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Abstract We propose a non-renormalizable B — L model
with S3x Z4 x Z, symmetry which successfully accommo-
dates the current active—sterile neutrino mixing in 3 4 1
scheme. The S5 flavor symmetry is supplemented by Z4 ® Z»
symmetry to consolidate the Yukawa interaction of the
model. The presence of S3 ® Z4 ® Z» flavour symmetry plays
an important role in generating the desired structure of the
neutrino mass matrix. The model can reproduce the recent
observed active-neutrino neutrino oscillation data for normal
ordering in which two sterile—active mixing angles 014 24 get
the best-fit values and the obtained values of 634, 814, 814, the
sum of neutrino mass and the effective neutrino masses are
within their currently allowed ranges.

1 Introduction

The neutrino mass and mixing is one of the most exciting
issues of modern physics. In recent years, the leptonic mixing
angles and neutrino mass squared differences are measured
with a high precision [1]. Apart from the currently unknown
parameters in the neutrino sector, such as mass hierarchy,
leptonic Dirac CP violating phase [1], there are some exper-
imental observations that cannot be accommodated in the
three neutrino framework, see for instance LSND [2], Mini-
BooNE [3] and the other experiments [4—15]. These observa-
tions could be explained by supplementing at least an addi-
tional fourth neutrino having non-trivial mixing with active
neutrinos, called sterile neutrinos, with mass in the eV range,
1.e., Am?1 > |Am§ 11 For the neutrino mass spectrum, the
global analysis shows a hint in favor of the normal ordering
(NO) over the inverted ordering (I0) at more than 30 [16]
and a preference for NO at about 20 [17,18], i.e., NO seems
to be favored than IO and we thus only consider the NO.
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The best-fit values and 30 ranges of neutrino mass squared
differences and the mixing angles in the three neutrino frame-
work for NO [1] and (3 4+ 1) neutrino framework [10]
are given in Table 1. In order to explain the observed lep-
ton flavor mixing pattern, flavour symmetries have proven
many advantages which have been widely used in differ-
ent works, see for instance, S3 [19-25], S; [26-35], T
[36-38], D4 [39-46], A(27) [47-56]. In recent years, there
have been various proposals to generate the active—sterile
neutrino mass matrix within different seesaw frameworks
[15,57-115]. The combination of B — L model and dis-
crete symmetries S3, Qg, D4, X (18), A(27) has been done
in Refs. [24,116-120] in which the observed structure of
lepton and quark masses and mixing angles in the three neu-
trino scheme has been studied. In (3 4+ 1) neutrino scheme,
the B — L model with S3 symmetry was first presented in
Ref. [64], however, the active—sterile neutrino mass and mix-
ing has not been addressed.! In other recent works, active—
sterile neutrino mass and mixing have been considered with
Ayq [66,68,90,104,105], D4 [77] and texture zeros with Zy
[87,92,95]. To our best knowledge S3 symmetry has not
been considered before in the 3 + 1 neutrino scheme with
B — L model. We thus suggest a B — L extension based on
S3 ® Z4 ® Z»> symmetry which successfully accommodates
the observed sterile—active neutrino mixing patterns within
the framework of the 3 + 1 scheme.

The remaining of this work is organised as follows. A brief
description of the model is presented in Sect. 2. Section 3 is
devoted to the active—sterile neutrino mixing. The numerical

! In the extension with U (1) ;. gauge symmetry, the anomalies can be
cancelled in different ways [121-136] with various charge assignments
of B — L. We develop the model proposed in Refs. [122,132] whereby
all of three right-handed neutrinos owns B — L = —1 which is different
from the previous work [64] in which two of right-handed neutrinos
owns B — L = —4 and the other one has B — L = 5.
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Table1 The global analysis of neutrino oscillation data with three light
active neutrinos at 3o range and the best fit results taken from [1], and
one extra sterile neutrino constraints taken from Ref. [10]

Parameters The best-fit values 30 range

Am3, (1075 eV?) 7.42 6.82 — 8.04
Am3, (1073 eV?) 2.517 2.435 — 2.598
sin? 65 0.304 0.269 — 0.343
sin? 03 0.573 0.415 — 0.616
sin? 613 0.02219 0.02032 — 0.02410
5(°) 197 120 — 369
|U1412 0.020 0.0098-0.031
|Unal? 0.015 0.006-0.026
U4 |? v 0-0.039

Si4 v 0-27

824 v 027

analysis is given in Sect. 4. Finally, some conclusions are
drawn in Sect. 5.

