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1 Introduction

Energy correlators [1–3] are natural Lorentzian observables with numerous applications in
collider physics, conformal field theory, and string theory, see e.g. [4–32]. They are given by
an expectation value of a product of energy flux operators E(~ni) [33] that measure the flux
of energy at locations ~ni ∈ Sd−2 on the celestial sphere:

〈Ψ|E(~n1) · · · E(~nk)|Ψ〉. (1.1)

Energy correlators are examples of more general “event shapes”, which are expectation
values of products of detectors at different locations on the celestial sphere.

The kinematics of energy correlators and event shapes exhibit many features of a
(fictitious) Euclidean d−2-dimensional CFT on the celestial sphere. In particular, the
Lorentz group SO(d − 1, 1) acts as the conformal group on the celestial sphere, so event
shapes exhibit conformal symmetry.

However, other aspects of event shapes are different from d−2-dimensional CFT. Event
shapes are not necessarily computed (in an obvious way) by a local path integral on the
celestial sphere. Consequently, structures like radial quantization and a d−2-dimensional
operator product expansion (OPE) can’t obviously be used to analyze them. Nevertheless,
it was argued by Hofman and Maldacena [9] that a kind of OPE should exist between
energy flux operators E(~n1)×E(~n2) in the limit ~n1 → ~n2, i.e. as the corresponding points on
the celestial sphere approach each other. In [34, 35], the OPE of two energy flux operators
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E(~n1)× E(~n2) was explicitly constructed in a general nonperturbative CFTd, and it was
shown that the objects appearing are the light-ray operators OJ(~n) of [36]. This leads to
a useful expansion for two-point energy correlators in special functions called “celestial
blocks”, which re-sum the contributions of light-ray operators and their descendants on the
celestial sphere.

If it were possible to iterate the light-ray OPE, we would obtain a simple and beautiful
procedure for evaluating higher-point energy correlators. However, the arguments of [34, 35]
do not extend in a simple way to describe the OPE of an energy flux operator and a
more general light-ray operator E(~n1)×OJ (~n2), or to describe an OPE of general light-ray
operators OJ1(~n1)×OJ2(~n2). Perturbative studies of these more complicated OPEs were
undertaken recently in [30]. Finding an appropriate nonperturbative generalization of the
light-ray OPE is an important problem. However, we will not solve it in this work. Instead,
we assume that a general light-ray OPE exists and study some of its consequences for
higher-point energy correlators.

One consequence is that higher-point energy correlators should admit an expansion in a
discrete sum of multi-point celestial blocks. Mathematically, harmonic analysis with respect
to the Lorentz group [37] guarantees that energy correlators can be expanded in an integral
of celestial “partial waves”. However, going from a partial wave expansion to a celestial
block expansion requires a dynamical assumption about poles in partial wave coefficients.
We check this assumption by studying the celestial block expansion of three-point energy
correlators (EEEC) at both weak coupling (in QCD and N = 4 SYM) and strong coupling
(N = 4 SYM). In all cases, we find that a discrete celestial block expansion exists, and that
the quantum numbers of objects appearing can be understood from symmetries. At weak
coupling, we use the recent perturbative expressions for the EEEC in [24], and at strong
coupling, we study Hofman and Maldacena’s famous result for the EEEC [9].

A particularly interesting limit of the EEEC is the collinear limit [24, 30], where all
three operators approach each other on the celestial sphere |~nij | → 0 with |~nij |/|~nkl| fixed,
where ~nij = ~ni − ~nj . Physically, the collinear limit is obtained by simultaneously boosting
all three detectors. By Lorentz-invariance, this is equivalent to boosting the state |Ψ〉 in the
opposite direction, causing its momentum p to approach the null cone. However, a point on
the null cone encodes a point on the celestial sphere (1, ~n4) = p/p0, so the kinematics of the
EEEC in the collinear limit are the same as for a conformal four-point function in CFTd−2.
In particular, celestial blocks have an expansion in the collinear limit, where the leading
term is the usual four-point conformal block. This observation was made for the leading
term in [30], and we will extend it to a systematic expansion around the collinear limit.
Furthermore, event shapes inherit crossing symmetry from the d-dimensional bulk theory.
This allows us to apply techniques from the analytic bootstrap for CFT four-point functions
to the collinear EEEC, including the lightcone bootstrap [38–43] and Lorentzian inversion
formula [44, 45]. (Interestingly, the Lorentzian inversion formula requires analytically
continuing to Lorentzian signature on the celestial sphere, which is (d− 2, 2) signature from
the point of view of the bulk theory.)

This paper is organized as follows. In section 2, we study implications of Lorentz
symmetry for event shapes. We explain the form that the celestial block expansion should
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take for 2- and 3-point event shapes, and study the expansion of 3-point celestial blocks
around the collinear limit. We furthermore explore general constraints of celestial crossing
symmetry for the collinear EEEC using lightcone bootstrap methods. In section 3, we
study recent leading-order weak-coupling results for the collinear EEEC in QCD and N = 4
SYM from the point of view of the celestial block expansion, using the Lorentzian inversion
formula to extract celestial block coefficients. In section 4, we describe some predictions
for higher orders in the weak coupling expansion that follow from a discrete celestial block
expansion. In section 5, we discuss consequences of Ward identities, in particular using
them to determine the leading nontrivial contact terms in the EEEC in weakly-coupled
N = 4 SYM. In section 6, we study the EEEC in strongly-coupled N = 4 SYM for general
configurations on the celestial sphere — not just the collinear limit. We explain how the
corresponding celestial OPE data can be obtained from a three-point celestial inversion
formula, and then apply the inversion formula to results from [9] to obtain simple analytic
formulas for the full EEEC celestial OPE data at O(1/λ). Finally, we conclude in section 7.

Note added. This paper will appear simultaneously with a paper by Hao Chen, Ian
Moult, Joshua Sandor, and Hua Xing Zhu, that also studies three-point correlators of
light-ray operators from the perspective of the light-ray OPE. We thank these authors for
coordinating submission.

2 Lorentz symmetry and event shapes

Because the Lorentz group SO(d− 1, 1) is also the conformal group on the celestial sphere
Sd−2, event shapes can be decomposed into “celestial blocks”, which are natural objects from
the point of view of d−2 dimensional CFT. We will be particularly interested in three-point
event shapes. In the “collinear” limit where the three detectors are close to each other, the
kinematics of a three-point event shape become the same as a CFT four-point function, and
celestial blocks become four-point conformal blocks. We will begin by reviewing event shapes
in CFT. We then discuss celestial blocks for two-point event shapes, before introducing
three-point celestial blocks and their collinear limit.

2.1 Review: event shapes and the light transform

An event shape can be thought of as a weighted cross section, or alternatively as the
expectation value of an operator at future null infinity. For example, consider the three-
point energy correlator (EEEC), conventionally defined by

EEEC(ζ12, ζ13, ζ23)

=
∑
i,j,k

∫
dσ
EiEjEk
Q3 δ

(
ζ12−

1−cosθij
2

)
δ

(
ζ13−

1−cosθik
2

)
δ

(
ζ23−

1−cosθjk
2

)
. (2.1)

Here, dσ is the phase space measure multiplied by the squared amplitude for some state
|O(p)〉 to create outgoing particles, and the sum

∑
i,j,k runs over triplets of outgoing particles.

The definition (2.1) is convenient for perturbative calculations and deriving Ward identities
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(see section 5). However, it obscures some features like IR safety, and furthermore requires
the existence of asymptotic states.

An alternative definition of the EEEC, that works in any nonperturbative QFT, is [12]

EEEC(ζ12, ζ13, ζ23) =
∫
dΩ~n1dΩ~n2dΩ~n3δ(ζ12 − 1−~n1·~n2

2 )δ(ζ13 − 1−~n1·~n3
2 )δ(ζ23 − 1−~n2·~n3

2 )

× 〈O(p)|E(~n1)E(~n2)E(~n3)|O(p)〉
(−p2)

3
2 〈O(p)|O(p)〉

, (2.2)

where E(~n) is an energy detector defined by

E(~n) = lim
r→∞

rd−2
∫ ∞

0
dt niT 0

i(t, r~n). (2.3)

In a CFT, E(~n) is conformally equivalent to the average null energy operator ANEC — a
null integral of the stress tensor [9]. Thus, we often refer to E(~n) as ANEC operators. Here,
and below, we use the shorthand notation where when a bra and ket have equal momenta,
we implicitly strip off an overall momentum-conserving delta function. This is equivalent to
Fourier-transforming only one of the operators:

〈O(p)| · · · |O(p)〉 ≡
∫
ddxeip·x〈0|O(x) · · · O(0)|0〉. (2.4)

The ANEC operator E(~n) measures energy flux at a point on the celestial sphere
~n ∈ Sd−2. In a CFT, it can be understood in terms of a conformally-invariant integral
transform called the light transform [36]. To describe the light transform, we use index-
free notation where we contract indices of an operator with an auxiliary null vector z:
O(x, z) = Oµ1···µJ (x)zµ1 · · · zµJ . The light transform of an operator O with scaling dimension
∆ and spin J is

L[O](x, z) =
∫ ∞
−∞

dα(−α)−∆−JO
(
x− z

α
, z

)
. (2.5)

Under conformal transformations, L[O](x, z) transforms like a primary operator at x with
quantum numbers (1− J, 1−∆). The ANEC operator defined in (2.3) can be written as
the light transform of the stress-energy tensor placed at spatial infinity:

E(~n) = 2L[T ](∞, z = (1, ~n)). (2.6)

In general, an (un-normalized) n-point event shape in CFT is the matrix element of a
product of n light-transformed operators in a state |O(p)〉:

〈O(p)|L[O1](∞, z1) · · ·L[On](∞, zn)|O(p)〉. (2.7)

For the EEEC, we have O1 = O2 = O3 = T .
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2.2 Lorentz symmetry and celestial blocks

2.2.1 Two-point event shapes

Consider a two-point scalar event shape1

〈φ4(p)|L[φ1](∞, z1)L[φ2](∞, z2)|φ3(p)〉. (2.8)

For simplicity, we study event shapes built from scalars φi in this section, leaving spinning
operators for later.

Let us understand how the product L[φ1](∞, z1)L[φ2](∞, z2) transforms under the
Lorentz group SO(d− 1, 1). The Lorentz group is isomorphic to the Euclidean conformal
group in d−2 dimensions. From this point of view, the polarization vector z can be thought
of as an embedding-space coordinate for the celestial sphere Sd−2.

As convenient notation, let Pδ,j(z, w) denote an operator with dimension δ and spin j
in a fictitious CFTd−2 on the celestial sphere, in the embedding formalism. The embedding
space coordinates are null vectors z, w ∈ Rd−1,1 with a gauge redundancy w ∼ w + αz.
Pδ,j(z, w) is a homogeneous function of z and w with degrees −δ and j, respectively. See [34]
for more details on this notation. We usually refer to the spin j on the celestial sphere
as “transverse spin” to disambiguate it from the Lorentz spin J of a local operator in
d-dimensions. When j = 0, we write simply Pδ(z).

The light-transformed operator L[φi](∞, z) is homogeneous of degree 1−∆i in z. Thus,
it transforms like a scalar on the celestial sphere with dimension δi = ∆i − 1:

L[φi](∞, z) ∼ Pδi(z). (2.9)

From this point of view, we can treat correlators of L[φi](∞, z) as if they were correlators
of Pδi(z) in a fictitious CFTd−2. Note that we do not assert that there exists a local CFT
on Sd−2. For our purposes, (2.9) is convenient notation for keeping track of symmetries.

Using this notation, a product L[φ1](∞, z1)L[φ2](∞, z2) transforms like a product of
scalars Pδ1(z1)Pδ2(z2) in d−2 dimensions. It is natural to expand such a product in a d−2
dimensional OPE, where the objects that appear are spin-j traceless symmetric tensors:

Pδ1(z1)Pδ2(z2) =
∑
δ,j

rδ,jCδ,j(z1, z2, ∂z2 , ∂w2)Pδ,j(z2, w2). (2.10)

Here, the dimensions δ and “OPE coefficients” rδ,j that appear depend on the theory.
However, the differential operator Cδ,j is determined by symmetry and is defined by

Cδ,j(z1, z2, ∂z2 , ∂w2)〈Pδ,j(z2, w2)Pδ,j(z, w)〉 = 〈Pδ1(z1)Pδ2(z2)Pδ,j(z, w)〉, (2.11)

where 〈Pδ,j(z2, w2)Pδ,j(z, w)〉 and 〈Pδ1(z1)Pδ2(z2)Pδ,j(z, w)〉 are standard two- and three-
point structures in the embedding space.

1This scalar event shape is only well-defined nonperturbatively if the theory has Regge intercept J0 <

−1 [46]. In this section, we are only interested in kinematics, so we assume this is the case.

– 5 –



J
H
E
P
0
2
(
2
0
2
3
)
1
2
6

The light-ray OPE gives a concrete version of the expansion (2.10) where the objects on
the right-hand side are light-ray operators. Taking L[φ]L[φ] as an example, the operators
appearing are [34, 35]

L[φ]× L[φ] ∼
∑
i

Oi,J=−1,j=0 +
∑
i

∞∑
n=1
D2nOi,J=−1+2n,j=0. (2.12)

Here, Oi,J,j denotes a light-ray operator on the i-th Regge trajectory with spin J and
transverse spin j [36]. D2n is a differential operator that decreases the spin J by 2n and
increases the transverse spin j by 2n. Light-ray operators are analytic continuations of light
transformed operators L[O] in J , so they satisfy

Oi,J,j = fφφOi,J,jL[Oi,J,j ], J ∈ Z≥0, J even. (2.13)

The light-ray OPE thus establishes a relation between the scalar two-point event shape,
defined as the matrix element of L[φ]L[φ], and the OPE data of φ×φ analytically continued
to J = −1, 1, 3, . . . . For concrete calculations of two-point event shapes using the light-ray
OPE, see [34, 35].

Let us apply the light-ray OPE to the event shape (2.8). As discussed in [35], there is a
selection rule for the transverse spin j: in a state created by scalar operators 〈φ4(p)| · |φ3(p)〉,
only light-ray operators with j = 0 can have nonzero matrix elements. Thus, the sum
in (2.10) collapses to just the j = 0 terms. We find

〈φ4(p)|L[φ1](∞, z1)L[φ2](∞, z2)|φ3(p)〉 =
∑
δ

r12δCδ(z1, z2, ∂z2)〈φ4(p)|Wδ(z2)|φ3(p)〉,

(2.14)

where Wδ stands for transverse-spin zero light-ray operators Oi,J=−1,j=0, and transforms as
a scalar primary with dimension δ under SO(d− 1, 1).

The form of the matrix element 〈φ4(p)|Wδ(z2)|φ3(p)〉 is fixed by Lorentz symmetry,
homogeneity in z2, and dimensional analysis to be

〈φ4(p)|Wδ(z2)|φ3(p)〉 = s34δ(−2p · z2)−δ(−p2)
∆3+∆4+δ−2−d

2 . (2.15)

Thus, the event shape can be written as

〈φ4(p)|L[φ1](∞, z1)L[φ2](∞, z2)|φ3(p)〉

=
∑
δ

r12δs34δ(−p2)
∆3+∆4+δ−2−d

2 Cδ(z1, z2, ∂z2)(−2p · z2)−δ. (2.16)

The object Cδ(z1, z2, ∂z2)(−2p · z2)−δ is called a “celestial block” and it is completely
fixed by SO(d − 1, 1) symmetry. It can be computed by solving a Casimir differential
equation, similar to the method used by Dolan and Osborn to compute conventional
conformal blocks [47]. The result is [34]

Cδ(z1, z2, ∂z2)(−2p · z2)−δ = (−p2)
δ1+δ2−δ

2

(−2p · z1)δ1(−2p · z2)δ2 f
δ1,δ2
δ (ζ), (2.17)

– 6 –
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where ζ is a Lorentz-invariant cross ratio

ζ = (−p2)(−2z1 · z2)
(−2p · z1)(−2p · z2) , (2.18)

and the function f δ1,δ2δ (ζ) is given by

f δ1,δ2δ (ζ) = ζ
δ−δ1−δ2

2 2F1
(
δ+δ1−δ2

2 , δ+δ2−δ12 , δ + 2− d
2 , ζ

)
. (2.19)

Combining everything, we obtain a celestial block expansion for the two-point event
shape

〈φ4(p)|L[φ1](∞, z1)L[φ2](∞, z2)|φ3(p)〉

= (−p2)
δ1+δ2+δ3+δ4−d

2

(−2p · z1)δ1(−2p · z2)δ2
∑
δ

r12δs34δf
δ1,δ2
δ (ζ). (2.20)

Note that the form of the celestial block expansion (2.20) is completely dictated by symme-
tries. The light-ray OPE formula then predicts that the δ’s appearing in the expansion (2.20)
should be related to dimensions of light-ray operators in the CFT. Furthermore, it makes a
prediction for the product of coefficients r12δs34δ:

r12δs34δ = 2d+2−δ3−δ4π
d
2 +3eiπ

δ4−δ3
2 Γ(δ − 1)

Γ( δ+δ3−δ42 )Γ( δ−δ3+δ4
2 )Γ( δ3+δ4−δ

2 )Γ( δ+δ3+δ4+2−d
2 )

(
p+
δ+1,J=−1 + p−δ+1,J=−1

)
,

(2.21)

where p+
∆,J(p

−
∆,J) is the product of OPE coefficients of the four-point function 〈φ4φ1φ2φ3〉,

analytically continued from even(odd) spin.
Even if we do not know the coefficients r12δ and s34δ, we can still make some statements

about the event shape. We will be particularly interested in the limit where all the detectors
are close to each other. For the two-point case, this simply corresponds to z1 → z2, or
ζ → 0, and the event shape should behave as

〈φ4(p)|L[φ1](∞, z1)L[φ2](∞, z2)|φ3(p)〉

= r12δ∗s34δ∗
(−p2)

δ1+δ2+δ3+δ4−d
2 ζ

δ∗−δ1−δ2
2

(−2p · z1)δ1(−2p · z2)δ2 + · · ·

= r12δ∗s34δ∗(−p2)
δ∗+δ3+δ4−d

2 〈Pδ1(z1)Pδ2(z2)Pδ∗(p)〉+ · · · , (2.22)

where δ∗ is the smallest δ appearing in the
∑
δ sum.

2.2.2 Three-point event shapes

Next, consider a three-point event shape

〈φ5(p)|L[φ1](∞, z1)L[φ2](∞, z2)L[φ3](∞, z3)|φ4(p)〉. (2.23)

We can use the light-ray OPE to decompose the product of a pair of detectors, say L[φ1]L[φ2],
as a sum of light-ray operators Oi. However, we do not currently possess a more general
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light-ray OPE formula that lets us further decompose the product OiL[φ3]. To make
progress, let us use Lorentz symmetry to predict the form that a celestial block expansion
for the three-point event shape should have.

Following the analysis in section 2.2.1, we treat L[φ1](∞, z1)L[φ2](∞, z2)L[φ3](∞, z3)
as a product of three scalar primary operators Pδ1(z1)Pδ2(z2)Pδ3(z3) in a fictitious CFTd−2.
Formally taking consecutive OPEs, we have2

Pδ1(z1)Pδ2(z2)Pδ3(z3)

=
∑
δ,j

r12Pδ,jC12Pδ,j (z1, z2, ∂z2 , ∂w2)Pδ,j(z2, w2)Pδ3(z3)

=
∑
δ′,λ′

∑
δ,j

r12Pδ,jr
′
Pδ,j3Pδ′,λ′C12Pδ,j (z1, z2, ∂z2 , ∂w2)CPδ,j3Pδ′,λ′ (z2, z3, ∂z3 , ∂~w3)Pδ′,λ′(z3, ~w3).

(2.24)

Therefore, the three-point event shape should have the form

〈φ5(p)|L[φ1](∞, z1)L[φ2](∞, z2)L[φ3](∞, z3)|φ4(p)〉

=
∑
δ′

∑
δ,j

r12Pδ,jr
′
Pδ,j3Pδ′C12Pδ,j (z1, z2, ∂z2 , ∂w2)CPδ,j3Pδ′ (z2, z3, ∂z3)〈φ5(p)|W′δ′(z3)|φ4(p)〉

=
∑
δ′

∑
δ,j

r12Pδ,jr
′
Pδ,j3Pδ′s

′
45δ′(−p2)

δ4+δ5+δ′−1−d
2

× C12Pδ,j (z1, z2, ∂z2 , ∂w2)CPδ,j3Pδ′ (z2, z3, ∂z3)(−2z3 · p)−δ
′
, (2.25)

where from the second to the third line, we again use the homogeneity of z3 and p. In the
expansion (2.25), we have three unknown coefficients r12Pδ,j , r′Pδ,j3Pδ′ , and s

′
45δ′ .

If an OPE expansion for a three-point event shape exists, symmetries ensure it must
take the form (2.25). However, we do not know an argument guaranteeing the existence of
such an expansion. Mathematically, the only thing that is guaranteed is that (2.23) can
be decomposed into a double-integral over complex δ and δ′ of “celestial partial waves”,
defined below in equation (6.9). An expansion like (2.25) would arise if we can additionally
close the contours to the right, picking up a set of discrete poles, as described in [48] for the
conventional conformal block decomposition. In this work, we assume that such a contour
maneuver is possible, at least to characterize the leading behavior of the event shape in
the collinear limit. In the absence of nonperturbative arguments, it is also important to
compare (2.25) to perturbative data, as we do in section 3.

The kinematic dependence of (2.25) is accounted for by the object

C12Pδ,j (z1, z2, ∂z2 , ∂w2)CPδ,j3Pδ′ (z2, z3, ∂z3)(−2z3 · p)−δ
′
, (2.26)

which is completely fixed by Lorentz symmetry. We call (2.26) a three-point celestial block.
Although we do not know a compact closed-form expression for it, we can still determine

2Here, we are following the notation of [34, 35], where ~w3 denotes a collection of polarization vectors for
different rows of the Young diagram of an SO(d− 2) representation. However, after taking the expectation
value in a scalar density matrix 〈φ5(p)| · |φ4(p)〉, only scalar representations λ′ are allowed, so ~w3 immediately
drops out and can be ignored.
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3−point :

Figure 1. Diagrams representing the two-point and three-point celestial blocks. Each vertex should
be understood as an OPE differential operator Cijk in the CFTd−2. The symbol ⊗ represents the
factor (2.28).

its expansion around the collinear limit, where z1, z2, z3 are close to each other. The reason
is that the collinear limit is equivalent (up to a Lorentz transformation) to a configuration
where p is null. Writing p as z0 in this null limit, the leading term of the three-point celestial
block in the collinear limit becomes

C12Pδ,j (z1, z2, ∂z2 , ∂w2)CPδ,j3Pδ′ (z2, z3, ∂z3)(−2z3 · p)−δ
′

→ C12Pδ,j (z1, z2, ∂z2 , ∂w2)CPδ,j3Pδ′ (z2, z3, ∂z3)(−2z3 · z0)−δ′ = g
(δ1,δ2,δ3,δ′)
δ,j (z1, z2, z3, z0),

(2.27)

where the second line is simply the definition of a four-point conformal block.
To characterize subleading terms in the expansion around the collinear limit (or

equivalently the null p limit), it is helpful to introduce |Pδ′ , p〉〉, defined as the state in the
conformal multiplet of |Pδ′〉 that is invariant under the little group SO(d− 1) that fixes p.
From the point of view of conformal symmetry, p is a point in the center of EAdSd−1, so
the overlap of |Pδ′ , p〉〉 with |Pδ′(z3)〉 is a bulk-to-boundary propagator:

〈Pδ′(z3)|Pδ′ , p〉〉 = (−2z3 · p)−δ
′
. (2.28)

The three-point celestial block can be written as

C12Pδ,j (z1, z2, ∂z2 , ∂w2)CPδ,j3Pδ′ (z2, z3, ∂z3)〈Pδ′(z3)|Pδ′ , p〉〉. (2.29)

This expression can be represented by the diagram in figure 1, where we also include
the diagram for the two-point case. Theses diagrams can be thought of as the OPE
decomposition of the usual three-point and four-point function in the fictitious CFTd−2,
but with one of the external operators replaced by |Pδ′ , p〉〉.

Let us determine a more explicit expression for |Pδ′ , p〉〉. Treating SO(d − 1, 1) as
the (d−2)-dimensional conformal group, its generators are {D,Mab, Pa,Ka}, where a, b =
1, · · · , d− 2, Mab are SO(d− 2) rotation generators, and Pa and Ka are the translation and
special conformal generators in Rd−2. For p = (p0, ~p) = (1,~0), the little group that fixes p
is generated by Mab and Pa +Ka. Therefore, the |Pδ′ , p〉〉 must satisfy the conditions

Mab|Pδ′ , (1,~0)〉〉 = 0,
(Pa +Ka)|Pδ′ , (1,~0)〉〉 = 0. (2.30)
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The solution to these conditions was obtained in [49] with a somewhat different motivation
(studying local probes of a dual AdS geometry). The result is

|Pδ′ , (1,~0)〉〉 = Γ(δ′ + 2− d
2)
(√

P 2

2

) d−2
2 −δ

′

Jδ′− d−2
2

(√
P 2
)
|Pδ′〉, (2.31)

where |Pδ′〉 is the CFT primary state killed by Ka, and Jν(x) is a Bessel function of the
first kind.

The action of momentum generators Pa on |Pδ′〉 can be written as derivatives of |Pδ′(z)〉
with respect to z. Equation (2.31) thus expresses |Pδ′ , (1,~0)〉〉 as an infinite-order differential
operator acting on |Pδ′(z)〉. Plugging this into (2.29), we obtain the three-point celestial
block as an infinite-order differential operator acting on a four-point conformal block:

C12Pδ,j (z1, z2, ∂z2 , ∂w2)CPδ,j3Pδ′ (z2, z3, ∂z3)(−2z3 · p)−δ
′

= Γ(δ′ + 2− d
2)


√
∂2
~y

2


d−2

2 −δ
′

Jδ′− d−2
2

(√
∂2
~y

)
g

(δ1,δ2,δ3,δ′)
δ,j (z1, z2, z3, z0), (2.32)

where z0 = (1, ~y2, ~y). Note that only even powers of
√
∂2
~y appear in the expansion of the

Bessel function, so the above differential operator is well-defined order-by-order in this
expansion. Even though intermediate terms depend on the point z0, the final result must
be independent of z0. In appendix A, we present an alternative derivation of this identity
that leads to an expression where Lorentz invariance is more manifest.

Note that the state |Pδ′ , p〉〉 breaks the Lorentz group SO(d− 1, 1) to the little group
SO(d− 1). This is the same pattern of symmetry breaking that occurs in the presence of
a codimension-1 spherical boundary or defect [50]. Thus, celestial blocks are equivalent
to boundary/defect conformal blocks [51]. Often, boundaries and defects are studied in
Euclidean space, where the symmetry breaking pattern in CFTd−2 is SO(d)→ SO(d− 1).
Since the signature of the corresponding orthogonal groups is different, our celestial blocks
are related by analytic continuation to those blocks.

Expanding our expression to leading and subleading in the collinear limit p2 → 0, we find

C12Pδ,j (z1, z2, ∂z2 , ∂w2)CPδ,j3Pδ′ (z2, z3, ∂z3)(−2z3 · p)−δ
′

= T123δ′(z1, z2, z3, p)
(
g

(123δ′)
δ,j (u, v) + ζ13

d− 4− 2δ′D
(1)
u,vg

(123δ′)
δ,j (u, v) +O((−p2)2)

)
, (2.33)

where u and v are defined as

u = (−2z1 · z2)(−2z3 · p)
(−2z1 · z3)(−2z2 · p)

, v = (−2z2 · z3)(−2z1 · p)
(−2z1 · z3)(−2z2 · p)

, (2.34)

and the overall factor T123δ′(z1, z2, z3, p) is

T123δ′(z1, z2, z3, p) =

(
−2z2·p
−2z1·p

) δ1−δ2
2
(
−2z1·p
−2z1·z3

) δ3−δ′
2

(−2z1 · z2)
δ1+δ2

2 (−2z3 · p)
δ3+δ′

2

. (2.35)
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The differential operator D(1)
u,v generating the first subleading term is given by

D(1)
u,v = 1

2(δ1 − δ2)(δ1 − δ2 − δ3 + δ′)u+ 1
2(δ3 + δ′)((δ1 − δ2)v − δ1 + δ2 + δ3 − δ′)

+ ((2− 2δ1 + 2δ2 + δ3 − δ′)u− (δ3 + δ′)(v − 1))v∂v
+ ((2− δ1 + δ2 − δ3 − δ′)v − (δ1 − δ2 − δ3 + δ′)(u− 1))u∂u
+ 2uv(u∂2

u + v∂2
v + (u+ v − 1)∂u∂v). (2.36)

As an example, let us specialize to a three-point energy correlator in a 4d CFT. In this
case, we have δ1 = δ2 = δ3 = 3, and (2.36) becomes

D(1)EEE
u,v = (3−δ′)(3+δ′)

2 +((5−δ′)u−(3+δ′)(v−1))v∂v−((−3+δ′)(u−1)+(1+δ′)v)u∂u

+2uv(u∂2
u+v∂2

v+(u+v−1)∂u∂v). (2.37)

Using (2.33), we can finally write down the expansion of the three-point event shape in
the collinear limit:

〈φ5(p)|L[φ1](∞, z1)L[φ2](∞, z2)L[φ3](∞, z3)|φ4(p)〉

=
∑
δ′

∑
δ,j

r12Pδ,jr
′
Pδ,j3Pδ′s

′
45δ′(−p2)

δ4+δ5+δ′−1−d
2 T123δ′(z1, z2, z3, p)

×
(
g

(123δ′)
δ,j (u, v) + ζ13

d− 4− 2δ′D
(1)
u,vg

(123δ′)
δ,j (u, v) +O((−p2)2)

)
. (2.38)

In sections 3 and 4 of this paper, we will mostly focus on the leading term, which is simply
a four-point conformal block. In section 6, when we study N = 4 at strong coupling, we
will derive results related to the full structure of the three-point celestial block.

