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The studies reviewed in the thesis provide results for both alternatives. In the first case, the results concern spacetime
symmetries (e.g., spherical symmetry) and how they affect particular solutions in BR, especially those describing
gravitational collapse. In the second case, inspired by the success of numerical relativity, the results initiate the field of
numerical bimetric relativity. The simulations provide us with the first hints about how gravitational collapse works in BR.

Keywords: spin-2 fields, extension of general relativity, ghost-free bimetric theory, Hassan—Rosen bimetric relativity,
numerical relativity.

Stockholm 2020
http://urn.kb.se/resolve?urn=urn:nbn:se:su:diva-178523

ISBN 978-91-7911-004-8

ISBN 978-91-7911-005-5

& W,
W)
w W

~
)
<
W
7,

Oy

KZREN
Stockholm
Department of Physics University

Stockholm University, 106 91 Stockholm






THEORETICAL AND NUMERICAL BIMETRIC RELATIVITY
Francesco Torsello






¥
z%h'rg“\

Stockholm
University

€RS/p
x
o
>
(%)

Theoretical and numerical bimetric
relativity

Francesco Torsello



©Francesco Torsello, Stockholm University 2020

ISBN print 978-91-7911-004-8
ISBN PDF 978-91-7911-005-5

Cover image: Vincent van Gogh, "Tree Roots", 1890, oil on canvas. Credits: Van Gogh Museum, Amsterdam (Vincent van Gogh Foundation).
Tree roots have several branches and allow trees to interact with one another (see https://www.smithsonianmag.com/science-nature/the-whispering-

trees-180968084/), precisely as the square root in bimetric relativity, which has several branches and is responsible for the interaction between the metrics.

Printed in Sweden by Universitetsservice US-AB, Stockholm 2020



To Science






Doctoral Thesis in Theoretical Physics defended on Wednesday, March 18, 2020

Supervisor

Edvard Mortsell
Professor, The Oskar Klein Centre, Department of Physics, Stockholm University,
AlbaNova, Stockholm, Sweden

Opponent

Eugeny Babichev
Chargé de recherche, Laboratoire de Physique Théorique (UMR 8627), CNRS, Univ.
Paris-Sud, Université Paris-Saclay, Orsay, France

Committee

Marcus Berg
Professor, Department of Physics, Karlstad University, Karlstad, Sweden

Agnese Bissi
Associate senior lecturer, Department of Physics and Astronomy, Uppsala
University, Uppsala, Sweden

Stephan Rosswog
Professor, The Oskar Klein Centre, Department of Astronomy, Stockholm University,
AlbaNova, Stockholm, Sweden

Matthias Blennow — backup member
Associate professor, Department of Theoretical Physics, School of Engineering
Sciences, KTH Royal Institute of Technology, AlbaNova, Stockholm, Sweden

Chairman

Ingemar Bengtsson
Professor, Department of Physics, Stockholm University, AlbaNova, Stockholm,
Sweden






Abstract

General relativity (GR) is the standard physical theory describing gravitational interactions.
All astrophysical and cosmological observations are compatible with its predictions, provided
that unknown matter and energy components are included. These are called dark matter
and dark energy.

In addition, GR describes the nonlinear self-interaction of a massless spin-2 field. In
particle physics, there are both massless and massive fields having spin 0, 1 and 1/2. It is
then well-justified to ask whether a mathematically consistent nonlinear theory describing a
massive spin-2 field exists.

The Hassan—Rosen bimetric relativity (BR) is a mathematically consistent theory
describing the nonlinear interaction between a massless and a massive spin-2 field. These
fields are described by two metrics, out of which only one can be directly coupled to us and
determines the geometry we probe.

Since it includes GR, BR is an extension of it and provides us with new astrophysical
and cosmological solutions. These solutions, which may give hints about the nature of dark
matter and dark energy, need to be tested against observations in order to support or falsify
the theory. This requires predictions for realistic physical systems. One such system is the
spherically symmetric gravitational collapse of a dust cloud, and its study is the overarching
motivation behind the thesis.

Studying realistic physical systems in BR requires the solving of the nonlinear equations
of motion of the theory. This can be done in two ways: (i) looking for methods that simplify
the equations in order to solve them exactly, and (ii) solving the equations numerically.

The studies reviewed in the thesis provide results for both alternatives. In the first case,
the results concern spacetime symmetries (e.g., spherical symmetry) and how they affect
particular solutions in BR, especially those describing gravitational collapse. In the second
case, inspired by the success of numerical relativity, the results initiate the field of numerical
bimetric relativity. The simulations provide us with the first hints about how gravitational

collapse works in BR.






Svensk sammanfattning

Den allménna relativitetsteorin ar den fysikaliska standardteorin som beskriver gravita-
tion. Alla astrofysikaliska och kosmologiska observationer overensstdmmer med teorins
forutsédgelser, forutsatt att okénda komponenter av materia och energi ingar. De kallas for
mork materia och moérk energi.

Dessutom beskriver den allmanna relativitetsteorin den icke-linjara sjalvinteraktionen
av ett masslost spinn-2 falt. Inom partikelfysik finns det bade masslosa och massiva falt
med spinn 0, 1 och 1/2. Det ar alltsa vil motiverat att fraga om det finns en matematisk
konsistent och icke-linjar teori som kan beskriva ett massivt spin-2 falt.

Hassan—Rosens bimetriska relativitetsteori (BR) &r en matematisk konsistent teori som
beskriver den icke-linjara interaktionen mellan ett masslost och ett massivt spin-2 falt. Bada
dessa falt beskrivs av tva metriker. Endast en av dem kan kopplas direkt till oss och den
bestdmmer vilken geometri vi kan undersoka.

Eftersom BR inkluderar den allménna relativitetsteorin ar den en utvidgad teori om
gravitation och den ger oss nya astrofysikaliska och kosmologiska losningar. Dessa 16sningar,
som kan ge oss ledtradar om ursprunget av mork materia och mork energi, maste testas
observationellt for att stodja eller forfalska teorin. Detta kréver forutséigelser for realistiska
fysiska system. Ett sadant system ar en sfariskt symmetrisk gravitationskollaps av ett
stoftmoln. Studien av sadana system &r den 6vergripande motivationen bakom avhandlingen.

Att studera realistiska fysiska system i BR kraver 16sningen av icke-linjara rorelseek-
vationer. Detta kan goras pa tva sitt: (i) genom att leta efter metoder som forenklar
ekvationerna for att 16sa dem exakt och (ii) att 16sa ekvationerna numeriskt.

Studierna i avhandlingen ger resultat for bada alternativen. I bagge fallen ar de inspirerade
av allmén relativitetsteori. I det forsta fallet ror resultaten rymdtidssymmetrier (till exempel
sfarisk symmetri) och hur de paverkar specifika 16sningar i BR, sérskilt de som beskriver
gravitationskollaps. I det andra fallet, som &r inspirerat av den numeriska relativitetens
framgangar, inleder resultaten faltet for numerisk bimetrisk relativitet. Resultaten ger oss

de forsta idéerna om hur gravitationskollaps fungerar i BR.

iii






Contents

Abstract

Svensk sammanfattning

Preface
Introduction
I COVARIANT FORMULATION
1 Bimetric relativity
1.1 Motivations behind bimetric relativity
1.2 Formulation of bimetric relativity
2 Symmetries of spacetime
2.1 Motivations
2.2 Geometrical concepts
2.3 Symmetries of spacetime in bimetric relativity
3 Symmetries of spacetime in particular solutions

3.1 Nonstationary spherically symmetric solutions

3.2 Static and spherically symmetric black holes

Conclusions of Part I

II 34+1 FORMULATION

4

Partial differential equations
4.1 The well-posedness of the Cauchy problem

4.2 Classification of partial differential equations

The Einstein equations as a Cauchy problem
5.1 The foliation of spacetime
5.2 The 3+ 1 decomposition of the Einstein equations

5.3 Two important choices of coordinates

iii

XV

xxvii

11

19
19
20
24

31
31
35

41

43

47
48
52

59
29
66
78



vi Contents

6 Numerical bimetric relativity 81

6.1 The foliation of a bimetric spacetime 81

6.2 The 3+ 1 decomposition of the bimetric equations 99

6.3 The bimetric covariant BSSN formulation and the mean gauges 105

6.4 Gravitational collapse: first numerical results 109
Conclusion and outlook 134
A Variation of the bimetric potential under a diffeomorphism 135
B An ill-posed Cauchy problem 137
C Strongly hyperbolic formulations of the Einstein equations 139
D  More on bimetric gauge pathologies 145
E Numerical details 149
Bibliography 157
IIT INCLUDED PAPERS 187
1 Spacetime symmetries and topology in bimetric relativity 189
II On Birkhoff’s theorem in ghost-free bimetric theory 211

IIT Classification and asymptotic structure of black holes in bimetric

theory 241
IV On the ratio of lapses in bimetric relativity 275
\% Covariant BSSN formulation in bimetric relativity 301
VI The mean gauges in bimetric relativity 349

VII bimEX: A Mathematica package for exact computations in 3+1 bimet-
ric relativity 377

VIII Initial data and first evolutions of dust clouds in bimetric relativity 389



List of Figures

2.1

2.2

2.3

24

3.1

3.2

The relation between KVFs and the CC, RC and MC. The last implication
uses the EFE, hence it is valid only in GR.

The diagram shows the relations between various symmetries of spacetime.
In modern language, “motion” would be similar to “metric collineation.”
Reproduced from Gerald H. Katzin, Jack Levine, and William R. Davis.
“Curvature Collineations: A Fundamental Symmetry Property of the Space-
Times of General Relativity Defined by the Vanishing Lie Derivative of the
Riemann Curvature Tensor”. Journal of Mathematical Physics 10.4 (1969),
pp. 617-629. DOI: 10.1063/1.1664886. eprint: http://dx.doi.org/10.
1063/1.1664886. URL: http://dx.doi.org/10.1063/1.1664886, with the
permission of ATP Publishing.

Selected KVF's for the solution in (2.9).

The relations between the collineations of h, and hg, and those of the square
root S = (g*1 f) 1 ?. the bimetric stress—energy tensors Vg, V; and the stress—

energy tensors Ty, T'y. This result is stated in Proposition 2 in Paper L.

Figure 1 in Paper II. Null radial geodesics for the NS-SS solutions defined
by A(v) = 2e” (left panel) and A(v) = 3 (right panel), both with a = 1,
B(2) = 1/3. The horizontal black lines are ingoing null radial geodesics, shared
by g and f. The outgoing null radial geodesics of g are in red, and those of
f are in blue. The dashed lines are the cosmological horizons. In the right
panel, all geodesics coincide because A(v) is constant and the two metrics are
proportional, i.e. they are both GR solutions. Selected null-cones are plotted,

for clarity.

Figure 2 in Paper II. Integral curves of the conformal vector field £ (green)
on top of the null radial geodesics of g for A\(v) = 2e”. The ingoing null radial
geodesics are horizontal and black, the outgoing are in red. The dashed line

represents the cosmological horizon.

vii

22

23

27

29

33

34



viii

List of Figures

3.3

6.1

6.2

6.3

6.4

Figure adapted from Figure 7a in Paper III. Phase space plot around the
Schwarzschild solution [black dot at (0,0)]. The variables are R = R — 1,5 =
o —1, with o(r) := %(r)/ (R(r) r)". The black thicker trajectory is emphasized
as an example. Every trajectory is a BH solution to the BFE. The redder the
trajectory, the larger r; the bluer the trajectory, the smaller . However, these
solutions around Schwarzschild have det (S) = 0 at some finite r, therefore
they are not acceptable. This is a typical saddle point diagram, which shows

the “repulsive” character of the Schwarzschild solution when r — co.

Null cones associated with the tridimensional metrics of different algebraic
types, in the chart where the metrics have the form specified in Table 6.1.
The algebraic types encode all the possible ways the null cones can intersect
and all the possible configurations of the (appropriately normalized) vectors
t (blue), t (red), t (green) normal to the light grey horizontal plane ¥ with
respect to g, f, h, respectively. Note that t,t ,% are not necessarily timelike,
since here we are not considering a (g, f)-spacelike hypersurface. However, it
is clear that we could do that for the types I, Ila, IIb and III by choosing, for
example, the white oblique planes [¥ is already (g, f, h)-spacelike for Type I].

The shared timelike directions lie within the intersections of the null cones.

The (appropriately normalized) symmetrized principal directions II=! (blue),
I, ! (orange), II"! (red) and i (green) are plotted together with the null
cones, for tridimensional Lorentzian metrics. The symmetrization condition
maps the orange directions into the red ones, such that one spacelike principal

~ #
direction in II™! coincides with one spacelike principal direction in 1171,

Two bimetric gauge pathologies. The figures show the null cones and t (blue),
t (red), i (green) close enough to the gauge pathologies (the closer to the limit,
i.e., to the pathology, the less readable the figures are). These configurations
are off-shell, that is, they arise from the causal coupling between the (three-
dimensional) metrics only, not from the dynamics. In these two cases, a
(g, f)-spacelike hypersurface exists, but a (g, f)-timelike direction does not,
hence the metrics are neither causally nor null coupled and the limit of the
square root does not exist (see how the null cone of h is shrinking). These

configurations constitute real singularities in BR.

Two more bimetric gauge pathologies. The figures show the null cones and t
(blue), t (red), £ (green) close enough to the gauge pathologies (the closer
to the limit, i.e., to the pathology, the less readable the figures are). These
configurations arise from the causal coupling between the (three-dimensional)
metrics only, not from the dynamics. In these two cases the metrics are casually
coupled of Type IIb, hence the square root exists and these pathologies are

only due to an unfortunate choice of the foliation.

38

86

91

96

97



List of Figures ix

6.5 Two more bimetric gauge pathologies. The figures show the null cones and t
(blue), t (red), £ (green) close enough to the gauge pathologies (the closer
to the limit, i.e., to the pathology, the less readable the figures are). These
configurations arise from the causal coupling between the (three-dimensional)
metrics only, not from the dynamics. In case (a), the metrics become null
coupled, that is, they tend to Type IV from Type IIb. Therefore the limit
of the square root exists but, as stressed in [HK18, Subsec. 3.3], it is on a
branch cut of the square root matrix function. Since it is not possible to
change branch with continuous operations only (neither with differentiable
operations, hence with dynamics), case (a) may be a real singularity (i.e., not
coordinate) of the theory if, after the limit, the null cones become neither
causally nor null coupled. It is not a real singularity if they become of Type
IIb again. However, a square root of Type IV is not a tensor, as argued in
[HK18, Subsec. 3.1], hence this case may be regarded as a real singularity
irrespectively of the subsequent dynamical evolution. In case (b), the metrics
are casually coupled of Type Ila, hence the square root also exists. Therefore,

this pathology is only due to an unfortunate choice of the foliation. 98

6.6 Figure adapted from Figure 5 in Paper VIII. The values of (¢,r) are given
in geometrized units and in units of the length scale L, determined by the
requirement that the event horizon of the final black hole is at » = 2M with
M mass of the black hole, as in [Nak+80]. In this case, the final location
of the horizon is at r/L ~ 3, hence 2M /L ~ 3 implying L ~ 2M /3. Note
that the mass M of the initial dust cloud is arbitrary. (a) Initial profile for
the matter density p™(t = 0,7) (multiplied by 103L? for visibility) and the
metric function a(t = 0,7) = b(t = 0,7) = (r)?, for cg = (3v/2m)~! (see
main text for more details). (b) Development of the initial data obtained
with bim-solver, a Mathematica/C++ toolkit written by Mikica Kocic and
the author of this thesis. The Lagrange shells, whose corresponding fraction
of rest mass is shown with the color code, collapse and form a black hole. The
red dashed line shows the evolution of the radius of the apparent horizon, and
the black dashed line indicates its final location at r = 2M. The evolution
is obtained by using a zero shift and a lapse determined by maximal slicing.
This can be seen by the fact that the Lagrange shells stop collapsing after
entering the apparent horizon, since their proper time slows down more and
more. The wiggles in the paths of the Lagrange shells are due to numerical

errors. Improving the quality of the simulations is part of an ongoing project. 114

6.7 Figure adapted from Figure 10 in Paper VIII. Initial data and their evolution
at t/L = 2,4 for the bimetric solution corresponding to the parameters (6.111).
The oscillations of the metric fields in space and time are the most distinctive
feature of the bimetric solutions compared with GR. The origin of these

oscillations can be understood by looking at the linearized solutions, see p. 124.118



List of Figures

6.8

6.9

6.10

6.11

6.12

E.1

E.2

E3

EA4

Figure adapted from Figure 11 in Paper VIII. The evolution of the shift
vectors of g and f. They oscillate around the mean shift ¢ = 0. This means
that the separation parameter p is also oscillating in time and radial distance.119
Figure adapted from Figure 3 in Paper VIII. Comparison between the collapse
of the Lagrange shells for the bimetric solution described in the main text
(dashed lines) and for the reference GR solution (solid lines). The bimetric
collapse happens more slowly and there are no hints of physical instabilities.
Long-term evolution is needed to be able to draw more meaningful physical
conclusions about gravitational collapse in BR. 120
Asymptotically flat initial data for the conformal factors i, and ¢,,, for the
BR and GR models defined in Table 6.3. They are solution to (6.108). The
black horizontal line indicates the value 1 to guide the eye. 125
Newtonian and curvature potentials, ¢ and ¢, far away from the collasping dust
cloud, for the BR and GR models defined in Table 6.3 at t/rg = 0.165. The
curvature potential oscillates in r in all bimetric models, but the amplitude
of the oscillations is not visible in E.2¢ and E.2d. Figure 6.12 shows the
oscillations for the BR3 model. 126
Time evolution of the curvature potential ¢ for the BR3 model (see Table 6.3),
which is the most accurate numerically (see Appendix E). The oscillations in

time and space are clearly visible. 128

Perturbations of the metric functions around the Minkowski metric in spherical
coordinates. They are < 1072, justifying the use of the perturbative analysis. 152
Constraint violations for the configurations shown in Figure 6.11. They are
much smaller than the perturbations in Figure E.1, confirming that our
analysis is reliable. 153
Constraint violations for the BR3 model at the times at which the evolution
of the curvature potential is shown in Figure 6.12. They are much smaller
than the perturbations in Figure E.1, confirming that our analysis is reliable. 154
Residuals of the numerical integration in time using the method of lines with
a fourth order Runge-Kutta method, for different values of the radial grid
point. The residual are always at least 2 orders of magnitude smaller than
the derivative of a, which implies that the numerical integration is accurate

enough for our purposes. 155



List of Tables

1.1

2.1

6.1

6.2

6.3

E.1

Suggestions about how to read this thesis.

Field equations for massless and massive spin-0, spin-1/2, spin-1 and spin-3/2
free fields in natural units where ¢ = A = 1, and for a massless spin-2 field in
geometrized units where ¢ = G = 1 [Wei00; Sre07; Sch14]. The Minkowski
metric is diag(—1,1,1,1).

Some of the most important symmetries of spacetime [DS99; Hal04]. £¢ is

the Lie derivative along &.

Algebraic types for which a real square root of g~!f exists [HK18]. It holds
MA >0Vi,aeR, b#0.

Definitions of the spatial bimetric interactions in d = N + 1 dimensions, based
on the quantities (6.37) in the Lorentz frame [Kocl8]. The e, (X) are the
elementary symmetric polynomials of the linear operator X.

BR models with kg = ky = 87 and ¢ = 1m used to find asymptotically flat

solutions.

Initial conditions and ;) parameters for the asymptotically flat solutions
to the Hamiltonian constraints (6.108). The initial conditions are completed
by the Neumann conditions 0,9 (r = 0) = ry,(r = 0) = 0 for all the
models. Defining § = \/ﬁ(l) + 2B(2) + B(3), the bimetric models are ordered

in increasing order of 3. They all have kg = Ky = 87 and £ = 1 m.

X1

xXxVvii

22

83

99

123

151






List of included papers

The following papers are included in this thesis, and are referred to by the Roman numbers

assigned below.

II

111

v

VI

VII

Francesco Torsello, Mikica Kocic, Marcus Hogas, and Edvard Mortsell. “Spacetime
symmetries and topology in bimetric relativity”. Phys. Rev. D 97 (8 Apr. 2018),
p. 084022. DOI: 10.1103/PhysRevD.97.084022. URL: https://link.aps.org/doi/
10.1103/PhysRevD.97.084022

Mikica Kocic, Marcus Hégas, Francesco Torsello, and Edvard Mortsell. “On Birkhoff’s
theorem in ghost-free bimetric theory” (2017). arXiv: 1708.07833 [hep-th]. Submit-

ted to Phys. Rev. D, under peer-review.

Francesco Torsello, Mikica Kocic, and Edvard Mortsell. “Classification and asymptotic
structure of black holes in bimetric theory”. Phys. Rev. D 96 (6 Sept. 2017), p. 064003.
DOI: 10.1103/PhysRevD.96.064003. URL: https://link.aps.org/doi/10.1103/
PhysRevD.96.064003

Mikica Kocic, Anders Lundkvist, and Francesco Torsello. “On the ratio of lapses in
bimetric relativity”. Classical and Quantum Gravity 36.22 (Oct. 2019), p. 225013.
DOI: 10.1088/1361-6382/ab497a. URL: https://doi.org/10.1088%2F1361 -
63827,2Fab497a

Francesco Torsello, Mikica Kocic, Marcus Hogas, and Edvard Moértsell. “Covariant
BSSN formulation in bimetric relativity”. Classical and Quantum Gravity 37.2 (Dec.
2019), p. 025013. DOI: 10.1088/1361-6382/ab56fc. URL: https://doi.org/10.
1088%2F1361-6382%2Fab56fc

Francesco Torsello. “The mean gauges in bimetric relativity”. Classical and Quantum
Gravity 36.23 (Nov. 2019), p. 235010. DOI: 10.1088/1361-6382/ab4ccf. URL: https:
//doi.org/10.1088%2F1361-6382),2Fab4cct

Francesco Torsello. “bimEX: A Mathematica package for exact computations in 3+1
bimetric relativity”. Computer Physics Communications 247 (2020), p. 106948. 1SSN:
0010-4655. DOI: https://doi.org/10.1016/j.cpc.2019.106948. URL: http:
//www.sciencedirect.com/science/article/pii/S0010465519303030

xiii



xiv List of included papers

VIII Mikica Kocic, Francesco Torsello, Marcus Hogas, and Edvard Mortsell. “Initial data
and first evolutions of dust clouds in bimetric relativity” (2019). arXiv: 1904.08617

[gr-qcl. Submitted to Classical and Quantum Gravity, under peer-review.

The following papers are not included in the thesis, and are cited as ordinary references in

the main text.

[Koc+19a] Mikica Kocic, Marcus Hogas, Francesco Torsello, and Edvard Mértsell. “Al-
gebraic properties of Einstein solutions in ghost-free bimetric theory”. Journal of
Mathematical Physics 60.10 (2019), p. 102501. DOI1: 10.1063/1.5100027. eprint: https:
//doi.org/10.1063/1.5100027. URL: https://doi.org/10.1063/1.5100027

[H6g+19] Marcus Hogas, Mikica Kocic, Francesco Torsello, and Edvard Mortsell. “Exact
solutions for gravitational collapse in bimetric gravity” (2019). arXiv: 1905 . 09832
[gr-qcl

[HTM19] Marcus Hogas, Francesco Torsello, and Edvard Mortsell. “On the stability of
bimetric structure formation” (2019). arXiv: 1910.01651 [gr-qc]

The chronological order of the papers is: 111, II, I, IV, V, VI, VII, VIIL

Reprints were made with permission from the publishers.



Preface

This doctoral thesis collects the scientific results obtained during my Ph.D. studies, from
September 2015 to February 2020, at the Oskar Klein Centre, Department of Physics,
Stockholm University, in the Cosmology, Particle Astrophysics and Strings (CoPS) division.
It is accompanied by the articles written during the same period, published or submitted to
peer-reviewed scientific journals.

The thesis is divided in three parts. The last part contains the included papers. Part I
and Part II constitute the body of the thesis. Specifically, Part I includes the results obtained
during the first two years of the Ph.D. studies, whereas Part II includes the results obtained
in the last two years and a half of the Ph.D. studies. The reason for keeping the two
parts separated is that the results obtained in the first and last part of the Ph.D. studies,
even though they have a shared motivation, use different methods. The Introduction, the
Conclusion of Part I and the Conclusion and outlook connect the two parts and explain why
they have both a standalone and a combined importance, in addition to clarifying what is
the common motivation behind them and how the results tie together.

The thesis is written assuming the reader to be another Ph.D. student who starts to
work in the field. Since there are no books describing the theory of extended gravity I have
been working on, in writing the thesis I wanted both to explain my work and to provide the
necessary background needed to understand my work in the clearest and simplest possible
way. Also, I collected what I think are the relevant references that explain in a clear way
both the physics and the mathematics needed. I hope to have succeeded in this task, and
I leave the final judgment to the reader. Lastly, the thesis is not only a comprehensive
summary of the included papers, but it includes complements to them and some original

results obtained during the writing of the thesis.
Contributions to the papers

Paper I. I had the original idea for the paper while working on Paper III, and the work
on [Koc+19a] motivated its development. All the authors contributed to the results. I

guided the work and wrote most of the paper, with the help from the coauthors.

Paper I1. This paper was born while looking for example solutions for Paper I. I contributed
in analyzing the solution, in checking the results, in discussing the physical implications

and in writing the final version of the manuscript.

XV



xvi Preface

Paper I11. Edvard Mortsell and I initiated the project. Mikica Kocic and I performed the
analytical and numerical studies. All the authors had many discussions about the
physical implications of the results. I wrote the majority of the paper, with the help

from the coauthors.

Paper IV. The idea for the paper was proposed by Mikica Kocic. I made the computations
included in Appendix E and checked part of the computations included in the main
text. I contributed to writing the final version of the paper in all of its parts. All the

authors discussed extensively about the meaning of the concepts introduced in the

paper.

Paper V. The original idea for the work resulting in this paper was proposed by Mikica
Kocic. I performed all the computations included in the paper and its appendix and
wrote the majority of the paper. All the authors had several discussions about the

meaning and physical implications of the results.

Paper VI. The original idea was proposed in [HK18]. I made all the computations and
wrote the entire paper. I had many discussions with Marcus Hogas, Mikica Kocic,
Anders Lundkvist and Edvard Mortsell.
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Introduction

Presentation of the thesis. This thesis is about a theory of gravity, called Hassan—
Rosen bimetric theory or bimetric relativity, which is an extension of general relativity.
Bimetric relativity is a geometric theory of gravity, as general relativity, and as such it can
be studied using the methods developed for general relativity. The studies described in
this thesis extend several theoretical and numerical methods used in general relativity, to
bimetric relativity.

An intuitive phenomenon caused by gravitational interaction is gravitational collapse,
due to the innate attractiveness of gravity. Gravitational collapse is at the basis of our
understanding of physical systems at very different length scales, for example the formation
of stars, compact stars, black holes, solar systems, galaxies and galaxy clusters. In cosmology,
structure formation relies on gravitational collapse in a homogeneous and isotropic expanding
spacetime.

Therefore, it is fundamental to understand the dynamics of gravitational collapse in
extended theories of gravity, since any such theory has to be able to provide sensible
predictions about the physical processes mentioned above. This thesis discusses necessary
steps undertaken in order to shed light on gravitational collapse in bimetric relativity. These
studies clarify many aspects of the theory, and open new research paths. Understanding
gravitational collapse in bimetric relativity is the overarching motivation behind the studies
described in the thesis.

The main results concern different, but connected, theoretical areas of bimetric relativity.
One is the formal theory, with results on: (i) how the symmetries of spacetime (e.g., spherical
symmetry) can be used to constrain the solutions to the equations of motion of bimetric
relativity, in particular those describing gravitational collapse and (ii) how the equations
of motion can be integrated numerically. A symmetry of spacetime is a transformation
of spacetime which leaves some of its geometrical properties unaltered. These results are
obtained with methods closely following those used in general relativity, originating from
geometry and the theory of ordinary and partial differential equations. The other area
concerns the numerical integration of the equations of motion of the theory, the bimetric field
equations, involving: (i) the study of static, spherically symmetric black hole solutions, which,
under appropriate conditions, are assumed to be the end state of a spherically symmetric
gravitational collapse and (ii) the study of spherically symmetric gravitational collapse of
pressureless matter.

The thesis points out the great success of general relativity in describing Nature, but it

also provides motivations for extending it, based on some of the most important contemporary
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open problems in physics, namely the dark matter and dark energy problems, and the
cosmological constant problem. To be well-motivated, an extended theory of gravity as
bimetric relativity should provide better explanations than general relativity to some of
these problems, and at the same time provide predictions in equal or better agreement than
general relativity with observations.

With this considerations in mind, the aim of this thesis is twofold. First, to concisely
explain why and how bimetric relativity helps us in the understanding of the aforementioned
open problems. Second, the thesis provides the background needed to understand the
included research papers. The goal of these studies is to allow future research to obtain
predictions that can be compared with observations. This constitutes the major part of the
thesis. Besides, the thesis provides details about the research studies not contained in the

research papers.

Motivation behind the thesis. In general relativity, spherically symmetric gravi-
tational collapse is studied both in asymptotically flat spacetime and in homogeneous,
isotropic spacetimes. In the first case, an exact solution to the Einstein field equations in the
presence of pressureless dust, namely the Oppenheimer—Snyder one [OS39], can be found,
making use of the Jebsen—Birkhoff theorem. This theorem states that, in general relativity,
any region of a spherically symmetric vacuum spacetime must be equivalent to a region
of the Schwarzschild spacetime describing a static and spherically symmetric black hole.
The second case makes use of the linear perturbation theory established in [Lif46] (see also
[Wei08, Ch. 5-6]). This consists in introducing linear scalar, vector and tensor perturbations
and studying their linear dynamics. Vector perturbations do not play an important role
in general relativity, since they decay quickly. Tensor perturbations describe gravitational
waves and scalar perturbations describe gravitational collapse of matter. The study of scalar
perturbations culminates in the explanation of structure formation in our Universe.

In bimetric relativity, the standard way to study gravitational collapse has been to
introduce linear perturbations on homogeneous, isotropic background spacetimes. This is
due to two reasons, namely the success of this method in general relativity and the fact
that the equations of motion are harder to deal with in bimetric relativity compared to
general relativity, hence linearization helps to simplify the problem. The study of scalar
perturbations in bimetric relativity led to the result that either matter collapses too quickly
(the so-called gradient instability) compared to general relativity, or that the theory is
inconsistent [CCP12; KSS12; Ber+12; FT13; KA14; CCP14; Fel+14; SAK14; Koe+14; LF14;
Ena+15; Konl5; KGK19].

This conclusion resulted in a skepticism towards bimetric relativity over the past few
years, after a very fertile period of several years immediately subsequent to its birth in
2011. However, the conclusion that linear perturbation theory leads to instabilities, does
not imply that bimetric relativity cannot explain gravitational collapse in a way consistent
with observations. It only means that linear perturbation theory, whose validity is restricted
to when higher order perturbations are much smaller than the linear ones, which have to
be much smaller than the background as well, very quickly loses its validity and cannot be

used to draw conclusions about the physical system under consideration.
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This state of affairs is not new in the field of modified and extended theories of gravity.
Already in the seventies, van Dam and Veltman [DV70], and Zakharov [Zak70] showed that
predictions obtained in general relativity are not recovered in the limit when these theories
are supposed to tend to general relativity. However, the conclusion was based on a linear
analysis. In [Vai72], Vainshtein argued that the inclusion of nonlinearities provides a smooth
limit to general relativity. The Vainshtein mechanism was then studied in more detail in
bimetric relativity in [AMN15; EM15].

There are many modified and extended theories of gravity. The possible ways one can
construct such theories are constrained and at the same time suggested by Lovelock’s theorem
[Lov71; Lov72]. Before stating it, we remind the reader that the dynamical field in general
relativity is the metric, that is, a function that defines a measurement of distances between
any two points in spacetime. Lovelock’s theorem establishes that, starting from a Lagrangian
density involving only the metric, the only possible second-order Euler—Lagrange field
equations in four dimensions are the Einstein field equations with a nonzero cosmological
constant. In [Cli+12] it is pointed out that, due to Lovelock’s theorem, a modified or
extended theory of gravity can be constructed by doing one or more of the following:

(i) Replace the metric, or add other fields interacting with it.

(ii) Consider field equations with derivatives higher than second.

(iii) Consider a space with dimension different than 4.

(iv) Consider field equations not arising from an action principle.

(v) Consider non-local field equations.
Reviews on theories constructed by using these pathways can be found in [Cli+12]. Here,
we do not talk about higher-derivative, non-local and higher dimensional theories, since
bimetric relativity does not belong to these categories. Rather, it is obtained by adding a
new field interacting with the metric, namely another metric. Hence, in a bimetric spacetime
there are two different distance measures but, for any given type of matter inhabiting the
spacetime, only one of them is relevant. More details are provided in the thesis. For topics
not treated in the thesis, we refer the reader to the review [SS16] on bimetric relativity and
[Rhal4] on the closely related massive gravity theory. Other types of theories obtainable
by adding fields interacting with the metric tensor are, for example, scalar-tensor theories
adding a scalar field, and tensor-vector-scalar theories, adding both a scalar and a vector
field. The reason why bimetric relativity stands out among these theories is explained in the

thesis.

Summary of the thesis. Since the results coming from linear analysis are not reliable
in bimetric relativity, the studies presented in this thesis are fully nonlinear. That is, the
bimetric field equations are never considered under limits that neglect some of their parts,
or under analytical approximations. The nonlinear study is done in different ways. One way
is to study symmetries of spacetime and how they affect the bimetric field equations and
the relevant fields in the theory. Another is to look for exact solutions to the bimetric field
equations. Yet another way is to numerically integrate the bimetric field equations; this
requires a recasting of them in a suitable form.

Symmetries of spacetime have been widely studied in general relativity, with the purpose
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of simplifying the Einstein field equations in the aim of finding exact solutions to them. The
first part of the thesis uses the same approach in bimetric relativity, as described in Paper I.
The study of spacetime symmetries led to the discovery of a novel nonstationary spherically
symmetric vacuum solution in bimetric relativity, whose relevance and importance are
explained in Paper II. Symmetries of spacetime also play a major role in determining the
properties of static and spherically symmetric black hole solutions, whose analytical and
numerical properties are reported in Paper III.

The numerical integration of the bimetric field equations can be done in several ways.
If the equations are reduced to ordinary differential equations through, for example, the
assumptions of some spacetime symmetries, the numerical integration can be performed
after rewriting the equations in so-called normal form. This form only involves first-order
derivatives with respect to the unique independent variable considered, and is solved for
them. This is done in Paper III when solving for static and spherically symmetric black
hole solutions. When moving to spherically symmetric gravitational collapse, the bimetric
field equations become partial differential equations. As such, they need to be treated in a
specific way to ensure existence, uniqueness and, roughly speaking, stability of the solutions.
The same is true in the case of general relativity, where the problem is faced by means of a
rewriting of the Einstein field equations which differentiates between space and time, the
so-called 3 +1 formalism. The same rewriting can be applied to the bimetric field equations,
and the results of Paper IV, Paper V, Paper VI and Paper VII concern the development of
this particular reformulation of the bimetric field equations. The first results on bimetric
gravitational collapse obtained with the numerical integration of such a reformulation of
the bimetric field equations are presented in Paper VIII, and constitute the first results in
numerical bimetric relativity.

The importance of Paper I, Paper V, Paper VI and Paper VII is based on the fact
that their results are fully general. Hence, they may be used not only to look for solutions
describing gravitational collapse, but also to look for other type of solutions, for example
rotating black holes and stars, binary systems of black holes and compact stars, and
gravitational radiation. The importance of Paper II and Paper III resides in clarifying
how the results of Paper I about spacetime symmetries affect particular solutions of the
theory, and to clarify what types of spherically symmetric static and dynamical vacuum
spacetimes are solutions to the bimetric field equations. Paper IV and Paper VIII are the first
works which prepare and perform the numerical integration of the bimetric field equations,
rewritten in the 341 formalism.

The findings of Paper VIII do not show any sign of physical instabilities in the grav-
itational collapse of a spherically symmetric cloud of pressureless dust. The simulations
described in Paper VIII are not numerically stable, hence the evolution can be followed for
a rather short time. Yet, if an exponential growth was to happen, it should be evident early
in the evolution, and this is not the case. Obtaining long-term numerically stable bimetric

simulations is subject of ongoing work, initiated with the studies in Paper V and Paper VI.

Structure of the thesis. The thesis is structured in three main parts. Part I is

independent from Part II. The reading of Part I before Part II is advised, though not
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History of and motivations for

ion 1.1
bimetric relativity Section
Covariant formulation of bimetric .
. Section 1.2
relativity
Symmetries of spacetime Section 2.2
The reader .
.- . . . . may skip
familiar with Theory of partial differential
. Chapter 4
equations
3+1 decompos%ti.on in general Chapter 5
relativity
3+ 1 decomposition in bimetric Section 6.1
relativity Section 6.2

Table 1: Suggestions about how to read this thesis.

necessary. Suggestions about what parts of the thesis may be skipped by a reader familiar
with some of the treated topics are provided in Table 1.

Part I contains the results obtained in the covariant formulation, that is, without
rewriting the bimetric field equations in the 3+ 1 formalism. Chapter 1 provides motivations
in support of the study of bimetric relativity, and introduces some of its theoretical features.
Chapter 2 reviews the concept of spacetime symmetry and describes the results of Paper I.
Chapter 3 summarizes the results of Paper II and Paper III mainly from the viewpoint of
Paper I, but also emphasizes their standalone importance.

Part II includes the results obtained in the 3 + 1 formulation. Chapter 4 reviews aspects
of the theory of partial differential equations, needed to understand the results of Paper V,
Paper VI, Paper VII and Paper VIII. Chapter 5 reviews the 3 +1 decomposition in general
relativity, needed to understand the results of Paper IV, Paper V, Paper VI, Paper VII and
Paper VIII. Chapter 6 reviews the literature concerning the 3+ 1 decomposition in bimetric
relativity and summarizes the results of Paper IV, Paper V, Paper VI, Paper VII and Paper
VIIIL.

Part III comprises the included papers.






Part 1

COVARIANT FORMULATION






The connections between symmetry and beauty are a well-trodden area, with Hermann Weyl’s
Symmetry the classic reference. Ms. Cole sees invariance and symmetry as a way to get from truth
to beauty, adding that “...deep truths can be defined as invariants—things that do not change no
matter what; how invariants are defined by symmetries, which in turn define which properties of
nature are conserved, no matter what. These are the selfsame symmetries that appeal to the senses
in art and music and natural forms like snowflakes and galaxies. The fundamental truths are based

on symmetry, and there’s a deep kind of beauty in that.”

Rockmore [Roc99] about Cole [Col99], found in Duggal and Sharma [DS99]






Chapter 1

Bimetric relativity

In this chapter, we introduce the Hassan-Rosen bimetric relativity (BR) and describe some
of its theoretical features. We provide some motivations to consider it as a candidate theory
describing the gravitational interaction in Section 1.1, and perform a more formal analysis

of it in Section 1.2.

1.1 Motivations behind bimetric relativity

Our physical understanding of Nature relies on the two pillars of modern physics, quantum
field theory (QFT) [PS95; Wei95; Wei96; Wei00] and general relativity (GR) [OR96; MTW73;
Wall0]. These two theoretical frameworks describe how the four interactions of Nature
govern the phenomena we experience and see. In particular, the strong, electromagnetic and
weak interactions are understood in the realm of QFT, whereas the gravitational interaction
is comprehended within the elegance of GR. Both QFT and GR provide astonishingly
accurate and precise predictions [Will4; Abb+16; Abb+17].

Some of the most compelling open questions in physics concern particle physics and
cosmology [Han15], described by the Standard Model of particle physics (SM) [Nagl3;
Sch14], and the Standard Model of cosmology (ACDM) [Dod03; Spel5]. The acronym
ACDM (for “A Cold Dark Matter”) indicates that this model describes a universe whose
main components are an unknown form of matter, “cold dark matter,” and an unknown
form of energy, denoted A. The latter is homogeneous in space and time and drives the
accelerated expansion of the Universe. Both standard models have passed experimental tests
with incredible success [CM15; Ade+16].

The SM is built within the framework of QF T, whereas the ACDM model makes use of
GR. In spite of the many passed experimental tests, it is common to regard these theories
as incomplete. In this section we will present some of the reasons for this. In particular, we

focus on the motivations for exploring BR.

The history of BR. With “classical field theory,” we refer to a theory describing the
dynamics of continuous systems and fields by means of the Lagrangian formulation [GPS02,
Chapter 13], when quantization is not taken into account. The dynamics is governed by the

field equations, which are the Euler—Lagrange equations obtained by applying the Hamilton

5
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Massless Massive
Klein—Gordon Klein—Gordon with mass
Spin-0
0udte =0 (8u6“ — m2) p=0
Dirac Dirac with mass
Spin-1/2 ) .
/ idy =0 (zﬁfm)¢=0
Maxwell Proca
Spin-1
Op (OFAY —VA*) =0 O (OHAY — 0V AM) —m2AY = 0
Rarita—Schwinger Rarita—Schwinger with mass
Spin-3/2
/ idyt =0 (id —m)yr =0
Einstein (nonlinear)
Spin-2 1 ‘?

R,‘,,—ig,wR—l—ABgm, =0 :

Table 1.1: Field equations for massless and massive spin-0, spin-1/2, spin-1 and spin-3/2 free
fields in natural units where ¢ = i = 1, and for a massless spin-2 field in geometrized units
where ¢ = G = 1 [Wei00; Sre07; Sch14]. The Minkowski metric is diag(—1,1,1,1).

principle to the action.

The Euler—Lagrange equations for a certain field are completely specified by its spin and
mass, as summarized in Table 1.1. The linear field equations for massless and massive spin-0,
spin-1/2, spin-1 and spin-3/2 fields have known formulations, as well as the nonlinear Einstein
field equations (EFE) for a massless spin-2 field. On the other hand, the field equations for
a massive spin-2 field are not included in Table 1.1, because they are not included in the
two main theoretical frameworks of GR and QFT.

Table 1.1 shows that, once the spin is fixed, the field equations for massless and massive
fields are very similar; the former can be obtained from the latter by taking the limit m — 0.
Therefore, it is natural to look for the field equations for a massive spin-2 field by trying to
extend or modify GR.

