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Suppressing noise in physical systems is of fundamental importance. As quantum computers mature,
quantum error correcting codes (QECs) will be adopted in order to suppress errors to any desired level.
However in the noisy, intermediate-scale quantum (NISQ) era, the complexity and scale required to adopt
even the smallest QEC is prohibitive: a single logical qubit needs to be encoded into many thousands of
physical qubits. Here we show that, for the crucial case of estimating expectation values of observables (key
to almost all NISQ algorithms) one can indeed achieve an effective exponential suppression. We take n
independently prepared circuit outputs to create a state whose symmetries prevent errors from contributing
bias to the expected value. The approach is very well suited for current and near-term quantum devices as it
is modular in the main computation and requires only a shallow circuit that bridges the n copies
immediately prior to measurement. Using no more than four circuit copies, we confirm error suppression
below 10−6 for circuits consisting of several hundred noisy gates (2-qubit gate error 0.5%) in numerical
simulations validating our approach.
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I. INTRODUCTION

The control of errors, also called noise, is fundamental to
the successful exploitation of quantum computers. The
powerful and general theory of quantum fault tolerance,
exploiting quantum error correcting codes (QECs), pro-
vides a theoretical blueprint for controlling errors in the era
when quantum devices are large scale [1–7]. Encoding
qubits into collective states permits the suppression of the
error rate on logical gates to an arbitrary small level at the
cost of increasing the number of physical qubits. Below a
threshold the error suppression is exponential in the
hardware scaling. However, this powerful solution is
prohibitive in the current era of noisy, intermediate-scale
quantum (NISQ) devices for the following reasons [8].
(a) The qubit-count scale factor is at least 5 for the simplest
codes that protect against comprehensive noise types
[9,10]. (b) The extra circuit complexity that is needed in
order to monitor the stabilizers, or equivalent measures of
code integrity, is very considerable and will boost the
effective error rate. (c) In order to achieve a universal set of
quantum operations on code-protected logical qubits,
highly nontrivial additional measures such as magic state

purification must be undertaken, greatly increasing the
hardware scale.
Here we present an approach to controlling errors that

achieves the key benefit of true QEC in the specific (but
pivotal) case of estimating expected values of operators,
and does so without the three key drawbacks of QEC
mentioned above. The present idea requires an increased
qubit count (by some integer factor that is at least two), and
therefore it is more hardware expensive than many NISQ
error mitigation schemes [11–21], but in return it provides
exponential error suppression—which other NISQ solu-
tions cannot. Therefore the approach might be seen as
sitting between the established NISQ-era techniques and
the full QEC domain, albeit nearer to the NISQ approaches.
Moreover, the present approach is compatible with other
NISQ mitigation techniques such as extrapolation, quasi-
probability, or symmetry verification [12,14–20]; in fact,
extrapolation is used in the present analysis to negate the
impact of errors in the derangement process.

A. Estimating expectation values

Estimating expectation values on a quantum device is of
central importance and most near-term applications do need
to estimate such expectation values. Many variants of the
so-called variational quantum eigensolver have been pro-
posed for solving classically intractable problems, such as
simulating quantum systems described by Hamiltonians H
[11–14,16,22–41]. Expectation values of Hamiltonian
operators are typically decomposed as hψ idjHjψ idi ¼P

k ckhψ idjPkjψ idi, where Pk are tensor products of
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Pauli operators, and we collectively denote them as σ ≡ Pk
in the following. Various approaches have been proposed
for estimating such expectation values hψ idjσjψ idi using
quantum computers [12,14,42–44]. However, without com-
prehensive error correction, errors during the state prepa-
ration will contribute a bias as hψkjσjψki into the result,
where jψki are erroneous states, as shown in the next
section. There exist numerous error mitigation techniques
that potentially reduce the effect of such contributions
without increasing the number N of qubits, but at the cost
of a significantly increased number of measurements and
increased numbers of circuit variants [12,14–20]. Note that
error mitigation techniques are also limited to correcting
errors in measurements of observables as opposed to QECs.
Here we take a different route and introduce the error

suppression by derangement (ESD) approach: we introduce
a high degree of symmetry by preparing n copies of the
quantum state jψi and use derangement operators (gener-
alized SWAP operations) to protect collective permutation
symmetry. Most noise events that occur during the imper-
fect preparation of jψi break this permutation symmetry
and they are effectively “filtered out” by the ESD. We
outline a possible construction for such a measurement
process in Fig. 1 and thoroughly analyze its properties
while supporting our claims with rigorous mathematical
proofs.
A crucial element of typical NISQ applications is the

accurate estimation of expectation values of observables.
The present approach allows one to exponentially suppress
errors in such estimations and thus enables one to push the
limits of a vast number of promising NISQ techniques. Let
us name a few potential applications: variants of the

variational quantum eigensolver for, e.g., finding ground
states of molecular Hamiltonians in quantum chemistry or
spin model Hamiltonians in materials science; quantum
approximate optimizations of graph problems; quantum
machine learning and beyond. Please refer to the review
articles [11–13] and references therein for more examples.
Since the present approach is completely general and can
be applied to the estimation of any observable (as discussed
above), we present our results and proofs in complete
generality without explicitly specifying or restricting the
observable σ.
Our construction is certainly very well suited for NISQ

hardware for the following reasons. First, the main com-
putation is modular as the n copies of the computational
state are prepared completely independently. Second, the
derangement circuit that “bridges” the n copies immedi-
ately prior to measurements is sufficiently shallow (as it can
be decomposed into a linear number of primitive gates) and
therefore picks up significantly less noise than the state-
preparation stage. Third, the derangement measurement is
highly resilient to noise, since most error events that occur
during the derangement process do not contribute to the
result. Let us now introduce basic concepts and explain the
main idea in detail.

II. PRELIMINARIES

A. Noisy quantum states and entropies

Near-term quantum devices aim to prepare computa-
tional quantum states jψ idi for, e.g., simulating other
quantum systems or beyond. These quantum devices are,
however, imperfect and can only prepare noisy, mixed
quantum states which can be expressed generally via the
spectral decomposition of a density matrix:

ρ ¼ λjψihψ j þ ð1 − λÞ
X2N
k¼2

pkjψkihψkj: ð1Þ

Here λ ≤ 1 and
P

k pk ¼ 1 is a probability distribution. It is
important to recognize that the dominant eigenvector jψi
above is not necessarily equivalent to the state that one
would obtain from an ideal computation; even purely
incoherent error models result in a small coherent mismatch
in the dominant eigenvector. A comprehensive analysis of
this coherent mismatch is presented in Ref. [45] and strong
theoretical guarantees are provided that it can be exponen-
tially smaller than the buildup of the erroneous contributions
jψki. In the following we thus focus on estimating expect-
ation values in the dominant eigenvector, while advantages
of this approach are discussed in the “Note added.”
We further stress that in principle λ can be arbitrarily

small, e.g., λ ¼ 10−6, as long as it is the dominant compo-
nent and larger then any other eigenvalue as λ > ð1 − λÞpk
for all k. Although, for extremely low λ other factors such as

Method A or B

FIG. 1. A possible implementation of the ESD approach. Our
derangement operator Dn is a generalization of the SWAP operator
and acts on n (not necessarily identical) copies of the quantum
state ρ ¼ λjψihψ j þ ð1 − λÞρerr. In the above circuit Dn permutes
the n registers and allows only permutation symmetric combi-
nations, e.g., jψi⊗n, to contribute to the expectation-value
measurement process. The probability of measuring the ancilla
qubit in the 0 state enables us to approximate the expectation
value hψ jσjψi and errors are suppressed exponentially in n. This
derangement operator can be implemented as a shallow circuit
using a linear number Nðn − 1Þ of primitive, controlled, 2-qubit
SWAP gates.
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the sampling cost may of course become prohibitive in
practice, as we discuss in later text.
Furthermore, pk are probabilities of “erroneous” con-

tributions jψki, and we refer to these (orthonormal) states as
erroneous eigenvectors in the following and we denote their
probability vector as p. To keep our discussion completely
general, we do not restrict the probability distribution p at
all, but we remark that Rényi entropies [46] as

HnðpÞ ≔
1

1 − n
ln

�X2N
k¼2

pn
k

�

will have a crucial effect on the efficacy of the technique,
and, indeed, for typical experimental quantum systems one
can expect that HnðpÞ are large.

B. Main idea

As discussed above, most applications targeting early
quantum devices aim to estimate expectation values
hψ idjσjψ idi in a quantum state jψ idi prepared by an ideal
noiseless quantum device. Measuring expectation values in
the dominant eigenvector hψ jσjψi from Eq. (1) would give
in practical scenarios a very good approximation [45];
however, erroneous eigenvectors during state preparation
contribute bias hψkjσjψki to the estimated expectation
values. Here we aim to suppress these contributions via
the following novel principle. Let us prepare n copies of the
state ρ from Eq. (1). The most likely event during state
preparation is that we obtain the dominant eigenvector of
the state: with a probability λn the resulting state (immedi-
ately after state preparation) is jψ ;ψ ;…;ψi. Measuring the
expectation value on the first register gives the desired
result hψ ;…;ψ ;ψ jσψ ;ψ ;…;ψi ¼ hψ jσjψi.
In complete generality, under arbitrary noise models, the

second most likely event is that one of the registers, for
example, the first register, is found in the orthogonal erro-
neous eigenvector of the density matrix jψki; a measurement
then returns the error term hψk;…;ψ ;ψ jσψk;ψ ;…;ψi ¼
hψkjσjψki. However, if one instead measures the expectation
value of the product σSWAP1n, where SWAP1n swaps the
registers 1 and n, we then obtain

hψk;…;ψ ;ψ jσψ ;ψ ;…;ψki ¼ hψkjσjψihψkjψi ¼ 0:

Here the SWAP operator changed the ordering of the registers
as jψk;ψ ;…;ψi → jψ ;ψ ;…;ψki and the result is 0 due to
the orthogonality of the eigenvectors of the density matrix.
We can straightforwardly generalize this idea to the case
where all registers are swapped, allowing only permutation-
symmetric states to contribute to the measurement of expect-
ation values. We refer to this permutation operation as
“derangement.” Let us emphasize that the above argument
is completely general and holds for any noise model. While
one can certainly realize the above measurement principle in

various different ways, we propose one such circuit in Fig. 1.
We rigorously prove properties of this particular construction
in result 1, result 2, and result 3, but we stress that the current
proposal is not limited to the circuit in Fig. 1 (and even Fig. 1
leaves room for various different physical implementations
which we discuss in later text).

III. RESULTS

A. Exponential error suppression

Let us now formally state the main result of the present
work. In particular, the circuit in Fig. 1 can be thought of as a
Hadamard-test technique [1] that measures the expectation
value of the product σDn, where the derangement operator
Dn permutes the n input registers; as we explain in a later
section and discuss that it only requires a linear number of
primitive gates to construct. We prove in Theorem 1 that
only permutation-symmetric combinations can pass through
the derangement measurement in Fig. 1, such as the
dominant eigenvector jψi⊗n (which happens with a proba-
bility λn) or states in which the same errors occurred to
all registers jψki⊗n [which happen with probabilities
ð1 − λÞnpn

k]. Our general result in Theorem 1 determines
the probability prob0 of measuring the ancilla qubit in Fig. 1
in the 0 state as

2prob0 − 1 ¼ Tr½ρnσ�

¼ λnhψ jσjψi þ ð1 − λÞn
X2N
k¼2

pn
khψkjσjψki;

where the erroneous contributions hψkjσjψki are exponen-
tially suppressed as we increase n.
Dividing by λn allows one to approximate the expect-

ation value of a unitary observable σ2 ¼ Id, or otherwise
the real part of the expected value of a unitary operator. We
work out two explicit results in example 1 and example 2
that demonstrate how the above scheme allows us to
exponentially suppress the noise as we increase the number
n of copies of ρ and how its efficacy depends on properties
of the probability distribution pk. Let us now state
approximation errors of methods A and B.
Result 1.—Let us prepare n identical copies of the

experimental quantum state ρ from Eq. (1) and apply the
derangement measurement from Fig. 1. Both methods A
and B approximate the expectation value hψ jσjψi by
estimating prob0 on the ancilla qubit. Method B only
estimates prob0 and assumes explicit knowledge of the
dominant eigenvalue λ. In method A we additionally
estimate prob00 by repeating the procedure but omitting
the controlled-σ gate in Fig. 1. We denote their approxi-
mation errors as EA and EB, respectively,

Method A∶
2prob0 − 1

2prob00 − 1
¼ hψ jσjψi þ EA; ð2Þ
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Method B∶
2prob0 − 1

λn
¼ hψ jσjψi þ EB; ð3Þ

and these approximation errors generally decay exponen-
tially with the number n of copies via the sequence Qn,

jEAj ≤
2Qn

1þQn
and jEBj ≤ Qn; ð4Þ

which is bounded Qn ≤ const ×Qn via the suppression
factor Q < 1 as established in Theorem 2 and in Lemma 1.
Note that these error bounds naturally extend to observ-

ables H of unit norm that are linear combinations of
Pauli strings. We show in Lemma 1 that the errors also
decay exponentially with the Rényi entropy HnðpÞ of the
error probability distribution from Eq. (1) via Qn ¼
ðλ−1 − 1Þn exp½ð1 − nÞHnðpÞ�. Even without knowing or
having a good guess of the Rényi entropy of the error
probabilities, we can state a general upper bound that only
depends on the two largest eigenvalues of the state as
Qn ≤ ðλ−1 − 1ÞnðpmaxÞn−1, where pmax is the largest of the
error probabilities pk in Eq. (1). Note that these quantities,
and thus the upper bounds, may be estimated experimen-
tally [47–53].

B. Numerical simulations

Let us now numerically verify the above bounds in a
practical setting: We consider a 12-qubit quantum state that
is produced by a noisy, parametrized quantum circuit
typically used in variational quantum algorithms—our

circuit consists of 10 alternating layers and overall 372
quantum gates. Refer to Appendix F for more details. Each
2-qubit gate undergoes 2-qubit depolarizing noise with
0.5% probability and each single-qubit gate undergoes
depolarizing noise with 0.05% probability. The resulting
state has a dominant eigenvalue λ ≈ 0.51 and it has a
high entropy, full-rank error probability distribution via
the Rényi entropies that monotonically decrease with
n as H2ðpÞ ¼ 4.69, H3ðpÞ ¼ 4.38, H4ðpÞ ¼ 4.23, and
H∞ðpÞ ¼ 3.63. Refer to Appendix F for more details.
We remind the reader that despite the purely incoherent

error model, the dominant eigenvector jψi of ρ is slightly
different than what one would obtain from a completely
error-free computation and in Fig. 2 we compute errors
using the dominant eigenvector; refer to Appendix F for
more details.
In Fig. 2 (left) we plot our error suppression upper bounds

from result 1; i.e., solid lines represent the error bounds
computed from the Rényi entropy of the quantum state’s
error-probability distribution and dashed lines represent the
general upper bound Qn ≤ ðλ−1 − 1ÞnðpmaxÞn−1, where the
largest error probability is pmax ¼ 0.026 and the suppres-
sion factor isQ ¼ 0.026. Red and blue colors correspond to
method A and method B, respectively. We have generated
500 Pauli strings as observables randomly and computed the
errors in estimating their expectation values (there are
overall 412 ¼ 1.68 × 107 Pauli strings, and we randomly
select 500). These samples (see horizontal lines in Fig. 2)
are significantly below our upper bounds and seem to
decrease in a similar exponential order as our bounds (i.e.,
slope is similar in the logarithmic plot).

