
Eur. Phys. J. C          (2021) 81:416 
https://doi.org/10.1140/epjc/s10052-021-09214-5

Regular Article - Theoretical Physics

3+ 1 active–sterile neutrino mixing in B − L model with
S3×Z4 × Z2 symmetry for normal neutrino mass ordering

V. V. Vien1,2,a

1 Theoretical Particle Physics and Cosmology Research Group, Advanced Institute of Materials Science, Ton Duc Thang University,
Ho Chi Minh City, Vietnam

2 Faculty of Applied Sciences, Ton Duc Thang University, Ho Chi Minh City, Vietnam

Received: 26 March 2021 / Accepted: 5 May 2021
© The Author(s) 2021

Abstract We propose a non-renormalizable B − L model
with S3×Z4 × Z2 symmetry which successfully accommo-
dates the current active–sterile neutrino mixing in 3 + 1
scheme. The S3 flavor symmetry is supplemented by Z4⊗Z2

symmetry to consolidate the Yukawa interaction of the
model. The presence of S3⊗Z4⊗Z2 flavour symmetry plays
an important role in generating the desired structure of the
neutrino mass matrix. The model can reproduce the recent
observed active-neutrino neutrino oscillation data for normal
ordering in which two sterile–active mixing angles θ14,24 get
the best-fit values and the obtained values of θ34, δ14, δ14, the
sum of neutrino mass and the effective neutrino masses are
within their currently allowed ranges.

1 Introduction

The neutrino mass and mixing is one of the most exciting
issues of modern physics. In recent years, the leptonic mixing
angles and neutrino mass squared differences are measured
with a high precision [1]. Apart from the currently unknown
parameters in the neutrino sector, such as mass hierarchy,
leptonic Dirac CP violating phase [1], there are some exper-
imental observations that cannot be accommodated in the
three neutrino framework, see for instance LSND [2], Mini-
BooNE [3] and the other experiments [4–15]. These observa-
tions could be explained by supplementing at least an addi-
tional fourth neutrino having non-trivial mixing with active
neutrinos, called sterile neutrinos, with mass in the eV range,
i.e., �m2

41 � |�m2
31|. For the neutrino mass spectrum, the

global analysis shows a hint in favor of the normal ordering
(NO) over the inverted ordering (IO) at more than 3σ [16]
and a preference for NO at about 2σ [17,18], i.e., NO seems
to be favored than IO and we thus only consider the NO.
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The best-fit values and 3σ ranges of neutrino mass squared
differences and the mixing angles in the three neutrino frame-
work for NO [1] and (3 + 1) neutrino framework [10]
are given in Table 1. In order to explain the observed lep-
ton flavor mixing pattern, flavour symmetries have proven
many advantages which have been widely used in differ-
ent works, see for instance, S3 [19–25], S4 [26–35], T

′

[36–38], D4 [39–46], �(27) [47–56]. In recent years, there
have been various proposals to generate the active–sterile
neutrino mass matrix within different seesaw frameworks
[15,57–115]. The combination of B − L model and dis-
crete symmetries S3, Q6, D4, �(18),�(27) has been done
in Refs. [24,116–120] in which the observed structure of
lepton and quark masses and mixing angles in the three neu-
trino scheme has been studied. In (3 + 1) neutrino scheme,
the B − L model with S3 symmetry was first presented in
Ref. [64], however, the active–sterile neutrino mass and mix-
ing has not been addressed.1 In other recent works, active–
sterile neutrino mass and mixing have been considered with
A4 [66,68,90,104,105], D4 [77] and texture zeros with ZN

[87,92,95]. To our best knowledge S3 symmetry has not
been considered before in the 3 + 1 neutrino scheme with
B − L model. We thus suggest a B − L extension based on
S3 ⊗ Z4 ⊗ Z2 symmetry which successfully accommodates
the observed sterile–active neutrino mixing patterns within
the framework of the 3 + 1 scheme.

The remaining of this work is organised as follows. A brief
description of the model is presented in Sect. 2. Section 3 is
devoted to the active−sterile neutrino mixing. The numerical

1 In the extension withU (1)B−L gauge symmetry, the anomalies can be
cancelled in different ways [121–136] with various charge assignments
of B − L . We develop the model proposed in Refs. [122,132] whereby
all of three right-handed neutrinos owns B− L = −1 which is different
from the previous work [64] in which two of right-handed neutrinos
owns B − L = −4 and the other one has B − L = 5.

0123456789().: V,-vol 123

http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-021-09214-5&domain=pdf
mailto:vovanvien@tdtu.edu.vn


  416 Page 2 of 11 Eur. Phys. J. C           (2021) 81:416 

Table 1 The global analysis of neutrino oscillation data with three light
active neutrinos at 3σ range and the best fit results taken from [1], and
one extra sterile neutrino constraints taken from Ref. [10]

Parameters The best-fit values 3σ range

�m2
21(10−5 eV2) 7.42 6.82 → 8.04

�m2
31(10−3 eV2) 2.517 2.435 → 2.598

sin2 θ12 0.304 0.269 → 0.343

sin2 θ23 0.573 0.415 → 0.616

sin2 θ13 0.02219 0.02032 → 0.02410

δ(◦) 197 120 → 369

|U14|2 0.020 0.0098–0.031

|U24|2 0.015 0.006–0.026

|U34|2 � 0–0.039

δ14 � 0–2π

δ24 � 0–2π

analysis is given in Sect. 4. Finally, some conclusions are
drawn in Sect. 5.

