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Abstract

We present an efficient method for estimating the eigenvalues of a Hamiltonian H from the
expectation values of the evolution operator for various times. For a given quantum state p, our
method outputs alist of eigenvalue estimates and approximate probabilities. Each probability depends
on the support of p in those eigenstates of H associated with eigenvalues within an arbitrarily small
range. The complexity of our method is polynomial in the inverse of a given precision parameter e,
which is the gap between eigenvalue estimates. Unlike the well-known quantum phase estimation
algorithm that uses the quantum Fourier transform, our method does not require large ancillary
systems, large sequences of controlled operations, or preserving coherence between experiments, and
is therefore more attractive for near-term applications. The output of our method can be used to
estimate spectral properties of H and other expectation values efficiently, within additive error
proportional to €.

1. Introduction

Quantum eigenvalue or phase estimation (QPE) plays a key role in quantum computing [ 1-3]—see figure 1.
This algorithm allows us to estimate eigenvalues of Hermitian or unitary operators and it is a subroutine of, for
example, Shor’s algorithm for factoring [4] and algorithms for solving systems of linear equations [5—7]. QPE is
also useful in physics and chemistry [8, 9], and in quantum metrology [10, 11].

As we enter the era of noisy, intermediate-scale quantum (NISQ) technologies, of significant interest is the
development of quantum algorithms that require fewer ancilla qubits, fewer (controlled) quantum gates, fewer
measurements, or quantum circuits of shorter depth—see [12—15] as examples. We present another
contribution in this regard by providing an alternative method for performing efficient eigenvalue estimation
based on a time series (TS) analysis. The TS may be obtained using simple quantum algorithms that require, at
most, one ancilla qubit and one single-qubit measurement per run—see below. This is in sharp contrast with the
former QPE algorithm of figure 1, where the number of ancilla qubits, controlled operations, and many-qubit
measurements in a single execution depend on the desired precision and confidence level, if using a high-
confidence version of QPE. Additionally, our method does not use the quantum Fourier transform (QFT),
thereby avoiding the multiple controlled two-qubit gates needed for its implementation.

Furthermore, while the QPE algorithm of figure 1 may still be simulated using one ancilla qubit only
following [16], that approach requires performing single-qubit measurements at intermediate steps and
preserving quantum coherence from one experiment to the next [10]. This is a strong requirement that will not
be needed here. Thus, by eliminating expensive resources, our results may be useful for NISQ technologies once
the noise in the hardware is no longer limiting. To this end, our results may be combined with those in, e.g. [17]
to mitigate errors and improve accuracy.

Our approach to eigenvalue estimation will be particularly useful to physics and chemistry problems, as
many properties can be classically computed after the estimates are obtained. In more detail, given an n-qubit
Hamiltonian H, our method outputs a list of estimates of eigenvalues of H, together with a list of approximate
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Figure 1. The quantum phase estimation algorithm for estimating the eigenvalues of a unitary operator U. QFT is the quantum
Fourier transform and the filled circles denote operations controlled on the states | 1) of corresponding ancilla qubits. The number of
these ancilla qubits, m, depends on the desired precision in the estimation. Projective measurements on the ancilla qubits provide the
eigenvalue estimates.
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Figure 2. A quantum algorithm to obtain the expectation of the evolution operator using only one ancilla qubit, initialized in |0). H
denotes the Hadamard gate and the circle denotes a controlled operation in the state | 1) of the ancilla. Repeated measurements of the
ancilla-qubit Pauli operators o and o, result in the expectation (oy + igy) = Tr[p.e 7],

probabilities'. The size of the lists is determined by a precision parameter ¢ > 0, which is the gap between
eigenvalue estimates. The output can then be used to estimate various spectral properties of H efficiently, such as
its expected value on a given state p or other moments, within additive error proportional to €. The complexity of
our method is polynomial in 1 /e and logarithmic in 1/(1—c), where ¢ < 1is the confidence level. This
complexity takes into account the total number of quantum operations, state preparations, ancillary qubits, one-
qubit measurements, classical computations, and total evolution time under H needed to produce the desired
output.

The paper is organized as follows. First, we review two previous approaches to quantum eigenvalue
estimation via a TS analysis and emphasize the advantages of the current approach. We then formulate the
quantum eigenvalue estimation problem (QEEP) in more detail and present our solution. We show how the
output of our method can be used to compute spectral properties of H within arbitrary accuracy and confidence
level. We also compare our approach with the one that uses the QPE algorithm of figure 1 and present some
numerical results that demonstrate the feasibility of our method. Finally we provide some concluding remarks.

