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Abstract

LALIT, SUDHANVA S., Ph.D., August 2019, Physics

The Role of the Equation of State in Core-Collapse Supernovae, Neutron Stars and their

Mergers (185 pp.)

Director of Dissertation: Madappa Prakash

The equation of state (EOS) of dense matter is a crucial input in simulations of

core-collapse supernovae, evolution of neutron stars from their birth to old age and binary

neutron star mergers. The EOS is required over wide ranges of density and temperature,

as well as under conditions in which neutrinos are trapped, and in the presence of intense

magnetic field, and rapid differential and subsequent rigid rotation. In the three research

projects included in this dissertation, I have made several advances in the EOS modeling.

In the first project, I employed the formalism of next-to-leading order Fermi Liquid

Theory to calculate the thermal properties of symmetric nuclear and pure neutron matter.

The advantage here is that only the single-particle energy spectrum at zero temperature is

required to calculate the thermal properties under conditions of high degeneracy. The

method was applied to a relativistic many-body theory beyond the mean field level which

includes exchange (two-loop) effects. For all thermal variables, the semi-analytical

next-to-leading order corrections reproduced results of the exact numerical calculations

for entropies per baryon up to 2kB, where kB is the Boltzmann constant. Excellent

agreement was found down to subnuclear densities for temperatures up to 20 MeV. In

addition to gaining physical insights, a rapid evaluation of the EOS in the homogeneous

phase of hot and dense matter was achieved through the use of the zero-temperature

Landau effective mass function and its derivatives.

The second project I was a part of was concerned with neutron star mergers, the first

of which in the observed astronomical event termed GW170817 [A+17c] has been

recently reported through the detection of gravitational waves. Here, a critical assessment
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of the current status of dense matter theory was made. In addition, I and my collaborators

have pointed out the successes and limitations of the approaches currently in use along

with suggestions made for improvements in several areas. The new development in this

project was the generalization of the excluded volume approach to include multiple

clusters such as deuteron (d), triton (3H) and helium-3 (3He) in addition to α-particles

previously considered. This inclusion is necessary to properly account for electron capture

and neutrino scattering in subnuclear-density matter as observable signals are formed in

this region. The role of trapped neutrinos, magnetic fields and rotation (rigid and

differential) were also highlighted in this work.

The third project addressed the issue of the hadron-to-quark transition within neutron

stars. First principle calculations of this transition are not yet available, hence several

scenarios such as first- and second-order phase transitions and crossover transitions have

been explored in the literature. In this work, a detailed comparative study was performed

by examining the results pertaining to neutron structure; that is, the masses and radii of

neutron stars which depend on the treatment of the transition employed. Hadronic EOSs

consistent with the nuclear systematics at nuclear densities were employed and several

models of the quark matter EOS were explored. In all cases, consistency with the

observational constraints provided by well-measured neutron star masses, estimates of

radii from x-ray observations and bounds on tidal deformations set by the recent

gravitational wave detection in GW170817 was sought. This work has enabled us to

identify the class of EOSs in both the hadronic and quark sectors as well as specify the

conditions in which one or the other treatment of the transition to quark matter may be

appropriate.

The published papers stemming from the first two projects and the manuscript of the

third project submitted for publication are reproduced verbatim in this thesis. The

abstracts and contents therein provide additional technical details.
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1 Introduction

The statement “We have tentatively suggested that the super-nova process represents

the transition of an ordinary star into a neutron star” by Baade and Zwicky in 1934

[BZ34b] appeared in the literature soon after the discovery of the neutron by Chadwick in

1932 [Cha32]. Although several historical supernovae were known at the time [BZ34a],

the interpretation that the regular radio pulses from PSR B1919+21 first observed by

Jocelyn Bell were due a rotating neutron star was made by Hewish et al. in 1967

[HBP+68]. Since then, about 2700 pulsars have been discovered, many of which are in a

binary system1. X-ray emission from many isolated neutron stars and also from those

accreting mass from a companion star have also been observed [MDK+18], and are

commonly used nowadays to shed light on the internal structure of a neutron star

[PLPS04b].

The detection of neutrinos from supernova SN 1987A [H+87, KMS+87] has lent

support the prescient statement made by Baade and Zwicky although the neutron star left

behind in the wake of the explosion is still to be observed. Theoretical studies made prior

to SN 1987A had indicated a burst of neutrinos to be emitted in the explosion as well as

during the evolution of the proto-neutron star for about a minute [Wil85, Eps78].

Understanding the precise mechanism of the explosion of progenitor stars in the mass

range 10-30 M� through a combination of microphysical (equation of state of hot and

dense matter, electron and neutrino interactions in such environments, etc.) and

macrophysical (general relativistic magento-hydrodynamics, rotation, etc.) effects has

been an area of research that has received much attention recently [MDK+18].

An intimately related issue is the question “How were the elements heavier than iron,

the most stable element in the periodic table, synthesized in our Universe?” Two

suggestions for the astrophysical settings in which they could have been synthesized –

1 For a catalogue of pulsars, see https://www.atnf.csiro.au/people/pulsar/psrcat/
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through rapid capture of neutrons on nuclei – have been put forth: (i) the outer expanding

layers of core-collapse supernovae [Wil85] and (ii) the ejected matter in binary mergers

involving neutrons stars and black holes [LS74, LS76]. In the former case, the required

conditions of entropy per baryon and the neutron-to-proton seed ratio have been difficult

to achieve in simulations of core-collapse supernova evolution. The recent detection of

electromagnetic signals in the binary neutron star merger GW170817 [A+17c] and their

interpretation has strongly suggested that the latter site could well be the site of heavy

element nucleosynthesis.

The two basic characteristics of a neutron star are its gravitational mass and radius.

Figure 1.1 shows the available data on masses to date. From the perspective of

microphysics, the most massive stars observed play an important role as they provide a

lower limit on the maximum gravitational mass of a neutron star. This limit also has

bearing on the number of stellar mass black holes harbored in our Universe. The largest

well-measured masses are 1.97 ± 0.04 M� for PSR J1614-2330 [DPR+10], 2.01 ± 0.04 M�

for PSR J034+0432 [AFW+13], and more recently 2.17+0.23
−0.008 M� (95.4% credibility) and

2.17+0.11
−0.10 M� (68.3% credibility) for PSR J0740+6620 [C+19]. Unfortunately, the radius of

a neutron star for which the mass is well known is not yet available. From x-ray

observations, estimates of radii for 1.4M� have been inferred with the result R1.4 . 13 ± 1

km [GGR19]. From a study of hot spots on neutron stars for which the masses are known,

x-ray observations utilizing NASA’s NICER mission are expected to yield R1.4 at a 5-10%

level [ML16, Mil16].

Combining the electromagnetic (EM) [A+17a] and gravitational wave (GW)

information from the binary neutron star merger GW170817, ref. [MM17] has provided

constraints on the radius Rns and maximum gravitational mass Mg
max of a neutron star:

Mg
max . 2.17M� ,

R1.3 & 3.1GMg
max ' 9.92 km , (1.1)



15

Figure 1.1: Neutron star gravitational masses. Figure taken from
https://www.stellarcollapse.org/nsmasses maintained and updated by J. M. Lattimer.
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where R1.3 is the radius of a 1.3 M� neutron star and its numerical value above

corresponds to Mg
max = 2.17 M�. A recent reanalysis of the same data has yielded the

much weaker constraint on Mg
max . 2.3M� [DFL+18, Rai19].

The detection of gravitational waves from the merger GW170817 has also yielded

bounds on the tidal deformations of the merging neutron stars during their inspiralling

phase. With high accuracy, the chirp massM = (m1m2)3/5/(m1 + m2)1/5, where m1,2 are

the masses of the merging neutron stars, was determined to beM = 1.186+0.001
−0.001M�.

This event also revealed information on the binary tidal deformability,

Λ̃ =
16
13

(m1 + 12m2)m4
1 Λ1 + (m2 + 12m1)m4

2 Λ2

(m1 + m2)5 . (1.2)

For each star, the tidal deformability (or induced quadrupole polarizability) is given by

[Lov09]

Λ1,2 =
2
3

k1,2
2

(
R1,2 c2

G m1,2

)5

, (1.3)

where the dimensionless Love number k1,2
2 depends on the structure of the star, and

therefore on the mass. Here, G is the gravitational constant, and R1,2 are the radii. The

high sensitivity of Λ(M) to the radius of the star makes it a valuable constraining tool. For

GW170817, the bounds placed were: Λ̃(M = 1.186+0.001
−0.001M�) = 300+420

−230 for low-spin

priors (using a 90% highest posterior density interval). Furthermore, by assuming a linear

expansion of Λ(M), which holds fairly well for normal stars without sharp transitions,

limits on the dimensionless tidal deformability of a 1.4 M� NS were updated in ref.

[A+19]: 70 ≤ Λ1.4 ≤ 580 for low spin priors (at 90% confidence level). If future merger

events yield better accuracy on Λ(M), the potential exists to constrain the radii of the

neutron stars involved more firmly.

Importance of the equation of state of hot and dense matter

Simulations of astrophysical phenomena, such as core-collapse supernovae, evolution

of neutron stars from their birth to old age and binary mergers of compact stars in which
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gravitational waves are emitted, involve general relativistic hydrodynamics and neutrino

transport with special relativistic effects. Convection, turbulence, magnetic fields, etc.,

also play crucial roles. The macroscopic evolution in each case is governed by

microphysics involving strong, weak and electromagnetic interactions. Central to an

understanding of the above astrophysical phenomena is the equation of state (EOS) - the

relationship between the pressure P(n) vs energy density ε(n) - of matter as a function of

baryon density, n, temperature, T , and lepton fraction, YLe. The EOS is as an integral part

of hydrodynamical evolution, and also controls electron capture and neutrino interactions

in ambient matter.

In this thesis, we explore regions having densities as low as 10−4n0 to as high as

8-10 n0, where n0 = 0.16 ± 0.01 fm−3 is the equilibrium density of isospin symmetric

nuclear matter. The density region can be divided into (i) sub-nuclear densities

(n . 0.1 fm−3) (ii) near-nuclear densities (n & 0.1 fm−3) and (iii) supra-nuclear densities

(n & 0.32 fm−3). For sub-nuclear densities and temperatures T . 20 MeV, different

inhomogeneous phases are encountered. A homogeneous phase of nucleonic and leptonic

matter is encountered at near (n & 0.1− 0.32 fm−3) at all temperatures. With progressively

increasing density, homogeneous matter may contain quark matter and Bose condensates.

Table 1 summarizes the physical conditions encountered in each of the phenomena

mentioned above [LP16].

The research work presented in this thesis is aimed at making advances in the

calculation of the EOS of relevance to core-collapse supernovae, evolution of neutron

stars and binary mergers involving neutron stars. Two of the three completed projects have

been published in peer-reviewed journals, while the third one has been submitted for

publication:

1. “Thermal effects in dense matter beyond mean field theory”, C. Constantinou, S.

Lalit and M. Prakash, Int. Jl. of Mod. Phys. E, 26, 174005 (2016); also reproduced
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Table 1.1: Ranges of baryon number density n, temperature T , net electron fraction
Ye = ne/n, and entropy per baryon S encountered in the indicated astrophysical phenomena.

Core-collapse Proto-neutron Mergers of compact

supernovae stars binary stars

n/n0 10−8 − 10 10−8 − 10 10−8 − 10

T (MeV) 0 − 30 0 − 50 0 − 100

Ye 0.35 − 0.45 0.01 − 0.3 0.01 − 0.6

S (kB) 0.5 − 10 0 − 10 0 − 100

as a chapter for Gerry Brown’s 90th Birthday Memorial Book,“Quarks, Nuclei and

Stars,” World Scientific, (2016),

2. “Dense matter equation of state for neutron star mergers, S. Lalit, M. A. A. Mamun,

C. Constantinou, and M. Prakash, Eur. Phys. J. A, 55 10, (2009), and

3. “Treating quarks within neutron stars”, S. Han, M. A. A. Mamun, S. Lalit, C.

Constantinou, and M. Prakash, submitted to Phys. Rev. D,

http://arxiv.org/abs/1906.04095.

The organization of this thesis is as follows. The above three projects each form a

chapter along with a brief introduction. The published papers are reproduced verbatim as

they appear in the journals and in its submitted form for project 3. Each chapter ends by

noting the specific contributions made by me.

In chap. 2, thermal effects in dense matter are studied utilizing the next-to-leading

order Fermi Liquid Theory developed in refs. [BP91, CMPL15b]. The analytical formulas

developed in this work yield results in excellent agreement with the exact numerical

calculations [ZP16] of thermal effects (entropy per baryon of up to 2kB of relevance to
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core-collapse supernovae and proto-neutron stars) in a field-theoretical model that goes

beyond mean field theory with the inclusion of exchange (two-loop) effects.

Chapter 3 contains a critical assessment of the sweet and sour points of the various

approaches adopted in the literature to calculate the EOS relevant for core-collapse

supernovae and mergers of neutron stars. The new element of this work is the

generalization of the commonly used excluded volume approach [LS91] with only

α-particles in the subnuclear region to include multiple clusters of light nuclei such as d,

3H, and 3He and 4He. Their inclusion significantly affects electron capture and neutrino

scattering processes at sub-nuclear (low) densities and hence the observable signals. This

chapter also points out the effects of trapped neutrinos, magnetic fields and rotation (rigid

and differential) in the remnants of neutron star mergers.

On the physical basis that quarks, the elementary particles that are confined within

hadrons (baryons and mesons) at low densities, may be liberated at supra-nuclear densities

within neutron stars was first suggested by Collins and Perry [CP75]. A detailed

comparison of the various approaches taken to treat the hadron-to-quark transitions (first-

and second-order phase transitions and crossover transitions) in the literature is made in

Chap. 4. Special emphasis is placed on the calculated results in view of the observational

constraints imposed by the lower limit of ' 2M� for the gravitational mass of a neutron

star as well as the bounds placed on the tidal deformability of binary neutron stars via the

merger event GW170817.

An outlook into extensions of the work performed in this thesis is provided in Chap.

5.
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2 Thermal Effects in DenseMatter BeyondMean Field

Theory

The content of this chapter is largely drawn from the peer reviewed, published paper

“Thermal effects in dense matter beyond mean field theory” [CLP17a, CLP17b], which

will be reproduced verbatim in this chapter after an introduction to Mean Field theory and

Landau’s Fermi Liquid theory. My specific contributions to this paper will be detailed at

the end of this chapter.

2.1 Mean Field Theory

A challenge encountered in many areas of physics is the problem of understanding

the properties of many-body systems possessing large or infinite numbers of degrees of

freedom. The calculation of the ground state (or zero temperature) properties of a

many-body system (often referred to as a homogeneous or bulk system), such as its

energy, pressure, spin susceptibility, etc., becomes a formidable task when non-trivial

interactions are present between its constituents. Examples of exact solutions, such as for

the one-dimensional Ising model with spin-spin interactions [LL80a], are rare. In view of

its complexity, various approximation schemes at increasing levels of complexity have

been devised [LL80a, PB11].

In the context of dense matter physics, both non-relativistic potential and relativistic

field theoretical models have been developed to calculate properties of the ground state

and thermally excited states of matter. As the calculations are organized (seemingly)

differently in each of these approaches, a brief introduction is given below to highlight the

strategies adopted. Details of the latter approach, which is used to demonstrate the

application of the next-to-leading order Fermi Liquid Theory (see Sec. 2.4), is contained

in the published paper mentioned above and is reproduced in Sec. 2.5.
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2.1.1 Potential Models

In first approximation, the effect of all the other particles on any given particle is

approximated by a single averaged effect, the so-called mean field. Interactions are

included by arranging them in clusters whereby two-body, three-body, etc., interactions

are counted and treated separately. This procedure reduces the many-body problem to

solving a one-body problem [Neg82], albeit with a complicated average interaction whose

form depends on the interaction with the clusters. Spin and isospin dependent

short-ranged interactions (such as strong interactions between nucleons) and long-ranged

interactions (the Coulomb force, for example) introduce their own characteristic average

or mean fields. The total effect, say for example on the ground state energy, is then

obtained by summing over the effect on all the so-affected single particles in the system.

Hartree Approximation

The concept of the mean field is illustrated at its simplest level in the analysis by

Hartree [Har28]. Here, the many-body wave function for a system of N non-relativistic

particles (fermions or bosons) is represented by a product wave function

Ψ = u1(r1)u2(r2) . . . uN(rN) , (2.1)

where each particle i is described by its own wave function ui(ri), i = 1, 2, . . . ,N. The

ground state energy of the system is then given by

E = 〈H〉 = 〈Ψ |H|Ψ〉

=
∑

i

∫
dV u∗i (r)

(
−
~2

2m
∇2

)
ui(r)

+
∑
i< j

∫ ∫
dV1dV2 V12 |ui(r1)|2

∣∣∣u j(r2)
∣∣∣2 , (2.2)
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where, H = T + V12 is the total Hamiltonian, V12 denoting the pairwise interaction

between two particles. The wave functions ui(r) are normalized to unity, but need not be

orthogonal.

The ground state energy is then obtained using the variational principle

[Sla28, Gau28]. Allowing arbitrary variations in the functions ui and u∗i in eq. (2.2), one

obtains

−
~2

2m
∇2ui + Viui = εi ui, i = 1, 2, . . . ,N , (2.3)

where the effective potential, or mean field, on particle i is

Vi(r1) =
∑
j,i

∫
dV2 V12

∣∣∣u j(r2)
∣∣∣2 . (2.4)

The set of N Schroedinger equations in eq. (2.3) is known as the Hartree equation, which

is solved for the ui’s and the energy eigenvalues εi’s self-consistently. The self-consistent

aspect of the procedure resides in the fact that the mean field Vi(r1) depends on the

densities of all other particles in the system. The total energy E =
∑

i εi is generally

calculated by using initial guess trial wave functions, which are iteratively improved to

obtain better estimates.

Hartree-Fock Approximation

The assumed product form of Ψ in eq. (2.1) does not include the effects of spin or of

particle correlations since the wave function of particle i is ui regardless of the position of

the other particles. This omission of spin effects was rectified by Fock [Foc30a, Foc30b]

resulting in the so-called the Hartree-Fock approach. Correlation effects are separately

included by introducing correlation functions into the Hartree-Fock wave function Ψ. This

wave function for an N-fermion system is anti-symmetric under the interchange of any
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pair of particles and is written in the form of a Slater determinant:

Ψ =
1

(N!)1/2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

u1(1) u1(2) . . . u1(N)

u2(1) u2(2) . . . u2(N)
...

. . .
...

uN(1) uN(2) . . . uN(N)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, (2.5)

where the single-particle wave functions in the determinant above are of the form

ui( j) = ui(r j) χi(σ j) . (2.6)

The spinor χ(σ) is either χ1 (spin-up) or χ2 (spin-down) and is given by

χ1 =

10
 , χ2 =

01
 . (2.7)

Unlike in the Hartree approach, the wave functions in eq. (2.6) are required to be

orthonormal. The variational condition

δ 〈Ψ |H|Ψ〉 = 0 (2.8)

yields the Hartree-Fock (HF) equations

εiui(r1) = −
1
2
∇2ui(r1) + Vi(r1)ui(r1)

−

∫
dV2 U(r1, r2)ui(r2) (2.9)

where,

Vi(r1) =
∑
j,i

∫
dV2 V12(r12)

∣∣∣u j(r2)
∣∣∣2 (2.10)

is the effective local potential for the ith particle and

U(r1, r2) =
∑

j

δσiσ jVi j u∗j(r2)u j(r1)

= U∗ (r2, r1) (2.11)
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is the nonlocal potential generated by anti-symmetrization of the wave function.

In the case of the Yukawa potential, nonlocal term is half of the Hartree term and

opposite in sign. The reason is that in the limit when the inter-particle separation is much

larger than the interaction range, only particles with opposite spins can get close enough

to interact by the Pauli exclusion principle. Thus the total interaction energy is half of

what it would be without spin effects.

The physical effect of the exchange term is to lessen the role of particle interactions

and thus to lower the energy for a repulsive force and increase the energy for an attractive

force. Even so, HF terms cannot properly account for additional correlations between

fermions. Such correlations are generally included by modifying the trial wave functions

to contain effects of correlations beyond those of anti-symmetrization (e.g. Jastrow wave

functions that incorporate short-range correlations [MS76, Jas55]). The parameters

entering these correlation functions are optimized to yield the best possible estimate of the

upper bound for the ground state energy.

Alternative approaches to the variational scheme described above have also been

suggested and used to solve the many-body problem exactly given a Hamiltonian. An

example of such an approach is the Green Function Monte Carlo method [Kal62]. These

calculations are usually numerically intensive. A description of this method is beyond the

scope of this work, but can be found in refs. [Kal62, And02].

2.1.2 Relativistic Field Theoretical Models

The starting point of field theories is the Lagrangian density L which specifies how

the constituents of the system interact with one another. For baryons B, such as neutrons

and protons, interacting via the exchange of mesons, such as π, σ, ω, ρ, etc., L is generally

written as

L ≡ L(B, π, σ, ω, ρ) = LB(B, π, σ, ω, ρ) +Lmeson(π, σ, ω, ρ) , (2.12)
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where LB contains terms involving the kinetic energies of the B fields and interactions of

the B fields with the various meson fields. The structure of Lmeson is similar, but involves

only the individual meson fields. The source currents involve the fermion fields B and the

mediators of interactions between the B fields involve the various boson (meson) fields.

The values of the various fields are determined by the Euler-Lagrange equations of motion

(EOM’s)

∂µ
∂L

∂(∂µq)
=
∂L

∂q
, (2.13)

where q denotes any of the fields. In general, the EOMs couple the baryon source currents

to the meson fields in a non-linear manner. In static (time independent), uniform and

isotropic matter, these EOMs simplify considerably, but remain coupled which requires a

self-consistent determination of the fields. The mean field approximation amounts to

replacing all of the fluctuating fields q by their ground state expectation values 〈q〉.

Having determined the values of the fields from the coupled non-linear EOM’s, the energy

density and pressure of the system is given by the diagonal elements of the

energy-momentum tensor

Tµν =
∂L

∂(∂µq)
∂νq − gµν L , (2.14)

where gµν is the metric chosen.

In going beyond the mean field approximation, fluctuations of the various fields are

included. This extension gives rise to what are termed as vacuum fluctuation energies,

exchange energies, ring diagram energies, correlation energies, etc. Sec 2.5 details how

the exchange energy contributions are calculated exactly at zero and finite temperatures T .

This section also contrasts the exact numerical results with those of the next-to-leading

order Fermi Liquid Theory (FLT) at finite T . In the following section, a brief review of

FLT is presented.
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2.2 Fermi Liquid Theory

Landau’s Fermi-Liquid theory (FLT) [Lan57a, Lan57b] enables the determination of

the low temperature properties of some interacting systems of fermions even when the

calculation of its ground state (temperature T = 0) properties is difficult. Framed in terms

of elementary excitations, the starting point of the theory is the one-to-one correspondence

between the thermal excitations of an ideal (non-interacting) Fermi gas system and those

of the corresponding interacting system. The states of the interacting system are obtained

by adiabatically turning on particle-particle interactions between states of the

noninteracting system. This process ensures that momentum and internal degrees of

freedom such as spin and isospin remain good quantum numbers in the description of

interacting particles, often called quasi-particles. The results for thermal variables, such as

entropy, excitation energy, specific heat, thermal pressure, etc., so obtained agree with

those obtained using many-body diagrammatic techniques.

The main application of the concept of elementary excitations in FLT is for

non-superfluid Fermi systems under degenerate conditions when T/TF � 1, where TF is

the Fermi temperature (or Fermi energy εF = kBTF). Superfluid and/or superconducting

systems involve collective modes and break the one-to-one correspondence essential in

FLT. Under special circumstances in which the elementary excitation is deduced from

measurements in the normal phase above the superfluid transition temperature, FLT

techniques have been used to account for properties of superfluid 4He. Here the

elementary excitations are phonons (lattice vibrations) and rotons (see

[BP91, LL80b, PN66] and references therein). In dilute solutions of 3He in superfluid 4He

[BP91, PN66], both phonons and rotons, and 3He quasiparticles become elementary

excitations.

In the discussion below, the basic results of FLT are presented following closely the

lucid exposition in [BP91]. This serves as an introduction to the material presented in the
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next section where next-to-leading order FLT developed in ref. [CMPL15b] is applied to

nucleonic matter encountered in astrophysical phenomena such as core-collapse

supernovae, port-neutron stars and mergers of binary neutron stars.

By Pauli’s exclusion principle, the ground state Ψ0 of a Fermi gas consists of

fermions occupying all momentum states corresponding to momentum p < pF, where pF

is the Fermi momentum, with all higher momentum states unoccupied. As the interaction

is turned on adiabatically, the spin, charge and momentum of the fermions corresponding

to the occupied states remain unchanged, while dynamical properties, such as their mass,

magnetic moment etc. acquire new values. The one-to-one correspondence between the

elementary excitations of the ideal (non-interacting) Fermi gas system and those of the

interacting system assures that the number density n and entropy density s retain their

ideal gas forms as for both quantities only counting the momentum (or wave number) and

spin (and isospin in nucleonic systems) degrees of freedom is involved. Thus, for a single

component gas of interacting particles, n and s are given by

n =
1
V

∑
k,σ

nkσ (2.15)

s = −
1
V

∑
k,σ

[
nkσ log nkσ + (1 − nkσ) log(1 − nkσ)

]
(2.16)

where

nkσ =
1

e(εkσ−µ)/T + 1
(2.17)

is the Fermi-Dirac distribution function, k is the wave number and σ counts the two spin

projections for a spin-1
2 fermion. The quasi-particle density of states at T = 0 at the Fermi

surface is given by

N(0) =
1
V

∑
k,σ

δ(ε0
kσ − εF) (2.18)
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where, ε0
kσ is the energy spectrum at T = 0 and εF is the Fermi energy. Passing to the

continuum limit,

N(0) = 2
∫ kF

0

d3k
(2π)3 δ(εk − εF) =

1
π2

∫ εF

0
dk k2δ(εk − εF) (2.19)

(2.20)

The properties of delta function,

δ[g(x)] =
δ(x − x0)
|g′(x0)|

and
∫

dx f (x) δ(x − x0) = f (x0) (2.21)

can now be used to get

N(0) =
1
π2

∫ εF

0
dk k2 δ(k − kF)

vF
=

k2
F

π2vF
, (2.22)

where

vF =
∂ε0

kσ

∂k

∣∣∣∣∣∣
k=kF

(2.23)

is the velocity at the Fermi surface.

From eq. (2.16), the variation of the entropy density, δs, takes the form

δs =
1
V

∑
k,σ

δnkσ

(
εkσ − µ

T

)
(2.24)

where

δnkσ =
∂nkσ

∂εkσ

[
−

(
εkσ − µ

T

)
δT + δεkσ − δµ

]
(2.25)

To lowest order in temperature, use of Sommerfeld’s expansion yields

δs = −
1
V

∑
k,σ

∂nkσ

∂εkσ

(
εkσ − µ

T

)2
δT (2.26)

In a small neighborhood of εF , the derivative ∂nkσ
∂εkσ

is non-zero for small T (T � εF) as the

Fermi distribution function differs only slightly from a step-function. This restricts

momenta in a narrow region around kF to give

δs = −δT N(0)
∫ ∞

−∞

( x
ex + 1

)2
exdx (2.27)
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where

x =
ε − µ

T
. (2.28)

The integral in (2.27) has the value π2

3 , so that

s =
π2

3
N(0)T = 2anT (2.29)

where a is the so-called level density parameter, and is given by

a =
π2

2kFvF
=
π2N(0)

6n
(2.30)

The other thermodynamic quantities, such as the chemical potential, free energy, thermal

energy, pressure, etc., can be obtained from Maxwell relations [LL80a], and are

summarized below.

The free energy, F, is the relevant thermodynamic potential as it captures the

conflicting demands of minimum energy and maximum entropy. Explicitly,

F(E,T, S ) = E − TS (2.31)

From the thermodynamic identity, the energy functional is obtained by

E(S ,V,N) = TS − pV +
∑

i

µiNi (2.32)

In differential form,

dF = −S dT − pdV +
∑

i

µidNi (2.33)

=⇒ −
dF
dT

= S , −
dF
dV

= p,
dF
dNi

= µi. (2.34)

Using the above relations, the thermal variables in the degenerate limit T/TF � 1 for a

multi-component system of fermions are:

• Thermal energy

Eth =
T 2

n

∑
i

aini , (2.35)
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• Thermal pressure

pth =
2nT 2

3

∑
i

ai

(
1 −

3
2

n
m∗i

dm∗i
dn

)
, (2.36)

• Thermal chemical potentials

µith = −T 2

ai

3
+

∑
j

n ja j

m∗j

dm∗j
dni

 . (2.37)

Note that effects of interactions enter in the various quantities above through the effective

mass m∗ and it’s derivative with respect to density. When m∗ is independent of density, the

various expressions above resemble those of ideal gases but with m→ m∗.
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Abstract

The formalism of next-to-leading order Fermi Liquid Theory is employed to

calculate the thermal properties of symmetric nuclear and pure neutron matter

in a relativistic many-body theory beyond the mean field level which includes

two-loop effects. For all thermal variables, the semi-analytical next-to-leading
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order corrections reproduce results of the exact numerical calculations for

entropies per baryon up to 2. This corresponds to excellent agreement down

to subnuclear densities for temperatures up to 20 MeV. In addition to

providing physical insights, a rapid evaluation of the equation of state in the

homogeneous phase of hot and dense matter is achieved through the use of the

zero-temperature Landau effective mass function and its derivatives.

