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We explore a formulation of a perfect fluid in 3 + 1 dimensions in terms of the Kalb–Ramond
field. This was proposed long ago by Nambu and one of the present authors. In this note, we refine
the statements in a more explicit form. We also comment on the duality with the Gross–Pitaevsky
formulation written by a complex scalar field.
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1. Introduction

The purpose of this note is to summarize the explicit relation between two field theoretical descrip-
tions of fluid dynamics. We are going to treat the non-relativistic perfect fluid, where the dynamics
is described by the Euler equation and the continuity relation:

∂�u
∂t

+ (�u · �∇)�u = − 1

ρ
�∇p = −�∇P (1)

∂ρ

∂t
+ �∇(ρ�u) = 0. (2)

Here �u(�x, t) is the velocity and ρ is the density.
The equation for the vorticity �ω = �∇ × �u is

∂ �ω
∂t

= −�∇ × �G, �G = �ω × �u. (3)

The two descriptions that we compare are

◦ Description by the Kalb–Ramond gauge field. This was noticed by Nambu [1] long ago, and
one of the present authors developed the idea in Ref. [2].

◦ Gross–Pitaevsky: description in terms of a complex scalar field (see, e.g., Ref. [3] for a review).

In four dimensions, a scalar field is dual to a two-form tensor field (Kalb–Ramond). In this sense,
these two descriptions should be dual to each other.
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2. Gross–Pitaevsky description

The Gross–Pitaevsky equation in 3 + 1 dimensions is given by1

i�
∂ψ

∂t
=
(

− �
2

2M
∇2 − μ+ g0|ψ |2

)
ψ . (4)

We write the complex scalar field as

ψ = √
ρeiφ . (5)

Plugging this formula into Eq. (4), one obtains

ρ̇ = −∇(ρ�u) (6)

−�φ̇ = − �
2

4M

(
−(∇ρ)

2

4ρ2 + ∇2ρ

2ρ
− (∇φ)2

)
− μ+ g0ρ. (7)

Here we define the velocity field �u as

�u = − �

M
∇φ. (8)

The first equation (6) is the continuity equation of the fluid. The second equation (7), after taking
divergence, is

∂�u
∂t

+ 1

2
∇(�u2) = ∇

(
−g0ρ + �

2

2M

(
−
(
(∇ρ)2

2ρ
+ ∇2ρ

2ρ

)))
. (9)

This describes the quantized Euler equation. The first term on the right-hand side of Eq. (9) gives the
barotropic pressure. The second term gives the “quantum pressure”. The existence of the quantum
correction helps the Gross–Pitaevsky equation to describe the superfluidity.

3. Gauge theory description

We use a convention to describe 3 + 1D space-time:

gμν = diag(1, −1, −1, −1), (10)

x0 = ct, (11)

where c (> 0) is a constant.

3.1. Kalb–Ramond

The Kalb–Ramond field is an antisymmetric tensor in 3 + 1 dimensions. We parameterize it as

Bμν =

⎛
⎜⎜⎜⎝

0 e1/c e2/c e3/c
−e1/c 0 b3 −b2

−e2/c −b3 0 b1

−e3/c b2 −b1 0

⎞
⎟⎟⎟⎠. (12)

1 This section is taken from a talk by M. Kobayashi during the workshop [4].
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The curvature associated with Bμν is

Cμνρ = ∂μBνρ + ∂νBρμ + ∂ρBμν , (13)

C0ij = c−1 (εijk∂tbk − (∂iej − ∂jei)
)
, (14)

Cijk = εijk �∇ · �b. (15)

The action for Bμν is given by

S(KR) = 1

12

∫
d4x CμνρCμνρ =

∫
d4x

(
1

2c2

(�̇b − �∇ × �e
)2 − 1

2
( �∇ · �b)2

)
. (16)

The action has a gauge invariance for Bμν with a vector gauge parameter λμ = (ε/c, �λ):

δBμν = ∂μλν − ∂νλμ, (17)

δ�e = ∂t�λ− �∇ε, δ�b = �∇ × �λ. (18)

It has a gauge symmetry for the gauge parameters:

δλμ = ∂μκ . (19)

By this transformation, the gauge transformation (17) vanishes. The effective degree of freedom for
the gauge transformation becomes three.

3.2. Source term

We introduce a source term Kμν that couples to Bμν . We denote K0i = cωi and Kij = εijkχk . The
action that describes the coupling is

S(S) =
∫

d4x
1

2
BμνKμν =

∫
d4x

(
−�e · �ω + �b · �χ

)
. (20)

The gauge invariance implies the conservation law for the source term ∂μKμν = 0. In terms of the
components,

∂t �ω + �∇ × �χ = 0, �∇ · �ω = 0. (21)

We would like to identify �ω with the vorticity ∇ × �u. With this choice, the second constraint
is automatically satisfied. The Euler equation for the vorticity (3) implies that we may identify
�χ = �G + �∇f = �ω×�u+ �∇f . Here f is an arbitrary function. For the convenience of later discussions,
we choose it as f = 1

2
�∇(�u2) such that

�χ = (�u · �∇)�u. (22)

We emphasize that the relevance of the Kalb–Ramond field for the description of the perfect fluid
is that the constraints for the source term are identical to the Euler equation. On the other hand, the
choice of the source term breaks the Lorentz covariance since �ω and �χ do not transform properly
under the Lorentz transformation. In this sense, the interpretation of the parameter c as the light
velocity may be optional.

