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In this letter we propose a reduction of the H0 tension puzzle by means of a theory of minimally 
modified gravity which is dubbed VCDM. After confronting the theory with the data, a transition in 
the expansion history of the universe in the low-redshift z � 0.3 is found. From the bestfit values the 
total fitness parameter is improved by �χ2 = 33.41, for the data set considered. We then infer the local 
Hubble expansion rate today within this theory by means of low redshift Pantheon data. The resulting 
local Hubble expansion rate today is H loc

0 = 73.69 ± 1.4. Hence the tension is reduced within the VCDM 
theory.

© 2021 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
The value of today’s rate of expansion of the universe, H0, has 
been measured, as a direct measurement, from low-redshift obser-
vations, namely, SH0ES [1], H0LiCOW [2], Megamaser Project [3]
(MCP) and Carnegie-Chicago Hubble Program (CCHP) Collabo-
ration [4]. Among these observations SH0ES in particular has 
achieved a remarkable precision providing H0 = 74.03 ± 1.42 (in 
units of km s−1 Mpc−1). On the other hand, on assuming some 
theoretical model, H0 can also be deduced from the measurement 
of temperature power spectra in the Cosmic Microwave Back-
ground (CMB) which is produced at the recombination time. The 
recent Planck Legacy 2018 release gives H0 = 67.04 ± 0.5, assum-
ing the standard flat-�CDM model (non-flat versions are known to 
be strongly disfavored by other data, e.g. Baryon Acoustic Oscilla-
tions (BAO)) [5]. Hence, the tension between this theoretical model 
and experimental results adds up to more than 4σ ’s [6,7].

However, the flat-�CDM could be representing only a first 
approximation to another, improved model of our universe. The 
VCDM theory, described in the following, was originally introduced 
for the purpose of seeking minimal theoretical deviations from the 
standard model of gravity and cosmology, i.e. General Relativity 
(GR) and �CDM, as it does not introduce any new propagating 
physical degrees of freedom in the gravity sector, but on the other 
hand, one can have, as we will show in the following, a non-trivial 
and interesting phenomenology.

In the VCDM theory [8], the cosmological constant � in 
the standard �CDM is promoted to a function V (φ) of a non-
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dynamical, auxiliary field φ. This theory of modified gravity breaks 
four dimensional diffeomorphism invariance at cosmological scales 
but keeps the three dimensional spatial diffeomorphism invari-
ance. On doing so, the theory modifies gravity at cosmological 
scales while it only possess two gravitational degrees of freedom 
as in GR. In general this allows a spectrum of possibilities typically 
much larger than the case of a scalar-tensor theory. For the lat-
ter, the extra scalar degree of freedom leads to strong constraints 
not only on solar system scales (for which one needs the scalar to 
be very massive or to be shielded by some non-trivial dynamical 
mechanisms, e.g. chameleon or Vainshtein), but also on cosmo-
logical scales (for which one needs to constrain the background 
dynamics as to avoid ghost and gradient instabilities).

The equations of motion for the VCDM theory on a homoge-
neous and isotropic background can be written as

V = 1

3
φ2 − ρ

M2
P

,
dφ

dN
= 3

2

ρ + P

M2
P H

,
dρI

dN
+ 3(ρI + P I ) = 0 ,

(1)

where N = ln(a/a0) (a being the scale factor and a0 being its 
present value), H = ȧ/a2 is the Hubble expansion rate (a dot de-
notes differentiation with respect to the conformal time), ρ =∑

I ρI and P = ∑
I P I (the sum is over the standard matter 

species). Unless ρ + P = 0, the following equation follows from 
the above equations: φ = 3

2 V ,φ − 3H . When V is a linear function 
of φ, as in V = λ1φ + λ0, then the equations of motion (1) reduce 
to

3H2 = ρ

M2
P

+ �, H
dH

dN
= −ρ + P

2M2
P

,
dρI

dN
+ 3(ρI + P I ) = 0 ,

(2)
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where � ≡ λ0 + 3λ2
1/4 = const. These are nothing but the equa-

tions of motion in the standard �CDM model. Moreover, for this 
choice of V (φ) the theory reduces to GR with a cosmological con-
stant not only for the homogeneous and isotropic background but 
also for perturbations at any order. Hence, the VCDM theory ex-
tends the �CDM model by replacing the constant � with a free 
function V (φ). Yet, the VCDM theory does not introduce extra de-
grees of freedom in the sense that the number of independent 
initial conditions is the same as �CDM. The “V” of VCDM therefore 
stands for the free function V (φ) introduced in this theory.

