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Abstract We investigate traversable wormhole solutions
sustained by dark matter in the context of curvature-matter
coupled gravity, specifically the f (R,Lm, T ) theory. By ana-
lyzing the traversability criteria, we identify constraints on
the model parameters that ensure physically viable, asymp-
totically flat wormhole geometries. Our results show that
while small values of the dark matter density ρs preserve
asymptotic flatness, larger values of the coupling parameter β

may violate the flare-out condition. Furthermore, we find that
the null energy condition is violated near the throat r = r0,
indicating the effective role of the modified gravity terms as
a source of exotic matter. To examine the stability and physi-
cal possibility of the solutions, we perform a comprehensive
analysis involving gravitational lensing, the complexity fac-
tor, the anisotropy parameter, active gravitational mass, total
gravitational energy, and the volume integral quantifier. Our
findings demonstrate that stable, traversable wormholes can
emerge within specific parameter regimes in this framework
with minimal exotic matter, offering new insights into the
interplay between dark matter and modified gravity.

1 Introduction

Wormholes serve as theoretical passages that connect two
separate universes or distant regions within the same uni-
verse. The idea was initially introduced by Einstein and
Rosen in 1935 through their well-known Einstein–Rosen
bridge [1]. However, the term “wormhole” was later coined
by Misner and Wheeler in 1957 [2]. It was not until 1988
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that Morris and Thorne [3,4] successfully explored an exact
solution to the Einstein field equations for traversable worm-
holes. Their study revealed that the energy-momentum tensor
associated with such wormholes inevitably violates the null
energy condition (NEC) [3,5], which is the weakest among
the classical energy conditions and, consequently, leads to
the violation of all others. This means that maintaining a
traversable wormhole requires a form of matter with neg-
ative energy density, often referred to as exotic matter. A
well-known example of such a solution in General Relativ-
ity (GR) is the Ellis wormhole [6–8]. However, in modi-
fied gravity theories, the necessity for exotic matter is sig-
nificantly reduced, making the construction of traversable
wormholes more feasible. The investigation of wormhole
geometries has gained significant attention within the context
of various modified theories of gravity. Notably, traversable
wormhole solutions have been studied in several extended
frameworks, including higher-dimensional GR [9,10], non-
symmetric gravitational theories [11], and Einstein–Gauss–
Bonnet gravity [12,13]. Additional progress has been made
in the context of Einstein–Cartan theory [14,15], models
with curvature-matter coupling [16,17], and Rastall gravity
[18–20], among other alternative approaches [21–27]. These
works suggest that the incorporation of extended geometric
structures or modified matter couplings can reduce or elim-
inate the dependency on exotic matter, thereby enabling the
existence of stable and traversable wormhole solutions within
these frameworks.
Recently, Haghani and Harko [28] proposed a novel exten-
sion of gravitational theory that incorporates a coupling
between geometry and matter, known as f (R,Lm, T ) grav-
ity. This framework serves as a unifying model that encom-
passes and extends several well-known modified theories of
gravity, including f (R), f (R, T ), and f (R,Lm). By inte-
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grating the Lagrangian density of matter Lm and the trace of
the energy-momentum tensor T into the gravitational action,
this theory provides a more prosperous structure to explore
matter-geometry interactions. Further developments, partic-
ularly the Palatini formulation of f (R,Lm, T ) gravity, have
been explored in detail in [29]. Also, in [30], the author
investigated the late-time accelerating cosmological mod-
els with observational constraints in modified f (R,Lm, T )

gravity. In addition, the causality problem and its violation
in f (R,Lm, T ) gravity were discussed in [31]. In the con-
text of compact objects, Moraes et al. [32] investigated and
obtained wormhole solutions in f (R,Lm, T )gravity. In [33],
the authors analyzed the impact of non-commutative geome-
try on the formation and stability of wormholes in this mod-
ified gravity theory. Further, wormhole solutions with Ein-
stein clusters as dark matter model have been discussed in
[34]. Recently, quasinormal modes of Casimir wormholes
with GUP corrections in the context of f (R,Lm, T ) grav-
ity have been discussed in [35]. Since the application of this
gravity theory in astrophysical contexts remains relatively
not much explored, our study aims to contribute by exam-
ining wormhole solutions sustained by some dark matter
(DM) models within the f (R,Lm, T ) gravity framework.
This study provides insights into the role of DM in shaping
the structure and characteristics of wormholes in the con-
text of modified gravity. To achieve this, we adopt a simple
model, f (R,Lm, T ) = R + αLm + βT , where α and β are
model parameters. A key advantage of this formulation is
that it allows for direct comparisons with other gravitational
models, such as f (R, T ) and f (R,Lm), alongside Einstein’s
GR. In particular, setting α = β = 0 recovers the GR case,
while α = 0 corresponds to the f (R, T ) model, and β = 0
leads to the f (R,Lm) model. This setup makes it easier to
compare different gravity theories and helps us to clearly see
how geometry-matter coupling affects the wormhole struc-
ture.
Based on the standard cosmological model and recent obser-
vational findings, the universe is composed of roughly 4%
atomic matter, 29.6% dark matter, and 67.4% dark energy
[36,37]. At the galactic level, DM significantly influences
the formation and evolution of galaxies [38]. The idea of
dark matter was first introduced by Zwicky, who applied the
virial theorem to suggest its existence [39]. Spiral galaxies
are believed to follow Universal Rotation Curves (URC), and
the presence of DM in galactic halos can be inferred from
its gravitational influence on these rotation curves [40,41].
Given the widespread presence of DM halos in galaxies,
studying the formation of traversable wormholes within these
environments becomes highly relevant (see, e.g., [42,43]).
Some studies, such as [42], suggest that traversable worm-
holes could form in the outer halos of galaxies based on
the Navarro–Frenk–White (NFW) profile. Another perspec-
tive on DM described by a pseudo-isothermal (PI) profile

