = (D YA DA D] T TT 05 + )
j=1f=1
v Netk Ni k
ITIT @iy =od = o [ m T (65)
i=1 j=1 f=1 j=1

In the last line, we have already applied the degeneracy of the first v masses. Before taking the
degenerate limit of the first v parameters v;, we multiply the first v rows of the determinant
by 5* for later convenience, and thus divide the pre-factor by 5*. Putting all this together, we
obtain the following expression for the partition function of Ny shifted masses with n — k — 1
eigenvalues and two zero-modes

2" (n— k= DT 306 + LS 20
S TTZ dAk (e )2 A ({m?}) [T, m3 T, a2 (m? + 22)

280 () =

L (-5 | 9 F RO (-5, i)
2 ~ GUE — P
xdet | L), (—m3) EXET (—mi, -7
2 ~ GUE P —
L7, (-2 K 3, 2%

Notice that all factors of (—1) have cancelled, and we recall the definition (61). In the same
way as we simplified (54) to (57), in order to prepare the large-n limit, we can apply here (56)
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to modify the first Ny 4+ v column as follows:

211 (n — k — 1)((n — DYNH T TS0
A2 A ((m?}) [T1% m3 Ty a2 (m3 + a2)|
aa—l“‘Zd+2L(d+1)( gg) 8" 1~4K<><GUE)( g@qfﬁ)

ZN (i) =

2,n
~2d—27(d+1) _~2 (XGUE)(_ ~2 _~2
x det my" "L, (—mj) K330 (—my, —22)
~2d 2 7 (d+1) ~2 (xGUE) ~2 ~2 a=1,..., v
T Ln— ( ‘Ec) K2 n—1 (_l - ) I;:i,i..,ka
=1, Np+w

Now, the leading order asymptotic no longer leads to degenerate columns. In a final step, we can
carry out the derivatives, where we employ another recurrence relation [45, equation (8.971.3)]

(a _ I)ZVL(V)(Z) _ (] + I)ZV ILEIJFII)(Z), (68)

applied to z — —32. We would like to point out the subtlety that, to be applicable, the power in
z” and the order of the generalised Laguerre polynomials  have to agree. This is the reason why
we multiplied with 5 in one of the previous steps. After differentiation the power and order are
lowered by one unit, which allows to iterate. Therefore, we recombine the first v rows beginning
from the highest derivative, so that we obtain shifted derivative operators, (1 + 9;)* ! instead
of 8;’2_1, making (68) in z — —5° applicable. We evaluate

a1~ - m+a—2) . a ~
(1 + 852) 1S2d+2L(d+l)( 2) _ W 2(d +2)L’(ira_+2)( SZ)’ (69)

for the Laguerre polynomials, and for the kernel (49)

a—l+ (xGUE) ~2 _ (J - D! UTa= DVac-a;6-a 203
(1+02)" F*KXP(—F, -%) = Z (+2), L0 (=HLP(=X2)
_~4(n+a_2)'~(a71) )
WKZJP1 —5, —X,). (70)

In the last line, we have defined

IO — D .

RO DR 32 = (n (J RU-ayG-a 2 L(2) 2 71
2.n— 1( ) (n+a—2)'z (]+2)' j+a— 1( S) ( X) ( )
which includes the original kernel for a = 1, I~((2(’),)171(—s —x2) = K(XGUE)( , —x2). In such

a way, the factors 5* and factorials in (69) and (70) can be pulled out of the first v rows of the
determinant in (67), and we obtain as the final answer for the partition function

217" (n —k — D((n — DN T 4 T (0 + )]
Ae({@? DA ({m?}) [T m2 T, @2 (m3 +a2)]

2N (i) =

gQ(d—a)LELCf;aaj22)(_§2) éan 1%( ?9)27_55) (72)
xdet | w220 (—md) | K (—mp,—72)
~9d__ d+1 o~ 0 ~ ~ =1,..., v
RS CE) | K CE-w) |tk
Z’i?..,.',}v’f+,
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4.3. Hard edge kth spacing distribution at finite-n

Inserting the expression (72) as well as (57) into (42), we obtain the following relatively com-
pact expression for the spacing distribution at the hard edge between the kth and (k + 1)st
smallest eigenvalue for arbitrary k, with Ny flavours and topology v at fixed n. Recalling the
definition of the shifted variables from (61), we have

