
New J. Phys. 27 (2025) 033007 https://doi.org/10.1088/1367-2630/adb2b8

OPEN ACCESS

RECEIVED

21 December 2023

REVISED

26 November 2024

ACCEPTED FOR PUBLICATION

5 February 2025

PUBLISHED

3 March 2025

Original Content from
this work may be used
under the terms of the
Creative Commons
Attribution 4.0 licence.

Any further distribution
of this work must
maintain attribution to
the author(s) and the title
of the work, journal
citation and DOI.

PAPER

Characterizing the magnetic noise power spectrum of dark spins
in diamond
Ethan QWilliams∗ and Chandrasekhar Ramanathan
Department of Physics and Astronomy, Dartmouth College, Hanover, NH 03755, United States of America
∗ Author to whom any correspondence should be addressed.

E-mail: ethan.q.williams@dartmouth.edu and chandrasekhar.ramanathan@dartmouth.edu

Keywords: diamond, nitrogen vacancy, P1, electron spin paramagnetic resonance, dynamical decoupling, noise spectroscopy,
quantum sensing

Supplementary material for this article is available online

Abstract
The coherence times of solid-state spin qubits are often limited by the presence of a spin bath.
Characterizing the spectrum of the local magnetic field fluctuations of the bath is key to
understanding spin qubit decoherence. Here we use pulsed electron paramagnetic resonance
(pEPR) based noise spectroscopy to measure the magnetic noise power spectra for ensembles of
substitutional nitrogen (P1) centers in diamond that typically form the bath for nitrogen-vacancy
(NV) centers. The Carr–Purcell–Meiboom–Gill (CPMG) dynamical decoupling experiments on
the P1 centers were performed on a low [N] chemical vapor deposition (CVD) sample and a high
[N] high-temperature, high-pressure (HPHT) sample at 89 mT. We characterize the NV centers of
the latter sample using the same 2.5 GHz pEPR spectrometer. All power spectra show two distinct
features, a broad component that is observed to scale as approximately 1/ω0.7−1.0, and a prominent
peak at the 13C Larmor frequency. The behavior of the broad component is consistent with an
inhomogeneous distribution of Lorentzian spectra due to clustering of P1 centers, which has
recently been shown to be prevalent in HPHT diamond. We develop techniques utilizing
harmonics of the CPMG filter function to improve characterization of high-frequency signals,
which we demonstrate on the 13C nuclear Larmor frequency. At 190 mT this is 2.04 MHz, 5.7 times
higher than the CPMGmodulation frequency (<357 kHz, hardware-limited). Understanding the
properties of the bath allow us to either exploit it as a quantum resource or optimize decoupling
performance, while also informing sample fabrication technologies. The techniques are applicable
to ac magnetometry for nanoscale nuclear magnetic resonance and chemical sensing.

1. Introduction

In solid-state spin systems, the magnetic fluctuations produced by other spins—both electronic and
nuclear—in the system are often the main source of decoherence. For example, it is the interactions with
13C nuclear spins and the electronic spins of substitutional nitrogen (P1) centers that dominate the magnetic
fluctuations seen by nitrogen-vacancy (NV) centers in bulk diamond. However, in addition to being a source
of decoherence, dark spins in diamond are also a promising platform for studying the many-body physics of
interacting spin systems [1–3] and may themselves be used as qubits for quantum sensing and computation
[4]. The ability to directly probe the properties of dark spins is key to helping understand the coherence
properties of new spin qubit platforms based on molecular magnets [5, 6] and embedded radical systems
[7–9].

Dynamical decoupling (DD) [10, 11] noise spectroscopy (NS) has become an important tool in
characterizing qubit environments in different physical platforms [12–27]. Optically detected magnetic
resonance (ODMR) has been used to characterize the magnetic noise fluctuations around both single NV
centers and ensembles [28–42]. Additionally, double electron–electron resonance NV-P1 experiments have
been used to probe the properties of the dark P1 spins via the NV centers [3, 40, 43, 44]. Here, we apply DD
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NS to the dark spins directly using inductively-detected pulsed electron paramagnetic resonance (pEPR). We
characterize the noise spectrum of ensembles of P1 centers in both a relatively low [N] CVD sample and a
relatively high [N] high-temperature, high-pressure (HPHT) sample. We show that pEPR can also be used to
characterize the noise spectrum of the NV centers in the HPHT sample, allowing us to compare our results
to previous ODMR measurements. While typically performed on large ensembles of spins, inductive
detection of small ensembles on the order of 1000 spins can also be performed [45, 46].

For diamond-based quantum sensing and information applications, nitrogen concentrations between
approximately 1 ppm and 100 ppm play a non-trivial role in the spin coherence dynamics [47–49]. The T2 of
the NV center has been used to estimate the local P1 concentration via ensemble experiments on isotopically
engineered chemical vapor deposition (CVD) diamond [48]. However, such scaling relationships need to be
used carefully as the distribution of the P1 centers is not always uniform. For example, it has recently been
shown that HPHT diamond with a reported nitrogen concentration of [N]≈ 200 ppm that was irradiated
and annealed for the creation of NV centers had local P1 concentrations varying as widely as 10–300 ppm
[40]. Clustering of P1 spins in HPHT diamond has also been observed via high-field pEPR [50, 51] and gives
rise to multiple mechanisms for dynamic nuclear polarization [52].

We extend standard DD NS analysis techniques to reconstruct the magnetic noise power spectra seen by
the P1 spins in both the HPHT and CVD samples and the NV spins in the HPHT sample. All power spectra
showed two distinct features, a broad component that is observed to scale as approximately 1/ω0.7−1.0, and a
prominent peak at the 13C Larmor frequency. We also develop techniques that utilize the higher harmonics
of the Carr–Purcell–Meiboom–Gill (CPMG [10, 11]) filter function to improve our ability to characterize
peaks in the power spectrum at frequencies higher than the CPMGmaximum modulation frequency (about
360 kHz with our hardware). Note that Goldblatt et al observed coherent P1-13C interactions at low field
(from 4 mT to 10 mT) on a sample with [N]≈ 1 ppm [3]. The experiments shown here probe both low and
high [N] samples at higher magnetic fields.