2 The model

Apart from the SM symmetry, one U (1) p_; gauge symme-
try and one non-Abelian discrete symmetry S3 together with
two Abelian symmetries Z4, Z> are supplemented. The sym-
metry of the model isG X U(1)p_1, ® 38 Z4 ® Zr =T
where G is the gauge symmetry of the SM. Regarding the
particle content, three right-handed neutrinos (vig, vy g), One
sterile neutrino (S) and five SU (2) 1, singlet scalars are intro-
duced in comparison with the SM. The assignments of lepton
and scalar fields in the considered model are summarized in
Table 2.

The Yukawa couplings, up to five-dimension, which are
invariant under I' symmetry, are:

o hi - hy -
— Ll = X‘(mlm)gfl@ﬁ Kz(wmam(flm
h3 - 7
+X(I/fOILZOZR)l/ (H¢ )l/
+%(1/}1LV1R)L(ﬁa)l+ )j\—z(l/_faLVaR)L(ﬁa)L
+ 2 Farvar)y (A9
+£(ﬁm);<xcp>g

+ (VlRVaR)2 + (v RVIR)2] (X§0)2

x0T
+- S viR)y (98)y

+%(SLUUR);(¢¢S);+ H.c. (D

@ Springer

It should be noted that the following terms (1//1 Ll R)2(H X)2,
(I/faLll R)2(H x)2, (WaLlaR)z(HX)z, W1 ver)2(HX)2,
WarV1R)2(HR)2: (Forvar)2(HY)2 and W rvir)1E@)1L
are forbidden by Z; symmetry while (va RV R) (Sgo)]/ is
forbidden by Z4 symmetry.

We will show that the following VEV alignments

(H)=(©0 va)', (@) =vp, (&) =0y, (p) =1y,
() =Ux1), 2Dy (x2) =) = (&) = ve,
@)

satisfy the minimum condition of Ve in Appendix A.
Namely, in the minimum minimization condition of Vcalar,

J— J— * X __ * —
let us put Uy, = Uy, = Uy and v} = vy, Vg = Vg, U¢, =
ko ko 3
Vy's = Vg, Vy = Uy and Vg = Vg which leads to
2
aVscalar o 8Vscalar 0 Vscalar
v ov; vy’
2
0 Vscalar

= a2 (vl :vH,U¢,U¢/,v(p,Ux,v$), (3)
ov;

and the minimum condition becomes

Wi+ 20 vy + gy + dy vy

+hHpVy + 2k Hy vy + gV =0, (4)
/Lé + )»H¢v%1 + 2A¢vé +A¢¢/v£,
—H»sz + 2hpy Uy + Agevi =0, Q)
+xH¢va +A¢¢/v¢ +2h vy

—l—)w v —|—2)w v —i—A v§:0, (6)

1+ AHgVE + hppvy + Ad)/wv;/

2007 + 20y V5 + Agevg =0, 7
Mi +)LHXU%1 +X¢Xvé +k¢/Xv;,
vy + Ayevi =0, (8)

M% + )\.HEU%_I + )L¢§U£ +A¢/Evi/

Fhgy g + 2hy

HFhpevs + 2hye vy + 2007 =0, )
XHUH > O, )\.¢U¢ > O, )L¢/U¢/ > O,
ApUy >0, Ayvy >0, Agve >0, (10)

where, for simplicity, the following notations have been used:

Ay =201y + A3y,

Mg = MHY T A2He, Apy = Mgy T Aoy
AHg = AlHo + AM2Hg,

Ay = MHy +MmHy, r*me = Mbe + e,

boo' = Mgy T hogg’s

App = Algp + A2pp, Aoy = Aoy + A2y

Ape = Mge + Aage,
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Table 2 The particle contents of the model and their transformations under the chosen symmetries

’

ViL 1299 Lir lar H ¢ ¢ @ X & VIR VaR S
SUQ2) ., 2 2 1 1 2 1 1 1 1 1 1
U(ly -1 -1 -1 -1 3 0 0 0 0 0 0 0 0
U1 —1 —1 —1 —1 0 0 0 2 0 0 —1 —1 —1
S3 1 2 1 2 1 1 ! 1 2 ! 1 2 !
Zy 1 1 —i —i 1 i i i i —1 i i 1
Z + + + + + + + - - - + + +
}“d)/w = )le)/(p + A2¢/(p, A¢/X = )‘1¢/x — )“24/)(’ distinguished from each other by ¢ , thus, ¢ is introduced in

Aye =Mg'e T hoges

Apx = Moy T A2px,  Age = Age + Aoge,

Axe = Ays — Aoy (11)

The system of Egs. (4)—(9) always own the solution as given
in Appendix B.