is associated with alternative gravitational theories, such as
Modified Newtonian Dynamics (MOND) [44]. MOND chal-
lenges the conventional DM hypothesis by attributing galac-
tic mass distribution discrepancies to Newtonian dynamics
modifications at low accelerations rather than the presence
of unseen matter [45–47]. Several studies have demonstrated
the effectiveness of the PI profile in accounting for galactic
observations. For example, de Blok et al. [48] conducted a
comparative analysis between the PI and NFW models and
found that the PI profile, characterized by its flat central core,
provides a superior fit to the observed density distributions
of low surface brightness galaxies. This feature makes the
PI model a promising solution to the well-known “core-cusp
problem”. Furthermore, Paul [49] explored the possibility of
traversable wormholes in the context of MOND, both with
and without coupling to a scalar field, highlighting the via-
bility of such geometries. In recent years, we can see a large
number of papers on wormhole geometry with different dark
matter models, for instance, Refs. [50–53].
In this paper, we consider an anisotropic fluid configuration,
where the radial and tangential pressures are not equal. This
choice is not merely a mathematical generalization but is
deeply rooted in the physics of self-gravitating systems. In
compact objects, local pressure isotropy is an idealized con-
dition that rarely holds. A wide range of physical phenom-
ena, such as the presence of strong magnetic fields, viscous
stresses, phase transitions, superfluidity, pion condensation,
and local anisotropic velocity distributions, can give rise to
pressure anisotropies within stellar interiors and dense mat-
ter configurations. These mechanisms and their implications
for relativistic stellar models are extensively reviewed in the
literature, particularly by Herrera and Santos [54], where
the authors provide a detailed account of various sources
of anisotropy and their role in the equilibrium and stability
of compact objects. Moreover, the emergence of anisotropy
can be viewed as a natural outcome of the dynamical evo-
lution of relativistic fluid systems. Herrera [55] has demon-
strated that physical processes expected during the evolu-
tion of astrophysical objects, such as dissipative effects (e.g.,
heat flow, radiation, shear viscosity), automatically lead to
anisotropic pressure, even if the system initially starts in an
isotropic state. Importantly, the anisotropy developed during
this dynamical phase does not necessarily disperse once the
system reaches equilibrium. Thus, the final equilibrium con-
figuration of a self-gravitating system is expected to exhibit
pressure anisotropy.
In the context of wormhole geometries, the inclusion of
anisotropic matter becomes even more crucial. Anisotropic
fluids provide essential flexibility in satisfying the geo-
metric requirements of traversable wormholes, particularly
the flaring-out condition at the throat and the associated
energy condition violations. Numerous studies have shown
that anisotropic matter sources enable the construction of
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traversable wormholes with better physical behavior in both
GR and modified gravity theories (see some Refs. [56–
60]). Consequently, incorporating anisotropic pressure in our
wormhole solutions is both physically motivated and essen-
tial for capturing realistic features of dense gravitational sys-
tems.
This paper explores wormhole solutions within the frame-
work of three DM models: URC, NFW, and PI models. We
shall conduct a comparative analysis of these models on
wormhole geometry in the context of f (R,Lm, T ) gravity.
The structure of the paper is organized as follows: Sect. 2
provides an overview of f (R,Lm, T ) gravity and presents
the corresponding field equations for wormholes. In Sect. 3,
we discuss the DM profiles and derive the associated worm-
hole solutions, whereas in Sect. 4, energy conditions are dis-
cussed. Section 5 focuses on analyzing the stability of worm-
hole solutions influenced by these DM models. Finally, we
summarize our findings and present conclusions in Sect. 6.

2 Field equations in f (R,Lm, T ) gravity

The general static, spherically symmetric Morris–Thorne
metric [3] can be defined as

ds2 = −e2�(r)dt2 + dr2

1 − b(r)/r
+ r2(dθ2 + sin2θdφ2),

(1)

where �(r) is the redshift function, responsible for the grav-
itational redshift. To ensure the absence of event horizons,
�(r) must remain finite throughout spacetime. The function
b(r), known as the shape function, determines the geome-
try of the wormhole and must satisfy certain conditions. The
first condition is the flare-out condition, which plays a cru-
cial role in ensuring that a wormhole remains traversable.
Mathematically, this condition is expressed as [3]

b − b′r
b2 > 0. (2)

At the wormhole throat, this expression simplifies to

b′(r0) < 1. (3)

Moreover, for any region beyond the throat (r > r0), the
inequality

1 − b(r)

r
> 0 (4)

must hold to maintain an open wormhole structure. Addi-
tionally, the wormhole should exhibit asymptotic flatness,
i.e.,

b(r)

r
→ 0 as r → ∞. (5)

Now, we introduce the gravitational action functional [28]

S = 1

16π

∫
[ f (R,Lm, T ) + Lm]√−g d4x . (6)

Here, Lm denotes the matter-Lagrangian density, and R is
the Ricci scalar. Now, varying the action (6) corresponding
to gμν yields

fR Rμν − 1

2

[
f − ( fLm + 2 fT )Lm

]
gμν + (

gμν� − ∇μ∇ν

)

fR =
[

8π + 1

2
( fLm + 2 fT )

]
Tμν + fT τμν (7)

where, fR = ∂ f
∂R , fLm = ∂ f

∂Lm
, fT = ∂ f

∂T and τμν =
2gαβ ∂2Lm

∂gμν∂gαβ . Additionally, Tμν represents the energy-
momentum tensor, and its standard form is given by

Tμν = −2√−g

δ(
√−gLm)

δgμν
. (8)

In this paper, we consider an anisotropic energy-momentum
tensor described by

Tμ
ν = diag(−ρ, pr , pt , pt ), (9)

where ρ denotes the energy density of the matter distribution,
and pr and pt represent the radial and tangential pressures,
respectively. For a gravitational Lagrangian with an additive
structure given by f (R,Lm, T ) = R + αLm + βT [28,35],
where α and β are constant parameters and assuming Lm =
−ρ, the field equations (7) simplify to

Gμν =
(

8π + α

2
+ β

)
Tμν + β

2ρ + T
gμν. (10)

Now, we solve Eqs. (1), (9), and (10), and obtain the field
equations under constant redshift function

b′

r2 = ρ

(
λ − β

2

)
− β

2
(pr + 2pt ), (11)

− b

r3 = pr

(
λ + β

2

)
+ β

2
(2pt + ρ), (12)

1

2r2

(
b

r
− b′

)
= pt (λ + β) + β

2
(pr + ρ), (13)

where λ = (
8π + α

2 + β
)
. Now, with the above field equa-

tions, we shall study the effect of DM models on wormhole
geometry.