2. Experiment overview

The experiments are performed on a 2.5 GHz lab-built pEPR spectrometer. We can access 3 resonance
configurations at this frequency. For the negatively charged spin-1 NV center, the |0⟩ ↔ |−1⟩ resonance
frequency crosses 2.5 GHz at B0 = 13 mT and 190 mT. For the spin-1/2 P1 center the |−1/2⟩ ↔ |1/2⟩
resonance occurs at 89 mT. For both P1 and NV centers, hyperfine interactions with the host 14N nucleus
(spin-1), result in three nuclear spin manifolds, and we set our magnetic field such that our pulses are on
resonance with the central (mI = 0) manifold.

A cartoon of the spin environment in diamond is shown in figure 1(a). There are two diamond samples
used in this work, both purchased from Element 6. Sample A is a HPHT Type Ib diamond with a stone-type
cut, approximate dimensions 4.2× 5.7× 1.3 mm3, and nitrogen and NV concentrations measured to be [N]
= 87(8) ppm and [NV]= 1.7(3) ppm. Sample B is a CVD diamond plate with approximate dimensions
3.25× 3.17× 0.28 mm3 and [N]= 0.39(9) ppm. A full description of the samples is given in supplementary
information S1.

A schematic of the CPMG sequence is shown in figure 1(b). In a single CPMG experiment with a fixed
pulse-spacing τ , we stroboscopically acquire each echo formed. Figure 1(d) shows examples of time traces of
single echoes from the four spin species addressed in this work, while figure 1(e) shows example CPMG
decay envelopes.

The microwave excitation and detection is performed inductively using a loop-gap resonator [53–55]. We
use a capacitive antenna coupling to the resonator which houses the diamond sample as depicted in
figure 1(c). Details of the experimental setup are provided in supplementary information S3.

2.1. P1 centers
In the P1 center, the 14N hyperfine interactions are strong, and themI =+1 or−1 resonance lines are
outside the bandwidth of the pEPR pulse. A Jahn–Teller distortion can generate up to 4 spectral lines for each
statemI of the host nitrogen [44, 56]. For the P1 experiments on Sample A (B), the sample is oriented with
the [111] ([100]) axis aligned with B⃗0. For both sample alignments, the 4 spectral lines of themI = 0
manifold spectrally overlap and are indistinguishable as evidenced by echo-detected field sweep spectra
shown in supplementary information S2.

P1 CPMG data for Sample A (B) was acquired with 16 384 (65 536) repetitions for averaging. High
amounts of averaging are required to obtain sufficient signal-to-noise due to the low thermal spin
polarization. At T= 300K the thermal spin polarization of the P1 centers is ϵth ≈ 2.0× 10−4.
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Figure 1. (a) Cartoon of the central spin model, depicting the NV center as the central spin of a disordered system. (b) Schematic
of the CPMG experiment protocol. The laser is used only for NV experiments. The Nth echo occurs at detection time t= Nτ . In a
single shot, we acquire each echo that forms until the signal has diminished below the noise floor. The decay of the echo
amplitudes is represented by the coherence curve. (c) Illustration of the assembly of the diamond sample, loop-gap resonator
(cutaway view), optical fiber (emitting green 532 nm light), microwave antenna, and sapphire dielectric used for tuning the
resonator. (d) Example time traces of spin echo for each of the spin species targeted in this work. For each time trace, the in-phase
and quadrature (‘I’ and ‘Q’) components are shown. Sample A is the HPHT diamond and Sample B is the CVD diamond. (e)
Examples of CPMG coherence decays with fixed τ = 7 µs.

2.2. NV centers
For the NV experiments, Sample A is oriented so that the [111] axis is aligned with B⃗0. Here, the three
hyperfine lines are within the bandwidth of our∼50 ns microwave pulse as evidenced by the echoes and
spectra in figures S2 and S3 of supplementary information S2. The NV centers in the diamond sample are
initialized to the |ms⟩= |0⟩ ground state with a 10 ms pulse of 532 nm unfocused light transmitted via an
optical fiber. The intensity of the light incident on the diamond is 1 Wmm−2 and directly illuminates
approximately 1/3 of the sample, while the light that is reflected and diffused by the sample and sample
holders illuminates the rest. The mean hyperpolarization with green light, calculated from the observed
signal enhancement, is ϵhyp ≈ 120ϵth. As a result only 128 repetitions were needed for the NV center
experiments.

3. DD-based spectroscopy in diamond

3.1. System and decoherence model in diamond
For the NV spins in Sample A and P1 spins in Sample B the concentration of the measured spins is low and
the dipolar interactions between identical measured spins can be ignored. In these cases the underlying
physics for both systems can be described in terms of the central spin model [57]. Here the environment
consists of a spin bath as we can ignore interactions with lattice phonons on timescales shorter than the
spin-lattice relaxation time T1. Note, however, this model breaks down when considering the P1 spins in
Sample A, where dipolar interactions between the P1 spins can no longer be ignored.

For an electronic central spin in diamond (in themI = 0 14Nmanifold), the total Hamiltonian can be
expressed as

HTot (t) =HS +HC (t)+HE +HSE (1)

where HS, the system Hamiltonian, determines the effective resonance frequency of the system under study
and so contains the Zeeman interaction with the external magnetic field, and, in the case of the NV center,
the zero-field splitting. The control Hamiltonian is HC(t) =−γeS⃗ · B⃗1(t), where S⃗ is the central spin operator
vector (Sx,Sy,Sz) and B⃗1(t) is the magnetic microwave control field. The environment Hamiltonian HE

consists of the Zeeman and spin-spin interactions for bath spins in the vicinity of the central spin. The
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system-environment Hamiltonian HSE includes the interactions between the central spin and the bath spins.
The bath consists of 13C nuclear spins, and unlike electron spins. When the NV is the central spin, the unlike
electron spins are the P1 spins. When the P1 is the central spin the unlike electron spins are P1 spins of
spectrally-separated 14N hyperfine manifolds. Since the experiments on the P1 centers in Sample B are
performed on themI = 0 hyperfine manifold, the unlike electrons that constitute the bath are those in the
mI =±1 states.

For a well-quantized central spin (along z), the system-environment Hamiltonian is

HSE = Sz

[∑
i

(
Ai
⊥I

i
x +Ai

∥I
i
z

)
+
∑
i

J i∥S
i
z

]
. (2)

The first summation in the brackets is over the nuclear spins, where Ai
⊥ and Ai

∥ are the transverse and

longitudinal hyperfine coupling components between the central spin and the ith 13C nuclear spin (with
spin operators I ix and Iiz). The second summation is over the unlike electron spins in the central spin’s
environment. J i∥ is the coupling strength between the central spin and the S

i
z component for the ith unlike

electron spin. The transverse components of the electron–electron coupling are non-secular and thus
omitted.

