
Quantum Information Processing           (2026) 25:96 
https://doi.org/10.1007/s11128-026-05114-3

Schrödinger’s bug: a survey on quantum software
debugging

Evandro Rosa1 · Rafael Santiago1

Received: 1 August 2024 / Accepted: 16 February 2026
© The Author(s) 2026

Abstract
Quantum computing offers the potential for exponential speed-ups for classically
intractable problems, yet quantum programming is still susceptible to bugs. Classical
debuggingmethods are often inadequate, as quantummechanical principlesmake state
inspection disruptive and classical simulation has exponential time complexity. This
survey explores the landscape of quantum assertions as a key technique for identifying
and locating bugs in quantum programs. We classify these techniques into two pri-
mary categories based on their evaluation stage: classical runtime and quantum runtime
assertions. For each category, we analyze the strengths, limitations, time complexity,
and applicability of current methods. Our findings show that scalable quantum debug-
ging remains an open problem—a challenge that will persist even with the advent
of fault-tolerant hardware. Finally, this work highlights key challenges and proposes
future directions for the development of novel quantum debugging techniques.

Keywords Quantum Computing · Quantum Programming · Debug · Assertion

1 Introduction

Quantum computing is an emerging technology that holds the promise of exponential
acceleration in solving problems that are inherently difficult for classical comput-
ers. The advantage of quantum computers was initially theorized by Feynman [1] in
1981 and later substantiated by Shor [2] in 1994, notably with the quantum integer
factorization algorithm. However, it was not until 2019 that the first demonstration
of a quantum computer solving problems significantly faster than the current fastest
supercomputer was published [3]. Subsequent experiments have further demonstrated
the quantum advantage [4–7]. Despite significant advancements by key players in the
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quantum computing space, such as IBM [8] and Google [9], current demonstrations
have yet to solve problems with practical applications. Nevertheless, they mark impor-
tant milestones toward the real-world engineering use of quantum computers [10, 11].

Analogous to the existence of quantum algorithms predating the full implemen-
tation of quantum computers, the development of quantum-accelerated software can
be initiated even before the readiness of quantum computers for production scale.
Currently, several quantumprogrammingplatforms facilitate the development of quan-
tum software [12–14], allowing for the execution of proof of concepts on Noisy
Intermediate-Scale Quantum (NISQ) computers [15] and quantum simulators [16–
19]. Comparable to classical programming, quantum programming is susceptible to
coding errors or flaws, commonly known as bugs. Nevertheless, the identification and
rectification of bugs in quantum applicationsmay present greater challenges compared
to those encountered in classical applications.

In a study on human–computer interaction [20], researchers identified two quantum
debugging approaches commonly utilized by the quantum programmers interviewed.
The first method involves an interchange between different quantum representations to
identify errors and code flaws. For example, this may include transitioning between a
text-based description of the quantum application and a quantum circuit diagram. This
process can be compared to debugging an application written in a high-level language
by analyzing the assembly produced by the compiler in classical programming.

The second approach entails the use of quantum simulators to analyze the step-
by-step execution of quantum algorithms. While this approach appears promising
in theory, its practical utilization is constrained by the time complexity of quantum
simulation. Simulating a quantum computer demands exponential execution time in
relation to the number of quantum bits and generates an extensive amount of data,
rendering it impractical to follow step by step. In a classical analogy, it is akin to
debugging a classical application by examining the computer’smemorywithout a clear
demarcation of where a variable starts and ends. Additionally, due to entanglement,
operations on one variable can induce side effects on others, further complicating the
debugging process.

Although these quantum debugging approaches aid in identifying flaws within
quantum programs, their scalability remains limited. This necessity drives the devel-
opment of quantum debugging methods aimed at expediting the identification and
correction of quantum bugs. A fundamental element in classical debugging is the
use of assertions, which validate whether the value of a variable aligns with a given
assumption.When evaluated successfully, assertions do not produce side effects in the
classical application, although they may trigger repercussions upon failure.

In this survey, we delve into techniques for asserting the characteristics of quantum
states, with the primary goal of ensuring their compliance with predefined criteria or
anticipated behavior. This pursuit aims to uncover any potential anomalies or bugs
within quantum systems. The methods for assertion encompass a diverse range of
strategies, primarily classified into two groups: classical runtime assertion and quan-
tum runtime assertion. The key differentiation between these lies in the timing of when
the quantum assertions are assessed—either before the quantum execution (classical
runtime) or during the quantum execution itself (quantum runtime).
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Our survey focuses on providing a comprehensive overview of these approaches,
particularly within the quantum gate model. While other computational paradigms
exist, such as adiabatic [21] and photonic quantum computing [22, 23], they fall
outside the primary scope of this paper. Through this exploration, we aim to shed light
on their various strengths, limitations, and scalability. The ultimate goal is to establish
a thorough understanding of the current state-of-the-artmethods available for asserting
about the quantum state. This knowledge empowers researchers and developers within
the quantum computing field to navigate and apply these techniques effectively in their
endeavors.

One key finding of this work is that the definition of scalable quantum debugging
remains an open problem, and efficient techniques lack the expressivity required for
widespread adoption in the quantum programming workflow. Additionally, the study
reveals the following insights:

• Assertion-based quantumcomputing debugging at classical runtime can streamline
and reduce the cost of quantumdevelopment.However, only twoquantumassertion
techniques were identified in this study, with only one showing the potential for
efficient execution on classical computers.

• There are several techniques for asserting about the quantumstatewithin a quantum
computer (quantum runtime). Although these techniques are equivalent in terms
of expressivity, they involve trade-offs during quantum execution. In the general
case, implementing a quantumassertion takes an exponential amount of processing
time on a classical computer. Nevertheless, the techniques presented in this study
can provide a solid foundation for implementing efficient quantum assertions.

Related Works
To the best of our knowledge, this survey represents the first comprehensive

exploration of quantum assertion techniques for quantum debugging, encompassing
evaluations at both classical and quantum runtimes, alongside an in-depth analysis of
their time complexities. In a related context, the work by Li et al. [24] provides a
summary of several quantum runtime assertion implementations, many of which are
discussed in Section 5 of this survey. Moreover, they offer a case study illustrating
the application of assertions in quantum debugging and error mitigation. This survey
complements their work by providing a detailed analysis of quantum runtime assertion
techniques, particularly regarding their time complexities, while also introducing and
evaluating classical runtime assertion techniques.

Additionally, the research conducted by Zhao [25] offers valuable insights into the
broader field of quantum software engineering, including a brief overview of assertion-
based debugging within quantum systems. However, their work does not provide an
in-depth analysis of quantum assertion techniques, as presented in this survey. Instead,
their focus extends to quantum software testing and other aspects of quality assurance
in quantum software development, reflecting a broader perspective that complements
the more focused scope of this work.

Document Structure
We initiate this survey with an introduction to quantum computing, encompassing

foundational concepts necessary to comprehend the implementation and utilization
of the presented quantum assertions in Section 2. Following this, Section 3 provides
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a review of two empirical studies in quantum debugging that identified the existence
of quantum-specific bugs in quantum programming platforms and applications. Our
categorization of assertion techniques is bifurcated based on the stage at which the
assertion is evaluated. Section 4 elucidates quantum program assertions that undergo
evaluation during the classical runtime, conducted before executing the application
on the quantum computer. In contrast, Section 5 reports upon assertion techniques
evaluated during the quantum runtime, performed while the quantum program is exe-
cuting on the quantum computer or simulator. Finally, in Section 6 we end with the
conclusions and final remarks of this survey.

2 Quantum computing

In this section, we provide a summary of the basics of quantum computing. For a
comprehensive introduction to quantumcomputing,we refer Nielsen andChuang [26].
Readers already familiarwith these conceptsmaywish to proceed toSection 2.7,where
we address the limitations of applying classical debugging techniques to quantum
computers.

The foundation of quantum computing lies in the quantum bit, referred to as a qubit.
The qubit serves as the smallest unit of information that a quantum computer can store.
This information is expressed as a linear combination of two distinct states, usually
denoted as zero and one. In Dirac notation [27], widely used in quantum mechanics,
these states are represented as |0〉 and |1〉, respectively. Any arbitrary qubit can be
presented as |ψ〉 = α |0〉 + β |1〉, where α and β are complex numbers referred to as
probability amplitudes. When both α and β are nonzero, the qubit exists in a state of
superposition. This implies that the qubit is simultaneously in both |0〉 and |1〉 states.

When considering all the potential states that n qubits can occupy simultaneously,
we recognize that a quantum computer possesses an exponential memory capacity,
with each additional qubit effectively doubling this capacity. Using a common analogy,
we can liken an n-qubit system to having the ability to store information equivalent to
2n classical bits.

In addition to superposition, entanglement plays a crucial role in structuring the
memory of a quantumcomputer and enablingmeaningful computations. Entanglement
represents a relationship between a group of qubits, and it can manifest in various
forms. An entangled set of qubits behaves as a unified quantum entity that cannot be
described as the simple sum of its individual parts. In essence, the state of an entangled
qubit cannot be fully characterized on its own; rather, its state is contingent upon the
states of the other entangled qubits.

For quantum computations to be useful, it is essential to eventually extract results
from the quantum computer. However, there is no efficient method for fully recon-
structing quantum information classically. Instead, we rely on measurements to obtain
solutions from quantum computations. Measurement, despite being a destructive pro-
cess, allows us to extract a piece of information from a quantum superposition. For
instance, consider the measurement of a qubit |ψ〉 = α |0〉+β |1〉. This measurement
obtains a 0 with a probability of |α|2 and a 1 with a probability of |β|2, effectively

123



Schrödinger’s bug: a survey on quantum... Page 5 of 40    96 

collapsing the qubit to either |0〉 or |1〉 based on the measurement outcome. Notably,
consecutive measurements of the same qubit will consistently yield the same result.

The relationship between some entanglements is apparent in their measurement
probabilities. Consider the Bell state |bell〉 = 1√

2
(|00〉+ |11〉), comprising two entan-

gled qubits. When each qubit is measured, there is an equal probability of obtaining
either 0 or 1. However, due to their entanglement, the two qubits consistently measure
the same result. For instance, if the first returns 1, the second qubit will also measure
1.

