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Abstract

Quantum state tomography (QST) is essential for characterizing unknown quantum states. Several
methods of estimating quantum states already exist and can be classified mainly into three broad
classes. They are based on the criteria like maximum likelihood, linear inversion, and Bayesian
framework. The Bayesian framework for QST gives a better reconstruction performance. However,
the existing methods of the Bayesian frameworks are computationally extensive and, most of the
time require knowledge about the prior distribution of the quantum state. In this paper, we
propose a Bayesian method of QST based on the linear minimum mean square error criterion,
where the prior statistics are estimated and the computational complexity is comparable to that of
the linear inversion based QST method. We also propose an adaptive version based on the block
estimation of parameters. Extensive numerical simulations are conducted to demonstrate its
efficacy over the linear inversion-based QST regarding trace distance error metric.

1. Introduction

With the advancement of technology in the last few decades, quantum computing has sparked a candle of
hope to solve a set of computational problems which are complexity-wise costly in existing classical
computers. However, this needs error-free fault-tolerant quantum computation. Characterizing and
reconstructing a classical description of the quantum state is also important to understand the accuracy of
such quantum processors. Therefore, quantum state tomography (QST) or quantum state reconstruction
technique has become an essential sub-routine in quantum computation [1-3].

Literature survey: several tomography methods for quantum state estimation have already been proposed.
Broadly, two prominent methods exist, namely non-Bayesian and Bayesian ones. Non-Bayesian method
comes with the likes of maximum likelihood estimation (MLE) [4], linear inversion or least square based
methods (LS) [5] and maximum entropy-based approach [6]. A comparative study of different estimation
methods has been analyzed in [7]. Though, MLE is non-linear and superior in this category, but it suffers
from high time computational complexity and slow convergence compared to the LS one. Thereafter, several
improvements over the MLE-based QST framework have been discussed from computational complexity
aspect [8—10]. It may also return a point estimate that may not contain any relevant information i.e. the
quantum state’s region estimate [11, 12]. A faster approach of the MLE-based estimation has been
demonstrated in [13]. On the other hand, LS method, though efficient in computational complexity, may
not estimate a valid physical density matrix as the estimated density matrix may not be always positive
semi-definite [5].

In addition to MLE and LS methods, Bayesian and adaptive models offer an alternative approach to QST,
which enhances QST performance. Jones [14], Derka et al [15], and Buzek et al [16] introduced Bayesian
techniques into quantum tomography, which not only incorporate prior knowledge but also bring practical
advantages to experimental settings. These advantages include optimality [17], robust region estimates [18],
and model selection criteria [19]. Bayesian methods excel in quantum tomography research because they
provide a comprehensive representation of an experimenter’s knowledge after each data point, making them
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invaluable tools. However, implementing Bayesian QST in practical scenarios can be challenging due to the
scarcity of useful priors and intractable computational complexity [20]. As a response to this challenge, an
adaptive Bayesian quantum tomography approach has been developed, focusing on the adaptive
determination of optimal tomographic measurements [21-23]. Furthermore, the maximum a posteriori
(MAP) estimator, which is non-linear, has been considered for both quantum state and process
tomography [24], which is, sometimes, computationally intractable. In many real-world scenarios, prior
statistics, which is the key input to the Bayesian method, including MAP, may not be readily available. In
such cases, it is possible to adaptively discover a prior distribution [25, 26], which is again computationally
complex in time. In the above methods, the quantum uncertainty is originated due to device and
measurement operations. It does not assume that the quantum state itself will vary following a prior.
Recently, performance improvement of machine learning-based QST and Bayesian QST with limited prior
distribution has been discussed in [27, 28]. Moreover, experimental realization of adaptive tomography has
been demonstrated in [29]. Following this, a self-guided adaptive quantum tomography has been studied
in [30].

Summary of gaps in existing works: from the above discussion, it is evident that method with low
complexity (LS or linear inversion etc) has poorer tomographic performance, compared to the non-linear
and Bayesian method like MAP one having very high complexity. Therefore, it will be a good idea to take a
middle path, which gives comparable complexity with respect to the LS method, but gives superior
performance as well. This necessitates a linear, but Bayesian approach to fill the gap. As the knowledge of
prior distribution is computationally expensive as adopted by previous works, it will be a need to estimate
only first or second order statistics.

