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Abstract: We investigate the time evolution of the quark condensate toward a chiral

symmetry broken phase in hot and dense quark matter using a field-theoretic quark model

with nonlocal chiral-invariant four-fermion coupling. By purposely selecting a parameter

set in which inhomogeneous phases are energetically disfavored, we nonetheless observe

the emergence of metastable patterned configurations that appear to persist for remarkably

long timescales. These findings suggest that even when not fully stable, inhomogeneous

phases may play a significant role in the dynamics of chiral symmetry breaking and

restoration. To gain deeper insight into these phenomena, we also analyze the impact of the

dimensionality of coordinate space on both the formation and stability of inhomogeneous

chiral condensates.

Keywords: quantum chromodynamics; chiral symmetry; quark matter; QCD phase

diagram; inhomogeneous phases

1. Introduction

There are many open questions when it comes to inhomogeneous chiral symmetry

breaking. Since inhomogeneous nuclear matter phases were first proposed over 80 years

ago [1], it remains unclear whether or not such phases are present in QCD. However,

many interesting developments have been achieved recently, and evidence has been

building that some type of phase where chiral symmetry is inhomogeneously broken

might be realized [2–4]. Nevertheless, it is a rather subtle point with many facets. For

instance, most of the evidence for this phenomenon comes from QCD-inspired mod-

els such as the Gross–Neveu model [5–8], the Nambu–Jona–Lasinio (NJL) model [9,10],

and the quark–meson model [11–13]. However, such low-energy models come with

costs for their simplicity and calculability. For example, although there is very solid

evidence for inhomogeneous phases in the 1+1 dimensional Gross–Neveu model [5,14],

it is still unclear what happens in larger-dimensional spaces. References [15–18], to name

a few, find that in larger-dimensional spaces, these phases might vanish or, at least, be

strongly modified. Furthermore, as the number of dimensions increases, unrenormalizable

models—such as the Gross–Neveu and Nambu–Jona–Lasinio (NJL)—must be defined

together with some regularization scheme and scale. Perhaps unsurprisingly, strong de-

pendence of the inhomogeneous phases on the regularization is found [19–22]. On top

of these difficulties comes the fact that a majority of works that search for evidence of

inhomogeneous phases are conducted in mean-field approximation. Including quantum

and thermal fluctuations might disorder spatially nontrivial condensates completely [23]

or perhaps change the nature of their transition to and from the restored phase [24].
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One might wonder, however, if these phases happen to be unstable, could they still

be metastable? Could it be that, although they would eventually decay to a homogeneous

phase, they happen to live long enough to leave some experimental signature? In this

work, we explore this possibility using a Ginzburg–Landau–Langevin (GLL) field equation

for the quark condensate time evolution. GLL field equations are widely used in field

theory treatments of dynamical phase transitions [25,26]. Taking a field-theoretic quark

model that predicts that inhomogeneous phases are not stable [27,28], we calculate under

a temperature quench scenario what would happen with a restored phase once it cools

down into the broken phase. In a quench scenario, the temperature of the system changes

suddenly; a classic example is a temperature quench in a spin system, where a sudden

drop in temperature drives the system irreversibly from a spin-disordered phase into a

spin-ordered phase. Such an approach was used previously in previous studies [29,30],

with the same model we consider here, but neglecting fluctuations; that is, the Langevin

part of the GLL equation was neglected, and the resulting equation is the celebrated

time-dependent Ginzburg–Landau equation. Moreover, in these studies, the number of

spatial dimensions in the meson GGL dynamics was restricted to one spatial dimension.

This is because, models in spaces with more than one dimension still find that the most

stable configurations are 1d structures embedded in the larger dimensional space (see e.g.,

Ref. [15]). In this paper, we take two significant steps forward, taking into account the

fluctuations and performing GGL simulations in one, two, and three spatial dimensions.

Other studies closely related to ours using GLL equations to study the dynamics of quark

condensate can be found in Refs. [31–33].

In the next section, we briefly review some of the basic facts about inhomogeneous

phases. Then, we introduce the model and discuss some archetypical examples of the

condensate’s evolution. We argue that it might indeed live for very long periods of time,

enough to leave experimental signatures.

2. Inhomogeneous Phases

The simplest of the QCD-inspired models is, without a doubt, the Gross–Neveu model.