2 The model

Apart from the SM symmetry, one U (1)B−L gauge symme-
try and one non-Abelian discrete symmetry S3 together with
two Abelian symmetries Z4, Z2 are supplemented. The sym-
metry of the model is G × U (1)B−L ⊗ S3 ⊗ Z4 ⊗ Z2 ≡ �

where G is the gauge symmetry of the SM. Regarding the
particle content, three right-handed neutrinos (ν1R, ναR), one
sterile neutrino (S) and five SU (2)L singlet scalars are intro-
duced in comparison with the SM. The assignments of lepton
and scalar fields in the considered model are summarized in
Table 2.

The Yukawa couplings, up to five-dimension, which are
invariant under � symmetry, are:

− Llep
Y = h1

�
(ψ̄1Ll1R)1(Hφ)1 + h2

�
(ψ̄αLlαR)1(Hφ)1

+h3

�
(ψ̄αLlαR)1

′ (Hφ
′
)1

′

+ x1

�
(ψ̄1Lν1R)1( ˜H˜φ)1 + x2

�
(ψ̄αLναR)1( ˜H˜φ)1

+ x3

�
(ψ̄αLναR)1

′ ( ˜H˜φ
′
)1

′

+ y1

2�
(νcαRναR)2(χϕ)2

+ y2

2�

[

(νc1RναR)2 + (νcαRν1R)2

]

(χϕ)2

+ z1

�
(S̄cν1R)1

′ (ϕξ)1
′

+ z2

�2 (S̄cναR)2(φϕξ)2 + H.c. (1)

It should be noted that the following terms (ψ1LlαR)2(Hχ)2,

(ψαLl1R)2(Hχ)2, (ψαLlαR)2(Hχ)2, (ψ1LναR)2( ˜H χ̃ )2,
(ψαLν1R)2( ˜H χ̃ )2, (ψαLναR)2( ˜H χ̃ )2 and (νc1Rν1R)1(ξϕ)1

are forbidden by Z2 symmetry while (νcαRναR)1
′ (ξϕ)1

′ is
forbidden by Z4 symmetry.

We will show that the following VEV alignments

〈H〉 = (0 vH )T , 〈φ〉 = vφ, 〈φ ′ 〉 = v
φ

′ , 〈ϕ〉 = vϕ,

〈χ〉 = (〈χ1〉, 〈χ2〉), 〈χ2〉 = 〈χ1〉 = vχ , 〈ξ 〉 = vξ ,

(2)

satisfy the minimum condition of Vscalar in Appendix A.
Namely, in the minimum minimization condition of Vscalar,
let us put vχ2 = vχ1 = vχ and v∗

H = vH , v∗
φ = vφ, v∗

φ
′ =

v
φ

′ , v∗
ϕ = vϕ, v∗

χ = vχ and v∗
ξ = vξ which leads to

∂Vscalar

∂v∗
i

= ∂Vscalar

∂vi
,

∂2Vscalar

∂v∗2
i

= ∂2Vscalar

∂v2
i

(vi = vH , vφ, v
φ

′ , vϕ, vχ , vξ ), (3)

and the minimum condition becomes

μ2
H + 2λHv2

H + λHφv2
φ + λHφ

′ v2
φ

′

+λHϕv2
ϕ + 2λHχv2

χ + λHξ v
2
ξ = 0, (4)

μ2
φ + λHφv2

H + 2λφv2
φ + λ

φφ
′ v2

φ
′

+λφϕv2
ϕ + 2λφχv2

χ + λφξv
2
ξ = 0, (5)

μ2
φ

′ + λHφ
′ v2

H + λ
φφ

′ v2
φ + 2λ

φ
′ v2

φ
′

+λ
φ

′
ϕ
v2
ϕ + 2λ

φ
′
χ
v2
χ + λ

φ
′
ξ
v2
ξ = 0, (6)

μ2
ϕ + λHϕv2

H + λφϕv2
φ + λ

φ
′
ϕ
v2
φ

′

+2λϕv2
ϕ + 2λϕχv2

χ + λϕξv
2
ξ = 0, (7)

μ2
χ + λHχv2

H + λφχv2
φ + λ

φ
′
χ
v2
φ

′

+λϕχv2
ϕ + 2λχv2

χ + λχξv
2
ξ = 0, (8)

μ2
ξ + λHξ v

2
H + λφξv

2
φ + λ

φ
′
ξ
v2
φ

′

+λϕξv
2
ϕ + 2λχξv

2
χ + 2λξv

2
ξ = 0, (9)

