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Abstract
A formalism is developed, and applied, that describes a class of one-body quantummechanical
systems asfluidswhere each stationary state is a steadyflow state. The time-independent Schrödinger
equation for one-body stationary states with real-valuedwavefunctions is shown to be equivalent to a
compressible-flow generalization of the Bernoulli equation offluid dynamics. Themass density,
velocity and pressure are taken as functions that are determined by the probability density. The
generalized Bernoulli equation describes compressible, irrotational, steadyflowwith variablemass
and a constant specific total energy, i.e, a constant energy permass for eachfluid element. The
generalized Bernoulli equation and a generalized continuity equation provide afluid dynamic
interpretation of a class of quantummechanical stationary states that is an alternative to the
unrealistic, static-fluid interpretation provided by theMadelung equations and quantumhydro-
dynamics. The total kinetic energy from the Bernoulli equation is shown to be equal to the expectation
value of the kinetic energy, and the integrand of the expectation value of the kinetic energy is given an
interpretation. It is also demonstrated that variablemass is necessary for a satisfactoryfluidmodel of
stationary states. However, over all space, the flows conservemass, because the rate ofmass creation
from the sources are equal to the rate ofmass annihilation from the sinks. The following flows are
examined: the ground andfirst excited-states of a particle in a one-dimensional box, the harmonic
oscillator, and the hydrogen s states.

1. Introduction

Quantumhydrodynamics [1] is amethod that is based on theMadelung equations [2, 3]. This approach
incorporates the quantumpotential by Bohm [4, 5] and includes developments by Takabayasi [6]. Quantum
hydrodynamic theory has been employed to treat systemswith single particle wave functions [7–22]. The
method has also been generalized to treatmany particle systems [23, 24]. Application of this formalism includes
the investigation of spin effects [25, 26], Bose–Einstein condensates [27], graphene [28] and plasmas [29–31].
The utilized information from thesemethods are trajectories of pointmasses thatmovewith the fluid velocity
and trace out pathlines. Essential aspects offluid dynamics are not part of themethod, including a pressure
function and the kinematics offluid-element deformation. TheMadelung equations [2, 3] are two equations
that are equivalent to the one-body time-dependent Schrödinger equation, and these equations are very similar
to the Euler equations offluid dynamics. TheMadelung equations provide an alternate ‘perspective’ of quantum
mechanics compared to the conventional one via the Schrödinger equation, and the possibility of a quantum-
mechanical foundation based on theMadelung equations is investigated byWilhelm [32] and Sonego [33]. The
key aspect of the derivation of theMadelung equations is the definition of the velocityfield, taken asu= ÿ∇S/m,
where thewavefunction ansatz is f r= eiS. Also important is the identification of the variablemass-density,
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defined by r r= mm , wherem is themass of the system and ∣ ∣r f= 2 is the probability density. TheMadelung
equations do not contain a pressure. There are at least two extensions of theMadelung equations [34, 35].
Tsekov [36] derives a complexNavier–Stokes equation using a complex velocity. Vadasz [37] derived an
extension of the Schrödinger equation from theNavier–Stokes equation.

Because of the velocity definitionmentioned above, theMadelung equations do not provide a reasonable
model for quantummechanical stationary states that have real valuedwavefunctions, and, as pointed out by
Wyatt [1], quantumhydrodynamic approaches are also not applicable to these stationary states. Such states have
a staticMadelung fluidwith ‘stationary’ trajectories, and this is not in agreement with the usual non-zero
kinetic-energy expectation value, suggesting that a satisfactorymodel should have somemotion. Also, as pointed
out by Jung [38], a resting hydrogen ns electronwould have a strong non-zero electric dipolemoment, and such
a dipolemomentwould have beenmeasured by experiment, if it existed.While the trajectorymethods of Floyd
[39] and Faraggi andMatone [40] can treat stationary states, thesemethods are not based on theMadelung
equations, and they do not contain afluid dynamic component.

There are at least twofluid dynamics formulations of quantummechanical systemswhere the velocity
definitionu±, given by

( )r
r

= 




m

u
2

1

is obtained bymaking an interpretation of a derived fluid-dynamic equation. Salesi [41] obtains a Lagrangian
function that is equivalent to theMadelung equations, and this function contains the term /∣ ∣r u 2m

2 , whereu±
is defined by (1). He interprets /∣ ∣r u 2m

2 as the kinetic energy per volume in the center ofmass coordinate frame
with velocity u±. Also, the function ñm|u±|

2/2, withu± also replaced by the rhs of (1), is a termof the
Hamiltonian functional of the generalized fluid-dynamics formalism byBroer [42], where theHamiltonian
functional is derived from the time-dependent Schrödinger equation, and ñm satisfies r= 2m m. These two
alternatives suggest an opportunity tomodel, or represent, certain quantummechanical systems as an
irrotational, compressible fluidwith velocity u±.

In this paper (in section 2), a compressible-flowgeneralization of the Bernoulli equation offluid dynamics is
shown to be equivalent to the time-independent Schrödinger equation for one-body stationary states with real-
valuedwavefunctions, where the variablemass-density rm is defined in the sameway as for aMadelungfluid. As
in the Salesi development [41], the fluid velocity u± is defined by equation (1), and there are two possible
velocities directions,u+ andu−. Also, the integration of the kinetic-energy per volume /∣ ∣r u 2m

2 over all space is
shown to be equal to the kinetic energy expectation-value of the corresponding quantum state, giving an
additional justification for the interpretation of equation (1) as a velocity definition.

The generalized Bernoulli and a continuity equations provide amethod that is an alternative to quantum
hydrodynamics for the treatment of steady states with real valuedwavefunctions, where quantum
hydrodynamics is not applicable. In contrast to the approaches that employ theMadelung equations, including
quantumhydrodynamics [1], the velocity choice gives nonstatic steadyflows for quantummechanical stationary
states. Also in contrast to quantumhydrodynamics [1], the presented formalism contains essential fluid-
dynamic elements, including a pressure function and the kinematics offluid-element deformation. The
presented formalism also has the advantage of providing equations that are very easy to solve compared to the
onesmentioned above.

The generalized Bernoulli equation describes compressible, irrotational, steadyflowwith a constant specific
total energy, i.e, a constant energy permass for eachfluid elements. For each quantum-mechanical stationary-
state represented by a one-body real-valuedwavefunction, there is a unique solution of the generalized Bernoulli
equation. This relationship provides a physical correspondence, or analogy, between certain quantum states and
fluid flows. Furthermore, the generalized Bernoulli equation and a generalized continuity equation can provide
afluid dynamic interpretation of a class of quantummechanical stationary states that is an alternative to the
staticfluid interpretation provided by theMadelung equations [2, 3].

