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1. Introduction
Since the announcement of the discovery of the atmospheric neutrino oscillation by the Super-
Kamiokande Collaboration [1] in 1998, there has been remarkable progress in research on it. In
this article I briefly describe neutrino oscillation phenomenology and I emphasize the impact
of Professor Koshiba on neutrino oscillation study.

2. Three-flavor neutrino oscillation
2.1 Preliminary
If we assume a neutrino mass, we have to describe neutrinos in terms of the Dirac equation for
spinors with masses. The mass eigenstates ν j (j = 1, 2, 3) of neutrinos with mass mj in vacuum
can be described by the free Dirac equation. The Dirac equation of a spinor with mass m and
momentum �p has the energy eigenvalues E, E, −E, −E where E ≡

√
�p2 + m2. If we extract one

component with the positive energy of ν j, then the mass eigenstates ν j (j = 1, 2, 3) of neutrinos
satisfy the Dirac equation in vacuum:

i
d
dt

ν j (t) = Ej ν j (t), Ej ≡
√

�p2 + m2
j . (1)

On the other hand, the flavor eigenstates of neutrinos ((νe, νμ, ντ )T) are those that can be
observed in the processes νe + n → e− + p, νμ + n → μ− + p, ντ + n → τ− + p. The mass ((ν1,
ν2, ν3)T) and flavor ((νe, νμ, ντ )T) eigenstates of the neutrino sector are related by⎛

⎜⎝νe

νμ

ντ

⎞
⎟⎠ = U

⎛
⎜⎝ν1

ν2

ν3

⎞
⎟⎠ ,
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where

U ≡

⎛
⎜⎝1 0 0

0 c23 s23

0 −s23 c23

⎞
⎟⎠

⎛
⎜⎝ c13 0 s13e−iδ

0 1 0
−s13eiδ 0 c13

⎞
⎟⎠

⎛
⎜⎝ c12 s12 0

−s12 c12 0
0 0 1

⎞
⎟⎠

=

⎛
⎜⎝ c12c13 s12c13 s13e−iδ

−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13

s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13

⎞
⎟⎠ (2)

is the 3 × 3 unitary neutrino mixing matrix [2,3], θ12, θ23, θ13 are three mixing angles, δ is a CP
phase, and cjk ≡ cos θ jk, sjk ≡ sin θ jk. It is known that the propagation of neutrinos in matter is
described with the matter effect [4,5]:

i
d
dt

⎛
⎜⎝νe(t)

νμ(t)
ντ (t)

⎞
⎟⎠ = M

⎛
⎜⎝νe(t)

νμ(t)
ντ (t)

⎞
⎟⎠ (3)

M ≡ [U diag(E1, E2, E3)U −1 + diag(ACC + ANC, ANC, ANC)]

= [U diag(0, �E21, �E31)U −1 + diag(ACC, 0, 0) + (E1 + ANC) 1], (4)

where �Ejk ≡ Ej − Ek � (m2
j − m2

k)/2|�p| ≡ �m2
jk/2|�p| � �m2

jk/2E ,

ACC ≡
√

2 GF Ne =
[

ρ

2.6 (g · cm−3)

]
·
(

Ye

0.5

)
· 1.0 × 10−13 eV

ANC ≡ − 1√
2

GF Nn = −
[

ρ

2.6 (g · cm−3)

]
·
(

1 − Ye

0.5

)
· 5.0 × 10−14 eV

stand for the matter effect due to the charged and neutral current interactions, Ne and Nn stand
for the density of electrons and neutrons, GF = 1.166 × 10−5 GeV−2 is the Fermi coupling
constant, and Ye = Np/(Np + Nn) is the relative number density of electrons in matter, where
Np represents the number of protons per unit volume. Since the term that is proportional to
the 3 × 3 identity matrix 1 only affects the overall phase of the probability amplitude A(να →
νβ), (E1 + ANC) 1 in Eq. (4) can be ignored.

2.2 Mixing angles and mass-squared differences
If the density is constant, then Eq. (4) can be formally diagonalized as

M = Ũ diag(Ẽ1, Ẽ2, Ẽ3) Ũ −1,

where Ẽ j ( j = 1, 2, 3) are the energy eigenvalues of M in matter, and Ũ is a unitary matrix that
diagonalizes M. The probability P(να → νβ) can be expressed as

P(να → νβ ) = δαβ − 4
∑
j<k

Re
(
Ũα jŨ ∗

β jŨ
∗
αkŨβk

)
sin2

(
�Ẽ jkL

2

)

− 2
∑
j<k

Im
(
Ũα jŨ ∗

β jŨ
∗
αkŨβk

)
sin(�Ẽ jkL), (5)

where �Ẽ jk ≡ Ẽ j − Ẽk.
From the parametrization (2), the simplest mixing angle to determine is θ13. If we consider

the disappearance experiment of reactor neutrinos with a baseline length L = 2 km, where the
mean neutrino energy is E � 4 MeV, and if we assume that the contribution from the smaller
mass-squared difference �m2