Contributions:

1. In this work, we propose a model of a linear Bayesian framework to estimate a quantum state based on
the linear minimum mean square error criterion (LMMSE). The fundamental requirement of
LMMSE-based QST is the prior distribution of the unknown quantum states. With these prior statistics,
a Bayesian LMMSE framework of QST can be well developed, promising an advantage over the existing
linear inversion-based or MLE-based methods. The need for such QST arises in many practical
scenarios. For example, it could be a photon source with an experimental design to emit a selected set of
polarized photons. Obtaining the prior statistics is an essential step in the LMMSE system. We perform
LS-based QST to obtain the necessary statistical properties for such a scenario if we do not have prior
statistical information about the quantum state.

2. We have also proposed two adaptive algorithms that update the statistics based on a block estimation to
reduce complexity and comprehend the mild variation in statistics. We first propose a weighted update
of the first and second order statistics based on measured data and observations. Then, a matrix
inversion based linear equalizer is designed taking into the consideration of updated statistics at each
iteration. We name it inversion-based update LMMSE (IBU-LMMSE). In the second adaptive approach,
we propose to update the equalizer without any matrix inversion, but with the steepest descent
approach. We name it non-inversion-based update LMMSE (NIBU-LMMSE). Furthermore,
comparisons between the existing least squares-based method and the proposed method have been
discussed with numerical results.

3. We have also analyzed the computational complexity of our proposed algorithms. This shows that the
complexity is comparable to the LS method except initial acquisition part of the prior first and second
order statistics.

2. LMMSE based tomography

Quantum tomography requires an optimal set of measurements over multiple identical copies of the same
quantum state. However, quantum density operators can be parameterized by traceless orthonormal basis
matrix (o7;) of the Hilbert space as follows

1 Ja-nE
p_5+ ¥ ;9[1]0',-, (1)

where 6[i] is the coefficient of the ith basis, d is the dimension of the Hilbert space, and I is the d x d identity
matrix. The vector 6 is called the generalized coherence vector. For our informationally complete QST, we
perform positive operator valued measure (POVM) over identical copies of the quantum state. The observed
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probability vector p depends on the set of linear equations as follows
y=HO +z, (2)

dp—1/d)

(d—1)
orthonormal basis of the Hilbert space, the matrix H depends on POVM operators, z represents the
measurement uncertainty. We consider @ as the coefficient of the generalized Pauli operators. The linear
inversion-based QST finds out the optimum 6 for which the cost function ||y — H@)||3 is minimized. The
optimum solution for 8 is @ = (H"H)~'H"y. Following (1), we can reconstruct the unknown density
matrix. However, this model of QST does not exploit the prior statistical information about quantum states.
The Bayesian framework of QST is useful in such a scenario. In the following section, we propose a linear
Bayesian model of QST to obtain a state estimate with prior knowledge about the state’s prior distribution
and noise characteristics.

wherey = , 1 is a vector with all ones, 0 is the row vector containing coefficients of the traceless

2.1. LMMSE based QST model

Considering prior knowledge about the unknown quantum state, Bayesian framework-based QST is more
suitable than the existing LS-based QST scenario. One example of prior knowledge can correspond to the
distribution of mixed quantum states with a specific purity bias [27]. Our work utilizes the statistical
properties of 6 instead of the prior probability density over the Hilbert space. In our proposal, we consider
the statistics of the unknown quantum state and the noise due to measurement uncertainty. With the above
background, we propose the LMMSE-based QST algorithm, which minimizes the cost function as follows

. _pl2
minE[[Wy — 6]];, (3)

where W is the LMMSE-based equalizer. Solving for (3), we obtain the closed form solution for optimal W as
follows

W=E(0y") (E[y'])"

—Rg,R>, ()

where Ry, is the cross-covariance between 8 and y, and IR, is the auto correlation of y. However, in practice,
we do not have the exact matrices Ry, and R,,. We propose that LS-based estimation of @ is performed first
with multiple y and then obtain the sample correlation matrices Ry, and R,,. In our experimental setup, we
assume a quantum source that can emit different unknown quantum state p among N, different
representation [p;, p,, . - . ,pr]. However, it can emit only one of them in a particular instance. Suppose we
observe the scenario for T different instances, and for each instance, we estimate the @ with an LS-based
estimator from various instances of y vectors. Finally, Ry, and R, are obtained as follows

Roy =2 (6 ~EI6) (" )’ 5)
%= 73007 Eb) (0 - Bl ©)

where 97: is the estimated € from the LS-based estimator at the mth observation vector, y™ is the mth
observation vector. The sample means E[y] and E[0] in (6) are calculated as follows

1 T
E[y] ZfZYm (7)
m=1
1 o o
E[0] :Tzels (8)

We now design the LMMSE-based equalizer as per (4). Based on the equalizer W, the LMMSE-based
estimate of @ for an unknown state can be obtained as follows

élmmse =W (Ytar —E [YD +E [0] ’ (9)

where yy,, is any target y. The overall algorithm is given in algorithm 1.
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Algorithm 1. Proposed method for obtaining prior statistics and LMMSE-based estimation.