In this paper, the developed formalism is used to describe quantummechanical systems asfluidswhere each
stationary state is a steadyflow state. The followingflows are examined: states of a particle in a one-dimensional
box (4.1), the ground andfirst excited-states of the harmonic oscillator (4.2), and the hydrogen 1s (2.3) and 2 s
(4.3) states. Each flow can be partitioned into segments (or regions)wherematter does not enter or leave by
convection. A typical segment has an unstable equilibriumpoint where the fluid ismoving away from this point.
These steadyflows are stabilized by a continuous creation and annihilation ofmatter. Also, in the limit of afluid
particle reaching a node—a region of space ofmeasure zero—the particle has infinite speed and zeromass, i.e.,
thefluid elements ‘burn out’ at the nodes where themass is exhausted.

Also, in this paper, interpretations aremade in the formof assigning physicalmeaning to functions
(in section 2). Besides thefluid velocityu± defined by equation (1), the pressure function is identified from the
generalized Bernoulli equation, and the pressure as a function of the radial coordinate is calculated for the
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hydrogen 1s state. Furthermore, the integrand of the quantum-mechanical expectation value of the kinetic
energy is given as a sumof two terms:One term is interpreted as the kinetic energy per volume and the other one
is the pressure, and the kinetic energy interpretation agrees with an interpretation given by Salesi [41]. Elsewhere
[43] an extension of these interpretations are used to extend the applicability range of theMadelung equations.

Also, in this paper (in section 3), it is demonstrated that formany quantummechanical stationary states,
including the hydrogen atom s states, localmass conservation is incompatible with steady-flow. In otherwords,
the non-classical element of variablemass is necessary for a satisfactory fluidmodel. Fortunately, the velocity
andmass-density definitionsmentioned above yield a generalization of the steady-flow continuity equation (3)
wheremass is not locally conserved, andwhere the pressure is proportional to themass creation rate per volume,
yielding sources and sinks. However, over all space, theflows conservemass, because the rate ofmass creation
from the sources are equal to the rate ofmass annihilation from the sinks.

Furthermore, the generalized continuity equation,mentioned above, is distinct from the one implied by the
Schrödinger equation, and that well known continuity equation is unchanged and is satisfied by the quantum
mechanical states that satisfy the generalized Bernoulli equation.

2. ABernoullian equation for quantum systems

2.1. The theoretic foundation
In this paper, we have one type of quantummechanical state and one type offluid flow. For convenience,
temporary terminology is introduced to refer to these states.

Definitions. A quantum1 (Q1)wavefunction f is a real-valued eigenfunction of a one-body time-
independent Schrödinger equation. AQ1probability state is a state represented by a quantum1wavefunction f.

Let f be aQ1wavefunction that is a solution of the one-body Schrödinger equationwith external potentialV
andmassm:

¯ ( )f f f-  + =

m

V E
2

. 2
2

2

Wenext show that the probability density r f= 2 is a solution of the following:

¯ ( )r+ + =-mu p V E
1

2
, 32 1

where

( )r
r

= 




m

u
2

, 4

( )r= - 


p
m4

, 5
2

2

and u2= |u±|
2. Equation (3) is a compressible-flow generalization of the Bernoulli equation [44, 45]withmass

density r r= mm , velocity u± and pressure p. Note that there are two possible velocitiesu+ andu−, giving two
possible directions along each streamlines, called uphill and downhill flow, respectively.

Elsewhere [43] an extension of the interpretations given in this work are used to refine, and further develop,
theMadelung equations. In particular, equation (3) ismodified by the addition of a kinetic energy termmv2/2
and the replacement of Ē by the time t derivative term−∂S/∂t, where theMadelung equations use the
wavefunction ansatz f r= eiS and the velocity definition v=∇S/m, andwhere S= S(r, t). The formalism
retains the vortexmotion from theMadelung equations for the hydrogen-atom stationary-states with nonzero
magnetic quantumnumbers and, in addition, adds an additional velocity component that yield streamlines that
terminate at a node or infinity.

(Furthermore, elsewhere [46], anN–body generalization of (3), based on theN–body generalization of (2), is
derived. Also, elsewhere [47] it is demonstrated thatQ1flows satisfy an Euler equation for variablemass,
implying thatQ1flowhas variablemass and is steady, irrotational, inviscid, and compressible. In the samework,
speed of sound equations are derived and applied to the same one-body quantum systems considered here.)

For the proof below, the external potentialV is required to be a function such that the subspace
{ ∣ ( ) }rÎ =r R r 03 hasmeasure zero and the eigenfunctions of (2) are three times continuously differentiable.
Hence, the condition ( )r ¹r 0 for (3) implies that r satisfies the equation almost everywhere (a.e.), since
{ ∣ ( ) }rÎ =r R r 03 hasmeasure zero.

The proof involvesfirst obtaining the following:

· ( )f f r r r r-  =   - -1

2

1

8

1

4
. 62 1 2

3
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To show that this is an identity, we obtain two other auxiliary identities. Thefirst one, given by

· ( )f f f f r-  =   - 
1

2

1

2

1

4
, 72 2

is obtained from the result of

· ( ) · ( ) ·r ff f f f f f f =   =   =   + 
1

2

1

2
.2 2

For the second one,

· · ( )f f r r r  =  -1

4
, 81

we take the vector dot product ·r r  , where

( )r f f f =  = 2 ,2

giving an equation that is equivalent to (8):

· · ·r r f f f r f f  =   =  4 4 .2

Substituting (8) into (7) gives (6).Multiply (2) by f and using (6), we have

· ¯r r r r r r  -  + =- 
m m

V E
8 4

.
2

1
2

2

Multiplying by r-1we obtain

· ( ) ¯r
r

r
r

r r
 

-  + =- 
m m

V E
8 4

.
2 2

2 1

Substituting definitions (4) and (5) into this one gives (3). Hence, if f is a solution of (2), then r f= 2 satisfies
(3). It is easily seen that the derivation is reversible giving the following: If r is a solution of (3), then a three times
continuously differentiable function f such that r f= 2, satisfies (2).We indicate this state of affairs by stating
that (2) and (3) are equivalent. Note that the function ∣ ∣f r= + satisfies (2) a.e, since the subspace
{ ∣ ( ) }rÎ =r R r 03 hasmeasure zero, where ∣ ∣f is not necessarily differentiable.

