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Chapter 1

Introduction

General Relativity and the Standard Model

The 20th century has seen an astonishing progress in the description of fundamental
physics. We can now accurately describe many phenomena with the theory of General
Relativity and the Standard Model of elementary particles.

General Relativity is Einstein’s theory of gravity, originating from his early 20th
century publications. It describes how space-time is curved by the presence of matter,
and how matter moves in a curved space-time. Early successes include the prediction
of Mercury’s perihelion precession and the deflection of starlight. Later indications for
its correctness led to the development of cosmology, which uses General Relativity to
study the universe as a whole. It has been tested thoroughly, especially in the weak field
limit, such as in most astrophysical systems. The 1993 Nobel prize was awarded for
the discovery of a binary star system, whose energy loss due to gravitational radiation
is in excellent agreement with General Relativity, and provides one of the strongest
arguments for its validity.

The Standard Model is the culmination of research on particle physics. In the early
20th century, Max Planck’s work on black body radiation gave birth to quantum me-
chanics. Subsequent work of Einstein on the photo-electric effect and of Bohr on the
atomic model led to further confirmation of quantum mechanics as a theory of particle
physics. A full quantum treatment of relativistic electrodynamics led to the develop-
ment of quantum field theories. The Standard Model is a quantum field theory which
aims to describe all fundamental physical phenomena, excluding gravity. Many of its
predictions are being tested to astonishing precision in particle accelerators. At the time
of writing, the Large Hadron Collider at CERN is running experiments, with the hope
of detecting the Higgs boson - the last undiscovered Standard Model particle.

Despite these great successes, there are many open questions in theoretical physics.
A direct puzzle is the fact that General Relativity cannot consistently be written in the
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language of quantum mechanics. Besides being theoretically unsatisfying, it makes it
impossible to study a regime where both theories are important. One of these areas is
the study of black holes, where quantum effects on gravity are important, and the Big
Bang, the event which created our universe. Other questions come from cosmological
observations that indicate that Standard Model matter is only 4% of all matter in our
universe. The remaining matter is believed to consist of dark matter and dark energy,
neither of which is satisfactorily explained by the Standard Model or General Relativ-
ity. Dark matter consists of particles which are not described by the Standard Model.
Dark energy can be described by the cosmological constant, which is a parameter in
Einstein’s equations. Its value has profound implications for the dynamics of our uni-
verse. Current observations predict a small, positive value for this constant. However,
a combination of General Relativity and the Standard Model would predict a very large
value.

To address some of these open questions, we need a theory that can reconcile the
principles of quantum mechanics with those of General Relativity - a theory of quantum
gravitation.

String theory

One of the leading candidates for a theory of quantum gravitation is string theory,
whose development started around 1970. A main ingredient is the idea that the fun-
damental degrees are not point-like, as in the Standard Model, but are strings. The
particles we observe, such as quarks, electrons and gravitons, are believed to be oscil-
lations of these strings. Using these strings and other extended objects, string theory
can incorporate General Relativity in a quantum mechanical theory. Books on string
theory include the famous Green, Schwarz and Witten book [} 2], the books by Polchin-
sky [3]4] and the book by Becker and Schwarz [5].

An area where string theory has proven itself a serious candidate is the study of
black holes. It extends the General Relativity description with a quantum mechanical
interpretation, providing insight into their thermal properties, their evolution and the
information loss paradox [6} [7].

Another development which originated from string theory is gauge/gravity dual-
ity [8], based on earlier work of 't Hooft [9] [10]. This conjecture states that a system
without gravity can be described in terms of a system with gravity, living one dimen-
sion higher. Both theories contain a coupling constant, which measures the strength of
the interaction. The interesting aspect is that the duality maps a theory with a large
coupling constant to a theory with a small coupling constant, which basically maps a
difficult problem to an easier problem. Utilizing this, one studies strongly coupled QFTs
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employing string theory in four dimensions. Examples of these are the studies of quark
gluon plasmas and condensed matter systems.

Supersymmetry and supergravity

All fundamental particles in a high-energy quantum theory can be divided into two
types: bosons and fermions. They differ in the quantum statistics they obey: only one
fermion can occupy a quantum state at a given time, whereas there is no such condition
for bosons. In the Standard Model, the quarks and electrons are fermions, whereas the
Higgs particle, the photons and the other force-carrying particles are bosons. Super-
symmetry relates these two different types of particles. Each boson has a fermionic
partner, and vice versa, which are called the superpartners. Although the Standard
Model contains both bosons and fermions, they cannot be superpartners of each other,
so we would need to add additional particles to make this theory supersymmetric. One
such example is the Minimal Supersymmetric Standard Model.

Supersymmetry has many attractive features. The superpartners of the Standard
Model particles have not been discovered, they are a natural candidate for dark matter,
where supersymmetry explains the stability of these particles. At the time of writing,
experiments are carried out at the Large Hadron Collider, which might be able to dis-
cover supersymmetry. The amount of supersymmetry is denoted with the letter . The
simplest theories have N' = 1, but we will mainly study N’ = 2 theories, which have
more supersymmetry. The higher amount of symmetry of these theories makes them
easier to study. Examples of N’ = 1 and N = 2 supersymmetric field theories will be
discussed in chapter

Many of the predictions of string theory concern physics on very high energy scales.
The exact region which is considered high differs between models, but a rough indi-
cation of these energies is the Planck energy, which is approximately 10'? GeV. The
highest energy a particle accelerator has reached so far is at the Large Hadron Collider
at CERN, which has a maximum of 1.4 x 10* GeV, which is about 15 orders of magni-
tude below the Planck scale. It is therefore more interesting to study the dynamics of
string theory at lower energy scales. These dynamics are described by a quantum field
theory. Besides the presence of gravity, another feature of these theories is that they are
supersymmetric, just as the string theories they originate from. Due to the presence of
gravity and supersymmetry, these theories are called supergravity theories.

Questions in string theory

Although string theory has it successes in explaining puzzles of quantum gravity, it
also raises its own questions. A direct issue is that supersymmetric string theories
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are only well-defined in ten dimensions, which does not directly agree with the four-
dimensional appearance of our world. A possible resolution is that we only observe
four dimensions, but the world is truly ten dimensional. The remaining dimensions
are curled up into an internal space, which is so small that they are not observed. We
can then produce a theory that only describes the physics in four dimensions, using
a method that is called compactification. A popular choice for the internal space is a
so-called Calabi-Yau threefold, which is a six-dimensional, compact space. Compact-
ification of type II string theories on a Calabi-Yau threefold gives a four-dimensional
theory with N = 2 supersymmetry.

One of the questions of compactification is that there is a large variety of options for
the compact six dimensions, but which options will lead to a description of the world as
we know it? So far, it still is a challenge to find a compactification of string theory that
yields the Standard Model. A related question is: what do the other options, that yield
different four-dimensional physics, represent? How should one think about these? The
interpretation of this so-called landscape of possible solutions leads to border of physics
and philosophy, and will not be discussed in this thesis.

Nevertheless, even if one chooses a specific compactification, there can be small
differences in the six-dimensional space when one moves through space-time. These
changes manifest themselves finally as massless particles in the low-energy spectrum,
which are called moduli. Such massless particles are not observed in nature. What can
we change in such a way that these massless particles will not be present?

A possible mechanism to address the problems of moduli is via flux compactifica-
tions (for some reviews, see [11H13]). In such a setup, there is a flux (similar to the well-
known electric and magnetic fluxes of Maxwell theory) in the internal space. The small
differences in the six-dimensional space, which were the origin of the moduli fields, will
now cost some energy. Their vacuum expectation values will be determined by a local
energy minimum, and as fluctuations around these values cost energy, this gives the
moduli their masses. If the masses are now heavy enough, there is no longer a contra-
diction with experiment: the particles are simply to heavy to be observed. Furthermore,
the expectation values of the moduli are also interesting. One of the moduli is called the
dilaton, and its expectation value determines the string coupling constant. What is the
expectation value of the moduli?

The flux compactifications eventually lead to scalar potentials for the moduli. At
fixed values of the moduli, the potential serves as a cosmological constant, which might
make them interesting cosmological models. What will be the value of this cosmological
constant? How can we obtain the small, positive value that we presently see?

Another issue concerns the construction of the supergravity theory out of the string
theory. Although we are only interested in the four-dimensional, low-energy dynamics,
there still is an influence of the higher-dimensional, high-energy dynamics. While string
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theory was originally formulated as a theory of strings, we now know that there are
more objects in the theory. A class of these objects are D-branes, which are extended
objects on which strings can end. These manifest themselves as corrections to the four-
dimensional supergravity, and their effects can be important. Without these quantum
corrections, the moduli are usually not stabilized. How can we compute these quantum
corrections? What is their effect on the program of moduli stabilization?

Content of this thesis

In chapter 2] we introduce supersymmetry and supergravity theories. We will show the
structure of N’ = 1 and N = 2 gauged supergravity theories in four dimensions, and
illustrate how they can be obtained from string theory.

In chapter 3| we start with the study of N’ = 2 theories. The advantage of N’ = 2
theories over N = 1 is that in the latter, many quantum effects arise, which are largely
unknown, whereas the extra symmetry of the former keeps these contributions under
somewhat better control. In this chapter, we find a classification of the fully supersym-
metric solutions of gauged N = 2 theories. There are many other solutions, but not all of
them will preserve the full supersymmetry. Finding the supersymmetric configurations
is important for several reasons. If one makes a string theory compactification which
preserves N' = 2 supersymmetry, one must be able to find this vacuum again in the
four-dimensional effective theory. Knowledge of the supersymmetric configurations
gives therefore insight in the possible V' = 2 compactifications. So far, it is not so clear
how many compactifications preserve the full amount of supersymmetry, so this is an
important issue to study.

Another important property of these configurations is that black holes are often
solutions that interpolate between two different ' = 2 configurations, located at the
horizon and at spatial infinity. Finally, applications such as the gauge/gravity duality
mentioned above, also require knowledge of the supersymmetric configurations. We
perform a systematic analysis of the supersymmetry transformations and see which
conditions they imply. Using these, we are able to classify all the fully supersymmetric
solutions. There are basically only three configurations: Minkowski space, a negatively
curved space known as AdSy4, and a combination of such a negatively curved space with
a sphere, to form AdSs; x S2.

In chapter @ we search for black hole solutions of gauged ' = 2 theories. They solve
the equations of motion, but they only preserve half of the N' = 2 symmetry, or less.
One of the motivations is to understand the microscopic entropy of (asymptotically flat)
black holes. In ungauged supergravity, arising e.g. from Calabi-Yau compactifications,
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this is relatively well understood in terms of counting states in a weakly coupled D-
brane set-up [6}[14], and then extrapolating from weak to strong string coupling. In flux
compactifications, with effective gauged supergravity actions, this picture is expected
to be modified. The most dramatic modification is probably when the dilaton is stabi-
lized by the fluxes, such that one cannot extrapolate between strong and weak string
coupling.

Another motivation stems from the AdS/CFT correspondence and its applications
to strongly coupled field theories. Here, finite temperature black holes that asymptote
to anti-de Sitter space-time describe the thermal behavior of the dual field theory. Often,
like e.g. in holographic superconductors, see e.g. [15,[16] for some reviews or [17,[18] for
more recent work, charged scalar fields are present in this black hole geometry, provid-
ing non-trivial scalar hair that can be computed numerically. Therefore, one is in need of
finding large classes of asymptotically AdS black holes with charged scalars. This is one
of the aims of this chapter. Although we mostly work in the context of supersymmetric
black holes, some of our analysis can be carried out for finite temperature black holes as
well.

The N = 2 theories contain many particles, which are organized in multiplets, ac-
cording to their supersymmetry properties. One of these is a hypermultiplet, which
contains four scalar fields. In known solutions so far, the hypermultiplet scalars are
neutral and take constant values; we initiate the extension to general gauged super-
gravities in which the hyperscalars are charged. We find black hole solutions that arise
after spontaneous symmetry breaking of the gauged theory. Using this method, we can
embed known black holes. When searching for new solutions, we only find solutions
where the metric has ripples and the vector multiplet scalars become ghost-like.

In chapter[5|we look at compactifications of eleven-dimensional supergravity. Eleven
dimensions is the highest possible dimension for a supergravity theory (without par-
ticles of spin higher than two) to exist. It is presumed to be the low-energy limit of
some (membrane) theory, dubbed M-theory, but this is still largely unknown. One can
compactify M-theory on a Calabi-Yau three-fold to yield a five-dimensional theory. This
can be further compactified on a circle to give a four-dimensional theory. We want
to investigate how one can stabilize moduli in such a scenario. This will be done by
performing a Scherk-Schwarz compactification on the circle. Alternatively, this can be
seen as a compactification of eleven-dimensional supergravity on a seven-dimensional
space, which is made by a non-trivial fibration of the Calabi-Yau manifold over a circle.
This procedure leads to a gauged four-dimensional N = 2 supergravity.

When compactifying type Il string theory on a Calabi-Yau threefold, one can choose
to orientifold the theory. In such a scenario, there is an orientifold operator acting
on the string states. The states are then required to have a definite parity under this



15

operator. This projects out half of the states, and reduces the preserved supersymmetry
from N = 2to N = 1. As we do not have a microscopic description of M-theory, we
cannot directly perform an orientifold compactification. We can, however, use these as
inspiration to define a truncation of the four-dimensional theory. In this chapter we
perform this truncation and show that this yields an A/ = 1 theory. Although we do not
have a microscopic understanding of this procedure, it does give a new way to produce
N =1 theories, for which we compute the superpotential.

In chapter [6| we study the stabilization of moduli. Besides the dilaton, mentioned
above, another important modulus is the volume of the internal manifold. In the ef-
fective supergravity approximation, one assumes that curvatures are small and hence
the volume of the internal space is large compared to the scale set by the string length
ls = 2m/’. Stabilization by finding the minima of the scalar potential of the low-energy
effective action must therefore lead to a large value for the volume for this approach to
make sense. This is one of the basic assumptions in the KKLT scenario [19], or the more
recent so-called ‘Large volume scenarios’ (LVS) [20] 21].

In a classical compactification, the volume modulus is usually not stabilized. To
change this, we study a class of corrections to the scenario of compactification. Be-
sides the D-branes mentioned earlier, string theory also contains objects known as NS5-
branes, which have a six-dimensional world-volume. When they completely live in
the internal six dimensions, they are instantons from the four-dimensional perspective.
These non-perturbative effects give corrections to the four-dimensional action which
depend on the volume V of the internal six dimensions. They might therefore be useful
to stabilize V. In this chapter, we analyze these corrections, and study their effects on the
program of moduli stabilization. The main conclusion is that their effects are important
in certain regimes of parameter space, but other corrections, arising from loop effects
in string theory, become equally important. Not all of these effects are known, which
makes it difficult to compare their effects to the ones from the NS5-branes.






Chapter 2

Supergravity

This chapter gives an introduction to supersymmetry and supergravity. Given the
number of topics we have to cover, we will only be brief. A thorough introduction
to supersymmetry can be found in [22H24], whereas supergravity is covered in [25-
28]. The connection between the four- and ten-dimensional supergravities is reviewed
in [11H13].

We will start with supersymmetric field theories in four space-time dimensions,
and show some examples of ' = 1 supersymmetric theories. This symmetry can be
made local to give rise to supergravity theories. We discuss N' = 1 and N = 2 super-
gravity theories, and show how one can deform those by gauging isometries. Finally,
we indicate how the four-dimensional theories can be obtained by compactifying ten-
dimensional theories.

2.1 Supersymmetry

A supersymmetric theory is, by definition, invariant under transformations with a con-
stant, fermionic parameter. In a quantum field theory, such a fermionic parameter is
represented by a spinor. In four space-time dimensions, a general Dirac spinor has 8
(real) degrees of freedom. This representation is however reducible. We can impose a
reality condition, which leads to Majorana spinors, or a chirality condition, which leads
to Weyl spinors. In four dimensions, it is impossible to impose them both, so we can
choose to work with Majorana spinors, or Weyl spinors (also called chiral spinors), but
not with Majorana-Weyl spinors. Both choices are equivalent, and in this thesis we work
with Weyl spinors.

Invariance under supersymmetry gives a number of conserved charges, which are
called supercharges. The number of supercharges divided by the dimension of the
smallest possible spinor representation is denoted by A. The smallest amount of su-
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persymmetry possible is therefore denoted by A/ = 1, which has four supercharges. We
will introduce some notation that is easily extended to the forthcoming case of N = 2
supersymmetry and refer to appendix for our conventions. A chiral fermion is
denoted as A, and has positive chirality (y5A, = A, ). Its complex conjugate A* = \} has
negative chirality. We use the conjugate A\* = (A*)!7.

The simplest example of a supersymmetric action is given by the N/ = 1 chiral
multiplet [29]. It consists of a complex scalar z and a chiral fermion A,. The free action

is then given by
S = / d*z (0,20"Z — iXy"O,N.) | (2.1)

which is invariant under the transformations

8z = e, ,

2.2)
O, =102yt e®,

where ¢, is a constant spinor.

The supersymmetry transformations form an algebra, called the super-Poincaré al-
gebra, which contains supersymmetry transformations, Lorentz transformations and
translations. The anti-commutator of two such transformations, acting on A,, gives two
terms: a translation of the spinor, and a term proportional to the equations of motion of
the spinor. The algebra only closes if one imposes the equations of motion. The trans-
formations therefore only form an on-shell representation of the supersymmetry
algebra. This reflects itself in the counting of degrees of freedom: the complex scalar
z has two real degrees of freedom, whereas the chiral spinor A, has four. However, its
equation of motion, which is the massless Dirac equation, halves the degrees for the
spinor, so there is a match of degrees of freedom. It is also possible to add extra fields,
called auxiliary fields, to obtain a representation which closes off-shell; in this case the
degrees of freedom also match off-shell.

The second example of a supersymmetric action is an ' = 1 vector multiplet, con-
taining a chiral fermion x, and a vector field A,,. The free action is given by

S = / d*x (F, F™ — ix*y"0uX.) (2.3)

where F,, = %(QLAU — 0, A,). This action is invariant under the transformations

_ 1 pv
Tt Ee (24)
0A, = iXaVue® — i8evuX",

X
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where F,, is the anti-self-dual component of the field strength F),,, which is defined as
F,jtl, = 3 (Fuv £ $€upo FP7), see also appendix

The final example consists of a theory with n chiral fields. We denote the scalars as
z', withi =1,...,n. The action is given by [30]

5= [t (00,205~ iy Tl - (R - @9)
where g;; is a hermitian matrix, which can depend on z* and z7. One can see gi; as
a (fixed) metric on the space of the fields 2%; this space is called the target space. The
covariant derivative is V,, x! = 9, x!{+T;1'0,27 x¥, and R, ;3 is the Riemann tensor, com-
puted from g;;. The requirements of supersymmetry force g;; to be a Kéhler metric [30].
This property implies that g;; is locally the derivative of a real function

gij = alaj’C 5 (26)

where 9; = ;2. The function K is called the Kéhler potential. Besides supersymmetry,
the action is also invariant under the transformations 6z* = k', if the (z‘-dependent)
field k% is an isometry of the Kéhler metric. The function K, as used in , is not
unique, as the metric g;; remains the same under the Kéhler transformation

K—K+f(z)+f(2). (2.7)

The metric g;; typically depends on the fields 2%, and could contain regions in field space
where it is no longer positive definite. Therefore, one has to restrict the fields to the so-
called positivity domain, where the metric is positive definite.

It is possible to add a so-called superpotential to the theory, while keeping the the-
ory supersymmetric. This is a function W (z), holomorphic in the scalar fields z*. The
supersymmetry transformations get modified to

5.0 = )7;5. ,
A . R (2.8)
0cA, = i0,2'yHe® — g o;We, .
The bosonic terms in the Lagrangian become
L= gi;0,2'0"27 -V, (2.9)

where the scalar potential V' is given by

V = g79,Wo;W . (2.10)
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2.2 Local symmetries and supergravity

The theories discussed so far are invariant under constant supersymmetry variations.
Such an invariance is often called rigid supersymmetry. In this section, we will discuss
theories invariant under local symmetries.

There is a systematic technique to construct an action and transformation rules, in-
variant under a local symmetry, starting from an action and transformations, invariant
under a global symmetry. This technique is called the Noether procedure.

We will not discuss this in detail, but as an example, we consider the free action of a
complex scalar field ¢

S = / d*x 0,p0ky . (2.11)

This action is invariant under the global transformation ¢ — e!®p, which has an in-
finitesimal form d¢ = ipa. Going through the Noether procedure, we find the action

S = / d*x (DpeDhg — F, F'™) (2.12)

with a covariant derivative D, = 9d,¢ — i9A,. The term F,, F*" was not needed
to make the action invariant under the local symmetry, but it makes the field 4, a
propagating field. This action is now invariant under the local transformations

dp =ipa,

(2.13)
5A, = 0,0

One can perform the same procedure with one of the supersymmetric actions in
section The first step is to specify the gauge field for local supersymmetry transfor-
mations, analogous to the gauge field A, above. We therefore expect a transformation
rule

Sthap = Open . (2.14)

From this, one sees that the gravitino field 1,,, carries a vector index (as it is a gauge
field) and a spinor index. (as the right-hand side is spinor-valued). A kinetic term,
which is also invariant under the transformation (2.14), is given by the Rarita-Schwinger
action

S = / d*z Py PO, (2.15)

Now that we have the gauge field, the next step is to embed it into a supersymmetric
multiplet. When we have local supersymmetry transformations, the super-Poincaré
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algebra, mentioned earlier, becomes an algebra of local transformations, and therefore
includes local coordinate transformations. The theory we obtain therefore incorporates
gravity, and we obtain the theory of pure supergravity [31], defined by

S = / d*z/—g <;R + iwm”"”Dyw,p) . (2.16)

The covariant derivative D, contains the spin connection and terms quadratic in the
gravitino. Up to higher order in the fermions, the derivative reads

1
Du'(/).p = al/wop - zwﬁb%bw.p . (217)

Some more details on the spin connection w2’ can be found in (A.7).

The normalization of the gravity term in implies that we have chosen units
such that Newton’s constant « is fixed as x? = 1, which is used in the remainder of this
thesis. The gravitino ,,, and the metric g,,, form the on-shell content of the graviton
multiplet. We will show the supersymmetry transformations in the next chapter, when
we discuss N = 2 supergravity.

The final step is to couple the other multiplets, such as the chiral or the vector multi-
plet, to the graviton multiplet. In principle, this can be done with the Noether method,
but in practice, more efficient methods have been developed, such as superconformal
multiplet calculus [32] or superspace inspired methods [28]. We will not explain these
methods, but we will only use their results.

2.3 N = 2 supergravity

The theories in previous sections were invariant under transformations with a single
spinor. It is also possible to construct theories with more supersymmetry, which is
called extended supersymmetry. In this thesis, we work with N' = 2 supersymmetry.
There is a group of transformations that leave the supersymmetry algebra invariant,
which is called the R-symmetry group. For ' = 2 this is given by SU(2) and the two
supersymmetry parameters form a doublet € 4 under SU(2), with A = 1, 2. We will now
discuss some multiplets of N = 2 supergravity.

2.3.1 The N = 2 graviton and vector multiplets

The N = 2 graviton multiplet [33}34] consists of the graviton g,,,,, a doublet of gravitinos
¥4, with positive chirality and a gauge field Ag, which is called the graviphoton. As
always in this thesis, the negative chirality fermions are given by ¢ = (¢4,)*. The
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N = 2 vector multiplet is a combination of an A/ = 1 chiral multiplet with an V' = 1
vector multiplet, and contains a complex scalar z, a doublet of chiral fermions A4 with
positive chirality, called the gauginos, and a vector field 4,,.

We now couple a number ny of vector multiplets, with anindex = 1,...,ny, to the
graviton multiplet. We use a common index A = 0, ..., ny to group the gauge fields A,
and A}, together. From this point onward, we write S = [ d*z,/=gL. The bosonic terms
in the Lagrangian are given by

1 - 1
L= SR(9) + 970" 0,7 + Ins(2)F F¥H + §RAZ(Z)6W0F§VF§, . (2.18)

The first term is the Einstein-Hilbert term for gravity and the second is a non-linear
sigma model for the complex scalars z*. The third term is the kinetic term for the gauge
fields, and the last term is a generalization of the §-angle term of Maxwell theory. The
supersymmetry transformations will be given below; we will first discuss the various

objects appearing in (2.18).

Special geometry

Supersymmetry requires that the space, described by the metric g;; is a special Kahler
space [35]. This means that there are sections X A and F,, which are holomorphic func-
tions of z*. The Kéhler potential K for the metric g;5, as in (2.6), is then given by

K(z,2) = —In [iX Fy —iX"F,] . (2.19)
From the sections X* and F,, we can construct

LA =2 XA My = /?Fy (2.20)
fA =20 + oK) XN haji = /20 + 9,K) F (2.21)

where 9;,K = 22 K. A further requirement of special Kéhler geometry is then
XMha — Faf =0. (2.22)

The terms proportional to 9;K make f* and h,; transform covariantly under Kéhler
transformations (2.7). These terms define the U(1) Kahler connection

A, = —%(aiicaﬂzi — 0:K0,7") . (2.23)
The period matrix Ny, is defined by the properties

Fy = Nasn X7, hajp = Nasfr. (2.24)
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It can be shown [36] that the matrix (L* f2) is invertible, which gives the expression

_ (hap fZ -
o () (2) oz

and one can show that My, is symmetric. We then define
Iy, = ImNyy Rps = ReNyy, (2.26)

and these matrices appear as couplings in the Lagrangian (2.18). It can be shown [36]
that Iy is invertible and negative definite, and therefore each gauge field has a kinetic
term with a positive sign.

Some further identities one can derive are

LAZs LT = —% , I s fF =0, (2.27)
fAysL® =0, PMIasfE =~ 545, (2.28)

and
P = —%IAE —IAL®. (2.29)

It is sometimes possible to specify the sections X* and F} in terms of a single holo-
morphic function F(X*), called the prepotential. In applications to supersymmetry, F'
is then given as F' = 1 X*F,, and is homogeneous of second degree. We then have
FA = 8xAF and Zi = Xi/XO.

Using the period matrix, we define the linear combinations

T,, = 2L Is\F,,
Gi- — T . (2.30)
uv g f 7 IzsF, proo

which are called the graviphoton and matter field strengths, respectively. These rela-
tions can be inverted to yield

A— _ ~TAp— A vi—
FA- =L T, + 212G . (2.31)

Examples

A simple example of special geometry is given by the prepotential

F= —%(XOXO —X'x1). (2.32)
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Using a coordinate » = X'/X?, and choosing the gauge X° = 1, the sections X* and
F read

X0=1, X' =2, Fy=—i, F| =iz, (2.33)

which are clearly holomorphic functions of z. The metric g;; can easily be computed
from and reads g = (1 — 2zz)"2dzdz. We see we have to restrict ourselves to
|z] < 1, and we recognize this as the metric on the Poincaré disk.

Another important class of examples, which arise in Calabi-Yau compactifications
(which will be introduced in section2.5), is given by

1K XX X"
6 Xx0

where the IC;;;, are constant, real numbers, determined by the topology of the Calabi-
Yau manifold.

F— (2.34)

2.3.2 Hypermultiplets

A hypermultiplet is formed by combining two chiral ' = 1 multiplets. The on-shell
contents are four real scalars ¢* and two chiral fermions (,. With ny hypermultiplets,
we have bosonic fields ¢*, with u = 1,...,4ng and fermions {, with a = 1,...,2ng.
The bosonic Lagrangian for the hypermultiplets is a non-linear sigma model

L = huy0,q"0"q". (2.35)

Supersymmetry [37] now requires the 4n;-dimensional metric A, to be a quaternionic-
Kéhler space, of negative scalar curvatureﬂ This requires that there are three almost
complex structures J*, x = 1,2, 3, that satisfy a quaternionic algebra

JEJY = —5 4 7YZ J7, (2.36)

The metric h,, is Hermitian with respect to each J*, and we can define three quater-
nionic two-forms K7, = hyw(J%)",. They are not closed, but they are covariantly
constant with respect to an SU(2) connection w?:

DK® =dK”® — "Wy ANK* =0. (2.37)

The SU(2) connection w® defines the SU(2) curvature Q% =dw®—1e"¥*w? Aw?, and then
we have the relation

0% = \K?, (2.38)

LA quaternionic-Kahler space need not be Kahler, and by a slight abuse of nomenclature, we will refer to
them as quaternionic spaces.
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where ) is a non-zerdﬂ constant. Supersymmetry requires this constant to be related to
Newton’s constant (defined below [2.16)) as A = —x?, and therefore we have A = —1.
With these units, the Ricci scalar curvature of the quaternionic manifold is given as
R = —8npg(ng + 2), and is therefore always negative.

We can decompose the metric h,,, in quaternionic vielbeine U/'* as

P = UL UPPC L peap , (2.39)

where C,3 and €4 p are the antisymmetric symplectic and SU(2) tensors.

The universal hypermultiplet

As an example of a quaternionic space, we discuss the so-called ‘universal hypermul-
tiplet’. In a Calabi-Yau compactification of type II string theory (which will be more
discussed in section[2.5), one finds a number of hypermultiplets. One of these is always
present, and is therefore called the universal hypermultiplet.

It is possible to construct a compactification such that it is also the only hypermulti-
plet. The metric is then the coset space SU(2,1)/U(2), which can be written in terms of
the real coordinates {r, x, p,c} as

ds* = r%(dr2 + 7 (dx® + de?) + (do + xdso)z) . (2.40)

The field r is called the dilaton and the metric is restricted to the region where r > 0.
Its expectation value (r) determines the string coupling constant g, via g; = V(r)~1/2,
where V is the volume of the Calabi-Yau space.

2.3.3 The N = 2 supersymmetry transformations

The bosonic part of the complete ungauged N' = 2 Lagrangian is given by addition
of and ([2.35). The fermionic part is lengthy [28], and we will not give it here. It
contains the usual Dirac kinetic terms for the fermions, terms quartic in the fermions (as
in (2.5)) and scalar-fermion-fermion couplings. It is invariant under the transformations

557//Au = vusA + TJDV%A )
SN =00, 2 yet + Gl e Pep, (2.41)
65Ca = iuuBBauqu')/MeAB(caﬁgA 5

up to terms higher in fermions. The covariant derivative reads

1 7
Vyuca = (8“ - szb'yab)s,q + §AH€A + w,LABsB . (2.42)

2When A = 0, we have a hyper-Kahler manifold, which features in the rigid A" = 2 hypermultiplet.
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The connections A4, and w4 are discussed in (2:23) and (2.37). We used a general rule
to convert SU(2) indices for the SU(2) connection

B
WA

N | .

wy = -0uq wy, . (2.43)

z
m

N | .

2.4 Gauging isometries and superpotentials

The N = 1 and N = 2 supergravity theories are invariant under a set of global trans-
formations. As we have seen, the chiral, the N' = 2 vector and hypermultiplets contain
a non-linear sigma model. If their target space metrics allow for isometries, then they
are invariances of the theory. It is possible to make some of these symmetries local,
while preserving supersymmetry, if we make some modifications to the Lagrangian
and supersymmetry transformations. We start with the situation in ' = 2 and finish
with the N = 1 theory.

N = 2 vector multiplets

We first consider the A = 2 vector multiplets and assume the scalar sector to be invari-
ant under the isometries

daz' = —gkia®, (2.44)

where o are the parameters of the transformations, and we have included a coupling

constant g. This is the generalization of the first equation in (2.13). To preserve su-
persymmetry when we gauge these isometries, the Killing vector fields k) must be
holomorphic.

To close the gauge algebra on the scalars, the Killing vector fields must span a Lie-
algebra with commutation relations

[k, ks] = fas ke, (2.45)

and structure constants fyx! of some Lie-group G that one wishes to gauge. Not all
holomorphic isometries can be gauged within A = 2 supergravity. The induced change
on the sections needs to be consistent with the symplectic structure of the theory, and
this requires the holomorphic sections to transform as

e (;f:) = —ga™ [Tg : (;{:) +r5(2) (;f:) } : (2.46)

The first term on the right-hand-side of (2.46) contains a constant matrix T%; that acts on
the sections as infinitesimal symplectic transformations. For electric gaugings, which
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we consider in this thesis, we mean, by definition, that the representation is of the form

Ty = (‘fA O) , (2.47)

en fh

where fj denotes the matrix (fy)s!! = fas!! and /X is the transposed. The tensor
ca s = (ca)s is required to be symmetric for T to be a symplectic generator. More-
over, there are some additional constraints on the ¢, in order for the T, to be symplecti-
cally embedded within the same Lie-algebra as in (2.45). One can easily derive them, for
explicit formulae see [38], or (2.64). The second term induces a Kihler transformation
on the Kéahler potential

6ck(z,z) = g (ra(z) +7a(2)) , (2.48)

for some holomorphic functions 4 (z). Finally, closure of the gauge transformations on
the Kéahler potential requires that

ki Oirs — kLoira = fastrr. (2.49)

We summarize some other identities on vector multiplet gauging in appendix

Magnetic gaugings allow also non-zero entries in the upper-right corner of T}, but
we will not consider them here. The gauged action, in particular the scalar potential,
that we consider below is not invariant under magnetic gauge transformation. To re-
store this invariance, one needs to introduce massive tensor multiplets, but the most
general Lagrangian with both electric and magnetic gauging is not fully understood yet
(for some partial results see [39-43]).

Given a choice for the gauge group ([2.47), one can reverse the order of logic and
determine the form of the Killing vectors, and therefore the gauge transformations of the
scalar fields 2*. This analysis was done in [27], and the result is written in the appendix,

see (C.0).

In the Lagrangian, one replaces the partial derivatives with the covariant derivatives
V2! = 0u2" + gkl AD | (2.50)

where the gauge fields A} transform as 6¢ Ay = 0,0". Furthermore, the Lagrangian
contains the full non-Abelian field strengths

1 1
F;i\lj = 5 (aMAV - 8VA/,L) + §f2FAAEA£ . (251)

Finally, to preserve supersymmetry, we have to modify the supersymmetry transfor-
mations and add additional terms to the Lagrangian [28]], such as mass terms for the
fermions. Also, a scalar potential has to be added, which is given by

V = g?giki kLLALY (2.52)
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Hypermultiplets

Similar to the vector multiplet scalars, the hypermultiplet Lagrangian (2.35) has its
isometries as global symmetries, and we can gauge them. The transformation of the
scalars is denoted as

baq" = —gkia®, (2.53)

and these Killing vectors k% form a representation of the same gauge algebra as in (2.45):

[k, ks] = fas"kr . (2.54)

These gaugings again introduce additional fermionic terms and a scalar potential, which
will be given in (2.72).

Moment maps

The Killing vectors k% are holomorphic. Using the Killing equation, one finds that they
can be written as
Ky = —ig70;Py, (2.55)

where the real, scalar functions Py are called moment maps. For special Kahler spaces,
it is convenient to use instead a definition

Py = i(K 0K 4+ 74), (2.56)

where r) was defined in equation (2.46). Since the Kéhler potential satisfies (2.48), it is
easy to show that P, is real. From this definition, it is easy to verify (2.55). Hence the
Py can be called moment maps, but they are not subject to arbitrary additive constants.
Using and (2.56), it is now easy to prove the relation

kS gigkl — kigigkh = ifas" Pr, (2.57)

also called the equivariance condition. The U (1) Kidhler connection also gets additional
terms due to the gauging and reads

A= (0,2 = 0KV 12" - SIAR(A = 7). (2.58)

Although the quaternionic spaces are not complex, we can still define moment maps
for the quaternionic Killing vectors. The moment maps Py are defined by

K2 kS = D P% = 0,PF — ™V2w! P | (2.59)
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Using these, we find the equivariance condition
2 pugw o L oayapypz _ 1p Tpe
K, kiR + 5 PP = o fas" P (2.60)
The SU(2) connection gets modified to
wMAB = Mq"quB + gAﬁPA 4B , (2.61)

where Py 4B = %oz 4B Pg. In absence of hypersmultiplets, ny = 0, and for suitable
structure constants fax!, it is possible to keep P} as non-zero constants. This is only
possible if the gauge group contains SU(2) or U(1) factors. Such constants are called
Fayet-Iliopoulos (FI) terms.

Gauge invariance

Under the gauge transformations (2.44), the period matrix A transforms. From (2.25)
one finds

SaNys = —gall (fHAFNFZ + frst Nra + CrAs) - (2.62)

To compensate for this transformation, we need to add an additional term to the La-
grangian [38], which involves the ca tensor, which will be given in (2.65). There are
some additional constraints on this tensor. In the abelian case, the only constraint is that
the totally symmetrized c-tensor vanishes, i.e.

cazntenaxs +esnaa =0, (2.63)

This implies that for a single vector field, the cj tensor term vanishes. The additional
constraints for nonabelian gaugings involve the structure constants [38]:

fasterna + fastearn + fusteara + faotesrn + fan'esra =0. (2.64)

24.1 Gauged N = 2 supergravity

The bosonic part of the gauged N' = 2 Lagrangian, which is the most general N' = 2
theory we consider in this thesis, is given by

1 Q =7 u v v 1 vpo
L :iR(g) + 9V 2V W+ hay VPGV g+ Ins Fly F2 P 4 iRAZEN PTEN
1

3
— gg CA,xTI E’LWPUAI/;AE (@,AE - 8fQPHAglA£) - V(Z, z, q) . (2.65)

The first term on the second line is the additional term discussed below (2.62).
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The supersymmetry transformations are (again, up to higher order in fermions)

SN = Z'Vuziv“sA + G;lf’y“”eABaB + gWiABep | (2.66)
0:Ca = Z‘L{fﬁvuq“'y“eAB(CagsA + gNO’?sA , (2.67)
551/)HA = VMEA + T;U’}/VEABeB + igSAB’yueB . (2.68)

The matrices W45, N ;4 and S4p are called the gaugino, hyperino and gravitino mass
matrices respectively, and are given by

WiIAB — i [AAB | igijfjg\pja\vg;‘37 (2.69)
NA = UA RS (2.70)

i
Sap = §PKLAU§;B- 2.71)

Due to the gauging, a scalar potential has to be added to the Lagrangian, and reads
V=g [(gij—kgk; + dhyok§kG)LAL” + (g7 fM f7 — BLAL™)PEPE| . (2.72)

The first three terms are non-negative, whereas the last one is non-positive. The scalar
potential can be written in terms of the mass matrices as

1 ) _
V =—-658S5,45+ §gijW1ABWjB + NANG . (2.73)

2.4.2 Gauged N = 1 supergravity

Similar to the N/ = 2 situation, the holomorphic isometries of the non-linear sigma
model in can be gauged. To do this, we first couple these chiral multiplets to
gravity and add additional /' = 1 vector multiplets to the theory. The bosonic terms in
the ungauged Lagrangian read [44]

1 o 1
L= SR+ 9i;0,2'0"2 + Re fas(z)Fo, FEI 4 ZIm fas(z)e"PPFAFE v (2.74)

puvs po

The gauge-coupling matrix fax(z) is holomorphic in the 2%, and its real part should be
invertible. The scalar potential V' is given by

V =" (¢"D;WD;W - 3|[W|?), (2.75)

which is the supergravity version of (2.10). In supergravity, under the Kihler transfor-
mations (2.7), the superpotential W changes as W — e /W. The Kéahler covariant
derivative D;W is given by D;W = (0; + 0;K)W, and the scalar potential (2.75) is
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invariant under Kéihler transformations. Due to these Kihler transformations, it can
be seen that the potential only depends on the invariant combination G = ¢*|W?, but
we find it convenient to write it in terms of K and W. Comparison of this potential with
the potential in rigid supersymmetry also shows the addition of a negative term,
which is a typical feature of supergravity.
Gauging the isometries of g;; now leads to the ' = 1 Lagrangian [45H47]
L :%R + 95V 2" VP2 + Re fas(2)Fl FEIm + %Im fas(z)e"Pe FA FE

uv= po

1 AgE m_ 3, 1,40, (2.76)
_ gg CASTI EIW/)UAMAV (89140 — ngF Ap AO_) -V.

The term proportional to ca xr is again needed to restore gauge invariance when fas(2)
transforms non-trivially under gauge transformations. In A' = 1, one does not need to
impose condition (2.63) (although (2.64) is still required), as the completely symmetric
part of ca s can be canceled by an anomaly in the chiral fermion spectrum. For a
modern account on these terms in N' = 1 we refer to [48]. The A/ = 1 scalar potential is
then given by

- — 1
V =" (¢"D;WD;W — 3|W|?) + sRe f~UAED, Dy . (2.77)
The D, are again moment maps, and hence real solutions to the equation
ki = —ig70;Dy . (2.78)

The last term in (2.77) is called the D-term, and the first two are called the F-terms.