An important difference between the Klein—Gordon, Dirac, Maxwell, Proca and Rarita—
Schwinger equations on one side, and the EFE on the other side is that the latter are
nonlinear. This rendered the search for a classical field theory of a massive spin-2 field to be
long and hard. It started in 1939, when Fierz and Pauli formulated a linear theory for a
massive spin-2 field [Fie39; FP39]. Only in recent times was a nonlinear completion finally
found. In 2010, de Rham, Gabadadze and Tolley proposed a theory, the dRGT massive
gravity [RG10; RGT11], which is free from the pathological Boulware-Deser (BD) ghost
[BD72], as proven in [HR12c].! The dRGT massive gravity describes the interaction between

1A ghost is a nonphysical degree of freedom having a negative kinetic term in the action, thus rendering
the Hamiltonian not bounded from below [HH02]. In a quantum theory, ghosts are associated with states
having a negative norm [HH02; Bar+09], therefore their presence impede the quantization of the theory
both mathematically, because a Hilbert space has a non-negative norm by definition [HS65, Section 16], and
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a dynamical and a non-dynamical metric. The nonlinear Hamiltonian analysis in [HR12c]
shows that the dRGT massive gravity propagates five degrees of freedom (DoF'), which can
be associated to the polarizations of a massive spin-2 field.

In 2012, soon after the dRGT massive gravity appeared in the literature, Hassan and
Rosen generalized it [HRS12|, by proving that dynamics could be given to the second
spin-2 field, without reintroducing the BD ghost or destroying the consistency of the theory
[HR12a; HR12b]. This led to the Hassan-Rosen bimetric relativity, where both the spin-2
fields possess a kinetic term in the action and interact through the same potential as in the
dRGT massive gravity. The Hamiltonian analysis shows that BR propagates seven DoF.
For linear perturbations around background solutions having proportional metrics, five DoF
can be assigned to the polarizations of a massive spin-2 field, and two to the polarizations
of a massless spin-2 field [Com+12b; HSS13b; HSS13a]. However, the distinction between
massless and massive mode is blurred at the nonlinear level.

Reviews about the dRGT massive gravity and BR can be found in [Rhal4] and [SS16],
respectively.

It is noteworthy that a classical consistent nonlinear theory of interacting massless and
massive spin-2 fields exists, since theories for massless fields with spin higher than 2 and
interacting with any other fields, do not exist [Wei95, p. 538|[Sch14, p. 138]. Similarly,
interacting theories of only massless spin-2 fields do not exist [Bou+01]. There are, however,
theories describing free massless fields with an arbitrary spin on Minkowski spacetime [Fro78;
FF78] and on AdS spacetime [Vas80; Vas87; LV88].

The cosmological constant problems. In this paragraph, we discuss a fundamental
problem in contemporary physics which was one of the first motivations prompting the
search for modified or extended theories of gravity. We will closely follow the arguments in
Martin [Mar12], which we refer the reader to for details. Another review on the cosmological
constant problems can be found in Burgess [Burl5].

When deriving the EFE in GR, no physical requirement forbids the inclusion of the
cosmological constant term Ap g, (see Table 1.1), where the subscript B stands for “bare.”
This term can be interpreted as the energy density of an empty universe. From a QFT
perspective, this is the energy density of the ground state of the system, that is, the
“vacuum” state |0). It can be shown that, for any arbitrary field, Lorentz invariance (not

just covariance) forces such an energy density to be [Sak91; Vis1§]

<0|THV|0> = —Pvac Juv- (1.1)

If we substitute (1.1) in the EFE with a matter source,

1
R,u,u - ig;w R+ AB Juv = 8 <O‘T,u1/‘0>> (1'2)
we find )
Ry, — 3 Iuv R = — (A + 87pvac) Guv- (1.3)

physically, because they allow for negative probabilities.
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We can define the effective cosmological constant to be
Aest == AB + 87 pyac, (1.4)

which is the quantity that can be probed with cosmological measurements. We can regard
Pvac @S a correction to the bare value Ag.

Since there are many interacting fields in Nature, corresponding to all the observed
particles in the SM, and all of them are supposed to give a contribution to the vacuum
energy, we may have many such corrections to Ag. These corrections can have a classical
and a quantum origin. Accordingly, there is a classical and a quantum cosmological constant
problem.

The classical cosmological constant problem originates from corrections to the vacuum
energy density due to phase transitions in the early Universe. In particular, the contributions
from electroweak and QCD phase transitions would be, respectively,

EW ~ 1.2 x 108 GeV?, QCD ~ 1072 GeV™ (1.5)

IOVaC IOVaC

From (1.4), we can deduce that the vacuum energy must be corrected after every phase

transition,

classical _ B EW QCD B . AB
Pvac = Pyac T Pvac T Pvac T - Pvac = 8771"

where the dots refer to other possible or hypothetical phase transitions. Observations imply,

(1.6)

obs ~ 10717 GeV?, (1.7)

p vac

which is many order of magnitude smaller than the predicted corrections in (1.5). This
would require Ag, or, equivalently, the associated pB,., to be fine tuned with an enormous
precision. This severe fine-tuning problem is the “classical cosmological constant problem.”
The quantum cosmological problem arises when accounting for quantum corrections to
the vacuum energy. These can be collectively written [KP11],
m?

2 2
quantum __ E (_|_n) ! 1n My ~ —2 X 108 Gev4 (18)
Pvac - — " 642 :U’2 ’

where the index ¢ runs over all the elementary particles included in the SM, m; is the mass
of the particle ¢ and n; is the total number of DoF of the particle ¢. The + sign holds for

bosons and the — sign for fermions. We can now write the expression for the vacuum energy

as,
predicted _ B quantum classical
vac = Pyac T Pvac + Pvac
B uantum EW CD
= Pyac T pg/ac + Pyvac T p\(?ac t .
~ pB . — 3.2 x 108 GeV?, (1.9)

Again, pB_ needs to be fine tuned to an extraordinary precision, in order to cancel the

contributions from the quantum corrections. This second fine-tuning problem is the “quantum
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cosmological constant problem.”
These calculations rely on some important assumptions:
(i) The observational estimation of piar assumes isotropy and homogeneity.
(ii) Gravitation is correctly described by GR, and particle physics is correctly described
by the SM.
(iii) The physical origin of the cosmological constant (i.e., of the accelerated expansion of
the Universe) is vacuum energy.
Relaxing assumption (i) does not imply any modification to GR or the SM. Assumptions
(ii) can be relaxed by assuming that particle physics is described by a model other than
the SM; however, none of the extensions of the SM proposed so far is able to solve the
two problems without spoiling some other experimental or theoretical constraints [Burl5].
Another approach would be to modify GR or to extend it; in this respect, one can look
at the dRGT massive gravity and BR as candidate theories of gravity. Assumption (iii) is
related to the fundamental question “does the vacuum energy gravitate?” Decoupling the
vacuum energy from gravity is called “degravitation.”
Within BR, solving the cosmological constant problems would require some form of
degravitation. For spherically symmetric solutions, this is discussed in [PS17]. However, the

cosmological constant problems are still present in BR.

The dark energy problem. The previous two cosmological constant problems can
be collectively referred to as the “old cosmological constant problem.” In addition, there is
a “new cosmological constant problem,” or “dark energy problem” [Burl5]. This problem
arises when one assumes that the vacuum energy is degravitated. Hence, a new source for
the accelerated expansion of the Universe has to be found, and it is called “dark energy.”

BR solves the dark energy problem, and the resulting dark energy is also protected
against quantum corrections, as we shall motivate. Suppose we have a field theory (classical
or quantum), described by an action containing a parameter. Suppose further that setting
the parameter to zero cancels some terms in the action and enhances its symmetry group to
a broader one. In such a situation, the parameter is said to be “technically natural in the
sense of 't Hooft” [t H80], that is, quantum corrections will not change its order of magnitude.
Hence, if this parameter is small, quantum corrections will be small. Note that technical
naturalness also holds for gauge symmetries, as it happens for the masses of the gauge
bosons in electroweak theory [CT16, p. 3].

BR contains five energy scales in total, called m; with i € {0,...,4}. Two of them,
namely m gy and my), act as cosmological constants for the two metrics g and f, respectively.
Therefore, degravitating vacuum energy corresponds to degravitating m gy and m 4y (or
possibly only the one directly coupled to the metric coupled to us). In such a case, a dynamical
accelerated expansion can still be obtained [Voll2; Str+12; Com+12a], thanks to the
remaining terms in the interaction between the metrics [AKS13]. These involve three energy
scales which are technically natural. As we will see in Section 1.2, if m ), mg), m(3) # 0, the
action is invariant under diffeomorphisms, as is GR. However, if m ;) = m() = m(3) = 0, the
action reduces to two decoupled EH actions. The latter are invariant under two independent

groups of diffeomorphism, hence the symmetry group of the action is enhanced.
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Dark matter. In the ACDM model, a theoretically well-motivated unknown matter
component is needed in order to explain many astronomical and cosmological observations
[Ber00; BHS05; Fenl10]. To present day, only its gravitational interactions have been detected
[Gib17], and therefore the possibility of a purely gravitational origin of it is still open. BR
provides an interesting framework for investigating this possibility as shown, for example,
by the works in [AM14; BH15; EM15; Bab+16].

In particular, in [Bab+16] it is stressed that a heavy massive spin-2 field has all the
properties to be a dark matter particle candidate, since it would couple negligibly to ordinary

matter.

Motivations to study bimetric relativity. The old cosmological constant problem
was one of the first important motivations to look for modified and extended theory of
gravity. However, once BR was formulated it was clear that it does not solve this problem.
Hence, solving the old cosmological constant problem is not the primary motivation to study
BR further.

A strong motivation to study BR nowadays is that it is the minimal theory of nonlinearly
interacting massless and massive spin-2 fields. With “minimal” we mean that BR is obtained
by the minimal requirements needed for a theory to be consistent, namely the absence of
ghosts. The imposition of these requirements does not leave any freedom to specify arbitrary
interaction potentials between the metrics. This makes the bimetric equations of motion
(to be introduced in the next section) as fundamental as the Klein—Gordon, Dirac or EFE.
The latter equations have described the dynamics of spin-1, spin-1/2 and spin-2 fields since
their discovery without modifications, for they only depend on the spin and the mass of the
particles whose dynamics they describe, and are obtained imposing minimal requirements
only. This suggests that studying BR is worthwhile to understand both the structure of the
interactions between (multiple) spin-2 fields and to study new features of gravity. Note also
that dark matter and dark energy have only been detected gravitationally, hence it is natural
to try to identify their origin by exploring spin-2 interactions and their phenomenology. In
addition, the study of multiple metrics defined on the same differentiable manifold has been
considered mostly for Riemannian metrics. Hence, studying BR has also the mathematical
motivation to understand the structure of multiple Lorentzian metrics defined on the same
differentiable manifold. Moreover, at present day, the sole physical theories that solve the
dark energy problem are theories of modified or extended gravity.

Another motivation to study BR is that its cosmological solutions without an explicit
cosmological constant term, simultaneously can explain the origin of dark energy as the
interaction between the massless and massive spin-2 fields, and have a particle dark matter
candidate in the heavy massive spin-2 field, as we shall describe at the end of the next
section.

All of these reasons justify the study of BR both theoretically and phenomenologically.
Indeed, since the bimetric cosmological solutions are compatible with the cosmological data,
it is necessary to test other predictions, such as those arising from gravitational collapse.
Due to the complexity of the theory, the study of realistic physical systems requires the

development of both theoretical and numerical strategies, which is what this thesis is about.
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1.2 Formulation of bimetric relativity

Hassan—Rosen action. The action of BR in four dimensions and SI units is [HR12a]?

4 C4

4
= | dtav=g| ( - det 1.1
5:= [ato g[(16ﬂ_GgRg+Ig> SaV(S) +do (5)(16ﬂGfRf+ecf>}, (1.10)

where the symbol ¢ refers to the determinant of the metric g when it appears in the
expression y/—¢g (same for f), and S := (g_l f) /2 is the principal square root of the matrix
g~ f.3 We stress that the square root of a matrix is not unique. The choice of the square root
branch that guarantees a spacetime interpretation of the theory, the existence of a common
34+ 1 decomposition for both metrics (which is a necessary condition for the ghost-free
proof), and is compatible with general covariance, is the principal square root [HK17]. We
will come back to these topics in more detail in Chapter 6, since they are relevant for the
3+ 1 decomposition in BR. In (1.10), G is Newton’s gravitational constant, G, and Gy
are the modified gravitational constants of g and f, ¢ is the speed of light and ¢ is the
length scale of the bimetric interaction. In geometrized units where ¢ = G = 1 and defining

Gy = kg G/(87), Gy = Ky G/(8), with kg, k¢ dimensionless constants, (1.10) reads,

S = Jd‘*x\/fg[(QigRg + £g> — %QV(S) + det (9) (;WRf + £f>] (1.11a)

=: 8% + Sint + 8Lig- (1.11b)

The kinetic terms for the two metrics are given by Einstein—Hilbert (EH) terms. Note
that since det (S) = v/—f/y/—¢, the term multiplied by det (S) in (1.11) has integration
measure d*z \/—g det (S) = d*z+/—f, reproducing an EH term for f. The two matter
lagrangians £; and Ly are independent, and minimally coupled to only one metric, as
prescribed in [RHR15]. The actions 8,z and SéR include the EH terms and the matter
terms for g and f, respectively.

The interaction action 8i,y between the metrics is determined by the “bimetric potential”

4
V(S) =) B enlS), (1.12)
n=0

where the f3,,) are constant dimensionless real parameters and the e, (S) are the elementary

symmetric polynomials of the eigenvalues \; of S,

eo (S) =1, e1 (S) = A+ Ao+ A3+ Ay, (1.13&)
€9 (S) = AAo + AA3 + A Ay + A3 + Aoy + Ay, (1.13b)
es (S) = A1 A2A3 + A Ay + A1 A3 + AoAs )y, €4 (S) = A A2A3)\4. (1.130)

2We do not include explicitly the Gibbons-Hawking—York boundary terms in the action [Wall0, Appendix
E.1], but it is understood that they are present.

3Note that ¢~ f is a linear operator, as (gflf)l/Z. In index notation, S*, := (gflf)l/2 my, St,S8°, =
g*’ f pv-
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In dimension d, the elementary symmetric polynomials e, (S) with m > d are zero. Also,

they can be rewritten in terms of the traces of powers of S,

e0(S) =1, e, (S) =Sl .5, (1.14)

that is,
(S) =1,  e(S)=Tr(S), eslS) = % [T (5)? T (52)]. (1.15a)
e5(S) % [Tr(5)° = 3Tr (2) Tr (8) +2Tr (%) | ea($) = det(5).  (L15b)

More properties of the elementary symmetric polynomials can be found in [Koc18, Sec. 1.3].

Variation of the action and bimetric field equations. We now vary the action
(1.11) with respect to g and f, to get the bimetric field equations (BFE).

The variations of S%R and SéR are the same as in GR,*°

5S!(J}R - J d455v < g;w - g;w) 59 (1.16&)
5SéR - J d4SC \V ( Gf;u/ Tf;u/) 6fwj, (116b)

with Einstein tensors for the metrics

1

1
5 9uv By, G = Ry — §f/wa (1.17)

Gopw = Rgpw — 9

and matter stress—energy tensors®

-2
TQ/W = \/7 ag,uzz

Following [HSS13a], the variation of the elementary symmetric polynomials in 8;,, which
7

N LYy A R T)

makes use of Newton’s identities, gives

den(S

i Lo o(8)Tr [s’f—% (52)] : (1.19)

with 5(5’2) = (5(g_1f) = (59‘1)]” +g! ((5f). The variations of Sy, with respect to g and f

become

Og Sint = — %2 d4w\/ 9 V() 09", (1.20a)

Oy Sint = — %QJd‘lx\ﬁvf ) 0.1, (1.20b)

4The boundary terms of the variations are canceled by the Gibbons-Hawking—York boundary terms.

SThese variations use Dirichlet boundary conditions [Blal7].

5For a definition of the stress—energy tensor not relying on the matter Lagrangian, but only on the
properties of the matter itself, see [RZ13, Sec. 2.3].

"Concerning the Newton’s identities, or Newton-Girard identities, see for example [0S12, Sec. 10.12].
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with

-2 0
V=g og
3

V() = \/ifafi,,[\/jfv(s)] = —Fur D (1) Bacn) Yo M (S7H). (1.21b)

n=0

Vo(S) v =

[vV=gV(9)]

3
“Gur Z(_l)n/@(n) Yv(n))\ll(S% (1213)

The operator Y(n)“V(X ), with X being a linear operator, is defined by

Vi o ( :i J(XRYR,. (1.22)

We call Vy(S),, and V¢(S),, “bimetric stress—energy tensors.”

Finally, the variations of the full action with respect to g and f are,
1
g8 = f d4xv ( Gouv — FQVQW - Tg;w) oM, (1.23a)
618 = f d*a/—f ( G — KQVfW Tf,w> S (1.23b)

Hamilton’s principle of stationary action imposes that these two variations must be zero
for every value of the variations §¢g"” and 0 f* with Dirichlet boundary conditions, and for

every integration domain 2. From the continuity of the integrand, we deduce the BFE,

G = kg (7 Vo + Tgpu), (1.24a)
G = 85 (2 Vi + Thpu)- (1.24Db)

In vacuum, if the metrics are proportional, f,, = ¢2g,,, 0 # ¢ € R, the bimetric stress—

energy tensors reduce to two cosmological constant terms and the BFE become two decoupled
EFE. Therefore, in this case the solutions to the BFE are GR solutions.

The algebraic and the differential identities. Two important identities relate the
two bimetric stress—energy tensors and the bimetric potential.
The first, proven in [BMV13; HSS14], is the algebraic identity

Vo(S)Hy + det () Vi (5)"y = V(5) 6%, (1.25)

where the indices of each tensor are raised and lowered with the corresponding metric, for
example V¢(S)*, = fF*Vi(S)aw
The second is the differential 1dentity,

V.V, (S)H, + det (S) V, Vi (S)*, = 0, (1.26)

proved in [DKO02] by using diffeomorphism invariance. The operator V is the covariant

derivative for g and V for f.
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Diffeomorphism invariance. The action (1.11) is invariant under diffeomorphisms.
Consider a diffeomorphism ¢ generated by a smooth vector field ¢. The variations of the

metrics are equal to their Lie derivative along ¥ (see, e.g., [Blal7]),

5Ug;w = SO*QW —Guv = -fugw/ = VNUV + V,,Vu = 2V(MVV), (1.27&)
80 fuw =" Frv — Fuv = Lo frw = Vi + Vo Uy = 2V (,0,, (1.27D)

where ¢* is the pullback induced by the diffeomorphism ¢.® We do not assume the vector
field ¢ to vanish at the boundary 2. The computations regarding the EH actions and the
matter actions are well-known in GR and can be found, for example, in [Blal7]. Hence, we
concentrate on Siut.

It is possible to show that [Blal7] (see also Appendix A)

S5y < L d4x\/jg°€> = L dta/—g V, (VHL), (1.28)

for every covariant action with scalar Lagrangian density -£'. In our case,

oS = 75 L dtay=g V. [0V (S)], (1.29)
that is, the variation of 8i,; under a generic diffeomorphism is the integral of a total derivative.
Therefore, if we assume the vector field to vanish at the boundary 2, the variation is zero and
the action is strictly invariant. If we do not assume this, the variation is a total derivative
added to the Lagrangian. Hence, it does not affect the Euler-Lagrange equations in the
bulk of the integration domain. In other words, two Lagrangians differing only by a total
derivative can be considered equivalent [GPS02, Sec. 1.4].7 In this sense, the interaction
action is invariant under arbitrary diffeomorphisms. The same is true for the GR terms, and
therefore the entire bimetric action is invariant.

As a last comment, we note that the differential identity follows from diffeomorphism

invariance, as stated in [DKO02], if one assumes the algebraic identity (1.25). A direct

8We remind the reader that the Lie derivative along V* of a generic tensor THt#n,, is equal to

Vm
n m

c W1 p MY B1--pe-fin i M1 p

o£‘/‘T ﬂul.uum ={ apT nl/lu.um - Z T ﬂul.uumapv C+ Z T nul..p..umauiv )

i=1 j=1

independently on any metric. If a metric is defined, the Lie derivative can be written in terms of the
compatible covariant derivative V,, as [Wall0]

n m
M1 _ 0P H1-ep H1eepeept Hi H1eep p
££VT nul...um =y va nl/lmum - Z T nul.”umvpv t+ Z T nl/lup..umvuiv .

i=1 j=1

9Actually, one should be careful in dealing with total derivatives too. The Gibbons-Hawking—York
boundary term in GR arises from a total derivative and it is non-zero, for Dirichlet boundary conditions
[Blal7]. This renders the variational problem for the EH action ill-posed (see, e.g., [DH09]), and that is
why the Gibbons-Hawking—York term must be subtracted, even if does not affect the EFE. Regarding
diffeomorphism invariance of the bimetric interaction action, Dirichlet boundary conditions make (1.29) to
vanish identically at the boundary, because the bimetric potential does not contain any derivative of the
metrics.
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computation of the variation of the action, included in Appendix A, leads to
S0Sint = %ﬂ L d*z/—g (vuvgﬂ” + det (9) %vaﬂ”) 0,
s L Q=g ¥, [V (S)]. (1.30)
Equating (1.29) and (1.30), we find
V.V 4 det (S) V, Vi = 0. (1.31)

Technical naturalness of m ), m(y), m(3) in the sense of ’t Hooft. Diffeomorphism
invariance of the bimetric action is crucial for the technical naturalness of the three energy
scales m(1), m(g),m(3) in the bimetric potential. We already stressed the importance of
this in the context of the dark energy problem, so here we expand on it. In natural units
¢ = h =1 and the action (1.10) reads,

2

S = Jd4x\/jg[<]\§gRg + £g> —m*V(S) + det (5) (]\?Rf + £f> ] (1.32)

where M, M; and m have dimension of energy. Let us define the energy scales m‘(ll.) = m? B

and write the bimetric potential as,

miV(S) = m?o)eg(S) + m‘(ll)el(S) + m‘(lQ)eg(S) + m??))el(S) + m‘(l4)e4(S)
=—Ag+ m?l)el(S) + m?Q)eg(S) + m?3)61(5’) — Apdet (5), (1.33)
where Ay := —m‘(lo) and Ay = —m‘(il) are the cosmological constants for g and f. In the limit

m1y, M2y, M3y — 0,

M? M?
lim 05 = jd“x\/—g[(;}%g + Ly + Ag) + det (5) (2fRf + Ly + Af)]
m)—
m(;)—>0
m(3)—0

M? M?
= Jd‘*x\/?g(;Rg + Ly + Ag> + Jd“m/—f <2fRf + Ly + Af>, (1.34)

we obtain the sum of two independent EH actions with non-zero cosmological constants,
separately invariant under independent diffeomorphism groups.

The action (1.32) including Siy is not invariant under separate diffeomorphisms. We call
the vector fields generating the diffeomorphisms U and ¥. A direct computation, analogous

to that reported in Appendix A, gives

08int = —m* < L d'zy/=g V"'V, U, + JQ diz/—f Vf#”%(uvy)) , (1.35)
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for arbitrary vector fields U and ¢. From (1.21),

—mVy(S)uw = Ng g — m‘(ﬂ) 90 Y1) (5)

+miy) 90 Y(2) 0 (9) — mizy 90 Y5 (S) = Ng g + V' (), (1.36a)
~mVy(S) s = ma) frw = m?:s) fu/\Y(l)’\u(S_l)

+ m?2) f/MY(2)/\V(S_1) - mzll) f/MY(S)/\V(S_l) =Af fw + Vi (S) oy

(1.36h)
hence,
68int = L dizy/=g Ay gV, U, + L dian/—f As 1V ,0,
L dtzy/—g V, (S)"'V U, + L dia/—fVE (S)V .0, (1.37a)
= JQ dtay/=g ¥, (AU + A;0%)
L dia/—g V' ()Y, U, + L dAan/=FV(S)'V 0, (1.37Db)

The expression in (1.37b) is neither zero nor a total derivative, unless m ) = m) = m3) = 0.
Each of the interaction terms proportional to my ), m 2, m(3) reduces the gauge group of the
action, making the energy scales my), m (), m3) technically natural in the sense of 't Hooft.
Quantum corrections to all of them are proportional to all of them. Hence, if they are small,
quantum corrections are also small.

The same does not apply to Ay and Ay, which is why the old cosmological constant

problem is not solved in BR.

The bimetric conservation laws. The divergence of the field equations (1.24) with

respect to g and f respectively is

VG = kgl 2V V™ + kY, Ty, (1.38a)
%qu;w = Iﬁff_Q%#Vf‘w + Hf%MTf“V. (1.38Db)

Using the contracted Bianchi identities and the diffeomorphism invariance of the matter

actions, we are left with,
VWV =0, V.V =0, (1.39)

which are called “Bianchi constraints” or “bimetric conservation laws.” They are useful tools
for finding solutions to the BFE (1.24), by replacing some of them. We used this approach in
the included papers. Note that the bimetric conservation laws cannot be used to make (1.35)
vanish, since they hold on-shell, that is, they are obtained using the BFE, see (1.38). The
variation (1.35), instead, has to be evaluated off-shell, since it is the variation of interaction
action under a gauge symmetry and should be zero without the imposition of any other

condition.
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Topological constraint. BR is invariant under diffeomorphisms applied to both sectors
simultaneously. This means that the atlas (i.e., the set of charts covering the entire manifold)
used to cover the spacetime, once chosen, has to be the same for both the metric sectors. If
we introduce an atlas in a set, in addition to introducing a differential structure, we also
uniquely determine the topology of the set [Lan95, p. 20]. In BR, this means that the two
metrics must be compatible with the topology induced by the chosen atlas, when considering
global solutions. This restricts the consistent metric combinations that one can have in

particular solutions. This is one of the results of Paper I.

Cosmological solutions. A short review of the bimetric cosmological solutions is now
given, to show what are commonly used values for the 8 parameters. This will be used in the
last chapter of the thesis to compare the § parameters used in the numerical simulations of a
gravitationally collapsing dust cloud with values obtained by testing cosmological solutions
against the observations. We follow the treatment in [LMS18]. Under the assumption of
metrics sharing the same homogeneity and isotropy (a concept discussed in Chapter 2), the

BFE reduce to two Friedmann equations [Akr+15],

3H? = [P +m* (5(0) +3B1yy + 3Ba)y” + 5(3)93”7 (1.40)
B
3kH? = ligm4 <g(;) +3B2) + 3B3)y + 6(4)y2>, (1.41)

where H = a/a is the Hubble function for the metric g, y := Y /a with Y the scale factor
for fuu, p is the matter energy density for a perfect fluid and k = Ky/kf. We assume
m = O(1), since we can always rescale the § parameters to account for different values for
m. Usually, By and (4 are set to 0 since it is desirable to obtain self-acceleration without
explicit cosmological constant terms in the action.

The Fierz-Pauli (FP) mass is'®

Mmpp = (1 + H_ZG*2> (69,3(1) + 262ﬂ(2) + (?3,3(3))/19717,4, (1.42)
with ¢ € R given by [LMS18]

K2 <Gﬂ(0) + 302,3(1) + 3035(2) + @45(3)) = 5(1) + 3@5(2) + 3@2ﬁ(3) + 035(4). (1.43)

There are two types of cosmological solutions which are compatible with the cosmological
data. The first type considers a large value for the FP mass. In order to discuss it, we now
note that in BR there is a redundancy in the parameter space since the action is invariant

under the following rescaling (see, e.g., [Akr+15] and references therein),

(fm,,lif,ﬁ(n)) — (wfw,,wﬁf,w_"/Qﬁ(n)), w e R. (1.44)

The BR model obtained by doing this rescaling is called here the “dual model.” For a BR
model with generic 3 parameters, the GR limit is given by taking the limit £ — o0 with g

10The Fierz—Pauli mass is defined only in those regions of spacetime where the metrics are close to being
proportional, that is, where there are small deviations from GR.
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and the 3 parameters fixed [SS16, Sec. 5.4.2]. Suppose we start with a value for £ and we
send it to infinity by rescaling it with a constant v — 00. Due to (1.44), a model with such

a large aky is dual to a model with a fixed sy if we apply the rescaling

(f,u,lh aKf, ﬁ(n)) - (f,ul//aa Kf, an/Qﬁ(n)) . (145)

Therefore, the GR limit can be equivalently taken by keeping «; fixed and sending f,, to
zero and the 8 parameters to infinity according to (1.45). For instance, we can set £y = g,
that is, k = 1.

Setting x = 1 in the GR limit, the FP mass in (1.42) becomes very large. In addition,
the metrics will tend to be proportional with proportionality constant given by ¢, implying
that a cosmological constant term appears in the Friedmann equations. In a model where
only (1) and (2 are nonzero, then the cosmological constant is [LMS18]

A= M. (1.46)
1Be)l
Since it does not depend on Sy and By, it is technically natural. Deviations from GR can
be made arbitrarily small by increasing the 3 parameters and decreasing f .

The bimetric cosmological solutions also provide a good fit to cosmological observational
data [Dha+17] for small values of the FP mass, mpp ~ Hy with Hy Hubble constant. Setting
k = 1, the B parameters are of the order of Hg ~ 10752m 2. This model provides testable
deviations from ACDM and has a dynamical dark energy driving the accelerated expansion
of the Universe. However, in [Dha+17] it is shown that there may be exceptions where the
values of some of the 5 parameters can be much larger than Hg but still be consistent with

the cosmological data.



Chapter 2

Symmetries of spacetime

This chapter is focused on spacetime symmetries in BR. It constitutes both a complement
and a review of Paper I.

We begin by motivating the study of spacetime symmetries in Section 2.1. Afterwards,
we present the required mathematical concepts in Section 2.2, and summarize the main

results of Paper I in Section 2.3.

2.1 Motivations

The study of spacetime symmetries has a great importance in GR (see [Zaf97] and references
therein), the primary purpose being the simplification of the EFE and the finding of exact
solutions.

BR, like GR, is a geometric theory of gravitation. Hence, in studying it, one can employ
the same methods as in GR. Since the BFE (1.24) are more complicated than the EFE, it
is wise to try to simplify them in order to find exact solutions. One way to do this is to
study spacetime symmetries in BR. The most straightforward result of this study is the
understanding of what types of ansatzes one can make for the metrics.

In BR, two metrics are interacting nonlinearly. Therefore, even without referring to
particular solutions, it is of interest to study what are the relations between the spacetime
symmetries of two Lorentzian metrics defined on the same differentiable manifold.

In principle, the metrics may be thought as part of the gravitational sector or not.
However, there are reasons to believe that both of them are part of it. First, since the BFE
are a system of coupled partial differential equations, the system cannot be easily separated
into a gravitational and a nongravitational part—more details on the properties of the
BFE as a system of partial differential equations are provided in Chapter 4 and Chapter 6.
Second, the degrees of freedom of the massless and massive mode are distributed between
the two metrics, supporting a geometric interpretation of the second metric. The study of
the relations between the two metric sectors—for example, between their symmetries of
spacetime—may clarify how the geometry of the second metric affects the gravitational

interaction.
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2.2 Geometrical concepts

The bimetric spacetime. When referring to “bimetric spacetime,” we consider a triple
(M, g, f), with A a differentiable manifold satisfying certain mathematical properties, and
g and f being Lorentzian metrics defined on it such that .S = (g*1 f) s a positive definite
(1,1) tensor.! Under these assumptions, g and f admit a common 3+1 decomposition [HK18],
which guarantees the viability of this definition of spacetime, see Section 6.1. Therefore,
when we discuss a “symmetry of spacetime” in BR, we may refer to a symmetry of g (or its
related geometrical quantities) or to a symmetry of f (or its related geometrical quantities),
or both.

Lie groups and Lie algebras. We refer the reader to [CDD82; Hal03] for a rigorous
treatment of what follows in this paragraph.

Spacetime symmetries are usually described in terms of differentiable groups of trans-
formations from the manifold to itself. For this reason, we now make a quick review about
such differentiable groups.

A finite dimensional Lie group G is a finite dimensional group having the structure of
a differentiable manifold. A finite dimensional Lie algebra g is a finite dimensional vector
space with a map [-,-] : g X g — g which is bilinear, antisymmetric and satisfies the Jacobi

identity,
[X,[Y,Z]] +[Y,[Z,X]] + [Z,[X,Y]] =0, VXY, Zeg. (2.1)

The elements of a basis of the Lie algebra are the “generators” of the Lie algebra. The
tangent space 1.G at the identity element e of the Lie group is, by definition, the Lie algebra
Lie(G) = g of G.

A homomorphism @ : (G,*) — (H, x) between two Lie groups, with » and x being the
group laws, is a continuous group homomorphism, that is, it is a continuous function such
that,

DU V) =dU) x B(V), (2.2)

for every U,V € G. The property (2.2) simply means that the function ® respects the
operations of the two groups. A homomorphism ¢ : g — h between two Lie algebras g and b

is a continuous function satisfying

¢(au, BU) = agb(u) + ﬁd)(v)’ (233)
o([u, v]) = [o(u), ¢(v)], (2.3b)

for every u,v € g. The property (2.3a) tells us that ¢ is a bilinear map, whereas property
(2.3b) tells us that ¢ respects the algebra product, that is, the Lie bracket, in our case. If

the homomorphism is also bijective and its inverse is continuous, then it is an isomorphism

'For a more precise definition of spacetime in GR, see, e.g., [Wall0]. In our case, ./ is defined in the
same way as in GR and we only need to add the f-sector and the principal square root S to the definition.
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between the Lie algebras. Two isomorphic Lie algebras can be considered to be equivalent.

There is a theorem which states the following: Let G, H be two Lie groups with Lie
algebras g = Lie(G),h = Lie(H). Let ¢ : g — b be a Lie algebra homomorphism. If G is
simply connected, there exist a unique Lie group homomorphism ® : G — H, with ¢ = d®.
An immediate corollary is that, if both G and H are simply connected and g is isomorphic
to b, then G and H are also isomorphic, which basically means that they are the same. If
G is connected only, the theorem does not hold. In this case, another result can be stated.
Suppose G is a connected Lie group and let G be its unique universal covering.? Then, if H
is a Lie group with Lie algebra f and ¢ : g — b is a Lie algebra homomorphism, then there
exist a unique homomorphism & : G — H.

After this recapitulation about Lie groups and Lie algebras, we can come back to
spacetime symmetries. Spacetime symmetries usually form a Lie group acting on the manifold
A . The Killing vector fields (KVFs), then, generate a Lie algebra which is isomorphic to the
Lie algebra of the isometry group. The algebra operation is the Lie bracket between vector
fields; for any two vector fields X and Y, the Lie bracket is a third vector field given by,

(X, YI(f) = XY () —Y(X(f),  VfeC?(). (2.4)

Note that X (f) = X#0,f in a coordinate chart.

Spacetime symmetries. Following [Hal04], we define a symmetry of spacetime as
a (local) diffeomorphism of 4 which preserves some of its geometric properties. Usually,
instead of specifying the (local) diffeomorphism, one specifies a smooth vector field, called a
“symmetry vector field,” whose integral curves define the action of the diffeomorphism group
on the spacetime. If the symmetry vector field is defined globally on 4, then the symmetry
is said to be global.

Quite often, the set of spacetime symmetries preserving some geometrical properties
forms a finite-dimensional Lie group, and the associated symmetry vector fields form a
finite-dimensional Lie algebra. However, this is not always the case; for example, the set of
homothetic vector fields forms a group, but not a Lie algebra [DS99, p. 55].

For a generic spacetime, some of the most important spacetime symmetries are reviewed
in Table 2.1, where the terminology is introduced. The relations between them and other
spacetime symmetries are summarized in Figure 2.2.

As a first example, for the sake of familiarity and simplicity, we consider some symmetries
of Minkowski spacetime. In particular, those transformations keeping the metric 7 invariant.
They belong to the Poincaré group and are the isometries of n: four translations, three
rotations and three boosts. We could also consider the transformations that preserve n up
to a constant, or up to a non-constant conformal factor.

In addition to pure geometric collineations, in physics is also important to consider
“matter collineations” (MC), that is, the symmetries of the stress—energy tensor T),,. Then,
as an appendage to Figure 2.2, we draw the diagram in Figure 2.1.

Spacetime symmetries have been studied for a long time, both in mathematics and

2Up to canonical isomorphism.
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Vfg;(in;it]gy ¢ Property Definition Group
jecti dw,: V,V -
Projective Preserves geodesics a - Vi P(M)
vector field Ry és +2 Gu(wp)
Conformal Preserves the metric
vector field up to a conformal Leg(x) = d(x) g(x) ()
factor
Preserves geodesics LeV =0
Afﬁl}ieelv;ctor together with their or A(M) < P(t)
affine parameters V.Vl = Rupls
Homothetic Preseives the Iglettric 9. o0 — calo) HM) = A(M)
tor field up to a constan ¢ =
veetor He conformal factor H(M) = C)
Killing vector
K(M) < H(AM
field (metric Preserves the metric Leg(z)=0 () ()
¢ K(M) < CM)
collineation)
Collineation of Preserves the tensor e X (z) = 0
tensor X X
Comments.

(i) All groups but H (/) are Lie groups [DS99].
(ii) Some important collineations are those of the Riemann curvature tensor, called

“curvature collineation” (CC), and those of the Ricci tensor, called “Ricci
collineation” (RC). Every CC is a RC, but the converse is not true [Hal04; DS99].

Table 2.1: Some of the most important symmetries of spacetime [DS99; Hal04]. £¢ is the
Lie derivative along &.

’ KVF H CC H RC }—»{Collineation for Gg‘”}@{ Matter collineation

Figure 2.1: The relation between KVFs and the CC, RC and MC. The last implication uses
the EFE, hence it is valid only in GR.

physics. Essentially, the definitions and the results contained in Table 2.1 and Figure 2.2 are
geometric, and can be applied to every theory founded on (pseudo-)Riemannian geometry.

In BR, all of these results hold for each of the metrics separately, but the last implication
in Figure 2.1 does not, that is, a KVF of one metric is not necessarily a MC. We will
treat spacetime symmetries in BR in the next section, but we can already motivate the
previous statement by just looking at the BFE in (1.24). For instance, taking their Lie
derivative of (1.24a) along a KVF ¢ of g does not imply £L¢T,*" = 0, but rather implies
LT = —(72 LeVyH . We will clarify this issue in the next section.

At this point, we have all the ingredients needed to treat spacetimes symmetries in BR.
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[WPC J-.._p. [CKC B (=70

‘""‘{:‘9__ J_‘,E"‘_:-:--""-
=T (C_FRo
[ PC *SCC | [ Cory C
" SPC “SConf C

1 WPC - Weyt Projective Cotliineation ~£W u0.
2.PC- iject‘r’ve Cottineation -&id=6;@x + 8:@,.
3. SPC - Speciai Projective Cottineation - = 8§ 0a+ 608y ,@a-O.
4 .RC -Ricei Cottineation-£ Ry=0.
5. CC- Curvature Cottineation £ R us=0.
6.5CC- Sppcr'cf Curvature Collineation - (.F{;}D;a@.
7.AC- l'ﬁlfﬂﬂﬁ Cotlineation ‘n{m =0,
8 .HM - Homothetic Motion-£g,=26q; & =const.
9. M- Motion -£g,=0.
10. S Cﬂﬂ_f (- S,oe{:ruf (:mvformf Cottineation -cﬂ;i} = 5,: Tyt 516; —grnqﬂqa Lm0,
1.5 Conf M- Specrt:rf f::onformm‘ Motion - fg:,- =20gy ,Gn=0.
2. W Con.f (= Wﬁ,rf Conformcﬂ Conmeaﬁcm & C'm:O.
13. Conf C- Conformai Cottineation-&1d =8, a4+ & 0, - gug'Ga.
4. Conf M - Conformat Motion-dq, =26qu.

Figure 2.2: The diagram shows the relations between various symmetries of spacetime.
In modern language, “motion” would be similar to “metric collineation.” Reproduced
from Gerald H. Katzin, Jack Levine, and William R. Davis. “Curvature Collineations: A
Fundamental Symmetry Property of the Space-Times of General Relativity Defined by
the Vanishing Lie Derivative of the Riemann Curvature Tensor”. Journal of Mathematical
Physics 10.4 (1969), pp. 617-629. DOI: 10.1063/1.1664886. eprint: http://dx.doi.org/
10.1063/1.1664886. URL: http://dx.doi.org/10.1063/1.1664886, with the permission
of AIP Publishing.
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2.3 Symmetries of spacetime in bimetric relativity

In Paper I we study spacetime symmetries in BR, with major focus on the isometries of the
two metrics and the relation between them, the collineations of the stress—energy tensors and
those of tensors not defined in GR, namely the square root (1,1) tensor field S = (g~ )"
and the bimetric stress—energy tensors V, and V¢ defined in (1.21).
As previously noted, the results summarized in Figure 2.2 hold also in BR, because they
do not rely on the EFE. Therefore, the main motivations for the analysis of Paper I are:
(i) Are there any relations between the isometry groups of g and f?
(ii) Are there any relations between the KVFs of g and f7
(iii) What is the equivalent of Figure 2.1 in BR? More explicitly, what are the relations
between the isometries of each metric and the collineations of the associated bimetric
and matter stress—energy tensors?
We saw in the previous section that an isometry group is a Lie group, with an associated
Lie algebra. Loosely speaking, the KVFs generate such Lie algebra. Hence, question (i) and
question (ii) are closely related, although not equivalent, as we will explicitly see.
The technicalities regarding the answers to these questions can be found in Paper I.
Here, we present the answers by means of example solutions to the BFE (1.24), described

in Paper 1.

The relation between the isometry groups of g and f. In Paper I, it is shown
that an Anti—de Sitter (AdS) ¢g and a Minkowski f satisfy the BFE. This answers question (i).
In general, there are no relations between the isometry groups of the two metrics. However,
let us study this solution in detail.

The two metrics have the following form in outgoing Eddington—Finkelstein coordinates

(Uv T, 97 ¢)7

3

B (1 ~ Ay(Ro; {Bw )
3

Ag(Ro; {B(s)})
ds,? = — (1 _ AR {Bph) )d# + 2dvdr + 2402,

dss® = R§

) dv? + 2dvdr + r2d92] : (2.5a)

where dQ? := d6? + sin(#)?d¢?, Ry = (—B + 4 /B )/5 ), and Ag(Ro; {8 })
and Ay(Ro;{B;)}) are the cosmological constants for the g and f metrics, whose explicit

expressions are not needed here. For the following set of 5 parameters,

{B): By, By, By By} = {1,1,-1,1, -1}, (2.6)

we have Ry = 1 and?

