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The above calculations have all been done un-
der the assumption of constant input displace-
ment. For the first cavity this will be essentially
correct, but for subsequent cavities the deflected
beam transverse position will change as the
transverse fields build up. Since is proportio-
nal to L? it is of concern whether several cavities
do not indeed act as a long cavity and lead to
a reduced starting current. This is not the case
for the following reasons.

If the current is less than the starting current
in the first cavity, the field and transverse displa-
cement will ultimately reach a finite value. In
the second cavity one then has, at worst, a dri-
ving term of bounded magnitude and the stabi-
lity will once again depend only on the homoge-
neous part of Eq. [1]. Consequently the stabi-
lity limits for the group -of cavities are those for
the individual cavities. However, it can be expec-
ted that the transverse amplitude under these

conditions will be larger in successive cavities,
particularly where there is a harmonic resonance
between the beam pulse frequency and a trans-
verse mode. This resonance condition has a width
of order ¢ and therefore is not likely to occur in
more than one cavity.

A second factor limiting the growth of trans-
verse displacement is the presence of a trans-
verse focusing system. This will limit the effective
cavity length to approximately 1/2w, where X is
the transverse oscillation wavelength and is the-
refore an additional deterrent to cooperative
action between tanks.

Calculations are in progress to confirm these
and other assertions about the interaction of the
beam with transverse cavity modes. At present
it appears that the current limits for these
effects are of order 10 amperes for the Brook-
haven and Los Alamos linear accelerators, safely
above the design currents.
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DISCUSSION

MoNTAGUE: I am puzzled by your conclusion that the effect
is independent of whether the transverse mode is a for:
ward or backward wave, for two reasons.

a) The dispersion diagram you illustrated is for a back-
ward wave; the forward wave with the same bandwidth
would intersect the v = ¢ line in the 2nd Brillouin zone at
a larger angle, and the phase velocity difference would be
greater,

b) It has been generally believed that a backward wave is
more serious than a forward wave, because the energy in
the transverse mode travels backwards to influence the
later beam entering the accelerator section,

GLUCKSTERN: a) For structures now being considered, the
width of the transverse band is quite small (few percent)
and the angle of- intersection of the beam velocity line

with the band is not greatly different in the forward or
backward wave region,

b) The designation of forward or backward wave is rele-
vant primarily to traveling wave structures, where your
statement certainly is true. But for standing wave structu.
res there are both forward and backward waves in each
mode, which are not related in_the same way to the slope
of the dispersion curve. The beam picks out that wave
component with which the interaction is most serious.
ScHoppeR: Is the critical current proportional to the inverse
of the Q value and would it therefore be correspondingly
decreased for a superconducting linac?

GLUCKSTERN: Yes, so the current limit would be very
small, It may however be possible to arrange for the
accelerating mode to be superconducting, but for the trans-
verse modes to generate fields in a normally conducting
region.
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of the TMu. mode in a cylindrical cavity. Field
distribution in such a long cavity is determined
by the wave propagation under wall losses, beam
loading, and other perturbations. Using micro-
wave cavity theory (1) the actual field, E (z, 1,8, 1),
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can be expressed in terms of the normal mode
functions,

E (0t =XV.(t) B (21, 0). 11

The normal modes, E. (z, r, 9), form a complete
orthogonal set of functions which are obtained
from the field in an ideal cavity bounded by
perfectly conducting and perfectly insulated sur-
faces. If the cavity is excited near one of the
normal mode frequencies, w (n = 1), the modes
near the 1* mode predominate in the normal
mode analysis; these modes have a different z-d=-
pendence from the resonant mode but the axial
field will have the same radial and azimuthal
dependences. The axial component of the n"
normal mode of an Alvarez cavity can be written
thus

E, nnz
cos

E.(z) = ,n=0,12,..(0=0) [2]

T

where L is the cavity length, E. is a function of r
but independent of z, and (=2 for n = 0 and
1 for n =0) is a normalization factor, For a
loosely coupled multicell cavity of (N-1) uniform
cells (cell length L.) and two end cells of half
length, the normal mode field will be

E, bivid
—— cosm —— [3]
V T L

Eq. (m) =

at the m® cell (ta = 2 for n = O, N,... and 1 for
others). Fields given by [2] and [3] have similar
forms; both have orthogonal relations between
different n’s, satisfy boundary conditions at end
walls, and are verified by measurements (2, 3).

Using Maxwell's equations, the coeflicient V. (t)
in [1] is given by (1)

d? Wn d 2
Vo + (1 + ) — Vi + W Vo=
de Qo dt
174 - d
=_'[»- / HxFE)Tds—— [ T-Eadv
e [dt Y dg 7°

[4]

where the effect of wall losses has been included
in the left side by means of the standard eva-
luation of Q.. The first term on the right side
gives the driving force due to the external power
source which is coupled to the cavity through a
surface §’; the normal mode arises when there is
an open circuit at §’. The last term is the driving
force due to a beam having current density, J,

inside the cavity. The components of the field
excited by the generator and induced by beam
can be derived separately and later added to
obtain the total field with beam loading.

