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Abstract

The question remains whether inflation is robust to inhomogeneous initial conditions.
This thesis first describes the basics of cosmic inflation and the evolution of primordial
inhomogeneities in the matter field and spacetime metric during inflation. Then a
new approach for analyzing the onset of inflation amid backreaction from significant
inhomogeneities is presented. This new approach incorporates certain nonlinear inter-
actions among the coupled degrees of freedom by using the nonperturbative Hartree
approximation. Results applying this approach to a single-field inflationary model
find inflation to be robust for large-field models.

The particle nature of dark matter is still a mystery. This thesis very briefly
summarizes what we know about dark matter and our current efforts to detect it.
This thesis also provides the basic tools necessary to calculate the thermal history
of the dark sector. Then the results for a full exploration of the thermal freezeout
histories of a vector-portal dark matter model, in the region of parameter space in
which the ratio of masses of the dark photon A’ and dark matter y is in the range
1 Sma/m, S 2, are presented. The temperatures of all species are carefully tracked,
relaxing the assumption of previous studies that the dark and Standard Model sectors
remain in thermal equilibrium throughout dark matter freezeout. A rich set of novel
pathways which lead to the observed relic density of the dark matter is revealed.
This thesis also examines the 1 < myu/m, S 2 regime of the vector-portal inelastic
dark matter model, where the dark matter is made up of a Majorana ground state
x and excited state x* with a small mass splitting between them, carefully tracking
the dark sector temperature throughout freezeout. The inelastic nature of the dark
sector relaxes stringent cosmic microwave background and self-interaction constraints
compared to symmetric dark matter models.

The spectrum of Weakly-Interacting-Massive-Particle (WIMP) dark matter gener-
ically possesses bound states when the WIMP mass becomes sufficiently large relative
to the mass of electroweak gauge bosons. After a review of the treatment of bound



states in quantum electrodynamics, this thesis examines the formation and decay of
bound states for dark matter inhabiting a more general nonabelian dark sector. The
rate for SU(2) triplet dark matter (the wino) to bind into WIMPonium, and rates for
the subsequent decays of these bound states, are computed. Results with applications
beyond the wino case, e.g. for dark matter inhabiting a nonabelian dark sector, are
also presented.
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Chapter 1

Introduction

Cosmic inflation and dark matter are two mysteries of cosmology which unite the
study of nature on length scales ranging from the sizes of elementary particles to the
size of the observable universe, and over cosmic history from the earliest moments
after the Big Bang to the present day. Both mysteries invite us to consider theories
beyond the Standard Model (SM) of particle physics.

In this thesis I will discuss a few ways in which we push beyond the minimal cases
of these theories. I will start by discussing the so-called “initial conditions problem” for
cosmic inflation — the possible fine-tuning of the initial conditions required to allow
for a period of cosmic inflation to occur in the very early universe. I will present
an efficient numerical framework to investigate the robustness of cosmic inflation to
inhomogeneous initial conditions in the very early universe, and apply this framework
to a specific inflationary model.

I will then discuss ways we can push beyond the conventional weakly-interacting-
massive-particle (WIMP) paradigm in which the late-time density of dark matter
(DM) is set by the rate of two-body annihilations, and present a few alternative DM
scenarios where other interactions control the final DM abundance. The alternative
DM scenarios I will present naturally produce DM at light (sub-GeV) masses, where
direct detection experiments are least sensitive. In particular, I will show that fully
exploring the parameter space of a common benchmark DM model, the vector or

kinetic-mixing portal DM model, while relaxing the assumption of efficient thermal
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contact between the dark sector and the SM which had been made in previous studies,
reveals a rich set of new mechanisms for obtaining the correct DM relic density, which
lead to interesting cosmological histories and open new windows of parameter space

for the DM where experiments have not yet explored.

Finally I will discuss the formation, properties, and phenomenological conse-
quences of DM-DM bound states. In particular I will discuss the formation and
decay of bound states of a specific WIMP called the wino, which is an SU (2), triplet

Majorana fermion with zero hypercharge.

The structure of this dissertation is as follows. In Chapter [2] I start by outlin-
ing the basics of Friedmann-Lemaitre-Robertson-Walker (FLRW) spacetime and of
cosmic inflation in Sections and respectively. In particular, I describe how
inflation solves the flatness and horizon problems of standard cosmology. Then in
Sections [2.6] and [2.7] T describe the basic formalism for describing the evolution of
linearized quantum fluctuations in the matter field and spacetime metric during in-
flation, and give a basic description of how primordial quantum fluctuations evolve
during inflation. In Section [2.§T give only a very brief description of how the primor-
dial density perturbations relate to the temperature anisotropies we observe on the
CMB. At the end of Chapter 2] I introduce a possible remaining fine-tuning problem
left by cosmic inflation, the initial-conditions problem. The overall goal of Chapter
[ is to give an introduction to the basic formalism of inflation and the treatment of
primordial fluctuations during inflation to set up the foundation for understanding
Chapter 3] The goal of Chapter 2]is also to illustrate the insufficiency of the linearized
formalism for treating the evolution of primordial inhomogeneities to study the initial
conditions problem, motivating a more sophisticated formalism like the one I present
in Chapter [3

In Chapter [3|1 present a framework for numerically solving the equations of motion
which describe the evolution of inhomogeneities in the early universe, in a way that is
much more efficient than simulations involving full numerical general relativity. This
approach captures the dominant nonlinear effect of inhomogeneities influencing the

surrounding spacetime, and vice-versa. I present calculations which address to what
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extent inflation can occur under inhomogeneous initial conditions in the very early
universe for a specific inflationary model, and discuss application of this approach to

a wider range of inflationary models. Chapter |3| contains our paper Ref. [1].

In Chapter [ I start by giving a very brief introduction to ways in which we
infer the existence of dark matter, the kinds of interactions we might expect it to
have with SM particles, and the associated ways we might hope to detect DM. Then
in Section [£.2] I begin describing the thermal history of the dark sector under the
assumption that at some point in the early universe its interactions with the SM were
strong enough to establish thermal and chemical equilibrium between the dark and
SM sectors. I start this discussion by introducing the Boltzmann equations, the basic
tool we need to describe the thermal evolution of the dark and SM sectors. Then
in Section I move on to describing DM production mechanisms, starting with
the simplest and most-well known example of the thermal WIMP. In Section 4.3.2
I describe the motivation to move beyond the thermal WIMP, and in particular to

explore the landscape of new models which naturally produce DM at light (sub-GeV)

masses. In Sections |4.3.3| and 4.3.4]I review two specific DM production mechanisms

alternative to the thermal WIMP, the strongly-interacting-massive-particle (SIMP)
and elastically decoupling relic (ELDER) DM models. The overall goal of Chapter
[ is to provide the reader with the basic tools to calculate the thermal history of a
dark sector given its structure and interactions, and to provide the groundwork for

understanding Chapters [5] and [6]

In Chapter [5]I fully explore the thermal freezeout histories of a vector-portal DM
model, in the region of parameter space in which the ratio of masses of the dark photon
A" and the dark matter m, is in the range 1 < ma//m, < 2. In this region 2 — 2 and
3 — 2 annihilation processes within the dark sector, as well as processes that transfer
energy between the dark sector and the SM, play important roles in controlling the
thermal freezeout of the dark matter. I show the results of calculations which carefully
track the temperatures of all species, relaxing the assumption of previous studies
that the dark and SM sectors remain in thermal equilibrium throughout dark matter

freezeout. Our calculations reveal a rich set of novel pathways which lead to the
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observed relic density of DM, and we develop a simple analytic understanding of
these different regimes. The viable parameter space in this model provides a target
for future experiments searching for light (MeV-GeV) DM, and includes regions where
the DM self-interaction cross section is large enough to affect the small-scale structure

of galaxies. Chapter [5| contains our paper Ref. [2].

In Chapter [6] I return to the vector-portal DM model, but modify the baseline
scenario presented in Chapter [5| to consider the case of inelastic DM, in which the
DM is a pseudo-Dirac fermion which at low energies splits into two nearly-degenerate
Majorana eigenstates. The inelastic nature of the DM relaxes stringent CMB and self-
interaction constraints compared to the symmetric baseline model of Chapter 5] The
unconstrained parameter space in this model serves as an ideal target for accelerator
A’ searches, and also provides a DM self-interaction cross section that is large enough

to observably impact small-scale structure. Chapter |§| contains our paper Ref. [3].

In Chapter[7]1 begin a discussion of DM-DM bound states, beginning with a basic
discussion of how bound states are treated in quantum field theory. In Section[7.2.1]1
quickly review how to describe bound states in quantum field theory by summarizing
the well-known case of positronium decay to two photons. Then in Section [7.2.2] I
summarize the formation of positronium from the radiative capture of an electron
and positron. In Section [7.3] I present the nonabelian generalization of positronium
and summarize a calculation of the rate for its formation, in order to introduce us
to the basic tools necessary for describing the radiative formation of bound states
in general dark sector models. The goal of Chapter [7]is to provide the groundwork
for understanding Chapter [8 where we study the formation and properties of bound

states in a particular dark sector model.

Finally, in Chapter [§/I present a calculation of the rate for SU (2) triplet DM (the
wino) to bind into WIMPonium, and study the subsequent decays of these bound
states. In the specific case of the wino, we find that the rate for bound state formation
is suppressed relative to direct annihilation, and so provides only a small correction
to the overall annihilation rate. The soft photons radiated by the capture process and

by bound state transitions could permit measurement of the DM’s quantum numbers;
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for wino-like DM, such photons are rare, but might be observable by a future ground-
based gamma-ray telescope combining large effective area and a low energy threshold.

Chapter [8| contains our paper Ref. [4].
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Chapter 2

Primordial inhomogeneities during

inflation

2.1 Introduction

Cosmic Inflation is extremely successful at explaining observations about our uni-
verse today, and has become a central part of our understanding of the very early
universe. According to inflationary cosmology, a small fraction of a second after the
Big Bang the spatial scale of the universe expanded exponentially quickly, growing
from ~ 1072 m to ~ 1 m in a period of ~ 1073% s, before transitioning to a much
slower rate of expansion for the rest of its history. A period of inflation successfully
resolves observational puzzles which are left by the standard model of cosmology —
most notably the horizon and flatness problems. The spectrum of primordial inhomo-
geneities predicted by inflation is also in remarkably close agreement with the pattern
of temperature anisotropies we observe in the cosmic microwave background (CMB).
In what follows I will briefly explain each of these successes of inflation, setting up the
framework we need to describe inflationary dynamics and the evolution of primordial
matter fluctuations during inflation. This is the subject of Chapter[2 Then in Chap-
ter [3] I will scrutinize inflation by investigating a remaining fine-tuning problem that
arises, the “initial conditions problem”. By the end of Chapters 2| and [3] our goal is

to have a good sense of how inflation works and just how robust inflation is to very
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inhomogeneous initial conditions. For the discussion in this chapter I take a lot of
inspiration from a handful of sources, especially: David Kaiser’s “Informal Primers”
on inflation [5H8], Daniel Baumann’s TASI Lectures on Inflation 9], the nice review
article “Inflationary Cosmology: Exploring the Universe from the Smallest to the
Largest Scales” by Alan Guth and David Kaiser [10], and Viatcheslav Mukhanov’s

textbook “Physical Foundations of Cosmology” [L1].

2.2 Basics of FLRW spacetime

On the largest observable scales the universe can be approximated as being homo-
geneous (space has the same properties at every point) and isotropic (space has the
same properties in every direction). The CMB radiation is the clearest manifestation
of homogeneity and isotropy in our universe. Astronomical observations also show us
that space is expanding. We can therefore describe spacetime with the Friedmann-

Lemaitre-Robertson-Walker (FLRW) metric:

ds® = g, (z) datdx”

dT2 (21)

— —dtz + a2 (t) m + 7"2 (dQQ + Sin2 9d¢2> ;

where t indicates cosmic time, the scale factor a (t) describes the overall stretching
of space over time, and the curvature constant K describes the overall curvature of
space. Vanishing curvature constant, K = 0, indicates no spatial curvature (spatial
sections at a given moment in time are Euclidean), K = 41 indicates positive spatial
curvature (spatial sections curve around such that parallel lines in one region converge
away from that region), and K = —1 indicates negative spatial curvature (spatial
sections open out such that parallel lines in one region diverge from each other away

from that region).

The homogeneity and isotropy of FLRW spacetime require that the energy-momentum

tensor T" take the form of a perfect fluid (a fluid which is incompressible and flows
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without any anisotropic pressures or shears). 7" may then be written as:
uy p w, v uv
T —<p+g>uu + pg"”, (2.2)

where p is the energy density, p is the pressure, and u* is the velocity of the fluid,
normalized such that w,u” = —c?. The energy-momentum tensor in general is con-
served:

D, T" = 0. (2.3)

The p1 = t component of Equation [2.3], for example, describes how the energy density

evolves over time:

a
D, T" = p+ 35 (p+p) =0 (2.4)

The equation of state of matter in the universe is defined by the relation:

p = wp. (2.5)

If we assume that w is constant, then Equations [2.5 and [2.4] allow us to relate the
evolution of the energy density to the evolution of the scale factor according to the

equation of state of matter:

p(t) = pola (0] (2.6)

For example, nonrelativistic matter (w ~ 0) has an equation of state p (t) = po [a (£)] >,

whereas relativistic matter (w = 1/3) has an equation of state p (t) = po [a ()] "

The geometry of spacetime and the distribution of matter and energy are related

through Einstein’s field equations:

1 1

Guw=Ryu— -9l =-—7T,
o p p M3

2 iz (27)

where the reduced Planck mass M, = 1/v8rG, with G Newton’s gravitational con-
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stant. The 00 component of Equation gives the Friedmann equation:

. 2
o (" _ 1 K
H* = (a) = 3M§1p pox (2.8)

and subtracting Equation from the i components of Equation yields an ex-

pression for the acceleration of the scale factor:

a 1
S=—ap Pt (2.9)
pl

Now let’s make the discussion more concrete and consider the simplest inflationary
model in which matter is described by a single scalar field ¢ with minimal coupling

to gravity and canonical kinetic term, for which the action may be written:

g/#x” { mR——¢WM¢@¢ V()| . (2.10)
Varying the action with respect to ¢ yields its equation of motion,
06—V, =0, (2.11)

which together with Equation 2.7, with T}, given by:

- —2 55
W e
g 09" (2.12)

1
- ,u¢ 0,0 — Guv 5906/8 aa¢aﬁ¢ + V(¢)

constitute the coupled equations of motion for ¢ (t) and a (¢). As usual, the covariant

d’Alembertian operator is given by

Lo = au [\/__gglﬂ/ al/@ﬂ . (2'13)

L
NS

For an FLRW spacetime dominated by a single matter field ¢, as in Equation
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[2.10, Equation 2.11], becomes:
¢+3Hp—Vy=0, (2.14)
and the energy density and pressure are given by:

Too=p= %¢2 +V(¢) (2.15)

and

1.,
§qb - V(gb)} . (2.16)

Tij = gijp = 9ij {

2.3 Basics of cosmic inflation

Now we have everything we need to consider the dynamics of an FLRW spacetime
filled with a single scalar matter field. The Einstein’s equations, Equation de-
scribes how the scale factor a (t) evolves over cosmic time, with the rate of accel-
eration proportional to the energy density and pressure, according to Equation [2.9]
Before cosmic inflation became the leading paradigm for understanding the very early
universe, in the standard model of cosmology, it was assumed that matter behaved
“normally”; that is, matter would be assumed to have both positive mass-energy den-
sity and positive, or zero, pressure, such that (p + 3p) > 0. Under these “ordinary”
circumstances the expansion of the universe would slow down according to Equation
[2.9] with the energy density and pressure diluting according to Equation [2.6]

But as we learn by studying particle physics, matter can behave very differently
from what we might ordinarily expect. Our most fundamental (and successful) theory
today describes matter as a set of quantum fields permeating spacetime. For example,
let’s just consider a spacetime dominated by a single scalar matter field ¢. This
scalar field ¢ can get trapped in a false vacuum state, with its energy density p
remaining nearly constant even as the universe expands. We see from Equation [2.4]
that if p is approximately constant as the universe expands, this implies that matter

during this period will have a negative pressure, with equation of state p ~ —p, and
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therefore (p+3p) < 0. From Equation we see that this will give rise to the
accelerated expansion of the universe which characterizes inflation. During inflation
the scale factor of the universe grows as a o e’*, blowing up by a factor of ~ 102
within 10735 s. Let’s summarize this more closely in the context of slowroll models

of inflation.

For a wide range of models the 3H ® term in the equation of motion for ¢, Equation
[2.14] provides a frictional drag which damps out the evolution of the field ¢, causing
it to evolve slowly towards its equilibrium value, which can lead to the conditions
described above driving inflation. This happens when the frictional damping effect
causes ¢ to evolve slowly from a region of high potential energy V (¢) towards its
equilibrium, while its kinetic energy remains much less than its potential energy,
$?/2 < V (¢). This behavior is referred to as “slowroll” dynamics. The conditions

which typically define “slowroll” evolution are:
1.,
§¢ <V ()
’H) < H? (2.17)
i o]
And note that these conditions are not independent of one another.

So let’s say at some point in the history of our universe, in some tiny region of
space, the evolution of the matter field ¢ filling our universe enters a period of slowroll,

in which the potential energy stored in the matter field dominated its kinetic energy:
1.,
F9" <V (9), (2.18)

then from Equations 2.15] and [2.16] we can see this implies an equation of state of

martter:

p=—p, (2.19)

and from Equation we can see that such an equation of state, with w < —1/3,

drives a period of accelerated expansion of the universe, with @ > 0. In particular,
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for the case of w ~ —1, from Equations 215 and we find:

1

;
a  3M?2
pl

Vi(g). (2.20)

During this period the Friedmann equation, Equation 2.8 becomes:

1

H~
3M2

V(o) (2.21)

and we see that during inflation H? ~ d/a. From the definition of H = a/a we have:

=t (9)2 (2.22)

a a

which implies that for H* ~ d/a, the Hubble parameter remains nearly constant,

H ~ 0 during inflation. H ~ 0 implies that a (t) grows exponentially with time:
a(t) =apexp[H (t —ty)]. (2.23)

The volume of space grows exponentially with time during the inflationary phase, so
that even though inflation only needs to begin within a tiny region of space, that tiny
region will quickly dominate the volume of space of surrounding regions which had

not been inflating, and will characterize the spacetime dynamics.

It will be useful later to briefly describe how we typically estimate when slowroll

dynamics will begin and come to an end, by introducing the slowroll parameters:
€= —— (2.24)
and .
n=e€— —, (2.25)

When e < 1 (and n < 1) corresponds to when the system enters an inflationary phase
of evolution, when ¢ < 1 (and < 1) corresponds to when the system is evolving

deep along the slowroll attractor, and € > 1 (and n > 1) marks the end of accelerated
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expansion and inflation. It can be shown that during slowroll:

]\42 ‘/ 2
1 )
~ P 2.2
€~ ( v ) (2.26)

and
v
~ T2 09
1~ Mg (7) ; (2.27)
which will be helpful later on.

It is also useful to introduce the number of “efolds” of inflation. Between the start

of inflation, ¢;, and the end of inflation t.,q the scale factor grows by:

a(tend) _ eH(tend_ti) = €N (228)
a(t;)
where
tend
N= / dtH (1) =~ H (tong — t,) (2.29)
t;

is the number of “efolds” of inflation. In order to solve the fine-tuning problems left by
standard cosmology, the flatness and horizon problems, which I will describe below,

we typically require inflation to provide at least 65 efolds of expansion:
N Z 65, (2.30)

which corresponds to an increase in the universe’s spatial volume by a factor of

a® = e3N > 10%,

2.4 Solving the flatness problem

Now we can see how inflation solves the flatness problem of standard cosmology, where
the initial value of the Hubble constant H must be extremely fine tuned in order to
produce a universe that is as spatially flat as the one we observe today. Let’s start by

defining the critical energy density and matter density parameter (). By rearranging
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the Friedmann equation, Equation [2.8

K 1 ,
P

we see that if the energy density takes the critical value p,:
per = 3M7 H? (2.32)

then the spatial curvature term K vanishes, K = 0; a universe that has energy density
equal to the critical value is spatially flat, while a universe with energy density that
exceeds or is less than the critical value will have positive or negative spatial curvature,

respectively. Now let’s introduce the dimensionless parameter €2:

P

Q= (2.33)
pCT'
in terms of which we can rewrite Equation as:
Q=1+—0 (2.34)

where the comoving Hubble radius, (aH )_1, is the comoving size of the observable
universe. We can already summarize the flatness problem from Equation because
in standard cosmology the comoving Hubble radius always grows with time, making

a spatially flat universe with 2 = 1 an unstable solution. To make this more clear

let’s write:
(Q-1) 3SMAK
q - a2pp (2.35)
and substituting Equation [2.6| we find:
Q-1
% X a3(1+w)_2 (236)

so that for matter that is either nonrelativistic (w = 0) or relativistic (w = 1/3),
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spatial flatness is an unstable solution of Einstein’s equations:

_ a (t) for nonrelativistic matter
<QQ DI RU (2.37)

a®(t) for relativistic matter.

Current Planck measurements of the CMB find 2 = 1.0006 £0.0019 [12]. For €2 to
be so close to 1 today, in standard cosmology, would require remarkable fine tuning
at early times. For example, if {2 were 0.9 at ¢t = 1 s after the big bang, it would be
10~ today; and if Q were 1.1 at ¢t = 1 s after the big bang it would have grown so
quickly that the universe would have recollapsed 45 s later [10].

Inflation offers a simple solution to the spatial flatness problem. Referring back
to Equation [2.36] we see that if the matter filling the universe has an equation of
state w < —1/3, then the quantity (€2 — 1) will decrease, driving §2 to 1. As we've
discussed, the condition that w < —1/3 is the same as the condition leading to

accelerated expansion of the universe, ¢ > 0, which defines inflation.

2.5 Solving the horizon problem

We can similarly see how inflation solves the horizon problem of standard cosmology,
in which the initial universe appears homogeneous over length scales which apparently
encompass at least ~ 10 separate causally disconnected regions [I3]. To see this
let’s introduce the comoving particle horizon 7, which is the causal horizon, or the

maximum distance a light ray can travel between time ¢ = 0 and a later time t:

todt ¢ da @ 1
= & -/ X _ | dna(—). 2.38
" /oaw) ) Ta? / (H) (2.38)

The comoving horizon 7 is the logarithmic integral of the comoving Hubble radius

~1if particles

(aH)™'. It is important to note a distinction between 7 and (aH)
are separated by comoving distances greater than 7, they never could have been in
contact with one another, and if they are separated by distances greater than (aH )_1

they cannot be in contact with one another now.
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In standard cosmology the comoving Hubble radius is always growing as the uni-
verse evolves, and hence we observe homogeneity across regions of space which are
separated by more than a comoving Hubble radius, apparently implying that they

never would have been in causal contact.

If a period of cosmic inflation occurs in the early universe, however, then it is
possible for the comoving horizon 7 to be much larger than the comoving Hubble
radius now, (aH )_1, so that particles which cannot communicate today could have
been in causal contact at earlier times. This is because the same (equivalent) con-
ditions which give a period of cosmic inflation, accelerated expansion of the universe
driven by matter having an equation of state with w < —1/3, also imply a shrinking
comoving Hubble radius during inflation:

2
>0
p+3p <0 (2.39)

d 1

A shrinking comoving Hubble radius during inflation, which then begins to grow as
we expect with Hubble expansion once inflation ends, implies that the large scales
which are entering the present universe were inside the horizon, and in causal contact,

before inflation. This way the uniformity of the CMB is no longer a mystery.

2.6 Linearized perturbations

Now let’s turn to considering the primordial perturbations that we measure to high
precision on the CMB. The temperature anisotropies that we see on the CMB are at
the level of a part in 10°, (AT/T ~ 107°), so to describe the late-time observations
which match CMB observations is is sufficient to consider them as small perturbations
around a classical background whose dynamics we described above. To do this, we

typically expand the inflaton field and the spacetime metric around their classical
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background values:

¢<t7x) =@ (t) +0¢ (t,X)

[my (t7 X) = guv (t) + 59#1/ <t7 X)

(2.40)

and expand the equations of motion to leading order in spatially varying quantities.

Here’s a brief description of how this is done.

2.6.1 Perturbing the spacetime metric

Let’s specialize to the case of perturbations around a spatially flat (K = 0) FLRW
background. Then the most general set of perturbations to the line element ds may
be written:

ds* = — (14 2A) dt* + 2a (0;B — S;) dtdx’

o (2.41)
+a? [(1 = 2¢) 0y + 20;0;F + 2 (0, F; + 0; Fy) + Hy;) da'da?.

The vector perturbations S* (z) and F* (x) quickly redshift away as the FLRW space-
time expands, so we will ignore them from here on out; the tensor perturbations
Hi; (x) represent gravitational waves, and decouple from the scalar perturbations,
A(x), B(x), ¥ (z), and E (x), at linear order. So let’s focus on the scalar perturba-
tions in what follows.

We should note that the scalar perturbations A (x), B (z), ¢ (x), and E (z) actu-
ally contain redundant degrees of freedom, and we can completely characterize the
scalar perturbations with just two functions. This subtlety means that there are mul-
tiple ways we can fix and eliminate two of the scalar metric functions to describe the
same set of physical observables with the remaining two degrees of freedom. This is
referred to as choosing a gauge. I won’t go into detail here about the different gauge
choices and how they amount to describing the same set of physical observables, but
it’s good to mention it.

Another approach to dealing with the redundant degrees of freedom in the set of
scalar perturbations is to construct gauge-invariant combinations of them, and work

in terms of those gauge-invariant quantities. Again I won’t go into detail about this,
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let’s just move forward by working in terms of the gauge invariant Bardeen potentials:

1 I

and we work in longitudinal gauge, in which £ = B = 0. Now the perturbed line

element takes the form:

ds? = — (14 2®) dt* + a* (1 — 2V) §;;dz’ da’. (2.43)

2.6.2 Perturbing the Einstein’s field equations

Let’s first summarize perturbing the Einstein’s field equations to linear order in spa-

tially varying quantities:

_ 1 _
G + 060G = 72 [T +0T,,] . (2.44)

pl

Expanding the Einstein tensor to first order in ® and W, and separating its com-

ponents into background and first-order quantities we obtain:

Gog = 3H2
Goi =0 (2.45)
Gij == —a2(5ij <2H + 3H2>
and
.2
Gy = 9" Goa = —3H* + 6H*® 4+ 6HV — V¥
a
G0 = %G = — (1 — 20) 26, (\If + H<I>>
Gj» = g"Gjo = —6; <2H + 3H2> (2.46)
T . . . 1
+ 25! {\D+3H\IJ+H(I>+ (2 +3H?) @ 4+ oV (0 - W)
a

1 .
- =500, (2 - V)
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Now we turn to perturbing the energy-momentum tensor 7). The perturbed

energy momentum tensor can generally be written as:

Ty =~ (p+dp)
T? = 0;6q (2.47)

T5 = 6; (p + op) + 115,

where dp is the density perturbation, dq is the momentum flow, dp is the isotropic
pressure perturbation, and IT¥ is the anisotropic pressure. We may write I;; in terms
of a projection operator:

1
I;; = {aiaj — gaijw] S11 (2.48)

which captures the fact that II! = 0, II¥ has no time-like components, is symmetrical
in its indices, and only has components on the off-diagonal.
Now we can write out the perturbed Einstein’s equations component-by-component

in terms of the perturbed fluid quantities, as well as ®, and ¥. The 00 component,

G = M*TY, yields:

1
2
=3P
P! ) . (2.49)
H(\if ch)—— 25— — = _§p;
3 * CLQV 2]\41)2l P
the 07 component yields:
. 1
U+ HP=——-4g; 2.50
+ EIVER (2.50)
the 77 components yield:
: p
21 +3H?) =~
( v
. : : . 1 2
b 3HY + HE + (201 + 3H2) © = s |dp — SV (2.51)
2M3 3
1

Lo @—w) - %aﬁaﬂsn.

a? o
We see from Equation that ® and ¥ will be different if the system includes
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anisotropic pressure 0II # 0, and the converse is true, if there is no anisotropic
pressure 611 = 0 then & = .

Now let’s consider the conservation of the energy-momentum tensor V, 7" = 0:

VI =[5+ 3H (p+ p)] (1 — 20)

1 ) (2.52)
+ 5p'+3H(<5p+5p)+¥V25q—3(p+p)\ll = 0.
Separating Equation [2.52| into background and first-order quantities yields:
p+3H(p+p)=0
(2.53)

1 )
§p+3H (dp + 6p) = —?Vzéq—l—?)(p%—p)‘ll

2.6.3 Application to a single-field model

Now let’s apply the discussion above to the single-field model of Equation [2.10] and
expand the expression for T}, in Equation to linear order in spatially varying
quantities ¥, &, and d¢, so that we can express Equation [2.53| in terms of these

quantities. For example, expanding the term in square brackets in the definition of

T,.,, Equation [2.12] up to terms linear in spatially varying quantities, yields:
1 .5 1 o Lo
597000930 +V(9)| = —5 (1 =22) " = @op + V() + Viy () 0. (2.54)

Proceeding similarly, the 00 component of T}, separating background and first-

ns

order quantities, yields:

_ 1
Too = >+ V (9)
2 (2.55)

0Too = 69 + 20V () + Vi (¢0) 06
the ij components of T}, yield:
- 2 L.y
Tij = a”dy; (590 - V)
(2.56)
5T, = a5, [@w — (D4 V) G+ 20V — Vo) ;
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and the 0i components of T}, yield:

" (2.57)
0To; = 0;0¢.

By comparing Equations through with Equation [2.47] (remembering to

raise the index) we can identify the perturbed fluid quantities:

1
p=s@?+V
2 (2.58)

0p = $0¢ — §°P + V400,

dq = — oo, (2.59)
and
_ 1 -2
P=5¢ vV
0p = ¢op — P*® — V406 (2.60)
I; = 0.

We find that in single-field models with minimal coupling the anisotropic pressure
vanishes, and therefore, according to Equation the Bardeen potentials are equal:

® = U. From now on we’ll express them in terms of W.

Having identified the perturbed fluid quantities in Equations through [2.60],
we can now write the perturbed Einstein’s equations component-by-component in

terms of ¥, d¢, and 5gz§. From Equation we have:

11
2 1.9
=5 {290 +V]
P , , (2.61)

T T \T72 - - P 22 .
3H(\D+H\If) Vv 7 [<p5¢ 90\11+v,¢,5¢],
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from Equation [2.50| we have:

. 1
U+ HY = —pi¢; 2.62

from Equation we have:

(2.63)

(2H + 3H2> _ ( )

U+ 3HY + HU + <2H n 3H2> 506 — P2U — V,qbaqs}

iz |
2.6.4 Perturbing the equation of motion for ¢

Having obtained the perturbed Einstein’s field equations for a universe dominated by
a single minimally coupled scalar field, Equations through let’s consider
the perturbed equations of motion for the inflaton field ¢. The equation of motion
for ¢ is given by Equation 2.11, with (¢ given by Equation [2.13] Expanding the
determinant \/—g to linear order in ¥ = ®, we have:

V—g=2a*(1-20), (2.64)
which according to Equation [2.13] and expanding ¢ to linear order in d¢, yields:
. . |
O(p+0d¢) = —(¢+3Hp) (1 —2V) +4Tp — (591) +3Hop — ¥V26¢) . (2.65)

We also find:
V(o +00) =Vy(p) + Vs ()09, (2.66)

so putting everything together, the equations of motion for the background and linear-

order components, ¢ and d¢, are:

$+3Hp+V, =0, (2.67)
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and

. . 1 .
§¢ +3H5¢p — ?Vzégb + Vigpdp = =20V 4 + 4pW. (2.68)

Equations 2.67] and [2.68, along with Equations through [2.63] are the full

equations of motion for the system of dynamical variables at background order, ¢ (),
a (t), and linear order d¢ (x,t), ¥ (x,t), (of course, we only need two of the equations

among Equations through to solve along with Equations [2.67| and [2.68]

say those in Equation , to completely describe the system). By examining these
equations of motion it is important to note that to linear order in spatially varying
quantities the equations of motion for field fluctuations and metric perturbations d¢
and ¥ decouple from the equations of motion for the background quantities ¢ (),

a(t). This will be an important motivation for taking up the work of Chapter [3|

2.7 Quantum fluctuations during inflation

2.7.1 Canonical quantization of scalar field fluctuations

Let’s briefly review canonical quantization of scalar field fluctuations in a flat (K = 0)
background FLRW spacetime, since it will be useful for introducing some concepts
which we will use later on. We promote fluctuations in the inflaton field, d¢, and
perturbations to the spacetime metric W, as well as their conjugate momenta, to

quantum operators:

U (2") — U (2M) (2.69)

and
¢ (") = ¢ (") = (t) + ¢ (2*) (2.70)
with

(2.71)



We expand 5q3 in terms of its Fourier components:

06 () = / (;ing;z <5¢k (t) ae™™ + 45 (1) dLe‘“"x>
(2.72)

3
= [ G (o e ()l o)

with similar expressions for U and the conjugate momenta. In the second line of
Equation [2.72] we take k — —k, using the fact that both the integration measure and

the time-dependent mode functions d¢y, (¢) are invariant under this transformation.

We impose the equal-time commutation relations for free scalar fields:
6(5 (ta X) 75ﬂ (t> Y) = Z(s(g) (X - Y) ) (273)

where the momentum canonically conjugate to (5¢2, 5f[, is given by:

9L _ g () 5. (2.74)

D8

STI

The creation and annihilation operators a; and dL satisfy the canonical commu-
tation relation:

e, al] = (27)° 6% (k — q). (2.75)

After expanding Sl in a way similar to Equation , and using the commutation
relation for a, and &L in Equation , the equal-time commutation relation Equation

2.73| imposes the constraint on the mode functions:
56 (1) OIT (1) — 665 (1) oL (8) = i (2.76)

The condition in Equation [2.76| provides one of the boundary conditions on the solu-
tions of Equation [2.68 but in order to fix the mode functions completely we need a
second boundary condition, which comes from considering the energetics of the sys-
tem we want to describe in its initial state. We usually achieve this by choosing a

vacuum state for the fluctuations.
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2.7.2 Bunch-Davies vacuum and short-wavelength fluctuation

mode behavior

To choose a vacuum state for the fluctuation modes:
ax|0) =0, (2.77)

let’s make a standard choice and place the initial cosmological perturbations we’re
describing in the Bunch-Davies vacuum. The Bunch-Davies state of cosmological
perturbations specifies a physical vacuum for the inflationary spacetime by requiring
that the value of the Hamiltonian in the short-wavelength limit of the initial state is
minimized; that is, the Bunch-Davies vacuum places the cosmological perturbations
of a comoving observer in the far past, when perturbation modes begin well within
the Hubble radius (k > aH), in the Minkowski vacuum. Because we will refer to it
again later, let’s summarize the derivation of the Bunch-Davies initial conditions for

fluctuation modes.

Let’s begin with the equation of motion for §¢, Equation which we rewrite

here in terms of its Fourier components:

. . k2 .

where we used the fact that V26¢ = —k?d¢. Let’s take the limit of short-wavelength
modes (those which start deep within the Hubble radius with k& > aH) in the slowroll

limit during inflation. Let’s remind ourselves of the slowroll conditions:

1.,

5(;5 <V
‘H < H?
) | (2.79)
< s

‘\if < |HY,

where we now include a slowroll condition on the evolution of U. It can be shown
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that during slowroll:
0?V 1
—=—=Vn (2.80)
09> M 131

where 7 is the slowroll parameter defined in Equation Recall that during infla-

tion n < 1, and therefore:
0?V 1
— L —V (2.81)
o0¢* M}

Also recall that during inflation, applying the slowroll condition to the Friedmann

equation, Equation [2.8] yields:
1

H>~ —_V. .
; M§1V (2.82)
Therefore, Equations [2.81] and [2.82] imply:
0*V
H?. 2.83
T < (289

And because we're considering modes which begin deep within the Hubble radius we

have:

k
=z > H? > — (2.84)

so we can drop the last term on the left-hand-side of Equation [2.78| reducing it to:

. . kQ .
5¢k; + 3H5¢k + E(SQ% >~ —2‘/:¢\I/k + 4(,0\I/k (285)

Now let’s focus on simplifying the right-hand-side of Equation in the slowroll
approximation. From Equation [2.67|in the slowroll approximation:
3Hp + Vg4 ~0, (2.86)
we can rewrite the right-hand-side of Equation [2.85] as:

& (6H Uy + 4\ifk) , (2.87)

and using the slowroll approximation summarized in Equation 2.79] we see that the
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second term above can be dropped, reducing the right-hand-side of Equation to:
6QH V. (2.88)

We can also simplify Equation [2.62]in the slowroll approximation:

1 1
= PPk, (2.89)
2M2 H

A

which we substitute into Equation [2.88] reducing Equation [2.85 in the slowroll ap-
proximation to:

. . k2 1
0y + 3HO — 00y = 3—5 O* 0. 2.90
Ok + 3HOG) + — 30 Mﬁl(p . (2.90)
Now let’s use the fact that in the slowroll approximation:

1 1 k2
3 H2 V~H?<— 2.91
Mgl@ < 302, <@ (2.91)

where the first inequality comes from the slowroll approximation, the next equality
comes from Equation [2.82 and the last inequality holds because we are considering
modes which start deep within the Hubble radius, to further reduce Equation
to:

. .2
0o + 3HIpy + E&ﬁk ~ (. (2.92)

Moving forward I find it more convenient to work in conformal time, so let’s switch

to conformal time, where 7 = dt/a (t). After a conformal transformation Equation

2.92] takes the form:
5y, + 2H (1) 8¢y, + k206 ~ 0, (2.93)

where primes indicate derivatives with respect to conformal time 7. Now let’s make

the substitution:

S, = 2, (2.94)
a
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in terms of which Equation becomes:
1 2 a//
u, + ( k° — = 0, (2.95)

and for modes which begin deep inside the Hubble radius, k£ > aH, we can drop the

second term in parentheses above, giving:
wuy, + K2y, ~ 0. (2.96)

Just to remind ourselves of where we are, Equation [2.96|is the equation of motion for
field fluctuations according to a comoving observer in the far past, when 7 — —o0
(or |kT| > 1, or k > aH). We recognize this as the equation of motion for a
simple harmonic oscillator, with independent solutions wu;, o< e***7 and therefore the
resulting solution for ¢y, is:

Sy %eﬂ’” (2.97)

a
where CY} is a constant of integration which we will fix by considering that the initial
scalar field modes arise as vacuum quantum fluctuations. The oscillating solution in
Equation|2.97|makes sense, because it says that in the far past when fluctuation modes
are much smaller than the initial Hubble radius (and the curvature scale), k¥ < aH,
they behave as if they are in Minkowski space. We also see that as fluctuation modes
are stretched by the Hubble expansion, their amplitude decays as a~'. Therefore
inflation tends to wash out any pre-existing classical inhomogeneities as they are

stretched out to large scales.

To fix C} we want to minimize the vacuum expectation value (0| H|0), where the

Hamiltonian of field fluctuations is given by:

H(r) = / d*x [5112 (7, %) + (v(sg?a (r, x))z} , (2.98)

where for short-wavelength modes deep inside the Hubble radius an additional term

which accounts for the interaction of field fluctuations with the gravitational back-
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ground vanishes. Computing SII and Végzg from Equations and and plugging

into Equation and taking the vacuum expectation value we find:

0l = [ 2 (o + o (F ) Ol 299

which is equal to
~ d*k
ol = [ 555 (o] + 800 )0 a0

Dividing out the uninteresting divergence we see that in order to minimize (0|H|0)

we want to minimize the quantity in parentheses in Equation [2.100
’ 2 2 2
963 (7)| + K2 66 (1) (2.101)

for each mode k separately, subject to the normalization condition Equation [2.76|

We can do this by first parameterizing ¢ as:
Oy = T, (2.102)
then substituting into Equation we obtain:
e+ eyt + kP (2.103)
and substituting into Equation we obtain the condition:
/ 1

Substituting Equation [2.104] into Equation [2.103| we obtain:
1 2
2y L (2.105)
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and we see that (0|H|0) is minimized for:

) (2.106)
T = +——

V2k'

which we can plug into Equation [2.104] to obtain the additional condition:
ap = —kT. (2.107)

With this we finally have our initial conditions for the mode functions of short-

wavelength (k < aH) field fluctuations which begin in the Bunch-Davies vacuum:

1
V2k

5y, (T — —00) = $i\/§6_ik7.

Comparing Equation [2.108 with Equation we infer that C, ~ k=2, and the

—ikT

Sy (T — —00) = rpe'™ = +
(2.108)

evolution of modes preserves the vacuum spectrum.

2.7.3 Long-wavelength fluctuation mode behavior

Having characterized the behavior of the short wavelength modes (k > aH), those
which are within the Hubble radius, during inflation, let’s turn to considering the
behavior of the long-wavelength modes (k < aH) once they have been stretched
outside the Hubble radius with the Hubble expansion. For this calculation we’ll closely
follow the discussion in Section 8.2.2 of [I1]. Let’s again start with the equations of
motion of field fluctuations and metric perturbations, Equations and[2.62] In the
long-wavelength limit we can neglect the spatial derivative term V2§¢ in Equation

2.68 In the slowroll approximation we can also neglect terms proportional to 5&5 and

¥. Then Equations and become:

BHOG + Vo + 2V 40 =~ 0 (2.109)
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and
1

HU ~
2M§1

0. (2.110)

Now let’s rewrite these in terms of the new variable:

0¢
= — 2.111
V=y, (2.111)
in terms of which Equations [2.109| and [2.110] simplify to:
3Héy +2¥ ~ 0 (2.112)
and
1 .
HV ~ Vy. 2.113
And because H? ~ 31&12 V' during inflation, Equations |2.112| and [2.113| imply:
pl
d(yV)
~0 2.114
o (2.114)
which we can integrate to give the solution:
A
= — 2.115
y= (2.115)

where A is a constant of integration. The solution for the behavior of long-wavelength

modes during inflation is then:
Ve

00k = Ap? (2.116)
and ,
1 [V
U = — 54 (%) : (2.117)

and comparing with Equation [2.26] we see that we can write this in terms of the

slowroll parameter e:

0k X Ve (2.118)
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and

Uy, o —€, (2.119)

and since the slowroll parameter ¢ grows slowly towards the end of inflation during
inflation, we see that after horizon crossing (a > k/H) fluctuation modes cease to
oscillate, remaining nearly constant, growing slowly towards the end of inflation. Since

they remain nearly constant, modes are said to “freeze out” after horizon crossing.

6wk:

Figure 2-1: The behavior of a field fluctuation mode d¢; that begins inside the Hubble
radius. Fluctuation modes inside the horizon oscillate with decaying amplitude as they are
stretched by the Hubble expansion, tending toward their minimum-energy state given by the
Bunch-Davies vacuum, Equation [2.108 Once fluctuation modes cross outside the Hubble
radius (@ > k/H) they freeze out to nearly constant values, albeit with a modest growth
towards the end of inflation given by Equation [2.118| Image taken from [11].

One gauge-invariant quantity we can construct from the field fluctuations d¢ and
metric perturbations W, which directly relates to the temperature anisotropies we
observe on the CMB, is the gauge-invariant curvature perturbation R, which for a

single-field model takes the simple form:

H
R =T+ —iop. (2.120)
¥
Using the relation:
22
: ¥
H=—" 2.121
oM (2.121)



along with Equation [2.24) we can show that long-wavelength modes during inflation
scale as:

Ry, o € = constant. (2.122)

The gauge-invariant curvature perturbation remains frozen on scales longer then the
Hubble radius during inflation, with Ry = 0.

Now we have a complete picture of the behavior of field fluctuations (and corre-
sponding metric perturbations) during inflation, which is summarized in Figure ,
which is borrowed from [II]. Fluctuation modes whose wavelength is smaller than
the Hubble radius oscillate with decaying amplitude as they are stretched out by
the Hubble expansion, as in Equation Then any pre-existing inhomogeneities
tend to get washed out by inflation as they are redshifted away and stretched out to
large scales. As they evolve the sub-Hubble field fluctuations tend towards their min-
imum energy state which is given by the Bunch-Davies vacuum, as in Equation [2.108]
New quantum fluctuations which appear on the shortest length scales as the universe
expands are also generated in the Bunch-Davies vacuum, which corresponds to the
quantum fluctuations generated by Heisenberg uncertainty in the Minkowski limit.
Once fluctuation modes cross outside the Hubble radius (a > k/H) they stop oscillat-
ing and “freeze out”, with the gauge-invariant curvature perturbation R, remaining

constant through the end of inflation.

2.8 Primordial fluctuations on the CMB

Having characterized the behavior of quantum field fluctuations d¢ during inflation,
we can give a brief picture of how we can connect the predictions of inflation to
measurements of temperature anisotropies on the CMB. A detailed description of
how we connect observations of the CMB and large-scale structure to information
about the inflationary perturbation spectra is a big task and a bit outside the scope
of this thesis, so I'll just give a general picture here, since it will help give us some
context in which to understand the initial conditions problem for inflation, which I

will focus on in the next chapter.

54



Let’s first take account of the picture we've laid out so far: we’ve assumed that
during inflation field fluctuations and metric perturbations are small enough that we
can consider them as linearized quantum fluctuations that we sort of smear over a
smooth classical background. This assumption is justified by the fact that the CMB
temperature anisotropies we measure are tiny (AT /T ~ 107, where the CMB tem-
perature Ty = 2.725 K). Therefore the linearized equations of motion we derive at
the end of Sections [2.6.3 and [2.6.4] are a good description for the system of dynamical
variables ¢ (t), a (t), ¢y (t), and Wy (¢). In Sections [2.7.2| and [2.6.4] we described how

the quantized field fluctuations evolve during inflation: while inside the Hubble ra-
dius (k > aH) fluctuation modes oscillate with decaying amplitude, evolving toward
the Bunch-Davies vacuum as they are stretched out by the Hubble expansion. This
tends to wash out any initial inhomogeneous structure during inflation. With the
Hubble expansion, as the comoving Hubble radius shrinks during inflation, eventu-
ally a fluctuation mode at a comoving length scale k crosses outside the Hubble radius
(k < aH), and it ceases to oscillate, freezing out to a constant amplitude. Eventually
inflation ends (once € > 1 from below) and the dynamical system begins to evolve
as in standard cosmology, with the comoving Hubble radius increasing. Therefore,
comoving scales which had crossed outside the horizon with the Hubble expansion
during inflation will eventually re-enter the horizon at late times, after the end of
inflation. And since fluctuation modes had frozen out after crossing outside the hori-
zon, when they re-enter the horizon after inflation has ended they carry information
about their primordial state during inflation at the moment they crossed out. There-
fore, the anisotropies we measure in the CMB provide a snapshot of those primordial
perturbations, at the moment they crossed outside the horizon during inflation, which

correspond to the perturbations which re-entered the horizon during recombination.

This basic narrative is summarized in Figure which T've borrowed from [9].
It is illustrated that once fluctuations modes cross out, while on super-horizon scales
they no longer evolve. After the end of inflation they re-enter the horizon, and those
which do so during recombination show up as temperature anisotropies on the CMB,

which we measure today. This is represented by the quantity C, in Figure I
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comoving scales

1
(aH)
horizon re-entry
R=~0
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R i |
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zero-point
fluctuations
. . CMB
horizon exit recombination  today
time

Figure 2-2: The evolution of perturbations before and after inflation. Image taken from [9].

won’t go into detail about the CMB observables we analyze statistically, I'll just say
that C represents a Legendre moment in an angular decomposition of the two-point
correlation function of temperature anisotropies, so we can think of it as a direct
measure of AT. The basic idea of what happens is the fluctuations in the matter
density (directly related to the d¢x and W) whose evolution we’ve analyzed) interact
with photons through their gravitational potentials. Since up to recombination, at a
redshift z ~ 1000, Compton scattering efficiently couples photons to the baryons in a
thermalized photon-baryon fluid, fluctuations in the matter density which we’'ve de-
scribed correspond to fluctuations in the CMB temperature. At recombination, when
neutral hydrogen is produced and the photons last scatter they carry the snapshot
of these temperature fluctuations, which we observe on the CMB. Of course, relating
the primordial fluctuations imprinted on the CMB to the temperature anisotropies we
observe requires taking into account details of the time evolution, such as the effects
of gravitational redshift on CMB photons, which I'm not going into here, but this is

the basic picture.

When we compare the predictions of inflation in this picture we get a set of nearly
scale-invariant perturbations which match the power spectrum of CMB temperature
anisotropies over a wide range of wavelengths to remarkable accuracy. We typi-
cally parameterize the spectrum of primordial perturbations by the spectral index
ng, where a scale-invariant spectrum corresponds to ny = 1.0. Inflationary models

generally predict ny = 1 to within ~ 10% [L0], and the latest Planck measurements
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find ng = 0.965 + 0.004 [12]. The close agreement between the spectrum of primor-
dial inhomogeneities and precision measurements of the CMB is one of the recent
triumphs of cosmology, and one of the most compelling reasons for the central role

inflation plays in how we describe the physics of the early universe.

2.9 A possible remaining fine-tuning problem

So far we’ve discussed how successful inflation has been in explaining several ob-
servable features of our universe today, including its spatial flatness, large-scale ho-
mogeneity, and the specific pattern of temperature anisotropies in the CMB. For
additional reviews on inflation you can take a look at Refs. [14-22]. Now let’s turn
to scrutinizing inflation and investigating a possible remaining fine tuning problem
which it leaves to question; that is, i¢f inflation occurs it is extremely successful at
alleviating the fine-tuning problems left by the standard model of cosmology, but
what if inflation itself requires fine-tuned initial conditions to occur? For example,
some studies have suggested that the onset of inflation may require a large degree of
spatial homogeneity, with an initial smooth patch greater than a Hubble volume with
radius > rg = H~!, in order to begin. If this is true, if inflation fails to begin under
sufficiently inhomogeneous initial conditions, then its naturalness is challenged: this
is the “initial conditions problem”. For reviews on this topic you can take a look at
Refs. [23, 24].

The formalism we’ve discussed in this chapter is insufficient for investigating the
initial conditions problem. We've treated the primordial inhomogeneities in the mat-
ter field and spacetime metric as quantum fluctuations which are small perturbations
to a smooth classical FLRW background. We now see that this assumption is justi-
fied because if inflation occurs sub-Hubble fluctuation modes oscillate with decaying
amplitude and tend toward their minimum-energy Bunch-Davies state, washing out
any initial inhomogeneous structure until they cross outside the shirinking horizon
and freeze out, and it is these fluctuation modes which re-enter the horizon during

recombination, providing a snapshot of their primordial state during inflation which
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can be seen in temperature anisotropies in the CMB, which we measure to be tiny
(AT/T ~ 107°). By definition this formalism assumes that inflation has proceeded
for a few efolds, when all of the information about the potentially inhomogeneous
initial state which preceded the onset of inflation has been damped out.

The insufficiency of this formalism for describing the onset of inflation from its
initial (pre-inflationary) state is evident in the absence of any coupling between the
evolution of field fluctuations, d¢ (x,t), and metric perturbations, ¥ (x,t), with the
classical background, a (t), and ¢ (¢) (see Equations[2.67, [2.68 and[2.61]through[2.63).

Of course, in order to investigate to what extent inflation can occur under inhomoge-
neous initial conditions we need to use a formalism that captures the nonlinear effects
of backreaction between inhomogeneities and the surrounding spacetime. This will

be the subject of Chapter [3]
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Chapter 3

A bumpy start to a smooth ride:
onset of inflation amid backreaction

from inhomogeneities

This chapter is from [1], by Jolyon K. Bloomfield, me, Kiriakos Hilbert, and David I.

Kaiser.

3.1 Introduction

The question remains whether the onset of inflation itself is fairly generic, or whether
inflation requires fine-tuned initial conditions.

Many analyses have highlighted the effectiveness of an inflationary attractor: at
least for single-field models, if one neglects spatial inhomogeneities, then one can
show that large classes of models will flow into inflation, across broad ranges of initial
conditions and couplings, even for regions of phase space in which the system is
initially dominated by the field’s kinetic (rather than potential) energy. The attractor
behavior is especially effective in large-field models with sufficiently flat regions of the
potential, for which e, = (M, 9y)" InV(¢) < 1, where My, = 1/v/87G = 2.43 x 10'®
GeV is the reduced Planck mass |15, 18], 25H32].

These analyses neglected perturbations in the spacetime metric, however, thereby
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leaving open the question of whether the onset of inflation remains robust even in
the presence of significant inhomogeneities. Pioneering efforts began as early as the
mid-1980s to numerically simulate the onset of inflation amid such inhomogeneities
[23, 24] B3-41]. Yet these early studies did not yield an unambiguous answer to the
question of whether the onset of inflation required an initial patch of spacetime to be
smooth across a characteristic length-scale as large as (or perhaps considerably larger

than) the Hubble radius. (See also Refs. [42-44].)

Recently three groups have conducted studies of the onset of inflation that imple-
ment full (3+ 1)-dimensional numerical relativity; each found that large-field inflation
(in single-field models) is strongly robust, even amid significant initial inhomogeneities
[45-48]. (They also found that the onset of small-field inflation can be significantly
more robust than previous semi-analytic treatments had suggested, although small-
field models generically require more finely tuned initial conditions than large-field
models do; see also Ref. [49].) In particular, each group found that large-field infla-
tion would start even if the spacetime initially had no Hubble-sized smooth patches.
Given the significant computational resources required to simulate the full Einstein
field equations in (3 + 1)-dimensions, however, the latest studies have been restricted,
to date, to a handful of specific forms of the potential V' (¢) and to limited regions of
parameter space [45-47].

In this chapter, we develop a complementary numerical approach. Although by
design our approach cannot capture the full range of gravitational effects that could (in
principle) affect the onset of inflation, it incorporates certain nonlinear interactions
while remaining significantly more efficient than the full-bore numerical relativity
studies. It therefore facilitates the study of a wide range of models, across broad
regions of phase space and parameter space, while tracking the evolution of as many
as n ~ O(10%) coupled modes, spanning a wide range of length-scales. (It also offers a
feasible means of generalizing to multifield models; see also Ref. [50].) For the case we
have investigated so far — a single-field model that yields large-field inflation — our

numerical results are consistent with the fully relativistic simulations of Refs. [45-47].

We work to linear order in metric perturbations, W(z*), but incorporate nonlinear
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interactions among the field fluctuations, d¢(x*), by adopting the (nonperturbative)
Hartree approximation. We therefore capture some of the nonlinear backreaction ef-
fects that are absent in studies that work only to linear order in fluctuations. Whereas
an ordinary quantum loop expansion corresponds to a power series in the coupling
constant A and in h, in the Hartree approximation we resum a particular class of
Feynman diagrams (the so-called “cactus" or “daisy" diagrams) to all orders. Hence
the Hartree approximation moves beyond perturbative series in A, i, or d¢. (See,

e.g., Refs. [51H55].)

By working only to linear order in W(z*), our approach cannot capture extreme
gravitational phenomena like the formation of trapped surfaces or the collapse of
local regions to form black holes. But the fully relativistic simulations in Refs. [45-
47| confirm that the formation of such black holes does not interrupt the overall flow
of the system into inflation: regions outside of the collapse continue to expand, and
the density of any such collapsed regions quickly dilutes. Moreover, as discussed in
Ref. [46], no black hole that forms from pre-inflationary overdensities can grow so
large as to encompass the entire Hubble sphere, so even the largest black holes that
might form fail to disrupt the overall flow into inflation; see also Ref. [56]. Therefore

our simplified treatment can complement the more computationally intensive studies.

Another feature of our approach is that we treat the origin of inhomogeneities
as ultimately quantum-mechanical. One of the most significant achievements of in-
flationary cosmology is to provide a first-principles description of the primordial in-
homogeneities that seed large-scale structure as arising from quantum-mechanical
fluctuations of matter fields during inflation [14-22]. We aim to analyze the onset
of inflation in a comparable way; after all, if there were a priori reasons to expect
some pattern of classical inhomogeneities at arbitrarily early times, we wouldn’t need
a mechanism like inflation to account for large-scale structure. Given the high ener-
gies involved and the possibility of nonlinear interactions among the quantized mat-
ter fields at very early times, we consider scenarios in which the initial state of the
quantum fluctuations departs significantly from the minimum-energy (Bunch-Davies)

state. The larger quantum fluctuations seed significant spatial inhomogeneities and

61



affect the dynamics of the system.

Our goal in this chapter is to establish our formalism, introduce details of our
numerical approach, and apply our system to a simple model; we defer detailed
applications to a wider range of models, including both large-field and small-field
models, single-field and multifield cases, to future work. In Section we derive the
coupled equations of motion for gravitational and matter degrees of freedom within
the Hartree approximation. In Section we discuss initial conditions for the field
fluctuations and our UV regularization scheme. Section presents our main nu-
merical results, indicating that across broad regions of phase space, a simple model
like V(¢) = A¢?/4 will flow into the inflationary attractor even for initial inhomo-
geneities as large as |¥(z#)| < 0.5. In particular, we find a shift in the regions of
phase space that support sufficient inflation (compared to the case in which we ne-
glect all perturbations), but no reduction in the total volume of the space of initial
conditions (¢(t), ¢(to)) that yields sufficient inflation, where ¢ is the vacuum expec-
tation value of the quantized field that drives inflation. (We consider N > 65 efolds
of inflation to be “sufficient" for addressing the usual shortcomings of standard hot
big bang cosmology [15H17, 22, 57, 58].) Concluding remarks follow in Section 3.5 In
Appendix we present more details of our discrete spectrum for the fluctuations.
Appendix provides additional information about how we set initial conditions for
the field fluctuations, while Appendix discusses the initialization of the metric

perturbations. In Appendix we discuss various numerical convergence tests.

3.2 Equations of motion in the Hartree approxima-
tion

We work in (3 + 1) spacetime dimensions and use units in which ¢ = A = 1.
We consider scalar metric perturbations around a background Friedmann-Lemaitre-

Robertson-Walker (FLRW) line-element, and work in longitudinal gauge,

ds® = —(1+2®)dt* + a®(t)(1 — 2¥)hy;(x) da’ da?, (3.1)
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where ®(z*) and W(z*) are scalar functions. As usual, the background metric on

(comoving) spatial sections may be written

. ) dr?
hij(x) da’ da? = (1_—7’[(702) + 7% (d6® + sin® 0 d¢?) . (3.2)
As we will see below, within the Hartree approximation the anisotropic pressure

vanishes, so that ®(z#) = W(z#).

As is well known, there is no straightforward generalization of longitudinal gauge
beyond linear order in W(z*). In particular, at second order in metric perturbations,
first-order scalar perturbations source tensor perturbations, and so on. Gauge sub-
tleties therefore affect any perturbative calculation that aims to move beyond O(V)
while incorporating only scalar degrees of freedom. (For a recent discussion, see Ap-
pendix B of Ref. [59].) Hence we restrict our analysis to first order in spatially varying

quantities.

The restriction to linear order in metric perturbations, treated in longitudinal
gauge, can be reasonably well motivated. As demonstrated in Ref. [59], corrections
from a fully relativistic treatment compared to a linear treatment in longitudinal
gauge typically scale as O(¥?), unlike the case for synchronous gauge, in which rel-
ativistic corrections to the linearized treatment can be as large as O(1). In fact,
as found in Ref. [59], linearized scalar metric perturbations in longitudinal gauge
tend to exaggerate gravitational effects on length-scales longer than the Hubble ra-
dius, £ > H'(ty), compared to a fully relativistic treatment. Given the prior fo-
cus on whether inflation can start amid inhomogeneities with typical length-scales
¢ < H (ty) [23, 24, 33-44], we will be most interested in gravitational effects on
sub-Hubble length-scales. In longitudinal gauge, meanwhile, large perturbations,
|W(z*)| > 0.5, can lead to coordinate singularities. Hence the regime of interest

is |W(z")] < O0(0.5).

We consider single-field models for which the action may be written

M2
5= [ataov=a| PR g 0000 - V()] (33)
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Varying the action with respect to ¢ and g, yields the coupled equations of motion,

Do — V=0 (3.4)
and

G = Ry — 2R = T, (3:5)

v = v = 39wt = =L, :
" i o 9n Mgl 7
with
1
T;w = u¢ al/¢ — Gw §gaﬁ 8a¢a,3¢ + V(¢) : (36)

As usual, the covariant d’Alembertian operator is given by
1
O¢p = ——0 —gg" 0,0 . 3.7
=0 [V | (3.7)

In addition to expanding the gravitational degrees of freedom to first order in

U(zH), we also consider fluctuations in the field ¢. Upon quantizing the field, we have

pa) = ") = p(t) + do(a"), (3.8)

with
(@(z")) = (0]d(a)|0) = @(t) , (5d(a")) = 0. (3.9)

We expand the field fluctuations as

~

5(x") = / (k) e () ko Ziam () + H.c] (3.10)

where “H.c." denotes Hermitian conjugate, the measure dji(k) is given by

[aw = ["a> 3 .11

{=0 m=—/

and Zgen(x) is an eigenfunction of the comoving spatial Laplacian operator,

1 .
V' Zion = 720, VIR0, Zyin| = =k Zyom. (3.12)

64



The creation and annihilation operators obey the usual commutation relations

[dkfm; dT/ ’m/] = (5(]{? — /{Z,) 5[@/ 6mm’ ,
a (3.13)

[dldm; dk/flm/] = [dlﬁm’ &Lglm/] = 0

and satisfy
arem|0) = 0, (0lal, =0 (3.14)

for all k, ¢, and m. As we will see, upon expanding the field ¢ as in Eq. and
working to linear order in ¥, Egs. and will couple ¥(z#) to terms linear in
5$(x“). To remain consistent, we therefore quantize W (z#) — \if(a:“) Because we are
working with single-field models, we only require a single set of operators aye, and

dLKm' We expand U as

A

() = / A7) [V (1) em Zuom (x) + Heco]. (3.15)

Given our interest in inflationary models, we focus on weakly coupled systems.
For such systems, one expects the S matrix to be dominated by forward-scattering
processes. Hard-scattering events, which impart large transverse momenta to the
scattered particles, should be relatively rare, such that most of the time the particles
will emerge from an interaction with (nearly) the same momentum as they had prior to
the interaction. The dominant processes, in other words, involve particles propagating
along a given trajectory, but moving with a modified, effective mass induced by
the (self-)interactions. In such cases, we may approximate the effects of nonlinear
self-interactions by calculating a dressed propagator: we select the dominant subset
of Feynman diagrams at each order of perturbation theory that contribute to the
effective mass, and sum all members of that subclass to all orders, while neglecting
the other terms that would appear in a full expansion of the S matrix. (See, e.g.,
Section 4.7 of Ref. [60].) Within the Hartree approximation, we construct the dressed
propagator by performing an infinite resummation of the so-called “cactus" or “daisy"

diagrams [51H55].
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The Hartree approximation becomes exact for an O(N)-symmetric model of A/
interacting scalar fields in the limit A/ — oo. In that case, the amplitudes associated
with the set of Feynman diagrams picked out for resummation remain parametrically
larger than all other terms in the expansion of the S matrix, order by order [51H53].
Yet even in the case N = 1, the diagrams that contribute to the Hartree approxi-
mation dominate among the contributions to the effective mass at a given order in
perturbation theory, and hence Hartree is often used to incorporate nonperturbative

effects even for N' = 1, as we will do here. (See, e.g., Refs. [54, 55, [61), [62].)

Operationally, this means that within the equations of motion, all terms that are
higher order in the field fluctuations, of the form (MA))" for n > 2, are replaced by
[53-55]

2

O = ((80)°),
P
))
))

=

= 3((09)%) 6, (3.16)
4_> ‘
—

3((09)%)°,
15((69))* 6,

5

(66
(66
(66
(66

where the particular coefficients on the right-hand side arise from the combinatorics
of the various Wick contractions. (One may continue in a similar manner for (6¢)"
with n > 5, though for the particular model of interest to us here, the higher-order
terms will not be relevant.) Because the background spacetime around which we are
perturbing is homogeneous and isotropic, the (dressed) two-point function ((5(5)2> is

spatially homogeneous.