3 Wormhole configurations through dark matter
profiles

This study explores various critical aspects of DM halos,
with a particular focus on galactic wormholes inferred from
rotation curve analyses [43,61]. The idea of DM originated
from studies on Oort constants [62] and investigations into
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galaxy cluster masses [39,63], a researcher sought to explain
the observed flat rotation curves. To model this phenomenon,
the NFW density profile [64,65] was developed, along with
the Einasto profile, which has shown improved precision in
certain simulations of DM halo [66,67]. In general, worm-
hole throats are often embedded within various types of DM
halos, and deviations from standard energy conditions pro-
vide evidence of their existence. In this section, we examine
various representations of DM halos and explore wormhole
solutions within different DM profiles. We shall use the fol-
lowing DM models for this study

ρ(r) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ρs r3
s

(r+rs )(r2+r2
s )

, (URC model)
ρs

(r/rs )(1+r/rs )2 , (NFW model)
ρs

1+
(

r
rs

)2 , (PI model)
(14)

3.1 ρ(r) = ρs r3
s

(r+rs )(r2+r2
s )

As the first case, we consider the Burkert halo profile, which
is now widely referred to as the universal rotation curve
(URC) profile, defined as [68]

ρ(r) = ρs r3
s

(r + rs)(r2 + r2
s )

, (15)

where rs and ρs denote the core radius and central density
of the dark matter halo, respectively. Combined with appro-
priate baryonic, gaseous, and stellar components, this pro-
file successfully reproduces the observed kinematics of disk
galaxies [69]. Moreover, it generates disc mass estimates that
are consistent with those predicted by stellar population syn-
thesis models [70–73]. One notable advantage of the Burkert
profile is its ability to approximate the NFW velocity profiles
at small radii for suitable choices of rs , and it asymptotically
approaches the NFW profile for r > 0.3 Rvir. Thus, the rota-
tion curve data themselves constrain the value of the best-fit
parameter rs , offering a measure of the halo’s central cus-
piness. Further, Persic et al. [74], through their analysis of
Hα data along with several radio rotation curves, identified a
large set of rotation curve profiles. Their results demonstrate
that these curves can be consistently modeled across a broad
range of luminosities and galaxy morphologies, including
spiral galaxies, low-surface-brightness ellipticals, and dwarf
irregulars. As a result, they introduced the term ”universal
rotation curve” (URC) to replace the conventional notion of
”rotation curves,” highlighting the wide-ranging applicabil-
ity of this observed feature.
Now, we shall compare the URC energy density (15) with the
obtained energy density of wormholes under f (R,Lm, T ),
and obtain the shape function, given by

b(r) = 1

2
ρsr

3
s �1

[
1

4
log

(
r2
s + r2

)
+ 1

2
log(rs + r)

−1

2
tan−1

(
r

rs

)]
+ c1, (16)

where �1 = (α+2β+16π). Now, applying throat condition
b(r0) = r0, we get

b(r) = r0 + 1

8
ρsr

3
s �1 [�2 + 2�3 − 2�4] , (17)

where,

�2 = log
(
r2
s + r2

)
− log

(
r2
s + r2

0

)
, (18)

�3 = log(rs + r) − log(rs + r0), (19)

�4 = tan−1
(
r

rs

)
− tan−1

(
r0

rs

)
. (20)

Also, the expression for b(r) follows the asymptotic condi-
tion, i.e., b(r)r → 0 as r → ∞. Further, the flare-out condition
at r = r0, can be read as

b′(r) |r=r0=
ρsr3

s r
2
0 �1

2(rs + r0)
(
r2
s + r2

0

) , (21)

which satisfies for ρs = 0.004 kpc−2, rs = 2 kpc [75].

3.2 ρ(r) = ρs
(r/rs )(1+r/rs )2

An approximate analytical representation of the NFW den-
sity profile is derived based on the Cold Dark Matter
(�CDM) paradigm and supported by high-resolution numer-
ical simulations [64,65,76]. This profile effectively charac-
terizes the dark matter halo structures on galactic and cluster
scales and is given by

ρ(r) = ρs

(r/rs) (1 + r/rs)2 , (22)

where ρs denotes the characteristic density at the time of
halo formation, and rs represents the scale radius that distin-
guishes the transition between the inner and outer regions
of the halo. In the inner region, the density behaves as
ρ(r) ∝ r−1, forming a central cusp, while at larger radii it
falls off as ρ(r) ∝ r−3 [64]. The NFW profile demonstrates
a remarkable ability to fit halos over a wide mass range,
from dwarf galaxies to massive galaxy clusters. Despite its
widespread applicability, the NFW profile faces a signifi-
cant limitation, known as the “core-cusp problem”, where
the steep central density predicted by the model is incon-
sistent with the nearly flat density cores observed in many
low-mass galaxies [65]. Further refinements have been pro-
posed to address such discrepancies. For instance, Navarro et
al. [65] improved the profile through advanced simulations,
reinforcing its general effectiveness and emphasizing devia-
tions in the central regions of halos. Further, in response to
these issues, alternative models such as the Einasto profile
have been introduced, offering additional flexibility through
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an extra shape parameter to better accommodate observed
inner halo structures [67]. Moreover, baryonic mechanisms,
including supernova-driven winds and activity from cen-
tral black holes, significantly modify the central density,
potentially softening the inner cusp and improving align-
ment with observational data [77]. Nevertheless, the NFW
profile remains a widely adopted model due to its simplicity
and predictive power, especially in studies involving smaller
halos such as dwarf galaxies [78].
Following the previous methodology, we can easily calculate
the shape function for this case, which can be read as