2.5 Compactifications

The four-dimensional supergravities can sometimes be related to higher-dimensional
theories. If one studies the low energy dynamics of string theory, one finds a higher-
dimensional supergravity theory. In this thesis, we use the type IIA and IIB superstring
theories, which give a ten-dimensional supergravity theory. We also study eleven-
dimensional supergravity theory.

There is a way in which these ten- and eleven-dimensional theories could describe
our four-dimensional world. One assumes that six or seven dimensions are compact
and very small, so they are not observed in our nature. The remaining four dimensions
are non-compact, and describe our world. Using this assumption, one can form an
effective theory of the four-dimensional dynamics. This procedure is called compactifi-
cation.
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As an example, consider a scalar field ¢ in D+1 dimensions, satisfying the Klein-
Gordon equation

(Op41 —m*)¢=0. (2.79)

Suppose now that one of these dimensions is a circle of radius R, with a coordinate z.
We then expand the field ¢ in Fourier modes as

Pat,z) =Y pn(a)e™ /1, (2.80)

where z# label the other D dimensions. Using this in the Klein-Gordon equation, we
obtain

TL2 ;
Z (DD(bn - (m2 + R2)¢n> e/ R =, (2.81)
The various modes ¢,,(z*) decouple in the equations of motion. The mass of each mode
gets an addition term, increasing with |n|. When R is very small, the masses of all modes
will be very large, except for the mode ¢ (z"). To study the low-energy dynamics, one
can integrate out the other modes, and keep only ¢y.

2.5.1 Kaluza-Klein theory

This simple example can be generalized to more complicated fields and more compli-
cated space-times. One such example is Kaluza-Klein theory. Here one starts with pure
gravity in five dimensions

S = % / dx\/—GR (), (2.82)

where we use hats to indicate five-dimensional quantities. One now assumes that one
of the spatial dimensions has the topology of a circle S with radius R. We decompose
the five-dimensional metric as

. <klgw + R%A,A, RQAu>

= C = (2.83)

Here we have defined a four-dimensional metric g and a gauge field A,,, and we assume
that none of these fields depend on the circle coordinate. The symmetries of the five-
dimensional metric precisely yield the correct symmetries in four-dimensions, such that
A, has a gauge degree of freedom. Inserting this ansatz into (2.82) one computes

1 . 1 3
S = 7/d4x . V—gR(9) = §/d4m\/—g (R(g) - §k‘26MR8“R - R3FWF“”> ,

2
(2.84)
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where F),,, is the gauge field associated with A,,. We see that a theory of only gravity in
five dimensions gives a theory with gravity, a gauge field and a scalar in four dimen-
sions. This does not capture the full dynamics of the five-dimensional theory, as we
have left out the massive modes in the ansatz (2.83).

As supergravity contains gravity, the compactifications of supergravity are gener-
alizations of this Kaluza-Klein reduction. The other fields in the theory are then also
expanded, using an ansatz as (2.83). If one reduces the eleven-dimensional supergravity
on a small circle, one precisely finds the ten-dimensional ITA supergravity theory.

2.5.2 Scherk-Schwarz compactifications

A related method is given by the Scherk-Schwarz compactifications. Suppose we have
a five-dimensional, complex free scalar field ¢

L= ;000 (2.85)
We now assume that ¢ has a non-trivial dependence on the circle coordinate z:
0.6 =iag, (2.86)

where « is a constant. This dependence is chosen such that it corresponds to a symmetry
of the scalar field. One can combine this ansatz with the complete tower of Kaluza-
Klein states of ; this will be discussed in the introduction of section Although ¢
depends on z, the five-dimensional Lagrangian does not, so we can evaluate the
action at some fixed z = 2y and perform the integral over the circle. Using the same
metric ansatz (2.83), one computes

/d%/ don/— 50,6 0y = /d4x\/Tg(Dugbm+R_3a2|¢|2) , (2.87)
Sl

where D, ¢ = 0,,¢+iaA,. We see that the massless five-dimensional scalar gives a four-
dimensional, gauged scalar and we have generated a scalar potential. This construction
could therefore give masses to moduli fields and will be studied in section [}

2.5.3 Calabi-Yau compactifications

A next step is to compactify the ten-dimensional action to four dimensions. One could
compactify on six circles, but it is far more interesting to compactify on different spaces.
A popular choice is to compactify on a compact Calabi-Yau (CY) three-fold. This is a
six-dimensional space which admits a Ricci-flat Kdhler metric. The Ricci-flatness im-
plies that this is a solution to the ten-dimensional field equations. For constant gauge
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fields, with vanishing field strengths, these equations state the vanishing of the ten-
dimensional Ricci tensor, Ry = 0. The product space R*! x C'Y solves this condition,
as both factors are Ricci-flat. Furthermore, they admit covariantly constant spinors,
which ensures that they preserve some supersymmetry. Compactification of a maxi-
mally supersymmetric theory in ten dimensions, which has 32 supercharges, yields a
four-dimensional theory with 8 supercharges, which is an N = 2 theory.

We now turn to some geometrical concepts of Calabi-Yau manifolds; we refer to [49]
50] for more detail and background. As a complex space, a CY manifold has a holomor-
phic exterior derivative d and an anti-holomorphic 9. Their (equal) cohomology groups
are denoted by H?*9, and their dimensions by the Hodge numbers h?4.

As the CY manifold is Kéhler, the Laplacian A constructed out of 0 equals the one
constructed from 0 and (up to a factor 2) the one from d = 9 + d. An harmonic form
w satisfies Aw = 0. An important result is that the dimension of harmonic p, g-forms
equals hP+%; in particular it is finite. The numbers h!'! and h*! completely specify the
number of harmonic forms on a simply-connected CY three-fold: there always is only
one zero-form, and the number of p-forms is equal to the number of (6 — p)-forms. There
are no one-forms as it is simply connected. The number of harmonic two-forms is then
given by h'! and the number of harmonic three-forms by 2h%* + 2.

Similar to (2.80), we expand our fields as

S, y") =D dnla)w™(y"), (2.88)

where 4 are coordinates on the Calabi-Yau threefold, and w™ is a basis of harmonic
forms on this space. If the field ¢(z#,y") has additional indices (such as with a gauge
field), these will also appear on ¢, and w™. As we only keep harmonic forms in this
expansion, this will only produce the massless modes. This expansion is then inserted
into the Lagrangian, and the integration over the coordinates y’ is performed. The re-
sulting four-dimensional action then only contains fields that depend on z*. Although
the geometry of a CY is complicated, we do know enough about the harmonic forms
w" to do the expansions and integration. Such a compactification is done in detail in
section5.2.1]

We will only highlight some important points. Suppose we study the expansion of
the ten-dimensional two-form B,. We expand this as

Bo(2,y) = by(z) + b (x)wi(y) (2.89)

where by(z) is a two-form in four dimensions, b’ are scalars and w; are harmonic two-
forms on the CY space. We now look at the field-strength H3 = dB,. This is given
by

Hs = dby 4 db* A w; . (2.90)
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Here we have used that w; is closed, dw; = 0. As the ten-dimensional action is writ-
ten in terms of H3, we can insert this expansion into the action. Ignoring the terms
proportional to b for clarity, we find

/ I:Ig N*10 F[g = / ij de Nxy db] s (291)
R3:1 JCY R3:1

where g;; = f oy Wi/ w;. As there are no mass-terms, the scalars b* are massless scalars
and are part of the moduli.

2.5.4 Flux compactifications

A possible construction to give masses to the moduli is via a flux compactification. We
now give the ten-dimensional field strengths a non-trivial expectation value. This is
very similar to the electric and magnetic fluxes of Maxwell theory (see e.g. section IID
of [12]). The ten-dimensional field equations imply that the internal space cannot be a
Calabi-Yau manifold anymore, due to the backreaction of the fluxes on the geometry.
We therefore need different spaces to use in the compactification.

A popular choice are manifolds with SU(3) or with SU(3)x.SU(3) structure, as they
have a globally defined spinor (for more details on this, see section 3.2 in [11]). A sub-
class of these models are the conformal Calabi-Yau manifolds. In these models [51]],
the Calabi-Yau metric is multiplied with an overall scalar function, called the warp
factor. It is then shown that for large volume V, the warp factor becomes constant. This
construction led to the development of the ‘large volume scenario” (LVS) [20], where
the volume is stabilized at an exponentially large value. For more information on flux
compactifications, we refer to the reviews [11H13]].






Chapter 3

Fully supersymmetric vacua

3.1 Introduction

In this chapter, we consider four-dimensional N' = 2 gauged supergravities, and study
the configurations that preserve maximal supersymmetry, i.e. eight supercharges. We
only consider electric gaugings because magnetic gaugings require in addition massive
tensor multiplets which have not been fully constructed yet. In the ungauged case,
N = 2 models arise e.g. from Calabi-Yau compactifications of type II string theories, or
K3 x T? compactifications of the heterotic string. Both models are known to have a rich
dynamical structure with controllable quantum effects in both vector- and hypermul-
tiplet sectors that are relatively well understood. Gaugings in ' = 2 supergravity are
well studied and have a long history [28} 35, 38} 52-56]]. Their analysis in terms of string
compactifications with fluxes started in [57H59], and is an ongoing research topic. For a
(partial) list of references, see [60H67].

In the ungauged case, a complete classification of all the supersymmetric solutions
already exists [68H71], while there also are solutions in the gauged case for (abelian)
vector multiplets [72H74]. We extend this by taking completely general vector- and
hypermultiplet sectors. Since we concentrate only on the maximally supersymmetric
solutions, we use different methods than the ones in the above references. In fact the
space-time conditions we obtain for our solutions closely resemble other maximally
supersymmetric solutions in different theories such as [75]].

Plan of this chapter

The plan of this chapter is as follows. In section 2, we analyze the supersymmetry rules
and derive the conditions for maximally supersymmetric vacua. The possible solutions
divide in two classes of space-times, with zero scalar curvature and with negative scalar
curvature, and we explicitly list all the possible outcomes. We give the Lagrangian
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and the scalar potential for the obtained vacua in section 3, paying special attention to
the Chern-Simons-like term determined by the c-tensor of the electric gauging. This
term generically exists in ' = 2 supergravity and string theory compactifications and
we show how it influences the maximally supersymmetric vacua. In section 4, we
discuss explicit cases from string theory compactifications and general supergravity
considerations that exemplify the use of our maximal supersymmetry conditions. Some
definitions of our conventions and notations are given in the appendices, where we also
present some intermediate and final formulae that are important for our results.

3.2 Supersymmetry transformations

It can be seen by inspection that the maximally supersymmetric configurations’| are
purely bosonic, and the fermions need to be zero. This follows from the supersymmetry
variations of the bosonic fields, which can be read off from [28]. Therefore, we can
restrict ourselves to the supersymmetry variations of the fermions only.

3.2.1 Gauginos
As seen in section the transformation of the gauginos is given by

SN =iV, 2iyie? 4 GZ;WWGABeB + gWiABep (3.1)

up to terms that are higher order in the fermions and which vanish for purely bosonic
configurations.

A maximally supersymmetric configuration preserves the full eight supercharges,
hence the variation of the fermions should vanish for all choices of the supersymmetry
parameters. Since at each point in spacetime they are linearly independent, the first
term on the right hand side of must vanish separately from the others,

Vi = 0,7 + gANKy = 0. (3.2)
It implies the integrability conditiorﬁ
Fiky =0, (3.3)

and complex conjugate. Here, F'%, is the full non-abelian field strength, given by

1 1
F;fu = i(auAV —0,A,) + §fZFAA§A£ . (3.4)

3In this paper we use interchangeably the terms maximally supersymmetric configurations and BPS con-
figurations, meaning the field values that are invariant under all eight supercharges in the theory.

“We will assume in the remainder of this chapter that the gauge coupling constant g # 0. The case of g = 0
is treated in the literature in e.g. [70,|71].
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The second and third term in the supersymmetry variation of the gauginos, equation
(3.1), need also to vanish separately, since they multiply independent spinors of the
same chirality. For the second term, this leads to

Gl =0, (3.5)

where ¢%7 is the inverse Kéhler metric, with Kéhler potential K from (2.19).
Finally, setting the third term in the supersymmetry variation to zero leads to

WiAB = | LA +ig fAPYotP = 0. (3.6)

Close inspection of shows that both terms are linearly independent in SU(2)r
space, hence they must vanish separately,

LA =0, PEfh =0, (3.7)

and their complex conjugates.

3.2.2 Hyperinos

The hyperinos transform as
0cCa = iUy Vg "y"e eanCag + gN e, (38)
again, up to terms that are of higher order in the fermions. The hyperino mass matrix
NZ is defined by
NA =ou? ELL™. (3.9)
Similarly as for the gauginos, N = 2 supersymmetric configurations require the two

terms in (3.8) to vanish separately. Since the quaternionic vielbeine are invertible and
nowhere vanishing, the scalars need to be covariantly constant,

Vg = 0,q" + gAMKE =0, (3.10)
implying the integrability conditions
Fi ki =0. (3.11)

Furthermore, there is a second condition from (3.8) coming from the vanishing of the
hyperino mass matrix NZ'. This leads to

kLA =0, (3.12)

and complex conjugate.

In the absence of hypermultiplets, i.e. when ng = 0, the N’ = 2 conditions from the
variations of the hyperinos disappear. However, the second condition in remains,
with the moment maps replaced by FI parameters. Our formalism therefore automati-
cally includes the case ny = 0.
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3.2.3 Gravitinos

The supersymmetry transformations of the gravitinos are (up to irrelevant higher order
terms in the fermions)

551%,4 = VNEA + T,J,_y')/yeABEB + igSAB'YMEB . (3.13)

Here, V¢ 4 is the gauged supercovariant derivative (specified in equation (2.4.1)).
Notice again that for ny = 0, in fact even also in the absence of vector multiplets
when ny = 0, the gravitino mass-matrix S4 g can be non-vanishing and constant. In the
Lagrangian, which we discuss in the next section, this leads to a (negative) cosmological
constant term. The anti-selfdual part of the graviphoton field strength T},, satisfies the

identity (2.31)

A— _ TAp— A i —

FA- =i T, +2frGl (3.14)
wjth G}, defined in (2.30). From the vanishing of the gaugino variation, we have that
G|, = 0, s0 amaximally supersymmetric configuration must satisfy FA\~ =iLAT,, or

A _ TFA— At
Py, =il T, —il"T],. (3.15)

Using this, we then see that equation (3.12) implies the integrability conditions in
the hypermultiplet sector. For the integrability equations in the vector multiplet sector,
the situation is more subtle, as the Killing vectors are complex and holomorphic. Now,
the BPS condition only implies that

kAFD, = —ik\ L T, (3.16)

In appendix [C] we show that ki L* = 0 is an identity of the theory, and hence the in-
tegrability condition is always satisfied. The integrability condition might only locally
be sufficient, but this is fine for our purposes. One might however check in addition
whether the covariant constancy of the vector multiplet scalars imposes further (global)
restrictions.

To solve the constraints from the gravitino variation, we must first look at the gauged
supercovariant derivative on the supersymmetry parameter, given by

V,ea= (8ﬂ — szb’yab)&‘A + %AMSA + wy ABEB . (3.17)

Besides the spin connection w’, there appear two other connections associated to the
special Kédhler and quaternion-Kédhler manifolds. We need to compute their curvatures
since they enter the integrability conditions that follow from the Killing spinor equa-
tions. The first one is called the gauged U (1) Kédhler-connection, defined by [27, 28]

A= -1 (0,12 - 09 ,27) S9AN(rA — 7). (3.18)
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Under a gauge transformation, one finds that

i
b Ay = 590, o ra = )] (3.19)
The curvature of this connection can be computed to be
ELV = igijv[;tzivu] Zj - QEIL\VPA ) (320)

where P, is the moment map, defined in (2.56), and we have used the equivariance con-
dition (2.57). For maximally supersymmetric configurations, the scalars are covariantly
constant and hence the curvature of the Kéhler connections satisfies F},,, = — gF/fl, Py.

The second connection appearing in the gravitino supersymmetry variation is the
gauged Sp(1) connection of the quaternion-Ké&hler manifold (2.61). It reads

wa® = 0uq wu a® + gANPr AP (3.21)

where w, 47 is the (ungauged) Sp(1) connection of the quaternion-Kdhler manifold,
whose curvatures are related to the three quaternionic two-forms. The effect of the
gauging is to add the second term on the right hand side of (3.2I), proportional to the
triplet of moment maps of the quaternionic isometries, with Py 4% = £P§(0%)4”. The
curvature of can then be computed to be

QMVAB = 2qu ABV[;LunU]qv + gF;i\VPA AB ) (322)

where Q,, 47 is the quaternionic curvature. For fully BPS solutions, we therefore have
QW,AB = gFl/L\,/PAAB~

We can now investigate the integrability conditions that follow from the vanishing
of the gravitino transformation rules (3.13). From the definition of the supercovariant

derivative (3.17), we find|

1
— =R ™Yavea — igF 5, Prea + 29FN, Py aPep (3.23)

[vlh VV}EA = 4 v

where we have used the covariant constancy of the scalars. We recall that P, are the
moment maps on the special Kdhler geometry, whereas Py 47 are the quaternion-Kéhler
moment maps. Alternatively, we can compute the commutator from the vanishing of
the gravitino variations spelled out in (2.68). By equating this to the result of (3.23),
we get a set of constraints. Details of the calculation are given in appendix [C} and the

SStrictly speaking, we get the supercovariant curvatures appearing in (3.23), which also contain fermion
bilinears. Since the fermions are zero on maximally supersymmetric configurations, only the bosonic part of
the curvatures remains.
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results can be summarized as follows. First of all, we find the covariant constancy of the
graviphoton field strengt}ﬂ

DT}, =0. (3.24)
Secondly, we get that the quaternionic moment maps must satisfy
€WVFPYPz =, P =L APY. (3.25)

Moreover, there are cross terms between the graviphoton and the moment maps, which
enforce the conditions

T+ PT=0. (3.26)

%

This equation separates the classification of BPS configurations in two sectors, those
with a solution of P” = 0 at a particular point (or locus) in field space, and those with
non-vanishing P” (for at least one index «) but 7,, = 0. We will see later on that this
distinction corresponds to zero or non-zero (and negative) cosmological constant in the
spacetime.

Another requirement that follows from the gravitino integrability conditions is

F,Py=0, (3.27)
where P, is defined in (2.56), and is real. Using (3.15), this is equivalent to the condition

LAP\T,, = L*P\T}/,,, (3.28)

which is satisfied as Py L* = 0, so (8:27) does not lead to any new constraint.

Finally, there is the condition on the spacetime Riemann curvature. It reads

Ruvpo = AT T + g* P P7g,00,, — (11 <> V). (3.29)

ulo = plv

It can be checked that this leads to a vanishing Weyl tensor, implying conformal flatness.
From the curvature, we can compute the value of the Ricci-scalar to be

R = —12¢°P*P% . (3.30)

Hence, the classification of fully supersymmetric configurations separates into negative
scalar curvature with P*P® = 0, and zero curvature with P = 0 at the supersymmetric
point. In both of these cases there are important simplifications.

6Recall that 71 and T~ are related by complex conjugation, and hence the vanishing of DTt implies
DT =0.
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Negative scalar curvature

The case of negative scalar curvature is characterized by T},, = 0 and P?P* # ( at the
supersymmetric point. Since the BPS conditions imply that then both T}, and G%;,, = 0

n%

(see equation (3.5)), we find that all field strengths should be zero: Fé‘u = 0. The gauge
fields then are required to be pure gauge, but can still be topologically non-trivial. Fur-
thermore, because of the vanishing field strengths, the integrability conditions on the
scalar fields are satisfied, and a solution for the sections X*(z) is obtained by a gauge
transformation on the constant (in spacetime) sections. Finally, the Riemann tensor is

given by
R,u,up(r = 92ngﬁ (gpngyp - gl/ogup) ) (331)

which shows that the space is maximally symmetric, and therefore locally AdS4. The
scalar curvature is R = —12¢%2P* P=,

Zero scalar curvature

The class of zero curvature is characterized by configurations for which P* = 0 at the
supersymmetric point. In this case, we can combine the conditions P{f* = 0 and
P = PYLA = 0into

pe (?ﬁ) =0. (3.32)

The matrix appearing here is the invertible matrix of special geometry (as used in (2.25)),
hence we conclude that Py = 0. The Riemann tensor is then

Riuvpe =4TH T — (<> v). (3.33)

plo ™ plv

From the covariant constancy of the graviphoton, condition (3.24), we find D,R,,,.o~ = 0.
Spaces with covariantly constant Riemann tensor are called locally symmetric, and they
are classified, see e.g. [75H77]. In our case we also have zero scalar curvature, and then
only three spaces are possible:

1. Minkowski space My (1},, = 0)
2. AdSQ X 52
3. The pp-wave solution

The explicit metrics and field strengths for the latter two cases (A, and AdS, are well-
known and have vanishing field strengths) are listed in appendix[A.2]
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3.24 Summary

Let us now summarize the results. There are two different classes: negative scalar cur-
vature (leading to AdS4) and zero scalar curvature solutions (leading to My, AdS> x 52
or the pp—wave).

The result of our analysis is that all the conditions on the spacetime dependent part
are explicitly solvedﬂ and the remaining conditions are purely algebraic, and depend
only on the geometry of the special Kdhler and quaternionic manifolds. The solutions to
these algebraic equations define the configuration space of maximally supersymmetric
configurations. There are two separate cases:

Negative scalar curvature (AdSy)

This case is characterized by configurations for which P*P* # 0 at the supersymmetric
point. The BPS conditions are

KI" =0, UIA =0,
Pif =0, €"VZPVPE =0,

which should be satisfied at a point (or a locus) in field space. The field strengths are

zero, F ;i\u = 0, and the space-time is AdS, with scalar curvature R = —12¢ P* P*.

Zero scalar curvature (M, AdS; x S? or pp-wave)

In this case, the BPS conditions are

KL =0, LA =0,

We remind that, when 7, = 0 (Minkowski space), all field strengths are vanishing
(FA =0).

pv

"This is apart from the scalar fields and Killing spinors, which are spacetime dependent. The integrability
conditions that we have imposed guarantee locally the existence of a solution, although we did not explicitly
construct it. Its construction cannot be done in closed form in full generality, but can be worked out in any
given example [77].
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3.3 Examples

In this section we list some (string theory motivated) examples of N' = 2, D = 4 theories,
leading to N = 2 supersymmetric configurations. We will first mention briefly some
already known and relatively well-understood N = 2 vacua from string theory and then
concentrate on our two main examples in subsections[3.3.1and [3.3.2)that exhibit best the
different features discussed above. In the last subsection we include some supergravity
models, not necessarily obtained from string compactifications, leading to AdS, vacua
that can be of interest.

Obtaining gauged N = 2, D = 4 supergravity seems to be important for string the-
ory compactifications since it is an intermediate step between the more realistic N = 1
models and the mathematically controllable theories. Thus in the last decade there
has been much literature on the subject. An incomplete list of examples consists of
[60] 64H67] and it is straightforward to impose and solve the maximal supersymmetry
constraints in each case. In some cases the vacua have been already discussed or must
exist from general string theory/M-theory considerations.

For example, it was found that the coset compactifications studied in [66] do not
lead to N = 2 supersymmetric configurations. This can also be seen from imposing the
constraints in section In contrast, the compactification on K3 x T?/Zs presented
in [60] does exhibit N/ = 2 solutions with non-trivial hypermultiplet gaugings. The
authors of [60] explicitly found N/ = 2 Minkowski vacua by satisfying the same susy
conditions as in section From our analysis, it trivially follows that also the pp-
wave and the AdS, x S? backgrounds are maximally supersymmetric.

A similar example is provided by the (twisted) K3 x T? compactification of the
heterotic string, recently analyzed in [67]. For abelian gaugings, one can verify that
the three zero scalar curvature vacua are present in these models.

We now turn to discuss the remaining models in more detail.

3.3.1 M-theory compactification on SU(3) structure manifolds

There is a very interesting model for N' = 2, D = 4 supergravity with non-abelian
gauging of the vector multiplet sector, arising from compactifications of M-theory on
seven-manifolds with SU(3) structure [64]. More precisely, they consider Calabi-Yau
(CY) threefolds fibered over a circle. The c-tensor, introduced in (2.62)-(2.63), is non-
trivial in these models. These models will be extended in chapter [5| For the precise
M-theory set-up, we refer the reader to section [5.4f or the original paper [64]; here we
only discuss the relevant data for analyzing the maximal supersymmetry conditions:
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e The vector multiplet space can be parametrized by special coordinates, X* = (1,#?),
t' = b' + iv’, and prepotential
Xixixk

1
P(X) = — Ky

with the triple intersection numbers K;;;, that depend on the particular choice of
the CY-manifold. This gives the Kéhler potential

K =—log %Wk(ti — )t — F)(tF - t”“)} = _logV, (3.35)

where V denotes the volume of the compact manifold. The gauge group is non-
abelian with structure constants

fas® = 0= fi;", fid =—M], (3.36)

and a c-tensor whose only non-vanishing components are
Lo
Ci,jk = iMiICljk . (337)

The constant matrix M/ specifies the Killing vectors and moment-maps of the
special Kédhler manifold:

k) = —Mit* k=M, (3.38)

and _ _
Py = -M!t0;K, P = MoK . (3.39)

Not for any choice of M/ is the Killing equation satisfied. As explained in [64],
this is only the case when the relation (2.63)) holds. This also ensures that (2.64) is
satisfied, as one can easily check.

o Generally in this class of compactifications there always appear hypermultiplet
scalars, but there is no gauging of this sector, so the Killing vectors and the mo-
ment maps P} are vanishing.

The scalar potential in this case reduces to the simple formula

8 o
V= 7WMikMJl-ICklmv’v3vm , (3.40)
which is positive semi-definite.
Analyzing the susy conditions is rather straightforward. Since P* = 0, the only

allowed N = 2 vacua are the ones with zero-scalar curvature. What is left for us to



47

check are the conditions k4 L* = 0 and PyL”* = 0. The latter is very easy to check and
holds as an identity at every point in the special Kdhler manifold. Also, it is equivalent
to the relation ki L* = 0 which is satisfied whenever there exists a prepotential [54]. The
condition k% L* = 0 eventually leads to

Mi(ti — ¢ Mivd
ht ) oMY o w (3.41)

1% 1%

The solution to the above equation that always exists is the decompactification limit
when V — oo. The other more interesting solutions depend on the explicit form of the
matrix M. In case M is invertible there are no further solutions to (3-41). On the other
hand, when M has zero eigenvalues we can have N' = 2 M-theory vacua, given by (a
linear combination of) the corresponding zero eigenvectors of M. For the supergravity
approximation to hold, one might require that this solution leads to a non-vanishing
(and large) volume of the CY three-fold. Each eigenvector will correspond to a flat
direction of the scalar potential, and with V' = 0 along these directions. The case where
the full matrix M is zero corresponds to a completely flat potential, the one of a standard
M-theory compactification on CY x S' without gauging.

Thus it is clear that M7 is an important object for this type of M-theory compactifica-
tions and we now give a few more details on its geometrical meaning [64]. In the above
class of M-theory compactifications we have a very specific fibration of the Calabi-Yau
manifold over the circle. It is chosen such that only the second cohomology HV(CY")
is twisted with respect to the circle, while the third cohomology H?(CY') is unaffected.
Thus the hypermultiplet sector remains ungauged as in regular CY x S' compactifi-
cation, while the vector multiplets feel the twisting and are gauged. This twisting is
parametrized exactly by the matrix M, as it determines the differential relations of the
harmonic (on the CY manifold) two-forms:

dw; = Mw; Adz, (3.42)

where z is the circle coordinate.

Let us now zoom in on the interesting case when we have nontrivial zero eigenvec-
tors of M, corresponding to non-vanishing volume of the CY manifold. For a vanishing
volume, or a vanishing two-cycle, the effective supergravity description might break
down due to additional massless modes appearing in string theoryﬂ Therefore the
really consistent and relevant examples for N' = 2 vacua are only those when the matrix
M is non-invertible with corresponding zero eigenvectors that give nonzero value for
every v'.

To illustrate this better, we consider a particular example, given in section 2.5 of [64],
of a compactification where the CY three-fold is a K 3-fibration. In this setting one can

8For a detailed analysis of the possibilities in a completely analogous case in five dimensions see [78].
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explicitly construct an M-matrix, compatible with the intersection numbers K;;;. Here
one can find many explicit cases where all of the above described scenarios happen. As a
very simple and suggestive example we consider the 5-scalar case with K144 = K155 = 2,
K123 = —1, and twist-matrix

0 0 O 0 0
04 0 -2 =2
M=]00 -4 2 2 (3.43)
01 -1 0 0
01 -1 0 0
The general solution of M - ¢ = 0is
1 0 0
0 1 1
T=A|0| +p|Ll]|] +v|1], (3.44)
0 2 0
0 0 2
and the resulting volume is
V=8\(2u* +20° + (u—1)?) , (3.45)

which is clearly positive semi-definite. In the case when either y or v vanishes we have
a singular manifold that is still a solution to the maximal supersymmetry conditions.
When all three coefficients (that are essentially the remaining unstabilized moduli fields)
are non-zero, we have a completely proper solution both from supergravity and string
theory point of view, thus providing an example of SU(3) structure compactifications
with zero-curvature V' = 2 vacua. This example can be straightforwardly generalized
to a higher number of vector multiplets, as well as to the lower number of 4 scalars
(there cannot be less than 4 vector multiplets in this particular case).

Finally we note that a special case of the general setup described above was already
known for more than twenty years in [38] (3.21), where M| = —2, M3 = 1,and K22 = 2.
It was derived purely from 4d supergravity considerations, but it now seems that one
can embed it in string theory.

3.3.2 Reduction of M-theory on Sasaki-Einstein;

There has been much advance in the last years in understanding Sasaki-Einstein man-
ifolds and their relevance for M-theory compactifications, both from mathematical and
physical perspective. A metric ds? is Sasaki-Einstein iff the cone metric, defined as
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ds?,,. = dr? + r2ds?, is Kéhler and Ricci-flat. These spaces are good candidates for
examples of the AdS,/CFT; correspondence and an explicit reduction to D = 4 has
been recently obtained in [65]. Originally the effective Lagrangian includes magnetic
gauging and a scalar-tensor multiplet, but after a symplectic rotation it can be formu-
lated in the standard V' = 2 formalism discussed here. After the dualization of the
original tensor to a scalar we have the following data for the multiplets, needed for

finding maximally supersymmetric vacua:

e There is one vector multiplet, given by X* = (1,72) and F(X) = /X°(X1)3,

leading to Fj = (172, 37?) and Kéhler potential

K =—log %(T — 7). (3.46)

There is no gauging in this sector, i.e. ki = 0 and P, = 0 for all 4, A. This also
means that both fax!™! and c, s vanish.

o The hypermultiplet scalars are {r, x, ¢, o} with the universal hypermultiplet met-

ritﬂ introduced in (2.40):
1
ds? = = (dr? + r(dx?® + d¢?) + (do + xdp)?) . (3.47)
We have an abelian gauging, given by:

- 1
ko = 240, + 4(x0p — @0y + 5(¢2 —x%0,)

) (3.48)
k1 =240, ,
and the moment maps, calculated in the appendix (D), are
4x 4o 12 X%+ ¢?
) o ——" P} = "2 P}=—-"+4
0 \/; 9 0 \/F 9 0 r + 9
12
Pl =0, P=0, P} =-=. (3.49)

We can now proceed to solving the maximal supersymmetry constraints. The condi-
tions involving vector multiplet gauging are satisfied trivially, while from k% L* = 0 we
obtain the conditions x = ¢ = 0 and 1 + 72 = 0. Therefore 7 = i (the solution 7 = —i

9The relation with the coordinates {p, o, ¢, £} used in [65,[79] is given by p = 7, Theirs = There + %uv and
£ = %(X + ip). Furthermore, there is an overall factor i in their definition of the universal hypermultiplet.
Finally, they use a different SU(2) frame to calculate the moment maps Py, which is why they are rotated

with respect to the ones displayed here.
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makes the Kéhler potential ill-defined) and K = —log4. However, not all the moment
maps at this vacuum can be zero simultaneously, leaving AdS, as the only possibility
for a N' = 2 vacuum solution. One can then see that exyzpyﬁ = 0 is satisfied, so the
only remaining condition is P§ f* = 0. This fixes r = 4. Therefore we have stabilized
all (ungauged) directions in moduli space: x = ¢ = 0,7 = i, = 4. The potential is
nonzero in this vacuum since P? = 2, which means the only possibility for the space-
time is to be AdS, with vanishing field strengths. This is indeed expected since SE-
compactifications of M-theory lead to an N’ = 2 AdS4 vacuum, the one just described
by us in the dimensionally reduced theory.

One can verify that this vacuum is stable under deformations in the hypermultiplet
sector of the type discussed in [80} 81]. To show this, first observe that the condition
k4 LA = 0 for u = x and u = ¢ always ensures vanishing x and ¢. Secondly, one may
verify that the deformations to the quaternionic moment maps are proportional to x or
¢, and hence the remaining A/ = 2 conditions from section are satisfied. It would
be interesting to understand if this deformation corresponds to a perturbative one-loop
correction in this particular type of M-theory compactification.

3.3.3 Other gaugings exhibiting AdS, vacua

Another example of an AdS, supersymmetric vacuum can be obtained from the univer-
sal hypermultiplet. In the same coordinates {r, x, ¢, o} as used in the previous example,
the metric is again given by (3.47). This space has a rotational isometry acting on x
and ¢, given by k; — ko in the notation of (3.48). We leave the vector multiplet sector
unspecified for the moment, and gauge the rotation isometry by a linear combination of
the gauge fields Aﬁ. This can be done by writing the Killing vector as

1

kY = an (0, @, —X, —5(<p2 - xg)) 7 (3.50)

for some real constant parameters os. The quaternionic moment maps are given by (see
appendix|D)

2,2
szaA<j‘§,f/’;,—?+4—¢ ;Lx) (3.51)
It can be seen that there are no points for which Py = 0,Vz, so this means that only
AdS4 N = 2 vacua are possible. To complete the example, we have to specify the vector
multiplet space, and solve the conditions P{f* = 0 and kYL* = 0. The latter can
be solved as ¥ = ¢ = 0, and then also €*¥?PYP> = 0. The first one then reduces to
anf = 0. This condition is trivially satisfied when e.g. ny = 0. A more complicated
example is to take the special Kéhler space of the previous subsection with no gauging
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in the vector multiplet sector. There is one complex scalar 7, a section X* = (1,72)
and a prepotential ' = /X9(X1)3. We then find a solution for 7 = i,/=32¢ under

1
the condition that oy and «; are non-vanishing real constants of opposite sign. More
complicated examples with more vector multiplets may be constructed as well. It would
be interesting to study if such examples can be embedded into string theory.

A similar situation arises in the absence of hypermultiplets. As mentioned in the
end of section we can have non-vanishing moment maps that can be chosen as
P¢ = ap6%%. Then we again need to satisfy the same condition a f* = 0 as above, and
we already discussed the possible solutions.






Chapter 4
Black holes in gauged supergravity

4.1 Introduction

One of the interesting predictions of general relativity is the existence of black hole
solutions. There is strong indication for the presence of black holes in the galaxy. Black
holes are objects where gravity becomes strong enough to let not even light escape.
There is an event horizon, and particles that move inside the horizon can (classically)
never return to the original space-time.

In 1974, Stephen Hawking discovered that black holes do emit radiation [82], due to
quantum effects. Due to this radiation, black holes follow the rules of thermodynamics,
and one can derive their entropy [82,83]. It is then a challenge for a theory of quantum
gravitation to provide for the microscopic description of this entropy.

The Reissner-Nordstrom solution

We start our discussion of black holes with the Reissner-Nordstrém solution. This de-
scribes a charged black hole solution in the theory of general relativity with a Maxwell
field. The gauge field has non-vanishing components

2
A = K , Ay = —2Pcosf, 4.1)
r
where (@ is the electric and P the magnetic charge of the black hole.
The metric can be written as

2
ds? = Vdi? — d% — 72 (d6? + sin® 0dg?) , 4.2)
with the metric function

V(r)zl———i—r— 72 =Q*+ P?. (4.3)
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In the limit as r goes to infinity the metric approaches flat Minkowski space; also the
electric and magnetic fields computed from vanish at infinity. Besides the point
r = 0, which is a true singularity, there are other possible values of » where V(1) = 0.
Although the metric does not behave well at these points, it turns out that these
surfaces are coordinate singularities; by a different choice of coordinates the metric
remains well-defined.

The event horizons follow from the equations

re =M+ /M2 — 22, (4.4)

which could have two, one or zero real solutions for r..

M? > 7?2
In this case, there are two different roots of V, given by » = 7. There is an inner
and an outer horizon.

M? = 72
If the charge balances the mass, we call the black hole an extremal black hole. The
real singularity is shielded by the event horizon atr =r =r_.

M? < Z?
If the charge exceeds the mass, there are no roots of V, and any observer can travel
to the real singularity at r = 0, which is not shielded by an event horizon. This is
called a naked singularity, and is deemed unphysical. Such a configuration will
not form under gravitational collapse of a spherical mass shell, see e.g. [84].

We therefore find a mass bound on physical solutions. For the remainder, we will
only look at the extremal black hole. We redefine the radial coordinate as r — r + M,
and then the metric is given by

2 2
2 _ r 2 (r+M) 2.2 (392 & ain 2

O = ot (dr + 72 (d6? + sin20 dg )). (4.5)

The true singularity is now at r = —M, and the horizon is at = 0. Close to the horizon,

we can approximate r + M ~ M, and we find
o _ 17 o M2, 2 (192 2 2

The metric becomes a product metric: we have an AdS; space, parametrized by ¢ and r,
and an S? space, parametrized by 6 and ¢. The mass M determines the curvature of both
spaces, which are equal in magnitude; as AdS, has negative curvature and S? positive,
the total curvature at the horizon is zero.
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Black holes in supergravity

The extremal Reissner-Nordstrom black hole is a solution of N = 2 supergravity the-
ory [85,86] and preserves N = 1 supersymmetry. For very small and very large values
of r, the space-time approaches the fully supersymmetric configurations AdS; x S
and flat Minkowski space, respectively, as explained in section [3.2.4] The non-extremal
solution, with M? > Z2 is a solution as well, but breaks all supersymmetry.