1.1. Related work

The idea of performing eigenvalue estimation using the TS was suggested in [18]. The TS is given by the
expectations of the evolution operator, i.e. g(t) = Tr[p.e '], for various timest = #, < #; < .... Here, pand
H are the state and Hamiltonian of a system of n qubits, respectively. g(f) can be obtained from multiple
executions of the one-ancilla quantum algorithm depicted in figure 2. From the TS, [18] suggested using the
(classical) discrete Fourier transform (DFT) to obtain the eigenvalues of H as well as the support of p on the
corresponding eigenstates. Intuitively, this approach should work because

gy =) ne ™, e
)

where the \’s are the eigenvalues of H and the r,’s are the probabilities of p being in the corresponding
eigenstates. Then, the DFT may be used to estimate the frequencies (eigenvalues) and components (probabilities)
of the time-dependent ‘signal’ g(¥).

We will assume that H is dimensionless. In case of physical systems where Hamiltonians have units of energy, H can be obtained after
rescaling by a relevant energy constant.
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Figure 3. The real (blue dots) and imaginary (orange dots) parts of the vector resulting from the action of the DFT on g, with M
components g, = e M k =0,...,M — 1.Thedimensionis M = 20and A = 27/80 in this case. The scale for )\’ is such that

[N < 7, corresponding to the eigenvalue estimates. The appearance of slowly-decaying Fourier coefficients may result in inaccurate
estimates of the eigenvalue if no other processing is performed.

This DFT-based approach may work well when the number of distinct eigenvalues is small (say, a constant)
and when these eigenvalues are well separated from each other (say, by constant gaps). However, even in that
case, obtaining accurate estimates of the A\’s and r,’s from the Fourier-transformed signal may require further
post-processing. To explain this, we consider the simplest example where only one eigenvalue is present and g(¢)
is known for various (dimensionless) times t; = k,k = 0,1, ..., M — 1. For simplicity, we assume that the
eigenvalue satisfies |\| < 7 and define g, := g (#). In figure 3, we plot the result from the action of the M x M-
dimensional DFT on the vector g = (go, ..., &u — 1)- As Ais nota multiple of 27/ M in this example, all the values
in the plot are nonzero and, while it is evident that A & 0 from the plot, estimating the actual value of A requires
additional calculations [18]. The situation is far more complex when the number of distinct eigenvalues is large,
such as when this number scales exponentially in n, and when the g;’s are only approximately known. Simple
attempts to solve this general case will be inefficient, likely resulting in undesirably large complexities.
Remarkably, the current approach to eigenvalue estimation will overcome the disadvantages of the DFT-based
approach.

In [19], the authors provide a method for eigenvalue estimation, which uses the matrix pencil (MP) method
[20], and is also based on a TS analysis. The focus is on computing the lowest energy of the Hamiltonian or
computing many eigenvalues, under the assumption that the number of distinct A’s is not too large. The claims
of [19] are mostly based on numerical simulations. For the problem of computing the lowest eigenvalue or
energy, \,,,, the authors observe that the complexity of the MP approach is polynomial in 1/7),, and the inverse
of the gap between A, and the nearest eigenvalue. For the problem of computing multiple eigenvalues, the
complexity is also polynomial in the number of distinct eigenvalues. Naturally, these complexities will be
extremely large for typical cases where the gap is exponentially small in n. See [21, 22] for related uses of the MP
method in quantum computing.

Our method aims at solving a different, but related, problem. For the QEEP, we split the range of eigenvalues
into bins of a given size, related to the eigenvalue estimates. The resulting probabilities depend on the support of
pin the eigenstates associated with specific bins. (We note that this is similar to the eigenvalue estimation
problem that can be solved by using the QPE algorithm of figure 1). In a way, our goal is less ambitious than
computing single eigenvalues, reason why our method is efficient even when the number of distinct eigenvalues
is exponential in #. Our method, however, can also be extended to solve the problem of [19], and we provide
analytical bounds that are particularly useful when the vector gis approximately known.

We note that the MP approach, while lacking analytical bounds of its convergence in the noisy case, can in
principle be used to estimate multiple eigenvalues as well. A natural question is how that method compares with
the current TS approach. To this end, we present some numerical simulations in section 6 that show that our TS
approach outperforms the MP approach in computations of certain expectations of H.