b(r) = 1

2
ρsr

3
s �1

(
rs

rs + r
− rs

rs + r0
+ �3

)
+ r0, (23)

where we have imposed the throat condition b(r0) = r0. The
flare-out condition for this case can be obtained at the throat

b′(r) = 1

2
ρsr

3
s �1

(
1

rs + r
− rs

(rs + r)2

)
< 1,

at r = r0. (24)

3.3 ρ(r) = ρs

1+
(

r
rs

)2

In addition to the commonly used URC and NFW dark mat-
ter profiles, another significant variety of models emerges
from the framework of modified theories, such as the MOND
paradigm [44]. Within this context, the PI profile often char-
acterizes the dark matter distribution, which provides a well-
behaved density function at the galactic center. The PI density
profile is given by

ρPI = ρs

1 +
(

r
rs

)2 , (25)

where ρs denotes the central density of the dark matter halo,
and rs is the corresponding scale radius. Unlike the NFW
profile, which features a central cusp with a steep rise in
density, the PI profile exhibits a core-like behavior with a
flat central density, aligning more closely with observational
data from low surface brightness (LSB) and dwarf galaxies.
The PI profile has been widely recognized for its success
in addressing the “core-cusp problem”, a key limitation of
the NFW model. De Blok et al. [48] performed a compara-
tive analysis of the NFW and PI profiles and concluded that
the flat-core structure of the PI model better represents the
observed density distributions in LSB galaxies. Similarly,
Gentile et al. [70] demonstrated that the PI profile yields
consistent fits to the rotation curves of spiral galaxies across
various radial distances, reinforcing its empirical validity. Oh
et al. [79] further validated the effectiveness of the PI model
in dwarf galaxy systems using data from the THINGS survey,
where accurate representations of dark matter distributions
were achieved without requiring fine-tuning. Beyond obser-

vational applications, the PI profile has also been examined in
the theoretical context of wormhole geometries. In particular,
Ref. [80] investigated the dark matter density associated with
axisymmetric traversable wormholes and found that it mir-
rors the behavior of black hole density spikes. Interestingly,
the dark matter density profile exhibits spin dependence,
varying oppositely with the wormhole’s angular momentum.
These findings underscore the versatility and relevance of
the PI profile in both astrophysical modeling and theoretical
frameworks, offering valuable insights into the structure and
dynamics of dark matter in various gravitational scenarios.
The shape function for this case can be read as

b(r) = −1

2
ρsr

3
s �1�4 + 1

2
ρsr

2
s �1(r − r0) + r0, (26)

and in the limit r → ∞, the asymptotic condition b(r)
r → 0

is satisfied. Further, we checked the flare-out condition at the
throat, i.e.,

b′(r0) = (α + 16π + 4)ρsr2
s r

2
0

2
(
r2
s + r2

0

) (27)

Now, we analyze the behavior of the shape function for each
case. In the limit r → ∞, the asymptotic condition b(r)

r → 0
is satisfied for the parameters ρs = 0.004 kpc−2, rs = 2 kpc
[75], r0 = 1 along with any values of the model parameters
α and β. However, for large values of ρs and rs , this condi-
tion will no longer be valid. Furthermore, we evaluated the
flare-out condition in the throat for each case and plotted the
corresponding graphs in Fig. 1. Our analysis confirms that the
flare-out condition holds for parameters ρs = 0.004 kpc−2,
rs = 2 kpc [75], and the radius of the throat r0 = 1. For
comparison, we have included graphs for GR (α = 0 = β),
f (R, T ) gravity (α = 0, β = 1) and f (R,Lm, T ) grav-
ity (α = 1, 2; β = 1, 2). The deviations in the graphs
become evident as the model parameters vary. In particular,
the parameter β has a more significant influence on the shape
function compared to α. We also note that for higher val-
ues of β, the properties of the shape function fail, especially
the flare-out condition. Now, with these obtained solutions,
we shall study some significant features of the wormhole
geometry, such as the energy conditions, deflection angles of
wormholes, complexity factor, anisotropy parameter, active
gravitational mass, and total gravitational energy, along with
the emergence of exotic matter through the VIQ equation.

4 Energy conditions

In this section, we aim to explore the geometric struc-
ture of the derived wormhole solutions through the lens of
energy conditions. These conditions impose constraints on
the stress-energy tensor Tμν , which governs the distribution
of matter and energy in spacetime. Building on our earlier
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Fig. 1 Plots for the flare-out condition of the shape functions against
the radial coordinate r . The blue line represents the GR case, the
red line shows the f (R, T ) gravity case, and the cyan and black

represent the f (R,Lm , T ) case. We consider the parameter values
ρs = 0.004 kpc−2, rs = 2 kpc, and the throat radius r0 = 1

Fig. 2 Plots for the NEC against the radial coordinate r . The blue line represents the GR case, the red line shows the f (R, T ) gravity case, and
the cyan and black represent the f (R,Lm , T ) case. We consider the parameter values ρs = 0.004 kpc−2, rs = 2 kpc, and the throat radius r0 = 1

results, we now examine the validity of various energy con-
ditions, particularly focusing on the NEC, and present our
findings through graphical analysis. the NEC is expressed as
Tμνkμkν ≥ 0, which, in component form

ρ + pi ≥ 0, where i = r or t. (28)

where kμ represents a null vector. Within the framework
of GR, the requirement for a wormhole to be traversable,
namely, the flaring-out condition, which leads toGμνkμkν <

0, which, via Einstein’s field equations, implies Tμνkμkν <

0, thereby violating the NEC. Assuming the stress-energy
tensor of the form provided in Eq. (9), this violation becomes
evident. However, this scenario changes significantly in the
realm of modified theories of gravity. In such frameworks,
the effective energy-momentum tensor includes not only the
usual matter contributions but also additional terms arising
from the modified gravitational sector. As a result, the appar-
ent violation of NEC may be attributed to these extra geo-
metric contributions rather than the matter content alone. For
example, one can check the literature where wormhole solu-
tions have been obtained by satisfying the energy conditions
[81–83]. Here, we study the behavior of NEC for the solu-
tions obtained for the shape functions.

