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Abstract
We construct non-static adiabatic axisymmetric structures embedded in an
asymptotically �CDM universe from given solutions of the Poisson’s equation of
Newtonian gravity, using a particular form of the metric in isotropic coordinates. The
approach is used in building of a razor-thin disk source made of perfect fluid for
the McVittie metric, a system composite by a Plummer-type perfect fluid razor-thin
disk surrounded by an halo also of perfect fluid, and a model of Miyamoto–Nagai-
type anisotropic fluid thick disks, embedded in an asymptotic �CDM universe. In the
especial case of spherical symmetry, we also present a family of models of expanding
anisotropic thick spherical shells. Moreover, the geodesic motion of test particles in
stable circular orbits around of the structures, the fulfilment of the energy conditions
and principal stresses (pressure) are analyzed.

Keywords General relativity · Non-static axisymmetric spacetimes · �CDM
cosmology
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1 Introduction

Axially symmetric matter configurations play an important role in astrophysics as
models of certain galaxies and stars, accretion disks, and in general relativity as sources
of vacuum gravitational fields and in the description of accretion disks around black
holes which are genuinely relativistic objects. In particular disk-shaped matter distri-
butions can also be useful inmodeling of flattened cosmic structures given the evidence
of thin and flat sheet-like patterns present in the large-scale structure of the Universe,
which constitute an interesting challenge for the lambda-cold dark matter cosmology
[1]. Such flattened systems are well known as the Local Supercluster [2] and the Local
Sheet [3]. On the other hand, in astrophysics expanding spherical shell-like system
model supernovae and in cosmology one of the possible motivations for the study of
shells is the observations of spherical shell-like structures (bubbles) in the distribu-
tion of galaxies in our cosmic neighbourhood, which are interpreted as a signatures
of the baryon acoustic oscillations generated in the hot plasma of the early universe
[4, 5]. Although within the framework of general relativity the expansion of the uni-
verse can be universal on all scales [6–11], it is also known that the magnitude of its
effect is essentially negligible for local systems and its detection is beyond current
technological capabilities [12]. However, the overall cosmic expansion can affect the
dynamics of local gravitational systems, such as the rotation and stability of the galax-
ies, as indicated by simulations of galaxies [13].

In general relativity, axially symmetric solutions of Einstein’s field equations
representing the field of an infinitesimally thin disk have been extensively studied.
These solutions can be static or stationary and with or without radial pressure. Solu-
tions corresponding to static thin disks without radial pressure were first studied by
Bonnor and Sackfield [14], and Morgan and Morgan [15], and with radial pressure
also by Morgan and Morgan [16]. Several classes of exact solutions of the Einstein
field equations corresponding to static thin disks with or without radial pressure have
been obtained by different authors [17–23]. Rotating thin disks that can be consid-
ered as a source of a Kerr metric were presented by Bic̆ák and Ledvinka [24], while
rotating disks with heat flow were studied by González and Letelier [25]. The exact
superposition of a disk and a static black hole was first considered by Lemos and Lete-
lier [26, 27]. Models of static perfect fluid disks with halos were investigated in [28].
Non-static axisymmetric exact solutions of the Einstein’s equations describing thin
disks embedded in an expanding Friedmann–Lemaître–Robertson–Walker (FLRW)
universe were discussed in [29]. These disks have no radial pressure and in order to
build stable models are interpretated as two counterrotating dust fluids. Relativistic
thick disk models have also been constructed in the static case in references [30–32]
and rotating thick disks in [33].Meanwhile, relativisticmodels of thick spherical shells
were studied in [34–36].

The purpose of this paper is to build non-static adiabatic axisymmetric struc-
tures embedded in an asymptotically �CDM universe from several seed Newtonian
potential-density pairs, using a particular form of the metric in isotropic coordinates.
These spacetimes contain two unknown metric functions. One of the metric functions
is obtained of the fact that one of the field equations is a Poisson type non-static and
non-linear equation. This equation is solved by demanding that in Newtonian approxi-
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mation the relativistic energy density reduces to its Newtonian value. The other metric
function, which describes the temporal dependence of spacetime, is obtained in this
work assuming a specific asymptotic cosmological model, the standard �CDM cos-
mology.

The paper is organized as follows. In Sect. 2 we summarize the method to
build different adiabatic axially symmetric matter configurations embedded in an
asymptotically �CDM universe from given solutions of Poisson’s equation. We also
analysis the geodesic circular motion of test particles moving around the structures
on the equatorial plane and the stability of the orbits against radial perturbations. In
Sect. 3, we review the “displace, cut and reflect” method used to construct thin disks
and disks with halos from known solutions of Einstein field equations and its gener-
alizations to model thick disks. In Sects. 4–7, the approach is used in building of a
perfect fluid disk like source for the McVittie’s inhomogeneous cosmological solu-
tion, a system composite by a Plummer-type perfect fluid thin disk surrounded by
a perfect fluid halo, a model of Miyamoto–Nagai-type anisotropic fluid thick disks,
and in the especial case of spherical symmetry, we also present a family of models
of anisotropic thick spherical shells, embedded in an asymptotic �CDM universe,
respectively. Finally, Sec. 8 is devoted to discussion of the results.

2 Poisson type non-static axisymmetric structures

The line element for a spherically symmetric spacetime in isotropic coordinates is
given by [37, 38]

ds2 = e2νc2dt2 − e2λ(dr2 + r2d�2), (1)

where d�2 = dθ2 + sin2 θdϕ2 is the metric on a unit 2-sphere, and ν, λ are functions
of t and r . In cylindrical coordinates (t , ϕ, R, z) the same metric reads

ds2 = −e2νdt2 + e2λ(R2dϕ2 + dR2 + dz2), (2)

where ν, λ are now functions of t , R and z. Now let’s consider the above metric in the
particular form [39]

ds2 = −
(
1 − f

1 + f

)2

dt2 + (1 + f )4 S(t)2(R2dϕ2 + dR2 + dz2), (3)

where f (R, z, t). Einstein’s gravitational field equations (with c = 1)Gab = 8πGTab
yield the following non-zero components of the energy-momentum tensor

8πGT t
t = −3H2 + 4( f,RR + R−1 f,R + f,zz)

S(t)2(1 + f )5
, (4a)

8πGT ϕ
ϕ = −3H2 − 2Ḣ

(
1 + f

1 − f

)
+ 2

[
( f,R)2 + ( f,z)2 − f ( f,RR + f,zz)