The Hartree approximation is nonperturbative, so we make no assumption about
the relative magnitude of ((6¢)2) compared to ¢2. In particular, when expanding
Egs. and , we retain terms of the form ((6¢)2)¥ as well as ©®¥. On the
other hand, because we are working only to linear order in \i’, we do not include any
terms of the form (‘if 5(;3) Within the Hartree approximation, such terms would arise
from summing diagrams involving virtual U quanta; yet even the bare propagator for

such lines, Ap(x — y), is (’)(@2), and hence remains beyond our approximation. To
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linear order in metric perturbations, in other words, the perturbations \i/(x“) do not
contribute to the Hartree corrections, though, as we will see, the evolution of \if(x“)

is sensitive to the nonlinear evolution of §¢ ().

Lastly, we note that the Hartree approximation is spherically symmetric in k-
space; it does not include any direct mode-mode coupling, which would arise from
convolutions of the sort [ di(k') dfi(q) 6¢k——q ¢r—k ¢y (This is consistent with
neglecting scattering events that would impart large transverse momenta.) By ne-
glecting such rescattering effects, the Hartree approximation is less efficient at trans-
ferring power between modes of different length-scales than a fully nonlinear analysis
would be. (See, e.g., the discussion in Ref. [63].) On the other hand, any such terms
would require moving beyond linear order in the metric perturbations W(z*) — since
they would be higher order in spatially varying quantities — and hence the Hartree
approximation is especially well-suited for any study that is restricted to linear order

in gravitational degrees of freedom.

Our procedure is to expand Egs. {) and 1} to linear order in ¥ and to
arbitrarily higher order in (5&)”; implement the Hartree approximation to replace
higher-order terms ((5({5)” as in Eq. ; and discard any remaining terms that are
beyond linear order in spatially varying quantities. Expanding Eq. , we find
a set of terms that are spatially homogeneous, and a set of terms that are linear in

spatially varying quantities. Requiring each set to vanish yields the coupled equations

of motion:
) . 1 .
P+ 3H+ VW (0) + SV () ((00)) =0 (3.17)
and
5bkem + SHEDrom
Koo 1w o
5 T VEe) + 5VI9)((09)7) | 00mem (3.18)

= 2(¢ + 3HQ) Yhpn + 49V g,

where overdots denote derivatives with respect to cosmic time ¢, H(t) = a/a, and we
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use the notation
d"V(¢)
vy = [ Z—2
) ( " )
(Because we have in mind application to a model with V(¢) = A¢?/4 in this paper,
no terms with V(™ () appear for n > 5.) The term in Eq. (3.18) proportional to

V@ () ((64)%), which contributes to the effective mass for the modes d¢yem, would not

(3.19)

P=¢

appear if we had performed a perturbative loop expansion. It appears in Eq. (3.18]) be-
cause the Hartree approximation yields a self-consistent gap equation for the dressed

propagator [54], 55].

From the 0i component of Eq. (3.5]), we find

X A 1 X ~
0 (W + HE) = o (i + 60) Do, (3.20)
The Hartree approximation stipulates that any terms quadratic in the field fluctua-
tions 5ng5 should be replaced by the corresponding vacuum expectation value. In this
case, the relevant term would be (5(25 &»5@, which will vanish: the resulting integrand

is an odd function of k;, integrated over symmetric limits. Hence this term vanishes

within the Hartree approximation, and we find

. 1
Wiom + HV o = —— @ 0Opom- 3.21
kem ke 5 M§1 D OPke ( )
In a similar way, the anisotropic pressure that could arise from 7T;; = ;0 gzg 0, (5@ (for i #

j) vanishes within the Hartree approximation, which is why the metric perturbations

®(2#) and U(2") in Eq. (3.1 remain equal to each other.

We next expand T = —p to find the various contributions to the energy density.
We find three distinct contributions: p(t), which depends only on the (homogeneous)
vacuum expectation value of the field, p(t); 0p(1)(2*), which includes all terms that

are linear in spatially varying quantities; and dp)(t), which includes all spatially
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homogeneous terms that arise from the fluctuations:

p(t) = 58" +V(p),
S0y (#4) = 906 — $ — {(36)) ¥ + — B((V55))
F V() 56+ VO )(53)) 60, (322)

~

VP ) (00 + V() (597

where

((V69)%) = 17 (0:60 0;00). (3.23)

We see that (0p1)) = 0. Upon expanding G*, to first order in ¥ and equating the
terms from the 00 component of Eq. (3.5) that are spatially homogeneous, we find

the effective Friedmann equation

K
H?>=—[p+dpa] — = 3.24
Equating the terms in the 00 component that are linear in spatially varying quantities,

we have

. 2
— 6H (Wi + HVpi ) + =5 (3K = k) W
1 (... , )
= W{@ 8Gktm — D"V om — ((60)*) Wk
ol . (3.25)
+ E‘I’kem<(V5¢)2> + V() 6hpom

1 .
+ VOO S |
From the ij component of Eq. (3.5, we are interested in extracting the spatially
homogeneous contributions to the pressure, since these are relevant to the evolution

of the background spacetime; in particular, we will use these terms to solve for H. As

usual we may parameterize the pressure as T% = 3p, and hence, adopting notation as
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above, we find

- (VA0 (3.26)

— VO (@)((09)°) - V(4)( ){(30)%).

(We will not need an explicit expression for dp(1y.) Equating the spatially homoge-
neous terms in the ij component of Eq. (3.5)) yields

K 1
2H + 3H? =——[p+56 . 3.27
( +3H" + aQ) 7 [P+ 0pez)] (327)

Combining Egs. (3.24) and (3.27]), we find

(3.28)

From Egs. and , we see that the evolution of the background spacetime
depends on the homogeneous field ¢ as well as on contributions from two-point func-
tions of the fluctuations. A welcome feature of the Hartree approximation is that the
Hartree-corrected energy-momentum tensor obeys the covariant conservation relation

(T™)., = 0, ensuring that these evolution equations remain mutually consistent with

the equations of motion in Eqs. and (3.18).

Finally, we may combine our expressions from the 00 and 0¢ components of

Eq. (3.5) — in particular, Egs. (3.21) and (3.25) — to derive a constraint equa-

tion relating the modes Wy, to ddre,. Upon making algebraic substitutions from

Eqgs. and ( -, we find

: 2 N2 Ly
H+ 3M—21a2<(v5¢) ) + = (k* = 3K) | ko
K (3.29)
= ng [@ OPkem — 905¢k13m] :
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In our numerical simulations, we use Eq. only to set initial conditions for the
modes Wi, (to), based on the initial conditions for ¢(ty), ©(to), H(to), 0¢rem(to),
and 5¢kgm(t0); we then evolve the metric perturbations over time using Eq. .
Although the source term in Eq. is linear in d¢rem, the evolution of (1),
H(t), and d¢pem(t) each incorporates nonlinear backreaction effects from the Hartree

corrections.

When working to linear order in ¥ and 5(5, it is common to study the evolution of
the gauge-invariant comoving curvature perturbation, R(z#), which (for single-field

models) takes the form [16], [17]
A ~ H -
R="+ 00 (3.30)

(As is well-known, R is proportional to the gauge-invariant Mukhanov-Sasaki variable,
and is equivalent to the curvature perturbation on uniform-density hypersurfaces, f ,
in the limit k¥ < aH [16, 17].) Although R only remains gauge-invariant for linear
gauge transformations, it remains a useful quantity for considering the evolution
of perturbations even when we incorporate the nonlinear, nonperturbative Hartree

corrections, as we will see in Section [3.4]

3.3 Setting parameters

In our numerical simulations, we track the evolution of coupled modes within a finite
(comoving) spatial volume; this restriction, in turn, means that for any Gaussian cur-
vature K of the background spatial sections, we have a discrete spectrum of allowable
wavenumbers. Then the integral over dk in the measure dfi(k) defined in Eq.

is replaced by a discrete sum, indexed by an integer n > 1:

5&(1"“) == Z [5¢n€m(t) &ném anm(rv 07 ¢) + H'C'] ’ (331)

nt,m
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and similarly for \i/(x“) In place of Eq. , the creation and annihilation operators
now obey [anem, &me/] = Opn 000 Orpme , With Gy, [0) = (O]ELILM = 0 for all (nfm).

For the remainder of this paper we consider K = 0 and evolve the modes within
a sphere of comoving radius R. (We defer the case of nonzero K to future work.)

As described in Appendix [A.I] for K = 0 the normalized spatial eigenfunctions
Znem (1,0, @) take the form

Znﬁm (’I", 97 ¢) = Nnﬁm jﬁ(knﬁr) }/Em(ea ¢) (332)

Here N, is a normalization constant, j,(x) is the spherical Bessel function, and
Yim (60, @) is the usual spherical harmonic. We choose to use Dirichlet boundary con-
ditions at r = R, which fixes Z,sm(R,0,¢) = 0 for all (6, ¢), which in turn restricts

the allowable wavenumbers k,, to a discrete spectrum, namely
(3.33)

where x,, is the nth zero of the Bessel function j,(z), that is, jy(z,) = 0 for n > 1.
(For ¢ =0, the k, take the simple form, k.o = n7/R.)

Within the Hartree approximation, the evolution of ¢(t) and H(t), as well as
the modes W, (t), depends on the initial conditions for the modes d¢,m(ty) and
) (éngm (to). Because the Hartree approximation replaces higher-order interaction terms
in the equation of motion for the fluctuations 5ng5 by an effective mass, we may follow
many of the usual steps for quantizing a free scalar field in FLRW spacetime, and
use this quantization procedure to parameterize initial conditions for d¢,m,(to) and
S Pnem (to)-

In the regime of interest, the field fluctuations are nearly massless around ty. From

Eq. (3.18)), the effective mass is given by
1 ~
me(t) =V (p) + §V(4)(90)<(5¢)2>, (3.34)

which is suppressed by the small coupling constant A; hence we have m2¢(ty) <
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H?(ty). Moreover, when we evolve the modes within a sphere of comoving radius R,
we introduce an infrared cut-off given by ki, = 7/R, with R ~ 1/[a(to) H(to)]. Even

for the longest-wavelength modes in our simulation, we therefore have k2,/a*(ty) 2

mg(to).

We do not assume that the system has attained the mininum energy state at the
initial time ¢y, and hence we consider initial conditions for §¢,e,(ty) and 5gﬁngm(t0)
that depart from the usual Bunch-Davies vacuum state. As described in Appendix

[A.2] we parameterize

Onom
5¢n€m(t0) = ;
2k,
. ! o (3.35)
] n . Qnom
6¢n£m<t0) - TZ (_Z/Ynfm + 5n€m - ]i . O> )

where Qem, Ynem, and O,p, are each real-valued dimensionless constants and Hy is

given by

72 ﬁ(tO) (
: 3.36)
© T 3M2

From Eq. (3.22)) we note that p(ty) is the energy density associated with the vacuum
expectation value at the initial time, ¢(ty). For the quantum fluctuations, the equal-

time commutation relation at ¢y requires

1

Ynetm

(3.37)

Anem =

for all (nfm). The Bunch-Davies initial state corresponds to Vs, = 1 and d,e, = 0
for all (nfm). To depart from the Bunch-Davies initial state, we treat the coefficients
Ynem and 0,4, as random variables for each mode, drawn from flat distributions within
specific ranges. Once Y, is drawn for a given mode, «,y,, for that mode is fixed
from Eq. .

In addition to selecting initial conditions for individual modes 0y, (to) and
5<;5ngm (to), we also need to evaluate the various two-point functions that appear in the
evolution equations for ¢(t), d¢nem(t), H(t), and H(t); only then can we set initial

conditions for the metric perturbation modes W, (ty) and evolve the coupled sys-
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tem forward in time. As discussed in Appendix [A.I] when we evaluate the two-point
functions within a sphere of comoving radius R, only modes with ¢ = 0 contribute to
((66)2) and ((66)?), whereas only modes with ¢ = 1 contribute to ((Vé$)2), and we
find

((60)%) =3 Zn |0¢mo0(t) [,
<(5¢2>2> = 2_R3 Zn2|5¢n00(t)|27 (338)

<(V5¢ 6 R3 Z Z |]2 an |2|5¢n1m( )| :

-1,0,1

Although we have considered the K = 0 case here, the pattern of which ¢ modes
contribute to which two-point functions holds for arbitrary K, since the (6, ¢) portion

of the background metric in Eq. (3.2)) does not depend on K.

Our expressions for the various two-point functions in Eq. diverge in the
limit n — oo; this is just the usual ultraviolet divergence that appears in the contin-
uum limit for £ — oco. Hence we must regularize all sums that appear in the various
two-point functions. Since we expand the quantum fluctuations 5&@“) as sums over
modes of comoving wavenumber k,,, we adopt a simple Gaussian regulator with a
comoving UV scale k:

(3.39)

Pt 1) = exp |22 .

(2r)?
We insert F,;(k, R) within the sums when evaluating all two-point functions. For

example,

((00)%) = ((60)*)reg = QLRg, > 12186u00(t)*Fruo ki, R). (3.40)

We use a single UV regulator scale x, independent of . Once k is fixed, the sums

over n may be truncated at some finite number of modes, My ax-

The regularized two-point functions depend on the UV regulator scale k. In
general, the two-point function for quantum fluctuations of a nearly massless scalar
field in an FLRW background scales as ((§¢)%) o< H2. We therefore parameterize =

bHy, with b a real, dimensionless constant. To confirm the scaling of the regularized
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two-point function with H, we use the fact that the random coefficients «,,,, for the
mode functions d¢,e,(ty) vary independently of n, so we may take the term a2, out
of the sum in Eq. (3.40) at t, and replace it by an average value. As detailed in
Appendix [A.2] this yields
. b H?
<<5¢(t0))2>reg = (042>an4—20- (3.41)
T

(Although only modes with £ = m = 0 contribute to the sum in Eq. (3.40)), we draw
the random variables Y,¢m = 1/ape, from the same distribution for all (nfm), and
hence the average value (a?),yg holds for any n, ¢, and m.) Following similar steps

(see Appendix |A.2) we find
dp(2)(to) == —— Hy- (3.42)

with

C=(a®+7*+6°) (3.43)

avg "’

The quantity C measures how strongly (on average) the amplitude of the initial state of
the quantum fluctuations deviates from the minimum-energy (Bunch-Davies) state.
Since Ypem = Quem = 1 and e, = 0 for all (nfm) in the Bunch-Davies state,
Cgp = 2. Throughout our analysis, we consider quantum fluctuations whose average
initial energy density exceeds the Bunch-Davies value by an order of magnitude, with
C ~ 20, by drawing the random coefficients for each mode from flat distributions
within the ranges

Yt € {0.09,1} , Snem € {—5,5}. (3.44)

Once Ynem is drawn for a given mode, ayp, for that mode is fixed from Eq. (3.37)).
The ranges in Eq. (3.44)) yield (0?)avg = 11.11, (7?)avg = 0.37, and (62),,, = 8.33.

The actual value of the initial Hubble scale Hy = H(t;) will be greater than Hy,
because H includes contributions from both p and dp(), as in Eq. (3.24). We define
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f = (Ho/Hp) > 1; using Egs. (3.36) and (3.42)) we find that on average
1/2

vic [ Hy \”
1+ o5 (ﬁ) ] . (3.45)

p

favg =

We aim to study initial conditions for the system such that Hy > H;.q, where Hi,q is
the Hubble scale of the slow-roll inflationary attractor. Yet we also need to keep Hy
low enough (compared to M) so that we can begin the simulations with significant
power in fluctuations on sub-Hubble scales, Hy < k/a(ty) < My, while avoiding trans-
Planckian ambiguities. Hence we focus on initial conditions such that Hy ~ 0.1 M.
For perturbations that depart from the Bunch-Davies initial state, with 2 < C < 20,
we find 0p)(to) S plto) for Hy = 0.1 My, if we fix b = 5. Eq. then yields
Jave < 1.4, corresponding to Hy < 0.14 M.

Because we are interested in effects of initial inhomogeneities on length-scales
shorter than the initial Hubble radius, we fix the comoving radius R = 1.57H; "' >
1.5mHy ' (We set a(ty) = 1.) Then the longest comoving wavelength in the spectrum
iS Amax = 2R > 37H, !, corresponding to ki, = 7/R. This ensures that our longest
wavelength modes begin on a superhorizon scale, but that most of our modes are
initially subhorizon. Given the form of F,,(x, R) in Eq. , meanwhile, we find
strong suppression of the contribution to the various two-point functions by modes
with comoving wavenumber k,; > kyy = 3k, or kyy = 3bHy. Setting b = 5, we find
kuy ~ O(10Hp) ~ M. To ensure strong numerical convergence we fix kyax = 45,
which corresponds to ny.« = 30. Our simulations then involve 4n,,., = 120 coupled

modes: Ny each for £ =0 and for / = 1 with m = —1,0, 1.

We implement our UV regularization via Eq. , but do not pursue formal
renormalization. For one thing, we are interested in scenarios in which the system
begins at high energies Hy ~ 0.1 M}, and we aim to track effects of excited modes
with wavenumbers up to kyy ~ Mp; hence there are no arbitrarily large hierarchies
between the physical energy scales of interest and the natural cut-off scale. More
important, by studying initial states for the fluctuations that depart from the usual

Bunch-Davies state, as in Eq. (3.35]), any renormalization scheme would depend both
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on the coupling constants in the Lagrangian and on the particular selection of initial
parameters auom, Ynem, and 0,4, for the modes. Hence any renormalization scheme
would change, run by run, with the random draws for these parameters. (See, e.g.,
Refs. [64], 65].) We therefore defer questions about formal renormalization to future

work.

3.4 Numerical results

In this section we first consider typical behavior of the coupled system for a particular
set of initial conditions, before turning to a more systematic investigation across initial
conditions. We study V(¢) = A\¢?/4 with A = 1071° and later compare results for
A=10"12,

When one ignores field fluctuations and metric perturbations, this model yields
sufficient inflation, with Niy,n > 65 efolds, for ¢g = p(tg) ~ 15 — 30 M}, depending
on the initial value of ¢y = ¢(ty). For A = 10710, this corresponds to a value of the
Hubble parameter once the system has reached the slow-roll inflationary attractor
(with $? < V(¢)) of Hipg ~ 1073 M,; for A = 1072, we have Hig ~ 107* M. We
are therefore interested in the behavior of this system in the vicinity of pg ~ 15 —
30 M,; when the nonlinear effects of fluctuations are incorporated into the dynamics.

For each value of A\, we varied 12 M, < ¢ < 30 M, in steps of Agy = 0.25 M,
and —0.25 M2 < ¢ < 0.25 M2 in steps of Ay = 0.01 M, for a 73 x 51 search
grid. For each grid point in (yg, o), we computed 34 simulations: one with the
Hartree corrections turned off (to neglect coupled fluctuations), one with the quantum
fluctuations (8@nem(to), 0bnem(to)) initialized in the Bunch-Davies initial state with
Csp = 2, and 32 in which we initialized the quantum fluctuations with C ~ 20 by
drawing random coefficients v,,s,,, and d,,¢,, for each mode from the ranges in Eq. .
This yielded a total of roughly 250,000 individual simulations. The simulations were
performed on the Amazon Web Services EC2 service on a 16-core instance, and took
a little under two days to complete. Our code was implemented in Python.

Our simulations are initialized in a number of steps. Starting from the values
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(©0, P0), we construct Hy as in Eq. , from which R, k, and k., are com-
puted. The spectrum of allowable wavenumbers k¢ (R) with ¢ = 0 and ¢ = 1 is
then constructed. Next, we construct the Bunch-Davies initial conditions for each
mode d¢nem(to) and (5§Z.5ngm(t0>. For perturbed initial data, we draw random values
for viem and ey, for each mode, and construct the initial mode data appropriately
from Eq. . We then compute the appropriate two-point functions, initialize the
modes Wy (to) from Eq. (3.29)), and evaluate dp2)(to) to construct the actual initial
Hubble factor Hy.

Our simulations evolve the quantities a(t), ¢(t), and ¢(¢). For each wavenum-
ber k,, with £ = 0 and ¢/ = 1, we also evolve two modes: one initialized with
(8meo(to), 0bnio(to)) = (1,0) and a second with (0,1) (along with a corresponding
initialization for W, (to) for each mode). Given the time evolution of these modes
and the initial conditions ¢y (to), 5¢n4m(to), and Wy, (to), every mode can be re-
constructed by exploiting the linearity of the equations of motion, since the nonlinear
two-point functions are effectively functions of time that are independent of n, ¢ and
m. Note that the modes that are evolved remain real. Doing this split makes little
difference for the ¢ = 0 modes, but reduces the computational cost threefold for the

= 1 modes. We evolve the system forward in time using a variable time-step RK45
algorithm. We declare that slow-roll begins once ¢ < 0.1, and we terminate evolution
thereafter at € > 1, where

€= ——. (3.46)

3.4.1 Evolution of perturbations

In this subsection and the following, we present results from a representative sample
of random initializations. We set A = 107! and consider the case ¢y = 25 M, and
Yo = —0.25 Mgl, for which the initial kinetic energy in the field ¢ exceeds the potential
energy by a factor of 3200. We initialize the fluctuations (5(25(150, x) by parameterizing
the mode functions as in Eq. and drawing the random initial coefficients 7,4,
and 0,4, for each mode from the distributions in Eq. . Then C ~ 20 and the

energy density in fluctuations dp(2)(to) begins about ten times greater than in the
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Figure 3-1: Typical initial surface of ¥ (¢y,x) in the z-y plane (dependence on the polar
angle 6 in Eq. 1' is suppressed) for ¢g = 25 M}, and ¢ = —0.25 Mgl. The field fluctua-

tions 5$(t0, x) were initialized as in Eq. , with the random coefficients v,¢,, and 6,4m
for each mode drawn from the ranges in Eq. , which in turn determined the modes
Uom(to) from Eq. . Further details about the construction of the initial surface for
U (ty,x) are given in Appendix[A.3] The blue cylinder has radius equal to 75 (to) = 7/H (to),
in units of M;ll.

Bunch-Davies initial state. With these parameters, we find 0p)(to) ~ p(to) and
Hy = 0.14 My, two orders of magnitude greater than Hi,g.

For these initial conditions, the system begins with significant inhomogeneities
on length-scales well within the initial Hubble radius. Fig. shows W(tg,x), con-
structed from modes W, (to) whose amplitudes are set by Eq. (3.29). (Further details
of how we construct (o, x) are given in Appendix[A.3]) The blue cylinder in Fig. [3-1
has a radius equal to ry(ty) = m/H(to), such that modes with k > a(to)H (ty) have
wavelengths that fit within the diameter 2rpy (o). For this choice of initial conditions,
the metric perturbations W(tg,x) begin with substantial structure on sub-Hubble
length-scales, with spatial inhomogeneities as large as |¥(ty,x)| =~ 0.4.

Figures and show |Re(d¢nem)| and |Re(U,p,)| versus N = [Hdt = Ina
for early times, for the ¢ = 0 and ¢ = 1 modes with k,;, > agHy. As expected, the
modes oscillate with decaying amplitude while inside the Hubble radius, and their
amplitudes freeze after Hubble crossing. At later times, after the physical wavelengths
of the modes have redshifted to be exponentially larger than the Hubble radius, the

amplitudes show a modest secular growth, rising as [0¢nem| < e and |V, p,| o €,
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Figure 3-2: |Re(d¢nem)| versus N = Ina for the £ = 0,1 modes in our simulation with
kne > aoHo.

where € is given in Eq. . This modest late-time growth matches the well-known
behavior of perturbations deep in the infrared during the slow-roll regime, as treated
in linear perturbation theory. (See, e.g., Section 8.2 of Ref. [15], as well as Ref. [60].)
Nonetheless, the curvature perturbation, 7@, defined in Eq. , remains conserved
once modes cross outside the Hubble radius. In Fig. we plot the dimensionless

power spectrum for the curvature perturbation,
K3 ’

for £ = 0 and ¢ = 1 modes that begin with k,, > aqHy. Consistent with the analytic
results in Ref. [67], we find that the curvature perturbation remains conserved on
super-Hubble length-scales, even when we incorporate nonlinear self-interactions. As
shown in Fig. 3-4] substantial structure on sub-Hubble length-scales at early times
damps out before modes cross outside the Hubble radius, producing a smooth patch
on horizon scales, and remains exponentially suppressed for the duration of the sim-
ulation.

The energy density in fluctuations dp) begins with dp()(to) =~ p(to) and then
begins to decay, as shown in Fig. [3-5] Because of the weak coupling A, the effective

mass for the fluctuations satisfies meg(t) < H(t) at early times, where meg is given

in Eq. (3.34). While most modes are inside the Hubble radius, with k/a > H > meg,
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Figure 3-3: |Re(V,¢p,)| versus N for the £ = 0,1 modes in our simulation with &, > aoHp.

Figure 3-4: The dimensionless power spectrum of the curvature perturbation Pg (k,¢) versus
N for the £ = 0,1 modes in our simulation with k,, > agHj.

their energy density therefore evolves like a gas of (nearly) massless particles, with an
equation of state like radiation, dp()(t) o< a=*(t). At later times, after the modes have
crossed outside the Hubble radius and their amplitudes have frozen, 6p2)(t) becomes
constant.

Next we consider the impact of these large initial inhomogeneities on the evolution
of the Hubble parameter H(t), shown in Fig.|[3-6| The figure shows H(t) for the same

initial values ¢o = 25 My, and ¢y = —0.25 M>

o1, when we neglect fluctuations (blue);

when we initialize the fluctuations in the Bunch-Davies state, with Cpp = 2 (yellow);
and for a particular simulation in which we initialized the system with large initial

fluctuations, C = 20 (pink). The energy density associated with ¢, p(t), is dominated
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Figure 3-5: The energy density in fluctuations dp(2)(t) (normalized by the initial value
p(to)) versus N, with A = 10719 At early times, while most modes are still inside the
Hubble radius, dp(9)(t) decays like radiation.

at early times by the kinetic energy of o, and hence it decays as p(t) < a=%(t). When
we neglect fluctuations, we therefore find H(t) oc a™3(¢) at early times. On the other
hand, for large initial fluctuations with C = 20 and hence dp(9)(to) >~ p(to), we find
H(t) o< [p(t) +6pay(t)]*? o< a=2(t) at early times, while most fluctuations remain sub-
Hubble and 0p(2)(t) decays like radiation. For fluctuations that begin in the Bunch-
Davies initial state, with Cpp = 2 and dp)(to) ~ 0.1p(ty), we find an evolution
for H(t) intermediate between these two cases. (The authors of Ref. [45] likewise
found the volume-averaged quantities payg(t) o< [dave ()] and Hayg(t) X [@ayg(t)] 2
at early times in their numerical simulations of large-field models with significant

initial inhomogeneities. See also Ref. [32].)

The system begins to inflate, with ¢ > 0, once ¢ < 1. For the set of initial
conditions we consider here, inflation begins by N ~ 2, and the system enters a phase
of slow-roll inflation (e < 0.1) by N ~ 3. During slow-roll, p is dominated by V (),
while dp(2) continues to redshift like radiation until most of the modes have crossed
outside the Hubble radius, by N ~ 7 (as shown in Fig. 3-5). Hence after slow-roll
inflation begins, the system evolves with p ~ V(@) > dp(2) and H(t) settles onto a

nearly constant value at Hi,g ~ 1073 M.
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Figure 3-6: The evolution of the Hubble parameter H(t) versus N for early times, with
A = 10719, In the absence of fluctuations (blue), H(t) oc a=3(t). For large initial fluctuations
(pink), H(t) oc a=2(t) at early times. For fluctuations that begin in the Bunch-Davies initial
state (yellow), the evolution of H(t) falls between the other two cases.

As shown in Fig. [3-7] for the case with large initial fluctuations, the system reaches
the slow-roll inflationary attractor while most of the power in fluctuations remains
inside the Hubble radius. In the presented simulation, when slow-roll inflation begins
(with € < 0.1), all of the modes that had begun inside the Hubble radius still remain
inside the Hubble radius. Modes with comoving wavenumber up to the UV regulator
scale k = 5Hy = My /2 remain inside the Hubble radius for another 3 efolds after
slow-roll begins, and the shortest-wavelength mode in the simulation, with k.. =
4k = 2M,, crosses outside the Hubble radius more than 4 efolds after the system
reaches the slow-roll attractor. Hence the early-time dynamics, during which the
system enters a phase of slow-roll inflation, occurs with substantial inhomogeneity on
sub-Hubble length scales. For this set of initial conditions, in other words, inflation
is robust even amid large initial inhomogeneities and with initial conditions for o(t)

dominated by kinetic energy.

Furthermore, as shown in Fig. 3-8 we find that for this set of initial conditions
inflation actually persists considerably longer when we include large initial inho-

mogeneities (Nyyg =~ 69 efolds of inflation) than when we ignore inhomogeneities

83



e=1

] €=0.1

0.50] ke =aH-
W

0.10}
0.05|

0 2 4 6 8 10

N

Figure 3-7: The slow-roll parameter e versus N for early times with A = 10710, for the
system with large initial fluctuations. Inflation begins at N ~ 2 when ¢ < 1, and slow-roll
begins by N ~ 3 with ¢ < 0.1. Note that modes with comoving wavenumber up to the UV
regulator scale x remain within the Hubble radius until N ~ 6, and the shortest-wavelength
mode in the spectrum, with k.« = 4k, crosses outside the Hubble radius at N ~ 7.

(Nina =~ 54 efolds of inflation). (The authors of Ref. [50] found similar examples in
their study of the onset of inflation in multifield models, when fluctuations d¢(z#)
and 0y (z#) of the two fields were included.) Remarkably, significant initial inhomo-
geneities extended the duration of inflation in this case, enabling this set of initial

conditions (¢, ¢o) to yield sufficient inflation, with Ny,q > 65.

3.4.2 Trajectories in phase space

We can understand the nontrivial effects of large initial inhomogeneities and their
nonlinear backreaction on the evolution of ¢(t) and H(t) by examining the evolution
of the system through the phase space (¢(t),$(t)). As discussed in Refs. [30] B2],
for single-field models and vanishing spatial curvature K, the variables ¢(t) and (%)
define an effective phase space for the evolution of the spatially homogeneous system.
Obviously (¢(t), $(t)) no longer serves as a proper phase space for the full dynamical
system when we incorporate the coupled degrees of freedom 6 (z*) and W(z*), but
studying the behavior of the system within (p(t),¢(t)) facilitates comparison with
the case in which we neglect fluctuations.

In Fig.|3-9, we plot the evolution of the system (¢(t), ¢(t)) when we fix ¢y = 25 M,
and select ¢y = £0.25 M. Dashed lines show the evolution of the system for € > 0.1,
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Figure 3-8: The evolution of the slow-roll parameter € versus N with A = 107!° when
we neglect fluctuations (blue); when we initialize fluctuations in the Bunch-Davies state

(yellow); and for a particular simulation that began with large initial fluctuations, with
C =20 (pink).

before the system reaches the slow-roll inflationary attractor, and solid lines show
the evolution once the system has entered slow-roll. We consider cases in which
we neglect fluctuations (blue); in which we initialize the fluctuations in the Bunch-
Davies state, Cgp = 2 (yellow); and in which we initialize the system with large
fluctuations, C = 20 (pink). As Fig. makes clear, the value of the field when the
system reaches the slow-roll attractor, ¢(), depends on the magnitude of the initial
inhomogeneities. In particular, the field ¢ traverses a shorter distance before arriving
at the slow-roll attractor when we incorporate fluctuations, compared to when we
neglect fluctuations: either less far “up the hill" toward higher values of the potential
for an initial field velocity ¢y > 0, or less far “down the hill" for ¢y < 0. This effect

becomes more pronounced as the size of initial inhomogeneities increases.

We can make sense of this result analytically, using the scaling relations for H ()
identified in the previous subsection. For these initial conditions and the coupling
A = 10719 the system begins with the kinetic energy in ¢ greatly exceeding the

potential energy, and hence p(t) < a=%(¢) before the system enters slow-roll. This is
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The evolution of the system (¢, ¢) when we fix pg = 25 M} and select

10 Dashed lines indicate evolution of the system for € > 0.1.
The line along ¢ = 0 corresponds to the slow-roll inflationary attractor.

equivalent to

, Yo . 3N
N)~ —— =
()0( ) a3(N) ¥o €
integrate as

(3.48)
at early times. In that limit, Eq. (3.17) reduces to ¢ + 3H¢ ~ 0, which we may

a(t) da
t) ~ / —.
o(t) = 9o + $o /ao Py
When we neglect fluctuations, H(t) oc a=3(t) at early times, and we find

(3.49)

©o
N) ~ —N
on(N) 900+H0 :

H(t) oc a=%(t) at early times, which yields

(3.50)
where the subscript “h" indicates evolution of the homogeneous system. On the
other hand, when we include large initial fluctuations with dp)(to) ~ p(to), then

®
0a(N) = g + 2>

_ —N
HO (1 ¢ )’

(3.51)
where the subscript “¢" indicates the evolution of ¢(t) when we incorporate effects
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from the coupled quantum fluctuations. Clearly the field ¢ will traverse a greater
distance during early times when the fluctuations are neglected, as in Eq. ,
than when their effects are included, as in Eq. (3.51). The solutions for ¢(N) in
Eq. and for ¢(N) in Egs. or closely match the trajectories shown
in Fig. for the relevant cases, even though the curves in Fig. [3-9) come from our
full numerical simulations.

We may use Eqgs. (3.50)-(3.51)) to estimate the values ¢ (Ng) and ¢ (Ng) at the

time N when the system reaches the slow-roll attractor. We estimate N, by setting
¢©*(Nat)/2 = V(o(Ng)). For X = 107" and (g0, ¢0) = (25 My, —0.25 M), we have
Hy = [¢§/(6M2)]*/? for the homogeneous case and Hy = v/2 Hy for the case with
dp2)(to) =~ p(to). These yield pi(Ng) = 21.4 My and p(Ny) = 23.7 M, again
closely matching the numerical results shown in Fig. [3-9|

After the system reaches the slow-roll attractor, p(t) ~ constant while dp(9)(t)
continues to redshift like radiation until most of the modes have crossed outside the
Hubble radius, so the dynamics become dominated by p > dp(2). In that regime, we

may use the usual slow-roll approximation to estimate the duration of inflation,

Lo Vi)
Nipg =~ ——/ dy (
M§1 - V(l)(SO)
1

- 8M3

(3.52)

(Sozr - ()Oznd) )

where pg = ©(Ng), and @ena = @(Nenq) is determined by the condition €(Neyq) = 1.
Again using the usual slow-roll estimate for late times, € ~ (M2 /2)(V 1 (¢)/V (¢))?,
we find Yenq = \/gMpl. Given our estimates of ¢, (Ng) and ¢p(Ng ), we then find
Ning = 69.2 efolds of inflation when we incorporate large initial quantum fluctuations,
and Nj,g = 56.2 efolds when we neglect fluctuations — a close match to the behavior
shown for the full numerical results in Fig. [3-8

We can thus understand the most significant effect of the coupled fluctuations on
the evolution of the system. Large fluctuations raise the initial value of the Hubble
parameter compared to the case with no fluctuations, Hy > H,, thereby increasing

the initial Hubble drag on the field ¢(t). Even more significant, backreaction from
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the fluctuations changes the scaling of H(t) with a(t) at early times, slowing the rate
at which H () falls, which further increases the effect of Hubble drag on the evolution
of ¢(t). The backreaction dampens ¢’s motion as the system evolves toward the slow-
roll inflationary attractor, such that |p,(Ne) —@o| < |@n(Ns) — ol. Once the system
reaches the attractor, the duration of inflation will be governed by the value ¢, (Ny).
For an initial velocity “up the hill," with ¢ > 0, ¢,(Ns) < @n(Ng), and the system
will spend less time evolving along the inflationary attractor than in the absence of
fluctuations. For an initial velocity “down the hill," with ¢g < 0, @,(Ng) > @n(Ns),
and the system will spend more time evolving along the inflationary attractor than

in the absence of fluctuations.

3.4.3 Phase space of initial conditions

We turn now to discuss the effects of the coupled fluctuations on the evolution of
the system across the phase space of initial conditions (g, @) for A = 10719 as
we vary 12 M < ¢o < 30 My and —0.25 M2 < ¢o < 0.25 M. To investigate the
phase space behavior for the perturbed initial conditions, we construct averages from
the 32 samples evolved at each point in (¢, $o). Figure shows the average
value of dp(9)(to) at each grid point compared to dp()(ty) for Bunch-Davies initial
conditions, confirming that for the ranges of coefficients in Eq. , we find initial
energy densities about ten times greater than for the Bunch-Davies state. In Fig.
11} we plot the average of the initial value W, (to) = [(U2(t0))]"/2 at each grid point,
confirming that for large quantum fluctuations, initialized such that C ~ 20, the
system begins with |U(¢y,x)| < 0.5.

Across (o, $0), when the system begins with large initial inhomogeneities, the
system reaches the slow-roll inflationary attractor (e < 0.1) while significant power
remains in fluctuations on sub-Hubble scales. Figure shows the average value of
the ratio N /N, at each grid point for fluctuations that begin with C ~ 20, where N,
is the time when the mode with comoving wavenumber equal to the UV regulator scale
K crosses outside the Hubble radius, k = aH. In all simulations, N /N, < 0.55+0.06.

The ratio drops to zero at ¢y = 0, because at those locations in phase space the system
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Figure 3-10: The average value of 6p(2)(to) at each grid point in (4o, o), when quantum
fluctuations are initialized with random coefficients drawn from the ranges in Eq. ,
compared to the value of §p)(to) when fluctuations are initialized in the Bunch-Davies
state, with A = 10710,
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Figure 3-11: The average value of W, s(tp) at each grid point in (o, o) when quantum
fluctuations are initialized with random coefficients drawn from the ranges in Eq. (3.44),
with A = 1071, Note that W,s(t) is roughly proportional to @%.

begins on the slow-roll attractor, and hence Ny = 0.

Results for the duration of inflation N4 across these cases are shown in Fig. [3-13|
Consider first the case in which the effects of the coupled fluctuations are neglected.
For a given value ¢, large initial velocities ¢y > 0 prolong the duration of inflation
compared to the case with ¢y = 0, whereas large initial velocities ¢y < 0 decrease
the duration of inflation. When initial inhomogeneities are included they backreact
on H(t), increasing the effect of Hubble drag on ¢(t), thereby affecting the shape

of the contours of constant Nj,q within (¢, $o). In particular, the effects of large
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Figure 3-12: Average of the ratio of the time Ny when the system first reaches the slow-
roll inflationary attractor with ¢ < 0.1, to the time N, when the mode with comoving
wavenumber equal to the UV regulator scale crosses outside the Hubble radius, x = aH, for
the case of large initial fluctuations (C ~ 20), with A = 107!°. For all simulations across
(p0, ¥0), we find Ny, /N, < 0.55 £ 0.06.
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Figure 3-13: Contours of constant Niuq in (¢, ¢g) for A = 1071 when the fluctuations are
neglected (left); when the fluctuations are initialized in the Bunch-Davies state, Cgp = 2
(middle); and when the fluctuations are initialized with random coefficients y,¢, and dpem,
for each mode drawn from the ranges in Eq. , which yields C ~ 20 (right). For the case
of large initial fluctuations (right), the contours of constant Nj,g were evaluated by averaging
32 simulations per grid point. In each plot, regions of dark blue indicate Nypg < 45 and
regions of light yellow indicate N;,q > 70. In white regions in the lower left, the system never
entered slow-roll. The critical lines that yield Njng = 65 efolds of inflation are indicated in
red.
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| 0| are more quickly damped than when the fluctuations are neglected, so that the
field ¢ spends less time evolving along the slow-roll inflationary attractor than the
corresponding case without fluctuations for oy > 0, and more time along the attractor
for ¢y < 0.

Figure shows the critical line in (g, ¢g), to the right of which the system
yields Niyn > 65 efolds of inflation, for the homogeneous system (when we neglect
fluctuations), for fluctuations in the Bunch-Davies initial state with Cgp = 2, and for
larger initial fluctuations with C ~ 20. For the cases with large initial fluctuations,
we plot the critical line based on averaging across 32 simulations per grid point, as
well as £20 contours.

Consistent with the analysis in the previous subsection, the effects of large initial
fluctuations are symmetric for £|¢g|, and most significant for large |$o]. As ||
increases, the initial value H, increases; the greater initial energy scale Hy, in turn,
yields more initial energy density in fluctuations, dp()(to), which raises Hy > Hy and
affects the scaling of H(t) with a(t) at early times. The larger fluctuations also seed
larger initial inhomogeneities, ¥(t, x).

Although the effects of the nonlinear dynamics of the fluctuations are most pro-
nounced at large |po|, the volume of the (projected) phase space of initial conditions
(0, ¢o) that yields sufficient inflation is conserved. The same volume of the (¢, ¥o)
phase space that yields sufficient inflation which is lost in the region with ¢q > 0,
compared to the homogeneous case, is gained in the region with ¢g < 0. This provides
a useful quantitative measure of the robustness of single-field inflation to large initial

inhomogeneities.

3.4.4 Varying the coupling constant

The main impact of lowering the coupling constant from A = 1071% to A = 1072 is
to increase the ratio Hy/Hiug from O(10?) to O(10%). That prolongs the time during
which the enhanced Hubble drag from the coupled fluctuations affects the evolution
of p(t), compared to the case in which the fluctuations are neglected. We divided the

phase space of initial conditions (g, ) into the same grid as for the A = 1071V case,

91



0.2r
0.1
E
=3
= 0.0t
>
‘S
—01t
—— Homogeneous
Bunch-Davies
-0.2f "
Large Inhomogeneities
15 20 25 30
w0 [Mpl

Figure 3-14: The critical line in (¢g, ¢o) that yields sufficient inflation, with Nj,q > 65, for
A =101 for the cases of homogeneous evolution with no fluctuations (blue); fluctuations
in the Bunch-Davies initial state (yellow); and large initial fluctuations (pink). (Points to
the right of the critical lines achieve sufficient inflation.) For the latter, we show the critical
line based on averaging across 32 simulations per grid point, as well as +20 contours. The
jitter in the pink curves arises from stochastic fluctuations, and it is expected that the curves
would become smooth as we increase both the resolution of our sampling and the number
of simulations at each point in phase space.
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Figure 3-15: Average of the ratio of the time Ng when the system first reaches the slow-roll
inflationary attractor to the time N, when x = aH for the case of large initial fluctuations
(C ~ 20), with A = 1072, Across all simulations we find Ny, /N, < 0.53 & 0.04.

and considered cases in which we neglected fluctuations, began with fluctuations in
the Bunch-Davies initial state, and began with larger initial fluctuations, with the
random coefficients for each mode ¢, (ty) and 5gﬁngm(to) drawn from the ranges
in Eq. (3.44). Because the contributions to p(to) and dp()(te) that are proportional
to A remain subdominant for A = 107'% as for A\ = 107!° the initial values for

(0p(2)(t0))ave/ (dp(2)(to))BD and for W,.(ty) are little changed from the results shown

in Figs. 3-10[ and [3-11]| Likewise, we again find that throughout (¢o, ¥0), Ne/Nx <
0.53 £ 0.04, as shown in Fig. |3-15

Figure shows contours of constant Ni,g in (pg, o) with A = 1072 for the
three cases of interest: no fluctuations, Bunch-Davies intial state (Cgp = 2), and
larger initial fluctuations (with C ~ 20). In Fig. we plot the critical line in
(0, o) that yields Niyn = 65 efolds of inflation for each of the three cases. For the
cases with large initial fluctuations, we plot the critical line based on averaging across
32 simulations per grid point, as well as 20 contours. The results are comparable
to the case with A\ = 1071 Although the effects of the coupled fluctuations are
more dramatic with the smaller coupling — because the system takes more time to
reach the inflationary attractor, and hence the enhanced Hubble drag in the presence
of coupled fluctuations acts longer on the evolution of ¢(t) — the effects across the

projected phase space (o, $o) are once again symmetrical for £|¢g|, indicating that
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Figure 3-16: Contours of constant Ni,q in (g, ¢g) for A = 10712 when the fluctuations are
neglected (left); when the fluctuations are initialized in the Bunch-Davies state with Cgp = 2
(middle); and when the fluctuations are initialized with random coefficients ~,¢,, and e,
for each mode drawn from the ranges in Eq. (3.44), which yields C ~ 20 (right). For the case
of large initial fluctuations (right), the contours of constant Nj,g were evaluated by averaging
32 simulations per grid point. In each plot, regions of dark blue indicate Nj,g < 45 and
regions of light yellow indicate Niyg > 70. In white regions in the lower left, the system never
entered slow-roll. The critical lines that yield N;ng = 65 efolds of inflation are indicated in
red.

the total volume of the (g, o) phase space that yields sufficient inflation is conserved.

3.5 Conclusions

In this chapter we have analyzed the onset of inflation for a simple single-field model,
V(¢) = A\p?/4, when the system begins with significant inhomogeneities on length-
scales shorter than the initial Hubble radius. We incorporate certain nonlinear inter-
actions among the coupled degrees of freedom by using the nonperturbative Hartree
approximation, which resums an infinite set of Feynman diagrams involving the self-
interacting quantum fluctuations 5$(x“) to construct a dressed propagator. By ini-
tializing the system in an excited state, with the energy density of fluctuations approx-
imately ten times greater than in the minimum-energy Bunch-Davies state, our sim-
ulations begin with significant spatial inhomogeneities, parameterized by the scalar
metric perturbation |V (¢y,x)| < 0.5.

The energy density in fluctuations, dp)(t), backreacts on the evolution of the

Hubble parameter H(t), affecting the scaling of H(t) with a(t). This backreaction,
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Figure 3-17: The critical line in (pg,¢o) that yields Ning > 65 efolds of inflation for
A = 107'2, for the cases of homogeneous evolution (blue); fluctuations in the Bunch-Davies
initial state (yellow); and large initial fluctuations (pink). (Points to the right of the critical
lines achieve sufficient inflation.) For the latter, we show the critical line based on averaging
across 32 simulations per grid point, as well as +£2¢0 contours.

in turn, leads to increased Hubble drag on the evolution of the vacuum expectation
value of the field, p(t), affecting how quickly ¢(t) arrives at the slow-roll inflationary

attractor, compared to the case in which one neglects fluctuations.

The impact of inhomogeneities on the evolution of the system is largest for initial
conditions that yield the greatest initial value of H (), since the initial energy density
in fluctuations scales as H*(ty). Compared to those regions of (g, o) that yield
Ning > 65 efolds of inflation when one neglects inhomogeneities, we find some regions
that fail to yield sufficient inflation when we incorporate inhomogeneities, and an
equal volume of regions that succeed in producing Ny,g > 65 but which had failed
to do so in the absence of inhomogeneities. (See also Ref. [50].) In other words, the
total volume of the space (¢, po) that yields sufficient inflation is conserved when
we incorporate nonlinear backreaction from inhomogeneities, compared to the case in

which we neglect inhomogeneities.

Although we have analyzed the system numerically for a specific form of V(¢),
the arguments about the robustness of inflation for such large-field models do not

depend on our choice of V(¢). All that enters into our semi-analytic argument is
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that the system can begin with large initial quantum fluctuations, such that dp2)(to)
is comparable to (or greater than) the initial energy density associated with the
vacuum expectation value, p(ty). For weakly coupled models — as required for large-
field inflation, in order to produce a spectrum of primordial density perturbations
consistent with observations — we generically expect that dp)(t) will evolve at early
times with an equation of state like that of a gas of (nearly) massless particles, scaling
as dp()(t) o< a~*(t) while most of the power in fluctuations is on sub-Hubble scales.
This behavior for the fluctuations contrasts with the scaling of p(t) at early times,
when the energy density associated with ¢(¢) is dominated by kinetic energy, such
that p(t) oc a°(¢). The backreaction of dp()(t) on H(t) ensures that o(¢) will traverse
less distance en route to the slow-roll inflationary attractor than in the absence of
inhomogeneities, thereby accounting for the differences we observe in the duration of

inflation, Niug.

In our numerical analysis we initialize fluctuations at ¢y across the range of wavenum-
bers from kmin/a(to) < 2Ho/3 up t0 kmax/a(to) = 30 kmin/a(to) ~ Mp. Including any
modes with & > k., in the spectrum would lead to trans-Planckian ambiguities. One
could nonetheless imagine initializing additional modes at later times — to simulate
the notion that modes which had begun with k/a(ty) > M, at t, later redshifted
to k/a(t) < M, — but we do not expect such additional, trans-Planckian modes to
change the qualitative behavior of the system. In our current framework, the system
consistently arrives at the slow-roll inflationary attractor while most of the initial
power in sub-Hubble fluctuations remains within the Hubble radius. The energy den-
sity associated with any modes that might be initialized at later times ¢ > t; would
be less than dp)(to), since H(t) < H(to) and dp()(t) o< H*(t). Moreover, after a few
efolds of slow-roll inflation, we expect that any newly initialized fluctuations should
begin in the Bunch-Davies state, rather than in the more-energetic initial states that

we consider here.

For next steps, we aim to generalize our formalism to include the evolution of
systems with nonzero spatial curvature K, to consider small-field as well as large-

field models, and to extend the formalism to multifield models (akin to Ref. [50],
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but incorporating the coupled metric perturbations). Across each of these cases, we
believe the approach we have developed here can complement the computationally

intensive numerical-relativity approaches of Refs. [45-47].

97



98



Chapter 4

History of the dark sector

4.1 Introduction

Astrophysical observations spanning galactic to cosmological length scales have estab-
lished the existence of dark matter. These observations include the initial observation
of “missing” gravitating non-luminous matter in galaxy clusters ([68]), the observa-
tion of flat galactic rotation curves which imply the existence of non-luminous matter
extending to much larger radii than visible matter seen in the galactic disk ([69]), the
observation of a displacement between the baryonic component (X-ray emitting gas)
and the main collisionless dark matter component (seen by weak gravitational lens-
ing) in the Bullet Cluster system of two colliding galaxy clusters ([70]), observations
of large-scale structure (e.g. |71l [72]), and the shape of the CMB anisotropy power
spectrum [I2]. The CMB anisotropy power spectrum (especially the third acoustic
peak in the power spectrum) is particularly sensitive to the total amount of dark
matter in the universe, as is illustrated in Figure [4-1| (taken from [73]), and the latest

Planck measurements find [12]:
Q.h* = 0.120 4+ 0.001, (4.1)

where (). is the dark matter abundance and A = 0.674 £ 0.0005 is the dimensionless

scaling factor for the Hubble expansion rate. This means that about 85% of all the
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Figure 4-1: The temperature power spectrum of the CMB for a dark matter density
contribution varying between 0.11 < . < 0.43 (blue lines) with all other cosmological
parameters held fixed. The dashed black lines show the best fit to the 2018 Planck
data [12]. Image is taken from [73].

matter in the universe is dark matter, measured at an uncertainty of 2%.

That is about all we can confidently say about dark matter. Although all of our
experimental evidence is consistent with dark matter being a new particle not found
in the Standard Model (SM), the basic properties of this particle and its interactions
are completely unknown. Most of our theoretical efforts to understand dark matter
therefore involve extending the SM in a way that provides one or more candidate par-
ticles which would constitute the dark matter, evading current experimental bounds
and motivating future experiments looking for this new physics. This program, of
course, assumes there to be interactions between dark matter and the SM. We might
expect this assumption to be true since the abundance of dark matter is within an
order of magnitude of baryonic matter, and because dark matter candidates which
interact with the SM are provided by separately motivated theories, such as Super-
symmetry, which is proposed to solve the hierarchy problem and predicts new physics
at the weak scale, and the QCD axion, which is proposed to solve the strong CP
problem.

Experimental searches for dark matter are mainly divided into three strategies,

corresponding to three classes of interactions which can take place between DM and

the SM:
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e we can produce DM, y, in interactions of the form SM SM — xx. Therefore we
look for DM production through proton-proton collisions at the Large Hadron
Collider (LHC), pp — xx. Of course, what we would actually hope to measure
at the LHC from this process would be additional observable final states X,

(e.g. pp — xx + X) with missing energy carried away by the dark matter (see
e.g. [T4);

e DM can scatter with SM particles in interactions of the form y SM — x SM.
An industry of direct detection experiments exploit this scattering process to
detect DM through recoil of the SM particle. Direct detection experiments have
set strong limits on the rate at which this scattering process can occur (see e.g.

[75]);

e DM can annihilate through interactions of the form yy — SM SM, or it can
decay through processes of the form y — SM SM. Strategies to detect dark
matter through these interactions fall under the class of astrophysical and cos-
mological indirect detection experiments, including gamma-ray searches (see
e.g. [76-82]), neutrino searches (see e.g. [83-85]), cosmic ray experiments (see

e.g. [86-88]), and cosmological experiments mapping the CMB (see e.g. [12]).

If DM couples to the SM through one or more of the interactions summarized
above, and if these interactions proceed at sufficient rates in the early universe they
can establish thermal and chemical equilibrium between the dark and SM sectors.
As the universe expands and cools the rates for the processes which thermally and
chemically couple the dark and SM sectors will become inefficient, until eventually
these processes become too inefficient to maintain thermal and chemical equilibrium,
when they are said to “freeze out”, and thereafter the comoving number density of DM
remains constant, at the late-time relic abundance that we observe today. The many
models whose relic abundance is determined by such a scenario are called “thermal
relics”, and they have the attractive feature that the late-time relic abundance is
entirely determined by the cross section for the process which controls the thermal and

chemical coupling of the DM and SM sectors (variations of this statement constitute
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Chapters [5[ and @ of this thesis). Hence, knowing the late-time abundance of DM
gives us direct insight into the microscopic properties of the thermal relic models
which might have produced the DM. To make this more concrete we need to solve
the Boltzmann equations. In this chapter I take inspiration from Mariangela Lisanti’s
“Lectures on Dark Matter Physics” [89], Edward Kolb and Michael Turner’s textbook
“The Early Universe” [00], Tracy Slatyer’s “TASI Lectures on Indirect Detection of
Dark Matter” [91], and the papers on SIMP DM (e.g. [92]) and ELDER DM (
[93, ©4]).

4.2 Calculating the thermal history of the dark sec-

tor

We calculate the thermal history and relic abundance of DM in a given model by

solving the Boltzmann equations, which I'll now describe.

4.2.1 First moment of the Boltzmann equation: number den-

sity evolution

The probability of finding a DM particle, y, in a phase space volume d*xd>p of some
astrophysical environment (say a galactic halo) is given by f (¢;x, p) d®*xd®*p, where
f (t;x,p) is the phase space density of the DM particle. Conservation of probability

gives the relation:

/f (t;x,p) d*xd’p = 1. (4.2)

We can obtain the DM number and energy density from the phase space density:

_ d’p
m=o [ st (4.3)
and
d3
Px :gx/#Efxa (4'4>
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where g, is the number of degrees of freedom in x, and £ = 4/ |p|2 +m3.

The Boltzmann equation says:

L{f1=Clfl, (4.5)

where L is the Liouville operator and C' is the collision operator. The Liouville
operator describes the time and phase-space evolution of the phase space density,
including gravitational effects and effects of the Hubble expansion, and the collision
operator describes the effects of interactions of DM with itself and other particles.

The general form of the Liouville operator is:

Lifl=p B LoPP o (4.6)

where I'3 s the affine connection, which captures gravitational effects. As we de-
scribed in Chapter [2, for the FLRW spacetime the phase space density is spatially
homogeneous and isotropic, and has the form: f (¢;p). For the FLRW spacetime the
Liouville operator has the form:

of

LIf) =B~ Hp

2 0f

o (4.7)

Taking the first moment of the Boltzmann equation, and applying the definition
of ny in Equation .3 we obtain:
1 dp

Po L 1
o [ L1 G = gy (') = G +3Hm =g [ Ol s

(4.8)

We see from Equation that in the absence of interactions with the DM, captured
by the collision operator C' [f], then the number of DM particles in a comoving volume
would remain constant, d (na®) /dt = 0, as we expect. Let’s now consider a general
interaction between a DM particle, x, and other particles which may be either DM

or SM particles, (xy +a—+ ... <> i+ j+...). The collision term in Equation for this
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process is given by:

1 d®p
gX/C’[f] o = Z/dﬂxdﬂa...dﬂidﬂj...
spins
X (27’(’)454 (px —i—pa—f-—pz—pj—) (49)

X [|Mx+a+...m'+j+...|2 fefaofifj (LE fi) (LE£ f5) .
- ’Mz’+j+...—>x+a+...‘2 fifj"'fxfa-'- (1 + fx) (1 + fa) ] )

where M, {44 itj+... is the matrix element for the reaction x +a+... =i +j+ ...,
and in factors of the form (1 =+ f) the (+) sign applies to bosons and the (-) sign
applies to fermions. The Lorentz-invariant phase space integration factors dIl are
given by:
dIl; = %. (4.10)
(27)° 2E;
We can make a few assumptions in order to bring Equation4.9|into a more manageable

form. The assumption of CP (or T) invariance means the forward and backward

processes give the same matrix amplitudes:

2 2
IMytar..sivjr.]” = [Mijr. sxrar. ] (4.11)

We also assume that rather than Fermi-Dirac statistics for fermions and Bose-Einstein
statistics for bosons, we can use Maxwell-Boltzmann statistics for all species. This as-
sumption is accurate when kinetic equilibrium is maintained among each species, and
when the temperature of each species satisfies T; < E; — p;. Under this assumption,
the effects of Bose condensation or Fermi degeneracy can be ignored, so (1 + f) ~ 1,
and the phase space distributions take the form f; (E;) ~ exp [— (E; — u;) /T). In this

case the Boltzmann equation takes the simplified form:

d
% + BHTLX = — E /dHXdHadHZdH] (271')4 |MX+CL+.“*)2'+J'+.“‘2
spins (412)

64 (px + Do+ ... —Di —DPj — ) [fxfau- — flfj] .
Now, in order to write Equation in a more simple form let’s specialize to the
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case of two particles in the initial state, y 4 a, this will allow us to write Equation
in terms of the familiar definition of the (initial-state-averaged and final-state-

summed) cross section:

1 1 4

X —(M]7),

1;[ (27]_)3 2Eg<| | >

which we can generalize to a Lorentz-invariant form:
_ 1 4 ¢4
doytasitit.. = 5 — (27)" 0% (P +Pa —Di —Pj — --)
4\/ Dy " Pa)” — miEmaz
(- pe) X (4.14)

d3p£ 2
—— (M%),
X E[ (271')3 2Eg<| | >

where ¢ runs over all final states, and (|M|?) is the initial-state-averaged and final-

state-summed matrix element:

IMP) = —— 37 M. (4.15)

xJa spins

Plugging Equation back into Equation we have:

dn 1
d_tx +3Hn, = —C’ls—dgxga /dHXdH,A\/(pX Pa)’ — m2m2

X dax+a—>i+j+...fxfa (416>

- +j+..=>x+a),

where the term in parentheses represents the equivalent expression for the reverse
process (i + 7+ ... = x +a). Also note that in Equation we have included a
factor of 1/S;4, where S;4 contains a factor of k! for every k indistinguishable particles
in either the initial or final states, and the factor C contains a factor of [ for every
[ number of particles of species y that are either eliminated (or added in the case of

negative C4) by the (x +a — i+ j + ...) process. The equivalent term for the reverse
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(14 j+ ... — x +a) process contains similar factors.

We can rewrite Equation in terms of the relativistic Mgller velocity:

dny
dt

d3 d*pa
+3H 015 gxga/ 2pX 2p (UMQsll) dax+a—>i+j+...fxfa
(2m)* (27)° (4.17)

—(i4+j+...—>x+a),

where the relativistic Mgller velocity is defined as:

@ n)? — myma?
E E, ‘

(UMol1) 1 (4.18)

From now on I'll drop all the subscripts on (vygn) ‘a and write it as v, unless it’s not

clear in context. Finally, we can write Equation 4.17| as

dnx

dt +3Hny = —Cinyna (o) tasitjr.. + O2“z‘nj---<0Un71>i+j+...ﬁx+a7 (4.19)

where n is the number of particles ¢, 7, ... in the initial state of the i +j 4+ ... = a+ x

process. In Equation we have defined the thermally averaged quantity:

ma(o0)omisiv. = 5 3 | 1 dp’"r 75 (Yo fufalMP . (420

splns
where r runs over all initial and final states.
It is helpful to define the thermally averaged cross section (ov) according to the

discussion above. Assuming Maxwell-Boltzmann statistics for all particle species, we

can write the phase-space densities as:

_ " —EyT
f’L - n(o)e 9 (421)

(0)

where n; ’ represents the equilibrium distribution for particle i, given by:
O () = 9L ke, o/ 7). (122
TZZ- o 5 2 \MN; .
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where K is the modified Bessel function of the second kind. Because we are usually

describing dark matter in the galactic halo moving at nonrelativistic velocities, it is

(0)

useful to have the expression for n; ' in the nonrelativistic limit:

T\ 32
n”(T) = g; ( Q;T ) exp (—m;/T). (4.23)

Making the replacement f; = n;/ nz(»o) exp (—E;/T) in Equation we obtain:

&*p,
Osasiosn. =52 2 [ M oty 00! (0) s M 421

SplIlS X

and plugging in the full expression for nﬁ‘” in Equation , we obtain:

(o) 272 272 1
O-v a T a
Xta=itit... gxm2 TKy(my/T) gom2T Ky (m,)T) S; ng

/H d? Pr i >4 ! (Zp) e—EX/Te—Ea/T<|M|2>.

(4.25)

Using the definition of the cross section in Equation we can rewrite Equation
4. 20| as:
(o0) 272 272
ov a—i+j+.. —
YR T 2T Ky (g /T) m2T Ky (m,/T)

3
y 1 /d Py 4’ pa3€fEX/Te Ea/T
Sia (27r) (27)

(4.26)

4.2.2 Second moment of the Boltzmann equation: energy den-

sity evolution

In Section above we took the first moment of the Boltzmann equation, as in
Equation 4.8} and we obtained the Boltzmann equation for the evolution of the num-
ber density n,, Equation [£.19] Now let’s take the second moment of the Boltzmann

equation:

d’p 1 d*p
o [ ELUL G = [ e EELTS (1.27)
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and proceeding as in Section [£.2.1] skipping all the similar details, we obtain the

Boltzmann equation for the energy density evolution:

all other processes

0
%4_3[{ (py + Py) = —(0v" V0 yrar itit. MyNaet which add or deplete )

energy from the y particles
(4.28)

where the thermal averaged per-y-particle energy transfer rate <av”_15E>X+a+_,,%+j+,,.nxna...

is given by:

1 d*p
niléE a i1 a+ — T~ / .
(" B sasmisgiita = 5o 3 [ 1] (2r) 2E,

x (2m) 04 (py + pa+ o —pi —Dj — )

X frfa0E|M|?,
(4.29)

where 7 runs over all initial (y,a,...) and final (,j,...) states, and JF is the amount
of energy depleted from the x particles in a single x +a + ... — ¢ + 7 + ... process.
The energy density p is given by Equation [£.4] Note that Equation [4.28]is written for
the case of a single species of dark sector particle. In the case of multiple dark sector
particle species which are in thermal equilibrium with each other Equation |4.28| will
contain equivalent terms for all dark sector species. We will see an example of this
in Chapters |5l and @ The term (Jv”*15E)X+a+___>i+j+._.nxna... represents any process
which takes place among the y and other particles in the initial state (x, a, ...) which
changes the energy in the dark sector ys by 6F. All such processes which change
the dark sector energy are included as source terms in Equation [4.28] as expressed
by the term in parentheses. For example, specializing to the case in which the only

interaction which changes the energy content of the ys is an elastic scattering process

x + f = x+ f, Equation takes the form:

dp
8_; + 3H (pX + PX) = —<UU(5E>Xfﬁanxnf. (430)
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Again Equation is easier to solve when we assume Maxwell-Boltzmann distribu-
tions for all species, which allows us to relate the energy density and pressure to their

equilibrium values via the number density n,, according to the relations:

[ ™ (0)
Px = (W) Px
™ (4.31)

where the equilibrium distributions p§<°) and P>EO) are given by:

2
gymiT
A = g (s O T) 4 ST K (s T) 132
0 _ G T "
PX = o Ky (my/T)

Equations and give a complete set of coupled Boltzmann equations which
we can use to solve for the evolution of n, and the dark sector temperature 7", and
therefore solve for the thermal history of the dark sector before thermal freezeout of

the dark matter.