For the URC model, considering the Eqs. (11–13), (15), and
(17), we can easily obtain the expressions for NEC

ρ + pr = ρsr3
s

(rs + r)
(
r2
s + r2

) + ρsr3
s

4r3 (−�2 − 2�3 + 2�4)

− 2r0

r3�1
, (29)

Also, the NEC for the NFW case can be read as

ρ + pr = 1

r3

[
ρsr

3
s

(
�3 + −r2

s − rsr + r2

(rs + r)2 + rs
rs + r0

)

−2r0

�1

]
. (30)

Similarly, the NEC for the PI case

ρ + pr = ρsr2
s

r2
s + r2 + 1

r3

[
ρsr

2
s (r�4 + r0 − r) − 2r0

�1

]

(31)
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At r = r0, the radial NEC for all cases can be read as

ρ + pr |r=r0 =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ρsr3
s

(rs+r0)
(
r2
s +r2

0

) − 2
r2

0 �1
, (URC)

1
r2

0

[
ρsr3

s r0

(rs+r0)2 − 2
�1

]
, (NFW)

ρsr2
s

r2
s +r2

0
− 2

r2
0 �1

, (PI)

(32)

By analyzing the above expressions in Eq. (32) and substi-
tuting the specific parameter values obtained in the previous
section, we find that the R.H.S. is a negative quantity. This
confirms that the NEC is violated at the throat (for a graphical
representation, see Fig. 2). Since the violation of NEC implies
the breakdown of all other energy conditions, it indicates that
the wormhole is not supported by ordinary matter but rather
by non-standard gravitational interactions. In other words,
exotic matter is required to sustain the wormhole structure
and prevent its collapse. However, in this case, the violation
arises due to the effects of modified gravity, which effectively
acts as an alternative source of exotic matter near the throat.

5 Investigating the stability of the wormhole solutions

In this section, we shall study the stability of the obtained
solutions through various parameters such as weak grav-
itational lensing, complexity factor, anisotropy parameter,
active gravitational mass, total gravitational energy, and vol-
ume integral quantifier methods.

5.1 Deflection angles of wormholes

Now, we apply the Gauss–Bonnet theorem (GBT) to deter-
mine the deflection angle caused by gravitational lensing. Let
ARrepresent a smooth, connected region enclosed by a circu-
lar curve γR and a geodesic path γḡ , such that ∂AR = γR∪γḡ ,
where ḡ is the optical metric. Here, κg represents the geodesic
curvature, and K indicates the Gaussian curvature. Further,
the GBT establishes a vital connection between geometry
and topology by expressing the following relation [84]∫∫

AR

KdS +
∮

∂AR

κgdt +
∑
i

θi = 2πχ(AR). (33)

Here, θi represents the exterior angles at the vertices, dS
represents the optical surface element, andχ(AR) is the Euler
characteristic of the surfaceAR . Since the geodesic curvature
along γḡ is zero, the boundary contribution to the integral
arises solely from γR , where the geodesic curvature is given
by

κg(γR) = |∇γ̇R γ̇R |. (34)

Defining γR as a constant-radius curve r(φ) = R, and along
with the unit speed condition, it follows that as R → ∞, the

geodesic curvature approaches 1/R. This leads to the relation

lim
R→∞ κg(γR)

dt

dφ
= 1. (35)

If we consider a sufficiently large distance, the addition of
jump angles at the source S and the observer O satisfies
θS + θO → π . Based on this construction, the GBT results
in

lim
R→∞

[∫∫
AR

K dS +
∫ π+θ̂

0

(
κg

dt

dφ

)
γR

dφ

]
= π. (36)

Therefore, the deflection angle of a light ray can be deter-
mined as

θ̂ = −
∫ π

0

∫ ∞

r= �
sin φ

K dS, (37)

where � represents the impact parameter. To compute the
Gaussian curvature of the metric (1), we follow the method
given in [84] and obtain

K = e2�

(
1 − b

r

) [
�′′ + �′

r
− rb′ − b

2r(r − b)

(
�′ − 1

r

)]
.

(38)

We now evaluate the Gaussian curvature and the deflec-
tion angles for each profile with constant gravitational red-
shift. For the URC model, the Gaussian curvature K1 can be
obtained as

K1 

1
4ρsr3

s (−r0)�1 + κ1 − 8r0

r2 − ρsr3
s �1 log(r)

4r2

+ρsr3
s

4r
+ O

(
1

r3

)
, (39)

where

κ1 = ρsr
3
s �1

(
−2 log(rs + r0) + 2 tan−1

(
r0

rs

)
+ log(r0)

)
.