For later use for systemswith a (total) charge q≠ 0, wewrite (3) as

¯ ( )r+ + F =-mu p q E
1

2
92 1

whereΦ is defined byV= qΦ, and the charge density is rq .
Note that it follows fromdefinition (4) that the direction ofu+ andu− on a streamline are towards increasing

and decreasing density r, respectively. The velocity field definition (4) also indicates thatQ1 flow states are
irrotational. To obtain the velocity potentialω from (4), and avoid taking the natural logarithmof a dimensioned
quantity, both densities are replaced by the dimensionless density r̃ r= a0

3 , where a0 is the Bohr radius, giving

˜ ( )w r= 

m2

ln . 10

It follows from (4) that the potential of themomentumdensity r um is /( )r  2 . As in the Bernoulli equation
for irrotationalflow [44, 45], equation (3) holds for the entire flowfieldwith one constant Ē , instead of a
different constant for each streamline.

Definitions.AQ1density r is a real valued solution of the Bernoullian (3), where the velocity and pressure
are given by (4) and (5), respectively. AQ1 flow state is a state represented by aQ1 density r.

Next we show that there are no staticQ1flow state. Consider aQ1 staticflowwhereV is not a constant scalar
field. Since,u± is the zero function, equation (4) indicates that r is uniform.Hence, from equation (5), it follows
that the pressure p is the zero function. Therefore. (3) has no solutions. (equation (2) only has the trivial solution,
which is not an eigenfunction.) It is easily shown that ifV is a constant function and there are no boundary
condition imposed inR3, then there is no real-valued eigenfunction of (2). Since (2) and (3) are equivalent, (3)
also has no solutions ifV is constant. Hence, there is not a staticQ1flow state.

2.2. Interpretations of thefields
Dividing equation (9) by themass of the systemm, we have

¯
r+ + F =-u p

q

m

E

m

1

2 m
2 1

where the function u2/2 is the kinetic energy permass, also called the specific kinetic energy.Hence, this
equation is a statement of the conservation of the specific (total) energy Ē m. Since the totalmassm is a known
quantity for a given system,mu2/2 has the same information as u2/2.We call u2/2 andmu2/2 the open and
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closed specific kinetic energies, respectively, wheremu2/2 is closedwith respect to the dimension of energy. For
convenience, the pressure p is also called the compression energy per volume or the compression energy density.
Hence, r-p m

1 is the open specific compression energy, and r r´ =- -p m pm
1 1 is the closed specific compression

energy, and this term also appears in (9). Furthermore, the scalar fieldsΦ and qΦ are the open and closed specific
electrostatic potential-energies, respectively; these are also called the potential-energy per charge and per
amount, respectively. Similarly,mu2/2 is also called the kinetic energy per amount. For a one-electron atom
with atomic numberZ, the external potentialV can bewritten

( ) ( ) ( )
p

= - F F =


V e r
Z e

r
,

4
11

0

where (-e) and e are the electron and proton charges, respectively. The scalarfieldΦ is the classical electrostatic-
potential of a point sourcewith chargeZe;Φ is the open specific potential energy, or the potential energy per
charge. Hence, (-e)Φ= V—the external potential from the Schrödinger’ (2)—is the closed specific potential
energy forQ1 flow states of hydrogenic electronic systems. Equation (9), where Ē is uniform, is a statement of
the conservation of the closed specific (total) energy Ē, an intensive variable with an energy unit. In otherwords,
the scalarfield Ē is a constant ofmotion for eachfluid element. However, equation (9) is not a statement of the
(non-specific) conservation of energy for thefluid elements. As a trivial analogy, consider a (uniform)
thermodynamics systemwith total energyE, where half of the system is removed by a process that does not
change the intensive variables, both the pressure and the temperature. Hence, E become E/2, but the total
specific energy, the total energy permass, does not change. This is analogous towhat happens tofluid elements
that satisfy equation (9), except that Ē is the specific total energy Ē m times thefixed electronmassm—a
constant.

In order tomake an interpretation of the Laplacian term from the Schrödinger equation (2), consider the
following two equations: (1)The equation obtained bymultiplying the Schrödinger equation (2) by f and then
followed by substituting r f= 2; and, (2) the Bernoullian equation (3)multiplied by r. Subtracting these two
equations gives

( )f f r-  = +

m

u p
2

1

2
. 12m

2
2 2

Hence, the integrand of the expectation value of the kinetic energy for aQ1 probability state is the sumof the
kinetic-energy density and the compression-energy density of the correspondingQ1flow state.

Next we show that the pressure cannot be a non-negative function. For eachCartesian coordinateα ä {x,
y. z}we require thewavefunction to satisfy

( )
a

f
a

f
a ¥

=
 ¥

¶
¶

=rlim lim 0.

Hence

ò
r
a

a
r
a

f
f
a

¶
¶

=
¶
¶

=
¶
¶

=
-¥

¥

-¥

¥

-¥

¥

d 2 0
2

2

and therefore

ò r =dr 0.
R

2
3

This result combinedwith (5) gives

( )ò =p dr 0. 13
R3

The result implies that, if p is not the zero function a.e., then it cannot be nonnegative or nonpositive a.e.Hence,
the pressure fromquantum flows differ in this regard from classical flowswhere the pressures are required to be
thermodynamic pressures, and such pressures are nonnegative.

Let the summed kinetic-energy (over all space) of theQ1flow state represented by r be defined by

⎛
⎝

⎞
⎠

( )ò rmu dr
1

2
, 14

R

2
3

wheremu2/2 is the closed specific kinetic-energy of theQ1flow state. Analogous summed energies are also
defined for the other terms from equation (3). Since the scalar field Ē is uniform and r is normalized, the
summed total energy E satisfies

¯ ¯ ( )ò r= =E E d Er . 15
R3
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Hence, the summed total energyE of theQ1 flow state is equal to the closed specific total-energy Ē, where Ē is
also the energy of the correspondingQ1 probability state that satisfies (2). Note that Ē is a scalar field andE is not
a scalar field.

Let S ä R3. The kinetic energy over the subspace S (of the state represented by r) is given by (14)withR3

replaced by S. A similar definition is used for the other energy-dimensioned scalar fields. For example, the
compression energy over the subspace S is

( )ò òr r =-p d p dr r,
S S

1

and (13) indicates that the summed compression energy (over all space) is zero.
The potential energy over S satisfies

*ò òf f r=V d V dr r.
S S

With S= R3, the above equation indicates that the expectation value of the potential energy for aQ1 probability
state is equal to the summedpotential energy of the correspondingQ1 flow state. Except for special cases, the
kinetic energy satisfies

⎜ ⎟⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠ò òf f r-  ¹


m

d u dr r
2

1

2
.