In the interaction frame defined by the system and environment Hamiltonians (HS +HE), the
system-environment Hamiltonian HSE becomes time-dependent. The system dynamics are approximately
generated by an effective central spin Hamiltonian [57]:

H(E)
SE (t) =−γebz (t)Sz , (3)

where bz(t) is the z-component of the time-varying magnetic field noise at the site of the central spin. It is the
sum of the magnetic fields produced by the fluctuating environment spins and contains periodic
components at the 13C Larmor frequency.

For the denser P1 centers in Sample A, the system Hamiltonian in equation (1) also includes dipolar
couplings between P1 centers within the samemI = 0 manifold. As a result the effective ‘noise’ seen by a
single P1 center will no longer look like an effective classical field as described by equation (3). Thus, while
we can still perform the analysis along the lines described below, the results need to be interpreted more
carefully.

3.2. The CPMG experiment and NS

The application of a π-pulse flips the sign of H(E)
SE of equation (3) in a toggling frame representation. For DD

sequences, which consist of a train of π pulses, the repeated flipping of the sign can be expressed by a
square-wave frame modulation function fz(t, τ) [12, 14, 16, 21]. The effective toggling frame Hamiltonian
for the dephasing noise acting on the central spin under application of DD is expressed as

H̃SE (t, τ) =−γefz (t, τ)bz (t)Sz. (4)

In the CPMG sequence, a series of πy pulses is applied such that the Nth πy pulse occurs at time
tN = τ(N− 1/2) and the Nth echo is detected at time t= Nτ . The amplitude of the Nth echo is given by the
expectation value for Sy:

⟨Sy (t, τ)⟩=− ϵ

2
cos(ϕ(t, τ)) (5)

where ϕ(t, τ)Sz =
´ t
0 dt

′H̃SE(t ′, τ). The coherence L(t, τ) is given by the normalized ensemble average of Sy:

L(t, τ) =
⟨Sy (t, τ)⟩ens
⟨Sy (0, τ)⟩ens

= ⟨cos(ϕ (t, τ))⟩ens. (6)

For a disordered system composed of many weak couplings to the central spin, it is useful to make the
approximation that bz(t) is drawn from a stationary Gaussian random distribution with zero mean. Then
ϕ(t, τ) for the ensemble is a Gaussian random variable [57]. In this case, the coherence can be shown to be
L(t, τ) = e−⟨ϕ(t,τ)2⟩/2, where ⟨ϕ(t, τ)2⟩ is the variance of the ensemble phase distribution. We set
⟨ϕ(t, τ)2⟩/2= χ(t, τ) such that the coherence can simply be expressed as L(t, τ) = e−χ(t,τ).

The quantity χ can be expressed in terms of a dimensionless filter function F(ω, t, τ) and the power
spectral density S(ω) of the magnetic noise bz(t).

χ(t, τ) =
t2

2

ˆ ∞

−∞
dω S(ω)F(ω, t, τ) . (7)
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The filter function F(ω, t, τ) of the DD sequence is

F(ω, t, τ) =
1

t2

∣∣∣∣ 1√
2π

ˆ t

0
fz (t

′, τ)e−iωt ′dt ′
∣∣∣∣2 , (8)

and the power spectral density S(ω) is the Fourier transform of g(t ′) = γ2e ⟨bz(̃t)bz(̃t+ t ′)⟩, the
autocorrelation function of bz(t)

S(ω) =
1√
2π

ˆ ∞

−∞
g(t ′)e−iωt ′ dt ′. (9)

The challenge of NS is to calculate S(ω), given the measured χ values and the form of the filter F that
describes the control sequence. In the large N limit of instantaneous π pulses, the filter function can be
approximated as the sum of δ-functions

F(ω, t, τ)≈ 4

tτ 2

∞∑
m=±odd

δ (ω−mπ/τ)

ω2
. (10)

which results in a discrete sum expression for χ:

χ(t, τ) =
4t

π2

∞∑
m=1,3,5,...

S(ωm)

m2
, (11)

where ωm =mπ/τ . If S(ω1)≫ S(ωm) for allm> 1, it is appropriate to approximate F as a single peak at the
fundamental (m= 1) frequency ω = π/τ and ignore the contributions of higher harmonics,

S(ω) = S(ω1) =
π2 χ(t, τ)

4t
. (12)

For a smooth spectrum that monotonically decays with ω, a sequence with a shorter τ value decouples the
system from a greater range of low-frequency noise and therefore extends coherence more than a sequence
with a longer τ value does. However, if a peak in the filter function F overlaps with a sharp peak in the power
spectrum S, this will cause a sharp dip in the coherence. Equivalently, if τ =mT/2 (m= 1,3,5. . .), where T
is the oscillatory period of a prominent noise source, such as the 13C Larmor precession, then the coherence
decays much more quickly than it otherwise would. This sensitivity is the key to AC magnetometry.

4. Results and discussion

4.1. Overview of data
The observed coherence decay is a product of the decay due to spin bath interactions and, to a lesser extent,
T1 relaxation, Lobs(t) = exp[−(t/(2T1)−χ(t)]. In the absence of a spin bath, we expect that the T2

relaxation would be dominated by spin-lattice interactions and T2 = 2T1. Accordingly, to correct for the
effects of T1 relaxation, such that χ only reflects decoherence due to the bath spins, we calculate χ as

χ(t) =− log(Lobs (t))−
t

2T1
. (13)

The measured T1 times are on the order of milliseconds and have little effect on the NV χ calculation, for
which the coherence times are on the order of 100 µs. The T1 correction is slightly more significant for the
P1 center data in Sample B, which achieves coherence times around T1/2 in the short τ limit. Details of T1

and T2 experiments and the resulting values are provided in supplementary information S1.
Figure 2 shows image plots of χ data with the T1-correction of equation (13) for the NV center