We will show that the inequalities in Eq. (10) are always
satisfied by the solutions of Egs. (4)-(9) as shown in
Appendix B. For instance, for the following benchmark point

hp =y =hg=hyg=he=he =107, (12)

Mg = hHy = hHgp = hyy =Ame = —hy = —107%,
(13)
HH =g = Iy =ty = iy = pg = 106V, (14)
VH= vy = 10! eV, vy =1y =vy =g = 1013 eV,
(15)
the inequalities in Eq. (10) are always satisfied. Therefore,

the VEV alignments in Eq. (2) is a solution of the potential
minimum condition.

3 3 4 1 active-sterile neutrino mixing

Using the Clebsch—Gordan coefficients of S3 group presented
inRef. [137], from Egs. (1) and (2), we find the charged lepton
masses and the charged-lepton diagonalization matrices as
follows

me =ay, my =ay —ay, Mm;=day+ay, (16)

UL =Ur=1, (17
with

ay = hyvgrg, ay = hvpry,

a3 = h3vyry (Ag =vH/A). (18)

Because the charged-lepton diagonalization matrices U;r, Ui g
take the diagonal form, the lepton mixing matrix is that of the
neutrinos. Furthermore, Eq. (16) tells us that m,, and m, are

accompany with ¢.

Next, comparing the obtained result in Eq. (16) with the
experimental values of m, , ; taken from Ref. [138] m, =
0.51099MeV, m,, = 105.65837MeV, m,; = 1776.86 MeV
yields

a; =5.11x10°eV, ay =9.41 x 10%eV,

ay = 8.36 x 10%eV. (19)

Let us now consider the neutrino sector. From Eq. (1),
after symmetry breaking, i.e., when the scalar fields get the
VEVs, we find the 7 x 7 neutrino mass matrix in the basis
(vL, vk, 8 as follows

0 Mp O
M= Ml Mg MI|, (20)
0 Mg 0

where Mp, M and My are, respectively, the Dirac, Majo-
rana and sterile neutrino mass matrices that take the following
forms:

aip 0 0
Mp=| 0 ayp—asp 0 ,
0 axp + azp
0 axp azr
Mp=|ar aig 0 |, 2D
ar 0 ag
Mg = (a1s azs azs), (22)
where
xlvﬁlv(’; xzv}‘_lv(’; xw}‘iv;’;,
alp = , ayp = , a3p =———,
A A A
AlR = Y1UyVyp, dA2R = Y2Uy Vg,
21V Vg 22V Vg Vg
ajs = ——, a5 =—"15— (23)
A A

In the case where Mg > Mg > Mp, similar to the typical
type-I seesaw model, one can block-diagonalize the full mass
matrix 7 x 7 by using the seesaw formula, the effective 4 x 4
light neutrino mass matrix in the basis (vz,, $¢) can be written
as [68]

@ Springer
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MpMy'ML  MpMy'ME
MU:—( D¥R D TDVR ;) (24)
Ms(Mg ) My, MsMp Mg
Combining Egs. (21), (22) and (24) yields the 4 x 4 active—
sterile mass matrix in the explicit form as follows

M = Mo + 5My + 5M3, (25)
where
ay —by —b; bg
My=| ) T @ s 26)
—by ay —apy —cg
bs —cs —cs as
0 uy —u; O

up ur 0 ug

SMy| =
! —u1 0 —upy —ug
0 us—us O
00 00O
0—¢—¢0
SMy = , 27
2 0—¢—¢0 @7
00 00O
with
u alzDalk a%D
1 = 9 = 9
Za%R 2aig
by — aipazp __aisazp
2asR 2a0r
ais(airars — 4azrazs)
aS == 2 2 9
arR
aip(airars — 2azrazs)
bg = 5 , (28)
2a5,
aipasp azpasp
up = , Uy = ,
2azR air
2
aisa a
i = 1S 3D’ _ Y%p (29)
2azp 2aip