To delve deeper into our exploration of the basics of quantum computing, we
will examine it through the lens of the four postulates of quantum mechanics [26].
These postulates establish a mathematical framework for quantum mechanics and,
by extension, quantum computation. This section will further elucidate each postu-
late, providing a concise discussion of their implications for quantum computing. It
will end with an examination of density matrices and projections, topics crucial for
implementing many quantum assertions presented in this paper.

2.1 State space

The first postulate states that the state of a quantum computer (or the state of its
qubits) can be completely described by a unit vector, referred to as the state vector.
This vector exists within a complex vector space that possesses a defined inner product,
constituting a Hilbert space known as the state space [[26],§2.2.1]. To elaborate, the
state of an n-qubit system can be entirely characterized by a unit vector residing in
the Hilbert space C2n .

In quantum computing, we refer to the standard basis as the computational basis,
and it is common to express qubits as linear combinations of this basis. For instance,
the computational basis for a single qubit can be represented as follows:

|0〉 =
[
1
0

]
, and |1〉 =

[
0
1

]
. (1)

We read the states |0〉 and |1〉 as ket 0 and ket 1. Here, any arbitrary qubit |ψ〉 (“ket
ψ”) is defined as |ψ〉 = α |0〉 + β |1〉, such that |α|2 + |β|2 = 1. In addition to the
column vector represented as a ket, there exists its dual vector 〈·|, called a bra, where
〈ψ | = |ψ〉†. In simpler terms, a bra is the conjugate transpose of a ket.

For the computational basis of multiple qubits, we can represent the numbers within
the ket using either decimal or binary notation. For instance, the computational basis
for three qubits can be expressed as {|000〉 , |001〉 , |010〉 , |011〉 , . . . , |111〉} or equiv-
alently {|0〉 , |1〉 , |2〉 , |3〉 , . . . , |7〉}. The interchange between these representations
can be done seamlessly without any risk of confusion.

2.2 Quantum gates

The second postulate states that a quantum computation can be executed through
discrete steps governed by unitary operators [[26],§2.2.2]. In quantum computing,
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Table 1 A compilation of
frequently utilized single-qubit
quantum gates, showcasing their
matrix representation and effect
on the computational basis

Gate Name Matrix Effect

Pauli X

[
0 1
1 0

]
X

∣∣0〉 = ∣∣1〉
X

∣∣1〉 = ∣∣0〉
Pauli Y

[
0 −i
i 0

]
Y

∣∣0〉 = i
∣∣1〉

Y
∣∣1〉 = −i

∣∣0〉
Pauli Z

[
1 0
0 −1

]
Z
∣∣0〉 = ∣∣0〉

Z
∣∣1〉 = −∣∣1〉

Hadamard 1√
2

[
1 1
1 −1

] H
∣∣0〉 =

∣∣0〉+∣∣1〉√
2

H
∣∣1〉 =

∣∣0〉−∣∣1〉√
2

Phase

[
1 0
0 eiλ

]
P

∣∣0〉 = ∣∣0〉
P

∣∣1〉 = eiλ
∣∣1〉

these unitary operators are often referred to as quantumgates, or simply gates. Notably,
a unitary operator denoted as U always possesses an inverse, which is achieved by
transposing and then conjugating U , denoted as U †. Given that U † also is a unitary
operator, it becomes evident that a quantum computation reversible.

There are numerous quantum gates. In Table 1, we have compiled a list of the most
commonly employed single-qubit gates. Note that some gates are the inverse of itself.

For example, since the Hadamard gate is its inverse, H
[

1√
2

(|0〉 + |1〉)
]

= |0〉.
Since the gates presented in Table 1 operate on individual qubits, they do not

generate entanglement. To introduce entanglement, we can, for example, incorporate
the Controlled-NOT (CNOT) gate, represented by the matrix:

CNOT =

⎡
⎢⎢⎣
1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

⎤
⎥⎥⎦ . (2)

This gate acts on two qubits, flipping the second qubit (target qubit) if the first qubit
(control qubits) is in the state |1〉. Notably, the CNOT gate establishes a conditional
relationship between the states of the two qubits. Therefore, if the control qubit is in
a superposition, this gate has the potential to induce entanglement between the two
qubits.

Quantum circuits are graphical representations that depict quantum computations
through the application of quantum gates. The execution of the circuit progresses
from left to right, with each horizontal line symbolizing a qubit. Table 2 showcases
commonly used two-qubit quantum gates along with their corresponding circuit repre-
sentations. In Figure 1, we present an illustrative quantum circuit example. The graph
element �� refers to a measurement operation on computation basis, a concept
we will delve into further in sequence.
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Table 2 A compilation of
frequently utilized two-qubit
quantum gates, showcasing their
matrix and circuit representation.
U is a generic single-qubit gate,
I is a 2×2 identity matrix, and 0
is a 2×2 null matrix

Gate Name Matrix Circuit

Controlled-U

[
I 0
0 U

]
•
U

0-Controlled-U

[
U 0
0 I

]
U

CNOT

[
I 0
0 X

]
•

CZ

[
I 0
0 Z

]
•
•

SWAP

⎡
⎢⎢⎣
1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

⎤
⎥⎥⎦ ×

×

Fig. 1 Quantum circuit for the quantum teleportation protocol

2.3 Measurement

The third postulate outlines the outcomes and probabilities of ameasurement. It asserts
that a measurement is characterized by a set of measurement operators {Mm}, where
the probability of obtaining the result m from the state |ψ〉 is given by

p(m) = 〈ψ |Mm
†Mm |ψ〉 . (3)

After measuring and obtaining the result m, the quantum state transforms to

Mm |ψ〉√
p(m)

. (4)

The set of measurement operators must fulfill the completeness equation

∑
m

Mm
†Mm = I , (5)

which signifies that the sum of probabilities equals one, ensuring that all potential
outcomes are counted [[26],§2.2.3].

Although this postulate is presented generically, quantum computers typically
implement measurements on the computational basis. This basis is defined by the
measurement operators:
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{M0 = |0〉〈0|, M1 = |1〉〈1|}. (6)

By utilizing these measurement operators, we can ascertain that the probability of
measuring 0 or 1 from a state |ψ〉 = α |0〉 + β |1〉 is |α|2 and |β|2, respectively. For
instance, expanding Equation 3 allows us to calculate the probability of measuring 0:

p(0) = 〈ψ |M0
†M0 |ψ〉

=
〈ψ |︷ ︸︸ ︷

(α†〈0| + β†〈1|)
M†

0︷ ︸︸ ︷
|0〉〈0|

M0︷ ︸︸ ︷
|0〉〈0|

|ψ〉︷ ︸︸ ︷
(α |0〉 + β |1〉)

= (α†

=1︷︸︸︷
〈0|0〉 +β†

=0︷︸︸︷
〈1|0〉)(α

=1︷︸︸︷
〈0|0〉 +β

=0︷︸︸︷
〈0|1〉)

= α†α = |α|2

(7)

The operation 〈ψ |ϕ〉 represents the inner product between the vectors |ψ〉 and |φ〉.
It is important to note that orthogonal vectors yield an inner product of zero, and when
|ψ〉 = |ϕ〉, the result is one. Similarly, the operation |ψ〉〈ϕ| signifies an outer product,
which leads to the creation of amatrix. The outer product |ψ〉〈ψ | results in aHermitian
matrix, specifically a projector.

We can further expand Equation 4 to observe the collapse of the qubit after mea-
surement 0:

M0 |ψ〉√
p(m)

=
M0︷ ︸︸ ︷

|0〉〈0|
|ψ〉︷ ︸︸ ︷

(α |0〉 + β |1〉)√|α|2

= |0〉 (α

=1︷︸︸︷
〈0|0〉 +β

=0︷︸︸︷
〈0|1〉)

|α|
= α |0〉

|α|

(8)

It is important to note that after measuring 0 on the state |ψ〉 = α |0〉+β |1〉, the state
no longer remains in a superposition. The probability of measuring 0 in the collapsed
state α

|α| |0〉 is | α
|α| |2 = 1, thereby rendering the probability of measuring 1 to zero.

The same behavior is observed when we expand Equations 3 and 4 using M1 = |1〉〈1|,
resulting in the state β

|β| |1〉 after measuring 1.

2.4 Composite systems

The fourth postulate offers a framework for extending the other postulates to systems
with multiple qubits [citeNielsen:2010,S 2.2.8]. It establishes that for an n-qubit sys-
tem in states |ψ〉, where the i-th qubit is represented by |ψi 〉, we can depict |ψ〉 as the
joint state of the qubits as

|ψ〉 = |ψ0〉 ⊗ |ψ1〉 ⊗ |ψ2〉 ⊗ · · · ⊗ |ψn−1〉 . (9)
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Fig. 2 Quantum circuit designed
to create the state
|bell〉 = 1√

2
(|00〉 + |11〉)

It is important to note that |ψi 〉 is not entangled; otherwise, Equation 9 would not hold.
For instance, we can describe the state

2n−1∑
k=0

1√
2n

|k〉 =
n−1⊗
0

1√
2

(|0〉 + |1〉) , (10)

which features n qubits in superposition with a uniform distribution. However, there
are no values for α, β, γ , and δ that satisfy the equation

1√
2

(|00〉 + |11〉) = (α |0〉 + β |1〉) ⊗ (γ |0〉 + δ |1〉) , (11)

since the two qubits are entangled.
The tensor product operation, symbolized by “⊗”, combines elements from distinct

vector spaces into a larger joint vector space. For instance, if it operates with elements
from the vector space of 1-qubit and 2-qubits, the result is an element in the vector
space of 1+2-qubits. This operation can be depicted generically, as

A ⊗ B =

⎡
⎢⎢⎢⎣
A11B A12B · · · A1n B
A21B A22B · · · A2n B

...
...

. . .
...

Am1B Am2B · · · AmnB

⎤
⎥⎥⎥⎦ . (12)

This operation effectively combines elements from matrix A and matrix B in such a
way that each element in A is multiplied by the matrix B.