3/7

PTEP 2021, 12C104

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2021/12/12C

104/6279749 by D
ESY-Zentralbibliothek user on 23 January 2022



PTEP 2021, 0000 Y. Matsuo and A. Sugamoto

3.3. Solving the equations of motion

The equations of motion from S(KR) + S(S) are

− c−2∂t(∂t�b − �∇ × �e)+ �∇( �∇ · �b)+ �χ = 0, (23)

c−2 �∇ × ( �∇ × �e − ∂t�b)− �ω = 0. (24)

The Bianchi identity becomes

∂μVμ = 0, Vμ = 1

2
εμνλρ∂νBλρ . (25)

In the component form, if we denote Vμ = (ϕ, c−1�v) with ϕ = �∇ · �b, �v = �∇ × �e − ∂t�b,

∂tϕ + �∇ · �v = 0. (26)

Equations (23), (24), and (26) are an analog of the Maxwell equation in four dimensions.
In the following, we use a set of gauge-fixing conditions that are an analog of the “Coulomb

gauge”:

�∇ × �b = 0, �∇ · �e = 0. (27)

As we have noted, the effective degree of freedom for the gauge transformation is three. One can fix
these degrees of freedom entirely by the constraint. The number of massless degrees of freedom for
the antisymmetric tensor is one. It is hidden as a component of �b and may be identified with ϕ.

With these gauge-fixing conditions, Eq. (24) becomes

�ω = c−2 �∇ × ( �∇ × �e) = −c−2��e. (28)

Thus one may solve �e by using the Coulomb potential:

�e(�x) = c2

4π

∫
d3y

1

|�x − �y| �ω(�y). (29)

One may also set

�u = c−2�v, (30)

which satisfies �∇ × u = �ω and an analog of the continuity equation (26) [2].
Plugging these equations into Eq. (23), one obtains the Euler equation:

∂t�u + (�u · �∇) �u = −�∇ϕ. (31)

3.4. Comparison of the two approaches

In three dimensions, the scalar field is dual to a one-form. In this sense, the Gross–Pitaevsky and the
gauge theory descriptions are dual (see Eqs. (8) and (30)):

�u = − �

M
�∇φ = c−2( �∇ × �e − ∂t�b). (32)

The relation between φ and Bμν is analogous to that between electricity and magnetism, namely, the
duality between two one-form gauge potentials dA = �dAD, where � is the Hodge dual.
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4. Description by vortex filaments

The perfect fluid in three dimensions has an alternative description in terms of the vortex filaments,
which are described by the string variable �Xi(σi, t):

�ω(x) =
N∑

i=1

�i

∫
dσi

∂ �Xi(σi, t)

∂σi
δ(3)

(
�x − �Xi(σi, t)

)
, (33)

�u(x) =
N∑

i=1

�i

4π

∫
dσi

∂ �Xi

∂σi
× �x − �Xi

|�x − �Xi|3
. (34)

One puts these formulae into the Euler equation. After some computations, one finds the time
evolution of the string variables, �X (σ , t):

∂ �Xj

∂σj
× ∂ �Xj

∂t
= ∂ �Xj

∂σj
×
(

N∑
k

�k

4π

∫
dσk

∂ �Xk

∂σk
×

�Xj − �Xk

| �Xj − �Xk |3
)

. (35)

This is equivalent to (
∂ �Xj

∂t

)⊥
=

N∑
k

�k

4π

∫
dσk

∂ �Xk

∂σk
×

�Xj − �Xk

| �Xj − �Xk |3

=�u( �Xj). (36)

The notation ⊥ implies a projection in the perpendicular direction to ∂ �Xj
∂σj

on the left-hand side. We
note that one can absorb the velocity in the longitudinal direction, which contains some divergences.
The expression of the velocity field coincides with the expression by the Biot–Savart law.