Provided that x| >~ xp >~ x3 >~ y| >~ yp = Ay and 7| =~
2 = 10_2Axy and using the benchmark point in Eq. (15),
from Eqgs. (23), (28) and (29), we can evaluate

v, 2 v,
[ ¢ Ux
_ ~ & A A ~ — —_~
<A ) LUy RuyXug X < A aj
A ay ~ by ~ as =~ b, (30)

with vy = {vg, vy, vy, Ve

On the other hand, it is noted that, in Eq. (25), H, ¢, ¢, x
and & are responsible for the first matrix M providing the . —
T symmetry while ¢’ contributes to the second and third terms
(M, §M>). We will therefore consider the contribution of
¢>/ as a small perturbation with the perturbation parameter

v/

v,/ 2
%. Furthermore, ¢ ~ (%) is a second-order parameter

@ Springer

thus § M; will be ignored in calculation process, i.e.,
SM =686M; + My >~ §M,. 31

The matrix My in Eq. (26) owns four eigenvalues and the
corresponding mixing matrix as follows

m1:0, m2:F3—F4, m3:[’2, m4:r‘3+1"4’
(32)
g1 ni 0 r1
1
g n2 —— n
o = 2 : (33)
82 n2 NG rn
80 no 0 ro
where
ry = _4p _ air(@ip +ajg) —darsarsarg
ar’ 4“%1? ’
\/(“120 + “123) [“%D“%R + SG%D"%R + (ajgars — 46!2Ra25)2]
Iy =
) 4a%R
(34)
and
1 1
S S —
K} +2K3 +1 N +2N3 + 1
1
0= T (35)
R +2R3 +1
K2 Nip
Qo= ——nt =
Ki+2K3 +1 N2+ 2N2 + 1
Ry
ry2 = (36)

VR +2R:+1

with K 2, N1 2 and R 7 are defined in Appendix C and sat-
isfy the following relations
1+ K{N;{+2K)N, =0, 14+ KR +2K2R, =0,
14+ NiRy +2N2R, = 0. (37)
At the first order of perturbation theory, the matrix §M in
Eq. (27) does not effect on neutrino mass eigenvalues but it

changes the corresponding eigenvectors. The perturbed lep-
tonic mixing matrix are obtained as:

(38)

U= U+ AU
81 ny —V2(g18u — niny +r1ry) r
_ 82 — 8u ny +ny 7%7\/§(g28u7n2nu+r2ru) r2 —ry
B g +gu n2—ny %_ﬁ(ngu_nﬂ'lu“rrZru) rp+ry
80 no —v/2(808u — nonu + rory) ro
where
_ 8uuy + gous + gous _ miuy +noup + nous
u m3 k] u m2 _ m3 )
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Fig. 1 Uj4 — Up4 lines corresponding to the specific values so4 = 0.08, 0.09, 0.10,0.11,0.12,0.13, 0.14, 0.15 and 0.16 from left to right (left
panel), and the 3D plot of s24 versus Uj4 and Uag with U4 € (0.099, 0.176) and Ua4 € (0.0775, 0.161) (right panel)

_ Ty +rup +rois

(39)

Ty
ms — my

In 3 + 1 scenario, the four favor eigenstates (v, vy, Ve, Vg)
are related to the mass eigenstates (vi, vz, V3, v4) via a
4 x 4 unitary lepton mixing matrix possessing the following
form

Un U Uz Ui
Uy Ux Uy Uxn

U = , 40
Usi Uz, Usz Uss (40)
Uy Uy Uy Uy

which can be parameterized by six neutrino mixing angles
012, 013, 023, 014, O24, O34, three Dirac phases §13 = §cp,
814, 824 and three Majorana phases «, 8, y [66]:

U = R3aRoaRi1aR23R13R12 P
ie ié i’
C12C13C14  C13C14512€ 2 Cl4513¢€ 2 Si4€ 2
i(O14—82+%
_ Ui Upa Ups C1as24.6/ 014 2“+V2)
. ,
Uri Urz Urs clacsg.el G1ats)
i Y
Usi Usa Uss clacaaczs.el Gt D)

(41)

where U, Uy, Usj (j = 1, 2, 3) are defined in Appendix D.
The analysis is approximately independent of the angle 614
and 513, 314, 524 [11, 12], so in this WOI'k, 514, 824, o, ﬂ, y are
set to zero and §13 = 8¢ p. From Eqgs. (38), (40) and (41) we
obtain:

g0 =Us1, no=Us, 1ro=Um,
g1 = Uy = cipci3cis, nyp = U = cipci3ciatin,
ri = Ug = si4,