21L/2E is small, then, because the matter effect, which appears in
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Fig. 1. Two mass patterns: (a) normal ordering (�m2
31 > 0), (b) inverted ordering (�m2

31 < 0). Both mass
patterns are allowed as of 2021.

the form of ACCL/2 ∼ L/(4000 km) in the oscillation probability, can be ignored, we obtain

P(ν̄e → ν̄e) � 1 − 4|Ue3|2(1 − |Ue3|2) sin2
(

�m2
31L

4E

)

= 1 − sin2 2θ13 sin2
(

�m2
31L

4E

)
. (6)

Equation (6) has the same form as the oscillation probability in the two-flavor framework, and
one can get information on θ13 from the result that is expressed in terms of the two-flavor
oscillation analysis. From the negative result of the Chooz reactor neutrino experiment [6], we
obtain

sin2 2θ13 � 0.15 for |�m2
31| = 2.5 × 10−3eV2 (90% CL). (7)

Equation (7) shows that θ13 is small, so we can put θ13 → 0 in the zeroth approximation.
If we consider the case where |�E21| � |�m2

21/2E | 	 |�E31| � |�m2
31/2E | ∼ ACC, then the

term that is proportional to �E21 in Eq. (4) can be ignored, so θ12 as well as θ13 disappear, the
νe state decouples from the νμ and ντ states (i.e., the matter effect disappears from the sector
of νμ and ντ ), and we get

P(νμ → νμ) � 1 − 4|Uμ3|2(1 − |Uμ3|2) sin2
(

�m2
31L

4E

)

� 1 − sin2 2θ23 sin2
(

�m2
31L

4E

)
. (8)

Again Eq. (8) has the same form as the oscillation probability in the two-flavor framework.
From the results of atmospheric neutrino measurements of the Super-Kamiokande experiment
[1], we have

sin2
θ23 � 0.5 (9)

∣∣�m2
31

∣∣ � 2.5 × 10−3 eV2. (10)

Notice that the sign of �m2
31 cannot be determined from Eq. (8) because it is invariant under

the change of the sign of �m2
31. The mass pattern for �m2

31 > 0 (�m2
31 < 0) is called normal

(inverted) ordering, and is depicted in Fig. 1.
As for (θ12, �m2

21), there are two ways to determine them. The first one is from KamLAND
[7], the long baseline reactor experiment. If we put θ13 → 0 again, then in the zeroth approxima-
tion we have ACC 	 |�E21| � |�m2

21/2E | 	 |�E31| � |�m2
31/2E |, because the matter effect,
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which appears in the form of ACCL ∼ L/(2000 km) in the oscillation probability, can be ignored.
Hence we obtain the oscillation probability

P(ν̄e → ν̄e) � 1 − 4|Ue1|2|Ue2|2 sin2
(

�m2
21L

4E

)

� 1 − sin2 2θ12 sin2
(

�m2
21L

4E

)
, (11)

which has the same form as the oscillation probability in the two-flavor framework. From the
KamLAND result, we get

sin2
θ12 � 0.3 (12)

∣∣�m2
21

∣∣ � 8 × 10−5 eV2. (13)

The other way to determine (θ12, �m2
21) is from solar neutrino observations. In the case of solar

neutrinos, we have to take into account the fact that the density of electrons varies (we know
now that it varies adiabatically) from the production point of neutrinos near the center of the
Sun all the way to the Earth. If we assume that the electron density varies adiabatically, then
the oscillation probability P(νe → νe) is given by

P
(
νe → νe

) =
∑

j,k

Ũe j (L)Ũ ∗
ek(L)Ũ ∗

e j (0)Ũek(0) exp
(

−i
∫ L

0
dt �Ẽ jk

)
, (14)

where t = 0 (t = L) stands for the production (detection) point, and we discuss here the de-
tection of solar neutrinos during the day; i.e., the density at the detection point is approxi-
mately zero. Since the distance L between the Sun and the Earth is literally astronomically
large, we have | ∫ L

0 dt �Ẽ jk| 
 1 ( j �= k), so by averaging over rapid oscillations, we can put
exp(−i

∫ L
0 dt �Ẽ jk) → δ jk. Thus we get

P(νe → νe) =
∑

j

Ũe j (L)Ũ ∗
e j (L)Ũ ∗

e j (0)Ũe j (0)

=
∑

j

|Ue j |2|Ũe j (0)|2, (15)

where the mixing matrix Ũ (L) at the detection point t = L was replaced by the one U in vacuum
because the density there is assumed to be zero. If take the limit θ13 → 0, then Eq. (15) reduces
to the two-flavor case. In the two-flavor case, the effective mixing angle is given by

cos 2θ̃12 ≡ 1

�Ẽ21
(�E21 cos 2θ12 − ACC),

�Ẽ21 ≡ {[�E21 cos 2θ12 − ACC)]2 + (�E21 sin 2θ12)2}1/2.