]
S(t)2(1 + f )5(1 − f )

, (4b)
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8πGT R
R = −3H2 − 2Ḣ

(
1 + f

1 − f

)
+ 2

[
( f,z)2 − 2( f,R)2 − f f,zz − R−1 f f,R

]
S(t)2(1 + f )5(1 − f )

,

(4c)

8πGT z
z = −3H2 − 2Ḣ

(
1 + f

1 − f

)
+ 2

[
( f,R)2 − 2( f,z)2 − f f,RR − R−1 f f,R

]
S(t)2(1 + f )5(1 − f )

,

(4d)

8πGT R
z = 2

[
f f,Rz − 3 f,R f,z

]
S(t)2(1 + f )5(1 − f )

, (4e)

where ( ),R ≡ ∂/∂R, ( ),RR ≡ ∂2/∂R2, etc., and

H = Ṡ(t)

S(t)
, (5)

where a dot denotes differentiation with respect to t . In a cosmological setting ( f = 0)
this function represents the Hubble parameter, and S(t) the scale factor.

Now, in order to analyze the matter distributions is necessary to compute the eigen-
values and eigenvectors of the energy-momentum tensor. The eigenvalue problem for
the energy-momentum tensor (4a)–(4e) has the solutions

λt = T t
t , (6a)

λϕ = T ϕ
ϕ, (6b)

λ± = T ± √
D

2
, (6c)

where λ+ = λR , λ− = λz and

T = T R
R + T z

z, (7a)

D = (T R
R − T z

z)
2 + 4(T R

z)
2. (7b)

The corresponding eigenvectors define theorthonormal tetrad e(a)
b = {V b, Xb,Yb,

Zb}, where

V a = 1√−gtt
(1, 0, 0, 0), (8a)

Xa = 1√
gϕϕ

(0, 1, 0, 0), (8b)

Ya = 1√
gRR

(
1 + n2+

) (0, 0, 1, n+), (8c)

Za = 1√
gRR

(
1 + n2−

) (0, 0, 1, n−), (8d)
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where

n± = T z
z − T R

R ± √
D

2T R
z

. (9)

In terms of the above proper observer, the energy density is given by ρ = −λt and
the principal stresses by pi = λi (i = ϕ, R, z). When the energy-momentum tensor
is diagonal pi = T i

i and the orthonormal basis takes the simple form

V a = e−ψδat , Xa = e−λδaϕ/R, (10a)

Ya = e−λδaR, Za = e−λδaz . (10b)

Now, by taking f = −φ(R,z)
2S(t) we get, even without spatial symmetry, for the energy

density the following Poisson type non-static and non-linear equation

8πGρ = 3H2 + 2∇2φ

S(t)3
(
1 − �

2S(t)

)5 . (11)

In fact, in Newtonian approximation φ � 1 and setting S(t0) = 1 today it reduces
to Poisson’s equation, ∇2� = 4πGρN . This equation can be solved by guessing the
metric functionφ. A physically reasonableway to choose the potentialφ is by requiring
that in theNewtonian approximation the energy density reduces to its Newtonian value
ρN . This condition is satisfied by taking φ = �. Therefore,

8πGρ = 3H2 + 8πGρN

S(t)3
(
1 − �

2S(t)

)5 . (12)

So this approach allows building different non-static adiabatic axisymmetric struc-
tures from seed Newtonian potential-density pairs (�, ρN ). The other metric function
S(t) can be obtained, adopted here, for example by assuming an asymptotic cosmo-
logical model. In that case, these spacetimes may be interpreted as Poisson type local
inhomogeneities, that is, in weak-field limit φ � 1 and S(t0) = 1 such structures
are gravitationally described by Newton’s theory, embedded in a flat FLRW universe.
Other possibility, explored in reference [39], is via constructing of a gravitational
collapse model.

2.1 3CDMmodel

The metric function S(t) will be chosen is such a way that we obtain non-static
axisymmetric structures that asymptote to the standard �CDM cosmology which
is in accordance with current observations showing an accelerated expansion of the
Universe [40]. Thus, for a spatially flat universe with nonrelativistic matter (cold
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dark and baryonic matter) and dark energy in the form of a cosmological constant
(neglecting the radiation content of the universe), the Friedmann equation reads

H2

H2
0

= �mS
−3 + ��, (13)

where �m is the present density parameter of pressureless matter, �� = 1 − �m is
the present dark energy density parameter and H0 is the Hubble’s constant. Assuming
the base-�CDM cosmology, the latest measurement [40] gives H0 = (67.4 ± 0.5)
Km s−1 Mpc−1 and �m = 0.315 ± 0.007. It is follows that

Ḣ

H2
0

= −3

2
�mS

−3. (14)

For flat universe with a positive cosmological constant (�m < 1), the Friedmann
equation (13) has the analytic solution [41]

S(t) = (�m/��)1/3
(
sinh

[
3

2

√
��H0t

])2/3

. (15)

Such a spacetime asymptotically approaches the matter-dominated (Einstein-de Sitter
universe) and dark-energy-dominated (de Sitter universe) eras at early and late times,
respectively. Approximating the density parameter for the current matter as �m =
0.31, the age at which matter and the cosmological constant had equal energy density,
measured in units of the Hubble time (tH ≡ H−1

0 ) t̃ = H0t , is t̃m� = 0.707 and the
age of the universe is t̃0 = 0.955 [42]. For the Hubble parameter we obtain

H = √
��H0 coth

[
3

2

√
��H0t

]
. (16)

For spacetimes that asymptote to the standard �CDM cosmology we have

T̄ t
t = −�� coth2

[
3

2

√
��H0t

]
+ 4( f,RR + R−1 f,R + f,zz)

3H2
0 S(t)2(1 + f )5

, (17a)

T̄ ϕ
ϕ = −�� +

(
2

f −1 − 1

)
�mS(t)−3 +

2
[
( f,R)2 + ( f,z)2 − f ( f,RR + f,zz)

]

3H2
0 S(t)2(1 + f )5(1 − f )

, (17b)

T̄ R
R = −�� +

(
2

f −1 − 1

)
�mS(t)−3 +

2
[
( f,z)2 − 2( f,R)2 − f f,zz − R−1 f f,R

)

3H2
0 S(t)2(1 + f )5(1 − f )