We can also take the OPE of (2.23) in a different order. If we first take the 23 OPE,
we obtain

〈φ5(p)|L[φ1](∞, z1)L[φ2](∞, z2)L[φ3](∞, z3)|φ4(p)〉

=
∑
δ′

∑
δ,j

r23Pδ,jr
′
Pδ,j1Pδ′s

′
45δ′(−p2)

δ4+δ5+δ′−1−d
2 T321δ′(z3, z2, z1, p)

×
(
g

(321δ′)
δ,j (v, u) + ζ13

d− 4− 2δ′D
(1)
v,ug

(321δ′)
δ,j (v, u) +O((−p2)2)

)
. (2.39)

Thus, we obtain a crossing equation∑
δ′

∑
δ,j

r12Pδ,jr
′
Pδ,j3Pδ′s

′
45δ′(−p2)

δ4+δ5+δ′−1−d
2 T123δ′(z1, z2, z3, p)

×
(
g

(123δ′)
δ,j (u, v) + ζ13

d− 4− 2δ′D
(1)
u,vg

(123δ′)
δ,j (u, v) +O((−p2)2)

)
=
∑
δ′

∑
δ,j

r23Pδ,jr
′
Pδ,j1Pδ′s

′
45δ′(−p2)

δ4+δ5+δ′−1−d
2 T321δ′(z3, z2, z1, p)

×
(
g

(321δ′)
δ,j (v, u) + ζ13

d− 4− 2δ′D
(1)
v,ug

(321δ′)
δ,j (v, u) +O((−p2)2)

)
. (2.40)
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The leading term of this equation looks like a usual four-point crossing equation in a (d−2)-
dimensional CFT. We will study some of its implications in section 2.4 and appendix D. It
would also be interesting to study (2.40) with subleading terms included.

2.3 Expansion of the EEEC in the collinear limit

We are now ready to study the expansion of the three-point energy correlator in the collinear
limit. In what follows, we only keep the leading term (the conformal block). We also
specialize to four dimensions, for simplicity. We can essentially follow section 2.2.2, replacing
the scalar operators φ1, φ2, φ3 with the stress-tensor T . Note that the ANEC operator E is
still a scalar on the celestial sphere, so the only difference from our earlier analysis is the
homogeneity in the momentum p. For sink/source states created by a scalar operator O,
the result is3

〈O(p)|E(~n1)E(~n2)E(~n3)|O(p)〉

=
∑
δ,j

rEEPδ,jr
′
Pδ,jEPδ′∗

s′OOPδ′∗

(−p2)
2∆O+δ′∗−1

2
(
−2z2·p
−2z1·z2

) 3−δ′∗
2

(−2z2 · z3)3(−2z1 · p)
3+δ′∗

2

g
(EEEPδ′∗ )
δ,j (z, z) + . . . , (2.41)

where “. . . ” denotes subleading terms in the collinear limit, and δ′∗ is the smallest value of
δ′ that appears in the Pδ,j × E OPE in the fictitious CFT2. We assume for now that δ′∗ is
isolated.4 We have also changed variables from u, v to z, z, defined by

u = zz = ζ23
ζ12

, v = (1− z)(1− z) = ζ13
ζ12

, (2.42)

where z, z are complex conjugates of each other.5

Recall that the EEEC is defined by (2.2). Note that 〈O(p)|E(~n1)E(~n2)E(~n3)|O(p)〉
depends only on angles between ~n1, ~n2, ~n3, which are localized by the delta functions in the
first line of (2.2). The remaining Jacobian factor is∫

dΩ~n1dΩ~n2dΩ~n3δ(ζ12 − 1−~n1·~n2
2 )δ(ζ13 − 1−~n1·~n3

2 )δ(ζ23 − 1−~n2·~n3
2 )

→ 64π2

|(~n1 × ~n2) · ~n3|

= 32π2√
−ζ2

12 − ζ2
13 − ζ2

23 + 2ζ12ζ13 + 2ζ12ζ23 + 2ζ13ζ23 − 4ζ12ζ13ζ23
. (2.43)

Also, the total cross section is given by

σOtotal ≡
∫
d4x eip·x〈0|O†(x)O(0)|0〉 = 25−2∆Oπ3

Γ(∆O − 1)Γ(∆O)(−p2)
2∆O−4

2 θ(p). (2.44)

3For later convenience, we relabel the points as 1→ 2, 2→ 3, 3→ 1.
4We study a case where two operators have degenerate δ′∗ at the lowest order in perturbation theory in

section 4.2.
5Note that earlier we used z as a null polarization vector z ∈ Rd−1,1, whereas here it is a complex number

z ∈ C. We hope that no confusion will arise from this overloaded notation.
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Combining these results with (2.41), the EEEC in the collinear limit is given by

EEEC(ζ12, ζ13, ζ23) = ζ12

ζ3
23

√
−ζ2

12 − ζ2
13 − ζ2

23 + 2ζ12ζ13 + 2ζ12ζ23 + 2ζ13ζ23
G(ζ12, z, z) + . . . ,

(2.45)

where

G(ζ12, z, z) ≡ ζ
δ′∗−5

2
12

∑
δ,j

Rδ,j;δ′∗g
(EEEPδ′∗ )
δ,j (z, z),

Rδ,j;δ′∗ ≡
22∆O−9Γ(∆O − 1)Γ(∆O)

π
rEEPδ,jr

′
Pδ,jEPδ′∗

s′OOPδ′∗
. (2.46)

Here, we have set zi = (1, ~ni) and ζij = 1−~ni·~nj
2 .

Thus, the function G(ζ12, z, z) describing the leading behavior of the EEEC in the
collinear limit can be written as a sum of conformal blocks, up to a power of ζ12. The coef-
ficients Rδ,j;δ′∗ appearing in the expansion are products of light-ray OPE coefficients rEEPδ,j
and r′Pδ,jEPδ′∗

and 1-point functions s′OOPδ′∗
. Since most of these quantities are unknown

a-priori, we will mostly just work with the coefficients Rδ,j;δ′∗ in this paper. The detailed
definition of Rδ,j;δ′∗ would become useful if one could derive a three-point light-ray OPE
formula that relates rEEPδ,jr′Pδ,jEPδ′∗

s′OOPδ′∗
to the OPE data of the CFT (similar to (2.21)).

Although most of the coefficients in the expansion (2.46) are a-priori unknown, we
do know a lot about the quantum numbers δ′∗ and δ that appear. The dimension δ′∗ is
associated with the lowest dimension light-ray operator in the triple-E OPE. It is natural to
guess that it is given by the lowest-twist spin-4 operator in the theory: δ′∗ = ∆min(J = 4),
as we discuss in section 3.1. Furthermore, the dimensions δ that appear in the conformal
block expansion (2.46) are controlled by the two-E light-ray OPE, which we understand
much better — they are associated to light-ray operators with spin J = 3, 5, . . . [34, 35].
Below, we will confirm these expectations in examples.

2.4 Lightcone bootstrap constraints

The leading term of the crossing equation (2.40) can be written as6

G(ζ12, z, z) = ζ
δ′∗−5

2
12

∑
δ,j

Rδ,j;δ′∗g
(EEEPδ′∗ )
δ,j (z, z)

=
(

zz

(1− z)(1− z)

)3
ζ
δ′∗−5

2
12

∑
δ,j

Rδ,j;δ′∗g
0, 3−δ

′
∗

2
δ,j (1− z, 1− z). (2.47)

This looks like a four-point crossing equation in a (d−2)-dimensional CFT. It is thus
interesting to ask what we can deduce about the original d-dimensional CFT from it.

6Here, we use two different notations for conformal blocks, and we hope the meaning hereafter will be
clear from context. The first notation is g(O1O2O3O4)

δ,j , where the block is labeled by the conformal multiplets
of each individual external operator O1, · · · ,O4. The second notation is gδ12,δ34

δ,j , where we use the fact that
the block depends only on the differences of scaling dimensions δ12 = δ1 − δ2 and δ34 = δ3 − δ4.
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Unfortunately, the coefficients Rδ,j;δ′∗ do not satisfy any simple positivity conditions, so
numerical bootstrap methods do not apply in an obvious way. In this section, we will
instead study (2.47) from the point of view of the lightcone bootstrap [38, 39, 43], which
does not require positivity conditions.

The usual lightcone bootstrap analysis begins by analytically continuing the four-
point function into Lorentzian signature, and then considering the double lightcone limit
z � 1−z � 1. In our setting, this would require analytically continuing celestial cross-ratios
away from the Euclidean regime. However, our “correlator” G(ζ12, z, z) does not come from
a local, reflection-positive Euclidean CFTd−2, and thus it is not guaranteed that we can
analytically continue it to (d−2)-dimensional Lorentzian signature (which would be (2, d−2)
signature from the point of view of the full d-dimensional theory).

However, we believe that the main conclusion of the analytic bootstrap, i.e. the existence
of double-twist families at large spin, can still be obtained by staying in Euclidean signature.
The idea is that by plugging the leading t-channel singularity into the Euclidean inversion
formula, one can still deduce that the OPE coefficient density C(∆, J) should behave as
the lightcone bootstrap predicts at large spin J . Similarly, it should be possible to compute
subleading corrections in J from subleading terms in the t-channel singularity. Hence, we
expect that analytic continuation in z, z can be thought of as a proxy for a more complicated
analysis using Euclidean partial waves.

Thus, let us proceed to studying implications of the lightcone bootstrap for the celestial
crossing equation (2.47). We will actually consider a more general three-point event shape
L[O]L[O]L[O], where O is an operator with spin J . The crossing equation reads

∑
δ,j

Rδ,j,δ′∗g
(0,s)
δ,j (z, z) =

(
zz

(1− z)(1− z)

)δO∑
δ,j

Rδ,j,δ′∗g
(0,s)
δ,j (1− z, 1− z), (2.48)

where s = δO−δ′∗
2 . As we discuss later in section 3.1, we expect that δ′∗ = ∆′∗ − 1 is the

celestial scaling dimension of the lowest-twist operator with spin J ′ = 3J−2 in the O×O×O
OPE. Suppose the lowest celestial sphere twist τc = δ − j appearing in the sum on the
left-hand side is τ∗c = 2h∗. Then in the double lightcone limit z � 1− z � 1, we have

R∗h∗z
h∗−2hOk0,s

2h∗
(z) + . . . =

∑
h,h

Rh,h(1− z)h−2hOk0,s
2h (1− z) + . . . , (2.49)

where we have introduced

h = δ − j
2 = τc

2 , h = δ + j

2 . (2.50)

Near the z → 1 limit, the SL(2,R) block k0,s
2h (z) has the expansion [43]

k0,s
2h (z) = K0,s

0 (h) + . . .+Ks,0
0 (h)(1− z)−s + . . . ,

Kr,s
0 (h) ≡ Γ(r − s)Γ(2h)

Γ(h+ r)Γ(h− s)
, (2.51)
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where “. . . ” represents terms like (1 − z)k or (1 − z)k−s where k is a positive integer.
Therefore, (2.49) becomes

R∗h∗z
h∗−2hO

(
K0,s

0 (h) + · · ·+Ks,0
0 (h)(1− z)−s + . . .

)
+ . . .

=
∑
h,h

Rh,h(1− z)h−2hOk0,s
2h (1− z) + . . . . (2.52)

Note that on the left-hand side, zh∗−2hO is Casimir-singular in z (i.e. it can be made
arbitrarily singular by repeatedly applying the quadratic Casimir), while on the right-hand
side k0,s

2h (1−z) is Casimir-regular in z. In order to reproduce the Casimir-singular term with
the correct z behavior on the left hand side, we must have an infinite family of operators
with h → 2hO and h → 2hO − s = hO + h′∗ as h → ∞. They can be thought of as the
“celestial double-twist operators” [POPO] and [POPO′∗ ].

Since [POPO] has h = 2hO and large-j (which means that they must be higher transverse
spin terms), the light-ray OPE [34, 35] predicts that they should come from operators with
conventional twist τ = 2δO + 2 = 2∆O. Thus, the existence of [POPO] predicts that for
the maximally allowed transverse spin (jmax = 2J in this case) in the O ×O OPE, there
must be a trajectory with τ = 2τO + 2J at large spin. Similarly, the existence of [POPO′∗ ]
predicts that there should be a trajectory with the maximally allowed transverse spin that
has twist τ = ∆O + ∆′∗ at large spin.

The coefficients Rh,h at large h for the two types of celestial double-twist operators can
also be determined. Using the formula [43]∑

h=j+h0
j=0,2,...

Sr,sa (h)kr,s2h (1− z) = 1
2

(
z

1− z

)a
+ Casimir-regular,

Sr,sa (h) = 1
Γ(−a− r)Γ(−a− s)

Γ(h− r)Γ(h− s)
Γ(2h− 1)

Γ(h− a− 1)
Γ(h+ a+ 1)

, (2.53)

we find

Rh=2hO(h) ∼ 2R∗h∗K
0,s
0 (h∗)S0,s

h∗−2hO(h),

Rh=hO+h′∗(h) ∼ 2R∗h∗K
s,0
0 (h∗)S0,s

h∗−2hO(h), (2.54)

where ∼ means that both sides have the same leading behavior at large h.
In (2.49), the left-hand side will have a log(1 − z) term when s = 0. In the usual

four-point lightcone bootstrap, the log(1−z) term determines the behavior of the anomalous
dimensions of double-twist operators. However, unlike in the usual lightcone bootstrap, (2.49)
does not possess an identity operator. As a result, the interpretation of log(1− z) as coming
from anomalous dimensions does not work in this case. To see this, consider the case where
O is a spin-1 conserved current J . In this case, O′∗ should be the lowest twist operator
with spin J ′ = 1 in the J ×J ×J OPE, which is just J itself. So, δ′∗ = δJ and s = 0. For
s = 0, the leading term of left hand side of (2.49) becomes

−R∗h∗zh
∗−2hO Γ(2h∗)

Γ(h∗)2
(2ψ(h∗)− 2ψ(1) + log(1− z)). (2.55)
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To see how the above expression can be produced by the right hand side of (2.49), note
that near s = 0, the coefficients Rh=2hO(h) and Rh=hO+h′∗(h) in (2.54) are singular and
take the form

Rh=2hO(h) = R̃

s
+ R̃(0) +O(s),

Rh=hO+h′∗(h) = −R̃
s

+ R̃(0) +O(s), (2.56)

where

R̃ = −2R∗h∗
Γ(2h∗)
Γ(h∗)2

S0,s
h∗−2hO(h), R̃(0) = (−ψ(1) + ψ(h∗))R̃. (2.57)

Therefore, the contribution from the two celestial double-twist operators becomes (going
back to the notation gδ,j for conformal blocks)

lim
s→0

Rh=2hO(h)g0,s
4hO+j,j +Rh=hO+h′∗(h)g0,s

2hO−2s+j,j

= lim
s→0

(
R̃

s
+ R̃(0)

)(
g0,0

4hJ+j,j + s∂sg
0,s
4hJ+j,j

)
+
(
−R̃
s

+ R̃(0)
)(
g0,0

4hJ+j,j + s∂sg
0,s
4hJ−2s+j,j

)
= 2R̃(0)g0,0

4hJ+j,j + 2R̃∂δg0,0
δ,j |δ→4hJ+j , (2.58)

which correctly reproduces (2.55) after performing the sum over h. We see that the log(1−z)
of (2.55) comes from a near-cancellation of coefficients between the two celestial double-twist
families at the degenerate point s = 0.

3 Extracting light-ray OPE data from the leading order collinear EEEC

In the previous section, we argued that the EEEC in the collinear limit can be decomposed
into conformal blocks (up to a Jacobian factor). In this section, we study the decomposition
of the leading-order collinear EEEC in N = 4 SYM and QCD recently computed in [24].
In the case of N = 4 SYM, the authors of [24] consider sink/source states created by the
operator TrF 2 (with ∆O = 4). For the QCD case, they consider both the gluon jet, created
by TrF 2, and the quark jet, created by the quark contribution to the electromagnetic
current Jµ. Specifically, they contract indices between the bra and the ket, so that the
quark jet event shape is an expectation value in the density matrix |Jµ(p)〉〈Jµ(p)|.

Note that [24] worked at low enough loop order that the β-function doesn’t enter, so
QCD can be thought of as conformal for the purposes of studying their results. At higher
orders in perturbation theory, selection rules in J , such as those discussed in [9, 34] will
be broken. However, the celestial block expansion should still be valid, since it relies on
Lorentz invariance alone. We leave an investigation of these effects to the future.

The results of [24] for the leading-order collinear EEEC can be summarized by three
functions of cross ratios, GN=4(z, z) (equation (5.2) and (5.3) in [24]), GgQCD(z, z) (square
bracket in equation (5.14) in [24]), and GqQCD(z, z) (square bracket in equation (5.16) in [24]).
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The relation between G(z, z) and the EEEC is

EEEC(ζ12, ζ13, ζ23) = g4N2
c

64π5ζ2
12

√
−ζ2

12 − ζ2
13 − ζ2

23 + 2ζ12ζ13 + 2ζ12ζ23 + 2ζ13ζ23

×GN=4(z, z) + . . . ,

EEEC(ζ12, ζ13, ζ23) = g4

32π5ζ2
12

√
−ζ2

12 − ζ2
13 − ζ2

23 + 2ζ12ζ13 + 2ζ12ζ23 + 2ζ13ζ23

×Gg/qQCD(z, z) + . . . . (3.1)

In the weak coupling limit, we can expand (2.46) as

G = a0
(
G(0) + aG(1) + a2G(2) + . . .

)
,

δi = δ
(0)
i + aγ

(1)
i + a2γ

(2)
i + . . . ,

δ′∗ = 5 + aγ
′(1)
∗ + a2γ

′(2)
∗ + . . . ,

Rδ,j;δ′∗ = a0
(
R

(0)
δ,j;δ′∗

+ aR
(1)
δ,j;δ′∗

+ . . .
)
, (3.2)

where for N = 4 SYM we have a0 = g2Nc
16π3 , a = g2Nc

4π2 , and for QCD a0 = g2

2π3 , a = g2

16π2 .7 As
we explain later in section 3.1, we also set δ

′(0)
∗ = 5 since it is the J ′ = 4 point on the twist-2

trajectory. Comparing (2.45), (3.1) and (3.2), we immediately see that G(0) = 0 and8

G(1)(ζ12, z, z) = (zz)3G(z, z) (3.3)

for both N = 4 SYM and QCD. The expansion of (2.46) in the weak coupling limit is
given by

G(0)(ζ12, z, z) =
∑
δ(0),j

〈R(0)
δ,j;δ′∗
〉g

(EEEPδ′∗=5)
δ(0),j

(z, z)

G(1)(ζ12, z, z) =
∑
δ(0),j

(
〈R(1)

δ,j;δ′∗
〉g

(EEEPδ′∗=5)
δ(0),j

(z, z) + 〈R(0)
δ,j;δ′∗

γ
(1)
δ,j 〉∂δg

(EEEPδ′∗=5)
δ(0),j

(z, z)
)

+ γ
′(1)
∗

∑
δ(0),j

(
〈R(0)

δ,j;δ′∗
〉∂δ′∗g

(EEEPδ′∗ )
δ(0),j

(z, z) + 1
2 log(ζ12)G(0)(z, z)

)
, (3.4)

where the notation 〈. . .〉 represents a sum of the contributions from possibly degenerate
operators, following e.g. [53].9 Since G(0) = 0, we must have 〈R(0)

δ,j;δ′∗
〉 = 0. The function G(1)

then becomes independent of ζ12 (which is consistent with (3.3)), and it can be written as

G(1)(z, z) =
∑
δ(0),j

(
〈R(1)

δ,j;δ′∗
〉g

(EEEPδ′∗=5)
δ(0),j

(z, z) + 〈R(0)
δ,j;δ′∗

γ
(1)
δ,j 〉∂δg

(EEEPδ′∗=5)
δ(0),j

(z, z)
)
. (3.5)

7We choose a0 such that there is no prefactor in (3.3).
8Note that (2.46) assumes that the sink/source states are created by scalar operators. Even though for

the QCD quark jet case, the current Jµ is spin-1, we can still treat it as a scalar here since we contract
indices between the bra and ket. This will produce an additional factor of 2 due to the fact that for a spin-1
operator Vµ, 〈0|V µ(x)Vµ(0)|0〉 = 2〈0|φ(x)φ(0)|0〉 where φ is a scalar with dimension ∆V , and we use the
conventional two-point structures [52] for operators with spin 0 and 1 in CFT.

9The degeneracy can come from either operators with the same δ, j or operators with the same δ′∗.
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Figure 2. A plot showing the values of δ, j appearing in the conformal block decomposition (3.5).
Black dashed line is the improved unitarity bound from (3.9). The red dot appears only in QCD,
and the black dots appear in both QCD and N = 4 SYM. The coefficients 〈R(1)

δ,j;δ′∗
〉 and 〈R(0)

δ,j;δ′∗
γ

(1)
δ,j 〉

of dots with a blue circle can be obtained using the direct decomposition method. The 〈R(1)
δ,j;δ′∗

〉
coefficient of the green line and the 〈R(0)

δ,j;δ′∗
γ

(1)
δ,j 〉 coefficient of the orange line can be obtained using

the Lorentzian inversion formula.

The values of δ(0) and j appearing in the decomposition (3.5) can be related to the
spectrum of the theory using the light-ray OPE formula. We describe this relation in
section 3.1. We then obtain coefficients 〈R(1)

δ,j;δ′∗
〉 and 〈R(0)

δ,j;δ′∗
γ

(1)
δ,j 〉 using both a direct

series expansion around the OPE limit (section 3.2) and the Lorentzian inversion formula
(section 3.3). Our results are summarized in figure 2, where we plot the allowed values of δ, j
in (3.5) and indicate points for which we obtained the ceofficients 〈R(1)

δ,j;δ′∗
〉 and 〈R(0)

δ,j;δ′∗
γ

(1)
δ,j 〉

using either of the two methods.

3.1 Predictions from the light-ray OPE

Schematically, the light-ray OPE for two stress tensors is given by [34, 35]

L[T ]× L[T ] ∼
∑
i

O+
i,J=3,j=0 + O+

i,J=3,j=2 + O+
i,J=3,j=4 +

∑
n,i

D2nO+
i,J=3+2n,j=4. (3.6)

This formula allows us to predict which quantum numbers δ(0), j appear in the decom-
position (3.5). First, we immediately see that only even values of j can appear. This is
consistent with the fact that the OPE of two identical scalars on the celestial sphere only
includes operators with even transverse spin.

To see the allowed values of δ, let us denote the conventional twist τ = ∆ − J of a
trajectory with transverse spin j by τj .10 Note that the T×T OPE only contains trajectories
with transverse spin j = 0, 2, 4. We also define a “celestial twist” τc ≡ δ − j, where δ, j are
the quantum numbers appearing in (3.5).

10We are working in perturbation theory, so the twist of each Regge trajectory is fixed and τj doesn’t
depend on J . In fact, we will simply use τj to label each Regge trajectory.
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Using (3.6), we can see that for j = 0, 2, the relation between τj and τc is given by

τc(j = 0, 2) = δ − j = ∆(J = 3)− 1− j = τj + 2− j, (3.7)

while for j ≥ 4 we have

τc(j) = δ − j = ∆(J = −1 + j)− 1− j = τj=4 − 2. (3.8)

In 4d, the conventional twist τj should satisfy the improved unitarity bound [17]

τj ≥ max{2, j}. (3.9)

Consequently, one might expect that the values of τj and τc(j) that can appear are

τj=0 = 2, 4, 6, . . . ⇒ τc(j = 0) = 4, 6, 8, . . . ,
τj=2 = 2, 4, 6, . . . ⇒ τc(j = 2) = 2, 4, 6, . . . ,
τj=4 = 4, 6, 8, . . . ⇒ τc(j ≥ 4) = 2, 4, 6, . . . . (3.10)

However, as discussed in [30, 54], the contribution of the j = 4, τj=4 = 4 operator vanishes
at the leading order for both N = 4 SYM and QCD, and the contribution of the j = 2,
τj=2 = 2 operator vanishes in N = 4 SYM due to supersymmetry. So the actual values of
τj and τc(j) appearing at the leading order should be

τj=0 = 2, 4, 6, . . . ⇒ τc(j = 0) = 4, 6, 8, . . . ,
τj=2 = 2, 4, 6, . . . ⇒ τc(j = 2) = 2, 4, 6, . . . ,
τj=4 = 6, 8, 10, . . . ⇒ τc(j ≥ 4) = 4, 6, 8, . . . , (3.11)

where the bold τj=2 = 2 appears only in QCD.
What operators realize these quantum numbers? We will focus on operators with

leading τc. We will identify light-ray operators by writing local operators on their Regge
trajectories, with J as a free parameter. The actual light-ray operators are obtained by
light-transforming and analytically continuing J to the appropriate value according to (3.6).

For N = 4 SYM, the leading τc is 4, coming from operators with j = 0, 2, 4. For j = 0,
τj=0 = 2, the operators can be schematically written as11

φ∂Jφ, ψ∂J−1ψ, F∂J−2F. (3.12)

For j = 2, τj=2 = 4, we have

ψ∂J1ψ∂J2ψ∂J−J1−J2−2ψ, F∂J−2�F, F∂J1F∂J2F∂J−J1−J2−4F, (3.13)

and for j = 4, τj=4 = 6,

F∂J1F∂J2F∂J−J1−J2−4�F, F∂J1F∂J2F∂J3F∂J4F∂J−J1−J2−J3−J4−6F. (3.14)
11We use the su(2)⊕ su(2) spinor indices for the 4d Lorentz indices. The derivative is ∂α̇β , and the field

contents are φ, φ, ψα̇, ψβ , F α̇1α̇2 , Fβ1β2 . In (3.12)–(3.15), the Lorentz indices are implicitly symmetrized and
the gauge indices are implicitly contracted.
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Note that there are degeneracies for all three values of j. (Supersymmetry relates some of
these trajectories, but we do not study the consequences of supersymmetry here.) On the
other hand, in QCD the leading τc is 2, and it is carried by one operator with j = 2, τj=2 = 2:

F∂J−2F. (3.15)

Thus, the leading τc operator is non-degenerate in QCD.
Finally, let us discuss the value of δ′∗ in (3.5). The value of δ′∗ should be determined by

a generalized light-ray OPE formula

L[T ]×Oi,J=3,j ∼ O′i,J=4,λ, (3.16)

where O′i,J=4,λ is some unknown object that transforms like a primary operator with scaling
dimension ∆O′ = 1− J = −3. Though we do not have a rigorous definition of the object
O′i,J=4,λ for a general nonperturbative CFT, we expect that it should be related to light
transforms of operators in the T × T × T OPE with J = 4. Indeed, it has been shown
in [30, 54] that for perturbative QCD, this object is just the light transformed operator
L[Oi,J=4,λ] itself (at least at the leading order). Recently, there is also evidence from
LHC data showing that the scaling behavior of the three-point energy correlator in the
perturbative regime is governed by the twist-2 spin-4 anomalous dimension [31]. Therefore,
in this paper we will assume that δ′∗ is given by δ′∗ = ∆′∗ − 1 = 5 (at leading order in
perturbation theory), since ∆′∗ = 6 is the scaling dimension of the leading twist-2, spin-4
operator in the T × T × T OPE.12

3.2 Celestial block coefficients from direct decomposition

We now explain how to obtain the coefficients 〈R(1)
δ,j;δ′∗
〉 and 〈R(0)

δ,j;δ′∗
γ

(1)
δ,j 〉 in (3.5) using the

known result for G(1)(z, z) computed in [24]. Firstly, we can simply expand (3.5) in the
OPE limit z = reiθ, z = re−iθ with r → 0 and compare both sides order-by-order in r.
Recall that the 2d block g

(EEEPδ′∗=5)
δ,j (z, z) in (3.5) is given by

g
(EEEPδ′∗=5)
δ,j (z, z) = 1

1 + δ0,j
(k0,−1
δ+j (z)k0,−1

δ−j (z) + k0,−1
δ−j (z)k0,−1

δ+j (z)),

kr,sβ (x) = x
β
2 2F1

(
β
2 − r,

β
2 + s, β, x

)
. (3.17)

The OPE limit of G(1) corresponds to a “squeezed limit” on the celestial sphere, where
two of the detectors are taken to be even closer after the collinear limit. The expansion
of [24] in the squeezed limit has been studied in [30, 54] up to O(r10).13 Using these results,

12See also [32], where they show that in QCD, the leading correction to the scaling of collinear EEEC
determined by δ′∗ = 5 can be used for top quark mass measurements.

