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Abstract In this paper, we present analytical solutions
to the FEinstein field equations for spherically symmetric
anisotropic matter distributions using the well-established
Tolman VII metric potential, chosen for its strong physi-
cal and mathematical foundations. Our solutions are derived
using three distinct approaches: the vanishing complexity
factor condition (VCC), the embedding class I condition
(ECC), and the conformally flat condition (CFC). We con-
duct a comprehensive comparative analysis of these three
approaches. By ensuring a smooth match between the inte-
rior spacetime metric and the exterior Schwarzschild metric,
and applying the condition of vanishing radial pressure at the
boundary, we determine the model parameters. We graphi-
cally assess the model’s stability by examining conditions
such as causality, the adiabatic index, equations of state, and
the generalized Tolman—Oppenheimer—Volkov (TOV) equa-
tion, considering the forces acting within the system. Addi-
tionally, the effects of anisotropy on the stars’ physical char-
acteristics are investigated through graphical representations.

1 Introduction

The study of relativistic stellar structure has a history span-
ning a century, originating from Schwarzschild’s pivotal
work in 1916. Schwarzschild presented both the univer-
sal vacuum exterior solution and the initial interior stellar
solution, aiming to establish a coherent connection between
these solutions to describe a star’s entire interior and exterior
regions. For a significant period, it was common practice to
model the interior of stars as a perfect fluid with equal radial
and tangential pressures. Over time, the rising fascination
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with anisotropic fluids, distinguished by unequal radial and
tangential pressures, has been extensively investigated.
Anisotropy, a pivotal characteristic of stellar configura-
tions, assumes a central role in the realistic modeling of stellar
systems. The concept of anisotropy was originally postulated
by Ruderman [1] and Canuto [2]. It was within the frame-
work of general relativity that Bowers and Liang [3] first
reported the presence of anisotropic spheres. Dev and Gleiser
[4,5] subsequently noted that the pressure anisotropy’s com-
ponents can significantly influence various fundamental
properties of highly compact spheres. Recent findings on
anisotropy strongly emphasize the necessity of consider-
ing a non-zero pressure difference when modeling compact
spheres realistically. Various factors, such as the presence
of phenomena like 3A super-fluid [6], phase transitions [7],
magnetic or strong electromagnetic fields [8,9], slow rota-
tional motion [10], fluids of different types [11], pion con-
densation [12], among others, are significant reasons for
the emergence of anisotropy in relativistic stellar systems.
Recent studies have shown that imposing local isotropy is
excessively constraining and can unduly restrict the mod-
eling of self-gravitating objects. Consequently, it is crucial
to explore potential approaches for obtaining exact solu-
tions that depict anisotropic fluid distributions. An exhaus-
tive review of anisotropic fluids can be found in [13], which
includes a comprehensive list of physical phenomena that
could lead to the appearance of pressure anisotropy. However,
a recent result has superseded all previous arguments justi-
fying the presence of pressure anisotropy and necessitates
its consideration whenever relativistic fluids are involved.
Indeed, as shown in [14], physical processes expected in
stellar evolution will invariably produce pressure anisotropy,
even if the system is initially assumed to be isotropic. It
is important to emphasize that any equilibrium configura-
tion is the final stage of a dynamic process, and there is
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no reason to believe that any acquired anisotropy, regard-
less of its magnitude, would vanish in the final equilibrium
state. Therefore, a resulting configuration, even if initially
isotropic, should in principle exhibit pressure anisotropy. No
known physical process in collapse scenarios can eliminate
the pressure anisotropy that develops during stellar evolu-
tion. Consequently, pressure anisotropy is a fundamental and
unavoidable characteristic of compact objects rather than an
exception.

In arecent study [15, 16], a novel definition of complexity
was introduced specifically for spherically symmetric static
self-gravitating fluids. This fresh concept of complexity is
rooted in the foundational assumption that the lowest com-
plexity in a system corresponds to a fluid distribution char-
acterized by homogeneity in energy density and isotropic
pressure. As a result, this distribution is assigned a complex-
ity factor of zero. Complexity has been further expanded to
include modified gravity theories within the context of gen-
eral relativity, as demonstrated in various studies [17-35].
The complexity factor, denoted as Y7, is the candidate for
quantifying the level of complexity based on this assumption.
It includes contributions from both the variation in energy
density and the local anisotropy in pressure. These contri-
butions interact in a highly specific manner, resulting in a
zero value for Y7 in the case of a fluid distribution that is
both homogeneous and locally isotropic. Therefore, a state
of zero complexity may correspond to a variety of distinct
systems. Several authors have obtained interior solutions for
compact stars using the vanishing complexity approach in
diverse settings [18,36-57].