In the following we want to be able to use the free function 
V (φ) in order to give any wanted background evolution for H
which can be given as H = H(N ). From the 2nd of (1), having 
given H as a function of N , then one obtains

φ(N ) = φ0 +
N∫

N0

3

2

ρ(N ′) + P (N ′)
M2

Pl H(N ′)
dN ′ , (3)

where φ0 = φ(N0). Assuming that ρ + P > 0, and H > 0, the right 
hand side of (3) is an increasing function of N and thus the func-
tion φ(N ) has a unique inverse function, N =N (φ). Obviously, N
is an increasing function of φ. By combining this with the 1st of 
(1), one obtains

V (φ) = 1

3
φ2 − ρ(N (φ))

M2
Pl

. (4)

Therefore we have obtained a simple and powerful reconstruction 
mechanism for V for a given and wanted evolution of H .1 Once 
V (φ) is specified in this way, we know how to evolve not only 
the homogeneous and isotropic background but also perturbations 
around it.

Having shown the reconstruction of the potential V for a given 
evolution of H , we can search for a profile for H(z) that can poten-
tially reduce the H0 tension. We introduce two choices of H(z) to 
address current cosmological tensions: one in the flat-�CDM and 
the other in the VCDM. The former is H2

� ≡ H2
�0[	̃� + 	̃m0(1 +

z)3 + 	̃r0(1 + z)4], where 	̃� ≡ 1 − 	̃m0 − 	̃r0, and the latter is

H2 = H2
� + A1 H2

0

[
1 − tanh

(
z − A2

A3

)]
, (5)

with the idea that 0 < A2 < 2. In this case we have at early 
times, for z � |A2|, that the system will tend to be the standard 
flat-�CDM evolution, i.e. H2 ≈ H2

� . Today, i.e. for z = 0, we have 
H2

0 = H2
� + A1 H2

0

[
1 + tanh

(
A2
A3

)]
, which can be solved today for 

A1, to give A1 = (1 − H2
�0/H2

0) [tanh (A2/A3) + 1]−1.
Let us further consider the following parameter redefinitions 

	̃m0 = 	m0 H2
0/H2

�0, 	̃r0 = 	r0 H2
0/H2

�0, and βH = H�0/H0, then 
we find

H2

H2
0

=	m0(1 + z)3 + 	r0(1 + z)4 + (1 − β2
H )

1 + tanh
(

A2−z
A3

)
1 + tanh

(
A2
A3

)

+ β2
H

(
1 − 	m0

β2
H

− 	r0

β2
H

)
. (6)

1 The potential V (φ) is not unique. Even for the same choice of H(z), the shape 
of the potential V (φ) depends on the initial value of φ , which can be chosen arbi-
trarily. Changing the initial value of φ changes the potential V by a constant and a 
term linear in φ. In any case, the potential does not enter both at the level of the 
background and linear perturbation theory which are affected only by H(z) and its 
derivatives. Furthermore, VCDM theory reduces to GR whenever V ,φφ = 0. See e.g. 
eq. (5.11) of [8], which shows wφ = −1 whenever V ,φφ = 0.
2

So in total we have six background parameters (three more than 
�CDM). However, we can reduce them to five (two more than 
�CDM) by fixing A3 as we expect to have a large degeneracy (after 
assuming A2 = O(1)). According to Akaike Information Criterion 
(AIC), we can accept the model if we can have an improvement 
of χ2 larger than four in comparison with �CDM [9]. In fact, we 
will show later on that the χ2 has improved remarkably by 33.41 
with respect to �CDM. In particular, we will fix, later on, A3 to 
the value of 10−3.

Two things need to be noticed. First, having given the expres-
sion for H = H(z), one can automatically deduce all the needed 
background expressions as well as all evolution equations for per-
turbations. Second, the fact we have a minimally modified gravity 
(VCDM)-component does not mean we are adding a physical dark-
component degree of freedom. In fact, for this theory, there is no 
additional physical degree of freedom, beside the tensorial gravi-
tational waves and the standard ones related to the presence of 
matter fields [8].