2.3 Introduction

Core-collapse supernovae, neutron stars from their birth to old age, and binary

mergers involving neutron stars all pass through stages in which there are considerable

variations in the baryon density, temperature, and lepton content. Simulations of these

astrophysical phenomena involve general relativistic hydrodynamics and neutrino

transport with special relativistic effects. Convection, turbulence, magnetic fields, etc.,

also play crucial roles. The macroscopic evolution in each case is governed by

microphysics involving strong, weak and electromagnetic interactions. Depending on the

baryon density n, temperature T , and the lepton content of matter (characterized by

YLe = nLe/n when neutrinos are trapped or by the net electron concentration Ye = ne/n in

neutrino-free matter), various phases of matter are encountered. For sub-nuclear densities

(n . 0.1 fm−3) and temperatures T . 20 MeV, different inhomogeneous phases are

encountered. A homogeneous phase of nucleonic and leptonic matter prevails at near- and

supra-nuclear densities (n & 0.1 fm−3) at all temperatures. With progressively increasing

density, homogeneous matter may contain hyperons, quark matter and Bose condensates.

Central to an understanding of the above astrophysical phenomena is the equation of

state (EOS) of matter as a function of n, T , and YLe (or Ye) as it is as an integral part of

hydrodynamical evolution, and controls electron capture and neutrino interactions in

ambient matter. The EOS of dense matter has been investigated in the literature
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extensively, but for the most part those for use in the diverse physical conditions of

relevance to astrophysical applications have been based on mean field theory in both

non-relativistic potential or relativistic field-theoretical approaches. A recent article

honoring Gerry Brown reviews the current status and advances made to date in the

growing field of neutron star research [LP16].

The objective of this work is to assess the extent to which the model independent

formalism of Fermi Liquid Theory (FLT) [BP91] is able to accurately describe thermal

effects in dense homogeneous nucleonic matter under degenerate conditions for models

beyond mean field theory (MFT). Recently, a next-to-leading order (NLO) extension of

the leading-order FLT and its relativistic generalization in ref. [BC76b] was developed in

ref. [CMPL15a]. The FLT+NLO formalism was applied to nonrelativistic potential

models with contact and finite-range interactions as well as to relativistic models of dense

matter at the mean field level in ref. [CMPL15a] . Excellent agreement with the results of

exact numerical calculations for all thermal variables was found with the semi-analytical

FLT+NLO results. In this contribution, we present similar excellent agreement with the

exact numerical results of a relativistic field-theoretical model beyond the MFT level that

includes two-loop (exchange) effects recently reported in ref. [ZP16]. The gratifying result

is that the FLT+NLO formalism extends agreement with the exact numerical results for all

n and T for which the entropy per baryon S ≤ 2kB. This means that, for T . 20 MeV, the

method can adequately describe state variables down to a density of ∼ 0.1 fm−3. For

densities below ∼ 0.1 fm−3, inhomogeneous phases occur for which a separate treatment is

required. This development not only provides a check of time-consuming many-body

calculations of dense matter at finite temperature, but also serves to accurately (and, to

rapidly) calculate thermal effects from a knowledge of the zero-temperature single-particle

spectra for S up to 2kB for which effects of interactions are relatively important.
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The organization of this contribution is as follows. In Sec. 2.4, we summarize the

NLO formalism of FLT recently developed in ref. [CMPL15a]. Section 2.5 contains a

brief description of the relativistic field-theoretical model that extends mean-field theory

(MFT) to include two-loop (TL) effects as implemented in ref. [ZP16]. Working formulas

required for the evaluation of the degenerate-limit thermal effects (in particular,

expressions for the single particle spectra) are given in this section which also includes our

results and associated discussion.

2.4 Next-to-Leading Order Fermi Liquid Theory

The thermodynamics of fermion systems entails evaluation of integrals of the type

I =

∫ ∞

0
dp g(p)

1

1 + exp
[
ε(p,n)−µ

T

] , (2.38)

where T is the temperature, µ is the chemical potential, and ε is the single-particle

spectrum of the underlying model. The functional form of g(p) is particular to the state

property in question. Equivalently, we can write

I =

∫ ∞

0
dy

φ(y)
1 + exp(y − η)

, (2.39)

where

y =
ε(p, n) −U(n)

T
, η =

µ − ε(p = 0, n)
T

(2.40)

φ(y) =
M(p)Tg(p)

p
, M(p) = p

(
∂ε

∂p

)−1

. (2.41)

Above,U(n) is inclusive of all those terms in the spectrum which depend only on the

density n. The Landau effective mass function,M(p), and its derivatives with respect to

momentum p play crucial roles in determining the thermal effects.

In the degenerate limit, characterized by large values of the parameter η,

Sommerfeld’s Lemma

I
η�1
−→

∫ η

0
φ(y) dy +

π2

6
dφ
dy

∣∣∣∣∣
y=η

+
7π4

360
d3φ

dy3

∣∣∣∣∣∣
y=η

+ . . . (2.42)
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can be used for the approximate evaluation of such integrals. Truncation of the series at

the first term recovers results for cold matter; the second term produces the familiar FLT

corrections and the third term represents the next-to-leading order (NLO) extension to

FLT. Owing to the asymptotic nature of the Sommerfeld formula, the expansion will, in

general, diverge at higher orders unless all terms are retained.

The number density of single-species fermions with γ internal degrees of freedom in

3 dimensions is (throughout we use units in which ~ = 1)

n =
γ

2π2

∫
dp

p2

1 + exp
(
ε−µ

T

) . (2.43)

In the present context, we take n to be an independent variable as is appropriate for a

system that does not exchange particles with an external reservoir but whose total volume

is allowed to change. Thus

n(T = 0) = n(pF) =
γp3

F

6π2 = n(T ) ' n(pµ) , (2.44)

where pF is the Fermi momentum and n(pµ) is the result of eq. (2.43) evaluated according

to eq. (2.42). Perturbative inversion of eq. (2.44) leads to

pµ = pF

[
1 −

π2

6
m∗2T 2

p4
F

(
1 +

pF

m∗
dM
dp

∣∣∣∣∣
pF

)
+ . . .

]
, (2.45)

where

m∗ =M(p = pF) (2.46)

is the Landau effective mass. The combination of eq. (2.45) with the Sommerfeld

expansion of the entropy density, formally given by

s = −
γ

2π2

∫
dp p2 { f (p) ln f (p) + [1 − f (p)] ln[1 − f (p)]} (2.47)

f (p) =
1

1 + exp
[
ε(p)−µ

T

] (2.48)
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yields an expression for s in terms of quantities defined on the Fermi surface:

s =
γpFm∗T

6
−
γπ2

15
m∗3T 3

p3
F

(1 − LF) (2.49)

= 2anT −
16
5π2 a3nT 3(1 − LF) , (2.50)

where a = π2m∗/(2p2
F) = π2/(4TF) is the level density parameter with TF denoting the

Fermi temperature, and

LF ≡
7

12

(
pF

m∗
∂M

∂p

∣∣∣∣∣
pF

)2

+
7

12
p2

F

m∗
∂2M

∂p2

∣∣∣∣∣∣
pF

+
3
4

pF

m∗
∂M

∂p

∣∣∣∣∣
pF

. (2.51)

Then the entropy per particle is the simple ratio S = s/n whereas the thermal energy,

pressure and chemical potential are obtained via Maxwell’s relations (the integrals below

are performed at constant density):

Eth =

∫
T dS = aT 2 −

12
5π2 a3T 4(1 − LF) (2.52)

Pth = −n2
∫

dS
dn

dT

=
2
3

anQT 2 −
8

5π2 a3nQT 4
(
1 − LF +

n
2Q

dLF

dn

)
(2.53)

µth = −

∫
ds
dn

dT

= −a
(
1 −

2Q
3

)
T 2 +

4
5π2 a3T 4

[
(1 − LF)(1 − 2Q) − n

dLF

dn

]
, (2.54)

where

Q = 1 −
3n

2m∗
dm∗

dn
. (2.55)

Other quantities of interest such as the specific heats at constant volume and pressure,

and the thermal index are given by standard thermodynamics:

CV = T
dS
dT

∣∣∣∣∣
n

= 2aT −
48
5π2 a3T 3(1 − LF) (2.56)

CP = T
dS
dT

∣∣∣∣∣
P

= 2aT +
T
n2

(
∂Pth
∂T

∣∣∣
n

)2

∂Ptotal
∂n

∣∣∣
T

(2.57)

Γth = 1 +
Pth

nEth
= 1 +

2Q
3
−

4
5π2 a2nT 2 dLF

dn
. (2.58)
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Note that while the NLO terms in the thermal quantities above have the same

temperature dependences as those of a free Fermi gas, the accompanying

density-dependent factors differ reflecting the effects of interactions.

2.5 Application to Models Beyond Mean Field Theory

In this section, we investigate the degenerate-limit thermodynamics of a relativistic

field-theoretical model in which the nucleon-nucleon (NN) interaction is mediated by the

exchange of σ, ω, ρ and π mesons (scalar, vector, iso-vector and pseudo-vector,

respectively). Nonlinear self-couplings of the scalar field are also included. The model is

described by the Lagrangian density [ZP16, Wal74, BB77]

L = LN +Lmeson (2.59)

LN = N̄
[
iγµ(∂µ + i

gρ
2
~ρµ · ~τ + igωωµ

− i
gA

2 fπ
γ5~τ · ∂µ~π) − (M − gσσ)

]
N (2.60)

Lmeson =
1
2
∂µσ∂

µσ −

(
1
2

+
κ3

3!
gσσ
M

+
κ4

4!
g2
σσ

2

M2

)
m2
σσ

2

−
1
4

VµνVµν +
1
2

m2
ωωµω

µ

−
1
4

BµνBµν +
1
2

m2
ρ~ρµ · ~ρ

µ

+
1
2
∂µ~π · ∂µ~π −

1
2

m2
π~π · ~π , (2.61)

where

Vµν = ∂µων − ∂νωµ (2.62)

Bµν = ~τ(∂µ~ρν − ∂ν~ρµ) + i
gρ
2

[~ρµ · ~τ, ~ρν · ~τ] (2.63)

are the field-strength tensors and τ are the S U(2) isospin matrices. We use the masses

M = 939 MeV, mσ = 550 MeV, mω = 783 MeV, mρ = 770 MeV and mπ = 138 MeV, the

couplings gσ = 8.604, gω = 7.522, gρ = 7.614, κ3 = 4.84 and κ4 = −4.47, the pion decay

constant fπ = 93 MeV and the nucleon axial current constant gA = 1.26 as in ref. [ZP16].
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All thermodynamic quantities of interest can be derived from the grand potential

density Ω which is related to the pressure by Ω = −P. For an isotropic system in its

rest-frame, the pressure is obtained from the diagonal elements of the spatial part of the

energy-momentum tensor Tµν = ∂L/∂(∂µφ) ∂νφ − gµνL. In mean-field theory (MFT), the

result is

P =
1
3
〈Tii〉

=
γspin

3

∑
i

∫
d3 p

(2π)3

p2

E∗(p)
fi(p) +

g2
ω

2m2
ω

n2 +
g2
ρ

8m2
ρ

(ni − n j)2

−
m2
σ

g2
σ

(M − M∗)
[
1
2

+
κ3

6M
(M − M∗) +

κ4

24M2 (M − M∗)2
]
, (2.64)

where

E∗(p) = (p2 + M∗2)1/2 . (2.65)

In the mean-field approximation, the spectrum εi(p) that enters the Fermi distribution

function fi(p) = {1 + exp[(εi(p) − µi)/T ]}−1 is given by

εi(p) = ±E∗(p) +
g2
ω

m2
ω

n +
g2
ρ

4m2
ρ

(ni − n j) . (2.66)

The +(-) sign corresponds to particles (antiparticles) and the subscripts i, j to the two

nucleon species. The Dirac effective mass M∗ results from the minimization of Ω with

respect to the expectation value of the scalar field.

The leading corrections to the mean-field Ω arise from two-loop (TL) exchanges of

the mesons involved in the model. These corrections are given by (see, e.g.,
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[Chi77, ZP16])

Ωex,σ = −
γspin

4
g2
σ

∫
dτpdτq fs(p, q)D(k; m∗σ)

∑
i

fi(p) fi(q) (2.67)

Ωex,ω = −
γspin

4
g2
ω

∫
dτpdτq fv(p, q)D(k; mω)

∑
i

fi(p) fi(q) (2.68)

Ωex,ρ = −
γspin

16
g2
ρ

∫
dτpdτq fv(p, q)D(k; mρ)

×
∑

i

fi(p)[ fi(q) + 2 f j(q)] (2.69)

Ωex,π = −
γspin

16

(
gAM∗

fπ

)2 ∫
dτpdτq fpv(p, q)D(k; mπ)

×
∑

i

fi(p)[ fi(q) + 2 f j(q)] , (2.70)

where

dτp =
d3 p

(2π)32E∗(p)
, fs(p, q) = 4(pµqµ + M∗2) , (2.71)

fv(p, q) = 8(pµqµ − 2M∗2) , fpv(p, q) = 16(pµqµ − M∗2) , (2.72)

D(k; m) =
1

kµkµ − m2 ; kµ = pµ − qµ , pµpµ = qµqµ = M∗2. (2.73)

The corresponding TL contributions to the single-particle spectrum [via

ε i
ex = δΩex/δni(p) with δ/δni(p)

∫
d3 p/(2π)3 fi(p) = 1; i=nucleon species] are

[Chi77, ZP16] :

ε i
ex,σ = −

γspin

8
g2
σ

E∗(p)

∫
dτq fs(p, q)D(k; m∗σ) fi(q) (2.74)

ε i
ex,ω = −

γspin

8
g2
ω

E∗(p)

∫
dτq fv(p, q)D(k; mω) fi(q) (2.75)

ε i
ex,ρ = −

γspin

32

g2
ρ

E∗(p)

∫
dτq fv(p, q)D(k; mρ)[ fi(q) + 2 f j(q)] (2.76)

ε i
ex,π = −

γspin

32E∗(p)

(
gAM∗

fπ

)2 ∫
dτq fpv(p, q)D(k; mπ)[ fi(q) + 2 f j(q)]

(2.77)
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Note that at the TL level, the self-interactions of the scalar field bestow upon it an

effective scalar-meson mass

m∗σ = mσ

1 + κ3

(
M − M∗

M

)
+
κ4

2

(
M − M∗

M

)21/2

, (2.78)

which is used in all exchange terms involving the σ- meson.

2.5.1 Two-loop Calculations of Dense Nucleonic Matter

The degenerate limit formalism delineated in Sec. 2.4 requires for its

implementation, in principle, only the T = 0 parts of the spectrum [forM(p)] and the

pressure (for CP and M∗). Note, however, that for cold matter the statements dP/dσ = 0

and dE/dσ = 0 are equivalent (being that at T = 0, P = −n dE/dn) and that the energy

density E is somewhat easier to minimize with respect to σ in order to obtain M∗. We

therefore opt to work with the latter. Confining ourselves to symmetric nuclear matter

(SNM) and pure neutron matter (PNM) in the interest of simplicity, we have for the

energy density (in the notation of ref. [Chi77])

ET L = EMFT + Eex,σ + Eex,ω + Eex,ρ + Eex,π (2.79)

EMFT = 2γiso

∫ pF

0

d3 p
(2π)3 E∗ +

1
2

g2
ω

m2
ω

n2 +
(1 − γcharge)

8

g2
ρ

m2
ρ

n2

+
m2
σ

g2
σ

(M − M∗)2

1
2

+
κ3

3!

(
M − M∗

M

)
+
κ4

4!

(
M − M∗

M

)2 (2.80)

Eex,σ = γiso
g2
σ

(2π)4 M∗4
[
1
4

(xη − ln ξ)2 +

(
1 −

w∗σ
4

)
I(w∗σ)

]
(2.81)

Eex,ω = γiso
g2
ω

(2π)4 M∗4
[
1
2

(xη − ln ξ)2 −

(
1 +

wω

2

)
I(wω)

]
(2.82)

Eex,ρ =
(γiso + 4γcharge)

4

g2
ρ

(2π)4 M∗4
[
1
2

(xη − ln ξ)2 −

(
1 +

wρ

2

)
I(wρ)

]
(2.83)

Eex,π =
(γiso + 4γcharge)

4

(
gAM∗

fπ

)2 M∗4

(2π)4

[
(xη − ln ξ)2 − wπI(wπ)

]
(2.84)
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and for the spectrum [via εex,i = δEex,i/δn; i=meson]

εT L = εMFT + εex,σ + εex,ω + εex,ρ + εex,π (2.85)

εMFT = M∗e +
g2
ω

m2
ω

n +
(1 − γcharge)

4

g2
ρ

m2
ρ

n (2.86)

εex,σ =
g2
σ

(2π)2

M∗

2e

[
1
2

(xη − ln ξ) +

(
1 −

w∗σ
4

)
2
r

J(w∗σ)
]

(2.87)

εex,ω =
g2
ω

(2π)2

M∗

2e

[
(xη − ln ξ) −

(
1 +

wω

2

) 2
r

J(wω)
]

(2.88)

εex,ρ =
(γiso + γcharge)

4

g2
ρ

(2π)2

M∗

2e

[
(xη − ln ξ) −

(
1 +

wρ

2

) 2
r

J(wρ)
]

(2.89)

εex,π =
(γiso + γcharge)

4

(
gAM∗

fπ

)2 M∗

2e(2π)2

[
2(xη − ln ξ) − wπ

2
r

J(wπ)
]
,

(2.90)

where

γiso =


1 PNM

2 SNM
, γcharge =


0 PNM

1 SNM
(2.91)

x =
pF

M∗
, η = (1 + x2)1/2 , ξ = x + η (2.92)

r =
p

M∗
, e = (1 + r2)1/2 , t = r + e (2.93)

wi =
m2

i

M∗2 ; i = σ∗, ω, ρ, π (2.94)

I(wi) =

∫ ξ

1

∫ ξ

1
dz dy

(
1 −

1
z2

) (
1 −

1
y2

)
ln

[
(zy − 1)2 + wizy
(z − y)2 + wizy

]
(2.95)

J(wi) =

∫ ξ

1
dz

(
1 −

1
z2

)
ln

[
(zt − 1)2 + wizy
(z − t)2 + wizy

]
. (2.96)
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With the inclusion of the TL contributions and noting that M∗ = M − gσσ, the Dirac

effective mass M∗ is determined by solving

∂ET L/∂M∗ = 0 with (2.97)

∂EMFT

∂M∗
= 2γiso

∫ pF

0

d3 p
(2π)3

M∗

E∗
−

m2
σ

g2
σ

(M − M∗)

×

1 +
κ3

2

(
M − M∗

M

)
+
κ4

6

(
M − M∗

M

)2 (2.98)

∂Eex,σ

∂M∗
=

4Eex,σ

M∗
+ γiso

g2
σ

(2π)4 M∗4

×

[
−

x3

M∗η
(xη − ln ξ) +

(
1 −

w∗σ
4

)
∂Iσ∗
∂M∗

+
w∗σ

2M∗
Iσ∗

]
(2.99)

∂Eex,ω

∂M∗
=

4Eex,ω

M∗
+ γiso

g2
ω

(2π)4 M∗4

×

[
−

2x3

M∗η
(xη − ln ξ) −

(
1 +

wω

2

)
∂Iω
∂M∗

+
wω

M∗
Iω

]
(2.100)

∂Eex,ρ

∂M∗
=

4Eex,ρ

M∗
+

(γiso + 4γcharge)
4

g2
ρ

(2π)4 M∗4

×

[
−

2x3

M∗η
(xη − ln ξ) −

(
1 +

wρ

2

) ∂Iρ
∂M∗

+
wρ

M∗
Iρ

]
(2.101)

∂Eex,π

∂M∗
=

6Eex,π

M∗
+

(γiso + 4γcharge)
4

(
gAM∗

fπ

)2 M∗4

(2π)4

×

[
−

4x3

M∗η
(xη − ln ξ) − wπ

∂Iπ
∂M∗

+
2wπ

M∗
Iπ

]
, (2.102)
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where

∂I(wσ∗)
∂M∗

=
1

2M∗

{
wσ∗

(
1 −

M∗

m∗σ

dm∗σ
dM∗

)
×

∫ ξ

1

∫ ξ

1
dy dz

1
yz

(1 − z2)2(1 − y2)2

[(zy − 1)2 + wσ∗zy][(z − y)2 + wσ∗zy]

−
xξ
η

(
1 −

1
ξ2

)
J(wσ∗; t → ξ)

}
(2.103)

dm∗σ
dM∗

= −
m2
σ

2Mm∗σ

[
κ3 + κ4

(
M − M∗

M

)]
(2.104)

∂I(wi)
∂M∗

=
1

2M∗

{
wi

∫ ξ

1

∫ ξ

1
dy dz

1
yz

(1 − z2)2(1 − y2)2

[(zy − 1)2 + wizy][(z − y)2 + wizy]

−
xξ
η

(
1 −

1
ξ2

)
J(wi; t → ξ)

}
; i = ω, ρ, π. (2.105)

To obtain eqs. (2.103) and (2.105), the 2-dimensional Leibniz rule

d
dt

∫ x1(t)

x0(t)

∫ y1(t)

y0(t)
F(x, y, t)dx dy =

∫ y1

y0

[
F(x1)

∂x1

∂t
− F(x0)

∂x0

∂t

]
dy

+

∫ x1

x0

[
F(y1)

∂y1

∂t
− F(y0)

∂y0

∂t

]
dx

+

∫ x1

x0

∫ y1

y0

∂F
∂t

dx dy (2.106)

was employed.

Numerical notes

The various integrals above are readily calculated by using the Gauss-Legendre

quadrature method [AS72]. The results reported below were calculated using 32 points

and weights in each dimension although use of 16 points and weights was found to be

adequate. The derivatives ofM(p) and LF(n) were calculated using the 5-point

rule [AS72]. Root finding was accomplished by the Newton-Raphson scheme. All

numerical results of our Fortran code were also verified by using Mathematica.
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Figure 2.1: Upper left panel: Dirac effective masses M∗ [eq. (2.97)] scaled with the vacuum
nucleon mass vs density n in symmetric nuclear matter (SNM) and pure neutron matter
(PNM) at temperature T = 0. Lower left panel: Logarithmic derivatives of M∗ w.r.t n.
Right panel: Energy per particle E = ∂E/∂n − M vs n in SNM and PNM at T = 0.

2.5.2 Results and Discussion

The variational procedure ∂ET L/∂M∗ = 0 in eq. (2.97) minimizes the energy density

of the system and results in the optimal baryon (Dirac) effective mass M∗ at each n. (This

minimization condition also yields the expectation value of the scalar field

σ = (M − M∗)/gσ.) The values of M∗ in SNM and PNM are shown in the upper left panel

of fig. 2.1. Use of these M∗’s in the expressions for the energy density in eq. (2.79) allows

for a calculation of the energy per particle, and are shown in the right panel of fig. 2.1 for

SNM and PNM at T = 0. These results yield good agreement with nuclear and neutron

star phenomenology [ZP16]. The TL contributions to the energy density play a significant

role in determining M∗(n). The pattern M∗(PNM) ≥ M∗(SNM) for a given baryon density

stems from the isospin-invariant nucleon-nucleon interactions employed in the model. An
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MFT calculation - that is, without the TL terms in eq. (2.79) - that yields closely

resembling E vs. n curves shown here through a readjustment of the various coupling

strengths produces M∗ curves that vary more steeply with density (not shown here, but see

ref. [ZP16]). As M∗(n) and its logarithmic derivative w.r.t. n (lower left panel of fig. 2.1)

enter prominently in determining the thermal properties, contrasts between different levels

of theoretical approximations (MFT vs MFT+TL in our case here) are afforded.
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Figure 2.2: Contributions from MFT and TL terms [from eq. (2.85)] involving the
exchange of σ, ω, ρ, and π mesons to the total single-particle energy vs. wave number
in SNM and PNM at the baryon density n = n0 = 0.16 fm−3.

Under degenerate conditions for which T/TF � 1, thermal effects depend sensitively

on details of the single-particle spectrum near the Fermi surface. The various

contributions to the T = 0 single-particle spectra in SNM and PNM are shown in fig. 2.2

at n = n0 = 0.16 fm−3. Note that the dominant contribution from the MFT part in

eq. (2.85) has been divided by a factor of 20 to fit within the figure where contributions

from the exchange of σ, ω, ρ, and π mesons from eq. (2.85) are also shown. Although
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subdominant in their contributions to the spectra, the exchange contributions significantly

alter the M∗(n) curves from those of MFT and hence the MFT term of ε(p).

Depending on the density, the magnitude and slope of the single-particle spectrum

are also altered from its MFT contribution as can be seen in fig. 2.3 where results for

n = 3n0 are shown. Such differences will be reflected in the thermal properties,

particularly in the NLO terms of FLT.
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Figure 2.3: Same as fig. 2.2, but for n = 3n0.

The Landau effective masses m∗(n) from eq. (2.46) scaled with the vacuum nucleon

mass are shown in the left panel of fig. 2.4 as functions of density in SNM and PNM. The

associated logarithmic derivatives are in the right panel of this figure. The TL results are

substantially larger than those of MFT for the same n (see ref. [ZP16]). The

non-monotonic behaviors and the minima in the m∗(n) curves are characteristic of

relativistic field theoretical models in which M∗(n) continually decreases with increasing

n. Together with the derivatives of the Landau effective mass function required at NLO in
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Figure 2.4: Left panel: Landau effective masses from eq. (2.46) scaled with the vacuum
nucleon mass vs density in SNM and PNM. Right panel: Logarithmic derivatives of the
Landau effective masses w.r.t. density.

FLT, m∗(n) and its logarithmic derivative play important roles in improving the accuracy

of the degenerate limit thermodynamics.

We turn now to compare the thermal properties from FLT and FLT+NLO with those

from the exact numerical results of ref. [ZP16] for the TL calculations at temperatures of

T = 20 and 50 MeV, respectively. In all cases, comparisons shown for T = 50 MeV

highlight the onset of semi- or non-degenerate regions in density for which results of

degenerate limit FLT and FLT+NLO begin to become inadequate.

In astrophysical phenomena involving supernovae, neutron stars and binary mergers,

the entropy per baryon S serves as a gauge to track hydrodynamical evolution and its

consequences [BBAL79]. Figure 2.5 shows S vs n in SNM and PNM at T = 20 and 50

MeV, respectively. For both SNM and PNM, the NLO corrections substantially improve

agreement with the exact results for S up to 2. For T = 20 MeV, the agreement extends to
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Figure 2.5: Entropies per particle S = s/n vs. baryon number density in SNM and PNM.
Results labeled “Exact” are from ref. [ZP16]. The leading order Fermi Liquid Theory
results are labeled “FLT” whereas “FLT+NLO” stands for results of next-to-leading-order
FLT with s from eq. (2.50). Values of temperatures are as indicated in the figure.

the subnuclear nuclear density of n = 0.1 fm−3 for both SNM and PNM. This agreement is

encouraging as for n . 0.1 fm−3 and T . 20 MeV, matter exists in an inhomogeneous

phase consisting of heavy nuclei, light nuclear clusters such as α particles, tritons and

deuterons, and dripped nucleons (as also leptons and photons) for which a separate

treatment is required. The lesson learned is that up to S = 2, the thermal properties of bulk

homogeneous nucleonic matter is adequately described by a knowledge of the T = 0

spectra of nucleons from which all thermal properties can be obtained through the use of

FLT carried up to NLO terms.

In fig. 2.6, we show results for the thermal energies. As for S , the NLO corrections

extend agreement with the exact results down to n ' 0.1 fm−3 in both SNM and PNM. The

agreement for PNM extends to somewhat lower densities because PNM is more
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Figure 2.6: Same as fig. 2.5 but for thermal energies from eq. (2.52).

degenerate than SNM at the same n. The results at T = 50 MeV indicate the densities for

which matter is in the semi- or non-degenerate regions. The substantial improvement

offered by the NLO corrections are, however, noteworthy.

Figure 2.7 contains results for the thermal pressures. As for S and Eth, agreement of

the FLT+NLO results with those of exact numerical calculations extend up to

n ' 0.1 fm−3 at T = 20 MeV. The situation with the results at T = 50 MeV is less

satisfactory. The disagreement with the exact results at this temperature is partly owing to

the fact that M∗ begins to acquire a non-negligible temperature dependence as T

increases [PABW87], not considered in the FLT+NLO treatment. Also at work is the fact

that the thermodynamic identity E + P = T s + µn cannot be satisfied even in principle

beyond the Hartree level unless the theory is exactly solved.