13We thank Hao Chen, Ian Moult, and Hua Xing Zhu for sending us a mathematica notebook containing
the expansion.
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we find that the first few coefficients 〈R(1)
δ,j 〉 and 〈R

(0)
δ,j γ

(1)
δ,j 〉 in N = 4 SYM are given by

〈R(1)
4,0〉 = 1, 〈R(1)

6,0〉 = 41
12 −

π2

4 , 〈R(1)
6,2〉 = 107

60 −
π2

6 ,

〈R(1)
8,0〉 = 471

600 −
π2

15 , 〈R(1)
8,2〉 = 4883

2800 −
9π2

56 , 〈R(1)
8,4〉 = 2843

5040 −
π2

18 ,

〈R(0)
8,0γ

(1)
8,0〉 = 2

5 , 〈R(0)
8,2γ

(1)
8,2〉 = − 1

20 . (3.18)

In QCD, we use R(1)g/q
δ,j to denote coefficients for the gluon/quark jet. For the QCD

gluon jet, we find

〈R(1)g
4,0 〉=

98C2
A+14CAnfTF +15CFnfTF

1600 ,

R
(1)g
4,2 = CA(CA−2nfTF )

2880 ,

〈R(1)g
6,0 〉=

(
636386−63000π2)C2

A+2
(
12600π2−120899

)
CAnfTF−819CFnfTF

403200 ,

〈R(1)g
6,2 〉=

(
834469−84000π2)C2

A+4
(
13125π2−129587

)
CAnfTF +1260CFnfTF

504000 . (3.19)

Note that we do not use the bracket notation 〈· · ·〉 for the coefficient R(1)
4,2, because from

the discussion in section 3.1 it is non-degenerate. For the QCD quark jet we find

〈R(1)q
4,0 〉=

CF (91CA+240CF +13nfTF )
4800 ,

R
(1)q
4,2 = CF (CA−2nfTF )

2880 ,

〈R(1)q
6,0 〉=

CF
((

109200π2−1077733
)
CA−28

(
5100π2−50929

)
CF +3

(
111199−11200π2)nfTF )

403200 ,

〈R(1)q
6,2 〉=

CF
((

157500π2−1548703
)
CA−210

(
1300π2−12859

)
CF +326nfTF

)
1008000 . (3.20)

We have further expanded the results of [24] up to O(r12), which will be helpful when
comparing to the Lorentzian inversion formula result in section 3.3. We record the coefficients
up to δ = 12 in appendix B.

3.3 The Lorentzian inversion formula on the celestial sphere

Direct decomposition yields OPE data at low dimensions δ, but becomes cumbersome as δ
gets larger. Alternatively, we can use the Lorentzian inversion formula (LIF) [44] to extract
OPE data from a four-point correlator. Like the lightcone bootstrap, the LIF requires us
to analytically continue the correlator to Lorentzian signature — which in our case means
complexifying the celestial sphere. Again, it is not clear whether this analytic continuation
is admissible nonperturbatively. However, nothing prevents us from using the LIF as a tool
in perturbation theory, as long as perturbative correlators are well-behaved. Indeed, we
do not observe any pathologies when analytically continuing the results of [24] in z, z. It
would be interesting to study the analytic structure of the collinear EEEC as a function of
z, z at higher orders in perturbation theory.
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The LIF is only valid for j > j0, where the “Regge intercept” j0 controls the behavior
of the correlator in the Regge limit. To reach the Regge limit, one should first take z around
the branch point at 1, and then take both z and z to zero. From the point of view of celestial
CFT, this is a strange kinematic regime, and we do not have rigorous bounds (much less
physical intuition) for how the correlator should behave there. Note that the Regge limit
on the celestial sphere has nothing to do with the Regge limit in d-dimensional Minkowski
space (as far as we know), and that the celestial Regge intercept j0 is not obviously related
to the usual Regge intercept J0. However, we can study this limit in perturbation theory.

In N = 4 SYM, we find that the leading term of G(1)(z, z) in the celestial Regge limit
is given by

G(1)
Regge(z, z)

=
iπr3(w2 + 1)

(
2(w2 − 1)

(
(w2 − 1)2 log(w + 1

w )− 2w2
)
− 2(w6 − 3w4 − 3w2 + 1) logw

)
w(w2 − 1)3 ,

(3.21)

where we set z = rw and z = r/w. The scaling r3 implies that the celestial Regge intercept
is given by j0 = −2 at this order in perturbation theory. The expressions for 〈R(1)

δ,j;δ′∗
〉

and 〈R(0)
δ,j;δ′∗

γ
(1)
δ,j 〉 for N = 4 SYM obtained from the LIF should then be valid for all

j = 0, 2, 4, . . . .
For the QCD gluon jet, G(1)g can be written as

G(1)g = CFnfTFG
(1)g
1 + CAnfTFG

(1)g
2 + C2

AG
(1)g
3 . (3.22)

We find that the Regge intercept for G(1)g
1 is j0 = 0, while for G(1)g

2 and G(1)g
3 the intercept

is j0 = 2. Therefore, for the coefficient proportional to CFnfTF , the LIF result will agree
with the result from direct decomposition only for j > 0. For the other two flavor structures
(CAnfTF and C2

A), we expect the result to agree only for j > 2. Similarly, for QCD quark
jet, G(1)q can be written as

G(1)q = CFnfTFG
(1)q
1 + (CA − 2CF )CFG(1)q

2 + G(1)q
3 , (3.23)

where G(1)q
3 contains both C2

F and CFCA factors. We find that the Regge intercept for G(1)q
2

is j0 = 0, and the intercept for G(1)q
1 and G(1)q

3 is j0 = 2.
Let us now briefly review the LIF. Consider a four-point function g(z, z) in 2d with

conformal block expansion

g(z, z) =
∑
δ,j

pδ,jg
δi
δ,j(z, z), (3.24)

where only even j appear in the sum. The LIF in this case can be written as

C+(δ, j) = κδ+j
2

∫ 1

0

∫ 1

0

dzdz

(zz)2 g
δ̃i
j+1,δ−1(z, z)dDisct[g(z, z)], (3.25)
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where δ̃i = 2− δi, and

κβ =
Γ(β+δ1−δ2

2 )Γ(β−δ1+δ2
2 )Γ(β+δ3−δ4

2 )Γ(β−δ3+δ4
2 )

2π2Γ(β − 1)Γ(β) . (3.26)

The double discontinuity dDisct[g(z, z)] is

dDisct[g(z, z)] = cos(πφ)g(z, z)− 1
2e

iπφg	(z, z)− 1
2e
−iπφg�(z, z),

φ = δ2 − δ1 + δ3 − δ4
2 , (3.27)

where g	 and g� indicate that we should take z around 1 in the direction shown, with z
held fixed. Finally, the OPE coefficients pδ,j are given by

pδ∗,j = −Resδ=δ∗C+(δ, j). (3.28)

To compute pδ,j , it is convenient to define a generating functional

C(z, δ, j) = κδ+jz
δ−j

2 −1
∫ 1

0

dz

z2 g
δ̃i
j+1,δ−1(z, z)dDisct[g(z, z)],

C+(δ, j) =
∫ 1

0

dz

2z z
− δ−j2 C(z, δ, j). (3.29)

In the small z limit, C(z, δ, j) should have the expansion

C(z, δ, j) =
∑
τc

C(τc, δ, j)z
τc
2 . (3.30)

Using (3.25), we see that C+(δ, j) has a pole when δ = j + τc, and therefore the OPE
coefficient pδ,j can be written as14

pj+τc,j = 2C(τc, j + τc, j), (3.31)

where the additional factor of 2 is due to z ↔ z symmetry.
Now, suppose we have a weak-coupling expansion

g(z, z) = a
(
g(0)(z, z) + ag(1)(z, z) + · · ·

)
,

δ = δ(0) + aγ(1) + · · · ,

pδ,j = a
(
p

(0)
δ,j + ap

(1)
δ,j + · · ·

)
, (3.32)

with coupling constant a, and we are interested in finding p(1)
δ,j and p(0)

δ,j γ
(1)
δ,j . Expanding (3.28)

near δ(0), we have

C+(δ, j) ∼ a

− 〈p(0)
δ,j 〉

δ − δ(0) − a
〈p(1)
δ,j 〉

δ − δ(0) − a
〈p(0)
δ,j γ

(1)
δ,j 〉

(δ − δ(0))2 + · · ·

, (3.33)

14In general, there will be an additional Jacobian factor coming from the dependence of τc on j. At the
order we are working in, τc on each trajectory is a constant and this Jacobian factor is just 1.
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where 〈· · ·〉 indicates a sum over possible degenerate operators. For the generating functional,
the expansion near δ(0) is

C(z, δ, j) ∼ a(C(0)(τc, δ, j) + aC(1)(τc, δ, j))z
δ(0)+aγ(1)−j

2 + · · ·

∼ a
(
C(0)(τc, δ, j) + aC(1)(τc, δ, j) + a

γ(1)

2 C(0)(τc, δ, j) log z
)
z
τ
(0)
c
2 , (3.34)

where τ (0)
c = δ(0) − j. Let us plug (3.34) into (3.29) and compare it with (3.33). We see

that after integrating over z, the C(1)(τc, δ, j) term becomes a simple pole corresponding to
〈p(1)
δ,j 〉. On the other hand, the γ(1)C(0)(τc, δ, j) term has an additional log z and becomes a

double pole, corresponding to 〈p(0)
δ,j γ

(1)
δ,j 〉. The precise formula is

〈p(1)
j+τc,j〉 = 2C(z, δ, j)

∣∣∣∣
z
τc
2
,

〈p(0)
j+τc,jγ

(1)
j+τc,j〉 = 4C(z, δ, j)

∣∣∣∣
z
τc
2 log z

. (3.35)

3.3.1 N = 4 SYM

Let us now apply the Lorentzian inversion formula to G(1)(z, z) in N = 4 SYM. After
plugging in g(z, z) = G(1)

N=4(z, z) and δ1, δ2, δ3 = 3, δ4 = 5 in (3.25), we find that 〈R(1)
δ,j;δ′∗
〉 is

nonzero for even j and “celestial twists” τc = δ − j = 4, 6, 8, . . . . Furthermore, 〈R(0)
δ,j;δ′∗

γ
(1)
δ,j 〉

is nonzero for even j and τc = 6, 8, 10, . . . (except that 〈R(0)
δ=6,j=0;δ′∗

γ
(1)
δ=6,j=0〉 = 0). We can

find analytical expressions for 〈R(0)
j+τc,j;δ′∗

γ
(1)
j+τc,j〉 for general τc, and also 〈R(1)

j+4,j;δ′∗
〉.15 The

results agree with those obtained from direct decomposition in section 3.2 and appendix B.
As an example, let us describe the detailed calculation for 〈R(0)

δ,j;δ′∗
γ

(1)
δ,j 〉 at celestial twist

τc = 6. For higher twists and 〈R(1)
j+4,j;δ′∗

〉, we simply present the final result and leave details
to appendix C. Using (3.35), we have

〈R(0)
j+6,j;δ′∗

γ
(1)
j+6,j〉 = 4

(
κ2j+6z

2
∫ 1

0

dz

z2 g
0,1
j+1,j+5(z, z)dDisct[G(z, z)]

)∣∣∣∣
z3 log z

= 4κ2j+6

∫ 1

0

dz

z2 k
0,1
2j+6(z)dDisct[G(z, z)]|z3 log z, (3.36)

where we have used the fact that the log z term of G(z, z) starts at z3. We have also used
the SL(2,R) expansion of the conformal block

gr,sδ,j (z, z) = z
δ−j

2 kr,sδ+j(z) +O(z
δ−j

2 +1),

kr,sβ (x) = x
β
2 2F1(β2 − r,

β
2 + s, β, x),

r = δ1 − δ2
2 , s = δ3 − δ4

2 . (3.37)

15It would be interesting to calculate 〈R(1)
j+τc,j;δ′∗

〉 for general τc as well, but we leave that for future work.
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Next we should compute the double discontinuity dDisct[G(z, z)]. Note that the
singularities of G(z, z)|z3 log z at z = 1 only have integer powers or single logarithms of 1− z.
For example,

G(z, z)|z3 log z = − 1
4(1− z) −

3
2 log(1− z) +O((1− z)0). (3.38)

Naively, such terms have vanishing dDisc. However the correct interpretation is that their
dDiscs are distributions localized at z = 1. See [23] for examples of dealing with such
distributions. To compute them, we insert a regulator ε so that the powers become non-
integer, removing the regulator after taking the dDisc. For example, inserting a regulator
1/(1− z)ε, we have

〈R(0)
j+6,j;δ′∗

γ
(1)
j+6,j〉

= lim
ε→0

4κβ
∫ 1

0

dz

z2 k
0,1
β (z)dDisct

[
− 1

4(1− z)1+ε −
3

2(1− z)ε log(1− z) +O((1− z)−ε)
]

= lim
ε→0

(
8 sin2(πε)κβ

∫ 1

0

dz

z2 k
0,1
β (z)

( 1
4(1− z)1+ε + 3

2(1− z)ε log(1− z) +O((1− z)−ε)
)

− 8π sin(2πε)κβ
∫ 1

0

dz

z2 k
0,1
β (z) 3

2(1− z)ε
)
, (3.39)

where β = 2j + 6 and we have used (C.3) for the double discontinuities. The z integrals
will localize to z = 1 when taking the ε→ 0 limit, so we can expand the SL2 block k0,1

β (z)
in this limit. For example, in the last line of (3.39), we have

− 8πκβ lim
ε→0

sin(2πε)
∫ 1

0

dz

z2 k
0,1
β (z) 3

2(1− z)ε

= −8πκβ lim
ε→0

sin(2πε)
∫ 1

0

dz

z2

(
Γ(β)

Γ(β2 )Γ(β2 + 1)
1

1− z + · · ·
)

3
2(1− z)ε

= −8πκβ
3Γ(β)

2Γ(β2 )Γ(β2 + 1)
lim
ε→0

sin(2πε)
∫ 1

0

dz

z2

(
−1
ε
δ(1− z) +O(ε0)

)

=
12Γ(β2 − 1)Γ(β2 )

Γ(β − 1) , (3.40)

where we have used the expansion of k0,1
β (z) around z = 1 and the distributional identity

1
xn+ε θ(x) = 1

ε
(−1)n
(n−1)!δ

(n−1)(x) +O(ε0). Performing similar calculations for the other terms,
we obtain

〈R(0)
j+6,j;δ′∗

γ
(1)
j+6,j〉 = −j(j + 5)Γ(j + 2)2

2Γ(2j + 4) . (3.41)

Similarly, we can use (3.35) to calculate 〈R(0)
j+τc,j;δ′∗

γ
(1)
j+τc,j〉 with higher τc and 〈R(1)

j+4,j〉.
For example, for τc = 8 we have (see (C.18) for the expression for general τc)

〈R(0)
j+8,jγ

(1)
j+8,j〉 =

(
12(j + 3)(j + 4)S1(j + 3)− (19j2 + 133j + 192)

)
Γ(j + 3)Γ(j + 4)

3Γ(2j + 7) ,

(3.42)
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where S1(n) =
∑n
k=1

1
k is the harmonic number. For 〈R(1)

j+4,j〉, the result is

〈R(1)
j+4,j〉 = Γ(j + 2)2

6(j + 1)Γ(2j + 3)

×
(
−9 + 2π2 + j(j + 3)(−6 + π2) + 6(j + 1)

(j + 3)2(j + 4)3F2

(
2, 3, j + 3
j + 4, j + 5

; 1
))

.

(3.43)

3.3.2 QCD

We can perform a similar calculation for the QCD case by replacing g(z, z) with G(1)g/q

in (3.25). For the gluon jet case, we again find that 〈R(0)g
j+τc,jγ

(1)
j+τc,j〉 is nonzero for τc =

6, 8, · · · and even j. The expressions for τc = 6 and τc = 8 are given by

〈R(0)g
j+6,jγ

(1)
j+6,j〉 = −Γ(j + 3)Γ(j + 4)

80Γ(2j + 5) CAnFTF −
(7j2 + 35j − 18)Γ(j + 3)Γ(j + 2)

80Γ(2j + 5) C2
A,

(3.44)

and

〈R(0)g
j+8,jγ

(1)
j+8,j〉

=−3Γ(j+4)Γ(j+5)
40Γ(2j+7) CFnFTF−

(
28j4+392j3+1697j2+2275j+204

)
Γ(j+3)Γ(j+4)

336Γ(2j+7) CAnFTF

+
(
420

(
j2+7j+12

)
S1(j+3)+35j4+490j3+1052j2−4641j−10056

)
Γ(j+3)Γ(j+4)

840Γ(2j+7) C2
A.

(3.45)

For the 〈R(1)g
j+τc,j〉 coefficient, although one can see from (3.19) that it has leading twist

τc = 2, the Lorentzian inversion formula will only give nonzero 〈R(1)g
j+τc,j〉 for τc = 4, 6, . . . .

This is because the only nonzero 〈R(1)g
j+τc,j〉 with τc = 2 has j = 2, and only contains flavor

structures with Regge intercept j0 = 2 (C2
A and CAnfTF ). Therefore we don’t expect the

Lorentzian inversion formula to give the correct result for τc = 2. For τc = 4, we obtain

〈R(1)g
j+4,j〉 = Γ(j + 2)Γ(j + 3)

80Γ(2j + 3) CFnFTF

+
(
−
(
31j2 + 93j + 17

)
Γ(j + 1)Γ(j + 2)

7200Γ(2j + 3)

+ Γ(j + 1)Γ(j + 2)2Γ(j + 3)
4Γ(2j + 3)Γ(j + 4)Γ(j + 5)

(
23F2

(
2, 3, j − 2
j + 4, j + 5

; 1
)

−23F2

(
2, 3, j − 1
j + 4, j + 5

; 1
)

+ 3F2

(
2, 3, j

j + 4, j + 5
; 1
)))

CAnFTF

+
(
−
(
315 + (j + 1)(j + 2)(−1117 + 150π2)

)
Γ(j + 1)Γ(j + 2)

7200Γ(2j + 3)

+ Γ(j + 1)Γ(j + 2)2

8Γ(2j + 3)Γ(j + 4)

4∑
k=0

ck3F2

(
1, 2, j − 3 + k

j + 3, j + 4
; 1
))

C2
A, (3.46)
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where

c0 = 1, c1 = −2, c2 = 3, c3 = −2, c4 = 1. (3.47)

As expected from the value of the Regge intercept, the results (3.44), (3.45) and (3.46)
agree with (3.19), (B.2) and (B.3) for j > 2, but for the flavor structure CFnfTF they also
agree at j = 2.

For the quark jet, the calculation is almost identical. We find that 〈R(0)q
j+τc,jγ

(1)
j+τc,j〉 is

nonzero for τc = 6, 8, · · · , and for τc = 6 and τc = 8 the expressions are

〈R(0)q
j+6,jγ

(1)
j+6,j〉 = CF (CA(19j2 + 95j − 6)− 32CF (2j2 + 10j − 3))Γ(j + 2)Γ(j + 3)

480Γ(2j + 5) ,

(3.48)

and

〈R(0)q
j+8,jγ

(1)
j+8,j〉

=−(10j4+140j3+637j2+1029j+204)Γ(j+3)Γ(j+4)
120Γ(2j+7) CFnFTF

− 3(3j2+21j+16)Γ(j+3)Γ(j+4)
160Γ(2j+7) CF (CA−2CF )− (23j2+161j−24)Γ(j+3)Γ(j+4)

60Γ(2j+6) C2
F

+ (10j4+140j3+401j2−623j−3018+120(j+3)(j+4)S1(j+3))Γ(j+3)Γ(j+4)
240Γ(2j+7) CFCA.

(3.49)

For the 〈R(1)q
j+τc,j〉 coefficient, the leading twist R(1)q

4,2 given in (3.20) also only contains flavor
structure with Regge intercept j0 = 2. So from the Lorentzian inversion formula the leading
nonzero coefficient starts at τc = 4, and it is given by

〈R(1)q
j+4,j〉=

((
1193−120π2)Γ(j+2)Γ(j+3)

5760Γ(2j+3)

− Γ(j+1)Γ(j+2)2Γ(j+3)
160Γ(2j+3)Γ(j+4)Γ(j+5)

(
−(j2+3j+26)3F2

(
2, 3, j

j+4, j+5
;1
)

+(j2+3j+40)3F2

(
2, 3, j+1
j+4, j+5

;1
)))

(CA−2CF )CF

+CF
(
CA
(
167j2+501j+220

)
+12CF

(
13j2+39j+58

))
Γ(j+1)Γ(j+2)

5760Γ(2j+3)

+ Γ(j+1)Γ(j+2)2

16Γ(2j+3)Γ(j+4)

(
3F2

(
1, 2, j−2
j+3, j+4

;1
)

+3F2

(
1, 2, j

j+3, j+4
;1
))

CACF .

(3.50)

Similar to the gluon jet case, (3.48), (3.49) and (3.50) agree with (3.20), (B.4) and (B.5)
for j > 2, but for the flavor structure (CA − 2CF )CF they also agree at j = 2.
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4 Higher-order collinear EEEC

In this section, we use the celestial block decomposition (2.46) for the collinear EEEC and
the leading order coefficients obtained in section 3 to make predictions for higher-order
terms in the expansion of the EEEC in the coupling constant. Specifically, we study the
(n+ 1)-st order expansion of G(ζ12, z, z) in a, which we denote by G(n+1)(ζ12, z, z). Our key
physical input is that contributions to (2.46) come from individual light-ray operators, whose
contributions are fixed by symmetry in terms of their quantum numbers. In particular,
this implies that anomalous dimensions should “exponentiate” to create the power laws
predicted by symmetry.

Exponentiation is most powerful when the operators of interest are non-degenerate in
perturbation theory. Thus, the τc = 2, j = 2 non-degenerate operator (3.15) in QCD will
play a crucial role in our arguments. Expanding (2.46) in the weak coupling limit, we find
that G(n+1) contains a term

G(n+1) ⊃ R(1)
4,2(γ(1)

4,2)n∂nδ g
(EEEPδ′∗=5)
δ,2 (z, z)|δ→4. (4.1)

Since R(1)
4,2 is non-degenerate, and the anomalous dimension γ(1)

4,2 is known [30], we can predict
the coefficient of this term in G(n+1) using available perturbative data. Moreover, it turns
out that ∂nδ g

(EEEPδ′∗=5)
δ,j (z, z) dominates in certain kinematics limits, and thus we have a

prediction for the behavior of G(n+1) in those limits. It is harder to apply the same argument
for G(n+1) in N = 4 SYM due to the fact that all the operators contributing to G(1) in N = 4
SYM have tree-level degeneracies (see (3.12), (3.13) and (3.14) for the leading τc operators).
This problem could be circumvented by using higher-order perturbative data to disentangle
the degeneracies, or perhaps by organizing the EEEC in N = 4 into an appropriate
super-celestial-block expansion. Regardless, we will focus on QCD in this section.

Before proceeding, let us comment on the nonzero β-function of QCD. Note that even
in the presence of a nonzero β-function, the celestial block decomposition (2.46), which
follows from Lorentz symmetry, should exist. However, some features will be different.
Firstly, the spin selection rule J = 3 for operators in the E × E OPE will be violated in the
absence of conformal symmetry. We now expect light ray operators with spins J = 3 + δJ

to appear, where contributions proportional to δJ come with additional factors of the
β-function. In addition, without conformal symmetry, the quantum numbers of light-ray
operators are no longer simply related to quantum numbers of local operators via the rule
(∆, J)→ (1−J, 1−∆). Instead, light-ray operators at null infinity carry so-called “timelike”
anomalous dimensions [21, 55].

While these issues are interesting to explore, here we will sidestep them by making
predictions for “conformal QCD”. Specifically, we work in dimensional regularization d = 4−ε,
and tune the coupling constant a to a conformal fixed-point β(ε, a) = 0. The resulting
predictions constrain the perturbative expansion of QCD away from the fixed point, up
to terms proportional to the β-function. In fact, we expect that terms proportional to
β do not affect the central predictions of this section. The reason is that the β-function
corrections to the spin selection rule should only affect R(n≥2)

δ,j and γ(n≥2)
δ,j , and the difference
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between spacelike and timelike anomalous dimensions should affect γ(n≥2)
δ,j . When deriving

the results in this section, we only use known values of R(1)
4,2 and γ(1)

4,2 . Therefore, they should
still be true in the usual 4d QCD.

Let us now give concrete predictions for G(n+1)(ζ12, z, z) in conformal QCD. We define

G̃(z, z) =
∑
δ,j

Rδ,j;δ′∗g
(EEEPδ′∗=5)
δ,j (z, z), (4.2)

so the collinear EEEC is

G(ζ12, z, z) = ζ
δ′∗−5

2
12 G̃(z, z). (4.3)

We will first derive the leading behavior of G̃(n+1)(z, z) in three different kinematic limits,
and then study the behavior of G(n+1)(ζ12, z, z). Our main predictions for G(n+1)(ζ12, z, z)
are given by (4.34), (4.35), (4.38), and (4.39).

4.1 Predictions for G̃(n+1)(z, z)

To make predictions for G̃(n+1)(z, z), we must take a kinematic limit where the τc = 2, j = 2
non-degenerate operator gives the leading contribution. The first limit we consider is the
OPE limit/squeezed limit, where z, z � 1 with z/z fixed. We parametrize z and z as
z = reiθ, z = re−iθ. Using (4.2), we can fix the leading log term of the (n + 1)-th order
expansion of G̃. This is because log(r) can only come from a derivative of gδ,j with respect to
δ, and each derivative introduces an anomalous dimension factor γ(1). Hence, the leading log
term, which has the most powers of log(r), should take the form 〈R(1)(γ(1))n〉 logn(r)∂nδ gδ,j .
The quantum numbers with the lowest value of δ and nonzero R(1) are (δ, j) = (4, 0) and
(δ, j) = (4, 2). Plugging these in, we obtain

G̃(n+1)(r → 0, θ)

= r4 logn(r)
n!

(
〈R(1)

4,0(γ(1)
4,0)n〉+ 2R(1)

4,2(γ(1)
4,2)n cos(2θ)

)
+O(r4 logn−1(r)). (4.4)

As discussed in 3.1, the light-ray OPE formula implies that γ(1)
4,2 should be the anomalous

dimension of the operator (3.15) evaluated at J = 3. This has been calculated in e.g. [30, 56],
and it is given by

γ
(1)
F∂J−2F

(J) = 4CAS1(J)− β0, (4.5)

where β0 = 11
3 CA −

4
3nFTF . At J = 3, we then have

γ
(1)
4,2 = γ

(1)
F∂J−2F

(3) = 22
3 CA −

(11
3 CA −

4
3nFTF

)
= 11

3 CA + 4
3nFTF . (4.6)

Thus, the leading log term of G̃(n+1) in the OPE limit should be

G̃(n+1)g/q(r → 0, θ) = 〈R(1)g/q
4,0 (γ(1)

4,0)n〉r
4 logn(r)
n!

+ 2R(1)g/q
4,2

(11
3 CA + 4

3nFTF
)n r4 logn(r)

n! cos(2θ)

+O(r4 logn−1(r)), (4.7)
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where the superscript g/q denotes gluon jet or quark jet, and R
(1)g/q
4,2 are given in (3.19)

and (3.20).
We see that the coefficient of the leading term r4 logn(r) cos(2θ) in the OPE limit is

completely fixed. In fact, since the next quantum number with nonzero R(1) starts at δ = 6,
we can also predict the term proportional to r5 logn(r) cos(3θ) since it should come from
the descendant of the gδ=4,j=2 block. The result is

G̃(n+1)g/q(r → 0, θ) = 〈R(1)g/q
4,0 (γ(1)

4,0)n〉r
4 logn(r)
n!

+ 2R(1)g/q
4,2

(11
3 CA + 4

3nFTF
)n r4 logn(r)

n! cos(2θ)

+ r4(· · · )

+ 〈R(1)g/q
4,0 (γ(1)

4,0)n〉r
5 logn(r)
n! cos(θ)

+ 2R(1)g/q
4,2

(11
3 CA + 4

3nFTF
)n r5 logn(r)

n! cos(3θ)

+O(r5 logn−1(r)). (4.8)

To study other interesting limits where the non-degenerate operator gives the leading
contribution, we can go to Lorentzian signature on the celestial sphere (where z and z are
independent real variables) and consider the z � 1, fixed z limit. From the collider physics
point of view, this limit might not be so useful since the kinematic region one can explore
using collider experiments is intrinsically Euclidean (where z and z are complex conjugates
of each other). Nevertheless, we still find a nontrivial constraint on the analytic expression
of G̃(n+1)(z, z). In the limit z � 1, we can use the SL(2,R) expansion for the conformal
block (3.37), and the leading term is from the operator with the leading celestial twist τc,
which is exactly the non-degenerate operator with τc = 2, j = 2. Using this, we find that
the leading log of G̃(n+1) in the limit z � 1 is given by

G̃(n+1)g/q(z � 1, z)

= R
(1)g/q
4,2 (γ(1)

4,2)n z logn(z)
2nn! k0,−1

6 (z) +O(z logn−1 z)

= 10R(1)g/q
4,2

(11
3 CA + 4

3nFTF
)n z logn(z)

2nn!
(z(12− 12z + z2) + 6(2− 3z + z2) log(1− z))

z2

+O(z logn−1 z). (4.9)

If we also write down the subleading O(z logn−1 z) order, we find

G̃(n+1)g/q(z � 1, z)

= R
(1)g/q
4,2 (γ(1)

4,2)n z logn(z)
2nn! k0,−1

6 (z)

+

 ∑
j=2,4,6,···

〈R(2)g/q
j+2,j (γ(1)

j+2,j)
n−1〉k0,−1

2j+2(z) +R
(1)g/q
4,2 (γ(1)

4,2)n∂δk0,−1
δ+2 (z)|δ→4

+〈R(1)g/q
j+2,2 γ

′
∗〉(γ

(1)
j+2,2)n−1∂δ′∗k

0, 3−δ
′
∗

2
6 (z)|δ′∗→5

 z logn−1(z)
2n−1(n− 1)! +O(z logn−2 z). (4.10)
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Note that for the subleading order coefficient 〈R(2)〉, we should expect to get con-
tribution from operators with τc = 2 and all even j. The only term we know is
R

(1)g/q
4,2 (γ(1)

4,2)n∂δk0,−1
δ+2 (z)|δ→4. We can actually isolate this term by further taking the small

z limit, in which we find k0,−1
2j+2(z) = zj+1 + O(zj+2), ∂δk0,−1

δ+2 (z)|δ→4 = 1
2z

3 log z + O(z4),

and ∂δ′∗k
0, 3−δ

′
∗

2
6 (z)|δ′∗→5 = O(z4). Therefore, in the z � z � 1 limit, we can also predict the

coefficient of the z logn−1 zz3 log z term. It is given by

G̃(n+1)g/q(z � z � 1)

= 10R(1)g/q
4,2

(11
3 CA + 4

3nFTF
)n z logn(z)

2nn!
(z(12− 12z + z2) + 6(2− 3z + z2) log(1− z))

z2

+ 1
2R

(1)g/q
4,2

(11
3 CA + 4

3nFTF
)n z logn−1(z)

2n−1(n− 1)!
(
z3 log z +O(z3)

)
+O(z logn−2 z). (4.11)

It is also interesting to study the leading behavior of G̃(n+1)(z, z) in the double lightcone
limit z � 1− z � 1. From (4.9), we obtain

G̃(n+1)g/q(z � 1− z � 1)

= R
(1)g/q
4,2 (γ(1)

4,2)n z logn(z)
2nn! (10 +O(1− z)) +O(z logn−1 z), (4.12)

and one can try to study how this term can be created using the crossing equation (2.47)
and the lightcone bootstrap [43]. One will find that they come from the R(n+1) coefficients
with τc = 6 and large-j (which corresponds to double-trace operators with conventional
twist τ = 8 and j = 4). From the crossing equation, we can also predict the large-j behavior
of 〈R(n+1)

j+6,j 〉. For example, we find that at large-j,

〈R(1)g/q
j+6,j 〉 ∼

5
√
π

8 R
(1)g/q
4,2 4−jj

7
2 . (4.13)

This result can be generalized to 〈R(n+1)g/q
j+6,j 〉 at any order. We describe the result and the

details of the calculation in appendix D.