S S
m

2
2 2

By setting S= R3, and using (12) and (13), we find that

ˆ ˆ ( )ò òf f r= = - 


T d u d T
m

r r
1

2
,

2
. 16m

R R

2
2

2
3 3

Hence, the expectation value of the kinetic energy for aQ1 probability state is equal to the summed kinetic
energy of the correspondingQ1flow state. This result gives some justification for the interpretation that /r u 2m

2

as the kinetic energy per volume for a fluidwith velocityu±, and this identification is in agreementwith the
interpretation given by Salesi [41].

It would be interesting to explore the radialmomentum forfluidflows and compare this property with the
corresponding one for quantum-mechanical states, e.g., the hydrogen s states that provide spherical flows.
Unfortunately, the radialmomentumoperator of quantummechanics, the one derived byDirac [48], is not self
adjoint in theHilbert space L2(R3) [49], suggesting that the radialmomentum is not an observable. However, if
transforming thewavefunction into the form asΨ= r−1/2u(r)Y(θ,j)whereY is the spherical harmonic
function, the radialmomentumoperator is self adjoint for theHilbert space L2[0,+∞ ) of u(r).

2.3. The ground state of hydrogenic atoms
Nextwe examine the velocity, pressure and the energy termswithin (9) for the 1s state of the hydrogenic atom
with atomic numberZ. Theflow is spherical, where a given radial unit-vector r̂ of spherical coordinates is
tangent to a streamline, and the direction of downhill and uphillflow are r̂ and ˆ-r , respectively.When
examining the results, it is useful to be aware that the derivedHartee atomic units of velocity, pressure and
energy are

  
ma ma ma

, , and .
0

2

0
5

2

0
2

respectively, wherem is the electronmass, and the Bohr radius a0 is 0.5292× 10−10meters to fourfigures. Since
all the energy terms considered are closed, theword ‘closed’ is suppressed.

In spherical coordinates, the probability density for hydrogenic 1s states [50], is

( ) ( )r p= - -r
Z

a
e . 17Zr a

3

0
3

1 2 0

The velocityfield is

ˆ ( ) ˆr
r

r
r

r r= 


= 
¶
¶

=  -
- -  

m m r m
Z au r r

2 2 2
2 .1 1

0

In otherwords,

 ˆ ( )= =
 Z

ma
mu

Z

ma
u r,

1

2

1

2
. 18

0

2
2 2

0
2

Hence, the speed |u±| is constant. For the hydrogen atomZ= 1, we have |u±|= ÿ/ma0, and this constant is both
the derivedHartree unit of velocity and the speed of the electron in the first Bohr orbit of hydrogen [50]. The
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second equation from (18), for use below, is the specific kinetic energy, and u can be chosen to be |u±|, but there
are other choices, e.g., · ˆ= u u r.

Let ¯ =z Z a0. Next we calculate the pressure p and the compression energy per amount r-p 1, startingwith
the Laplacian of r:

⎛
⎝

⎞
⎠

¯ ( ) ¯ ( ¯ ) ¯ ¯r
r

r r r r r =
¶
¶

¶
¶

= -
¶
¶

= - - + = -- - - -r
r

r
r

zr
r

r zr zr r z zr2 2 2 2 4 4 .2 2 2 2 2 2 2 2 1

The pressure p, defined by (5), is

⎜ ⎟
⎛
⎝

⎞
⎠

( ) ¯ ( ) ( )r r= -  = - + -  
p r

m m
z

a m
Zr r

1

4
. 19

2
2

2
2

2

0

1

Using ¯ =z Z a0, this equation can also bewritten

⎜ ⎟ ⎜ ⎟
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

( ) ( ) ( )r r= - = --  
p r

a m
Zr

a m

Z

a
r

Z

a m r

Z

a
r

1
.

2

0

1
2

0

2

0

2

0 0

Substituting (17) for r gives

⎜ ⎟
⎛
⎝

⎞
⎠

( ) p= - - -
p r

Z

a m r

Z

a
e

1
.Zr a

4 2

0
4

0

1 2 0

Finally we express the pressure in amanner so that it is clearly dependent on r/a0:

⎛
⎝

⎞
⎠

( ) ( )p= - - -
p r Z

ma

a

r
Z e , 20r a4

2

0
5

0 1 2 0

where  ma2
0
5 is the derivedHartree unit of pressure. For the hydrogen atom, the pressure is zero at r= a0; it is

positive and negative for r< a0 and r> a0, respectively. The pressure is plotted for the hydrogen atom in Figure 1
for a calculationwith a0 in theAngstromunit and  ma2

0
5 in the Pascal unit.

Returning to the equation (19), the specific compression energy r-p 1 is

¯r = - +- - 
p

m
z

a m
Zr .1

2
2

2

0

1

Using the definition [50]

pe
=


a m

e

4

2

0

2

0

Figure 1.The pressure of hydrogen atom from equation (20).
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where e is the proton charge, we obtain the desired form:

¯ ( )r
pe

= - +- -
p

m
z

e
Zr

4
. 211

2
2

2

0

1

Adding the second equation from (18) to equations (21) and (11), we get

( ) ( ) ¯r
pe p

+ + - F = - + -- - 


mu p e r
Z

a m m
z

e
Zr

Z e

r

1

2

1

2 4 4
.p

2 1
2 2

0
2

2
2

2

0

1

0

2

In otherwords,

( ) ( )r+ + - F = -- 
mu p e r

Z

ma

1

2

1

2
.p

2 1
2 2

0
2

Comparing this result with (9) for q=− e, we obtain

¯
( )pe

= - = -


E Z
ma

e

a

Z1

2 4 2
.2

2

0
2

2

0 0

2

The second formof the energy is obtained from1/(a0m)= e2/(4πε0ÿ
2). As expected, Ē is the eigenvalue of the

Schrödinger equation (2) for the 1s ground state with atomic numberZ [50].
For use below, we compute ( r-p 1+ (− e)Φ), a constant function, using (21) and (11):

( ) ( )r + - F = -- 
p e

Z

a m
. 221

2 2

0
2

It is also convenient towrite (9) as

¯ ( )r+ =-mu P E
1

2
, 232 1

where the effective pressure P is definedP= p+ rFq , which for all r ä R3 such that ( )r ¹r 0, can bewritten

( )r r= + F- -P p q , 241 1

and r-P 1 is the specific effective compression-energy or the (total) specific potential-energy. For hydrogenic 1s
flow, r-P 1 can be obtained by combining (24) and (22)with q=− e:

( )r = -- 
P

Z

ma
. 251

2 2

0
2

Hence, the hydrogen ground-state has both a constant specific potential-energy r-P 1 and, from (18), a constant
specific kinetic-energymu2/2.