The practice of embedding curved geometries into higher-
dimensional spaces is a well-established approach for gen-
erating diverse, exact solutions of EFEs within astrophysical
stellar systems. The class I embedding approach has found
extensive use in the quest for exact solutions in fluid distribu-
tions [58]. Its key advantage lies in its capability to achieve
the embedding of a 4-dimensional Riemannian space into
a 5-dimensional Pseudo-Euclidean space. In the context of
spherically symmetric space-time, the embedding class one
condition establishes a connection between the two metric
potentials. This condition is commonly referred to as the Kar-
markar condition [59]. Numerous researchers have success-
fully derived interior solutions for compact stars using the
embedding class one approach [60—73]. An interesting prop-
erty of conformally flat anisotropic spheres is the presence
of a vanishing Weyl tensor, as highlighted in [74]. This prop-
erty also proves to be beneficial for obtaining exact solutions
to EFEs. It leads to a connection between the metric poten-
tial functions which bears a resemblance to the Karmarkar
condition or the case of isotropic spheres. Various solutions
related to the conformally flat approach can be found in [75—
83]. Additional analytical solutions to EFEs for spherically
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symmetric anisotropic matter using different techniques are
available in [84-96].

In this paper, we thoroughly examine the physical behav-
ior of a model generated through vanishing complexity
approach. We ensure that the standard physical requirements,
necessary for a star model to be considered physically admis-
sible, are met. Additionally, we conduct stability assessments
to guarantee the stability of these models. Moreover, we per-
form a comparative analysis of the results obtained using the
complexity-free approach with those generated by two other
established methods, which involve embedding class one and
conformally flat symmetry.

The work is structured as follows: the next section explores
the equations, variables, conventions, and conditions neces-
sary for handling the system of Einstein equations. Section 3
is dedicated to presenting the boundary conditions required
to match the internal spacetime with the surrounding external
vacuum region. In Sect. 4, new exact solutions, each with its
set of arbitrary constants, are presented through all three pre-
viously mentioned approaches. Sections 5 to 9 feature discus-
sions related to geometrical and physical variables, equation
of states, as well as stability analysis, for all three differ-
ent models. Finally, in Sect. 10, a summary of the achieved
results is provided, along with concluding remarks in the
discussions and conclusions section, emphasizing the key
findings.

2 The system of Einstein field equations

The Einstein field equations result from minimizing the
Einstein—Hilbert (EH) action concerning the metric tensor.
The EH action is defined as:

Sen = [ V=g d's (L R+£m>. ()
167

In this equation: R represents the Ricci scalar invariant,
definedas R = g""R ;. L, denotes the Lagrangian density
for matter fields. g is the determinant of the metric tensor,
given by g = det[g,]. The relationship between the matter
stress-energy tensor 7, and the Lagrangian £, is expressed
by the equation:

2 8(J/=8Lm)
Ty = — = 2
NETEER I
The interior of a relativistic star is described by a
Schwarzschild-like line element given as:

ds®> = " Vdi> — I dr? — r2(d6? + sin 0 d¢?), 3)

where, ¢”") and ¢*") are arbitrary functions serving as the
metric potentials, which determine the geometry of the space-
time within the star.
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To describe the anisotropic stellar fluid within this model,
the energy-momentum tensor 7}, is given by:

Ty = (pr + P)vuvy — Pe&uy + (Pr — P XuXy- )

In this context, the physical parameters p, p,, and p, cor-
respond to the energy density, radial pressure measured in
the direction of the spacelike vector, and transverse pressure
orthogonal to p,, respectively.

The EFEs for the metric (3) and the energy-momentum
tensor (4), using units where G = ¢ = 1, are given as follows:

l—e™? MNe™

B1p = —5— + ——. )
Ve ™ 1—e*

877pr = - - }"2 ’ (6)
e 7 2 2V 20" 2\

87Tpt=T<2]) +vT—vA +T—T> (7)

Here, (') represents differentiation with respect to the radial
coordinate r. By using (6) and (7), we can derive the
anisotropy measure as follows:

A=p —pr ®)
2.1 Vanishing complexity factor condition (VCC)

The criterion of the vanishing complexity factor condition
(VCC) was originally introduced by Herrera within the
framework of general relativity [16]. The VCCis based on the
definition of the complexity factor given in [16], which is a
scalar function intended to measure the degree of complexity
of the structure of the fluid. It is expected that such a variable
encompasses fundamental aspects of the fluid distribution.
The complexity factor Y7 for the system described by
(3)—(7) can be expressed as
4o [T

d
Yrrp =8all — — 3Mdy.

9
=l dy ©)

This serves as a criterion for vanishing complexity. By uti-

lizing the EFEs and the condition given in (9), the expression
of anisotropy is obtained as:

L [7 3dr()
== | Y ——dy.
2r° Jo dy
The expression in (10) can be treated as a non-local equation
of state that can be employed as a valid criterion for deter-
mining the physical parameters while solving the EFEs.