The thermal parts of the chemical potentials are shown in fig. 2.8. As for S , Eth, and

Pth, the NLO corrections render significant improvement over the FLT results down to
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Figure 2.7: Same as fig. 2.5, but for thermal pressure from eq. (2.53).
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n ' 0.1 fm−3 for T = 20 MeV. The agreement of the FLT+NLO results with the exact

results is quantitatively better for PNM than for SNM because of its higher degeneracy at

this temperature at the same density. The NLO improvements at T = 50 MeV are less

striking than at 20 MeV, and suffer from the same maladies as the other thermal variables.

Analytic expressions for Fermi integrals being asymptotic expansions, this disagreement

is unavoidable particularly in the semi-degenerate region. A separate treatment as

espoused in ref. [PABW87] is necessary in the non-degenerate region.
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Figure 2.9: Same as fig. 2.5, but for specific heat at constant volume from eq. (2.56).

The specific heat at constant volume CV is shown in fig. 2.9. Exact results for CV

were not calculated in ref. [ZP16], but we can easily gauge the improvement from NLO

corrections at near nuclear densities by recalling that at leading order in FLT, CV = S . The

quantity CV plays a major role in the long-term cooling of a neutron star. For example, the

time for a star’s center to cool by neutrino emission can be estimated by

∆t = −

∫
nCV

εν
dT , (2.107)
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where εν is the neutrino emissivity and T is the temperature. At low temperatures (T ≤ 1

MeV), however, corrections to CV arising from Cooper-pairing of nucleons must be

considered.
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Figure 2.10: Same as fig. 2.5, but for specific heat at constant pressure from eq. (2.57).

Figure 2.10 shows results for the specific heat at constant pressure. As for CV , exact

numerical results for CP are not yet available, hence only the FLT and FLT+NLO results

are shown. At leading order in FLT, CP = S . It is intriguing that at T = 20 MeV, the NLO

corrections do not alter the leading order FLT result down to near nuclear densities in both

SNM and PNM. While the situation is similar for T = 50 MeV in PNM for n & 0.35 fm−3,

NLO corrections are apparent in SNM. Exact calculations at T = 50 MeV would be

necessary to confirm the extent to which NLO corrections improve the FLT results. A

relation similar to eq. (2.107) but with CV replaced by CP and εν replaced by εγ+ν is often

used in the literature for time estimates in astrophysical phenomena.
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Results for Γth are shown in Figure 2.11. At leading order in FLT, Γth =
5
3
−

n
m∗

dm∗

dn
and is independent of T . This feature is borne out by the results (short dashed curves) in

both SNM and PNM, the differences between them stemming from differences in the

logarithmic derivatives of the Landau effective masses (see fig. 2.4). At NLO, Γth acquires

a temperature dependence owing to terms proportional to T 4 in both Pth and εth. With

increasing n, and hence degeneracy, the coefficient of the leading O(T 2) term in Γth

decreases making the NLO corrections to diminish in magnitude. The agreement of the

FLT+NLO results with the exact results extends to sub-nuclear densities at T = 20 MeV

in both SNM and PNM. The T = 50 MeV results delineate the regions of density for

which a semi-degenerate analysis is warranted. At very low densities, the exact Γth →
5
3

the value for non-relativistic ideal gases.
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Figure 2.11: Same as fig. 2.5, but for the thermal adiabatic index from eq. (2.58).
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From the results shown above in figs. 2.5 through 2.11, it is clear that the lowest

density beyond which the FLT+NLO results reproduce the exact numerical results as a

function of increasing temperature steadily increases owing to the semi-degenerate region

being encountered. The case of T = 30 MeV is especially interesting as it happens to be

the maximum temperature encountered in core-collapse supernova simulations. Lacking

exact numerical results for MFT+TL calculations at T = 30 MeV, we performed exact

numerical calculations for MFT using the couplings in ref. [ZP16] and compared the

ensuing results with those of FLT+NLO (not shown here). For all thermal variables, our

findings are: (1) for SNM, very good agreement is found for n & 0.2 fm−3, and (2) for

PNM, the agreement is very good starting from the nuclear density of n0 & 0.16 fm−3. We

expect a similar behavior for MFT+TL because the total single-particle spectra for both

SNM and PNM are predominantly composed of their corresponding MFT parts. For

values of Ye intermediate to those of SNM and PNM, caution must be exercised in

carrying the conclusions above as one or the other nucleonic species may be in the non- or

semi-degenerate region.

2.6 Summary and Conclusions

In this chapter, the next-to-leading order (NLO) extension of Landau’s Fermi Liquid

Theory (FLT) developed in ref. [CMPL15a] was utilized to calculate the thermal

properties of symmetric nuclear and pure neutron matter (SNM and PNM) for the

relativistic model of ref. [ZP16] in which two-loop (TL) corrections to mean field theory

(MFT) were included. In FLT, the Landau effective mass m∗ and its logarithmic derivative

with respect to density n suffice to capture the leading order temperature (T ) effects. The

NLO corrections, which account for the next-higher-order effects in T , require up to

second order derivatives of the generalized Landau effective mass function

M(p) = p
(
∂ε

∂p

)−1

, where ε ≡ ε(n, p) is the density and momentum dependent part of the
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T = 0 single-particle spectrum. The explicit form of ε(n, p) depends on the specific nature

of the T = 0 many-body calculation performed. Contrasting examples include models

with contact or finite range interactions, MFT vs MFT+TL approximations,

Bruekner-Hartree-Fock vs Dirac-Brueckner-Hartree-Fock, effective field-theoretical

approaches at various levels of approximation, etc. For all these cases, the NLO extension

enables the calculation of the entropy density and specific heats up to O(T/TF)3 whereas

the energy density, chemical potential and pressure to O(T/TF)4 (where TF is the Fermi

temperature) extending the leading order results of FLT.

Our comparisons of FLT and FLT+NLO results with those of the exact numerical

calculations reported in ref. [ZP16] for the relativistic model in which TL effects were

included reveal that substantial improvements are achieved by the NLO corrections for all

thermal variables (entropy, energy, pressure, chemical potential, and specific heats) for

entropy per baryon S of up to 2. It is noteworthy that the NLO corrections extend

agreement with the exact results to sub-nuclear densities of n ∼ 0.1 fm−3 for T = 20 MeV,

whereas the FLT results are valid for densities beyond ∼ 0.1 fm−3. Insofar as for T . 20

MeV and n . 0.1 fm−3, an inhomogeneous phase consisting of heavy nuclei, light nuclear

clusters, dripped nucleons, and pasta-like configurations exists which requires a separate

treatment, the semi-analytical formulas of the FLT+NLO formalism enables a rapid

evaluation of thermal effects in bulk homogeneous matter in addition to providing

physical insights and checks of time-consuming exact numerical calculations.

Several areas for further investigation remain including an assessment of

non-analytic contributions arising from long-wavelength fluctuations, single particle-hole

excitations and, collective and pairing correlations close to the Fermi surface [BP91].

Establishing their roles in astrophysical phenomena needs further work.
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2.7 Specific Contributions of the Author

The work documented in this chapter is largely derived from the published paper,

“Thermal effects in dense matter beyond mean field theory” which has been the effort of a

team including myself (Sudhanva Lalit), and Drs. Constantinos Constantinou and

Madappa Prakash. The project of constructing “Thermal Effects in Dense Matter Beyond

Mean Field Theory” using state-of-the-art Lagrangian densities was conceived by my

advisor Madappa Prakash. The completion of this project involved significant new

developments in both theoretical formalisms and numerical techniques. I am the second

author in the peer-reviewed journal publication of the work presented in this chapter. All

analytic equations used in this chapter were independently derived by me and

crosschecked with those derived by other members of the team. The FORTRAN codes

written to produce the results presented in this chapter were written by me jointly with my

advisor Madappa Prakash. All figures presented in this chapter were conceptualized by

the team but produced by me alone. The writing of this chapter was a team effort with the

work being divided such that each member wrote the first draft of a given section, then

passed it to another member to be augmented and improved. The process of passing the

work between the team members was iterated until all members agreed on the final

version. For the first drafts, my focus was on the sections containing results and their

discussion, but I was actively involved in developing each section during the iteration

process.
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3 DenseMatter Equation of State for Neutron Star

Mergers

3.1 Motivation

The observed decay of the mutual orbits with time in the binary pulsar system

B1913+16 [TC99] and its excellent agreement with predictions of post-Newtonian gravity

gave the first indirect evidence of the radiation of gravitational waves. Measurements of

the various orbital parameters in this system also resulted in a precise determination of the

companions masses, that of the neutron star being 1.4408 ± 0.0003M�. Since then, several

precise measurements of neutron stars have been made in binary systems containing a

radio pulsar [Lat12]. Recent examples of the most massive neutron stars are from the

radio pulsars PSR J1614+2230 [M = (1.97 ± 0.04)M�] [DPR+10], PSR J0348+0432

[M = (2.01 ± 0.04)M�][AFW+13], and MSP J0740+6620
[
M = (2.17+0.11

−0.10)M�
]
[C+19].

Einstein’s theory of General Relativity predicts the emission of gravity waves from

asymmetric spinning compact objects, from mergers involving neutron stars and black

holes, and from gravitational-collapse supernovae [Tho97]. For mergers of compact

objects in binary systems, the gravitational-wave signature is primarily determined by the

so-called chirp massM = (M1M2)3/5(M1 + M2)−1/5. The radiation of gravitational waves

causes loss of orbital angular momentum and removes energy which results in the mutual

orbits to decay. For the binary pulsar systems B1913+16 and PSR J0737-3039, the merger

timescales are about 250 and 85 million years. As many compact binaries exist in our and

nearby Galaxies, copious amounts of gravitational radiation is expected.

The first direct evidence for the existence of gravitational waves was obtained

through its detections by LIGO (Laser Interferometer Gravitational-Wave Observatory) in

the binary black hole system GW150914 about 1.3 billion light years away on Sep 14,

2015 [A+16]. Analysis of the data yielded a chirp mass ofM = 30 M� with individual
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black hole masses in the range M1 = 36+5
−4 M� and M2 = 29+4

−4M�. The first observation of

gravitational waves from the merger of binary neutron stars, now known as GW170817

took place on Aug 18, 2017, by the advanced LIGO and VIRGO collaborations [A+17c].

In this case,M = 1.188+0.004
−0.002, and M1 = (1.36 − 1.60)M� and M2 = (1.17 − 1.36) M�. In

addition to the masses, binary neutron star mergers allow for tidal deformations of the

stars to be inferred in the stage prior to coalescence. Observation of GW170817 has

placed bounds on the tidal deformability of stars in the mass range 1.2 − 1.6 M� to be

Λ̃ = 222+420
−138. Although the reported error bars in Λ̄ are large, the individual radii are

estimated to be < 13.5 km [DFL+18]. Combining the electromagnetic [C+17, LMCP19]

and gravitational wave information, it has also become possible to place constraint on the

maximum gravitational mass of a neutron star: Mg
max . 2.17M� [MM17, RMW18]. It is

interesting that the accurately measured masses of the very massive neutron stars are very

close to this limit. Pinning down the maximum mass of a neutron star has implications for

the number of stellar mass black holes in our Universe.

Quite recently, observations of additional mergers have been reported; see reports in

[X+19] on April 2, 2019 and [LIG] on April 25, 2019. It is thought that one of these

merger events (undetected in LIGO but observed through its X-ray signal in the Chandra

deep field survey (CDF-S)) produced a magnetar (CDF-S X-ray transient XT2) at a

distance of 6.6 billion light years[X+19]. As of today when this thesis is being written, the

second event is still under analysis.

In addition to gravitational waves, the detection of electromagnetic radiation (in the

gamma ray, X-ray, optical and infra-red bands) in neutron star as well as neutron star -

black hole merger events have the potential to shed led light not only on neutron star

structure, but also on r-process nucleosynthesis of elements [LS76] and the origin of the

shorter-duration gamma ray bursters [ELPS89].
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The content of this chapter is largely drawn from the peer-reviewed, published paper

“Dense matter equation of state for neutron star mergers” [LMCP19], which will be

reproduced verbatim here. My specific contributions to this work are detailed at the end of

this chapter.

Dense matter equation of state for neutron star mergers2

S. Lalit, M. A. A. Mamun, C. Constantinou, and M. Prakash3

Department of Physics and Astronomy,

Ohio University, Athens, Ohio 45701, United States

Abstract: In simulations of binary neutron star mergers, the dense matter

equation of state (EOS) is required over wide ranges of density and

temperature as well as under conditions in which neutrinos are trapped, and

the effects of magnetic fields and rotation prevail. Here we assess the status of

dense matter theory and point out the successes and limitations of approaches

currently in use. A comparative study of the excluded volume (EV) and virial

approaches for the npα system using the equation of state of Akmal,

Pandharipande and Ravenhall for interacting nucleons is presented in the

sub-nuclear density regime. Owing to the excluded volume of the α-particles,

their mass fraction vanishes in the EV approach below the baryon density 0.1

fm−3, whereas it continues to rise due to the predominantly attractive

interactions in the virial approach. The EV approach of Lattimer et al. is

2 Contribution to the Topical Issue “First joint gravitational wave and electromagnetic observations:
Implications for nu- clear and particle physics” edited by David Blaschke, Monica Colpi, Charles J. Horowitz,
David Radice.

3 email: prakash@ohio.edu
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extended here to include clusters of light nuclei such as d, 3H and 3He in

addition to α-particles. Results of the relevant state variables from this

development are presented and enable comparisons with related but slightly

different approaches in the literature. We also comment on some of the sweet

and sour aspects of the supra-nuclear EOS. The extent to which the neutron

star gravitational and baryon masses vary due to thermal effects, neutrino

trapping, magnetic fields and rotation are summarized from earlier studies in

which the effects from each of these sources were considered separately.

Increases of about 20%(& 50%) occur for rigid (differential) rotation with

comparable increases occurring in the presence of magnetic fields only for

fields in excess of 1018 Gauss. Comparatively smaller changes occur due to

thermal effects and neutrino trapping. Some future studies to gain further

insight into the outcome of dynamical simulations are suggested.

3.2 Introduction

The first observation of gravitational waves from the merger of binary neutron stars,

now known as GW170817 [A+17c], has given much impetus to ongoing theoretical

investigations of the equation of state (EOS) of dense matter. Analysis of the data during

inspiral (the phase prior to coalescence) by the LIGO and Virgo collaborations has yielded

the chirp massM = (M1M2)3/5/M1/5 = 1.188+0.004
−0.002 M�, where M1 and M2 are the

companion masses and the total mass M = M1 + M2 = 2.74+0.04
−0.01 M�. Accounting for the

component spins in the range inferred from known spinning neutron stars, the individual

masses were determined to be in the range M1 = (1.36 − 1.60) M� and

M2 = (1.17 − 1.36) M� when the analysis was restricted to low-spin priors with the

dimensionless spin |χ| = |Jic/GM2
i | . 0.05. Of particular relevance to the

zero-temperature EOS is the limit set by the data on the dimensionless tidal deformability
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[FH08, Fav14]

Λ̃ =
16
3

(M1 + 12M2)M4
1Λ1 + (M2 + 12M1)M4

2Λ2

(M1 + M2)5 . (3.1)

For each star, the tidal deformability (or induced quadrupole polarizability) is given by

[Lov09]

Λ1,2 =
2
3

k1,2
2

(
R1,2c2

GM1,2

)5

, (3.2)

where the dimensionless Love number k1,2
2 depends on the structure of star, and therefore

on the mass and the EOS. Here, G is the gravitational constant, and R1,2 are the radii. The

computation of k1,2
2 with input EOSs is described in refs. [TC67, Hin08, DN09]. For a

wide class of neutron star EOSs, k1,2
2 ' 0.05-0.15 [Hin08, HLLR10a, PPL10]. With

unconstrained assumptions about the EOS of each of the stars, Ref. [A+17c] sets the limits

Λ̃ . 800 (for low-spin priors with |χ| . 0.05) and Λ̃ . 700 (for high-spin priors with

|χ| . 0.89).

Recently, ref. [DFL+18] has reported results from a reanalysis of the GW170817 data

by imposing the common EOS constraint for the structure of both stars. At the 90%

credible interval, the bounds Λ̃ = 222+420
−138 for a uniform component mass prior,

Λ̃ = 245+453
−151 for a component consistent with Galactic double neutron stars, and

Λ̃ = 233+448
−144 for a component mass tallied with the systematics of radio pulsars have been

placed. Across all prior masses, a measurement of the common radius in the range

8.9 < R̃ < 13.2 km with a mean value 〈R̃〉 = 10.8 km appears to be consistent with the

data. This analysis was performed with polytropic EOSs consistent with constraints from

laboratory data up to the nuclear equilibrium or saturation density ns ' 0.16 fm−3,

microscopic calculations of the zero-temperature EOS up to ∼ 2ns, and a large number of

extrapolations consistent with causality beyond 2ns.

Combining the electromagnetic (EM) [A+17a] and gravitational wave (GW)

information from the merger GW170817, ref. [MM17] provides constraints on the radius
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Rns and maximum gravitational mass Mg
max of a neutron star:

Mg
max . 2.17M� ,

R1.3 & 3.1GMg
max ' 9.92 km , (3.3)

where R1.3 is the radius of a 1.3 M� neutron star and its numerical value above

corresponds to Mg
max = 2.17 M�.

No evidence of a post-merger signal from GW170817 was found at frequencies up to

4kHZ [A+17c], the interferometer response at higher frequencies precluding the detection

of GW waves exhibiting expected quasi-periodic oscillations of the remnant (see

refs.[BJ12, BSJ16] and references therein). Promising prospects for future detections of

post-merger signals in upgraded LIGO detectors offer the opportunity to explore the EOS

beyond the supra-nuclear densities afforded by the current data. Simulations of the

post-merger phase require the EOS of neutron-star matter for wide ranges of physical

quantities (See refs. [BSJ16, BS10, FR12, Shi15, BR17, PS17], and references therein).

The baryon number density ratio n/ns ranges from 10−8-10, the latter value depending on

the constituents of matter in the core of a neutron star. Temperatures up to 100 MeV can

be reached during the late stages of the merger. Net electron fractions, Ye = ne/n, ranging

from 0.01-0.6, and entropies per baryon S (in units of kB) in the range 0-100 have been

reported in simulations.

Examples of the entropy and temperature profiles vs baryon mass density in the

merger of two equal mass neutron stars after about 7.8 ms subsequent to merger are shown

in figs. 3.1 and 3.2, respectively. Thanks are due to David Radice for providing these

results obtained using the EOS of Lattimer and Swesty (LS220) [LS91]. The results

shown in these figures are drawn from the calculations reported in refs.

[BRO+16, ZBR+18, RPZB18]. The neutron star gravitational masses were 1.35 M� each.

The rest-mass of the remnant is approximately 2.7-2.8 M�. Higher values of S and T are
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attained during the later stages of evolution. A black hole forms ∼ 20 ms after merger in

these calculations.

Gravitational signals from the post-merger remnant with a mass close to the

maximum gravitational mass, Mg
max, or even larger for short times, can provide insight into

the possible phases of dense matter complementing that offered by electromagnetic

signals. Unlike pulsar signals from neutron stars of mass & 2M�, gravitational signals

after coalescence also enable determination of the thermal properties of dense matter.

One of the main objectives in this paper is to highlight and critically assess the sweet

and sour spots of the EOS approaches currently in use. The bulk of sect. 3.3 is devoted

toward this end with new contributions that include a comparison of the excluded volume

approach [LS91] using the EOS of APR [APR98] for the npα system with the virial

approach [HS06] and an extension of the excluded volume approach to include additional

light nuclei such as d, 3H and 3He in addition to α-particles. Results of the latter allows for

comparisons to be made with earlier works in both of these approaches. Limitations of

both of these approaches are also pointed out in this section. Another objective is to

address the question of how the masses and radii of neutron stars are affected by thermal

effects, composition, trapped neutrinos, magnetic field, and rotation (rigid and

differential). Sections 3.4 through 3.7 provide brief reviews of earlier works in which

these effects were studied individually along with suggestions for future work that may aid

in qualitative and semi-quantitative understanding of the outcome of dynamical

simulations of the mergers of binary neutron stars. Our conclusions are in sect. 3.8.

3.3 Sweet and Sour points of the EOS Approaches

Several approaches to the EOS for simulations of core-collapse supernovae, young

and old neutron stars, and binary mergers of neutron stars have been developed in the past

decades (see ref. [OHKT17] for an extensive review). Owing to the different phases of
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Figure 3.1: Entropy profile of a hyper-massive neuron star during merger. The data
represents the meridional plane (i.e., the x-z plane, z being the rotational axis). Results
are for the nominal EOS of Lattimer and Swesty (LS220) [LS91] and coalescing neutron
stars each of mass 1.35M�. Figure courtesy of David Radice.

matter encountered at different densities and temperatures, a combination of techniques

has been used to calculate the required thermodynamical variables. Broadly speaking,

three distinct regions (with different phases and degrees of freedom) in baryon density can

be identified: (i) the sub-nuclear density homogeneous and inhomogeneous phases for

n . 0.1 fm−3, (ii) near-nuclear density homogeneous phase for 0.1 < n . 0.3 fm−3, and

(iii) supra-nuclear density with or without phase transitions for n & 0.3 fm−3. We use the

term “homogeneous phase” to refer to a system consisting of hadrons, and leptons of any

or all flavors, all regarded as point particles. The same term is also used for supra-nuclear

density matter with or without non-nucleonic degrees of freedom. The term

“inhomogeneous phase” refers to matter which includes, in addition to nucleons and

leptons, composite objects such as light nuclear clusters, heavy nuclei, and pasta-like
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Figure 3.2: Temperature profile of a hyper-massive neuron star during merger. Details as
in fig. 3.1. Figure courtesy of David Radice.

configurations in which various geometrical shapes [cylindrical (spaghetti), flat (lasagna),

cylindrical holes (anti-spaghetti), spherical holes (swiss cheese)] are permitted

[RPW83, PR95].

As the thermal variables depend on n,Ye, and T , and on neutrino fractions Yνi when

neutrinos of species i = e, µ, τ are trapped in matter, the preferred phase will be

determined by the minimization of the total free energy with respect to the appropriate

variables. As a result, the concentrations of the various species in both phases depend on

(n,Ye,T ). For example, in the range n/ns = 0.3-0.4 and Ye = 0.3-0.4 in neutrino-free

matter, nuclei with charge and mass numbers well exceeding 70 and 200 exist respectively

at T = 2 MeV whereas the corresponding numbers are 30 and 80 at T = 12 MeV. It must

be noted, however, that the precise values depend on the underlying nuclear energy

density functionals used in the description of bulk homogeneous matter, nuclei and pasta
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configurations. For example, typical values of T below which the pasta phase is present

are ∼ 4 MeV for Ye = 0.05 and ∼ 14 MeV for Ye = 0.5 for the EOS of APR [SCMP19].

For charge neutral stellar matter in beta-equilibrium, the dissolution temperature of the

pasta phase is around 4-5 MeV (see ref. [RMRR18] which contains an extensive set of

references including classical and quantum molecular dynamical calculations).

At very low densities, n . 10−6 fm−3, the abundance of nuclei is generally calculated

using the nuclear statistical equilibrium (NSE) approach using mass formulas to calculate

the needed chemical potentials µi of nuclei (see [OHKT17] for a review and extensive

references). The sour point here is that nuclei not encountered in the laboratory will be

present and the use of different mass formulas yields different µi as extrapolations are

required. In this region, interactions between the nucleons and nuclei are small.

With the density approaching 0.1 fm−3 and increasing temperature, however, effects

of interactions become progressively important. Methods devised to account for

interactions include the excluded volume approach, the single-nucleus approximation, the

full ensemble method, virial expansion etc. [OHKT17]. Matching the NSE results to those

of others is also beset with difficulties. Furthermore, the excluded volume approximation

lacks attractive interactions, whereas the virial method requires information about phase

shifts not always available from experiments in addition to fugacities exceeding unity in

certain regions of n,Ye,T (see below).

Properties of nucleonic matter in the near-nuclear density region 0.1 < n . 0.3 fm−3

have received much attention recently from effective field theoretical (EFT) techniques.

Among the advantages of EFT is that systematic error estimates can be made, but the

drawback is that it cannot be carried through for densities n & 0.3 fm−3 due to the

perturbative expansion scales reaching invalid regions as the density increases toward the

central densities of neutron stars of increasing masses. For the same reason, the
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exploration of non-nucleonic degrees of freedom such as Bose condensates or quarks is

beyond EFT at the current time.

The discussion above highlights some of the sweet and sour aspects of the current

status of dense matter theory. Clearly, advances in each of the three density regions

mentioned above are needed for a fuller microscopic understanding of nuclear matter to

better explain astrophysical phenomena.

3.3.1 Instabilities in the Sub-Nuclear Phase of Nucleonic Matter

Our considerations in this subsection are more relevant for the matter produced in

intermediate energy heavy ion collisions than for stellar matter discussed in the next

subsection. However, the discussion here sets the stage for the case when electrons are

present in stellar matter. A uniform phase of nucleonic matter becomes mechanically

unstable (also referred to as spinodally unstable) at sub-nuclear densities, n < ns, for

which the compressibility K(n) = 9 dP/dn ≤ 0, where P = n2(dE/dn) is the pressure. The

energy E and pressure of isospin asymmetric matter with u = n/ns and neutron excess

α = (nn − np)/n(= nn + np) can be written as

E(u, α) = E(u, 0) + α2S 2(u) + . . . (3.4)

P(u, α)
ns

= u2
[
E′(u, 0) + α2S ′2(u)

]
+ . . . , (3.5)

where the nuclear symmetry energy S 2(u) = 1
2
∂2E(u,α)
∂α2

∣∣∣∣
α=0

and the prime denotes derivative

with respect to u. Higher order terms in α are generally small as

S 2(u) >> S 4(u), S 6(u), . . . (only even powers of α contribute as the two species are

treated symmetrically in the Hamiltonian because of the near-complete isospin invariance

of the nucleon-nucleon interaction). As a result,

∂(P(u, α)/ns)
∂u

' 2uE′(u, 0) + u2E′′(u, 0)

+ α2
[
2uS ′2(u, 0) + u2S ′′2 (u, 0)

]
. (3.6)
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An estimate of the density at which the spinodal instability sets in for T = 0

symmetric nuclear matter (SNM) with α = 0, or proton fraction x = (1 − α)/2 = 1/2, can

be made using the quadratic approximation to the energy vs density close to u = 1:

E(u, 0) = −B.E +
Ks

18
(u − 1)2 , (3.7)

where B.E. = 16 ± 1 MeV is the binding energy of SNM and Ks = (230 ± 30) MeV is its

compression modulus. The pressure P and its density derivative thus become

P
ns

=
Ks

9
u2(u − 1) ,

d(P/ns)
du

=
1
3

Ksu
(
u −

2
3

)
. (3.8)

Spinodal instability sets in at the density nsp = (2/3)ns ' 0.11 fm−3 for SNM, independent

of KS . This estimate for nsp is not greatly affected by the skewness of the EOS around u,

which would add a term ∝ (u − 1)3 to eq. (3.7). For the EOS of Akmal, Pandharipande

and Ravenhall (APR) [APR98], nsp ' 0.10 fm−3; other EOSs in current use have similar

values of nsp. With increasing neutron excess (α→ 1), or decreasing proton fraction

(x→ 0), the quadratic approximation in E(u, 0) or S 2(u) around u = 1 becomes

inadequate [CMPL14]. In this case, nsp(u, x) can be found from the density ratio u at

which eq. (3.6) vanishes for each x. For x , 0.5, the first and second density derivatives of

both E(u, 0) and S 2(u) determine nsp(n, x), which decreases from its value for SNM; e.g.,

nsp(n, 0.1) ' 0.05 fm−3 for the EOS of APR. Other EOSs yield similar qualitative results,

quantitative differences being small.

Thermal effects, which provide positive contributions to the total energy and

pressure, also influence the stability of uniform nucleonic matter at sub-nuclear densities.

The onset of the liquid-gas phase transition, determined by the requirements

dP
dn

∣∣∣∣∣
nc,Tc

=
d2P
dn2

∣∣∣∣∣∣
nc,Tc

= 0 , (3.9)

occurs at the critical density nc ' 0.06 fm−3 and critical temperature Tc ' 17.9 MeV,

respectively, for SNM using the EOS of APR [CMPL14]. Although Tc/Tc(x = 0.5) drops
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significantly with decreasing x, the ratio Pc/(ncTc) remains very close to 0.347 for x in the

range 0.1-0.5 (see fig. 9 of ref. [CMPL14]). Qualitative features of the above results are

generic to other EOSs in common use. For example, for the Skyrme EOS parametrization

Ska for which Tc = 15.12 MeV, Pc/(ncTc) = 0.303, again with little variation in the range

of x = 0.1 − 0.5 [CMPL14].
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Figure 3.3: Derivative of the pressure of nucleons with respect to density vs density at the
indicated temperatures T and proton fractions x.