(v,N¢) n!2
pk,n (8) - 1 N, | N¢ 2 2b—2 7 (v+b—1) 2
(k= DInNe(n — 1+ ) []FL, m3” det [ma Ly, (—ma)Lb:1 .
oS} T T ~, N 5
X / dxy, / dry ... / dmk_lfs)z’jﬂe_("_k)s H ﬁ@? H E?mje_wj
0 0 0 =1 j=1 (73)

g2ld-a)pld-at?) g2 F}j{é“;_li(fﬁ, —72)
xdet | m2 2L D (—m) | KO (—mi, —72)

a2 02y | KO (-3 -32) |

C

The expression (73) is our first main result and will serve as the starting point for the asymptotic
analysis in the next section.

Before we come to this, let us make some comments on the duality between the index v
and the number of flavours with mass 0. Indeed, when taking the limit my, — 0, the result
(73) reduces to the case Ny — N — 1 and v — v + 1. This can be readily checked, while the
other limit my, — oo leads to the partially quenched case Ny — Ny — 1 and v — v, meaning
the index v stays the same.

Let us give some simple examples. In the absence of flavours (Ny = 0) and zero-modes
(v = 0), we obtain the following expression for the kth spacing in the YGUE with square
matrices

k
2n o0 Yk Yk 2
0,0 2
pf(’n )(s) = = 1)!/0 dxk/o dxi .. ./0 dxk,lj[[l ((xx + 5)> — x?)zxje j

% (X + 5) o =P+ qot [KS;CLLIIE)(XE R 3 - R S)z)}

(74)

k
ce=

Here, all shifted variables are explicitly written out. In particular, for the spacing between the
first and second eigenvalue (k = 1) we obtain a one-fold integral representation

o0
P)(s) =4 / dxy 221 + $)%x1(x) + s)e T DY
0

x (Lf_)l(—s(le 4+ L2y (—s2x1 + ) — LD y(—s2x1 + HLY  (—s(2x; + s))) ,
(75)

where we inserted (53) for the kernel at equal arguments. This result still has to be unfolded,
as explained at the end of section 4.

In figure 2 (top row), we compare (75) for small values of n and the convergence to the
asymptotic limit. The result for k = 1 at n = 2 is already very close to the limiting result,
showing the optimal rate of convergence 1/n? at the hard edge, as it was shown in [46]. This
certainly is also true when increasing k to k = 2 and k = 3, see bottom row of figure 2. The
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Figure 2. Top left: the spacing distribution 1’7(1?;10)(0) between Ist and 2nd eigenvalue

(k=1) at the hard edge, rescaled to first moment of unity, for different values of
n = 2 (blue), n = 6 (orange), n = 10 (green), and n = 20 (red). The dashed curve is the
bulk spacing distribution (A.1) for comparison. Top right: because the curves are almost
indistinguishable we also compare the difference Apy(s) between the asymptotic spacing
(90) to be derived in the next section, and our expression at finite-n (53), forn = 2 (blue),
n = 4 (orange), n = 6 (green), n = 8§ (red), n = 10 (purple), and n = 20 (dashed black).
Bottom row: differences of the finite n spacing (73) to their asymptotic counterpart
(86) for k =2,n = 4,6,8, 10, 20 (left), and k = 3,n = 4, 8, 20 (right). In both plots the
dashed line denotes the difference for n = 20, both with their first moment set to unity.
These plots illustrate the rapid convergence already at relatively small values of n. Please
note the different scales of the y-axis.

reason why the optimal rate of convergence applies here is that we unfold via the formula (44),
since in [46] it was shown that already a scaling is sufficient to reach this rate.

Since the deviations of the finite n-results and the asymptotic ones lie in the per mill regime,
we have plotted the difference Apy(s) = i),(c(?,;o)(s) — ﬁio,()) (s). The bar highlights the unfolding

(44), and p;(0,0) (s) is the asymptotic result (86).
5. Asymptotic analysis at the hard edge

5.1. The large-n limit at fixed k, Ny and v

In the asymptotic large-n limit of the YGUE at the hard edge, with our convention of an n-
independent weight function, it is well known that the eigenvalues, and therefore also the
spacings and masses scale with /n, see [18]. We therefore define the following variables

O'E\/I;S, ,U,fE\/I;mf, le,...,Nf, (76)
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where o and the y; remain finite in the large-n limit. In view of the integrations to be performed
in (73), and the definition (61) of the shifted variables therein, we also redefine the integration
variables in the following fashion:

x=vnxy and N\ =+ nx;, j=1,...k—1. (77)