Identical copies of Nonidentical copies of

1 2 3 4

10–10

10–8

10–6

10–4

10–2

100

Number n of copies of

Absolute error of

expectation values

1 2 3 4

10–10

10–8

10–6

10–4

10–2

100

Number n of copies of

Absolute error of

expectation values

Red: Method A Blue: Method B

Upper bounds with Rényi entropy General upper bounds

FIG. 2. Simulation of a 12-qubit state with 372 noisy quantum gates. Errors in estimating the expectation value in the dominant
eigenvector hψ jσjψi decay exponentially with the number of copies n of the quantum state ρ. Dashed lines: our general upper bounds on
the errors from result 1 and result 2 only require the knowledge of the dominant eigenvalue λ and the largest error probability pmax from
Eq. (1). Solid lines: our upper bounds based on the Rényi entropy of the quantum states. Red and blue bars: approximation errors
obtained with 500 randomly selected Pauli strings (observables σ) are significantly below the upper bounds. (left) All copies of ρ are
perfectly identical and (right) all copies of ρ are significantly different (but they commute as this case can be simulated efficiently) and
their trace distance is 0.01 due to their different eigenvalue distributions.
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Method B slightly outperforms method A (slightly
smaller errors as blue is slightly below red), but it requires
an exact (or very precise) knowledge of the dominant
eigenvalue λ. Nevertheless, this eigenvalue could be deter-
mined precisely by existing approaches in special cases,
e.g., as in Ref. [54].

C. Effect of nonidentical states

We now turn to the question of how the efficacy of our
error suppression scheme is affected when the n copies of
the state ρ are not identical.
Result 2.—We assume that all copies of the quantum

state are arbitrarily different via ρ1 ≠ ρ2 ≠ � � � ρn except
that their dominant eigenvector is jψi. Our scheme via
Lemma 3 still provides exponentially decreasing approxi-
mation errors when the dominant eigenvalue of the worst
quality copy is λmin > 1=2 via

Method A∶
2prob0−1

2prob00−1
¼hψ jσjψiþOð½λ−1min−1�nÞ; ð5Þ

Method B∶
2prob0−1Q

n
μ¼1 λμ

¼hψ jσjψiþOð½λ−1min−1�nÞ: ð6Þ

In the special case when all copies of the quantum state
commute (same eigenvectors but different eigenvalues),
one can expect very similar approximation errors to result 1
via an effective sequence Qeff

n .
We can efficiently simulate the case when all copies of

the quantum state commute. We disturbed every copy of the
density matrix such that their trace distance is jjρk − ρljj ≈
10−2 for all k ≠ l. Note that the approximation errors in
Fig. 2 (right) are very similar to Fig. 2 (left) and they are
approximately upper bounded by the same upper bounds
from result 1 (as expected from Lemma 3).

D. Complexity analysis

Let us now analyze resource requirements of our ESD
approach. In particular, one needs to prepare a suitable
number n of copies of ρ in order to suppress its errors below
a threshold level, which we refer to as precision and denote
as E. The overall number of qubits required is then nN þ 1,
where N is the number of qubits in the computational state
ρ. Furthermore, one needs to repeat measurements many
times to sufficiently reduce the effect of so-called shot
noise; i.e., we estimate the probability only from a finite
number of repetitions [55]. We denote the number of
repetitions as Ns. Let us now summarize our general
results from Lemma 2.
Result 3.—In order to reach a precision E in determining

the expectation value hψ jσjψi, one requires a logarithmic
number n ¼ Oðln E−1= lnQ−1Þ of copies of the quantum
state ρ (up to rounding). Here Q < 1 is the suppression
factor from result 1 that depends on Rényi entropies.

The number Ns of measurements required to suppress
shot noise below the threshold E grows polynomially as

Method A∶ Ns ¼ O½E−2ð1þ2fÞ�;
Method B∶ Ns ¼ O½E−2ð1þfÞ�;

where f ¼ ln½λ−1= lnQ−1� increases the polynomial order
compared to the standard shot-noise limit OðE−2Þ and we
have derived a general upper bound on f in Lemma 2.
Dividing by the exponentially attenuated factor λn in

both methods A and B in result 1 requires an increasingly
large number of measurements to sufficiently suppress shot
noise. Methods A and B are therefore less efficient than
permitted by the standard shot-noise limit Ns ¼ OðE−2Þ.
For example, in the extreme, but still valid, case of λ ¼
10−6 andQ ¼ 1=2, we obtain f ¼ 19.9which increases the
sampling costs prohibitively in practice. Nevertheless,
the polynomial order of OðE−1Þ is only logarithmically
increased via f and its effect might be negligible in
practically relevant scenarios. For example, in our simu-
lations in Fig. 2 we obtain f ¼ 0.18 using our expression
Q ¼ ðλ−1 − 1Þpmax in Lemma 1. Indeed, we recover the
standard shot-noise limit OðE−2Þ for very good quality
states λ ≈ 1 or for very high entropy probabilities.
In summary, the complexity of our ESD approach only

depends on the largest eigenvalue λ of the state and on the
suppression factor Q from result 1—which is determined
by the Rényi entropy of the error probabilities. As
expected, the number Ns of samples grows polynomially
with the target precision E−1 and the system size (via n)
grows logarithmically with E−1. Let us remark that in case
of certain applications a global prefactor in observable
expectation values does not matter—such as in case of
variational quantum eigensolver (VQE) optimizations—
and one can use method B but omitting the division by λn.
Using method B significantly reduces the measurement
costs and reduces errors from result 1 when compared to
method A.

E. Derangements of quantum registers

Let us now discuss how to implement derangement
circuits using a linearly growing number (in n and N)
elementary gate operations. In particular, our ESD circuit in
Fig. 1 uses a generalization of the SWAP operator that
permutes subspaces of quantum registers. Recall that in
general there exist n! permutations of a set of n ordered
elements. Derangements are a subset of the collection of all
permutations: they permute the n elements such that no
element remains in place [56,57]. We define Dn in
Definition 1 as unitary representations such that they
permute subspaces of n quantum registers. For example,
for n ¼ 2 our D2 reduces to the usual SWAP operator as

D2jψ1;ψ2i ¼ SWAP12jψ1;ψ2i ¼ jψ2;ψ1i: ð7Þ
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Note that here SWAP12 swaps the two registers, but it
decomposes into N elementary SWAP operations between
pairs of qubits within the registers. For n ¼ 3 we have two
distinct constructions for possible D3 derangement oper-
ators as

SWAP13SWAP12jψ1;ψ2;ψ3i ¼ jψ3;ψ1;ψ2i;
SWAP23SWAP12jψ1;ψ2;ψ3i ¼ jψ2;ψ3;ψ1i:

For n ¼ 4 one has 6 possibilities while in general there
are ðn − 1Þ! possibilities for constructing distinct derange-
ment operators—but choosing any one of these construc-
tions is sufficient for our scheme to work. Indeed, one could
construct derangements Dn straightforwardly as cyclic
shifts [47], but the large number of possibilities might
offer more preferable constructions that take into account,
e.g., hardware constraints such as connectivity. Refer to
Ref. [58] for illustrations of the corresponding circuits.
Furthermore, we discuss in Appendix E 2 that the large
number of symmetries in the derangement circuit can be
exploited in order to, e.g., reduce errors that happen during
the controlled-SWAP operations.
Regarding gate complexity, derangement operators can

be implemented efficiently in general using Nðn − 1Þ
elementary controlled 2-qubit SWAP gates, where N is
the number of qubits in the register jψi and n is the
number of copies of jψi. These minimal SWAP circuits
(which optimally implement derangement operators) can
be constructed by mapping the corresponding permutations
to graph trees [59]; refer to Definition 1.
It is important to recognize that while the number

of elementary controlled-SWAP gates grows as OðNÞ,
preparing the quantum state jψi generally requires
O½aðNÞN� gates, where aðNÞ is the depth of the compu-
tation. It is generally expected that for practical problems
one needs to go beyond constant-depth circuits such that
the number of gates in the main computation grows faster
than OðNÞ [60–64]. Thus the gate count of the derange-
ment circuit can be expected to be of diminishing relative
significance when scaling up computations. Even if the
controlled-SWAP operator is not a hardware-native gate, one
needs at most 6 native entangling gates to implement the
elementary controlled-SWAP operator; see Table I in
Appendix E. We demonstrate this below on a practical
example assuming a hardware-native gate set and also
briefly discuss connectivity constraints.

IV. NOISE ROBUSTNESS AND LIMITATIONS

A. Mitigating experimental imperfections

So far we have assumed that the derangement operator in
Fig. 1 is perfect. Indeed, gates involved here are expected to
be noisy in a realistic scenario which ultimately limits the
precision of our approach and increases its complexity.

We show in example 3 quite generally that the derange-
ment operator is highly resilient to experimental imperfec-
tions and protects permutation symmetry even under
experimental noise. This is nicely illustrated in our simu-
lated noisy circuit: the unmitigated errors in determining
prob0 in Fig. 3 are quite low and are below 10−2 for all 50
randomly selected states. The simulated circuit consist of
13 qubits, i.e., 3 copies of a 4-qubit state, and elementary
controlled-SWAP gates undergo 3-qubit depolarizations
with a probability 3 × 10−3. Refer to Appendix F for more
details.
Most importantly, we show in example 3 quite generally

that most errors that occur during the derangement meas-
urement will only trivially affect the final result by (almost)
linearly attenuating the output probability prob0 which can
in principle be corrected by an extrapolation. We use
extrapolation techniques [12,14–17,65] which typically
estimate prob0ðϵÞ at different values of ϵ and extrapolate,
e.g., linearly, to zero noise ϵ ¼ 0. Because of the high
degree of noise resilience of the derangement operator, the
measurement probabilities prob0ðϵÞ are closely approxi-
mated by a linear function in ϵ, and Fig. 3 illustrates that
indeed a linear extrapolation surprisingly well approxi-
mates the ideal probability with errors less than 10−4.
Here we aim to suppress errors arbitrarily by accounting

for the slight nonlinearity of the function prob0ðϵÞ.
We prove in Theorem 3 quite generally that expectation

1 2 3 4 5 6

10–14

10–12

10–10

10–8

10–6

10–4

10–2

Number k of points estimated

Absolute error

of prob0

Linear

extrapolation

×
No mitigation Degree (k- 1) Polynomial Exponential

Analytical approx. Padé(2,1) Padé (2,2) Padé (3,3)

FIG. 3. Mitigating errors in the derangement operator. Extrapo-
lation errors using various different fitting techniques versus the
number of fitting points for 50 randomly selected Ansatz states.
Elementary gates in the derangement operator in Fig. 1 have an
error rate ϵ ¼ 10−3 and an experimentalist can increase this error
in k ¼ 2; 3; 4;… steps up to ϵ ¼ 10−2. The probability prob0
from Fig. 1 at ϵ ¼ 0 is estimated by extrapolating to ϵ ¼ 0. The
derangement measurement is highly resilient to imperfections
(see text) and prob0ðϵÞ is almost linear in ϵ. Increasing the degree
of the fitting polynomial (blue circles) reduces the extrapolation
error exponentially.
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values are exactly described by degree-ν polynomials as
prob0ðϵÞ ¼

P
ν
k¼0 ckϵ

k and ν is the number of noisy gates.
It follows that one can in principle determine the ideal
probability by determining prob0ðϵÞ at νþ 1 different
values of ϵ and fitting a degree-ν polynomial. Figure 3
(blue circles) demonstrates how the extrapolation error
decreases exponentially with the degree of the fitted
polynomial.
Furthermore, we analytically solve the dependence on ϵ

in the limiting case of a large number of gates and obtain
the approximation

prob0ðϵÞ ≈ prob0 − η̃ϵ
ð1 − ϵÞν
2ϵ − 1

≈
a1ϵþ a2ϵ2 þ a3ϵ3

1þ a4ϵþ a5ϵ2
;

where η̃ is a constant. The above (3,3) Padé approximation
of the analytical dependence can be determined by fitting
the coefficients a1, a2, a3, a4, a5. These Padé approxima-
tions appear to slightly outperform degree-k polynomial
extrapolations in Fig. 3. Refer to Theorem 3 for more
details.
In summary, guided by analytical arguments in example 3

we propose an efficient and straightforward approach to
mitigate experimental errors that occur during the derange-
ment circuit. Although in realistic scenarios an experimen-
talist may not be able to perfectly amplify all errors, we
demonstrate below that extrapolation techniques can still
significantly reduce the impact of noise. Note, however,
that for an increasing number of qubits the noise in the
controlled-SWAP gates accumulates and might attenuate the
output probability prob0. Estimating this attenuated prob-
ability at increased error rates—as required for extrapola-
tion—requires an increased number of measurements. For
example, a factor of 0.1 attenuation threshold could be
approximated via the formula 0.1 ¼ ð1 − ϵÞNðn−1Þ, and at a
gate error ϵ ¼ 10−3 it limits the maximal number of qubits
as Nðn − 1Þ ≤ 2301—which is still an encouraging figure
in practice. We note that other error mitigation schemes
could also be applied straightforwardly to address errors
happening during the derangement measurement.