In practice when solving the Boltzmann equations we need to have calculated the
thermal averaged cross sections appearing as source terms in Equation and the
thermal averaged energy transfer rates appearing as source terms in Equation [4.28]
Since deriving these from scratch always goes the same up until we need to plug in the
specific form of the matrix element, I'll summarize their derivations in Section 4.4] as
a nice reference to go back to later. We also need to explicitly rewrite the Boltzmann
equations in terms of a single independent variable. It’s usually convenient to choose
the independent variable to be the SM temperature 7' (or an equivalent variable, such
as £ = m,/T). Then we solve the Boltzmann equations for the evolution of the DM
number density n, (7') and dark sector temperature 7" (T") as functions of the SM
temperature T. Rewriting the left-hand-side of the Boltzmann equations explicitly

as functions of T is also explained in Section [4.4

Before going into those details required to numerically solve the Boltzmann equa-
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tions in Section [4.4] based on what I've already discussed so far about calculating the
thermal history of the dark sector we can understand a few important dark matter

production mechanisms.

4.3 Dark matter production

Now that we understand the overall structure of the Boltzmann equations in Section
4.2 we can analytically calculate the thermal history of dark matter using some
parametric estimates and see how its relic abundance is produced. Let’s use this

approach to summarize a few important dark matter production mechanisms.

4.3.1 Thermal WIMP

Let’s start with the simplest thermal relic, which has also received the most attention,
the thermal weakly-interacting-massive-particle (WIMP). That is, let’s consider a
dark matter particle x with its corresponding antiparticle ¥ which interacts with
the SM and freezes out through 2 — 2 annihilations of DM to SM particles (xy —
SM+SM). What I mean by “freeze out” will be defined more precisely in this section.
Note that another definition used to describe WIMPs is a DM particle which interacts
with the SM via the SM weak interaction; I'm not using this definition here, as I'm
not specifying the portal by which the DM interacts with the SM to produce the

2 — 2 annihilations.

To describe the thermal history of this scenario we start with the Boltzmann
equation:

dn,,

g 3= —13 (0V) xgossmasm + N (TV)sM Mok (4.33)

Note that there is a corresponding equation for y, but in the absence of an asymmetry
we can assume n, = ny and the evolution is identical. Up until freezeout the DM x

and its SM annihilation products are in chemical equilibrium, so we can relate the
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rates of the forward and reverse processes in Equation using detailed balance:

N {00) xxosmrsm = My {00) MM (4.34)

up to order O (n,H). We can use this to rewrite Equation as:

dn 2
d_tx +3Hn, ~ — (ni - (n&o)) ) (V) x—SM4+SM- (4.35)

In order to fully solve the thermal history of the WIMP in this scenario we need
to solve Equation [4.35] Let’s make some parametric estimates to get a nice analytic
picture of the thermal history. Again, when at early times the annihilation rate
Ny (0V)yx—smtsm 1s large the DM is in equilibrium with the SM, and the rates of the
forward (xx — SM + SM) and reverse (SM + SM — yx) processes cancel down to
O (H). Therefore at early times n, is driven towards its equilibrium value, n, o~
n&o), given by Equation m (we take the non-relativistic limit for DM since typical
velocities in the galactic halo are ~ 107?). As the universe expands and cools, the
rate of annihilations, H;O)<UU>X>2—>SM+SM falls exponentially as ~ exp (—m, /7). This
proceeds up until the point at which the rate of annihilations is no longer sufficient to
maintain chemical equilibrium between the DM and the SM. When this happens the
DM freezes out to a constant comoving number density d (na®) /dt = 0. The relevant
scale against which to compare the rate of 2 — 2 annihilations to determine when
freezeout takes place is the Hubble rate H; freezeout of the DM occurs when the

time needed for a pair of y and Y particles to find each other and annihilate becomes

longer than the timescale of Hubble expansion:

Ny (T5) (o0) xxosmasm ~ H (Ty) (4.36)

Let’s make the approximation of instantaneous freezeout, in which we assume that
up until the moment of freezeout the DM follows its equilibrium distribution n&o),
and immediately after freezeout it evolves with constant comoving number density,

ny (T < Ty) o< 3. Under this assumption we can write the freezeout condition in
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Equation as:
1) (Ty) (o0)rssssne ~ H (Ty), (4:37)

with n;O) given by Equation m (we assume that DM freezes out while nonrelativistic
since the case of DM that freezes while relativistic results in changes to structure
formation inconsistent with observations). We also assume that freezeout occurs
during the radiation-dominated epoch, since a scenario where freezeout occurs after
matter-radiation equality also results in changes to structure formation inconsistent

with observations, and therefore, from the Friedmann equation:

1

1
H~—/p~—T2 4.38
Mpl\/ﬁ i, (4.38)

Then we can write Equation 4.37| as:

n§<0) (Ts) (ov) yy—ssmpsm ~ H (x = 1) x;z

L, (4.39)
M

pl

where I introduced the quantity © = m, /T (and x5 = m, /Ty). Now, ignoring changes
in the number of degrees of freedom coupled to the thermal bath, the number density

of photons and DM both redshift as a=® with the Hubble expansion after freezeout:

(0)
My My My Ny Ty

(x> xf) (4.40)

1
" " (@) ~ 57

pl <U'U>X)ZHSM+SM ‘

Let’s now fix p,/n, to its present day value. We know the DM mass density is
about 5 times the baryon mass density, ppm ~ 5 X pp, and that the baryon-to-photon
ratio is ~ 5 x 10719 so ppy ~ 5 X ny, x 5 x 107! GeV, and since My, ~ 10' GeV, we

obtain:
PX 3% 1070 GeV ~ s

107" GeV 1, (4.41)
Ny <O'U>X>’<HSM+SM

which rearranged, and plugging in the present-day value of n, = 410.7(3) cm™?, gives:

(V) yxossmesm ~ T X 107100 GeV 2 (4.42)
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Now, since n&o) falls exponentially for > 1 let’s first assume zy ~ O (1). If we
assume that the SM particles in the 2 — 2 annihilations are much lighter than the DM
X, then parametrically the thermal averaged cross section scales as (0v)yg—sm+sm ~

)/ mi, where ap is the dark sector coupling, and we get:

042
—L ~ 107197 GeV 2. (4.43)

my

In this rough approximation we can already see the weak scale emerge. If we take
ap ~ 0.01 comparable to the SM electroweak coupling, then we find m, ~ 10° GeV,

at the weak scale.

We can now get a better approximation for xy. Starting with Equation and

rearranging, and dropping the logz; compared to x ¢, we have:

. o mi<UU>X>z—>SM+SM
IO\ H@=1)

| m3ad,
©8 m2H (r=1))’

and again plugging in the values of ap ~ 0.01, m,, ~ 10° GeV, we get x; ~ 25. If we
plug this back into Equation we find (00),5osmism ~ 10720 ¢cm? /s for DM with

(4.44)

a mass m, ~ TeV.

Because I think it’s useful to have written here I'll repeat the same calculation
above taking a different approach which will make it more clear how the DM mass
scales with known quantities in the WIMP freezeout scenario. Let’s start again with
the freezeout condition Equation [4.36}

T2
ny (Ty) (ov)xgosmpsm ~ H (Ty) ~ M—f (4.45)

pl

After freezeout the DM number density dilutes with the Hubble expansion as n, oc

a3 oc T®. And at the period of matter-radiation equality the DM mass density and
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radiation energy density are equal:

T3
myny (Tare) ~ myny (Tf) % ~ TI%/IRE? (4.46)
f
which we can rearrange to write n, (1) as:
T3 Tvre
ny (Ty) ~ —L , (4.47)
My

which we can plug into Equation to obtain the freezeout condition:

My

X N 4.48
(0V) yxssMisM My Ty T (4.48)
With zy ~ 25 Equation .48 becomes:
25 -9 -2 ~26 3
(OV) xx—sM+sM ~ T ™ 1077 GeV™* ~ 10~ cm® /s. (4.49)
p

If the thermally averaged cross section scales as (o) y—smism ~ @ /m3, the freeze-

My T,
My, ~ aD\/%. (4.50)

If we take ap ~ 0.01 at the SM electroweak scale, then we again find m, ~TeV.

out condition becomes:

A more exact calculation is made by solving Equation [4.35 which yields a thermal
relic cross section for the WIMP of (0v)ygosmism =~ 2 — 3 x 10720 cm? /s, almost
independent of the DM mass (see e.g. Ref. [95]). The natural emergence of the weak
scale in the freezeout of the thermal WIMP, where new physics had been expected,
is called the “WIMP miracle”.

4.3.2 Beyond the Thermal WIMP: light DM

With increasingly strong experimental constraints being placed on the thermal WIMP
scenario, we are motivated to consider alternative scenarios where other interactions

control the final DM abundance. There has been considerable recent interest in ex-
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ploring thermal relic scenarios that naturally produce DM at light (sub-GeV) masses
(see for example Ref. [96]), as existing direct detection constraints are much less sensi-
tive to sub-GeV mass DM (e.g. Refs. [07-100]). Existing beam dump experiments are
sensitive to sub-GeV DM but leave much of the parameter space unconstrained [101}-
110]. New accelerator and direct detection experiments are projected to soon explore
the parameter space of light DM with unprecedented sensitivity (see Ref. [96] and
references therein), so it’s an important time to understand the landscape of mod-
els which naturally populate this sub-GeV region. In the following two sections I'll
describe two previously studied mechanisms for producing light (sub-GeV) DM: the
SIMP and ELDER scenarios. Thinking about these two mechanisms will help us
introduce some concepts which will help us introduce the material of Chapters |5 and

()

4.3.3 Strongly-Interacting-Massive-Particle (SIMP) DM

One identified mechanism for thermally producing sub-GeV DM is the strongly-
interacting-massive-particle (SIMP) scenario in which strong 3 — 2 self-annihilations
among DM particles control the thermal relic abundance [92]. Let’s take a brief look
at how this scenario works.

In addition to the annihilation process (xx — SM+SM) process which determines
the DM relic abundance in the thermal WIMP scenario, the DM particle x can
interact with the SM via elastic scattering (x + SM — x + SM), and with itself via
self-annihilations (xx <> xx...x, where three or more DM particles are represented on
the right-hand-side of the arrow). Let’s imagine a scenario in which the interactions
which control the thermal history of the DM are elastic scattering and 3 — 2 self-

annihilations (xxx <> xX). Then the relevant Boltzmann equations are:

dn
d_tx +3Hn, ~ —(0v*) 349 (nf’( — nin&o)) (4.51)
and
d
% +3H (py + Py) (02}5E)emxn(70), (4.52)
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where we've assumed that the dominant coupling between the DM and SM in the
elastic scattering process is to the photon. For now let’s assume that the elastic
scattering process is efficient enough throughout freezeout to keep the dark and SM
sectors thermally coupled, then we can focus just on the Boltzmann Equation
(in the next section we’ll see what interesting things can happen when we break this
assumption).

We can make some parametric estimates like in Section to see what energy
scale of the DM gives the observed relic abundance in this scenario. In this case the

XXX € XX process controls thermal freezeout, so the freezeout condition is:

T2
2
(00%)s2 (10 (T7))" ~ H ~ < (4.5

pl

where again we have assumed instantaneous freezeout which occurs during the radiation-
dominated era.

After freezeout the number density of DM dilutes with the Hubble expansion as
ny (T <Ty) < a™® oc T?. And at the period of matter-radiation equality the DM

mass density and radiation energy density are equal. Then we can write the relation:

TS
myny (Ture) ~ mxnio) (T%) % ~ T\rE: (4.54)
!
in order to write n{” (T ) as:
T3
n0 (Ty) ~ “fTMRE (4.55)

my
which we can plug into Equation to obtain the freezeout condition:

1 m?
(ov*)3 0 ~ —— X (4.56)
- Mpl T;‘LTI\Q/IRE

As in the case of the thermal WIMP freezeout occurs at z; ~ 20, so Equation [4.56]

becomes:

5 1 10°mz?2
X

(0%} 0~ T

pl 4+ MRE

(4.57)
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By dimensional analysis we expect (0v?)3_.» to scale as:

3
(002)5 s ~ el (4.58)
m

5 Y
X

where aeg is the dark sector coupling. Plugging this into Equation and rearrang-

ing we the freezeout condition:

_ 1/3
My ~ 10" Bagy (Mo T2m) ", (4.59)

and plugging in the values M, ~ 10" GeV and Tyge ~ 1 €V, we find:
my ~ 0.05a.¢ GeV. (4.60)

The SIMP scenario naturally leads to strongly-coupled DM (e ~ 1) with mass
similar to the QCD scale (m, ~ 10 — 100 MeV).

4.3.4 Elastically Decoupling Relic (ELDER) DM

Now let’s imagine a scenario in which the DM has the same dominant interactions as
in the SIMP case: elastic scattering (y +SM — y +SM) and 3 — 2 self-annihilations
(xxX — xX). Again the relevant Boltzmann equations are Equations and .
However this time let’s see what happens when the elastic scattering process which
maintains thermal equilibrium between the dark and SM sectors is no longer effi-
cient enough to keep the two sectors thermally coupled throughout freezeout; that
is, whereas in the SIMP scenario 3 — 2 self-annihilations decouple before elastic
scattering, in this case the elastic scattering process decouples before 3 — 2 self-
annihilations. Before elastic decoupling the system evolves as in the SIMP case:
3 — 2 self-annihilations maintain chemical equilibrium in the dark sector while elas-
tic scattering maintains thermal equilibrium between the dark and SM sectors; the
dark and SM sectors evolve with equal temperatures while the number density of DM
depletes through 3 — 2 self-annihilations and redshifts with the Hubble expansion,
evolving according to Equation m (in the nonrelativistic limit x > 1). This be-
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havior proceeds up until elastic decoupling occurs, when the rate of elastic scattering
is no longer efficient enough to maintain thermal equilibrium between the dark and
SM sectors. After elastic decoupling, the dark and SM sectors evolve with separate

temperatures 7" and 7', respectively. Elastic decoupling is defined by the condition:
myRe < Ky (4.61)

where R, defines the rate of elastic scattering, given by:
R = (000E)smsx+smny (T) (4.62)

and K \ 1s the per-y-particle rate at which the 3 — 2 self-annihilations release kinetic

energy into the dark sector, given by:

(4.63)

It is important to understand how the temperature of the dark sector 7" evolves
after kinetic decoupling (7" < T7), so let’s focus on the Boltzmann equation describing
the energy density of the dark sector, Equation[£.52] After kinetic decoupling the rate
of elastic scattering is slower than the Hubble expansion (more specifically, m, Re <
KX, and one can show that this is nearly equivalent to the condition that Ry < H),
and therefore it’s a reasonable approximation to drop the source terms on the right-

hand-side of Equation [4.52}

dpxd—(tT,) +3H (py (1)) + P, (T7)) ~ 0. (4.64)

As we will see more explicitly below, Equation says that the comoving entropy
density of the dark sector is separately conserved after kinetic decoupling, since the
dark and SM sectors can no longer efficiently transfer energy/entropy between each

other.
Let’s also restrict the discussion to the case in which elastic decoupling occurs while
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the DM is nonrelativistic (z4 > 1), where P, >~ nT < p,, and in the nonrelativistic
limit p, ~ m,n,, so we can approximate Equation as:

dmyn, (1)

o + 3Hm,n, (T") ~ 0. (4.65)

Because kinetic decoupling occurs while the 3 — 2 self-annihilations are still
active, they maintain chemical equilibrium with zero chemical potential in the dark
sector, and the number density of DM follows its equilibrium distribution, n, (7") ~
n&o) (T"), which in the nonrelativistic limit is given by Equation m The conservation
of total entropy (DM+SM) can also be used to derive the relation:

0 zH (T) 0

a 1 T 09 .S 9

O It 9 (4.66)
0

where we approximate by neglecting effects of the number of relativistic degrees of
freedom gegr . It’s also useful to have the expression for the time derivative of n&o) (T")

in the nonrelativistic limit:

0

31 My ) oT (4.67)

27 (7)) B

We can then directly plug in Equations [£.23] [£.66] and [4.67] into Equation [4.65]

dropping the first term in parentheses in Equation in the nonrelativistic (x4 > 1)

limit, to obtain the following relation between 7" and T after kinetic decoupling z4:
or  3(T")

o (4.68)
X

It’s helpful for our intuition to note that Equation [£.68 says that the comoving
entropy density is conserved in the dark sector after kinetic decoupling. We can also
derive Equation directly from the conservation of comoving entropy density of
the dark sector:

% (spa®(T)) =0 (4.69)
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where the dark sector entropy density sp is given by:

sp = %(T/) (4.70)
Plugging in Equations [£.23] and into Equation again dropping the
first term in parentheses in Equation in the nonrelativistic (x4 > 1) limit, we
obtain Equation [41.68]

Now we can integrate Equation to obtain the relation between 7" and T" after
kinetic decoupling while the 3 — 2 process is still efficient. Doing so, we find the
relation:

’ Tq

T ~ , 471
AN CIER -

that is, while the SM temperature redshifts as T o< =1, the DM temperature evolves
much more slowly, scaling logarithmically with 7" as 7" o< 1/loga. This nearly con-
stant scaling of 7" with a is due to a process called “cannibalization” [I11]: after
kinetic decoupling the dark and SM sectors can no longer efficiently exchange en-
tropy, and the comoving entropy density of the dark sector is conserved. At the same
time the active 3 — 2 self-annihilations convert mass to kinetic energy in the dark
sector, heating it up relative to the SM bath such that 7" remains nearly constant,
with only subleading (logarithmic) dependence on a, as in Equation Since T"
remains nearly constant during the period of cannibalization, likewise the comoving
number density of DM remains nearly constant during this period. Cannibalization
of the dark sector proceeds after kinetic decoupling up until the freezeout of the
3 — 2 self-annihilations, which signals the freezeout of the DM. However, since the
comoving number density of DM remains nearly constant during cannibalization, the
DM relic abundance is mostly set by the elastic decoupling process; that is, the relic
density of DM in this scenario is controlled by the strength of the elastic scattering
process, with only subleading (logarithmic) dependence on the strength of the 3 — 2
self-annihilations. The ELDER scenario also leads to light DM, with m, ranging
from a few to ~ 100 MeV, with O (1) strength of self-interactions in the dark sector
[93, 94].
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It is important to note that in starting with the thermal SIMP scenario [92]
of Section [4.3.3] and relaxing the assumption of thermal equilibrium between the
dark and SM sectors during the freezeout of DM in the ELDER scenario [93] 94], a
novel freezeout history is revealed in which the relic abundance of DM has drastically
different dependence on the interaction processes and model parameters. This will

be a useful lesson to keep in mind when we get into Chapters [5] and [6}

4.4 Numerically solving the Boltzmann equations

To calculate the thermal history of dark matter more accurately than the paramet-
ric estimates we made above, we have to numerically solve the coupled Boltzmann
Equations and This section provides the tools we need to numerically solve
the Boltzmann equations. First in Section [£.4.1] I show how to rewrite the Boltzann
Equations and explicitly in terms of the independent variable Standard
Model temperature 7. Then in Sections [4.4.2] and [£.4.4 I show how to calcu-
late the thermally averaged cross sections for a 3 — 2 process and a 2 — 2 process
(both in the threshold approximation), and the thermally averaged energy transfer

rate (cvdE) for an elastic scattering process (xf — xf), respectively.

4.4.1 Rewriting the Boltzmann equations explicitly as func-
tions of a single independent variable Standard Model

temperature T'

In order to numerically solve the coupled set of Boltzmann Equations and
we need to first write these as explicit functions of the independent variable T, (or

an equivalent variable, such as x = m, /T"). We need to prove the relation:

0 H 0
= = 1xT — (4.72)
L+ s ar
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where gegs are the effective entropy degrees of freedom, and all quantities on the

right-hand-side of Equation are functions of T'.

In order to derive Equation [£.72] we can first rewrite:

0 0Oa 0 0 or o

Now, to find an expression for 9T /da, use the relation describing the conservation of

total entropy of the system:

sa® = constant

Geft,s (T) T3a3 = constant (474)
gif/fi (T) Ta = constant,

where s is the total entropy density s = %gefgsT?’. Take the time derivative of

Equation [4.74}
9 ( 13
g <9ef/f,s (T) Ta) =0

4.75)
oT 0 [ 13 B (
Haaa—T <geff7s (T) Ta) =0
which can be rearranged to obtain:
da a 1 T 0¢egs
i I ’ 1 4.76
orT T ( + 3 Geis OT * ) (4.76)

which together with Equation yields Equation which can be further rewrit-

ten as:

9 xH 0
O 11 o 0w g (4.77)
3 geH,s(T) oz

This relation is clearly a function of z (or 7).
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Rewriting the Boltzmann Equation for n in terms of the independent vari-

able T

With Equation[d.77 we can rewrite the left-hand-side of the Boltzmann Equation

as:

anx (T/> N , .CCH 371)( (T’)
ot +3H (T) Ty (T") =3H (T) Ny (1) + 1z 09ewrs(T)  Hp

- 5 Geff,s (T) Ox

(4.78)

Because n, dilutes exponentially with the Hubble expansion, it is usually more
numerically tractable to solve Equation in terms of the dependent variable
y(T) = n, (T") /S (T), with the effects of the Hubble expansion cancelling out
of the n, and n\? factors in y(T') (often the similar variable Y = n,/s is used).
Rewriting Equation [4.78in terms of y (T'), we get:

on,, (") 0 oH o () (1) (1))

+3H (T)ny (T") = 3H (T) n\? (T) y (T)+ 8geit.o(1) Ox

1z O%ftsU)
3geﬂ,s(T) Ox

ot

(4.79)

At this point I would like to clear up any possible confusion about whether we
can treat y (1) = n, (1") /n&o) (T') as only a function of 7', or if we need to handle it
explicitly as a function of y (T, 7" (T')) when taking the derivative in Equation [4.79}
that is, can we treat the partial derivative in Equation as a total derivative d/dxz?
To show that we can, let’s expand the derivative term in Equation [£.79 as a total
derivative with respect to x (or T'), and show that it is equal to the derivative term

in Equation [4.78} that is let’s show the following relation is true:

<dy @), 0 () 4y (1) D0 m) _ dn (I") dT" (4.80)

dr ar a1’ dT

Expanding the left-hand-side of that relation, we get:

dny (T") dT" 1 ny (1) dny o) (T)
—= nx.0) (1)
dT” drT nx7(0) (T) X (0) (T) dT’
ny (T7) dny o) (T) _ dny (T7) dT”
nyo(T) dT —  dT' dT’

(4.81)
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the last two terms of Equation cancel and we explicitly see that the relation in
Equation holds. So we see that we can treat y (7) explicitly as a function of only

the dependent variable T' when solving Equation [£.79]

Let’s make the T' (or x) dependence in H as it appears in Equation more
explicit. Because H o< \/ge (T)T?, where g are the effective energy degrees of

freedom, we can write H (T) as:

H(T) = H(T =my) #(:T)W?"T’L_i (4.82)
get (T) 1 |

=H(T = _
( ) gert (T =my) x*’

in terms of which we can finally write Equation [4.79) as:

on,, (17)
ot

H(T'= mx) #(:T)mx)% [3n(0) (T)y (x) + (1 - lx ! 0ot (T))_ xﬁ

+3H (T)ny (T') =

Equation can be used to rewrite the Boltzmann Equation explicitly in terms

of the independent variable x (or T').

Rewriting the Boltzmann equation for p in terms of the independent vari-

able T

Rewriting the Boltzmann Equation for the energy density evolution goes the
same as the discussion above. Let’s start with the Boltzmann Equation [4.30] for the
specific case in which the only interaction which changes the energy content of DM

X is the elastic scattering x + f — x + f, and rewrite that equation using Equations
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[4.31] and [4.772k

1 T ageff,s (T) -1 0 Ty (T/) /
xH (T) (1 + 3 Geft,s (T) aT ) ox Ty, (0) (T/) Px,(0) (T )
ny (7) )L (D) ) (1.8)
Ty, (0) (T/)Px,(o) ) N (1) o) (17)

= (OVOE)ypoxsnx (T") iy (T).

+3H (T)(

Again we want to substitute in y = n, (T") /n o) (1), since it is more numerically

tractable to factor out the effects of the Hubble expansion in y, so we rewrite Equation

[4.84] as:

wH () <1 I Py 8962’%@)_1 o ( o (T/))

ny (1) ny0) (1)

+3H(T) (nx,(o) (T) Ty, (0) (T/)px’(()) (T,) Ty, (0) (T) Ty, (0) (T/>PX7(O) (T/)) (4.85)
<av6E>xfﬁxf%nx,m> (T) g (T)

which can be rewritten as:

OGeft s ) Ny (T ,
xH (T) <1 + %geHZ(T) J Ha’T(T)) 9z (y (T) 0 ( ))Px,(O) (T ))

Ny, 0) (1"
Ny, o) (1) ny, o) (1) 4
38 () () T T () + () 0P () (05

= (0VOE) sy sy (1) ey 0) (T) oy (T) .

Again we note that we can treat y (7') as a function only of the variable 7" when
taking the derivative term in Equation [4.86, Now expand the derivative term in the

first line of Equation [4.86]

a eff,s - a Ty (0 T / a Ny (0 T
oH (T) (1+§geﬁf’<T) ga’T(T)> (2 nx((ojfT,))px,<o> @)+ (1) 57 (22D
= (0VOE) sy (T) o) (T) g (T) .
(4.87)
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. . nxy(o)(T/) 1 .
Now multiply all of Equation 4.87| by e 0T ooy

3 Geft,s (T) 8T

3 (1) (y (1) +y (1) —ff; g;)

) (T") ng (T)
= (ovdE y (T) = .
< >xf—>xf ( ) Pr.(0) (T’)

O et s /o Ny (o) (T & ([ nyo) (T
oH (T) (1+1 T Oges, (T)> (y(T)+ o) 1 T>_<nx,((0))((Tf))px’(°

9r " i) (1) pro) (1)’ ) o

(4.88)

Now multiply all of Equation |4.88| by xH SHT) (1 + §g HT(T) ag%;@):

0y (T) |, o (T) 1 %) (”X 0 (1) ’ )
+ = ~y (T oo (T
Oz y0) (T) px.0) (1) ) 52 9z \ny o) (T7)" 0 (T7)

3 LT 9gens (T) Py (T")
i (1 T3 (1) 0T ) (y =) Px.(0) (T’)> (4.89)

@
1 1T Ogess(T) oo Ny 0) (1) g (T)
= SHT) <”3geﬁs<T> oT )< OB gy (1) == ey

Now multiply all of Equation by 1/y (T):

1 oy(T) nyoT) 1 9 (nyyo(T) ,
ST 0 o (T) ey () 07 <nx,(o> Ty m)

G )) (o) 0
1 LT g (D)), nyo) () ny (T)
~ oy (G ) o

Now make the replacement H (T) = H (T =m,) 4/ %%, and also make

T Oger(T) __ _ 1 9ges(T) .
the replacement @ 0T = g™t or

L (M) mo) 1 9 <nx,(0) (1) o (T/)>
y(T) Oz Ny,0) (1) Py0) (17) Oz \ 1y (0 (T')

3 ( 1z Ofefrs (T)) ( Py 0 (T’))
+2(1=-2 14 00/
x 3ges (T)  Ou Px.0) (")
1 Geft (mx) ( 1 x ageffs (T)) X,(0)
= rl1l—= d ocvoE ’
i)\ g (7) g () ox ) TOE T Ty

+
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4.4.2 3 — 2 thermally averaged cross section in the threshold

approximation

When describing the dynamics of DM particles it is often appropriate to make the the
threshold (low momentum and low temperature relative to DM mass) approximation.
Therefore it’s useful to have general expressions for the thermally averaged cross

section in this approximation.

Let’s calculate the thermally averaged cross section for a general 3 — 2 process,

(0v)123 545, in the threshold limit, starting with the definition Equation

d*p;
n1nang (V) 123545 = Z /H p 27T)4 §* (p1 + pa + p3 — pa — ps)
splns i (492)

X fifafs |/\/l|2

Again, if we assume Maxwell-Boltzmann statistics for all particle species we can write

the phase-space densities as:

" _pyr
fz—n(o)e : (4.93)

and we can rewrite Equation 4.92] as:

d? pz
n1NaNz (V) 123345 = — Z /H 27T)4 5t (p1 +p2 + D3 — pa— p5)
splnb (494)
% MN2N3 (B1+E»+Es)/T ’M|2 )
MOMOMO
1 Mg N3

If we rewrite Equation in terms of the initial- and final-state averaged matrix

element, it becomes:

1 gidgpi 4 ¢4
1Moz (V) 123545 = S (27T)—2E (27)" 0% (p1 + p2 + p3 — P12 — D5)

e BB BT M),

ERCROND

(4.95)
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Now taking the low-momentum limit we can simplify terms of the form:

Bo. Bo. 12 L
gzd Pi efEi/T ~ gzd Pi 1 1— |pz| 6_%67%
(27)° 3E; (2m)° 2m; 2m

(4.96)
gi mPT?(2m; —3T) _, p
~ et
(2r)° 2m,T
and terms of the form:
idB i ng i — |pi‘2 m;
n@(o) (T) = /_g I:; e BilT ~ / g I; e 2miTe T
(27) (2m)
23 (4.97)
~ %Z 72 (m;T)*? e T
(2m)
Now taking the low-temperature as well as low-momentum limit, we find:
1 ad’pi g, 1
©) / 3 (& Ei/T ~ T, (498)

therefore in this limit we can simplify Equation [.95] to:

5
1 1 id3 i

(0V) 123545 _S‘d [ r—— / —( %4 D (27r)4 5 (p1 +p2+Dp3s —Dps— Ds) <|M’2>7
v i=4

mimams o)’ 2F;
(4.99)
which can now be easily integrated (assuming a constant (| M|*)) to give:
9495 1/2 2
~ A M, M), 4.100
(oV) 123545 e (M1 +ma + mg, ma, ms) (M) ( )

where A (z,vy, 2) is defined as:

A,y 2) = (1 _ ;y)2> (1 _ L ;;;)2) . (4.101)




4.4.3 2 — 2 thermally averaged cross section in the threshold

approximation

Starting with the definition of the thermally averaged cross section for a 2 — 2

process:

n1n2<0v>12—>34 =

: d’p; 4 ¢4
> Hm(%) 0" (p1 +p2 — p3 — pa)
=1 t

1
Sid spins (4102)

X fle |M|2a

and taking the low-momentum low-temperature limit, the calculation goes the same

as in Section .42l above. The result is:

9394
327rSidm1 o

A2 (my 4 ma, ma, ma) (M. (4.103)

(0 U>12—>34 =

4.4.4 Elastic scattering (xf — xf) thermal averaged energy

transfer rate (cvdFE)

Let’s calculate the thermal averaged energy transfer rate for the elastic scattering

process xf — xf, (CVIE)y sy -
Without choosing a specific coordinate system yet, the explicit forms of the Man-
delstam variables s and t are:

2
s = (pfl - pX1) (4 104)

- mfc + mi +2 (EflEX1 —Ppn - le)

and
t = (Pyo = Py)’
oo (4.105)
= Zmi —2(Ex, By, = Pys Pxi) -
In what follows we’ll keep careful track of what happens with the angular de-

pendence of |/\/l|2 during each phase space integral, so bear with me through all the

details.
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We start with the definition of the quantity:

(CVOE) posxfnxny = Sd Z/H * pl )4 & (Zp) (Ex, — Exy)

spin i (4.106)
X fafn |M’2

For simplicity I will ignore factors of S;y = 1 and Zspins for now and rewrite them

back in later. 1 will also suppress the xyf — xf subscript where it is obvious. First

make the substitution: f; = n;e %/7/ nEO), which gives:

(oVSE) = / H « pl 5 (20! (>°p) (B - By)

Mx,(0) TU£,(0 (4.107)

Xe—EM/T G—Efl/T |./\/t|2 .

Now, we play a trick to make the calculation easier, by noting that by the definition

of the delta function:

/ d*pod (po — pys = P1) 0 (Do — Pra — D) = 0" Py +Pf — Pro — Ppa) > (4.108)

which we can use to rewrite Equation [4.107] as

d’p;
(ovOE) = / H p . 2%)4d4po5 (Po = Pxa = P11)

0" (o = Pro = Pp) (Byy = Byy) e P/ T e P/ | M7

£0) (4.109)

Now, eliminate the delta function 6® (py — py, — Py,) by integrating over d®py,:

a3 i 1
(00dE) = / H P (21)  d*pod" (0o — prs — p1)

0) T1,(0) (21)% 2E; zn)?’ 2Ey,
x 6 (Ey— By, — Ep,) (Ey, — Ey,)

X e—EX1/Tl6_Ef1 /T |M|2 |conditions>
(4.110)

where I used the notation |conditions t0 indicate the conditions which we continue to
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impose as we integrate out each delta function. Right now {conditions} : {py =

Py, T pr}‘

Next, we eliminate the delta function 6* (pg — py, — Py,) by integrating over d°py, :

(rosE) = L1 / #p,, Pp, 1 1 1 1
(

Ny i) J (2n)° 2E,, (27)° 2E,, (2m)° 2By, (27)° 2Ey,
4.111
x (2m)" d'pod (o — By, — By) 6 (By— By, — By) (M1

x (E

X2

- F

) e /T e EnT M|

conditions»

where now {conditions} : {pp = py, + Pf;Po = Py, + Ps }-

Now that I've imposed two conditions on the momenta in Equation [4.111] T’ll
more specifically define a coordinate system and keep track of the important angles
which appear as we integrate the rest of the phase space integral. I'll define #; and

0y as the angles of the two incoming particles with respect to po:

91 = COS_1 (f’x1 . IA)O> (4 112)

0y = cos™? (P, - Po) -

These definitions, combined with the conditions of the phase space integrals imply:
Py, - Ppy = cos (61 + 62) (4.113)

which fixes the form of s in terms of the angles 6; and 6,.
I'll also define 65 and 6, as the angles of the two outgoing particles with respect
to po:
05 = cos™ ' (Py, - Do)
* (4.114)
0, = cos™! (P, - Do) -

These definitions, combined with conditions of the phase space integral imply:
IA)Xz : f))a = COS (91 - 03) . (4115)

With our coordinate system defined, let’s focus back on the phase space integral.
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I’ll rewrite the integration measure in Equation as

|p><1 ’2 d ‘pX1| d$h |pX2 ‘2 d ’pr| dl3

4.116
(27T)3 2By, (277)3 2Ey, ( )

and the term d$2,d23 = d (cos 6y) d (cos 03) dp1dps, where I'm still working in a coor-

dinate system in which all angles are defined relative to the momentum vector py.

I want to integrate out the angles ¢; and 63 in Equation [4.111] by rewriting the
delta functions as explicit functions of those angles. First working with #;, I can

rewrite the delta function:
0(Ey— Ey, — Ep) =6 (x(cosby)), (4.117)

and I can rewrite Ey, to bring out the explicit ¢, dependence:

z(cos)) = By — E,, — \/|pf1|2—|—m§f

B iy

= By~ By, —\/Ipol* — 2[po| [Py, | cos b + [y, [* +m3.

I can rewrite Equation using the well-known delta function identity:

9 ((cosby) — (cosby),)
2" ((cos 61);)]

d (z (costh)) = Z (4.119)

i
where (cos ), are the zeros of the function z (cos6;) and ) . is a sum over the zeros.
There is only one zero of = (cos #;) in our case, it is that which implies Ey = E,, + Ey, .

Therefore the zero (cosb,), is given by:

By — By, = \/Ipol* — [pol [Py, | c0s s + [y, [* + m? (4.120)

which gives:
— (Eo — Ex,)* + [pol” + [Psa | +mf

(4.121)
Pol [Py |

cosf, =
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And 2’ (cos 6y) is given by:

Oz (cos61) _ [Pol [Py

d(cosy)  Ey (4.122)

We can therefore rewrite the phase space integral Equation as:

L1 Py |* d [Py, | dbid (cos0)) [Py, |’ d Py, | dpsd (cos B3)
M,(0) ,0) (2m)° 2B, (27)° 2E,,
11 11 o
X 2r)"d
(27T)3 2Ef1 (27T)3 2Ef2 ( ) Po
9 ((cosby) — (cosby),)

Ipol|py, |
Ef,

X (EX2 - EXI) e_Exl/Tle_Efl/T ’M|2 |C0nditionS7

(ovdE) =

0 (EO - EX2 - Efz)

(4.123)
and integrating over dcos f; we obtain:
2 2
i) — 1L [ [Pl b [0 (o dpsy| dnd cos )
Tx,(0) TV£,(0) (2m)° 2E,, (27)° 2E,,
1 1 1 1 4
X (2m)* d*po
(2m)* 2B, (27)° 2k, (4.124)
Ep
X ———=——0§(FEy— E,, — Ey,)
ol [P | ok
X (EX2 - EXl) G_Exl/T/e_Efl /T |-A/l|2 |conditions;
where now the set of conditions is:
{conditions} : {py = Py, + Py,
Po = Px; T Pp (4.125)
o — — (o= Bx)" 4 pol” + [P [ +m?«}
L=
o [Py |

Now I'll go through the same process integrating over d (cos #3). First rewrite the

delta function 6 (Ey — E,, — Ey,) as:

9 ((cosb3) — (cosbs),)
[y ((cos b5),)|
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where (cosfs), is the zero of the function y (cos f;):

y (cosb3) = Ey — \/’pX2|2 +mi — \/|pf2‘2 "‘m}

:Eo—\/’px2| +mi—\/|p0’ +‘px2| —2!p0‘|px2]00893+m?

and y’ (cos03) is given by:

Jy (cosbs)  |pol|Py.l

= 4.128
0 (cos 63) Ey, ( )
so we can write Equation as:
2 2
oy = L L [l dlpuldos[pudipy| dind (cos)
Tx,(0) T0£,(0) (2m)° 2Ey, (2m)° 2Ey,
11 1 1 o
X 2m)°d
(2m)” 2B (2m)* 2B, e (4.129)
Ef, 0 ((cosf3) — (cosbs),) '
[Pol [P | Ipol[px |
Ey,
X (EXQ - E}a) eiExl/T/eiEfl/T |~/\/l|2 |conditions;
and integrating over d (cos#3) we obtain:
o 1 1 |pX1|2d|le’d¢1 |pX2|2d|pX2|d¢3
(ovdE) = 3 3
Tx,(0) T0£,(0) (2m)" 2E), (2m)" 2E,,
1 1 1 1 o
X (2m)" d"po
(27r)3 2By, (277)3 2By, (4.130)
By, Ey,

Ipol Py | |Po| [Py

x (Ey, — EX1>€—E><1/T e En/T

X2 |M |2 |condition57

where now conditions also imposes the energy constraint £y = E,, + Ey, through the
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condition on (cosfs):

{conditions} : {pg = Py, + Py,

Po =DPy; + Py

costy — —Fo— E)? + [pol® + [y P+ m2 (4.131)
2 |pol [Py, |

cosfy = — (Bo = EBy)” + [pof” + [Py |* + mfv}
2|pol Py.|

Now, just to keep track of where we are, we have two angles left to fix in order for all
variables to be dynamically fixed: 6, and 64. We have left to integrate d |py, |, d |Py.|;
doq, dos, d*py. We should be free to rotate the two azimuthal angles ¢, and ¢3 freely
without changing any of the other dynamical quantities, so those integrals should just
give us a factor of (27)*. Also, we make the substitution E,,dE,, = |py,|d|py,| and
E,,dE,, = |Py,| d|Py,|- Then we can write Equation as:

1 1 1 d E,—E
<O'?J5E> = 2 / p04dEX1dEX2(X2—2X1)
T, (0) T, (0) (8m)° J (2) |Pol (4.132)

% e*Exl/T/efEfl/T ‘M|2 ’

conditions-

Now, s is given by:

§= (pXI +pf1>2
- (EXI + Ef1)2 - (pxl + pfl) : (pxl _|_ pfl) (4133)
= E5 — Ipol”*-

We can write d*py as:
d4po = dE0d3P0

(4.134)
= dEO |p0|2 d |p0| dQO
And from Equation |4.133[ we can rewrite d |po| in terms of ds:
2|pol d|po| = —ds (4.135)
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where Ej is held fixed in relating d |po| to ds.

Making the above substitutions for d*py, as well as making the substitution |po| =

\ E? — s, we can write Equation 4.132| as:

11
M (0) M£.(0) 5127

(EX2 — E)m)
E§—s (4.136)

« e_EXl/Tle_Efl/T |M|2 |

(ovdE) = /alsdEodEX1 dE,,

conditions-

And then rewriting Ey, = Ey — E,, we can rewrite Equation as:

11 (By, — Exi)
cuvdE) = / dsdEydE,,dE,,,~—**~—"X2
(7voE) My (0) Ty (0) H127° T R s (4.137)

_ ’_ _
X e Ex,(1/T I/T)e Eo/T |-/\/l|2 |condition57

with the conditions in Equation given by Equation 4.131]

Now, let’s keep track of all the kinematics again. In general the matrix element
IM|* in Equation will be a function of s and t: |M|* = |M|*(s,t). The
expression for s is given by Equation [£.104}

s = (pp _pX1)2
=m% +m’ +2(E,Ey, —Pp, - Py)
—m2 +m> +2((Ey— Eyx,) By, — (Po — Py) - P (4.138)
=m?% +m? +2(EyEy, —m? —po-Py.)

= m?c — mi +2E0E,, — 2|pol [Py, | cos b,

so we see the variable s, along with Ey and FE,,, fixes the angle 0.

We can use Equation [4.138| along with Equation [4.133] to write the conditions
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relating the angles 6; and 63 to dynamical variables appearing in Equation as:

{conditions} : {py = py, + Pp

Po = Py, + Pp

2E0EX1 — S+ m? — mi (4.139)

2¢/E§ —s\/EZ —m?
2E Ey, — s +mj —mi}
2/ E§ —s\/EZ, —m?

And we can write ¢ from Equation [4.105] as

cos b =

cos b3 =

t= (pr - pX1)2
—2(E,Ey, — Py, " Pxi)

2
X
= 2my — 2 (Ey, By, — [Py [Py | cos (61 — 03))
— ( E,, \/E2 —mQ\/E2 —m2 cos ( 61—93))

Now, with t given by Equation and ¢; and 05 given by Equation |4.139] we
have everything we need to evaluate Equation 4.137| to obtain (cvdE) in terms of T'
and T" for a given |M|? (s, t).

(4.140)

We perform the remaining integral in Equation numerically using the fol-

lowing limits of integration:

min,max min,max EO (m2 + S) |p |
EX2 = EXl = 22 + 20 )\1/2 (\/57 mX7 O)

V5 < By < o0 (4.141)

mi§s<oo

where ) is defined as:

A,y 2) = (1 _ 1-2?,)2) (1 - (Z;—f)Q> . (4.142)
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Chapter 5

New Pathways to the Relic
Abundance of Vector-Portal Dark
Matter

This chapter is from 2], by me, Hongwan Liu, Tracy R. Slatyer, and Yu-Dai Tsai.

5.1 Introduction

In Chapter {4 we saw that there has been a lot of recent effort to move beyond
the thermal WIMP scenario and understand alternative DM production mechanisms
which naturally produce light (sub-GeV) DM. In particular, we took a brief look
at the strongly-interacting-massive-particle (SIMP) scenario, in which strong 3 — 2
self-annihilations among DM particles control the thermal relic abundance, leading
to strongly-coupled DM (ap ~ 1) with mass similar to the QCD scale (m, ~ 10-
100 MeV) [92]. As we mentioned, in the SIMP scenario the DM and SM sectors remain
in thermal equilibrium throughout freezeout via elastic scattering between DM and
SM particles, and we also saw that an alternative thermal production mechanism
for light DM arises when this condition is relaxed; in the elastically decoupling relic
(ELDER) scenario the DM and SM sectors thermally decouple through the elastic

DM-SM scattering while strong 3 — 2 self-annihilations are still active [93] 04]. In
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the ELDER scenario, although thermal freezeout proceeds through the 3 — 2 DM
self-annihilations, the DM relic abundance is nevertheless determined by the decou-
pling of DM-SM elastic scattering. This is achieved through a dark sector process
called “cannibalization” [I11], which occurs immediately after elastic decoupling and
proceeds until 3 — 2 freezeout. During cannibalization, while the DM and SM sectors
are thermally secluded, 3 — 2 DM self-annihilations convert mass to kinetic energy
and heat the dark sector. As a result, the dark sector temperature evolves slowly
(logarithmically as a function of SM temperature) during cannibalization, and like-
wise, the DM abundance evolves slowly. This leads to a DM relic abundance that is
primarily determined by its value at kinetic decoupling. The ELDER scenario also

naturally leads to MeV-GeV mass DM.

Distinctive thermal production mechanisms for light DM have also been realized
in the well-studied vector-portal DM model of a Dirac fermion DM particle y charged
under a hidden U(1) gauge symmetry with dark gauge boson A’, which is coupled to
the SM photon through kinetic mixing. In the region of parameter space in which
the dark photon is more massive than the DM (r = my//m, > 1), the kinematically
suppressed 2 — 2 annihilations of DM to heavier A’s (xx — A’A’) can control the
relic abundance. In this “forbidden DM” (FDM) mechanism [112] T13] the exponential
suppression of the 2 — 2 process setting the relic abundance of DM naturally gives
rise to DM exponentially lighter than the weak scale. The FDM mechanism was

shown to be a viable mechanism for producing sub-GeV DM.

More recently, Ref. [114] showed that in the region of parameter space of the dark
photon model in which 1.5 < r < 2, the kinematic suppression of the yy — A’A" an-
nihilation process is compensated for by a kinematically allowed 3 — 2 (xxx — xA4')
annihilation channel, which can then play a dominant role in setting the thermal relic
abundance of DM. This “not-forbidden dark matter” (NFDM) scenario is analogous
to the thermal SIMP scenario in that 3 — 2 processes can determine the DM relic
abundance, realized in the simple and well-studied vector-portal DM model. The
NFDM scenario was also demonstrated to be a viable mechanism for naturally pro-

ducing sub-GeV DM. In both the FDM and NFDM scenarios, the DM and SM sectors
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f f f X f

Figure 5-1: Tree-level interactions between dark sector and SM particles, including
(left) xf — xf elastic scattering, (center) A" — ff decay, and (right) xx — ff
annihilation into SM fermions.

were assumed to remain thermally coupled throughout the freezeout of DM.

In this chapter, we extend both of these frameworks to consider cases in which
the DM and SM sectors are allowed to kinetically decouple during thermal freezeout
of the DM. We fully explore the 1 < r < 2 region of parameter space of the dark
photon model, in which the kinematically suppressed 2 — 2 (xxy — A’A’) channel
and the kinematically allowed 3 — 2 (yxx — xA’) channel play important roles
in controlling thermal freezeout, and relax the condition that kinetic equilibrium is
maintained between the two sectors throughout the freezeout process. We find a
rich set of novel cosmological histories leading to a range of different mechanisms for
obtaining the correct DM relic density. Among these, we identify a general class of
mechanisms in which the DM relic abundance is determined by processes controlling
the kinetic decoupling of the DM and SM sectors (which we call the KINetically
DEcoupling Relic — KINDER). This KINDER scenario in the dark photon model
generalizes the ELDER scenario to cases in which multiple processes control the
thermal coupling between dark and SM sectors, and in which a 3 — 2 annihilation
process among multiple dark sector species supports heating of the dark sector.

The outline of this chapter is as follows. In Section we describe the dark
photon model in the 1 < r < 2 region we consider, including the primary interactions
controlling chemical equilibrium in the dark sector, and those between the dark sector
and SM particles. In Section we discuss general features of dark sector freezeout
in our model, including the relevant interaction processes, the Boltzmann equations,
which describe the thermodynamic evolution of the system, and the freezeout con-
ditions of relevant processes. In this section, we also classify three thermodynamic

phases (A, B, and C), which generally describe the various stages of the thermal
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histories realized in our model.

In Sections [p.4] and [p.5] we characterize the thermal freezeout histories for 1.5 <
r < 2and 1 S r S 1.5 respectively. In each case, we identify a rich set of freezeout
histories and analytically determine the parameter space regions where they occur.
These different histories are naturally classified into specific regions in the e-ap plane,
where € describes the mixing between the dark photon and the SM photon, and ap is
the dark sector coupling. In Section we study the 1.5 < r < 2 region of our model,
where the 2 <> 2 process freezes out before the 3 <> 2 process; the possible histories
can be classified into the WIMP, NFDM and KINDER regimes. In Section [5.5 we
examine the 1 < r < 1.5 region of our model, where the 3 — 2 process freezes out
prior to the 2 — 2 process, and find four distinct regimes in addition to the WIMP
regime (Regimes I — IV). In Section we discuss the relevant experimental and

cosmological constraints; finally, in Section we summarize our conclusions.

Throughout this chapter, we make use of Planck 2018 cosmological parame-
ters [115], using the TT,TE,EE+lowE-+lensing results; we take the DM abundance
to be the central value of Q,h?* = 0.12, with h = 0.6736. All quantities are expressed
in natural units, with A = ¢ = kg = 1. Finally, we use many different symbols for
approximations in this chapter, and have attempted to keep them consistent with
the following definitions: (i) we use “~” when the approximation is a physical limit,
e.g., a nonrelativistic limit; (i) we use “~” for statements that are true within an
order of magnitude, but which we will take to be an equality for the purpose of ana-
lytic results; (744) finally, we use “~” for statements that are true within an order of

magnitude, but we do not use the fact either analytically or numerically.

5.2 Model

In the mass basis, the Lagrangian of the dark photon model we consider is:
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Figure 5-2: The dark-sector-only (left) xxx <> A’x (3 <> 2) process and (right) the
XX <> A’A" (2 < 2) process.

1 L1 L1
LD = Bl = F P 4 Smiy AL A™
X(D — my)x + €A}, Thy (5.1)

where the gauge coupling is ap = g% /47, and ) = §J — ignA’. The dark photon A’
kinetically mixes with the SM photon, giving rise to a small coupling between the dark
photon and the SM electromagnetic current J&,, set by the kinetic mixing parameter
e¢. The value of € can naturally range from as small as 107 up to 107! [I16]. The
hidden U(1) symmetry can be spontaneously broken through a Higgs-like mechanism
with the dark Higgs taken to be heavy enough to be excluded from this low-energy

effective description, since we will always be considering energies <

~Y

my, ma. The
kinetic mixing generates the tree-level interactions between dark and SM particles
shown in Fig. : xf—=xf,xx—ff, A= ff.

We are primarily interested in scenarios in which the dominant DM-number-
changing interactions are the yxx <> xA’ (3 <> 2) process and the kinematically
suppressed xy <> A’A’ (2 <> 2) process, shown in Fig. m This restricts us to the
region of parameter space in which 1 < r < 2.

At lower values of r, where r < 1, the dominant process controlling thermal freeze-
out is yxy — A’A’ (which is then kinematically allowed), and the A’ decays promptly
to SM particles. This regime is strongly ruled out by cosmic microwave background

(CMB) constraints on the annihilation cross section of DM into SM particles for

my S 10GeV [117].
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At higher values of 7, where r > 2, the s-channel annihilation of xy — ff via an
off-shell A’ dominates the DM-number-changing interactions: the xy — A’A’ process
is very kinematically suppressed and the yxx — A’x process reduces to a scattering
process among the xs as the final-state A" promptly decays back to xy. Dark sector
freezeout proceeds via the classic WIMP freezeout scenario, which also runs into
stringent CMB constraints on the s-wave annihilation of Dirac fermion dark matter
below 10 GeV [115].

In the intermediate (1 < r < 2) region of interest to us, which of the 2 — 2 or
3 — 2 processes dominates during thermal freeze-out depends on the ratio . The
2 — 2 process receives a kinematic suppression from yx particles annihilating into
heavier A’ particles (with an exponential factor of the form e=2—U™x/T) while the
3 — 2 receives a Boltzmann suppression from an extra factor of x number density in
the initial state (with an exponential factor of the form e~™x/T). In the lower half of
the range in r we consider (1 < r < 1.5), the Boltzmann suppression is more severe
for the 3 — 2 process, and therefore the 2 — 2 process dominates during thermal
freezeout. In this regime, and for the case in which the DM and SM sectors remain
thermally coupled throughout thermal freezeout, the 2 — 2 process determines the
relic abundance; this is the FDM scenario described in the introduction.

In the upper half of the range in r we consider (1.5 < r < 2), in contrast, the
large kinematic suppression of the 2 — 2 process renders it subdominant to the
3 — 2 process at freezeout. In this regime, and for the case in which the DM and SM
sectors remain thermally coupled throughout thermal freezeout, the 3 — 2 process
determines the thermal relic abundance; this is the NFDM scenario described in the

introduction.

5.3 Dark Sector Freezeout

Before we detail all of the different regimes in which the dark sector can evolve to
obtain the final DM relic density, we will begin by discussing some general features

of the dark sector freezeout in this model. By “dark sector freezeout”, we mean the
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cosmological evolution from the initial state, when both sectors are in thermal equi-

librium, to the point where the DM has attained its final comoving relic abundance.

5.3.1 Thermodynamic Variables

Throughout freezeout, for the parameter space we consider, x and A’ remain in ther-
mal equilibrium with each other through y—A’ scattering. The dark sector can there-
fore be described by a single dark sector temperature 7”. The general expressions for

the number densities of the particles in the nonrelativistic limit are:

2
QngXT/ K2 %
272 1T

7\ 3/2
>~ 29, (mZXT ) e/ T e (/T (5.2)
T

2 /
_gamiy/T my
nA/(T/) = 27;3 K2 ( T >

T/ 3/2 ! !/ /
=~ gar (r”;;(r ) G_TmX/T GMA,(T )/T s (53)

ny(T")

where g, = 2 and g4 = 3 are the numbers of degrees of freedom associated with each
particle. The factor of two in Eq. accounts for the fact that we are including both
x and X in the definition of n,. We have also included effective chemical potentials
iy, and pa which are in general nonzero; we denote the number densities of x and
A" with zero chemical potential as n, o(7") and na o(1”) respectively. We will also
frequently use the inverse dimensionless temperatures, = m, /T and 2’ = m, /T".

The energy densities and pressures of x and A are related to their number densities

by:

no_ N (1") /
py (T') = mpx,o (T") (5.4)
and
Py =2 p () (5.5
* ny0 (1) © ’
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where the Maxwell-Boltzmann distributions with zero chemical potential for p, o (17)
and P, o (1") are given by
2g><m2 T, m m
palT) = =53 (ks (73) + 37K (7))

29XmiT/2 my
=k (F> = nyo(T)T" . (5.6)

PX70(T/)

Similar relations hold for A’. The entropy of the dark sector is conserved when no
heat is transferred between the dark sector and the SM through processes that involve

both dark sector and SM particles. The entropy density of the dark sector is

(px + par) + (Py + Par) — pyny — prama

- (5.7)

Sp =

Entropy conservation of the dark sector in the limit where heat transfer processes are
inefficient is a useful fact that we will use extensively in obtaining an analytic under-
standing of our results. When the dark sector entropy is conserved, d(spa®)/dt = 0,

where a is the expansion scale factor.

Since we will be discussing the time evolution of n, and nas frequently in the
context of analytic estimates, we will derive here several expressions related to 7,
and n 4 that will be useful throughout the chapter. First, taking the time derivative

of n, gives

_ 3 my d py\]| dT”

=T TR T (T) ar (5.8)
where we have used dT'/dt ~ —HT. We will often make the approximation that
my/T" > 1 during freezeout, and so the term 3/(27") can often be neglected, unless

y ~ M. Similarly,

HTny . (5.9)

: 3 rm, d <,uA/)] ar’
ny =~ e

“lop T Tap \ )| ar

We will often be interested in comparing the final number density of the dark

matter after the dark sector completely freezes out to the number density required to
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achieve the relic abundance of dark matter today. Defining Y, = n,/ssu, where sy
is the entropy density of the SM sector after the dark sector has completely decoupled,

the correct relic abundance is obtained when [I1§]

Y, = =432x10"" (@> : (5.10)

5.3.2 Relevant Processes

In the conventional WIMP regime, DM freezes out through the process x\Xx — f7f,
where f is a SM fermion. Once the mixing parameter ¢ < 107°-10~%, however,
xX — ff freezes out while other dark sector processes are still active, and these
processes play a significant role in the freezeout of the dark sector [119] 120)].

Outside the WIMP regime, there are four main processes that play important

roles during the freezeout of the dark sector when 1 < r < 2:

1. The 2 <> 2 dark sector process, xx <> A’A’. This process was shown in Ref. [I19]
to be responsible for the freezeout of the dark sector for 1 < r < 1.5, under
the assumption that the dark sector was in full thermal equilibrium with the
SM. As we described in the introduction, this process is kinematically forbidden
for r > 1 for stationary y particles, leading to a velocity-averaged annihilation
cross section that is exponentially suppressed as a function of the dark sector

temperature 7”. Explicitly, the annihilation cross section is given by [119]

2
Narp

(0V)xoarar = n2 (oV) arar-sxx
x,0

9 /
— _T3€2(17r)mX/T <

16

O'U>A’A’axy- (5.11)

We provide the expression for (ov) 414/, x in App. B.1} to make our analytic
estimates more convenient, however, we parametrize this annihilation cross sec-

tion as follows:
(ov)arar—nx = —59(r) (5.12)
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r 1.2 13 14 15 16 17 18
f(r) 947 141 237 459 105.7 312.9 1427
g(r) 444 549 590 594 577 550 5.19

Table 5.1: List of f(r) and g(r) values, as defined in Eqs. (5.12)) and ((5.13)), evaluated

at typical r-values of interest in this chapter.

where g(r) is a function of r that captures the nontrivial r-dependence. Typical

values of g(r) are shown in Table [5.1]

As r increases, the rate of the forward process becomes exponentially more
suppressed as the mass difference between xy and A’ increases. Note that in
the forward direction, yY — A’ A’ removes kinetic energy from the dark sector;
the rate of the forward reaction also becomes exponentially suppressed as T’
decreases, since less kinetic energy is available to y particles for conversion into

the rest mass of A" particles.

2. The 3 <> 2 dark sector process, xxx <> A'x. For 1.5 < r < 2; the freezeout of
the dark sector is mainly controlled by this process, as examined in Ref. [120],
once again under the assumption of a dark sector in thermal equilibrium with the
SM. The forward process is a 3 — 2 process, with velocity-averaged annihilation

cross section given by
2 2 ap
(00 ) xxmary = (007) = ﬁf(r% (5.13)
X

where f(r) encodes the nontrivial r-dependence of the cross section; once again,
the full expression for (6v?),5y—ya’ is given in App. [B.1] For ease of notation,
we will drop the subscript on the thermally averaged cross section from here on,
unless it is needed to avoid ambiguity. Typical values for f(r) across the range
of r considered in this chapter are shown in Table 5.1} Note that the forward
reaction converts rest mass to kinetic energy, and heats the dark sector, similar

to other 3 — 2 processes found in cannibal dark matter models [93], 04 [121HI23].
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3. A & ff. The dark photon kinetically mixes with the SM photon, and can
decay into a pair of SM fermions. This process is an important number-changing
process for A’ particles, and is one of two important processes responsible for

transferring energy between the two sectors. The decay width I" of A’ is given

in full in App.

4. xf < xf. This elastic scattering process, and all possible processes related by
conjugation, allows x to directly transfer energy to or from the SM. This process
as well as A’ < ff together determine how efficiently energy gets transferred
between the two sectors. Once both xf <> xf and A’ <> ff become sufficiently
inefficient, the dark sector and the SM can lose thermal contact and kinetically

decouple, falling out of thermal equilibrium.

There are additional 3 <+ 2 dark-sector-only processes that we do not consider,
such as yyA" — A’A" and A’A’A" — xx. Since we are only considering ma > m,,
these 3 — 2 processes have rates that are parametrically suppressed by at least one
power of exp(—(r — 1)m, /T") compared to xxx — A’x, and ap times at least one
power of exp(—m s /T") compared to xyx — A’A’. These slower processes are therefore
relatively unimportant compared to the much faster 3 <+ 2 and 2 <> 2 processes shown

here.

We also neglect the processes A'f < ~f and A’y < ff: these processes are
suppressed by an additional factor of the electromagnetic fine structure constant agy
relative to A’ — ff, and are also Boltzmann suppressed by na < n, relative to
xf — xf. Consequently, they never control when thermal decoupling between the
two sectors occurs. They also do not play any important role based on the analytic
understanding that we will develop below; they may only appear as terms proportional
to na — nao(7T) in the Boltzmann equations, and can therefore be treated as small

corrections to energy transfer rate arising from decays.
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5.3.3 Boltzmann Equations

The evolution of the system is governed by the coupled Boltzmann equations for
the number densities of y and A’, n, and na/, respectively, along with their energy

densities p,, pa and pressures P, Py:

dn,y 1 Ny o(T")?
M 3. — — Zigu?) |nd — Mo\t ) ,
7 + 3Hn,, 4(01} ) {nx naro(T) Ny A
) 2 nao(T')?
+ (oV) ar 41— {”A' Nro(T7)? LN
1
— §<O'U>X>2_>f]? [ni — n;O(T)] , (5.14)
dnA/ 1 2 3 n 7O(TI)Q
5 +3Hna = §<m} ) {nx - nz/7o(T’)nan/
B [ nane(T)?
<O-U>A’A —XX {nA’ nX,O(T/)2 L%
—TI [TLA/ — nA/’()(T)] y (515)
and
d(py + pa
(de_tpA) +3H(py + par + Py + Pu)
= —(0VOE)ypxsnny — mal [na —nao(T)]
1
— §mx<m}>x§—>ﬁ [ni — ni,O(Tﬂ , (5.16)

where ny is the number density of charged SM particles, which for simplicity we as-
sume to consist only of electrons and positrons. This assumption is justified because
we are considering sub-GeV dark matter and dark photons, so thermal equilibrium be-
tween the SM and dark sector typically holds down to temperatures of 7' < 100 MeV,
at which point all other SM particles have annihilated or decayed away. Note that
all dark sector (SM) variables are evaluated at the dark sector temperature 7" (SM
temperature 7T') unless otherwise stated. The prefactors for each term account for our

convention of including both x and X in n,, and for initial state symmetry factors.
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Our convention, as well as the derivation of the dark sector annihilation cross sec-
tions, can be found in Ref. [120]. We take the limit of nonrelativistic x and A’ for
the A’ — ff and xx — ff energy transfer rates. Details on the energy transfer rate
for elastic scattering xf — xf can be found in App. [B.2} in particular, we highlight
the fact that we have calculated (cvdE), s, s analytically without assuming that f
is relativistic, which is to our knowledge a new result. This result is important when

my, ~ O(MeV).

Eqgs. (5.14)—(5.16) contain three unknowns: n,, na and 7", and can be solved
numerically for the coupled evolution of these variables as a function of the SM
temperature T'. The numerical solution of these equations is used for all of the results

throughout the chapter.

We will also rely significantly on analytic approximations to gain some intuition
for these results. To this end, it is useful to write the energy density Boltzmann
equation Eq. (5.16]) in the nonrelativistic limit. Expanding the energy densities to

first order in 1/2’, which is a small parameter once 7,7 < m,, we find

3
~ 1+
Px = My Ty < + 2$/) J

3 3z dr’
Py 2 My Ty <1 + —) - iHanX, (5.17)
T

2z’

and similarly for ps.. We have also made the approximation dz/dt ~ Hz. With these
expansions, we obtain
. . 3 5 x dx’
(Ry +1r70ar) (1+—> +3H(ny +rna) (1+— )

2x! 2x! B @%

(5.18)

~ —<O'U(5E>w —rI [TLA/ — nA/,()(T)] .
My

We have neglected DM annihilation into SM fermions in this analytic estimate for
simplicity, since this process is typically not important in the regions of parameter
space we will be interested in. We also find numerically that (z/22?)dz’/dx < O(1)
in all scenarios, and thus can be neglected in Eq. . The simplified Boltzmann
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energy density equation to leading order then reads

nxnyg
M (5.19)
— 1T [na —nao(T))] .