We begin with the large-n asymptotic of the generalised Laguerre polynomials, using
[40, equation (18.15.19)]

2 14
im Lp (f_) _ (g) 1, (22v). (78)

n

with 7,,(z) the modified Bessel function of the first kind. In foresight, we already allow here for
a general degree j of the polynomial, to be able to take the limit under the sum in (71). When
Jj = O(n) we can set t = 1 in the above expression, as it will be the case for the unintegrated
Laguerre polynomials. We apply this first to the mass dependent determinant of Laguerre poly-
nomials in the denominator in the first line of (73). In view of the scaling (76), we also include

the mass dependent pre-factor H P lm?’ into the determinant, to obtain

nligé det [(Mi/n)y+b71L£ly+b71)(_M3/n)] ab=1,..Ne

_ v+b—1
= det [, """ -1 2pta)] ab=1,..N¢" (79)
Next, we move to the building blocks of the large determinant in the last line of (73). We begin

with distinguishing the Laguerre polynomials of different variables, multiplied by different
powers. Inserting equations (76) and (77), we obtain from the limit (78)

2Ad—a
S2(d—a) (d~ a+22)( P = <X + U) L(d+ a-s-zz) <_ (x + 0)2)
n a \/ﬁ n—+a n

~ P (X + ) 0220 + ),

e P T R (O e T R e (2 (x+ 0P+ u,,) LN,
ROV 2 0+ 00 = NIy (2 (X +0) — ) -1
RN ) ~ oy + N (2000 + ) e =k (80)

In view of these results, it is convenient to define again a set of limiting shifted variables, in
analogy to (61), in order to compactify the final answer for the limiting spacing distribution:

G=x+0=ns, ﬁfz,/(x+a)2+u}:\/ﬁﬁ1f, f=1...,N

= /oQx+0) =i A=+ -X=vnX, c=1,... k-1 (81)
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We are now ready to take the limit of the kernel (71). Forany e = 1, ...,k — 1, it holds
rla=1), =2 2 2 = -3 o’ e (3—a) o’ ) }\“2
Ry her o= B () e (<) 8 (-
=0

l ~ ~
~ 2 / AT 5 (26V1) A (20 V1)
0

= 3K (a, Xe) , (82)
where we have defined

~ ~ 1 ~
Kaos (&, )\e) = 45 1-a)2 / AT TLs_, (26T) LRAT), (83)
0

after changing variables. The same result holds for e = k, replacing Ae by X. Finally, fora = 1
we obtain for the limit of the yGUE kernel:

o~ o~ l ~
KO (=i, —3) ~ n’Ky (ﬁb, Ag) T / dT TL (27, T) LAT)
0

4n’ ( ~ o~ _ I ~
= —=—=—— (222N L2 — 2Mbl1(2ub)12(2>\e)) , (34)
(A (N2 = 117)
forb=1,...,Nrand e =1,...,k— 1, and likewise for different arguments zi, — X and

Xe — X. In the last step we have performed the integral, corresponding to the limit of the sec-
ond line in (49), whereas the first line follows from replacing the sum with an integral. Finally,
for equal arguments we have

~ L -~ ~ 2 ~ ~ ~

RO, (=2, =) = 'Ky (M) = = (@A = BEAKEN)) (85)

Al

and likewise for A\, — X- If we had taken the limit for Laguerre polynomials with positive
argument in (78), this would be proportional to the Bessel density at v = 2, see (9). The factor
of two in the argument of the Bessel functions indicates that in our scaling limit (85) the mean
level spacing is 7 /2. We will come back to this below.

‘We now have all ingredients together to take the limit of the spacing distribution (73), where
in view of the scaling (76) we define

V) () = i N0 (5
P (U)_ n1~>n;o npk’" (ﬁ

2 oo X X B L
— (o= 1)t det [“§;+h_1j("+”*1)(2/‘%)}u,b:L_,_,Nf /0 dx : dAp -+ | A5 iy
G2y 019(26) | Koo (5,1) Kot (3,%) 6)
e (h Xa.) o | P Tasa )| Ko (i Re) | Ko G )
A S ML) | Ko (M) | Ko ()

W10 | Ko (BA) | Ke@n) | azie,
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In the quenched case Ny = 0 of the YGUE with v = 0 it reduces to

9 e px x o, Ko (Aeshe) | Ko (AerX
pi“’o)(a):m/o dx/o dAlm/U d\-1Ge X4X£[1 Aé‘%‘dot{ KZ(()?X)) ,;(@X)) }_1“

87)

In the simplest case k = 1 (spacing between the first and second smallest eigenvalue), we thus
obtain the following single integral representation

O ~(xt0)? ’
P =4 [ doxocr e (12(2 X +0)
0

.y (2 o2y + a)) I (2 o2y + a))> , (88)

where we have spelled out all shifted variables explicitly, as well as the kernel from (85).