Since the effective mixing matrix elements in the two-flavor case are given by |Ũe1(0)|2 = cos2 θ̃12

and |Ũe2(0)|2 = sin2
θ̃12, we have

P(νe → νe) � 1
2

(
1 + cos 2θ12

�E21 cos 2θ12 − ACC(0)

�Ẽ21(0)

)
, (16)

where the argument (0) stands for the quantity evaluated at the production point of neutrinos.
From the oscillation probability (16) and the data of various experiments that measure P(νe →
νe) at different solar neutrino energies, the following results are obtained [8]:

sin2
θ12 � 0.3 (17)
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�m2
21 � 6 × 10−5 eV2, (18)

which are approximately consistent with the results (12) and (13) from KamLAND. Notice that
the result from solar neutrino measurements is able to determine the sign of �m2

21 because of
the matter effect, while KamLAND gives little information on the sign of �m2

21 since the oscil-
lation probability (11) for KamLAND is basically that in vacuum and therefore it is invariant
under the change of the sign of �m2

21.

2.3 Parameter degeneracy
To determine the CP phase δ, precise measurements of the oscillation probabilities are required,
since the effect of δ appears only in the combination of s13e±iδ as we can see from Eq. (2).
It is expected that long baseline accelerator-based experiments are advantageous to perform
precise measurements, because one can control the baseline length and the neutrino energy.
Conventional neutrino beams, which can be obtained from pion decays, are νμ and ν̄μ, so νμ

→ νe and ν̄μ → ν̄e are the two major channels to determine the CP phase. Now the question is,
given the appearance probabilities P(νμ → νe) = constant ≡ P and P(ν̄μ → ν̄e) = constant ≡
P̄ in addition to the disappearance probabilities P(νμ → νμ) = constant and P(ν̄μ → ν̄ν ) =
constant, is it possible to determine δ uniquely? The answer to this question turns out to be
negative because there are eight possible values for δ, and this is called eightfold parameter
degeneracy. In the approximation to second order in θ13 and �m2

21, the appearance probabilities
can be written as [9,10]

P(νμ → νe) = x2F 2 + 2 sign
(
�m2

31

)
xyF g cos

[
δ + sign

(
�m2

31

)
�

] + y2g2 = P (19)

P(ν̄μ → ν̄e) = x2F̄ 2 + 2 sign
(
�m2

31

)
xyF̄ g cos

[
δ − sign

(
�m2

31

)
�

] + y2g2 = P̄, (20)

where

x ≡ s23 sin 2θ13

y ≡ αc23 sin 2θ12

(F, F̄ ) ≡
{

( f , f̄ ) for NO
( f̄ , f ) for IO{

f
f̄

}
≡ sin(� ∓ ACCL/2)

(1 ∓ ACCL/2�)
,

g ≡ sin(ACCL/2)

ACCL/2�

� ≡
∣∣�m2

31

∣∣L
4E

= 1.27 ×
(∣∣�m2

31

∣∣/eV2
)
(L/km)

(E/GeV)

α ≡
∣∣∣∣�m2

21

�m2
31

∣∣∣∣ . (21)

5/17

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2022/12/12B105/6554265 by D

eutsches Elektronen Synchrotron user on 25 January 2023



PTEP 2022, 12B105 O. Yasuda

(a) (b)

Fig. 2. Parameter degeneracy for normal ordering (NO) and inverted ordering (IO): (a) off the oscillation
maximum (|�m2

31|L/4E �= π/2), (b) at the oscillation maximum (|�m2
31|L/4E = π/2). In the case of (a),

there are eight solutions with different values of δ. In the case of (b), there are four solutions with twofold
degeneracy.

Defining X ≡ sin 22θ13, Y ≡ 1/s2
23, and eliminating δ, we obtain the following expression from

Eqs. (19) and (20) [11]:

16CX (Y − 1) = 1
cos2 �

[(
P − C

F
+ P̄ − C

F̄

)
(Y − 1) − (F + F̄ )X + P

F
+ P̄

F̄

]2

+ 1

sin2
�

[(
P − C

F
− P̄ − C

F̄

)
(Y − 1) − (F − F̄ )X + P

F
− P̄

F̄

]2

, (22)

where

C ≡
(

�m2
21

�m2
31

)2 [
sin(ACCL/2)

ACCL/2�

]2

sin2 2θ12.