Ag(Ro; {B)}) = —207% <0, A¢(Ro; {Bu)}) = 0. (2.7)

3In Paper 1, egs. (13)-(14) include the formulas for Ag(Ro; {By}) and Ay (Ro; {B;y}) in natural units with
a typo: they should be proportional to m?*, not m?
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Here, ¢ is the length scale for the interactions between the metrics, introduced in (1.10).
The two metrics cannot be simultaneously diagonalized, as can be seen from the form of

the square root,

702

S=0v®dv+@0U®dr+6r®dr+09®d9+6¢®d¢, (2.8)

which cannot be diagonalized. This configuration belongs to Type Ila in the algebraic
classification presented in [HK17]. Note that the square root becomes diagonal if the two
cosmological constants are the same, that is, for proportional metrics.

Thus, we have found a solution of the BFE in which both ¢ and f are maximally
symmetric, but have different isometry groups and, hence, different KVFs.

Before proceeding further, we make one last important remark about this solution,
already present in Paper I. AdS has topology S x R?, whereas Minkowski has topology R
Since the two topologies do not agree, this solution cannot cover the whole spacetime. On
the other hand, if we take the universal covering of AdS in its timelike direction, we can
“unwrap” S onto R, and have the topology R* for AdS too.* In this case, compatible with
the topological constraint discussed in Section 1.2, the solution is global, that is, is defined
over the whole manifold.

We now state a more general answer to question (i), from Paper I: a necessary condition
for the two metrics to share their isometry groups is that the Lie algebras generated by their
respective KVF's are isomorphic. This means that the KVFs of one metric can be obtained
from the KVFs of the other by applying a Lie algebra isomorphism. This is not a sufficient
condition, since two different Lie groups can have the same Lie algebra. As described in
Section 2.2, in this case one Lie group would be the covering of the other (e.g., SU(2) and
SO(3) share the Lie algebra, and the first is the universal covering of the second).?

The relation between the KVFs of g and f. The answer to question (i) partially
answers question (ii). If the two isometry groups are different, then the KVFs are in general
different.

However, this is not the only possibility, as pointed out in Paper I. Suppose that the
metrics share a timelike KVF, that is, they are stationary [Wall0]. If the KVF is orthogonal
to a family of spacelike hypersurfaces with respect to g, but not with respect to f, then g
would be static and f would not. Hence, the metrics would have different isometries, even
with the same KVF.

Let us now consider the case when the metrics share their isometry groups, by showing
another example solution from Paper I. The solution comprises two Minkowski metrics

written in the usual spherical polar chart (¢,r,0,¢) for g,

ds,? = —dt? + dr?® + r? (C192 + sin(9)2d¢2) ;
dsg? = —7/(1)%dt? + p/(r)2dr® + p(r)® (d6° + sin(6)?d¢?) | (2.92)

4Note, however, that even the universal covering of AdS does not forget the periodicity in time, since
geodesics starting from the same event meet an infinite number of times in the covering [Mos06, p. 8].
5To be universal, a covering has to be simply connected.
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with 7(¢) and p(r) arbitrary functions. As in Paper I, we choose 7(t) := t + arcsinh(¢) and
p(r) :=r + arcsinh(r) for convenience.

The Einstein tensors for the metrics are zero. Hence, in order to solve the bimetric
field equations, we have to introduce two independent stress—energy tensors to cancel the

contribution from the bimetric stress—energy tensors. In other words, we define
T = 072V T = 2V (2.10)

With our choice of 7(t) and p(r), the bimetric and matter stress-energy tensors do not
diverge at any (¢,r).

Being the Minkowski metric written in two different ways, g and f share the Poincaré
group of isometries. In addition, they share the null-cones. This can be seen if we consider
only the (¢,r) parts of the line element of f (since the metrics are spherically symmetric, we

can neglect the angular part). The null-cone of f is defined by the equation

12 1\
—T/(t)2t2 + p,(T')QT'2 =0 — <1 + m) t2 = (1 + m) 7'2. (211)

This equation can be satisfied only if ¢ = +r, which is exactly the same relation defining
the null-cone of g. However, they do not share the same KVFs. Indeed, as shown in Paper

I, we can obtain f from g by applying the diffeomorphism

d d
dt= = dr=—L (2.12)
(1) p(r)
Therefore, the KVFs of g and f are related by the Jacobian matrix
(J7H#, =diag ('), ()7 1, 1), (2.13)
in the following way
é‘fﬂ (T(t)a P(T)v 97 </7) = (Jil) 'uV ggl/ (t7 T, 07 ¢) ) (214)
where §; is a generic KVF of g and &; is the related KVF of f. Figure 2.3a represents the
boost
bt = <r sin(f) cos(¢), tsin(f) cos(¢), 2005(9) cos(¢), —ii?;%?;) , (2.15)

equal to (z,t,0,0) in Cartesian coordinates, which is a KVF for g (in blue), together with
the related boost for f (in red), obtained by applying (2.14) to b*. Both KVF's are plotted
on the null-cone shared by the metrics. The explicit form of the KVF of f is not needed
here. From Figure 2.3a, we can confirm that the two metrics have the same null-cone, since
their boosts, though different, lie on it.

We conclude this section by noticing that the Jacobian in (2.13) leaves the angular part
unchanged. Therefore, the KVFs corresponding to SO(3) (spherical symmetry) are the same
for both metrics. The KVF —(O, 0, sin(¢), cos(¢) cot(@)) is plotted in Figure 2.3b, and lies
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(a) One boost KVF of g (blue), and the related boost
KVF of f (red) obtained through (2.14), are plotted
on a null-cone shared by the metrics. They are

(b) The KVF —(0,0,sin(¢), cos(¢) cot(6)), shared
by g and f, is plotted on the sphere S2. It lies on
52, which is then preserved by its flow.

different, though they lie on the null-cone, meaning
that they map null directions to null directions.

Figure 2.3: Selected KVF's for the solution in (2.9).

on the sphere S2.

For this solution, the KVF's of g are related to those of f by the differential map of a
diffeomorphism. This is consistent with the fact that the two metrics, being the same, share
the isometry group. Indeed, the differential map of a diffeomorphism (represented by the
Jacobian) is a Lie algebra isomorphism, because it is linear, differentiable and preserves the
Lie bracket, as pointed out in Paper I.

We can now answer question (ii): in general, there is no relation between the KVF's of g
and f.

The relation between the isometries of each metric and the collineations
of the associated bimetric and matter stress—energy tensors. Consider the last
example solution again. To satisfy the BFE, we had to define two stress—energy tensors in
(2.10), each of them coupled to one metric. We need not write their explicit form, but only

state that the three KVF's generating spherical symmetry,

mxy = (Oa 07 07 1)) (216&)
Ry = (0,0, cos(¢), — cot(0) sin(e)), (2.16D)
Ry- = (0,0, —sin(¢), — cot(f) cos(¢)), (2.16¢)
are collineations for T, and T,
LxTy" = LxTH =0, VX € {Ryy, Razy Ry2}. (2.17)
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Therefore, the matter stress—energy tensors describe an isotropic (i.e., spherically symmetric)
non-homogeneous and non-static fluid. This means that also the bimetric stress—energy
tensors V, and Vy represent the same type of fluid. The matter stress—energy tensors have

the form,

Tyuw = diag [p(r), p(r,t), pe(r,t), pe(r,t)], (2.18a)
TfMV = dia‘g [ﬁ(r)v ZN)T (Ta t)? lw)t(rv t)a ]N)t(ra t)] . (2-18b)

This type of stress—energy tensor is referred to as an “anisotropic perfect fluid,” since it
includes a radial pressure p, and a different tangential pressure p; [RZ13, p. 141]. However, in
this thesis, we use the word “isotropic” as a synonym of spherical symmetry. Given the result
in (2.17), we refer to the stress—energy tensors in (2.18a) as an isotropic, non-homogeneous
fluid. The features of the fluid would be the same after an arbitrary rotation, which is
our definition of isotropy (or, equivalently, of spherical symmetry), formalized by (2.17).5
Nevertheless, the pressure does change along the chosen direction, that is, when varying r,
showing that the fluid is not homogeneous (for the definition of homogeneity, we refer to
[Cho09]).

After this brief digression on the interpretation of the stress—energy tensors, we come
back to symmetries. In the example, both sectors have a maximally symmetric metric
coupled to a stress—energy tensor having only three KVFs. This would be impossible in GR;
we now show why this is allowed in BR. We recall the BFE in presence of two independent

matter sources,

Gy = kg (672 Vo + TgW)v (2.19a)
G =t (O Vi + Thpw). (2.19Db)

Consider the g-sector (analogous computations can be carried out for the f-sector). Suppose
¢ is a KVF for g, n is a collineation for V; and ¢ is a collineation for Tj. Taking the Lie
derivatives of (2.19a) along the three vector fields &, 7, (,

2L Vg = —Le Ty, (2.20a)
Ly G = kg% Ty, (2.20b)
L Gy =02k Lo Vg (2.20c)

If all equations in (2.20) are satisfied, Gy, Vg and Ty, can have completely independent
collineations (which, in principle, can also be different from those in the f-sector).
We now repeat the same argument without matter stress—energy tensors. Suppose € is a

KVF for g. Then, as shown in Paper I,
0=Le Gy = 0 2kg%Le Vg (2.21)

In “bimetric vacuum” (a concept introduced in Paper IT and discussed in Chapter 3), that

5These rotations are precisely generated by the SO(3) KVFs in (2.16).
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KVF of hq, hg Collineation for S Collineation for V,, V¢

Bimetric field equations

Collineation for T, T

Collineation for g, f Collineation for Gy, G ¢

Figure 2.4: The relations between the collineations of h, and hg, and those of the square

root S = (g*1 f) 1 ? the bimetric stress—energy tensors Vg, V¢ and the stress-energy tensors
Ty, Ty. This result is stated in Proposition 2 in Paper L.

is, in absence of external matter sources, a KVF for one metric is also a collineation for the
associated bimetric stress—energy tensor.

We now report one of the main result of Paper I, starting with the following definition.

Definition 1. Consider Lorentzian metric fields g and f. We define the set hy = g (g7 f),
a € R, where the matrix power function is defined through X := exp [alog(X)]. Note that
g=h0andf=h1.

In Paper I, the following proposition is proved,

Proposition. Consider a vector field & and arbitrary ho and hg such that £¢he = 0 and
Lehg = 0. Then Lehy =0 for any v € R.

As a corollary, if g and f have the same KVF &, then the latter is a collineation for every
tensor in the theory, as explained in Paper 1. Indeed, in this case £ is a collineation for S,
and therefore also for the bimetric stress—energy tensors. In presence of matter stress—energy
tensors, (2.20) implies that £ is a collineation also for them. We summarize the result of the
Proposition in Figure 2.4.

We can now understand why the stress—energy tensors in (1.18) are only spherically
symmetric: the SO(3) KVFs are the only ones shared by the metrics (equal to hg and hy),

and therefore they are collineations for every tensor in the theory.

The definition of a spacetime symmetry in BR. One of the unanswered questions
in Paper I is what the best definition for a spacetime symmetry in BR is. The two metric
sectors can either share or have unrelated collineations. In the former case, it is natural
to talk about a spacetime symmetry of the system. In the latter case the definition of a
spacetime symmetry is more ambiguous. Should our example solution be considered as a
maximally symmetric system, or only a spherically symmetric one? The question remains

open.

The impact of spacetime symmetries on gravitational wave emission. The
conclusions of Paper I have interesting consequences concerning gravitational wave emission.

In GR, the leading term sourcing helicity-2 gravitational waves is determined by the

”

“quadrupole moment” of the matter source, which, assuming a Minkowski background, is
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defined as
g | g
QY (t, %) = Jd?’x T%(t, Z) <33233] — 3|a‘c’|277”>. (2.22)

TT

The leading term of the gravitational wave h,,, ,

where TT stands for “transverse—traceless,”
obeys the equation,

We refer the reader to [Mag08, Ch. 3] for more details. If the stress—energy tensor is
spherically symmetric, then the quadrupole moment is zero and there is no gravitational
wave emission.

In BR, however, a spherically symmetric stress—energy tensor does not imply a spheri-
cally symmetric Einstein tensor nor a spherically symmetric bimetric stress—energy tensor.
Therefore, in presence of spherically symmetric matter sources, in BR the helicity-2 tensor

perturbations in both metrics can be sourced by the “bimetric quadrupole moments,”
y 1 y
Q3(,7) = [y () (a'al - o), (2240)
i, 1 ,
QYI(t, %) = Jd% V%, %) <mw — 3|;E|217”>. (2.24D)

Since this phenomenon is not excluded at this level, one should solve the BFE with a
spherically symmetric stress—energy tensor and bimetric stress-energy tensors with nonzero

quadrupole moment in order to extract these “bimetric gravitational waves.”



Chapter 3

Symmetries of spacetime in

particular solutions

In this chapter, we discuss two classes of solutions having different spacetime symmetries.
Contrary to the examples of the previous chapter, these solutions have metrics that share
their KVFs and therefore, following the discussion at the end of Section 2.3, there is no
ambiguity in the spacetime symmetries of the system.

In the following, Section 3.1 and Section 3.2 summarize selected topics from Paper I1

and Paper III. They also contain complementary information to the two papers.

3.1 Nonstationary spherically symmetric solutions

The Jebsen—Birkhoff theorem. In GR, the Jebsen-Birkhoff theorem [Jeb21; BL23;
Eie25; DF05; Jeb05; VR06; CCH12|[HE11, Appendix B] states that, in vacuum, that is,
whenever R,,,, = 0, a spherically symmetric solution in an open set U < . has to be
locally isometric (i.e., equivalent) to part of the maximally extended Schwarzschild solution
in .12

This means that a spherically symmetric vacuum solution has to have at least four
KVFs: the three generators of SO(3), expressed in spherical polar coordinates in (2.16),
and another KVF—orthogonal to a congruence of hypersurfaces [Wall0]—which can be
timelike, spacelike or null. Where it is timelike, the metric is static; where it is spacelike, the
metric is spatially homogeneous; where it is null, there is a Killing horizon [Deb72][CCH12,
Section 2.5]. This theorem is of great importance in GR. Together with the no-hair theorems
[Isr67; Isr68; Car71][CCH12, Section 3.3][MTW73, p. 876, it implies that the only spherically
symmetric black hole (BH) solution is the Schwarzschild solution [Sch16].

The theorem can be extended to Einstein spacetimes, that is, spacetimes for which
Ry = A g, with A (cosmological) constant (see, e.g., [SW09; SW10]), and to the Einstein-
Maxwell equations [dIn92, Section 18.1]. It follows that, for A > 0, the only spherically

'The reader might reply that the Minkowski solution is also a vacuum solution to the EFE; indeed, the
latter is the Schwarzschild solution with zero integration constant m.

2References [Jeb21; BL23; Eie25; DF05; Jeb05; VR06; CCH12] follow the interesting story of this theorem,
universally attributed to Birkhoff since 1923, but proved before him by Jebsen in 1921.
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symmetric BH solution is the Schwarzschild—de Sitter (SAS); for A < 0, it is the Schwarzschild—
anti-de Sitter (SAdS); for the Einstein-Maxwell equations, it is the Reissner-Nordstrom
solution.

In Paper II, we show that the Jebsen—Birkhoff theorem is not valid in BR by explicitly

solving the BFE for a class of nonstationary, spherically symmetric (NS-SS) solutions.

Nonstationary spherically symmetric class of solutions. The class of NS-SS
solutions is obtained, in natural units, by imposing the conditions,

M?2 M?
By = 3»3(2)@“;2, By = 35(2)ﬁ];, Bay = Bi) =0, (3.1)
g

which are also imposed on the dS background in the attempt to look for partially massless
bimetric gravity [HSS13c]. This suggests the interesting possibility of a generic solution of
this class to be a background geometry for candidate partially massless theories [DN84;
DWO01la; DW01c; DW01d; DWO01b; DW04; DW0G6).

In ingoing Eddington-Finkelstein coordinates (v,r,#, ¢), the class of NS-SS solutions is

1
ds,® = — <1 ~3 A(v) 7“2) dv? + 2dvdr + r2dQ?,
N(v)
Av)

with dQ? := d6? + sin(6)? d¢?. The class is parameterized by the arbitrary function A(v),
which is not determined by the BFE. The function A(v) is defined in terms of A(v) as

1
ds;? = A(v)? [— <1 ~3 A(v)r? —2 r) dv? + 2dvdr + TQdQQ] , (3.2a)

A(v) = 36(2)m4Mg*2 (a2 + X2 (v)), (3.3)

with o = My/M,;. We refer to A(v) as the “curvature field”, because the Ricci and

Kretschmann scalars of the two metrics are

R, = 4A(v), Ry =Ro\2(v), K, §A2(v), K;= K, ). (34)
The Weyl tensors of g and f are both identically zero, therefore both geometries are of
Petrov Type O [Pet16].

When X (v) = 0, A'(v) = 0, g and f become proportional, maximally symmetric and
equal to Minkowski, dS or AdS depending on the constant value of A(v).

We now focus on the spacetime symmetries of this solution. As already mentioned, both
metrics have three generators of SO(3) as KVFs, therefore there is no ambiguity in the
spacetime symmetries of the system. The metrics do not have any timelike KVF, as evident
from Figure 3.1. The plotted geodesics are not invariant under translations along the v
direction (the advanced time), unless \'(v) = 0, that is, unless we have GR solutions. The
metrics also possess conformal vector fields, with three of them explicitly computed in Paper

IT. They are given in terms of the vector field

E=V(v)oy + rx(v)0r (3.5)
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Figure 3.1: Figure 1 in Paper II. Null radial geodesics for the NS-SS solutions defined by
A(v) = 2e’ (left panel) and A(v) = 3 (right panel), both with a = 1, B9y = 1/3. The
horizontal black lines are ingoing null radial geodesics, shared by g and f. The outgoing
null radial geodesics of g are in red, and those of f are in blue. The dashed lines are the
cosmological horizons. In the right panel, all geodesics coincide because A(v) is constant
and the two metrics are proportional, i.e. they are both GR solutions. Selected null-cones
are plotted, for clarity.

with x(v) = V'(v) —r V”(v). The function V(v) is found by solving the conformal equation

Leg=2xg, (3.6)

which, under the simplifying assumption of £ not having components along dy and 0y,

reduces to a third-order linear homogeneous ordinary differential equation (ODE),

V() — %A(U)V’(v) - %A'(U)V(U) 0. (3.7)

For A(v) # 0, it has three linearly independent solutions, giving the three conformal vector

fields. For A(v) = 2e", one solution is given by,

V() =1 B <1- T ) (35)

27

where the generalized hypergeometric function , F, is defined by [Nat, eq. 16.2.1],

n

p Iy (ar, oy apiby, ., bys 2) = 1;0%—', (3.9)

3|

and (+),, denotes the Pochhammer symbol or “rising factorial” [Nat, eqs. 5.2.4, 5.2.5],

@)y =2(z+1)---(a+n—-1), n=1 (3.10)
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Figure 3.2: Figure 2 in Paper II. Integral curves of the conformal vector field £ (green) on
top of the null radial geodesics of g for A\(v) = 2e”. The ingoing null radial geodesics are
horizontal and black, the outgoing are in red. The dashed line represents the cosmological
horizon.

For the same parameters a and f(9) as in Figure 3.1 and for V' (v) given by (3.8), the integral
curves of £ are plotted in Figure 3.2.
In the limit A'(v) — 0, also A’(v) — 0, and the equation (3.7) reduces to,

1
V" (v) — gA V'(v) = 0. (3.11)
The three independent solutions of (3.11) are,
Vi(v) = w%vvm, Vy(v) = — %e—vvm, Vi) = 1. (3.12)

The solution V3(v) = 1 corresponds to the vector field d,, which is a timelike KVF for both
metrics when ) (v) = 0.3 The reason for this is that, from Table 2.1, the Killing algebra is a
Lie subalgebra of the conformal algebra. Hence, solving the conformal equations, we also
get the KVFs, if they exist.

Interpretation of the NS-SS solution. The existence of this NS-SS solution and
the one in [HSS13c|, provides two counterexamples to a statement analogous to the Jebsen—
Birkhoff theorem in BR.. A closer look at this NS-SS solution provides a physical interpretation
of the absence of such a statement, as discussed in detail in Paper II.

In summary, the Jebsen—Birkhoff theorem is stated for systems satisfying the vacuum
EFE, that is, Ry, = 0, and it is extended to Einstein spacetimes, satisfying Rg., = A g0,
with A (cosmological) constant. In BR, the employed definition of vacuum is different,
because Ry, # 0 and Ry, # A g, even in absence of matter stress—energy tensors, since

BR includes another spin-2 field. The “bimetric vacuum” is different from the GR vacuum.

3This can be easily seen by a direct computation of £5,¢g and £, f.
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Indeed, when the curvature field A(v) is constant, the NS-SS solution turns into a maximally
symmetric GR solution, respecting the Jebsen—Birkhoff theorem.

For the NS-SS solution, the bimetric stress—energy tensors can be recognized as matter
stress—energy tensors of Type II [HE11], and their components as energy fluxes, energy
densities and tangential pressures. In Paper II, we show that V,#* can satisfy the null and
weak energy conditions, but not the strong one (for the energy conditions, see [HE11]).
However, V;#" cannot satisfy the null energy condition, if V,*" does; the anticorrelation of
the null energy conditions for the bimetric stress—energy tensors is a known result [BMV12].
Hence, the NS-SS solution can be thought as a non-vacuum solution of the EFE (of the
generalized Vaidya type [WW99]; see Paper II for more details).

3.2 Static and spherically symmetric black holes

The ansatz and its spacetime symmetries. In BR, the “bidiagonal” ansatz is an
ansatz for which there exist a coordinate chart in which both metrics are diagonal.

In Paper III, static and spherically symmetric bidiagonal BHs are studied. Nonbidiagonal
solutions were studied in [Com+12b], and are equivalent to GR solutions. Therefore, in
looking for static and spherically symmetric BH solutions specific to BR, the bidiagonal
ansatz is more promising.

Paper III was the first one chronologically, therefore the results about spacetime sym-
metries were not known yet and we did not consider different KVFs in the two sectors in
Paper III.

The ansatz used in Paper III, in Eddington—Finkelstein coordinates (v, r, 6, ¢) adapted

to g, is
ds,? = —e?™ F(r) dv? +2e70)/2 dudr + 12 D2

2 _ a0 2 102 1 ond(r)/2 ()2 S(r)?—7(r)? 5 2.2 1092
dsg® = =" F(r)r(r)* dv*+2e 7(r)* dodr+ Fir) dr*+R(r)“r=dQ*, (3.13)

with dQ2 = d#? + sin(9)2 d¢?. The square root S = (g_lf) /2 is

S =1(r)0,®dv+ X(r) 0, @dr + R(r) (0p ® db + dyp @ do) +
+e 12 P(r) 0, ® do, (3.14)

with ®(r) := (3(r) — 7(r)) /F(r) defined as the “crossing function.” One can recover the
bidiagonal ansatz by changing chart to the usual spherical polar (¢,r,0,¢), with dt =
dv — e 12 F (r)~1dr.* The eigenvalues of S are 7, %, R. We assume that they are strictly
positive, since this corresponds to the principal branch of the square root matrix function.
Choosing the principal branch guarantees that the theory is well-defined, as explained in
[HK17], and that the two sectors share the curvature singularities at » = 0, by means of

Proposition 1 in Paper III.

4The nonbidiagonal solutions in [Com+12b] involve a nonzero (t,r) component for f. The assumption of
metrics sharing the KVF rules out the (r,6) and (r, ¢) components, if they depend of r, 0, ¢.
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In Eddington—Finkelstein coordinates, the KVFs of the two metrics are

K = (1,0,0,0),

( )
— (0,0,0,1),
(0 0, cos(), —cot(6) sin(¢)),

= (0,0, —sin(¢), — cot(0) cos(®)). (3.15)

The norms of K with respect to g and f are,

|g{|g = guug{yg{y = goo = _eqF)
[ Kj = fuKHK” = foo = —eF7? = |K|g7% (3.16)

Both norms are timelike when F' > 0, null when F' = 0 and spacelike when F' < 0. This
implies that F(r) = 0 defines the Killing horizon for both metrics, in accordance with the
Proposition in [DJ12], which was generalized in Appendix C of Paper III to include the
new category of BHs introduced in Paper III and reviewed in the next paragraph. For
stationary spacetimes, the strong rigidity theorem tells us that an event horizon must be a
Killing horizon [Haw72, p. 161] (see also [Heu96, Theorem 6.7] and [CCH12, Section 3.3.1]).
Therefore, in looking for static BHs, it is reasonable to impose the existence of at least one
Killing horizon. As shown in Paper III, the Killing horizon defined by F'(r) = 0 turns out to
be an event horizon, since the geodesics of g and f entering it do not exit it, but converge

to the shared curvature singularity at r = 0.

The new classification for bidiagonal BHs. K plays a key role in defining the
classification for bidiagonal BHs presented in Paper III. At the Killing horizon it becomes a
null vector for both metrics, showing that the null-cones of the metrics necessarily have at
least one common null direction.

If the metrics, at the Killing horizon, share only one null direction, then the solution is
called “improper bidiagonal.” If they share two or four null directions, the solution is called
“proper bidiagonal.” This is the geometric interpretation of the algebraic types I and Ila in
[HK17], which are the ones allowed in the chosen ansatz. We will come back to the algebraic

types of the square root in Chapter 6.
Definition. A BH solution is said to be “improper bidiagonal” if and only if the crossing
function is finite and nonzero at the Killing horizon ry, that is,

0 # ®(rp) < oo.

A BH solution is said to be “proper bidiagonal” if and only if the crossing function is zero
at the Killing horizon ry, that is,
®(rg) = 0.
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Let us define the algebraic types A and B,

0O e 0 0 « 0 O
0 0 0 0 0
A=|" ., B=|" . (3.17)
0 « 0 0 0 « O
0 0 e 0 0 e

We can see from (3.13) that the proper bidiagonal BHs have both metrics of type A at the
Killing horizon, whereas the improper bidiagonal have g and f of algebraic types A and B,
respectively. Two matrices, both having algebraic type A, can be simultaneously diagonalized,
but two matrices having algebraic types A and B can not [Uhl73; HK17]. Therefore, improper
bidiabonal BHs have metrics which cannot be simultaneously diagonalized at the Killing
horizon, hence their name.

Proportional BH solutions, that is, GR solutions, constitute a subset of the set of
proper bidiagonal BHs; they have coinciding null cones, therefore they share all of their null

directions.

Lyapunov instability of the GR solutions. One of the main results of Paper III
concerns the behavior of static spherically symmetric BHs when r — o0. The reason for
exploring this is to understand if there can be asymptotically flat, dS or AdS solutions,
different from Schwarzschild, SdS or SAdS, that can constitute end states of spherically
symmetric gravitational collapse. In addition, if these non-rotating and non-electrically
charged BH solutions would depend on some measurable parameters other than their mass,
this would disprove statements similar to the no-hair theorems in BR.

For this system, the BFE can be considered both as a boundary value problem and as an
initial value problem. In looking for asymptotically flat solutions, the boundary conditions
are fixed by imposing reasonable values for some of the fields at the Killing horizon, and
values for other fields when r — o0 by imposing asymptotic flatness. The Schwarzschild
solution was the only found solution to this boundary value problem. Notice that a boundary
value problem involving ODEs may have one, several, or no solutions at all. This is in
contrast with the general results concerning an initial value problem involving ODEs, which
can be found, for example, in [Gral4, Ch. 1][NDG17, Ch. 4]. For the initial value problem

consisting of a nonlinear system of first-order ODEs,

d
T =fty), yeUcR', f:iftot]xU—>R", (3.18a)
y(to) = o, (3.18D)

the Picard—Lindelof theorem establishes that Lipschitz continuity of f with respect to y
is sufficient to guarantee existence and uniqueness of the solution for a given specification
of the initial condition, and also the continuous dependence of the solutions on the initial

conditions.® Hence, the number of solutions to a boundary value problem can be determined

5Such systems are called “well-posed.” The situation is radically different if the initial value problem
involves partial differential equations, as we shall see in Chapter 4.
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Figure 3.3: Figure adapted from Figure 7a in Paper III. Phase space plot around the
Schwarzschild solution [black dot at (0,0)]. The variables are R = R — 1,6 = o — 1, with
o(r) == X(r)/ (R(r)r)". The black thicker trajectory is emphasized as an example. Every
trajectory is a BH solution to the BFE. The redder the trajectory, the larger r; the bluer the
trajectory, the smaller r. However, these solutions around Schwarzschild have det (S) = 0
at some finite r, therefore they are not acceptable. This is a typical saddle point diagram,
which shows the “repulsive” character of the Schwarzschild solution when r — co.

through the shooting method [NDG17, Subsec. 9.3]. The boundary value problem is turned
into an initial value problem by the replacement of some boundary conditions with initial
conditions. Then, the number of solutions to the boundary value problem is equal to the
number of solutions to the initial value problem that converge to the replaced boundary
conditions. This is the approach used in Paper III, where the initial conditions are specified
at the shared Killing horizon, and solutions converging to Minkowski, dS or AdS spacetimes
when r — o0 are searched for.

Paper III shows that theoretically consistent solutions, other than Schwarzschild, SdS
and SAdS, exist, but diverge from the GR backgrounds. This conclusion was reached by way
of a phase space analysis of the BFE. We refer to Paper III for the details. In Figure 3.3,
the phase space around the Schwarzschild solution is shown (see Paper III for the explicit
parameter values). Every trajectory is a BH solution. We can clearly see the saddle point
structure of the trajectories around the central black dot representing the Schwarzschild
solution. From this, we can argue that the Schwarzschild solution is unstable in the sense of
Lyapunov, that is, all other solutions diverge from it when r — co. Similar conclusions are
drawn for dS and AdS, see Figure 7 in Paper ITI. We remark that we have not formulated
an exact proof for these claims, but numerical solutions, the phase plots and analytical
considerations strongly suggest their validity.

Paper III shows that, in addition to GR solutions, in BR there are also BHs whose
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leading term is AdS, but that do not converge to it when r — c0. They oscillate around
it with an increasing amplitude. Since they do not show any singular behavior, that is,
all their scalar invariants are finite and det (S) # 0 everywhere, they are theoretically
valid solutions which do not have an analog in GR. When r — o0, their subleading term,
which introduces the growing amplitude oscillations, appears multiplied by a parameter.
If this can be considered as a hair, thus disproving analogous statements to the no-hair
theorems, depends on the definition of “hair” employed. Since these solutions do not have
GR asymptotics, and in particular are not asymptotically flat, it is not clear if and how this
parameter can be measured and if and how it can be related to a physical observable.

We also conjectured that the instability properties of GR solutions in the bidiagonal
ansatz is due to the sharing of the KVFs. A possibility, that should be investigated further,
is that, if they do not share the KVFs, the ansatz is not bidiagonal and the solutions
equivalent to those in GR, as shown in [Com+12b].






Conclusion of Part 1

Summary of the scientific results in Part I. The first part of this thesis reports
the scientific results obtained during the first two years of the Ph.D. studies. It is based
primarily on Paper I. Paper II and Paper III are reviewed from the viewpoint of Paper I,
but their standalone importance is also pointed out.

Paper I concludes that in BR the isometries of the two metrics are unrelated generically;
nonetheless, we proved a proposition stating when the metrics can share the isometries. We
analyzed both the relations between the KVFs of the two metrics and the relation between
their isometry groups, and found that, generically, the two relations are uncorrelated. In
other words, one could have different isometry groups and different KVFs, or the same
isometry group but different KVFs, or the same KVF's and different isometry groups (e.g.,
staticity and stationarity). We also studied the relation between collineations of the tensors
within the same metric sector, and found that three possible situations can occur:

(i) The two metrics share KVFs, which also define the collineations for the bimetric and
matter stress—energy tensors.
(ii) The two metrics do not share the KVFs.

(a) In vacuum, the KVFs of each metric define the collineations for the corresponding
bimetric stress-energy tensor.

(b) When matter stress—energy tensors are present, the KVFs of each metric do not
define the collineations for the corresponding bimetric and matter stress—energy
tensors.

The main result of Paper II is the presentation of a new class of NS-SS solutions,
parameterized by an arbitrary function of the advanced time coordinate, disproving an
analogous statement to the Jebsen—Birkhoff theorem in BR. Interestingly, this solution
is obtained by imposing the same 3 parameters used in the quest for partially massless
bimetric gravity [HSS13c]. This suggests the possibility to use it as a background solution
in that context.

Bidiagonal static and spherically symmetric black hole solutions sharing their KVF's
where studied in Paper III. Again, KVFs are of great importance in determining the
properties of the solutions. When the static KVF crosses the Killing horizon, the two metrics
can be either simultaneously diagonalizable or not. This defines two categories of solutions,
denoted “proper bidiagonal” and “improper bidiagonal,” respectively. GR solutions are
always proper bidiagonal, but the converse is not true. Among the large variety of BH
solutions, only GR solutions converge to Minkowski, dS or AdS when r — o0. We conjecture

that this instability property of the bidiagonal solutions may be due to imposing the same
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KVFs for both metrics.

Discussion of the scientific results in Part I. The results summarized above do
not give us a conclusive answer about how we can simplify the BFE in order to study
spherically symmetric gravitational collapse of matter in BR.

More in detail, the results of Paper I do not restrict the possible ansatzes one can choose
in order to get analytic solutions describing the gravitational collapse and its possible end
states, since the metrics can have different KVFs even if they share the isometry group.

The NS-SS class of solutions presented in Paper II is the first exact vacuum solution in
BR without an analogous vacuum solution in GR. However, it is not a BH solution, that is,
the end state of spherically symmetric gravitational collapse in GR. In addition, the solution
only holds for specific values of the parameters of the theory, hence it cannot be considered
as the end state of gravitational collapse for generic configurations. Moreover, disproving
an analogous statement to the Jebsen—Birkhoff theorem in BR, it tells us that we cannot
assume a static spacetime outside a spherically symmetric collapsing dust cloud.

The results of Paper III tell us that, if we are looking for asymptotically flat static end
states of spherically symmetric gravitational collapse, then the only possible alternative is
the Schwarzschild solution.

In conclusion, these findings show how difficult it is to obtain exact results in BR. There
are two possible ways to overcome this problem. First, one can still look for exact solutions
by, for example, relaxing the assumption of staticity to get dynamical solutions in the
presence of matter sources. Outcomes of this approach are presented in [Hog+19; HTM19].
However, these works also show that analytical methods are not enough to obtain more
general solutions. Second, one can focus on finding numerical dynamical solutions. This
is also a nontrivial task, and the subject of the second part of the thesis. Part II provides
some of the mathematical background needed to understand how the BFE can be treated as
a system of partial differential equations, and reviews the results of the remaining included
papers. The topic unifies the theory of partial differential equations and pseudo-Riemannian

geometry, and it is inspired by the success of numerical relativity.
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We may regard the present state of the universe as the effect of its past and the cause of its future.
An intellect which at a certain moment would know all forces that set nature in motion, and all
positions of all items of which nature is composed, if this intellect were also vast enough to submit
these data to analysis, it would embrace in a single formula the movements of the greatest bodies of
the universe and those of the tiniest atom; for such an intellect nothing would be uncertain and the

future just like the past would be present before its eyes.

Pierre Simon Laplace [LD98]

I think that when we know that we actually do live in uncertainty, then we ought to admit it; it is
of great value to realize that we do not know the answers to different questions. This attitude of
mind—this attitude of uncertainty—is vital to the scientist, and it is this attitude of mind which the
student must first acquire. It becomes a habit of thought. Once acquired, one cannot retreat from it
any more.

Richard P. Feynman, talk given at the Caltech YMCA Lunch Forum on May 2, 1956






Chapter 4
Partial differential equations

The BFE constitute a system of partial differential equations (PDEs) and, aside from
specific cases as in [Hog+19; HTM19], their numerical integration becomes a necessity
when solutions describing realistic physical systems are searched for. In this chapter, we
discuss aspects of the theory of PDEs, needed to understand the recasting of the BFE in a
form suitable for the numerical integration. We start by introducing the notion of “Cauchy
problem” and “well-posedness” in Section 4.1, and continue by reviewing the classification
of PDEs in Section 4.2.

Multi-index notation. Following [Tay10a, p.5] [EvalO, Appendix A], we introduce a
useful notation to improve readability. A “multi-index” « is a vector a = (o, ..., ayp) with
non-negative integer components; the “order” of a multi-index is |a| := a3 + - - - + . Given
a multi-index «, we introduce the following notation for the partial derivatives of the real

function u of n real variables x = (ZL‘l, e ,:17"),

Ay (x)

D u(x) = (021 - (027

ar =001 - Ogrtu(z). (4.1)
For k being a non-negative integer, we define,
Bru(z) = {Du(z) | |o] =k}, (4.2)

that is, the set of all partial derivatives of order k. We refer to 9% as a “differential
operator” of order a. If k = 1, we consider the elements of Du(z) = P u(zx) as arranged
in the gradient vector Du(z) = (du(x),...,0xnu(x)). We also use a subscript to indicate
which variables the differentiation refers to, 9,u(z). Finally, we introduce the following

notation for monomials constructed from the components of a vector v = (vy,...,v,) € R™,

a:?}in_. O

v n

Y%

In this chapter, we will consider only C™, that is smooth, real functions of real arguments.
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4.1 The well-posedness of the Cauchy problem

The first treatise about the Cauchy problem was written by Hadamard in 1923 [Had23].
Here, we mainly follow the more systematic exposition in Petrovsky [PS64], to which we

refer the reader for technical details.

The Cauchy problem. Consider the following system of & PDEs,

ol = F (t:pu {afogba“j}|a|+ao<m)’ Vi,je{l,... k}, (4.3a)
where x = (3:1, . ,x”) is the vector of all the variables except ¢, u = (ul, e ,uk) is the
vector of all the unknown functions, {8f°@auj}, with o = (v, ..., ), ag < n?, is the set

of all possible partial derivatives of all the functions in « and F* is a real-valued function of
its arguments. The variable t is singled-out among the others since the derivatives 8fiui
must appear among the derivatives of the highest order n’ of the function u’ and the system
is solved for them. In physical systems, the independent variable t is usually the time
coordinate. For some value t = tg and Vz € GG, with G subspace of the space of independent
variables (ml, e ,x"), we prescribe values for the unknown functions and their derivatives

with respect to t up to order n® — 1,

@nui(t,x)'i =¢2m) (x), Vme{l,....,n" =1}, Vie{l,...,k}, (4.3b)

t=to

where the functions gb%m) (x) are all defined (at least) on G. The prescriptions (4.3b) are
referred to as the “Cauchy conditions” or as the “initial data.” The Cauchy problem consists
in determining the solution of the differential system (4.3a) which satisfies (4.3b).

The system of PDEs (4.3a) can always be reduced to another system which is first-order
in ¢t with respect to all the unknown functions. Here, we refer to the system obtained from

(4.3a) by means of this first-order reduction as the “first-order Cauchy problem.”

The generalized Cauchy problem. Consider the more general system of PDEs,

o <;,;u {@auj}a|@j> —0, Vijefl,....k}, (4.4)

with the same notation as in (4.3a), but now all the coordinate are included in x =
(t, AT ,x”) and the multi-index notation runs over all the variables, a = (ag,...,a).
Hence, ag can be equal to n? for each j. Suppose that, in the space of the independent
variables (t, xzl x”), a surface & is defined together with a congruence of curves C such
that every curve belonging to C passes through at most one point of & and it is not tangent
to it at that point. On the surface &, we can prescribe values for the unknown functions u’
and their derivatives along the directions defined by the curves in C. This prescription is the
generalization of the Cauchy conditions, and together with (4.4) constitutes the “generalized
Cauchy problem.” It can be shown that the generalized Cauchy problem can be reduced to

a Cauchy problem locally, that is, in a neighborhood U of &, provided that the surface & is
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nowhere “characteristic’—a concept defined below.
Given the system (4.4), let us construct a set of smooth surfaces in the space of

independent variables,
O (tx) =y, Vle{0,...,n}, (4.5)

with y¢ real parameters, such that:
(i) The surface & has equation y° = 0.
(ii) There exists a sufficiently small € > 0 such that the curves in the congruence C are

parametrized by
_€<y0<67 ylzclv"'vynchu (46)

with the ¢; real constants. The formulas (4.6) define the neighborhood U of §.
(iii) The determinant of the Jacobian matrix with elements J*; = 0y¢/0x%, V¢,i € {0, ... ,n},
is non-zero in the neighborhood U of the surface §.
When these conditions are satisfied, we can use the 3¢ as a set of new coordinates. We denote
them with y = (yo, . ,y”). Intuitively, we can choose y!,...,y™ to be smooth coordinates
on the surface &, and y° to be the coordinate varying along the curves in C. This is enough
to guarantee that y can be used as a new system of coordinates in place of z. At this point,
we change coordinates from x to y in (4.4). We are interested in rewriting the transformed
system as a Cauchy problem (4.3a), that is, in solving this system for 8;&;’ According to
the implicit function theorem [PM96, Ch. 7], this is possible if and only if the determinant

of the following Jacobian matrix is non-zero in U,

: 0!
P'i(w;y) = ——, det P (u;y) # 0. (4.7)
o (onw)
y
Under the coordinate transformation from x to y,
@aui = 85‘0”1/ (aroyo)ao e (6zny0)an + ... y (48)

where the terms denoted with . .. include derivatives of u’ with lower order with respect to
yY, which are not important for our purpose. Hence, using the chain rule, each element in

the Jacobian in (4.7) can be rewritten as,

0P! 00t 0 (D)
— = — —, (4.9)
P (&gg uj) |a|z_:nj (D7) 5 (agg uj>
and from (4.7, 4.8) follows that,
i a@l o

laf=nJ

For a fixed solution @ = (1, ...,ux), we define the “principal symbol” of (4.4) as a map
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(see, e.g., [Ren08, eq. (7.4)][Tay10a, Sec. 2.9]),

P (i;-,-) : R2(+1) _, gExk (4.11)
(ZE,&)'—’P(’L_L7ZE,£), g:: (£0a"-7£n)€Rn+17

with components,

¢, (4.12)

uU=1u

Pli(z,&) = )] 0

(ol znd 0 (D)

The determinant of the principal symbol is called the “characteristic polynomial” of (4.4).