As explained at the end of section 3, we still have to unfold, by computing the first
moment and rescaling the spacing distribution accordingly. Here and in the setting with more
parameters, we were only able to do this numerically. In the present case this means

5, = / do op\™ (o) ~ 1.509, (89)
0

leading to the final answer
P00) = 1p{""@10). (90)

As it was argued after (85), the approximate mean level spacing we expect here is /2 ~ 1.571.
It is very close to &, but given the very small deviation from the bulk spacing to be discussed
below, we better use its exact value 7 to set the first moment of 13(10’0)(0) exactly to unity.

5.2. Comparison to the bulk spacing distribution

We now turn to the comparison between the hard edge spacing distribution for different param-
eter values k, Nt and v, and the bulk spacing distribution (A.1). We will also compare with the
Wigner surmise (1), which is often used in comparison to real data, in order to illustrate the
closeness between the hard edge and bulk spacing.

We begin with the quenched spacing between the first two smallest eigenvalues (k = 1) with
proper unfolding, meaning the first moment is unity, see figure 3. The deviations of this level
spacing distribution from the Wigner surmise (1) or from the bulk spacing distribution (A.1) is
about one percent and can be discerned with the bare eye at the maximum of the distribution.
This has to be seen in contrast to the difference between the Wigner surmise and the bulk
spacing distribution which is only about a few per mill, see [12]. As already mentioned at the
end of section 2, the case k = 1 and ¥ = Ny = 0 will be the one that should show the strongest
deviations.

One approach to the bulk level spacing is certainly given when increasing k, as we literally
move into the bulk. For simplicity we restrict ourselves to the quenched case (Ny = 0) and a
single flavour (N = 1), see figure 4. We find, that the deviation from the bulk spacing decreases
very quickly. Already for k = 3 the difference to the bulk spacing distribution is of the same
order as the difference between the bulk level spacing distribution (A.1) and Wigner’s surmise
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Figure 3. Left: comparison between the bulk spacing distributions p,; (s) (see (A.1))
(dashed black, lower curve), and the spacing distribution between 1st and 2nd eigenvalue
at the hard edge p;(s) with k = 1 and Ny = v = 0 quenched (red, higher curve), see (88)
and (90). Right: their difference Aﬁ(lo’o) (s) = 1‘7(10’0) () — pouik(s) (red higher curve) is still
considerably larger than the difference between the exact bulk spacing and the Wigner
surmise (black, dashed curve).

(1). This agrees with our observation for the microscopic level density at the end of section 2.
Introducing flavours only suppresses this difference even more.

A warning is in order. The numerical evaluation of the multiple k-fold integral representa-
tion (87) becomes rapidly unstable when going to higher values of k, v and N¢. One reason is
the increasing number of integrals to be carried out. Another reason is the ratio of the determi-
nants in the integrand, which can become numerically unstable as the size of the determinant
increases. It may happen that big as well as tiny numbers have to cancel. Metropolis-algorithms
are also hard to implement, though they are in principle possible, because the functions in the
integrand are quite involved.

To overcome this problem we have employed Monte-Carlo simulations of the random
matrix ensemble to study the change of the level spacing distribution when increasing k, in
particular for k > 4. For this purpose, we only consider parameter sets with Ny = 0, since oth-
erwise we would need to rely on the Metropolis—Hastings algorithm. This again would exceed
feasible computation time for a sufficiently large matrix dimension and number of configura-
tions. Furthermore, due to the duality between Ny and v, it is equivalent to only consider v # 0
or Nt # 0 with masses very close to zero, as discussed in section 4.