I: Input: p;,p,,...py, T(T>>N,), =1
2 Y =0px1,0 =021, RI=0p_1x2,R) =0z .
3: form=1to T do
4: mth instance, p,, € [pl,p27 . .pr}.
5: SIC-POVM based measurement on p,,,.
6: Obtain p™, and calculate y™, éZI for mth instance.
7 Y=y 4y
8  0'=60""+6;
9:  endfor
10 Ely]=%,E[0] = 2.
11: form=1to T do
~Am —
12 RY = (6] - E[6)(y" - Bly) + R
13 RY=(y"-Ey)O" -ER) +R
14:  end for
15 Ry, =Ri/T,R,, =Ry/T.
16: W=RgR, "
17:  Measure unknown p,,,. to obtain y.
18: 0lmmse = W(Yrar - E[Y]) + E[e]
19: Output: i)tar = 5—’— \/ (d 1) Zl 1 elmmse[ ]0i~

In scenarios where no prior statistical information is available, the LMMSE-based equalizer can be
effectively substituted with the LS-based estimator, represented as the pseudo-inverse (HTH) ~"'HT. In such
non-Bayesian scenarios, it is important to note that LMMSE-based estimation is equivalent to the
least-squares-based estimation.

2.2. Adaptive linear mean square error based QST model

In a practical scenario, accurate estimation of statistical properties Ely], E[0], Ry, and R, requires a large
number of initial sample data. Following the above restriction, we propose to update the estimated statistics
after a time block containing b; different quantum states. In contrast to the previous approach, we improve
the statistics after each time block. However, we update the statistics through a dynamically weighted average
between the old and new statistics. The weight (r) is calculated based on the sample complexity (N, x b;)
used to estimate the newer statistics, where Ny, is the average sample complexity in one b;. The value of r is
updated iteratively after each small time block as follows

Nnew = INold +Nb1 X bl
Nb, X bl

r=1-—
Nnew

(10)
where the initial value of Ny, = 0 for the first b;. After each block, N, iteratively increases following (10),
which implies that the weight  depends on the number of copies utilized to estimate the statistics in a
particular b;. After each block iteration, E[y], E[6], Rg,, and R,, are updated based on the weight of r as
follows

Ny,

Efyl =rEfy] + (1—7) Zy,
]—1
Nb’

E[g] = rE[6] + (1 —7) Za],;

Roy = riRgy + = > (6. ~E0) (Y ~Ely))

b ]-=1
Ny,

S -EN) (Y -ER)) (11)

j=1

R, =

b

After the first time block, we can update the LMMSE-based equalizer as follows

—1
Wi, =R}, (RL) . (12)

4
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We propose to update the LMMSE-based equalizer from the second time block in two ways. The first is an
inversion-based update (IBU), and the second adaptive approach is a non-inversion-based update (NIBU),
as depicted below.

1.

IBU-LMMSE: the first proposal is to update the equalizer with the updated statistics following (11) after
each time block which includes the matrix inversion of R,,. The equalizer at the ith iteration is as follows

. . . —1
W;du = :9)/ (R;/y) ) (13)

NIBU-LMMSE: our second proposal is to update it recursively after each time block without performing
the matrix inversion. The equalizer after ith time block is updated as follows

Wiy = Wiz + (1= 1) (Rh, — WiLR), ). (14)
where R’é}, and ]R;y is the updated statistics after ith block as illustrated in (11).

The performance of the adaptive algorithm can be quantified after each of the ith time blocks. For such

purpose, we may perform QST based on the proposed adaptive algorithm on an unknown quantum state
generated by the quantum source to observe our adaptive algorithm’s estimation performance after each
time block. The adaptive algorithm is described in the following pseudo-code.

Algorithm 2. Proposed adaptive LMMSE framework.