Finally, the system (4.4) can be written as a Cauchy problem in the neighborhood U of & if
and only if,

det P'; (@2, %,y") # 0, (4.13)
at every point on &. The “characteristic equation” is then,
det P*; (#;2,&) = 0. (4.14)

The “characteristic set” is the set of all the solution (z,&) of the characteristic equation
such that & is nonzero. A surface ¥ (x) = 0 is called a “characteristic surface” for the system

(4.4) if it belongs to the characteristic set, that is, if at each of its points,
det P'; (@ 2,%,¥) = 0. (4.15)

Therefore, if & is nowhere characteristic and (4.13) holds everywhere in U, the system (4.4)
can be reduced to a Cauchy problem in U.

We remark that, when the derivatives 0®°/d (2*w’) in (4.12) do not depend on u, the
principal symbol itself does not depend on it, but only on the independent variables and
on the function ®°. Since in this case the principal symbol is the same for all the solutions,
it only depends on the system of PDEs itself. We will come back to this point in the next

section, when talking about the classification of PDEs based on the principal symbol.

The Cauchy—Kovalevskaya theorem. It is of great importance to determine if a
given system of PDEs, once the appropriate boundary conditions are specified, has a unique
solution.? For the Cauchy problem (4.3), the Cauchy—Kovalevskaya (CK) theorem [Cau42;
KowT75] (see also [PS64, p. 15][Tay10b, Theorem 4.1]) states the following. If all the functions
F'in (4.3a) are analytic in some neighborhood of the point (¢, zo, ¢) and if all the initial

data qﬁ{k) are analytic in some neighborhood of the point zg, then the Cauchy problem has a

'Here, we use the expression “boundary conditions” in a broad sense. We refer to the conditions that are
to be imposed on the unknown functions and possibly their derivatives, depending on the mathematical and
physical setup under consideration. They can be boundary conditions in the strict sense, setting values at
the boundary of some region, or initial conditions.
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unique analytic solution in some neighborhood of the point (¢, zg).2 When the system (4.4)
can be reduced to a Cauchy problem, that is, when the surface & is nowhere characteristic,

and in addition & is specified implicitly by an analytic function, the CK theorem also holds.

Well-posedness. The CK theorem guarantees the existence and uniqueness of the
solution of a Cauchy problem, provided that the analytic surface & where the Cauchy
conditions are prescribed is nowhere characteristic, and that all the functions involved in the
definition of the problem are analytic. In physics, generalized Cauchy problems arise in many
systems involving analytic equations, but non-analytic initial data. Then the CK theorem
does not apply. An interesting remark is made in [PS64]. Thanks to the Stone—Weierstrass
theorem [Wei85; Sto37; Stod8] (see also [Haz19]), one can choose polynomial functions
that uniformly approximate the Cauchy conditions as closely as desired, on a compact
surface. Upon doing that, the resulting Cauchy problem has a unique solution due to the
CK theorem. It is reasonable to guess that the solution to the original system, if it exists,
differs by little from the solution of the approximated problem with analytic initial data.
However, Hadamard constructed a counterexample where this is not the case [Had23, p. 33,
described in Appendix B.

The most general conditions under which a Cauchy problem involving smooth functions
admits a unique solution have not been found yet. What has been done, though, is to define
a class of Cauchy problems that satisfy the following requirements:

(i) For any smooth functions ¢€k) (z) given on the region G constituting the Cauchy
conditions, there exists a unique solution to the Cauchy problem (4.3).

(ii) For an arbitrary € > 0 it is possible to find an n > 0 such that, if the functions gbzk)
and all of their derivatives change by less than 7 on G, then the solution to the Cauchy
problem changes by less than € in tg < t < ¢, with ¢ real constant.

Condition (ii) means that the solution depends continuously on the initial data and all of
its derivatives. This definition of well-posedness is taken from [PS64] (see also [Eval0, p. 7]
and [Str07, p. 25] for modern references). The more recent reference [KL89, p. 39] explains
in detail how, assuming that condition (i) holds, different formulations of condition (ii)
may lead to different behaviors of the system. In particular, systems featuring a continuous
dependence of the solution on the derivatives of the initial data only, are problematic when
dealing with equations with non-constant coefficients; such systems are called “weakly
well-posed.” Systems showing a continuous dependence of the solution on the initial data
(and not necessarily on its derivatives) do not show the same problem, and are then called
“well-posed.” All other systems are called “ill-posed.” The concept of well-posedness does
not refer only to the Cauchy problem, but can be applied to any system of PDEs with the
appropriate boundary conditions [CH62, p. 226]. It was first introduced by Hadamard in
[Had02]. We remark that being able to write a systems of PDEs as a Cauchy problem is a
problem separate from that of proving its well-posedness. For the first problem concerns the

existence of a non-characteristic surface, whereas the second problem concerns the fulfillment

2An real “analytic” function is a function which can locally be expressed as a convergent power series. A
function is analytic if and only if its Taylor series about a given point converges to the function in some
neighborhood of the point in its domain.
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of conditions (i) and (ii) above.

Since well-posed problems “behave well” by definition, it is usually desirable to write
physical problems in a well-posed way. It is important to note that the same physical
problem can, in principle, be written both in a well-posed and in an ill-posed way. This may
happen, for example, if the system is constrained in the Hamiltonian sense (for Hamiltonian
constrained systems, see, e.g., [GPS02]). Since the constraints are always satisfied, that is,
they are always equal to 0, one can freely add them to the dynamical equations. This may
spoil the well-posedness of the problem, or, vice versa, recast it in a well-posed way. The
choice of coordinates may affect the well-posedness as well. As we will see in Chapter 5 and
Chapter 6, both these factors alter the well-posedness of the EFE and the BFE.

In the next section, we will review the possible expressions that the functions F* and ®*

in (4.3a, 4.4) can have, and how they affect the well-posedness of the Cauchy problem.

4.2 Classification of partial differential equations

This section provides an overview of the different types and classes of PDEs, which affect
the well-posedness of the differential problem. Some conditions under which a certain type
of PDEs leads to a well-posed Cauchy problem are described. The EFE can be recast in
different forms to satisfy these conditions, as reviewed in Appendix C. First steps toward
the recasting of the BFE in a form that satisfy these conditions are made in Paper V, Paper

VI and reviewed in Section 6.3.

Linear and nonlinear PDEs. A PDE of order s, with n independent variables
T = (331, .. ,:L‘”) and k unknown functions u = (u', ..., u") is called [Eval0):

(i) “linear” if it is of the following form,

Z ao ()P = f(x), (4.16)

|a|<s

where a,, f are given functions. It is called “homogeneous” if f(z) = 0.

(ii) “semilinear” if it is of the following form,

Z aa(2)D%u + ag (2° 'u, ..., Du,u,z) =0, (4.17)

laf=s

(iii) “quasilinear” if it is of the following form,

Z ae(D5 . . D, u, )P + ag (@S_lu, o Du,u, ) =0, (4.18)

|ar|=s

(iv) “(fully) nonlinear” if its dependence on the derivatives of the highest order is nonlinear.
The principal symbols (4.12) of the linear equation (4.16) and the semilinear equation (4.17)

are both equal to,

P(x,&) = ) aa(z)€", (4.19)
|a|=s
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with £ € R”. Therefore, they do not depend on the solution u. This is not the case for
quasilinear and fully nonlinear PDEs (and systems of PDEs).

Notions of ellipticity, parabolicity and hyperbolicity. The mathematical field of
study of PDEs is rich. A variety of possible PDEs arise when modeling different physical
phenomena. Their study spans more than a century, and has led to a classification of PDEs
based on the algebraic properties of their principal symbol. The classification includes three

main classes: “elliptic,” “

parabolic” and “hyperbolic,” discussed by Hadamard in [Had23]
for linear PDEs. The prototypes of these classes are three linear second-order PDEs; we
now introduce them as concrete, simple representatives of the three classes. Suppose u(x) is
a smooth function of the variables x = (:L'l, ce ,x"), with z € U and U < R" neighborhood

of the origin. In the elliptic class we have the Laplace equation,
Au = 0. (4.20a)

Suppose that u also depends on a (n + 1)™ variable, called ¢ and such that tg <t < T, to, T

constants. Then, in the parabolic class there is the heat equation,

Oru = Au. (4.20Db)
In the hyperbolic class, we find the wave equation,

onu = Au. (4.20c)

In the parabolic and hyperbolic case, the coordinate ¢ has a special role, such that the
equations are already written as a Cauchy problem. Not surprisingly, ¢ is the time coordinate
in physical systems, whereas the other coordinates are spatial. The elliptic equations describe
equilibrium states, which do not depend on time by definition. Parabolic and hyperbolic
equations involve time derivatives and therefore are “evolution equations,” that is, they
describe the evolution of a physical system in time. However, they model different physical
systems. Making the substitution ¢ — —t¢, the heat equation (4.20b) is not invariant, but
the wave equation (4.20c) is. This tells us that parabolic equation arise when describing
processes whose evolution is not the same forward and backward in time, such as diffusion,
transport, and creation processes like, indeed, heat propagation [EvalO, p. 372]. On the
other hand, hyperbolic equations arise when describing wave-like propagation processes
[Eval0, p. 399].

We now give a review of the definitions of linear and nonlinear elliptic, parabolic and
hyperbolic PDEs of any order. Let us start with linear PDEs (the argument straightforwardly
generalizes to semilinear PDEs; since the principal symbol is the same as for linear PDEs).

Consider a differential operator of order m on a manifold 4 of dimension n,

P(x,0)u = Z ao ()P, (4.21)

|a|<m

with 2 € U < A and U open set, a,(z) smooth coefficients and u vector of k& unknown
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smooth functions. The operator P(x,0) is said to be “elliptic” if its principal symbol

P(z,&) = ), aa(z)& (4.22)

la|=m

is invertible for any non-zero £ € R™ [Tayl0a]. This implies that an elliptic system has
an empty characteristic set and therefore, can always be written as a Cauchy problem.
We remind the reader, though, that this does not mean that such a Cauchy problem is
well-posed.

There exists a stronger concept of ellipticity, called “strong ellipticity,” having different
definitions in the literature. We refer to [Nar85, p. 201] and define a differential operator
P(z,0) of even order m = 2u, € N, as a “strongly elliptic” operator if its principal symbol

satisfies

Q&) = (P(x,§)u,u) = ClE[™ (u,u), (4.23)

with C' > 0, for all z € U, € € R”, u € R* and (-, -) some appropriate positive definite inner
product in the space of solutions. This means that the principal symbol is a positive definite
operator.> The second-order Laplace operator A (or its negative, depending on conventions)
is strongly elliptic [Eval0, p. 313]. A strongly elliptic operator must be of even order if n > 1
[Nar85, p. 201].4

We now turn to the concept of “strong parabolicity.” A linear system of PDEs of the

form
oru = P(x, 0)u, (4.24)

where P(z,0) is a strongly elliptic differential operator of any even order, is called “strongly
parabolic” [Lad85, p. 191].> The heat equation (4.20b) is an example of a strongly parabolic
PDE.

3The definitions of strong ellipticity given in [Tay10a, pp. 455, 461] for even order operators, and in [KL89,
p. 178] for second-order operators are compatible with the one in (4.23); however, in [KL89] strong ellipticity
is defined indirectly through the definition of “strong parabolicity”, which we will define soon. Moreover, the
definition of strong ellipticity in [Lad85, p. 191] is slightly different than the one in (4.23). However, in all
the cases, strong ellipticity requires the principal symbol not be only invertible, but also positive definite for
all z in the &-space [Ren08, Sec. 7.1]. In [Eval0, p. 312] the concept of uniform ellipticity is defined, which is
stronger than ellipticity but weaker than strong ellipticity (see also [Mail8]).

4Indeed, one can always choose ¢ such that the real function Q(&) is a polynomial of order m. Suppose to
parametrize £ = a + Ab, a,b € R™, X\ € R. Then, if m was odd, the polynomial Q(a + A\b) in A would have a
real zero. If this zero was trivial for Q(a + Ab), (4.23) would still hold. If n = 1, it is not possible to find a, b
such that @ + \b # 0 V) € R, since there will always be A = —a/b. Hence for n = 1, that is, one independent
variable only, Q(a + Ab) only has a trivial zero meaning that Q(a + A\b) <= & = a + Ab = 0. However, for
n > 1, one can find a,b € R"™ such that a + A\b # 0 VA € R. As an example, consider a = (1,0,...,0) and
b=(1/2,0,1/2,0,...,0). Then we have a + A\b = (1 + A\/2,0,1/2,0,...,0) and there is no A such that a + Ab
is the zero vector. Hence, Q(a + Ab), which must have a zero because m is odd, has actually a nontrivial
zero, that is, Q(a + Ab) = 0 with & = a + Ab # 0 VX € R. In this case, (4.23) does not hold. Note that this
counterexample holds in any odd m.

5See also [Ren08, Sec. 8.10]. The definition is compatible with [KL.89, p. 178, 197] and [Eval0, p. 372] for
second-order strongly parabolic systems (called only “parabolic” in [Eval0O]). Compare with the definition
of second-order parabolic systems in [KL89, p. 180], which reads \; = C|¢|? for all 2 € U, ¢ € R™, with \;
eigenvalues of the principal symbol P(z,¢).
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Lastly, a linear system of PDEs of the form
Oyu = P(x,0)u, (4.25)

where P(z, 0) is a strongly elliptic differential operator of second order, is called “strongly hy-
perbolic” [Lad85, p. 192][Eval0, p. 399]. These systems can be interpreted as a generalization
of the wave equation (4.20c).

It is possible to encounter hyperbolic systems where the time derivatives are first-order,
not second-order as in (4.25). Actually, in the rest of the thesis, we are going to encounter
such first-order systems of equations when dealing with the EFE and BFE, and to consider
the well-posedness of the resulting Cauchy problem. Hence, in the next paragraph, we define
the concept of strong hyperbolicity for linear systems with first-order derivatives both in
the time and spatial variables.

As a final remark, we note that the classification built for linear systems of PDEs can
be generalized to nonlinear systems by means of the linearization around a given solution
[Tay10b, p. 127], which leads to the principal symbol in (4.12). The linearized system
depends on the chosen background solution for quasilinear and fully nonlinear systems;
hence, in these cases the class of the system of PDEs depends on the background solution
at the same point x [PMO06; Ren08; Tay10b].

Hyperbolicity of first-order systems and well-posedness of the Cauchy prob-
lem. The parabolic and hyperbolic PDEs in (4.24, 4.25) have the form required in the
definition of the Cauchy problem (4.3a). Hence, we can consider the Cauchy problems arising
from these PDEs and the desired initial data at some initial time ¢ = ¢g. It is natural to
ask about the well-posedness of such a Cauchy problem. The Cauchy problem involving a
strongly parabolic system is well-posed for ¢ > ¢y [Lad85, p. 191][Ren08, Sec. 8.10], providing
formal mathematical support to the intuition about parabolic PDEs as describing systems
whose evolution is different forward and backward in time.

In the previous paragraph, we defined strong hyperbolicity for second-order systems.
Now we define the same concept for first-order systems. Consider the first-order, linear

system of PDEs in n spatial variables plus the time variable,

L(t,xz,0)u == du — A(t,z,0)u — B(t,x)u =0 (4.26a)
A(t, 2, 0)u =) Aj(t, z)dju, (4.26b)
j=1
where u = (u!,...,uF), z = (z',...,2") e U ¢ R", and Aj(t,z), B(t,z) are k x k matrix

valued functions defined in a neighborhood U of the origin in R™*!. We define the following

two differential operators,
Li(t,x,0) = 0 — A(t,x, 0), Lo(t,x) :== B(t, z), (4.27)

where Lo(t,x) includes all the lower order terms, that is, non-derivative terms. We say that
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L(t,z,0) is “hyperbolic” in U if the Cauchy problem,

L(t,x,0)u= f(t,x), f(t<ty) =0, (4.28a)
u(t < to) =0 (4.28)

is well-posed [Nis03]. We say that Li(t,z,0) is “strongly hyperbolic” if the Cauchy problem
(4.28) is well-posed for arbitrary lower order term B(t,x) [Nis03]. In the case of constant
coefficients, the authors of [KY60] proved that L;(¢,x, ) is strongly hyperbolic if and only
if the matrix A(§) is uniformly diagonalizable, that is, if all of the roots of its determinant
are real for any £ € R” and there exists a matrix N (£) with nonvanishing determinant and
unit row vectors (with respect to some appropriate norm) and such that N(&)A(&)N (€)1
is diagonal. Many authors during the last century studied the conditions under which a
first-order linear system with non-constant coefficients is strongly hyperbolic—see [Nis03]
and references therein for a complete historical account on this study. These conditions were
established by Kreiss and Lorenz [KL89, p. 186]. For (4.28) to be well-posed or, equivalently,
for Li(t,z,0) to be strongly hyperbolic, the eigenvalues of A(t, z, &) need to be all real and
the eigenvectors must be linearly independent and smooth functions of (¢,x,£) (see also
[Ren08, Sec. 8.4] and [Eval0, p. 421]).

In addition to strong hyperbolicity, there are weaker and stronger concepts of hyperbol-
icity for linear first-order systems of PDEs, given below: Vo € U, Vt = 0, V¢ € R", £ # 0, the
system (4.26a) is called [KL89, p. 57][Eval0, p. 422]:

(i) “Weakly hyperbolic” in U if the eigenvalues of A(t,z,§) are real.

(ii) “Symmetric hyperbolic” in U if A;(t,z) = A;(t,z)" Vj=1,...,s.

(iii) “Strictly hyperbolic” in U if the eigenvalues of A(t, z,§) are real and distinct.
Weakly hyperbolic systems lead to ill-posed Cauchy problems [KL89, p. 30]. Symmetric
and strictly hyperbolic systems are special cases of strongly hyperbolic systems. Indeed,
symmetric hyperbolic systems have a symmetric principal symbol, which can then be
uniformly diagonalized by an orthogonal transformation and has real eigenvalues; strictly
hyperbolic systems have a principal symbol with a complete set of eigenvectors, which makes
it uniformly diagonalizable.

The concept of strict hyperbolicity is a bit restrictive. As an example, let us consider
the wave equation. It is a strictly hyperbolic equation. However, a system of two decoupled
wave equations is not strictly hyperbolic [Ren08, Sec. 8.3]. On the contrary, two symmetric
hyperbolic systems taken together form a symmetric hyperbolic system. An example of a
symmetric hyperbolic system is constituted by the Maxwell equations written in terms of the
electric and magnetic fields [Ren08, Sec. 8.3]. Also, it can be shown that a strictly hyperbolic
system in 3 space dimensions must have at least a 7 equations [KL89]. In conclusion, strictly
hyperbolic systems are unlikely to appear in realistic physical systems.

The strong and symmetric hyperbolicity of systems with first-order time derivatives
and second-order spatial derivatives was studied in detail in [GMO06]. Possible definitions
of hyperbolicities for such systems refer to their first-order reduction: if the latter has a

certain type of hyperbolicity, then the original system shares it as well. In [GMO06], criteria
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are given to determine the type of hyperbolicity of the original system without the need to

reduce it to a first-order system also in the spatial derivatives.






Chapter 5

The Einstein equations as a

Cauchy problem

After having discussed the relevant aspects of the theory of PDEs, we now describe a
formulation of the EFE resulting in a system of PDEs determining a Cauchy problem. That
is, the 3+ 1 decomposition of the spacetime and the EFE, which is the topic of this chapter.

5.1 The foliation of spacetime

In this section we review some elements of differential geometry needed to write down the
341 decomposition of the EFE. We closely follow the reference [Goul2].

Hypersurfaces and induced metric. Consider a differentiable manifold . of dimen-
sion 4 with a metric g of signature (—, +, +, +). The couple (A, g) is called a Lorentzian
manifold. We assume that /4 is time orientable according to [Wall0, Sec. 8.1]. Consider a
3-dimensional manifold 3 and an embedding ® : 3 — .(." The image ¥ = ®(3) < M is
called a hypersurface of A .

3. being a 3-dimensional manifold, we can consider its tangent space Tp(f]) at a certain
arbitrary point p € 3, and ask how an arbitrary tangent vector v € Tp(i]) is mapped to the
tangent space of M at ®(p). This mapping induced by @ is called “pushforward,” is denoted

by ®, and, for any smooth function f : # — R, acts as follows,

P (v)(f) = v(f o ®), (5.1)

where we remind the reader that v(f) gives the directional derivative of f in the direction
of v, and o denotes the composition of functions. The image ®,(v) of v is a tangent vector
belonging to Tg ) (/). In addition to the pushforward, there exists a linear map between
linear forms induced by ®, called “pullback.” It is denoted ®* and defined by,

P*(w)(v) = w(Px(v)) (5.2)

! An embedding is a homeomeorphism onto its image. A homeomorphism is a continuous function whose
inverse is also continuous.

99
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The definition of pull-back can be extended to an arbitrary multilinear form T as,
V(v1,...,00) € TH(2)", ®*T(vy,...,vn) = T(Psv1, ..., Pyvy). (5.3)

It is not necessary to consider a generic embedding ® in what follows, hence we assume it
to be the identity, ¥ = 3. Therefore, the pushforward and the pullback become maps acting

as follows,
By Ty(D) = Ty(ll), & : THM)E™ — THE)", (5.4)

with ®n the n' tensor power.
The pullback of the metric g is called the “first fundamental form” or “induced metric”
of X,
Y= 0¥ (g) : Ty(X) x TH(S) - R (5.5)

The induced metric « is also called the 3-metric, since it is a metric on the 3-dimensional
hypersurface 3. Depending on the signature of v, 3 is called:
(i) “spacelike” if v is Riemannian with signature (+, +, +);
(ii) “timelike” if 7 is Lorentzian with signature (—, +, +);
(iii) “null” if 7 is degenerate.
The induced metric has a unique Levi-Civita connection D, which allows to compute
covariant derivatives of tensors defined in T/(X)®" @ T*(X)®™.

Normal vector field. A hypersurface can be locally defined as the set of points for

which a scalar field defined on /# is constant. Hence, denoting this scalar field T,
Vpedl, peX < T(p)=0. (5.6)

The scalar field T is also called the “time function.” The gradient 1-form V7 is normal to ¥,
that is, VI (v) = 0 Vv tangent to 3, as follows from multivariate calculus. The vector vT
dual to V7, having components vVIr = g (VT),, is a vector normal to ¥ with character:
(i) timelike if and only if ¥ is spacelike;
(ii) spacelike if and only if ¥ is timelike;
(iii) null if and only if ¥ is null.

When V7 is not null, we can normalize it,
— — s\l
vi=—aV7, «a:= (~|_—V‘T- VT) , vev=*£l, (5.7)

where the +(—) sign holds for a timelike(spacelike) hypersurface.? We will come back to the

meaning of the scalar field « later.

The extrinsic curvature. The normal vector field v has a unit norm by definition.

Hence, its derivative along a vector field v tangent to 3 must be orthogonal to v. This can

When V7 is null, there is no privileged normalization.
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be easily verified,
1 1
V-Vvv=§(v-vvv+vvv-v)=§VU(V‘V)=O, (5.8)

since v - v is constant. This means that the vector field V,v belongs to T'(X). Hence, we

define the rank-2 tensor K as,

Wpes, K:T,(5)xT,(Z) - R
(u,v) —> K(u,v) = —u- Vyv. (5.9)

The tensor K is symmetric and is called the “second fundamental form” or the “extrinsic
curvature” of the hypersurface X.

Since v is a unit vector field, its covariant derivative along v tells us how much it bends
in the direction defined by v, or equivalently, how much the hypersurface bends in that
direction. The adjective “extrinsic” comes from the fact that it is defined in terms of v,
which is a vector field defined in the spacetime and not on 7'(X); in addition, the definition
of v requires ﬁ', which is the dual to VT and requires the spacetime metric g to be defined.
The “intrinsic curvature” of the hypersurface ¥ is the Ricci curvature scalar R obtained
from the Riemann curvature tensor R, ,, specified by the Levi-Civita connection D of .

The importance of the induced metric v and the extrinsic curvature K resides in them

being the dynamical variables in the 3 +1 decomposition of the EFE, as we shall see soon.

Projector on a spacelike hypersurface. In the 3+1 formalism of GR, only spacelike
hypersurfaces are considered. From now on, we limit our analysis to them. Hence, the
induced metric v is Riemannian and called the “spatial metric,” v-v = —1 and the vector
and tensor fields tangent to X are called “spatial vectors/tensors.”

Since v is normal to ¥, the tangent space T, () at each p € ¥ can be orthogonally

decomposed as,
Tp(M) = Ty(X) @ span(vp). (5.10)
This means we can define the “orthogonal projector” L onto T,(X) as,

L:Tp(l) — Tp(%)

v v+ (Vv (5.11)
The components of the orthogonal projector can be readily written,
L, =6 +V'VPg,. (5.12)
The orthogonal projector annihilates every vector normal to X2,

vy =v+(v-v)v=v—v=0, (5.13)
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and acts as the identity map on an arbitrary spatial vector u orthogonal to v,
L(u)=u+ (u-v)v=u. (5.14)

The orthogonal projector can be seen as the map reverse to the pushforward in (5.4). It

is also possible to define the reverse map to the pullback in (5.4),

L*:TH(8) — T (M)
w— w(L(-), (5.15)

which gives a 1-form in T} (/). This map can be extended to multilinear forms,
. ®n ®n
L* T (E)%" — T ()
A A(L(G), ..., L(). (5.16)

In particular, we can apply L* to the induced metric v, to extend it to the tangent vectors

in TP(‘/%)v

Ly s Ty() x Ty(l) — R
(u,v) = y(L(u), L(v)). (5.17)

We can compute the components of L*~ in a basis (v,v1,vs,v3) with vy, v, v linearly

independent spatial vectors,

(L*9)(v,v) = v(L(v), L(v)) =~(0,0) =0, (5.18a)
(L* ) (v,v) = ’y(J_(v),J_(vi)) = 7(6, vi) =0, (5.18b)
(L) (i, v5) = v(L(v), L(vy)) = v (vi, v5) = vij- (5.18¢)
Now, if we lower the index p in (5.12),
GapLP 8= Gap0’s + GapV’Vg = gag + VaVs- (5.19)

and contract the indices in (5.19) with the basis vectors (v, v1, v2, v3), we get,

VE¥GapV? + Vvivavgy? = vevP —vav? = -1+ 1 =0, (5.20a)
vo‘ga[gvf + Va\/a\/gvf = VBU? - VBUZ-B = 0-0=0, (5.20b)
ful-agagvf —i—vf‘vawvf = (vi)fg(vj)ﬁ = i (5.20¢)

The comparison between (5.18) and (5.20) tell us that,

GapLP 8 = gap + vavg = (L* 7)as- (5.21)
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In index-free notation we have,
1*y=g+v®@v=gl. (5.22)

It is common practice to use the same symbol for v and L*; from now on, we will
denote both of them with ~. The distinction will be made by the indices: Greek letters
denote spacetime indices, whereas Latin letters denote spatial indices. Consistently, 7;;
refers to the induced metric in (5.5), whereas y,,, refers to its extension in (5.17). The same
convention is used for all other spatial tensors and their extensions.

From (5.21) it follows that v,, and g,, act in the same way on spacetime vectors u, v

tangent to X,
Yt v” = guurv” + vy utv” = g utv’. (5.23)
As the last step in this paragraph, we compute a quantity needed later, namely,

1, LY exmy =1H aYuB = 5“0/}’#5 + VMVa’Y,u,B = YaB (5.24)

where we used (5.12, 5.21).

The Gauss and Codazzi relations. The 3 + 1 decomposition of the EFE makes use
of three mathematical relations concerning the decomposition of the 4-dimensional Riemann
curvature tensor *R® 8vs in terms of the induced metric v, the 3-dimensional Riemann
tensor R”gs and the extrinsic curvature K ,,. We will state these relations only, and refer
the reader to [Goul2, Subsec. 3.5.1] for their proofs. In this paragraph we state two of them,
since the third one makes use of concepts introduced later.

The first relation is called “Gauss relation” and reads,
ARG LF o 1 517 175 = RVsap + K70 Ksp — K7 5K 5. (5.25)

The contraction of the indices 7 and « in (5.25) results in,
Ry 1P o LY g+ 2R poyauY” LP 5V = Rop + KKop — KFgK oy, (5.26)

called the “contracted Gauss relation.” Taking the trace of (5.26) with respect to 7 results

in,
‘R+2'R,v"V = R+ K? — K;; K", (5.27)

which is called the “scalar Gauss relation.”

The second relation is called “Codazzi relation” and reads,

4Rpcr,u1/ 17 pVJ 14 a 1" 8= DBK/YQ — DaKwﬁ. (528)
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The contraction of o and v in (5.28) gives,
‘R, LMV = DoK — D, K", (5.29)

referred to as the “contracted Codazzi relation.”

We are going to use these relations in Section 5.2 when projecting the EFE onto ¥ and

span(v).

Foliation of a manifold. A set of hypersurfaces {3;},.r such that there is a smooth

scalar field T on 4, with nonvanishing gradient, such that,
VteR, X;:={pe M, T(p) =t}, (5.30)

is called a “foliation” or “slicing.” Each hypersurface ¥; is called a “leaf” or “slice” of the
foliation. The assumption of nonvanishing gradient for the scalar field T implies that the

slices do not intersect,
t#xt =X n Yy = . (5.31)

Global hyperbolicity. Consider a spacelike hypersurface > < A . If every timelike or
null curve without end intersects X in one and only one point, then the spacelike hypersurface
is called a “Cauchy surface.” A spacetime admitting a Cauchy surface is said to be “globally
hyperbolic.”?

The definition of globally hyperbolic spacetime implies that its topology has to be R x X,
where ¥ is the Cauchy surface and R is the topology of span(v), that is, of the timelike
direction. An example of a non globally hyperbolic spacetime is AdS, which has topology
S x R3. Given its topology, a globally hyperbolic spacetime can be foliated by a family of

spacelike hypersurface {¥;}, g, and in particular,

M=% (5.32)
teR

This means that, if a spacetime admits a global 3 +1 decomposition, then it is globally

hyperbolic, and vice versa.

The lapse function and the normal evolution vector. In (5.7), we introduced the
scalar field a, denoted “lapse function” by Wheeler [Whe64]. The definition of the lapse

function in (5.7) in the case of a spacelike (and timelike) hypersurface, tells us that
a>0, (5.33)

unless VT = 0, that is, unless the foliation is not regular.

3The name “globally hyperbolic” follows from the fact that the scalar wave equation has a well-posed
Cauchy problem in these spacetimes [Cho09].
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We now define the “normal evolution vector” as,
pi=av=—a? vT. (5.34)

The normal evolution vector is timelike, normal to X; V¢ € R and its square norm is equal to
—a?. Consider a point p € ¥; and its infinitesimal displacement p’ = p + uét, 6t « 1. The
value of T(p') is then,

T(p') = T(p + pot) ~ T(p) + ot u* v, 7. (5.35)
Since
—> —a2
v, T =—-a’VIrV,T = —3-1 (5.36)

where we used (5.7), it follows
T(p) ~ T(p) + 6t = t + ot. (5.37)

This means that the displaced point p’ belongs to X4, that is, the vector udt drags the
point p to the neighboring hypersurface. If we take the scalar field T as the time coordinate
(as we shall do later), we say that the point p has evolved from ¢ to ¢ + dt.

We now expand on the physical meaning of the lapse function. Since v is a unit vector,
it can be promoted to be the 4-velocity of an observer. Such an observer is called “Eulerian”
and its wordlines are orthogonal to 3; Vt € R, by definition. Consider two events p and p’
belonging to the wordline of an Eulerian observer, and such that p € ¥, p’ € ¥, ;. We saw

above that p’ = p + udt. Then, the proper time d7 separating p and p’ is

0T = A/—Gpo Ot PP 6t p7 = Sty/— P, = 6t Va2 = a bt (5.38)

since o > 0 by definition, for a regular foliation. Now we can better understand the name
“lapse function” given to «; it quantifies the ratio between the coordinate time and the proper

time measured by an Eulerian observer between two neighboring events.

The evolution of the spatial metric. We saw that a displacement in the direction
of u drags a point p to the neighboring slice. Mathematically, this can be extended to
any tensor by means of the Lie derivative. The variation of any spatial tensor T" between
neighboring hypersurfaces of the foliation is equal to its Lie derivative along pu, which is a
spatial tensor itself [Goul2, eq. (4.12)],

VteR, VpeX;, VT eTy(S)®" QT (S)®", LuT € T,(X)®" @ T, ()%, (5.39)

In particular, the Lie derivative of the spatial metric v, along u turns out to be equal to
[Goul2, eq. (4.30)]

Luvw = —2aK . (5.40)
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We refer to this variation as the “evolution” of the spatial metric.

Since u = av, (5.40) is equivalent to
1
K, = _5-%\1'7“1/- (5.41)

This provides us with an intuitive understanding of the extrinsic curvature, that is, it
quantifies the change of the spatial metric along the direction normal to the spacelike

hypersurface.

The Ricci relation. The third mathematical equation we need to establish the 3+1
decomposition of the EFE is the “Ricci relation,” which gives the expression of another

projection of the 4-dimensional Riemann tensor. It reads [Goul2, Subsec. 4.4.1],
4 |2 1 1
RV o YapV’ LY gV = E.Enyag + aDaDgoz + Kop K 5. (5.42)
The left-hand side of (5.42) can be replaced by making use of (5.26),

1 1
Ry LHo 1V = ——%pKap = —DaDga + Rag + KKap — 2K o K. (5.43)

5.2 The 3+ 1 decomposition of the Einstein equations

After having introduced the geometrical background in Section 5.1, in this section we review

the 3 +1 decomposition of the EFE and discuss some of its features as a system of PDEs.

The projections of the stress—energy tensor. The unit normal v is the 4-velocity
of an Eulerian observer. Hence, given a stress—energy tensor 71},,, the matter energy density

measured by such an observer is (see, e.g., [RZ13, Sec. 3.2]),
P = T VY. (5.44)
The matter momentum density measured by the Eulerian observer is,
e = =Ty L oV, (5.45)

and is tangent to X;. Due to the symmetry of the stress—energy tensor, the matter momentum

density is equal to the energy flux,
Do = — ,uVV# J—l/oz = *T;u/ 1# aVV = jma- (546)
Finally, the stress tensor measured by the Eulerian observer is,

TP = Ty L o 1Y 5, (5.47)
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tangent to ¥;. Knowing p™, j™, and J™,g, it is possible to reconstruct 753 as follows,
Top = P Vavg +Va jUs +7"avg + I ag. (5.48)

Equation (5.48) is the 3+ 1 decomposition of the stress—energy tensor. The trace of T,z

becomes,

T = g™ p™vavg + ¢°Vai™p + g°% ™ avp + g*P T 0
= —p™ + 25"V + T =T — p™, (5.49)

The projections of the Einstein equations. The EFE in Table 1.1, after setting
Ap = 0 for the sake of simplicity (it can be easily restored at the end of the computation, or

it can be thought as a part of the stress—energy tensor), can be rewritten as,

1
Ry = 87 (T — 5T% Guv ). (5.50)

Consider a spacelike hypersurface 3;, with ¢ € R, and assume that the spacetime can be
foliated by a family of spacelike hypersurfaces in a neighborhood of 3;. Notice that we are
not assuming global hyperbolicity here, that is, we are assuming that the spacetime admits
a foliation in a neighborhood of ¥; only. This does not restrict the space of solutions that
we can obtain locally using the 3+ 1 formulation.

Consider the projection of the EFE (5.50) onto %,

1
1R, 1P o 1V 5 =87 (M oL’ 5T —5T% Lo L” ﬂgw). (5.51)

These projections are all known—see (5.24, 5.43, 5.47, 5.49)—hence we can replace them

and obtain,

LyuKop = —DoDpa
+ a{Raﬁ + KKop — 2K apK" 5 + Ax[(J™ = p™) a5 — 2Jma5]}. (5.52)
All tensors in (5.52) are tangent to ¥; and therefore are the extensions of spatial tensors

defined on T'(X). Therefore, we can replace the spacetime indices with the spatial indices

without losing any information,

OCPKZ']‘ = —DiDja
+ Oé{Rij + KK@']' — QKikKkj + 47T[(Jm — pm) Yij — 2Jml'j]}. (5.53)
Equation (5.53) is the evolution equation for the extrinsic curvature K, which tells us how
the extrinsic curvature changes when dragged along u from one slice to the neighboring one.

Equations (5.40, 5.53) are the “evolution equations” in the 3 + 1 formalism.

Now consider the projection purely orthogonal to 3, along v,

1
4RWV“VZ’ ~3 4RgWV“vV = 81 V'V T, (5.54a)
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1
LRV + 3 R = 87V T). (5.54b)
We can use the scalar Gauss equation (5.27) and (5.44) to write
R+ K? - K ;K9 =167 p™. (5.55)

This equation is the “Hamiltonian constraint.” It does not involve derivatives along the
normal evolution vector; it relates objects on the same slice and it must be satisfied on each
slice separately. Therefore, it constitutes a constraint on the evolution.

The last projection to be considered is the mixed one, that is, once along v and once

onto ;. We successively get,

1
RV LY 5 — 3 RV LY g =81 1Y 5T, (5.56a)

RV LY g =81V LY 5T (5.56b)
Using the contracted Codazzi relation (5.29) and (5.45) we can write,
DoK — DKty = —87 ™. (5.57)
As for the evolution equation (5.53), all tensors in (5.57) are spatial, hence
D;K’; — D;K = 8m j™;. (5.58)

The equation (5.58) is called “momentum constraint.” As the Hamiltonian constraint, it
must hold on each slice separately and does not contain any derivative along u.

The equations (5.40, 5.53, 5.55, 5.58) are called the “standard 3+ 1 equations.” One can
look at the evolution equations as those dictating the dynamics of GR, and at the constraint
equations as those establishing its kinematics. These equations were obtained by Darmois
in [Dar27] in Gaussian normal coordinates, which we will consider later. Lichnerowicz
generalized them using a more general set of coordinates [Lic39; Lic44; Lic52] and, finally,
Choquet—Bruhat wrote them in arbitrary coordinates [Fou52; Fou56]. The 3+ 1 equations
were used by Dirac [Dir58; Dir59] and Arnowitt, Deser and Misner [ADM62; ADMOS] to
develop the Hamiltonian formulation of GR. The 3 + 1 equations were later used in the
development of numerical relativity (NR), starting with the works by York [Yor73; Yor7§],
whose approach is restated in [Yor04]. For a historical account on the Cauchy problem in
GR, we refer the reader to [Chol4; Rinl5].

The choice of coordinates and the shift vector. Equations (5.53, 5.55) and (5.58),
equivalent to the EFE, plus the mathematical relation (5.40) dictating the evolution of the
spatial metric, are tensorial. Introducing coordinates, they become a system of coupled
PDEs, and can be studied using the concepts introduced in Chapter 4.

As we will see in Section 5.3, it is useful to choose basis vectors and coordinates adapted to
the foliation. A frame having three basis vectors tangent to X; and the last one orthogonal to
¥, is adapted to the foliation and is called “Cauchy adapted frame” [Chol5, Subsec.VIIL.7.1].
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To adopt it, one chooses some coordinates (z', 22, 2%) on each hypersurface ;. If they vary

smoothly from one hypersurface to the neighboring one, the coordinate system (7, 2!, 22, z3)
is a well-defined coordinate system for the spacetime .4 . In that case, (x!, 22, 23) are called
“spatial coordinates.” Once we choose such coordinates, we consider the natural basis on

T,(M) Vp € M given by,
0 L@

= ozt

(5.59)

The basis vector dy is tangent to the lines of constant spatial coordinates and called the

“time vector.” It is the algebraic dual to VJ = d7,
(dT)a(d7)* = 1. (5.60)

Note that, since (d?’)aﬁo‘ = —a72,dT and VT are not algebraic duals, and we cannot use
VT as our basis vector in the coordinate basis. However, we know that (d7),u® = 1, see
(5.36). The relations (5.36, 5.60) imply that 0y and p can differ only by a spatial vector,
denoted “shift vector” by Wheeler [Whe64],

B =0y —u=0r—av, (5.61a)
1 = (dT)a(3r)7 = (AT)aB? + (AT)api® = (AT)af +1 —> (AT)f* =0.  (5.61b)

The lapse function and the shift vector were first introduced by Choquet—Bruhat [Fou56].

The square norm of 0 is given by
Oy - Oy = —a? + 6B, (562)

hence it can be timelike, null or spacelike depending on the lapse and the square norm of
the shift.
At this point, we choose the Cauchy adapted frame to be,

Oy =n1=0r—P5, 0u =20 (5.63)
Its dual coframe reads,
00 = a7, 09 = dz* + p'd7. (5.64)

Since the Lie derivative along p drags geometric objects from one slice to the neighboring
one, it is clear that the choice of this Cauchy adapted frame is particularly suitable for the
3+ 1 formulation.

We stress that, if one fixes the scalar field T which defines the slicing, then the lapse
function « is uniquely determined according to (5.7), and if one chooses T to be the time
coordinate, the shift vector is uniquely determined according to (5.61a). Conversely, the
specification of a, 3, and a spatial coordinate system (x!, 2%, 23) on a spacelike hypersurface,

uniquely determines a coordinate system (T, z!, 22, 23) in a neighborhood of that hypersur-
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face. Indeed, if the lapse is specified, we can construct the normal evolution vector and we
know how to drag geometrical objects from one slice to the other; if the shift is specified, we
know how to propagate the spatial coordinate system from one slice to the other. To show
this, consider again two events p € ¥; and p’ = p 4+ udt € ¥y4s1, with 6t « 1. The difference
in their time coordinate is d¢t. To compute the difference between their spatial coordinates,
choose a 4-dimensional chart (T, 2!, 22, 23) covering a neighborhood of ¥; which includes

Yi+se- The difference between the i*" spatial coordinate of p and p/ is given by,

2’ (p) — &' (p) = &' (p + pot) — ' (p) = (Va')ap™ 6t
- [(vxi)a(at)a . (vxi>a5a]5t — _gist, (5.65)

following from the fact that Vz' is the 1-form dual to the canonical basis vector ;. Hence,
the freedom to choose the lapse function on each slice corresponds to the freedom to change
the time coordinate on each slice, and the freedom to choose the shift vector on each slice
reflects the freedom to change spatial coordinates on each slice. We refer to the lapse function
and the shift vector collectively as “gauge variables.”

Having introduced the shift vector, the components of the normal vector read,

Vo = é[(l,0,0,0) - (8.8% 8| - é(l, —Bt,—p2,—B%), (5.66)
where we used (5.61a).

We note here that the free choice of the gauge variables means that not all functions in
the evolution equations are analytic.* Even if we choose the gauge variables to be analytic,
the initial data are not constrained to be such, since all the geometric objects are defined on
a differentiable manifold which requires them to be only smooth, not analytic. Therefore, if
we write the 3+1 equations as a (generalized) Cauchy problem, we will not be able to invoke
the CK theorem to guarantee existence and uniqueness of the solution, and the rewriting of

the Cauchy problem in a well-posed form will be necessary.