An equation of state for aQ1flow,when it exists, for the pressure p and the effective pressure P, are equations
that define themaps ( )r r → p(r) and ( )r r → P(r), respectively, where themaps hold for Range(r).
Equation (25), which defines the function Pwith ( ) ( )r r= - P Z ma2 2

0
2 , is an effective pressure equation of

state for the ground-states of hydrogenic atoms.

3. TheContinuity equation for quantum systems

For the hydrogen ns states, where n= 1, 2,L , since thewavefunctions of these states are spherically symmetric
and quantummechanics predicts a zero angularmomentum, a satisfactorymodel should have spherical flow,
where eachfluid elements is restricted to a raywith the end point at the nucleus. In addition, since the time
dependence of thewavefunctions of stationary states only involves a constant phase factor, theseflows should be
steady. Since spherical and steadyflowwithout a source and sink requires an infinitemass offluid to satisfy the
two conditions, these two requirements are incompatible. Hence, to provide a reasonablefluid representation,
these zero angular-momentum statesmust havemass that is not locally conserved.However, over all space the
flows conservemass. Also, it is reasonable to expect some nonclassical elements of amodel of quantum states, so
variablemass is just one of those elements. Finally, the variablemass is not only necessary, it is desirable, since it
permits a very simplemodel with few assumptions. This follows because the Bernoullian equation (3) requires
the velocity and pressure to satisfy (4) and (5), and these two conditions imply variablemass, since, in general,

· ( )r ¹u 0m . This argument is easily extended to steadyflows that cross a node or terminate at a nodewith
zero velocity, where r vanishes, since such steadyflowsmust, locally, have variablemass.

The differential and integral forms of the continuity equations for steadyflows are [44, 45]

· ( )r =u 0 26m
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· ˆ ( )ò r =dSu n 0 27
S

m

where · r um is themass creation-rate per volume. For the quantumflows under consideration, a
generalizations of the differential formof the continuity equation (26) for steadyflows is obtained bymultiplying
the velocity definition (4) by themass density rm

and then taking the divergence of the result:

· ( )r r =  


u
2

. 28m
2

Hence, for this steady-flow generalization of the continuity equation (26), mass is not locally conserved. Using
·r r =  2 with the divergence theorem,we obtain a generalization of (27) for steadyflows:

· ˆ · ˆ ( )ò òr r=  


dS dSu n n
2

. 29
S

m
S

Reversing the order of (28), followed bymultiplying the equations by± ÿ/(2m), and using /r r=mm , we
have

· ( )r r =   
 
m

u
4 2

.
2

2

Comparing this result with the pressure definition (5) gives

 · ( )r=  


p u
2

. 30

Hence, the pressure is proportional to themass creation rate per volume · r um . Note that both velocity
vectorsu± give the same pressure scalar field, but their formulas differ. The previous equation can also bewritten

· ( )r =

m

pu
2

. 31m

Since for downhillflowu− the plus sign is taken,mass is created in regions of positive pressure and destroyed in
regions of negative pressure. Using (31) and (13), the totalmass-creation rate  ( )RM 3 over all space is

 ( ) ·ò òr=  = =


d
m

p dR u r rM
2

0.m
R R

3
3 3

Hence, over all space,mass is conserved. Elsewhere, for the hydrogen 1s state, the (summed)mass creation rate
from the region of positive pressure for downhill flow is calculated [47].

4. Applications

Using (4), the component u± of the velocity u± on a streamlinewith afluid velocity direction of ẑ is

· ˆ · ˆ ( )r r r r= =   =  ¶ 
- - 

u
m m

u z z
2 2

321 1

where  · ˆr r¶ =  z, the directional derivative of r in the direction ẑ . For uniform, one-dimensionalmodels,
and sphericalflow, r¶ is an ordinary or partial derivative, in a bases set where ẑ is the positive direction.

Elsewhere [47] it is demonstrated that theMach speed (Ma) is 1 where themomentumdensity r u is an
extremumon a streamline, and for uniform flow, it is demonstrated that p(r)= 0 impliesMa(r)= 1. Because of
their importance, the points such that [ ]r¶ =u 0, are represented by vertical lines in the following plots.

In order to improve efficiency, imperative sentences are used for some derivations that start and endwith a
large vertical line. All calculations are donewith atomic units with themassm equal to the electronmass, giving
m= a0= 1.

4.1. Afluid (or particle) in a one-dimensional box
For a particle, orfluid, in a one-dimensional box of lengthℓ, letℓ be the Bohr radius a0, givingℓ= 1 for atomic
units. Let r r¶ = d dr , where r ä R is the position variable.

∣Start with thewell knowndensity r [51, 52]with domain [0, 1] and quantumnumber (n= 1, 2,L ) for the
Q1 probability states and compute the velocity-component u± using (32), themomentumdensity r u , and the
Laplacian:

( ) ( )r p=r n r2 sin2

( ) ( ) ( ) ( )r p p p¶ =r n n r n r4 sin cos 33

( ) ( ) ( )p p= u r n n rcot 34

( ) ( ) ( ) ( )r p p p= u r n n r n r2 sin cos 35

9
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( ) [ ( ) ( )] ( )r p p p¶ = -r n n r n r4 cos sin . 362 2 2 2 2

Substitute ( ( ) ( )p p= -n r n rcos 1 sin2 2 ) into (36) and use (5), i.e., /r= -¶p 42 , to calculate the pressure:

( ) [ ( )] ( )p p= - -p r n n r1 2 sin . 372 2 2

Use /( ) ( )r p=- r n rcsc 21 2 and = +x xcsc 1 cot2 2 to calculate the specific compression energy r-p 1 :

[ ]( ) [ ( ) ]r p p= - --p r n n r
1

2
csc 21 2 2 2

[ ]( ) ( ) ( )r p p p= - +-p r n n r n
1

2
cot

1

2
. 381 2 2 2 2 2

Calculate the specific kinetic-energymu2/2 using (34) and thewell known total energy Ēn using the formula for
the specific total-energy (23), given by ¯ r= + -E mu p2n

2 1:

[ ]( ) ( ) ( )p p=mu r n n r
1

2

1

2
cot 392 2 2 2

¯ ∣ ( )p=E n
1

2
. 40n

2 2

Using (35), we have

[ ]( ) [ ( ) ( )]r p p p¶ = -+u r n n r n r2 cos sin .2 2

Hence, the extremums ofmomentumdensity r +u , which satisfy [ ]r¶ =+u 0 , occur at r ä {1/4, 3/4} for the
n= 1 ground state. Figure 2 presents a plot of the specific- compression r-p 1 and the total Ē1 -energies with the
density r and the downhill velocity u− of the ground-state flow in a one-dimensional box of length a0 in atomic
units. The points of extremums ofmomentumdensity r u are represented by vertical lines in the plot, where
the pressure is also zero. The specific kineticmu2/2 energy can be approximated from thefigure by noting that

¯ r= - -mu E p22
1

1. The point r= 0.5 is an unstable equilibriumpoint. Themaximumdensity is also at r= 0.5
where the velocity is zero. For r> 0.5, and downhill flow, thefluid particles aremoving and accelerating to the
right, in other words, theymove downhill with respect to the ‘density hill,’ so to speak; for r< 0.5 theymove and
accelerate to the left. In the limit of afluid particle reaching a node, i.e., r→ 0 or r→ 1, the particle have infinity
speed and zeromass. From (31), given by ( )r¶ =u p2m for one-dimension and atomic units, it follows that
for downhillflow, the streamline segments (0.25, 0.75), where the pressure is positive, is the creation zone, or the
source, and (0, 0.25) and (0.75, 1), where the pressure is negative, are the annihilation zones, or the sink. Figure 3
presents a plot of the same variables for the first excited state for r ä [0, 0.5], where the extremums of the
momentumdensity occur at r ä {0.125, 0.375}. The same general behavior as the ground state is observed, but
with an unstable equilibriumpoint of 0.25 and nodes at 0 and 0.5. For downhill flow, the source is (0.125, 0.375)
and the sinks are (0, 0.125) and (0.375, 0.5). The plot from rä [0.5, 1] can be obtained from figure 3 using the

Figure 2.The specific- compression pρ−1 and total Ē1 energies with the density ρ and downhill velocity u− of the ground-state of a
fluid in a one-dimensional box of length a0 in atomic units.
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periodic property f (x+ 0.5)= f (x) for x� 0.5.Hence, the other unstable equilibriumpoint is 0.75 and the
nodes are 0, 0.5 and 1.

Combining (37)with ( )r p= n r2 sin2 gives the pressure equation of state for allflow states in a one-
dimensional box:

( ) ( )h p h= - -p n 1 ,2 2

and p is an affine function of ( )h r= r .
Definitions. Let L ä R3 be a streamline of a one-dimensional flow,where L is represented by an interval, and

the position along the streamline is given by the variable r ä L. A node rnode ä L on L is a point such that
( )r =r 0node . An antinode rantinode ä L is a point such that /( )r¶ ¶ =r r 0antinode . A flow hill H (rl, rantinode, rr) of L

is a interval (rl, rr) ä L such that rantinode ä (rl, rr) is an antinode, and ri, for i= l, r, is a node or a point at infinity,
and there are no other nodes inH.

The particle in a box of length 1 contains oneflowhill, [0, . 5, 1], for the ground state, and twoflowhills,
[0, . 25, . 5] and [.5, . 75, 1], for thefirst excited state.

4.2. The harmonic oscillator
In this subsectionwe treat the ground state and first excited state of the harmonic oscillator, with quantum
numbers n= 0, 1. TheQ1wavefunctions for the ground- andfirst excited-states of the harmonic oscillator are
[51, 52]

⎜ ⎟⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

( ) ( ) ( )f
a
p

f
a
p

= =a a- -x e x xe
2

, 2
2

41x x
0

1 4

1

3 1 4
2 2

whereα=mω/(2ÿ), w = k m , and the specific potential-energy isV(x)=mω2x2/2.We choosem, k= 1,
givingω= 1 andα= 1/2 in atomic units.

4.2.1. The harmonic oscillator ground state: (−∞ , 0,+∞ )
The ground state of the harmonic oscillator has oneflowhill (−∞ , 0,+∞ ). ∣Start with the density formula
r f= 0

2 and (41) to compute the uphillflow velocity-component using (32), i.e., /( )r r= ¶+u 2 , the
momentumdensity r +u , and the specific kinetic energymu2/2:

( ) ( )r f p= = - -x x e x2 1 2 2

( ) ( ) ( )r r¶ = -x x x2 42

( ) [ ]( ) ( )r r= ¶ = -+
-u x x x

1

2
431

( )r p= -+
- -u x e 44x1 2 2

Figure 3. Same asfigure 2 but for the first excited state and for r ä [0, 0.5].

11

J. Phys. Commun. 6 (2022) 045002 J P Finley



( ) ( )=mu x x
1

2

1

2
. 452 2

Using (42), compute the second derivative:

( ) ( ) ( ) ( )r p r¶ = - ¶ = - +- -x xe x2 2 4 . 46x2 1 2 22

Compute the pressure p using (46) and (5), i.e., /( )r= -¶p 42 , the specific compression energy r-p 1, the
specific effective-compression energy r r= +- -P p V1 1 , withV(x)= x2/2, and thewell known specific total-
energy Ē0 from (23):

⎛
⎝

⎞
⎠

( ) ( )r= -p x x
1

2
472

[ ]( ) ( )r = --p x x
1

2
481 2

[ ]( ) ( )r = --P x x
1

2

1

2
491 2

¯ ∣ ( )r= + =-E mu P
1

2

1

2
. 500

2 1

Figure 4 presents the specific- effective-compression r-P 1, potentialV(x)= x2/2, and total Ē0 energies with
the density r and downhill velocity u− of the ground-state harmonic oscillator withm, k= 1 in atomic units.
The same type of behavior is observed as in the particle in a box states considered, figures 2 and 3, with x= 0
being an unstable equilibriumpoint. In addition, there isflow into the classical forbidden regions, given by the
two regions beyond the solid horizontal line at energy Ē0, and this behavior corresponds to quantum-
mechanical tunneling. Because of the pressure term, the fluid particles do not have negative kinetic energy in the
classical forbidden zone, so the zone is not forbidden.

For p(x)= 0we obtain [ ]( ) ( )r =-P x V x1 . From (47), p(x)= 0 is satisfied at = x 1 2 , and these values
agrees with the extremums of themomentumdensity that satisfies ( )r¶ =+u 0, where from (44)wehave

[ ]( ) ( ) ( )r p p¶ = - ¶ = - ++
- - - -u x xe x e1 2 .x x1 2 1 2 22 2

In thefigure = x 1 2 are represented by vertical lines where [ ]( )r-P x1 andV(x) cross. A special case of this
same type of crossing appears infigures 2 and 3, whereV(x)= 0, giving ( ) ( )r r= =- -P x p x 01 1 at the
crossing points.