Black holes are interesting for a variety of reasons. The solutions one finds in su-
pergravity can often be constructed in the full-fledged string theory. If string theory is a
viable theory of quantum gravity, it should provide a complete, microscopic description
of a black hole. One can compare this with the macroscopic description in supergravity,
which is its low energy effective action. For instance, in the macroscopic picture, one
can compute the entropy. In the microscopic picture, one can now count the number of
microstates [6], which reproduces the same entropy.

Black holes in AdS spacetime

One can generalize the RN solution above to the AdS-RN solution. One keeps
and (4.2), where the metric function V(r) is now given by

V(ir)=1- —t - —Ar?, (4.7)

where A is the cosmological constant, which is negative in AdS.

This configuration preserves half the supersymmetry when A is negative (for A = 0
one recovers the original RN solution), the magnetic charge vanishes (P = 0) and the
BPS bound is satisfied (Q? = M?). However, one sees that in this case the function V (r)
does not have any zeros, so there are no horizons that shield the true singularity at r = 0.
Recent developments in the AdS/CFT correspondence suggest that holographic super-
conductors are related to non-extremal static black holes in the presence of a charged
scalar, which makes them interesting to study.[15H18].

Black holes with hypermultiplets

The main aim of this chapter is the search for supersymmetric four-dimensional black
holes in gauged N = 2 supergravities in the presence of hypermultiplets, charged under
an abelian gauge group. In the original references on BPS black holes in D = 4, N = 2
supergravity [68] [86H89]], and subsequent literature, see e.g. [69H71} 90, 91], one usually
considers ungauged hypermultiplets, which then decouple from the supersymmetry
variations and equations of motion for the vector multiplet fields. We want to explore
how the story changes when the hypers couple non-trivially to the vector multiplets via
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gauge couplings and scalar potentials that are allowed within gauged N = 2 supergrav-
ity [28} 135138} 5254} [56]]. For the simpler case of minimally gauged supergravity, where
no hypermultiplets are present but only a cosmological constant or Fayet-Iliopoulos
terms, asymptotically anti-de Sitter BPS black holes can be found. This has been dis-
cussed in the literature, starting from the early references [92} 93], or more recently in
[94] 05]. We initiate here the extension to general D = 4, N' = 2 gauged supergravities,
including hypermultiplets.

Plan of this chapter

The plan of this chapter is as follows. First, in section[4.2} we give a brief summary of the
known black hole solutions in N = 2 supergravity with neutral hypermultiplets, mak-
ing a clear distinction between the asymptotically flat and asymptotically AdS space-
times. We then explain the model with gauged hypermultiplets we are interested in
and how this fits within the framework of A" = 2 gauged supergravity.

In section [4.3| we first explain how one can use a Higgs mechanism for spontaneous
gauge symmetry breaking, in order to obtain effective ' = 2 ungauged theories from
a general gauged N = 2 supergravity. We keep the discussion short since these results
follow easily from chapter 3l Then we show how this method can be used to embed
already known black hole solutions into gauged supergravities and explain the physical
meaning of the new solutions. We illustrate this with an explicit example of a static,
asymptotically flat black hole with the well-known STU model and one gauged hyper-
multiplet (the universal hypermultiplet). We also give examples of AdS black holes
with charged scalars, that may have applications in the emerging field of holographic
superconductivity [15H18].

In section[4.4)we discuss in more general terms asymptotically flat, stationary space-
times preserving half of the supersymmetries. We analyze the fermion susy variations
in gauged supergravity after choosing a particular ansatz for the Killing spinor. One
finds two separate cases, defined by 7, = 0 and P{ = 0, respectively. Whereas the
former case contains only Minkowski and AdSy solutions, the latter leads to a class of
solutions that generalize the standard black hole solutions of ungauged supergravity.
We analyze this in full detail in section[4.4.6|and give the complete set of equations that
guarantees a half-BPS solution. We then explain how this fits to the solutions obtained
in section 4.3l

Finally, in section we study asymptotically flat black holes with scalar hai .

lOBy scalar hair, in this thesis, we mean a scalar field that is zero at the horizon of the black hole, but non-
zero outside of the horizon. According to this definition, the vector multiplet scalars subject to the attractor
mechanism in A" = 2 ungauged supergravity, do not form black holes with scalar hair. The solutions that we
discuss in section however, will have hair.
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We find two separate classes of such solutions. One is a purely bosonic solution with
scalar hair, but with the shortcoming of having ghost modes in the theory. The other
class of solutions has no ghosts but along with scalar hair we also find fermionic hair,
i.e. the fermions are not vanishing in such a vacuum.

Some of the more technical aspects of this chapter, including explicit hypermultiplet
gaugings, are presented in the appendices.

4.2 Review of supersymmetric black holes

In the first part of this section, we set our notation and briefly review the BPS black
hole solutions in four-dimensional ungauged N' = 2 supergravity. In the second part,
we review some of the BPS black holes that asymptote to anti-de Sitter spacetime. For
a review of ' = 2 (gauged) supergravity we refer to [28], which notation we closely
follow.

4.2.1 Black holes in asymptotically Minkowski spacetime

Asymptotically flat and stationary BPS black hole solutions of ungauged supergravity
have been a very fruitful field of research in the last decades. In absence of vector mul-
tiplets (ny = 0), with only the graviphoton present, the supersymmetric solution is just
the well-known extremal Reissner-Nordstrém (RN) black hole. This solution was later
generalized to include a number of vector multiplets [86]. The most general classifica-
tion of the BPS solutions, including multicentered black holes, was given by Behrndt,
Liist and Sabra [68] and we will refer to those as BLS solutions. The hypermultiplet
scalars ¢* do not mix with the other fields (apart from the graviton) at the level of the
equations of motion, and it is therefore consistent to set them to a constant value. We
will briefly list the main points of the solutions, as they will play an important role in
what follows.

To characterize the black hole solutions, we first denote the imaginary parts of the
holomorphic sections by

HM = i(XM =X,  Hya=i(FA—F)). (4.8)

We assume stationary solutions with axial symmetry parametrized by an angular coor-
dinate ¢. The result of the BPS analysis is that the metric takes the forn‘E]

ds® = e (dt + wgde)? — e (dr? +12d03) (4.9)

" Note that all the results are in spherical coordinates, see [68}[70] for the coordinate independent results.
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where K is the Kédhler potential (2.19) of special geometry. The metric components and
the symplectic vector (H*, H,) only depend on the radial variable r and the second
angular coordinate 6, and the BPS conditions imply the differential equations on wy

1

r2sin @

- - 1 - N
Opws = HAO - H* — H0,Hy —ﬁar% = H OgH® — H 9yH, . (4.10)
111
From this follows the integrability condition Hy\OH” — HAOH, = 0, where [ is the
3-dimensional Laplacian.
What is left to specify are the gauge field strengths F/, . First we define the magnetic
field strengths

1
Gauw = RasFl, — 5 lax s FZ0 (4.11)

such that the Maxwell equations and Bianchi identities take the simple form
P 0,Grpe =0, €0, Fh =0, (4.12)

such that (F*,G,) transforms as a vector under electric-magnetic duality transforma-
tions.

For the full solution it is enough to specify half of the components of F* and G4,
since the other half can be found from (4.I1). In spherical coordinates, the BPS equations
imply the non-vanishing components{iz]

—r2ginf _ - r2sinf@ -~
FA = ———0H"  Fjy= 5 o, H", (4.13)
and "y oy
—r<sin 7 sin
Garg = ——5—0sHa,  Grop = —5—0,Hp. (4.14)

From @12) it now follows that H, and H” are harmonic functions. With the above
identities we can always find the vector multiplet scalars 2%, given that we know explic-
itly how they are defined in terms of the sections X* and Fj. The integration constants
of the harmonic functions specify the asymptotic behavior of the fields at the black hole
horizon(s) (the constants can be seen to be the black hole electric and magnetic charges)
and at spatial infinity.

The complete proof that these are indeed all the supersymmetric black hole solutions
with abelian vector multiplets and no cosmological constant was given in [70]. Note
that the BLS solutions describe half-BPS stationary spacetimes with (only for the multi-
centered cases) or without angular momentum. The near-horizon geometry around

12The BPS conditions also imply F?f‘ = G'Arg = 0 due to axial symmetry.
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each center is always AdS,; x S? with equal radii of the two spaces, determined by the
charges of the black hole. All solutions exhibit the so-called attractor mechanism [86].
This means that the (vector multiplet) scalar fields get attracted to constant values at the
horizon of the black hole that only depend on the black hole charges. As the scalars can
be arbitrary constants at infinity we also find the so-called attractor flow, i.e. the scalars
flow from their asymptotic value to the fixed constant at the horizon. This phenomenon
seems not to be related with supersymmetry, but rather with extremality, since attractor
mechanisms have been discovered also in non-supersymmetric (but extremal) solutions.
The full classification of non-BPS solutions and attractors is, however, more involved
and is still in progress.

4.2.2 Gauged supergravity

We now turn to the bosonic Lagrangian for gauged N = 2 supergravity in pres-
ence of ny abelian vector multiplets and n gy hypermultiplets, charged under the abelian
gauge group.

The fully N/ = 2 supersymmetric configurations obtained from (2.66)-(2.68) were
analyzed in chapter 3| Two possibilities arise, namely for zero or nonzero cosmological
constant in the vacuum. For zero cosmological constant, the different supersymmetric
spacetimes are either Minkowski or AdS5 x 52 (or its Penrose limit, the supersymmetric
pp-wave), whereas for nonzero cosmological constant only AdS4 can be fully BPS. In
the former case, additional constraints arise on the scalar fields, namely (for abelian
gaugings)

EYIA =0, P =0, (4.15)

together with F%, = 0 (Minkowski) and k}FA, = 0 (AdSs x S?). In the latter case, for
AdS,, one has the conditions

E4LA =0, PEfA =0, VFPYPz =0, (4.16)

with vanishing field strengths, F5, = 0, and negative scalar curvature for AdS, space-
time, R = —12¢%> P* P*, where P* = P{ LA In all these cases, the scalars are constant or
covariantly constant. The fully supersymmetric configurations will play an important
role in the construction of 1/2 BPS black hole solutions, since both their near horizon
and asymptotic region fall into this class. We will discuss this in detail in the following
sections.

A particular class of supergravities arises in the absence of hypermultiplets. This
situation is interesting since it allows for a bare negative cosmological constant in the
Lagrangian, through the moment maps Py that appear in the scalar potential. It is well-
known that, for ny = 0 and abelian gauge groups, these moment maps can be replaced
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by constants (similar to Fayet-Iliopoulos terms), giving rise to a potential

V= (g7 f} 7 = 3LAL¥)PYPE (4.17)
with P{ numerical constants. When also ny = 0, one can take the sections LA to
be constants as well, such that the potential is negative and given by V' = —A, with

A = 3PPz,

4.2.3 Asymptotically AdS, black holes with ng =0

The construction of BPS black holes in AdS, spacetimes is technically more involved
due to the presence of the gauged hypermultiplets, and at present there is no complete
analysis for this case. Until now, only the case with no hypermultiplets, ng = 0, but
with a bare cosmological constant or a potential of the type has been investigated
in the literature [72H74, 93H95]. Static and spherically symmetric (non-rotating) black
hole solutions preserving some supersymmetry have been constructed, but they seem
to suffer from naked singularities [92} 96} 97] or from scalar ghosts inside the horizon.
On the other hand there are proper BPS black holes when one allows for a non-zero
angular momentum [93] [98]. The non-BPS and non-extremal solutions, however, do
allow for proper horizons also in the non-rotating case.

Let us illustrate some of these issues in the case of static spacetimes in gauged super-
gravities with no vector multiplets, so there is only a single gauge field, the graviphoton.
Here we have the AdS generalization of the Reissner-Nordstrom black holes (RNAJS).
More explicitly, the metric in our signature is

2
4s? = Ve — d% — 12(d6? + sin® 0dg?), (4.18)
with 9 2 A2
oM P
vy =1 M et AT (4.19)
r r 3

Here, A is the (negative) cosmological constant and () and P are the electric and mag-
netic charge respectively. The field strengths are given by
1 sin 6

F;:ﬁ(Q—iP)’ %ZT(P‘HQ)- (4.20)

For the 1/2 BPS solution the magnetic charge is vanishing, P = 0 and M = @ [92].
Of course, this example describes naked singularities rather than black holes. This is
because V() has no zeroes for A < 0, so no horizons, and therefore a naked singularity
appears at r = 0. For a genuine AdS, black hole solution we have to break the full
supersymmetry, i.e. the mass has to be free to violate the BPS bound. If M is within
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a certain range, as explained in detail in e.g. [98], the solution has a proper horizon
and describes a thermal AdS, black hole. There are some BPS generalizations of these
solutions to the case of arbitrary number of vector multiplets [96} 97], but the problem
of naked singularities remains. For some further references on four-dimensional AdS
black holes, including the non-extremal ones, see e.g. [99, [100].

Interestingly, recent developments in the AdS/CFT correspondence suggest that
holographic superconductors are related to non-extremal static black holes in the pres-
ence of a charged scalar. Such cases will arise in N' = 2 supergravity only when the
hypermultiplets are gauged. Thus we will be able to give some statements about this
interesting class of black holes, which we leave for section[4.3.2] In the rest of the chapter
we will mainly concentrate on the asymptotically flat BPS solutions with gauged hypers.

4.3 Black holes and spontaneous symmetry breaking

In this section we explain how to obtain a class of black hole solutions in gauged su-
pergravity, starting from known solutions in ungauged supergravity. The main idea is
simple: In gauged supergravity, one can give expectation values to some of the scalars
(from both the vector and hypermultiplets) such that one breaks the gauge symmetry
spontaneously in a maximally supersymmetric A" = 2 vacua, specified by the conditions
or (£.16). Let us suppose for simplicity that the vacuum has zero cosmological
constant, the argument can be repeated for N = 2 preserving anti-de Sitter vacua. Due
to the Higgs mechanism some of the fields become massive, and as a consequence of
the N = 2 preserving vacua, the gravitinos remain massless and the heavy modes form
massive N = 2 vector multiplets. As a second step, we can set the heavy fields to zero,
and the theory gets truncated to an ungauged N’ = 2 supergravity. These truncations
are consistent due to the fact that supersymmetry is unbroken. Black hole solutions can
then be found by taking any solution of the ungauged theory and augmenting it with
the massive fields that were set to zero. In fact, it is clear from this procedure that one can
even implement a non-BPS black hole solution of the ungauged theory into the gauged
theory. It is also clear that this procedure works for non-abelian gaugings, as long as it
is broken spontaneously to an abelian subgroup with residual N' = 2 supersymmetry.
But for simplicity, and to streamline with subsequent sections, we will however only
consider abelian gaugings. What is perhaps less clear, is to see if this procedure gives
the most general black hole solutions. In other words, one can look for other solutions
in which the massive scalars are non-trivial (i.e. with scalar hair). This is the subject of
section where we investigate the conditions for which new BPS black holes with
scalar hair exist.



62 CHAPTER 4. BLACK HOLES IN GAUGED SUPERGRAVITY

Let us now illustrate the above mechanism in some more detail. We restrict ourselves
first to spontaneous symmetry breaking in Minkowski vacua, where one has (Py) = 0
and (k¥ L") = 0 according to (&15). At such a point, the resulting potential is zero, see
[2.72), as required by a Minkowski vacuum. After the hypermultiplet scalar fields take
their vacuum expectation value, the Lagrangian contains a mass-term for some of
the gauge fields, given by

rv

mass

= Mas AL AME Mys = ¢P (oo kVEY) (4.21)

There is no contribution to the mass matrix for the vector fields coming from expectation
values of the vector multiplet scalars, since the gauging was chosen to be abelian. The
number of massive vectors is then given by the rank of My, and as hy, is positive
definite, one has rank(Mys) = rank(k%). Hence, the massive vector fields are encoded
by the linear combinations %XAQ. Similarly, some of the vector and hypermultiplet
scalars acquire a mass, determined by expanding the scalar potential,

V = dho kX kS LALT + (g7 f2 7 — 3BLALY) PR P (4.22)

to quadratic order in the fields. Then one reads off the mass matrix, and in general there
can be off-diagonal mass terms between vector and hypermultiplet scalars. Massive
vector multiplets can then be formed out of a massive vector, a massive complex scalar
from the vector multiplet, and 3 hypermultiplet scalars. The fourth hypermultiplet
scalar is the Goldstone mode that is eaten by the vector field. We will illustrate this
more explicitly in some concrete examples below.

Upon setting the massive fields to zero (or integrating them out), one obtains a
supergravity theory with only massless fields. Because of (P}) = 0, the mass matrix
for the gravitinos is zero as follows from (2.71). Therefore, the resulting theory is an un-
gauged supergravity theory of the type discussed in section [2.3.3] Black hole solutions
can then be simply copied from the results in section[4.2.1] By going through the Higgs
mechanism in reverse order, one can uplift this solution easily to the gauged theory by
augmenting it with the necessary expectation values of the scalars. It is then clear that
the black hole solution is not charged with respect to the gauge fields that acquired a
mass.

The situation for spontaneous symmetry breaking in an AdS vacuum is similar. To
generate a negative cosmological constant from the potential (2.72), we must have a
(PY) # 0 in the vacuum. The conditions for unbroken ' = 2 supersymmetry are given
in (#.16). After expanding the fields around this vacuum, one can truncate the theory
further to a Lagrangian with a bare cosmological constant, in which one can construct
black hole solutions of the type discussed in section We will discuss an example
at the end of this section.
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4.3.1 Solution generating technique

We now elaborate on constructing the black hole solutions more explicitly. As explained
above, the general technique is to embed a (BPS) solution in ungauged supergravity
into a gauged supergravity. The considerations in this subsection also apply for the
more general case of non-abelian gaugings, although we are mainly interested here
in the abelian case. First, to illustrate the systematics of our procedure, we analyze a
simpler setup in which we embed solutions from pure supergravity into a model with
vector multiplets only. Then we extend the models to include both hypermultiplets
and vector multiplets, i.e. the most general (electrically) gauged supergravities. We
always consider solutions with vanishing fermions, i.e. the discussion concerns only
the bosonic fields.

Vector multiplets

We start from pure N' = 2 supergravity, i.e. only the gravity multiplet normalized as
L= %R( g)— %FW F#” — A. Let us assume we have found a solution of this Lagrangian,
which we denote by g,,,,, F,,. We can embed this into a supergravity theory with only
vector multiplets as follows. If we have a theory with (gauged) vector multiplets we can
find a corresponding solution to it by satisfying
Vur'=0, Gi,=0, kL =0. (4.23)
Note that the integrability condition following from V2" = 0 is always satisfied given
the other constraints[l We further have the relations
9w = Guv »  V2IsIALET,, = F,, . (4.24)
The last equality is to be used for determining 7,,,,. Then we can find the solution for our
new set of gauge field strengths by FF/}; = z'EATl;, since we already know that Gf“, =0.
The new configuration will, by construction, satisfy all equations of motion of the
theory and will preserve the same amount of supersymmetry (if any) as the original
one. This can be checked explicitly from the supersymmetry transformation rules (2.66)
and (2.68) combined with the results from section[3} Indeed #.23) comes from imposing
the vanishing of (2.66), while (4.24) is required by the Einstein equations. We will give
a more explicit realization of this procedure in section

13 Also note that we have used the Killing vectors k% that specify a gauged isometry V, 2% = J,2% + gkj\Aﬁ
on the vector multiplet scalar manifold. These automatically vanish if the isometry is abelian, and therefore
will not be discussed further in this chapter. The formulas here are still valid for any gauged isometry.
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Hypermultiplets

Given any solution of N = 2 supergravity with no hypermultiplets, we can obtain a new
solution with (gauged) hypermultiplets preserving the same amount of supersymmetry
as the original one. We require the theory to remain the same in the other sectors
(vector and gravity multiplets with solution g,,, ﬁlﬁ,, £") and impose some additional
constraints that have to be satisfied in addition to the already given solution. We then
simply require the fields of our new theory to be

G = Guvy O =F2 2= (4.25)

pv Iz

under the following restriction that has to be solved for the hypers. Here we are left with
two cases: the original theory was either with or without Fayet-lliopoulos (FI) terms
(cosmological constant). In absence of FI terms, a new solution after adding hypers is
given by imposing the constraints:

Vug" =0 = kyFA =0,  Py=0, kiL*=0, (4.26)

while in the case of original solution with FI terms we have a solution after adding
hypers (thus no longer allowing for FI terms but keeping P¢ L* the same) with:

Vug" =0=k{Fh =0, Piff=0, €VP{PILALY =0, kyL'=0. (427)

The new field configuration (given it can be found from the original data) again satis-
fies all equations of motion and preserves the same amount of supersymmetry as the
original one. This is true because the susy variations of gluinos and gravitinos remain
the same as in the original solution, and also the variations for the newly introduced
hyperinos are zero.

Vector and hypermultiplets

This case is just combining the two cases above. If we start with no FI terms the new
solution will be generated by imposing equations and (4.23). If we have a solution
with a cosmological constant we need to impose and (4.23). Then the integrabil-
ity condition following from V,¢“ = 0 is automatically satisfied in both cases, using
relations (4.24).

4.3.2 Examples
The STU model with gauged universal hypermultiplet

Here we discuss an example to illustrate explicitly the procedure outlined above. Let us
consider an ' = 2 theory with the universal hypermultiplet (UHM). Its quaternionic
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metric and isometries are given in[D} and isometry 5 is chosen to be gauged. This allows
for asymptotically flat black holes, since we can find solutions of (4.26), as we shall see
below@ The quaternionic Killing vector and moment maps are given by

ka = aa (2rdg + X0y + 0, + 200,), (4.28)
. X o+ %QOX }

Py—apd-X 2 _ XL 4.29
AT { VR VR R 4.29)

with ap arbitrary constants. In this chapter we will use R to denote the coordinate on
the UHM, to avoid confusion with the radial, space-time coordinate r.
In the vector multiplet sector we take the so-called STU model, based on the prepo-
tential
Xtx2xs3

F X0 ,

(4.30)
together with z* = %;;i = 1,2,3. The gauge group is U(1)?, but it will be broken
to U(1)? in the supersymmetric Minkowski vacua, in which we construct the black
hole solution. The conditions for a fully BPS Minkowski vacuum require F;7¥ = 0,
2V = (2% = (b)) 4+ i(v"), X = ¢V = " = 0, RY = (R), with arbitrary
constants (z) and (R). Moreover, from (£.15), the vector multiplets scalar vevs must
obey (apL*)"®" = 0 (which is an equation for the (2%)’s). Then, after expanding around
this vacuum, the mass terms for the scalar fields are given by the quadratic terms in
([@22). Now, if we make the definition z = ay L*, we have z'*¥ = 0. Expanding the first
term in gives the mass term for z,

quadratic
) = 162%.

(4hm, FURLIALE

Expanding the second term to quadratic order gives the mass for three of the hypers:

i7 uadratic CL2 ’Ui2 U"‘l 2
(g7 fr PPy PE)” dratic _ M <X2 + % + (<]2%§<‘P> > , (4.31)
while the third term vanishes at quadratic order and does not contribute to the mass
matrix of the scalars.

Therefore two of the six vector multiplet scalars become massive (i.e. the linear
combination given by our definition for z), together with three of the hypers. The fourth
hyper R remains massless and is eaten up by the massive gauge field a AAﬁ (with mass
4 given by (4.2I)). Thus we are left with an effective N' = 2 supergravity theory of

14 A suitable combination of isometries 1 and 4 would also do the job. Note that typically in string theory
isometry 5 gets broken perturbatively while 1 and 4 remain also at quantum level. For the present discussion
it is irrelevant which one we choose since we are not trying to directly obtain the model from string theory.



66 CHAPTER 4. BLACK HOLES IN GAUGED SUPERGRAVITY

one massive and two massless vector multiplets and no hypermultiplets, which can be
further consistently truncated to only include the massless modes. One can then search
for BPS solutions in the remaining theory and the prescription for finding black holes is
again the one given by Behrndt, Liist and Sabra and explained in section

We now construct the black hole solution more explicitly, following the solution
generating technique of section[#.3.1] For this, we need to satisfy and (4.26). The
condition P{ = 0 fixes x = ¢ = ¢ = 0 and the remaining non-zero Killing vectors are
kX = 2Ra,. Now we have to satisfy the remaining conditions &% X* = 0 and k% Fl/}u = 0.
To do so, we use the BLS solution of the STU model. For simplicity we take the static
limit w,,, = 0, discussed in detail in section 4.6 of [68]. The solution is fully expressed in
terms of the harmonic functions

Hozho+%0, Fﬂ:hwp?, i=1,2,3, (4.32)

under the condition that one of them is negative definite. The sections then read

A2 3
~ 4H,

L X =i, (4.33)

X0 =

with metric function

e X =\/—4HH H2H3. (4.34)

In this case F,, = 0 and the F! , components (here m,n are the spatial indices) are
expressed solely in terms of derivatives of H'. After evaluating the period matrix we
obtain F!,, = 0 and F},, are given in terms of derivatives of Hy, H'. Thus the equations

kRXA =0and k¥FA, = 0lead to
ap=0, a;ht =0, ap' =0. (4.35)

The solution is qualitatively the same as the original one, but the charges p’ and the
asymptotic constants h’ are now related by @.35). So effectively, the number of in-
dependent scalars and vectors is decreased by one, consistent with the results from
spontaneous symmetry breaking. The usual attractor mechanism for the remaining,
massless vector multiplet scalars holds while for the hypermultiplet scalars we know
that x = ¢ = 0 = 0 and Ris fixed to an arbitrary constant everywhere in spacetime with
no boundary conditions at the horizon. In other words the hypers are not ‘attracted’.
Our construction can be generalized for non-BPS solutions as well. In the particular
case of the STU model, we can obtain a completely analogous, non-BPS, solution by
following the procedure described in [101]. We flip the sign of one of the harmonic
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functions in (4.8) such that

e N =\/4HH'H?H?3 . (4.36)

This solution preserves no supersymmetry, but it is extremal. By following our proce-
dure above, we can embed this solution into the gauged theory.

Asymptotically AdS black holes

Here we give a simple but yet qualitatively very general example of how to apply the
procedure outlined above to find asymptotically anti-de Sitter black hole solutions with
gauged hypers, starting from already known black hole solutions without hypers. In
this case we start from a solution of pure supergravity and add abelian gauged vector
multiplets and hypermultiplets. Alternatively, one can think of it as breaking the gauge
symmetry such that all hyper- and vector multiplets become massive, and one is left
with a gravity multiplet with cosmological constant. Here we already know the full
classification of black hole solutions, as described in section[4.2.3]

An already worked out example in section is the case of the gauged super-
gravity, arising from a consistent reduction to four dimensions of M-theory on a Sasaki-
Einstein; manifold [65]. The resulting low-energy effective action has a single vector
multiplet and a single hypermultiplet (the universal hypermultiplet). The special ge-
ometry prepotential is given by

F = VXX,

with X4 = {1,72}, where 7 is the vector multiplet scalar, and the isometries on the
UHM are given by

- 1
ko = 240, + 4()(&/, — @0y + 5(%02 _ X2)8g) ,
ky = 240, ,

(4.37)

which is combination of isometries 1 and 4 from appendix [D] The corresponding mo-
ment maps, see appendix|D} are given by

4x 4¢p 12 x>+ 2
P =—=, Py ==, Pl=—-—=+4- :
0 \/E 0 \/E 0 R R
12
Pl =0, Pl =0, Pf’:—E. (4.38)

Maximally supersymmetric AdS, vacua were found in section The condition (4.16)
fixes the values of the vector multiplet scalar 7V° = (711 4 i7%)"®¥ = ¢ and two of the four
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hypers x¥*V = ¢V = 0. The third ungauged hyper, which is the dilaton, is fixed to the
constant non-zero value R¥*V = 4. The remaining hypermultiplet scalar is an arbitrary
constant V¥ = (o). All the gauge fields have vanishing expectation values at this fully
supersymmetric AdSy vacuum. If we now expand the scalar field potential up to
second order in fields we obtain the following mass terms

. 3
yauadratic — 19 4 138(72 + 77) + ZR2 +6RTy + 10(x* 4+ ¢?). (4.39)

We can see that three of the hyperscalars and the (complex) vector multiplet scalar
acquire mass. There is also a mass term m? = 36 for the gauge field Ay + A;, this
field thus eats up the remaining massless hyperscalar o. So we observe the formation
of a massive N = 2 vector multiplet consisting of one massive vector and five massive
scalars, and we can consistently set all these fields to zero. The resulting Lagrangian
is that of pure N' = 2 supergravity with a cosmological constant A = —12. Using the
static class of black hole solutions of (4.18), it is straightforward to provide a solution of
the gauged supergravity theory. All the solutions described in section will also be
solutions in our considered model as they obey the Einstein-Maxwell equations of pure
supergravity.

4.4 1/2 BPS solutions

In this section we will take a more systematic approach to studying the supersymmet-
ric solutions of (2.65). We search for a solution where the expectation values of the
fermions are zero. This implies that the supersymmetry variations of the bosons should
be zero. The vanishing of the supersymmetry variations (2.66)-{2.68) then guarantees
some amount of conserved supersymmetry. Depending on the number of independent
components of the variation parameters ¢ 4 we will have different amount of conserved
supersymmetry. Here we will focus on particular solutions preserving (at least) 4 su-
percharges, i.e. half-BPS configurations. A BPS configuration has to further satisfy
the equations of motion in order to be a real solution of the theory, so we also impose
those. The fermionic equations of motion vanish automatically, so we are left with the
equations of motion for the graviton g,,,,, the vector fields Aﬁ, and the scalars z* and ¢“.
We will come to the relation between the BPS constraints and the field equations in due
course, but we first introduce some more relations for the Killing spinors € 4.

4.4.1 Killing spinor identities

We will make use of the approach [102] where one first assumes the existence of a Killing
spinor. From this spinor, various bilinears are defined, whose properties constrain the
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form of the solution to a degree where a full classification is possible. We use this
method in D = 4, N = 2, which is generalizing the main results of [70} [71] to include
hypermultiplets in the description. As it later turns out, we cannot completely use this
method to classify all the supersymmetric configurations, but the method nevertheless
gives useful information.

We define € A to be a Killing spinor if it solves the gravitino variation 6.¢,4 = 0,
defined in ( , and assume ¢4 to be a Killing spinor in the remainder of this article.
Such spinors antl—commute, but we can expand them on a basis of Grassmann variables
and only work with the expansion coefficients. This leads to a commuting spinor, which
we also denote with € 4, and we deﬁneE]

)707

ga=ile
= —*Peiep,

[\'J

(4.40)
VHAB = zaA*yH»sB ,

(I)AB;U/ = QWWEB .

We now show that this implies that V* = V#4 , is a Killing vector. For its derivatives
we find

V.V, g =id* (T, X —T,,X) - gw(sACeCBX — Spce“X)

‘ (4.41)
- Z(EACT:pq)CBpu +epcT), PPAC, ) — (S C®cepuy + Spc®i€,,) .

The second and third term are traceless, so they vanish when we compute V,V,. The
other terms are antisymmetric in v, so this proves

V2V +V,V, =0, (4.42)

thus V,, is a Killing vector. We make the decomposition VAg w= fV 6‘4@ + \[UM BV
and using Fierz identities one finds

1
VAV, B4 =V, V, — 5ng2 ) (4.43)

One can show that V,,V* = 4| X |2, which shows that the Killing vector V,, is timelike or
null. For the remainder of this chapter we restrict ourselves to a timelike Killing spinor
Ansatz, defined as one that leads to a timelike Killing vector. We make this choice, as our
goal is to find stationary black hole solutions, which always have a timelike isometry.
In this case, by definition, V,,V* = 4| X|? # 0, so we can solve for the metric as

1

9w = X (V. —2V2VE) (4.44)

15We will be brief on some technical points of the discussion, and refer to [70, [71] for more information.
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It follows that

V=9, V"=V, Vi(VyvY), (4.45)

2P
so VyV# = 0. We define a time coordinate by V*9, = v/20;, which implies V;* = 0.
We decompose V,,dz# = 21/2X X (dt + w), where the factor in front of d¢ follows from
V? = 4X X and w has no dt component. The metric is then given by

ds? = 2| X|?(dt + w)? Yrndz™dz™ | (4.46)

1
2XP
where | X |,w and 7,,,, are independent of time.

Now we are ready to make a relation between the susy variations (2.66)—(2.68) and
the equations of motion, using an elegant and simple argument of Kallosh and Ortin
[103] that was later generalized in [70,[71]. Assuming the existence of (any amount of)
unbroken supersymmetry, one can derive a set of equations relating the equations of
motion for the bosonic fields with derivatives of the bosonic susy variations. For our
chosen theory these read:

ENifMyueteap + Eiep =0,
EM(—ine®) + & (2L epe?P) =0, (4.47)

&LUS AEA =0 ,
where £ is the equation of motion for the corresponding field in subscript. More pre-
cisely, £/ is the equation for the vielbein e, (the Einstein equations), £} corresponds to
Aﬁ (the Maxwell equations), &, corresponds to ¢ and &; to z*. Now, let us assume that
the Maxwell equations are satisfied, £} = 0. If we multiply each of the remaining terms
in the three equations by ¢? and 7”¢? and use the fact that the Killing spinor is timelike

such that X # 0 we directly obtain that the remaining field equations are satisfied. So,
apart from the BPS conditions, only the Maxwell equations

P70, G ppo = —ghunkiVHq" (4.48)

need to be satisfied.

4.4.2 Killing spinor ansatz

Contracting the gaugino variation (2.66) with € 4 we find the condition

0=—2iXV,2' +4iG, V"’ —igky L'V, — V29g" fAPRVT . (4.49)
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Using this to eliminate V2" and plugging back into 1™ = 0 we find™|

Gl (2iVPet — XyretPep) + g9 fAPY (—\[Vlfv e+ i)_(a“'ABsB> =0. (450
It is here that we find an important difference with the ungauged theories. In the latter
case, g = 0, and the second term is absent. Then, assuming that the gauge fields G/, a
non-zero, one can rewrite equation (4.50) as

e tie e Beg =0, (4.51)

where e = % One has thus derived the form of the Killing spinor, which is not an

ansatz anymore.
In gauged supergravity, g # 0, so there are various ways to solve equation (4.50).
One could, for instance, generalize (.51 to

A

c :b"}/o AB m a:AB (452)

ep +ar mY O €B .

Plugging this back into (4.50), one obtains BPS conditions on the fields which one can
then try to solve. While thls is hard in general, it has been done in a specific case.
Namely, the ansatz used for the AdS-RN black holes in minimally gauged supergravity
(with a bare cosmological constant), as analyzed by Romans [92], fits into (4.52), but not
in @.51). In fact, we will see later that with one cannot find AdS black holes.

In the remainder of this article, we will use (4.51) as a particular ansatz, hoping to
find new BPS black hole solutions that are asymptotically flat. The reader should keep
in mind that more general Killing spinors are possible, even for asymptotically flat black
holes, and therefore our procedure will most likely not be the most general. The search
for BPS black holes that asymptote to AdS,, and their Killing spinors, will be postponed
for future research.

4.4.3 Metric and gauge field ansatz

We will further make the extra assumption that the solution for the spacetime metric,
field strengths and scalars, is axisymmetric, i.e. there is a well-defined axis of rotation,
such that w = w,dy lies along the angle of rotation (we choose to call it ¢) in (4.46).
For a stationary axisymmetric black hole solution the symmetries constrain the metric
not to depend on ¢ and ¢. These symmetries also constrain the scalars and gauge field
strengths to depend only on the remaining coordinates, which we choose to call r and
6. We further assume F, = 0, such that (after also using the gauge freedom) we can set
AN = A} =0 forall A.

160ne could, as done in e.g. [70,[71], eliminate the gauge fields G, pp to obtain an equivalent relation.
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4.4.4 Gaugino variation

Plugging the ansatz (£51) into the gaugino variation §A*! = 0 gives
Piff=o0, (4.53)

and
(e—iaauzi,yu,yo + G;li,yl“/) €A = 0. (4:54)

The latter condition can be simplified further, but we will see in what follows that it
automatically becomes simpler or gets satisfied in certain cases, so we will come back to
(4.54) later. We will make use of condition (4.53) when solving the gravitino integrability
conditions.

4.4.5 Hyperino variation
With the ansatz ([@.51), setting the hyperino variation to zero gives the condition

e "V " v y0 + ZQ]EXEA =0. (4.55)
Using the independence of the gamma matrices, one finds

V,q" =Veq" =0,

Vsq" = weVig",

Vig" = —V2gk} (XL + X LY,
0=Fki (XL* — XL") .

(4.56)

Using axial symmetry and the gauge choice for the vector fields, A} = A%} = 0, it follows
that V,.¢* = 0,.q" and Vy¢* = 0pq", and these both vanish from the BPS conditions.
Furthermore, the hypers cannot depend on ¢ and ¢, because this would induce such
dependence also on the vector fields and complex scalars via the Maxwell equations
(4.48). Thus the hypers cannot depend on any of the space-time coordinates, so they are
constant. This will be important when we analyze the gravitino variation.

4.4.6 Gravitino variation

The gravitino equation reads

Vea=—e @ (Tu_pv”&AC + gSABeBCWH) YoEC - (4.57)
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We study the integrability condition which follows from this equation. The explicit
computation is presented in appendix The main result that we will first focus on is

equation (B.9),
T, PiLr =0, (4.58)

so that there are two separate cases: T, = 0 or PYL* = 0. We will study these two
cases in different subsections.

Case1: 7, =0

In this case the integrability conditions imply that the space-time is maximally sym-
metric with constant scalar curvature P{ L%, as further explained in appendix .
This corresponds either to Minkowski space when P§L* = 0, or AdS, when the scalar
curvature is non-zero. Although there might be interesting half BPS solutions here, they
will certainly not describe black holes.

Case2: P{ =0

The second case is P L* = 0. We combine this identity with P§ f* = 0 from [@53). We
now obtain

Py (?ﬁ) =0. (4.59)

The matrix between brackets on the left hand side is invertible. This follows from
the properties of special geometry, and we used it also in the characterization of the
maximally supersymmetric vacua in [79]. We therefore conclude that P{ = 0. Next, we
show that in this case we have enough information to solve the gravitino variation and
give the metric functions.

From the definition for Ve, the quaternionic Sp(1) connection w, 4” van-
ishes, as the hypers are constant by the arguments in section[4.4.5 Combining this with
P{ = 0, we see that the gravitino variation is precisely the same as in a theory
without hypermultiplets and vanishing FI-terms. Thus our problem reduces to finding
the most general solution of the gravitino variation in the ungauged theory. The answer,
as proven by [70}[71], is that this is the well-known BLS solution [68] for stationary black
holes (or naked singularities and monopoles in certain cases). Thus we can use the BLS
solution, which in fact also solves the gaugino variation (#.54). We now only have to
impose the Maxwell equations, which are not the same as in the BLS setup, due to the
gauging of the hypermultiplets.
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The sections are again described by functions Hy and H*, as in &8), although not all
of them are harmonic. The metric and field strengths are given by (4.9), and (4.14).
In terms of our original description ([#.46), we have that ~,,, is three-dimensional flat
space and

e =2|X2. (4.60)

In the ungauged case the Maxwell equations have no source term and the field strengths
are thus described by harmonic functions, while now in our case they will be more
complicated. We can then directly compare to the original BLS solution described in
section and see how the new equations of motion change it. At this point we have
chosen the phase « in to vanish, just as it does in the BLS solution. We can do this
without any loss of generality since an arbitrary phase just appears in the intermediate
results for the symplectic sections ([£.8), but drops out of the physical quantities such as
the metric and the field strengths.