Substituting the expressions of EFEs into (9) yields the
vanishing factor Y7 as

VA —rv) +2—=2rv”
4re* '

Further, the vanishing complexity factor condition becomes

(11)

Yrr =

Vi[rJ =) +2]=2rv" =0. (12)

Eq. (12) can be represented as an exact differential equation
(Y L rogy — 2 0

— | = +logv' — = —logr ) =0.

ar\2 " 08" T T8

On integrating the above equation, we get the following rela-

tion

4 logy ~ lo Cc (13)
— vV — = —logr = Cj.
3 g ) g 1

It can also be rewritten as
Vel = Cyre?, (14)

where C| and C; are constants.
The relation (14) between the metric potentials can further
be expressed as:

2
e =(B+a / Ve dr) (15)
where A and B are integration constants.

2.2 Embedding class-I condition (ECC)

A spacetime belongs to embedding class one if it can be math-
ematically represented as a hypersurface embedded within a
five-dimensional flat space.

The metric (3) describes a spacetime that satisfies the Kar-
markar condition [59], expressed as:

R1212R3434 + R1224 R1334
Rig14 = Romms . (16)

In this notation, (1, 2, 3, 4) correspond to the coordinates
(t, 1,0, ¢), respectively. This condition is applicable to an
embedding class I spacetime metric, with the proviso that
R>323 # 0, as mentioned in [59,97].

The Karmarkar condition, as indicated in (16), gives rise
to the following differential equation [98]:

Aet
er—1°

After integrating (17), the relationship between v and A
takes the form:

r 2
e”:(C—i—D/ \/e)“—ldr) , (18)
0

where C and D represent integration constants.

"
2v ,
_/_I_U —
Vv

(17)

2.3 Conformally flat condition (CFC)

A spacetime is deemed conformally flat when its Weyl ten-
sor is null. The vanishing of the Weyl tensor signifies that the
spacetime lacks significant local gravitational tidal effects,
and it can be mathematically transformed, in a conformal
manner, into a flat spacetime. The conformally flat condi-
tion (CFC) has been extensively employed in the modeling
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of self-gravitating objects due to the crucial role the Weyl
tensor plays in the structure of these systems. In spherically
symmetric spacetimes, where only one independent compo-
nent of the Weyl tensor exists, the conformally flat condition
reduces to a single equation given by [74]:

V= 1-—é*

2T d T T T Ty e

=0. (19)

Following Herrera et al. [74], the above equation reduces

/
1 e
V_ —_ - = 6_ 1— C2I"26_U, (20)
2 r

with ¢2 = —Cj.
Further integration of (20) leads to the following bridge
equation

/2
e" = $%r? cosh? ( C dar+ T) , (1)
r

where S and T are constants of integration.

3 Boundary conditions

Celestial objects are typically assumed to occupy a vac-
uum or nearly vacuum spacetime. At the interface between
these spacetimes, it is postulated that appropriate match-
ing conditions hold between the internal spacetime and the
surrounding external vacuum region. In this context, the
Schwarzschild spacetime offers a well-suited solution for the
exterior region defined as

2M dr?
ds> =1 - — dtz—;
r 1—-2M/r

—r? <d92 +sin% 6 d¢2).

Here, M is the total mass of the object. To ensure the system is
continuous over the boundary r = R, we apply the Darmois-
Israel-boundary condition, which yields the following two
fundamental matching conditions [99,100]:

2M

- =@, (22)
2M
== e B (23)

and other matching condition we have considered is given by
pr(R) =0. (24)

These conditions are used to calculate arbitrary constants
involved in the solution.

@ Springer

4 Exploration of new exact solutions through three
different approaches

To generate the model, we assume a new metric potential for
all methods, denoted by e, specified as:

& =1—ar* +brt. (25)

Here, a and b are constants. The above metric potential
(25), approximately matching the well-known Tolman VII
metric potential (¢ ™" = 1 — ;—22 +42—i), which is both physi-
cally and mathematically motivated. If we expand
using a geometric series, we get:

1
1 —ar?+ br#

1
1—ar2+br4

= —ar*+brH~!
=1+ (—ar’ +br') 4.

Approximating the right-hand side of the expression, we
arrive at approximately the same metric potential as Tolman
VII. Possible physical realizations of the Tolman VII solution
can be found in [101]. The solutions to the field equations can
be found by employing specific linking equations that estab-
lish a bridge between the metric potentials ¢” and e*. These
linking equations, approached through different methods, are
discussed in the subsequent subsections.

4.1 Solution via vanishing complexity factor condition
(VCO)

Using the value of ¢* in Eq. (15), we get the expression ¢" as

A (a — 2br2) V1 —ar2+br*  dyA (a2 — 4b)
v [ _ _ 2
¢ = ( 8b e BT

(26)

where A and B are integrating constants and
dy = log (2\/5\/ l—ar?+br*—a+ 2br2) .

Substituting the metric potentials given by Egs. (25) and (26)
into Egs. (5), (6), and (7),

B r2 (a2 + Sb) — 2abr* — 3a + b%r®

. 27
(1—ar?+ br4)2
B 3240324, br?
pr= JI—ar2+br*  l—ar?+br*
a

e 28
+ 1 —ar?2+brt %)
dy — 23/b (a®A (11br* — 1) — 4abds + 4bd;) 29)

Pt = ’

dy (1 —ar? +brt)"?