,

(17c)

T̃ z
z = −�� +

(
2

f −1 − 1

)
�mS(t)−3 +

2
[
( f,R)2 − 2( f,z)2 − f f,RR − R−1 f f,R

]

3H2
0 S(t)2(1 + f )5(1 − f )

,

(17d)
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T̄ R
z = 2

[
f f,Rz − 3 f,R f,z

]
3H2

0 S(t)2(1 + f )5(1 − f )
, (17e)

where the dimensionless quantities are T̄ a
b = T a

b/ρcr , where ρcr = 3H2
0

8πG is the critical
energy density. The first terms on the right-hand side of equations (17a)–(17d) describe
the�CDMuniverse, the last terms of the energy-momentum tensor are the components
of an expandingmatter configuration (local inhomogeneities) in such universe, and the
second terms in equations (17b)–(17d) represent the interaction between the matter
of the cosmological medium and the expanding matter distributions. Such energy-
momentum tensor can be written as Tab = T�CDM

ab + T int
ab + T inh

ab and the spacetime
can be interpreted as an expanding matter distribution in a �CDM universe.

In order to have physically reasonable expanding matter configurations we will
assume that the energy-momentum tensor T inh

ab satisfies the energy conditions [43]. The
weak energy condition states that ρ ≥ 0, whereas the strong energy condition, which
ensures that gravitywill always be attractive, readsρe f f = ρ+pϕ+pR+pz ≥ 0,where
ρe f f is the “effectiveNewtonian density”. The dominant energy condition requires that
ρ ≥ |pi |. The latter condition is equivalent to requiring that the local speed of sound
is not greater than local speed of light. Furthermore, since we are mainly interested in
modeling inhomogeneities as a fluid made of ordinary baryonic matter that makes up
stars, galaxies, clusters of galaxies, for instance, and which presents positive stresses
(pressure), we will also assume positive values for the principal stresses. The same
consideration is made for the interaction term.

2.2 Stable circular equatorial orbits

A important parameter related to the motion of test particles around the structures on
the equatorial plane is circular speed (rotation curves) vc. For instance, the stars of the
disk in spiral galaxies travel in nearly circular orbits around the galactic center [44].
So for circular, equatorial orbits the 4-velocity u of the particles with respect to the
coordinates frame has components u = ut (1, ω, 0, 0), where ω = uϕ/ut = dϕ

dt is the
angular speed of the test particles. In turn, with respect to the tetrad frame (8a)–(8d)
the 4-velocity has components

u(a) = e(a)
bu

b, (18)

while the 3-velocity

v(i) = u(i)

u(t)
= e(i)

aua

e(t)
bu

b
. (19)

In the especial case of circular orbits on the equatorial plane the only non-vanishing
3-velocity component is v(ϕ), and is given by

[v(ϕ)]2 = v2c = −gϕϕ

gtt
ω2, (20)
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where vc represents the circular speed profile of the particle as seen by an observer at
infinity. The angular speed ω can be calculated considering the geodesic motion of the
particles. For circular orbits on the plane equatorial of the structures the Lagrangian
for a massive test particle moving in the background metric (2) is

2L = gabu
aub = −e2ν(ut )2 + e2λR2(uϕ)2, (21)

and the Lagrange’s equations

d

dτ

(
∂L
∂ua

)
− ∂L

∂xa
= 0 (22)

yield the radial motion’s equation

gtt,R(ut )2 + gϕϕ,R(uϕ)2 = 0. (23)

Then we obtain

ω2 = − gtt,R
gϕϕ,R

, (24)

and the circular speed is given by

v2c = Rν,R

1 + Rλ,R
. (25)

For the metric (3) has

v2c = v2N/S(t)

(1 − f )
(
1 + f − v2N/S(t)

) , (26)

where v2N = R�,R is the Newtonian circular speed.
To analyze the stability of the particles against radial perturbations we can use an

extension of the Rayleigh criteria of stability of a fluid in rest in a gravitational field
[45–47]

d(h2)

dR
> 0, (27)

where h is the specific angularmomentum, defined as h = pϕ/m = gϕϕuϕ = gϕϕωut ,
where pϕ = ∂L/∂uϕ and ut obtains normalizing ua , that is requiring gabuaub = −1,
so that

(ut )2 = − 1

gϕϕω2 + gtt
. (28)
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Thus, for circular, planar orbits we obtain

h2 = R2(1 + f )4v2c
1 − v2c

. (29)

3 Relativistic expanding disk like axisymmetric structures

Solutions of the Einstein’s field equations representing the gravitational field of a
disk of infinitesimal thickness can be constructed assuming the components of the
metric tensor continuous across the disk and its first derivatives discontinuous in the
direction normal to the disk. Such discontinuity in the metric can be introduced by a
Kuzmin–Toomre transformation z → a + |z|, where a is a positive constant, which
was first used by Kuzmin [48] and Toomre [49] to constructed Newtonian models of
thin disks, and later extended to general relativity [21, 22, 24, 25]. This method also is
known in literature as “displace, cut and reflect” method, where a is the cut parameter.
The method is the gravitational version of the method of images of electrostatic.
The disk models built using this method are of infinite extension, however, since the
energy density decreases rapidly it is always possible, in principle, to define a cut-off
radius and consider the disks as finite. This procedure in principle can be applied to
any solution of the Einstein equations with or without energy-momentum tensor. In
particular, when this procedure is applied to a spherical matter distribution of radius
rsph > a the result is a system composite by a thin disk surrounded by a halo of matter
[28]. On the other hand, models of thick disks in general relativity can be obtained
by a Miyamoto–Nagai transformation used in Newtonian gravity to generate three-
dimensional potential-density pairs from the Kuzmin–Toomre thin disks [50, 51].
This procedure is equivalent to change in the Kuzmin–Toomre disks |z| → √

z2 + b2,
where b is a positive parameter. The models describe the stratification of mass in the
central bulge as well in the disk part of galaxies.