2. Quantum eigenvalue estimation problem (QEEP)

We present the QEEP in more detail. As before, we assume that H and p represent the (dimensionless)
Hamiltonian and quantum state of a system of n qubits, respectively. With no loss of generality, we let
|[H|| < 1/2sothatits eigenvaluessatisfy —1/2 < A < 1/2. Given a precision parameter € > 0, which canbe

3
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associated with (half of) abin size, the eigenvalue estimates are 5\j = —1 / 2+j6,0<j<M— 1,whereM =1
+1/¢€". In addition, the goal is to compute a vector q = (4, qp---qy;_,) € R satisfying

”q - le <6 (2)

with probability at least ¢ > 0. Here, ||.||; denotes the L'-norm. The probability vector p = (pg, p1s ---» Par — 1) i
such that
b= f(0n, 3)
A€V
where V; = [-1/2 + (j — )¢, —1/2 + (j + 1) €] referstoaparticular bin and r, is the probability of p being
in the eigenstate |1)y). That s, p; only depends on the support of p in the eigenspace associated with the

eigenvalues lying in the jth bin, i.e. the eigenvalues that are e-close to the estimate S\j. For0 <j < M — 2,the
functions fi(\) are non-negative and satisfy

[+ fy) =1, (4)

forall A € VN V..

In the previous definition of the QEEP, the bins ; are of size 2¢ and adjacent bins overlap in a region of size €.
The condition of equation (4) is then necessary to avoid double counting and to satisfy the rule Zﬁ-\i o) p=1
The reason why we consider overlapping bins is to avoid undesired complexity overheads and this will become
clear in section 3. For example, if the bins did not overlap, complications could arise from those eigenvalues that
are very close to the boundary of a bin. Additionally, overlapping bins will allow us to exploit a property of
smooth functions f{(\), namely the rapid decay of their Fourier coefficients—see section 3.

Our definition of the QEEP is also motivated by the QPE algorithm of figure 1 and its high-confidence
variant [10]. In that case, when the n-qubit input state | ¢) is an eigenstate of H of eigenvalue A, and when the
desired confidence level approaches 1, the QPE algorithm outputs one of the two closest eigenvalue estimates, \ j
or ;\H 1> with almost probability one. (Note that 5\j <A< )~\j+ 1) The probability of any of these estimates is also
determined by functions f(\), which can be obtained by analyzing the action of the QPE algorithm on the
eigenstate.

3. Solution to the QEEP from the TS

While the QEEP may be solved using a variety of methods [2, 12, 19], in this paper we are interested in an
efficient method that finds a solution using a TS approach. To this end, we assume that § is an estimate of g; that
is, an N-dimensional (random) vector that satisfies

||g - g”l g €, (5)

with probability at least c. The components of gare g, = Tr[p.e’in], k=0,1,...,N — 1,and we assume

&, = 1. Here, N depends on the precision parameter € and will be determined below. The goal is to obtain the

vector q in equation (2), where each g; will result from a particular linear combination of components of §.
Forx € Rand0 < j < M — 1, we define the indicator functions

1(x) = 1, iij—§<x<xj+§, (6)
Li(x) == 0, otherwise. (7)

Note that a possible set of functions f{(\) that satisfy equation (4) can be obtained from these indicator functions.
Similarly, we can define the operators ij (H) such that ij (H)|¥) = 1;(N)|4h), where [1)y) is the eigenstate of H
ofeigenvalue \. That s, I;(H) acts as the projector onto the eigenspace spanned by eigenstates |1,) with
eigenvalues in the corresponding region. Then, an exact solution to the QEEP could be obtained by computing
the expectations Tr[p. ij (H)],forall0 < j < M — 1. AFourier approach would allow us to decompose each

ij (H) as a combination of operators like e, and the previous expectations could be obtained, in principle,
from the TS.

However, as the Fourier coefficients of the indicator function decay slowly (as ~1/]k|), the previous
approach would require significant resources for solving the QEEP. For example, it would require computing
the expectation values of e " for undesirably large values of k that scale with 1/€> (or worse). To avoid this
problem, we can consider another set of functions that are smooth in the corresponding intervals while still
satisfying equation (4). The Fourier coefficients of smooth functions decay rapidly. One such a set can be
obtained as follows. Let h(x) := a.exp(—1/(1 — x?))if|x| < 1, wherea ~ 2.25 is for normalization purposes,
and h(x) = 0if|x| > 1. The function h(x) is the so-called bump function and is smooth for x € R. Wealso

2Ifl/ﬁisnotaninteger,wecandeﬁneM =1+ [1/e]andassignl/(M — 1) — €.