1. FIELD EXCITED BY A WELL-PADDED
GENERATOR

Il we can assume a well-padded generator as a
power source, the equation of cavity oscillation
at the 1" resonance becomes

d? w, d
Va+ (1 +jKa) — Vot g Vy=
2
t Q. dt (51
Us w dV;

= hU,elo— (1 — 8,.,1) —
Ui Qu: dt

where the loaded and external Q’s have a rela-
tion 1/Q:=1/Qu + 1/Qen U, is a coupling coef-
ficient between the n™ normal mode of the
cavity and the input waveguide mode. The 1"
mode resonant frequency is w/ = wi (1-1/2Qx).

The procedure to derive [5] from [4] will be
presented elsewhere (4). We note here only that
the incident wave is ¥z hU.e@i* and the reflected
wave depends on X dV./dt ~ DV,/dt.

For a step function incident wave, the field
of the resonant more (n =l) is

[P .w_l‘_t thZ
Eoel®' |1 —e2Q, | cos - [6]

where E. is h E. Qi U/j V7 wi. For a nonreso-
nant mode (n = 1), the field is

w”z T Un Q
j Eo — |/ ——er|1 -
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\ . L

assuming that w' w,/Q. < |w% -w'l | Equation [6]
gives a usual build-up curve of cavity resonance.
From [7], the amplitude of nonresonant modes
is proportional to 1/Q. (where Qun=|wiw])
and, in general, decreases rapidly as n increases.
In a transient state, the nonresonant term shows
wiggles having the angular frequency ., which
arise from the beat between the free oscillation
of that mode and driving force. The amplitude
of wiggles changes along the z axis in the same



Session XI 653

manner as the axial component of the n™ mode,
and dies out in the steady state where the non-
resonant mode becomes 90° out of phase with
the resonant mode.
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Fig. 1 - Normalized real and imaginary parts of field at
center of AGS linac cavity (calc.).

2. FIELD INDUGED BY THE BEAM

Assuming a tightly bunched beam, the field
induced by the beam is given by the last term
of [4],

1d - -

———J7J-E.dv. [8]

e dt
After integration, the induced field becomes ne-
gligible except for the synchronized mode for
which the particle velocity v. satisfies the relation,
w' = ki v..* At the axis, the 1" mode field induced
by the beam is

Q-
Eu (z,t') = —rL{8@) ——ei (@, ¥ + 9.

1 Qat

_ ﬁl’ v inz
(1 —e 20 ]cos 91

L

Here r. is the effective shunt impedance, L. the
average beam current, T the transit time factor,
¢. the stable phase angle, and f(8¢) the form
factor of beam having a phase spread of 5¢. It is
assumed that all beam parameters are constant
over the length. The induced field is in the oppo-
site phase to that of the beam bunches, and
builds up from t' =t - t. = 0 by writing the time
of beam arrival as t..

* Initially, while the beam is filling the cavity, this argu-
ment is slightly different (4),

3. RESULTS OF ANALYSIS

a) Scallops and delay time in a transient

It is now possible to calculate the real and
imaginary parts of the transient field. Fig. 1
shows the calculated values at the center of the
AGS linac. Since the TMw mode is hardly excited
due to the center feed (U.= 0 for odd n), and
since the effect of higher modes (n > 3) is a small
correction, only the excitation of the Tm.. mode
is taken into account. Except for an initial pe-
riod, the calculated real part is immediately com-
pared with the field pattern in Fig. 2 which
is observed by a pick-up electrode. For small t, the
imaginary parts also are appreciable; Fig. 3 shows
the calculated results for the center (driving
point) and the far ends of the cavity. The delay
time of field build-up at the far ends can be
approximated thus (4), t« = ©/2Q., which is about
2.2 usec for the AGS linac. If we consider the

b)

Fig. 2 - R.f. field pattern near the center of AGS cavity.
a) initial build-up (20 ps/div); b} full pulse showing re-
maining effect after beam loading compensation (50 us/
div).
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excitation of the TMa: mode, then we get an asym-
metry i nthe delay times at the ends of a center
coupled cavity, the order of which will be 0.1
usec for the AGS linac. Measurements by Kea-
ne (5) on the AGS linac cavity give observed
values between 1.5 and 2.5 usec at both ends
{almost symmetric for each end).