A=pi—pr. (30)
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where

1

dy

dy=A (br4 + 1) (Bbr4 + 4) — 4bBr2\/1 — ar? + bré,
dy = Ar? (6br* +7) = 2Bv1 — ar? + br*,

2B (~24br2 VT = ar” $br® + aAVT = ar” +br® — 868 ) + doA (a2 — 4b)

’

Ay = <d0A <a2 - 4b> (a - 2br2) V1—arr +br* — 2a3AJZr2) .

Evaluation of arbitrary constants

1 1
M=-R(——— +1), 31
2 <aR2—bR4—1+) S

VIM R (a - bR?)

= , (32)
VR/4aR? — 4bR* — 4
B— (k1 + k) /2M — R (33)
3263/2/R/aR: — bR* — 1

4.2 Solution via embedding class-I condition (ECC)

Using the value of e” as specified in Eq. (25), in Eq. (18), we
get the expression e” as
2
+C ) , (38)

; (Dx/brz—a(br2 —a)
e =
where C and D are integrating constants.

3b

where Substituting the metric potentials given by Eqgs. (25) and
(38) into Egs. (5), (6), and (7), the expressions of p, p,, p;
and A can be calculated as
r? (a2 + Sb) — 2abr* — 3a + b*r® (39)
p= :
(1—ar?+ br4)2
6bd~/br’—a I
_d(brr—a) P 43bc ta—br “0)
T 1 —ar?+ br#
a*d = a*bdr? + b2 (d (br* +9) — 6cv/br” —a) — ab (d (br* + 6) = 3ev/br” = a)
Pt = , 41)
(1 = ar? + br*)* (ad + b (3cv/br? = a + bdr*) — 2abdr?)
A= p;— pr. (42)
ki = (a2 _ 4b> (a _ sz) log (2\/5 /I —aR2 + bR* Evaluation of arbitrary constants
1 1
_ 2 M=-R|————+1],
“+2bR)’ 2 (aR2—bR4—1+)
k2 = 2/bV/1-aR+bR* (a* = 3abR? + 25 (bR* - 8)).. V2M = RVBRT = ((a — br?)* = 6b)
C= , (43)
The expressions for m(r), u(r), zy(r), and z;(r) in all the 6b~/Rv/a — bR?
models are evaluated as follows: D_ V2M — Rva — bR? (44)
B 2R '

o | 1 B r3(a—br2) a4
m(r)—§< _e_)‘)_Z(arz—br‘L—l)’ ©4)
om(r) r*(a —br?)
u(r) = ro 2 (ar? —br4 — 1)’ (35)
1
Zg(i’)—ﬁ—l, (36)
1
Z5(r) ﬁ - 37)

4.3 Solution via conformally flat condition (CFC)

By substituting the value of ¢’ as specified in Eq. (25) into
Eq. (21), we obtain the expression for ¢ as:

1 d
eV = §r252 (cosh (\/ 1 —ar?+br* — ;—f;g —ds(r)

+log <r2> + 2T) + 1) : (45)
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where S and T are integrating constants and

ds = log (2\/1 —ar bt —ar + 2) :
dg = log (2\/5\/ l—ar+br* —a+ 2br2) .

Substituting the metric potentials given by Egs. (25) and
(45) into Egs. (5), (6), and (7), the expressions of p, p,, p:
and A can be calculated as

r2 (a2 + Sb) — 2abr* = 3a + b*r®

5 Discussion on geometrical, physical variables and
stability analysis

To assess the physical plausibility of solutions for a com-
pact stellar structure, we must consider several physical con-
ditions while accounting for the given parameter values:
a = —0.0065/km? and b = 0.00003/km?, R = 9.98 km.
In the forthcoming sections, we will conduct a comprehen-

- ' (46)
(1 —ar? + br4)2
2tanh ( (%% +29/1=ar?+br#~2ds+210g(r2)+47 ) S
2 A
Dy = Vi1—ar2+br* > I—ar?+br 7 @)
_ e tanh(‘%)(ﬂds (2ar?=brt=3)—dy(br*-1)) dg cosh(d7) +d
V1—ar2+br* (cosh(dr)+1)2 (ar2—br¥—T) 10 “8)
br= r2 (1 —ar? + br*) ’
A =pi—pr, (49)
where

_ _ ade 2 1 2
dr == +Vl—art b d5+10g<r )+2T,
dy = — cosh (dy) (2a2r4 —4a (br6 n r2)
brt (2br4 + 3) + 3) _ (2(12 + Sb)
+4abr® + 6ar* — 2b*r® — 3,
dy = a*r* — dar? (\/ 1 —ar?+br*+ 2)
+8v/1 — ar? + br* + 4br* + 8,

brt —1
dio = 2 4
(cosh (d7) + 1) (ar — br* — 1)
N 2 —ar? cosh? (d7)
1 —ar?+br*  (cosh(dy)+1)2

1
+ (cosh (d7) +1)2

+ tanh? (%) (ar2 —brt — 1) - 3.