λHvH > 0, λφvφ > 0, λ
φ

′ v
φ

′ > 0,

λϕvϕ > 0, λχvχ > 0, λξ vξ > 0, (10)

where, for simplicity, the following notations have been used:

λχ = 2λ1χ + λ3χ ,

λHφ = λ1Hφ + λ2Hφ, λHφ
′ = λ1Hφ

′ + λ2Hφ
′ ,

λHϕ = λ1Hϕ + λ2Hϕ,

λHχ = λ1Hχ + λ2Hχ , λHξ = λ1Hξ + λ2Hξ ,

λ
φφ

′ = λ1φφ
′ + λ2φφ

′ ,

λφϕ = λ1φϕ + λ2φϕ, λφχ = λ1φχ + λ2φχ ,

λφξ = λ1φξ + λ2φξ ,
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Table 2 The particle contents of the model and their transformations under the chosen symmetries

ψ1L ψαL l1R lαR H φ φ
′

ϕ χ ξ ν1R ναR S

SU (2)L 2 2 1 1 2 1 1 1 1 1 1 1 1

U(1)Y − 1
2 − 1

2 −1 −1 1
2 0 0 0 0 0 0 0 0

U(1)B−L −1 −1 −1 −1 0 0 0 2 0 0 −1 −1 −1

S3 1 2 1 2 1 1 1
′

1 2 1
′

1 2 1
′

Z4 1 1 −i −i 1 i i i i −1 i i 1

Z2 + + + + + + + − − − + + +

λ
φ

′
ϕ

= λ1φ
′
ϕ

+ λ2φ
′
ϕ
, λ

φ
′
χ

= λ1φ
′
χ

− λ2φ
′
χ
,

λ
φ

′
ξ

= λ1φ
′
ξ

+ λ2φ
′
ξ
,

λϕχ = λ1ϕχ + λ2ϕχ , λϕξ = λ1ϕξ + λ2ϕξ ,

λχξ = λ1χξ − λ2χξ . (11)

The system of Eqs. (4)–(9) always own the solution as given
in Appendix B.

We will show that the inequalities in Eq. (10) are always
satisfied by the solutions of Eqs. (4)–(9) as shown in
Appendix B. For instance, for the following benchmark point

λφ = λ
φ

′ = λϕ = λχ = λξ = λx = 10−3, (12)

λHϕ = λHχ = λHφ = λHφ
′ = λHξ = −λy = −10−4,

(13)

μH = μφ = μ
φ

′ = μϕ = μχ = μξ = 108 eV, (14)

vH= v
φ

′ = 1011 eV, vϕ = vχ = vφ = vξ = 1013 eV,

(15)

the inequalities in Eq. (10) are always satisfied. Therefore,
the VEV alignments in Eq. (2) is a solution of the potential
minimum condition.

3 3+ 1 active–sterile neutrino mixing

Using the Clebsch–Gordan coefficients of S3 group presented
in Ref. [137], from Eqs. (1) and (2), we find the charged lepton
masses and the charged-lepton diagonalization matrices as
follows

me = a1l , mμ = a2l − a3l , mτ = a2l + a3l , (16)

UlL = UlR = 1, (17)

with

a1l = h1vφλH , a2l = h2vφλH ,

a3l = h3vφ
′ λH (λH = vH/�). (18)

Because the charged-lepton diagonalization matricesUlL ,UlR

take the diagonal form, the lepton mixing matrix is that of the
neutrinos. Furthermore, Eq. (16) tells us that mμ and mτ are

distinguished from each other by φ
′
, thus, φ

′
is introduced in

accompany with φ.
Next, comparing the obtained result in Eq. (16) with the

experimental values of me,μ,τ taken from Ref. [138] me =
0.51099 MeV,mμ = 105.65837 MeV,mτ = 1776.86 MeV
yields

a1l = 5.11 × 105 eV, a2l = 9.41 × 108 eV,

a3l = 8.36 × 108 eV. (19)

Let us now consider the neutrino sector. From Eq. (1),
after symmetry breaking, i.e., when the scalar fields get the
VEVs, we find the 7 × 7 neutrino mass matrix in the basis
(νL , νcR, Sc) as follows

M7×7
ν =

⎛

⎝

0 MD 0
MT

D MR MT
S

0 MS 0

⎞

⎠ , (20)

where MD, MR and MS are, respectively, the Dirac, Majo-
rana and sterile neutrino mass matrices that take the following
forms:

MD =
⎛

⎝

a1D 0 0
0 a2D − a3D 0
0 0 a2D + a3D

⎞

⎠ ,

MR =
⎛

⎝

0 a2R a2R

a2R a1R 0
a2R 0 a1R

⎞

⎠ , (21)

MS = (a1S a2S a2S), (22)

where

a1D = x1v
∗
Hv∗

φ

�
, a2D = x2v

∗
Hv∗

φ

�
, a3D = x3v

∗
Hv∗

φ′

�
,

a1R = y1vχvϕ, a2R = y2vχvϕ,

a1S = z1vξ vϕ

�
, a2S = z2vχvφvϕ

�2 . (23)