1 1
n=; (rot3g +c14824), Ty = 3 (rof34 — c14524) ,

i5
8u = &2 + ¢23¢24512 + c12024513523€" 8
+c12C13514524,
C12€13C148u + €14513 /32 + 1474
Hy = . (42)
C12€13C14112

Furthermore, Eqs. (40) and (41) yield the relations between
neutrino mixing angles 014, 624, 034 and |U14/, |Ua4], |U3al:

. . |U24]
sinfyy = [Ups], sinfy = ————,
V1= 1Un?
|Us34l

(43)

sin B34 =

V1= U142 - |Unal?

In the next section, we will show that our model is in
good agreement with the recent global analysis for NO which
seems favored by the global analysis given in Refs. [16-18]
as given in Table 1.

4 Numerical analysis

In this work, we use the active—sterile neutrino mixing con-
straints taken from Ref. [10] as shown in Table 1 for which
at 3o range,

0.0098 < |U14|* < 0.031,

0.006 < |Uas|> < 0.026, 0 < |Uss|*> < 0.039, (44)

thus we get 0.099 < s;4 < 0.176 and 0.0782 < s9q4 <

0.163, 0.025 < s34 < 0.178 which are, respectively, plotted
in Figs. 1 and 2.

@ Springer
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S
014 T
¢

/ 4
~_ | /
016 |

Fig. 2 s34 versus Uj4, Up4 and Uz with U4 € (0.099, 0.176), Uxg €
(0.0775,0.161) and Us4 € (0,0.197)

0.8 1

0.6 1
e ettt
S 04 T & .
5 ---n

02r T —]

0.0 1

0.10 0.12 0.14 0.16

S14

Fig. 3 g1, n; and ry versus 514 with s14 € (0.099, 0.176)

In the case where U4 and Upy take their best fit values as
given in Table 1 and Uz4 = 0.150, we get

s14 = 0.141 (614 = 8.13°),
s34 = 0.153 (034 = 8.78°),

524 = 0.124 (64 = 7.11°),
Uys = 0.971. 45)

If three neutrino mixing angles s12,23,13 and leptonic Dirac
CP violation phase §c p take their best-fit values as given in
Table 1, three parameters g1, 71 ad r; depend only on 614
which is plotted in Fig. 3.

In the three neutrino scheme, tribimaximal mixing form

[139-142] in which UJPM = UJPM = — - and UM =
U3TZBM = %, can be considered as a good approximation

for the neutrino mixing form. Furthermore, Eq. (38) implies
Va1 = 82— gu> Ust = g2+ gu, U2 = 2 +my, U2 =
ny —n, where g, and n,, comes from the constribution of ¢ ,
i.e, |gul, |nu| < |g2l, |n2|. Thus, we can set g, = —% and
ny = %, g, then depends on s14 and so4 which is plotted in
Fig. 4.

@ Springer
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Fig. 4 |gu| Versus si4 and 524 with S14 € (0.099, 0.176) and 8§24 €
(0.0782, 0.163)
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—_— 0.042
~0g424 D042
0.08 0.10 0.12 0.14 0.16
524

Fig. 5 |n,| versus sp4 and s34 with sp4 € (0.0782, 0.163) and s34 €
(0.025,0.178)

In the case s;4 = 0.141, we get

g1 =0.817, n; =054, r; =0.141, (46)

and n,,, r, depend on 523 and s34 which are plotted in Figs. 5
and 6, respectively.

For NH, 0 = m; < my < m3 < my, the neutrino mass
eigenvalues can be written in terms of three mass squared
differences as

m2=,/Am%1, m3=,/Am§1, m4=,/Amﬁl. a7

In the case two squared neutrino mass differences in three
neutrino scheme Am%l and Am%l take the best fit values
as given in Table 1 and sp4 = 0.124, the effective neutrino

4 2 2\ !/2
masses [143-147] mg = (Zi=1 [Uei | ml.) and (mee) =
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0.16} 0]
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—0.04
0.12p.02 1 0.02
= 0
S —0.02
0.08f =0 -0.04
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0.04/-002 e
_~
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Fig. 6 r, versus so4 and s34 with sp4 € (0.0782,0.163) and s34 €
(0.025,0.178)