As the eigenvalue statistics at the hard and the soft edge are fairly different, as can be seen
in figure 1, where the microscopic spectral densities of those two regions of the spectrum are
displayed, we further want to study the level spacings obtained from numerical simulations,
first for relatively small k, and secondly for the transition from the bulk to the soft edge. To
get the clearest signal, we have first considered v = 0, as for larger v we are closer to the soft
edge, cf, figure 1.

Figure 4 highlights that for k > 3 the deviation between the level spacing distributions at the
hard edge (equation (86)) and those in the bulk (equation (A.1)) is comparable to the deviation
between the latter and the Wigner surmise (1). We have further quantified this result via a y>-
test in table 1, where we have computed the L>-distance between level spacing distributions
(86) and (A.1) for various k with Monte Carlo simulations.

It can be seen, that for the transition from the hard edge to the bulk region of the spectrum, the
deviation between the level spacing and the bulk spacing decreases, as it should, and increases
again when reaching the upper edge at k = n — 1 = 49 which is a soft edge and, thence, has
to follow the Airy statistics.
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Table 1. The 2-test for the level spacing distributions between the kth and (k + 1)st eigenvalue for v = 0 at matrix dimension n = 50, in
comparison to the bulk spacing distribution (A.1). We have chosen a bin size of roughly 0.2 and an ensemble size neonr. = 10° to keep the
statistical error below one percent.
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Figure 4. Left: comparison between hard edge level spacings for increasing
k = 1(blue), k = 2 (orange), and k = 3 (green), and the bulk spacing distribution for
N¢ = 0 (upper plots), and Ny = 1 (lower plots) with mass m = 0.1. Right: their dif-
ferences Aﬁ;:)' D(s) = Z?,(CO'Nf)(s) — Poulk(s) to the bulk spacing distribution (A.1) for
k = 1(blue) and k = 2 (orange) decrease rapidly for increasing k, where for compari-
son we also show the difference between the exact bulk spacing and the Wigner surmise

(black, dashed curve).

If we now look at the level spacing distribution at the soft edge (see figure 5) and the tran-
sition from the bulk to the latter, we find this transition to be equally fast. The differences
obtained from the y>-test between the numerical data and the bulk spacing are of the same
order as for a spacing in the middle of the bulk, from the third spacing k = 3 upwards and
from k = 47 downwards, as can also be seen in table 1.

5.3. Asymptotics to the Airy statistics (v > 1)

Another limit is the large-v~ limit which should approach the level spacing distributions at the
soft edge. Actually this also holds when the number of flavours Nt is sent to infinity, while
the corresponding masses are of the order of 1/4/n, as we have exploited this scaling in our
computations. In general, we can understand the effect of non-vanishing flavours and topology
as follows. Both push the eigenvalues further away from the origin, making the effect of the
hard wall less relevant.

In the top plots of figure 6 we have numerically evaluated (86) for k = 1, Ny = 0 and
v =0, 1,2. Hence, it is the level spacing between the two smallest eigenvalues for a differ-
ent number of zero eigenvalues. As mentioned before, we are unable to go much beyond this
setting. Thence, we have generated Monte Carlo simulations with matrix size n = 100 for
larger values of v. Those are fairly good approximations of the asymptotic result, as the rate
of convergence for the unfolded spacing distribution is 1/n? at the hard edge, cf [46]. As all

26



J. Phys. A: Math. Theor. 55 (2022) 194002 G Akemann et al

0.8
0.8

2 = 0.20144 dy2 = 0.20144

0.6

0.6

F(x)

~(0,0)
P45 %(s)

0.4

0.2

0.2 ; L_
: L—\_ 0.0

0.0+~ =
0.0 05 10 15 20 25 3.0 0.0 05 10 15 20 25 3.0

Figure 5. The level spacing distribution (left) and the cumulative density function
(right), respectively, of the largest two eigenvalues of large random matrices generated
via Monte Carlo simulations with n = 50, v = 0, k = 49, with neen. = 10° configura-
tions and bin size of about 0.2. Because we compare to the spacing of a specific level
k, here and in the following the number of level spacings is always equal to the num-
ber of configurations. The dashed curves are the bulk spacing distribution (A.1) and its
cumulative density F(x).

unfolded level spacing distributions are very close together, compare the upper left plot in
figure 6, we have studied the differences to the bulk spacing distribution p,, (s), see (A.1), as
a function of v. For the histograms from the Monte Carlo simulations one needs to integrate
Pruc(8) over the length of the bins, so that one can take such a difference. Thus, the general pro-
cedure has been as follows: (1) creating the histogram of the level spacing distribution p(ly’o) (s)
of the simulation; (2) unfold it via the formula (44); (3) use the unfolded bins to create a similar
histogram of (A.1); (4) finally take the difference A" (s) = 7"V (s) — Pouir(s).