In the case where MR � MS > MD , similar to the typical
type-I seesaw model, one can block-diagonalize the full mass
matrix 7×7 by using the seesaw formula, the effective 4×4
light neutrino mass matrix in the basis (νL , Sc) can be written
as [68]

123
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Mν = −
(

MDM
−1
R MT

D MDM
−1
R MT

S
MS(M

−1
R )T MT

D MSM
−1
R MT

S

)

. (24)

Combining Eqs. (21), (22) and (24) yields the 4 × 4 active–
sterile mass matrix in the explicit form as follows

M4×4
ν = M0 + δM1 + δM2, (25)

where

M0 =

⎛

⎜

⎜

⎝

a1 −b1 −b1 bS
−b1 −a2 a2 −cS
−b1 a2 −a2 −cS
bS −cS −cS aS

⎞

⎟

⎟

⎠

, (26)

δM1 =

⎛

⎜

⎜

⎝

0 u1 −u1 0
u1 u2 0 uS

−u1 0 −u2 −uS
0 uS −uS 0

⎞

⎟

⎟

⎠

,

δM2 =

⎛

⎜

⎜

⎝

0 0 0 0
0 −ε −ε 0
0 −ε −ε 0
0 0 0 0

⎞

⎟

⎟

⎠

, (27)

with

a1 = a2
1Da1R

2a2
2R

, a2 = a2
2D

2a1R
,

b1 = a1Da2D

2a2R
, cS = a1Sa2D

2a2R
,

aS = a1S(a1Ra1S − 4a2Ra2S)

2a2
2R

,

bS = a1D(a1Ra1S − 2a2Ra2S)

2a2
2R

, (28)

u1 = a1Da3D

2a2R
, u2 = a2Da3D

a1R
,

uS = a1Sa3D

2a2R
, ε = a2

3D

2a1R
. (29)

Provided that x1 � x2 � x3 � y1 � y2 = λxy and z1 �
z2 = 10−2λxy and using the benchmark point in Eq. (15),
from Eqs. (23), (28) and (29), we can evaluate

(

v
φ

′

�

)2

∼ ε  u1 ≈ u2 ≈ uS ∼ v
φ

′

�
 vx

�
∼ a1

≈ a2 ≈ b1 ≈ aS ≈ bS, (30)

with vx = {vφ, vϕ, vχ , vε}.
On the other hand, it is noted that, in Eq. (25), H, φ, ϕ, χ

and ξ are responsible for the first matrix M0 providing the μ−
τ symmetry while φ

′
contributes to the second and third terms

(δM1, δM2). We will therefore consider the contribution of
φ

′
as a small perturbation with the perturbation parameter

v
φ
′

�
. Furthermore, ε ∼

( v
φ
′

�

)2
is a second-order parameter

thus δM2 will be ignored in calculation process, i.e.,

δM = δM1 + δM2 � δM1. (31)

The matrix M0 in Eq. (26) owns four eigenvalues and the
corresponding mixing matrix as follows

m1 = 0, m2 = �3 − �4, m3 = �2, m4 = �3 + �4,

(32)

U0 =

⎛

⎜

⎜

⎜

⎝

g1 n1 0 r1

g2 n2 − 1√
2

r2

g2 n2
1√
2

r2

g0 n0 0 r0

⎞

⎟

⎟

⎟

⎠

, (33)

where

�2 = −a2
2D
a1R

, �3 = a1R(a2
1D + a2

1S) − 4a1Sa2Sa2R

4a2
2R

,

�4 =

√

(a2
1D + a2

1S)
[

a2
1Da

2
1R + 8a2

2Da
2
2R + (a1Ra1S − 4a2Ra2S)2

]

4a2
2R

,

(34)

and

g0 = 1
√

K 2
1 + 2K 2

2 + 1
, n0 = 1

√

N 2
1 + 2N 2

2 + 1
,

r0 = 1
√

R2
1 + 2R2

2 + 1
, (35)

g1,2 = K1,2
√

K 2
1 + 2K 2

2 + 1
, n1,2 = N1,2

√

N 2
1 + 2N 2

2 + 1
,

r1,2 = R1,2
√

R2
1 + 2R2

2 + 1
, (36)

with K1,2, N1,2 and R1,2 are defined in Appendix C and sat-
isfy the following relations

1 + K1N1 + 2K2N2 = 0, 1 + K1R1 + 2K2R2 = 0,

1 + N1R1 + 2N2R2 = 0. (37)

At the first order of perturbation theory, the matrix δM1 in
Eq. (27) does not effect on neutrino mass eigenvalues but it
changes the corresponding eigenvectors. The perturbed lep-
tonic mixing matrix are obtained as:

U = U0 + �U

=

⎛

⎜

⎜

⎜

⎝

g1 n1 −√
2 (g1gu − n1nu + r1ru) r1

g2 − gu n2 + nu − 1√
2

− √
2 (g2gu − n2nu + r2ru) r2 − ru

g2 + gu n2 − nu
1√
2

− √
2 (g2gu − n2nu + r2ru) r2 + ru

g0 n0 −√
2 (g0gu − n0nu + r0ru) r0

⎞

⎟

⎟

⎟

⎠

,

(38)

where

gu = g1u1 + g2u2 + g0uS
m3

, nu = n1u1 + n2u2 + n0uS
m2 − m3

,

123
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Fig. 1 U14 − U24 lines corresponding to the specific values s24 = 0.08, 0.09, 0.10, 0.11, 0.12, 0.13, 0.14, 0.15 and 0.16 from left to right (left
panel), and the 3D plot of s24 versus U14 and U24 with U14 ∈ (0.099, 0.176) and U24 ∈ (0.0775, 0.161) (right panel)

ru = r1u1 + r2u2 + r0uS
m3 − m4

. (39)

In 3 + 1 scenario, the four favor eigenstates (νe, νμ, ντ , νs)

are related to the mass eigenstates (ν1, ν2, ν3, ν4) via a
4 × 4 unitary lepton mixing matrix possessing the following
form

U =

⎛

⎜

⎜

⎝

U11 U12 U13 U14

U21 U22 U23 U24

U31 U32 U33 U34

U41 U42 U43 U44

⎞

⎟

⎟

⎠

, (40)

which can be parameterized by six neutrino mixing angles
θ12, θ13, θ23, θ14, θ24, θ34, three Dirac phases δ13 ≡ δCP ,

δ14, δ24 and three Majorana phases α, β, γ [66]:

U = R34 ˜R24 ˜R14R23 ˜R13R12P

=

⎛

⎜

⎜

⎜

⎝

c12c13c14 c13c14s12ei
α
2 c14s13ei

β
2 s14ei

γ
2

Uμ1 Uμ2 Uμ3 c14s24.ei(δ14−δ24+ γ
2 )

Uτ1 Uτ2 Uτ3 c14c24s34.ei(δ14+ γ
2 )

Us1 Us2 Us3 c14c24c34.ei(δ14+ γ
2 )

⎞

⎟

⎟

⎟

⎠

,

(41)

whereUμj ,Uτ j ,Usj ( j = 1, 2, 3) are defined in Appendix D.
The analysis is approximately independent of the angle θ14

and δ13, δ14, δ24 [11,12], so in this work, δ14, δ24, α, β, γ are
set to zero and δ13 = δCP . From Eqs. (38), (40) and (41) we
obtain:

g0 = U41, n0 = U42, r0 = U44,

g1 = U11 = c12c13c14, n1 = U12 = c12c13c14t12,

r1 = U14 = s14,

r2 = 1

2
(r0t34 + c14s24) , ru = 1

2
(r0t34 − c14s24) ,

gu = g2 + c23c24s12 + c12c24s13s23e
iδ13

+c12c13s14s24,

nu = c12c13c14gu + c14s13/
√

2 + s14ru
c12c13c14t12

. (42)

Furthermore, Eqs. (40) and (41) yield the relations between
neutrino mixing angles θ14, θ24, θ34 and |U14|, |U24|, |U34|:

sin θ14 = |U14|, sin θ24 = |U24|
√

1 − |U14|2
,

sin θ34 = |U34|
√

1 − |U14|2 − |U24|2
. (43)

In the next section, we will show that our model is in
good agreement with the recent global analysis for NO which
seems favored by the global analysis given in Refs. [16–18]
as given in Table 1.

4 Numerical analysis

In this work, we use the active–sterile neutrino mixing con-
straints taken from Ref. [10] as shown in Table 1 for which
at 3σ range,

0.0098 ≤ |U14|2 ≤ 0.031,

0.006 ≤ |U24|2 ≤ 0.026, 0 ≤ |U34|2 ≤ 0.039, (44)

thus we get 0.099 ≤ s14 ≤ 0.176 and 0.0782 ≤ s24 ≤
0.163, 0.025 ≤ s34 ≤ 0.178 which are, respectively, plotted
in Figs. 1 and 2.
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Fig. 2 s34 versus U14, U24 and U34 with U14 ∈ (0.099, 0.176), U24 ∈
(0.0775, 0.161) and U34 ∈ (0, 0.197)

0.10 0.12 0.14 0.16

0.0

0.2

0.4

0.6

0.8

s14

g 1
,n

1,
r 1

g

n1

r1

Fig. 3 g1, n1 and r1 versus s14 with s14 ∈ (0.099, 0.176)

In the case where U14 and U24 take their best fit values as
given in Table 1 and U34 = 0.150, we get

s14 = 0.141 (θ14 = 8.13◦), s24 = 0.124 (θ24 = 7.11◦),
s34 = 0.153 (θ34 = 8.78◦), U44 = 0.971. (45)

If three neutrino mixing angles s12,23,13 and leptonic Dirac
CP violation phase δCP take their best-fit values as given in
Table 1, three parameters g1, n1 ad r1 depend only on θ14

which is plotted in Fig. 3.
In the three neutrino scheme, tribimaximal mixing form

[139–142] in which UTBM
21 = UTBM

31 = − 1√
6

and UTBM
22 =

UTBM
32 = 1√

3
, can be considered as a good approximation

for the neutrino mixing form. Furthermore, Eq. (38) implies
U21 = g2 − gu, U31 = g2 + gu, U22 = n2 + nu, U32 =
n2 −nu where gu and nu comes from the constribution of φ

′
,

i.e, |gu |, |nu |  |g2|, |n2|. Thus, we can set g2 = − 1√
6

and

n2 = 1√
3
, gu then depends on s14 and s24 which is plotted in

Fig. 4.