We repeat that the Maxwell equations are given by {#.48),
EHW)aaIJCVVA,oo = _ghuvl%xvuq” ’ (461)

with G, defined as in (@.II). Since our Bianchi identities are unmodified, and the
same as in BLS, we again solve them by taking the H*’s to be harmonic functions. The
difference is in the Maxwell equations.

We plug in the identities from (.56), and (4.14). The components of with
i # t are then automatically satisfied. The only non-trivial equation follows from ;. = ¢,
and reads

OHp = —2¢%e Fh ki kL X™ .

Here, O is again the three-dimensional Laplacian in flat space. The left hand side is real,
and so is the right hand side, as a consequence of the last equation in (4.56) and the fact
that we have chosen the phase in X/|X| (see to vanish. In other words, X is real,
and therefore also k% X is real.

We furthermore have a consistency condition for the field strengths. The gauge
potentials appear in (4.56), but also in (4.14), and these should lead to the same solution.
These consistency conditions were not present in the ungauged case, since in that case
there are no restrictions on £ from the hyperino variation. The constraints can be easily
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derived from the integrability conditions of (4.56), and are given by

ELHN =0,

I;:}{Fr/; = —k40, (w¢e’CXA) ,

kN Fpy = —kiOp (wpe™X1) (4.62)
Ky FS = —kio, (XXM,

Ky Fgy = —ki0p (e~ X1).

The first condition can always be satisfied as it merely implies that some of the har-
monic functions H* depend on the others (remember that the hypermultiplet scalars
are constant, and therefore also the Killing vectors k%). In more physical terms, this
constraint decreases the number of magnetic charges by the rank of k%. The other
constraints have to be checked against the explicit form of the field strengths and
(4.14). This cannot be done generically and has to be checked once an explicit model is
taken.

In section we explained how the vanishing of &4 L* and k% A,, led to a BPS solu-
tion using spontaneous symmetry breaking. We can see that also from the equations of
this section. When k% L = 0, the right hand side of is zero. This equation is then
solved by harmonic functions Hx. Furthermore, as 15/“\ is constant, we can move it inside
the derivatives in (.62), so the right hand sides are zero. The left hand sides are zero as
well, as k§ F4, = 0. Finally, the condition &} H* = 0 is satisfied as k} L is already real.

4,5 Solutions with scalar hair

In this section, we search for solutions of the above BPS conditions that do not fall in
the class described in section They describe asymptotically flat black holes and
would have non-trivial profiles for the massive vector and scalar fields, i.e. they would
be distinguishable by the scalar hair degrees of freedom outside the black hole hori-
zon. Remarkably, we could not find models with pure scalar hair solutions without the
need to introduce some extra features, such as ghost modes or non-vanishing fermions.
Below, we describe two examples of solutions that lead to at least one negative eigen-
value of the Kdhler metric. We show that if we require strictly positive definite kinetic
terms in the considered models, one cannot find scalar hair solutions, but only the ones
described in section It is of course hard to justify these ghost solutions physically.
However, there have been cases in literature where this is not necessarily a problem,
e.g. in Seiberg-Witten theory [104] [105] one has to perform duality transformation such
that the kinetic terms remain positive definite. Whether a similar story holds in our case
remains to be seen. If such duality transformations exist they will have to map the ghost
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black hole solutions of our abelian electrically gauged supergravity to proper black hole
solutions, possibly of magnetically gauged supergravity. However, we cannot present
any direct evidence for such a possibility.

4.5.1 Ghost solutions

Before we present our examples, we start with a general comment. We can obtain some
more information from the Einstein equations. The trace of the Einstein equations reads

R=T94+T*+4V , (4.63)
where R is the Ricci scalar, and we have defined
T9 = —2hy,V,.q"V"q" , T* = —2g,;0,2"0" % . (4.64)

Using the BPS conditions in (4.56), one quickly finds 79 = —2V. Furthermore, as
02" =0, we findE] T% > 0,and V > 0 by equations (2.72) and the condition P{ = 0. We
therefore find

R=T"+2V >0, (4.65)

as long as the metric g;; is positive definite. So the BPS conditions forbid the Ricci scalar
R to become negative. In our examples below, the metric components will show some
oscillatory behavior, as a consequence of the non-linear differential equation (4.4.6).
Therefore, their derivatives, and hence the Ricci scalar, will oscillate between positive
and negative values. This would contradict the positivity bound (#.65), unless the
Kéhler metric g;; contains regions in which it is not positive definite. We now discuss
this in detail with two examples.

Quadratic prepotential

We start with two simple models, which have only one vector multiplet. They are
described by the two prepotentials

F= f% (X°X° £ X'X"), (4.66)

These lead to the special Kdhler metrics

F1
Jzz = 7(1 F 222 (4.67)

7Recall that our spacetime signature convention is (+, —, —, —).
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where z = X1/X0 With the upper sign, we therefore get a negative definite K&hler
metric and the vector multiplet scalar is a ghost field. With the lower sign, we obtain
a positive definite metric. We couple this to the universal hypermultiplet, and gauge
isometry 5 from appendix @ using A, as the gauge field. The condition P{ = 0 fixes
X = ¢ = 0 = 0 and the only non-vanishing component of the Killing vectors is then
kT = 2Ra,, where a; is a constant.

From the relations follows that X° = 1(Hy—iH°) and X' = (+H, —iH"). The
Kéhler potential is then

e M =2(X"°X° £ X'X"). (4.68)

As we do not use A, for the gauging, X° remains harmonic, such that even if the
solution for X! is considerably different, we still have hope of producing a black hole by
having X! as a small perturbation of the leading term X" in the metric function e~*. For
simplicity, we restrict ourself to the spherically symmetric single-centered case, so now
our constraints lead to H' = 0 and k§F% = —k%9, (X X"). The latter eventually
implies that HY is constant. Since we can absorb this constant by rescaling H,, we will
set H? = 0. Thus we are left with 2X° = H, = V2 + 4 (go > 0), where we set the
constant of the harmonic function to v/2 to obtain canonically normalized Minkowski
space as 1 — 0.

The metric is given by @.9), where
ok _ 1 (V2+ @)2 L H?). (4.69)
2 T

The only undetermined function is H;, which is subject to the only equation left to be
satisfied, (4.4.6), which in this case is given by

1 2
OH, = Fe " Hy = %3 ((\/§+ @) + Hf) Hi, (4.70)
T

after setting g|k| = 1. Besides the trivial solution H; = 0 (belonging to the class solutions
from section , we could not find an analytic solution to these equations. We can
analyze the differential equation as r — 0 and r — co. As 7 — 0o, we require e ™~ — 1,
to obtain flat space at infinity. Likewise, we require, as » — 0, that e™® — ¢?r~2, to
obtain AdSy x S? at the horizon. The constant ¢ (which is not necessarily equal to qo)
determines the (equal) radii of AdS; and S2. If we solve for large values of r, we
have to solve OH; = FHj; for small values of r we have to solve OH; = F3¢?r~2H.
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o With the upper sign (the ghost model), we find the general solution

sin(r)

cos(r) . g : = 00, 4.71)

H = A

<

r
Hy = Cr=373V1740 4 ppitaV/izde r—0. (4.72)
As long as 4¢* < 1, all the asymptotics are fine.

e With the lower sign (the non-ghost model), we find the general solution

H =A% 4+ B, r— o0, (4.73)
T T
Hy = Cr=2=aVIHe 4 ppostiyitie r—0. (4.74)

When B is nonzero, this violates the boundary condition that e K S lasr — oo,
so we have to set B = 0. Likewise, we have to set C = 0. We will now prove
that imposing such boundary conditions implies H; = 0. To do this, we use the
identity

=00

/ " H)OR(r ) dr = — / 0O, () dr + (rHDO G H)| T @75)
0 0

Using (4.73) and (4.74) one finds that, for B = C' = 0, the boundary term vanishes.
On the left-hand side, we use (4.70), and we obtain (using OH; = r~'192(rHy))

/ Hye™*H, dr = —/ Or(rH1)0r(rHy) dr . (4.76)
0 0

The left-hand side is non-negative, whereas the right-hand side is non-positive, so
this proves H; = 0. This argument can easily be repeated for solutions with only
axial symmetry.

We can plot the solution with the upper sign numerically with generic starting con-
ditions, and the result is shown on figure The metric function gets oscillatory
perturbations, while having its endpoints fixed to the desired values as shown on fig-
ure

The function H; approaches zero as r — oo in an oscillatory fashion, which can be
seen in figure To investigate the behavior near the horizon at » = 0, we also
checked that rH; approaches zero, and hence H; diverges slower than 1/r. Both are in
agreement with the asymptotic analysis above.

The numerics further show that the metric function for negative values of r yields
the expected singularity at r = —-Z&. We conclude that this is indeed a black hole space-
time, having one electric charge gy, and the fluctuations around the usual form of the
metric are due to the effect of the abelian gauging of the hypermultiplet.
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Figure 4.1: Plots of the solution to the differential equation (4.70) for g0 = 1, using
boundary conditions H;(1) = 10 and H;(1) = 1. The scalar z approaches zero at the
horizon at = 0, and the K&hler potential e~ approaches 1 as r — .

Let us now try to give a bit more physical interpretation of this new black hole
spacetime. After more careful inspection of the solution, we see that at the horizon
and asymptotically at infinity we again have supersymmetry enhancement, since the
vector multiplet scalars are fixed to a constant value. It is interesting that the electric
charge, associated to the broken gauge symmetry vanishes at the horizon, i.e. the black
hole itself is not charged with ¢; exactly as in the normal case without ghosts. Yet there
is a non-zero charge density for this charge everywhere in the spacetime outside the
black hole, which is the qualitatively new feature of the ghost solutions. Clearly the fact
that there is non-vanishing charge density everywhere in space-time does not change
the asymptotic behavior, but it seems that it is physically responsible for the ripples
that can be observed in the metric function on figure (of course this is all related
to the fact that we have propagating ghost fields). We should note that these are not
the first rippled black hole solutions, similar behavior is found in the higher derivative
ungauged solutions, e.g. in [106], where also one finds ghost modes in the resulting
theory. The detailed analysis in section 4 of [106] holds in our case, i.e. the main physical
feature of the ripples is that gravitational force changes from attractive to repulsive in

some space-time points.
Cubic prepotential

The example above shows already the general qualitatively new features of this class
of black holes with ghost fields, but is still not interesting from a string theory point of
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view, since Calabi-Yau compactifications lead to cubic prepotentials of the form

KX X9 Xk

F=
6X0

4.77)
The simplest case one can consider is the STU model of section We coupled it
to the universal hypermultiplet with a single gauged isometry and found it impossible
to produce any new solutions. However, other choices of K;;; allow for interesting
numerical solutions of (#.4.6). For this purpose we consider a relatively simple model
with three vector multiplets:

(Xl)d _ (X1)2X2 _ XI(XS)Z

F=
2X0

(4.78)

We again use the universal hypermultiplet and gauge the same isometry as before, but
we now use only A? for our gauging. Again, the condition P} = Ofixes y =¢ =0=0,
and the only non-vanishing component of the Killing vector is k£ = 2Ra3. In parts
of moduli space this model exhibits proper Calabi-Yau behavior, i.e. the Kédhler metric
is positive definite, but there are regions where g;; has negative eigenvalues (or e
becomes negative). There is no general expression for this so-called positivity domain;
one has to analyze an explicit model to find the conditions.

For simplicity, we set H? = Hy = 0, so the non-vanishing functions are H; and H°.
Inverting we obtain for the Kéhler potential

= H2
e X = \/2H,VHO (H1+H2+4Ij> : (4.79)
2
We see that, as is commonly encountered in these models, one has to choose the signs

of the functions H; and H° such that this gives a real and positive quantity. With these
we satisfy all conditions in (4.62) and are left to solve (4.4.6) that explicitly reads:

- H2

OH3 = —a2H° ( Hy + Hy + —> ) Hs , (4.80)
4H,

where H, H, and H, are harmonic functions, and we have set g|l~f\ = 1 for convenience.

We impose the same boundary conditions, so as r — oo, we require e K 51, to

obtain flat space at infinity. Likewise, we require, as r — 0, that e X = ¢%r2, to obtain
AdSy x S? at the horizon. Using (4.79), we then find that we have to solve

OH3 = —a3¢*r 2Hs , asr — 0, (4.81)
OH3 = —a3c*Hs asr — 0o, (4.82)
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where ¢? is also a constant, specified by the asymptotics of H°, H; and H,. We therefore
again find

cos(ascr) " Bsin(agcr) ’ asr — 0o (4.83)

r r

H;=A

These functions are oscillating; therefore the Kéhler potential will also oscillate.
This causes the Ricci scalar to become negative, which is in violation of the bound (4.65).
Therefore, there is always a negative eigenvalue of the metric, corresponding to a ghost
mode.

We could only find a numerical solution to this equation, and the results are qualita-
tively the same as the ones on figure so we will omit them for this model.

It is therefore possible to find black hole solutions in these Calabi-Yau models, but
they do contain regions in which scalars become ghost-like.

4.5.2 Fermionic hair

There is a different way of generating scalar hair with properly normalized positive-
definite kinetic terms. As such, we can thereby avoid the ghost-like behavior of the
previously discussed examples. The idea is simple and works for any solution that
breaks some supersymmetry. By acting with the broken susy generators on a bosonic
solution, we will turn on the fermionic fields to yield the fermionic zero modes. These
fermionic zero modes solve the linearized equations of motion and produce fermionic
hair. In turn, the fermionic hair sources the equations of motion for the bosonic field,
and in particular, the scalar field equations will have a source term which is bilinear
in the fermions. The solution of this equation produces scalar hair and can be found
explicitly by iterating again with the broken supersymmetries. This iteration procedure
stops after a finite number of steps and produces a new solution to the full non-linear
equations of motion. By starting with a BPS black hole solution of the type discussed in
section one therefore produces new solutions with both fermionic and scalar hair.
For a discussion on this for black holes in ungauged supergravity, see [107].

The explicit realization of this idea is fairly complicated since it requires to explicitly
find the Killing spinors preserving supersymmetry. This can sometimes be done also
just by considering the possible bosonic and fermionic deformations of the theory, as
done in e.g. [108} [109] for black holes in ungauged supergravity. The extension of this
hair-analysis to gauged supergravities would certainly be an interesting extension of
our work.






Chapter 5

New potentials from Scherk-Schwarz
reductions

5.1 Introduction

Scherk-Schwarz reductions [110}[111]] provide a way to construct gauged supergravities
from higher dimensional ungauged ones. They were quickly mentioned in the intro-
duction in section2.5.2]and we will elaborate on this.

Suppose one studies a (D+1)-dimensional complex scalar field ¢ and assumes that
space-time is a D-dimensional space-time times a circle of radius R. One can then
expand the field as

d,2) = > ou(x)e™ /7, (5.1)

n—=—oo

where z is the D-dimensional coordinate and = is a coordinate on a circle. Scherk and
Schwarz noticed that this is not the most general ansatz possible: if the theory is invari-
ant under the global transformations ¢ — ¢'®¢, one can extend this ansatz to

$lx,2) =M N g (a)e!" /R (5.2)

n—=—oo

This is no longer single-valued on the (D + 1)-dimensional spacetime, as we have that
P(z,z + 2nR) = " MBEg(z, 2), but we can remove the offending phase by acting with
the global symmetry. If we now keep M fixed and take the limit R — 0, we can ignore
all terms but Sy, which will be a D-dimensional field of mass M. In this way we obtain
the example of section[2.5.2]

Scherk-Schwarz reductions typically lead to semi-positive definite potentials for the
scalar fields with local minima that can describe Minkowski or de Sitter vacua. Such
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models have been studied intensely over recent times in the context of compactifications
of string- and M-theory, with and without fluxes. For some background material and
earlier references, see e.g. [112H123].

Actually, there are two classes of Scherk-Schwarz reductions: the case of reductions
over a circle with a duality twist along the circle, as outlined above, and the case of
twisted tori (or twistings of other manifolds). In the latter setting, one expands in forms
that are not closed. For example, if we expand the ten-dimensional form B, as

but now (in contrast with the Calabi-Yau compactifications of section[2.5.3) the forms w;
are not closed. We then find

Hs = db A w;(y) + bidw; . (5.4)

Integrating now the ten-dimensional kinetic term H?3 A +H? over the internal space X
gives

V = bipi / wi A *w; . (5.5)
X

This is a potential for the moduli fields b’; the problem is now computing it. In suitable
models, one can expand dw; again in a basis of harmonic three-forms, and one can
actually perform the integrations.

Sometimes, these two classes are related to each other, and reductions with duality
twists can be understood in terms of compactifications on twisted tori. For a discus-
sion on this, see e.g. [121]. This equivalence will also play a role in our investigation,
although we focus mostly on the reductions with a duality twist.

5.2 M-theory on Calabi-Yau manifolds

In this section, we review aspects of compactifications of eleven-dimensional supergrav-
ity on Calabi-Yau threefolds. Almost all material in this section is known, and collected
from various places in the literature, which we refer to below. We give this review
to recall some of the duality symmetries in five dimensions, and to set our notation
for subsequent sections. The reader who is very familiar with five-dimensional matter
coupled to N = 2 supergravity might skip this section and go straight to the next section
where we start the Scherk-Schwarz reduction to four dimensions.

The low-energy limit of M-theory can be described in terms of eleven-dimensional
supergravity. In form-notation, the bosonic part of this action reads [124]

- 1 - 1 - A 1 . . A
S:2/<R*1—2F4/\*F4—6F4/\F4/\C3> . (5.6)
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Here, R denotes the eleven-dimensional Ricci scalar and * stands for the eleven-dimen-
sional Hodge star operator. Furthermore, (s is a three-form potential, Fy = dCs de-
notes the corresponding field strength and we have set the eleven-dimensional Planck
constant to one.

In the following, we compactify M-theory on a simply-connected Calabi-Yau three-
fold X, which leads to a supergravity theory in five dimensions with eight (real) super-
charges [125]].

5.2.1 Calabi-Yau manifolds and dimensional reduction
Notation

We begin by establishing some notation for the Calabi-Yau three-fold X. Let us denote
a basis of harmonic (1, 1)-forms on X by

wa A=1,... Kb, (5.7)

where here and in the following h?¢ denote the Hodge numbers of the Calabi-Yau
threefold. The triple intersection numbers for X" are defined by

ICABc:/XwA/\wB Awe . (5.8)
For the third co-homology group H?3(X) we denote a real basis by
{ak,B"}, K,L=0,...h%", (5.9)
which is chosen such that
/ozK/\BL:(SKL, /aKAaLzo, /BK/\BL:O. (5.10)
X X X

The Calabi-Yau threefold is endowed with a Kidhler form J and a holomorphic three-
form Q. In terms of the bases and (5.9), these can be decomposed in the following
way

J=v4wy , O =2Z%ag — GgpE (5.11)

where the expansion coefficients v are real. The functions (ZX, G ) are the holomor-
phic sections of special geometry and depend on the complex structure moduli 2" of the
Calabi-Yau manifold, where r = 1, ..., h*!. The volume of X' can be expressed in terms
of the Kahler form J as follows

1 1
V=_ / JANT AT == Kapcv?vPo© . (5.12)
3! Jx 3!
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Ansatz for the compactification

To perform the dimensional reduction of the action (5.6), we make the following ansatz
for the eleven-dimensional metric

io0 ) i, =0,....4,

mm:(%” (5.13)

0 Gmn

mn=1,...,6,

where g5 denotes a five-dimensional metric and G, is the metric of a Calabi-Yau
threefold. For the three-form potential, we chose the expansion

Cs =&+ A ANwa +Cs Cy =V2&8ax — V2Ex B, (5.14)

with ¢3(##) a three-form in five dimensions which depends solely on the five-dimen-
sional coordinates 7. Similarly, A4 (%#) are five-dimensional one-forms while ¢ (7#)
and £x (i) are five-dimensional scalars. We have separated the pure Calabi-Yau part
C from from é&; and A# for later convenience.

Dimensional reduction to five-dimensional supergravity

Let us begin with the dimensional reduction of the eleven-dimensional Ricci scalar ap-
pearing in the action (5.6). We first decompose (up to total derivatives)
1 > 1 114, \/T 1 ab cd 9fi
5 Rx1= 3 d"2 VG| R+ Ry — 1 (G*0;Ghe) (G 0P G a)
) (5.15)
+3 (G0 G ap) (GO0FGeq) |,

where R denotes the Ricci scalar computed from the five-dimensional metric §;5,
Ry = 0 is the Ricci scalar of the Calabi-Yau manifold X and 0; are derivatives with
respect to the five-dimensional coordinates . We then split the Calabi-Yau metric G,
into a constant background part émn and fluctuations around this background

Gmn = Gomn + 5Gmn . (516)

Following [126H129], the fluctuations (in a complex basis with holomorphic indices a, b
and anti-holomorphic indices @, b) can be expressed as

0G5 = —i6v™ (wa) 5 A=1,... kb,

v - (5.17)

0Gap = ——=7Z" (X,.) -7 Q% , ro=1,..., k%,
b fXQ/\Q (Xr)aab b
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where §v# are fluctuations around the background value 9 of the expansion parame-
ters of the Kéhler form given in (5.11). In the following, these will be combined into

oA =4 4 vt . (5.18)

Furthermore, x, denotes a basis of harmonic (2, 1)-forms on X, and the holomorphic
three-form Q was introduced in (5.1T). The volume V of the Calabi-Yau three-fold was
defined in equation (5.12). At lowest order in the fluctuations, x, in 6G,, does not
depend on the five-dimensional coordinates whereas 2" (as well as §v* in 0G ;) are
functions of 7. We also note the relation

*ab 7 ICABc’UB’UC
G b(wA)aZ — 5 f , (519)
and we define and compute
1 1 ]CACDUCUDICBEFUE’UF
9(5)AB Y /X wa A *WB 1y ( ABCU Y ) ( )
as well as
r N X
G@;ff?fxiﬁ, rs—=1,... h¥'. (5.21)
JranQ
Up to second order in the fluctuations G, we then find

1

= / Rx1= / X R(sy %51 — Vg(5)AdeA A x5dv? =V Grsdz” A *5d2®
2 R4,1 XX R4,1 2

+ ; dlogV A *xsdlogV } . (5.22)

Let us next turn to the kinetic term for the three-form potential C3. Using the ansatz

(5.14), we compute

71/ F4/\*F4:71/ |:Vd53/\*5d53+4vg(5)ABdAA/\*5dAB
4 ]R4>1><X 4 ]R4,1
(5.23)
-2 (ImM)_lKL (dg[( - MKngN) A\ *5 <d§~L — MLMdgM) ] .
Here, we have employed the period matrix M g, which satisfies [130} [131]
/ ke Axpar, = [—(ImM) — (Re M) (Im M)~ (ReM)|
x L KL
- L
/ ax AxgB = |—(Re M) (ImM)‘l} , (5.24)
pe L K
- 7KL
/ BE A *gBL = —(Im M) } ,
Py L
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with matrix products understood and {a, 3%} denoting the basis introduced in (5.9).
For the topological term in the action (5.6) we compute (up to total derivatives)

1
12 R4:1xx
1 - -
- { 6.dés A (nggK - nggK) + KapodAA AdAB A AC |
12 R4,1

F4 A F4 A 03
(5.25)

To dualize ¢5 to a scalar field, we introduce a Lagrange multiplier a for dé; and add this
term to the combined action (5.23) and (5.25). After solving the equations of motion for
¢s and substituting them back into the action, the terms involving ¢; become

1 - -

— - Vdés A x5dés + 2dés A (Exde — €5dEg) 4 2dés A da
4 R4,l
) (5.26)

=-3 /R4,1 % (da+£Kd£K - é:KdﬁK) A x5 (da+§Ld£L —de§L> .

Finally, we combine the above expressions and perform a Weyl rescaling gz — V™3 s
of the five-dimensional metric to arrive at

1 1
S5 = / |: + = R(5) *5 1—-— legV /\*5dlogV — 9(5)ABd’UA /\*5de
e | 2 6
— Grsdz" A xgdz® — V3 g5 ap dAA A #sd AP

a 471122 (da + &R dék - ng‘fK) A*s (da +ehdes - éLde)

+ %(Im M)HEE (déK - MKNdEN) N s (dgL - MLMdEM)

- % Kapc dAA AdAB A AC } : (5.27)

As it turns out, the field V belongs to a hypermultiplet and so (5.27) contains terms
mixing hyper- and vector multiplets. To make contact with the standard formulation of
N = 2 supergravity in five dimensions, we introduce new fields

A =VTagh, (5.28)

By definition, these satisfy + Kapcr*vPv® = 1 and so there are h'*! scalar fields v

subject to one constraint, as well as the independent field V. We then arrive at the
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following form of the five-dimensional action [132][133]
1 1 1 Cq A B
Sy = + 5 Rs) %5 1 — —dlogV AxsdlogV + —Kapcv™ dv” A xsdv
it | 2 1 4

1 1
+ 1 (/CABcllc — Z/CACDZ/CZ/DICBEFVEVF) dAA AN *5dAB

- % Kapc dA* A dAB A AC — Gsde” Axsds® (5.29)
5 (0 + €906k — Exde®) nxs (da+ €808, — Erac?)
412 ’
1 ~1KL(  z e ,
+ @(Im M) (de - MKNdi) A ks (de - MLMdfM) } .

The first term in this expression is the five-dimensional Ricci scalar, V is the volume
of the Calabi-Yau manifold and K 4pc denote the triple intersection numbers defined
in (5.8). Furthermore, the scalars v* are related to the expansion coefficients v of the
Kéhler form J by a rescaling with the volume (see equation (5.28)), such that they satisfy

%ICABCVAVBVC =1. (5.30)

Thus, there are h'>! — 1 scalar degrees of freedom in these fields. Accordingly, the vector
fields A comprise the graviphoton and h'! — 1 additional vector fields to form five-
dimensional vector multiplets. The remaining scalar fields {V, a, 2", 2", ¢X, 3 k } form
h*! + 1 hypermultiplets that parametrize a quaternion-Kéhler manifold [125].

5.2.2 Symmetries of the five-dimensional theory
Symmetries in the vector multiplet sector

We begin our discussion on the symmetries of with the vector multiplets. Besides
the usual gauge invariances acting on the vector potentials, there are additional symme-
tries in the scalar sector. In particular, the scalars in the vector multiplets parametrize
a so-called real special geometry, whose isometries have been studied in [132]. As ex-
plained in [134], not all isometries extend to symmetries of the full Lagrangian, but only
transformations

vt = MAguP | AN = MARAPB | (5.31)
where the constant, real matrix M“ g is subject to the constraint

0=KpusMP"c)=KppcMP” s+ KapcM” 5+ KappMPc , (5.32)
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lead to symmetries of the full action, including the Chern-Simons terms.

Generically, the real special manifolds parametrized by the scalars in the vector
multiplets need not be homogeneous, and solutions to (5.32)) are not known in general.
However, for homogeneous spaces a classification can be found in [135][136]. A special
subclass of the latter is given by the manifolds

SO(n+1,1)

50(1,1) X m 5

(5.33)
for any integer n, with isometry group SU(1,1) x SO(n + 1,1). This case arises in
compactifications in which the Calabi-Yau manifold is a K 3-fibration over a base P!. In
the present context, this situation has been studied in [64].

Symmetries in the hypermultiplet sector

To study the isometries for the hypermultiplets, we first introduce some notation. The
hypermultiplet scalars were given by {V, a,2",z", ¢X, £, }, which parametrize a partic-
ular type of quaternionic manifolds called ‘very special” in [136]].

Since we consider M-theory on a Calabi-Yau manifold, the subspace of complex
structure deformations 2" is described by special Kdhler geometry, for which there exists
a prepotential. In the large complex structure limit, it is given bym

1 VAWANA

2,1
i drst 70 ) y Sy yoooy h . (534)

G(Z) = -

Here, d,s: is a real symmetric tensor, the Z K appear in the expansion (5.11) of the
holomorphic three-form 2 and Gx = dG(Z)/0Z%. The connection to the scalars 2"
is made by introducing projective coordinates

Zr:%, r=1,.. . b2 (5.35)

The corresponding Kéhler potential reads

= (s [ ang)=-m (3120 a) . (536)
X

where here and in the following we employ the notation

d= drstxrxsxt ; d, = drstxsxt y drs = drstl't ; (537)

18We reserve the usual notation F' and X for the special geometry in the vector multiplets.
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with 2" = Im 2". From (5.36), we can then compute the Kédhler metric asE]

02 s 3ds  9d,ds

= gmamN T T e
With G"* denoting the inverse of (5.38), the curvature for this metric can be computed
as follows [[136]

(5.38)

4 27 1 i ve ot
Ry = 8500 4 0700 = 5 O™y, where O™ = 20 5 GGG iy

64 d?
(5.39)
Since the scalars 2" appearing in the action (5.29) can be described by a Kéhler po-
tential, their kinetic term is invariant provided that (5.36) does not change under the

transformations of interestFE] We then make the following ansatz for the transformation
of the sections (Z¥, Gk) appearing in the holomorphic three-form 2

ZK B QKL RKL ZL
5<GK) B < Skr Tx" ) <GL> ’ (5.40)

where, Q, R, S and T are constant, real h*! +1 square matrices. Imposing the invariance
of the Kéhler potential (5.36) under this transformation, i.e.

5/9/\520, (5.41)
X
we are lead to the constraints

T=-0", s=87, R=RT, (5.42)

so the isometries are contained in the symplectic group Sp(2(h*! + 1),R). However, as
we are considering a Calabi-Yau manifold, we know that the sections G i are related to
ZK through a prepotential G(Z) as Gx = 0G(Z)/0Z*. Therefore, in the ansatz
the transformation dG i is not independent of §Z K but we have to require

_ 0Gk
YA

As G is a homogeneous function of degree one, we have G = (0G/0ZF)ZL. We
then infer from (5.43)) that [136]]

G VA (5.43)

0=GT0Z+G"RG-2T8Z2-7"T@G. (5.44)

9The identification of with the metric can be made by noting that x, = 9.7Q + (0,-K*)Q as
well as that [, 8.-QAQ =0.

20Strictly speaking, should be invariant up to Kéhler transformations, but we will ignore those in the
present analysis.
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Furthermore, to leading order in the large z"-expansion, for Calabi-Yau threefolds the
prepotential G(Z) is given by (5.34). The solution to in this case can be found
in [136] which we briefly recall. In particular, the matrices Q,R,S and 7 appearing in
can be parametrized as

K _ ™K 5 ag
QL— (T)L_(br Brs_i_éﬁ(er)’

(0 0 ke (0 0
Sk = (o dmbt>’ RE= (o gmstat)’

with 8, b", a;, and B" ¢ constant parameters. The matrix B" is subject to the constraint

(5.45)

BT(sdtu)v =0, (546)
where (- - -) denotes symmetrization and the constants a are constrained by

S
where E; ow

0=asE;

tuvw >

= (v dy(tud'uw)z - 6S(tdu'uw) . (547)

With this information, we can compute the transformation of the projective coordinates
z" introduced in (5.35). Employing (5.45) as well as (5.35), we find [136]

2 1 ;
02" =b" — 3 Bz2" + Bg2% — 3 R","2%2ta, , (5.48)
and we note that the condition (5.47) implies that R";"a, is constant.
To promote the symmetry of the complex structure deformations 2" to a symmetry
of the full hypermultiplets, and hence to isometries of the quaternionic space, we follow

again [136]. First we note that the period matrix M appearing in the action (5.29) (as
well as in equations (5.24)) satisfies the relation

Gx = Mg Zb . (5.49)
From the transformation of (Z%, Gk ) shown in (5.40), we infer that M transforms as
M=S+TM—-MQ—~MRM. (5.50)

Requiring the kinetic term of the scalars (%, £x) in (5.29) to be invariant implies the

following transformation
EK QK L RKL ) (gL)
Y ) = > 5.51
’ (51{ Sk Tx* L) 5:51)
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which also leads to the invariance of the (X d{x — xd¢¥) terms and agrees with [136].
Hence, just like (Z%, G ), the (€5, £) form a symplectic pair.

Finally, we should add that the hypermultiplet space in general possesses more sym-
metries than the ones described here, for instance the Heisenberg algebra of isometries
(which include the Peccei-Quinn shifts on (¢, 3 ) that act on the coordinates (¢5 3 K)
and a only. Furthermore, there are additional isometries that act non-trivially on the
volume V and the axion a — for a complete classification see [136]. Including these in a
Scherk-Schwarz reduction would be an interesting extension of our work. We will not
consider them in our present discussion.

5.3 Scherk-Schwarz reduction to four dimensions

In this section, we compactify the five-dimensional theory given by on a circle
of radius R. In addition we impose a non-trivial dependence on the coordinate of the
circle. Such a setup was studied first in [118] and, without hypermultiplets, further
worked out in [64].

5.3.1 Ansatz for the compactification

To perform the compactification from five to four dimensions, we split the five-dimen-
sional coordinates as

p=0,..,4,

o — M
{z} — {a, 2}, L=0...3

(5.52)
where z denotes the coordinate of the circle normalized as z ~ z+ 1. The dependence of
the five-dimensional scalars v and the five-dimensional vectors A* on the coordinate
z is chosen in the following way

0.4 = MApUB | 0, A% = MARAP | (5.53)
where M 5 satisfies (5.32). These expressions can be integrated to obtain
A A
vA(2) = [exp(Mz)} VP, AA(z) = [exp(Mz)] AP, (659)

where the exponential of a matrix is understood as a matrix product and where only the
z-dependence of the fields is shown explicitly.

Clearly, the fields are not periodic around the circle, but are related to each other by
the duality transformations generated by M. These duality transformations form
a group G, and therefore one should have

exp(M) € G. (5.55)
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Classically, the group G is taken over the real numbers, and hence the entries of M can
be taken as arbitrary real constants. They are related to the masses of the fields, and
are treated as continuous parameters which we can take arbitrary small values — or at
least values smaller than the masses of the Kaluza-Klein modes that we neglected. In
the quantized theory, we expect the duality group to be defined over the integers, and
hence the masses will be quantized in some units. This could lead to complications in
the truncation of the theory to the lightest modes, which we will ignore in this chapter.
For discussions on this issue for toroidal compactifications, see for instance [116} [121]].

Turning to the hypermultiplets, for the dependence of the scalars (%, ) on the
coordinate z of the circle we take

K K KL L
(6) = G me) (&) 5%
£x Skt Tk 193
and for the complex structure moduli 2" we choose in a similar fashion
2 1 .
0,27 =b" — 3 Bz + Bz — 3 R la,z°z' =N". (5.57)

The finite version of these transformations can easily be written down for (¢, £ ). For
z", one first expresses them as transformations for the sections Z K after which one can
integrate. We choose d.a = 0,V = 0.

Note that, since we have chosen the dependence of the fields on the circle coordinate
z such that they correspond to Killing vectors of the five-dimensional theory, the full
action does not depend on z and so we can evaluate the terms at a particular reference
point, say 2y = 0.

For the five-dimensional metric, we make the following ansatz for the dimensional
reduction

-1 240 A0 __ P2 40
G — ( R, + RPAJA) —RPA) > ’ (5.58)

*RQ AO R2

where g,,,, is the four-dimensional metric, R is the radius of the circle and where the
four-vector Af will become the graviphoton. The factor R~' is chosen such that we
end up in Einstein frame. For the five-dimensional gauge fields appearing in the action

(5.29), we choose
Ay = Al +b4(dz - A%) (5.59)

where we added subscripts to distinguish between five- and four-dimensional quanti-
ties. Using the above ansatze within the action (5.29), one can perform the dimensional
reduction.
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5.3.2 Reduction to the four-dimensional action
Computations

To perform the dimensional reduction of the five-dimensional action (5.29), we note that
the inverse of the metric (5.58)) reads

i R gt RAYH
A _
g ( R A0V R_Q—I—RASAOP ) ) (5.60)

where A%# is the graviphoton with indices raised by the inverse of the four-dimensional
metric g,,,,. The determinant of §;; is given by

det 9o = R72 det 9uv - (561)
For the five-dimensional Ricci scalar, we then find
1 1 3 R3
/ fR(5)*51:/ = Ry *11— =dlog R Axsdlog R — —— dA° A %ydA”| .
R4.1 2 R3.1 2 4 4
(5.62)

Under the symmetries (5.31) discussed in section due to equation (5.32), the vol-
ume V is independent of z and so we have chosen 0,V = 0. Upon dimensional reduc-
tion, the corresponding term in the action keeps the same form, i.e.

1 1
/4 [4dlogV/\*5dlogV} :/ [4d10gVA*4d10gV . (5.63)
R4:1 R3,1

However, for the scalars v there is a non-trivial dependence on the coordinate z of the
circle, which we have specified in equation (5.53). This leads to

1
/ [ “Kape vCdv? A xsdv® }
R4>1 4

(5.64)
1 1
= / |:4/CA30VCDVA/\*4DI/B—|—W)’CABcl/C(MADVD)(MBEVE) *q4 1|,
R3.1
where we have defined
DvA =dv? + A°MARLB . (5.65)

The computation for the remaining five-dimensional scalar fields in the action (5.29) is
completely analogous. On the other hand, the reduction of the five-dimensional vector
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fields is non-trivial. In particular, using (5.53)) and (5.59), for the kinetic term one finds

1 1
/ |: — (ICAB(,'I/C - = ICACDVCVD/CBEFVEVF) dAé-)) A *5dA(’%)
]R4,1

4 4
1 C 1 C. D E_ F
= *(’CABCV **}CACDV 14 ICBEFZ/ 14 )X (566)
R3:1 4 4
A B 1 A B
x (RF(4) AxaF ) + 35 DV A xiDb ) ,
with the definitions
A A A A A A
Fily = dA) — MAgAf) N A°, Db = db* — MAp (AL, —bPA%) . (5.67)

For the Chern-Simons term in the five-dimensional action (5.29), employing the con-
straint (5.32), we find in agreement with [64]

1 A B C
/]RLL1 |: - E ’CABC dA(5) A\ dA(S) A\ A(5)

1 1
= /R N { — g Kanc Fy N MPp AQy NAGy = £ Kapcb® Fi) A F() (5.68)

1 1
+3 Kapcb®b“dA® A F) — o Kapcb2bPbCdA® A dA°

Standard form of N’ = 2 gauged supergravity

Let us now bring the above results into the standard form of A = 2 gauged supergravity
in four dimensions, which was given in section For ease of notation we will drop
all subscripts indicating four-dimensional quantities since this will be clear from the
context.

e The Einstein-Hilbert term shown in equation (5.62) is already in the standard form.

o Concerning the scalars v4 and b4, we first define fields ¢ in the following way
1
¢t = Rv*, R = < Kapc¢6P ¢ (5.69)

where we have included the constraint (5.30) in terms of the ¢“. Collecting then
all kinetic terms involving ¢ and b* from above, we can express them as

/ {gAB DtA A%, DE° | | (5.70)
R3.1

where we employed the definitions (5.77) as well as (5.78).
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For the four-dimensional vector fields A4 and A°, we first recall the definitions
(5.83) and (5.84) for the combined field strengths and structure constants, respec-
tively. Next, we note that the period matrix derived from (5.81) reads

ImNap = —4R3gap , ReNap = —Kapcb©,
ImNAo = +4 R3 gABbB , RGNAO = +%]CABchbC , (5,71)
ImNy = —R? (1 +4gABbAbB) : ReNoo = —1 KapcbAbPbC .