Evaluation of arbitrary constants

1 1
M=-R|———+—+1],
2 (aRZ—bR4—1 )

G V2R =2M ! (50)

1 9R2
\/R (sz—a + aRz—bR4+8)

1 [ads(R
- 7(‘1 6B T ar? 4 bR
4 Jb

RZ —bR* 42
—qanh! (PR ) o s(R)—210g (R2> .
2y/1—aR? +bR*

(51

@ Springer

sive analysis of the criteria that, when collectively satisfied,
ensure that solutions to the EFEs in general relativity accu-
rately depict the behavior of relativistic objects, such as com-
pact stars.

5.1 Continuity of metrics

This condition ensures that the metric (description of space-
time) inside the star matches smoothly with the metric outside
the star at the stellar surface. This is important for maintain-
ing a consistent description of spacetime around the star.

5.2 Regularity constraints and criteria for modeling stellar
interiors

The regularity conditions require that certain properties, such
as the metric potentials, density, and pressures, maintain non-
negative and finite values throughout the entire star. Addi-
tionally, at the center of the object, the metric potentials must
satisfy specific criteria: The value of ¢""”) at r = 0 must be
finite, and e=*(") at r = 0 must equal 1. These constraints
are essential to ensure that the metric potentials adhere to the
fundamental boundary conditions, as depicted in Fig. 1. Fur-
thermore, the pressures and density within the star should
decrease continuously from the center of the star towards
its surface, in line with the typical behavior of stars. At the
boundary of the star (its surface), the radial pressure (p,)
should reach zero. This condition ensures that the outer lay-
ers of the star do not exert an inward force. Figure 2 offers
a comprehensive view of the models generated through all
three conditions by presenting the density (o (r)) profile as a
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Fig. 1 The variation of metric potentials in distinct models obtained
under three different conditions: (i) the vanishing complexity factor
condition (VCC; green), (ii) the embedding class I condition (ECC;
dark yellow), and (iii) the conformally flat condition (CFC; pink)

0.018

0.016

p (km™)

0.014

0.012

r(km)

Fig. 2 The variation of density for all three models

function of radial distance. Figure 3 provides an illustration
of how radial (p,) and tangential (p;) pressures change with
radial distance (r) for three different conditions: the vanish-
ing complexity factor condition (VCC), the embedding class
I condition (ECC), and the conformally flat condition (CFC).

The tangential pressures on the surface of the star for VCC,
ECC, and CFC models are respectively given by 7.63115 x
10%4,3.81558 x 103, and 1.52623 x 10%.

5.3 Complexity factor

In Fig. 4, the evolution of the complexity factor is depicted
within the framework of the VCC.

5.4 Zeldovich’s criterion and the finite central parameters

In accordance with Zeldovich’s criterion, it is expected that
the physical parameters in the central region of the celestial
object, including density (p), radial pressure (p;), and tan-
gential pressure (p;), should maintain non-negative values

Fig. 3 The variations of p, and p; with respect to radial distance r for
models obtained using three approaches: (i) VCC (green and dark green
lines), (ii) ECC (yellow and dark yellow lines), and (iii) CFC (pink and
dark pink lines)

[0 T —
0.08 |

0.06

Complexity Factor

0.04

0.00
0

r(km)

Fig. 4 Profile of the complexity factor (Y7 ) withrespect to r obtained
using VCC approach

and comply with the condition specified in [102] as follows:

Pre . (52)

Pe

The profiles displayed in Fig.5 provide a visual confir-
mation that the VCC and ECC models in this study satisfy
the requirements of Zeldovich’s criterion. However, the CFC
model fails to meet the criteria, as it leads to negative values

for p:/p.

5.5 Bondi adiabatic index

In their research, Harrison et al. [103] and Zeldovich and
Novikov [104] streamlined Chandrasekhar’s stability condi-
tion through radial perturbation theory. This simplification
yielded a mass-central density relationship described by:

3(0—4/3)

M(pc) X pe o (53)

@ Springer
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030f ]
025 p/
020f (I

Pt

Pr
—& —
p P
o
>
T
>
1

r(km)

Fig. 5 The variations of 2= and £- with respect to radial distance r for
models obtained using three approaches: (i) VCC (green and dark green
lines), (ii) ECC (yellow and dark yellow lines), and (iii) CFC (pink and
dark pink lines)

This relationship plays a crucial role in ensuring the pres-
ence of a positive and non-vanishing characteristic frequency,
a key requirement for stability.