The limits at infinity of thefluid speed are called the speed limits, and there are usually two limits, for
r→±∞ . If both limits are equal, the single value is called the speed limit. The speed limit |u∞| of the ground
state harmonic-oscillator is infinity.

Figure 4.The effective compression Pρ−1, potentialV(x) = x2/2. and total Ē0 -energies represented as closed and specific quantities
with the density ρ and downhill velocity u− of the ground-state harmonic oscillator ( −∞ , 0,+∞ ) in atomic units.
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4.2.2. The harmonic oscillator first excited state: (−∞ ,− 1, 0] and [0, 1,∞ )
Thefirst excited state has twoflowhills: (−∞ ,− 1, 0] and [0, 1,∞ ), since r hasmaximums (antinodes) at
x=± 1 and aminimum (a node) at x= 0. The velocity andmomentumdensity are antisymmetric with respect
to the node at x= 0, e.g.,, u±(− x)=− u±(x). The other functions considered are symmetric with respect to the
node. Therefore, we only need to consider the hill [0, 1,∞ ), since the behavior of the functions in (−∞ ,− 1, 0]
can be generated from the information from [0, 1,∞).

Starting with the open density formula r f= 1
2 and (41), compute the uphillflow velocity-component using

(32), i.e., /( )r r= ¶+u 2 , themomentumdensity r +u , and the specific kinetic energymu2/2:

⎛
⎝

⎞
⎠

( )r b b
p

= =-x x e , 2
1x2

1 2
2

( ) ( ) ( ) ( )r b b b¶ = + - = -- - -x x e x x e x x e2 2 2 51x x x2 32 2 2

( ) [ ]( ) ( ) ( )r r= ¶ = - = -+
- - -u x x x x x x x x

1

2

1

2
2 21 2 3 2 3

( ) ( )= -+
-u x x x 521

[ ]( ) ( ) ] ( )r b= -+
-u x x x e 53x3 2

[ ]( ) ( ) ( )= --mu x x x
1

2

1

2
. 542 1 2

Using (51), compute the Laplacian of r:

( ) [( ) ]b r¶ = ¶ -- -x x x e2 x1 2 3 2

( ) ( ) ( )b r¶ = - - -- - -x x e x x x e2 1 3 4x x1 2 2 32 2

( ) ( ) ( )r b¶ = - + -x x x e2 10 4 . 55x2 2 4 2

Compute the pressure p using (55) and (4), the specific compression energy r-p 1, the specific effective-
compression energy r r= +- -P p V1 1 , withV(x)= x2/2, and thewell known specific total-energy Ē1 from
(23):

( ) ( ) ( ) ( )b r= - - + = - - +- -p x x x e x x x
1

2
1 5 2

1

2
1 5 2 56x2 4 2 2 42

[ ]( ) ( )r = - - + +- -P x x x x x
1

2
1 5 2

1

2
1 2 2 4 2

[ ]( )r = - + - + = - -- - -P x x x x x x
1

2

5

2

1

2

5

2

1

2

1

2
1 2 2 2 2 2

⎛
⎝

⎞
⎠

[ ] ) ( ( )= - = + - = + -- - -mu x x x x x x x
1

2

1

2

1

2
2

1

2

1

2
12 1

2
2 2 2 2

¯ ∣=E
3

2
.1

Figure 5 presents the same functions as infigure 4, for theflow-hill subset [0, 2]⊂ [0, 1,∞ ) of thefirst
excited state. By examining the pressure p and themomentumdensity r +u functions, it is easily demonstrated
that the points such that p(x)= 0 and [ ]( )r¶ =u r 0 are approximately x=± 0.47 and x=± 1.51. These
points are represented by vertical lines in the figure. Since p(x)= 0 implies [ ]( ) ( )r =-P x V x1 , the curves for
r-P 1 andV cross at the vertical lines, as in the ground state.
Some of the same type of general behavior, as seen in the ground state, is observed, including an unstable

equilibriumpoint at the antinode (x= 1). However, unlike the ground state, the functions restricted to [0,∞ )
are neither symmetric nor antisymmetric with respect to the antinode (at x= 1). Theflowhill [0, 1,∞ ) is also
distinct from the others considered, since it contains both a node (at x= 0) and a point at infinity. As in the
ground state, the speed limit is∞ .

Definition. Let L⊂ R be a streamline for a one-dimensional flow, and I an interval such that I⊂ L. If no
matter can enter or leave I by convection, then I is called a closed flow segment of L. If I does not contain a proper
subset that is closed, then I is a primitive flow segment of L.

It is easy to prove thatflowhills always contain two primitive flow segment. For example, the ground state of
the particle in a box has the following two primitive flow segments: [0, 1/2] and [1/2, 1], where at the antinote
r= 1/2, the velocity is zero, and at the nodes r= 0, 1, the density is zero.Hence, there is no convection into or
out of the two primitiveflow segments.
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4.3. The hydrogen 2s state: [0, 2] and [2, 4,∞)
In this subsectionwe treat the 2s state of the hydrogen atom. In spherical coordinates, since each streamline
depends on the radial coordinate r only, the results belowhold for any streamline given by a ray r ä [0,∞),
defined by polar and azimuth angles. The 2s state has the primitiveflow segment [0, 2] and theflowhill [2, 4,∞).
The segment [0, 2] contains the nucleus rnuc= 0 and the node rnode= 2, but it does not contain an antinode. The
momentumdensity is an extremumat the points at 2.59 and 5.41, and these are represented by vertical lines in
the following plot.

∣Let h= 1/2. To calculate the pressure p, note equation (A1) from appendix appendix. Start with theQ1
wavefunction f of the hydrogen 2s state [50–52] and calculate the radial partial derivative in spherical
coordinates:  · ˆf f f¶ =  = ¶ ¶rr .

( ) ( ) ( )f h h
p

= - =-r r e2 ,
1

4 2
57hr

[ ( )] ( ) ( )f h h¶ = - - - = -- -h r e hr e1 2 2 . 58hr hr

Obtain the uphill velocity component u+using (A3), given by /f f= ¶+u , and the two previous equations,
and also compute the kinetic-energy densitymu2/2.

( )( ) ( )( )= - - = - - -+
- -u hr r r r2 2

1

2
4 21 1

( ) ( )= - - -mu r r
1

2

1

8
4 2 .2 2 2

Use this formula formu2/2, thewell known eigenvalue of the Schrödinger equation for the 2s state, E2=− 1/8,

and (23), which can bewritten ¯r = --P E u
1

2
1 2, to compute the specific compression-energy r-P 1 .