One can readily see in figure 6 (bottom plots), that the distance between the level spac-
ing distribution of the two smallest eigenvalues and the one in the bulk first decreases with
increasing v (left plot). However, at about v = 15 it again increases as the distribution slowly
approaches the level spacing distribution of the soft edge, which we have added for compar-
ison, see lower right plot in figure 6. The spacing distribution of the two largest eigenval-
ues is also Monte Carlo simulated for the matrix dimension n = 100. However, one needs
to be careful with this result, as the finite size error is quite big at the soft-edge. In [47] it
was found that the optimal rate of convergence is n~2/3. Thus, in the present case the sys-
tematic error is about 20% and, therefore, much larger than the deviations to the bulk level
spacing distribution (A.1) we are comparing with. To have it of the same order one needs
to generate matrices of the size n = 10° which is out of reach for our modest computing
power.

As already discussed in section 1, it is well known [39], that for large v the Bessel-kernel
converges to the Airy-kernel, as the hard edge of the Marchenko—Pastur law deforms into a
second soft edge. To get a statistical quantification of this effect, we have performed another
Monte Carlo simulation of the random matrix ensemble with v ~ n for increasing v, and cal-
culated their spacings, differences to the bulk and empirical densities to observe this effect (see
figure 7). We further quantify this transformation again in terms of the y>-test comparing the
statistics to the bulk spacing in table 2. In the latter, it becomes apparent, that the deviation
to the bulk spacing increases rapidly for decreasing values of ¢ = n/(n + v), which shows a
rapid deformation of the hard edge into a soft edge. This has been already seen in figure 1 for
the microscopic level density, when v = 20.
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Figure 6. Top: level spacing distribution (86) (left plot) and its difference to the bulk
spacing distribution (A.1) (right plot) for Ny = 0, k = 1 and v = 0 (green solid curves),
v =1 (red finely dashed curves), and v = 2 (blue coarsely dashed curves). The black
curve in the left plot is the bulk spacing distribution (A.1) and the one in the right plot
is the difference of the Wigner surmise (1) to the bulk spacing distribution as refer-
ences. Bottom: difference Ap"V(s) = 1‘7(1"’0)(5) — Pouik(s) of the unfolding (44) of the
level spacing distribution p(l”’ ) (see (86)), and the bulk spacing distribution py (s)
(see (A.1)) for the two smallest eigenvalues at Ny = 0 and various v. All histograms
are generated by Monte Carlo simulations with 107 configurations, a matrix dimen-
sion n = 100 and a bin size of roughly 0.15. The values of v are as follows: Left:
v = 0 (black solid histogram, solid curve is the analytical result (86)), v = 5 (roughly
dashed red), v = 10 (dashed blue), v = 15 (finely dashed green); Right: v = 15 (finely
dashed green), v = 20 (dashed blue), v = 25 (roughly dashed red). For comparison, the
unfolded level spacing distribution between the largest two eigenvalues A pig()) (s) (solid

black) is added, corresponding to lim, ., Ap(l”’o)(s). We have plotted v = 15 in both
plots as a reference value for the transition.

If we compare this to spacings at the soft edge for v = 0 (table 1), we find distances of the
same order from the y-test, which shows that for larger v the hard edge transforms into a soft
edge.

In figure 7 as well as figure 6, it becomes apparent, that when moving from the hard to the
soft edge the peak of the spacing shifts from the right to the left of the maximum of the bulk
spacing distribution. This is expected as a stiffer level spacing, as it is the case for the hard
edge, should have a maximum closer to 1. In contrast, for a softer level spacing, like for the
Airy statistics, the eigenvalues have more freedom to move, which shows in a maximum further
away from 1. Since this effect is barely noticeable, the value of the x?-test is additionally given
in figure 7. We omitted to show the difference to the bulk spacing distribution as the number of
generated configurations is smaller here. This is because the matrix size in the second setting
of Monte Carlo simulations has been increased already. This results in a statistical error of one
percent, which strongly overshadows the deviation from the bulk statistics.
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Figure 7. The level spacing distributions (left column) and cumulative densities (right
column) of the smallest two eigenvalues (k = 1) generated via Monte Carlo simulations
for N = 200, v = 4 (top), N = 600, v = 12 (middle) and N = 1000, » = 20 (bottom).
The number of configurations is n¢onr. = 10°, as the matrix size is already very big, and
the bin size varies about 0.15-0.2 due to different rescaling from the unfolding for each
parameter set. In the insets we have given the L? distance to the bulk spacing distribution
(A.1) and also its cumulative density, which are drawn as dashed curves.