Equation (22) gives a quadratic curve in the (X, Y)-plane. At the oscillation maximum
(|�m2

31|L/4E = π/2), the numerator of the first term on the right-hand side of Eq. (22) must
vanish, and it yields a straight line in the (X, Y)-plane:(

P − C
F

+ P̄ − C

F̄

)
(Y − 1) − (F + F̄ )X + P

F
+ P̄

F̄
= 0. (23)

Equations (22) and (23) are depicted in Figs. 2(a) and (b).
As can be seen from Fig. 2, there are eight (four) solutions in general off (at) the oscillation

maximum. This parameter degeneracy is in general eightfold [10], since there are two inter-
sections between the curve (22) and Y = constant due to the quadratic nature of the curve
(22) (intrinsic degeneracy [12]), there are two curves depending on whether the mass ordering
is normal (red in Fig. 2) or inverted (blue) (sign degeneracy [13]), and there are two possibil-
ities for the θ23 octant given a value of sin 22θ23 (octant degeneracy [14]). The problem with
this parameter degeneracy is that the value of δ is different for a different point in Fig. 2,
and we must resolve this degeneracy to determine δ precisely. In particular, it is known [10]
that the value of δ depends strongly on the mass ordering, so even if the long baseline exper-
iment is done at the oscillation maximum, the resolution of sign degeneracy is important to
determine δ.

2.4 Status of measurements of the oscillation parameters
Measurements of θ13 have been done by the appearance channel νμ → νe at the accelerator
neutrino experiments, T2K [15], MINOS [16], and by the disappearance channel ν̄e → ν̄e at the
reactor neutrino experiments, Double Chooz [17], Daya Bay [18], and Reno [19], and θ13 has
been determined precisely. On the other hand, the two long baseline experiments, T2K [20] and
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Table 1. The updated results of the global fit by the three groups. The definition of the mass-squared
difference �m2

atm of atmospheric neutrino oscillation is different for different groups. Although two
different results, with and without the Super-Kamiokande atmospheric neutrino data, are presented in
Ref. [22], only those with the atmospheric neutrino data are quoted. Normal ordering gives the best fit,
but the significance of NO over IO is not strong enough to exclude IO yet.

Ref. [22] w SK-ATM [23] w SK-ATM [24] w SK-ATM

Date of update 29 Nov 2021 28 Sep 2021 19 Jan 2021

NO Best-fit ordering Best-fit ordering Best-fit ordering

Param bfp ±1σ 3σ range bfp ±1σ 3σ range bfp ±1σ 3σ range

sin2 θ12/10−1 3.04+0.12
−0.12 2.69 → 3.43 3.03+0.13

−0.13 2.63 → 3.45 3.18+0.16
−0.16 2.71 → 3.69

θ12/◦ 33.5+0.8
−0.8 31.3 → 35.9 33.4+0.8

−0.8 30.9 → 36.0 34.3+1.0
−1.0 31.4 → 37.4

sin2 θ23/10−1 4.50+0.19
−0.16 4.08 → 6.03 4.55+0.18

−0.15 4.16 → 5.99 5.74+0.14
−0.14 4.34 → 6.10

θ23/◦ 42.1+1.1
−0.9 39.7 → 50.9 42.4+1.0

−0.9 40.2 → 50.7 49.3+0.8
−0.8 41.2 → 51.3

sin2 θ13/10−2 2.25+0.06
−0.06 2.06 → 2.44 2.23+0.07

−0.06 2.04 → 2.44 2.20+0.07
−0.06 2.00 → 2.41

θ13/◦ 8.62+0.12
−0.12 8.25 → 8.98 8.59+0.13

−0.12 8.21 → 8.99 8.53+0.13
−0.12 8.13 → 8.92

δ/◦ 230+36
−25 144 → 350 274+25

−27 139 → 355 194+24
−22 128 → 359

�m2
21/10−5 eV2 7.42+0.21

−0.20 6.82 → 8.04 7.36+0.16
−0.15 6.93 → 7.93 7.50+0.22

−0.20 6.94 → 8.14

�m2
atm/10−3 eV2 2.51+0.03

−0.03 2.43 → 2.59 2.49+0.02
−0.03 2.40 → 2.57 2.55+0.02

−0.03 2.47 → 2.63

IO �χ2 = 7.0 �χ2 = 6.5 �χ2 = 6.4

sin2 θ12/10−1 3.04+0.13
−0.12 2.69 → 3.43 3.03+0.13

−0.13 2.63 → 3.45 3.18+0.16
−0.16 2.71 → 3.69

θ12/◦ 33.5+0.8
−0.8 31.3 → 35.9 33.4+0.8

−0.8 30.9 → 36.0 34.3+1.0
−1.0 31.4 → 37.4

sin2 θ23/10−1 5.70+0.16
−0.22 4.10 → 6.13 5.69+0.13

−0.21 4.17 → 6.06 5.78+0.10
−0.17 4.33 → 6.08

θ23/◦ 49.0+0.9
−1.3 39.8 → 51.6 49.0+0.8

−1.2 40.22 → 51.12 49.5+0.6
−1.0 41.2 → 51.3

sin2 θ13/10−2 2.24+0.07
−0.06 2.06 → 2.46 2.23+0.06

−0.06 2.03 → 2.45 2.23+0.06
−0.07 2.02 → 2.42

θ13/◦ 8.61+0.14
−0.12 8.24 → 9.02 8.59+0.12

−0.12 8.19 → 9.01 8.58+0.12
−0.14 8.17 → 8.96

δ/◦ 278+22
−30 194 → 345 274+25

−27 193 → 342 284+26
−28 200 → 353

�m2
21/10−5 eV2 7.42+0.21

−0.20 6.82 → 8.04 7.36+0.16
−0.15 6.93 → 7.93 7.50+0.22

−0.20 6.94 → 8.14

�m2
atm/10−3 eV2 2.49+0.03

−0.03 2.41 → 2.57 2.46+0.03
−0.03 2.38 → 2.54 2.45+0.02

−0.03 2.37 → 2.53

Def of �m2
atm max

(|�m2
31|, |�m2

32|
) |m2

3 − (m2
1 + m2

2)/2| |�m2
31|

NOvA [21], are performed approximately at the oscillation maximum, so the present situation
is approximately described by Fig. 2(b).