4
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Figure 4. The functions f (x) for 0 < j < 4 (M = 5) and their sum (brown line). Here, ¢ = 1/4 and the eigenvalue estimates are
)j = —1/2 + j/4.Eachf j(x) has compact supportin V; = [—3/4 + j/4, —1/4 + j/4]. As the sum of these functions is 1 in the
relevantregion —1/2 < x < 1/2, the f(x)’s satisfy equation (4) after replacing x — .

define h, (x) = %h(Zx / €), which is nonzero only when —% <x < % Last, we define the functions
i = [ @ h e =0 100, ®)

In figure 4 we plot the functions f j(x). Their relevant properties are analyzed in appendix A. The support of
fi(x)is V;, aregion of size 2¢. Additionally, f j(x) > 0,f(x) + fiy1(x) = 1forall x € V;N V., and the property
of equation (4) is satisfied, after replacing x by the eigenvalue .

As before, we can define the operators f] (H) such that fA] (H)|y) = f] (A)]¥y). Then, an exact solution to

the QEEP follows from the M expectation values p, = Tr[p f (H)]. As the functions f j(x) are smooth, their
Fourler coefficients must decay superpolynomially fast [23]. After approximating f (H) by linear combinations
ofe ' the pj’s could be well approximated from the TS given by g, where the largest evolution time will be
reasonably bounded—see below.
For our analysis, we find it convenient to actually use the periodic functions f] x) =3, f] (x + m2m)and

the corresponding operators fj(H ). As the eigenvalues of H satisfy | A| < 1/2, we also obtain P = Tr[p.f;- (H)].
The Fourier series implies

R - .

fiH) = — > Fiker, )

2 k=—00
where Fj(k) is the Fourier transform of f (x). In appendix A we show that |F; (k) | decays rapidly in the limit of
large k. As we seek to avoid evolving with H for large times, we can then approximate fj(H ) by dropping the
terms in the sum for |k| > 1. To this end, we define the approximate operators
—— > F(keltk (10)

V2T <N
for some given N > 1, and also define a vector p’ with components pj/ = Tr[p.fjl (H)]. In appendix A we show
that there exists N = O(log?(1/¢)/¢) such that

f ) =

[p" —plh < e/2. (11)
The components pj’ can be obtained from the TS as
/
= > Ebg, (12)
! \/_ [kI<N ‘

where we used the property g , = gk*. Since we only have an estimate of g, our solution to the QEEP is
determined by a vector q of components

q; = \/_lz F(k)*

k|<N

E 7 (Nl .
=+ [E®| T Ew (13)
2 ™ =1

where we defined § | = g,j‘ ,fork > 0, and used the properties F(—k) = (Fj(k))"and F;(0) = ¢ / V2.

5
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From equation (5), our solution to the QEEP satisfies

la —p'lh < IF(Ng" — &l (14)
1 J_ Jzo |k|§<:N o
<e/2, (15)

with confidence level bounded by c. The last inequality in equation (15) was obtained usingM = 1 + 1/e < 2/
& and |F;(k)| < ¢/(2m)—see appendix A. Equations (11) and (15) imply the desired condition of equation (2).

3.1. Computation of §

To obtain the desired vector q, we need to estimate the expectations of e ¥ in the state p, for 1 < k < N. These
estimates are required to satisfy equation (5). For simplicity, we assume that each such estimation is done within
the same absolute precision ¢ = ¢/Nand confidencelevel ¢/ > 1 — (1 — ¢)/N, but this assumption may be
relaxed. Under this assumption, the overall confidence level is ¢/N > c. For our choice of N, this implies

¢’ = O(e?), where the O notation hides factors that are logarithmic in 1/e. Each §, can be obtained by repeated
use of the algorithm of figure 2.

3.2. Complexity

The complexity of our procedure is determined by the quantum and classical resources required to obtain q.
These resources include the number of elementary quantum operations (including those needed to simulate the
evolution under H), number of qubits, number of state preparations, number of measurements, and other
computation steps that we now analyze.

First, we determine the total number of uses R of the method of figure 2 to obtain g. Hoeffding’s inequality
implies that, to achieve absolute precision ¢’ and confidence level ¢’ in the estimation of each g,

R = O(Nllog(1 — ¢’)|/(¢’)?) suffices. Equivalently, R = O(]log(1 — c)|/€°). We note that R is also the
number of preparations or copies of p needed as well as the number of projective one-ancilla measurements in
our approach.