Fig. 4 |gu | versus s14 and s24 with s14 ∈ (0.099, 0.176) and s24 ∈
(0.0782, 0.163)

Fig. 5 |nu | versus s24 and s34 with s24 ∈ (0.0782, 0.163) and s34 ∈
(0.025, 0.178)

In the case s14 = 0.141, we get

g1 = 0.817, n1 = 0.54, r1 = 0.141, (46)

and nu, ru depend on s23 and s34 which are plotted in Figs. 5
and 6, respectively.

For NH, 0 = m1 < m2 < m3 < m4, the neutrino mass
eigenvalues can be written in terms of three mass squared
differences as

m2 =
√

�m2
21, m3 =

√

�m2
31, m4 =

√

�m2
41. (47)

In the case two squared neutrino mass differences in three
neutrino scheme �m2

21 and �m2
31 take the best fit values

as given in Table 1 and s24 = 0.124, the effective neutrino

masses [143–147] mβ =
(

∑4
i=1 |Uei |2 m2

i

)1/2
and 〈mee〉 =

123
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Fig. 6 ru versus s24 and s34 with s24 ∈ (0.0782, 0.163) and s34 ∈
(0.025, 0.178)

∣

∣

∣

∑4
i=1 U

2
eimi

∣

∣

∣ depend on s34 and �m2
41 which are plotted in

Fig. 7. If s34 takes its value as given in Eq. (45), s34 = 0.153,
we get:

g2 = −0.408, n2 = 0.577, r2 = 0.137,

gu = −0.126 − 0.0273i, nu = 0.00685 − 0.0413i,

ru = 0.0138, (48)

and the 4 × 4 lepton mixing matrix gets the explicit form:

U4×4 =

⎛

⎜

⎜

⎝

0.817 0.54 0.147 0.141
−0.283 + 0.0273i 0.584 − 0.0413i −0.777 − 0.0495i 0.123
−0.534 − 0.0273i 0.571 + 0.0413i 0.638 − 0.0495i 0.150

� � � 0.971

⎞

⎟

⎟

⎠

.

(49)

At present, there are various experimental constraints on
�m2

41 [2–15], for instance, �m2
41 ∈ (0.2, 10.0) eV2 [2],

�m2
41 ∈ (0.01, 1.0) eV2 [3], �m2

41 ≥ 0.1 eV2 [4], �m2
41 ∈

(0.1, 1.0) eV2 [5], �m2
41 > 1.5 eV2 [6], �m2

41 ∈ (10−3,

10−1) eV2 [7], �m2
41 > 0.1 eV2 [8], �m2

41 = 0.041 eV2 [9],
�m2

41 = 1.7 eV2 [10], �m2
41 > 10−2 eV2 [11], �m2

41 <

10.0 eV2 [12] �m2
41 = 1.45 eV2 [13], �m2

41 = 1.0 eV2

[14,15]. In the considered model, the obtained parameters
corresponding to some values of �m2

41 as listed in Table 3.

5 Conclusion

We propose a non-renormalizable B − L model with
S3×Z4 × Z2 symmetry which successfully accommodates
the current active–sterile neutrino mixing in 3 + 1 scheme.
The S3 flavor symmetry is supplemented by Z4⊗Z2 symme-
try to consolidate the Yukawa interaction of the model. The

presence of S3 ⊗ Z4 ⊗ Z2 flavour symmetry plays an impor-
tant role in generating the desired structure of the neutrino
mass matrix.

The light neutrino mass matrix from type I seesaw mech-
anism is obtained in Eq. (25). The obtained leptonic mixing
matrix is given in Eq. (38) and it can also be parametrized
by the matrix U in Eq. (41). On the other hand, the neutrino
masses of the model are obtained in Eq. (32) and neutrino
mass eigenvalues for the NO are also defined by Eq. (47).
After fixing �m2

21,�m2
31,�m2

41,U14,U24 at their best-fit
values and U34 = 0.150, we find the sterile–active neutrino
mixing angles θ14, θ24, θ34 and the effective neutrino masses
〈mee〉,mβ within their currently allowed ranges.