In the case of thin disks, its content ofmatter can be analyzed by using the formalism
of distributions in curved spacetimes [52–54] or the junction conditions on the extrinsic
curvature of thin shells [55, 56]. The Einstein equations give us

Gab = 8πG(Tab + T disk
ab ) = 8πG(Tab + Qab δ(z)) (30)

where δ(z) is the Dirac delta function with support on the disk, Tab is the energy-
momentum tensor above and below the plane of the disk, and

Qa
b = 1

16π
{bazδzb − bzzδab + gazbzb − gzzbab + bcc(g

zzδab − gazδzb)} (31)

is the distributional energy-momentum tensor of the disk, where bab denote the dis-
continuities (or jump) in the first derivatives of the metric tensor on the plane z = 0,

bab = [gab,z] = g+
ab,z|z=0 − g−

ab,z|z=0 = 2 g+
ab,z|z=0 . (32)
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The “true” surface energy-momentum tensor (SEMT) of the disk, τab, can be obtained
through the relation

τab =
∫

Qabδ(z) dsn = √
gzzQab, (33)

where dsn = √
gzz dz is the “physical measure” of length in the direction normal to

the disk. In particular, for the metric (3), with f = −φ(R,z)
2S(t) , the nonzero components

of τ ba are

τ tt = − σN

S(t)2 (1 + f )3
(34a)

τϕ
ϕ = τ R

R = − f f,z
2πGS(t)(1 − f )(1 + f )3

, (34b)

where σN = �,z/(2πG) is the Newtonian surface density, and, in terms of the
comoving observer (10a)–(10b), the SEMT takes the form of a perfect fluid

τ ab = (p + σ)V aV b + pgab, (35)

where

σ = −τ tt , p = pϕ = pR = τϕ
ϕ , (36)

are, respectively, the surface energy density σ and the azimuthal and radial stresses
p on the disk. All above quantities are evaluated at z = 0+. In this case the energy
conditions read σ ≥ 0, σ + 2p ≥ 0, and |σ | ≥ |p|. So for a given flattened potential-
density pair (�, σN ), the energy-momentum tensor of spacetimes that asymptote to
the standard�CDMcosmology can be written as Tab = T�CDM

ab +T int
ab +T halo

ab +T disk
ab

and the solution can be interpreted as a expanding halo + perfect fluid disk system in
a �CDM universe.

4 Kuzmin-type perfect fluid thin disks embedded in a3CDM universe

A simple perfect fluid solution of Einstein’s field equations for the line element (3)
is the McVittie metric [57] which obtains in isotropic spherical coordinates from
Newtonian spherical potential of a point mass

� = −GM

r
, (37)

where r = √
R2 + z2, M is the mass of the source and S(t) is the asymptotic cos-

mological scale factor. For S = 1 the line element reduces to the Schwarzschild
spacetime in isotropic coordinates and for M = 0 to the flat FLRW universe. This
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metric describes a central spherical object embedded in an expanding FLRW cos-

mological spacetime [58–60]. When S(t) = e

√
�
3 t the McVittie metric is the Kottler

spacetime in isotropic coordinates which for� > 0 it is also called the Schwarzschild-
de Sitter metric and for � < 0 the Schwarzschild-anti-de Sitter metric. Moreover, in
the limit GM/(2Sr) � 1 the McVittie metric reduces to a perturbed FLRW universe
with zero curvature.

Energy density and isotropic pressure are given by

8πGρ = 3H2, (38a)

8πGP = −3H2 − 2Ḣ

(
1 + f

1 − f

)
, (38b)

where

f = GM

2S(t)r
. (39)

Moreover, theMcVittie solution has a curvature singularity at r = rS/S(t), where rS =
GM/2, as can be seen from theRicci scalarwhich is given by R = 12 H2+6Ḣ

(
1+ f
1− f

)
,

where the pressure also goes to infinity.
For the McVittie solution has

ρ̄ = �� coth2
[
3

2

√
��H0t

]
, (40a)

P̄ = −�� +
(

2

f −1 − 1

)
�mS(t)−3, (40b)

where the dimensionless quantities are ρ̄ = ρ/ρcr and P̄ = P/ρcr , where ρcr = 3H2
0

8πG
is the critical energy density. The energy density together with the first term in the
pressure represent the contribution of the�CDMuniversewhereas the inhomogeneous
term in the pressure, P̄int = Pint/ρcr , describes the interaction between the matter
presents in the cosmological medium and the mass source, and is a positive and non-
singular quantity in the region r > rS/S(t). Indeed, when the mass M is absent
or far away from the central object, the pressure due to matter is zero in agreement
with the standard model of cosmology, so that the spacetime is homogeneous and the
negative pressure is that caused only by the cosmological constant. It follows that the
energy-momentum tensor can be written as Tab = T�CDM

ab + T int
ab .

Now the application of the Kuzmin–Toomre transformation to the Kepler point-
mass potential (37) yields the flattened potential-density pair

� = − GM√
R2 + (a + |z|)2 , (41a)

σN = aM

2π(R2 + a2)3/2
, (41b)
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where M is the mass of disk and a is a positive parameter representing the disk length
scale. This pair corresponds to the Kuzmin’s razor-thin disk system and is used in
Newtonian gravity as an approximate model of spiral galaxies. The rotation curve is
given by

v2cN = GMR2

(R2 + a2)3/2
. (42)

For a spacetime that asymptotes to the standard �CDM cosmology, the energy-
momentum tensor takes the form Tab = T�CDM

ab + T int
ab + T disk

ab , and the solution
describes aKuzmin-type perfect fluid thin disk embedded in an asymptotically�CDM
universe and constitutes a disk-like source for the McVittie metric. The main physical
quantities associated with the disks are

σ̃ = ãS(t)

2π
[
S(t)

√
R̃2 + ã2 + 1

]3 , (43a)

p̃ = ãS(t)

4π
[
S(t)

√
R̃2 + ã2 + 1

]3 (
S(t)

√
R̃2 + ã2 − 1

) , (43b)

v2c = 2R̃2S(t)
√
R̃2 + ã2[

S(t)(R̃2 + ã2)3/2 − R̃2 + ã2
] (

S(t)
√
R̃2 + ã2 − 1

) , (43c)

h̃2 =
2R̃4

(
S(t)

√
R̃2 + ã2 + 1

)4
S(t)3(R̃2 + ã2)3/2

[
S(t)2(R̃2 + ã2)2 − 4S(t)R̃2

√
R̃2 + ã2 + R̃2 − ã2

] ,(43d)

where the dimensionless quantities and parameters are R̃ = R/rS , ã = a/rS , σ̃ =
(r2S/M)σ , p̃ = (r2S/M)p, and h̃ = h/rS . Equations (43a) and (43b) show that theweak
energy condition is always satisfied, while the dominant and strong energy conditions
hold in all the disk if ã ≥ 3/(2 S(t)), with S(t) �= 0 which is satisfactorily fulfilled
for a big bang model for the evolution of the universe since the structures that we
currently observe were formed after an initial state t = 0. This inequality also ensures
that we have pressure everywhere on the disk and that the stresses associated with the
interaction term Pint is also a positive and non-singular quantity. For disk like solutions
that asymptotes to the de Sitter cosmology we have ã ≥ (3/2)et̃0 = 3.898005874.
For a value of the parameter ã, since S(t) is a monotonically increasing function with
time, this condition implies that physically realistic disk-like matter configurations are
only possible from someminimum time S(t∗) = 3/(2ã). However, such structures are
still possible for t < t∗ by increasing the parameter ã. It also means that physically
acceptable Kuzmin-type perfect fluid disks in an expanding universe with a larger
length scale today could be older.