Figure 3.3 shows the pressure derivative (with respect to density) of the bulk phase of

nucleons for different temperatures and proton fractions. In SNM (x = 0.5), the spinodal
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Figure 3.4: Spinodally stable and unstable regions in nucleonic matter for the APR model
with xc denoting the proton fraction above which dP/dn ≥ 0 for all n.

region can be clearly identified for the lowest two temperatures shown. For the same x but

at T = 20 MeV, the spinodal instability is absent as this temperature exceeds the liquid-gas

phase transition temperature Tc = 17.91 MeV for this model. As the proton fraction

decreases toward that of pure neutron matter (PNM), the instability region shrinks in size

as fig. 3.3(b), in which x = 0.1, shows. Results for intermediate values of x show similar

trends [CMPL14]. The value of xc below which the spinodal density disappears, i.e., for

which dP/dn ≥ 0, is shown as a function of T in fig. 3.4 with the spinodally stable and

unstable regions indicated. For all T > Tc, there is no density interval for which spinodal

instability occurs as eq. (3.9) guarantees dP/dn > 0 for all n. The qualitative behavior of

this curve is also exhibited in other models of the EOS [CMPL14].

At the densities and temperatures for which the homogeneous uniform phase of

nucleonic matter is unstable, an inhomogeneous phase of matter consisting of light
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nuclear clusters such as d, 3H,3 He, α, etc. and heavier nuclei in addition to nucleons

becomes energetically favorable.

3.3.2 Stability of the Sub-Nuclear Phase in Stellar Matter

Through beta decays and electron capture processes involving nucleons and nuclei, a

uniform background of electrons would also be present in charge neutral stellar matter.

The concentration of each species is determined by the conservation equations for baryon

number and charge neutrality together with the minimization of the total free energy with

respect to the appropriate internal variables (see below). Earlier work

[LS91, BBP71, LLPR85] has identified three phases of matter depicted in fig. 3.5. The

generic features shown in this figure are for the EOS of APR adopting the excluded

volume treatment of ref. [LS91] for nuclei and for a typical net electron fraction Ye.

Similar features are obtained by using other EOSs and for other Ye’s albeit with

quantitative differences.

In phase I of fig. 3.5, only nucleons, light nuclei (d, 3H,3 He, α, etc.), and a uniform

background of leptons (mostly electrons and positrons, and smaller amounts of muons at

high enough T ’s) to maintain charge neutrality, and photons would be present. Phase II is

characterized by the presence of light and heavy nuclei, many rather neutron rich. In a

very small region close to n ' 0.1 fm−3, exotic shapes of nuclei commonly called pasta

configurations are also energetically favored. With density increasing beyond

n = 0.1 fm−3, the dissolution of all nuclei in the inhomogeneous phase gives way to the

uniform phase III of nucleons with charge balancing leptons, and photons.

At supra-nuclear densities beyond 2-3 ns, matter may also consist of ∆-isobars, Bose

(pion, kaon, charged ρ-mesons, etc.) condensates, hyperons and/or quarks [Pra96]. At

these densities, the effects of baryon superconductivity and superfluidity on the EOS are

negligible as the associated gap parameters are small, ∼ 1-2 MeV, compared to the other
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energy scales in dense matter. However, their effects on the long-term cooling of

cold-catalyzed neutron stars through neutrino emission are important in interpreting the

observed surface temperatures (see the compendium of contributions in ref. [PLPS15]).

This latter subject is not covered here as it falls outside the scope of this article.
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Figure 3.5: Phases in dense stellar matter. Figure courtesy of Andre Schneider.

Electrons restore stability

To highlight the role of electrons in the sub-nuclear phase, we first consider the case

in which only nucleons and electrons are present. In this case, the conservation of baryon

number and charge neutrality yield nn = n(1 − x) and np = nx = ne. Minimizing the total

free energy density F(n, x,T ) with respect to x gives the energy balance relation between

the chemical potentials:

µ̂ = µn − µp = µe ,

' 4(1 − 2x)
[
S 2(n) + 2S 4(n)(1 − 2x)2 + · · ·

]
, (3.10)
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which highlights the role of the nuclear symmetry energy. The pressure is then found from

P = n2 ∂(F/n)/∂n|x,T from which the derivative (∂P/∂n)|x,T can be calculated. Figure 3.6

shows results of this derivative for representative values of x and T as functions of n. The

results here were calculated without approximation using the Hamiltonian density of APR

for the nucleons with electrons being treated as a free Fermi gas.
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Figure 3.6: Derivative of the pressure of nucleons and electrons with respect to density vs
density for the indicated temperatures and proton fractions.

It is clear from fig. 3.6 that contributions from electrons to the total pressure entirely

remove the mechanical (spinodal) instability present in baryons-only matter for all x and
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T . A similar conclusion was reached by ref. [CMPL15b] in which the adiabatic index

ΓS = (n/P)(∂P/∂n)|S , where S is the entropy per baryon, was calculated (in Sec. VI there)

for other nonrelativistic models (MDYI and SkO′) and a mean field theoretical model of

nucleons. This conclusion also applies for charge neutral and beta-stable neutron star

matter at both zero and finite temperatures for which the equilibrium proton fraction x̃

varies with n. In this case, the requirement that pressure be a continuously increasing

function of n in a stable star assures stability against spinodal collapse. Note also that

baryons-only matter is mechanically stable at all T for roughly x < 0.1. For these proton

fractions, electrons are required only for the purposes of charge neutrality.

3.3.3 Inclusion of light Nuclear Clusters

Although electrons restore mechanical stability in stellar matter, the presence of light

nuclear clusters such as d,3 H,3 He, α, etc. lowers the free energy and thus becomes the

favored state of matter in phase I of fig. 3.5. In what follows, we discuss the excluded

volume and virial approaches commonly used for treating the presence of these light

nuclear clusters. An extension of the excluded volume approach of refs. [LS91, LLPR85]

to include other clusters beyond α-particles will be presented. A comparison of the

excluded volume and virial approaches for the npα system with leptons and photons will

be made together with a brief discussion of the advantages and drawbacks of each of these

approaches.

The excluded volume approach with α- particles

With a binding energy Bα ' 28.3 MeV, α-particles are the most bound among the

light nuclear clusters. The discussion here to include α- particles in addition to nucleons,

electrons, and photons follows closely that of ref. [LS91] which, in turn, is a simplified

version of an earlier treatment in ref. [LLPR85]. We first outline the procedure of ref.
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[LS91] here as it paves the way for the subsequent inclusion of additional light nuclear

clusters in this approach.

Interactions between α-particles and nucleons (assumed to be point particles) are

taken into account by treating the α-particles as rigid spheres of volume

vα = 4π
3 ( 4

5apα)3 ' 24 fm3, where apα is the proton-α scattering length. This treatment

accounts for repulsive interactions only, attractive interactions being deemed as small. The

conservation equations for baryon number and charge neutrality are

n = 4nα + (nno + npo)(1 − nαvα) (3.11)

nYe = 2nα + npo(1 − nαvα) , (3.12)

where nno and npo are the neutron and proton densities outside the α-particles of density

nα, and Ye = ne/n is the net electron fraction (i.e., ne = ne− − ne+). Equation (3.11) enables

the mass fractions to be defined as

Xα = 4
nα
n
,

Xno =
nno(1 − nαvα)

n
, Xpo =

npo(1 − nαvα)
n

. (3.13)

The total free energy density can be decomposed as

F = Fb + Fe + Fγ , (3.14)

where Fb = Fo + Fα is the free energy density of baryons, Fe and Fγ are those of the

leptons and photons. The component Fo refers to the outside (of α-particles) nucleons and

can be written as

Fo = (1 − nαvα) no fo(no, xo,T ) , (3.15)

where fo is the free energy per nucleon, no = nno + npo and xo = npo/no. The quantity fo

can be calculated using a suitable model for the EOS of interacting nucleons. Here we use

that of APR at finite T following ref. [CMPL14] where details for calculating Fe and Fγ
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are also provided. The α-particles are treated as non-interacting Boltzmann particles,

whence

Fα = nα(µα − Bα − T ) . (3.16)

The α-particle chemical potential, easily obtained from the classical gas expression

nα = 8nQ exp(µα/T ), is

µα = T ln
(

nα
8nQ

)
with nQ =

( mT
2π~2

)3/2

, (3.17)

where nQ is the quantum concentration of nucleons with m denoting the nucleon mass.

Being non-interacting particles, the α-particle pressure, energy density and entropy

density are

Pα = nαT , εα = nα

(
3
2

T − Bα

)
, and

sα = nα

(
5
2
−
µα
T

)
. (3.18)

Minimization of F with respect to nα yields the relationship between the chemical

potentials of the baryons:

0 =
∂F
∂nα
⇒ µα = 2(µno + µpo) + Bα − povα , (3.19)

where po is the pressure of nucleons outside the α-particles obtained using the (purely

nucleonic) EOS at the given (subnuclear) density, lepton fraction, and temperature.

Because the EOS of APR uses a common value for the rest masses for the neutron and

proton, the term involving 2(mp − mn) is not included in the above equation.

In simulations of core-collapse supernovae, proto-neutron stars and binary mergers of

neutron stars, the EOS is generally tabulated in terms of the variables (n,Ye,T ). From a

numerical standpoint, it is advantageous to extend the variables to (n,Ye, Xp,T ), where

Xp = npo/n. Eliminating nα from eqs. (3.11) and (3.12), one obtains

no =
2n(1 − 2Ye) + nXp(4 − nvα)

2 − nYevα

npo = nXp , nno = no − npo , and xo =
npo

no
. (3.20)
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Thus npo and nno are completely determined by specifying (n,Ye,T ) and providing a guess

value for Xp. With these npo and nno at hand, µpo and µno [needed for the calculation of nα

using eq. (3.17)] can be obtained by solving

2
∫

d3 p
(2π~)3

1

1 + exp
(

ei−µi
T

) − ni = 0 (3.21)

where the spectra ei correspond to the model of choice for the nucleonic EOS. The value

of Xp can then be updated iteratively to satisfy the baryon number conservation eq. (3.11).

The total pressure, entropy density and energy density are then

P = Po + Pα + Pe + Pγ ,

s = (1 − nαvα)so + sα + se + sγ S = s/n

ε =
∑

i

µini + T s − P , E = ε/n , (3.22)

where S denotes the total entropy per baryon, E the total energy per baryon and

Po = (1 − nαvα) po. In utilizing the thermodynamic relation above to obtain the energy

density, it is necessary to account for the α-particle binding energy Bα in the total

chemical potential of the α, i.e., µtot
α = µα − Bα. We defer presentation of the numerical

results of these state variables to a later section.

The excluded volume approach with multiple clusters

The presence of additional light nuclear clusters such as d, 3H, and 3He give a lower

free energy relative to the case when only α-particles are considered besides nucleons.

The binding energies of these light nuclei are listed in table 3.1. In the excluded volume

approach, interactions between the various nuclear species and nucleons can also be

included by treating these nuclei as rigid spheres with excluded volumes vi = 4
3πR3

i , where

the sharp sphere radii Ri can be inferred from the measured charge or mass rms radii, the

latter not being experimentally available yet. Values of vi, i = d, 3H, 3He and 4He are also

listed in Table 3.1. Note that vα differs slightly from that used in refs. [LS91, LLPR85].
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Table 3.1: Properties of light nuclei. The symbol for each nucleus used in text is as
indicated. The symbol v stands for the rigid sphere effective excluded volume.

Nucleus Symbol B.E. (MeV) v (fm3)

d d 2.22 40.5

3H τ 8.48 23.2

3He 3 7.72 32.0

4He α 28.3 19.9

The baryon number conservation equation takes the form

n = 4nα+(1 − nαvα)

× {3n3 + (1 − n3v3)

× [3nτ + (1 − nτvτ)

× (2nd + no(1 − ndvd))]} . (3.23)

Note that the order by which the excluded volumes are nested does not affect the final

results for the thermodynamic state variables as functions of (n,Ye,T ) insofar as a

particular order is used consistently over the course of the calculation.

The mass fractions are defined as

Xα =
4nα
n

, X3 =
3n3

n
(1 − nαvα) ,

Xτ =
3nτ
n

(1 − nαvα)(1 − n3v3) ,

Xd =
2nd

n
(1 − nαvα)(1 − n3v3)(1 − nτvτ) ,

Xno =
nno

n

∏
i

(1 − nivi) , Xpo =
npo

n

∏
i

(1 − nivi) . (3.24)
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with i = d, 3, τ, α. The corresponding charge neutrality condition requires

nYe = 2nα + (1 − nαvα)

× {2n3 + (1 − n3v3)

× [nτ + (1 − nτvτ)

×
(
nd + npo(1 − ndvd)

)]}
. (3.25)

When all of the nuclear species are treated as non-interacting Boltzmann particles, their

densities, chemical potentials and “bare” (i.e., without excluded volume factors included)

free energy densities are given by

ni = A3/2
i nQ exp(µi/T )

µi = T ln

 ni

A3/2
i nQ


fi = ni(µi − Bi − T ) i = d, τ, 3, α , (3.26)

where Ai are the mass numbers of the light nuclei and nQ is the quantum concentration of

nucleons in eq. (3.17). The pressure, energy density and entropy density of each species is

that of a non-interacting gas as in eq. (3.18). As in the previous section, the free energy

densities of interacting nucleons outside the nuclei are calculated using the EOS of APR at

finite T [CMPL14].
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The relationships between the various chemical potentials are obtained by

minimizing the total free energy density

F = Fb + Fe + Fγ

Fb = Fo + Fd + Fτ + F3 + Fα

Fo =
∏

i=d,τ,3,α

(1 − nivi) no fo(no, xo,T )

Fd =
∏

i=τ,3,α

(1 − nivi) fd(nd,T )

Fτ =
∏
i=3,α

(1 − nivi) fτ(nτ,T )

F3 = (1 − nαvα) f3(n3,T )

Fα = fα(nα,T ) (3.27)

with respect to ni:

∂F
∂ni

= 0⇒

µd = µno + µpo + Bd − vd po

µτ = 2µno + µpo + Bτ − vτ(po + ndT )

µ3 = µno + 2µpo + B3 − v3(po + ndT + nτT )

µα = 2(µno + µpo) + Bα − vα(po + ndT + nτT + n3T ) ,

(3.28)

where po stands for the pressure of interacting nucleons in the absence of the light nuclei.

The inclusion of additional clusters increases the number of quantities to be determined

compared to the case when only α-particles are considered. As in the previous section, the

set of variables (n,Ye, Xp,T ) facilitates numerical evaluations considerably. The nucleon

densities outside the nuclei can be found by eliminating nα from eqs. (3.23) and (3.25) and
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a guess value of Xp:

no =

{[
Q

1
1 − n3v3

− 3nτ

]
1

1 − nτvτ
− 2nd

}
1

1 − ndvd

Q =

(
2n(1 − 2Ye) + R(4 − nvα)

2 − nYevα
− 3n3

)
R = 2n3 + (1 − n3v3)

×
{
nτ + (1 − nτvτ)

[
nd + nXp(1 − ndvd)

]}
nno = no − npo , xo =

npo

no
and npo = nXp (3.29)

using which the outside nucleon chemical potentials can be determined by utilizing their

relations to the nucleon densities. Equation (3.28) then provides the various chemical

potentials and eq. (3.26) their corresponding densities. The correct value of Xp can be

determined iteratively by satisfying the baryon number conservation eq. (3.23). The total

pressure is then given by

P = Pb + Pe + Pγ

Pb = Po + Pd + Pτ + P3 + Pα

Po =
∏

i=d,τ,3,α

(1 − nivi) po(no, xo,T )

Pd =
∏

i=τ,3,α

(1 − nivi) pd(nd,T )

Pτ =
∏
i=3,α

(1 − nivi) pτ(nτ,T )

P3 = (1 − nαvα) p3(n3,T )

Pα = pα(nα,T )

pi = niT (3.30)

Expressions for the entropy and energy densities are similar with so and εo taking the

place of po, and the various other pi’s above replaced by si = ni(5/2 − µi/T ) and

εi = ni(3/2T − Bi) for i = d, τ, 3, α, respectively.
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The Virial Approach

The treatment of clusters is also afforded by the virial expansion approach that

includes bound and continuum states, and provides corrections to the ideal gas results for

thermal variables [BU37]. When applicable, this approach is model independent as

experimental data (i. e., phase shifts), where available, are input to theory. In terms of the

partition function Q, the pressure P = (T/V) logQ, and is expressed in terms of the

fugacities zi = exp(µi/T ), (i = d, 3H, 3He, 4He etc.) and the 2nd virial coefficients b2

which are simple integrals involving thermal weights and elastic scattering phase shifts.

Unlike in classical statistical mechanics, a satisfactory treatment of the 3rd and higher

order quantum virial coefficients is yet to be accomplished.

In the context of heavy-ion collisions, this approach was used to calculate the state

variables of a resonance gas in ref. [VP97]. For low-density supernova and neutron-star

matter, the EOS for the npα system was calculated in ref. [HS06], with the inclusion of

other light nuclear clusters in refs. [OGH+07, A+08] and those with heavy-nuclei also in

ref. [SHT10]. The review in ref. [OHKT17] provides an extensive list of other references

in which the virial approach and its extensions have been used to calculate the EOS of

low-density matter.

Here we restrict ourselves to the npα system with electrons and photons to make

comparisons with the results of the excluded volume approach, and to point out

similarities and differences. The results reported here were obtained precisely in the

manner expounded in refs. [HS06] and [LS91] respectively, with APR serving as the

underlying model for the nucleon-nucleon force in the latter case. In both cases, we have

verified that our results shown here reproduce those of these earlier works.
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Comparison between the Excluded Volume and Virial Approaches

We begin by showing results for the npα system with leptons and photons. Figure 3.7

shows a comparison of the α-particle mass fractions Xα = 4nα/n between the excluded

volume approach using the EOS of APR for nucleons and the virial approach. Unlike in

the standard LS model, Xα’s here lie above the virial results until they vanish at some

density (see fig. 5 and associated discussion in ref. [HS06]). Clearly, results of the

excluded volume approach depend on the treatment of the nucleon-nucleon interactions.

As noted in refs. [LS91, LLPR85], the povα term in eq. (3.19) decreases the µα and nα as

the density increases causing the disappearance of α’s. Such is not the case in the virial

approach in which for each Ye, Xα’s continue to increase up to and even beyond ns where

the approach becomes invalid. However, the appearance of heavy-nuclei at sub-nuclear

densities results in diminishing Xα’s in the virial approach as well [SHT10]. The physical

difference between the two approaches is that only repulsive interactions are incorporated

in the excluded volume approach whereas in the virial approach the α-nucleon interactions

are predominantly attractive. In what follows, we will first present results from each of

these approaches to provide a comparison and to appreciate their characteristics before

addressing a method in which the limitations of each method can be avoided.

Figures 3.8(a) and (b) show the pressure vs baryon density in the two approaches at

T = 4 MeV, and for Ye = 0.1 and 0.4, respectively. The individual contributions from the

baryons presented in this figure provide a contrast between results of the excluded volume

approach (solid curves) using the EOS of APR for nucleons and the virial (dashed curves)

approach. Unlike in the virial approach, the excluded volume pressure due to the outside

nucleons, Po, shows a non-monotonic behavior for both Ye’s. This difference is due to the

disappearance of the α-particles with growing density in the excluded volume approach.

Particularly noteworthy are the negative values of Po for Ye = 0.4 characteristic of nearly

symmetric nucleonic matter at the densities shown [CMPL14]. This feature is absent in
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Figure 3.7: Mass fractions Xα = 4nα/n vs baryon density at the indicated temperature T
and net electron fractions Ye.

the virial approach. The sub-dominant contributions Pα from the α-particles are nearly the

same in the two approaches. For both Ye’s, the contribution from the leptons, Pe, is

dominant over that of the baryons. This dominance persists for all values of Ye’s except

those approaching that of PNM for which Ye = 0. The contribution from photons is

negligible at the temperature and densities shown. We note, however, that these results,

along with those of other state variables to be shown below, will be quantitatively altered

when other light nuclear clusters as well as heavy nuclei are included at sub-nuclear

densities.

The entropy per baryon, S = s/n, vs n is shown in figs. 3.9(a) and (b) for the same T

and Ye’s as in fig. 3.8. The upward trend in the results for S o and S e is caused by the low

values of n in their respective definitions. As with the pressures, the non-monotonic

behavior of S o at the higher end of densities in this figure is caused by the disappearance
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Figure 3.8: Pressure vs baryon density in the excluded volume and virial approaches for the
indicated temperature and net electron fractions. Low individual contributions have been
multiplied by a factor of 2 for clarity.
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of α-particles in the excluded volume approach. As nα vanishes faster than n for very low
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n, S α → 0 as n→ 0. In contrast to the pressures, the dominant contribution for S tot arises

from the nucleons outside of α-particles.
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Figure 3.10: Same as fig. 3.8, but for the energy per baryon vs baryon number density.
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For the same values of T and Ye as in fig. 3.8, the energy per baryon, E = ε/n, vs n is

shown figs. 3.10(a) and (b). For both Ye’s, the α-particle energies per baryon, Eα, in the

two approaches are nearly the same at low densities. They differ from each other at the

densities for which the excluded volume effects become significant. As nα continues to

increase with n in the virial approach, the magnitude of Eα continues to decrease. Note

also that Eα remains negative until T & 2Bα/3. For Ye=0.1, the electron energies

supersede those of the nucleons at some density whereas they are the dominant

contributions at Ye = 0.4 at all n shown. In contrast to the virial approach, the

non-monotonic behavior of the nucleon energies, Eo, at Ye = 0.1, stemming from the

excluded volume approach, is also noteworthy.
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Figure 3.11: Same as fig. 3.7, but for T = 10 MeV.

In fig. 3.11, the α-particle fractions are shown at T = 10 MeV for representative Ye’s.

In contrast to the results at T = 4 MeV, the dissolution of the α-particles is less abrupt in



88

the excluded volume approach. The difference with the results of the virial approach

grows as the density increases for all Ye’s. With more positive charge and baryon number

added with the inclusion of additional light nuclear clusters and heavy nuclei, these results

will also change correspondingly in both the approaches (see discussion in subsequent

sections).

Pressures at T = 10 MeV are shown in fig. 3.12. Relative to the results in fig. 3.8 at

T = 4 MeV, the higher thermal content in the pressure of nucleons Po is evident in this

figure for both Ye’s. Contributions to Po at Ye = 0.4 for n approaching 0.1 fm−3 in the

excluded volume approach are negative because the temperature is well below the

liquid-gas phase transition temperature of Tc ' 17 MeV for the EOS of APR at this Ye

[CMPL14]. The virial Po’s remain positive, albeit very small at Ye = 0.4. Contributions

from leptons are substantial for both Ye’s.

Results for multiple clusters in the Excluded Volume Approach

In this section, we present and discuss results of the excluded volume approach when

the low-density phase contains d, 3H, 3He and 4He. For related, but slightly different

treatment of the excluded volume approach, cf. refs. [Typ16, PT17]. Results in these

references are qualitatively similar to those of ours although small quantitative differences

exist. Put together, these results enable comparisons with results of the virial approach in

refs. [OGH+07, A+08].

The mass fractions from eq. (3.24) are shown in fig. 3.13. In the results shown, the

relative fractions of the various species are determined by a combination of the charge and

baryon number conservation laws as well as values of the Bi’s, T , Ye, and Po. The density

at which an individual species vanishes is primarily controlled by the excluded volume vi

assigned to it. Note that there is some leeway in assigning these values instead of the

geometrical factors adopted here. In principle, one could also use ranges of effective
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interactions in determining the excluded volume. In addition, the presence of heavy nuclei

(to be included later) will also alter the relative concentrations. Our results here are

illustrative of the effects of excluded volumes, but the formalism allows for other values to

be used. These remarks apply for results of the state variables shown below as well.

Figure 3.14 shows contributions from light nuclei to the total pressure. As the light

nuclei are treated as non-interacting gases, their pressures are given by ideal gas

expressions, Pi = niT , modulo the excluded volume factors in eq. (3.30) which act

significantly only when each of the nuclear species is disappearing. The temperature being

fixed at T = 4 MeV for this figure, the partial pressures reflect the variation of the

individual densities of nuclei with n. Note that contributions from the electrons begin to

dominate as Ye increases.

The entropies per baryon of light nuclei and their total are displayed in fig. 3.15.

Note that the predominance of one or the other light nuclear species varies with increasing

density with nucleons giving a substantial contribution for both Ye’s shown. Contributions

from 3He, d and e are subdominant for both Ye’s.

For the same temperature and Ye’s as in the previous figures, contributions from light

nuclei for the total energy per baryon vs density are shown in fig. 3.16. Because the B.E.

of deuterons is small compared to the temperature, their energies are positive until they

disappear. Such is not the case for 3H, 3He, and α-particles, hence they remain negative

until they disappear. Note also that the nucleon energies turn negative as n approaches 0.1

fm−3 for Ye = 0.4. As noted earlier, these results are subject to modifications in the

presence of heavy nuclei to be described later.

Limitations of the Excluded Volume and Virial Approaches

The excluded volume approach accounts only for repulsive interactions which

become significant as the density increases. As a consequence, light nuclear species
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disappear at varying densities below ∼ 0.1 fm−3. In the (n,Ye,T ) region where heavy

nuclei are favored, the relative abundances of the light nuclei are also greatly affected

[LS91, SHT10]. The principal drawback of the excluded volume approach is the lack of

attractive interactions known to be present from phase shift data, where available.

Nevertheless, as inclusion of such effects provides small corrections to the ideal gas state

variables, the results of the excluded volume approach will likely not be affected

significantly.

Taking guidance from the available phase shift data, the virial approach, where

applicable, includes both attractive and repulsive interactions. In the manner in which

interactions are included in this approach, their effects become predominantly attractive.

Consequently, the mass fractions of light nuclei continue to increase toward and beyond ns

in the regions of (n,Ye,T ) where heavy nuclei are absent. Although the fugacities of the

clusters remain less than unity, such is not the case for nucleons in a wide range of T and

Ye. An illustration of this feature is presented for npe matter in fig. 3.17 where neutron

fugacities zn are shown. With decreasing proton fraction x, the densities at which zn’s

exceed unity also decrease. As z << 1 is a requirement of the virial approach, caution

must be exercised in its use.

From a theoretical standpoint, the region with light nuclear clusters presents the

situation of fermion-boson mixtures extensively studied in the context of cold atoms

[PS08]. We have developed an approach based on the mean fields experienced by nucleons

and the different light nuclei accounting for both attractive and repulsive hard-core

interactions. Results from this approach will be presented in a separate publication.

Inhomogeneous Phase with Heavy Nuclei

The inhomogeneous phase consisting of heavy nuclei surrounded by a gas of

nucleons, light nuclei, leptons and photons occupies a substantial region (phase II in fig.
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3.5) at sub-nuclear densities n . 0.1 fm−3. For densities in excess of 0.1 fm−3, matter is

too dense for nuclei of any type to form and thus consists of uniformly distributed
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nucleons and leptons (phase III in fig. 3.5). For the treatment of heavy nuclei, two main

approaches have been adopted in the literature: the single nucleus approximation

[LS91, LLPR85] and the full ensemble method [SHT10]. The former approach gives an

adequate representation of the thermodynamics of the system [BL84], while the latter

approach is warranted for applications involving neutrino-nucleus and electron-nucleus

scattering and absorption processes.

In fig. 3.18, we show results for the volume fraction u occupied by nuclei for

Ye = 0.5. The results shown here are for the EOS of APR in the single nucleus

approximation of [LS91]. Decreasing the electron fraction from Ye = 0.5 reduces the

fraction of space occupied by nuclei for a given density n and temperature T . This
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reduction occurs because at low Ye’s, nuclei are unable to maintain a moderate proton

fraction (xi ' 0.3) and thus fewer nuclei form.

Observe that while the presence of electrons in the whole system ensures charge

neutrality and mechanical stability, electrons are entirely irrelevant in the calculation of

T A
c which is the temperature above which nuclei of mass A dissolve into their constituent

nucleons. As such, Tc is a property of matter enclosed in nuclei and can only depend on

the charge fraction xi inside nuclei. In turn, xi is a function of the ambient conditions

(n,Ye,T ) in which the nuclei are embedded; here Ye is the net electron fraction of the

whole system. For large enough nuclei, matter in their interior can be reasonably well

approximated by infinite matter. In this case, Tc is obtained by solving eq. (9); that is Tc is

the liquid-gas phase transition temperature. Note that, in general, xi < Ye and therefore

T A
c < T∞c . Similar considerations apply to the pasta phase; the temperature T p

c above

which the pasta phase disappears is much less than T A
c . Detailed results for the state

variables corresponding to the EOS of APR will be reported separately [SCMP19]. This

work adds to the suite of EOSs based on the Skyrme interaction provided in ref. [SRO17].