Data Availability Statement This manuscript has no associated data
or the data will not be deposited. [Authors’ comment: The experimental
data used in our work are the ones quoted from Refs. [1,10] reported in
Table 1, and the experimental values of the charged lepton masses taken
from Ref. [138] that we use to compare the predictions of our model
with the experimental data. Thus, it was not needed to be deposited.].
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Appendix A: Renormalizable Higgs potential invariant
under � symmetry

The total scalar potential invariant under � symmetry, up to
five-dimension, is given by2:

Vscalar = V(H) + V(φ) + V(φ
′
) + V(ϕ) + V(χ)

+V(ξ) + V(H, φ) + V(H, φ
′
)

+V(H, ϕ) + V(H, χ) + V (H, ξ)

+V(φ, φ
′
) + V(φ, ϕ) + V(φ, χ) + V(φ, ξ)

+V(φ
′
, ϕ) + V(φ

′
, χ) + V(φ

′
, ξ)

+V(ϕ, χ) + V(ϕ, ξ) + V(χ, ξ), (A1)

where

V(H) = μ2
H (H†H)1 + λH (H†H)1(H

†H)1, (A2)

V(φ) = V(H → φ), V(φ
′
) = V(H → φ

′
),

2 Here we have used the notation V(a → a1, b → b1, . . .) ≡
V(a, b, · · · )|{a=a1,b=b1,...}.

123

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/


  416 Page 8 of 11 Eur. Phys. J. C           (2021) 81:416 

Fig. 7 mβ (left panel) and 〈mee〉 (right panel) versus s34 and �m2
41 with s34 ∈ (0.025, 0.178) and �m2

41 ∈ (0.1, 10.0) eV2

Table 3 Obtained parameters corresponding to some values of �m2
41

�m2
41 (eV2) m2 (eV) m3 (eV) m4 (eV) mβ (eV) 〈mee〉 (eV)

∑4
i=1 mνi (eV)

10−2 0.00861 0.0502 0.1 0.0166 0.0056 0.159

0.1 0.00861 0.0502 0.316 0.0456 0.00992 0.375

1.0 0.00861 0.0502 1.0 0.142 0.0236 1.06

10 0.00861 0.0502 3.16 0.447 0.0668 3.22

V(ϕ) = V(H → ϕ), V(ξ) = V(H → ξ), (A3)

V (χ) = μ2
χ (χ†χ)1 + λ1χ (χ†χ)1(χ†χ)1

+λ2χ (χ†χ)
1
′ (χ†χ)

1
′ + λ3χ (χ†χ)2(χ†χ)2, (A4)

V (H, φ) = λ1Hφ(H†H)1(φ†φ)1

+λ2Hφ(H†φ)1(φ†H)1, (A5)

V (H, φ
′
) = V (H, φ → φ

′
), V (H, ϕ) = V (H, φ → ϕ), (A6)

V (H, χ) = λ1Hχ (H†H)1(χ†χ)1

+λ2Hχ (H†χ)2(χ†H)2, (A7)

V (H, ξ) = λ1Hξ (H†H)1(ξ†ξ)1

+λ2Hξ (H†ξ)
1
′ (ξ†H)

1
′ , (A8)

V (φ, φ
′
) = V (H → φ, ξ → φ

′
), V (φ, ϕ) = V (φ, φ

′ → ϕ),

(A9)

V (φ, χ) = V (H → φ, χ), V (φ, ξ) = V (H → φ, ξ), (A10)

V (φ
′
, ϕ) = V (H → φ

′
, φ → ϕ), V (φ

′
, ξ)

= V (φ → φ
′
, ϕ → ξ), (A11)

V (ϕ, χ) = V (φ → ϕ, χ), V (ϕ, ξ) = V (φ → ϕ, ξ), V (χ, ξ)

= V (ϕ → χ, ξ). (A12)

It is noted that all the other triple, quartic and quintic interac-
tion terms, up to five-dimension, of three or four or five differ-

ential scalar fields such as H†Hφ†φ
′
, χ†χφφ

′
ξ, Hφφ

′
χξ ,

e.c.t are forbidden by one (or some) of the model symmetries.

Appendix B: The solution of Eqs. (4)–(9)

λH = −
[

μ2
H + λHϕv2

ϕ + 2λHχ v2
χ + λHφv2

φ

+λ
Hφ

′ v2
φ

′ + λHξ v2
ξ

]

/
(

2v2
H

)

, (B1)

λφϕ = − 1

2v2
ϕv2

φ

[

μ2
ϕv2

ϕ + 2λϕv4
ϕ − 2μ2

χ v2
χ

−4λχv4
χ + λHϕv2

ϕv2
H − 2λHχ v2

χv2
H

+μ2
φv2

φ + λHφv2
H v2

φ + 2λφv4
φ − μ2

φ
′ v2

φ
′

−4λ
φ

′
χ
v2
χv2

φ
′ − λ

Hφ
′ v2

H v2
φ

′

−2λ
φ

′ v4
φ

′ + (μ2
ξ + 2λϕξ v2

ϕ + λHξ v2
H

+2λφξ v2
φ)v2

ξ + 2λξ v4
ξ

]

, (B2)