Ny + r1a +3H (ny +1na) > — (0VIE)

Comparing this with the sum of the xy and A’ number density Boltzmann equations,

Egs. (5.14) and (5.15)), which is given by

1 n?
M + fear + 3H (ny +na) = — §<UU2> [”3 S ”X”A'l
(5.20)

— F[?’LA/ — nAlyo(T)} s

we finally obtain the following compact expression for the y number density evolution:

. n Tlf
Ny + 3Hn, ~ — a —Xr)mx (ovdE)
r n}

2 3 ™0 ,
+—8(1—7*) {ov?) [nx nA/70anA] )

(5.21)

Comparing this expression with the number density Boltzmann equation for y, we

find

< > 1.2 _7734/70 2| 2—r < 2> 3 "y,0
PO | M = | gy (o) | =
n+n
—W<UU5E>
X

With this relation, we can also reformulate the number density Boltzmann equation

for A’ as
14+ 3H ! (0v2) { 3 }
na ny >~ — ———(ov n, — — N T 4
A A 8(1—7”) X na o A (523)
Ty
oF) - T r—naolT)| .
T ov0E) =Tl = mao(T)]

These equations show that in the nonrelativistic limit, the Boltzmann equations estab-
lish certain relations between the rates of the various processes, determined ultimately
by number and energy conservation. These equations will prove to be extremely useful

for gaining analytic understanding of our numerical results.
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5.3.4 Fast Reactions and Freezeout

To gain an understanding of the freezeout behavior of our dark sector, it is useful
to understand when processes are occurring at rates fast enough to influence the
freezeout process, and when they cease to be important. For temperatures 7' 2 m,,
the rates of all of the process are generally fast, i.e. the rates of all processes in one
direction are all much larger than the Hubble rate. For example, the 3 <> 2 process

is considered fast when
1 2
an<av y> H(T). (5.24)

While a process is fast, the corresponding terms in square brackets in Eqs. (5.14)
and ((5.15)) will generically be small, e.g. for the 3 <> 2 process,

2

n
nd~ 2Cnng (fast 3 4 2) (5.25)
nao
such that
1 n2,
—(ov?) [n3 — 2X=nan, | ~ Hn, (fast 3 ¢ 2); (5.26)
4 X nao

otherwise, the 3 «> 2 process can change the number densities of both y and A’ within

a time much faster than the Hubble time, until Eq. (5.26) is satisfied.

Similarly, the 2 <+ 2 process is fast when

nx(av)xy_)A/A/ > H(T) , (527)
with
s Mo
ny ~ —5-n, (fast 2 < 2) (5.28)
n3o



such that

s Mg o]
(OV)xsarar [N — P e Hn, (fast 2 <> 2). (5.29)
x,0

Once T' < m,, the number densities of both y and A’ are Boltzmann suppressed
and rapidly decrease. At some point, the forward rates of these processes become
comparable to the Hubble rate, and the process freezes out. For the 3 — 2 process,

this happens when

1 2
an<av )~ H(T) (3 < 2 freezeout) (5.30)
and for the 2 <+ 2 process,

Ny (0V)\goaar = H(T) (2 <> 2 freezeout) . (5.31)

Similar results hold for x¥ — ff, just like in the conventional WIMP scenario.

The approximate relations found in Eqgs. (5.25)) and (5.28) when the 3 <» 2 and

2 <+ 2 processes are fast can be rewritten in terms of the effective chemical potential

iy and par as

JINESNTI (fast 3 <> 2), (5.32)

and

[INESNTYY (fast 2 <> 2) (5.33)

respectively. Note that when both processes are fast, these relations together enforce
fy = par = 0.

For processes that are responsible for transferring heat between the SM and dark
sector, the criterion for when these processes are “fast” depend on how much heat is
generated /removed due to the 2 <+ 2 and 3 <> 2 processes described above. Since the

energy density of the dark sector for T' < m, is dominated by the x as n, > nu,
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the rate of change of dark sector energy density per dark sector particle is given
approximately by m,n, /n,; processes are considered “fast” if they can transfer heat

between the sectors at a comparable rate.

As discussed in Sec. the two most important processes transferring energy
between the two sectors are A’ <+ ff and xf < xf. Let us first focus on the
process A’ <+ ff. In scenarios where both the 3 + 2 and 2 < 2 processes are fast,
the number densities of the dark sector particles are given by n, o(7”) and nao(1”).
When T' > m,, A" + ff is generally fast enough to maintain thermal equilibrium
between the two sectors, so that 7" = T. However, once m, > T, na (1) drops
rapidly, and the number densities of the dark sector n, o(7") and n4 (1) evolve to a

point where

na o

My 1y,0

(5.34)

rm, [ ~
Ty,0 Ty,0

After this point, the term on the left-hand side starts to become small relative to
the right-hand side, and A’ <+ ff becomes ineffective at maintaining both sectors
in thermal equilibrium. Similarly, the dark sector number densities can evolve to a

point where

> !
My Ny oL — T

np{ov0E) o & (5.35)

)
’I’Lx70 T

after which xf <> xf is too slow to maintain thermal equilibrium. Once both
Eq. and have been met, kinetic decoupling occurs, and the dark sec-
tor temperature 7" starts to diverge from the SM temperature T'. Keep in mind that
(0VIE) sy is proportional to (1" — T')/T; the comparison made in Eq. is
therefore between the heat transfer rate when |7" —T'|/T ~ O(1) and the energy lost

due to n, ¢ decreasing.

We are now ready to understand the broad features of the thermodynamic evolu-
tion of the dark sector. There are three thermodynamic phases that the dark sector

in our model may go through:
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1. Thermodynamic phase A: dark sector in thermal equilibrium with the SM. Inter-
actions between the dark sector and the SM allow the two sectors to exchange
heat. If these interactions are sufficiently fast, the dark sector stays in thermal
equilibrium with the SM with 7" = T, and the number densities of y and A’

are simply given by n, o(T") and nas o(T);

2. Thermodynamic phase B: T' # T with zero chemical potential. Once A’ — ff
and xf — xf become too slow, the dark sector kinetically decouples, and
develops a temperature different from 7. The 2 <+ 2 and 3 < 2 dark sector

processes can inject or remove heat from the dark sector. While both processes

are fast, Egs. (5.32)) and (5.33|) enforce p, =~ par =~ 0.

3. Thermodynamic phase C: T' # T, with nonzero chemical potential. If either
the 3 — 2 or the 2 — 2 process freezes out after the SM-dark sector pro-

cesses become slow, x and A’ develop a chemical potential j, (7") and 14/ (7")

respectively, according to either Egs. (5.32)) and (5.33)).

In some parts of parameter space in the models we study, the dark sector goes through
all three phases sequentially; in other parts of parameter space, a nonzero chemical
potential develops once T” starts diverging from T, leading to a direct transition from
phase A to C without spending any significant time in phase B.

Previous studies investigating this model [119, 120] have assumed that the dark
sector only stays in thermodynamic phase A, with Ref. [I19] making the further as-
sumption that na = na o(7T") throughout in their thermally coupled model. However,
we shall see that for values of € as large as 107°, the dark sector does not stay in ther-
modynamic phase A throughout the process of freezeout, changing the dependence
of the relic abundance on the model parameters drastically.

Throughout this chapter, we will mostly be interested in € values that are small,
of order 10™° or smaller. However, if € is too small, the dark sector and the SM
sector need not have been in thermal contact at any point, calling into question the
basic assumption we make that the two sectors start out in thermal equilibrium. To

obtain an estimate for the minimum value of ¢ above which we are guaranteed to
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have the dark sectors in thermal equilibrium at 7" ~ m,, we follow Ref. [124], and
set this minimum value of € to be when the ff — A’ rate exceeds the Hubble rate at
T = my. When this condition is met, A’ particles can be produced at a rate much
faster than Hubble at T" ~ m,, allowing the whole dark sector to come into chemical
equilibrium with the SM prior to the onset of the Boltzmann suppression from A’ and

X going nonrelativistic. This condition can be written as [124]

7T2 m T2

12¢(3) T b~ My’ (5.36)

where ( is the Riemann zeta function, and M, is the Planck mass. Using the expres-
sion for I' in App. [B.I] and setting 7' = m4/, we obtain the following estimate for €.,

the minimum value of € at which thermal equilibrium is guaranteed by 7' ~ m,:

SN\ 1/2
mA) . (5.37)

-9 A
ea ~ 7107 ( Y

In practice, experimental constraints will limit us to values of ¢ > 107%; we can
therefore safely assume the dark sector to be thermally coupled to the SM at 7" ~ m,,
throughout this chapter.

54 15<r<2

We begin our discussion of the freezeout of the vector-portal dark matter model with
1.5 < r < 2. For these values of r, the 2 <+ 2 process freezes out before the 3 <> 2
process. Under the assumption that the dark sector stays in thermodynamic phase
A with T" = T, this regime — which we call the “classic not-forbidden dark matter
(NFDM)” regime — was studied in Ref. [120], and was found to be a viable model for
sub-GeV dark matter with appreciable self-interaction rates and thus the potential
to affect the small-scale structure of galaxies. Here, we explore 1.5 < r < 2 including

the temperature evolution of the dark sector.
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5.4.1 “Classic Not-Forbidden” Regime

For sufficiently small values of € with » = 1.5, the 3 <+ 2 process eventually freezes
out later than xx¥ — ff — the process that controls conventional WIMP freezeout —
and starts to become the main process that controls the final abundance of y. This

transition occurs when

Ny (V) s s7 = H = ni(avz> , (5.38)

i.e. when both processes freeze out at roughly the same time. Using the analytic
expressions for the quantities above, we obtain an estimate for ex/w, the value of €

that sets the boundary between the ‘classic NFDM’ regime and the WIMP regime:

10.75
apy\1/4 20\ "2 my \ Y4 [ f(r) 1/
8 <1_0> <x_f> (Ge\/) 57) 0 039

where zy = m, /Ty, and T is the temperature at which freezeout of either of these

g-(x)\"*
EN/WN2 X 10_5<4—T2)< kel >

two processes occur. g, is the effective number of relativistic degrees of freedom that
enters into the Hubble parameter, H(T) = 1.66gi/ 2(T)T 2/M,;. Further requiring
that the final relic abundance of DM is equal to the observed one today gives a
relation between ap, € and m,. In the WIMP regime, where freezeout is controlled
by XX — ff, the correct relic abundance is obtained when Eq. is satisfied.

This allows us to predict:

1.0 10.75
g*(:L’f) 1/12 20 5/6 f(?”) 1/3
. (ﬁ) (:c_f) (105.7) (5.40)

as the boundary between the conventional WIMP-like regime and the “classic NFDM”

12 (g 1/6
04 (22 ()

regime when the correct relic abundance is achieved.

For € < ex/w, the freezeout of the 3 <+ 2 process determines the abundance of
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DM, and the parameters that generate the correct relic abundance become virtu-
ally independent of e, provided that e is large enough that the system remains in

thermodynamic phase A (i.e. 7" = T') throughout freezeout.

5.4.2 Kinetically Decoupling Relic (KINDER) Regime

As e decreases further, processes that exchange energy between the dark and SM
sectors become gradually less efficient; eventually, thermal equilibrium between the
two sectors is lost even prior to 2 <+ 2 freezeout. This scenario, which we call
the kinetic decoupling relic (KINDER) regime, is starkly different from the “classic
NFDM” regime explained above. Notably, the abundance of DM after freezeout
is governed primarily by when kinetic decoupling occurs, and therefore depends on
both ¢ and ap. With thermal equilibrium between the two sectors lost prior to the

freezeout of dark sector processes, the dark sector now goes through the different

thermodynamic phases described in Sec. [5.3.4]

General Features

In Fig.|5-3] we show the abundances of y and A’, as well as the dark sector temperature
T’ as a function of z for our benchmark parameter values in the KINDER regime:
m, = 10MeV, ap =1, e =4x107%, and r = 1.8. For ease of presentation, we plot the
abundance as m, Y, and m, Y4, where Y; is defined in Eq. . In Fig. we show
the number density and energy density rates for the relevant dark sector processes;
explicitly, these are the terms for each process that appear on the right-hand side of
Eqgs. and divided by n, for number density rates, and the right-hand
side of Eq. divided by n, for energy density rates. At this parameter point
(which is representative of the KINDER regime), the dark sector freezeout proceeds
through the following stages:

1. Kinetic decoupling, transition from thermodynamic phase A to B. While either

xf — xf and A’ — ff occur at rates larger than or comparable to the kinetic
energy production rate of x (i.e. the left-hand side of Eqs. (5.34]) or (5.35) are
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Figure 5-3: Dark sector evolution in the KINDER regime for 1.5 < r < 2, with
parameters m, = 10MeV, r = 1.8, ¢ = 4 x 107® and ap = 1. In all three plots,
thermodynamic phases A, B and C as defined in Sec. are shown in light blue,
yellow and pink respectively. (Top left) x abundance (given as m,Y,) as a function
of x (blue line), with the zero chemical potential abundance at the SM tempera-
ture m, Y, o(7") (green dashed line) and the dark sector temperature m, Y, o(7") (red
dashed line) shown for reference. The observed DM abundance is indicated by the
horizontal black dashed line, as defined in Eq. (5.10). (Zop right) A’ abundance
(given as m,Yy4/) as a function of z (blue line), with Y4/ o(7") (green dashed line) and
Yar0(T") (red dashed line) once again given for reference. (Bottom) The dark sector
temperature 7" (blue line), as a function of the SM temperature (red dashed line).
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Figure 5-4: Rates of change in number density and energy density of the dark sector
in the 1.5 < r < 2 KINDER regime, with m, = 10MeV, r = 1.4, e = 4 x 107® and
ap = 1 In both plots, thermodynamic phases A, B and C as defined in Sec. are
shown in light blue, yellow and pink respectively. (Left) Number density rates for
XXx — XA’ (blue line), yA" — xXx (dark orange dashed line), xyy — A’A’ (green
line), A’A" — xx (red dashed line) are shown, with solid lines indicating processes
that net deplete x’s, and dashed lines indicating processes that net produce it instead.
Also shown are the rates for A’ — ff (purple line) and ff — A’ (dashed yellow line).
The Hubble parameter is shown in the black dashed line. (Right) Energy density rates
for A" — ff (blue line), ff — A’ (red dashed line) and yf — xf (green line), which
has the net effect of heating the dark sector. The rate at which the energy density of
dark matter is changing —m,n, /n, (black dashed line) is shown for reference.
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large compared to the RHS, kinetic equilibrium between the dark sector and SM
particles is maintained at a common temperature T'= T". Once this is no longer
true, i.e. after both xf — xf and A’ — ff become slow, kinetic decoupling
occurs, and 7" begins to diverge from T'. For our benchmark parameter values,

kinetic decoupling occurs when A’ — ff becomes slow, as shown in Fig. .

. Cannibalization in thermodynamic phase B. After this point, both 2 <> 2 and
3 <> 2 processes remain fast, and the dark sector enters thermodynamic phase B,
where 7" # T and p, ~ par =~ 0, since both processes are fast. The net effect of
the dark sector processes is to convert mass to kinetic energy in the dark sector
so as to deplete y, and because this happens after the dark sector has kinetically
decoupled from the SM, the dark sector heats up. This shares many similarities
with dark matter models with a cannibal phase |93, 04, T21H123], but with
two different species involved in the 3 <+ 2 process sustaining cannibalization
instead of one. Like other cannibal DM models, the dark sector particles have
zero chemical potential, and z’ evolves in an approximately logarithmic manner
with respect to x, with Y, evolving slowly. Unlike previous models, however,
the entropy of the dark sector is not quite conserved, with A’ — ff decays
remaining relatively efficient at depositing heat from the dark sector to the SM,
but not fast enough to ensure equal temperatures; we will discuss this point in

more detail below.

. Freezeout of 2 <> 2 process, continued cannibalization. After this point, the dark
sector enters thermodynamic phase C with 2u, ~ pa, since the 3 <+ 2 process
continues to be fast. Both y and A’ develop a nonzero chemical potential in
thermodynamic phase C, and the logarithmic evolution of 2’ and slow evolution
of Y, with respect to = continues until the 3 <+ 2 process freezes out. This
is an extension of the conventional cannibal dark matter scenario that we will

investigate in greater detail below.

. Freezeout of 3 <+ 2 process. Finally, the 3 — 2 rate falls below the Hubble

rate. With no other active number changing processes, the dark matter number
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density n, evolves proportionally to a™>.

Because the slow evolution of Y, takes place from the time of kinetic decoupling
until the freezeout of the 3 <+ 2 process, the DM thermal relic density is governed
mainly by the kinetic decoupling process. In this regime, the vector-portal DM model
therefore shares many similarities with elastically decoupling (ELDER) dark mat-
ter [93], with the main differences being the existence of thermodynamic phase C
mentioned in the last paragraph, and the fact that kinetic decoupling in vector-portal
DM is frequently governed by A’ <+ ff, instead of elastic scattering processes, i.e.
xf < xf. The dark sector entropy is also not fully conserved due to the existence of
A ff.

Similarly to the boundary between the WIMP and “classic NFDM” regimes, we
can estimate the value of € at which we transition from the KINDER regime to the
“classic NFDM” regime, by finding the value of € for which kinetic decoupling and
3 <+ 2 freezeout occur at roughly the same time. We find that A’ <> ff is often the
process that governs kinetic decoupling, and so the boundary between these regimes
occurs at the value of € = e,y where both Eqs. and are satisfied at the
same SM temperature 7. Analytically, we find

3(r—1)
4

~ 107990 —1.6) <O‘_D)
K/N ‘ 1.0

v 1.6 o/4 <l’f)_ﬁ—3 g*(l’f) _%
r 20 10.75

r—3 r—1

e e
y (Gﬂ) (M) (5.41)

My 105.7

as the boundary between the ‘classic NFDM'’ regime and the KINDER regime, with x ¢
denoting the dimensionless inverse temperature at the freezeout of the 3 <+ 2 process.
To obtain an expression analogous to Eq. (5.40|) under the additional assumption that
the correct relic abundance is obtained, i.e. that Eq. (5.10) is satisfied, we need to
understand how the freezeout abundance of DM scales with the model parameters

analytically in the KINDER regime. In the next few sections, we will review each

thermodynamic phase of the KINDER regime, providing where possible an analytic
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understanding of the KINDER freezeout process.

Kinetic Decoupling and Cannibalization

As we discussed in Sec. [5.3.4] kinetic decoupling occurs at the point when both
Egs. and have just been satisfied. We find that kinetic decoupling is
usually controlled by A’ <+ ff, i.e. the condition Eq. is fulfilled after Eq. .
Therefore, for the purpose of analytic estimates, we will assume that this is always
true; our numerical results show that elastic scattering can become the process con-

trolling kinetic decoupling at m,, ~ O(GeV) and large ap.

Let us first obtain an analytic estimate of x4, the dimensionless inverse temper-

ature at kinetic decoupling, to see how it depends on the parameters of our model.
Using the expression in Eq. (5.8) with 77 =T and p, = 0, Eq. (5.34) reads

2 (1-r) QI/Q(Id) m;
)Ty o * X . . .
e 4y 2'2—7"7/2 ML (kinetic decoupling) . (5.42)

For our benchmark parameters in this regime, the value of  where this condition is
met is shown in the right panel of Fig. at the transition between thermodynamic
phases A and B.

After kinetic decoupling the dark sector temperature 7" deviates from the SM
temperature T, as indicated in Fig. -3 while the 2 — 2 and 3 — 2 processes
continue to proceed at rates larger than the Hubble expansion rate. The dark sector
enters thermodynamic phase B, with both the 2 <+ 2 and 3 <+ 2 processes maintaining
chemical equilibrium in the dark sector and forcing the chemical potentials to zero, as
discussed in Sec.[5.3.4l During this phase, the dark sector is cannibalistic, undergoing
a net conversion of mass to kinetic energy in the dark sector, which then causes the

dark sector to heat up.

In the limit where no energy is transferred to the SM, the dark sector entropy
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spa® is conserved. The dark sector entropy density can be approximated as

_ Px T pa+ P+ Pa — pyny — pana
T/
~ X = Mx;,x — pana 7 (5.43)

where in the second line we can neglect pa due to its relatively large Boltzmann
suppression compared to p,, and we used the fact that Py < P, = n, T’ < myn,, for
2’ > 1. Conservation of entropy enforces d (spa®) /dt = 0, with no processes active
between the dark sector and the SM. In this limit, we have p,n, > pana since g,
and pg are of the same order, and p,n, + pana ~ 0, since the fast dark sector
processes are responsible for both setting the chemical potentials and the number
density evolution of the dark sector particles. Making use of Eq. and the
expression of 7, in Eq. , entropy conservation in the dark sector implies the

following relation between 7" and T

Si_m\d L om0 T d@g
T my ) dT" — 2T~ T" my ) dT' \T"

(spa® conserved). (5.44)

In thermodynamic phase B, we have p, ~ pa ~ 0 and m, > 1", giving:

my 3

3
e g 27 (spa” conserved), (5.45)

which we can integrate from 7 = T = m, /x4 up to some dark sector temperature

T’ to get

' ~ x4+ 3log (£> (spa® conserved). (5.46)
Tq

We see that the dark sector temperature 7" is approximately fixed by the temperature

of kinetic decoupling Ty, with 2z’ evolving slowly (logarithmically) with x thereafter.
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If entropy were perfectly conserved, then the corresponding evolution in n, would be
approximately

T3 3

Ny = Ny o(Ty) X 73 (spa” conserved). (5.47)
d

which would indicate an approximately constant n,a® and Y, in phase B.

While entropy conservation arguments are sufficient to get a crude approximation
of the behavior of the dark sector in this phase, the true picture is significantly more
complicated; for example, in Fig. [5-3| while Y, stops exponentially decreasing in
phase B, it is clearly not constant. In Fig. [5-4 we see that the dark sector enters
thermodynamic phase B after kinetic decoupling occurs at around x4 ~ 15 for our
benchmark parameters. After kinetic decoupling, the A’ < ff is no longer fast
enough to keep the dark sector and SM in thermal equilibrium. As a result, the dark
sector begins to heat, as shown in the bottom panel of Fig. [5-3] With the increase in
T’, however, comes an increase in n 4/, which also increases the rate at which energy
density is transferred by A’ — ff to the SM. As a result, the energy density transfer
from the dark sector to the SM remains relatively large even after kinetic decoupling;
this can be seen in Fig. [5-4] which shows that this rate stays close to the rate of change
of the dark sector energy density per x particle, given approximately by m,mn, /n,,.

Dark sector entropy is thus not quite conserved.

A better analytic understanding for the dark sector evolution thermodynamic
phase B can be obtained from the argument above: since T" always evolves in such
a way as to keep A’ — ff relatively efficient at transferring energy from the dark

sector to the SM, we find that

Uy mxhx

mA/F

(5.48)

n n

X X

Thermodynamic phase B is characterized by zero chemical potentials for both species,

i.e. ny =~ n,o(1"), and likewise for nys. Given the expression for n, in Eq. (5.8), this
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Figure 5-5: 1.5 < r < 2] KINDER regime comparison between the improved analytic
estimate of 7" (red dashed line) using Eq. in thermodynamic phase B and
Eq. in phase C and the full numeric calculation from the Boltzmann equations
(blue line). We also show the predicted temperature assuming dark sector entropy
conservation, using Fq. in phase B and Eq. in phase C is given by the
purpled dashed line. The SM temperature T is shown for reference (black dashed

line), with the thermodynamic phases A, B and C marked in light blue, yellow and
pink.

approximation gives

3 , 3 dx’
ZFT5/26(1—T)1 ~H (2_; 4 JJ) % . (5.49)

Taking 3z/22" < z and z*H (x) ~ x3H(z4), this differential equation is easily inte-
grated to get

3Tr52(r — 1)elt—")ea
log |1+ = 2_2H| . 5.50
o8 |14 g @ a6

¥~ g+

r—1

Fig. shows the comparison between this analytic temperature evolution and the
numerical evolution computed directly from the Boltzmann equations. We see that
the analytic result assuming entropy conservation overestimates the temperature
somewhat, since it neglects the transfer of energy to the SM, and our modified analytic

estimate is in better agreement with the phase B numerical results.

As we indicated earlier, a very similar logarithmic evolution of 2’ in a kinetically

decoupled dark sector with zero chemical potential has already been found in other
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dark sector models [93), 04, 121H123]. However, as discussed above in Sec. in the
dark photon model parameter space we are studying, a second stage of cannibalization
begins when the universe expands and cools to the point where the 2 <+ 2 process

freezes out.

2 <+ 2 Freezeout and Continued Cannibalization

The 2 <> 2 process freezes out when the yy — A’A’ rate falls below the Hubble
expansion rate, triggering a nonzero chemical potential in the dark sector; this is
indicated on the left panel of Fig. by the transition from phase B to C. We will
label the temperatures of the SM and dark sector at which 2 <> 2 freezeout occurs as

T5 and Ty respectively, and correspondingly x5 and .

To understand the behavior of the dark sector in this phase analytically, we rely
on Eq. (5.21)) and drop the contribution from elastic scattering, which is unimportant

by the time the dark sector is in thermodynamic phase C. This gives

2
) r Y0
Ty + 3HnX ~ m<0’7]2> [ni - nj;’onan/] (551)
for the xy number density evolution, and
o 1 2 3 n?{vo
na + BHTLA/ ~ —m<av > TLX — nA,’OnXTLA/ -T [nA/ — nA/’()(T)] . (552)

for the A’ number density.

In general, provided that the dark-sector number densities n; (i = x, A’) are such
that they would be in a steady state in the absence of the cosmic expansion, their
time derivatives will be parametrically controlled by H and can be approximated
as being of order Hn; (the prefactor, of course, being important to the details of
the solution). During the two cannibalization stages, when the comoving number

density evolution is slow, we furthermore expect the prefactor to be an O(1) number.
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Therefore, Eq. (5.51)) shows that:

2
N T 2y |3 "0
HTZX ~ m(g?} > |:77/X - nA,,OanA,:| . (553)

The 3 <+ 2 term on the right-hand side of Eq. (5.53)) also appears in the Boltzmann
equation for A’ shown in Eq. (5.15)); however, since in general n4 < n,, we see that

2

1 2y |3 _ X0
S — / Hny . 5.54
S0 = 1)(071 ) [nx nA',Onan:| > Hny (5.54)

In the parameter space of interest for obtaining the correct relic abundance in ther-
modynamic phase C, we generally have I' > H by the time 7" ~ m,, as well as

na > TLA/70(T), i.e.
F(TLA/ — TLA/70) ~ F’rLA/ > HTLA/ . (555)

As we argued above, we expect the right-hand side of Eq. to be on the order of
Hn 45 since both terms on the right-hand side are large compared to Hn 4/, we expect
these terms to be comparable in magnitude. Given that the 3 <> 2 rate is on the
order of Hn, as shown in Eq. , we therefore arrive at the following important

approximate relation that is valid in phase C:

n2

r 2 3 x,0
B — — |~ Hn, ~rl'ny . 5.56
S0 — 1)<O'U ) [nx nA/,onan] ny = rl'ng ( )

How well the last approximation in the equation above is satisfied determines the
accuracy of our analytic results: in Fig.[5-4], we see that this approximation is satisfied

up to a factor of 3 throughout phase C.

In thermodynamic phase C with a fast 3 <+ 2 process, recall from Eq. (5.32)) that
the chemical potentials of y and A’ are related by pa ~ 2u,. We can therefore

rewrite Eq. (5.56]) as

4

_ _ r_ 7 rI’
4 372 (=12 /T o

3 H(T)

(5.57)
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Figure 5-6: 1.5 < r < 2, KINDER regime comparison between the analytic estimates
of y1,, (orange dashed line) and 14/ (red dashed line) based on Eq. (5.66) and par = 24,

with the numerical y, (blue line) and 4 (green line) based on integrating the full
Boltzmann equations.

At the point of 2 — 2 freezeout, with the dark sector and SM temperatures being 7

and T3 respectively, we still have i, (73) = 0, and so we have

fr—g/ze(r—m; ~ rk
3 H(Ty)’

(5.58)

from which we finally obtain the following approximate relation for 1, as a function

of T and T":

To obtain a full, analytic understanding of the dark sector evolution, we now need
to determine 7" as a function of T after 2 — 2 freezeout. We can once again obtain a
rough approximation by taking the dark sector entropy to be conserved, in which case
Eq. determines the evolution of 7" as a function of 7. In order to get analytic
control of the temperature evolution, we can make the approximations 7" < m, and
ty, K my; the latter condition is true early in phase C since the chemical potential

starts at zero. Using the expression for 1, /7" derived in Eq. (5.59)), we find

% conserved). (5.60)
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After 2 — 2 freezeout, for values of r that are not too close to 2, we typically have
2(2 —r)2’ > 1, and so we may drop the first term in the equation above to find that

dT my T

o (2—1) T2 3 conserved). (5.61)

(spa

We may integrate this approximate expression to obtain

/ /
T = T+
279

- T )

log (ﬁ) (spa® conserved). (5.62)

which shows that even during thermodynamic phase C with a nonzero chemical po-
tential in the dark sector, the dark sector temperature 7" still evolves logarithmically
with the SM temperature T. After the freezeout of the 2 <+ 2 process, the 3 <> 2
process alone is sufficient to maintain cannibalization of the dark sector, even though
a nonzero dark chemical potential y has developed. This second stage of cannibal-
ization which occurs in the KINDER scenario is an extension of the conventional
cannibalization scenario. It is a critical part of the thermal history of KINDER,
because it ensures that after 2 <» 2 freezeout and before 3 <+ 2 freezeout, the dark
sector temperature 7" and comoving number density (n,a®) continue to evolve slowly,
as Fig. shows, remaining mostly fixed by their values at kinetic decoupling. We

will explore this slow evolution of n, in more detail in Sec. [5.4.2

As before, entropy conservation is not strictly obeyed due to the fact that A" —
ff remains quite efficient at transferring energy from the dark sector to the SM; a
more sophisticated analytic understanding can once again be attained by examining
the Boltzmann equations closely. First, with elastic scattering being unimportant,
Eq. shows that there is an approximate relationship between the 2 <+ 2 and

3 <> 2 rates that is applicable even after 2 <+ 2 freezeout:

2

2
a0 2—r "0
<O-,U>A/A’—>XY |:7’L?4/ - ’n,i’o ni] ~ 8(1—_T)<0'”U2> |:’n,i — nz/’o nan/] . (563)

As we argued in Eq. (5.53), the 3 <> 2 rate is comparable to Hn,, which leads us to
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conclude that

2
Uy 2—r
<O-U>A,A’—>XY |:’I’L124/ — nT/’Oni} ~ THTLX . (564)
x;0

This expression demonstrates that just after the point of 2 <> 2 freezeout, defined in

Eq. (5.31)), the xyx — A’A” and A’A" — xX rates remain close to each other, until

2—r

H. (5.65)

N (OV) s ar

The fact that these rates are close even after 2 <+ 2 freezeout can be seen in Fig. [5-4]

immediately after the transition between phases B and C.

Before the condition in Eq. is satisfied, we must therefore have p, ~ 14 as
well, which together with the fast 3 <+ 2 requirement that s ~ 24, maintains the
chemical potential of the dark sector at approximately zero. Moreover, temperature
evolution continues to obey the temperature evolution derived in phase B, shown in
Eq. . Eventually, n, decreases to a point where Eq. becomes satisfied at

some SM temperature T}, and corresponding z,, = m, /T),.

Above z,,, the previous argument used to obtain Eq. (5.59) can be used to obtain

a similar expression:

1
%%(T_l)mx{

e ARl (560

and the condition shown in Eq. (5.56) reduces the x number density evolution to the
following compact form:

Ny + 3Hn, >~ —rTny . (5.67)
Using the expression for n, found in Eq. (5.8)) as well as the expression for the chemical
potential derived in Eq. (5.59), we obtain

3 m]dT 1 T 3 ,
— 2 _ )X ~ o 2y3/2,(=r)my /T 5.68
o T | r =T HT)T4 © ’ (5.68)
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If we make the approximation that 3/2 < (2 — r)m, /1", we can integrate this

expression to obtain

1+C €T
'~ log [ = 5.69
v gt (). (5.69)
where
TF 3 ’
C = Zp3/2o(mr)y, 5.70
HT)4 °© (5.70)

Compared to the estimate for 2/ in phase C obtained using entropy conservation in
Eq. , we see that this more sophisticated analytic treatment (i) correctly iden-
tifies the delay in the onset of a nonzero chemical potential, and (ii) introduces a
correction to the temperature evolution encapsulated by the factor C' (C' ~ 3.4 for
our benchmark parameters). The result of our analytic estimate for the temperature
is shown in Fig. [5-5 and shows reasonable agreement with the fully numerical solu-
tion, up till the complete freezeout of the dark sector at = ~ 200. The agreement
between the analytic estimate and the numerical result deteriorates at larger x as the
approximation Hn, ~ r['ny becomes poor (we should only expect them to be equal
up to an O(1) factor). The result for our improved analytic estimate for the chemical
potentials using Eq. is shown in Fig. and shows good agreement with the

numerical results.

3 — 2 Freezeout and Relic Abundance

Cannibalization of the dark sector continues until the universe expands and cools to
the point at which 3 <+ 2 annihilations freeze out at temperature T3 (and correspond-
ing x3). This marks the freezeout of DM x, at 3 ~ 200 for our benchmark KINDER
parameter point, as demonstrated in Figs. and -4} After freezeout, the comoving
DM abundance Y, settles to its constant relic value, and the dark sector temperature

begins to evolve as T" oc T2, as expected for a completely decoupled nonrelativistic

fuid.
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Given the analytic estimates derived in the previous sections, we can now obtain
an analytic estimate for the number density of DM particles at 3 <> 2 freezeout, given
by the condition shown in Eq. . We use the assumption of dark sector entropy
conservation for simplicity, although a similar conclusion can be reached by using the

more accurate analytic results described previously.

The number density of DM at freezeout can be written given the chemical potential

in Eq. (5.59), giving

m2 5/2 .’I)2 / /
ny(T3) ~ 4 ( X ) 22 p(r=m o1y (5.71)

/ 2
2mxy T3

However, the approximate expression for the temperature evolution in thermody-

namic phase C found in Eq. (5.62) allows us to rewrite this as

T/ 3/2 3 ,
ny (T]) ~ 4 (m> 12 —af (5.72)
x

3
2m 3

Finally, using the expression for the temperature evolution during thermodynamic
phase B in Eq. (5.50), we can rewrite z7, in terms of z,4, the dimensionless inverse

temperature at which kinetic decoupling occurs, giving

m2 3/2 23
ny(Ty) =~ 4 (27&3) e Tl (5.73)

This remarkable expression shows explicitly that the freezeout abundance is mostly
controlled by kinetic decoupling, being exponentially sensitive to x4, up to small

power law corrections.

Since the temperature of the dark sector evolves logarithmically after kinetic de-
coupling, we can make the approximation x5 ~ x4 in Eq. (5.73). Substituting the
resulting expression into Eq. (5.30]), we obtain the following estimate for n, at freeze-

out:

91/2(1' ) !
T ~ 8.2 wa/2 [ > \73) . 5.74
nx( 3) € IEde1<002> ( )
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We are now ready to obtain an analytic estimate for ex/n as shown in Eq. ,
when the “classic NFDM” regime transitions into the KINDER regime in the ap—¢
plane, but now with the requirement that the correct relic abundance is achieved
by choosing m,, appropriately at each point in this parameter space. At the regime
boundary, kinetic decoupling and 3 — 2 freezeout occur at roughly the same time,

i.e. ry ~ r3. Combining the requirement shown in Eq. (5.10) for the correct relic
abundance of x with Eq. (5.74) gives

()~ (D) (5) () T (h)” e

Note that typical values of x4 are x4 ~ 18.5 for m, ~ MeV and x4 ~ 23.4 for

m, =~ GeV. Substituting this expression into Eq. (5.41)) leads to

1.6\
ex /N ~ 4 X 10~8¢10-5(r—1.6) (_)
"

x <g*,s<xd>) N (g*<xd>)?’lf
10.75 10.75
g\ T fap\"/2 [ f(r) r/6
X<%> (1_.0> (105.7> - (5.76)

Summary of regimes and boundaries for 1.5 < r < 2

Fig. [5-7| shows the e-ap parameter space of this model with 1.5 < r < 2, with
contours at fixed values of m, indicating the values of € and ap for each m, at which
the observed relic abundance of Q,h? = 0.12 is obtained. We show r = 1.6 and
r = 1.8 as two examples for this range of r values. The three different regimes that
we have discussed in this section — the WIMP, “classic NFDM” and KINDER regimes
— are shown in this parameter space, with the boundaries between the regimes given
by ex/w defined in Eq. between the WIMP and “classic NFDM” regimes, and
by ek /n defined in Eq. between the “classic NFDM” and KINDER regimes.

For large € values above ey/w, the contours follow a constant value of e2ap, the

parameter combination that appears in the expression for <UU>XY _, s7; this corresponds
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Figure 5-7: Contours of the observed relic abundance (2, = 0.12) in the ap—€ plane
for 1.5 S r < 2, for (left) r = 1.6 and (right) r = 1.8, for various values of m,. The
KINDER regime (pink), “classic NFDM” regime (orange) and WIMP regime (blue)
are indicated, with the boundaries obtained using Eq. for the WIMP /“classic
NFDM” boundary and Eq. for the “classic NFDM”/KINDER boundary.
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to the WIMP regime.

Below ex/w, the freezeout of the dark sector transitions into the ‘classic NFDM’
regime, with the dark sector remaining in thermal contact up till the point of freeze-
out, and with the abundance controlled solely by when the 3 <+ 2 process freezes out.
Consequently — as previously discussed in Sec. — the correct relic abundance
does not depend on € and is only determined by the value of ap, leading to vertical
contours.

For yet smaller values of €, we eventually encounter the NFDM-KINDER boundary
ex/N. Within the KINDER regime, the dark matter abundance is determined by
the kinetic decoupling process; over much of the parameter space this process is
controlled by A’ < ff, which only depends on ¢, leading to roughly horizontal
contours of approximately constant e. At larger values of m,, the elastic scattering
process (which depends on ap) becomes more important, and starts to play a bigger

role in determining when kinetic decoupling occurs.

55 1<r<L5

We will now focus on the behavior of the dark sector when 1 < r < 1.5, For
these values of r, the 2 <> 2 process freezes out after the 3 <> 2 process, leading
to qualitatively different behavior in the dark sector. Solving the full Boltzmann
equations given in Egs. f reveals a rich and complicated picture, with
both the freezeout of DM and the temperature of the dark sector showing drastically
different behavior depending on the parameter values.

For € 2> 107*, the dark sector is once again in the WIMP regime, and freezes out

via xX — ff. For smaller values of €, we find four different regimes when 1 < r < 1.5:

1. Regime I: the “classic forbidden” scenario. e is large enough that A’ < ff
is fast, so that na =~ nao(T); furthermore, xf — xf elastic scattering is
sufficiently fast to ensure that the dark sector temperature is nearly equal to
the SM temperature throughout the freezeout. The dark sector stays in ther-

modynamic phase A until the 2 <> 2 process freezes out, and no dark sector
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number-changing processes remain. This regime is precisely the limit studied

in Ref. [119].

2. Regime II: na = nao(T), slight cooling. At slightly smaller values of ¢, the
process A’ ¢+ ff is still fast enough to maintain na ~ na (7). However, this
condition is insufficient to keep the dark sector in thermal contact with the SM,
which cools due to the net conversion of kinetic energy in x particles into rest
mass of the heavier A" particles through yy — A’A’. In regime II, € is large
enough for the elastic scattering process, xf <> xf, to transfer some heat from

the SM to the dark sector, slowing the cooling.

3. Regime III: na = ny o(T), rapid cooling. Going to still smaller values of e,
the A’ < ff process is still fast enough to lock the number density of A’ to
nao(T), but xf — xf is too inefficient to transfer any heat from the SM to the
dark sector at any point after 3 <> 2 freezeout. In this limit, the rate of cooling
is independent of ¢, and the dark sector cools in a manner that only depends

on ap.

4. Regime IV: KINDER. For the smallest values of € that we consider, kinetic de-
coupling of the dark sector from the SM occurs while both the 3 — 2 and 2 — 2
processes have rates that are much faster than Hubble. This shares many of the
features of the KINDER regime discussed for 1.5 < r < 2: the dark sector first
enters thermodynamic phase B with zero chemical potential and logarithmic
evolution of 7" with respect to T, and then transitions to thermodynamic phase

C after 3 < 2 freezeout.

We will first discuss the broad features of how the dark sector temperature evolves
for 1 < r < 1.5, before examining each of these regimes in turn, focusing on getting

some analytic intuition for them. All of our results are once again obtained by solving

the Boltzmann equations, Egs. (5.14)— (5.16]), numerically.
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5.5.1 Dark Sector Temperature Evolution

In Regime I, the “classic forbidden” DM regime, the temperature evolution of the
dark sector is trivially given by 7" = T'. For the other regimes, the 3 <+ 2 freezeout

divides the dark sector temperature evolution into two important phases.

Temperature Evolution Before 3 <+ 2 Freezeout

In Regimes II and III, while both the 2 <» 2 and 3 <> 2 processes are fast, the
simultaneous conditions imposed on the chemical potentials shown in Egs.
and are satisfied only if p,, = pa ~ 0. At the same time, € is large enough
such that na = na o(T); therefore, we must have n, = n, o(7") as well, i.e. 7" = T.
Prior to 3 <> 2 freezeout, Regimes II and III thus stay in thermodynamic phase A.
For the KINDER-like Regime IV during this phase, the temperature evolution is

identical to the KINDER regime with 1.5 < r < 2, with 7" = T prior to kinetic

decoupling, and the dark sector entering thermodynamic phase B once decoupling
occurs. While in thermodynamic phase B, the dark sector particles have zero chemical

potential, and the temperature evolves as in Eq. (5.50)).

Temperature Evolution After 3 <> 2 Freezeout

Once the 3 <> 2 process freezes out, the only process which depletes x particles
is xx — A’A’. This process converts lighter y particles into heavier A’ particles,
removing kinetic energy from the dark sector, resulting in a cooling of the dark sector.
The 2 <+ 2 process enforces i, ~ a4, which start to take on nonzero values.

As we derived in Sec. [5.3.3] the Boltzmann equations enforce certain relations
between the rates of the 3 < 2 process, the 2 <> 2 process, A’ <+ ff and elastic
scattering in the nonrelativistic limit. As shown in Eq. , we can approximately
express the number density evolution of y particles purely in terms of the elastic
scattering rate and the 3 <> 2 rate. In Regime III, the number density evolution
between 3 <> 2 and 2 <> 2 freezeout is dominated solely by the 3 <+ 2 rate, with the

elastic scattering term being negligible. Since the 3 — 2 rate has dropped below the
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Hubble rate in this phase, Regime III is characterized by n,a® being approximately
constant, with the dark sector temperature being dependent only on the 3 — 2
rate. In Regime II, the number density evolution is instead dominated by the elastic
scattering rate before 2 <+ 2 freezeout, leading to more rapid evolution of n,, and
less deviation of 7" from the SM temperature. In the limit of large elastic scattering,
Ny — Ny o(1") with 7" — T, which is the condition found in Regime I.

To understand the behavior of Regimes II and III more quantitatively, we can

expand 7, in Eq. (5.21) using Eq. (5.8)) to obtain

3 my d opy\|dT”
+om g (7

27" 172 AT’ dTl
3 r 2\ |2 ni,o
=T " sa=nar" ") {nx g
ny
b (GubE) . (5.TT)
(1—7r)m, HT XX

In Regimes II and III, approximations for p, /7" after 3 — 2 freezeout can be

found. In these regimes, the value of € is large enough such that

rm, T\ %/ T
na ~ nA’,O(T) =3 ( 2; ) eirmX/ . (578)

We emphasize, however, that the dark sector temperature 7" is not equal to T'; rather,
the chemical potential 4 evolves in such a way as to maintain the relation above.
The xx — A’A’ process removes kinetic energy from the dark sector, and the exact
evolution of 77 depends on the efficiency of the heat exchange processes between the
dark sector and the SM. Writing out the full expression for ny in Eq. and
making use of the fact that while the 2 — 2 process is the only process that is fast,
Eq. must hold i.e. 1, = pas, we find that the chemical potential must satisfy

the following relation:

/

3/2
eNX/T/ ~ eMA’/T/ ~ (Q?_) e—r(z—a:’) . (579)
X

Furthermore, the ratio of n, and n4 is completely specified by 2’ since the chemical
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potentials cancel out:

Ty 4 —3/2 (r—1)z'

— = : 5.80

w3l (5.80)
Egs. (5.79) and ((5.80) show that given 7" as a function of 7', we will be able to obtain
n, and ns as a function of the SM temperature in Regimes II and III. Eq. ((5.79)
provides an expression for y, /7", which combined with Eq. (5.77) gives an expression
for 7" as a function of T" after the freezeout of the 3 <+ 2 process, with na (7") ~

’I’LA/,0<T)Z

(1- )%dT’ Tmy i
T2 dT T2 2T
2
B r o 2 o
8(1— r)HT<UU ) {"X nA,,O"A]
ny
_— oF . (b.81
+ (1 o T)mXHT <UU >Xf_>Xf ( )

If we make the further approximation that m, > T,T", this equation takes a partic-

ularly simple form,

dar oy T 37
aT “r =172 2(r —1)m,T
1" n |2 ni,O
T 8(r— )ZHm, T v {"X - nA,70"A’]
nfT/2

+

(T — 1)2HTm§< <UU§E>Xf—>Xf . (582)

We note that the second term on the right-hand side is typically smaller than the

term before it since 7' < m,,, but has been included to improve the accuracy of this
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analytic result. In terms of 2’ and x, we have

de’ r 3
de ~r—1 20r—1)z
2
B r oy |2 o
S(T — 1)2H£L' <UU > |:nx nAlyonA:|
ny
oF . (5.83
+ (7" _ 1)2mXH$ <UU >Xf—>Xf ( )

The relative importance of each term on the right-hand side of Eq. , which
governs the temperature evolution after 3 <+ 2 freezeout, separates Regimes I-III.
Since the 3 < 2 term is typically less than O(1), the different regimes are distinguished
by how large the elastic scattering term is compared to r/(r — 1). In Regime I,
throughout the period between 3 <+ 2 freezeout and 2 <+ 2 freezeout, we have

m2

H
n(oVOE) oy > 1(r —1) sz(T’ —T) (Regime ), (5.84)

keeping in mind that ns(cvdE), sy x (I" = T) (see Eq. (B.16) for an expression
for (cvdE)y ). The fast elastic scattering enforces 7" ~ T', the assumption of the

“classic forbidden” regime. In Regime II, we have instead

Hm?
T2X (T"—T) (Regime II) (5.85)

np{ovdE)y sy ~r(r—1)

at some point between the two dark sector freezeout events. In this regime, since
ng(ovdE)y sy x (I" —T), the dark sector begins to cool immediately after 3 — 2
freezeout, but once T” starts differing significantly from 7', the elastic scattering term

becomes large enough to slow the cooling process.

Finally, in Regime III, between the 3 <+ 2 and 2 <> 2 freezeout events, we always

have

2

Hm, .
np(OVOE)y fon s K 1(r — 1) T (T" —T) (Regime III), (5.86)

This is the limit where the elastic scattering process is too inefficient to transfer heat
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Figure 5-8: Chemical potential in the dark sector in Regimes II and III. Here, we
choose a set of benchmark parameters (m, = 10MeV, r = 14, ¢ = 107° ap =
0.03) within Regime II, but a similar result is obtained in Regime III as well. The
numerically computed chemical potentials of x (blue line) and A’ (red line) are shown,
together with the analytic result from Eq. (orange dashed line).

between the two sectors, and therefore the dark sector cooling is rapid and becomes

independent of e.

5.5.2 Regime Boundaries and Characteristics

We will now describe some general characteristics of each regime, providing where
we can an analytic description of the dark sector freezeout process. We also explain
how to numerically estimate the value of € on the ap—e plane at which the boundary

between the regimes is located.

Regime 1

For € > 107%, freezeout of the dark sector is controlled by xXx < ff, corresponding
to the conventional WIMP regime. For values of € smaller than this, we enter regime
I, the “classic forbidden” regime, with 7" = T until the final freezeout of the dark
sector. This regime was studied in Ref. [119], where they showed that the dark sector
freezeout is determined entirely by when the 2 <» 2 freezeout occurs, a purely dark
sector process which is independent of e.

The “classic forbidden™WIMP boundary occurs when the 2 <+ 2 dark sector pro-
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cess freezes out and approximately the same time as yx — ff, i.e.

(WIMP/1) . (5.87)

Ny (0V) \xsaa = H = n(ov) o, 5

If we further require the freezeout to produce the observed relic abundance and fulfil
Eq. (5.10)), we obtain the following analytic estimate for ewnp,1, the value of € at the
WIMP /Regime I boundary, and specializing to r = 1.4 for illustration:

1/14 3/7 1/7
ewnvpr ~ 4 x 107 (Q_D>3/14 _g*(xf) / 20 / —9*75(!17]0) / (5.88)
/ 1.0 10.75 ) 10.75 ’

where z; ~ 20 gives the temperature of freezeout of both the 2 <+ 2 and the xx <> ff
processes.

At the low-€ end of Regime I, the elastic scattering energy transfer rate becomes
gradually small enough such that Eq. is no longer satisfied at all points between
3 <> 2 freezeout and 2 <> 2 freezeout, and the dark sector transitions into Regime
II. The boundary between Regimes I and II is therefore marked by when the elastic
scattering condition for Regime II, Eq. , becomes fulfilled just as 2 — 2 freezeout

occurs, i.e.

H(T2>m2
T2 X (TQI - TQ) )
2

nx(av)xy%A/A/ =~ H(Tg) (I/II) s (589)

n(oVOE) foyy 2 1(r—1)

where Ty and T3 are the SM and dark sector temperatures at 2 — 2 freezeout.
Note that both (0v0E), ;s and (ov),x—aar depend on 7" and T”. Together with
Eq. (5.10) for the relic abundance, we can obtain a numerical estimate for e/, the

value of € as a function of ap at the boundary between Regimes I and II.

Regime II

Regime II is characterized by Eq. (5.85]) between 3 <+ 2 and 2 < 2 freezeout, which

ensures that 7" < T due to the xyx — A’A’ process, but with some heat being
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Figure 5-9: Dark sector evolution in Regime II for 1 < r < 1.5, with parameters
m, = 10MeV, r = 14, ¢ = 107% and ap = 0.03. In both plots, thermodynamic
phases A and C as defined in Sec. [5.3.4] are shown in light blue and pink respectively.
(Left) x abundance (given as m,Y,) as a function of x (blue line), with the zero
chemical potential abundance at the SM temperature m, Y, o(7") (green dashed line)
and the dark sector temperature m, Y, o(7”) (red dashed line) shown for reference.
The observed DM abundance is indicated by the horizontal black dashed line, as
defined in Eq. (5.10). (Right) The dark sector temperature 7" (blue line), as a function
of the SM temperature (red dashed line). The A’ abundance evolves trivially as
na = nao(T) in this regime.
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Figure 5-10: Rates of change in number density and energy density of the dark sector
in Regime II for 1 < r < 1.5, with parameters m, = 10MeV, r = 1.4, ¢ = 107% and
ap = 0.03. In both plots, thermodynamic phases A and C as defined in Sec.
are shown in light blue and pink respectively. (Left) x Number density rates for
XXx — XA’ (blue line), yA" — xXx (dark orange dashed line), yy — A’A’ (green
line), A’A’ — xxX (red dashed line), A’ — ff (purple line) and ff — A’ (yellow
dashed line) are shown. The Hubble rate is shown as a black dashed line. (Right)
Energy density rates for A’ — ff (blue line), ff — A’ (red dashed line) and x f < x f
(green line), which has the net effect of heating the dark sector. The rate at which

the energy density of DM is changing —m,n, /n, (black dashed line) is shown for
reference.
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transferred from the SM to the dark sector to impede the cooling of the dark sector
due to xf — xf. At the same time, the decay rate I' is large enough such that n4 =~
naro(T) throughout the freezeout of the dark sector. This condition immediately
determines the chemical potentials p,, given analytically by the expression Eq. ,
as well as piar =~ p,. In Fig. we show this analytic result in comparison with the
numeric calculation of the chemical potential, for our Regime II benchmark point
of my = 10MeV, r = 1.4, ¢ = 107% and ap = 0.03. Note that the agreement
deteriorates rapidly once 2 <> 2 freezeout occurs at x ~ 21, after which the DM
particle has completely frozen out, and the assumption that p, ~ pa breaks. A

similar result is obtained in Regime III as well, where n4 &~ na o(7") also holds.

Fig.[p-9shows the evolution of the y number density and 7" at the same benchmark
parameters. nas evolves trivially as naso(7), and therefore need not be separately
plotted. Since a chemical potential develops immediately after the dark sector kineti-
cally decouples from the SM at the point of 3 <+ 2 freezeout at x ~ 15, the dark sector
passes from thermodynamic phase A to C directly. The characteristic cooling of the
dark sector is apparent in the right panel of Fig. , and is governed by Eq. . In
this regime, this differential equation does not appear to be analytically integrable; we

show only the numerical result, obtained directly from the full Boltzmann equations.

In Fig. [5-10, we show the number density and energy density rates of all relevant
dark sector processes. The transition between phases A and C occurs at roughly
x ~ 15, when the backward and forward 3 < 2 rates cease to be approximately
equal. This occurs when the 3 — 2 rate is still much larger than the Hubble rate,
due to the relation between the rates of the 3 <+ 2 and 2 <+ 2 processes enforced by
Eq. , where the 2 <+ 2 rate being of order Hn, allows the 3 <+ 2 total rate to
be much larger than the Hubble rate. Once the dark sector transitions into phase C,
we see that the elastic scattering energy density rate per y particle becomes just a
factor of a few smaller than —m,n, /n,, meeting the Regime II criterion laid out in
Eq. (5.85). This shows that a significant amount of heat is transferred from the SM
to the dark sector, slowing the cooling rate compared to what happens in Regime III,

which we will discuss next.
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Within Regime 11, as € decreases still further, Eq. is met increasingly earlier,
leading to a colder dark sector due to the diminishing ability of x f — xf to heat the
dark sector. Eventually, the condition Eq. is only met at the point of 3 — 2
freezeout, and no significant amount of heat is transferred to the dark sector after

that. This marks the boundary between Regime II and III, i.e.

]{(,Tlg)’mf< ,
np(OVOE) gy 2 1(r = 1) —— (I3 = Tp),
3
1
Zniva} ~ H(T3) (I1/111) (5.90)

where T3 and T3 are the SM and dark sector temperatures at 3 <> 2 freezeout respec-
tively. An analytic estimate for ejj /i1, the value of € when these two conditions are

satisfied, is
2 (1.0 [ g«(xy) 1/
~8x 1077 | =
riym ~ © X (aD)(1o.75
rN32 (1 —1\"? My \Y2 rxp\3
— — . 91
X(1.4> (0.4) (Ge\/) (20) (5:91)

Once again, combining the boundary conditions shown above with the observed relic

abundance in Eq. (5.10) allows us to eliminate m, and z; from the expression above
numerically. This numerical expression for eyy/;; forms the boundary between Regimes

II and III.

Regime III

Fig. [5-11] shows the evolution of the y-abundance and the dark sector temperature
in Regime III, for our benchmark parameters in this regime, m, = 10MeV, r =
14, ¢ = 3 x 107% and ap = 0.13. In Fig. [5-12| we show the number density and
energy density rates per y particle through the dark sector freezeout. In this regime,
the dark sector temperature once again cools rapidly after 3 — 2 freezeout and
enters thermodynamic phase C; unlike Regime II, however, elastic scattering plays

no significant role in influencing this evolution between 3 <+ 2 freezeout and 2 <> 2
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Figure 5-11: Dark sector evolution in Regime III for 1 < r < 1.5, with parameters
m, = 10MeV, r = 14, ¢ = 3 x 107® and ap = 0.13. In both plots, thermodynamic
phases A and C as defined in Sec. [5.3.4] are shown in light blue and pink respectively.
(Left) x abundance (given as m,Y,) as a function of x (blue line), with the zero
chemical potential abundance at the SM temperature m, Y, o(7") (green dashed line)
and the dark sector temperature m, Y, o(7”) (red dashed line) shown for reference.
The observed DM abundance (Q,h* = 0.12) is indicated by the horizontal black
dashed line, as defined in Eq. (5.10). (Right) The dark sector temperature T (blue
line), as a function of the SM temperature (black dashed line). An analytic estimate

for T", given in Eq. (5.93)), is shown by the red dashed line. The A" abundance evolves
trivially as na = na o(7) in this regime.
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Figure 5-12: Rates of change in number density and energy density of the dark sector
in Regime III for 1 < r < 1.5, with parameters m, = 10MeV, r = 14, e = 3 x 107®
and ap = 0.13. In both plots, thermodynamic phases A and C as defined in Sec.
are shown in light blue and pink respectively. (Left) x Number density rates for
XXx — XA’ (blue line), yA" — xXx (dark orange dashed line), yy — A’A’ (green
line), A’A’ — xxX (red dashed line), A’ — ff (purple line) and ff — A’ (yellow
dashed line) are shown. The Hubble rate is shown as a black dashed line. (Right)
Energy density rates for A’ — ff (blue line), ff — A’ (red dashed line) and x f — x f
(green line), which has the net effect of heating the dark sector. The rate at which

the energy density of DM is changing —m,n, /n, (black dashed line) is shown for
reference.

190



freezeout, as can be seen in the right panel of Fig. [5-12| The dark sector temperature
evolution after 3 <» 2 freezeout can be obtained by setting (cvdE) — 0 in Eq. ((5.83))
and neglecting the 2 — 3 rate (which is much smaller than the forward rate after

3 — 2 freezeout), i.e.

dx’ r 3 r -
dz - - : 92
de “r—1 2(r—1)z 8(r—1)2Hx (ov*)n;, (5.92)

Given the approximation for the chemical potential x, in Eq. (5.79)), this differential

equation can be integrated exactly, starting from z3 = x4, to give

o s+ — (x — x3) 5 log ( —
B Y o(r = 1) & T3

s s e (5] o

In the right panel of Fig. 5-11, we show this analytic result in comparison with
the numeric result obtained from the full Boltzmann equation, and find excellent

agreement between them, up to 2 <> 2 freezeout at x ~ 23.

Throughout Regime III, nar ~ nao(T) due to the highly efficient A’ < ff
process; as € decreases, however, A’ <+ ff becomes less and less rapid, and eventually
this process becomes too inefficient to keep the dark sector in thermal equilibrium at
the point of 3 <+ 2 freezeout. Below this point, kinetic decoupling between the two
sectors occurs before either of the dark sector processes freezes out, leading to the
KINDER-like Regime IV. We can estimate the boundary between Regimes III and IV
by requiring the 3 — 2 freezeout and kinetic decoupling to occur at the same time,

1.e.

rm, I’
ny0(T3)

my 1y 0(T3)
ny0(T3) ’

(ov?) ~ H(T3) (II/1V) . (5.94)

nA’,O(TB) ~

Ly
4

These conditions are however identical to the conditions used for estimating the

boundary between the KINDER and the NFDM regime for 1.5 < r < 2 in Eq. (5.41)).
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This equation can be restated as

3(r—1)

~ 10-806(—1.4) (O‘_D> i
€111/1V € 10

(@) () T
()7 ) o

where e v is the value of € between Regimes IIT and IV as a function of various

model parameters. Finally, we may once again combine Eq. ((5.95)) with the condition
for the observed relic abundance in Eq. (5.10) to numerically derive the boundary

between these regimes.

Regime IV

Fig. [5-13] shows the evolution of the yx-abundance and the dark sector temperature
in Regime IV, for our benchmark parameters in this regime, m, = 10MeV, r = 1.4,
e =2x 107 and ap = 0.6. In Fig. [5-14] we show the number density and energy
density rates per y particle throughout dark sector freezeout. In Regime IV, kinetic
decoupling occurs before either of the 2 <» 2 or 3 <+ 2 processes become slow. This
regime is similar to the KINDER regime with 1.5 < r < 2, exhibiting heating in the
dark sector, with the key difference being that the 3 — 2 process is now slower than
the 2 — 2 process. In thermodynamic phase A and B, the physics in this regime is
identical to that of the KINDER regime with 1.5 < r < 2, as discussed in Sec. [p.4.2]
Kinetic decoupling occurs first at a temperature given approximately by Eq. ,
after which the dark sector enters phase B. An approximation for the evolution of 7"

can be obtained by assuming dark sector entropy conservation, leading to

'~ x4+ 3log (£> , (5.96)

Zq
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Figure 5-13: Dark sector evolution in regime IV for 1 < r < 1.5, with parameters
m, = 10MeV, r =14, e =2x10"? and ap = 0.6. In all three plots, thermodynamic
phases A, B and C as defined in Sec. are shown in light blue, yellow and pink
respectively. (Top left) x abundance (given as m,Y,) as a function of x (blue line),
with the zero chemical potential abundance at the SM temperature m, Y, o(T) (green
dashed line) and the dark sector temperature m, Y, o(7") (red dashed line) shown for
reference. The observed DM abundance is indicated by the horizontal black dashed
line, as defined in Eq. (5.10). (Zop right) A" abundance (given as m, Y4/) as a function
of z (blue line), with Y o(7") (green dashed line) and Y4 o(7") (red dashed line) once
again given for reference. (Bottom) The dark sector temperature 7" (blue line), as a
function of the SM temperature (red dashed line).

while a more detailed examination of the Boltzmann equations leads to the improved

approximation in Eq. (5.50), i.e.

3T/ 2(r — 1)e(t—r)wa
8 2H (x4)

2

& xg+ (z* — 27

log |1+

)

— (5.97)

Once the 3 <> 2 process freezes out, the dark sector enters thermodynamic phase
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Figure 5-14: Rates of change in number density and energy density per y particle of
the dark sector in regime IV for 1 < 7 < 1.5; the model parameters are m, = 10 MeV,
r=14,e=2x10" and ap = 0.6. In both plots, thermodynamic phases A, B and
C as defined in Sec. [5 are shown in light blue, yellow and pink respectively. (Left)
Number density rates for XXx — XA (blue hne), XA — xxx (dark orange dashed
line), yX — A’A’ (green line), A’A’ — xX (red dashed line), A’ — ff (purple line)
and ff — A’ (yellow dashed line) are shown. Also shown are the rates for A" — ff
(purple line) and ff — A’ (dashed yellow line). The Hubble parameter is shown in
the black dashed line. (Right) Energy density rates for A’ — ff (blue line), ff — A’
(red dashed line) and xf <> xf (green line), which has the net effect of heating
the dark sector. The rate at which the energy density of dark matter is changing
—my i, /1y (black dashed line) is shown for reference.

C. As before, the x number density evolution is given by Eq. (5.21)), i.e.

n?

2 3 _ ™0
(ov*) {nx o

hX + 3HTLX ~ TLXTLA/:| . (598)

8(1—r)
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Figure 5-15: 1 < r < 1.5, KINDER Regime IV (benchmark values m, = 10 MeV,
r=14,¢=2x10"2 and ap = 0.6) comparison between the analytic estimate of
[ty & prar (orange dashed line) given in Eq. (5.101]), and the numerical computation of
fty (blue line) and g4 (red line) based on integrating the full Boltzmann equations.

For 1 < r < 1.5, however, the 3 — 2 process is slow in phase C, meaning that

hiy + 3Hny, ~ 0, (5.99)

i.e. n, oc @™ in phase C, with y frozen out.

More accurately, Egs. (5.54]) and (5.55|) are still true in this regime, since nar < ny;

we therefore still have the following approximate relation after 3 <> 2 freezeout occurs:

8(r—1)

(ov*)nd ~rIna (5.100)

where we have neglected the 2 — 3 rate since the 3 <+ 2 freezeout has occurred. This

approximate relation gives us an expression for p, >~ pa:

8(r — 1) 3(27)3r3/2

(ov?) 64m$

(5.101)

A comparison between this analytic approximation and the numerical result in phase

C is shown in Fig. [5>-15] demonstrating good agreement up till the point of 2 <+ 2

freezeout.
We can substitute our analytic expression for pu, /71" into Eq. (5.98)) using the
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Figure 5-16: 1 < r < 1.5, KINDER Regime IV (benchmark values m, = 10MeV,
r=14,¢=2x 10" and ap = 0.6) comparison between the analytic estimate of 7"
(red dashed line) given in Eq. (5.103)), and the numerical computation of 7" (blue line)

based on integrating the full Boltzmann equations. The SM temperature is shown for
reference (black dashed line).

expression for n, in Eq. (5.8), giving

1 —rm,dI" 3 T TF3 30 (1 rymy /1
Tl o2 32 rmx 5.102
> T2qr T H(Ty) T34 °© ’ (5.102)

where T3 is the temperature at 3 <> 2 freezeout. This expression can be integrated

exactly to give

r 4 ,
log {1 PR &7 (1 = ﬁ) e“?")%} . (5.103)

r—1 H(Ts)8 zt

This analytic prediction in comparison with the numerical temperature evolution is

shown in Fig. [-16], showing good agreement until near the 2 <+ 2 freezeout, when s,

and p 4 begin to diverge.