B. Limitations of the technique

There is one main limitation of the present approach: In a
realistic experiment one can expect that coherent errors
occur. As opposed to error correcting schemes, our ESD
approach is completely oblivious to these and ultimately
such errors will limit precision. Nevertheless, well-estab-
lished techniques enable us to suppress these coherent
errors, e.g., via converting them into incoherent errors by
Pauli twirling [66–69]. Furthermore, as discussed above,
even incoherent noise models introduce a mismatch in
the dominant eigenvector which can be expressed viaffiffiffiffiffiffiffiffiffiffiffi
1 − c

p jψ idi þ
ffiffiffi
c

p jψ erri. While the coherent mismatch c
limits the precision of the present approach, we present a

comprehensive analysis and provide strong theoretical
guarantees in Ref. [45] that its impact decreases when
increasing the scale of the computation. See also
Appendix C for an illustration of how this error can be
mitigated.
Furthermore, the present approach is expected to be

particularly well suited for variational quantum algorithms.
First, the impact of coherent mismatch is guaranteed to be
quadratically smaller when the aim is to prepare eigenstates
[45]. Second, variational algorithms are inherently robust to
this kind of error as a variational optimization implicitly
minimizes the impact of coherent errors. We also remark
that in the context of variational algorithms one could
slightly readjust variational parameters such that the over-
laps between copies Tr½ρkρl� are maximal for every k ≠ l—
note that measuring such overlaps is possible with the setup
in Fig. 1. This ensures us that the dominant eigenvector of
every copy is (close to) identical. One could also use
Clifford circuits to calibrate or validate the quantum device
by comparing to expectation values obtained from (effi-
cient) classical simulations [18,19].
We further remark that we have also neglected the effect

of measurement errors, i.e., when the probability of
collapsing into state 0 is biased. Nevertheless, there exist
well-established techniques for mitigating the effect of such
imperfections [12,70].

V. PRACTICAL APPLICATIONS

Recall that near-term quantum devices are limited to
shallow quantum circuits due to their inability to implement
quantum error correction. Nevertheless, such shallow
circuits may still be of high practical value as, for example,
they may allow one to approximate ground-state energies
of Hamiltonians H, which cannot be estimated by other
means [11–13,22–27]. Let us consider a spin-ring
Hamiltonian with a constant coupling J ¼ 0.1 and uni-
formly randomly generated on-site interaction strengths
ωk ∈ ½−1; 1� as

H ¼
X

k∈ringðNÞ
ωkZk þ Jσ⃗k · σ⃗kþ1; ð8Þ

for the following reasons: (a) this Hamiltonian is relevant in
the context of condensed matter phenomena, such as many-
body localization [71], but its ground state cannot be
approximated classically for large N [72,73]; (b) it has a
very simple structure as well as a linearly scaling number
of Pauli observables σ; (c) it is closely related to other
important Hamiltonians, cf. approximate optimisation
algorithms (QAOA) or spin systems in materials science
[11–13,74,75].
We prepare the ground state via the usual variational

Hamiltonian Ansatz [11–13], which was proposed in the
context of QAOA [22,74,75], but has successfully been
extended to and analyzed in the context of, e.g., quantum
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chemistry, the Hubbard model, as well as spin systems
[64,76–78]. It consists of alternating layers of discretized
time evolutions as illustrated in Fig 4(a); refer to
Appendix F for more details. We consider a quantum
device that can natively implement single-qubit Ry and Rz
rotation gates as well as XX gates of the form
exp½−iθXjXk� between any pairs j ≠ k of qubits, i.e., a
gate set comparable to ion-trap systems [79]. Such a
platform can efficiently implement the Ansatz circuit of l
layers using 3Nl applications of the entangling gates. Using
general techniques of Ref. [80] we recompile the derange-
ment circuit into hardware-native quantum operations.
Table I summarizes the number of entangling (νe) and
single-qubit (νs) gates required to implement the elemen-
tary controlled-SWAP operator: we find more compact
representations than previous ones [81,82].
We use l ¼ 20 Ansatz layers such that the ground-state

energy in a noise-free setting could be approximated to
ΔE ≈ 10−4 and explicitly simulate N ¼ 6 qubits with
n ¼ 2 copies of the noisy computational state (equivalent
of a 26-qubit pure-state simulation). We discuss in
Appendix E that controlled-SWAP gates in the derangement
circuit need only be recompiled up to a local SU(4) freedom
as shown in Fig. 4(b); see also the second and third columns

in Table I. We thus need less than 5N ¼ 30 entangling gates
for the mitigation, which is significantly fewer than the
3Nl ¼ 360 entangling gates required for the main compu-
tation. Figure 4(c) (red squares) shows unmitigated errors
when estimating the ground-state energy of H. We assume
a noise model in which the vast majority of errors is due to
dephasing and damping (relaxation), which the experimen-
talist can perfectly amplify. We additionally assume that a
small depolarizing noise, approximately 6% of the overall
gate error rate, affects the qubits that the experimentalist
cannot amplify. This limits extrapolation techniques
[12,14–17,65] to a finite precision, as shown in Fig. 4(c)
(orange diamonds). In contrast, the present approach can
suppress errors under arbitrary noise models. Indeed, even
with a noisy derangement circuit, one can drastically
reduce errors by orders of magnitude, as shown in
Fig. 4(c) (magenta dots).
As discussed above, we can apply zero-noise extrapo-

lation to mitigate the effect of errors in the derangement
circuit. As such, extrapolation in Fig. 4(c) (black crosses)
can almost fully mitigate errors in the derangement circuit
as black crosses approach the blue dashed line, i.e., the
performance of the noiseless derangement circuit D2. Thus
it would be advantageous to prepare a larger number of

1 1 2 l

(a) Ansatz circuit 10–3. 10–2. 10–1. 100.
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(c)
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(b) Recompilation
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2 copies

FIG. 4. (a) Ansatz used to prepare the ground state of the Hamiltonian in Eq. (8) forN ¼ 6 qubits. (b) Type B (type C) recompilation of
controlled-SWAP (including observable) gates from Table I requires 5 (4) applications of the hardware-native entangling gates. (c) Error
in estimating the ground-state energy with and without mitigation as a function of the number of expected errors ξ in the Ansatz circuit.
We assume that the experimentalist can amplify the vast majority of the noise (94%) in the hardware-native gates, but not all of it,
limiting extrapolation to a finite precision (orange diamonds). Although the derangement circuit is also degraded by noise, it can still
drastically reduce errors both in combination with (black crosses) and without extrapolation (magenta dots). Dashed lines correspond to
Tr½Hρn�=Tr½ρn� as obtained via noiseless derangement circuits. When increasing n, we approach in exponential order a nonzero error
(dashed gray line) which is due to the coherent mismatch in the dominant eigenvector. The present demonstration on 2 × 6þ 1 qubits
should rather be viewed as a worst-case scenario since increasing the scale of the computation will favor the ESD approach.
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copies n > 2 to further suppress the errors, as illustrated in
Fig. 4(c) (green and brown dashed lines). We remark,
however, that going significantly beyond n ¼ 4 copies may
not be relevant in practice for the following reasons. (a) In
the practically most important region with ξ ⪅ 1, errors
may be sufficiently suppressed below the level of other
practical factors, such as shot noise, or the approximation
error ΔE ≈ 10−4 due to insufficient Ansatz depth. (b) In the
limit of a large number of copies, i.e., n → ∞, a constant
error is approached which is due to the coherent mismatch
Fig. 4(c) (gray dashed line). (c) The region with ξ⪆2 is
practically inaccessible due to the rapidly increasing
measurement overhead from result 3 via f ¼ Oðln λ−1Þ ¼
OðξÞ using that λ ¼ Oðe−ξÞ [45]. Note that it is generally
the drawback of all mitigation techniques that their meas-
urement cost grows exponentially with ξ and becomes
prohibitive when ξ⪆2 [12].
Let us finally emphasize that one should look at the

present demonstration as a worst-case scenario for the
following reasons. (a) Practical value is expected when
computations are scaled beyond N > 20 qubits [72,73], for
which the Ansatz layers need to be increased beyond the
present l ¼ 20, e.g., see Refs. [62,63,78]. This leads to an
increasing ratio re of the number of entangling gates in the
main computation relative to the derangement circuit as
re ¼ ð3=5ÞlðNÞ. Here the number of layers lðNÞ > OðN0Þ
needs to grow faster than a constant. (b) The impact of
coherent mismatch in Fig. 4(c) (gray dashed line) is
guaranteed to decrease as the number of gates increases
[45]. (c) Approximating ground states of Hamiltonians
other than the one in Eq. (8) may require more complex
Ansatz circuits with more rapidly growing gate counts.
For example, simulating the Hubbard model on N ¼ 50
qubits—one of the promising candidates for demonstrating
practical quantum advantage—requires ≈2 × 104 entan-
gling gates [83], while the derangement circuit requires
only a few hundred, resulting in the ratio of entangling
gates as re ≈ 102. An even more pronounced example is
the case of molecular Hamiltonians in which the number
of Pauli terms may grow asOðN4Þ [84]. (d) The Ansatzwas
optimized in a noiseless, pure-state simulation and reopti-
mizing the parameters may reduce the impact of coher-
ent mismatch. (e) In the present case we assume 94%
of gate errors can be amplified perfectly: the experimen-
talist may only have control of a smaller fraction of
errors further limiting the precision of extrapolation
techniques.
We also consider the example of a connectivity con-

strained architecture in Appendix F: the number of
2-qubit gates to implement the derangement circuit is
increased from 5N to 6N, while in the Ansatz it is increased
from 3Nl to 9Nl. Thus, in such a scenario connectivity
constraints work in our favor. Of course, in principle,
specific hardware may be fabricated to optimally accom-
modate the present technique as well as one may utilize

long-range links between macroscopically separate quan-
tum processors [85].

VI. DISCUSSION AND CONCLUSION

This work has introduced a novel principle for sup-
pressing errors in near-term quantum devices. As opposed
to error mitigation techniques, our ESD approach requires
an increased system size: By preparing n identical copies of
a computational state, our derangement circuit protects its
permutation symmetry and suppresses errors in an expect-
ation value measurement exponentially (in the number n of
copies). Furthermore, the ESD is very NISQ friendly, since
the n copies of the computational state can be prepared
completely independently and they only need to be
“bridged” by a shallow derangement circuit immediately
prior to measurement. Furthermore, the significant advan-
tage of the ESD approach is that it is completely oblivious
to the error model during the state-preparation process and
works (in principle) with arbitrarily high error rates. As
such, the present approach could be compared to other
mitigation techniques. While quasiprobability techniques
[15,17–19] may in principle be able to perfectly negate the
effect of errors, they require an exponentially growing
number of circuit variants together with a perfect knowl-
edge of the error model. Any deviation from the assumed
noise model results in errors, which may grow exponen-
tially with the number of gates. Symmetry verification is
another successful mitigation technique that could be used
if exploitable symmetries are present [20,86]; however, it
cannot reduce errors that fall within the subspace of
appropriate symmetry. Furthermore, zero-noise extrapola-
tion [12,14–17,65] can in principle be applied generally;
however, the experimentalist may not be able to perfectly
amplify all errors; see Fig. 4(c). In contrast, the present
approach can be applied completely generally in any
scenario. Note, however, that these existing mitigation
techniques will be highly relevant as they can be used in
combination with the present approach, as demon-
strated above.
The main limitation of the ESD approach is that it cannot

address coherent noise or a coherent mismatch in the
dominant eigenvector, although those errors can be expo-
nentially smaller than the incoherent decay of the fidelity
and are guaranteed to decrease when increasing the scale of
the computation [45]. As long as the derangement circuit is
assumed to be perfect, the sample complexity of our ESD
approach is polynomial in the inverse precision E−1 and
comparable to the standard shot-noise limit in practically
relevant scenarios, i.e., when the number of expected errors
in the main computation is below ξ ≈ 1. Errors during the
derangement process do degrade the performance of the
present approach and one needs to rely on error mitigation
techniques to reduce this impact. Nevertheless, it was
shown above that the number of gates in the derangement
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circuit is expected to become negligible relative to the main
computation when scaling up computations.
Let us now briefly comment on prior approaches that

similarly consider identical copies of quantum states and
similarly apply SWAP operators (or generalizations thereof).
In fact, numerous prior works have considered and
exploited the permutation symmetry of identical copies
of mixed states in the context of, e.g., reconstructing
spectral properties of mixed quantum states [47–53],
probing their entanglement characteristics [87–89], for
constructing universal quantum software [90], and for
optimal state discrimination [91–93]. Indeed, in the special
case of n ¼ 2 copies, our scheme is comparable to a
modification of the usual SWAP-test circuit [47]. However,
as opposed to previous works, here we are not interested in
the input mixed state ρ, but only in its dominant eigen-
vector jψi that represents a computational quantum state. In
fact, we regard any other contribution in the state ρ as
“noise” which we aim to exclude from the expectation-
value measurement process. The present approach could
also be compared to entanglement distillation protocols
[94–96]; however, our derangement circuit cannot expo-
nentially improve the “quality” of the input states, but only
exclude erroneous contributions from the expectation-value
measurement process.
Let us finally remark that the ESD approach leaves a lot

of room for a large number of different physical imple-
mentations, beyond the circuit in Fig. 1 that has been
analyzed in detail in this work. Our circuit in Fig. 1 is only
one possible realization of the general principle outlined
here and even this circuit has a large number of invariants.
We only need to remark here that the results presented here
are very general, and our example circuit could certainly be
improved by combining it with advanced techniques, for
example, by simultaneously measuring groups of commut-
ing observables [43,44]—but we expect these can only
introduce constant factor improvements and will not
change the main results in this work. In future work we
will explore the numerous possibilities offered by the
general principle introduced here.
Please also refer to the online repository [58] for

simulation and demonstration material.
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Note added

Recently, a related paper appeared that proposes a very
similar idea [98], while mostly focusing on the n ¼ 2
scenario. The main difference is that Ref. [98] uses the trace
distance to quantify errors thereby also taking into account
the effect of coherent mismatch. In contrast, in result 1 I
only quantify errors with respect to the dominant eigen-
vector, while I defer a comprehensive analysis of the
coherent mismatch to the subsequent paper [45] for the
following reasons.
(a) Reference [98] numerically computed and plotted the

trace distance in a comprehensive range of scenarios,
and noted that the bound is “pessimistic” as it over-
estimates errors. As such, in Ref. [45] I show that in
most practical scenarios this trace distance should not
be used since a quadratically smaller bound exists, i.e.,
the square c of the trace distance

ffiffiffi
c

p
. This is nicely

illustrated in Fig. 4(c) (gray dashed line): at a circuit
error rate ξ ¼ 0.1 the actual error is ΔE ≈ 7.5 × 10−6

while the bound of Ref. [98] is misleading as it is
orders of magnitude larger 2

ffiffiffi
c

p jjHjj∞ ¼ 9.2 × 10−3.
The relation between the two bounds is discussed in
more detail in Ref. [45].

(b) Going beyond the pessimistic bound of Ref. [98] and
realistically characterizing the coherent mismatch is a
very complex problem as it is related to important
themes in mathematics, such as Weyl’s inequalities—
solving of which was a major breakthrough. In
Ref. [45] I provide strong theoretical guarantees that
the coherent mismatch can be exponentially small and
decreases when increasing the scale of the computa-
tion. Thus, practitioners need principally care about
the errors with respect to measuring expectation values
in the dominant eigenvector, cf. Fig. 4.