With the tensor product operation nowclarified,we illustrate an instance of quantum
execution using the quantum circuit depicted in Figure 2:

Start−−→ |0〉 ⊗ |0〉 =
[
1
0

]
⊗

[
1
0

]
=

⎡
⎢⎢⎣
1
0
0
0

⎤
⎥⎥⎦ (13)

H0−→
(

1√
2

[
1 1
1 −1

]
⊗

[
1 0
0 1

]) ⎡
⎢⎢⎣
1
0
0
0

⎤
⎥⎥⎦ = 1√

2

⎡
⎢⎢⎣
1
0
1
0

⎤
⎥⎥⎦ (14)
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CNOT0,1−−−−−→

⎡
⎢⎢⎣
1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

⎤
⎥⎥⎦ 1√

2

⎡
⎢⎢⎣
1
0
1
0

⎤
⎥⎥⎦ = 1√

2

⎡
⎢⎢⎣
1
0
0
1

⎤
⎥⎥⎦ (15)

Result−−−→ 1√
2

⎡
⎢⎢⎣
1
0
0
1

⎤
⎥⎥⎦ = 1√

2
(|00〉 + |11〉) (16)

2.5 Density matrix

A density matrix characterizes classical uncertainties related to a quantum state. It
encapsulates the classical probabilities associated with being in a specific state [cite-
Nielsen:2010,S 2.4.1]. For instance, a density matrix

ρ = 1

2
(|0〉〈0| + |1〉〈1|) = 1

2

|0〉︷︸︸︷[
1
0

] 〈0|︷ ︸︸ ︷[
1 0

]+1

2

|1〉︷︸︸︷[
0
1

] 〈1|︷ ︸︸ ︷[
0 1

]

= 1

2

|0〉〈0|︷ ︸︸ ︷[
1 0
0 0

]
+1

2

|1〉〈1|︷ ︸︸ ︷[
0 0
0 1

]
= 1

2

[
1 0
0 1

]
(17)

assigns a fifty–fifty probability to being in either state |0〉 or |1〉. However, this prob-
ability distribution does not arise from a superposition like the state 1√

2
(|0〉 + |1〉)

does. Instead, it arises from our lack of knowledge about the system’s actual state. In
general, a density matrix can be defined as

ρ =
∑
k

pk |k〉〈k|, (18)

where pk is a real number and
∑

k pk ≤ 1.
Quantum states that can be expressed as |ψ〉〈ψ | are called pure states, in contrast to

mixed states like 1
2 (|0〉〈0|+|1〉〈1|). The trace operation, denoted as tr(·), is commonly

applied to density matrices to find the sum of their diagonal. A density matrix ρ is
considered to represent a mixed state if tr(ρ2) < 1.

Additionally, we can define the concept of the partial trace. Given a quantum state
ρAB involving subsystems A and B, the partial trace of B is represented as ρA ≡
trB(ρAB). It is important to note that if the subsystems A and B are entangled, the
result of trB(ρAB) will be a mixed state.

Given the definition from Equation 18, we can describe the application of a unitary
operation U as follows:

ρ =
∑
k

pk |k〉〈k| U−→
∑
k

pkU |k〉〈k|U † = UρU †. (19)
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Moreover, equations 3 and 4 can be expressed as:

p(m) = tr(Mm
†Mmρ), and (20)

MmρMm
†

tr(Mm
†Mmρ)

. (21)

2.6 Projectors

Projectors play a crucial role in the implementation of some assertions discussed in
this study. We will delve into specific properties of projectors that contribute to our
understanding of how these assertions are evaluated.

With an orthonormal basis denoted as {|k〉}, we can define a projector as

P =
∑
k

|k〉〈k|, (22)

and its rank corresponds to the dimension of the associated subspace spanned {|k〉}.
Importantly, for any arbitrary |ψ〉, it holds that |ψ〉〈ψ | = (|ψ〉〈ψ |)†, which establishes
a projector as a Hermitian matrix (self-adjoint matrix), where P = P†. Additionally,
the matrix Q = I − P also constitutes a projector, known as the complementary
projector.

Using a projector P , we can establish a collection ofmeasurement operators denoted
as MP = {M0 = P, M1 = I − P}. This collection comprises two measurement
operators, where M0 correspond to the projector P , and M1 is crafted from the com-
plementary projection. Given that P = P2 and Q = I − P is also a projector
(Q = Q2), we can observe that the measurement operators MP adhere to Equation 5,

∑
m

M†
mMm = P†P + Q†Q = P + (I − P) = I . (23)

This confirms the completeness of the measurement operators.
We can establish a partial ordering relationship among projectors. Given projectors

A and B, along with their associated subspaces A and B, we state that A 	 B if and
only if the subspace A is a subset of or equal to B, A ⊆ B.

2.7 Limitations of classical debugging paradigms

The foundational principles of quantum mechanics render many classical debugging
techniques ineffective or impracticalwhenapplied to quantumsystems.While classical
debugging relies on the ability to freely inspect and manipulate a program’s internal
state without affecting its future behavior, quantum mechanics imposes constraints
that fundamentally invalidate this assumption.

The primary challenge arises from the destructive nature of quantummeasurement.
In classical computing, setting a breakpoint to inspect the value of a variable is a
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non-invasive operation. In contrast, the quantum equivalent—measuring a qubit—
irreversibly collapses its superposition (|ψ〉 = α |0〉 + β |1〉) into a definite classical
state (|0〉 or |1〉). This collapse destroys the quantum information essential for the algo-
rithm’s continuation, making direct state inspection unsuitable for debugging quantum
computations in progress.

A particularly illustrative example of this limitation is the classical assertion. In tra-
ditional software development, assertions are used to validate assumptions about the
program’s state at specific execution points, typically by evaluating boolean expres-
sions over variable values. This practice is central to defensive programming and
catching logic errors early. However, in quantum computing, there is no straight-
forward analog. Asserting the state of a qubit would require a measurement, which
inherently disturbs the system and invalidates the subsequent computation. Further-
more, due to the probabilistic nature of quantum mechanics, a single measurement
provides only limited statistical information. Therefore, the concept of a deterministic
assertion is incompatible with quantum behavior, and any attempt to implement such
checks must be carefully designed to avoid corrupting the computation.

Although quantum simulators avoid the problem of state collapse, they face severe
limitations due to the exponential time and memory required to simulate quantum sys-
tems using classical resources. These challenges are further exacerbated by quantum
entanglement, wherein the state of one qubit is intrinsically correlated with others,
regardless of their physical separation. Such non-local correlations imply that ana-
lyzing a single qubit in isolation provides an incomplete and potentially misleading
picture of the system’s global state.

Moreover, techniques such as quantum state tomography [28], which aim to recon-
struct the full quantumstate, are computationally expensive and scale poorly, becoming
infeasible even for moderately sized systems. This situation is analogous to debugging
a classical program by examining a raw memory dump without any information about
variable boundaries or context.

3 Empirical studies

In this section, we review two empirical studies that investigate quantum computing
bugs. Our objective is to motivate the relevance of quantum debugging techniques
by demonstrating the existence of quantum-specific bugs in real-world scenarios. The
empirical studies discussed are conducted by Paltenghi and Pradel [29] and Luo et
al. [30]. To the best of our knowledge, these are the first and only empirical studies
available at the time of writing. Both studies address the same overarching issue but
adopt different approaches.

The study by Paltenghi and Pradel [29] analyzes git commits from 18 quantum
computing platforms and identifies a total of 223 bugs. In contrast, Luo et al. [30]
investigate 96 bugs found across four quantum programming platforms by examining
data from GitHub issues, Stack Overflow, and Stack Exchange. The former adopts a
platform-developer perspective, focusing on bugs arising during the construction of
well-knownquantumcomputing platforms,manyofwhich are supported byprominent
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companies and startups. The latter study focuses on the perspective of end-users,
analyzing bugs introduced while using quantum programming platforms.

We classify these studies into two categories: those examining bugs in the develop-
ment of quantum computing platforms [29] and those investigating bugs arising from
the use of quantum programming platforms [30]. While the latter aligns more closely
with the scope of this survey, we argue that the findings of Paltenghi and Pradel
[29] also reveal errors that could benefit from assertion-based quantum debugging
techniques.

It is important to note that while this section highlights the existence of quantum-
specific bugs, not all bugs related to quantum computing fall into this category, nor
can all quantum-specific bugs be addressed through assertion-based debugging. In the
following sections, we examine the findings of both studies and establish connections
with the central theme of our work: quantum assertions.

3.1 Data collection

The research conducted by Paltenghi and Pradel [29] involved an investigation of
18 open-source quantum computation platforms, including well-known names such
as Qiskit, Amazon Braket, D-Wave System, the Microsoft Quantum Development
Kit [13], and StrawberryFields [31]. A complete list can be found in [29]. This study
encompasses a significant portion of the most widely used quantum computation plat-
forms. Notably, it does not only cover gate-based computation, which is the primary
focus of this survey, but also extends to adiabatic [32, 33] and continuous-variable
quantum computation [31]. Furthermore, this work addresses various aspects, includ-
ing quantum simulation, error mitigation, and domain-specific platforms, in addition
to quantum programming platforms.

To gather information about bugs, Paltenghi and Pradel [29] sourced data from
the respective GitHub repositories of these platforms. They initiated the process by
searching for commits containing the keywords “fix” and “#” (usually denoting an
issue or a pull request), and refining their selection by filtering the keywords “refactor”,
“typo”, “requirement”, “import”, and “style”. This led to the identification of 2140
potential bugs. Subsequently, they adopted a random sampling approach to extract bug
candidates, capping the selection at a maximum of 20 bugs identified per platform. A
total of 223 bugs with fixed code were identified.

The study conducted by Luo et al. [30] focused on collecting bugs associated with
the usage of quantum programming platforms, namely Qiskit [12], Cirq [34], Q#[13],
and ProjectQ [35]. It is important to note that this study’s primary interest lies not in the
bugs originating from these platforms themselves, rather in the bugs that developers
might inadvertently introduce using these platforms. This unique perspective offers a
valuable complementary viewpoint to the work done by Paltenghi and Pradel [29].

For data collection, Luo et al. [30] manually explored various sources, including
GitHub issues of the mentioned platforms, as well as discussions on Stack Overflow
and Stack Exchange. Their objective was to identify quantum programming-related
bugs that are accompanied by both valid pre- and post-fixed code, ensuring a compre-
hensive understanding of the context in which the bugs occurred.
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3.2 Quantum-specific bugs

Both studies identified the existence of quantum-specific bugs that are intricately tied
to the realm of quantum computing. Rectifying these bugs often requires specialized
quantum-related knowledge, rendering traditional debugging techniques inadequate.
In the study conducted by Paltenghi and Pradel [29], approximately 39.9% of the
identified bugs were deemed quantum-specific. Conversely, in the study by Luo et
al. [30], this figure rose to 82.3%. This variation in percentages is influenced by
the datasets used in each study. The quantum computing platform [29] study encom-
passed numerous files and thousands of lines of code, while the quantum programming
platform [30] study typically evaluated smaller projects, often confined to a single file.