In order to study the physical behavior of above quantities we perform a graphical
analysis of them for the Kuzmin-type perfect fluid thin disk embedded in an asymp-
totically �CDM universe with parameter ã = 3 at the dimensionless cosmic times
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t̃ = t̃m�, t̃0 (static case), and 1.2. In Fig. 1 we plot, as functions of R̃, the surface
energy density σ̃ , the isotropic pressure p̃, the circular speed (rotation curves) v2c and
the specific angular momentum h̃2. We see that physical quantities decrease every-
where on the disk during expansion, but exhibits at all times a behavior similar to the
static case. The same behavior is observed for other values of parameter ã. So these
disks becomes less dense as time passes and, just like static case, the energy density
decreases rapidly enough to, in principle, define a cut off radius and consider the disk
as finite when it expands. We observer that all the energy conditions are satisfied with
t̃∗ = 0.4058181549. However, as mentioned above physically realistic disks can be
obtained for t < t∗ increasing the parameter ã. For example, for the disk with ã = 3.4
obtains that t̃∗ ≈ 0.34 which corresponds approximately to the epoch of formation of
the Galactic thin disk [61].

We also find that for these parameter values the orbital speed of the particles around
the disk is less than the speed of light in according to the dominant energy condition and
we have stable orbits against radial perturbation, but like energy conditions one finds
that these orbits are only possible from some minimum time. However, we still could
have stable subluminal rotation curves for earlier times by increasing the length scale
of the disk. The graphs also suggest that initially we have photonic orbits (radiation)
and they become less relativistic and more stable as time goes on.

5 Plummer-type perfect fluid thin disks with haloes embedded in a
3CDM universe

Another simple perfect fluid solution of Einstein’s field equations for the line element
(3) obtains from Plummer’s spherical potential-density pair [62]

� = − GM√
r2 + b2

, (44a)

ρN =
(

3M

4πb3

)(
1 + r2

b2

)−5/2

, (44b)

where b is a non-zero constant with dimensions of length. Plummer’s sphere is used
in Newtonian gravity to model globular clusters, central spherical bulges of spiral
galaxies and also as models of dark matter haloes. The orbital speed is

v2cN = GMr2(
r2 + b2

)3/2 . (45)

The relativistic version is an extension of the Buchdahl’s static perfect fluid sphere
[63], a relativistic analog of a classical polytrope of index 5, to the non-static case
[39]. Energy density and isotropic pressure are given by

8πGρ = 3H2 + 192b2S(t)2

(GM)4
[
f −1 + 1

]5 , (46a)
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Fig. 1 a The surface energy density σ̃ , b the pressure p̃, c the circular speed v2c and d the specific angular
momentum h̃2 for theMcVittie-type perfect fluid thin disk embedded in an asymptotically�CDM universe
with parameter ã = 3, and the dimensionless cosmic time t̃ = t̃m� (dashed curves), t̃0 (static case, solid
curves), and 1.2 (dotted curves), as functions of R̃

8πGP = −3H2 − 2Ḣ

(
1 + f

1 − f

)
+ 64b2S(t)2

(GM)4( f −1 + 1)5( f −1 − 1)
, (46b)

with

f = GM

2S(t)
√
r2 + b2

. (47)
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For a solution that asymptotes to the standard �CDM cosmology we have

ρ̄ = �� coth2
[
3

2

√
��H0t

]
+ 2GMb̃2S(t)2

H2
0 r

3
S (S(t)ξ + 1)5

, (48a)

P̄ = −�� +
(

2

S(t)ξ − 1

)
�mS(t)−3 + 2GMb̃2S(t)2

3H2
0 r

3
S (S(t)ξ + 1)5 (S(t)ξ − 1)

, (48b)

where ρ̄ = ρ/ρcr , P̄ = P/ρcr , b̃ = b/rS and ξ =
√
r̃2 + b̃2, with r̃ = r/rS . The

first terms on the right-hand side of equations above represent the components of
the �CDM universe, the last terms describe a relativistic expanding Plummer sphere
in such universe and the second term in pressure represents the interaction between
the matter of the cosmological medium and the relativistic Plummer sphere. So the
energy-momentum tensor can be written as Tab = T�CDM

ab + T int
ab + T sph

ab and the
solution can be interpreted as an expanding Plummer sphere in a�CDM universe. We
observer that the energy density always is a positive quantity in accordance with the
weak energy condition while the strong and dominant energy conditions are satisfied
in all the expanding sphere if holds the inequality b̃ ≥ 4/(3 S(t)), with S(t) �= 0. This
condition also implies that the inhomogeneous terms in the stress are positive and non-
singular quantities. In turn, the tangential speed and the specific angular momentum
for circular orbits are given by

v2c = 2r̃2S(t)ξ(
S(t)ξ3 − r̃2 + b̃2

)
(S(t)ξ − 1)

, (49a)

h̃2 = 2r̃4 (S(t)ξ + 1)4

S(t)3ξ3
(
S(t)2ξ4 − 4S̃(t)r̃2ξ + r̃2 − b̃2

) , (49b)

where h̃ = h/rS . In Fig. 2 we have plotted, as function of r̃ , the energy density
ρ̃sph = (r3s /M)ρsph, the pressure P̃sph = (r3s /M)Psph for the relativistic expanding
Plummer sphere and the quantities v2c and h̃, with parameter b̃ = 3 at the dimensionless
cosmic times t̃ = t̃m�, t̃0 (static case), and 1.2. These structures have no boundary,
however, since energy density decreases rapidly is also possible, in principle, to define
a cut-off radius (rsph) and consider the matter distributions as finite. We also have
stable circular orbits against radial perturbation.