The metric components. Since we have chosen a basis, we can compute the com-
ponents of the spacetime metric g, by evaluating the scalar product between the basis

vectors. We have,

goo = Oy - Oy = —a’ + B'B;, (5.67a)
goi=07-0; = (u+B)-0i =00 = B, (5.67b)
gij = 0+ 05 = gu(2:)"(0;)" = e(8:)*(0))" = 45, (5.67¢)

where we used the fact that 0; is spatial and pu is normal to ;. In matrix notation,

—a® + ypeBEBE Bk o o1 pI
VikB Vij Bt aty =B

4The gauge variables do not appear in the constraint equations.
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with gapgpﬁ = 0,7 as it can be verified with a direct computation. In terms of the Cauchy

coframe, the line element reads,
ds? = —a?(0©)? + ;6000 = —a2dT? + ~,;(dz’ + BdT) (da’ + 7dT). (5.69)
From (5.66, 5.68) it follows,
Va = (—a,0,0,0). (5.70)

The counting of propagating degrees of freedom. A confirmation that the stan-
dard 3 + 1 equations are equivalent to the EFE is that both sets of equations propagate
the same number of degrees of freedom. Since the EFE are second-order in time, in order
to solve their Cauchy problem (which may or may not be formulated in terms of the 3+ 1
decomposition, as pointed out in Appendix C), we need to specify the initial values for the
10 components of the metrics and their 10 time derivatives. Then, we determine the second
time derivatives of the metric components by means of the EFE. However, not all of the

EFE contain second-order time derivatives. Consider the Bianchi identity,
V,GH =0—= o,GMY = —9;GH — G, — GHPTY . (5.71)

Since (5.71) is an identity and since the right-hand side does not contain third-order time
derivatives, G* does not contain second-order time derivatives of the components of the

metric, and
GMY = 8r TH0 (5.72)

do not determine any second-order time derivative of the components of the metric. The
equations (5.72) correspond to the 4 constraints. Therefore, we have 6 dynamical equations
for 10 metric components. Since 4 of the latter can be fixed by diffeomorphism invariance, we
have 6 dynamical equations for 6 metric components. However, not all of these components
are independent, because of the constraint equations. They can be solved for 4 of them in
terms of the remaining 2, which constitute the independent dynamical modes. Each of the 2
modes needs its first time derivative to be specified, hence there are 4 independent degrees
of freedom.?

In the 3 + 1 decomposition, we start with 12 degrees of freedom, which are the 6
components of the spatial metric and the 6 components of the extrinsic curvature, which
must be specified in order to solve the Cauchy problem.® The constraints determine 4 of
them in terms of the remaining 8. Then, 3 among the components of the spatial metric or

the extrinsic curvature are fixed on each slice by spatial diffeomorphism invariance, that is,

5In the Hamiltonian formalism, one would need to specify a dynamical variable and its conjugate
momentum. In our approach, the conjugate momentum is replaced by the time derivative of the metric
components.

5The extrinsic curvature basically represents the time derivative of the metric according to (5.40), and it
is in direct relation with the conjugate momentum to the spatial metric in the Hamiltonian formalism of GR,
7 = /A (K~4Y — KY) [Goul2, Sec. 5.5].
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by specifying the shift vector, and 1 more component is fixed by specifying the lapse function.
The latter is possible since we can always pick one of the evolution equations for a dynamical
variable and specify the lapse function to set it equal to 0, thus making that degree of
freedom nondynamical. Finally, the independent degrees of freedom are 12 —4 —3 — 1 = 4,
corresponding to 2 propagating modes.

Both the covariant EFE and the standard 3 + 1 equations describe the propagation of 2
modes, associated to a massless spin-2 field. For more details about the counting of degrees
of freedom, see [Wall0, Sec. 10.2] and [BS10, Ch. 2].

The standard 3 +1 equations as a system of PDEs. We summarize the 3 +1
decomposition of the EFE,

Luvij = 20K, (5.73a)
LuKi; =-D;Dja

ol Ry + KKy = 260 K5 + Ar[(J™ = p™) 7 = 2773] . (5.73b)

167 p™ = R+ K — K;; K", (5.73c)

8mj™ = D;K7; — D; K. (5.73d)

In order to write it as a system of PDEs, we need to expand the covariant and Lie derivatives.

The Lie derivative along the normal evolution vector p is equal to,
.%}1 =%s — L, (5.74)

and since Jy is the canonical basis vector, the Lie derivative along u of a tensor field T’

tangent to Y; with components Ti"'j,,. is,

LuT ;. = (N - .££5>T e (5.75)

The Lie derivative of a tensor field along the shift vector can be expressed directly in terms
of spatial partial derivatives using the definition of Lie derivative, and the spatial covariant
derivatives of a tensor field can also be expanded in terms of spatial partial derivatives and
Christoffel symbols of the spatial metric. Finally, the Christoffel symbols can also be written
in terms of the spatial partial derivatives of the spatial metric.

After expanding all these terms, the equations (5.73) constitute a systems of coupled
PDEs. At this point, we are almost ready to study them with the methods reviewed in
Chapter 4. Before doing that, the last thing to consider is that GR is diffeomorphism
invariant. Hence, the choice of coordinates modifies (5.73) and alters its property as a PDE
system. In order to gain some insights on the structure of the equations, we make the

simplest possible choice of coordinates, called “Gaussian normal coordinates” or “geodesic
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slicing”,”
a=1 p=0. (5.76)
In these coordinates, the spacetime line element becomes
gudatda” = —dT? + qydatda’, (5.77)

By substituting (5.76) into (5.73), expanding the Ricci tensor and Ricci scalar in terms of
the spatial partial derivatives of the spatial metric, and replacing K;; by means of (5.73a),
one gets the following system of PDEs for the spatial metric (see Section 5.4.2 of [Goul2]
for the details),

P N ke( Pyij | Py Py P )

072 oxkox! ' oxioxi  oxioxk  Oxdoxk

0 0

oxm’ 0T
(5.78a)
ik . jt LY % B 14 Y _1q m ) ke k¢ 78b
4 0% Yk 02 0 0
ik ki ke0 Tk m ) Vke OVke
Y wior 1 agioy — 0m ﬁQl(W’ o™’ m)’ (5.78¢)

where all the first- and zeroth-order derivative terms are included in the nonlinear 2
terms. The system (5.78) is second-order and quasilinear, according to the classification in
Section 4.2, that is, it is linear with respect to the highest order (second) derivatives, but
the coeflicients of these derivatives depend on the spatial metric. The system of 6 equations

(5.78a) for 6 unknowns 7;; can be written,

9. 2
0™ _ F¢j< OVke OVke 0" Vie ) (5.79)

oT2 TR Qpm ToT  ogm ogn

This is a system of PDEs in the form (4.3a), therefore it can be treated as a Cauchy problem.
However, this is not the entire system, since (5.78b, 5.78¢c) must be satisfied as well. The
latter are not treatable as a Cauchy problem; rather, as we already said, they constitute

constraints on the Cauchy problem.

The generalized Cauchy problem for the EFE. The EFE are equivalent to (5.73)
assuming that the spacetime admits a 3+ 1 decomposition, that is, assuming that in the
neighborhood of the initial hypersurface ¥, it is possible to define a regular foliation. Note
that the spacetime itself is not known before solving the standard 3 + 1 equations, hence
there is no way to know, before solving the equations, in what region the spacetime admits
a regular foliation. Therefore, the procedure of solving the equations can be continued until
the foliation stays regular. If it is always regular, then the solution is a globally hyperbolic

spacetime, ¥, is a Cauchy surface, and the topology is R x ¥;,. However, if this does not

"Notice that not all the spacetimes admit a global geodesic slicing.
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happen, it doesn’t necessarily mean that the spacetime is not globally hyperbolic, since the
failure could be due to an unfortunate choice of the slicing. Indeed, we remind the reader
that the (free) choice of the lapse determines the foliation; if the spacetime admits a regular
foliation, but we choose another one through the specification of the lapse, which becomes
non-regular at some time 7 during the evolution (and at the initial time ¢y we do not know
that this will happen), the latter cannot continue after t. Hence, in GR (and BR, as we will
see in the Chapter 6) we are always dealing with a local generalized Cauchy problem (see

Section 4.1), rather than a Cauchy problem.

The free evolution scheme. In order to find a solution to the constrained Cauchy
problem (5.73), we need to specify the initial data. If the Cauchy problem was not constrained,
the choice of the initial data would be free. Since it is constrained, the choice of the initial
data is partially free, in the sense that we can choose freely some of the variables, but not
all of them, since the constraints must be satisfied. In principle, this freedom in choosing
some of the variables on the initial hypersurfaces can be used to simplify the constraint
equations. In practice, the freely specifiable part of the initial data will be determined by
the physical properties of the system under consideration, for example the matter density
profile for spherically symmetric gravitational collapse. The constraints must be valid at all
times and therefore have to be solved at all times, together with the evolution equations.
Solving evolution and constraint equations altogether is referred to as the “constrained
scheme.” If there was reason to believe that it is not needed to solve the constraints at all
times, but only on the initial hypersurface to determine the initial data, this would simplify
the problem considerably.

Fortunately, there is reason to avoid solving the constraints at all times. Indeed, it is

possible to compute evolution equations for the constraints themselves, which we denote as,

1 .
H=0, Hi=g(R+K—KjK7)—8mp™, (5.80a)

M; =0, M;:=D;K’; — D;K — 8mj™,;. (5.80b)

For convenience, we also denote the two evolution equations (5.73a, 5.73b) collectively as,
Ew =0, (5.81)

where the symbol €, includes the nonzero terms in (5.73a, 5.73b), moved to the left-hand

side. The evolution equations for the constraints are obtained by projecting the equation
V. (Gg*y —8xTH,) =0, (5.82)

which follows from the contracted Bianchi identity VG4, = 0 that in turn follows from the
symmetries of the Riemann curvature tensor, and the independent assumption V,TH, = 0.
We remark that the latter must be assumed, since at this stage the EFE are not solved yet.
On the other hand, this is a very reasonable assumption, since it is the energy-momentum

conservation law for the matter source [RZ13, Subsec. 2.3.5]. It is possible to rewrite (5.82)
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as [Goul2, eq. (11.15)],
V(&' + (H — &) L") + v M, + M"v, + Hv",) =0, (5.83)

with € = g€ ,,,. The projections of (5.83) onto span(v) and 3; give [Goul2, egs. (11.22),
(11.26)],

LuH = —Di(a M") — M'D;a + oK (2H — €) + oK &y, (5.84a)
LyuM’ = =D’ (a€¥) + 20K ;M + a KM’
+aD'(& —H) + (¢ —2H)D'a. (5.84b)

At this point, we apply the assumptions at the base of the free evolution scheme, that

is, the constraints are solved only to obtain the initial data,

H|,_,=M 0, (5.85)

‘7:0 =

and the evolution equations (5.81) are satisfied at all times. This implies,

LuH = —Di(a M') — M'Djor + 20K H, (5.86a)
LuM' = —D'(aH) + 20K";M? + aKM' — HD'a. (5.86b)
At the initial time T = 0, due to (5.85), the system (5.86) reads,

o
0T

oM
7=0 T

~ 0. (5.87)
T=0

One solution to (5.86, 5.87) is the trivial one, H = M*® = 0. Since the system (5.86) is
symmetric hyperbolic, its Cauchy problem is well-posed and the trivial solution is unique.

Therefore, if the constraints are zero initially and the evolution equations are satisfied,
the constraints are satisfied also for ¢t > 0 without solving them explicitly. This is referred
to as the “stable propagation of the constraints” and was first shown in [Fri97]. Solving the
constraints to determine the initial data, and evolving these data by solving the evolution
equations only, is called “free evolution scheme.”

The free evolution scheme is very beneficial, since solving the constraints numerically at
each time step during a simulation is demanding. Indeed, in most of the cases the constraints
constitute a boundary value problem which has to be solved over the entire spatial domain
at each time step. In addition, employing the free evolution scheme means that it is enough
to consider the well-posedness of the Cauchy problem for the dynamical variables (v;;, ;)
defined by the evolution equations (5.73a, 5.73b), without considering the constraints. It
is natural to ask if this Cauchy problem is well-posed. As we saw in Section 4.2, this is
equivalent to ask about the hyperbolicity of the system (5.73a, 5.73b). It turns out that
this system of PDEs, after reducing it to a first-order system in the spatial derivatives, is
only weakly hyperbolic [Alc08, Sec. 5.4], [BS10, p. 377] and, as such, does not lead to a

well-posed Cauchy problem. It is then desirable to recast the standard 3+ 1 equations in a
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way such that the Cauchy problem is well-posed.

From ill-posedness to well-posedness. Due to its definition in Section 4.1, well-
posedness is a property referring to the PDEs one is working with, neither to the physics
nor to the theory behind them. Indeed, it is possible to write the same tensorial equations as
different Cauchy problems, well- or ill-posed, keeping the physics described by the equations
the same.

Generically, if a mathematical boundary value problem is ill-posed, a possible strategy to
try to rewrite it in a well-posed form is to define auxiliary variables, compute the differential
equations which determine them, and study the well-posedness of the new problem. Note
that, if a new independent dynamical variable is introduced and evolved, a new constraint,
solvable for it, must be provided. Otherwise, the theory is extended and propagates more
degrees of freedom than the original one.

In the case of GR there are two more possibilities one can use to rewrite the equations in
a well-posed form: diffeomorphism invariance and the fact that GR is a constrained theory.
The first possibility, already discussed in Section 5.2, allows us to change the evolution
equations by freely specifying the gauge variables (lapse function and shift vector). This
may change the principal symbol of the equations, hence their hyperbolicity. The second
possibility allows us to add multiples of the constraints H and M; defined in (5.80) to
the evolution equations, since they are both equal to 0 at all times. Since H contains
second-order spatial derivatives, it does alter the principal symbol and the hyperbolicity
of the equations; regarding M;, which contain first-order spatial derivatives of K’; and its
trace K, the hyperbolicity is changed if one considers a first-order reduction of the system.

Appendix C shortly reviews some formulations of the EFE which result in a well-posed
Cauchy problem, and points out how to generalize one of them—mnamely, the “generalized
harmonic formulation”—to BR. All of them rewrite the EFE in a form which is, at least,
strongly hyperbolic. The reader is pointed to the cited references for more details about
the formulation of their interest. Below, we introduce the strongly hyperbolic formulation

relevant in Paper V and Paper VI.

The covariant BSSN formulation. The Baumgarte-Shapiro—Shibata—Nakamura—
Oohara-Kojima (BSSNOK) formulation [NOKS87; SN95; BS98|, more commonly known as
just the BSSN formulation, is a recasting of the standard 3+ 1 equations. Together with the
generalized harmonic formulation (described in Appendix C), it is the most widely used in
the NR community, since it has proven to result in very robust numerical simulations of
different spacetimes, both in vacuum and in the presence of matter—see, for example, [Alc08,
p. 82], [BS10, Sec. 11.4], [Goul2, Sec. 11.4.5] and references therein, [LP14]. Two of the
most renowned numerical codes, namely the Einstein Toolkit [L6f+12] and SENR/NRPy+
[REB18], are using the BSSN formulation. For all of these reasons, we chose to recast the
3+ 1 formulation of the BFE in the BSSN formalism in Paper V.

We follow [BS10, Sec. 11.5]. The key feature of the BSSN formulation is the separa-

tion of the longitudinal mode from the transverse ones, by making use of the conformal
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decomposition,
Fij = e Py, (5.88)

where 7;; is called the “conformal spatial metric” or just the “conformal metric.” By
assumption, the determinant A of the conformal metric is equal to 1 during the evolution,
hence (5.88) implies,

6= % log(A). (5.89)

Since the determinant A of « is a scalar density of weight 2, ¢ is a scalar density of weight
1/6. This implies that 7;; is a tensor density of weight —2/3. The extrinsic curvature is also

separated into its conformal traceless part and its trace, according to,
_ 46 1
Aij =€ Kij — g’}/UK . (590)

The conformal traceless extrinsic curvature flij is a tensor density of weight —2/3. The
indices of the conformal tensors are raised and lowered with the conformal metric. The
quantities ¢, K,7;;, fl@-j are promoted to be the new dynamical variables. In addition, other

new dynamical variables, the “conformal connections,” are introduced,
—i k= L
=37 F}k = —0;7Y, (5.91)

where T’ ;k are the Christoffel symbol of the conformal metric, and the last equality follows
because A = 1. The definitions (5.91) are used as new constraints on the conformal
connections.

In [Sar+02; BS04], the BSSN formulation is proven to be strongly hyperbolic if the
standard gauge (introduced in the next section) is imposed on the gauge variables. In
addition, the BSSN formulation can be made even symmetric hyperbolic by choosing
appropriate values of the free parameters introduced in [Sar+02].

The BSSN formulation was rewritten in a form which involves spatial tensors, not spatial
tensor densities, in [Bro09]. This rewriting is referred to as the “covariant BSSN formulation”
(¢cBSSN), and makes it possible to compare the same physical solution evolved in different
coordinate systems (i.e., with different choices of lapse, shift or spatial coordinates on the
initial hypersurface). For more details about the BSSN formulation, we refer the reader
firstly to the cited references, and secondly to Paper V for a brief review. Here, it is enough
to say that in the cBSSN formulation, an external arbitrary connection I'y is introduced
in order to make the conformal connection (5.91) a spatial vector (the difference between
connections is a tensor [Lee97, p. 63]). This may be the Levi-Civita connection of an arbitrary
background metric, and is usually chosen to be the connection associated with the chosen
spatial curvilinear coordinate system, hence it is nondynamical, 6,I's = 0. As mentioned in
Paper V and proved in Paper VI, there is a natural candidate for the background metric in

BR, as we shall review in Section 6.3.
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5.3 Two important choices of coordinates

In the last section of this chapter, we introduce two of the most commonly used gauge choices
in NR, which will also be relevant in Chapter 6 when discussing the results of Paper V and
especially Paper VI and Paper VIII. They are the “maximal slicing” and the “standard
gauge,” and both, in different ways, describe how the choices of the lapse function and the
shift vector can be used to impose desirable properties to the geometry of the spacetime
and to the system of PDEs.

Maximal slicing. We follow [BS10, Sec. 4.2] and refer the reader to it for a more
detailed exposition.

Taking the trace of the evolution equation (5.73b) results in,
D2 = —0,K + a[Kinij +4n (pm n Jm)] + BDiK. (5.92)

We want to find coordinates such that the trace K of the extrinsic curvature has a specific
value. We can do this by solving (5.92) for the lapse a.. The specification of K, together with
(5.73b), completely determines K;;. Hence, (5.92) turns into an elliptic PDE for the lapse
«, which is the only unknown function assuming that the shift is fixed by the remaining
gauge choice. Solving for the lapse in this way is equivalent to find a time coordinate such
that K has the desired value.

Maximal slicing, suggested in [Lic44]| and introduced in [SY78; Yor78], corresponds to
setting the trace of the extrinsic curvature identically to zero. This is done by setting K = 0
as part of the initial data, and imposing d; K = 0 as a gauge choice. The PDE (5.92) then

reads,
D% = a| KK + ax (p™ + ) |. (5.93)

In practice, this elliptic PDE has to be solved numerically at each time ¢ to determine the
lapse on each hypersurface ;. This slows down the integration, since evolving a quantity
at each spatial grid point is less demanding than solving for it over the entire grid.® The
benefit is that maximal slicing is “singularity avoiding,” that is, during the process of black
hole formation, the slicing enters the event horizon, but never reaches the central curvature
singularity. The slices tend to a limiting surface at » = 3M /2 in Schwarzschild coordinates,
not covering the entire inner region of the black hole. This is useful since the numerical
integration cannot handle the presence of a curvature singularity.

The name “maximal” has the following origin. Consider a foliation {Et}te(to,tl) in an
open subset U of spacetime, and the open set V € ¥, with 3; a hypersurface in the foliation.
Every point in V can be dragged to the neighboring slices by the normal evolution vector,
hence we can consider the family of open sets V (t), t € (to,t1), each one lying on ;. If the
area of V(t), A(t), has a critical point at t € (tg, t1), the hypersurface X7 is called “extremal.”
This happens if and only if K = 0 on V (¢). In Euclidean geometry, hypersurfaces with K = 0

8Note, however, that it is possible to rewrite the maximal slicing condition as an evolution equation for
the lapse, see [BS10, Sec. 4.2] for more details.
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are minimal, whereas in pseudo-Riemannian geometry they are maximal [BS10, p. 104].
The singularity avoidance of the maximal slicing can be understood as follows. Since
[Goul2, eq. (3.66)],

V= -K, (5.94)

with v being the vector field normal to the spacelike hypersurfaces, setting K = 0 means
that the congruence N of integral curves of v is not-expanding (see [Poi04, Secs. 2.2, 2.3]). In
addition, this congruence is also irrotational [BS10, Exercise 2.5]. Therefore, maximal slicing

makes Eulerian observers move as an incompressible fluid. Since also [BS10, eq. (2.136)],
Lylog(VA) = K, (5.95)

we can equivalently say that the spatial coordinate volume element /A dzidzodzs is
conserved along the normal congruence N. This is enough to prevent the focusing of Eulerian
geodesics, which would result in a coordinate singularity, since a coordinate system is not
one-to-one at the point of intersection of multiple geodesics.

Also, with the appropriate inner boundary condition, maximal slicing makes the lapse
“collapse,” that is, to tend to zero for late times in the black hole interior, in such a way that
the proper time 7 = « 6t of an Eulerian observer is slowed down when the coordinate time
t — 0. In this way, an Eulerian observer (hence the numerical integration) never reaches

the curvature singularity.

The standard gauge. The standard gauge is a set of evolution equations for the gauge
variables. Namely, the lapse is determined by the “1+log” slicing o [Bon+95], and the shift
by the “I'-driver” condition 5 [Alc+03],

oo = 00 — 20K, (5.96a)
o8 = B10;8" + ZBZ’, (5.96b)
O B" = p10;B" + o,T" — p7o,T" — nB", (5.96¢)

where B' is an auxiliary variable. The standard gauge (5.96) is adapted to the cBSSN
formalism in [Bro09]. With this gauge, the (¢)BSSN formulation is strongly hyperbolic
[BS04; Bro09].

The 1+log slicing condition was shown to be stable for various systems with strong
gravitational fields [Arb+99; Alc+01; Alc+03], and has therefore been the standard choice
for fixing the lapse in many simulations involving black holes and neutron stars, as pointed
out in [Alc08]. The 1+ log slicing basically reproduces the singularity avoidance properties
of maximal slicing [Alc03; Bon+97], but has the advantage to be an evolution equation, not
an elliptic one. It is actually embedded in the Bona—Masso family of slicing conditions (C.2).
The I'-driver shift condition has also been proved to be stable, particularly together with
the BSSN formulation, see [Alc08, Subsec. 4.3.2] and [Goul2, Subsec. 10.3.5] for collections

of references using this gauge condition.






Chapter 6
Numerical bimetric relativity

Provided with the necessary background from the theory of PDEs in Chapter 4 and from the
341 decomposition in GR in Chapter 5, in this chapter we review the 3 +1 decomposition
in BR and the results of Paper IV, Paper V, Paper VI, Paper VII and Paper VIII, which,
together with the work in [Kocl8], pave the way toward the field of numerical bimetric
relativity (nubirel).

6.1 The foliation of a bimetric spacetime

This section is devoted to the discussion on how to establish the 3 4+ 1 decomposition in BR
from the geometric viewpoint. The BFE are not taken into account, hence all the presented

concepts originate from the geometric and algebraic structure of BR.

The existence of a 3+ 1 decomposition in BR. In order to formulate the BFE as
a generalized Cauchy problem (see Section 4.1), it is necessary to define a surface to specify
the initial data on. In GR, this is a spacelike hypersurface which is defined by the equation
T =0, with the scalar field 7, called the “time function,” having a timelike gradient VT. In
BR, one can proceed in the same way, but has to face a fundamental problem already at this
stage: Is the chosen hypersurface spacelike with respect to both metrics, or, equivalently, is
the gradient VT timelike with respect to both metrics? The answer to this question turns
out to be fundamental, and was stated in [HK18]. We mentioned this in Section 2.2; here
we expand on it, since it is of crucial importance in the 3 4+ 1 decomposition of BR.

Consider two Lorentzian metric tensors defined on the same manifold 4, and their
null cones at an arbitrary point p € #. We call the metrics and their null cones “causally
coupled” at p if and only if a common timelike vector and a common spacelike surface
element with respect to both metrics exist at p. We call the metrics “null coupled” at p if
and only if neither a common timelike vector nor a common spacelike surface element exist
at p. Two arbitrary Lorentzian metrics can be causally coupled, null coupled, or none of the
two. More intuitively, two causally coupled null cones intersect, and it is possible to find
an inner cone inside the intersection and an outer cone containing both null cones. The
intersection of two null coupled null cones reduces to two null directions. Causally and null

coupled null cones are shown in Figure 6.1 on p. 86.
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In BR, the two metrics are not arbitrary. Even off-shell, that is, before solving the BFE,
the two metrics are related. This relation originates from the existence of the square root
matrix § = \/ﬁ which, as we saw in Section 1.2, is necessary to formulate the theory. It
is easy to provide an example of two metrics which do not admit a real square root. Their

matrix representations read [Koc14, Example 5.1],1

11

A:<O 1), B=<01 _11> C=vVA1B¢R. (6.1)

Note that A and B have Lorentzian signature, as can be seen by computing their eigenvalues.
The main theorem proved in [HK18] establishes that a real square root of A = g~ f, with ¢
and f two Lorentzian metrics, exists if and only if the metrics are causally or null coupled.
A common timelike vector and a common spacelike surface element are explicitly computed
in Appendix B of [HK18], for causally coupled metrics.? The existence of the square root is
also equivalent to the existence of the geometric mean Lorentzian metric h = ¢ S [HK18], as
we will review in more detail later.

The proof of the theorem in [HK18]| follows the reasoning below. Given two Lorentzian
metrics g and f, the conditions for the existence of a real square root of A, proved in
[Hig08, Th. 1.23, 1.26, 1.29] and summarized in [HK18, Subsec. 2.3.1], involve its eigenvalues.
Therefore, it is convenient to express A in terms of its eigenvalues. Consider an arbitrary
point p € A . In general, A cannot be diagonalized at p, but it can always be put in real
Jordan normal form Aj by an appropriate nonunique similarity transformation Z, that is,
A=Z7A;Z', with Aj containing the eigenvalues of A (see, e.g., [Uhl73, Theorem 0.3]).?
All the possible ways in which this can be done, depending on the properties of g and f,
are provided by the theorem on canonical pair forms [Uhl73]. This theorem states that
there always exists a nonsingular Z such that Ay = Z=' A Z, and simultaneously Z7 g Z
and ZT f Z have specific forms. The matrix representations of Ay, Z"gZ and Z7 f Z at p,
depend on the eigenvalues of A at p, hence it is possible to impose the conditions of existence
of a real square root of A on them. The result is that a real square root exists if and only if
Z"gZ and Z7 f Z fall into one out of five possible algebraic types. These algebraic types
correspond to causally or null coupled null cones for g and f, and are listed in Table 6.1.
The algebraic type can change from point to point due, for example, to the dynamics or to
the geometry of the system. For instance, we saw in Section 3.2 that improper bidiagonal
BHs are of Type I everywhere except at the Killing horizon, where they become of Type Ila.

It follows that it is possible to find a hypersurface which is spacelike with respect to
both g and f and a direction which is timelike with respect to both g and f—hence, it is

possible to establish the 3 +1 decomposition in BR—if and only if the metrics are causally

1To be more precise, the metrics in (6.1) do not admit a real square root isometry. For more details about
the mathematical structure at the basis of BR, see [Koc14].

?We assume that there exist distributions of common spacelike surface elements which are integrable
to common spacelike hypersurfaces forming a foliation. For a distribution to be integrable, the condition
established by Frobenius theorem must be satisfied [Wall0, App. B.3]. In our specific case, we know that
the set of such integrable distributions is non-empty, since we do pose the initial data and find numerical
solutions, as we shall describe in Section 6.4.

3We refer the reader to [Bre06] for a historical account about the Jordan normal form.
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Algebraic type  diag(Z" g Z) diag(Z" f Z) diag(Z=tg~'f 2)
I (_1717171) (_)‘17>‘2>)\37)\4) ()\la)\27A37>\4)
01 0 A Al
o () E(] ) (5 4) e
01 b a a —b
ITb (i(l O)’l’l) (i<a _b>,)\2,)\3) (<b a),)\g,)\g)
0 01 0 0 A A1 O
I (fo 1oy (fox 1x) (o x 1]
1 0 0 A1 0 0 0 X
v (~1,1,1,1) O\ =\, Ao As) (=X, =, A2, As)

Table 6.1: Algebraic types for which a real square root of g~ f exists [HK18]. It holds
MA >0V, aeR, b#0.

coupled, that is, of algebraic types I, Ila, IIb and III, as can be seen in Figure 6.1. Note that
the matrix square root function is multivalued, and the different square roots are classified
in nonprimary, primary and principal [Hig08, Sec. 1.4, 1.5, 1.6, 1.7]. Therefore, there is an
ambiguity in the choice of the square root. In [HK18, Sec. 3] it is argued that the only
choice which is compatible with general covariance, in the sense that the resulting square
root transforms as a (1,1) tensor field under a generic diffeomorphism, is the choice of the
principal square root. The principal square root is the one with all eigenvalues having a
nonnegative real part, hence it can never be of Type IV (see Table 6.1). Finally, the choice
of the principal square root guarantees that the metrics are causally coupled and the 3+ 1

decomposition can be established.

Bimetric geometry of a spacelike hypersurface. Once we are assured that we can
define a common foliation of spacelike hypersurfaces {Et} g 0 an open set U € M, defined
as the level sets of a scalar field T, we can proceed as in Section 5.1 for the metrics g, f, h.
We define the common gradient 1-form V7T = VT = %‘J’ = 07 = V7 normal to X;. Its

geometric dual vectors with respect to g, f and h have components,

th= g (VT),, = f(VT),, = (VT),. (6.2)
The vectors normal to ¥; with respect to g, f and h are,
vi=—at, «a = [—g(t,t)]_l/Q, g(v,v) = —1, (6.3a)
Vi— —a%, a = [-f&Y]" FO.9) =1, (6.3b)
Vi=—HE, H=[-h(&9)]"" w3 =1, (6.3¢)
where g(t, t) = guwtht?, analogously for the other metrics. The spatial metrics
vi=9%g), ¢i=2(f), x=2%(h), (6.4)
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are defined again as the pullback of the spacetime metrics onto T, (3;) ® T,7(3;) for each
p € A, induced by the embedding of the common spacelike hypersurface 3; into . The

extrinsic curvatures read,

VpeX, K :Tp(%) xT,(%) —R

(u,v) = K(u,v) = —g(u, Vyv), (6.5a)
VpeX, K :T,(%) x Tp(E) — R

(u,v) > K (u,0) = —f(u, V), (6.5b)
Vpe Xy, K:T,(S) x T(S) — R

(u,v) — fé(u,v) = —h(u, %vt), (6.5¢)

and the projectors, for each p € A, are defined as,

~ #
LiTy) > Ty(s)  Dihl) > Ty(S) L Tlt) - Ty(%)
v v+ g(v,v)y, v v+ f(V,0)9, v v+ h@,0)% (6.6)
The normal evolution vectors are defined analogously,
t, 1=HY=-H%. (6.7)

Hi=av=—a"t, n=aVv=-—-a

Consider a point p € ¥, and displace it along p, ji and 73 to obtain p’ = p+ udt, p = p+ ot
and p = p + qut. Since

WV T = 1Py, = —a® titPg,, = —5 =1, (6.8a)

VT = f = —0P T [y = —5 = 1, (6.8b)

[V, T = [ 8P, = —H? £#8Ph,, = —— =1, (6.8¢)

it follows that p/,p,p € Yt1st, as in GR. Hence, the Lie derivative of a geometric object
defined in a metric sector, along the normal evolution vector in that metric sector, equals
the variation of the geometric object between neighboring hypersurfaces. The meaning of

the lapses is also the same, for each metric,

5T = \/—Gpo 0L 1P 5t 17 = 6tV a? = a bt (6.9a)
6F = &dt, 61 = Ht, (6.9b)

where 7 is the proper time measured by an observer with 4-velocity v between the events p
and p’, T is the proper time measured by an observer with 4-velocity ¥ between the events p
and P, and 7 is the proper time measured by an observer with 4-velocity ¥ between the events
p and p. Note that the three observers measure the same coordinate time d¢. These observers

are Eulerian observers with respect to g, f and h; we call them g-Eulerian, f-Eulerian and
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h-Eulerian. Now,
~ #
Ly = 20K, .f}] Oy = —20K ), .%ﬁ X = —2HK ), (6.10)

and the Gauss, Codazzi and Ricci relations are valid separately for each metric.

One common timelike direction. Since we only consider the principal square root,
the null cones of the metrics are causally coupled. This implies that many common timelike
directions exist; namely, those lying within the intersection of the null cones of g and f.
Here, we compute explicitly one special common timelike direction.

Since f = g S?, h = g S, we can compute the relation between the timelike vectors t, t, %,
T=5"1t=92¢, t=85t=5"t, t=352%=5t. (6.11)

We now compute the square norm of t with respect to g and f, using (6.11),

~p ~p 1
gw,%“%” = guwS*,5";t°t7 = fpotft? = = <0, (6.12a)
#*oH — —1\V o (o 1
Futt” = fu (ST, (71 0tP17 = gpetft” = ——5 <0 (6.12Db)

This means that t is a timelike vector with respect to g, f and h [Kocl4, eq. (4.39)] and it
provides a common timelike direction.* The statement generalizes straightforwardly to the
normal ¥ and the normal evolution vector ;ﬁ, both collinear to t. The timelike vectors t,t

and t are plotted together with the null cones in Figure 6.1.

The choice of coordinates and the shift vectors. Asin GR, we now need to choose

coordinates and a basis adapted to the foliation. Analogously to (5.59) we choose

0 0
673-7 az

87 = (613)

= oxt

Since (5.60) and (6.8) hold, the differences between the basis vector dy and each of the
normal evolution vectors pu, i, ft, can only be given by spatial vectors. These are the shift

vectors of g, f, h,

B=0y—u=0r—av, (dT)8%=0, (6.14a)
Bi=0r—fi=0r—ay, (d7)aB% =0, (6.14D)
qi=0y—j1=0y—HY, (d7)ag® =0. (6.14c)

Since there are more than one lapse function and shift vector, it is important to clarify
how a spacetime coordinate system is specified in 3+ 1 BR. As we saw in Section 5.2, the
specification of spatial coordinates on the initial hypersurface ¥, of a lapse function used in
the definition of the normal evolution vector, and of a shift vector which establishes how

the spatial coordinates propagate to the neighboring hypersurface ;. 5, 0t < 1, is enough

#
4This simple proof that t is a common timelike direction, provided that the principal S exists and that
the hypersurface is spacelike with respect to g and f, was derived independently from [Koc14].
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(a) Type L. ¥ is (g, f, h)-spacelike. The null cone of g may be contained (b) Type Ila. ¥ is g-null and (f, h)-
in the null cone of f, or vice versa. In these cases, the three null cones spacelike. The three null cones
share none (left figure) or two null directions. If one of the g or f share one null direction.

null cones is not contained into the other, then they share four null

directions, and each of them shares other four null directions with the

h null cone (right figure).

(c) Type IIb. ¥ is g-null and (f, h)- (d) Type III. ¥ is g-null and (f, h)- (e) Type IV. X is g-spacelike, f-
timelike. The null cones share two timelike. The null cones share two timelike and A-null. The g and f
null directions pairwise. null directions pairwise, but one of null cones share only two null di-
them is the same for the three null rections, and each of them shares
cones. other two null directions with the

h null cone.

Figure 6.1: Null cones associated with the tridimensional metrics of different algebraic types,
in the chart where the metrics have the form specified in Table 6.1. The algebraic types
encode all the possible ways the null cones can intersect and all the possible configurations
of the (appropriately normalized) vectors t (blue), t (red), t (green) normal to the light grey
horizontal plane ¥ with respect to g, f, h, respectively. Note that t, %,% are not necessarily
timelike, since here we are not considering a (g, f)-spacelike hypersurface. However, it is clear
that we could do that for the types I, ITa, ITb and III by choosing, for example, the white
oblique planes [X is already (g, f, h)-spacelike for Type I]. The shared timelike directions lie
within the intersections of the null cones.

to determine a 4-dimensional coordinate system in a neighborhood of ;. Consider a 4-
dimensional coordinate system x# = (2°, 2!, 2% 23) in a neighborhood of ¥;; then, with

p=p+udt,p=p+ uot =p+ udt, p,p € Xy, p',D € Xtist, and for a fixed i,
2'(p') — 2'(p) = =B’ ot, (6.15a)

2H(P) — 2t (p) = — B ot, (6.15b)
z'(p) — 2'(p) = —B' ot. (6.15¢)
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These conditions are all consistent with each other. Indeed, (6.15b, 6.15¢) imply

'(p) = 2*(p) + (B' - B)ét, (6.15d)
and from (6.15a, 6.15b) follows that

2'(p) =2'(p)) — (B - B')ot. (6.15¢)

Plugging x%(p’) from (6.15a) into (6.15¢), we get (6.15b); then, plugging x*(p) from (6.15d)
into (6.15b), we get (6.15c). Hence, the presence of two normal evolution vectors which
map events from ¥; to ¥, s is compatible with the existence of one spacetime coordinate
system in a neighborhood of ;. The same reasoning applies if we consider 5 =p+ fldt
together with p’, p. Also, the relations in (6.15) show us that it is enough to specify one shift
vector on Y to specify the coordinate system in its neighborhood. Compare, for example,
(6.15b) with (6.15c). In the same way, the specification of one lapse function determines
the coordinate time in terms of the proper time of an Eulerian observer, according to (6.9),
and allows us to define one normal evolution vector to drag geometric objects from one
hypersurface to neighboring one.

Once we fix one lapse and one shift, we do not have any residual gauge freedom to fix
the remaining lapses and shifts. Hence, it seems that we cannot construct the spacetime
metrics whose lapses and shifts we do not gauge fix. In the remainder of this section and the
next one, we shall see that this is, in fact, not an issue, since the remaining lapse functions
and shift vectors are uniquely fixed by the requirement of existence of the square root S
and by the BFE, as discussed later at the end of Section 6.2.

The symmetrization condition. The existence of the square root is equivalent to a
condition on the tetrads of the metrics, called “symmetrization condition” [DMZ13; HK18].
It is also called (with an abuse of terminology, since it is not a gauge) the “Deser—van
Nieuwenhuizen gauge,” and was first introduced in [Zum?70].

Given two Lorentzian metrics g and f, it is possible to write them as,
Juv = ETMA NAB EBV7 fw/ = MOTMA LTACT]CDLDB MoBm (616)

where the Lorentz transformation L accounts for the freedom of choosing different Lorentz
frames for the metrics. For the ease of notation, we now move to matrix notation and

compute g1 f,
g ' f=E ' tET M, TL LM, (6.17)
Let us insert the identity in the Lorentz frame 17 = (nEE~'n~1)(ET"1ET) in (6.17),

g f=E ' 'ET ML (nEE " 'n7 ) (BT ET)nLAM,. (6.18)
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In (6.18) we can recognize
g ' f=E ' 'ET"" (M, L™ yE)E ' ' BT (ETLM,), (6.19)

and notice that the terms in parenthesis are the transpose of each other. Suppose that these

two transposes are equal,
E"nLM, = (E™qLM,)", (6.20)
which is the symmetrization condition. Then, (6.18) becomes,

g—lf _ E_I’I]_IET’_I (ETTILMO)E—ITI—IET,—I (ETT’LMO)
= (E7'LM,) (ET'LM). (6.21)

It immediately follows,
S =+/g~1f = E"'LM,,. (6.22)

We just showed that, if the symmetrization condition holds, a real square root of g~! f exists.

The converse is also true; consider (6.19) and suppose that a real square root of g~! f exists,
g7 f =[BT BT (ML TE) |[B T BT (ETLM) | = XX (6.28)

This equation implies,
X=E"'"97'"E""Y(M,"L™nE) = E"'n ' ET" 1 (E"nLM,), (6.24)

that is, the symmetrization condition (6.20). We proved that a real square root of g~ f
exists if and only if there exist L such that the object E"nLM, is symmetric.

We stress that, even if such L exists, we do not need to use it in (6.16).> Given any
two tetrads E1 and M1, if a Lorentz transformation L exists such that the symmetrization
condition holds, then a real square root W exists for any choice of the tetrads of g and
f. Indeed, given any two tetrads E; and E9 for the same metric g, there always exists a
Lorentz transformation O := E1E2_1 such that F1 = OF>,

O'm0 = By 'E{nE\Ey' = By ' E] (E) 9B ) BBy} (6.25a)
= By 9By =, (6.25D)

that is, O is a Lorentz transformation. It follows,

S=A/g7lf = \/El_lnflEI’flMIan (6.26a)
— \JE-107 ' 10] T BT 1M, TOIn0, M, (6.26D)
=+/E-1n~ ET—1M, "M, (6.26¢)

SHowever, the symmetrizing L must be used in (6.22).
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— v/E-ln~ ET—1M,"LTnLM, (6.26d)
- E7'LM,, (6.26e)

with F1 and M arbitrary tetrads, Oy = E{E~', Oy := MM, ! Lorentz transformations,
and L the symmetrizing Lorentz transformation for £ and M,. In other words, given the
metrics, the choice of their tetrads does not affect the existence of the square root; what
affects it is the possibility to symmetrize any two arbitrary tetrads g and f with a Lorentz
transformation. Indeed, if it is possible to symmetrize two tetrads E and M,, then it is
possible to symmetrize all other tetrads of the same metrics with a different symmetrizing

Lorentz transformation,

E™qLM, = (E™qLM,)", (6.27a)

E{OT'qLO; M, = MTO,  'LTnOT Ey, (6.27h)

E] (0] 'O (01LO; Y My = M7 (05 'L707 ) (0, 'm0 1) Ex, (6.27c)
E{nLiM, = M"L{nE, (6.27d)

with L; := O1LOy 1 As a last remark, we note that since, given the metrics, the choice of
their tetrads does not affect the existence of the square root, it does not affect the causal
coupling of the metrics either. Indeed, given a metric, its null cone is insensitive to the
choice of the metric’s tetrad.