(c) It is also interesting to note that result 1 only depends
on spectral properties, i.e., eigenvalues λk and Rényi
entropiesHn, that may be estimated experimentally. In
contrast, estimating the trace distance of Ref. [98]
would require one to prepare the ideal, perfect, noise-
less quantum state as well as the state ρn=Tr½ρn�, which
is prohibitive.

Other studies have already reported ideas extending or
varying these original concepts. For example, Ref. [99]
introduces a generalization of the presented permutation-
symmetry principles. Furthermore, Ref. [100] proposes that
the derangement circuitDn≔SWAP1;n ���SWAP1;3SWAP1;2
can be realized in a qubit-efficient manner by utilizing qubit
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resets, thus drastically reducing resource requirements of the
present approach.

APPENDIX A: DERANGEMENT
MEASUREMENTS AND SUPPRESSING ERRORS

In this Appendix, we prove that the derangement circuit
in Fig. 1 can be used to estimate expectation values. We
then prove upper bounds on approximation errors with or
without using Rényi entropies of quantum states. We
finally prove sample complexities of our ESD approach.
Definition 1.—We define the set Dn of derangement

operators that permute n ≥ 2 quantum registers via their
unitary representation as

every Dn ∈ Dn;

such that Dnjψ1;ψ2;…;ψni ¼ jψ sð1Þ;ψ sð2Þ;…;ψ sðnÞi:

Here all s ∈ Sn are permutations of the index set
f1; 2;…; ng with no fixed point; i.e., s are derangements
[56,57]. Here Sn denotes the symmetric group. For n ≥ 4
we also demand that s are n-cycles (standard cyclic
permutations of maximal length [57]), which are a subset
of derangements. The number of unique (n-cycle) derange-
ment operators is given as jDnj ¼ ðn − 1Þ!. Because of
seminal results of Dénes, s can be decomposed into n − 1
transpositions [59] and thereforeDn decomposes into n − 1
pairwise SWAP operators of the quantum registers. One can
therefore construct minimal SWAP circuits by (bijectively)
mapping the corresponding permutations performed by
Dn ∈ Dn to graph trees.
Theorem 1.—We consider n identical copies of the same

quantum register ρ in a separable state as ρ⊗n. Methods A
and B, as illustrated in Fig. 1, result in the probability of
measuring the ancilla in the 0 state as

Method A or B∶ prob0 ¼
1

2
þ 1

2
Tr½ρnσ�: ðA1Þ

Here σ is a unitary (Hermitian) observable (or otherwise the
real part of a unitary operator is estimated).
Proof.—We start by recapitulating that any density

operator ρ admits the following spectral decomposition
(note that here we use a different notation than what in the
main text),

ρ ¼
X2N
k¼1

pkjψkihψkj; thus

ρ⊗n ¼
X2N

k1;k2;…kn¼1

pk1pk2 � � �pkn jψk1 ;ψk2 ;…;ψkni

× hψk1 ;ψk2 ;…;ψkn j; ðA2Þ

where the second equation is the spectral decomposition of
n copies of the same state.
Recall that the action of any unitary circuit U on a

density matrix UρU† represents a probabilistic mixture of
its transformed eigenvectors Ujψki that occur with prob-
abilities pk. Similarly, the action of a unitary circuit on the
composite state ρ⊗n can be written as a probabilistic
mixture of the pure states Ujψk1 ;ψk2 ;…;ψkni that occur
with probabilities as products pk1pk2 � � �pkn .
Let us now derive the action of the unitary circuit in

Fig. 1 on the composite quantum system ρ⊗n. Our proof
works with any derangement operator Dn from Definition
1, but here we only need to consider one example: we
consider a cyclic shift (as originally proposed in Ref. [47])
of the registers via its explicit action on pure states as

Dnjψ1;ψ2;…;ψni ¼ jψn;ψ1;…;ψn−1i:

Our controlled derangement operator acts on the pure
state j0;ψk1 ;ψk2 ;…;ψkni that occurs with a probability
pk1pk2 � � �pkn , and we denote as 0 the state of the additional
ancilla qubit. Applying the sequence of gates from Fig. 1
yields the following transformations of the pure states:

j0;ψk1 ;ψk2 ;…;ψkni
↓H

ðj1;ψk1 ;ψk2 ;…;ψkni þ j0;ψk1 ;ψk2 ;…;ψkniÞ=
ffiffiffi
2

p

↓controlled Dn

ðj1;ψkn ;ψk1 ;…;ψkn−1i þ j0;ψk1 ;ψk2 ;…;ψkniÞ=
ffiffiffi
2

p

↓controlled σ

ðj1; σψkn ;ψk1 ;…;ψkn−1i þ j0;ψk1 ;ψk2 ;…;ψkniÞ=
ffiffiffi
2

p

↓H

ðj0;ψkn ;ψk1 ;…;ψkn−1i þ j0;ψk1 ;ψk2 ;…;ψkniÞ=2þ � � � :

It is now straightforward to show that the probability of
measuring the ancilla qubit in state 0 is

prob0¼
1

2
þ1

2

X2N
k1;k2;…kn¼1

pk1pk2 � � �

×pknhψk1 ;ψk2 ;…;ψkn jσψkn ;ψk1 ;…;ψkn−1i; ðA3Þ

where we can simplify the inner products as

hψk1 ;ψk2 ;…;ψkn jσψkn ;ψk1 ;…;ψkn−1i
¼ hψk1 jσψknihψk2 jψk1i � � � hψkn jψkn−1i
¼ hψk1 jσψkniδk2k1 � � � δknkn−1 ; ðA4Þ

and we have used the orthogonality of the eigenstates jψki
and δab is the Kronecker delta symbol. At this point we
remark that our proof works with any derangement operator
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from Definition 1 since these will conserve the above
orthonormality relation. We remark here that the corre-
sponding permutations can be mapped to graph trees,
which related to the pairs of indexes δab in the
Kronecker delta symbols in the above equation.
Substituting the above results back we obtain the

expression for the ancilla probability by using that only
terms with coinciding indexes contribute to the sum via
k1 ¼ k2 ¼ � � � kn:

prob0 ¼
1

2
þ 1

2

X2N
k¼1

pn
khψkjσjψki ¼

1

2
þ 1

2
Tr½ρnσ�: ðA5Þ

▪
Example 1: Using our definition of experimental

quantum states from Eq. (1), our circuit in Fig. 1 can
estimate the expectation value:

Tr½ρnσ� ¼ λnhψ jσjψi þ ð1 − λÞn
X2N
k¼2

pn
khψkjσjψki:

It is clear that the error probabilities pk are suppressed
exponentially via pn

k , but the dominant term gets slightly
attenuated too via λn. For example, let us assume that our
dominant eigenvalue is λ ¼ 0.8 and we have a high-entropy
error in a subspace spanned by 100 eigenvectors via the
uniform distribution pk ¼ ð1 − λÞ=100 when k ≤ 101 and
pk ¼ 0 when k > 101. We then obtain the estimate:

Tr½ρnσ� ¼ 0.8nhψ jσjψi þ
X101
k¼2

ð2 × 10−3Þnhψkjσjψki:

Since jhψkjσjψkij ≤ 1, we can upper bound the errors in
Tr½ρnσ� ¼ 0.512hψ jσjψi þ E for, e.g., n ¼ 3, as
jEj ≤ 8 × 10−7. Hence our error contribution is at least
64 0000 times smaller than the desired expectation value.
This high degree of error suppression is due to the large
n ¼ 3 Rényi entropy of the error probabilities pk as

H3ðpÞ ¼ −
1

2
ln

�X2N
k¼2

pn
k

�
¼ −

1

2
ln

�X101
k¼2

ð10−2Þ3
�

≈ −
1

2
ln½10−4� ≈ 4.6:

We will show in Theorem 2 and in Lemma 1 that the
efficiency of the error suppression depends exponentially
on this Rényi entropy.
Indeed, in order to obtain an accurate estimate of hψ jσjψi

we need to have a good knowledge of the largest eigenvalue
of the density matrix λ that divides hψ jσjψi. We assume in
method B in Theorem 2 that this eigenvalue is known
precisely. However, in method A we just replace our
observable σ with the identity in Fig. 1 and we directly

approximate the nth power of the dominant eigenvalue
λ as

Tr½ρn� ¼ 0.8n þ
X101
k¼2

ð2 × 10−3Þn;

for n¼3 we obtain the result as 0.83þ8×10−7¼0.512001,
which is a very good estimate of 0.83 ¼ 0.512 as the error
is 64 0000 times smaller than the ideal value.
Example 2: We consider now the worst-case scenario

of 0-entropy error distributions. For example, let us con-
sider the state ρ ¼ λjψihψ j þ ð1 − λÞjψ errihψ errj, which is a
mixture of the ideal state jψi that occurs with a probability
λ and an erroneous state jψ erri which occurs with a
probability (1 − λ). The error probability distribution from
Eq. (1) is obtained as p2 ¼ 1 and pk ¼ 0 for k > 2. It
follows that the error distribution has a 0 entropy and our
approach completely breaks down when λ ≤ 1=2 since the
dominant eigenvector then becomes jψ erri. We can show
that the errors in the expectation value are still exponen-
tially suppressed, but much less efficiently than before in
example 1. Let us set λ ¼ 0.8 and

Tr½ρnσ� ¼ 0.8nhψ jσjψi þ 0.2nhψ errjσjψ erri:

For n ¼ 3 we obtain Tr½ρ3σ� ¼ 0.512hψ jσjψi þ
0.008hψ errjσjψ erri, and therefore the error is suppressed
by a factor of 64. This is significantly lower that the factor
of 640000 suppression from example 1, which assumed a
high-entropy error distribution.

APPENDIX B: EXPONENTIALLY DECREASING
UPPER BOUNDS ON APPROXIMATION ERRORS

Theorem 2.—We use methods A and B from Fig. 1 to
estimate the probability prob0 ¼ 1

2
þ 1

2
Tr½ρnσ� of the ancilla

qubit. In method Awe use the same technique via σ ¼ Id to
estimate the probability prob00 ¼ 1

2
þ 1

2
Tr½ρn�, and our

method A yields the approximation

Method A∶
2prob0 − 1

2prob00 − 1
¼ Tr½ρnσ�

Tr½ρn� ¼ hψ jσjψi þ EA:

In method B we assume that the largest eigenvalue λ of the
state ρ is known, and therefore we have the approximation

Method B∶ð2prob0−1Þ=λn ¼Tr½ρnσ�=λn ¼hψ jσjψiþEB:

The approximation errors are bounded via jEAj ≤ ð2QnÞ=
ð1þQnÞ and jEBj ≤ Qn, and we prove in Lemma 1 that the
bounding sequenceQn ¼ ðλ−1 − 1Þnjjpjjnn generally decays
exponentially when we increase n or when we increase the
Rényi entropy of the probability vector p.
Proof.—Let us recapitulate the explicit form of the

density matrix from Eq. (1) as
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ρ ¼ λjψihψ j þ ð1 − λÞ
X2N
k¼2

pkjψkihψkj: ðB1Þ

We can evaluate the expressions for the trace operation as

Tr½ρnσ� ¼ λnhψ jσjψi þ ð1 − λÞn
X2N
k¼2

pn
khψkjσjψki and

����
X2N
k¼2

pn
khψkjσjψki

���� ≤
X2N
k¼2

pn
k ¼ jjpjjnn;

where we have used that jhψkjσjψkij ≤ 1 due to unitarity of
σ and jjpjjn is the n-norm of the probability vector p.
Method B: Here our aim is to estimate Tr½ρnσ� and λn is

known exactly. The error term can be calculated via

jEBj ¼
����Tr½ρ

nσ�
λn

− hψ jσjψi
���� ¼ ð1 − λÞn

λn

����
X2N
k¼2

pn
khψkjσjψki

����
≤
ð1 − λÞn

λn
jjpjjnn ≕Qn; ðB2Þ

and here we have defined the sequence Qn.
Method A: In this case we estimate Tr½ρnσ� and Tr½ρn�,

and we now calculate the error term using that Tr½ρn� ¼
λn þ ð1 − λÞn Pk p

n
k ¼ λn þ ð1 − λÞnjjpjjnn. Indeed, we

obtain

jEAj¼
����Tr½ρ

nσ�
Tr½ρn� −hψ jσjψi

����
¼
����hψ jσjψiþλ−nð1−λÞnP2N

k¼2p
n
khψkjσjψki

1þλ−nð1−λÞnjjpjjnn
−hψ jσjψi

����
¼
����hψ jσjψiþZ

1þQn
−hψ jσjψi

����; ðB3Þ

where we have used the notation Z ¼ λ−nð1 − λÞn×P
2N

k¼2 p
n
khψkjσjψki for simplicity. It follows that the error

term is bounded via

jEAj ¼
���� hψ jσjψi þ Z

1þQn
− hψ jσjψi

����
¼
����Z −Qnhψ jσjψi

1þQn

����: ðB4Þ

Let us now upper bound this expression as

ð1þQnÞ−1jZ −Qnhψ jσjψij
≤ ð1þQnÞ−1½jZj þQnjhψ jσjψij�; ðB5Þ

where we have used the triangle inequality as
ja − bj ≤ jaj þ jbj. We can now use from before that
jZj ≤ Qn, which results in the error term:

jEAj ≤
Qn þQnjhψ jσjψij

1þQn
¼ Qn

1þQn
ð1þ jhψ jσjψijÞ

≤
2Qn

1þQn
: ðB6Þ

This concludes our proof. ▪
Lemma 1.—The sequence Qn in our upper bounds in

Theorem 2 decreases exponentially for a fixed n when we
increase the Rényi entropy HnðpÞ of the error probability
vector p from Eq. (1) asQn¼ðλ−1−1Þnexp½−ðn−1ÞHnðpÞ�.
Furthermore, the sequence generally decays exponentially
via Qn ≤ ðpmaxÞ−1Qn, where we define the suppression
factor Q ≔ ðλ−1 − 1Þpmax < 1 and pmax is the largest error
probability from Eq. (1).
Proof.—The first part of the proof straightforwardly

follows by substituting the expression for the Rényi
entropy [46],

HnðpÞ ¼
1

1 − n
ln

�X2N
k¼2

pn
k

�
¼ n

1 − n
ln jjpjjn; ðB7Þ

into the expression for Q as

Qn ¼ ½ðλ−1 − 1Þjjpjjn�n ¼ ðλ−1 − 1Þn exp
�
−
n− 1

n
HnðpÞ

�
n

¼ ðλ−1 − 1Þn exp½−ðn− 1ÞHnðpÞ�:
This concludes the first part of our proof.
Let us now prove that the sequence Qn decreases in

exponential order when we increase n. Using the well-
known series of inequalities satisfied by the Rényi entropies
as H∞ðpÞ���≤HnðpÞ≤Hn−1ðpÞ≤ ���≤H1ðpÞ, we obtain
the general bound − lnpmax ≤ HnðpÞ for all n, and we
define the largest error probability pmax ≔ maxk pk. It
follows that