Now when the Kuzmin transformation is applied to the Plummer potential (44a)
the energy-momentum tensor takes the form Tab = T�CDM

ab + T int
ab + T halo

ab + T disk
ab

and the solution can be interpreted as a system composite by a Plummer-type perfect
fluid thin disk surrounded by an halo also made of perfect fluid matter embedded in
an asymptotic �CDM universe. The main physical quantities associated with the disk
are

σ̃ = ãS(t)

2π
[
S(t)

√
R̃2 + α̃2 + 1

]3 , (50a)
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Fig. 2 a The energy density ρ̃sph, b the pressure P̃sph, c the orbital speed v2c and d the specific angular

momentum h̃2 for the relativistic Plummer sphere embedded in an asymptotically �CDM universe with
parameter b̃ = 3, and the dimensionless cosmic time t̃ = t̃m� (dashed curves), t̃0 (static case, solid curves),
and 1.2 (dotted curves), as functions of r̃

p̃ = ãS(t)

4π
[
S(t)

√
R̃2 + α̃2 + 1

]3 (
S(t)

√
R̃2 + α̃2 − 1

) , (50b)

v2c = 2R̃2S(t)
√
R̃2 + α̃2[

S(t)(R̃2 + α̃2)3/2 − R̃2 + α̃2
] (

S(t)
√
R̃2 + α̃2 − 1

) , (50c)

h̃2 =
2R̃4

(
S(t)

√
R̃2 + α̃2 + 1

)4
S(t)3(R̃2 + α̃2)3/2

[
S(t)2(R̃2 + α̃2)2 − 4S(t)R̃2

√
R̃2 + α̃2 + R̃2 − α̃2

] ,

(50d)
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where the dimensionless quantities and parameters are σ̃ = (r2S/M)σ , p̃ = (r2S/M)p,

h̃ = h/rS , R̃ = R/rS , ã = a/rS and α̃ =
√
ã2 + b̃2. Equations (50a) and (50b) imply

that the weak energy condition is always satisfied, while the strong and dominant
energy conditions are satisfied in all the disk if holds the inequality α̃ ≥ 3/(2 S(t)),
with S(t) �= 0. This condition also implies thatwehave pressure everywhere of the disk
and the stresses associated with the halo and interaction term with the cosmological
medium are also positive and non-singular quantities. For disks that asymptotes to
the de Sitter spacetime we have α̃ ≥ (3/2)et̃0 . So given a value of the parameters ã
and b̃, physically realistic disk-like matter distributions with haloes are only possible
from some minimum time S(t∗) = 3/(2α̃). However, such structures are still possible
for times t < t∗ by increasing the parameters ã and b̃. It also means that physically
acceptable Plummer-type perfect fluid disks with haloes in an expanding universe with
a larger length scale today could be older.

In order to study the physical behavior of above quantities we perform a graphical
analysis of them for the Plummer-type perfect fluid thin disk surrounded by an halo
also made of a perfect fluid embedded in an asymptotically �CDM universe with
parameters ã = 3 and b̃ = 1 at the dimensionless cosmic times t̃ = t̃m�, t̃0 (static
case), and 1.2. In Fig. 3 we plot, as functions of R̃, the surface energy density σ̃ ,
the isotropic pressure p̃, the relativistic rotation curves v2c and the specific angular
momentum h̃2. We see that these functions present a similar behavior to previous
model. Indeed, we also observer here that these quantities decrease everywhere on
the disk during expansion and exhibits at all times a behavior similar to the static
case. However, the inclusion of the halo to the disk further decreases the expressions
during expansion and also allows us to build disk models with a physically reasonable
behavior for earlier times. So for these parameter values t̃∗ = 0.3771357785, but as
mentioned above physically realistic disks can still be obtained for t < t∗ increasing
the parameters ã and b̃. For example, for the disk with ã = 3 and b̃ = 1.6 obtains that
t̃∗ ≈ 0.34 which corresponds approximately to the epoch of formation of the Galactic
thin disk [61]. Also here, for the same value of the parameters, the circular speed of
the particles on the plane of the disk is always less than light speed (dominant energy
condition), and we have stable circular orbits against radial perturbation. Moreover,
the inclusion of the halo to the disk allows us have subluminal rotation curves and
photonic orbits for earlier times, and circular orbits more stable. The same behavior
is observed for other values of parameters.

6 Miyamoto–Nagai-type anisotropic thick disks embedded in a
3CDM universe

The application of the Miyamoto–Nagai transformation to the zeroth order Kuzmin–
Toomre disk yields the first Miyamoto–Nagai potential-density pair [50, 51]

� = − GM√
R2 +

(
a + √

z2 + b2
)2 , (51a)
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Fig. 3 a The surface energy density σ̃ , b the pressure p̃, c the relativistic rotation curves v2c and d the
specific angular momentum h̃2 for the relativistic Plummer-type thin disk with halo made of a perfect fluid
embedded in an asymptotically �CDM universe with parameters ã = 3 and b̃ = 1, at the dimensionless
cosmic time t̃ = t̃m� (dashed curves), t̃0 (static case, solid curves), and 1.2 (dotted curves), as functions of
R̃

ρN =
b2M

[
aR2 + (a + 3

√
z2 + b2)(a + √

z2 + b2)2
]

4π

[
R2 +

(
a + √

z2 + b2
)2]5/2

(z2 + b2)3/2
, (51b)

where the parameter a, b and M are the length, height scales and the mass of the
disk like distribution. The Miyamoto–Nagai potential is used in Newtonian gravity to
model the thick disk of spiral galaxies. The Newtonian circular speed on the equatorial
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plane is given by

v2N = GMR2

[
R2 + (a + b)2

]3/2 . (52)

The relativistic expressions for the energy density profile and the principal stresses
are

ρ̄ = �� coth2
[
3

2

√
��H0t

]
+

2GMb̃2S(t)2
[
ã R̃2 + (ã + 3ζ )(ã + ζ )2

]

3H2
0 r

3
Sζ

3
[
f −1 + 1

]5 ,(53a)

P̄ϕ = P̄R = −�� +
(

2

f −1 − 1

)
�mS(t)−3

+
GMb̃2S(t)2

[
ã R̃2 + (ã + 2ζ )(ã + ζ )2

]