After having introduced the behavior of the VCDM model 
on a homogeneous and isotropic background, we will test it 
against several cosmological data to see how well it can ad-
dress the H0 tension. Here we use Planck Legacy 2018 data with
planck_highl_TTTEEE, planck_lowl_EE, and planck_
lowl_TT [10], baryon acoustic oscillation (BAO) from 6dF Galaxy 
Survey [11] and the Sloan Digital Sky Survey [12,13], and Pantheon 
data set comprised of 1048 type Ia supernovae [14]. We do not use 
the SH0ES consisting of a single data point [1] H0 = 74.03 ± 1.42. 
Instead, we infer the local value of Hubble expansion today H loc

0
using the Pantheon data and employing the analysis technique ex-
plained in [15,16]. Here we have not included the Planck lensing 
data since it was reported that the lensing anomaly is present in 
the Plank legacy release [17,18].

Both the background and linear perturbation equations of mo-
tion are implemented in the Boltzmann code CLASS [19], with 
covariantly corrected baryon equations of motion [20].

For a matter action at second order up to shear for a fluid we 
proceed here by first writing the Schutz-Sorkin Lagrangian (SSL) 
for a single fluid [20], as follows

SSSL = −
∫

d4x
√−g[ρ(n, s) + Jμ (∂μ� + θ∂μs + A1∂μB1

+ A2∂μB2)] , (7)

with n = √− Jμ Jμgμν , and 4-velocity uα = Jα/n. We consider 
several copies of the previous action each describing a different 
fluid, labeled with an index I . Then we can expand the previous 
SSL up to second order in the perturbation fields, and to this one, 
we then add a correction aimed to describe an anisotropic fluid as 
follows S(2)

m = S(2)
SSL + S(2)

corr, where S(2)
corr = ∫

dtd3xNa3 ∑
I σI �I

and �I stands for a linear combination of perturbation fields. 
Since for each matter species ρI = ρI (nI ), and nI =

√
− JμI JνI gμν , 

one can find a relation among δρI and the other fields as δ J I =
ρI

nIρI.n

δρI
ρI

− α, where δN = N(t)α, which can be used as a field 
redefinition to replace δ J I in terms of δρI

ρI
. We also define gauge 

invariant combinations v I = − a
k2 θI +χ − a2

N ∂t(E/a2), α = � − χ̇
N +

N−1∂t[a2N−1∂t(E/a2)], and ζ = −� − H χ + a2 H
N ∂t(E/a2), where 

δγi j = 2[a2ζ δi j + ∂i∂ j E], and δuIi = ∂i v I . We find finally that

S(2)
corr =

∫
dtd3x Na3

∑
I

σI [δρI + 3 (ρI + P I ) ζ ] . (8)

For vector transverse modes, we can define T i
I j ≡ P I δi

j +
P I

δik

a2 π I
kj , and π I

i j ≡ 1
2 (∂iπ

I,T
j + ∂ jπ

I,T
i ). Then we can introduce 

the 1+3 decompositions for the 4-velocity of the fluid uV ,I = δuI , 
I i I i
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the shift Ni = a N Gi , and the 3D metric δγi j = a (∂i C j + ∂ j Ci). 
We can also introduce the following gauge invariant variables 
V i = Gi − a

N
d
dt

(
Ci
a

)
, and F I

i = Ci
a − bI

1i	bI
1·	bI

1
δB I

1 − bI
2i	bI

2·	bI
2
δB I

2, where 

bI
1ib

I
2i = 0 = bI

1ik
i = bI

2ik
i . Then, on following a similar approach 

one finds the total Lagrangian density for the vector perturbations, 
in VCDM, can be written as

L = Na3δi j

{∑
I

nIρI,n
Ḟ I

i

N
δuI

j

+ 1

a2

∑
I

nIρI,n

[
aδuI

i V j − 1

2
δuI

i δuI
j

]
− M2

P

4a2
V i(δ

lm∂l∂m V j)

− 1

2a2

∑
I

P I π
I,T
i (δlm∂l∂m F I

j)

}
, (9)

which reduces to the same result as in GR.
Finally, for the tensor modes, let us define δγi j = a2 (h+ε+

i j +
h×ε×

i j ), where ε+,×
i j = ε+,×

ji , δi jε+,×
i j = 0, ε+

i j ε
×
mnδimδ jn = 0, and 

ε+
i j ε

+
mnδimδ jn = 1 = ε×

i j ε
×
mnδimδ jn . As for the energy-momentum 

tensor we have instead for the perturbations δT i
I j ≡ P I

δik

a2 π I,T T
kj , 

so that the total Lagrangian density in VCDM becomes

L = M2
P

8

a3

N
(ḣ2+ + ḣ2×) − Na M2

P

8
[(∂ih+)δi j(∂ jh+)