With A, = 0,..., kb1, the kinetic and topological terms for the vector fields are
then expressed as

1 1
/ [+4 ImNys FA A FE + 1 ReNas FA A FE] . (5.72)
R3,1

In equation (5.68), there is one term not contained in (5.72) which can be brought
into the following form

1
/ [— AAMAE N AC A dADicBCD} . (5.73)
R3.1 6
For the hypermultiplets, we first note that the reduction from five to four dimen-
sions is very similar to the one presented in (5.64). Defining then
V=e2, (5.74)
one arrives at the kinetic terms given in (5.85).

Let us finally comment on the scalar potential. As one can see for instance from
(5.64), the non-trivial dependence of the scalar fields on the circle coordinate z will
lead to a scalar potential in four dimensions. Collecting these terms also for the
remaining scalar fields, one arrives at the potential given in (5.3.2).

In particular, the four-dimensional action takes the form
1 1 1
542/ 7R(4)*41—|—*ImNAEFA/\*4FE+7R6./\/'A2FAAFE
R3.1 2 4 4
- 1
— gap DtA A%, DT — : AAMAB A AC ANAAPKpep (5.75)

_huquu/\*4qu -V )
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where A,Y = 0,...,h%! while A, B,... = 1,...,h"!, and where we have omitted all
labels indicating four-dimensional quantities. We have furthermore defined

¢t = R, V=e2, (5.76)
as well as the complexified Kdhler moduli and their derivatives
tA =bA +igh, DtA = dt* — M (AP — 1B A0) | (5.77)

where b# appeared in (5.59). The Kahler metric g5 is written as

1 KaKp
94B =~ 3 </CAB Y ) ) (5.78)
where we have employed the following notation
Ka=Kapco®o“ Kap =Kapco® (5.79)

with K4 ¢ the triple intersection numbers defined in (5.8). Using these as well as (5.76))
in the constraint (5.30), we also find

R = é Kapod?656C . (5.80)

The metric (5.78) is a special Kéhler metric and can be derived from the prepotential of
section 2.3.7]
1 XAXBXxC

F=—-—=Kagc

3' T B A,B,C == 17...,h171 3 (581)

where we employ coordinates {X°, X4} with X4 = X%¢4. The corresponding Kéhler
potential reads

ovee = —1og[¢YAFA _ iXZFZ] = —log [8R3] (5.82)

where due to the symmetries of the theory we can set X? = 1. The expressions for the
period matrix Ay are given in (5.7I), and the field strengths appearing in (5.75) are
written as

1
FA =AM + 5 fAspAZ A AT AY,T=0,...,h" . (5.83)
The structure constants are [64), [118]

fPap=0, fCap=0, fPao=-MP,, (5.84)
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and they define the gauge group which we elaborate on in the next subsection.

We mention here that gauge invariance of the action requires the presence of
Chern-Simons-like terms, which are inherited from the five-dimensional Chern-Simons
term. These arise when the matrix Re V. transforms nontrivially under the action of
the gauge group, in such a way that it needs to be compensated by an additional term
in the action, the last term on the second line in (5.75). The existence of such terms in
gauged supergravity was found in [38], and in the present context it was discussed in
[64]. Some further applications of these terms in the study of N' = 2 supersymmetric
vacua can be found in section3.3.1]

Turning to the hypermultiplet sector, we find that it is described by

huwDyuq“D*q" = Gy D,2" DFZ° + 0,0 0" ¢

4¢ - - ~ -
n eT (@a + 8D, Ex — gKD#gK) (3“(1 +elpré, — fLD“gL) (5.85)
e2?

5 (ImM)_lKL (DMQ:K — MKPDM§P> (D“EL - MLQDqu) )

where © = 0,...,3 and G,5 has been introduced in (5.38). The covariant derivatives
appearing here are

Dz =08,2" — N"A, D, (2) =0, (g) - N <§) A9 (5.86)

where V" had been defined in (5.57), where appropriate indices for (¢, £) are understood
and where the matrix N is given by

K RKL
N = (?KLL TKL> . (5.87)

Finally, the scalar potential can be expressed in the following way

(9]

g () () o (%) 5 )

1
~am (

e4¢

1 s
V= mNN G+ 7

MAc¢%) (MBpé®) Kap ,

where matrix multiplication with correct contraction of indices is again understood. We
will study the properties of this potential in section 6.



100 CHAPTER 5. NEW POTENTIALS FROM SCHERK-SCHWARZ REDUCTIONS

5.3.3 Gauged N = 2 supergravity formulation

The ungauged part of the Lagrangian is already written in the usual form of
four-dimensional ' = 2 supergravity. The only changes we have to explain are the
modifications due to the gauging, in particular the covariant derivatives for the scalars,
and the scalar potential.

The covariant derivatives are given by

Dug" = 0,q" + kj AL Dyttt = 9t* + kR ALY (5.88)

where the quantities k% and k{ are Killing vectors on the quaternionic and special
Kéahler spaces, respectively. For the scalars t* in the vector multiplets, from (5.77) we
read off that

kit = MApt" kp=—-M"g,

which means that on the special Kéhler space defined by (5.81), the isometries we are
gauging are given by
§th = —M*pa® + M pt"d" (5.89)

for some arbitrary parameters a® and a”. That these are indeed isometries follows from
the analysis of the special Kéhler subsector of the hypermultiplets given in (5.48), which
is completely analogous. Here, the symmetries correspond to the first and third
term in (5.48), namely a shift in t4 and a linear transformation with a matrix satisfying
(5.32). The gauge group is thus a subgroup of the duality group of isometries on the
special Kdhler manifold. This duality group contains the one from the five-dimensional
theory, but in four dimensions it gets extended to a larger group [136]. The structure
constants of the gauge group are given by (5.84), and define a solvable Lie algebra which
is the semi-direct product of two Abelian subalgebras of dimension one (graviphoton)
and A (the other vector potentials) [64)][118].

The isometry group for the hypermultiplets can easily be read off from (5.86). It is a
U(1) group, though realized non-linearly on the scalars. The gauge group acts on it only
via the graviphoton.

The explicit form of the scalar potential is given in (5.3.2), and can be written in the
standard form of A/ = 2 supergravity@

V=268 (4 huo KSR + gap kA RE ) XAXY (5.90)

2I'The overall factor 2 compared to the potential of section is due to the different normalization in (5.75).
When rescaling the four-dimensional metric in (5.75) as g — 5g, one arrives at the form of section
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where V¢ and g4 were defined in (5.82) and (5.78). In the general expression (2.72) for
the A/ = 2 scalar potential, there is an additional term proportional to the quaternionic
moment maps (see e.g. [28, 56])

VP =2 (gAE A - SLAZE>PKP§ : (5.91)

These moment maps in turn are proportional to a covariant derivative on k%. However,
as can be seen from (5.86), the hypermultiplets are only gauged with the graviphoton
Ag. Therefore l;;}{ = 0 for A # 0 and their covariant derivative also vanishes, so Py = 0
for A # 0. The only term in that can contribute is the term with A = 0. We
then utilize that the vector geometry is specified by (5.81), from which one calculates
gABfo f2 —3L°L% = 0. Combining these properties, one finds that V" = 0. This
analogue of the N = 1 no-scale property reduces the full scalar potential to (5.90).

To see that reproduces our scalar potential, we use k3 X* = 2iM“4 5 X5, and
as implies K4 M4 g¢P = 0, with the help of we find

B 1
2N gap kAKE XAXE = —TRGICABMACQSCMBMSD. (5.92)
Employing the expressions for the covariant derivatives of the hyperscalars above, it is
then straight-forward to check that (5.90) reproduces (5.3.2).

5.4 M-theory on twisted seven-manifolds

The Scherk-Schwarz reduction described above, yielding the gauged supergravity La-
grangian (5.75), can also be obtained from a compactification of eleven-dimensional
supergravity on a seven-manifold. This point of view had also been taken in [64] for
the vector multiplets. We will briefly review and extend this procedure in the present
section to also include the hypermultiplet sector.

The seven-dimensional space we are going to compactify on, denoted by Y in the
following, is chosen as a fibration of a Calabi-Yau three-fold X over a circle S*.

X =Y
{ (5.93)
Sl

The coordinates of X will be denoted by y and the coordinate z of the circle is again
normalized such that z ~ z + 1. At a particular reference point zo = 0, we choose a
basis of harmonic two- and three-forms of the corresponding Calabi-Yau three-fold as
in section We then must indicate how this data changes when moving around the
circle.
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In words, this can be explained as follows: instead of specifying the z-dependence in
the coefficient functions (i.e. the five-dimensional fields) as we do in the Scherk-Schwarz
reduction, we can move the same z-dependent terms from the fields into the basis of
two- and three-forms of X'. This produces a non-trivial seven-dimensional manifold of
the type (5.93), which by construction is equivalent to the Scherk-Schwarz reduction.
We now explain this in some more detail.

Cohomology

Let us begin our discussion with the cohomology of the compactification space Y. Anal-
ogous to the harmonic (1, 1)-forms on X’ we introduce

Qaly, 2), A=1,... A (Xx). (5.94)

The dependence of w4 on the coordinate z of the circle is taken as

waly, z) = [exp(zMT)L‘B wp , (5.95)

where the exponential of the matrix (MT) 4 is understood as a matrix product and wp
is a basis of harmonic (1, 1)-forms on the Calabi-Yau three-fold at a particular reference
point 2o = 0. The matrix M 4 is not arbitrary but, as explained in [64], has to satisfy
the constraint shown in (5.32). Infinitesimally, the relation (5.95) can be written as

doag = (MT) 4Bl Ndz, wp(y,0) =wg , (5.96)

so we see that in general the forms w,4 are not closed. Their non-closure will be the
origin of the gaugings in the resulting four-dimensional action. The triple intersection
numbers for the Calabi-Yau three-fold in the present context are given by

/CABcE/of)A/\of)B/\(Dc/\dZZ/OJA/\OJB/\LUCZICAgc, (5.97)
y X

where the second equality follows by using (5.32).
Analogous to the second co-homology, for the third co-homology group we intro-
duce

{ak(y,2), B (y,2)} , K,L=0,....h%(X). (5.98)

Their dependence on the coordinate z of the circle is chosen as

(5 ) =lewenn] () (599
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where the matrix N was defined in and proper contraction of indices is under-
stood. Furthermore, {ax, 3%} denotes the basis of harmonic three-forms on the Calabi-
Yau manifold at a particular reference point zo = 0, and the minus sign has been chosen
to match the results from the previous section. Infinitesimally, we can express as

(o (Yo (EN() o

where proper contraction of indices is again understood. Finally, using (5.10) and (5.99),
one can show that

/aKABLzaKL, /dKAaL:O, /BKABL:O. (5.101)
X X X

Dimensional reduction

For the dimensional reduction of the M-theory action (5.6) on the seven-manifold )} we
make the following ansatz for the space-time metric

ds?) = e3?R1g,, da'da” + e3? R2(dz — A%)® + Grpndy™dy"™ (5.102)

where R is the radius of the circle satisfying (5.80), A° denotes the graviphoton one-
form and G, is the metric of the Calabi-Yau threefold, whose fluctuations depend on
v# and 2". For the three-form potential C5 we consider an ansatz similar to [64] but are
more specific about the sector corresponding to the hypermultiplets. In particular, we

consider
Cs=c3+ BA(dz— A%) + (A* — b2 A A dog + bAoA Ndz+ Cs 5103)
Cs =V2&8ax —V2Ex X, .

where c¢3 is a four-dimensional three-form, B denotes a four-dimensional two-form,
A4 are one-forms and b* as well as (X, ¢k ) are scalars in four dimensions. For the
corresponding field strength Fy = dC's, employing (5.96) as well as (5.100), one finds

Fy= des+dBA(dz —A°) = BAF+ F*Noa —bAFO Aoy

T T A 5.104
o) - (O wreefn () T
3 § —p
where F? and F'4 are defined in (5.83). Using the above ansitze in the eleven-dimen-
sional action (5.6), one can perform the dimensional reduction. However, to make con-

tact with (5.75), we have to dualize B to a scalar a and c3 to a constant e, chosen to be
zero. A non-zero choice for ey would correspond to a non-trivial z-dependence for the

+Db* Awan(dz — A) + V2
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five-dimensional field a in the Scherk-Schwarz reduction of section which we did
not consider. Taking into account these remarks, we then recover the four-dimensional
action (5.75), as we have checked explicitly.

5.5 Truncation to A = 1 supersymmetry

We now perform a truncation of the theory studied in section[5.3.2)from V' = 2to N = 1
supersymmetry. To motivate this truncation, we note that M-theory compactifications
on seven-manifolds of the form X x S! can be related to orientifold compactifications
of type IIA string theory [137]. In particular, consider M-theory on

X 1

AxS (5.105)
(Ua 71)

where 7 is an anti-holomorphic involution acting on the Calabi-Yau three-fold X and

where (—1) acts on the circle coordinate as = — —z. Upon dimensionally reducing on

S1, the resulting theory is type IIA string theory on

X
where Fp, is the left-moving space-time fermion number and 2 is the parity operator
on the string world-sheet. The quotient notation here means that one keeps the string
states which are invariant under the action of (—1)/~Q&. Motivated by this observation,
in the present work we will impose a truncation similar to (5.105).

We also observe that & being anti-holomorphic means that *Q2 ~ Q, where () is
the holomorphic three-form of the Calabi-Yau manifold and @ * denotes the action of &
induced on the cohomology. Utilizing the relation

QAQ~TANTAT, (5.107)

and applying 7 * to both sides, we infer that the Kihler form J has to be odd under the
anti-holomorphic involution & *.

5.5.1 Defining the truncation
Cohomology

To define our truncation, we first consider an involution & acting on a Calabi-Yau three-
fold X. The action @ * induced on the cohomology groups of X splits them into even
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and odd sub-spaces. In particular, the basis of harmonic (1, 1)-forms introduced in (5.7)
can be separated as

E*wa:—i—wa, a:l,...,h}’_’l, (5108)

_ 1,1
0 Wy, = —Wwqg , a=1,...,h>"

where hi’l + kY = h11. Since the Kahler form is odd under 7 *, also the volume form
on X is odd. Thus, some triple intersection numbers have to vanish which leads to

Kapy = Kape =0, Kab =0, Ko=0. (5.109)

For the basis of the third cohomology group of X introduced in (5.9), we similarly

observe
Trap = tay , g*pk = —pF |
o g - b b (5.110)
gray = —ax, BN = 4B,

where the indices k and ) jointly range from 0 to h*!'. For the period matrix M intro-
duced in equations (5.24), from (5.110) we then infer that

RGMN,\ZO, Re./\/l}d:(), Ika)\:ImM,\kZO. (5111)

Truncation of vector multiplets

Motivated by our discussion at the beginning of this section about ordinary M-theory
compactifications, we will truncate our N/ = 2 supersymmetric theory by

S =(a,-1), (5.112)

where 7 is the anti-holomorphic involution considered above and (—1) acts on the circle
coordinate as z — —z. As noted below (5.107), the K&hler form J is odd under & *, which
we extend to every point on the circle:

S =-J. (5.113)

In terms of the expansion J = vA(2)wa E] we find that equation (5.113), evaluated at
z = 0, yields v*(0) = 0 and therefore, using (5.28) and (5.76), we find

¢*(0)=0. (5.114)

22To keep our notation short, we suppress the dependence of the fields on z# but only indicate the depen-
dence on the circle coordinate z.



106 CHAPTER 5. NEW POTENTIALS FROM SCHERK-SCHWARZ REDUCTIONS

For general values of z, we employ (5.54) and (5.28) to express J as
B
J(z) = v*(0) {eZMT} wg . (5.115)

a

Inserting this expansion into (5.113) leads to the constraint that M ¢, = 0. Concerning
the vector fields A4, we require that the M-theory three-form C's, given in (5.14), satisfies

S°C5 =40 . (5.116)

In particular, the term involving the five-dimensional vector fields Aé) has to be even

under 3. Performing a similar analysis as for the Kihler form at z = 0, and using
equation (5.59), we obtain

() =0, b*(0) = 0. (5.117)

Furthermore, requiring Aé) Awa tobe even under % for all values of z and employing
(5.53) implies that Mg = 0. We thus arrive at

A (0 M
M B_(M% e (5.118)

Finally, recalling the five-dimensional metric (5.58) and requiring it to be invariant un-
der the action (5.113), we see that the graviphoton A° is projected out, that is

A =0. (5.119)

Truncation of hypermultiplets

To define the truncation of the hypermultiplets, let us consider the action of the anti-
holomorphic involution on the holomorphic three-form Q. Similarly as in [138], we
write

70 =¢29Q (5.120)

where © is a constant phase. As for the Kdhler form, we extend (5.120) to ¥ in the
following way

TN =e¥90. (5.121)

Employing then the expansion of 2 given in (5.11), at z = 0 the relation (5.121) implies
that Im(e~*®Z*(0)) = 0 and similar relations for Z*, G}, and G,. However, for later
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convenience, let us introduce the compensator C, which is defined in terms of the four-
dimensional dilaton ¢ and the Kahler potential (5.36) for the complex structure moduli

C=e %N"/2e719 (5.122)

Noting that ¢ as well as K are invariant under ¥, equation (5.121)) can be brought into
the form " (CQ) = CQ, whose implications at z = 0 read

Im(CZ*(0)) =0, Re(CGL(0)) =0,

(5.123)
Re(CZ*0)) =0, Im(CGA(0)) = 0.

As carefully discussed in [138], the equations on the left in project out h?! real
scalars, corresponding to half of the complex structure deformations. The set of equa-
tions on the right should not be interpreted as further truncations, but as constraints on
the triple intersection numbers d,,; in (5.34).

Next, requiring again Cs in the M-theory three-form Cs of to be invariant
under 3" leads to

&MN0) =0, £ (0)=0. (5.124)
To study the five-dimensional three-form ¢3 in (5.14), we write
3 =C3+Co Ndz (5.125)

where C3 and C, respectively are three- and two-forms in four dimensions. Since ¢é3 has
tobe even under ., we see that Cs is projected out. Furthermore, Cs in four dimensions
is dual to a constant ey, which in the analysis of section and we have chosen to
be zero. Therefore, the contribution of ¢3 in the truncated theory vanishes, that is

a=0. (5.126)

Combining then all these constraints, we see that 2?1 out of the 4(h*! + 1) original
hyperscalars survive the truncation. We will later show that these remaining scalars
form chiral multiplets and that their target space is Kahler.

Finally, in the above analysis we studied and at z = 0. To satisfy these
constraints for all values of z, additional restrictions on the matrices Q, R, S and T

introduced in (5.40) arise. In particular, employing (5.40) as well as (5.56), in a similar
fashion as in (5.115) one obtains

le:(]’ Q)\p:(), Rk)‘:R/\k:O,

l (5.127)
T =0, T =0, Sy =8 =0
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5.5.2 Performing the truncation

After having specified the truncation of the fields appearing in the N/ = 2 theory (at
the point z = 0), we can now apply these results to (5.75). Note that this action was
obtained by evaluating all five-dimensional fields at a particular reference point zy = 0.
Employing the results from section[5.5.1} we then find

1 1 1
S:irunc. = / |: 5 R(4) *4 1+ Z ImNaﬁ dA% A *4dAﬁ + Z ReNag dA* A dAﬁ
R3.1
51
— gab Dt* A5y DT — g ATML A AT A dA° Kpys (5.128)

— G’I7 dMI A *4dMJ _ Vtrunc.

Kinetic terms

In the present case the covariant derivative acting on the complexified Kahler moduli ¢*
takes the form

Dt® = dt® — M5 AP . (5.129)

Furthermore, using the explicit formulas for the period matrix A" given in (5.71) as well
as (5.109), the gauge kinetic function for the vector fields is found as

fap = —iNag =iKapt®, (5.130)

which is holomorphic in the chiral fields, as required by V' = 1 supersymmetry.

The next step is the reduction of the hypermultiplets. Since the graviphoton A° is
projected out, the hyperscalars become uncharged. For the truncation of the hypermul-
tiplets from A" = 2 to N = 1, we can thus refer to the existing literature. In particular,
employing the results of appendix C in [138], the kinetic terms for the hypermultiplet
scalars are given by

- Gy dAMT A xgdM7 (5.131)
R3.1
where M1 = {N* T\} collectively denotes the chiral fields
1 ~
N* = 55’“ +iRe(CZ%) , Ty = iéx — 2Re(CGY) . (5.132)

The metric G5 = 8, ,,05;7K< in (5.131) is Kéhler and the corresponding Kahler poten-
tial £ is given by [138]

K?Q = —2log [2 / Re(CQ) AxgRe(CQ) | . (5.133)
X
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Potential

We now turn to the truncation of the scalar potential (5.3.2). For the scalars ¢ we
employ (5.114) and (5.118) to find

VO = e (M7 ) (M746) Ko 5130

For the truncation of the terms involving £ and € we use (5.124), (5.127) and (5.117).
These merely imply that we have to restrict the index ranges of £ and ¢ in (5.3.2). For

later convenience, we express this result as
T 2
(§) NTA (5> 7 (5.135)
§ 3
T

o __ & () yr &) | e
Ve - 233(§> NTIN (&) +
= (ﬂ) (tm M)~ (ﬁ) , A= (_01 é) . (5.136)

where we have defined
As mentioned, these formulas are understood with the restrictions (5.124)), (5.127) and
(5.111) applied.

To make the truncation of the potential for the complex structure moduli 2" more
feasible, we first define

(ImG)LNZN (ImG)KMZM

= 2(ImG)x — 2 )
Gux =2(ImG)x ZN (ImG) y 1 ZM

(5.137)

)

with Grx = 907Gk and where (Z*,G ) are the holomorphic sections introduced in
equation (5.11). Recalling then (5.57) as well as that 2" = g—;, we can write

VO = — NN G5
e (5.138)
(—CZKTKL + C’GKRKL> Grar (QMNCZN n RMNCGN),

e
o R3|C|?
where the restrictions (5.123) and (5.127)) are understood. Note that to arrive at the sec-

ond line in (5.138) we utilized G,k Z = 0, and that the compensator C was introduced
in equation (5.122).

5.5.3 Superpotential and D-terms

We will now bring the potentials (5.134), (5.135) and (5.138) into the standard form of
N = 1 supergravity, which was discussed in section The scalar potential is given
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by

v =2¢5(GHDWDST = 3W ) + (Ref) " DaDy = VetV (5139)

where we use M1 = {N* T\,t*} to label all chiral fields in the theory. Here, the Kahler
covariant derivatives reads D;W = 0;W + (0;K)W, Re f3 is the real part of the gauge
kinetic function and D, are the moment maps associated with the gauging of
the chiral multiplets. The Kéhler potential K in is the sum of subject to the
truncation (5.114), and K9 given in (5.133),

K=K+ K9, (5.140)

D-term potential

The D-term potential arises as some of the chiral fields are gauged. In our case, as can
be inferred from , only the chiral fields ¢* arising from the projection of the N' = 2
vector multiplets are gauged. We will therefore show that their potential term is
given by the D-term potential.

To find an expression for D,,, we can use the truncation of the original moment maps
Py on the special Kdhler space, given in [118]. We then obtain

1
“im

Noting that the Killing vectors after the truncation are given by k% = M?®,, we see that
the D,’s obey

Dy = i(M7T)y" 01KV = M"Y Ky . (5.141)

ks = —ig™ 05Dy | (5.142)

as 0;0,KV°° = g 3, and they are therefore moment maps for the Killing vectors k3.
Notice furthermore that the gauge group has now become abelian, G = U (1)"141,
since the Killing vectors are constant and hence commute. However, as we will analyze
in section the gauge group can be broken further due to a Higgsing of the gauge
fields.
Contracting then equation (5.32) with ¢*¢¢ and restricting the index A to «, we find
KoM®, = —2KaMP,¢%, which allows us to bring into the form

1
_ B a
Do = 575 KapM?ud" .

23 Again, there is an overall factor 2 with respect to the standard literature; see footnote
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Employing finally the expression (5.130) for the real part of the gauge kinetic function,
thatis Re fo3 = —K.3, we arrive at

Vp = (Ref) " DaDy = M. ¢°) (MP3¢?) Kap =V (5.143)

1
“are
So indeed, as expected, in the truncated theory the potential term for the fields ¢“ is a
D-term potential.

F-term potential

Next, we turn to the F-term potential. As the chiral fields (N*,Ty) are ungauged, the
contribution to their scalar potential terms has to come from the superpotential W. We
will now show that indeed their potential, V(2 + V), is described by

W= %UTANL{.

We remind the reader that A was defined in (5.136), the twisting matrix N had been
introduced in (5.87) and the restrictions (5.127) are imposed. Furthermore, we have
combined the chiral fields N* and T into the vector

- (%Nk) _ (z ¢F — 2Re(CZF)

> — iU+ U . 5.144
Ty ifA—ZRe(CGA)) 1 e (5:144)

To show that this superpotential (5.5.3) reproduces the scalar F-term potential, given
by V() 4+ V) we first notice that

W =0, 0K G 05K =3, (5.145)
which reduces Vr in (5.139) to
Vi = 26K ( GﬁDIWD7W> : (5.146)

with I labeling (T, N*). Next, we recall from [138] the expressions for the inverse

Kéhler metric G which are given by
GTTr = _9e26 [ImM + (ReM)(ImM)—l(ReM)} N

— k
GO = o2 [(ReM)(ImM)’IL , (5.147)

S~ 1 kl
GNkNl = —5 e_2¢ [(Im/\/l)_l} )
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where in the present case (5.111) implies that some entries of ReM and ImM are van-
ishing. Furthermore, we have the contractions

N K = —(NF - W), GO O K= ~(Ty+Th) . (5.148)

Employing the above expressions as well as (5.82) and (5.133), one can bring equation
(5.146) into the following form

szi; UL NTAT H—l_M ANUg
R UL TIUR R UETTUR (5.149)
UTANU;)? ‘
UINTATITT'ANU @i ANUr)” ]
+ I 1+ u}j%" HUR )

where Ur and U; had been defined in (5.144) and the matrices IT as well as A had been
introduced in equation (5.136). To proceed, we compute

UETIUR = —4|C)? ZK (ImM) e ZF = 272, (5.150)

and, by carefully taking (5.123) into account, one finds

- Un UL 1 - 77" (11 )T
| et S —(I 1 e B 5.151
“ Uy (M> ( (ImM)™ +a ZT(ImM)Z> M) o OB

where our case of interest is @« = 0 and o = 1. With these relations, from the terms
involving U; one can now reproduce the potential V) for the fields ¢ and €. For the
remaining terms, we note that the period matrix M can be expressed using the matrix
GLK = 3ZL GK as follows

(ImG)K]wZJM ZN (ImG)NL
ZT(ImG)Z

Mg, = éKL + 21 (5.152)

Employing then the relation (5.43), one can bring the terms involving U into the form

(5.138).
In summary, we have outlined how the superpotential (5.5.3) indeed reproduces the
scalar potential V() + V().

5.5.4 Connection to manifolds with G, structure

In this subsection, we indicate a connection of the truncated theory studied above to
compactifications of M-theory on seven-manifolds with G, structure. A manifold has
Gg structure if its structure group is contained in G, and if they feature a globally
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defined, G>-invariant, real and nowhere-vanishing three-form &. In our present setting,
we define the three-form ® as

® =+v2RV™5 J Adz+4Re(CR) , (5.153)

although we will not show that this actually defines a G>-structure. Using (5.153), one
can express the Kihler potential (5.155) and the superpotential (5.157) in the following
way

K=-3In (;/fb/\*@), W:é/(\/i03+i<1>)/\d7(\/503+i(1)). (5.154)
Yy y

These formulas agree with the those in the literature of M-theory on manifolds with
Go-structure [138-142].

To verify that the expressions in indeed reproduce the Kihler potential and
superpotential of our truncated theory, we first note that the sum of and
can be brought into the form

K = —log [8R*] - 2log [QvéRl / Re(C9) A xRe(CR)] | (5.155)
y

Note that in the second term the integral is over the seven-manifold ) and its prefactor
arises from the zz-component of the metric by taking into account the Weyl rescal-
ing mentioned above equation (5.27). From (5.122) and (5.74), utilizing xsReQ = Im¢2,
one also finds the relation

2Vs R / Re(CQ) A*7Re(CQ) =2 / Re(CQ) AxsRe(CQ) =e?? =V . (5.156)
y X

With the help of these, one indeed reproduces (5.155) from the Kéahler potential in
(5.154). For the superpotential, we note that, employing (5.40) as well as (5.56), we
can express (5.5.3) in the following way

1
W Z/ O, A do, Q. = C5 +iV8Re(CQ) (5.157)
y

where ) is the seven-dimensional space given by and Cs, subject to the trunca-
tion (5.124), was defined in (5.103). One then shows that the superpotential in (5.154)
reproduces (5.157).

We finally remark that in the literature on M-theory compactifications on manifolds
with G4 structure, one usually does not find D-terms. Studying this question would be
an interesting extension of our work.
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5.6 Vacuum structure

The N = 2 theory

Let us now briefly analyze the vacuum structure of the A" = 2 theory derived in section
In particular, to determine the minima of the potential we first compute

o4 9 =

DA

which means that the potential is a homogeneous function of degree three in the fields
¢“. Thus, a necessary condition for a minimum is that the potential V' vanishes. Since
the potential is a sum of semi-positive terms, each of those has to vanish inde-
pendently. Thus, the non-degenerate solutions are

—3V, (5.158)

.2 .1 ,
O;Nr:b'r _§62r+Brszs_§Rrstvavzszt7

L (€ (5.159)
! N(s)

0= MA5 4B .
Notice that, from the last two equations, the vacua are counted by the number of zero
eigenvalues of the twisting matrices NV and M. The eigenvectors of these matrices define
a finite dimensional subspace, defining the flat directions of the scalar potential. In the
orthogonal directions, the moduli are stabilized.

Of course, there are also degenerate solutions which can lead to a vanishing poten-
tial. These include configurations such as (¢*,£,)7 = 0, ¢ = 0, ¢ — —o00, R — o, or
where the matrices G,5, M and K 45 have zero eigenvalues.

Furthermore, since some of the scalar fields of the theory are gauged, a mass term
for the gauge fields A* can be generated. More concretely, one finds terms of the form

/ [ Mps AN A g A® } , (5.160)
R3,1
where A = 0, ..., k%! and the mass matrix My, has components

Map = —(M"g M)

. )
min.

+(b"MTg M), ‘min‘ , (5.161)

AB

Moa

MOO = —bTMTg Mb

min.

Here g = gap denotes the Kahler metric (5.78), b* = Re (t!) and matrix products
are understood. Note that My contains an additional term proportional to the scalar
potential, which however vanishes in the minimum.



115

The NV = 1 theory

To study the vacua of the truncated theory, we first recall the D- and F-term potential
given in (5.143) and (5.146)

V = Vp + Vi = = (M 6°) (M7 6") Kag + 26 (G D, WDV ) . (5.162)

Similarly as for the V' = 2 case, a necessary condition for minima in the fields ¢* is

! 0
0= ¢° 9

V=-3V, (5.163)

which, since (5.162) is a sum of semi-positive definite terms, implies that Vp = Vp = 0.
The non-degenerate solution to Vp = 0 is given by D, = 0 which implies

MP ¢ =0, (5.164)

whereas the non-degenerate solution to V» = 0 leads to /7 = 0. One configuration
satisfying this constraint reads

NU=0, (5.165)

where U is the vector of chiral coordinates of (5.144). Other solutions containing for
instance (€%, £,) = 0 are also possible.

For the mass terms of the vector fields we recall that the graviphoton A° as well as
the fields A® are projected out. We are thus left with

/ Mg A Nxy AP (5.166)
R3.1

where the mass matrix M,z is found, employing (5.118)), to be

Mug = —(M"g M)

o , (5.167)

min.

1,1

with the metric g, taking indices a,b=1,...,h






Chapter 6
Volume stabilization with NS5 branes

6.1 Introduction

When performing a compactification, one of the important quantities is the volume of
the internal dimensions. The scale set by the volume has important consequences for
low-energy physics, such as supersymmetry breaking and inflation, see e.g. [21} 143}
146]. However, in ordinary compactifications, the volume is usually not stabilized. It is
then the inclusion of quantum corrections that might provide a mechanism to stabilize
the moduli.

Quantum corrections

A simple example of the effect of quantum corrections can be illustrated with the univer-
sal hypermultiplet, which was shortly discussed in section This space describes
the dilaton » and three moduli x, ¢, o, and can be obtained by a compactification on
a Calabi-Yau (CY) three-fold X which has h*!(X) = 0. The metric, as presented in
section is only the tree-level result. There is a one-loop correction [80} 81], which
corrects the metric to

1 /r+2c r4+c 5

ds? = — dr’ 2¢) (dx® + d¢®) + ——(do + xdy)~ | . 1

s r2(r+c r? 4+ (r+2c¢) (dx* + <p)+r+26( o + xdy) (6.1)

The constant ¢ is given by ¢ = —%. With a typical value of h*!' ~ 100 we find

le| ~ 5. This quantum correction is therefore important when r ~ 5, and would only
be negligible when r > 5. The latter condition is equivalent to Vg; 2 >> 5, where g; is
the ten-dimensional string coupling constant and V is the volume of the CY. For large
volume and small string coupling constant this is clearly satisfied, but when one moves
to small coupling and/or small volume, these corrections can be important.
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The one-loop correction above turns out to be the only perturbative correction to
the UHM metric; all higher loop corrections can be absorbed into field redefinitions.
There are, however, non-perturbative corrections, which depend on the inverse of the
coupling constant. In type IIA and type IIB, such corrections come (among others) from
the wrapping of Euclidean D-branes and NS5-branes over cycles of the internal space.
D-branes can be seen as objects where strings can end on, but this is not the case for
NS5-branes, which makes them more difficult to study. They were first discovered as
supergravity backgrounds [147, [148]. Being six-dimensional objects, we can (after a
Wick rotation to an Euclidean brane) wrap them around a CY three-fold. These possi-
bilities give corrections to the four-dimensional effective action [149].

Volume stabilization

For type IIB flux compactifications on CY manifolds (and their orientifolds), the volume
is stabilized by non-perturbative effects, such as stringy D3-brane instantons whose
Euclidean worldvolume wraps a four-cycle in the CY. Such an instanton stabilizes the
volume of the corresponding four-cycle and therefore the associated Kédhler modulus.
The relation between the four-cycle and two-cycle volumes is known in principle, but is
complicated in practice since it requires inverting a set of coupled quadratic equations
involving the triple intersection numbers, as we review in the next section. Therefore,
although stabilization of all Kdhler moduli indeed stabilizes the entire volume of the
CY, it requires a case by case analysis to fix it at large Valueﬂ see for instance [145] for
a recent analysis.

The fact that a wrapped Euclidean p-brane can stabilize the volume of a p + 1-cycle
naturally raises the question of whether the overall CY-volume can be stabilized di-
rectly by wrapping a Euclidean fivebrane over the entire CY. From this point of view,
one could expect NS5-brane instantons to play an important role in relation to volume
stabilization E} In case such instantons contribute to the low-energy scalar potential,
they will do so with exponentially suppressed terms of the form

exp [—Snss | = exp [—QVQ} , (6.2)

S

24The situation might seem to look better in type IIA theories, since there one can stabilize the Kéhler
moduli directly at the classical level by switching on fluxes [150]. However, the Kdhler moduli are fixed again
by solving a set of quadratic equations involving the triple intersection numbers, see equation (4.36) in [150].
So to find large values for the total volume, one ends up with similar difficulties as in type IIB.

BN =2 compactifications of type IIB, one also expects D5-brane instantons to contribute. However,
after orientifold projection with O3/07 planes, the D5 brane is not BPS and therefore harder to analyze.
Furthermore, we look for a mechanism that also applies to IIA and heterotic string theories.
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where Sngs is the (real part of the) one-instanton action, V is the volume of the CY in
dimensionless units, and g; is the ten-dimensional string coupling constant. This can be
compared to the contribution of a D3-brane instanton, of the form

vol(ya) ] . (6.3)

exp [—Sp3 ] = exp {— J

Here, vol(v4) is the volume of the four-cycle 4.

At weak string coupling constant, one expects the D3-brane instantons to dominate
over the NS5-brane instantons, such that one can safely ignore the latter. The two
exponents only are of the same order of magnitude when

vol(y) 1

For small four-cycles and weak string coupling, gs < 1, this is never satisfied. However,
there are plenty of CY manifolds which have four-cycles with larger volume than the
total volume, as we review in the next section, so some care is needed to make this
argument, especially when g; ~ 1. Similar considerations hold for compactifications
of type IIA strings on CY threefolds, in which membrane instantons arise by wrapping
Euclidean D2-branes over three-cycles.

There is another reason to be careful in ignoring the fivebrane instantons. Assum-
ing that both instantons contribute to the scalar potential in the effective action and
vol 74 <V, the exponents above can still be multiplied by prefactors to make them of
the same order, especially at intermediate string coupling g, ~ 1. We will show this
more explicitly in the next section, for values V ~ 100 (which are the typical values of
the original KKLT approach). The existing vacua of the LVS scenarios at V ~ 103 are
not affected by NS5-brane instantons. However, at smaller volumes V ~ 100, additional
vacua can arise with interesting properties.

The purpose of this chapter is to analyze the effects of NS5-brane instantons in re-
lation to the stabilization of the volume modulus. In particular, we show that under
certain conditions, the contributions from NS5-brane instantons yield uplifting terms
in the scalar potential that can lead to meta—stable de Sitter vacua. Most of the work
on moduli stabilization has focused on ' = 1 supersymmetry in four dimensions, as
they give rise to semi-realistic string vacua. In such models, like e.g. type IIB strings on
Calabi-Yau orientifolds, moduli can be stabilized by combining the effects of fluxes and
quantum corrections coming from perturbative corrections to the Kéhler potential and
D3-brane instanton corrections to the superpotential. However, the Kéhler potential is
subject to higher loop corrections in o and g, which are not known explicitly. For a
recent discussion on this, see [145] 151} 152]. As we will show, the non-perturbative
corrections of the form (6.2) also contribute to the Kahler potential, and are generically
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subleading with respect to the first perturbative corrections, but could compete with
next-to-leading perturbative corrections. For this reason, our investigations are more
meaningful in ' = 2 models, since in that case higher order corrections are absent due
to the constraints from N = 2 supersymmetry. This fact also motivated the authors of
[61] to study N' = 2 moduli potentials in type IIA flux compactifications. These toy
models can serve as good approximations for the more realistic N' = 1 string vacua.
Moreover, for N' = 2 theories in type IIA, there are some explicit results known about
the contribution of NS5-brane instantons [153H156] to the effective action for the hyper-
multiplets.

Plan of this chapter

The plan of this chapter is as follows. In section 2, we present the generic form of an
NS5-brane instanton correction to the scalar potential. We study this in the setting of
N = 1 supergravity in four dimensions, and investigate the relation with the KKLT
and LVS scenarios. In section 3, we discuss IIA strings compactified on a (rigid) CY, for
which there is some explicit knowledge on NS5-brane instantons. We investigate the
stability of the volume, and find the possibility that NS5-brane instantons can produce
de Sitter vacua. We then truncate this model preserving local N' = 1 supersymmetry,
and determine the Kdhler and superpotential.

6.2 Volume stabilization

In this section, we review certain aspects of the KKLT scenario and discuss some of
the subtleties that can arise in stabilizing the volume at large values in IIB orientifold
compactifications. We then include terms that mimic the contributions from NS5-brane
instantons to the Kdhler potential, and re-analyze the stabilization of the volume mod-
ulus.