The Supra-Nuclear Equation of State

Structural properties, such as the mass, radius, moment of inertia, quadrupolar

polarizability (or tidal deformability), etc., of a neutron star depend sensitively on the

supra-nuclear EOS [LP16]. While the radius of a normal nucleonic neutron star is

primarily determined by the EOS in the region up to n ∼ 2ns, the star’s maximum mass

depends on the EOS close to its central density [LP01]. When additional components such

as hyperons, Bose Condensates or quarks are considered (and present in substantial

amounts), the EOS beyond 2ns can influence both the radius and the maximum mass. The

internal composition controls the long-term cooling of neutron stars detected through

optical and X-ray thermal emission [PLPS04a]. For the manner in which the
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supra-nuclear EOS influences other observable properties including gravitational wave

emission, neutrino emission from type-II supernovae, rotation, magnetic properties, etc.,

of a neutron star, cf. refs. [LP16, LP07] for an overview.

There are several sweet and sour points concerning theoretical attempts to calculate

the supra-nuclear EOS. On the sweet side, developments in effective field theory have

enabled first principle calculations of isospin symmetric and asymmetric matter with

systematic corrections to be estimated. On the sour side, continuing beyond 2ns to

encompass the central densities of neutron stars is precluded in these methods because of

the perturbative expansion parameter Λ/p, where Λ is a cut-off in momentum p, reaching

uncomfortable values particularly for PNM for which the Fermi momentum

pF(PNM) = 22/3 pF(SNM). For example, pF(PNM) ' 336 (533) MeV/c for ns(2ns),

whereas typically Λ ' 600 MeV/c. Additionally, the error estimates depend on the

method employed to impose the cut-off Λ which also affects the unitarity of operators

when a cut-off is used. To access the EOS beyond 2ns for inferring structural properties of

a neutron star, the approach taken thus far has been to use piece-wise and causal

polytropic EOSs beyond 2ns so that a maximum mass of & 2M� can be obtained

[HLPS13]. While this approach is adequate and useful for cold neutron stars in a

parametric study, the internal composition, finite temperature properties and isospin

dependence of the EOS cannot be accessed with polytropic EOSs.

Phenomenological EOSs based on non-relativistic potential model approaches with

contact and finite-range interactions have long been used to explore possible consequences

in astrophysical applications by varying the high-density behavior of the EOS. The

advantage of these models is that calculations are relatively easier than the

time-consuming first-principle calculations. However, higher-than-two-body interactions,

found necessary to fit constraints offered by laboratory data on nuclei at near-nuclear

densities, render these EOSs acausal at some high density due to the lack of Lorentz
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invariance in a non-relativistic approach. Often, the density at which causality is violated

lies within the central densities of neutron stars. Although a method to impose causality

based on thermodynamical arguments has been known for a while for cold stars

[NC73, LPMY90], it is only recently that a similar method has been devised at finite

temperature [CP17]. A practical way to avoid this problem is to screen repulsive

contributions from higher-than-two-body interactions (as they lead to an energy per

particle that varies faster than linearly at high density) as in refs. [BD80, PAL88, P+97].

For any such nonrelativistic potential model, causality is preserved for all

temperatures/entropies if the inequalities cs(T=0)
c ≤ 1 and 4

9 Q2 + 2n
3

dQ
dn ≤ 1 are both satisfied.

The quantity Q is related to the nucleon effective mass m∗ and its density derivative

according to Q = 1 − 3m∗
2n

dm∗
dn .That is, a full finite-T calculation of the speed of sound is not

necessary in order to check whether or not causality is violated. These remarks are

relevant also to all first-principle dense-matter calculations that use a non-relativistic

approach.

Relativistic Dirac-Brueckner-Hartree-Fock [MPA87, EOHJ+96] and mean

field-theoretical [MS96] models and their extensions are inherently Lorentz invariant and

thus preserve causality. While the former approach is based on nucleon-nucleon scattering

data, in the latter, nucleon-boson coupling strengths are calibrated in medium at ns to

reproduce empirical properties of nuclear matter and nuclei. As with their non-relativistic

counterparts, several adjustments of many-body forces in medium have been required to

obtain 2M� neutron stars with reasonable radii for ∼ 1.4M� stars for which observational

constraints are beginning to emerge. These approaches, however, do not suffer from the

cut-off issues that non-relativistic effective field-theoretical approaches do.

Establishing or ruling out the presence of non-nucleonic degrees of freedom in

neutron-star matter has proved difficult on both observational and theoretical fronts.

Observationally, a compelling evidence for the presence of exotica in the form of



101

hyperons, Bose condensates or quarks is lacking. On the theoretical side, many studies

including the presence of exotica in one form or the other have been conducted. Most of

these studies have been revised with adhoc adjustments concerning strong interactions at

high density in view of the discovery of 2M� neutron stars. The consensus since then has

been that a large amount of exotica in neutron star interiors is untenable [LP11]. In the

case of quarks, the overarching concern is the lack of a non-perturbative treatment of

quark matter interactions. This conundrum is likely to remain unless breakthroughs occur

on both observational and theoretical fronts.

3.4 Thermal Effects on the Structure of Neutron Stars

As figs. 3.1 and 3.2 imply, the entropy and temperature of the post-merger remnant in

the merger of binary neutron stars change with the spatial location as well as with time.

Consequently, the enclosed mass and the radius of the remnant also change with time. In

reality, such changes are brought about by several physical effects such as thermal effects,

neutrino trapping, rotation and magnetic fields etc. all acting at the same time. To gain a

qualitative or semi-quantitative understanding of how each of these effects affect the

masses and radii at a given time, we can study the role of one physical effect at a time

while freezing the others. A full dynamical simulation is, however, required for a

complete understanding when all of the physical mechanisms act in concert.

We therefore begin with the role of thermal effects on the structure of a neutron star.

As most of the enclosed mass is accumulated from regions above ns in the star, an analysis

based on nearly-degenerate matter offers some insight. Under such conditions, the

maximum gravitational mass at finite constant entropy per baryon (throughout the star)

can be expressed as [P+97]

Mmax(S ) = Mmax(0) [1 + λS 2 + · · · ] , (3.31)
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where the coefficient λ is EOS dependent. Table 3.2 presents physical properties of the

maximum mass (gravitational) nucleonic stars for the EOSs chosen in ref. [P+97]. The

EOSs labelled BPAL32 and SL32 are non-relativistic potential models, and MRHA and

GM are from mean field theoretical models. The values of λ given in table 3.2 are quite

small, ∼ 10−2. We note that the results in this table correspond to the case when only

regions above n ' 0.08 fm−3 contained thermal effects, but not the surface regions below

that density. We have verified that the increasing trend in the maximum mass at finite S is

not affected by this omission, but the radius would be larger when the surface regions are

also subject to thermal effects. Results for EOSs including that of APR in which the entire

star is heated will be reported in a subsequent publication [SCMP19].

As in the case of nucleonic stars, thermal effects provide positive pressure at a given

baryon density in stars containing hyperons, Bose condensates or quarks as well, and

therefore the maximum gravitational mass increases slightly at finite entropy relative to

that at zero temperature [P+97]. As will be discussed in later sections, other physical

effects increase the maximum mass substantially more than thermal effects.

3.5 Effects of trapped Neutrinos on the Structure of Neutron Stars

Elusive as they are, the weakly interacting neutrinos can be trapped in matter, albeit

transiently, in several astrophysical circumstances. The physical sites of interest include

the early universe, core-collapse supernovae, newly born neutron stars, and mergers of

binary neutron stars [PLSV01]. For example, the supernova center mean free path for

neutrino scattering is λ ≈ 2 × 105 (MeV/Eν)2 cm, where Eν is the neutrino energy in MeV.

Thus, neutrinos with energy 1 MeV or more would be trapped during the evolution of a

core-collapse supernova. Furthermore, at early times in a proto-neutron star’s evolution,

neutrinos would be trapped in matter as well, being unable to propagate on dynamical

timescales. Electron capture reactions, which proceeded due to the increasing density and
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Table 3.2: Effects of finite entropy on the structure of neutron stars. Results taken from
Prakash et al. [P+97]. The various symbols are: S , entropy per baryon, Mmax, the maximum
mass, R, the radius of the maximum mass configuration, nc/n0, the core density in units
of the nuclear equilibrium density, Pc, the core pressure, Tc, the core temperature, λ,
percentage change in Mmax, and I, the moment of inertia corresponding to Mmax. Model
designations are as in ref. [P+97] (see also text).

Model S Mmax
M�

R nc
n0

Pc Tc 102λ

(km)
(

MeV
fm−3

)
(MeV)

BPAL32 0 1.93 10.1 7.7 590.2 0

2 1.97 10.9 6.9 482.8 71.5 0.53

SL32 0 2.1 10.6 6.8 689.9 0

2 2.2 11.6 5.8 532.2 103.2 1.11

MRHA 0 1.86 10.6 7.3 484.9 0

2 1.9 11.2 6.6 419.6 58.8 0.56

GM 0 2.0 10.9 7.1 545.8 0

2 2.04 11.6 6.4 458.2 62.6 0.47
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electron chemical potential, effectively halt as the trapped neutrinos settle into a

degenerate Fermi sea and contribute their own Fermi pressure to the system. Because

neutrinos interact weakly, all of their thermal characteristics are taken as their ideal Fermi

gas contributions. The chemical potential of the electron neutrinos, µνe is related to the net

electron-neutrino number per baryon Yνe by µ3
νe

= 6π2nYνe (the neutrino mass here being

negligible compared to µνe). Similar considerations apply to the other flavors of neutrinos

as well.

It is interesting to make some observations regarding the effect of trapped neutrinos

on the mass of the star itself to which we turn now. Under conditions when neutrinos of

lepton flavor ` = e, µ and τ are trapped in the system, the beta equilibrium condition

becomes

µi = biµn − qi(µl − µν`) , (3.32)

where µi is the chemical potential of baryon i, bi is its baryon number and qi is the charge.

The chemical potential of the neutron, lepton ` and neutrino ν` are denoted by µn, µ` and

µν` , respectively. For example, equilibrium under the electron capture reaction

p + e− ↔ n + νe establishes the relation

µ̂ ≡ µn − µp = µe − µνe , (3.33)

allowing the proton chemical potential to be expressed in terms of three independent

chemical potentials as

µp = µn − (µe − µνe) . (3.34)

Analogous relations involving other neutrino flavors, hyperons, kaons, quarks, etc. can be

found ref. [Pra96].

Because of trapping, the numbers of leptons of each flavor of neutrino

YL` = Y` + Yν` (3.35)
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are conserved on dynamical time scales. In the context of core-collapse supernovae, the

constraint YLµ = Yµ + Yνµ = 0 can be imposed because no muons are thought to be present

when neutrinos become trapped in the gravitational collapse of the white-dwarf core of

massive stars. The electron lepton number YLe = Ye + Yνe ' 0.4, the precise value

depending on the efficiency of electron capture reactions during the initial collapse stage.

Note, however, that in mergers of binary neutron stars, YLµ , 0, as cold catalyzed neutron

stars prior to merger would contain some muons above ∼ ns.

Since neutrinos do not carry any charge, the charge neutrality condition remains

unaltered from the case in which neutrinos are not trapped.

Table 3.3: Effects of trapped neutrinos on the structure of nucleonic stars. Results taken
from Prakash et al. [P+97]. The various symbols are as in table 3.2.

Model S Mmax
M�

R nc
n0

Pc Tc 102λ

(km)
(

MeV
fm−3

)
(MeV)

BPAL32 0 1.86 10.1 7.6 609.6 0

2 1.91 10.8 6.7 503.7 63.7 0.63

MRHA 0 1.78 10.3 7.5 514.1 0

2 1.84 10.9 6.8 448.3 54.6 0.75

GM 0 1.94 10.5 7.4 595.8 0

2 1.98 11.2 6.7 496.6 59.0 0.58

The results presented in table 3.3 for nucleonic stars correspond to the case when

YLe = 0.4 and YLµ = 0, i.e., relevant more for core-collapse supernovae and the initial

stages of proto-neutron stars than for the post-merger remnants (in which YLµ , 0) of the

coalescence of binary neutron stars. The EOS designations are as in table 3.2. Comparing
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results in tables 3.3 and 3.2, one notices a reduction in the maximum mass of

∼ (0.06 − 0.08)M� depending on the EOS for both S = 0 and 2 when neutrinos are

trapped. This reduction is caused by the electron chemical potential µe being larger in this

instance relative to the case of neutrino-free stars. This increase is required by the

conservation of YLe in eq. (3.35) in the presence of neutrinos. Consequently, nucleonic

matter becomes more proton rich to maintain charge neutrality, which in turn causes the

EOS to become softer relative to the neutrino-free case.

For the manner in which the maximum mass varies in the case of neutrino-trapped

stars containing strangeness-bearing components such as hyperons, kaon condensates or

quarks, we refer the reader to ref. [P+97] in which pathways of subsidence of such stars to

black holes after deleptonization is described. We note that such pathways would exist

only for cases in which a substantial amount of exotica are present (fulfilling, of course,

the current constraint of 2M� cold catalyzed stars).

As neutrinos diffuse through matter, the lepton numbers will change. The precise

manner in which neutrinos diffuse through the star in time is beyond the scope this work;

see, however, refs. [BL86, KJ95, PRP+99, PMPL01, PSPL01, RSC+12] for detailed

accounts.

3.6 Magnetic Effects on Neutron Star Structure

When magnetic fields have sufficient strength, they influence both the EOS and the

structure (through changes in the relevant metric functions) of neutron stars in an

intermingled manner. The magnetic field strength needed to dramatically affect neutron

structure can be estimated by a dimensional analysis equating the magnetic filed energy

EB ∼ (4πR3/3)(B2/8π) with the gravitational binding energy EB.E. ∼ 3GM2/(5R), yielding

the so-called virial limit

B ∼ 1.4 × 1018
(

M
1.4M�

) ( R
10 km

)−2

Gauss , (3.36)
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where M and R are, respectively, the neutron star mass and radius. Magnetic fields

quantize the orbital motion (Landau quantization) of charged particles such as electrons,

muons and protons in charge neutral and beta-equilibrated matter of neutron stars. The

importance of relativistic effects is gauged by the equality of the particle’s cyclotron

energy e~B/(mc) to its rest mass energy. Although there is nothing critical about this, the

magnitudes of the so-called critical fields for the electron, muon and proton are:

Be
c = (~c/e) o−2

e = 4.414 × 1013 Gauss ,

Bµ
c = (mµ/me)2Be

c = 1.755 × 1018 Gauss ,

Bp
c = (mp/me)2Be

c = 1.487 × 1020 Gauss , (3.37)

where oe = ~/(mec) ' 386 fm is the reduced Compton wavelength of the electron. When

the Fermi energy of the proton becomes significantly affected by B, the composition and

hence the EOS of matter in beta equilibrium becomes significantly affected, and in general

leads to a softening of the EOS for B∗ ≡ B/Be
c ∼ 105 [BPL00].

The energy density and pressure from the electromagnetic field are:

ε f = P f =
B2

8π
= 4.814 × 10−8 B∗2 MeV fm−3 . (3.38)

Thus, to obtain a nominal ε f = P f = 1 MeV fm−3, a magnetic field strength of

B∗ = 4.56 × 103 or B ' 2 × 1014 Gauss is required. These values may be contrasted with

the pressure of matter in non-magnetic neutron stars that range from 2-4 MeV fm−3 at

nuclear density to 400-1000 MeV fm−3 at the central densities of maximum mass neutron

stars depending on the EOS. Thus, the field contributions dominate the matter pressure

only for B∗ > 104 at nuclear densities and for B∗ > 105 at the central densities of neutron

stars.

In strong magnetic fields, anomalous magnetic moments κ of the baryons interact

with the magnetic field opposing the softening of the EOS due to Landau quantization
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[BPL00, BPL02]. For nucleons,

κp = µN

(gp

2
− 1

)
for p , and ,

κn = µN

(gn

2
− 1

)
for n , (3.39)

where µN is the nuclear magneton, and gp = 5.58 and gn = −3.82 are the Lande g-factors

for the proton and neutron, respectively. The energy

|κn + κp| B ' 1.67 × 10−5 MeV (3.40)

measures the changes in the field-free beta equilibrium condition and to the baryon Fermi

energies with contributions from the anomalous magnetic moments becoming significant

for B∗ > 105. In fact, complete spin polarization of the neutrons occurs when

|κn| B ∼
(6π2nn)2/3

4mn
, (3.41)

which at nuclear density leads to B∗ ' 1.6 × 105 or B ' 7.1 × 1018 Gauss. Such spin

polarization results in an overall stiffening of the EOS (due to the increased degeneracy

pressure of neutrons) that counters the softening induced by Landau quantization

[BPL00]. The net effect is to render the effective EOS very close to that of field-free

matter. For a summary of additional effects, for fields close to or exceeding Bp
c , such as

vacuum polarization effects [Sch88] and compositeness of baryons, see ref. [LP07].

Studies conducted with assumed frozen-in fields, see, e.g., refs.

[BBGN95, BSS00, CPL01] and references therein, offer some insight into the effects of

magnetic fields on the structure of neutron stars. Figure 3.19 shows results from ref.

[CPL01] (for the EOS of APR) in which the limits of hydrostatic equilibrium for

axially-symmetric magnetic fields in general relativistic configurations were analyzed

assuming a constant current function. Axially-symmetric magnetic fields provide a

centrifugal-like contribution to the total stress-energy tensor, which flattens an otherwise
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Figure 3.19: Mass-equatorial radius plot showing converged solutions attainable with
a constant current function for the EOS of APR [APR98]. The lower heavy curve
represents spherical, non magnetized configuration, and the upper heavy curve represents
the boundary beyond which solutions appear not to exist. Lighter solid curves are
sequences of constant baryon mass (in M�), while dotted curves are sequences of constant
magnetic momentM (in units ofM∗ = 1035 Gaussian). The cross denotes the maximum
mass configuration attainable by uniform rotation. Figure from Cardall, Prakash and
Lattimer [CPL01].

spherical star. Large enough fields decrease the central (energy) density as the mass is

increased eventually compromising the star’s stability. As with rotation, magnetic fields

allow neutron stars with a particular EOS and baryon number to have larger masses and

equatorial radii compared to the field-free case. The maximum mass attainable with a

magnetic field governed by a constant current function is noticeably larger than that

attained by rotation.

In fig. 3.19, hydrostatically stable configurations (some of which may not be stable to

dynamical perturbations) are contained between the heavy solid curves. The lower heavy

solid curve is the usual field-free, spherical result for the mass-radius relation. The upper

heavy solid curve represents the largest possible stable mass for a given equatorial radius
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as the internal magnetic field strength is increased. Large axially-symmetric fields tend to

yield flattened configurations, and if large enough, shift the maximum densities off-center

resulting in toroidal shapes.

The lighter solid curves in fig. 3.19 represent constant baryon mass sequences of

interest as potential evolutionary paths. Note, however, that such paths represent reality

only if the current function stays constant over the timescales of magnetic field decay due

to Hall drift and ambipolar diffusion. As there is no such guarantee, perhaps the study of

several different current functions could shed light on probable evolutionary sequences.

The lighter dotted curves in this figure display sequences of constant magnetic moment

M. Unlike for baryon number or mass, there is no principle of “conservation of magnetic

moment”, but over the slow timescales of magnetic field decay, this procedure seems like

a plausible opening exploration.

In the context of simulations of merging neutron stars, several additional caveats

apply. The post-merger remnant would be differentially rotating till the time rigid rotation

takes over due to effects of poorly understood (artificial) viscosity. The generation and

evolution of magnetic fields in the rotating remnant itself is a subject beset with

considerable uncertainty and is worthy of further studies.

3.7 Rotational Effects on Neutron Star Structure

Rigid rotation increases the maximum mass of a neutron star due to the positive

pressure support provided by centrifugal forces. With increasing angular momentum J,

mass-shedding at the equator occurs, limiting the maximum angular momentum, Jmax, a

star can support. General relativistic instabilities occur slightly before the Keplerian limit,

but the latter generally gives a good estimate of rotational instabilities. For uniform

rotation, studies in e.g., ref. [CST94] have shown that the increase in the maximum

gravitational mass can amount to ∼ 20%. In what follows, we summarize the results of
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ref. [BSB18] (see also references to earlier works there, and also ref. [FS13]) in which the

behavior of maximum baryon and gravitational masses with respect to the Kerr parameter

a = cJ/(GM2) was studied using a wide class of EOSs and a few select laws for

differential rotation. In summary, ref. [BSB18] finds

MB

M∗
B

= 1 + 0.51
(

cJ
GM∗2

B

)2

− 0.28
(

cJ
GM∗2

B

)4

(3.42)

MB

M∗
B

= 0.93
MG

M∗
G

+ 0.07 (3.43)

MG

M∗
G

= 1 + 0.29
(

cJ
GM∗2

G

)2

− 0.10
(

cJ
M∗2

G

)4

. (3.44)

The notation above is M∗
G := MTOV

G,max, M∗
B := MTOV

B,max are maximum gravitational and baryon

masses for non-rotating models with J = 0, and MG and MB are for rotating models with

J , 0.

Self-bound strange quark stars deviate from above trend yielding

MB

M∗
B

= 1 + 0.87
(

cJ
GM∗2

B

)2

− 0.60
(

cJ
GM∗2

B

)4

. (3.45)

The conclusion that emerges from these static studies is that uniform (differential) rotation

can increase the maximum allowed mass (before mass shedding) by up to ∼ 20% (≥ 50%).

Similar conclusions have been reached in refs. [BR16, WMR18, RMW18], albeit with

slightly differing numbers in the case of differentially rotating stars with different rotation

laws. As noted in ref. [BSB18], further analysis by extracting realistic rotation laws from

dynamical simulations (including magnetic effects) is warranted.

3.8 Conclusions

Simulations of the merger of binary neutron stars require the EOS of dense matter

over wider ranges of density and temperature than do those of core-collapse supernovae

and protoneutron stars. This requirement stems mainly from the compression and mass of

the post-merger remnant achieved in a merger event which are larger than those in the
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latter cases. Although advances have been made in dense matter theory, many sore points

remain some of which have been pointed out in this work. The gravitational and baryon

masses of the post-merger remnants are also influenced by effects of composition,

temperature, neutrino trapping, magnetic fields and rotation, the latter differential for short

times and rigid thereafter. To gain physical insights, we have provided brief reviews of

earlier works studying these effects considering each of them to act separately. In

dynamical simulations of mergers, however, all of these effects would be acting

simultaneously and evolving with time.

New elements of our work here are (1) a comparison of excluded volume and virial

approaches for the npα system using the EOS of APR for interacting nucleons, and, (2)

extension of the excluded volume approach to include additional light nuclei such as d,

3H, and 3He at sub-nuclear densities along the lines of refs. [LS91, LLPR85].

The principal difference between the excluded volume and virial approaches for the

npα system is that the mass fraction of the α-particle vanishes for n . 0.1 fm−3 in the

former case (due to excluded volume effects) whereas it continues to rise for the latter up

to and beyond nuclear densities. As a result, the excluded volume total pressure exhibits a

non-monotonic behavior with density for all electron fractions unlike in the virial

approach. For the same reason, similar features are also seen in the total energy per

baryon. In both cases, the dominant contribution to the entropy per baryon comes from

nucleons outside of α-particles for all electron fractions. The origin of the differences

between the two approaches is that the excluded volume approach accounts only for

repulsive interactions whereas interactions in the virial approach are predominantly

attractive. In addition, the requirement that fugacities be less than unity is not met for

nucleonic matter; the density at which the violation occurs decreasing with proton

fraction. For densities, temperatures and electron fractions for which heavy nuclei would

be present, results from both approaches are similar although quantitative differences exist.
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Results from our extension of the excluded volume approach to include light nuclei

in addition to the α-particle enable comparisons to be made with related, but slightly

different approach of refs. [Typ16, PT17]. We defer such a comparison to a future work.

We find that variation of an order in magnitude in the excluded volumes does not result in

a big variation of results when multiple clusters are present. What, in fact, determines the

relative mass fractions of light nuclei are the respective binding energies and, to a lesser

extent, the charge fraction at which the calculation is performed; for example, in neutron

rich matter, the concentrations of 3H and 3He will be somewhat enhanced in comparison

to the symmetric nuclear matter case. The EOS in this density region would also be

relevant to intermediate energy heavy-ion collisions in which abundances of these nuclei

are measured. One must note, however, the contributions from electrons, present in

astrophysical situations, would be absent in this case. A worthwhile future task would be

analyses of fermion-boson mixtures at sub-nuclear densities using effective field

theoretical (EFT) techniques.

EFT approaches have enabled first-principle calculations of isospin symmetric and

asymmetric nucleonic matter put to ∼ 2ns with systematic error estimates associated with

perturbation theory, the treatment of three-body interactions and dependencies on cut-off

procedures. For densities beyond ∼ 2ns, extrapolations using causal polytropic EOSs have

been used to examine the ranges of masses and radii consistent with the requirement of

obtaining 2M� neutron stars. This latter procedure precludes extension of the EOS to

finite temperatures; furthermore, knowledge of the compositional dependence of the EOS

required in dynamical simulations is lost. Other approaches, including phenomenological

EOSs based on non-relativistic potential models, relativistic

Dirac-Brueckner-Hartree-Fock and mean field theoretical models (and its extensions) do

not suffer from cut-off issues. However, several adjustments to many-body forces in such

treatments have been required since the discovery of 2M� neutron stars. Concerning the
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possible presence of exotica (hyperons, Bose condensates and quarks) in neutron star

interiors, the 2M� constraint places restrictions in that a significant amount of such matter

is disfavored.

Studies of static configurations in which thermal effects, neutrino trapping, assumed

magnetic fields and rotation are present on an individual basis have revealed that the

maximum gravitational and baryon masses are affected to varying degrees. The maximum

increase in these masses occurs for rotation nearing the mass-shedding (Keplerian) limit.

For rigid (differential) rotation, the increase in the maximum can amount to 20%(& 50%).

Magnetic fields have a comparable effect only for fields close to or in excess of 1018

Gauss. In both of these cases, the star would be deformed. Changes in maximum masses

due to thermal effects are comparatively smaller, of order a per cent, which is also the case

when neutrinos are trapped. To better understand results of dynamical simulations in

which all of these effects would be acting concurrently, study of static configurations in

which these effects are combined one after the other with a wider choice of magnetic

fields and differential rotation laws than employed so far would be greatly helpful.
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4 Treating Quarks within Neutron Stars

The content of this chapter is largely drawn from the preprint “Treating quarks within

neutron stars” [HML+19], which will be reproduced verbatim here. My specific

contributions to this work are detailed at the end of this chapter.

Treating quarks within neutron stars

Sophia Han,1,2 M. A. A. Mamun,1 S. Lalit,1 C. Constantinou,3 and M. Prakash1

1 Department of Physics and Astronomy, Ohio University, Athens, Ohio 45701, USA

2 Department of Physics, University of California Berkeley, Berkeley, CA 94720, USA

3 Department of Physics, Kent State University, Kent, OH 44242, USA

Abstract

Neutron star interiors provide the opportunity to probe properties of cold

dense matter in the QCD phase diagram. Utilizing models of dense matter in

accord with nuclear systematics at nuclear densities, we investigate the

compatibility of deconfined quark cores with current observational constraints

on the maximum-mass and tidal deformability of neutron stars. We explore

various methods of implementing the hadron-to-quark phase transition,

specifically, first-order transitions with sharp (Maxwell construction) and soft

(Gibbs construction) interfaces, and smooth crossover transitions. We find

that within the models we apply, hadronic matter has to be stiff for a

first-order phase transition and soft for a crossover transition. In both

scenarios, quarks most likely appear at the center of canonical neutron stars in

the mass range ≈ 1.0 − 1.6 M� with a sound velocity c2
QM & 0.4 characteristic

of strong repulsive interactions required to support recently discovered

neutron stars with masses ≥ 2 M�. We also identify equations of state and
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phase transition scenarios that are consistent with the bounds placed on tidal

deformations of neutron stars in the recent binary merger event GW170817.

We emphasize that distinguishing hybrid stars with quark cores from normal

hadronic stars is very difficult from the knowledge of masses and radii alone,

unless drastic sharp transitions induce distinctive disconnected hybrid

branches in the mass-radius relation.

4.1 Introduction

The observation that the dense matter inside neutron stars might consist of weakly

interacting quark matter owing to the asymptotic freedom of Quantum Chromodynamics

(QCD) was first made by Collins and Perry [CP75]. Since then, numerous explorative

studies have been conducted to isolate neutron star observables that can establish the

presence of quarks deconfined from hadrons. Starting from the QCD Lagrangian, lattice

gauge simulations at finite temperature T and net baryon number nB = 0 naturally realize

hadronic and quark degrees of freedom in a smooth crossover transition. However, lattice

simulations for finite nB at T = 0, of relevance to neutron stars, have been thwarted due to

the unsolved fermion sign problem and untenable imaginary probabilities. As a result, the

possible phases of dense matter at T = 0 have been generally explored by constructing

equation of state (EOS) models of hadrons and quarks that are independent of each other

although few exceptions do exist.