We already mentioned that the existence of the square root S is equivalent to the
existence of the geometric mean metric h of g and f. We now review this equivalence in
more detail, since it is relevant in the formulation of the 3 +1 decomposition in BR. The
geometric mean of two sesquilinear positive definite forms was first defined in [PW75].6 We
limit ourselves to symmetric positive definite quadratic forms (i.e., Riemannian metrics),
and consider their matrix representation. Then, the matrix representation of the geometric
mean A # B of two symmetric positive definite quadratic forms A and B is defined to be

the unique solution to the matrix equation X A~'X = B, given by [Hig08, Subsec. 2.10]

A#B:=X = BY2(B724B712)'?B12 _ (B~ A)"* = (4B™)*B.  (6.28)
This definition can be extended to Lorentzian symmetric quadratic forms if and only if the
square root S exists [HK18]. Indeed, if we replace B — g and A — f,

1/2

hi= f#g=glg ' 1) =gS =S = f(f g)"* =g # 1. (6.29)

Hence, as for Riemannian metrics, also for two arbitrary Lorentzian metrics g # f = f # g¢.

The geometric mean h exists if and only if the square root S exists. If it exists, then, given

A sesquilinear form over a complex vector space V is a map ¢ : V x V — C such that

d(x +y,z +w) = ¢(x,2) + ¢z, w) + ¢(y, 2) + Sy, w),
¢(az,by) = a*bo(x,y),

for all z,y,2,w € V and all a,c € C; a* is the complex conjugate of a [Lan05, p. 531].
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any two tetrads F1 and M and their symmetrizing Lorentz transformation Ly,
h=gS=EnEE;'LiM, = E]nL;M,; = M{L]nE. (6.30)

Hence, solving the symmetrization condition for the symmetrizing Lorentz transformation
is equivalent to compute the geometric mean h in terms of the symmetrizing Lorentz
transformation and the tetrads of the metrics. For a formal and rigorous treatment of these

topics, we refer the reader to [Kocl4].

The symmetrized principal tetrads. In this paragraph we expand on the meaning
of the symmetrization condition. In [Wat04, Theorem 1.7.30] it is proved that a symmetric
matrix g having nonsingular leading principal submatrices, has a unique LDLT decomposition,

that is, it can be uniquely written as,”

g=LDL", (6.31)

with L lower triangular matrix and D diagonal matrix. Considering, for simplicity, the

2-dimensional case, the matrix D can be further decomposed as,

Doy 0 /D 0
D= (7% o= [avIPol — D=CSiglg)C,  (6.32)
0 D11 0 Con/ |D11|

where Sig(g) is the signature matrix of g, and the ¢; are free to be arbitrarily set to +1,
which corresponds to the freedom of choosing the sign in front of the square roots. For the

matrix representation (in a given chart) of a Lorentzian metric,
g=LCnCL". (6.33)
We see from (6.33) that we have computed a tetrad for g, equal to
nm=CL". (6.34)

This tetrad is not uniquely defined, since we can choose arbitrarily the signs in C' in (6.32).
However, since II is upper triangular, the i*" column of the inverse II"! is multiplied by
¢; only. Hence, the directions defined by the columns of II™! are uniquely specified. In
index notation, II"'# 4, hence the columns of II~! are spacetime vectors and define the
orthonormal frame of the tetrad II. We call this tetrad “principal tetrad” and the directions
defined by the associated orthonormal frame “principal directions,” since they are analogous
to the principal axes of rotation for a rigid body obtained by diagonalizing the symmetric

matrix representing the inertia tensor [GPS02, Sec. 5.4].

"Having nonsingular leading principal submatrices is a stronger condition than being invertible. For
example, the Schwarzschild metric in null coordinates does not have nonsingular leading principal submatrices,
even though it is invertible. However, there may exist a coordinate transformation such that the matrix
representation of the metric has nonsingular leading submatrices.
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Figure 6.2: The (appropriately normalized) symmetrized principal directions II"! (blue),

~ ~ #

II,~! (orange), II7! (red) and II-! (green) are plotted together with the null cones, for
tridimensional Lorentzian metrics. The symmetrization condition maps the orange directions
into the red ones, such that one spacelike principal direction in II™! coincides with one

#
spacelike principal direction in 117!,
Consider the principal tetrads for the spacetime metrics g and f,
g=1nll, 1, i, (6.35)

assuming that the square root S exists. Then, we can compute the principal symmetrizing
Lorentz transformation © = I1.5 ﬁofl, the geometric mean h = ¢S and its principal tetrad
h = ﬁTn ﬁ. With these objects defined, we can introduce an intuitive meaning for the
symmetrization condition involving the principal tetrads. Consider the symmetrized tetrad
for f, II := Q1I,. The principal directions associated with II (blue), II, (orange), II (red)
and ﬁ (green) are plotted in Figure 6.2 for generic Lorentzian 3-dimensional metrics g, f
and their geometric mean. The principal directions of f are mapped to new principal
directions such that one of them coincides with one principal direction of h. In Figure 6.2,
the coinciding principal directions for f and h are the spacelike directions at the right of
the picture. This means that the third (or the fourth, in 4 dimensions) column of ﬁ, ﬁ are
proportional. Note that the timelike principal directions of II, ﬁo, ﬁ are collinear. This is the
case since the principal tetrads are upper triangular, that is, the only nonzero component of
the first column of IT71, ﬁo_l, ﬁ_l is the timelike one.

Suppose there exist a chart where the matrix representation of a metric has nonsingular
leading submatrices. Then the decomposition (6.31) is unique, as are the principal directions.

Even in a chart where the matrix representation of the metric does not have nonsingular
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leading submatrices, we can still consider the principal directions by writing the inverse of the
principal tetrad, which transforms as a spacetime vector under coordinate transformations,
in the considered chart.

We remark that the considerations in this paragraph about the principal tetrads are not
formally proved, but have been verified numerically in a large variety of cases, one of them

being shown in Figure 6.2.

The 3 +1 decomposition of the symmetrization condition. A generic Lorentz

transformation, in the canonical basis of the Lorentz frame, can be parametrized as [Meil3,

Sec. 1.6],
T
L=AP = (A P 5) (1 0), (6.36)
P A 0 R

that is, as the product of a generic boost A and a generic spatial rotation P. The quantities

appearing in (6.36) are,

o : spatial part of the Minkowski metric, i.e.,

the spatial Euclidean metric, (6.37a)
p = sinh(w) : spatial real vector in the Lorentz frame,

called “separation parameter,” (6.37b)
w : rapidities of the Lorentz boost A, (6.37c)
A =+/1+pTdp : Lorentz “y” factor of the Lorentz boost A, (6.37d)
As= (I+pp'é) 12

=1+ I;I:_T(ls : spatial part of the Lorentz boost A, (6.37e)

I : spatial part of the identity 1 in the Lorentz frame, (6.37f)
R, 6 'R"6 =R !: Euclidean spatial rotation in the Lorentz frame. (6.37g)

Note that the Lorentz boost vector of A, usually denoted with “4”, is v = A~!'p. The
relation (6.36) can be seen as the 3+ 1 decomposition of a Lorentz transformation.
In order to write the 3 +1 decomposition of the vielbeins FF and M,, we first need to

define the Cauchy frames for the metrics, in the basis (6.13). The Cauchy frames read,

0,°=d7,  6,' =da’ + 'd7, 040 = 07 — B'0i, 04 = 0, (6.38a)
0;°=dT, 05 = da’ + fld7, 00 =07 — B, O =0, (6.38b)

and the vielbeins of g and f are [Kocl8|,

E°=00, =ad7, E?* =0, =¢e (dxi + ﬂidﬂ'), (6.39a)
EO = 04_1(990 = a_l (87 — 5151), Ea = eiaﬁgi = €ia iy (6.39b>
M =a60,° =add, M = mo2i0;° = mo;(da’ + FdT),  (6.39¢)
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Moo =& 050 =@ (05 — B'0:),  Moa = mo'allyi = mo'adl, (6.39d)
where e, m are the spatial tetrads of the spatial metrics,
L eTa b . Ta b
vij =€ i*0abe’j, Pij = Mo i Oab Mo j- (6.40)

The expressions in (6.39) provide the 3+ 1 decomposition for the tetrads. With these, we

can now write the 3 +1 decomposition for the geometric mean h,

T T
0 e’ 0 o P A 0 R Mo Mo

which in [Kocl4, p. 79], using (6.37), is proved to be equal to

hoo = _a)\& + (5 — ae_lv)TeTéAsRmo [5 + &(Rmo)_lv] , (6.42a)
T T

ho; = [(ﬁ — ae’*lV) (eT(SASRmO) }, (6.42b)

hio = {eTéASRmo [B + &(Rmo)flv] }Z , (6.42¢)

hij = (¢78ARM, )i (6.42d)

Hence, the 3+ 1 decomposition of the symmetrization condition h = h' reads [Kocl4,
Theorem 4.1],

B—B= —[aefl + &(Rmo)_l]v, (6.43a)

e"0ARm, = (eT(SASRmO)T, (6.43b)

that is, the spatial part x of the geometric mean is symmetric and the shift vectors of g and
f are dependent. In (6.42) we can identify the 3+ 1 variables of h as

H= 4/%, (6.44a)

g=B—aelv=F+ &(Rmo)_lv, (6.44b)
X = e 6A;Rm,. (6.44c¢)

Note that the relation between the shifts implies that the normal evolution vectors are also

related,

=

H— = —[ae_l + &(Rmo)fl]v, (6.45a)

p+aelv=1i— &(Rmo)flv. (6.45Db)

=%
Il

The conditions (6.43) state the casual coupling between the metrics. This is easily seen in
(6.45a), where the difference between the normal directions is bounded since v is a boost

vector, which means that v'év < 1.
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In (6.43), the spatial rotation R and the separation parameter p are not determined yet.
Their expressions are needed to be able to write down the 3+1 decomposition of the bimetric
interactions. The computation of R is reported in [HKS14, Appendix A] and performed in
more detail in [Kocl4, eqgs.(A.81)—(A.87)], and consists in solving (6.43b) for R; the solution

is,
R = (6 'R,0R,) "Ry}, Roi=68"(em, ") 8A.. (6.46)

This solution always exists, since § 'R, "0R,, is strictly positive definite, and it is unique.®

Existence and uniqueness follow from the fact that this solution corresponds to the polar
decomposition for the invertible matrix R, ™!, which always exists and is unique (regarding

the polar decomposition of a matrix, we refer the reader to [Hall5, Sec. 2.5]),"

—-1/2 1/2

R, '=(6'"Ry"0R,) "R= (R, ' 'R, "78) "R (6.47)
In general, the matrix R, does not have any other property than being invertible. The
solution for R always exists, implying that the spatial part of the symmetrization condition
can always be satisfied. The solution for R depends on e, m, and Ag;. We stress that Ag is
not free; it is uniquely specified by p, which can be determined by solving the 3+1 equations,
as pointed out in [HL18; Koc18]. Now we can write the 3+ 1 decomposition of the square

root matrix [Kocl8],

a A
s (10 ar o VORme ) (1 g (645
—q 1 —ge_lv e TATRm ¢ 1) ‘
)\ S [e]

The construction of a bimetric foliation. When the metrics are causally coupled,
it is possible to formulate the 3 + 1 decomposition in BR, and the geometric mean and
the square root exist and can be computed using the 3+ 1 decomposition of g, f and the
symmetrizing Lorentz transformation L.

In practice, when trying to solve the BFE for a specific solution—e.g., a spherically
symmetric solution—an ansatz is chosen for the two metrics. However, as we saw in (6.1),
we cannot choose any ansatz that we want, since the square root may not exist. Therefore,
in BR, it is preferable to specify an ansatz for the tetrads, not the metrics, and check if the
symmetrization condition holds.

In the 3+ 1 formulation, we would like to construct a 4-dimensional bimetric spacetime

8Note that, if an indefinite metric was involved, instead of §, the positive definiteness would not be
guaranteed and the real square root in (6.46) would not always exist. Consider the invertible matrix
M = (1(/)2 (1)) The product MM’ = Mn~'MT™n, with n being the 2-dimensional Minkowski metric, is
equal to diag (—1,—1/4), which clearly does not have a real square root. That is why we did not solve the
4-dimensional symmetrization condition (6.20) with the same strategy.

“Note that in [HKS14, Appendix A], the inverse of both sides of (6.43b) is solved for R, whereas in
[Kocl4, eqgs.(A.81)-(A.87)], (6.43b) itself is solved for R. This corresponds to consider, respectively, the right
or left polar decomposition of R, ™! and yields equivalent results. We use the same solution as in [HKS14,
Appendix A], which is also used in [Koc18].
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by specifying the initial data on a hypersurface which is spacelike with respect to both
metrics and then evolve them by solving the Cauchy problem for the BFE (discussed in the
next section) along a common timelike direction. In order to do this, we must guarantee that
the specified initial data admit the existence of a real square root. In other words, in the 3+1
formulation, we must set up the spatial quantities on the initial hypersurface ¥; such that >
is spacelike with respect to both spacetime metrics and there is a common timelike direction
for the metrics. This is done in the following way. Consider a 4-dimensional differentiable
manifold 4, with no metrics (hence no square root) defined on it. Define a hypersurface ¥,
on it, as the set determined by the equation T = ¢ for the scalar field T. Define any two
Riemannian metrics v, ¢ in T%(%;) ® T*(X;) by specifying their spatial tetrads; it is always
possible to do that, see for example the theory of the space of Riemannian metrics defined
on a smooth open manifold, also called “superspace” or “space of geometries” [Whe64]
(see also [MTW73, Ch. 43], [Sch01] and [KM97, Sec. 45]).!° Consider three vector fields
B, 5’, q on T'(¥;) and impose the relations (6.43a, 6.44b) between them, with p real vector in
the Lorentz frame. Solve the spatial symmetrization condition (6.43b) for R; since the two
metrics are Riemannian and p is a real vector, it is always possible to do that and obtain
(6.46). At this point we also have the Riemannian metric x according to (6.44c). Consider
the metric fields g, f, h on T* (M) @ T*(A ) in a neighborhood of ¥, which are constructed
with the Riemannian metrics as their spatial parts, the shifts, and the lapses, according to
(5.68, 6.42, 6.44). Then, the square root tensor field S = (gflf) 2 exists by construction in
a neighborhood of ¥, and is computed by using the spatial tetrads, the shifts, the lapses,
R and p, according to (6.48). Equivalently, the hypersurface ¥, is spacelike with respect to
the metrics g, f, h, since their projections onto 7*(%;) ® T* (%) are the Riemannian metrics
¥, @, X, and the direction defined by o= h**V, T is timelike with respect to g, f, h, as
shown in (6.12). Proposition 1 in [Koc18] proves that this construction does not miss any
square root realization in the considered foliation, meaning that, if the foliation stays regular
and spacelike during the dynamics, this parametrization is the most general one. The next
paragraph describes how the foliation can become ill-suited for the 3 + 1 decomposition

during the dynamics.

Bimetric gauge pathologies. In GR, if the dynamics of the foliation develops a null
hypersurface X; at some time t, then the 3 + 1 formalism is not defined anymore at #, and
the generalized Cauchy problem has to be stated in a different way [dIn80, p. 98]. This
can happen due to the choice of the slicing, as described in [AM98, p. 3] in the context
of the “gauge pathologies.” On a null hypersurface, the metric is degenerate by definition,
that is, not invertible. In addition, as we mentioned in Section 5.1, the normal vector is
itself null and cannot be normalized. The inability to normalize the normal vector leads
to complications in the decomposition of the tangent space of the ambient space into the
direct sum of a subspace of vectors orthogonal to the hypersurface and a subspace of vectors
tangent to it. Due to these reasons, it is not possible to extend the definition (5.12) of the
projector to the null case [Spel9, Sec. 7.1]. Note, however, that it is possible to pose the

generalized Cauchy problem using null hypersurfaces by means of the 2 4+ 2 decomposition,

10The superspace can also be defined on smooth compact manifolds.
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(a) The gray horizontal surface is g-null. The null
cone of g is extremely wide and the intersection with
the null cone of f shrinks to a shared null direction
in the limit. The configuration has: o = 100, & = 1,
p' = 500, the spatial tetrads for v and ¢ are the
identity, the rest is set to zero.

(b) The gray horizontal surface is f-null. The null
cone of f is extremely wide and the intersection with
the null cone of g shrinks to a shared null direction
in the limit. The configuration has: o = 1, @ = 100,
p' = 500, the spatial tetrads for v and ¢ are the
identity, the rest is set to zero.

Figure 6.3: Two bimetric gauge pathologies. The figures show the null cones and t (blue), t

(red), t (green) close enough to the gauge pathologies (the closer to the limit, i.e., to the
pathology, the less readable the figures are). These configurations are off-shell, that is, they
arise from the causal coupling between the (three-dimensional) metrics only, not from the
dynamics. In these two cases, a (g, f)-spacelike hypersurface exists, but a (g, f)-timelike
direction does not, hence the metrics are neither causally nor null coupled and the limit of
the square root does not exist (see how the null cone of h is shrinking). These configurations
constitute real singularities in BR.

which decomposes the spacetime into two foliations of spacelike 2-dimensional surfaces, each
of them foliating a hypersurface which can be null, timelike or spacelike. We will not deepen
this formalism here, and refer the reader to [dIn80, p. 98][dIn84, p. 221] and references
therein for more details.

In GR, the foliation becomes null if and only if the normal vector field becomes null.

Since the normal vector field is normalized, consider the timelike vector in (5.7),

ﬁ)a = %(_17/81%

(6.49)
The necessary condition for the timelike vector V7T to become null is that the lapse diverges.
However, this condition is not sufficient since a diverging lapse may make VT the zero
vector, which would mean that the foliation becomes nonregular. In order for VT to become
a nonzero null vector, it is also necessary that the shift diverges in such a way that /o>
stays finite for at least one of the components of 3°.

In BR, the slicing becomes null with respect to one metric under the same conditions

as in GR. However, given the increased number of metrics in the theory, there are several
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(a) The gray horizontal surface is g-null. The inter- (b) The gray horizontal surface is f-null. The inter-
section between the null cones of g and f does not section between the null cones of g and f does not
shrink to a shared null direction in the limit. The con- shrink to a shared null direction in the limit. The con-
figuration is obtained with the same numeric values figuration is obtained with the same numeric values
as in Figure 6.3a, but e’y = 1073. as in Figure 6.3b, but m,% = 1072.

Figure 6.4: Two more bimetric gauge pathologies. The figures show the null cones and t
(blue), t (red), % (green) close enough to the gauge pathologies (the closer to the limit, i.e.,
to the pathology, the less readable the figures are). These configurations arise from the
causal coupling between the (three-dimensional) metrics only, not from the dynamics. In
these two cases the metrics are casually coupled of Type IIb, hence the square root exists
and these pathologies are only due to an unfortunate choice of the foliation.

possibilities. For example, there is the possibility of the slicing becoming null with respect to
only g or only f, with an existing square root, as pointed out in [HK18, Sec. 3.2]. Indeed, the
algebraic types in Table 6.1 encode all the possible configurations the metrics can develop
during the dynamics and, in particular, all the possible null configurations. In Appendix D
we describe all the possible null configurations that can be realized starting from a 3+ 1
configuration. Some of them are shown in Figure 6.3, Figure 6.4, Figure 6.5.

Note that when one of these configurations takes place, the bimetric 3+ 1 decomposition
fails. However, in some of the cases the metrics are still causally or null coupled, that is, the
square root exists (see the captions of Figure 6.3, Figure 6.4, Figure 6.5 for more details).
Hence, the failure of the 3+ 1 decomposition is only due to a bad choice of the slicing; such
situations can happen dynamically as in GR, and are called “bimetric gauge pathologies.”
In Appendix D it is shown that the cases shown in Figure 6.3, Figure 6.4, Figure 6.5a can
happen only if p diverges together with the affected lapses, whereas the last case happens
only if p is finite. As a consequence, if a gauge condition keeping p always finite was known,
then the gauge pathologies in Figure 6.3, Figure 6.4, Figure 6.5a would be excluded by
construction. No such gauge condition is known at the time of writing this thesis, and this

certainly motivates further work on this topic.
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(a) The gray surface is (g, f)-null. The null cones of
g and f are extremely wide and their intersection
shrinks to two shared null directions in the limit. The
100, & = 100, p* = 500,

0o=0.2, el = moty = 1, the rest is set to

configurations has: a =

%0 = my°

Zero.

(b) The gray surface is (g, f, h)-null. The null cones
stay always causally coupled. The three normal direc-
tions will eventually coincide in the limit and become
(g, f, h)-null. The configuration has: @ = & = ¢' =
¢> =100, % =2, e'o = —1, e'1 = 3/2, m,% = 8/5,
mo'o = —9/5, mo'1 = 3/2, p* = 1/10, p> = 0.

Figure 6.5: Two more bimetric gauge pathologies. The figures show the null cones and t
(blue), t (red), % (green) close enough to the gauge pathologies (the closer to the limit, i.e.,
to the pathology, the less readable the figures are). These configurations arise from the
causal coupling between the (three-dimensional) metrics only, not from the dynamics. In
case (a), the metrics become null coupled, that is, they tend to Type IV from Type IIb.
Therefore the limit of the square root exists but, as stressed in [HK18, Subsec. 3.3], it is on a
branch cut of the square root matrix function. Since it is not possible to change branch with
continuous operations only (neither with differentiable operations, hence with dynamics),
case (a) may be a real singularity (i.e., not coordinate) of the theory if, after the limit,
the null cones become neither causally nor null coupled. It is not a real singularity if they
become of Type IIb again. However, a square root of Type IV is not a tensor, as argued
in [HK18, Subsec. 3.1], hence this case may be regarded as a real singularity irrespectively
of the subsequent dynamical evolution. In case (b), the metrics are casually coupled of
Type Ila, hence the square root also exists. Therefore, this pathology is only due to an
unfortunate choice of the foliation.

An example of the gauge pathology in Figure 6.5b occurs at the Killing horizon of
the static BHs studied in Paper III. There, since g and f share the timelike KVF, h also
share it, as explained in Paper I. Hence, on the Killing horizon, the KVF becomes null
with respect to all the metrics since it is orthogonal to the foliation whose leaves are
S? x R, which becomes null at the Killing horizon, as we described in Section 3.2. It is
clear that, even if the 3+ 1 decomposition fails if we choose this specific spacelike slicing,
nothing pathological is happening in the covariant formalism. Actually, we described in
Section 5.3 the maximal slicing condition, which allows the slicing to be horizon penetrating
and singularity avoiding, meaning that there exists a spacelike foliation that can be used to

set up the 3+ 1 decomposition at and inside the Killing horizon.
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g-sector f-sector
n=e lv, 7i=m v,
Q:=e 'A%, Q:=m A3 m,
D :=m 1A e, D:=e A,
B =Dt =etAm, B =D ! =mAge,

<3¢
i

d d
Vi =77} Buen(D), = AT Y Byena(B),

n=0 n=0

d d
Wi= =AY By Yaa(B), U= =D ") BV 1(D),
n=0 n=0
N d N N N N d
(Q) == QU = —BL "> By Va1 (D), (Qu) = QU= -A""Q0 ") B, Vo1 (B),
n=0 n=0
en(X) = Xl xo2 xonl Yo(X) = Y (1) e (X)X,
k=0

Table 6.2: Definitions of the spatial bimetric interactions in d = N + 1 dimensions, based on
the quantities (6.37) in the Lorentz frame [Koc18]. The e, (X) are the elementary symmetric
polynomials of the linear operator X.

We remark that all the configurations in Figure 6.3, Figure 6.4 and Figure 6.5 are
obtained off-shell, that is, varying the 3 + 1 parameters without imposing the BFE. To
understand which of them can actually happen during the dynamical evolution, it is needed

to solve the BFE in the 3+ 1 formalism, which we are going to introduce in the next section.

6.2 The 3 +1 decomposition of the bimetric equations

The 3+1 decomposition of the BFE is obtained in three steps: the projection of the Einstein
(or Ricci) tensor, the projection of the matter stress—energy tensors, and the projection
of the bimetric stress—energy tensors. The first two steps are the same as in GR, and the
computations described in Section 5.2 can be directly applied to the BFE. The projection
of the bimetric stress—energy tensors is specific to BR, and it is described below. In this
section, we review it and emphasize the most relevant steps; we refer the reader to [Kocl§]

for more details.

The projections of the bimetric stress—energy tensors. We define the spatial
bimetric interactions in Table 6.2, with the identification m = Rm,. Note that m is again
a tetrad for the spatial metric ¢. The 3 +1 decomposition of the bimetric stress—energy
tensors Vi, V; is written in terms of the spatial bimetric interactions. We start with the

decomposition of the bimetric potential V in (1.12) [Koc18],

V=GV = avRen(8) = adet (¢) en(S)
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= adet (€) e, (D) + & det (m) e4_n (D). (6.51)
Since it holds )ﬁlen_l(@) =e4-n(D)det (meil), (6.51) is equivalent to,
aV =aV+av. (6.52)

The projections of the bimetric stress-energy tensors V,, Vy, called the “bimetric sources,”

are
PP = VIV PV = —en(B), (6.53a)
GPh= L, VPV = (QU)YnY, (6.53b)
TV = 1 VP, 17, = VI — (QU) + gw‘j, (6.53c)
pPi= VP, Y = —det (em™) Aen(B), (6.53d)
= I“p VP, 3 = —det (em_l) i (6.53€)
jbij = Iup pro IUZ, = det (em_l) (T?Iij — (QU)ij + %ﬁz]) (6.53f)

The detailed computations of the bimetric sources can be found in the ancillary files of
[Kocl18].

The 3 +1 decomposition of the BFE. With the bimetric sources and interactions
at hand, we can now consider the projection of the BFE (1.24). Since in BR we have (at
least) the three projectors in (6.6), there are many ways to project the BFE onto the initial
hypersurface ¥;. Since the following completeness relation holds for any symmetric tensor T’
of rank 2 [Goul2, p. 75],

Ty = (Proj"), Ty, Proj” , —nor(,(Proj"),)” Ty, nor”

+ nor” T, nor? nor, nor,, (6.54)

where the couple Proj, nor can be any of 1,v, I, v and J#_, #), we can choose to project each
of the BFE using the most convenient projector and normal vector. The most convenient
choice, which allows to use known results from GR, is to project the equations in the g-sector
with using | and v, and the equations in the f-sector using T and 9. With this choice,
spatial tensors in the g(f)-sector are dragged to the neighboring hypersurface by u (ji).
In this way, the projected equations look formally the same as the standard 3+1 equations

in GR, but with the bimetric sources included. The bimetric evolution equations are,

f}l Vi = *QOéKij, (655&)
.fp Kij = —DiDjOé + « [Rij — 2KikKkj + KKij]
1 )

— Qkg [’)’ikjeﬁkj — i <Jeﬂ%i — PEH)] ; (6.55b)

.ffﬂ gpij = —Q&f(ij, (6.55(3)
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L iy = ~DiDyi + & Ry — 2K R + KR |
— Ky {%kjeffkj 7 %%j <jeffii _ ﬁeff)] ’ (6.55d)
with the “effective sources” being,
pot = pb + p, 7 =%+ ™ Jo = TP+ J™, (6.56a)
et — b 4 pm, =T jeﬁij = jbij + jmz’j, (6.56b)

where the superscript “m” stands for “matter.” The bimetric constraint equations read,

20:= R+ K? - Ky K7 — 25,0 =0, (6.57a)
= DK — D;K — kT, =0, (6.57h)
2€:= R+ K2 — KiK'V — 257 = 0, (6.57c)
Ci == DyK* — DK — k" =0, (6.57d)

Since the two bimetric currents j° and Eb are related by (6.53e), one of the momentum

constraints becomes,
\F’y{ﬁ,gil (DkKkl - DZK) - ]ml} + W{Iﬁfﬁl (ﬁk.f{kz - blk) - :]vmz} =0. (658)

In principle, one of the momentum constraints can be solved for the separation parameter
P- A generic solution is still lacking; more details about how to determine p can be found
in Appendix E of Paper IV.

Analogously to GR, the constraints (6.57) are stably propagated in the free evolution

scheme, as proved in [Koc19al.

The projection of the bimetric conservation law. Here we project the Bianchi
constraint (1.39), which is also called “bimetric conservation law” due to its similarity to
the conservation law for the matter stress—energy tensor V, 7" = 0. We remark that the
bimetric conservation law is not an identity as the Bianchi identity, but it has to be solved,
as stressed at the end of Section 1.2. Here we assume that it is valid. Using the analogous

result in [Goul2, Subsec. 6.2.1], we write,

0=V, Vg, =V (JPH, + V50, + 7™y, + p” Vi),
=V, J", = K™, + V'V 3" + Vg™t gt — 7K
— Kp"v, 4+ p" D, In(a) + v, V'V, p™. (6.59)

The projections of (6.59) read,

.Sé’y pb = —aDijbi — 2jbiDia +aKp™+ aKjinij, (6.60a)
Lt = —D;(a %) - p™ Do+ a K j%. (6.60D)
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In [Kocl8, Appendix D], it is proven that
b ia b Lo~ L~
ag'p -n 873 P = i(QU) ja{]"yij — §u ]57902']'. (6.61)

Substituting (6.60) (after having converted the Lie derivatives along j: into partial derivatives
in time and Lie derivatives along the shift vector ) and the evolution equations (6.55a, 6.55¢)
into (6.61), we get [Kocl8, Appendix D]

€, == W (Dind — K7;) + Wy (D! + R7;) — Dy (Wyn ) (6.62a)
— (ij - %njé’i 1n(\/X) - KJ) + %Di (w'jn?)
_ <Z§mﬁ - %ﬁjai In(VA) + f{ﬂ) + %f)i (wi7) = o, (6.62b)

where the expression (6.62b) for €y, is obtained by using
D; (W) — D; (W, = {az- [m(x/Z) = m(x/Z)] } W (6.63)

which follows from the differential identity (1.26) [Kocl8, Appendix D].

The equation (6.62) provides another constraint specific to BR, with no analog in
GR. This constraint is equivalent to the additional constraint computed in [HL18] in the
Hamiltonian formalism, as it is made clear in Paper IV. Since, in the 3 + 1 formalism, it
is obtained by projecting the bimetric conservation law (1.39), it is also called bimetric

conservation law in Paper V. In this thesis, we call it “bimetric constraint.”

The preservation of the bimetric constraint. The bimetric constraint C, = 0 is
preserved in time, that is, 0;C, = 0. In [HL18], in the Hamiltonian formalism, the preservation

of the bimetric constraint is computed explicitly and it is shown that it is equivalent to,
Clap =a—Wa =0, (6.64)

which we call “lapse constraint.” In (6.64), W is a spacetime scalar field (as the lapses
are) which depends only on the dynamical variables of BR, that is, the spatial metrics,
their extrinsic curvatures, and their spatial derivatives. However, the most general explicit
expression of W was not computed in [HL18].

In Paper IV, we clarify the equivalence between the Hamiltonian formalism and the 341
formalism in BR, showing how the bimetric constraints computed in [HL18] and [Koc18] are
equivalent. In addition, in the same paper we compute W explicitly assuming a spherically
symmetric ansatz. We also notice that, for a regular foliation the lapses are nonzero, and
for a spacelike foliation they are finite, hence the relation (6.64) is well-defined as long as

the foliation is regular and (g, f)-spacelike.
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The preservation of the lapse constraint. The lapse constraint is also preserved

in time as, that is, 0;Cjap = 0. This derivative is equal to the evolution equation
8ta —a ﬁtW - W 6,5& =0. (665)

Since W is specified by the dynamical variables, its time derivative is specified by their
evolution equations, which contain the lapses and their radial derivatives. Hence, (6.65) is a
PDE with respect to the lapses, and can be used to evolve one of them, namely, the one
that we do not gauge fix. We will return to gauge fixing in BR in the next paragraph.

In [Koc19al, the stable propagation of the constraints (6.57, 6.62) is established assuming
that the lapse constraint is satisfied during the evolution. There are two ways to ensure
that: (i) imposing the lapse constraint explicitly during the evolution, and (ii) adding (6.65)
to the set of evolution equations to be solved (i.e., adding it to the Cauchy problem) and
obtaining the initial data for one of the lapses by solving the lapse constraint of the initial
hypersurface. The two approaches are theoretically equivalent. In the first case, the evolution
is partially constrained; the second case defines the free evolution scheme in BR. Since in the
first case the imposed constraint does not fix a dynamical variable, but one of the lapses, we
call it “partially free,” to distinguish it from other (partially) constrained evolution schemes
where the constraints determine some of the dynamical variables.

Finally, we remark that, since the preservation of the lapse constraint yields an evolution
equation and not an additional constraint, there are no other constraints whose preservation

in time has to be considered.

Gauge fixing in bimetric relativity. As pointed out in Section 6.1, the specification
of one lapse function uniquely determines the coordinate time. This is consistent with the
lapse constraint (6.64), since, once one lapse is specified, the remaining ones are determined
by,

o = H2A\W, &°= B‘{;A a=Wwa, (6.66a)

which have to be imposed explicitly during the evolution, or by

¢ log(a) + 0¢log(Wy) = ¢ log(&) + 0 log(Wy), (6.66D)
Ot log(a) = 0 log(H) + %[@g log(/\) + 0, log(W)], (6.66¢)
d¢log (&) = o log(H) + %[(’% log(A) — 04 log(W)], (6.66d)

which have to be integrated in time with initial values given by (6.66a). The evolution
equations (6.66b, 6.66¢, 6.66d) are obtained using (6.65), the time derivative of (6.44a) and
the expression W =: —W;/W,. A similar argument holds for the shift vectors, since, after
one of them is specified, the spatial coordinates are uniquely propagated to the neighboring

slice and the remaining shifts are determined by,

~ ~

a _ ~ a ~ a _ _
5=q—|—xe 'p, qu—xm 'p, Bzﬂ—X(Wel~l—m 1)p. (6.66€)
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Finally, there are no undetermined variables and the bimetric standard 3 + 1 equations
(6.55, 6.57, 6.62) are closed. In summary, the diffeomorphism invariance of BR allows us to
specify one lapse, one shift and a spatial coordinate system on the initial hypersurface >,
as in GR. This is enough to determine a spacetime coordinate system in a neighborhood of
3t. From now on, we will refer to the three lapses and the three shifts collectively as “the
gauge variables.”

As remarked in Paper V and Paper VI, in BR it is convenient to distinguish between
the chosen gauge condition and the actual gauge fixing, the latter being the equation that
fixes the gauge variable. The same gauge condition can be expressed in 9 geometrically
equivalent, but analytically inequivalent gauge fixings. For example, suppose we choose
the geodesic slicing with respect to h as our gauge condition; this can be expressed in the

following geometrically equivalent ways,

H=1, q =0, (6.67a)
a = VAW, 8= %e_lp, (6.67b)
a=VvIW-1 B = —%m_lp, (6.67¢)
H=1, 5= —%mflp (6.67d)

One can combine these gauge fixings in 9 ways in total (3 lapses times 3 shifts).!? When we
choose a gauge condition tied to the geometry of one metric, we say that we choose a gauge

4

condition “with respect to” that metric.

In the simple case (6.67), all the gauge fixings are analytically equivalent, since no
derivatives are involved. However, if we consider for example the standard gauge with
respect to h—to be introduced in the next section—then the gauge fixings corresponding
to it are analytically inequivalent. Indeed, p can be expressed in terms of the dynamical
variables by solving one constraint, and its derivatives become derivatives of the dynamical
variables, thus affecting the principal symbol of the bimetric 3 + 1 equations.

Finally, we arrived at the topic of the hyperbolicity of the bimetric 3 + 1 equations.

Therefore, it is time to discuss the main topics of Paper V and Paper VI.

The counting of propagating degrees of freedom in BR. As we did for GR, we
conclude the section by counting the propagating degrees of freedom in BR.

In the 341 formulation, we start with 6 independent components for each spatial metric
and each extrinsic curvature, that is, 24 independent components. We fix 4 of them by
diffeomorphism invariance, that is, by specifying one lapse function and one shift vector.
In addition, there are 2 Hamiltonian constraint, 2 vector momentum constraints and the
bimetric constraint, which can be used to fix 9 independent components. However, 3 of them
have to be used to solve for the separation parameter p, which is not a dynamical variable,

in terms of the dynamical variables. Hence, with the constraints we can fix 9 —3 = 6

11n principle, it is possible to gauge fix any lapse function and any shift vector of the metrics defined in
Definition 1 on p. 30. Hence, there are actually infinitely many equivalent gauge fixings for the same gauge
condition.
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components of the spatial metrics or the extrinsic curvatures. Finally, we end up with
24 — 4 — 6 = 14, corresponding to 7 propagating modes. In the partially free evolution
scheme, the lapse constraint fixes one lapse function in terms of the other, hence it does not
constrain a dynamical variable. In the free evolution scheme, we start with 25 independent
components—24 as in the partially free scheme plus the evolved lapse. Then, the lapse
constraint does constrain a dynamical variable and the counting of degrees of freedom gives
again 14. The 7 degrees of freedom, around proportional backgrounds, are associated to the
2 degrees of freedom for a massless spin-2 field and the 5 degrees of freedom for a massive
spin-2 field [Com+12b; HSS13b; HSS13a].

We remark that solving one momentum constraint for p is not straightforward in the
most general case. It can be done assuming the same spherical symmetry in both sectors,
as it is shown in [Koc18] for the standard 3+ 1 equations and in Paper V for the cBSSN

equations. Appendix E of Paper IV shows what are the difficulties in the most general case.

6.3 The bimetric covariant BSSN formulation and the mean

gauges

The ¢BSSN formulation of the BFE is established in Paper V. Paper VI can be seen as
the natural continuation of Paper V, since some technical issues related to the bimetric
c¢BSSN formulation are discussed, and the two gauge conditions discussed in Section 5.3 are
computed with respect to the geometric mean metric in BR. In this section, we are going to
summarize these topics without focusing on the technicalities, which can be found in the

papers.

The BSSN formulation of the bimetric interaction and sources. The main goal
of Paper V is to clarify that the hyperbolic structure of the bimetric evolution equations
is not just two copies of the hyperbolic structure of the evolution equations in GR, and
to establish if it is possible to extend the results in GR about the strong hyperbolicity of
c¢BSSN, to BR. In other words, given that the cBSSN formulation of the EFE is strongly
hyperbolic, and given that the standard 3+ 1 formulation of the BFE (6.55, 6.57) looks
formally the same to the standard 3+ 1 formulation in GR, what can we conclude about
the ¢cBSSN formulation of the BFE?

The results in Paper V show that the strong hyperbolicity of the ¢cBSSN equations
cannot be directly extended to the bimetric case, assuming the standard gauge with respect
to g or f. The reason is that the lapse functions and the shift vectors of g and f are related
by (6.66). Aside from the spatial tetrads, the quantities linking the gauge variables are
W and p. The explicit expressions for these two quantities are not known in the most
general case. However, due to the Hamiltonian analysis in [HL18], we know that they can
be expressed in terms of the dynamical variables and their spatial derivatives. Assuming
a spherically symmetric ansatz for the spatial metrics, with spherical polar coordinates
on the initial hypersurface and the same SO(3) KVFs, it is possible to compute both W
and p explicitly. Their expressions are given in [Kocl8] and Paper IV in the standard 3+ 1
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formalism and in Paper V and its supplementary material in the cBSSN formalism. The
spherically symmetric expressions of W and p do depend only on the dynamical fields
and their spatial derivatives. While the expression for p is manageable, the expression for
W is not. It is instead nonlinear in the dynamical fields and their derivatives, and it is
very lengthy. As the reader at this point may have guessed, since W and p involve spatial
derivatives, they do affect the principal symbol of the system of PDEs (6.55). If we impose
the lapse constraint explicitly during the evolution, then W will appear wherever the non
gauge fixed lapse appears. Then, the evolution equations will contain its spatial derivatives,
which contain the spatial derivatives of the dynamical fields. Instead, if we determine the
non gauge fixed lapse with (6.65), we have one more evolution equation to include in the
Cauchy problem. This evolution equation contains both W and 0;WW, hence it contains the
spatial derivatives of the dynamical fields. In both cases, the principal symbol is affected.

Hence, the analysis of the hyperbolicity of the bimetric cBSSN equations requires much
more work than the one in GR, and it is still an open problem. Accordingly, in Paper V we
say that we cannot claim the bimetric cBSSN formulation to be strongly hyperbolic yet.
In addition to clarifying that the hyperbolic structure of the bimetric evolution equations
in ¢cBSSN and the standard 3 + 1 form is not just equal to two copies of the hyperbolic
structure of the corresponding formulations of the EFE, the merit of Paper V is to show
that it is possible to rewrite the bimetric interactions in the ¢cBSSN formalism and to point
out what are the steps to take in order to establish the field of nubirel. Since BR is a theory
of gravity alternative to GR, it has to be tested against the observational data. In order to
get sensible prediction for realistic physical systems, it is necessary to face the numerical
integration of the BFE, as argued in [Shi99] already in the case of GR. To do that, one has
to recast the BFE as a well-posed Cauchy problem, following the same path outlined by NR.
With Paper V, we show that the BFE can be tackled in the same way as one would do with
the EFE, but that the specific bimetric features require additional strategies to be found.
One possible new strategy is to impose a gauge specific to BR such that the system of PDEs
simplifies and allows to use known results in GR. Two such possibilities are explored in
Paper VI, as we shall see.

We now give the essential information needed to understand how to compute the BSSN
formulation of the bimetric interactions. The appendix of Paper V is devoted to present the

computations in much more detail. The conformal metrics are defined as,

Vij ="y, 79 =Y, (6.68a)
Bij =~ oy, P =t ¥, (6.68b)
Xig = e 2Oy, X =0T, (6.68¢)

These definitions imply that the conformal decomposition of the tetrads reads,

=ty —=c"de = (e*%eT) ) (e*%e) , (6.69a)

p=e o — T8 = (e mT) 8 (e m). (6.69b)
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It follows,

e e, m = e Xm, (6.70a)

g =
el =ePe ! m!=e*¥mL (6.70Db)

The bimetric interactions in Table 6.2 depend on the tetrads and on the spatial parts of the
Lorentz boost Ay and Euclidean rotation R. Both Ag and R are determined by p, hence
if we compute the conformal decomposition of p, we can use it together with (6.70) to
compute the conformal decomposition of all the bimetric interactions. Since the bimetric
sources depend on the bimetric interactions, this allows us to compute their conformal
decomposition as well. Thus, the bimetric part of the equations (6.55) is rewritten in the
BSSN formalism; the remaining part is the same as in GR, hence it is not discussed here.