We consider an orientifold of type IIB string theory on a CY 3-fold with O3/07
planes. The cohomology groups H 9 are split under the orientifold mapping into odd
and even forms, and hence their dimensions split as h?¢ = k%7 4+ h??. We follow the
notation of [157], although we change a few names and numerical factors.

Let us first list the various chiral fields. The field 7 contains the axion and dilaton,
and is defined by 7 = [ + ie~?1°. The fields 7; are defined by

Ty =ri+ihi —2G, i,j=1,....h%", (6.5)
where
i

L — K. a b a_ .a __ a _ 1,1
G =g kmG (@ =G, Gt =t =t ab=1. kY (66)
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The 7; capture the sizes of the even four—cycles under the orientifold projection and h;
are real fields that arise by expanding the Cy gauge field over these four—cycles. The
fields b®, ¢* are the expansions of the By and O forms respectively over the A" cycles.
Notice that the definition of (; contains intersection numbers of even and odd two—
cycles.
The four—cycles 7; are related to the two—cycles ¢ by the triple intersection numbers
’Cijk as
T, = Kijktjtk . (67)
The total volume V is only implicitly known as a function of the N’ = 1 chiral
coordinates through the relation

1 .
V= élcijkt’tit’“. (6.8)

To write the volume in terms of the chiral fields we first use the definitions (6.5), (6.6) to
find
1 B )

7= 50+ 1) = 5 Kup™W(r = 7). 6.9)

or in terms of the chiral fields
3‘ 1

2(r—7)
One then solves the quadratic equations in equation (6.7) to obtain functions t‘(7;), and

one obtains the volume V depending on the chiral fields via {T — 7, T; + T, (G — G)*}.
The type IIB Kdhler potential is given by [157, [158]

Kiar (G — GG — G)°. (6.10)

1 _
T = §(Ti +17)

K=KsUU)+Kr,T,G),

Kk = —In[—i(r — 7)] —2In [V(T, T,G) + §Im(7)3/2} . (6.1)

The Kihler potential ¥ in is the tree-level expression, together with the lead-
ing perturbative o’ correction proportional to the parameter { = —"(26;;/772)%(3), contain-
ing the Euler number x(CY) of the internal Calabi-Yau M (we use conventions where
I, =27V ). The complex structure deformations U are described by K, whose precise
form is not important. Higher string loop corrections could give a dilaton-dependence
to K(U, U), but this is beyond the approximation we are working in.

The scalar potential for a Kdhler potential X and superpotential W is given by
V= (IC“BDQWDBW - 3|W\2>7 6.12)

where the indices o, 3 run over all chiral fields, with kP the inverse Kihler metric.
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6.2.1 Fluxes and D3-brane instantons

The tree-level superpotential is given by

W:WO(T,U) :/ Q/\G’g7 (613)
M
where G5 is the complex combination of the background three—form fluxes, given by
G 3 = F: 3—T H 3.

We now assume that the complex structure moduli U and the axio-dilaton 7 are sta-
bilized at a higher energy scale at a SUSY minimum, by demanding D, W = DyW = 0.
To stabilize the Kéhler moduli we add the non-perturbative instanton corrections of
wrapping Euclidean D3-branes over four—cycles. The superpotential is given by [19]

W=Wy+ > Ae T, (6.14)
[

where A; and q; are treated as field-independent parameters. In the literature one
often considers the case where the G° fields are absent. Using the expressions (6.11)
and (6.14), one finds the following scalar potential [158,[159]

V=ek {/cjk (ajAjakAkeajTjaka (a;Aje”TIWKy 4+ cc.) + /cj/ck|W|2> 3|W2] ,
(6.15)

where K7 are the components of the inverse metric K7 in the directions of the Kéhler
moduli. In the absence of the G* fields, there is no—scale structure at tree-level, leading
to K IC;K; = 3. This no—scale structure is broken when o’—corrections are included, and
one then finds (see [158], or for some further details of the calculation, see appendix

vV =F| K (ajAjakAke_“jTj_“’“Ti"' — (ajAje” WK, + C.C.)) +

€2 476V 412 (616

VG Earild

3¢

The various studies (see for example [160]) of these potentials indicate a large vol-
ume AdS vacuum, which can be realized in explicit models. In the P?l,l,l,ﬁﬂ] model,
for example, which yields two Kéhler moduli, the volume is expressed in terms of the
4—cycle volumes 75, 75 as

Y= (Tf/ 23/ 2) : (6.17)

L
9v2
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This already gives an example where a four—cycle volume can be bigger than the total
volume, as mentioned below

To remain in the regime of a geometrical compactification, one needs 7, > 7. To ob-
tain a large volume, one needs to arrange 7, >> 7. This is then solved self-consistently:
one assumes a cycle to be small and the other large, approximates the potential in this
regime and then searches for sets of vacua. In such a two—Kéahler model this is doable,
but a more general model will have many different Kdhler moduli. To express the
volume in terms of the four-cycles, one first has to solve the system of many coupled
quadratic equations and use the explicit form of the triple intersection numbers.
Even for simple models with a few Kahler moduli, this can lead to equations which
are not solvable analytically. Numerical methods can be used, but have their own
limitations. One then has to find a limit on the four—cycles that leads to a large volume
V. This will be very difficult without any analytical control. Overall, it seems desirable
to have a different mechanism that stabilizes the volume at once, without the need to
stabilize the individual cycles that build up the total volume. A prime candidate for
such a mechanism is the NS5-brane instanton, to which we turn now.

6.2.2 Adding NS5-brane instantons

We now add a correction due to the wrapping of a Euclidean NS5-brane over the
entire CY. Such an instanton configuration contributes to correlators proportional to
exp(—V/g?), where g; is the 10-dimensional string coupling constant. The volume can
not be expressed as a holomorphic function of the N' = 1 chiral fields. We therefore
expect that the NS5-brane does not correct the superpotential, but instead it will correct
the Kdhler potential,

1
Knss = BV" exp(—V/g?) = BV"exp (4V(T - 7)2> . (6.18)

The factor of V" represents the leading power of the instanton measure and the
one-loop determinant of the fluctuations around the instanton solution. There is a
proportionality factor B that could — in principle — depend on the moduli G* and the
dilaton 7. We expect no dependence on the complex structure moduli U since the
NS5-brane cannot probe the individual 3—cycles. Furthermore, before the orientifold
projection, the NS5-branes correct the moduli space of Kédhler deformations, and not
the complex structure deformations. The prefactor V is absent in an instanton corrected
superpotential: because the superpotential is a holomorphic function of the chiral fields
T;, any non-trivial function A;(T) in breaks the shift symmetry on the imaginary

26Take for example the values 75 ~ 4.6 and 7, ~ 120 which give a total volume V ~ 100.
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parts h; completely and is therefore forbidden. Since instantons are expected to break
the shift symmetries to a discrete subgroup only, we can use superpotentials of the form
exp(—a;T;). The Kdhler potential does not need to be holomorphic, and we can therefore
only use the real parts of the chiral fields 7}, which combine into powers of the volume
V.

A further argument in favor of comes from the parent N' = 2 theory. NS5-
branes correct the hypermultiplet moduli space even in the absence of fluxes [149]. In
IIB compactifications, the hypermultiplet moduli are counted by the Kdhler moduli, and
the kinetic terms of these scalars receive corrections from NS5-brane instantons. After
the orientifold projection, one expects these corrections to survive, even after fluxes are
turned on. Our claim is that, to leading order, they enter the Kahler potential in the
way described in (6.18). We elaborate further on this in the next section for type IIA
compactifications, where we can determine the one-instanton NS5-brane contribution
explicitly in some special cases [153].

We have to ask in which regime this approach makes sense. We want to remain
in the one—instanton regime, and not consider multiple instanton contributions since
nothing is known about them. Because an NS5-brane instanton scales as exp(—V/g?),
this requires that

92

1. 1
< (6.19)

However, since the NS5-brane is the magnetic dual of the fundamental string, one also
has to consider perturbative effects, which we expect to organize into an expansion
in powers of ¢g2/V. Besides that, there are also higher order o’ corrections which are
left out. Only the first perturbative correction is included in our analysis in (6.11). In
N = 2 theories these higher string-loop corrections are absent [80, 161]], which makes
the discussion of the NS5-brane instanton more reliable. We discuss such models in the
next section. We take a pragmatic approach here and isolate the NS5-brane instanton
correction from all other corrections in the Kéhler potential Xy. Hence we write

K=K, T,U,G) + Knss (7, T, G) , (6.20)
and expand to leading order in Kys5. To obtain the expression for the inverse Kéhler
metric *? (where o = {7, T, G, U} lists all the chiral fields) in the direction of the Kéahler
moduli, we use

K7 =K — (KN, Kilgs = KiKnssasKy’ (6.21)

and now K7k, = 65 + O(KZgs)-
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In principle, there could be a dependence in KZg; on the fields b*, which enter
through the definition of the chiral fields G* in and (6.6). As explained at the
end of appendix the exact dependence on b* is subleading in K.

To obtain the scalar potential, we work out equation (6.12), setting D, W =Dy W = 0.
For simplicity, we now set G to zero. It would be interesting to consider the effects of
non-zero G, but this is beyond the scope of this article. Using this in leads to

V = Vo + VoKnss — 0K |DOW? 4 S0k (ai/cNS5 wDOW 4 c.c.). (6.22)

The potential in absence of XN is denoted V;, DEO)W = 9;W + (9;Ko)W and K/ is the
inverse of K .3 in the directions of the Kéhler moduli. Recall that all chiral fields are
labeled by «, §, and the Kédhler moduli are a subsector thereof labeled by ¢, 7. Formula
(6.22) in fact holds for any perturbation of the Kahler potential, labeled by Knsgs.

From equations (6.21)-(6.22) we can see that we have to compute Kngs54, SO we
have to take derivatives with respect to all chiral fields. This is to be contrasted to the
situation in which one modifies the superpotential: the derivatives with respect to 7 and
U are contained in D, W and Dy W, which are set to zero.

Suppose for simplicity that W does not depend on the Kdhler moduli (such as in

equation (6.13)), then Dgo)Wo = ICEO)WO and hence
V=V + VoKnss — e’COICli\?S5 |8¢’C0|2‘W0|2 + e’COICE)j(aiICNs5 ajICO + C.C.) |Wo‘2 . (623)
Using expression (6.11) for Ko, we find that K/ is proportional to t'# and K (the in-
verse of IC;; = Kijktk), and both 9,y and 0;Kngs are proportional to IC; = ICijtj . Upon
contracting indices, this will combine nicely into powers of V. The precise calculation

can be found in appendix [E} Ignoring the D3-brane instantons, and other subleading
corrections to the Kéhler potential, the leading correction to Vj is found to be

9 N 2P
Wss = —§B|Wo|295 V" exp(—V/g?) = BV" exp(—V/g?). (6.24)
In the last expression, we have absorbed all the constants into a new prefactor B.

6.2.3 Analysis of the model

We have motivated the scalar potential
V =Vo(V) + Byre V/9i (6.25)

where B, n are constants.
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Vo

—

VN&S, n>0 Vns-5, N<0

Figure 6.1: General shape of the three terms in the potential. The first is the AdS minimum
of Vper. The second and third are the NS5-brane contribution BYme /9 with n positive and
negative, respectively. The possible signs of B are given by the upper line (B positive) and the
lower line (B negative).

A general situation achieved in moduli stabilization is indicated on the left plot
below, which displays an AdS minimum. We will investigate the physics of the NS5-
brane contribution, depending on the signs of the parameters B and n. The results are
summarized in the table below. The most interesting case is when n is positive and B is
positive (the upper line in the middle graph). The exact location of the bump depends
on the value of n. Its value is at this point undetermined, but we will argue in the next
section that

X
n=-3— Tom (6.26)
This is the value obtained in the " = 2 theory, and we assume that its order of magni-
tude remains the same in the orientifolded N = 1 theory.

For n > 0, the contribution from the five-brane is positive and will therefore cer-
tainly increase the value of the potential at the minimum. Depending on the strength
B and the location of the contribution it can produce new vacua or uplift the existing
minimum to a de Sitter vacuum. With n positive and B negative, the five-brane yields
a negative energy contribution to the potential function. Depending on the parameters,
it will introduce new vacua or lower the potential energy at the location of the existing
vacuum. The situation is also interesting if the existing scenarios do not stabilize the vol-
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ume and we obtain a run-away potential which behaves as V) ~ V™, with m negative.
A five-brane contribution with positive n can then provide the volume stabilization.
The possible signs of n and B and their results are summarized in the table below.

Result

Increased vacuum energy (uplift), with de Sitter vacua
— | Decreased vacuum energy, increased number of minima
— | + | Increased vacuum energy (uplift)

— | — | Decreased vacuum energy

+ +|3
+ | oo

We have outlined the model and the qualitative behavior, and will now investigate
the numerics. The general scenario is described by

V =Vo(V) + Vass, Vass = BY"e V/9%, (6.27)

We have not really specified V; here; one can choose a favorite scenario in which the
Kéhler moduli are stabilized, and then investigate the influence of the NS5-brane con-
tribution. The expression for Vnss will, in general, be more complicated: if we take a
non—trivial W (e.g. including D3-brane instantons as in (6.14)), there will be mixing
terms consisting of Kahler perturbations and superpotential perturbation in terms like
|D;W 2. These terms are typically suppressed, or at most of the same order as in (6.27).
In both cases, the numerical analysis below remains the same.

The scalar potential contains an overall term exp(K® (U, U)), whose exact value
depends on the details of the complex structure moduli stabilization. We set this factor
to unity to compare with other models E} The KKLT scenario stabilizes the volume
at V = O(100) at a minimum of V5 = —2 - 1071°. The LVS on P?LLLGB] stabilizes the
volume at V = O(10'?) with a value of Vj = —6 - 10737 [145].

Using B = —10, Wy = 1 (implying B = 90/8¢;*) and an Euler number of x = —300,
we find (using (6.26)) the values

Vs \vzlo V=13 V=20 V=60 V=130
gs=05|10"1 101 10726 1079 107213 (6.28)
gs=1 |10 100 1071 10~16  10~%4

For very weakly coupled strings, gs < 0.5, the effect of the NS5-brane instanton is
negligible. For g; = 0.5 one sees from the table that a volume of order V =~ 15 yields
corrections to the potential that cannot be ignored in a KKLT scenario. For higher values
of the string coupling constant, g, = 1, the corrections to the potential at VV ~ 60, are of
the same order as the value of the KKLT-potential at its minimum. In that case, NS5-
brane instantons cannot be ignored and can change the KKLT AdS vacuum to become
dS, although fine tuning is required.

27In Vnss it was absorbed in the factor B.
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Quantum corrections (both in o/ and g¢,) become very important at those scales. The
exact form of those corrections is not known, but we can make some rough estimates.
The first correction in o scales as &3 /V*, where £ = g5 3/ ?, and higher corrections
are expected to be further suppressed by factors £/V. For the values g, = 1, V = 50,
x ~ —300 we find £ ~ 0.7 and

5

5 (6.29)

VNss ~

This can be of the same order as next-to—subleading corrections in '.

6.2.4 Fivebranes and orientifold projections

We have shown the influence of a NS5-brane instanton on the scalar potential. There
is, however, a subtlety in the microscopic string theory that needs to be addressed.
The NS5-brane instanton arises from the wrapping of the 10-dimensional NS5-brane
soliton solution. In 10 dimensions, the NS5-brane is the magnetic source of the NS-NS
B, field. Such a wrapping naturally arises when we compactify six internal dimensions.
In such a compactification, the 4-dimensional part of the B, field is dualized to an axion
o, and the NS5-brane instanton yields exponential corrections of the form

- 1Qo
o aldltiee (6.30)

where () is the instanton charge. As usual, the instanton action contains an imaginary
part, that distinguishes between instantons (¢} > 0) and anti-instantons (Q) < 0). Micro-
scopically, this distinction arises when one has to specify the orientation of the wrapping
relative to the orientation of the CY. However, the field o gets projected out in an ori-
entifold; see e.g. [138]. In the ten—-dimensional picture, this corresponds to saying that
the space-time part of B; gets projected out, but the NS5-brane couples magnetically
to this field. These considerations seem to lead, on the one hand, to the conclusion that
an NS5-brane instanton cannot exist, at least not in the traditional sense.

On the other hand, one could argue that at the level of the effective action, all even
combinations in o survive the projection. Examples of such terms are exp(—V/g?) and
exp(—V/g?)coso. The last term can be interpreted as an instanton (Q = 1) — anti-
instanton pair () = —1). Such a pair would annihilate, unless some other mechanism
stabilizes the pair. They cannot be separated in the internal manifold as e.g. for D3-
branes, because they wrap the entire CY. This suggests that they cannot preserve N/ = 1
SUSY after the orientifold projection, but in the next section, we show that they still
can be written in an V' = 1 supergravity action. So we are led to the conclusion that
instantons do remain present after taking the orientifold projection.
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The situation can be described with the following diagram:

II String theory /CY  — N = 2, effective supergravity description
l orientifold l orientifold (6.31)

II String theory/CY,, — N = 1, effective supergravity description

Starting from the full-fledged string theory in the top left, one can obtain an effective
N = 2 supergravity description, containing effects from NS5-brane instantons. We
then orientifold by simply putting ¢ = 0 (and other fields) in this action and obtain
an N = 1 theory. This procedure shows that there is a contribution from NS5-branes
consistent with /' = 1 SUSY. However, one could argue that the correct way to proceed
is to incorporate the orientifold projection in string theory, and then calculate the low-
energy effects of a NS5-brane. It would be interesting to compare these two approaches;
we leave this question open for further investigation. The situation is better understood
before the orientifold projection, when we still have ' = 2. We will now turn to this
setting.

6.3 The N = 2 scenario

In this section we will describe our results in the more stringent language of N = 2 su-
pergravity. In this setting we have good control over the possible quantum corrections.
Furthermore, there are no subtleties with the orientifold projection of the NS5-brane, as
discussed at the end of the previous section.

Although the previous section dealt with IIB string compactifications, we will change
in this section to type ILA models. The reason is of technical origin, as the dimension of
the hypermultiplet moduli space in IIA is given by 4(h1 2 + 1) (as opposed to 4(hq 1 +1)
for 1IB), and h; 2 can be set to zero for rigid CY’s. This yields a four-dimensional
moduli-space, which simplifies the analysis. Moreover, NS5-brane instantons were
analyzed in these models in [153}[154], and we will make use of these results. We expect
that the results for IIA carry over to IIB.

6.3.1 Gauged and ungauged N = 2 supergravity

In ungauged N = 2 supergravity, the moduli space has the local product structure

ME x M@ (6.32)
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For type IIA strings, the special Kdhler manifold M* has dimension equal to 2h'! and
is spanned by the scalars in the vector multiplets, corresponding to the deformation
of the Kdhler form. The quaternionic-Kéhler space M is spanned by the scalars in
the hypermultiplets and is 4(h'? + 1) dimensional. The manifold M¥ is described in
terms of a prepotential F'(X'), where I = 0,...,h"!. In supergravity, this can be any
holomorphic function of the X’ variables of degree two. The prepotentials obtained
from IIA string theory have the specific form

(%)= %W# + 5CBNCY)XOX° - z‘ankaLi?,(eQ”““aX“/ ). 639
where the first term is a tree-level contribution, the second is a perturbative one-loop
correction and the last terms are the non-perturbative worldsheet instanton contribu-
tions. Note that there is only one perturbative correction, so the perturbative regime is
under complete control. The geometry of M is known at tree-level and at one-loop.
It is argued in [161]] that higher loop corrections can be absorbed into field redefinitions,
and if so, the entire perturbative corrected geometry is known [80, 81} [161]. If we restrict
ourselves to a rigid CY manifold, which has h?! = 0 by definition, there is only one
hypermultiplet, which is called the universal hypermultiplet (UHM).

Gauged supergravities arise when isometries on the moduli space are gauged. They
give rise to scalar potentials that are consistent with N/ = 2 supersymmetry. Microscop-
ically, gauged supergravities arise when fluxes (in the RR and NS-INS sector) are turned
on. For the purpose of this chapter, it suffices to look at abelian isometry groups.

The scalar potential is determined by the geometrical data of the moduli space, such
as the choice of killing vectors k; and their corresponding moment maps ji;. For further
details on the gauging, we refer to appendix [E.1|and references therein. The result for
the scalar potential is

XIx7

NN XX ANy XM XN M NTENTEfige - i

(6.34)

V=-14 [2Ga3k}’k§ + 3 - ﬁJ}

In this formula, G, 5 is the metric on the hypermultiplet space. The gauged isometries
are represented by the Killing vectors k¢ and their moment maps fi;. The matrices Ny n
and M are defined by

Npj=—iFr;+iFy,,
1
[NMNXMX'N]Q

(6.35)

My = [NryNgr — NigNy] X5 X5,

where F; = OrF etc. In our conventions, both G5 and M ; are negative definite, so
the first term is a positive contribution. The second is negative, whereas the last one is
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positive. There is an additional term in non-abelian gaugings which can be omitted for
our analysis.

6.3.2 Including NS5-brane corrections

We will now make those expressions explicit for the UHM. The perturbatively corrected
metric G, on the UHM space is given by [80]
r+2 .5 1+4+2

dS%HM = mdr + 3 (dx? + dp?) +

r+c
r2(r + 2¢)

(do + xdp)?. (6.36)

The four bosonic fields are an axion ¢ from the dualization of the NSNS two-form Bs,

two RR scalars x, ¢ and the four-dimensional dilaton g4

(oY i — K .
91 g3

r=e (6.37)
The relation between the four—dimensional string coupling constant g4 and the ten—
dimensional string coupling constant g, is important, as it will introduce factors of the
volume into our future expressions.
The constant ¢ encodes the one-loop correction and is proportional to the Euler
number
x(CY) ht:t

C = — 127 = — 67(_ ; (6.38)

where the second equality holds on a rigid CY. The contributions from a single NS5-
brane instanton to the UHM metric have been derived in [153] [154]. To leading order in
the semi-classical approximation, the metric reads

r+ 2¢ r+ 2¢ T+ 2¢
ds%HM:742(71+c)dr24r 3 (1—Y)dx?+ = (14 Y)dy?
25 r+c 9
-Ydyd —(d dp)°. (6.39
+o xs0+r2(r+26)(0+x ®). (6.39)

The quantities Y and Y are defined a

Y =4C(2x% — 1)r 1 ¢cos(o e*T*%sz*C7
Y =40 - 1) (e 4 640
Y =4C(2x% — 1)r ' "Csin(o)e " "2X 7€,

The factor C' is a numerical constant which could not be determined. This solution
has a shift symmetry associated with ¢ which we can gauge, using the graviphoton as

28Comparecl to [154] we have taken xo = 0. Its dependence can easily be restored.
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gauge field. The field ¢ is obtained by expanding the 10-dimensional RR field Cs over
one of the 2(h*! + 1) = 2 cycles in H3; gauging the isometry associated with ¢ has a
microscopic interpretation of adding NS flux over this cycle [162]. Moreover, the shift
symmetry is not broken by NS5-brane instantons, so there is no obstruction in gauging
this isometry by fluxes in the presence of instantons [163} [164].

The gauging of this isometry leads to a scalar potential of the type given in (6.34),
with a Killing vector & = d,. Upon inserting the prepotential without the world-
sheet instantons, one finds that the moment maps drop out of the equation for the
potential (6.34), and only the norm of the Killing vector remains. The only dependence
on the vector multiplet moduli comes from the factor (Ny v X Mx N )~1. The details of
this calculation can be found in appendix

Without the worldsheet instanton corrections, we then find the scalar potential

g 2G 5k k"

- gy [0 o)
4 4(r+2¢)* + 4(r + o)x?
4V+e< r2(r + 2¢)

+16 C’e*C*T*X2/2r*2*C(2x2 -1) cos(o)) ,

where e = 2((3)x(CY) and C is the undetermined overall constant. Reinstating all
volume factor dependencies using (6.37), this has the schematic form

V=V + QY 3ceV/9: (6.42)

where C' = 16Cg4+2°eX"/2(2)2 — 1) cos(c). We also neglect the correction due to e in
the 2nd term, because it is subleading.

We see how a NS5-brane contribution can be included into N' = 2 type IIA su-
pergravity. It would be interesting to repeat this exercise including the worldsheet
instantons.

6.3.3 Truncationto N =1

To clarify the relation to the previous section, we will now perform a truncation of this
theory. We make an orientifold inspired truncation to A" = 1 at the level of the effective
action (see figure (6.31)). A similar truncation has been done in [I59]. We follow the
orientifold rules from [138]. Because we merely truncate the theory, there should still
be a local product structure as in (6.32), but now the product is between two Kéhler
manifolds. Furthermore, for simplicity we restrict ourself to the cubic prepotential and
therefore put e = 0.

The universal hypermultiplet loses half of its fields under truncation to become a
chiral ' = 1 multiplet. We keep the four-dimensional dilaton r and project out the
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axion o. From the RR scalars x, ¢ we can choose which we keep. We gauged the
isometry on ¢, which corresponds to a NS—flux on the cycle of . The relevant part
of the expansion of H3 and Cj is given by

63:)(0[4’(,06, (643)
Hs=pa+qp.

The field 63 is expanded over a basis of the third cohomology group H 3, given by
three—forms «, 3, which give the four-dimensional fields x, ¢. The flux of §2 is likewise
expanded, with flux parameters p, ¢. Under an orientifold, the RR form Cs and the NS-
NS flux Hs = dBj are even and odd respectively. We gauge the isometry associated
with ¢, so we want to keep the flux parameter ¢g. This implies that 5 should be an odd
cycle. In the expansion of the even form Cs we only keep even forms, and hence ¢ gets
projected out.
The metric then truncates to

r—+2c r+ 2c
dSUHM mdr2 + ’/‘2

(1-Y)dx?, (6.44)

where we have put ¢ = 0 in Y. The perturbatively corrected scalar potential is, with
e=0

4 (r+2c)?+ (r +c)x?

== 4
Vo 1% r2(r+ 20) ’ (6.45)
and the NS5-brane instantons yields equation (6.41) with o = 0
Vass = 1vCe““T‘Xz/ P2 - 1), (6.46)

where C is independent of vector multiplet scalars.

We want to express these quantities in terms of a Kéhler and superpotential. The
Kéahler potential K is a sum of the Kéhler potential K for the truncated Kahler moduli
and a potential K for the truncated universal hypermultiplet. In the Kahler sector, we
have the Kéhler potential [138]

K= —In(V), (6.47)

which follows from the choice of the cubic prepotential we made in the N' = 2 cal-
culation, earlier in this section. The important property of this Kdhler potential is its
no-scale structure (K*)7ICEKCK = 3.

For the scalar potential we use expression

V=e" (ICO‘BDQWDEW — 3|W|2) = % k® (K®*D.WD.,W), (6.48)
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where the no—scale structure in directions orthogonal to the truncated universal hyper-
multiplet has been used.

The perturbative part of the metric and the potential are now exactly
reproduced by the Kéhler potential and superpotential [165]

K®Q = —2In[(z + 2)* — 16¢]

6.49
W = 16z. (6.49)

These are formulated in terms of the chiral field » defined by
z=2r+c+ix. (6.50)

We use conventions for which ds? = 4K ,:dzdz, as in [165].
We now also want to describe the NS5-brane instanton contribution. This scales as

X’ Lo o 51 52
exp {—r -5 c:| = exp [16<Z —6z2z+2z°)|, (6.51)
which is not holomorphic in z. Therefore, we cannot correct the superpotential with
such a term. The correction will take place in the Kéhler potential and in the definition
of the N = 1 chiral field. Both the metric (6.44) and the potential (6.41) are reproduced
up to leading order by the chiral field and the K&hler potential

z=2Vr+c+ix+ 2Ce T ax mep—2e (Vr(1—2x%) +ix(2x* - 5)), (6.52)
2D+ B~ 2)?)
(z—32)(z — 32) ’

1
KQ = —2In [(z +2)*—16¢]| + C exp 1—6(22—622+22)
W =16z.

Because our four-dimensional dilaton r contains a factor of the volume V), the leading
term in the Kahler potential is equal to

KQ = Ko + BYme V9 | (6.53)
where we have defined
B =64Ce X" /2(1 = 2y2)g7?", n=-3—c. (6.54)

The overall factor B can depend on other moduli. In this setting, the leading de-
pendence on y is explicit in (6.54). We expect to hold also for non-rigid CY with
hi2 # 0. In that case the factor B presumably depends on the other hypermultiplet
scalars. This confirms our proposal of and (6.26), where we apply it to type IIB
string theory.



Chapter 7

Conclusions

In this thesis we have studied several aspects of compactifications and black holes in
four-dimensional supergravity.

The first chapter dealt with fully supersymmetric vacua. We have found simple,
algebraic conditions which need to be satisfied for an V' = 2 supersymmetric vacuum.
These conditions are illustrated with several examples, which show that even complex,
interacting theories can have fully supersymmetric vacua. This work joins the the on-
going research on the structure of N’ = 1 vacua of N' = 2 supergravity to provide
more insight in the vacuum structure of these theories. This research will give a better
understanding of the possible supersymmetric compactifications of higher-dimensional
supergravity theories.

A next topic were black holes, which play an important role in supergravity. Such
configurations are usually found in ungauged supergravities without hypermultiplets.
The second chapter studied black hole configurations in gauged supergravity with hy-
permultiplets. Using spontaneous symmetry breaking, we have shown how to embed
known, ungauged black hole solutions into the gauged theory. We have furthermore
searched for new solutions, but only found solutions where the scalars become ghost-
like. As we have made some assumptions in this computation, it could be possible that
a modification of these assumptions can lead to proper new solutions. Such config-
urations are interesting for e.g. the AdS/CFT correspondence, where black holes can
describe the thermal behavior of the dual field theory.

Over the last decade, many techniques to construct supersymmetric solutions have
been devised, but it is not so clear how these methods are related. It would be a ma-
jor step forward for the field if we could come to a systematic way of classifying all
supersymmetric solutions.
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The next area of research is part of the program of moduli stabilization. The ap-
pearance of massless scalars in e.g. Calabi-Yau compactifications is in direct conflict
with experiments and we need to resolve this issue. This should be possible using flux
compactifications, which have therefore seen a lot of research.

We studied compactifications of M-theory and showed that compactification to five
dimensions, followed by a Scherk-Schwarz reduction, leads to a gauged N = 2 theory.
We illustrated how this can also be obtained by a direct compactification on a seven-
dimensional space, constructed as a twisted Calabi-Yau threefold over a circle. Inspired
by orientifold compactifications, this theory can be truncated to an N = 1 theory, and
we derived the Kéhler and superpotential for this theory. Interestingly, there are also
D-terms in these models. Although these models do not directly stabilize all moduli,
inclusion of quantum corrections might make them phenomenologically more relevant.

As a final project in the area of moduli stabilization, we studied the stabilization of
the volume of the internal space. The possibility of (Euclidean) NS5-branes that wrap
the entire internal space gives corrections to the effective four-dimensional action, which
depend on the volume of the internal space. We motivate how these instantons lead to
a correction of the N = 1 Kédhler potential, and then study when these effects are impor-
tant. It is found that there are regimes in parameter space where they can be important,
but other (unknown) effects are expected to be important as well, so it remains difficult
to study their effects. The research in this direction should therefore either focus on
models with an (exponentially large) volume, where many of these effects are expected
to be negligible, or explicitly compute these corrections, which is a very challenging
problem.



Appendix A
Notation, conventions and spacetimes

A.1 Notation and conventions

We mainly follow the notation and conventions from [28]. In particular, our spacetime

has a {+, —, —, —} signature. Self-dual and anti-self-dual tensors are defined as
+ 1 i po
F/“’ = 5 F,“, + §€HVPO_F 5 (Al)

where €0123 = 1.
Our gamma matrices satisfy

{'Yav’Yb} = 2Nap ,

['Yaa ’Yb] = 27ab 5 (AZ)

¥5 = —ivov17273 = 70 YR

In addition, they can be chosen such that
W=7 Yr0=" A=, Vi = Vs (A3)

and an explicit example of such a basis is the Majorana basis, given by

0 __ O 0'2 1 i0'3 0 2 0 —0'2
T2 o) T=V o ie3) T 62 0 )

—iot 0 o? 0
73 = ( 0 —i01> ) V5 = (0 _0_2> ) (A4)

where the o are the Pauli matrices.
The action is defined by S = [ /|g|£. We start with the (ungauged) Lagrangian,
whose Einstein-Hilbert and scalar derivative terms read

1 ) _
L= §R + 9i50,2" 0" 27 + hyy 0,4 0" q" . (A.5)
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We set the Newton constant k2 = 1. As we use a {+, —, —, —} metric signature, we
have to choose g;; and h,,, positive definite to get positive kinetic terms for the scalars.

We compute the Riemann curvature as followst]

A A
R =€ |0,10, — 8,,1"fw + FZAFVU - FﬁAFW ’ (A.6)
Rp,z/ = Rpupu ) R= gleuu )

where € = 1 for Riemann spaces (the quaternionic and special Kahler target spaces) and
e = —1 for Lorentzian spaces (space-time). The overall minus sign in the latter case is
needed to give AdS spaces a negative scalar curvature. This gives a sphere in Euclidean
space (with signature {+, +, 4+, +}) a positive scalar curvature.

The spin connection enters in the covariant derivative

1 a
D, =0, - Zwub%b ,

wzb _ %e#c (Qcab _ Qabc _ cha) , (A7)

Qcab _ (ep,aevb o eybeua) 8/L6Cy )
The Lagrangian is only supersymmetric if the Riemann curvature of the hyper-
multiplet moduli space satisfies R(h,,) = —8n(n + 2) , where n is the number of
hypermultiplets, so the dimension of the quaternionic manifold is 4n (in applications
to the universal hypermultiplet, we have n = 1 and hence R = —24).
Our conventions for the sigma matrices follow [28]; in particular they are symmetric
and satisfy (0"47) * = —o% 45, and we have the relation

0% po¥PC = 5567 4 ie g pe™Vi o P (A.8)
Indices on bosonic quantities are raised and lowered as
eapVPl =V, , APy = —vA. (A.9)

As mentioned in the main text, all fermions with upper SU(2)r index have negative
chirality and all fermions with lower index have positive chirality. We set 5 to be purely
imaginary and then complex conjugation interchanges chirality.

A.2 Metrics and field strengths

[ Ang X 52
The line element, in local coordinates {¢, x, 8, ¢}, is

ds® = ¢ (dt? — sin®(t)da? — d6* — sin®(0)d¢?) | (A.10)

2 Note that this definition, when applied to the Riemann curvature of the quaternionic manifold, differs
with a factor of 2 compared with [28}[55]. As a consequence, there one has R(hyv) = —4n(n + 2).
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where ¢ is a real, overall constant which determines the size of both AdS, and S2.
From (3.29) we find the only non-vanishing components

1 .
T = §q0 sin(t)e' |
Z_ (A11)

The pp-wave
The line element of a four-dimensional Cahen-Wallach space [76], in local coordi-

nates {z~,z", 2!, 22}, is given by

ds? = —2dztdz™ — Ayja'ed (dz™)? — (da')?, (A.12)

where A;; is a symmetric matrix. Conformal flatness requires A;; = Aj; and
Ay = 0. We denote A;; = —u? as A;; should be negative. This space is known as
the pp-wave. From (3.29) we find the only non-vanishing components

+ _ M (16
et T gt (A.13)
+ iHeia .






Appendix B

Integrability conditions

B.1 Commutators of supersymmetry tranformations

A Kkilling spinor ¢ 4 satisfies
Sctbua = Vyea + Ty v eape® +igSaprue” =0, (B.1)
whence the commutator is
Vi, Vilea =— eABD#T;p'ypeB + gaﬁBV#P“:'yl,sB — (pv)

+ T, 7 T ea — (uv)

_ sFA - - B.2
— gTVp’yp’yuPALAa aCec + gT/j;,’y,/prALAa 1%c — (pv) (B2)
2 — —_
+ 5 (54O PTPT — i 0" 4O PYP7) yec
From the defintion (3.17) we obtain
1 ab i 7 . A
[V Vilea =~ ZR’“’ YabeA — GizVuz'Vizlea —ighy, Py (B.3)

+ 2iQm,ABV[Hq“V,,] q’cp + igaIABE’}VPKaB .

B.2 Fully BPS vacua

In the fully BPS case, all terms with a covariant derivative in and vanish. We
furthermore see that does not contain a term proportional to 45, so D,T,, = 0.
Some algebra now yields the necessary and sufficient conditions to match the terms
proportional to 0% 4 B:
D" =0, (B.4)
¢"VEPYPE = (),



142 APPENDIX B. INTEGRABILITY CONDITIONS

which give the first conditions of section 2.3. The other conditions are obtained by
comparing the parts proportional to 145.

B.3 Half BPS vacua

We use (#51)) to eliminate £# in terms of € 4 and for convenience define b = —ie®. The
remaining equation should hold for any choice of € 4. We can then use the independence
of the gamma matrices and the SU(2) matrices e4p, 0% 5 to find the conditions

1. Terms proportional to €45, no gamma.

bD,T,, — (wv) = fgi]—@[uziay]zj. (B.5)

2. Terms proportional to €45, two gamma

2

log g 17 1 a
T = () + 5 PP Py = = R yap . (B6)

— 50 —
bD, T, 7" +T, ;i

vp
3. Terms proportional to 0% 5, no gamma

g €T — Dr x
§bVMP gvo — (pv) + g7, P* + gT:[VP B2)
=g (L T}, — L T, — 2ifAGiE + 2i (A GLL) PR

where we used that —QF V[,¢"V,¢" = 0, which follows from (4.56). Using

fAPE = 0 from [@53) we therefore find
gbvﬂpwgyo — (w) = —2¢T,, PYLA . (B.8)

We now take components ;1 = # and use VyP* = 0 and ggo = 0. We then find
T,,P* = 0, whence P? = 0 or T, = 0. In the latter case also T},,, = 0, because of

n%

the anti-self-duality property, and then 7},, = 0. We conclude
T, PiL"=0. (B.9)

4. Terms proportional to 0% 5, two gamma. Using we find

€"V: PV PRy, =0 . (B.10)

To summarize: we found two cases, one with T, =0, the other with P* = 0. We
now list the remaining conditions for each case.
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B.3.1 CaseA:F =0

The remaining conditions are

2
%P$P17;w = - R,ul/ab’)/ab ;

4
gija[uzi&,]zj =0,
eYEPYPz =0 .

(B.11)

The first condition implies that the spacetime is maximally symmetric, with constant
curvature « P*P%, and is then solved.

B.3.2 CaseB: P* =0

The remaining conditions are

bD, T, — () = —giz0,2" 0,2

— AP0 —t AP0 1 ab (B.12)
bDNTl/pr + TupTu07 - (MV) = _ZR,UJ/ Yab -
From the second condition we find the Riemann tensor
R[U/po’ = R;upa + R:L_Vpa )
R, o =—0D,T, e, + Tl,_pT:'(I — (uv) (B.13)
-0 — et .
- bD, T, e, +T,,T,,— (uv)

+ bipe M DT 5 €0 + e o T T, — (1) -






Appendix C
Isometries of special Kdhler manifolds

In this appendix, we present some further relevant formulae that are used in the main
body of the paper. First, we have defined the moment maps on the special Kdhler
manifold as follows. Given an isometry, with a symplectic embedding (2.46), we can
define the functions

Py = i(kL0:K +14) . (C.1)

Since the Kahler potential satisfies (2.43), it is easy to show that P, is real. From this
definition, it is easy to verify that

ki = —ig0;Py . (C.2)

Hence the Pj can be called moment maps, but they are not subject to arbitrary additive
constants. Using (2.49) and (2.56), it is now easy to prove the relation

ki giskE — kbgigki = ifas" P, (C3)

also called the equivariance condition.
We can obtain formulas for the moment maps in terms of the holomorphic sections.
For this, one needs the identities

ELOiX® = —fanr= X 4+ ra X% | k0 Fs = cysn X + fas" Fii +raFs,  (C4)

which follow from the gauge transformations of the sections, see (2.46). Using the chain
rule in (2.56), it is now easy to derive

Py = [fAnE(XHFz: + Fe X' + CA,HZXHXZ} ) (C5)

and similarly
ky = —ig" [fAnZ(fj—HMz +hyp L) + CA,EHf_’JI[LE} ) (C6)
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where we introduced M, = eX/2F, and hy|; = €*/2(0; + K;)Fa. The Killing vectors
(C.6) are not manifestly holomorphic. This needs not be the case because otherwise we
would have constructed isometries for arbitrary special Kdhler manifolds, since holo-
morphic vector fields obtained from a (real) moment map solve the Killing equation.