[ ( ) ( ) ] ∣r = - + - -- -P r r
1

8
1 4 2 .1 2 2

Elsewhere the pressure p is computed [47] using the orbital expression (A1):

⎛
⎝

⎞
⎠

) ( )( ) ( ( )h h= - + - - - -- - -p r r h r h r e hr e
1

2
2 1 3 4

1

2
2 . 59r r2 1 2 2

2

Figure 6 presents the same type of specific energy plot asfigures 4 and 5 but for the hydrogen 2s state with the
flow-hill subset [2, 7]⊂ [2, 4,∞ ). It follows from the shape of the specific potential-energy r-P 1 that, overall,
the absolute value of the acceleration ismuch greater on the lhs side of the unstable equilibriumpoint at 4.0 than
on the rhs. The lhs of this flow-hill subset resembles the corresponding subset [0, 2]⊂ [0, 1,∞ ) for thefirst
excited state of the harmonic oscillator flow fromfigure 5, but the two differ significantly on the rhs of the
unstable equilibriumpoint. Also, unlike the harmonic oscillatorflows, the speed limit of 1/2 isfinite. The

Figure 5. Same asfigure 4, but for thefirst excited state and the flow-hill subset [0, 2] ⊂ [0, 1,∞ ).

14

J. Phys. Commun. 6 (2022) 045002 J P Finley



momentum extremums, represented by two vertical line, appear on either side of the antinode, as in the other
cases considered, but the pressure in not zero there, because sphericalflow is not uniform flow, since the
direction of the unit radial-vector r̂ varies with the streamline.

Figure 7 presents the same scalar fields as infigure 6, but for the primitive flow segment [0, 2], where r= 0 is
the location of the nucleus. The density restricted to the segment [0, 2] is a strictly decreasing function. Primitive
flow segment that do not contain an antinode, like this one, are called fluid falls. The density r, velocity
component u±, and specific- effective-compression r-P 1have finite values at the nucleus, rnuc= 0. The specific
potentialsV=− 1/r and r-P 1Pρ−1 seem to be approximatemirror images of each other, with respect to the
vertical line at about 1.

The behavior of the hydrogen 1s flow,with the single electron fall [rnuc,∞) of a given streamline, can be
compared to the 2s flow at the limiting points rnuc and r∞. The r∞ limit of ∣ ∣r u for the hydrogen 1s state is the

Figure 6.The specific- effective-compression Pρ−1, potentialV(r) = − r−1. and total Ē2 -energies with the density ρ and downhill
velocity u− of the 2s state of the hydrogen atomand theflow-hill subset [2, 7] ⊂ [2, 4,∞ ). The constant η is defined in equation (57).

Figure 7. Same asfigure 6, but for the electron fall [0, 2].
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same as the 2s state, and the limit of |u±| differ, but they are bothfinite. Also, all the functions considered, except
for the pressure p and the external potentialV, have finite limits at the point-charge location, rnuc= 0.

The 1s hydrogenicflow is different from the others considered, because it has a single fall with a point at
infinity as an end point; it has no antinode.However, if the external electrostatic potential ismodified to take
into accountmass and volume effects of the nucleus, as in isotope shifts [50], then the external potential should
have aminimumat the nucleus. This would change the flowof the hydrogenic 1s state. Also, if the point at
infinity are changed to a node at a great distance, tomodel a hydrogen atom in deep space, the resultsmight also
significantly change.

5. Summary

In this paper it is proven that the compressible-flow generalization of the Bernoullian equation (3) is equivalent
to the one-body time-independent Schrödinger equation (2) for real-valuedwavefunctions f, where the
pressure p is defined by (5). The definition ofmass density given by r r= mm , wherem is themass of the system
and r is the probability density, is a natural choice that is also used in theMadelung equations. Since, the velocity
u±, given by (4), satisfies (16), involving the expectation value of the kinetic energy, it is also a natural choice.
Thesemass density rm

and velocityu± choices yield compressible, irrotational, variable-mass steadyflows that
satisfies the generalized continuity equation (28). Since the variablemass choice gives the simplest possible
description of a compressible dynamicfluid, described by the Bernoullian equation (3), variablemass is a
desirable element of the formalism, especially since nonclassical elements are inevitable. The generalized
Bernoulli equation and a generalized continuity equation provide afluid dynamic interpretation of a class of
quantummechanical stationary states that is an alternative to the unrealistic, static-fluid interpretation provided
by theMadelung equations and quantumhydrodynamics.

The developed formalism is applied toflows of a particle (orfluid) in a one-dimensional box, the one-
dimensional harmonic oscillator, and the hydrogen 1s and 2s states. A typical example is given by the ground-
state harmonic oscillator offigure 4, where the classical potential energyVwith a stable equilibriumpoint is
replaced by a potential energy r-P 1with an unstable equilibriumpoint. For downhill flow u−, the system is in

perpetualmotion and stabilized in a steadyflowbymass creation in the region ∣ ∣<x 1 2 andmass

annihilation in ∣ ∣>x 1 2 .
Also, the integrand of the quantum-mechanical expectation value of the kinetic energy, given by (12), is

interpreted as a sumof two terms: The kinetic energy per volume ρmu
2/2 and the pressure p. Elsewhere [43], an

extension of these interpretations are used to refine, and further develop, theMadelung equations, where the
quantumpotential is replaced by an additional kinetic energy term and a term involving the pressure. Themain
equation of the formalism reduces to the Bernoullian equation (3) for stationary states with real valued
wavefunctions.

Data availability statement

All data that support thefindings of this study are includedwithin the article (and any supplementary files).

AppendixA.Orbital expressions

For every equality and formula involving the density r, there is a corresponding one involving orbitals f, since
r f= 2 . Herewe derive some equalities involving orbitals.

Obtain orbital expressions for p by rearranging (7) and using (5).

·r f f f f-  = -  -  
1

4

1

2

1

2
2 2

· ( )f f f f= -  -  
 

p
m m2 2

. A1
2

2
2

Use r f f = 2 and (4) to obtain an orbital expression for the velocityu±, the velocity component
· ˆ= u u z, and the kinetic energy densitymu2/2.

( ) ( )r r f f f=   =  
- - 

m m
u

2
1 2

( )f
f

= 




m

u A2
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( )f
f

= 
¶




u
m

A3

· ( )f f f=  -
mu

m

1

2 2
. A42

2
2

Obtain the orbital continuity equation from (A2).

· ( ) ∣f f =  

m

u .2
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