As usual, however, simple fundamental interactions give rise to complex and nontrivial

phenomena, especially in many-body systems. The model, defined by the Euclidean action

in 1 + 1 dimensional space–time

SE = −
∫

d2x





N

∑
i=1

ψ̄i

(

iγµ∂µ − m0

)

ψi +
1

2
g2

(

N

∑
i=1

ψ̄iψi

)2


 (1)

describes N (color times flavor) equal-mass fermions interacting via a scalar contact in-

teraction. In the case of zero bare fermion masses m0 = 0, it manifests a discrete chiral

symmetry, which is broken in the vacuum. Even away from the chiral limit, however, the

model can be solved analytically (in the large N limit) and for moderate chemical potential

and low temperatures, a spatially inhomogeneous solution appears. The effective fermion

mass in this phase can be parametrized by the Jacobi elliptic functions sn, cn, and dn

M1D(x) = ∆ν
sn(∆x | ν) cn(∆x | ν)

dn(∆x | ν)
. (2)

For an elliptic modulus of ν = 1, this would give rise to a hyperbolic tangent shape

M1D(x)
ν→1
−−→ ∆ tanh ∆x, (3)



Symmetry 2025, 17, 568 3 of 11

and as the modulus goes to zero, this becomes a sin(∆x) function. This type of phase,

known as a real-kink-crystal (RKC), is energetically favored over homogeneous phases

over a significant portion of the Gross–Neveu model. Although more complicated, this can

also be investigated in the NJL model. If one postulates the existence of an inhomogeneous

condensate and calculates the free energy, one sees that an RKC is also more favorable in

NJL for low temperatures and moderate chemical potentials [13].

Less relevant to this study, but still most relevant to the field, are other types of spatial

patterned phases such as the chiral spiral, chiral density waves, twisted kink crystals, and

so on [34–40]. They are found abundantly in models of strong interactions and might be

realized in QCD. For this study, we chose to use a nonlocal version of the NJL model, in

which the fermion fields interact through a nonlocal chiral invariant four-fermion coupling.

This bypasses the renormalization and regularization issues, since a form factor modeling

the nonlocal four-fermion coupling makes all loop integrals finite and, also, might better

correspond to a QCD-like interaction where the quark–quark potential is also nonlocal.

3. The Model

Following the approach in Refs. [27–30], we take a nonlocal NJL model, where the

contact interaction between the quarks contains a form-factor. Its Euclidean action, in 3 + 1

dimensions, can be written as

SE =
∫

d4x

[

−iψ̄(x)/∂ψ(x)−
G

2
ja(x)ja(x)

]

, (4)

where the current ja is

ja(x) =
∫

d4x′G(x′)ψ̄

(

x +
x′

2

)

Γaψ

(

x −
x′

2

)

, (5)

and where the form-factor G(x), or g(p) in momentum space, is chosen to be Gaussian-

shaped:

g(p) = e−p2/Λ2
. (6)

Note that this acts as a regulator. We can then choose parameters where the inhomoge-

neous phase is not fully stable in mean-field. With

G = 14.668 GeV−2, and Λ = 1.046 GeV, (7)

this is the case, and we obtain a reasonable chiral-limit pion decay constant of fπ = 86 MeV

and a vacuum quark condensate of ⟨ψ̄ψ⟩ = −(270 MeV)3 [41,42]. Equation (4) describes a

system where the quarks interact via a contact current–current interaction; however, the

currents contain a non-local form-factor (see e.g., Ref. [43]). This non-locality is meant to

model gluonic effects as suggested by the instanton picture of the QCD vacuum [44,45].

We can then employ a Ginzburg–Landau analysis; that is, we perform an expansion of the

bosonized effective action in powers of the condensates and their spatial gradients (see

Ref. [27] for details):

ΩGL[φ
a] =

∫

d4x ω(T, µ, φa(x⃗)), (8)

where the free-energy density

ω(T, µ, φa(x⃗)) =
α2

2
φ2 +

α4

4

(

φ2
)2

+
α4b

4
(∇φ)2 +

α6

6

(

φ2
)3

+
α6b

6
(φ,∇φ)2

+
α6c

6

[

φ2(∇φ)2 − (φ,∇φ)2
]