We now show that PyL* = 0, following the discussion in [73]. We start from
the consistency conditions on the symplectic embedding of the gauge transformations,
equations (C.4). We eliminate r, using (2.56), and rewrite them as

—fan= LT = Ky fF +iPAL” (C7)
far®Ms, + ea rsL” = kjhr); + iPAMr , (C.8)

with hp); = eK/2D, Fy. Multiplication of the first equation with My and the second with
L" and subtracting leads to

2far= L' Ms + cprs LV L¥ =0, (C9)

where we have used the identity fMsy, — hr; L' = 0. Contracting equation (C.5) with
L? and using (C.9) and (2.63) one finds

PALA =0, (C.10)

as announced below equation (3.16). Contrating the first equation of (C.7) with L gives
LAKL fF = 0. 1t follows from contracting with Im Apy f7 that

LM =0. (C.11)

Here we have used the special geometry identities on the period matrix (2.27).
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The universal hypermultiplet

The metric for the universal hypermultiplet is known to be
ds = L (dr? 47 (dy® + dg?) + (do + d)2) (D.1)
7= 5 (dr" +r(dx ¥ o+ xde)) . .
It describes the coset space SU(2,1)/U(2) and therefore there are eight Killing vectors

spanning the isometry group SU(2,1). In the coordinates of (D.I), they can be written
as

ka:l = acr 5
kazg = ax — @30 5
ka=3 = 8va

1
ka—a = —p0y + X0, + §(<ﬂ2 —x»)0s
ka=s = 270, + X0y + @0, + 200, , (D.2)

1
ka=6 = 2rp0, + (=20 + px)0y + 5(—37‘ + 2 — 3X2)8¢ + (20p + 2rx + XB)&, ,
1

Fa=r = 2rX0r + 5 (=4 — 30% + Xx?)0y + (20 + 3px)0, + %(wQ - 3x%)0.,

1 1
Fa=s = 1(20 + @X)0r + 7 (=4rp — @ +dox + ox?)0y + JUrx+dop+ 30%x +x*)0,

1
+ 16 (F16r% + 1607 + " = 2(8r + 3p%)x* — 3x )0, -
The moment maps P* are computed from

P* =QF D"k . (D.3)



148 APPENDIX D. THE UNIVERSAL HYPERMULTIPLET

The quaternionic two-forms Q” satisfy Q*QV = — 15 + £e”¥*Q%, and can be written as
ol = L(dr/\d +dp Ado)
57372 X +de :

02 = —dr Adp +dx Ado — xdp Ady) , (D.4)

2r3/2 (

1
Q3:Q—H(dr/\da—i—xdr/\dgo—rdgo/\dx) .

We then find the moment maps

{ r. 2r

Pa:4:{<p’x’1_x2+<p2}’

VT 4r

1
Py = {—\;‘;,j;,—“:‘px} (D.5)
P6:{20—<px Ar + ¢* — 3% —4a¢—(12r+¢2)x+x3}
“= N 2\/1 ' 4r '
P - {_47“—3902—1—)(2 20 + 3px _—12r<p+<p3+4ax+3<px2}
“= 2\/1 oo 4r '
P {—4w+<p3 —dox — px? dop —drx +3p°x + x°
“= 4y/r ' 44/r '
167“2—|—1602—|—ga4+16axg0+6<pzx2+x4—24r(<p2+x2)}
32r

These formulae are needed for some of the examples that we consider in the main text
of this paper.



Appendix E

Calculations with NS5-branes

In this appendix we give some details of the calculations which have been used in
chapter |6}

We want to calculate the derivatives and inverses for the Kdhler potentials (6.11)

Ko=—In(—i(t — 7)) —2In (V + g) , (E.1)
Knss = BV exp (= V13), (E.2)
where we use
7 =1+ie?,
To=ImT,

. - , E3
6V = Kijpt't't" = Kit't! = Kit", (E3)

¢ =¢(mr)*2,

We introduce K% as the inverse of Kij, and denote A :=V + é /2. We first consider the
case where G* = 0. From T; = 7; + ib; (equation (6.5) for G* = 0) we find

o 1._.. 9V 1.
— KU 4
T, 4IC T 8t. (E.4)
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We can then calculate

1t (3 1
o _ _* 0 _ 1 -
Kr, = e Ko =im, <4'—|—2>,

T, = %, G = —%AIC”’ + %titj, (E5)
K = 323;2 Tt
Ko, = TlﬁT;?A—Q(zw? + VE +4€2).
This can be inverted to give
K=Vl
V—¢£
- —%m/@, (E6)

. . 4y — €
/CS =-8(2V + f)’cw + 75’@]@ .
We then find a familiar result, which leads directly to (6.16):

3E(V2 4 TVE + €2)

ICoPIOKS = 3+ T (E.7)
For the NS5-brane contribution we obtain (we write s = K° = Kngs)
K3, = —KsV((r = 712V +2),
K. = éB exp(=V73)V"(=V72 +n+ 1)mat’, (E.8)
K3 = 6%18#’#‘12"—2 (V75 —V2n75 + (n — 1)n) exp(—V73).

We are interested in the leading term in the potential, so we want to investigate the
powers of the volume. If we denote volume powers with [-], then

V=1, [Kipl=0, [t]=5, [Kyl= (E9)
All the one-instanton terms are multiplied by exp(—V73). To determine the leading
term, we have to find the highest power of the volume V in the polynomial which

appears in front of this exponent. Therefore, we do not include the factor exp(—V73)
in the counting, or equivalently we put [exp(—V73)] = 0.
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The various terms have the following leading volume dependencies:

(K] = 4/3 K5l =n+2/3 KFKSKE =n+10/3
Ko = ~1/3 %] =n+4/3 KTKKE =n+7/3  (E.10)
[K5T]1=0 K2.]=n+2 KRS K3 =n+4/3.

The leading contribution is given by (we use ~ here to denote equality up to subleading
terms)

K = KIS 5K = KEKSKET ~ BY™ 29 exp(—V /92K - (E.11)

We remind that IC;J_ is the inverse of K5 5 in the directions of the Kdhler moduli. In the
potential we find then [K¥|9;Ko|?] = (n + 10/3) — 2/3 — 2/3 = n + 2. The other term is
(K5 9:;K50;K0] = 4/3 + (n+ 1/3) — 2/3 = n + 1, which is subleading with respect to the
terms above. Then the leading contribution to the scalar potential is given by

V ~ —eKOK%\?% |8iK0|2|W0|2
o ) ) (E.12)
=~ BV g Wl exp(—V/g) -

Let us now consider the effects of non-zero G, to clarify the statements made after
equation (6.21)). From the definition (6.5)

T, =1 +1ib; + i ’CmbGa(G - G)c7 (E.13)
we find that
o 1. ot 1. ottt i
E_— ¥ — KUK, b L o apb
a7, 4IC ' pga 4IC Kiapb” , o 2ICmbb b7, (E.14)
and hence
oV 1. 15)% 1. 1 aV i )
= _ E— . (S C — — _ 4 . apb - _ apb
or. ~ 3" ace 2t Kjach 2lCacb 5y 4t Kjapb®b 4/Cabb b’. (E.15)

In the last two expressions the factor #/ is bound with the factor Kjac and cannot com-
bine with a K; to form a power of the volume.

The expression for also contains inverse metrics. If we use the expressions for
the tree-level Kahler metric in [157], we can explicitly determine the volume depen-
dence, and we find

K KoKt ~ ymt?
KK, Kt~y (E.16)
KK Kkt ~ prnts
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and the leading term does not contain the fields G*. We do not know if this property
holds when we include quantum corrections to the Kihler potential, but as quantum
corrections are expected to be subleading in the volume, we expect this to be the case.

E.1 Potentialsin N/ =2

In this appendix we give some more details of the calculation in the N = 2 setting. This
appendix derives a general form of the scalar potential. The next appendix specializes
this to the UHM and the Przanowski metric.

We use the formalism from [56] with the vector prepotential

1K X XIXF 4
= gﬂT + 5CENCY)XOX°. (E.17)

F
From the prepotential we define

Nij = —iF]J+iFIJ:21mFIJa

1 I (E.18)
My = N XM XN [NtyNkr — Nig Ny ] X X",
MN
and then the scalar potential is given by
X'x’
— 4.2 _rapB o _
V = —4g [2Ga5k1 kS + 3 MJ} NN (E.19)

FLLXKRE il XMEN
NpoXPXQ NpoXPXQ |’

— P Nun XM XMy, {4NIKNJL/~7L L

where g is an overall factor to make the terms which are a result of the gauging more
explicit in the Lagrangian; we put g = 1 from now on. In general, each vector field in
the vector multiplets can be used to gauge one of the h!>! + 1 different killing vectors k’.
In our setting, there is only one isometry &, which we gauge by the graviphoton. The
index I therefore only attains the value 0. If we use ji; = 6%/i we obtain

4

V = —
NynXMXN

( [2G 5k k? + 3i12] XOXO + (N N — 5?(5%)XKXL/,72),
and the term depending on f};; is zero for abelian gaugings. We now use the prepoten-
tial

1. X'XIXxF 1

F= gicijk <+ §eXOXO, (E.20)
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where e = 2((3)x(CY) is purely imaginary. Using X'/ X° = 2 = b’ + it’, we find

1 o R | -
Foo = glCijkz’zjz’“ +e Im Foo = Kb’/ t" — g’cijktzt]tk

1 ; j
Fy, = —§ICijkz]zk Im Fy; = — Kb/ tF (E.21)
Fy; = Kije2® Im Fyj; = Kijpt"®.

Using the abbreviations K;; = K;;,tF, K; = K;;t7, 6V = Ky, t't7t* we find

. —1
— 00 _
NOO — 2Kljbzb7 - 4V/ N — TV
. . 7bi
NOi = 72’Cijbj NOI = 1)’ (EZZ)
Nij = 2Ki; N = 4bvl,}7 + %d”

e K =N XTX7 = (8V 4 2¢)X°X°,

1

where we have written V' := V — je. For the scalar potential we then finally find

equation (6.41)

4 ~1
V = — _rarB =2 / 1\ 72
SR ([2Ga5k kP + 3% + (8V o~ Vi ) ,
2
— _ LB
Ve [—2G 5k k"] . (E.23)

The scalar potential is positive definite.






Appendix F

The Przanowski metric

In this appendix we repeat some of the results of [153}[166], which are used to determine
the NS5-brane one-instanton corrected N = 2 moduli space in section 3.2.

In [166], it has been shown that a four-dimensional quaternionic-Kahler manifold M
can be described in terms of a partial differential equation for a single, real function.
Locally, the metric takes the form

9= gop(dz® ® d2° + d2P @ d2%) (E1)
= gﬁdzldzI + ggdzlalz2 + gﬂd,szzi + QQQdZQdZQ + c.c.,
where indices «, 3, @, 8 = 1,2, and we have used the usual convention of complex con-

jugation 2 := 2. The Hermicity of this metric is encoded in the requirement 7,5 = gga-
The elements g,,5 are now defined in terms of a real function i = h(z%, 2%) via

op =2 (hag + 25§5geh) : (F2)

where the subscript a on h, indicates differentiation of the function with respect to 2.
We have changed the sign of our defining function h with respect to the original function
u used by Przanowski, as it offers a slightly more convenient form to work with.

The differential equation which determines the function % is the non-linear partial
differential equation

hiihas — hishis 4+ (2hy1 — hihi)e = 0. (E3)

FE1 Solutions to the master equation

The equation (E3) is a difficult partial differential equation. There have been various
approaches in the literature which found exact and approximate solutions to the master
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equation. By imposing additional symmetries on the manifold M, one can simplify
the master equation. Imposing one isometry reduces this equation to the Toda equa-
tion [166]. Upon imposing two commuting isometries one obtains the Calderbank-
Pedersen metrics [167].

In [153], solutions to the master equation where obtained which corresponded to
NS5-brane instantons. The relation between the complex coordinates and the real coor-
dinates is given by

1 1 1
2l = §(u+ia), 22 = §(X+i90), u=r-— 5)(2 + clog(r+¢). (F4)

The leading term of the one—instanton contribution is captured by

h=ho+ A, hog=1log(r+c)—2logr,
1 ] (F5)

A = Cr=?"¢cos(c) exp [—7‘ + 5)(2

From the metric we only need the length of the Killing vector k£ = 0,, which can be

found from (ET), and and is given by

A((r +2¢)* + (r + o)x*)
r2(r + 2¢)

Inserting this into (E.23) yields (6.41).

—Glopk®k® = +160r727¢(2x? — 1) exp(—c —r — x?/2) .

E2 Moment maps

Although the moment maps are not present in the scalar potential, we include their cal-
culation for completeness. We follow the conventions on quaternionic-Kahler geometry
from [168].

We want to find vielbeins a, b for the metric such that

a®a+b®b+ce =ds®. (E.6)

Using the Ansatz a = adz! + 8d2?,b = ydz! + §d2? we find

h,
=/2hy;d2! + V22 d2?
a 11Z+\[\/hTiZ>

(E7)
b= aehs2, [T g 2
: .

11
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From those, we determine the SU(2) connection one—forms

Lo @ d b

w —Zm(lz — hidz®),

, /2

w” = hdz —|—hdz

Vhlhl( 1 (E8)
h h
3_ a1 11 1
w’ = 2<h1 hl—i—hl)dz

{ his | hi2 9
-3 (h2 I + I ) dz* +c.c..

As anon-trivial check, we can use the tree-level UHM metric, and these one-forms agree
with the those obtained in [168]. Notice that the situation drastically simplifies when
there is an additional killing vector in the direction i(9; — 01), because then hy = h.

We now gauge the isometry associated with ¢. In the complex coordinates, this is
the vector

= (0~ ), (F9)

where the normalization is such that £ = 0,,. Calculations of the moment maps is now
straight-forward and after some algebra we find

m(hl + hi )
- . eh/
p=1 - le (hi —hy) | (E.10)
—hy
which are real (he = h3).
The square of the moment maps therefore reads
2 = (4" + h3) = 4e" + (9,h)?, (F.11)

where we have used d,h = 0. This last expression is valid in the coordinates (u, 7, x, ¢).
Changing to the coordinates (r, o, x, ¢) amounts to changing the derivatives according
to

r+c
Oy — Oy + X—— Py 0, . (F12)






Nederlandse samenvatting

De theoretische natuurkunde probeert de wereld om ons heen te beschrijven en te
verklaren. Dit doet ze door theorieén op te stellen. In een theorie worden een aantal
aannames gemaakt, op basis waarvan bestaande verschijnselen verklaard en nieuwe
fenomenen voorspeld worden. Als dit goed werkt, wordt de theorie geaccepteerd. Als
blijkt dat dit niet goed werkt, wordt de theorie verworpen. Hoewel in de loop der jaren
al vele theorieén naar de prullenbak zijn verwezen, hebben we nu een redelijk goed
begrip van de natuurkunde om ons heen.

Klassieke mechanica

Klassieke mechanica is de natuurkundige theorie van Newton. Veel mensen van mijn
generatie die niks meer met natuurkunde te maken hebben, herinneren zich nog steeds
de formule ‘F' = m x a’ van de middelbare school. Deze formule zegt dat een kracht,
ter grootte van F, een object met massa m een versnelling a zal geven. Vervolgens zijn
er afzonderlijke formules waarmee de grootte van een kracht berekend kan worden,
bijvoorbeeld voor zwaartekracht, elektrische kracht en wrijvingskracht.

De klassieke mechanica is een intuitieve theorie, en werkt goed in alledaagse situ-
atieﬂ Onder alledaagse situaties verstaan we: snelheden klein ten opzichte van de
lichtsnelheid, objecten groter dan atomen en zwakke zwaartekracht.

Speciale en algemene relativiteitstheorie

Klassieke mechanica biedt echter geen volledige beschrijving van onze wereld. Zo blijkt
de snelheid van licht altijd hetzelfde te zijn: als je in een trein zit en een lichtsignaal met
de trein meestuurt, gaat deze net zo snel als wanneer je ‘m tegen de richting van de
trein in stuurt. Dit is in sterk contrast met de situatie als je op een trein staat en een
balletje weggooit: iemand die op het perron staat zal zien dat het balletje harder gaat als

30Deze twee uitspraken zijn waarschijnlijk equivalent.
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je ‘'m naar voren gooit, en langzamer als hij naar achteren gaat. Einstein kon dit verk-
laren met behulp van zijn speciale relativiteitstheorie. In deze theorie worden de drie
ruimtelijke dimensies (lengte, breedte en hoogte) samengevoegd met de tijdsdimensie
tot vier ruimte-tijd dimensies.

Na het ontwikkelen van de speciale relativiteitstheorie bedacht Einstein hoe hij hier
vervolgens de zwaartekracht kon beschrijven. In 1915 publiceerde hij zijn algemene
relativiteitstheorie. De vier-dimensionale ruimte-tijd is hierin gekromd door de aan-
wezigheid van materie, en de kromming van de ruimte-tijd bepaalt vervolgens hoe de
materie beweegt. De theorie voorspelde een aantal nieuwe dingen, zoals het bestaan
van zwarte gaten, waarover later meer.

Andere voorspellingen van algemene relativiteitstheorie zijn goed getest: de baan
van Mercurius wijkt een beetje af van de klassieke mechanica, maar wordt nu correct
beschreven. Ook het afbuigen van licht door zwaartekracht en energieverlies door
zwaartekrachtsgolven zijn nauwkeurig gemeten en in overeenstemming met de theorie.
De tijdsmetingen die GPS-satelieten gebruiken krijgen een kleine correctie ten gevolge
van relativistische effecten; zonder deze correcties zou GPS minder nauwkeurig zijn.

Quantummechanica

Een andere ontwikkeling van de 20e eeuw was de quantummechanica, die de wereld
op atoomschaal beschrijft. De theorie heeft zijn oorsprong in het werk van Max Planck
uit 1900, waar hij straling beschreef door aan te nemen dat de energie die vrijkomt bjj
straling niet continu is, maar in kleine “pakketjes” verdeeld was, de energiequanta. Ein-
stein nam deze quantisatie serieus en beschreef hiermee hoe ook licht gequantiseerd is,
in lichtdeeltjes die fotonen heten. In het dagelijks leven komen gigantische hoeveelhe-
den fotonen voor, waardoor het ons niet opvalt dat het gequantiseerd is in individuele
fotonen. Later werd de quantummechancia door Niels Bohr gebruikt om een model
voor atomen te maken. De wereld van de quantummechancia is een bizarre wereld:
deeltjes hebben geen vaste locatie, maar hebben alleen maar een kans om ergens te zijn
op het moment dat er gemeten wordt. Het blijkt echter dat zodra men quantumme-
chanica toepast op alledaagse objecten, dit soort correcties compleet te verwaarlozen is,
waardoor we het quantumgedrag niet opmerken.

Quantumveldentheorie en het standaardmodel

De volgende stap was een volledige quantum-beschrijving van het elektro-magnetische
veld. Al snel bleek dat een dergelijke theorie ook de speciale relativiteitstheorie moest
bevatten. Het onderzoek leidde uiteindelijk tot de quantumveldentheorie. Het stan-
daardmodel is de quantumveldentheorie die bijna alle materie en krachten beschrijft.
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De theorie is uitvoerig getest, vooral in deeltjesversnellers, zoals bij CERN in Geneve.
De enige kracht die ontbreekt in dit model is de zwaartekracht.

Open vragen

Hoewel de algemene relativiteitstheorie en het standaardmodel voortreffelijk werken,
zijn er nog steeds een aantal grote open vragen. Een direct probleem is dat het niet
mogelijk is om zwaartekracht consistent te schrijven als een quantumveldentheorie.
Hierdoor hebben we geen volledige beschrijving wanneer beide theorieén belangrijk
zijn, zoals het bestuderen van zwarte gaten of de oerknal.

Andere open vragen komen uit de kosmologie. Uit metingen blijkt dat de materie
van het standaardmodel maar 4% van alle materie in het helaal is. We denken dat de
overige 96% uit donkere materie en donkere energie bestaat, welke beiden niet door de
algemene relativiteitstheorie en het standaardmodel beschreven worden. Donkere ma-
terie zijn deeltjes die niet in het standaardmodel zitten. Donkere energie kan beschreven
worden door de kosmologische constante; dit is een parameter in de vergelijkingen van
Einstein. De waarde van deze constante is van groot belang voor de ontwikkeling van
het heelal. Huidige metingen wijzen op een kleine, positieve waarde voor deze con-
stante, maar een combinatie van algemene relativiteitstheorie en quantumveldentheorie
geeft echter een heel grote waarde.

Om deze open vragen te beantwoorden, hebben we een theorie nodig die zwaarte-
kracht en quantummechancia verenigt - een theorie van quantumzwaartekracht.

Snaartheorie, supersymmetrie en superzwaartekracht

Een van de meest veelbelovende theorieén voor quantumzwaartekracht is snaartheorie.
Deze theorie, ontstaan rond 1970, gaat er van uit dat de fundamentele bouwstenen geen
puntdeeltjes zijn, zoals in het standaardmodel, maar snaren. De deeltjes die we zien,
zoals quarks, elektronen en gravitonen, worden dan beschreven door trillingen van
deze snaren. Een recent verschenen Nederlandstalig, populair wetenschappelijk boek
is ‘Snaartheorie’ van Marcel Vonk [169], dat een uitgebreide introductie tot snaartheorie
geeft.

De fundamentele deeltjes in een quantumveldentheorie kunnen worden verdeeld
in twee types: bosonen en fermionen. Twee gelijke fermionen kunnen niet bij elkaar
zitten, terwijl bosonen dat juist wel kunnen. In het standaardmodel zijn de quarks
en elektronen fermionen, en het Higgs deeltje, het foton en andere krachten-dragende
deeltjes bosonen. Supersymmetrie is een symmetrie die de twee types relateert. In een
supersymmetrische theorie heeft elk boson een fermionische partner, en omgekeerd;
deze worden elkaars de superpartners genoemd. Hoewel het standaardmodel bosonen
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en fermionen bevat, zijn deze niet elkaars superpartners, maar moeten er extra deeltjes
worden toegevoegd om het standaardmodel supersymmetrisch te maken. De snaarthe-
orieén die het meest bestudeerd worden zijn ook supersymmetrisch.

Supersymmetrie heeft vele aantrekkelijke eigenschappen. De superpartners van het
standaardmodel zijn nog niet ontdekt, maar ze zijn wel een kandidaat voor donkere
materie; de supersymmetrie zou dan hun stabiliteit kunnen verklaren. Op dit moment
worden er experimenten uitgevoerd in de Large Hadron Collider van CERN, die hopen
om supersymmetrie te ontdekken.

Veel van de effecten van snaartheorie spelen zich af bij heel hoge energieén. Omdat
het technisch voorlopig onmogelijk is om experimenten bij zulke hoge energieén uit
te voeren, is het nuttig om naar een beschrijving te gaan waar alleen de effecten op
lagere energie in voorkomen. Een dergelijke beschrijving is een quantumveldentheorie
met zwaartekracht, die ook supersymmetrisch is, en daarom superzwaartekracht wordt
genoemd.

Compactificatie

Hoewel snaartheorie zijn successen heeft als theorie van quantumzwaartekracht, leidt
het ook tot nieuwe open vragen. Een direct probleem is dat de supersymmetrische
snaartheorieén uitgaan van tien ruimte-tijd dimensies, in plaats van de vier die wij
gewend zijn. Dit klinkt moeilijker dan het is. In ons dagelijks leven gebruiken we
vier codrdinaten om een gebeurtenis aan te duiden: drie voor de plek en eentje voor
de tijd. In een tien-dimensionale wereld moeten er nog zes plaats-coérdinaten bij om
een volledige beschrijving van de gebeurtenis te geven. Als deze zes extra dimensies
echter heel erg klein zijn (bijvoorbeeld in de orde van de Planck lengte, 1073% m), dan
maakt het niet veel uit wat de locatie in deze zes dimensies is, en de wereld lijkt dan
weer vier-dimensionaal. Als we aannemen dat zes dimensies erg klein zijn, kunnen we
de snaartheorie beschrijven met een effectieve theorie in vier dimensies. Dit proces heet
compactificatie.

In dit proefschrift bekijk ik enkele open vragen rondom compactificatie. Zo is er
een groot aantal verschillende ruimtes voor de interne zes dimensies, en verschillende
keuzes leiden tot verschillende modellen. Zelfs voor een specifieke keuze kunnen er
kleine verschillen in de interne ruimte zijn als we deze vanuit twee verschillende plek-
ken in de vier-dimensionale ruimte bekijken. Deze verschillen komen uiteindelijk in de
vier-dimensionale theorie terug als massaloze deeltjes, die moduli genoemd worden.
Zulke moduli zijn echter niet waargenomen in ons universum. We moeten dus een
mechanisme bedenken dat deze moduli een massa geeft. Als deze massa groot genoeg
is, kan dit verklaren waarom de deeltjes tot nu toe niet waargenomen zijn.
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Zwarte gaten

Een ander onderwerp van dit proefschrift zijn zwarte gaten. Een zwart gat ontstaat als
er heel veel materie in een heel klein volume komt: de zwaartekracht (of eigenlijk: de
kromming van de ruimte-tijd) wordt dan zo sterk dat er niks meer aan kan ontsnappen,
zelfs licht niet. De meeste astronomen zijn er van overtuigd dat er in het midden van
ons melkwegstelsel een zwart gat zit.

Stephan Hawking bestudeerde de theorie van quantummechanica in de omgeving
van een zwart gat en ontdekte dat er, door quantum-effecten, wél straling uit het zwarte
gat kan ontsnappen. Deze ontdekking leidde later tot grote discussie onder theoretisch
fysici over de vraag of de informatie van deeltjes die in het zwarte gat vallen, verloren
gaat. Men is er nu van overtuigd dat de informatie bewaard blijft. Zulke discussies laten
zien dat zwarte gaten belangrijk zijn voor de studie van quantumzwaartekracht, om-
dat het gebieden zijn waar algemene relativiteitstheorie en quantummechanica elkaar
tegenkomen.

Conclusie

In dit proefschrift heb ik een aantal vragen rondom compactificaties en zwarte gaten
bestudeerd. Allereerst hebben we de volledig supersymmetrische configuraties be-
schreven in bepaalde theorieén van vier-dimensionale superzwaartekracht. Vervolgens
gingen we op zoek naar nieuwe types zwarte gaten in deze theorieén. Hierna hebben
we laten zien hoe deze vier-dimensionale theorieén verkregen kunnen worden uit de
elf-dimensionale superzwaartekrachtstheorie. Een van de moduli is het volume van de
interne zes dimensies. We hebben bestudeerd hoe deze modulus een massa kan krijgen.

Hoewel er nog vele interessante open vragen blijven in de snaartheorie, hoop ik dat
dit proefschrift de antwoorden hierop dichterbij gebracht heeft.






Dankwoord

Ik wil graag een aantal mensen bedanken die me de afgelopen vier jaar hebben geholpen
dit proefschrift te voltooien.

Allereerst wil ik mijn begeleider Stefan bedanken voor het geven van de mogelijkheid
om dit promotieonderzoek te doen. Je enthousiasme, intuitie en werklust hebben me
erg gemotiveerd. Ik kon altijd even binnen komen lopen als ik iets te vragen had, wat
tot een prettige samenwerking heeft geleid, en ik heb veel geleerd van je systematische
aanpak en precisie.

Next I would like to thank my collaborators Kiril and Erik. It has always been pleasant
to work together, for the times we got stuck, the jokes we made and the final results we
obtained. I wish you both the best in your future careers.

Onderzoek doen betekent ook vaak vastzitten, maar de gezellige sfeer op het instituut
hielp me daar vaak overheen. Hiervoor wil ik iedereen op het ITF bedanken, met name
Marius (voor het bezoek aan scholen en conferenties), Jeroen (voor 42) en Maaike (voor
het altijd hebben van een minteken te veel als ik er eentje te weinig had).

Buiten de natuurkunde wil ik graag mijn ouders Wim en Els, mijn zusje Sylvia en de
rest van mijn familie bedanken voor hun steun tijdens deze jaren. Ook veel dank aan
mijn goede vrienden Tim en Andreas voor de vele leuke dingen die we samen doen.

Tenslotte bedank ik Kirsten, voor alles.

Hugo Looijestijn,
23 augustus 2010.






Curriculum Vitae

Ik ben geboren op 8 januari 1983 in Delft, waar ik de VWO-opleiding aan het Stanislas
College van 1995 tot 2001 heb gevolgd. Hierna ben ik natuur- en wiskunde gaan stu-
deren aan de Universiteit Utrecht. In 2006 heb ik beide doctoraaldiploma’s cum laude
behaald. Vanaf oktober 2006 heb ik mijn promotieonderzoek gedaan onder begeleiding
van dr. Stefan Vandoren. De resultaten van mijn onderzoek zijn het onderwerp van dit
proefschrift.






Bibliography

[1] M. B. Green, ]. H. Schwarz, and E. Witten, Superstring theory. Vol. 1: Introduction.
Cambridge University Press, Cambridge, 1987.

[2] M. B. Green, ]. H. Schwarz, and E. Witten, Superstring theory. Vol. 2:Loop
amplitudes, anomalies and phenomenology. Cambridge University Press,
Cambridge, 1987.

[3] J. Polchinski, String Theory. Vol. 1: An introduction to the bosonic string. Cambridge
Monographs on Mathematical Physics. Cambridge University Press, Cambridge,
U.K.; New York, U.S.A., 1998.

[4] J. Polchinski, String Theory. Vol. 2: Superstring theory and beyond. Cambridge
Monographs on Mathematical Physics. Cambridge University Press, Cambridge,
U.K.; New York, U.S.A., 1998.

[5] M. Becker and J. H. Schwarz, String theory and M-theory: a modern introduction.
Cambridge Univeristy Press, 2007.

[6] A.Strominger and C. Vafa, “Microscopic origin of the Bekenstein-Hawking
entropy,” Phys. Lett. B379 (1996) 99-104, arXiv:hep-th/9601029.

[7] S. D. Mathur, “The fuzzball proposal for black holes: An elementary review,”
Fortsch. Phys. 53 (2005) 793-827,|arXiv:hep-th/0502050.

[8] J. M. Maldacena, “The large N limit of superconformal field theories and
supergravity,” |Adv. Theor. Math. Phys. 2 (1998) 231-252,
arXiv:hep-th/9711200.

[9] G. 't Hooft, “A planar diagram theory for strong interactions,” Nucl. Phys. B72
(1974) 461.
[10] G. 't Hooft, “Dimensional reduction in quantum gravity,”
arXiv:gr—-qc/9310026.


http://dx.doi.org/10.1016/0370-2693(96)00345-0
http://arxiv.org/abs/hep-th/9601029
http://dx.doi.org/10.1002/prop.200410203
http://arxiv.org/abs/hep-th/0502050
http://dx.doi.org/10.1023/A:1026654312961
http://arxiv.org/abs/hep-th/9711200
http://dx.doi.org/10.1016/0550-3213(74)90154-0
http://dx.doi.org/10.1016/0550-3213(74)90154-0
http://arxiv.org/abs/gr-qc/9310026

170 Bibliography

[11] M. Grana, “Flux compactifications in string theory: A comprehensive review,”
Phys. Rept. 423 (2006) 91-158) |arXiv:hep-th/0509003.

[12] M. R. Douglas and S. Kachru, “Flux compactification,” Rev. Mod. Phys. 79 (2007)
733-796,larXiv:hep-th/0610102.

[13] R. Blumenhagen, B. Kors, D. Lust, and S. Stieberger, “Four-dimensional string
compactifications with d-branes, orientifolds and fluxes,” Phys. Rept. 445 (2007)
1-193, arXiv:hep-th/0610327.

[14] J. M. Maldacena, A. Strominger, and E. Witten, “Black hole entropy in M-theory,”
JHEP 12 (1997) 002, larXiv:hep-th/9711053!

[15] S. A. Hartnoll, “Lectures on holographic methods for condensed matter
physics,” |Class. Quant. Grav. 26 (2009) 224002, arXiv:0903.3246 [hep-th].

[16] G.T. Horowitz, “Introduction to holographic superconductors,”
arXiv:1002.1722 [hep-th].

[17] J. P. Gauntlett, J. Sonner, and T. Wiseman, “Quantum criticality and holographic
superconductors in M- theory,” JHEP 02 (2010) 060, arXiv:0912.0512
[hep—-th].

[18] J. P. Gauntlett, J. Sonner, and T. Wiseman, “Holographic superconductivity in
M-Theory,” |Phys. Rev. Lett. 103 (2009) 151601, arXiv:0907.3796 [hep-th].

[19] S. Kachru, R. Kallosh, A. D. Linde, and S. P. Trivedi, “De Sitter vacua in string
theory,” Phys. Rev. D68 (2003) 046005, |arXiv:hep-th/0301240.

[20] V. Balasubramanian, P. Berglund, J. P. Conlon, and F. Quevedo, “Systematics of
moduli stabilisation in calabi-yau flux compactifications,” JHEP 03 (2005) 007,
arXiv:hep-th/0502058.

[21] J. P. Conlon, E. Quevedo, and K. Suruliz, “Large-volume flux compactifications:
Moduli spectrum and D3 /D7 soft supersymmetry breaking,” JHEP 08 (2005) 007,
arXiv:hep-th/0505076.

[22] A. Bilal, “Introduction to supersymmetry,” arXiv:hep-th/0101055|

[23] J. M. Figueroa-O'Farrill, “BUSSTEPP lectures on supersymmetry,”
arXiv:hep-th/0109172.

[24] ]J. Wess and ]. Bagger, Supersymmetry and supergravity. Princeton University Press,
1992.

[25] B. de Wit, “Introduction to supergravity,”. Lectures given at 1984 Spring School
on Supersymmetry and Supergravity, Trieste, Italy, Apr 4-14, 1984.

[26] B. Klein, New couplings in N' = 2 supergravity. PhD thesis, Utrecht University,
1998.

[27] A.Van Proeyen, N = 2 Supergravity in d=4,5,6 and its matter couplings. 2008.


http://dx.doi.org/10.1016/j.physrep.2005.10.008
http://arxiv.org/abs/hep-th/0509003
http://dx.doi.org/10.1103/RevModPhys.79.733
http://dx.doi.org/10.1103/RevModPhys.79.733
http://arxiv.org/abs/hep-th/0610102
http://dx.doi.org/10.1016/j.physrep.2007.04.003
http://dx.doi.org/10.1016/j.physrep.2007.04.003
http://arxiv.org/abs/hep-th/0610327
http://arxiv.org/abs/hep-th/9711053
http://dx.doi.org/10.1088/0264-9381/26/22/224002
http://arxiv.org/abs/0903.3246
http://arxiv.org/abs/1002.1722
http://dx.doi.org/10.1007/JHEP02(2010)060
http://arxiv.org/abs/0912.0512
http://arxiv.org/abs/0912.0512
http://dx.doi.org/10.1103/PhysRevLett.103.151601
http://arxiv.org/abs/0907.3796
http://dx.doi.org/10.1103/PhysRevD.68.046005
http://arxiv.org/abs/hep-th/0301240
http://dx.doi.org/10.1088/1126-6708/2005/03/007
http://arxiv.org/abs/hep-th/0502058
http://arxiv.org/abs/hep-th/0505076
http://arxiv.org/abs/hep-th/0101055
http://arxiv.org/abs/hep-th/0109172

171

http://itf.fys.kuleuven.be/~toine/LectParis.pdf.

[28] L. Andrianopoli et al., “N = 2 supergravity and A = 2 super Yang-Mills theory
on general scalar manifolds: Symplectic covariance, gaugings and the
momentum map,” |. Geom. Phys. 23 (1997) 111-189, arXiv:hep-th/9605032|

[29] J. Wess and B. Zumino, “Supergauge transformations in four-dimensions,” Nucl.
Phys. B70 (1974) 39-50.

[30] B. Zumino, “Supersymmetry and Kahler manifolds,” Phys. Lett. B87 (1979) 203.

[31] D. Z. Freedman, P. van Nieuwenhuizen, and S. Ferrara, “Progress toward a
theory of supergravity,” Phys. Rev. D13 (1976) 3214-3218.

[32] B. de Wit, J. W. van Holten, and A. Van Proeyen, “Structure of N' = 2
supergravity,” Nucl. Phys. B184 (1981) 77.

[33] B. de Wit, J. W. van Holten, and A. Van Proeyen, “Transformation Rules of N/ = 2
Supergravity Multiplets,” |Nucl. Phys. B167 (1980) 186.

[34] E. S. Fradkin and M. A. Vasiliev, “Minimal set of auxiliary fields in so(2)
extended supergravity,” Phys. Lett. B85 (1979) 47-51.

[35] B. de Wit and A. Van Proeyen, “Potentials and symmetries of general gauged
N = 2 supergravity: Yang-Mills models,” Nucl. Phys. B245 (1984) 89.

[36] B. Craps, F. Roose, W. Troost, and A. Van Proeyen, “What is special Kaehler
geometry?,” Nucl. Phys. B503 (1997) 565613, arXiv:hep-th/9703082.

[37] ]J. Bagger and E. Witten, “Matter Couplings in N = 2 Supergravity,” Nucl. Phys.
B222 (1983) 1.

[38] B.de Wit, P. G. Lauwers, and A. Van Proeyen, “Lagrangians of N = 2
supergravity - matter systems,” |[Nucl. Phys. B255 (1985) 569\

[39] U. Theis and S. Vandoren, “A" = 2 supersymmetric scalar-tensor couplings,”
JHEP 04 (2003) 042, larXiv:hep-th/0303048!

[40] R. D’Auria, L. Sommovigo, and S. Vaula, “N = 2 supergravity Lagrangian
coupled to tensor multiplets with electric and magnetic fluxes,” JHEP 11 (2004)
028, larXiv:hep-th/0409097.