4.2 Degeneracies of O′∗

So far in our analysis, we have assumed there is a unique isolated spin-4 operator O′∗ that
controls the collinear limit. However, it can happen that the leading-twist spin-4 operator
is degenerate at tree-level, and thus we must take into account the contribution of multiple
O′∗’s in perturbation theory.

As discussed in section 3.1, ∆′∗ = δ′∗ + 1 should be the scaling dimension of the leading
twist, spin-4 operator O′∗ in the T × T × T OPE. Also, since the sink/source states we
consider are rotationally-invariant, O′∗ should have zero transverse spin. There are only two
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such Regge trajectories in QCD:16

Oq(J) = (−1)J

2J
J∑
k=1

(−1)k−1αqk(J)ψγ{µ1(i←−Dµ2) · · ·(i←−Dµk)(iDµk+1) · · ·(iDµJ})ψ−traces,

Og(J) = (−1)J

2J
J−1∑
k=1

(−1)k−1αgk(J)Faν{µ1(i←−Dµ2) · · ·(i←−Dµk)(iDµk+1) · · ·(iDµJ−1)F νµJ}a −traces,

(4.14)

where ←−Dµ (acting on the left) and Dµ (acting on the right) are covariant derivatives. The
coefficients αq/gk (J) are chosen such that the entire expression of Oq/g(J) is a conformal
primary, and they satisfy the normalization condition

∑J
k=1 α

q
k(J) =

∑J−1
k=1 α

g
k(J) = 1. For

example, for J = 2 we have

Oq(2) = 1
8
(
ψγ{µ1iDµ2}ψ − ψγµ1}i

←−
D{µ2ψ

)
− traces,

Og(2) = 1
4Faν

µ1F aνµ2 − traces. (4.15)

One can see that the sum Oq(2) +Og(2) is proportional to the stress-energy tensor.
For general J , there are many different methods to determine the coefficients αq/gk (J)

that make Oq/g(J) a conformal primary [29, 57–59]. Here, we are only interested in
the J = 4 case. So we take a simple approach: apply the generator Kµ of the special
conformal transformation on Oq/g(4) and demand that its action vanishes. Using the basic
commutation relation [Kµ, Pν ] = 2ηµνD − 2Mµν , we find

Oq(4) = 1
224

(
ψγ{µ1(iDµ2)(iDµ3)(iDµ4})ψ − 6(iD{µ2)ψγµ1(iDµ3)(iDµ4})ψ

+6(iD{µ2)(iDµ3)ψγµ1(iDµ4})ψ − (iD{µ2)(iDµ3)(iDµ4)ψγµ1}ψ
)
− traces,

(4.16)

and

Og(4) = 3
112

(
Faν
{µ1(iDµ2)(iDµ3)F νµ4}

a − 4
3(iD{µ2)Faνµ1(iDµ3)F νµ4}

a

)
− traces. (4.17)

The one-loop dilatation matrix for Oq(4) and Og(4) is given by [60–62]

γ̂ = αs
4π

( 157CF
30 −11nFTF

15
−11CF

15
21CA

5 + 4nFTF
3

)
. (4.18)

Its eigenvalues are

21
10CA+ 157

60 CF + 2
3nFTF∓

1
60

√
(126CA−157CF )2+32(315CA−332CF )nFTF +1600n2

FT
2
F ,

(4.19)

16We are using mostly positive metric, and our convention for indices symmetrization is T {µ1···µn} =
1
n!
∑

P∈Sn
TµP (1)···µP (n) .
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and its left eigenvectors are (
α± 1

)
, (4.20)

where

α±=
126CA−157CF +40nFTF±

√
(126CA−157CF )2+32(315CA−332CF )nFTF +1600n2

FT
2
F

44nFTF
.

(4.21)

To resolve the degeneracy at 1-loop, we can define the following two operators:

O′∗1 = α+Oq(4) +Og(4),

O′∗2 = Oq(4) + 1
α−
Og(4). (4.22)

In the O′∗1,O′∗2 basis, the anomalous dimension matrix is then diagonal. The first operator
has anomalous dimension (suppressing the αs

4π factor)

γ′∗1≡
21
10CA+ 157

60 CF + 2
3nFTF−

1
60

√
(126CA−157CF )2+32(315CA−332CF )nFTF +1600n2

FT
2
F ,

(4.23)

and γ′∗2 is given by replacing −
√
· →
√
·.

Taking into account the degeneracies of O′∗, the decomposition (2.46) for G(ζ12, z, z)
should become

G(ζ12, z, z) = π2

16
∑
i=1,2

(−p2)
2∆O−4

2

σOtotal
s
′(i)
OOPδ′∗

ζ
δ′∗−5

2
12

∑
δ,j

rEEPδ,jr
′(i)
Pδ,jEPδ′∗

g
(EEEPδ′∗ )
δ,j (z, z)

=
∑
i=1,2

cOi ζ
δ′∗−5

2
12

∑
δ,j

R̃δ,j;δ′∗;ig
(EEEPδ′∗ )
δ,j (z, z), (4.24)

where in the first line we have used (2.44) to restore the total cross section in order to
emphasize the dependence on the sink/source states, and in the second line we have defined

cOi ≡
(−p2)

2∆O−4
2

σOtotal
s
′(i)
OOPδ′∗

, R̃δ,j;δ′∗;i ≡
π2

16rEEPδ,jr
′(i)
Pδ,jEPδ′∗

. (4.25)

Note that unlike Rδ,j;δ′∗ , the newly defined coefficient R̃δ,j;δ′∗;i is independent of the operator
O, which creates the sink/source states. The only dependence on O is in the coefficient cOi .
Using (2.15), one can show that cOi can be determined using

〈O(p)|L[O′∗;i](∞, z)|O(p)〉
〈O(p)|O(p)〉 = cOi (−2p · z)−δ′∗(−p2)

δ′∗+3
2 , (4.26)

where we have replaced the object Wδ′ with L[O′∗;i],17 based on the assumptions made in
section 3.1. For us, the two degenerate operators can be chosen to be O′∗1 and O′∗2 defined

17The coefficient relating Wδ′ and L[O′∗;i] can be absorbed into r′(i)Pδ,jEPδ′∗
.
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in (4.22). The two different O’s are TrF 2 corresponding to the gluon jet and Jµ correspond-
ing to the quark jet (averaged over polarization), so we will simply use cg/qi for two cases.

We are interested in c(0)g/q
i at the leading order in the coupling constant. To find c(0)g/q

i ,
we first determine 〈O(x1)Og/q(4)(x2, z2)O(x3)〉 in position space using Wick contractions,
where O is either TrF 2 or Jµ. After doing the light transform and Fourier transform, we
then obtain that at the leading order

〈TrF 2(p)|L[Og(4)](∞, z)|TrF 2(p)〉
〈TrF 2(p)|TrF 2(p)〉 = 1

64π (−2p · z)−5(−p2)4 +O(αs),

〈Jµ(p)|L[Oq(4)](∞, z)|Jµ(p)〉
〈Jµ(p)|Jµ(p)〉 = 1

64π (−2p · z)−5(−p2)4 +O(αs), (4.27)

which implies that

c
(0)g
1 = 1

64π , c
(0)g
2 = 1

α−

1
64π , c

(0)q
1 = α+

1
64π , c

(0)q
2 = 1

64π . (4.28)

Therefore, the coefficients appearing in (3.5) can be rewritten as (we focus on 〈R(1)
δ,j;δ′∗
〉)

〈R(1)g
δ,j;δ′∗
〉 = 1

64π

(
〈R̃(1)

δ,j;δ′∗;1
〉+ 1

α−
〈R̃(1)

δ,j;δ′∗;2
〉
)
,

〈R(1)q
δ,j;δ′∗
〉 = 1

64π
(
α+〈R̃(1)

δ,j;δ′∗;1
〉+ 〈R̃(1)

δ,j;δ′∗;2
〉
)
. (4.29)

Solving (4.29) for 〈R̃(1)
δ,j;δ′∗;1/2

〉, we find

〈R̃(1)
δ,j;δ′∗;1

〉 = 64π
α+ − α−

(
〈R(1)q

δ,j;δ′∗
〉 − α−〈R(1)g

δ,j;δ′∗
〉
)
,

〈R̃(1)
δ,j;δ′∗;2

〉 = 64πα−
α+ − α−

(
α+〈R(1)g

δ,j;δ′∗
〉 − 〈R(1)q

δ,j;δ′∗
〉
)
. (4.30)

4.3 Predictions for G(n+1)(ζ12, z, z)

We now explain how to use (4.24) and (4.30) to deal with the degeneracy of O′∗ and make
predictions for G(n+1)(ζ12, z, z). If we expand (4.3) in small coupling assuming there are no
degeneracies, we will get

G(n+1)(ζ12,z,z)

=
n∑
k=0

logn−k ζ12
2n−k(n−k)!


k∑
p=0

∑
i1+i2+···ip+1=n−k

i1+2i2+···+(p+1)ip+1=n−k+p

(n−k)!
i1! · · · ip+1!

(
γ
′(1)
∗
)i1
· · ·
(
γ
′(p+1)
∗

)ip+1
G̃(k+1−p)

.
(4.31)
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More explicitly, the first few terms are given by

G(n+1)(ζ12,z,z)

= logn ζ12
2nn!

(
γ
′(1)
∗
)n
G̃(1)(z,z)

+ logn−1 ζ12
2n−1(n−1)!

((
γ
′(1)
∗
)n−1

G̃(2)(z,z)+(n−1)
(
γ
′(1)
∗
)n−2

γ
′(2)
∗ G̃(1)(z,z)

)
+ logn−2 ζ12

2n−2(n−2)!

((
γ
′(1)
∗
)n−2

G̃(3)(z,z)+(n−2)
(
γ
′(1)
∗
)n−3

γ
′(2)
∗ G̃(2)(z,z)

+(n−2)(n−3)
2

(
γ
′(1)
∗
)n−4(

γ
′(2)
∗
)2
G̃(1)(z,z)+(n−2)

(
γ
′(1)
∗
)n−3

γ
′(3)
∗ G̃(1)(z,z)

)
+· · · . (4.32)

The above expression will be modified in the presence of degeneracies. In general, if we
know the anomalous dimension γ′(k)

∗ to the k-th order, we will be able to rewrite the above
expression up to the logn−k+1 ζ12 term. In the previous section, we have only diagonalized
the γ′(1)

∗ matrix, which then allows us to rewrite all the (γ′(1)
∗ )k terms.

First, let us focus on the leading logarithmic divergence logn(ζ12). Using (4.24), we
find that in the presence of degeneracies, the leading log term of (4.31) should become

G(n+1)(ζ12, z, z)

= logn ζ12
2nn!

c(0)O
1

(
γ′∗1
)n∑

δ,j

〈R̃(1)
δ,j;δ′∗;1

〉g
(EEEPδ′∗=5)
δ,j (z, z) + c

(0)O
2

(
γ′∗2
)n∑

δ,j

〈R̃(1)
δ,j;δ′∗;2

〉g
(EEEPδ′∗=5)
δ,j (z, z)


+O(logn−1 ζ12) , (4.33)

where γ′∗1 and γ′∗2 are given by (4.23). Plugging in (4.30), we obtain for the gluon and
quark jets

G(n+1)g(ζ12, z, z) = logn ζ12
2nn!

(
α+(γ′∗2)n − α−(γ′∗1)n

α+ − α−
G(1)g + (γ′∗1)n − (γ′∗2)n

α+ − α−
G(1)q

)
+O(logn−1 ζ12) , (4.34)

G(n+1)q(ζ12, z, z) = logn ζ12
2nn!

(
α+(γ′∗1)n − α−(γ′∗2)n

α+ − α−
G(1)q + α+α−((γ′∗2)n − (γ′∗1)n)

α+ − α−
G(1)g

)
+O(logn−1 ζ12) , (4.35)

where G(1)g/q are simply the leading order results for the gluon/quark jet, related to the
known result of [24] by (3.3). Equations (4.34) and (4.35) show that the leading logarithmic
divergence of the (n+ 1)-th order EEEC G(n+1)(ζ12, z, z) is logn(ζ12), and it is completely
determined by the leading order result G(1)g and G(1)q.

In fact, since we can rewrite all the (γ′(1)
∗ )k terms in (4.31), we can make further

predictions for G(n+1)(ζ12, z, z) if we know how to separate out the contributions from
(γ′(1)
∗ )k. This can be done by taking the limits considered in section 4.1. For example, in
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the OPE limit we find

G(n+1)g/q(ζ12, r → 0, θ)

=
n∑
k=0

logn−k ζ12
2n−k(n− k)!

(
c

(0)g/q
1 (γ′∗1)n−kG̃(k+1)

1 (r → 0, θ) + c
(0)g/q
2 (γ′∗2)n−kG̃(k+1)

2 (r → 0, θ)

+O(r4 logk−1 r)
)
. (4.36)

From (4.7) we know that G̃(k+1) ∼ r4 logk r in the OPE limit. Thus, at each logn−k ζ12
power, all the terms involving higher-loop anomalous dimensions (γ′(p)∗ with p > 1) in (4.31)
go as at most r4 logk−1 r, while the term involving (γ′(1)

∗ )k has the most divergent piece
r4 logk r. Therefore, we can determine the leading behavior in small r for each logn−k ζ12
power. The functions G̃(k+1)

1 and G̃(k+1)
2 only include the contribution from O′∗1 and O′∗2

respectively. They are defined as

G̃(k+1)
1 = 64π

α+ − α−

(
G̃(k+1)q − α−G̃(k+1)g

)
,

G̃(k+1)
2 = 64πα−

α+ − α−

(
α+G̃(k+1)g − G̃(k+1)q

)
. (4.37)

Using (4.7), we then obtain, for example,

G(n+1)g(ζ12, r→ 0,θ)

=
n∑
k=0

logn−k ζ12
2n−k−1k!(n−k)!

×
((
γ

(1)
4,2

)k(α+(γ′∗2)n−k−α−(γ′∗1)n−k

α+−α−
R

(1)g
4,2 + (γ′∗1)n−k−(γ′∗2)n−k

α+−α−
R

(1)q
4,2

)
r4 logk r cos(2θ)

+(· · ·)r4 logk r+O(r4 logk−1 r)
)
, (4.38)

where γ(1)
4,2 and R

(1)g/q
4,2 are given in (4.6), (3.19) and (3.20) respectively. Thus, we have

a prediction for the spin-2 part of the leading term of G(n+1) in the OPE limit, at each
logarithmic order in log ζ12.

Similarly, (γ′(1)
∗ )k terms in (4.31) also give the dominant contribution in the z � 1

limit. Following the same calculation as that of the OPE limit, we obtain (using (4.9))

G(n+1)g(ζ12,z� 1, z)

=
n∑
k=0

logn−k ζ12
2nk!(n−k)!

×
((
γ

(1)
4,2

)k(α+(γ′∗2)n−k−α−(γ′∗1)n−k

α+−α−
R

(1)g
4,2 + (γ′∗1)n−k−(γ′∗2)n−k

α+−α−
R

(1)q
4,2

)
z logk(z)k0,−1

6 (z)

+O(z logk−1(z))
)
, (4.39)

and similarly for G(n+1)q. It is also straightforward to repeat the analysis in the z � z � 1
limit and predict the z logk−1(z)z3 log(z) term at each log ζ12 order using (4.11).
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5 Contact terms and Ward identities

In this section, we study Ward identities satisfied by the EEEC, and also compute the
EEEC at O(g0) and O(g2) order. Note that conventionally O(g4) is called the “leading
order” (LO) since it is the lowest order at which the EEEC is nonzero for generic detector
positions. However, contributions at O(g0) and O(g2) also exist: they are proportional
to delta functions, which we call “contact terms”, and so only become nonzero in special
configurations. It was shown in [21, 34, 63] that Ward identities can be used to determine the
contact terms in the two-point EEC. Here, we perform a similar analysis for the EEEC, and
use perturbation theory and Ward identities to obtain the EEEC at O(g0) and O(g2) order.

5.1 EEEC′ and Ward identities

To study Ward identities, it is more convenient to write the EEEC as a function of the
explicit positions on the celestial sphere ~ni, instead of the cross-ratios ζij . Thus, we define

EEEC′(~n1, ~n2, ~n3) =
∫
ddx eip·x〈0|O†(x)E(~n1)E(~n2)E(~n3)O(0)|0〉

(−p2)
3
2
∫
ddx eip·x〈0|O†(x)O(0)|0〉

=
∑
i,j,k

∫
dσ
EiEjEk
Q3 δ

(
~n1,

~pi
Ei

)
δ

(
~n2,

~pj
Ej

)
δ

(
~n3,

~pk
Ek

)
, (5.1)

where the spherical delta function δ(~n1, ~n2) is defined by∫
dΩ~n2δ(~n1, ~n2)f(~n2) = f(~n1). (5.2)

The first line in (5.1) is a nonperturbative definition, while the second line is suitable for
perturbation theory. As before, dσ represents an integration over phase space weighted by
the scattering cross section, and (Ei, ~pi) are energy and momentum of outgoing particles.
The parametrization (5.1) of the EEEC is related to (2.1) by

EEEC′(~n1, ~n2, ~n3) = sin θ1 sin θ2| sinφ|
64π2 EEEC(ζ12, ζ13, ζ23), (5.3)

where

~n1 = (sin θ1, 0, cos θ1), ~n2 = (sin θ2 cosφ, sin θ2 sinφ, cos θ2), ~n3 = (0, 0, 1). (5.4)

To derive Ward identities, we simply integrate (5.1) over ~n1, ~n2, ~n3 and use energy and
momentum conservation. For example,∫

dΩ~n1dΩ~n2dΩ~n3EEEC′(~n1, ~n2, ~n3) =
∑
i,j,k

∫
dσ
EiEjEk
Q3 = 1, (5.5)

where we have used energy conservation
∑
iEi = Q. Similarly, we also have∫

dΩ~n1dΩ~n2dΩ~n3(1−~n1 ·~n2)EEEC′(~n1,~n2,~n3) =
∑
i,j,k

∫
dσ

(EiEj−~pi ·~pj)Ek
Q3 = 1, (5.6)
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where we have used momentum conservation
∑
i ~pi = 0. In this way, we can derive the

following Ward identities: ∫
dΩ~n1dΩ~n2dΩ~n3EEEC′(~n1, ~n2, ~n3) = 1,∫

dΩ~n1dΩ~n2dΩ~n3(1− ~n1 · ~n3)EEEC′(~n1, ~n2, ~n3) = 1,∫
dΩ~n1dΩ~n2dΩ~n3(1− ~n2 · ~n3)EEEC′(~n1, ~n2, ~n3) = 1,∫
dΩ~n1dΩ~n2dΩ~n3(1− ~n1 · ~n2)EEEC′(~n1, ~n2, ~n3) = 1,∫

dΩ~n1dΩ~n2dΩ~n3(1− ~n1 · ~n3)(1− ~n2 · ~n3)EEEC′(~n1, ~n2, ~n3) = 1,∫
dΩ~n1dΩ~n2dΩ~n3(1− ~n1 · ~n3)(1− ~n1 · ~n2)EEEC′(~n1, ~n2, ~n3) = 1,∫
dΩ~n1dΩ~n2dΩ~n3(1− ~n2 · ~n3)(1− ~n1 · ~n2)EEEC′(~n1, ~n2, ~n3) = 1. (5.7)

Using the Ward identities, we immediately see that the O(g0) EEEC′ must be given by

EEEC′(~n1, ~n2, ~n3) = 1
16π

(
δ(~n1, ~n2)δ(~n1, ~n3) + δ(~n1, ~n2)δ(~n1,−~n3)

+ δ(~n1, ~n3)δ(~n3,−~n2) + δ(~n2, ~n3)δ(~n2,−~n1)
)
. (5.8)

The structure of (5.8) is easy to understand. The first term is supported when all three
detectors are coincident. The other three terms appear when two of the detectors are
coincident and the other is diametrically opposite on the celestial sphere. Physically, the
O(g0) EEEC gets contributions only from two particle states. By energy and momentum
conservation, these particles must fly in opposite directions, and thus can only be observed by
detectors that are either coincident (observing the same particle) or diametrically opposite
(observing the two different particles).

5.2 Tree-level (O(g2)) EEEC′ in N = 4 SYM

Let us now consider the EEEC at O(g2). We work in N = 4 SYM and consider the case
where the sink/source states are created by the operator TrF 2. At this order, there are
at most three particles in the outgoing state. Therefore, if the detectors are at different
positions, the three vectors ~n1, ~n2, ~n3 must be coplanar in order for the total momentum to
be zero. It follows that the O(g2) EEEC must take the form:

EEEC′(~n1, ~n2, ~n3)|O(g2)

= F0(~n1, ~n2, ~n3)δ((~n1 × ~n2) · ~n3)
+ F1(~n1, ~n2)δ(~n1, ~n3) + F1(~n1, ~n3)δ(~n2, ~n3) + F1(~n2, ~n3)δ(~n1, ~n2)
+ 2πc1δ(~n1, ~n2)δ(~n1, ~n3)
+ 2πc2[δ(~n1, ~n2)δ(~n1,−~n3) + δ(~n1, ~n3)δ(~n3,−~n2) + δ(~n2, ~n3)δ(~n2,−~n1)]. (5.9)
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On the right-hand side, the first line describes the configuration where the detectors are
coplanar. The second line are the contact terms that appear when two of the detectors
are at the same position and the third detector is at a generic position. The third and
the fourth lines appear in the same configurations as (5.8), and can be thought of as the
higher-order corrections.

Using perturbation theory, we can obtain the functions F1(~n1, ~n2) and F0(~n1, ~n2, ~n3).
We leave the details of the calculation in appendix E.1. The result for F1 is18

F1(ζ) = −ζ(−60 + 102ζ − 44ζ2 + 3ζ3) + (−60 + 132ζ − 90ζ2 + 19ζ3) log(1− ζ)
256π4(1− ζ)ζ6 . (5.10)

This expression is only valid for 0 < ζ < 1. The final expression should be a distribution
and include contact terms at ζ = 0 and ζ = 1. To see the contact terms, we can further
separate F1 into a singular part and a regular part:

F1(ζ) = 1
512π4ζ

− 1 + log(1− ζ)
256π4(1− ζ) + F reg

1 (ζ). (5.11)

The singular terms can be interpreted as

F sing
1 (ζ) = 1

512π4

[1
ζ

]
0
− 1

256π4

[ 1
1−ζ

]
1
− 1

256π4

[ log(1−ζ)
1−ζ

]
1
+a1δ(ζ)+b1δ(1−ζ), (5.12)

where the distribution
[

1
ζ

]
0
is defined as the unique distribution that agrees with 1

ζ for
ζ > 0 and satisfies ∫ 1

0
dζ

[1
ζ

]
0

= 0, (5.13)

and [· · · ]1 is defined in a similar way with ζ → 1− ζ. The expressions (5.11) and (5.12) now
specify F1(ζ) as a distribution. However, this distribution depends on unknown coefficients
a1, b1. We will determine them using Ward identities.

Now consider the function F0. We find that it can be written as19

F0(ζ1, ζ2) =
√
ζ1ζ2(1− ζ1)(1− ζ2)F̃0(ζ1, ζ2)θ(ζ1 + ζ2 − 1), (5.14)

where θ(· · · ) is a step function (we explain its appearance in appendix E.1). The function
F̃0 is given by

F̃0(ζ1, ζ2) = 1
256π4ζ2

1ζ
2
2
√
ζ1ζ2(1− ζ1)(1− ζ2)(

√
ζ1(1− ζ2) +

√
ζ2(1− ζ1))4

×
(
− 14ζ2

1ζ
2
2 − 18ζ1ζ2 + 19ζ1ζ2(ζ1 + ζ2)− 6(ζ1 + ζ2)2 + 12(ζ1 + ζ2)− 6

+ 2
√
ζ1ζ2(1− ζ1)(1− ζ2)(6− 6(ζ1 + ζ2) + 7ζ1ζ2)

)
. (5.15)

18Note that F1(~n1, ~n2) is invariant under an overall rotation of ~n1, ~n2, so it can be written as a function
of the cross ratio ζ = 1−~n1·~n2

2 .
19Again due to rotational invariance, we can write F0 as a function of two cross ratios ζ1, ζ2, where

ζ1 = 1−~n1·~n3
2 , ζ2 = 1−~n2·~n3

2 .
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(0, 1)

Figure 3. Definition of (ri, θi). Due to the step function in (5.14), F0(ζ1, ζ2) is nonzero only in the
blue region. The three points (1, 0), (0, 1), (1, 1) are where F0(ζ1, ζ2) becomes singular.

It is convenient to study F̃0 instead of F0. To interpret F̃0 as a distribution, we again
separate it into a singular part and regular part as F̃0 = F̃ sing

0 + F̃ reg
0 . The singular part is

given by

F̃ sing
0 (ζ1, ζ2) = f(θ1)

r2
1

+ f(θ2)
r2

2
+ g(θ3)

r2
3
, (5.16)

where

r1 =
√
ζ2

1 + (1− ζ2)2, θ1 = tan−1
(1− ζ2

ζ1

)
,

r2 =
√
ζ2

2 + (1− ζ1)2, θ2 = tan−1
(1− ζ1

ζ2

)
,

r3 =
√

(1− ζ1)2 + (1− ζ2)2, θ3 = tan−1
(1− ζ2

1− ζ1

)
. (5.17)

(ri, θi) are the polar coordinates with respect to the points where F̃0 becomes singular. See
figure 3. The two functions in (5.16) are given by

f(θ) = 1
256π4

√
sin(θ) cos

3
2 (θ)

,

g(θ) = 1

256π4
√

sin(θ)
√

cos(θ)
(√

sin(θ) +
√

cos(θ)
)2 . (5.18)

One can then show that F̃ sing
0 as a distribution should be given by

F̃ sing
0 (ζ1, ζ2) = a0

(
δ(r1)
r1

+ δ(r2)
r2

)
+ b0

δ(r3)
r3

+ f0(θ1)
r1

[ 1
r1

]
0

+ f0(θ2)
r2

[ 1
r2

]
0

+ g0(θ3)
r3

[ 1
r3

]
0
.

(5.19)
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Moreover, from (5.9) we see that F0 must be crossing symmetric. This condition implies20

b0 −
1
2a0 = π −

√
2π + 2 log 2 +

√
2 log(3− 2

√
2)

256π5 ≈ 0.00003291. (5.20)

Note that although we have six unknown coefficients (c1, c2, a1, b1, a0, b0), there are ac-
tually only two types of contact terms in (5.9). By integrating against test functions, we find

δ(r1)
r1

√
ζ1ζ2(1− ζ1)(1− ζ2)δ((~n1 × ~n2) · ~n3) = π2

2 δ(~n1, ~n3)δ(~n2,−~n3),

δ(r2)
r2

√
ζ1ζ2(1− ζ1)(1− ζ2)δ((~n1 × ~n2) · ~n3) = π2

2 δ(~n1,−~n3)δ(~n2, ~n3),

δ(r3)
r3

√
ζ1ζ2(1− ζ1)(1− ζ2)δ((~n1 × ~n2) · ~n3) = π2δ(~n1,−~n3)δ(~n2,−~n3), (5.21)

and in addition

δ(1−~n1·~n2
2 )δ(~n2, ~n3) = 4πδ(~n1, ~n2)δ(~n2, ~n3),

δ(1− 1−~n1·~n2
2 )δ(~n2, ~n3) = 4πδ(~n1,−~n2)δ(~n2, ~n3). (5.22)

Collecting all the contact terms together, we find

2π(c1 + 6a1)δ(~n1, ~n2)δ(~n2, ~n3)

+ 2π
(
c2 + 2b1 + π

4 a0

)
(δ(~n1, ~n3)δ(~n2,−~n3) + δ(~n1,−~n3)δ(~n2, ~n3))

+ 2π
(
c2 + 2b1 + π

2 b0
)
δ(~n1,−~n3)δ(~n2,−~n3). (5.23)

Only the above linear combinations of coefficients are physically meaningful. Note that
the coefficients of δ(~n1, ~n3)δ(~n2,−~n3) and δ(~n1,−~n3)δ(~n2,−~n3) are different because of
our choice of coordinates (5.17) to write the distributions [· · · ]0. These coordinates are
convenient for analyzing the singularities of F0, but they do not manifest crossing symmetry.
When we perform a crossing transformation, we rescale the arguments of the distributions
[· · · ]0, which can produce δ-functions via [1/(λx)]0 = λ−1[1/x]0 − (log λ/λ)δ(x). Taking
these δ-functions into account, one can show that as long as (5.20) is satisfied, the full
expression is crossing symmetric. See appendix E.2 for details.