+ (∂ih×)δi j(∂ jh×)] + Na

2

∑
I

P I (h+π I+ + h×π I×) , (10)

which reduces to the same form of GR.
Before substituting the explicit dependence of H on the red-

shift z, all the equations of motion (including the ones for the 
matter fields) for the perturbations are, in form, exactly the same 
as for �CDM, except the following one (written in terms of the 
Newtonian-gauge invariant fields � and �):

�̇+aH� = 3 [k2 − 3a2(Ḣ/a)]
k2 [2k2/a2 + 9

∑
K (�K + pK )]

∑
I

(�I + pI ) θI , (11)

which is used to find the evolution of the curvature perturba-
tion �, and where a dot represents a derivative with respect 
the conformal time. Here we have used CLASS notation, namely 
�I = ρI/(3M2

P), pI = P I/(3M2
P). At the level of linear perturba-

tion, the deviation from �CDM therefore consists of two parts: the 
explicit difference seen in (11) and the implicit difference due to 
different H(z).

The parameter estimation is made via Markov Chain Monte 
Carlo (MCMC) sampling by using Monte Python [21,22] against the 
above mentioned data sets. In the MCMC sampling we used very 
high precision by decreasing the step size for both background and 
perturbation integration to see the smooth transition of H(z). The 
analysis of the MCMC chains is performed using a chain analyzer 
package, GetDist [23].

We have considered the prior for the parameters of VCDM 
such that �CDM is well inside the region. In particular, we give 
0.6 < βH < 2.3, and −0.5 < A2 < 3, fixing A3 = 10−3 as it has large 
degeneracy. Deviations of βH from 1 imply that the cosmological 
data sets prefer the VCDM model over �CDM.

By doing the chain analysis we found a remarkable improve-
ment in the fitness parameter with respect to that of �CDM, 
�χ2 = 33.41. In order to have a better picture of the χ2 for cos-
mological data sets we have considered, in Table I we compare 
effective χ2 of each experiment between VCDM and �CDM and 
also the residue �χ2. The fitness parameter for Planck high-�
3

Table I
Comparison of effective χ2 between VCDM and �CDM for 
individual data sets.

Experiments VCDM �CDM �χ2

Planck_highl_TTTEEE 2349.09 2373.83 24.74
Planck_lowl_EE 396.01 398.94 2.93
Planck_lowl_TT 22.29 20.96 −1.33
Pantheon 1036.43 1036.12 −0.31
bao_boss_dr12 9.04 16.70 7.66
bao_smallz_2014 7.15 6.88 −0.27

Total 3820.02 3853.43 33.41

is improved which is in agreement with the studies presented 
in [24]. In fact, the reduction of the tension presented in this paper 
relies on this better fit for Planck data given a late time modifica-
tion of H(z), whereas the fit to the Pantheon data is essentially 
unchanged compared to �CDM. Furthermore, through the best-
fit value of the parameter A2 � 0.35 (A2 fixes the redshift of the 
transition to a larger H), the VCDM theory combined with the cos-
mological data sets automatically avoids the potential problem of 
a transition around z = 0 as explained in [16].

Fig. 1 shows 2-dimensional marginalized likelihoods for the 
cosmological parameters of interest in VCDM model as well as for 
�CDM. The Table II gives the values of the parameters within 2σ ’s. 
It is clear that the parameter A2 has a sharp upper cut off. This 
can be understood by the following logic. Both BAO and Planck 
data have a better fit for a dynamics for H(z) which leads to lower 
values of H0 (compared to local measurements in �CDM). This be-
havior still holds for VCDM. This is the reason why not only Planck 
but also BAO-dr12 data are fit better in VCDM. But for lower red-
shifts (outside the range of BAO-dr12, for which 0.38 < z < 0.61), 
Pantheon data require larger values for H(z), and the transition 
occurs. In order to take into account lower redshift BAO data, we 
have also considered small-z BAO data (refer to Table I). This ex-
plains the redshift of transition (related to the A2 parameter), and 
probably some similar behavior will be required if both current 
and future cosmological data will keep constraining the �CDM 
profile for H(z). As for the width of the transition (related to the 
A3 parameter, we have fixed it to the value of 10−3. This does not 
lead to a fine-tuning: it is just a choice. In fact, if we perform a 
Montecarlo sampling by adding this third parameter, we find for 
the same wanted value of H0 a large degeneracy (about three or-
ders of magnitude at 1σ ) for A3 (see Fig. 2). This only shows that 
the data are still not powerful enough to give some insight into 
this parameter. For this reason, we have fixed A3 to a reasonable 
value.