3H2
0 r

3
S(t)ζ

3
[
f −1 + 1

]5 [
f −1 − 1

] , (53b)

P̄z = −�� +
(

2

f −1 − 1

)
�mS(t)−3 + 2GMb̃2S(t)2 (ã + ζ )2

3H2
0 r

3
Sζ

2
[
f −1 + 1

]5 [
f −1 − 1

] ,(53c)

where ρ̄ = ρ/ρcr , P̄ϕ = Pϕ/ρcr , P̄z = Pz/ρcr , R̃ = R/rS , z̃ = z/rS , ã = a/rS , b̃ =
b/rS , ζ =

√
z̃2 + b̃2 and f −1 = S(t)

√
R̃2 + (ã + ζ )2. The first terms on the right-

hand side of equations above represent the components of the �CDM universe, the
last terms describe a relativistic expanding thick disk in such universe and the second
terms in the stresses represent the interaction between the matter of the cosmological
medium and the expanding disk. So the energy-momentum tensor can be written as
Tab = T�CDM

ab + T int
ab + T disk

ab and the spacetime can be interpreted as an expanding
anisotropic thick disk in a �CDM universe. We see that the energy density always
is a positive quantity while the inhomogeneous terms in the pressure are positive and
non-singular quantities for ã + b̃ > 1/S(t). For thick disks that asymptotes to the de
Sitter universe we have ã+ b̃ > et̃0 . In turn, the circular speed and the specific angular
momentum for equatorial orbits are given by

v2c = 2R̃2S(t)
√
R̃2 + d̃2[

S(t)(R̃2 + d̃2)3/2 − R̃2 + d̃2
] [

S(t)
√
R̃2 + d̃2 − 1

] , (54a)

h̃2 =
2R̃4

(
S(t)

√
R̃2 + d̃2 + 1

)4
S(t)3(R̃2 + d̃2)3/2

(
S(t)2(R̃2 + d̃2)2 − 4R̃2S(t)

√
R̃2 + d̃2 + R̃2 − d̃2

) ,

(54b)

where h̃ = h/rS and d̃ = ã + b̃.
In Fig. 4 we plot, as functions of R̃ and z̃, the relativistic density profile ρ̃d =

(r3S/M)ρd, the pressures P̃ϕ(d) = (r3S/M)Pϕ(d) and P̃z(d) = (r3S/M)Pz(d), and in Fig. 5
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Fig. 4 a–c Relativistic density profiles ρ̃d, the pressures d–f P̃ϕ(d) and (g) - (i) P̃z(d) for the Miyamoto–

Nagai-type thick disk embedded in an asymptotically �CDM universe with parameters ã = 3 and b̃ = 1,
at the dimensionless cosmic time t̃ = t̃m�, t̃0, and 1.2, respectively, as functions of R̃ and z̃

shows, as function R̃, the circular speed profiles v2c and the specific angularmomentum
h̃2, for the Miyamoto–Nagai-type thick disk embedded in an asymptotically �CDM
universe with parameters ã = 3 and b̃ = 1 at the dimensionless cosmic times t̃ = t̃m�,
t̃0 (static case), and 1.2. We observer that as the universe expands, the above physical
quantities decrease everywhere on the disk, but exhibits at all times a behavior similar
to the static case, and the inclusion of the thickness to the disk further decreases these
quantities and also producesmore stable circular orbits. The same behavior is observed
for other values of parameters ã and b̃.

7 Expanding adiabatic thick spherical shells

In spherical coordinates (t , r , θ ,ϕ) the metric (3) takes the form

ds2 = −
(
1 − f

1 + f

)2

dt2 + (1 + f )4 S(t)2((dr2 + r2d�2)), (55)
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Fig. 5 a Relativistic circular speed profiles v2c and b the specific angular momentum h̃2 for the Miyamoto–
Nagai-type thick disk embedded in an asymptotically �CDM universe with parameters ã = 3 and b̃ = 1,
at the dimensionless cosmic time t̃ = t̃m� (dashed curves), t̃0 (static case, solid curves), and 1.2 (dotted
curves), as functions of R̃

where f (r , t). TheEinstein’s gravitational field equations yield the following non-zero
components of the energy-momentum tensor

8πGT t
t = −3H2 + 4( f ′′ + 2r−1 f ′)

S(t)2(1 + f )5
, (56a)

8πGTr
r = −3H2 − 2Ḣ

(
1 + f

1 − f

)
− 4( f ′2 + r−1 f f ′)

S(t)2(1 + f )5(1 − f )
, (56b)

8πGT θ
θ = 8πGT ϕ

ϕ = −3H2 − 2Ḣ

(
1 + f

1 − f

)
+ 2( f ′2 − f f ′′ − r−1 f f ′)

S(t)2(1 + f )5(1 − f )
,

(56c)

where primes indicate differentiation with respect to r . For spacetimes that asymptote
to the standard �CDM cosmology we have

T̄ t
t = −�� coth2

[
3

2

√
��H0t

]
+ 4( f ′′ + 2r−1 f ′)

3H2
0 S(t)2(1 + f )5

, (57a)

T̄ r
r = −�� +

(
2

f −1 − 1

)
�mS(t)−3 − 4( f ′2 + r−1 f f ′)

3H2
0 S(t)2(1 + f )5(1 − f )

, (57b)

T̄ θ
θ = T̃ ϕ

ϕ = −�� +
(

2

f −1 − 1

)
�mS(t)−3 + 2( f ′2 − f f ′′ − r−1 f f ′)

3H2
0 S(t)2(1 + f )5(1 − f )

,

(57c)
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where T̄ a
b = T a

b/ρcr . For the particular form f = − φ(r)
2S(t) the energy density is

again given by the Poisson type non-static and non-linear equation (11), then the
metric potential φ can be chosen as φ = � and the pair (�, ρN ) is solution of the
equation. Similarly, the circular speed, the specific angularmomentumand the stability
condition of the particles against radial perturbations are given by (26), (29) and (27),
respectively.