experiments at 13 mT and 190 mT ((a) and (b)), and P1 center experiments at 89 mT on the CVD and
HPHT diamond samples ((c) and (d)). The vertical axes of the image plots indicate the time at which an
echo occurs. Therefore, a single-shot experiment with fixed τ is represented by a vertical line ascending from
bottom to top of the image plot. As the echo amplitudes decay, L decreases from 1 to the noise floor, as
limited by the signal-to-noise of the experiment, and χ increases from 0 to some χmax, which is about 5.5 for
the Sample A NV datasets, 5.2 for the Sample A P1 dataset, and about 3.5 for the Sample B P1 dataset. In the
lower right areas of the figure 2 image plots, one can see sections of data that are uniform in the vertical
direction, and the boundaries of the sections are slanted from lower left to upper right. This is because each
section corresponds to a particular echo number N. The lower rightmost section appears almost as a triangle,
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Figure 2. Image plots of χ data from CPMG experiments. (a) and (b) show data obtained with Sample A on NV centers at 13 mT
and 190 mT respectively. (c) and (d) show data obtained with P1 centers at 89 mT in Samples B and A respectively. χ= 0
indicates the maximum echo amplitude for the dataset. These data are T1-corrected as described by equation (13). The broad
character of the power spectrum is captured by the transparent black and white dashed lines, which are power law fits to contours
of constant χ given by equation (17). The corresponding χ values are labeled at the lower right ends of the lines. The red vertical
lines at the bottoms of the plots indicate τ values where coherence revivals are expected: τ = mπ/ω13C, wherem is even and ω13C

is the 13C Larmor frequency. For the 13 mT in (a), the fits are applied only to the local t maxima of the χ contours, which occur
at these revival τ values.

which is all N = 1 (Hahn echo), with the N = 2 section directly above it, and so on. The image plot is
constructed by defining the τ and t axes first and then populating the 2D array with χ values from the data
set that most nearly match for each point (τ, t).

The χ data exhibit a combination of a broad background and sharp modulations due to electron spin
echo envelope modulations (ESEEMs) arising from 13C hyperfine interactions. Accordingly, our analysis
involves characterization of the background spectrum SB and the sharp peak SP due to the 13C transverse
hyperfine interaction. We model the total spectrum as the sum of these contributions:

S(ω) = SB (ω)+ SP (ω) . (14)

The notable difference between the two NV center datasets, figures 2(a) and (b), is that the sharp ESEEM
modulations dominate the 13 mT data (a). These modulations are also apparent in the 190 mT data (b) at
lower τ values, but have approximately 15 times shorter periodicity in τ at the higher field. The ESEEM
modulations prevent a clear measurement of SB. However, this also means that at 13 mT, SP can be measured
directly using equation (12). To obtain the background at 13 mT, we analyze the coherence at revival τ values
(τ =mπ/ω13C, wherem= 2,4,6. . .), which amounts to the standard method of fitting a decay envelope to
ESEEM peak revivals [29, 38, 48]. The decay of the 13 mT CPMG data at revival τ values (indicated by the
vertical red lines) is similar to the decays at 190 mT. At 190 mT, the 13C modulations are more subtle,
allowing a clearer characterization of SB, which is then used in a background subtraction step to characterize
SP with higher harmonics of the CPMG filter function.

Comparing the two P1 center datasets, the decay is notably faster for the high [N] sample, figure 2(d),
than the low [N] sample, figure 2(c). The P1 datasets are displayed with different axes and the ESEEM occurs
with approximately the same periodicity in both despite a difference in appearance due to different τ and t
ranges interrogated. The high [N] dataset of figure 2(d) exhibits a prominent rapid decay with χ going from
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Figure 3. Parameter values from the χ contour fits for the power law model of the noise spectrum S(ω) = Cω−α. The error bars
indicate the 95% confidence interval of the fit. See section 4.2 for further discussion.

0 to∼ 2 at early detection times, t≲ 10 µs, followed by a much more slowly decaying tail (2≲ χ ≲ 4) where
ESEEM is more visible. The smaller 13C modulations allow a clearer characterization of SB.

Much of our analysis focuses on the structure of fixed χ contours throughout the data sets. A commonly
used approach, as in [15, 21, 58], is to focus on the contour χ= 1, which is encountered when t= T2,
resulting in equation (12) taking the form S(ω1) = π2/(4T2). We extend the contour tracing approach to the
analysis of contours of densely sampled χ over the available range of values for two reasons. First, we find
that this provides a simple way to quantitatively capture the broad character of the coherence data. Second,
since larger χ values generally occur at later detection times, the δ-function approximation of the filter
function has greater validity, enabling use of equations (11) and (12). This notion is consistent with the
observation that longer CPMG trains lead to greater depth enhancement of the ESEEM data [24].
Conversely, in the low N limit, the peak in F is wider and is shifted from π/τ , as can be seen in figure A1(d).

Examples of the χ contour traces overlaid on a copy of figure 2 are shown in figure S6 of the
supplementary information. The traces are obtained from the data as follows. For each τ , we convolve the
coherence decay χ(t) with a Gaussian function: χconv(t) =

´∞
−∞ dt ′ χ(t)Aexp[−(t− t ′)2/(2σ2)], with

σ = 4 µs and A being a normalization constant to preserve the magnitude of χ. This smooths out
fluctuations for short τ decays and leaves longer τ decays unaffected. The χ contour is defined as the set of
points (t, τ), where t for a given τ is the time of the first echo for which χconv is greater than the χ for the
contour being traced.

4.2. Broad spectrum noise characterization
The dominant noise seen by a central NV or P1 center is due to the fluctuations of the surrounding P1 bath
and the 13C spins. Thus, the magnetic noise spectrum measured using NS of the NV and P1 centers should
reflect similar underlying physics. We model the broad spectrum as a power law SB(ω) = Cω−α, which
enables the inclusion of harmonics that provide a small correction to the calculation of SB [14, 21]. The
discrete approximation of equation (11) becomes

χ(t, τ) = C ′ (α) tτα, (15)

where

C ′ (α) =
4ζ (2+α)

π2+α

(
1− 1

22+α

)
C, (16)

with ζ being the Riemann zeta function. We can find the exponent α by first rearranging equation (15) to the
form

t=
χ(t, τ)

C ′ (α)τα
. (17)

If the noise spectrum obeys a power law of the form SB(ω) = Cω−α, then, according to equation (17), a χ
contour should follow a straight line on the log(t) vs log(τ) axes. The straight black and white dashed lines in
figure 2 are obtained from fitting the contours to equation (17). The fit parameters C and α from the χ
contours are plotted in figure 3 and average representative values are provided in table 1.
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Table 1. Average values of power law (Cω−α) spectrum fit parameters shown in figure 3. The row labeled ‘χ range’ indicates the range
of representative χ values used for obtaining these averages.