From Table II, it is interesting to notice that the value of βH
does not reach 1 even at 2σ . It means that the data prefer VCDM 
over �CDM. We find that the bestfit value of Hubble expansion 
rate today is H0 = 71.73, which indicates that the tension is re-
duced. However we need to determine the local value of the 
Hubble expansion rate today H loc

0 following the analysis explained 
in [15,16] (refer to Appendix A for details). We find that the local 
value of the Hubble expansion today is H loc

0 = 73.69 ± 1.4. Fig. 3
shows the contour of 	m and H0 determined by the MCMC analy-
sis and also the H loc

0 with 2σ error bars. The tension might be fur-
ther reduced by introducing the latest analysis presented in [25], 
where they have reached 1.8% precision by improving the calibra-
tion. They find the Hubble expansion today as H0 = 73.0 ± 1.3.

Let us look at the evolution of the background and perturbation 
variables to see the behavior of the minimum of VCDM. The behav-
ior of H(z) in VCDM, with a very small transition in the relatively 
low redshift region which is visible in Fig. 4, between the redshift 
0.3 and 0.4. As explained earlier, an intuitive picture from equa-
tion (6) gives the parameter βH as the amplitude of the transition, 
A2 the location of the redshift z at which the transition happens 
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Fig. 1. 2-dimensional marginalized likelihoods for the VCDM and �CDM model fitting against the cosmological data sets.
and A3 is the width of such transition. It is clear from the choice 
of H(z) that this is a low-redshift resolution for Hubble tension. 
Similar proposals have been made in [26–30].

In this report we showed that the notorious H0 tension can 
be addressed by a very minimal modification to the standard cos-
mological model, dubbed VCDM. We see that the value of H loc

0
estimated with this theory reduces the H0 tension. It is also no-
ticed that this model fits the cosmological data sets better than 
�CDM, mostly Planck high-�. The total fitness parameter is im-
proved by 33.41. Background and perturbation variables are stable 
and finite. Hence we propose the VCDM model as a possible so-
lution to the H0 tension. We need further investigation to look at 
4

whether VCDM can address the tension in the large-scale structure, 
S8 along with the H0 tension, although as already shown in [8], for 
this theory Geff/G N = 1, at short scales. The behavior of reducing 
H0 tension within this theory sounds promising and it would be 
interesting to test this behavior with future cosmology surveys like 
EUCLID [31] and LSST [32]. Finally we want to stress here that vio-
lations of 4D diffeo are only present in the gravity sector at cosmo-
logical scales. Since gravity is modified in the IR limit, and because 
of the absence of any extra gravitational mode other than the stan-
dard tensorial gravitons, we expect that graviton loop corrections 
to be negligible. Therefore matter sector Lagrangians are fully co-
variant in 4D, up to M2-suppressed, tiny radiative corrections.
P
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Table II
One-dimensional 2σ constraints for the cosmological 
parameters of interest after the estimation with the 
cosmological data sets considered.

Parameters VCDM �CDM

95% limits 95% limits

βH 0.921+0.027
−0.026 −

A2 0.355+0.025
−0.078 −

102ωb 2.255+0.026
−0.026 2.304+0.024

−0.021

τreio 0.055+0.016
−0.014 0.063+0.022

−0.014

ns 0.97+0.01
−0.01 0.9833+0.006

−0.007

109 As 2.097+0.073
−0.061 2.113+0.091

−0.064

H0 71.73+0.58
−0.29 71.22+0.46

−0.25

	m 0.2748+0.0037
−0.0062 0.269+0.003

−0.005

Fig. 2. Degeneracy over the parameter A3.

Fig. 3. 	m − H0 contour showing the H0-tension is reduced compared with the 
local determination of H loc

0 within the VCDM theory. The green shade is H loc
0 .
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Fig. 4. Zoomed version of H vs z plot. Here we can see the transition in the H(z)
at very low redshift between 0.3 and 0.4.

work was carried out at the Yukawa Institute Computer Facil-
ity.