As a simple example, we consider the Newtonian potential-density pair [64, 65]

�N = − GM

(rn + bn)1/n
, (58a)

ρN = M(n + 1)bnrn−2

4π(rn + bn)2+1/n , (58b)

where n is a positive real parameter and b is a non-zero constant with the dimension
of length. The models with 0 < p ≤ 2 have a cusp-like density profile and are used
as representations of galactic nuclei. In particular, the case n = 1 corresponds to the
Hernquist model [66] and is used to represent the stellar distribution in spheroidal
elliptical galaxies and bulges. The case n = 2 is the Plummer model which has a finite
central density. So the above potential-density pair is a generalization of Plummer
model. The models with n > 2 have a density profile that vanishes at the origin and
increases outwards near the center, which suggests a shell-like matter distribution.
When n → ∞ we have a thin shell of mass M and radius a.

The relativistic expressions for the main physical quantities associated with the
matter distributions are

ρ̄ = �� coth2
[
3

2

√
��H0t

]
+ 2(n + 1)MGb̃nS(t)2r̃ n−2d2(2−n)

3H2
0 r

3
S (S(t)d + 1)5

, (59a)

p̄r = −�� +
(

2

S(t)d − 1

)
�mS(t)−3

+ 2MGb̃nS(t)2r̃ n−2d2(2−n)

3H2
0 r

3
S (S(t)d + 1)5 (S(t)d − 1)

, (59b)

p̄θ = p̄ϕ = −�� +
(

2

S(t)d − 1

)
�mS(t)−3 + nMGb̃nS(t)2r̃ n−2d2(2−n)

3H2
0 r

3
S (S(t)d + 1)5 (S(t)d − 1)

,

(59c)

where r̃ = r/rS , b̃ = b/rS , and d = (r̃ n + b̃n)1/n . The first terms on the right-hand
side of equations above represent the components of the �CDM universe, the last
terms describe for n > 2 a relativistic expanding adiabatic thick spherical shell in
such universe and the second term in pressure represents the interaction between the
matter of the cosmological medium and the shell. So the energy-momentum tensor
can be written as Tab = T�CDM

ab + T int
ab + T shell

ab and the solution can be interpreted as
an expanding thick spherical shell in a �CDM universe. We observer that the energy
density always is a positive quantity in accordance with the weak energy condition
while the strong and dominant energy conditions are satisfied in all the expanding
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Fig. 6 The relativistic density profile ρ̃shell, the radial pressure P̃r (shell), the tangential pressure P̃ϕ(shell),

the circular speed profile v2c and the specific angular momentum h̃2, for the thick spherical shell embedded
in an asymptotically �CDM universe with parameters b̃ = 4 and n = 3 at the dimensionless cosmic times
t̃ = t̃m� (dashed curves), t̃0 (static case, solid curves), and 1.2 (dotted curves), as functions of r̃

shell if holds the inequality b̃ ≥ (3n + 2)/ (2(n + 1)S(t)), with S(t) �= 0. This
condition also implies that the inhomogeneous terms in the stress are positive and
non-singular quantities. For shells that asymptotes to the de Sitter universe we have
b̃ ≥ (3n + 2)et̃0/ (2(n + 1)). For a value of the parameters b̃, physically realistic
shell-like matter distributions are only possible from some minimum time S(t∗) =
(3n + 2)/

(
2(n + 1)b̃

)
. However, such structures are still possible for times t < t∗

by increasing the parameters b̃. Conversely, increasing n increases the minimum time
t∗. In turn, the tangential speed and the specific angular momentum for circular orbits
are given by

v2c = 2S(t)r̃ nd(
S(t)dn+1 − r̃ n + b̃n

)
(S(t)d − 1)

, (60a)

h̃2 = 2r̃ n+2 (S(t)d + 1)4

S(t)3d3
(
S(t)2dn+2 − 4S(t)r̃ nd + r̃ n − b̃n

) , (60b)

where h̃ = h/rS .
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Fig. 7 The relativistic density profile ρ̃shell, the radial pressure P̃r (shell), the tangential pressure P̃ϕ(shell),

the circular speed profile v2c and the specific angular momentum h̃2, for the thick spherical shell embedded
in an asymptotically �CDM universe with parameters b̃ = 4 and n = 6 at the dimensionless cosmic times
t̃ = t̃m� (dashed curves), t̃0 (static case, solid curves), and 1.2 (dotted curves), as functions of r̃

In Figs. 6 and 7 we present, as functions of r̃ , the relativistic density profile ρ̃shell =
(r3S/M)ρshell, the pressures P̃r (shell) = (r3S/M)Pr (shell) and P̃θ(shell) = P̃ϕ(shell) =
(r3S/M)Pϕ(shell), the circular speed profile v2c and the specific angular momentum h̃2,
for the thick spherical shells embedded in an asymptotically �CDM universe with
parameters b̃ = 4, n = 3, and 6, at the dimensionless cosmic times t̃ = t̃m�, t̃0 (static
case), and 1.2. Just like previous models, we find that as the universe expands, the
above physical quantities decrease everywhere on the shells, but exhibits at all times
a behavior similar to the static case. We observer that for these parameter values all
the energy conditions are satisfied with t̃∗ = 0.1384213109 in the case n = 3 and
t̃∗ = 0.2514260276 in the case n = 6 and subluminal circular orbits are obtained. We
also see that as the parameter n is increased, the shells become more concentrated and
the orbits more relativistic but stable orbits against radial perturbations are obtained
at later times. Indeed, the shell with n = 6 at t̃m� presents a region of instability near
the center. The same behavior is observed for other values of parameters.
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8 Conclusions

Non-static adiabatic axisymmetric structures embedded in an asymptotically �CDM
universe were constructed from several Newtonian potential-density pairs, using a
particular form of themetric in isotropic coordinates. Themethodwas used in building
of a perfect fluid thin disk source for the McVittie solution, a system composite by
a Plummer-type perfect fluid thin disk surrounded by an halo also made of perfect
fluid matter, a model of Miyamoto–Nagai-type anisotropic fluid thick disks, and in
the especial case of spherical symmetry, was also presented a family of models of
anisotropic thick spherical shells, embedded in an asymptotic �CDM universe.

In all case was found that main physical quantities associated with the matter
configurations decrease everywhere on the structures during expansion, but exhibit
at all times a behavior similar to the static case. Was also observed that expanding
physically realistic matter configurations in a �CDM universe are only possible from
some minimum time. However, such structures are always possible for times less than
such time appropriately increasing the parameters. The same behavior was observed
for the circular motion of the test particles around of the structures on the equatorial
plane and their stability against radial perturbations.
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