We can now use the Ward identities (5.7) to determine the coefficients of the contact
terms. Plugging (5.9) into (5.7), we obtain∫ 1

0
dζ1

∫ 1

0
dζ2 F̃0(ζ1, ζ2)θ(ζ1 + ζ2 − 1) + 6

∫ 1

0
dζ F1(ζ) + c1 + 3c2 = 0,

2
∫ 1

0
dζ1

∫ 1

0
dζ2 ζ1F̃0(ζ1, ζ2)θ(ζ1 + ζ2 − 1) + 8

∫ 1

0
dζ ζF1(ζ) + 4c2 = 0,

4
∫ 1

0
dζ1

∫ 1

0
dζ2 ζ1ζ2F̃0(ζ1, ζ2)θ(ζ1 + ζ2 − 1) + 8

∫ 1

0
dζ ζ2F1(ζ) + 4c2 = 0, (5.24)

20See appendix E for a derivation.
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where F̃0(ζ1, ζ2) is defined by (5.14). The integrals in (5.24) can be computed using (5.10),
(5.12), (5.15), and (5.16). The integrals of the F̃0 function are given by

∫ 1

0
dζ1

∫ 1

0
dζ2 F̃0(ζ1, ζ2)θ(ζ1 + ζ2 − 1) = π

2 (a0 + b0) + 0.00011205,∫ 1

0
dζ1

∫ 1

0
dζ2 ζ1F̃0(ζ1, ζ2)θ(ζ1 + ζ2 − 1) = π

2

(
a0
2 + b0

)
+ 0.0000815314,∫ 1

0
dζ1

∫ 1

0
dζ2 ζ1ζ2F̃0(ζ1, ζ2)θ(ζ1 + ζ2 − 1) = π

2 b0 + 0.0000884406, (5.25)

and for the F1 integrals we get

∫ 1

0
dζF1(ζ) = 51 + 10π2

15360π4 + a1 + b1,∫ 1

0
dζ ζF1(ζ) = 3 + 2π2

3072π4 + b1,∫ 1

0
dζ ζ2F1(ζ) = −4 + π2

1536π4 + b1. (5.26)

Using these results, we find the solution to (5.24):

b0 −
a0
2 = 0.0000329062,

c2 + 2b1 + π

4 a0 = −0.00021859,

c1 + 6a1 = −0.000108274. (5.27)

We see that the first line is consistent with (5.20), which comes from crossing symmetry of
F0(ζ1, ζ2). The second and the third line give the coefficients of the two types of contact
terms that can appear in EEEC′|O(g2).

5.3 Contact terms from the conformal block decomposition

It is interesting to ask how the δ-functions in EEEC′|O(g2) are reproduced from the conformal
block decomposition described in section 2. Since the conformal block decomposition
describes the leading term in the collinear limit, we should study those δ-functions that
survive when all ~ni’s are close to each other. More precisely, we have an expansion around
the squeezed limit, where we first take ~n2 and ~n3 close together, and then ~n1.

Using (2.41), the collinear limit is

EEEC′(~n1, ~n2, ~n3)|O(g2) = 1
32π2

ζ12
ζ3

23

∑
δ,j

Rδ,j |O(g2)g
EEEPδ′∗
δ,j (z, z) + . . . , (5.28)

where z, z are defined by

ζ23
ζ12

= zz,
ζ13
ζ12

= (1− z)(1− z). (5.29)
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The small z, z limit corresponds to the limit where ~n2 and ~n3 become close. The contact
term F1(~n1, ~n2)δ(~n2, ~n3) can then appear from the exchanged quantum numbers δ = 4, j = 0.
More precisely, we have

EEEC′(~n1, ~n2, ~n3)|O(g2) ∼
g2Nc

512π5
1
ζ2

12
lim
δ→4
〈R(0)

δ,0〉(zz)
δ
2−3 = g2Nc

64π4

lim
δ→4

〈R(0)
δ,0〉

δ − 4

 1
ζ12

δ(~n2, ~n3).

(5.30)

This result should agree with the 1
ζ term of F1(ζ) in (5.12). Matching the two expressions,

we obtain

lim
δ→4

〈R(0)
δ,0〉

δ − 4 = 1
8 . (5.31)

Thus, even though 〈R(0)
4,0〉 vanishes, the zero of 〈R(0)

δ,0〉 at δ = 4 is related to the EEEC at
O(g2) order. It would be interesting to verify (5.31) using other methods.

6 EEEC at strong coupling

We now consider the EEEC at strong coupling. In [9], Hofman and Maldacena computed
the EEEC at strong coupling in N = 4 SYM up to O(λ−3/2) order using AdS/CFT for a
sink/source state created by a massless closed string. In this paper, we focus on the leading
order and O(1/λ) correction. In terms of (5.1), the result of [9] is

EEEC′strong(~n1, ~n2, ~n3)

=
( 1

4π

)3
(

1 + 6π2

λ

(
(~n1 · ~n2)2 + (~n1 · ~n3)2 + (~n2 · ~n3)2 − 1

)
+O(λ−3/2)

)
. (6.1)

Let us lift this expression into a more covariant form, using embedding space coordinates
for the celestial sphere zi ∈ Rd−1,1 with z2

i = 0. We define

F(z1, z2, z3, p) ≡
8
∫
ddx eip·x〈0|O†(x)L[T ](∞, z1)L[T ](∞, z2)L[T ](∞, z3)O(0)|0〉

(−p2)
3
2
∫
ddx eip·x〈0|O†(x)O(0)|0〉

, (6.2)

which is a homogeneous function of the zi. The original EEEC can be recovered by
specializing: F(zi = (1, ~ni), p = (1,~0)) = EEEC′(~ni). In embedding space coordinates, the
expression (6.1) becomes

Fstrong(z1,z2,z3,p)

= 8
π3

1
(−2z1 ·p)3(−2z2 ·p)3(−2z3 ·p)3

(
1+ 6π2

λ

(
(1−2ζ12)2+(1−2ζ23)2+(1−2ζ13)2−1

))
+O(λ−3/2), (6.3)

where the cross ratios ζij are defined in (2.18). For this section, we also assume that
−p2 = 1, since the −p2 factors can be easily restored using dimensional analysis of p.
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In the weak coupling limit, the EEEC at tree-level is only nonzero when the three
detectors are coplanar, and the EEEC at 1-loop it is only known in the collinear limit. On
the other hand, the strong-coupling EEEC given in (6.3) is valid for any detector positions
on the celestial sphere.

Just as Mean Field Theory provides a simple example of a crossing-symmetric,
conformally-invariant four-point function, the strong-coupling EEEC given in (6.3) gives a
simple example of a crossing-symmetric, Lorentz invariant EEEC. It is therefore a perfect
target for us to study its celestial block expansion and test the results of section 2. Because
the strong-coupling EEEC is so simple, we will be able to compute its complete 3-point
celestial block expansion — i.e. not just its conformal block expansion in the collinear limit.

The celestial block expansion can be written as21

Fstrong(z1, z2, z3, p) =
∑
δ′

∑
δ,j

Pδ,j;δ′G
c
δ,j;δ′(z1, z2, z3, p), (6.4)

where the celestial block is defined as

Gcδ,j;δ′(z1, z2, z3, p) = C12Pδ,j (z1, z2, ∂z2 , ∂w2)CPδ,j3Pδ′ (z2, z3, ∂z3)(−2z3 · p)−δ
′
. (6.5)

Let us first focus on the j = 0 sector of (6.4). The light-ray OPE formula gives a relation
between the OPE data and the value of δ in the sum. In the strong coupling limit, the
T × T OPE should contain double-trace operators with twists τ = 2τT + 2n = 4 + 2n.
Therefore, the values of δ appearing in (6.4) should be

δ = ∆(J = 3)− 1 = 6 + 2n. (6.6)

Similarly, the T×T×T OPE should contain triple-trace operators with twists τ = 3τT +2k =
6 + 2k. As argued in section 3.1, we expect that the values of δ′ appearing in (6.4) are
given by

δ′ = ∆(J = 4)− 1 = 9 + 2k. (6.7)

To study the celestial block expansion of the strong-coupling EEEC, we will use
harmonic analysis for the Euclidean conformal group SO(d− 1, 1) [37]. A modern review
of harmonic analysis for Euclidean CFTs is given in [64], where they derive a Euclidean
inversion formula that expresses OPE data as an integral of CFT four-point functions over
Euclidean space. In this section, we use techniques from [64] to derive a “celestial inversion
formula” that expresses the celestial block expansion data as an integral of the EEEC
over the celestial sphere. We then consider the strong coupling limit and use this celestial
inversion formula to obtain the celestial block expansion (6.4) for the strong-coupling
EEEC (6.3).

21The relation between Pδ,j;δ′ and the coefficient Rδ,j;δ′ defined in section 2 is Pδ,j;δ′ = 16
π2Rδ,j;δ′ .
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6.1 Celestial inversion formula

We first derive the celestial inversion formula, following the derivation of the Euclidean
inversion formula in section 2 of [64]. By harmonic analysis for SO(d − 1, 1), the EEEC
F(z1, z2, z3, p) defined in (6.2) can be written as an integral of the form

F(z1, z2, z3, p) =
∑
j

∫ d−2
2 +i∞

d−2
2

dδ

2πi

∫ d−2
2 +i∞

d−2
2

dδ′

2πiI(δ, j; δ′)Ψc
δ,j;δ′(z1, z2, z3, p), (6.8)

where Ψc
δ,j;δ′ is a “celestial partial wave” defined by

Ψc
δ,j;δ′(z1, z2, z3, p)

≡
∫
Dd−2zDd−2z′〈Pδ1(z1)Pδ2(z2)Pδ,j(z)〉〈P̃δ,j(z)Pδ3(z3)Pδ′(z′)〉

1
(−2z′ · p)δ̃′

, (6.9)

where P̃δ,j is the shadow representation of Pδ,j , with scaling dimension δ̃ = d− 2− δ. The
measure Dd−2z is defined by

Dd−2z = 2ddzδ(z2)θ(z0)
volR+

, (6.10)

where R+ acts by rescaling z. Note that the operators Pδ,j(z) and P̃δ,j(z) each carry j
tangent-space indices on the celestial sphere. These indices are implicitly contracted in (6.9)
and below.

By construction, Ψc is an eigenfunction of the Casimirs of SO(d− 1, 1), acting simulta-
neously on z1, z2 and simultaneously on z1, z2, z3. So, we can study the behavior of Ψc in
the OPE limit to determine its relation to the celestial block Gc. Following the logic in [64],
the relation is

Ψc
δ,j;δ′ = S(Pδ3Pδ′ [P̃δ,j ])Iδ′(p)Gcδ,j;δ′ + S(Pδ3Pδ′ [P̃δ,j ])S(Pδ,jPδ3 [Pδ′ ])Gcδ,j;δ̃′

+ S(Pδ1Pδ2 [Pδ,j ])Iδ′(p)Gcδ̃,j;δ′ + S(Pδ1Pδ2 [Pδ,j ])S(P̃δ,jPδ3 [Pδ′ ])Gcδ̃,j;δ̃′ , (6.11)

where the coefficients S(· · · ), Iδ′(p) are defined by∫
Dd−2z〈P̃(z′)P̃(z)〉〈P1P2P(z)〉 = S(P1P2[P])〈P1P2P̃(z′)〉∫

Dd−2z′〈Pδ′(z3)Pδ′(z′)〉
1

(−2z′ · p)δ̃′
= Iδ′(p)(−2z3 · p)−δ

′
. (6.12)

More explicitly, their expressions are

S(P1P2[Pδ,j ]) =
π
d−2

2 Γ(δ − d−2
2 )Γ(δ + j − 1)Γ( δ̃+δ1−δ2+j

2 )Γ( δ̃−δ1+δ2+j
2 )

Γ(δ − 1)Γ(d− 2− δ + j)Γ( δ+δ1−δ2+j
2 )Γ( δ−δ1+δ2+j

2 )
,

S(Pδ,jP3[Pδ′ ]) =
π
d−2

2 Γ(δ′ − d−2
2 )Γ( δ̃′+δ3−δ+j2 )Γ( δ̃′−δ3+δ+j

2 )
Γ(d− 2− δ′)Γ( δ

′+δ3−δ+j
2 )Γ( δ

′−δ3+δ+j
2 )

,

Iδ′(p) =
π
d−2

2 Γ(d−2
2 − δ

′)
Γ(d− 2− δ′) (−p2)δ′−

d−2
2 . (6.13)
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Just like the four-point conformal partial wave, the celestial partial wave Ψc satisfies
an orthogonality relation that can be derived using a “bubble” formula. Consider two
celestial partial waves Ψc

δ5,j5;δ′5
and Ψc(δ̃i)

δ̃6,j6;δ̃′6
, where δ5,6 = d−2

2 + is5,6, δ
′
5,6 = d−2

2 + is′5,6 are

on the principal series and the external dimensions of Ψc(δ̃i) are the shadows of Ψc. The
orthogonality relation is (see appendix F for a derivation)∫

Dd−2z1D
d−2z2D

d−2z3d
d−1
AdSp

vol(SO(d− 1, 1)) Ψc
δ5,j5;δ′5

(z1, z2, z3, p)Ψc(δ̃i)
δ̃6,j6;δ̃′6

(z1, z2, z3, p)

= 1
2d−2 vol(SO(d− 2))B12Pδ5,j5BP̃δ5,j53Pδ′5

δP5P6δP ′5P ′6 , (6.14)

where the integral measure for p and the delta function δP5P6 are defined by

dd−1
AdSp = 2ddpδ(p2 + 1)θ(p0),
δP5P6 = 2πδ(s5 − s6)δj5,j6 . (6.15)

The B-coefficients are “bubble” coefficients defined by

B12Pδ,j = 1
µ(δ, j)

(
〈P1P2Pδ,j〉, 〈P̃1P̃2P̃δ,j〉

)
, (6.16)

where µ(δ, j) is the Plancherel measure of SO(d− 1, 1), and
(
〈P1P2Pδ,j〉, 〈P̃1P̃2P̃δ,j〉

)
is a

conformally-invariant three-point pairing. Their explicit expressions are given in [64].
Integrating both sides of celestial partial wave expansion (6.8) against a celestial partial

wave Ψc(δ̃i)
δ̃,j;δ̃′

, the orthogonality relation (6.14) gives

I(δ, j; δ′)

= 2d−2 vol(SO(d− 2))
B12Pδ,jBP̃δ,j3Pδ′

∫
Dd−2z1D

d−2z2D
d−2z3d

d−1
AdSp

vol(SO(d− 1, 1)) F(z1, z2, z3, p)Ψc(δ̃i)
δ̃,j;δ̃′

(z1, z2, z3, p).

(6.17)

This is the celestial inversion formula that expresses the celestial partial wave expansion
data I(δ, j; δ′) as an integral of the EEEC F(z1, z2, z3, p) over the celestial sphere. Finally,
we must find the relation between the celestial partial wave expansion (6.8) and the celestial
block expansion (6.4). Plugging (6.11) into (6.8), we obtain

F(z1, z2, z3, p) =
∑
j

∫ d−2
2 +i∞

d−2
2

dδ

2πi

∫ d−2
2 +i∞

d−2
2

dδ′

2πiI(δ, j; δ′)

×
(
S(Pδ3Pδ′ [P̃δ,j ])Iδ′(p)Gcδ,j;δ′ + S(Pδ3Pδ′ [P̃δ,j ])S(Pδ,jPδ3 [Pδ′ ])Gcδ,j;δ̃′

+ S(Pδ1Pδ2 [Pδ,j ])Iδ′(p)Gcδ̃,j;δ′ + S(Pδ1Pδ2 [Pδ,j ])S(P̃δ,jPδ3 [Pδ′ ])Gcδ̃,j;δ̃′
)
.

(6.18)

Using the inversion formula (6.17), one can show that above expression remains the same
when we keep only the first term S(Pδ3Pδ′ [P̃δ,j ])Iδ′(p)Gcδ,j;δ′ in the parentheses and extend
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the integration ranges to
∫ d−2

2 +i∞
d−2

2 −i∞
. Therefore, we have

F(z1, z2, z3, p) =
∑
j

∫ d−2
2 +i∞

d−2
2 −i∞

dδ

2πi

∫ d−2
2 +i∞

d−2
2 −i∞

dδ′

2πiC(δ, j; δ′)Gcδ,j;δ′(z1, z2, z3, p), (6.19)

where

C(δ, j; δ′) ≡ I(δ, j; δ′)S(Pδ3Pδ′ [P̃δ,j ])Iδ′(p). (6.20)

Finally, we can close the contour of the δ and δ′ integrals in (6.19) to the right and obtain
the celestial block expansion.22 In particular, for the strong-coupling EEEC (6.4), we have

Res
δ=δi

Res
δ′=δ′i

Cstrong(δ, j; δ′) = Pδi,j;δ′i . (6.21)

6.2 Leading order

We first consider the leading order term of (6.3),

F (0)
strong(z1, z2, z3, p) = 8

π3(−2z1 · p)3(−2z2 · p)3(−2z3 · p)3 . (6.22)

Plugging this into the celestial inversion formula (6.17), we find

I
(0)
strong(δ,j;δ′)

= 8
π3

2d−2 vol(SO(d−2))
BPEPEPδ,jBP̃δ,jPEPδ′

×
∫
Dd−2zDd−2z′Dd−2z1D

d−2z2D
d−2z3d

d−1
AdSp

vol(SO(d−1,1))

× 1
(−2z1 ·p)3(−2z2 ·p)3(−2z3 ·p)3 〈PẼ(z1)PẼ(z2)P̃δ,j(z)〉〈Pδ,j(z)PẼ(z3)P

δ̃′
(z′)〉 1

(−2z′ ·p)δ′ .

(6.23)

Let us study the z1, z2 integral,∫
Dd−2z1D

d−2z2
1

(−2z1 · p)3(−2z2 · p)3 〈PẼ(z1)PẼ(z2)P̃δ,j(z, w)〉. (6.24)

After integration, the polarization vector w must appear in the combination [z, w]µν ≡
zµwν − zνwµ due to Lorentz invariance. However, the only remaining vector that is left
unintegrated is p, and [z, w] cannot be contracted with anything. Therefore, this integral
must vanish except when j = 0. To compute the integral for j = 0, we can use∫

Dd−2z1D
d−2z2〈P̃δ1(z1)P̃δ2(z2)Pδ,j=0(z)〉(−2p · z1)−δ1(−2p · z2)−δ2

= Cδ1,δ2;δ(−p2)
δ−δ1−δ2

2 (−2p · z)−δ, (6.25)

22As we will see later, closing the δ contour or the δ′ contour first gives the same celestial block expansion,
at least for the strong-coupling EEEC we consider in this paper. Moreover, in appendix F we study the
celestial block Gcδ,j;δ′ at large δ and δ′, and show that contributions at infinity of both contours vanish.
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where

Cδ1,δ2;δ =
πd−2Γ( δ1+δ2+δ−d+2

2 )Γ( δ1+δ2−δ
2 )Γ(d−2−δ2−δ+δ1

2 )Γ(d−2−δ1−δ+δ2
2 )

Γ(δ1)Γ(δ2)Γ(d− 2− δ)Γ(d−2
2 )

. (6.26)

We give a derivation of (6.25) in appendix F. After integrating over z1 and z2, we obtain

I
(0)
strong(δ, 0; δ′) = 8

π3
2d−2 vol(SO(d− 2))
BPEPEPδ,jBP̃δ,jPEPδ′

C3,3;δ̃ ×
∫
Dd−2zDd−2z′Dd−2z3d

d−1
AdSp

vol(SO(d− 1, 1))

× 1
(−2z3 · p)3(−2z · p)δ̃

〈Pδ,0(z)PẼ(z3)P
δ̃′

(z′)〉 1
(−2z′ · p)δ′ . (6.27)

The remaining p-integral is just a three-point Witten diagram, and it is given by [65]∫
dd−1

AdSp (−2p · z1)−δ1(−2p · z2)−δ2(−2p · z3)−δ3

= Dδ1,δ2,δ3
1

(−2z1 · z2)
δ1+δ2−δ3

2 (−2z1 · z3)
δ1+δ3−δ2

2 (−2z2 · z3)
δ2+δ3−δ1

2

, (6.28)

where

Dδ1,δ2,δ3 =
π
d−2

2 Γ( δ1+δ2+δ3−d+2
2 )

2Γ(δ1)Γ(δ2)Γ(δ3) Γ( δ1+δ2−δ3
2 )Γ( δ1+δ3−δ2

2 )Γ( δ2+δ3−δ1
2 ). (6.29)

So, we have

I
(0)
strong(δ, 0; δ′) = 8

π3
2d−2 vol(SO(d− 2))
BPEPEPδ,0BP̃δ,0PEPδ′

C3,3;δ̃Dδ̃,3,δ′

×
∫
Dd−2zDd−2z′Dd−2z3

vol(SO(d− 1, 1)) 〈Pδ,0(z)PẼ(z3)P
δ̃′

(z′)〉〈PE(z3)P
δ̃
(z)Pδ′(z′)〉

= 8
π3

2d−2 vol(SO(d− 2))
BPEPEPδ,0BP̃δ,0PEPδ′

C3,3;δ̃Dδ̃,3,δ′
(
〈PδPẼPδ̃′〉, 〈Pδ̃PEPδ′〉

)
. (6.30)

Plugging in the explicit expressions using (6.16), (6.26) and (6.29), we finally obtain (after
setting d = 4)

I
(0)
strong(δ, 0; δ′)

=
(1− δ′)Γ

(
3− δ

2

)
Γ
(
δ
2

)2
Γ
(
δ+4

2

)
Γ
(
−δ−δ′+5

2

)
Γ
(
−δ+δ′−1

2

)
Γ
(
−δ+δ′+3

2

)
Γ
(
δ+δ′+1

2

)
4π5Γ(1− δ)Γ(δ − 1)Γ(δ′ − 1) . (6.31)

Consequently, C(0)
strong(δ, 0; δ′) is given by

C
(0)
strong(δ, 0; δ′)

=
Γ
(
3− δ

2

)
Γ
(
δ
2

)2
Γ
(
δ+4

2

)
Γ
(
δ−δ′+3

2

)
Γ
(
−δ+δ′+3

2

)
Γ
(
δ+δ′−3

2

)
Γ
(
δ+δ′+1

2

)
4π3Γ(δ − 1)Γ(δ)Γ(δ′ − 1) . (6.32)
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To find the coefficients for the celestial block expansion, we have to close the δ and δ′

contours in (6.19). It turns out that the resulting celestial block expansion does not depend
on the order of contour deformations, so let us close the δ′ contour first for simplicity. When
δ is on the principal series, the only poles of δ′ that are to the right of the principal series
are at δ′ = δ + 3 + 2k, where k is a nonnegative integer. We then find that the residues

Res
δ′=δ+3+2k

C
(0)
strong(δ, 0; δ′) (6.33)

have poles at δ = 6 + 2n, where n is a nonnegative integer. Thus, the values of δ and δ′

appearing in the celestial block expansion (6.4) should be

δ = 6 + 2n, δ′ = 9 + 2n+ 2k. (6.34)

This agrees with our previous predictions (6.6) and (6.7) from the light-ray OPE. The
coefficients Pδ,j;δ′ are given by

P
(0)
6+2n,0;9+2n+2k

= (k + 1)(k + 2)(−1)k+nΓ(n+ 3)2Γ(n+ 5)Γ(k + 2n+ 6)Γ(k + 2n+ 8)
π3Γ(n+ 1)Γ(2n+ 5)Γ(2n+ 6)Γ(2(k + n+ 4)) . (6.35)

As a consistency check, we can expand F (0)
strong in the collinear limit and find the celestial

block expansion order by order using the expansion of the celestial block Gc in the collinear
limit given by (2.32) (or (A.18)). We have checked up to O(ζ6

13) that the coefficients
obtained in this way agree with (6.35).

6.3 O(1/λ) correction

Let us now consider the O(1/λ) term of (6.3),

F (1)
strong(z1, z2, z3, p)

= 48
π(−2p · z1)3(−2p · z2)3(−2p · z3)3

(
2− 4(ζ12 + ζ13 + ζ23) + 4

(
ζ2

12 + ζ2
13 + ζ2

23

))
. (6.36)

Plugging this into the celestial inversion formula, we get

I
(1)
strong(δ, j; δ′)

= 48
π

2d−2 vol(SO(d− 2))
BPEPEPδ,jBP̃δ,jPEPδ′

×
∫
Dd−2zDd−2z′Dd−2z1D

d−2z2D
d−2z3d

d−1
AdSp

vol(SO(d− 1, 1))

×
(
2− 4(ζ12 + ζ13 + ζ23) + 4

(
ζ2

12 + ζ2
13 + ζ2

23
))

(−2z1 · p)3(−2z2 · p)3(−2z3 · p)3

× 〈PẼ(z1)PẼ(z2)P̃δ,j(z)〉〈Pδ,j(z)PẼ(z3)P
δ̃′

(z′)〉 1
(−2z′ · p)δ′ . (6.37)
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There are two types of z1, z2 integrals to consider,23

∫
Dd−2z1D

d−2z2
ζk12

(−2z1 · p)3(−2z2 · p)3 〈PẼ(z1)PẼ(z2)P̃δ,j(z, w)〉,∫
Dd−2z1D

d−2z2
ζk13

(−2z1 · p)3(−2z2 · p)3 〈PẼ(z1)PẼ(z2)P̃δ,j(z, w)〉, (6.38)

where k = 0, 1, 2. Since the dependence of the integral on w should be ([z, w] · [· · · ])j , the
first line is only nonzero when j = 0 and the second one is nonzero when j ≤ k. However,
when j = 1, the three-point structure 〈PẼ(z1)PẼ(z2)P̃δ,j(z, w)〉 is antisymmetric in 1↔ 2,
and the contribution from ζk13 and ζk23 will cancel. So, I(1)

strong(δ, j; δ′) is nonzero for j = 0
and j = 2.

6.3.1 j = 0

We first consider the j = 0 case. The integral containing ζk12 can be computed by applying
the differential operator ∂p · ∂p k times to (6.25). The result is

∫
Dd−2z1D

d−2z2
ζ12

(−2z1 ·p)3(−2z2 ·p)3 〈PẼ(z1)PẼ(z2)P̃δ(z)〉= (δ−6)(δ̃−6)
36 C

(0)
3,3;δ̃

(−2p·z)−δ̃,

(6.39)

and ∫
Dd−2z1D

d−2z2
ζ2

12
(−2z1 · p)3(−2z2 · p)3 〈PẼ(z1)PẼ(z2)P̃δ(z)〉

= (δ − 6)(δ − 8)(δ̃ − 6)(δ̃ − 8)
2304 C

(0)
3,3;δ̃

(−2p · z)−δ̃. (6.40)

To compute the second type of integral in (6.38), which contains ζk13 or ζk23, we can first
study

zµ1 〈Pδ1(z1)Pδ2(z2)Pδ(z)〉. (6.41)

The factor zµ1 can be viewed as a weight-shifting operator [66] that decreases the scaling
dimension of Pδ1(z1) by 1. One can performing crossing on (6.41) to make the weight-shifting
operators act on Pδ(z). We find

(z3 · z1)〈Pδ1(z1)Pδ2(z2)Pδ(z)〉

= (δ − δ1 + δ2)(4− d+ δ − δ1 + δ2)
2(d− 3− δ)(d− 2− 2δ) (z3 · z)〈Pδ1−1(z1)Pδ2(z2)Pδ+1(z)〉

+ 1
2− d+ dδ − 2δ2 (z3 ·Dz)〈Pδ1−1(z1)Pδ2(z2)Pδ−1(z)〉

− δ − δ1 + δ2
2(d− 4)(d− 3− δ)(δ − 1)(z3 · D0−

z,w)〈Pδ1−1(z1)Pδ2(z2)Pδ,1(z, w)〉, (6.42)

23Note that in (6.37) we implicitly contract the indices of P̃δ,j(z) and Pδ,j(z), and in (6.38) we contract
the indices with a polarization vector w.
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where Dz is the Todorov operator and D0−
z,w is the weight-shifting operator that decreases

spin by 1 defined in [66]. As discussed below (6.38), the D0−
z,w〈Pδ1−1(z1)Pδ2(z2)Pδ,1(z, w)〉

term will vanish after integrating over z1, z2.
After using (6.42) and a similar relation for ζ23, we find∫

Dd−2z1D
d−2z2

ζ13+ζ23
(−2z1 ·p)3(−2z2 ·p)3 〈PẼ(z1)PẼ(z2)P̃δ(z)〉

= 2
∫
Dd−2z1D

d−2z2
−2z3µ

(−2z1 ·p)4(−2z2 ·p)3(−2z3 ·p)

×
(

δ̃2

4(δ̃−1)2
zµ〈Pδ

Ẽ
−1(z1)PE(z2)P

δ̃+1(z)〉− 1
2(δ̃−1)2

Dµ
z 〈PδẼ−1(z1)PẼ(z2)P

δ̃−1(z)〉
)

= 2
−2z3 ·p

(
δ̃2

4(δ̃−1)2
(−2z3 ·z)C(0)

4,3;δ̃+1
(−2p·z)−δ̃−1− 1

2(δ̃−1)2
(−2z3 ·Dz)C(0)

4,3;δ̃−1
(−2p·z)−δ̃+1

)

=−1
3C

(0)
3,3;δ̃

(−2p·z)−δ̃
(
δ̃−6

2 −δ̃ζ03

)
. (6.43)

Similarly, for ζ2
13 + ζ2

23 we have∫
Dd−2z1D

d−2z2
ζ2

13+ζ2
23

(−2z1 ·p)3(−2z2 ·p)3 〈PẼ(z1)PẼ(z2)P̃δ(z)〉

= 1
96(δ̃−3)

C
(0)
3,3;δ̃

(−2p·z)−δ̃
(
δ̃
(
δ̃2+6(δ̃−4)(δ̃+2)ζ2

03−2(δ̃−6)(3δ̃−4)ζ03−18δ̃+104
)
−192

)
.