Appendix A. Calculation of H loc
0

Here we explain how to determine the local value of Hubble 
expansion rate today for a given theoretical model. We follow the 
method explained in [15,16].

The apparent magnitude of supernovae at a redshift z is given 
by

mt
B(z) = 5 log10

[
dL(z)

1 Mpc

]
+ 25 + MB , (A.1)

where dL(z) is the luminosity distance and MB is the absolute 
magnitude. The superscript t in mt

B(z) stands for theoretical ap-
parent magnitude. The luminosity distance is given by

dL = c

H0
(1 + z)

z∫
0

dz′

E(z′)
, (A.2)

where E = H/H0. Then the apparent magnitude can be rewritten 
as

mt
B = 5 log10

⎡
⎣(1 + z)

z∫
0

dz′

E(z′)

⎤
⎦ (A.3)

−5 log10

[
(1 Mpc)H0

c

]
+ 25 + MB .

Now we define

m̃t
B = mt

B − MB + 5 log10

[
(1 Mpc)H0

c

]

= 5 log10

⎡
⎣(1 + z)

z∫
0

dz′

E(z′)

⎤
⎦ + 25 , (A.4)

which does not depend on both H0 and MB , but only on the dy-
namics of E(z), which is a function of the other parameters of 
VCDM. We would then introduce the residual

mB,i − mt
B,i = mB,i − m̃t

B,i − MB + 5 log10

[
(1 Mpc)H0

c

]
,

to find a χ2 distribution out of it. On calling
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W i = mB,i − m̃t
B,i (A.5)

= mB,i −
⎛
⎝5 log10

⎡
⎣(1 + z)

z∫
0

dz′

E(z′)

⎤
⎦ + 25

⎞
⎠ ,

we then need to find the residues on the variable

χ2 = (mB,i − mt
B,i)�

−1
i j (mB, j − mt

B, j)

=
(

W i − MB + 5 log10

[
(1 Mpc)H0

c

])
�−1

i j (A.6)(
W j − MB + 5 log10

[
(1 Mpc)H0

c

])
.

Now consider

d̄L ≡ (1 + z)

z∫
0

dz′

E(z′)
, (A.7)

so that

d̄′
L = dz

dN

d̄L

dz
= d̄L + (1 + z)2

E(z)
, (A.8)

where we have used

dz

dN
= 1 + z , (A.9)

considering N = ln(a0/a) = ln(1 + z). Now we can solve for d̄L(z), 
given the initial conditions d̄L(0) = 0 = z(0).

Once we have the quantities d̄L for any data-redshift, we have 
W i so that we are able to find

S0 ≡ V T �−1 V , (A.10)

S1 ≡ W T �−1 V , (A.11)

where V i = 1 and �i j is the covariance matrix.
Finally, the mean value and the variance of H loc

0 can be deter-
mined by the log-normal distribution

H loc
0 = eμln+ 1

2 σ 2
ln , (A.12)

σ 2
H loc

0
=

(
eσ 2

ln − 1
)

e2μln+σ 2
ln , (A.13)

where

μln = ln 10

5

[
M̄B + ln 10

5

(
σ 2

M + 1

S0

)
− S1

S0

]
, (A.14)

σln = ln 10

5

√
σ 2

M + 1

S0
, (A.15)

which, in turn, only depends on MB , σ 2
M , S0 and S1. Also one 

should notice that S0 is only given by the data, and it does not 
depend on the model, but S1 does depend on the values of d̄L ’s, 
and this will affect H loc

0 for different models. To get a log-normal 
distribution we assumed a Gaussian distribution for MB and have 
marginalized over it (refer to [15] for details).

Now we select the supernovae data and the covariance matrix 
from Pantheon2 dataset up to z ≤ 0.15, according to [15]. Then 
we integrate the luminosity distance with respect to N to find S1. 
From [15] we use the values M̄B = −19.2322 and σM = 0.0404. 
Hence we find the values of H loc

0 and σ 2
H loc

0
.

Further study is necessary to understand whether this late time 
change can fully address today’s cosmological puzzles, including 

2 https://github .com /dscolnic /Pantheon.
6

the S8 tension. However, we think this study might help people 
focusing their efforts on finding the best profile for H(z) which 
can model the data sets.
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