+
α6d

6
(∆φ)2,

(9)
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where the coefficients α are obtained via an expansion of the full effective action with

respect to the size of the condensates and their spatial derivatives

α2 =
1

G
− 8Nc ∑

∫

g2

p2
n

,

α4 = 8Nc ∑

∫

g4

p4
n

,

α6 = −8Nc ∑

∫

g6

p6
n

,

α4b = 8Nc ∑

∫

g2

p4
n

(

1 −
2

3

g′

g
p⃗2

)

,

α6b = −40Nc ∑

∫

g4

p6
n

(

1 −
26

15

g′

g
p⃗2 +

8

5

g2

g2
p⃗2 p2

n

)

,

α6c = −24Nc ∑

∫

g4

p6
n

(

1 −
2

3

g′

g
p⃗2

)

,

α6d = −4Nc ∑

∫

g2

p6
n

[

1 −
2

3

g′

g
p⃗2 +

1

5

(

g′2

g2
+

g′′

g

)

p⃗4

]

,

(10)

where ∑

∫

is the Matsubara sum together with momentum integration

∑

∫

= T ∑
ωn

∫

d3 p. (11)

The time evolution of the bosonized fields according to the Ginzburg–Landau–

Langevin (GLL) framework [25,26] is given by

η
∂φa(x⃗, t)

∂t
= −

δΩGL

δφa(x⃗, t)
+ ξ(x⃗, t), (12)

where ξ is a noise field representing quantum and thermal fluctuations, and η is the

dissipation coefficient. This is approach is phenomenological. It describes a dissipative

stochastic process compatible with the dissipation–fluctuation relations, which relate η and

ξ. They can be formally obtained from the microscopic theory via the influence functional

formalism [46]. The role of η is to drive the initial out-of-equilibrium state to an equilibrium

state. It is a transport coefficient that dictates how fast the system approaches equilibrium.

The physics behind η in this kind of model are the σ ↔ qq and σ ↔ ππ dissipative

processes. Equation (12) is an approximation to a GLL equation that also includes a second-

order time derivative [32], an approximation that is valid to a close to equilibrium situation.

For us here, it is less important to obtain a precise calculation of the dissipation coefficient

in this specific model and more important to try and understand how they influence

the dynamic evolution of the system. We therefore perform our calculation with some

ballpark values for η and the corresponding leading order term for ξ in a high-temperature

expansion [31,32], namely:

⟨ξ(x⃗, t)ξ(x⃗′, t′)⟩ = 2ηTδ(t − t′)δ(3)(x − x′). (13)

Note that, by rescaling the time variable as τ = t/η, we are able to avoid having to

numerically define η. We shall do this for the rest of this paper; however, we will expand

on this in the Discussion section.

To further simplify the problem, we shall evolve only the scalar condensate, i.e.,

where φ = (σ, π⃗), and leave the pion fields frozen. Since the pion fields should always

go to zero at the end of the evolution, this approximation can be thought of as a rapidly
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dissipating pion field. We reserve for a future study to take into account the pion fields in a

GLL framework [31].

Figure 1 shows the phase diagram of the model with the chosen parameter set. Note

that the dotted black line, which shows the stability boundary of the restored solution with

respect to inhomogeneous patterning, is deep inside the broken phase. Furthermore, all

calculations will assume the system evolves along the gray arrow, suddenly (quenched

scenario), from the restored phase to the broken phase. This point optimizes the validity

region of the Ginzburg–Landau analysis, since the order parameter vanishes close to the tri-

critical point, and the spatial gradients vanish close to the proto-Lifschitz (A proto-Lifschitz

point is defined in Ref. [2], and it refers to the point where the stability boundary of the

symmetric phase against inhomogeneous perturbation meets the spinodal to the left of the

homogeneous first-order transition.) point—and the GL analysis is precisely an expansion

of the powers of the condensate and its gradients—at this point, the GL action should well

reproduce the full effective action of the theory. The right-hand side plot in Figure 1 shows

the free energy as a function of the σ field at this point.