An insightful interpretationof these results, given their respective datasets, is that the
82.3% figure from Luo et al. [30] might be more reflective of the reality experienced
by novice quantum programmers working on modest projects. Conversely, the 39.9%
figure from Paltenghi and Pradel [29] could alignmore closelywith the situation faced
by experienced quantum programmers dealing with larger, more intricate projects that
involve both classical and quantum components. Regardless, the presence of 39.9%
quantum-specific bugs remains substantial, compelling the advancement of dedicated
quantum-specific debugging techniques.

A crucial revelation from the work of Paltenghi and Pradel [29] is that the most
common indicator of a quantum-specific bug is incorrect output. In contrast, for clas-
sical bugs, crashes were the dominant symptom in their study. This disparity implies
that identifying quantum bugs is notably more challenging compared to classical bugs.
While a classical bug might lead to an application crash, which is immediately recog-
nized as an error, quantum bugs might only result in inaccurate output, which could
be harder to perceive as errors. This finding underscores the importance of developing
specialized software debug and test techniques tailored for quantum-specific issues.

With the intricate dynamics of quantum programming, quantum assertion tech-
niques can aid in identifying and localizing quantum-specific bugs within quantum
programs. By employing these techniques, developers acquire a systematic method
to interrogate quantum states, detecting the presence and specific manifestations of
quantum bugs. This may facilitate precise diagnosis and targeted resolution of errors.

3.3 Bug patterns

Bug patterns are recurring code practices that lead to erroneous programs. Both studies
identified similar bug patterns, which are illustrated in Figure 3. Before these stud-
ies, Huang and Martonosi [36] and Zhao et al. [37] also delved into certain bug
patterns discussed in the respective papers. The significance of identifying bug patterns
within quantum applications lies in the guidance they provide for the development of
quantum debugging and testing techniques. Recognizing these patterns allows devel-
opers to concentrate their efforts on addressing specific dangers in quantum programs.

While both studies identified similar bug patterns, the occurrence of each pattern
differs between the two studies. Notably, both studies found a significant prevalence
of the Incorrect numerical Computation bug pattern, which underlines that the math-
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Fig. 3 Common Bug Patterns Identified in Quantum Computing Applications. The patterns marked with
“*” are quantum-specific bug patterns

ematical intricacies of quantum programming are a source of concern for introducing
bugs. In the context of bugs related to quantum computing platforms, the majority
of bugs were cases of overlooked corner cases and incorrect information in quantum
intermediary representation. On the other hand, the majority of bugs in quantum pro-
gramming platforms were related to APIs, which suggests that the APIs provided by
quantum programming platforms might not be intuitive for quantum programmers.

A potential underlying reason for the prevalence of API-related bugs could be
the evolving nature of the programming landscape for quantum development. The
absence of a standardized programming approach and the instability of many APIs
might contribute to the occurrence of these bugs. This further emphasizes the need
for improved API design and stabilization to enhance the overall user experience and
mitigate the likelihood of such bugs in quantum programming platforms.
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3.4 Bug complexity

Thework of Paltenghi andPradel [29] andLuo et al. [30] also evaluated the complexity
of each bug fix using different metrics. In terms of the number of lines of code, both
studies identified that bug fixes for quantum-specific issues require more changes
than classical bugs. The study on quantum programming platforms found that 70%
of quantum-specific bugs only require modifying a single line of code. On the other
hand, the study on quantum computing platforms indicates that, on average, fixing a
quantum-specific bug requires modifying approximately 8 lines of code. The study on
quantum computing platforms also analyzed the number of code hunks (consecutive
sequence of lines) changed. Similar to the number of lines of code, fixing quantum-
specific bugs necessitates modifications in more code hunks.

Some quantum-specific bugs in quantum computing platforms require modifying
more than 20 lines of code, which poses challenges to the capacity of today’s bug-fix
automation approaches for classical programming. In terms of the number of filesmod-
ified, both studies found that fixing quantum-specific bugs usually involves changes to
a single file. The study on quantum programming platforms also classified bugs into
different levels of fault complexity, as proposed by Zhong and Su [38]. Bugs were
classified as (C1) requiring a single repair action, (C2) needing non-data-dependent
repair actions, (C3) demanding data-dependent repair actions, and (C4) involving a
mixture of repair actions. In this study, most bugs were classified as C1, although
it is worth noting that there were a non-negligible number of C3 and C4 bugs. For
these more complex cases, programmers often lack the knowledge to implement the
desired functionality, which is currently beyond the scope of today’s bug-fix automa-
tion approaches.

3.5 Quantum bugs and assertion

The papers Paltenghi and Pradel [29] andLuo et al. [30] offer valuable insights into the
landscape of quantumprogramming bugs, shedding light on quantum-specific issues in
existing quantum platforms and providing motivation for the study of quantum debug-
ging. The papers reveal that incorrect numerical computations, which encompass
incorrect gate usage, represent a significant source of bugs in quantum programming.
An example of this bug pattern is the misplacement of a quantum gate or quantum
subroutine, precisely the type of error that quantum assertions aims to identify.

3.6 Quantum bugs and assertions

The studies by Paltenghi and Pradel [29] and Luo et al. [30] provide valuable insights
into the types of bugs that arise in quantumprogramming and highlight the unique chal-
lenges posed by quantum-specific issues. These findings emphasize the importance
of developing robust debugging techniques tailored to quantum systems. In particu-
lar, both studies identify incorrect numerical computations, including issues such as
incorrect gate usage, as a prominent source of bugs in quantum programming.
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For example, Paltenghi and Pradel [29] documents cases where quantum gates
were applied to the wrong qubits or in an unintended order, resulting in deviations
from the expected quantum state. Similarly, Luo et al. [30] describes instances where
misaligned qubit indices during subroutine calls led to logical errors in quantum cir-
cuits. These issues, which are closely tied to the mathematical precision required in
quantum programming, represent precisely the types of errors that quantum assertions
are designed to address.

Quantum assertions play a critical role in identifying bugs by validating the cor-
rectness of quantum states at key points during program execution. While the studies
focus on different contexts—Paltenghi and Pradel on bugs in platform development
and Luo et al. on user-generated bugs—their findings collectively highlight the need
for debugging methods that extend beyond classical approaches. Quantum assertions,
particularly those discussed in Sections 4 and 5, can provide a direction for the develop-
ment of a systematic framework for detecting and localizing such bugs. However, there
remain significant gaps between the theoretical development of debugging methods
and their practical application in quantum programming.

As we will discuss in the following sections, the time complexity and expressive-
ness of quantum assertions present challenges that make their widespread adoption in
quantum programming an open problem.

4 Classical runtime assertion

In this section, we discuss approaches for evaluating quantum assertions at classical
runtime. In other words, we explore how to evaluate a quantum assertion without
executing it on a quantum computer. We cover the paper by Yuan et al. [39], which
introduces a new quantum programming language capable of making assertions about
entanglement. Additionally, we address the paper by Yu and Palsberg [40], which
presents a quantumabstract interpretation for efficientlymaking assertions about quan-
tum states on a classical computer.

The objective of assertion-based debugging is to verify the correctness of a program
at a given point. A related topic to Classical Runtime Assertion is formal verification
methods [41–43], which aim to prove the correctness of a quantum circuit. While the
work by Yu and Palsberg [40] presented in this survey falls within the broader theme
of formal methods, this topic is outside the scope of our survey. For further exploration
of formal methods for quantum computing, we refer to the survey by Chareton et al.
[44].

4.1 Purity assertion

The quantum programming language Twist [39] introduces a novel type system tai-
lored for entanglement analysis. In Twist, quantum types are categorized as either pure
ormixed through the use of a purity annotation. If a variable is deemed pure, it implies
that it is not entangled with other quantum variables. In contrast, mixed variables are
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described by density matrices, signifying potential entanglement with other quantum
variables.

Twist operates with logical qubits that remain unaffected by noise. However, when
a quantum variable becomes entangled with another, it can no longer be entirely
represented by a pure state. Quantum variables can take the form of single qubits or
tuples of qubits. Specifically, operations performed on a variable labeled as pure do
not affect other quantum variables. Conversely, operations on mixed variables may
impact other variables due to entanglement.

The purity annotation does not affect quantum computation directly, but it plays a
crucial role in identifying bugs within quantum programs. To uphold the integrity of
the type system, Twist relies on two assertions: the purifying-cast assertion and the
purifying-split assertion. The purifying-cast assertion verifies the purity of a quantum
variable, ensuring it remains unentangled with other quantum variables. On the other
hand, the purifying-split assertion confirms that a quantum variable can be divided into
two separate pure quantum variables. Notably, the purifying-split assertion can only
be evaluated during quantum runtime, as its time complexity aligns with executing the
entire quantum program [45].

The purifying-cast assertion involves a conservative analysis of entangled variables.
Any interaction between two variables, such as through a CNOT gate, is considered
entangling. Twist implements this technique akin to fractional permissions [46, 47],
where each element of a pure state shares a fraction of the entanglement, maintain-
ing the state’s purity when all elements are collectively addressed. This assertion
can be efficiently evaluated at classical runtime and forms a crucial component of
Twist’s type system for entanglement analysis. However, to comprehensively evaluate
the language’s type system, the quantum runtime purifying-split assertion becomes
necessary.

Evaluating the purifying-split assertion at classical runtime is generally impractical,
thus expected to occur during quantum runtime. In Section 5, we will delve into
some quantum runtime assertions that can be employed to implement the purifying-
split assertion. As we’ll discuss, achieving an efficient quantum runtime entanglement
assertion remains an ongoing challenge, and consequently, an efficient implementation
of the Twist type system is yet to be fully realized.

The purity assertion in Twist not only aids in identifying potential implementa-
tion errors but also ensures the safe disposal of quantum variables. Operations on an
entangled qubit can inadvertently impact the entire entangled set, making dealloca-
tion of such qubits prone to unwanted side effects, leading to potential invalidation of
the quantum computation. With the purity assertion in Twist, a quantum variable can
be designated as pure, enabling automatic deallocation when the variable becomes
inaccessible, for instance, when it goes out of scope.