10:
11:
12:
13:
14:
15:
16:
17:
18:

19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:

36:

37:
38:

1
2
3
4
5:
6
7
8
9

¢ Input: py, p,,...py, with dimension d, by, ¢;.
: SetN=0,Rpy =0p_1x42,Ryy =0p 2,7 =0.
: fori=1tob;do

Sety” =0p1,0" =0z
forj=1to ¢ do
jthinstance, p; € [py,p,--- Py, |-
SIC-POVM based measurement on p;.
Sample complexity for each jth instance N,.
Obtain p/, and calculate y,/, 0]
Y =Yy
6" =0"+0, .
end for
Ely = %, E[9) = 2.

a a

Is*

SetR)b,}l/:Odzxd%Rgly:Odz—lxd2~
form=1to¢do
Ry, = (65— E[6]) (' — Ely))" + Ry,
Ry, = (vr — E) (v — Ely))" +Ry).

end for
i Rzy i_Ri}
Hy_ q J’)’ q °
Ely]' = B[yl + (1 -)E[y]".
[9] =rE[6]" + (l—f)E[el
—rR’l +(1- )
R‘ =R, Iy +(1-R;
N:N—|—Nc,><cz.
rII_quc,
if i =1 then
vda = Ry (Ry)) ™"
else

if NIBU LMMSE-based equahzer then
Wigo = Wi, + (1= 1) (Rg, — Wi IR, ).
else for IBU LMMSE-based equahzer
adu - RGJ’(R;,V)il
end if
end if

SIC-POVM based measurement on p,,,.

Compute G40 = Wada(¥,,, — Ely]") + E[0]"
Output: Reconstruct p' = T4/ (d 1 ZZ 710”“[ klok
end for
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Table 1. Comparison of computational complexity between the existing method and our proposed Algorithms.

QST Methods Complexity

LS O(kid®)

LMMSE O(k1d3)

Adaptive IBU-LMMSE O(bigd®) + O(bkid?)

Adaptive NIBU-LMMSE O(bigd®) + O(byd™) , m <3 [31]

3. Complexity analysis of proposed methods

The complexity of the proposed algorithms with respect to LS counterparts is described in this section and
also detailed in Table 1.

1. Complexity of LS: for a d-dimensional Hilbert space, the post-processing complexity of the LS-based
QST depends on the pseudo-inverse of the H matrix, which is in O(k,d®), where k; is a constant as
matrix inversion is an iterative operation.

2. Complexity of LMMSE: the complexity of the LMMSE algorithm, as illustrated by (4) and (9), is equal to
the complexity of existing LS-based QST when known prior statistics are considered.

3. Complexity of adaptive IBU-LMMSE: in the adaptive algorithm, we update the prior statistics after each
time block. The process of building these prior statistics consecutively incurs a computational complexity
of O(c;d*). This is due to the computational complexity associated with computing vector outer products
¢/ times in lines 15-17 of algorithm 2, which itself is of the order O(d?). The complexity of reconstructing
the state is in O(b;d?) as this requires the reconstruction of W 4, in each iteration of time blocks. So, the
total complexity after b; block is in O(¢;byd?) + O(bik,d?).

4. Complexity of adaptive NIBU-LMMSE: the computational complexity of estimating prior statistics is
comparable to that of IBU LMMSE. However, in the case of non-inversion-based adaptive algorithms,
there is no need to perform matrix inversion after each time block; only a single matrix inversion
operation is required. The time complexity of matrix multiplication is O(d>). Therefore, the total
complexity of NIBU-LMMSE is O(bic;d?) + O(bid™) , v1 < 3 [31]. It is important to note that the
constant k;, which is necessary for matrix inversion, is not required for NIBU-LMMSE.

4, Results and discussions

The novelty of our proposed LMMSE algorithm is explored through numerical simulation. This includes
exhaustive numerical simulations with different prior statistics. For example, the prior statistics of quantum
states may belong to the nearly maximally mixed, pure, or random quantum states. For simulation purposes,
we initiated the generation of prior states (N ,) using algorithm 3. These prior states exclusively constitute the
set from which the quantum source can emit quantum states in our simulation model. Line 5 of algorithm 3
plays a key role in deciding the characteristics of these priors, which have been described below. During the
random prior generation process, we assigned each element of e by drawing from an identical uniform
distribution. In scenarios involving pure states, the density matrix has one distinct eigenvalue equal to 1, with
all others being zero. In this case, we simply set one element of the vector e to 1 while keeping the rest at zero
instead of choosing every element from a random uniform distribution. Conversely, in the case of a nearly
maximally mixed state, all eigenvalues are approximately equal. To generate such a state, we set the ith
element e[i] as % + €[], where €[i] represents values that are reasonably small in comparison to eli].