Extensive studies of nucleonic matter in neutron stars for nB . 0.5 n0, where

n0 ' 0.16 fm−3 is the isospin symmetric nuclear matter equilibrium density, have predicted

the presence of a solid crust. Observations of the surface temperatures of accreting

neutron stars in their quiescent periods have indeed confirmed the presence of a crust (see

ref. [MDK+18], and references therein). This region is characterized by a Coulomb lattice

of neutron-rich nuclei surrounded by dripped neutrons with admixtures of light nuclei and
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a uniform background of electrons in chemical potential and pressure equilibrium in a

charge neutral state. Differences among different equations of state [BPS71, NV73, DH01]

are small and are of minor importance to the structure of stars more massive than 1 M�. In

this work, we use the EOSs of ref. [NV73] (for 0.001 < nB < 0.08 fm−3) and ref. [BPS71]

(for nB < 0.001 fm−3) to determine the structural properties of the star.

Models of the hadronic EOS for nB > 0.08 fm−3 can be grouped into three broad

categories: non-relativistic potential models, Dirac-Brueckner-Hartree-Fock models, and

relativistic field-theoretical models. Microscopic many-body calculations in the first two

of these categories employ free-space two-nucleon interactions supplemented by

three-nucleon interactions required to describe the properties of light nuclei as input. In

contrast, coupling strengths of the two- and higher-body nucleon interactions mediated by

meson exchanges are calibrated at n0 in the relativistic field-theoretical models. Several

schematic potential models based on zero- and finite-range forces also exist that take

recourse in the Hohenberg-Kohn-Sham theorem [HK64, KS65] which assures that the

ground state energy of a many-body system can be expressed in terms of the local

densities alone. Refinements in all of these approaches are guided by the laboratory data

on the bulk properties of isospin symmetric and asymmetric matter such as the binding

energy BE = −16 ± 1 MeV at n0 = 0.16 ± 0.01 fm−3, compression modulus

Knm = 240 ± 20 MeV, nucleon’s Landau effective mass m∗/m = 0.7 ± 0.1, symmetry

energy S 2 = 28 − 35 MeV, and the symmetry energy slope parameter L = 60 ± 20 MeV,

etc.

The lack of Lorentz invariance in non-relativistic models leads to an acausal behavior

at some high density particularly if contributions from three- and higher-body interactions

to the energy are not screened in medium [BD80, PAL88]. The general practice has been

to enforce causality from thermodynamic considerations [NC73, LPMY90]. In some

cases, the reliability of the non-relativistic models is severely restricted, some times only
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up to 2 n0 as in the case of the chiral effective field-theoretical (EFT) models owing to the

perturbative scheme and the momentum cut-off procedure employed there

[HLPS10, TKHS13].

To explore consequences of the many predictions of these models at supra-nuclear

densities, piecewise polytropic EOSs that are causal have also been extensively used to

map out the range of pressure vs. density relations (EOSs) that are consistent with neutron

star phenomenology [LP16, SLB16, TKHS13, ZL18]. The viability of these EOSs at

supra-nuclear densities necessarily depends on the growing neutron star data to be detailed

below.

The possibility of non-nucleonic degrees of freedom such as strangeness-bearing

hyperons, pion and kaon condensates, and deconfined quarks above n0 has also been

examined in many of these models [LP16]. At some nB & (2− 4) n0, the presence of quark

degrees of freedom has been invoked on the physical basis that the constituents of the

hadrons could be liberated as the compression in density progressively increases.

First-principle calculations

[BC76a, BC76b, FM78, FJ84, KRV10, KV16, GKR+18, ASRS08] of the EOS of quark

matter have thus far been limited to the perturbative region of QCD valid at asymptotically

high baryon densities. The Nambu–Jona-Lasinio (NJL) model [NJL61], which shares

many symmetries with QCD - but not confinement - has been used to mimic chiral

restoration in quark matter [Kun89, BO99, Bub05]. Also in common use are variations

[KF15, GCS19] of the MIT bag model [BC76a].

Lacking knowledge about the nature of the phase transition, it has been common to

posit a first-order phase transition. Even in this case, the magnitude of the hadron-quark

interface tension is uncertain [ARRW01, MFPSB10, LGAA13, FHS19]. If the interface

tension is regarded as being infinite, a Maxwell construction can be employed to

determine the range of density for which chemical potential and pressure equality between
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the hadronic and quark phases exists [Gle92]. The other extreme case corresponds to a

vanishing interface tension when a Gibbs construction is considered more appropriate.

The Gibbs construction also corresponds to global charge neutrality instead of local

charge neutrality, appropriate for matter with two conserved charges (baryon number and

charge) [Gle01].

Depending on the models used to calculate the EOSs of the hadron and quark phases,

chemical potential and pressure equilibrium between the two phases may not be

realized [BHK+18]. In such cases, several interpolatory procedures have been used to

connect the two phases on the premise that at nB >> n0, a purely hadronic phase is

physically unjustifiable [MHT13, FK16, KPSB15, BHK+18]. As a result, the

hadron-quark transition becomes one of a smooth crossover the proportion of each phase

depending on the specific interpolation procedure used. This is in contrast to the Gibbs

construction (which also renders the transition into a mixed phase to be smooth) in which

the fraction of each phase is determined self-consistently.

Although differing in details, other examples of a smooth crossover transition are the

chiral model of ref. [DNS15] and the quarkyonic model of ref. [MR19]. A quark phase

with additional hadronic admixtures such as hyperons and Bose condensates has also been

explored [P+97]. The precise manner in which the hadron-quark transition is treated

influences the magnitudes of the mass and radius of the star. In addition, the behavior of

the speed of sound with density affects the magnitude of tidal deformations. It is worth

mentioning, however, that stars with purely hadronic matter (HM) can sometimes

masquerade as stars with quark matter (QM) [ABPR05].

The objectives of this work are to seek answers to probing questions such as (a) What

is the minimum neutron star (NS) mass consistent with the observational lower limit of

the maximum mass (Mmax) that is likely to contain quarks? (b) What is the minimum

physically reasonable density at which a hadron-quark transition of any sort can occur?
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(c) Which astronomical observations have the best potential to attest to the presence of

quarks?

Toward providing answers to the above questions, we have undertaken a detailed

study of the hadron-to-quark matter transition in neutron stars. Our focus is to study the

sensitivity of outcomes on neutron star structure, principally mass-radius relations, in the

different treatments of the phase transition. Results so obtained are then subjected to the

constraints provided by precise measurements of heavy neutron stars

[C+19, AFW+13, DPR+10], bounds on the tidal deformability of neutron stars in the

binary merger event GW170817 [A+17c, A+18, DFL+18, A+19] and radius estimates of

1.4 M� available from x-ray observations of neutron stars [SLB16, LP16, ÖPA+16].

Earlier studies in this regard have generally chosen one favored EOS in the hadronic

sector and one approach to the quark matter EOS

[SPL00, HSM+01, BMG10, KF15, GCS19, WITJ18]. Contrasts between the Maxwell and

Gibbs constructions have also been made in some of these works, but with the result that

the R1.4 are typically larger than 14 km or more (characteristic of the use of mean-field

theoretical (MFT) models) which is at odds with most of the available estimates. This

work differs in that variations in the EOSs of both the hadronic and quark sectors are

considered as well as a global view of the outcomes of different treatments of the

transition is taken. By including terms involving scalar-vector and scalar-isovector

interactions in MFT models, we show that values of R1.4 more in consonance with data

can be achieved. Additionally, we present an extension of the quarkyonic matter model of

ref. [MR19] to isospin asymmetric matter with the inclusion of interactions between

quarks (not considered there) to enable calculations of beta-stable neutron stars. This

extension will be useful in applications involving compositional and thermal gradients in

quarkyonic stars (such as their long-term cooling as well as quiescent cooling following

accretion on them from a companion star and in investigating f -, p- and g- mode
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oscillations). Our in-depth study of the thermodynamics of quarkyonic matter sheds

additional physical insight into the role the nucleon shell plays in stiffening the EOS.

Our findings in this work reveal that several aspects of neutron star properties

deduced from observations may have to be brought to bear in finding answers to the

questions posed above. These properties include the masses M, radii R, periods P and

their time derivatives Ṗ and P̈, surface temperatures Ts of isolated neutron stars and of

those that undergo periodic accretion from companions, tidal deformations Λ from the

detection of gravitational waves from the inspiraling phase of neutron star mergers, etc.

Currently, the accurately measured neutron star masses around and above 2 M�

[C+19, AFW+13, DPR+10] pose stringent restrictions on the EOS. Even so, the EOS

would be better restricted with knowledge of radii of stars for which the masses are also

known, although this would not reveal the constituents of dense matter as the structure

equations depend only on the pressure vs. density relation and not on how it was obtained.

In contrast, the surface temperatures of both isolated neutron stars and of quiescent

cooling of accreting neutron stars are sensitive to the composition, but simultaneous

knowledge of their masses and radii are yet unknown. The anomalous behavior of the

braking indices n = ΩΩ̈/Ω̇2, where Ω = 2π/P is the spin rate, of several known pulsars

[MMF12, HSUU15, JK17] can also be put to good use in this connection.

The organization of this paper is as follows. In Sec. 4.2, we present the models in the

hadronic and quark sectors chosen for our study. The rationale for our choice and basic

features of these models are highlighted here for orientation. We stress that our choices

are representative, but not exhaustive. Results of neutron star properties for different

treatments of the hadron-quark transition introduced in Sec. 4.3 are shown and discussed

in Sec. 4.4. Our conclusions and outlook are contained in Sec. 4.5. Appendix 4.5 contains

details about the thermodynamics of nucleons in the shell of quarkyonic matter.

We use units in which ~ = c = 1.
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4.2 Equation of State Models

Nucleonic EOSs

To explore sensitivity to the hadronic part of the EOS, we use representative

examples from both potential and relativistic mean field-theoretical (RMFT) models. In

the former category, the EOS of Akmal, Pandharipande and Ravehall [APR98], which is a

parametrization of the more microscopic variational calculations of Akmal and

Pandharipande [AP97], is chosen as its energy vs. baryon density up to 2 n0 closely

matches those of modern EFT calculations of pure neutron matter and symmetric nuclear

matter [HLPS10, TKHS13]. Explicit expressions for the energy density ε, pressure P,

compression modulus K0, Landau effective mass m∗/m, symmetry energy S 2, and the

symmetry energy slope parameter L along with the coupling strengths of the various terms

therein can be found in ref. [CMPL14].

To provide contrast, we have constructed three EOSs, MS-A, MS-B and MS-C using

the RMFT model of Müller and Serot [MS96] employing terms that contain

scalar-isovector and vector-isovector mixings as in refs. [HP01b, HP01a]. Explicitly, the

Lagrangian density for this model is

L = Ψ[i/∂ − gω /ω −
1
2

gρ/ρ.τ − M + gσσ −
1
2

e(1 + τ3) /A]Ψ

+
1
2

(∂µσ)2 − V(σ) −
1
4

fµν f µν +
1
2

m2
ωω

µωµ

−
1
4

BµνBµν +
1
2

m2
ρρ

µρµ −
1
4

FµνFµν

+
ζ

24
g4
ω(ωµωµ)2 +

ξ

24
g4
ρ(ρ

µρµ)2 + g2
ρ f (σ,ωµω

µ)ρµ.ρµ

(4.1)

with

V(σ) =
1
2

m2
σσ

2 +
κ

6
(gσσ)3 +

λ

24
(gσσ)4

f (σ,ω) = Λσg2
σσ

2 + Λωg2
ωω

2 . (4.2)
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Expressions for the energy particle ε/n, P,K0, the the Dirac effective mass M∗ and hence

the sigma field σ0 = (M − M∗)/gσ in the mean field approximation can be found in

ref. [SPLE05]. With input values of these quantities at n0, the coupling strengths gσ, gω, κ

and λ are straightforwardly determined by numerically solving the system of nonlinear

equations containing these quantities. The strengths ζ and ξ, Λσ and Λω of the quartic ω

and ρ fields, remain as adjustable input parameters to control the high density behavior.

The density dependent symmetry energy in this model is [HP01a]

S 2 = S 2k + S 2d

=
k2

F

6E∗F
+

1
8

g2
ρ n

m∗2ρ
, E∗F =

√
k2

F + M∗2

m∗2ρ = 2g2
ρ

(
Λσg2

σσ
2
0 + Λωg2

ωω
2
0

)
. (4.3)

The first term on the right hand side above contains effects of interaction through σ-

meson exchange, whereas the second term includes those from the ρ-meson exchange

along with ρ-σ and ρ-ω mixing. The corresponding slope parameter at n0 becomes

L = 3 n0
dS 2

dn

∣∣∣∣∣
n0

= Lk|n0 + Ld|n0

Lk = 2S 2k

1 − 18
(
S 2k

kF

)2
1 + 3

(
M∗

kF

)2 d ln M∗

d ln n




Ld = 3S 2d

[
1 − 32S 2d

{
Λσg2

σσ0
dσ0

dn
+ Λωg2

ωω0
dω0

dn

}]
.

(4.4)

Analogous expressions, but without the term involving Λσ, can be found in ref. [CP14].

The strength gρ may be fixed with a prescribed value of S 2 at n0, which leaves one or a

combination of Λσ and Λω to obtain a desired value of L. The values of the various

couplings used in this work are listed in Table 4.1.

As noted in refs. [HP01a, SPLE05], the quartic and scalar-isovector and

vector-isovector terms in eq. (4.1) enable acceptable values [LL13] of the symmetry
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Table 4.1: RMFT coupling strengths. Values of the meson masses used are mσ = 660 MeV,
mω = 783 MeV and mρ = 770 MeV.

Model gσ gω gρ κ λ

MS-A 12.819 12.258 12.079 0.02544 -0.02179

MS-B 11.369 10.143 9.446 0.05098 -0.03396

MS-C 10.026 7.961 8.492 0.10841 -0.00365

Model ζ ξ Λσ Λω

MS-A 0.0001 1.0 0.001 0.05

MS-B 0.0001 1.0 0.001 0.05

MS-C 0.0001 1.0 0.001 0.05

energy slope parameter, L, at n0, to be obtained. The reduction in L from its generally

large value found in the literature for RMFT models is made possible by the second term

in Ld of eq. (4.4), the term in braces being positive definite. These density dependent

terms also influence the high density behavior of these EOSs leaving the near nuclear

density behavior intact. Salient properties at the nuclear equilibrium density n0 for these

nucleonic models are presented in Table 4.2. The values of L in Table 4.2 are to be

compared with those of the APR and so-called FSU models [CP14, FPH18] in the

literature; see e.g. fig. 2 and Table IV in ref. [CP14]: L = 60.5 MeV for FSU (but it does

not achieve 2 M�) and L = 112.8 ± 16.1 MeV for FSU2 with Mmax = 2.07 ± 0.02 M�,

Rmax = 12.2 km and R1.4 = 14.42 ± 0.26 km. In comparison to FSU2, the values of L for

the MS models of this work are significantly smaller, which results in smaller radii for the

maximum mass and 1.4 M� neutron stars (see Table 4.3 below).
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Table 4.2: Properties at the nuclear equilibrium density n0 for EOSs used in this work
compared to that of the APR EOS [CMPL14]. Entries in this table are the Landau effective
mass m∗/M, isospin symmetric matter compression modulus K0, kinetic and interaction
parts S 2k and S 2d of the total symmetry energy S 2, and the corresponding parts of the

symmetry energy slope parameter L. In MS models, m∗ = E∗F =

√
k2

F + M∗2.

Property APR MS-A MS-B MS-C Units

n0 0.16 0.16 0.16 0.16 fm−3

m∗/M 0.698 0.662 0.763 0.847

K0 266 230 230 230 MeV

S 2k 9.79 18.55 16.09 14.49 MeV

S 2d 22.80 11.45 13.91 15.51 MeV

S 2 32.58 30.0 30.0 30.0 MeV

Lk 12.69 61.74 44.35 34.52 MeV

Ld 45.78 -13.40 8.65 30.88 MeV

L 58.47 48.34 53.00 65.40 MeV

Properties of nucleonic neutron stars

Structural properties of charge neutral and beta-equilibrated neutron stars resulting

from the chosen EOSs are listed in Table 4.3. Two of the three MS EOSs satisfy the

requirement of supporting a star with Mmax ≥ 2 M�. The EOS of MS-C does not obey the

2 M� constraint, but we have retained it in our analysis because, in conjunction with

crossover transitions involving quark matter, masses well in excess of this observational

limit can be obtained (see Secs. 4.3 and 4.4). Although the RMFT models employ terms

that contain scalar-isovector and vector-isovector mixings as in refs. [HP01b, HP01a] to

yield acceptable values of the symmetry energy slope parameter L at n0, the radii of

neutron stars stemming from these models are somewhat larger than that of the APR
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model, but lie within the range of those extracted from data [LL13]. The largest

differences between the APR and RMFT models are in the central pressures of the

maximum mass stars. The proton fractions, yc,1.4 and yc,max, are such that only stars close

to the maximum mass stars allow the direct Urca processes with electrons and muons to

occur [LPPH91a].

Table 4.3: Structural properties of nucleonic neutron stars with M = 1.4 M� and Mmax

for the indicated EOSs. For each mass, the compactness parameter β = (GM/c2R) '
(1.475 R)(M/M�), nc, Pc and yc are the central values of the density, pressure and proton
fraction, respectively.

Property APR MS-A MS-B MS-C Units

R1.4 11.74 13.21 12.41 11.85 km

β1.4 0.176 0.157 0.167 0.174

nc,1.4/n0 3.35 2.05 2.80 3.72

Pc,1.4 89.33 41.78 64.43 94.24 MeV fm−3

yc,1.4 0.11 0.104 0.106 0.106

Rmax 10.26 12.44 10.91 9.94 km

Mmax 2.185 2.63 2.21 1.83 M�

βmax 0.314 0.312 0.299 0.273

nc,max/n0 6.97 4.71 6.38 8.30

Pc,max 884.69 498.32 632.66 664.60 MeV fm−3

yc,max 0.16 0.14 0.14 0.128

An examination of L in Table 4.2, and, R1.4 and Rmax in Table 4.3 reveals an

anti-correlation between these quantities for the MS models. That is, smaller values of L

lead to larger values of R1.4 and Rmax. In particular, this trend for the L-R1.4 relation is

opposite to that observed for many EOS models. The reason for this reversal in the
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Figure 4.1: Pressure versus baryon density and M-R curves for the MS models in Table 4.4.
The circles on the pressure curves in panel (a) shown indicate the densities of 1.4 M� stars
for EOSs that yield the smallest radius R1.4 in each class of MS models.

generally believed opposite trend becomes clear when one examines closely the P vs nB

and M-R relations for the MS models shown in fig. 4.1. The central densities of 1.4 M�

stars for the EOSs chosen are all & 2 n0 with that of the star corresponding to MS-C being

the farthest. The slope of the symmetry energy parameter, L, however, refers to that at n0.

The behaviors of the pressures, see panel (a) in this figure, for nB & 2 n0 for all of these

EOSs are distinctly different from their corresponding behaviors at nB ' n0. The

corresponding M-R curves in fig. 4.1 (b) and Table 4.4 also clearly show how the value of

nc,1.4 differs in each of these cases.

Interestingly enough, the standard L-R1.4 is held within a class of MS models with the

same effective mass; see fig. 4.1 (b) and Table 4.4. Evidently, the manner in which the size

of a 1.4 M� is built depends sensitively on the behavior of the EOS well above n0. These

features deliver the alert that the standard L-R1.4 correlation is not as universal as generally

thought.
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Table 4.4: Effective mass dependence of the L-R1.4 relation. Entries are as in Tables 4.2
and 4.3, but organized differently.

Model m∗/M Λσ Λω L (MeV) R1.4 (km) nc,1.4/n0

MS-A 0.662 0.001 0.05 48.34 13.21 2.05

0.662 0.001 0.01 85.49 13.81 2.00

0.662 0.0 0.0 96.1 14.07 1.93

MS-B 0.763 0.001 0.05 52.99 12.41 2.80

0.763 0.001 0.01 78.71 12.93 2.68

0.763 0.0 0.0 86.08 13.25 2.53

MS-C 0.847 0.001 0.05 65.40 11.85 3.72

0.847 0.001 0.01 77.53 12.41 3.35

0.847 0.0 0.0 81.05 12.67 3.12

Quark EOSs

For completeness, we briefly describe the EOSs considered to describe the quark

phase in this work. Details can be found in the references cited. Since the discovery of

2 M� neutron stars [C+19, AFW+13, DPR+10], the traditional MIT bag [BC76a] and NJL

[Kun89] models have been supplemented with vector interactions [KF15] to achieve

consistency with data. These models have been termed vMIT, vBag, vNJL, etc., and are

outlined below.

The bag model and its variations

The Lagrangian density of the MIT bag model is [BC76a]

L =
∑

i

[
ψi(i/∂ − mi − B)ψi +Lint

]
Θ (4.5)
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which describes quarks of mass mi confined within a bag as denoted by the Θ function.

For three flavors, i = u, d, s and three colors, Nc = 3 of quarks, the number and baryon

densities, energy density, pressure and chemical potentials in the bag model are [BC76a]

ni = 2Nc

∫ kFi d3k
(2π)3 , nB =

1
3

∑
i

ni

εQ = 2Nc

∑
i

∫ kFi d3k
(2π)3

√
k2 + m2

i + εpert + B

PQ =
2Nc

3

∑
i

∫ kFi d3k
(2π)3

k2√
k2 + m2

i

+ Ppert − B

µi =

√
k2

Fi + m2
i + µpert,i . (4.6)

The superscript kFi in the integral signs is the Fermi wave number for each species i at

which the integration over k is terminated at zero temperature. The first terms in εQ and

PQ are free Fermi gas contributions, εFG and PFG, respectively, the second terms are QCD

perturbative corrections due to gluon exchange corresponding to Lint and B is the

so-called bag constant which accounts for the cost in confining the quarks into a bag. The

quark masses mi are generally taken to be current quark masses. Often, the u and d quark

masses are set to zero (as at high density, kFi in these cases far exceed mi), whereas that of

the s quark is taken at its Particle Data Group value. References

[BC76a, BC76b, FM78, FJ84, KRV10, KV16, GKR+18] detail the QCD perturbative

calculations of εpert and Ppert, and the ensuing results for the structure of normal neutron

stars containing quarks within the cores as well as self-bound strange quark stars. At

leading order of QCD corrections, the results are qualitatively similar to what is obtained

by just using the Fermi gas results with an appropriately chosen value of B [PBP90].

In recent years, variations of the bag model have been adopted [KF15, GCS19] to

calculate the structure of neutron stars with quarks in their cores to account for 2 M�

maximum-mass stars. Termed as vMIT or vBag models, the QCD perturbative results are

dropped and replaced by repulsive vector interactions between quarks in such works. We



131

will provide some numerical examples of the vMIT model for contrast with other models

as those of the vBag model turn out to be qualitatively similar.

The vMIT model

The form Lint = −Gv
∑

i ψγµVµψ + (m2
V/2)VµVµ, where interactions between the

quarks occur via the exchange of an vector-isoscalar meson Vµ of mass mV , is chosen in

ref. [GCS19]. Here, the quark masses are chosen close to their current quark masses.

Explicitly,

εQ =
∑

i

εFG,i +
1
2

(
Gv

mV

)2

n2
Q + B

PQ =
∑

i

PFG,i +
1
2

(
Gv

mV

)2

n2
Q − B

µi =

√
k2

Fi + m2
i +

(
Gv

mV

)2

nQ , (4.7)

where nQ =
∑

i ni and the bag constant B is chosen appropriately to enable a transition to

matter containing quarks. Note that terms associated with the vector interaction above are

similar to those in hadronic models. In the results reported below, we vary the model

parameters in the range B1/4 = (155 − 180) MeV and a = (Gv/mV)2 = (0.1 − 0.3) fm2.

The vNJL model

In its commonly used form, the Lagrangian density for the vNJL model in the mean

field approximation is

L = q(i/∂ − m̂0)q + Gs

8∑
k=0

[
(qλkq)2 + (qiγ5λkq)2

]
− K

[
det f (q(1 + γ5)q) + det f (q(1 − γ5)q)

]
+ Gv

∑
i

(qγµq)2 . (4.8)

Here, q denotes a quark field with three flavors u, d, s and three colors, m̂0 is the 3×3

diagonal current quark mass matrix, λk represents the 8 generators of SU(3), and λ0 is
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proportional to the identity matrix. The four-fermion interactions are from the original

formulation of this model [NJL61], whereas the flavor mixing, determinental interaction is

added to break the UA(1) symmetry [tH86]. The last term accounts for vector interactions

[Bub05]. As the constants Gs,K and Gv are dimensionful, the quantum theory is

non-renormalizeable. Therefore, an ultraviolet cutoff Λ is imposed, and results are

meaningful only for quark Fermi momenta well below this cutoff.

The Lagrangian density in Eq. (4.8) leads to the energy density

ε = εFG + εint

εint = −2 Nc

∑
i

∫ Λ d3k
(2π)3

(√
k2 + m2

i −

√
k2 + m2

o,i

)
+ 2Gs

∑
i

〈qiqi〉 − 4K
∏

i

〈qiqi〉 + 2Gv

∑
i

n2
i , (4.9)

where the sums above run over u, d, s. The subscript “0” denotes current quark masses and

the superscript Λ in the integral sign indicates that an ultraviolet cutoff Λ is imposed on

the integration over k. In both εFG [see Eq. (4.6)] and εint, the quark masses mi are

dynamically generated by requiring that ε be stationary with respect to variations in the

quark condensate 〈qiqi〉:

mi = m0,i − 4Gs〈qiqi〉 + 2K〈q jq j〉〈qkqk〉 , (4.10)

(qi, q j, qk) representing any permutation of (u, d, s). The quark condensate 〈qiqi〉 is given

by

〈qiqi〉 = −2Nc

∫ Λ

kFi

d3k
(2π)3

mi√
k2 + m2

i

, (4.11)

and the quark number density ni = 〈q†i qi〉 is as in Eq. (4.6). Note that the integrals

appearing in eqs. (4.9)-(4.11) can all be evaluated analytically. eqs. (4.10) and (4.11)

render the dynamically-generated masses mi density-dependent and which tend to m0,i at

high density mimicking the restoration of chiral symmetry in QCD.
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To facilitate a comparison between the vBag and vNJL models, ref. [BO99]

recommends a constant energy density B0 = εint|mu=md=ms=0 to be added to εint which makes

the vacuum energy density zero. With this addition, the energy density takes the form

ε = εFG + Beff , with Beff = B0 + εint.

The quark chemical potentials are

µi =
dε
dni

∣∣∣∣∣
n j,nk

=

√
m2

i + k2
Fi + 4Gvni (4.12)

using which the pressure is obtained from the thermodynamic identity

P =
∑

i

niµi − ε = PFG − Beff . (4.13)

To mimic confinement absent in the vNJL model, often a constant term Bdc is used with

the replacement Beff → Beff − Bdc.

For numerical calculations, we use the HK parameter set [HK94]: Λ = 631.4 MeV,

GsΛ
2 = 1.835, KΛ5 = 0.29, mu,d = 5.5 MeV, ms = 135.7 MeV and Bdc = 0.

The vBag model

In ref. [KF15], vector interactions are used in the form of flavor-independent

four-fermion interactions as in the NJL models (described below): Lint = Gv
∑

i (ψγµψ)2.

In this case [KF15],

εQ =
∑

i

εFG,i +
Gv

2

∑
i

n2
i + Beff

PQ =
∑

i

PFG,i +
Gv

2

∑
i

n2
i − Beff

µi =

√
k2

Fi + m2
i + Gvni , (4.14)

where the explicit forms of εFG,i and PFG,i can be read off from Eq. (4.6). The effective bag

constant Beff in this model is composed of two parts: Beff =
∑

i Bi
χ − Bdc, where the flavor



134

dependent chiral bag constant

Bi
χ = P(m0,i, kFi = 0) − P(mi, kFi = 0)

= 2Nc

∑
i

∫ Λ d3k
(2π)3

(√
k2 + m2

o,i −

√
k2 + m2

i

)
,

(4.15)

where mi is a dynamically generated quark mass as in the NJL model, m0,i is the current

quark mass, and Λ is an ultraviolet cut-off on the integration over k. The quantity Bdc is

tuned to control the onset of quark deconfinement.

Note that Bi
χ and Bdc, and thus Beff , are independent of density. Unlike in the vNJL

model in which all terms in the energy density and pressure are calculated with

density-dependent dynamical masses mi, the Fermi gas contributions in the vBag model

are calculated with mi(kFi = 0). Consequences of the vBag model on neutron star structure

have been studied extensively in refs. [KF15, WITJ18] (and in this work), and will not be

repeated here as the vNJL model provides a more general scheme.