50 100 150 200
(MeV)

0

25

50

75

100

T(
M
eV

)

TCP

pLP

400 200 0 200 400
(MeV)

20

0

20

40

60

80

100

G
L(M

eV
/fm

³)

Figure 1. The plot on the left shows the phase diagram in the model with the parameter choice

G = 14.668 GeV−2 and Λ = 1.046 GeV. The tri-critical point (TCP) and proto-Lifschitz point (pLP) are

shown as dots. The purple line is the homogeneous chiral second order transition, the two red lines

are the spinodals, and the black dotted line marks the boundary of stability of the restored solution

with respect to inhomogeneous perturbations. The yellow star is the point where the calculations

in this paper take place, and the gray arrow represents symbolically the path the system takes from

the restored phase to the broken phase. The plot on the right shows the Ginzburg–Landau potential

calculated at the yellow star point shown on the left plot, for which (µ,T) = (190 MeV, 50 MeV). In

essence, the purple region of the figure on the left shows when the effective potential, such as the plot

on the right, has minima such that σ ̸= 0. On the purple dashed line, the potential is effectively flat,

and between the two red lines there are minima both on σ = 0 and σ ̸= 0.

4. Archetypes of the Condensate’s Evolution

The evolution of Equation (12) requires an initial condition and spatial boundary

conditions. Our main goal here is to model a heavy-ion collision scenario where the system

is quenched from a high-temperature state to a low-temperature and large quark chemical

potential phase. Such cold and dense states of matter will be explored by experiments

planned at NICA [47], FAIR [48] and J-PARC [49] . Therefore, we take the quenched scenario
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where the broken σ = 0 phase is suddenly put back into a broken phase, in particular, close

to the tri-critical point and the proto-Lifschitz point. Since one of the points of the paper is

to consider fluctuations, the initial condition is simply taken to be

σ(x⃗, τ → 0) = ξ(x⃗, 0). (14)

As for the spatial part, we choose to use free boundary conditions, i.e., the system is

free to settle its edges at any minima of the potential. Let us now explore what happens with

the evolution of the system as we progressively increase the number of spatial dimensions.

4.1. 1 + 1 Dimensions

In one single spatial dimension, some work has already been conducted in the absence

of fluctuations [29,30].

In Figure 2, we see some archetypic evolutions of the condensate for T = 50 MeV and

µ = 190 MeV. For τ1, which is the initial condition, the system is initialized as fluctuating

around zero. The gray lines show some intermediary steps, and τ2, τ3, . . . τ5 show snapshots

of the evolution 3000 steps of ∆τ = 10−4η−1 apart. The system might move directly towards

the positive or negative minimum of the potential (around σ = ±240 MeV) or potentially

create inhomogeneous configurations. Once those are formed, they will eventually collapse

to a homogeneous configuration around one of the minima; however, these patterned

phases last for very long times, in some cases, longer than the longest run of our numerical

evolution of Equation (12). Nevertheless, it is only when we disregard the noise terms ξ

that they will last for arbitrarily long. Otherwise, all of them eventually decay.

2 4 6 8 10 12 14
x(fm)

300

200

100

0

100

200

300

(M
eV

)

2 4 6 8 10 12 14
x(fm)

300

200

100

0

100

200

300

(M
eV

)

2 4 6 8 10 12 14
x(fm)

300

200

100

0

100

200

300

(M
eV

)

2 4 6 8 10 12 14
x(fm)

300

200

100

0

100

200

300

(M
eV

)

Figure 2. Snapshots of archetypic evolutions of the condensate in 1 + 1 dimensions, including

fluctuations. In the upper left and upper right, we see the system finds the homogeneous ground

state and settles there quickly. In the other evolutions, the system adopts an inhomogeneous phase

before it eventually decays into the homogeneous minimum.
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The patterns are all of the RKC type. Note that in Figure 2, in the lower left plot, the

system quickly finds a hyperbolic tangent shape and stays within that shape. This is a very

common evolution. More than one third of our simulations show this behavior. As always,

though, they eventually decay down to a homogeneous phase. However, it is interesting to

see that even in a model where an RKC is not found in the phase diagram, it does show up

in the evolution. The lower right plot is a two-kink structure, which is also found in other

lower-dimensional models [50].

4.2. 2 + 1 Dimensions

In 2 + 1 dimensions, one can still find similar behavior to 1 + 1; that is, we can

find a long-lasting pattern forming. Each line of plots in Figure 3 shows different event

evolutions. The red surface plots (first column) are the initial conditions, and the green

and blue (middle column and right column) surfaces show subsequent time slices. It is

noteworthy, however, that by opening up another spatial direction, patterned phases do not

become less common. For instance, in the 1 + 1 systems, roughly one third of all evolutions

quickly converge to the homogeneous minimum and stay there indefinitely. The rest all

settles on an inhomogeneous phase temporarily. The proportion is roughly the same for

2 + 1 dimensions.
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Figure 3. Archetypic evolutions in 2 + 1 dimensions. Red, green and blue correspond, respectively, to

the initial state and two progressively advanced intermediary stages.