Table 1 gives the results by the three groups [22–24] for the values of the mixing an-
gles and the mass-squared differences from global analysis of solar neutrinos (Chlorine
[25], GALLEX/GNO [26], SAGE [27], and Super-Kamiokande [8,28–30], SNO [31], and
Borexino [32–34]), KamLAND [35], atmospheric neutrinos (Super-Kamiokande [36] and Ice-
Cube/DeepCore [37,38]) medium baseline reactor neutrinos (Double Chooz [39], Daya Bay
[40], and RENO [41]), the disappearance channel at accelerator-based long baseline experi-
ments (MINOS [42], T2K [43], and NOvA [44]), and the appearance channel at accelerator-
based long baseline experiments (MINOS [45], T2K [43], and NOvA [44]). As can be seen from
Eq. (21), the matter effect appears in the form ACCL/2 ∼ L/4000 km. Since the baseline lengths
of T2K and NOvA are not long enough to satisfy ACCL/2 ∼ O(1), the results by these long base-
line experiments are not conclusive enough to determine the mass pattern as of 2021. Octant
degeneracy is also unresolved.
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Fig. 3. Sensitivity of the future experiments and their combinations to the unknown quantities in the
case of normal ordering [49]. Left: Significance of mass ordering as a function of the true value of
the CP phase δ. Middle: Significance of the octant as a function of the true value of θ23. Right: �χ2 =
{significanceofCPviolation(σ )}2 as a function of the true value of the CP phase δ. The horizontal straight
line in each panel stands for 5σ , which corresponds to discovery.

2.5 Prospects in future experiments
The quantities that are not determined as of 2021 are the pattern of mass ordering (the two
mass patterns in Fig. 1 are allowed at present), the octant of θ23 (in other words the sign of (θ23

− 45◦)), and the CP phase δ. Determination of the mass ordering, the octant of θ23, and the CP
phase δ is expected to be carried out in future long baseline experiments, T2HK [46] and DUNE
[47]. Figure 3 shows the sensitivity of these experiments together with atmospheric neutrino
measurements at the Hyper-Kamiokande (HK) experiment [48] to the unknown quantities.
The DUNE experiment has a baseline length L = 1300 km, and it has the highest sensitivity
to the mass ordering and the significance to reject wrong mass ordering is at least 7σ for any
value of δ. T2HK has a short baseline length L = 295 km, and it has therefore poor sensitivity
to the mass ordering, but if it is combined with the HK atmospheric neutrino data, then the
significance to reject wrong mass ordering is at least 4σ . Octant degeneracy is expected to be
solved if |θ23 − 45◦| > 3◦ if we combine T2HK, DUNE, and HK atmospheric neutrinos. As for
the CP phase, unless δ is close to 0 or 180◦, DUNE, the combination of T2HK and atmospheric
neutrino observation at HK, and the combination of all these can exclude the hypothesis that
δ = 0 or δ = 180◦.

3. New physics beyond the Standard Model with three massive neutrinos
As of 2021, there are several anomalies that cannot be accounted for by the standard three-
flavor framework. One is a class of anomalies that may be explained if we assume the existence
of light sterile neutrinos [50] whose mass is of order 1 eV. They are the results of LSND [51],
MiniBooNE [52], the reactor antineutrino anomaly [53,54], and the gallium anomaly [55]. Also,
the recent IceCube data [56] suggests a mild preference for light sterile neutrinos in the disap-
pearance channel νμ → νμ + ν̄μ → ν̄μ. The other anomaly is the discrepancy [57] between
the mass-squared differences of the solar and KamLAND experiments. This may be explained
[58,59] if we assume either flavor-dependent non-standard interactions during the propagation
of neutrinos [4,60,61], or light sterile neutrinos whose mass-squared difference is of order 10−5

eV2. These anomalies have attracted a lot of attention because they may provide us a key to
physics beyond the Standard Model.
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(a) (b)

Fig. 4. Two schemes of four-neutrino mixing. (a) (2+2)-scheme, (b) (3+1)-scheme.