The relativistic adiabatic index, as given in [105], is
defined as:

P+ prdpr

r .
prdp

(54)

According to Bondi [106], for a stable Newtonian sphere,
it is essential that I' > 4/3. However, when considering
pressure anisotropy, this condition takes on a more general
form, as outlined by [107]:

_ 4A, ,OcPVcr
3Ip'relr  2|py.|

4
r> s+ (55)

Here, A, and p. represent anisotropy and energy density
at the center in static equilibrium, respectively. The terms
enclosed in square brackets account for both anisotropic and
relativistic corrections, both of which have positive values.
These corrections extend the range of I' for which stability
is maintained, as discussed in [108]. In general, if I" > 4/3,
the system is considered stable against gravitational collapse.
Adiabatic index profiles for the VCC and ECC approaches
exhibit stable and expected behavior, as shown in Fig.6.
In contrast, the profile associated with the CFC approach
exhibits unexpected behavior.

5.6 Stability equilibrium conditions
The modified Tolman—Oppenheimer—Volkoff (TOV) equa-

tion, which accommodates anisotropic fluid distribution, was
originally introduced in [109]. This equation is expressed as

@ Springer
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Fig. 6 The variations of I"(r) with r for the models obtained through
(1) VCC (green line), (ii) ECC (yellow line), and (iii) CFC (pink line)

0.0006 [ /
¥ Fh
0.0004 [ ]
0.0002 [ 1
. r
£ : /Fa—’
2 0.0000 [ Fg+Fh+Fa
L [ \FP_—
3 ¥
w L
-0.0002 [ ]
[ Fg
-0.0004 [ ]
~0.0006 [ ]
0 2 4 6 8 10

r(km)

Fig. 7 The variation of balancing forces with respect to radial distance
r for the models obtained through (i) VCC (green, darken green and light
green lines), (ii) ECC (yellow, darken yellow and light yellow lines),
and (iii) CFC (pink, darken pink and light pink lines)

follows:
v/ d 2A
) i A ) (56)
2 dr r
S~ =~
Fg Fh Fa

In this equation, the symbols Fy, Fj;, and F, correspond to
the gravitational, hydrostatic, and anisotropic forces, respec-
tively, that act upon the stellar object. The profiles presented
in Fig.7 for all three approaches provide a visual illustra-
tion of how the gravitational force F, exerts dominance over
both the anisotropic force F, and the hydrostatic force Fj,.
As a result, the system remains in static equilibrium, with
the gravitational force effectively counterbalancing the com-
bined effects of the anisotropic and hydrostatic forces.

6 Energy conditions

To ensure the physical stability of a static model for the star’s
interior, itis crucial to verify the fulfillment of specific energy



Eur. Phys. J. C (2024) 84:877 Page 9 of 14 877
—— : ———————————
t P+pr p 08 ECC E
0.030 | ppr L |
t o+P; PPt [ ]
L P+Pr+2p; PHP2p ] 06 : J j ;
@ 0025} ] " [ vce 1
S b 1 5 | CFC |
2 i b 1
3 [ 2 04 ]
Z 0020} E £ L
w P+pr ] 4 t 1
[ " ] 02} R
+
0.015 r b \A r 24(r)~for all models
PHPr+2p; ] [ 1
T T S S B 14 0.0 - -
0 2 4 6 8 10 1 n n n 1 n n n 1 n n n 1 n n n 1 n n n 1
0 2 4 6 8 10

r(km)

Fig. 8 The variation of energy conditions with respect to radial dis-
tance r for the models obtained through (i) VCC (green, darken green
and light green lines), (ii) ECC (yellow, darken yellow and light yellow
lines), and (iii) CFC (pink, darken pink and light pink lines)

conditions, including (i) The null energy condition (NEC):
p+pr > 0, (ii) The weak energy conditions (WEC): p+p, >
0,0 >0,and p 4+ p; > 0, p > 0, (iii) The strong energy
condition (SEC): p + p, +2p; > 0.

The illustration in Fig.8 encompasses all three methods
and offers compelling evidence that these energy conditions
are rigorously met within the interior of the compact star.

7 Red-shift profiles

In the context of spherically symmetrical stellar structures,
we have previously computed the functions that describe
gravitational red-shift (z,(r)) and surface red-shift (zs(r))
for the stellar system using all three approaches, as detailed
in Sect. 4.

It’s noteworthy that the gravitational red-shift (z¢(r))
and the surface red-shift (z;(r)) for the compact object
exhibit contrasting trends with respect to the radial coordinate
(r). Specifically, as the radial coordinate r increases, z4(r)
decreases, whereas z;(r) increases, as depicted in Fig.9.
Simultaneously, both the mass function m (r) and the parame-
ter u () exhibit an increasing trend as r varies. The variations
in mass (m(r)) and compactness (u(r)) for the models gen-
erated through all three approaches are illustrated in Fig. 10.

For a spherically symmetric compact star whose density
monotonically decreasing function holds an upper bound on
its mass-to-radius ratio % < %, Fig. 9 of the compactification

m(r)

factor u(r) = —— exhibits that the present models satisfy

the Buchdal limit throughout the compact star, i.e., u(r) < %,
particularly on the surface of the star where % < %.