The algorithm of figure 2 uses the (controlled) unitary e ¥ Implementing e *** on a quantum computer
can be done using two-qubit gates via a variety of quantum simulation methods [24-30]. Perhaps of most
interest for this work are implementations based on the so-called Trotter—Suzuki formula [31, 32]. These
implementations use an approximation of e~ *™* by a sequence of evolutions with simpler Hamiltonians and, in
contrast with more recent techniques, they do not require additional qubits. To achieve the desired precision, it
then suffices to approximate e " within additive precision ¢” = O(¢’). This results in a gate complexity
(number of two-qubit gates) that is given by G(k, €’). Under some standard assumptions on H, the gate
complexity is almost linear in | k| and the dependence on 1 / € 1s small (i.e. < 1/¢€). Nevertheless, detailed analyses
of gate complexities for the specific implementations of e ~** are outside the scope of this  paper. As|k| < N, the
overall gate complexity of our approach is then bounded by G(N, ¢”).R. This is roughly O(| log(1 — ¢)|/€°), if
high-order approximations to e~ are used.

To compute q, we need to know the Fourier components F(k). Here, we do not consider the classical cost of
obtaining the Fj(k)’s and assume that we can access them via a given lookup table’. However, computing all the
gj’s from the §_has additional classical complexity O(M.N) = O(1/¢e?), resulting from standard matrix
multiplication algorithms.

—iHk

4. Spectral properties

One of the prime uses of our quantum eigenvalue estimation approach is for the computation of spectral
properties. Once the vector q is obtained, expectation values can be computed classically as follows. We let T(x)
be a function and T (H) the associated operator after replacing x by H. A common task is to compute the
expectation 7 = Tr[p. T (H)]. For example, when T(H) = H%s > 0,the expectation can provide some high
order moment. This is in contrast to variational quantum algorithms [13] that provide information about the
expectation of H only.

We will obtain an estimate of 7 as

M-1 5
7= g, T(A). (16)
j=0

3 s . . . . I . . .
The Fj(k)’s may be obtained from approximate integrations resulting in an additional pre-processing cost. However, this step has to be
done only once as the functions are independent of H.
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Clearly, the approximation error will depend on the precision parameter € and decreasesas ¢ — 0.In
appendix B, we show

|7 — 7] < 6(m/\ax|T(/\)| + mAaX|T’()\)|), (17)

where T'(\) = 0, T(\)". As q approximates p with confidence level at least ¢, equation (17) is satisfied also with
the same confidence level. The overall additive error in the estimation of 7is then proportional to e. If one seeks
an estimate of 7 with absolute precision ¢ > 0, then equation (17) can be used to set a corresponding bound on e.

The QEEP assumes that H is dimensionless. When considering physical systems, where the Hamiltonian
H,ys has dimensions of energy, we can use H = Hphys /(2| Hphys ||)» which satisfies the assumptions of the
QEEP. We can then compute spectral properties of H,,, by computing those of H and including the relevant
energy factors in the calculation. For example, we can estimate the expectation of (Hphys)® from that of H?,
multiplying the result by (2||Hyhys ||)°. This operation will also affect the overall additive error and should be
considered at the time of choosing e.

5. Comparison with standard quantum phase estimation

The standard QPE approach based on the algorithm of figure 1 also provides an estimate of a different
probability vector p, which can be used to estimate eigenvalues and other spectral properties. To simplify the
analysis, we consider a sufficiently high-confidence version of QPE [10] and disregard complexity overheads that
depend on the confidence level. Each execution of the algorithm will then output an estimate ;\j with some
probability p;. The estimate of p; is g; and can be obtained via frequency counts. To satisfy equation (2), it then
suffices tosatisfy |q; — pj| < ¢ /M < €*forallj. This would require running the algorithm O(1/¢*) times. As
/N\j can be represented in binary form using O (log(1/ ¢)) bits, the number of one-ancilla measurements is

O(1/ €*). Additionally, each execution of the algorithm also requires simulating e Hfortimet = O(1/¢)and
with additive precision ¢’ = O(¢’), which can be done with gate complexity G(¢, ¢”). The resulting gate
complexity of this approach is then O(G(t, ¢”) /€*). This represents a slight improvement over the gate
complexity of our current approach; both complexities differ by O(1/ ¢) factor. The basic reason for this
improvement is that, with standard QPE, multiple probabilities can be estimated from the same measurement
outcomes. In the current approach, each g; has to be estimated individually instead.