(6.44)

Combining (6.39), (6.40), (6.43), (6.44), we obtain∫
Dd−2z1D

d−2z2 F (1)
strong(z1, z2, z3, p)〈PẼ(z1)PẼ(z2)P̃δ(z)〉

= 48
π

(δ̃ − 4)δ̃(δ̃ + 2)
576(δ̃ − 3)

C
(0)
3,3;δ̃

(−2p · z)−δ̃
(
δ̃2 − 5δ̃ + 30 + 144(ζ03 − 1)ζ03

)
. (6.45)

Hence, the inversion formula (6.37) for j = 0 is now given by

I
(1)
strong(δ,0;δ′)

= 48
π

2d−2 vol(SO(d−2))
BPEPEPδ,jBP̃δ,jPEPδ′

(δ̃−4)δ̃(δ̃+2)
576(δ̃−3)

C
(0)
3,3;δ̃
×
∫
Dd−2zDd−2z′Dd−2z3d

d−1
AdSp

vol(SO(d−1,1))

× 1
(−2p·z)δ̃(−2p·z3)3

(
δ̃2−5δ̃+30+144(ζ03−1)ζ03

)
〈Pδ(z)PẼ(z3)P

δ̃′
(z′)〉 1

(−2z′ ·p)δ′ .

(6.46)

The integral over p can be evaluated using (6.28). The result is

I
(1)
strong(δ,0;δ′)

= 6π2A
2d−2 vol(SO(d−2))
BPEPEPδ,jBP̃δ,jPEPδ′

(δ̃−4)δ̃(δ̃+2)
576(δ̃−3)

C
(0)
3,3;δ̃

D
δ̃,3,δ′

×
3
4(δ̃−δ′+3)(δ̃−δ′+5)(δ̃+δ′+1)(δ̃+δ′+3)+(δ̃+1)((δ̃−18)δ̃(δ̃+1)+12(δ′−3)(δ′+1))

δ̃(δ̃+1)
×
(
〈PδPẼPδ̃′〉,〈Pδ̃PEPδ′〉

)
, (6.47)
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which implies that

C
(1)
strong(δ,0;δ′)

=
(
δ2
(
−6δ′2+12δ′+10

)
+7δ4−28δ3+12δ

(
δ′2−2δ′+3

)
+3(δ′−1)2

(
δ′2−2δ′−3

))
×(δ−4)(δ−1)(δ+2)(δ′−1)

×
Γ
(
3− δ

2

)
Γ
(
δ
2

)2
Γ
(
δ+4

2

)
Γ
(
δ−δ′+3

2

)
Γ
(
−δ+δ′+3

2

)
Γ
(
δ+δ′−3

2

)
Γ
(
δ+δ′+1

2

)
1536π(δ−3)(δ+1)Γ(δ)2Γ(δ′) . (6.48)

We see that the Gamma functions are the same as the leading order result C(0)
strong, and

hence the locations of the poles are the same. In particular, we only get poles at

δ = 6 + 2n, δ′ = 9 + 2n+ 2k, (6.49)

where n, k are nonnegative integers. The coefficients P (1)
δ,0;δ′ are given by the residues,

P
(1)
6+2n,0;9+2n+2k

=
(
3k2

(
4n2+38n+83

)
+12k3(n+4)+3k4+6k

(
6n2+43n+76

)
+4n4+40n3+169n2+381n+378

)
× (−1)k+n(n+1)(n+4)(2n+5)(k+n+4)Γ(k+3)Γ(n+3)2Γ(n+5)Γ(k+2n+6)Γ(k+2n+8)

3π(2n+3)(2n+7)Γ(k+1)Γ(n+1)Γ(2n+6)2Γ(2k+2n+9) .

(6.50)

We have checked that the coefficients obtained by expanding F (1)
strong in the collinear limit

up to O(ζ6
13) agree with the above expression.

6.3.2 j = 2

Now let us consider the j = 2 case. From the discussion below (6.38), we must only consider
the z1, z2-integral∫

Dd−2z1D
d−2z2

ζ2
13 + ζ2

23
(−2z1 · p)3(−2z2 · p)3 〈PẼ(z1)PẼ(z2)P̃δ,j=2(z, w)〉. (6.51)

We can again use crossing equations for weight-shifting operators. Only terms with a j = 0
three-point structure will be nonvanishing after we integrate over z1 and z2. There is only
one such term for (z3 · z1)2〈Pδ1Pδ2Pδ,2(z, w)〉, and its 6j symbol is given by24

(z3 · z1)2〈Pδ1Pδ2Pδ,2(z, w)〉

= (δ − δ1 + δ2 − d+ 2)(δ − δ1 + δ2 − d+ 4)
2(d− 2)dδ(δ + 1)(δ − d+ 1)(δ − d+ 2) (z3 · D0+

z,w)〈Pδ1−2(z1)Pδ2(z2)Pδ(z)〉+ . . . .

(6.52)

24Our convention here is 〈Pδ1Pδ2Pδ,j(z, w)〉 = (2z·z1w·z2−2z·z2w·z1)j

(−2z1·z2)
δ1+δ2−δ+j

2 (−2z1·z)
δ1+δ−δ2+j

2 (−2z2·z)
δ2+δ−δ1+j

2

.
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Our z1, z2 integral is thus given by∫
Dd−2z1D

d−2z2
ζ2

13 + ζ2
23

(−2z1 · p)3(−2z2 · p)3 〈PẼ(z1)PẼ(z2)P̃δ,2(z, w)〉

= δ̃

2(δ̃ − 3)
C

(0)
5,3;δ̃

(2z · pw · z3 − 2z · z3w · p)2

(−2z · p)δ̃+2(−2z3 · p)2
. (6.53)

Plugging this into the inversion formula (6.37) for j = 2, we find

I
(1)
strong(δ,2;δ′)

= 48
π

2d−2 vol(SO(d−2))
BPEPEPδ,2BP̃δ,2PEPδ′

δ̃

2(δ̃−3)
C

(0)
5,3;δ̃
×
∫
Dd−2zDd−2z′Dd−2z3d

d−1
AdSp

vol(SO(d−1,1))

× (2z ·p)2z3µz3ν−2(2z ·p)(2z ·z3)z3µpν+(2z ·z3)2pµpν

(−2z ·p)δ̃+2(−2z3 ·p)5
〈Pµνδ,2(z)PẼ(z3)P

δ̃′
(z′)〉 1

(−2z′ ·p)δ′ .

(6.54)
To perform the p integral, we can view pµ as a linear combination of the AdS weight-

shifting operators [67] and then perform crossing. We find

pµ(−2p · z)−δ = 1
(δ − 1)(d− 2− 2δ)Dzµ(−2p · z)−δ+1 + 2δ

2δ − d+ 2zµ(−2p · z)−δ−1.

(6.55)
After using this relation, the integral over p is elementary. The result is

I
(1)
strong(δ, 2; δ′)

= 48
π

2d−2 vol(SO(d− 2))
BPEPEPδ,2BP̃δ,2PEPδ′

(δ̃ + δ′ − 5)(δ̃ + δ′ − 3)
8(δ̃ + 1)(δ̃ − 3)

C
(0)
5,3;δ̃

D
δ̃,5,δ′

(
〈PEPδ′P̃δ,2〉, 〈P̃E P̃δ′Pδ,2〉

)
.

(6.56)
Collecting together all the factors, we finally obtain

C
(1)
strong(δ, 2; δ′)

=
Γ
(
4− δ

2

)
Γ
(
δ
2

)
Γ
(
δ+2

2

)
Γ
(
δ+6

2

)
Γ
(
δ−δ′+5

2

)
Γ
(
−δ+δ′+5

2

)
Γ
(
δ+δ′−1

2

)
Γ
(
δ+δ′+3

2

)
24πΓ(δ)Γ(δ + 2)Γ(δ′ − 1) . (6.57)

After contour deformations, the only poles that will contribute to the celestial block
expansion are at

δ = 8 + 2n, δ′ = δ + 5 + 2k = 13 + 2n+ 2k. (6.58)

The corresponding coefficients are given by

P
(1)
8+2n,2;13+2n+2k

= (−1)k+nΓ(k + 5)Γ(n+ 5)Γ(n+ 7)Γ(n+ 4)Γ(k + 2n+ 10)Γ(k + 2n+ 12)
6πΓ(k + 1)Γ(n+ 1)Γ(2(n+ 5))Γ(2n+ 8)Γ(2(k + n+ 6)) . (6.59)

We have checked that this result agrees with the expansion of F (1)
strong in the collinear limit

up to O(ζ6
13). The validity of these expressions for the celestial block expansion of the

strong-coupling EEEC is a strong check on both our expressions for the collinear expansion
of celestial blocks (2.32), and the celestial inversion formula (6.17).
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7 Discussion and future directions

In this work, we studied aspects of the celestial block decomposition of the three-point
energy correlator (EEEC). We found that, in both strong and weak coupling examples, the
EEEC admits an expansion in a discrete sum of celestial blocks, corresponding to light-ray
operators appearing in repeated OPEs of energy detectors. We derived useful formulas for
3-point celestial blocks in an expansion around the collinear limit. We then explored the
celestial block expansion in the collinear limit using lightcone bootstrap techniques and the
Lorentzian inversion formula, both in QCD and N = 4 SYM. The symmetry structure of
the celestial block expansion allowed us to make certain predictions for higher orders in
perturbation theory. We also determined the leading and first subleading contact terms in
the EEEC in N = 4 SYM. Finally, using techniques from harmonic analysis, we studied
the full celestial block decomposition of the strong-coupling EEEC in N = 4 SYM, for
generic configurations of detectors. Along the way, we encountered several puzzles and
novel objects that we summarize below.

This celestial block expansion must be compatible with crossing symmetry, which leads
to constraints similar to those studied in the traditional conformal bootstrap. It would be
interesting to fully characterize the consistency conditions that multi-point energy correlators
should satisfy, in order to set up a direct bootstrap program for them (and more general
event shapes). It would also be interesting to incorporate “generalized detectors” [28, 29].

In the collinear EEEC, the density matrix |Ψ〉〈Ψ| in which we evaluate the event shape
gets highly boosted, and essentially projected onto its component with boost eigenvalue
δ′∗ (the dimension of the lowest-twist spin-4 operator). These highly-boosted density
matrices, which we might call “light-ray density matrices”, are naturally dual to light-ray
operators, via taking expectation values. It is interesting to ask whether they provide a
useful basis for studying other physical observables. It may also be interesting to explore
information-theoretic properties of light-ray density matrices.

Our lightcone bootstrap analysis of collinear event shapes reveals the existence of two
important contributions to the light-ray OPE: double-twist operators built out of a pair
of detectors [POPO], and double-twist objects [POPO′∗ ] that formally look like an OPE
between a light-ray operator and the light-ray density matrix obtained from boosting |Ψ〉〈Ψ|.
This suggests that it may be possible more generally to make sense of an OPE between
light-ray operators and light-ray density matrices.

In our analysis of the EEEC in QCD, we used the fact that QCD admits a conformal
point at a particular value of the coupling in d = 4 − ε dimensions. The existence of
this conformal point has implications for the structure of perturbation theory at each
loop order, even away from the conformal point, allowing us to apply selection rules from
conformal symmetry in our work. However, the existence of a celestial block expansion
should require only Lorentz invariance. It would be interesting to characterize how the
structure of the space of light-ray operators and light-ray OPEs changes in the presence of
a nonzero β-function.

In applying the Lorentzian inversion formula to the collinear EEEC, we were led to
continue the EEEC into a “doubly-Lorentzian” regime where the cross-ratios on the celestial
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sphere become independent real numbers. (This same analytic continuation to (a cover
of) the celestial torus is frequently used in studying celestial amplitudes [68].) Although
this continuation is straightforward at the order in perturbation theory we studied, we
have little understanding of whether it is admissible at higher orders or nonperturbatively.
Another important question is how event shapes behave in the “celestial Regge limit” where
the celestial cross ratios undergo the analytic continuation usually studied in the context of
the Regge limit in CFT [69]. The two examples we studied (weakly-coupled N = 4 SYM
and QCD) exhibited very different behavior in this regime, and it would be interesting to
understand what the general nonperturbative behavior can be.

Evidently, Lorentzian QFT observables still hold many mysteries. To better understand
their structure, it will be important to study more examples and collect more data both in
perturbation theory and beyond.
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A Alternative derivation of the three-point celestial block

In this section we give an alternative derivation of an expression for the three-point celestial
block

C12Pδ,j (z1, z2, ∂z2 , ∂w2)CPδ,j3Pδ′ (z2, w2, z3, ∂z3)(−2p · z3)−δ′ . (A.1)

Lorentz invariance and homogeneity imply that25

CPδ,j3Pδ′ (z2, z3, ∂z3)(−2p · z3)−δ′ = (−[z2, w2] · [z3, p])j(−p2)
δ+δ3+j−δ′

2

(−2p · z2)δ+j(−2p · z3)δ3+j f ′δ′(ζ23). (A.2)

From the definition of CPδ,j3Pδ′ , the leading term of f ′δ′(ζ23) should be given by

f ′δ′(ζ23) = ζ
δ′−δ−j−δ3

2
23 (1 +O(ζ23)). (A.3)

Solving the Casimir equation with this boundary condition, we find

f ′δ′(ζ23) = ζ
δ′−δ−j−δ3

2
23 2F1

(
δ′−δ3+δ+j

2 , δ
′+δ3−δ+j

2 , δ′ + 2− d
2 , ζ23

)
. (A.4)

This is the two-point celestial block where one of the external operators has nonzero j,
generalizing the result derived in [34].

25We define [a, b] · [c, d] = 2[(a · c)(b · d)− (a · d)(b · c)].
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Now, we must compute

C12Pδ,j (z1, z2, ∂z2 , ∂w2)

(−[z2, w2] · [z3, p])j(−p2)
δ+δ3+j−δ′

2

(−2p · z2)δ+j(−2p · z3)δ3+j f ′δ′(ζ23)

. (A.5)

Expanding the two-point celestial block f ′δ′(ζ23) given in (A.4), we can rewrite (A.5) as

∞∑
n=0

(
δ′−δ3+δ+j

2

)
n

(
δ′+δ3−δ+j

2

)
n(

δ′+2− d
2

)
n
n!

(−p2)nC12Pδ,j (z1,z2,∂z2 ,∂w2)(〈Pδ,j(z2,w2)Pδ3(z3)Pδ′+2n(p)〉),

(A.6)

where

〈Pδ,j(z2, w2)Pδ3(z3)Pδ′+2n(p)〉

= (−[z2, w2] · [z3, p])j

(−2p · z2)
δ′+δ+j−δ3

2 +n(−2p · z3)
δ′+δ3+j−δ

2 +n(−2z2 · z3)
δ+j+δ3−δ′

2 −n
. (A.7)

Note that the function 〈Pδ,j(z2, w2)Pδ3(z3)Pδ′+2n(p)〉 is not a conformally invariant three-
point function since p is not null, and therefore C12Pδ,j acting on it does not give a conformal
block. To compute the action of C12Pδ,j on 〈Pδ,j(z2, w2)Pδ3(z3)Pδ′+2n(p)〉, we would like to
express it as an expansion in conformal three-point functions in the limit that p becomes
null. To do so, we express p as a linear combination of two null vectors p = z0 + v. In the
limit v → 0, p approaches the point z0. We define the null vectors by

zµ0 = pµ − p2

2p · z1
zµ1 , vµ = p2

2p · z1
zµ1 , (A.8)

essentially using z1 as a reference direction. Consequently, subsequent expressions will not
be manifestly symmetric with respect to 1↔ 2, but the symmetry will be restored in the
final answer. Note that z0 and v satisfy

z2
0 = v2 = 0, p = z0 + v, − p2 = −2z0 · v. (A.9)

The cross ratios can then be written

ζ12 = −2z2 · v
−2z2 · (z0 + v) , ζ13 = −2z3 · v

−2z3 · (z0 + v) , ζ23 = (−2z2 · z3)(−2z0 · v)
(−2z2 · (z0 + v))(−2z3 · (z0 + v)) .

(A.10)

In these variables, the expansion around the collinear limit is an expansion in small v.
We can write the three-point celestial block as

∞∑
n=0

(
δ′−δ3+δ+j

2

)
n

(
δ′+δ3−δ+j

2

)
n(

δ′+2− d
2

)
n
n!

(−2z0 ·v)nC12Pδ,j (z1,z2,∂z2 ,∂w2)(〈Pδ,j(z2,w2)Pδ3(z3)Pδ′+2n(z0+v)〉).

(A.11)
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We find that the function 〈Pδ,j(z2, w2)Pδ3(z3)Pδ′+2n(z0 + v)〉 has the following expansion:

〈Pδ,j(z2, w2)Pδ3(z3)Pδ′+2n(z0 + v)〉

=
∞∑
m=0

m∑
k=0

cm,k(−2v · z0)k(v ·Dz0)m−k〈Pδ,j(z2, w2)Pδ3(z3)Pδ′+2n+2k(z0)〉, (A.12)

where Dz0 is the Todorov operator acting on z0. The coefficients cm,k can be determined
by expanding both sides of the above equation order by order in small v:

cm,k =

(
j+2n+δ−δ3+δ′

2

)
k

(
j+2n−δ+δ3+δ′

2

)
k

(m−k)!k!

(
d
2−(2k+1+2n+δ′)

)
Γ
(
d
2−(m+k+1+2n+δ′)

)
Γ
(
d
2−(k+2n+δ′)

) .

(A.13)

Since the Todorov operator Dz0 commutes with C12Pδ,j , the three-point celestial block
is therefore given by

C12Pδ,j (z1,z2,∂z2 ,∂w2)

(−[z2,w2]·[z3,p])j(−p2)
δ+δ3+j−δ′

2

(−2p·z2)δ+j(−2p·z3)δ3+j f ′δ′(ζ23)


=
∞∑
n=0

∞∑
m=0

m∑
k=0

(
δ′−δ3+δ+j

2

)
n

(
δ′+δ3−δ+j

2

)
n(

δ′+2− d
2

)
n
n!

cm,k(−2v ·z0)n+k(v ·Dz0)m−k

g
(δ1,δ2,δ3,δ′+2n+2k)
δ,j (z1,z2,z3,z0)

=
∞∑
n=0

∞∑
m=0

m∑
k=0

Bn,m,k(−2v ·z0)n+k(v ·Dz0)m−kg(δ1,δ2,δ3,δ′+2n+2k)
δ,j (z1,z2,z3,z0), (A.14)

where g(δ1,δ2,δ3,δ′+2n+2k)
δ,j (z1, z2, z3, z0) is a usual four-point conformal block, and

Bn,m,k =

(
j+δ−δ3+δ′

2

)
n+k

(
j−δ+δ3+δ′

2

)
n+k(

δ′+2− d
2

)
n
n!(m−k)!k!

(
d
2−(2k+1+2n+δ′)

)
Γ
(
d
2−(m+k+1+2n+δ′)

)
Γ
(
d
2−(k+2n+δ′)

) .

(A.15)

The expression (A.14) can be further simplified. To do so, we redefine n′ ≡ n+k,N ≡ n+m,
which gives
∞∑
n=0

∞∑
m=0

m∑
k=0

Bn,m,k(−2v ·z0)n+k(v ·Dz0)m−kg(δ1,δ2,δ3,δ′+2n+2k)
δ,j (z1,z2,z3,z0)

=
∞∑
N=0

N∑
n′=0

n′∑
k=0

Bn′−k,N−n′+k,k(−2v ·z0)n′(v ·Dz0)N−n′g(δ1,δ2,δ3,δ′+2n′)
δ,j (z1,z2,z3,z0). (A.16)

It turns out that the coefficients Bn,m,k given in (A.15) satisfy

n′∑
k=0

Bn′−k,N−n′+k,k = B0,N,0δn′,0. (A.17)
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Therefore, two of the sums in (A.14) collapse, and the three-point celestial block becomes

C12Pδ,j (z1, z2, ∂z2 , ∂w2)

(−[z2, w2] · [z3, p])j(−p2)
δ+δ3+j−δ′

2

(−2p · z2)δ+j(−2p · z3)δ3+j f ′δ′(ζ23)


=
∞∑
N=0

Γ(d2 − 1− δ′ −N)
Γ(d2 − 1− δ′)N !

(v ·Dz0)Ng(δ1,δ2,δ3,δ′)
δ,j (z1, z2, z3, z0)

= Γ(δ′ + 2− d
2)
(√

v ·Dz0

)d
2−δ

′−1
J
δ′+1−d2

(
2
√
v ·Dz0

)
g

(δ1,δ2,δ3,δ′)
δ,j (z1, z2, z3, z0). (A.18)

This expression is more manifestly Lorentz-invariant than (2.32), at the cost of singling out
z1 as special.

It is convenient to write the result in terms of conformally-invariant cross ratios. Before
doing so, we relabel the vector v → v′ to avoid confusion with the cross-ratio v. Factoring
out the homogeneity factor in the conformal block, we find (up to linear order in v′, for
simplicity)

C12Pδ,j (z1, z2, ∂z2 , ∂w2)

(−[z2, w2] · [z3, p])j(−p2)
δ+δ3+j−δ′

2

(−2p · z2)δ+j(−2p · z3)δ3+j f ′δ′(ζ23)


=
(

1 + 1
d
2 − 2− δ′

(v′ ·Dz0) + · · ·
)
T123δ′(z1, z2, z3, z0)g(123δ′)

δ,j (u, v), (A.19)

where u, v and T123δ′ are defined in (2.34) and (2.35) (with p replaced by z0). Finally, we
can replace z0 → p− p2

2p·z1 z1, v
′ → p2

2p·z1 z1. After expanding in (−p2), we obtain (2.33) in
the main text.

We can also derive the same result from (2.32). To compute the celestial block
using (2.31), we start with the conformal block

T123δ′(z1, z2, z3, z0)g(123δ′)
δ,j

((−2z1 · z2)(−2z3 · z0)
(−2z1 · z3)(−2z2 · z0) ,

(−2z2 · z3)(−2z1 · z0)
(−2z1 · z3)(−2z2 · z0)

)
, (A.20)

and go to the frame where z0 is near the origin and z1, z2, z3 are near infinity. Explicitly,
let us set

z0 = (1, ~y2, ~y), zi = (λ2~y2
i , 1, λ~yi), (A.21)

where i = 1, 2, 3, and λ is an expansion parameter. The first two terms, for example, from
expanding out the Bessel function in (2.32) then become(

1−
∂2
~y

4(δ′+2− d
2)

)(
T123δ′(z1,z2,z3,z0)g(123δ′)

δ,j

((−2z1 ·z2)(−2z3 ·z0)
(−2z1 ·z3)(−2z2 ·z0) ,

(−2z2 ·z3)(−2z1 ·z0)
(−2z1 ·z3)(−2z2 ·z0)

))∣∣∣∣
~y0→0

= T123δ′(z1,z2,z3,p)
(
g

(123δ′)
δ,j (u,v)+ ζ13

d−4−2δ′D
(1)
u,vg

(123δ′)
δ,j (u,v)

)∣∣∣∣ p→(1,1,0)
zi=(λ2~y2

i ,1,λ~yi)

+O(λ4),

(A.22)

which agrees with (2.33). More generally, when acting on the appropriate class of functions,
v′ ·Dz0 = ∂2

~y/4, so (2.32) and (A.18) are equivalent.
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B 〈R(1)
δ,j 〉 and 〈R(0)

δ,j γ
(1)
δ,j 〉 from direct decomposition

In this appendix, we give the coefficients 〈R(1)
δ,j 〉 and 〈R

(0)
δ,j γ

(1)
δ,j 〉 up to δ = 12 for N = 4 SYM,

the QCD gluon jet, and the QCD quark jet obtained by expanding the collinear EEEC
order-by-order in small r, as in section 3.2.

B.1 N = 4 SYM

〈R(1)
10,0〉 = 141301

352800 −
2π2

49 , 〈R(1)
10,2〉 = 107129

529200 −
19π2

1260 ,

〈R(1)
10,4〉 = 33394601

85377600 −
5π2

132 , 〈R(1)
10,6〉 = 189283

1801800 −
3π2

286 ,

〈R(1)
12,0〉 = 84401

3175200 −
π2

378 , 〈R(1)
12,2〉 = 547098707

5378788800 −
9π2

1232 ,

〈R(1)
12,4〉 = 2674437767

81162081000 −
16π2

6435 , 〈R(1)
12,6〉 = 1220098669

19675656000 −
7π2

1144 ,

〈R(1)
12,8〉 = 1030567

68612544 −
π2

663 ,

〈R(0)
10,0γ

(1)
10,0〉 = 89

210 , 〈R(0)
10,2γ

(1)
10,2〉 = 8

105 , 〈R(0)
10,4γ

(1)
10,4〉 = − 1

154 ,

〈R(0)
12,0γ

(1)
12,0〉 = 253

630 , 〈R(0)
12,2γ

(1)
12,2〉 = 28247

194040 , 〈R(0)
12,4γ

(1)
12,4〉 = 893

90090 ,

〈R(0)
12,6γ

(1)
12,6〉 = − 1

1560 . (B.1)

B.2 QCD

For the gluon jet, we find

〈R(1)g
8,0 〉 = −2(56889000π2−563610307)C2

A+2(39690000π2−399089339)CAnfTF−3108375CFnfTF
317520000 ,

〈R(1)g
8,2 〉 = CA((241456351−24418800π2)CA+2(11207700π2−110698537)nfTF )

50803200 ,

〈R(1)g
8,4 〉 = (1713863−173600π2)C2

A+2(107800π2−1063963)CAnfTF+120CFnfTF
403200 ,

〈R(1)g
10,0〉 = (4851797956−487317600π2)C2

A+2(251143200π2−2512589293)CAnfTF+7121499CFnfTF
1303948800 ,

〈R(1)g
10,2〉 = (104601961181−10560904200π2)C2

A

23051952000 + (13728260700π2−136102341667)CAnfTF
23051952000

− 389CFnfTF
1411200 ,

〈R(1)g
10,4〉 = CA((31701145719−3211362000π2)CA+14(336659400π2−3323123011)nfTF )

4098124800 ,

〈R(1)g
10,6〉 = (459012085−46506600π2)C2

A+(76381200π2−753853073)CAnfTF+2520CFnfTF
86486400 ,

〈R(1)g
12,0〉 = (4613713731326−363812248800π2)C2

A

1558311955200 + (254307853800π2−2498045171789)CAnfTF
779155977600

+ 788981CFnfTF
113836800 ,

〈R(1)g
12,2〉 = −(885896411400π2−9950914029409)C2

A

2727045921600 + (139361777100π2−1376830794827)CAnfTF
283329446400

+ 9197CFnfTF
19514880 ,

〈R(1)g
12,4〉 = −(56981204280π2−577018051339)C2

A

129859329600 + (655611356400π2−6475204191751)CAnfTF
865728864000

− 86819CFnfTF
4122518400 ,

〈R(1)g
12,6〉 = CA(3(372815843400π2−3679625658343)nfTF−7(91148557500π2−899626801693)CA)

865728864000 ,

〈R(1)g
12,8〉 = (3609756605−365743840π2)C2

A+16(41815620π2−412703677)CAnfTF+2352CFnfTF
914833920 , (B.2)
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and

〈R(0)g
8,0 γ

(1)
8,0〉 = −62C2

A−110CAnfTF−135CFnfTF
5040 , 〈R(0)g

8,2 γ
(1)
8,2〉 = −CA(73CA+16nfTF )

20160 ,

〈R(0)g
10,0γ

(1)
10,0〉 = 1986C2

A−6740CAnfTF−1407CFnfTF
47040 ,

〈R(0)g
10,2γ

(1)
10,2〉 = 5743C2

A−11981CAnfTF−594CFnfTF
332640 , 〈R(0)g

10,4γ
(1)
10,4〉 = −CA(39CA+7nfTF )

73920 ,

〈R(0)g
12,0γ

(1)
12,0〉 = 491846C2

A−1164457CAnfTF−102141CFnfTF
6486480 ,

〈R(0)g
12,2γ

(1)
12,2〉 = 999298C2

A−1763153CAnfTF−34398CFnfTF
24216192 ,

〈R(0)g
12,4γ

(1)
12,4〉 = 3197C2

A−6135CAnfTF−126CFnfTF
720720 , 〈R(0)g

12,6γ
(1)
12,6〉 = −CA(37CA+6nfTF )

686400 .