Here, we have approximated it in leading-order terms. Now
with the above expression (39), the deflection angle of worm-
holes under the URC model can be rewritten as

θ̂1 = −
∫ π

0

∫ ∞

r= �
sinφ

[
1
4ρsr3

s (−r0)�1 + κ1 − 8r0

r2 + ρsr3
s

4r

−ρsr3
s �1 log(r)

4r2 + O
(

1

r3

)]
rdrdφ. (40)

Solving this integral, we find the following solution

θ̂1 
 −1

4
ρsr

3
s

(
π − r0�1 log

(
2

�

))
− 1

4

(
ρsr

3
s �1

)

×
(

−8π log(rs + r0) + 8π tan−1
(
r0

rs

)
+ 4π log(r0)

−π log(2)) + 16r0

�
+ O

(
1

r3

)
. (41)
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Fig. 3 The plots for the deflection angle against the impact parameter � and the model parameter β. We consider the parameter values ρs =
0.004 kpc−2, rs = 2 kpc, throat radius r0 = 1 kpc and α = 2

Following the same procedure, we can calculate the deflec-
tion angle for the NFW model

θ̂2 
 ρsr3
s

18�3r0

[
(�1

(
−9�2rs + 9�2r0(log(2r0)

− log(�)) − 4r2
s r0

)
− 144π�2rs + 18π2�rsr0

]

(42)

where the Gaussian curvature K2 can be read as

K2 
 AB3�1

4r2

(
log(r0) − log(r)

r
− rs

r0 + r
+ rs

r2 − 2B2

r3

)

+O
(

1

r4

)
. (43)

Finally, for the PI case, the curvature K3 can be obtained as

K3 
 1

4r3

(π

2
ρsr

3
s �1 + ρsr

2
s r0�1 − 2r0

)
+ O

(
1

r4

)
, (44)

and hence the deflection angle θ̂3 is

θ̂3 
 ρsr2
s �1(πrs + 2r0) − 4r0

4�
+ O

(
1

�3

)
. (45)

Now, we examine how light rays behave around the worm-
hole throat based on the approximate solutions obtained
under different DM models. We have calculated the deflec-
tion angle θ̂ up to the first three leading-order terms. The
variation of the deflection angle as a function of � and β is
illustrated in Fig. 3. Our analysis reveals that both the model
parameter β and the impact parameter � significantly influ-
ence gravitational lensing. For the NFW case, we observe
that when β ∈ [0, 6], the deflection angle remains nega-
tive for all corresponding values of θ̂(�). This suggests that
photons experience a repulsive gravitational effect, causing
light rays to bend outward rather than being drawn toward
the wormhole. In contrast, for the URC and PI models, the
deflection angle tends to be positive, indicating that light rays
are instead bending inward toward the wormhole throat. Fur-
thermore, as shown in Fig. 3, the deflection angle gradually

approaches zero as the impact parameter increases indefi-
nitely. This indicates that light rays traveling at large dis-
tances from the wormhole experience negligible gravitational
effects and follow nearly straight paths. For further details on
this topic, the readers may check the Refs. [34,85].

5.2 Complexity factor

In 2018, Herrera [86] introduced the concept of the com-
plexity factor in the context of GR for spherically symmet-
ric and static self-gravitating systems. The core idea behind
the complexity factor involves systems that are either simple
or minimally complicated, exhibiting homogeneous energy
density and isotropic pressure. In static, spherically symmet-
ric spacetimes, Herrera [86] demonstrated that a scalar func-
tion naturally emerges from the orthogonal decomposition of
the Riemann tensor, capturing essential features of the sys-
tem’s complexity [87,88]. This scalar quantity, referred to
as the complexity factor and denoted by ϒT F , enclose the
contributions from pressure anisotropy and energy density
inhomogeneity, and is given by

ϒT F = 8πτ − 4π

r3

∫ r

0
r̃3ρ′(r)dr̃ , (46)

where τ = pr − pt represents the difference between radial
pressure and transverse pressure. Additionally, the above
expression (46) enables the representation of the Tolman
mass as

mT = (mT )�

(
r

r�

)3

+ r3
∫ r�

0

e(ξ+λ)/2

r̃
ϒT Fdr̃ , (47)

This formulation highlights how the complexity factor
directly influences the active gravitational mass by inte-
grating the combined effects of matter distribution and
anisotropic pressures. Importantly, the condition for zero
complexity, ϒT F = 0, is not limited to isotropic and homo-
geneous systems. It can also be satisfied in cases where

τ = 1

2r3

∫ r

0
r̃3ρ′(r)dr̃ . (48)
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In this scenario, the vanishing complexity condition leads
to a non-local equation of state, providing an additional con-
straint needed to complete the system of Einstein’s field equa-
tions. Recent works have examined this methodology exten-
sively, as highlighted in Refs. [89–91]. In the present study,
we explore the behavior of the complexity factor associ-
ated with wormhole configurations in galactic environments.
Given that wormholes are typically defined over the radial
domain r0 ≤ r < ∞, it becomes necessary to appropriately
adapt the complexity factor expression (46) to accommodate
this setting. The modified expression for the complexity fac-
tor is given by

ϒT F = 8πτ − 4π

r3

∫ r

r0

r̃3ρ′(r)dr̃ . (49)

Although the standard formulation assumes r0 = 0, this par-
ticular scenario is excluded to ensure that the wormhole throat
maintains a finite size.

We have analyzed the evolution of the complexity fac-
tor for three dark matter-supported wormhole configurations,
and the corresponding behavior is illustrated in Figs. 4. Our
analysis reveals that the complexity factor ϒT F exhibits an
asymptotic behavior but gradually vanishes and approaches
zero as the radial coordinate increases, i.e., in the limit
r → ∞, corresponding to regions far from the wormhole
throat. As discussed in [86], a minimal value of the com-
plexity factor typically indicates a system with a uniform
energy density and isotropic pressure. On the other hand,
a vanishing complexity factor can also emerge in scenarios
where the effects of energy density inhomogeneity and pres-
sure anisotropy precisely compensate for each other. Close
to the throat r = r0, the complexity factor decreases mono-
tonically, but as we extend the radial coordinate, ϒT F gradu-
ally declines and approaches zero. This trend is consistently
observed in all values tested for the model parameter β > 0.
Therefore, in the context of wormhole geometries within
galactic halos governed by f (R,Lm, T ) gravity, the com-
plexity factor naturally converges to zero at large radial dis-
tances, particularly when β is positive. It is also noteworthy
that, within the framework of complexity analysis, pressure
anisotropy plays a more significant role than energy density
homogeneity. For further insights on this topic, the reader is
referred to recent developments discussed in [92–94].