Algorithm 3. MATLAB microcode to generate random quantum states.

1: Input: X5 4, Yixq = rand (d,d), e; x4 = rand (1,d).
2:Z =X+ 1j*Y, 1j denotes unit imaginary number.
3: Matrix QR decomposition : [Q,R] = gr(Z).

4: Generate vector e;x1, where e[i] € U[0,1]

s5e=e/ S0 elil.

6: Output: p = Q* (diag(e)) Q.

The accuracy of any QST algorithm is generally appraised through error metrics such as the Frobenius
norm, trace distance metric, fidelity, and many more. Our simulation model quantifies the accuracy with
trace distance error metrics. The trace distance metric between the unknown and estimated density matrix
can be defined as follows
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0.45 T T T T T T

—O— LS based estimate D
LMMSE based estimate

Sample average trace distance

7 8 9 10 11 12 13 14

Dimension of Hilbert space(d)

Figure 1. Comparison of the sample average trace distance between the proposed LMMSE-based method and the existing
LS-based method. This comparison was performed across various Hilbert space dimensions, all with nearly maximally mixed
prior statistics. The sample complexity for these comparisons was 2000.

0.15 T T T T T T

—O— LS based estimate D
LMMSE based estimate

o 14 o o
= N w IS

Sample average trace distance
o

o
o
&

7 8 9 10 11 12 13 14

Dimension of Hilbert space(d)

Figure 2. Comparison of the sample average trace distance between the proposed LMMSE-based method and the existing
LS-based method across different Hilbert space dimensions. In this comparison, we focused on pure state prior statistics, and the
sample complexity for each scenario was set at 2000.

#-1

T(p.p) =) IV, (15)

i=1

where /' is the ith eigenvalue of the matrix (p — p).

In the simulation platform, we study the accuracy of our proposed algorithm by generating and
estimating the unknown quantum states from the quantum source. We quantify the performance of the
proposed algorithm with the sample average trace distance (S,) across different samples taken at different
time instances. In our simulations, we investigated the performance of the proposed algorithm across a range
of Hilbert space dimensions, specifically spanning from d =7 to d = 14, while considering different prior
statistics scenarios. For our measurement operations, we utilized SIC-POVM-based operators, which include
d? elements suitable for a d-dimensional Hilbert space. The QST process was carried out with a consistent
total sample complexity of N = 2000 across all Hilbert space dimensions and different prior statistics

scenarios.
First, we have considered nearly maximally mixed prior statistics scenario with N, = 5. The term
maximally mixed prior statics implies that each of the representations in [py, p,, ..., py, ] is nearly a

maximally mixed state. In figure 1, we observe that our proposed method obtains better measurement than
the existing LS-based method for different Hilbert space dimensions, keeping the sample complexity
constant. A similar experiment is performed where the prior statistics correspond to the pure states. We can
conclude that the proposed LMMSE also achieves better estimation as depicted in figure 2. We also achieve
an accuracy advantage for random priors as illustrated in figure 3.

7
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Figure 3. Comparison of the sample average trace distance error metric between the proposed LMMSE-based method and the
existing LS-based method across various Hilbert space dimensions. In this comparison, we used random quantum states for prior
statistics, and the sample complexity for each scenario was set at 2000.
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0.15 L L |
2000 2500 3000 3500 4000 4500 5000 5500 6000
Sample complexity

Figure 4. Comparison of sample average trace distance error metric between the proposed LMMSE-based method and the
existing LS-based for different sample complexity for d =14 .

In conclusion, the proposed LMMSE obtains an accuracy advantage over the existing methods for mixed,
pure, and random prior statistics of quantum states. Another key observation is that our proposed algorithm
obtains a better estimate with higher dimension d.

Next, the numerical simulation demonstrates the variation of sample average trace distance concerning
different sample complexity for d = 14. Sample complexity can be quantified as the number of identical
copies of quantum states required for performing QST. Our numerical simulation suggests that the proposed
LMMSE method acquires an efficient state estimation in a lesser sample complexity scenario in contrast to
the existing LS-based method. A lower sample complexity suggests a range of 1000 to 1800 samples, while a
higher sample complexity might correspond to a sample complexity of 2400 or greater in figure 4. In a lesser
sample complexity scenario, measurement statistics are perturbed by the statistical noise due to the
uncertainty of quantum mechanics. However, The proposed algorithm obtains a better estimate in lesser
sample complexity scenarios with the help of prior statistics, even if the measurement statistics are
insufficient. In contrast, measurement statistics are less vulnerable to measurement uncertainty in higher
sample complexity scenarios. The LS-based method obtains a reasonable good state estimation for such a
scenario. Despite this, the proposed method achieves the advantage over the existing algorithm by taking a
cue from the estimated prior statistics.