Qn ≤ ðλ−1 − 1ÞnðpmaxÞn−1 ¼ ðpmaxÞ−1½ðλ−1 − 1Þpmax�n
≕ ðpmaxÞ−1Qn:

The upper bound Q < 1 holds due to our condition
below Eq. (1) as ðλ − 1Þpk < λ for every probability
k ¼ f2; 3;…; 2Ng. It follows that pmax < ðλ−1 − 1Þ−1
and therefore Q ¼ ðλ−1 − 1Þpmax < 1. ▪
Lemma 2.—Determining the expectation value hψ jσjψi

from Theorem 2 to a fixed precision E requires n ¼
ln E−1 þ ln ½2ðpmaxÞ−1�= lnQ−1 copies of the quantum state
ρ (one needs to apply the ceiling function to round this up
to the nearest integer). HereQ < 1 is the suppression factor
from Theorem 2 and from Lemma 1.
Reducing shot noise to the desired precision E requires

the following number of samples. In method A one needs to
assign Ns;1 samples to determine prob0 and Ns;2 samples to
determine prob00 as
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Method A∶ Ns;1 ¼ O½E−2ð1þfÞ� ¼ polyðE−1Þ and

Ns;2 ¼ O½E−2ð1þ2fÞ� ¼ polyðE−1Þ: ðB8Þ

The overall number of measurements required is Ns ¼
Ns;1 þ Ns;2 ¼ O½E−2ð1þ2fÞ�. In method B one only needs to
determine prob0 since λn is known. The number of samples
scales as

Method B∶Ns ¼ O½E−2ð1þfÞ� ¼ polyðE−1Þ: ðB9Þ

Indeed, in both cases the measurement cost grows poly-
nomially with the inverse precision E−1 and its polynomial
order is determined by f ≔ lnðλ−1Þ= lnðQ−1Þ. The standard
shot-noise limit E−2 is only slightly modified by f in the
case of good quality quantum states or in the case of high-
entropy probabilities.
Proof.—Let us first compute the upper bound on the

number of copies n required to achieve a fixed precision
E ≪ 1. We use the upper bounds from Theorem 2 as
jEAj ≤ E ¼ ð2QnÞ=ð1þQnÞ ≈ 2Qn and jEBj ≤ E ¼ Qn. It
is clear that the precision of method A differs by a factor of
2 for E ≪ 1, and we use this expression for both methods
for simplicity. Let us use the exponentially decreasing
upper bounds on Qn from Lemma 1 and write jEAj ≤
2ðpmaxÞ−1Qn, and jEBj ≤ 2ðpmaxÞ−1Qn, where we have
defined the suppression factor as Q≔ðλ−1−1Þpmax<1.
It is straightforward to express n as

n ¼ ln E−1 þ ln ½2ðpmaxÞ−1�
lnQ−1 : ðB10Þ

Remark: Let us further expand the above equation
by using our expression from Lemma 1 as Qn ¼
ðλ−1 − 1Þn exp½−ðn − 1ÞHnðpÞ�, which results in

− lnðE−1Þ ¼ ln E ¼ ln 2Qn

¼ lnð2Þ þ n ln½ðλ−1 − 1Þ� − ðn − 1ÞHnðpÞ
¼ lnð2Þ þHnðpÞ þ nfln½ðλ−1 − 1Þ� −HnðpÞg:

We can express n as

n ¼ lnðE−1Þ þHnðpÞ þ lnð2Þ
HnðpÞ − ln½ðλ−1 − 1Þ� ¼ O½lnðE−1Þ�:

We remark that the denominator is positive due to the bound
on Rényi entropies from Lemma 1 as ln½ðλ−1 − 1Þ� <
HnðpÞ. One should actually use the ceil function to round
up the right-hand expression to the nearest integer. Note
that the above expression implicitly depends on n via
the Rényi entropy HnðpÞ, but one could always use the
series of inequalities 0 ≤ HnðpÞ ≤ Hn−1ðpÞ ≤ � � �H2ðpÞ ≤
H1ðpÞ to bound the value of n. It is straightforward to show

now that in the limiting scenarios H2ðpÞ ≫ 1 or λ ≈ 1 we
recover n → 1 (via the ceil function). Let us now express
the scaling with respect to shot noise.
Method B: We estimate the probability prob0 from

Theorem 2 and we exactly know λn. Our precision E is
determined by the variance of our estimator which can be
obtained as

E2 ¼ Var½hψ jσjψi� ¼ Var

�
2prob0 − 1

λn

�
¼ 4Var½prob0�

λ2n

¼ 4prob0ð1 − prob0Þ
Nsλ

2n ; ðB11Þ

where we have used that the variance of the binomial
distribution is prob0ð1 − prob0Þ=Ns and Ns is the number
of samples. We can explicitly express the number of shots
Ns required to reach a fixed precision E as

Ns ¼
4prob0ð1 − prob0Þ

E2λ2n
: ðB12Þ

Let us now simplify λ2n by expressing the dependence of n
on the precision above E as

ln½λ2n� ¼ 2n ln½λ� ¼ 2 ln½λ� ln E
−1 þ ln ½2ðpmaxÞ−1�

lnQ−1

¼ ln E−1 2 ln½λ�
lnQ−1 þ

ln½λ� ln ½4ðpmaxÞ−2�
lnQ−1 ;

and it follows that

λ2n ¼ exp

�
ln E−1 2 ln½λ�

lnQ−1 þ
ln½λ� ln ½4ðpmaxÞ−2�

lnQ−1

�

¼ E2 ln½λ−1�= lnQ−1
exp

�
ln½λ� ln ½4ðpmaxÞ−2�

lnQ−1

�
: ðB13Þ

We can finally express the number of samples explicitly as

Ns ¼ 4prob0ð1 − prob0ÞE−2f1þ½lnðλ−1Þ=lnðQ−1Þ�g

× exp

�
lnðλ−1Þ ln ½4ðpmaxÞ−2�

lnðQ−1Þ
�

¼ O½E−2ð1þfÞ�: ðB14Þ

Here we used that 4 expfln½λ−1� ln ½4ðpmaxÞ−2�= lnðQ−1Þg is
a constant multiplication factor and 0 ≤ prob0 ≤ 1 and we
have introduced f ≔ lnðλ−1Þ= lnðQ−1Þ. Indeed, we obtain
the expected limits due to limλ→1 f ¼ 0 and limQ→0 f ¼ 0.
In general when λ > 1=2 we can use the expression Q ≤

ðλ−1 − 1Þ from Theorem 2 as f ≤ lnðλ−1Þ= ln½ðλ−1 − 1Þ−1�,
which is only saturated by 0-entropy distributions.
For example, when λ ¼ 0.6, then we obtain f ≤ 1.26,
and this value can be smaller depending on the entropy
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of the probability distribution. Interestingly, for sufficiently
good quality states as λ ≥ 0.9, the polynomial overhead
introduced is very small via f ≤ 0.16.
Method A: In this case we estimate both prob0 and

prob00. The variance of our estimator can be specified as

E2¼Var½hψ jσjψi�¼Var

�
2prob0−1

2prob00−1

�

¼Var½prob0�
4

ð2prob00−1Þ2þVar½prob00�
4ð2prob0−1Þ2
ð2prob00−1Þ4 :

Let us now use that 2prob00 − 1 ≈ λn and simplify the above
expression as

E2 ¼ Var½hψ jσjψi� ≈ Var

�
2prob0 − 1

2prob00 − 1

�

¼ Var½prob0�
4

λ2n
þ Var½prob00�

4ð2prob0 − 1Þ2
λ4n

:

We can again substitute the variance of binomial
distributions as Var½prob0� ¼ prob0ð1 − prob0Þ=Ns;1 and
Var½prob00� ¼ prob00ð1 − prob00Þ=Ns;2. The measurement
cost of determining both components to a precision E2=2
follows as

Ns;1 ¼
8prob0ð1 − prob0Þ

E2λ2n
and

Ns;2 ¼
8prob00ð1 − prob00Þð2prob0 − 1Þ2

E2λ4n
:

We can now use our previous expression from Eq. (B13) for
determining λ2n and λ4n, which finally yields our formula
for the measurement costs as

Ns;1 ¼ O½E−2ð1þfÞ� and Ns;2 ¼ O½E−2ð1þ2fÞ�: ðB15Þ

The total number of measurements required to determine
the result is indeed Ns;1 þ Ns;2, and recall that f ¼
lnðλ−1Þ= lnðQ−1Þ. ▪

APPENDIX C: EFFECT OF
VIOLATING ASSUMPTIONS

Let us now analyze how nonidentical copies of ρ affect
the performance of our approach.
Lemma 3.—When the states are not perfectly identical

via ρ ¼⊗n
μ¼1 ρμ with ρ1 ≠ ρ2 � � � ≠ ρn, but their largest

eigenvector is identical, then our main result from
Theorem 2 still holds and we still obtain exponentially
decreasing error bounds as

Method A∶
2prob0 − 1

2prob00 − 1
¼ hψ jσjψi þOð½λ−1min − 1�nÞ;

Method B∶
2prob0 − 1Q

n
μ¼1 λμ

¼ hψ jσjψi þOð½λ−1min − 1�nÞ:

For method B we assume that the dominant eigenvalues
λ1; λ2;…; λn are known. The error depends on the smallest
of these dominant eigenvalues, which we denote as λmin. In
the special case when all ρμ commute (i.e., same eigen-
vectors, but different eigenvalues) our error bounds EA and
EB from Theorem 2 approximately hold via an effective
sequenceQeff

n , and we can expect an error suppression very
similar to Theorem 2.
Proof.—Case 1: Let us build up components of our

proof by first considering the special case when all ρk
commute with each other. In other words, the states satisfy
the spectral decomposition

ρμ ¼ λμjψihψ j þ ð1 − λμÞ
Xd
k¼2

pkμ jψkihψkj;

and they all share the same eigenvectors while their
eigenvalues can be different. It follows that the orthogon-
ality relations in the proof of Theorem 1 in Eq. (A4) still
hold and the final result can be written explicitly as

prob0 ¼
1

2
þ 1

2
hψ jσjψi

Yn
μ¼1

λμ

þ
Xd
k¼2

hψkjσjψki
Yn
μ¼1

pkμð1 − λμÞ: ðC1Þ

We can upper bound the error term in the above expression
as

����
Xd
k¼2

hψkjσjψki
Yn
μ¼1

pkμð1 − λμÞ
����

≤ ð1 − λminÞn
Xd
k¼2

ðpk;maxÞn; ðC2Þ

where we have denoted the largest component as λmin ¼
minμλμ and pk;max ¼ maxμ pkμ and we have also used
that jhψkjσjψkij ≤ 1.
We can also upper bound the product

Q
n
μ¼1 λμ ≥ λnmin

and derive the error of our method A in Theorem 2, which
results in

2prob0 − 1

2prob00 − 1
¼ hψ jσjψi þ EA; with jEAj ≤

2Qeff
n

1þQeff
n

;

which we write in terms of an effective sequence
Qeff

n ¼ ðλ−1min − 1Þnjjp
max

jjnn.
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We can similarly derive the errors of our method B in
Theorem 2 in the case when the eigenvalues λ1; λ2;…; λn
are known. This results in

2prob0 − 1Q
n
μ¼1 λμ

¼ hψ jσjψi þ EB; with jEBj ≤ Qeff
n ;

where we have again used our effective sequence
Qeff

n ¼ ðλ−1min − 1Þnjjp
max

jjnn. We note that here p
max

is no
longer a proper probability vector since

P
d
k¼2 pk;max ≥ 1

and therefore we cannot guarantee in general that the
resulting suppression factor Qeff < 1. Nevertheless, one
expects a very similar exponential decay of the error as in
Theorem 2 and in Lemma 1 for high-entropy probability
distributions and for n > 1.
Case 2: We now consider the most general case when

ρμ are arbitrary except that their dominant eigenvector is
exactly jψi. The states therefore admit the following
spectral decomposition:

ρμ ¼ λμjψihψ j þ ð1 − λμÞ
Xd
k¼2

pkμ jψkμihψkμ j;

It follows from the above definition that the dominant
eigenvector jψi is orthogonal to every error contribution in
every eigenstate as hψ jψkμi ¼ 0 for every k ¼ f2;…; 2Ng
and for every μ ¼ f1;…; ng. Modifying accordingly the
orthogonality relation in the proof of Theorem 1 in Eq. (A4)
allows us to compute the leading term as expected, but
every other nonzero term is multiplied with the prefactorQ

n
μ¼1ð1 − λμÞ which leads to the following error term:

prob0 ¼
1

2
þ 1

2
hψ jσjψi

Yn
μ¼1

λμ þO
�Yn
μ¼1

ð1 − λμÞ
�
: ðC3Þ

As shown previously, this allows us to compute the error
of our method A and method B in Theorem 2 as

2prob0 − 1

2prob00 − 1
¼ hψ jσjψi þOð½λ−1min − 1�nÞ and

2prob0 − 1Q
n
μ¼1 λμ

¼ hψ jσjψi þOð½λ−1min − 1�nÞ;

in general for λmin > 1=2. ▪

1. Coherent mismatch in incoherent error channels

As we discussed in the main text, our approach cannot
address coherent errors, i.e., when the dominant eigenvec-
tor of the density matrix is

ffiffiffiffiffiffiffiffiffiffiffi
1 − c

p jψ idi þ
ffiffiffi
c

p jψ erri, where
ψ id is the ideal computational state and ψ err is some error.
This is expected to happen when systematic errors, such as
miscalibrated rotation angles, are present, but it is straight-
forward to show that even a completely incoherent error

channel (random unitary events) can introduce a slight
mismatch in the eigenvectors.
We show this by considering a quite general noise

channel as

ρ0 ¼ ð1 − ϵÞρþ ϵρerr; ðC4Þ

in which no errors happen with a probability (1 − ϵ) and
some error happens with a probability ϵ. In complete
generality, the eigenvectors of ρ can be different than
the eigenvectors of ρerr unless the commutator vanishes
½ρ; ρerr� ¼ 0. A typical example for a vanishing commutator
is the single-qubit depolarizing channel in single-qubit
systems, in which case ρ0 ¼ ð1 − ϵÞρþ ϵId and indeed
½ρ; Id� ¼ 0. However, for more than 1 qubit (or nonsepar-
able states) the above expression does not hold and
even single-qubit depolarizing can introduce a coherent
mismatch such that the dominant eigenvector of ρ0 isffiffiffiffiffiffiffiffiffiffiffi
1 − c

p jψi þ ffiffiffi
c

p jψ erri.
The coherent mismatch due to incoherent errors is

expected to be very small in practically relevant scenarios
since the high entropy of the error probabilities from Eq. (1)
ensures us that jj½ρ; ρerr�jj ≪ 1. For example, in our
numerical simulations in Fig. 2 the infidelity of the
dominant eigenvector with respect to the pure state
obtained from a noise-free computation was below 10−4.
In general, for a high-entropy error distribution in Eq. (1)

we obtain the spectral decomposition with λk ≪ 1 for
k ≥ 2:

ρ ¼
X
k¼1

λkjψkihψkj:

One can compute the first-order (in ϵ) corrections to
the eigenvectors of ρ0 via the usual perturbative series:
the dominant eigenvector of ρ0 is approximately (up to
normalization)

jψ 0
1i ≈ jψ1i þ

X
k¼2

hψkjϵρerrjψ1i
λ1 − λk

jψki

¼ jψ1i þ
ϵ

λ1

X
k¼2

hψkjρerrjψ1ijψki ¼ jψ1i þOðϵÞ;

where we have used that λ1 − λk ≈ λ1. Indeed the result is
constant bounded due to the norm of the fist-order
correction

P
k¼2 jhψkjρerrjψ1ij2 ¼ jCol1½ρerr�j2 ≤ 1, hence

the scaling of the correction OðϵÞ. Here Col1½ρerr� is the
column vector of ρerr whose norm is bounded by the largest
eigenvalue.
Let us now focus on the repeated application of the noise

channel from Eq. (C4) which can be used to model a
quantum circuit that applies a series of noisy quantum gates
with error probability ϵ. The incoherent decay of the
dominant eigenvalue is expected to decay exponentially
with ν as ð1 − ϵÞν. For large systems one needs to
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implement a large number ν of gates and therefore one
requires to have a sufficiently low per-gate error ϵ in order
to keep the dominant eigenvalue above a threshold λmin—
and thus keep the sampling costs in result 2 practical. Since
the strength of the coherent mismatch is proportional to the
per-gate error rate ϵ, it is expected to decrease when we
decrease ϵ. Interestingly, our numerical simulations of the
single- and 2-qubit depolarizing channel suggest that in the
investigated region (see Fig. 5) the coherent mismatch only
grows linearly when we increase the number of gates ν.
This suggest that when we increase the number of gates the
incoherent (exponential) decay of the dominant eigenvalue
is significantly more damaging than the (linearly) increas-
ing coherent mismatch.
We illustrate this the following way. Let us define

the following quantities. We define the fidelity between
the dominant eigenvector ψ ðνÞ

1 (after the application of ν

noisy gates) and the ideal state as η1≔ jhψ idjψ ðνÞ
1 ij2¼1−c.

Furthermore, we define the fidelity between the domi-
nant eigenvector and the density matrix ρ as η2 ≔
hψ ðνÞ

1 jρjψ ðνÞ
1 i ≈ λ. Here η1 decays due to the coherent

mismatch while η2 ≈ ð1 − ϵÞν decays purely due to the
incoherent effect of the noise channel. Figure 6(a) shows
how the ratio η2=η1 decreases when we increase the number
of gates. Interestingly the scale at which this ratio decays
appears to be exponential in the investigated region.
These results suggest that the coherent mismatch in the

dominant eigenvector can be expected to be sufficiently
small for large, complex quantum circuits. Refer to
Ref. [45] for a detailed analysis.

a. Mitigating the coherent mismatch

As discussed in the main text, well-established tech-
niques can be used to mitigate the effect of coherent errors.

We now focus on the above introduced coherent mismatch
in the eigenvector due to incoherent error channels and
demonstrate the effectiveness of an extrapolation approach
in Fig. 6(b). Similarly to Fig. 3 in the main text, we use
extrapolation techniques, but here we vary the gate error
rate in the state preparation stage (and not in the derange-
ment process). We set gate errors such that 2-qubit gates
undergo a depolarizing noise with probability ϵ ¼ 10−3 and
assume that the experimentalist can increase this error in
k ¼ 2; 3; 4;… steps up to ϵ ¼ 10−2. As expected from the
above arguments based on a perturbative expansion of the
dominant eigenvector, the measured expectation value
should depend on the error levels as a polynomial that
has rapidly decaying expansion coefficients due to the fact
that the per-gate error level is low as ϵ ≪ 1. We have
determined extrapolation errors using various fitting tech-
niques as shown in Fig. 6(b). We define the extrapolation
error as the difference between the ideal, error-free expect-
ation value hψ idjσjψ idi and the estimated expected value
Tr½ρnσ�=Tr½ρn� from method A of Theorem 2. Here jψ idi is
the state that one would obtain from a perfect, noise-free
evaluation of the circuit and in our simulation we consider
the same 12-qubit circuit as in Fig. 2 (right) in the main text
(refer to Appendix F) with n ¼ 3 copies.
Indeed, Fig. 6(b) confirms that the effect of the coherent

mismatch can be straightforwardly mitigated by fitting low-
order polynomials to the experimental data. The red
horizontal line represents the error bound from result 1
and one can demonstrably suppress the effect of the
coherent mismatch below this error bound. As expected,
when we increase the degree of the fitting polynomial, the
error saturates as it reaches the level from result 1, which
we defined for the case when the coherent mismatch is
neglected—and the errors could only be further suppressed
by increasing the number n of copies.
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FIG. 5. Coherent mismatch c in the dominant eigenvector
ffiffiffiffiffiffiffiffiffiffiffi
1 − c

p jψi þ ffiffiffi
c

p jψ erri of the density matrix ρ in case of a purely incoherent
noise model (single- and 2-qubit depolarizing). We simulated the same 12-qubit system with 372 noisy gates from Fig. 2 in which
single-qubit gates undergo single-qubit depolarization with probability 0.1ϵ while 2-qubit gates undergo 2-qubit depolarization with
probability ϵ. (a) The coherent mismatch is small and scales with the per-gate error ϵ as c ¼ Oðϵ2Þ as explained in the text. (b) The
coherent mismatch is small and it grows with the number of gates ν at a fixed gate error ϵ ¼ 10−3 as c ¼ OðνÞ.
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APPENDIX D: NOISE RESILIENCE
OF DERANGEMENTS AND
ERROR EXTRAPOLATION

Example 3: We now show examples why the derange-
ment operator is highly resilient to errors. We proceed by
recapitulating that quantum channels can be represented
by a set of nonunique Kraus maps and, in particular, we
consider the decomposition into the following sum of
unitary transformations as

ρ0 ¼ ð1 − ϵÞUρU† þ ϵ
X
m

cmUmρU
†
m;

where U is the ideal unitary transformation,
P

k cm ¼ 1
and 0 ≤ ϵ; cm ≤ 1, while the erroneous Kraus operators are
unitary via UmU

†
m ¼ Id. The deviation from the ideal

transformation can be interpreted as unitary transforma-
tions that randomly affect the eigenvectors jψi of the
quantum state as Umjψi with probability ϵcm.
Let us now analyze how such errors affect our procedure

when they occur during the derangement operator; i.e., we
set the ideal transformationU to be our derangement circuit
from Fig. 1. First, we show that the orthogonality relations
in the proof of Theorem 1 are resilient to such noise events.
In particular, recall that the derangement operator sym-
metrizes the input state as, e.g.,

Dnjψ1;ψ2;…;ψni ¼ jψn;ψ1;…;ψn−1i;

which would ideally ensure that only permutation-
symmetric combinations contribute to the output via the
orthogonality relation from Eq. (A4) as

hψk1 ;ψk2 ;…;ψkn jσψkn ;ψk1 ;…;ψkn−1i
¼ hψk1 jσψknihψk2 jψk1i � � � hψkn jψkn−1i:

One can show that even if errors occur during the derange-
ment procedure, the orthogonality relations are still pre-
served as

hU1ψk1 ; U2ψk2 ;…; Unψkn jσU1ψkn ; U2ψk1 ;…; Unψkn−1i
¼ hU1ψk1 jσU1ψknihψk2 jψk1i � � � hψkn jψkn−1i:

It follows that the nonsymmetric combinations of input
states do not contribute to the output even when the
derangement operator is affected by random errors. Note
that even though the errors do not directly contribute to the
final output (as shown above), the probability that the
circuit outputs an error-free result is decreased via the 1 − ϵ
factor. This is, however, a trivial effect that only attenuates
the output probabilities linearly and can be completely
corrected by a linear extrapolation (i.e., estimating the
output probabilities at different ϵ values and then extrapo-
lating to ϵ ¼ 0).
Second, let us show that for symmetric input states

jψ ;ψ ;…;ψi all random errors during the derangement
procedure cancel that do not affect the ancilla qubit nor the
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(a)

(b)

FIG. 6. (a) The fidelity η1 decreases purely due to the coherent mismatch while the fidelity η2 decays purely due to the incoherent
effect of the noise channel as discussed in Appendix C 1. The ratio η2=η1 appears to decay exponentially in the investigated region
(linear in the logarithmic plot) when we increase the number of gates for the fixed 2-qubit gate error ϵ ¼ 10−2 and this ensures us that
the coherent mismatch in the dominant eigenvector becomes negligible for large systems (large ν). We simulated the same circuit as in
Fig. 5(b). (b) Mitigating the error caused by a coherent mismatch in the dominant eigenvector of the density matrix as discussed in
Appendix C 1. Gate error levels in the state-preparation stage were varied in k ¼ 2; 3; 4;… steps and the obtained expectation values
were extrapolated to the zero error limit. The red horizontal line represents the error bound from result 1, and one can straightforwardly
suppress the effect of the coherent mismatch below this error bound by fitting low-order polynomials. The error saturates when
increasing the degree of the fitting polynomial and can only be further reduced by increasing the number n of copies.
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register to which the observable σ is applied. In fact, we just
modify the above equation by not allowing errors on
register 1 as

hψ ; U2ψ ;…; Unψ jσψ ; U2ψ ;…; Unψi
¼ hψ jσψihψ jψi � � � hψ jψi ¼ hψ jσjψi:

The second equation shows that we obtain the correct
contribution despite all registers except for register 1 have
undergone some random error U2, U3, etc. Our previous
argument again holds: despite the fact that these error
events do not directly contribute to the final output of the
circuit, the probability of an error-free output is attenuated
linearly which, nonetheless, can be completely corrected by
a linear extrapolation.
In summary, the derangement measurement is highly

resilient to errors and completely protects the permutation
symmetry of input states even when the derangement
operator suffers from experimental noise. However, errors
that affect the qubits to which the observable σ is applied
will degrade the final result nontrivially via hU1ψ jσjU1ψi,
where U1 is some unitary noise process that occurs with a
(possibly) low probability. Nevertheless, we show in the
main text and in the following theorem that these erroneous
contributions can be successfully mitigated with, e.g.,
extrapolation techniques.
Theorem 3.—Assume that a circuit consists of a

sequence of ν noisy quantum gates, and each gate’s error
model is of the form ð1 − ϵÞΦk þ ϵEk, where Φk is the
ideal, error-free quantum channel and Ek is an arbitrary
error channel (completely positive trace preserving map)
that occurs with probability ϵ. Most typical error models are
of this form, including dephasing, depolarizing, inhomo-
geneous Pauli errors, arbitrary unital channels, and beyond
(Ek need not be local or two-local). In a circuit that consists
of number ν such gates, any expectation value E will
depend on the error probability ϵ as a degree ν polynomial
via

EðϵÞ ¼ E0 þ
Xν
k¼1

ϵkEk;

where Ek are real polynomial coefficients. One can there-
fore exactly determine the ideal expectation value Eð0Þ by
estimating EðϵÞ at νþ 1 points in ϵ. The so-called
Lagrange polynomial or the Newton polynomial provide
explicit formulas for computing EðϵÞ from the pointwise
reconstructions EðϵkÞ. Furthermore, one can approximate
the dependence on ϵ via, e.g., the (3,3) Padé approxima-
tion as

EðϵÞ ≈ E0 − η̃ϵ
ð1 − ϵÞν
2ϵ − 1

≈
a1ϵþ a2ϵ2 þ a3ϵ3

1þ a4ϵþ a5ϵ2
; ðD1Þ

that only requires the coefficients a1, a2, a3, a4, a5 to be
fitted to experimental data.
Proof.—Applying ν gates in a sequence will result in the

product of channels,

Yν
k¼1

½ð1− ϵÞΦkþ ϵEk� ¼ ð1− ϵÞν
Yν
k¼1

Φkþ
Xν
k¼1

ð1− ϵÞν−kϵkGk;

ðD2Þ
where Gk is a channel which decomposes into the sum of all
terms in which k errors occur and

Q
ν
k¼1Φk is the ideal

error-free circuit. We can introduce the circuit with no
errors as G0 ≔

Q
ν
k¼1 Φk, which simplifies our formula as

Yν
k¼1

½ð1 − ϵÞΦk þ ϵEk� ¼
Xν
k¼0

ð1 − ϵÞν−kϵkGk: ðD3Þ

It follows that any expectation value (with respect to
some observable H) will be of the form

E ¼ Tr

�
H

Yν
k¼1

½ð1 − ϵÞΦk þ ϵEk�ρ
�

¼
Xν
k¼0

ð1 − ϵÞν−kϵkTrfHGkρg; ðD4Þ

therefore, any expectation value can be expressed as a
degree ν polynomial as a function of the error probability as

EðϵÞ ¼ E0 þ
Xν
k¼1

ϵkEk; ðD5Þ

where E0 is the ideal, noise-free expectation value and Ek
are polynomial coefficients.
Let us now write (without loss of generality) that the

expectation values are of the form TrfHGkρg ¼ η̃þ ηk,
where η̃ is a mean value and ηk expresses the deviation from
the mean value. Let us assume that ηk ≪ η̃, which in the
case of the derangement operator is motivated by our
argument in example 3, that most errors do not contribute
and therefore η̃ ≈ 0. In this case we can evaluate the
summation analytically for the mean value:

EðϵÞ ¼ E0 þ
Xν
k¼1

ð1 − ϵÞν−kϵkTrfHGkρg

¼ E0 þ η̃
Xν
k¼0

ð1 − ϵÞν−kϵk þOðηkÞ

¼ E0 þ η̃ϵ
ϵν − ð1 − ϵÞν

2ϵ − 1
þOðηkÞ: ðD6Þ

We can obtain a Padé expansion of the above result at ϵ ≈ 0
by neglecting the term ϵν. For example, the (3,3) Padé
approximation follows as
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EðϵÞ ≈ E0 − η̃ϵ
ð1 − ϵÞν
2ϵ − 1

≈ E0 − η̃
ϵþ aðnÞϵ2 þ bðnÞϵ3
1þ cðnÞϵþ dðnÞϵ2 ; ðD7Þ

where aðnÞ, bðnÞ, cðnÞ, dðnÞ are the Padé expansion
coefficients that depend on the number n of gates ν, for
example,

aðnÞ ¼ 2ð62þ 11n − 8n2 þ n3Þ
5ð26 − 9nþ n2Þ : ðD8Þ

Indeed this expansion is only valid when ηk ≈ 0.
Nevertheless, we propose to approximate the polynomial

EðϵÞ ≈ a1ϵþ a2ϵ2 þ a3ϵ3

1þ a4ϵþ a5ϵ2
; ðD9Þ

by fitting the coefficients a1, a2, a3, a4, a5 to experimen-
tal data. ▪

APPENDIX E: HARDWARE-NATIVE
IMPLEMENTATION OF

DERANGEMENT CIRCUITS

1. Recompiling controlled-SWAP gates

Recall that derangement circuits permute registers
via Definition 1. Permuting two registers is performed
by the SWAP operator, which decomposes into a
product of N elementary, 2-qubit SWAP gates as
SWAPN;N0 � � � SWAP2;20SWAP1;10 , where N is the number
of qubits in a register. Our aim is now to optimally
recompile elementary, controlled-SWAP gates assuming
various different hardware-native gate sets.
The controlled-SWAP, also called Fredkin, gate has been

much investigated in the literature, but mostly in the context
of fault-tolerant quantum computing. For example,
Ref. [101] provided a circuit that optimally implements
the controlled-SWAP gate using 8 applications of CNOT gates
and 9 applications of T gates. Early works have suggested
that if one has the ability to natively implement any 2-qubit
gate, then one can in principle implement the controlled-
SWAP gate with only 5 applications of arbitrary 2-qubit
gates [81,82]. These works have provided circuit repre-
sentations using 7 applications of controlled-X rotation
gates. We now use general techniques of Ref. [80] to
recompile the controlled-SWAP gate and find more compact
representations under the assumption that only a limited set
of hardware-native gates can be executed by the hardware.
We also find analytical guarantees that the recompiler has
found the most compact representation possible. Results as
the number νe of entangling gates and number νs of single-
qubit gates are summarized in Table I. While the corre-
sponding detailed circuits can be found online [58], we
show the resulting circuit diagrams in Figs. 7–9.