5.3 Anisotropy parameter

The geometry and stability of wormholes are deeply affected
by the presence of pressure anisotropy, which plays a pivotal
role in determining their traversability. A valuable tool in
characterizing this anisotropy is the dimensionless parameter
�, defined as [95]

� = pt − pr
ρ

. (50)

According to the analysis presented in Ref. [59], a positive
anisotropy (� > 0) implies a repulsive effect within the
geometry, leading to an outward-directed force. In contrast,
a negative anisotropy (� < 0) enhances the inward gravi-
tational attraction, contributing to a more attractive geome-
try. This behavior highlights the critical role of anisotropic
stresses in shaping the physical and geometrical features of
wormhole spacetimes. Keeping this in mind, we investigated
the behavior of the anisotropy parameter in Fig. 5. It was
observed that 
 showed positive behavior in all cases, result-
ing in repulsive behavior of the wormhole solutions.

5.4 Active gravitational mass

The active gravitational mass enclosed within a wormhole,
measured from the throat at r0 up to a radial boundary R, is
given by

MA = 4π

∫ R

r0

ρ(r)r2dr, (51)

where MA represents the active mass function. A positive
value of this quantity is generally interpreted as an indicator
of physical viability for the wormhole model under consider-
ation. In this context, we explore three different dark matter
halo models and determine the conditions under which the
active mass function remains positive. For the URC model
(15), the corresponding expression for the active gravitational
mass becomes

MA = πρsr
3
s

[
log

(
r2
s + R2

)
− log

(
r2
s + r2

0

)
+ 2�

−2 tan−1
(
R

rs

)
+ 2 tan−1

(
r0

rs

)]
, (52)

where � = log(rs + R)− log(rs + r0). For the NFW model,
the mass function is expressed as

MA = 4πρsr
3
s

(
rs

rs + R
+ � − rs

rs + r0

)
. (53)

Finally, for the PI case, we obtain

MA = 4πρsr
2
s

(
−rs tan−1

(
R

rs

)
+ rs tan−1

(
r0

rs

)
+ R − r0

)
.

(54)

We now examine the behavior of the active gravitational
mass MA for each dark matter model in the context of the
wormhole geometry, as illustrated in Fig. 6. As previously
noted, a positive gravitational mass indicates a physically
viable configuration. From Fig. 6, it is evident that MA

remains positive throughout, thereby confirming the phys-
ical acceptability of the proposed models [96].
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Fig. 4 The plots for the complexity factor ϒT F (r, β) against the radial coordinate r and model parameter β. We consider the parameter values
ρs = 0.004 kpc−2, rs = 2 kpc, throat radius r0 = 1 kpc and α = 2

Fig. 5 The variation of anisotropy parameter 
 against the radial
distance r . We consider the parameter values ρs = 0.004 kpc−2,
rs = 2 kpc, throat radius r0 = 1 kpc, α = 2 and β = 2

Fig. 6 The variation of active mass MA against the radial distance r .
We consider the parameter values ρs = 0.004 kpc−2, rs = 2 kpc, throat
radius r0 = 1 kpc, and upper limit R = 5

5.5 Total gravitational energy

It has been established that the matter sustaining the worm-
hole structure violates the NEC, indicating the presence of
exotic matter rather than ordinary baryonic matter. The total

gravitational energy is typically negative for systems com-
posed of standard baryonic matter. Hence, analyzing the
nature of gravitational energy in the context of a wormhole
becomes particularly important. Following the methodology
proposed by Lyndell-Bell et al. [97] and later extended by
Nandi et al. [98], we analyze the total gravitational energy
related to galactic wormholes supported by dark matter. The
total gravitational energy, denoted by Eg , is expressed as [98]

Eg = Mc2 − EM , (55)

where Mc2 corresponds to the total energy and can be cal-
culated using

Mc2 = 1

2

∫ r

r0

T 0
0 r

2dr + r0

2
, (56)

with the term r0
2 representing a contribution to the effective

mass [98]. The quantity EM encloses various forms of energy,
such as rest mass, kinetic, and internal energies, and is defined
by

EM = 1

2

∫ r

r0

T 0
0 (grr )

1
2 r2dr, with grr =

(
1 − b(r)

r

)−1

.(57)

This expression for EM is consistent with the geometric
energy definition described by Wald [99]. Notably, since
the proper radial distance is greater than the corresponding
Euclidean distance, (grr )1/2 > 1. Consequently, if T 0

0 > 0,
the condition Eg < 0 indicates attractive gravitational behav-
ior; conversely, if T 0

0 < 0, then Eg > 0, implying repulsion
[100]. Given the complexity of the integrals in Eq. (55), we
evaluate them numerically over the range from the wormhole
throat (r0) to the specified radial embedding of the space-
time geometry, as detailed in Table 1. The results, illustrated
in Fig. 7, reveal that Eg > 0 near the throat, highlighting
a repulsive gravitational character. Interestingly, this out-
come arises even when T 0

0 > 0, which can be attributed
to the exotic nature of the matter violating the NEC. Com-
parable findings regarding the repulsive behavior of Eg have
also been reported in [96,101]. This repulsive gravitational
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Table 1 The table presents the numerical values of Eg correspond-
ing to various DM models. We consider the parameter values ρs =
0.004 kpc−2, rs = 2 kpc, r0 = 1 kpc, α = 2 and β = 2

The numerical values of Eg for different r
r URC NFW PI

1.5 0.498659 0.497957 0.497812

2.0 0.498101 0.497329 0.496674

2.5 0.497667 0.496905 0.495604

3.0 0.49731 0.496583 0.494544

3.5 0.497008 0.496324 0.493477

4.0 0.49675 0.496108 0.492397

4.5 0.496526 0.495925 0.491303

5.0 0.49633 0.495766 0.490194

Fig. 7 The variation of Eg against the radial distance r . We consider
the parameter values ρs = 0.004 kpc−2, rs = 2 kpc, throat radius r0 =
1 kpc, α = 2 and β = 2

energy is consistent with the physical requirements to sustain
a traversable wormhole (Table 1).