)Z?’: 1 Uezimi depend on s34 and Am?1 | Which are plotted in
Fig. 7. If s34 takes its value as given in Eq. (45), s34 = 0.153,
we get:

g2 = —0.408, ny=0.577, r, =0.137,
gu = —0.126 — 0.0273i, n, = 0.00685 — 0.04131,
r, = 0.0138, (48)

and the 4 x 4 lepton mixing matrix gets the explicit form:

0.817 0.54 0.147 0.141
—0.283 +0.0273i 0.584 — 0.0413i —0.777 — 0.0495; 0.123
—0.534 — 0.0273i 0.571 4 0.0413; 0.638 — 0.0495; 0.150

v v v 0.971

(49)

U4><4 —

At present, there are various experimental constraints on
Am3, [2-15], for instance, Am?, € (0.2,10.0)eV? [2],
Am3; € (0.01,1.0)eV? [3], Am3, > 0.1eV? [4], Am3, €
(0.1,1.0)eV? [5], Am3, > 1.5eV? [6], Am3, € (1073,
1071 eV2[7], Am3, > 0.1eV?[8], Am3, = 0.041eV?2[9],
Am3, = 1.7eV? [10], Am3, > 1072eV? [11], Amj, <
10.0eV? [12] Am3, = 1.45eV? [13], Am}, = 1.0eV?
[14,15]. In the considered model, the obtained parameters
corresponding to some values of Amﬁ1 as listed in Table 3.

5 Conclusion

We propose a non-renormalizable B — L model with
S3x Z4 X Z> symmetry which successfully accommodates
the current active—sterile neutrino mixing in 3 4 1 scheme.
The S5 flavor symmetry is supplemented by Z4 ® Z> symme-
try to consolidate the Yukawa interaction of the model. The

presence of §3 ® Z4 ® Z; flavour symmetry plays an impor-
tant role in generating the desired structure of the neutrino
mass matrix.

The light neutrino mass matrix from type I seesaw mech-
anism is obtained in Eq. (25). The obtained leptonic mixing
matrix is given in Eq. (38) and it can also be parametrized
by the matrix U in Eq. (41). On the other hand, the neutrino
masses of the model are obtained in Eq. (32) and neutrino
mass eigenvalues for the NO are also defined by Eq. (47).
After fixing Am3,, Am3,, Am?,, Uia, Uas at their best-fit
values and Uszq = 0.150, we find the sterile—active neutrino
mixing angles 614, 624, 634 and the effective neutrino masses
(mee), mg within their currently allowed ranges.
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Appendix A: Renormalizable Higgs potential invariant
under I' symmetry

The total scalar potential invariant under I' symmetry, up to
five-dimension, is given by?:
Veealar = V(H) + V(@) + V(@) + V(@) + V(1)
+V(E) + V(H, ¢) + V(H.$)
+V(H,9) +V(H, x)+ V(H.§)
+V(@.9) + V(@ 9) + V(e 10 + V(. )
V(@ @)+ V(@ )+ V(.6

+V(g, x) +Vi(p,§) +V(x,$§), (AT)
where
V(H) = u%(H H) + Ag(H H) (H H)y, (A2)
V(g)=V(H = ¢), V(¢)=V(H —>¢),
2 Here we have used the notation Via — a,b - by,...) =