Fig. 4 shows the measured transient build-up
for a mmode multicell cavity (6); agreement with
Fig. 3 is excellent except for differences due to
different parameters.

b) Phase shift at a cut-off mode

The zero-mode Alvarez cavity and the wm-mode
multicell cavity have nonlinear dispersion rela-
tions. For these cases, energy flow involves
nearby modes with additional phase shifts. Using
Eq.[7]and Qe (n-1), the steady-state phase
shifts are proportional to L?/Q.; they are also
close to the results by equivalent circuit analy-
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Fig. 3 - Calculated field amplitude at an initial period of
AGS linac cavity {both at input and far end).
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Fig. 4 - Observed field patterns with a w-mode multiple-
cell cavity (by S. Giordano) (f, =880 Mc, bandwidth
= 2.7 Mc, Q = 16,000 and N =4).

Fig. 5 - Calculated pha-
.1 se shift at center of
plz AGS linac cavity.
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Fig. 6 - Dispersion curves for alternating periodic
structures.

ses (7). The calculated phase shift for an Alvarez
cavity will be of the order of one degree; for a
m-mode multicell cavity it is of the order of ten
degrees. With beam, these phase shifts increase
corresponding to the energy dissipated into beam.
Therefore, the n-mode structure is extremely sen-
sitive to beam loading (8).

The calculated phase shift at a transient oscil-
lates around a phase shift averaged over beat
frequencies which is inversely proportional to
loaded Q, Q., at t =0, and unloaded Q, Q., at
t— e~ (Fig. 5) (9).

c) ™/2-mode in multicell cavity and alternating
periodic structure

If a uniform multicell cavity is operated in the
middle of a passband or in the =/2 mode (1 = N/2),
the resulting field distribution becomes different
from that of a cut-off mode. A symmetric fre-
quency distribution of nearby modes around that
mode cancels out a part of nonresonant mode
effects. Thus, for both a steady and a transient
state, any additional phase shift does not appear
as a first order effect (4). In the same manner,
the effect of tuning errors in each cell will be
reduced (8). The only disadvantage to using this
mode is a relatively low shunt impedance than
the © mode. A new multiple cell structure having
an alternating periodicity has been proposed by
Giordano (10). In the APS (alternating periodic
structure), the length of odd-numbered cells in a
uniform structure, where the fundamental mode
field is zero at the ©/2 mode, is shortened com-
pared with the length of even-numbered -cells.
An optimum shunt impedance for a /2 mode (in
a traveling wave mode) is obtained at a ratio
of cell lengths between three and five.
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A calculated dispersion curve (11, 12) for the
APS is shown in Fig. 6 with the measured points.
The APS mode is essentially a cut-off mode and
has two different frequencies, ®w, and w,;, corres-
ponding to two field configurations under diffe-
rent boundary conditions (Fig. 7). Between w,
and w; there is a stop band; in general, however,
by means of a slight change in the boundary
of one of the two cell types, one can make
close enough to w. A very asymmetric dispersion
curve (Fig. 7b) is obtained, so that the resonant
mode, w;, can be separated far enough from
its nearest modes (w. cannot exist in an actual
cavity). A factor of insensitiveness to beam load
ing or other perturbations in the APS is given by
| wi-w, | /o with the total passband width ws (12).

d) Compensation of beam loading

In an Alvarez cavity, the beam loading is a
transient phenomenon if the beam pulse length,
ts, is shorter than the build-up time, From Eq. [9],
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Fig. 7 - Two field configurations in APS corresponding to
different boundary conditions.
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the maximum decrease in the field strength at
the axis is

I I() ws f (89) cos @y

AEy = —— th, [10]

2 QuT.

which is about 0.1 MV/m for a 20 mA, 20 psec
beam. To obtain a good energy spectrum, beam
loading compensation is often used. Compen-
sation can be achieved for the resonant or syn-
chronized mode, but not for the higher modes.
As discussed above, the beam gives very small
excitation to nonsynchronized modes, whereas a
generator excites nearby modes. Since the
higher modes have the same phase near the dri-
ving point, the compensation will be difficult in
that region; this is experienced in the AGS linac.
A similar discussion has been given by Lapos-
tolle (13) based on a dielectric waveguide model;
his result of L’-dependence in this effect is again
expressed in terms of (. in the normal analysis.
The multiple feeds for a long cavity have some
advantages; e.g. if the cavity is excited at two
points, z=1L/4 and 3L/4, then we can raise the
nearest higher modes excited to n=1 %4 (TM.x.
mode in an Alvarez cavity).
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DISCUSSION

NaoLg: these results are very interesting. The calculation
and experimental verification of the response of the iris
loaded tank was reported by R. Jameson (MURA Conf.
1964 and PhD Thesis 1965). The explanation was given

then of the scalloped response show in prof. Nishikawa’s
slide, in terms of the interference of the normal modes.
The phase shift and amplitude response was calculated.