Equivalence classes.—Before discussing details of the
recompilation, let us recapitulate basic definitions. A
unitary U is fully recompiled into V if their action on
every quantum state in the Hilbert space H is identical,
i.e., there exists a global phase factor freedom ∃ϕ ∈ R
such that

Ujψi ¼ e−iϕVjψi; ∀ψ ∈ H:

We also consider the case of local SU(4) equivalent
recompilations V 0 which, in contrast, result in equivalence
only up to a local SU(4) transformation as

∃W ∈ SUð4Þ∶Ujψi ¼ e−iϕWV 0jψi; ∀ψ ∈ H:

We apply this definition to the case of elementary con-
trolled-SWAP gates where the SU(4) transformation acts
locally on the two swapped qubits. The reason why these
circuits are important is the following. We notice that after
the derangement circuit Dn and the observable σ in Fig. 1,
we can apply any local unitary transformation W to the
quantum registers without changing the outcome of the
measurement on the ancillary qubit. This generally allows
us to recompile those controlled-SWAP gates into more
compact circuits that are not followed by any further
operations. As such, when considering n ¼ 2 copies, the
entire derangement circuit can be recompiled into these
more compact circuits. Let us now introduce the three types
of recompilations used in this work.
Type A.—We consider the fully equivalent recompilation

which may be necessary when n > 2 and when implement-
ing controlled-SWAP operations that are followed by other
controlled-SWAP operators acting on the same registers. The
first column of Table I shows that we generally need six
2-qubit operations to implement an elementary controlled-

TABLE I. Number νe of entangling gates with 2-(3-)qubit gates
in bold (roman) and number νs of single-qubit gates when
recompiling elementary controlled-SWAP operations: fully equiv-
alent (type A), local SU(4) equivalent recompilation (type B), and
recompilation with including the observable σ (type C). Rα

denote single-qubit rotation gates with α ∈ fx; y; zg, while C½Rα�
denote controlled rotations. Rxx denotes the xx gate and pSWAP
is a parametrized SWAP gate. 3-qubit gates in the last two rows are
the xxx gate Rxxx and the controlled-controlled-phase gate CC½P�.
See Appendix E 1 for more details.

Type A Type B Type C
Native gate set νe νs νe νs νe νs

C½Rx�, Ry;z 6 6 5 2 4 2
C½Rz�, Rx;y;z 6 15 5 4 4 4
Rxx, Ry;z 6 11 5 6 4 6
pSWAP, Rx;y;z 6 11 5 4 4 3

Rxxx, Rxx, Ry;z 3þ 3 10 3 6 2þ 1 6
CC½P�, Rx;y, C½Rz� 1þ 2 6 1þ 1 3 1þ 2 3
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Type A: fully equivalent recompilation Type B: local SU(4)– equivalent recompilation
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FIG. 7. Recompiling the controlled-SWAP gate into hardware-native gates. In all circuits the last Rz rotation gate on the control qubit
can be removed as it commutes with the controlled-SWAP gate and can be merged with the basis transformation of the ancilla qubit
(Hadamard gate) immediately prior to measurement in Fig. 1.

Type A: fully equivalent recompilation Type B: local SU(4)– equivalent recompilation
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FIG. 8. Recompiling the controlled-SWAP gate assuming that the hardware can natively implement 3-qubit gates, such as the xxx gate
(first row) and the controlled-controlled-phase gate (second row).

Type C: recompilation with including the observable
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FIG. 9. Type C: recompiling the product of the controlled-SWAP gate and the controlled observable σ up to a local SU(4) freedom on
the swapped qubits.
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SWAP gate, and corresponding compact circuits are illus-
trated in Figs. 7 and 8. We also need to consider fully
equivalent recompilation if the observable is measured by
postselecting on the ancilla and sampling the output of the
registers—and not by implementing the controlled observ-
able as in Fig. 1. The former scheme would allow us to
estimate multiple observables simultaneously.
Type B.—If a controlled-SWAP gate is not followed by

any other gate, we only need to recompile the quantum gate
up to a local SU(4) freedom. For example, in case of n ¼ 3
copies and observable σ ¼ Id, the derangement circuit
consists of two swaps of pairs of registers as
C½SWAP2;3SWAP1;2�. We need to consider type A recom-
pilation for C½SWAP1;2�, and we can consider type B
recompilation for C½SWAP2;3�, since the latter is not
followed by any other operation on the main registers.
The second column of Table I shows that we generally need
five 2-qubit operations to implement such an elementary
gate. The resulting compact circuits are illustrated in Figs. 7
and 8. We note that the entire C½SWAP2;3SWAP1;2� circuit
could also be recompiled up to an SU(8) freedom.
Type C.—Observables as Pauli strings σ ∈

fId2; X; Y; Zg⊗N act on some or all of the qubits non-
trivially. For example, consider n ¼ 2 copies and the Pauli
string X4Y9, in which case we can consider type B
recompilation for all controlled-SWAP operators except
for the ones that swap qubits 4 with 40 and 9 with 90 in
the two registers. Similarly, we need only recompile the
product of the elementary swap and the observable,
C½X4SWAP4;40 � and C½Y9SWAP9;90 �, up to a local SU(4)
freedom. In the present work we fix an X basis: one can
thus implement C½SWAP9;90Y9� by first transforming the
basis of qubits 9 and 90 using single-qubit rotations. The
third column of Table I shows that we generally need four
2-qubit operations to implement such an elementary gate.
The resulting compact circuits are illustrated in Fig. 9.
Gate sets.—Let us start by defining single-qubit

RαðθÞ rotation gates that depend on a parameter that
can be calibrated to any fixed value in experiments
−2π ≤ θ ≤ 2π as

RαðθÞ ≔ exp

�
−i

θ

2
σα

�
; with σα ∈ fX; Y; Zg;

where X, Y, and Z are Pauli matrices.
C½Rx� gates.—Let us first consider the aforementioned

case of controlled-X rotation gates. We assume that the
hardware can natively implement single-qubit Y and Z
rotations as well two-qubit controlled-X rotations which we
define as

C½RxðθÞ� ≔ j0ih0j ⊗ Id2 þ j1ih1j ⊗ RxðθÞ:

This unitary generates the CNOT gate when θ ¼ π.
The controlled-SWAP gate can then be implemented via

6 (5) applications of the controlled-x rotation gate in case of
the fully (locally) equivalent recompilation as illustrated in
the first row of Fig. 7. Refer to the last row of Fig. 7 for the
similar case of controlled Rz rotation gates.
Rxx gates.—For the simulations in Fig. 4 we assume that

the hardware can natively implement single-qubit Y and Z
rotations as well as the 2-qubit XX gate of the form

RxxðθÞ ≔ exp

�
−i

θ

2
X ⊗ X

�
;

which generates the Mølmer-Sørensen gate at θ ¼ −π=2.
The controlled-SWAP gate can be implemented via
6 (5) applications of the XX rotation gate in case of the
fully (locally) equivalent recompilation as illustrated in the
second row of Fig. 7.
pSWAP gates.—We now consider an entangling gate that

depends on two parameters θ1 and θ2 as

pSWAP½θ1;θ2�≔ exp

�
−i

θ1
2
ðX⊗XþY⊗YÞ− i

θ2
2
Z⊗Z

�
;

which is typical to superconducting systems. This gate is
locally equivalent to the fermionic simulation gate from
Ref. [102] and generates at special angles many important
gates, such as the SWAP gate. Although being a more
general 2-qubit gate than the ones above, using the para-
metrized SWAP does not result in a significant improvement
when recompiling the controlled-SWAP gate: We still need
6 (5) applications of the entangling gate in case of the fully
(locally) equivalent recompilation as illustrated in the third
row of Fig. 7.
xxx gates.—Let us now turn to the question, can we

obtain more compact representations of the controlled-
SWAP gate when we assume that the hardware can natively
implement 3-qubit gates? Let us first consider the case
when we allow both xx and xxx gates, where we define the
latter as

RxxxðθÞ ≔ exp

�
−i

θ

2
X ⊗ X ⊗ X

�
:

In this case we can analytically solve the recompilation
problem by recalling that the controlled-SWAP gate can be
expressed as

C½SWAP� ¼ exp
h
−i

π

8
ðId2 − ZÞ ⊗ ðX ⊗ X þ Y ⊗ Y

þ Z ⊗ Z − Id2 ⊗ Id2Þ
i
:

Since above all terms in the exponential commute, we can
express this gate as the following series of gates executed in
arbitrary order: a zxx gate, a zyy gate, a zzz gate, an xx gate,
a yy gate, a zz gate, and additionally a z gate on the ancilla,
which however can be removed as discussed below Fig. 7.
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Indeed, our recompiler has found exactly this kind of
circuit by mapping the xxx gate to, e.g., the zyy gate via
single-qubit rotations. Refer to the first row of Fig. 8. Since
all these multiqubit gates commute, we can order them such
that all the xx, the yy, and the zz gates are at the end of the
circuit. These gates then form a local SU(4) unitary that can
be removed as discussed above. Indeed, our recompiler has
found this solution when considering only locally equiv-
alent recompilations as illustrated in Fig. 8.
CC½P� gates.—Let us finally consider controlled-con-

trolled phase gates, which have been successfully imple-
mented in experiments as native gates [103]. Let us define
this gate as

CC½P� ≔ diagð1; 1; 1; 1; 1; 1; 1;−1Þ:

These allow for surprisingly compact representations: the
controlled-SWAP gate can be implemented using a single
application of the CC½P� gate plus 2 (1) applications of
controlled-Z rotation gates as illustrated in the second row
of Fig. 8.

2. Exploiting symmetries in derangement circuits

As discussed in the main text, derangement circuits have
a rapidly growing number of invariants when increasing the
number of copies n or the number of qubits N. This
includes the large number of distinct permutations from
Definition 1. Let us illustrate how these symmetries can be
exploited via the following three examples.
Example 1: In the first example we assume that the

connectivity between registers is limited such that only
nearest-neighbor registers can be swapped. For example,
this could be a quantum device with n individual quantum
processors arranged in a line. A derangement operation in
this case is preferred that swaps only nearest-neighbor
registers. For example, for n ¼ 4we can first apply nearest-
neighbor SWAP operators between registers as SWAP1;2 and
SWAP3;4 followed by SWAP2;3. In contrast, a derangement
which uses, e.g., SWAP1;4 would not be supported natively
by the device. Refer to Ref. [58] for a demonstration of the
various distinct derangement circuits.
Example 2: In the second example we assume that

arbitrary connectivity is available. In this case one can in
principle implement any of the distinct derangement (per-
mutation) patterns. Although choosing and fixing any one of
those is sufficient, it is alsopossible to randomly choose from
these circuits since noise may affect them differently. This
may also help in suppressing asymmetries in the potentially
nonidentical input density matrices thereby creating ran-
domized, “average” density matrices when n is large.
Note that further invariants exist due to the fact that the σ

gate in Fig. 1 can be applied to any of the registers.
Example 3: In the third example let us consider an

approach that can exploit symmetries in the derangement
operator in complete analogy with twirling techniques. We

notice that the controlled-derangement operator is a very
specific kind of operation: when the ancilla state is j0i then
the registers are left invariant and when the ancilla state is
j1i then the registers are permuted. We start by applying an
operation U before the derangement operator; i.e., Pauli
strings Pk ∈ fId2; X; Y; Zg⊗N are applied to registers k
with U ≔ ⊗n

k¼1 Pk. We can undo this operation after the
derangement operator by first applying the anticontrolled
Pauli stringU. This is then followed by the controlled Pauli
string U0, where in U0 we need to relabel the indices k
according to the permutation sðkÞ that the derangement
operator implements, i.e., U0 ≔ ⊗n

k¼1 PsðkÞ.
Applying the above (controlled) Pauli strings before

(after) the controlled-derangement operator does not affect
the expectation-value measurement in an ideal scenario.
However, the Pauli strings in U applied to the registers do
reflect the errors that happen during the swap process; thus
randomly applying Pauli strings and averaging the meas-
urement results can reduce and homogenize the impact of
errors that happen in the derangement circuit. Note that this
is analogous to twirling techniques.
Let us illustrate this on the particular case of n ¼ 2

copies. We randomly select two Pauli strings, P1; P2 ∈
fId2; X; Y; Zg⊗N , where we apply P1 to the first input state
ρ and apply P2 to the second register. Note that these are
just single-qubit X, Y, and Z operations (or the identity)
applied to individual qubits in the registers. We then
perform the controlled-derangement operator D2 which
swaps the two registers. We can now undo the effect of
Pauli strings by applying the anticontrolled Pauli string P1

and P2 to registers 1 and 2, respectively. Since the
derangement operator swaps the two registers, we apply
the controlled P1 operator to the second register and the
controlled P2 operator to the first register.
We have simulated the above example assuming a system

ofN ¼ 3, 4, and 5 qubits using recompiled controlled-SWAP

operators from Appendix F 3. We assume the noise model
and the samenativegate set as inAppendixF 3.We randomly
generate input states ρ and compute the error in the derange-
ment circuit as E ¼ Tr½ρ2σ�=Tr½ρ2� − ð2prob0 − 1Þ=
ð2prob00 − 1Þ, where we estimate the probabilities prob0
andprob00 using the circuit inFig. 1.We then randomlyselect
and apply 50 pairs of Pauli stringsP1 andP2 and average the
estimated probabilities; we denote the resulting errors as Ẽ.
The ratio of the errors with and without twirling F ≔ Ẽ=E is
plotted in Fig. 10 (left). Note that the controlled Pauli strings
P1 andP2 introduce additional noise when compared to just
applying the plain controlled-derangement operator.
Nevertheless, Fig. 10 (left) highlights that the above twirling
scheme is still able to reduce 30%–50% of errors in the
practically most important region, i.e., when the circuit error
rate is ξ < 2.
It is important to note that the simulations in Fig. 10 (left)

should be viewed as a worst-case scenario for the following
reasons. (a) In the example we have considered n ¼ 2
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copies, in which case we need 6 entangling gates per qubit
in a register to fully recompile controlled-SWAP operators.
In the simulations we naively implemented the twirling
technique resulting in 2 additional entangling gates per
qubit. When we consider a larger number of copies, e.g.,
n ¼ 5, the overhead of the twirling technique remains 2
entangling gates, but implementing the derangement oper-
ation requires proportionally more entangling gates. This
leads to a decreasing overhead of the twirling technique.
(b) As discussed above, the controlled observable can be
combined with elementary controlled-SWAP gates via
recompilation resulting in no increase in the number of
2-qubit gates in the derangement circuit. Similarly, we can
recompile the entire, twirled controlled-SWAP operator into
one compact circuit. This will significantly reduce the gate-
count overhead of the twirled circuit thereby increasing the
efficacy of the error reduction factor F.