Summary of regimes and boundaries for 1 <r < 1.5

Fig. 5-I7shows contours for fixed values of m, in the ap—€ parameter space for which
the observed relic abundance of 2, h% = 0.12 is attained. We show the same set of

contours for r = 1.3 and r = 1.4 as two representative values of r in the case of
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Figure 5-17: Contours of the observed relic abundance (Q,h* = 0.12) in the ap—e
plane for 1 < r < 1.5, for (left) r = 1.3 and (right) r = 1.4, for various values of m,,.
The “classical forbidden” Regime I (blue), Regime II (green), Regime III (orange)
and KINDER Regime IV (pink) are indicated, with the boundaries obtained using
Eq. between I/11, Eq. between II/I1T and Eq. between IIT/TV, all

in conjunction with the relic abundance condition given in Eq. ([5.10)).
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1 <r < 1.5. The four regimes can be made out by changes in behavior of the contour
lines. Note that the boundary between the WIMP regime and Regime I occurs at €
values above the maximum e shown in Fig. -17]

In Regime I, the relic abundance is controlled entirely by the 2 <> 2 freezeout,
which only depends on ap, leading to vertical contours in the ap—¢ plane. Decreasing
€ into Regime II, the relic abundance is controlled by when the freezeout of 3 «» 2
and of 2 <+ 2 occur, as well as how efficiently yf <+ xf heats the dark sector and
impedes the cooling due to xx — A’A’, leading to some nontrivial dependence on e
and ap. Once we arrive at Regime III however, elastic scattering becomes extremely
inefficient, and the rate of dark sector cooling after 3 <+ 2 freezeout depends only on
the 3 — 2 rate itself. Since all of the physically important processes are purely dark
sector processes, the contours are once again independent of €. Finally, in Regime
IV, the relic abundance is determined by when kinetic decoupling occurs, but also by
the long power-law decrease in n, in phase B, which is dictated by dark-sector-only

processes. This once again leads to contours that depend on both ap and e.

We note that the contour of Q,h* = 0.12 for m, < 5MeV shows an abrupt

change in behavior in Regime II compared to higher DM masses. This occurs due
to the fact that in Regime II thermodynamic phase C, DM particles with masses
below ~ 5MeV undergo elastic scattering with nonrelativistic, rather than relativis-
tic, electrons throughout most of the freezeout process. The Boltzmann suppression
of nonrelativistic electrons leads to a sharp decrease in (cvdE), which controls the
cooling rate of the dark sector in this phase, and hence the relic abundance of DM.
The correct relic abundance is thus achieved at a higher value of € than expected,
in order for the stronger mixing to compensate for the decrease in electron number

density. We refer the reader to App. for more details on how (GvdFE), ;s is

computed.
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5.6 Experimental Probes and Constraints

There are significant constraints on dark photons from both terrestrial experiments
and supernova observations. There are also cosmological constraints on the DM
itself, from DM annihilation to electrons and positrons affecting the anisotropies of
the CMB, and from modifications to the number of effective degrees of freedom during
Big Bang nucleosynthesis (BBN) and the CMB epoch. DM self-interactions mediated
by the dark photon exchange can be large, and can be probed by observations of
galactic structure. Finally, a sufficiently warm dark sector can be constrained by
measurements of the matter power spectrum. We will discuss these constraints in

this section, and plot the results in Fig. [5-18]

5.6.1 Accelerator and Direct-Detection Experiments

For 1 < r < 2 with a dark photon mass above 1 MeV, dark photons produced at
beam experiments decay visibly into SM particles. The observational signatures of
visibly decaying dark photons have been studied extensively in the literature [T0T-
110]. In , we plot the region of parameter space excluded by these experiments.
This excluded region covers considerable parameter space, extending down to € ~
1077 — 1078 for m, < 100 MeV.

Direct-detection experiments can probe the scattering of the DM on both electrons
and nucleons (including the Migdal effect [125, [126]) via dark photon exchange. In
[18} we consider the constraints from DarkSide, Xenon 1T, SuperCDMS, and SENSEI
[125H130]. In the parameter space we consider, nuclear scattering limits derived by
exploiting the Migdal effect set the strongest bound. These limits are primarily

sensitive to the high-mass, high-e corner of our parameter space.

5.6.2 Supernova Constraints

The production and escape of dark sector particles during a core-collapse supernova
can lead to cooling of the proto-neutron star that differs from the SM prediction [131]

132]. Such anomalous cooling is constrained by our observation of SN1987A [133],
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Figure 5-18: Constraints on our dark matter model for (upper left) r = 1.3, (upper
right) r = 1.4, (lower left) r = 1.6, and (lower right) r = 1.8. The purple shaded
regions are the constraints from SN1987A. The cyan regions on the upper-right cor-
ners of the plots are from direct detection experiments. We plot the self-interaction
constraints as red shaded regions, and CMB s-wave annihilation limits with green.
We also show the accelerator constraints as light gray. The constraint from BBN
is shown as a red dotted line. Finally, we add the ap = 1 contour (gray dashed
curve) and shade out the region where ap > 47 with dark gray. For r = 1.3 and 1.4,
the boundaries (blue dot-dashed lines) between Regimes I, II, III, and IV (see |5.5.2)
are shown. For r = 1.6 and 1.8, the WIMP, NFDM (Section , and KINDER
(Section regimes are separated by blue dot-dashed lines.
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Ref. [I36] carefully derived constraints on the m,—€ plane in the vector-portal DM
model using the SN1987A result for m, = 3mys, and for two discrete ap values,
together with constraints for models with only A" and no DM. For fixed ap, m,
and ms, the excluded region is generally enclosed by two boundary values of e.
The lower boundary in € is determined by the rate of production of the dark-sector
particles from the SN core: models with smaller values of € are allowed because they
do not lead to enough production of dark-sector particles to modify the supernova
evolution significantly. The upper boundary on € is determined by whether the dark-
sector particles will thermalize with the SM material in the proto-neutron star before
escaping the SN, leaving these particles trapped; in models with larger values of e,
the dark-sector particles are thermalized efficiently and do not escape and cool the

proto-neutron star, and hence these scenarios are unconstrained.

We now discuss how to recast the bounds in Ref. [136] for different values of
ap. The maximum value of m, is independent of ap, being set by the kinematics
of the supernova. The behavior of the lower bound is determined by the DM mass
with respect to the plasma frequency of the interior, w, ~ 15MeV. For 2m, >
wp, the off-shell DM production via bremsstrahlung through virtual dark photons
during neutron-proton collisions is suppressed, and the direct production of A" is more
important. Consequently, the lower bound in € is very similar to that in the dark-
photon-only case, and is roughly independent of ap. For 2m, < w,, however, xX-pairs
can be produced through an on-shell A’, and the production rate is fixed by the value
of ape®. For a lower bound given at a reference value o D.ref; We can therefore rescale
to a new value of ap by leaving the part of the bound where 2m, > w, constant, and
rescaling the e limit where 2m, < w, by \/m.

The upper boundary of the limit on € is determined by the dark-matter-proton
scattering cross-section, and consequently varying ap changes the asymptotically flat

part of the upper boundary in € such that ape? is kept fixed, i.e. from a reference

! Alternative cooling models have also been proposed that cast doubt on the SN1987A bounds
(see, e.g., Ref. [1359]).
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upper limit given for ap ef, we rescale by \/ap ret/ap.
We find that for ¢ > 107, the DM rate of production in the supernova in our

model is always large enough for a significant amount to be produced; our limits are
therefore set by the upper limit on €, as determined by the thermalization condition.
Note that this also happens for the lower boundary of our curves since there ap is very
large. The SN1987A constraints cover the low-e¢ and low-m, part of the parameter
space, and generally lie entirely within the self-interaction constraints that we will

describe next (albeit with different model-dependence).

5.6.3 DM Self-Interactions

The cross section for elastic DM-DM scattering is constrained by cluster mergers and
halo shapes to satisfy og;/m, < lem?g™! ~ 5 x 10°GeV™ [137]. The DM self-
interaction rates for xx — xx and xx — xx (and their conjugate processes) are
determined in Refs. [I19, 120]. Including both s and ¢-channel tree level diagrams,

the averaged cross section og; is given by:

— — 37h _
m, T (T)mi
4 [ h(r) 10MeV\? / ap \?2
=lcm?g! 104
e (1.2)( e )<0.02>’ (5.104)
where
16 — 1612 + 5r*
h(r) = ror (5.105)

r4(r? —4)2

Typical values of h(r) are h(1.3) = 0.2 and h(1.8) = 2.7.

As shown in Fig. this constraint rules out a large fraction of the parameter
space especially at low ¢, generically excluding e as high as 107°-107° depending on
r; this behavior occurs because the values of ap required to obtain the correct relic
density are higher at small e. In this sense the self-interaction bound is complementary
to limits on the interactions with the SM, which are suppressed by small e.

One possible way to evade this constraint is to consider a scenario where only some
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subdominant fraction of the DM is produced by the mechanisms we have considered in
this work, as this limit is rather sensitive to the fraction of DM that is self-interacting.
For example, Ref. [138] shows that if the self-interacting component is less than 1%
of the DM, these constraints become inapplicable. However, a full self-consistent
treatment of fractionally abundance self-interacting dark matter constraints would
require recalculation of the cosmological evolution in order to obtain a lower relic

density, and is beyond the scope of this work.

5.6.4 CMB Constraints on DM Annihilation

During the post-recombination epoch, DM annihilation to eTe™ leads to energy depo-
sition into the baryonic gas; the resulting extra ionization can be constrained based
on observations of the CMB anisotropy. We compare the annihilation cross section for
XX — ff (see App. B) to the limits derived in Ref. [139] and updated in Ref. [I15].
We plot the region excluded by this constraint in [5-18]

We observe that these CMB constraints provide some of the strongest bounds on
models of this type for r close to 2, excluding most of the available parameter space.
Even for smaller values of r, the CMB constraints provide stringent limits for models
with low m, and high e.

These limits could be lifted or relaxed if the dark-sector model were adjusted in
order to suppress the DM annihilation to SM particles at low velocities. For example,
this could be achieved if the DM was a scalar rather than a fermion, as then the
leading-order annihilation through the dark photon would be p-wave and scale as

(ov) o< v2.

5.6.5 Cosmological Constraints on Light Relics

Electromagnetically coupled DM with a mass of around 1 MeV can significantly af-
fect the process of Big Bang Nucleosynthesis (BBN) by (i) directly increasing the
expansion rate as a contribution to the energy density of the universe, and (i) in-

jecting entropy into the SM sector and changing the relative energy density of the
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electromagnetic sector as compared to the neutrino sector, altering the temperature
evolution of both sectors with respect to standard cosmology. These changes in turn
alter the predicted abundance of light nuclei like deuterium and helium-4, which
can then be compared with existing measurements of the abundances of these nuclei
(see e.g. Refs. [140H144] for deuterium and helium-4). The injection of entropy from
electromagnetically coupled DM can also decrease Neg [145], the effective number of
degrees of freedom, during the CMB epoch, which can then be constrained by the
CMB anisotropy power spectrum [1T5].

Ref. [146] modelled the predicted primordial elemental abundances in the presence
of an electromagnetically coupled dark matter particle; we adopt their results for our
BBN constraints. They presented two constraints, depending on whether a prior was
imposed on A2 in the BBN calculations. When no prior was imposed, the bound is
relatively weak, m, 2 0.7MeV for Dirac fermion DM. With a prior based on CMB
observations, Q,h? = 0.02225 £ 0.00066 [115], this bound improves to m, = 7MeV,
since the effect of entropy injection into the SM from the DM cannot be compensated
for by lowering Qyh? arbitrarily.

We note however that assuming the central value of Q,h? from Planck leads to
a standard BBN theoretical prediction of D/H that is roughly 20 below the central
measured value. This discrepancy may indicate an incomplete understanding of the
process of BBN even in standard cosmology, which may therefore affect the bound

given above.

As mentioned above, one can also consider the impact of electromagnetically cou-
pled DM particles on the CMB anisotropy power spectrum. FElectromagnetically
coupled DM particles heat the electromagnetic sector as they become nonrelativistic,
effectively decreasing the number of relativistic degrees of freedom at late times by
increasing the ratio of photon to neutrino temperatures. The Planck 2018 measure-
ment [115] sets a constraint on electrophilic Dirac fermions of m, 2 7.4 MeV. A joint
constraint using both primordial elemental abundance and CMB data strengthens

> 10 MeV. However, CMB Ng

~J

the constraint on electrophilic Dirac fermion to m,,

bounds are less robust than the BBN constraint, and can be overcome by e.g. adding
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dark, relativistic degrees of freedom to compensate for the effect of the electromag-
netically coupled DM [147].

Given the above consideration, we set a tentative constraint of m, > 7MeV to
indicate the potential constraint from BBN and CMB. Since the region with m, <
10 MeV is already strongly constrained by the CMB limits on DM s-wave annihilation,
beam dump experiments and SN1987A, this constraint is not particularly important

to understanding the viability of the model.

5.6.6 Warm Dark Matter

In the 1.5 < r < 2 KINDER regime, the dark sector undergoes an early kinetic
decoupling from the SM, after which the dark sector temperature 7" evolves only
logarithmically with respect to the SM temperature 7" until the 3 — 2 process freezes
out. As a result, the dark sector temperature can be much higher than in the standard
WIMP paradigm, where 77 = T until kinetic decoupling, after which 7" oc (1 + 2)2.
Models of warm dark matter (WDM) typically have suppressed structure on small
scales [148], [149], and can be constrained by measurements of the matter power spec-
trum from the Lyman-« forest [72], [150], which are sensitive to modes with comoving
wavenumber as large as kmax ~ 3 h Mpc™t.

To get an estimate for how important the WDM Lyman-a bounds are to the
KINDER regime, we estimate the comoving Jeans length \; of DM, and compare
this with 27 /kpax ~ 2h7 ! Mpc; for model parameters where \; < 27 /kpay, the
model is unlikely to leave a significant imprint on the matter power spectrum on
scales currently probed by experiments. We leave a detailed analysis of such potential
WDM constraints for future work.

The comoving Jeans length for the DM is given by [151]

T'(2) 2v/2m
my H(z)

A(z) = (1+2) . (5.106)

After the dark sector completely freezes out, 7" o (1 + 2)?; in the radiation domi-

nated era, \; stays roughly constant, while A; o< (1+2)"/? during matter domination,
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decreasing with time. To make a conservative estimate, we therefore want to com-
pare Aj(2zeq) With 27 /kyax at the redshift of matter-radiation equality, zeq.ﬂ We can

estimate the temperature of the dark sector at z, as

(1+2) T

T 2eq) = Ty~ = Ty—1
( Q) 3(1+23)2 3T32

(5.107)

where z3 and T3 are the redshift and dark sector temperature at 3 — 2 freezeout

respectively. With this approximation, we have

T, 227
T34/ x4 H(zeq) '

As(zeq) > (1+ zeq) (5.108)

Taking z.q = 3402 and assuming a ACDM cosmology, we can obtain the following

estimate for the Jeans length at matter-radiation equality:

MeVY /10
Ay (%eq) = 0.2 7 Mpc <%) ( © ) (—) : (5.109)

/
My T3

In the 1.5 < r < 2 KINDER regime, we know that 2} ~ x4, since 2’ evolves loga-
rithmically with respect to = in thermodynamic phases B and C, while x5 is largest
when the 3 <> 2 process freezes out at the latest possible time. We therefore find that
AJ(zeq) 1s largest at (i) small €, so that decoupling occurs early, minimizing x, and
thus %, and (ii) large aop with small m,, so that the 3 <+ 2 cross section is large, and
the process freezes out as late as possible, maximizing x3. To maximize the impact on
small-scale structure, we therefore take the smallest mass we consider m, = 1MeV,
choose the largest perturbative value of ap = 4, giving € = 3.5 x 1079 to achieve the
observed relic abundance for r = 1.8. We find that z3 = 5500 and z§ = 45, leading
to A\j(zeq) = 0.5 A~ Mpc, which is still small enough to be consistent with probes of
small-scale structure. Other parameter combinations that obtain the observed relic
abundance lead to smaller values of \;(zeq).

For 1 <r < 1.5, Regime I has 7" = T until freezeout of the dark sector, while in

2The Jeans scale at matter-radiation equality is on the same order as the free-streaming length of
warm dark matter at matter-radiation equality, another common method of determining the length
scale below which structure is damped [151].
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Regimes II and III, the dark sector is actually colder than a dark sector that is ther-
mally coupled to the SM until freezeout, easily avoiding these warm DM constraints.
In Regime IV, a similar argument as above shows that \;(zeq) is given by Eq.
with x3, 2% replaced by x9, 2. Once again, large values of ap, small values of € and
small m, would lead to the largest impact on small-scale structure. SN1987A con-
straints and the requirement of a perturbative value of ap < 47, however, are enough
to constrain € 2 1079, Choosing r = 1.4, ¢ = 107%, m, = 1 MeV and ap = 0.19, we
find 22 = 630, 25, = 89 and A ;(2eq) ~ 5 x 1073 A~! Mpe, much smaller than would be
observable. Larger values of m, require larger values of € to meet the relic abundance
criterion, and lead to even smaller values of \;(zeq). Similar results hold for r = 1.3
as well.

We therefore find that Aj(zeq) < 27/kmax is satisfied throughout all relevant
parameter space, leaving our model unconstrained by small-scale structure obser-
vations. However, parts of the KINDER regime are close to being constrained by
existing power spectrum measurements; future improvements in WDM constraints

could potentially probe these models.

5.6.7 Summary of Constraints

Fig. shows a plot of the constraints on the m,—¢ plane with four different values
of r, with ap chosen at every point in parameter space such that the observed relic
abundance of DM is attained, ,h* = 0.12. Regions ruled out by the constraints
discussed above are marked in color; parts of the space that require ap > 47 to
obtain the correct relic abundance are also shaded gray, since perturbative control of
our model breaks down there. The contour of aop = 1 is also shown for reference.
For 1.5 < r < 2, we show the constraints for two representative values, r = 1.6
and r = 1.8. In both cases, a small region of open parameter space exists near
€ ~ 1075 and with DM masses of a few hundred MeV. For these values of r, the
vector-portal DM model is bounded from below by the nonperturbative region, and
is strongly constrained by the CMB s-wave annihilation bound and self-interaction

limits. The available parameter space sits in the NFDM regime for » = 1.6, and in the
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KINDER regime for r = 1.8. The unconstrained regions are similar to those obtained
in Ref. [120] at the high-¢ end, but differ at the low-€ end due to the KINDER regime
that we have found in this chapter.

For 1 < r < 1.5, we show the constraints for » = 1.3 and r = 1.4. Here, there
are two viable regions of parameter space: both are in the range m, 2 100MeV,
and are separated by the beam dump constraints: one region in Regime III is in the
range € ~ 107% — 1077, while the other is in Regime II and I in the range € ~ 1077
— 5 x 107°. In this range of r-values, both the self-interaction and CMB s-wave
annihilation limits are less constraining, allowing more open parameter space than
for 1.5 S r < 2. These new limits represent an improved calculation over those found
in Ref. [IT3]. In particular, most of the available parameter space is not in Regime
I, as assumed by Ref. [I13]. In contrast to that work, we find that there is a lower
limit of € > 1078 imposed by perturbativity and self-interaction constraints, since
(in Regime IV) ap needs to become very large at such small values of € in order to
achieve the correct DM relic abundance.

We emphasize that these constraints are derived assuming that the dark sector is
in thermal equilibrium with the SM at 7' ~ m,, which may not be a valid assump-
tion for values smaller than e as defined in Eq. (5.37). For e ~ 107 and below,
other mechanisms such as freeze-in can potentially achieve the correct relic abundance

without the dark sector ever being in thermal equilibrium with the SM.

5.6.8 Lifting CMB and Self-Interaction Constraints with Pseudo-
Dirac DM

In the previous subsections, we have demonstrated that the bulk of the parameter
space for this class of models with 1.2 < r < 1.8 has been tested by existing obser-
vations and experiments, for the baseline scenario where the DM is a Dirac fermion.
Narrow regions of parameter space remain open, but for example, Regime IV for
1 < r < 1.5 appears to be fully excluded.

However, these exclusions rely critically on constraints from the CMB and from

208



self-interactions, both of which probe the behavior of the DM long after freezeout.
This exclusion is model-dependent; it is possible to perturb our baseline model in
ways that dramatically alleviate these constraints while leaving the cosmology during
the freezeout epoch essentially unchanged.

As a specific example, suppose that the DM is a pseudo-Dirac fermion, where at
low energies the DM is split into two nearly-degenerate Majorana mass eigenstates x1,
X2 (see e.g. Refs. [I52HI54] for specific models). The gauge interaction between the
DM and the A’ ()ZAlx) then gives rise to interactions of the form )ZiA/Xj, i # j. There
is no )‘@Alxi vertex as Majorana fermions cannot carry a conserved dark charge. The
heavier mass eigenstate o can thus decay to the lighter eigenstate y; via emission of
an off-shell A’.

When the temperature of the dark sector exceeds the mass splitting between
the states, the DM will behave as a Dirac fermion, and thus for a mass splitting
Am, < T’ throughout freezeout, our previous cosmological results will still hold.
However, once 7" < Am,, the DM will convert into the lighter mass eigenstate
provided the lifetime of the heavier eigenstate is sufficiently short (even if the lifetime
is long, DM-DM scattering can also efficiently deplete the heavier eigenstate). Thus
during the recombination epoch and in galaxies at late times, any process requiring
the presence of both mass eigenstates will be strongly suppressed.

This suppression applies to both the annihilation Yy — ete™ through an s-channel
A’, which determines the CMB constraintﬂ and to the contribution to the tree-level
self-interaction cross section yxy — xx from an s-channel A’. The contribution to the
tree-level self-interaction cross sections from a t-channel A’ exchange is suppressed
for a related reason; if the initial state is x1x1 then the final state (at tree level) can
only be x2x2, which is kinematically forbidden provided the kinetic energy of DM
particles in the halo is much smaller than the mass splitting. There will still be a
contribution to the self-interaction cross section at 1-loop order, and a CMB signal
via t-channel annihilation of xi’s to the 3-body final state A’ + et + e~ [I55] (as

well as possible contributions from the residual y» abundance), but these rates are

3The relaxation of CMB bounds for pseudo-Dirac DM is well-known, see e.g. Ref. [96].
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parametrically suppressed compared to those relevant for the Dirac case.

Thus we expect both the CMB and self-interaction limits to be dramatically re-
laxed in the pseudo-Dirac case without changing the freezeout history, for mass split-
tings that are small compared to 7" at freezeout, but large compared to the DM
temperature during recombination and the kinetic energy of DM particles in present-
day halos. This modification opens up allowed parameter space spanning all the
freezeout regimes we have studied; we will present a detailed computation of the

modified constraints in Chapter [6]

5.7 Conclusion

We have fully characterized the possible freezeout histories of the vector-portal DM
model in Eq. , in the region of parameter space in which the DM is a thermal relic,
and 1 < r < 2. In this region, the yxx <> x4’ (3 +» 2) and kinematically suppressed
XX < A’A’ (2 + 2) processes play important roles in the thermal freezeout of the DM.
Extending beyond the scope of previous studies [I13| [114], we explored this model
for values of the kinetic mixing parameter ¢ where the dark and SM sectors do not
remain in kinetic equilibrium throughout the process of DM thermal freezeout. Doing
so reveals a rich set of novel thermal histories, leading to very different dependences
of the DM relic abundance on the model parameters.

We have identified four novel pathways by which thermal freezeout of the dark
sector can proceed, in addition to those identified in previous studies. Two of these
pathways share key features, and represent a general class of freezeout histories that
we dub the “KINetically DEcoupling Relic” (KINDER). In the KINDER scenario, the
DM relic abundance is determined primarily by the kinetic decoupling of the dark and
SM sectors. KINDER is realized through a process of dark sector cannibalization,
which was previously invoked in the ELDER scenario [93, 94]. In this work, we
have demonstrated that cannibalization can be supported by a 3 — 2 annihilation
process involving multiple dark sector species, and can proceed even in the presence of

nonzero dark sector chemical potentials. ELDER DM can be regarded as an example
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of a KINDER scenario where the kinetic decoupling is controlled by elastic scattering
between the DM and SM.

We have presented detailed numerical results for the thermal history of the dark
sector in each of these new regimes. Additionally, in a number of cases we were able to
analytically derive the evolution of the dark sector temperature 7" and dark matter
abundance Y,, throughout the freezeout of the DM; this allows us to analytically
demonstrate the dependence of the DM relic abundance on the model parameters in

much of parameter space.

The novel freezeout mechanisms we have characterized, and their corresponding
distinct regimes of parameter space, can be separated into two main parameter regions
in . In the region 1.5 < r < 2, in addition to the “classic not-forbidden” regime

~J

studied in Ref. [114], we have identified a realization of KINDER at low values of e.

In the region 1 < r < 1.5, in addition to the “classic forbidden” regime studied
in Ref. [II3] (Regime I), which is valid at high €, we identify a second variation
of KINDER at very low e (Regime IV). At intermediate values of €, we find two
previously unrecognized parameter regimes with distinct freezeout histories (Regimes
IT and III). In Regimes II and III the A’ — ff process is fast enough to maintain
na & na o (T) until all number-changing processes have frozen out. However, during
the period after 3 — 2 freezeout and before 2 — 2 freezeout, this process cannot
maintain thermal equilibrium between the DM and SM sectors due to number and
energy conservation requirements enforced by the Boltzmann equations. In these
regimes the elastic scattering xf — xf process controls the heat exchange between
the DM and SM sectors after the freezeout of the 3 <> 2 process and before the
freezeout of the 2 <> 2 process, while the 2 <+ 2 process cools the dark sector.

The distinguishing feature between Regimes II and III is the efficiency with which
the elastic scattering process heats the dark sector. In Regime III, elastic scattering is
inefficient, the dark sector is cooled by the kinematically forbidden yxy — A’A’ (2 — 2)
process, and the chemical potential of the dark sector is such that the xy abundance
no longer evolves appreciably after the 3 <> 2 process freezes out. This leads to a DM

relic abundance determined only by the freezeout of the 3 <+ 2 process, even though
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the 2 <+ 2 process is significantly faster. In Regime II, in contrast, elastic scattering
remains efficient after the freezeout of the 3 <> 2 process, and can counteract the
cooling of the dark sector, allowing continued evolution of the DM density. This
leads to a DM relic abundance determined by the interplay of elastic scattering and

dark sector processes.

The two variations of KINDER we have identified differ in their evolution at late
times, after the slower dark sector process freezes out. For 1.5 < r < 2, cannibaliza-
tion continues through the 3 — 2 process until all number-changing processes have
frozen out, ensuring a slow evolution of the DM number density after kinetic decou-
pling. In contrast, for 1 < r < 1.5, the cannibalization is halted once the 3 <> 2
process freezes out. The number-changing 2 <+ 2 process is still active at this point,
and cools the dark sector; however, the chemical potential evolves such that the y

abundance remains constant regardless.

We have calculated the relevant experimental constraints on our model. Our
results drastically modify those of Ref. [I13] for ¢ < 107 (below Regime I) and
those of Ref. [I14] for € < 1077 (the NFDM and KINDER Regimes). The KINDER
mechanism realized in our model implies large self-interaction rates, and a large s-
wave annihilation signal in the CMB, for symmetric Dirac fermion DM; these limits
are in tension with the KINDER regime, although a small window of open parameter
space remains for r = 1.8. There is also available parameter space in Regimes II and
IIT for DM masses ~ (0.1 —1) GeV where experiments have not yet explored. In
these allowed regions of parameter space, self-interactions can be in the correct range
(0.1 em?/g < og1/m, S 1 cm?/g) to have observable consequences for the small-scale
structure of galaxies without being currently excluded. Our new calculations provide

target regions that can be tested by future sub-GeV direct detection experiments and
dark photon searches.

In this chapter we have presented the baseline scenario of this vector-portal model
in which the DM y is a Dirac fermion. In Chapter [6] we will present an alternative to
this baseline scenario in which the DM is a pseudo-Dirac fermion which at low energies

splits into two nearly-degenerate Majorana mass eigenstates. For the correct range of
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values of the mass splitting this scenario shares essentially the same cosmology as the
Dirac case, while modifying the late-time cosmology in a way that relaxes both CMB
and self-interaction constraints, thus opening windows of parameter space spanning

all the novel freezeout regimes we have presented.
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Chapter 6

New Thermal Relic Targets for
Inelastic Vector-Portal Dark Matter

This chapter is from 3|, by me, Hongwan Liu, Tracy R. Slatyer, and Yu-Dai Tsai.

6.1 Introduction

In Chapter 5| we studied the 1 < r < 2 regime of the vector or kinetic mixing portal
DM model [156], lifting the assumption of efficient thermal contact between the dark
sector and the SM which had been made in previous studies (e.g. Refs. [119} 120]).
We showed that dark sector processes like xx <> A’A" (hereafter denoted 2 <+ 2) and
XXX < XA’ (hereafter denoted 3 <> 2) can generate or remove a significant amount
of heat during freezeout; if the energy transfer rate between the SM and the dark
sector is not large enough, this can lead to the dark sector kinetically decoupling
from the SM before freezeout is complete, leading to a dark sector temperature 71"
that is different from the SM temperature 7. Kinetic decoupling can occur before
freezeout is complete for € as large as 107° for r < 1.5, dramatically altering how
the correct relic abundance is achieved. While some parameter space in the range
100MeV < m, < 1GeV remains open, especially for » < 1.5, this model still faces

strong constraints from limits on the self-interaction cross section of DM, as well as

the aforementioned CMB power spectrum.
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In this chapter, we investigate the experimental constraints on inelastic DM in the
1 < r < 2regime, where the dark matter is now made up of a Majorana ground state
x and excited state y*, with a small mass splitting between them [I57], with coupling
to the A" now occurring off-diagonally, i.e., only between the y and y* states. The
existence of the mass splitting suppresses the primordial abundance of x* relative to
X, decreasing the annihilation rate of y during recombination and lifting the CMB
power spectrum constraints. The off-diagonal nature of the coupling ensures that
self-interaction between y particles is forbidden at tree-level, reducing the severity
of the self-interaction constraints. This model has a significantly enlarged range of
experimentally allowed parameter space, including a new window at m, ~ 10MeV
and € ~ 1078, Our results motivate future beam experiments to close the full range
of € over which the dark sector can thermalize with the SM in the early Universe, as
well as an improved understanding of supernova cooling constraints on light DM at
small mixing.

In the remainder of this chapter, we will review the inelastic DM model, the
predicted primordial abundance of the excited state, and the newly relevant CMB
and self-interaction constraints that replace those applicable to a symmetric DM
model. We will then conclude by examining the existing experimental constraints
on this model. More details of the inelastic DM model, a discussion of subdominant
or model-dependent constraints, and the details of our calculation of the xx — xx

one-loop self-interaction cross section can be found in Appendix [C]

6.2 Vector-portal inelastic dark matter

Our dark sector contains a dark photon A’ with mass m 4/, the massive gauge boson
of a broken U(1) gauge symmetry in the dark sector, as well as a pair of Majorana
fermions y and x* that makes up the DM, which we will refer to as the ‘ground state’
and ‘excited state’ respectively. Both states have similar masses m, and m,.-, with a
small dimensionless mass splitting d defined by m,~ —m, = ém,, and § < 1.

Due to the ultraviolet (UV) origins of the mass splitting and the symmetry break-
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ing of the dark U(1), which we will describe in more detail below, the dark fermions
couple off-diagonally to A’. Moreover, A’ kinetically mixes with the Standard Model
(SM) photon [I56], generating a coupling between the SM electromagnetic current
J&y and A’. The terms in the Lagrangian chiefly responsible for the phenomenology

of this model are thus
LD gpA XX + e, Ty, (6.1)

where € is the kinetic mixing parameter, gp is the dark sector coupling and e is the
electron charge.

The small mass splitting J, the dark fermion masses and the breaking of the U(1)
symmetry associated with A’ can all be simultaneously achieved by a judicious choice
of the symmetry breaking pattern and couplings between a dark Higgs field & and
a Dirac fermion W, which is split into y and x* mass eigenstates after symmetry
breaking. Many models to achieve this have been proposed; two specific example
models [I53], 154] are discussed in Appendix [C| In the limit where the dark Higgs
particle hp is much more massive than y, there is no significant difference in the
phenomenology of the dark sector between these two models; by default we will
assume this condition.

There are several tree-level processes present in the symmetric model considered
in Ref. [2] that are absent in this inelastic case: DM ground-state annihilation into
SM particles, tree-level scattering between the DM and SM fermions, and DM self-
interactions. This relaxes the resulting constraints significantly. In Fig. [6-1) we show
three processes that are of particular importance to the inelastic vector-portal DM

model, which we will now consider in turn.

6.3 Freezeout and primordial excited state abundance

For € 2> 107, the dark sector achieves thermal equilibrium with the SM while dark

sector particles are relativistic [2]. Furthermore, while 7"/m, > § (where 7" is the

217



X*
X Iy A X X
A’ A’
X X - X
X" 7 X
f

Figure 6-1: Feynman diagrams for important processes in the inelastic vector-portal
dark matter model with 1 < r < 2: (left) annihilation of DM with primordially
produced excited states, xy*x — ff, where f is a SM fermion; (center) annihilation
of DM with initial state radiation, yy — A’A™, A* — ff, and (right) DM self-
interaction, xy — xx (only one diagram shown here: see Appendix [C|for a complete
discussion).

dark sector temperature), the mass splitting between x and x* is irrelevant, and the
dark fermions can equivalently be treated as part of the Dirac fermion W. Taking
§ < 1073 ensures that this condition holds throughout freezeout. In this case, the
results of Ref. [2] are fully applicable to the evolution of the dark sector until all
DM number-changing processes have frozen out, fixing the DM abundance. After
this point, the only remaining processes that are fast compared to cosmic expansion

involve total-number-conserving conversions between y and x* only.

After the freezeout of DM, y and x* particles stay in chemical equilibrium as the
dark sector cools, until 7"/m, ~ §, when the number density of x* starts becoming
Boltzmann-suppressed relative to the number density of y. Eventually, the comoving
number density of y* freezes out when the number-changing process y*x* <> xx
becomes slow, i.e., when n,+(0v)y#y—yy ~ H. The annihilation cross section is given

by [158]

L 8Vmah Iz, o<1/,

<O-U>X*X*HXX - 4 2 (62)
L mej2, 5> 1),

/! =

where ' = m, /T’, and ap = g3 /(47). In order for x to make up all of the DM,

myny, ~ TogT?, where T, is the temperature of the CMB at matter-radiation equality.
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Thus we can estimate the ratio ny«/n, to be

2
me 1 e 63

Ty 42716 MpiTeq % ’

/

where z, () is defined by the SM (dark sector) temperature at which x*x* < xx
freezes out. Since the dark sector temperature redshifts as (1 + 2)? after DM freezes

out, which occurs at SM and dark sector temperatures x5 and :E’f respectively, we can

write z, ~ @y (a, /')

2
0 () (59) (60

V2, N2 s10-3
xy (10 0 10
% (200> (:c;) (20) ( 5 ) (64)

keeping in mind that 2 is the ratio of the mass splitting to the DM temperature at

, giving this parametric expression for n,-/n,:

X*X* <+ xx freezeout. We see that n,- can be easily suppressed by seven orders of

magnitude relative to n, in our parameter space of interest.

Even with this small primordial abundance, x*y annihilations into energetic SM
particles are potentially constrained by the CMB power spectrum [I15]. The limit is
given approximately as f(m,)(00) oy ete- S 1.7 x 10730 cm?® s71 (m, /10 MeV)n, /1,
where f(m,) is an efficiency factor accounting for delayed absorption of energy in-

jected through annihilations [115] [139].

The decays of x* through an off-shell A’ to the ground state can produce high-
energy particles that may be constrained by their effect on the CMB power spectrum
and primordial elemental abundances from Big Bang Nucleosynthesis (BBN) [159].
For 6 < 2 x 107, these constraints are unimportant in the parameter space of in-
terest, and so for convenience we choose 6 = 10™* in this Letter. For a discussion of

these decays and the relevant constraints at larger values of §, we refer the reader to

Appendix [C]
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6.4 CMB initial state radiation limits

Even without an excited state population during recombination, DM self-annihilation
with initial state radiation (ISR) yx — A’A™, A™ — ff is kinematically allowed,
with one A’ produced off-shell. This process is particularly important in the forbidden
regime [I55], and may also be constrained by the CMB power spectrum (we also
considered yx — ff annihilations at one-loop, but find they are subdominant to
both ISR and the xx* annihilations discussed above). In our model, the annihilation

cross section into eTe” is given by [155]

6 2
agv I+7—1.3X1O 35Cm381 —1
< >Xx—>Ae e

r

2 2 (10MeV\* [ I(r,s
y <a_D) ( € ) 0 MeV (r,9) (6.5)
0.1 10-8 My 10-2
where I(r, ) is a phase space integral that ranges from approximately 1073 to 0.25 in

the range 1.2 < r < 1.8; the fit logyy I(r,§) &~ —0.19+5.0log,,(2 —7) +1.71log3, (2 )

is accurate to within 20% in the same range of r-values, as long as 6 < 0.1. Comparing
this expression with the CMB limit of approximately f(m,)(ov) < 3.3 x 1073 cm?3s™!(m, /10 MeV),
we find that the CMB power spectrum limits on energy injection offer only mild con-

straints in our parameter space of interest.

6.5 Self-interaction limits

The other key constraint on this model comes from self-interaction between x parti-
cles, which can modify the structure of galaxies; we adopt an upper limit of o/m, <
lem?g™! (e.g., Ref. [137]) on this cross section. xx — xx elastic scattering via A’
exchange is forbidden at tree-level, but there is a non-zero contribution at one-loop
order. We compute this one-loop cross section in the low-velocity limit; in the range
1 < r <2, the cross section is well-approximated numerically by

3/ 1 18\ ob
~2 (2 )% 6.6
Pxx 4(2r6+7r7“4> m2 (6.6)
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The complete expression for all  can be found in the Supplementary Materials; this
expression agrees with the low-velocity cross section in the massless A’ limit derived
in Ref. [160].

Scattering processes involving initial x* particles can occur (e.g., xx* — xx7,
X*X* — xx) but their rates are suppressed in galaxies by the small abundance of
x* in the late Universe. Inelastic scattering can in principle occur from the ground
state, yx — x*x*, but will be kinematically forbidden provided that v/26 exceeds the
local maximum velocity (e.g., for § > 1074, V26 is above the typical escape velocity
of galaxy clusters). For these reasons, we take the overall self-interaction rate to be
given by Eq. (6.6). Compared to the tree-level self-interaction cross section in the
symmetric case [2], there is a parametric suppression of order a%, which relaxes the
constraints on the m,-e parameter space significantly.

There can additionally be a model-dependent tree-level xx self-interaction via the
dark Higgs; the rate will be suppressed by 1/ m%D, where my,, is the dark Higgs mass,
in addition to any model-dependent factors (e.g., one of our example models gives a
§* suppression). While this self-interaction rate can in principle dominate for specific
models and a sufficiently light dark Higgs, we can safely choose model parameters for
this to be subdominant to the one-loop expression in Eq. without affecting the
rest of the analysis. We leave a detailed discussion of the dark Higgs self-interaction

rate to Appendix [C|

6.6 Summary of constraints

Fig. shows the experimentally allowed regions for » = 1.3, 1.4, 1.6 and 1.8 in
the m,-¢ plane, choosing ap to obtain the correct relic abundance. We also show
the different freezeout phases in the 1 < r < 2 regime, derived in Ref. [2]. In
addition to some of the new constraints unique to inelastic DM discussed above,
additional constraints that apply identically to the symmetric Dirac fermion case
studied in Ref. [2] are shown. These include: searches for the visible decay of A’

at beam experiments [T01HI07, 109, 110, T61HI67], limits on the emission of light
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Figure 6-2: The m,-¢ parameter space for (top left) r = 1.3, (top right) r = 1.4,
(bottom left) r = 1.6 and (bottom right) r = 1.8, with § = 107*. The value of
ap that is needed to obtain a relic abundance of Qxhz = 0.12 has been chosen for
every point on the plot. Constraints on the parameter space from the cooling of
SN1987a (red), xx — xx self-interaction (purple), CMB power spectrum constraints
on xx* — efe” (green) (assuming 6 = 1074, with constraints weakening at larger
§) and xx — A*A" — A’ete (blue), as well as beam experiments (light gray) are
shown. A limit on electromagnetically coupled light dark matter from BBN and CMB
is shown by the dotted red line; masses below the line are ruled out (assuming no
other dark-sector effects). The region of the parameter space where nonperturbative
values of ap > 47 are needed for the right relic abundance is indicated in dark gray;
the dashed gray line indicates ap = 1. Large labels corresponding to the various
regimes discussed in Ref. [2] are shown for reference.
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particles from the cooling of SN1987a [131H134], 136] (although arguments made in
Refs. [135], 168 may alter or remove these limits), as well as joint BBN and CMB
constraints on electromagnetically coupled DM, assuming no other dark sector effects
on either of these observables [146]. We expect direct-detection limits to be irrelevant:
DM scattering with electrons and nucleons occurs only at one-loop for the ground state
(with upscattering being kinematically forbidden), and is suppressed by at least an
additional factor of € relative to the symmetric scattering rate, while the scattering
rate of excited states is suppressed by their tiny abundance [169, 170].

For the benchmark points where r < 1.5 and » = 1.8, a high-mass window with
30MeV < m, < 1GeV and 107% < e < 107* remains mostly unconstrained, with
the notable exception of the LHCDh search for relatively long-lived A’ decaying into
muons [165] [167]. For r = 1.6, a combination of constraints from DM self-interaction
and CMB constraints on DM self-annihilation with ISR closes most of the high mass
window. In addition, for r < 1.6, a low-mass window near m, ~ 10MeV and € ~
108 remains viable. For r = 1.8, the low mass window is almost completely closed
due to the large dark sector couplings required for the correct relic abundance and
consequently large self-interaction limits; however, this exclusion is dependent on the

accuracy of the supernova constraints.

6.7 Conclusion

We have analyzed the experimental constraints on the vector-portal inelastic DM
model in the regime where 1 < r = ma/m, < 2, adopting the results of Ref. [2] for
the relic abundance calculations in this regime. We have studied several possible DM
annihilation and decay channels which are constrained by the CMB power spectrum,
and have carefully examined the self-interaction constraints on this model, deriving
in particular the one-loop self-scattering cross section at zero velocity for arbitrary
A’ masses. This model has significant regions of viable parameter space that are still
unexplored, providing a simple and strong motivation for a range of future exper-

imental searches for the A’. The high-mass window is a potential target for beam
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dump experiments which are sensitive to relatively long-lived dark photons which
decay visibly, including LHCb [164], [I71], FASER [172], Belle II [173|, DarkQuest /-
LongQuest [110} 174], and many other future experiments [I74-180]. The low-mass
window also motivates a more complete study of SN1987a constraints in the 1 <r < 2

regime.
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Chapter 7

Dark-onium

7.1 Introduction

We might expect dark matter to form bound states, similar to the formation of bound
states in the Standard Model. For example, dark matter may interact with itself via
a massless force carrier, in which case it would form bound states analogous to the
formation of bound states such as positronium and atoms in electromagnetism. In the
case of the dark photon model of Chapters [ and [f] this can be realized in the limit in
which 7 = ma//m, < 1. If instead dark matter interacts via a massive force carrier,
where in the nonrelativistic limit its interaction potential is given by the Yukawa
potential, V' (r) = —ap exp (—myr) /r, dark matter particles can capture into bound
states when the potential is sufficiently long-range. The potential is sufficiently long-
range to support the formation of bound states when the Bohr radius of the bound
state, which is the size of the ground state, ag ~ 1/ (apfty ), is smaller than the length

scale of the mediator, 1/my-:

R

~Y )
my QD hy

(7.1)

where pi, is the reduced mass of the two-particle system.

If the dark matter forms bound states then, as we’ll see in this (and the next)
chapters, this can lead to interesting phenomenological consequences with distinct

experimental consequences. Before getting into that, let’s warm up our understanding
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of bound states with two useful examples from quantum electrodynamics.

7.2 Bound states in quantum field theory

Since usually in quantum field theory we are used to dealing with free particle states,
as we've done throughout the work in this thesis so far, let’s first start with a brief
discussion of how bound states are treated in quantum field theory. It will be sufficient
for us to consider the formation and decay of nonrelativistic bound states in which
the internal motions of the constituent particles are slow. In this section I'll mostly
follow the discussion in Chapter 5 of Michael Peskin and Daniel Schroeder’s textbook
“An Introduction to Quantum Field Theory” [181].

Let’s start by writing a bound state of positronium in terms of free-particle electron
and positron states in the center-of-mass frame with total momentum K = k; +k, =
0:

()

B) = V23 | %w (1) Curele? (R) Ik (). (72)

where 9 (k) is the Schrodinger wavefunction which solves the nonrelativistic Schrédinger
equation describing the interaction producing the bound state, in the momentum-

space representation:

¥ (k) = / d*xe™ ™y (r), (7.3)
which is normalized by:
[ waar =1 (7.4)
(2r)’

Mgy is the mass of the state, and the factors of v/2m, where m is the mass of the
electron/positron, are included to obtain the correct normalization of the bound state.
a and b are spin labels, and the coefficient C,;, depends on the spin configuration of
positronium. Equation can easily be generalized to represent a bound state of
any two fermions with non-zero total momentum. In Equation we’ve written the
bound state as a linear combination of free-particle states weighted by 1 (k) over
momentum k. To get some intuition let’s apply Equation to a concrete example,

positronium decay.
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7.2.1 Positronium decay

Let’s consider the decay of positronium to two photons: Ps — 7. From Equation

we can immediately write down the amplitude for this process:

1 1

e M (e () ¢} (—k) = 27),

M (Ps — 27) = \/2Mj / éng)w (k) C,
(7.5)

So far we haven’t specified the initial angular momentum and spin of the positron-
ium state. Let’s now specialize to the case of positronium in the ¢ = 0 spin-0 (singlet)
state, 1.Sy. Note that the decay of positronium from the spin-1 (triplet), 35, state
is not allowed since it violates C-parity, which is conserved by quantum electrody-
namics. As a quick aside, let’s explicitly see this. Under charge-parity a positronium

2s+1G, state transforms as:
C - ‘2S+1SJ> N C’28+1SJ> — (_1)€+s ’28+1SJ>, (76)

from which we immediately see that the 'S, state has even C-parity, C|'Sp) =
(+1) |'Sp), and the 35 state has odd C-parity, C|2S;) = (—1) [>S;). Under C-parity

the n+y final state transforms as:

Clyy) = (=1 (=1) |vy) = (+1) [v7)

Clyyy) = (=1 (=1 (=1) [yyy) = (=1) [,

(7.7)

and so we see that the S cannot decay to 27 since it violates C-parity.

Now, the amplitude for the process e (k1) €% (k2) = 7 (p1) v (p2), which proceeds

through a t-channel and a u-channel diagram, is given by:

IM (" (k) et (ko) = 29) = (=ie)* €5 (1) ) (p2)
ui<%1_p1+m) W ui(kl_%—i_m)

(k1 — p1)2 —m? (k1 — p2)2 —m?

X ’U(k’g) Yy
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We can write the Dirac spinors in terms of two-component spinors as:

\/]Cl '0'5

u (k1) = _
k’l . O'g
| (7.9)
]{32 0 !
oy = [VE8

Vky &

where o = (1,0") and 6* = (1, —0"), where o' are the three Pauli matrices. We can

also write v* as:

0 o
= . (7.10)
a0

Let’s take the nonrelativistic limit of the initial electron and positron, so the momenta

are given by:
k' = kY = (m,0,0,0)

pg = (m7 07 07 _m) )

and the photon polarization vectors are given by:

1
& (py) = — (0,1, 44,0
L (p1) 7 ( )
| (7.12)
e (py) = — (0, —1, 44, 0) .
+ (p2> \/5 ( )
Plugging Equations [7.9] through into Equation [7.8] we obtain:
iM (e (ki) €y (ko) — 29) =ie’c, (p1) € (p2) €T (0¥ 0%0" — ot o’0”) €. (7.13)

Now we specify the polarizations of the final state photons and substitute €T = \%1

in the spin-singlet state, which gives:

iMyy = —iM__ = i2V/2¢
'iM+_ - —iM_+ - 0,

(7.14)
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where the subscripts indicate the final state photon polarizations.

Now we can plug all of this back into Equation [7.5] to obtain:

1 1

d’k
Moo (150 = 27) = v 2MB/W¢ (k) mm/\/{poh

(7.15)

where the subscript pol indicates a specific configuration of photon polarizations

(++, ——, +— or —+). Since the free-particle amplitude M, is independent of the

momentum k the integral over k picks out the wavefunction at the origin, ¢ (0). Also

we assume that the bound state has mass roughly equal to its constituent particles,

Mp ~ 2m. Then Equation [7.15] gives:

¢ (x=0)

Mpol (150 — 2’)/) = \/m

Mol

Summing over all photon polarization configurations and squaring gives:

2
5 M (0 29 = O (M .

pol

and plugging in the value:

am/2)?
Yp=1,0=0,m=0 () = % exp (—amr)
evaluated at the origin, we get:
2 am/2)* 1
3" My (5 = 2) [ = L (0 )
ol T m
3
1
_ (am) . (264)
T m
= 32ra’m?.
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(7.17)

(7.18)

(7.19)



Now we can calculate the decay width of the 1Sy — 2v process:

11 d’p1d’ps

T (1Sy—2y) = -— [ 2 P1OP2
(50 =29) =34 (27)° 2E,2,

S Moot (180 = 29) |7 (27)* 6 (pps — p1 — p2)

pol

(7.20)
where the additional factor of 1/2 comes from the two identical photons in the final

state.

As a quick sanity check let’s do a quick parametric estimate to see if Equation

[7.20] makes sense. We know the decay rate should be equal to something like:
r (150 — 27) ~ NVO (6+6_ — 27) , (7.21)

where n, is the number density of electrons in the positronium atom. When v (r) is

properly normalized:

/OOO Y (r)d’r =1 (7.22)

then we can think of it as being closely related to n.:

1
V0] ~ g ~ (7.23)

We have to specify the volume scale, and it makes sense to choose the Bohr radius,

rg, since outside that radius ¢ (r) exponentially loses support, so we can write:

/ Y (r)d’r ~ 1, (7.24)
0
and
1
[ O)] ~ 575 ~ ny/?. (7.25)
Tp

So far we have:

I ("Sy — 29) ~ Tigva (efe” — 27) .
B 7.26

~ (ma)?vo (ete” = 29).
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If we take the limit of nonrelativistic electron and positron annihilating into pho-

tons, then we know the tree-level cross section scales like:

ol ps|  a® me
_ ~

Tem = 24) ~ — 7.27
7 (eTe 7) s |pil  mictmu (7.27)
and the decay rate scales as:
L 3 a2 m
I ('So = 27) ~ (am) v——
msmuv (7.28)
~ a’m,

which is equal to what we get in Equation

7.2.2 Positronium formation

Now let’s think about the radiative capture of an electron and positron to form
positronium. T’ll start this section by describing the radiative capture of any two
oppositely charged leptons to the bound state, say for example in the case of the
capture of electron and muon into muonium, because it’s useful to have those general
formulas. Then it will be easy to specialize the result to the case of positronium
formation. Because in this case there is no particle creation or destruction like there
was in the previous case of positronium decay, in the nonrelativistic limit we can use
single-particle quantum mechanics. In this section I'll follow [182].

The process we're considering is:

p(py) e (p-) = v (k) + (nFe7) (p). (7.29)

The differential probability of the radiative transition is:

TV
W=——'—6(E —E;—w)§(Q—k—p)x

e ’M’z W2 dwdQd?p,
where 7' is the interaction time, V' is the normalized volume, w is the energy of the
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radiated photon, Ej; is the energy of the electron and muon at infinity, F; is the final
energy taking into account the binding energy of the muonium, Q is the center-of-
mass momentum, dS) is the solid angle element of the photon, and M is the reduced

matrix element:

M = /d3r\11} (r) (ﬂeik” + ﬂe_ik”) U, (r), (7.31)

Me my,

where a is the photon polarization vector, m. is the mass of the electron, m,, is the

mass of the muon, k; = m,k/ (m, +m.), and ko = m.k/ (m, + m.).

We are interested in the relative motion of the muon and electron so we can go to
the center-of-mass frame where Q = 0. Working in the center-of-mass frame, we will

now relabel the initial electron momentum p_ = p, and the initial muon momentum

P+ = —P.

The initial-state wavefunction ¥; describes an initially free electron and muon in
the Coulomb field, and has the form of a superposition of the plane wave and an

outgoing spherical Coulomb wave at large r, given by:

W, (pyr) = exp (w¢/2) T (1= i) F (i, i (pr —p-1) €™, (7.32)

where ¢ = amem,,/p(m, +m.), o = 1/137 is the fine structure constant, and F is
the confluent hypergeometric function of the first kind, 1 F;. ¥; (p,r) is normalized

the same way as a plane wave:

/ Ervt (p,r) ¥, (p’,r) — (27) % (p - p/> . (7.33)
We consider capture into the ground state of muonium, so the final-state wave-

Wy (r) = @e‘r”, (7.34)
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_amemy, __
where ) = Mot = (p.




For a constant vector a:
ga-Vf=V-(gfa)—Vgf-a. (7.35)

which we can use to recast the integrand of Equation for M:

6zk1~r e—zk2~r

v (r)a-V K + )ei‘”F (iC,l,i(pr—p-r))]

Me my,

eikl-r e—ikg-r )
=V [\II’} ( + ) ePTF (i, 1,i(pr —p-r)) a] (7.36)

Me my,
ikir e—ikz-r

- Vg (e i )eip'rF(iC,Li(pr—pm))-a-

Me my,

The overall derivative term will vanish in the integral over d®r. Also, VUi =

-1/ %e’m’f. Plugging Equations |7.36| and |7.34] into Equation |7.31| gives:

y : 1 1,
M:N/dgre_rﬁ'g (_e_lkl'r—}——elk?'r) X
o

r Me m

(7.37)
e®*F (i€, 1,i (pr —p-1)),

where I've defined N = /n>/mexp (7(/2) T (1 — i().

We can make use of the following formula [182]:

/d?’r%ei(p_k)'r_mF (i¢,Li(pr—p-r)) =
k2 + (n— ip)?] (73%)
[(p—K)?>+72]

47

and differentiating with respect to p we get:

[ e ekt (i 1 o~ p ) =

i(l1—iC)a-p c (7.39)

" [(p— k)2 +n2]" " K2+ (g — ip)?]
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which we can use to write Equation as:

M =i(1—1i()N8r(a-p)

[ 2+ (n — ip)*] " . K2+ (n —ip)?] | ] | (7.40)
me [(p— ky)® + UQ]Q_ZC my [(p+ ko)” + 772}2_Z<

Now let’s simplify this in the case of positronium formation, where m = m, = m.,

(= %, and n = “3*. In this case Equation becomes:

Mpy = i <1 - zoé—m) N8 (a-p)2 e (7.41)
P m[k% +<m§>] 2
and this further reduces to:
_ 1
Mpy = " N8r (a-p) — (7.42)
p k2 | (mo)
m [+ )
where:
(ma)” T mao ma
N = —— ({1 —=i— . 7.43
25r P97, o (7.43)

The differential cross section for capture to the two-particle final state of positro-

nium and the photon which is emitted during radiative capture is given by:

_dw

do (7.44)

Uy

where dw is the probability per unit volume per unit time of the radiative transition

of electron and positron to positronium:
dw = —— (7.45)

with dW given by Equation [7.30, and where v, is the final-state reduced energy:

2
oy = PR _ 2P (7.46)

mp m
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where in the second equality T applied the case of positronium (¢ = m). Plugging
Equations [7.46], [7.45] [7.30 and [7.42] into Equation [7.44] integrating and taking the

limit that the momentum of the initial particles is very small (p < am/2), we get:

29 2.3,—4 10 2 12 2
P 10p” + 1ow” 7 (7.47)
3p? 15n?
where the photon energy w is defined from energy conservation:
w + w?/4m = p*/m + o*m/4. (7.48)

The result in Equation [7.47] will be a helpful comparison to gain insight into the
more complicated case of radiative capture into bound states of dark matter particles

which inhabit a more complex gauge group, which we’ll get into in the next section

and in Chapter 8]

7.3 Nonabelian “positronium”

Let’s now generalize the discussion above to the case in which bound states can
consist of multiple species of particles which inhabit a nonabelian gauge group. This
will give us the tools we need to analyze the formation of bound states in more general
dark-sector models. In this section I will leave the detailed structure of the gauge
group which dark matter inhabits arbitrary, and work with wavefunctions ¥ which
are general multiplets of two-particle states whose interactions may be described, in
the nonrelativistic limit, by a general matrix potential V. Later in Chapter [§ we will
apply the discussion in this section to a specific dark sector model.

Like we did in the last section, we’ll work in the nonrelativistic limit in which the
formation of bound states can be described by nonrelativistic quantum mechanics. In
this limit the gauge bosons which mediate interactions between dark matter particles
are either much lighter or much heavier than the energy scale of interest and can be
integrated out to give a nonlocal potential describing the interactions. The nonlocal

potential V' in general describes interactions between multiple species of dark sector
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particles and takes the form of a matrix. Under the interactions described by V' the
multiple species of dark sector particles transform as a part of a multiplet of states
U. Since we are interested in the formation of bound states it is most convenient to
work with wavefunctions ¥ which are multiplets of two-particle states, and a matrix
potential V' which describes interactions between these two-particle states via gauge-
boson exchange. To give a concrete example, in Chapter [§|we will apply this discussion
to the case of SU (2) triplet dark matter (the wino) which has three species of dark
sector particles (o, X+, X—), and we will consider transitions between pair states xoXo
and x1x—, so we will consider two-component wavefunctions ¥ = (oXo, X+X_)T
interacting via a 2 x 2 matrix potential V. But for now let’s work with a general
n-component multiplet of two-particle states ¥ interacting via a general n x n matrix
potential V.

Let’s also work in the “Coulombic” limit in which the gauge bosons are massless.

In this limit the matrix potential V' takes the form:
Vi(r)=-V, (7.49)

where « is the dark sector coupling and V is an n x n matrix determined from the
symmetry group under which ¥ transforms. The potential V' enters the Hamiltonian
via the Schrédinger equation:

VW
AM, M,

10,V = H'U = +V (r)| ¥, (7.50)

where X is the center-of-mass coordinate and r is the relative spatial coordinate. In
the Coulombic limit, all species of dark sector particles included in ¥ are taken to
have the same mass M,.

H° in Equation is the unperturbed Hamiltonian before we take into account
the interaction of pair states W with the surrounding gauge field responsible for radia-
tive transitions between continuum and bound states. The full Hamiltonian is given
by:

H = H°+ Vaq, (7.51)
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where V,,q describes the interaction of particles ¥ with the gauge field associated
with the radiated particle. For example, in the case of the wino which we will discuss
in Chapter [§ one component of the pair states in ¥ contains particles charged under
electromagnetism, and the particle being radiated in V.4 is the photon; V.q in this

case takes the form (in the broken regime in which the gauge bosons are not massless):

en e2
‘/rad = <_ Z MXA(XTL) “Pn + Z m A(Xn>2> ]PCC

n
n

(7.52)
+ (z V2eawA(0) - # efmwr> Pye,

where n labels the relevant charged particle, e, is the signed EM coupling, and e the
coupling to a positive charge. The projectors Pco yo enforce that the interactions
only couple the charged sector of the two-particle Hilbert space to itself, and the
neutral sector to the charged, respectively. The two-particle states we're examining
are all net-neutral, and here by “charged” I'm referring to a two-particle state com-
posed of oppositely charged constituents. Pce picks out the components where the
radiated photon couples to the two-particle states directly, and the term in Equation

.52| proportional to Poe has the familiar form of the Hamiltonian for a charged par-
ticle moving in an electromagnetic field described by the vector potential A (r,t) in
the Coulomb gauge (where the electromagnetic scalar potential is set to zero), with

additional nonabelian gauge structure contained in Pgc.

The projector Py¢ in Equation picks out the components where the radiated
photon couples to the potential line between any two two-particle states. The term
proportional to Py accounts for the ability of the potential itself to emit radiation,
and is an intrinsically nonabelian effect not present in the case of electromagnetism.
In the case of the wino that term captures the ability of the W boson mediating the
interaction between the components of ¥ picked out by Pye to emit radiation.

Let’s now return to discussing the general case of nonabelian positronium. In
order to describe radiative transitions between two-particle states in W we proceed

like usual and treat V.4 like a time-dependent perturbation to the time-independent

H°.

237



Let’s make the dipole approximation, which works in the limit that the wavelength
of the radiated particle in radiative transition is much larger than the size of the atom,
so that the gauge field A (r,t) of the radiated particle can be taken to be uniform over
the entire two-particle state. The dipole approximation also implies the weak field
case in which the term proportional to A(x,)? in Equation is small compared
to the term proportional to A(x,,) and can be neglected. This means we’ll only treat
the emission or absorption of one radiated particle at a time. Later, in Appendix

we discuss the case of two-particle emission.
The expression for the capture and transition cross sections in the dipole approx-

imation is given by:

0Urel (continuum — bound) or I' (bound — bound)

2 Qlrad k
- = [ a0
™ M3 / g

2
aM,

9

e(k,o) - / &Pr [\If}(r)éﬁvr T, (r) + \P}(r)é’gf\lli(r)]

(7.53)

where the coupling of the radiated particle, a;.q, may be different than the full gauge
coupling a. C1 and C, are the general analogues of P and Py, respectively, from
the wino example in Equation above. C and Cy describe the gauge structure
of the capture operator (respectively, how the radiated particle couples to the two-
particle states directly, and how it couples to the potential line between any two
two-particle states); the term proportional to Ci in Equation has the familiar
form of an electric dipole transition between two charged states which directly couple
to the gauge boson responsible for the radiative interaction. The term proportional

to Cy accounts for the ability of the potential itself to emit radiation.

For example, in the wino case, as we’ll see in Chapter , U(r) is a two-component
vector, (Yn(r),¥o(r)); uaq is the coupling for electromagnetism, while the gauge

coupling a becomes ayy. The photon couples only to the x*x~ component of the
two-particle states, so Cy = ; the photon also couples to the exchanged W

01

boson, which couples the x°x" component of one state to the Y™y~ component of the
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0 1

-1 0
The positronium case we looked at in Section [7.2.2] can be recovered by setting

other state, and ég =42

Ci =10, =0, considering only the single two-particle state ete™, and setting
Qrad = OEM-

The final ingredient we need in this generalized calculation will be the initial
condition for the unscattered part of the continuum state, corresponding to a plane
wave at large radii, which we’ll describe by the unit vector I. For example, in the wino
case, where we are interested in the scattering of particles initially in the yx° state,
I=(1,0). In the case where the potential has a finite range, the unperturbed plane-
wave will then have the asymptotic form Ie®P™, up to (anti)symmetrization factors if
the particles are identical. In the true Coulombic case where the potential has infinite
range, the wavefunction is distorted by the potential even as r — o0o; nonetheless, we

can still describe the large-r boundary condition by the same constant vector, as we

will discuss in Section [D.3.4]

7.3.1 The scattering wavefunction

Given a potential matrix V(r) = —% I/, suppose that diagonalizing V' yields eigenval-
ues \;, © = l..n, and corresponding orthonormal eigenvectors n;. Then let us write
U(r) = >, mi¢i(r), where ¢;(r) is a scalar function. Then the Schrédinger equation
separates into equations for each i:

2 1

p B 2 . _ i ‘
ﬂ(bl(r) = —@V ¢i(r) . ¢i(r), (7.54)

where g is the reduced mass. That is, each ¢; is a solution to the Schrédinger
equation with a Coulomb potential with coupling \;ca; if \; is positive, the potential
is attractive, while if \; is negative, the potential is repulsive.