3.1 Light sterile neutrinos
If we assume four flavor and mass eigenstates, then the fourth flavor eigenstate must be a ster-
ile neutrino state νs, which is singlet with respect to the gauge group of the Standard Model
because the number of weakly interacting light neutrinos is three from the LEP data [62]. So
the equation of motion is described by the following 4 × 4 Hamiltonian:

i
d
dt

⎛
⎜⎜⎜⎝

νe(t)
νμ(t)
ντ (t)
νs(t)

⎞
⎟⎟⎟⎠ = M

⎛
⎜⎜⎜⎝

νe(t)
νμ(t)
ντ (t)
νs(t)

⎞
⎟⎟⎟⎠ (24)

M ≡ [U diag(E1, E2, E3, E4)U −1 + diag(ACC, 0, 0, −ANC) + ANC 1]

= [U diag(0, �E21, �E31, �E41)U −1 + diag(ACC, 0, 0, −ANC) + (E1 + ANC) 1].

(25)

The 4 × 4 mixing matrix U has six mixing angles and three CP phases, and one of the
parametrizations for U is given by

U = R34(θ34, δ34) R24(θ24, 0) R14(θ14, δ14) R23(θ23, 0) R13(θ13, δ13) R12(θ12, 0), (26)

where Rij(θ ij, δl) are complex rotation matrices in the ij-plane defined as:

[Ri j (θi j, δi j )]pq =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

cos θi j p = q = i, j
1 p = q �= i, j
sin θi j e−iδi j p = i; q = j
− sin θi j eiδi j p = j; q = i
0 otherwise.

The angles θ14, θ24, θ34 stand for the mixing of oscillations at short baseline experiments of
reactor neutrino (ν̄e → ν̄e) and radioactive sources (νe → νe), that of oscillations at short base-
line accelerator neutrino experiments (νμ → νμ and ν̄μ → ν̄μ), and the ratio between νμ → ντ

and νμ → νs at short baseline accelerator neutrino experiments, respectively. In the limit θ j4

→ 0 (j = 1, 2, 3), the mixing is reduced to the PMNS paradigm with δ = δ13. In the case of
four-neutrino mixing scenarios, there are two schemes, the (2+2)-scheme (Fig. 4(a)) and the
(3+1)-scheme (Fig. 4(b)). The (2+2)-scheme is excluded by combining the constraints from the
solar and atmospheric neutrinos [63]. On the other hand, in the (3+1)-scheme, three massive
states must be on the lower side as in Fig. 2(b) because the one with three massive states on the
upper side is excluded by the cosmological bound [62]

∑
jmj � 0.5 eV (95% CL).
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If the neutrino energy E and the baseline length L satisfy |�m2
41L/E | ∼ O(1) for the value

�m2
41 � 0.1 eV2, then the contributions from the smaller mass-squared differences �m2

31 and
�m2

21 become negligible, and the oscillation probability in vacuum can be expressed as

P(να → νβ ) � P(ν̄α → ν̄β ) �
∣∣∣∣δαβ − sin2 2θαβ sin2

(
�m2

41L
4E

)∣∣∣∣ ,
where

sin2 2θαβ ≡ 4|Uα4|2
∣∣δαβ − |Uβ4|2

∣∣ (α, β = e, μ, τ, s),

so the formula for the oscillation probability reduces to that in the two-flavor framework. In
the following subsections, we will discuss the three channels (α, β) = (e, e), (μ, e), and (μ, μ).
In the parametrization of Eq. (26), we have the following mixing angle:

sin2 2θee = 4|Ue4|2(1 − |Ue4|2) = sin2 2θ14 (27)

sin2 2θμμ = 4|Uμ4|2(1 − |Uμ4|2) = 4c2
14s2

24

(
1 − c2

14s2
24

)
(28)

sin2 2θμe = 4|Uμ4|2|Ue4|2 = s2
24 sin2 2θ14. (29)

3.1.1 νe → νe channel. To probe neutrino oscillations νe → νe or ν̄e → ν̄e for the region of
0.1 eV2 � �m2 � 10 eV2, short baseline experiments of electron antineutrinos from reactors or
electron neutrinos from radioactive sources have been performed. In 2011 the flux of the reactor
neutrino was recalculated in Ref. [53,54] and it was claimed that the normalization is shifted
by about +3% on average. If their claim on the reactor neutrino flux is correct, then neutrino
oscillation with �m2 � 1 eV2 may be concluded from a reanalysis of 19 reactor neutrino results
at short baselines [64]. This is called the reactor antineutrino anomaly. The result in 2019 by
Daya Bay [65] disfavors the new flux of reactor antineutrinos [54,64] from a shape analysis of
the energy spectrum. However, as far as the overall normalization of reactor antineutrinos is
concerned, there is uncertainty that is as large as that of the difference between the old and new
fluxes [66] and it is not clear whether the reactor antineutrino anomaly is disfavored from the
result of Ref. [65]. Among the recent short baseline reactor neutrino experiments, NEOS [67],
DANSS [68], STEREO [69], PROSPECT [70], and Neutrino-4 [71], the only experiment that
had an affirmative result is Neutrino-4.