For realistic anisotropic stellar models, the surface red-
shift cannot exceed the values 3.842 or 5.211 when p; satis-
fies the strong or the dominant energy condition, respectively

[110]. The present models satisfy the bounds for the surface

r(km)

Fig. 9 The variations of interior and surface red-shift with respect to
radial distance r for the models obtained through (i) VCC (green line),
(ii) ECC (yellow line), and (iii) CFC (pink line)
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Fig. 10 The variations of m(r) and u(r) with r for all the models

red-shift (Fig.9) as the increasing function attains a maxi-
mum bound of 0.394636 on the boundary of the star.

8 Anisotropic parameter insights

In the realm of physically relativistic models, a notable aspect
of pressure distribution within a compact star is the behavior
of pressure anisotropy, denoted as A (7). This behavior begins
with A(r) being zero at the center of the star, represented
as A(0) = 0. As one progresses outward from the central
core, A(r) gradually increases, eventually reaching a posi-
tive value as it approaches the outer boundary of the stellar
object. To provide a visual representation of this characteris-
tic, Fig. 11 presents a graphical illustration of the variation of
A(r) across the entire stellar object for all three approaches.

8.1 Causality and Hererra cracking conditions

The Herrera cracking method, as described in [111,112], is
utilized to assess the stability of anisotropic stars under radial

@ Springer
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Fig. 11 The variation of A(r) with respect to radial distance r for the
models obtained through (i) VCC (green line), (ii) ECC (darken yellow
line), and (iii) CFC (pink line)
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Fig. 12 The variation of v,2 and v[2 with respect to radial distance r for
the models obtained through (i) VCC (green and darken green lines), (ii)
ECC (yellow and darken yellow lines), and (iii) CFC (pink and darken
pink lines)

perturbations. The conditions for cracking and causality can
be expressed as follows:

—1<v12—v3§0. 67
This can be further elaborated as:
dp: _ dpr

dA dp, ~dAdr

= — = , (58)
dp dp dp dp dr dp
dA dr

The profiles depicted in Fig. 12 demonstrate that the VCC,
ECC models satisfy the conditions 0 < vrz, vt2 < 1 but CFC
model fails to attain it. The Hererra-cracking condition is
satisfied all the three models —1 < v> — v2 < 0 throughout
the stellar object (Fig. 13). These conditions adhere to the
causality requirement and suggest potential stability for the

model under examination.
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Fig. 13 The variation of the stability factor with respect to radial dis-
tance r for the models obtained through (i) VCC (green line), (ii) ECC
(darken yellow line), and (iii) CFC (pink line)

8.2 Static stability criteria

In the realm of non-rotating, spherically symmetric equilib-
rium stellar models, static stability criteria stipulate that a
small increase in the central density of compact stars should
lead to an increase in their total mass. This behavior can be
expressed mathematically as:

oM
9pc

This criterion is fundamental for ensuring the static and stable
nature of the model.
The equation for the total mass is given as:

> 0. (60)

1 1
M=mR)==-R| ———7F++1]. 61
mR) =3 <aR2—bR4—1+> ©D)
Expressed in terms of the central density (wherea = _3p <),
the mass equation takes the form:
M(p.) = 1R 1 3 (62)
p) =3 3bR*+ pR2+3 )"
Furthermore,
oM 3R?

o 5 >0, (63)
Pe 2 (3bR* + p.R* +3)

demonstrating that all the models of p. conform to the
static stability criterion (63). The variation in mass con-
cerning central density for models generated using all three
approaches is presented in Fig. 14.

9 Equation of state for dense matter
In this section, we present the equation of state p, = p,(p) of

the dense matter for VCC and ECC models using the method
of least squares. Applying the method, we obtain the EOS
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Fig. 14 The variation of mass with central density for all the models

Fig. 15 The variation of equation of state with r for the models
obtained through (i) VCC (Blue line), (ii) ECC (Green line)

for the VCC model as:

pr = 17.0027p% — 0.284391p + 0.00105915, (64)
and for the ECC model as:

pr = 28.4781p% — 0.45579p + 0.00153025. (65)

The comparison of the equations of state (EOS) of both mod-
els is displayed in Fig.15. We also compare the quantities
pr/p with the estimated equations of state EOS/p(r) in
Fig. 16 and conclude that the estimated EOSs almost match
with the quantity p,/p in both VCC and ECC models.