For a pair of distinguishable fermions with equal and opposite charges, interacting
via an attractive Coulomb potential with coupling «, the solution to the Schrodinger

equation with incoming wave corresponding to the plane wave €T is given by (e.g.
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[182]):
$(o;) = e/’ T(1 —iC) 1F1(i¢, 1,i(pr — p - 1))e®™ (7.55)

(we recognize this from Equation in the positronium case), where { = au/p =
a /v and F' is the hypergeometric function. Then we can write the general solution

to the Schrédinger equation as:

U(r) = ZAMW()\M; r) (7.56)

Asymptotically, this solution will correspond to a plane wave and a scattered
spherical wave, and by construction the plane wave will be given by e®P* " Aﬂhﬂ
Thus to impose the boundary condition that determines the initial state of the two
interacting particles, we must impose I = ). A;n;. By orthonormality of the 7, this

is equivalent to requiring A; = I - 7;. Thus our full solution has the form:

U(r) = Z(I “ni)nid(Niv; ) (7.57)

i

For a pair of identical fermions this spatial wavefunction must be symmetrized
(antisymmetrized) for spin-singlet (spin-triplet) configurations. This corresponds to
omitting the terms in the partial-wave expansion with odd (spin-singlet) or even
(spin-triplet) L, and multiplying the remaining wavefunction by v/2. To make the
connection to positronium clearer, we will generally use the normalization for distin-
guishable fermions throughout this section. When the initial state consists of indis-
tinguishable fermions, as in the wino case discussed in Chapter [§] all cross sections
should be multiplied by 2, but only contributions to the capture rate where the final
state has odd L + S should be included (since the photon emission changes L + S by

1, and the initial state must be purely L + S-even by spin-statistics arguments).

!There is a subtlety here, as mentioned previously, in that the asymptotic solution is not exactly
a plane wave when the potential has infinite range. See section @ for discussion.
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7.3.2 The bound state wavefunction

A similar approach is valid for the bound state wavefunction, with the following
exception: repulsive Coulomb potentials do not support bound states, so only positive
eigenvalues will produce bound-state solutions. Again, in general we will have ¥(r) =
> x50 Mi®i(r), and so a given bound state will be characterized by the usual quantum
numbers n, [, m but also by \;. To compute the total capture rate, we should sum
over all such possible final states, but we may also be interested in capture into a

specific state.

We can therefore write the (properly normalized) bound state wavefunctions as:
Ui (1) = Yin (6, @)1 Rt (Nic; 7), (7.58)

where Y}, (0, ¢) are the spherical harmonics and R,,;(\;«; ) is the hydrogenic radial

wavefunction with a replaced by A\;a and m, replaced by u, given by:

1/2 l
Ry (Nia;r) = [( a)”“) (n—1-1) p—HAiar/n ( O‘)‘z/“”) L2 ( Oéid”“) ‘

n 2n (n+1)! n

(7.59)

7.3.3 The capture rate

Let’s define the reduced matrix element M for radiative capture following Section

[7.2.2] and [182]; in the dipole approximation we have:

i = %6 . / &r (W5 (0)CLV W) + g () oW ()|
1
1

S [ [ @0 0.0 R Oy Veon)

i

—|—Oé,ué'g/d?’rYljn(G,gb)Rle()\foz;r)f'qb(/\ioz;r)} i, (7.60)

where the final bound state is characterized by quantum numbers nlm and eigen-

value A¢, and 7 sums over the eigenvalues of the potential experienced by the initial
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continuum state. This reduced matrix element is related to the capture cross section

by:

ra k W
OUre (continuum — bound) = a2d /ko }M}Q (7.61)

™

To evaluate M, we can substitute the explicit wavefunctions for the continuum

and bound states (Egs. and [7.55)) into eq. [7.60, Noting that:
VaF i€ 1i(gr —q 1)l = =Cq(f — @) 1 F1 [L+iC, 2,i(gr —q- )], (7.62)

we obtain:

Y main QAL . .
M = Z(I . m)n} |:Oé€ 2 [ (1 —1 » ) 6:| . |:_)\i01K1 +CQK2 n (763)

where K!, K? are given by the integrals:

K' = /d?’rYlfn(@, PVRE, (N 1)e®T(F — P) 1 Fi(1 + iakip/p, 2,i(pr — p - 1)),

K? = /d3rYl:‘n(9, PV R, (N 7)™ Fy(iaipn/p, 1,i(pr — p - 1)). (7.64)

Let us choose a coordinate system where p points in the z-direction. Then the
angular integral will set to zero any transitions to states with |m| > 1, since the initial

continuum state has only m = 0 components and the single-photon dipole transition
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requires |Am/| < 1. Performing the angular integrals over ¢ for m = 0, £1 yields:

(20+1)
47

1 . ~
K, _,=27z

. \,
X /r2dr sin 0dOP* (cos O) Ry (A po; m)e? % (cos § — 1) 1 Fy (1 +i2 Zu,Q,ipr(l — cos 6)) :
p

K, w\/(% +1)( - m)!(in i)

47 (l 4+ m)!
; Ai :
X /errdQ sin? 0P (cos O) Ry (A po; r)ePm <8 | )y (1 +iu,2,2pr(1 — cos 9)) )
p

(20 +1)
47

; U\ .
X /err sin 0dO P (cos O) Ry (A po; 7)ePm % cos § 1 Fy (zap M, 1,ipr(1 — cos 9)) ,

, @+ D)-m)
Km:il - 7T-\/ 47T(l+m)' (xq:zy)

2 o ~
K, _,=2nz

. )
X /err sin? 0dOP™ (cos O) R: (A po; r)ePm 0 |y (zap M, 1,ipr(1 — cos 9)) :

(7.65)

If we restrict ourselves to n = 1,2 bound states, which are the most deeply bound
and generally have the largest capture cross sections, the required integrals can be
evaluated in the low-v,q limit using the results of appendix [D.6] For the possible

choices of nlm we obtain the following results for the K integrals:

Kl : —8vm(au) 322/ iz
2N
Kl — 32V2m(al )3 2e 4N/As {— - 1] z
Af
4N .
Klo: — 16V2r(alpu) 3 2e 4N/ {)\— - 1] z
f
K31 16V/2m () ~3/ 24N/ As <:F:ET;Z?J) . (7.66)
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372 —axni/as i o
K200 Sv/mladu) ™ e 2’\1/’\f>\—z

f
[N\ (4N
K20 : 32V2m(adpp) 32~ 4Ai/As Y <)\f - 3)} Z
— Y A2
K3o: 16 QW(Q)‘fﬂ)_g/ze_Mi//\f 1= Af +8 ()‘_f> ] :
R ) i 4\, T+ 0
K301y 0 16V2m(adpu) ¥ 2e M/ |1 — Af} (w \/é”/). (7.67)

Accordingly we can write the matrix element for capture into the nim bound state

as:

_ TaN; 1 )\Z
M = 8y/mae - ()" Z I-ni(adpp) 2 e 2N Mg 2 T (1 — 2 M)
i p

X 77} [)\iélunlm + C'Qvnlm] i (7.68)

where 7y = 2, (F_1 — 71)/v/2 = &, and i (F_1 + 71)/v/2 = §, and Unipm, Vnim are given
by:

U100 - 1, U200 - 4\/5 [2)\1/)\f — ].] i U210 - 2\/5[4)\1/)\f — ].], u21(:|:1) . —2\/5,

i (4N
V100 - )\i/)\fa V200 - 4\/5 [/\—f (/\f - 3)] )

V210 - 2\/5 [1 — )\f —+ 8 (/\-f) ] y U21(:t1) . —2\/5 |:)\f - 11 . (769)

It is useful to note how the gamma-function term in eq. scales in the small-p
limit. We use the relation:
2r¢, ¢ >1

o2
e ——WC ¢ — (7.70)

P —ic) ~ sinh (7¢) —onCe?™, ¢ < —1

It follows that at small momentum, where au/p becomes large, all contributions
to M from i corresponding to \; < 0 are suppressed by a factor of order e™®#A:/P.
Physically, this is because \; < 0 indicates a repulsive potential, and at low velocities

the resulting wavefunctions have very little overlap with the bound states. In the
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calculations that follow we will neglect these exponentially suppressed contributions.

To compute the cross section from this matrix element, we need only to sum
over the final photon polarization states, performing the integral f dQ,| M |? for each.
Writing M = Ae - #_,,, and following the same procedure as Eqgs. in Chap-
ter 8] (and noting that [ dQ sin? @, = [ dSy, (1 — %Sin2 Qk) = 871/3), we find that
[ dQy|M)? = %"]A\Q.

Thus finally we obtain the capture cross section:

28T Qpaa ke
0Vl (continuum — bound) = %
2
_ _ . Ta\; 1 a)\l R “
X Z I ma(oz)\fu) 3/26 2n>‘1/>‘fe 2p [ (1 —1 p'u> 77} [)\i(]lunlm + CQUnlmi| n;

(7.71)

Recall this is the capture cross section for distinguishable fermions in the initial
state; if the initial state consists of identical fermions, this cross section should be
multiplied by 2 where the final state has L + .S odd, and set to zero when the final
state has L + S even. Since 1/4 of all particle pairs are spin-singlet (S = 0) and 3/4
are spin-triplet (S = 1), this corresponds to a spin-averaged cross section related to
eq. by a factor of 3/2 for final states of even L, and a factor of 1/2 for final states
of odd L.
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Chapter 8

Capture and Decay of Electroweak
WIMPonium

This chapter is from [4), by Pouya Asadi, Matthew Baumgart, me, Emmett Krupczak,
and Tracy R. Slatyer. The original published version of [4] contained a sign error,

we intend to publish an erratum in the future. We correct that error in this text.

8.1 Introduction

Although the particle content of the Standard Model (SM) does not contain a DM
candidate, it is straightforward to add new degrees of freedom with the necessary
properties: the so-called Weakly Interacting Massive Particles (WIMPs) [183] [184].
The coldness of Cold DM implies we are immersed in a sea of slowly-moving particles,
and giving the DM couplings of similar strength to the SM (perturbative but not ultra-
weak), the correct DM relic abundance is naturally obtained for masses of O(1 TeV)
[185].

Thus, we are moved to consider the physics of heavy, slow particles, with sim-
ulations suggesting a mean velocity (v) ~ 1073 [I86]. We can therefore work in
the nonrelativistic limit, setting up an effective field theory for the DM in analogy
with NRQCD and NRQED [I87H190]. In this limit, the interactions of the DM with

long-range force carriers (e.g. electroweak bosons, dark-sector photons) are properly
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treated as a nonperturbative, nonlocal, but instantaneous potential. This leads to the
well-known phenomenon of Sommerfeld enhancement in DM annihilations [I9THI97].
The potential deforms the two-particle DM wavefunction near the origin, leading to
large deviations from a calculation treating the initial state as a plane wave. Schemat-

ically, for annihilation of DM in an s-wave state, the annihilation rate goes as

ov = T¥(0)f, (8.1)

where T" is the perturbatively-calculated, short-distance annihilation rate, and v (0)
is the wavefunction of the two-particle DM-DM state at the origin. In the limit that

the potential turns off, [¢/(0)| = 1, and we recover the perturbative result.

The wavefunction in eq. is for a positive-energy scattering state. However, the
spectrum of the long-range potential may also include negative-energy bound states.
When the binding energy for one of these states approaches zero, it induces a large
resonant enhancement to the scattering-state wavefunction at the origin ¥(0), and

hence to the Sommerfeld enhancement [191), [198)].

The presence of bound states in the spectrum can have effects beyond an enhanced
Sommerfeld factor. In particular, capture of DM particles into these bound states
gives rise to an alternative annihilation channel for the DM, analogous to formation
and annihilation of positronium, which in some circumstances may dominate over
the Sommerfeld-enhanced direct annihilation. Transitions into and between bound
states can also produce particles at energies parametrically suppressed relative to the
DM mass. There has been considerable interest in the literature in such WIMPonium
states and their properties [199-213]; however, most of the work on indirect signatures
to date has focused on models where the DM couples to only a single mediator (a
dark photon or scalar), and where the mass of the mediator is sufficiently light that

the resulting potential can be approximated by the Coulomb potential.

In this chapter, we extend these considerations to the electroweak potential, where
these simplifying assumptions do not apply: the DM is generally part of a multiplet

of states of similar masses, and these states may couple to both massive and massless
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gauge bosons. DM transforming under SU(2),xU(1)y is known to receive large Som-
merfeld corrections for masses above ~1 TeV, with the first resonance — signaling the
presence of a bound state — occurring for the SU(2) triplet, or wino, at a DM mass
~ 2.5 TeV. Interestingly, it is for similar wino masses (~ 3 TeV) that the present-day
abundance of DM is naturally obtained, i.e. the wino is a thermal relic. Unfortu-
nately, as several groups have independently shown [189, 190, 214-217], thermal wino
DM is now in severe tension with constraints on gamma-ray lines from the HESS
experiment [2I8]. Nonetheless, we will consider here the phenomenology of heavy

wino bound states, with the following motivations:

e The results of any indirect detection experiment come with large astrophysical
uncertainties due to the poorly-constrained DM halo density profile. Thus,
we should continue to explore new phenomena that could allow for additional

constraints.

e Even if the wino is not a thermal relic, nature could still realize a high-scale
MSSM as means of resolving most of the hierarchy problem along with provid-
ing grand-unification. Current and future Cherenkov telescopes like CTA and
HAWC will set limits on DM masses up to 100 TeV and 1000 TeV, respectively,
albeit with sensitivity less than the rates predicted for electroweak DM [219-
221]. We should explore the physics of electroweak WIMPs in this regime, even

if the mechanism for providing their relic density is unspecified.

e Dark-sector models have provided a WIMP DM candidate unshackled by the
specific couplings of the SM. It is worth considering scenarios where the hidden-
sector gauge group is more complex than the dark U(1) of simple dark photon
models (e.g. [193, 222]), and the DM can be part of a nontrivial multiplet.
In such scenarios, the dark gauge group may feature large hierarchies between
force carrier masses, just as we see in SU(2),xU(1)y. Our wino calculations
are therefore a toy model for studying bound state physics in the presence of
nearly-degenerate matter fields that may experience both long- and short-range

forces, where the particle radiated in the formation of the bound state may be
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different from the force carrier primarily responsible for the potential. Lastly,
the nonabelian potential contains richer structures, including the ability of force
carriers to emit radiation and the possibility of multiple attractive and repulsive

channels.

In section [8.2 we discuss winos in the nonrelativistic limit, the potential that
governs their evolution, and its spectrum of bound and continuum states. In section
B.3] we develop the necessary formalism to calculate the rate of bound state formation

by radiative capture (cf. figure |8-1)) in the case of wino DM, as well as the rates for

Figure 8-1: WIMPs exchange a ladder of weak gauge bosons, which gives rise to
a non-local potential in the nonrelativistic limit. Finally, the dipole emission of a
single photon can convert the initial, positive-energy scattering state to a negative-
energy bound state, WIMPonium. (Right:) Since the potential contains charged
force carriers, W=, they can also emit radiation to capture into the bound state.

bound states to transition among themselves and annihilate to SM particles (cf. figure
. In section , we apply the results of section , present our numerical results,
and discuss observational possibilities, before presenting our conclusions in section
3.0l

Finally, in appendices |[D.IHD.2| we detail our numerical procedures for computing
wavefunctions. In appendices |D.3 we discuss two illuminating toy problems: (1)
the nonabelian analogue of positronium, which we began discussing in Section [7.3]
and which the wino case approaches in the limit of very high DM mass, and (2)
the bound states of the Hulthén potential, which provides an analytically tractable
approximation to the Yukawa potential and hence allows us to study the effects of

reducing the range of the potential in a simple system. In appendix we discuss
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Figure 8-2: Since we consider WIMPonium constituents that are charged under the
electroweak gauge group, its lifetime is set by weak-scale physics. Excited states
typically transition to deeper bound states, but the deeper bound states will annihi-
late to SM particles. We note that if the WIMPonium is in a 'Sy state, s-channel
annihilation through a gauge boson is forbidden.

how to translate existing results in the literature to our formalism for WIMPonium

annihilation, and in appendix we derive and present several useful integrals.

8.2 Winos in the nonrelativistic limit

The specific WIMP whose capture and annihilation we compute is an SU(2), triplet

Majorana fermion, denoted x“, with mass M, :
cat (= S b b c 1 a..a
L =iy (aﬂau +iga'W, Tac) X< — §MX(X x* + h.c.) (8.2)

We refer to it as the wino even though it is the only field beyond the SM we include.
One can think of it as either a minimal extension of the SM to provide DM or as
the lightest supersymmetric particle (LSP) of an otherwise decoupled SUSY sector.
Although we are interested in the multi-TeV regime, it is necessary to include the
effects of electroweak symmetry breaking in the W and Z masses and to work in

the wino mass eigenstate basis, with the neutralino x° = x3, and the chargino y* =

L
V2

and neutral states, arising from radiative corrections from SM fields:

(x* Fix?). There is a small, but important, mass splitting between the charged

§M = Ms — Mo = 165MeV, (8.3)

and we will take M,o = M, [214] 223].
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8.2.1 General considerations and symmetries

In the nonrelativistic limit of electroweak WIMPs, the interactions of the fermions
with gauge bosons whose momenta have “potential” scaling, (E,p) ~ (M,v*, M,v),
can be integrated out to give a nonlocal potential. Furthermore, for all of our pro-
cesses of interest — Sommerfeld-enhanced annihilation, capture into bound states,
transitions between bound states, and annihilation of bound states to SM fields — it
is more useful to work with two-particle states, rather than single-particle quantum
fields. If the state has positive energy, it will be a plane-wave-normalized, two-particle
statell] If it is a negative-energy bound state, then it will have the standard single-
particle normalization (i.e. integrating over the norm-squared of the position-space

wavefunction gives 1). We will detail a formalism below that can handle both cases.

Whether the state is positive or negative-energy, the potential due to gauge boson

exchange experienced by a two-particle state with even-L + 5 is:

0 —\/iaw e_ﬂ;wr
VL+Seven(T) = - . (84)

—m ™
—V2aw T 26M — 2 — aycly

T

Here L and S denote the total orbital and spin angular momentum quantum numbers
for the two-particle state, respectively (we will generally use upper-case letters to
denote the quantum numbers of an arbitrary two-particle state, while using lower-case
nlm to label the quantum numbers of the bound states). For a detailed derivation of
this potential and the construction of two-body quantum-mechanical states starting
from the fully relativistic quantum field theory, see [191], 216]. This potential enters
the Hamiltonian via,

S S
AM, M,

0,V = H' W = +V(r)| ¥, (8.5)

!There is a subtlety in this normalization for states consisting of identical fermions, which must
be appropriately antisymmetrized, as we will discuss below.
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where X is the center of mass coordinate and ¥ is a two-component wavefunction,

g [ EXD ) (8.6)
ve (EXTXT)
The nonzero off-diagonal terms in V7 i geven(r) mix the charged and neutral compo-
nents, so we must evolve them simultaneously.

As noted by [194, 197], in this basis even the lowest-order nonrelativistic potential
is dependent on the spin and angular momentum of the two-particle states. The
potential of eq. applies to spin-singlet states with even L and spin-triplet states
with odd L. For spin-singlet states with odd L or spin-triplet states with even L,
so L + S is odd, the wavefunction is symmetric and there can be no two-particle
state consisting of the identical neutral fermions x°x"; consequently, the potential is

non-zero only for the charged two-particle state x ™y,

0 0
Vi+s0da(r) = I (8.7)
0 20M — & —aycy <=

r

We will not consider in this work the on-shell emission of W or Z bosons. Since

the parametric size of the binding energy E,, < O(ad, M, ), this process is kinemat-

~

ically forbidden for DM lighter than ~ 100 TeV ]| Off-shell production of W and Z
bosons which subsequently decay is allowed, but will be strongly suppressed relative
to processes involving the emission of a photon, by a factor ~ <% (f—;)% Accord-
ingly, we only consider the @ = 0 sector of two-particle states (i.e. the total electric
charge of the state is zero).

Electric dipole transitions with single-photon emission do not flip the spin of the

two-particle state, but change its angular momentum by AL = +1. Since the initial

2We can estimate this a bit more precisely. In this high mass limit, electroweak symmetry
is approximately restored. Thus, we just need the binding energy for a Coulomb potential with
coupling aw, E, = —aa"n]\fx. For our dominant single-photon capture to s-wave, n = 1, and
sufficient energy to produce an on-shell Z requires M, = 321 TeV. Numerically, we find with our
full potential that the crossover occurs at 329 TeV. This is higher than the mass regime we study in

detail, which goes up to 300 TeV.
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two-particle state, far from the point of interaction, will consist of neutral identical
fermions, it must have even L+ .S (the s-wave piece is purely spin-singlet; the p-wave
piece is purely spin-triplet, etc). The two-particle state resulting from a single photon

emission will then have odd L 4+ S, and so must be purely x*x~.

Computing the capture rate, ov (x°x° — WIMPonium + ), will be very simi-
lar to the standard quantum-mechanical calculation of radiative transitions between
hydrogenic bound states. Instead of our initial state being negative-energy with a
compact wavefunction, it will be a positive-energy solution to the Schrodinger equa-
tion, eq. , with potential given by eq. and energy M, v2,/4 in the center-of-
momentum (CM) frame. Additionally, we will have to account for the fact that the
potential itself is charged. Although our Hamiltonian requires numerical analysis due
to the Yukawa terms, one can calculate analytically the pure QED process for e*e™
to bind into positronium after electric dipole emission [I82, 224]. In appendix [D.3|

we present exact analytic results for the SU(2) analog of positronium, with potentials

corresponding to those in egs. [8.4) and 8.7 in the limit M, my, mz — 0.

For the WIMP bound states, we will need to find the negative-energy solutions
with the single-component potential in eq.[8.7] Bound states supported by the poten-
tial of eq. do exist, but cannot be accessed from our initial state by single-photon
emission; nonetheless, we will discuss their properties. We can obtain parametric
intuition for the effect of short-range potentials by studying the Hulthén potential, a

close cousin of the Yukawa. We collect detailed results on this potential in appendix

D.4

Note that our convention for zero energy is set by two x° particles far apart at rest;
the 20 M term in eq. can therefore set the energies of some of the x*x~ bound
states to be positive, although they would have negative energy in the alternate
convention where zero is set by the constituents’ rest masses at infinity. We will
briefly discuss the behavior of these “positive-energy” bound-states, although we do

not expect them to be important for generic parameters.
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8.2.2 The bound state spectrum in the high-mass limit

Let us consider the spectrum of bound states present in the case where the SU(2),
symmetry is unbroken, the force carriers are massless, and there is no mass splitting

between the charginos and neutralinos. The potential matrices simplify to:

0 —2 0 0
Vi) = V2 , L+ S even, Vi) =3 . L+ S odd.

(8.8)

In this limit, the Hamiltonian can be diagonalized and the solutions to the Schrédinger
equation can be immediately written down in terms of the eigenstates of the Coulomb
potential. For the case of odd L + S this is trivial. For the case of even L + 5, the
matrix potential has eigenvalues —\;** where A\; = 2, A\, = —1; the corresponding

orthonormal eigenvectors are 7, = <\/g \/§>, N = <—\/§ \/%) The general

solution to the Schrédinger equation for even L + S is given by (eq. [7.56)):
U(r) = ZAMi p(Niaw;T) (8.9)

where ¢(\;aw; r) is the scalar function solving the Schrédinger equation for a Coulomb
potential, with coupling ;o .

In particular, bound states cannot be supported by a repulsive Coulomb potential,
so all bound states with even L + S will be of the form ¢(Aaw;r)n. In this case
A1 = 2, so the states have binding energies corresponding to a Coulomb potential with
coupling 2ay and reduced mass p = M, /2, i.e. E, = af,M,/n*. The bound states
with odd L+ form a separate tower with wavefunctions of the form ¢(aw;r) (() 1) .
Accordingly, their binding energies are E,, = o, M, /4n?.

This means, for example, that the lowest-lying spin-singlet L = 1 states are more
weakly bound than the lowest-lying spin-singlet L. = 2 states; the former have odd
L+ S and so have energy Fy = o, M, /16, whereas the latter have even L+ S and so

have binding energy F3 = af, M, /9. Consequently, n = 2 states may have multiple
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open decay channels, to n = 3 states as well as n = 1. The low-lying states for both

spin-singlet and spin-triplet configurations are summarized in figure [8-3|

Spin-Singlet Spectrum Spin-Triplet Spectrum

Israr| = i 6D
l32e| = 105 5P 5D
Iy =5 4p 48 4D
|| =4 3P 6D 353D
larer| =3 5D 5P
3| = 16 48 2P 4D 28 4P
[z =35 353D 3p
|| =1 28 1s2p
e | =1 18

Figure 8-3: The energy spectrum of bound states for each spin configuration in the
large M, limit. The lowest four states for L = 0 (blue), L = 1 (red), and L = 2
(green) are included. For each spin configuration, the couplings in the L-even and
L-odd potentials differ by a factor of two in the high-mass limit. This distorts the
order of the bound states compared to a hydrogen atom. For the spin-singlet tower
the L = 1 bound states are pulled up to higher energies, while for spin-triplet they
have been pushed down to lower energies.

8.2.3 The bound state spectrum for all masses

Beyond this high-mass limit, we must proceed numerically. We approximate the
bound states as a linear combination of Coulombic wavefunctions, and solve for the
coefficients of these basis states. We exploit the fact that our bound-state poten-
tial (eq. is rotationally symmetric, and thus L is still a good quantum number.
This allows us to expand the solution for the full potential with fixed quantum num-
bers (n, ) in terms of hydrogenic states with the same L, but summed over radial
eigenvalues from L — 1 up to some ny,y, beyond which the calculation is numerically
stable. Determining the coefficients of this expansion is a straightforward linear al-

gebra exercise (cf. eq. |D.31). Furthermore, in the limits my,/M, — 0, oo, we recover
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a Coulombic potential with coupling ayy, «, respectively. The details of our method
are presented in appendix [D.2)

We display the resulting spectrum of bound states in figure [8-4. We will use
these numerical wavefunctions to compute transition rates involving the bound states:
between bound states, from bound states to SM particles, and from the initial free

particles to the bound states.

1.00¢

2
WMX

Binding energy/a.

0.01

0.25(

2
WMX
o
.
o
T

0.01+

Binding energy/a.

M, (TeV)

Figure 8-4: SU(2)-triplet WIMPonium binding energies relative to o3, M,. Left:
Spectrum of spin-singlet states. Right: Spectrum of spin-triplet states. Blue, red,
and green lines denote s, p and d-wave bound states respectively, with solid, dashed,
dotted lines denoting the ranking in n quantum number, where we have included
only states with the three lowest n for each partial wave. In the high-mass limit,
both potentials asymptote to Coulombic behavior, with effective coupling 2ay, for
L + S-even states and ayy for L + S-odd states, and we recover the expected binding
energies.

We observe that the first negative-energy, spin-singlet bound state appears in the

spectrum at M, ~ 2.6 TeV, and the first negative-energy, spin-triplet bound state at

3We thank S. Thomas for his help in developing this numerical procedure.
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M, =~ 5.6 TeV. However, the spin-singlet bound state cannot be accessed by single-
dipole-photon capture from the initial state, since the L=1, S=0 continuum state
is not populated by the identical fermionic DM particles (due to Fermi statistics).
Spin-singlet configurations thus do not contribute to the single-photon capture rate
until M, 2 25 TeV, where the first accessible spin-singlet p-wave state appears.

At high DM masses, the spectrum of bound states in figure [8-4] converges to the
limiting Coulombic case discussed above and displayed in figure [8-3] At lower DM

masses, however, the relative ordering of the states can shift.

8.3 Formation, transitions and annihilation of WIMP-

onium

Given an initial population of free neutralinos, bound states can form via radiative
capture with the emission of a photon. Those bound states may subsequently decay
to lower-energy states in the spectrum, or annihilate into SM particles. In this section

we will develop the formalism for computing the relevant rates.

8.3.1 Continuum-bound and bound-bound transitions

We calculate the rate for transitions between either continuum or bound states, with
single photon emission, using time-ordered perturbation theory. Our discussion par-
allels the treatment of radiative transition rates in [225]. In the WIMP sector, our
wavefunctions are eigenstates of the Hamiltonian constructed with V(r) in eq. for
the initial state, and eq. for the final bound state:

M 2
H?A—Seven ‘I]Z = %qu
HY soaa Ve[ Ly = E U 5L, (8.10)

where F, is the binding energy and v, is the relative velocity of the two particles.

4

e, capture is kinematically possible if F,, <

Up to corrections that go like M, v
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M,v2,/4. For the small velocities we consider, generally only bound states with
FE, < 0 will be kinematically accessible. Accounting for the chargino’s and W’s
ability to radiate an on-shell photon, we obtain our full Hamiltonian in Coulomb

gauge,

H = H’+ Vi

Viad, = (- > ﬁA Xn) P ) Pcc

(\/_eonA(O) *”W?“) Pye, (8.11)

where n labels the relevant chargino, with e, the signed EM coupling, and e the
coupling to a positive charge. The relative spatial coordinate in our Hamiltonian,
eq. [8.5] is given as

I = X; — Xo, (8.12)

and in the CM frame, x; + xo = 0. The projectors Pcc yeo enforce that the in-
teractions only couple the charged sector of the two-particle Hilbert space to itself,
and neutral sector to the charged, respectively. For example, in the two-component
Hilbert space of the L + S even sector, the Poc term only acts on the charged com-
ponent, Yo (cf. eq. of ¥;, which we will denote v; ¢. This is just the standard,

single-particle electric dipole coupling, familiar from atomic physics.

The Py¢ term accounts for the ability of the potential itself to emit electric dipole
radiation. The explicit ay in this contribution makes it appear naively suppressed
relative to the chargino dipole emission. However, the p, /M, in the Poe term brings
in an expectation value of the WIMP velocity, v ~ ay,, where the matrix element
is supported by the bound state wavefunction. Thus, both terms in Eq. are a
priori the same order and must be included. We find that the Py¢ term is typically
numerically dominant by a factor of a few. The dipole emission off the potential
is an intrinsically nonabelian effect, known in the NRQCD literature, whose origin
we now review [226H228]. It arises from the process shown in figure [8-5 since our

constituent WIMPs exchange charged force carriers. This contributes to the electric
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Figure 8-5: WIMPs exchange ladder W* bosons, which can radiate ultrasoft, electric
dipole photons. This contributes to the AL = £1 capture rate to form WIMPonium.
Integrating out the W= in this amplitude generates the effective operators eq. [8.13]
[8.14 In the quantum mechanical, two-body Hamiltonian this gives rise to the Py¢

term in eq. [8.11]

dipole transition, and thus the Fermi statistics and angular momentum considerations
in section continue to hold. The W# exchange connects the x°x° state to the
xTx~. For the capture process, since the initial state contains both components, the
amplitude for dipole emission off the potential involves only the neutral component
of the initial wavefunction, v; . Unsurprisingly, in the nonrelativistic effective field
theory (NREFT) description, integrating out the potential gauge boson in figure
gives a nonlocal operator that resembles the potential, but with an additional ladder

propagator and a dipole coupling to the photon,

2

Lpu = (o - p2)g o )Q(p’ —p) - (eAy) [(XQ;T XZ/) (X:;/ x(lp) + h.c.] . (8.13)

The coupling ¢ is that of SU(2)., while e is that of electromagnetism. As these
are nonrelativistic fields, each contains only creation or annihilation operatorsf_f] The
term explicitly written destroys two s and creates a x* pair, while the conjugate
term does the opposite. The field ' = —ig?\"*. One can find a more complete
description of the field content and how it connects to two-particle, quantum me-

chanical states in the appendix of [216]. This photon has (k, k) ~ (M2, M,v?),

4In NRQCD, the analogous operator describing gluon emission off the quark-antiquark potential
- 2 ABC —
is LICD = %(p/ —p)(gsAY) {1/);2, TAz/Jp} [XT_p, TBX_,)} , which in position space is LI =

0 fAEC [ i [ TAY) e 4 7) [ T2 () 7 (0.4 (1.0)) [226228].
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and is thus “ultrasoft” in the NREFT terminology. Since our scattering and bound-
state wavefunctions are written in position space, it is easier to work with the Fourier

transform of the operator in eq. [8.13]
Ly, = z'aw/d3r [XOCTXJr] (x+7) [x~ TXO} (z)Fe ™7 (eA(t,0)) + hc., (8.14)

where we note that the softness of the photon spatial momentum sets its position co-
ordinate to the origin of space. With the position-space operator, it is straightforward
to use the quantum mechanical state definitions in the appendix of [216] to convert

L,, to a term in Vi,q, the perturbative Hamiltonian that acts on our two-particle

states, eq. B.10]

We treat V.4, as a perturbation, and capture from single-photon emission occurs

at first order, with the following S-matrix element,

€n

Sipy = 2mid[Mw?/4— E, —k — Pig/(4M,)] < A
n X

+iv2eaw (U [2TL,] v(k)| e ™" A(0) - £ [ n) >

where Ppg is the momentum of the bound state and k is the momentum of the emitted
photon. We use nonrelativistic normalization for the initial and final states. In the
center of mass (CM) frame, Fpg ~ k?/4M, ~ af,M,, and is thus suppressed relative
to the other energy scales; henceforth we drop this term. We can act with the photon
field to obtain an overlap integral in terms of the WIMP wavefunctions. In the first
term, we perform the sum over charginos. The matrix element in eq. [8.15 contains
overlap integrals in x; ». Changing variables to CM position, X, and r, the former

trivially integrates to give a spatial-momentum J-function, which we evaluate in the
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CM frame with P; = 0. Together, these steps giwﬂ

i A
Supr = #;7?)3 0[M?/4 = E, — k] 8% (k + Pps)e(k, 0)
e 1 N —ikr ik-r .
(s [ b B L0 (R 4 ) i) bl
X

+1 \/§€ awﬁ / d37" ¢;,C [25+1LJ] (I‘) e MW g @ZJZ"N(I')) . (816)

We now have a factor of the photon polarization, e(lg:,a), that we will ultimately
sum over upon squaring the amplitude and obtaining the capture rate. The factor of
1/(2m)3/% in front of the integral arises from our convention on wavefunction normal-
ization.ﬁ We can make use of the dipole approximation, e®*/2 a 1, which holds in our
regime of interest. The bound state wavefunctions, 12s+1;,(r) die off exponentially

after a few Bohr radii, ~ 1/(aw M, ), while the photon energy is set by the binding

energy, ~ aiy, M,. Thus, over the integral’s domain of support, the exponent is small.

To get the differential rate to capture to the two-particle final state of photon
and WIMPonium, we strip the J-functions from the S matrix in Eqgs. [8.15] and

integrate the bound-state phase space to get

Ao = 2m)2psk|M|? . dQu, where
( f i, fy
Sipy = 6 (Mw?*/4—E, —k) 5% (k+ Pgs) M, ;. (8.17)

and gy = k Eps/(k + Eps) =~ k is the final-state reduced energy, including the rest
mass. When computing the rate for decay from one bound state to another through

emission of a single dipole photon, the calculation is identical, except that we replace

°Eq. contains a mild abuse of notation as the photon field from the Pyc term in eq.
is located at the spatial origin, and thus the ultrasoft photon spatial momentum does not give rise
to the prefactor 5(3)(1( + Ppg). Operationally though, this d-function just serves to remove the
wimponium phase-space integral, d> Pgg, in the cross section and the end result is the same with the
formally correct factor for this term, 63 (Pgg).

In the free-theory limit, our continuum state would be a plane wave, Yic(r) = e’PT. The
(2m)~3/2 we have pulled out of the integral in eq. is a factor giving the normalized continuum
state U; = (27)~3/24; o(r). The benefit of this convention is that we get a simple inner product for
our continuum states, [ d*r \I/jp, (r) ¥;p(r) = 6 (p — p’), which one can check trivially holds for
the plane-wave case.
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(do)ve with dI'. For capture, the initial state wavefunction is dimensionless, and as
mentioned in the above footnote, normalized so that [ d3r ¥y (r)1W,(r) = 63 (p—p’).
For bound-bound state transitions, however, both initial and final state wavefunctions

are normalized such that [d®r|¥(r)]> = 1, and thus the wavefunctions have units

3/2 2

of (mass) Thus the matrix element M; ;, has units of (mass)™ in the case of

—-1/2

capture into a bound state, and units of (mass) in the case of transitions between

bound states. This yields the correct dimensions for I' and owv, (mass and mass 2

respectively).

To summarize, in the dipole approximation we have:

0Vl (continuum — bound) or I' (bound — bound)

_ 2
aw M, e”™W

V2

Y

o) fwi,mr))

(8.18)

o) [ (w;z,c(rm biolr) -

where o = €2 /4, k is the energy of the emitted photon (k = —E,, + M,v2,/4 in the
case of capture, or the difference in binding energies in the case of a bound-bound
state transition), and we have dropped the explicit spin and angular momentum labels

on the final state.

For states of known initial and final angular momentum, we can perform the an-
gular integral and reduce the necessary calculation to a one-dimensional integral over
the radial wavefunctions, which we compute numerically as described in appendices
and [D.2] This procedure is particularly simple where either the initial or final
state is s-wave, since (using integration by parts) we avoid the need to apply V, to
a wavefunction with non-trivial angular dependence.ﬂ In particular, for illustration,

let us consider transitions between (continuum or bound) s-wave and p-wave states,

”A common procedure in radiative transition calculations is to convert the expectation value of V.
to r by the relation [H?, r| = —ip/M, which converts (f|—i Vy [i) = M(Ey — E;) (f|r |i). However,
we cannot make use of this in a straightforward way in our capture or transition calculations as the
Hamiltonian acting on our initial and final states is different.
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where the integral in the first term of Eq. to be computed takes the form:

[ Er iVt = [ Eroi () V0,081 a0, 961-0(r)
1 wa [ 20 /
== [ 49Yinl0.07 s [ i)l (319

where we have written the full (charged-component) wavefunctions ¢ (1) = ¢(r)Yrm (0, ¢),
using ¢(r) to denote the radial wavefunctions, and m = L, labels the magnetic quan-

tum number. The second term, arising from dipole emission off the potential, follows

trivially from Eq. by replacing 0, — aw M,/ V2.

Since we are considering p-wave states, it is useful to write the unit vector t in a

basis of L = 1 spherical harmonics,

4 4 4
f':—\/%Yllf_l— \/%H,—1f1+\/§nofoa (8:20)

where 7y = 2z, (f_; — 71)/v/2 = &, and i (7_, + 7,)/v/2 = . Thus, for a given m
in the p-wave wavefunction, only one of the terms in eq. will be nonvanishing.
Additionally, since we will be squaring the matrix element and summing over photon

polarizations, we can make use of the identity
> eilk,0)e; (ko) = 6 — kik;. (8.21)

Since the different m states sum incoherently, the following angular overlap integrals

will enter into the final cross section:

. ir | 4
(1 - k2) /dQ ?FYEO :?ﬂsin29k m=0
- 4 1" 4 in” 0
(1+ fnk_y) /dQ Eﬁ WY = Eﬂ (1 . Sm2 ’“) m=1lor —1, (8.22)
where we have used the fact that Y*,; = Y14 and 7, - 7y = —1.

Accordingly, when summing over m states we obtain an overall factor of 87/3
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from the angular integral including the insertion and sum over polarization vectors.
For initial states other than s-wave, a difference arises between capture and transition
involving which m states are included. For the capture process, our initial state is
asymptotically an incoming plane wave, ¥; o< e?**. This has no angular momentum
about the direction of travel and therefore mm = 0. Since our potential, eq. [8.4]
is spherically symmetric, the full wavefunction only has a Y7y, component, and we
do not average over initial polarizations. The on-shell photon emission breaks the
rotational symmetry and we can therefore capture into bound states with arbitrary
m. Thus, for any process with a WIMPonium initial state, we consider all Y7, and
average over m, dividing by 1/(2L + 1). In practice though, both processes just give
a factor of 1/(2L + 1) relative to the case of an initial s-wave state (in fact, the rate
for transitions from a p-wave state to an s-wave state is independent of the initial
value of m, so the average is trivial). Consequently transitions between s- and p-wave

states have rates given by:

0Vl (continuum — bound) or I' (bound — bound)

2 1  initial s-wave
X )
1/3 initial p-wave

(8.23)

B 16 o k

S @WMX e mwr
= =773 XX s
3 M2

V2

/ v2dr &% () (ar — (=) )¢Lo<r)

where S; is the spin quantum number of the initial state. As a reminder, this rate
includes a summation over all possible values of m for the final state (this is the origin
of the relative factor of 3 between the process with a p-wave final state and the one

with an s-wave final state).

Repeating this calculation for transitions between p-wave and d-wave states yields:

0Vl (continuum — bound) or I' (bound — bound)

2
X

2ak —mw T 1/3 initial p-wave

3 M2

caw M, e

/ r2drd (1) {—1 0+ (F)I

] ¢r=1(r)

1/5 initial d-wave

(8.24)
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In this case, the transition rate does depend on m for the initial and final states.
To obtain the quoted m-independent rate/cross section we have summed over final
m and averaged over initial m (note that after summing over final m the transition
rates are independent of initial m, and likewise after averaging over initial m the
transition rates are independent of final m). In appendix we calculate the rate
for a number of transitions, including p — d transitions, broken down by initial and

final m.

These results all assume a specific spin state. This makes sense for bound-bound
transitions, where states have definite total spin S = 0 or S = 1, but for the initial
capture generically both spin-singlet and spin-triplet x°x° pairs will be present, in
a ratio of 1:3 (singlet:triplet). As discussed above, the initial state must have even
L+ S to admit a x°x" component, so once L for the initial state is specified, there
are contributions to the capture rate only from the spin-singlet pairs (even L) or the
spin-triplet pairs (odd L). To obtain the overall spin-averaged capture rate, the rates

above should therefore be multiplied by 1/4 (even initial L) or 3/4 (odd initial L).

Let us briefly discuss the boundary condition on the radial continuum wavefunc-
tions. The asymptotic incoming state should be a plane wave with unit normal-
ization, with support only in ¥y (7) at sufficiently large 7“E| However, because our
initial condition corresponds to a pair of identical Majorana fermions, the incoming
plane wave state must be antisymmetrized appropriately. For spin-singlet states, the
spatial wavefunction must be symmetric, while for spin-triplet states, it must be an-
tisymmetric. Using the asymptotic expansion of a plane wave propagating in the

z-direction:

ikz ikr _ (__1\L ,—tkr
e = o EL (2L 4 1)Pp(cosb) (e (=1)Fe™™), (8.25)

8 As we discuss in appendix on calculating the positive-energy wavefunctions, in most of the
parameter space we consider, only the neutral component of ¥, v, scales like a Bessel function at
large radii. Because of the mass-shift, the charged component of the state ¢ is always off-shell and
decays exponentially with distance. It is straightforward to generalize to the case with non-decaying
¢, as the incoming, asymptotically plane-wave DM state is still purely in ¥y .
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we see that the appropriately (anti)symmetrized plane wave has the asymptotic form:

1, . , 1
spin-singlet: — (ezkz + e—W) / V2

Z(QL +1)Pr(cos ) (e* — e ™) (1 + (-1)%)

V2 2ikr
sin(kr)
= > V247 (2L + 1)Y10(6, ¢) P
L even
1 A , 1 . ,
spin-triplet: 7 (e —e ™) — 2/2;{:/; ZL:(QL +1)Pr(cos ) (e* +e ™) (1 — (-1)")

Y VAL T Y002 (s.0p)

ikr
Lodd

where we have used the fact that Pp(cos6) = /575 Y70(6, ¢).

Thus at large r, the incoming piece of our continuum wavefunction for fixed L

should be normalized as

Yn(r) = Yio(6 [\/_\/47'( (2L + 1) sin(pr)/ , T — 00, (8.27)

for even L, and with the same normalization except with a phase shift for odd L. Here
p = M,v/2. Note this normalization is a factor of v/2 higher than the standard
normalization for the partial-wave components of the e**# plane wave, because only

half the partial waves are non-zero as a result of spin statistics.

8.3.2 Decay through annihilation to SM final states

The bound states can also decay through annihilation to SM final states. We will pro-
ceed by writing the bound states in terms of free-particle states, but the normalization
factor for the states depends on whether the particles involved are distinguishable or

indistinguishable. In the center-of-mass frame we have:

o / p)|p, —p) (distinguishable particles),
V ,u
d3
” / p)|p,—p) (identical particles), (8.28)
\/ L
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where p = M, /2 is the reduced mass of the two-particle state.

The tree-level annihilation cross sections for wino DM to SM final states have
been computed previously in the literature, including the separate s-wave and p-wave
contributions [229]. The standard calculation assumes plane-wave initial states; in
order to determine the decay rate of the bound states via annihilation, we will write
the matrix element for the bound state decay in terms of the matrix elements for
free-particle annihilation, following the standard procedure (e.g. [230]). To wit, for a
bound state B and final state f, and working in the center-of-momentum frame, we

write:

M(B— f)= \/%/ (;iﬂ};l/)(p)/\/l(x(p)x(—p) — f) (distinguishable particles),

= \/g/ (;ij;?’w(p)./\/l(x(p)x(—p) — f) (identical particles), (8.29)

where M(x(p1)x(p2) — f) is the matrix element for annihilation of free particles
with momenta p, —p to final state f. The differing normalizations for identical and
non-identical particles arise from the differing normalizations of the bound states
(eq. [8.29).

In the case of states with odd L + S, the bound state is composed purely of
the xTx~ two-particle state, and we need only use the result for distinguishable
particles. For even L+ S, the annihilation may proceed from either the x°x° or yTx~
components of the bound state, and the matrix elements will add coherently. Thus,

we should write:

1 d? 1
M5 1) =[5 [ 555 | v OMECEIP) = 1)+ e MO BN (-p) > )
(8.30)
In the more general case where the bound state is composed of more than two dis-

tinct two-particle states, one should add all the matrix elements coherently, with

normalizations determined by whether the particles are identical or not.
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Now let us consider the two simplifying cases where the bound state is s-wave or
p-wave. In the case of s-wave annihilation, the matrix element for free-particle anni-
hilation is independent of p in the small-p nonrelativistic limit (and the wavefunction,
which weights the integral, is suppressed for large p), and thus we can take it outside
the integral. Since ¢(r) = [ (ggT’)} (p)e™T, it follows that [ % (p) = ¥(r = 0).

Thus we have, in the nonrelativistic limit:

M=UB = f) = i {%zﬁN(r = 0O)MEZO O\ = ) +o(r = O)ME=2 (T — ).

(8.31)

In the p-wave case, the matrix element for free-particle annihilation scales linearly

with p in the limit of small p. Thus, the integrals over d®p will take the form:
d*p . . d®p _ipr o
/ (271‘)31/}(13)1) - 11'1—I>r(l) (Zvr / '(27T—)3@/)(p)6 ) = le_r}l(l) Vr@/J(I') (832)

Furthermore, the L = 1 wavefunctions have a universal form at small 7:

Yn(r) = \/%ANTYLm(Q,éf?)a

Yo(r) = \/gAcTYLm(Q’Qﬁ)' (8.33)

Accordingly, V¢ (r) = Ay 7, and similarly Vo (r) = Ac 7. Thus, we can write

the matrix element for annihilation from the p-wave bound state in the form:

ME1(B 5 f) = \/g [%wa%p)x%—p) P

+ M (D)X (—P) = f)lpsivein 0)eso) -

/1 1 L=1/-0.0 - L=1( A~ — An
=1 ﬂ(ﬁTmMO (XX —>f)a rm'MO (X X —>f)) AC
(8.34)

where the M matrix elements are vectorial but momentum-independent, and satisfy
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M= (xx = f) =p- ME (xx — f). We can use eq. to replace p in eq.

as the dependence of the matrix element, M*=! is linear in p.
The decay width for the bound state due to these annihilation processes is:

1

I =
2Mp

/dHnM/l(B — N7, (8.35)

where Mp =~ 2M, is the mass of the bound state and II, denotes the final state

integral over phase space.

For s-wave annihilation we can therefore write:

2

=0 — ﬁ / e %Wr = )M = f) + el = OME(Fy = )]
Yn(r=0)
= }"Vr:O S(r=0 ZL:()(f)
(b3 =0) vetr=0)) ol — 0
Syl = L 3 J AL M (XX — f)? Sito(f)
S 2M)p (S120(0)) JALIM(x X~ = f)I?
2 (/) = % / AL M OOX = MY — 1)), (3.36)

where in the last line all matrix elements are s-wave but we have omitted the L = 0
superscripts for notational convenience.

Similarly, the decay rate corresponding to p-wave annihilation is:

= 1 * * AN
=t = @ (AN Ac) Yr=1(f) A, ’
1 5 | AT | My i, - Mo (XX — f)I? S (f)
Yia(f) = (2M,)? 12 x . +y— 2
X (X () J Al | My 7 - Mo(Xx X~ = f)
S = / 0T, [(Myi) - MoOX® = P)] [(Myf) - Mo(x ™y = £)]

(8.37)

where all matrix elements are for L = 1, but again we have omitted the superscripts

for notational convenience. Note we have included factors of M, in ¥;_;(f) so that
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it retains the dimensions of a cross section.

The diagonal elements of ¥(f) give the cross sections for free-particle annihilation
for distinguishable particles, and the cross sections multiplied by a factor of 1/2 for
identical particles (as in the annihilation matrices of [197]), except that in the p-wave
case, in all cross sections p has been replaced with M, 7,,. After integrating over the
final-state phase space and performing all spin and polarization sums/averages, this
amounts to multiplying all cross sections by M7 /p?. If we set, for example, Ac = p and
Ay = 0 (as appropriate for a plane wave purely in the y*x~ state), then we recover
the rate for free-particle annihilation from the chargino-chargino state. These precise
annihilation matrices 3, up to trivial prefactors, have already been computed in the
literature [197, 229] for general electroweakly interacting DM. To facilitate extension
of our results to other models, in appendix we provide a general algorithm for
determining the ¥ matrices from existing results. We have also independently derived
several of the results presented below (all for the spin-singlet case, and the channels

with the largest branching ratios for the s-wave spin-triplet case).

In the particular case of the wino, we have for the L. = 0 spin-singlet bound states

[192, 197]:

oz (1 L anaz, (00
S(WHW ™) = oW V2| n(zz) = W
M2 11 M?2 0
X \/§ 2 X CW
dma?, [0 0 4o, [0 0
x \0 2c&,s3%, x \0 sy

and for the L = 1 spin-triplet bound states the similar result (see appendix [D.5)):

287, [1 == 2872, [0 0
) — W V2 — W
UAES ) S22 =g |, "
2 2
28w 0 0 28w 0 0
S(Zv) = . , S(yy) = n (8.39)
9M>% 0 20%,[,8%,[, 9M>% 0 sév

As discussed above, p-wave bound states in the spin-singlet configuration and s-wave
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bound states in the spin-triplet configuration (odd L+S) are only composed of xTx ™,
with no x°x° component. Thus the ¥ matrix now only has one non-zero component,
namely the diagonal entry corresponding to x*x~ annihilation. Furthermore, for the
p-wave state the Landau-Yang theorem forbids the decay into massless neutral vector
bosons. However, for the s-wave bound state, the s-channel annihilation is open and
permits decays into all SM final states. As calculated in appendix [D.5] the non-zero

annihilation matrices for these bound states are given by:

2mag, (00

S(WTW™) == A4
VW) = 5 (3.40)
for the spin-singlet p-wave states, and
1 ma?, (0 0 1 ma?, [0 O
DWW = 3 . X(Zh°) 3 :
122 \g 12 Mg \o 1
1 ma? 1ma?, {0 0
S(qq) = =% ST wp) = - : 8.41

for the spin-triplet s-wave states.

In principle, one could hope to detect an energetic, monochromatic photon line
from the bound state’s annihilation to v+ or vZ. However, only the L+.5-even bound
states have a sizable branching ratio to photons, but, as discussed above, we directly
capture only to states with odd L + S. Thus, line-photon annihilation events will
require that capture occurs into an excited state that can decay by dipole emission
to a state with even L + S, e.g. the free winos capture into the spin-singlet 2p state,
which subsequently transitions to d or s-wave. As we show in section [8.4.2] for winos
in the Milky Way halo, capture into the excited, p-wave states is dominated by the
direct rate for WIMPs to annihilate to v + X. Thus we expect a small branching

ratio for monochromatic gamma-ray annihilation lines from bound states.

Note that by dimensional analysis, we naively expect |¥(0)| ~ (aw M, )*? for s-

wave bound states, and Ay o ~ (aWMX)5/ 2 for p-wave bound states. Thus we expect
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the decay width for annihilations from s-wave bound states to scale as aj, M,, and
for annihilations from p-wave bound states to scale as o, M, . More generally (as also

noted in [210]), the width for decay via annihilation will scale as I' oc o 2L M, .

8.4 Analytic and numerical results

In this section we apply the results of section [8.3} we first consider the fate of bound
states once they form, and then move on to discuss the capture cross section, which
primarily determines the overall importance of bound state formation relative to

direct annihilation.

8.4.1 WIMPonium decays

As discussed above, the WIMPonium bound states may decay to lower-energy states
in the spectrum by emission of photons, or annihilate to SM particles. As we will
demonstrate, the former generally dominate for L > 0 if electric-dipole transitions
are allowed, with widths scaling as ' o< « o, M, in the unbroken SU(2) limit. Let us
begin by considering the circumstances under which such transitions can occur.

Unsuppressed (single-photon electric-dipole) transitions, either between contin-
uum states or bound states, require AL = +1, e.g. p-wave states can decay to s-wave
or d-wave bound states. As discussed above, bound states populated by single-photon
capture will have odd L + S, and so will be purely comprised of chargino pairs. The
states to which they can decay by single-photon emission will have even L + S they
will consequently tend to have larger binding energies for a given principal quantum
number (since the potential for even L + S has a larger eigenvalue for its attractive
component, in the illustrative “SU(2) positronium” limit). This means that, for ex-
ample, the 1s and 2s states with odd L + S (i.e. spin-triplet states) may in some
circumstances have available single-photon dipole decays to a 2p state with even L+S5,
and so need not be (meta)stable as they are in the hydrogen atom. Similarly, the 2p
state with odd L 4+ S (spin-singlet) may have open decay channels to the 3d and 3s
states as well as the 1s state. This point is illustrated in figure [8-3]
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As we will demonstrate in the next subsection, at low DM masses the dominant
capture process populates the spin-triplet 1s state, which is generically the lowest-
lying spin-triplet bound state; consequently this process gives rise to no subsequent
transitions, which would require an ayy-suppressed spin—ﬂipﬂ At higher DM masses
the most important capture processes dominantly populate the lowest-lying spin-
singlet states with odd L, i.e. the 2p states, via capture from the s- and d-wave parts
of the original plane wave. These statements assume the typical velocity of the Milky
Way halo v ~ O(107%); at low velocities where M, v < my, then the system is
still in the Yukawa regime and the contributions from higher-L partial waves have
velocity suppression due to the short-range nature of the potential (see appendix
for a discussion of the scaling). The 2p states generically have open and unsuppressed
decays to the spin-singlet 1s, 2s, 3s and 3d states. The 3d, 3s and 2s spin-singlet
states are themselves metastable, as there are no lower-lying spin-singlet states with

odd L, so they can decay only through annihilation to SM states or:
e two-photon transitions to the 1s spin-singlet ground state,

e clectric quadrupole transitions to the 1s spin-singlet ground state with even

L + S (available for d-wave states only),

e magnetic dipole, spin-flip transitions to the spin-triplet states, induced by rel-

ativistic effects.

In order to develop intuition, let us first consider the allowed transitions from the
spin-singlet 2p states in the high-energy limit where the SU(2) is unbroken. From
figure [8-3], we see that the 1-3s and 3d spin-singlet states are at lower energies. Note
that while we formally set the masses of all force carriers to zero for this analysis, we
still examine only capture through emission of W3, which will correspond to photon
emission after SU(2) is broken. We obtain the total decay rates for each of the spin-
singlet nlm = 21m as I' & 0.16 a aj;, M,, (appendix . Approximately half the
total branching ratio is to the ground state, followed closely by decays to the 2s

9As we see in figure capture to s-wave states with n > 5 can have dipole transitions to the
2p state or others for sufficiently high n.
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excited state; decays to the 3s and 3d excited states contribute only ~ 6% of the

total rate.

For annihilation, let us consider the same unbroken limit and compute the an-
nihilation rates for the 2p and 1s spin-singlet states, and the 1s spin-triplet state,

using the explicit form of the Coulombic bound state wavefunction (see discussion in

appendix [7.3.2)):

3 Y2 .
Rot (s 1) = 20\p\" (n —1—1)! o hhiar/n 2a\;pur 24 200 A .
n 2n (n+1)! n n
(8.43)
For the spin-singlet 1s state, which has A\, = 2 and n;, = (\/g \/%)7 we ob-
tain Wigg(0) = mlaw M)P2/VA, ie. vo(0) = /273 (awMy)2/\/7, dy(0) =

1/3 (aw M,)*?/y/7. Thus the decay rates to different final states, T'(f), from the

spin-singlet 1s state, are given by:

16 8
T(WIW™) = 3 agy M, 0(ZZ)= 3cwa§VM
16 8
I'(Zv) = ?CI%VS%/VO‘?/VMM I'(yy) = gséva?/vMX' (8.44)

For the spin-triplet 1s state we have ¥y (0) = 0, ¥c(0) = (awM,/2)*?/\/7. The

decay rates then become:

1 1

POWHW) = ool M, D(Zh°) = gl My,
L Lo
['(qq) = G ayy M, LT, vw) = 48aWM (8.45)

Finally, for annihilation from the 2p spin-singlet states, we have |V (0)|> = (awp)®/(327)
(for all m), where p = M, /2, so therefore:

_ 1
T(WHW~) = TP oty M, (8.46)

We see that, as claimed earlier, the annihilation rate for the 2p state is parametri-
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cally suppressed relative to the electric-dipole single-photon transitions to lower-lying
s and d states, which have rates ~ 10~ a3}, M, ; consequently, we can safely approx-
imate that any capture into the 2p spin-singlet state results in a transition to an ns
(n=1-3) or 3d spin-triplet state, followed by annihilation or a suppressed decay as
appropriate. The principal decay channel will be to the 1s spin-singlet state, and so
in this unbroken limit, we expect capture to the 2p state to eventually result in an-
nihilation decays to the SM with approximately the branching ratios in eq. [8.44] For
capture to the 1s spin-triplet state, a wide range of SM final states can be produced
due to the presence of an s-channel annihilation; most of the branching ratio is to
hadronic channels (quarks), and thus the resulting decay annihilation signal would be
rich in continuum photons and charged particles, but with no appreciable gamma-ray

line at the DM mass.

Moving beyond the SU(2) symmetric limit, we can use the numerical method
introduced in appendix to calculate the bound-state wavefunctions and then use
eq. [8.23] to find the spin-singlet, 2p to ns transitions. The results are shown in Figure
together with the analytic results presented above, which approach validity in
the limit of high DM mass. As expected, the decay via annihilation is suppressed by
a few orders of magnitude compared to the transition to lower s- and d-wave bound

states.

Finally, since the bound-state Hamiltonian includes the positive mass-shift, some
of the bound states (in the sense that their wavefunctions are exponentially suppressed
at large r) will have positive energy, according to our definition of zero energy. Such
states could therefore decay into lower-energy unbound states (corresponding to free
x°x° pairs at large 7) through the emission of a photon, which changes L + S from
odd to even. It is a quirk of our Hamiltonian with the mass-shift term that bound
and continuum states overlap in the spectrum between £ =0 and £ = +20M.

However, we expect the impact of these positive-energy bound states to be small,
and neglect them in our calculations. As we see in figure 8-4] for M, > 6 TeV, there
are negative-energy bound states in the L + S-odd Hamiltonian spectrum available

for capture. Capture rates are typically dominated by the deepest-available bound
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states, with the rates smoothly turning off as the binding energy approaches zero
from below. Furthermore, capturing into the full range of positive-energy bound
states requires sufficient kinetic energy from the initial x°x°. For example, with our
standard mean velocity, v = 107, we would need M, > 1320 TeV to capture into all
L + S-odd, x*x~ bound states; if the kinetic energy is much smaller than this value,
positive-energy bound states will only be available for capture in the fine-tuned case
where their binding energy relative to the free x*x~ state is very close to the mass
splitting 20 M.

If we do form such a WIMPonium, its “fall-apart” transition back to free x°y"
(with emission of another photon) is kinematically suppressed relative to standard
dipole-emission decay to a negative-energy bound state, if such an accessible state
exists in the spectrum. As stated above, the bound-state to bound-state transition
rate scales like o ay, M. We can estimate the rate of WIMPonium — x°x°~ from the
capture rate in the Coulomb limit, which scales as ov ~ o E., /v, as the overlap integral
and thus the squared matrix elements are the same. However, to convert ov to I,
we need an additional factor of the phase space for the relative WIMP momentum,
p = M,ve1/2. The positive powers of v from this measure will (more than) cancel
the 1/v that gave the Sommerfeld enhancement for capture. We thus get a factor
(E,vi))/M,. For the highest-energy bound states, E., ~ dM and v, ~ dM/M,,
for an overall scaling like a/(§M /M, )?. Thus, making this process competitive with
the dipole transition rate to another bound state would require (6M/M,) > a3, and

thus M, < 300 GeV. However, this is outside the regime where Sommerfeld and

electroweak bound state effects occur, which requires M, aw /mw 2 1.

8.4.2 WIMPonium formation

Again, we will begin by considering the symmetric limit where SU(2) is unbroken
in order to build intuition, as in this limit the single-photon capture rates can be
calculated analytically from the formulae derived in section [8.3.1 The spin-averaged
cross sections for radiative capture into the first few bound states from the full initial

(asymptotically plane-wave) state, by single-photon emission in the dipole approxi-
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Figure 8-6: Our numerical (solid) and exact results in the SU(2)-symmetric limit
(dotted) for the decay channels of the lowest-energy bound states we capture into
in each spin configurations. Left: Decay rates of the 2p spin-singlet bound state.
The blue curve shows the inclusive decay rate to the three lower s-wave bound states
available (1-3s); the yellow (red) curve is the rate to the 3d bound state (W+W ™).
Right: Decay rates of the 1s, spin-triplet bound state, given by the annihilation

matrices in eq. 8.41]

mation and in the limit of small initial momenta, are given by (eq. |D.32)):

287 aad, 1 o
- 33 M2 lﬁe fnlm- (847)
X re

OUre] =

where the f,;, coefficients are given by:

flOO = 07 f200 = 3847 f210 = 2425 f21i1 = 50. (848)

As discussed above, here we have multiplied the cross sections for even-L final states
by 3/4 to account for the fact that the initial state must be odd-L and hence spin-
triplet, and likewise we have multiplied the cross sections for odd-L final states by

1/4.

Consider the more general case where the incoming two-particle state experiences
a Coulomb potential with coupling \;ay, and corresponding eigenvector 7;, and the
final bound state is supported by a Coulomb potential with coupling Asay and cor-
responding eigenvector ny. We find that (at least for these low-lying states) there
is a generic accidental suppression in the cross section of the form e~*"/*s  arising

from the overlap between the wavefunctions with different eigenvalues (see appendix
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for the derivation). Since for the wino-like case, \; = 2 for the attracted compo-
nent (since the attracted component must have even L + S to allow mixing between

the x°x? and xTx~ two-particle states), and A\; = 1, this suppression is e 5"

, and
acts quite strongly to suppress capture into higher-n bound states. For positronium,
where there is only one relevant Coulomb potential, this factor is only e™". As we
will see, the single-photon capture cross section for the wino is generically well below

the direct annihilation cross section, which is not the case for positronium (we discuss

this point further in section [8.4.3)).

In this regime, where the potential has infinite range, there is no velocity sup-
pression of terms corresponding to higher partial waves in the incoming two-particle
state. However, we expect such a velocity suppression to occur once the relative par-
ticle velocity is comparable to my /M,. As a crude estimate of the effects on the
cross section, we can separate out the contribution to eq. originating purely from
the L = 0 partial wave, setting all other contributions to zero. For capture from the
s-wave piece of the initial state to the n = 2, [ = 1 bound states, we find (eq. |D.41)):

12 2 2
2T 16 XA
3 M2 vy

OUrel =

(8.49)

Note that the contributions to capture rates into the nlm = 210, 211 and 21-1 states
are identical for this case; here we have summed the cross sections together. We have
also averaged over the spin configuration, which amounts to dividing the cross section
for the spin-singlet case by 4, since there is no s-wave component of the spin-triplet
state due to Fermi statistics. However, as we show in appendix [D.4] the anticipated
velocity suppression of the higher partial waves is of order (M, v/ my )2, rather than
simply v?!. Consequently, so long as v is not too small compared to my/M,, the
contributions from higher partial waves may still be non-negligible and even dominate.
However, even in the limit of unbroken SU (2) there can be cases where an accidental
cancellation sets the rate for a particular capture channel to zero. For example, for
the wino this occurs for the spin-averaged capture rate from the p-wave piece of the

initial state to the spin-triplet 1s state.
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To compute the full capture cross section, we numerically solve for the radial
wavefunctions for both the continuum and bound states, using the methods presented
in appendices[D.JJand[D.2] In figure[8-7, we plot the capture rate to the 2p spin-singlet
bound state with the rate given in eq. [8.23|["Y]

The capture to the spin-triplet 1s state, which at the order we have worked origi-
nates entirely from the p-wave part of the initial continuum state, is the only available
channel at low DM masses, is competitive with capture to the 2p states at interme-
diate DM masses, and becomes subdominant at high DM masses because it vanishes

in the Coulomb limit.