Figure 4 demonstrates the implementation of the quantum teleportation protocol
shown in Figure 1, implemented using the Twist language. In line 10, a purifying-cast
assertion is conducted on the quantum variable q123, encompassing all three qubits
involved in the computation. This assertion occurs at the classical runtime or statically,
as outlined in the paper. Following that, in line 12, the purifying-split assertion is
executed to partition the quantum variable q123 into q12 and q3, consisting of two
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Fig. 4 Quantum teleportation protocol implemented in Twist, featuring purity assertions

and one qubit, respectively. Subsequently, after the assertion in line 12, the first two
qubits can be safely disposed, rendering the measurement in line 13 unnecessary.

In case any errors were introduced in prior steps, such as substituting a CZ gate with
a CNOT gate in line 7, it would lead to the entanglement of qubits in q123 during
line 12 split assertion, causing it to fail. Although the assertion in line 10 might seem
redundant in the code, it ensures that the state passed to the split assertion in line 12
is in a pure state. Without the purifying-cast assertion in line 10, the purifying-split
assertion would fail. This behavior aids in reducing resource utilization by executing
the assertion at the quantum runtime [39].

4.2 Quantum abstract interpretation

The Quantum Abstract Interpretation (QAI) method introduced by Yu and Palsberg
[40] offers a means to verify whether the outcomes of a quantum computation reside
within the Hilbert space defined by a projector P = |φ〉〈φ| or P = |φ〉〈φ|+ |ϕ〉〈ϕ| of
rank 1 or 2, respectively. This innovative approach serves as a foundation for imple-
menting quantumassertions.One intriguing aspect of thismethod lies in its operational
efficiency—it can be executed by a classical computer in polynomial time, enabling
the evaluation of quantum assertions at classical runtime.

An assertion within this method comprises two quantum states, denoted as
{|φ〉 , |ϕ〉}. For a given state |ψ〉, the assertion holds true if it can be expressed as
a linear combination of the eigenstates possessing nonzero eigenvalues of the projec-
tor P = |φ〉〈φ| + |ϕ〉〈ϕ|.

For example, consider theGHZstate 1√
2
(|000〉+|111〉), which satisfies the assertion

defined by the quantum states {|000〉 , |111〉} and the projector

P = |000〉 〈000| + |111〉 〈111|. (24)
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Fig. 5 Correspondence between the abstract and concrete domains in quantum abstract interpretation.
Assertions verified in the abstract domain are guaranteed to hold in the concrete domain of actual quantum
execution

Fig. 6 Quantum circuit that
prepares the state
1√
2
(|000〉 − |111〉)

Note that the states |000〉 and |111〉 individually also satisfy this assertion. Therefore,
thismethod alone cannot verify entanglement. For instance, consider using an assertion
defined by the GHZ state { 1√

2
(|000〉 + |111〉)}, which yields the projector

P = 1

2
(|000〉 + |111〉)(〈000| + 〈111|). (25)

Although this operator projects specifically onto the GHZ state, the span of the Hilbert
space remains the same as in the previous example. Therefore, both assertions are
equivalent in terms of their support. Consequently, this approach is insufficient for
verifying entanglement.

The evaluation of this assertion using a classical computer hinges on executing the
quantum computationwithin an abstract domain. Once the assertion proves successful
within this abstract domain, the method proposed by Yu and Palsberg [40] ensures its
validity in the actual quantum computation, often referred to as the concrete domain.
Figure 5 illustrates correspondence between the abstract and concrete domains. To
enable the operation and assessment of assertions in the abstract domain, this approach
relies on twopivotalmapping functions: theabstraction function and the concretization
function. These functions, alongside defining the abstract domain, will be introduced
in the subsequent sections.

Furthermore, we will exemplify the process by evaluating an assertion employing
the projector P = |000〉〈000| + |111〉〈111| for the circuit depicted in Figure 6.
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4.2.1 Abstract domain tuple

Simulating an n-qubit system necessitates exponential space and time [16]. To achieve
efficient simulation, the quantum abstract domain partitions the system into smaller
elements comprising k-local qubits. This domain is characterized by a collection of
tuples, where each tuple encapsulates the represented qubits. For instance, a three-
qubit abstract domain could be denoted as S = {(0, 1), (0, 2), (1, 2)}, with each tuple
embodying two local qubits. Within this framework, a quantum state is represented
by projections, such as S = {S0,1, S0,2, S1,2}.

The overarching domain that includes all qubits is termed the concrete domain. For
a three-qubit system, the concrete domain could be illustrated as T = {(0, 1, 2)}. As
the initial state and the asserted projection are defined within this concrete domain,
the authors introduced the abstract function to map a state from a larger domain to a
smaller one.

4.2.2 Abstraction function

The authors establish a partial order between abstract domains by considering two
domains, S = {s0, s1, . . . , sm} and T = {t0, t1, . . . , tm}, denoting S � T (T is
finer than S) if ∀i : si ⊆ ti . For abstraction domains S and T where S � T , and
their respective quantum states S = {S1, S2, · · · , Sm} and T = {T1, T2, · · · , Tm},
the authors proposed the abstraction function to map the projections of T into the
abstraction domain S. The function is defined as

αT→S(T ) = {S1, S2, · · · , Sm}, (26)

where
Si =

⋂
t j :si⊆t j

supp(trt j /si Tj ). (27)

Here, supp(P) = ∑
k |k〉〈k| is defined as the sum over {|k〉}, the eigenvectors with

a nonzero eigenvalue of the projector P .
For instance, the initial state of the quantum circuit in Figure 6 is defined by the

projector |000〉〈000|. For a n-qubit system, one can use an n-choose-k approach to
determine the projectors, where each local projector encompasses k qubits. For exam-
ple, selecting the local projectors S = {(0, 1), (0, 2), (1, 2)} for a three-qubit
system with the concrete domain T = {(0, 1, 2)}, the abstraction function enables
the computation of local projectors for the initial state as

αT→S(|000〉〈000|) = {|00〉0,1〈00|, |00〉0,2〈00|, |00〉1,2〈00|}. (28)

After obtaining the projectors representing the initial state, to execute the quantum
circuit in Figure 6, the concretization function is required. This function maps a state
from a smaller domain into a larger one, facilitating the calculation of the quantum
gate’s effect on qubits that may not be present in a local projector.
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4.2.3 Concretization function

The concretization function maps projectors from an abstract domain S into a finer
abstract domain T . This function is defined as

γS→T (S) = {T1, T2, · · · , Tm}, (29)

where
Ti =

⋂
si :si⊆t j

Si ⊗ It j /si . (30)

The intuition behind this function lies in utilizing the identity matrix It j /si as an
approximation for the qubit state that t j lacks from si .

The concretization function becomes necessary to apply quantum gates on states
within the abstract domain. Considering an abstract domain S = {s1, s2, . . . , sm}
and a quantum gateU acting on the qubits tuple sU , a new abstract domain T = {t1 =
s1 ∪ sU , t2 = s2 ∪ sU , . . . , tm = sm ∪ sU } can be defined, where S � T . To apply U
on the quantum state S in the abstract domain S, the following function is employed

UT (T ) = {UT1U
†, UT2U

†, UTmU
†}. (31)

Thus, the composition of functions to apply the gate U on S is

αT→S ◦UT ◦ γS→T . (32)

Continuing with the example of executing the circuit from Figure 6, we can produce
the following steps applying the quantum gates:

Init →{ |00〉0,1〈00|, |00〉0,2〈00|, |00〉1,2〈00| }
H0 →{ |+0〉0,1〈+0|, |+0〉0,2〈+0|, |00〉1,2〈00| }
H1 →{ |++〉0,1〈++|, |+0〉0,2〈+0|, |+0〉1,2〈+0| }
X2 →{ |++〉0,1〈++|, |+1〉0,2〈+1|, |+1〉1,2〈+1| }

CNOT1,2 →{ |+0〉〈+0|+|+1〉〈+1|, |+0〉〈+0|+|+1〉〈+1|, 1
2 (|01〉+|10〉)(〈01|+〈10|) }

CNOT0,2 →{ |++〉〈++|+|−−〉〈−−|, |++〉〈++|+|−−〉〈−−|, |++〉〈++|+|−−〉〈−−| }
H0 →{ |0+〉〈0+|+|1−〉〈1−|, |0+〉〈0+|+|1−〉〈1−|, |++〉〈++|+|−−〉〈−−| }
H1 →{ |00〉〈00|+|11〉〈11|, |0+〉〈0+|+|1−〉〈1−|, |0+〉〈0+|+|1−〉〈1−| }
H2 →{ |00〉〈00|+|11〉〈11|, |00〉〈00|+|11〉〈11|, |00〉〈00|+|11〉〈11| }

4.2.4 Assert evaluation

Aquantumstate |ψ〉 satisfies an assertiondefinedbyaprojector P if |ψ〉 is an eigenstate
of P , or consequently, P |ψ〉 = |ψ〉. Extending this concept to quantum abstract
interpretation, the projectors S representing the quantum state in the abstract domain
satisfy an assertion projector P if the set of eigenstates with a nonzero eigenvalue
of each projector in S is a subset of the eigenstates with a nonzero eigenvalue of
αT→S({P}).

The authors assert that if an assertion defined by the projectors αT→S({P}) holds
true in the abstract domain S, then the assertion also holds true in the concrete domain.
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For instance, to evaluate the assertion defined by the projector |000〉〈000| + |111〉〈111|
at the end of the quantum circuit in Figure 6, we first find the assertion projectors acting
on the local qubits:

αT→S(|000〉〈000| + |111〉〈111|) = {|00〉0,1〈00| + |11〉0,1〈11|,
|00〉0,2〈00| + |11〉0,2〈11|,
|00〉1,2〈00| + |11〉1,2〈11|}.

(33)

Next, we evaluate the assertion on the local qubits. Notably, the assertion projectors
in the abstract domain are equal to the final state of the quantum circuit execution
in the abstract domain. Therefore, it is evident that the quantum circuit satisfies the
assertion.

4.2.5 Assertion time complexity

To evaluate an assertion within the abstract domain, all quantum computations must
be executed in that domain, and the time complexity of this method relies on the time
complexity of the quantum circuit being assessed. Therefore, this analysis focuses
on evaluating the time complexity of performing one computational step within the
abstract interpretation.