(B.3)

For the quark jet, we find

〈R(1)q
8,0 〉 = (27930000π2−275120246)CACF

35280000 − (206976π2−2041751)C2
F

282240 + (201264317−20580000π2)CFnfTF
35280000 ,

〈R(1)q
8,2 〉 = (10224900π2−100838071)CACF

16934400 − (1774500π2−17530127)C2
F

2822400 + (39243247−3981600π2)CFnfTF
8467200 ,

〈R(1)q
8,4 〉 = CF (7(15000π2−148003)CA+(1685981−170800π2)CF )

403200 ,

〈R(1)q
10,0〉 = (1709457750π2−16812815347)CACF

1792929600 − (21218400π2−209515081)C2
F

39513600

+ (168438023821−17142602400π2)CFnfTF
14343436800 ,

〈R(1)q
10,2〉 = (13877671500π2−136733593943)CACF

15367968000 − (64499400π2−636790073)C2
F

127008000

+ (2801569019−284592000π2)CFnfTF
256132800 ,

〈R(1)q
10,4〉 = (6747741000π2−66583998913)CACF

12294374400 + (46333633219−4693827600π2)C2
F

12294374400

− (999600π2−9863251)CFnfTF
1330560 ,

〈R(1)q
10,6〉 = CF (4(9538200π2−94135219)CA+(540714493−54784800π2)CF )

172972800 ,

〈R(1)q
12,0〉 = (83057703300π2−830250288473)CACF

111307996800 − (702332400π2−7516807777)C2
F

3073593600

+ (2504233505507−261779918400π2)CFnfTF
222615993600 ,

〈R(1)q
12,2〉 = (112390544366100π2−1118604851318477)CACF

159986694067200 − (18487161000π2−193326296189)C2
F

86060620800

+ (20817079707113−2158310154000π2)CFnfTF
1904603500800 ,

〈R(1)q
12,4〉 = (3216440026800π2−31809587301651)CACF

5194373184000 − (518049932400π2−5194727659819)C2
F

2597186592000

+ (488517802327−49855085280π2)CFnfTF
51943731840 ,

〈R(1)q
12,6〉 = −(31815610577491−3223780560000π2)CACF

10388746368000 − (177924146400π2−1756123265947)C2
F

1484106624000

− (9737280π2−96097693)CFnfTF
17297280 ,

〈R(1)q
12,8〉 = CF ((4699648800π2−46383418021)CA+14(4303513889−436035600π2)CF )

41167526400 , (B.4)
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and

〈R(0)q
8,0 γ

(1)
8,0〉 = −CF (24CA+4CF+67nfTF )

1680 , 〈R(0)q
8,2 γ

(1)
8,2〉 = CF (13CA−40CF )

6720 ,

〈R(0)q
10,0γ

(1)
10,0〉 = −CF (−23799CA+3652CF+86219nfTF )

517440 ,

〈R(0)q
10,2γ

(1)
10,2〉 = −CF (−4825CA+682CF+9012nfTF )

221760 , 〈R(0)q
10,4γ

(1)
10,4〉 = CF (113CA−368CF )

443520 ,

〈R(0)q
12,0γ

(1)
12,0〉 = −CF (−343735CA+5382CF+865310nfTF )

4324320 ,

〈R(0)q
12,2γ

(1)
12,2〉 = −CF (−38990713CA+463606CF+69682564nfTF )

887927040 ,

〈R(0)q
12,4γ

(1)
12,4〉 = −CF (−7296CA+655CF+13016nfTF )

1441440 , 〈R(0)q
12,6γ

(1)
12,6〉 = CF (13CA−43CF )

514800 .

(B.5)

C More details on the Lorentzian inversion formula calculation

In this section, we compute in full detail the coefficients 〈R(1)
j+4,j〉 and 〈R

(0)
j+τc,j;δ′∗

γ
(1)
j+τc,j〉

for N = 4 SYM using the Lorentzian inversion formula. We compute 〈R(1)
j+4,j〉 in the first

subsection, and then we compute 〈R(0)
j+τc,j;δ′∗

γ
(1)
j+τc,j〉 in the next subsection.

C.1 〈R(1)
j+4,j〉

From (3.35), we have

〈R(1)
j+4,j〉 = 2κ2j+6

∫ 1

0

dz

z2 k
0,1
2j+6(z)dDisct[G(1)(z, z)]|z2 . (C.1)

Therefore, we first need G(1)(z, z)|z2 in order to compute 〈R(1)
j+4,j〉. We find

G(1)(z,z)|z2 = 1
4(1−z)2

(
2z4(z−2)ζ2−z(1−z) log(1−z)(4+2z(z−2)+z(1−z)2 log(1−z))

+2z3(3−3z+z2)Li2(z)
)
. (C.2)

Using the double discontinuities

dDisct[(1−z)α] =−2sin2(πα)(1−z)α,
dDisct[(1−z)α log(1−z)] =−2sin2(πα)(1−z)α log(1−z)−2π sin(2πα)(1−z)α,

dDisct[(1−z)αLi2(z)] =−2sin2(πα)(1−z)αLi2(z)+2π sin(2πα)(1−z)α log(z),
dDisct[(1−z)α log2(1−z)] =−2sin2(πα)(1−z)α log2(1−z)−4π sin(2πα)(1−z)α log(1−z)

−4π2 cos(2πα)(1−z)α, (C.3)
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we obtain (after introducing a small regulator ε)

dDisct[G(1)(z, z)]|z2

= −2 sin2(πε)G(1)(z, z)|z2 + 2π sin(2πε)×
(
− z1+ε

4(1− z)1+ε

)
(4 + 2z2 − 4z)

− 2π sin(2πε)× z3+ε

2(1− z)2+ε (3− 3z + z2) log(z)

+ 4π sin(2πε)×
(
− z2+ε

4(1− z)−1+ε

)
log(1− z)

− 4π2 cos(2πε)×
(
− z2+ε

(1− z)−1+ε

)
. (C.4)

We can then plug (C.4) into (C.1) and integrate each term over z. After taking the ε→ 0
limit, we obtain (3.43).

C.2 〈R(0)
j+τc,j;δ′∗

γ
(1)
j+τc,j

〉

To do the calculation for general twist operators, we will need to compute dDisc of more
complicated functions than in the leading twist case. It is convenient to first define the
linear functional

Iβ [f ] ≡ lim
ε→0

κβ

∫ 1

0

dz

z2 k
0,1
β (z)dDisct

[
zε

(1− z)ε f(z)
]
, (C.5)

where κβ is defined in (3.26), and

k0,1
β (z) = z

β
2 2F1

(
β
2 ,

β
2 + 1, β; z

)
. (C.6)

To compute anomalous dimensions, we will need to apply this functional to functions
with power-law divergences or logarithmic divergences near z = 1. Using (C.3), we can
obtain

Iβ

[
zb

(1− z)a

]
=

Γ(β2 )2Γ(β2 + 1)Γ(−1 + b+ β
2 )

Γ(a)Γ(a+ 1)Γ(β − 1)Γ(1− a+ β
2 )Γ(b− a+ β

2 )

× 3F2

(
1− a, b− a, 1 + β

2
1− a+ β

2 , b− a+ β
2

; 1
)
, (C.7)

where a should be a positive integer (for zero or negative a the right hand side is zero).
Also, for logarithmic divergences we can take the derivative of (C.7) with respect to a. For
a = 0, we have

Iβ
[
zb log(1− z)

]
= −

Γ(β2 )Γ(β2 − 1)
Γ(β − 1) , (C.8)
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and for a = 1

Iβ

[
zb

(1−z) log(1−z)
]

=
Γ(β2 )Γ(β2 +1)

Γ(β−1)

(
1−S1(β2−1)−S1(β2 +b−2)+3F

(0,0,1),(0,0)
2

(
1−b, 1+ β

2 , 0
−1+b+ β

2 ,
β
2

;1
))

,

(C.9)

where S1 is the harmonic number, and

3F
(0,0,1),(0,0)
2

(
a1, a2, a3

b1, b2
; 1
)

= ∂a3

(
3F2

(
a1, a2, a3

b1, b2
; 1
))

. (C.10)

(C.7), (C.8), and (C.9) are the main results we need for the functional Iβ in order to do
the Lorentzian inversion formula calculation for general twists. In particular, for (C.9), it
suffices to consider the b = 1 case, which is given by

Iβ

[
z

(1− z) log(1− z)
]

=
Γ(β2 )Γ(β2 + 1)

(
1− 2S1(β2 − 1)

)
Γ(β − 1) . (C.11)

By (3.35), the anomalous dimension coefficient 〈R(0)
j+τc,jγ

(1)
j+τc,j〉 with celestial twist τc

should be given by

〈R(0)
j+τc,jγ

(1)
j+τc,j〉 = 4κ2j+τc

(
z
τc
2 −1

∫ 1

0

dz

z2 g
δ̃i
j+1,j+τc−1(z, z)dDisct[G(z, z)]

)∣∣∣∣
z
τc
2 log z

. (C.12)

The 2d conformal block gδ̃ij+1,j+τc−1(z, z) is

gδ̃ij+1,j+τc−1(z, z) = k0,1
2−τc(z)k0,1

2j+τc(z) + (z ↔ z). (C.13)

Expanding the above expression in small z, we find (the (z ↔ z) term doesn’t contribute)

〈R(0)
j+τc,jγ

(1)
j+τc,j〉 = 4

τc
2 −3∑
m=0

(1− τc
2 )m(2− τc

2 )m
(2− τc)mm! I2j+τc [G(z, z)]|

z
τc
2 −m log z

, (C.14)

where we have used the fact that G(z, z) starts at z3 to restrict the range of the sum over m.
Therefore, our task now is to find Iβ [G(z, z)]|zn log z for general n. Focusing on the singular
terms near z = 1, we find

G(z, z)|log z

= z3 ×
(
− 1 + z + 2z2

2z(1− z)2
1

1− z −
1

2(1− z)2
z3

(1− z)2

(
1 + zz

2 − 2zz
∞∑
k=1

zkzk

k(k + 2)

)

− (1 + z) log(1− z)
2z(1− z)

z2

(1− z)2 −
(1− z + 2z3) log(1− z)

2z2(1− z)2
z2

(1− z)

− z2(zz − (1− z)(1− z))(zz(1− z)(1− z))
2z(1− z)(1− z)

∞∑
k=1

zk

k

(
1− 1

(1− z)k
)

− z

2(1− z)
z log(1− z)

1− z − 3(1 + 2z2 − z3)
2(1− z)3 z log(1− z)

)
+O((1− z)0). (C.15)
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We can then apply the functional Iβ to the above expression and expand in small z.
After several lines of algebra, we obtain that for n ≥ 1

Iβ [G(z, z)]|z3+n log z

=
(
−n− 2 + 3− 7n− 4n2 + 2n(n+ 2)S1(n) + (n+ 2)S1(n+ 1)

2(n+ 2)

)
Iβ

[ 1
1− z

]

+ 1
2(S1(n+ 1) + S1(n))Iβ

[
z2

(1− z)2

]

− 1
2

(
(n+ 1)Iβ

[
z3

(1− z)2

]
+ n

2 Iβ

[
z4

(1− z)2

]
− 2

n−1∑
k=1

n− k
k(k + 2)Iβ

[
zk+4

(1− z)2

])

− 1
2

Iβ
[

z2

(1−z)n
]

n+ 1 −
Iβ
[

z2

(1−z)n−1

]
n

+ S1(n− 1)Iβ

[
z4

(1− z)

]
−
n−1∑
k=1

1
k
Iβ

[
z4

(1− z)1+k

]
− 1

2Iβ
[

z

(1− z) log(1− z)
]
− 3

2n(n+ 2)Iβ [log(1− z)]. (C.16)

For the leading order term n = 0, we simply have

Iβ [G(z, z)]|z3 log z = −1
4Iβ

[ 1
1− z

]
− 3

2Iβ [log(1− z)]

= −
(β − 6)(β + 4)Γ(β2 )Γ(β2 − 1)

16Γ(β − 1) . (C.17)

Combining (C.7), (C.8), (C.9), (C.14), (C.16), and (C.17), we can then determine
〈R(0)

j+τc,jγ
(1)
j+τc,j〉 for any twist τc = 6, 8, 10, . . . . For general τc, we obtain

〈R(0)
j+τc,jγ

(1)
j+τc,j〉

=
(−1)

τc
2 (τ2

c − 2τc + 8(−1)
τc
2 − 16)Γ( τc2 )Γ( τc2 + 1)Γ(j + τc

2 )Γ(j + τc
2 + 1)S1(j + τc

2 − 1)
2Γ(τc − 1)Γ(2j + τc − 1)

+
Γ(j + τc

2 )Γ(j + τc
2 − 1)

Γ(2j + τc − 1) Pτc(j), (C.18)

where Pτc(j) is a polynomial in j. It is given by

Pτc(j) =
(−1)

τc
2 ( τc2 − 2)Γ( τc2 )Γ( τc2 + 2)(j + τc

2 − 3)(j + τc
2 + 2)

2Γ(τc − 1)

+

τc
2 −4∑
m=0

(1− τc
2 )m(2− τc

2 )m
m!(2− τc)m

Qm,τc(j), (C.19)
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and

Qm,τc(j)

=−2τc
(
j2−2j(m+2)+4m+6

)
+j2(4m+6)+τ2

c (−2j+m+4)+ 4(j+m+2)(j+m+3)
−2m+τc−6

+ 4(j+m+1)(j+m+2)
−2m+τc−4 + 4(j+m)(j+m+1)

−2m+τc−2 +j(6−4m)+6(m+1)(m+4)− τ
3
c

2

+2Γ(j+ τc
2 +1)2


3F2

(
5+m− τc

2 , 5+m− τc
2 , j+ τc

2
j+4+m, j+6+m

;1
)

Γ(j+4+m)Γ(j+6+m)Γ( τc2 −m−2)Γ( τc2 −m−4)

−
3F2

(
4+m− τc

2 , 4+m− τc
2 , j+ τc

2
j+3+m, j+5+m

;1
)

Γ(j+3+m)Γ(j+5+m)Γ( τc2 −m−1)Γ( τc2 −m−3)



+2

τc
2 −4−m∑
k=1

Γ(j+ τc
2 )Γ(j+ τc

2 +1)Γ(j+ τc
2 +3)3F2

(
3−k, −k, j+ τc

2 +1
j+ τc

2 −k, j+ τc
2 +3−k

;1
)

kΓ(k+1)Γ(k+2)Γ(j+ τc
2 −k)Γ(j+ τc

2 +3−k)Γ(j+ τc
2 −1) . (C.20)

D Lightcone bootstrap and large-j behavior of 〈R(n+1)g/q
j+6,j 〉

In this appendix, we describe how to obtain the large-j behavior of the coefficients 〈R(n+1)g/q
j+6,j 〉

using the double lightcone limit result (4.12) and the crossing equation (2.47).

D.1 Infinite sums of SL(2,R) blocks

We will use lightcone bootstrap techniques from [43] to study the large-j behavior of the
coefficients. An important ingredient for the lightcone bootstrap are identities for infinite
sums of SL(2,R) blocks. One identity derived in [43] is given in (2.53). For the calculation
in this appendix, we can write it as (assuming a is negative)

∑
h=j+h0
j=0,2,...

Sr,sa (h)kr,s2h (1− z) = 1
2z

a +O(za+1),

Sr,sa (h) = 1
Γ(−a− r)Γ(−a− s)

Γ(h− r)Γ(h− s)
Γ(2h− 1)

Γ(h− a− 1)
Γ(h+ a+ 1)

. (D.1)

For our calculation, we will also need to compute an infinite sum of derivatives of the
SL(2,R) blocks, such as ∂hkr,s2h (1− z) or ∂skr,s2h (1− z). In particular, we want to compute∑

j=0,2,···
S0,−1
a (j + 3)∂nδ k

0,−1
δ+j (1− z)|δ→j+6, (D.2)

∑
j=0,2,···

S0,−1
a (j + 3)∂nδ′∗k

0, 3−δ
′
∗

2
2j+6 (1− z)|δ′∗→5. (D.3)
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Let us first consider (D.2) with n = 1. One way of computing it is to follow the
original argument for lightcone bootstrap given in [38, 39]. In the limit h→∞, ∂hk2h(z) ∼

(4ρ)h√
1−ρ2

log(4ρ), and therefore the dominant contribution of the sum in h is at h ∼ 1
1−ρ ∼

1√
1−z .

Thus, we should study the large h limit of k0,−1
2h (z) with h

√
1− z fixed. Using the Euler

integral representation of k2h(z), we find that

k0,−1
2h (z) ∼ 22h

√
y

πh
K1(2√y), y = h2(1− z), (D.4)

in the fixed y, h→∞ limit. Now, we can replace 1− z → z in (D.4) and plug it into (D.2)
with n = 1. Focusing on the leading term in the small z limit, we find

∑
h=0,2,...

S0,−1
a (h+ 3)1

2∂hk
0,−1
2h+6(1− z)

≈ 1
4

∫ ∞
0

dh
2−4−2hh−2a− 1

2
√
π

Γ(1− a)Γ(−a) ∂h

22h+6

√
h2(1− z)

πh
K1(2h

√
z)


= 1

2z
a

(
log 2 +

√
z

(1 + 4a)Γ(−1
2 − a)Γ(1

2 − a)
4Γ(1− a)Γ(−a)

)
+O(za+1), (D.5)

where ≈ means that the Casimir-singular terms are the same. We have checked numerically
that this formula is correct in the z → 0 limit.

Interestingly, we find that if we simply move the derivative ∂h of
∑
h=0,2,... S

0,−1
a (h+

3)1
2∂hk

0,−1
2h+6(1 − z) to the function S0,−1

a (h + 3), we will also get the same result in the
small z limit. One way of understanding this is by following the discussion in [43]. We can
write (D.2) as a contour integral

∫ ε+i∞

−ε−i∞
dh
π(1 + eiπh)
2 tan(πh) S

0,−1
a (h+ 3) 1

2n∂
n
hk

0,−1
2h+6(1− z), (D.6)

and then integrate by parts to move all the derivatives ∂h. The leading term at small z
should come from ∂nhS

0,−1
a (h+ 3). In conclusion, the infinite sum (D.2) in the small z limit

is given by

∑
j=0,2,···

S0,−1
a (j + 3)∂nδ k

0,−1
δ+j (1− z)|δ→j+6 =

( log 2
2

)n
za +O(za+ 1

2 ). (D.7)

We now consider (D.3). We claim that it is given by

∑
j=0,2,···

S0,−1
a (j + 3)∂nδ′∗k

0, 3−δ
′
∗

2
2j+6 (1− z)|δ′∗→5 = cnz

a logn z +O(za logn−1 z). (D.8)
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The coefficient cn can be determined by applying ∂δ′∗ to (D.1) n times. Since (D.1) is
independent of δ′∗, we should get zero. Hence, we have

∑
j=0,2,···

S0,−1
a (j+3)∂nδ′∗k

0, 3−δ
′
∗

2
2j+6 (1−z)|δ′∗→5

=−
n∑

m=1

∑
j=0,2,···

n!
m!(n−m)!

(
∂mδ′∗S

0, 3−δ
′
∗

a (j+3)|δ′∗→5

)(
∂n−mδ′∗

k
0, 3−δ

′
∗

2
2j+6 (1−z)|δ′∗→5

)

=−
n∑

m=1

∑
j=0,2,···

n!
m!(n−m)!

(−1)m

4m ∂ma S
0,−1
a (j+3)

(
∂n−mδ′∗

k
0, 3−δ

′
∗

2
2j+6 (1−z)|δ′∗→5

)
+O(za logn−1 z)

=−
n∑

m=1

n!
m!(n−m)!

(−1)m

4m cn−mz
a logn z+O(za logn−1 z). (D.9)

This leads to the recursion relation

cn = −
n∑

m=1

n!
m!(n−m)!

(−1)m

4m cn−m. (D.10)

With the initial condition c0 = 1
2 , one can then determine that cn = 2−1−2n. Thus,

∑
j=0,2,···

S0,−1
a (j + 3)∂nδ′∗k

0, 3−δ
′
∗

2
2j+6 (1− z)|δ′∗→5 = 1

21+2n z
a logn z +O(za logn−1 z). (D.11)

D.2 〈R(n+1)
j+6,j 〉 in the large-j limit

We are now ready to compute the large-j behavior of 〈R(n+1)g/q
j+6,j 〉. As a warmup, we first

consider the leading order (n = 0) case of the double lightcone limit (4.12). Since we know
that R(1)

j+2,j is nonzero only when j = 2, the z(1− z)0 term of G̃(1)(z � 1− z � 1) should
be produced by the first subleading term in the SL(2,R) expansion of the τc = 4 operator
or the leading SL(2,R) expansion of the τc = 6 operator. More explicitly, the crossing
equation (2.47) at leading order in the double lightcone limit is given by (suppressing the
g/q superscript for brevity)

10R(1)
4,2z(1−z)0+· · ·

=
(

zz

(1−z)(1−z)

)3
 ∑
j=0,2,···

〈R(1)
j+4,j〉

(1−z)2k0,−1
2j+4(1−z)+(1−z)3

1∑
n=−1

Cnk
0,−1
2j+4+2n(1−z)+· · ·


+

∑
j=0,2,···

〈R(1)
j+6,j〉(1−z)3k0,−1

2j+6(1−z)+· · ·

, (D.12)

where · · · are all subleading terms in the double lightcone limit. The coefficients Cn are
from the SL(2,R) block expansion of the conformal block, but their expressions won’t be
important for our discussion. The reason is that the 〈R(1)

j+4,j〉 coefficient actually has no
contribution to the leading term in the left hand side. There are two ways of seeing this.
First, we can simply look at the expression for 〈R(1)

j+4,j〉 in (3.46) and (3.50) we obtained
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from the Lorentzian inversion formula and take the large-j limit.26 For both the gluon jet
and quark jet, we find

〈R(1)
j+4,j〉 ∼ 4−jj

3
2 ∼ S0,−1

a=−1(j), (D.13)

and therefore

z3 ∑
j=0,2,4,···

〈R(1)
j+4,j〉k

0,−1
2j+4+2n(1− z) ∼ z2, (D.14)

which is indeed subleading in (D.12). The other argument is to consider the term

(
zz

(1− z)(1− z)

)3
(1− z)2∑

j

〈R(1)
j+4,j〉k

0,−1
2j+4(1− z). (D.15)

If 〈R(1)
j+4,j〉 grows like S

0,−1
a=−2(j) or faster at large-j, we should expect to see z(1−z)−1 on the

left hand side of (D.12). However, such terms don’t exist, so z3∑
j〈R

(1)
j+4,j〉k

0,−1
2j+4+2n(1− z)

must give subleading contribution to z.
Based on the above discussion, the crossing equation (D.12) becomes

10R(1)
4,2z(1− z)0 + · · · =

(
zz

(1− z)(1− z)

)3 ∑
j=0,2,···

〈R(1)
j+6,j〉(1− z)3k0,−1

2j+6(1− z) + · · · .

(D.16)

Using (D.1), we obtain

〈R(1)
j+6,j〉 ∼ 20R(1)

4,2S
0,−1
a=−2(j + 3) ∼ 5

√
π

8 R
(1)
4,24−jj

7
2 , (D.17)

which is (4.13) in the main text.

26When taking the large-j limit of the 3F2 functions in 〈R(1)
j+4,j〉, it is more convenient to first use the

Euler representation of the 3F2 function to write it as an integral of the 2F1 function, and then study the
large-j limit of the integral numerically. For example,

3F2

(
2, 3, j + 1
j + 4, j + 5

; 1
)

= Γ(j + 5)
Γ(j + 1)Γ(4)

∫ 1

0
dz zj(1− z)3

2F1(2, 3, j + 4, z) ∼ 1 + 6
j
− 18
j2

Sometimes the 2F1 is even explicitly known, and one can study the large-j limit after evaluating the integral.
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Let us now consider n = 1. In this case, we should allow nonzero 〈R(2)
j+τc,j〉 for general

τc. At this order, the crossing equation in the double lightcone limit becomes

10R(1)
4,2γ

(1)
4,2z logz(1−z)0+· · ·

=
(

zz

(1−z)(1−z)

)3

×

∑
τc<6

∑
j

〈R(2)
j+τc,j〉

∞∑
n=0

(1−z)
τc
2 +n

n∑
m=−n

Cτcn,mk
0,−1
2j+τc+2m(1−z)

+
∑
τc<6

∑
j

〈R(1)
j+τc,jγ

(1)
j+τc,j〉

( ∞∑
n=0

1
2(1−z)

τc
2 +n log(1−z)

n∑
m=−n

Cτcn,mk
0,−1
2j+τc+2m(1−z)

+
∞∑
n=0

(1−z)
τc
2 +n

n∑
m=−n

Cτcn,m∂δk
0,−1
δ+j+2m(1−z)|δ→j+τc

)

+
∑
τc<6

∑
j

〈R(1)
j+τc,jγ

′(1)
∗ 〉

∞∑
n=0

(1−z)
τc
2 +n

n∑
m=−n

Cτcn,m∂δ′∗k
0, 3−δ

′
∗

2
2j+τc+2m(1−z)|δ′∗→5

+
∑
j

〈R(2)
j+6,j〉(1−z)3k0,−1

2j+6(1−z)

+
∑
j

〈R(1)
j+6,jγ

(1)
j+6,j〉

(1
2(1−z)3 log(1−z)k0,−1

2j+6(1−z)+(1−z)3∂δk
0,−1
δ+j (1−z)|δ→j+6

)

+
∑
j

〈R(1)
j+6,jγ

′(1)
∗ 〉(1−z)3∂δ′∗k

0, 3−δ
′
∗

2
2j+6 (1−z)|δ′∗→5+· · ·

. (D.18)

We can use (D.1) and (D.7) to argue that for τc < 6, 〈R(2)
j+τc,j〉 and 〈R

(1)
j+τc,jγ

(1)
j+τc,j〉 cannot

grow as fast as ∂aS0,−1
a |a→−2 at large j, otherwise the z log z term in the left hand side will

have the wrong leading behavior for 1− z � 1. Similarly, 〈R(1)
j+6,jγ

(1)
j+6,j〉 should not give

any leading contribution, or we will get z log z log(1− z). Thus, we have

10R(1)
4,2γ

(1)
4,2z log z + · · ·

= z3

∑
j

〈R(2)
j+6,j〉k

0,−1
2j+6(1− z) +

∑
j

〈R(1)
j+6,jγ

′(1)
∗ 〉∂δ′∗k

0, 3−δ
′
∗

2
2j+6 (1− z)|δ′∗→5 + · · ·

. (D.19)

As discussed in section 4, we also need to deal with the degeneracies coming from γ′∗.
To do so, let us make an ansatz for the large-j behavior of R(n+1)

j+6,j . We will assume

R
(n+1)g
j+6,j =

(
c

(0)g
1 A

(n+1)
1 + c

(0)g
2 A

(n+1)
2

)
∂naS

0,−1
a (j + 3)|a→−2 +O(4−jj

7
2 logn−1 j),

R
(n+1)q
j+6,j =

(
c

(0)q
1 A

(n+1)
1 + c

(0)q
2 A

(n+1)
2

)
∂naS

0,−1
a (j + 3)|a→−2 +O(4−jj

7
2 logn−1 j), (D.20)

where the coefficients c(0)g/q
i are given in (4.28), and our goal is to determine A(n+1)

1 and
A

(n+1)
2 . In general, the coefficient cO at subleading order can also contribute, but we expect

them to appear as c(k)O
i A

(n+1−k)
i ∂n−ka Sa|a→−2. Since ∂n−ka Sa|a→−2 is subleading at large-j,
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we can just consider c(0)O
i for the leading large-j behavior. Note that the ansatz (D.20)

implies that for any nonnegative integers n and k,

〈R(n+1)g/q
j+6,j (γ′∗)k〉 =

(
c

(0)g/q
1 A

(n+1)
1 (γ′∗1)k + c

(0)g/q
2 A

(n+1)
2 (γ′∗2)k

)
∂naS

0,−1
a (j + 3)|a→−2

+O(4−jj
7
2 logn−1 j), (D.21)

where γ′∗1 and γ′∗2 are given by (4.23). Comparing (D.20) to the n = 0 result (D.17), we find

A
(1)
1 = 1280π

α+ − α−
(R(1)q

4,2 − α−R
(1)g
4,2 ),

A
(1)
2 = 1280π

α+ − α−
α−(α+R

(1)g
4,2 −R

(1)q
4,2 ). (D.22)

For the n = 1 crossing equation (D.19), we can also plug in the ansatz (D.20), and
use (D.1) and (D.11) to compute the infinite sums. After taking care of the degeneracies,
we obtain

A
(2)
1 = 320π

α+ − α−
(R(1)q

4,2 − α−R
(1)g
4,2 )(4γ(1)

4,2 − γ
′
∗1),

A
(2)
2 = 320π

α+ − α−
α−(α+R

(1)g
4,2 −R

(1)q
4,2 )(4γ(1)

4,2 − γ
′
∗2). (D.23)

For n > 1, one can repeat the above argument and determine A(n+1)
1 , A

(n+1)
2 . In particular,

terms involving R(n+1−p)
j+τc,j with τc < 6 should not contribute to the z logn z(1 − z)0 term.