6. Comparison to data from lattice QCD

Finally, we would like to compare with edge statistics from data, notably at the hard edge where
we have derived analytical predictions. For that reason we consider empirical data from lattice
QCD Dirac operators.

It is known [17] that strongly interacting quantum field theories in the deepest infrared
limit, the e-regime, agree with the statistics obtained from random matrix theory. In QCD,
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Table 2. The Y>-test for the level spacing of the smallest two eigenvalues for a few
decreasing values of ¢ = n/(n + v) and increasing matrix dimension. The number of
configurations is varying between ngons. = 10° and neons. = 10°, where for the lowest q
we only went up to n = 200.

q\n 200 600 1000
0.98 0.01286 0.002 83 0.005 27
0.91 0.03533 0.0324 0.042 62
0.83 0.01056

as it appears in the standard model, namely with the gauge group SU(3) in the fundamental
representation and a four dimensional Euclidean space—time, the corresponding random matrix
theory is the YGUE. For our purposes this means that the YGUE provides a description for the
statistics of the smallest eigenvalues and their spacings for the QCD Dirac operator. This carries
over to most lattice discretisations of this theory.

We gathered data from the JLQCD collaboration described in [48]. This data is obtained
from numerical simulations on a Euclidean 163 x 32 space—time lattice at 5 = 2.30, with a
lattice spacing a ~ 0.12 fm, via two different algorithms, namely domain wall and overlap
fermions. From those two algorithms the 50 smallest eigenvalues of the overlap Dirac opera-
tor with a total number of configurations of about n.,,;. = 1000 were computed for different
values of Fermion masses, where we will focus on the data with Ny = 2, see top part of table 1
in [48].

Although we have derived detailed expressions for the spacing distribution as a function of
the number of flavours Nt and rescaled quark masses Ky (86), we have also seen that the differ-
ence between quenched and unquenched prediction is very small, see figure 4. Furthermore, it
is evident from the seminal paper [9], that even for about 2000 spacings only a rather coarse
comparison to the (bulk) spacing can be made. To further increase the statistics from [48]
which is already exceptionally high for a given set of parameters, we have therefore decided to
average over all given mass configurations resulting in 71¢onr. = 6046. The mass range in units
of lattice spacing of the data [48] is m,; = 0.015,0.025,0.035,0.05,0.07,0.1, which maps to a
range of about i1, = 1-50. Thus not all of these masses are large enough to apply the quenched
approximation Ny = 0 to the YGUE in (86).

In figure 8, we find a quite large deviation to the quenched spacing distribution (88) at v = 0
at the hard edge, of up to 8%. The L?-distance given by the x>-test is given by d» = 0.44616.
Here, one has to keep in mind, that this is to a certain extend due to the number of configurations
of lattice simulations available—despite averaging over different masses. The statistical error
exceeds by one order of magnitude the difference between the spacing distributions in the bulk,
at the hard and soft edge. Therefore, we can conclude that the level spacing distribution is not
at all a good measure in lattice QCD to discern hard edge from bulk statistics. This is both
because the effect of unquenching is so small and the number of configurations to detect this
is exceedingly high.

Only deviations due to a mobility edge are visible as found in [23, 24, 27, 28]. Here, the
mobility edge denotes the boundary between localised states, associated with Poisson statistics,
and delocalised states related to random matrix statistics. In QCD it is reached by increasing
the temperature towards the chiral phase transition, as studied in [23, 24, 27, 28]. Close to the
mobility edge, the global symmetries of the states are a mixture with Poisson statistics, which
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Figure 8. Left: the level spacing distribution of the smallest two eigenvalues of the
overlap Dirac operator k = 1 (blue histogram) with Ny = 2 and v = 0 averaged over
six different degenerate masses, with a total number of configurations of n¢ons, = 6046.
It compared to the spacing distribution between the two smallest eigenvalues of the
Y GUE in the large-n limit for Ny = 0 quenched with v = 0 (dashed curve). Right: the
cumulative densities of the two distributions, respectively.

diminishes the level repulsion drastically and yields deviations from the bulk level spacing
above the percent threshold, that can be easily discerned by the bare eye.