6. Numerical analyses

We investigate the performance of our TS method and compare it with that of the MP technique in [19] via
numerical simulations. To this end, we assume that p has nonzero supporton D < 2" eigenstates, so that

D1
&=, e ek, (18)
d=0

Here, ry, and )\, are the nonzero probabilities and the eigenvalues, respectively. These will be randomly sampled
while still satisfying the constraints —1/2 < Ay < 1/2and ) 5;01 ry, = 1. We then add noise to our signal and
assume that g = g, + 7),, where the 77;’s are independent and identically distributed random variables. In
particular, we choose 7, to be a complex number with a random phase in [0, 27], and random magnitude in [0,
€'], for some given ¢ > 0. Other noise models can also be considered.

We aim at obtaining an estimate of the expectation 7 = Tr[p.H*] within a given accuracy e > 0,ands > 0.
This e determines M and N, the number of bins and the dimension of g, respectively. For our method, we first
compute the M-dimensional vector q of components g;as given by equation (13). The values of Fj(k) can be
simply obtained by performing the corresponding integrals numerically. Once q is computed, our estimate of 7
is

M-1
fis= Y 4N (19)
j=0
where 5\]- = —0.5 + je.
The MP method [19, 20] can also be used to obtain L < N — 1 eigenvalue estimates as well as estimates of 1.
That method proceeds by first constructing two Hankel matrices, H”', of dimension L x (2N — L—1). The

entries of these matrices are

* The analysis in appendix B can be applied to the case where the function T(x) is not required to be differentiable.

7
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Figure 5. Numerical results for the estimation of the expectation values 7 = Tr[p.H*], fors = 1,2, 4, from 5 runs. Here,
Ars = (1 — #rs)/€ and Ayp = (7 — Fup) /€. The chosen parametersare e = €/ = 0.005, M = 201, N = 566, and D = 5 distinct
eigenvalues. The noisy signal g was simulated according to the noise model described in the text.

Hw = &iviamnsr (20)

wherea€ {0,1},0 <I< L —1,and0 < " < 2N — L — 2).Note that, fork < 0,weuse g, = (§ ). Then,
we constructan L X L matrix K via minimization of || XH® — H!||, which can be carried by a least squares
procedure. The L eigenphases of K are then the L eigenvalue estimates of this approach, which we also write as
Xos-->Ar_1. Last, we constructan L x L matrix Bwith entries [Bly = e ! where 0 < I, I’ < L — 1.The
estimated probabilities are obtained by minimizing | Bq’ — §,|l, where ' = (q,,...,q; ) is the solution and

8o = &y &----§ ) isobtained from g. The minimization can also be carried via a least squares procedure.
After these estimates are obtained, we approximate Tas

-1
e = 4 (A1)’ 21
1=0

WewillsetL = N — 1in our simulations. A detailed analysis of the MP approach and its applications to signal
processing (i.e. frequency or eigenvalue estimation) can be found in [20].

For a fair comparison, both methods use the same vector g in our simulations. Numerical simulations show
that the MP approach outperforms our current TS approach in the case where sampling noise is omitted and
¢/ = 0.In that case, the MP approach outputs the exact estimates while the TS approach provides estimates
within the desired accuracy €. Nevertheless, in a realistic scenario when noise is considered and ¢’ > 0, we
observe that the current approach provides significantly better estimates to the expectations 7 than those
obtained via the MP method. This is illustrated in figure 5, where we plot the errors of the estimates following
both, the TS and MP approaches, and considering the cases where s = 1, 2, 4. The data used for figure 5 is
provided in appendix C.

In fact, errors for the MP approach are observed to increase with s. A possible reason is because that approach
may output eigenvalue estimates outside the range [—0.5, 0.5] with non-negligible amplitude and the estimated
probabilities can be negative. This contrasts the current TS approach where all eigenvalue estimates are in [—0.5,
0.5]. However, even if the estimated eigenvalues outside this range are discarded for the MP approach, the results
do not improve significantly. We plot the computed distribution of eigenvalues in figure 6 for the purpose of
comparison and provide the values of A and r in appendix C. While further post-processing may be able to
improve the results of the MP approach, that analysis is outside the scope of this paper.