The action that produces the vortex filament is given by S(T ) + S(U ) with

S(T ) =
N∑

j=1

�j

3

∫
dtdσj �Xj ·

(
∂ �Xj

∂σj
× ∂ �Xj

∂t

)
(37)

S(U ) = −1

2

∫
d4x|�u(x)|2

= − 1

8π

∑
jk

�j�k

∫
dσj

∫
dσk

(
∂ �Xj

∂σj
· ∂ �Xk

∂σk

)
1

| �Xj − �Xk |
. (38)

The kinetic action S(T ) was proposed by Takhtajan [5] to produce a Nambu bracket [6]. The
appearance of the Nambu bracket here is natural since the Euler equation is associated with volume-
preserving diffeomorphism. The second part of the action is identical to the energy of the fluid. This
type of action was proposed long ago in Ref. [7]2. Together with the variation formula,

δH = 1

4π

∑
jk

�j�k

∫
dσj

∫
dσkδ �Xj ·

(
∂ �Xj

∂σj
×
(
∂ �Xk

∂σk
×

�Xj − �Xk

| �Xj − �Xk |3
))

, (39)

and the variation of the first term, Eq. (37) gives an equation of motion in the form (35).

2 See also Refs. [8,9] for a proposal of quantization and generalization to higher dimensions.

5/7

PTEP 2021, 12C104

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2021/12/12C

104/6279749 by D
ESY-Zentralbibliothek user on 23 January 2022



PTEP 2021, 0000 Y. Matsuo and A. Sugamoto

4.1. Coupling to the Kalb–Ramond field

There is a standard coupling of the string worldsheet with the Kalb–Ramond field:

S(S2) =
∑

i

�i

2

∫
dτdσiBμν(Xi(τ , σ))

∂X μ
i

∂σi

∂X ν
i

∂τ
. (40)

One may relate S(S2) with S(S) by taking a static gauge-fixing condition:

cτ = ct = X 0
i . (41)

The action becomes

S(S2) =
∑

i

�i

∫
dtdσi

(
−�e(t, �Xi)

∂ �Xi

∂σi
+ �b( �Xi) · ∂ �Xi

∂σi
× ∂ �Xi

∂t

)
. (42)

We note that Eq. (33) implies

−
∫

d4x �e(x) · �ω(x) = −
∑

i

�i

∫
dtdσi �e(t, �Xi) · ∂ �Xi

∂σi
. (43)

The second term takes the form
∫

d4x �b(x) · �χ(x) with

�χ(x) =
∑

i

�i

∫
dσi

∂ �Xi(σi, t)

∂σi
× ∂ �Xi(σi, t)

∂t
δ(3)

(
�x − �Xi(σi, t)

)
. (44)

Unlike Eq. (22), the coupling to Bμν becomes Lorentz covariant. It reduces to Eq. (22) if we use the
equation of motion (36). In the vortex filament description, the action is given by S(KR)+S(S2)+S(T ).
The Lorentz invariance is broken by the Takhtajan action (37). After taking the Coulomb gauge (29),
�e is given by the Coulomb potential (29). The coupling to �e in the source term S(S2) gives the energy
of the fluid (38).

We note that the Nambu–Goto term for the vortex filament is absent. In this sense, it may be
regarded as a “tensionless string”.

4.2. Comparison with Gross–Pitaevsky

In the Gross–Pitaevsky description, the vortex filament appears as a singularity of the scalar field.
Indeed, the circulation around the vortex filament is described as

�i =
∫

Ci

d �� · �v =
{ ∫

Di
d�S · �ω(x) Vortex description∫

Ci
d �� · �

M ∇φ GP description
, (45)

where Ci is a small closed path around the ith vortex filament and Di is the 2D domain whose
boundary is described by Ci. This implies that the phase φ is multi-valued around the vortex. Since
the complex scalar ψ should be single-valued, one has to impose the quantization condition:

M�i

2π�
= M�i

h
∈ Z. (46)

This implies a Dirac quantization condition for the circulation, which is the coupling of the Kalb–
Ramond field with the vortex.
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5. Future directions

There are several directions to be explored from this note.
Perhaps the most interesting one is to find the scaling behavior of the turbulence (Kolmogolov’s law)

from the Kalb–Ramond description.We note a numerical simulation in Gross–Pitaevsky’s description
(see, e.g., Ref. [10]) that supports this idea. We may find a similar numerical and analytical result
from the Kalb–Ramond approach.

The other directions may be, for instance,
◦ Description of the relativistic vortex: there is some literature (see, for instance, Ref. [11]) in

which one can find the Kalb–Ramond description for the relativistic perfect fluid. It may be
possible to find a formulation for the relativistic vortex filaments.

◦ Non-Abelian generalization: there is a non-Abelian analog for the Gross–Pitaevsky description
[12]. One may find the dual formulation by Kalb–Ramond (see, for instance, Refs. [13–15]).

◦ Quantization of the motion of vortex filaments: in Refs. [8,9], one of the present authors studied
a Dirac quantization of Lund–Regge action [7]. It may be useful to compare this with the
quantization of the circulation given by the Gross–Pitaevsky approach.

◦ String field theory: in the vortex filament description, the number of the vortex is conserved
during the time development. In an actual superfluid, there occur recombinations of vortices.
One has to introduce a framework of string field theory to describe such processes [16].
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