7. Conclusion

In the application of random matrices we have learned to appreciate the predictive power for
spectral correlations, depending on the location within the spectrum. One example is the micro-
scopic Bessel-density close to the origin, that is relevant when chiral symmetry is important,
e.g. in comparison to data from lattice QCD. It depends heavily on the number of zero-modes
v, that characterise different topological sectors of the theory with broken chiral symmetry,
and on the number of light flavours Ny when the quark masses are sufficiently small. A sec-
ond example is the Tracy—Widom distribution for the largest eigenvalue, that is relevant in the
vicinity of a soft spectral edge. It describes successfully the fluctuations of growth processes
for example.

In this work we have learned, that in contrast to that, the spacing distribution between con-
secutive smallest or largest eigenvalues is a rather inefficient measure to quantify the specific
properties of these spectral regions. We could provide compact expressions for the spacing
to the kth smallest eigenvalue, that explicitly depend on k, the number of zero-modes v and
the number of flavours N¢. However, once evaluated these turned out to be very close to the
bulk spacing for k = 1 and v = 0 = Ny already, converging very rapidly as close to the exact
spacing as the Wigner surmise, almost independently of v and N¢. We have demonstrated this
lack of distinction directly upon comparing with QCD lattice data, that are known to follow the
predictions of the yGUE for the microscopic density and individual eigenvalues distributions
in the e-regime.

We expect that the very same feature persists when considering chiral ensembles of ran-
dom matrices with orthogonal or symplectic symmetry. The spacing distribution in these two
ensembles is different from the GUE in all parts of the spectrum. When comparing the respec-
tive spacing distributions at the hard and soft edge to the bulk, the result is probably equally
close as found here in the unitary symmetry class. Substantial deviations from the bulk spac-
ing at the spectral edges can only be expected when considering ensembles with heavy tails or
other substantial deformations.
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Appendix A. The spacing distribution in the bulk

There are several alternative formulations of the exact spacing distribution for the GUE in the
bulk available. For instance in Mehta’s book [14], in chapter 6 an infinite product expansion
in terms of Fredholm determinant eigenvalues is offered. The latter are given by integrals of
spheroidal functions.

The bulk spacing for the GUE used in the present work is taken from [12]. It is approximated
by a highly accurate Padé expansion [13]. Such an expansion is given in terms of two rational
functions, that takes into account the correct small- and large-s behaviour. In the present case
this is given by

Cmtfs) (5 2 5\ /ms\ o
Prun($) = 16 g(s) (s e 7T4S2> (7)
log(2

b [ 0g(2)

n2s?

+3 (112 — log(1.282427 1291)) - 8] . (AD

12

The two functions f(s) and g(s) are polynomials in sY/* and when choosing them of maximal
degree 44 they are given by [12]

f(s) = 28915.185721 295 + 1086.6573434sF + 45351.837877 8457
+ 1772.42759285% + 30526.889869 157 + 1242.5658114s
+10452.3148571sF + 446.600403 775 + 3018.6826326s 7
+125.982683s % + 346.045278s% + 16.210883915%

4 31.041448555F 457, (A2)
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g(s) = 1582.446 0446 + 59.469 672154 + 2481.977365 065

11

+96.9999314s% — 4446.445570 1154 — 161.88357063s%
—9022.293908 855 — 350.521283 165 + 23929.740767 8s%
+879.81693061s% + 45324.333264 655 + 1763.266894 7157
+34256.4031329357 + 1384.642103 7757 + 14982.654 632995 %
+ 6255927817957 + 4081.38643920sF + 175.066491 9057

+ 682.7954698s % + 29.56032569s T + 57.185 74405+

48w
+2.36447174s% + 57 . (A.3)

We would like to underline that this expansion is of the exact bulk level spacing distribution.
Hence, the approximation is not exactly normalised to norm and first moment of unity. Dietz
and Haake [12] mention that the expansion, up to the terms we have shown here, yields a
deviation from the norm and first moment that lie below 10~% and 10!, respectively. This
can be also seen as a measure for the deviation from the exact spacing distribution.

A similar expansion for the bulk spacing in the Gaussian orthogonal and symplectic
ensemble can be found in [12] as well.
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