APPENDIX F: NUMERICAL SIMULATIONS

1. Simulations in Fig. 2

We consider an alternating-layer Ansatz with 10 layers
and 12 qubits as illustrated in Fig. 11. The circuit consists
of overall 372 noisy gates and each 2-qubit gate undergoes
2-qubit depolarizing noise with 0.5% probability while
each single-qubit gate undergoes depolarizing noise with
0.05% probability. Each gate is parametrized and we have
selected their parameters randomly.
We computed the density matrix of a single copy of the

state ρ and our derangement circuit uses n copies of this
state as input. While we have numerically verified full
derangement circuits with smaller density matrices, here we
aim to efficiently compute approximation errors. In par-
ticular, we only need to store a single copy of ρ and perform
computations to obtain Tr½ρnσ� and Tr½ρn� for randomly
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FIG. 11. Example of a 2-block Ansatz circuit of 8 qubits. We used a 10-block circuit of 12 qubits in our simulations in Fig. 2 consisting
of overall 372 noisy gates. Each 2-qubit gate undergoes 2-qubit depolarizing noise with 0.5% probability and each single-qubit gate
undergoes depolarizing noise with 0.05% probability.
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FIG. 10. Left: reducing errors in the derangement operatorD2 via generalized twirling operations as discussed in Appendix E 2. Errors
in measuring expectation values of 50 randomly selected observables σ ∈ fId2; X; Y; Zg⊗N were computed with (Ẽ) and without (E)
twirling. The median of the ratios F of the two errors F ≔ Ẽ=E is plotted as a function of the number of expected errors in the
derangement circuit (ξ)—shading represents the quantiles 1=4 and 3=4. Twirling reduces 30%–50% of errors in the noisy derangement
circuit, but it can be viewed as a worst-case scenario as discussed in Appendix E 2. Right: finding the ground-state energy E of the spin-
ring Hamiltonian from Eq. (8) using the variational Hamiltonian Ansatz with l layers as discussed in Appendix F 3. The Ansatz
parameters were optimized in 5 independent instances and the average of the distance from the ground-state energy ΔE is plotted as a
function of l. Shading represents the minimum of the 5 instances.
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selected Pauli strings σ. Furthermore, we diagonalize ρ and
use its eigenvalues for computing Rényi entropies exactly
while we use its dominant eigenvector jψi to determine the
expectation value hψ jσjψi.
We remark here that we compute approximation errors as

the deviation from the expectation value obtained from the
dominant eigenvector hψ jσjψi and do not directly compare
to noise-free computations due to the coherent mismatch
discussed in Appendix C 1 (which becomes negligible for
large systems and can be addressed with standard tech-
niques). In our simulations this coherent mismatch was
below 10−4, and could be corrected with usual techniques
that aim to suppress coherent errors as discussed in the
main text.

2. Simulations in Fig. 3

We have simulated a derangement circuit that takes n ¼ 3
copies of a noisy 4-qubit state as input and the controlled-
SWAP operators also undergo depolarizing noise (with a
probability of 10−3) as shown in Fig. 12. The input state is
produced by a parametrized 4-qubit circuit and we have
selected 50 sets of parameters randomly and performed
extrapolation techniques on each instance as shown in Fig. 3.

3. Ground-state simulation in Fig. 4

We consider the spin-ring Hamiltonian in Eq. (8) and aim
to determine its ground state using the variational
Hamiltonian Ansatz [11–13,22,64,74–78]. The Ansatz con-
sists of alternating layers of time evolutions under the
Hamiltonians which we define as

H0 ≔
XN
k¼1

ωkZk and H1 ≔ J
X

k∈ringðNÞ
σ⃗k · σ⃗kþ1;

via H ¼ H0 þH1, as illustrated in Fig. 4(a). We can
analytically determine and start the optimization from
the ground state jψ initi of H0 as a computational basis
state as in, e.g., Ref. [74]. We then apply alternating
layers of the parametrized evolutions AðγkÞ ≔ e−iγkH1

and BðβkÞ ≔ e−iβkH0 to this initial state as

jψðβ; γÞi ¼ BðβlÞAðγlÞ…Aðγ2ÞBðβ1ÞAðγ1Þjψ initi;

using overall l layers. The parameters β and γ are optimized
by a classical coprocessor such that the estimated energy

E ≔ Tr½ρH� is minimized. We consider a quantum device
that can natively implement single-qubit Ry and Rz rotation
gates aswell as XXgates of the form exp½−iθXjXk� between
any pairs j ≠ k of qubits. This gate set is comparable to ion-
trap systems [79] and the above discussed Ansatz can be
implemented efficiently the following way. The evolution
under H1 is Trotterized such that every term in the
Hamiltonian is implemented independently via a gate of
the form, e.g., exp½−iθXjXk�. Single-qubit rotations are used
to implement gates of the form exp½−iθZjZk� by rotating the
Z basis to an X basis. It follows that the Ansatz circuit with l
layers can be implemented via 3Nl applications of the XX
entangling gates.
The number of layers l to reach a given precision with

respect to the ground state depends on the particular
Hamiltonian and on the number of qubits [63,78]. We fix
every degree of freedom and determine the number of layers
required to reach a differenceΔE ¼ 10−4 to the ground-state
energy. We set N ¼ 6 qubits, choose a coupling constant
J ¼ 0.1, and randomly generate and fix the on-site energies
as ω¼ð−0.70983;−0.0517;0.9065;−0.9265;0.0950;
−0.49597Þ. We optimize the Ansatz parameters β and γ
by applying 1000 iterations of natural gradient evolution to a
set of randomly chosen initial parameters in the vicinity of
the parameters that approximate the adiabatic evolution. We
perform 5 independent optimizations and plot the average
and the minimum of the distanceΔE in Fig. 10 (right). The
average and the minimum follow the expected scaling
[63,78] and the minimum reaches ΔE ¼ 10−4 at l ¼ 20
layers. Furthermore, regarding the Ansatz depth we find that
l ¼ 20 is comparable to results of Refs. [62,63,78]. It
follows that we can implement the Ansatz circuit with
3Nl ¼ 360 applications of the native entangling gate. Let
us remark that even though one may be able to find more
compact Ansätze [104], the variational Hamiltonian Ansatz
has the strong benefit of being informed by the problem
structure—and it is guaranteed to find the ground state for an
increasing depth due to its convergence to an adiabatic
evolution [22]. Furthermore, even when using more com-
pact Ansätze, it is generally expected that the depth of the
computation needs to grow when increasing the scale of the
computation as discussed in the main text.
We assume the following noise model. Single-qubit

gates are followed by dephasing noise with probability ϵ
and damping (relaxation) noise with a small probability
0.1ϵ. We also assume that the experimentalist can amplify

FIG. 12. Circuit that we simulate in Fig. 3. A controlled-SWAP gate acting on qubits k, l, and m is followed by 2-qubit depolarizations
between qubits k, l and k,m and l,m. Avariant in which damping errors follow the depolarizations effectively resulted in the same error
mitigation performance.
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this noise by increasing the value of ϵ. Furthermore, the
qubits also undergo a small depolarizing noise with
probability 0.07ϵ, but we assume this noise cannot be
amplified by the experimentalist. The ratio of the nonex-
trapolatable noise to the total gate error rate can be
expressed via the probabilities

probðnonextrapolatable errorÞ
probðerrorÞ

¼ 0.07ϵ
1 − ð1 − ϵÞð1 − 0.1ϵÞð1 − 0.07ϵÞ

≈ 0.06þ 0.009ϵþOðϵ2Þ:

We assume the same noise model in the case of 2-qubit
gates but with all probabilities magnified by a factor of 5,
i.e., ϵ → 5ϵ.
In selecting an error model, it was important to include

key characteristics of real systems while retaining the
ability to perform efficient simulations. The model chosen
exhibits the key elements of dephasing, damping, and
depolarizing, and therefore captures the core characteristics
of systems such as ion traps, encompassing finite T2
relaxation (via dephasing), T1 relaxation (via damping),
and imperfect control, heating, etc., (via depolarization). It
is typical in ion traps, superconducting systems, and other
platforms that single-qubit gate infidelities are significantly
less severe than those of 2-qubit gates and therefore this
characteristic was incorporated. Moreover, no real system
can be expected to support perfect extrapolation, as this
implies flawless scaling of all error contributions; here the
chosen model makes the assumption that the nonextrapo-
latable component is small; this is favorable to established
extrapolation techniques and therefore provides a rigorous
test for our new protocol.
While the resulting comparison is therefore physically

plausible, it is worth noting that the ESD technique should
also be expected to be robust over a wide variety of other
noise models. Specifically, the theoretical error bounds in
result 1 depend only on the eigenvalue distribution of the
density matrix; indeed, additional simulations were per-
formed (not reported here) using a depolarizing noise
model that confirm these theoretical expectations.
In the present example we consider N ¼ 6 qubits and

n ¼ 2 copies; i.e., we need to simulate the density matrix of
13 qubits which is equivalent to a 26-qubit pure-state
simulation. We recompile the derangement circuit into
hardware-native gates as discussed in Appendix E 1: we
only need to recompile the elementary controlled-SWAP

gates up to a local SU(4) freedom (that acts on the swapped
qubits). When estimating the probability prob00 we thus
need to use type B circuits from the second column of
Table I; see also second column in Fig 7. Implementing the
corresponding derangement circuit thus requires overall 5N
applications of the entangling gate. When estimating the

probability prob0 we either use circuits of type B or type C
depending on whether the observable acts on the particular
qubit. For example, when estimating the expectation value
of the observable Z1, we use type B circuits for all
controlled-SWAP gates except the one that swaps the first
qubits in both registers as SWAP1;10 . For the latter we use
the type C circuit after rotating the basis of qubits 1 and 10
so that the observable is effectively mapped Z1 → X1;
refer to the third column in Table I and to Fig 9. Thus
estimating the probability prob0 for a single-qubit observ-
able requires 5ðN − 1Þ þ 4 ¼ 29 applications of the native
entangling gates while in the case of 2-qubit observables
we need 5ðN − 2Þ þ 8 ¼ 28 entangling gates. Note that
estimating expectation values of nonlocal observables as
σ ∈ fX; Y; Zg⊗N would be more noise robust as we would
only need 4N entangling gates to implement the derange-
ment circuit.
Orange diamonds in Fig. 4(c) show the performance of

zero-noise extrapolation using a polynomial fitting: this
technique reduced close to 85% of errors in the region
where the circuit error rate is not too large, i.e., ξ < 1.
Linear and exponential fits were also implemented, but
polynomial fitting slightly outperformed exponential and
linear fits. Magenta dots in Fig. 4(c) show the performance
of the noisy derangement circuit. Errors in the derangement
circuit were amplified and extrapolated using polynomial
fitting; see black crosses in Fig. 4(c). The extrapolation
significantly reduces errors in the derangement circuit, thus
closely approximating the performance of noiseless
derangement circuits (dashed blue line). Note that even
without extrapolation, the derangement circuit can reduce
the errors by orders of magnitude; i.e., compare red squares
with magenta dots. In all cases polynomial fitting was
preformed via a least squares fitting of a degree 3 poly-
nomial using 6 estimated points in the interval between ϵ
and 2ϵ.
Let us finally illustrate how connectivity constraints may

affect the ESD approach via the following simple example.
Let us assume that qubits form a 2 × ðN þ 1Þ array and
nearest-neighbor interactions are possible. The qubits in
positions ð0; 1 → NÞ and ð1; 1 → NÞ are assigned to two
copies of the N-qubit state, while we assign the qubit (0,0)
to the ancilla. Once the main computation is done, one can
implement the controlled-SWAP operator between qubits
(0,1) and (1,1) controlled on the ancilla (0,0) using only
nearest-neighbor interactions via Table I. We then move the
ancilla to the next position by swapping qubits (0,0) and
(0,1). This now allows us to apply the next controlled-SWAP

operator between qubits (0,2) and (1,2) controlled on the
ancilla (0,1). Repeating this procedure for all qubits in the
registers allows us to implement the derangement circuit
with an overhead of only 1 extra 2-qubit SWAP gate
per controlled-SWAP operation. It is straightforward to
generalize this idea to arbitrary numbers of copies or to
“parallelizing” the process by distributing the ancilla
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among many qubits via a Greenberger–Horne–Zeilinger
(GHZ) state. On the other hand, when implementing the
Ansatz circuit from Fig. 4, one needs to apply 2N SWAP

gates to be able to entangle the first and last qubits in the
register as required for the spin-ring Hamiltonian. This
increases the number of entangling gates in the Ansatz
circuit from 3Nl to 9Nl. Thus, in such a scenario
connectivity constraints would work in our favor.
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