Sample A A A B
Species NV NV P1 P1
B0 (mT) 190 13 89 89
χ range 0.5− 4 1− 4 1.6− 4 0.5− 2
log10(C) 10(1) 8(2) 11(3) 8(1)
α 0.9(2) 0.7(2) 1.0(5) 0.7(2)

Figure 4. (a)–(c) all show spectra obtained by using equation (12) with the χ contours 1, 2 and 3.5 as indicated. The solid straight
lines show the power law fits (‘Pow. Law’) obtained using equation (17). The reconstructed spectra (‘Recon.’), which account for
the deviation of the S(ω1) data from the power law model as ω → 0, are discussed in section 4.2 and the methods of
reconstruction are explained in supplementary information S6.A. Due to the contour trace consisting of experimentally realized
values of detection times t, which are discrete, the low-frequency (large τ ) limit of the S(ω1) exhibits a jagged appearance, while
the high-frequency (short τ ) limit appears as more of a continuum. Each of the datasets exhibits subharmonics that arise due to
overlap of the CPMG filter harmonics with the 13C peak. Only at 13 mT is the 13C peak at low enough frequency to be present in
the S(ω1) spectrum. The cyan dashed line in (c) shows the Gaussian fit to that peak.

While there is some variation in α across the measured χ values, the data suggests a frequency
dependence that scales as 1/ω0.7−1.0, as reported in table 1. The electronic spin bath surrounding an NV
center has been described well by an Ornstein–Uhlenbeck (O–U) process for experiments on single NV spins
in samples with low nitrogen concentration [27, 28, 30, 31, 41, 59]. The form of the power spectral density of
such a process is a Lorentzian centered at ω= 0,

S(ω) =
2∆2τc

1+ω2τ 2c
, (18)

which has a high-frequency power law tail of the form 1/ω2. The origin of the scaling measured in our work
being much closer to 1/ω than 1/ω2 is not definitely understood, but we suspect that the high concentration
of nitrogen and the reported heterogeneity of the nitrogen concentration throughout the sample play
significant roles [40, 50–52]. One possibility is that the high P1 concentration, which will have much
stronger P1–P1 dipolar couplings and exchange couplings [51], leads to a fundamentally different type of
dynamics and the O–U model no longer applies. Another possibility, motivated by [60, 61], is that the high
concentration P1 baths still undergo O–U dynamics, but their correlation times τ c vary with concentration,
giving the appearance of an approximate 1/ω noise in our ensemble measurement. See supplementary
information S4 for further discussion. The extended CPMG decay tails of the Sample A P1 data, as well as the
bi-exponential Hahn Echo decay in figure S1(e), are highly indicative of the heterogeneity of P1
concentration. Similar heterogeneity effects might explain the roughly 1/ω spectrum measured with the P1
centers in Sample B, however P1 clustering has not been investigated to the same degree in CVD diamonds.

Figure 4 shows the power spectra obtained for χ= 1, 2 and 3.5 using the power-law model, the
approximation in equation (12), and a reconstruction technique that accounts for the finite spectrum as
ω → 0. We can reliably reconstruct S(ω1) from the power law model and a numerically computed CPMG
filter function. In this case the power law model is indistinguishable from an alternative spectrum model
(such as a stretched Lorentzian) that has a finite value of S at ω → 0. The details of the reconstruction are
given in supplementary information S6.A, and the zero-frequency limit of the power spectra are reported in
supplementary information S7.

Since the power law fits for the 13 mT dataset were applied to the local maxima of t at revival τ values,
the power laws that appear in the frequency domain follow the minima between the subharmonics of the 13
mT S(ω1) spectrum. The power laws are seen in figures 4(a)–(c) to match S(ω1) in the mid- to
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high-frequency region. At lower frequencies, particularly for the 190 mT dataset, the power law is
significantly higher than the S(ω1) data.

In figure 4, the overall lower level of the spectrum for the P1 centers in Sample B is primarily due to that
sample having a much lower concentration of nitrogen [47, 48]. Comparing the 13 mT and 190 mT NV data,
we see that the 13 mT spectrum dips lower than the 190 mT spectrum, indicating elevated low-frequency
noise at higher field. The cause of this may be increased axial alignment of the P1 bath spins at the higher
field. The 13C may also play a significant role in this, since at high field, the Zeeman interaction dominates
the 13C Hamiltonian, but at low field the NV hyperfine interaction is comparable to or dominates the
13C Hamiltonian [62].

The inhomogeneity of P1 centers in Sample A results in a range of local P1 concentrations. For regions
with a high local P1 concentration, the magnetic dipolar interactions between spins are too strong for their
dynamics to accurately be captured by the central spin model. However, we can still extend our analysis to
the experiments on Sample A, as long as we interpret the results carefully. The rapid early decay of the
Sample A P1 CPMG experiments translates to a higher level of magnetic noise power in the frequency range
of dephasing noise as seen in figure 4(b) with the χ= 2 contour. For χ< 1.6 there were not enough data
points to obtain a meaningful contour in the Sample A P1 data, and so it is omitted from figure 4(a). In the
range of 1.6≲ χ ≲ 2, there are very few data points comprising the contour, which leads to very large error
bars on the power law fit parameters in figure 3. The larger χ contours, which are traced through the tail of
the decays, exhibit power spectra that are more similar to the NV power spectra. This suggests that there is a
significant sub-population of P1 centers in Sample A that are more sparsely distributed.

We have also investigated experimentally and numerically how finite pulses and over/under rotation
errors affect the power law characterization. These investigations are presented in supplementary
information S6. We find that the finite pulses in our experiments do not significantly affect the results of the
power law characterization. This is because the finite pulses most significantly affect the higher harmonics of
the filter function, and in the context of a power law spectrum, these harmonics contribute only a very small
amount to the χ integral in equation (7).

4.3. Characterizing the 13C Larmor frequency
The transverse component of the 13C hyperfine interaction contributes a peak SP to the power spectrum at
the 13C Larmor precession frequency. We can use equation (12) to observe this peak at 13 mT. However, at
89 mT and 190 mT, the 13C Larmor precession period is significantly shorter than the shortest τ we can use
in our CPMG experiments, and we only see the periodic modulation of the coherence curves with increasing
τ as higher harmonics of the filter function overlap with the 13C peak. We have developed an analysis
procedure that utilizes all applicable harmonics of the filter function to estimate the properties of SP at high
frequencies. The basic approach is outlined below and details are provided in appendix. Note that SP could
also be generalized to a sum of sharp peaks

∑
i S

i
P for contexts wherein the goal is to obtain the spectrum of a

more complex system.
Inserting the composite spectrum expression of equation (14) into the discrete χ calculation of

equation (11), we obtain

χ(t, τ) =
4t

π2

∞∑
m=1,3,5...