5.6 The emergence of exotic matter

The volume integral quantifier (VIQ) serves as a valuable
tool for estimating the total quantity of matter that violates the
averaged null energy condition (ANEC) within a given space-
time structure [102]. In the context of wormhole physics, it
measures the overall amount of exotic matter necessary to
sustain the wormhole structure. This is executed by evaluat-
ing the volume integral

IV =
∮

[ρ(r) + pr (r)] dV = 2
∫ ∞

r0

[ρ(r) + pr (r)] dV,

(58)

which, in spherical symmetry, simplifies to

IV = 8π

∫ ∞

r0

[ρ(r) + pr (r)] r2 dr, (59)

using the standard volume element dV = 4πr2dr . To com-
pute this integral for our specific shape function b(r), we
restrict the domain of integration to a finite region, recog-
nizing that the contribution from regions far from the worm-
hole throat becomes negligible and that suitable interest lies
near the throat itself [59]. Introducing a finite upper bound
r1 > r0, we redefine the VIQ as

IV = 8π

∫ r1

r0

[ρ(r) + pr (r)] r2 dr. (60)

This formulation allows us to quantify the localized existence
of exotic matter and evaluate the physical viability of the
wormhole structure within a finite spatial domain. It is impor-
tant to note that as r1 → r0, the VIQ satisfies the condition
IV → 0 [102]. Based on this, we have plotted the behavior of
IV for each dark matter model, as shown in Fig. 8. The plots
indicate that IV remains negative for all r1 > r0. However, as
r1 approaches the wormhole throat radius r0, the value of IV
asymptotically tends to zero, i.e., IV → 0 as r1 → r0. This
behavior supports spacetime geometries that accommodate
traversable wormholes that require arbitrarily small amounts
of exotic matter. Therefore, the overall amount of matter that
violates the ANEC can be optimized by selecting a suitable
wormhole structure. For a more detailed discussion of this
topic, we refer the reader to Refs. [103–105].

6 Conclusions

This paper explores the intriguing domain of traversable
wormholes within the framework of f (R,Lm, T ) grav-
ity, an extension of conventional gravitational theories that
incorporates the Lagrangian matter and the trace of the
energy-momentum tensor. We considered the modified grav-
ity model, which is expressed as f (R,Lm, T ) = R+αLm +
βT , where α and β are coupling parameters. Considering
Lm = −ρ and assuming a constant redshift function �(r),
we analyze the fundamental properties of wormholes and
their stability in the presence of DM models.
We first derive the shape function of wormholes under URC,
NFW, and PI DM models and examine their physical behav-
iors. The asymptotic flatness condition was observed for
small values of ρs and any choice of model parameters.
Furthermore, we find that for higher values of β, the flare-
out condition may not be maintained near the wormhole
throat. Furthermore, an investigation of the NEC for each
case reveals its violation at r = r0, implying the violation
of all the energy conditions. However, this violation arises
because of the effects of modified gravity, which effectively
serves as an alternative source of exotic matter near the throat.
Subsequently, we analyzed the stability of the obtained
wormhole solutions under various parameters corresponding
to the considered DM models. Initially, the gravitational lens-
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Fig. 8 The plots for the IV (r, β) against the radial coordinate r and model parameter β. We consider the parameter values ρs = 0.004 kpc−2,
rs = 2 kpc, throat radius r0 = 1 kpc, and α = 2

ing properties of the wormholes were examined, and exact
deflection angle expressions were derived using the Gauss–
Bonnet theorem. Our findings indicate that both the model
parameter β and the impact parameter � significantly influ-
ence the deflection behavior. Specifically, for the NFW pro-
file, the deflection angle becomes negative within the range
β ∈ [0, 6], implying that photons are deflected outward,
away from the wormhole. In contrast, the deflection angle
remains positive for the URC and PI models, indicating that
light rays bend inward toward the wormhole throat. We fur-
ther studied the complexity factor introduced by Herrera [86],
observing that it naturally tends toward zero at large radial
distances, particularly when β > 0, thereby indicating a less
complex configuration in the asymptotic region. Addition-
ally, the anisotropic behavior, using the anisotropy parame-
ter �, was evaluated and found to be positive (� > 0) in
all cases, suggesting a repulsive anisotropic force that con-
tributes to the wormhole’s stability. Moreover, we investi-
gated the active gravitational mass MA and the total grav-
itational energy Eg of the system. The results show that
MA remains positive for all considered cases, confirming
the physical viability of the solutions [96]. The numerical
analysis of the gravitational energy reveals that Eg , indicat-
ing a repulsive gravitational nature near the throat, a feature
consistent with the fundamental requirements for sustaining
traversable wormholes. Similar repulsive behavior has also
been reported in 4D EGB gravity framework [106]. Finally,
the VIQ was employed to estimate the amount of exotic mat-
ter required near the throat to support a traversable wormhole.
The analysis suggests that only a small amount of exotic mat-
ter is necessary, aligning with the findings of Ref. [107]. It is
worth mentioning that the present study assumes a zero-tidal-
force condition, i.e., �′(r) = 0. Future investigations may
consider non-constant redshift functions and non-minimal
matter-geometry coupling, as explored in Refs. [28,30], to
obtain a more generalized and comprehensive understanding
of wormhole solutions.
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