In Appendix A.1 of Paper V it is shown that it is always possible to keep p unchanged
in recasting the BFE in the (¢)BSSN formulation, hence Ay and R also stay the same.

The mean gauges. In Paper VI, the maximal slicing and the standard gauge are
computed with respect to h. The motivation that lies behind this work is a conjecture
which arose during the work on Paper III and Paper V. For instance, Proposition 1 in
Paper 111 states that, assuming one of the metrics g and f is regular at a point—that is,
its curvature scalars are finite—the vanishing of det (S) induces a curvature singularity in
the other metric. Since h = ¢, this suggests that at least two of the metrics g, f, h have to
share a curvature singularity; more support to this conjecture is given by the exact solution
in [Hog+19], where g does not have a curvature singularity at the origin, but f and h do
(see Sec. 2.4 in the paper). Hence, imposing a gauge with respect to h seems promising in
order to detect curvature and coordinate singularities happening in any metric sector. In
addition, it does not single out any of the metrics g and f, hence keeping the symmetry
of the theory under their exchange (in vacuum). In the following we review the results of
Paper VI by describing how to obtain the mean gauges.

The “mean maximal slicing” is defined by choosing fé = ( on the initial hypersurface

and demanding é’tfé = 0. Defining the auxiliary variables
C=log(H), &:=0a, (6.71)
the condition é’tl#( = 0 can be rewritten as,

¢ = ¢, (6.72a)
0="N'0:¢+ & (Mo +M) + (6N)0:¢ + o.M, (6.72b)

where 711° and 1M are somewhat complicated functions of the dynamical fields that can be
found in Paper VI. Contrary to the maximal slicing with respect to g or f, which would
result in a boundary value problem as in GR, (6.72) is an evolution equation for ¢ coupled
to a boundary value problem for its time derivative £&. Numerically, the first step is to solve
(6.72b) for € using the initial data for ¢, provided by the initial data for H. Then, the value
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of £ is used to evolve ( to the next slice. The procedure can then be iterated.

The mean maximal slicing imposes that the foliation is h-maximal, which implies that
it is singularity avoiding for all the singularities involving h and any of the other metrics.
More in detail, the proper volume of a h-Eulerian observer is conserved during the evolution,
according to the reasoning in Section 5.3.

The other gauge condition with respect to h computed in Paper VI is the standard

gauge, which is called “mean standard gauge” and reads,

OH = ¢/ Dy, H — 2HK, (6.73a)
) .o . 3o

0q’ = ¢’ Dyjq" + 4 B, (6.73b)

QB i Day + 2k — g ay) — (6.730)

7#
The computation of both (6.72) and (6.73) relies on the computation of the trace K
of the extrinsic curvature of hA. This can be determined using the relation between the

determinants of the spatial metrics,

~

A = \WAA, (6.74)
and the fact that I#( determines the evolution of Z,

# #
seﬁ log(A) = —2HK. (6.75)

Hence, by taking the Lie derivative along 73 of (6.74), in Paper VI we get an expression for
#
K in terms of the dynamical fields and H,

# 1

K=—|ak -
QH{Q

_ ~ o~y A a o0:p2 — laz a
'%a)\ 1nA +aK — Sea)\ ~1nA . p ( tP q 0;p )
2A 2A A2

N oawl k- e, LIPS
_2{ )\W[K 2/\n0110g(A)} Hﬁz(a)\ n)

+ﬁ[ b i, log(ﬁ)} L e

) 0, p2 — z'i a
+L1a (axlﬁ%)—pa(”p q@p)}, (6.76)

where we have used (6.64) and explicitly computed the Lie derivatives of the determinants
of the metrics, which are scalar densities of weight 2.

Concerning the mean standard gauge in particular, the evolution equation for y is
required in order to obtain the evolution equations for y and A in (6.73), and it must
be given in terms of the dynamical fields. Since y = e"d AsRm,, the computation of the
evolution equation for y requires the computation of the evolution equations for the tetrads

and for the spatial part of the Lorentz boost Ag and the spatial rotation R. The latter
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reduces to the computation of the evolution equation for p, since

. |pToZL 1P

LA =— 6 —(0,% " —-pZ+(p'd) |, 6.77

A= oA (0L2p)PT8 —p Ly (PT0) (6.77)
and £+ R can be written in terms of & ﬁ Ag, see Appendix B.3 of Paper VI.

As pointed out in Paper VI, the effective usefulness of the mean gauges for stable

long-term bimetric simulations has to be tested numerically. Also, the mean standard gauge

does alter the hyperbolicity of the system in a nontrivial way, hence another possible research

path is to study the hyperbolicity of the system with this gauge choice.

The geometric mean in the bimetric covariant BSSN formulation. In Paper
VI, the role of the geometric mean in the bimetric cBSSN formulation is studied. The
possibility to consider it as the background metric for both « and ¢ is discussed, and since
the evolution equation for y is computed, the evolution equation for the conformal metric
can be obtained. Therefore, the evolution equation for the Levi-Civita connection T of X
can also be computed in terms of that of y. Hence, in BR there is no need to choose an
external metric as the background; choosing ¥ is natural since it is an object already defined
in the theory, and its dynamics is determined by that of 5 and .

A strong motivation for choosing different background metrics compared to GR is that
the strong hyperbolicity of the bimetric ¢cBSSN formulation is still an open question, and
this strategy allow us to recast the equations and alter their principal symbol. Indeed, the
evolution equation for T contains the spatial derivatives of the dynamical fields. The study
of the hyperbolicity of the bimetric cBSSN equations with I as the background connection,

is left for future work.

The package bimEX. During the work to obtain the results of Paper V and Paper VI,
the need to write the bimetric cBSSN equations in spherically symmetric form motivated
the writing and extensive testing of a Mathematica [Inc|] package able to write the cBSSN
equations in any ansatz. The package is based on the xAct bundle [xAc] and called bimEX,
for “bimetric exact computations.” It implements the procedure described at p. 94-95.

The package is described in Paper VII, and is available at the public GitHub repository
named nubirel/bimEX and at [Torl9al. It is made to be as simple and user-friendly as
possible, and can compute the bimetric cBSSN equations in any desired ansatz, with the
exception of the lapse constraint (which is unknown in the most general case). It is easily
extendable to handle different sets of equations, for instance different formulations of the
BFE (and the EFE).

6.4 Gravitational collapse: first numerical results

The first numerical results in nubirel, obtained by evolving the bimetric standard 3 + 1
evolution equations (6.55) in the partially free evolution scheme where we impose the lapse

constraint (6.64) during the evolution, are reported in Paper VIII. This section reviews its
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most important conclusions and presents original results, not contained in Paper VIII, about
the extraction of the longitudinal gravitational wave emitted by a spherically symmetric

collapsing dust cloud.

The 3 +1 Valencia formulation of relativistic hydrodynamics. Here we review
the recasting of the equations of relativistic hydrodynamics in the “Valencia formulation,”
introduced in [MIM91]. This formulation is used in the numerical integration of the bimetric
standard 3+ 1 equations in Paper VIII. We will follow closely the reference [RZ13, Sec. 7.3.3],
to which we refer the reader for more details. Note that the discussion here regards GR, but
it directly generalizes to BR since independent matter sources couple to different metrics.

The equations of relativistic hydrodynamics are [RZ13, Sec. 3.3],

Vu(pou") =0, (6.78a)
v, T =0, (6.78b)

with u* 4-velocity vector field of the fluid with rest mass density pg. These equations describe
the general relativistic conservation of rest mass of the fluid and the conservation of energy
and momentum of the fluid, respectively. In [RZ13, Sec. 7.3.2] it is explained how it is

desirable to recast (6.78) into “conservative” form, defined to be
aU+V-FU) =0, (6.79)

where U is a vector whose components are the unknown functions, F' is a vector-valued
function of U and V = (0,,0y,0,). This is the case since in hydrodynamics shocks are
admitted, defined as points in phase space where the derivatives of the unknown functions
are not defined. The interested reader is referred to [TA77]. What is of interest here is a
theorem stating that, if the equations are not recasted in conservative form and shocks are
present, then the numerical solution does not converge to the correct solution [HF94]. For
this reason, the Valencia formulation, being conservative, has become the most widely used
in numerical relativity, as pointed out in [RZ13, Sec. 3.3].

We do not anticipate that the system described in this section, the spherically symmetric
bimetric gravitational collapse, will develop shocks during the evolution, but we implemented
the Valencia formulation to enable simulations of more complex systems in the future.

The first step to recast (6.78) in the Valencia formulation is to define the variable,
D = poou'. (6.80)

The Lorentz factor w of the relative spatial velocity between the fluid and the Eulerian

observer with 4-velocity v* is [Farl3, p. 142],

w = —v,ut = o, (6.81)
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where we used (5.66). Hence,
D = pow. (6.82)

It is possible to define a spacelike vector v such that [Farl3, p. 142],

w=(1- v“vu)_l/Q, u =wH" +0t), vt =0. (6.83)
It follows that,
_L,LLV v _]_'“l, v ) 1 % .
ot = wo_ w — =0, == <ut + 51> (6.84)
w —Vuut a\u

Starting from (6.78a) and using (6.83, 6.84), it is possible to obtain the evolution equation
for @ as,

at(\/Z@) + az-[\/Z D (aqﬂ' - 5)] — 0. (6.85)
The stress—energy tensor of a perfect fluid with 4-velocity u* is,
" = (e + p)ul'u” + pg"”, (6.86)

with €, p energy density and pressure measured by an observer for which the fluid has

4-velocity u*. After some rewriting, its 3+ 1 decomposition results in,

THY = pMyHyY RNV Ry g (6.87a)
JBE — po hw? vtoY + pyH, (6.87b)
GO = pg hw? oM, (6.87c)
p™ = po hw?® — p, (6.87d)

with h := (e + p)/po being the specific enthalpy.!?

The 4-divergence of a symmetric rank-2 tensor can be written as,

1

vV TH — gu)\
Ak

1
Oy («/—g T“A) — 2Taﬁa)\ga,3]. (6.88)

Setting (6.88) to zero due to (6.78b), and substituting (6.87) into it, gives the momentum

conservation equation for 7™,

o (VA™)) + [\/K(ajmij — ﬁijm,-)] _ %\/TgTaﬁajgaﬁ. (6.89)

2The enthalpy of a thermodynamic system is defined as H := U + pV, with U internal energy, p pressure
and V volume [ZD97, Secs. 10.1-10.2]. The specific enthalpy h is the enthalpy per unit of rest mass, hence
h=(U+pV)/M = (U +pV)/(poV), with pg rest mass density. It follows h = (U/V + p)/po = (€ + p)/po.
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The energy conservation equation is obtained by projecting (6.78b) along v,
Vu(THvy) = TV v, = 0, (6.90)
and again rewriting it by making use of (6.87). This results in,
o (VA ™) + 6 [\/Z(ajm" _gi pm)] = =g T"' V. (6.91)
The last step is to rewrite the right-hand sides of (6.89, 6.91) in the 3+ 1 split,
1 1. 1. .
GVTIT™ 03005 = V=G| ™0y 4 L3708~ 0, (), (6.922)

V=gT"V v, = v/—g [Kijjmiﬂ' _ jmig; ln(a)], (6.92b)
V=9 = aV/A. (6.92¢)

Finally, the Valencia formulation reads,

o(VAU) + 6;(VAF?) = 8, (6.93)

with
D pow avt D — D
U= 1" |=] pohw?v; |,  F'=|aJ™;—p" |, (6.94a)
P pohw? —p a ™ — g™
0
S:=VA %a JmikQ o+ 0,80 — pm0ja | (6.94b)

aJminij — jmjaja

The system (6.93) is in conservative form. It is numerically more accurate to evolve the
quantity 1 := p™ — @ rather than p™ [RZ13, Sec. 3.3]. This changes the last component
of F' into (F%)3 = a(jmi - D vi) — B 1. Note also that, for simplicity, we also define the

quantities,
D =vVAD, S:=vVA;™ 1:=+Ax (6.95)

Even if the conserved variables @, j™, 1 are easily expressed in terms of the primitive
variables pg,v?, p™, the converse is not true. In the general case, a root-finding algorithm is
necessary to compute the primitive variables, which serve to physically interpret the results
and to be compatible with the equations of state, usually given in terms of the primitive
variables. As shown in Paper VIII, for our system the inverse relation can be computed
exactly, hence the root-finding procedure is not necessary.

In the present version of our solver, discussed in the remainder of the section, the Valencia
formulation is used to evolve the gravitational collapse of pressureless dust minimally coupled

to g.
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The reference GR solution. The first step in Paper VIII is to consider the gravita-
tional collapse in GR described by the solution found in [Nak+80]. This solution constitutes
the reference to compare the bimetric gravitational collapse with.

The solution describes a spherically symmetric gravitational collapse, and the line element

reads,
ds? = —a?dt? + a? (dr + ﬁdiﬁ)2 + b*r? (dG2 + sin(9)2d¢2), (6.96)

where (1,0, ) are the spatial coordinates on the initial hypersurface. The nonzero compo-

nents of the extrinsic curvature are,
Ki=K",, Ky=K%=K?,. (6.97)

The only nonzero component of the shift is the radial one 5".
On the initial hypersurface defined by ¢ = 0 the system is assumed to be time symmetric,
that is, the first derivatives of the metric components are zero. Since the shift vector is

assumed to be zero, the components of the extrinsic curvatures are also such,
Ki=Ky=0, (6.98)
and the spatial metric is assumed to be conformally flat,
ae? = ¢(r)4(d7~2 + 12402 + r? sin(6)2d¢2). (6.99)

With these assumptions, the momentum constraint is satisfied. To solve the Hamiltonian

constraint, we assume the following initial profile for .Cf),
D(t=0,r)= 03[1 + 1 erf(cor\ﬁ)]e_ch27r erf(z) = 2 Jz e dx (6.100)
’ 0 o ) ﬁ 0 ) .

whose corresponding energy density initial profile is shown in Figure 6.6a and has a Gaussian

shape. The Hamiltonian constraint is satisfied by the following conformal factor,

1 . .
h(r) =1+ Zerf (cor/7) , limg =1, lim ¢ =1, (6.101)

hence the metric is flat at » = 0 and in the limit » — 0. The evolution of these initial
data, obtained by choosing a zero shift and a lapse determined by maximal slicing, is shown
in Figure 6.6b, where the collapse of the Lagrange shells is plotted. A “Lagrange shell” is
defined as containing always the same fraction of the total rest mass of the cloud during
the evolution. The solution to the constraints and the numerical evolution were obtained
with a Mathematica/C++ toolkit called bim-solver, whose first version was written by
Mikica Kocic. The author of this thesis worked on the later versions of bim-solver, on
both Mathematica and C++, to adapt it to the bimetric cBSSN formulation and to make

the bimetric simulations stable. This is ongoing work.
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Figure 6.6: Figure adapted from Figure 5 in Paper VIII. The values of (t,7) are given
in geometrized units and in units of the length scale L, determined by the requirement
that the event horizon of the final black hole is at r = 2M with M mass of the black
hole, as in [Nak+80]. In this case, the final location of the horizon is at /L ~ 3, hence
2M /L ~ 3 implying L ~ 20 /3. Note that the mass M of the initial dust cloud is arbitrary.
(a) Initial profile for the matter density p™(t = 0,7) (multiplied by 103L? for visibility)
and the metric function a(t = 0,7) = b(t = 0,7) = (r)?, for ¢g = (3v/27)~! (see main
text for more details). (b) Development of the initial data obtained with bim-solver, a
Mathematica/C++ toolkit written by Mikica Kocic and the author of this thesis. The
Lagrange shells, whose corresponding fraction of rest mass is shown with the color code,
collapse and form a black hole. The red dashed line shows the evolution of the radius of
the apparent horizon, and the black dashed line indicates its final location at » = 2M. The
evolution is obtained by using a zero shift and a lapse determined by maximal slicing. This
can be seen by the fact that the Lagrange shells stop collapsing after entering the apparent
horizon, since their proper time slows down more and more. The wiggles in the paths of the
Lagrange shells are due to numerical errors. Improving the quality of the simulations is part
of an ongoing project.

Some remarks about the implementation of bim-solver. The initial data are
solved by bim-solver in Mathematica, and exported to a file imported by the C+-+ code
which performs the numerical integration of the evolution equations.

The numerical methods employed in bim-solver consist in the finite difference scheme
on a uniform grid, with the FTCS (forward time—centered space) method [Pre+07, p. 1032].
The finite difference scheme is implemented up to the sixth order. At the very first and last
points of the grid, it is not possible to use a centered finite difference scheme, since, depending
on the order of the scheme, a given point lacks the minimum number of neighboring points
to be used to estimate the derivatives of the fields. For this reason, “ghost” points must
be introduced, where only the values of the fields are populated, not of their derivatives
[Goo+03, Cactus User’s Guide, Subsec. C1.3.5]. The values of the fields at the ghost points
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are not populated through dynamical evolution; rather, by means of the inner and outer
boundary conditions, briefly discussed below. At each grid point, the dynamical fields
are evolved using an implementation of the method of lines (MoL) based on [Goo+03,
Documentation of CactusBase|, employing one explicit method among the Runge-Kutta
(RK) explicit methods [Run95; Kut01][But08, Sec. 23, Ch. 3], the iterative Crank—Nicholson
(ICN) method [CN47][BS10, p. 207], the explicit Runge-Kutta-Dormand-Prince methods
with adaptive step size and error estimate [DP80][But08, p. 211]. In the version including the
bimetric cBSSN evolution equations, there is also the possibility to choose two diagonally
implicit Runge-Kutta methods [But65; Negr; Ale77][KNO96; KC16; JKT18|[But08, p. 261]
of third and fifth order, with an explicit first stage and a single eigenvalue (ESDIRK32a and
ESDIRKb54a) [Kvee04]. The ESDIRK methods have been implemented in order to improve
the stability of the numerical integration of the bimetric cBSSN equations, but so far we
have been unlucky and the simulations are still unstable. The Kreiss—Oliger dissipation
[KOCT3][RZ13, Subsec. 8.3.7] is included in the evolution algorithm, to avoid spurious
oscillating modes due to the finite difference approximation of the first and second radial
derivatives.

Another central problem that has to be faced is the finite extent of the radial grid. This
forces us to impose boundary conditions both at the inner boundary r = 0 and at the outer
boundary r = rya.x. In principle, one could compactify the radial domain and impose the
boundary conditions at » = c0. However, this would imply using a non-uniform grid and
bim-solver does not support this feature yet. In addition, it has been shown empirically
that, for hyperbolic PDEs, imposing a physically well-motivated boundary condition at the
outer boundary at finite 7.y results in better-behaved simulations, see for example [GN09,
Subsec. 3.1.2] and references therein. An example of physically well-motivated boundary
conditions in NR is the Sommerfeld’s “radiation boundary condition” [Som12; Sch92], which
assumes asymptotic flatness and limits the reflection of unphysical (to be read, numerical)
oscillating modes at the outer boundary. However, in nubirel we do not know if we can
assume asymptotic flatness at infinity, since the bimetric sources may not tend to zero
asymptotically and the assumption may be too restrictive. Hence, we implemented open
boundary conditions, that is, we extrapolate the values of the dynamical fields at the outer
boundary by Taylor expansion. The inner boundary conditions are more easily handled,
since at r = 0 there is a coordinate singularity and we need to remove it, otherwise the
numerical integration will develop instabilities there. This is done by imposing regularity of
the radial derivatives of the fields at r = 0 by means of the parity conditions mentioned
above, that is, components of even-rank tensors are even in r and components of odd-rank
tensors are odd in 7. This fixes the values of the fields on the ghost-cells.

The formation of the event horizon during the collapse is tracked by monitoring the
formation of the apparent horizon. Since the event horizon is a global concept (see, e.g.,
[Wall0, Sec. 12.1] and [CCH12, Section 2.4]), it is not possible to establish if a surface is an
event horizon during the numerical integration, since the global structure of the spacetime
is not known yet (the integration is building the spacetime).

The formation of the apparent horizon is detected by tracking the marginally outer
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trapped surfaces (MOTS)—we refer the reader to [Wall0, Ch. 9-12] for the definitions of
trapped surface, outer trapped surface, marginally trapped surface, apparent horizon, and
their relation to the event horizon. Here, we only state that the apparent horizon is the
outermost MOTS, and that it is always contained in, or coinciding with, the event horizon,
if the null energy condition and some technical conditions about the spacetime structure at
future null infinity hold [Wall0, Sec. 12.1]. The apparent horizon is a local concept, and
can be easily detected in spherical symmetry. Indeed, a spherically symmetric MOTS is a
surface such that [Bau496; Tho07][Masl5, Ch. 7, App. G.5],

((r) = 0rlog(b) — aK3 = 0. (6.102)

In bim-solver, the equation (6.102) is solved by a root-finding algorithm.

Solving for the bimetric initial data. The goal of Paper VIII is to describe a class of
spherically symmetric gravitational collapse numerical solutions in BR. These are obtained
in a very similar way as for the GR case. First, we assume that the two metrics share the
same SO(3) KVFs. Second, we choose spherical coordinates on the initial hypersurface and

write the line elements as,

dsg2 = —a2dt? + a? (dr + ﬁdt)2 + b2 (dG2 + Sin(9)2d¢2), (6.103)
dsp? = —&2dt2 + @ (dr + Fdt)? + 5%r%(d6? + sin(0)%d¢?). (6.104)

We again assume that at ¢ = 0, on the initial hypersurface, we have time symmetry,
Ki=Ky=K;=Ky=0. (6.105)

This implies that p is zero on the initial hypersurface, that is, the radial components of the
shifts S, B and ¢ (the only non-zero ones) coincide. We assume that both spatial metrics

are conformally flat at ¢t = 0,

déf _ ¢W(T)4 (dTQ + 72302 + 12 sin(9)2d¢2>, (6.106)

de,? = ¢¢(r)4(dr2 +72de? + r? sin(9)2dd>2)- (6.107)

With these assumptions, the momentum constraints and the bimetric constraint are

identically satisfied. The Hamiltonian constraints read,

4 A+ gl (/3(0)%6 3By, 1 3By, .2 + 6@3)%6) TRy =0,

A, Ay, + rpl? <5(1)¢@6 + 3828, 0,  + 3838, 1,° + 68w ¢76> = 0.
(6.108b)

The initial profile for the conserved variable @ is the same as in (6.100). Note that, since

@ and po are related by (6.80, 6.95) which involve the metric components, even though
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@ is the same for the reference GR initial data and the bimetric initial data, py is not.
However, if the initial data for the metric functions are close to the GR initial data, the
density profiles are also close. Also, note that w = 1 on the initial hypersurface.

We remark that, in spherical coordinates, the metric components must be even function
of r [AG05; RAN08; AM11]. Hence,

orp = dp,, = 0. (6.109)

Therefore, we can solve (6.108), which are ODEs, as an initial value problem by using (6.109)
and the specification of the values of the conformal factors at » = 0 as the initial conditions.
This is the same strategy used when solving for static and spherically symmetric BHs in
Paper III (see Section 3.2). In the present version of bim-solver, (6.108) are solved in
Mathematica as an initial value problem. An improvement would be to solve them in C++
as a boundary value problem. This would result in a faster and more efficient implementation,
and is left for future work.

We note that the Hamiltonian constraints (6.108) may be regarded as a (nontrivial)

generalization of the Lane—Emden equation,
A+ 0" = 0. (6.110)

The Lane-Emden equation describes the matter density profile for polytropic fluids [Cha57,
p. 88]. We refer to (6.108) as “Lane-Emden-like” equations.

During the work leading to Paper VIII, thousands of simulations were performed varying
the initial data by choosing different values of the j,) parameters, 4, ¢ and the inner
boundary conditions. Since the standard 3 + 1 bimetric equations are ill-posed (as the GR
standard 3+ 1 equations are), the best simulations we have obtained evolve until ¢/L ~ 7,
where we are measuring time and radial coordinate in geometrized units and in units of the
same L as for the reference GR solution. In this paragraph we select one simulation, already

discussed in Paper VIII and shown in Figure 6.7, with parameters

Rg = RKf = 87T, 5(1) = —1, IB(n;ﬁl) = 0, { = 1In, (6.111&)
¢ (r=0) =106, ¥, (r=0)=108. (6.111b)

The corresponding initial data for the metric functions are shown in Figures 6.7a, 6.7b. The
physical origin of the oscillations is still unknown. The panels (¢)—(f) of Figure 6.7 show
the evolved metric functions at later times; more details about the numerical evolution are

given below and in Paper VIII.

Short-term bimetric development. Regarding the numerical solutions presented in
Paper VIII and reviewed here, the reference GR solution was obtained with a grid spacing
Ar = 0.01, with ryp.x = 80 and a fourth-order FTCS method. The MoL used a third-order
RK with the Courant-Lax (CFL) factor [Pre407, p. 1034] At/Ar = 0.5. The Kreiss—Oliger
dissipation was of fourth-order with its coefficient being 0.03. The gauge condition for the

lapse was maximal slicing with an identically zero shift. The resulting evolution reaches
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Figure 6.7: Figure adapted from Figure 10 in Paper VIII. Initial data and their evolution at
t/L = 2,4 for the bimetric solution corresponding to the parameters (6.111). The oscillations
of the metric fields in space and time are the most distinctive feature of the bimetric solutions
compared with GR. The origin of these oscillations can be understood by looking at the
linearized solutions, see p. 124.

beyond t = 60.

For the bimetric development of the initial data in Figures 6.7a, 6.7b, shown in Fig-
ures 6.7c, 6.7d, 6.7e, 6.7f, the grid spacing was increased to Ar = 0.04 with the outer
boundary at rmax = 300 and the CFL factor reduced to 0.25. All other methods are the
same. The gauge condition is the maximal slicing with respect to g and ¢ = 0. The evolution
of 8 and 3 is shown in Figure 6.8. The oscillations of the shifts (hence of p), the lapses (see
Figures 8 and 9 in Paper VIII) and the metric functions, make the causal coupling of the
metrics change during the evolution. The null cones (hence the causal coupling) oscillate in

time and space in a way depicted in the casual diagrams included in Paper VIII and
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Figure 6.8: Figure adapted from Figure 11 in Paper VIII. The evolution of the shift vectors
of g and f. They oscillate around the mean shift ¢ = 0. This means that the separation
parameter p is also oscillating in time and radial distance.

explained in more detail in [Koc19b]. The null cones oscillate alternating Type I and Type
IIb configurations in different regions of spacetime. At the boundary of these regions, they
assume a Type Ila configuration. We have never encountered Type III configurations so
far. We conjectured that, since spherical symmetry makes the metrics to assume a 2-block
form, and the metrics in Type III configurations have a 3-block form (see Table 6.1), it is
not possible to obtain Type III configurations in spherical symmetry.

In Paper VIII, we also show one example of a bimetric vacuum numerical solution
which is spherically symmetric and nonstationary, which confirms that the Jebsen—Birkhoff
theorem is not valid in BR, compatibly with Paper II.

During the evolution, the constraints are evaluated to monitor their violation. This
provides a measure of the quality of the solution, since large constraints’ violations imply
that the solution cannot be close to the exact solution, for which the constraints would be
identically zero since they are stably propagated in the free evolution scheme. As reported
in Paper VIII, the presented solutions are trustworthy for ¢ < 5, where the constraints start
to be too large compared with the energy density at each r. This comparison is meaningful
since the constraints have the dimension of an energy density.

The development of the initial data presented in Paper VIII lasts too short to be able to
draw conclusions about the end point of bimetric gravitational collapse of a spherical cloud
of dust. However, as shown in Figure 6.9, the short-term bimetric evolution of initial data
close to the initial data used for the reference GR solution, closely follows the GR. evolution.
Figure 6.9 shows the comparison between the evolutions of the Lagrange shells in GR and
BR. There are no hints of physical—i.e, non-numerical—instabilities, as the bimetric collapse
is slower than for the reference GR solution, for this model. This is certainly promising and
further motivates the work to finally obtain stable long-term bimetric simulations, which is

the subject of an ongoing project and would constitute the real birth of nubirel.

Extraction of gravitational waves. Even though the simulations are not stable

enough to give us conclusive information about the end state of bimetric gravitational
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Figure 6.9: Figure adapted from Figure 3 in Paper VIII. Comparison between the collapse
of the Lagrange shells for the bimetric solution described in the main text (dashed lines)
and for the reference GR solution (solid lines). The bimetric collapse happens more slowly
and there are no hints of physical instabilities. Long-term evolution is needed to be able to
draw more meaningful physical conclusions about gravitational collapse in BR.

collapse, it is possible to extract other types of physical information from them. For instance,
if we find a solution which is asymptotically flat, asymptotically dS or asymptotically AdS
when r — 00, we can use linear perturbation theory to extract the propagating modes out
from the nonlinear solution. We focus on the asymptotically flat case. We stress that we
do not solve the linearized equations, since they are not reliable in BR as we stated in the
Introduction. Rather, we will only compute the quantities of physical interests in a region
where the fully nonlinear solution allows us to define them. This work is not included in
any of the papers; it was done during the writing of this thesis. Our main references in this
paragraph are [Mag08; Mag18].

We start by considering GR. Suppose that there exists a coordinate system in which the
metric components satisfy,

Guv = Nuv + h;w; ’h;w| 1SS ‘77“1/‘7 (6.112)

in a sufficiently large region of spacetime, where 7,, is the flat metric in the specified
coordinate system, and we call h;, the “metric perturbation.”'® In our specific case, the
coordinate systems where (6.112) holds are the ones specified by the maximal slicing and
B = 0 for GR, and by maximal slicing with respect to g and ¢ = 0 for BR. It is possible
to apply a coordinate transformation which preserves the form of (6.112). This is called

“linear diffeomorphism” (LD) or “gauge transformation,” and it has the following form,

xH — 't =t + M (x), 10,60 = O(|huwl), (6.113a)
h’lﬂ/(x) - h,,uu(x/) = h,ul/(x) - (au&/ + augu)- (6113b)

More details on this can be found in [Mag08, Sec. 1.1], [Magl8, Sec. 18.2.1] and [Ber01].
It is possible to uniquely decompose the metric perturbation h,, as [Magl8, Secs. 18.1.1,

13If some components of Nuw are 0, then the corresponding components of the metric perturbations h,,
should be much smaller than the nonzero components of 7.
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18.2.1],
hoo = —29, (6.114a)
hoi = 8 + Vi = 6 + 07, (6.114b)
1 1
hij = —2dn;; + (%Z%J - 37717‘%2))\ + 5(%&,‘ + %jei) + h;FjT, (6.114c)

F
where V is the covariant derivative compatible with the flat metric in the specified coordinate
system. We refer to the fields introduced in (6.114) as,

¢, 1,7, A : scalar perturbations,
0iy € : vector perturbations,

h;l;T : tensor perturbations; TT stands for “transverse—traceless.”

These perturbations are subject to some constraints. Namely, the vectors ¢ and €' are

divergenceless (transverse),
V6t = Ve =0, (6.116a)
and the tensor h;gT is transverse and traceless,
VRET = i RET < 0. (6.116D)

The relations (6.116) and (6.114a) imply that,

¢ = —5hoo; b= _677”7%]‘- (6.117)

The relations that determine the other perturbations in terms of h,, are more complicated
and nonlocal, in the sense that a boundary value problem should be solved to determine
them. For example, « satisfies the boundary value problem %27 =n %ihoj. The PDEs to
be solved for the other perturbations can be found in [Magl8, Secs. 18.1.1].

In order to study how scalar, vector and tensor perturbations behave, it is possible to
follow two routes. The first is to construct variables which do not change when performing

LD; these are called “Bardeen’s variables” [Bar80] and the scalar ones are equal to'*

The second is to specify a LD (“to fix a gauge”) and work in the resulting coordinates. In
the latter case, the computed quantities depend on the coordinates specified by the LD. As
pointed out in [Magl8, Secs. 18.1.1], it is possible to choose a LD such that A = v = §; = 0.

MNote that the Bardeen’s variables do not depend on the coordinates chosen for the metric perturbation
and specified by a LD, but they do depend on the coordinates in which (6.112) holds in the first place.
In our specific case, the Bardeen’s variables depend on the choice of the spatial coordinates on the initial
hypersurface, on the lapse and the shift, as we shall see explicitly in (6.121).
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This choice completely determines the LD, thus exhausting the linear coordinate freedom,
and is called “Newtonian gauge” or “Poisson gauge” or “longitudinal gauge.” If only scalar

perturbations are considered, then the line element in Newtonian gauge reads
ds? = — (1 + 2¢)dt* + (1 — 2{)n;;dz’da’. (6.119)

Also, (6.118) implies that in the Newtonian gauge ® = ¢ and ¥ = —{. Therefore, the
Newtonian gauge simplifies the form of both the metric and the Bardeen’s variables; in
addition, since it exhaust the freedom to specify a LD, it excludes the presence of unphysical
propagating modes, that is, propagating modes that can be eliminated or made nondynamical
by applying a LD.

The two Bardeen’s variables ® and ¥ provide us with physical information. In particular
in linearized GR, ® satisfies the Poisson equation and defines the Newtonian potential,
and ¥ satisfies the Poisson equation if the anisotropic part of the stress—energy tensor is
equal to zero. In this case, ¥ tends to the Newtonian potential changed by sign [Magl8,
Secs. 18.1.2]. Since the Poisson equation does not involve time derivatives, these Bardeen’s
variables are not dynamical. It turns out that the only LD-invariant dynamical variables are
the components of hiTjT describing the two polarization of the massless spin-2 field. They
describe gravitational waves in GR.

In linear perturbation theory, all the perturbations are determined by solving the
linearized EFE, see [Magl8, Secs. 18.1.2]. However, if we know the value of the metric
functions in g,, by other means, we can deduce h,, = g, — 1, and we can extract the
scalar, vector and tensor perturbations from it.

We now move our attention to BR. If there exists a coordinate system such that,

Guv = Muv + hg,uzza |hg/u/| < |77,uz/|, (6.120&)
f/u/ = Nuv + hf;w’ ’hf;w| < |77u1/|7 (6'120b)

then we can decompose both metrics as in (6.114). Note that, if only one of the metrics
satisfies (6.120), it is still possible to decompose that metric only. In particular, we may be
interested only in the metric directly coupled to us. Our purpose is to show one possible
way to extract physics from the nonlinear numerical solutions in BR, and that, when the
simulations will be good enough, these physical predictions can be compared directly with
the astrophysical and cosmological observations. For this reason and for the sake of simplicity,
here we assume to have only scalar perturbations. This is a strong assumption, but it is
justified for the purposes of this paragraph.

Since we couple matter minimally to g, we choose to move to the Newtonian gauge with
respect to g. Alternatively, we could also compute the Bardeen’s variables for both ¢ and
f without specifying a gauge, and they could be compared with each other since they are
invariant under LD. We compute ¢ and ¢ by using (6.117) and the form of our spherically
symmetric metric (6.103),

1

1
¢=—-ho =—=(g00—"m00) =

5 5 (a? —a®p® — 1), (6.121a)

N
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Model B(n) parameters (ﬁ(l) + 2B(9) + 5(3))1/2
— _Er.10"°
BR1 by = =P . 5-10 i-3.162-1073
Bz =4-10"

By =5-10""

BR2 By = —3-1074 i-1072
Bz =0
B(I) =5.107%

BR3 Bigy = 21072 i-9.747-1072
Bzy=3-107°
Buy=5-10""

BR4 Bigy = —2-1072 i-1.987-107"
Bz =0

GR By = Ba) = Bz) = 0 0

Table 6.3: BR models with k; = ky = 87 and £ = 1m used to find asymptotically flat
solutions.

g = —énijhij = —énij (96 — mij) = —%(a2 +2b%) + % (6.121Db)
In BR, we do not want to linearize the BFE. Rather, we compute ® = ¢ and ¥ = ¢
in the Newtonian gauge through (6.121). In GR, they do not depend on time and differ
by a sign [Ber11].!5 Also, they are called “Newtonian potential” and “curvature potential,”
(often “spatial curvature”) respectively. They were studied in the Fierz—Pauli linear theory
of a massive spin-2 field on a flat background in [JMM13], where it is shown that, under
appropriate conditions, ¢ satisfies a Klein—Gordon equation at the linear level. It is therefore
dynamical in that linear theory, contrary to GR, and represents the propagating 0-helicity
longitudinal mode of the massive spin-2 field—a longitudinal gravitational wave. In our
case, we are extracting ® from the nonlinear numerical solutions, hence we cannot say what
kind of equations ® and W satisfy, but we do expect them to change in time, that is, to be
dynamical and to partly represent the propagating longitudinal gravitational wave.
Studying the behavior of Newtonian potential and curvature potential provides important
information since both these quantities enter the geodesic equations for massive and massless
particles, see for example [Magl8, Sec. 20.3.1]. Hence, they can be used to get predictions
about the dynamics of massive particles and about gravitational lensing of massless particles.
In addition, the time derivatives of the Newtonian and scalar potential determine the
integrated Sachs-Wolfe effect (ISW), that is, the gravitational redshift or blueshift of the
cosmic microwave background photons during their path towards us [Magl8, Sec. 20.3.2].

The nonlinear equations can be integrated assuming homogeneity and isotropy. In that case,

5Depending on sign conventions, they can either be the same or differ by a sign.
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the solutions describe bimetric cosmologies and the potentials can be extracted with an
analogous strategy, see for example [Magl8, Sec. 18.2]. Then, physical predictions about the
bimetric ISW can be obtained using the same formalism, and tested against the observations.

The Newtonian and curvature potentials are computed for the five models in Table 6.3;
there are four models in BR and one for GR. The initial data are determined by solving
(6.108) for conformal factors tending to 1 when r — oo, that is, for asymptotically flat
solutions. See Appendix E for more details.

The initial data obtained by solving the Hamiltonian constraints (6.108) with the initial
conditions in Table E.1 are shown in Figure 6.10, where the radial coordinate is measured in
terms of the Schwarzschild radius ryg of the black hole formed in the reference GR solution.
The following features can be recognized in Table 6.3 and Figure 6.10:

(i) As noted in Paper VIII, regular initial data of this type could be found only for
negative values of the combination 51y + 25(2) + B(3).
(ii) The amplitude and the wavelength of the oscillations over the entire radial range,
depend inversely on the value of = Im [(ﬁ(l) + 2B(9) + B(3))1/2].
These features can be understood by considering the linearized solutions far away from
the source. In order to do that, we need to introduce the following concept. In the models
defined in Table 6.3, we assume k¢ = kg, that is, K = k4/ky = 1. This can be mapped to
a dual model with arbitrary & = ry/K; as follows (see the end of Chapter 1 on bimetric

cosmological solutions),

(Fuvs gy Bny) = (Fuvs K1 Bmy) = (Fuv/fs g/ e = K, 5By ). (6.122)

In (6.122) we see that since we keep = 1, if we arbitrarily increase the § parameters of our
models in Table 6.3, in general we are both decreasing & and increasing the /3’ parameters of
the dual model. That is the case because the change in the 5 parameters does not necessarily
respect the scaling in (6.122).

At this point, we introduce the linearized solution for a perturbation of the following

form,

— éa, (6.123a)
— 64, (6.123b)

Usually, when the BFE are linearized around proportional backgrounds, 81y +208(2)+8(3) > 0
is assumed. In our case, though, this combination is negative, hence the linearized solutions

in the g-sector for a model with arbitrary k read [Hog19),

kg M %A By

da = 1oz, [1 + 5 /o cos (E )], (6.124a)
kg M ZA Br

da = 1oz [1 + 5o cos (E )], (6.124b)

We see that if & decreases the amplitude of the oscillations decreases, and if ﬁ increases, the
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1.05/ Figure 6.10: Asymptotically flat initial

data for the conformal factors i, and ¥,
for the BR and GR models defined in
1.00 Table 6.3. They are solution to (6.108).
The black horizontal line indicates the
value 1 to guide the eye.

frequency increases (the wavelength decreases). This implies that, when we increase the /3
parameters (i.e., we both decrease k, and increase the B parameters and ﬁ, as explained
before), both the wavelength and the amplitude of the oscillations in (6.124a) decrease,
which is exactly the behavior we see at the nonlinear level in Figure 6.10.

Once we have the initial data, we evolve them in bim-solver [see Appendix E for more
details about the used numerical methods]. The BR1 and BR2 simulations stop at ¢/L ~ 1.20
and t/L ~ 0.834, respectively, but it is enough for the purposes of this section. The BR3,

BR4 and GR simulations are integrated until ¢/L = 3. Once we have the numerical solutions,
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Figure 6.11: Newtonian and curvature po-
~10°3 tentials, ¢ and (), far away from the col-
lasping dust cloud, for the BR and GR
models defined in Table 6.3 at t/rg =
-1072 0.165. The curvature potential oscillates
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in r in all bimetric models, but the am-
plitude of the oscillations is not visible
in E.2c and E.2d. Figure 6.12 shows the
oscillations for the BR3 model.

we compute the Newtonian and curvature potentials as described before. The results at

a given instant of time, are plotted in Figure 6.11. We see that, in BR1 and BR2, the

oscillations are present mostly in the scalar curvature, since the Newtonian potential is

dominated by the lapse determined by maximal slicing (see (6.121a); the shift is extremely

small at these radii, see Appendix E), which does not oscillates on these scales. The amplitude

and wavelength of the oscillating curvature potential show the same dependence on the g

parameters as for the conformal factors in the initial data. The potentials in the BR4 model

are quite similar to GR, whose Newtonian and scalar potentials are not the same since we
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are considering the nonlinear solutions, but approach each other as the radius increases.
These results tell us that, in a generic bimetric model, an observer at ~ 600ryg from a
spherically symmetric collapsing cloud of dust, would measure potentials which can differ
quite a lot from GR. However, there are also bimetric models as BR4, for which the observer
would measure potentials similar to GR, even if we are not close to the GR limit of BR.
The oscillations we see in Figure 6.10 and Figure 6.11 are radial. However, as is shown
in Paper VIII and reviewed previously, there are also oscillations in time. This is evident if
we look at the evolution of the curvature potential, shown in Figure 6.12 for the BR3 model.
The choice of this model rather than for example BR4, which is closer to GR, is due to a
more accurate numerical integration, see Appendix E. The oscillations in time show that the
scalar curvature is dynamical, contrary to GR. This extends the linear results in [JMM13]
to the full nonlinear case and shows that spherically symmetric systems in BR with flat
asymptotics produce a dynamical scalar curvature. The same is true for the Newtonian
potential, not shown here since its evolution in time is slower then for the scalar curvature.
In all the plots, time and radial coordinates are given in units of the Schwarzschild
radius, so if the mass of the final black hole is of the order of the mass of the Sun, the

timescale of the evolution in SI units is of the order of,

2G Mgy !
1~ tﬁnal/TH = 1~ (Ct%;al) <c2®> y (6125&)
2G' M
FLIE - 9~ 9.848- 10705 = 9.848 uis, (6.125b)

where we used G' = 6.674 - 10~ m3kg~1s72, ¢ = 2.998 - 108 m/s and Mg = 1.988 - 103 kg.
For a final supermassive black hole with a mass of the order M = 10°Mg), the timescale is
t8l ) ~9.848 - 1035 ~ 2h 44 min.