SB (mπ/τ)+ SP (mπ/τ)

m2
. (19)

For a sharp peak, we can assume that SP(ω) = 0 for allm except near the sharp feature which is peaked at a
frequency ωP. In the vicinity of the peak we define the scanning frequency ωs and scanning harmonicms with
ωs ≡msπ/τ . Then the summation of SP collapses to only them=ms term:

χ(t, τ) =
4t

π2

[( ∞∑
m=1,3,5...

SB (mπ/τ)

m2

)
+

SP (ωs)

m2
s

]
. (20)

We solve for SP and express the result as the difference between the measured χ and the background
component χB, which was obtained by fitting equation (15) as described in section 4.2, resulting in

SP (ωs) =
π2m2

s

4t
[χ(t, τ)−χB (t, τ)] . (21)

Figure A2 of the appendix depicts an example of this calculation. When we perform this calculation in our
analysis, we include an additional term in the pre-factor to account for finite pulse widths as explained in
supplementary information S6. For a given combination of τ and t, we first compute χB by determining
which power law model (corresponding to the different χ contour fits) most nearly approaches the given τ

9
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Figure 5. High-frequency spectra for (a) P1 center in Sample B at 89 mT, (b) P1 center in Sample A at 89 mT, and (c) NV center
in Sample A at 190 mT. These spectra are obtained via the harmonic analysis method presented in appendix. The insets show
detail of the 13C peak fit to a Gaussian curve (dotted lines) and the expected 13C Larmor frequency (vertical black lines). (d)–(f)
show the fit parameters from applying Gaussian fits (Aexp[−(ω−ω13C)2]/(2σ2)]) to the 13C peak, where ω13C is the predicted
frequency of the 13C Larmor frequency based on experimental conditions. (e) shows the deviation of fit frequency from the
predicted frequency, with the gray bands indicating the uncertainty of the prediction. The fits for the 89 mT and 190 mT data are
those shown in the insets of (a)–(c). For the 13 mT data, the fit was applied to the S(ω1) χ= 3.5 spectrum indicated by the cyan
dashed line in figure 4(c).

and t point. This is the same as determining by an image plot in figure 2, which black and white dashed line
most nearly crosses a particular (t, τ ) point. That power law model is then used to compute the expected
value of χB using equation (15).

A spectrum SP is obtained by combining the results of evaluating equation (21) for all applicable
combinations of τ and t in the dataset. The procedure for this calculation is provided in appendix. The
resulting spectra for the 89 mT and 190 mT data are shown in figures 5(a)–(c). We note that while negative
values are not permitted in a power spectrum, they appear here because obtaining the spectra SP via
equation (21) is effectively a form of baseline subtraction.

Figures 5(d)–(f) show the fit parameters obtained from fitting a Gaussian to the reconstructed
13C spectral line. The error bars indicate the 95% confidence intervals. For the 13 mT experiment, we use the
χ= 3.5 contour to obtain the fit. The data to which the fit is applied is the portion of S(ω1) between 90 kHz
and 200 kHz (indicated by the thicker blue line), and the fit curve is the cyan dashed line in figure 4(c). For
the 89 mT and 190 mT analyses, the fit is shown in the insets of figures 5(a)–(c).

The Sample A P1 center spectrum of the 13C stands out as having approximately 5× lower amplitude
and 5× greater width than NV and Sample B P1 spectra, which are in fairly close agreement and agree well
with similar measurements in the literature [38, 58]. Considering that both samples have natural isotopic
abundance of 13C and that there should be a generally identical distribution of magnetic environments for
P1s and NVs in Sample A, the discrepancy indicates that the strong dipolar coupling of P1 centers in Sample
A distorts the intrinsic characteristics of the spectrum. In other words, most of the P1 centers in Sample A
have such strong dipolar couplings that the 13C peak cannot be measured with conventional CPMG. Still
though, the signature of 13C is evident in the χ data for P1 Sample A in figure 2(d), particularly at later t.
This exemplifies that the long-lived coherences that follow the rapid initial decay of many-spin systems [63]
can sense peaks in the power spectrum. Note that the precision of the peak measurement is limited by
requiring short τ values to obtain such coherences.

A detailed discussion of the variations in the measured properties of the 13C peak is presented in
supplementary information S5.

5. Summary and outlook

The use of ensemble pEPR NS using stroboscopic, inductively-detected measurements will expand our
ability to study the properties of optically-dark spins that frequently form the bath for localized spin qubits.
Here we performed DD NS of both P1 and NV centers in diamond, allowing us to directly contrast the local
magnetic environments seen by these electronic spin systems. In the HPHT samples, the high concentration
of P1 centers leads to a breakdown of the central spin model when measuring the P1 spins, though it remains
valid when characterizing the dynamics of the NV centers.

All spectral reconstructions showed two prominent features—a broad background exhibiting a frequency
dependence best approximated as 1/ω0.7−1.0—and a narrow peak caused by the 13C transverse nuclear
hyperfine interaction. For the HPHT sample, we suspect that the deviation of this power-law spectrum from
the expected O–U dynamics (i.e. Lorentzian spectrum with 1/ω2 tail) is due to the high concentration and
heterogeneity of P1 centers in the sample, which is supported by recent studies on clustering [40, 50–52]. It is
unclear if this is also the case in CVD diamond. The heterogeneity of the HPHT diamond also manifested in
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the presence of multiple decay timescales of the observed coherence in the P1 experiments. Finite pulse effects
and flip angle errors do not greatly affect the broad spectrum characterization, but can have non-negligible
effects on the characterization of sharp peaks in the power spectrum. Finite pulses make CPMG less sensitive
to peaks at higher frequencies while flip angle errors can cause an asymmetric splitting of a spectral peak.

The harmonic analysis allowed us to perform more precise measurements of the 13C frequency for P1
centers in CVD diamond at 89 mT and NV centers in HPHT diamond at 190 mT than could be obtained
with the NV centers at 13 mT experiment. The P1 centers in the HPHT diamond had too short of coherence
times to obtain as precise of a measurement, however this many-spin system exhibited weak coherences that
persisted to late detection times where detection of the 13C peak in the power spectrum was still achieved.