Employing an n-choose-k approach to establish the abstract domain of k-local
qubits for an n-qubit concrete domain, the number of projectors becomes

n!
k!(n − k)! . (34)

Consequently, the count of projectors escalates with n! and diminishes with k!(n−k)!.
Additionally, each projection’s size is 2k . Therefore, the time complexity for a step
within an abstract domain formed via the n-choose-k approach is

n!
k!(n − k)!2

k ∈ O(nk). (35)

This time complexity makes the assertion evaluation method scalable concerning
the number of qubits. The authors managed to evaluate a 300-qubit GHZ circuit in less
than 3 hours and 30 minutes and a 300-qubit Grover algorithm [48] in under 2 days
using a MacBook Pro equipped with an Intel Core i7 2.2 GHz. It is worth noting that
the Grover’s algorithm exhibits a time complexity of O(

√
2n), rendering it inefficient

in terms of qubits.

5 Quantum runtime assertion

In this section, we delve into methods for implementing assertions to be evaluated dur-
ing quantum runtime, labeled as quantum runtime assertions (QRAs). We divide this
section into two parts. First, we conduct an analysis of diverse design methodologies
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Table 3 Comparison of Quantum Runtime Assertion Approaches

Method Complexity(as Hard as) AuxiliaryQubits StateCorrection Mid-Circuit
Measurement

Statistical Sampling None × ×
SWAP-Based State Preparation O(n) � ×
OR-Based State Preparation 1 × ×
NDD-Based Diagonalization 1 × ×
Projection-Based Diagonalization None � �

for QRA. We present quantum circuit implementations for each method, discussing
their associated quantum and classical time complexities for each assertion. Subse-
quently, we explore practical implementations of QRA.

5.1 Designmethods for QRA

There are various design methods available for implementing the same assertion eval-
uation, and each design has its set of advantages and disadvantages, as presented in
Table 3. A statistical assertion, for instance, does not increase the quantum circuit size,
but it necessitates repeated execution of the same quantumprogram.On the other hand,
SWAP-based assertions maintain the correctness of the quantum state regardless of
the assertion result, yet they demand n auxiliary qubits to assert n qubits. Projection-
based assertions offer the benefits of SWAP-based assertions without the need for
auxiliary qubits, but they do require mid-circuit measurements, which are not always
available in today’s quantum computers. NDD-based assertions and OR-based asser-
tions, however, only require one auxiliary qubit, but they do not correct the quantum
state in the event of a failed assertion. Each design method presents unique trade-offs
that must be carefully considered based on the specific requirements and constraints
of the quantum computing scenario. Also, all methods are susceptible to false positive.

The SWAP-based assertion, NDD-based assertion, and projection-based assertion
share the same expressive power. Implementing an arbitrary assertion incurs expo-
nential time complexity in both classical and quantum runtimes. Although crucial,
achieving efficient implementations for specific assertion methods remains an ongo-
ing challenge. For example, verifying if a quantum state resides within the space
defined by a projector demands exponential time. In the subsequent subsection, we
discuss each QRA implementation design and implementation.

5.1.1 Statistical assertion

Statistical assertion relies onmeasurement statistics to reason about the quantum state.
The approach introduced by Huang and Martonosi [36] employs the chi-square test
to assert whether a qubit is in a classical state or a superposition state. Furthermore,
this method utilizes a contingency table to assess the entanglement of multiple qubits.
The statistical analysis provided by this technique provides valuable insights into the
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properties of quantum states, aiding in the identification and characterization of quan-
tum bugs. Furthermore, its simple implementation and the potential for automation
render this approach a suitable starting point for quantum debugging.

Since statistical assertions rely on measurements, which collapse the quantum state
and can invalidate the quantum computation, Huang and Martonosi [36] proposes
splitting the quantum problem up to the point of the assertion. For example, if a
program contains two assertions, it will generate two separate programs—one for
each assertion. These derived programs are designed to evaluate the assertions without
interfering with the original quantum computation. To evaluate the assertions, each
corresponding program is executed multiple times (several shots), and the obtained
results are subjected to the probability test.

The drawback of this approach is that it increases the number of executions required.
However, considering that modern quantum computers already execute numerous
shots for a single job (program), adding assertions will only result in a linear increase
in the number of jobs during debugging. Similarly to classical programs, it is common
practice to disable assertions when running in a production environment. The same
principle can be applied to quantum programs, effectively eliminating the overhead
associated with assertions during a regular quantum execution. This approach allows
researchers and developers to maintain efficient and optimized quantum computations
in a production setting while utilizing assertions solely for debugging and validation
purposes.

Noise can lead to assertion failures even in the presence of a correct program. As
a result, this technique can be adapted for NISQ computers, and assertion failures
can be reinterpreted in such cases. It is important to note that alternative assertion
techniques might yield better results when reasoning about quantum applications on
NISQ computers. These techniques have the potential to correct the quantum state
during runtime or enable the post-selection of measurement results to mitigate the
effects of noise.

A testing frameworkwith assertions analogous to the statistical approachwas imple-
mented by Honarvar et al. [49] for the quantum programming language Q#. This
framework aims to evaluate properties such as quantum superposition and entangle-
ment within quantum programs using Q#.

5.1.2 SWAP-based assertions

The SWAP-based assertion method, proposed by Liu and Zhou [50], aims to verify
whether a tested state |ψ〉 intersects with a set of desirable quantum states. Depending
on the size of the desirable state set, this assertion can be categorized as a precise
assertion if the set contains only one state or as an approximate assertion if it includes
multiple states. Figure 7 illustrates the general schema for this assertion method. In
the case of a precise assertion, the number of auxiliary qubits required is equal to
the number of qubits in the tested state |ψ〉. For approximate assertions, the number
of auxiliary qubits required is typically determined by the size and form of the set
of desirable states. One advantage of this method is the ability to perform multiple
assertions during a single quantum execution, and the quantum execution always
remains correct after the assertion. Even in instances where assertions may fail, the
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Fig. 7 The general schema for SWAP-based assertions on the n-qubit state |ψ〉 with t = 2m

approach ensures that the quantum state is altered to the correct one, thereby preventing
any adverse effects on subsequent computations. However, this method requires a
substantial number of auxiliary qubits and, in the worst case, has exponential time
complexity.

A precise assertion is considered successful when the tested quantum state |ψ〉
matches a desirable state |ϕ〉. To evaluate this assertion, a unitary transformationU † is
applied, whereU |0〉 = |ϕ〉. If the assertion is successful, it implies thatU † |ψ〉 = |0〉,
ensuring that the auxiliary qubits will remain in the quantum state |0〉 after the SWAP
gate is executed (seeFigure 7).On the contrary, if the assertion fails, the auxiliary qubits
will be found in a state different from |0〉. To determine the success of the assertion,
a measurement is performed on the auxiliary qubits. If the measurement outcome is
zero, the assertion succeeded; otherwise, it failed. When the assertion fails, the SWAP
gate sets the tested qubits to |0〉, with the unitary operation U preparing them on the
desired state, correcting the quantum execution.

In an approximate assertion, we need to prepare a density matrix ρ = ∑
i |ψi 〉 〈ψi |

(we do not need to normalize ρ)1. The assertion is considered successful if a state |ψ〉
can be expressed as a linear combination

∑
i αi |ψi 〉, where ∃αi �= 0. For example,

the states |00〉, |11〉, and 1√
2
(|00〉 + |11〉) satisfy the assertion with the density matrix

ρ = |00〉 〈00| + |11〉 〈11|. This type of assertion allows for a broader acceptance of
states that are close to the desired states specified in the densitymatrixρ. This flexibility
is useful whenwe are interested in verifying quantum states that are not precisely equal
to desirable states but stillmeet specific criteriawithin an acceptable rangeof similarity.
Though initially formulated using a density matrix, the approximate assertion can also
be described as a projector, where it succeeds if the tested state resides within the space
spanned by the projector.

To construct the unitary operatorU for an approximate assertion, we start by diag-
onalizing the density matrix ρ to obtain its orthonormal eigenstates. Since some of
these eigenstates may have eigenvalues of zero, let t represent the number of nonzero
eigenvalues, which corresponds to the rank of ρ. Assuming t = 2m for a positive
integer m, and ensuring that t ≤ 2n−1 (where n is the total number of qubits), the
unitary operator U can be defined as:

1 This can be considered as a projector, but we adhere to the use of density matrix to match the author’s
description.
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U =
2n∑
i=0

|i〉 〈ϕi |, (36)

where |ϕi 〉 represents an eigenstate of ρ with a nonzero eigenvalue for i < t , corre-
sponding to computational basis states |i〉 whose last n −m qubits are in the state |0〉.
For i ≥ t , where |ϕi 〉 does not correspond to eigenstates with nonzero eigenvalues,
the computational basis states |i〉 have at least one of their last n − m qubits in the
state |1〉.

With this unitary operator U , applying the approximate assertion becomes anal-
ogous to performing a precise assertion. However, this method requires only n − m
auxiliary qubits, and the operation involves SWAP gates acting on the last n−m qubits
of the tested qubits. When assertions conform to t �= 2m or t > 2n−1, transforma-
tions can be employed to adjust the assertion. This process is analogous to modifying
the rank of the projector, a concept discussed in Section 5.1.5 for the projector-based
assertion.

Similar to the precise assertion, the approximate assertion also corrects the quantum
state. When the approximate assertion succeeds, it means that the last n − m qubits
of the state U † |ψ〉 will be in the state |0〉 due to the nature of the unitary operator U .
In the event of an assertion failure, the SWAP gate will set those last n − m qubits to
the state |0〉, effectively correcting the quantum state. This behavior ensures that the
quantum computation can continue correctly regardless of the assertion outcome.

The time complexity of implementing a precise assertion is determined by the time
taken to prepare the desired state |ϕ〉. If the initial state of the quantum computation is
|0〉, it is reasonable to expect that the time required to prepare |ψ〉would be equivalent
to the time needed to prepare |ϕ〉 through the unitary operationU . However, in practical
implementations, achieving optimal efficiency in executing the unitaryU might not be
guaranteed. In approximate assertions, the process of diagonalizing the density matrix
ρ, which is a 2n × 2n matrix, has an exponential time complexity.