Note that the trend of the Newtonian potential for r € (300 rg, 700 rH) depends on the
boundary condition set at r/L = 2000 when solving the boundary value problem of maximal
slicing for the lapse of g. This boundary condition was determined following a strategy
similar to the one used when solving the Hamiltonian constraints for the conformal factors,
see Appendix E. Following this procedure, the Newtonian and curvature potentials are those
in Figure 6.11 in our coordinate system.

In addition to computing the two potentials, it is also possible to extract gravitational
waves in a coordinate-independent way, by computing the Moncrief variables or by using the
Newman—Penrose formalism, see for example [BS10, Sec. 9.4]. However, since the Moncrief
variables are related to tensor perturbations, which we do not expect to have in a spherically
symmetric system where the two metrics share the same KVFs, their utility for our system
is limited. Concerning the Newman—Penrose formalism and the computation of the Weyl
scalars related to longitudinal and transverse gravitational waves, the difference in BR
compared with GR is that the Ricci tensor is nonzero in bimetric vacuum, hence the physical
information is not contained in the Weyl tensor only. Accordingly, the full Riemann tensor
should be considered when computing the scalars, and their relation with longitudinal and

transverse gravitational waves may change. The extension to BR of these interesting
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Figure 6.12: Time evolution of the curvature potential ¢ for the BR3 model (see Table 6.3),
which is the most accurate numerically (see Appendix E). The oscillations in time and space
are clearly visible.

methods to extract gravitation waves in NR is left for future work.

Finally we note that, as we remarked at the end of Chapter 1, if k = 1, the cosmological
solutions are compatible with the cosmological observations both if the § parameters are very
large and if they are very small. The bimetric models considered here all have 8 parameters
of orders between 1072 and 1075, hence they do not fit in any of the two cases for which

the bimetric cosmologies are compatible with observations. This is because choosing very
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large or very small values for the § parameters would be challenging from the numerical
viewpoint. We chose the values that made us obtain accurate asymptotically flat solutions.

Exploring a more well-motivated region of the parameter space is left for future work.






Conclusion and outlook

Summary of results. The scientific results reviewed in this thesis and presented in
the included papers do not fully answer the question of how gravitational collapse works in
bimetric relativity. However, they do provide new methods to study the problem, inspired
by similar studies in general relativity, and preliminary results with important clues on the
physical properties of a spherically symmetric collapsing cloud of dust in bimetric relativity.

In Part I of the thesis, results obtained in the covariant formalism were discussed. In
particular, the study of symmetries of spacetime is established in bimetric relativity, with
the purpose of simplifying and solving exactly the bimetric field equations. This is the
main topic of Paper 1. The results clarify how symmetries of spacetime behave in bimetric
relativity, but the configurations allowed by the theory do not straightforwardly single out a
unique strategy that can be used to simplify the bimetric field equations. Nonetheless, they
provide useful insights on how to find particular solutions with the desired symmetries, as
pointed out by the discussed example solutions.

The study of spacetime symmetries brought us to the determination of the first exact
vacuum solutions in bimetric relativity not equivalent to a vacuum solution in general
relativity. This is presented in Paper II and is a nonstationary, spherically symmetric
vacuum solution. Its existence provides a counter-example to a statement analogous to the
Jebsen—Birkhoff theorem in bimetric relativity. Since this solution only exists for specific
values of the parameters of the theory, the Jebsen—Birkhoff theorem may hold for other
choices of the parameters. That this is not the case is shown in Paper VIII. Also, this
vacuum solution cannot be regarded as an end state of gravitational collapse for generic
spherically symmetric configurations.

In Paper III, studies concerning the possible static end states of bimetric gravitational
collapse are presented. The imposition of one more spacetime symmetry, namely staticity,
does not simplify the bimetric field equations enough to get exact solutions for generic
configurations. Hence, the numerical integration of the bimetric field equations, reduced
to ordinary differential equations, is necessary. The results suggest that the only possible
static and spherically symmetric vacuum end states of spherically symmetric gravitational
collapse are: (i) spacetimes equivalent to those in general relativity, namely the Schwarzschild,
Schwarzschild—anti-de Sitter and Schwarzschild—de Sitter ones, and (ii) other spacetimes not
equivalent to those in general relativity. The latter have a leading term equal to the one
in the Schwarzschild—anti-de Sitter solution, but also a subleading term which grows when
r — 00, hence they do not converge to the anti-de Sitter spacetime in that limit.

Some of the results summarized in Part I can be used to find other exact solutions to
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the bimetric field equations. Exact solutions for the gravitational collapse of pressureless
radiation (so-called null dust) are found in [Hog+19]. They are analogous to the generalized
Vaidya solutions in general relativity, and their static end states are spacetimes equivalent to
those in general relativity. In addition, in [HTM19] it is proved that the most general solution
to the bimetric field equations, describing the interior of a pressureless spherically symmetric
dust cloud with homogeneous density, is the bimetric Friedmann—Lemaitre-Robertson—
Walker spacetime. This provides both physical information about structure formation on
a homogeneous and spherically symmetric spacetime, and a strong argument against the
claim that bimetric gravitational collapse happens too fast or the theory is inconsistent.
Unfortunately, the solution describing the exterior of such a cloud is still unknown, and
in [HTM19] it is pointed out that it cannot be any static solution, nor the nonstationary
spherically symmetric solution from Paper II. This shows the need to tackle the problem
numerically and thus brings us to the results discussed in Part II of this thesis.

Part II of the thesis concerns results obtained in the 3 + 1 formulation of bimetric
relativity. These results contribute to the new field of numerical bimetric relativity. The
bimetric field equations are a system of coupled partial differential equations which can
be rewritten as a constrained generalized Cauchy problem. One of the constraints has a
very complicated form, which is not known explicitly in the most general case. In Paper
IV, the explicit expression of this constraint is computed under the assumption of spherical
symmetry, thus closing the system of equations and allowing for its numerical integration.

The first results in numerical bimetric relativity are presented in Paper VIII. The
numerical simulations give us many interesting physical pieces of information. Nonstationary
spherically symmetric vacuum solutions are found for generic values of the parameters of the
theory, providing lots of counterexamples to a statement analogous to the Jebsen—Birkhoff
theorem in bimetric relativity. One of them is shown in Paper VIIIL. In addition, no signs of
physical instabilities can be seen in the solutions, though numerical instabilities are present
which make the simulations break down before a possible bimetric black hole formation.
The simulations were performed with a Mathematica/C++ code called bim-solver, whose
construction constituted a sizable part of the Ph.D. studies.

In order to obtain long-term stable bimetric simulations, a necessary condition is to
rewrite the bimetric field equations as a well-posed Cauchy problem. Paper V tackles this
by recasting the bimetric field equations in a formulation which makes the Einstein field
equations well-posed, the covariant BSSN formulation. Unfortunately, we cannot yet claim
that this formulation makes the bimetric field equations well-posed.

In Paper VI, many possibilities to overcome this problem are proposed, both through
additional recasting of the bimetric field equations and through the choice of suitable
coordinates, which also affect the well-posedness of the system of partial differential equations.
The choice of coordinates is indeed crucial both in general and bimetric relativity, since a
bad choice can make the system evolve towards coordinate or curvature singularities, which
are deleterious for the numerical simulations. These problems are also discussed in Paper VI,
where gauge choices specific to bimetric relativity (i.e., with no analog in general relativity)

are presented. The possibilities to recast the bimetric field equations discussed in Paper
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VI are specific to bimetric relativity, though they are inspired by works done in general
relativity.

The results of Paper V and Paper VI were obtained with a Mathematica package called
bimEX which makes use of the xAct bundle. It is publicly available at the GitHub repository
nubirel/bimex and at [Torl19a], where documentation and working examples can be found.
The implementation of the package is described in Paper VII. The package allows the user
to write down the covariant BSSN equations for any desired physical system. It has been
tested in spherical symmetry, and was crucial for the work leading to Paper V and Paper
VI, since it computed the spherically symmetric covariant BSSN equations to be solved by
bim-solver. The package can be easily extended to handle other recastings of the bimetric
field equations (and the Einstein field equations).

In this thesis, more details are provided about the topics discusses in the included papers.
For example, a discussion about coordinate singularities in numerical bimetric relativity is
provided. In addition, more details about the symmetries of spacetime for the nonstationary
spherically symmetric solution of Paper II and for the static and spherically symmetric
black hole solutions of Paper III are given.

Moreover, a preliminary analysis of gravitational wave extraction from the numerical
solutions, not included in the papers, is performed. The result is that, very far from the
collapsing body, an observer would measure an oscillating gravitational field both in space
and time. The amplitude and wavelength of the oscillations depend on the parameters of
the theory. For parameters compatible with the observational data, we expect the amplitude
and wavelength to be very small. In general relativity, the same observer would measure the

standard Newtonian gravitational force.

Outlook. The studies reported in the included papers open many avenues for future
research. For example, it is possible to use the results of Paper I to deduce new ansatzes
which are spherically symmetric, but have different Killing vector fields. This may lead to
the discovery of new (exact) solutions. In addition, this method can be applied to static,
nonstatic and nonstationary spherically symmetric solutions, and to less symmetric systems
as, for example, stationary, axially symmetric ones (i.e., rotating black holes and stars).
Also, it is possible to continue the study of spacetime symmetries in bimetric relativity along
the line of [Hal04], that is, studying in more detail the mathematical structure of spacetime
symmetries in bimetric relativity, with the purpose of understanding the properties of the
solutions to the bimetric field equations. In addition, the symmetries of the bimetric field
equations can be studied, and their relations with the symmetries of spacetime can be
investigated, again with purpose of finding new exact solutions. For the symmetries of
equations, we refer the reader to [Ste+03, Sec. 10.2, 10.3].

A possible research direction coming from Paper ITI would be to prove analytically that
there are no static, spherically symmetric vacuum solutions, other than those equivalent
to solutions from general relativity, which converge to the maximally symmetric solutions
from general relativity, that is, Minkowski, anti-de Sitter and de Sitter spacetimes. Using
the results from Paper I opens up the intriguing possibility to look for static and spherically

symmetric black hole solutions with different timelike Killing vector fields.
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The studies presented in Paper IV, Paper V, Paper VI, Paper VII and Paper VIII provide
many connected possibilities for future research studies. The most compelling one is perhaps
the recasting of the bimetric fields equations as a well-posed Cauchy problem. In Paper VI,
possible strategies for doing this are presented. Another research direction is to compute
the form of the complicated constraint of the theory in full generality, or to show that a
close-form expression cannot be found in full generality. This would not constitute a severe
problem in numerical bimetric relativity, since the constraint can be handled numerically.
Yet another research path is to continue the work of numerically integrating the bimetric
field equations in the recasting done in Paper V.

Another research path that can be undertaken is the study of spacetime symmetries in
the bimetric 3 + 1 formalism, inspired by the analogous study in general relativity [Chr91,
Sec. 2.1]. This study would unify the two formalisms constituting the two parts of this
thesis.

We highlight that the results in the papers reviewed in Part II open a new field of research
in bimetric relativity, namely numerical bimetric relativity. Once this field will become fully
established, that is, when stable long-term bimetric simulations will be available, there
are exceedingly many possibilities about what physical systems to study, as in numerical
relativity. It would be possible to obtain solutions describing the physics of realistic physical
systems such as neutron star mergers, black hole-neutron star mergers or black hole-black
hole mergers. In addition, since the Jebsen—Birkhoff theorem is not valid in bimetric
relativity, spherically symmetric systems as a pulsating star or a cloud of pressureless dust
emit gravitational waves. Analogously, transverse traceless gravitational waves in bimetric
relativity can be emitted in the presence of spherically symmetric matter sources, as follows
from the results of Paper I. All of this would provide different predictions compared to
the ones from general relativity, where a spherically symmetric solution does not emit
gravitational waves. Therefore, bimetric relativity should provide distinctive predictions
compared with general relativity. As an example, in the thesis, a dynamical gravitational
potential measured by an observer far away from the source is identified. Its relation to the
longitudinal gravitational wave is not explored in full detail and is left for future work.

As pointed out in the thesis, both general relativity and the standard model of particle
physics, though in excellent agreement with all the experiments and observations at present
date, are incomplete. This is due, for example, to the dark matter, dark energy and the
cosmological constant problems. Either general relativity or the standard model of particle
physics, or both of them, have to be modified or extended in order to solve (some of) these
problems. Exploring such extensions in order to test their value as physical theories is an
important task of contemporary physics. This thesis is made with this spirit in mind.

Finally, nobody knows if bimetric relativity is the correct theory of gravity. The studies
leading to this thesis certainly provide methods which can be used in future research projects
with the aim of finding this out. The author is looking forward with maximum interest to

these future studies and their results, irrespectively of what the result will be.



Appendix A

Variation of the bimetric potential

under a diffeomorphism

In this appendix, we explicitly compute the variation of the action 8iy, defined in (1.11), in
natural units, under a generic diffeomorphism generated by the generic vector field ¢.

The variation is,

6USint =

5Sint iy 5Smt
5gr V9 S
681nt

« v 6Sin a v
- 59;11/9” (5(}90‘5)9[8 _5‘]@#;.]0“ (&)faﬁ)fﬁ

= -m <J d*ay/—g V"'V V)+J d%«/—fvfﬂ”%wvy)). (A.1)

L Y

We apply the Leibniz rule and obtain,
3y Sine = U dioy/=g (V,V,") U, + f d'ar/=F (VV5) }
—m [ L d*a/=g V. (V" V,) + L dier/—fV, (vfﬂwy)] . (A.2)
The last line in the previous equation can be written as,
m L A’z 8y, [v/=g V" (=V,#, — det (5) Vi)
=—m* L d*z 0, (v=g V"V (S)) = —m* L d*z/=g V, (VFV(9)), (A.3)
where we have used the algebraic identity (1.25). We are left with
Sy Sint = %m4 [ L diay/=g (V, V") U, + L dia/=F (V,V3") vy]
- L Q=g ¥, (VFV(S)). (A4)
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which can be rewritten as
1 4 4 v ~ v
SuSint = 3 | dloy/=g (V" + det (8) VY™ ) 0,
Q
- m4f d*zy/=g V, (VFV(9)). (A.5)
Q

The differential identity (1.26) tells us that the first line is identically zero, so we find the

result,

SpSint = —m* f d*a/—g V, (V'V(S)) =f Ad*en/=g V, (VFLing) s (A.6)
Q Q

with Lin == —m*V(S). This is compatible with (1.29), which is obtained in an independent

way for every covariant action written in terms of a scalar Lagrangian density £ [Blal7],

508 = L a'z 8y (V=gL) = L Az [(80v/=g) £ + /=g (dpL)]

- [ ate [ 3vEa9 g + v 600
0

= [ d'e [V (9,00 £ g9
Q

= J d4g; —g V“ (U“I) . (A7>
Q

The last equality uses

V=gV, 0" =0, (V—gV"). (A.8)



Appendix B

An ill-posed Cauchy problem

Consider the Cauchy problem given by the Laplace equation in one spatial dimension,
Au =0, (B.1)

with initial data w(0,x) = 0, u4(0,2) = g(x) := 0. The solution to this initial value problem
is u(t,z) = 0. Now consider the sequence of Cauchy problems expressed by the Laplace
equation with the following sequence of initial data

sin(nx) .

u(0,z) =0, ut(0,2) = gn(z) = 2

- (B.2)

Note that the sequence of initial data converge to g(z), that is, hI%O gn(x) = g(x) = 0. If
n—
this problem was well-posed, then the sequence of solutions of these Cauchy problems would
also converge to the solution corresponding to the initial data g(x), namely u(¢,z) = 0. The
sequence of solutions is given by
sinh(nt) sin(nz)

u(t,xz) = ) (B.3)

n3

and its limit when n — oo does not exist. Therefore, the solutions to this Cauchy problem
do not depend continuously on the initial data and the system is ill-posed [Had23]. The
same Cauchy problem violates also the existence of the solution for non-analytic initial data
at t = 0 [CH62, p. 228].

In order to clarify what kind of mathematical properties are involved here, we consider
two examples of smooth non-analytic real functions (in the complex plane, a holomorphic

function is necessarily analytic). The first is

el 4
fa) = { -0 (B.4)

0 <0

which is smooth (C'®) everywhere but not analytic at z = 0. Indeed, its Taylor series close

to = 0 converges to the zero function and not to f(xz). The second is defined as a Fourier
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series

F(x) = Z e_‘/Ecos(k:x), A ={2" neN}, (B.5)

keA
and it is smooth everywhere, but nowhere analytic. A counterexample to the Cauchy—
Kovalevskaya theorem in the case of smooth functions is given by “Lewy’s example” [Lew57].

It states that, on R x C, there exists a smooth complex-valued function F'(t,z) such that
the PDE

— —iz— = F(t,2) (B.6)

has no solutions on any open set. If F'(¢, z) is analytic, the Cauchy-Kovalevskaya applies

and the equation has unique solution for any such F(¢, z).



Appendix C

Strongly hyperbolic formulations

of the Einstein equations

In this appendix, we review some strongly hyperbolic formulations of the EFE which were
used before the advent of the BSSN formulation, and the generalized harmonic formulation
(GHF') which is still used nowadays. All these formulations with the exception of the GHF
are obtained by using some (or all) of the methods described in Section 5.2 to recast the
standard 3+ 1 equations. The main references for this appendix are [Alc08; BS10]. We also
show how to extend the GHF to BR.

The Bona—Masso and NOR formulations. We start with introducing the Bona—
Masso formulation [BM89; BM92; BM93; Bon+95; Bon+97|. Its starting point is the

definition of new dynamical variables,

1
a; = 0ilna, diji, = iamk. (C.1)

The shift is assumed to be a fixed function of space and time, whereas the lapse is assumed

to evolve according to a Bona—Masso slicing [Bon+95],
o = —a’ f(a)K + Bio;a, (C.2)

with f(«) arbitrary but positive function of «. The recasting procedure continues with the

definition of three new dynamical variables,
‘/i = dimm - dmmia (03)

that is also used as a constraint on V;. From now on, we will consider only the principal
part of the equations, and define the symbol = to mean “equal in its principal part.” In

terms of the V;, the Ricci tensor is equal to

1 1
Rij = =0, d™i; — 0; <V7 - idj m> —0; (Vi - 2dimm>- (C.4)
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140 C. Strongly hyperbolic formulations of the Einstein equations

Using the expression in (C.4), the standard 3 + 1 equations (5.73) read,

doa; = —aQ, (C.5a)
60d,~jk, = —a&ink, (C5b)
GOKU = —OéakAfj, (C.5C)

with Ai?j = dkij + 5’“(1» [aj) + 2V — dj)mm] and 0y := 0; — B*0. Now we need to add the
evolution equation for V; to the system (C.5). This can be computed by noting that,

Vi= %(dimm —T%), Tii=4imTi . (C.6)
It holds,
ol = DI —T*Dy 8" + 4100 B" — Di[a(2K™ — ' K) | + 2aK'™T},,. (C.7)
The flat Laplacian of the shift can be written,
AMAomBt = D¥ D% — BF DTt + TF Dy — 218 D™B™ + R™B,,,. (C.8)
Substituting (C.8) in (C.7) and then (C.7) in the time derivative of (C.6), one gets
o0V = a(0;K7; — 0;K). (C.9)

The above equation (C.9) has the same principal part as the momentum constraint. Therefore,
the addition of 2aM?(= 0) to the right-hand side of (C.7) changes the evolution equation
for V; to,

ooV; = 0. (C.10)

At this point, one can study the hyperbolicity of the system (C.5, C.10), and we refer the
reader to [Alc08] for the details. It turns out that the first-order system in time and space is
strongly hyperbolic, hence its Cauchy problem is well-posed.
The NOR (Nagy—Ortiz—Reula) formulation [NORO04] is related to the Bona-Masso one.
It basically adds a multiple of the Hamiltonian constraint av7y;; H to the evolution equation
(C.5¢) for K;j, and a multiple of the momentum constraint o & M ! to the evolution equation
(C.7) for I'" or, equivalently, to the evolution equation for V. Here 7,& € R are constant
parameters. The analysis of the hyperbolicity, which again can be found in [Alc08], shows
that the NOR system is strongly hyperbolic in these three cases:
(i) n =0, & = 2 (the Bona—Masso formulation);

(ii) n =0, >0, f(a) #1;

(ili) n#0,£>0,n(2—¢) > —1/2.
Note that the standard 3 +1 system, corresponding to n = £ = 0, is not strongly hyperbolic,
but only weakly hyperbolic.
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The Einstein—Christoffel formulation. We now introduce a first-order symmetric
hyperbolic (FOSH) formulation of the EE. It was presented in [AY99] and called “Einstein—
Christoffel” (EC) formulation. The first step is again the definition of new dynamical

variables,

Jrig = Lapn + ’Yki’YlmF[lj]m + ’ij’YlmF[lz‘]m (C.11)

which are also new constraints on the fi;;. The standard 3 +1 evolution equations are then

rewritten as,

g}l'yij = —QOéKij, (Cl2a)
LuKij = a(M;; — 'Vklalfkij>7 (C.12Db)
Liifrij = a(Niij — 0k Kij), (C.12c¢)

where M;; and Ny;; are complicated functions of the dynamical variables only, not of their
derivatives.! Hence, they do not contribute in the analysis of the hyperbolicity of the system.
The principal part is,

Orvij = B" Okvigy (C.13a)
0 Kij = BY0kKi; — ay™ Ok fmij, (C.13b)
Oufriy =—a oKy + B Oufuj, (C.13c)
Ofaij =~ oKy + B* g foij, (C.13d)
Oufsij =—adsKy + B* O fsij. (C.13e)

Being symmetric hyperbolic [AY99], its Cauchy problem is well-posed. The EC formulation
can be embedded in the Kidder—Scheel-Teukolsky (KST) formulation, which constitutes a
family of recasted versions of the standard 3 + 1 equations, whose hyperbolicity depends on
the 12 free parameters [KST01]. In the next paragraph we will discuss another subfamily of
the KST family.

A subfamily of the Kidder—Scheel-Teukolsky formulation. This subfamily of
the KST formulation depends on 3 free parameters. Again, the derivatives of the spatial

metric are defined as independent quantities,

1
dijk = §6i7jk. (C.14)

The standard 3 +1 equations are rewritten in terms of d;;; and constraints are added to

them in the following way,

Ordijr = {3 + 1} + [ vy Myy + x vjxMi), (C.15a)
0K = {3+ 1} +anyy H, (C.15b)

!The explicit expressions can be found in [BS10, Sec. 11.4]
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where {3 + 1} denotes the standard 3 +1 terms, and &, x,n are the 3 free parameters. The
lapse is evolved through the Bona—Masso slicing condition (C.2), and the principal part of

the system reads

ova; = —af(a)o; K, (C.16a)
aodijk = —« 6Z'Kjk» + Oé[f ’Vi(ij) + X’ijMi]a (C16b)
80Kij = —« amAZ]’, (6166)

with AY; == d¥i; + 0 [a) + 2(dj)," — d"5)) — dijym™] + 20 7ij7™ (din™ — d" ) - This system
is strongly hyperbolic if all the relations below are satisfied (see [Alc08, Sec. 5.7] for the
details),

£—x/2>0, (C.17a)
142y +4n(1— €+ 2x) >0, (C.17Db)
1—&+2x #0. (C.17c)

The advantage of this formulation consists in providing a strongly hyperbolic system without
introducing new dynamical variables and the related new constraints. The price to pay is
that the modification of the evolution equation for d;; relies on the reduction of the system
to a fully first-order one, hence the number of variables is larger compared with, for example,
the BSSN formulation.

The generalized harmonic formulation and its extension to BR. This formu-
lation is not derived from the standard 3 + 1 equations, but from the covariant equations
(5.50). The GHF and the BSSN are the most used nowadays in the field of NR; see, for
example, the recent review [LP14]. The GHF was firstly used in [Pre05a; Pre05b].

Starting from the EFE,

‘R, =8 (T,W - %QWT>, (C.18)

the 4-dimensional Ricci tensor is rewritten to obtain,

| 4 dpp 4
§9p 0pQo G = Gp(u0v) B’ = TP T ),

g g 1
~2g77 4T T8, — 9" Tl "Ta, = —87 (T,W . 5g,WT), (C.19)

where T = gro 41“%0. In this formulation, the gauge is specified by choosing 4 coordinates

such that the following 4 relations are satisfied,
iTH — HM(x) = 0, (C.20)

with H#(z") arbitrary “gauge source functions.” The substitution of (C.20) into (C.19)
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yields a nonlinear wave equation for the metric g,,, which can be written,

97000 Guw + 2 0u9"° 0pguyo + 200, H,)

1
—2H,'T%, +2°T0, T, = —8x (TW - §gWT>. (C.21)

In order to stabilize the numerical evolution obtained with (C.21), the constraint (C.20)
can be added to it. Setting H* = 0 yields the harmonic formulation.

A key difference between the GHF and the formulations based on the 3+1 decomposition
is that the GHF is second-order in time, and this affects both the method adopted to find
the initial data and the numerical implementation. The nonlinear wave equation (C.21)
needs initial data for g,, and its first time derivative d;g,,, whereas the 3 + 1 equations
need initial data for the spatial metric 7;; and the extrinsic curvature K;;. One approach
to evaluate the initial data for the GHF is to solve the 3 + 1 constraint equations in the
“conformal thin-sandwich formalism,” to obtain v;;, K;;, @, 3* on the initial hypersurface.?
Note that the lapse and the shift are not freely specifiable in the GHF formulation, since
we are fixing the gauge through (C.20). Knowing the initial data for v;;, o, 3° allows to
reconstruct the initial data for g, according to (5.68). Then, the evaluation of the evolution
equation (5.73a) at the initial time gives us the initial data for d;v;;, and the evaluation of
the constraint (C.20) at the initial time gives the initial data d;« and 0;8. This determines
019w on the initial hypersurface.

Lastly, we note that, since (C.21) is second-order in the time derivatives and also includes
mixed second-order derivatives in time and space, the numerical methods to integrate them
are different compared with the ones used to integrate the equations in any of the formulations
based on the 3 + 1 equations. One approach is to recast (C.21) as a system of coupled
first-order PDEs [Lin+06], which can then be treated as the 3 +1 equations.

An advantage of the (¢)BSSN formulation (and of any formulation based on the 3 +1
decomposition) over the GHF formulation is that the coordinates are chosen by fixing the
lapse and the shift. These are connected with the choice of the slicing and therefore have a
direct geometrical meaning. This can be used to choose a slicing with the desired geometrical
properties, as we saw in Section 5.3. In the GHF formulation, where the gauge is chosen by
specifying the gauge source functions H*, how to impose desirable geometrical properties
to the system through the gauge choice is not as straightforward.

The generalized harmonic formulation of the BFE can be obtained by considering two
copies of (C.21), one per each metric sector, including the bimetric stress-energy tensors
and defining a second gauge source function H () in the f-sector. Since only one gauge
source function can be specified, the second one has to be written in its terms. This can be
done by noticing that [Wall0, Sec. 3.1] (see also Sec. III.A in Paper I),

Fa,uu - fauu = Cauua (C.QQ&)
1 i/ . N
% = 5 (vugﬁy + Vg5 — Vggwj) (C.22b)

?For more details about the conformal thin-sandwich formalism, we refer the reader to [BS10, Sec. 3.3].
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- —%f”‘ﬁ (vufgy VoL — vﬁf,w). (C.22¢)

We can now contract the p, v indices in (C.22a) first with ¢ and then with f, and sum the

resulting two equations. The result is,
g,uyralw . g;wfaw/ + flll/]:\auy _ ful/fawj _ <g,U~V + fﬂu)cauy’ (023)

~

and using g"' T, =I'* = H*(z), f””fa,ﬂ, =Te=H (x),

f[a(x) = H%(xz) — g“”faw, + AT, — (g“” + f’“’) C%uw. (C.24)
Therefore, once coordinates are chosen by specifying one gauge source function, the other one
is determined by (C.24). Note that this follows from geometry only, and can be analogously

# ~ #
applied to obtain the relation between I'*,,, and I'“,,,, and between I'*,,, and I'“,,,,,

e, — 1%, =2, Do, T, =09, (C.25a)
# o 1 o # # #
C%u = 29 (Vuggl, +Vogus — Vgguy> (C.25b)
1
- —5h? (Vuhsw + Vohus = Vshu ), (C.25¢)
~o 1 o # # #
% = 51 (vu Fov+Vofus— Vs f,w> (C.25d)
1 - - -
— —5h° (Vi + Vohus = Vshu ), (C.25¢)
P = po - gwpe 4 pavre,, - (g“” + h’“’) G, (C.25f)
o = [ — puvfe 4 pofe,, — ( Jn h””) G, (C.25g)

Therefore, we can gauge fix with respect to any of the metrics.



Appendix D

More on bimetric gauge

pathologies

In Section 6.1, we discussed the bimetric gauge pathologies, defined as coordinate singularities
arising when the foliation becomes null with respect to any of the metrics g, f, h. In this
appendix, we list all possible cases in which a spacelike foliation can become null in BR.

Consider the metric g (the same holds for the other metrics). Since
a 1 1
t = @(_]—aﬁ)) g(tvt) =T 5 (D]')

the foliation becomes g-null at # if

i
}Lrlaia:w, 3ie{1,2,3}:%in;i<oo. (D.2)
This implies that at least one component of the shift has to diverge as well. If only the lapse
diverges, then t becomes the null vector and the foliation is not regular. We do not consider
this case here.
To study all possible bimetric gauge pathologies, we use the relations (6.11) between

~ #
t,t,t to deduce,

FEE) =g(t,t) = h(E,t) = —— (D.3a)
9(3.8) = 1.8 =n(t. ) = =, (D.3b)
FED) =g(68) =n(E.F) = (D.3¢)

We also remind the reader that the three lapse functions are related by,

2 ~
o HOW, &=82 a_wa m2- ‘LAO‘ (D.4)

the three shift vectors are related by,

a ~ Q ~ Q Q
B=q+ Xeflp, B=q-— melp, B=p5+ [61 + ml]p (D.5)
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and that |p| = p"dp diverges if and only if A = (1 + |p|2)1/2 diverges, and if and only if one
of its components diverges. Also, two causal (i.e, timelike or null) vectors are orthogonal if
and only if they are null and collinear [PR84, p. 4].

We consider all cases one by one. We assume that when multiple lapses diverge simulta-
neously, they do it with the same order of growth, otherwise the one diverging faster will

determine the configuration.

>; is g-null. It holds,

lima=0, O<lima=b<ow, 0<IlimH =c< w0, (D.6)
t—t t—t t—t
which implies
9 . aa L«
¢ =lim — =blim —. D.7
t—1t A t—n?)\ ( )

This implies that A = O(«), and lim, ;A = 00 <= lim, ;|p| = .
This is consistent with (D.5), since at least one component of p has to diverge if the

same component of 3 also diverges with finite E, q,a and a/\.

¥; is f-null. It holds,

O<lma=a<o, lima=ow, 0<limH =c<ow0, (D.8)
t—t t—t t—t
which implies
2 =1im 2% = qlim <. (D.9)
t—1 t—i A

This implies that A = O(&), and lim, ;A = 00 <= lim, ;|p| = .
This is consistent with (D.5), since at least one component of p has to diverge if the

same component of B also diverges with finite 3, ¢, « and &/A.

>; is h-null. It holds,

O<lma=a<ow, O0O<lima=b<oo, limH =0, (D.10)

t—t t—t t—t
which implies

lim f(£,£) = lim g(¢,t) = —lim% = —ig <0, (D.11a)
t—1 t— 1t t—stQ a
lim ¢(%, ) = lim f(3,%) = —1im~i2 - —12 <0, (D.11b)
t—t t— 1 t—1 b
lim f(3,%) = limg(¢,t) = — lim% =0 (D.11c)
t—t t—1t t~>tAH

The norms and scalar products in (D.11) mean that the limits of 'E,% are f-timelike and

f-orthogonal; also, the limits of t,% are g-timelike and g-orthogonal. This is impossible,
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since two timelike vectors cannot be orthogonal. Therefore, the case (D.10) is impossible.

Y; is g, f-null. It holds,

lima =00, lima=o0, 0<limH =c<ow, (D.12)
t—t t—t t—t
which implies
% = lim 2. (D.13)

This implies that A = O(aa), and lim, | ;A = 0 < lim,  ;|p| = .
This is consistent with (D.5), since at least one component of p has to diverge if the

same components of B,B also diverge with finite H,q.

>; is g, h-null. It holds,

lima=o0, 0<lima=>b<o, limH = w0, (D.14)
t—1 t—t t—t
which implies

lim f(jé,jé) = limg(t,t) = — lim % =0, (D.15a)
t—i t—1 t—iQ
limg(f,£) = lim f(£,3) = —lim o = -~ <0, (D.15b)
t—1t t—1 t—1 b

~ # # 1
lim f(t,t) =limg(t,t) = —lim— =0". D.15c
t—>£f( ) t—»fg( ) t—>£H2 ( )

The norms and scalar products in (D.15) mean that the limit of t is f-timelike and the limit
of T is f-null. In addition, they are f-orthogonal. This is impossible, since a timelike and a
null vector cannot be orthogonal. Therefore, the case (D.14) is impossible. An analogous

reasoning applies to t,’ﬁ with respect to g.

Y; is f, h-null. It holds,

O<lima=a<o, lima=ow, limH = o0, (D.16)
t—1 t—t t—1t
which implies
lim £(£,%) = limg(t,t) = — lim — Lo (D.17a)
im ,t) =limg(t,t) = —lim —- = —— ) A7a
t—1 t%fg t~>tAOZ2 a2
# # ~ ~ 1
limg(t,t) =1lim f(t,t) = —lim— =07, D.17b
tﬂfg( ) t%ff( ) tHEOCQ ( )
lim f(?:,%) = limg(t,i) = — lim % =0". (D.17¢)
t—1 t—1t tHfH

The norms and scalar products in (D.17) mean that the limit of t is g-timelike and the limit
of t is g-null. In addition, they are g-orthogonal. This is impossible, since a timelike and a

null vector cannot be orthogonal. Therefore, the case (D.16) is impossible. An analogous
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. . ~ #
reasoning applies to t,t with respect to f.

¥; is g, f, h-null. It holds,

lima =00, lima=oco0, limH =0, (D.18)
t—1t t—t t—t
which implies
lim f(%,%) = limg(t,t) = lim h(%,t) = —lim % =0, (D.19a)
t—1t t—1t t—1t t—t &
limg(£,£) = lim £(3,3) = limh(£,3) = —lim — = 0", (D.19b)
t—t t—1t t—1t t—t
~ # # #o# 1
lim f(t,t) = limg(t,t) =limh(t,t) = —lim— =0". D.19c
t—>ff( ) t—»ig( ) t—1t ( ) t—»fH2 ( )

The norms and scalar products in (D.19) mean that t,t ,% are null and orthogonal with
respect to the three metrics. This means that they are collinear, and define the same null

direction N. Hence, the three null cones share the direction N.

Also,
.« .
0<lim= =IlmW =w<owx, (D.20a)
t—>t & t—t
~2 ~2)\ ~2)\ 1
0 < lim o = lim = = lim -2 = — lim A < o0, (D.20b)
ti i oo t>i Wa W t—{

which implies that 0 < lim, ;A = A\g < 00. Hence W and p are finite at ¢t = ¢ and since the
null cones of the three metrics share a null direction, the square root S can have algebraic
types Ila or IIT (see Figure 6.1). From (D.5), we see that at least one component of each

shift vector S, 3 ,q has to diverge, with finite p.



Appendix E

Numerical details

In this Appendix we discuss some numerical issues in obtaining the Newtonian and curvature
potential at the end of Section 6.4.

First of all, all the computations are made with an internal working precision of 16
digits, which corresponds to the double floating point representation of a real number. In
bim-solver, some steps have been made to implement quadmath, that is, the quadruple
floating point precision representation of a real number. However, this is still matter of
ongoing work and it was not used to obtain the solutions presented in Paper VIII and in
this thesis.

For the models BR1, BR2, BR3, BR4 and GR (not for the reference GR solution, though)
the radial grid has 250000 points covering the range r/L € [O, 104] with a step size Ar = 0.004.
The time step for the evolution was At = 0.0025, corresponding to a Courant—Lax factor
of 1/16 to improve stability. We use the fourth-order Kreiss—Oliger dissipation coefficient
equal to 0.03, and at each time step we smooth the data with a Savitzky—Golay filter, to
filter out unwanted short-wavelength oscillations induced by the numerical approximation of
radial derivatives in the sixth-order finite difference method. The maximal slicing boundary
value problem is solved with a fourth-order finite difference method described, for example,
in [Ricl6, p. 702]. GR, BR1 and BR2 are evolved in time using the Method of Lines with
a third order Runge-Kutta method, whereas BR3 and BR4 are evolved in time with a
fourth order Runge-Kutta method, since this improves the accuracy of the solutions for
these models. Time integration with the fifth order Runge-Kutta—Dormand—Prince does
not improve sensibly the accuracy compared with the fourth order Runge-Kutta, for the
solutions in the BR3 and BR4 models.

The equations are solved as an initial value problem, specifying at r = 0 the values
of the radial derivatives to zero (Neumann condition) due to the parity conditions, and
the values of the conformal factors listed in Table E.1. The latter are determined by the
following procedure: For every bimetric model, first guesses for the values are chosen and
the equations are integrated inside the radial interval /L € [0, 104], which corresponds to
the extent of the radial grid in bim-solver. Then, a best fit is performed to the data in the
interval r/L € [9 x 103, 104] with the function a + b/r, with a,b € R fitting parameters. The

choice of the fitting function is justified by the expectation that, very far from the source,
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the average trend of the conformal factors should resemble that of a Newtonian potential.
As we saw previously, in BR this fitting function does not capture all the features of the
conformal factors, since oscillations are present. Since we are only interested to the trend
of the functions, before fitting the data we apply a lowpass filter to them, to filter out the
oscillations and consider only the average trend. Then, we consider the limit of the fitted
functions when r — oo, which is equal to a. If a < 1, the initial value for the conformal
factors is increased, and if @ > 1 it is decreased, until |a — 1| < € with € = ¢ x 107 our
tolerance and ¢ € [1,2].

Similarly, to determine the outer boundary condition in solving the maximal slicing
elliptic equation for the lapse, a first guess was chosen, and then the lapse was fitted with
the function a — b/r. The value of a is the limit of the lapse when r — oo, which we want to
be 1 up to some tolerance, the latter being roughly the same as for the conformal factors.
The boundary condition on the lapse is imposed at r/L = 2000, in order to postpone the
time when the constraint violations due to the open boundary conditions at r/L = 10* affect
the solution to the maximal slicing boundary value problem.

In order to apply the perturbative analysis, the metric fields must be equal to the
Minkowski metric in spherical coordinates plus a small perturbation. That this is the case
for the models we consider in Section 6.4 is shown in Figure E.1. The perturbations are at
most of order 1072,

In addition, Figure E.2 and Figure E.3 show the constraint violations corresponding
to the configurations illustrated in Figure 6.11 and Figure 6.12. The constraint violations
are very small for all the bimetric models, showing that the oscillatory behavior we see in
Figure 6.11 and Figure 6.12 is not a numerical artifact, but carries physical information.
Note that the violations of the Hamiltonian constraints are very similar. The same is true for
the momentum constraints, hence we only show the violations of one momentum constraint
in the plots.

As a confirmation of the accuracy of the solution, we also show the residuals of the time
integration for the configuration in Figure 6.12, in Figure E.4. The residuals can be thought
of as the “evolution equations violations,” and they should always be much smaller then
the time derivative of the considered dynamical variable (see Appendix D of Paper III and
references therein for more details). The residuals are computed by approximating the time
derivatives of the grid values of the fields with a sixth-order finite difference method. The
BRS3 solutions have the smallest residual, which are always at least 2 order of magnitude
smaller than the time derivative of the considered field, as it is shown in Figure E.4 for a.
That is why we showed the evolution of the curvature potential for this model. The residuals
of b and the other fields are similar to those of a, hence they are not plotted here. This

confirms that the oscillations in time are not numerical artifacts.



D. Numerical details 151

Model B(n) parameters Initial conditions
-5
=P =By T80
BR1 _ -5
R By =410 b= ) = LLTSTOS3
B=i-3.162-1073 Y 108266795
=5.107%
Py \ b (= 0) = 132828032
BR2 By =—3-10" T 695134343
By =0 b (= 0) 92742323
(é ) ) 85634756
=i-10"
=5.10"%
Py =5-10 ) b (r = 0) = 23805272
BR3 By =-2-10 VAT T 88700821
5= Volr = 0) = 257305
B=1i-9.747-1072
=5.10"4
Py =5-10 , b (r = 0) = 7261815
BRA By =—2-10" =Y T 53512611
By = 0 b= 0) = 96660265
® P T 90331276

B=1i-1.987-10""

95436538

(= 0) = oo
84233961
GR By =B =Bz =B=0 282793406

Yo (r =0) = 510507017

Table E.1: Initial conditions and ;) parameters for the asymptotically flat solutions to the
Hamiltonian constraints (6.108). The initial conditions are completed by the Neumann condi-
tions J,i), (r = 0) = 0y, (r = 0) = 0 for all the models. Defining p = \/6(1) + 282y + B(3),
the bimetric models are ordered in increasing order of 3. They all have xk, = xy = 87 and
{=1m.
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Figure E.2: Constraint violations for the con-
figurations shown in Figure 6.11. They are
much smaller than the perturbations in Fig-
ure E.1, confirming that our analysis is reli-
able.
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Figure E.3: Constraint violations for the BR3 model at the times at which the evolution of the

curvature potential is shown in Figure 6.12. They are much smaller than the perturbations
in Figure E.1, confirming that our analysis is reliable.
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Figure E.4: Residuals of the numerical integration in time using the method of lines with a
fourth order Runge-Kutta method, for different values of the radial grid point. The residual
are always at least 2 orders of magnitude smaller than the derivative of a, which implies
that the numerical integration is accurate enough for our purposes.
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