3
o

10724
1072
10728 ¢
10730
10-32 L

10—34 -

5 10
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Figure 8-7: Rates for initial wino dark matter state, y°x°, to capture to WIMPonium
or annihilate directly to SM bosons with v = 1073. Dark Orange: Tree-level in-
clusive annihilation rate to WtW =, vZ, and 7. Yellow: Semi-inclusive observable
to rate to a monochromatic photon, x°x? — ~ + X, assuming a HESS-like detector,
using the results of [217]. Blue: x°x°(p—wave) — 35; +~, lowest—n bound state, n=1.
Purple: x°x°(d-wave) — P, + v (n = 2). Maroon: x°x°(s—wave) — P, +~, n = 2.
Dashed lines indicate 3x o, computed analytically in the SU(2)-symmetric limit for
s — p (maroon, eq.[D.41)) and d — p (purple, as discussed in Appendix D)), capturing
to the lowest-n bound states only (see the text for an explanation of the factor of 3).

10We note that for our numerical analysis, we have taken the parameters of the electroweak
potential at their PDG my values [231]. Since the proper scale is given by value of order the
momentum transfer, in the potential, this is max(mw, Myuvw) and for the photon emission is
max(E,, M,v2,), where E, is the binding energy, typically O(few x GeV). Summing the logarithms
associated with the hierarchy is beyond our scope.

280



Our numerical results in figure only include capture to the relevant state with
the lowest n quantum number. Generically the capture to excited states is suppressed
by the e 8" factor (although as discussed above accidental cancellations can change

this hierarchy).

At low masses, the capture cross section experiences a pattern of resonances similar
to that for Sommerfeld-enhanced direct annihilation, due to the enhancement of the
continuum-state wavefunction close to the origin when a bound state in the spectrum
passes through zero energy (note that these are bound states for the potential with
even L+.S, whereas the bound states produced by the single-photon-mediated capture
necessarily have odd L + S). At high masses, the resonance peaks diminish and the
result approaches our analytic calculation for the unbroken SU(2) limit, up to an
overall factor; when we test very high masses beyond the reach of Figure [8-7] our
numerical capture rate consistently exceeds the analytical prediction by a factor of 3
for v < 1073,

We attribute this factor of 3 to a somewhat subtle effect discussed in appendix E2
of [I60]; the issue is that since the chargino states are not kinematically accessible,
we are not truly in the limit of unbroken SU(2), as the mass splitting between the
neutralino and chargino states is large compared to other energy scales in the problem
(i.e. the kinetic energy of the particles). The transition between the large-r regime,
where the mass splitting dominates the potential, and the small-r regime, where the

potential is approximately Coulombic, can give rise to effects that do not appear in

the unbroken-SU(2) limit.

Our cross section result in the unbroken SU(2) limit includes a factor of 1/3
from the overlap between our initial condition (particles begin as neutralinos) and
the eigenvector of the potential matrix that experiences an attractive interaction; in
the language of appendix [D.3] and particularly eq. [7.71] this factor appears in the
matrix element as I-7; (= 1/v/3 for the wino). More specifically, it appears in the
contribution to the matrix element from each component of the continuum wavefunc-
tion that experiences an attractive interaction. In the low-velocity limit, it is these

contributions that control the overall capture rate, since any component of the wave-
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function that experiences a repulsive interaction is suppressed toward the origin and
its contribution to the capture rate is exponentially suppressed (as we demonstrate
in appendix [D.3)). In the unbroken SU(2) limit, the wavefunctions associated with
the various eigenvectors of the potential obey decoupled Schrédinger equations, and
the eigenvectors themselves are independent of r; thus we can determine the wave-
functions associated with the various eigenvectors at some large r (i.e. by setting an

initial condition), and then evolve them straightforwardly for all r.

However, in the more general case where SU(2) is broken, the fraction of the wave-
function corresponding to each of the r-dependent eigenvectors will evolve with r in a
non-trivial way. In particular, when the xx" and x Ty~ states have different masses
— that is, they have different energies as r — oo — this mass splitting defines the
two eigenvectors of the potential matrix at large r, whereas at small » Coulomb-like
behavior is recovered and the eigenvectors of the matrix correspond to states expe-
riencing attractive (lower energy) or repulsive (higher energy) Coulomb potentials.
One particularly simple case occurs when the transition between the two regimes is
sufficiently slow and adiabatic: then if the wavefunction is purely in the lower-energy
eigenstate at large r (i.e. the x%x° state), it will entirely populate the lower-energy
(attracted) eigenstate at small r also. Consequently, the x°x° state effectively feels
a purely attractive interaction, and there is no suppression factor in the matrix ele-
ment to account for the fraction of the state that experiences repulsion and does not

contribute to the capture rate.

If this adiabatic approximation is valid, then the factors of I -1, appearing in
eq. should be replaced by 1 for the lowest-energy eigenstate at small r — i.e.
the eigenstate 7; corresponding to the largest value of A\; — and by 0 for all other
eigenstates. However, caution is warranted when applying this naive estimate to
systems with multiple eigenstates with \; > 0, as eigenstates with smaller values of
A; can yield exponentially larger contributions to the capture cross section (via the
e~2n%i/2s factor of eq.[7.71)), and to our knowledge this behavior has only been studied

in systems with a single attracted eigenstate.

In a simpler multi-state model, with only a single force carrier with mass m4 and
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coupling a4, [I60] gave the criterion for this adiabatic rotation to occur as m v <

26. In our model, the equivalent criterion would be my v, < 26, which is generically

true for v, < 26/my ~ 4 x 1073, independent of the DM mass.

For the detailed analysis above, we have taken the relative WIMP velocity to be
el = 1073, typical of DM velocities in the Milky Way halo [I86]. However, the
capture rates are not velocity-independent in general. It is interesting to scan in v
both because the true WIMP velocity has a Maxwellian distribution and thus will
have support at other values, and as a check on our expectations for scaling of the
rates with velocity; the latter will be particularly important when considering signals
from e.g. clusters, dwarf galaxies, or substructure in the Milky Way halo. In figure
8-8 we plot the effects of varying v, by an order of magnitude for the s — p—wave

and p — s—wave capture rates, to the deepest bound states available in both cases.

In these figures, we only considered capture via photon emission, even though

for some of the parameter space on both plots, on-shell Z-emission is also allowed.

80 M
Myv?

We did however, take into account that for < 1, the charged component of the
wavefunction, ¢, is no longer exponentially suppressed at large radii. For example,
this covers the M, > 13 TeV range of v, = 1072 in both plots. We see that as
expected for a short-range potential, at lower M, we have a pronounced velocity
suppression for the p-wave initial state. However, at higher masses, where we are
in the SU(2)-symmetric limit, the velocity suppression is lifted, and we expect the

slower WIMPs to cross over to having a larger capture rate, scaling like 1/v,¢, which

saturates once vy < my /M,,.

We observe that the v, = 1072 case does not respect this scaling, with rates that
can be much higher than the v.q = 1073 case. Our simple analytic results neglect
the contribution from the continuum states that experience a repulsive Coulomb
potential, as discussed in appendix [7.3.3] on the grounds that this contribution is
exponentially suppressed at low velocities. The suppression scales as e~27w /Ul ip
the cross section (see eq. , so when v, becomes comparable to ayy, this term
can no longer be clearly neglected. More generally, we have worked in the limit of

small v, < ayy throughout this calculation; as v, becomes large our analytic results
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should not be expected to describe the full behavior of the system.

8.4.3 Capture vs direct annihilation

From figure [8-7, we see that in the wino case the capture rate is quite suppressed
relative to direct annihilation, across almost the whole range of possible DM masses.
This contrasts with the case of ete™ annihilation, where capture into positronium
dominates direct annihilation at low relative velocities. In this subsection we explore
the origin of this difference, and how it might generalize to other complex dark sectors.

As previously, we proceed by examining the limit where SU(2) is unbroken.

For positronium, where \; = Ay = 1, all the gauge factors are trivial, diagrams of
the form shown in figure are forbidden (i.e. Cy = 0, in the notation of appendix
D.3), and there is only a single relevant two-body state (e*e™), we obtain the cross
section for capture into the positronium ground state from eq. as:

210 2 1 1
T e tad——

3 m2 vyl

(8.50)

OUre] =

For the wino, as discussed above, the high-mass limit of the cross section for
capture into the ground state is zero. The cross section for capture into the 2p states
is:

2212 %19 s 4, 1 1

OUrel] — Te aawﬁ%@. (851)

We see that the numerical prefactor is smaller by a factor of ~ 5 x 10~* for the
wino compared to positronium; the factor of e='¢ vs. e™* from the overlap integral
suppresses the rate for the wino, and is not fully compensated by other numerical

prefactors.

Now let us consider the rate for direct annihilation. The Sommerfeld enhancement
at low velocities and for massless force carriers is 2ma /v, The spin-averaged annihi-

lation cross section for ete™ — vy without accounting for Sommerfeld enhancement
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is ov = Ta?/m? (e.g. |224]). Thus the enhanced cross section is:

2m2a

mg Urel

(8.52)

OUrel =

For direct annihilation (into all channels), on the other hand, the leading-order

spin-averaged s-wave annihilation rate for the wino is:

o2ra’ R 0
ova = =0 (0300) wp) |7 o) (8.53)
X 75 5 @00(0)

Assuming that only the attracted eigenstate gives a non-negligible contribution
to the wavefunctions at the origin, and that this eigenstate has eigenvector n and

eigenvalue A\, we obtain:

2o 1
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We have |¢(Aa; 0)|* ~ 2w Aar/vye for small velocities, from our earlier results (this also
cross-checks our Sommerfeld enhancement formula for positronium). Thus overall we
obtain:

4.2 3
2% agy,

W 8.55
BM)%’Urel ( )

OUre] =

We see that the cross section is slightly larger for the wino than one would expect
from a naive extrapolation from positronium; the presence of multiple channels and
the stronger coupling (since A = 2) outweighs the penalty factor from the non-trivial
overlap between the initial conditions and the attracted state. While for positronium,
the capture/annihilation ratio is 2%¢™*/3 ~ 3, for the wino we expect it to be 28 x
19¢ % (a/aw) ~ 5 x 1074 (a/ay) ~ 1072,

With regard to general dark sectors, we see that a large attractive eigenvalue for
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the initial state boosts the rate for direct annihilation by a factor A\, but suppresses the
capture rate by an exponential factor (that depends on the ratio of this eigenvalue
to the attractive eigenvalue of the potential supporting the final state). Thus in
general, smaller attractive eigenvalues for the initial state (and also larger attractive

eigenvalues for the bound state) will tend to boost the capture/annihilation ratio.

8.4.4 Discussion

The capture rate we have derived for the wino is very small, consistently well below the
direct annihilation cross section. Furthermore, at low masses the dominant capture
mode for velocities typical of the Milky Way halo is to the 1s spin-triplet state,
which is a pure-chargino bound state that subsequently decays dominantly through
s-channel annihilation to SM quarks. Thus the presence of bound states will not
directly enhance the annihilation rate by a significant fraction, and in particular will
not enhance the gamma-ray line cross section. Previous calculations of the gamma-
ray line signal, neglecting the impact of radiative capture into bound states, thus
remain valid.

One might ask to what degree this conclusion is generic to complex dark sectors,
where the DM interacts through the exchange of multiple force carriers and may have
nearly-degenerate partner particles. Compared to the case of positronium, where
the capture rate dominates the direct annihilation rate by a factor of a few at low
velocities, there are three principal sources of suppression of the capture cross section

for the wino:

e Only some fraction of the propagating two-particle state couples to the radiated
particle (the photon, in our case), leading to O(1) suppression factors. Thus,
for example, the capture cross section scales as a3, in the high-mass limit,
whereas the direct annihilation cross section scales as ;. Factors of this form
will be generic in complex dark sector models, although their exact size will

vary.

e For positronium the capture into the ground state dominates but for the wino
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this capture rate is generically suppressed, as it vanishes in the Coulombic limit
due to an accidental cancellation. This suppression is not universal to other dark
sector models. For models where this term does not vanish in the Coulomb limit
it still may be suppressed at low velocities since it involves a p-wave initial state;
this suppression does not affect the s-wave direct annihilation cross section.
This factor depends on the mass of the force carriers relative to the mass of
the DM; in non-electroweakino DM models, there is much greater freedom to
adjust the force carrier mass and hence the degree of velocity suppression. For
example, lowering the force carrier masses will reduce the effect of the velocity
suppression on the capture rate from higher-partial-wave components of the
continuum wavefunction, since this velocity suppression scales as (M, v/my)?~.
Also, for my < M,,, we enter the Coulombic regime, where there is no velocity

suppression for higher partial waves, and we recover a 1/v scaling in the capture

rate.

There is also the apparently accidental e=*"*/*s factor appearing in the cross
section for capture, arising from the overlap integral between the continuum
and bound states, which does not affect the direct annihilation cross section.
For positronium and the case of capture to the ground state, \; = Ay and

this factor is just e™*.

For the wino case, where \; = 2 = 2\, this factor
is e=® at most, and it increasingly suppresses capture into bound states with
higher principal quantum number. This factor is not universal; for example,
for a simple two-state model coupled to a single force carrier [196] we have
Ai/Af = 1, for fermionic DM transforming as a SU(2) doublet (quintuplet) we

find \;/Af =1 (g and %, as the quintuplet has two eigenvectors that experience

an attractive potential, both of which can contribute to capture) [194].

Dark sectors where the bound states experience a stronger attractive potential than

the continuum states, or where the ratio of force carrier mass to DM mass is not

much larger than typical velocities in the Milky Way halo, are therefore more likely

to have large cross sections for capture relative to direct annihilation.
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One might also ask whether the photons radiated on capture themselves constitute
a detectable signal. In principle, detecting lines from capture and/or transitions
between bound states could allow study of the quantum numbers of the DM. However,
because the capture rate for wino-like DM is so low and the mass scales where bound
states occur are quite high, for this particular toy model this would be an extremely
challenging search. Assuming an NFW DM profile with local DM density p(8.5kpc) =
0.4 GeV /cm? and scale radius 20 kpc, and (as a benchmark) 10 TeV DM with a capture
cross section of 107 cm?®/s, we find that on average one would receive O(107%)
photons/m?/yr at Earth from the whole Milky Way halo. From the region within
1 degree of the Galactic center, the rate is instead O (107°) photons/m?/yr. This
rate is prohibitively small for any reasonable space-based telescope. Ground-based
gamma-ray telescopes, on the other hand, can have effective areas of ~ 10°~¢ m? and
so might be able to observe a very small number of capture photons — but current
and near-future ground-based telescopes have low-energy thresholds in the 10 — 20
GeV range or higher, which would need to be lowered by an order of magnitude to
observe capture and transition photons from O(10) TeV DM (for which the deepest
bound states accessible by capture have E, ~ 1 GeV), and would likely also need
excellent energy resolution in order to isolate such a small line signal from substantial
astrophysical backgrounds. Higher DM masses would produce capture line photons
with higher energies — e.g. 25 GeV for 100 TeV DM — but would also correspond
to a much lower DM number density, suppressing the already-low rate of possible
detections. However, if an annihilation signal had already been detected, such a
search would be well-motivated, and might provide one of the only ways to probe the
particle properties of the DM in the absence of a discovery at a collider. Detection
of a high-energy annihilation signal would also open up other options in searching
for the capture transition lines, for example by examining cross-correlations with the

DM annihilation spatial distribution.
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8.5 Conclusions

We have computed the rate for formation of wino-onium bound states, and their
subsequent decays to lower-energy states or SM particles. We find that bound state
formation by single photon emission is possible for large wino masses, M, 2 5.6
TeV, but in general, and in contrast to the case of positronium, the capture rate
is subdominant to direct annihilation. Consequently, previous calculations of the
detectability of e.g. high-energy gamma-ray lines from wino DM should not require

significant modification in most of parameter space.

This scenario has several novel features relative to the case of positronium, or dark-
sector configurations where there is only one DM state and the potential is mediated
by a single dark photon. Many of these features will generalize to any complex dark
sector where the gauge group is nonabelian and the potential couples together several

nearly-degenerate dark-matter-like states.

Spin statistics demands that only two-particle states with even L 4+ .S can possess
a x°x° component; states with odd L + S must in this case be entirely comprised
of xTx~. Consequently, states with odd vs even L + S experience different effective
potentials and form distinct towers of bound states, which will generically be displaced
from each other in energy. The unsuppressed decay channels to lower-energy bound
states may thus be very different to the familiar case of hydrogen-like atoms. The
annihilation channels of the two towers of states are also quite different; for the wino,
states with even L+ .S decay primarily to gauge bosons, whereas those with odd L+ S

decay primarily through an s-channel diagram to quarks and leptons.

The presence of massive force carriers generically suppresses the capture cross
section at low velocities, by suppressing all contributions from initial states with
L > 0. However, the distortion of the continuum wave functions due to the presence
of near-threshold bound states can lead to resonant enhancement of the capture cross
section, in the same way that resonant Sommerfeld enhancement leads to a larger
direct annihilation cross section. Furthermore, for the wino and for velocities typical

of the Milky Way halo, the capture rate can have a significant velocity dependence,

289



in contrast to direct annihilation.

Detection of the low-energy photon lines (O(GeV) energies for 10 TeV+ DM) from
radiative capture and transitions between bound states could potentially provide a
unique probe into the gauge structure of the dark sector. However, for the heavy wino
this search appears very challenging, due to the low number density of multi-TeV
DM; experiments designed to search for high-energy gamma rays have large enough
effective areas to observe these photons, but their energy threshold is presently too
high to have sensitivity, and furthermore the gamma-ray backgrounds at these low
energies are substantial.

In contrast to the features discussed above, the factors which suppress the wino-
onium capture cross section are not generic; they depend sensitively on the represen-
tation of the DM under the gauge group, and the relative masses of the DM and force
carriers. Thus the formation of bound states cannot be safely ignored in models with
non-trivial dark sectors. We have presented general analytic results for the capture
rate into DM bound states in the limit where the force carriers are very light and
the gauge symmetry is approximately unbroken, to facilitate estimates of whether
the capture rate can be important for a given dark-sector model. In such models,
the presence of bound states could enhance the capture rate, change the branching
ratio to different SM final states, and perhaps generate non-negligible transition lines
— although if the dark gauge group is not the electroweak gauge group, the transi-
tion lines would presumably be comprised of “dark photons”, and their observable

signatures would depend on the coupling of those dark photons to the SM.
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Figure 8-8: Top: Rate for x°x"(p-wave) — 35; + v, considering only capture into
the deepest bound state. Bottom: Rate for x"x"(s—wave) — P, + v, considering
only capture into the deepest bound states. Velocities are v, = 1072 (orange),
Vel = 1073 (blue: p-wave; maroon: s-wave), and v, = 107 (green). All colored dotted
lines display 3 x ov, the analytic predictions from the Coulomb limit (see the text for
an explanation of the factor of 3).
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Chapter 9

Conclusion

In this thesis I presented a framework to numerically solve the equations of motion
which describe the evolution of inhomogeneities in the early universe, in a way that
is much more efficient than simulations involving full numerical general relativity.
This framework captures the dominant nonlinear effect of inhomogeneities influencing
the surrounding spacetime, and vice-versa. The results I presented address to what
extent inflation can occur under inhomogeneous initial conditions in the very early
universe. The efficiency of this approach allows us to simulate the onset of inflation
in a wider range of models and over more broad regions of the phase space of initial
conditions than the numerical-relativity simulations can probe. I presented results
which demonstrate this method on a simple inflationary model in a spacetime with
zero spatial curvature, where we find that cosmic inflation is robust in the face of
significant initial inhomogeneities.

This framework can be extended to investigate the robustness of cosmic inflation
in a wide variety of models. For example, one interesting direction forward is to
investigate the onset of inflation amid inhomogeneous initial conditions in models
in which cosmic inflation is driven by multiple interacting matter fields. Multi-field
inflation is well-motivated by particle physics and string theory, and gives rise to
distinctive experimental signatures. The close agreement between the spectrum of
primordial inhomogeneities predicted by inflation and precision measurements of the

CMB is one of the most important recent accomplishments of cosmology. Multi-field

293



inflation can generate unique features in the primordial inhomogeneities which are
highly constrained by CMB measurements, providing a powerful discriminating tool
for constraining models of inflation. For example, string theory leads not to one fully
specified inflationary model, but to an ensemble of possible models; comparing their
experimental signatures with observations and testing their robustness to inhomoge-
neous initial conditions can allow us to distinguish which inflationary models may be

realistic descriptions of nature.

In this thesis I also fully explored the vector-portal dark matter model, for both
symmetric and inelastic DM models, in the regime where the ratio of the dark photon

< 2, carefully

~

mass ma to the dark matter mass m, is in the range 1 < ma//m,
tracking the separate dark sector and SM temperatures throughout freezeout. This
reveals a rich set of new mechanisms for obtaining the correct DM relic density, which
lead to interesting cosmological histories in which the separate temperature evolution
of the dark sector plays an important role, and which open new windows of parameter

space for the DM where experiments have not yet explored.

This demonstrates the importance of carefully searching even well-understood hid-
den sector models, as well as novel DM candidates, taking into account the important
effects that the temperature evolution of the dark sector can have. This is a lesson to
take forward as we continue exploring new mechanisms for producing dark matter. It
is now a particularly important time to continue exploring the landscape of models
which produce DM at light (sub-GeV) masses as new direct detection experiments

will soon explore the parameter space of light DM with unprecedented sensitivity [96].

In this thesis I also presented a calculation of the rate for the wino to bind into
WIMPonium and to subsequently decay to lower-energy states or SM particles. Ex-
tending beyond the case of electromagnetism to the formation of bound states of
dark matter particles which inhabit a more general nonabelian dark sector reveals
rich structures which are not present in the case of electromagnetism, and which
could be revealed by astrophysical detection of photon lines from radiative capture
and transitions between WIMPonium bound states. For the wino such photons are

rare, but might be observable by a future ground-based gamma-ray telescope combin-
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ing large effective area and a low energy threshold. WIMPonium can also decay into
radiation which provides an additional astrophysical detection signal. In the specific
case of the wino the rate for bound state formation provides only a small correction
to the overall annihilation rate.

There are many open directions to explore about dark sector bound states and
their implications for cosmology, such as scenarios where forces between DM particles
in a bound state are mediated by a pseudo-scalar or axial vector, and the discovery
potential for DM bound states at the Large Hadron Collider.

The work presented in this thesis represents only a small part of what we think

we understand about cosmology, and our understanding is changing daily.
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Appendix A

Appendix for Chapter

A.1 Discrete Spectrum for Mode Functions

As described in Section , we expand quantized field fluctuations 5& (z*) and metric
perturbations W (2*) in eigenfunctions Zpsm (x) of the comoving spatial Laplacian.

Within a comoving spatial volume of finite size, Eq. (3.12)) then takes the form

with positive integer n > 1. We restrict attention to a finite sphere of comoving
radius R within a spatially flat FLRW background spacetime (K = 0). We select
Dirichlet boundary conditions Z,,,(R, 0, $) = 0, which causes V? to have a negative
definite spectrum as desired, and for the resulting Sturm-Liouville system to yield a

complete, orthonormal basis:

/ 5T Zono (X) Zrr () = Gt S G (A.2)
r<R

In spherical polar coordinates, Eq. (A.1]) becomes

19 ( 2 nim
T

1
T_ZE ar ) — ﬁL2ZMm + kigznfm = 07 (A3)
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where

1 0 B 1P
2= % (sngl ) - 2 Ad
sin 6 0 (Smeae) sin? 6 02 (A4.4)

The eigenfunctions of the operator L? are the familiar spherical harmonics Y4, (0, ¢),
which satisfy L*Yy,, = ¢(¢ + 1) Yy,. Solutions to Eq. (A.3) may then be written in

the form

anm(ra 97 Qb) = Nnﬁm jf(knﬂﬂ) }/@m(‘gu ¢)7 (A5>
where Ny, is a normalization constant, j,(z) is a spherical Bessel function of order
¢, and the boundary conditions require
Je(kneR) = 0. (A.6)
The requirement of Eq. (A.6) yields a discrete spectrum of allowable wavenumbers,

Fue(R) = 22 (A7)

where, as noted below Eq. (3.33]), z,¢ is the nth zero of the Bessel function j,(x) for
n > 1. Making use of the orthonormality properties of the Y7, (6, ¢), Eq. (A.2)) then

becomes

R
anm Nn’ém / dr T2 jf(knir) jé(kn’fr) = Onn/- (A8>
0

Upon using Egs. (11.49) and (11.50) of Ref. [232], we find

V2 1

Nn m — ; y
T R32 o (ke R))|

(A.9)

with (as usual) je(k. R) = 0. Note that the normalization N, is independent
of m. The basis functions Z,s,(r, 0, ¢) provide spectral convergence to any spatial

configuration as we take n,., — 0.

Given the spatial eigenfunctions Z,,,,(x) and the properties of the operators é,em,
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Qypm, We may evaluate various two-point functions. For example, we have

(0186(t, %) 0t )10) = > _ 166ntm (DI Zutm (%) Z5 1 (¥)- (A.10)

ném
The term ((§¢)?), which appears throughout the equations of motion in the Hartree
approximation, is Eq. (A.10]) in the limit x — y. As our slicing of spacetime has been
chosen such that spatial slices are homogeneous and isotropic (this holds even inside
the finite sphere due to completeness), we may evaluate Eq. (A.10) at x =y = 0.

From

j[(Z)—>1'3.5"”.<2€+1) forz —0 (A.11)

we note that only the / = 0 mode remains nonzero at the origin, with amplitude

§o(0) = 1. We further note that Ygo(6, ¢) = 1/+/4x for £ = m = 0, and hence we find
((66)%) by Zn2|5¢noo t)?, (A.12)

as in Eq. (3.38), prior to applying the UV regularization. The same steps yield ((d¢)2)

as in Eq. (3.38).

The remaining two-point function of interest is the contribution to dp(2) from the

spatial gradients. We find

((V36)*) =D [66nem(t)

ném

X {hrrarznﬂm(o) GTZ:;Em(O)
(A.13)
+h0009anm< )89 nEm( )

190, Zo(0) Dy 22 (0 >}.

Using Eq. (A.11)), we see that only the term with ¢ = 1 will contribute to the first
term in brackets within Eq. (A.13)). From the properties of Y7,,(0,¢) and N, in
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Eq. (A.9), we then find

1 k2
R0 Zpim (0) 0,27, (0) = nl )Pcsg,l Sm.0- (A.14)

67TR3 |]2 (kan

For the last two terms in brackets in Eq. (A.13]), we require that the terms be well-
behaved in the vicinity of the origin. Given h% = 1/r% and the properties of the
Yim (60, @), the only contribution to the second term in brackets that will remain regular

(and nonzero) near x — 0 comes from ¢ = 1, and we find

> 1" 09 Zuim(0) 802,34, (0)

nem (A.15)

=> ! LT [0t + O 1]
- . 127TR3 |j2(k5n1R)|2 2,1 [Ym,1 m,—1] -

Proceeding similarly, we find

> % 0y Znim(0) 0y Z 4, (0)
nem (A.16)

k?2
= 001 [Om Om.—1] -
Z ]_27TR3 |j2 an)|2 671 [ ’1 + s 1]

Combining Egs. (A.13]) - (A.16), we find

(V09)") = R32 2 T an ,2|6¢n1m<>|, (A-17)

-1,0,1

as in Eq. (3.38)).

A.2 Initial Conditions for the Field Fluctuations

To establish the initial conditions for the mode functions d¢,em, (to) and 5¢ngm(t0)7 we
first consider the case of R — oo, for which the spectrum of allowable wavenumbers
is continuous, with 0 < k < co. As noted in Section [3.3] within the Hartree approxi-
mation higher-order interaction terms among the fluctuations 5ng5 are replaced by an

effective mass, so we may proceed by following most of the steps for quantizing a free,
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massive scalar field in FLRW spacetime.

The equal-time commutation relation for a free scalar field stipulates

[66(t,%),011(t, y)] = i6® (x — y), (A.18)
where
oIl = aﬁl = a’(t) (5(% (A.19)
00¢

is the momentum canonically conjugate to 5&. Upon expanding 5f[(:v“) in a series

of complex mode functions §Ils, () and creation and annihilation operators akin

to Eq. 1D and using the commutation relations for ase, and d;@m in Eq. 1}
Eq. (A.18]) imposes a constraint on the mode functions:

We rescale the modes d¢ge,(t) = vkem(t)/a(t) and introduce conformal time, dr =
dt/a(t), so that
Mo (7) = a(T) (Vipy, — HUkem), (A.21)

where primes denote d/dr and H = a’/a. Then Eq. (A.20) becomes
Uktm 'Uzzm - U;:Zm Ulldm = 7;7 <A22>

a Wronskian condition that we will use when setting initial conditions at .

In terms of vge,(7), Eq. (3.18]) takes the form
Upim + Wi (T) Vktm = Skem (T), (A.23)

where the source term Sy, depends on Wy, and U}, . and the frequency is given

by

wi(1) = K 4+ a*(17) m2g (1) — (A.24)
with the effective mass m2; given in Eq. (3.34). The effective mass is suppressed
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by a small coupling constant A\ and hence we expect it to remain subdominant
around 79, while, on dimensional grounds, we expect a”’/a ~ O(H?) around .
When we numerically evolve the modes within a region of finite comoving radius
R in our simulation, we introduce an infrared cut-off given by kyy, = 7/R, with
R ~ 1/[a(79)H (70)]. Hence even for the longest-wavelength modes in our simula-
tion, we expect k* > {a?(m0) m?¢(0), a”(70)/a(70)}. For setting initial conditions, we

therefore approximate wy(7y) ~ k.

We do not assume that the system has attained its minimum energy state at the
initial time 7y, and hence we consider initial conditions for the modes that could
depart from the usual Bunch-Davies vacuum state. (Note that as we are describing
a weakly interacting system, the Bunch-Davies state that we construct is only an
approximation of the lowest-energy state, which we do not attempt to find.) We

parameterize the initial conditions for the modes as

1 .
Vo (T0) = E (Qgem + 1Bkem)

(A.25)
/ . |k .
Vyorn (T0) = —Z\/; (Viem + 10kem)

where apom, Brems Viem, and Opey, are each real-valued, dimensionless constants. (In

the limit w, — k, the Bunch-Davies state corresponds to agem = Yeem = 1, Brem =

dkem = 0.) The Wronskian condition of Eq. (A.22)) then becomes

Qkem Veem + BremOkem = 1. (A.26)

Without loss of generality, we may set Sk, = 0 for all modes; then Eq. (A.26]) fixes
Ot = 1/ s Setting a(m) = 1, Bqs. (A2T) and (A25) yield

dPrem(to) = ﬁ7

: k 4 e H,
Ibkem (to) = \/; <_Z'7kém + Okt — Mk 0) .

We use Hy (rather than Hy) in Eq. (A.27) because, as a practical matter, we must

(A.27)
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first select a point in (g, ¢»9) and then initialize the fluctuations. The parameter Hy,
defined in Eq. , is determined by the selection (g, ¢o); only after the fluctua-
tions are initialized can we evaluate dp(2)(to) and thereby include their contribution
to Hy. (For the regimes of interest, Hy/Hy < 1.4, so the difference is not significant.)
When we evolve the system within a finite sphere of comoving radius R, the con-
tinuous variable k in Egs. and is replaced by the discrete spectrum of
wavenumbers k,, with n > 1, which yields Eq. .

Given these initial conditions for the modes, we may estimate quantities of interest
such as ((6¢(ty))2) and dp(2)(to). We derive our expressions in the continuum limit
using the UV regulator function F(k, R) of Eq. (3.39). For the initial value of
the two-point function, we begin with the expansion for 5&@“) in Eq. (3.10), use

Eq. (3.13), make use of the properties of Zp,(x) at x — 0, and substitute 0@ (to)
from Eq. (A.27)) to write

((00(t0))?)

- / dk 3" 166kam (t0) 2| Ziem (0) =2/ 25%)
o (A.28)

_ /Ood_kkz oo | -k /(262)
0 2m? 2k

/{2

(2

- (Oé )avg R
The third line follows because the random coefficients ayy,, vary independently of &,
so we may take the term a2, outside the integral and replace it with an average value;
moreover, since we draw the variables Ygpn = 1/, from the same distribution for

all (kfm), the same average value (a?),g holds for any k, ¢, and m. Upon using

k = bHy, we arrive at Eq. (3.41)).

We proceed similarly to estimate dp(9)(to). Using Eqgs. (3.10), (3.13), (3.22)), (3.39),

303



and (A.27)), we find

dp2)(to)

1 .
= 3 ] S Gant om0

1 2 2 ,k2/(2,€2)
+ 5o | i 32 166130 () 19 Zun O

1 k2 k
:i/de 22{7k00+5k00

_ 204000k00 Ho i Of%ooﬁg } e k?/(26%)

k k2
1 L2 Ay, —k2/(22) (4.29)
2(t0 / 67T2 21:0 1 ( ) c
1 2 2 | 52 3
_@/dk{ (@ +7%+0%), K
—2(ad) Hok? + (oz2)avg Hgk}e_k /(%)

! 2 2 2
:m (Oé + 7y +6)avg

5 (5) (')

where we have used a(ty) = 1 and assumed that m2:(ty) < HZ in the regimes of
interest, so that the contributions to dp(9)(ty) are dominated by the kinetic energy and

spatial-gradient energy of the fluctuations. Given x = bHy > Hy, we find Eq. (3.42).

The magnitudes of ((5$(t0))2) and dp(2)(to) depend on the random variables aem,,
Ynem, and Opgp, for each mode. We draw v,p,, and 0,4, from flat distributions within
specific ranges; once Yo, is selected, ey, is fixed by the quantization condition to

be wom = 1/Vnem- If we draw 7, from the range {A, B} and 6, from the range

304



{=C,C}, then we expect

2 . ]‘ B 2
(v )avg—m/A drz® =

(a?) = ;/ dmi L (A.30)

(A*+ AB + B?),

W

ws  (B—A) ), 22 AB’
I c3
((52) = — dr o = —.
ave 20 J_o 3
In order to study large initial fluctuations, with C = (a® +~% + (52)an ~ 20, we

therefore use the ranges in Eq. (3.44)).

A.3 Initializing the Metric Perturbations

In this appendix, we discuss subtleties in the initialization of W, (¢y), and the tech-
niques we use to avoid these issues numerically.

Given an instantiation of 0, (t9) and SDntm (to), the metric perturbations W, (o)
are initialized using Eq. . For our numerical simulations, we evolve the system
within a sphere of comoving radius R, within which Eq. takes the form

. 2 A 1
H + m((V5¢)2> t3 (k2, = 3K) | Ynem
pl (A.31)
1 r. o
= 2M§1 [(70 5¢n£m — @ 5¢n£m] .

As H tends to be large and negative at early times, it is common for there to exist a
value for k,, at which the coefficient of W,,, vanishes at ty: we dub the k,, value at
which this occurs the “W pole.” For k,, near the pole, W, (ty) would be initialized
with an artificially large initial amplitude, which can cause a single mode to dominate
the nonlinear contributions.

The pole exists as an artifact of the longitudinal gauge, and arises because the
four-dimensional phase space (0¢,m, 5<;5ngm, W, o and \Pngm) has two constraints,
Egs. and . When £, is on the ¥ pole, the constraint surface in phase space

forces 04, and 5q5ngm to be strictly proportional to each other. In this situation, we
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do not lose a degree of freedom (the constraint surface remains two-dimensional); it
is simply that ddnem, and ddne, cease to be appropriate coordinates on the constraint

surface.

We emphasize that this does not arise due to our use of the Hartree approximation,
but rather through imposing canonical commutation relations on ¢, and 6{me
at tp under the assumption that they are free fields. Within linear perturbation
theory, this issue is typically overcome by using Mukhanov-Sasaki variables, Q¢ =
Onem + (O/H)V 0, which are good coordinates on the phase space. However, the
Qnem are no longer gauge-invariant beyond linear order in perturbations. If one were
to apply the (nonlinear) Hartree corrections to the @y, the resulting expressions
that went beyond O(¥) would not bear any clear relationship to an expansion of the

Einstein tensor G, beyond O(V).

The most correct way to approach this issue would be to employ Dirac’s con-
strained Hamiltonian formalism to the constrained phase space, but such an analysis
is beyond the scope of this work. For our present purposes, we adopt methods to

numerically alleviate the issue of the W pole.

We can compute the boost given to a particular mode W,,4,,,(to) as a result of being

near the pole as follows. Taking K = 0, a(ty) = 1, and identifying the pole location

as
= —F — 2 (V6d)) (A.32)
0 3M§1 )
we have
H? 1
\I]nﬁm(tO) = 0

ko — kg 2M3 HE

X | @0 OPnem(to) — o 5<15n£m(t0)] ;

(A.33)

where factors of Hy (the relevant scale) have been inserted to make the coefficient di-
mensionless. We set a threshold such that any instantiation with a boost of H2/(k2,—

k2) > 10 for any £ = 0 or £ = 1 modes was too close to the pole for reliable results.
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For such instantiations, we randomly changed R = 1.5 /H, up or down by up to 10%
(which changes the k,/(R) spectrum of the modes), and re-initialized all variables.
The new position of the k,, values typically meant that no modes fell too close to the
pole; if necessary, we repeated the process. We emphasize that these shifts to avoid

the ¥ pole are only necessary for setting initial conditions at t;. Dynamically, we

evolve the modes W, (t) according to Eq. (3.21]), which is well behaved.

When constructing initial surfaces for W(ty,x) (as in Fig. B-1]), this technique
for avoiding the pole proved insufficient, as such surfaces required modes for ¢ =
0,1,..., lmax, Where £, was typically taken to be around 12. (Every mode W, (%)
evolves according to Eq. , though only modes ¢, with £ = 0,1 contribute
to the Hartree corrections.) The spectrum of all modes in such cases forms a rather
dense forest, so shifting the spectrum (by adjusting R) simply shifts the pole from one
mode to another. To ameliorate the pole in this situation, we multiplied H2/(k2,—k2)
by a regulating function of k2, with a double zero at kZ that takes a value of unity
away from the pole. The transition width was chosen to be sufficiently narrow so that
the complete factor never grew sufficiently large for one mode to dominate the plots.
This is not a physical regularization, but serves to suppress modes near the pole for

the purposes of visualization, and is used only to construct ¥(ty,x).

In order to construct an initial spatial representation of W(ty,r, 6, ¢), we begin by
sampling the initial conditions for d¢,e, (to) and SDnm (to), and use these to construct
U,em(to) (with regulator, if necessary). We then turn to the mode expansion for

A

\i/(.iﬂu) = Z [\Ijném(t) dném anm(r> 6‘7 ¢) + H'C'] : (A34)

n,d,m

This is a quantum-mechanical expansion (as evidenced by the a,z, and djwm op-
erators). To construct a classical realization, we demote the operators to classical

complex random variables a,s, and a,. with the same statistics as the quantum

m

operators.

A

For a given mode, the quantum operator is V,pm = Ve (t) Znem Gnem + H.c., SO
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we have (Wnpn) = 0 and (U2, ) = |Zpim | Wnim (1)|2. (We only need to go to the

two-point function as we have Gaussian statistics.) Demanding the same statistics

for a classical function V.0 = Vi (t) Zynem Gnem + c.C., We require

~ ~% ~ ~ % 1
<a721€m> = <an%m> = 07 <a’n5man6m> = 5 <A35>
This is achieved by constructing @, = x + ity for each mode, where z and y

are independent Gaussian random variables with zero mean and standard deviation
o, = 0, = 1/2. Constructing the spatial slice is then straightforwardly accomplished
by randomly sampling @, after which Eq. (A.34) may be evaluated. Identical

techniques can be used to construct initial surfaces for d¢o(t, x).

A.4 Numerical Convergence Tests

In this appendix, we discuss the accuracy of our simulations.

First, consider the accuracy of our numerical integration. The RK45 integrator
uses a variable time step; early on in the integration, it takes small steps so as to
capture the oscillations of the modes, and after the last mode freezes out, it takes
increasingly large steps. We cap the maximum time step to have an estimated AN
of 0.1, in terms of efolds N = Ina. We employed relative and absolute tolerances of
10719, Investigations showed this to give a good trade-off between accuracy, numerical
precision and computational time. Our measurements of the duration of inflation,
Ning, for a given run are completely dominated by uncertainty as to when to start
measuring Nj,q rather than precision from the numerical evolution.

Second, our simulations cannot simulate the entire continuous universe, but only
a discrete portion thereof. Our analysis essentially consists of three tuneable param-
eters describing this discretization: k, kn.x and R. The continuum limit takes each
of these parameters to approach infinity, but such lies beyond our computational
power. As such, we now discuss the convergence of our simulations as each of these

parameters is increased. For each of these convergence tests, we look for convergence
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Figure A-1: The quantity piotal = p + dp2) versus N as we vary R = c/Hy. We fix
(0, ¥0) = (25 My, —0.25 Mgl) and initialize the field fluctuations in the Bunch-Davies state.
Throughout the simulations described in our paper, we fixed ¢ = 1.5 ~ 4.71. We found
similar results as we increased c. In particular, for these initial conditions we found Nigta =
63.01 = 0.78 as we varied 4.71 < ¢ < 25.85, indicating minimal dependence of the evolution
of the dynamical system on our choice of R.

in the two-point functions and overall efolds for Bunch-Davies simulations, for which
comparisons with analytic results are possible.

The outer boundary R controls both the spectrum of the modes and the weight for
each mode’s contribution to the two-point functions. As the two-point functions are
computed by summing over k£ modes, taking R — oo corresponds to taking the limit
of the Riemann sum, yielding the continuous limit. Holding the upper limit £, fixed,
we expect spectral convergence with increasing R based on the properties of the basis
functions we employ. Unfortunately, the presence of the ¥ pole (see Appendix
means that as R increases, modes get pushed closer to the pole, eventually leading to
divergent values for the two-point functions. Although our trick of shifting R to avoid
the pole provides reasonable initializations (see Appendix , we see consistency in
our results as R increases, but not convergence. To properly observe convergence will
require resolving the issue of the ¥ pole. As such, we need to find a balance between
avoiding the ¥ pole and having sufficient modes both inside and outside the horizon
at to.

Nonetheless, we can test for the dependence of various numerical quantities on our
selection of R, keeping A = 1071°, k = 5H,, and kpax = 4 fixed. When we initialize

the fluctuations in the Bunch-Davies initial state and parameterize R = ¢/Hy, we
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find that quantities such as pyoa1 = p + dp2) show only modest variation as we
vary ¢ between the fiducial value we used throughout our simulations, ¢ = 1.57 =
4.71, up through ¢ = 25.85, as shown in Fig. [A-1} For initial conditions (yq, o) =
(25 M, —0.25 Mgl), we found Nyga = 63.01 £ 0.78 as we varied 4.71 < ¢ < 25.85,
indicating minimal dependence of the evolution of the dynamical system on our choice
of R.

The regulator x = bH, is used to constrain the contribution to the two-point
functions from small wavelengths. From theoretical analysis, we expect the two-
point functions to diverge with increasing b, as shown in Section (3.3 The expected
divergence is observed numerically. In order to demonstrate results that are immune
to changing x requires the implementation of a renormalization scheme, which is
beyond the scope of this paper.

Finally, the wavenumber cutoff k., represents the shortest length-scale that we
allow to contribute to the two-point functions. So long as K.y is chosen to be suffi-
ciently larger than x, we observe the expected exponential convergence with increasing
kmax. We chose k.. = 4k, which corresponds to suppressing the initial contributions
of the shortest wavelength modes to the various two-point functions by a factor of

~3x 1074
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Appendix B

Appendix for Chapter

B.1 Cross Sections and Decay Widths

The thermally averaged cross sections and decay widths are computed using the same
conventions as in Ref. [120]. Table gives a list of the relevant cross sections and

decay widths used throughout this paper.

B.2 Elastic Scattering Energy Transfer Rate

In this section, we outline the derivation of the elastic scattering energy transfer
cross section (cvdE), s, that appears in the energy density Boltzmann equation,
Eq. (5.16). For consistency with existing literature, we switch notations within this
section so that a subscript y,X denotes quantities for both the DM particle and
antiparticle, while a single subscript y denotes a quantity associated only with the
DM particle alone.

Following Ref. [94], the Boltzmann equation for the phase space distribution
fyx(D1,t) of DM (both y and X) is

Ofyx 7 Ofvx _ Clf
2 H— = A B.1
ot El (9E1 El ’ ( )

where C|f,] is the collision term, and E} = p7+m?. Here, we will focus on the elastic
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Process Cross Section or Decay Width

XXX = A (o) = gy o et
AA X (ov) =2

- o ) T

A fF =22 (1435 fmd, —ani}

Table B.1: List of cross sections and decay widths for the dark sector processes
considered in this paper. All quantities are evaluated at the kinematic threshold.

scattering collision term, which includes xf — xf, Xf — X[, xf — xf and Xf — X[
scatterings, where f is an SM fermion, which we take to be the electron throughout
this paper for simplicity. From here on, xyf — xf should be taken as shorthand for
all four of these processes. Explicitly, taking the indices 1 and 3 for incoming and
outgoing dark sector particles, and the indices 2 and 4 for incoming and outgoing SM

particles, the collision operator is

Clhl = %/ (2:;522152 / (2:;??;193 / (27f;f24E4
x (2m)0" (1 + p2 — ps — pa)IMJ?
X [fafs(UF f)ATF f2)
— [ F f)AF f)], (B2)

with f; denoting the phase space distribution of the particle indexed by i, We follow
the conventions of Ref. [233], where the number density of a particle i is related to

its phase space distribution via

0y = / %ﬁ(@, (B.3)

with the number of degrees of freedom of particle ¢ absorbed into the definition
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of f;. Furthermore, the matrix element squared is summed over final states but
averaged over initial states, and is a sum of all four matrix elements squared for the
four conjugate processes. The number of degrees of freedom for Dirac fermions y is
gy = 2, and likewise for the SM fermion f; the degrees of freedom of particles and
antiparticles are always counted separately. We note that all of these conventions are

different from those used in Ref. [94], but the final results are equivalent.
Following Ref. [94] Eq. (B1), we can multiply Eq. (B.1)) by £ and integrate over
all momenta to obtain

' H p oy~ [P P B.4
Pxx T 3H (pyx + Pyx) = (27)32E m,, [fx] (B.4)
X

after taking the nonrelativistic approximation for y, as found in Ref. [94] Eq. (B1).

Ref. [94] provides an expression assuming that f is relativistic; however, for
my ~ O(MeV), electrons are nonrelativistic before the dark sector decouples from
the SM. We present here a compact expression for C'[f, | that applies for electrons in

all regimes. Following Ref. [234], we can write the collision term as
Clf] = e(T)ym [my TAp + P - Vi +3] fy. (B.5)

where Ay and Vj; are the Laplacian and del operators with respect to p respectively.
Again, the only approximation made is that y is nonrelativistic. The expression for

c(T) is given as [234]

gf 570—1 + +
TY=—"——[d E 1F 2, B.6
C( ) 12(271')3772;1(7"/ P2P2E2 9 ( g ) |M| stzsoo ’ ( )

where ¢* = [exp(Ey/T) £ 1]7!, taking the plus sign when f is a fermion[]] and the
matrix element squared is to be evaluated at t = 0 and s = so = m? + 2m, Ey + m}.

Ref. [233] found an analytic expression for ¢(7") by making the relativistic approxi-

'We do not choose a sign for g* to be as general as possible, since the calculation follows equally
easily for scattering off a boson.
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mation for f,i.e. Fy >~ po, and writing

&

and keeping only the leading order term. For yf — xf in our model, i.e. with y
and f both Dirac fermions mediated by A’, this approximation is actually exact, with

n = 2 being the only term in the expansion,

16(47T)204EM0éD62

(xf = xf)- (B.8)

Cy =
7“4

In fact, the integral in Eq. can be performed analytically without making

the relativistic approximation for the SM fermions; the result is

nT4+n
oT) = 97¢

= WRi(”+3>f)7 (B.9)

where & = my/T. The function Ry is defined as

Ri(q,€) = [(¢+1)Qx(q,€) — 2(q — 1)EQx(q — 2,€)
+(¢—3)¢'Qx(¢ —4,¢)], (B.10)

with
Q=(¢,6) =7F¢' ) | gLiqu (Fe®) , (B.11)
s=0 °

where Li,,(2) is the polylogarithm [235]. We can check that in the relativistic limit

for the fermion & — 0, we get

Ri(q,0) = NS = (¢+ D1 —-279¢(qg+1)

R (¢,0) =N, =(¢+1)C(g+1), (B.12)

q

where ((n) is the Riemann zeta function. This recovers the expression presented in
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Eq. (B22) of Ref. [233] after substituting these expressions into Eq. (B.9).

In the nonrelativistic limit, £ — oo, we obtain

Q+(q, 6> 1) ~T(q+1,6) F27 @D (g +1,2€), (B.13)

where I'(n, y) is the incomplete Gamma function,

L(n,y) = / dtt" et (B.14)
y

With the expression for ¢(T) in Eq. (B.9), we can substitute Eq. (B.5)) into
Eq. (B.4), and perform the momentum integral, assuming the dark matter follows

a Maxwell-Boltzmann phase space distribution. The result is
I’pi P 9gscn
Rl SN 4 W, ~ ZITn -
/ @2r)52E, my, C ) = G

x (£)4+n Re(n+3,6)(T—T'). (B.15)

My

We can now define the right-hand side of Eq. (B.4) as —n, xn,5(cv0E) sy, giving

44-n
_ ggeamy (T ,
(OVOE)yfsxs ™ 64n%nr, 7 (m—x) Ri(n+3,)(T"-T). (B.16)
To our knowledge, this result is new, and is accurate for SM fermions in both the

relativistic and nonrelativistic regimes, assuming nonrelativistic DM. In the limit

where SM fermions are relativistic, we find for xf — xf mediated by A’

8 OJEM&DGQ
<UU(SE>Xf—>Xf = ; rA 6

6!(1—27°)¢(6)(T" = T). (B.17)
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Appendix C

Appendix for Chapter [6

C.1 Inelastic Dark Matter Models and Dark Higgs
Self-Interaction

In this section, we provide two dark sector vector-portal models that lead to the in-
elastic DM model described in the main text, after dark U(1) symmetry breaking. The
different symmetry breaking patterns in each model lead to different self-interaction
strengths through a dark Higgs exchange, and a careful examination is required to
ensure that self-interaction through an exchange of a dark Higgs can be neglected, as

claimed in the main Letter.

C.1.1 Models

At high energies, the dark sector has a U(1) gauge symmetry with an associated gauge
boson A’, a single Dirac fermion ¥ charged under the U(1) gauge group and a Dirac
mass mp, as well as a dark Higgs field ®, which also carries a dark U(1) charge. The
dark sector A’ kinetically mixes with the SM photon with kinetic mixing parameter

€. The important terms in the Lagrangian describing this model are

1 _
LD =L F" — 200689 F,,B" + 3 (iv"(9, + igpA,) —mp) ¥+ |D,@|* + V(®) + Ly -

(C.1)
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Here, B* is the U(1)y hypercharge field tensor, which gives the gauge invariant
kinetic mixing term at high energies, and the kinetic mixing is normalized so that
after electroweak symmetry breaking, the mixing becomes (e/2)F}, " (6, is the
weak mixing angle). V(@) is the potential in the Higgs sector, which we assume to
be of a suitable form to break the U(1) symmetry prior to the start of freezeout, with
the dark Higgs particle hp having a mass my,, heavier than the other dark sector
particles. The covariant derivative D, = 0, +igpQas A, depends on the charge of Qq,
which we will choose appropriately below. Finally, the term Lgg contains interaction

terms between ® and V.

With an appropriate choice of mp, Q¢ and Ly, the symmetry breaking of the
U(1) symmetry also splits the Dirac fermion into two Majorana fermions with slightly
different masses. We consider two example choices that have been studied in the

literature:

1. Large mp, Qo = 1 and Loy = (1/2)(yp/A)(YCWP*®* + h.c.), a dimension-5
interaction term suppressed by the scale A, between ¥ and ¢ [153];

2. Small mp, Q¢ = 2 and Loy = yD(F\I/@* +h.c.), a Yukawa interaction with a
charge-2 ®-field is introduced instead [154].

In both cases, working in unitary gauge where after symmetry breaking, we have
® — (vp + hp)/V?2, we see that a Majorana mass term (my;/2)(¥CU + h.c.) is
generated, with my; = ypvy/(2A) in Model (1), and my; = V2vpyp in Model (2).
In Model (1), my, is parametrically suppressed by a very large scale, and naturally
gives a small Majorana mass compared to the Dirac mass, i.e., my; < mp: the dark
matter particle is a pseudo-Dirac fermion. Conversely, in the second model, m,; can
be as large as vp, leading naturally to a large Majorana mass; in this case, we will

choose mp < my, instead.

In either model, we can now diagonalize the fermion mass matrix to obtain the

mass eigenstates. Writing ¥ as a pair of Weyl fermions (&, 7n'), the fermion mass
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terms can be written as

my  mp §

5 e o + h.c. (C.2)

mp My n

For Model (1), with mp > my, the mass eigenstates are x* = (n+&)/v/2 with mass
mar +mp, and x = i(n — €)/v/2 with mass m, = |ma; —mp|. The splitting between
the two states is m, 6 = ypv,/A. In Model (2), with my; > mp, the mass eigenstates
are instead x* = (1 + &)/v/2 with mass my; + mp, and x = (n — £)/+/2 with mass
m, = my — mp. Here, the splitting between the two states is m, 0 = 2mp.

With a slight abuse of notation, we can define four-component Majorana spinors
x and x*, which are simply constructed from their respective, previously defined two-
component versions. The coupling to the dark photon can then be simply written

as
gp AT = gp AL XFy!y (C.3)

giving the off-diagonal interaction in the part of the Lagrangian shown in the main
Letter.

The interaction terms between the dark Higgs and the DM states depend on the
details of the model. In Model (1), we have

vp — _
Low > 22 (0" hp — Xxhp) + 22 (xS — Xxh) - (C.4)
2A 4A
On the other hand, for Model (2), we obtain
YD — =
Loy D == (X*X"hp + Xxhp) - (C.5)

V2

Finally, the vev of the dark Higgs breaks the U(1) symmetry and gives the dark

photon a mass of ma = Qegpvp. We can therefore re-express vp in terms of the
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phenomenologically important parameters for DM freezeout and detection. In both
models, we can also express g,, the coupling constant between y, x* and hp, in

terms of these parameters.

In Model (1), m,, is a free parameter, set approximately by the bare Dirac mass in
the Lagrangian. The splitting on the other hand is given by dm, = ypm?,/(295A),
which can be suitably adjusted by choosing yp/A appropriately. Once the splitting
is chosen, however, g, is fixed for constant gp and r, since gn,, = ypmas/(2gpA) =
gpo/r.

In Model (2), we find that m, ~ ypma/(v2gp), while the splitting is a free
parameter set by the bare Dirac mass. The expression for m, also sets g5, = yp =
V2gp/r. Unlike Model (1), where the dark Higgs interactions originate from an
irrelevant operator and are necessarily suppressed by a small parameter, there is no

natural suppression on the coupling in Model (2).

C.1.2 Dark Higgs Self-Interaction

The difference in the coupling constant between x, x* and hp between these two mod-
els leads to slightly different expressions for the dark-Higgs-mediated self-interaction
rate between y particles. We will now derive the scattering cross section in each
model, and discuss the conditions under which dark Higgs self-interactions can be
neglected, as is done in the Letter.

In the limit of low velocity, the self-interaction scattering cross section via an

exchange of a dark Higgs is
2

4
Gh, M

=L = C.6

77 & mfm ’ (C.6)

where my,, is the mass of hp. For Model (1), we have g,, = gpd/r, and so the

scattering cross section takes the form:

5 4 2

th
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We see that in this model the elastic scattering cross-section due to Higgs exchange
is parametrically suppressed by (d/r)*, as well as by 1/ m‘,‘LD, since the mass splitting
controls the size of the Yukawa coupling. Consequently we expect this rate to be very
subdominant for § < 107!, even if my,, is not much larger than m,,.

For Model (2), we have g;,,, = v2gp/r, and we find instead

2 2
ap m
0(2) = 327‘(?7’”,{( . (08)
D

We see that in this case the self-interaction cross-section is expected to be paramet-

2

rically of order of,/m?,

unless my, > m,, and so may dominate over the 1-loop
elastic scattering cross section, depending on ap and my,,,. For simplicity, we neglect
all dark Higgs self-interaction diagrams, either by adopting Model (1), or by assuming

that my,, is large enough to neglect such interactions in Model (2).

C.2 Additional Constraints on Dark Matter Energy

Injection

We discuss two main sources of energy injection from our dark sector that may face
additional constraints: excited state decays, and the one-loop annihilation of yy —
¢t¢~, where £ is either an electron or a muon. We will first discuss each process in
turn, and then end the section by showing that these processes have limits that are

subleading to those discussed in the main Letter, or are model dependent.

C.2.1 Excited State Decays

Due to the kinetic mixing between A’ and Standard Model particles, the excited
state can decay through the emission of an off-shell A" into various Standard Model
states. Depending on the size of the splitting between ground and excited states,
different channels are kinematically allowed, and result in important differences in

the primordial abundance of excited states.
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If m,0 > 2m,, the excited state can decay into an electron/positron pair. The

lifetime in the limit where 2m./m, < 0 < 1 is:

15mm?, ryd (1073
yeten ™ —7.0x 107 (—)
T oxet 46204EMC¥DTTL§<55 i 1.6 ( €

(D)

With this decay channel open, any primordial population of x* produced after the

(C.9)

freezeout of x*x* — xx is depleted on the timescale of 7,+_,,¢+.-, leading to a negli-
gible primordial population of x*. The lack of any primordial x* removes the CMB
constraint on y*y — ete” discussed in the main text, while the other constraints
mentioned in the main text remain unchanged. However, in order to avoid con-
straints from energy injection during the BBN epoch, the decay lifetime must be
sufficiently short (roughly less than 1 second), which can be achieved if ¢ varies with
m,, appropriately. While allowing x* — xete™ is likely possible for this model, we
choose m, 6 < 2m, for the sake of simplicity, allowing us to fix a value of ¢ for all m,,

with ease.

For m,0 < 2m,, the allowed decay processes are significantly more suppressed.
The kinetic mixing term between A’ and photons is achieved in a UV-complete manner
through the following kinetic mixing term above the electroweak symmetry breaking

scale (see e.g., Ref. [230]):

6 74
£ =5 esi Fl,B" (C.10)

where B, is the field strength tensor of the U(1) hypercharge gauge boson. After
electroweak symmetry breaking, this term generates both the kinetic mixing term
between A’ and photons discussed in the main text and a mixing between A’ and the
Z-boson. This mixing allows the decay of the excited state into the ground state and

two neutrinos, x* — xv7. We calculated the decay width in the mass basis using the
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results of Ref. [236], obtaining (see also Refs. [237, 238] for similar calculations)

Tx*—>xuﬁ

N 945mm%,m?, cos* 6, 1.8 % 10¥s (L)4 1073\ ?
~ 4detapmapd®mi ‘ 1.6 €

)0 (5]

C.11)

Another possible decay channel is x* — x + 3, again through an off-shell photon
A" and an electron loop. Following Ref. [237], we estimate this decay lifetime in the

limit where om, < m. to be

273653 3,,,8 4/ 4 10—3 2
Tx*—=x+3y ™ 3 Tl Ta =1.1x 10188 (L>
17ag\ape?d?ms apdmy 1.6 €

1.0\ /100 MeV\” (107
X | — :
ap My )
(C.12)
Egs. (C.11)) and (C.12)) show that the lifetime of x* is generically much longer than

the age of the Universe for § < 1073, and so the primordially produced x* population

is not significantly depleted by such processes.

C.2.2 One-Loop Ground-State Annihilation

The ground state x can annihilate to a pair of fermions at the one-loop level. We have
verified that in the limit of zero y momentum and zero electron mass, the one-loop
amplitude vanishes, indicating that the velocity-averaged annihilation cross section
<UU>XX _,s7 Is either p-wave suppressed or helicity suppressed (or possibly both, leading
to an even larger suppression). We can therefore write (ov) parametrically as

_ ghetet h(mG/mi,v?)
<0U>Xx—>ffN 1672

, (C.13)

8mm3
where h(m7/m?,v?) is a suppression factor of either v* or m%/m?. The first factor
comprises the coupling constants in the loop diagram, as well as a loop factor. The

1

factor of (87Tmi)* is simply the phase space available to the final states [120].
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C.2.3 Additional Constraints

The excited state decay x* — x + 37 leads to the injection of high-energy photons
into the Universe during the cosmic dark ages; such processes are constrained by
the CMB power spectrum, since they can increase the ionization fraction during the
cosmic dark ages [239]. We can estimate the constraints on the x* lifetime from these
results as

T otzy > 102 ("i) . (C.14)

Ty

In Fig. [C-1 we show the region of parameter space ruled out by this requirement.
Since the decay lifetime is extremely sensitive to d, we can see that the constraints
vary rapidly as 0 changes over an order of magnitude. However, the constraints are
mostly confined to large values of m, and €, leaving the overall viability of this model

unchanged even for § ~ 1073; there are no constraints from this process for § < 1074,

Note that Eq. is not strictly correct: CMB power spectrum constraints
weaken significantly once the decay lifetime is shorter than the age of the Universe
at recombination. Limits from CMB spectral distortion [240H243] and Big Bang
Nucleosynthesis [159] become relevant, but are much less sensitive to scenarios where
only a small subcomponent of DM decays, releasing energy that is much lower than
its rest mass. We neglect this possibility in this discussion for simplicity, since it
would simply remove the constraints at large values of € and m,, with no real impact

on the overall viability of the model.

The other process that may present additional constraints is the one-loop annihi-
lation xx — ff, with cross section given in Eq. , which may be constrained
by the CMB power spectrum limits on DM annihilation. To check if such processes
are important, we compare the one-loop rate with the yx* — ff annihilation pro-

cess considered in the main text. This sets the following limit for when the one-loop
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xx — ff is important:

%

(C.15)

2 2/ 2 2
apagme h(ms/m2s,v) >

pometh(ms i, 1) > 7

Across our entire parameter space, this requirement is never met regardless of the
form of h, and thus yx — ff can be safely ignored in favor of the other constraints

examined in the main Letter.

C.3 One-Loop Self-Interaction Cross Section

Neglecting dark Higgs self-scattering, the self-interaction scattering process xyx — xx
occurs at lowest order at the one-loop level, since the A’ couples off-diagonally to
x and x*. There are six Feynman diagrams contributing to the amplitude of this
process; three of these diagrams are shown in Fig. while the remaining three
are related to these diagrams by interchanging the fermionic final states. We follow

Refs. [244], 245] and their treatment of Majorana fermions and their interactions.