In the previous section, we discussed the novelty of the LMMSE-based QST framework over the existing
LS-based estimate. However, we also proposed adaptive versions of the LMMSE-based QST framework. The
first proposal is to find the LMMSE-based equalizer after every block iteration with matrix inversion. In
contrast, the second one follows a low-complexity approach of the adaptive LMMSE by avoiding the
covariance matrix inversion after each block. In the simulation, we have considered an unknown quantum
source with d =9 that can produce N, = 7 different quantum states. We evaluate the estimation accuracy of

8
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031 Instantaneous LS based estimate | -|

0.28 4

0.26 -

Sample average trace distance

No of time blocks (b))

Figure 5. Comparison of average trace distance error metric between the proposed LMMSE-based methods and the existing
LS-based for d = 9. The prior statistics correspond to random quantum states, and each time block contains six clusters.

0.28 T T T T T T

0.26 1

0.24 1 —¥— Adaptive NIBU-LMMSE 1
—O— Adaptive IBU-LMMSE

022+ Instantaneous LS based estimate | |

Sample average trace distance

No of time blocks (b))

Figure 6. Comparison of average trace distance error metric between the proposed LMMSE-based methods and the existing
LS-based for d =9. The prior statistics correspond to random quantum states; each time block contains ten clusters.

the proposed and existing QST with a sample complexity of N = 2000 after estimating the statistics after each
block iteration. However, in each time block, the statistics are updated recursively. The whole simulation is
repeated 500 times to obtain a reasonable average accuracy estimation. In figure 5, we observe that the
proposed adaptive methods promise to obtain a better estimate after the second iteration where each block
iteration contains six clusters. A similar experiment is repeated in figure 6 with 10 clusters in each block. Our
proposed methods exhibit the estimation accuracy from the first iteration with an increased cluster number
in a block. From the observation, we conclude that the estimated prior statistics become more accurate with
the increase in iteration. Our proposed adaptive methods obtain better precision than the existing LS-based
methods. However, the proposed IBU-LMMSE gets a better accuracy than the proposed NIBU-LMMSE,
which comes at the cost of the complexity of performing matrix inversion of the covariance matrix.
Furthermore, we have performed the simulation with the pure state prior statistics, and the corresponding
simulation result is depicted in figure 7. The proposed adaptive algorithms obtain a better accuracy
concerning the current LS-based estimate. In our study, we conducted a study of the performance of both
IBU-LMMSE and NIBU-LMMSE in relation to the Hilbert space dimension. During the simulation, we
performed state estimation across 8 time blocks. In each time block, we considered a total of 15 clusters for
estimating the prior statistics. The results of the estimation accuracy after each time block are depicted in
figure 8.

Notably, the sample average trace distance error metric displayed similar characteristics as a function of
dimension for both IBU-LMMSE and NIBU-LMMSE, with an increase in the time block. However, it
remained consistently evident that IBU-LMMSE outperformed NIBU-LMMSE in terms of estimation
accuracy despite the higher computational complexity associated with IBU-LMMSE.
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Figure 7. Comparison of average trace distance error metric between the proposed LMMSE-based methods and the existing
LS-based for d =9. The prior statistics correspond to pure quantum states; each time block contains 30 clusters.
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Figure 8. Comparison of sample average trace distance between the NIBU-LMMSE and IBU-LMMSE as a function of Hilbert
space dimension.

5. Conclusion

In this work, we have proposed a linear Bayesian tomography based on the LMMSE criterion. The
complexity is comparable to that of the non-Bayesian LS approach, but with superior performance. The
prior statistics of the states are not assumed to be known. In fact, we propose to estimate them, specifically
only the first and second order statistics, and proceed with a QST technique. We have also proposed adaptive
versions of the algorithm with better performance than the LS-based QST one. A weighted update of the
statistical parameters is also proposed. Overall, the proposed algorithms can make a good choice for QST,
where the prior is initially unknown. This approach can be taken as middle path between low cost LS method
and the high complex traditional Bayesian approaches.
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