Moreover, only 〈R(n+1)
j+6,j 〉 and 〈R

(n+1−m)
j+6,j (γ′(1)

∗ )m〉 can produce z logn z. So, we have

10R(1)
4,2

(
γ

(1)
4,2

)n
z logn z + · · ·

= z3

∑
j

〈R(n+1)
j+6,j 〉k

0,−1
2j+6(1− z) +

n∑
m=1

∑
j

〈R(n+1−m)
j+6,j (γ′(1)

∗ )m〉∂mδ′∗k
0, 3−δ

′
∗

2
2j+6 (1− z)|δ′∗→5 + · · ·

.
(D.24)

After using the infinite sum formula (D.1), (D.11) and the relation (D.21), we find that the
solution takes a suprisingly simple form for n ≥ 1:

A
(n+1)
1 =

320π(R(1)q
4,2 − α−R

(1)g
4,2 )(γ(1)

4,2)n−1(4γ(1)
4,2 − γ′∗1)

α+ − α−
,

A
(n+1)
2 =

320πα−(α+R
(1)g
4,2 −R

(1)q
4,2 )(γ(1)

4,2)n−1(4γ(1)
4,2 − γ′∗2)

α+ − α−
. (D.25)

It would be interesting to use some other methods to verify our results for the large-j
behavior of 〈R(n+1)

j+6,j 〉. For example, 〈R(1)
j+6,j〉 can be obtained by performing a higher-twist

version of the Lorentzian inversion formula calculation described in section 3.3. If the
collinear EEEC at subleading order is known, one should also be able to find 〈R(n+1)

j+6,j 〉 at
higher values of n.
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E Tree-level EEEC

In this appendix, we give the details of the calculation of tree-level EEEC in section 5. In
the first section, we compute the functions F0 and F1 in (5.9). In the second section, we
derive the relation (5.20) using crossing symmetry.

E.1 Computing F0 and F1

We first calculate the squared amplitude for the initial state created by TrF 2. We focus on
processes with three out-going particles since F0 and F1 only get contributions from those
processes. At tree-level, there are three possible processes with three outgoing particles.
The first one includes three gluons, and its amplitude squared is given by (we use mostly
positive metric)

|Mg+g+g|2 =−64g2Nc(N2
c −1)

×
(

6(p1 ·p2+p1 ·p3+p2 ·p3)

+2
(

(p1 ·p2)2+(p2 ·p3)2

p1 ·p3
+ (p1 ·p3)2+(p2 ·p3)2

p1 ·p2
+ (p1 ·p2)2+(p1 ·p3)2

p2 ·p3

)

+ (p1 ·p2)3

p1 ·p3p2 ·p3
+ (p1 ·p3)3

p1 ·p2p2 ·p3
+ (p2 ·p3)3

p1 ·p2p1 ·p3

+3
(
p1 ·p3p2 ·p3
p1 ·p2

+ p1 ·p2p2 ·p3
p1 ·p3

+ p1 ·p2p1 ·p3
p2 ·p3

))
. (E.1)

The second process has one gluon and two Weyl spinors

|Mg(p1)+λ(p2)+λ(p3)|
2 = −16g2Nc(N2

c − 1)(p1 · p2)2 + (p1 · p3)2

p2 · p3
. (E.2)

Finally, the third process has one gluon and two scalars

|Mg(p1)+φ(p2)+φ(p3)|2 = −32g2Nc(N2
c − 1)p1 · p2p1 · p3

p2 · p3
. (E.3)

We can then define the total amplitude squared |M|2 as

|M|2 = 1
3! |Mg+g+g|2 + 4|Mg(p1)+λ(p2)+λ(p3)|

2 + 6
2! |Mg(p1)+φ(p2)+φ(p3)|2. (E.4)

Note that due to the three identical gluons and two identical scalars in the final states, we
should include symmetry factors 1

3! and
1
2! in the phase space measure for the corresponding

final state. But here we choose to include those factors in |M|2, so that we can just use the
same phase space measure for all the final states.
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Comparing (5.1) and (5.9), one can show that the function F1 is defined as

F1(~n1, ~n2)

=
∑
i,j

∫
dσ
E2
i Ej
Q3 δ

(
~n1,

~pi
Ei

)
δ

(
~n2,

~pj
Ej

)

= 1
σtot

∑
{i,j}⊂{a,b,c}

∫
d3~pa
(2π)3

d3~pb
(2π)3

d3~pc
(2π)3

1
2Ea

1
2Eb

1
2Ec
|M|2(2π)4

× δ(Q− Ea − Eb − Ec)δ(3)(~pa + ~pb + ~pc)

× E2
i Ej
Q3 δ

(
~n1,

~pi
Ei

)
δ

(
~n2,

~pj
Ej

)
, (E.5)

and F0 is defined as

F0(~n1, ~n2, ~n3)δ((~n1 × ~n2) · ~n3)

= 1
σtot

∑
{i,j,k}={a,b,c}

∫
d3~pa
(2π)3

d3~pb
(2π)3

d3~pc
(2π)3

1
2Ea

1
2Eb

1
2Ec
|M|2(2π)4

× δ(Q− Ea − Eb − Ec)δ(3)(~pa + ~pb + ~pc)

× EiEjEk
Q3 δ

(
~n1,

~pi
Ei

)
δ

(
~n2,

~pj
Ej

)
δ

(
~n3,

~pk
Ek

)
. (E.6)

We can then plug in (E.4) for the squared amplitude |M|2. Also, the total cross section is

σtot = N2
c − 1
2π Q4. (E.7)

Performing the integral in (E.5), we then obtain that F1 is given by (5.10). For (E.6), the
delta function δ((~n1 × ~n2) · ~n3) on the left-hand side will be canceled by one of the delta
functions in δ(3)(~pa + ~pb + ~pc) on the right-hand side. After performing the calculation, we
then find that F0 is given by (5.14) and (5.15). The step function θ(ζ1 + ζ2 − 1) in (5.14)
comes from the condition ~pa + ~pb + ~pc = 0. If ζ1 + ζ2 < 1, one can easily draw a line such
that all three momenta ~pa,b,c lie on the same side of the line, and therefore there are no
solutions to ~pa + ~pb + ~pc = 0.

E.2 Crossing symmetry of F0

We now consider crossing symmetry of F0(~n1, ~n2, ~n3). If ~n1, ~n2, ~n3 are all different from each
other, it is not too hard to check that the function F0(~n1, ~n2, ~n3) given by (5.14) and (5.15)
is crossing symmetric. So we want to focus on the delta functions and show that they are
also crossing symmetric. In particular, we will consider 2↔ 3. Note that (5.14) can also be
written as

F0(~n1, ~n2, ~n3) = 1
16

√
(~n1 − ~n3)2(~n1 + ~n3)2(~n2 − ~n3)2(~n2 + ~n3)2F̃0(~n1, ~n2, ~n3), (E.8)

and the singular part of F̃0 is given by (5.19).
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We now preform the crossing 2 ↔ 3 and first look at the contact term at r2 = 0.
Naively, we expect that the contact term looks like

δ(r′2)
r′2

1
16

√
(~n1 − ~n2)2(~n1 + ~n2)2(~n2 − ~n3)2(~n2 + ~n3)2δ((~n1 × ~n2) · ~n3), (E.9)

where the new variable r′2 is given by

r′2 = 1
4

√
(~n1 + ~n2)4 + (~n2 − ~n3)4 = h2(θ2)r2 +O(r2

2), (E.10)

and the function h2(θ2) is

h2(θ2) =
√

cos2 θ2 + (
√

cos θ2 −
√

sin θ2)4. (E.11)

If we integrate (E.9) against a test function F (~n1, ~n2, ~n3), we find∫
dΩ~n1dΩ~n2dΩ~n3F (~n1,~n2,~n3)δ(r

′
2)

r′2

1
16

√
(~n1−~n2)2(~n1+~n2)2(~n2−~n3)2(~n2+~n3)2δ((~n1×~n2)·~n3)

= 8π2
∫ π

4

0
dθ2

1
h2(θ2)2

√
cosθ2−

√
sinθ2√

sinθ2

∫
dr2δ(r2)F (~n1,~n2,~n3)

= 2π3F (−~n3,~n3,~n3), (E.12)

which agrees with the original contact term before crossing. However, there is actually
another delta function coming from the [· · · ]0 distribution. This is due to the relation[ 1

ax

]
0

= 1
a

[1
x

]
0

+ log a
a

δ(x). (E.13)

Therefore, from the [· · · ]0 distribution we have

f0(θ′2)
r′2

[ 1
r′2

]
0
→ f0(θ′2)

h2(θ2)r2

log h2(θ2)
h2(θ2) δ(r2), (E.14)

where

θ′2 = tan−1
(

(~n1 + ~n2)2

(~n2 − ~n3)2

)
= tan−1

(
(1−

√
tanθ2)2

)
+O(r2). (E.15)

Therefore, we should also consider

8π2
∫ π

4

0
dθ2

f0(θ′2) log h2(θ2)
h2(θ2)2

√
cos θ2 −

√
sin θ2√

sin θ2

∫
dr2δ(r2)F (~n1, ~n2, ~n3). (E.16)

It turns out that the θ2 integral actually vanishes. So, for the r2 = 0 contact term, the
[· · · ]0 distribution doesn’t produce new delta function after crossing 2↔ 3.

Now we consider the other two contact terms. After 2↔ 3, r1 and r3 become

r′1 = 1
4

√
(~n1 − ~n2)4 + (~n2 + ~n3)4 = h1→3(θ3)r3 +O(r2

3),

r′3 = 1
4

√
(~n1 + ~n2)4 + (~n2 + ~n3)4 = h3→1(θ1)r1 +O(r2

1), (E.17)
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where

h1→3(θ3) =
√

sin2 θ3 +
(√

cos θ3 +
√

sin θ3
)4
,

h3→1(θ1) =
√

sin2 θ1 +
(√

cos θ1 −
√

sin θ1
)4
. (E.18)

Also, θ1 and θ3 become

θ′1 = tan−1
(

(~n2 + ~n3)2

(~n1 − ~n2)2

)
= tan−1

(
sin θ3

(
√

cos θ3 +
√

sin θ3)2

)
+O(r3),

θ′3 = tan−1
(

(~n2 + ~n3)2

(~n1 + ~n2)2

)
= tan−1

(
sin θ1

(
√

cos θ1 −
√

sin θ1)2

)
+O(r1). (E.19)

Integrating the δ(r′1) term, we get

∫
dΩ~n1dΩ~n2dΩ~n3F (~n1,~n2,~n3)δ(r

′
1)

r′1

1
16

√
(~n1−~n2)2(~n1+~n2)2(~n2−~n3)2(~n2+~n3)2δ((~n1×~n2)·~n3)

= 8π2
∫ π

2

0
dθ3

1
h1→3(θ3)2

√
cosθ3+

√
sinθ3√

cosθ3

∫
dr3δ(r3)F (~n1,~n2,~n3)

= 2π3F (−~n3,−~n3,~n3). (E.20)

We should also include the contribution from the
[

1
r′1

]
0
distribution. This term will give

8π2
∫ π

2

0
dθ3

f0(θ′1) log h1→3(θ3)
h1→3(θ3)2

√
cos θ3 +

√
sin θ3√

cos θ3

∫
dr3δ(r3)F (~n1, ~n2, ~n3)

= 8π2 × π −
√

2π + 2 log 2 +
√

2 log(3− 2
√

2)
512π4 F (−~n3,−~n3, ~n3). (E.21)

Comparing this result with the contact terms before crossing, we find that for the delta
functions to be crossing-symmetric, we must have (5.20). Also, if we consider the contact
term at r1 = 0, we will get the same condition.

F More details on the celestial inversion formula

In this appendix, we give the derivation for the orthogonality relation of celestial partial
waves (6.14) and the integral identity (6.25). We also show that the contributions at infinity
of the contour deformations of (6.19) vanish.

F.1 Orthogonality of celestial partial waves

To derive the orthogonality relation, let us consider a natural pairing∫
Dd−2z1D

d−2z2D
d−2z3d

d−1
AdSp Ψc

δ5,j5;δ′5
(z1, z2, z3, p)Ψc(δ̃i)

δ̃6,j6;δ̃′6
(z1, z2, z3, p), (F.1)
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where dd−1
AdSp = 2ddpδ(p2 + 1)θ(p0) is an integral over the AdS space defined by p2 = −1.

Plugging in the definition of the celestial partial wave, we get∫
Dd−2z1D

d−2z2D
d−2z3d

d−1
AdSpD

d−2zDd−2z′Dd−2z′′Dd−2z′′′

× 〈Pδ1(z1)Pδ2(z2)Pδ5,j5(z)〉〈P̃δ5,j5(z)Pδ3(z3)Pδ′5(z′)〉 1

(−2z′ · p)δ̃′5

× 〈P̃δ1(z1)P̃δ2(z2)P̃δ6,j6(z′′)〉〈Pδ6,j6(z′′)P̃δ3(z3)P̃δ′6(z′′′)〉 1
(−2z′′′ · p)δ′6

= B12Pδ5,j5 δP5P6

∫
Dd−2z3d

d−1
AdSpD

d−2zDd−2z′Dd−2z′′′

× 〈P̃δ5,j5(z)Pδ3(z3)Pδ′5(z′)〉 1

(−2z′ · p)δ̃′5
〈Pδ5,j5(z)P̃δ3(z3)P̃δ′6(z′′′)〉 1

(−2z′′′ · p)δ′6

= B12Pδ5,j5BP̃δ5,j53Pδ′5
δP5P6δP ′5P ′6

×
∫
dd−1

AdSpD
d−2z′

1

(−2z′ · p)δ̃′5
1

(−2z′ · p)δ′5
. (F.2)

In the first and the second equality above, we have used the bubble formula (eq. (2.32)
in [64]), and B12Pδ5,j5 , BP̃δ5,j53Pδ′5

are bubble coefficients given by (6.16). Moreover, the

integral in the last line of (F.2) is given by∫
Dd−2zdd−1

AdSp

vol(SO(d− 1, 1))(−2p · z)−δ(−2p · z)−δ̃ = 1
2d−2 vol(SO(d− 2)) , (F.3)

where we use the conformal group to gauge fix p = (1, 0, 0, . . . , 0) and z = (1, 1, 0, . . . , 0).
The stabilizer group after the gauge-fixing is SO(d− 2), and the Fadeev-Popov determinant
for the gauge-fixing is 1.

Therefore, the orthogonality relation for the celestial partial wave is∫
Dd−2z1D

d−2z2D
d−2z3d

d−1
AdSp

vol(SO(d− 1, 1)) Ψc
δ5,j5;δ′5

(z1, z2, z3, p)Ψc(δ̃i)
δ̃6,j6;δ̃′6

(z1, z2, z3, p)

= 1
2d−2 vol(SO(d− 2))B12Pδ5,j5BP̃δ5,j53Pδ′5

δP5P6δP ′5P ′6 , (F.4)

where

δP5P6 = 2πδ(s5 − s6)δj5,j6 , (F.5)

for δ5 = d−2
2 + is5, δ6 = d−2

2 + is6 with s5, s6 > 0.

F.2 Derivation of (6.25)

We now consider the identity∫
Dd−2z1D

d−2z2〈P̃δ1(z1)P̃δ2(z2)Pδ,j=0(z)〉(−2p · z1)−δ1(−2p · z2)−δ2

= Cδ1,δ2;δ(−p2)
δ−δ1−δ2

2 (−2p · z)−δ. (F.6)
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By Lorentz symmetry and homogeneity of p and z, the right-hand side must be proportional
to (−p2)

δ−δ1−δ2
2 (−2p · z)−δ. Thus, our goal here is showing that the coefficient Cδ1,δ2;δ is

given by (6.26). Our strategy is to first fix p2 = −1, and integrate both sides of (6.25)
against (−2p · z)−δ̃ over z and p. More precisely, for the right-hand side, we have∫

Dd−2zdd−1
AdSp

vol(SO(d− 1, 1))Cδ1,δ2;δ(−2p · z)−δ(−2p · z)−δ̃ = Cδ1,δ2;δ
1

2d−2 vol(SO(d− 2)) , (F.7)

which follows from (F.3). For the left-hand side, we want to compute∫
Dd−2z1D

d−2z2D
d−2zdd−1

AdSp

vol(SO(d− 1, 1)) 〈P̃δ1(z1)P̃δ2(z2)Pδ,0(z)〉(−2p · z1)−δ1(−2p · z2)−δ2(−2p · z)−δ̃.

(F.8)

One can immediately recognize that the p integral is a three-point Witten diagram, and
can be evaluated using (6.28). Furthermore, the remaining integral over z1, z2, z is a
conformally-invariant three-point pairing. Therefore, the left-hand side is given by∫

Dd−2z1D
d−2z2D

d−2zdd−1
AdSp

vol(SO(d− 1, 1)) 〈P̃δ1(z1)P̃δ2(z2)Pδ,0(z)〉(−2p · z1)−δ1(−2p · z2)−δ2(−2p · z)−δ̃

= D
δ1,δ2,δ̃

(
〈P̃δ1P̃δ2Pδ〉, 〈Pδ1Pδ2P̃δ〉

)
=
π
d−2

2 Γ( δ1+δ2+δ̃−d+2
2 )Γ( δ1+δ2−δ̃

2 )Γ( δ1+δ̃−δ2
2 )Γ( δ2+δ̃−δ1

2 )
2Γ(δ1)Γ(δ2)Γ(δ̃)

1
2d−2 vol(SO(d− 3)) . (F.9)

Finally, comparing (F.7) and (F.9), we obtain

Cδ1,δ2;δ =
π
d−2

2 Γ( δ1+δ2+δ̃−d+2
2 )Γ( δ1+δ2−δ̃

2 )Γ( δ1+δ̃−δ2
2 )Γ( δ2+δ̃−δ1

2 )
2Γ(δ1)Γ(δ2)Γ(δ̃)

vol(Sd−3), (F.10)

which agrees with (6.26).

F.3 Celestial block at large δ and δ′

In this section, we study (6.19),

F(z1, z2, z3, p) =
∑
j

∫ d−2
2 +i∞

d−2
2 −i∞

dδ

2πi

∫ d−2
2 +i∞

d−2
2 −i∞

dδ′

2πiC(δ, j; δ′)Gcδ,j;δ′(z1, z2, z3, p), (F.11)

and make sure that the contributions at infinity vanish when doing the contour deformations.
For concreteness, we consider the leading order strong-coupling EEEC, so C(δ, j; δ′) is given
by (6.32). When we first close the δ′ contour to the right, the locations of the poles are at
δ′ = δ + 3 + 2k. Furthermore, (6.32) in the large δ′ limit behaves like

C
(0)
strong(δ, j; δ′ →∞) ∼ 2−δ′(· · ·), (F.12)

where (· · ·) grows sub-exponentially at large δ′. Therefore, a sufficient condition for the
contribution at infinity of the δ′ contour to vanish is

lim
Re(δ′)→∞

2−δ′(sub-exponential)Gcδ,j;δ′(z1, z2, z3, p) = 0. (F.13)
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After closing the δ′ contour, (6.19) becomes

F(z1,z2,z3,p) =
∑
j

∞∑
k=0

∫ d−2
2 +i∞

d−2
2 −i∞

dδ

2πi
(
Resδ′=δ+3+2kC

(0)
strong(δ,j;δ′)

)
Gcδ,j;δ′=δ+3+2k(z1,z2,z3,p).

(F.14)

On the δ-plane, Resδ′=δ+3+2kC
(0)
strong has poles at δ = 6 + 2n. The contributions from these

poles will reproduce the celestial block coefficients (6.35). Note that at large δ,

Resδ′=δ+3+2kC
(0)
strong ∼ 2−δ(· · ·), (F.15)

where (· · ·) grows sub-exponentially at large δ. Thus, a sufficient condition for the contribu-
tion at infinity of the δ contour to vanish is

lim
Re(δ)→∞

2−δ(sub-exponential)Gcδ,j;δ+3+2k(z1, z2, z3, p) = 0. (F.16)

If the two conditions (F.13) and (F.16) are true, the celestial block expansion (6.4) can be
obtained from (6.19) by contour deformation.

To show that (F.13) and (F.16) are true, we will need to understand the behavior of
the celestial block Gc at large δ or δ′. For four-point conformal blocks, one can determine
their large ∆ behavior by studying the Casimir equation in the limit ∆→∞ [70–74]. For
the celestial block, the analogous Casimir equations are(

− 1
2L

(12)
µν L(12)µν − δ(δ − d+ 2)− j(j + d− 4)

)
Gcδ,j;δ′ = 0,(

− 1
2L

(123)
µν L(123)µν − δ′(δ′ − d+ 2)

)
Gcδ,j;δ′ = 0, (F.17)

where

L(12)
µν =

2∑
i=1

ziµ
∂

∂zνi
− ziν

∂

∂zµi
,

L(123)
µν =

3∑
i=1

ziµ
∂

∂zνi
− ziν

∂

∂zµi
. (F.18)

If we take the limit given by (F.13), the second line of (F.17) will give a differential
equation that the leading behavior of Gc in this limit must satisfy. Similarly, for the limit
given by (F.16), (F.17) will give two differential equations. However, since Gc can depend
nontrivially on three cross ratios, ζ12, ζ13, ζ23, these differential equations are not as simple
as the conformal block case, and it is difficult to solve them directly.

Thus, we are led to consider an alternative method for studying Gc at large δ or δ′.
We find that this can be achieved by writing down an integral representation with finite
integration range for the celestial block. When we consider the limits given by (F.13)
and (F.16), the integral will be dominated by a saddle point and the behavior of Gc can be
determined.
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F.3.1 Warmup: conformal blocks at large ∆ revisited

The method also applies to the conformal block, so let us first consider this simpler case.
They key idea is to use the Lorentzian shadow representation of the block [75]. Here, we
follow the notation of [36], where the block can be written

G∆,J(xi) ∼
∫

1>x0>2
ddx0D

d−2z|Td−∆,2−d−J(x1, x2, x0, z)|T∆,J(x3, x4, x0, z), (F.19)

where the causality configuration is 1 > 2, 3 > 4, and all other points are spacelike. Here, ∼
means that the two sides can differ by a factor independent of the positions xi, and

T∆,J(x1, x2, x0, z) = (2z · x20x
2
10 − 2z · x10x

2
20)J

(−x2
12)

∆1+∆2−∆+J
2 (x2

10)
∆1+∆−∆2+J

2 (x2
20)

∆2+∆−∆1+J
2

(F.20)

is a conformal three-point structure. Since we are interested in the large ∆ limit, we focus
on the ∆-dependence of the integrand,

(
(−x2

10)(−x2
20)(−x2

34)
(−x2

12)(−x2
30)(−x2

40)

)∆
2

. (F.21)

Let us choose lightcone coordinates x = (u, v, x⊥), where x2 = uv + x2
⊥, and set

x1 = (u1, v1, 0), x2 = (0, 0, 0), x3 = (1, 1, 0), x4 = ∞. The conditions 1 > 2 and 1 ≈ 3
become v1 < 0, 0 < u1 < 1. Our integral becomes

(−u1v1)−
∆
2

∫
dudvdd−2x⊥

(
(−uv−r2)(−(u−u1)(v−v1)−r2)

)∆
2
(
(u−1)(v−1)+r2

)−∆
2 (· · ·),

(F.22)

where (· · ·) are independent of ∆. In the large ∆ limit, a saddle point appears at u =
1−
√

1− u1, v = 1−
√

1− v1, r = 0. Therefore, the leading large ∆ behavior is given by

G∆,J ∼ (−u1v1)−
∆
2
(
(1−

√
1− u1)(

√
1− v1 − 1)

)∆
(· · ·). (F.23)

Going back to the more familiar cross ratios ρ, ρ [76], we find

−u1v1
(1−

√
1− u1)2(

√
1− v1 − 1)2 = 1

ρρ
. (F.24)

Therefore, in the large ∆ limit, G∆,J is proportional to (ρρ)
∆
2 (· · ·). One can fix the

position-independent factor by considering the OPE limit of G∆,J . Eventually, we obtain

G∆,J ∼ 4∆(ρρ)
∆
2 (· · ·), (F.25)

which agrees with the known result. To match the full result in [70–74], we could additionally
include the 1-loop determinant around the saddle point. However, that such subleading
terms will not be important in our analysis.
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F.3.2 Lorentzian integrals for the celestial block

For the three-point celestial block Gc, we can write down a similar integral representation
with finite integration range by continuing to “double Lorentzian” signature, as in section 2.4.
That is, we must analytically continue the celestial sphere to a Lorentzian signature space,
so that the full spacetime has signature (2, d− 2). We then have

Gcδ,j;δ′(zi, p) ∼
∫

1>0>2
0>0′>3

Dd−2z0D
d−2z′0

1
(−2p · z′0)δ′ 〈P̃δ

′(z′0)P3Pδ,j(z0)〉〈P̃δ,j(z0)P1P2〉

(F.26)

where zi, p are in (2, d− 2) signature. We can view zi as the embedding space coordinates
of R1,d−3, and the causality constraints 1 > 0 > 2 and 0 > 0′ > 3 should be understood
in this space. Since the right-hand side is a solution of the Casimir equations (F.17) by
construction, one can show that it is proportional to Gc (up to a factor independent of zi
and p) by considering its various OPE limits. To study the integral more explicitly, we will
pick the frame zi = (1, ~y2

i , ~yi), p = (p+, 1, ~yp), where

~y1 = (1,−1, 0), ~y2 = (0, 0, 0), ~y3 = (−1, 1, 0), ~yp = (y+
p , y

−
p , 0), (F.27)

where the coordinate for ~y is (y+, y−, ~y⊥), and ~y2 = y+y− + ~y2
⊥. This satisfies the causality

constraint 1 > 2 > 3. Also, the relation between p+, y
+
p , y

−
p and ζ12, ζ13, ζ23 can be obtained

straightforwardly using the definition of the cross ratios.
Let us now consider the limit δ′ →∞ corresponding to (F.13). For this limit, it is more

convenient to study

∫
1>2>0′>3

Dd−2z′0
1

(−2p · z′0)δ′ g
(δ1,δ2,δ3,δ̃′)
δ,j (z1, z2, z3, z

′
0). (F.28)

In the limit δ′ →∞, the conformal block g(δ1,δ2,δ3,δ̃′)
δ,j (z1, z2, z3, z

′
0) behaves like [77]

g
(δ1,δ2,δ3,δ̃′)
δ,j (z1, z2, z3, z

′
0) ∼

( (−2z2 · z3)
(−2z2 · z′0)(−2z3 · z′0)

)− δ′2
(· · ·), (F.29)

where (· · ·) grows sub-exponentially. Therefore, we must consider the integral

∫
1>2>0′>3

Dd−2z′0
1

(−2p · z′0)δ′
( (−2z2 · z3)

(−2z2 · z′0)(−2z3 · z′0)

)− δ′2
. (F.30)

After considering the integral in the frame zi = (1, ~y2
i , ~yi), p = (p+, 1, ~yp) given by (F.27)

and solving for its saddle point in the large δ′ limit, we can find the behavior of the integral
at large δ′. We can further determine the position-independent factor in (F.26) by matching
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the integral with the collinear limit of Gc given by (2.33).27,28 We find that at large δ′,

Gcδ,j;δ′→∞ ∼ T123δ′(z1, z2, z3, p)
(

2(1−
√

1− ζ13)
ζ13

)δ′
(sub-exponential)

+ T123δ′(z1, z2, z3, p)
(

2(1−
√

1− ζ23)√
ζ13ζ23

)δ′
(sub-exponential), (F.31)

where T123δ′ is the homogeneity factor defined in (2.35). We have checked that this result
indeed solves the Casimir equations (F.17) in the δ′ limit. Furthermore, if zi’s are on
the celestial sphere, all the cross ratios should satisfy ζij ∈ (0, 1). Using (F.31), we find
that for ζij ∈ (0, 1), 2−δ′Gcδ,j;δ′ is always decaying exponentially at large δ′, and thus the
condition (F.13) is true.

Finally, we consider the limit corresponding to (F.16), where we set δ′ = δ + 3 + 2k
and take δ →∞. For this limit, we must consider the integral∫

1>0>2
0>0′>3

Dd−2z0D
d−2z′0

1
(−2p · z′0)δ

1
(−2z′0 · z3)−δ(−2z0 · z3)δ

× 1
(−2z0 · z1)−

δ
2 (−2z0 · z2)−

δ
2 (−2z1 · z2)

δ
2
. (F.32)

In the large δ limit, it turns out that the dominant contribution of the z′0 integral comes
from the top of the diamond 0 > 0′ > 3. Hence, we should set z′0 = z0 and solve for the
saddle point of the z0 integral. After comparing the saddle point result to the collinear
limit of the celestial block,29 we obtain

Gcδ→∞,j;δ′=δ+3+2k→∞ ∼ T123δ′(z1, z2, z3, p)
(

2(1−
√

1− ζ12)√
ζ13ζ12

)δ
(sub-exponential) (F.33)

The result is indeed a solution to the Casimir equations (F.17) in the corresponding limit.
Moreover, (F.33) implies that the condition (F.16) holds for ζij ∈ (0, 1).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited. SCOAP3 supports
the goals of the International Year of Basic Sciences for Sustainable Development.

27When comparing the saddle point result to the collinear limit of the celestial block, one should note
that in the main text we always set −p2 = 1. However, in the frame (F.27), −p2 depends on the cross ratios
and is not equal to 1. Therefore, we should first factor out the homogeneity factors on both sides of (F.26)
and just compare the remaining functions that depend on the cross ratios, which are independent of the
choice of conformal frame.

28From (2.33), one can show that if we first take the collinear limit and then the δ′ →∞ limit, the leading
behavior of Gc at large δ′ is (max(ζ13, ζ23))

δ′
2 × (sub-exponential).

29If we first take the collinear limit and then the limit corresponding to (F.16), the leading behavior of Gc

is ζ
δ
2
12 × (sub-exponential).
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