[41] B. de Wit, H. Samtleben, and M. Trigiante, “Magnetic charges in local field
theory,” JHEP 09 (2005) 016, arXiv:hep-th/0507289,

[42] M. de Vroome and B. de Wit, “Lagrangians with electric and magnetic charges of
N = 2 supersymmetric gauge theories,” JHEP 08 (2007) 064, |arxiv:0707.2717

[hep-th]l

[43] L. Andrianopoli, R. D’Auria, and L. Sommovigo, “D=4, N’ = 2 Supergravity in
the presence of vector-tensor multiplets and the role of higher p-forms in the
framework of free differential algebras,” Adv. Stud. Theor. Phys. 1 (2008) 561-596,


http://itf.fys.kuleuven.be/~toine/LectParis.pdf
http://dx.doi.org/10.1016/S0393-0440(97)00002-8
http://arxiv.org/abs/hep-th/9605032
http://dx.doi.org/10.1016/0550-3213(74)90355-1
http://dx.doi.org/10.1016/0550-3213(74)90355-1
http://dx.doi.org/10.1016/0370-2693(79)90964-X
http://dx.doi.org/10.1103/PhysRevD.13.3214
http://dx.doi.org/10.1016/0550-3213(81)90211-X
http://dx.doi.org/10.1016/0550-3213(80)90125-X
http://dx.doi.org/10.1016/0370-2693(79)90774-3
http://dx.doi.org/10.1016/0550-3213(84)90425-5
http://dx.doi.org/10.1016/S0550-3213(97)00408-2
http://arxiv.org/abs/hep-th/9703082
http://dx.doi.org/10.1016/0550-3213(83)90605-3
http://dx.doi.org/10.1016/0550-3213(83)90605-3
http://dx.doi.org/10.1016/0550-3213(85)90154-3
http://arxiv.org/abs/hep-th/0303048
http://dx.doi.org/10.1088/1126-6708/2004/11/028
http://dx.doi.org/10.1088/1126-6708/2004/11/028
http://arxiv.org/abs/hep-th/0409097
http://arxiv.org/abs/hep-th/0507289
http://dx.doi.org/10.1088/1126-6708/2007/08/064
http://arxiv.org/abs/0707.2717
http://arxiv.org/abs/0707.2717

172 Bibliography

arXiv:0710.3107 [hep-th].

[44] E. Cremmer, S. Ferrara, L. Girardello, and A. Van Proeyen, “Yang-Mills theories
with local supersymmetry: Lagrangian, transformation laws and superhiggs
effect,” Nucl. Phys. B212 (1983) 413.

[45] S. Ferrara, L. Girardello, T. Kugo, and A. Van Proeyen, “Relation between
different auxiliary field formulations of V' = 1 supergravity coupled to matter,”
Nucl. Phys. B223 (1983) 191.

[46] E. Witten and J. Bagger, “Quantization of Newton’s constant in certain
supergravity theories,” |Phys. Lett. B115 (1982) 202.

[47] J. A. Bagger, “Coupling the gauge invariant supersymmetric nonlinear sigma
model to supergravity,” Nucl. Phys. B211 (1983) 302.

[48] J. De Rydt, J. Rosseel, T. T. Schmidt, A. Van Proeyen, and M. Zagermann,
“Symplectic structure of ' = 1 supergravity with anomalies and Chern-Simons
terms,” |Class. Quant. Grav. 24 (2007) 5201-5220, arxXiv:0705.4216 [hep—-th].

[49] M. Nakahara, Geometry, topology and physics. Taylor & Francis, 2003.

[50] B.R. Greene, “String theory on Calabi-Yau manifolds,”
arXiv:hep-th/9702155.

[51] S. B. Giddings, S. Kachru, and J. Polchinski, “Hierarchies from fluxes in string
compactifications,” |Phys. Rev. D66 (2002) 106006, arXiv:hep-th/0105097.

[52] B. de Wit, P. G. Lauwers, R. Philippe, S. Q. Su, and A. Van Proeyen, “Gauge and
matter fields coupled to V' = 2 supergravity,” |Phys. Lett. B134 (1984) 37.

[53] J. P. Derendinger, S. Ferrara, A. Masiero, and A. Van Proeyen, “Yang-Mills
theories coupled to N = 2 supergravity: Higgs and superHiggs effects in anti-de
Sitter space,” |Phys. Lett. B136 (1984) 354.

[54] R. D’Auria, S. Ferrara, and P. Fre, “Special and quaternionic isometries: General
couplings in N’ = 2 supergravity and the scalar potential,” Nucl. Phys. B359
(1991) 705-740.

[55] R.D’Auria and S. Ferrara, “On fermion masses, gradient flows and potential in
supersymmetric theories,” JHEP 05 (2001) 034,|arXiv:hep-th/0103153.

[56] B. de Wit, M. Rocek, and S. Vandoren, “Gauging isometries on hyperKaehler
cones and quaternion- Kaehler manifolds,” \Phys. Lett. B511 (2001) 302-310,
arXiv:hep-th/0104215.

[57] J. Polchinski and A. Strominger, “New Vacua for Type II String Theory,” Phys.
Lett. B388 (1996) 736-742, arXiv:hep-th/9510227.

[58] J. Michelson, “Compactifications of type IIB strings to four dimensions with
non-trivial classical potential,” |[Nucl. Phys. B495 (1997) 127-148,


http://arxiv.org/abs/0710.3107
http://dx.doi.org/10.1016/0550-3213(83)90679-X
http://dx.doi.org/10.1016/0550-3213(83)90101-3
http://dx.doi.org/10.1016/0370-2693(82)90644-X
http://dx.doi.org/10.1016/0550-3213(83)90411-X
http://dx.doi.org/10.1088/0264-9381/24/20/017
http://arxiv.org/abs/0705.4216
http://arxiv.org/abs/hep-th/9702155
http://dx.doi.org/10.1103/PhysRevD.66.106006
http://arxiv.org/abs/hep-th/0105097
http://dx.doi.org/10.1016/0370-2693(84)90979-1
http://dx.doi.org/10.1016/0370-2693(84)92019-7
http://dx.doi.org/10.1016/0550-3213(91)90077-B
http://dx.doi.org/10.1016/0550-3213(91)90077-B
http://arxiv.org/abs/hep-th/0103153
http://dx.doi.org/10.1016/S0370-2693(01)00636-0
http://arxiv.org/abs/hep-th/0104215
http://dx.doi.org/10.1016/S0370-2693(96)01219-1
http://dx.doi.org/10.1016/S0370-2693(96)01219-1
http://arxiv.org/abs/hep-th/9510227
http://dx.doi.org/10.1016/S0550-3213(97)00184-3

173

arXiv:hep-th/9610151.

[59] G. Dall’Agata, “Type IIB supergravity compactified on a Calabi-Yau manifold
with H-fluxes,” JHEP 11 (2001) 005, arxXiv:hep—-th/0107264.

[60] L. Andrianopoli, R. D’Auria, S. Ferrara, and M. A. Lledo, “4-D gauged
supergravity analysis of type IIB vacua on K3 x T**2/Z(2),” JHEP 03 (2003) 044,
arXiv:hep-th/0302174.

[61] S. Kachru and A.-K. Kashani-Poor, “Moduli potentials in type IIA
compactifications with RR and NS flux,” JHEP 03 (2005) 066,
arXiv:hep-th/0411279.

[62] M. Grana, J. Louis, and D. Waldram, “Hitchin functionals in V' = 2
supergravity,” JHEP 01 (2006) 008, arXiv:hep-th/0505264.

[63] M. Grana, J. Louis, and D. Waldram, “SU(3) x SU(3) compactification and mirror
duals of magnetic fluxes,” JHEP 04 (2007) 101, arXiv:hep-th/0612237.

[64] O. Aharony, M. Berkooz, J. Louis, and A. Micu, “Non-Abelian structures in
compactifications of M-theory on seven-manifolds with SU(3) structure,” JHEP
09 (2008) 108, arXiv:0806.1051 [hep-th].

[65] J. P. Gauntlett, S. Kim, O. Varela, and D. Waldram, “Consistent supersymmetric
Kaluza—Klein truncations with massive modes,” JHEP 04 (2009) 102,
arXiv:0901.0676 [hep-th].

[66] D. Cassani and A.-K. Kashani-Poor, “Exploiting A/ = 2 in consistent coset
reductions of type IIA,” Nucl. Phys. B817 (2009) 25-57,|arXiv:0901.4251
[hep—th].

[67] J. Louis, D. Martinez-Pedrera, and A. Micu, “Heterotic compactifications on
SU(2)-structure backgrounds,” JHEP 09 (2009) 012, arXiv:0907.3799
[hep—-th].

[68] K. Behrndt, D. Lust, and W. A. Sabra, “Stationary solutions of N = 2
supergravity,” Nucl. Phys. B510 (1998) 264288, arXiv:hep-th/9705169!

[69] G. Lopes Cardoso, B. de Wit, J. Kappeli, and T. Mohaupt, “Stationary BPS
solutions in N = 2 supergravity with R**2 interactions,” JHEP 12 (2000) 019,
arXiv:hep-th/0009234.

[70] P. Meessen and T. Ortin, “The supersymmetric configurations of V' = 2,d =4
supergravity coupled to vector supermultiplets,” Nucl. Phys. B749 (2006)
291-324, arXiv:hep-th/0603099.

[71] M. Huebscher, P. Meessen, and T. Ortin, “Supersymmetric solutions of ' =2d =
4 SUGRA: The whole ungauged shebang,” Nucl. Phys. B759 (2006) 228-248|,
arXiv:hep-th/0606281.


http://arxiv.org/abs/hep-th/9610151
http://arxiv.org/abs/hep-th/0107264
http://arxiv.org/abs/hep-th/0302174
http://dx.doi.org/10.1088/1126-6708/2005/03/066
http://arxiv.org/abs/hep-th/0411279
http://arxiv.org/abs/hep-th/0505264
http://arxiv.org/abs/hep-th/0612237
http://dx.doi.org/10.1088/1126-6708/2008/09/108
http://dx.doi.org/10.1088/1126-6708/2008/09/108
http://arxiv.org/abs/0806.1051
http://dx.doi.org/10.1088/1126-6708/2009/04/102
http://arxiv.org/abs/0901.0676
http://dx.doi.org/10.1016/j.nuclphysb.2009.03.011
http://arxiv.org/abs/0901.4251
http://arxiv.org/abs/0901.4251
http://dx.doi.org/10.1088/1126-6708/2009/09/012
http://arxiv.org/abs/0907.3799
http://arxiv.org/abs/0907.3799
http://dx.doi.org/10.1016/S0550-3213(97)00633-0
http://arxiv.org/abs/hep-th/9705169
http://arxiv.org/abs/hep-th/0009234
http://dx.doi.org/10.1016/j.nuclphysb.2006.05.025
http://dx.doi.org/10.1016/j.nuclphysb.2006.05.025
http://arxiv.org/abs/hep-th/0603099
http://dx.doi.org/10.1016/j.nuclphysb.2006.10.004
http://arxiv.org/abs/hep-th/0606281

174 Bibliography

[72] S. L. Cacciatori, D. Klemm, D. S. Mansi, and E. Zorzan, “All timelike
supersymmetric solutions of N' = 2, D=4 gauged supergravity coupled to
abelian vector multiplets,” |JHEP 05 (2008) 097, arXiv:0804.0009 [hep-th].

[73] M. Huebscher, P. Meessen, T. Ortin, and S. Vaula, “A/ = 2 Einstein-Yang-Mills’s
BPS solutions,” JHEP 09 (2008) 099, larXiv:0806.1477 [hep-th].

[74] D. Klemm and E. Zorzan, “All null supersymmetric backgrounds of V' = 2, D=4
gauged supergravity coupled to abelian vector multiplets,” Class. Quant. Grav. 26
(2009) 145018, arXiv:0902.4186 [hep—-th].

[75] J. M. Figueroa-O’Farrill and G. Papadopoulos, “Maximally supersymmetric
solutions of ten- and eleven- dimensional supergravities,” JHEP 03 (2003) 048,
arXiv:hep-th/0211089.

[76] M. Cahen and N. Wallach, “Lorentzian symmetric spaces,” Bull. Am. Math. Soc.
76 (1970) 585-591.

[77] T. Ortn, Gravity and strings. Cambridge Univ. Press, Cambridge, 2004.

[78] T. Mohaupt and M. Zagermann, “Gauged supergravity and singular Calabi-Yau
manifolds,” JHEP 12 (2001) 026, arXiv:hep—-th/0109055,

[79] K. Hristov, H. Looyestijn, and S. Vandoren, “Maximally supersymmetric
solutions of D=4 N = 2 gauged supergravity,” JHEP 11 (2009) 115,
arXiv:0909.1743 [hep-th].

[80] I. Antoniadis, R. Minasian, S. Theisen, and P. Vanhove, “String loop corrections
to the universal hypermultiplet,” Class. Quant. Grav. 20 (2003) 5079-5102,
arXiv:hep-th/0307268.

[81] L. Anguelova, M. Rocek, and S. Vandoren, “Quantum corrections to the
universal hypermultiplet and superspace,” Phys. Rev. D70 (2004) 066001,
arXiv:hep-th/0402132.

[82] S. W. Hawking, “Black hole explosions,” |Nature 248 (1974) 30-31.

[83] J. D. Bekenstein, “Black holes and entropy,” Phys. Rev. D7 (1973) 2333-2346.

[84] P. K. Townsend, “Black holes,” arXiv:gr—-gc/9707012,

[85] G. W. Gibbons and C. M. Hull, “A Bogomolny bound for general relativity and
solitons in V' = 2 supergravity,” Phys. Lett. B109 (1982) 190.

[86] S. Ferrara, R. Kallosh, and A. Strominger, “A" = 2 extremal black holes,” |Phys.
Rev. D52 (1995) 5412-5416, arXiv:hep-th/9508072.

[87] A. Strominger, “Macroscopic entropy of ' = 2 extremal black holes,” |Phys. Lett.
B383 (1996) 3943, arXiv:hep-th/9602111.

[88] S. Ferrara and R. Kallosh, “Supersymmetry and attractors,” Phys. Rev. D54 (1996)
1514-1524) larXiv:hep-th/9602136.


http://dx.doi.org/10.1088/1126-6708/2008/05/097
http://arxiv.org/abs/0804.0009
http://dx.doi.org/10.1088/1126-6708/2008/09/099
http://arxiv.org/abs/0806.1477
http://dx.doi.org/10.1088/0264-9381/26/14/145018
http://dx.doi.org/10.1088/0264-9381/26/14/145018
http://arxiv.org/abs/0902.4186
http://arxiv.org/abs/hep-th/0211089
http://arxiv.org/abs/hep-th/0109055
http://dx.doi.org/10.1088/1126-6708/2009/11/115
http://arxiv.org/abs/0909.1743
http://dx.doi.org/10.1088/0264-9381/20/23/009
http://arxiv.org/abs/hep-th/0307268
http://dx.doi.org/10.1103/PhysRevD.70.066001
http://arxiv.org/abs/hep-th/0402132
http://dx.doi.org/10.1038/248030a0
http://dx.doi.org/10.1103/PhysRevD.7.2333
http://arxiv.org/abs/gr-qc/9707012
http://dx.doi.org/10.1016/0370-2693(82)90751-1
http://dx.doi.org/10.1103/PhysRevD.52.R5412
http://dx.doi.org/10.1103/PhysRevD.52.R5412
http://arxiv.org/abs/hep-th/9508072
http://dx.doi.org/10.1016/0370-2693(96)00711-3
http://dx.doi.org/10.1016/0370-2693(96)00711-3
http://arxiv.org/abs/hep-th/9602111
http://dx.doi.org/10.1103/PhysRevD.54.1514
http://dx.doi.org/10.1103/PhysRevD.54.1514
http://arxiv.org/abs/hep-th/9602136

175

[89] K. Behrndt et al., “Classical and quantum N = 2 supersymmetric black holes,”
Nucl. Phys. B488 (1997) 236260, arXiv:hep-th/9610105.

[90] E. Denef, “Supergravity flows and D-brane stability,” JHEP 08 (2000) 050,
arXiv:hep-th/00050409.

[91] B. Bates and F. Denef, “Exact solutions for supersymmetric stationary black hole
composites,” arXiv:hep-th/0304094.

[92] L.]J. Romans, “Supersymmetric, cold and lukewarm black holes in cosmological
Einstein-Maxwell theory,” Nucl. Phys. B383 (1992) 395415,
arXiv:hep-th/9203018.

[93] V. A. Kostelecky and M. J. Perry, “Solitonic Black Holes in Gauged N = 2
Supergravity,” Phys. Lett. B371 (1996) 191-198, arXiv:hep-th/9512222.

[94] S. L. Cacciatori and D. Klemm, “Supersymmetric AdS, black holes and
attractors,” |arXiv:0911.4926 [hep-th].

[95] D. Klemm and E. Zorzan, “The timelike half-supersymmetric backgrounds of
N = 2, D=4 supergravity with Fayet-Iliopoulos gauging,” arxiv:1003.2974
[hep—-th].

[96] W. A. Sabra, “Anti-de Sitter BPS black holes in N = 2 gauged supergravity,”
Phys. Lett. B458 (1999) 3642, /arXiv:hep—th/9903143

[97] A.H. Chamseddine and W. A. Sabra, “Magnetic and dyonic black holes in D = 4
gauged supergravity,” Phys. Lett. B485 (2000) 301-307,
arXiv:hep-th/0003213!.

[98] M. M. Caldarelli and D. Klemm, “Supersymmetry of anti-de Sitter black holes,”
Nucl. Phys. B545 (1999) 434—460,|arXiv:hep-th/9808097.

[99] Z. W. Chong, M. Cvetic, H. Lu, and C. N. Pope, “Charged rotating black holes in
four-dimensional gauged and ungauged supergravities,” Nucl. Phys. B717 (2005)
246-271,larXiv:hep-th/0411045!

[100] J. F. Morales and H. Samtleben, “Entropy function and attractors for AdS black
holes,” JHEP 10 (2006) 074, arXiv:hep-th/0608044.

[101] R. Kallosh, N. Sivanandam, and M. Soroush, “Exact attractive non-BPS STU
black holes,” Phys. Rev. D74 (2006) 065008, arXiv:hep-th/0606263.

[102] J. P. Gauntlett and J. B. Gutowski, “All supersymmetric solutions of minimal
gauged supergravity in five dimensions,” Phys. Rev. D68 (2003) 105009,
arXiv:hep-th/0304064.

[103] R. Kallosh and T. Ortin, “Killing spinor identities,” arXiv:hep-th/9306085,

[104] N. Seiberg and E. Witten, “Monopole condensation, and confinement in N = 2
supersymmetric yang-mills theory,” Nucl. Phys. B426 (1994) 19-52,


http://dx.doi.org/10.1016/S0550-3213(97)00028-X
http://arxiv.org/abs/hep-th/9610105
http://arxiv.org/abs/hep-th/0005049
http://arxiv.org/abs/hep-th/0304094
http://dx.doi.org/10.1016/0550-3213(92)90684-4
http://arxiv.org/abs/hep-th/9203018
http://dx.doi.org/10.1016/0370-2693(95)01607-4
http://arxiv.org/abs/hep-th/9512222
http://arxiv.org/abs/0911.4926
http://arxiv.org/abs/1003.2974
http://arxiv.org/abs/1003.2974
http://dx.doi.org/10.1016/S0370-2693(99)00564-X
http://arxiv.org/abs/hep-th/9903143
http://dx.doi.org/10.1016/S0370-2693(00)00652-3
http://arxiv.org/abs/hep-th/0003213
http://dx.doi.org/10.1016/S0550-3213(98)00846-3
http://arxiv.org/abs/hep-th/9808097
http://dx.doi.org/10.1016/j.nuclphysb.2005.03.034
http://dx.doi.org/10.1016/j.nuclphysb.2005.03.034
http://arxiv.org/abs/hep-th/0411045
http://arxiv.org/abs/hep-th/0608044
http://dx.doi.org/10.1103/PhysRevD.74.065008
http://arxiv.org/abs/hep-th/0606263
http://dx.doi.org/10.1103/PhysRevD.68.105009
http://arxiv.org/abs/hep-th/0304064
http://arxiv.org/abs/hep-th/9306085
http://dx.doi.org/10.1016/0550-3213(94)90124-4

176 Bibliography

arXiv:hep-th/9407087.

[105] N. Seiberg and E. Witten, “Monopoles, duality and chiral symmetry breaking in
N = 2 supersymmetric QCD,” Nucl. Phys. B431 (1994) 484-550,
arXiv:hep-th/9408099.

[106] V. Hubeny, A. Maloney, and M. Rangamani, “String-corrected black holes,” JHEP
05 (2005) 035,|arXiv:hep-th/0411272,

[107] P.C. Aichelburg and F. Embacher, “The exact superpartners of N = 2
supergravity solitons,” |Phys. Rev. D34 (1986) 3006.

[108] N. Banerjee, I. Mandal, and A. Sen, “Black hole hair removal,” |JHEP 07 (2009)
091, arxXxiv:0901.0359 [hep-th].

[109] D. P.Jatkar, A. Sen, and Y. K. Srivastava, “Black hole hair removal: non-linear
analysis,” JHEP 02 (2010) 038} arXiv:0907.0593 [hep-th]|

[110] J. Scherk and J. H. Schwarz, “Spontaneous Breaking of Supersymmetry Through
Dimensional Reduction,” |Phys. Lett. B82 (1979) 60.

[111] J. Scherk and J. H. Schwarz, “How to Get Masses from Extra Dimensions,” Nucl.
Phys. B153 (1979) 61-88.

[112] E. Bergshoeff, M. de Roo, and E. Eyras, “Gauged supergravity from dimensional
reduction,” Phys. Lett. B413 (1997) 70-78, |arXiv:hep—th/9707130.

[113] I V. Lavrinenko, H. Lu, and C. N. Pope, “Fibre bundles and generalised
dimensional reductions,” Class. Quant. Grav. 15 (1998) 2239-2256,
arXiv:hep-th/9710243.

[114] C. M. Hull, “Gauged D =9 supergravities and Scherk-Schwarz reduction,” Class.
Quant. Grav. 21 (2004) 509-516, arXiv:hep-th/0203146.

[115] L. Andrianopoli, R. D’Auria, S. Ferrara, and M. A. Lledo, “Gauging of flat
groups in four dimensional supergravity,” JHEP 07 (2002) 010,
arXiv:hep-th/0203206.

[116] A. Dabholkar and C. Hull, “Duality twists, orbifolds, and fluxes,” JHEP 09 (2003)
054,larXiv:hep—-th/0210209.

[117] B. de Wit, H. Samtleben, and M. Trigiante, “On Lagrangians and gaugings of
maximal supergravities,” Nucl. Phys. B655 (2003) 93-126,
arXiv:hep-th/0212239.

[118] L. Andrianopoli, S. Ferrara, and M. A. Lledo, “Scherk-Schwarz reduction of D =
5 special and quaternionic geometry,” Class. Quant. Grav. 21 (2004) 4677-4696,
arXiv:hep-th/0405164.

[119] G. Dall’Agata and S. Ferrara, “Gauged supergravity algebras from twisted tori
compactifications with fluxes,” Nucl. Phys. B717 (2005) 223-245,


http://arxiv.org/abs/hep-th/9407087
http://dx.doi.org/10.1016/0550-3213(94)90214-3
http://arxiv.org/abs/hep-th/9408099
http://arxiv.org/abs/hep-th/0411272
http://dx.doi.org/10.1103/PhysRevD.34.3006
http://dx.doi.org/10.1088/1126-6708/2009/07/091
http://dx.doi.org/10.1088/1126-6708/2009/07/091
http://arxiv.org/abs/0901.0359
http://dx.doi.org/10.1007/JHEP02(2010)038
http://arxiv.org/abs/0907.0593
http://dx.doi.org/10.1016/0370-2693(79)90425-8
http://dx.doi.org/10.1016/S0370-2693(97)01111-8
http://arxiv.org/abs/hep-th/9707130
http://dx.doi.org/10.1088/0264-9381/15/8/008
http://arxiv.org/abs/hep-th/9710243
http://dx.doi.org/10.1088/0264-9381/21/2/014
http://dx.doi.org/10.1088/0264-9381/21/2/014
http://arxiv.org/abs/hep-th/0203146
http://arxiv.org/abs/hep-th/0203206
http://arxiv.org/abs/hep-th/0210209
http://dx.doi.org/10.1016/S0550-3213(03)00059-2
http://arxiv.org/abs/hep-th/0212239
http://dx.doi.org/10.1088/0264-9381/21/19/013
http://arxiv.org/abs/hep-th/0405164
http://dx.doi.org/10.1016/j.nuclphysb.2005.03.039

177

arXiv:hep-th/0502066.

[120] L. Andrianopoli, M. A. Lledo, and M. Trigiante, “The Scherk-Schwarz
mechanism as a flux compactification with internal torsion,” JHEP 05 (2005) 051,
arXiv:hep-th/0502083.

[121] C. M. Hull and R. A. Reid-Edwards, “Flux compactifications of string theory on
twisted tori,” Fortsch. Phys. 57 (2009) 862—894,|arXiv:hep-th/0503114!

[122] G. Dall’Agata and N. Prezas, “Scherk-Schwarz reduction of M-theory on
G2-manifolds with fluxes,” JHEP 10 (2005) 103,|arXiv:hep-th/0509052|

[123] C. M. Hull and R. A. Reid-Edwards, “Flux compactifications of M-theory on
twisted tori,” JHEP 10 (2006) 086,|arXiv:hep-th/0603094.

[124] E. Cremmer, B. Julia, and J. Scherk, “Supergravity theory in 11 dimensions,”
Phys. Lett. B76 (1978) 409—-412.

[125] A. C. Cadavid, A. Ceresole, R. D’Auria, and S. Ferrara, “Eleven-dimensional
supergravity compactified on Calabi-Yau threefolds,” Phys. Lett. B357 (1995)
76-80,larXiv:hep-th/9506144.

[126] A. Strominger, “Yukawa Couplings in Superstring Compactification,” |Phys. Rev.
Lett. 55 (1985) 2547.

[127] G. Tian, “Smoothness of the universal deformation space of compact Calabi-Yau
manifolds and its Weil-Peterson metric,” in Mathematical Aspects of String Theory,
S.-T. Yau, ed., pp. 629-646. World Scientific, Singapore, 1987.

[128] A. Strominger, “Special geometry,” Commun. Math. Phys. 133 (1990) 163-180.

[129] P. Candelas and X. de la Ossa, “Moduli space of Calabi-Yau manifolds,” Nucl.
Phys. B355 (1991) 455-481.

[130] H. Suzuki, “Calabi-Yau compactification of type IIB string and a mass formula of
the extreme black holes,” Mod. Phys. Lett. A11 (1996) 623-630,
arXiv:hep-th/9508001.

[131] A. Ceresole, R. D"Auria, and S. Ferrara, “The Symplectic Structure of N = 2
Supergravity and its Central Extension,” Nucl. Phys. Proc. Suppl. 46 (1996) 6774,
arXiv:hep-th/9509160.

[132] M. Gunaydin, G. Sierra, and P. K. Townsend, “Gauging the d =5
Maxwell-Einstein Supergravity Theories: More on Jordan Algebras,” Nucl. Phys.
B253 (1985) 573.

[133] E. Bergshoeff et al., “N = 2 supergravity in five dimensions revisited,” Class.
Quant. Grav. 21 (2004) 3015-3042, arXiv:hep-th/0403045.

[134] B. de Wit and A. Van Proeyen, “Broken sigma model isometries in very special
geometry,” Phys. Lett. B293 (1992) 94-99, arXiv:hep-th/9207091.


http://arxiv.org/abs/hep-th/0502066
http://arxiv.org/abs/hep-th/0502083
http://dx.doi.org/10.1002/prop.200900076
http://arxiv.org/abs/hep-th/0503114
http://arxiv.org/abs/hep-th/0509052
http://arxiv.org/abs/hep-th/0603094
http://dx.doi.org/10.1016/0370-2693(78)90894-8
http://dx.doi.org/10.1016/0370-2693(95)00891-N
http://dx.doi.org/10.1016/0370-2693(95)00891-N
http://arxiv.org/abs/hep-th/9506144
http://dx.doi.org/10.1103/PhysRevLett.55.2547
http://dx.doi.org/10.1103/PhysRevLett.55.2547
http://dx.doi.org/10.1007/BF02096559
http://dx.doi.org/10.1016/0550-3213(91)90122-E
http://dx.doi.org/10.1016/0550-3213(91)90122-E
http://dx.doi.org/10.1142/S0217732396000643
http://arxiv.org/abs/hep-th/9508001
http://dx.doi.org/10.1016/0920-5632(96)00008-4
http://arxiv.org/abs/hep-th/9509160
http://dx.doi.org/10.1016/0550-3213(85)90547-4
http://dx.doi.org/10.1016/0550-3213(85)90547-4
http://dx.doi.org/10.1088/0264-9381/23/23/C01
http://dx.doi.org/10.1088/0264-9381/23/23/C01
http://arxiv.org/abs/hep-th/0403045
http://dx.doi.org/10.1016/0370-2693(92)91485-R
http://arxiv.org/abs/hep-th/9207091

178 Bibliography

[135] B. de Wit and A. Van Proeyen, “Special geometry, cubic polynomials and
homogeneous quaternionic spaces,” Commun. Math. Phys. 149 (1992) 307-334,
arXiv:hep-th/9112027.

[136] B. de Wit, E. Vanderseypen, and A. Van Proeyen, “Symmetry structure of special
geometries,” Nucl. Phys. B400 (1993) 463-524,|arXiv:hep-th/9210068.

[137] S. Kachru and ]. McGreevy, “M-theory on manifolds of G(2) holonomy and type
ITA orientifolds,” JHEP 06 (2001) 027, arxXiv:hep-th/0103223|

[138] T. W. Grimm and J. Louis, “The effective action of type IIA Calabi-Yau
orientifolds,” Nucl. Phys. B718 (2005) 153-202, |arXiv:hep-th/0412277.

[139] J. A. Harvey and G. W. Moore, “Superpotentials and membrane instantons,”
arXiv:hep-th/9907026.

[140] N.]J. Hitchin, “The geometry of three-forms in six and seven dimensions,”
arXiv:math/0010054.

[141] J. Gutowski and G. Papadopoulos, “Moduli Spaces and Brane Solitons for
M-Theory Compactifications on Holonomy G5 Manifolds,” Nucl. Phys. B615
(2001) 237-265, arXxiv:hep-th/0104105.

[142] C. Beasley and E. Witten, “A note on fluxes and superpotentials in M-theory
compactifications on manifolds of G(2) holonomy,” JHEP 07 (2002) 046,
arXiv:hep-th/0203061.

[143] S. Kachru et al., “Towards inflation in string theory,” JCAP 0310 (2003) 013,
arXiv:hep-th/0308055.

[144] J. P. Conlon and F. Quevedo, “Kaehler moduli inflation,” JHEP 01 (2006) 146,
arXiv:hep-th/0509012.

[145] M. Berg, M. Haack, and E. Pajer, “Jumping through loops: on soft terms from
large volume compactifications,” JHEP 09 (2007) 031, arxXiv:0704.0737
[hep-th]!

[146] M. Berg, M. Haack, and B. Kors, “Loop corrections to volume moduli and
inflation in string theory,” Phys. Rev. D71 (2005) 026005,
arXiv:hep-th/0404087.

[147] M. ]. Duff and J. X. Lu, “Elementary five-brane solutions of D = 10 supergravity,”
Nucl. Phys. B354 (1991) 141-153.

[148] C. G. Callan, Jr., J. A. Harvey, and A. Strominger, “Worldbrane actions for string
solitons,” Nucl. Phys. B367 (1991) 60-82.

[149] K. Becker, M. Becker, and A. Strominger, “Five-branes, membranes and
nonperturbative string theory,” Nucl. Phys. B456 (1995) 130-152,
arXiv:hep-th/9507158.


http://dx.doi.org/10.1007/BF02097627
http://arxiv.org/abs/hep-th/9112027
http://dx.doi.org/10.1016/0550-3213(93)90413-J
http://arxiv.org/abs/hep-th/9210068
http://arxiv.org/abs/hep-th/0103223
http://dx.doi.org/10.1016/j.nuclphysb.2005.04.007
http://arxiv.org/abs/hep-th/0412277
http://arxiv.org/abs/hep-th/9907026
http://arxiv.org/abs/math/0010054
http://dx.doi.org/10.1016/S0550-3213(01)00419-9
http://dx.doi.org/10.1016/S0550-3213(01)00419-9
http://arxiv.org/abs/hep-th/0104105
http://arxiv.org/abs/hep-th/0203061
http://dx.doi.org/10.1088/1475-7516/2003/10/013
http://arxiv.org/abs/hep-th/0308055
http://arxiv.org/abs/hep-th/0509012
http://dx.doi.org/10.1088/1126-6708/2007/09/031
http://arxiv.org/abs/0704.0737
http://arxiv.org/abs/0704.0737
http://dx.doi.org/10.1103/PhysRevD.71.026005
http://arxiv.org/abs/hep-th/0404087
http://dx.doi.org/10.1016/0550-3213(91)90180-6
http://dx.doi.org/10.1016/0550-3213(91)90041-U
http://dx.doi.org/10.1016/0550-3213(95)00487-1
http://arxiv.org/abs/hep-th/9507158

179

[150] O. DeWolfe, A. Giryavets, S. Kachru, and W. Taylor, “Type IIA moduli
stabilization,” JHEP 07 (2005) 066,|arXiv:hep-th/0505160.

[151] M. Berg, M. Haack, and B. Kors, “On volume stabilization by quantum
corrections,” Phys. Rev. Lett. 96 (2006) 021601, arXiv:hep-th/0508171,

[152] M. Cicoli, J. P. Conlon, and F. Quevedo, “Systematics of string loop corrections in
type iib calabi- yau flux compactifications,” JHEP 01 (2008) 052,
arXiv:0708.1873 [hep-th].

[153] S. Alexandrov, F. Saueressig, and S. Vandoren, “Membrane and fivebrane
instantons from quaternionic geometry,” JHEP 09 (2006) 040,
arXiv:hep-th/0606259.

[154] M. Davidse, U. Theis, and S. Vandoren, “Fivebrane instanton corrections to the
universal hypermultiplet,” Nucl. Phys. B697 (2004) 48-88,
arXiv:hep-th/0404147.

[155] M. de Vroome and S. Vandoren, “Supergravity description of spacetime
instantons,” |Class. Quant. Grav. 24 (2007) 509-534,|arXiv:hep-th/0607055.

[156] M. Gutperle and M. Spalinski, “Supergravity instantons for ' = 2
hypermultiplets,” |Nucl. Phys. B598 (2001) 509-529, |arXiv:hep-th/0010192.

[157] T. W. Grimm and J. Louis, “The effective action of N' = 1 Calabi-Yau
orientifolds,” Nucl. Phys. B699 (2004) 387—426, arXiv:hep-th/0403067.

[158] K. Becker, M. Becker, M. Haack, and J. Louis, “Supersymmetry breaking and
alpha’-corrections to flux induced potentials,” JHEP 06 (2002) 060,
arXiv:hep-th/0204254.

[159] V. Balasubramanian and P. Berglund, “Stringy corrections to Kahler potentials,
SUSY breaking, and the cosmological constant problem,” JHEP 11 (2004) 085,
arXiv:hep-th/0408054.

[160] S.S. AbdusSalam, J. P. Conlon, F. Quevedo, and K. Suruliz, “Scanning the
landscape of flux compactifications: vacuum structure and soft supersymmetry
breaking,” J[HEP 12 (2007) 036} |arXiv:0709.0221 [hep-th].

[161] D. Robles-Llana, F. Saueressig, and S. Vandoren, “String loop corrected
hypermultiplet moduli spaces,” JHEP 03 (2006) 081,|arXiv:hep-th/0602164.

[162] J. Louis and A. Micu, “Type II theories compactified on Calabi-Yau threefolds in
the presence of background fluxes,” |Nucl. Phys. B635 (2002) 395431,
arXiv:hep-th/0202168.

[163] A.-K. Kashani-Poor and A. Tomasiello, “A stringy test of flux-induced isometry
gauging,” |INucl. Phys. B728 (2005) 135-147,|arXiv:hep-th/0505208.

[164] L. Anguelova and K. Zoubos, “Five-brane instantons vs flux-induced gauging of


http://arxiv.org/abs/hep-th/0505160
http://dx.doi.org/10.1103/PhysRevLett.96.021601
http://arxiv.org/abs/hep-th/0508171
http://dx.doi.org/10.1088/1126-6708/2008/01/052
http://arxiv.org/abs/0708.1873
http://arxiv.org/abs/hep-th/0606259
http://dx.doi.org/10.1016/j.nuclphysb.2004.07.021
http://arxiv.org/abs/hep-th/0404147
http://dx.doi.org/10.1088/0264-9381/24/3/001
http://arxiv.org/abs/hep-th/0607055
http://dx.doi.org/10.1016/S0550-3213(00)00756-2
http://arxiv.org/abs/hep-th/0010192
http://dx.doi.org/10.1016/j.nuclphysb.2004.08.005
http://arxiv.org/abs/hep-th/0403067
http://arxiv.org/abs/hep-th/0204254
http://dx.doi.org/10.1088/1126-6708/2004/11/085
http://arxiv.org/abs/hep-th/0408054
http://dx.doi.org/10.1088/1126-6708/2007/12/036
http://arxiv.org/abs/0709.0221
http://arxiv.org/abs/hep-th/0602164
http://dx.doi.org/10.1016/S0550-3213(02)00338-3
http://arxiv.org/abs/hep-th/0202168
http://dx.doi.org/10.1016/j.nuclphysb.2005.08.040
http://arxiv.org/abs/hep-th/0505208

180 Bibliography

isometries,” JHEP 10 (2006) 071, arXiv:hep-th/0606271.

[165] E. Saueressig, U. Theis, and S. Vandoren, “On de Sitter vacua in type IIA
orientifold compactifications,” Phys. Lett. B633 (2006) 125-128,
arXiv:hep-th/0506181.

[166] M. Przanowski, “Killing vector fields in selfdual, Euclidean Einstein spaces with
Lambda not equal 0,” J]. Math. Phys. 32 (1991) 1004-1010.

[167] D. M. ]. Calderbank and H. Pedersen, “Selfdual Einstein metrics with torus
symmetry,” . DIFFGEOM. 60 (2001) 485, arXiv:math/0105263.

[168] M. Davidse, F. Saueressig, U. Theis, and S. Vandoren, “Membrane instantons and
de Sitter vacua,” JHEP 09 (2005) 065, arXiv:hep—-th/0506097.

[169] M. Vonk, Snaartheorie. Veen Magazines, 2010.


http://arxiv.org/abs/hep-th/0606271
http://dx.doi.org/10.1016/j.physletb.2005.11.059
http://arxiv.org/abs/hep-th/0506181
http://dx.doi.org/10.1063/1.529375
http://arxiv.org/abs/math/0105263
http://arxiv.org/abs/hep-th/0506097

	Publications
	Introduction
	Supergravity
	Supersymmetry
	Local symmetries and supergravity
	N=2 supergravity
	Gauging isometries and superpotentials
	Compactifications

	Fully supersymmetric vacua
	Introduction
	Supersymmetry transformations
	Examples

	Black holes in gauged supergravity
	Introduction
	Review of supersymmetric black holes
	Black holes and spontaneous symmetry breaking
	1/2 BPS solutions
	Solutions with scalar hair

	New potentials from Scherk-Schwarz reductions
	Introduction
	M-theory on Calabi-Yau manifolds
	Scherk-Schwarz reduction to four dimensions
	M-theory on twisted seven-manifolds
	Truncation to N=1 supersymmetry
	Vacuum structure

	Volume stabilization with NS5 branes
	Introduction
	Volume stabilization
	The N=2 scenario

	Conclusions
	Notation, conventions and spacetimes
	Notation and conventions
	Metrics and field strengths

	Integrability conditions
	Commutators of supersymmetry tranformations
	Fully BPS vacua
	Half BPS vacua

	Isometries of special Kähler manifolds
	The universal hypermultiplet
	Calculations with NS5-branes
	Potentials in N=2

	The Przanowski metric
	Solutions to the master equation
	Moment maps

	Nederlandse samenvatting
	Dankwoord
	Curriculum Vitae
	Bibliography