If the noise in the signal is only due to sampling noise, Hoeffding’s inequality implies that, to obtain the N
components within precision ¢’ and overall confidencec, R = (2N/¢/?)log(2N /(1 — ¢)) samples
(measurements with £1 outcomes) suffice. Considering the values of N and ¢’ used to obtain the results
depicted in figures 5 and 6, and setting c = 0.99, we note that R &~ 5 10%in this case. This is within reach using
current quantum technologies [33]. Nevertheless, as R scales poorly with €/, precise-measurement methods such
as the one in [34] will be important to achieve the desired precision with fewer samples.

7. Discussions

We presented a method for quantum eigenvalue estimation that avoids or uses significantly less expensive
resources than other approaches. These expensive resources are controlled quantum operations, ancillary
qubits, or the need of preserving coherence from one experiment to the next. In addition, the complexity of our

8
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Figure 6. Numerical results for the estimation of eigenvalues in a case where the state p is only supported on D = 5 eigenstates—see
appendix C. The horizontal axis represents the eigenvalue estimates and the vertical axis represents the estimated probabilities. We use
the same parameters as for the simulations shown in figure 5, where € = €’ = 0.005, M = 201,and N = 566. The noisy signal g was
simulated according to the noise model described in the text. The black dots denote the exact distribution of eigenvalues, ry. The red
dots are the results obtained using our TS approach, the vector q, and the blue dots are the results obtained using the MP approach, the
vector q'. The latter provided some spurious results: near X\ = —0.4 and outside the region [—0.5, 0.5] (not plotted), where ry = 0.

method is only slightly higher than the complexity of the standard QPE approach based on figure 1. Thus, we
would expect that our approach is more attractive for implementations on devices constrained by NISQ-era
resources.

We note that further improvements to our method may be possible, perhaps resulting in the same
complexity as that of the standard approach. An interesting problem is then to understand whether all the g, ’s
are actually needed to solve the QEEP, or if fewer suffice. However, we do not expect that the largest value of k
needed by our method can be significantly improved (e.g. by considering other functions f;(\)), since we already
achieve |k| = O(1/¢), and this may be optimal.

Our techniques may also find applications in other problems, including signal analysis. For example, given a
time dependent signal g(¢), we can use our analysis to obtain frequency and amplitude estimates, thereby
avoiding some disadvantages arising from the use of the DFT.
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Appendix A

Each function f (x) defined in equation (8) is the convolution of two non-negative functions and then fJ (x) > 0.
Also, since 1;(x) is supported in 5\j —€/2<x' < 5\]- + €/2,each fj(x)isidentically zeroif x < 5\]- — €or
x> ;\j + €, and can only be nonzero for x € V. We note that 1;(x) + 1;;,(x’) is the indicator function

. < . €/2 .
supportedin \; — 6/2 <X <A+ 6/2. Since Lf/z dx’ h.(x") = 1, we obtain f (x)+f;1(x) = 1for

A< x < 5\j+1 or x € V;N Vj; 1, and equation (4) is satisfied after replacing x by the eigenvalue \.
Welet H (k) be the Fourier transform of h(x), k € R, so that

_ 1 *© ixk
he) = —— L}O dk H, (k)ei*, (A1)

Using standard properties of Fourier transforms, H.(k) = H(k ¢/2), where H (k') is the Fourier transform of the
bump function h(x). The Fourier transform of the indicator function 1,(x) is well known and the convolution
theorem implies
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i sin(ke /2)

Fi(k) = 2H (ke /2)e i — (A.2)
where F j(k) is the Fourier transform of f (x). The Fourier series is
1 ixk
fi0) = = Zk:Fj(k)e , (A3)

where the sum ranges over all integer values of k. It s for this reason that we prefer the periodic function f;(x)
rather than f j(x); equation (A.3) simplifies the following analysis.

The Fourier analysis of bump functions is provided in [35]. It is shown that, in the asymptotic limit, |H (k') |
decaysas |k'|73/* exp(— \/7 | ). For our analysis, it suffices to assume that there exists a constant o > 1such

that, forall |[k']| > a/2,|H (K")| < exp(—+/|k’|). Then, equation (A.2) implies

|Ej (k)| < € exp(—+/|ke/2]), (A4)

for all k that satisfy |k| > «/¢. Also, note that |H (k)| < |H (0)| = 1/~/27, forall k,and |Ej(k)| < e/(@2m)in
general.
Welet f] ! (x) be the approximate functions that satisfy

|f; () —f;(x)| < 6/(2M), VxeR,0<j<M—1, (A.5)

and fj/ (H) the corresponding operators, obtained by replacing x by H. We also define the vector
P’ = (pys-sPy ) ith