V(a,b, - Na=a,.b=b...}-
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Fig. 7 mg (left panel) and (m..) (right panel) versus s34 and Am2, with s34 € (0.025,0.178) and Am3, € (0.1, 10.0) eV
Table 3 Obtained parameters corresponding to some values of Ami1
Am?2; (eV?) ms (eV) m3 (eV) ma (eV) mg (eV) (Mmee) (V) > my V)
102 0.00861 0.0502 0.1 0.0166 0.0056 0.159
0.1 0.00861 0.0502 0.316 0.0456 0.00992 0.375
1.0 0.00861 0.0502 1.0 0.142 0.0236 1.06
10 0.00861 0.0502 3.16 0.447 0.0668 3.22
V(p) = V(H — ¢), V() =V(H —> &), (A3) ential scalar fields such as H'H¢ o', xTx¢d'&, Hpo x&,
e.c.tare forbidden by one (or some) of the model symmetries.
V(x) = Mi(XTX)L'i‘MX(XTX)l(XTX)l
a0, G0 G0 + 23, 02002, (A4 . .
200 00y + 23 (0200002 (AD) Appendix B: The solution of Eqs. (4)-(9)
V(H.$) = hipeH H)1@¢)1
F T
/ +)\2H¢(H d),)L(q) H)l’ (AS) W= [//L%_I + )»H(pv(% + 2)»1.1)( U)z( + )‘H¢U(%
VH,¢)=V(H, ¢ - ¢), V(H @) =V(H,¢—¢), (Ab)
+ + +)LH¢/ UZ, +}LHEU§2:| / (21}%_1) s (Bl)
V(H, x) = Muy(H"H)1(x" 01 ¢
1 2.2 4 2.2
+A2Hy (HTX);(XTH);, (A7) rpp = e [“wvw +20pvg — 2147 vy
)
V(H,§) = hpge(H H)1(£78); 4 22 2.2
e e 6 H (A8) e
+ ZHS( 5)!(5 )7/, 'Hlivé+AH¢U%1U;+2)‘¢U3>_“;/U;/
’ ! ’
Vig.¢)=V(H — ¢.§ > ¢), Vip,p)=V(d,¢ — 9), Zan, 0202 —h 022
¢ x X¢  THe H'y
(A9) 20 v, (UE + 2hpE 02 + Mg v
- A 0 v HEV
V@) =V(H — ¢, x), V(&) =V(H—>¢.5), (AlO) ¢ty e T ey TS
AGW) 4
V@, 0 =VH > ¢ 6> 9, V@6 +2hge vV} + 200} ], (B2)
’
=V(p—>¢,0— &), (A11) . __“5)’+2’\¢’X”§“Hqs/“%i“w“i”%”’i/
Vg, x) =V = ¢, x), Vipg,§)=Vd— 98, V(x,6) ¢ vZ

=V(p— x,8).

(A12)

It is noted that all the other triple, quartic and quintic interac-
tion terms, up to five-dimension, of three or four or five differ-

@ Springer
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1 i5
Mox = o [—ifvd — 20 — 24303 Uz = €12€23¢24 — €245812813523¢'°"3
o —c13512514524€ 147024
—da, vt — A govivd — 2, v2 02
xVx HoloVn Hy %" H i813 i(814—024)
2 Uus = c13c24803€ °° — 513514504€ ,
+M¢U¢+)»H¢UHU¢+2)L¢U¢+/L¢/U¢, i13
) Ur1 = —ciac23c34513€'° + 034512523
+A v, 02 + 21, sV5V ;
HY' PHy T g "0y —C12013€24514534€ 01
+2A¢/” =+ Dy +524534(C23812 + c12€"013513503) €02,
e v+ Aneviped — 2ievf ] (B4)  Up = —cpcaasinsize’™ — ciacas
is
1 —C13024512514534€" 1%
Mo =T [~rvi = 220+ 20505 + 400 e is
Yo Ux — 524534(c12023 — €'°3s12513523) e’ 4,
2.2 2.2 :
“AHpVgVH T 2AH  Vy VH Urs = —c2813514531€"1 + c13(c3c34
2.2 2 2 .2 is is
+ugvg + )»H¢UHU¢ + 2A¢v¢ +u¢/ v¢, —S23S24S34el 24)el 13
2.2 2.2 )
Hak g v +AH¢/UHU¢, + 2 VgV Us1 = —c12¢13¢24€34514€" 7 + ¢34524(c23512
I
+20 v;, - vg(ug +c12813503€'°13) !
i5
+c12023513534€"°1 — 812523534,
+2hgevf + hprgvy + 2] | (B5) )
s 5 R X Uz = —c13024¢34512514€'° — 34524 (C12023
A/:—[ + AoV, +2A £V, + Agev
¢'E Mg & Vg x&Vx HEVH —e15'3s12s13s23)e’ 24
2 2 2
hosvy + 20 vf} /vy (B6) 4235125135345 + C12523534,
/5 5
Uz = —c24034513514€" 71 — c13(c34€" 523524
i5
. .. . +c23534)€' %13, D1
Appendix C: The explicit expressions of K13, N1,2 and 23534) (D1
Ry
References
a a
KIZ—A, Kz:—ﬂ, (C])
alp ap

aip {[(alzD —afaig — K11K12] ars +2a3, + ZG%S)alsazk}

Ny = s
2 [(a%sa%D - Za%Da%S)aZR + a%DalRalsazs}
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2
Ny = A2 DA2RK12 i (C3)
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