As the number of qubits increases, the complexity of diagonalizing ρ or preparing
the desirable state |ϕ〉 can become computationally prohibitive. This highlights the
need for careful consideration of the efficiency and scalability of the assertion method
for large-scale quantum computations. Researchers may need to explore alternative
techniques and optimizations to handle the growing complexity and resource demands
as quantum systems scale up.

Due to its requirement for a significant number of auxiliary qubits, the SWAP-based
assertion method may not be well-suited for NISQ devices that have limited qubit
resources. Using OR-based assertions can be a viable alternative in these situations.

5.1.3 OR-based assertions

The OR-based assertion method proposed by Liu and Zhou [50] is equivalent to the
SWAP-based assertion in terms of assertion expressivity, and both methods use the
same unitary transformation U . This method has the advantage of using only one
auxiliary qubit. However, this approach cannot correct the quantum state in the event
of a failed assertion.
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Fig. 8 The general schema for
OR-based assertions on state |ψ〉

Figure 8 illustrates the implementation of anOR-based assertion. Thismethod relies
on the property that the last n − m qubits of the test quantum state are |0〉 when the
assertion succeeds.TheOR-based assertionutilizes only one auxiliary qubit, initialized
in the state |1〉, which serves as the target for a multi-controlled-NOT (MCNOT) gate.
The qubits that would be part of the SWAP operation act as control qubits for this
MCNOT gate. It is important to note that the MCNOT gates are applied with the
control qubits in the state |0〉, ensuring that the auxiliary qubit will be in the state |0〉
in the case of a successful assertion.

Just like the SWAP-based assertion method, OR-based assertions can also suffer
from false positives, where the tested quantum state may erroneously appear to satisfy
the assertion when it is close to the desirable state. In such cases, the quantum state
will still collapse to the correct state after measurement, but the assertion itself may
have been misleading.

Since OR-based assertions do not correct the quantum state when failed, post-
selection can be employed. Post-selection involves discarding measurement outcomes
that do not match the desired assertion result. By doing so, only the executions that
end successfully with the auxiliary qubit in the state |0〉 are retained. Moreover, post-
selection can be particularly beneficial for NISQ computers that are susceptible to
assertion errors due to decoherence and noise. By effectively filtering out incorrect
measurement outcomes, post-selection can help mitigate the impact of noise on the
assertion results, increasing the overall reliability of the quantum computation.

In essence, OR-based assertions with post-selection bear similarities to quantum
error correction codes [51], which are designed to detect and correct errors in quan-
tum computations. While the primary purpose of OR-based assertions is quantum
state verification, their ability to leverage post-selection and handle noise effects can
also contribute to error mitigation on the quantum computer, depending on the time
complexity of implementing the assertion.

5.1.4 NDD-based assertion

In quantum information, non-destructive discrimination (NDD) is a technique used to
distinguish between different entangled states without destroying the quantum infor-
mation contained in those states [52]. Building on this concept, Liu et al. [53] proposed
an assertion method, which was later specialized into the NDD-based assertion [50].

The NDD-based assertion method shares similarities with the OR-based assertion
method, with both methods having similar advantages and disadvantages. However,
the NDD-based assertion method offers a linear reduction in the number of quantum
gates required for its implementation. This reduction in quantumgates can lead tomore
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Fig. 9 The general schema for NDD-based assertions on state |ψ〉

efficient implementations and potentially lower resource requirements, making the
NDD-based assertion method attractive for scenarios with limited quantum resources,
such as NISQ devices.

To implement the NDD-based assertion, a unitary operator U is constructed sim-
ilarly to the one used in the SWAP-based approximate assertion. Starting with the
density matrix ρ = ∑

i |ψi 〉 〈ψi | representing the desirable state for the assertion,
diagonalization is performed on ρ = D�D† to find the orthogonal basis. The basis
{|ϕi 〉} are the eigenvectors (columns) of the diagonalizing matrix D, and � is a diag-
onal matrix formed by the corresponding eigenvalues. The eigenstates |ϕi 〉 are then
sorted such that the first t eigenvalues are nonzero, where t represents the number
of nonzero eigenvalues of ρ, and it is the rank of ρ. The unitary operator U for the
NDD-based assertion is constructed as follows:

U =
t∑

i=1

|ϕi 〉〈ϕi | −
2n∑

i=t+1

|ϕi 〉〈ϕi |, (37)

where n is the total number of qubits in the quantum state.
Figure 9 illustrates the circuit implementation for a NDD-based assertion. In this

circuit, an auxiliary qubit is prepared in the |+〉 state and is used as a control to apply the
unitary operatorU on the tested state. It is important to note that the unitaryU is similar
to the identity matrix and does not alter the tested state. However, it introduces a phase
of −1 on states that do not satisfy the assertion condition. The phase introduced byU
causes the auxiliary qubit to transition to the |−〉 state. The last Hadamard gate then
transforms the auxiliary qubit from |−〉 to |1〉. In this configuration, a measurement
outcome of 1 on the auxiliary qubit represents an assertion error. On the other hand,
when the tested quantum state satisfies the assertion condition, the auxiliary qubit
remains in the state |+〉, and a measurement outcome of 0 is obtained.

The same considerations regarding time complexity and impact on NISQ devices
that apply to OR-based assertions also hold true for NDD-based assertions.

5.1.5 Projection-based assertion

The work presented by Li et al. [54] utilizes the formalism of Applied Quantum
Hoare Logic[55] to implement a projection-based assertion. This builds upon the
previousworks of Li andYing [56]. The assertionmethod proposed relies onprojective
measurements, which possess the property of not disturbing the quantum state if the
assertion succeeds. This approach offers several advantages. Firstly, it can reduce
the number of auxiliary qubits required for the assertion, making the implementation
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Fig. 10 The general schema for projection-based assertions with projector P on state |ψ〉

more efficient. Additionally, it enables the evaluation of multiple assertions during the
same quantum execution, allowing corrective actions during execution. However, a
limitation of this method is that it necessitates mid-circuit measurement, which is not
widely available in existing quantum computers. Notwithstanding this drawback, the
potential advantages it offers in terms of reducing auxiliary qubits render it a promising
approach for future assertion implementations.

A projection-based assertion is defined by a projector P and the testing state |ψ〉.
The assertion is considered successful if the application of the projector P to the
testing state |ψ〉 results in the original state |ψ〉 itself. Mathematically, the condition
for the assertion to succeed is given by P |ψ〉 = |ψ〉.

We can create a set of measurement operators, denoted as MP = {M0 = P, M1 =
I − P}, derived from a projector P . Utilizing these measurement operators, we can
effectively implement a projection-based assertion by conducting a measurement on
the quantum state |ψ〉. The assertion’s success or failure is determined based on the
measurement outcome: obtaining the result associated with M0 = P confirms the
assertion’s success for the state |ψ〉. Conversely, if themeasurement yields the outcome
corresponding to M1, the assertion is deemed unsuccessful for the state |ψ〉.

Although quantum computers are restricted today to measurements in the compu-
tational basis, Li et al. [54] presents a method to implement arbitrary projectors within
these limitations. This technique allows for the implementation of projection-based
assertions despite the constrained measurement basis and projector rank. An equiv-
alent approach is also proposed by Liu and Zhou [50] for SWAP-based, OR-based,
and NDD-based assertions.

Figure 10 illustrates a general schema for applying a projection-based assertion
with a projector P on the state |ψ〉. Considering a projection P with rank 2m (where
m is a positive integer), we can find a unitary transformation UP by diagonalizing P .
The resulting transformation satisfies UP PUP

† = QP , where QP is a projector in
the computational basis. Consequently, it is possible to implement QP by performing
measurements on the computational basis, which is available on current quantum
computers.

When a projector does not fit to the form 2m , Li et al. [54] defines two transfor-
mations to adapt any projection, which can be applied sequentially to handle specific
mismatches. For a projection P on n qubits, the transformations are:

1. If the rank of P is not equal to 2m for a non-negative integer m, and the rank of P
is greater than 2n−1, an auxiliary qubit is added.
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2. If the rank of P is not equal to 2m for a non-negative integer m, and the rank of P
is less than 2n−1, there exist projectors P1 and P2 where P = P1 ∩ P2, allowing
the assertion to be split into two.

The application of this projection-based assertion involves the following steps: first,
apply the transformationUP to the state |ψ〉, resulting inUP |ψ〉 = |ψ1〉. Next, check
if the assertion succeeds by measuring the state |ψ1〉 with the measurement operators
{M0 = QP , M1 = I − QP }. The assertion is successful if the measurement outcome
is 0. If the assertion is indeed successful, then the quantum state after the measurement
is

∣∣ψM0

〉 = QP |ψ1〉 = |ψ1〉 and the last step is to apply the unitary transformation
UP

† to return the state to its original form, UP
† |ψ1〉 = |ψ〉.

However, if the assertion fails, the measurement results in 1, and the quantum state
after the measurement is

∣∣ψM1

〉 �= |ψ1〉. Nevertheless, since
∣∣ψM1

〉
is in a classical

state, we can optionally execute a fix-up code composed of Pauli X gates to rectify
the state and continue with the execution.

We can calculate the probability of an assertion succeeding with the expression
tr(P |ψ〉 〈ψ |). It is important to note that tr(P |ψ〉 〈ψ |) = 1 only when P |ψ〉 = |ψ〉,
which means that false positives can occur. However, in the case of a false positive,
the quantum state will collapse to a correct state, allowing the quantum computation
to continue correctly.

Furthermore,when 1−tr(P |ψ〉 〈ψ |) < ε for a small ε, the assertionmay practically
never fail. This small error in the assertion result may not be a significant problem,
since it would have a minor impact on the final measurement probabilities. Therefore,
in practice, a small deviation from a perfect assertion success probability may be
acceptable and not significantly affect the overall results of the quantum computation.

Althoughmost NISQ computers currently do not support mid-circuit measurement,
this projection-based assertion method could become a suitable option in the future if
this scenario changes. Its ability to correct the quantum state in the case of assertion
errors allows for multiple assertion evaluations in a single quantum execution, which
could significantly reduce the overall quantum debugging cost.