Most interestingly, the more time-persistent inhomogeneous phases in 2 + 1 dimen-

sions are one-dimensional inhomogeneous patterns extruded linearly in a direction orthog-

onal to the pattern formation, that is:

σ(x1, x2, τ) ∝ M1D(λ1x1 + λ2x2), (15)

where M1D corresponds to Equation (1). In Figure 3, this corresponds to the last time slice

(blue surface plot) of the second evolution. This is not surprising; many previous works
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have used this as an Ansatz [10,13,51], and in fact, Ref. [15] verifies explicitly that the 1D

modulations are preferred over the 2D modulations. Nevertheless, although not surprising,

no past work has looked into how long these disfavored phases live before they decay to

the homogeneous favored ones. It is impressive to observe that intricate two-dimensional

modulating patterns are consistently disfavored, even transiently, in 2 + 1 dimensions.

4.3. 3 + 1 Dimensions

In three dimensions, which naturally is the most interesting scenario, the computa-

tional costs become truly significant, and an extensive statistical analysis is costly. However,

here as well, one can find metastable inhomogeneous phases, although it seems to be the

case that they are less frequently formed. Figure 4 shows the time evolution of one event:

the initial stage, which is again fluctuations around zero, and two subsequent time slices.

Figure 4. One evolution in 3 + 1 dimensions. Red and green here symbolize the opposite degenerate

minima of the homogeneous potential.

5. Discussion and Conclusions

This event-by-event analysis shows that it is possible to form spatially nontrivial

condensates as the system cools down from the restored phase back to the broken phase.

A complete statistical analysis, which we postpone to a future publication, must involve

averages over multiple evolutions, showing the fraction of long-lived patterned config-

urations over the homogeneous ones, as a function of temperature, chemical potential,

and the system size. Furthermore, the exact time scales are important, of course, and we

discuss them shortly. However, the findings of Refs. [29,30] indubitably persist in the

presence of thermal fluctuations, modeled by the ξ field, and in higher dimensional spaces.

If inhomogeneous phases do turn out to be disfavored in equilibrium, they might still play

a role in the evolution of out-of-equilibrium quark matter. This is relevant for lower energy

heavy-ion collisions, such as the ones expected to take place at the Facility for Antiproton

and Ion Research (FAIR) . Moreover, it might also be relevant for neutron star merger events.

As the stars merge, the dense and cold matter in their nuclei heat up and are pushed out of

equilibrium. If chiral symmetry is restored and then cooled down back towards the broken

phase, these phases could be phenomenologically relevant.

An associated phenomenon to spatially modulated phases is the so-called moat

regime [52,53]. In a moat regime, the mesonic dispersion relation becomes nonmono-

tonic, and a nonzero three-momentum becomes energetically favored. This is the case for

inhomogeneous phases; however, some types of disordered phases also manifest a moat

regime such as liquid crystals and the so-called quantum–pion liquid [23,54]. These might

leave signatures in heavy-ion collisions [53,55,56]

In order to have a true estimate of the lifetime of these phases, one must calculate

the dissipation coefficient η. This, in principle, can be performed using the influence

functional formalism. However, according to Refs. [31,32], a lower estimate of the σ

dissipation parameter for µ = 0 is roughly ησ ≈ 3 − 4 fm−1. This value increases for larger



Symmetry 2025, 17, 568 9 of 11

temperatures; so, one can take this as a lower bound. Using this value, the last time slice

shown in Figure 2, labeled as τ5, would correspond to 3.5–4.8 fm/c. The question, however,

is how long it takes for this phase to decay entirely to the homogeneous minimum. For most

of our simulations, in 1 + 1 dimensions, the events with the least long-lived patterns take

timescales of order 100 fm/c to decay; some can last up to 104 fm/c. Since the simulations

become more expensive for 2 + 1 and 3 + 1 dimensions, we did not move as far. The blue

surface plots shown in Figure 3, assuming ησ = 4 fm−1, are at t = 7.2 fm/c, and they are

expected to live for far longer times.
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