The methods presented in this work can be applied generally when CPMG is used to characterize noise.
These methods applied to diamond could very directly inform strategies for quantum sensing, e.g. for
performing nanoscale NMR [64] with electron spins as proxy sensors. Stroboscopic measurements of
ensembles opens the door to adaptive measurement strategies such as actively varying τ to follow a particular
χ contour, or using closed-loop feedback to perform adaptive quantum sensing.
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reasonable request from the authors.
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Appendix. Harmonic analysis

Noise spectroscopy strategies such as approximating the filter function as its fundamental peak
(equation (12)) to compute SP(ω) or using Álvarez and Suter’s matrix inversion method [21] enable one to
measure the power spectral density up to the frequency ω = π/τmin, where τmin is the shortest τ one can
implement with their experiment hardware. In applications of ac magnetic field sensing, it may occur that
there are peaks in the power spectrum at frequencies a few times greater than π/τmin, whose effects can still
be seen in experiments in which τ is swept with a small step size. It is desirable to obtain a wide spectrum
that includes these peaks, so that the peaks can be measured with sufficient contrast to the background.
Frequency comb [18] and narrowband Slepian modulation techniques [65] are two possible ways to
overcome the π/τmin limit. Higher harmonics of CPMG-type filters have also been used to estimate the
magnitude of a spectral peak at a particular frequency [58]. Here we present an analysis method for
obtaining a wide spectrum that reveals prominent features at frequencies greater than π/τmin.

In essence, the harmonic analysis breaks the range of high frequencies into a series of blocks of widthW,
which are instances of a scanning window. For each instance of the window, equation (21) is computed for
each valid combination of τ and echo number N for which a harmonicms of the filter function is present
within the window. Each calculation gives a point in the spectrum at frequency ω =msπ/τ . Interpolation
and averaging are used to convert the set of calculated spectral points into one continuous spectrum. Results
from this method are presented in figures 5(a)–(c) and S10(g) and (h).

In our case, the shortest interpulse delay τ that we can apply is 1.4 µs, as explained in supplementary
information S3. The fundamental (m= 1) frequency of a CPMG filter function is ω = π/τ . So the highest
frequency that we can fundamentally measure is ω ≈ 360× 2π rad kHz, which can be seen as the maximum
frequency of the spectra in figures 4(a)–(c) and S10(e). In those spectra however, the subharmonics of the
13C peak are clearly visible. These subharmonics, which correspond to CPMG sequences with faster decays,
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Figure A1. Illustrations of filter considerations in the harmonic analysis. See text for details.

occur at frequencies for which a higher harmonic of the filter function overlaps with the 13C peak, i.e. when
ω = ω13C/m, where ω13C is the 13C nuclear Larmor frequency andm is an odd integer.

The valid subharmonics are ones which meet certain criteria for avoiding sensitivity limitations, avoiding
distortions caused by finite widths of the peaks in the filter function, and avoiding distortions caused by
multiple filter peaks overlapping with a single spectral line. These three criteria define a maximum and
minimum detection time t and a maximum τ respectively. These limits can be thought of as defining a
sensing region. For the 89 mT and 190 mT data analyzed in this work, the sensing regions are those indicated
by the red dashed rectangles in figures A3(a), A4(a) and A5(a). The criteria for avoiding sensitivity and
distortion limitations inform the following 6-step analysis protocol. Steps 1 through 5 explain the frequency
scan procedure over one instance of the window, focusing on an example where the window contains a
prominent peak, as depicted by the cartoon examples in figure A1. Step 6 explains how to iterate this
procedure to obtain a wide spectrum.

1. Determine the widthW of the frequency-scanning window.W is determined by the requirement that
only one harmonic of the filter function overlap with the peak. This is the assumption that allows the
isolation of SP from the summation in equation (20).W is the maximum peak width that can be resolved by
the analysis process.W sets the maximum τ value that will contribute to the calculation as τmax = 2π/W.
The center of the scan window is denoted ωc, and the upper (+) and lower (−) bounds of the window are
ω± = ωc ±W/2. With τ ⩽ τmax, the minimum frequency difference between two consecutive peaks of the
filter function is greater than or equal toW, as depicted in figure A1(a). We note that in some systems τmax

may be limited by a hardware or coherence limit, in which caseW should be defined from τmax.
2. Determine the range of harmonics, i.e. peaks of the filter F, that can be used as the scanning harmonic

ms (wherems can be odd integers in reference tom of equation (11)). Formmin we want the lowest filter peak
available. With the shortest τ that can be applied with the hardware,mmin is the lowest peak that can still
reach ω+. For the example in figure A1(b), which shows the filter for CPMG with τmin, we getmmin = 7
because them= 5 peak falls short of ω+. Formally,mmin is the lowest odd integer greater than ω+τmin/π. As
τ increases, the peaks in F contract toward 0. The maximum harmonicmmax is then determined by requiring
that only one harmonic can be in the range [ω−,ω+]. Specifically, when themmax peak is at
ω− = πmmax/τmax, themmax + 2 peak should be at a frequency greater than ω+:

(mmax + 2)π

τmax
⩾ ω− +W. (A.1)

This inequality is more succinctly expressed in terms ofW. We say thatmmax is the highest odd integer
subject to the constraint

mmax ⩽
2ω−

W
. (A.2)

Figure A1(c) shows the filters for τmin (light blue) and τmax (darker blue).
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Figure A2. Example of the background subtraction (equation (21)) in the harmonic analysis. The top plot shows a zoomed in
section of the image coherence plot of the 190 mT NV data shown in figure 2(b). The bottom plot shows the value of χ along the
χ= 2 power law fit line (dashed line). This figure serves as a visual example of the 13C peak SP calculation described in Step 5 of
the harmonic analysis.

3. For a given scan harmonicms determine the starting and finishing τ values to iterate over. Assuming
we are sweepingms in the direction of increasing ω (as inferred by the increasing transparency of the blue
peaks in figure A1(e)), then the τ values are swept in decreasing order, τstart > τfin (see the example in
figure A2). The corresponding frequencies ωstart =msπ/τstart and ωfin =msπ/τfin will not necessarily be
equal to ω− and ω+. Rather, ωstart and ωfin should be within the bounds of ω− and ω+.