λ
φ

′
ϕ

= −
μ2

φ
′ + 2λ

φ
′
χ
v2
χ + λ

Hφ
′ v2

H + λ
φφ

′ v2
φ + 2λ

φ
′ v2

φ
′

v2
ϕ

+
v2
ξ

(

μ2
ξ + λϕξ v2

ϕ + 2λχξ v2
χ + λHξ v2

H + λφξ v2
φ + 2λξ v2

ξ

)

v2
ϕv2

φ
′

,

(B3)

123
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λϕχ = 1

4v2
ϕv2

χ

[

−μ2
ϕv2

ϕ − 2λϕv4
ϕ − 2μ2

χ v2
χ

−4λχv4
χ − λHϕv2

ϕv2
H − 2λHχ v2

χ v2
H

+μ2
φv2

φ + λHφv2
H v2

φ + 2λφv4
φ + μ2

φ
′ v2

φ
′

+λ
Hφ

′ v2
H v2

φ
′ + 2λ

φφ
′ v2

φv2
φ

′

+2λ
φ

′ v4
φ

′ − (μ2
ξ + 2λϕξ v2

ϕ

+4λχξ v2
χ + λHξ v2

H )v2
ξ − 2λξ v4

ξ

]

, (B4)

λφχ = − 1

4v2
φv2

χ

[

−μ2
ϕv2

ϕ − 2λϕv4
ϕ + 2μ2

χ v2
χ + 4λχv4

χ

−λHϕv2
ϕv2

H + 2λHχ v2
χ v2

H

+μ2
φv2

φ + λHφv2
H v2

φ + 2λφv4
φ + μ2

φ
′ v2

φ
′

+4λ
φ

′
χ
v2
χv2

φ
′ + λ

Hφ
′ v2

H v2
φ

′ + 2λ
φφ

′ v2
φv2

φ
′

+2λ
φ

′ v4
φ

′ − v2
ξ (μ2

ξ

+2λϕξ v2
ϕ + λHξ v2

H + 2λξ v2
ξ )

]

, (B5)

λ
φ

′
ξ

= −
[

μ2
ξ + λϕξ v2

ϕ + 2λχξ v2
χ + λHξ v2

H

+λφξ v2
φ + 2λξ v2

ξ

]

/v2
φ

′ . (B6)

Appendix C: The explicit expressions of K1,2, N1,2 and
R1,2

K1 = − a1S

a1D
, K2 = − a2S

a2D
, (C1)

N1 =
a1D

{[

(a2
1D − a2

1S)a1R − κ11κ12

]

a2S + 2(a2
2D + 2a2

2S)a1Sa2R

}

2
[

(a2
1Sa

2
2D − 2a2

1Da
2
2S)a2R + a2

1Da1Ra1Sa2S

] ,

(C2)

N2 = 2a2Da2Rκ12

(4a2Ra2S − a1Sa1R)κ12 + a1Sκ11
, (C3)

R1 =
a1D

{[

(a2
1D − a2

1S)a1R + κ11κ12

]

a2S + 2(a2
2D + 2a2

2S)a1Sa2R

}

2
[

(a2
1Sa

2
2D − 2a2

1Da
2
2S)a2R + a2

1Da1Ra1Sa2S

] ,

R2 = 2a2Da2Rκ12

(4a2Ra2S − a1Sa1R)κ12 − a1Sκ11
, (C4)

where

κ11 =
√

a2
1Da

2
1R + 8a2

2Da
2
2R + (a1Ra1S − 4a2Ra2S)2,

κ12 =
√

a2
1D + a2

1S, (C5)

with a1,2,3D, a1,2R, a1,2S are defined in Eq. (23).

Appendix D: The explicit expressions of Ui, j (i =
μ, τ, s; j = 1, 2, 3)

Uμ1 = −c23c24s12 − c12c24s13s23e
iδ13

−c12c13s14s24e
i(δ14−δ24),

Uμ2 = c12c23c24 − c24s12s13s23e
iδ13

−c13s12s14s24e
i(δ14−δ24),

Uμ3 = c13c24s23e
iδ13 − s13s14s24e

i(δ14−δ24),

Uτ1 = −c12c23c34s13e
iδ13 + c34s12s23

−c12c13c24s14s34e
iδ14

+s24s34(c23s12 + c12e
iδ13s13s23)e

iδ24 ,

Uτ2 = −c23c34s12s13e
iδ13 − c12c34s23

−c13c24s12s14s34e
iδ14

− s24s34(c12c23 − eiδ13s12s13s23)e
iδ24 ,

Uτ3 = −c24s13s14s34e
iδ14 + c13(c23c34

−s23s24s34e
iδ24)eiδ13 ,

Us1 = −c12c13c24c34s14e
iδ14 + c34s24(c23s12

+c12s13s23e
iδ13)eiδ24

+c12c23s13s34e
iδ13 − s12s23s34,

Us2 = −c13c24c34s12s14e
iδ14 − c34s24(c12c23

−eiδ13s12s13s23)e
iδ24

+c23s12s13s34e
iδ13 + c12s23s34,

Us3 = −c24c34s13s14e
iδ14 − c13(c34e

iδ24s23s24

+c23s34)e
iδ13 . (D1)
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