Charge neutrality and beta-equilibrium conditions

Equilibrium with respect to weak-interaction processes d → ue−ν̄e and s→ ue−ν̄e

leads to the chemical potential equalities µd = µu + µe = µs in neutrino-free matter. Charge

neutrality requires that 2nu − nd − ns − ne = 0. Together with the baryon number relation

nu + nd + ns = 3 nB, the simultaneous solution of the equations

(1 + xe) +

[
x2/3

s +
Cs −Cd

r2/3

]3/2

+ xs = 3[
(1 + xe)2/3 +

Cu

r2/3

]1/2

−

[
x2/3

s +
Cs

r2/3

]1/2

+ (3xe)1/3 = 0

(4.16)

assures that quark matter with the three flavors u, d, s is charge neutral and in

beta-equilibrium. In Eq. (4.16), xi = ni/nB denote the particle concentrations, r = nB/n0
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and the factor Ci = m2
i /(π

4/3n2/3
0 ), i = u, d, s. Note that Ci can depend on the density

compression ratio r through mi ≡ mi(r) as in the vNJL model. The concentrations of the u

and d quarks are given by

xu = 1 + xe and xd =

[
x2/3

s +
Cs −Cd

r2/3

]3/2

, (4.17)

respectively. Owing to the charges carried by the quarks, the electron concentration in

quark matter is generally very small with increasing r.

4.3 Treatment of Phase Transitions

First-order transitions

The manner in which the hadron-quark transition occurs is unknown. Even if the

phase transition is assumed to be of first order, description of the transition depends on the

knowledge of the surface tension σs between the two

phases [ARRW01, MFPSB10, LGAA13, FHS19]. In view of uncertainties in the

magnitude of σs, two extreme cases have been studied in the literature.

Maxwell Construction

For very large values of σs, a Maxwell construction in which pressure and chemical

potential equalities, P(H) = P(Q) and µn(H) = µn(Q), are established between the two

phases has been deemed appropriate. In charge neutral and beta-equilibrated matter, only

one baryon chemical potential, often chosen to be µn, is needed to conserve baryon

number as local charge neutrality is implicit. The range of densities over which these

equalities hold can be found using the methods detailed in refs. [CMPL14, LLPR83].

Gibbs Construction

For very low values of σs, a Gibbs construction in which a mixed phase of hadrons

and quarks is present is more appropriate [Gle92, Gle01]. The description of the mixed
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phase is achieved by satisfying Gibbs’ phase rules: P(H) = P(Q) and µn = µu + 2µd.

Further, the conditions of global charge neutrality and baryon number conservation are

imposed through the relations

Q = f Q(H) + (1 − f ) Q(Q) = 0

nB = f nB(H) + (1 − f ) nB(Q) , (4.18)

where f represents the fractional volume occupied by hadrons, and is solved for at each

nB. Unlike in the pure phases of the Maxwell construction, Q(H) and Q(Q) do not

separately vanish in the Gibbs mixed phase. The total energy density is

ε = f ε(H) + (1 − f )ε(Q). Relative to the Maxwell construction, the behavior of the

pressure vs density is smooth in the case of Gibbs construction. Discontinuities in its

derivatives with respect to density, reflected in the squared speed of sound c2
s = dP/dε,

will however be present at the densities where the mixed phase begins and ends.

The Maxwell and Gibbs constructions represent extreme cases to treat first-order

phase transitions. Reality may lie in between these two cases. However, there are

situations in which neither method can be applied as the required pressure and chemical

potential equalities cannot be met for many hadronic and quark EOSs [BHK+18]. In such

cases, an interpolatory method which makes the transition a smooth crossover has been

used [MHT13, FK16, KPSB15, BHK+18].

Crossover transitions

As it is not clear that a first-order phase hadron-to-quark transition at finite baryon

density is demanded by fundamental considerations, crossover or second-order transitions

have also been explored recently; see, e.g., refs. [BHK+18, DNS15, MR19]. As details of

results ensuing from the model of ref. [DNS15] have been recorded earlier in

refs. [DS10, NDS10], we will only examine the cases of interpolated and quarkyonic

models in what follows.
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Interpolated EOS

We follow the simple recipe in ref. [MHT13] where the interpolated EOS in the

hadron-quark crossover region is characterized by its central value n̄ and width Γ. Pure

hadronic matter exists for n . n̄ − Γ, whereas a phase of pure quark matter is found for

n & n̄ + Γ. In the crossover region, n̄ − Γ . n . n̄ + Γ, strongly interacting hadrons and

quarks coexist in prescribed proportions. The interpolation is performed for pressure vs

baryon number density according to

P(n) = PH(n) f−(n) + PQ(n) f+(n) (4.19)

f±(n) =
1
2

[
1 ± tanh

(n − n̄
Γ

)]
, (4.20)

where PH and PQ are the pressure in pure hadronic and pure quark matter, respectively.

The interpolated EOS for the crossover, Eq. (4.19), is different from that of the Gibbs

construction within the conventional picture of a first-order phase transition in that the

pressure equality between the two phases has been abandoned. Also, f− and f+ are not

solved for, but chosen externally. (Alternative forms of interpolation have also been

suggested in refs. [FK16, KPSB15], but do not qualitatively change the outcome.) The

energy density ε vs n is obtained by integrating P = n2∂(ε/n)/∂n:

ε(n) = εH(n) f−(n) + PQ(n) f+(n) + ∆ε

∆ε = n
∫ n

n̄
dn

′
[
εH(n

′

) − εQ(n
′

)
] g(n

′

)
n′

,

g(n′) =
sech2X

2Γ
, X =

n′ − n̄
Γ

. (4.21)

Quarkyonic matter

The transition to matter containing quarks in the model termed quarkyonic matter

[MP07, MR19] is second order as the squared speed of sound c2
s = dP/dε is smoothly

continuous, but its derivative is not. This model is a departure from the first-order phase
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transition models insofar as once quarks appear, both nucleons and quarks are present

until asymptotically large densities when the nucleon concentrations vanish. Keeping the

structure of the quarkyonic matter model as in refs. [MP07, MR19] in which isospin

symmetric nuclear matter (SNM) and pure neutron matter (PNM) were considered, we

present below its generalization to charge neutral and beta-equilibrated neutron star

matter. In quarkyonic matter, the appearance of quarks is subject to the threshold

condition [MR19]

kFq =
(kFB − ∆)

Nc
Θ(kFB − ∆) , (4.22)

where kFB is the baryon momentum, Nc = 3 is the number of colors, and the momentum

threshold ∆ is chosen to be

∆ =
Λ3

Q

k2
FB

+ κ
ΛQ

N2
c
. (4.23)

For hadronic matter containing both neutrons and protons, independent ∆’s (∆n and ∆p)

with their own kFB’s (kFn and kF p) must be used. Above, ΛQ ∼ ΛQCD ' 300 − 500 MeV,

and κ ' 0.1 − 0.3 is suitably chosen to preserve causality. In PNM, the transition density,

ntrans, for the appearance of quarks is 0.77 (3.55) n0 for ∆ = 300 (500) MeV and κ = 0.3,

where n0 is the SNM equilibrium density. The corresponding values for κ = 0.1 are

0.75 n0 and 3.47 n0, respectively, and shows the weak dependence of ntrans on κ. Unlike in

the other approaches, the transition density at which quarks begin to appear in this model

is independent of the EOSs used in the hadronic and quark sectors, being dependent

entirely on ΛQCD and large Nc physics.

The total baryon density of quarkyonic matter is

nB =
∑
i=n,p

2
∫ kFi

NckFq

d3k
(2π)3 +

∑
q=u,d,s

2Nc

3

∫ kFq

0

d3k
(2π)3 .

(4.24)
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Notice that once quarks appear, the shell width ∆ in which nucleons reside decreases with

density as n−2/3
B yielding the preponderance of quarks with increasing nB. Including

leptonic (electron and muon) contributions ε`, the total energy density is

ε =
∑
i=n,p

2
∫ kFi

NckFq

d3k
(2π)3 ek + εint(nn, np)

+
∑

q=u,d,s

2Nc

∫ kFq

0

d3k
(2π)3

√
k2 + M2

q + εint(qk, q`)

+
∑

`=e−,µ−
ε` , (4.25)

where ek is the single particle kinetic energy inclusive of the rest mass energy. The

nucleonic part of the energy density for n & 0.5 n0 can be taken from a suitable potential

or field-theoretical model that is constrained by nuclear systematics near nuclear densities

and preserves causality at high densities. Below 0.5 n0, the energy density is that of crustal

matter as in, e.g., refs. [NV73, BPS71]. It is important to realize that the term εint(nn, np)

contributes in regions where kFB < ∆ as well as where kFB > ∆.

The chemical potentials and pressure are obtained from

µk =
∂ε

∂nk

∣∣∣∣∣
n j

, P = n2
B
∂(ε/nB)
∂nB

+
∑

`=e−,µ−
P`

=
∑

k

nkµk − ε , (4.26)

where the sum above runs over all fermions.

As with nucleons, an appropriate choice of the quark EOS is also indicated.

Reference [MP07] set εint(qk, q`) = 0, and the quark masses Mq were taken as Mn/3. The

use of the nucleon constituent quark masses takes account of quark-gluon interactions to a

certain degree as has been noted in the case of finite temperature QCD as well. This

procedure, however, omits density dependent contributions from interactions between

quarks. In our work, we will employ quark models (such as vMIT, vNJL) in which

contributions from interacting quarks are included. Subtleties involved in the calculation
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of the kinetic part of the nucleon chemical potentials and in satisfying the thermodynamic

identity are detailed in Appendix 4.5.

This model has a distinct behavior for c2
s = dP/dε vs nB in that c2

s exhibits a

maximum (its location controlled by ΛQ, and the magnitude depending on both ΛQ and κ)

before approaching the value of 1/3 characteristic of quarks at asymptotically large

densities [MP07].

Figure 4.2: Energy density vs pressure, squared speed of sound vs ratio of baryon density
to the nuclear equilibrium density, and mass vs radius curves for the models indicated.
Panels (a)-(c) are for Maxwell construction, whereas (d)-(f) are for Gibbs construction; the
quark model parameters used are in the inset and results are for beta-equilibrated matter.
The 1.4 M� and maximum-mass stars are marked with open circles and triangles in c2

s(nB)
plots.
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4.4 Results with Phase Transitions

The nucleonic EOSs chosen in this study satisfy the available nuclear systematics

near the nuclear equilibrium density (see Tables I-III). Their supra-nuclear density

behavior can, however, be varied to yield a soft or stiff EOS by varying the parameters in

the chosen model. Depending on the quark EOS examined, such as vMIT, vNJL or of

quarkyonic matter, the examination of a broad range of transitions to quark matter -

soft-to-soft, soft-to-stiff, stiff-to soft and stiff-to-stiff - become possible. For both

first-order and crossover transitions, we calculate the mass-radius curves and tidal

deformabilities and discuss the results in view of the existing observational constraints. Of

particular relevance to the zero-temperature EOS is the limit set by the data on the

dimensionless tidal deformability [FH08, Fav14]

Λ̃ =
16
13

(m1 + 12m2)m4
1 Λ1 + (m2 + 12m1)m4

2 Λ2

(m1 + m2)5 . (4.27)

For each star, the tidal deformability (or induced quadrupole polarizability) is given by

[Lov09]

Λ1,2 =
2
3

k1,2
2

(
R1,2 c2

G m1,2

)5

, (4.28)

where the dimensionless Love number k1,2
2 depends on the structure of the star, and

therefore on the mass and the EOS. Here, G is the gravitational constant, and R1,2 are the

radii. The computation of k1,2
2 with input EOSs is described in refs. [TC67, Hin08, DN09].

For a wide class of neutron star EOSs, k1,2
2 ' 0.05 − 0.15 [Hin08, HLLR10b, PPL10].

Combining the electromagnetic (EM) [A+17b] and gravitational wave (GW)

information from the merger GW170817, ref. [MM17] provides constraints on the radius

Rns and maximum gravitational mass Mg
max of a neutron star:

Mg
max . 2.17 M� ,

R1.3 & 3.1 GMg
max ' 9.92 km , (4.29)
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where R1.3 is the radius of a 1.3 M� neutron star and its numerical value above corresponds

to Mg
max = 2.17 M�. These estimates have been revisited in a recent analysis in

ref. [SZKF19] in which a weaker constraint on the lower limit on the maximum mass

Mg
max . 2.3 M� has been reported.

First-order transitions: Maxwell vs. Gibbs

We first survey the allowed parameter space for valid first-order phase transitions,

namely, a critical pressure exists above which quark matter is energetically favored. We

then proceed with both Maxwell and Gibbs constructions, calculating quantities to be

compared with observational constraints. Our results are summarized in figs. 4.2-4.4.

Where possible, we also characterize the behavior of the hadron-to-quark transition with

quantities introduced in the “Constant-Sound-Speed (CSS)” approach in ref. [AHP13].

This approach can be viewed as the lowest-order Taylor expansion of the high-density

EOS about the transition pressure, Ptrans, by specifying the discontinuity in energy density,

∆ε, at the transition and the density-independent squared sound speed, c2
QM, in quark

matter.

MS-A + vMIT (stiff→ soft/stiff)

Fixing the hadronic EOS to be the stiff model MS-A, six parameter sets of (B1/4, a) in

the vMIT model. Here, B is the bag constant and the parameter a = (Gv/mv)2 measures the

strength of the vector interactions between quarks, are explored in this case. The Bag

constant is adjusted so that the transition to quark matter occurs at ntrans = 1.5 − 2.4 n0 and

the finite vector coupling a stiffens the quark matter EOS. Soft hadronic EOSs are not

applied, as they either (with softer quark EOSs) violate the Mmax ≥ 2 M� constraint or

(with stiffer quark EOSs) cannot establish a valid first-order phase transition, i.e., there is

no intersection between the two phases in the P-µ plane. We note that this limitation
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Figure 4.3: Tidal deformability parameters k2 (Love number), Λ and Λ̃ in eqs. (4.27) and
(4.28) as functions of the indicated masses. For comparison, results of Λ̃ for the EOS of
the APR model are also shown.

(hadronic matter being stiff) does not necessarily hold if a generic parameterization such

as CSS is utilized instead of specific quark models to perform first-order transitions.

In the vMIT model, the sound speed varies little even with the inclusion of vector

repulsive interactions within the star (see fig. 4.2 (b) and (e)) and can be approximated as

being density independent. The mass-radius topology with the Maxwell construction is

determined by the three parameters (Ptrans/εtrans,∆ε/εtrans, c2
QM) at the phase transition,

giving rise to either connected, disconnected or both branches of stable hybrid stars. Here,

Ptrans and εtrans are the pressure and energy density in hadronic matter at the transition,
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respectively, ∆ε is the discontinuity in energy density at Ptrans, and c2
QM is the squared

sound speed in quark matter just above Ptrans. The threshold value ∆εcrit below which there

is always a stable hybrid branch connected to the purely hadronic branch is given by

∆εcrit/εtrans = 1
2 + 3

2 Ptrans/εtrans [Sei71, SZH83, Lin98]. The relevant quantities for the

mapping between the stiff MS-A+vMIT model (Maxwell) and the CSS parametrization

are listed in Table 4.5.

After extensively varying all parameters and calculating the corresponding

mass-radius relations, we find that a = 0.18 is most likely the smallest value

(corresponding to c2
QM ≈ 0.4) that barely ensures Mmax ' 2 M�. When a is increased from

zero, the energy density discontinuity becomes progressively smaller (∆ε/εtrans . 0.5) and

eventually the twin-star solutions disappear, roughly at a ≥ 0.15. Within the range

a = 0.18 − 0.3, the M(R) curves of stable hybrid stars obtained are continuous, and quarks

can appear at 1.0 ≤ Mtrans ≤ 1.8 M�, pertinent to the range of component masses in binary

neutron star (BNS) mergers. For too large vector interaction couplings, e.g., a = 0.5, the

onset for quarks is beyond the central density of the maximum-mass hadronic star, and

thus no stable quark cores would be present even though QM is sufficiently stiff.

fig. 4.2 (c) shows that requiring Mmax ≥ 2 M� excludes certain twin-star solutions

obtained from EOSs with zero (gray dash-dot-dotted) and small (orange dotted) repulsive

vector interactions between quarks, mainly due to the insufficient stiffness of the quark

matter EOS. Moreover, the typical neutron star radius R1.4 can be observationally

constrained by radius estimates from x-ray emission and/or tidal deformability (Λ)

measurements in pre-merger gravitational-wave detections. For hybrid EOSs with a sharp

phase transition, the value of R1.4 or Λ1.4 is sensitive to the onset density ntrans, above

which M(R) and Λ(M) deviate from normal hadronic EOSs without a sharp transition. We

demonstrate this effect in fig. 4.3 by confronting calculated tidal deformations with

inferred bounds from the first BNS event GW170817 [A+17c, A+18, DFL+18].
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Figure 4.4: As in fig. 4.2, but for Maxwell and Gibbs constructions in MS-A (stiff) + vNJL
(soft) models. Here, BNS merger observables with m1,m2 = 1.0−1.6 M� only constrain the
hadronic matter EOS as the onset density for quarks is too high (Mtrans & 1.7 M�). Since
the stiff MS-A is ruled out by Λ̃(M) of GW170817 (see fig. 4.3), this indicates that vNJL
model (or NJL-type models) is ruled out in the first-order transition scenario. Resorting to
the crossover scenario is inevitable for it to survive.

With high accuracy, the chirp massM = (m1m2)3/5/(m1 + m2)1/5, where m1,2 are the

masses of the merging neutron stars, was determined to beM = 1.186+0.001
−0.001M� in

GW170817 [A+19]. This event also revealed information on the binary tidal deformability,

Λ̃(M = 1.186+0.001
−0.001M�) = 300+420

−230 for low-spin priors (using a 90% highest posterior

density interval). Furthermore, by assuming a linear expansion of Λ(M), which holds

fairly well for normal hadronic stars without sharp transitions, limits on the dimensionless

tidal deformability of a 1.4 M� NS were derived [A+18]: 70 ≤ Λ1.4 ≤ 580 for low spin

priors (at 90% confidence level). This single detection of GW170817 rules out purely

hadronic EOSs that are too stiff and correlated with large tidal deformabilities, as shown

in fig. 4.3 (b) and (c). The stiff MS-A model by itself is incompatible with the estimated

ranges of Λ1.4 and Λ̃. The only solution to rescue such a stiff hadronic EOS is to introduce

a phase transition at not-too-high densities, e.g., a possible smaller Λ can be achieved in a

hybrid star that already exists in the pre-merger stage. For Maxwell constructions, one of

the six parameter sets, (B1/4, a) = (159, 0.2) (blue dash-dotted) with ntrans/n0 = 1.77 (see
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Table 4.5: CSS phase transition parameters [AHP13] for the stiff MS-A+vMIT/vNJL
hybrid EOSs with Maxwell construction; see also fig. 4.2, panels (a)-(c). Meanings of
the various entries are explained in the associated text.

(
B1/4

MeV , a
)

ntrans
n0

Ptrans
εtrans

∆ε
εtrans

c2
QM

∆εcrit
εtrans

M(R)

(159, 0.2) 1.77 0.084 0.33 0.407 0.626 Connected

(162, 0.2) 2.10 0.136 0.33 0.416 0.704 Connected

(165, 0.2) 2.34 0.180 0.38 0.424 0.77 Connected

(180, 0.0) 2.04 0.127 1.13 0.326 0.691 Disconnected

(170, 0.1) 2.08 0.133 0.63 0.380 0.70 Both

(155, 0.3) 2.08 0.134 0.13 0.442 0.701 Connected

(
B1/4

eff

MeV ,
Gv
Gs

)
ntrans

n0

Ptrans
εtrans

∆ε
εtrans

c2
QM

∆εcrit
εtrans

M(R)

(295.4, 0.15) 2.91 0.284 0.594 0.236 0.926 Connecteda

a This connected branch is tiny (Mmax − Mtrans) . 10−3 M� (invisible on the

magnified M(R) plot; see fig. 4.4 (c)) and thus hybrid stars are undetectable.

Table 4.5) is successful to survive the LIGO constraint. Together with the maximum-mass

constraint, the parameter space for sharp phase transitions is severely limited.

The panels (e)-(f) of figs. 4.2-4.3 represent results for the stiff MS-A+vMIT model

with Gibbs constructions, for which the model parameters remain the same as in their

Maxwell counterparts (panels (a)-(c)). The smooth feature of the Gibbs construction

advances the appearance of quarks in the mixed phase to lower densities, while it defers

the region of the purely quark phase to higher densities. These features are also

manifested in the corresponding ε(P) relation and its finite speed-of-sound behavior
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Figure 4.5: The EOS MS-B is a soft version within MS models, but can be stiffer than
normal hadronic EOSs based on other models such as Skyrme or APR; MS-A is not applied
here because its stiff hadronic part leads to violation of the tidal deformability constraint
Λ̃(M = 1.186 M�) ≤ 720 [A+19]. In the Λ̃(M) plot, only EOSs that satisfy Mmax ≥ 2 M�

are shown. In the interpolation picture, although the maximum mass is mostly determined
by the high-density quark part and increases with its stiffness, changes in radii are flexible
depending on e.g., the choice of window parameters and the low-density hadronic part (for
an extensive exploration, see ref. [MHT13]). Panel (c) also shows M(R) for a lower cutoff

density ntrans = 1.5 n0 (solid colored curves).

(fig. 4.2 (e) and (f)). Effectively, the softening due to the phase transition occurs earlier,

smoothly decreasing the NS radii (and tidal deformabilities) for a broader range of masses

which gives rise to increased compatibility with observational constraints. Three more

parameter sets of the stiff MS-A+vMIT model that satisfy Mmax ≥ 2 M� are all consistent

with the tidal deformability constraint (fig. 4.3 (e) and (f)), in contrast to the only
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candidate that qualifies in Maxwell constructions. In this respect, applying Gibbs

construction is advantageous to enlarging the quark model parameter space that suitably

satisfies the current constraints from observation (and also revives previously-excluded

stiff hadronic models). However, the clear-cut distinction between hybrid and purely

hadronic branches in terms of M(R) and Λ(M) diminishes: the drastic effect from a sharp

hadron/quark transition is toned down, and thus distinguishability of quarks with regard to

global observables becomes less feasible if they take the form of a mixture with hadrons.

This feature accentuates the significance of dynamical properties such as NS cooling and

spin-down, and the evolution of merger products.

MS-A + vNJL (stiff→ soft)

In the vNJL model, pressures at . 2 n0 exhibit an unphysical behavior (being

negative and/or decreasing with density) which forbids attempts to shift ntrans to low

densities. If a finite vector coupling Gv is introduced, the onset of quarks is typically

reached at ntrans & 2.3 n0 (Mtrans & 1.7 M�), leading to a short stable hybrid branch that

obeys Mmax ≥ 2 M� because of the stiff hadronic EOS. We display one such example in

fig. 4.4 for both Maxwell and Gibbs constructions. Note that the speed of sound in the

quark phase remains small, restricted by the fact that a too large Gv (correlated with stiffer

QM) delays the onset significantly which yields no stable hybrid stars. Some relevant

points to note are:

(i) Mtrans & 1.7 M� indicates that most likely there will be no quarks in e.g., the

component neutron stars of a binary before they coalesce. Thus, tidal properties are not

shown in fig. 4.4 due to the high onset density for quarks: i.e., in this case BNS

observables are irrelevant;

(ii) A small Gv has little effect on stiffening quark matter (c2
QM . 1/3), which is not

desirable in terms of supporting 2 M� mostly by quarks; and
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(iii) Gibbs construction helps maintaining slightly more quark content than Maxwell in

the most massive stars, but quarks are effectively “invisible” even if they exist.

Note that the tidal deformability constraint rules out a very stiff hadronic EOS, e.g.,

MS-A. This stiffness in the hadronic EOS is nevertheless a prerequisite for vNJL to

construct a valid first-order transition; stable hybrid stars that are consistent with

observation do not exist in this scenario. There is no solution other than an alternative

treatment, such as a crossover transition to which we turn below.

Crossover transitions: Interpolatory procedures and quarkyonic matter

In obtaining the results shown below in figs. 4.5 and 4.6, we have followed the

methods detailed in Sec. 4.3 for constructing crossover hadron-to-quark transitions.

Although the generalization of the quarkyonic matter model to beta-equilibrated stars is

presented in that section, results shown here for this case are for pure neutron matter only

to provide a direct comparison with the results of ref. [MP07].

Interpolated EOSs

The results shown for this case correspond to a smooth interpolation in the window

(n̄,Γ) = (3 n0, n0) between the soft hadronic EOS MS-B and stiff quark EOSs in the vNJL

model with Gv/Gs = 1.5, 2.0, 2.5. Outside this window in density, pure hadronic and pure

quark phases are expected to exist. Due to the abrupt cutoff imposed in the boundary

condition, there is a finite jump in c2
s at the lower-end of the crossover window

n̄ − Γ = 2 n0 ≡ ntrans below which only pure hadronic phase is present. At the higher-end

and above, we continue to use the interpolated form. This is different from ref. [MHT13],

where the interpolated form extended to all densities. As we will see below, the cutoffs are

important to typical radii and thus could be significant.

Effects of introducing quarks above ntrans = 2 n0 through smooth interpolations in the

EOS are shown in fig. 4.5 (a)-(c). The maximum mass is primarily determined by the
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stiffness above 4 n0, hence the use of large vector-coupling strengths in vNJL.

Consequently, one can derive a constraint on Gv/Gs from Mmax ≥ 2 M� if other parameters

are fixed, e.g., Gv/Gs = 1.5 is probably ruled out. On the other hand, typical radii for

1.0 − 1.6 M� stars are sensitive to the stiffness in the hadronic phase for nB . 2 n0, as well

as to the choice of the threshold density. For instance, we have found that for

ntrans = 1.5 n0 instead of 2 n0, R1.4 decreases by about 0.3 km. If, however, a stiff hadronic

matter EOS such as MS-A in Sec. 4.3 is applied, the resulting radius and tidal

deformability are too large and violates the condition Λ̃(M = 1.186 M�) ≤ 720 [A+19].

As can be seen from fig. 4.5 (d)-(f), the softer MS-B EOS is by itself compatible with

the current constraint on the binary tidal deformability. Implementing the crossover region

through interpolation further enhances the compatibility. Better measurements of Λ̃(M)

from multiple merger detections in the future might help in limiting the relevant

interpolation parameters. Recall that such “soft HM→ stiff QM” combination is usually

forbidden in a first-order transition, given the absence of an intersection in the P-µ plane

between pure hadronic and pure quark phases.

Quarkyonic matter

In this case, we present results obtained by using the hadronic EOSs MS-B/C for

pure neutron matter and two-flavor quark EOSs with and without interactions between

quarks when they appear. The main reason for the rapid increase in pressure at

supra-nuclear densities and the attendant behavior of c2
s vs nB is also elucidated in more

detail than was done in ref. [MP07].

In the quarkyonic picture, both the maximum mass and typical radii are larger than

those obtained by EOSs with neutrons only. In fact, some EOSs that are too soft to survive

the Mmax ≥ 2 M� constraint can be rescued by the boost in stiffness once quarkyonic

matter appears; see e.g., MS-C (PNM) in fig. 4.6 (a)-(c). However, for a stiff

neutrons-only EOS, if a transition into quarkyonic matter takes place, compatibility with



151

Figure 4.6: The EOS MS-C is an example of even softer EOSs within the same model
that cannot support 2 M� stars by themselves; MS-A is not applied here because its stiff
hadronic part leads to violation of the tidal deformability constraint Λ̃(M = 1.186 M�) ≤
720 [A+19]. In the two-flavor quarkyonic picture, switching to the smooth crossover region
increases both the maximum masses and typical radii (hence the tidal deformabilities).
Note that here quark masses are dynamically generated here with vNJL (Gv/Gs = 0.5)
instead of the original assumption that Mq = Mn/3 as in the Fermi gas model of
ref. [MP07]. In the Λ̃(M) plot, only EOSs that satisfy Mmax ≥ 2 M� are shown.

binary tidal deformability constraint from GW170817 becomes reduced, because of the

tendency to increase R and therefore Λ. These increases put the model at more risk of

breaking the upper limit on Λ. This is evident in fig. 4.6 (d)-(f), where the MS-B (PNM)

EOS is at the edge of exclusion and with quarkyonic matter the situation is slightly worse.
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Figure 4.7: In panels (a) and (c), the squared speed of sound vs baryon density in PNM
for the EOS models of ref. [MP07] and MS-C (PNM) of this work. The right panels (b)
and (d) show the corresponding M-R curves. The different curves illuminate the influence
of the shell on the results.

An examination of the behavior of c2
s vs nB with and without quarks offers insights

into the role played the presence of the shell for kFn > ∆ in the quarkyonic model. fig. 4.7

shows results of c2
s for the cases in which there is no shell (i.e., neutrons only throughout
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the star), neutrons only below and above ∆, and with the inclusion of quarks for kFn > ∆.