On the other hand, it was pointed out in Ref. [55] that the measured and predicted 71Ge
production rates differ in the gallium radioactive source experiments GALLEX and SAGE,
and this is called the gallium anomaly. The recent affirmative result of the BEST experi-
ment [72] is consistent with the region in (sin 22θ14, �m2

41), which was suggested by Ref.
[55], although most of the BEST region is disfavored by the reactor experiments, except for
Neutrino-4.

Figure 5 shows the results of reactor and radioactive source neutrino experiments. There are
criticisms on the significance of the affirmative results and readers are referred to Ref. [73] for
references. To observe the oscillation pattern at short baseline experiments with low energy, it
is necessary to have a detector with very good energy resolution and to have a relatively small
reactor core. This is the reason why short baseline experiments become difficult for �m2

41 �
several eV2. In Ref. [74] it was suggested that we may be able to improve sensitivity to sin 22θ ee by
observing high-energy atmospheric neutrino shower events at a neutrino telescope whose size
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Fig. 5. The excluded and allowed regions for the νe → νe or ν̄e → ν̄e channels. The curves for
DayaBay+Bugey (90% CL) [75], NEOS (90% CL) [67], DANSS (90% CL) [68], STEREO (95% CL)
[69], and PROSPECT (95% CL) [70] indicate negative results. Those for the gallium anomaly (95% CL)
[55], the reactor antineutrino anomaly (RAA) (95% CL) [54,64], Neutrino-4 (90% CL) [71], and BEST
(95% CL) [72] are affirmative ones.

is at least 10 times as large as the IceCube facility. The reason why observation of high-energy
neutrinos with a very long baseline length is advantageous is because there can be enhancement
of the effective mixing angle in matter and therefore the sensitivity can be improved.

3.1.2 νμ → νμ channel. Neutrino oscillations νμ → νμ or ν̄μ → ν̄μ for the region of 0.1 eV2

� �m2 � 100 eV2 have been searched by experiments with accelerator (CDHSW [76], CCFR
[77], MiniBooNE/SciBooNE [78], and MINOS/MINOS+ [79]) as well as atmospheric (Super-
Kamiokande [80] and IceCube [56]) neutrinos. Most of these experiments had negative results,
and the only experiment that obtained an affirmative result is IceCube [56], although its sig-
nificance is weak; i.e., no sterile neutrino hypothesis is disfavored only by �χ2 = 4.94 for two
degrees of freedom, naively corresponding to 1.7σ in the Gaussian distribution.

Figure 6 shows the results of experiments for the disappearance channels of νμ or ν̄μ.

3.1.3 νμ → νe channel. Several accelerator-based neutrino experiments have been performed
in the past to search for oscillations νμ → νe or ν̄μ → ν̄e. The only two experiments that re-
ported an affirmative result are LSND [51] and MiniBooNE [52]. Since the early stages of
sterile neutrino oscillation study, it has been known [81,82] that the LSND region in the (�m2,
sin 22θ )-plane has tension with other negative results in the disappearance channels νe → νe

and νμ → νμ. By defining sin 22θαβ (α, β = μ, e) as a value of the horizontal coordinate as a
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Fig. 6. The excluded and allowed regions for the νμ → νμ or ν̄μ → ν̄μ channels. The curves for CDHSW
(90% CL) [76], CCFR (90% CL) [77], MiniBooNE/SciBooNE (90% CL) [78], Super-Kamiokande (90%
CL) [80], and MINOS/MINOS+ (90% CL) [79] indicate negative results. That for IceCube (90% CL)
[56] is affirmative.

function of �m2
41 in Figs. 5 and 5, from Eqs. (27) and (28), negative results in the two channels

νe → νe and νμ → νμ at a given value of �m2
41 indicate

4|Ue4|2(1 − |Ue4|2) < sin2 2θee

4|Uμ4|2(1 − |Uμ4|2) < sin2 2θμμ. (30)

On the other hand, from Eq. (29), an affirmative result in the channel νμ → νe leads to

4|Uμ4|2|Ue4|2 = sin2 2θμe. (31)

Assuming |Ue4|2 	 1, |Uμ4|2 	 1, we have the following inequality at a given value of �m2
41:

sin2 2θμe <
1
4

sin2 2θee sin2 2θμμ. (32)

sin 22θ ee (sin 22θμμ) can be regarded as the strongest bound from the negative results of the
disappearance channel νe → νe (νμ → νμ). The value of (1/4)sin 22θ eesin 22θμμ at 90% CL is
plotted as a function of �m2

41 in Fig. 7 (indicated as “disappearance(n)”) together with the al-
lowed regions suggested by LSND and MiniBooNE, and other negative results. Equation (31)
indicates that the allowed region of LSND or MiniBooNE should be the left side of the curve
(1/4)sin 22θ eesin 22θμμ but the MiniBooNE region is on the right side of the “disappearance(n)”
curve for all the values of �m2