ωstart ⩾ ω− (A.3)
msπ

τstart
⩾ ω− (A.4)

τstart ⩽
msπ

ω−
. (A.5)

τstart is the highest available τ subject to this constraint. Similarly,

ωfin ⩽ ω+ (A.6)
msπ

τfin
⩽ ω+ (A.7)

τfin ⩾
πms

ω+
. (A.8)

τfin is the lowest available τ subject to this constraint.
4. For a givenms and associated range [τfin, τstart], determine the range of echo numbers [Nmin,Nmax]. To

determine Nmin, it must be taken into account that the peaks in the filter function F have finite width, which
becomes narrower with increasing N. Therefore, Nmin should be set by requiring that the harmonic peak is
narrower than the sharp peak needing to be resolved. Without knowing the sharp peak’s width beforehand,
one can instead require that the harmonic peak width be much narrower than the scan frequency rangeW.
With σ =

√
2π/(Nτ) being the width of the scan harmonic peak (obtained from the Gaussian

approximation of the peaks in the filter F [57]), we require σ < ϵW, with ϵ≪ 1. This leads to

Nmin >

√
2π

ϵWτfin
. (A.9)

Nmin is the lowest N available subject to this constraint. In figure A1(d), filters are shown for a fixed τ and
N = 1 through 16. The horizontal green bar has width 2ϵW. The red filters are 1⩽ N⩽ 9 and fail the width
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Figure A3. Visualizations of parts of the harmonic analysis procedure for the 89 mT P1 Sample B data. (a) Image plot of the
coherence data. The red dashed rectangle indicates the ‘sensing region’ over which it is valid to use the δ approximation of the
filter function to characterize the 13C peak. This is the region that plots (b)–(d) show. (b) Number of times each point of the data
is used in the harmonic analysis. (c) Log10 of the average harmonic weighting prefactor in the calculation of equation (21). A(ωs)
is the finite filter correction explained in supplementary information S6.A. (d) Average contribution of each data point in the
calculation of SP in the harmonic analysis. (e) Spectral segments described in Steps 5 and 6 of the harmonic analysis. A segment is
obtained using one harmonicms and averaged over all available N. The vertical gray dotted line represents the 13C Larmor
frequency. (f) Detail of the area outlined by the gray dashed box in (e) with the legend indicating which filter harmonic each
segment was obtained with. (g) Maxima of the peaks shown in (f). The black line is a quadratic fit. See supplementary information
S5 for discussion. (h) Overlapping segments of widthW obtained when averaging the contributions from all available harmonics
as discussed in Steps 5 and 6 of the harmonic analysis. These are then averaged to produce the spectrum in figure 5(a).

criterion. The blue filters are 10⩽ N⩽ 16 and satisfy the width criterion. Nmax should be determined by
some SNR threshold or T1 limit. We use Nmaxτstart < 1 ms, which is sufficiently shorter than the 2 ms T1 of
the P1 center. Note, in the definitions of Nmin and Nmax, we have inserted τfin and τstart respectively, to place
the more restrictive constraints on the N range. This ensures that the N range meets the requirements for the
entire τ range and the givenms. Since the detection time is t= Nτ, these width limits set a maximum and
minimum t, which are the tops and bottoms of the red dashed rectangles in (a) of figures A3–A5.

5. Compute SP(msπ/τ) using equation (21). For each combination ofms and N, a segment of the
spectrum SP(ω) is obtained by sweeping τ from τstart to τfin. These segments are averaged over the available N
(seen in (e) and (f) of figures A3–A5). Then each of those segments is averaged over the availablems resulting
in a single segment seen in (h) of figures A3–A5. Figure A2 provides example data from the 190 mT
experiment to illustrate how equation (21) is calculated. The effective bounds of the scanning window
represented in the τ -domain by τstart and τfin are indicated by the vertical dotted lines. In the middle of this
window, we see more rapid decay due to a filter harmonic overlapping with the 13C peak. χ(t, τ) is the exact
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Figure A4. Visualizations of parts of the harmonic analysis procedure for the 89 mT P1 Sample A data. See the caption to
figure A3 for descriptions. The averaged segments in (h) are averaged to produce the spectrum in figure 5(b).

value of χ at the point in question. To determine χB for a given combination of τ and N, we determine which
χ contour fit (straight black lines) most closely crosses over that point, and use the parameters from that fit
to calculate the precise value of χB. We solve equation (15) for the various χ contour characterizations, and
find which χ contour fit predicts the closest N to the point in question with the given τ . For example, the
point at τ = 4.15 µs and t= Nτ = 230 µs has the χ= 2 contour fit (dashed line) crossing over it, so χB = 2
for that point. The lower plot in figure A2 shows the value of the measured χ along the power law fit of the
χ= 2 contour. So the subtraction term in brackets of equation (21) is χ −χB = 2.5− 2= 0.5. In
experiments, it may be the case that τ is sampled linearly with hardware-limited precision. Therefore, the
spectrum of SP(ω) has 1/ω sampling. The array of SP values can be resampled, using interpolation, onto a
linearly spaced array of ω values with a small step size to create a segment of the spectrum. The linearly
resampled spectrum segments can then be added together for each combination ofms and τ for averaging.

6. Perform Steps 1–5 for a wide sweep of the window position ωc, while maintaining the fixed window
widthW. The spectral segments of adjacent ranges [ω−,ω+] can then be stitched together in order to
generate the spectrum over a wide frequency range. Furthermore, to average out interpolation artifacts that
may arise at the edges of the scanning window, one can overlap the ranges such that any range starts atW/2
greater than the ω− of the previous range as in a bricklaying pattern as in (h) of figures A3–A5.

Figures A3–A5 show intermediate steps of the harmonic analysis for the P1 data at 89 mT and NV data at
190 mT. The plots (a) of figures A3–A5 indicate the valid sensing region with the red dashed rectangles. We
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Figure A5. Visualizations of parts of the harmonic analysis procedure for the 190 mT NV data. See the caption to figure A3 for
descriptions. (f) Does not include a legend as in figure A3 because the spectral segments are too dense to separately distinguish.
The averaged segments in (h) are averaged to produce the spectrum in figure 5(c).

set the maximum detection time t to be 1 ms for the P1 Sample A and NV data, and 450 µs for the P1 Sample
B data, to stay well within T1 relaxation limitations. We set the maximum τmax ⩽ 10 µs, which gives
W= 2π× 100 rad kHz, approximately 5 times wider than the width (2σ) of the 13C peak. We set
Wϵ= 2π × 3 kHz, which is sufficiently narrower than the 13C peak and corresponds to a minimum
detection time of t≈ 133 µs. Figures (b)–(d) of A3–A5 reveal how each data point in the sensing region is
incorporated into the harmonic analysis. The (b) figures simply show howmany times each point was used in
the calculation of equation (21). In order to avoid the sensitivity limits of decoherence, points were omitted if
the χ value was greater than a noise threshold: 2 for the Sample B data and 4.5 for the Sample A data.
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