The results in this figure correspond to the neutron matter EOSs used in ref. [MP07] and

the MS-C+vNJL model of this work with Gv/Gs. For the former EOS, values of ΛQ = 420

MeV and κ = 1 were used to calculate the shell width ∆. The onset of quarks in this case

occurs at ntrans = 0.37 fm−3. This is to be compared with ntrans = 0.24 fm−3 with ΛQ = 380

MeV and κ = 0.3 in the EOS of ref. [MP07]. For the two-flavor vNJL model used in this

connection, values of the parameters used were Λ = 631.4 MeV, GsΛ
2 = 1.835 and

Gv/Gs = 0.5 as in ref. [HK94].

The main differences between the models in ref. [MP07] and this work are:

(i) For pure neutron matter (no quarks), the EOS of ref. [MP07] becomes acausal for

nB/n0 ' 6 owing to the term proportional to n3
n in its interacting part. As the central

density of the star is ' 6.74 n0, this feature may be of some concern. However, the

MS-B/C+vNJL models - being relativistically covariant - remain causal for all densities,

and

(ii) Interactions between quarks are not included in the EOS of ref. [MP07] except in the

kinetic energy term with the use of Mq = Mn/3, whereas the MS-B/C+vNJL model uses

density-dependent dynamically generated u, d quark masses that steadily decrease with

increasing density from their vacuum values of ' Mn/3. In addition, repulsive vector

interactions between quarks were used in the vNJL models.

The above differences notwithstanding, the inner workings of the quarkyonic model -

particularly, the influence of quarks - are apparent from fig. 4.7 (a) and (c). Without the

presence of quarks in the shell, the EOSs in both models are very stiff even to the point of

being substantially acausal. The presence of quarks in the shell abates this undesirable

behavior by softening the overall EOS (dash-dotted blue curves) relative to the case when

only nucleons are present (dotted gray curves). With progressively increasing density, the

density of nucleons is depleted within the shell whereas that of the quarks becomes



154

predominant. As c2
s → 1/3 for quarks at asymptotically high densities, it exhibits a

maximum (as well as a minimum) at some intermediate density. Note, however, that

compared to the neutron-matter only case everywhere (black solid curves), the overall

EOS of the quarkyonic matter is stiffer within the central densities of the corresponding

stars.

Insofar as c2
s is a measure of the stiffness of the EOS, the M-R curves shown in

fig. 4.7 (b) and (d) reflect the behavior of the corresponding c2
s vs nB. The presence of

quarkyonic matter (dash-dotted blue curve) causes an increase in the Mmax for both

models. If only the neutron content of quarkyonic matter is considered (dotted gray

curve), then the increase in Mmax is more substantial. Similarly, the radii of both the

maximum mass and 1.4 M� stars are significantly larger in quarkyonic matter.

Quantitative differences between the two cases can be attributed to the presence of

interactions between quarks in the MS-B+vNJL model.

Figure 4.8: Variation of the hadron-to-quark transition density (in units of n0), the squared
speed of sound and the maximum mass as functions of the parameters ΛQ and κ that
determine the shell width ∆.

The hadron-to-quark transition density ntrans, the peak value of the squared speed of

sound c2
s,max, and the maximum mass Mmax all depend on the choice of ΛQ and κ used to

calculate the shell width ∆. fig. 4.8 shows the variation of these quantities as a function of
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ΛQ for values κ = 0.1, 0.6 and 1 for the MS-C+vNJL model chosen here. Intermediate

values of κ lead to results that lie within the boundaries shown in this figure. Note that

high values of both ΛQ and κ are required to ensure that ntrans & 1.5 n0 and c2
s < 1. This

requirement, however, decreases Mmax but masses above the current constraint of & 2 M�

can be still obtained. In the absence of interactions between quarks, as in ref. [MP07], the

window of ΛQ and κ values that are usable is very small. We stress, however, that the

optimum choice of these parameters is model dependent in that if a different hadronic or

quark EOS is used, the values of ΛQ and κ can change.

Table 4.6: Summary of different treatments with the introduction of quarks in the dense
matter EOS. For a sharp first-order transition with Maxwell construction, the most readily
compatible scenario is stiff hadronic matter undergoes phase transition into stiff (c2

QM &
0.4) quark matter. For a crossover transition, soft HM→ stiff QM is necessary.

HM→ QM First-order Transition (Maxwell)a Crossover Transition

stiff to soft
7 vMIT: cannot support Mmax ≥ 2 M�

7 unphysical decreasing function of P(nB)
7 vNJL: Mtrans & 1.7 M�, Λ̃(M = 1.186 M�) > 720

soft to stiff 7 no intersection for P(µ)b
Xinterpolation: Mtrans . 1.0 M�, R1.4 < 13 km

Xquarkyonic: Mmax ≥ 2 M�; R1.4 and Mtrans vary

soft to soft 7 cannot support Mmax ≥ 2 M� 7 cannot support Mmax ≥ 2 M�

stiff to stiff
XvMIT: Mmax ≥ 2 M�; R1.4 and Mtrans vary

7 Λ̃(M = 1.186 M�) > 720, R1.4 > 13 km
7 vNJL: onset for quarks too high; immediately destabilize

a See text for details if the Gibbs construction is applied. Gibbs construction satisfies many observational constraints such as R1.4 and Mmax

due to the earlier onset of quarks. However, distinguishability from purely hadronic stars is lost.

b Limited by the specific quark models applied here; in a generic parametrization (e.g. CSS) the soft HM→ stiff QM is possible.

On a physical level, low values of ΛQ and κ lead to a substantial quark content in the

star, but at the expense of ntrans → n0 – a disturbing trend. Although quarks soften the

overall EOS, the presence of the shell and the redistribution of baryon number between
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nucleons and quarks causes a substantial stiffening of the overall EOS which in turn leads

to very high values of Mmax. Conversely, very high values of ΛQ and κ decrease the quark

content which makes the overall EOS to be nearly that without quarks. This feature is

generic to the quarkyonic model, which enables it to achieve maximum values consistent

with the observational mass limit even when the EOS with hadrons only fails to meet this

constraint.

The low transition densities and the extreme stiffening of the EOS caused by the shell

in quarkyonic matter bear further investigation. Although inspired by QCD and large Nc

physics, the width of the shell is independent of the EOSs in the both hadronic and quark

sectors, at least in the initial stage of the development of the model. The energy cost in

creating such a shell in dense matter is another issue that warrants scrutiny.

4.5 Conclusion and Outlook

In this work, we have performed a detailed comparison of first-order phase transition

and crossover treatments of the hadron-to-quark transition in neutron stars. For first-order

transitions, results of both Maxwell and Gibbs constructions were examined. Also studied

were interpolatory schemes and the second-order phase transition in quarkyonic matter,

which fall in the class of crossover transitions. In both cases, sensitivity of the structural

properties of neutron stars to variations in the EOSs in the hadronic as well as in the quark

sectors were explored. The ensuing results were then tested for compatibility with the

strict constraints imposed by the precise measurements of 2 M� neutron stars, the

available limits on the tidal deformations of neutron stars in the binary merger GW170817

and the radius estimates of 1.4 M� stars inferred from x-ray observations. These

independent constraints from observations are significant in that the lower limit on the

maximum mass reflects the behavior of the dense matter EOS for densities & 4 n0,

whereas bounds on binary tidal deformability Λ̃ and estimates of R1.4 depend on the EOS
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for densities & 2 − 3 n0, respectively. Table 4.6 provides a summary of the generic

outcomes of our study.

If the hadron-to-quark transition is strongly first-order, as is the case for standard

quark models such as vMIT and vNJL that we used, then the hadronic part needs to be

relatively stiff to guarantee a proper intersection in the P-µ plane. For a hadronic EOS as

stiff as MS-A, this combination brings tension with Λ1.4 or R1.4 estimates. Concomitantly,

a too-high transition density that yields Mtrans & 1.7 M� results in either very small quark

cores or completely unstable stars that are indistinguishable from those resulting from a

stiff purely hadronic EOS. Thus, such hybrid EoSs can easily be ruled out. This is typical

for NJL-type models; see, e.g., fig. 4.4. In contrast, lower transition densities (that yield

Mtrans . 1.0 − 1.6 M�) are capable of decreasing radii. If accompanied by a stiff quark

matter EOS with sizable repulsive interactions, these hybrid EOSs produce Mmax ≥ 2 M�.

figs. 4.2 and 4.3 show examples in which the vMIT model was used with Maxwell/Gibbs

constructions.

Our analysis indicates that use of the Gibbs construction is beneficial in satisfying the

current constraints from observation for many stiff hadronic EOSs as it enlarges the

parameter space of quark models. As similar M(R) and Λ(M) relations for hybrid and

purely hadronic stars can be obtained, the distinction between the two is, however, lost.

This feature underscores the significance of dynamical properties such as neutron star

cooling and spin-down, and the evolution of merger products.

To sum up the part about first-order phase transitions, current observational

constraints disfavor weakly-interacting quarks at the densities reached in neutron star

cores. Should a first-order transition into strongly-interacting quark matter (as described

by the vMIT bag model or vNJL-type models) take place, the onset density is likely of

relevance also to canonical neutron star masses in the range 1.0 − 1.6 M�.
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One should keep in mind, however, that perturbative approaches to the quark matter

EOS are not expected to hold in the density range ≈ 2 − 4 n0. This limitation brings the

validity of first-order phase transitions caused by such EOSs into question. In this regard,

model-independent parameterizations circumvent the issue and have the advantage of

translating observational constraints more generically. For instance, specific QM models

prohibit the transition into soft hadronic matter, but in the CSS parameterization this

restriction disappears and a much larger parameter space can be explored including soft

HM→ stiff QM [HS19]. However, such parameterizations lack a physical basis and beg

for the invention of a non-perturbative approach.

If the hadron-to-quark transition is a smooth crossover, as in the case of interpolatory

schemes and in quarkyonic matter, the pressure in the transition region is stiffened unlike

the sudden softening of pressure caused by a first-order transition. This stiffening is also

reflected in a local peak in the sound velocity before the pure quark phase is entered. This

stiffening is responsible for supporting massive stars that are compatible with the current

lower limit of 2 M�.

It is also common that the onset density for quarks is somewhat low

(Mtrans . 1.0 − 1.6 M�) in these crossover approaches. This feature implies that all

neutron stars we observe should contain some quarks admixed with hadrons. We find that

at low densities soft hadronic EOSs are necessary, but above the transition changes in radii

rely heavily on the methods of implementing the crossover in both the interpolation

approach and in quarkyonic matter. Consequently, it is difficult to obtain physical

constraints on the crossover EOSs from a better determination of the radius, e.g., R1.4, or

improved tidal deformability measurements. It is promising, however, in limiting

parameters, e.g., the vector coupling strength Gv/Gs in vNJL or κ and Λ in the quarkyonic

model, pertinent to the required stiffening to satisfy the limits imposed by mass

measurements of heavy neutron stars.
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Regardless of the phase transition being first-order or crossover, our results suggest

that quarks likely exist in the pre-merger component neutron stars of GW170817. If

quarks only appear after the merger (before the remnant collapsing into a black hole),

there is a valid soft HM→ stiff QM first-order transition that cannot be captured by the

vMIT bag or vNJL models. Numerical simulations that involve quarks

[MPD+19, BBB+19] will assist in identifying them during post-merger gravitational-wave

evolution. Better understanding and progress in theory, experiments and observations are

required to clarify the situation.

Although the presence of quarks in neutron stars is not ruled out by currently

available constraints, it is nearly impossible to confirm it even with improved

determinations of radii from x-ray observations and tidal deformabilities from

gravitational wave detections. Similarly, it will be difficult to identify the nature of the

phase transition on the basis of M and R observations only, unless there is a sufficiently

strong first-order transition that gives rise to separate branches of twin stars with

discontinuous M-R and/or Λ̃-M relations. Dynamical observables such as thermal/spin

evolution, global oscillation modes, continuous gravitational waves etc. that are sensitive

to transport properties would potentially provide more distinct signatures of exotic matter

in neutron stars. In future work, it is worthwhile to achieve consistency with dynamical

observables, particularly for the crossover scenarios of the transition to quark matter.
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Appendix

Thermodynamics of nucleons in the shell of quarkyonic matter

In this Appendix, we provide some details of the evaluation of the kinetic parts of the

energy density, chemical potential and energy density and pressure for nucleons in the

shell. The expressions we obtain will then be used to establishing the thermodynamic

identity (TI) in the presence of a shell. For the evaluation of these quantities the relation

d
dα

∫ φ2(α)

φ1(α)
F(x, α) dx =

∫ φ2(α)

φ1(α)

∂F(x, α)
∂α

dx

+ F(φ2, α)
∂φ2

∂α
− F(φ1, α)

∂φ1

∂α
,

(4.30)

where α is a parameter in the functions φ1, φ2 and F will be useful.

Energy density

The kinetic energy density of nucleons, neutrons to be specific, in the shell is

ε(kin)
n =

1
π2

(∫ kFn

0
−

∫ kFn−∆

0

)
dk k2

√
k2 + M2

n ,

= F1(kFn) − F2(kFn − ∆) , (4.31)

where ∆ = Λ3
Q/k

2
Fn + κΛQ/N2

c . In analytical form,

ε(kin)
n =

1
4π2

[
k3ek +

M2
n

2
kek −

M4
n

2
ln(k + ek)

]U

L
. (4.32)

For kFn < ∆, the upper limit U = kFn, the lower limit L = 0 and ek =
√

k2 + M2
n , which

leads to the familiar expression for spin- 1
2 relativistic particles of mass Mn. For neutrons in

the shell with kFn > ∆, however, U = kFn and L = (kFn − ∆) with ek =
√

(k − ∆)2 + M2
n .
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Chemical potential

The associated chemical potential ensues from

µ(kin)
n =

dε(kin)
n

dkFn

dkFn

dnn

=

(
dF1

dkFn
−

dF2

dkFn

)
dkFn

dnn
. (4.33)

For the neutrons in the shell,

nn =
1

3π2

[
k3

Fn − (kFn − ∆)3
]
,

dnn

dkFn
=

1
π2

[
k2

Fn − (kFn − ∆)2
(
1 −

∂∆

∂kFn

)]
=

1
π2

k2
Fn − (kFn − ∆)2

1 +
2Λ3

Q

k3
Fn

 . (4.34)

For evaluating dF1/dkFn, use of the relations

φ1(kFn) = 0, φ2(kFn) = kFn

∂φ1

∂kFn
= 0 ,

∂φ2

∂kFn
= 1 (4.35)

in eq. (4.30) yields

dF1

dkFn
=

1
π2 k2

Fn

√
k2

Fn + M2
n . (4.36)

The evaluation of dF2/dkFn proceeds along similar lines, but with

φ1(kFn) = 0, φ2(kFn) = kFn − ∆

∂φ1

∂kFn
= 0 ,

∂φ2

∂kFn
= 1 −

∂∆

∂kFn
(4.37)

with the result

dF2

dkFn
=

1
π2 (kFn − ∆)2

√
(kFn − ∆)2 + M2

n

1 +
2Λ3

Q

k3
Fn


(4.38)
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Putting these results together, we obtain after some simplification

µ(kin)
n =

√
k2

Fn + M2
n − R

√
(kFn − ∆)2 + M2

n

1 − R

R =

(
1 −

∆

kFn

)2 1 +
2Λ3

Q

k3
Fn

 . (4.39)

Pressure

The kinetic theory expression for a single species of spin-1
2 fermions is

P = 2 T
∫ U

L

d3k
(2π)3 ln[1 + e(µ−e)β] , (4.40)

where β = 1/T , e is the single particle spectrum and µ the chemical potential. A partial

integration on the right hand side yields

P = T
[

1
3π2 k3 ln[1 + e(µ−e)β]

]U

L
+

1
3

2
∫ U

L

d3k
(2π)3 k

dek

dk
1

1 + e(µ−e)β . (4.41)

At finite T , the first term vanishes when U = ∞ and L = 0 leaving the second term as the

kinetic pressure. For T → 0, and finite L and U, however, we have

P =
1

3π2

[
k3(µ − e)

]U

L
+

1
3

2
∫ U

L

d3k
(2π)3 k

dek

dk
. (4.42)

The expressions for P(kin)
n , thus take different forms in the regions kFn < ∆ and

kFn > ∆. For kFn < ∆, the limits U = kFn and L = 0 yield the familiar kinetic theory

expression

P(kin)
n =

1
3

2
∫ U

L

d3k
(2π)3 k

dek

dk

=
1

12π2

[
k3ek −

3
2

M2
nkek +

3
2

M4
n ln(k + ek)

]U

L
,

(4.43)

where ek =
√

k2 + M2
n . The last two terms in eqs. (4.32) and (4.43) cancel, and thus in this

region, ε(kin)
n + P(kin)

n = nnµ
kin
n (the TI) with nn = k3

Fn/(3π
2) and µ(kin)

n =

√
k2

Fn + M2
n .
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In the region kFn > ∆ with U = kFn and L = (kFn − ∆), the kinetic theory pressure

becomes

P(kin)
n =

1
3π2

[
k3(µkin

n − ek)
]U

L
+

1
3

2
∫ U

L

d3k
(2π)3 k

dek

dk
.

(4.44)

The first term above gives the contribution from the boundaries of the shell. Inserting the

appropriate limits for the shell, this term reads as

1
3π2

[
µn

(
k3

Fn − (kFn − ∆)3
)
−

(
k3

Fn

√
k2

Fn + M2
n − (kFn − ∆)3

√
(kFn − ∆)2 + M2

n

) ]
.

(4.45)

Thermodynamic identity

Collecting the results in eqs. (4.44) and (4.45) and evaluating ε(kin)
n in Eq. (4.32) for

the shell, we obtain the TI (after many cancellations)

ε(kin)
n + P(kin)

n = nnµ
kin
n with

nn =
1

3π2

[
k3

Fn − (kFn − ∆)3
]
, (4.46)

the last relation giving the number density of neutrons in the shell. The neutron chemical

µkin
n here is independently calculated from Eq. (4.39). We have verified that numerical

calculations of µkin
n = dε(kin)

n /dnn and P(kin)
n = n2

nd(ε(kin)
n /nn)/dnn in the shell yield the same

results as evaluations from the analytical formulas above which provide additional

physical insight concerning the role played by the shell.

All expressions in this appendix apply also to protons so that a generalization to a

2-component system consisting of neutrons and protons is straightforward.

4.6 Specific Contributions of the Author

The work documented in this chapter has been largely derived from the paper,

“Treating quarks within neutron stars” which has been the effort of a team including
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myself (Sudhanva Lalit), Md. Abdullah Al Mamun and Drs. Sophia Han, Constantinos

Constantinou and Madappa Prakash. The project of constructing “Treating quarks within

neutron stars” using multiple species was conceived by my advisor Dr. Madappa Prakash.

The completion of this project involved significant new developments in both theoretical

formalisms and numerical techniques. All analytic equations used in this chapter were

independently derived by me and crosschecked with those derived by other members of

the team. The FORTRAN codes written to produce the results presented in this chapter

were written solely by me and the ensuing results were crosschecked by others with results

from their own codes. The writing of this paper was a team effort with the work being

divided such that each member wrote the first draft of a given section, then passed it to

another member to be augmented and improved. The process of passing the work between

the team members was iterated until all members agreed on the final version. For the first

draft, my focus was on the sections containing equation of state models and results, but I

was actively involved in developing each section during the iteration process.
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5 Outlook

The original research reported in this dissertation is concerned with microphysical

aspects of hot and dense matter encountered in astrophysical situations such as

core-collapse supernovae, neutron stars and their mergers. The final sections of the

published papers reproduced in this thesis contain the findings and conclusions. Rather

than repeating them here, I will outline the future projects suggested by those

investigation in what follows.

5.1 Applications of Next-To-Leading Order Fermi Liquid Theory

The advantage of Fermi Liquid Theory and its next-to-leading order extension is that

the thermal properties of interacting fermions can be calculated for entropies per baryon

up to 2 down to subnuclear densities from the zero-temperature single-particle energy

spectrum. As the Landau effective mass function and its derivatives are easily calculated

from the zero-temperature single-particle energy spectrum, application of this technique to

microscopic models in which calculations are either cumbersome or too time-consuming

is straightforward. Examples include Monte Carlo calculations in which finite temperature

calculations are beset with the fermion sign problem and effective field theories in which

such calculations are somewhat cumbersome. We are forging collaborations in this regard

and will report results when they become available.

5.2 Subnuclear Density Equation of State with Multiple Clusters

In simulations of binary neutron star mergers, the dense matter equation of state

(EOS) is required over wide ranges of density and temperature as well as under conditions

in which neutrinos are trapped, and the effects of magnetic fields and rotation prevail. In

the subnuclear region (nB ≤ 0.1fm−3), nucleons coexist with light (A ≤ 4) and heavy

(A > 4) nuclei as well as other nonshperical nucleonic configurations, known as the pasta



166

phase. For a sufficiently dilute and/or hot system, heavy nuclei and pasta are absent

because their formation and longevity are inhibited by the effects of low density and high

temperature. Thus, there exists a range of (nB,Yl,T ), where Yl is the lepton fraction, in

which only nucleons and light nuclear clusters, survive. In chapter 3 we assessed the

status of dense matter theory and pointed out the successes and limitations of approaches

currently in use. A comparative study of the excluded volume (EV) approach of Lattimer

et al.[LS91, LLPR85] and virial approach [HS06] for the npα system using the equation

of state of Akmal, Pandharipande and Ravenhall (APR)[APR98] for interacting nucleons

was presented in the sub-nuclear density regime. Owing to the excluded volume of the

α-particles, their mass fraction vanishes in the EV approach below the baryon density 0.1

fm−3, whereas it continues to rise due to the predominantly attractive interactions in the

virial approach. The EV approach was extended to include clusters of light nuclei such as

d, 3H and 3He in addition to α-particles. Results of the relevant state variables from this

development were presented which enabled comparisons with related but slightly different

approaches in the literature.

The potential model approach

The EV approach mentioned above accounts for hard-core repulsive interactions

between nucleons and nuclei which become significant as the density increases but

ignores attractive interactions which are known to be present from phase shift data. As a

consequence of the hard-core repulsion, the light nuclear species disappear at varying

densities below 0.1 fm−3. On the other hand, the virial approach uses the available phase

shift data as input and as a result, includes both attractive and repulsive interactions.

However, due to the lack of phase shift data at high-enough energies to probe the nuclear

hard core, interactions, as included in this approach, are predominantly attractive.

Consequently, the mass fractions of light nuclei continue to increase beyond the nuclear
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saturation density ns in the regions of (nB,Yl,T ) where they should be absent.

Furthermore, the virial approach is valid only when the fugacities z = exp(µ/T ) of the

various constituents are less than unity which is not always the case for nucleons.

From a theoretical standpoint, the region with light nuclear clusters presents the

situation of fermion-boson mixtures which is an active area of research in the context of

cold atoms[PS08]. The development of a method based on the HF approximation from

which the single-particle spectra of the participants (all of which are treated as

point-particles) can be extracted using experimentally-fitted, two-particle, position-space

potentials is currently underway. For the nucleon-light nucleus system, such an approach

has not been used so far in the literature. Preliminary calculations indicate that the

limitations of the EV and virial approaches can be overcome. A follow up to this project

will be the calculation of the EOS in this region based on fermion-boson potentials

derived from effective field theory[PS08].

5.3 Beyond Mean Field Theory

In the long-wavelength limit, λkF > 1, where λ is the wavelength of oscillations of

the meson fields and kF the baryon Fermi momentum, fluctuations of the meson fields

mediating interactions between the fermions become important. In this region, meson

oscillations couple strongly to macroscopic baryon density fluctuations, and can no longer

be described within the framework of mean field theory (MFT). They are, instead, genuine

many-body effects, more appropriately identified as collective modes and can be obtained

by solving an eigenvalue equation involving the polarization tensor Πµν. The poles of the

meson propagator can be calculated by summing the set of ring diagrams which consist of

repeated insertions of the lowest-order polarization part. The same eigenvalue equation

can be derived from the requirement that the 4-current density fluctuation δJµ(q) is

self-consistently sustained.
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Extensive studies of collective modes have been made for (i) the dense electron gas

(see, e.g., [BS10], and references therein) in which long-range interactions occur through

the exchange of massless photons and (ii) nuclear systems in which short-range

interactions are mediated by the exchange of massive bosons, but only in the

asymptotically high density limit, at zero temperature and for isospin-symmetric matter

(ref. [Chi77], and references therein). In both cases, point-particle field theory was used.

The above observations suggest several avenues for further investigation beyond

MFT which are listed below.

1. For densities of relevance to astrophysical applications, an examination of the ring

energy contributions (the dominant part of the so-called correlation energy in

many-body perturbation theory) at near nuclear and slightly above densities,

resulting from massive bosons, is required. This task will likely involve extensive

numerical studies with analytical checks in various limiting situations (low and high

densities, massless bosons).

2. In nuclear systems with unequal numbers of neutrons and protons commonly

encountered in astrophysical settings, the contributions from pseudo-scalar (π-

meson) and iso-vector (ρ-meson) exchanges in addition the vector (ω-meson) and

scalar (σ-meson) ones are needed. These contributions have not been considered in

the literature, and can be calculated in both non-relativistic and relativistic

field-theoretical approaches. Of particular interest here is the density dependence of

the symmetry energy which determines the radius of a neutron star and whether

neutrino emission via the rapid direct Urca process [LPPH91b] occurs or not.

3. The above studies for the ground state energy can then be extended to finite

temperatures of relevance to astrophysical applications.



169

4. Attempts to go beyond point-particle field theory can also be made following ref.

[PEK92] in which form-factors at each vertex of interaction were used to account

for the finite size of nucleons. This procedure may likely avoid the divergent nature

of density-dependent coupling constants inherited in evaluating contributions from

correlation energies at very high densities in point-particle field theory. This work

will also involve extensive numerical studies and analytical checks wherever

possible.

5. The extent to which collective effects influence astrophysical phenomena can be

studied using the simulations for these phenomena.

5.4 Quarkyonic matter

In the studies done in chapter 4, we extended the quarkyonic model of McLerran and

Reddy [MR19] for pure neutron matter to include realistic hadronic (MS) and quark

(vNJL) equations of state. It was found that including these realistic EOSs improve the

estimates of radii. The onset of quarks is found to be at ∼ 2n0 and models within the

quarkyonia formalism remain causal for all densities. However, these studies lack

inclusion of leptons. Thus, our next step would be to study beta-equilibrated matter which

includes leptons (e−, µ). This can be done by including individual shells for both protons

and neutrons, and by including leptons as non interacting Fermi gases. An obvious

extension to the beta-equilibrated EOS is to finite temperatures. Leptons play an important

role in understanding the cooling mechanism of proto-neutron stars, isolated neutron stars

or the remnants of binary mergers. Finite temperature EOS is also an input to calculations

involving crustal cooling and long-term cooling. The corresponding mass-radius curves

will be useful to compare with those obtained from data of cooling and spin-down rates of

neutron stars.
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[Foc30a] V. Fock. Näherungsmethode zur lösung des quantenmechanischen
mehrkörperproblem. Zeitschrift für Physik, 61(1):126–148, Jan 1930.
doi:10.1007/BF01340294

[Foc30b] V. Fock. “selfconsistent field” mit austausch für natrium. Zeitschrift für
Physik, 62(11):795–805, Nov 1930. doi:10.1007/BF01330439

[FPH18] F. J. Fattoyev, J. Piekarewicz, and C. J. Horowitz. Neutron Skins and
Neutron Stars in the Multimessenger Era. Phys. Rev. Lett., 120(17):172702,
2018.

[FR12] J. A. Faber and F. A. Rasio. Binary neutron star mergers. Living Rev Relativ,
15: 8:1–83, 2012.

[FS13] J. L. Friedman and N. Stergioulas. Rotating Relativistic Stars. Cambridge
University Press, Cambridge, 2013.

http://dx.doi.org/10.1086/156337
http://dx.doi.org/10.1103/PhysRevD.30.2379
http://dx.doi.org/10.1007/BF01340294
http://dx.doi.org/10.1007/BF01330439


176

[Gau28] J. A. Gaunt. A theory of hartree’s atomic fields. Math. Proc. Camb. Philos.
Soc., 24(2):328–342, 1928. doi:10.1017/S0305004100015851

[GCS19] R. O. Gomes, Prasanta Char, and S. Schramm. Constraining strangeness in
dense matter with GW170817. Astrophys. J., 877(2):139, 2019.

[GGR19] D. Gonzalez-Caniulef, S. Guillot, and A. Reisenegger. Neutron star radius
measurement from the ultraviolet and soft X-ray thermal emission of PSR
J0437-4715. arXiv e-prints, April 2019. arXiv:1904.12114.

[GKR+18] Tyler Gorda, Aleksi Kurkela, Paul Romatschke, Matias Säppi, and Aleksi
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