41 and the LSND region is either on the right side of the “dis-
appearance(n)” curve or it is disfavored by the negative results of other experiments at 90%
CL. Thus the results by LSND and MiniBooNE are disfavored by the negative results of other
experiments. On the other hand, if we take the affirmative results by Neutrino-4 for νe → νe

and IceCube for νμ → νμ seriously, then the allowed region is the region that is referred to as
“disappearance(a)” in Fig. 7. In this case, the mixing sin 22θμe in the appearance probability
P(νμ → νe) can be smaller than the present upper bound by more than one order of magnitude
for �m2

41 ∼ 7 eV2 or 9 eV2, and some part of the “disappearance(a)” region in Fig. 7 is still
consistent with all other experiments in the past except LSND and MiniBooNE.
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Fig. 7. The excluded and allowed regions for the νμ → νe or ν̄μ → ν̄e channels. The curves for E776 (90%
CL) [83], KARMEN2 (90% CL) [84], and NOMAD (90% CL) [85] indicate negative results. Those for
LSND (90% CL) [51] and MiniBooNE (90% CL) [52] are affirmative ones. “Disappearance(n)” stands
for the constraint at 90% CL from the negative results of disappearance channels νe → νe (ν̄e → ν̄e)
and νμ → νμ (ν̄μ → ν̄μ) as given by Eq. (31). “Disappearance(a)” stands for the possible region at 90%
CL that can be inferred if we take seriously the two affirmative results of disappearance channels, i.e.,
Neutrino-4 (ν̄e → ν̄e) and IceCube (νμ → νμ and/or ν̄μ → ν̄μ).

The anomalies of LSND, the reactor, and gallium provide the main motivation for studying
sterile neutrino oscillations. The search for sterile neutrinos in the same channel ν̄μ → ν̄e as
that of LSND is still ongoing [86], and it is hoped that these anomalies will be confirmed in the
future.

3.2 Non-standard interactions in propagation
If there is a flavor-dependent neutrino non-standard interaction (NSI) in neutrino propaga-
tion:

LNSI = −2
√

2 ε
f f ′P
αβ GF (ναLγμνβL)( f Pγ μ f ′

P), (33)

where fP and f ′
P are fermions with chirality P and ε

f f ′P
αβ is a dimensionless constant normalized

in terms of the Fermi coupling constant GF, then the matter potential in the flavor basis is
modified as

A

⎛
⎜⎝1 + εee εeμ εeτ

εμe εμμ εμτ

ετe ετμ εττ

⎞
⎟⎠ , (34)

where A ≡ √
2GF Ne stands for the matter effect, εαβ is defined by εαβ ≡ ∑

f =e,u,d (Nf /Ne)ε f
αβ ,

and Nf (f = e, u, d) stands for number densities of fermions f. Here we define the new NSI
parameters as ε

f
αβ ≡ ε

f f L
αβ + ε

f f R
αβ since the matter effect is sensitive only to coherent scattering

and only to the vector part in the interaction.
It was pointed out [57] that there was tension at 2σ between the mass-squared difference from

the solar neutrino data (�m2
21 � 4 × 10−5eV2) and that of the KamLAND experiment (�m2

21 =
7.5 × 10−5eV2). Reference [58] showed that a non-vanishing value of the new NSI parameters
ε

f
αβ solves this tension. This fact gives a motivation to take seriously NSI in propagation. The
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significance of the anomaly was approximately 2σ in 2016 [57], but it had reduced to 1.4σ in
2020 [30]. If the significance keeps decreasing in the future, then this should not be listed in the
list of anomalies.

4. Impact of Professor Koshiba on neutrino physics
Today we have a lot of information on neutrinos, such as the two mass-squared differences,
three mixing angles, and a hint of a CP-violating phase. In the process of gaining such in-
formation, Professor Masatoshi Koshiba made outstanding contributions to the field, by the
Kamiokande experiment, which was proposed by him in 1979 [87] and was started in 1983, and
by the Super-Kamiokande experiment, which was again proposed by him in 1983 [88]1 and
was started in 1996. The significant feature of the Kamiokande and Super-Kamiokande exper-
iments is that they give information on the energy spectrum and the zenith angle dependence of
neutrinos, which plays a crucial role in discovering neutrino oscillations. He even proposed an
idea of a megaton-class water Cherenkov detector in 1992 [90]2, and this is now being turned
into reality as the Hyper-Kamiokande experiment [48]. Now it is evident that huge numbers
of neutrino events are required to determine the leptonic CP phase, and a megaton-class water
Cherenkov detector is ideal for that purpose.

In the standard framework of three massive neutrinos, the remaining quantities to be mea-
sured are the sign of �m2

31, the sign of θ23 − 45◦, and the CP phase δ. These quantities are
expected to be determined by the huge underground neutrino experiments in the near future.
On the other hand, to complete the picture of the Standard Model with three massive neutri-
nos, we need to exclude the anomalies mentioned in Section 3. If we cannot exclude or confirm
them by experiments in the near future, then we may need a new type of experiment, which
even Professor Koshiba could not imagine.
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