It is important to consider the time complexity associated with implementing
projection-based assertions. The time complexity grows at least linearly with the
number of qubits and can even become exponential in the worst-case scenario. As
a result, while this assertion method’s ability to correct the quantum state is valuable
for debugging purposes, it may not be suitable for quantum error mitigation. Other
assertion methods provide more efficient and scalable approaches for quantum error
mitigation.

5.2 Quantum runtime assertion examples

While the quantum runtime techniques discussed in this survey may prove intractable
in the general case, certain efficient and valuable assertions can still be evaluated. This
subsection is dedicated to showcasing a range of quantum assertion implementations
and exploring their utility and impact on quantum execution.
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Fig. 11 Implementation of the NDD-based assertion for verifying classical states

5.2.1 Classical assertion

Assertingwhether quantum bits are in a classical state, devoid of superposition equates
to measuring them. Therefore, employing a statistical assertion aligns well with this
scenario. Since the assertion expects the qubits to be in a classical state, performing
a measurement will not disrupt the quantum computation. Preparing the anticipated
classical state in the qubits incurs a linear time cost. However, in many quantum
computer implementations, circuit measurements are not immediate, often performed
at the circuit is end. This poses an issue for assertions that evaluate only a portion of
the qubits.

For partial evaluations of the quantum system with classical assertions, a NDD-
based assertion using the Pauli Z projector can be employed. Figure 11 illustrates this
assertion’s implementation. This approach can be likened to a partial copy, transferring
the basis state from the qubit of interest to a zero-initialized qubit. It is essential to
note that this is not a clone, since it does not replicate the amplitude probability.
This methodology shifts all assertion measurements to the circuit is end, albeit at the
expense of not reusing the auxiliary qubit for multiple assertions.

If the qubit of interest is not in a classical state, performing the assertingwill entangle
the auxiliary qubit. Consequently, measuring it will collapse the qubits of interest. As
discussed in previous sections, this collapse may rectify the qubits into the correct
state during the process. Therefore, combining this technique with measurement post-
selection can help mitigate quantum noise.

5.2.2 Parity assertion

Bit parity involves determining whether the sum of the bits in a bit string is odd or
even. It is a simple yet useful technique for error detection in classical computation
and can be applied in quantum computation as well. For instance, quantum states
like GHZ = 1√

2
(|0〉⊗2n + |1〉⊗2n) and W = 1√

n

∑n−1
k=0

∣∣2k 〉 possess a known parity.
Evaluating the qubits’ parity without disturbing the quantum state involves using an
NDD-based assertion approach employing a Z⊗n projector. The quantum circuit for a
three-qubit parity assertion is depicted in Figure 12, illustrating how we can ascertain
odd or even parity by altering the initial state of the auxiliary qubits.

The quantum stateW = 1√
n

∑n
k=0

∣∣2k 〉 always exhibits odd parity, regardless of the
number of qubits. Consider the example of a three-qubit W state 1√

3
(|001〉 + |010〉 +

|100〉), where each element in the superposition has only one qubit set to |1〉, resulting
in odd parity for each element. Executing the circuit depicted in Figure 12 on the
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Fig. 12 NDD-based assertion
implementation for three-qubit
parity check, where p can be 0
or 1, representing even or odd
parity, respectively

three-qubit W state with the auxiliary qubit initialized in |1〉 for odd parity will yield
a final state of the auxiliary qubit as |0〉, indicating a successful assertion.

1√
3
(|001〉 + |010〉 + |100〉)0,1,2 ⊗ |1〉aux

CNOT0,aux−−−−−−−→ 1√
3
(|001〉 |1〉 + |010〉 |1〉 + |100〉 |0〉)

(38)
CNOT1,aux−−−−−−−→ 1√

3
(|001〉 |1〉 + |010〉 |0〉 + |100〉 |0〉)

(39)
CNOT2,aux−−−−−−−→ 1√

3
(|001〉 + |010〉 + |10〉) ⊗ |0〉

(40)

However, while the GHZ and W are entangled states, the parity assertion cannot
determine entanglement. For instance, quantumstates like 1√

4

∑3
k=0

∣∣2k 〉, 1√
2
(|1111〉+

|0000〉), |1111〉, and |1001〉 all satisfy a four-qubit even parity assertion. Additionally,
GHZ states with an odd number of qubits fail this assertion as they exhibit a state with
all qubits at zero, resulting in even parity regardless of the qubit count. For instance,
evaluating a three-qubit GHZ state 1√

2
(|000〉 + |111〉) using the quantum circuit in

Figure 12 will leave the qubits entangled in the mixed state 1
2 (|0〉〈0|+ |1〉〈1|), causing

interference with the intended state.

5.2.3 State preparation assertion

Asserting whether the state of a qubit set matches a desired state involves a time
complexity akin to preparing the desired quantum state, which can be exponential
in the worst case. Despite this complexity, such assertions retain significance and
feasibility, especiallywithin smaller qubit systems. For instance, leveraging a quantum
algorithm to prepare an exact state [57] and subsequently testing it, while not the most
efficient, can assist in identifying potential bugs in the implementation. Moreover,
certain simple quantum state preparations have known state preparation circuits, such
as the equal superposition state, as well as well-known states like the W and GHZ
states.
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Table 4 Comparison of Quantum Assertion Approaches

Runtime Method Expressivity Feasibility on NISQ Key Limiting Factor

Classical Purity Assertion Checks for the
absence of
entanglement

Low Requires quantum
runtime check for
validation

Classical QAI Checks if a state is in
a subspace of rank 1
or 2

N/A Limited
expressiveness

Quantum Statistical Infers superposition
or entanglement
from measurements

High Requires many shots,
susceptible to noise

Quantum SWAP-Based Checks for an exact
state match or
general subspace
membership

Low Exp. complexity,
requires O(n)

auxiliaries

Quantum OR/NDD-Based Checks for an exact
state match or
general subspace
membership

Medium Exponential
complexity

Quantum Projection-Based Checks for subspace
membership using
an arbitrary
projector

Low Exp. complexity,
requires mid-circuit
measurement

6 Conclusion

This survey delves into techniques for making assertions about quantum states to
uncover bugs in quantum programs. We have categorized these techniques into clas-
sical and quantum runtime assertions, and a summary of our findings is presented in
Table 4. It is important to note that due to significant limitations in time complexity
and expressivity, the practical usage of these assertions is currently restricted.

Regarding implementation, most quantum programming platforms can support the
various quantum runtime assertion methods. The primary exception is the projection-
based assertion, which requires a platform to support mid-circuit measurement and
conditional operations based on themeasurement outcome. For classical runtimemeth-
ods, support is currently limited to the specific solutions developed by the authors who
proposed them.

Exploring classical runtime methods, we discuss the Twist quantum programming
language and its purity assertion, a tool used to detect entanglement. Additionally,
we present quantum abstract interpretation, enabling efficient execution of quantum
applications on classical computers to evaluate assertions defined by projectors of rank
1 or 2. Although these avenues offer novel techniques for making assertions about
quantum states and identifying bugs, this survey underscores that classical runtime
assertion remains an open problem.

One potential technique for classical runtime assertions involves Clifford cir-
cuit simulators [58]. These circuits, limited in gate types, do not allow universal
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quantum computation but permit efficient execution on classical computers without
constraints on superposition and entanglement [59]. Another possible approach is uti-
lizing ZX-calculus, a graph representation for quantum computation [60].With certain
restrictions, we can map quantum circuits to ZX-calculus and vice versa [61]. ZX-
calculus enables quantum code optimizations and provides an alternative perspective
on quantum circuits, which may aid in bug identification.

Empirical studies presented in this survey reveal that many quantum bugs arise
from API misuse and incorrect numerical computations. This could be due to quan-
tum programming platforms focusing on low-level quantum instructions like quantum
gates and lacking standard data structures. Evolving these platforms to incorporate
high-level quantum programming directives and standardized quantum state struc-
tures might mitigate the occurrence of quantum bugs and simplify bug identification.
However, despite works addressing high-level quantum programming and quantum
data structures [62, 63], this remains an open problem in need of further exploration.

While the Twist language executes the purifying-cast assertion at classical runtime,
the complete implementation of this language proposal requires assertions that validate
the existence of entanglement, which cannot be efficiently achieved in the general case
on a classical computer. Hence, the full proposal implementation demands assertions
that are executed at quantum runtime. Regarding quantum runtime assertions (QRAs),
we presented five design methods and analyzed the scalability of each. Except for the
statistical assertion, all these methods possess the same expressivity when asserting
properties about the quantum state. However, they exhibit different trade-offs when
implemented in quantum computers.

Due to their exponential time complexity in the general case, these quantum runtime
assertions lack scalability.Nonetheless, specific implementations for particular aspects
of quantum states could offer efficient avenues for investigation. Identifying efficient
implementations tailored to specific aspects of quantum states could be a promising
area of research. Such targeted implementations might mitigate the challenges posed
by exponential complexities, offering manageable approaches for certain quantum
state assertions.

In our survey, we identify no hybrid approaches for quantum assertion. The devel-
opment of hybrid approaches that harness both classical and quantum runtimes for
assertion validation is a potential area for exploration. By utilizing the classical runtime
to validate a section of the assertion, we aim to streamline the process of evaluat-
ing assertions in the quantum runtime. This hybrid methodology has the potential
to distribute computational tasks between classical and quantum systems, potentially
optimizing the overall assertion validation process. Investigating and developing these
hybrid strategies could yield efficient and scalable methods for verifying quantum
states and detecting bugs in quantum programs.

In conclusion, while each assertion method presented offers unique benefits for
quantum debugging, their suitability varies based on the quantum system’s scale, com-
plexity, and computational demands. As quantum computing continues to advance,
future researchmust focus on optimizing these techniques,mitigating their limitations,
and exploring novel assertion methodologies to ensure the accuracy and scalability.

In this survey, we focused on assertion methods tailored for gate-based quan-
tum computers. These models, prevalent in leading quantum technologies such as
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superconducting qubits and trapped ions, represent a universal quantum computation
model. However, there exist other prominent quantum computing paradigms, such as
integrated quantum photonic systems that rely on continuous-variable circuits [31],
and quantum annealing computers [21, 64], specifically designed for optimization
tasks. Addressing quantum debugging in these diverse quantum platforms presents a
promising avenue for future works. Investigating available techniques and adapting
gate-based assertions, if feasible, for these platforms will be essential for comprehen-
sively tackling bugs and verifying quantum states across varied quantum computing
architectures.
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