P = Trlpf, (HD)]. (A6)
Note that, from equation (A.5)
6! = Bl = ITrlo.(f; (H) = f(ED)]] (A7)
< ndf[ ) = f00] (A8)
A <e/(2M), (A.9)
where r,, is the probability of p being in the eigenstate |1))). Then
Ip" = plh < €/2. (A.10)

The functions f ! (x) result from approximating f (x) by a finite sum, i.e. by dropping the terms where
|k] > N inequation (A.3). Using equation (A.4)—and therefore assuming that N > a/e—we obtain

If1x) — f;(0)] < |F; (k) (A.11)
j j \/_ lng
<(6/2) ST ek, (A.12)
|k|I=N
<[ dye 7, (A.13)
N—-1)e/2
L4eVWN=De/2(1 4+ (N — 1)e/2). (A.14)

Then, there exists N = O(log?(1/¢)/¢) such that equation (A.14) is bounded from above by ¢/(2M) > €*/4,
and equation (A.5) is satisfied. The constant factor hidden by the big-O notation may be obtained from
numerical simulations—see appendix C.

Appendix B
We now prove equation (17). First, we note
T=2_nTW, (B.1)
A
M-1
=>_ (> FONTW, (B.2)
A j=0
M-1
=2 2 nfiNTW, (B.3)
j=0 A&V
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where r, is the support of p in the eigenstate |1/,), and we used the properties Z;VI:BI ;) = Lforall|Al < 1/2,
andfi(\) = 0,for A ¢ V. We also define the approximate expectation

M-1
7—/ = Z P]T(}\]), (B4)
j=0
where
p= > f;(MOns (B.5)
AEV;
see equation (3). Wewilluse |7 — 7| < |7 — 7/| + |7/ — 7|to obtain equation (17). Then
M—1
== 30 3 ;0T ) = TO)). (B-6)
=0 AeV
We define
z = sup  |T(x+ x") — T(x)|, (B.7)
[xI<1/2,]x'|< €
so that
IT(A) — T <z, (B.8)
if \ € V;. Then
M-1
T —r<zy Y i0n (B.9)
=0 AV
<z (B.10)
When T()\) is differentiable, we can use the mean value theorem to obtain
z < € max |0)T(\)|. (B.11)
[AI<1/2

The combination of equations (B.10) and (B.11) yields the second term in the right hand side of equation (17).
The approximate expectation is

M—1 5
T=)_,qTA), (B.12)
j=0
and then
M-1 5
7 =71 =1 (g — )T (B.13)
j=0
M-1
< T(\ —p B.14
ma |T( )I;}Iq] p| (B.14)
< max [T(M[lq — plh- (B.15)
IAI<1/2

The combination of equations (B.15) and (2) yields the first term in the right hand side of equation (17).

Appendix C

The data used for figures 5 and 6 is as follows. We set D = 5 and obtained the eigenvalues and probabilities
randomly. We set the precision parameter ¢ = 0.005 whichresultsin M = 1 + 1/¢ = 201. Wealso used

N = [logX(M)M/10] = 566. While the analysis in appendix A indicates that N = O (log%(1/M)M) suffices,
we observed from numerical simulations that a prefactor 1/10 suffices for our goal precision. The noise of the
signal was simulated by sampling the magnitude of each 7, € C uniformly from [0, €'] and by sampling the
phase uniformly from [0, 27]. In our case, we used € = €. Let Apg = (7 — Frs) /e and Ayp = (T — Fup) /€
where 7 = Tr[p.H"] and 715 and 7p are given in equations (19) and (21), respectively. After 5 simulation runs,
the obtained results are as follows. For s = 1, we obtained Arg = {—0.683, —0.116, —0.160, 0.024, —0.222}
and Ayp = { 1.116,1.191, — 2.703,0.355,0.959 }. Fors = 2, we obtained A5 = {0.267,0.019, 0.027,
0.036, — 0.052 } and App = { 1.687, — 4.005, — 0.483,1.782, — 0.521 }. Fors = 4, we obtained

Ars = {0.067,0.003,0.003,0.010, — 0.013 } and Ayp = { 19.175, — 32.108,8.724, 23.022, 6.335 }. For the
example shown in figure 6, the values of (A, r) are (—0.134, 0.33), (—0.130, 0.08), (0.208, 0.20), (0.408, 0.18),
and (0.438,0.21).
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