The expressions of the central pressures and densities in
the VCC model are given by:

Pro = Pr
o 32Ab%2
T (a2 — 4b) log (2\/3 — a> +2Vb(aA — 8bB)
>0, (66)
po=—a >0 for a <O0. 67)

015} ]

ECC'model

p

EOS p,
& —
P

R[] e — \ i

vcem
0.05 1

0.00 4

r

Fig. 16 The variation of equation of state with respect to radial distance
r for the models obtained through (i) VCC (Blue line), (ii) ECC (Green
line)
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Fig. 17 The variations of p, and p; with respect to radial distance r
for models obtained using three approaches: (i) VCC (green and dark
green lines), (ii) ECC (yellow and dark yellow lines), and (iii) CFC
(pink and dark pink lines)

Using Zeldovich’s criteria [113] as a necessary condition
to verify the regularity of any physical solution, i.e., % <1,
we have:

210 32Ab3/2

PO 3aA (a2 — 4b) log (2\/5 - a) + 6a/b(aA — 8bB)

——<l1. (68)

3
On solving (66—68), we obtain the following inequality:

1 a’ B
—§§a<0,0<b<——

4 A
a’—16b 1

a*—8a2b+16b2
- log (2+/b— )
=\ "8ap 16 b Og( Vb—a

(69)

The EOS parameters, i.e., the ratio of p,/p and p;/p,
are positive and less than 1 throughout within the star (see
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Fig. 18 The variations of £- and % with respect to radial distance r
for models obtained using tﬁree approaches: (i) VCC (green and dark
green lines), (ii) ECC (yellow and dark yellow lines), and (iii) CFC
(pink and dark pink lines)
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Fig. 19 The variation of I"(r) with r for the models obtained through
(i) VCC (green line), (ii) ECC (yellow line), and (iii) CFC (pink line)
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Fig. 20 The variation of v and v? with respect to radial distance r for
the models obtained through (i) VCC (green and darken green lines), (ii)
ECC (yellow and darken yellow lines), and (iii) CFC (pink and darken
pink lines) for M = 2.334

@ Springer

Fig.5) in VCC and ECC models, which describes that the
matter distribution within the stars is non-exotic in nature.

10 Discussions and conclusions: key findings

The analysis presented in the study yields several key obser-
vations regarding compact stars with specific parameter val-
ues. These findings pertain to different theoretical models for
describing such stars.

1. The compact star, with a mass of 2.42446 M and a
radius of R = 9.98 km, and parameter values a =
—0.0065 km™—2 and » = 0.00003 km™2, satisfies all
the physical, geometrical, and stability conditions in the
VCC and ECC models. However, in the CFC model
with the same parameter values, the radial and tan-
gential pressures (p, and p;) and the pressure-density
ratios (p,/p and p;/p) are negative, as indicated in
Figs.3 and 5. The negative pressures in the CFC model
result in a negative adiabatic index and negative tangen-
tial velocity, implying that the solution fails to satisfy
the Bondi adiabatic condition and the causality con-
ditions, as shown in Figs.6 and 12. Additionally, the
CFC model demonstrates good behavior in terms of the
regularity tendency of metric potentials (Fig. 1), den-
sity (Fig.?2), red-shift functions (Fig.9), TOV equation
(Fig.7), anon-negative increasing tendency of the mass-
compactification factor (Fig. 10), anisotropy (Fig.11),
energy conditions (Fig.8), Herrera cracking condition
(Fig. 13), and static stability criteria (Fig. 14). In brief,
while the compact star with the specified parameters
aligns well with the VCC and ECC models, it encoun-
ters significant issues in the CFC model. The nega-
tive pressures in the CFC model result in a cascade
of problems, including negative adiabatic index and
tangential velocity, rendering the solution inconsistent
with several physical and causality conditions. However,
the CFC model maintains regularity tendencies in vari-
ous aspects, highlighting the complexity and nuanced
behavior of compact stars under different theoretical
frameworks.

2. When the compact star has a mass of 2.334 Mg, a
radius of R = 9.98 km, and parameter values of
a = —0.00583489/km? and b = 0.00003/km?, we
observe the following findings:

(i) The models VCC, ECC satisfy all the geometrical
and physical conditions, but CFC model fails to attain
Zeldovich’s condition due to negative values of p,,
pr/p at the surface of the compact star (see Figs. 17
and 18). Additionally, there is a non-negative increas-
ing tendency of the mass-compactification factor and
anisotropy, alongside z;(r) for all the models.
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(ii) All three models adhere to Bondi adiabatic condition
(Fig. 19), energy conditions, the Herrera cracking con-
dition, and the criteria for static stability.

(iii) The causality condition is satisfied only for ECC model
but it fails to meet in VCC model as the velocity v?
takes negative values in the interior of the compact star
(see Fig. 20). In the CFC model, the values of v? and v?
fall within the range of 0 to 1 within the radius interval
[0, 2.65]. Nevertheless, vt2 becomes negative when r is
in the range (2.65, R].

In summary, while the compact star with the specified param-
eters aligns well with all three models (VCC, ECC, and CFC),
it encounters specific issues in each of them. For the VCC
and ECC models, the causality condition is not satisfied, and
in the CFC model, the behavior of v? and v? varies with
the change in the radius range, emphasizing the intricate and
multifaceted behavior of compact stars within varying theo-
retical frameworks.
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