We compute the one-loop self-interaction cross section ¢ in the limit of zero mo-
mentum for the particles; this makes the computation of the one-loop diagrams more
tractable, and is also a reasonable assumption, since we expect finite momentum cor-
rections on the order of v ~ 1073 in typical dark matter structures today. We also
neglect the splitting between the ground and excited states for the excited states
in the loop, which would produce order ¢ corrections. We use FeynCalc [246-248]
for symbolic manipulation of our amplitudes, and PackageX [249, 250] for the loop
integral itself. Ultimately, we find

M

_ C.16
© 7 128m2 (C.16)

where |M]? is the squared amplitude, averaged over initial spin states and summed

over final spin states. The full expressions for |M|? in four different regimes of r are

given in Egs. (C.19)—(C.22)), located at the end of this appendix. Fig. shows o in
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units of af,/ mi, as a function of . Although the analytic expressions for |[M]2 have
to be written in different forms for different r regimes, the function is actually smooth
over all values of r. For comparison, we include the second Born approximation of
o at zero momentum computed using nonrelativistic quantum mechanics techniques
in Ref. [160] in the limit where r < 1, which found a cross section of o = (7/2)r=5,
neglecting 6 and applying a correction factor to account for identical particles in the
initial and final states (Ref. [I60] implicitly assumed distinguishable particles). The
one-loop computation performed here is equivalent to a second Born approximation

of o at zero momentum, and for r < 1, we find

4
, _ap | m Tr log(2r)+5/3 23w .
71}_{1(1)0(7") =z |2 tga T 3 tet o )|, (C.17)

in excellent agreement with the nonrelativistic quantum mechanical result; in the
range of interest to this paper, 1 < r < 2, we obtain a cross section that is 3 — 12
times larger than the » — 0 limit would predict. For » > 1, we find
4
Q@ 18 118 — 96logr
lim o(r) ~ D 0T boer

r—00 m2 | mrd 76

+ 0> 9| . (C.18)

The full expressions for |[M|? are as follows:
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1. r<1:

|/\/l|2 _ log2 (—7"2 —2/1 =12+ 2) (r* — 1)3

256mial ™ (r2 —2)*
p(r) A (r*—1) 0o2(r
+<7T4(7”2—2)4 7 (r2 — 2)° )lg()

L1602 (2 — ) (12— 2)° (12— 1)° — wh(r)
A6 (r2 — 4)3 (r2 — 2)2
0’ WOVT=VI=P  eVImE Y\,
" LT37“6 (r? — 4)3 (r2 —2) - (7r47’3 (r2 — 4) (r2 — 2)4 i3 (r?2 — 4)2 (r2 — 2)2) log(r)
4g(7’) 1o ] arctan ( )

s (r? — 4)3 (r2 —2)

BEIGEE) 8(r? —1)° 29(r)v4 - V1= 2
e (r2 —4) * <7r47’2 (r2—4)(r2 —2)% 733 (r2 — 4)° (7”2 - 2)4> :
fr)vi-r
W3T3 RN ] log(r)
+log (—r* —2/T—12+2) <4T_1 - 1_T2(r2;1)>log(r)
w4 (r? 7 (r? - 2)
+< g(r) 4-r - 4(T _1)2 ) 1— 72
P e e

2f(r)vV1 —r2/4 —r2(r? — 1) arctan < 4’”r2>]

mir3 (r? — 4)2 (r2 — 2)4

B 29(7“)\/43—77“2 - f(r)? arctanz ( — >4 (C19)
w3 (r2 —4)" (r2 —2)° w5 (r2—4)° (r2 - 2)

2. 1< r <2
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f(?”)2 2f(r)V/4 —r2log(r)
—4)* (r2 = 2)* oty (r2 —4)*(r2 — 2)°
2f(r) V4 — 12 (r? — 1)3/2 arctan (2‘;?) dg(r\WI=72
e R 1
29(r)vV4 —r2v/r2 — 1 1
33 (r2 — 4)° (12 3—/22)4
n <W3T3 fr)Va—r? 2(r2 — 1) 4(r2 = 1) )) log (1)

+

(r2—4)2(2—2)° m(2-272 wr2(r2—4
2900WVA=1> oy ( 4(r? —1)° g(r)VI— 72 )

_7r37“5 (r2 — 4)3 (r2 — 2)2 mr2 (r2 —4) (r2 — 2)2 w23 (r2 — 4)2 (r2 — 2)4

(
Larctan (2 r?— 1) lm ( _ g(r)V4—r? B 4(r2 — 1) )

2= (r? — 4)2 (r2—2)" w2 (12 = 4) (12 = 2)°

2 w2q(r
6

7w (r2 —2)* (12 — 2)° Ao (12 — 4)°
f(r)? arctan® (ﬁ) (r2 — 1)* arctan? (255‘;51) log?(r)
w46 (r2 — 4)° (r2 — 2) 4 (r2 — 2) T
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3. V2<r<2:

M

f(r)? ~2f(r)v4 —r?log(r)

r
————— = arctan
256mtas, (v4 - 7“2) LT37“6 (r2—4)° (r2 = 2)" w3 (r2 — 4)* (r2 —

2f(r) V4 —r2(r? — 1)3/2 arctan (%) 49(7")\/@
_ a3 (7“2 _ 4)2 (7,,2 . 2)4 + R (7’2 — 4>3 (72 . 2)2

+ ( Aot A —1) 2g(r)v4 —r?

— log(r) —
7 (12— A (12— 2)° AT o) 7 (12— A (12— 2)°

2 — 2

+arctan <2T—2_1> [m( _ gir)vd—r* )(r 1)?

+

9 22 F(1)2
202—mwﬁ%w1 tor® (r2 — 4) (" — 1)° -

7 (r2 — 2)° Ay (r2 — 4)°
f(r)? arctan? (\/47;7) (r2 — 1)* arctan? (22—Vﬁgl> log?(r)
- 3 4 4 + 4 (021)
wir6 (r2 — 4)° (r2 — 2)  (r? — 2) ™
4. r > 2:
2
ME oy |2 ) aet -
256mtad, i3 (r2 — 4)3/2 (r2—2)> wr2(r’—4)
2 (r2 — 1)*? arctan (2;{:1>
7 (r2 — 2)°
= 4 (7‘2 _ 1)2 arctan <2r27"i;1) - 29(7“) log (ﬁ) arctan (%)
T2 (r2 — 4) (r2 — 2)° i3 (r2 — 4)%2 (12 — 2)*
4g(r)log (ﬁ (r? — 1)3 arctan? (%—ﬁ;)
T4 (r2 — 4)%2 (r2 — 2)? m(r? —2)
2
-y IO () o),
A — 4)2 T AS(r2 — 4)3(r2 — 2)4 PV :
where
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— 260871 + 268878 — 243210 + 1280r* — 102472 + 1024 .
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r=13, 2,h’=0.12 r=14, 0,h’=0.12

102 107! 102 107!
m, [GeV] m, [GeV]
r=1.6, .Q/yh2=0.12 r=1.8, .th2=0.12

CMB (xx* - e*e”)

CMB (ISR)

SN1987A

asilmy > 1 cm?/g
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my [GeV] m, [GeV]

Figure C-1: Lines indicating CMB power spectrum constraints on xy* — x + 3 for
(black dashed) 6 = 3 x 107, (black dotted) § = 5 x 107* and (black dot-dashed)
§ = 1073 for (top left) r = 1.3, (top right) r = 1.4, (bottom left) » = 1.6 and
(bottom right) r = 1.8 (regions above the lines are ruled out). The value of ap that
is needed to obtain a relic abundance of Q,h* = 0.12 has been chosen for every point
on the plot. Constraints on the parameter space from the cooling of SN1987a (red),
XX — XX self-interaction (purple), CMB power spectrum constraints on yx* — e*e”
(green) and xx — A*A" — A’ete™ (blue), as well as beam experiments (light gray)
are shown. A limit on electromagnetically coupled light dark matter from BBN and
CMB is shown by the dotted red line; masses below the line are ruled out (assuming
no other dark-sector effects). Regions of the parameter space where nonperturbative
values of ap > 47 are needed for the right relic abundance is indicated in dark gray.
The dashed gray line indicates ap = 1. Large labels corresponding to the various
regimes discussed in Ref. [2] are shown for reference.
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Figure C-2: One-loop Feynman diagrams for the self-interaction yx — xx scat-
tering. There are three more diagrams related to these three by interchanging the
final fermionic states, giving a total of six diagrams. We follow the conventions of
Refs. [244] 245)] and do not put arrows on Majorana fermion propagators and external
states.

10, XX = X‘X S;lf —I‘ntergcti(‘)n Cross‘SecFionz

— Full

= @/

Figure C-3: Self-interaction cross section o of yx — xx at zero momentum in units
of ap/m? as a function of r = myu /m, (blue). We also show the second Born
approximation result at zero momentum computed assuming r < 1 in Ref. [160] for
comparison (red, dashed), taking into account identical particles in the initial and
final fermionic states.
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Appendix D

Appendix for Chapter

D.1 Numerical method for computation of scatter-

ing states

Our initial-state wavefunctions are positive-energy solutions of the Schrédinger equa-

tion,
H?A—Seven\p = E\Il’
M 2
E = X (D.1)
4
with
0 By
VIE)—l—Seven(T) - : (D2>

—V 20y 2 20M — & — ey =

T T

Asymptotically, we are describing a state of two, free neutral WIMPs, x°x°, and thus
know the energy eigenvalue in eq. The fact that our state contains two identical
Majorana fermions fixes L + .5 to be even in order to have a globally antisymmetric

wavefunction. Since V' is spherically symmetric, we can expand the general solution
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in Legendre polynomials,
U(r), = ZMALQPL(COSQ). (D.3)
- r

The Ap, will ultimately be fixed by normalization considerations, leaving the non-
trivial task of determining the reduced wavefunctions, ur(r)[f] The behavior of ur,(r)
near the origin strongly deviates strongly from that of a plane wave. This leads to
the well-known Sommerfeld enhancement in the direct annihilation of x°x° — v+ X
[191]. This nonperturbative effect can only be treated numerically and there is now
a well developed literature on computing the wavefunction at the origin [196] [197].
Since annihilation of the incoming state proceeds via a highly-off-shell WIMP, to
leading power in the velocity expansion, only ¥(0) is needed. As seen in section ,
the rate to capture to a bound state requires an overlap integral with the bound-state
wavefunction (cf. egs. and . Since the bound states are spatially compact,
their wavefunctions will decay exponentially past some number of Bohr radii, and
as a practical matter, we only need the initial, scattering states out to this distance.
Nonetheless, we are still responsible for determining the function W(r) (or uy(r)) over
a range of values. We cannot simply quantify the non-perturbative physics with a

single number as in the annihilation problem.

We will find it useful to work with a dimensionless radial variable, x(= pr =

M, v 7/2). Thus, we are solving the following reduced-wavefunction problem:

o+ |(1- 2 o - ) g, (D.4)

L Although the potential has spherical symmetry, our asymptotic solution contains an incoming
plane wave. General scattering theory dictates that at large r, ¥(r), = e?*e* + f,(#)e?*" /r. Thus,
the solution still possesses cylindrical symmetry, justifying the independence of the general form,
eq. @, on the azimuthal angle, ¢.
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For completeness, the rescaled potential term is

—2myyx/(Myvye])
O —2\/§Oéw—e VI;U ; X rel
V(z) _ re (D.5)
E
e—2mya/(Myvye]) SSM 20 9 e 2mzx/(Myvie))
2\/§OCW T Urel MXUr2el T Urel QQWCW T Urel

Although V' (z) creates significant distortion at small z, at large x we recover a free

theory, but with the charged component exponentially decaying due to the mass-shift

86M
’ MXUEel '

term It is straightforward to write the asymptotic solutions to eq. [D.4] in

terms of the normalized wavenumbers, ko =k, /p, with

By =1

- [ 80M
= 3 — 1. D.
k2 Z MXUEel ( 6)

At the level of pure math, at large x we get solutions that are linear combinations of

e*ikiz For the neutral component, we just need to determine the appropriate phase
in the sinusoid. The charged component, however, contains an intrinsic instability for
numerical evaluation. On physical grounds, by the (plane-wave) normalizability of
the wavefunction, at long distances we will only get an exponentially-decaying term.ﬂ
However, in practice it is intractable to set the boundary conditions for this second-
order equation precisely enough to obtain a numerical solution that is purely-decaying.
Tiny errors will generate an exponentially-growing term that eventually dominates
and spoils the wavefunction. For this reason, in the current implementation of Math-
ematica’s NDSolve, we can only obtain a solution to the direct Schrédinger equation
for M, < 100 TeV. We will thus employ a numerical technique developed in the
nuclear community [251] known as the Variable Phase Method. Much of the setup

2For a sufficiently massive wino, M, > 1320 TeV for v = 1073, we get a real-valued ko. Thus,
the charged component can also propagate to spatial infinity. This marks a qualitative change to
the problem we are considering, as we must now consider the full SU(2) triplet throughout the
calculation. This is an interesting regime, and one much closer to the Coulomb-limit cases we have
discussed. Its full treatment is nonetheless beyond our scope.
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follows [197], who developed this procedure in a DM context in order to compute the
value of the wavefunction at the origin. We will extend their approach to find the
wavefunction in a range out to several hundred Bohr radii. To our knowledge, the
details of our method are novel and provide an efficient, powerful means to calculate

positive-energy, multi-component DM wavefunctions.

The Variable Phase Method treats the reduced wavefunction as a spatially-varying
linear combination of solutions to the free Schrodinger equation with the appropriate

normalized wavenumber,

L(L +1)

T2

)+ [F - | o, = o. (.7

Following [197], we take the following free reduced wavefunctions,

f@) =\ ey lher)

T A ) A
9u(@) = [ Viey(haa) = i Ty (k)| (D.8)

which have the appropriately-normalized Wronskian, f'g — f¢ = 1. We can now

write the solution to the full problem, eq.[D.4] as

[ur ()], = fa(x) aa(r) — galz) fal). (D.9)

Needing «a,(x) and ,(z) doubles the degrees of freedom in the solution, so we elimi-

nate this redundancy by imposing the normalization

fa(w)ag(x) = ga(x)By(x) = 0. (D.10)
Instead of using the parameterization of the wavefunction in eq. [D.9] we define

Nab = fa gaéab - gaOab 9v, (Dl]')

336



where B, = Oy, and

G = 22, (D.12)

These combine so that

’LLa<.’17) = Nab db. (D13)

The advantage of writing the reduced wavefunction in this way is that we can now

determine it from a pair of nested, first-order equations,

~

/ /
V.
(/zb = 5ab+ <&+g_n) Nab_Nac_deb
Ya 9b E
y g. Vie ~
= —2%9, — N, . D.14
10} ( 7 b+ i b) ap ( )

We get V(z) from the full potential, eq. by only keeping those terms which vanish
as x — oo, i.e. V(z) = Vipe, + V(x), and lim,_, V(x) = Viys.. Furthermore, we know
that in the limit of very small x, our problem just becomes that of a Coulomb poten-
tial. Thus, near the origin u,(z) oc 25!, However, we do not know the appropriate
prefactor. In the L = 0 case, this is just the Sommerfeld factor, or wavefunction at
the origin, for which many numerical determinations exist. We could employ such
a method, and then take an appropriate linear combination of solutions determined
with independent sets of boundary conditions to determine the full wavefunction.
However, we have found a way to impose a boundary condition on eq. that re-
quires no additional inputs and finds the correct wavefunction. Following the method
of [197] for finding the Sommerfeld factor, for some small 2 (which we generally take

as zo = 107%), we demand
Lo

Nav(20) = 577

Sab- (D.15)

We found that in practice, imposing &(z) boundary conditions also at zy led to
numerical instability beyond O(10s) of Bohr radii, which was insufficient for the
overlap integral needed to compute the capture rate. Just as in other numerical
routines, the exponentially growing solution of the charged component eventually

overwhelms the solution.
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Instead, we impose the following boundary condition at relatively large x fﬂ

&1(1‘]0) = 1,
do(zs) = 0. (D.16)

Fixing the charged component to vanish at large x eliminates the exponentially grow-
ing solution from our regime of interest. In fact, we imposed a similar boundary
condition on the charged component when solving for the full u(r) directly with
NDSolve. The advantage of the Variable Phase Method over the direct approach is
that the equations are first-order. Thus, Mathematica is not solving a Boundary
Value Problem, shooting solutions from one boundary to the other and attempting
to line them up. A key signal of breakdown in the direct method was the inability to
satisfy the boundary conditions at both ends. This issue simply does not arise with

a(z).

The further &;(zs) = 1 condition, along with those imposed on Ny, (cf. eq. [D.15)),

is actually sufficient to determine the physical solution. To see this it is useful to
rewrite eq. in the limits of both small and large x, given the boundary conditions
for Ngp in eq. |D.15, These decouple Nyg21y at small x and fix Nyj(99)(20) ~ o in the

region of some arbitrarily small zy. Thus, we get

/
N, = 1+2%nN,
g, '
& = —Lug, (D.17)

3We found minimal sensitivity to the exact location of . Typical values taken were z €
(50, 100).
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where there is no sum over a. For our choice of g, in eq.[D.§]

lim 2% = ¢ . (D.18)

Lo #0

The functional dependence is different for L = 0, but the scaling for N,, and &, will

be the same as for higher L. We get for small z,

Nyo o< =z

a, o< . (D.19)

This sets u(z) oc zF?

, which is exactly the scaling of the regular solution to the
Schrodinger equation with a Coulomb potential. Thus, we have obtained the correct
physical solution up to an overall scaling factor. However, we know that at sufficiently
large x, the potential is negligible, and thus the charged component will be exponen-

tially suppressed, and the neutral component will just be a unit amplitude sinusoid,

up to known factors that depend only on L and the number of identical particles in

the initial state (see eq. [8.27)):

uy(2) = sin <a: - % + (5L(x)> , (D.20)

with §;, < z. Setting ay(xf) = 0 is a good approximation to the exponential sup-
pression for sufficiently large z fﬁ We will now show how @&;(z¢) = 1 reproduces the
normalization of eq.[D.20] To start, we get the N, & equations in the large-z limit.
This behavior is determined by the log derivative of g,

lim 2% = ik,. (D.21)

40ur method trivially generalizes to the case where uy is non-decaying at large . Using the
normalization conditions spelled out in [160], we can still impose that the radial component of us is
purely outgoing. Operationally, this is realized with the same boundary conditions as in egs.

and @
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This result is L-independent, because for sufficiently large x, the centrifugal term

drops out of eq. [D.7] We therefore get the following equations for Ny,

N, = 1+42iNy

80 M .
M = (\/ Man ) e

N, = 1- (2 i 1) Ny, (D.22)

and for our potential and N, boundary conditions, Ny; = Njp. These have the

following solutions,

N11 = 5 + A11 €2im
80M .
N12 = Algexp[<— m—l—l— Z)ZE
1 80 M
NQQ = m + A22 exXp [— < m — 1) l'] . (D23)
M2

We see that Ay, and Asy decay exponentially, the latter to a predetermined, nonzero
value. Since we are further setting as(zy) = 0, it is just the solution to Ny; we need
to examine in detail to determine the proper normalization of ui(x). The N, satisfy
a first-order equation. Therefore, having imposed the boundary condition at small z,
the value of Aq; is predetermined, but its value is unknown based on the equation’s
behavior at large x. To constrain it, we now examine the behavior of a; at large x.

It obeys the trivial equation,

o) = —iap. Thus,

a, = Ce'”, (D.24)

where C' is the free parameter we can set with the boundary condition at large z.
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Combining N and & to get uy(z), we find

Ul(l’) = (C |:A11€ix— e_. :|

21

L

= Bsin ( -5+ 5L(a:)) : (D.25)

where on the second line we have used the fact that we know our small-x behavior
has given us the physical solution up to an overall scaling factor. We see that this fact
fixes the value of |A};| = 1/2, since |ae’® + Be™"*| varies between 0 and 1, as needed
for sinusoidal behavior for || = |3| = 1/2. Thus, having a properly normalized wave-
function at large x requires |B| = 1 and therefore fixes |C| = 1. Since our boundary
condition sets &j(xy) = 1, it means C' = €'*/, thus obtaining the right asymptotic
behavior. As a cross-check, we verified that the wavefunction-at-the-origin (Som-
merfeld factor) that we obtained via this method agreed with those factors obtained
via the Variable Method employing &' used in [197], and the Wronskian method
of [196], wherever the latter two methods were numerically stable. An advantage of
our Variable Phase Method is that it gives numerical stability as high as 1000 TeV
(and possibly farther), whereas we found the others became unstable around 300 TeV
(J[197] Variable Phase) and 100 TeV (Wronskian). We also verified that the capture
rate we find with our Variable Phase Method agrees very well with that obtained

from calculating the reduced wavefunction u,(z) directly with NDSolveE]

D.2 Numerical method for computation of bound
states

The bound states wavefunctions solve a Schrodinger equation with the appropriate

potential depending on the L + S of the DM pair. Generically, the neutralino (x°x")

SFor S and P-wave initial states, we find the direct NDSolve method is stable up to 110 TeV.
Our procedure sets u1 2(zg) = 0 near the origin, and uz(zs) ~ 0 and ui(zy) = 1, for large xj.
In the numerically stable region, we find insensitivity to setting us to a range exponentially small
numbers. Unlike the Variable Phase Method, setting ui(xf) = 1 is insufficient to get an appropriately
normalized solution. However, we can normalize the wavefunction after the fact to have a unit
amplitude sinusoid at large x.
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and chargino (x*x~) pairs can turn into one another by exchange of W# bosons.
However, since the neutralinos are identical fermions, they require a globally antisym-
metric wavefunction and therefore L + S-even. Thus, VI geven 1S & matrix potential
with off-diagonal entries between these pairs, while V7,044 Only evolves xyTx—. As
in the main text, we put the neutralino and the chargino components of the bound
state’s wavefunctions into a vector ¥ = (¢ 1¢). The reduced radial wavefunction,

u;(r) = r;(r), solves the Schrédinger equation

un(r) Lj\(/[L—th) + Vi Via un(r) 5 | un(r)
_ 1 82 + X _ Mxvrel
M, " 4
ue(r) Var B 4+ 26M + Vi | | uc(r) ue(r)
D.26)

where the energy of the state is defined as E = M,v2,/4.

To simplify our analysis, we use the variable z = M, oy 7, which normalizes the
physical distance r to half the Bohr radius of WIMPonium in the high-mass limit.
Solving the radial Schrédinger equation for the reduced wavefunction u(z) = z¢(z)

with Vi1 s even, Wwe have

— 97 4 MY V2 uy(2) un(2)
g 612) s
—\/5—67?2 —92+ e+ LU;:U - C‘Q’Ve;m - % uc(z) uc(z)
D.27)
where ¢y (sw) stands for cosine (sine) of Weinberg angle, €, = vu/20m, €, =

mw [ (aw M), and €5 = \/20M /M, /o with M = M+ — M.

If L+ S is odd, our bound state only has a chargino component, but we keep the
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matrix notation, giving

= . (D.23)

€
_ e
L(L+1) e W’ s2,

0 —0?+e+ = — — uc(2) uc(z)

z z

A detailed derivation of these potentials can be found in [T191], 216]. In both egs.
and the 22 component has a Coulomb term corresponding to the photon. Thus,
the xTx~ will form bound states at any value of M, +, in analogy to positronium;
in the limit M,= — 0, the charged component will dominate the L + S-even wave-
function, as the off-diagonal mixing terms become exponentially suppressed and the

neutralinos decouple from the attractive potential.

We are dealing with a mixture of Coulomb and Yukawa potentials. In both the
high and low-mass limits, the non-zero components of the potential will become purely
Coulombic with coupling « (low-mass) and 2ay (aw ) for the high-mass L + S-even
(odd) potentials. Using this insight, we expand our wavefunctions for a given L in a
basis of solutions to the Coulomb Schrédinger problem with the same L, exploiting
the fact that we still have rotational symmetry in the full problem. This will turn
the Schrodinger equation into a finite-dimensional, matrix eigenvalue problem. We
denote the Coulombic wave functions in the basis by |n,[) and the eigenfunctions of

the full problem by |¢;). The Schrodinger equations thus becomes

N
[:[|¢l> = ch,lf{|nv l)? (D29)
n=1

where the ¢ coefficients are used to write the eigenfunctions of the Hamiltonian in
terms of N Coulomb wavefunctions and H is the Hamiltonian. Inserting a unit
operator in the space of wavefunctions with fixed L, we have the following eigenvalue

problem

Hig) =Y (m,I|H|n, D)cnlm, 1) = Eqcoylm, 1), (D.30)

n
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where the a in F, refers to the radial quantum number. Hence, the Schrodinger

equation reduces to the matrix equation,
Hmncn,l = Eacm,l- (Dgl)

where H,,, = (m,I|H|n,1). We thus have to find the overlap integrals H,,, for the
Hamiltonians corresponding to Eqs. [D.27 and [D.28]

For odd L + S configurations (eq. [D.28]) we use a basis of functions solving the
Coulomb potential —ay/z, corresponding to the high-mass limit of Vi goq4. For even
L + S configurations (eq. , the potential matrix is off-diagonal; however, in the
M, > my limit we can perform an r-independent diagonalization of the potential
to obtain a repulsive Coulomb potential with 4+ayy /2 (which does not contribute to
the formation of bound states) and an attractive one with —2ay,/z, as discussed in
section [8.2.2] As a result, to find the eigenfunctions for eq. we choose a basis
of functions solving the Coulomb potential, —2ayy, /2. We noted empirically that in
order for this method to work satisfactorily, the coupling of the Coulomb potential
used for the expansion in eq. needs to be as large or larger than that of the
full problem. The choices above satisfy this criterion as it is only in the M, — oo
limit that the potential has full ay, or 2ayy strength. At any finite mass, the Yukawa
terms lead to a weaker attractive force. It makes sense that the expansion coupling
needs to be larger than the true potential. The true wavefunction will have support
to a particular Bohr radius. If every term in the Coulomb expansion is wider, it is
difficult to recover the correct behavior. Starting with Coulomb wavefunctions that
are more compact than that of the full problem, we can build up the approximate
wavefunction by including more and more radially-excited states. We find stability
across our mass regime of interest when the number of Coulomb eigenfunctions in the
expansion of eq. satisfies N 2 15, and we typically take N=30 for our capture

rate plots.

We have performed several consistency checks of our numerical routine. We re-

cover the Coulomb limits at high and low masses with couplings ay, «, respectively
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for L + 5 odd, and 2ayy in the high-mass L + S even limit. We also recover some
known results from the literature on the numerical study of solutions of Yukawa po-
tentials [252, 253]. The results therein suggest that for finite mediator mass, as we
increase the ratio €4, the bound states cease to exist. Taking the limit M — 0 and
s%, — 0, which corresponds to a pure-Yukawa problem with either a 2D (eq. [D.27)) or
1D (eq. potential and comparing the value of €5 where this transition happens,
we find an agreement between our results and [252]. For instance, the maximum
value of €4 for which we found a 1s bound state in eq. is €4 ~ 0.595 which
matches the values reported in Table IV of Ref. [252] with Z = 1 in their notation.
For other bound states, this upper-bound on ¢, is decreasing, in accord with Table III
in Ref. [252]. For fixed mediator masses (W and Z bosons) and fixed mass splitting
OM = 0.165 GeV, the energy of the bound states as a function of DM mass is studied

in figure [D-1]

D.3 The Coulombic limit: nonabelian “positronium”

In the case where the gauge symmetry is approximately unbroken, the force carriers
can be treated as massless and the interacting DM states can be approximated as
degenerate. The matrix potential then takes a simple form and it is possible to solve
analytically for the bound and continuum wavefunctions, along with the rates for
bound state formation and decay. This limiting case provides intuition and furnishes
a useful test of the detailed numerical results. In this appendix we leave the de-
tailed structure of the potential matrix arbitrary, so that the results we present here
can easily be generalized to other gauge groups or representations, facilitating quick
estimates of when bound state formation is important in other dark-sector models.
In this section we pick up where we left off in Section [7.3] In that section we
presented the expression for the capture and transition cross sections in the dipole ap-
proximation (Equation [7.53)), derived the form of the general scattering wavefunction
(Equation [7.57), derived the form of the general bound state wavefunction (Equation
, and derived the cross section for radiative capture from the continuum to the

345



--1% lowest bound state --3" lowest bound state
binding energy (MeV)| binding energy (MeV)| binding energy (MeV)|

My(TeV) My(TeV) My(TeV)
1 5 10 50 100 500 1000 1 5 10 50 100 500 1000 ~ 1 5 10 50 100 500 1000

S-wave p-wave d-wave

Ibinding energy (MeV)| [binding energy (MeV)| Ibinding energy (MeV)|

My(TeV) My(TeV) My(TeV)
1 5 10 50 100 5001000 1 5 10 50 100 5001000 ~ 1 5 10 50 100 5001000

Figure D-1: The absolute value of the bound-state energy of the first three bound
states, labeled by blue, orange, green in order of increasing n. Top row: spin-triplet
configurations. Bottom row: spin-singlet configurations. From left to right, panels
correspond to L = 0, 1,2. All the diagrams follow a general trend: At low DM masses,
where €, is large, the Yukawa potential is too short-range to hold the particles in a
bound state. The energy of the mostly xTx~ bound state — which is held together
by photon exchange down to M,= — 0 — is dominated by the mass splitting term,
giving these states a positive binding energy in our convention. As we go to higher
masses, corresponding to smaller €4, the potential becomes long-range enough to form
a negative-energy bound state. The dip on each line shows where the energy goes
from being positive (compared to a neutralino pair at infinity) to being negative,
as the DM mass increases. At large enough masses, the potentials are effectively
all Coulombic, and the binding energy becomes linearly dependent on DM mass, as
expected.

bound state (Equation [7.71)).

Note that when the gauge symmetry is broken, radiation of massive gauge bosons
is forbidden when the boson mass my 2 oM, ., whereas the impact of the shortened
range of the potential depends on the ratio of my to o M, ; thus there is parametrically
a region where the main difference between the broken and unbroken cases is simply
that radiation of particular (linear combinations of) gauge bosons is kinematically
forbidden in the broken case. Thus it can be productive to explicitly separate the
bound-state formation induced by radiation of different gauge bosons; for the wino,
we will calculate the capture/decay/annihilation rates with Coulombic wavefunctions,

but still only consider radiation of the gauge boson combination that maps to the
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photon in the unbroken theory.

When the gauge symmetry is truly unbroken, the incoming state could be in
any linear combination of the (degenerate) two-body states; however, once the gauge
symmetry is broken, when considering the case of annihilation of DM in the present
day, the incoming particles will all (to a good approximation) be in the DM state,
rather than one of the heavier states in the multiplet. Thus for ease of comparison
to the broken case, it will be particularly useful to study the capture rate from the

initial state that will correspond to the DM-DM state after symmetry breaking.

D.3.1 Capture cross sections for the wino case

As discussed in the main text, single-photon dipole emission changes angular momen-
tum by AL =1 from an even L + S state to an odd L + S state, leading to different
eigenvalues for the initial and final states. Neglecting the exponentially suppressed
contributions from the negative eigenvalue of the even-L + S potential matrix, for
single-photon capture we need only consider the case with \; = 2, Ay = 1. The

associated eigenvectors are given in section [8.2.2]

If we impose the initial condition I = as discussed earlier (i.e. far from

0

the interaction site, all particles are neutralinos rather than charginos), then (I -

Wl

m)(n}é’mi) = : 0 1 = ‘/?5, and likewise (I-m)(n}égm) =

=[S
)
wiN
)
—_
1N

Using eq. [7.71} replacing o.q — @, @ — ay, and including the factor of 2

discussed above for identical particles in the initial state, we then obtain for the
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capture cross sections:

25712 andy, 1 g,
3 M2 1 ﬁe fnlm7 (D32)
X re

OUrel =
where the f,;,, are given by:

fi00 =0,  fooo =128,  for0 = 242,  for41 = 50. (D.33)

These cross sections are for initial states of definite spin (singlet or triplet). When
averaging over all possible spin states, this contribution should be divided by 4 before
adding it to the total for capture into states with odd L (where the leading contribu-
tion comes from even-L initial states, which must be spin-singlet), and multiplied by
3/4 for capture into states with even L (where the leading contribution comes from
odd-L initial states, which must be spin-triplet). We expect the latter processes to
be suppressed at low velocities, once the SU(2) symmetry is broken and the masses

of the force carriers are non-negligible, as discussed in appendix [D.4]

D.3.2 Capture cross sections separated by partial wave

We have so far computed the cross section for capture into the bound states from an
incoming plane wave. However, for comparison to the regime where the force carrier
masses are non-negligible; it is useful to separate out the contributions from different
partial waves in the initial state, since we expect the higher partial wave contributions
to be velocity-suppressed when the potential has a finite range (see appendix .
For positronium, the properly normalized solution to the Schrodinger equation
is given by eq. (for distinguishable fermions; see the discussion following that
equation for the case of indistinguishable fermions). Taking p in the z-direction, we

can separate this into partial waves as follows:

I'(1+ L —1i)
2ipr'(2(L + 1))

1
o(asr) = Z(2L + 1) Py (cos 6) e™ 2 M | —i, 5(1 +2L), 2ipr| ,

’ (D.34)

348



where M is the Whittaker function, which is related to the hypergeometric function
by:
M(a,b,z) = e /22272 | B (1/24b—a,1+2b, 2). (D.35)

In terms of the confluent hypergeometric function we can write:

F(l + L — ZC) 7r(/2e—ipr

dlasr) = Z(QL—H)PL(COS 0) TEC 1)

' (D.36)

Capture from s-wave incoming state into p-wave bound state

Let us now consider the contribution to the capture cross section from the s-wave
part of the incoming wino pair state, where the final state is one of the n =2, 1 =1
states. We will use this to cross-check our numerical results.,

From eq. [D.34] the s-wave contribution to the continuum state, for a given eigen-

value )\;, is given by:

['(1—1)\ , , 1 .
s(hagr) = ( Z, ap/p) emNen/2 g —i\a/p, =, 2ipr| . D.37
2 2
ipr

Repeating our previous analysis but projecting out the s-wave piece (i.e. replacing

d(Nia;r) with ¢s(Na; 7)), we find for the reduced matrix element:

2M_3/2)\;3/2 Z(I ) m)r<1 . i)\ia’u//p)€7r)\ia,u/2p€—4)\i/>\f

R A\ R . N\ 2
an (P s) e, ( ol s () )] (D.38)
Ay Af Ay

For the wino we have (I - m)n}é’lm = —(I- m)n}égm =V2/3, N =2, \p = 1.
Substituting these into eq. [D.38 we obtain:

—c- (Tm)

i o 16\3/2%_1/

x 1}

_ 25 _ 21
M, = —€- ()" 3\2/?6_804“,1/2#_3/% (1 — %) erOwH/P (D.39)

for capture into any one of the n = 2, [ = 1 states. (Here we have not inserted the
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factor of v/2 for the normalization of the initial state containing identical fermions,

consistent with our previous approach of inserting it in the cross section.)

Evaluating eq. for capture from an initial plane wave into the n = 2, [ =1

states, we obtain the matrix elements:

_ 25 % 11 _ 2
Marg = —¢- (7o) =——v/7e Say 1 (1 e ) e,
P
_ 2 x5 _ 2i
Mays1 = €- (F11)* ; \/Ee—Sawl/QM—ii/?F (1 _ M) eTOW /P (D.40)
p

Comparing to eq. [7.68 for capture from an initial plane wave into these states, for
the 210 state the s-wave contribution is 1/33 of the total, whereas for the m = +1
states it is —1/15 of the total (here the d-wave piece has the opposite sign, with
magnitude 16/15 of the total, and they add destructively). If the higher partial-wave
components are suppressed, averaging over initial spin and summing over final states
m = 0, %1, and including the factor of 2 for the identical particles in the initial state,
we obtain the total cross section for capture from the s-wave piece of the incoming
state into the n = 2, [ = 1 bound states:

12,2 2
2 m 6 cagy

. D.41
34 Mivrel ( )

OUrel =

Capture from p-wave incoming state into s-wave bound state

Capture into an s-wave state through single-photon dipole emission occurs only from
p-wave states. Therefore the rates for p-to-s capture are just given by the full capture
rates from the incoming plane wave into s-wave states (see Equation . In par-
ticular, the capture rate into the ground state is zero through single-photon processes
in the Coulomb limit. Thus it is small at high masses as we approach the Coulomb
limit. One might wonder if two-photon processes can give an appreciable capture rate
into the ground state. This has been studied by Refs. [254, 255] and found to be

negligible.
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D.3.3 Transition rates

We can likewise compute bound—bound rates using eq. and the bound-state
wavefunctions presented earlier; the decay rates are much simpler to calculate and
can be done analytically using e.g. Mathematica, since both initial and final-state
wavefunctions have fairly simple radial dependence (exponential functions of r multi-
plying polynomials). Accordingly, we will not detail the calculation here, but simply
present results. We will be primarily interested in decays of the n = 2, [ = 1 spin-
singlet bound states, since these are populated by capture from the s-wave part of
the initial continuum state.

The dominant decay of the n = 2, [ = 1 states is to the spin-singlet ground state

with nlm = 100. For general initial and final eigenvalues, we find a total decay rate

of:

I'= gaawMX

Ai(2Ar = M)A/ Ay
7
Ai
(2 * Af)
For the wino, and assuming both states are spin-singlet, we have 77}6’1772- = n}égm =

\/g, A =1, and A; = 2, which yields:

4 . A2
) ‘Afn}Cman}sz : (D.42)

_ 2" x3

r = aayy M, (D.43)

for decay from each of the initial states n;, = 2, [, =1, m; = 0, £1.
Considering more general decays from initial n; = 2, [; = 1 states, the rate is
always proportional to a ajy M,, with proportionality factors given in table .

The overall decay rates for each of the three initial states are thus,
Ty10 = Ta1y = Payoy = 0.16 a oy M, (D.44)

with the main decays being to the ground state and the first excited s-wave state
(0.15/0.16 = 94% of the total, with a 49% branching ratio to the ground state and a
44% branching ratio to the first excited state).
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final nlm|m; =0 m; =1 m; = —-1| m; =0 m; =1 m; = —1
100 2 7.9 x 1072

200 Lo 7.1 x 1072

300 L 2.7 x 107

320 o sier 2 [28x 1070 71x 107* 7.1 x 107
321 o5 - |21x107% 21 %1070 -
32-1 P § 22 |21x 107 § 2.1 x 1073
322 - i - - 42x107% -
32-2 - - b - - 42x107

Table D.1: Exact (left) and approximate (right) numerical prefactors for the decay
rate [ of spin-singlet bound states with n = 2 and [ = 1, which is given by a oy, M,
multiplied by this prefactor. Different columns indicate different initial states (nlm =
21m;) while the rows label different final states.
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D.3.4 Subtleties in imposing plane-wave boundary conditions

on an infinite-range potential

When we earlier imposed the boundary condition that the original plane wave should
be described by the vector I, we tacitly assumed that the asymptotic solution was a
plane wave, or at least that it could be characterized by a single r-independent vector
multiplying a (scalar) modified plane wave. This is not correct for potentials with

infinite range.

The true plane-wave-like solution to the Schrodinger equation at large range, in

the presence of the matrix potential we consider, has the form:

U(r) =eP” Z Amie_ia?”w pr=p), (D.45)

This follows directly from the large-r solution of the scalar Schrodinger equations
corresponding to the various eigenvalues. We can equivalently write this expression,

more compactly, as:
U(r) = PTemip eV n(pr—p) Z Am. (D.46)

From eq. it is apparent that the asymptotic coefficient of the distorted plane

wave in this state should be considered to be I =)  A;n;, as in eq. . This is the

constant quantity on which we can impose our boundary condition that the incoming

state is in the DM-DM two-body state. But the relative probability assigned to the

various two-body states (in the default basis) at large r will not be described by I
—i2aV In(pr—p-r)

alone, but by e '» I, where the exponential phase has non-trivial gauge

structure through the V matrix.

It remains to check that the solution given by eq. has the exact asymptotic
plane-wave-like component we assumed above (in addition, it includes a scattered

spherical wave):

d(a;T) — ePTe HOMEr=PT) | ghherical scattered wave. (D.47)

353



To show this we use the well-known asymptotic form of the hypergeometric function:

z ,a—b iTa ,—a

ez e z
li Fi(a,b,z) =
|z|1E>noo ! 1(a, ’ Z) F(a) + F(b — a) ’

(D.48)

to obtain the asymptotic form of eq. [7.55}

!PT (i(pr —p 1)) + e ™ (i(pr —p 1) e
(& .

o(a;r) = €™/2T(1 —iC) T (i) T i)

(D.49)
We identify the first term as the scattered wave and the second term as the plane-

wave-like part; focusing on this second term, we find:

d(a;r) = e ™2 (™2 (pr — p - 1)) TP + spherical scattered wave,
— ¢/ 2p(im/2)(=i0) —iCIn(pr—pT) IPT 4 gpherical scattered wave,

— ¥ nlr-pr)gipr | spherical scattered wave, (D.50)

as required.

D.4 Effects of a massive force carrier

To understand the qualitative effects of giving a mass to (some of) the force carriers,
so that the potential has a finite range, it is useful to consider the simpler case of a
single DM state, with DM particles (of mass M, as previously) interacting via the
attractive Hulthén potential,

agmg

emur — 1

Vir)=— (D.51)

This potential has been considered as an approximation to the Yukawa potential
V(r) = —%e™™4" in the context of the Sommerfeld enhancement [193, 256]. It
has the advantage that the Schrédinger equation is exactly solvable for the s-wave
states, and approximately solvable for higher partial waves; both continuum-state

solutions [195] and bound-state solutions [256] have been presented in the literature,
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for arbitrary [. In the calculation of the Sommerfeld enhancement, good agreement
between the analytical results for the Hulthén potential and numerical results for the

Yukawa potential is obtained with the identifications o = oy, myg = %m 4 [195].

In this appendix we briefly summarize the key results for the Hulthén potential,

and then estimate the scaling of the bound state formation rate with my.

D.4.1 Wavefunctions for the Hulthén potential

In our notation, the radial wavefunctions for bound states of the Hulthén potential

are approximately given by [256]:

Nn K/m —K/m —
Rnl(r> — _le—m"<1 . e_mHT)l+1PT(L2_l/_1H’2l+1 /M) (1 — %% er) ’ (D52)
,
where the bound state energy is E, = —~k?/M,, with x for a particular choice of

principal quantum number n (n =1,2,3,...) given by:

1 (agM, —n*my
R . D.53
o=y (M (D.53)

Here N, is a (dimensionful) normalization factor, chosen to give the correct normal-
ization for the bound state (it is straightforward to calculate for any given state, but
the expressions are cumbersome), and Péa’b)(:c) is the Jacobi P-function. These re-
sults are exact when [ = 0 or my = 0; otherwise, they require use of an approximate
form for the centrifugal term in the radial Schrédinger equation (see [256] for details).

Note that with the definitions above, we must have x,, > 0 for bound states with
principal quantum number n to exist, i.e. we must have n < \/m. Thus
when mpy > ayM,, the potential supports no bound states; when ay M, /4 < my <
apgM,, only the n = 1 bound state exists; and so on. In the Coulomb limit where
myg — 0, we recover the usual expression for the hydrogen-like bound state energies

(recalling that the reduced mass of the system is M, /2).

The partial-wave wavefunctions for continuum states with m = 0 are given by
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_ Pp(cost) (1 - e—mur)lt

Uulr) = S O R a2+ 1,1 e
' X
27 Slnh (ﬂ'vre]MX)

X Q& H Urel mpr

\ cosh <M> — cosh <M 1— 4]04\4H77;LH>

i mH X Vrel
L

X H k4 + <aMX>2 + k2 <Mxvrel)2 (1 . QOszH)

\ k=0 My mpg M, w2,

+ Z.MXUI'GI 4aHmH
=14+ L+ 214+ 1 - ——— . D.54
a + L+ 2mpy ( MXUr2e1 > ( )

In deriving these results from those of [195], we have used the identity I'(iz)['(—iz) =
7/(zsinh(7z)). These wavefunctions are normalized to correspond to the L-wave
components of a unit-normalized plane wave propagating in the z-direction. (Some
caution must be taken in adding wavefunctions of different L together to re-form
a plane wave, as the normalization condition does not fix the relative phases, but
these wavefunctions will suffice for considering the scaling of the contributions to the

capture rate by states of different L.)

There is an additional subtlety in this case; the approximate centrifugal term used
by [195] to obtain the correct wavefunctions is exponentially suppressed at large r,
whereas the real centrifugal term scales as 1/72, and consequently the wavefunctions
do not properly match onto the correct asymptotic solution at large . (This is not a
problem for the bound state wavefunctions, because the bound state wavefunctions
are exponentially suppressed at large r independent of the centrifugal term.) This
issue is independent of the details of any short-range potential (although it depends on
my because the approximate form for the centrifugal term involves my), and so can
be compensated by examining the effect of using the “wrong” centrifugal potential for

plane waves; the prescription presented in [195] multiplies the short-range annihilation
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rate derived using these wavefunctions by the factor:

w2L

C = ,
I (L — k)% + w?]

w = M, vra/mp. (D.55)

When using these approximate continuum wavefunctions to estimate scaling relation-
ships, we will multiply the final capture rate by this correction factor. We do not
expect this approach to be accurate in detail (for L > 0), because the capture process
is not localized at very short distances in the same way as annihilation — indeed, the
scale of the potential is the same as the scale of the (incorrect) centrifugal potential.
However, it will suffice to estimate scaling relations for the capture rate; we will then

confirm these scaling relations using numerically computed continuum wavefunctions.

D.4.2 Estimating the capture rate

Let us focus here on the cases of s — p and p — s capture, into the most deeply-
bound available states in both cases; this will serve to illustrate the essential points.

From eq. [8.23 the capture rate in this case will be given by:

2 1 initial s-wave

16 aE, . ,
° /Tsz¢L1(T)¢LO(r) X

3 M?

OUpe (continuum — bound) =

1/3 initial p-wave

(D.56)

where ¥(r) = Y;,,(0, ¢)p(r). To make it easier to extract the scaling of ov,e with ay,
M, and mp, let us define the dimensionless radial coordinate x = ayM,r. Then
ovrel scales as (aBy, /M2)(agMy) ™| [ 22dz ¢} _; (2) ’Lzo(x)‘Q.

We will be especially interested in the regime of low velocity; the usual 1/v,q
divergence as v, — 0 will in this case be regulated by the non-zero my.

Let us define the parameter £ = ay M, /mpy; note £ > 1 if any bound states exist.
In terms of the x coordinate and this parameter, the radial wavefunctions we need

are given by:
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e nlm = 100 bound state:

1—e—%/8) _(1— T
6(x) = (arMy)¥2) [4 (1= & ) U Demmy/er2

e nlm = 210 bound state (the scaling is identical for the m = +1 states):

SRS e
8(z) = (and Y ge/-1/0r (12 210)

z/€

e [ = 0 contribution to continuum wavefunction in the low-velocity limit:

o= [ () R - Ve

(D.57)

e [ =1 contribution to continuum wavefunction in the low-velocity limit:

B %’/TSS (1 — 6*1/5)2 .
¢(x)—\/1_cos(%\/g)(§—1) /e 2F1[2+\f2 VE2,1—¢ /f].

(D.58)

Let us consider the limit where & > 1. In this case, the bound state wave-
functions have support for (and only for) x < 1. Thus in the region which gives a
non-negligible contribution to the overlap integral that determines the capture rate,
[ 2?¢5_ 1 (x)¢)_o(x)dx, it follows that 2/{ < 1, and so we can safely approximate
1 — e */¢ ~ /¢ in computing this integral.

Using the identity:

o Fi(a,b,c,z) = (D.59)

oo a)

i (ek

and the approximation (a), ~ a™ for |a| > 1, it follows that in the range of x relevant

to the overlap integral,

o Fy[14+LA/€, 14+ L—/€, 2(L41), 1

H
Mg
h
+
o
%3
i
JY}
OM8

L+1 (2(L 4 1))k!”
(D60)
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and consequently, this term in the continuum wavefunctions is approximately &-

independent.

It follows that within the range where the integrand is non-negligible, provided
¢ > 1, the bound-state wavefunctions ¢(x) scale as (ay M, )*?x (function of x only),
with no leading-order &-dependence. The continuum wavefunctions scale approxi-
mately as /€/(1 — cos(2my/€))x (function of x only). Thus [ 22¢%_, (x)¢)_o(z)dz o
(ag M,)2\/€/(1 — cos(2m+/€)), where the proportionality factor arises from an inte-

gral over functions of x only, and is independent of all the parameters of the problem.

We can now estimate the scaling of the capture rate, for the limit as v, — 0 and

assuming my < agM,:

ok,
M3
akb, 1 1

o — :
mug MZ1 — cos(2mv/agM, /mg)

£
1 — cos(2m/€)

OUpe (continuum — bound) o (agM,) *(agM,)?

(D.61)

However, recall that — as discussed above — we must add a correction factor in
the case where our initial continuum wavefunction has L > 0, to compensate for
the incorrect asymptotic behavior of the centrifugal term and hence the continuum
wavefunction. In the same limit as the one we are currently working in, where v,
is taken to zero, the correction factor C' = (1/L!)*(Myva/mu)?* (eq. [D.55). This is
the only source of direct L dependence in the scaling. Thus our final scaling estimate

becomes:

OéEn 1 M Ure 1
OUre (continuum — bound) o ( X rel

2L
M? mH) 1 — cos(2m+/ag M, /mg)’

(D.62)

where L is the angular momentum quantum number for the initial state.

For comparison, in the Coulombic low-velocity limit we have:

. E, 1 «
O (continuum — bound) o _n_2 .
MX MX Urel

(D.63)
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If the prefactors in both cases are similar, and away from the resonance regions

where the 1/(1—cosf) term can lead to a large enhancement in the case with mpy # 0,

2L
. M. .
we would expect the two curves to intersect where ——— ~ - ( Zxbel i.e. when
My Urel myg myg )

My,
X Urel N].
myg

Thus we expect to observe Coulomb-like behavior, and in particular the universal
(independent of partial wave) 1/v. velocity scaling in the capture rate, down to a

“saturation velocity” v = mpy/M,. At this point, the capture rate ov, instead

2L.

begins scaling as v.;

accordingly, capture from higher partial waves is expected to
be suppressed relative to capture from the s-wave part of the initial continuum state,

by a factor of order (vie M, /my)?L.

This is very similar to the parametric scaling of the Sommerfeld-enhanced annihi-

2L+1

lation rate [195]; the enhancement factor scales as 1/v2

for velocities larger than

the saturation velocity, but saturates at a constant value below this velocity. Since

2L

-/, the enhanced annihila-

the bare un-enhanced annihilation rate (ov,e) scales as v
tion rate scales as 1/v,e above the saturation velocity mg /M, but as v2} below this
velocity scale, just as we find for the capture process. The resonance peaks in the
capture rate that we expect for v, S mpy /M, are also observed in the Sommerfeld
enhancement. At these resonance locations, where \/m is close to an integer

value, both Sommerfeld enhancement and capture rates pick up an extra scaling of

1/v2;, down to a saturation velocity that depends on proximity to the resonance.

rel»

[201] presents an expression for a universal capture rate into near-threshold s-wave
states, analogous to the result for capture of a proton and neutron into a deuteron

bound state:
b

Oc ™ 55
72+p2

(D.64)

where the binding energy is v?/M,,, and p o< M, vy is the incoming momentum. This
result is applicable to our analysis when the range of the potential is short relative
to the wavelength of the incoming state (i.e. my < M, ve1), and the binding energy
is small compared to m3;/M,. It predicts that o.v,e o< p? when v > p, and 0.0

roughly p-independent when v < p. These scalings agree with our results above; they
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correspond to non-resonant and resonant capture into the s-wave ground state (from
the p-wave part of the initial state), respectively, in the saturation regime where my

cannot be neglected.

10724
 —————d A h )
— Positronium limit "‘AA‘»AJ\ A k
\
2 1 : -28 oA
v and | scaling 10 \,A
- my=0.01 GeV
10732
- my =3.09 GeV
- my=7.24 GeV 103
¢ 10740
3 Vrel

- - Gev.
10 107 0.1 05 1 510 50 100 (G2V)

Figure D-2: ov,q for capture into the s-wave ground state in the Hulthén potential
from a p-wave initial state, for M, = 10 TeV, ayg = 0.01. Left: ov, as a function
of v, for my = 10 MeV (purple dots), 3.09 GeV (blue dots) and 7.24 GeV (green
dots). The red line indicates the analytic positronium-like limit where my — 0; the

orange line is proportional to v2, (vy|) below (above) the break, and is to guide the

eye. Right: ov, as a function of mpy, for v,q = 15 km/s = 5 x 10~°c (blue dots
and line). The orange line is proportional to m% (mz*) below (above) the break,
and is to guide the eye. Note we have chosen a small v, in order to display a large
region with saturation and resonance effects, before my becomes too large to support
a bound state.

To test our arguments above (and especially the scaling of the p-wave continuum
states, since this relied on a correction factor that strictly only applies for short-range
processes), we solved the Schrodinger equation with the Hulthén potential numerically
(since this is a single-state problem, the numerical issues discussed in appendix
are not a concern), computing the p-wave part of the initial plane wave. We used
this numerical wavefunction and the analytic wavefunction for the ground state (for
which the equations above are exact) to compute the capture rate into the ground
state. Figure demonstrates the scaling of the resulting cross section with both
trel and my, for sample parameters ay = 0.01, M, = 10 TeV. We see the expected
convergence to the positronium-like limit, with scaling 1/v, for my < M, v,
and the resonance behavior and overall v2,/m¥, scaling for my = M, vw. As my

[l

approaches oy M, = 100 GeV, the cross section is suppressed and eventually vanishes
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as the bound state energy goes to zero.

D.5 Conversion from Wilson coefficients to annihi-

lation rates

In this section we demonstrate how to use the results in the literature on Wilson
coefficients for processes of the form X, Xe, = XX — Xe, Xes, as derived in [197], 229],
in order to compute annihilation rates for WIMPonium bound states.

Hellmann and Ruiz-Femenia (|229], hereafter “HREF”) write the perturbative, spin-

averaged annihilation cross section in the form:

4
O-Xe1X62_>XAXBUrel =a+ (bp + bs)% + O( rel)

'S) +3f< S1)
( ("Pr) + f( PJ)) (D.65)

where the f terms are the Wilson coefficients derived in that work, we have set the
reduced mass to M, /2 and the mass of the two-particle state to 20/, and we have
written vy = 2p/M,, where p is the momentum of one of the initial particles in the
COM frame. As discussed above, the non-spin-averaged leading-order perturbative

annihilation rates from spin-triplet and spin-triplet initial states are then given by:

Singlet L=0: UXElXeQ_)XAXBUre - f( SO)

triplet L = 0 : gXerXea 7 XaXny, | — 4f(351),

singlet L = 1 : gXeiXee?XaXny, o — M2 ( P)
1 p*
: 1. o XeyXea—XaX
triplet L = 1 : gXaXea 72488y ) = 3 2 FPy). (D.66)

These Wilson coefficients are derived from the processes Xe, Xe, — XX — Xe, Xes-

In terms of the matrix element for x., x., — XX, in our case where we can as-
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sume the masses of the initial particle to be identical, they are proportional to
[ dlTy [M(Xe, (P)Xen (—P) — X X)|? (with proportionality factors that can be trivially
extracted from the expressions for the cross section just given). However, to compute
the annihilation rates for bound states that mix the x°x° and x*y~ states, we also
need the terms of the form [ dIIoeM*(Xe, (P)Xes(—P) = XX)M(Xey (P)Xey (—P) —
X X), where the initial states ., Xe; and Xe, Xe, need not be identical. These terms are
given by the (absorptive part of the) off-diagonal Wilson coefficients extracted from
the processes Xe; Xes — XX — Xe,Xes- We can thus promote the Wilson coefficients
f for a given final state to a matrix f{eleQ}{em}, where {eje2} and {ese3} label the
relevant two-particle states. For the bound states we are interested in, the possible

two-particle states are x°x° and yTx~, and f is a matrix akin to the potential matrix

defined in eq. [8.4]

Our situation is almost identical to the one we face in computing the Sommerfeld-
enhanced annihilation cross section from the Wilson coefficients, which is discussed in
detail in [197]; the only difference is a subtlety in how one normalizes the initial state
(which in this case is a bound state, rather than a continuum state). For the s-wave
case with Sommerfeld enhancement, the annihilation matrix — which we denote ¥ —
is to be contracted with the vector wavefunction at the origin to obtain the enhanced

annihilation rate:
(ov); = c;UT(0)XW(0). (D.67)

The prefactor ¢; is 2 if the particles in the initial state are identical, and 1 other-
wise. For the bound-state calculation, there is no such prefactor, as the different

normalization of the bound state for identical particles cancels it out.

As discussed in [197], the annihilation matrix ¥ is built from the Wilson coef-
ficients, supplemented by factors of 1/v/2 if either the {ejes} or {e4es} states are
comprised of identical particles, or by a factor of 1/2 if both two-particle states are
comprised of identical particles. In our analysis, we see that these factors of 1/ V2

arise naturally from the differing normalization of the bound states comprised of iden-
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tical vs distinguishable particles (see section |8.3.2]). There is also an overall prefactor
relating the Wilson coefficients to the annihilation cross section, as discussed above.
Consequently, our algorithm for defining the general annihilation matrix (without

spin averaging) is:

e Write down the Wilson coefficients f{eleZ}{e4€3} for a specific final state, as cal-
culated in [229] (these are given explicitly for the pure wino in appendix C3 of

that work).

e Construct the annihilation matrix by:

E{6162}{6463} = (1/\/§)m C(Lv S)f{6162}{6463}7 (DGS)

where n; = 0 if both {eje2} and {ese3} correspond to pairs of distinguishable
particles, n; = 1 if one pair is identical and the other distinguishable, and
n; = 2 if both pairs are comprised of identical particles (although the pairs
may be different from each other). The constant prefactor ¢(L, S), as discussed
above, is 4 for s-wave states, 1 for spin-singlet p-wave states, 1/3 for spin-triplet

p-wave states.

For L = 0, the diagonal elements of this matrix give the annihilation cross sections
ovrq for particles initially in the appropriate two-particle continuum state in the
absence of any potential, up to the factors of ¢; discussed above. For L = 1, the
diagonal matrix elements must be multiplied by an additional factor of (p? /M;) to
obtain the annihilation cross sections. We have stripped this latter factor out of the
matrix > because it is precisely this factor that will be altered when the initial state
is a bound state, rather than a free-particle continuum state.

The resulting annihilation matrix is precisely equivalent to the annihilation matri-
ces defined in the main text in Eqgs. [8.36}8.37} To check the normalization, note that

for free-particle annihilation of nonrelativistic particles of equal mass M,,, we have:

1

T = LT / a1, |M(x(P)x(—p) = ). (D.69)
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Using the pure wino case as an example, from [229] we have the non-zero Wilson
coefficients for the various cases:

Spin-singlet L =0 (1Sp)

. —. 7 2ma? A wa? p
Finalstate WW™ frooypoxey = a5 foroioeney = ot forar ooy =
71'04‘2/‘/

2
Mg

Final state ZZ: f{x+x Harx-) = Cw s

£ ’71'062
Final state Zv: froty-1ixtx-y = 20%4/3%/VM_§V7

2
7TOLW

Final state v7: f{x*x—}{x+x ) = = sy e

Thus by the recipe above we obtain:

Ao 1 L? Ao 00
W) = —X Y(Z27) = W 4
1 1
75 3 01
0 0 0 0
A Ao
S(Zy) = 52y sy . X)) = —atsw . (D.70)
M? M?
0 1 0 1

Spin-triplet L =0 (35;)

2
oY,

Final state W+TW —: f{x*xﬂ*{x*x*} — 4i8

2
X

2
oYy,

Final state Zh°: f{x+x‘}{x+x—} = ﬁ M

Y

=N

Final state ¢¢ (for each individual quark species; multiply by 6 to get total

2

rate): f{x+x Hxtx—} — %

2 )
X

Final state (], vv (for each individual lepton or neutrino flavor; multiply by

6 to get total rate): f{x*x‘}{ﬂx‘} o WAC;VQV,
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By the recipe above we have:

1 mad 00 1 ma2 0 0
(WrW™) = 12 M ’ (Z1) 12 M? ’
01 01
00 00
1o 1 a2
>(aq 2 ST, vp) = - D.71
01 01
Spin-singlet L =1 (1P;)
o Final state W2 fryoy ooy ) = 258

The only non-zero annihilation matrix is thus S(W*W ™) = %

Spin-triplet L =1 (3P;)

56 T p 14 7o 2
e Final state W+IW—: f{x OHAOX) = 5 M‘)’%V, Tt = 5 Mg’ For 10y} =
Eﬂa%‘,
3 M27

X
e Final state ZZ: f{X+X‘}{x+x y = =y 238%22&,
2
Ay

o Final state Zv: frty- )iy} = 26555 200

2
X

gl\i

e Final state vyv: f{x+x Mty = SW?8
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The annihilation matrices for this case are given by:

L 00
28 T2 V2 28 T2
SWW™) = =% . X(22) ==Ly :
9 M2 9 M2
1 1
L1 0 1
0 0 00
28 ma2 28 T2
5(Zv) = ==—22c}, 3y , S(yy) = =Ty (D.72)
9 M2 9 M2
0 1 01

D.6 Useful integrals

In computing the continuum—bound capture rates to the lowest-lying s- and p-wave
bound states in the Coulombic limit, we need to evaluate several non-trivial integrals;
we collect the required results here for reference. Similar calculations have been
presented elsewhere in the literature; e.g. [207] computed the integrals needed for
capture to the ground state for both scalar and vector mediators, and for capture to

the first excited p-wave state in the case of scalar mediators.

The integrals in question are:

e 1
L :/ rzdr/ dz [(z — 1)e”"e?™ 1 Fy (144, 2,ipr(1 — z))]
0 -1

Iy

0 1
/ r2d7’/ dz [r(z — 1)e”"e®™ 1 Fy (1 +4¢,2,ipr(1 — z))]
0 -1

Is

e 1
/ TQdT/ dz [rz(z — 1)e”"e?™ 1 Fy (144, 2,ipr(1 — 2))] . (D.73)
0 -1

We will be particularly interested in the limit where p — 0 while p( is held fixed,

since this corresponds to the low-velocity limit of the capture rates.
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Our starting point is the identities [182]:

ipra—nr 7 ipr(l —x))| = 44 —1 —( ip)_QiC
_ 22(
/ /1 dx{ e B (¢, 1, ipr(1 — ) :2%. (D.74)

Differentiating these expressions with respect to p, we find:

00 1
/ r2dr/ dxePre=mr [(r(x — Do 1 Fy(144¢,2,ipr(1 — x)) +dra® (Fy(i¢, 1, ipr(1 — 9:))}
-1

e i)

_4dp[(1 O(p 2 ?) }

/ rdr /1 dze™™* " [—(1 — 2)¢ 1 Fy(144¢, 2, ipr(1 — ) + iz 1 F1(i¢, 1, ipr(1 — )]
d [ (n—ip)
i Lo ] (DT

The second line of eq. can be rewritten as:

00 1
I = /0 r2dr /1 dze™ M (x — 1) | Fy (1 +i¢, 2,ipr(1 — x))
_Lfpd (W—ip)%c} i M}
S {de {(p2 ] (1~ %) (p? +n?)>

(n — ip)~"~*¢

W (70

Differentiating with respect to 1 then gives us:

00 1
I, = / rzdr/ dmeipmfmr(x —1) 1 F1(1+14¢, 2,ipr(1 — x))
0 -1

_\—1-2iC
= —4(3n +ip — QPC)_(ZF _322)2—‘ (D.77)
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Finally, if ¢ is large, the first line of eq. yields:

0 1
I = / err/ dzeP* "Try(z — 1) F1 (144, 2,ipr(1 — x))
0 -1

(n —ip)~2¢

(n? + p?)3—ic° (D.78)

~ A(n* — 3p* — 2np()
We can further simplify these integrals by taking the limit p — 0, p( — constant:

I — —de” M /B Iy — —4(3n — 2pC)e /M P Iy — d(n — 2pC)e 2 P,
(D.79)

Finally, note also that:

00 1
/ r2dr/ dz [r(z® = 1)e e\ Fy (1+i¢, 2,ipr(1 —z))] = L+ Is — —8e™2C/ I,
0 -1

(D.80)

In computing the integrals associated with the Cy structure, and with the capture
rates separated by initial-state partial wave, we have employed the following integrals,

which can all be performed by Mathematica:

2n* + dinagq — (aq)?

/TQdTe_”T VFy (a1, igr) = e9/n

n° ’
L 6m3 + 18in%ag — 9 2 _ 3
rdre” | F) (a,1,iqr) =~ eiaa/n n° + 1am“aq n(aq) i(aq) ’
n7
, 61n% + 67 — 2
7"3d7“6_77r 1F1 (a7 2’ qu) ~ 67"1‘1/77 N + tnaq (GQ>
o

Here we have evaluated the integrals in the limit ¢ — 0, but with a ¢ — constant.
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